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Abstract: 

Pattern formation is a mysterious phenomenon occurring at all scales in 

nature. The beauty of the resulting structures and myriad of resulting properties 

occurring in naturally forming patterns have attracted great interest from scientists 

and engineers. One of the most convenient experimental models for studying 

pattern formation are colloidal particle suspensions, which can be used both to 

explore condensed matter phenomena and as a powerful fabrication technique for 

forming advanced materials. In my thesis, I have focused on the study of colloidal 

patterns, which can be conveniently tracked in an optical microscope yet can also 

be thermally equilibrated on experimentally relevant time scales, allowing for 

ground states and transitions between them to be studied with optical tracking 

algorithms.  

In particular, I have focused on systems that spontaneously organize due to 

particle-surface and particle-particle interactions, paying close attention to systems 

that can be dynamically adjusted with an externally-applied magnetic or acoustic 

field. In the early stages of my doctoral studies, I developed a magnetic field 

manipulation technique to quantify the adhesion force between particles and 

surfaces. This manipulation technique is based on the magnetic dipolar 

interactions between colloidal particles and their “image dipoles” that appear 

within planar substrate. Since the particles interact with their own images, this 
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system enables massively parallel surface force measurements (>100 

measurements) in a single experiment, and allows statistical properties of particle-

surface adhesion energies to be extracted as a function of loading rate. With this 

approach, I was able to probe sub-picoNewton surface interactions between 

colloidal particles and several substrates at the lowest force loading rates ever 

achieved.  

In the later stages of my doctoral studies, I focused on studying patterns 

formed from particle-particle interaction, which serve as an experimental model of 

phase transitions in condensed matter systems that can be tracked with single 

particle resolution.  Compared with other research on colloidal crystal formation, 

my research has focused on multi-component colloidal systems of magnetic and 

non-magnetic colloids immersed in a ferrofluid. Initially, I studied the types of 

patterns that form as a function of the concentrations of the different particles and 

ferrofluid, and I discovered a wide variety of chains, rings and crystals forming in 

bi-component and tri-component systems. Based on these results, I narrowed my 

focus to one specific crystal structure (checkerboard lattice) as a model of phase 

transformations in alloy. Liquid/solid phase transitions were studied by slowly 

adjusting the magnetic field strength, which serves to control particle-particle 

interactions in a manner similar to controlling the physical temperature of the 

fluid. These studies were used to determine the optimal conditions for forming 

large single crystal structures, and paved the way for my later work on solid/solid 
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phase transitions when the angle of the external field was shifted away from the 

normal direction. The magnetostriction coefficient of these crystals was measured 

in low tilt angle of the applied field.  At high tilt angles, I observed a variety of 

martensitic transformations, which followed different pathways depending on the 

crystal direction relative to the in-plane field.    

In the last part of my doctoral studies, I investigated colloidal patterns 

formed in a superimposed acoustic and magnetic field. In this approach, the 

magnetic field mimics “temperature”, while the acoustic field mimics “pressure”. 

The ability to simultaneously tune both temperature and pressure allows for more 

efficient exploration of phase space. With this technique I demonstrated a large 

class of particle structures ranging from discrete molecule-like clusters to well-

ordered crystal phases. Additionally, I demonstrated a crosslinking strategy based 

on photoacids, which stabilized the structures after the external field was removed.  

This approach has potential applications in the fabrication of advanced materials.  

 My thesis is arranged as follows.  In Chapter 1, I present a brief background 

of general pattern formation and why I chose to investigate patterns formed in 

colloidal systems. I also provide a brief review of field-assisted manipulation 

techniques in order to motivate why I selected magnetic and acoustic field to study 

colloidal patterns. In chapter 2, I present the theoretical background of 

magnetic/acoustic manipulation, which is the main technique used in my research. 

In this chapter, I will first introduce the basic knowledge on general interactions in 
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colloidal system, followed by theories of magnetic and acoustic interactions. The 

underlining thermodynamic/kinetic mechanisms and theoretical/computational 

approaches in colloidal pattern formation are also briefly reviewed. In Chapter 3, I 

focus on using these concepts to study adhesion forces between particle and 

surfaces. In Chapter 4, I focus on exploring the ground states of colloidal patterns 

formed from the anti-ferromagnetic interactions of mixtures of particles, as a 

function of the particle volume fractions. In Chapter 5, I discuss my research on 

phase transformations of the well-ordered checkerboard phase formed from the 

equimolar mixture of magnetic and non-magnetic beads in ferrofluid, and I focus 

mainly on phase transformations in a slowly varying magnetic field. In Chapter 6, 

I discuss my work on the superimposed magnetic and acoustic field to study 

patterns formed from monocomponent colloidal suspensions under vertical 

confinement. Finally, I conclude my thesis in Chapter 7 and discuss future 

directions and open questions that can be explored in magnetic field directed self-

organization in colloidal system. 
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1. Introduction: 

1.1 Background of Pattern formation 

Nature has a penchant for designing systems that self-organize into 

beautifully ordered structures out of initially disordered system
1,2

. Natural 

occurring spatially ordered patterns can be observed across vast length and time 

scales
1-4

 (Figure 1.1):  At terrestrial scales
2,5

 (meters to kilometers), patterns are 

observed in sand dunes, ocean waves, and wind patterns on grassy knolls.  At 

organism length scales
6-8

 (centimeters to meters), a wide variety of beautiful 

patterns are observed in animal markings, flower patterns, and leaf textures.  At 

granular length scales
9-12

 (micrometers to millimeters), fractal patterns are 

observed in snowflakes, bacterial colonies, and chemical stripes in  Belousov–

Zhabotinsky reactions. At macromolecular length scales
13-15

 (nanometers to 

micrometers), patterns present themselves as micelles and varieties of block 

copolymer structures, or appear as various crystalline patterns in gem opals.  

Finally, at atomic scales
16-18

 (picometer to nanometer), patterns are found in the 

assembly of atoms into a universe of molecules, polymers, and crystals with 

various symmetries.  
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Figure 1.1 Examples of pattern formation at different scales. (a) Quasi-crystal formed in 

AlCuFe alloy
19

; (b) lamellar pattern formed by polystyrene-polyisoprene block copolymer
20

; (c) 

fractal patterns formed in snowflake
21

; (d) macro-scale patterns formed
22

 in and (e) terrestrial-

scale dune patterns
23

.  

 

Depending on the system type and space/time scales, the mechanism 

behind different pattern formation processes can vary significantly. Most patterns 

evolve from a complex cooperation and competition between several types of 

driving forces. As one example at the terrestrial length scale, cloud patterns
24,25

 

emerge due to the nucleation of water droplets, resulting from the competition 

between entropy, thermal gradients, and short range van der waals interactions.  At 
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the molecular length scale, copolymer patterns
26

 form from the competition 

between attractive and repulsive interactions between multiple polymer blocks and 

the surrounding solvent.  

Despite the complexity of pattern formation mechanisms, self-organized 

patterns can be divided into two major categories: equilibrium patterns and non-

equilibrium patterns
27,28

. Equilibrium patterns form by establishing a set of 

energetic conditions and waiting sufficiently long time until systems reach their 

minimum energy state – as such, these patterns persist without energy input from 

the environment. Examples of equilibrium patterns
15,26,29

 include most of 

molecules and crystals/alloys, micro patterns in block copolymers as well as 

micellular structures formed by lipid bilayers. Non-equilibrium patterns, on the 

other hand, forms in systems that experience dynamic interaction that still yield 

ordered patterns even though the energy of the individual components are (far) 

away from minimum energy state
27,30

. Unlike equilibrium patterns, non-

equilibrium patterns require persistent input of energy from the environment. 

Examples of non-equilibrium patterns include cloud patterns
25

, fractal patterns in 

bacterial colonies
21,31

, and stripes in Belousov–Zhabotinsky reactions
12,32

.  

The beautiful and mysterious patterns in nature have inspired the scientific 

as well as artistic pursuits of mankind. Artists frequently emulate the beauty of 
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patterns in their paintings and sculptures, whereas scientists are interested in the 

mysterious mechanisms guiding the self-organization principles.  

 The beautiful patterns found in nature are also shown to influence the 

underlying material properties. This phenomenon has been exploited both in 

nature and by man for myriad of applications:  For example, the periodicity in the 

butterfly wing and naturally forming opals leads to different reflectance properties 

based on an effect known as the photonic bandgap
33-35

, which has recently been 

adopted by mankind to build optical waveguides
36,37

 and filters
38,39

. The self-

organized structure in seashells is another example of microscopically ordered 

pattern that leads to enhanced mechanical strength
40,41

. This design rule is also 

being adopted by mankind to build composites with enhanced strength and 

hardness
42,43

.    

The myriad of transcendent physical properties originating from self-

organizing patterns has inspired scientists and engineers to create artificial 

materials with similar symmetries and material properties. “Top-down” fabrication 

approaches have been developed to create artificial patterns based on 

lithography
44,45

 and molding techniques
46,47

. These techniques are useful in 

creating 2D patterns, but are limited to structures with micron-scale periodicities 

due to diffraction limits and other fabrication limitations
44

. “Bottom-up” 

fabrication approach
48,49

, which mimics naturally occurring pattern formation 
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processes, is ideally suited to building 3D architectures and structures with 

nanometer periodicities; however, there exist many challenges in devising robust 

and highly tunable assembly protocols that allow for the annealing of defects and 

the formation of large domains of ordered patterns
48-50

.  

This thesis focuses on the bottom-up principles of pattern formation in 

colloidal systems. More specifically, this thesis focuses on tunable energetics to 

drive patterns to emerge through the use of magnetic and acoustic field to adjust 

the interactions between colloidal particles. In the rest of this chapter, I will 

present a brief background on pattern formation in colloidal systems, followed by 

a brief review of field-assisted particle manipulation techniques used to assemble 

interesting patterns in colloidal systems.  

 

1.2 Colloidal Pattern Formation: 

Self-assembly of colloidal patterns represent a fascinating phenomenon that 

can be used both as a tool to explore condenses matter physics
51-58

, and as a 

fabrication technique for building advanced materials
59-61

. In this thesis, I focus 

primarily on the application of colloidal particles to explore condensed matter 

phenomena; however I will show some applications in the development of a 

massively parallel surface modification apparatus
62,63

. The use of colloidal self-
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assembly for fabricating advanced materials, such as photonic crystals, sieves, and 

other structures can be found in several reviews
52,61,64,65

. 

Colloidal systems have spatial and temporal scales (micro-meters and 

seconds) that are accessible to experiments with an optical microscope, yet the 

thermal perturbations are still sufficient to drive systems towards equilibrium
52,54

.  

Although colloidal particles cannot exactly model the energetics of atomic 

systems, the qualitative thermodynamic similarities allows colloidal systems to be 

used as experimental models to probe different phase behaviors and their 

transformations
51-58

. Dense colloidal systems have frequently been used as models 

for condensed matter phenomena, including crystal growth/melting
51,55,56

, 

adsorption of atoms/molecules onto surfaces
66-68

, geometric frustration in 

materials
53,69

, as well as solid-solid phase transformations
57,58

. Additionally, 

anisotropic colloidal particles, such as Janus particles and patchy particles can be 

used to model directional bonding, which enables us to explore complicated 

behaviors in atomic systems, such as the formation of molecules and the kinetics 

of chemical reactions
70,71

.  

Depending on the dominant interactions, colloidal pattern formation can be 

divided into two classes: On the one hand, if the dominant interactions are 

between particles and the confining boundaries of the fluid
72-75

 (e.g. substrate 

surface), then the emerging patterns follow a Langmuir adsorption mechanism
76,77

, 
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leading to either ordered or disordered monolayers, depending on whether the 

kinetics is reaction
78

 or diffusion controlled
79,80

. If, on the other hand, the goal is to 

study patterns forming between the particles themselves, then great efforts are 

taken to reduce the particle-surface interactions through surface functionalization 

with steric layers to reduce non-specific adhesion
81,82

. In this thesis, I have 

investigated both types of interactions, but for different purposes.  

Particle-surface pattern formation is qualitatively similar to the adsorption 

of atoms/molecules on to the surface, in which the system energy is minimized 

through the condensation of particles on the substrate. These interactions may 

originate from intermolecular forces
83,84

 (e.g. Van der Waals forces, chemical 

bonds) between particles and substrate, or from induced electromagnetic 

interactions between particles and electrical/magnetic patterns
75,85-88

 (e.g. 

electrodes and magnetic moulds) on the substrate. This system can be used to 

study different interfacial phenomena, such as atomic/molecular adhesion and 

interfacial fluidity of molecules on surfaces. An example of such application is the 

measurement of intermolecular/surface forces
89-91

, which are characterized by 

measuring the required force to release a particle from an adherent surface. In 

addition to exploring interfacial phenomena, particle-surface pattern formation can 

also be used as a fabrication technique to create 2D artificial patterns
85-88

. An 

example of such application is laser printing
92-94

, where charged dye/ink particles 
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interact with the optically-defined charged area on the substrate (drum) and get 

assembled into patterns on the substrate. Examples of different types of surface 

pattern formation were demonstrated in Figure 1.2. 

 

 

Figure 1.2   Examples of surface pattern formation. (a) Oily paints formed patterns on the 

water-air interface. (http://www.shutterstock.com); (b) Assembly of silver nanoparticles into 

checkerboard patterns on a charges surface
86

 (V. Halka, et. al, Angew. Chem., 2011); (c) 

concentrating of polystyrene particles onto a patterned micro-magnets
87

. (R. M. Erb and B.B. 

Yellen, J. Appl. Phys., 2008) 

 

The formation of colloidal particle patterns away from surfaces, also 

referred to as colloidal assembly, has many similarities with the assembly of atoms 

into condensed matter phases.  The type of structure depends on the ground states 

of the system energy, which leads to a variety of different structures ranging from 

discrete molecules
52,95,96

, percolated networks
97-99

, glasses
100-102

, and crystals
103-105

. 

Early efforts to explore phase behavior of interacting particles focused on mono-
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dispersed particles, which are assembled with fluid meniscus force
106-108

 (Figure 

1.3a) or by sedimentation
109,110

 (Figure 1.3e). Later on, template assisted methods 

were used to apply spatial constraints to the particle seed layer on a surface
111-113

, 

and therefore assemble non-trivial colloidal patterns, such as body-centered-cubic 

(bcc) lattice
112

 (Figure 1.3b). However, in these traditional mono-components 

colloidal systems, the number of achievable structures is limited, and the pair-wise 

interactions among particles are not tunable in real-time, which greatly limits the 

types of crystal structures and phase transitions that can be explored. In order to 

access more exotic crystal patterns and a larger variety of phase transformations, 

there have been recent investigations of several new approaches to pattern 

formation by tuning the interactions of colloidal particles. The first approach is 

based on the assembly of multi-component colloidal systems in order to build 

“alloys”
104,114-116

, which can form into a large wealth of well-defined crystalline 

configurations (Figure 1.3, f-h). Both kinetic approaches (e.g. controlled drying 

and sedimentation
115

 (Figure 1.3f) and thermodynamic approaches (e.g. ionic 

interactions
104

, Figure 1.3g) have demonstrated a variety of new crystal structures 

that cannot be produced in mono-component colloidal systems. The large varieties 

of structures in colloidal alloys potentially provide the possibility for building 

advanced materials by controlling the crystal structure. Moreover, these systems 
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can also serve as experimental model to explore complex phase behavior of atomic 

analogs, such as martensitic phase transformation and mixing/demixing of alloys.  

A second branch of pattern formation in colloidal fluids is based on the 

engineering of anisotropic particles (e.g. Janus particles
117,118

 and patchy 

particles
119,120

), which produce directional bonding interactions similar to atoms.  

Many beautiful colloidal patterns have been formed by coating colloidal particles 

with a hemispherical or patchy pattern of metals or chemicals, as is demonstrated 

in the works of Granick
71,121

 (Figure 1.3c) and Velev
122,123

 (Figure 1.3d).  

The third branch of colloidal pattern formation, which is one focus of this 

thesis, lies in using external fields (e.g. electric and magnetic field) to manipulate 

colloidal particles to form novel structures (Figure 1.3, e and h). The application of 

an external field allows the pair-wise interaction among particles to be tuned in  

real time, which allows for the structures to be melted and annealed in order to 

achieve more ordered phases. The in situ tuning of interactions allows for both 

stochastic characterization of surface/intermolecular forces
90,91,124

 (in particle-

surface pattern formation) and exploration of phase transformation 

dynamics
51,53,57,109

 (in particle-particle pattern formation).  

The three branches of colloidal pattern formation mentioned above are 

frequently combined (Figure 1.3 h). Much of my research focuses on using 

magnetic field induced pattern formation in multi-component colloidal 
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system
63,125,126

. External fields have also been used to drive the formation of 

patterns in patchy particles
123,127

. In the next section, I will provide a brief 

introduction of the major types of field-assisted manipulation techniques, which 

hopefully will help readers to get a better sense on how external fields can be used 

to assist colloidal pattern formation.  

 

 

 

Figure 1.3   Examples of colloidal assembly. Structures are assembled through (a) controlled 

drying assembly methods.
108

 (P. Jiang, et. al, Chem. Mater., 1999); (b) template-assisted 

assembly methods
112

. (J. P. Hoogenboom, et. al, Nano Lett., 2004) (c) hydrophobic-hydrophilic 

interactions with Janus particles (Q. Chen, et. al, Nature, 2011); electric field assisted assembly of 

(d) Janus (S. Gangwal et. al, Soft Matter, 2010) and (e) spherical particles (F. Ma, et. al, J. Am. 

Chem. Soc., 2013); (f)Sedimentation methods
115

 ( G. Singh, et. al, Adv. Funct. Mater., 2011); (g) 
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ionic interaction method
104

. (M. E. Leunissen et. al, Nature, 2005) (h) Magnetic field induced 

assembly
116

. (K. S. Kalil, et. al, Nature Comm., 2012).  

 

 

1.3 Major Types of Field-assisted Manipulations: 

In this section, I will describe four major types of field-assisted 

manipulation technique used for pattern formation, namely optical manipulation, 

electric manipulation, acoustic manipulation and magnetic manipulation. I will 

first discuss the physics of optical manipulation. Then I will discuss electric and 

acoustic manipulation techniques, which are suitable for both particle-

surface/environment and particle-particle pattern formation. At the end of this 

section, I will present a brief introduction for magnetic manipulation technique, 

which is the major colloidal manipulation technique used in my research. 

 

1.3.1 Optical Manipulation: 

Optical manipulation is a relatively well-developed particle manipulation 

technique
124,128,129

, which is widely used for particle-surface pattern 

formation
124,130

. Optical manipulation of colloidal particles is achieved with a 

highly focused Gaussian laser beam that is used to exert dielectric forces on micro 

particles
131

. There are mainly two types of forces in optical manipulation. The first 
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type is the gradient force
132

, which results from the interaction of dielectric 

particles with the gradient of the electric field component of the focused beam. 

This gradient force behaves the same as dielectric manipulation (see Section 1.3.2 

for details); where the particle is moved into the region of field maximum, which 

in this case is located focal point of the optical trap. The second type is the 

scattering force
133,134

, which originates from the scattering of light from the 

particles and is a consequence of the momentum of photons. The scattering force 

on a particle can be calculated by considering the photon flux incident on and 

scattered from the particle under the conservation of momentum
134

: 

 ,     (1.1) 

where n is the refractive index of the medium,  is the Poynting vector, c is the 

speed of light, and is the optical cross-section of the particle.  

For colloidal particles that have a diameter much larger than the wavelength 

of optical field, the interaction between particles and field can be approximated 

with ray optics.  This modeling approach is based on tracing the individual “rays 

of light” refracted through a particle
130,134

. The momentum of light is changed due 

to the direction in the wave velocity as it exists the particle, which therefore 

produces a net force on the particle. When the particle is located at the center of 

the beam, the momentum differential is balanced, so the net force exerted on the 

particle is zero (Figure 1.4a).  When the particle is displaced from the beam center, 
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there is a restoring force which behaves similarly to a linear spring with a stiffness 

coefficient that can be calibrated by tracking the Brownian motion of the 

particle
130

.  (Figure 1.4, b-d).  

 

 

Figure 1.4 Demonstration of optical trap
130

. (R. W. Bowman and M. J. Padgett, Rep. Prog. 

Phys., 2013). The case where particle resides in the center of optical trap is illustrated in (a). The 

case where particle is laterally deviated from the center of optical trap is illustrated in (b). The 

case where particle is axially deviated from the center of optical trap is illustrated in (c) and (d). 

 

Optical manipulation has high spatial and force resolution, and is widely 

applied for high-precision particle placement, particle separation and to measure 

particle-surface interactions
89,128-130

. One of the major applications of these optical 

tweezers is in the measurement of the mechanical properties of single molecules, 

membranes, and other soft matter
89,129,135

. However, optical manipulation has 
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several limitations that prevent it from being widely adopted in condensed matter 

studies and in applications for material fabrication. First, the forces induced by 

optical field are relatively small (up to hundreds of picoNewtons), which prevents 

applications for probing nanoNewton forces, such as chemical bonds or cell 

adhesion forces
135

. Second, the focused laser beam can produce a large amount of 

heat, which can damage fragile systems, introduces fluid flows and changes 

parameters of thermodynamic system
136

. Finally, parallel manipulation is 

extremely difficult to achieve with optical manipulation since only one focal point 

can be created with a focused laser beam
128

. Although holographic trappings have 

the capability of parallel manipulation
137

, they require higher input energy and 

more complicated experimental setup, which greatly limits potential 

applications
138

. 

  

1.3.2 Electric Manipulation: 

Electric manipulation is another powerful and well-developed technique for 

particle manipulation
97,139,140

. Although an external electric field can apply force to 

both charged and uncharged particles, the force is produced by different 

mechanisms.  

The manipulation of charged particles by an electric field is normally 

referred to as electrophoresis
67,141

. In electrophoresis, the net force on a particle 
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has three components, including (1) the electrostatic force exerted on the charged 

particle surrounded by vacuum, , the electrostatic force exerted on the electric 

charges confined to the diffusion layer of the particle (defined as retardation force)  

, and the viscous force on the moving particle . At steady state, these 

forces are balanced, given by
142

: 

0ret vis elF F F    ,            (1.2) 

when the forces are balances, the particle moves at constant velocity, which can be 

calculated using Smoluchowski’s theory and is given by
142,143

: 

    
s

extv E



  ,            (1.3) 

where  is the electric permittivity of the particle, 
s is the electric potential at the 

particle surface,   is the dynamic viscosity, and extE  is the external electric field. 

Using this relationship, the surface properties of the particle can be characterized 

by measuring the mean velocity and its variance. This feature allows for the 

application of electrophoresis as characterization tools at different stages of 

molecular biology, including DNA/RNA and protein gel analysis
141-144

. 

The manipulation of uncharged particles in an electric field is referred to as 

dielectrophoresis
122

, which moves particles due to electric permittivity mismatch 

with respect to the surrounding fluid
145-147

.  The particles interact with the electric 

field and move along the direction of increasing (or decreasing) field gradient so 

elF

retF visF
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as to minimize their energy
145,148,149

, depending on whether the permittivity of the 

particle is greater or weaker than the surrounding fluid.  The interaction between 

particles and field gradient in dielectrophoresis is essentially the same as gradient 

force in optical trapping. When the field gradient is negligible on the scale of a 

particle, the spherical particle can be represented as a point dipole positioned at the 

center of the particle, and the force on the particle can be expressed as
145,147

: 

 ,   (1.4) 

where  is the electric field,  is the radius of the particle, is the electric 

permittivity of the medium, and  is the electric permittivity of the particle. Both  

 and  are complex numbers that dependent on the frequency of the external 

field. The factor , defined as Clausius-Mossotti factor, 

essentially determines the effect of dielectric force. On the one hand, when the real 

part of Clausius-Mossotti factor is positive, dielectric force pushes the particle 

towards electric field maximum, and the phenomenon is referred to as positive 

dielectrophoresis
145

; on the other hand, when the real part of Clausius-Mossotti 

factor is negative, dielectric force pushes the particle towards electric field 

minimum, and the phenomenon is referred to as negative dielectrophoresis
145

.  

Based on the discussions above, it is clear that the dielectric forces on the 

particles not only depend on the strength and distribution of the electric field, but 
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also strongly depend on frequency
150,151

, since most materials have frequency 

dependent permittivity. By controlling the strength and frequency of the external 

field, it is possible to tune the dielectric forces on particles, or even switch 

between positive and negative dielectrophoresis during a single experiment
123,152

. 

Additionally, it is also possible to control the field gradient by designing the 

geometry of electrodes, which provides even more versatile control for colloidal 

pattern formation
140,146

.  

Compared to optical manipulation, an obvious advantage of electric 

manipulation is the integrated and simpler equipment, which enables the potential 

integration with on-chip devices
140

. Additionally, electric manipulation also allows 

for parallel control of particles, and is able to exert relatively large forces
150

 (up to 

nanoNewton and beyond). These features enable many interesting applications for 

both particle-environment and particle-particle pattern formation, such as 

xerography/printing
92,94

, on-chip particle separation
151

 and assembly of colloidal 

crystals
152,153

. However, electric manipulation has its own limitations that originate 

from interactions between the external field and the solvent. First, the existence of 

charges in fluids introduces hydrodynamic effects (electroosmotic flow) which can 

disturb the assembled patterns
154,155

. Second, the particles/solvents in AC electric 

field have both permittivity and conductivity, which introduces frequency 

dependent heating and fluid flow
147,156

. The real part of the Clausius-Mossotti 
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factor describes the particle’s ability to polarize, and controls its ability to be 

manipulated by a field gradient.  The imaginary part, however, correspond to the 

dissipation of electromagnetic energy into heat. To efficiently manipulate 

particles, the dipolar interactions need to be maximized, while dissipation of 

electromagnetic energy as well as the hydrodynamic flow needs to be minimized, 

which requires the solvent to be at specified pH and electrolyte conditions
157,158

.  

When the pH and electrolyte conditions are out of the desired range, the osmotic 

flow and heat production can disrupt the assembled pattern or even cause thermal 

damage to the sample
154

. There are potentially other effects of AC electric fields 

that can damage biological systems
159,160

 (e.g. cells and proteins), and potentially 

limits the applications in bioengineering or diagnostics. 

 

1.3.3 Acoustic Manipulation: 

Acoustic manipulation is an emerging particle manipulation technique for 

colloidal pattern formation, which has attracted more and more interests because 

of its high biocompatibility and wide range of applications
161,162

. In acoustic 

manipulation, a resonating piezoelectric transducer (PZT) is driven at a frequency 

that matches the device geometry, which results in a resonance condition, known 

as an acoustic standing wave
163-165

. This wave is characterized by a pressure 

distribution having fixed shape that changes its amplitude in time. The locations 
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where the time-averaged pressure amplitudes are minimized are called pressure 

nodes, and the locations where the time-averaged pressure amplitudes are 

maximized are called pressure anti-nodes
164,166,167

. The acoustic wave exerts 

radiation forces on the particles and pushes particles towards their potential energy 

minimum. Detailed expression and derivation of acoustic interaction will be given 

in Chapter 2. The interactions between particles and acoustic wave tend to guide 

particles towards regions of pressure nodes (Figure 1.5a, brown particles) or anti-

nodes
166-168

 (Figure 1.5a, cyan particles), depending on whether the combined 

acoustic contrast factor is positive or negative. An example of acoustic 

manipulation for pattern formation is given in Figure 1.5c, where polystyrene 

particles were attracted to acoustic pressure nodes and assembled into micro-scale 

patterns. 
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Figure 1.5 Demonstration of acoustic manipulation for colloidal pattern formation. 

Illustration of the assembly of positive acoustic contrast particles (brown) into the pressure nodes, 

and negative acoustic contrast particles (cyan) into pressure anti-nodes in an acoustic standing 

wave is shown in (a). Experimental results of acoustic manipulation of particles into patterns are 

shown in (b) and (c). (b) Polystyrene particles were dispersed in the solution without acoustic 

field. (c) Particles are assembled into pressure nodes in the presence of acoustic field
168

. (H. Li, 

et. al., Phys. Rev. Lett., 2008). 

 

Compared to optical and electric manipulation, acoustic manipulation 

system is non-invasive, making it suitable for biological applications
161,162

. 

Additionally, acoustic manipulation systems do not require bulky/complicated 

setup, making it suitable for on-chip devices
161,162,167

. However, there are also 

several limitations associated with acoustic manipulation. First, the characteristic 
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length of patterns is determined by the wavelength of the acoustic field, which 

tends to be relatively large. There have been efforts to develop high frequency 

Gigahertz transducers to reduce the spatial wavelengths, such as surface acoustic 

wave (SAW) transducers, however the non-linearity in acoustic standing waves 

makes it hard to precisely control particles at the micron and sub-micron 

scales
168,169

. Also, pressure gradients always exist inside acoustic standing wave, 

which prevents specific applications that require high homogeneity
165,166

 (e.g. 

precise patterning for material fabrication). Finally, higher order non-linear 

effects, such as acoustic streaming, are inevitable in acoustic manipulation. For the 

manipulation of large particles (>10µm), these higher order effects may be 

negligible when a weak acoustic field is applied. However, for the manipulation of 

smaller particles (<2µm), these higher order effects will be comparable to the 

radiation forces due to the necessity of using strong acoustic fields
170

. The 

presence of strong higher order effects may cause significant fluid flow, which 

hinders the precise assembly of colloidal patterns.  

 

1.3.4 Magnetic Manipulation: 

Magnetic manipulation is, in my opinion, one of the ideal field-assisted 

manipulation technique for controlling the interactions between particles and 

surfaces and particles with each other
60,91

. In this section, I will briefly present the 
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basic ideas of magnetic manipulation. Details of the theoretical background of 

colloidal system, colloidal pattern formation, as well as magnetic manipulation 

will be given in Chapter 2. My specific research projects based on magnetic 

manipulation for colloidal pattern formation will be presented through Chapter 3 

to Chapter 6. 

Magnetic manipulation, also known as magnetophoresis, is based on the 

magnetic interaction between colloidal particles and an external magnetic 

field
171,172

. Magnetophoresis is similar to dielectrophoresis (See section 1.3.2) in 

theory as well as applications
147,156

. Due to the high similarity, magnetic 

manipulation shares the same advantages as electric manipulation, such as the 

ability to apply a large range of forces
91,173,174

, the ability to manipulate many 

thousands of particles in parallel
62,63

, and the ease of on-chip integration
175,176

. 

Additionally, magnetic manipulation has several additional advantages: First, 

unlike electric manipulation, magnetic manipulation normally uses static or 

slowly-varying magnetic field, which obviates significant heating or sample 

damages associated with high frequency fields, making it suitable for biological 

and diagnostic applications
62,91,174,177

. Second, compared to dielectrophoresis, 

magnetic field is able to penetrate deeper into the fluids and cause less fluid 

flows
63,90,91

. This feature makes the control of interactions more remote, more 

precise and easier to model.  
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It is traditionally thought that magnetic manipulation could only be used for 

manipulate particles made of magnetic materials (details of magnetic materials 

will be presented in Chapter 2.1). However, it is also possible to change the 

characteristics of the fluid in order to manipulate particles that have practically no 

magnetic susceptibility. This technique, known as negative magnetophoresis, 

allows for the manipulation of plastic beads
60,87

, cells
178

, and other objects
179

 when 

they are immersed in a suspension of tiny magnetic nanoparticles, known as 

ferrofluid
180

. The development of negative magnetophoresis greatly expands the 

applications of magnetic manipulation, and is the main particle manipulation 

technique used in my research. Negative magneotphoresis has proven to be an 

extremely powerful technique for both particle-surface and particle-particle pattern 

formation, which I will demonstrate in Chapters 3 - 6. With the help of magnetic 

fluid, I was able to incorporate both negative and positive magneticphoresis into a 

single experimental system in order to assembly colloidal alloys.  Moreover, the 

ability to tune these interactions in situ has allowed for the assembly of magnetic-

responsive colloidal alloys and mechanisms for exploring their phase 

transformations
126,181,182

. In order to motivate the types of systems that I have 

studied with positive and negative magnetophoresis, in the next chapter I will 

introduce some theoretical fundamentals of colloidal pattern formation and 

magnetic manipulation.  
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1.4 Major Types of Field-assisted Manipulations: 

The overarching goal of my doctoral thesis is the study of tunable pattern 

formation in colloidal systems driven by magnetic and acoustic fields. The first 

objective of my research is to understand and explore the pattern formation 

between particles and substrate. To achieve this, I developed a magnetic field 

manipulation technique to realize the massive parallel measurements of surface 

adhesion forces between polystyrene particles and different substrates. The second 

goal of my research is to develop a real-time tunable colloidal assembly system, 

and use this system to probe the different types of condensed matter phenomena, 

such as solid/liquid and solid/solid phase transformations. To achieve this, I 

developed a magnetic assembly system (Chapter 4), in which particle-particle 

interactions can be tuned and programmed. This system allows us to explore both 

crystal growth/melting and diffusionless transformation in real-time (Chapter 5). 

The third goal of my research is to further develop the tunable colloidal pattern 

formation system so that we are able to create a larger diversity of patterns and 

explore the transformation between them with one or few experiments. To achieve 

this, I developed a magneto-acoustic assembly system, where both particle-particle 

interactions and particle concentration can be controlled in real-time, which allows 

us to access the vase phase space of colloidal patterns easily (Chapter 5).  
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Before I move into details of my research, it would be beneficial to 

understand the theory and basic mechanism behind my research. For this reason, I 

will provide a general theoretical background on my research in the next chapter, 

which hopefully could help readers to bettern understand my research.
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2. Fundamentals of Colloidal Assembly: 

 In the various types of self-organizing systems described in Chapter 1, the 

equilibrium ground states depend on the delicate balance between the interaction 

energy of the building blocks and the randomizing influence of thermal 

fluctuations. An equilibrium analysis alone, however, does not address whether 

these ground states can be assembled within experimentally accessible 

timescales
52,183

.  Likewise, there can be systems which are kinetically accessible, 

but are not a system ground state.  In order to motivate why my experimental 

model of micron sized magnetic particles has the appropriate space and time scales 

necessary to reach equilibrium and study phase transitions, I will begin with a 

general review of the thermodynamics behind pattern formation and derive the 

important terminology in Section 2.1.  This will conclude with a definition of the 

system free energy, which defines the most probable type of observed patterns in 

self-organizing systems.  In Section 2.2, I will describe the ubiquitous types of 

pair-wise interactions in colloidal systems, including attraction interactions (e.g. 

Van der Waals and volume depletion attraction) and repulsive interactions (e.g. 

steric and double layer repulsions). These distance dependence interactions are 

truncated in computer simulations, with the hard sphere and soft sphere models, 

which can be adjusted to account for short-range interactions. In Section 2.3, I will 

discuss about the long-range interactions induced by magnetic field, which is the 



 

28 

fundamental control parameter in my research. In Section 2.4, I will discuss 

another type of long-range interaction that is based on and acoustic field, which 

can be used to adjust local particle concentrations. Finally, in Section 2.5, I will 

provide a measure of the assembly kinetics by discussing characteristic time scales 

for 2-D Brownian motion of colloidal particles in order to justify why my 

experiments were best conducted over time scales of hours to days.  

 

2.1 Review of Thermodynamics: 

2.1.1 Thermodynamic Equilibrium and Gibbs Free Energy: 

Classical thermodynamics is based on four laws, which collectively build 

upon a series of experimental and theoretical studies over the last three centuries.   

The zeroth law of thermodynamics, formally defined by Fowler (1939), states that 

if two thermodynamic systems are each in thermal equilibrium with a third, then 

all three are in thermal equilibrium with each other
184,185

.  This law can also be 

expressed as “all heat is of the same kind”
186

, a quote originally attributed to 

Maxwell, and was the beginning definition for temperature.  

The first law of thermodynamics established the relationships between heat 

and work, as well as how these quantities are conserved, given by
187

: , 

where  is the change of internal energy between initial and final state of the 

U W Q  

U
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system,  is the work performed on the system by the external environment, and 

 is the heat exchanged with the external environment during a thermodynamic 

process. Although the conservation laws of energies were already becoming clear 

by the time of Joule
188

 (1840’s), the first well-formulated statements about this 

conservation of energy was made by Clausius
189

 (1850).   

The second law of thermodynamics defines the direction of energy flows in 

subsystems, and was first described qualitatively by Clausius
189

 (1850) in his 

statement that “Heat can never pass from a colder to a warmer body without some 

other change, connected therewith, occurring at the same time.”
189

. Kelvin and 

Plank later clarified this statement and defined thermodynamic parameter 

entropy
190,191

 (S). Boltzman developed this law at the microscopic level and 

interpreted the entropy
192

 in statistical mechanics to be , where  is 

the Boltzmann constant, and is the number of microstates in a system. Another 

interpretation of the second law states that the “For isolated systems, entropy 

never decreases”
193

.   

With these laws firmly established, it became possible to quantify the 

temperature scale by defining the triple point of water to be T=273.15K at a 

pressure of standard atmosphere
194

. Based on this definition of temperature, Nernst 

defined an absolute zero temperature of T=0K and states that “the entropy of a 

system at absolute zero is a well-defined constant”, which is referred to as the 

W

Q
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third law of thermodynamics
195

. Lewis and Randall further developed this law and 

states that “at the absolute zero of temperature the entropy may become zero, and 

does so become in the case of perfect crystalline substances”
196

. 

Among the four thermodynamic laws, the second law deals with the 

direction of a process, and is most related to the dynamics of pattern formation. 

For isolated system, the formation of equilibrium patterns corresponds to a state of 

maximized system entropy
193,195

. In reality, however, most of the systems are not 

isolated, so new thermodynamic functions known as free energies (Gibbs free 

energy and Helmholtz free energy) are normally used to determine the equilibrium 

states of a system
197

. 

In many experimental systems, such as the colloidal system I have studied, 

the number of particles (or atoms) (N), the pressure (P), and the temperature (T) of 

the system are constant or can be precisely controlled during thermodynamic 

processes (e.g. pattern formation process).  The equilibrium states are determined 

by a thermodynamic function known as Gibbs free energy
198-200

, G, given by: 

              ,                   (2.1) 

Differentiating both sides of the equation, we obtain a relationship for the change 

in free energy during a thermodynamic process: 

                       ,      (2.2) 

G U PV TS  

dG dU VdP PdV TdS SdT    
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Inserting this differential form into the first law of thermodynamics 

( ), Equation (2.2) can be rewritten as:  

                ,                                                    (2.3) 

which reveals how Gibbs free energy varies with temperature and pressure. 

Spontaneous processes in a closed system occur when , and the equilibrium 

state corresponds to the case where G is minimized ( ). Based on this 

principle, the equilibrium phase (pattern) in a thermodynamic system can be 

predicted by identifying the phase with minimum Gibbs free energy
200

. In some 

cases, there will be multiple phases in coexistence, each with the same free energy, 

and the equilibrium state corresponds to a mixture of phases. One example of this 

will be the fluid/solid coexistence of Chapter 5.  In the next section, I will discuss 

the conditions for phase coexistence and introduce the concept of phase diagram. 

 

2.1.2 Phase Coexistence and Phase diagram: 

Without loss of generality, assume there are two different phases (A, B) in 

a system. If these phases are to coexist in equilibrium, three requirements need to 

be met
195,197,200

. The first requirement is thermal equilibration, which originates 

from the zeroth law of thermodynamics, and requires that the temperature of the 

two co-existing phases should be the same at equilibrium ( ). The second 

dU TdS PdV 

dG SdT VdP  

0dG 

0dG 
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condition is mechanical equilibration, which comes from the force balance at the 

boundary of these two phases and states that the pressure of the two phases should 

be the same at equilibrium ( ). The third requirement, namely chemical 

equilibration originates from the minimization of system frees energy, and 

requires more detailed analysis, which is provided below.  

Assume that within a closed system, phases A and B have  and  

particles, respectively, and each particle has a chemical potential (Gibbs free 

energy per molecule) of  or .  The system Gibbs free energy can thus be 

expressed as: 

,         (2.4) 

At thermodynamic equilibrium, the Gibbs free energy of the system is minimized: 

                                                       (2.5) 

Since the total number of particles in the system is constant, we have: 

                      ,         (2.6) 

Combining Equation (2.5) and Equation (2.6), we now have the condition of 

chemical equilibration, which states that the chemical potentials of all phases are 

the same ( )  

Based on the principle of free energy minimization, we can construct 

graphs (referred to as phase diagrams), which show the occurrence of equilibrium 
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phases at different conditions
193,195

. Figure 2.1 demonstrates a typical temperature-

pressure phase diagram of a mono-component, three-phase system, corresponding 

to a gas, liquid, and solid phase. In this phase diagram, the curves represent the 

coexistence of two different phases. The intersection between two coexistence 

curves leads to a unique triple point, which represents the coexistence of three 

phases. As is shown Figure 2.1, there is a relationship between the number of 

coexisting phases and the degree of freedom in the system. On the liquid/gas phase 

boundary, only one thermodynamic parameter (P or T) can be chosen freely, and 

the system has 1 degree of freedom. Similarly, at the triple point of the three 

phases (gas/liquid/solid), both T and P are fixed, and the system has 0 degree of 

freedom. This relationship can be extended to multi-component system and is 

referred to as Gibbs Phase Rule, given by the following equation: 

,         (2.7) 

where F is the number of degrees of freedom (or the number of independent 

thermodynamic parameters), C is the number of components, and P is the number 

of phases in the system.  
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Figure 2.1 Typical phase diagram of a single-component system
193

. The phase diagram shows 

stable phases of solid/liquid/gas at different temperature and pressure. The curves between two 

phases represent the coexistence of two phases, while the cross point of two curves represents the 

coexistence of three phases. 

 

In colloidal systems, it is hard to directly adjust the actual pressure or 

temperature. However, the pressure of the system (P) is effectively associated with 

the concentration of particles (η), while the temperature of the system (T) is 

defined in context of the sum of particle interactions with each other and with an 

external field.  At equilibrium, the probability of observing a particular system is 

defined by the Boltzmann distribution
197,198,200

: 

 ,                     (2.8) 

The method of characterizing phase diagrams is thus essentially developing 

techniques to calculate minimum free energy states, and their relative system 

energies compared to thermal energy.  

exp( / )Bf U k T 
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2.2 General Colloidal Pairwise Interactions: 

The system free energy involves many types of interactions between 

colloidal particles, and it is impossible to give a comprehensive description in this 

thesis. Thus, I will only define the most pertinent colloidal interactions which are 

responsible for the patterns observed in my research. In this section, I will mainly 

discuss the well-established general pair-wise interactions in colloidal systems, 

including Van der Waals attraction
201

, volume depletion attraction
202

, double layer 

repulsion
83

 and steric repulsion
158

. Two important colloidal models in theoretical 

calculation and computer simulations, namely hard sphere
203,204

 and soft sphere 

models
205,206

 will also be introduced as truncations and based on combinations of 

these pair interactions. For a more comprehensive discussion of different colloidal 

interaction models, please refer to the book “Colloidal Dispersions” by Russell, 

Saville, and Schowalter 
158

.  

 

2.2.1 Attractive Interactions 

2.2.1.1 Van der Waals Interactions 

Van der Waals interaction is essentially an electromagnetic interaction, 

which includes three types of dipole-dipole forces. The first type of force is the 

force between two permanent electric dipoles, referred to as Keesom force
207

. 
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Keesom force corresponds to interactions between permanent dipoles that are 

averaged over different rotational orientations. The time-averaged interaction 

between two polar molecules (permanent dipoles) is given by
207

: 

    ,        (2.9) 

Where p is the strength of permanent dipoles,  is the electric permittivity of the 

solvent, T is the temperature,  is the Boltzmann constant, and r is the distance 

between two dipoles.  

Some molecules do not have permanent dipoles, yet their electron clouds 

can be shifted in an external electric field. These types of molecules therefore have 

induced dipoles, which are produced by an external field, such as a neighboring 

permanent dipole. The interaction between the permanent and induced dipoles is 

commonly referred to as Debye force, which is given by
208

: 

 ,     (2.10) 

Where p is the strength of the permanent dipole,  is the polarizability of the non-

polar molecule,  is the electric permittivity of the solvent, T is the temperature, 

 is the Boltzmann constant, and r is the distance between two molecules. Note 

that in both cases the distance dependence is short-range, decaying with the sixth 

power of separation distance between the molecular centers.  
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Even when there are no permanent dipoles present in a system, there is still 

a short-range attractive interaction that occurs between two inducible dipoles, 

which is referred to as dispersion force
209

. Dispersion force originates from the 

instantaneous dipoles created by fluctuation of electrons in non-polar molecules. 

The instantaneous dipole  of one molecule induces an induced dipole  in a 

second molecule, and the two molecules thus interact with each other through 

dipole-dipole interactions. Representing the fluctuation of dipoles as the emission 

and absorption of photons, the interaction energy can be expressed as
210

: 

 ,   (2.11) 

Where  is the frequency-dependent polarizability of molecule, is the 

absorption/emission frequency of the molecules,  is the Planck constant, T is the 

temperature,  is the Boltzmann constant, and r is the distance between two 

molecules. Using the theory of residues, Equation (2.11) can be simplified as
209

: 

  ,                    (2.12) 

Where denotes the poles of in the upper half 

plane. Again, this interaction decays with the sixth power of separation distance.  

For this reason, the Lennard-Jones potential uses a similar distance dependence to 

model the attractive component of pair interactions in molecular systems.   
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Though a thorough treatment of the interaction between two macroscopic 

bodies (e.g. two colloidal particles, colloidal particle and planar surface) is 

complicated and beyond the scope of this thesis, the net attractive interaction 

between two objects can be approximately calculated based on the assumption of 

pair-wise additivity, which states that each molecule in one object independently 

interacts with each molecule in the other object. Integrating all the pair-wise 

interactions over the volume of the two objects, the general interaction potential 

can be expressed as
158

: 

 ,   (2.13) 

Where N is the number density of molecules in the objects and  is the 

dispersion interaction energy between two molecules. For a spherical particle near 

an infinite plane (R>>D), the attraction can be expressed as
158

:  

 ,      (2.14) 

where D is the distance between the particle surface and the plane, R is the radius 

of the particle (Figure 2.2a), and A is the interaction constant referred to as 

Hamarker constant. For two spherical particles i and j that near each other 

(R>>D), the attraction can be expressed as
158

: 

   ,     (2.15)  
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Where D is the distance between the surfaces of the two particles, Ri and Rj are the 

radius of the two particles respectively (Figure 2.2b), and A is the Harmaker 

constant. Under the assumption of pair-wise additivity, Hamarker constant is 

determined by the polarization of molecules and the density of molecules in the 

objects, given by
158,209

:  

  ,   (2.16) 

 

 

Figure 2.2 Illustration of parameters in the calculation of Van der Waals interaction. The 

parameters that are used to calculate Van der Waals interactions were demonstrated for (a) the 

case between a spherical particle and planar surface, and (b) the case between a pair of spherical 

particles.  
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accurate theoretical treatment. To overcome the problem, Lifshitz developed a 

continuum theory
211

: the objects (and surrounding solvents) are treated as 

continuous media, and the interactions are solely characterized by their dielectric 

permittivities. In continuum theory, the Van der Waals interaction between a 

spherical particle and a plane, as well as between two spherical particles can still 

be expressed with Equation (2.14) and (2.15) respectively, but the Hamarker 

constant becomes different. According to Lifshitz theory, Hamaker constant for 

object 1 and object 2 interacting inside medium 3 can be expressed as
211,212

: 

 ,  (2.17) 

The first term in Equation (2.17) gives the DC component of the Van der Waals 

interaction, which includes the Keesom and Debye contributions. The second term 

gives the AC component of Van der Waals energy, which corresponds to the 

contribution of dispersion forces. Depending on the dielectric permittivities of the 

material, Van der Waals force between two objects can either attractive (A>0) or 

repulsive (A<0).  

Using frequency-dependent electric permittivity, Mahanty and Ninham 

derived the relationship between  and refractive index of material n, given 

by
213

:  
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 ,      (2.18) 

Inserting Equation (2.18) into (2.17), and assuming object 1 and object 2 are 

identical, we can simplify Hamarker constant as: 

       ,   (2.19) 

where the first term is the DC contribution and the second term is the AC 

contribution. Equation (2.19) indicates that Van der Waals force between two 

identical bodies in a medium is always attractive
83,212

 (A>0). Equation (2.19) also 

suggests that DC contribution can never exceed  (about J at 300 K), 

while the dispersion energy contribution can be much higher (20-30 kBT , or ~

J at 300K) if one of the media has much higher refractive index than the other 

(n1 >> n3, e.g. metal objects in a dielectric medium).   

 

2.2.1.2 Volume Depletion Interactions 

Another important type of attractive interaction in colloidal systems is the 

volume depletion interaction, which arises between large colloidal particles (or 

planes) when they are dispersed in a solution containing smaller particles or 
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molecules
83,214

. The small molecules/particles are referred to as “depletants” and 

contribute to the free energy of the system by their inability to access specific 

volumes when two of the larger particles come close together.   

The simple explanation of depletion force can be gained through a dynamic 

force balance created by depletants
214,215

. When two large particles are far away 

from each other, the forces induced by the collision of depletants are isotropic on 

each particle, so there exists no net force between the two particles. However, 

when the surface distance between two large particles becomes smaller than the 

diameter of depletants (D<2Rs), these depletants cannot access the gap between 

the two particles, which leads to anisotropy of collision forces on the large 

particles and induces a net attractive force (Figure 2.3 a).  

We can also estimate the volume depletion interaction from a 

thermodynamic perspective
83,215

. When two large particles get close enough, their 

restriction volumes overlap with each other and the overall accessible space of the 

depletants increases (Figure 2.3b). As a consequence, the overall entropy of the 

system (S) is increased when the particle get closer together, thereby inducing an 

attractive interaction. The force of attraction between two larger particles in the 

present of depletants is thus given by
213,215

: 

  ,     (2.20) 
ln

dep B

d Q
F Nk T
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where a is the distance between two large particlse, N is the number of depletants 

in the system, Q is the partition function of depletants in the system, kB is the 

Boltzmann constant and T is the temperature. For a colloidal system consisting of 

large spherical particles with radius R and depletants with radius r, the depletion 

force can be expressed as: 

 ,   (2.21) 

Integrating Equation (2.21) over the separation distance a, we can get the 

depletion energy of two particles in contact, which is given by: 

  ,     (2.22) 

where is the volume fraction of depletants. Unlike Van der Waals interaction, 

the strength of depletion interaction is independent of the material properties of 

particles, solvents, or depletants
215

. Instead, the interaction strength depends on the 

volume fraction of depletants as well as the size ratio between particles and 

depletants. At zero or low depletant concentration, depletion interaction is 

negligible. However, at high depletant concentration, and when the size ratio of 

colloidal particles and depletants is very different (R>>r), depletion interaction can 

be enormous.  

In my experimental system, the ferrofluid contains 10~20nm nanoparticles 

(depletants) at ~1% volume fraction, which results in a depletion interaction of 
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~1.5kBT, which is near thermal fluctuation is thus negligible. 

 

 

Figure 2.3. Illustration of Depletion Force through pressure
215

 (a) and excluded and 

overlapping volumes of two spherical particles in a solution of small hard spheres (b). (D. 

Marenduzzo, K. Finan and P., J. Cell Biol., 2006). 

 

 

2.2.2 Repulsive Interactions 

2.2.2.1 Electrostatic Double Layer Interactions: 

One of the most important and extensively studied repulsive interactions in 

colloidal system is the electric double layer repulsion, which occurs between 

charged objects in solution
158,216

 (Figure 2.4a). As the name indicates, double layer 
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repulsion is a short-range repulsion that acts over the distance of electric double 

layer, which is on the order of tens of nanometers. 

When colloidal particles are dispersed in solution, there are two layers of 

charges on and near the surface of charged particles. The first layer corresponds to 

the immobile charges bound to the particle surface, which could originate from 

tightly absorbed ions
158

 on the surface or charged surface groups of Lewis 

acid/based pairs
217

. A second diffuse layer corresponds to the accumulation of ions 

outside the first layer via coulomb attraction, which screens the charges of the 

fixed layer
158

. The potential energy of charges is modeled by combining the 

Poisson equation and Boltzmann Equation together, here referred to as the PB 

equation, and is given by
218

:  

  ,   (2.23) 

where  is the electrostatic potential,  is the ion concentration in bulk solvent, 

z is the valence of charges in solution, and e is the charge of electrons. When the 

quantity  is small enough, Equation (2.23) can be linearly approximated as the 

Debye-Huckel equation
219,220

: 

 ,      (2.24) 

where is the inverse Debye length, which can be expressed as: 
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 ,     (2.25) 

Solving equation (2.24) with approximations, we can derive the short-range 

double layer repulsion potential between two identical particles:  

 ,    (2.26) 

Where is the Boltzmann constant, T is the temperature, R is the radius of the 

particles,  is the ion concentration in bulk solvent, is the reduced surface 

potential, and is the inverse of the Debye screening length. The parameters  is 

dependent on the surface potential of the particle, given as: 

    ,     (2.27) 

Equation (2.25) and (2.26) indicate that both the range and the strength of double 

layer repulsions are strongly dependent on the ionic concentration in the solution. 

At low ionic concentration, the double layer is relatively thick (tens to hundreds of 

nanometers) and the repulsion is strong enough to balance the attractive 

interactions (e.g. Van der Waals attraction) between particles and prevent particles 

from aggregation. However, at high ionic concentration, the double layer becomes 

thin and the repulsion becomes weak. In some case, double layer repulsion can no 

longer balance attractive interactions, and particles tend to aggregate into clusters.   
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In my experiments, I sometimes observe sticking between particles with 

each other and with surfaces, which is due to the fact that the commercially 

supplied ferrofluid contains ionic surfactants that may decrease the double layer.   

Unfortunately, the vendor does not specify the surfactant properties, and thus I 

was unable to modify the ferrofluid to utilize the double layer repulsive force to 

achieve better colloidal stability.  

 

2.2.2.2 Steric Repulsion: 

 Another important type of repulsion in colloidal system is steric repulsion, 

which arises between particles covered with polymers
83,158

 (Figure 2.4b). Similar 

to volume depletion interaction, steric repulsion is an entropic repulsion that 

originates from the fluctuation of polymers on the particles substrate.  

 Consider the classic polymer with one end grafted to a surface while the 

other end fluctuates in space and time. We may assume that each polymer is 

composed of a series of freely-joint segments (Freely-Jointed-Chain model)
221

: 

Each segment has a persistence length which defines a length scale of folding (on 

the order of a few nanometers for typical polymer brushes). For system length 

scales larger than the persistence length, the polymer molecule behaves 

approximately as a random, flexible coil, which has a mean radius of gyration 

(Rg)
222

. The radius of gyration depends on the length of the polymer chains, the 
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solvent condition (e.g., poor or good solvent), the absorption state of polymers on 

the particle surface (e.g., physisorbed or chemisorbed), as well as the surface 

coverage
223

. When two polymer-coated surfaces comes close to each other (D<Rg), 

the accessible space for the polymer molecules begins to overlap, which reduces 

the accessible volume and decrease the entropy, leading to a short-range repulsive 

force
212,222

. 

Expressions of steric interactions are complex, and vary strongly with the 

absorption state and surface coverage. For simplicity, here I will only discuss the 

cases where one end of the polymer chain is fixed on the particle surface. Assume 

that the polymer chains are grafted to the surface of the particles with low graft 

density, and each chain on one particle interacts with the chains on the other 

particle independently, the steric repulsion force can be approximated as
83,212

: 

 ,     (2.28) 

Where is the graft density (number of grafted chains per unit area), R is the 

radius of the colloidal particles and Rg is the radius of gyration for the grafted 

polymer chains. As the graft density of polymers increases, the polymer chains are 

forced to form “brush-like” structures
223

, which extend from the surface with 

lengths larger than Rg. In this case, we define the thickness of polymer brush L, 

and get a different approximation for steric repulsion, given by
83,212

: 

         ,   (2.29) 
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where L is the thickness of brush, which depend on the graft density of the 

polymers. At high graft density (i.e. polymer form “brushes”), steric repulsions 

can be very strong (orders of magnitude larger than Van der Waals, depletion and 

double layer interactions) when surfaces of the two particles are close 

enough
83,158,224

. However, since the interaction energy drops exponentially with 

distance, the repulsion energy becomes zero after the particles become separated 

by a short distance. Due to the strong forces and short interaction range, steric 

repulsions are widely used for non-fouling surfaces and modeled with hard/soft 

sphere repulsions. 

As a rough calculation of my system, I expect the repulsive force between 

3µm polystyrene particles and PEG-coated surface to be on the order of 10
5
-10

6
 

kBT, assuming the parameters of chains/nm
2
 (10µM PEG concentration), 

L=30nm (10kD PEG at the assumed graft density), and D~L. This is orders of 

magnitude larger than other short-range forces in my system. This strong repulsive 

interaction decays exponentially as the particle moves far away the surface, thus is 

very similar to volume exclusion effect. As a matter of fact, in the simulation of 

my system, hard-sphere models were normally used to model such short-range 

strong repulsion.   

0.025 
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Figure 2.3. Illustration of short-range repulsive interactions for (a) double layer force
225

 (S. 

Sourani, Adv. in Nano., 2014) and (b) steric repulsion
226

 (X. Gong, Chem. Commun., 2014).  
 

 

2.2.3 Colloidal Interaction Models: 

 Even with these simplified approximations of Sections 2.2.1 and 2.2.2, the 

ability to directly use these pairwise interactions in computer simulations quickly 

become computationally intractable as the system size increases. The fundamental 

problem of including these distance dependent interactions in computer 

simulations is that the pair interactions of all particles must be calculated 

regardless of the separation distance, thus the computational burden increases with 

N
2
, where N is the total number of particles. In a typical experiment, there could 

be more than 10
3
~10

4
 particles in the region of interest, which quickly becomes 



 

51 

intractable as the system size increase. To reduce the computational cost, theorists 

typically truncate the distance dependent interactions using either a cutoff radius 

or Ewald summation approach. In the next section, I will briefly describe the main 

colloidal interaction models, namely hard sphere and soft sphere models, which 

have been employed by my colleagues to simulate the colloidal systems.  

 

2.2.3.1 Hard Sphere Interaction: 

The simplest colloidal interaction model is hard sphere model, which treat 

colloidal particles as infinitely stiff and non-interacting
204,206

. In hard sphere 

model, colloidal particles experience infinite energy when they come into contact, 

and zero interaction energy otherwise. The pair-wise interaction between two 

particles i and j is given by: 

  ,      (2.30) 

Where  is the distance between the centers of particle i and particle j, and 

 is the average (effective) diameter of particle i and particle j. 

Simple as it is, hard sphere models are widely used to study colloidal 

pattern formation, and have yielded some surprisingly accurate results. For 

potential energy calculations and Monte Carlo (MC) simulations
206

, hard sphere 

interactions can be implemented by simply rejecting the trial moves or 
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configurations that cause overlapping of particles. However, in Molecular 

Dynamics (MD) simulations, it is not easy to deal with particle overlap and the 

infinite repulsion that results from hard sphere potential
227

.  

 

2.2.3.2 Soft Sphere Model: 

In order to account for short-range interactions, and deal with problems of 

particle overlap, theorists have developed soft sphere interaction models. Short-

range repulsion forces (e.g. double-layer repulsion or steric repulsion) are modeled 

with a distance-dependent interaction function, and the restrictive regions (e.g. 

electrostatic double layer or steric layer) of particles can slightly “overlap” with 

each other. The pair-wise interaction between two particles i and j in soft sphere 

model is given by
228,229

: 

 

n

ij

ij

U
r



 

   
 

 ,       (2.31) 

Where  is the distance between the center of particle i and particle j, is the 

interaction strength, and  is the average effective diameter of 

particle i and particle j (which includes the thickness of double layer or steric 

layer). The parameter n in equation (2.31) determines the steepness of the 

potential, and indicates how “hard” the particles are. The particles get “harder” as 
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n gets larger, and at , soft sphere interaction essentially becomes a hard 

sphere interaction.  

Soft sphere model can also be improved by incorporating attractive 

interactions between particles, given by: 

 ,    (n1>n2)  (2.32) 

When ,  and , soft sphere model essentially becomes Lennard-

Jones model
230

, which is widely used to model the interaction between uncharged 

atoms/molecules.   

Compared to hard sphere interaction, soft sphere interaction can reflect the 

repulsion and attractions between particles more precisely, and strength of 

interactions can be reflected by strength parameter  and potential steepness n. 

Additionally, since there are no infinite forces involved, standard MD simulation 

can be directly implemented for simulating the phase formations and 

transformations in colloidal systems
231

. Although it is a better model than hard 

sphere model, the computational cost of soft sphere model is much larger. As a 

result, in my research, hard sphere models were used whenever possible (e.g. 

Monte Carlo simulation), while soft spheres were used only when it was necessary 

(e.g. Molecular Dynamics simulation of magneto-acoustic system). 
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2.2.4 Induced Interactions in Colloidal Pattern Formation: 

 Throughout Section 2.2, I discussed about the general colloidal interactions 

occurring in all colloidal systems, and introduced two colloidal models to simulate 

those interactions. However, for colloidal pattern formation systems, particles also 

interact with the external environment through gravitational fields, as well as 

externally applied magnetic, electric, acoustic, and other fields. In fact, in most 

colloidal pattern formation processes, these induced interactions can dominate 

over the general, short-range colloidal interactions. Therefore, when considering 

the energy of colloidal system, it is necessary to include these long-range induced 

interactions. 

In my research, the main field-induced interactions include gravity, 

magnetic interactions and acoustic interactions, and the general expression of the 

total interaction energy can be expressed as: 

  , (2.33) 

The first four terms in Equation (2.33) correspond to the general short-range 

colloidal interactions of Van der Waals attraction, depletion attraction, double 

layer repulsion and steric repulsion, respectively. The last three terms correspond 

to the induced interactions of gravity, magnetic interaction and acoustic 

interaction, respectively.  

The gravity contribution can be expressed as: 

Vdw dep dl ster g mag acouU U U U U U U U      
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     ,     (2.34) 

Where V is the volume of the particle,  and  are the densities of particle and 

fluid, respectively; z is the distance from the particle center to reference plane, and 

g is the standard gravity. For 2-D confined colloidal systems, gravity can have 

effectively zero contribution. However, for non-planar colloidal systems (e.g. 3-D 

systems or 2-D system on a curved surface), gravitational contributions may be 

non-negligible. Magnetic interactions and acoustic interactions are normally 

stronger than gravitational energy (at least in my experimental system), and they 

are also more complicated to model. Therefore I will discuss magnetic and 

acoustic interactions in more detail in the following sections.  

 

2.3 Theoretical Fundamentals of Magnetic Interactions 

Magnetic interactions are the main interaction I have used in my 

experiments. In this section, I will focus on the fundamentals of magnetic 

materials and magnetic interactions. In Section 2.3.1, I will give a brief 

introduction on different magnetic materials that are related to my research. In 

Section 2.3.2, I will mostly provide models and approximations for magnetic 

interactions in colloidal system. 
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2.3.1 Magnetic Materials: 

Based on the magnetization property, natural magnetic materials can be 

divided into three different classes, namely ferromagnetic, paramagnetic, and 

diamagnetic
232,233

. Ferromagnetic materials not only respond to external magnetic 

field, but also retain a magnetization in the absence of magnetic field
234,235

 (e.g. 

 but ) (Figure 2.5a). When the external field is beyond a critical 

threshold, known as the saturating field, the magnetization plateaus (Figure 2.5a) 

at a level known as the saturation magnetization . Ferromagnetic materials have 

two possible cases of magnetization change with respect to external field: When 

the external field is parallel to initial magnetization, the increase of the external 

field will result in the increase of the magnetization toward saturation. However, if 

the external field and initial magnetization are anti-parallel, then the material will 

retain a residue magnetization when the external field is removed. If the 

antiparallel external field is increased beyond a critical threshold, known as the 

coercive field, then the magnetization direction switches and becomes parallel 

with the field. The hysteresis curves, shown in Figure 2.5a describe the overall 

nonlinear behavior between the magnetization and the applied field.   

Ferromagnetism is a temperature dependent phenomenon, with its origin in 

the coupling between magnetic spins inside a material. When ferromagnetic 

0H  0M 

sM
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materials are heated above Curie temperature, the couplings is no longer sufficient 

to overcome thermal energy, and the material behavior transforms into a nearly 

linear regime without hysteresis, known as paramagnetism
236,237

 (Figure 2.5b): 

Although the materials still respond to external magnetic field, they lack the 

ability to store magnetization in the absence of external field, and thus, there is no 

hysteresis. 

A third type of magnetic materials is diamagnetic materials. Diamagnetic 

materials are less common in nature and have a magnetization in a direction 

opposite to the external magnetic field
233,236,237

. Similar to paramagnetic materials, 

diamagnetic materials lack the ability to store magnetization in the absence of 

external field, and have no hysteresis (Figure 2.5c). However, unlike paramagnetic 

materials, diamagnetic materials have magnetization which oppose the external 

field direction, and are thus repelled by the external magnetic field
238

.  

Magnetic materials with ferromagnetic properties at bulk state can become 

paramagnetic when the size is small enough
239,240

 (e.g. 10nm-20nm). These 

paramagnetic materials do not have residual magnetization in the absence of 

external magnetic field, but demonstrate large magnetic responses when an 

external field is applied. Because of the large magnetic response, these 

nanomaterials are also referred to as superparamgnetic
239

.  
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Figure 2.5  Magnetization of different types of magnetic materials. (a) ferromagnetic material, 

where there exists a hysteresis in the magnetization, and magnetization can be stored in the 

absence of external field. (b) paramagnetic material, where no hysteresis of magnetization is 

observed, and the magnetization is parallel to the external field. (c)diamagnetic material, where 

no hysteresis of magnetization is observed, and the magnetization is anti-parallel to the external 

field. (http://magician.ucsd.edu/essentials/WebBookse50.html) 

 

In my research, micro-scale polystyrene particles embedded with 

superparamagnetic nanoparticles were used for colloidal pattern formation. These 

micro-scale particles behave as superparamagnetic. In the absence of an external 

field, the embedded nanoparticles do not have collective orientations, thus the 

ensemble average on the length-scale of the microparticle is unmagnetized. The 

presence of external field, however, the embedded particles will align their spin 

orientations with the external field, making the particles magnetically responsive.  

Another type of magnetic materials used in my research is known as 

ferrofluid
180,241-243

, which consists of a liquid suspension of superparamagnetic 

http://magician.ucsd.edu/essentials/WebBookse50.html
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nanoparticles. The nanoparticles in the fluid are stable at room temperature, but 

they respond strongly when an external field is applied. When the fluid volume 

under consideration is much larger than individual nanoparticles, ferrofluid can be 

modeled as a magnetic paramagnetic continuum with bulk magnetic susceptibility 

 (or bulk magnetic permeability ), which can be adjusted by changing the 

concentration of nanoparticles within the fluid
241

. In weak fields, there is a linear 

relationship between bulk permeability of fluid and concentration of nanoparticles, 

given by
171,244

: 

   ,                                                          (2.35) 

where is the volume ratio of nanoparticles in ferrofluid and  is the magnetic 

susceptibility of the nanoparticles. The susceptibility of nanoparticles  can be 

expressed as
180,241

: 

 ,      (2.36) 

where is the volume of individual magnetic nanoparticles,  is the saturation 

magnetization of the nanoparticles,  is the Boltzmann constant, and  is the 

temperature. In strong fields, the magnetic permeability of ferrofluid is no longer 

linearly dependent on nanoparticle concentration. Instead, it becomes field-

dependent and needs to be represented by a more complicated expression
241

:  

 ,              (2.37) 
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Where L is Langevin’s function, corresponding to . In my 

doctoral research of colloidal pattern formation, the strength of magnetic field was 

always kept low enough (H<150Oe) so that the linear equations in Equation (2.35) 

and (2.36) were generally valid.  

 

2.3.2 Magnetic Interactions in Colloidal System: 

To calculate the magnetic interaction between colloidal particles, it is 

necessary to build a theoretical model to represent how a particle magnetizes, and 

the fields it produces. For micron sized particles with uniform magnetic properties, 

a uniform externally applied magnetic field H generates a constant, uniform 

magnetization within spherical beads. The interaction of this particle with the field 

experienced can be solved by using Maxwell equation for magnetic fields (B and 

H), given by
147,156

: 

      ,        (2.38) 

  ,       (2.39) 

Since there is no free current or electric displacement field ( ), equation 

(2.39) can be simplified as: 

  ,        (2.40) 
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The magnetic field can thus be represented by a scalar potential , with the 

relationship: 

  ,        (2.41) 

Combination equation (2.38) and (2.41) gives the Laplace’s equations: 

  ,        (2.42) 

Using the continuity property at the boundary (surface of the spherical particles), 

we have the following relationship: 

   ,       (2.43) 

 ,     (2.44) 

Solving Laplacian’s equation (28) in spherical coordinates, we have: 

  ,      (2.45) 

  ,    (2.46) 

Combining the solutions of Laplace’s equation (Equations (2.45) and (2.46)) with 

the boundary conditions given in Equations (2.43) and (2.44), we have: 
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     ,   (2.48) 

From Equation (2.48), it is clear that the magnetic potential outside the particle is 

composed of the contribution of the particle (first term), plus the contribution of 

the external field in the absence of the particle (second term). Recall that the scalar 

potential created by a point dipole is 

     ,       (2.49) 

it is clear that the particle in the magnetic field can be treated as a magnetic point 

dipole  given by: 

  ,     (2.50) 

As is shown in equation (2.50), the magnetic dipole moment of a particle is 

determined by the external field, the volume of the particle, as well as the 

magnetic permeability mismatch between the particle and the surrounding fluid. 

Since the ferrofluid permeability is linearly dependent on nanoparticle 

concentration (Equation (2.35)), the effective dipole moments of colloidal 

particles can be conveniently adjusted by changing the concentration of 

nanoparticle in ferrofluid
244
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According to the discussions above, micron-sized particles with uniform 

magnetic properties can be treated as magnetic point dipoles. The magnetic forces 

between particles and external field can thus be expressed as
147,156

: 

  ,                                          (2.51) 

Inserting equation (2.50) into equation (2.51), we have:    

                                 ,                                        (2.52) 

As is demonstrated in equation (2.52), the magnetic forces have the same 

form as dielectric forces in dielectrophoresis (Equation (1.2)), with the electric 

parameters ( and E) replaced by their magnetic counterparts ( and H). When the 

particle is more magnetic than the fluid ( ), the magnetic forces tend to 

move particle towards field maximum, referred to as positive magnetophoresis. On 

the other hand, when the particle is less magnetic than the fluid ( ), the 

forces tend to move the particle towards field minimum, referred to as negative 

magnetophoresis.  

  The interaction energy between two dipoles  and is essentially the 

interaction energy between  (or ) and the field created by  (or ), given 

by: 

  ,   (2.53) 
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For multi-component colloidal systems with magnetic and non-magnetic 

particles dispersed in ferrofluid, magnetic particles behave as positive dipoles 

( ) and non-magnetic particles behave as negative dipoles ( ). Like 

particles repel each other in the direction perpendicular to external field and attract 

each other in the direction parallel to external field.  However, for the same 

configurations, the unlike particles attract each other in the direction perpendicular 

to external field and repel each other in the direction parallel to external field. By 

controlling the sizes of colloidal particles, the magnetization of ferrofluid and 

particle (through changing nanoparticle concentration), and the strength/direction 

of the magnetic field, it is possible to form a large class of dynamically adjustable 

colloidal phases.   

In my experimental system, the magnetic interaction energy for 3-5µm 

particles inside a colloidal suspension is on the range of ~100kBT at a weak 

magnetic field (H~6Oe), which is much stronger than Van der Waals and 

depletion attraction.  

 

2.4 Theoretical Fundamentals for Acoustic Interactions 

Acoustic interaction is another type of induced interaction in my research, 

mainly used to control the local particle concentration. In this section, I will 

discuss the fundamentals of acoustic interactions in a standing wave. In Section 

/ /m H / /m H
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2.4.1, I will focus on theoretical model for acoustic radiation interaction, which is 

the major interaction in acoustic manipulation. In Section 2.4.2, I will present the 

theory behind acoustic wave propagation and discuss about acoustic standing 

wave, which is essentially used to control the concentration of particles. 

 

2.4.1 Acoustic Interactions in Colloidal System: 

The interaction between colloidal particles and acoustic wave originates 

from the time-variation of the thermodynamic properties of a compressible fluid.  

To understand the acoustic interaction, it is necessary to first understand the basic 

principles behind mechanical properties of fluids.  

The mechanical properties of a fluid are governed by a set of 

equations
245,246

, including conservation of mass, conservation of momentum and 

conservation of energy. In the case where heat generation is negligible, only the 

first two conservation laws are relevant, given by mass balance conservation: 

  ,      (2.54) 

  and momentum balance conservation 

     ,   (2.55) 
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where ρ, p and η denote density, pressure and dynamic viscosity of the fluid, 

respectively; the vectors  represents the fluid velocity, and  is the body force 

(e.g. gravity or electrokinetic forces) per unit volume on the fluids. In the case of 

acoustic manipulation, the body force  is normally negligible. 

 Consider the acoustic wave as a perturbation in a steady fluid, we can then 

expand the quantities ρ, p and  with Taylor’s expansion, given by
247

: 

      , 

  ,      (2.56) 

  , 

where subscript 0 represents the steady state of an incompressible fluid (i.e., 

without acoustic field), while subscript 1 and 2 represents the first and second 

order perturbations resulting from acoustic field. For my experimental system, the 

fluid is assumed to be quiescent ( =0) in the absence of acoustic field. 

Inserting (2.56) into (2.55) and (2.54), while neglecting the viscosity in 

bulk fluid, and keeping only the first order terms, we have: 

  ,      (2.57) 

      ,      (2.58) 

v f

f

v

0 1 2     

0 1 2p p p p  

0 1 2v v v v  

0v

1
10 v

t





  



1

0 1

v
p

t



 





 

67 

There is a relationship between fluid pressure, fluid density and sound 

velocity c0, given by
248

: 

        ,       (2.59) 

Next, inserting (2.59) into (2.57), and taking the time derivative, these two 

equations can be re-organized into an equation for wave propagation 

      ,      (2.60) 

Assuming the fluid flow is vortex-free ( ), the velocity of fluid can be 

represented by a scalar velocity potential, given by: 

  ,       (2.61) 

For time-harmonics fields, we can combine equations (2.61), (2.57) and (2.58) to 

obtain relationships between pressure, density and velocity potential, given by: 

     ,      (2.62) 

    ,      (2.63) 

Finally, combining (2.62) and (2.63), we arrive at the wave equation:  

      ,    (2.64) 

Equation (2.64) forms the starting point for the acoustic scattering theory used to 

calculate the acoustic radiation force
164

.  
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The acoustic radiation force on a spherical, micrometre-sized particle of 

radius a is calculated assuming that the particle is suspended in an inviscid fluid 

and exposed to a harmonic acoustic field with angular frequency . When the 

radius of particle is much smaller than the wavelength of the acoustic field 

( ), the particle acts as a scattering point and can be treated with first 

order scattering theory. In this case, the acoustic wave can be represented by the 

incoming and scattering component
164

: 

 , 

 ,      (2.65) 

 , 

The scattering component of the scalar velocity potential at the far-field region can 

be expressed as
164

: 

  (2.66)  

Where the coefficients  and are given by: 

 ,     and      , 

In the euqation,  is defiend as the compressibility (or inverse of 

stiffness) of the material.  
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In a high frequency (MHz) harmonic acoustic field, the migration of 

colloidal particles is the result of time-averaged radiation forces over one or 

multiple oscillation cycles. Thus, considering the perturbation terms, we only need 

to study the time averaged values over a full oscillation period.  

The first-order perturbation terms are harmonic and have the same 

frequency as the acoustic field, so their time-average values are always zero. The 

second-order perturbation terms, on the other hand, have non-zero time-average 

value and need to be calculated for radiation force. The acoustic radiation force on 

a spherical particle can be can be calculated as the surface integral of the time-

averaged second-order pressure <p2> and momentum flux tensor  over a 

surface that encloses the particle, given by
164

: 

    ,   (2.67) 

Where is the integral surface that encloses the particle, and  is the normal 

vector of the integral surface. The angular bracket 〈 〉 is the time average operator. 

For two arbitrary complex functions (e.g. f and g), the averaging is accomplished 

as , where  represents the complex conjugate of g.  

The time averaged second order pressure <p2> can be represented with the 

first-order pressure and fluid velocity, given by: 
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 ,    (2.68) 

By inserting Equation (2.68) into Equation (2.67) and applying the scattering 

relationships (Equation (2.65) and (2.66)), we can simplify the acoustic radiation 

force as: 

   *
3 *

0 1 0 2Re[ ] Re[ ]
in

in
a ininF a f p p f v v        ,   (2.69) 

Based on the general relationship between force and potential energy 

( ), we can define the acoustic interaction energy as:  

                 (2.70) 

The first term in the acoustic energy represents the monopole contribution, which 

corresponds to the fluid mass ejected by the expansion/contraction of the particle 

along its radius and is a function of the its stiffness (or compressibility) relative to 

the fluid. The second term is the dipole component of the acoustic interaction, 

which corresponds to fluid density changes induced by the local oscillation of the 

particle, and is determined by the density of the particle relative to the fluid. In the 

colloidal pattern formation system, an acoustic standing wave is created, which 

guides particles to the pressure nodes (or anti-nodes) of the standing wave. Details 

of the propagation of acoustic field and the formation of acoustic standing wave 

will be provided in the next section. 
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2.4.2 Acoustic Standing Wave: 

With the acoustic radiation force derived, I will next focus on a simplified 

model to show how the pressure distribution can be calculated in microfluidic 

chambers. For simplicity, I will only focus on 1-D system, the results in 2-D and 

3-D systems can be derived in a similar manner
165,249

. 

Consider a 1-D pressure wave traveling along the positive x direction in 

three successive mediums (e.g. medium 1, medium 2 and medium 3). Assume the 

boundary between medium 1 and medium 2 is at x = 0, and the boundary between 

medium 2 and medium 3 is at x = W (Figure 2.6). For 1-D pressure wave, 

Equation (2.60) can be simplified as: 

      (2.71) 

This equation can be solved using the separation of variables, and the result is 

given by: 

   ,               (2.72) 

Where k and w are wave number and angular driving frequency of the acoustic 

wave, respectively. Applying the equation to the 3-medium system in Figure 2.6, 

and assuming medium 1 and medium 3 are the same (denoted by material 1), we 

can obtain the general form of pressure and velocity waves, given by: 
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 , 

,  (2.73) 

 , 

 , 

 , (2.74) 

 , 

where P0 denotes the amplitude of the incoming wave, Zi=ρici denotes the 

characteristic impedance of the ith medium, and Ai and Bi (i=1,2) represent the 

forward and backward propagation coefficients of acoustic wave in medium i, 

respectively. These coefficients are determined by matching the boundary 

conditions, which require that both the pressure and the normal component of the 

velocity are continuous across the interface: 

    , 

 ,     

 ,    (2.75) 
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Combining Equation (2.73), (2.74) and (2.75), we can get the matching 

coefficients, given by: 

,     

,   (2.76) 

    , 

     ,    

Where the factor  is the 

amplification factor
248

, which is maximized at resonance ( ). 

 

 

Figure 2.6 Illustration of the propagation of acoustic wave. Ai and Bi (i=1,2,3) represents the 

forward and backward propagation acoustic wave in medium i, respectively. Notice that there is 

only forward propagation wave in medium 3, since there is no reflective boundary at x>W. 
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Comparing the system described above (Figure 2.5) to my experimental 

setup, it is clear that region 1 and 3 correspond to the substrates, while region 2 

corresponds to the fluid chamber in which colloidal particles form patterns. In the 

fluid chamber, the pressure wave can be expressed as
248,249

: 

    (2.77) 

At resonance ( ), Equation (2.77) can be simplified as: 

,  (2.78) 

Because the impedance of the substrate (Z1) is very different from the impedance 

of the fluid (Z2), the second term in Equation (2.78) vanishes, and the pressure 

wave essentially becomes a standing wave: 

   ,     (2.79) 

Inserting Equation (2.79) to Equation (2.70), we now have the acoustic radiation 

potential of a particle, given by: 

    (2.80) 

The term in the bracket is defined as acoustic contrast coefficient, which 

determines the equilibrium position of a particle in an acoustic standing wave. 
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Particles with positive acoustic contrast coefficients tend to migrate towards 

pressure nodes, while particles with negative acoustic contrast coefficients tend to 

migrate towards pressure anti-nodes. This result can be extended to 2-D and 3-D 

cases and used to determine the assemble position of colloidal particle in an 

acoustic standing wave
165,249

. In my research, I used polystyrene particles 

(dispersed in water), which have a positive acoustic contrast coefficients and thus 

tend to assemble at pressure nodes in the fluid chamber. In reality, there always 

exist propagation component of pressure wave, which causes fluid flow in the 

chamber and sometimes disrupt the assembly of colloidal patterns.   

 

2.5 Assembly Kinetics: 

 Through Section 2.2 to Section 2.4, I discussed about different types of 

interactions in my experimental systems, which together can be used to calculate 

the equilibrium phases, and how they can be tuned by adjusting the external fields.  

However, these energy calculations provide no insight into the relevant timescales 

needed for forming the colloidal patterns in my experimental systems. Towards 

this end, in this section I will discuss Brownian motion of colloids
197,250,251

, which 

helps to motivate the overall assembly time scales required to form colloidal 

patterns and transform them between different phases.  
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The motion of colloidal particles inside fluid can be represented by 

Langevin’s equation, given by
158,197,250

: 

 ,    (2.81) 

Where m is the mass of the particle,  is the viscosity of the fluid, R is the radius 

of the particle, is the external forces on the particle (e.g. acoustic and magnetic 

forces, gravity), and  is the random forces coming from thermal fluctuation. 

Here, I will only use the Brownian motion of particles in the estimation of 

diffusion timescale, and Equation (2.81) is thus simplified as: 

    ,     (2.82) 

Based on the relationship between velocity and displacement, Equation (2.82) can 

be written as: 

  ,     (2.83) 

Notice that the random force has a time average of zero ( ) and is 

uncorrelated on the time scale of particle motion ( , where 

is a delta function and F is the square of magnitude of the random force). 

Using these two properties, we can solve for the time correlation of velocity, given 

by: 
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 ,  (2.84) 

When , Equation (2.84) can be expressed as: 

 ,     (2.85) 

In the meantime, the equipartition theorem in thermodynamics gives
184,200,250

: 

 ,     (2.86) 

Where  n is the dimension of the system,   is the Boltzmann constant and T is the 

temperature. Combining (2.85) and (2.86), we can calculate the magnitude of the 

random force, given by:  

    ,      (2.87) 

Similarly, we can get the mean square displacements. At the time scale of particle 

movement, we have: 

  ,  and  
6

Bk T
D

R
   (2.88) 

Where D is defined as the diffusion coefficient, which is determined by the 

viscosity of fluid  , the radius of particle R, the temperature of the environment 

T, and the dimension of  system n.  

 Now, let us calculate the diffusion time scale of colloidal system. Assume it 

takes time t for a colloidal particle to diffuse by one diameter, we have: 
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    ,      (2.89) 

In my experimental system, the radius of particle is 1.5µm, the temperature is 

around 300K, the dimension of the system is 2, and the viscosity of ferrofluid is

. Solving for t, we can get an estimated diffusion time of 

approximately 28 seconds. For the assembly of colloidal patterns, hundreds of 

particles need to move to certain positions and the average diffusion distance is 

much larger than particle diameter, so the total experimental time is expected to be 

hours or longer. As a matter of fact, there are friction forces between particles and 

substrates, which could hinder the motion of particles and thus further extend the 

required experimental time.    

 

2.6 Summary: 

 In this chapter, I briefly reviewed the thermodynamic mechanisms 

underlying pattern formation. The different interactions in the general colloidal 

systems were reviewed, along with the relevant computational models and 

methods of approximation. The fundamentals of magnetic and acoustic 

interactions are also discussed. Among these interactions, the externally applied 

fields are sufficiently strong to dominate the other colloidal interactions: These 
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field induced interactions are on the order of 100 kBT even at weak magnetic field 

of H~6Oe, which is nearly an order of magnitude larger than the overall energy of 

Van der Waals attractions and double layer repulsions (~10 kBT). Depletion 

interactions are normally negligible (~1.5 kBT) due to the low depletant 

concentration. Steric repulsions between particles are also negligible since there is 

no polymer grafted onto particle surface; however, steric repulsions between 

particles and substrates are very strong (~10
5
kBT), which essentially prevent the 

adhesion of particles onto the substrate and makes the surface.  

In this Chapter, I also reviewed the basic theories of Brownian motion, and 

derived some important relationships. Using these relationships, I calculated the 

timescale of colloidal particle diffusion in my experiment to be around 30 seconds 

for particles to diffuse one diameter, which motivates why these experiments 

require hours (i.e., many thousands of these time scales) in order to reach 

equilibriums states. 

With the general background introduced in Chapter 1 and the theoretical 

fundamentals reviewed in Chapter 2, it is time to move on to specific research 

topics in my doctoral study. In the next chapter, I will focus on how magnetic 

manipulation can be used to explore particle-surface pattern formation, and how 

such pattern formation can be used to probe surface adhesions between spherical 

particles and planar substrates. 
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3. Magnetic Field Induced Particle-Surface Interactions 

 (The results in this chapter come from one paper published in Nano 

Letters, 2011, with the co-authors including Dr. Randall Erb, Dr. Benjamin Wiley, 

Dr. Stefan Zauscher and Dr. Benjamin B. Yellen. ) 

 

In the last two chapters, I motivated the use of magnetic field induced 

pattern formation in colloidal systems for the promising application of massively 

parallel force measurements between particles and surfaces. Similarly to the 

measurement of the adsorption energy of molecules to surfaces and its 

implications for condensation phenomena, here I am exploring similar interactions 

yet at a much larger scale. Towards this end, I have developed a novel magnetic 

manipulation technique based on magnetic image forces, which induces particles 

to repel themselves from a substrate, in a manner that is tunable with the applied 

field.  Here, the applied magnetic field plays a similar role to the substrate 

temperature. At low fields (low temperatures) particles condense on the surface, 

but raising the field (increasing temperature) causes particles to desorb from the 

substrate. The ability to track the motions of thousands of particles in parallel 

allows for the statistics of the enthalpy of particle adsorption to be studied in 

detail. Before delving into experimental details, I will start by introducing the 
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background of surface force measurements in order to motivate behind the typical 

tools used in particle-surface force measurements, and their potential applications 

in biosensing and molecular mechanics.   

   

3.1 Surface Force Measurements 

Intermolecular forces play a fundamental role in interfacial and biological 

processes, and the measurement of intermolecular forces is one of the major 

focuses in both surface science and biophysics. Earlier work in intermolecular 

forces mainly involved in the measurement of non-specific interactions between 

two surfaces using Surface Force Apparatus
252,253

. Later on, intermolecular force 

apparatus (e.g. atomic force microscopy
254

 (AFM), biomembrane force probe
255,256

 

and optical
124,128,130

/magnetic
91,177

 tweezers) have been developed for probing 

specific intermolecular interactions (e.g. bio-molecular bindings and chemical 

bonds). In the meantime, some intermolecular force techniques have been 

extended to explore more complicated biological processes (Figure 3.1): For 

example, biomembrane force probe has been used to measure the adhesion force 

between biomolecules and cells
256

; AFM has been used to probe the unfolding and 

refolding of proteins
257,258

; optical tweezers, on the other hand, have been used to 

explore the unwinding and rewinding of DNA
259

.  
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Most of the modern intermolecular force apparatus can achieve a force 

resolution of picoNewton resolution and thus realize accurate measurement of 

surface adhesion and biomolecular forces. However, due to the influence of 

thermal noise, a large ensemble of measurements (1000 or more) is normally 

required to obtain a statistically reliable measure of the mean forces
255,260

. Most of 

current techniques, such as AFM, optical tweezers, biomembrane force probe, 

have limited throughput since they can conduct only one (or a few) measurements 

at a time. Furthermore, the mean forces are highly sensitive to the force loading 

rate
260,261

, requiring these measurements to be conducted over multiple force 

loading regimes, which considerably increases the number of experiments required 

and lengthens the analysis time. Finally, existing techniques are not able to access 

the extremely slow loading rates required to observe the quasi-equilibrium 

regime
255

, in which the unbinding/ unfolding process is caused by a combination 

of random thermal motion and the externally applied mechanical potential. 
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Figure 3.1 Demonstration of single molecular force techniques. (a) Measurement of protein-

cell interactions through biomembrane force probe
256

 (F. Pincet et. al., Biophys. J., 2009); (b) 

exploration of protein unfolding through AFM
258

 (D.A. Smith, E. Radford, Curr. Biol., 2000); (c) 

exploration of DNA unwinding through optical tweezers
259

 (L. Porta, et. al., Phys. Rev. Lett., 

2004) 

 

Magnetic manipulation provides a route for parallelizing force 

measurements because magnetic force can be transmitted to thousands of 

functionalized colloidal particles simultaneously
62,90

. Traditional magnetic 
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manipulation techniques, consisting of the interaction of magnetic beads with 

external coils or magnetic tips, produced a high degree of non-uniformity in the 

particle/manipulator interaction, and prevented measurements from being 

conducted reliably in parallel. The presence of spatially non-uniform fields 

introduces uncertainty and necessitates tedious calibration procedure for each 

force measurement. Alternatively, the magnetic manipulation technique I have 

developed is based on the particle’s interaction with its own image in the substrate, 

i.e., “magnetic image force”, and thus can be used for massively parallel and 

highly uniform manipulation of particles with substrates. This method harnesses 

the self-repulsion of particles from surfaces, which achieves greater uniformity in 

the applied force.  

 

3.2 Theoretical Fundamental: Image Force 

From classical magnetostatics, we know that the interaction between 

aspherical particle and a planar surface can be solved by “method of images”, in 

which the reaction field of a planar substrate can be represented as the reflection of 

the multipole content of the spherical bead. The effective magnetic dipole moment 

m


, of a particle immersed in a ferrofluid is given as
147,156

: 

0

0

3
2

f

f

m VH
 

 





,      (3.1) 



 

85 

Meanwhile, the bead/substrate interaction can be modeled through the 

method of images as the interaction between the true dipole m and its image dipole 

in the substrate, whose moment can be expressed as
147

: 

3
2 2

f s p f

i

f s p f

m V H
   

   

   
        

 ,                                     (3.2) 

where f is the magnetic permeability of the fluid, s  is the magnetic 

permeability of the substrate, and p is the magnetic permeability of the particle. 

For non-magnetic substrates (e.g. glass slides), the moment of the image dipole im  

is always oriented opposite to the real dipole of the particle, thus the interaction is 

always repulsive regardless of the field orientation and is always in the direction 

of the surface normal n̂ . With the image dipole model, the bead/substrate 

interaction is then modeled as the force on a point dipole interacting with the field 

gradient of its own image, leading to the expression: 
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 ,                          (3.3) 

where d is the particle diameter, and ε = Δ / d is the dimensionless 

particle/substrate separation, with Δ being the separation distance between the 

particle surface and the planar substrate. 
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Figure 3.2 Illustration of image force.  Images (a-c) depict 9.8 μm fluorescent particles in the 

presence of (a) 0 Oe, (b) 15 Oe, which is near the critical field strength required for unbinding, 

and (c) 58 Oe uniform magnetic field.  When increasing the magnetic field strength, the bead’s 

fluorescence decays as it is pushed into the ferrofluid via the magnetic image force.  The 

schematic (d-f) illustrates the method for measuring surface forces. 

 

 

3.3 Experiment Design: 

A schematic of our measurement approach along with some experimental 

images is provided in Figure 3.1. In the absence of a magnetic field (Figure 3.2d) a 

bead remains adhered to the substrate surface as the attractive surface forces Fs are 

stronger than the effective buoyancy force, Fρ.  In a weak magnetic field (Figure 

3.2e), the magnetic image dipole force Fm adds to the buoyancy force, however the 

surface force is still stronger (Fs > Fρ + Fm).  Above a certain field strength (Figure 
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3.2f), the magnetic repulsion overcomes the surface force (Fs < Fρ + Fm) and the 

bead is ejected from the substrate. By determining the critical point at which 

magnetic repulsion (plus the buoyance) balances the surface force, we are able to 

calculate the surface adhesion from magnetic image force. 

Mono-dispersed, non-magnetic polystyrene colloidal particles (9.8 µm) 

(Thermo Scientific, Fremont, CA) were dispersed in EMG 705 ferrofluid 

(Ferrotech, Nashua, NH) for magnetic manipulation. In order to calibrate the 

system, my first task was to measure the balance between magnetic repulsive force 

and sedimentation force. The density of the ferrofluid was determined by 

measuring the mass of a 500µL aliquot of ferrofluid taken directly from the stock 

volume. The mass density of the ferrofluid was measured to be 1.19gm/cc, and is 

consistent with the vendor specifications. The mean density of the colloidal 

particles was subsequently determined through a sink/float analysis: the particles 

were mixed with different concentrations of ferrofluid diluted in water, and 

microscopy images were taken to determine the ferrofluid concentrations at which 

the particles sunk to the bottom surface or floated to the top surface. Images were 

taken in both upright and inverted microscopy, and the results are presented in 

Figure 3.3. According to the vendor specifications, the bulk volume fraction of 

ferrofluid was 3.9%. Our analysis indicated that the mean density of the particles 
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was 1.047g/cc, which agrees well with the actual density of polystyrene particles 

(1.05g/cc).  

With the knowledge of the particle density, the ferrofluid concentration was 

then fixed to be 3.2%, and the buoyancy force was calculated to be 0.512 pN 

based on the relationship: 

                                            VgF fp    ,                         (3.4)   

 

 

            Sink                     Float                      Sink                     Float 

 

Figure 3.3  Sink/Float Experiment: The density of particles were determined by performing 

sinking experiment (with an inverted microscope) and floating experiment (with an upright 

microscope) at different ferrofluids concentration. By identifying the concentration (0.90%) 
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where particles are suspended (neither sinking nor floating), we can calculate the density of the 

particles to be 1.047g/cc. based on the density of ferrofluid at this concentration. 

 

The next task was to calibrate the magnetic permeability of the ferrofluid. 

When magnetic fields are strong enough, the image force can overcome the 

sedimentation force and levitate the particles away from the substrate surface.  At 

these lengths scales, there are only negligible contributions from surface adhesion 

forces and allows for the magnetic forces to be calibrated against the previously 

measured sedimentation force.  

The fields used to adjust the magnetic force were supplied by a large 

diameter external electromagnet, which produced reasonably uniform fields in the 

region of interest.  I used low fields (<150 Oe) in order to avoid saturating the 

magnetic properties of the ferrofluid, and therefore controllably tune the magnetic 

force with the applied current. Using the relationship FFm


 , an analytical 

relationship can be derived for the equilibrium particle/substrate separation 

distance, given by:   
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 In equation (3.5) the only free parameter is the ferrofluid permeability f .  

This parameter can be experimentally determined by finding the best fit in the εeq 
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vs. H


relationship. As is shown in Figure 3.4, quantitative analysis of 

particle/substrate separations obtained with a Zeiss LSM 510 upright microscope 

in external fields ranging from 0-150 Oe is used to match for the magnetic 

permeability f . The match between Eq. (9) and the experimental data allowed 

for the determination of the ferrofluid permeability, f  = 1.66. This result agrees 

well with the expected permeability of a quasi-magnetic continuum in the linear 

regime, described in equation (2.34) and (2.35).  

 

 

Figure 3.4 Technique for calibrating magnetic image force. the magnetic image force and 

buoyancy force are oriented to oppose one another, leading to an equilibrium separation distance 

that changes as a function of the field strength. Images a-c present confocal microscope images of 

the bead/substrate separations in uniform external fields of (a) 0, (b) 19, and (c) 45 Oe. The 

experimental measurements of equilibrium separation distances are provided in (d) along with 
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standard deviations; these values were used to determine the best fit ferrofluid permeability f

=1.66. 

 

Once the magnetic permeability of the ferrofluid is calibrated, the mean 

unbinding force could be measured using a magnetic force ramp. For my 

experiments, I constructed a fluid cell in which the glass surface (initially on top in 

the fluid cell) was coated either with Polyethylene-glycol (PEG) (Microsurfaces, 

Austin, TX), or a fluorocarbon (perfluorooctyltriethyoxylsilane) (Alfa Aesar, 

Ward Hill, MA). A suspension containing 3.2% ferrofluid and 0.2% particles by 

volume was inserted into the fluid cell. Since the particles were less dense than the 

ferrofluid, they migrated to the top of the fluid cell, where they were allowed to 

bind to the surface for 25 minutes.  The fluid cell was then inverted, causing any 

particles that were not adhered to the surface to float away from the focal plane.  A 

10 minute period was sufficient to remove all non-adhered particles.  The force 

loading experiments were then conducted by increasing the magnetic field with 

the square root of time i order to simulate a linear force ramp according to Eq. 

(3.3). I used video tracking and image software analysis to determine the number 

of particles unbinding from the surface at each frame (Figure 3.5), which enabled 

the construction of a histogram to determine the most probable force using a log-

normal probability distribution fit. Inside ferrofluid, the fluorescence intensities of 
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particles are exponentially dependent on the separation distance between the 

substrate and the surface, given by Beer-Lambert Law: 

( ) (0) zI z I e    ,        (3.6)  

where z is the separation distance of the particle from the substrate,  is the 

absorption coefficient of the fluid. When a particle leaves the substrate, its 

fluorescent intensity suddenly decreases (Figure 3.5b). An unbinding event is 

identified as the time (hence magnetic force) at which the bead’s fluorescent 

intensity suddenly decreases. Using the magnetic force at the unbinding moment, 

we were able to extract the adhesion force between particles and the substrate. In 

each experiment we identified several hundred unbinding events to ensure good 

statistics (Figure 3.5a).  Several trials were conducted for each magnetic field 

ramp in order to determine the relationship between force loading rate and the 

most probable unbinding force.  Thermally induced fluid flow or other convective 

forces appeared to be negligible since no significant lateral motion of particles 

were ever observed.  
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Figure 3.5: Statistics of particle-surface desorption. Fluorescent intensity measurements of an 

ensemble of particles are shown in (a) as a function of the frame number. The fluorescent 

intensity of a single particle as a function of frame number is shown in (b), where the sudden drop 

of intensity (denoted by the arrow) indicates the unbinding frame. 

 

 

3.4 Results: 

 At very low loading rates (<0.02 pN/s), the unbinding force is independent 

of the loading rate (Figure 3.6b and c), which implies that unbinding likely occurs 

at quasi-equilibrium conditions. These remarkably low loading rates provided by 

our magnetic tweezers approach are possible because of the lack of heating and/or 

mechanical contact with the bead. In other approaches, including AFM, optical 

tweezers, and biomembrane force probes, force loading rates are limited to the 

ranges: 10
1
-10

7
, 10

-1
-10

2
, and 10

-1
-10

5
 pN/s, respectively, due to issues of low 

frequency drift of the optical or mechanical components. The equilibrium 
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unbinding force for the fluorocarbon and PEG substrate is the sum of the magnetic 

force and buoyancy force, which were determined to be 0.974 pN and 1.339 pN, 

respectively (Figure 3.6b). At higher loading rates, the unbinding force depended 

exponentially on the loading rate, which is consistent with prior studies on the 

loading rate dependence of intermolecular forces. 
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Figure 3.6 Surface force measurement result. Example histograms for PEG (red) and Teflon 

(cyan) substrates are provided in (a) for 0.0074 pN/s loading rate. The most probable unbinding 

force, labeled Fmax, is depicted as a function of the loading rate for (b) Teflon substrates and PEG 

substrates, and (c) PEG substrates and UV-irradiated PEG substrates. 

 

Additionally, the magnetic image force method allows for determination of 

even small differences in the adhesion properties of surfaces. For example, the 

mean unbinding force of PEG substrates that were previously irradiated with 254 

nm UV radiation (Migge, Heidelberg, Germany) with total energy exposure of 

2/500 mkJ  in air was measured and compared with that from the non-irradiated 

samples (Figure 3.6c). Our results showed a slightly larger unbinding force at low 

loading rates for the UV treated PEG surfaces. In contrast, water contact angle 

measurements on these surfaces could not detect any difference for surface energy.  

 

3.5 Conclusion: 

In conclusion, I developed a magnetic field based system for measuring-

particle-surface interactions. Using this system, I was able to simultaneously 

measure the adhesion force between thousands of particles and a planar substrate 

under identical experimental conditions, which greatly reduces the number of 
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experiments that is needed for a statistical analysis of surface adhesion. Although 

dielectrophoresis can be also used for parallel measurement of surface/ 

intermolecular forces in a similar manner, it requires the input of high frequency (a 

few kilohertz to magahertz) AC field, which introduces significant fluid flow and 

reduces the force resolution to nanoNewtons
262,263

.  

Additionally, this technique also allows for the measurement of forces 

ranging from picoNewton to nanoNewton, making it suitable for a broad range of 

surface/intermolecular force analyses. For example, by using stronger magnetic 

field, it is possible to measure the cell adhesion forces and chemical bonds; by 

using weaker magnetic field and smaller particles, on the other hand, it is possible 

to measure the unfolding force of proteins. The ability to measure at extremely 

low force loading rates gives us access to quasi-equilibrium force loading regimes, 

which essentially matches the conditions of biological systems where the time 

scale is minutes or longer. Although optical tweezers can also access quasi-

equilibrium regime, they are not suitable for long time measurement due to the 

substantial heat created by the focused laser beam
90,128

. 

Last but not least, this work also provides a general knowledge on the scale 

of attraction forces between spherical particles and different substrate. For the 

assembly of colloidal patterns inside fluid chamber, adhesions between particles 

and substrate should be minimized. Modification of surface with PEG was one 
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way realize this: Grafting PEG brushes onto the substrate will induce strong steric 

repulsions between particles and substrate, which can effectively prevent the 

adhesion of particles onto the substrate. Surface modification with PEG can be 

easily performed by immersing plasma-treated glass substrates in 10kD silane-

polyoxyethylene-carboxylic acid solution for ~12 hours
264

. This surface treatment 

method proved to be very effective, and was widely used in my later work in 

assembly colloidal alloys and superstructures.  

4. Magnetically Tunable Colloidal Pattern Formation 

(The results in this chapter come from my paper published in ACS Nano, 

2013, the co-authors include Dr. Lu Gao, Dr. Gabriel P. López and Dr. Benjamin 

B. Yellen.)  

 

Another important application of magnetic manipulation is the ability to 

form new patterns by controlling the interactions between particles. A wide variety 

of patterns can be formed from suspensions of magnetically responsive 

components.  With a mixture of magnetic and non-magnetic particles, it is possible 

to form a diversity of fascinating colloidal patterns by tuning the fluid/particle 

properties, the particle size ratio, as well as the direction and strength of the 

external field. In this chapter, I will focus on the experimentally obtainable ground 

states of 2D colloidal patterns in a mixed suspension of magnetic and non-
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magnetic colloidal particles. I discuss the experimental exploration of colloidal 

patterns in a 2D, bi-component system exposed to a vertical field.   In order to 

motivate why these structures self-assemble in the expected conditions, I have 

constructed a T=0 phase diagram that correctly predicts most of the 

experimentally observed phases in bi-component systems.  I will also show the 

types of patterns that emerge experimentally in tri-component particle systems.  

 

4.1 Theoretical Fundamentals:  

The interactions between non-magnetic and magnetic colloidal particles are 

similar to the anti-ferromagnetic interactions between magnetic spins, which 

occurrs in spin glasses
265

, ferrimagnetic garnets
265

 (e.g. yttrium iron garnet) and 

hexagonal manganites
266

 (e.g. YMnO3 and LuMnO3). Compared to those 

condensed matter systems, particles in colloidal systems are free to spatially re-

organize, so these interactions lead to a variety of alloys structures.  

As was discussed in Section 2.2, the interaction energy between two 

particles Uij is thus the sum of double layer and steric repulsions, Van der Waals 

attractions, gravitational energies and magnetic interactions (Equation 2.33). For 

2D colloidal system on a planar surface, gravity has no net contribution to the 

energy. Short-range repulsions, on the other hand, are replaced by hard sphere 

model in computer simulation and analytical calculation for simplicity. Van der 
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Waals attraction is an order of magnitude smaller than magnetic dipole-dipole 

interactions and gravity, and is thus neglected (See Section 2.6 for details). Based 

on the discussions above, the system energy of an N particle system can be 

simplified as: 

    
1 1

( ( ) ( ))
N N

dip ij HS ij

i j i

U U r U r
 

   ,               (4.1) 

where dipU  is the pair-wise magnetic interaction between two particles, with 

analytical expressions given in Equation (2.53). UHS is the hard-sphere interaction 

energy given in Equation (2.30).  

The magnetic field creating the particle’s dipole moment includes 

contribution from the external fields, and the magnetic field created by nearby 

particles. Therefore, in order to accurately calculate the magnetic interaction 

energy, the particle moments need to be solved self-consistently with nearest 

neighbor corrections. This is achieved by solving the system of equations: 
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where the total field includes the external field, Hext, as well as the field of j 

particles in the neighborhood of particle i.  

When the external field is perpendicular to the 2D plane, the magnetic 

interaction between particle i and particle j (Equation 2.53) can be simplified as: 
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where 
im  and jm  are the magnetic moments for particle i and j, respectively, f is 

the magnetic permeability of ferrofluid, and ijr  is the distance between particle 

centers. In this case, the pair-wise interaction energy becomes similar to the 

Coulomb interaction, except that the distance dependence is r-3 instead of r-1. The 

total magnetic energy is calculated with lattice summations as: 

3
1 1 4

N N
i j

i j i ij

m m
U

r 

  ,        (4.4)

  

where N is the number of particles in the system.  The minimum energy state is the 

one where the energy density (u=U/N), i.e., average energy per particle, is 

minimized.  

In addition to the magnetic moment ratio, the number ratio Nn/Nm also 

affects system energy, since not all particles can fit into a specific crystalline 

arrangement. The total system interaction energy is produced by particles that are 

incorporated into a pattern, as well as any leftover free particles, which are 

assumed to be spaced far enough apart that they produce a negligible effect on the 

energy of the particular pattern. These leftover particle, however, do affect the 

total system energy density. In experiments, the free particles were typically 

several diameters away from other structures, which justified this assumption. In 
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calculating the system energy, we use a parameter k to define the particle number 

ratio:                         

                                                            n

m

n
k

n
  ,                                                   (4.5) 

whereas the parameter s represent particle stoichiometry for a given crystal 

structure: 

                                                            
*

*

n

m

n
s

n
   ,                                                  (4.6) 

When the particle number ratio is higher than the crystal stoichiometry 

(k>s), there will be an excess of non-magnetic particles, and the formation of 

patterns in the system is limited by magnetic particles. In this case, the average 

energy density of the system is: 
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u u
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 ,                                                (4.7) 

where  us is the average energy density of the system, and u is the energy density 

of an infinite lattice with specific geometry, as defined in equation (4).  Similarly, 

when the particle number ratio is lower than the crystal stoichiometry (k<s), there 

is an excess of non-magnetic particles and the average energy density is given by: 
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 ,                                         (4.8) 

The formation of patterns at different conditions, i.e. ferrofluid 

concentration and particle number ratio, is essentially determined by the system 
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energy density, and the equilibrium patterns are corresponding to the lowest free 

energy configurations. Through the computation of energy density at different 

ferrofluid concentration and particle number ratio, we can construct a T=0 energy 

phase diagram by selecting the structures with the lowest system energy. Using the 

phase diagram, we can then evaluate and predict the formation of colloidal 

patterns at different experimental conditions. In the next section, I will introduce 

the experimental system that is used for exploring the magnetic pattern formation 

in bi-component system. 

 

4.2 Experimental System 

 The experimental system consists of a mixture of magnetic particles and 

non-magnetic particles polystyrene magnetic and non-magnetic particles dispersed 

in EMG 707 ferrofluids. For bi-component pattern formation, I used 2.7 μm 

magnetic particles (M-270 Dynaparticles
®
, Life Technologies

TM
) and 4.8 μm 

green fluorescent non-magnetic particles (Fluoro-Max G0500, Thermo Scientific). 

In the more complex tri-component system, I also added 1μm red fluorescent non-

magnetic particles (Fluoro-Max R0100, Thermo Scientific) to demonstrate the 

assembly of tunable superstructures. The ferrofluid concentration was adjusted in 

the range of 0.1% to 1.0% by diluting the ferrofluid with the suspension of 

magnetic and non-magnetic particles. Prior to the experiments, the particles were 
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concentrated by centrifugation in order to achieve a concentration of 10% volume 

fraction. The number ratio of non-magnetic particles and magnetic particles 

(Nn/Nm) for the 2-particle system was controlled mixing the two stock suspensions 

at different ratios. For the 3-particle system, we first tested different volume ratios 

of 1μm particles, and found that the 3-particle structures formed most reliably 

when the 1μm and 2.7μm particles were suspended at the same volume fraction. If 

too few 1μm particles were used, then it led to incomplete rings around the 2.7μm 

particles, whereas if too many 1μm particles were used, then it led to 

oversaturation of the equator sites around the 2.7μm particles and competition 

with the 4.8μm particles. Due to these considerations, we restricted our 

experiments to systems where the 1μm and 2.7μm particles were suspended at 

equal volume fractions. 

A 3.5μL droplet of the colloidal suspension was placed between a glass 

slide and a cover slip, which were coated with 10kD silane-polyoxyethylene-

carboxylic acid (PG2-CASL-10k, NANOCS, New York, NY) to prevent adhesion 

between the particles and the substrates.  Mineral oil or epoxy were used to seal 

the suspension between a glass slide and cover slip to prevent convection and 

drying, which makes it possible to extend the experimental time to more than 24 

hours.  
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An acoustic field was applied to the sample to increase the particle 

concentration locally, which helps to stimulate the formation of larger crystals.  

The acoustic field was induced by a piezoelectric transducer (PZT) (APC 

International, Mackeyville, PA) attached to the back side of the sample. The input 

to the transducer was a 1 volt sine wave at the transducer’s resonant frequency of 

2.932 MHz. After the particles were concentrated in small regions, the acoustic 

field was turned off and a uniform magnetic field was then applied to start the 

magnetic assembly process. The magnetic field created by passing a constant 

current through air-core solenoids (Fisher Scientific, Pittsburgh, PA) mounted 

underneath the sample (Figure 4.1). The current was controlled by a bipolar 

operational power amplifier (KEPCO, Flushing, NY) through a Labview (National 

Instruments, Austin, TX) program. A small amount of white noise (~5% current 

fluctuations) was added to the solenoid to introduce perturbations in the magnetic 

field. These perturbations, together with thermal fluctuation at room temperature 

assisted transitions out of metastable states and into lower energy states.  
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Figure 4.1 A photograph of magnetic assembly apparatus. The sample was observed under an 

upright microscope, with the solenoid underneath the sample. For the experiments with acoustic 

concentration, a piezoelectric transducer is attached to the back of the slide to generate acoustic 

field.  

 

4.3 Tunable Assembly of Binary/ Ternary Colloidal Patterns 

I first experimentally studied a bi-component system in order to understand 

the accessible ground states as a function of the moment and number ratios. 

Different sized particle system was used in order to explore a more generic 

particle formation process, where geometric constraints could play important 

roles. 

Depending on ferrofluid concentration and particle number ratio, a myriad 

of 0-D rings, 1-D chains and 2-D tiles were observed (as is shown in figure 4.2). 
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Tile structures (Figure 4.2, a, b)  normally form when the unit cell in the lattice has 

a zero net dipole density: For example, MN checkerboard lattices forms at the 

condition of 1mmnn VV  ( ~0.5% ferrofluid concentration) and 1nm NN ; M2N 

honeycomb lattices, on the other hand, forms at the condition of 2mmnn VV  ( 

~0.8% ferrofluid concentration) and 2nm NN . When the net dipole density of the 

unit cell diverges from zero, dipole-dipole interactions between different unit cells 

induces strain in the lattice, which causes the tiles to break up into 1-D chains 

(Figure 4.2, c-f). When the dipole density of the unit cell strongly diverges from 

zero, both the tile and chain patterns are energetically unstable, and instead ring 

patterns (Figure 4.2, g-p) tend to from. In addition to the ring patterns, crystallite 

patterns with 5-fold or 3-fold symmetry (Figure 4.2, q-s) were also observed at 

certain experimental conditions.  
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Figure 4.2 Varieties of structures observed in a bi-dispersed particles system. 2-D tiles 

structures were observed as (a) square lattice at φ=0.5%, and (b) honeycomb lattice at φ=0.8%. 

1D chain structures were observed at the ferrofluid concentrations of (c) MN2 chain for φ=0.2%; 

(d) MN chain for φ=0.3%; (e) M2N2 chain for φ=0.7%; and (f) M2N chain for φ=0.8%.  0D ring 

structures were also observed at different conditions, demonstrated from (g) to (p). Additionally, 

crystallites were observed, such as (l) M3N3 crystallite with 3-fold symmetry for φ=0.1%-0.2%, 

and (m) M4N3 crystallite with 3-fold symmetry for φ=0.6%-0.7%. Brightfield and fluorescent 

images are overlaid to increase the image contrast. The scale bar is 10um. 
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The formation of different structures can be explained and predicted with a 

zero temperature phase diagram, which was constructed by determining the lowest 

potential energy configuration among the 26 experimentally observed patterns 

based on the theory discussed in Section 4.1. As is shown in Figure 4.3, the phase 

diagram and experimental results match reasonably well. For example, the phase 

diagram correctly predicts the experimental locations of most of tile patterns and 

chain patterns, as well as some crystallites pattern. There are several examples 

where theory and experiment do not match. For example, the M4N3 and M3N3 

crystallites were never predicted to be the lowest energy phase, though they were 

frequently observed in the experiments.  Additionally, we also found that the MN 

chains were often observed in coexistence with the MN square lattice phase, and 

likewise the M2N chain structures were observed in coexistence with the M2N 

honeycomb lattices. These discrepancies are also not surprising since they are 

second lowest energy configurations at corresponding conditions.  

There are, however, large discrepancies between experiments and theory 

for the conditions 2n mN N   and 0.3% 1.0%  . At these conditions, ring 

structures were predominantly observed in experiments whereas chain structures 

were theoretically predicted. The large discrepancy is likely caused by kinetic 

limitations in the pattern formation process. In experiments, the pattern formation 

process typically begins with the formation of rings, which later evolve into higher 
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dimensional chains and tiles. Due to the long diffusion timescale of particles (See 

Section 2.5 for details), these intermediate ring configurations can be long-lived 

(e.g., hours or days), which makes the chain and tile configurations experimentally 

inaccessible.  

 

 

 

Figure 4.3 A T=0 phase diagram. The phase diagram is constructured by determining the 

minimum energy state among the 26 different lattice structures as a function of the ferrofluid and 

relative particle concentrations. Experimental data points for the ring (circles), chains (crosses), tiles 

(squares), and crystallites (diamonds and stars) are included.   
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Building on the results from the bi-component system, I explored a tri-

component system by adding 1μm non-magnetic particles at concentrations that 

are equivalent to the 2.7μm magnetic particles. For convenience of notation, in the 

following discussion I will label the particles as L (large, non-magnetic, green in 

the figure), M (medium, paramagnetic, dark in the figure) and S (small, 

nonmagnetic, red in the figure).  

Due to their small size and low concentration, the S particles did not 

significantly alter the fundamental colloidal patterns of the bi-component system. 

Instead, they decorated the bi-component patterns and form superstructures 

(Figure 4.4): For example, at low ferrofluid concentrations (φ<0.3%), S particles 

typically formed ring structures around the equator of the M particles; 

alternatively, at high ferrofluid concentrations (φ>0.4%), S particles typically 

formed caps on top of the L particles. In addition to the ability to form 

superstructures, S particles can also “screen” the magnetic moment of the M 

particles and increase the stability of certain colloidal structures at low ferrofluid 

concentration. For example, M2N2 crystallite was never a stable structure in bi-

component system; however in the tri-component system this structure was 

commonly observed (see Figure 4.4i).  
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Figure 4.4 Assembly of superstructures. Superstructure chains such as (a) MN2 chain; (b) MN 

chain; (c) M2N2 chain; (d) M2N chain. Ring structures were also observed, which was 

demonstrated from (e) to (l). Those structures also have two levels of complexity: the first level is 

similar to chain structures in 2-particle, and the second level as “Saturn Rings” formed by 1μm 

particles packing against 2.7μm magnetic particles. Illustrations are provided for each structure, 

in which the 1μm particles (S) are red, 2.7μm particles (M) are dark brown and 4.8μm particles 

(L) are green. All the scale bars are 10μm. 

 

A more important property of tri-component system is that the structures 

can be tuned in real time by adjusting the field strength. In weak fields (~8Oe), the 

interaction between the M and L particles is larger than thermal energy, yet the 
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interaction between the S and M particles and the S and L particles is smaller than 

thermal energy. In this case, bi-component alloy lattices assemble in the fluid, 

meanwhile the S particles are randomly dispersed (Fig. 4.5a). As the field is 

increased beyond a critical threshold (~20Oe), the interaction between the S and M 

particles becomes higher than thermal energy, but the interaction between the S 

and L particle is still lower than thermal energy. In this case, S particles can form 

ring structures around the equators of M particles (Figure 4.5b). When the field is 

further increased (beyond ~30Oe), the interactions between M and L particles, S 

and M particles, and S and L particles are all larger than thermal energy, in which 

case the S particles can assemble both on top of the L particles and around the M 

particles (Figure 4.5c).   

Overall, the addition of S particles has the effect adjusting the effective 

dipole moment of M and L particles. However, this effect only appears when S 

particles formed composite with M or L particles, which happens above certain 

field strength. Thus, by adjusting the strength external field it may be possible to 

adjust the crystal structures in real-time. 
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Figure 4.5 An example of field strength tuned structure transition for the 3-particle system. 

(a) In a weak field, the structures will only be composed of 4.8μm non-magnetic particles and 

2.7μm magnetic particles. (b) In a medium field, the 1μm particles will form “Saturn Ring” 

structures with the magnetic particles on the edge of the lattice. (c) In a relatively strong field, in 

addition to the “Saturn Ring” structures on the edge of the lattice, 1μm particles can align with 

4.8μm particles and form pole structures. Schematic 3D illustrations are provided for each 

structure, in which the 1μm particles (S) are red, 2.7μm particles (M) are brown and 4.8μm 

particles (L) are green. Scale bar is 10μm. 

 

 

4.4. Conclusion: 

In this chapter, I demonstrated my research in applying magnetic 

manipulation to assemble of multi-component colloidal patterns in ferrofluid. The 

formation of different patterns can be explained and predicted through potential 

energy calculation. Additionally, I managed to extend my research to tri-
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component colloidal system, where the superstructures can be tuned in situ by 

adjusting the strength of external field. 

The research described in this chapter essentially built the foundation for 

my later work in exploring different phase transformations, which will be 

discussed in Chapter 5. Additionally, the technique of concentrating particles with 

acoustic field established the experimental basis of my later work in magneto-

acoustic pattern formation, which will be discussed in Chapter 6.  
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5 Phase Transformations in Colloidal Alloys 

(This chapter results from my paper published in Soft Matter, 2015.  Co-

authors include Lin Fu, Catherine Marcoux, Dr. Patrick Charbonneau, Dr. Joshua 

Socolar, and Dr. Benjamin B. Yellen. The MC simulations in this work were 

performed by Lin Fu, and potential energy calculations for the phase diagram were 

performed by Catherine Marcoux.) 

 

With an understanding of the types of experimentally accessible patterns 

that can be formed in mixed colloidal suspensions, I next focused on developing 

protocols for forming the largest possible colloidal crystals. These crystals can be 

used for detailed investigations of phase transformations in alloys.  This chapter 

will focus on two types of phase transformations, namely fluid-solid 

transformation (e.g. growth/melting of crystals), and solid-solid transformations 

(e.g. magnetostriction and martensitic transformations). A general research 

background and a brief introduction of our colloidal system will be provided in 

Section 5.1. Details of fluid-solid transformation and growth of large crystal 

domains will be discussed in Section 5.2. Two major types of solid-solid 

transformation, namely magnetostriction and martensitic transformation will be 

discussed in Section 5.3. A brief summary of this work will be provided in Section 

5.4.    
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5.1 Introduction 

An alloy is a material that is composed of either multiple types of metals, or 

a combination of multiple metals and non-metals
135,236,237

. The prime constituent 

of alloy is a metal, which is normally referred to as solvent. The secondary 

constituents of alloys are normally referred to solutes. Due to the incorporation of 

solutes, alloys normally have different properties from the base metals, such as 

reduction of thermal/electric conductivity
267

 and enhancement of mechanical 

strength
268

. By adjusting the type, percentage, as well as the relative coordinates of 

the solutes, people are able to design alloys with desirable properties, such as high 

strength-to-weight ratio
269,270

 (e.g., titanium and aluminum alloys), shape 

memory
271

 (e.g., NiTi and CoAl), and corrosion resistivity
272

 (e.g., stainless steel). 

Because of the desirable properties, alloys are widely used in all aspects of our 

daily life, including building frames and car bodies
268,270

 (steel), aircraft 

frames
269,272

 (aluminum alloy), heart stents
271,272

 (NiTi), etc.  

Properties of an alloy strongly depend on the specifics of solutes in the 

alloy matrix, which is determined in alloy formation and adjustable through phase 

transformations
271,272

. Therefore, a thorough understanding of the mechanisms 

behind alloy formation/transformation is very important and will greatly benefit 

the design and fabrication of alloys with desirable property. Intensive efforts have 

been made in the exploration of different processes in alloy, such as the diffusion 
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of solute atoms into solvent matrix
273

, the nucleation and growth of crystalline 

structures
274

, as well as the transformations between different alloy phases under 

external stimuli
275

. A lot of material characterization techniques have been used to 

study alloys systems, including calorimetry
275-277

, X-ray diffraction
278,279

, and 

electron microscopy
278,280,281

. These techniques, however, are not capable for 

exploring in situ dynamics due to the limitation of spatial and temporal resolution. 

As was discussed in Section 1.2, multi-component colloidal systems may serve as 

experimental models for alloys and thus allow for the exploration of in situ 

dynamics in alloy formation/transformation
57,58,126

. In my research, I focused on 

the usage of a magnetic-responsive, bi-component colloidal system to explore the 

domain growth and solid-solid transformations.  

A similar bi-component colloidal system as in Chapter 4 was used to study 

the growth and transformation of colloidal alloys. In this system, we use equal 

sized particles, which easily form a checkerboard lattice in a vertical field when 

the moments of the two particles are equal and opposite. For the study of phase 

transformations, we applied a tilted magnetic field to induce interaction 

anisotropy. With the additional parameter of tilt angle (θ), it is possible to form a 

large variety of phases even when the number ratio of non-magnetic particles and 

magnetic particles is fixed to be 1.  
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Figure 5.1d illustrates the wealth of phases formed in this equimolar alloy 

system, and the values of parameters in the potential energy calculation are given 

in Table 1. Here in this study, we focused on the case of checkerboard lattice, 

which corresponds to the condition of 
m m n nV V   . When the direction of 

external magnetic field is tilted away from the z direction, the checkerboard 

crystal (Figure 5.1b) transforms to a striped crystal phase (Figure 5.1c), following 

the solid line in Figure 5.1d.  

In order to directly compare our experimental results with simulations 

results, a reduced temperature was defined as the ratio of thermal energy to dipolar 

potential energy in the system:  

                                 

2
*

2 3

0

4 Bk T
T

H

 

 
                                                        (5.1) 

where T = 298K is the ambient temperature, kB is the Boltzmann constant,  is the 

average particle diameter, and   is an effective susceptibility that accounts for 

experimental features that are not modeled directly (e.g. surface interactions, 

image dipoles, and higher order terms of magnetic interactions). 
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Figure 5.1 Phases of binary colloidal monolayers. (a) Magnetic particles (red) and nonmagnetic 

particles (blue) are depicted in the checkerboard crystal phase observed at low tilt angles and 

striped crystal phase observed at high tilt angles. Experimental images corresponding to the 

cartoons in (a) are provided for (b) the checkerboard crystal in a tilt angle of θ=0
o
 and (c) the 

striped crystal in a tilt angle θ=60
o
.Magnetic particles have average diameter of 2:8mm, and 

nonmagnetic particles have diameter of 3:1mm. Particles are immersed a ferrofluid with 1% 

volume fraction of magnetic nanoparticles. Scale bars are 10mm. (d) Calculated minimal 

potential energy configuration as a function of tilt angle and negative susceptibility ratio, -

χmVm/χnVn, for a perfectly confined 2D system with equal bead size and particle number 

densities. Note the natural log scale on the horizontal axis. Gravity and image dipoles were not 

included in this calculation. The susceptibility ratio (thus relative magnetic moments) can be 

tuned by changing the nanoparticle concentration in the ferrofluid. Experiments and simulations 

in this work were performed at χmVm=-χnVn (solid gray line). Note that for 3 <-χmVm/χnVn< 3.7 

(e.g., dashed gray line), decreasing the tilt angle transforms an equimolar striped crystal into a 

hexagonal crystal with a 2:1 ratio of magnetic to nonmagnetic particles through an intermediate 
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chain phase.This change in crystal stoichiometry suggests that the solid-solid transition should be 

accompanied by long-range particle motion. 

 

Table  1: Parameters used in potential energy calculations for Figure 13d. 

    m1  

m    2 

n    1 

B    11.65  

|| H    Oe50  

                           

 

    

5.2 Crystallization/Melting of Colloidal Crystals 

After a brief introduction of research background and the colloidal system 

we focus on, I will now discuss my research for fluid-solid tranformations in this 

section. The crystalization/melting process of square checkerboard lattice is 

thorougly studied through a combination of experiments and Monte Carlo 

simulation. 
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5.2.1 Quantify the Order of Colloidal Crystals 

For a systemetic exploration of colloidal lattice formation, it is necessary to 

include quantatative analysis of growth/melting of checkboard lattice. To achieve 

this, we defined a square order parameter
56,100

 for each particle k:  

         
4,

            0                     ( 3)

1
exp(4 )        ( 3)

k

jk

j k

n

i n
n







  





             (5.2) 

where j k


  denotes the set neighbors (within 1.3 radius) of particle k, and jk

is the acute angle between x axis and the bond between particle k and its jth 

neighbor. This definition allows us to differentiate between the checkerboard 

crystal phase (n = 4 in the bulk, n = 3 at the boundary, hence 4, 0k  ) and the 

chain phase (n = 2 in the bulk, n = 1 at the boundary, hence 4, 0k  ) (Figure 5.2 

b,c). The global order parameter is then defined as the average of 4,k overall 

particles: 

4 4,

1

1 N

k

kN 

                               (5.3) 

where N is the total number of particles in the system. 
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Figure 5.2 Illustration of the order parameter calculation. (a) Particles within 1.3  from the 

particle of interest are considered to be neighbors and are colored gray; particles beyond that 

distance are colored white. An example experimental configuration was given in (b), and a 

corresponding order parameter analysis image is given in (c). 

 

To calculate square order parameter, it is necessary to know the coordinates 

of the particles. In our study, a two-step particle identification process was 

performed to identify and extract the coordinates of particles in the experimental 

images: (i) nonmagnetic particles were identified by finding the local intensity 

maximum of the particle center (Red); (ii) magnetic particles were identified by 

first locating the dark rim of the particle edge, and then checking that the intensity 

of the tentative particle center is within a proper range. Visual inspection of 

multiple images reveals that this identification protocol correctly determines more 

than 98% of the particle coordinates (Figure 5.3). 
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Figure 5.3 Demonstration of particle identification program. Raw experimental image (a) and 

processed image (b) are demonstrated, with non-magnetic particles colored white/red for the 

original/processed image, and magnetic particles colored dark grey/blue for the 

original/processed image. The accuracy of identification is generally 95%-99% confirmed by 

manually inspecting the original and the processed image. 

 

 

5.2.2 Crystallization/Melting of Colloidal Crystals  

Using the square order parameter 4 , the fluid-solid transition was first 

studied in a vertical magnetic field, with samples prepared at various particle 

concentrations η. At each concentration, Monte Carlo simulations of 

heating/cooling cycles were performed to observe the growth/melting of crystals. 

The fluid and the crystal equations of state (EOS) were determined by measuring 

particle number density ρ as a function of pressure P from constant NPT Monte 
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Carlo (MC) simulations. Each simulation has N = 400 particles, and the results 

were averaged over 64 10 MC cycles following an initial equilibration of 61 10  

MC cycles. Each MC cycle consists of N particle moves and one volume move, on 

average. After performing MC simulation, the fluid-solid phase diagram was 

constructed using coexisting conditions between two phases (Section 2.1): the 

temperature, density, and chemical potential between two phases are equal at 

phase coexistence. The system free energy was obtained through thermodynamic 

integration from reference states
206,282

, of which the free energy is known: For the 

fluid, an equimolar mixture of ideal gases
200,283

 was used as the reference state; for 

the solid, an Einstein crystal
200,284

 with 0.739   was used as the reference state. 

The fluid-solid coexistence densities at a given T were determined from the 

parametric curves of chemical potential of fluid phase and solid phase, and phase 

coexistence takes place at the intersection of the two curves.   

Corresponding experiments of effective cooling/heating were also 

performed by gradually increase/decrease the external magnetic field. The 

magnetic field was adjusted with square root of time so that the reduced 

temperature changes linearly with time. Each effective cooling/heating cycle 

consists of 512 minutes, and the time-dependence of the magnetic field over a 

single cycle is given as: 
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0.5  z              (t<256)                            

0.5 512  z    (t 256)                          

t

t


 

 

H     (5.4) 

where the field strength is in the unit of Oe and time is in the unit of minutes. An 

image of the system was taken every minute for analysis. 

 To associate the results of experiments and simulations, the temperature 

unit in the simulation fluid-solid phase diagram was converted to reduced 

temperature T
* 
(Equation 5.1).  The center of the hysteresis loop in the experiment 

is used to estimate the melting point, thus the phase boundary at a given particle 

concentration η. As is shown in Figure 5.4b, the experimental and simulation 

results agree well at different particle concentrations: the melting field strength is 

roughly independent of η at 0.1 0.4  , as evidenced by the plateau of Figure 

5.4b, but decreases at high  . Matching the experimental melting point to the 

theoretical phase boundaries at several different area fractions gives a fitting 

parameter of 2.4 0.3   . Using this fitting parameter, we converted the 

simulation hysteresis curve to the unit of field strength, and observed very good 

agreement with the experimental hysteresis curves Figure 5.4a. 
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Figure 5.4. Fluid-solid phase transitions of binary colloidal monolayers in a vertical field. (a) 

Experimental and simulated hysteresis curves. Up (down) pointing triangles correspond to 

experimental data, while the red (black) dashed curve corresponds to the numerical simulation 

results for the increasing (decreasing) magnetic field. The triangle colors represent the F4 bond 

orientation order parameters, following the color scheme used in (b). Simulation results (dots 

connected with dashed lines) are superimposed. (insets) Typical experimental images with each 

particle colored according to its individual 
4  value. Hysteresis curves are obtained with a field 

ramp rate that grows as a square-root of time, corresponding to a linear temperature ramp. (b) 

Phase diagram from simulations shows the fluid (Fl), fluid-checkerboard crystal coexistence 

(Fl/Cb), checkerboard crystal (Cb), and hexagonal striped crystal (Hex) phases. Black dots and 

connecting lines indicate the simulated phase boundaries. The colored bars represent the system 
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4  bond order parameter taken from the heating/cooling cycles of part (a) at four different area 

fractions. The left and right colored bars at each particle concentration represent the cooling and 

heating processes, respectively. Particles are immersed in a ferrofluid with 1% volume fraction of 

magnetic nanoparticles. The color scheme is the same as Figure 5.4. 

 

Based on the matching between simulation and experiments, we took the 

next step to determine the optimal condition to grow large domains of checkboard 

lattices. According to the phase diagram, we expect that large regular crystals 

should form at values of H and    in the neck of fluid-solid coexisting region, 

where T
*
 = 0.12 and the density difference is small so that crystal defects will be 

able to anneal out. We performed experiments at different particle concentrations (

0.21,  0.33,  0.41,  0.51  ) and field strengths (H=2.5Oe, 5Oe, 7.5Oe) (Figure 5.5). 

Reasonably large crystals (with more than 500 particles in a domain) were 

observed to grow near the phase boundary at H=5Oe, 0.51  . Using the square 

order parameter, we were able to quantify growth of lattice size with respect to 

time, which further proved our assumption of optimal crystal growth condition. 

Additionally, by extending the experimental time to 10 hours or longer, it is 

possible to grow large lattice domains with more than 1500 particles (Figure 5.6). 
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Figure 5.5 Crystal growth in a constant vertical field. The dependence of crystal growth on 

area fraction is demonstrated for (a) η = 0.20, (b) η = 0.33, and (c) η = 0.42 at a field strength of 

H = 6 Oe. The dependence of crystal growth on field strength is demonstrated for (d) H = 2.5 Oe, 

(e) H = 5 Oe, and (f) H = 7.5 Oe at a particle area fraction of η=0.51. In each experiment, the 

magnetic field was held constant for six hours. The largest crystals were found to grow at η = 

0.51 and H = 5Oe. 
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Figure 5.6 Time-dependent crystal growth. (a) Dependence of checkerboard lattice domain 

size on particle concentration at H=5Oe. (b)Hysteresis curve represented by fraction of particles 

in the solid phase at η=0.50. (c) Dependence of checkerboard lattice domain size on field strength 

at η=0.50. (d)-(f) False colored experimental snapshots of crystal growth at η=0.50 after a 600-

minute crystal growth experiment for different field strengths. The particles are colored according 

to their square order parameter, and neighboring particles with similar square order parameters 

are clustered together to determine the lattice domain size as demonstrated in (a) and (c). 
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5.3 Diffusionless Transformation of Colloidal Crystals 

With the capability of growing large domains of checkerboard lattices, the 

next step is to explore the phase transformations of checkerboard lattice in the 

presence of a tilted external field, where the field direction is in the x-z plane, and 

has an angle   from the vertical direction. The tilted magnetic field was created by 

one electromagnet beneath the sample and a pair of electromagnets in the sample 

plane (Figure 5.7): By controlling the strength of the vertical and in-plane field, it 

is possible to control both the strength and direction of the total magnetic field. As 

the field direction is tilted away from vertical direction, checkboard lattices will 

gradually transforms either into a rectangular lattice, or into a stripe phase (Figure 

5.1) through a solid-solid phase transition that is referred to as diffusionless 

transformation. In the next section, I will first present a brief background of 

diffusionless transformation so that the readers might have a better understanding 

of the motivation and importance/novelty of my research in magnetic-induced 

diffusionless transformation in colloidal alloys. 

 

5.3.1 Introduction to Diffusionless Transformations 

Diffusionless transformation is a solid-solid transformation that does not 

involve in long range atom (particle) diffusion
275,278

. In diffusionless 



 

131 

transformation, the crystal unit cell changes shape as well as internal structure, 

while keeping its stoichiometry constant
279,281

. Diffusionless transformation is 

extensively applied in engineering materials, including the hardening of steel
268,275

, 

shape memory alloys
271,276

, and giant magnetocaloric materials
285-287

. Because of 

the wide applications, diffusionless transformations were extensively studied with 

various approaches, such as calorimetry
275-277

, acoustic emission
287,288

, and in situ 

electron microscopy
19,278,281

. However, up to now, the dynamics in the 

transformation process were poorly understood. As was discussed in Section 1.2, 

colloidal assembly is powerful tools to study different crystal transformations in 

situ. The magnetic pattern formation system, in which pair-wise interactions can 

be tuned in real time, essentially offers a colloidal model for exploring in situ 

dynamics of diffusionless transformations. In our experimental system, two types 

of diffusionless transformations, namely magnetostriction and martensitic 

transformation are observed, and different pathways of martensitic transformations 

are probed. 
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Figure 5.7 Demonstration of the tilted field is shown in the left image. A photograph of the bi-

axial magnetic assembly apparatus is shown in the right image. In addition to the solenoid beneath the 

sample, two additional solenoids were aligned on the same plane with the sample. By controlling the 

currents in the vertical and horizontal solenoids, the direction and strength of the external field can be 

precisely controlled. 

 

 

5.3.2 Magnetostriction Behavior of Checkboard Lattice 

At small tilt angles of magnetic fields, the square checkborad lattice will be 

compressed along the field direction, and extended in the direction perpendicular 

to the external field, thus transforming into a rectangular lattice. This behavior is 

very similar to the magnetostrictive behavior in giant magetocaloric material.  

In the experiment, we studied the magnetostriction effects by adding a 

weak, in-plane magnetic field to a strong vertical field of 9.5Oe. The total external 

magnetic field is given by: 
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sin(2 )z xH z H x ft H           (5.5) 

where Hz=9.5 Oe, Hx=2.1Oe, and f  is the cycling frequency of in-plane field. 2D 

strain tensors are used to quantify the magnetostriction effects: The components of 

the 2D strain tensor are given by εxx = (af -ai)/ai, εyy = (bf - bi)/bi, εxy = c/ai, and εyx 

= d/bi, where ai and bi are the unstressed lattice (θ=0
o
) constants in the x and y 

directions, respectively; af, bf, c, and d are lattice constantans measured in the final 

state (Figure 5.8a). The non-magnetic particles at the corners of the rectangle 

depict in Figure 5.8b are used for measuring those lattice constants. After 

measurements and analysis, we found that dilation (εxx + εyy), rotation (εxy - εyx), 

and transverse shear (εxy + εyx) are all negligible, regardless of the tilt angle θ and 

azimuthal angle Ψ (the angle between the lattice direction and the direction of the 

in-plane component of the magnetic field). The only non-negligible value is the 

extension ratio (or longitudinal shear) E = εxx - εyy, which results from Joule 

magnetostriction. Negative values are observed for the extension ratio, indicating 

that the crystal is compressed along the direction of the in-plane field.  

The experiment was performed at different cycling frequency f  ranging 

from 35 10 Hz to 52 10 Hz to determine the condition of equilibrium, and the 

results suggest that system has reached equilibrium at 45 10f   Hz (Figure 5.8f). 

As a result, we used 45 10f    to study the dependence of magnetostriction on the 

tilt angle θ (Figure 5.8d) and azimuthal angle Ψ (Figure 5.8e). The 
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magnetostriction dependence on the polar tilt angle was determined from a square 

section of the system consisting of 6*6 nonmagnetic particles within a crystallite 

(Figure 5.8b). When probing the effects of tilt angle θ, we only analyzed crystals 

containing more than 250 particles and with their (1,0) axis parallel to the x-axis 

(azimuthal angle Ψ = 0
o
) in order to reduce the influence of other factors (e.g. 

crystal size and orientations). The measurements were performed with 8 

independent experiments. During each of the eight replicates, an image of the 

system was taken every 50 s, and their analysis gave consistent results (Figure 

18d). When probing the effects of azimuthal angle Ψ, crystals with similar 

orientation (∆Ψ<5
o
) were grouped together and crystal growth was repeated until 

every group had at least five data sets. Within each group, the average relative 

extension ratio at θ=12.5
o
 was calculated (Figure 5.8e) from images of the system 

taken every 20s.  

For Ψ=0
o
 (a field aligned with the 10 crystal direction) the magnetostriction 

is maximal, exceeding 10%, which is an order of magnitude larger than that 

observed in giant magnetostrictive materials. By contrast, for Ψ=45
o
 (a field along 

the (1,1) crystal direction), magnetostriction is strongly suppressed. To test the 

accuracy of our measurement of Joule magnetostriction, the reciprocal lattice 

obtained via Fast Fourier Transform (FFT) of the real-space images was also 

analyzed. The peaks at the corners of the rectangle in Figure 5.8c were used to 
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calculate the magnetostriction coefficient. The difference between the real- and 

reciprocal-space results is within experimental uncertainty. 

 

 

Figure 5.8 Magnetostriction of binary colloidal crystals. Experiments were performed in a 

magnetic field with a constant vertical component of 9.5 Oe and a sinusoidally varying horizontal 

field with a magnitude of 2.1Oe and a frequency of 45 10f   . (a) General deformation of a 

rectangle. The black rectangle with lengths ai and bi represents the unstressed state, and the blue 

shape represents the deformed state with lengths, af, bf, c, and d. An example of an experimental 

region used for measuring the mfagnetostriction effect is illustrated in both (b) real-space and (c) 

reciprocal-space. The Joule magnetostriction coefficient, defined as the extension ratio E is 

plotted in (d) as a function of the tilt angle for fixed crystal orientation Ψ =0
o
, and (e) as a 

function of the crystal orientation for a fixed tilt angle θ=12.5
o
. The insets in (d) illustrate an 

exaggerated crystal compression for small and large tilt angles for a fixed Ψ =0
o
. The insets in (e) 
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illustrate the field direction relative to the crystal orientation for Ψ =2.5
o
 and Ψ =32.5

o
, 

respectively, with fixed θ=12.5
o
. The extension ratio as a function of tilting frequency is 

illustrated in (f), where 1/ f corresponds to the period of the in-plane sinusoidal wave. The black 

arrow indicates the tilting frequency that is used for obtaining the data in panels (d) and (e). 

 

 

5.3.3 Martensitic Transformation of Checkerboard Lattice 

 When the tilt angle is large enough (θ>15
o
), the checkerboard will be 

transformed into other phases due to the large interaction anisotropy. As is 

illustrated in the Figure 5.1, the checkerboard lattice will transform into a stripe 

phase at θ>60
o
. Since the initial phase (checkerboard lattice) and the final phase 

(striped phase) are well explored in previous studies, we will be only focusing on 

the detailed dynamics in the transformation process.  

In our study, we mainly focused on the dependence of martensitic 

transformation on azimuthal angle Ψ, tilting angle θ, as well as external field 

strength H. Rotational fields with constant field strength and rotation speed were 

used in the experiment. For a clearer demonstration of martensitic transformation, 

we used types of particle bonds to quantify the martensitic transformation: When 

rij < 1.2σij (where σij is the mean diameter of two particles), the two particles i and j 

are deemed bonded. If a bond is formed by a pair of like particles lies within 20
o
 

from the direction of the in-plane field component, then it is considered to be a 
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martensitic bond (dark/light red for magnetic/non-magnetic particles in Figure 

5.9); if a bond is between a pair of unlike particles, then it is considered to be an 

austenitic bond (dark/light blue for magnetic/non-magnetic particles in Figure 

5.9).  

Generally, the diffusionless transformation goes through a combination of 

compression, shear, and slip along the (1,0) or (1,1) lattice directions. Video 

microscopy and numerical simulations reveal a variety of possible combinations of 

these different elements (Figure 5.9). For a fixed temperature T (or constant field 

strength H), the chosen pathway depends on the initial crystal orientation, the field 

strength, and the degree of planar confinement. Note that the latter two factors are 

related because out-of-plane motion is suppressed near the melting transition, 

where the gravitational cost of buckling is large compared with the energy gain of 

forming dimers.  

To characterize the different transformation pathways, we first consider the 

behavior of systems where the motion is perfectly confined to a 2D plane, which 

are only accessible in simulation. In this case, for all field strengths the transition 

at Ψ =0
o
 proceeds through continuous longitudinal shear (see Figure 5.9(a-d) for 

the high field cases), while at Ψ =45
o 

zigzags form and gradually straighten into 

horizontal stripes (see Figure 5.9 (m-p)). These pathways are qualitatively 

different from those observed in experiments (see Figure 5.9 (e-l), and (q-x)), in 
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which perfect 2D confinement is not accessible. Although we cannot precisely 

quantify the amount of experimental buckling, we can estimate it by comparing 

the distance between adjacent particle centers relative to the diameter of the 

particle. This analysis suggests that in most experiments the buckling angle 

between two adjacent particles was in the range of 5
o
 to 15

o
 relative to the plane. 

When a similar amount of out-of-plane motion (buckling) is allowed in simulation, 

we find markedly improved agreement with experiment, and thus conclude that 

confinement plays a key role in tuning the transformation pathway. Each row in 

Figure 5.9 shows the crystal transformations for different tilt angles θ and crystal 

orientations Ψ. The first and fourth rows depict the simulated transformation for 

strict 2D confinement. The second and fifth rows depict the experimental 

transformation in a strong field. The third and sixth rows depict the corresponding 

experimental transformations in a weak field. Experimental observations of the 

transition from checkerboard to striped phase for two field strengths and two 

initial crystal orientations are shown in Figure 5.9. The experimentally observed 

transformation pathway for a strong field and Ψ =0
o
 proceeds first through 

magnetostrictive compression, and then by shear, resulting in the diagonal lines of 

dimers visible in Figure 5.9g. Adjacent dimer lines then align and coalesce to form 

the striped phase of Figure 5.9h. These transformations are smooth and 

homogeneous. By contrast, the transformation for Ψ =45
o 

proceeds through a 
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sequence of abrupt slips, giving rise to the vertical lines of nearly horizontal 

dimers visible in Figures 5.9r and 5.9s. In most cases, the dimer line nucleates at a 

defect site and is facilitated by a local lattice expansion, which opens up free space 

for adjacent columns to shift and for dimer lines to zip up. Isolated dimer lines 

first form throughout the crystal, typically appearing every few columns. Dimer 

lines and monomer lines then coalesce into trimers or quadrumers, depending on 

the spacing between nearby dimer lines. During the process, the sudden 

coordinated line slips result in intermediate structures that greatly resemble 

martensitic plates. Eventually, those dimers/trimers/quadrumers slip against each 

other and form horizontal stripes (Figure 5.9t). For weaker fields, the features 

observed at strong fields remain qualitatively discernible, but the coherence of the 

dimer lines is weakened, as displayed in Figures 5.9k and 5.9w. We attribute this 

effect to the increased importance of gravity relative to the dipole interactions, 

which suppresses buckling and thus hybridizes the pathways with those of 

perfectly confined systems. The perfectly 2D confined systems, which can only be 

probed via simulations, show little evidence of a dimer phase, as may be expected 

given that dimer formation in the experimental system involves buckling (see 

Figures 5.9c and 5.9o). 

Fourier transforms of the experimental images (see insets in Figure 5.9) 

confirm the rotational symmetries of the different intermediates and show 



 

140 

evidence of ordering at wavenumbers not present in either the initial checkerboard 

or final striped phase. For Ψ =0
o  

 the system is first continuously sheared. Let 

1 ( ,0)qq and 2 (0, )qq be the wave vectors of the fundamental Fourier peaks. 

During the magnetostriction, 1q  grows and 2q  shrinks. As dimers lines form, 

diffuse Fourier peaks appear at 1 2( ) / 2 q q  (Figure 5.9g), indicating the 

emergence of a dimer configuration with a unit cell twice as large as the (sheared) 

checkerboard. As the field is tilted further, however, both the peaks at 1 2( ) / 2 q q

and at 1q  are extinguished, showing a signature of the striped phase. While trimer 

or quadrimer patterns may also exist, we see no clear evidence of ordering at the 

wavenumbers associated with them. For Ψ =45
o
, the rectangular symmetry of the 

Fourier pattern is retained throughout the transformation, and Fourier peaks 

remain fixed in position, indicating that there is no overall shearing or 

compression of the lattice. Let 3 (1,1)qq  and 3 (1, 1)q q  be the wave vectors of 

the fundamental Fourier peaks in the checkerboard phase in this orientation. The 

presence of an ordered dimer configuration is then signaled by the emergence of 

Fourier peaks at 3 4 3 4( ) / 4 ( ) / 2 (1/ 2, 1)q    q q q q  (Figure 5.9s), which then 

vanish as the dimers join to form longer chains and eventually extended stripes. 

Fourier images of the striped phase display two columns of peaks at 2xq q  .  
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Figure 5.9 Demonstration of different pathways in martensitic transformation. False color 

experimental and simulation images of the martensitic transformation from a checkerboard 

crystal phase to a striped crystal phase for different crystal orientations and field strengths. Each 

row shows a sequence of images from a single experiment or simulation in which the tilt angle of 

the field was monotonically increased. For visualization purposes, the particles with at least one 

martensitic bond are falsely colored red (pink) if they are magnetic (nonmagnetic), while particles 
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with only austenitic bonds are colored dark blue (light blue) if they are magnetic (nonmagnetic). 

Simulated transformations under perfect 2D confinement and experimental transformations at 

both strong (12 Oe) and weak (5 Oe) fields are shown for each of the two crystal orientations Ψ 

=45
o
 and Ψ =0

o
. By setting h = 1.1σ in simulations, better agreement with experiment is obtained, 

which highlights the role of confinement in the transformation dynamics. In all experiments and 

simulations, the tilt rate of the field 0.008
o
/s. 

 

 

5.4 Conclusion: 

In this research, magnetic-assisted pattern formation was used to study the 

phase transformations of colloidal alloys. Several different types of fluid-solid and 

solid-solid transformations were observed and explored in this system. By 

combining the experiments with computer simulations, we are able to explore the 

growth/melting of colloidal crystals quantitatively. Such a quantitative 

understanding of fluid-solid transformation also provides insights in optimizing 

experimental conditions to assemble large domains of checkboard lattice. 

 Using a tilted magnetic field, we were also able to explore the in situ 

dynamics of solid-solid transformations. We found that solid-solid (diffusionless) 

transformations from a checkerboard to a striped phase can be selected from a few 

different pathways by choosing the magnetic field strength and the orientation of 

the initial crystal: For high fields, the different pathways both pass through 
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intermediate states dominated by buckled dimers/trimers before reaching the 

striped phase; for low fields, some of the pathways hybridized together because of 

the gravity, and the transformation process is generally continuous. The 

appearance of different intermediate states in different pathways also suggests the 

possibility to control certain properties in colloidal crystals, such as hysteresis and 

reversibility.  

Quantitative analysis of the alloys properties in different pathways could be 

one of the future research directions. Additionally, the binary magnetic system 

described here also opens the way for studying other dynamical processes in 

alloys. For instance, changing the ferrofluid susceptibility would enable the 

investigation of solid-solid transitions that require long-range diffusion, such as 

the transformation from a striped crystal to a hexagonal crystal with Nm=Nn = 2, 

and it will be interesting and worthwhile to study the transformations in which 

long range diffusions may either complete or collaborate with short range 

diffusionless transformations. 

This work provides a general way of growing large domains of colloidal 

alloys by locating the bottom neck region in fluid-solid phase diagram, which 

could potentially shed light on how to minimize grain boundaries and increase 

domain size in alloy formation. Additionally, the exploration of different pathways 

in diffusionless transformation may potentially benefit the design of alloys for 
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specific applications: For example, shape memory alloys require high reversibility 

in the transformation process, which correspond to low hysteresis transformation 

pathways; magneto-caloric alloys, on the other hand, require large heat 

absorption/emission during transformation, which corresponds to the pathway 

with high hysteresis.  
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6. Magneto-acoustic Assembly: 

(This chapter results from a manuscript under review in Advanced 

Materials, with the co-authors including An Pham, Daniela Cruz, Christopher 

Reyes, Dr. Benjamin Wiley, Dr. Gabriel P. López and Dr. Benjamin B. Yellen. 

The MD simulations and most of potential energy calculations in this work were 

performed by An Pham. ) 

 

In previous chapters, I described my research on using magnetic field to 

drive the interactions of particles in ferrofluid with surfaces and with each others.  

I investigated single-component and multi-component particle systems, and 

demonstrated a wide variety of crystal structures that can be formed and tuned by 

adjusting the direction/strength of magnetic field.  However, this system is unable 

to tune the local particle concentration, and therefore constructing a phase diagram 

required performing numerous experiments at different particle concentrations in 

order to fully explore the phase space of colloidal patterns. 

To solve this issue, I have added another external control mechanism based 

on an acoustic field to control the local particle concentration. In Section 2.4, I 

derived forcing equations which show the interaction of a particle interacting with 

an acoustic standing wave. In my experimental system consisting of micron-sized 

magnetic polystyrene beads, the particles are pushed towards the pressure nodes of 
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the standing wave where they achieve locally high concentration. This multi-

dimensional control, based on the simultaneous application of magnetic and 

acoustic field, allowed me to build a variety of new colloidal phases ranging from 

molecule-like structure up to bilayer crystal structures. I also provide some 

interesting results for the types of multi-component colloidal system studied in 

Chapters 4 and 5, which are also exposed to an acoustic field.  

The rest of this chapter is organized as follows. In Section 6.1, I will briefly 

describe the magneto-acoustic field setup and the method for calculating the 

potential energy of the different colloidal phases. In Section 6.2, I will focus on 

my research in applying magneto-acoustic manipulation system for the assembly 

of varieties of colloidal patterns of magnetic particles in water. In Section 6.3, I 

will discuss my research in extending the magneto-acoustic technique to bi-

component colloidal systems in ferrofluid, and demonstrate its potential in the 

assembly of hierarchical patterns and superstructures. 

 

6.1. Introduction of Magneto-acoustic Assembly: 

In magneto-acoustic manipulation system, individual particles interact with 

each other through magnetic dipole-dipole interactions (See Section 2.3), and they 

are concentrated near the pressure nodes (or anti-nodes) of an acoustic standing 
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wave
165,167

 (See Section 2.4). Therefore, by simultaneously controlling these two 

fields, a wide range of phase space can be explored in a single experiment. 

Figure 6.1 provides an overview of the experimental system. The sample 

consists of a thin fluid film containing colloidal particles sealed between a glass 

slide and cover slip, in which the fluid film thickness is tuned to be slightly larger 

than the particle diameter. Similar to the setup described in Chapter 5, vertical and 

horizontal coils arranged around the sample produced a biaxial magnetic field, in 

which the tilt angle θ can be controlled relative to the vertical direction (Figure 

6.1a). The PZT transducer element mounted on the glass slide (Figure 6.1b) 

induces an acoustic standing wave in the fluid when excited by a signal generator, 

which concentrates particles into an array of pressure nodes (see the right inset of 

Figure 6.1b).  In this work, the PZT transducer is excited at 2.932 MHz, which 

corresponds to an acoustic wavelength of ~500μm, having pressure nodes with a 

characteristic length of ~100-200μm. Figure 6.1c provides an illustration of 

particles in the pressure node and exposed to a uniform magnetic field inside a 

vertically confined fluid film.  
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Figure 6.1. Experimental system overview. The experimental system shown in (a) includes a 

pair of horizontal coils and a vertical coil mounted underneath the sample to generate a bi-axial 

magnetic field. A piezoelectric transducer (PZT) mounted on the sample exterior (b) is driven by 

a signal generator to create the acoustic standing wave pattern, attracting particles into an array of 

nodes shown in the right inset of (b). The side and back images (left inset) show how the 

transducer was mounted, and the yellow rectangle indicates the region of interest in a typical 

experiment. A side view illustration of the experimental apparatus is provided in (c). The scale 

bars are 2.5 mm for the right inset in (b). 
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6.2. Magneto-acoustic Assembly of Paramagnetic Particles 

To test the performance of the system and get a better understanding of the 

effects of magnetic/acoustic field, we first focused on a mono-component system 

consisting of 2.7-um paramagnetic particles in water. This system has fewer 

control parameters, has fewer problems associated with the stability of the 

ferrofluid, and is thus easier to model with computer simulations. 

The magnetic particles were concentrated to a stock volume fraction of 0.05 

by centrifugation in the sample preparation step. An aliquot of colloidal 

suspension (1.9 μl) was then inserted between a pair of glass slide and coverslip, 

and sealed with marine Epoxy (Loctite) to prevent evaporation.  In the pattern 

formation process, the magnetic field was kept constant at 6Oe, while the acoustic 

field was gradually increased to induce structure changes. The fluid cell thickness 

was estimated by measuring the size of particles relative to inter-particle distance. 

For consistency in data analysis, we only include the experimental results with the 

fluid thickness to be h=1.4σ, where σ is the particle diameter.  

Theoretical calculations of the potential energy were also performed to 

model the phase behavior of this system. Generally, the interaction energy in this 

system includes magnetic dipole-dipole interactions, acoustic interactions, 

gravitational energy, Van der Waals attractions, double layer and steric repulsions. 

Since we intentionally kept the acoustic field in our system relatively weak, the 
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pair-wise acoustic dipole-dipole interactions between particles are assumed to be 

much weaker compared with the magnetic dipole-dipole interactions.  Thus, the 

main effect of the acoustic field was to produce concentration gradients of 

particles. Particles achieved the highest local concentrations at the nodes of the 

standing wave, and their concentrations decreased further away (see Figure 6.2). 

Thus, in our simplified model, the acoustic field merely controlled the local 

concentration, and its energy was ignored thereafter. The Van der Waals 

attractions, which were not needed to describe the different colloidal phases of 

Section 5, turned out to be relatively important and were modeled as attraction 

between two identical spheres, given by
83,158

: 

( )
12

vw

AR
U D

D
           (6.1) 

where A is the Hamarker constant, R is the radius of particles, and D is the 

separation distance between particle surfaces (See Section 2.2 for details). 
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Figure 6.2 Demonstration of different scales of assembled Patterns. The colloidal assemblies 

with meso scale arrangements are demonstrated under (a) 5x objective and (b) 10x objective. The 

corresponding micro-scale structures are demonstrated under (c) 40x objective. Yellow rectangles 

in (a) (and (b)) indicate the region of interest in the zoomed image (b) (and (c)).     

  

The average potential energies of the class of experimentally observed 

structures were calculated as function of the volume fraction of particles, η.  The 

calculation was performed using square slab with side length of 100σ and 

thickness of h = 1.42σ.  For the purpose of efficient calculation, each colloidal 

structure was assumed to have identical orientation and was arranged in a 

hexagonal lattice to maximize inter-structure separation distance. The coordinates 

of different structures were generated by arranging a hexagonally packed 

monolayer, with the base particle resting on the bottom glass slide (Figure 6.3). 

The equilibrium separation distance, d, between structures was given by:  

d=σ(nπ/3√3hη)
½
, (6.2) 
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where η is volume fraction of particles, and n=1, 2, 3, 4 is number of particles in 

the cluster (Figure 6.3, a-d, f-i). The chain structures were assumed to be arranged 

in a parallel linear array (Figure 6.3, e,j) with the inter-chain separation distance 

defined as: 

d=πσ
2
/6hηsin(ψ/2), (6.3) 

where the bond angle between nearest particles in the chain is assumed to be 

ψ=130
o
. The energy contribution of Van der Waals interactions was only included 

for particles in direct contact (referred to as a “bond”). For the dimer, trimer, and 

tetramer structures, respectively, there were 1, 2, and 3 “bonds”. For the chain 

structures, we assumed there was one bond for each particle.   

 

 

Figure 6.3 Structural configurations used in the potential energy comparison. The top-down 

and side view of monomers are demonstrated in (a) and (f). Similarly, top/side views of dimers, 

trimers, tetramers and chains are illustrated in (b)/(g), (c)/(h), (d)/(i) and (e)/(j) respectively. The 

fluid film heights and bond angles are also noted.   
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With the fitting parameter of Van der Waals interaction set to be 6×10
-20

J 

(~10kBT), the experiments and calculation results match well (Figure 6.4): At low 

particle concentrations, a hexagonal array of isolated particles corresponds to the 

most stable state (Figure 6.4a). Discrete particle clusters resembling H2O and NH3 

molecules (Figure 6.4, b-c), referred to as bent trimers and tetramers, respectively, 

are observed once the local concentration exceeds critical thresholds of η = 0.09 

and η = 0.15, respectively. This energy is similar to the surface adhesion energies 

used in modeling other colloidal systems, which correspond to the attraction for 

two particles separated by D=25 nm. The separation distance corresponds with the 

Debye length of particle in an aqueous solution with 0.1 mM monovalent ion 

concentration (e.g., a solution with pH ~4). 

To experimentally characterize the formation of discrete particle clusters, 

we measured the relative frequency of each cluster type in the particle 

concentration regime of η ≤ 0.18, shown in Figure 6.4d. Colloidal monomers were 

predominantly observed for η ≤ 0.05. The relative fraction of trimers to monomers 

gradually increases as η approaches 0.12. When η was further increased to 0.17, 

the relative fraction of monomers/trimers decreased, and the chains/tetramers 

increased. For η ≥ 0.17, chain structures were the dominant phase. These results 

qualitatively correspond well with the minimum energy calculation shown in 

Figure 6.4e: monomers have the lowest energy when η < 0.12, trimers have the 
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lowest energy when 0.12 ≤ η < 0.14, tetramers and chains have similar energy 

when 0.14 ≤ η < 0.16, and finally chain phases have the lowest energy state when 

η  ≥ 0.16.   

 

 

Figure 6.4 Colloidal structures at low particle concentration. In a vertical external magnetic 

field (H = 6 Oe), we tuned the colloidal structures by modulating the acoustic driving input to 

control the local particle concentration.  In order of increasing local particle concentrations, we 

were able to form (a) monomers for η = 0.029, (b) trimers for η = 0.095, (c) tetramers for η = 

0.157. In part (d), we report the relative frequency where we observed the discrete colloidal 

structures (e.g., monomers, dimers, trimers, tetramers, and short chains).  Experiments agree 

reasonably well with analytical predictions of (e), which show that the potential energy of each 

structure as a function of concentration. The scale bars are 5μm. 

 

Experiment at higher concentrations was also performed by using a strong 



 

155 

acoustic field (Figure 6.5). At high particle concentrations we observe zig-zag 

structures with bond angles of nearly 120
o
 that appear similar to alkyl hydrocarbon 

chains. As the concentration increases further, these chains polymerize into 

percolated networks (Figure 6.5a).  According the potential energy calculation, 

chain structures become minimum energy configurations in volume fractions of η 

> 0.14.  We note that for 0.14 < η < 0.16, the potential energy difference between 

the tetramers and chains is small, which explains why these structures frequently 

coexisted. When η > 0.16, chain structures and networks become the sole minimal 

energy states. As the particle concentration increases further to η > 0.35, the 

lamellar phase is compressed into bilayer crystal structures, including both close-

packed and non-close-packed varieties of hexagonal (HCP) and body central 

tetragonal (BCT) structures, shown in Figure 6.5, b-c. To characterize the 

polymerization of chains into percolated networks, we measured the crosslink 

density of the chain structures in the regime η ≥ 0.18, shown in Figure 6.5d. The 

crosslink density is defined as the percentage of particles that have at least 3 other 

particles in direct contact, e.g., the red particles in the illustration of Figure 6.5d.  

For 0.16 < η < 0.18, the crosslink density is small and the system consists 

primarily of a mixture of short polymer chains.  For η ≥ 0.34, the crosslink density 

approaches unity, and the particle pack into a non-close-packed hexagonal 

network crystalk (n-HCP), shown in Figure 6.5b. As η is further increased, the 
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particles will be further packed together into crystal phase, and form a body-

centered-tetragonal (BCT) lattice, shown in Figure 6.5c. 

 

 

Figure 6.5 Colloidal structures at high particle concentration. In a vertical external magnetic 

field (H = 6 Oe), when we increase the concentration of particles, we observed new structures, 

including (a) chains for η = 0.12, (b) n-HCP lattice for η = 0.34, and (c) a bilayer BCT lattice for 

η = 0.49. Illustrations for the structures are provided in the top-right inset, and high magnification 

images are provided in the bottom-left inset for (b) n-HCP lattice and (c) BCT lattice. In part (d) 

we used fraction of cross-linked particles was used to quantify the crosslinking of colloidal 

polymer networks. The red particles in the illustration represent a “cross-linked particle”, and 

yellow particles represent the “non-crosslinked” particle. The scale bars are 5μm. 

 

Effects of magnetic field strength with respect to the relate influecnes of 

gravity and surface energy were also studied through both theoretical calculation 
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and experiment. The average potential energy of the monomer, dimer, trimer, 

tetramer, and chain structures were calculated as function of the volume fraction 

for weak (H=6Oe) and strong field (H=12Oe), and the resulting energy curves are 

presented in Figure 6.6. The potential energy plot at H=6Oe (Figure 6.6a and 

Figure 6.4e) is approximately consistent with our experimental results (Figure 

6.4d).  In this case, the dimer phase is rarely observed in experiments, and likewise 

does not represent the minimum energy phase for any volume fraction. The 

absence of dimers can be attributed to the increased importance of gravity and 

surface adhesion energies at low field strengths.  At higher field strengths of H=12 

Oe, dimers become the minimum energy configuration for 0.12<η<0.18 due to the 

increased importance of the magnetic interactions.  These results thus imply that 

individual clusters (dimer, trimers, etc.) can be selected by carefully controlling 

the magnitude of the inter-particle interactions.  
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Figure 6.6 Potential energy comparison of the different phases.  Energy plots for hexagonally 

packed arrays of monomers, dimers, trimers, tetramers, and linearly spaced chain structures 

(shown in Figure 21) are demonstrated for (a) H=6Oe and (b) H=12Oe in the concentration range 

of 0.10 < η < 0.25. Dimer phases are never the lowest energy phase at H=6Oe, but they become 

the minimum energy configuration for 0.12 < η < 0.18. 

 

The effects of field strength were also confirmed experimentally. In these 

experiments, we perform the assembly of particles at a constant volume fraction of 

η ~ 0.13, but at different external field strengths ranging from 1.5 - 12 Oe.  Below 

3.5 Oe, gravity dominated the interactions and only monomers were observed 

(Figure 6.7a).  Between 3.5 - 5.5 Oe, trimers were the predominantly observed 

cluster, whereas dimers were absent (Figure 6.7, b and c).  Above 5.5 Oe, the ratio 

of trimers to dimers gradually decreased to zero as the field increases to 12 Oe.  

(Figure 6.7, d-f).     
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Figure 6.7 Dimers and trimers formed at different vertical fields.  For η ~ 0.13, the assembled 

structures are depicted as a function of increasing field strength: (a) H=1.5Oe, (b) H=3.5Oe, (c) 

H=5.5Oe, (d) H=8Oe, (e) H=10Oe and (f) H=12Oe. The scale bars in the all images are 10μm. 

 

For a better understanding of the effects of different parameters in our 

system, molecular dynamics simulations were also implemented to compare with 

the results of experiments and theoretical calculation. The simulations were 

performed with LAMMPS using Langevin Dynamics
205,231

. For colloidal particle i, 

the equation can be expressed as: 

                                          (6.4) 

where m is mass of the particles, Ff  is the viscous fluid drag force experienced by 

the relative movement of colloid in uniform fluid.  The drag force is given by the 
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equation Ff = mv/ τ, where is the velocity of the particle and τ=m/(3πγσ) is the 

Stoke’s damping parameter on a spherical particle in a solvent with viscosity γ.  

The random force of thermal fluctuation is denoted by Fr, and Fc is the force 

induced by the particle-particle interactions: 

                                                                                     (6.5) 

In the MD simulations, the particle-particle interactions were modeled as a 

sum of magnetic dipole-dipole interactions (Equation 2.53), Lennard-Jones 

interaction (Equation 2.32), and gravitational energy (Equation 2.34). Simulations 

employed a box with dimensions Lx=15σ, Ly= 15σ, Lz= 1.5σ, in which periodic 

boundary condition were applied in the planar directions, whereas a reflecting 

boundary condition was used in the vertical direction to simulate the spatial 

confinement. We used the velocity Vervet algorithm for time integration, where 

the characteristic time τc=σ(m/ε)
1/2

 was approximately 9×10
-4

 s, and the 

simulations used Δt=0.001×τc as time steps. The dimensionless parameters were 

chosen based on well-established methods and defined in Table 2.  The reduced 

temperature was set to T
*
=kBT/ε , where kB and T are the Boltzmann constant and 

temperature, and ε is the depth of the potential well, respectively. The 

dimensionless time, was Δt*=(ε/mσ
2
)
1/2

. The reduced dipole moment was 

calculated as p
*
 =p/(4πσ

3
ε/μ0)

1/2 
 with μ0 is permeability of free space.   
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Table  2: Parameters used in analytical calculation and MD simulation 

      Parameter       Real Units    Reduced Units Description 

 σ 3 μm  σ
*
=σ/σ=1  Diameter 

 Lz  45 μm  

Lx
*
=Lz/σ=15 

 Width of simulation box 

 Ly  45 μm  

Ly
*
=Lz/σ=15 

 Length of simulation box 

 Lz  4.5 μm  

Lz
*
=Lz/σ=1.5 

 Height of simulation box 

 rc 3 μm  r
*
c=rc/σ=1  Cut-off distance 

 ε 6.5×10
-20

 J  ε
*
=ε/ε=1  Depth of potential well 

m 5.652×10
-15

 kg m
*
=m/m=1  Mass 

 g 9.81 m/s
2
  

g
*
=gmσ/ε=2.56 

 Gravitational acceleration 

Δt  9×10
-7

 s Δt
*
=Δt(ε/mσ

2
)

1/2
 

=0.001 

 Time step 

p  5.433×10
-15

 A.m
2
  

p
*
=p/(4πσ

3
ε/μ0)

½
=1.

3 

 Dipole moment 

T  300 K T
*
 =kBT/ε=0.064  Temperature 

τ 2.24×10
-8

 s τ
*
=τ(ε/mσ

2
)

1/2
/Δt

*
=0

.025 

 Damping time 

τc 9×10
-4

 s   Characteristic time 

γ  8.9×10
-5

 N s/m
2
   Viscosity 

ρ  400 kg/m
3
   Density  

|H| 6 Oe    Magnetic field 

μ0 4π×10
-7

 H/m   Permeability of vacuum 

μp 2.1μ0   Permeability of particles 

D 25 nm   Separation distance 

A 1.3×10
-20

 J   Hamaker constant 

kB 1.38064×10
-23

 

J/K 

  Boltzmann constant 

χ 0.8   Susceptibility 

h 1.42σ   Film thickness 

ψ 130
o
   Bond angle 

ν 1.414×10
-17

 m
3
   Volume of particle 

η    Volume fraction 

v    Velocity of particle 
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Based on an assumed volume fraction, we adjusted the number of particles 

in the simulation box. The particle number was maintained above an arbitrary 

threshold allowing for consistently low numerical error.  For each volume fraction 

concentration, the MD algorithm to run for at least 10
5
 time steps without 

magnetic field in order to provide time to randomize the particle distribution and 

achieve thermal equilibrium, which was verified by monitoring the system energy.  

Next, we ran the MD algorithm for at least 10
5
 time steps in the presence of an 

external magnetic field, and the equilibration was again verified by monitoring the 

system energy. The results at different concentration and field strengths were 

demonstrated in Figure 6.8 for H=6Oe, Figure 6.9 for H=12Oe and Figure 6.10 for 

H=18Oe, respectively. Most of the simulation results are qualitatively consistent 

with both analytical calculation and experiments. However, we note that there are 

a few qualitative differences between the MD simulations and experiments. For 

example, in experiments we find that the tetramer structures are relatively stable 

for 0.14 < η < 0.17 at H = 6Oe, while they are observed to be stable only at 

H=18Oe in MD simulations (Figure 6.10 b-c). We also found that the non-closed-

packed hexagonal lattices, which were frequently observed in experiments (Figure 

6.5b), were never observed in MD simulations at η < 0.4 regardless of the field 

strength. On the other hand, the non-close-packed square lattices (or square 
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networks) were rarely observed in experiments, however it was frequently 

observed at η ~ 0.3 in MD simulation (Figure 6.10, d and e).   

 

 

Figure 6.8 Molecular Dynamics simulations of particles assemblies at H=6Oe. MD 

simulation results of particle assembly at H=6Oe, with different particle concentrations of (a) 

η=0.10, (b) η=0.13, (c) η=0.17, (d) η=0.22, (e) η=0.30, (f) η=0.44. The dominant structures at 

each condition are denoted beneath the image: monomers, dimers, trimers and tetramers are 

named as N1, N2, N3, N4, respectively, while chains are named as Np (standing for polymers), and 

body-centered-tetragonal are named as BCT.  

 
 



 

164 

 

Figure 6.9 Molecular Dynamics simulations of particles assemblies at H=12Oe. MD 

simulation results of particle assembly at H=12Oe, with different particle concentrations of (a) 

η=0.10, (b) η=0.13, (c) η=0.17, (d) η=0.22, (e) η=0.30, (f) η=0.44.  

 

 

Figure 6.10 Molecular Dynamics simulations of particles assemblies at H=18Oe. MD 

simulation results of particle assembly at H=18Oe, with different particle concentrations of (a) 

η=0.10, (b) η=0.13, (c) η=0.17, (d) η=0.22, (e) η=0.30, (f) η=0.44.  
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Using a combination of experiment, analytical calculations and MD 

simulation, we were able to adequately understand the phase behavior of a 

confined system of magnetic beads in water. Next, we explored the formation of 

colloidal patterns in a tilted magnetic field, in which the interactions are 

anisotropic. Characteristic examples of the assemblies are shown in Figure 6.11 

for η ~ 0.10, Figure 6.12 for η ~ 0.24, and Figure 6.13 for η ~ 0.46, respectively. In 

Figure 6.10-6.13, (a)-(e) depict the assemblies in tilt angles of θ = 0
o
, 25

o
, 45

o
, 65

o
, 

and 90
o
, respectively. At low particle concentration (Figure 6.11), the particles 

form a distribution of monomers, dimers, and bent trimers.  In the vertical field, 

the bent trimers have random orientations (Figure 6.11a); however when the tilt 

angle is increased to 25
o
 < θ < 45

o
, the bent trimers become aligned with the in-

plane field component (Figure 6.11, b-c). We also begin to observe linear trimers, 

which stretch along the in-plane field direction (Figure 6.11, d). The linear 

structures dominate when θ > 60
o
, and culminate in the formation of extended 

linear chains (Figure 6.11, e). For intermediate particle concentrations (Figure 

6.12), there is a striking interplay between the chain direction and the bond angles 

within the chain.  As the tilt angle is increased from θ = 0
o
 to 90

o
, those chain 

direction first becomes oriented perpendicular to the in-plane field component 

(Figure 6.12b).  At higher tilt angles, the chain directions become increasingly 

aligned with the external field (Figure 6.12c), whereas the bond angles within the 
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chains continue to decrease (Figure 6.12, c-d). At even higher angles, those 

changes anneal together and form lattices (Figure 6.12e). The behavior of 

assembled structures is very different at high concentration of η ~ 0.46, in which 

the particles form multi-domain BCT and HCP crystals irrespective of the field 

direction (Figure 6.13). The failure to respond to tilting of field at high 

concentration might indicate the predominance of pressure (or packing) over 

particle-particle interaction, and suggests the possibility of pressure induced phase 

formation and transformations. 

 

 

Figure 6.11 Colloidal structures in a tilted magnetic field at η~0.10.  Alignment and 

transformation of bent trimers structures at (a) θ=0
o
 (b) θ=25

o
 (c) θ=45

o
 (d) θ=60

o
 (e) θ=90

o
. 

Trimer structures for η ~ 0.10, (f-j) chains structures for η ~ 0.24, and (k-o) BCT lattice structures 

for η ~ 0.46. The trimers align with the external field (b, c) at small tilt angles. At large tilt angles, 

they into dimers and in-plane chains at intermediary tilt angles (d, e). The scale bars are 10μm. 
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Figure 6.12 Colloidal structures in a tilted magnetic field at η~0.24.  Alignment and 

transformation of zig-zag chain structures at (a) θ=0
o
 (b) θ=25

o
 (c) θ=45

o
 (d) θ=60

o
 (e) θ=90

o
. At 

small tilt angles, the chains alignments (b) are dramatically different than at large tilt angles (c, 

d).   These chains transform into (d) BCT or (d, e) HCP crystallites. The scale bars are 10μm. 

 

 

 

Figure 6.13 Colloidal structures in a tilted magnetic field at η~0.46.  the structures were 

unchanged when the field direction is tilted from (a) θ=0
o
 to (b) θ=25

o
, (c) θ=45

o
 (d) θ=60

o
 (e) 

θ=90
o
. The scale bars are 10μm. 
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To quantify the structural dependence on tilt angle θ, we analyze the chain 

direction and the bond angle for bent trimers (Figure 6.14e) and zig-zag chains 

(Figure 6.14f) as a function of the tilt angle θ. For both the bent trimers and the 

zig-zag chains, the bond angle (red data points) decreases from ψ=120
o
 to ψ~60-

70
o
 as the tilt angle is increased.  In a vertical field, the bent trimers and chain 

directions initially have a random distribution in their orientations (Figure 6.11a 

and 6.14a for θ = 0
o
).  As the tilt angle is increased, the chain direction of the bent 

trimers become increasingly aligned perpendicular to the in-plane field (Figure 

6.11b and 6.14b). The orientation of chains is more complicated and involves 

multiple competing energies. As θ is increased, the chains first display 

perpendicular orientation near θ=20
o
 (Figure 6.12b and 6.14c) and then reverse the 

trend to align with the field for larger tilt angles near θ=60
o
 (Figure 6.12, c-d and 

6.14d) The different behaviors between trimers and arise from the stronger 

couplings between particles within the chain phases compared to the bent trimers.  
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Figure 6.14 Bond angles and chain directions in a tilted magnetic field.  The definition of the 

bond angles and chain directions relative to the in-plane component of the magnetic are illustrated 

in (a,b) for trimers, and (c,d) for chains. Measurements of the bond angles and chain directions 

with respect to tilt angle θ are presented in (e) for trimers, and (f) for chains. The measurements 

are performed on more than 20 different structures for each tilt angle. The large standard 

deviation in chain direction is indicative of a random orientation that occurs in a vertical magnetic 

field, whereas the small standard deviation corresponds to the uniform alignment of structures. 

The field strength is 6Oe in all the experiments. The particle concentration is ~0.1 for bent trimers 

(a,b,e) and ~0.24 for zigzag chains The scale bars in the all images are 5μm. 

 

Throughout these experiments, I have demonstrate a large class of colloidal 

structures that can be assembled in magnetic and acoustic fields; however none of 

these can be considered as an advanced material until they can be chemically fixed 
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and permanently stabilized. Towards this goal, I replaced the fluid with 0.1M 

pyranine (Tokyo Chemical Industry, Japan), which is a photoacid generator that 

lowers the solution pH and changes the surface charge density in the presence of 

UV light
289,290

. In the experiment, the sample was exposed to 365 nm UV light 

with a power density of ~ 36 mw/cm
2
 after the colloidal structures were assembled 

into the desired patterns. The solution PH changes during the UV exposure 

process, which modulates the surface forces between particles and induces the 

particles to enter into a primary energy minimum.  After 1.5 hours exposure of UV 

light, the structures were stabilized even in the absence of magnetic/acoustic field. 

Some of the structures, such as trimers, chains, as well as BCT crystals can be 

preserved for SEM imaging after drying of the sample in air (Figure 6.15). The 

ability to stabilize and dry the assembled structures makes the assembly technique 

potentially suitable for the fabrication of practical engineering materials.  
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Figure 6.15 Stabilization and drying of colloidal structures. The colloidal structures can be 

stabilized with the addition of photoacids, and some of the structures can be dried for SEM images. The 

optical images in the magnetoacoustic assembly process are shown for (a) dimers/trimers, (b) zigzag chains 

and (c) BCT lattice. Corresponding SEM images of the dried structures after stabilization are shown for (d) 

dimers/trimers, (e) zigzag chains, and (f) BCT lattice. The scale bars in the all images are 5μm. 

 

 

6.3 Magneto-acoustic Assembly in Binary System 

For the sake of completeness, I performed a set of experiments of the 

binary colloidal system described in Chapters 4 and 5, with the acoustic assembly 

described in the preceding sections.  As expected, there is even more colloidal 

diversity than in previous systems.  Thus, in the remaining section I will just 

qualitatively describe the types of structures that I have observed, in order to 

provide insights for future investigators.   
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In weak acoustic fields, the micro-scale patterns are the same as the ones in 

magnetic pattern formation systems (described in Chapter 4, demonstrated in 

Figure 6.16b). However, the acoustic field now concentrates particles into pressure 

nodes, which results in the arrangement of patterns on a macro scale (~150μm, as 

is shown in Figure 6.16a). For example, at 0.5% ferrofluid concentration, micro-

scale checkerboard tiles are observed, and the tiles are arranged in a macro-scale 

array. These results indicate the possibility of template-free patterning of colloidal 

particles on both meso and micro scale, which can potentially be applied for the 

fabrication of hierarchical materials.  
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Figure 6.16 Formation of hierarchical structures with macro/micro scale order. Arrays of 

square lattices for a bi-dispersed particle system with 1% ferrofluid concentration were formed in 

the presence of a weak acoustic field and a magnetic field.  

 

In strong acoustic fields, the pressure and packing effects induced by 

acoustic field overcome the gravity in the vertical direction, and compete with the 

magnetic interaction, which results in the formation of novel non-planar structures 

(Figure 6.17). Notice that particles on different planes have different colors under 

the microscope: Non-magnetic particles in the focal plane are light grey/white 
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(light green in illustration image), while they look dark grey when they are away 

from focus plane (dark green in illustration image). Magnetic particles on the focal 

plane are light brown (red in illustration image), while they look dark brown 

(orange in illustration image) when they are away from focal plane the focal plane. 

As is shown in Figure 6.17, rings form when the particle number ratio is very large 

(Nn/Nm>>1) or very small (Nn/Nm<<1), shown in Figure 6.17, a-d. Stable binary 

MxNy chains were never observed, possibly because of the strong tendency for the 

chains to be packed together into tiles. Non-planar tiles, on the other hand, were 

relatively easy to form. When local particle concentration is high enough, novel 

quasi-3D lattices, including network lattices (Figure 6.17f), inversed honeycomb 

lattices (Figure 6.17g) and flower-like lattices (Figure 6.17e) were observed. 

Those structures were never observed in a pure magnetic assembly system due to 

the inability to reach such high local particle concentration. 
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Figure 6.17. Formation of quasi-3D superstructures. In strong acoustic field, formation of 

arrays of varies non-planar structures are observed, such as (a) and (e) at 0.1% ferrofluid 

concentration, (b) and (f) at 0.2% ferofluid concentration, (c) and (d) at 0.3%-0.4% ferrofluid 

concentration, (g) at 0.5%-0.7% ferrofluid concentration, (h) at 0.9%-1.0% ferrofluid 

concentration. For the rings, such as (a)-(d), a lower acoustic field with lower initial particle 

concentration is used. For the tiles, such as (e)-(g), a higher acoustic field with higher initial 

particle concentration is used. Particles on different planes have different colors under the 

microscope: Non-magnetic particles are bright white (light green in illustration image) on focal 

plane and dark grey (dark green in illustration image) out of focal plane. Magnetic particles are 

light brown (red in illustration image) in focal plane and dark brown (orange in illustration 

image) out of focal plane. 
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6.4 Conclusion: 

Using a combination of magnetic and acoustic fields, I developed a novel 

colloidal assembly technique, where both pairwise interactions and particle 

concentrations can be independently tuned in situ.I first applied this colloidal 

assembly technique to a mono-component system to study the effects of magnetic 

and acoustic interactions. Then I moved to bi-component particles system, where 

complex assembly behaviors were observed. 

With magneto-acoustic manipulation, it is possible to potentially study the 

pressure induced phase transition, which will be described in Chapter 7.2. 

Additionally, it is potentially possible for us to study the pressure dependence of 

diffusionless transformations, which are the basis of an emerging class of phase 

change alloys. Finally, since the acoustic field and magnetic field control patterns 

at different length scales, we can potentially use magneto-acoustic manipulation 

for the fabrication of hierarchical materials. 
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7. Conclusions and Future Work:  

 

7.1 Conclusions 

In my thesis, I studied a wide variety of patterns that can form both 

between particles and surfaces, and between particles with each other.  Each sub-

class of the above mentioned interactions has its own unique applications and 

interesting dynamic behavior. For example, my study of particle-surface repulsion 

interactions through magnetic image force has applications in measuring particle-

surface adhesion forces in fluids. By using the interactions between individual 

particles and their own “image dipoles”, this technique allows for massive parallel 

measurements of surface adhesion forces. Additionally, this technique allows for 

measuring picoNewton forces with extremely low force loading rate, and is 

capable of determining of subtle differences in the adhesion properties of surfaces.  

The other class of systems I have explored concerns the patterns formed 

from the interactions of particles with each other.  In some cases, I studied the 

interactions in bi-component systems, in which ferrofluid was used to tune the 

anti-ferromagnetic interactions between different particle types.  In other cases, I 

studied the interactions of single components suspensions, but ones that are driven 

by a magnetic field and acoustic field simultaneously. The ability to adjust the 

particle interactions in real time by controlling the external fields allows for the 
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analysis of a wide class of transformations between different colloidal phases, as 

well as more efficient investigation of multi-dimensional experimental phase 

space.  

The computational simplicity of modeling the interactions between 

magnetic dipoles allows for collaborations with theoretical groups and enabled the 

direct comparison of theory and experiment to gain insight into the physics of 

pattern formation in colloidal systems.  These interactions were important for 

quantifying the fluid-solid phase transformation, and provide instructions for 

optimizing the crystal growth conditions as recipes for forming different 

structures.  My work on solid/solid phase transformations specifically focused on 

the checkboard pattern, since the transformation to a striped phase does not require 

long range diffusion due to a required change in the crystal stoichiometry. 

However, honeycomb and other symmetries can be formed in different particle 

systems, which may require diffusion to achieve transformations between different 

phases.  The techniques and analysis developed in this thesis thus has broad 

implications for studying various types of phase transformations. 

The specific transformations that I studied in this thesis belong to a class of 

diffusionless phase transitions, including both magnetostriction and martensitic 

transformation.   For example, I measured the compression induced on a crystal by 

a weak in-plane magnetic field, a process referred to as magnetostriction.  I also 
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measured the transformation of the crystal structure induced by a strong in-plane 

magnetic field, which behaved similarly as the types of martensitic 

transformations observed in steel, shape memory alloys, and magnetocaloric 

materials.    

Powerful as magnetic field is in tuning the pairwise interactions, it is 

incapable of adjusting the particle concentration in a tunable manner. To more 

efficiently study colloidal phase behavior, I superimposed a magnetic and acoustic 

field, which allowed for particle concentration and pair-wise interactions to be 

independently controlled in situ. The ability to tune both phase parameters 

independently provided an opportunity for observing completely new types of 

colloidal patterns with structures similar to certain types of molecules and alkyl 

chains structures.  

In summary, my doctoral research conveys significant achievements in 

magnetic field induced colloidal pattern formation. Using a combination of 

experiments, computer simulations and theoretical calculations, my collaborators 

and I were able to investigate a broad class of colloidal phases and transformations 

between them.   

Despite the significant accomplishments I have made in self-assembling 

systems over the course of my doctoral work, there is still a tremendous amount of 

work that has yet to be performed. To this end, the following section will discuss 
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some of my recommendations for future directions based on preliminary results 

that I and others have performed.    

 

7.2 Future Work: 

 In my opinion, the fluid-solid phase transition and crystal growth/melting 

process in our system needs to be further studied in a more systematic and 

quantitative manner. Although the comparison of theory and experiments is 

qualitatively correct, there exists a fudge parameter that was required to explain 

the different energy scales.   Even though my collaborators and I believe to have 

fully exhausted all possible origins of this scaling difference, we either did not 

have sufficient experimental tools, or were lacking a theoretical component that is 

required to achieve full quantitative agreement between theory and experiment.   

In terms of experimental capabilities, we are still unable to explain why it is 

so difficult to form large single crystals beyond 1000 or so particles.  We tried a 

variety of annealing strategies and field tilts to create more highly ordered crystals.  

In particular, we hoped to simulate the Czochralski process, in which an external 

pulling force is used in the crystallization process to introduce anisotropic 

interactions, thus producing large single crystals. Indeed, we intuitively expected 
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that we could achieve better long range order by forming the crystals in a slightly 

tilted field.  However, our experiments in that direction did not pan out.   

I would also have liked to more carefully studied the kinetics of crystal 

growth and quantify the dynamics of domain growth and coarsening, domain wall 

motion, and the dynamical behavior of defects motion within larger lattices. I 

would also have liked to have developed better image recognition algorithms to 

automatically track domain walls, point defects, and dislocations (Figure 7.1) in 

order to provide new data on the evolution of the domain wall energies, 

equilibrium domain structures and other thermodynamic properties. Computer 

simulations that focus on the kinetics of processes (such as MD simulations and 

Density Functional Theory) would be required to address these issues.  
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Figure 7.1 Example of defects in the checkboard lattices. Two types of typical defects in 

crystals are demonstrated, including point defects and dislocations. The diffusion dynamics of 

these defects are important determination factors for crystal growth. The scale bar is 20µm. 

 

In my investigations of martensitic transformation processes, my 

collaborators and I were only able to arrive at qualitative conclusions about the 

pathway of transformation. Moreover, these transformations were mostly analyzed 

one way (i.e. from checkerboard to stripe phase).   It is not even clear what type of 

model is necessary to classify the different pathways, or the appropriate order 

parameter for experimentally tracking the martensitic transformation process. In 

this thesis, I used a pair bond order parameter as a measure of the transformation 

(Figure 7.2).  It indicated that more than one state was involved in the transition 

pathway; however, it is possible that better order parameters will yield more 

significant insights about the classification of transformations and their kinetics.  
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Figure 7.2 Quantification of intermediate states in diffusionless tranformation. (a)-(c) 

Diffusionless transformation from a checkerboard lattice to a striped phase when the field is tilted 

from θ=0
o
 to θ=50

o
 at Ψ =45

o
. (d)-(f) A diffusionless transformation pathway from a 

checkerboard lattice to a striped phase when the field is tilted from θ=0
o
 to θ=50

o
 at Ψ =0

o
. (g) 

Bond curves represented by the fraction of martensitic bonds (or like particle bonds). The plateau 

denoted by the arrow clearly showed the existence of intermediate states in both pathways. 

However, those pathways cannot be differentiated simply using bond curves, and a different 

parameter need to be found to represent the distinct pathways. 

 

A question that I completely neglected in this thesis is one of reversibility 

of this transformation. Reversibility is an important property for materials that 

exploit martensitic transformations for potential applications: In some cases, such 

as the quenching of steels, the transformation process should be irreversible, 

leading to a strong, yet ductile state.  In other cases, such as shape memory alloys, 
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the transformation process should be highly reversible, suffering minimal fatigue 

over the course of many thousands of transformations. My initial, and incomplete, 

attempt to probe the reversibility of diffusionless transformation was based on the 

fraction of martensitic bonds (Figure 7.3). In the experiment, I focused on one of 

the pathways (Ψ =45
o
, H=12Oe) and tilted the field direction for multiple cycles. 

In each cycle, the fraction of martensitic bonds with respect to tilt angle was 

calculated. Although this method does reflect macroscopic reversibility, It does 

not correctly reflect the microscopic reversibility. In some cases, the martensitic 

transformation seems to be reversible both macroscopically and microscopically 

(Figure 7.3, a-c). In other cases, however, the transformation seems to be 

“macroscopically reversible”, yet microscopically irreversible (Figure 7.3, b-d). 

The changes of martensitic bonds are similar in two cases (Figure 7.3, b and d), 

and we are not able to distinguish between them. In fact, the power of using 

colloidal models of condensed matter systems is its ability to connect macroscopic 

behavior with microscopic structure. To quantify the reversibility of martensitic 

transformations at both length scales, I am still searching for a better order 

parameters (e.g. a parameter combining the domain size and fraction of 

martensitic bonds) to can quantify this transition. Since the reversibility of 

martensitic transformations is connected to its macroscopic property changes, I 
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strongly recommend others follow this work by exploring the question of 

reversibility in greater detail.  

 

 

Figure 7.3. Exploring the reversibility of martensitic transformation for Ψ =45
o
, H=12Oe. 

Macroscopically and microscopically reversible transformations are shown in (a)-(c). The 

checkboard lattice is shown (a) before and (b) after the tilting of magnetic field between θ=0
o
 and 

θ=25
o
. Macroscopically reversible, yet microscopically irreversible transformations are shown in 

(d)-(f). A single-domain checkerboard lattice was observed before the tilting of magnetic field, as 

is shown in (d). After multiple cycles of tilting, the checkboard lattice breaks into small 

crystallites, as is shown in (e). The changes in martensitic bonds for these two different cases 

were similar and not clearly differentiable, which is shown in (c) and (f). The tilting rate was kept 

at 0.008
o
/s in all the experiments. 
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Third, with magneto-acoustic manipulation, it is feasible to control the 

particle concentration in situ, which enables the study of pressure induced phase 

transformations. One good example of such transformation is the transformation 

between square lattices to randomly oriented striped lattices (the phase boundary 

between square phase and hexagonal phase at η=0.77 in Figure 5.3b). Figure 7.4 

shows the coexistence of such two phases due to local particle concentration 

difference: Randomly oriented hexagonal stripped phase forms at high 

concentration locations (left half of image), while alloys remain to be in 

checkboard phase at low concentration locations (right half of image). By 

adjusting the acoustic fields in real time, we are potentially able to induce and 

explore the dynamics of such phase transformations in situ. 
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Figure 7.4 Formation of different phases due to local particle concentration difference. Due 

to the pressure gradient in acoustic field, the local particle concentration can be different: the left 

half of the image has higher local concentration than the right half, which causes the formation of 

hexagonal striped phase on the left half and square phase on the right half.   

 

Finally, I would like to comment on an exciting future direction of studying 

mixing/separation of colloidal phases far from equilibrium. For example, my 

research suggests that it is possible to switch the sign of interactions from 

attractive to repulsive by changing the direction of the external field from in plane 

to out of plane. When an in-plane rotating magnetic field is applied to a bi-

component system, I observed phase segregation of the magnetic and non-

magnetic components (Fig. 7.5a).  After large segregated phases were formed, I 
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demonstrated that switching the field to the vertical direction induced intermixing 

of these phases (Fig. 7.5b). This system therefore provides a highly tunable system 

for studying mixing phenomena that would have a corollary in the diffusion 

process in alloy formation and metal sintering.  

 

 

Figure 7.5 Mixing of bi-dispersed colloidal particles into alloys. (a)In an in-plane rotation field 

of 1Hz, the magnetic particles and non-magnetic particles separate into two different phases. (b) 

After the field is changed to a constant vertical magnetic field, the magnetic lattice phase and 

non-magnetic lattice phase shown in (a) mixed with each other, and formed square lattices and 

honeycomb lattices regions after 800 minutes. The type alloy phase is determined by local 

particle ratio of magnetic vs non-magnetic particles, which is essentially dependent on the 

kinetics of mixing.  

 

Clearly, there are many possibilities for continuing the work in magnetic-

assisted pattern formation. This thesis thus merely scratches the surface of the 
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interesting patterns that form and transform in colloidal suspensions that can be 

modulated by external fields. I hope that these and future investigations will 

provide new insights into general condensed matter physics and questions of 

universality in pattern formation across diverse length and time scales.  
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