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Abstract

Our media is saturated with claims of “facts” made from data. Database research

has in the past focused on how to answer queries, but has not devoted much attention

to discerning more subtle qualities of the resulting claims, e.g., is a claim “cherry-

picking”? This thesis proposes a Query Response Surface (QRS) based framework

that models claims based on structured data as parameterized queries. A claim is

mapped to a point on the QRS. A key insight is that we can learn much about

a claim by analyzing its neighborhood on QRS. This framework lets us formulate

and tackle practical fact-checking tasks — reverse-engineering vague claims, and

countering questionable claims — as computational problems.

Within the QRS-based framework, we take one step further, and propose a model

as well as an efficient algorithm for finding high-quality claims of a given form from

data, i.e., raising good questions, in the first place. This is achieved by using a

limited number of high-valued claims to represent high-valued regions of the QRS.

Besides the general purpose high-quality claim finding problem, lead-finding can

be tailored towards specific claim quality measures, also defined within the QRS

framework. An example of uniqueness-based lead finding is presented for “one-

of-the-few” claims, landing in interpretable high-quality claims, and an adjustable

mechanism for ranking objects, e.g. NBA players, based on what claims can be made

for them.

Finally, we study the use of visualization as a powerful tool of conveying results
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of a large number of claims. An efficient two-stage sampling algorithm is proposed

for generating input of 2d scatter plot with heatmap, evalutaing a limited amount of

data, while preserving the two essential visual features, namely outliers and clusters.

A system prototype (iCheck) has been developed performing efficiently the rich

class of fact-checking and lead-finding tasks studied in this thesis. We hope this could

serve as a first step towards an end-to-end system empowering journalists and the

public in combatting the “lies, d—ed lies, and statistics” that permeate our public

life today.

v



Contents

Abstract iv

List of Tables x

List of Figures xi

Acknowledgements xiii

1 Introduction 1

2 Fact-Checking: Framework, Problems, and Algorithms 6

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.2 Modeling Framework for Fact-Checking . . . . . . . . . . . . . . . . . 9

2.2.1 Components of the Modeling Framework . . . . . . . . . . . . 9

2.2.2 Formulating Fact-Checking Tasks . . . . . . . . . . . . . . . . 13

2.3 Algorithmic Framework for Fact-Checking . . . . . . . . . . . . . . . 18

2.3.1 Baseline Algorithms . . . . . . . . . . . . . . . . . . . . . . . 20

2.3.2 Ordered Enumeration of Parameters . . . . . . . . . . . . . . 22

2.3.3 The Locus Approach . . . . . . . . . . . . . . . . . . . . . . . 29

3 Fact-Checking: Applications and Experiments 33

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

3.2 WAC: Window Aggregate Comparison Claims . . . . . . . . . . . . . 34

3.2.1 Modeling WAC . . . . . . . . . . . . . . . . . . . . . . . . . . 34

3.2.2 Algorithmic Building Blocks for WAC . . . . . . . . . . . . . . 37

vi



3.3 TSS: Time Series Similarity Claims . . . . . . . . . . . . . . . . . . . 43

3.3.1 Modeling TSS . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.3.2 Algorithmic Building Blocks for TSS . . . . . . . . . . . . . . 49

3.4 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

3.4.1 Proof of Concept . . . . . . . . . . . . . . . . . . . . . . . . . 57

3.4.2 Efficiency and Scalability of Algorithms . . . . . . . . . . . . . 61

3.5 Discussion and Related Work . . . . . . . . . . . . . . . . . . . . . . 66

3.6 Conclusion and Future Work . . . . . . . . . . . . . . . . . . . . . . . 69

4 Lead-Finding 71

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

4.2 The k-REPS problem . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

4.3 Deriving the Surface g. . . . . . . . . . . . . . . . . . . . . . . . . . . 79

4.4 Modeling Example: Time Series Similarity Claim . . . . . . . . . . . 82

4.5 Algorithms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

4.5.1 Iterative Algorithm . . . . . . . . . . . . . . . . . . . . . . . . 84

4.5.2 Greedy Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . 87

4.6 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

4.6.1 Proof-of-concept Experiments . . . . . . . . . . . . . . . . . . 95

4.6.2 Algorithm Effectiveness and Efficiency . . . . . . . . . . . . . 102

4.7 Related Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

5 Lead-Finding : One-of-the-few Claims 109

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

5.2 Finding One-of-the-Few Claims . . . . . . . . . . . . . . . . . . . . . 115

5.2.1 Lattice Traversal . . . . . . . . . . . . . . . . . . . . . . . . . 125

5.3 Ranking Objects . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

vii



5.3.1 Scoring Objects . . . . . . . . . . . . . . . . . . . . . . . . . . 126

5.3.2 Finding Top κκκ Objects . . . . . . . . . . . . . . . . . . . . . . 133

5.4 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

5.4.1 Datasets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

5.4.2 Efficiency of Top-τττ Skyband Algorithms . . . . . . . . . . . . 137

5.4.3 Quality of Ranking by APST-ααα . . . . . . . . . . . . . . . . . 140

5.4.4 Effect of ααα in APST-ααα . . . . . . . . . . . . . . . . . . . . . . 143

5.5 Related Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

5.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

6 Visualization Assisted Exploration 146

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146

6.2 Exploration Query Problem . . . . . . . . . . . . . . . . . . . . . . . 149

6.2.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . 149

6.2.2 Problem Definition . . . . . . . . . . . . . . . . . . . . . . . . 150

6.2.3 Query Types . . . . . . . . . . . . . . . . . . . . . . . . . . . 154

6.3 System Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

6.3.1 Data Storage and Working Memory . . . . . . . . . . . . . . . 155

6.3.2 Workflow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156

6.4 Algorithms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157

6.4.1 Baseline Algorithm . . . . . . . . . . . . . . . . . . . . . . . . 157

6.4.2 Sampling-based Algorithms . . . . . . . . . . . . . . . . . . . 160

6.5 Objects Selection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163

6.5.1 Selecting O` . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164

6.5.2 Selecting O´ . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

6.6 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171

viii



6.6.1 Datasets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171

6.6.2 Quality Evaluation . . . . . . . . . . . . . . . . . . . . . . . . 172

6.6.3 Efficiency . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175

6.7 Related Works and Discussion . . . . . . . . . . . . . . . . . . . . . . 176

6.8 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 178

7 Conclusion 183

A Appendix for Chapter 6 186

Bibliography 189

Biography 199

ix



List of Tables

2.1 Notations for the modeling framework. . . . . . . . . . . . . . . . . . 9

6.1 Table of notations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149

x



List of Figures

1.1 New York City adoptions by year, 1989–2012. . . . . . . . . . . . . . 3

2.1 Relative result strength and sensibility surfaces for Giuliani’s claim . 11

2.2 Notations for the algorithmic framework. . . . . . . . . . . . . . . . . 18

3.1 Illustration of dividing parameter space into zones for WAC claims. . 41

3.2 Illustration of the locus approach for reverse-engineering WAC claims. 44

3.3 Illustration of the locus approach for counter-arguing TSS claims . . . 54

3.4 Illustration of the locus approach for reverse-engineering TSS claims . 56

3.5 Unemployment data and the query response surface for WAC claims. 60

3.6 Running time of CA and RE algorithms for WAC claims on UNEMP. 62

3.7 Running time of CA algorithms for WAC claims on AUTO when vary-
ing data size. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

3.8 Running time of CA-τP algorithms for TSS-CAab on VOTE, varying
sensibility threshold τP. . . . . . . . . . . . . . . . . . . . . . . . . . . 66

3.9 Running time of CA-τR algorithms for TSS-CAu on VOTE, varying
result strength threshold τR. . . . . . . . . . . . . . . . . . . . . . . . 66

4.1 Comparing Gaussian kernel and reciprocal kernel for diversification . 77

4.2 Top-k representative points by different methods on synthetic surface 96

4.3 Select number of representatives . . . . . . . . . . . . . . . . . . . . . 98

4.4 4-REPS for finding WAC claims on unemployment rate data . . . . . 99

4.5 Performance of k-REPS algorithms (Marshall vs. Pelosi) . . . . . . . 101

4.6 Performance of k-REPS algorithms (Marshall vs. all) . . . . . . . . . 102

xi



5.1 Correlation in NBA player stats. . . . . . . . . . . . . . . . . . . . . . 112

5.2 Kemeny fails to recognize a worthy object but APST-α succeeds. . . 131

5.3 Algorithm elapsed time on NBA1 and NBA3, varying uniqueness
threshold τ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

5.4 Elapsed time of algorithms on synthetic data, varying dimensionality d 137

5.5 Elapsed time of algorithms on synthetic data, varying data size n . . 138

5.6 Elapsed time of algorithms on synthetic data varying uniqueness thresh-
old τ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

5.7 Comparison of rankings by number of Hall-of-Famers in top-k . . . . 140

5.8 Rank of artificial player with different α . . . . . . . . . . . . . . . . 140

5.9 How the APST-α ranks of NBA players change by α . . . . . . . . . 141

6.1 Projection query example on ppoints, reboundsq . . . . . . . . . . . 179

6.2 System workflow. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 180

6.3 Comparing results of projection queries with different attributes. . . . 180

6.4 Algorithm effectiveness vs. sample size . . . . . . . . . . . . . . . . . 180

6.5 Algorithm effectiveness vs. budget on positive objects . . . . . . . . . 181

6.6 Algorithm effectiveness vs. budget on negative objects . . . . . . . . 181

6.7 Algorithm effectiveness vs. total budget . . . . . . . . . . . . . . . . 181

6.8 Comparing two different sampling strategies . . . . . . . . . . . . . . 182

6.9 Algorithm effectiveness on WIKI data . . . . . . . . . . . . . . . . . . 182

6.10 Algorithm efficiency varying sample rate and budget . . . . . . . . . . 182

xii



Acknowledgements

I want to thank my co-advisors Jun Yang and Pankaj K. Agarwal for their guidance,

support, and encouragement towards the completion of this dissertation. Their ad-

vice has always been insightful and prompt. I wholeheartedly appreciate their pa-

tience in showing me the right approach towards conducting rigorous and impactful

computer science research.

I also thank Ashwin Machanavajjhala and Cong Yu for their service on my com-

mittee, and for their valuable comments and suggestions on this dissertation.

I also want to thank my collaborators on the work of this dissertation, and on the

Computational Journalism project. Besides my co-advisors Jun and Pankaj, and one

of my committe member Cong, they are Bill Adair, Peggy Li, Andrew Shim, Stavros

Sintos, Emre Sonmez, Seokhyn Song, Brett Walenz, Eric Wu, Kevin Wu from Duke

University; Naeemul Hassan, Chengkai Li, Afroza Sultana, Gensheng Zhang from

the University of Texas at Arlington; Boulos Harb from Google Inc.

I thank the Shivnath Babu, Kamesh Munagala, and Xiaobai Sun of Duke Com-

puter Science for their feedback on my research, and advice on conducting research

in general. I also thank Marilyn Butler and the rest of the Duke Computer Science

administrative and laboratory staff for helping me with all kinds of logistic details,

and allowing me to better focus on my research.

I thank Cong Yu and Boulos Harb for hosting my first Google internship in 2013,

and teaching me good engieering practice, which I found later to be particularly help-

xiii



ful in research and in developing the iCheck system. I also want to thank Min Wang

and Haixun Wang for hosting my second Google internship in 2014, and teaching me

how to conduct impactful research in an engineering research environment.

I want to thank my fellow graduate students and friends at Duke, for their con-

stant support and inspiration. To name a few: Muhammad Ahsan, Qiang Cao,

Balakrishnan Chandrasekaran, Liang Dong, Yuzhang Han, Botong Huang, Yezhou

Huang, Zhiqiu Kong, Janardhan Kulkarni, Mayuresh Kunjir, Yuqian Li, Jiangwei

Pan, Tianqi Song, Rishi Thonangi, Xixi Wang, Xiao Xiao, Bing Xie, Ke Xu, Xiaom-

ing Xu, Albert Yu, Wuzhou Zhang, Xuting Zhao, and Yunjia Zhou.

I want to thank Ke Yi from the Hong Kong University of Science and Technology.

He has been a mentor and a good friend. As a former student of Pankaj, he was a

big part of why I joined Duke. I thank him for giving me the opportunity to meet

and interact with all these amazing people in the past five years.

I acknowledge the funding that I received directly and through my co-advisors

research grants. I thank the Duke Graduate School, the National Science Foundation,

the Army Research Office, the U.S. Army Engineer Research and Developement

center, the U.S.-Israel Binational Science Foundation, and HP Labs.

Finally, I want to thank my parents Yiming Wu ang Guangwei Shi for their con-

stant support, confidence, and love. None of this would have been possible without

their faith in me.

xiv



1

Introduction

Database research in the past has been devoted to the art of answering queries.

There is much work on algorithms and techniques to speed up query evaluation,

such as indexing data structures, pipelined execution, parallel evaluation, to name a

few.

A query can be translated or presented in natural language as a claim of fact

based on the underlying data. The art of discerning the “quality” of such claims

and asking queries that lead to high-quality claims are critical to our understanding

of data. But first, what does “quality” mean? Consider the following.

Example 1 (Giuliani’s Adoption Claim (from factcheck.org)). During a Re-

publican presidential candidates’ debate in 2007, Rudy Giuliani claimed that “adoptions

went up 65 to 70 percent” in the New York City “when he was the mayor.” More precisely,

the comparison was between the total number of adoptions during 1996–2001 and that

during 1990–1995. Giuliani was in office 1994–2001. The claim “checks out” according to

data, but that does not mean we should stop here. Why did the claim compare these two

particular six-year periods? As it turns out (as shown in Figure 1.1), the underlying data

reveal that while adoption increased steadily before 1998, it began to slow down in 1998,
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a trend that continued through 2006. Lumping data into the periods of 1990–1995 and

1996–2001 masks this trend. However, if we compare Giuliani’s first and second 4-year

terms, i.e., 1994–1997 and 1998–2001, we will see that the total number of adoptions in

fact decreased by 1%.1

Example 2 (Vote Correlation Claim (from factcheck.org)). A TV ad in the

2010 elections claimed that Jim Marshall, a Democratic incumbent from Georgia “voted

the same as Republican leaders 65 percent of the time.”2 This comparison was made

with Republican Leader John Boehner over the votes in 2010. If we look at the history

since 2007, however, the number would have been only 56 percent, which is not very high

considering the fact that even the Democratic Whip, Jim Clyburn, voted 44 percent of

the time with Boehner during that period. Basically, many votes in Congress are not as

controversial as the public would think!

For both claims above, we can verify their correctness using SQL queries over

reliable, structured datasets available to the public. Database systems are good at

verifying whether these claims are correct, but from the above discussion, it is obvious

that assessing claim quality involves much more than testing correctness. Indeed,

both claims above are correct on the surface, but they present misleading views of

the underlying data. The list of so-called “lies, d—ed lies, and statistics” goes on,

in politics, sports, business, and even research—practically wherever numbers and

data are involved.

While the lines of reasoning behind our assessment of the claims above are in-

1 The original factcheck.org article countered Giuliani’s claim by comparing the adoption rates
at the beginning and the end of his tenure, which led to a smaller increase of 17%. Here, we use
a different counterargument found by our proposed method, because comparing 1-year windows is
more susceptible to fluctuations in data.

2 This ad was in response to an earlier ad attacking Marshall’s “party loyalty votes” for voting
with Nancy Pelosi (a notable Democrat as the Speaker of the US House of Representatives at the
time of the claim) “almost 90 percent of the time,” which, not surprisingly, also tailored the claim
in ways to further its own argument, by quoting a high voting correlation with the Republican
leadership.

2
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Figure 1.1: New York City adoptions by year, 1989–2012. Giuliani’s years in red.

tuitive, deriving them requires considerable skill and effort. Not all users think as

critically as we would hope. Not all users who are suspicious of a claim have the time

or expertise to conduct further data analysis. How do we make this process easier

and more effective?

For example, is there any hope of formalizing the intuitions behind Example 1,

and automating the assessment of claim quality? To help illustrate claim quality

to lay users, we often need “counterarguments”; e.g., for Giuliani’s claim we high-

lighted that “ if we compare Giuliani’s first and second 4-year terms, i.e., 1994–1997

and 1998–2001, we will see that the total number of adoptions in fact decreased by

1%.” Can we automatically generate such counterarguments? Many claims, such as

Giuliani’s and Marshal’s, are vaguely stated (often intentionally). Before checking a

vague claim, can we automatically “reverse-engineer” it to recover missing details?

Given measures of claim quality, can we automatically find high-quality claims from

data? Can such measures help us identify interesting objects (e.g. NBA players) as

3



leads to further investigation? Can such lead-finding be carried out without specified

quality measure? Can visualization help explore the space of claims more efficiently?

These problems has many applications in domains where assessments and de-

cisions are increasingly driven by data. Computational journalism (Cohen et al.,

2011a,b) is one domain with the most pressing need for better fact-checking tech-

niques. With the movement towards accountability and transparency, the amount of

data available to the public is ever increasing. Such data open up endless possibilities

for empowering journalism’s watchdog function—to hold governments, corporations,

and powerful individuals accountable to society. However, we are facing a widening

divide between the growing amount of data on one hand, and the shrinking cadre of

investigative journalists on the other. Computing is a key to bridge this divide.

Contributions. This dissertation serves as a first step towards computational solu-

tions, and eventually a suite of computational tools, for solving a wide range of

important data related journalistic tasks, which will allow journalists and the gen-

eral public to check, find, and explore claims based on structured data at increased

efficiency and effectiveness.

The key insight is that much can be learned about a claim by “perturbing” it in

interesting ways. Thus, we model a claim as a parameterized query over data, whose

result would vary as we change its parameter setting, forming a (high-dimensional)

surface which we call the query response surface (QRS). With model components

such as parameter sensibility and relative result strength, we show how to how the

series of questions above as computational tasks within the model.

We first present the QRS based framework, show how to define some claim quality

measures, and model the tasks of finding counterarguments and reverse-engineering

vague claims as computational problems within the framework (Chapter 2). For the

two fact-checking tasks, we propose meta algorithms that separates domain knowl-

4



edge from computaional techniques.

Next, we show examples of instantiating the modeling framework and the meta

algorithms using claims generalized from Examples 1 and 2 (Chapter 3). Extensive

experiements are performed to validate the ability of the framework in modeling

fact-checking tasks and producing meaningful result, as well as the efficiency of the

computational techniques. Chapters 2 and 3 are based on joint work with Pankaj K.

Agarwal, Chengkai Li, Jun Yang, and Cong Yu (Wu et al., 2014b).

We show how to find interesting leads by choosing a small number of repre-

sentative points to represent high-response regions of the response surface (or its

variantions) (Chapter 4). Our method differs from existing approaches by consid-

ering jointly several aspects of high-quality representative leads, such as the quality

of a representative itself, the quality of its neighborhood, and spatial diversity of

representatives.

We study the lead-finding problem driven by one specific quality measure, namely

uniqueness, on one common types of claims in sports analytics and other fields, called

“one-of-the-few” (Chapter 5). Beyond effciently generating claims with interpretable

quality in uniqueness, we propose an adjustable mechanism for ranking objects, e.g.

NBA players, based on the set of “one-of-the-few” claims that can be made for them.

This is based on joint work with Pankaj K. Agarwal, Chengkai Li, Jun Yang, and

Cong Yu (Wu et al., 2012).

Finally, we consider the possibility of utilizing visualiztion as a more powerful tool

than text to explore the space of claims (Chapter 6). In order to support responsive

exploration of such type, an efficient two stage sampling algorithm is proposed for

generating input of 2d scatter plot with heatmap, evalutaing a limited amount of

data, while preserving the two essential visual features, namely outliers and clusters.

This is based on joint work with Boulos Harb, Jun Yang, and Cong Yu (Wu et al.,

2015).
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2

Fact-Checking: Framework, Problems, and
Algorithms

2.1 Introduction

Example 1 and 2 motivated the need for computational tools for fact-checking. To

have any hope for automated fact-checking, can we formalize, mathematically, intu-

itions of seasoned fact-checkers when assessing claim quality (such as in Examples 1

and 2)? Do different claims require different intuitions and procedures to check? To

what extent can fact-checking be approached in general ways?

Besides numerical measures of claim quality, counterarguments are critical in

helping users, especially a non-expert public audience, understand why a claim has

poor quality. As examples, we counter Giuliani’s adoption claim with the argument

that “... compare the Giuliani’s first and second 4-year terms, ... the total number of

adoptions in fact decreased by 1% ”; we counter the Marshall-Boehner vote correlation

claim with the argument that “... even the Democratic Whip, Jim Clyburn, voted 44

percent of the time with Boehner” since 2007. Can we automatically generate such

counterarguments?

6



In many situations, the original claims were stated in a vague way (often in-

tentionally). Claims in both Examples 1 and 2 omit important details such as the

exact time periods of comparison. Numbers are usually rounded, sometimes in ways

that are “convenient.” Fact-checkers thus need to seek clarification from original

claimants, but such prodding requires effort and credential, and often leads to de-

lays. Can we automatically “reverse-engineer” vague claims to recover the omitted

details?

Our Contributions To address the above challenges, we propose a fact-checking

framework general enough to handle various types of claims and fact-checking tasks.

The key insight is that a lot of fact-checking can be accomplished by “perturbing”

the claims in interesting ways. Thus, we model a claim as a parameterized query over

data, whose result would vary as we change its parameter setting, forming a (high-

dimensional) surface which we call the query response surface (QRS). In conjunction

with QRS, we introduce the notions of relative result strength, which captures how

a perturbation strengthens or weakens a claim, and of parameter sensibility, which

captures how natural and relevant a perturbation is in the context of the claim being

checked. To illustrate the modeling power of this framework:

• We show that many intuitive measures of claim qualities can be defined nat-

urally. For example, a claim has low “robustness” if sensible perturbations of

claim parameters lead to substantially weaker, or even opposite, conclusions.

• We show how to formulate fact-checking tasks—such as finding counterexam-

ples and reverse-engineering vague claims, as discussed earlier—as optimization

problems on the QRS.

• As concrete examples, we show how to use our framework to check window

aggregate comparison claims (generalization of Giuliani’s adoption claim in

7



Example 1) and time series similarity claims (generalization of the Marshall-

Boehner vote correlation claim in Example 2).

Besides the modeling challenges of fact-checking, we also address its computa-

tional challenges. Given a claim, it is costly (and sometimes infeasible) to compute

the full QRS by evaluating a database query for every possible parameter setting.

We introduce techniques at various levels for more efficient fact-checking:

• We propose “meta” algorithms that work across different claims that share

the same (general) properties, or those for which certain low-level algorithmic

building blocks are available.

• For window aggregate comparison claims and time series similarity claims, we

develop efficient, specialized algorithmic building blocks that can be plugged

into the meta algorithms above to enable fact-checking in real time for inter-

active users.

Finally, we experimentally validate the ability of our framework in modeling

fact-checking tasks and producing meaningful results, as well as the efficiency of our

computational techniques.

We herein focus on the challenges of finding counterexamples and reverse-engineering

vague claims. We also note that fact-checking in general requires a repertoire of tech-

niques including but not limited to ours—such as how to find datasets relevant to

given claims, how to translate claims to queries, how to check claims that cannot be

readily derived from structured data, just to mention a few. We briefly discuss these

other challenges in Section 3.5.
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Table 2.1: Notations for the modeling framework.
Notation Description

P parameter space

p parameter setting

p0 parameter setting of the original claim

R result space

r result of a claim

r0 result of the original claim

q : PÑ R parameterized query template

SPpp; p0q sensibility of parameter p relative to p0

SRpr; r0q strength of result r relative to r0

2.2 Modeling Framework for Fact-Checking

2.2.1 Components of the Modeling Framework

On a high level, we model the claim of interest as a parameterized query over a

database, and consider the effect of perturbing its parameter setting on the query

result. Besides the parameterized query, our model has two other components: 1) a

measure of relative “strengths” of query results as we perturb query parameters, and

2) a measure of the “sensibility” of parameter settings, as not all perturbations make

equal sense. In the following, we give additional intuition and formal definitions for

our model.

Parameterized Query Templates, QRS, and Claims Let q : P ÞÑ R denote a parame-

terized query template, where P is the parameter space, whose dimensionality is the

number of parameters expected by q, and R is the result space, or the set of possible

query results over the given database.1 The query response surface of q, or QRS for

short, is the “surface” tpp, qppqq | p P Pu in Pˆ R.2

1 Here, we focus on perturbing query parameters, and assume the database D to be given and
fixed. In general, we can let q additionally take D as input, and consider the equally interesting
question of perturbing data, or both data and query parameters; Section 3.5 briefly discusses this
possibility.

2 Strictly speaking, for this set to be regarded a surface, we need P ˆ R to be continuous. In
general, P can be discrete or even categorical, and R is the powerset of all possible result tuples.
In this case, we assume that P is sampled from some underlying continuous space and the query
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A claim of type q is specified by xq, p, ry, where p P P is the parameter setting

used by the claim and r P R is the result as stated by the claim. Obviously, if

r differs significantly from qppq, the claim is incorrect. However, as motivated in

Section 2.1, we are interested in the more challenging case where the claim is correct

but nonetheless misleading. Doing so will involve exploring the QRS not only at the

parameter setting p, but also in its neighborhood.

For example, to check Giuliani’s claim in Example 1, suppose we have a table

adopt(year, number) of yearly adoption numbers. The parameterized query template

here can be written in SQL, with parameters w (length of the period being compared),

t (end of the second period), and d (distance between the two periods):

SELECT after.total / before.total -- (Q1)

FROM (SELECT SUM(number) AS total FROM adopt

WHERE year BETWEEN t-w-d+1 AND t-d) AS before,

(SELECT SUM(number) AS total FROM adopt

WHERE year BETWEEN AND t-w+1 AND t) AS after;

Giuliani’s claim (after reverse-engineering) is specified by xQ1, pw “ 6, t “ 2001, d “

6q, 1.665y.

Relative Strength of Results To capture the effect of parameter perturbations on query

results, we need a way to compare results. For example, if a perturbation in Giuliani’s

claim leads to a lower increase (or even decrease) in the total adoption number, this

new result is “weaker” than the result of the claim. To this end, let SR : RˆRÑ R

denote the (relative) result strength function: SRpr; r0q, where r, r0 P R, returns the

strength of r relative to the reference result r0. If SRpr; r0q is positive (negative), r

is stronger (weaker, resp.) than r0. We require that SRpr; rq “ 0. For example, we

let SRpr; r0q “ r{r0 ´ 1 for Giuliani’s claim.

results can be mapped to a numeric domain and are interpolated between sampled points to form
a surface.
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(b) Sensibility of parameter settings

Figure 2.1: Perturbing t (end of the second period) and d (distance between peri-
ods) in Giuliani’s claim while fixing w “ 6 (length of periods). Note the constraint
t´ d´ w ě 1988; 1989 is when the data became available.

Given a claim xq, p0, r0y to check, SR allows us to simplify the QRS of q relative

to pp0, r0q into a surface tpp, SRpqppq; r0q | p P Pu in P ˆ R. We call this simplified

surface the relative result strength surface. For example, Figure 2.1a illustrates this

surface for Giuliani’s adoption claim. Since a surface in R4 is difficult to visualize,

we fix w to 6 and plot SR over possible t and d values. Intuitively, we see that

while some perturbations (near the diagonal, shown in greener colors) strengthen

the original claim, the vast majority of the perturbations (shown in redder colors)

weaken it. In particular, increasing t and decreasing d both lead to weaker claims.

Thus, the surface leaves the overall impression that Giuliani’s claim overstates the

adoption rate increase. However, before we jump to conclusions, note that not all

parameter settings are equally “sensible” perturbations; we discuss how to capture

this notion next.

Relative Sensibility of Parameter Settings Some parameter perturbations are less “sen-

sible” than others. For example, in Giuliani’s claim, it makes little sense to compare
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periods with “unnatural” lengths (e.g., 13 years), or to compare periods “irrelevant”

to Giuliani’s term (e.g., periods in the 1970s). While “naturalness” of values is an

intrinsic property of the domain, “relevance” is relative to the original claim (or its

context). To capture overall sensibility, which is generally relative, we use either a

parameter sensibility function or a parameter sensibility relation.

A (relative) parameter sensibility function SP : PˆPÑ R scores each parameter

setting with respect to a reference parameter setting : SPpp; p0q returns the sensi-

bility score of p P P with respect to p0 P P. Higher scores imply more sensible

settings. As an example, Figure 2.1b illustrates the relative sensibility of parameter

settings for checking Giuliani’s claim (again, we fix w and vary only t and d). Darker

shades indicate higher sensibility. The interaction of naturalness and relevancy re-

sults in generally decaying sensibility scores around pt0, d0q “ p2001, 6q (because of

relevancy), but with bumps when d “ 4 and d “ 8 (because of naturalness—the

New York City mayor has 4-year terms). Intuitively, portions of the QRS over the

high-sensibility regions of the parameter space are more “important” in checking the

claim. See Section 3.2 for more details on SP for Giuliani’s claim.

In some cases, there is no clear choice of SP for ordering all parameter settings,

but a weaker structure may exist on P. A (relative) parameter sensibility relation

ĺp0 , with respect to a reference parameter setting p0 P P, is a partial order over

the parameter space P: p1 ĺp0 p2 means p1 is less sensible than or equally sensible

as p2 (relative to p0). The sensibility relation ĺp0 imposes less structure on P than

the sensibility function SP—the latter actually implies a weak order (i.e., total order

except ties) on P. As an example, consider perturbing the Marshall-Boehner vote

correlation claim by replacing Marshall with Clyburn. Intuitively, U.S. Representa-

tives who are well recognizable to the public lead to more “natural” perturbations;

on the other hand, “relevant” perturbations are Representatives who are even more

liberal in ideology than Marshall (so as to counter the original claim’s suggestion that
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Marshall is conservative). While it is difficult to totally order the discrete domain of

Representatives, it makes sense to define a partial order based on their recognizability

and ideology. See Section 3.3 for more details.

2.2.2 Formulating Fact-Checking Tasks

We now show how to cast various fact-checking tasks as questions about the QRS

with the help of our framework.

Finding Counterarguments Given original claim xq, p0, r0y, a counterargument is a

parameter setting p such that SRpqppq; r0q ă 0; i.e., it weakens the original claim.

For example, Figure 2.1a shows counterarguments to Giuliani’s claim in orange and

red; they result in a lower percentage of increase (or even decrease) than what Giu-

liani claimed. Since there may be many counterarguments, we are most interested

in those weakening the original claim significantly, and those obtained by highly

sensible parameter perturbations. There is a trade-off between parameter sensibility

and result strength: if we consider counterarguments with less sensible parameter

perturbations, we might be able to find those that weaken the original claim more.

Finding counterarguments thus involves bicriteria optimization. We define the fol-

lowing problems:

(CA-τττRRR) Given original claim xq, p0, r0y and a result strength threshold τR ď 0, find

all p P P with SRpqppq; r0q ă τR that are maximal with respect to ĺp0 ; i.e.,

there exists no other p1 P P with SRpqpp1q; r0q ă τR and p1 ąp0 p.

(CA-τττPPP) Beyond the partial order on P, this problem requires the parameter sensi-

bility function SP. The problem is to find, given original claim xq, p0, r0y and

a sensibility threshold τP, all p P P where SPpp; p0q ą τP and SRpqppq; r0q is

minimized.
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For interactive exploration and situations when the choices of thresholds τR and τP

are unclear, it is useful to enumerate Pareto-optimal counterarguments in descending

order of parameter setting sensibility, until the desired counterargument is spotted.

This problem is formulated below:

(CA-po) This problem requires the parameter sensibility function SP. Given origi-

nal claim xq, p0, r0y and an integer k ą 0, find the k Pareto-optimal counterar-

guments p P P with the highest SPpp; p0q values. More precisely, we say that a

counterargument p dominates a counterargument p1 if i) SPpp; p0q ě SPpp1; p0q

(i.e., p is more sensible than or equally sensible as p1); ii) SRpqppq; r0q ď

SRpqpp1q; r0q (i.e., p weakens the original claim as much as or more than p1);

and iii) inequality is strict for at least one of the above. A Pareto-optimal

counterargument is one that is dominated by no counterarguments.

Reverse-Engineering Vague Claims As motivated in Section 2.1, many claims are not

stated precisely or completely; e.g., Giuliani’s adoption claim omits its parameter

values and rounds its result value. We still represent a vague claim by xq, p0, r0y.

However, p0 and r0 are interpreted differently from other problem settings. Here,

r0 may be an approximation of the actual result. For parameter values mentioned

explicitly by the claim, p0 sets them accordingly. On the other hand, for omitted

parameters, p0 sets them to “reasonable” values capturing the claim context. For

example, Giuliani’s adoption claim does not state the periods of comparison. We

simply use 1993–1993 and 2001–2001 for p0, i.e., pw0, t0, d0q “ p1, 2001, 8q, to capture

the claim context that Giuliani was in office 1994–2001 (p0 represents the comparison

between two 1-year window, the year before Giuliani’s term and the last year of his

term). Note that when picking p0, we do not need to tweak it to make qpp0q match

r0; with our problem formulation below, this reverse-engineering task will be carried

out automatically.
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Any parameter setting is a candidate for a reverse-engineered claim. The reverse-

engineering problem turns out to be very similar to the problem of finding counterarguments—

we still seek a sensible parameter setting p relative to p0, but we want p to lead to a

result that is close to r0 instead of weaker than it. The problem has three variants,

analogous to those for finding counterarguments.

(RE-τττRRR) Given vague claim xq, p0, r0y and a result strength threshold τR ą 0, find

all p P P with |SRpqppq; r0q| ă τR that are maximal with respect to ĺp0 .

(RE-τττPPP) Find, given vague claim xq, p0, r0y and a sensibility threshold τP, all p P P

where SPpp; p0q ą τP and |SRpqppq; r0q| is minimized.

(RE-po) Given vague claim xq, p0, r0y, and an integer k ą 0, find the k Pareto-

optimal reverse-engineered parameter settings p P P with the highest SPpp; p0q

values. We say that a reverse-engineered parameter setting p dominates an-

other one p1 if i) p ľp0 p; ii) |SRpqppq; r0q| ď |SRpqpp
1q; r0q|; and iii) inequality is

strict for at least one of the above. A Pareto-optimal optimal reverse-engineered

parameter setting is one that is dominated by no others.

Measuring Claim Quality Quantifying claim quality requires a parameter sensibility

function SP : P ˆ P Ñ R. Given the original parameter setting p0, we further

require SPp¨; p0q to define a probability mass function (pmf),3 or, if P is continuous, a

probability density function (pdf). Consider a “random fact-checker,” who randomly

perturbs the parameter setting according to SP; SPpp; p0q represents the relative

likelihood that the original parameter setting p0 will be perturbed to p. This random

fact-checker is more likely to pick settings that are “natural” and “relevant” (with

respect to the original claim), as explained earlier.

3 When P is finite and discrete, given any definition for SP, we can simply normalize it by
ř

pPP SPpp; p0q to obtain a pmf.
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There are a number of meaningful measures of claim quality; we highlight three

here. For simplicity of exposition, we assume that P is finite and discrete, and that

SP is a pmf. Generalization to the continuous case is straightforward.

(Fairness) The fairness of a claim xq, p0, r0y is

ÿ

pPP

SPpp; p0q ¨ SRpqppq; r0q. (2.1)

Intuitively, fairness is the expected strength (relative to r0) of a perturbed

claim generated by the random fact-checker. Fairness of 0 means the claim is

unbiased; positive fairness means the claim is understated; negative fairness

means it is overstated.

(Robustness) The robustness of a claim xq, p0, r0y is

exp

˜

´
ÿ

pPP

SPpp; p0q ¨ pmint0, SRpqppq; r0quq
2

¸

. (2.2)

Intuitively, robustness is computed from the mean squared deviation (from

r0) of perturbed claims generated by the random fact-checker. If a perturbed

claim is stronger than the original, we consider the deviation to be 0. We use

expp´¨q to ensure that robustness falls in p0, 1s. Robustness of 1 means all

perturbations result in stronger or equally strong claims; low robustness means

the original claim can be easily weakened.

(Uniqueness) The uniqueness (Wu et al., 2012) of a claim xq, p0, r0y is

1

|P|
¨
ÿ

pPP

1
`

SRpqppq; r0q ă 0
˘

. (2.3)
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Here, 1p¨q is an indicator function. In other words, uniqueness is the fraction of

all possible parameter settings that yield results weaker than the original claim.

This definition does not require a parameter sensibility relation or function (or

it can be seen as assuming a uniform pmf SPpp; p0q “
1
|P|). Low uniqueness

means it is easy to find perturbed claims that are at least as strong as the

original one.

Different quality measures make sense for claims of different types, or the same

claim viewed from different perspectives. For example, for a claim that singles out

some “entity” to be special—e.g., the Marshall-Boehner vote correlation claim in

Example 2, or one-of-the-few claims in (Wu et al., 2012) and Chapter 5—uniqueness

measures how special this entity really is among its peers. In this case, a peak in

QRS (over perturbations to the entity) is rewarded. On the other hand, for a claim

whose context is set by a condition—e.g., the Marshall-Boehner claim compute vote

correlation over a particular time period—fairness and robustness measure how the

claim holds up in different contexts. In this case, a peak in QRS (over perturbations

to the condition) is penalized.

Also, note that a claim can be fair but not robust—in that case, the claim reflects

the “average” case but still can be easily weakened because of ariability in the QRS.

For example, Giuliani’s claim fares better in fairness than in robustness. For fairness,

those perturbations that strengthen this claim (recall Figure 1.1) can somewhat

offset the perturbations that weaken it. For robustness, however, the strengths of

the stronger claims do not contribute to the measure, which focuses on the weaker

claims.
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Building Blocks

GetP: enumerate all parameter settings

GetPÓ: enumerate parameter settings in non-increasing order of sensibility

GetP-dıÓ: enumerate values in dim. ı in non-increasing order of sensibility
(Sec. 17)

GetP-cÓ: enumerate parameter settings in non-increasing order of

sensibility criterion 

(Sec. 20)

DivPpp0, τPq: divide P with sensibility above given threshold into zones

OptPpp0, ψq: find the parameter setting in zone ψ with optimal result strength

Problems

CA-τP: lowest-strength claim

above given parameter sensibility

CA-τR: highest-sensibility claim

below given result strength

CA-τR with SP defined on P

CA: k Pareto-optimal counterarguments

with highest sensibility

Algorithms

BaseCA-τP (Sec. 2.3.1)

BaseCA-τR (Sec. 2.3.1)

BaseCA-po (Sec. 2.3.1)

EnumCA-τP (Sec. 2.3.2)

Enum
weak

CA-τR (Sec. 2.3.2)

EnumCA-po (Sec. 2.3.2)

Enum
partial

CA-τR (Sec. 20)

LocCA-τP (Sec. 2.3.3)

LocCA-τR (Sec. 2.3.3)

LocCA-po (Sec. 2.3.3)

Figure 2.2: Notations for the algorithmic framework.

2.3 Algorithmic Framework for Fact-Checking

With the modeling framework in place, we now turn to our algorithmic framework for

fact-checking. To make our techniques broadly applicable, we want to develop more

generic algorithms than ones specialized for particular types of claims. However,

more efficient algorithms are only possible by exploiting specific properties of the

claims. To gain efficiency without sacrificing generality, we develop a series of “meta”

algorithms (also summarized in Figure 2.2):

• Our baseline algorithms (Section 2.3.1) assume only the availability of a gen-

erator function GetP, which returns, one at a time, all possible parameter

perturbations of the claim to be checked.

• To avoid considering all possible parameter perturbations, our advanced al-
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gorithms assume more powerful building blocks: functions that generate pa-

rameter settings in decreasing sensibility order (Section 2.3.2), and those that

support a locus approach for searching the parameter space (Section 2.3.3).

Instantiations of such building blocks for claims generalizing Examples 1 and

2 will be presented in Sections 3.2.2 and 3.3.2, respectively.

• Besides intelligent strategies for searching the parameter space, preprocessing

of the input data can significantly reduce the cost of query evaluation for each

parameter setting. Thus, we allow a customized data preprocessing function

to be plugged in. Sections 3.2.2 and 3.3.2 presents examples of how plugged-in

preprocessing helps with checking claims in Examples 1 and 2.

This approach enables an extensible system architecture with “pay-as-you-go”

support for efficient fact-checking—new claim types can be supported with little

configuration effort upfront, but more efficient support can be enabled by plugging

in instantiations of low-level building blocks, without re-implementing the high-level

meta algorithms.

We tackle finding counterarguments (CA) and reverse-engineering (RE) here,

and do not discuss how to compute various claim quality measures. Furthermore, we

focus on CA below, because (unless otherwise noted) our meta algorithms for RE are

straightforward adaptions of their counterparts for CA. Whenever their counterparts

use SRpqppq; r0q, these algorithms use |SRpqppq; r0q| instead; other aspects remain the

same.

When analyzing the time complexity of the meta algorithms below, we use µq to

denote the cost (in time) of evaluating the query template with a specific parameter

setting; we use µp to denote the cost of one GetP call. For brevity, we assume that

the cost of computing SRpqppq; r0q is dominated by that of computing qppq, so it is

Opµqq; we assume the cost of SPpp; p0q is Opµpq. The space complexity of the meta
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algorithms below does not include the space used for evaluating queries or calling the

plugin functions—unless otherwise noted, the total space consumption is bounded

by their sum, and is not affected by the number of times that these queries and

functions are evaluated.

2.3.1 Baseline Algorithms

The baseline algorithms assume nothing beyond the minimum required to define the

problems. To find counterarguments, these algorithms simply call GetP to consider all

possible parameter settings exhaustively. More details are presented below. Suppose

the original claim is xq, p0, r0y.

(BaseCA-τP) Given a parameter sensibility threshold τP, BaseCA-τP solves CA-τP

as follows. For each parameter setting p obtained from GetP, if p’s sensibility

SPpp; p0q ą τP, and if its result strength SRpqppq; r0q is no less than the lowest

result strength seen so far, BaseCA-τP remembers p and its result strength.

After considering all p P P, BaseCA-τP returns its remembered parameter set-

ting(s).

BaseCA-τP makes |P| calls to GetP, SP, q, and SR; therefore, its time complexity

is Θp|P|pµp`µqqq. BaseCA-τP may need to remember multiple settings that tie

for the lowest result strength so far. Such ties are rare in practice, so BaseCA-τP

usually uses constant space.

(BaseCA-τR) Given a result strength threshold τR, BaseCA-τR solves CA-τR by call-

ing GetP and considering each parameter setting p with SRpqppq; r0q ă τR—for

brevity we call such parameter settings qualified. BaseCA-τR remembers the

maximal subset A of all qualified parameter settings it has seen so far. To

update A, BaseCA-τR compares p to each element p1 P A: it removes all p1 from

A where p1 ĺp0 p, and adds p to A if p łp0 p1 for all p1 P A. After considering
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all p P P, BaseCA-τR returns A.

Let t ď |P| denote the maximum size reached by A during execution. BaseCA-

τR makes |P| calls to GetP, q, and SR, and Op|P|tq calls to ĺp0 . Its time

complexity is Op|P|ptµp ` µqqq and its space complexity is Optq.

Note that BaseCA-τR gracefully handles the special (and common) case where

ĺp0 defines a weak order (e.g., when ĺp0 is derived from SPpp; p0q). In this

case, A contains only the qualified parameter settings that tie for the highest

sensibility, and the total number of calls to ĺp0 is only |P|.

(BaseCA-po) Given k, BaseCA-po solves CA-po by calling GetP to consider each

possible parameter setting p. Finding the Pareto-optimal parameter settings

amounts to the well-studied problem of computing maximal points in 2-d (sen-

sibility and strength) (Kung et al., 1975; Börzsönyi et al., 2001). To avoid

storing sensibility and strength for all possible parameter settings, BaseCA-po

remembers only the Pareto-optimal subset A of all parameter settings seen so

far. We store A in a search tree indexed by sensibility, which supports Oplog tq

update time, where t ď |P| denotes the maximum size reached by A during

execution. After considering all p P P, BaseCA-po returns the k elements in A

with the highest sensibility.

BaseCA-po makes |P| calls to GetP, SP, q, and SR. It runs in Op|P|pµp log t`µqq

time with Optq space.

The baseline algorithms are practical for small parameter spaces. Their running

times, however, become prohibitive (especially for interactive use) when |P| is large,

because they must exhaustively examine all possible parameter settings before re-

turning any answer at all. Next, we propose more efficient algorithms enabled by

additional knowledge of the problem instances.
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2.3.2 Ordered Enumeration of Parameters

We now develop algorithms that take advantage of functions that enumerate, on

demand, all possible parameter settings in non-increasing order of sensibility. Ties

are broken arbitrarily. When the parameter space P is large, such functions enable

us to focus first on exploring the most sensible parts of P. There are three cases.

We start with the case (Section 2.3.2) when the parameter sensibility function

SPpp; p0q is defined, and an improved version of GetP, which we denote by GetPÓ, is

available for generating parameter settings with high SP first.

The second case (Section 17) extends the first, and is rather common for multi-

dimensional parameter spaces. Here, instead of requiring GetPÓ, we require, for each

dimension ı, a function GetP-dıÓ for enumerating the values in this dimension in non-

increasing order. We assume this order is consistent with the overall sensibility: i.e.,

given a parameter setting p, replacing its value for dimension ı with one that appears

earlier in this order cannot decrease SPpp; p0q. We give a general procedure that uses

the single-dimensional GetP-dıÓ’s to implement a single multidimensional GetPÓ, so we

can then apply the algorithms for the first case above. Giuliani’s adoption claim can

be handled with this approach, as we will see in Section 3.2—we need to specify how

to enumerate values in each of the three dimensions w, t, and d individually, but we

do not need to define how to enumerate pw, t, dq settings manually.

In the third case (Section 20), again, no single GetPÓ is given, but parameter

settings can be compared according to multiple criteria. For each criterion , a

function GetP-cÓ exists to enumerate parameter settings in order according to .

The GetP-cÓ’s together define a partial order ĺp0 on P. For example, as we will

see in Section 3.3, the Marshall-Boehner vote correlation claim, as far as entity

permutation is concerned, falls into this case—U.S. Representatives can be ordered by

either recognizability or ideology, and the two criteria together define a partial order.
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Furthermore, if a parameter sensibility function SP can be defined by monotonically

combining scores for these criteria, we provide a general procedure4 that uses the

multiple GetP-cÓ’s to implement a single overall GetPÓ, so we can apply the algorithms

for the first case.

We now present our algorithms for the above cases. In the following, as an abuse

of notation for simplicity, we shall continue using µp to denote the time for all GetPÓ

variants, but keep in mind that µp varies across different instances of these functions.

Algorithms based on GetPÓ

Suppose that given the parameter setting p0 of the original claim, GetPÓpp0q is avail-

able for generating parameter settings one at a time in non-increasing order of

SPpp; p0q. The algorithms for finding counterarguments can be improved as follows.

(EnumCA-τP) Given a parameter sensibility threshold τP, EnumCA-τP calls GetPÓ

repeatedly until it gets a parameter setting p with SPpp; p0q ď τP, at which

point EnumCA-τP terminates and returns the parameter settings with the lowest

relative strength seen so far.

EnumCA-τP improves on BaseCA-τP by examining only those parameter settings

whose sensibility is above the threshold.

(Enum
weak

CA-τR) Enum
weak

CA-τR solves CA-τR for the special case where a weak order

on P is available (recall from Section 2.2.2 that CA-τR requires only a par-

tial order; that more general case will be discussed in Section 20). Given a

result strength threshold τR, Enum
weak

CA-τR calls GetPÓ repeatedly until it gets

a qualified parameter setting p, i.e., with SRpqppq; r0q ă τR. At this point,

Enum
weak

CA-τR knows that p is an answer because unseen parameter settings must

4 Note that this procedure differs from the analogous procedure for the second case above; see the
end of Section 20 for detailed discussion.
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have equal or lower sensibility. To get remaining answers (that tie with p in

sensibility), Enum
weak

CA-τR continues until GetPÓ yields a parameter setting with

lower sensibility.

Enum
weak

CA-τR improves on BaseCA-τR because Enum
weak

CA-τR can terminate as soon

as it finds an answer and finishes examining other parameter settings with the

same sensibility. Also, its space complexity improves to Op1q because there is

no need to remember A as BaseCA-τR does.

(EnumCA-po) On a high level, EnumCA-po is similar to BaseCA-po. As EnumCA-

po considers each parameter setting returned by GetPÓ, it also incrementally

maintains the Pareto-optimal subset A of parameter settings seen so far, as in

BaseCA-po. Because GetPÓ returns parameter settings in non-increasing order

of sensibility, maintenance of A becomes much easier. We can store A as a list

and update A in Op1q time, as in Kung et al.’s algorithm for 2-d skyline (Kung

et al., 1975). Furthermore, |A| grows monotonically, so we can terminate once

|A| reaches k. For details, see Algorithm 1.

EnumCA-po runs in Opspµp ` µqqq time, where s ď |P| is the number of pa-

rameter settings it examines. It runs with Opkq space, where k is the desired

number of results. The improvement over BaseCA-po (Op|P|pµp log t`µqqq time

and Optq space) is significant in practice, because oftentimes s ! |P| and k ! t.

Enumerating Values in Each Dimension

Given the parameter setting p0 of the original claim, suppose that for each dimension

ı of the parameter space, a function GetP-dıÓpp0q is available for returning values

in dimension ı in order, such that SPpp; p0q is monotonically non-increasing with

respect to the ordinal number of p’s value for dimension ı in the sequence returned

by GetP-dıÓpp0q. Since it is possible for some combinations of single-dimensional values
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Algorithm 1: EnumCA-popxq, p0, r0y, kq.

1 AÐH; γA Ð 8 ; // γA always tracks the strength for the last answer in A

2 pÐ GetPÓpp0q;

3 while |A| ă k do
4 ∆ ÐH; // next set of answers, which tie with sensibility ρ and strength γ∆

5 ρÐ SPpp; p0q; γ∆ Ð 8;

6 while SPpp; p0q “ ρ do // consider all parameter settings with sensibility ρ
7 γ Ð SRpqppq; r0q;

8 if γ ă γA then // to be an answer, strength must be lower than γA
9 if γ ă γ∆ then // a new low strength is found

10 ∆ Ð tpu; γ∆ Ð γ;

11 else if γ “ γ∆ then // same strength; a tie
12 ∆ Ð ∆Y tpu;

13 pÐ GetPÓpp0q;

14 if p “ K then return AY∆; ;

15 if ∆ ‰ H then // add new Pareto-optimal answers
16 AÐ AY∆; γA Ð γ∆;

17 return A;

to be an invalid parameter setting, we also assume a Boolean function IsPValidpp; p0q

that tests the validity of p. With these functions, we now show how to implement

an overall GetPÓ by combining these multiple GetP-dıÓ’s.

A simple strategy is to obtain the list of values for each dimension ı by repeat-

edly calling GetP-dıÓpp0q, perform the Cartesian product of all lists to generate all

parameter settings, and then sort those that are valid. Suppose the number of val-

ues per dimension is Opηq. The space complexity is OpηdimpPqq and Ωp|P|q. The time

complexity is OpηdimpPq ` |P|pµq ` log |P|qq.

We can do better by exploiting the monotonicity of SP and calling GetP-dıÓpp0q

only when needed. The details are in Algorithm 2. We maintain the set of candidate

parameter settings in a priority queue Q, whose priority is defined by sensibility. Q is

initialized with an entry whose components are obtained by calling each GetP-dıÓpp0q

for the first time. Because of the monotonicity of SP, this entry has the highest
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sensibility in P. We always remove the highest-priority entry from Q and, if it is

valid, return it as the next parameter setting for GetPÓ. Suppose the entry removed

is pv1, . . . , vdimpPqq. We insert the “successors” of this entry into Q as candidate

parameter settings. Two entries e and e1 form a predecessor-successor relationship

if e1 can be obtained from e by replacing one component vı with the value that

GetP-dıÓpp0q returns after vı. Line 19 further ensures that we insert each candidate

parameter setting into Q exactly once (when its first predecessor in lexicographical

order is returned). For brevity of presentation, we assume there are no ties; it is

straightforward to extend the results here to handle the general case involving ties.

The space complexity of this algorithm is OpηdimpPq´1q, which is dominated by

the priority queue;5 cached values from GetP-d¨Ó calls together take only OpdimpPqηq.

The time complexity is OpηdimpPq dimpPq log ηq, with Oplog ηdimpPq´1q for each of the

OpηdimpPqq parameter settings enumerated. If we exhaust the parameter space P us-

ing this algorithm, by enumerating all possible values along all dimensions, the time

complexity can be higher than the baseline. However, this algorithm can stop exe-

cution early, enumerating only parameters in the “neighborhood” of p0. Additional

analysis in Section 3.2 will demonstrate this point analytically on a concrete problem

instance.

Enumerating Parameters by Criteria

Finally, consider the case where parameter settings can be compared according to

multiple criteria. More formally, given the parameter setting p0 of the original claim,

suppose that for each criterion , GetP-cÓpp0q is available for generating parameter

settings in decreasing order according to  (again, we assume no ties for brevity; it

5 To see this bound, note that Q never contains two entries where one precedes the other (immedi-
ately or transitively) in the partial order induced by the single-dimensional orders. This property is
ensured by the order of processing and Line 19 of Algorithm 2. Therefore, the projection of entries
in Q onto any subspace of dimpPq ´ 1 dimensions is one-to-one.
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Algorithm 2: GetPÓpp0q using GetP-d¨Ópp0q and IsPValidp¨; p0q.

For each dimension ı, Vı caches the values returned by GetP-dıÓ as a list.
Vı.lenpq returns the length of the list; Vı.getpjq, where 0 ď j ă Vı.lenpq, returns
the j-th value; Vı.appendpvq appends v to the list.

Candidate parameter settings are stored in a priority queue Q with sensibility
as priority. More precisely, instead of storing the value for each dimension ı,
we store the index of this value in Vı. Q.addpe, sq adds entry e with priority s
to Q; Q.removeMaxpq deletes the entry e with the highest priority s in Q, and
returns pe, sq; Q.containspeq tests if Q contains entry e.

1 dÐ dimpPq;

2 Vı ÐH foreach ı P r1, ds;

3 def nextVıpjq begin
4 if j “ Vı.lenpq ´ 1 then
5 v Ð GetP-dıÓpp0q;

6 if v “ K then return K; ;

7 Vı.appendpvq;

8 return j ` 1;

9 QÐH;

10 def ppxj1, j2, . . . , jdyq begin
11 return pV1.getpj1q, V2.getpj2q, . . . , Vd.getpjdq;

12 Q.add
`

xnextV1p´1q, . . . , nextVdp´1qy, SPpppx0, . . . , 0
loomoon

d

yq; p0q
˘

;

13 while Q ‰ H do
14 pe, sq Ð Q.removeMaxpq; // remove the highest-sensibility entry

15 for ıÐ 1 to d do // add successor e1 along each dimension
16 e1 Ð e; e1rıs Ð nextVıperısq;

17 if e1rıs ‰ K then
18 Q.addpe1, SPpppe1q; p0qq;

19 if erıs ą 0 then break; ;

20 if IsPValidpppeq; p0q then yield ppeq; ;

is straightforward to extend our results to handle the general case). The parameter

sensibility relation p1 ĺp0 p2 is defined as: @, GetP-cÓpp0q returns p1 later than p2.

The algorithm for CA-τR can be improved as follows.

(Enum
partial

CA-τR) Enum
partial

CA-τR calls each GetP-cÓpp0q in a round-robin fashion, and stops

as soon as it has encountered (and processed) a parameter setting that has been

returned by all GetP-cÓpp0q’s. This strategy is the same as the one employed
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by Borzsonyi et al.’s B-tree-based skyline algorithm (Börzsönyi et al., 2001),

and has an obvious connection to Fagin’s Threshold Algorithm (Fagin et al.,

2003), which efficiently computes k parameters with the highest aggregated

scores given by a monotone function w.r.t. each criterion.

As in BaseCA-τR, Enum
partial

CA-τR maintains the maximal subset A of all qualified

parameters settings seen so far. For each qualified parameter setting p (i.e.,

with SRpqppq; r0q ą τR), Enum
partial

CA-τR adds it to A if p łp0 p1 for all p1 P A. To

facilitate this check, we store A in a dynamic spatial index for orthogonal range

counting query, e.g., range tree. Note that Enum
partial

CA-τR never deletes from A

because the order of processing implies that p1 łp0 p for all p1 P A.

Let t denote the final size of the answer set, and let c denote the number of cri-

teria. With Oplogc tq time for querying and updating the dynamic orthongonal

range counting data structure (Chazelle, 1988), in the worst case, Enum
partial

CA-τR

has time complexity Op|P|plogc t ` µp ` µqqq and space complexity Optq.6 In

practice, however, it can perform significantly better than BaseCA-τR, because

its early stopping condition often results in examining much fewer than |P|

parameter settings. Also, the term t here is the size of the final answer set,

whereas the term t in BaseCA-τR’s complexity is the maximum size of A during

execution, which can be much larger.

For CA-τP and CA-po, recall that a parameter sensibility function SP is required.

Suppose that 1) parameter settings can be scored according to each criterion ,

2) GetP-cÓpp0q returns them in decreasing score according to , and 3) SP can be

defined by a monotone function combining scores for individual criteria. In this

6 In implementation, instead of using such a dynamic orthogonal range counting data structure,
we simply compare a qualified parameter setting against each of the Optq parameters of A. The
worse case time complexity of Enum

partial

CA-τR becomes Op|P|pt`µp`µqqq. With independent dimen-
sions/criteria, the expected size of A is Oplogc |P|q (Buchta, 1989).
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case, using Fagin’s Threshold Algorithm (Fagin et al., 2003), it is straightforward

to implement GetPÓpp0q by calling the GetP-cÓpp0q’s. With this GetPÓpp0q, we can

then use EnumCA-τP and EnumCA-po (Section 2.3.2) to solve CA-τP and CA-po,

respectively.

While the setup of monotone SP in the previous paragraph makes the problem

strikingly similar to that in Section 17, there is a fine but important distinction.

Here, each GetP-cÓ returns (full) parameter settings in P. In contrast, each GetP-dıÓ

returns only values for a single dimension ı of P, and the values must be combined to

generate full parameter settings. Therefore, while we can simply use the Threshold

Algorithm to implement GetPÓ from GetP-cÓ’s, the same approach does not work for

GetP-dıÓ’s — the algorithm in Section 17 is needed.

2.3.3 The Locus Approach

For certain types of query templates, there exist more powerful algorithmic build-

ing blocks for efficiently finding parameter settings with the “best” result strengths

within a region of the parameter space P, without trying all parameter settings

therein. For example, given a time series, with some preprocessing, it is possible

to find the data point with the minimum value within a given time range; as we

will show in Section 3.2.2, this building block allows us to find counterarguments for

Giuliani’s adoption claim quickly.

For these types of query templates, we develop algorithms that assume the avail-

ability of two functions: DivP is the parameter space division function, and OptP is

the parameter optimization function. On a high level, these two functions together

enable a locus approach: DivP divides P into “zones,” and OptP returns the “best”

parameter setting within each zone.

Formally, given a reference parameter setting p0 and a parameter sensitivity

29



threshold τP, DivPpp0, τPq returns a set of zones 7 in P, whose union covers tp P

P | SPpp; p0q ą τPu, the subset of P with sensibility above τP. Given a zone

ψ and a reference result r0, OptP has two variants: OptP-8pr0, ψq, for CA, re-

turns arg minpPψ SRpqppq; r0q, i.e., the parameter setting(s) in ψ with minimum result

strength relative to r0; OptP0pr0, ψq, for RE, returns arg minpPψ |SRpqppq; r0q|, i.e., the

parameter setting(s) in ψ whose result is closest to r0.

Using DivP and OptP-8, we have the following algorithms for CA. The algorithms

for RE are mostly identical, except that they use OptP0 instead of OptP-8. In the

following, let µd (and µo) denote the running time of DivP (and OptP per zone,

respectively).

(LocCA-τP) Given a parameter sensibility threshold τP, LocCA-τP simply calls DivPpp0, τPq

to divide the set of parameter settings above the sensibility threshold (relative

to p0) into a set of zones. Then, for each zone ψ, LocCA-τP calls OptPpr0, ψq

to find the best counterarguments. Finally, it returns the overall best counter-

arguments across all zones.

Let m denote the number of zones returned by DivP. The time complexity of

LocCA-τP is Opµd `mµoq. The improvement over EnumCA-τP comes from the

fact that m is oftentimes far less than the number of parameter settings with

sensibility above τP; on the other hand, µo is likely bigger than µq. Thus, the

overall savings hinge on the efficiency of OptP.

(LocCA-τR) This algorithm builds on top of LocCA-τP, and is applicable only when

a parameter sensibility function SP is available. Given τR, we take a guess of

the value of τP and call LocCA-τP. Suppose it returns an answer with sensibility

7 We leave the definition for a “zone” of P up to DivP and OptP. The only requirement is that zones
have compact descriptions, so they can be passed efficiently from DivP to OptP during processing.
For example, a zone in N3 may be succinctly described as a convex region defined by a small number
of inequalities. In contrast, an explicit list of member points would not be a good description for
the zone.
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x and result strength y. We know we have found the desired answer if 1) y ă

τR, and 2) calling LocCA-τP with τP “ x would return an answer with result

strength no less than τR.

We look for the right τP using an exponential search. Starting with a high

initial guess for τP, we iteratively lower it — effectively doubling the search

range for τP—until y ą τR. Then, we perform a binary search in the inferred

range of τR.

The number of steps in the exponential search is Oplog |P|q, though it can

be much smaller in practice when answers have high sensibility. The time

complexity of LocCA-τR is thus a factor of Oplog |P|q higher than LocCA-τP.

(LocCA-po) This algorithm also builds on top of LocCA-τP. We take an initial guess

of τP, and compute the Pareto-optimal parameter settings (up to k of them)

with sensibility higher than τP in decreasing sensibility order. These parameter

settings are obtained by calling LocCA-τP repeatedly—first with the initial τP,

and then subsequently with τP set to the sensibility of the parameter setting

returned by the last LocCA-τP call.

We look for the value of τP that gives us the desired number of Pareto-optimal

parameter settings using an exponential search. During this search, we take

care to avoid repeating LocCA-τP calls with sensibility thresholds that are (ef-

fectively) the same. See Algorithm 3 for details.

The number of steps in the exponential search is Oplog |P|q, though it can be

much smaller in practice as explained in the case of LocCA-τR above. The

time complexity of LocCA-po is Opk log |P|pµd `mµoqq, where m denotes the

maximum number of zones returned by a single DivP call.

We will see instantiations of DivP and OptP in Sections 3.2.2 and Section 3.3.2
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Algorithm 3: LocCA-popxq, p0, r0y, kq.

Assume that sensibility of all parameter settings fall within the range pšp, ŝpq.

Atopand Abotare lists of xkey, valy pairs, sorted in decreasing key order. Methods
prependp¨q and removeLastpq are self-explanatory. Assuming each val is a set,
totalpq returns the total size of all sets in the list, and totalXLastpq returns the
total size of all but the last set.

Atop contains all answers with sensibility higher than τ top; Abot contains all
answers with sensibility between a guessed threshold τ P pšp, τ

topq and τ top, right
inclusive. The algorithm progressively decreases τ top and increases the number
of answers until at least k answers are found. The number of answers returned
is capped around k.

1 Atop ÐH; τ top Ð ŝp; A
bot ÐH;

2 τ Ð initial guess in pšp, ŝpq;

3 while τ ´ šp ą ε do
4 Abot ÐH; γ Ð τ ;

5 while true do // grow Abot upwards
6 pγ1,∆q Ð LocCA-τPpxq, p0, r0y, γq;

7 if ∆ “ H or γ1 ą τ top then // Abot merges into Atop; start new round
8 Atop Ð Atop Y Abot; τ top Ð τ ; break;

9 Abot.prependpxγ1,∆yq;

10 while Abot ‰ H and Atop.totalpq`Abot.totalXLast() ě k do
11 Abot.removeLastpq;

12 γ Ð γ1;

13 if Atop.totalpq ě k then break; ;

14 τ Ð new guess in pšp, τq;

15 return Atop;

that would enable the above algorithms for claims generalizing our running examples.

32



3

Fact-Checking: Applications and Experiments

3.1 Introduction

In Chapter 2, we have introduced the QRS-based framework and defined within

the framework a series of interesting and practical problems for finding counter-

arguments of questionable claims and reverse-engineering vague claims. Meta algo-

rithms following a “pay-as-you-go” architecture were proposed to solve these com-

putational problems.

In this Chapter, we study two types of claims, namely Window Aggregate Com-

parison claims (Section 3.2) and Time Series Similarity claims (Section 3.3), gener-

alized from the Giuliani’s adoption claim (Example 1) and the Congressional voting

correlation claim (Example 2), respectively.

Extensive experiments are performed to validate the ability of our framework in

modeling fact-checking tasks and producing meaningful results (Section 3.4.1), as

well as the efficiency of the algorithms (Section 3.4.2).
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3.2 WAC: Window Aggregate Comparison Claims

Having described our modeling and algorithmic frameworks, we now show how to

check a class of claims generalizing Giuliani’s in Example 1. The generalized claim

template can also be applied to other time series data. As an example, we show

its application on the US monthly unemployment data in Section 3.4 (Section 3.4.1

details our choice of model parameters for that application).

3.2.1 Modeling WAC

Parameterized Query Template Here, the database is a sequence of positive numbers

x1, x2, . . . , xn. A window aggregate with window length w and endpoint t computes
ř

iPpt´w,ts xi.
1 The window aggregate comparison (WAC) query template is the func-

tion

qpw, t, dq “

ř

iPpt´w,ts xi
ř

iPpt´d´w,t´ds xi
, (3.1)

which compares two windows of the same length w P r1, n ´ 1s ending at t and

t ´ d, respectively. We call t P rw ` 1, ns the current time and d P r1, t ´ ws the

lead. Hence, the parameter space P is the set of points in N3 enclosed by a convex

polytope, and the result space R is R`. The size of P for a data sequence of length

n is Opn3q.

Result Strength Suppose the claim boasts an increase of aggregate value over time

(which is the case for Giuliani’s adoption claim). As mentioned in Section 2.2.2, we

define the result strength function as SRpr; r0q “ r{r0´1. (On the other hand, if the

claim boasts a decrease, e.g., “crime rate is dropping,” we would replace r{r0 with

r0{r in SRpr; r0q.)

1 Here we assume sum; extensions to other common aggregation functions are straightforward.
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Parameter Sensibility We define parameter sensibility by dividing it into two com-

ponents — “naturalness” Natppq (independent of p0) and “relevance” Relpp; p0q (de-

pendent on p0):

SPpp; p0q9Natppq ¨ Relpp; p0q. (3.2)

We normalize SPpp; p0q so that it is a pmf over P given p0. Note that it also

induces a weak order on P.

First, consider naturalness. In general, for time series data, certain durations

are more natural than others. For example, for monthly data, multiples of 12 (i.e.,

years) are more natural than multiples of 3 but not of 12 (i.e., quarters), who are

in turn more natural than integers not divisible by 3. For Giuliani’s adoption claim

over yearly adoption data, durations that are multiples of 4 are natural because the

term of the New York City mayor is four years. Recognizing that a domain of time

durations often has a periodic structure, we define naturalness for such a domain

using a set of (usually a few, and often not disjoint) levels whose union is N. Each

level ` is specified by a pair pχ`, π`q. Here, χ` is the naturalness score associated

with level `; π` ě 1 is an integral period that defines the domain values in level ` as

Np`q “ tv P N | v mod π` “ 0u. The naturalness score of a duration v is given by

maxtχ` | v P Np`qu; i.e., the maximum score that v is associated with.

For WAC, let p “ pw, t, dq. Window length w and lead d are both durations, and

contribute to the naturalness of p. We define

Natppq “ Natwinpwq ¨ Natleadpdq, (3.3)

where Natwin and Natlead are naturalness scoring functions for the domains of w

and d as discussed above. Specifically, for Giuliani’s claim, we define naturalness for

both domains using three levels p1, 1q, pe, 4q, pe2, 8q. Here, periods 4 and 8 reflect
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the natural term lengths of New York City mayors; the choice of e as bases is for

convenience (when multiplied with a Gaussian relevance term). More sophisticated

naturalness modeling is certainly possible, but we have found this definition to be

adequate in our experiments.

Second, consider relevance. Generally speaking, the relevance of a parameter

setting decreases with the magnitude of perturbation from the parameter setting

of the original claim. For WAC, let p0 “ pw0, t0, d0q denote the original parameter

setting. We define Relpp; p0q to be a 3-d normal distribution centered at p0, i.e.,

Relpp; p0q “ Relwinpw;w0q ¨ ReltEndpt; t0q ¨ Relleadpd; d0q, where

Relwinpw;w0q “
1

?
2πσwin

exp

ˆ

´
pw ´ w0q

2

2σwin
2

˙

,

ReltEndpt; t0q “
1

?
2πσtEnd

exp

ˆ

´
pt´ t0q

2

2σtEnd
2

˙

,

Relleadpd; d0q “
1

?
2πσ lead

exp

ˆ

´
pd´ d0q

2

2σ lead
2

˙

(3.4)

In other words, Relpp; p0q “ p2πq
´3{2|Σ|´1{2 exp

`

´1
2
pp´ p0q

TΣ´1pp´ p0q
˘

is the

pdf of a 3-d normal distribution Npp0; Σq, where Σ “ diagpσwin
2, σtEnd

2, σ lead
2q.

Specifically, for Giuliani’s claim, pσwin, σtEnd, σ leadq “ p5, 1, 10q. Here, a small σtEnd

penalizes perturbation in t, because its original setting reflects the end of Giuliani’s

term; a large σ lead allows more flexibility in perturbing d than w, as w is more con-

strained by Giuliani’s term.

Recall that Figure 2.1b illustrates the overall parameter sensibility function—the

product of naturalness and relevance—for Giuliani’s claim when fixing w “ 6.

Fact-Checking Tasks The modeling above immediately enables the formulation of all

problems in Section 2.2.2 related to finding counterarguments and reverse-engineering
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for WAC claims. Among the claim quality measures, fairness and robustness are

useful to WAC claims in the sense discussed in Example 1; uniqueness could be

useful in seeing whether the adoption trend existed under other mayors’ terms (had

more historical data been available).

3.2.2 Algorithmic Building Blocks for WAC

Preprocessing to Speed up Queries

Answering a WAC query given parameters pw, t, dq normally takes Ωpwq time because

it must examine all data in the windows being compared. By preprocessing the

input sequence into a sequence of prefix sums, we can reduce the query time to

Op1q. More specifically, given the input data x1, x2, . . . , xn, define x̄i “
ři
j“1 xj for

i P r1, ns. With one pass over the input data, we compute and materialize the prefix

sums x̄1, . . . , x̄n in Opnq time. For a given point pw, t, dq, the WAC query becomes

qpw, t, dq “ x̄t´x̄t´w
x̄t´d´x̄t´d´w

, which can be computed in Op1q time.

Ordered Enumeration of Parameters

Enabling ordered enumeration of parameters for WAC is straightforward. As dis-

cussed in Section 17, for each of the three dimensions w, t, and d of P, we simply

need to provide a function to enumerate its values in descending order of their con-

tribution to SP; we also need to define the Boolean function IsPValid to test the

validity of pw, t, dq combinations. Algorithm 2 in Section 17 can then combine these

functions automatically to provide ordered enumeration of full parameter settings.

We show how to implement GetP-dwÓ pw0q for the dimension of window length w,

where w0 is from the original claim’s parameter setting. Recall from Section 3.2.1 that

w contributes to both naturalness and relevance. For w values within the same level

of naturalness, enumerating them in the decreasing relevance order is straightforward,

because they are found at increasing distance from w0. To enumerate w values in
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Algorithm 4: GetP-dwÓ pw0q for WAC claims.

Priority queue Q stores triples of the form pv, s, `q, where v is the parameter
value, s is its contribution to SP and serves as priority, and ` is the level (with
the highest naturalness score) that v is associated with. Methods addp¨, ¨, ¨q and
removeMaxpq are self-explanatory.

1 def contrib`pwq begin
2 return χ`p

w´w0

σw
q2;

3 def next`pw, increaseq begin
4 if increase then
5 if w “ w0 then w1 Ð w0 ´ pw0 mod π`q ` π` ;

6 else w1 Ð w ` π`; ;

7 else
8 if w “ w0 then w1 Ð w0 ´ pw0 mod π`q ;

9 else w1 Ð w ´ π`; ;

10 if w1 P r1, ns then return w1 ;

11 else return K; ;

12 QÐH;

13 foreach level ` do
14 foreach increase P ttrue, falseu do
15 w Ð next`pw0, increaseq; Q.addpw, contrib`pwq, `q;

16 while Q ‰ H do
17 pw, s, `q Ð Q.removeMaxpq;

18 w1 Ð next`pw, pw ą w0qq;

19 if w1 ‰ K then Q.addpw1, contrib`pw
1q, `q; ;

20 yield w;

order of their overall contribution to SP, we perform enumeration across all levels of

naturalness in parallel, using a priority queue to merge values from different levels

into single stream. For details, see Algorithm 4.

The dimension of lead d is analogous. The dimension of endpoint t is simpler as

it does not contribute to naturalness; we simply return t values in increasing distance

from t0. Function IsPValid checks t ´ d ´ w ą 0, to ensure that the earlier window

falls completely within the input sequence.

To understand the complexity of ordered enumeration, we note that all parameter
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settings above a given sensibility τP fall within the ellipsoid centered at p0 given by

pp´ p0q
TΣ´1

pp´ p0q “ ´p2 ln τP ` ln |Σ| ` 3 lnp2πqq. (3.5)

See Figure 3.1 for an illustration (a slice of the bounding ellipsoid is outlined in

red; ignore the “zones” for now).

The yellow dots ( ) belong to the zone for the level with period 1 and the lowest

naturalness; the four types of red dots (- ), distinguished by their color satu-

ration and orientation, belong to the four zones (with h “ 0, 1, 2, 3) that make up

the level with period 4 and higher naturalness. We show only two levels here for

simplicity.

Let r̃ denote the length of the longest semi-principal axis (measure by the number

of possible values on it) of this ellipsoid; we call r̃ the interesting solution radius. For

CA-τP, r̃ is determined by the given τP. For CA-τR (or CA-po), r̃ is determined by

the “effective” τP, i.e., the sensibility of the answer (or the lowest sensibility in the

answer set, respectively). The same analysis applies to the variants of RE. Using

the results in Section 17, the time and space complexities of ordered enumeration for

WAC are Opr̃3 log r̃q and Opr̃2q, respectively. In the worst case, r̃ “ Θpnq. However,

in practice, a counterargument or reverse-engineered claim is often close to p0, so

r̃ ! n, and ordered enumeration will run much faster than the Opn3q baseline.

The Locus Approach

We now show how to enable an efficient locus approach to checking WAC claims, by

defining functions DivP and OptP (Section 2.3.3). The subset of P above sensibility

threshold τP is a set of 3-d grid points. Roughly speaking, our approach “slices”

this subset using planes perpendicular to the w axis, and computes the best answer

within each slice.
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Divide In more detail, the parameter space division function DivP works as follows.

For each possible window length w and for each naturalness level ` in the domain of d

specified by pχd` , π
d
` q, consider the uniform pt, dq grid in the plane shown in Figure 3.1.

For a subset of grid bounded by a convex region, dictated by the problem definition

and the minimum sensibility threshold τP, we further divide it into πd` subgrids, with

spacing of πd` , and offsets 0, 1, . . . , πd` ´ 1 along the t-dimension.2 Formally, for each

h P r0, πd` q, we define such a subgrid as a zone ψw,`,h as follows:

t ď n ^ t´ d ě w; (3.6)

d mod πd` “ 0; (3.7)

´

t´t0
σt

¯2

`

´

d´d0

σd

¯2

ă ´ ln τ, where τ “ τP
Natwinpwq¨Relwinpw;w0q¨χd`

; (3.8)

t mod πd` “ h. (3.9)

Here is some intuition of why a zone is defined as above. Consider a zone ψw,`,h.

First, with w fixed, qpw, t, dq can be written as yt{yt´d (y will be formally defined

below). Given this decomposition of q, in order to maximize/minimize qpw, t, dq,

we only need to maximize/minimize yt and minimize/maximize yt´d, which is a 1-d

problem. However, not all combinations of pt, dq are valid according to the semantics

of WAC claim. Constraint (3.9) ensures that for any t, values of d for valid pt, dq

combinations are contiguous in ψw,`,h, which is convenient for optimization as shown

below.

Optimize: CA Next, we show how to optimize each zone returned by DivP. For the

problem of finding counterarguments, we define OptP-8 for WAC (Algorithm 5) as

follows. Note that each zone ψw,`,h is associated with an equally-spaced subsequence

2 This further division is for the convenience of OptP. With this division, each zone is associated
with an equally-spaced sequence of time points, such that every pair of time points in this sequence
satisfying Constraints (3.6) and (3.8) corresponds to a parameter setting in the zone.
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Constraint (3.8)

π “ 1

Constraint (3.8)

π “ 4

t

d

pt0, d0q

Figure 3.1: Illustration of zones ψw,`,h (for a fixed w) dividing the parameter space
of WAC claims.

of time points I “ ti | i mod πd` “ h ^ imin ď i ď imaxu, where imin and imax are

derived from the constraints on t and d imposed by the zone. We compute the window

aggregate result (with window length w) for each of these time points, obtaining a

sequence Y “ tyi | i P Iu, where yi “
ř

jPpi´w,is xj “ x̄i ´ x̄i´w. Recall that the

x̄i’s are precomputed prefix sums, so computing Y takes Op|Y |q time. Every pt, dq

setting in zone ψw,`,h corresponds to a pair of time values, namely pi1, i2q “ pt´d, tq;

we call such pairs valid. Note that SRppw, t, dq; r0q “
1
r0
¨
yi2
yi1
´ 1.

Thus, to minimize SRppw, t, dq; r0q within the zone, we look for a valid pi1, i2q pair

that minimizes
yi2
yi1

. To this end, for each valid i2 value, we determine the range of

valid i1 values within which to maximize yi1 . Because of the convexity of the zone,

this range covers a contiguous subsequence of tyiu. Hence, given i2, the maximization

problem reduces to a range-maximum query over a (static) sequence, a well-studied

problem. The sequence Y can be preprocessed in linear (Op|Y |q) time into a linear-

space data structure, such that any range-maximum query can be answered in Op1q

time (Harel and Tarjan, 1984).3 We use the same notion of “interesting solution

radius” r̃ introduced in Section 3.2.2 to analyze the complexity of the locus approach

3 We actually use a simpler implementation based on Tarjan’s offline LCA algorithm (Tarjan,
1979). It has linear space and preprocessing time, but Opαp|Y |qq time per range-maximum query
(where αp¨q is the inverse Ackermann function), which already provides adequate performance.
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Algorithm 5: OptP-8pr0, ψw,`,hq for WAC claims.

Lines 1, 5, and 6 optimize under Constraints (3.6), (3.7), (3.8), and (3.9);

details are omitted.

// Determine the range of time points:

1 imin Ð mintt´ d | pw, t, dq P ψw,`,hu; i
max Ð maxtt | pw, t, dq P ψw,`,hu;

2 for piÐ imin; i ď imax; iÐ i` πd` q do yi Ð x̄i ´ x̄i´w; ;

3 YÐ a data structure for tyiu supporting range-maximum queries;

// Search the zone, one t value at a time:

4 t‹ Ð K; d‹ Ð K; s‹ Ð 8;

5 foreach i2 P tt | Dd : pw, t, dq P ψw,`,hu do
6 imin

1 Ð minti1´ d | pw, i2, dq P ψw,`,hu; i
max
1 Ð maxti1´ d | pw, i2, dq P ψw,`,hu;

7 pi1, yi1q Ð Y.range-maxprimin
1 , imax

1 sq;

8 sÐ
yi2
yi1
{r0 ´ 1;

9 if s ă s‹ then
10 t‹ Ð i2; d‹ Ð i2 ´ i1; s‹ Ð s;

11 return pw, t‹, d‹q;

for WAC with the DivP and OptP-8 described here. The time complexity of finding

counterarguments for WAC is improved to Opr̃2q — with the space divided into

Opr̃q slices, each taking Opr̃q time to solve—compared with Opr̃3 log r̃q for ordered

enumeration. The space complexity is improved to Opr̃q, compared with Opr̃2q for

ordered enumeration.

Optimize: RE For reverse-engineering WAC claims, we define OptP0 as follows.

Given a zone ψw,`,h, we derive I and precompute the sequence Y “ tyi | i P Iu

as in OptP-8, such that each pt, dq setting in the zone corresponds to a pair of time

points in I, namely pi1, i2q “ pt ´ d, tq. However, instead of minimizing 1
r0
¨
yi2
yi1
´ 1

over all valid pi1, i2q pairs as in OptP-8, we want to minimize the absolute result

strength difference | 1
r0
¨
yi2
yi1
´ 1|, or equivalently, | 1

yi1
| ¨ |yi1 ´

yi2
r0
|.

Given a valid i2 value, we can determine the range of valid i1 values associated

with i2, as in OptP-8. Recall that OptP-8 preprocesses Y , issues a query for each i2

to find the best i1 in the associated range, and then picks the overall best pi1, i2q
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pair. Here, however, we find the overall best pi1, i2q using a sweep line procedure,

which essentially considers the i1 ranges associated with all valid i2’s in batch. To

illustrate, let us map the sequence Y “ tyi | i P Iu to a set of points tpi, yiq | i P Iu

in 2-d as shown in Figure 3.2. For each valid i2 value and its associated i1 range,

we draw a horizontal line segment spanning the i1 range, at height
yi2
r0

. It is easy to

see that i1 value that minimizes | 1
r0
¨
yi2
yi1
´ 1| within this range corresponds to either

the closest point above the segment or the closest point below the segment (with the

constraint that the segment contains the projections of these points). Hence, the

problem reduces to that of finding such closest point-segment pairs. To solve this

problem, we sort the segments by the horizontal coordinates of their endpoints. We

sweep a vertical line from left to right. During the sweep, we incrementally maintain

the set of segments intersected by the sweep line in a 1-d search tree (e.g., B-tree)

with the height of a segment as its key. For each point pi, yiq encountered by the

sweep line, we probe the search tree with yi for the active segments with heights

closest to yi (above and below). We keep track of the best point-segment pair (i.e.,

one with the smallest | 1
r0
¨
yi2
yi1
´ 1|) seen so far during the sweep, and return it at the

end of the sweep.

Preparing the segments for the sweep takes Op|Y | log|Y |q time. The sweep

takes Op|Y |q steps, each of which takes Oplog|Y |q time. Therefore, OptP0 takes

Op|Y | log|Y |q time and Op|Y |q space. Similar to finding counterarguments earlier,

the parameter space is divided into Opr̃q slices by DivP, each taking Opr̃ log r̃q time

to solve by OptP0. Thus, the overall time complexity is Opr̃2 log r̃q. The space re-

quirement is again linear.

3.3 TSS: Time Series Similarity Claims

We now turn to a class of claims generalizing the vote correlation claim in Example 2.
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pi1, yi1qfind two
closest segments

valid i1 range given i2

yi2
r0

i1

y

Figure 3.2: Illustration of the sweep line procedure used by OptP0 for reverse-
engineering WAC claims. Points corresponding to Y are drawn as black dots. Seg-
ments currently intersected by the (red) sweepline are drawn using thick lines.

3.3.1 Modeling TSS

Parameterized Query Template Here the database contains information about m

entities identified as 1, 2, . . . ,m. Each entity u is associated with a time series

Xu “ txu,1, xu,2, . . . , xu,nu. A function simT pXu, Xvq, where T Ď r1, ns and u, v P

r1,ms, computes the similarity between two time series txu,t P Xu | t P T u and

txv,t P Xv | t P T u, i.e., Xu and Xv restricted to the subset of timesteps in T . The

time series similarity (TSS) query template is the function

qpu, v, a, bq “ simra,bspXu, Xvq, (3.10)

which compares source entity u against target entity v (u ‰ v) over the time

period ra, bs Ď r1, ns. Entity v is typically well recognizable to the audience, and

serves as the target of comparison in order to claim something desirable about u.

For example, in the Marshall-Boehner claim (reverse-engineered) of Example 2,

v is Boehner and u is Marshall; a corresponds to January 2007, and b corresponds to

October 14, 2010, the time when the claim was made. Each vote is one of yea, nay,

present but not voting, and absent. The similarity between two Representatives over

a period is computed as the number of times they both voted yea or nay, divided by
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the number of times neither is absent.

Result Strength and Parameter Sensibility We can investigate a TSS claim in multiple

ways by parameter perturbation— changing the period of comparison, replacing the

entities being compared, or both—which lead to multiple useful problem formula-

tions. In many cases, it makes sense to perturb some instead of all parameters; doing

so gives cleaner problem formulations and solutions that are easier to interpret. Since

different problem formulations call for different setups for parameter sensibility and

result strength, we organize our discussion below by problem formulation.

Finding Counterarguments by Perturbing Comparison Period (TSS-CAaaabbb) Here, we fix

u and v to those in the original claim, and consider counterarguments obtained by

perturbing a and b. We call this problem TSS-CAab. Suppose higher similarity

strengthens the claim (which is the case for the Marshall-Boehner claim). We define

the result strength function as SRpr; r0q “ r´r0. For parameter sensibility, we define

the sensibility of pa, bq relative to pa0, b0q as the product of naturalness and relevance,

as in Eq. (3.2).

In more detail, naturalness stems from a. In the vote correlation example, values

of a that correspond to the beginning of some session of Congress are the most

natural. As with the naturalness of durations discussed in Section 3.2.1, we define

naturalness of time points using a set of (not necessarily disjoint) levels whose union is

N. However, we do not require levels to be periodic in this case. In general, each level

` is specified by a pair pχ`, λ`q, where χ` is the naturalness score associated with level `

and λ` : NÑ tfalse, trueu is a condition that “selects” the domain values in level `.

Again, the naturalness score of a time point t is given by maxtχ` | λ`ptq “ trueu; i.e.,

the maximum score that v is associated with. Specifically, for the Marshall-Boehner

claim, we define naturalness of a using two levels p1, t ÞÑ trueq and pe, t ÞÑ t P Nbeginq,
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where Nbegin is the subset of r1, ns corresponding to the beginning of some session of

Congress.

The relevance of p “ pa, bq relative to p0pa0, b0q decreases with the distance be-

tween them, and is defined analogously to WAC claims in Eq. (3.4), Section 3.2.1:

Reltimepp; p0q “ p2πq
´1
|Σ|´1{2 exp

ˆ

1

2
pp´ p0q

TΣ´1
pp´ p0q

˙

,

where Σ “ diagpσbegin
2, σend

2
q.

(3.11)

Specifically, for the Marshall-Boehner claim, pσbegin, σendq “ p1000, 1q. We use a

small σend to penalize perturbation in b, because its original setting reflects the time

of the claim.

With the definitions above, we obtain the three variants of the problem of finding

counterarguments in Section 2.2.2, for perturbations of the comparison time period.

Finding Counterarguments by Perturbing Entities (TSS-CAuuu) Now, consider counter-

arguments obtained by perturbing entity parameters, while fixing a and b (to their

settings from the original claim, a counterargument obtained from TSS-CAab, or a

reverse-engineered claim as discussed later). Replacing both u and v would lead

to settings with strenuous connection to the original claim, so we consider per-

turbing u only (as in the counterarguments made by professional fact-checkers at

factcheck.org in Example 2).4 We call this problem TSS-CAu.

Intuitively, we want to find an entity u that is recognizable to the audience, yet

does not have the property that the original claim tries to suggest for u0. For example,

the property suggested by the Marshall-Boehner claim is “being conservative,” so to

counter it, we choose a well-known Democrat Jim Clyburn. In general, we model

4 It is also plausible to consider perturbing v alone; e.g., we could replace Boehner in the vote
correlation claim with a leading Democrat to argue that Marshall also votes with liberals. We omit
the discussion here as the problem formulation changes only slightly.
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the aspects of recognizability and (deviation from) suggested property as naturalness

Natsrcpuq and relevancy Natsrcpuq, respectively. Instead of combining the two scores

into a parameter sensibility function, we use a parameter sensibility relation ĺu0

to define a partial order: u1 ĺu0 u2 iff Natsrcpu1q ď Natsrcpu2q and Natsrcpu1;u0q ď

Natsrcpu2;u0q.

Specifically, for the vote correlation claim, we assume that each Representative e

is annotated with a recognizability score e.rec P R (higher means more recognizable)

and an ideology score e.ide P R (higher means more conservative); see Section 3.4

for how we obtain these annotations. We define:

Natsrcpuq “ u.rec; (3.12)

Natsrcpu;u0q “ u0.ide´ u.ide; (3.13)

Note that Natsrcpe;u0q is defined such that liberal Representatives will be scored

higher, because for this example, we want to use such Representatives to counter the

claim that high vote correlation with Boehner implies being conservative.

As for result strength, note that a Representative used to counter the claim should

have reasonable (relative to Marshall) vote correlation with Boehner — the higher the

better. Therefore, we define the result strength function as SRpr; r0q “ r0 ´ r (note

the reversal from the case of TSS-CAab). In other words, higher vote correlations in

this case lead to better counterarguments that weaken the original claim more.

With above definitions, we obtain variant CA-τR of the problem of finding coun-

terarguments for perturbations of the source entity.

Reverse-Engineering Vague Claims TSS claims always mention u explicitly, so for

reverse-engineering, we only consider settings of a, b, and v. For example, in the

original claim of Example 2, u is Marshall; v is vaguely stated as “Republican lead-

ers”; a and b are omitted. Suppose SPtgtpvq captures how “sensible” v is in the
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context of the original claim. We then define the overall parameter sensibility func-

tion by multiplying this v-based score with the time-based scores defined earlier for

TSS-CAab:

SP ppv, a, bq; pv0, a0, b0qq “ SPtgtpvq ¨ Natbeginpaq ¨ Relbeginpa; a0q ¨ Relendpb; b0q. (3.14)

Given the nature of vague TSS claims, choices of v are often limited; such is the

case for “Republican leaders” in Example 2. Suppose there are η “sensible” choices

of v. We can simply define SPtgtpvq “ 1{η for all sensible choices of v, and 0 for

other entities. For the specific definition of “sensible choices” for the vote correlation

claim, see Section 3.4.

We define the result strength as SRpr; r0q “ r ´ r0, which simply reflects the

difference between results (reversing the direction of subtraction would make no

practical difference).

These definitions give us all variants of the reverse-engineering problem discussed

in Section 2.2.2.

Measuring Claim Quality Claim qualities can be measured by perturbing either the

comparison period or the entities. First, consider the perturbations of a and b while

fixing the original u and v. We use the result strength and parameter sensibility

functions defined earlier for TSS-CAab (SP needs to be normalized to a pmf). Among

the claim quality measures defined in Section 2.2.2, both fairness and robustness are

useful in this case; uniqueness is not.

Second, considering other settings of u and v give us a sense of how special the

degree of similarity in the original claim is. (Fixing either u or v, instead of both,

also leads to meaningful formulations.) Here, we define the parameter space P to be

all possible pu, vq pairs (unique up to order) where u ‰ v. In this case, uniqueness

makes obvious sense, when we define SRpr; r0q “ r ´ r0 (assuming higher similarity
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strengthens the claim).

In the second case above, we can further define a parameter sensibility function

that assigns equal probability to each pu, vq P P. With this pmf, fairness becomes

a useful measure as well. It computes the average relative strength of perturbed

claims; a positive or small negative value means the claimed similarity is actually

not high in comparison.

Other Applications TSS claims can be applied to other multi-time series data sets,

such as stock prices over time, and sports players’ game-by-game performance stats.

We do not detail the other applications in this dissertation.

3.3.2 Algorithmic Building Blocks for TSS

Preprocessing to Speed up Queries

For TSS-CAab, we are given entities u and v but need to permute the time period

ra, bs. We preprocess the two time series Xu “ txu,tu and Xv “ txv,tu so that queries

with any pa, bq setting can be quickly answered. At the very least, the two time series

can be materialized separately from the input data and further indexed by time. If

the similarity function simra,bspXu, Xvq is a distributive or algebraic aggregate (Gray

et al., 1996) over the set tsimrt,tspXu, Xvq | t P ra, bsu of point-wise similarities—which

is the case for vote correlation claims—we can do better. In this case, using an idea

similar to that of prefix sums in Section 3.2.2, we define s̄i as the number of times

during r1, is that u and v agreed (i.e., they both voted yea or nay), and c̄i as the

number of times u and v both voted (i.e., neither was absent), where i P r0, ns. We

can incrementally compute the s̄i’s and c̄i’s with one pass over Xu and Xv, starting

with s̄0 “ c̄0 “ 0. Then, with materialized s̄i’s and c̄i’s, we can compute each query

simra,bspXu, Xvq “
s̄b´s̄a´1

c̄b´c̄a´1
in Op1q time.

For TSS-CAu, we are given the time period ra, bs and the target entity v, but
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need to permute the source entity u. In this case, precomputing the queries for

different source entities brings no benefit compared with computing them on demand.

However, in the preprocessing step, we cache the portion of Xv during ra, bs in

memory, so any subsequent queries comparing Xu with Xv only needs to retrieve the

corresponding portion of Xu.

For TSS-RE, we need to find the best pv, a, bq settings while u is fixed. In this

case, for each sensible choice of v, we perform the same preprocessing as in TSS-CAab,

so that we can compute each query in Op1q time.

Ordered Enumeration of Parameters

For TSS-CAab, enabling ordered enumeration of pa, bq settings is straightforward—we

follow the same approach as for WAC claims in Section 3.2.2, i.e., by providing a

function to enumerate values in each parameter dimension in order. The dimension

of b contributes only to naturalness, so we simply enumerate b values in increasing

distance from b0. The dimension of a contributes to both naturalness and relevance,

and can be handled in a way similar to the dimension of window length for WAC

claims in Section 3.2.2 — enumerating values across all levels of naturalness in par-

allel and merging them using a priority queue. The only modification required to

Algorithm 4 is a slight generalization of the procedure next`: here, instead of return-

ing the next value divisible by period π` of level `, we return the next value satisfying

the condition λ` for level `. Finally, we define IsPValid to ensure that a ď b.

For TSS-CAu, the source entity parameter u needs to be permuted, and its values

are partially ordered by the two criteria of naturalness and relevance. In the case of

vote correlation claims, these criteria are recognizability (Eq. (3.12)) and ideology

(Eq. (3.13)), respectively. It is straightforward to provide a function for enumerating

entities by each criterion. Then, as discussed in Section 20, algorithm Enum
partial

CA-τR

immediately becomes applicable.
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Finally, for TSS-RE, we extend the method for enumerating pa, bq described above

for TSS-CAab with the additional dimension of target entity v. In addition to the

already defined functions for enumerating a and b, we simply add a function that enu-

merates v in decreasing order of SPtgtpvq (recall Eq. (3.14)). For the Marshall-Boehner

claim, this function simply enumerates all Representatives who can be regarded as

“Republican leaders.”

The Locus Approach

We now describe how to enable the locus approach for TSS-CAab and TSS-RE (this

approach is not applicable to TSS-CAu). At a high level, the approaches are similar

to those for WAC claims described in Section 20, but the details and underlying

algorithmic challenges differ.

TSS-CAaaabbb Given a p0 “ pa0, b0q and a sensibility threshold τP, we want to compute

p “ pa, bq that minimizes SRpqppq; qpp0qq, where p satisfies SPpp; p0q ą τP.

Observe that the subset of pa, bq parameter settings above τP is a set of 2-d grid

points. This subset is analogous to a slice of the 3-d grid points (with w fixed) in

Section 20, but further division into zones is simpler in this case. For each naturalness

level ` in the domain of a specified by pχ`, λ`q, we let DivP return zone ψ` defined by

the constraints below 5:

1 ď a ď b ď n; (3.15)

λ`paq “ true; (3.16)

ˆ

a´ a0

σa

˙2

`

ˆ

b´ b0

σb

˙2

ă ´ ln
τP
χ`
. (3.17)

5 Narrow windows do not make sense. The model and algorithm can be adapted to penalize for
this.
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In the case of vote correlation claims, there are simply two zones: the low-

naturalness zone is the set of grid points within a clipped ellipse defined by Con-

straints (3.15) and (3.17); the high-naturalness zone is a subset of the grid points

with a P Nbegin.

OptP-8 for TSS-CAab can be formulated as follows. For a given a P r1, ns, let

Ja Ď r1, ns denote the interval of b values that satisfy Constraints (3.15) and (3.17).

Given a zone ψ`, for each value of a that is valid in ψ`, we compute

b‹a “ arg min
bPJa

s̄b ´ s̄a´1

c̄b ´ c̄a´1

. (3.18)

We describe a data structure for computing b‹a for a given value of a.

Let O “ toi “ pc̄i, s̄iq | 0 ď i ď nu be a set of points in R2 representing the pairs

formed by the corresponding elements of the two series tc̄iu and ts̄iu obtained by the

preprocessing step in Section 3.3.2. For simplicity we assume that n “ 2k for some

integer k ě 0. Since c̄i`1 ě c̄i and s̄i`1 ě s̄i, the points in O form an xy-monotone

chain. For a subset X Ď O and a value a P r1, ns, let

QpX, aq “ arg min
pc̄b,s̄bqPX

s̄b ´ s̄a´1

c̄b ´ c̄a´1

. (3.19)

Let Oa “ tob | b P Jau. Then QpOa, aq “ ob‹a . It thus suffices to describe how to

compute QpOa, aq. Intuitively, the minimization objective is the slope of the line from

oa´1 to ob. Such a line must be tangent to the lower boundary of convex hull of X.

This observation leads us to the following data structure supporting fast computation

of lower convex hulls over different ranges of points in O.

We construct a 1-d quad tree T on the interval p0, ns, a complete binary tree

with n leaves whose i-th leaf is associated with the interval pi ´ 1, is. Each node θ

of T is associated with a canonical interval γθ such that for an internal node θ with

children ζ and ξ, γθ “ γζ Y γξ; the root interval γroot “ p0, ns. Let Oθ “ toi | i P γθu.
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We construct LHθ, the lower boundary of the convex hull of Oθ, using LHζ and

LHξ, in Op|Oθ|q time (Andrew, 1979). Figure 3.3 illustrates an example of this data

structure (ignore the blue portions for now). We store the sequence of vertices of

LHθ in an array, augmented with the fractional-cascading data structure (Berg et al.,

2000). The fractional-cascading structure enables us to perform binary search at

nodes along a path in Op1q time per node, after spending Oplog nq time at the root;

see Berg et al. (2000) for details.

Given a P r1, ns, we compute the set Ca of Oplog nq nodes θ such that γθ Ď Ja

but γppθq Ę Ja, where ppθq is the parent of θ. The nodes in Ca lie along two paths of

T. It is well known that Oa “
Ť

θPCa
Oθ, so QpOa, aq “ QptQpOθ, aq | θ P Cau, aq. Fix

a node θ P Ca, since the line passing through oa´1 and QpOθ, aq, denoted by `θa´1, has

the minimum slope among all lines passing through oa´1 and a point of Oθ, LHθ lies

above `θa´1 and thus `θa´1 is tangent to LHθ. We can thus find QpOθ, aq by doing a

binary search over the vertices of LHθ. See (the blue portions of) Figure 3.3 for an

illustration. Using the fractional-cascading structure, we can compute QpOθ, aq for

all θ P Ca in a total of Oplog nq time. Hence b‹a can be computed in Oplog nq time.

By querying T with all values of a that are valid for ψ`, and repeating this

procedure for all zones, OptP-8 returns arg minpPψ` SRpqppq; qpp0qq in Opn log nq time.

For TSS-CAab, the number of zones is the same as the number of naturalness levels,

which is a domain-specific constant. So the overall time complexity is also Opn log nq.

TSS-RE In this case, the space of pv, a, bq parameter settings has one more dimen-

sion v than the case of TSS-CAab above. Given a p0 “ pv0, a0, b0q, a reference response

r0 and a sensibility threshold τP, the goal is to compute p “ pv, a, bq that minimizes

|SRpqppq; r0q|, where p satisifies SPpp; p0q ą τP.

We slice the subset of parameter settings with sensibility above τP by all pos-

sible values of v, and then further divide each slice into zones in a way similar to
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a´ 1

8
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15 16

LHθ “ to9, o14, o16u

LHζ “ to9, o11, o12u
LHξ “ to13, o14, o16u

`δa´1

`ξa´1

δ
ζ ξ

θ
¨ ¨ ¨

Figure 3.3: Illustration of the locus approach for TSS-CAab. The two dashed chains
show LHζ and LHξ; the solid chain shows LHθ. Suppose a “ 8 and Ja “ r11, 16s.

Then Ca “ tδ, ξu (note that LHδ “ to11, o12u is not labeled in the figure). Since `ξa´1

has smaller slope than `δa´1, we have b‹a “ 16 and QpO8, 8q “ o16.

the case of TSS-CAab. More precisely, for each v with non-zero SPtgtpvq and for

each naturalness level ` in the domain of a, we let DivP return zone ψv,`, which is

defined by Constraints (3.15) and (3.16), as well as the following (which replaces

Constraint (3.17)):

ˆ

a´ a0

σa

˙2

`

ˆ

b´ b0

σb

˙2

ă ´ ln
τP

SPtgtpvq ¨ χ`
. (3.20)

Given zone ψv,` and reference result r0, we define OptP0pr0, v, `q as follows. For a

value a, let Ja be the interval of b values that satisfy (3.15) and (3.17), and let

b̂a “ arg min
bPJa

ˇ

ˇ

ˇ

ˇ

s̄b ´ s̄a´1

c̄b ´ c̄a´1

´ r0

ˇ

ˇ

ˇ

ˇ

, (3.21)

Then the goal is to find the pair pa, b̂aq, over all valid values of a in ψv,`, such

that | s̄b´s̄a´1

c̄b´c̄a´1
´ r0| is minimized.

We adapt the algorithm for TSS-CAab. Let O and Oa be the same as for the

TSS-CAab case. For a given a P r1, ns, let `a´1 be the line of slope r0 passing through
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oa´1, and let OJa (resp. OKa ) be the subset of Oa of the points lying above (resp. below)

`a´1, and let bJa (resp. bKa ) be the index such that the line `Ja´1 (resp. `Ka´1) passing

through oa´1 and obJa (resp. obKa ) has the smallest (resp. largest) slope among all lines

passing through oa´1 and a point of OJa (resp. OKa ). Then, b̂a “ bJa if `a´1 makes a

smaller angle with `Ja´1 than with `Ka´1, and b̂a “ bKa otherwise. Figure 3.4 illustrates

this intuition.

We now describe how to adapt the data structure for TSS-CAab to compute bJa

for all valid a values in the case of TSS-RE (bKa can be computed in an analogous

manner). There are two main differences in the data structure: i) we process the

a values in a specific order, and ii) we build a semi-dynamic quad tree T in which

the points in O are inserted one by one. More precisely, let `0 be the line of slope

r0 passing through the origin, and let u0 be the unit vector normal to `0 and lying

in the half-plane below `0. We process the a values in increasing order of the dot

product xoa, u0y. In other words, we sweep a line of slop r0 from top to bottom, and

process the points in O as the line sweeps across them.

As in TSS-CAab, we use a 1-d quad tree T whose nodes store the lower convex hulls

of the points in the corresponding canonical ranges. We augment T with the semi-

dynamic fractional-cascading structure (Mehlhorn and Näher, 1990). During the

sweep, we maintain T such that it indexes all points above the sweep line. Suppose

we now encounter point oa´1. At this moment, T indexes the subset O1 of the points

above `a´1; each node θ P T stores LHθ, the lower hull of O1X γθ. We compute bJa by

querying T with Ja as in the algorithm for TSS-CAab. After computing bJa , we insert

oa´1 into T, updates the lower convex hulls and the fractional-cascading structure.

The amortized time spent in computing bJa and inserting oa´1 is Oplog nq. Hence,

the total time spent by the algorithm is Opn log nq.

The total time spent on all zones of a fixed entity v is the same as that of TSS-
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Ja

a´ 1

3 4

5 6

7 8

9

10 11OJa

OKa

slope r0

`Ja´1

`Ka´1

Figure 3.4: Illustration of the locus approach for TSS-RE. Suppose a “ 4 and
Ja “ r6, 10s. The line of slope r0 passes through oa´1, and divides the points in range
Ja into OJa and OKa . The lower and upper convex hulls of OJa and OKa are shown as
dashed chains. Dotted line `Ja´1 (resp. `Ka´1) passes through oa´1 and bJa “ o8 (resp.

bKa “ o6). Because `Ka´1 is closer to target slope, b̂a “ 6.

CAab, i.e., Opn log nq. Repeating this process for all m entities takes Opmn log nq

time.

3.4 Experiments

Our experiments serve two purposes. First, we begin with proof-of-concept experi-

ments that apply our QRS framework to real-life claims and datasets, and illustrate

the usefulness of our results. Then, we demonstrate the efficiency and scalability

of our algorithms, showing how enumeration and locus approaches lead to faster

running times for interactive fact-checking.

All algorithms are implemented in C++. All experiments ran on a machine with

the Intel Core i7-2600 3.4GHz processor and 7.8GB of memory. Besides the small

adoption dataset for the New York City, we use the following datasets: UNEMP

records the US monthly unemployment rate for 782 months from January 1948 to

February 2013 6; AUTO contains daily auto accident statistics in Texas from 2003

to 2011 (with 3287 data points) 7; VOTE contains 22.32 million votes cast by 12,572

6 http://data.bls.gov/timeseries/LNS14000000

7 http://www.dot.state.tx.us/txdot_library/drivers_vehicles/publications/crash_

statistics/
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members of the US Congress from May 1789 to April 2013. 8

3.4.1 Proof of Concept

We first show the quality of results of solving the reverse-engineering and the counter-

argument finding problems within the QRS framework for both the WAC and the

TSS claims. We apply the WAC claim template on the NYC adoption data (as

described in Section 3.2) and the UNEMP data, and then the TSS claim template

on the VOTE data (as described in Section 3.3).

Giuliani’s Adoption Claim

We first use our technique to reverse-engineer Giuliani’s vague adoption claim in

Example 1. Recall the model in Section 3.2.1. As discussed in Section 2.2.2, we set

p0 “ p1, 2001, 8q, which captures the claim context that Giuliani served the 8-year

term during 1994–2001. Since the claim stated a “65 to 70 percent” increase, we

set r0 to be the geometric mean of 1.65 and 1.70. We ran our algorithm for RE-po;

the top two answers (ordered by sensibility) were p4, 2001, 7q and p6, 2001, 6q. The

second (comparing 1990–1995 and 1996–2001) is exactly what Giuliani’s claim used.

The first one (comparing 1991–1994 and 1998–2001) also gives “65 to 70 percent”

increase, and is arguably more sensible because it compares 4-year periods (term for

mayor).

Next, given Giuliani’s claim, reverse-engineered as p6, 2001, 6q, we ran our algo-

rithm for CA-po to find counterarguments. The top answer was p4, 2001, 4q, which

compares 1994–1997 and 1998–2001, i.e., Giuliani’s first and second 4-year terms.

This counterargument leads to 1% decrease in the adoption rate (as opposed to the

big increase in the original claim), exposing the actual trend after Giuliani took

office.

8 http://www.govtrack.us/
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Marshall’s Vote Correlation Claim

As another proof of concept, consider Marshall’s vote correlation claim in Example 2.

Recall the model in Section 3.3.1. For the recognizability score, we use a rather

crude measure—the length (in bytes) of a Representative’s Wikipedia page. For the

ideology score, we use the well-known NOMINATE method. 9

To reverse-engineer the original claim, we set up its context as follows. We let

b0 be the time when the claim was made (Oct. 2010), and a0 be the start of the

term in which the claim was made (Jan. 2010). We define the search space for

the “Republican leader” as the five most recognizable Republican Representatives

active as of b0 (Ron Paul, Paul Ryan, Michele Bachmann, John Boehner, and Aaron

Schock). We set u to be Marshall and r0 “ 0.65 as stated in the claim. We then invoke

our algorithm for TSS-RE. The correct solution (John Boehner, Jan. 2010, Oct.

2010) showed up as the best answer with 66.94% voting correlation with Marshall

in the specified time interval, a deviation of 1.94% from r0. Other sensible solutions

with similar relative strengths include (Michele Bachmann, Jan. 2009, Oct. 2010)

with 3.77% deviation, (Aaron Schock, Jan. 2009, Oct. 2010) with 1.62% deviation,

and (Paul Ryan, Jan. 2009, Oct. 2010) with 4.32% deviation. The ordered answers

provided by our algorithm thus significantly help reduce the difficulty of recovering

missing parameter settings from hundreds of Representatives and various possible

comparison periods.

Next, given the reverse-engineered claim, we ran the CA-po algorithm for TSS-

CAab to find counterarguments with other sensible comparison periods that yield

lower vote correlations between Marshall and Boehner. The top counterarguments,

in decreasing sensibility, perturb the start of the period to the beginning of 2009,

2008, and 2007, yielding decreasing correlations of 59.65%, 57.36%, and 53.63%.

9 http://en.wikipedia.org/wiki/NOMINATE_(scaling_method)
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These results include the counterargument found by factcheck.org, and suggest

that the vote correlation between Marshall and Boehner had not always been high.

Finally, we ran the CA-po algorithm for TSS-CAu to find counterarguments

comparing Marshall and other Representatives with equally high vote correlations

but far from conservative (perturbing the target entity John Boehner, but compare

the voting correlation over the same time interval). It turned out that we did not

find Clyburn (which was used by factcheck.org), because our sensibility measure

does not consider the roles played by the Representatives (Clyburn was the Demo-

cratic Whip). Instead, our algorithms found counterarguments involving Dennis

Kucinich, Jim Oberstar, and Jackie Speier—all of whom not only vote more with

Marshall, but are also more recognizable and liberal (according to the measures

we used). More specifically, we use a triplet tu to measure the quality of a coun-

terargument by replacing Marshall with Representative e. The triplet consists of

i) u.rec (recognizability; the higher the better), ii) u.ide (ideology; higher means

more conservative, thus the lower the better), and iii) vote correlation between u

and Boehner (the higher the better). We have tKucinich “ p325707,´0.779, 41.79%q,

tOberstar “ p135894,´0.533, 42.71%q, and tSpeier “ p160116,´0.48, 47.17%q, all of which

dominate tClyburn “ p122309,´0.404, 41.29%q. Note that while higher recognizability

is better most of the time, which direction is better for ideology and vote correlation

depends on the purpose of the counterargument. In this example, a good counter-

argument would translate into “Kucinich/Oberstar/Speier, a well-known Democrat,

voted the same as Republican leader Boehner for as much as 41.79%/42.71%/47.17%

between Jan. 2010 and Oct. 2010.” While better measures of recognizability and

ideology could find Clyburn as factcheck.org did, we believe that our counterargu-

ments are also very strong. Other counterarguments we found automatically include

Charles Rangel and Marcy Kaptur, for example.
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Figure 3.5: Unemployment data and the query response surface for WAC claims.
In (b), p1 and p2 correspond to the two WAC claims in (a), whose comparison
intervals are represented by red triangles and green squares, respectively, both with
6-month windows.

Unemployment Claims

Many claims made by politicians are about trends in unemployment rate. In this

experiment, we use UNEMP data to show that our framework finds high-quality

counterarguments. Consider a subset of the data dated from January 2005 to Febru-

ary 2013 (Fig. 3.5a). A WAC claim on this data can be stated in the following form:

The w-month average unemployment rate starting from time t increased/decreased

by |r´1| ¨100%, compared to the w-month average starting d month before t. Two of

such claims are marked by red triangles and green squares respectively in Figure 3.5.

Claim 1 p1 “ pw1, t1, d1q “ p6,October 2009, 30q; r1 “ 2.1487 (114.87% increase).

Claim 2 p2 “ pw2, t2, d2q “ p6,November 2010, 30q; r2 “ 1.8849 (88.49% increase).

Both claims above point out increases in unemployment rate. A natural coun-

terargument would point out a trend of decrease or lesser increase. We adopt the

strength function SRpr; r0q “ r{r0 ´ 1 for r0 ą 1 from Section 2.2.1. For the sensi-

bility function, we set σw “ 2.5, σt “ 5, and σd “ 10. We use a 4-level hierarchy for
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naturalness on t and d with pχ1, π1q “ pe
0, 1q (month), pχ2, π2q “ pe

1, 3q (quarter),

pχ3, π3q “ pe
2, 6q (half year), and pe3, 12q (year).

From Figure 3.5a, we see that Claim 1 reasonably captures the trend around its

“current time” of October 2009, while for Claim 2 the unemployment rate starts to

go down around its “current time” of November 2010. Intuitively, it should be easier

to find high-sensibility counterarguments for Claim 2 than for Claim 1. Figure 3.5b

visualizes the response surface (not relative strength surface) by fixing w “ 6 and

varying t and d. By setting τR “ 0, we find the most sensible counterargument

(solution to CA-τR) for Claim 2 to be to its left, a red dot pointed to by the hor-

izontal arrow going out of p2; that counterargument yields a relative strength of

´17.62% w.r.t. r2. To get an equally strong counterargument for Claim 1 (with a

relative strength of ´17.41% w.r.t. r1), we need to go further to the upper-right of

p1. Furthermore, to find the most sensible counterargument that changes the trend

of increase to a decrease, we need to perturb p1 to as far as p6,October 2010, 12q,

while we only need to perturb p2 to p6, July 2011, 24q. These counterarguments are

shown as yellow dots pointed to by arrows in Figure 3.5b. The above results confirm

our intuition that it is easier to find counterarguments for Claim 2, and imply that

Claim 1 is more robust.

3.4.2 Efficiency and Scalability of Algorithms

We now turn to experiments comparing the performance of three classes of algorithms—

Base (baseline), Enum (enumeration-based), and Loc (locus). For brevity, when the

context is clear, we shall use these names to refer to the respective algorithms for a

given problem. We focus mainly on finding counterarguments (CA), since algorithms

for reverse-engineering (RE) are similar to CA, and the comparison among the three

classes of algorithms also shows similar trends. We also focus more on WAC than

on TSS.
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(a) CA-τP, varying τP
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(c) CA-po, varying k
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(d) RE-τP, varying τP
Figure 3.6: Running time of CA and RE algorithms for WAC claims on UNEMP.

Each data point in the figures below is obtained by averaging over 100 original

claims with randomly generated parameter settings. Unless otherwise noted, all

algorithms (including Base) implement the preprocessing optimization (Sections 3.2.2

and 3.3.2).

Varying τP in CA-τP for WAC on UNEMP Figure 3.6a shows the running times of the

CA-τP algorithms for WAC claims on UNEMP, as we vary the parameter sensibility

threshold τP. Since Base always explores the entire parameter space P, overall it is

much slower than Enum and Loc. However, as τP decreases, the region of P meeting

this threshold becomes larger. Since the radius of this region is Op| ln τP|
1{2q, Enum

needs to explore Op| ln τP|
3{2q settings, which explains Enum’s super-linear increase

in running time in Figure 3.6a. Loc, with its powerful low-level building blocks, runs

in time linear in | ln τP|. This trend is difficult to see in the figure, as Loc remains

fast even with very low sensibility thresholds.
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(a) CA-τP (ln τP “ ´20)
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(b) CA-τR (τR “ ´0.05)
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(c) CA-po (k “ 20)

Figure 3.7: Running time of CA algorithms for WAC claims on AUTO when
varying data size.

Varying τR in CA-τR for WAC on UNEMP Figure 3.6b considers the CA-τR problem

for WAC claims on UNEMP, and compares the algorithms as we vary the result

strength threshold τR. Here, as τR decreases, we want counterarguments with results

that deviate farther from the original claim and are harder for Enum and Loc to

find. On the other hand, lower τR makes Base faster because it needs to call SP

with fewer parameter settings that meet the result strength threshold. 10 When

τR is as small as ´0.5, a large portion of P must be examined by Enum and Loc.

In fact, counterarguments found at this point are starting to be no longer useful,

because their parameter settings are already too far from the original claim. Thus,

for practical values of τR, Enum and Loc are faster than Base. Also, we see that for

CA-τR, Loc holds no advantage over Enum, which can be explained by the overhead

of Loc’s exponential search in this case.

Varying k in CA-po for WAC on UNEMP We now turn to CA-po, which returns the

k Pareto-optimal counterarguments with highest sensibility. As explained in Section

2.2.2, this problem formulation is attractive because it avoids the sometimes tricky

10 One might wonder why fewer SP calls matter so much. It turns out that in this case, thanks
to precomputed prefix-sums, SR is much faster than SP, so the cost of SP calls dominates. This
effect also explains why Base did not see visible improvement with fewer SR calls in Figure 3.6a. In
practice, when query evaluation is more expensive, the opposite may hold.
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task of choosing thresholds for CA-τP and CA-τR. Figure 3.6c shows the running

time of the three algorithms for WAC claims on UNEMP when we vary k. Enum

and Loc show comparable performance up to k “ 35. After that, the running time

of Enum increases rapidly, and approaches that of Base. On the other hand, the

running time of Loc shows a much slower increase and remains much faster than

Base for all k values tested.

Varying τP in RE-τP for WAC on UNEMP For RE-τP, the problem of reverse-engineering,

Figure 3.6d compares the three algorithms for WAC claims on UNEMP. As we de-

crease the parameter sensibility threshold τP, we observe the same trend as in Fig-

ure 3.6a for CA-τP: Base is the slowest, while Loc scales better than Enum in the

size of the high-sensibility region of the parameter space. Note that Loc for RE-τP

in Figure 3.6d is slightly slower than Loc for CA-τP in Figure 3.6a, because of the

more expensive building block (OptP0 vs. OptP-8 in Section 20).

Varying Data Size in CA for WAC on AUTO Besides testing the performance of the

algorithms while varying their input parameters, we also show how they scale with

respect to data size. In Figure 3.7, we show the results on the three variants of the

problem of finding counterarguments—CA-τP, CA-τR, and CA-po—as we change the

data size by taking prefixes of the AUTO time series with varying lengths (from 10%

to 100% of the whole series). For CA-τR (Figure 3.7b), Enum shows a rate of increase

in running time similar to Base, while Loc shows a slower rate of increase. This

increasing trend is expected because more data points lead to more counterarguments

with required strength threshold. For CA-τP (Figure 3.7a) and CA-po (Figure 3.7c),

Base continues to suffer from bigger data sizes, but Enum and Loc remain fast. The

reason is that Enum and Loc limit their search within high-sensibility neighborhoods

around the original claims; a bigger dataset spanning a longer time period does not
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necessarily increase the size of these neighborhoods. For all three variant problems

of CA, Enum and Loc are orders of magnitude faster than Base.

Varying τP in CA-τP for TSS-CAab on VOTE We now turn to TSS claims on VOTE

data. Figure 3.8 compares the three algorithms for TSS-CAab, i.e., fixing two voters

and perturbing the time period ra, bs to find counterarguments that show lower vote

correlation than originally claimed. Here, we consider the CA-τP variant of the

problem, and decrease the parameter sensibility threshold τP (thereby enlarging the

region of P meeting this threshold). We observe trends similar to those in Figures 3.6a

and 3.6d for WAC claims: Loc performs best, while Base is the slowest by a big

margin. The only notable difference is that the parameter space is 3-d for WAC but

only 2-d here. Hence, Enum and Loc fare better here with an increasing search space.

Varying τR in CA-τR for TSS-CAu on VOTE Continuing with TSS claims on VOTE,

we now compare algorithms for TSS-CAu, i.e., perturbing Representative u to be

compared with the claim subject, while fixing the period of comparison, to find

counterarguments involving liberal Representatives with high vote correlations. As

discussed in Section 3.3.1, we consider the CA-τR variant of the problem, which

finds the counterarguments that meet the given result strength threshold τR and

are maximal with respect to the parameter sensibility relation ĺu0 (no parameter

sensibility function is defined in this case).

We compare only Base and Enum (more precisely, Enum
partial

CA-τR), as no Loc al-

gorithm is applicable here. For this experiment, a database system stores the full

VOTE data, and we simply issue SQL queries to compute vote correlations; we do

not store or preprocess VOTE data in memory. We observed that SQL queries domi-

nate the running times. We also observed that using one SQL query to compute vote

correlations for multiple Representatives in a batch is faster than using one query for
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gorithms for TSS-CAu on VOTE, varying
τR.

each Representative. Therefore, for Base, we computed all vote correlations in a sin-

gle SQL query; for Enum, we tested both batched (with 5 correlation computations

per SQL query) and unbatched versions.

Figure 3.9 shows the results. As |τR| increases, the number of parameter settings

meeting the required result strength threshold decreases. Because Base evaluates

the correlation between v and all possible u’s using SQL queries (regardless of τR)

and these SQL queries dominate the running time, the running time of Base remains

roughly constant. Enum simultaneously enumerates u’s in descending order of Natsrc

and Natsrc respectively, and tries to minimize the number of correlation computations.

We see that Enum, with or without batching, outperforms Base by a big margin.

Between the batched (shown as Enum-batch in Figure 3.9) and unbatched versions

of Enum, we see that batching can be slower than no batching when |τR| is small

(where the total number of correlation computations needed is even lower than the

batch size), but the advantage of batching starts to show when |τR| is large.

3.5 Discussion and Related Work

A large body of work on uncertain data management (Dalvi et al., 2009; Aggarwal,

2009; Jampani et al., 2011) considers the effect of data perturbations on query re-

sults. Our study of query parameter perturbations offers a conceptual counterpoint—
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while uncertain databases consider one query over many database instances (possible

worlds), we are interested in many queries (perturbed versions of each other) over one

database instance. Interestingly, one could, at least in theory, mimic query parameter

perturbations by constructing tables of uncertain query parameters, and “joining”

them with data tables in some fashion to compute the QRS. However, the resulting

query will be awkward and difficult to optimize. Furthermore, we are interested in

certain questions about QRS—beyond computing a representation of the surface or

computing expectations from it—that have not been the goal of query evaluation in

uncertain databases.

Nonetheless, uncertain data management offers many ideas relevant to fact-

checking. For example, our future work (further discussed in Section 3.6) includes

investigating sampling and approximation, and extending our model to consider pa-

rameter and data perturbations jointly. For example, sampling and approximation

are effective for large parameter spaces and data sizes. All algorithms in this chapter

are exact; developing faster approximation algorithms would be a natural next step.

Computing various claim quality measures from the QRS, a subject that this disser-

tation does not focus on, is clearly amenable to sampling. Finally, we are working

on extending the QRS framework to incorporate data changes as a dimension of per-

turbation orthogonal to parameter perturbations; this extension enables a new suite

of useful and interesting questions related to fact-checking.

The notion of response surfaces has appeared in various contexts, but usually

with specific uses different from ours. In parametric query optimization (Ioannidis

et al., 1992; Ganguly, 1998; Hulgeri and Sudarshan, 2003; D. et al., 2008), a response

surface represents the best query execution plan (and its cost) over the space of

parameters relevant to query optimization, including system parameters, selectivity

factors, and/or query parameters. In our recent work on publish/subscribe, we use

QRS to succinctly represent (and index) answers to a large number of continuous
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linear preference top-k queries with different parameter settings (Yu et al., 2012).

Similar ideas have been used in understanding the sensitivity of such top-k rankings

with respect to their parameter settings (Soliman et al., 2011; Mouratidis and Pang,

2012). Lin et al. (2013) uses a surface to concisely represent how the set of association

rules varies with support and confidence settings.

The reverse-engineering problem is related to recent work on query by output (Tran

et al., 2009) and view synthesis (Sarma et al., 2010), which tries to find queries re-

turning a given result. Unlike these problems, we are given not only the claim result

but also additional information—the context of the original claim (including any ex-

plicitly mentioned parameter values) and the query template. Tran and Chan (2010)

consider how to modify a query such that it returns both the original result as well

as additional desired tuples. He and Lo (2012) tackle the specific setting of linear

preference top-k queries. Wu and Madden (2013) study how to use queries to explain

away outliers in aggregate results. Roy and Suciu (2014) consider how removal of

tuples by a predicate affects query results. While the work discussed above is similar

to our problem in spirit, their search spaces and goals are very different, and none

of them models query perturbations probabilistically.

As mentioned towards the end of Section 2.1, fact-checking in general requires

a repertoire of techniques including but not limited to the computational ones pre-

sented in this disseration, such as how to find datasets relevant to given claims,

how to translate claims to queries. These questions are broadly related to areas

including natural language processing (NLP), natural language querying (NLQ) (Li

et al., 2006, 2007; Popescu et al., 2003), information integration (Bernstein and

Haas, 2008; Doan et al., 2012), and source selection (Balakrishnan and Kambham-

pati, 2011; Dong et al., 2009; Zhao et al., 2012). Fully automatic solutions would be

nice, but they are unlikely. Existing NLQ techniques cannot handle complex and/or

ambiguously stated queries, which are common in our setting. Therefore, in general,
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we take the approach of combining automation with human input.

There are also claims that cannot be readily derived from structured data (e.g.,

“does the health care reform create ‘death panels’?”). Recently, there has been

interesting work that relies on collective intelligence (Quinn and Bederson, 2011)

for fact-checking, either by involving experts or the public (e.g., factcheck.org,

politifact.com, hypothes.is; see Giles (2012) for more discussion), or by collect-

ing evidence from human-created data (e.g., Li et al. (2011); Yamamoto and Tanaka

(2009); Yamamoto et al. (2008)). This line of work is quite different from ours in

style. Our quality measures have the advantage of objectivity that protects them

from manipulation of and bias in personal opinions. Though far from a universal

solution, our approach is attractive from claims based on structured data–which are

increasingly common as more structured datasets become available either directly or

by information extraction. Targeting this important type of tasks (or subtasks), our

approach complements those that rely on human intelligence.

3.6 Conclusion and Future Work

In this chapter, we have shown how to turn fact-checking into a computational prob-

lem. Interestingly, by regarding claims as queries with parameters, we can check

them—not just for correctness, but more importantly, for more subtle measures of

quality—by perturbing their parameters. This observation leads us to a power-

ful framework for modeling and for developing efficient algorithms for fact-checking

tasks, such as reverse-engineering vague claims and countering questionable claims.

We have shown how to handle real-world claims in our framework, and how to obtain

efficient algorithms by supplying appropriate building blocks.

Our proposed framework has opened up more research problems than we can

possibly hope to address in this dissertation. There are several lines of work under-

way, including efficient computation of quality measures, approximation algorithms,
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unified modeling of parameter and data changes, and going from fact-checking to

lead-finding. Specialized building blocks for many other claim types remain to be

discovered. Besides the interesting problems at the back-end, we are also working

on making our techniques easier to apply. Along this line, we are investigating a

learning-based approach that rely on user feedback to help specify functions SR and

SP. The culmination of this work will be an end-to-end system to empower journal-

ists and the public in combating the “lies, d—ed lies, and statistics” that permeate

our public life today. To that end, we also need advances in complementary research

areas such as source identification, data integration, data cleansing, natural language

querying, and crowdsourcing.
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4

Lead-Finding

4.1 Introduction

In Chapter 2, we have proposed a general QRS-based framework, for analyzing claims

by treating a claim based on structured data as a query with parameters. We have

modeled two classes of journalistic tasks, namely reverse-engineering vague claims

and finding counter-arguments for questional claims, as bi-criteria optimization prob-

lems.

In this chapter, we shift the focus to the source of claims—we study the problem

of finding “high-quality” leads given data and a claim template. We show that the

techniques we use to solve this lead-finding task can be applied to the fact-checking

problems as well.

Motivation

The bi-criteria optimization problems defined in Section 2.2.2 have served us well as

an intuitive and convenient way of arguing against questionable claims, or reverse

engineering vague ones. However, there are two aspects of quality this formulation

cannot provide.
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Let’s revisit Giuliani’s adoption claim (Example 1).

Example 3 (Revisiting Giuliani’s Adoption Claim). In Chapter 1, we have

countered Giuliani’s adoption claim by saying that

(CA-1) Comparing Giuliani’s first and second 4-year terms, i.e., 1994-1997 and 1998-2001,

leads to 1% decrease.

This was the most sensible counter-argument found by CA-po. The next three down the

list are

(CA-2) Comparing the two 4-year windows of 1995-1998 and 1999-2002, leads to 19% de-

crease.

(CA-3) Comparing the two 2-year windows of 1996-1997 and 2000-2001, leads to 24% de-

crease.

(CA-4) Comparing the last year of Giuliani’s first and second half of his term, i.e., 1997 and

2001, leads to 32% decrease.

If we try to argue against CA-1, the most sensible counter-argument is

(CA-5) Comparing second half of Giuliani’s term against the 4 years preceeding his term,

the adoption in NYC increased by 99.34%.

Interestingly, CA-1 is also the most sensible counter-argument to CA-5. So is either or

both of them nitpicking?

Looking at Example 3, the first problem we see is that the list of counter-

arguments are not too different from each other. The solution to bi-criteria optimiza-

tion problems are maximal points of the 2d point set tpSPpp; p0q, SRpqppq; r0qqupPP (or

tpSPpp; p0q, |SRpqppq; r0q|qupPP for reverse-engineering). Spatial structure of the pa-

rameter space is not considered. The consequence is that some areas of the parameter

space have contain a lot of solution points, while other areas are covered by none. In

other words, diversity of solution points in the parameter space cannot be provided

by bi-criteria optimization formulations. In the context of lead-finding from data,
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while we are still intereted in claims/parameters leading to extremal response values,

the contraint on context, or sensibility, is much looser, sometimes even non-existent.

More attention should be paid to spatial diversity of solution points to cover different

areas of the parameter space (or a portion of it).

Secondly, the solution to bi-criteria optimization problems are optimized w.r.t.

only the given claim. It is hard to tell if a counter-argument found in this way is a

good claim by itself, for example, when we see two claims CC-1 and CC-5 countering

each other in Example 3. We can verify a given claim’s quality, say using quality

measures such as fairness an d robustness, but how do we find high-quality ones in

the first place?

Motivated by the application in finding high quality leads, and with the demand

for spatial diversity, in this chapter, we focus on addressing the following question.

Given the parameter space (or a portion of it) of a claim template defined on

some data set, and a budget of k points to choose from the space to represent

the high-quality areas of the surface, which k points should we choose?

The problem we are interested in is naturally related to top-k queries with diver-

sification (Carbonell and Goldstein, 1998; Qin et al., 2012) and weighted clustering

(MacQueen, 1967; Lloyd, 1982; Ackerman et al., 2012; Chen and Wang, 2011). At

a high level, existing methods for diversified top-k do not consider the relationship

between the k chosen points and the rest of the problem space, thus cannot guarantee

that the chosen points represent high-quality areas. On the other hand, weighted

clustering methods such as weighted k-means focus on clustering rather than choosing

high-quality representatives. Detailed comparison will be presented in Section 4.6.1.

To outline this chapter, in Section 4.2, we will formally define the k-REPS prob-

lem for finding k representative points, accounting for various aspects of “high qual-
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ity”. In Section 4.3, we discuss how to apply the k-REPS problem for finding high-

quality leads within the QRS-based framework. A concrete example of applying the

k-REPS problem is shown in Section 4.4 using the Time Series Similarity (TSS)

claim template discussed in Section 3.3 on the US Congressional Voting data. In

Section 4.5, we propose algorithms for efficiently solving the k-REPS problem. In

Section 4.6, proof-of-concept experiments are conducted to show the difference be-

tween the results found by our k-REPS problem and existing related approaches.

We also perform extensive experiments to verify the efficiency of the proposed algo-

rithms.

4.2 The k-REPS problem

Consider a surface given as a non-negative-valued real function g defined on a

bounded domain D, our goal is to select k high-valued points 1 from D to repre-

sent high-valued regions of the surface.

Given a representative s, let potential function φs : D ÞÑ Rě0 denote the impact

of s on points of D. The impact of s is proportional to its own quality, i.e., gpsq.

The impact of s on p P D is discounted by the distance between s and p, denoted

by a kernel function Kp¨; sq : D ÞÑ Rě0 centered at s. Combining the two aspects of

impact above, we define the impact of representative s on p P D as

φsppq “ gpsq ¨Kpp; sq. (4.1)

Given a set S Ď D of representatives, let function ΦS : D ÞÑ Rě0 denote the

impact of S on points of D. We define ΦS as

ΦSppq “ max
sPS

φsppq. (4.2)

1 Without loss of generality, suppose higher surface value corresponds to higher qual-
ity/interestingness of individual point.
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ΦS is the upper envelope of φS. By defining ΦSppq as the maximum impact of

individual representatives on p, we are effectively partitioning the domain D into

“max-impact” regions of the representatives of S.

The objective is to maximize the total impact of a set of k representatives S Ď D

on the entire problem domain D, where the impact of S on p P D is weighed by the

quality of p, i.e., gppq, in order to capture the intuition that points of higher quality

demand better coverage by S.

The k-representative (k-REPS) problem is formally defined as follows.

Definition 1 (k-representative (k-REPS) problem). Given a surface function g :

D ÞÑ R`, and a natural number k ą 0, find a set S˚ Ď D defined as

S˚ fi arg max
SĎD,|S|“k

GDpSq, (4.3)

where

GDpSq fi
ÿ

pPD

gppq ¨ ΦSppq (4.4)

“
ÿ

pPD

gppq ¨max
sPS

φsppq (4.5)

“
ÿ

pPD

gppq ¨max
sPS

gpsq ¨Kpp; sq. (4.6)

Diversification kernel In Eqn. 4.1, K controls the discount of s’s impact on p as the

distance δpp, sq between p and s increases, and is called the diversification kernel.

For the rest of this chapter, suppose the problem domain D is d-dimensional, we

use the (unnormalized) d-dimensional Guassian kernel for K, i.e.,

Kpp; sq “ exp

"

´
C

2
δ2
pp, sq

*

“ exp

"

´
C

2
pp´ sqTΣ´1

pp´ sq

*

. (4.7)
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In the definition of K above, Σ is a dˆd co-variance matrix. A constant C ě 0 is

used to scale the distance function δ, hence controlling the degree of diversification.

To see how a smaller value of C provides more diversification, consider the two

extreme cases.

• C “ 0. We have Kpp; sq “ 1. The impact of a representative s on p does not

decrease as p goes away from s. In this case, φsppq “ gpsq ¨Kpp; sq “ gpsq. It

suffices to have a singleton representative set S˚ “ targ maxpPD gppqu to best

represent all points of D. In this case GDpS
˚q “ maxpPD gppq ¨

ř

pPD gppq.

• C Ñ `8. Kpp; sq “ 1 if p “ s, and 0, otherwise. In this case, a representative

has no impact on any other point of D. Consider the objective function—

GDpSq “
ř

sPS gpsq. The optimal solution S˚ to the k-REPS problem would

consist of the k points of D with the highest g-values, regardless of spatial

diversity, hence no diversification at all.

In general, two chosen representatives that are “too close” to each other provides

redundant coverage and should be avoided for the purpose of maximizing G. Ad-

justing the value of C effectively adjust the threshold of two points deemed to “too

close”, and trades off utility versus diversity. The distinction between our formula-

tion and a graph-based diversified top-k approach (Qin et al., 2012), as we shall see

in Section 4.6.1, is that the graph-based approach uses a hard threshold preventing

two close points from both being included in the solution set, while our design of the

optimization objective G automatically penalizes such choices.

Remark (Alternative choice of K). Alternatively, instantiating the kernel function

Kpp; sq as 1
δpp,sq`C

would yield the reciprocal kernel. 2 In this case, focusing on the

2 The constant term C is added to the distance function δpp, sq as a regulerization term, so as not
to overly reward p’s that are too close to s, and to avoid division-by-zero when p “ s.
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δpp, sq

Kpp; sq

reciprocal

Gaussian

Figure 4.1: Comparing Gaussian kernel and reciprocal kernel for diversification

contribution of a single point p P D to the objective function G, gppq ¨ ΦSppq can

be interpreted as the potential energy between p and s if we view a point p as a

charged particle with charge gppq. However, compared to Gaussian kernel, which

gives a smooth decrease of impact by s in close neighborhood of s, the reciprocal

kernel yields a sharp decrease around s (Figure 4.1). For this reason, we find the

reciprocal kernel less favorable than the Gaussian kernel for lead-finding purpose.

Distance function δ In the definition of the Gaussian diversification kernel (Eqn.

4.1), we adopted the Mahalanobis distance for the choice of the distance function δ,

i.e.,

δ2
pp, sq “ pp´ sqTΣ´1

pp´ sq. (4.8)

When the covariance matrix Σ is diagonal, it reduces to the scaled Euclidean

distance.

Another sensible option for the distance function δ is the geodesic distance. While

Mahalanobis distance measures captures the distance between two points in the

parameter space, geodesic distance, which measures the length of the shortest path

between two points on a multi-dimensional surfaces, also takes into account the

surface function g. Here is a scenario in which geodesic distance can be a better

choice than Mahalanobis distance.
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Consider two smaller high-valued regions close to each other in terms of Maha-

lanobis distance, versus a larger region of similar elevation. Without accounting for

the g function in δ, the k-REPS problem will inevitably pick at least two repre-

sentatives from the larger region if two representatives were to be chosen to cover

the two smaller regions, one each. In contrast, for two high-valued points from the

two respective high-valued regions, geodesic distance would deem them much further

than two points from the larger region, of equal Mahalanobis distance.

However, from the efficiency perspective, geodesic distance is much more ex-

pensive to compute than Mahalanobis distance—computing geodesic distance takes

Ωp|D|q time in the worse case (Kimmel and adn Alfred M Bruckstein, 1995; Kimmel

and Sethian, 1998), while computing Mahalanobis distance takes Op1q time.

Non-diversification Subspace As we have been discussing so far, one key aspect of

the quality of the solution set to the k-REPS problem is spatial diversity. However,

there are situations where diversification is not needed along some attribute, or in

some subspace. For example, when categorical-valued attribute is present in the

parameter space it is less straightforward to measure the distance between values,

and undesirable to diversify the result along such attribute.

Let the problem domain D be a finite subset of a d-dimensional parameter space

P, consisting of two orthogonal subspaces — PD, where diversification is desired, and

PND, where no diversification is needed, i.e.,

D Ď P Ď PND ˆ PD,

dimpPDq ` dimpPDq “ d.

For example, as we’ll show in Section 4.4, for Time Series Similarity (TSS) claim

on the US Congressional Voting data, it only makes sense to diversify the time

interval of comparison, not the the entity being compared with. There, we have
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PD “ Z2 for the starting and ending times for comparison, and PND “ V for the

target entity/voter being compared.

For each p P D, let πDppq and πNDppq denote the projections of p on PD and PND,

respectively. To avoid diversification in subspace PND, we define the diversification

kernel K such that

Kpp; sq ą 0 ñ πNDppq “ πNDpsq, (4.9)

In other words, diversification is considered only among points of D with the

same projection on PND. This can be achieved by defining the co-variance matrix Σ

of the Mahalanobis distance function δ (Eqn. 4.8) such that

• ΣAB “ 0 if attribute A or B belongs to PND, and A ‰ B.

• ΣAA “ `8 if attribute A belongs to PND.

We discuss later in Section 4.5.2 the algorithmic implication of the way we define

K for non-diversification subspace PND.

4.3 Deriving the Surface g.

The definition of the k-REPS problem requires a non-negative-valued real surface

function g in which higher value represents higher point quality. This is not neces-

sarily true, for example, for the response surface function q : P ÞÑ R (Section 2.2.1),

when R “ R.

One possible way to normalize an bounded real-valued function h : D ÞÑ R to

range r0, as (a ą 0) is to apply a linear transformation as follows, which preserves

relative value differences.

h̃pxq “ a ¨
hpxq ´miny hpyq

maxy hpyq ´miny hpyq
. (4.10)
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Alternatively, a purely rank based normalization of h can be defined as follows.

h̃pxq “ a ¨
|ty P D | hpyq ď hpxqu|

|D|
. (4.11)

Another option for normalizing h is to use the logistic/sigmoid function.

h̃pxq “ Lphpxq;σ´1
h , h̄q, (4.12)

where

Lpx; b, x0q “
a

1` e´bpx´x0q
. (4.13)

In Eqn. 4.12 above, h̄ and σh are the mean and standard deviation of hpxq,

respectively, on D, i.e., 3

h̄ “
1

|D|
¨
ÿ

xPD

hpxq, (4.14)

σh “

˜

1

|D|
¨
ÿ

xPD

phpxq ´ x̄q

¸1{2

. (4.15)

Normalization of h using the logistic function stretches the relative value differ-

ence near h̄, and reduces the relative difference within high values and low values.

Compared to linear transformation, a g function derived from logistic normalization

favors high-quality areas than representatives of extremal h-values.

To promote low-valued points, all three methods can be reversed as h̃1 “ a´ h̃.

Choice of normalization method depends on the task, and the distribution of

values of h. For example, suppose the second highest h-value is much smaller than

the highest, a linear combination of the linear transformation and the rank-based

3 Definition of h̄ and σh can be extended to continuous domain D.
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normalization can be used to shrink the gap, or the logistic normalization can be

used to serve the same purpose.

In lead-finding, interesting leads come from extremal response value. The re-

sponse function q can be normalized to derive g, i.e.,

gppq “ q̃ppq. (4.16)

Similarly, in finding counter-arguments for a given claim/parameter p0, the rela-

tive result strength function SR can be normalized and used as the input function g

to the k-REPS problem, i.e.,

gppq “ S̃Rpqppq; qpp0qq. (4.17)

For reverse-engineering a vague claim of response r0, g can be defined as

gppq “ h̃ppq, where hppq “ |SRpqppq; r0|q. (4.18)

The target surface g of the k-REPS problem can also be designed to account for

other aspects of a claim’s quality, e.g. fairness, robustness, as a linear combination of

the multiple (normalized) quality measures. For example, g can be defined as a linear

combination of (normalized) response function q and (normalized) fairness function

µppq “
ř

p1PP SPpp
1; pq¨qpp1q (note the difference from the uniqueness measure defined

in Section 2.2.2) as

gppq “ λ ¨ q̃ppq ` p1´ λq ¨ µ̃ppq, for p P D. (4.19)

Here, λ P r0, 1s can be considered as a parameter of user skepticism - given a

claim p, the user trust in p itself with probability λ, and perturb it according to pmf

Relp¨; pq with probability 1´ λ.
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Replacing µ with some other quality measures, e.g. robustness, would lead to

different interpretations, but the same method applies.

4.4 Modeling Example: Time Series Similarity Claim

In this Section, we show a concrete example of applying the k-REPS problem on

the Time Series Similarity (TSS) claim discussed in the Section 3.3 on the US

Congressional Voting data.

As described in Section 3.3, the US Congressional Voting data consists of in-

formation about m entities (House Representative) identified as 1, 2, . . . ,m. Each

Representative u is associated with a time series Xu “ txu,1, xu,2, . . . , xu,nu, repre-

senting his/her votes on bills 1, 2, ..., n in chronicle order. A TSS claim on such a

multi-time-series data set is parameterized by (i) the source entity u and the target

entity v of comparison, and (ii) the time interval, represented by a ra, bs Ď r1, ns,

over which the similarity is evaluated.

The full 4-dimensional parameter space of a TSS claim can be written as a finite

subset of the product of two subspaces — a 2-dimensional subspace V 2 for the entities

of comparison, and a 2-dimensional subspace Z2 for the (discrete) starting and ending

times of comparison. Typically, the source Representative u is fixed, and a claim

states the voting correlation between u and another notable Representative v over

certain period of time, which leaves three parameters open for perturbation, i.e., v,

a, and b.

Formalizing the Problem The k-representative lead-finding problem for TSS claims

on the Congressional Voting data can be formalized as follows.

For p “ pu, v, a, bq,

qppq “ simra,bspXu, Xvq.
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The value of qppq ranges between 0 and 1 if defined.

Fix the source entity u in p. For p1 “ pu, v1, a1, b1q, Relpp1; pq ą 0 iff v “ v1 (part

of the fairness function µ).

The surface function g required by the k-REPS problem is defined as a linear

combination of a parameter p’s response and its fairness, weighted by the target

entity v’s (normalized) recognizability and ideology. Consider D being a subset of

the full 4D parameter space P with identical value of the source entity. Formally, for

p “ pu, v, a, bq P D,

gppq “ pλ ¨ qppq ` p1´ λq ¨ µppqq ¨ recpvq ¨ idepvq.

In the definition of the g function above, no normalization is needed on q or µ as

the range of q (thus µ as well) is already restricted to r0, 1s according to similarity

definition. The recognizability and ideology functions are normalized per discussion

in Section 4.3.

The ideology score of Representatives are obtained using the well-known NOM-

INATE method. 4 Representatives with lowest ideology scores are considered most

liberal according to their voting behavior, and vice versa.

The recognizability score of a legislator is defined as the number of appearances

on Sunday news shows. Details can be found at http://media.cq.com/facetime.

Further adjustment to gppq is needed depending on the purpose. For example, in

order to paint u as conservative, one can claim u has high/low correlation with some

v with conservative/liberal ideology. Formally,

gppq “

#

pλ ¨ qppq ` p1´ λq ¨ µppqq ¨ recpvq ¨ idepvq if idepvq ă 1{2

p1´ λ ¨ qppq ´ p1´ λq ¨ µppqq ¨ recpvq ¨ p1´ idepvqq if idepvq ě 1{2.

4 http://en.wikipedia.org/wiki/NOMINATE_(scaling_method)
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Similarly, if the goal is to paint u as liberal, gppq can be defined as follows,

gppq “

#

pλ ¨ qppq ` p1´ λq ¨ µppqq ¨ recpvq ¨ p1´ idepvqq if idepvq ă 1{2

p1´ λ ¨ qppq ´ p1´ λq ¨ µppqq ¨ recpvq ¨ idepvq if idepvq ě 1{2.

Among the three parameters open for perturbation, i.e., v, a, b, we would like

to diversify the time interval of comparison, represented by a and b, for multiple

representative points of the same target entity. We do not diversify the value of

target entity v. Formally, let the diversification kernel K be a 3D Gaussian kernel

with covariance matrix Σ “ diagpσe, σbegin, σendq, where σe “ `8.

4.5 Algorithms

In this section, we first present an iterative algorithm in Section 4.5.1 for solving the

k-REPS problem. Multiple runs of the iterative algorithm with different seedings

can provide a good guideline for the optimal value of the optimization objective GD.

Motivated by efficiency, in Section 4.5.2, we propose a greedy approximation

algorithm, which provides constant approximation of the optimal solution, due to

the submodularity and monotonicity of the objective function GD. The incremental

nature of the greedy algorithm is helpful in determining the right value of k.

On top of the greedy algorithm, we present a number of techniques for further

improving the efficiency and the result quality.

4.5.1 Iterative Algorithm

For the convenience of algorithm description, let DSpsq denote, for s P S, the subset

of D represented by s among the set of representatives S, or formally

DSpsq “ tp P D | φsppq “ ΦSppqu.

84



tDSpsqusPS is known as the maximization diagram of funtions tφsusP§. The par-

tition of the domain D is similar to Voronoi diagram (Voronöı, 1908), which is a

minimization diagram of distances w.r.t. the representatives.

We present an iterative algorithm for solving the k-REPS problem, as an instance

of the expectation-maximation (EM) algorithm (Dempster et al., 1977).

1. Initialize S to be an arbitrary k-subset of D.

2. In each iteration:

a. Compute the partition of D into clusters tDSpsqusPS.

b. For each cluster DSpsq, find the new representative point s1 “ arg maxs2PD
ř

pPDSpsq
gppq ¨ φs2ppq.

c. Terminate if S is not updated.

Step 1 of the algorithm can be done in Opkq time.

In Step 2a of the algorithm, computing the partition of D into clusters takes

Opk ¨ |D|q time — computing φsppq for all pairs of s P S and p P D, and pick-

ing the s maxmizing φsppq for each p. In Step 2b, for each cluster, updating the

best representative involves (i) enumerating the candidate s2, and (ii) evaluating
ř

pPDSpsq
gppq ¨ φs2ppq for each s2 enumerated. The time complexity for each cluster

is Op|D| ¨ |DSpsq|q. Summing over all clusters, the overall time complexity of Step

2b is Op|D|2q. It is worth noting that when updating the representative of a cluster

DSpsq, unlike the k-means clustering algorithm where the objective is to minimize the

within-cluster sum of squared (Euclidean) distance, the new representative s1 that

maximizes the objective function G for points within the cluster may not necessarily

be in the cluster.

The overall time complexity is dominated by the cost of updating the best repre-

sentatives (Step 2b), and determined by number of iterations — Op#iteration ¨ |D|2q.
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Algorithm 6: Iterative-k-REPSpg,D, kq.

1 S Ð random k-subset of D;

2 while true do
3 Snew ÐH;

4 foreach s P S do
5 DSpsq “ tp P D | φsppq ě φs1ppq, @s

1u;

6 Snew Ð Snew Y targ maxs1PD
ř

pPDSpsq
gppq ¨ φs1ppqu;

7 if S “ Snew then return S;

8 S Ð Snew;

Pseudo-code for the iterative algorithm is presented in Algorithm 6.

Remark (Choice of k). If a cluster’s optimal representative s1 lies outside cluster,

s1 must have high quality expressed by gps1q and be close to the cluster. This is a

way suggesting too many representatives are selected.

Remark (Bad seeding). The scenario described above — a cluster’s best represen-

tative lies outside — may happen due to bad seeding of S, for example having two

or more representatives very close to each other. Multiple runs of the iterative algo-

rithm are needed, with different seeding of initial representative set S, in order not

to wrongfully deeming the value of k to be too large due to bad seeding.

Instead of multiple trials of the iterative algorithm, the greedy algorithm to be

presented next will help determine the right value of k as it grows the representative

set in an incremental fashion.

Remark (Post-processing). We adopt a gradient descent post-processing step to

ensure that the solution set is locally optimal. For each s P S, if there is a neighbor

s1 of s such that changing s unilaterally to s1 (i.e., S 1 “ Sztsu Y ts1u) would increase

the value of GD (i.e., GDpS
1q ą GDpSq), replace s with s1 in S. Stop if there is no such

neighbor for all representatives. Each update takes Opk ¨ |D| time. This process is

guaranteed to terminate since each update increases the value of GD, and the number

of distinct k-subset of D is finite.
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Algorithm 7: Greedy-k-REPSpg,D, kq.

1 S0 ÐH;

2 for iÐ 1 to k do
3 Si Ð Si´1 Y targ maxsPDzSi´1

GDpSi´1 Y tsuqu;

4 return Sk;

4.5.2 Greedy Algorithm

One obvious drawback of the iterative algorithm is that, starting with a set of k

random points, it may stuck at a locally maximal, but globally sub-optimal solution.

We present a greedy algorithm that grows the solution set incrementally without

modifying existing solution points, and show that it generates an approximate so-

lution with guarantee, due to the submodularity and monotonicity of the objective

function GD : 2D ÞÑ R.

The greedy algorithm (Algorithm 7) does exactly what the name suggests: start-

ing out with an empty solution set S0, in iteration i, find the point s to S that

maximizes the objective function GDpSiYtsuq. Choosing each greedy representative

in a brute-force fashion takes Op|D|2q time — Op|D|q for enumerating candidates s

from D, and Op|D|q for evaluating GDpSi Y tsuq for each s.

The working set of representatives is append-only — no existing representative

point is ever modified.

Submodularity and Monotonicity To establish the quality of solution by the greedy

algorithm, we first show the submodularity (Schrijver, 2003) and monotonicity of the

objective function GD.

Definition 2 (Submodularity). Let Ω be a set. A set function f : 2Ω ÞÑ R, where 2Ω

denotes the power set of Ω, is said to be submodular if for allX Ď Ω and x1, x2 P ΩzX,

we have

fpX Y tx1uq ` fpX Y tx2uq ě fpX Y tx1, x2uq ` fpXq. (4.20)
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Lemma 1. GD is a submodular set function, i.e., for all S Ď D and s1, s2 P DzS,

we have

GDpS Y ts1uq ` GDpS Y ts2uq ě GDpS Y ts1, s2uq ` GDpSq. (4.21)

Proof. Consider two possibly intersecting subsets of D, Pi “ DSYtsiupsiq, for i “ 1, 2.

First of all, it is clear that for all p P DzpP1YP2q, ΦSYtsiuppq “ ΦSYts1,s2uppq “ ΦSppq,

i.e., including either or both of s1 and s2 do not change the contribution of p to the

objective function G.

For p P P1 Y P2, we have

max
i“1,2

tΦSYtsiuppqu “ ΦSYts1,s2uppq,

min
i“1,2

tΦSYtsiuppqu ě ΦSppq.

Adding up the equation and the inequality above, we have

ΦSYts1uppq ` ΦSYts2uppq ě ΦSYts1,s2uppq ` ΦSppq.

Summing the equation above for all p P D, we get

GDpS Y ts1uq ` GDpS Y ts2uq ě GDpS Y ts1, s2uq ` GDpSq.

Hence GD is submodular.

Lemma 2. GD is a monotone submodular function, i.e., for all S1, S2 Ď D such that

S1 Ď S2, we have GDpS1q ď GDpS2q

The proof for Lemma 2 is trivial, thus omitted.

It was shown in Nemhauser et al. (1978) that the greedy algorithm provides a

p1 ´ 1{eq-approximation for maximizing a monotone submodular set function with

cardinality constraint.

88



Theorem 3. Let S˚ be the optimal solution to the k-REPS problem, and SG be the

solution by the greedy algorithm, we have

GDpS
G
q ě

ˆ

1´
1

e

˙

¨ GDpS
˚
q

A brute force implementation of the greedy algorithm enumerates si and for each

enumerated si, evaluates GDpSi´1 Y tsiuq in Op|D|q time, and picks the optimal si.

The overall complexity is Opk ¨ |D|2q.

In contrast to the iterative algorithm (Algorithm 6), the number of iterations

is bounded by k. As remarked in Section 4.5.1, if in iteration i ď k, there exists

j ă i such that φsjpsiq ě φsipsiq or φsipsjq ě φsjpsjq, we consider the working set

of representatives Si under-diversified, and return Si´1 as the solution set instead of

completing k iterations.

In the remaining of this section, we present a wide range of techniques for im-

proving both efficiency and the quality of solution set (in terms of GD) of the greedy

algorithm, by utilizing the geometric properties of the objective function and the

solution set.

Power Diagram Clustering Observe that in the greedy algorithm a representative

selected into S will not change in future iterations. In the i-th iteration, when

computing GDpSi´1 Y tsuq with an enumerated candidate s for si, we already knew

GDpSi´1q from the previous iteration. To compute GDpSi´1Ytsuq from GDpSi´1q, we

only need to consider points in DSi´1Ytsupsq as follows.

GDpSi´1 Y tsuq “ GDpSi´1q `
ÿ

pPDSi´1Ytsu
psq

φsppq ´ ΦSi´1
ppq. (4.22)

We study the geometric structure of tDSpsqusPS with the Gaussian diversification

kernel K. Without loss of generality, let the covariance matrix Σ “ I for K. Consider

the bisector of the max-impact regions of two representatives s1 and s2.
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gps1q ¨Kpp; s1q “ gps2q ¨Kpp; s2q

ôgps1q ¨ expp´δ2
pp, s1q{2q “ gps2q ¨ expp´δ2

pp, s2q{2q

ô exp

ˆ

´
1

2
pδ2
pp, s2q ´ δ

2
pp, s1qq

˙

“
gps1q

gps2q

ôδ2
pp, s2q ´ δ

2
pp, s1q “ ´2 ln

gps1q

gps2q

ôpp´ s2q ¨ pp´ s2q ´ pp´ s1q ¨ pp´ s1q “ 2ps1 ´ s2qp´ }s1}
2
2 ` }s2}

2
2 “ ´2 ln

gps1q

gps2q
.

The results above suggests that the seperator of the max-impact regions of s1 and

s2 in a d-dimensional parameter space P is a pd ´ 1q-dimensional space. The max-

impact region of representative s among a set of representatives S is the intersection

of |S| ´ 1 halfspaces, thus a (possibly empty) d-dimensional convex polyhedron.

The max-impact regions of all representatives of S form a power diagram , a

generalized form of Voronoi diagram (Aurenhammer and Klein, 2000). The formal

definition of power diagram is presented as follows.

Definition 3. (Power distance.) Given a sphere of radius r and a point in a Eu-

clidean space, with Euclidean distance d from the center of the sphere. The power

distance from the point to the sphere is d2 ´ r2.

(Power Diagram.) Given a set of spheres in a Euclidean space, the power diagram

is a partition of the space into polyhedral cells, where the cell for a given sphere C

consists of all points for which the power distance to C is smaller than the power

distance to all other spheres.

In the k-REPS problem, given a set of k representatives, S, consider the power

diagram formed by k spheres, where the radius of the sphere centered at represen-

tative s P S is
a

2 ln gpsq. Let VorSpsq denote the power diagram cell of s. The
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power distance of p P D to the sphere centered at s is δ2pp, sq ´
´

a

2 ln gpsq
¯2

. For

each s P S, we have DSpsq “ VorSpsq XD. This supports the intuition behind the

objective function that a representative s with higher individual quality, i.e., gpsq,

should have higher representative power, reflected by larger sphere radius in the

power diagram.

Back to Equation 4.22, the contribution of a candidate representative s to an

existing representative set S can be written as

GDpS Y tsuq ´ GDpSq “
ÿ

pPDSYtsupsq

φsppq ´ ΦSppq. (4.23)

If SYtsu is a sufficiently diversified set of representatives, we have s P DSYtsupsq,

i.e., s represents itself better than (or as well as) all representatives of S. As we have

shown above, DSYtsupsq “ VorSYtsupsq XD. Points of DSYtsupsq can be enumerated

starting from s using the GetPÓ subroutine described in Section 2.3.2.

Lazy Update We noticed that not all points are promising candidates for the solution

set S. For example, in the same neighborhood of the problem domain D, we would

obviously prefer points with higher g-value. However, the basic greedy algorithm

examines the possibility of every candidate being the next greedy solution point.

Motivated by this observation, we introduce the lazy update technique, prioritizing

the costly evalution of the contribution of a candidate solution point to the objective

function GD, resulting in possibly early decision of a candidate’s inclusion in the

greedy solution set, and reuses a lot of computation in future iterations.

Formally, let Si denote the i-representative set by the greedy algorithm. For the

boundary case, we define S0 “ H, and GDpHq “ 0. For a remaining candidate

p P DzSi after iteration i, let ∆p,i denote the extra utility that would have been

obtained by having p as the pi ` 1q-th representative in addition to Si, i.e., ∆p,i “
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GDpSi Y tpuq ´ GDpSiq. The pi ` 1q-th representative to be chosen by the greedy

algorithm is si`1 “ arg maxpPDzSi ∆p,i.

Observe that for all p, j ă iñ ∆p,j ě ∆p,i. In other words, the earlier a candidate

p is added to the incremental solution set, the more it can contribute to GD. We use

a priority queue Q to store triples xp, j,∆p,jy, denoting that if candidate p were to

be added as the next solution point, at most ∆p,j would be added to GD, and the

last time this extra utility was updated for p was after j-th iteration. At any time,

for any p, at most one such triplet can exist in Q. The prioritization of elements of

Q is based on the value of extra utility.

To find the pi`1q-th greedy representative, we repeatedly retrieve the top element

xp, j,∆p,jy from Q. If j “ i, we know p must be the pi` 1q-th greedy representative.

Otherwise, we update ∆p,j to ∆p,i, and re-insert triple xp, i,∆p,iy into Q. To facilitate

this update, we only need to consider q P DSiYtpuppq
Ş

´

Ťj
l“i`1 DSjpslq

¯

, which can

be enumerated efficiently due to the power diagram structure of the max-impact

regions of representatives discussed earlier.

For initialization, let Q “ txp,´1, gppq ¨maxqPD gpqqy | p P Du.

The lazy update technique will allow us to avoid trying lots of the candidates

with low g-values, and candidates close to existing solutions, as new greedy solution

point.

Non-diversification Subspace Algorithms 6 and 7 are presented in general terms, with-

out considering the structure of the problem domain D or the diversification kernel

K. Now we show how to localize the greedy algorithm and improve its efficiency by

utilizing the non-diversification subspace PND.

For a subset X of the parameter space (e.g. the problem domain D, a set of

representatives S), and p̌ P PND, we define
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Xp̌ “ tp P X | πNDppq “ p̌u.

Due to the way K was defined in Section 4.2, i.e., Kpp; sq ą 0 ñ πPNDpp
1q “

πPNDpsq, we have

Lemma 4. GD

´

Ť

p̌PPND
Sp̌

¯

“
ř

p̌PPND
GDp̌pSp̌q

Corollary 5. Let S˚ be the optimal solution to the k-REPS problem on domain D.

For any p̌ P PND, S˚p̌ is the optimal solution to the |S˚p̌ |-REPS problem on sub-domain

Dp̌.

Lemma 4 and Corollary 5 allows us to treat the k-REPS problem on the entire

problem domain D as independent sub-problems of kp̌-REPS on sub-domains Dp̌,

except that that optimal kp̌ for each p̌ is not known apriori. However, this can be

addressed by the incremental nature of the greedy algorithm. In each iteration of the

greedy algorithm, we find the next greedy representative from each Dp̌, and choose

the best, in terms of the value of the objective function GD. Local greedy solution

points that are not chosen can be reused in the next iteration of the global greedy

procedure.

Suppose there are m distinct projections of D on PND, leading to m partition of D

of similar size. The time complexity is reduced to O
``

k
m2 `

1
m

˘

¨ |D|2
˘

, where finding

each locally optimal greedy solution point takes O
´

|D|2
m2

¯

time. A total of k`m such

locally optimal greedy solution point is found, including one additional point for each

of the m partition, on top of the k representatives asked by the k-REPS problem.

Size-limited Candidate Set We see that the complexity of the greedy algrorithm is

heavily dependent on the number of candidates (linear without the lazy update
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improvement). So far, we have not ruled out any point of D from being a candidate

for S.

To significantly improve the efficiency of the greedy algorithm, we start with size-

constrained candidate set, chosen randomly from D. The probability of inclusion for

each point is proportional to its g-value.

More precisely, to sample a candidate set C Ď D of size η ¨ |D|, where η P p0, 1s,

we first linearize elements of D as p1, . . . , p|D|, in an arbitrary order. Define the cdf

Gi “ Gi´1` gppiq for i “ 1, . . . , |D|, with G0 “ 0. To select a candidate, we generate

x from the continuous uniform distribution unif
´

0,
ř

pPD gppq
¯

, and include pi in C

where i “ mintj ą 0 | Gj ě xu, if pi does not exist in C yet. We repeat this step

until the size of C reaches η ¨ |D|.

This reduction of the candidate set may limit the quality of the solution set. To

address this problem, we introduce the following post-processing step.

Post-processing using Iterative Algorithm On top of all above techniques to speed up

the greedy algorithm, we add one extra iteration of the iterative algorithm as a post-

processing step, seeded with the greedy solution, in order to improve the quality of

solution, in terms of GD. All points in D are candidates again in this step.

The Combined Algorithm Now we present an improved greedy algorithm, called

Greedy+ (Algorithm 8), incorporating all technique described above.

As an adaptation of notations from Algorithm 7, to account for partitions of D by

their projections on the non-diversification PND, let ∆p,i “ GDp̌pSp̌,iYtpuq´GDp̌pSp̌,iq,

where p̌ is the projection of p on PND

A smaller candidate set C is used instead of the full domain D (Line 13). To

account for the non-diversification subspace PND, we run independent instances of

the greedy algorithm for each distinct projection p̌ on PND (Lines 14 – 17).
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Lines 20 through 28 describes the lazy update process. A priority queue Qp̌

is used to realize the lazy update for each possible projection p̌ on PND. A merge

queue QM is used to select the maximum element for the next lazy update operation

across different values of p̌. In the LazyUpdate subroutine for updating ∆p,j to ∆p,i,

enumeration of points on Lines 5 and 9) are performed efficiently based on the power

diagram structure of representatives’ max-impact regions.

Lines 30 through 33 describes the post-processing iteration.

4.6 Experiments

In this Section, we first compare k-REPS with two methods of diversified top-k and

the weighted k-means clustering algorithm on a synthetic surface. Then we present

the results of k-REPS on UNEMPY , the US yearly unemployment rate data,

for 65 years from 1948 to 2012 (n “ 65), derived by taking the average monthly

unemployment rate (UNEMP , Section 3.4) by calendar years.

To evaluate the efficiency and effectiveness of the proposed algorithms, we use

the US Congressional voting data, VOTE as described in Section 3.4, which has a

larges parameter space compared to UNEMPY .

4.6.1 Proof-of-concept Experiments

Comparison with Related Work Our high level objectives are closely to the missions

of two class of problems, namely top-k queries with diversification and clustering.

We compare the quality of results with existing work on a synthetic surface (Figure

4.2), as a mixture of five Gaussian kernels with similar peak values, and a single

spike point p3, 22q in a low-value region.

k-REPS vs. k-means. To see the difference between the k-REPS problem and clus-

tering problem, we first compare with the classical (weighted) k-means clustering
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(a) Top-5 and corresonding regions by k-REPS
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(b) 5 clusters and centroids by weighted k-means
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(c) Top-5 by MMR

0 1 2 3 4 5 6 7 8 9
1
0

1
1

1
2

1
3

1
4

1
5

1
6

1
7

1
8

1
9

2
0

2
1

2
2

2
3

2
4 x

0
1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
y

0.00

0.25

0.50

0.67

0.84

(d) Top-5 by graph based approach

Figure 4.2: Top-k representative points by different methods on synthetic surface

algorithm (MacQueen, 1967; Lloyd, 1982). Figure 4.2a shows the optimal five rep-

resentative points according to Definition 1 given k “ 5. The green curves partition

the surface into regions that are best represented by each of the representatives.

Figure 4.2b shows the five clusters by weighted k-means clustering, with the surface

value as each point’s weight. The (weighted) centroid of each cluster is rounded to

the nearest integral point and shown using a black dot. The clustering by k-REPS

and by k-means are not too different from each other. However, the k-means defi-
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nition which aims to minimize the within-cluster sum of squares results in possibly

low-weight centroids, i.e., low-quality representatives in our context. This is likely to

happen when the high-value region of a cluster deviates from the unweighted center

of the cluster, e.g. the top-left, bottom left, and bottom right clusters represented

by points p10, 18q, p3, 5q, and p20, 5q, respetively in Figure 4.2b.

k-REPS vs. diversified top-k. We also compare with diversified top-k results on the

same synthetic surface, shown in Figure 4.2c and 4.2d. Figure 4.2c shows the result

of the popular MMR approach Carbonell and Goldstein (1998); Catallo et al. (2013),

which iteratively returns the next representative point p from DzS that optimizes

the following function, as a linear combination of utility 5 and diversity.

λ ¨ gppq ´ p1´ λq ¨max
sPS

simps, pq (4.24)

In Equation 4.24 above, λ P p0, 1s dictates the trade-off between utility and

diversity. At one extreme, when λ “ 1, all focus is on utility, and points will be

returned by MMR in non-ascending order of their g values. On the other hand, when

λÑ 0, only the highest g value point will be returned because any other point as a

second representative would yield negative value in Equation 4.24. For the purpose

of this experiment, we choose the λ that gives us exactly five solution points, i.e.,

any candidate for 6th representative would lead to negative value of Equation 4.24.

We see in Figure 4.2c that the solution points picked up by MMR tends to be pushed

towards the boundary of the candidate solution space (e.g. points p1, 0q and p23, 4q),

because diversity is expressed explicitly as part of the optimization objective. Also,

MMR does not consider the relationship between solution points and non-solution

points, and as a result, the high-value point p2, 22q in a low-value region is returned

by MMR.

5 Note that the utility of a candidate point has been adapted from its similarity/relevance to a
query point, to its g value.

97



k

5 10 15 20

G
D

(S
)

0

2

4

6

8

10

12

C=1

C=1/4

C=1/16

(a) GpSkq as k changes.

k

5 10 15 20

∆
k
 /
 ∆

1
 (

%
)

0

20

40

60

80

100

C=1

C=1/4

C=1/16

(b) ∆k{∆1 as k changes.

Figure 4.3: Using the greedy algorithm to guide the selection of the number of
representatives k

Another examplary work in diversified top-k takes the similarity-graph approach Qin

et al. (2012) – two candidate points are connected by an edge, thus mutually exclusive

in the solution set, if they are close to each other, dictated by a distance threshold

δ. The goal is to find a independent set of size at most k that maximizes the sum

of utilities, i.e., g-values. The result by this similarity graph based approach on the

same synthetic surface is shown in Figure 4.2d. Similar to the result of MMR, point

p2, 22q is returned because the relationship between solution points and non-solution

points is not considered.

It it worth noting that the results of k-REPS, MMR, and the graph based method

are the same in extreme cases, but they do not reduce each other when the trade-

off of utility and diversity is in-between. The maximum diversity is achieved (i) in

k-REPS when C Ñ `8 in K; (ii) in MMR when λ Ñ 0; (iii) in the graph-based

formulation when distance threshold δ “ 0. When diversity is maximized, all three

methods return only the highest utility point. At the other extreme, when C “ 0 in

K for k-REPS, λ “ 1 for MMR, and δ Ñ 8 for the graph-based approach, all three

methods would return the k points with highest utility.
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(a) Aiming for high response.
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(b) Aiming for low response.

Figure 4.4: 4-REPS for finding WAC claims on unemployment rate data

Case Study: Finding WAC Claims on UNEMPY Now we turn to a concrete example,

of finding WAC claims on UNEMPY . Per discussion in Section 3.2.1, the parameter

space of WAC claims on UNEMPY consists of triples pw, t, dq satisfying that w P

r1, n ´ 1s, t P rw ` 1 ` 1948, n ` 1948s6 and d P r1, t ´ ws. For the purpose of

visualization, we fix the window size w “ 1, and consider t, d open for perturbation.

More precisely, let D “ tpw, t, dq | w “ 1 ^ t P r1981, 2012s ^ d P r1, 33su.7 Let

gppq “ q̃ppq for p P D, where q was defined in Eqn. 3.1, the normalized using the

logistic function as described in Section 4.3. Our goal is to look for high-response

representatives.

For the diversification kernel K, let Kpp; sq “ exp
 

´C
2
pp´ sqT Ipp´ sq

(

. Note

that the choice of Σ “ I here is different from that in Section 3.2.1, because in lead

finding, there is no need for capturing the context of a given claim.

6 Note that UNEMPY starts at the year of 1948. We add an offset of 1948 to the range of t,
instead of using the general range definition on an arbitrary time series, for better interpretability.

7 A 2D slice of the 3D parameter space for WACclaims with fixed value of w forms a triangle. An
analogous example was shown in Figure 2.1 for WAC on the New York City’s adoption data. This
definition of D corresponds to a lower right rectangular region of the triangle.
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We first show the how to use the greedy algorithm to guide the selection of

the value of k, and the effect of C on diversity of results. In Figure 4.3, we plot

the increase of value of the objective function G as the number of representatives k

increases, for three different values of C. Let Sk be the greedy solution to k-REPS. In

Figure 4.3a, we plot the value of the greedy solution sets GDpSkq. In Figure 4.3b, we

plot the value of each additional greedy representative, as a percentage of the value of

the first representative, i.e., ∆k{∆1, where ∆k “ GDpSkq´GDpSk´1q. We see that the

contribution of each additional greedy representative decreases as k increases, and

the rate of decrease increases as C decreases. As discussed in Section 4.2, smaller

value of C corresponds to higher diversity. Hence, fewer representatives are needed

to the cover the same domain. For a fixed value of C, a good value of k can be chosen

such that the next greedy representative gives significantly smaller contribution. For

example, for C “ 1{4, k “ 4 can be a good choice, as the contribution ∆5 of the fifth

greedy representative is only 60% of ∆1, as opposed to ą 80% by the fourth greedy

representative.

In Figure 4.4a, we plot the greedy 4-REPS and their corresponding max-impact

regions on the QRS, normalized on domain D. It is clear that all four representatives

is have high values by themselves, and different high-value regions of the surface.

Here are the four WAC claims translated from the four representatives.

• The unemployment rate in 1983 increased by as much as 169.8% compared to

that of 1968.

• The unemployment rate in 1983 increased by as much as 228.2% compared to

that of 1953.

• The unemployment rate in 1992 increased by as much as 110.5% compared to

that of 1968.
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Figure 4.5: Performance of k-REPS algorithms (Marshall vs. Pelosi)

• The unemployment rate in 2010 increased by as much as 142.6% compared to

that of 2000.

Conversely, we can reverse the normalized response, i.e., gppq “ 1 ´ q̃ppq, to

look for low-response claims. The results of 4-REPS are shown in Figure 4.4b. The

corresponding WAC claims boasting decrease in unemployment are as follows.

• The unemployment rate in 1989 decreased by as much as 45.8% compared to

that of 1982.

• The unemployment rate in 1999 decreased by as much as 43.7% compared to

that of 1992.

• The unemployment rate in 2000 decreased by as much as 59.1% compared to

that of 1982.

• The unemployment rate in 2006 decreased by as much as 52.5% compared to

that of 1982.
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Figure 4.6: Performance of k-REPS algorithms (Marshall vs. all)

4.6.2 Algorithm Effectiveness and Efficiency

We compare the efficiency and the effectiveness of the algorithms proposed in Sec-

tion 4.5, using the US Congressional voting data (VOTE). The modeling of k-REPS

problem for finding TSS claims on VOTE was discussed in Section 4.4. We focus

on votes from 2001 to 2014. There are 153 distinct entities/legislators with at least

one appearance on Sunday news shows (the recognizability measure as discussed in

Section 4.4). Restricting the time of comparison to whole months, we have a total

of 154 months with at least one vote.

For a TSS claim parameterized as pu, v, a, bq with fixed value of u, the size of the

domain D is roughly 154 ¨ p154 choose 2q « 1.8 ˆ 106. With the non-diversification

dimension v, D can be partitioned into 154 2D sub-domains, each of size roughly

1.2ˆ 104.

We compare the three algorithms proposed in Section 4.5, namely, the Iterative

Algorithm (Algorithm 6), the Greedy Algorithm (Algorithm 7), and the Greedy+

Algorithm (Algorithm 8).

We first find k representative claims that paint James Marshall as liberal by

claiming a high vote correlation with the notable Democrat Nancy Pelosi, for k “
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1, 2, . . . , 10. This sub-domain of D is 2-dimensional, without non-diversification sub-

space PND. Results are shown in Figure 4.5. Results of the Iterative Algorithm are

based on 20 random k-subsets of D as seeds. Results of the Greedy+ are based on 20

independent runs with random candidate sets with 5% of D, sampled as described

in Section 4.5.2. In Figure 4.5a, we see that the performance of the three algorithms

(average performance for Greedy+ and Iterative) are comparable to each other, in

terms of GDpSkq. The best case result of Iterative is slightly better than the other

two algorithms. However, we see in Figure 4.5b that Greedy+ runs much faster than

both Greedy and Iterative. The running time of Greedy increases linearly in k, while

the running time of Iterative depends on the number of iterations until convergence,

thus hard to predict. If time is not a constraint, repeated runs of Iterative may

improve the quality of the resulting representative set.

In Figure 4.6, we show the result of k-REPS on the full 3-dimensional domain D,

with the target entity being the non-diversification dimension, as described in Sec-

tion 4.4. k ranges from 5 to 50. The goal is the same — to paint Marshall as liberal,

by claiming low vote correlation with notable conservatives, or high vote correlation

with other notable liberals. In Figure 4.6a, we see that Iterative is outperformed

by Greedy and Greedy+. Recall that a non-diversification subspace PND effectively

divides the k-REPS problem into m independent sub-problems for the m distinct

projections of D on PND (Corollary 5). However, for the global optimal k-REPS so-

lution S˚, the number of representatives that belong to a projection p̌ P PND is not

known apriori. With the Iterative algorithm, a bad seeding — wrong distribution

of number of representatives for each possible projection — will yield sub-optimal

solution. This issue does not exist for Greedy or Greedy+ due to their incremen-

tal behavior. In terms of efficiency, Greedy+, again, is faster than the other two

(Figure 4.6b). The Greedy algorithm has a big overhead cost upon finding the first

representative because it needs to find m greedy representatives, one for each of the
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m distinct projections on PND.

Overall, we see in both Figure 4.5 and Figure 4.6 that Greedy+ is more efficient

than Iterative and Greedy, due to a smaller candidate set. While Iterative is not

efficient by itself, having it as a post-processing step for Greedy+ guards against

poor result quality from the smaller candidate set, and brings the quality of result

of Greedy+ close to that of Greedy.

4.7 Related Work

The lead-finding problem studied in this chapter is closely related to a large body of

work on diversification of results for recommender systems and top-k queries.

Top-k diversification As discussed in Section 4.6.1, Carbonell and Goldstein (1998)

proposed the maximal marginal relevance method that iteratively retrieves the next

“optimal” item with respect to the existing solution set in a greedy fashion. Op-

timality was defined as the trade-off, in the form of a linear combination, between

an item’s relevance to the query item (utility), and its relevance to existing solution

items (diversity). The highest utility item (most relevant to query item) will always

be selected as the first item in the solution set. Catallo et al. (2013) later built on

MMR and studied the diversified top-k problem over bounded regions.

Qin et al. (2012) took a graph-based approach towards diversifying top-k results.

Two items are mutually exclusive in the solution set if they close similar to each

other. The goal is to maximize the total utility of no more than k items.

While these two methods focus on the quality of solution points only, we consider

the relationship between the solution points and the non-solution ones, by maximiz-

ing the impact of the solution set on the entire problem domain.
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Weighted Clustering We have also compared the k-REPS problem with the popular

weighted k-means clustering algorithm (MacQueen, 1967; Lloyd, 1982). While the

weighted k-means algorithm focuses on clustering instead of choosing high-weight

centroids, the centroids may have low weight when the weighted and unweighted

centroids of a cluster are far from each other.

Ackerman et al. (2012) studied the classification of weighted clustering algo-

rithms. k-means belongs to the class of weight sensitive weighted clustering algo-

rithm. It can be shown that the partition of max-impact regions of representatives

by the k-REPS problem is also weight sensitive.

Diversification in recommender systems The utility-diversity trade-off also frequently

appears in recommender systems. Zhou et al. (2010) studied the trade-off through

(a linear combination of) two different probability re-distribution methods using

collaborative filtering. Diversification is achieved via prefering “weak-ties”.

Hasan et al. (2014) studied the problem of adaptive diversification in search result

nagivation. Instead of presenting all solution items at once with a fixed level of

diversity, they modeled displaying search result as an interactive process, and aimed

for adaptive diversity based on user response.

Spatial diversification Item relevance in recommender systems can be regarded as

item distance in a metric space, or parameter space distance in our context. Jain

et al. (2004); Haritsa (2009) studied the problem of k-Nearest Diverse Neighbor

(kNDN) from a geometric perspective.

Sensor placement Guestrin et al. (2005) studied the problem of sensor placement

with budget. The goal was to cover a space with a limited number of sensors to

increase the confidence of temperature prediction based on readings from place sen-
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sors. Spatial diversification was achieved as a result of maximizing global information

gain, i.e., minimize uncertainty. Interestingly, it was shown that this optimization

objective is equivalent to maximizing mutual information between solution set and

non-solution set, which is analogous to our motivation of non-solution point coverage.

Image Segmentation k-REPS problem on a 2-dimensional domain is related to image

segmentation. The goal of image segmentation is to identify boundaries of objects in

images. A wide range of methods have been proposed for image segmentation, such as

clustering methods (Pappas, 1992), compression-based methods (Mobahi et al., 2011;

Rao et al., 2010), histogram-based methods (Ohlander et al., 1978), edge detection

and integration methods (Kimmel, 2003; Kimmel and Bruckstein, 2003), variational

methods (Mumford and Shah, 1989; Chan and Vese, 2001), etc.

In image segmentation, a high-value singular point will be identified as a region or

segment by itself. For this reason, image segmentation algorithms cannot be readily

applied to in lead-finding, to find areas of high-quality leads while avoiding singular

points.

Submodular set function Submodular set functions (Schrijver, 2003) have found appli-

cations in many domains, including but not limited to document summarization (Lin

and Bilmes, 2011), image collection summarization (Tschiatschek et al., 2014), sen-

sor placement (Guestrin et al., 2005), feature selection and active learning (Krause

and Guestrin, 2008).

Maximization of submodular functions is usually NP-hard. Nemhauser et al.

(1978) have shown that greedy algorithms provide p1´ 1{eq-approximation to maxi-

mization problem of a monotone submodular set function with cardinality constraint.

More generally, a 1
2
-approximation algorithm exists for submodular function maxi-

mization problem without monotonicity or cardinality constraint (Buchbinder et al.,
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2012).
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Algorithm 8: Greedy`-k-REPSpg,D, kq.

1 def LazyUpdatepp̌, p, j, i,∆p,jq begin
2 if @s P Sp̌,i, φpppq ě φsppq and φspsq ě φppsq then
3 if j “ ´1 then
4 ∆p,i Ð 0;

5 foreach q P pDp̌qSp̌,iYtpuppq do
6 ∆p,i Ð ∆p,i ` gpqq ¨ φppqq;

7 else
8 ∆p,i Ð ∆p,j;

9 foreach q P pDp̌qSp̌,jYtpuppq
Ş

´

Ťi
l“j`1pDp̌qSp̌,ipslq

¯

do

10 ∆p,i Ð ∆p,i ´ gpqq ¨
`

mintΦSp̌,ipqq, φppqqu ´ ΦSp̌,jpqq
˘

;

11 Qp̌.insertpxp, i,∆p,iyq;

12 return;

13 CÐ random subset of D of size η ¨ |D|;
14 foreach p̌ P PND do
15 Cp̌ Ð tq P C | πPNDpqq “ p̌u;

16 Qp̌ Ð txp,´1, gppq ¨maxqPDp̌ gpqqy | @p P Dp̌u;

17 kp̌ Ð 0; Sp̌,0 ÐH;

18 QM Ð txp̌, Qp̌.removeMaxpqyup̌PPND;

19 for iÐ 1 to k do
20 while true do
21 if QM .emptypq then break;

22 xp̌, xp, j,∆p,jyy Ð QM .removeMaxpq;

23 if j “ kp̌ then
24 Sp̌,kp̌`1 Ð Sp̌,kp̌ Y tpu;

25 else
26 LazyUpdatepp̌, p, j, kp̌,∆p,jq;

27 if  Qp̌.emptypq then QM .insertpxp̌, Qp̌.removeMaxpqyq ;

28 if j “ kp̌ then kp̌ Ð kp̌ ` 1; break ;

29 S ÐH;

30 foreach p̌ P PND do
31 Sp̌ Ð Sp̌,kp̌ ;

32 foreach s P S do
33 S Ð S Y targ maxs1PDp̌

ř

pPpDp̌qSp̌ psq
gppq ¨ φs1ppqu;

34 return S;
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5

Lead-Finding : One-of-the-few Claims

5.1 Introduction

One important goal in computational journalism is (semi-)automatic lead identifi-

cation from data, i.e., finding interesting information nuggets from raw data that

lead to further investigation and/or news stories around them. In Chapter 4, we

have studied the k-REPS problem that serves as a general tool for finding diversified

high-quality leads.

In this chapter, we shift the focus to finding high-quality leads driven by quality

measures, in particular, uniqueness, as defined in Section 2.2.2 (Eqn. 2.3). We

consider a popular form of claims exemplified by the following:

• There is no player in NBA history with more points, more rebounds, and more

assists than Oscar Robertson in one’s career.

• Rick Perry is one of the only three candidates in the 2012 US federal election

cycle to have received at least $600k from “lawyers & lobbyists” (an interest

group that is usually pro-Democrat) and $400k from “energy & natural re-

sources” (usually pro-Republican).
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These two claims share a common structure: both are about an object being one

of the few that “stand out” when compared according to a set of numeric attributes.

More precisely, given a set of objects O, each with a set A of numeric attributes, a

one-of-the-few claim has the following form:

Object o is dominated by fewer than k objects in a non-empty subset

B Ď A of attributes.

Here, we say o1 dominates o in B if o1 is no worse than o for all attributes in B, and

o1 is strictly better than o for at least one attribute in B. Journalists are interested

in two tasks: 1) finding all “interesting” one-of-the-few claims from a given dataset;

2) ranking objects based on what one-of-the-few claims can be made about them.

The first task allows journalists to identify claims that can be used in stories or serve

as leads for further investigation. The second task provides an object-centric view

that allows journalists to prioritize their investigation of particular objects (especially

when there are many interesting one-of-the-few claims).

Task 1: Finding Claims One-of-the-few claims are closely related to the concept of

k-skyband for multi-dimensional data (Papadias et al., 2005). Intuitively, the k-

skyband of a set O of objects in subspace B is the subset of objects each dominated

by fewer than k other objects in B. (The better-known notion of skyline is a special

case of k-skyband where k “ 1.) From the k-skyband in B, a one-of-the-few claim

can be generated for each object in the skyband straightforwardly. While various

algorithms exist for computing a k-skyband given k and B, they do not address the

key challenge of ensuring “interestingness” of the claims they find in a way that is

easy for users to control and interpret. Although the parameter k can be tuned, it

is a poor indicator of interestingness, as illustrated by the following example.
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Example 4. Consider the set of nearly 4000 players in NBA history, with stats such as

career total points, rebounds, and assists. Being one of the top 50 leading scorers—i.e.,

in the 50-skyband for the single-attribute subspace tpointsu—is quite an impressive feat.

However, if we expand the subspace to tpoints, reboundsu, 142 players now fit the bill—i.e.,

each is dominated by fewer than 50 others in tpoints, reboundsu. If we further include assists

in the subspace, 324 (almost 9% of all) players will be in the 50-skyband.

Example 4 clearly illustrates why we cannot use a universal k to ensure inter-

estingness of one-of-the-few claims for different subspaces: the size of the skyband

tends to increase rapidly as dimensionality goes up. For example, the expected

number of 1-skyband (skyline) objects is Oplnd´1|O|{pd ´ 1q!q for a d-dimensional

subspace (Bentley et al., 1978), assuming no correlation between attributes. With

a fixed k, too many claims can be in high-dimensional subspaces, making them less

interesting. Clearly, k needs to be adjusted when |B| changes. Furthermore, the

appropriate setting for k cannot be expressed simply as a function of dimensional-

ity, because data characteristics—for example, correlation among attributes—also

matter, as illustrated below.

Example 5. We plot a subset of NBA players, with attributes points, rebounds, and as-

sists per game, as points in subspaces tpoints, reboundsu (Figure 5.1a) and trebounds, assistsu

(Figure 5.1b). It is easy to see that the skybands in Figure 5.1a tend to be smaller than

those in Figure 5.1b, because of the positive correlation between points and rebounds

and the negative correlation between rebounds and assists. For example, the 3-skyband

in tpoints, reboundsu contains 5 players (Jordan, Chamberlain, James, Baylor, and Pet-

tit), which translate into 5 one-of-the-3 claims; on the other hand, the 3-skyband in

trebounds, assistsu contains 9 players (all except Jordan). Hence, no single choice of k

is appropriate for these two subspaces of the same dimensionality.

Example 5 above clearly illustrates that we cannot hope to define interestingness,
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Figure 5.1: Correlation in NBA player stats.

which is data-dependent, by a function of k and |B| alone. Asking the user to pick

the right k manually for each and every subspace is also infeasible. Our quest is to

find an effective way of ensuring claim interestingness such that: 1) users are not

required to tune lots of parameters; 2) the results are easy to understand and explain

in layman’s terms. Both properties are critical for computational journalism, where

journalists may be non-technical and the results need to be explained to the general

public in stories.

Task 2: Ranking Objects Even with an appropriate definition of “interestingness,”

many objects may be the subject of at least one interesting one-of-the-few claim in

some subspace. The task of ranking objects allows users to prioritize their effort

in investigating objects. From our experience analyzing real data and preliminary

user studies, different data domains and user preferences call for some degree of

customization in ranking, as illustrated below.
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Example 6. Both John Stockton and Larry Bird are inductees into the Naismith Memo-

rial Basketball Hall of Fame, but they have very different playing styles. Stockton has

the second highest assists per game in NBA history, but is not very impressive in points

or rebounds. Bird ranks 17th in points, 60th rebounds, and 44th in assists. Stockton and

Bird exemplify what we call “specialized” and “well-rounded” objects, respectively. How

to rank specialized objects relative to well-rounded ones often depends on the context in

which the ranking will be used, or may simply be a matter of personal opinion.

A popular method for ranking objects according to multiple attributes is Kemeny

optimal rank aggregation (Dwork et al., 2001), or Kemeny for short. It produces

a “consensus” ranking that minimizes the number of pairwise disagreements (in

the relative ordering of two objects) with respect to the rankings under individual

attributes. Kemeny tends to downgrade objects that rank extremely high in very

few attributes but considerably low in other attributes. For Example 6 above, Bird,

who is well-rounded, would be ranked as the 9th by Kemeny, while Stockton, who is

specialized, would be as low as the 139th, which may not be acceptable to some.

While Kemeny leaves no option for customization, another popular method,

weight-sum ranking, exposes too many knobs. With weighted-sum, a user speci-

fies a preference vector, whose components represent weights assigned to individual

attributes; objects are then ranked according to their projection onto this vector

(i.e., weighted combination of their attribute values). For a d-dimensional dataset,

the user needs to properly specify d weights; even if we learn these weights auto-

matically, training examples must be provided by the user. Such requirements may

overwhelm journalists with little time or technical expertise. Our goal is to devise

a ranking scheme with as few knobs as possible, which would allow customization

without overwhelming users.
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Main Contributions First, we propose a simple but effective definition for the inter-

estingness of a claim based on its “uniqueness.” For a one-of-the-few claim (with

a particular k in a particular subspace B) to be interesting, we require that this

claim (with the same k and B) cannot be made for more than τ objects. Unlike k,

τ is a user-defined threshold that applies universally to all subspaces, significantly

reducing the burden on the user to define interestingness. For each subspace, our

definition automatically adapts k in a data-dependent way, and naturally excludes

those high-dimensional subspaces where no claims are unique enough. Furthermore,

τ is also easy to understand for non-technical users.

Based on this definition, we introduce the problem of finding all interesting one-

of-the-few claims across all non-empty subspaces, given the uniqueness threshold

τ . The fact that our k is data-dependent and not fixed raises unique challenges not

addressed by previous work on computing skylines and skybands. We devise efficient

algorithms that avoid redundant computation. In particular, we are able to improve

the worst-case complexity of finding all interesting claims in a subspace from Op|O|2q

to Opτ |O|q, which is attractive because τ in practice is small for claims to be unique.

Building on the definition of interestingness, we propose a novel scheme for scor-

ing and ranking objects based on the aggregated interestingness of claims involving

them. One key insight distinguishing our scheme from others such as Kemeny and

weighted-sum is that we in effect aggregate ranks across all non-empty subspaces

as opposed to just individual attributes. Our scheme supports tuning by a single

parameter α, which captures user preference between specialized and well-rounded

objects, and overcomes the inflexibility of Kemeny without resorting to an over-

whelming number of knobs like weighted-sum. Extending the algorithms for finding

all interesting claims, we show how to compute top-ranked objects efficiently given

α. We experimentally demonstrate, on real datasets, that our scheme is able to pro-

duce rankings comparable to Kemeny and weighted-sum while offering more effective
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customization.

5.2 Finding One-of-the-Few Claims

Preliminaries Consider a set O of n objects, each with d numeric attributes A “

tA1, A2, . . . , Adu. A subspace is a subset of the attributes and the set of all subspaces

of A form a lattice. We say that subspace B1 is an ancestor (descendant) of subspace

B2 if B1 Ď B2 (resp. B1 Ě B2). We say B1 is a parent (child) of B2 if B1 Ď B2 (resp.

B1 Ě B2) and their cardinalities differ by one.

We say o1 dominates o2 in subspace B, denoted o1 ąB o2, if i) @A P B, o1.A ě o2.A,

and ii) DA P B, o1.A ą o2.A. Clearly, dominance is transitive: if o1 ąB o2 and

o2 ąB o3, then o1 ąB o3.

Definition 4 (Dominating Subset, k-Skyband, Skyline, Tier).

• The dominating subset of o P O in subspace B Ď A, denoted DBpO, oq, is the

subset of objects that dominate o in B; i.e., DBpO, oq “ to
1 P O | o1ąB ou. Let

δBpO, oq “ |DBpO, oq| denote the size of the dominating subset.

• The k-skyband (k ě 1) of O in subspace B, denoted Sk
BpOq, is the subset of

objects in O that are each dominated by fewer than k other objects in O; i.e.

Sk
BpOq “ to P O | δBpO, oq ă ku.

• The skyline of O in subspace B is S1
BpOq, i.e., the 1-skyband.

• The i-th tier (i ě 1) of O in subspace B is the subset of objects in O that are

each dominated by exactly i´1 other objects in O; i.e. to P O | δBpO, oq “ i´1u.

Clearly, by definition, the k-skyband Sk
BpOq is the disjoint union of all i-th tiers

with i ď k, and the difference between the k-skyband and the pk´ 1q-skyband is the

k-th tier. 1

1 Note that tiers differ from the well-known concept of maximal layers, where the next maximal
layer is defined as the skyline of the set of objects outside all previous layers.
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To illustrate, consider the set O of 10 NBA players and the subspace B “

trebounds, assistsu shown in Figure 5.1b. DBpO, Stocktonq “ tJohnsonu, so

δBpO, Stocktonq “ 1. S1
BpOq “ tJohnson,Robertson,Bird,Chamberlainu is the sky-

line (or 1-skyband), which is also the 1st tier. S2
BpOq “ S1

BpOq Y tStockton,Baylor,

Pettitu is the 2-skyband, where Stockton, Baylor, and Pettit are in the 2nd tier and

each dominated by exactly one object in O. S3
BpOq, the 3-skyband, additionally

includes the 3rd tier tJames,Abdul-Jabbaru, leaving only Jordan out, as mentioned

in Example 5.

Problem Statement As motivated in Section 5.1, while each object in the k-skyband

translates into a one-of-the-few claim, we measure the interestingness of this claim

by the number of objects for which similar claims can be made, i.e., the size of the

k-skyband. Instead of struggling with setting k, which depends on the subspace and

object distribution, a user should be able to specify a single threshold τ that caps

the number of similar claims. Therefore, we introduce the concept of top-τ skyband

below. While the concept is closely related to k-skyband, a crucial difference is that

a top-τ skyband is defined by its size, while a k-skyband, defined by its number of

tiers, can be arbitrarily large.

Definition 5 (Top-τ Skyband). Given τ ě 1, the top-τ skyband of a set of objects

O in subspace B is the largest skyband whose size does not exceed τ . In other words,

it is the k̂-skyband where k̂ “ maxtk | τ ě |Sk
BpOq|u.

The fact that an object o belongs to the top-τ skyband with the k-th tier as

its last non-empty tier—or alternatively, the k-skyband with size no more than τ—

translates into the following statement:

Object o is dominated by fewer than k objects in B, and this claim cannot be

made for more than τ objects.
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Intuitively, τ measures the uniqueness of the claim made by the first part of the

statement above. For example, in Figure 5.1a, suppose we set τ “ 3. The top-3

skyband is the 1-skyband tChamberlain, Jordanu. The 2-skyband would be too big,

because it additionally contains Pettit, Baylor, and James and has size 5 ą 3 “ τ .

Note that the 3rd tier is empty—no player is dominated by exactly two others in

this example—so the 3-skyband (recall Example 5) is the same as the 2-skyband.

The problem of finding all interesting one-of-the-few claims can now be formulated

as follows:

Definition 6 (Finding Top-τ Skybands in All Subspaces). Given the set O of objects

and a user-specified threshold τ , find, for every non-empty subspace B Ď A, the top-τ

skyband of O in B.

For each subspace, the membership of an object in the top-τ skyband corresponds

a one-of-the-few claim that cannot be made for more than τ objects. This definition

leads naturally to some desired features. In a single-attribute subspace, the top-τ

skyband contains essentially the top k objects ranked by this attribute (but with

better handling of ties). As the subspace dimensionality goes up, k decreases in

an automatic, data-dependent manner until the k-skyband contains no more than τ

objects. Thus, with this problem formulation, users do not need to pick k manually

for different subspaces. To illustrate, consider again Example 5. Suppose the user

sets τ “ 8. For subspace tpoints, reboundsu (Figure 5.1a), the top-8 skyband would be

the 5-skyband. In contrast, for trebounds, assistsu (Figure 5.1b), the top-8 skyband

would be the 2-skyband. Finally, in very high-dimensional subspaces where so many

objects are on the skyline that no claims are interesting, our problem formulation

correctly leads to an empty top-τ skyband.
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Parameter Space Representation In the QRS-based framework, given a non-empty

subspace B Ď A, the parameter space can be defined as the finite set of objects, i.e.

P “ O. Let the response function q be defined as

qpoq “ δBpO, oq , @o P P. (5.1)

Let the relative result strength function be defined simply as

SRpr; r0q “ r0 ´ r. (5.2)

It is not hard to see that the top-τ skyband of O in B is equivalent to the

set of one-of-the-few claims represented by xq, o, qpoqy whose uniqueness (defined in

Eqn. 2.3) are no less than 1´ τ
n
.

Overview of Solutions The rest of this section describes our algorithms for finding

all interesting one-of-the-few claims. At a high level, we 1) traverse the lattice of

subspaces in some manner, and 2) compute the top-τ skyband for each subspace

we visit. Techniques for improving efficiency exist both across subspaces and within

each subspace. For finding the top-τ skyband in a given subspace B, we propose two

algorithms in Section 5.2 and 8. We then show in Section 5.2.1 how to explore the

lattice of subspaces using these algorithms as subroutines.

Note that computing the top-τ skyband for a single-attribute subspace tAu simply

involves finding the top τ objects sorted by A; algorithms in Sections 5.2 and 8 are

needed only when |B| ą 1.

Also note that it is possible to devise solutions by adapting existing techniques

from literature. We present one such solution here, which we call Baseline. For

lattice traversal, Baseline adopts the strategy of bottom-up skyline (BUS) of Pei

et al. (2006), who study the problem of computing the skyline in every subspace.
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Algorithm 9: ProgressivepO,B, τq

Data: object set O, subspace B, and size threshold τ
Result: the top-τ skyband of O in B

1 Φ ÐH; k Ð 0;

2 while true do
3 S Ð S1

BpOzΦq;

4 k1 Ð mintδBpΦ, oq ` 1 | o P Su;

5 ∆Φ Ð to P S | δBpΦ, oq ` 1 “ k1u;

6 if |ΦY∆Φ| ą τ then break;

7 Φ Ð ΦY∆Φ; k Ð k1;

8 return Φ;

BUS can be extended to compute k-skyband if k is given. In each subspace, Baseline

starts with k “ 1, and computes the k-skyband and increments k, iteratively, until

the k-skyband contains at least τ objects. Obviously, this iterative process of finding

the right k leads to a lot of redundant computation. Our new algorithms avoid

such redundant computation, and we experimentally validate their advantages over

Baseline in Section 5.4.

Progressive Top-τττ Skyband Algorithm

As it turns out, all objects in the pk ` 1q-th tier must lie on the skyline of the set of

remaining objects after those in the k-skyband are taken out. This simple but useful

observation has probably been made in other contexts too; we state it as a lemma

here for completeness.

Lemma 6. Sk`1
B pOq zSk

BpOq Ď S1
B

`

OzSk
BpOq

˘

.

Proof. Let S denote OzSk
BpOq. Consider any o in the pk ` 1q-th tier. Clearly o P S

because δBpO, oq “ k. If o R S1
B

`

S
˘

, then there exist o1 P S such that o1ąB o.

By transitivity of dominance, every object that dominates o1 also dominates o, so

δBpO, oq ą δBpO, o
1q ě k, a contradiction.

Lemma 6 suggests the following strategy, which we call Progressive (Algorithm 9),
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for computing the top-τ skyband for a given subspace. Given τ , Progressive computes

the answer set Φ tier by tier, starting from the first. By Lemma 6, to obtain the

next non-empty tier, we first compute (Line 3) the skyline S for the set of remaining

objects (those outside the current Φ). Objects in the next non-empty tier (∆Φ on

Line 5) are those in S whose dominating subsets in O are the smallest in size. We

add this tier to Φ as long as the resulting answer set has no more than τ objects. It

is easy to see that at the end of each iteration, the invariant that Φ “ Sk
BpOq holds.

Progressive terminates if the addition of the next non-empty tier causes the size of

the answer set to exceed τ .

Note that on Lines 4 and 5 we compute the size of the dominating subset for

o P S in Φ instead of O. This optimization is correct because, being on the skyline

of OzΦ, o is not dominated by any object in OzΦ, so δBpΦ, oq “ δBpO, oq.

Further Optimizations For clarity of presentation, Algorithm 9 leaves out some de-

tails, which we describe below. Suppose that in the previous iteration, the skyline

computed was Š, and ∆Φ̌ Ď Š was added to the answer set. For the current iteration,

it is easy to see that Šz∆Φ̌ Ď S; i.e., all remaining objects in Š will appear again in

the skyline S to be computed. This observation leads to two optimizations. 1) We

can speed up successive skyline computations on Line 3 across iterations. Specifi-

cally, we adapt the SUBSKY algorithm of Tao et al. (2006) (although in general any

skyline algorithm can be used). The original SUBSKY uses an index whose size is

linear in the |O| to help compute the skyline of O in any subspace. During execution,

SUBSKY always maintains the skyline for the subset of objects that it has examined.

In our adaption of SUBSKY, we remove from (a copy of) the SUBSKY index any

object added to Φ, and we “seed” each invocation of SUBSKY with Šz∆Φ̌ instead of

starting it with an empty skyline. 2) We can reduce the number of dominance tests

involved in determining δBpΦ, oq for o P S on Lines 4 and 5. For any o P Šz∆Φ̌ Ď S,
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we have already computed δBpO, oq in the previous iteration, so there is no need to

recompute it.

Complexity Following convention (Tao et al., 2006), we measure the performance of

our algorithms by the number of dominance tests. Progressive performs two types of

such tests: 1) those involved in computing the skyline of the remaining objects, and

2) those involved in computing the sizes of the dominating subsets in O for objects

on that skyline. The number of type-1 tests depends on the skyline algorithm; Tao

et al. (2006) describes various techniques to reduce it for SUBSKY. However, in the

worst case, |Φ| is almost τ in the final iteration, while |S| can be roughly |O| ´ τ

(i.e., the next non-empty tier contains nearly all remaining objects). In this case,

the total number of dominance tests would be Θp|O|2q.

One-Pass Top-τττ Skyband Algorithm

Progressive has poor worst-case complexity: it computes the entire next tier in order

to decide whether to add that tier to the answer, but that tier can be much larger

than τ . In this section, we show how to tame the complexity in terms of τ with

another algorithm OnePass. This algorithm works by considering object one by one

in a particular order while maintaining an answer set Φ. Dominance tests are only

performed between the object being considered and those in the current Φ. The

processing order is chosen in a “safe” way, as defined below, which allows OnePass to

cap |Φ| at τ at all times, thereby bounding the number of dominance tests to τ |O|.

Definition 7 (Safe Order). A order for a set O of objects is safe (for OnePass) if o1

precedes o whenever o1ąB o.

Algorithm 10 describes OnePass. The details of implementing the safe order will

be given later in this section. Here, we first explain the algorithm and establish its

correctness, the crux of which is captured by the lemma below.
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Lemma 7. The following invariants are true at the end of each iteration of OnePass’s

main loop, where O‹ denotes the set of all objects processed so far.

(I-1) For all o1 P Φ, cro1s “ δBpO, o
1q.

(I-2) Φ “ Sk
BpO

‹q.

(I-3) |Sk`1
B pOq| ą τ (if |O| ą τ).

Proof. We prove the lemma by induction. All invariants obviously hold before the

beginning of the first iteration. Suppose all invariants hold before the start of an

iteration processing o. We show that they also hold when the current iteration ends.

For clarity, let Φ̌ and ǩ denote the values of Φ and k, respectively, at the start of

the current iteration; let Ǒ‹ “ O‹ztou denote the set of objects processed before the

current iteration.

(I1): At the end of the iteration, for any o1 P Φ that was also in Φ̌, cro1s “ δBpO, o
1q

stays true as OnePass does not update cro1s. It remains to be shown that if o is added

to Φ, then cros “ δBpO, oq. Note that cros “ δB
`

Φ̌, o
˘

ă ǩ. It suffice to show that all

objects in O dominating o are in Φ̌. Suppose that is not the case. Let o1 denote the

first object in safe order such that o1ąB o and o1 R Φ̌. Because of the safe processing

order, we know o1 P Ǒ‹, and δB
`

Ǒ‹zΦ̌, o1
˘

“ 0. Meanwhile, δB
`

Φ̌, o1
˘

ď δB
`

Φ̌, o
˘

ă ǩ.

Therefore, δB
`

Ǒ‹, o1
˘

“ δB
`

Ǒ‹zΦ̌, o1
˘

` δB
`

Φ̌, o1
˘

ă ǩ, implying that o1 P Sǩ
B

`

Ǒ‹
˘

.

However, by the inductive hypothesis, Sǩ
B

`

Ǒ‹
˘

“ Φ̌, contradicting the assumption

that o1 R Φ̌.

(I2): First, for any object o1 P Ǒ‹, o1 cannot be dominated by o because of the safe

processing order. Therefore, δB
`

Ǒ‹, o1
˘

“ δBpO
‹, o1q, which implies o1 P Sj

B

`

Ǒ‹
˘

ô

o1 P Sj
BpO

‹q for any j. To complete the proof we need to consider the possible

membership of o in Φ. There are two cases. Case 1: o is not added to Φ because

δB
`

Φ̌, o
˘

ě ǩ “ k. In this case, δBpO
‹, oq ě δB

`

Φ̌, o
˘

ě k, which means o R Sk
BpO

‹q.
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It is easy to verify that (I2) holds. Case 2: o is added to Φ. As shown in the proof

for (I1), cros “ δBpO, oq ă ǩ, and all objects in O dominating o are in Φ̌ Ď O‹.

Therefore, o P Sǩ
BpO

‹q. It is easy to verify that Φ “ Sǩ
BpO

‹q right after Line 8. If

Lines 9 –11 are not executed, k “ ǩ and (I2) obviously holds. Otherwise, consider

Lines 9– 11. For any o1 P Φ right before Line 11, cro1s “ δBpO, o
1q as shown by the

proof for (I1). Because of the safe processing order, no object in OzO‹ dominates o1,

so cro1s “ δBpO
‹, o1q. Therefore, Lines 9–11 in effect remove the last non-empty tier

of Φ “ Sǩ
BpO

‹q and update k accordingly, so (I2) also holds.

(I3): If k is not updated in the current iteration, (I3) obviously remains valid.

Suppose k is updated. As shown in the proof for (I2) above, Φ̌ Y tou “ Sǩ
BpO

‹q,

and Line 11 simply removes the last non-empty tier of this ǩ-skyband, which is the

pk ` 1q-th tier where k ` 1 ď ǩ. Hence, |Sk`1
B pO‹q| “ |Sǩ

BpO
‹q| “ |Φ̌Y tou| ą τ (by

Line 9). Because of the safe processing order, no object in O‹ is dominated by any

in OzO‹, so for all o1 P O‹, δBpO
‹, o1q “ δBpO, o

1q; therefore, Sk`1
B pO‹q Ď Sk`1

B pOq, so

|Sk`1
B pOq| ě |Sk`1

B pO‹q| ą τ .

Consider the next object o in safe order. OnePass first checks whether o is domi-

nated by at least k objects in Φ (Lines 3–6). If yes, o is ignored because it would be

in the pk`1q-th or later tier (by (I-1)) and therefore cannot be in the top-τ skyband

of O (by (I-3)). We stop counting as soon as cros reaches k. Heuristically, we check o

against “better” objects in Φ (i.e., those with smaller dominating sets) first, in hope

of reaching k sooner with fewer dominance tests.

If cros ă k, OnePass adds o to Φ (Lines 8) and remember the count cros. If doing

so makes |Φ| exceed τ we remove the last tier from Φ and update k accordingly

(Lines 9– 11), to preserve (I-2) and (I-3). If k drops to 0 (Line 12), that means even

the skyline has size bigger than τ (by (I-3)), so we can terminate (and return H)

without processing the remaining objects.
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Algorithm 10: OnePasspO,B, τq

Data: object set O, subspace B, and size threshold τ
Result: the top-τ skyband of O in B

1 Φ ÐH; k Ð τ ;

2 foreach o P O in safe order (Definition 7) do
3 cros Ð 0 ; // count the number of objects in Φ dominating o

4 foreach o1 P Φ do // heuristically in ascending order of cro1s
5 if o1ąB o then cros Ð cros ` 1;

6 if cros ě k then break;

// no need to count further

7 if cros ă k then
8 Φ Ð ΦY tou;

9 if |Φ| ą τ then // Φ is too big; remove the last tier

10 k Ð maxtcro1s | o1 P Φu;

11 Φ Ð Φzto1 P Φ | cro1s “ ku;

12 if k “ 0 then break;

13 return Φ;

After all objects in O are processed, Φ is the top-τ skyband of O in B, by (I-2)

and (I-3).

Producing a Safe Order The simplest approach for OnePass to produce a safe pro-

cessing order is to sort O by B, which would take Op|O| log |O|q time. To avoid the

cost of a full sort, we precompute, for each of the d attributes in A, a version of O

sorted by that attribute. Given a subspace B, OnePass picks the attribute A P B with

the largest domain (a heuristic also adopted in Beyer and Ramakrishnan (1999); Pei

et al. (2006)), and use the version of O sorted by A. During processing, if OnePass

finds that a group of objects tie in A, OnePass further sorts this group by the full B.

As a further optimization, before sorting this group, OnePass first performs Lines 3–

6 on each object o in the group, and removes those with cros ě k; the filtered group

is then sorted and further processed. In the worst case, OnePass still needs to pay

Op|O| log |O|q for sorting. In practice, however, we have found our heuristics very

effective in eliminating sorting, because most ties tend to occur later in processing;
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by that time, most objects will be eliminated by Lines 3–6. Furthermore, the cost

of filtering is low because τ and k are typically small.

Complexity Because OnePass caps |Φ| at τ at all times, the number of dominance

tests is bounded by τ |O|. As explained above, sorting adds Op|O| log |O|q in the

worst case, though in practice the extra cost is rarely incurred. Furthermore, In

high-dimensional subspaces, k decreases rapidly as OnePass examines more objects.

It is likely that an object will be discarded after a few dominance tests. OnePass also

detects the case when the size of the skyline would exceed τ , and is able to terminate

without examining the whole O. Thus, OnePass is expected to run much faster in

practice than the bound suggests, particularly for high-dimensional subspaces.

5.2.1 Lattice Traversal

Finding all interesting one-of-the-few claims requires computing the top-τ skyband

in every non-empty subspace. We now describe, on a high level, how to accomplish

this task using either Progressive or OnePass as the building block.

For Progressive, computation in every subspace starts with finding the skyline.

For this part, we directly apply the techniques of Pei et al. (2006), who study the

problem of computing the skyline in every subspace. Their techniques traverse the

lattice of subspaces in either bottom-up or top-down order, and try to share compu-

tation across subspaces. For a given subspace B, once we have computed the skyline

using these techniques, we proceed with Progressive to compute the rest of the top-τ

skyband as discussed in Section 5.2.

For OnePass, we traverse the lattice of subspaces top-down, i.e., going from low-

to high-dimensional subspaces. We use the top-down technique from Pei et al. (2006)

to help compute the skyline in a subspace using those found in its parent subspaces.

Moreover, we use the top-τ skybands in parent subspaces to fine-tune the safe pro-
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cessing order in the current subspace.

Furthermore, during a top-down lattice traversal, we use two tests to prune un-

interesting high-dimensional subspaces from the search. 1) If the “distinct-count” of

skyline objects in B (i.e., the number of distinct projections onto B) is greater than

τ , all descendants of B must have empty top-τ skybands. 2) Given B, if the union

of skyline objects from B’s parents already contains more than τ skyline objects in

B, B must have an empty top-τ skyband.

5.3 Ranking Objects

This section presents our solution for ranking the set O of objects with attributes

A, based on what one-of-the-few claims can be made about them across subspaces,

and how interesting these claims are. Ch. 5.3.1 proposes a novel scoring scheme that

captures varying user preferences with a single parameter, while Ch. 5.3.2 describes

how the algorithms in Ch. 5.2 can be leveraged to compute top-ranked objects.

5.3.1 Scoring Objects

A common approach for ranking a set O of objects (e.g., political candidates) is to

combine multiple ranked lists of them (e.g., by voters). Traditionally, the scores

for objects in a single list are assigned according to a positional scoring vector (or

function) (Young, 1975), v, which maps a rank i (1 ď i ď |O|) to a numeric score

vpiq, such that vpiq ě vpi ` 1q. Some examples include Borda, where vpiq “ |O| ´ i,

and Plurality, where vp1q “ 1 and vpiq “ 0 for i ą 1. Then, the overall object

ranking is done according to the aggregate score of each object, usually defined as

the sum of its scores across all ranked lists.

A straightforward approach would be to have one ranked list of O by each at-

tribute in A, and sum up an object’s scores across these lists. However, this approach

has serious drawbacks, particularly in handling data with correlation. Suppose o1 is
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ranked high for two correlated attributes (e.g., contributions from finance and real

estate sectors, or minutes played and points scored), while o2 is ranked equally high

in two anti-correlated attributes (e.g., contributions from oil companies and envi-

ronmental groups, or rebounds and assists). Since it is harder to rank high for two

anti-correlated attributes, we should score o2 higher than o1 overall. However, the

approach of summing scores over individual attributes will assign the same score to

o1 and o2 (assuming all other factors are equal).

Aggregate Positional Scoring with Ties (APST) To resolve the issue above, we propose

Aggregate Positional Scoring with Ties. The key novelty is to aggregate object scores

not just across individual attributes, but instead over all non-empty subspaces. The

dominance relationship in a multi-dimensional subspace B likely does not induce a

totally ranked list; hence, we draw insight from Ch. 5.2 to score objects using the

partial order in a way that reflects the uniqueness of one-of-the-few claims in B. The

result is a scoring scheme that naturally adapts to data distributions.

Definition 8 (Aggregate Positional Scoring with Ties (APST)). For each non-empty

subspace B Ď A, sort O in ascending order of δBpO, oq, the size of the dominating

subset for each o P O; ties are broken arbitrarily. Denote this ranking by πB, where

πBpoq P r1, |O|s is the rank of o in this ranking. Let rπ$B poq , π
%
B poqs denote the range

of ranks occupied by objects that tie with o in δBpO, oq; i.e., π$B poq “ mintπBpo
1q |

δBpO, o
1q “ δBpO, oqu and π%B poq “ maxtπBpo

1q | δBpO, o
1q “ δBpO, oqu. Given a

positional scoring function v where vp1q ą vp2q ą ¨ ¨ ¨ ą vp|O|q, the (APST) score of

object o in B, denoted γBpoq, is given by:

γBpoq “
1

π%
B
poq´π$

B
poq`1

¨
ř

iPrπ$
B
poq,π%

B
poqs vpiq.

Overall, the APST score of o, denoted Γpoq, is the total of o’s score over all non-empty

subspaces: Γpoq “
ř

BĎA,B‰H γBpoq .
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Intuitively, for each subspace B, APST sorts objects by tiers, and each tier oc-

cupies a range of ranks. The total score assigned by v to such a range of ranks is

distributed equally among objects in the corresponding tier, as we consider them ties

in B. The larger the tier, the less “unique” each object, and the smaller the share

each object will receive. A number of desirable properties follow directly from the

definition.

• Suppose two tiers (in different subspaces) have sizes ∆ ă ∆1, but the ranges of

ranks they occupy start from the same position. APST scores objects in the

smaller tier (of size ∆) higher than those in the other tier, in their respective

subspaces.

• Suppose two tiers (in different subspaces) are of the same size, but occupy

different ranges of ranks starting from r and r1, respectively, where r ă r1.

APST scores objects in the tier occupying the earlier range (starting with r)

higher than those in the other tier, in their respective subspaces.

• Consider two tiers in the same subspace, where the range of ranks occupied by

the first tier precedes that occupied by the second. APST scores objects in the

first tier higher than those in the second, in this subspace.

Furthermore, aggregating scores over combinations of attributes make APST nat-

urally adaptive to correlations in data. Consider again the example earlier in this

section, where o1 is ranked high for two correlated attributes tA1, B1u and o2 is

ranked equally high in two anti-correlated attributes tA2, B2u. Since it is rare to

rank high for anti-correlated attributes, few objects will be in o2’s tier or an earlier

tier in tA2, B2u; therefore, APST will score o2 high in tA2, B2u. On the other hand,

for o1, since A1 and B2 are correlated, there will likely be more objects dominating
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o1 in tA1, B1u than those dominating o2 in tA2, B2u. Thus, all other factors being

equal, APST will score o2 higher than o1 overall.

Adjustable Discounted APST (APST-ααα) What remains to be discussed is the choice of

the positional scoring function v. To make our scoring scheme easy to use, we have so

far consciously avoided introducing any tuning parameters. However, as motivated

in Example 6, we would like some degree of customization for ranking “specialized”

objects relative to “well-rounded” ones. Recall that a specialized object is exceptional

in very few attributes (such as Stockton in assists), while a well-rounded object is

exceptional in none, but reasonably good in many, so as to be exceptional when

all those attributes are combined (such as Bird). To capture user’s wide ranging

preferences for one or the other, we design our positional scoring function with a

single tunable parameter to achieve that flexibility while retaining APST’s desirable

properties.

Definition 9 (Adjustable Discounted APST (APST-α)). Let α be a real number

in p0, 1q. The adjustable discounted APST (APST-α) score of an object o P O is o’s

APST score with positional scoring function vαpiq “ αi´1.

Intuitively, the discounting factor, α, controls how much more higher ranked

objects weigh against lower ranked objects, thereby affecting how specialized and

well-rounded objects score relatively overall. In a higher-dimensional subspace B,

tiers tend to be larger. Hence, an object that is dominated by few others in B (but by

more objects in subsets of B) tend to score lower in B, compared with an object with

the same number of dominating objects in a lower-dimensional subspace B1. With

a smaller α, the score gap is wider, so overall, it is more difficult for well-rounded

objects to surpass specialized ones, whose scores come mostly from contributions by

low-dimensional subspaces. In Ch. 5.4, we will see how effective α is as a tuning
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knob on real data—compared with weighted-sum (discussed in Ch. 5.1), APST-α

has only 1 knob instead of d, but is able to produce comparable rankings as highly

tuned weighted-sum.

Comparison with Kemeny Optimal Rank Aggregation In addition to flexible approaches

where users are allowed to specify their preferences, studies in social choice theory

have also been investigating an alternative approach where some notion of “opti-

mality” is defined so that the resulting ranks achieve that optimality. A popular

representative of this approach is Kemeny (optimal rank aggregation). As discussed

in Ch. 5.1, given a set of rankings for O, a Kemeny optimal rank aggregation is

a ranking that minimizes the total number of pairwise disagreements between this

ranking and the input rankings.

We give the formal definition below for completeness.

Definition 10 (Kendall Tau Distance, Kemeny Optimal Aggregation). A ranking

π of O is a linear ordering of objects in O, and πpoq P r1, |O|s denotes the rank of

o. The Kendall tau distance between two rankings π and π1, denoted Kpπ, π1q, is

defined as the number of pairwise disagreements between π and π1; i.e., Kpπ, π1q “

|tpo, o1q P Oˆ O | πpoq ă πpo1q ^ π1poq ą π1po1qu|.

Given a set of d rankings π1, . . . , πd of O, a Kemeny optimal aggregation is a

ranking that minimizes the total Kendall tau distance to each of the d given rankings,

i.e., arg minπ
řd
i“1Kpπ, πiq.

It seems natural to apply Kemeny to the d rankings according to the individual

attributes in A. However, there are several issues. First, finding a Kemeny optimal

aggregation is NP-hard in |O| (Dwork et al., 2001). We would prefer an approach

that is computationally more tractable. Indeed, ranking objects using APST-α has

complexity polynomial in |O|.
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Figure 5.2: Kemeny fails to recognize a worthy object (p) but APST-α succeeds.

Second, by definition, Kemeny is strongly biased against specialized objects,

which rank high in very few attributes but low in many, because ranking them

high overall will incur many disagreements. As discussed in Ch. 5.1 following Ex-

ample 6, based on points, rebounds, and assists per game, Kemeny would rank John

Stockton low, even though he is a Hall-of-Famer who has the second highest assists

per game in NBA history. In contrast, with a small α, APST-α would rank it high,

because it likely lies on a small skyband for roughly half of the 2d ´ 1 non-empty

subspaces—namely those containing the attribute in which the object specializes.

Third, Kemeny sometimes fails to suggest a rank for a worthy object p. More

precisely, there may be many consensus rankings that are all optimal in the Kemeny

sense, where p is ranked differently, sometimes below objects that can be considered

obviously inferior to p. We illustrate this issue with an example below, and show

how APST-α avoids this issue.

Example 7. Figure 5.2a depicts a set O of 2m ` 1 objects with two attributes A

and B. Three most worthy objects, p, q, and r, are on the two-dimensional skyline;
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q and r each dominate m objects, while p dominates none. Although p is mediocre

in either A or B, no object dominates p in both A and B, and p’s balance between

A and B cannot be offered by any other object.

For Kemeny, note that any object that dominates p in A (or B) is dominated

by p in B (or A, respectively). Since p represents the median in both A and B,

no matter where p is placed in the consensus ranking, it induces the same number

of disagreements (2m). Thus, p can be ranked anywhere in a Kemeny optimal

aggregation.

Under APST-α, the scores of p, q, and r are:

Γppq “ γABppq ` γAppq ` γBppq “ p1` α ` α
2
q{3` 2αm;

Γpqq “ Γprq “ p1` α ` α2
q{3` 1` αm`1.

To bound the rank of p according to APST-α, let k denote the number of objects in

Oztp, q, ru with score no less than Γppq. The sum of their scores is at least kΓppq but

obviously at most
ř

oPOztp,q,ru Γpoq. Hence, k ď
ř

oPOztp,q,ru Γpoq {Γppq. The rank of p

is no worse than:

k ` 3 ď
ř

oPOztp,q,ru Γpoq {Γppq ` 3

“ p
ř

oPO Γpoq ´ pΓppq ` Γpqq ` Γprqqq {Γppq ` 3

“
3p1´α2m`1q{p1´αq´p1`α`α2`2`2αm`2αm`1q

p1`α`α2q{3`2αm
` 3

« 3 ¨
1` 2α

1´ α3
.

The simplification in the last step above is obtained by ignoring α2m`1, αm, and

αm`1, assuming that m is sufficiently large.

Hence, with a small enough α, APST-α can rank p as high as the third—better

than all other objects except q and r.

This example can be generalized to a case consisting of multiple object clusters

where Kemeny fails while APST-α succeeds (Figure 5.2b). Suppose any two objects
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from different clusters do not dominate each other. For Kemeny, objects from differ-

ent clusters are indistinguishable, by the same argument for the simple case above.

Thus, it is possible for a skyline object in some cluster to rank lower than all ob-

jects from other clusters. In contrast, APST-α favors skyline objects in each cluster,

especially those close to either the A or B axis.

Finally, Kemeny does not allow for customization—if it fails to recognize a worthy

object there is little that a user can do. On the other hand, the discounting factor α in

APST-α provides a single, effective knob that allows users to choose their preference

between specialized and well-rounded objects. Indeed, we have seen from above how

the choice of α helps overcome the issues faced by Kemeny. More detailed results on

real data are shown in Ch. 5.4.

5.3.2 Finding Top κκκ Objects

Computing the exact APST-α scores of all objects in subspace entails computing

δBpO, oq for all o P O and non-empty B Ď A, which takes Op2d|O|2q time using a

naive algorithm. However, for the purpose of identifying objects most worthy of

further investigation, we care only about the top-ranked objects. This observation

leads to the following problem definition:

Definition 11 (Finding Top κ Objects). Given a set O of objects, a discounting

factor α P p0, 1q, and κ ě 1, find the top κ objects in O ranked by APST-α scores.

We show how to extend the algorithms in Ch. 5.2 to efficiently compute approx-

imate answers to the above question. The key observation is that, in each subspace,

we need to compute only enough number of tiers in order to not miss any top ob-

jects overall, because score contributions from memberships in subsequent tiers are

so small that they have little influence over whether an object can be in the top κ

overall.
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Given an error allowance ε, we can compute a list of objects, where each object

o gets an approximate score Γ̃poq P pΓpoq ´ ε,Γpoqs. We divide the error allowance

ε evenly among the subspaces to be considered. Within a subspace B with share εB

of error allowance, we use Progressive or OnePass to “grow” the skyband up to some

top-τ skyband such that any object outside it will receive a score below εB in B. We

add the objects in this skyband to the output list (or update their scores if they are

already in it). With some care, we can ensure that OnePass retains its advantage

over Progressive; i.e., it avoids computing the entire “next” tier, which could include

all remaining objects. The idea is that we only need to see enough number of objects

in this tier before knowing that all its objects must score below εB, because APST

scores get “diluted” by larger tiers. When we are done with B, we can derive a

tighter bound (hopefully much less than εB) for errors in B, and use it to update the

error allowance for remaining subspaces.

The procedure described is formally presented as follows. NA denotes the number

of subspaces that have not been visited. ε̂ denotes the maximum possible error

accrued so far.

1. Initialize NA “ 2d ´ 1, ε̂ “ 0.

2. For each subspace:

2.1 τ Ð rlogαppε´ ε̂q{NAqs

2.2 Compute the top-τ skyband and the next tier if the top-τ skyband con-

tains less than τ objects.

2.3 Suppose the next tier starts at x ` 1 and ends at x `∆, where x ă τ ă

x ` ∆. If αx ¨ 1´α∆

p1´αq¨∆
ą pε ´ ε̂q{NA, output this tier together with the

top-τ skyband and update ε̂ Ð ε̂ ` αx`∆. Otherwise, ignore the last tier

for score aggregation, and update ε̂Ð ε̂` αx ¨ 1´α∆

p1´αq¨∆
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2.4 NA Ð NA ´ 1.

Now we show that step 2.2 above can be done by extending either Progressive or

OnePass .

Extending Progressive We change Progressive so that it computes not the largest at

most τ , but the smallest skyband that contains at least τ objects. (removing line 6

and while condition be |Φ| ě τ). This change does not affect the running time of

Progressive , because progressive compute the next tier anyway.

Extending OnePass Suppose in each iteration, the last tier computed so far starts at

x`1 and ends at x`∆. We change the condition on line 9 to αx ¨ 1´α∆

p1´αq¨∆
ď pε´ε̂q{NA.

The worse case running time of OnePass is then modified to Opnyq, where y is the

smallest integer such that 1´αy

p1´αq¨y
ă ε{p2d ´ 1q.

The user does not need to choose ε manually. A reasonable default is ακ´1, the

value of the positional scoring function at rank κ. With this setting, we can guarantee

that any object not in the output list cannot be among the top κ overall. The output

list may contain more than κ objects, and ε can be used to determine which part

of this ranking is guaranteed to be accurate. As future work, we are developing

an “online” version of the algorithm where ε is incrementally tightened when given

additional time or until the top κ objects can be accurately separated from the rest.

5.4 Experiments

5.4.1 Datasets

All algorithms were implemented in C++. We conducted all experiments on a ma-

chine with Intel Core i7-2600 3.4GHz processor and 7.8GB memory. We used the

following real and synthetic datasets.
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Real datasets

• NBA players’ career total statistics (NBA1) 2: This dataset contains the total

career performance of „ 4K players who have played in NBA (n « 4K), where

the performance is captured by 15 numeric attributes (d “ 15) including #

games played, points, rebounds, etc.

• NBA players’ career average statistics (NBA2): This dataset captures the ca-

reer average performance of each player, i.e., the attribute values for each player

are derived by dividing the corresponding values in the above NBA1 dataset

by the number of games played by the player. Hence it also has „ 4K play-

ers (n « 4K) and all the numeric attributes in NBA1, except # games played

(d “ 14).

• NBA players’ game-by-game statistics (NBA3): This dataset contains the per-

formance of each player in each game, with in total „ 400K individual perfor-

mance records (n « 400K) on 14 numeric attributes (d “ 14).

• National Research Council survey data on 127 Computer Science programs

(NRC) 3: This dataset contains the assessment of 127 CS programs in the US

(n “ 127) on 20 numeric attributes (d “ 20). The data was used by NRC to

rank these programs.

Synthetic datasets: We used three types of synthetic datasets– correlated (CORR),

anti-correlated (ANTICORR), and independent (IND), under varying dimensionality

d, dataset cardinality n, and skyband size τ . CORR and ANTICORR were generated

in the following way. We randomly sampled points by multi-variate Gaussian distri-

2 NBA datasets were from http://www.databasebasketball.com/.

3 The NRC data is from http://www.nationalacademies.org/nrc/.
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Figure 5.3: Algorithm elapsed time on NBA1, NBA3 (varying τ)
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Figure 5.4: Elapsed time of algorithms on synthetic data (varying d)

bution. We then stretched all the points in the direction of p1, 1, . . . , 1q to produce

CORR, and we shrunk them in the direction of p1, 1, . . . , 1q to yield ANTICORR.

This way, all the attributes are pairwise correlated or anti-correlated.

5.4.2 Efficiency of Top-τττ Skyband Algorithms

Given a dataset with d numeric attributes, a particular τ value, and an algorithm, we

used the algorithm to find the top-τ skyband for each and every subspace. The total

elapsed time for the 2d´1 nonempty subspaces is used to measure the algorithm’s

efficiency. We compared the efficiency of Baseline, Progressive (Algorithm 9), and

OnePass (Algorithm 10). Baseline was also introduced in Ch. 5.2. It iteratively

computes k-skyband using a simple extension of the BUS algorithm in Pei et al.
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Figure 5.5: Elapsed time of algorithms on synthetic data (varying n)
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Figure 5.6: Elapsed time of algorithms on synthetic data (varying τ)

(2006), from k “ 1 to the k value such that the corresponding k-skyband contains

at least τ objects.

Efficiency Experiments on Real Datasets Figure 5.3 shows the execution elapsed time

of Baseline, Progressive and OnePass, under varying τ “ 10, 20, . . . , 100, on both the

4K-tuple NBA1 dataset and the 400K-tuple NBA3 dataset. On both the small and

large datasets, our algorithms significantly outperformed the baseline approach.

138



On the small NBA1 dataset (Figure 5.3a), OnePass was less efficient for small

τ and started to outperform Progressive as τ increased. This is because the dimen-

sionalities of subspaces in which top-τ skyband is empty but cannot be pruned (by

techniques in Ch. 5.2.1) increase as τ increases. Computing the skylines for these

subspaces gets more expensive as SUBSKY becomes less efficient.

On the large NBA3 dataset (Figure 5.3a), we also observe the running time

of Progressive grew faster than OnePass as τ increased, due to the same reason

for Figure 5.3a. Besides, attributes in NBA3 have smaller correlations than NBA1

attributes, which induces larger skylines for the same subspace and makes Progressive

even less efficient. This is why OnePass already outperforms Progressive when τ is

small.

Efficiency Experiments on Synthetic Datasets Our experiments on the synthetic datasets

CORR/ANTICORR/IND verified the scalability of Progressive and OnePass.

Varying d, fixed n=100,000 and τ=100: Figure 5.4 shows that both Progressive

and OnePass were faster than Baseline by orders of magnitude (vertical axis in log-

arithmic scale). Progressive run faster than OnePass on (a) correlated data. Their

performances were comparable on (b) anti-correlated and (c) independent data. We

observe that the elapsed time on CORR is much longer than that on ANTICORR

and IND for all three algorithms. This is because the top-τ skyband in CORR may

be non-empty even in high dimensional subspaces, while for ANTICORR and IND,

top-τ skyband for a small τ is empty in most subspaces. Such cases can be quickly

detected and pruned as discussed in Ch. 5.2.1. When the dimensionality is high,

due to the way ANTICORR was generated for ensuring pairwise anti-correlation

among all attributes, ANTICORR becomes similar to IND. So we omit the results

on ANTICORR in the following discussion.
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Varying n, fixed d=15 and τ=100: From Figure 5.5, we observe again that Pro-

gressive and OnePass outperformed Baseline by orders of magnitude, and Progressive

slightly outperformed OnePass. Their elapsed time increased roughly linearly in n.

Varying τ , fixed n=100,000 and d=15: Figure 5.6 shows that Progressive and

OnePass significantly outperformed Baseline on both CORR and IND. Their elapsed

time grew nearly exponentially by τ for all three algorithms (vertical axis in logarith-

mic scale). Progressive was slightly faster than OnePass on CORR. On IND dataset,

OnePass was slower than Progressive under small τ but became faster than the latter

as τ increased.

5.4.3 Quality of Ranking by APST-ααα

We evaluated the quality of the rankings produced by APST-α and Kemeny on the

NBA and NRC datasets, and weighted-sum ranking on NBA.

APST-α vs. Weighted-Sum on NBA Dataset

In this experiment, we used APST-α and weighted-sum to rank NBA players by

their career average performance (NBA2). We varied α to produce different APST-
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α rankings. For each ranking results, we measure its quality by the number of Hall

of Fame inductees (HoFers for short) in the top-k players according the the ranking,

under various k values.

In NBA2, 7 out of the 14 attributes are used for ranking because statistics such

as steals, blocks, and minutes were not recorded for games played before 1971 in

the dataset. Thus, including these attributes would underrate the HoFers from the

early days. Moreover, we did not use career total performance data (NBA1) in this

experiment because that will also underrate earlier HoFers, as they did not play as

many games as recent players.

For weighted-sum, the weights on the attributes were determined as follows. We

first found a linear classifier to separate HoFers from non-HoFers that minimizes

the number of inaccurately classified players. We then used the (normalized) vector

perpendicular to the linear classifier as the weight vector in weighted-sum ranking.

The result of this experiment is shown in Figure 5.7. It compares eighted-sum,

APST-.99, APST-.5, and APST-.01, by the numbers of HoFers in the top-k of their

rankings, respectively. We can see that APST-α contains visibly more HoFers in

top-k under most considered combinations of α and k. Note that the performance of
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all ranking methods were negatively affected by the existence of active players who

are future HoFers but not eligible for induction until 5 years after retirement. For

the sake of accuracy, these players were not considered in obtaining the weight vector

but were included in ranking.

APST-α vs. Kemeny on NBA Dataset

We also used Kemeny for the same experiment described above, and the result is

also shown in Figure 5.7. We can see that in most cases APST-α rankings contain

visibly more HoFers in top-k than Kemeny ranking. However, we should note that

APST-α and weight-sum rankings were produced for all 4K players in NBA2, while

we ranked only 200 NBA players for Kemeny. There are 91 HoFers in the 4K players

in NBA2 and 59 of them are in the 200 players for Kemeny. The 200 players is the set

union of 7 lists on the 7 attributes participated in ranking, where each list contains

the top-40 players on the corresponding attribute.

We used only 200 players due to practical reasons as follows. To compute Kemeny

optimal rank aggregation, we modeled it as an Integer Programming (IP) problem

and used IBM CPLEX Optimizer (4) to solve it. CPLEX failed to find solutions

when there are more players due to precision in computation. Moreover, finding

Kemeny optimal is known to be NP-hard under 4 or more attributes Dwork et al.

(2001). The corresponding IP problem is also memory-intensive as it requires Opn3q

variables for n objects (i.e., NBA players). Hence CPLEX caused memory overflow

with close to 300 players.

For fairness in comparison, we also used APST-α to rank the 200 objects only,

in which it showed comparable performance to Kemeny.

4 http://www-01.ibm.com/software/integration/optimization/cplex-optimizer/
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5.4.4 Effect of ααα in APST-ααα

To better understand the parameter α in APST-α and investigate how it is related

to promoting specialized or well-rounded objects, we injected an artificial player into

the NBA1 and NBA2 datasets. Again, we used 7 (instead of all) attributes, as

mentioned in Ch. 5.4.3, to avoid underrating earlier players.

The artificial player has the highest value on attribute points but the lowest values

in all other attributes. Figure 5.8 shows how this player’s rank changed in APST-

α ranking by varying α. As α decreased from 1, the artificial player quickly got

ranked high among real players. Its rank converged as α approached 0, but never

became the first because it cannot surpass the players that have the highest values

on some other attributes. Similar observation was made when the artificial player is

specialized in other attributes. This result agrees with the discussion in Ch. 5.3 that

a smaller α favors those objects that specialize in a few dimensions over well-rounded

players. An example of specialized player is John Stockton, a HoFer, who is second

only to Magic Johnson in assists per game, but is not ranked high in any other

considered attributes. His ranking positions under various α values are also plotted

in Figure 5.8, and his curve shows similar trend to that for the artificial player.

In Figure 5.9, we focus on the top-30 players by APST-.9 on NBA2, under the

three most frequently used attributes in assessing player performance– points, re-

bounds and assists. The figure shows how their ranking positions change by α (hori-

zontal axis in logarithmic scale). At the bottom of the figure, the top-9 players always

remain in top-13, due to their exceptional performance in multiple attributes. The

ranks of the remaining players change drastically by α. These players can be mainly

categorized into two types: I) specialized players, who are exceptional on very few

attributes; II) well-rounded players, who are not exceptional on any single attribute,

but are reasonably good on multiple attributes and hence are exceptional with re-
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gard to those attributes combined. In Figure 5.9, the curves of Type-I players go

down as α decreases, because small α favors them more against other players in at

least half of the subspaces that contain the attribute on which they specialize. On

the contrary, the curves of Type-II players go up as α decreases. They get rewarded

in higher dimensional subspaces for not being dominated by many other players in

such subspaces. However, they can be easily dominated by others on individual

dimensions.

5.5 Related Work

Our work is closely related to skyline computation for multidimensional data, which

can roughly be grouped into two classes. The first class (Börzsönyi et al., 2001;

Chomicki et al., 2003; Godfrey et al., 2005) include Block Nested Loop (BNL), Di-

vide and Conquer (D&C) and their variants, and do not require precomputed indices.

The second class of algorithms (Tan et al., 2001; Kossmann et al., 2002; Papadias

et al., 2005) adopt B`-tree and R-tree indices to prune away unnecessary computa-

tion. None of those considers all subspaces or k-skybands. Skyline computation for

multiple (or all) subspaces are first studied in Pei et al. (2006) (BUS and TDS algo-

rithms) and in Tao et al. (2006) (SUBSKY algorithm). The former are extensions of

BNL and D&C algorithms that traverse the subspace lattice without using indexing

structured, while the latter follows the index-based approaches. Extending skyline

to k-skyband was first studied in Papadias et al. (2005).

While our notion of top-τ skyband is the first to provide a universal parameter

suitable for selecting the right set of objects regardless of the subspaces being con-

sidered, there are previous works on various advanced selection criteria when the size

of the skyline is too large. For example, BBS (Papadias et al., 2005) and PBT (Yiu

and Mamoulis, 2007) focus on selecting points that dominate the most other points,

and Lin et al. (2007) focus on selecting a fixed sized set of points that collectively
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dominate the most other points. More recently, Lu et al. (2010) propose the notion

of layered skylines, where each layer is defined as the skyline after objects in previous

layers are removed. Neither of those works consider the need for compatibility across

all subspaces as we do.

Linear ranking of objects for the purpose of answering top-k query have been stud-

ied extensively, including those using skyline and skybands Tsaparas et al. (2003);

Vlachou et al. (2008). Those studies focus on performance improvements and do not

consider providing better control of the semantics of the ranking functions. Kemeny

ranking (Dwork et al., 2001), on the other hand, was proposed in social choice the-

ory to achieve good semantics. It aims to minimize the disagreements between the

aggregated ranking and the input rankings, a problem turns out to be NP-hard (if

more than 3 rankings are to be aggregated). While useful, Kemeny does not provide

a flexible knob, such as our α parameter, for adjusting the ranking based on the

users’ preference towards different types of prominent objects.

5.6 Conclusion

The tasks of finding one-of-the-few claims from data and ranking objects by such

claims are important to the nascent field of computational journalism. We have

introduced a uniqueness-based measure of interestingness, which leads to a simple

and intuitive problem formulation for finding all interesting claims, using a single

uniqueness threshold τ that automatically adapts to data characteristics and applies

to all subspaces. We have proposed a novel scheme for ranking objects, overcoming

the inflexibility of Kemeny without resorting to a large number of knobs like weighted-

sum. We have devised efficient algorithms for both tasks, using techniques such as

pruning and approximation to tame complexity. We have seen promising results on

real data, and we believe that our attention to usability will appeal to journalists

and citizens alike.
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6

Visualization Assisted Exploration

6.1 Introduction

In previous chapters, we have discussed how to carry out fact-checking and lead-

finding tasks within the QRS-based framework, with the key ingredient being mea-

suring a claim’s quality by comparing it against claims in the same form. As another

example, consider the following two claims about the performance of two NBA play-

ers.

• Kevin Love’s 31-point, 31-rebound game on Friday night ... Love became the

first NBA player with a 30/30 game since Moses Malone had 38 points and 32

rebounds in a game back in 1982.1

• He (LeBron James) scored 35 or more points in nine consecutive games and

joined Michael Jordan and Kobe Bryant as the only players since 1970 to ac-

complish the feat.2

1 http://espn.go.com/espn/elias?date=20101113

2 http://www.nba.com/cavaliers/news/lbj_mvp_candidate_060419.html

146

http://espn.go.com/espn/elias?date=20101113
http://www.nba.com/cavaliers/news/lbj_mvp_candidate_060419.html


The purposes of both claims above are to highlight some player’s performance,

but they describe different aspects of the game. Common to both claims is the

attempt to impress the reader by stating that few others have done the same or

better before.

However, instead of just singling out outliers in text, it is more powerful to

visualize the set of points representing all claims of the same form. Figure 6.1a

shows one such visualization of all NBA players’ points and rebounds stats in a

single game by treating them as 2D points and plotting them in a scatter plot of

the “sparse” points and a heatmap showing the density of the remaining points (we

will define “sparse points” formally in Section 6.2.2). The visualization gives clear

context on how impressive Kevin Love’s 31/31 performance is by showing not only

whether the performance is on the skyline, but also how far away it is from the

edge of the cloud of mediocre performances. Furthermore, this single visualization

can help the users explore many outstanding performances for which the same form

of claims can be made, and see the distribution of players’ performance in terms

of points-rebounds in a single game. A similar visualization can be generated to

evaluate LeBron James’ 9-game 35-plus-point streak. Indeed, this visualization can

be used for any form of claim that can be represented by a 2d scatter plot.

We identify two visual features essential to data exploration—outliers and clus-

ters. This leads us naturally to the choice of overlaying a scatter plot (for outliers)

on a heatmap (for clusters).

Given a large set S of points to visualize, we do not need to show the exact

distribution of S because in practice because ordinary users are unable to perceive

the difference between two dense regions containing a similar number of points (say

200 versus 210). Approximation can be easy in certain cases. For example, in the

Kevin Love case, if the underlying data are stored as points and rebounds per player

per game, each exploration query is a simple lookup. One can apply many existing
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outlier detection and density-estimation techniques to produce an approximation of

the final plot. In many other cases, however, computing this visualization, even ap-

proximately, is a non-trivial task since it involves running many potentially expensive

aggregate queries over the entire database. For example, in the LeBron James case,

it takes an algorithm linear time to scan through a player’s game-by-game scoring

stats to produce S representing his prominent scoring streaks (Jiang et al., 2011). In

such cases, without knowing how the input is transformed into S, it is impossible to

sample directly from S.

We observe that many datasets for exploration are comprised of data for objects

(e.g., players or teams), and an exploration is often represented as a 2D point set S

obtained by evaluating a blackbox exploration query on all the objects. It is clear

that the objects do not contribute equally to the visual properties of the visualization

of S: many objects produce only points that will be buried inside dense regions, and

are not interesting from the visualization perspective except that they contribute to

the density color.

Consider a user-provided exploration query modeled as a function f that maps

the data of each object to a set of 2d points, our goal is to, without knowing how

f behaves, find a small set of objects, evaluate f on their data and produce a good

approximation of the scatter plot with heatmap visualization of S and preserve the

two aforementioned key visual features: outliers and clusters.

The main contributions of this chapter include:

1. We formally define the two key visual features of scatter plot with heatmap

type visualization, and quantify the quality of approximation.

2. We propose a two-phase sampling-based algorithm that efficiently generates an

approximation of S for visualization without obtaining the exact S by evaluating

f on the full data. Quantitative justification is provided.
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Table 6.1: Table of notations.
Notation Description

Ri data for object i, as a sequence of tuples

ni number of tuples in Ri
N number of objects

D dataset, as a collection of data R1...N for objects 1 . . . N

}D} total number of tuples in D

f an exploration query

Sf pDq result of evaluating f on D, as a multi-set of 2d points

NRpp; rq neighborhood of a 2d point p given radius r

NSpp; rq neighbors of a 2d point p in multi-set S given radius r

Ssparse points of S in a sparse neighborhood

Ssketch a “sketch” of SzSsparse, as a set of weighted 2d points

rx, ry neighborhood size

τ neighborhood density threshold for points in Ssparse

3. We perform extensive experiments to evaluate both the quality of approxima-

tion and the efficiency of the sampling-based algorithm for interactive data

exploration.

6.2 Exploration Query Problem

In this section, we introduce the basic notations (Section 6.2.1) and formally define

the problem (Section 6.2.2). In Section 6.2.3, we present three examples of explo-

ration queries that we study in this chapter. For readers’ convenience, we summarize

all notations in Table 6.1.

6.2.1 Preliminaries

Suppose we have data D for N distinct objects as N relations R1, . . . ,RN . The data

for object i, Ri “ pti,1, . . . , ti,niq, is an ordered set of ni tuples. All tuples ti,j conform

to the same schema R. Let }D} “
řN
i“1 ni denote the total number of tuples for all

objects.

Let f denote an exploration query that takes input an ordered set of tuples

conforming to R, and outputs a (multi-)set of points in R. The result of evaluating
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f on data D “ tR1, . . . ,RNu is denoted by Sf pDq, or simply S when the context

is clear. Sf pDq is defined as the bag of the results of evaluating f on each Ri, i.e.,

Sf pDq “ Z
N
i“1fpRiq, or simply S when the context is clear. We formally define the

neighborhood of a point p P R as

NRpp; rq “ tp
1
P R | }p´ p1} ď ru,

with the radius r as an input.

The neighbors of a point p in a finite set S is denoted by

NSpp; rq “ NRpp; rq X S.

In the remainder of the chapter, we use (scaled) L8-norm for } ¨ } in the neighbor

definition above, i.e.:

NRpp; rx, ryq “ tp
1
P R | |p.x´ p1.x| ď rx ^ |p.y ´ p1.y| ď ryu;

NSpp; rx, ryq “ NRpp; rx, ryq X S.

However, the results of this chapter extend to other commonly used norms as

well, e.g., L1-norm, L2-norm.

6.2.2 Problem Definition

Given an exploration query f on dataset D, our goal is to efficiently generate the

following two components for visualizing Sf pDq.

• Ssparse: points of Sf pDq in a sparse neighborhood (for scatter plot);

• Ssketch: a “sketch” of rest of the points, as a set of weighted points (for heatmap).

We define the sparse points Ssparse as the set of points whose number of neighbors

is no more than some sparsity threshold τ . Given rx and ry that define the neigh-

150



borhood of a point and sparsity threshold τ , all points with a sparse neighborhood

can be precisely identified.

For all the other points, i.e., SzSsparse, we create a sketch Ssketch (not to be confused

with the concept of sketch in data streams). The sketch consists of a set of weighted

points, where pp, wpq P Ssketch represents an estimated wp points of SzSsparse in p’s

neighborhood. A good sketch should have each point of SzSsparse “covered” by one

point of Ssketch. We use the sketch distance function δ, which will be defined later in

this section, to capture the quality of a sketch Ssketch measured w.r.t. SzSsparse.

The challenge in evaluating an exploration query comes with a computation bud-

get. To serve the purpose of realtime exploration, we would like to evaluate the query

f without performing the evaluation on the full data of all objects. With a limited

amount of data accesses, an approximate solution pS̃sparse, Ssketchq needs to be found.

The quality of S̃sparse is measured by its precision and recall w.r.t. Ssparse, while the

quality of Ssketch is measured by δ w.r.t. SzSsparse.

Motivated by achieving as high quality as possible for both Ssparse and Ssketch

within a budget constraint, we formally define the exploration query evaluation prob-

lem as follows.

Definition 12 (Exploration Query Evaluation). With a relational schema R, a

dataset of N objects D “ tRiu
N
i“1, the full result of an exploration query f is given

by S “ ZNi“1fpRiq.

Given neighborhood radius rx, ry, a sparsity threshold τ , solve the following two

tasks:

• Task 1. Find S̃sparse that approximates the set of sparse point Ssparse Ď S,

where

Ssparse “ tp P S | |NSpp; rx, ryq| ď τu.
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• Task 2. Find a weighted point set

Ssketch “ tpp, wpq | p P S^ wp P Z`u

that minimizes δpSzSsparse, Ssketchq.

subject to a given computation budget η P p0, 1s such that at most η ¨ }D} tuples can

be accessed during evaluation.

Sketch Distance. The distance function δ measures the quality of the sketch Ssketch

w.r.t. SzSsparse and needs to capture two aspects of sketch quality:

I. the distribution of Ssketch should resemble that of SzSsparse;

II. the magnitude of Ssketch should be close to that of SzSsparse.

Definition 13 (Sketch Distance). Given a multiset of points P “ tp1, p2, . . . , pnu

and a weighted point set Q “ tpq1, w1q, pq2, w2q, . . . , pqm, wmqu, the sketch distance3

between P and Q is defined as

δpP,Qq “ 1´
OPT

maxt|P |, }Q}u
,

where }Q} “
řm
j“1wj and OPT is the optimal solution to the following integer

program:

maximize
m
ÿ

i“1

n
ÿ

j“1

xij1rpj P NRpqi; rx, ryqs, (6.1)

subject to
n
ÿ

j“1

xij ď wi, 1 ď i ď m (6.2)

n
ÿ

i“1

xij ď 1, 1 ď i ď n (6.3)

xij P t0, 1u, 1 ď j ď n, 1 ď i ď m. (6.4)

3 The sketch distance is adapted from the Earth Mover’s Distance (Rubner et al., 1998) widely
used in measuring the dissimilarity between two images in image processing. Adaptations are made
to suit the purpose of this work.
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Consider P as the set of points to be sketched, i.e., SzSsparse, and the weighted

point set Q as the sketch. A point pq, wq P Q can cover a point p P P if p and q are

neighbors, and q can cover at most w points in P . On the other hand, each point of

p can be covered by at most one point of Q. Hence, OPT is the maximum number

of points of P that Q can cover.

The quantity OPT
maxt|P |,}Q}u

measures the similarity between P and sketch Q. Di-

viding by the larger of |P | and }Q} penalizes possible disparity between them.

Let us revisit Kevin Love’s 31-point, 31-rebound game example. Consider the

performance of all NBA players in all games in terms of point-rebound, and visualize

all points («106 of them) by combining Ssparse and Ssketch.4 In Figure 6.1a, points

of Ssparse are plotted as red dots. Ssketch is visualized using heatmap, by distributing

the weight of each point evenly in its neighborhood. Here, Ssparse and Ssketch are

produced using an expensive baseline algorithm (Algorithm 11), which performs full

evaluation on the entire dataset D and guarantees δpSzSsparse, Ssketchq “ 0.

On the other hand, Figure 6.1b visualizes, in the same way, approximated sets

S̃sparse and Ssketch produced by Algorithm 12, which accesses only 20% tuples of the en-

tire dataset, with the projection query passed in as a blackbox function. To compare

with the visualization on the full result, we show false positives and false negatives

of S̃sparse w.r.t. Ssparse as grey and black dots, respectively. It is obvious in both Fig-

ure 6.1a and 6.1b that Love’s 31-point, 31-rebound performance was impressive, being

far from the vast majority of all points. One can also see the resemblance between

the two figures, even though Figure 6.1b incurs significantly fewer data accesses and

hence much lower latency.

4 We set rx “ ry “ 2 and τ “ 16 such that Ssparse contains roughly 100 points so that human eye
can perceive.
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6.2.3 Query Types

We study the following three types of exploration queries commonly made on sports

data. In Section 6.6.1, we also show applications to two other domains, the Computer

Science bibliography and the Wikipedia edit history.

I. Projection Query. Given numerical attributes A,B P R,

fpRq “ tpt.A, t.Bq | t P Ru.

An example application of the projection query would be to find a player’s

point-rebound stats in every game; i.e., pA,Bq “ ppoints, reboundsq. When

f is applied to Kevin Love, one of the result 2d points would be p31, 31q, which

corresponds to “Kevin Love’s 31-point, 31-rebound game.”

II. Count Query. Given numerical attribute A P R,

fpRq “ tpv, cq | v P R.A^ c “ |tt P R | t.A ě vu|u.

For example, Michael Jordan’s 38 games with 50 or more points (most in NBA

history5) maps to a 2d point p50, 38q when evaluating a count query on Jordan’s

game-by-game stats data with A “ points. Note that f can return multiple

points for Michael Jordan, with lower point values associated with higher count

values.

III. Streak Query. Given numerical attribute A P R,

fpRq “ Pareto optimal subset of tpv, len “ r ´ l ` 1q |

1 ď l ď r ď nR ^ v “ min
lďiďr

ti.Au.

5 www.nba.com/jordan/list_50games.html
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This is known as the set of prominent streaks in sequence R.A Jiang et al.

(2011). For instance, LeBron James’s 9-game 35-or-more-points streak is rep-

resented by a 2d point p35, 9q in the result set of evaluating a streak query on

James’ stats (with A “ points).

While these three types of exploration queries are represented by very different func-

tions f , they share one common characteristic—same formats of input (a relation

conforming to schema R) and output (a set of points in R). In the rest of this

chapter, we illustrate our algorithms using these query types.

6.3 System Overview

In this section, we first describe our storage structure for data, and then walk through

the flow of the algorithm.

6.3.1 Data Storage and Working Memory

From a system point of view, we would like to host the exploration query evaluation

service for multiple datasets. Hence, we will not dedicate memory to storing the

entire dataset, even if it fits into memory by itself. Instead, the dataset is stored

in SSTable (Chang et al., 2008), a distributed key-value storage system supporting

efficient lookup. The data of an object is accessed via a service API using its index as

the key; additionally, any single tuple can be accessed using the object index along

with the tuple index as the key. In other words, the API allows both object- and

tuple-level access.

On the other hand, we do assume that a small amount of memory is reserved for

storing a small sample of the dataset, and that enough working memory is available,

on a per-query basis, for storing data accessed during query evaluation (whose size

is capped by budget η) and for query evaluation.
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6.3.2 Workflow

Here we describe the high-level workflow of evaluating an exploration query (Fig-

ure 6.2). Detailed algorithms and analysis will be provided in Sections 6.4 and 6.5,

respectively.

0. Upon initialization of the query evaluator, we establish the connection to the

dataset D, and “prefetch” a random sample of ζ|D| tuples into memory, where

ζ is the sample rate and |D| is the total number of tuples in D. We leave the

the details of this prefetching step to Section 6.4.

Since the prefetching step is performed only once and its cost is amortized over

all ensuing exploration queries regardless of their types, we do not count its

data accesses towards the budget η in our problem definition. On the other

hand, the sample rate ζ is bounded by the amount of memory reserved for

storing the sample, which is far less than the total data size.

1. When an exploration query comes in, f is passed in as a blackbox function,

with attribute(s) specified as parameter(s) of f .

2. At its discretion, the algorithm executes function f on the prefetched sample,

and/or full data for a subset of the objects retrieved via the object-level API.

Depending on the algorithm, this step may be performed more than once.

3. Based on the results of executing f in the previous step, the algorithm computes

the set Ssparse of sparse points and a sketch of the remaining points SzSsparse,

or approximations thereof.

4. The results are then combined to produce a visualization for the result of the

exploration query, using a scatter plot overlaid on top of a heatmap.
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Algorithm 11: ExploreBasepf, rx, ry, τq

1 SÐH;

2 for i “ 1 to N do
3 Ri Ð LoadObjectDatapiq;

4 SÐ SZ fpRiq;

5 Ssparse ÐH; Ssketch ÐH;

6 foreach p P S do
7 if |NSpp; rx, ryq| ď τ then
8 Ssparse Ð Ssparse Z tpu;

9 else
10 Ssketch Ð Ssketch Z tpp, 1qu;

11 return Ssparse, Ssketch;

In this workflow, the evaluator assumes that it knows only the input and output

format of f , and nothing about how f actually processes the input and produces the

output. In other words, an exploration query can be represented by any blackbox

function f carrying the signature specified in Section 6.2.1, with a few examples

given in Section 6.2.3.

6.4 Algorithms

In this section, we present two algorithms. The baseline algorithm (Algorithm 11)

performs exact evaluation of an exploration query f , ignoring computation budget η,

and computes accurate (Ssparse, Ssketch) for the full result set S. The sampling-based

algorithm (Algorithm 12) produces approximate solutions to Ssparse and Ssketch more

efficiently than the baseline, within the computation budget η.

6.4.1 Baseline Algorithm

We first present a straightforward algorithm (Algorithm 11) that performs exact

evaluation on the full dataset given an exploration query f . The algorithm takes as

input (i) a callable function f specifying the exploration query, and (ii) radii rx and
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ry that define the neighborhood of a point, and sparsity threshold τ .

Algorithm 11 evaluates the exploration query in a brute-force fashion. For each

object i, we load its data Ri into memory (line 3). (If a tuple is in the prefetched

sample, we can avoid reloading it; this detail is not shown in Algorithm 11.) Then,

we feed object i’s data as input to function f to evaluate (line 4). S is simply the

union of execution output over all objects. For each point p P S, we include it in

Ssparse if it has no more than τ neighbors in S. Otherwise, we simply create a sketch

point for it with weight 1 in Ssketch.

Counting Neighbors. Neighbor counting by brute force can take as much as Op|S|2q

time. We use the following heuristic by partitioning the result set S using grid cells

each of size rx ˆ ry.

By Lemma 8, the neighborhood of a point p P R contains the grid cell ˝ij con-

taining p, and is contained by the 3 ˆ 3 grid cells centered at ˝ij. Moving from R

to the finite result set S, for a p P S that belongs to some partition Pij “ S X ˝ij,

p’s neighbors in S, i.e., NSpp; rx, ryq, form a superset of Pij and fall within the 3ˆ 3

partitions centered at Pij (Corollary 9).

Lemma 8. For any p P R, if p P ˝ij, where ˝ij “ ri ¨rx, pi`1q¨rxqˆrj ¨ry, pj`1q¨ryq,

then we have

i. ˝ij Ď NRpp; rx, ryq;

ii. NRpp; rx, ryq Ď
Ťi`1
i1“i´1

Ťj`1
j1“j´1 ˝i1j1.

Corollary 9. Given S Ď R, partition it as S “
Ť

i,jPZ Pij, where Pij “ S X ˝ij. For

any p P Pij, we have

i. Pij Ď NSpp; rx, ryq;

ii. NSpp; rx, ryq Ď
Ťi`1
i1“i´1

Ťj`1
j1“j´1 Pi1j1.
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Because S is determined by f , whose behavior is assumed to be unknown to the

algorithm, it is not possible to index S beforehand in order to speed up neighbor

counting. However, with Corollary 9, we can avoid performing Op|S|2q comparisons,

and narrow down the possible neighbors of a point to its 9 adjacent partitions. More-

over, if a partition Pij contains more than τ points, we can immediately determine

that all its points should be added to the sketch.

Time Complexity. The execution of Algorithm 11 consists of three steps: (i) loading

each object’s data into memory, (ii) executing f on each object’s data, and (iii) com-

puting Ssparse and Ssketch from S.

Step (i) requires accessing the full dataset, which requires fetching p1 ´ ζq}D}

tuples, with prefetched ones excluded. This use of the prefetched sample is not very

effective; we will see a much better use of this sample in Section 6.4.2.

Steps (ii) and (iii) are carried out in memory. Step (ii) depends on how f behaves,

while step (iii) only depends on the size of the result set S and the sparsity threshold

τ .

For step (ii), the time complexity for the brute-force execution of f is linear in the

number of tuples for all three types of exploration queries described in Section 6.2.3.

Hence, the overall complexity of executing such queries on D is Op}D}q.

For step (iii), thanks to the counting technique we have described, the worse

case complexity is improved from Op|S|2q to Opτ ¨ |S|q. The worse-case scenario is

that each (non-empty) partition of S contains τ points (so no point can be pruned for

counting), and each non-empty partition is adjacent to one or more (at most 8) other

non-empty partition(s). In this case, the total number of pairs of points compared

is O
´

τ 2 ¨
|S|

τ

¯

“ Opτ ¨ |S|q. In particular, for all three types of exploration queries we

consider, |S| “ Op}D}q, i.e., linear in the size of the full dataset D.
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Result Quality. In terms of the quality of the output, without imposing the compu-

tation budget η, Algorithm 11 trivially returns the exact Ssparse and a sketch that

gives δpSzSsparse, Ssketchq “ 0.

6.4.2 Sampling-based Algorithms

The baseline algorithm essentially fetches the full dataset D, object by object. Due to

the large volume of the data, accessing the entire dataset piece by piece via service

API can be very costly. The complexity of full evaluation and counting makes it

inefficient to perform such brute-force evaluation in an interactive environment.

The baseline algorithm also disregards the computation budget η. Working under

a budget constraint is challenging. Because we do not assume anything about the

behavior of f , there is no guarantee that evaluating f on partial data of an object

will produce a partial output of evaluating f on the object’s full data. Therefore, in

order to comply with the budget constraint, we must choose to evaluate f on the full

data for a subset of objects, and completely ignore the remaining objects. But how

can we know which subset of objects to choose, without knowing how f behaves?

The challenge is compounded by the problem that the data Ri of each object i follows

some unknown distribution. For example, in the context of the basketball data, an

object could be a player or a team. For a player object, depending on the players’

position on the court (e.g., point guard vs. power forward), and depending on the

ability of the player (e.g., a superstar like Michael Jordan vs. a mediocre player), the

distribution of this object’s data will obviously be very different from other objects.

Fortunately, the prefetched sample comes to rescue. Suppose that for each object,

we have a sample of its data. Then, the result of applying f on the prefetched sample

may resemble the full result S in terms of outlier identities, even though the outliers

returned by f , e.g., a streak query, represent low-probability events that come from

one or a few tuples of the full data. In Section 6.5.1, we provide an analysis of this
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Algorithm 12: ExploreSamplepf, tRS
i u
N
i“1, rx, ry, τ, ηq

1 SS ÐH;

2 for i “ 1 to N do
3 SS Ð SS Z fpRS

i q;

4 pO`,O´q Ð SelectObjectspSS, ηq;

5 S` ÐH;

6 foreach i P O` do
7 Ri Ð LoadObjectDatapiq;

8 S` Ð S` Z fpRiq;

9 S´ ÐH;

10 foreach j P O´ do
11 Rj Ð LoadObjectDatapjq;

12 S´ Ð S´ Z fpRjq;

13 S̃sparse ÐH; Ssketch ÐH;

14 foreach p P S` do
15 if |NS`pp; rx, ryq| ` λ ¨ |NS´pp; rx, ryq| ď τ then

16 S̃sparse Ð S̃sparse Z tpu;

17 else
18 Ssketch Ð Ssketch Z tp, 1u;

19 foreach p P S´ do
20 Ssketch Ð Ssketch Z tp, λu;

21 return S̃sparse, Ssketch;

connection between the result on the sample and that on the full data for projection

queries.

In the remainder of this section, we describe a general sampling-based algorithm

that uses the prefetched sample to select a small number of objects, for which we

access their full data for evaluation (Algorithm 12).

Prefetching. Algorithm 12 assumes a prefetching step (Step 0 described in Sec-

tion 6.3.2) that works as follows. Upon initialization of the query evaluator, given

a fixed sample rate ζ, for each object i, we sample ζni times uniformly and inde-

pendently at random from t1, . . . , tni with replacement. All the ζni sample tuples
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form the sample data RS
i of object i. The full set of sample data tRS

i u
N
i“1 sits in the

memory throughout the lifetime of the evaluator, and is fed into the evaluation of

each forthcoming exploration query f in Algorithm 12.

Objects Selection. Algorithm 12 first executes f on the prefetched sample for all

objects. The result, denoted by SS, is the union of fpSS
i q along with the ownership of

each point in the result (line 3). Base on SS, we select two disjoint subsets of objects

(line 4): (i) O`, the set of objects such that we envision for each p P Ssparse, the

object i that yields p under f (i.e., p P fpRiq) belongs to O`, and (ii) O´, a random

sample of all objects O excluding O` (i.e., OzO`). We ensure that the total number

of tuples contained in the full data for these objects is within the budget η. We defer

the discussion of how the objects are selected (line 4) to Section 6.5.

Full Execution. The two sets of objects O` and O´ are presumably much smaller

than the set of all objects. Algorithm 12 then executes f on the full data for O` and

O´; we denote the result sets as S` and S´ respectively.

Counting. There are two key differences in neighbor counting and result generation

compared to Algorithm 11: (1) only points of S` may be included in S̃sparse, and

(2) while each point of S` is counted once as before, the presence of each point in S´

is multiplied by λ, a multiplier depending on how the budget η is divided between

O` and O´. The choice of the value of λ will also be described in Section 6.5.

Time Complexity. Compared to the complexity of the Algorithm 11, Algorithm 12

reduces the cost of fetching data and counting from Op}D}q to Oppζ ` ηq ¨ }D}q. For

cost of execution f for a query with linear/super-linear complexity T pnq, the overall

time complexity is reduced to T ppζ ` ηq ¨ }D}q. Specifically, for the three types of
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queries we consider with linear time complexity, the overall time complexity is also

reduced to Oppζ ` ηq ¨ }D}q.

Difficulty of Provisioning O`. It is obvious that the choice of O` is critical to the

quality of S̃sparse—if i R O`, there is no chance for points of fpRiq to appear in

S̃sparse. To understand why it is necessary to perform online selection of O` and O´

based on SS, one must consider the diversity of queries that can be applied to a single

dataset.

Figure 6.3 shows the scatter plot with heatmap of accurate results for two queries

of the same type (projection) but on different attributes. Query f1 projects the NBA

players’ game-by-game performance to the points-rebounds plane, while f2 projects

the same data on two different attributes assists and steals. For each of f1 and

f2, we use a rectangular neighborhood of size approximately 1
10
ˆ 1

10
of the result

space, and a proper value of τ that limits the size of Ssparse to be roughly 100.

Comparing S1
sparse for f1 and S2

sparse for f2, S1
sparse has 99 points (possibly overlapping)

corresponding to 40 distinct objects, and S2
sparse has 101 points corresponding to 46

distinct objects. Together, S1
sparse and S2

sparse consist of a total of 83 distinct objects,

sharing only 3 in common.

This example illustrates that it is impossible to use a static choice of O` to

provide a good coverage of objects that result in points of Ssparse for all possible

queries. Therefore, we perform query-specific online object selection, as we explain

in the next section.

6.5 Objects Selection

In this section, we discuss how O` and O´ are selected in Algorithm 12 (line 4).

At a high level, this process is analogous to the problem of computing a small

coreset of a large point set that can be used for approximating various “extent
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measures” of the full point set (Agarwal et al., 2005). More specifically, for the

exploration query evaluation problem, we would like to approximate two types of

extent measures—the sparse points Ssparse Ď S, and a density estimate for all other

points SzSsparse. The challenge here is that we do not have direct access to the full

point set S. For example, as we treat the evaluation function f as a blackbox, there

is no way to sample points uniformly and independently from S without computing

it first, i.e., performing full evaluation on all objects. In other words, with an f

whose behavior is unknown to Algorithm 12, the coreset we construct cannot be an

arbitrary subset of S. It has to be the result point set obtained by evaluating f for

a subset of the objects in O.

Overall, given a budget η on the number of tuples in tRiuiPO`YO´ , we first select

O` with budget η`, and then use whatever is left of the budget to select O´.

6.5.1 Selecting O`

The objects selection step in Algorithm 12 (especially the choice of O`) is crucial to

the efficiency of the algorithm and to the quality of approximation (S̃sparse, Ssketch)

to the actual solution (Ssparse, SzSsparse). A large O` will give S̃sparse a good coverage

of Ssparse. However, a large O` also leads to slower evaluation. Given a fixed budget

η` on the number of tuples allowed to be accessed, efficiency would not be an issue

anymore, as the number of tuples to be evaluated is limited, so the question becomes

how to choose O` of limited size in order to maximize the recall of S̃sparse with respect

to Ssparse.

Observe that for any point p P Ssparse where p P fpRiq (i.e., p comes from object

i), it is a necessary condition that i P O` for p to possibly appear in S̃sparse. We

assume that if an object produces outlier points of S (when f is evaluated on the full

data), it is likely to also produce outlier points when the same query f is evaluated

on a sample of its data. Therefore, the prefetched sample serves as a good guide for
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choosing O`. We take a partition-based approach to address this problem.

Recall that SS denotes the result of executing f on the prefetched sample for

all objects (Algorithm 12, line 3). To select objects for O`, we first partition SS

into PS into grid cells each of size rS
x ˆ rS

y . More precisely, PS “
Ť

i,jPZ P
S
ij, where

PS
ij “ SSX˝S

ij, ˝
S
ij “ ri¨r

S
x, pi`1q¨rS

xqˆrj ¨r
S
y , pj`1q¨rS

yq. Based on the partitioning PS

and the point-object ownership relation, we propose two strategies, namely sparsest-

grid-cell (Section 6.5.1) and sparsest-object (Section 6.5.1) for choosing O` objects,

given an upper bound η` on the data size (in number of tuples).

Sparsest Grid Cell

The sparest-grid-cell strategy works as follows. Examine the partitions in non-

descending order of their sizes. For a partition PS
ij, include in O` all objects that

contribute at least one point in PS
ij, i.e., O` “ O` Y tk | SS

k X PS
ij ‰ Hu. Terminate

when the budget η` is reached.

We illustrate the idea behind this strategy using the projection query. The pro-

jection query simply projects the high-dimensional tuples onto a plane defined by

two given attributes. Thus, the result on sample SS is a random sample of the full

result S of size ζ ¨ }D}.

It is known (Vapnik and Chervonenkis, 1971; Phillips, 2012) that for a d-dimensional

point set P of size n, and a random sample S of P of size k “ pd{ε2q logp2n{δq, with

probability at least 1´ δ, for all d-dimensional axis-aligned rectangle R:

ˇ

ˇ

ˇ

ˇ

|P XR|
|P |

´
|S XR|
|S|

ˇ

ˇ

ˇ

ˇ

ď ε.

For projection query, let P “ S, k “ ζ ¨ }D}, rS
x “ rx, and rS

y “ ry, it follows that

with probability at least 1´ 2 ¨ }D} ¨ exppζ ¨ }D}ε2{2q, for all q P SS:
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ˇ

ˇ

ˇ

ˇ

ˇ

|NSpq; rx, ryq|
}D}

´
|NSSpq; rS

x, r
S
yq|

ζ ¨ }D}

ˇ

ˇ

ˇ

ˇ

ˇ

ď ε.

This means, with high probability, for all points of SS, its neighborhood density

is close to its neighborhood density in S. Therefore, a point of SS with a sparser

neighborhood has a higher probability of being present in Ssparse.

Similar analysis can be conducted for the other query types as well. While the

sparsest-grid-cell strategy is oblivious to the behavior of the query evaluation function

f , it follows the idea behind the analysis above by choosing points with sparest

neighborhood.

By Corollary 9, for any point p in a partition PS
ij, its number of neighbors

|NSSpp; rS
x, r

S
yq| is bounded from below by |PS

ij|. We use this lower bound instead

of counting the exact number of neighbors for each point of SS for efficiency reasons.

Sparsest Object

An object that contributes to Ssparse might not be selected by the sparsest-grid-cell

strategy due to an “unfortunate” draw of sample. However, if the “overall quality”

of the object is good, we can hope to reduce the role of luck in this process by

considering the overall sparsity of points produced by this object in SS.

For each object i, we define its overall sparsity as

µi “ meanpPSSXfpRS
i q
t|PS

ij| | p P PS
iju.

In other words, for each object i, we consider the mean neighborhood sparsity of

all points in SS that are produced by object i. Again, the partition size is used as an

approximation for the actual number of neighbors for efficiency reasons.

In fact, the sparsest-grid-cell strategy can be considered as a special case of the

sparsest-object strategy with p “ ´8 for the power mean function
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Mppx1, x2, ...xnq “

˜

1

n

n
ÿ

i“1

xpi

¸1{p

(6.5)

It is known that M´8px1, x2, ..., xnq “ minpx1, x2, ..., xnq, representing the strat-

egy deployed by sparsest-grid-cell.

We experiment this strategy with three other instantiations of the power mean

function M, namely arithmetic mean (p “ 1), geometric mean (p “ 0), and harmonic

mean (p “ ´1).

6.5.2 Selecting O´

We adopt a simple strategy for selecting the object set O´—given O`, include each

object of OzO` independently with probability p. The multiplier in Algorithm 12

is set to λ “ 1{p to maintain expectation, i.e. for any point in SzS`, its expected

frequency in S´ is λ ¨ p “ 1.

Another way to think of this strategy is to sample points from S with correlation.

For any object i P OzO`, the sample point set S´ either includes all points of fpRiq,

or none of it.

O´ affects the quality of output by Algorithm 12 in several ways. First, not all

points of S` lead to points in Ssparse after evaluating f on O`. It is up to O´ and S´

to exclude false positives and include true positives (line 15). Second, the quality of

Ssketch is determined primarily by S´ (line 20).

Budget Constraint

Note that we need to comply with the total budget constraint η. Let Xi „ Berppq

be the Bernoulli random variable denoting if object i is chosen to be included in O´,

for i P OzO`. All Xi’s are independent of each other. Let Y be the total number

of tuples for objects in O´. Let }O`} denote the number of tuples for objects in
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O`. Following notations from Section 6.2.1, the expected number of tuples for O´ is

given by

µY “ E

»

–

ÿ

iPOzO`

Xini

fi

fl “
ÿ

iPOzO`

ErXisni “ p ¨ p}D} ´ }O`}q.

The variance in the number of tuples in O´ is given by

σ2
Y “ Var

»

–

ÿ

iPOzO`

Xini

fi

fl “ pp1´ pq ¨
ÿ

iPOzO`

n2
i .

By (one-sided) Chebyshev’s inequality, we have

Pr rY ě p1`∆q ¨ µY s ď
1

1` p∆µY {σY q2
.

By setting p1`∆qµY “ η ¨ }D} ´ }O`}, we have

Pr
“

Y ` }O`} ě η ¨ }D}
‰

ď
1

1` p∆µY {σY q2
,

where

∆ “
η ¨ }D} ´ }O`}

µY
´ 1.

Since µY is monotone in p, choosing a smaller value of p gives a better chance of

complying with the budget constraint η.

Quality of S̃sparse

We study how O´ affects the quality of S̃sparse in two ways.

1. For a point in S`X Ssparse, what is the minimum probability that it is included

in S̃sparse?
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2. For a point in S`zSsparse, what is the maximum probability that it is included

in S̃sparse?

For a point q P S` X fpRiq, i.e., a point of S` coming from object i, let Cj “

|NSpqq X fpRjq| be the number of neighbor of q in S coming from object j ‰ i. We

attempt to provide a bound for the two questions above in the worst case, where all q

have at least one neighbor in S`. Let random variable Z denote the estimated number

of q’s neighbors. Following the notation of random variable Xi’s from Section 6.5.2,

Z can be written as follows:

Z “ 1` λ ¨
ÿ

j‰i

XjCj.

And we have

µZ “ 1`
ÿ

j‰i

Cj “ |NSpqq|, σ2
Z “

1´ p

p
¨
ÿ

j‰i

C2
j .

1. If µZ ď τ , by Chebyshev’s inequality, we have

PrrZ ą τ s ď
1

1` pµZ ´ τq2{σ2
Z

.

2. If µZ ą τ , symmetrically, we have

PrrZ ď τ s ď
1

1` pµZ ´ τq2{σ2
Z

.

These bounds suggest a couple of things. First, the farther µZ deviates from

τ , the more confident we can be that Algorithm 12 will make the right decision on

whether to include q in S̃sparse. In other words, it is harder to classify points correctly

whose actual neighborhood density in S is close to the sparsity threshold τ . Also,

since τ is presumably small, in general it is harder to classify points of Ssparse correctly

than SzSsparse, i.e., high recall is harder to achieve than high precision. Second, a

larger budget for O´ would lead to a larger p, thus higher confidence in classification.
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Quality of Ssketch

Recall that the sketch distance (defined in Section 6.2.2) is used to measure the

quality of a sketch Ssketch w.r.t. SzSsparse. While the exact sketch distance is not easy

to come by, an upper bound can be obtained as follows.

Ignore Ssparse for now. Partition the result set S such that any two points in the

same partition are neighbors. For example, under L8-norm neighborhood definition,

partition S into grid cells each of size rx ˆ ry. Let P1, . . . , Pm denote the resulting

partitions. Let Zj “ λ ¨ |S X Pj| be the estimated number of points in partition Pj

by the sketch. Let Z “
ř

j Zj be the estimated total number of points.

We have the following bound on δpS, Ssketchq, expressed in terms of the means and

variances of Zj’s and Z.

Pr

„

δpS, Ssketchq ě 1´
1´∆´

1`∆`



ď
ÿ

j

1

1` p∆´µj{σjq2
`

1

1` p∆`µZ{σZq2
. (6.6)

Tighter bounds can be obtained by taking into account the correlation among

Zj’s. When the distributions of number of points by objects are identical in all

partitions, we have

Pr

„

δpS, Ssketchq ě 1´
1´∆

1`∆



ď
2

1` p∆µZ{σZq2
. (6.7)

If, on top of the identical distribution scenario, Ci’s are all equal, we have
µ2
Z

σ2
Z
“

Np
1´p

, and

Pr

„

δpS, Ssketchq ě 1´
1´∆

1`∆



ď
2

1`∆2Np{p1´ pq
. (6.8)
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On the other hand, in the worse case where all Zj’s are independent and µj “ σj,

we would have

Pr

„

δpS, Ssketchq ě 1´
1´∆

1`∆



ď
N ` 1

1`∆2p{p1´ pq
. (6.9)

Taking Ssparse back into account, since the frequency counts in S` are all precise

(estimates with zero variance), including Ssparse does not nullify any of the results

above.

Proofs of the above bounds and additional remarks can be found in the appendix.

Note that these bounds may still be quite loose. We will show the quality of sketch

produced by Algorithm 12 via empirical results in Section 6.6.

6.6 Experiments

We implemented our algorithms in C++ and evaluated the efficiency and result

quality on three real datasets. All experiments are conducted on a machine with

Intel Core i7-2600 3.4GHz CPU and 7.8GB RAM.

6.6.1 Datasets

NBA players’ game-by-game performance statistics (NBA)6: By considering

a player as an object and his performance stats in each game as a tuple, the dataset

consists of 1.01 million tuples (}D} « 1.01 ˆ 106) for a total of 3,129 players (n “

3129).

DBLP7: For the DBLP data set, we consider authors as objects, and year-by-

year performance of an author in terms of the author’s numbers of publications in

different venues; i.e., a tuple represents an author’s performance in a given year,

6 http://www.basketball-reference.com

7 http://dblp.uni-trier.de
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where attributes represent the author’s publication counts in different venues in that

year. This dataset consists of „67k tuples (}D} « 67ˆ103) for „32k distinct authors

(n « 32ˆ 103)

Wikipedia edit history data (WIKI)8: The raw Wikipedia edit log in the

main namespace consists of a total of „116.6 million entries, each representing a

revision of an article, with information of the user ID, article category, edit size, etc.

We consider users as objects, and a tuple is the (number, size) of all edits and minor

edits in one day. For over 3.3 million users (n « 3.3ˆ 106), we have a total of „8.91

million tuples (}D} « 8.91ˆ 106).

6.6.2 Quality Evaluation

We evaluated the quality of pS̃sparse, Ssketchq in two aspects—(i) quality of S̃sparse w.r.t.

Ssparse in terms of recall and, less importantly, precision, and (ii) quality of Ssketch

w.r.t. SzSsketch as measured by the sketch distance function δ.

Note that the baseline algorithm (Algorithm 11) performs full evaluation, and

hence produces the exact Ssparse. Also, under L8-norm (rectangular neighborhood),

the grid-partition-based baseline algorithm trivially achieves δpSsketch, SzSsparseq “ 0.

Therefore, we are only interested in evaluating the quality of results of the sampling-

based algorithm (Algorithm 12).

The same set of experiments were conducted on all three datasets. We first

illustrate observations common to all data sets using the NBA data set.

Impact of O` selection strategy and neighborhood definition. We tested the performance

of Algorithm 12 with (i) different strategies for selecting O` described in Section 6.5.1

(Mp with p “ 1, 0, ´1, ´8), and (ii) different } ¨ } functions in the neighborhood

definition (Eq. 6.2.1), namely L1-, L2-, and L8-norms, corresponding to diamon-

8 https://snap.stanford.edu/data/wiki-meta.html
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doid, oval, and rectangular neighborhood, respectively. No significant difference was

observed in the quality of result produced by Algorithm 12, so figures are omitted.

Varying sample rate ζ. Performance of Algorithm 12 at different sample rates ζ is

shown in Figure 6.4. Results suggest that increasing ζ gives notable improvement in

the quality of S̃sparse in the beginning (Figures 6.4a and 6.4b), but the improvement

diminishes afterwards (beyond 5% for NBA). On the other hand, ζ has almost no

impact on the quality of the sketch Ssketch in terms of distance to the exact solution

SzSsparse (Figure 6.4c).

Varying budget η` for O`. In Figure 6.5, we fix ζ and η´, and observe the perfor-

mance of Algorithm 12 with varying budget η`. We see that as η` increases, precision

and recall keep increasing and approach 100% (Figures 6.5a and 6.5b). Similar to

the results for varying ζ, η` shows little impact on the quality of Ssketch (Figure 6.5c).

Varying budget η´ for O´. In contrast to ζ and η`, increasing η´ gives big improve-

ment on the quality of Ssketch (Figure 6.6c), while recall of S̃sparse is barely affected

(Figure 6.5b). It is worth noting that having too few objects O´ may increase the

amount of false positives in S̃sparse, accounting for the increase in precision shown in

Figure 6.5a.

Varying overall budget η. Results above show how η` or η´, when the other is fixed,

affects different aspects of result quality. Now we show the tradeoff between η`

and η´ when fixing the overall budget η. In Figure 6.7, we fix the total budget

η “ η` ` η´ “ 20%, and show the three quality indicators, varying the budget

allocation between η` and η´. From the earlier experiments, it is expected that a

larger η` would lead to better precision and recall, while a larger η´ would lead to

a better sketch with a smaller distance to the ground truth.
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To measure the overall quality of a solution by Algorithm 12, we use a generalized

version of the F-score, by taking the weighted harmonic mean of the three quality

measure, precision, recall, and distance. We assign weights β2
P , β2

R, β2
δ to precision,

recall, and 1 ´ δ, respectively, where βR ą βδ ą βP ą 0, signifying decreasing

importance. Formally,

FβP ,βR,βδ “
β2
P ` β

2
R ` β

2
δ

β2
P

P
`

β2
R

R
`

β2
δ

1´δpSsketch,SzSsparseq

. (6.10)

We show results of two F-scores, F1,3,2 and F2,4,3. In Figure 6.7a and 6.7b, both

F1,3,2 and F2,4,3 peak at η` “ 14%, leaving η´ at 6%. On the contrary, for streak

query (Figure 6.7c), the quality of Ssketch is still decent even with η´ as small as 2%,

which allows the majority of the overall budget to be allocated to O` in order to

improve the quality of S̃sparse.

Precision versus recall. From the results on NBA, we see a higher precision than recall

when sufficient budget is given. The same holds for results on DBLP and WIKI. As

we have shown in Section 6.5.2, S´ plays an important role in both eliminating

false positives from and keeping true positives in S`. While the probability of false

positives only depends on the rate at which objects are sampled from OzO` to form

O´, the probability of false negatives is conditional on the fact that the object that

yields some point of S` X S̃sparse is included in O` in the first place. And we discuss

next why it is hard to ensure the right objects are chosen for O`.

We should note that the effectiveness of O` selection depends on both the data

distributions and the query type. Algorithm 12 assumes neither. To see how the

data distribution affects the effectiveness of O`, we compare the recall of S̃sparse

on NBA and on WIKI. In Figure 6.8a, we show the recall of S̃sparse on WIKI data

with varying sample rate. The result is significantly worse than that on the NBA
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data (Figure 6.4b). For NBA, the average number of tuples per player is over 300.

In contrast, the average number of tuples per author is below 2. Even the most

renowned researchers have tuples for fewer than 40 years. The consequence of a

small sample rate is a high probability of missing all tuples of an author, even for the

most prolific ones. A second set of results shown in Figure 6.8a is based on a different

sampling method: sample for each object at a rate proportional to the size of the

object, while the overall sample rate remains the same. By adopting this sampling

strategy, we implicitly assume that points of Ssparse are likely to be yielded by objects

with more tuples, and we get significant improvement over uniform sampling.

The other important factor that influences the effectiveness of O` selection is the

query type. On the NBA data, we see a notable difference between the recall S̃sparse for

count query and the other two query types. Similarly, on the WIKI data, we observe

a notable difference between streak query and the other two types (Figure 6.9). For

streak query, a point of Ssparse comes from a (possibly small) number of consecutive

tuples. Uniformly sampled tuples may not be representative at all for the overall

quality of an object w.r.t. a streak query. Similarly, for projection query, say for

NBA, a generally lousy player could have one outstanding game that contributes to

Ssparse, which will unlikely be picked up by a small uniform sample. On the contrary,

any point in S of a count query considers all tuples of an object, making O` selection

less vulnerable to uniform samples. Had Algorithm 12 known the behavior of the

query function f , smarter sampling strategies could be deployed to better guide the

selection of O`.

6.6.3 Efficiency

We evaluate the efficiency of the sampling-based algorithm when varying various

parameters, namely (i) the object selection strategy, (ii) the distance metric (L8-

/L1-/L2-norm), and (iii) the computation budget η. The efficiency is measured as
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execution-time speed-up over the baseline algorithm (Algorithm 11), which performs

full evaluation on all objects. Not surprisingly, the object selection strategy and the

distance metric do not influence the efficiency of Algorithm 12. Hence, the results

are omitted.

Varying ζ, η`, and η´. Figure 6.10 shows the speed-up of the sampling-based algo-

rithm over the baseline, varying ζ, η`, and η´, respectively, with the other two fixed.

The solid optimal curve shows the maximum possible speed-up, i.e. pζ` η`` η´q´1,

for linear-time query function f , excluding any overhead during object selection.

Roughly the same amount of speed-up is observed for all three query types, regard-

less of the size and distribution of the input data. Results on DBLP and WIKI data

are similar and thus omitted.

6.7 Related Works and Discussion

Visualization-assisted data analysis has recently attracted a lot of attention in both

database and CHI communities. Jugel et al. (2014) studied data reduction techniques

for high-volume time series data driven by visualization constraints, while our work

is motivated by limit on data access. Along the same line, the idea of data reduction

for efficient visualization of time series data had previously been explored by (Burtini

et al., 2013).

The problem of rapid generation of approximate visualizations while preserving

crucial properties was studied by Kim et al. (2014) for bar chart, which employs

very different techniques. Efficiency-precision tradeoff for exploratory visualization

of large dataset has also been studied in the CHI community (Fisher, 2011; Fisher

et al., 2012). The idea of using prefetching techniques to improve visualization

efficiency for real-time responses in an interactive environment has been studied by

Doshi et al. (2003). Kandel et al. (2012) presented Profiler for visualization-assisted
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data exploration and anomaly detection from an HCI perspective.

In this chapter, we have considered outliers as points having a small number of

neighbors (thus not necessarily on the skyline), but the idea of finding global outliers

from promising objects by evaluating sample data can apply to outliers of other

forms, such as skyline points (Börzsönyi et al., 2001). The sketching algorithm using

points of S`zS̃sparse along with S´ with estimated counts can work as is.

The type of uniqueness-based fact-finding has been studied for skyline and sky-

band points in Chapter 5, where specialized algorithms were proposed to efficiently

find all interesting and unique points of a large point set; in this chapter, we pro-

pose a neighborhood sparsity based uniqueness definition and propose an algorithm

tailoring towards the visualization method instead of the claim type.

The idea behind the two-phase sampling-based algorithm is related to the notion

of coreset (Agarwal et al., 2005) in computational geometry. Since we do not have

direct access to the result set S, for each query instance f , we construct “coresets”

of objects O` and O´ instead of coresets of points. The selection of O´ using ran-

dom sampling is analogous to drawing random samples from the point set (Vapnik

and Chervonenkis, 1971; Phillips, 2012). On the other hand, the selection of O` is

optimized towards preserving another extent measure: minimum density points of S.

Experiments in this chapter are all conducted in memory. However, at service

time, to support exploration query evaluation for many datasets, and to avoid dedi-

cating the memory to a single dataset, objects’ full data is hosted in SSTable (Chang

et al., 2008) and brought into memory only upon request via the SSTable service

API. Data accessing cost will become even more dominant in the execution time. In

that case, our sampling-based algorithm with a data access budget would increase its

advantage over the baseline algorithm. Also, we have not explored the possibility of

parallel evaluation of query function f . On large data sets, parallel query evaluation

for different objects will further speed up the overall efficiency.
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6.8 Conclusion

In journalism, claims derived from data are important ingredients for many stories,

ranging from politics to sports. A common analysis for determining the quality

of a claim is to compare it with other claims of the same form. Such exploratory

analysis can usually be carried out effectively via visualization. In this chapter, we

consider claims that can be modeled as queries whose results can be represented

as 2D points, and we focus on one common type of visualization—a combination

of 2d scatter plot for outliers and a heatmap for overall distribution. We propose

an efficient two-phase sampling-based algorithm that works with any query function.

The algorithm first executes the query function on a sample of the dataset, and then,

based on the result, further selects additional data to access in order to produce a

final approximate answer. Experiments show that our algorithm is efficient and is

able to preserve result properties important to visualization—namely the outliers

and the overall distribution.

178



Kevin Love (31pts, 31rebs)

0

1
0

2
0

3
0

4
0

5
0

6
0

7
0

8
0

9
0 points

0

10

20

30

40

rebounds

20

23.6

27.2

210.8

214.4

(a) Ssparse and Ssketch from full result.
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(b) S̃sparse and Ssketch from an approximate solution: true positive;
false positive; false negative (all w.r.t. Ssparse).

Figure 6.1: Projection query example on ppoints, reboundsq, visualized using 2d

scatter plot for Ssparse and S̃sparse, on top of heatmap for Ssketch. In the heatmap, the
weight of each point is distributed uniformly in its neighborhood.
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Figure 6.3: Comparing results of projection queries with different attributes.
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Figure 6.4: (NBA) Vary sample rate ζ between 1-10%. Fix η` “ η´ “ .1.
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Figure 6.5: (NBA) Vary budget η` for O` between 2-20%. Fix ζ “ .05, η´ “ .1.
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Figure 6.6: (NBA) Vary budget η´ for O´ between 2-20%. Fix ζ “ .05, η` “ .1.
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Figure 6.7: (NBA) Fix total budget η “ .2 for O` and O´, vary η` for O` between
2-18%.

181



ζ (%)
2 8 14 20

R
e

c
a

ll

0

0.2

0.4

0.6

0.8

1

projection

count

streak

(a) Uniform sample

ζ (%)
2 8 14 20

R
e

c
a

ll

0

0.2

0.4

0.6

0.8

1

projection

count

streak

(b) Sample rate proportional to
objects’ data size

Figure 6.8: (DBLP) Compare recall of S̃sparse with
two different sampling strategies, at varying sample
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Figure 6.10: (NBA) Efficiency of algorithms varying sample rate and budget.
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7

Conclusion

Many interesting and practical questions arise from data journalism. Specifically,

this dissertation tackles a set of problems concerning claims based on structured

data: finding counter-arguments for questionable claims, reverse-engineering vague

claims, finding good leads from a data set, looking for claims with specific quality,

visualizing claims for outlier detection. An underlying idea that unifies the solutions

to all these problems is to regard claims as queries with parameters. This idea led

us to a powerful framework for modeling these problems as computational ones,

and opened up opportunities for solving them by developing efficient algorithms.

We have deveoped a system prototype (iCheck) implementing the fact-checking and

lead-finding tasks studied in this dissertation.

Our proposed framework and the work around it has opened up more research

problems than they answer, some of which already discussed in Section 3.5. To have

hope for a fully automatic solution to fact-checking and lead-finding, obtaining high-

quality strucutred data is the first step. How to use claim context to help determine

relevant data sources (Rahm and Bernstein, 2001)? How to assess the quality of

available data sources (Balakrishnan and Kambhampati, 2011)? How to deal with
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conflict information from different data sources (Dong et al., 2009; Zhao et al., 2012)?

If the data is uncertain, how does this uncertainty affect the quality of claims?

Can we design a unified model for consider joint perturbation of parameter and

data, and design efficient algorithms for the fact-checking and lead-finding tasks?

How do we characterize the influence of data uncertainty on claim quality? How do

we prioritize expensive data cleansing operations when a budget is given?

Another pre-requisite to our problems, is the translation of a claim in natural

language to a mathematical function as our claim template. This step in the analysis

pipeline can benefit from advances in research in natural language querying (Popescu

et al., 2003; Li and Jagadish, 2014) and crowdsourcing (Franklin et al., 2011). Instead

of asking the crowd to answer queries, what is the most efficient and effective way of

asking the crowd to write queries for us?

Besides the claim quality measures we have already studied in this dissertation,

what are the other measures and how do we support them efficiently? For example,

if the underlying data is uncertain, can we measure the quality of a claim by its

certainty? If the underlying data is evolving, can we measure the quality of a claim

by its “durability,” i.e., how long it is expected to be true?

Evaluation remains a challenging problem for many aspects of our work, as it is

hard to define the “ground truth” objectively: What is a good counter-argument?

What is an interesting lead? While we have evaluated the effectiveness of our tech-

niques by carefully analyzing their results on a case-by-case basis, a more thorough

evaluation would require user studies at a much larger scale. Furthermore, recogniz-

ing that different users may have different peceptions of result quality, we may be

able to track users’ interactions with the system and optimize for click-through rate

on items recommended by our system. The same idea can be used to simplify the

work in setting up fact checking and lead finding for a new domain. By observing

user responses to a series of questions posed by our system, we can learn functions
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required by our computational framework, such as the result strength and parameter

sensibility functions.

To conclude, this dissertation has taken the initial steps towards an end-to-end

system empowering journalists and the public to combat the “lies, d—ed lies, and

statistics” that permeate our public life today. While we are far from the “holy

grail” of fully automatic fact-checkers and lead-finders, this dissertation has shown

considerable promise of a computational approach in assisting human journalists in

tasks for which automation has been previously considered impossible.
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Appendix A

Appendix for Chapter 6

Following the notations of Section 6.5.2, we derive the bounds on δpS, Ssketchq here.

First, by linearity of expectation, we have

µj “ ErZjs “ |SX Pj|, µZ “ ErZs “ |S|.

It is easy to see the following bound on δpS, Ssketchq:

δpS, Ssketchq ď 1´

ř

j mintZj, |SX Pj|u

maxtZ, |S|u
“ 1´

ř

j mintZj, µju

maxtZ, µZu
.

By the (one-sided) Chebyshev’s inequality, we have

Pr

«

ÿ

j

mintZj, µju ě p1´∆´
qµZ

ff

ěPr

«

č

j

Zj ě p1´∆´
qµj

ff

ě1´Pr

«

ď

j

Zj ď p1´∆´
qµj

ff

ě1´
ÿ

j

1

1` p∆´µj{σjq2
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and

Pr
“

maxtZ, µZu ě p1`∆`
qµZ

‰

“ Pr
“

Z ě p1`∆`
qµZ

‰

ď
1

1` p∆`µZ{σZq2
.

Combining the two inequalities above, we have

Pr

„

δpS, Ssketchq ě 1´
1´∆´

1`∆`



ďPr

«

ÿ

j

mintZj, µju ď p1´∆´
qµZ _ Z ě p1`∆´

qµZ

ff

ď
ÿ

j

1

1` p∆´µj{σjq2
`

1

1` p∆`µZ{σZq2
.

To see the bounds dependent on correlation of point distribution by objects,

let cij denote the number of points in partition Pj that come from object i; i.e.,

cij “ |fpRiq X Pj|, and Ci “
ř

j cij “ |fpRiq|. It follows that Zj “ λ ¨
ř

iXicij. We

have, for each i:

µi “
ÿ

j

cij, σ2
i “

1´ p

p
¨
ÿ

i

c2
ij,

and for Z,

µZ “
ÿ

Cj, σ2
Z “

1´ p

p
¨
ÿ

i

C2
i .

For any two partitions j and j1, the covariance and correlation between Zj and

Zj1 are given by

σjj1 “
1´ p

p
¨
ÿ

i

cijcij1 , ρjj1 “
σjj1

σjσj1
.

The tighter bound can be obtained by taking into account the correlation among
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Zj’s, using the dependent multi-variate Chebyshev’s inequality as follows:

Pr

«

č

j

Zj ě p1´∆´
qµj

ff

ď1´
1

m2

¨

˝

?
u`

?
m´ 1

g

f

f

e

m

p∆´q2

ÿ

j

σ2
j

µ2
j

´ u

˛

‚

2

,

where

u “
1

p∆´q2

ÿ

j

ÿ

j1

ρjj1

µjµj1
.

Setting ρjj1 “ 1 for all j, j1, and we get Ineq. (6.7), (6.8), and (6.9).
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