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Abstract

Impulse propagation in cardiac muscle is determined not only by the excitable prop-

erties of the myocyte membrane, but also by the gross and fine structure of cardiac

muscle. Ionic diffusion pathways are defined by the muscle’s interconnected myocytes

and interweaving interstitial spaces. Resistive variations arising from spatial changes

in tissue structure, including geometry, composition and electrical properties have a

significant impact on the success or failure of impulse propagation. Although much

as been learned about the impact of discrete resistive architecture of the intracellular

space, the role of the interstitial space in the spread of electrical activity is less well

understood or appreciated at the microscopic scale.

The interstitial space, or interstitium, occupies from 20-25% of the total heart

volume. The structural and material composition of the interstitial space is both

complex and heterogeneous, encompassing non-myocyte cell structures and a con-

glomeration of extracellular matrix proteins [27, 89, 91]. The spatial distribution of

the interstitium can vary from confined spaces between abutting myocytes [1] and

tightly packed cardiac fibers [84] to large gaps between cardiac bundles and sheets

[54].

This work presents a discrete multidomain formulation that describes the three-

dimensional ionic diffusion pathways between connected myocytes within a variable

interstitial physiology and morphology. Unlike classically used continuous and dis-
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continuous models of impulse propagation, the intracellular and extracellular spaces

are represented as spatially distinct volumes with dynamic and static boundary con-

ditions that electrically couple neighboring spaces to form the electrically cooperative

tissue model. The discrete multidomain model provides a flexible platform to simu-

late impulse propagation at the microscopic scale within a three-dimensional context.

The three-dimensional description of the interstitial space that encompasses a single

cell improves the capability of the model to realistically investigate the impact of the

discontinuous and electrotonic inhomogeneities of the myocardium’s interstitium.

Under the discrete multidomain representation, a non-uniformly described inter-

stitium capturing the passive properties of the intravascular space or variable distri-

bution and composition of the extracellular space that encompasses a cardiac fiber

creates an electrotonic load perpendicular to the direction of the propagating wave-

front. During longitudinal propagation along a cardiac fiber, results demonstrate

waveshape alterations due to variations in loads experienced radially that would

have been otherwise masked in traditional model descriptions. Findings present a

mechanism for eliminating myocyte membrane participation in impulse propagation,

as the result of decreased loading experienced radially from a non-uniformly resis-

tive extracellular space. Ultimately, conduction velocity increases by decreasing the

”effective” surface-to-volume ratio, as theoretically hypothesized to occur in the con-

ducting Purkinje tissue [79].
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Chapter 1

Impact of Extracellular Space on
Impulse Propagation

In the early 20th century, it was the perceptive observation of many scientists that

drew correlations between the passive physiology of the nerve fiber and the elec-

trical properties of core-conductors [5, 12, 13, 37, 75]. Lord Kelvin quantitatively

described electrical transmission in a core-conductor, thereby formulating cable the-

ory [47]. Subsequently, Hodgkin and Rushton demonstrated the valuable application

of relating the electrical transmission in a core-conductor and electrical pulses in a

nerve fiber [40]. They delivered current pulses to the end of a giant squid axon and

recorded electrical potentials from a sub-threshold response downstream of the stim-

uli. By relating the isolated axon physiology to core-conductor properties, they were

able to use cable theory to deduce the effective electrical constants of the nerve fiber,

namely cytoplasmic resistivity, membrane capacitance and membrane resistance.

The success of the nerve studies prompted other investigators to attempt to

indirectly calculate the effective electrical constants of the cardiac tissue, the my-
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ocardium, from experimental recordings of propagating potentials [8, 10, 26, 71, 107,

108]. However, an isolated nerve bathed in a superficial layer of oil proved to be

the more ideal in vitro setup to successfully relate the electrical behavior of a core-

conductor to the underlying electrical physiology. Unfortunately, when cable theory

is applied to the more complex physiology of cardiac tissue, the application is fraught

with additional assumptions about the underlying structure and properties of the tis-

sue making the analysis of the results less straightforward. Unlike propagation in the

nerve axon, the electrotonic current in cardiac tissue transverses along discontinuous

and heterogeneous intracellular and interstitial pathways, is three-dimensional and is

anisotropic. In order to simplify the physiology of the tissue, the myocardium was

assumed to be a syncytium that provided a continuous, but anisotropic medium for

ionic flow. Subsequently, the cable equations were adapted to describe propagation

in two- and three-dimensions by defining distinct conductivities along the tissue axes,

yielding the continuous bidomain or monodomain equations. Although the observed

conduction anisotropy could be accounted for under these descriptions, the anisotropy

observed in the time course of the electrical signal or action potential could not be

explained using the continuous description of impulse propagation [90].

In the experimental study of Spach et. al., propagating action potentials were

initiated in excised cardiac muscle from a canine heart at varied radial locations

around a single intracellular recording site [90]. They observed a slower initial rise

(time constant) and a faster upstroke velocity from action potentials recorded dur-
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ing slower propagating wavefronts initiated transverse to the tissue’s fiber alignment.

The opposite relationship was found from faster propagating wavefronts initiated

longitudinally. However, under the continuous but anisotropic description of impulse

propagation, the waveshape of the electrical potentials should not have changed, since

the recording site was fixed and thus, the membrane properties remained constant.

Recognizing that the myocardium is not a syncytium, but is composed of discrete

interconnected cells [1], Spach defined distinct locations of increased intracellular re-

sistance, representing the cell-cell junctions, in a simulation study [86]. Results of the

in silico study provided an explanation for some of the experimentally observed wave-

shape anisotropy and demonstrated the discontinuous nature of impulse propagation

at the cellular scale. Spach et. al.’s work signified the importance of investigating the

possible contributions of the fine cardiac structure on impulse propagation as well as

the advantage of incorporating such detail into simulation to clarify observations at

the macroscopic scale.

The cooperative interplay between experiment and simulation studies have initi-

ated a forward approach to simulating impulse propagation in cardiac tissue where

observed micro-structural detail is incorporated into computational models to inves-

tigate the possible significance that physiology may have on conduction in healthy

and diseased myocardium. The following chapter presents experimental observations

demonstrating the impact of the cardiac interstitium on conduction, the morphol-

ogy of the heterogeneous interstitial architecture, and the proposed significance of

3



confined interstitial spaces on impulse propagation.

1.1 Contribution of Interstitial Spaces to Conduction

Alterations in the interstitial architecture of the myocardium are associated with

many pathophysiological conditions that create electrical disturbances in the heart

and manifest as cardiac arrhythmias [72, 94, 112]. In the cardiac interstitium, the

proliferation of fibroblasts and increased deposition of extracellular collagen, referred

to as fibrosis, are morphological consequences of cardiac hypertrophy, ischemia and

aging [85, 106]. In a clinical study by Kawara et. al., a correlation was made be-

tween the fibrotic architecture and the risk of sudden cardiac death (SCD) from

an arrhythmic episode [46]. Kawara and colleagues explanted human hearts from

transplantation patients in end stage heart failure and used high-resolution unipo-

lar mapping to record epicardial electrical activation during premature stimulation.

The mean activation delay, which has been implicated as a initiator of arrhythmias,

was correlated to histological observations in the respective tissue and was used to

characterize three types of dense fibrotic patterns in the diseased tissue: (1) patchy

fibrosis (2) diffuse fibrosis and (3) stringy fibrosis. Surprisingly, Kawara discovered

that a greater density of fibrosis did not correlate with a higher risk of SCD, but

instead the architecture of the fibrosis was the more prominent factor in determining

risk.

Spach et. al. measured extracellular potentials in adult and newborn atrial tissue
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from wavefronts initiated longitudinal and transverse to the cardiac fiber structure

[91]. Extracellular potentials recorded during transverse propagation in the adult

tissue were irregular and demonstrated large intermittent delays between recording

sites, while extracellular recordings from the newborn tissue showed smooth wave-

forms. Spach et. al. attributed the disparity in electrical recordings to the in-

consistency of the adult interstitium created by the changing distributions of small

and large spaces between the intracellular architecture and ultimately, resulting in a

non-uniform resistance in the direction of propagation.

Knisley, Maruyama and Buchanan measured interstitial and intracellular action

potentials at various depths in ventricular muscle. They then, calculated waveshape

characteristics from the intracellular potential and the transmembrane potential that

accounted for the effects of the both the intracellular and interstitial spaces [51].

Based on their results, they reported a large potential contribution from the inter-

stitial space that was nearly two times higher in the center of the tissue. Waveshape

characteristics calculated from only the intracellular potential underestimated the

upstroke velocity (20-30%) and overestimated the time constant of the action poten-

tial foot (48-82%). Thus, Knisley et. al. suggested that by ignoring the resistive

contribution of the interstitial space on impulse propagation, the electrical properties

of the underlying tissue determined from only intracellular recordings may include a

large error.

To accurately determine the resistance of the extracellular space on electrotonic
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spread in the myocardium, Kleber and Riegger measured electrical potentials from

arterial perfused ventricular muscle [48]. By exploiting the tissue’s own circulation

system to deliver nutrients to the muscle during the experiment, Kleber was able

to avoid the electrical shunting that occurs with the use of a superficial fluid layer

used in the bathing technique [101]. In this study, Kleber calculated a 1.2 ratio of

extracellular to intracellular resistance (re/ri), signifying the equal, if not slightly

larger contribution of the extracellular space to longitudinal resistance. Kleber and

Riegger found that by arresting perfusion in the muscle, the immediate response was

a 14% slowing of conduction velocity, which they explained by the 35% increase in

extracellular resistance and the accompanying 8% increase in the extracellular voltage

amplitude. Kleber contributed the increased extracellular resistance to the decreased

interstitial volume resulting from the drop in intravascular pressure.

In a similar study, Fleischhauer, et. al. measured propagating action potentials in

rabbit papillary muscle that had been arterially perfused with nutrient-rich solutions

that varied in dextran concentrations [24]. By varying the dextran concentration

from 10 to 40 and to 80 g/L, the colloid osmotic pressure (COP) in the tissue in-

creased from 9 to 36 and to 94 mm Hg, respectively, thereby varying the volume of

the interstitial space and, consequently, the overall interstitial resistance (re). Fleis-

chhauer, et. al. found that decreasing the dextran concentration from 40 to 10 g/L

caused water to leave the vascular space and enter the interstitial space, thereby in-

creased the bundle diameter by 12%, decreasing re by 56%, decreasing the amplitude

6



of the interstitial voltage from 61 to 42 mV, and ultimately, increasing conduction

velocity by 19% (from 48 to 59 cm/s). However, when the dextran concentration was

increased from 36 to 94 g/L, there were no significant changes observed in bundle

diameter or conduction velocity, even though re increased 35% and the amplitude of

the interstitial voltage increased from 62 to 75 mV. Fleischhauer and colleagues were

unable to explain the observation that a decrease in interstitial resistance resulted

in a higher conduction velocity while an increase in interstitial resistivity did not

decrease conduction velocity. Instead, they suggested that the increase in interstitial

resistance may have eliminated the ability of closely opposing myocyte membranes

from participating in propagation, thereby, decreasing the effective membrane capac-

itance and compensating for the increase in effective interstitial resistivity.

In the same study, Fleischhauer et. al. also varied the hematocrit (percentage of

red blood cell content) of the perfusate from 0% to 10% to 40% to 60% to increase

vascular resistivity from 75 to 85 to 143 to 221 Ω/cm, respectively [24]. They found

that changes in vascular resistivity in the range of 75 to 221 Ω/cm had a negligible ef-

fect on the bundle diameter, interstitial resistivity, interstitial voltage and conduction

velocity. Fleischhauer and colleagues concluded that the vascular space was electri-

cally insulated from the interstitial space and thus, had no effect on propagation. The

complete absence of electrotonic interactions, arising from with the vascular archi-

tecture on propagation was not supported in the work of Spach et. al. [93]. Instead,

Spach suggested that the observed slowing in the initial rise of the action potential
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(τfoot) during longitudinal propagation was the result of electrotonic loading from the

surrounding capillary walls. This hypothesis was based on experimental observations

that demonstrated a correlation between the density of capillaries in the tissue and

the degree of slowing observed in τfoot [49, 90]. In support of this hypothesis, Spach

et. al performed a theoretical study demonstrating the possible mechanism for this

loading effect using a “2-domain” model of cardiac tissue. Further details of this

model are covered in Section 2.3.2.

1.2 Resistive Heterogeneities in Interstitial Morphology

Page used an osmotic gradient method to determine the permeability limits of the cel-

lular membrane and the intracellular ionic concentrations in excised cat myocardium

[64]. The tissue was first incubated in a hypotonic solution causing the intracellular

space to swell with water, after which an uncharged, water-soluble test molecule was

added to the bathing fluid. Page found that a molecule with a molecular radius

greater than 0.4 nm was impermeable to the membrane, remaining in the extracel-

lular space and driving water out of the intracellular space. The time course for this

osmotic change was monitored using a microelectrode technique to record the change

in transmembrane potential due to alterations in intracellular potassium concentra-

tions [65]. The interesting observation made by Page was the disparate temporal

changes in Vm between impermeable molecules of different sizes. Mannitol has a 0.4

nm molecular radius and equilibrated with the extracellular compartment within an
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hour. The rate of extracellular equilibration with inulin, having a 1.5 nm radius,

rose exponentially for the first hour, after which it slowed, increasing only linearly

for the next 3 hours and never achieving a steady state. Because of the variabil-

ity in diffusion functions associated with the 1.5 nm molecule, Page suggested there

may be two spaces comprising extracellular space, which he called “fast” and “slow”

compartments. He postulated that diffusion may be hindered in the “slow” compart-

ment as the result of steric hinderance due to confined extracellular spaces. Page

suggested that the transverse tubule system observed in myocytes could define this

slow diffusion compartment.

In the same study, Page plotted the observed fraction of equilibration with man-

nitol against time on a semilogarithmic plot and found that the relationship could be

resolved with two exponential functions: half-times of 11.5 and 0.48 minutes [64]. He

noted that the solution to the diffusion equation for a cylindrical body is an infinite

series of exponential terms, even for a homogeneous compartment [38]. Assuming the

extracellular space could be geometrically described by a cylinder with dimensions

representative of the extracellular space within the tissue volume, he calculated the

ratio of the first two exponential rates in the series to be 0.20. However, the ex-

perimentally obtained ratio was 0.04, suggesting that there are other considerations

besides the geometry of the extracellular space that effect diffusion rates or that the

representation of the extracellular space as a cylinder is an oversimplification of the

spatial geometry.
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Frank and Langer quantified the volumetric distributions of the interstitial space

in the rabbit myocardium using stereological methods [27]. Overlaying histological

sections of tissue with a grid of appropriate resolution, Frank and Langer tallied the

number of grid boxes that fell within a particular tissue structure and divided by

the number that did not fall within the intracellular space of a myocyte, thereby

quantifying the composition of the interstitial architecture. Frank reported that 94%

of interstitial space could be accounted for by a specific structural component that

included ground substance (23%), blood vessels inclusive of the endothelial cells and

capillary lumen (60%), connective tissue cells, e.g. fibroblasts (7%) and collagen

(4%). Frank noted that 29% of the interstitial space is permeable space (23% ground

substance, plus 6% ”empty” space), which amounts to only 7.5% of the total tissue

volume.

Frank and Langer further noted that the space consumed by the transverse tubule

system (TTS) could not be identified in this study. The TTS is defined by frequent

invaginations of the working myocyte membrane that create valleys of interstitial

space approximately 200 nm in diameter that extend away from the surface of the

cell to the cell core. The interstitial space within the TTS is shown to be continu-

ous with the larger interstitium and is described has having thick walls of membrane

proteins and filled with extracellular matrix proteins, such as glycoproteins [83]. Tak-

ing into account the interstitial volume consumed by the transverse tubule system,

Frank adjusted the permeable space of the interstitium to be at most 10.5% of the
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myocardial tissue volume. Additionally, they noted that the interstitial region be-

tween the myocyte membrane and capillary wall was consistently dense with matrix

proteins or ground substance. Frank and Langer quantified the intimate association

between myocytes and capillaries by reporting that 36% of the myocyte membrane

was positioned within 200 nm (or less) of a capillary wall.

In a comprehensive review, Levick discusses the implications of flow through

porous mediums, such as the interstitium, by building on the Carman-Kozeny equa-

tion as it relates to the composition of the extracellular space and the presence of

cells, i.e. impermeable volumes. He concluded that interstitial conductivity is non-

linearly related to the extracellular fiber concentration. Additionally, he found that

a heterogeneous composition of extracellular matrix proteins, such as that found in

cardiac tissue, could result in a further decrease conductivity that is not accounted

for by simple application of the Carman-Kozeny equation [56]. Filion et. al argue

that because a 30-50 nm basement membrane is composed of concentrated extracel-

lular matrix proteins [6], it may be 35 times more resistive than the larger interstitial

matrix [21]. As a result, the microscale heterogeneity in the interstitial space may

significantly contribute to very large interstitial resistances in tight clefts.
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1.3 Proposed Importance of Confined Interstitial Spaces In

Purkinje

In a morphologic study by Sommer and Johnson, the apposition of fibers in working

ventricular and conducting bundles from guinea pig, rabbit, cat, dog, goat and sheep

were compared. The apposition of fibers was mapped from microscopic images of

1 µm serial sections along the length of some of the bundles [81]. In the larger

mammals, Sommer observed loosely packed fibers in the ventricular bundles and

tightly packed fibers in the conduction bundles, specifically the Purkinje bundles. In

the tightly packed Purkinje bundles, Sommer noted considerable stretches where the

lateral membranes of adjacent fibers were 25 nm apart. This close apposition was

characterized by the presence of adhesion molecules that secured the membranes over

distances as long as 100 µm and frequent lateral gap junctions that left only 2 nm

of extracellular space between membranes. Differences in the fiber packing structure

between ventricular and Purkinje bundles was not observed in the smaller mammals.

Interestingly, in a previous study, Draper had measured conduction velocities in

various cardiac tissues from goat, dog, cat and rabbit and reported that conduction

velocities from the Purkinje bundles of the goat and dog were 3-6 times faster than

in ventricular bundles of the same species [20]. Similar to Sommer’s observation,

the difference in conduction velocities between the Purkinje and ventricular tissue

was not observed in the smaller mammals. When Draper plotted the square root

of the average fiber radius against the bundle’s conduction velocity for all species,
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the data points had a linear relationship such that conduction velocity increased

with increasing fiber radius conforming to the relationship predicted in cable theory

(see Section 2.2.1). However, conduction velocity measured in the Purkinje tissue

from larger mammals exhibited speeds two times faster than would be predicted by

following the cable theory relationship.

Weidmann measured electrical potentials in Purkinje and used cable theory to

calculate intracellular resistivity and membrane resistance and capacitance [107]. In

support of Draper’s results, Weidmann noted that conduction velocity was two times

faster than would have been predicted by cable theory. Weidmann also calculated a

membrane capacitance of 12 µF/cm2, much larger than what is typically measured

in cellular membranes (∼1-2 µF/cm2) with sub-threshold current pulses. Weidmann

reasoned that to increase the transmembrane voltage 135 mV, which occurs during

the time course of an action potential, in a membrane with a capacitance of 12 µF/cm2

would require an unrealistic amount of sodium current to cross the cell membrane.

In a similar study, Fozzard measured electrical potentials in mammalian Purkinje

tissue and calculated the the electrical constants of the muscle using cable theory

[26]. However, in contrast to Weidmann’s findings [107], Fozzard calculated drasti-

cally different membrane capacities when using a sub-threshold and supra-threshold

stimulus current. As reported by Weidmann, Fozzard calculated a 12 µF/cm2 ca-

pacitance by measuring the time constant from a sub-threshold response and a 2.4

µF/cm2 membrane capacitance using the initial rise in voltage of an action potential
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initiated from a supra-threshold stimulus. Fozzard explained these results by noting

that 80% of the lateral membrane in Purkinje tissue is in close apposition and is thus,

in series with a large extracellular resistance. Passive charging from a sub-threshold

stimulus would thus require more time, resulting in a longer time constant.

Although the larger diameter of Purkinje fibers would account for half of the

observed increase in conduction velocity, the tight packing of fibers in the Purkinje

strand would result in a significantly higher extracellular resistance that would slow

conduction, not speed it up as reported in Draper’s study [20]. Sommer hypothesized

that the tight packing in Purkinje fibers may cause propagation to occur primarily

along the outer membranes of the bundle facing the larger extracellular space, thus

decreasing the effective membrane capacitance [79]. Furthermore, since the fibers

are highly connected via gap junctions, the effective intracellular diameter for con-

duction becomes the bundle diameter itself, instead of the diameter of a single fiber.

Consequently, the effective intracellular resistance and membrane capacitance are

decreased, causing conduction velocity to increase.

1.4 Overview

In the proceeding Chapter, the cardiac tissue physiology will be presented, specifically

focusing on the micro-structural details investigated in this work. The development

from a continuous to discontinuous description of impulse propagation in cardiac

tissue will be reviewed, including the formulation of cable theory as it relates to the
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myocardium and several model descriptions that aim to capture the impact of the

fine tissue structure on the electrotonic spread in cardiac tissue.

Chapter 3 presents the formulation of the discrete multidomain model that de-

scribes the three-dimensional ionic diffusion pathways between connected cells and

within the interstitium at the sub-cellular level. Unlike classical models of impulse

propagation, the intracellular and extracellular spaces are represented as spatially

distinct volumes with dynamic and static boundary conditions that electrically cou-

ple neighboring spaces to describe the impulse propagation through the discontinuous

tissue architecture.

In Chapter 4, longitudinal propagation is modeled in various cardiac fiber models

describing consistent and/or variable structural dimensions, distributions of space

and interstitial compositions using a discrete multidomain representation. In Part I

of this study, we employ the discrete multidomain model to describe impulse propa-

gation in a cardiac fiber that incorporates capillary vessels and the intimate spatial

association observed between the capillary wall and myocyte membrane [27]. Using

the discrete multidomain, longitudinal propagation was simulated in fiber models

exhibiting a variable presence of capillaries, capillary wall resistance and interstitial

resistivity. A phase-plane analysis is performed and results are compared to a similar

theoretical model using the “2-domain” model formulation [93]. Results demonstrate

a non-linear slowing of the action potential foot (i.e. τfoot) with an increasing presence

of interstitial capillaries, decreasing capillary wall resistance, and increasing intersti-
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tial resistivity. In Part II, we further investigate the impact of passive interstitial

capillaries on waveshape variability in tissue models describing morphological varia-

tion. In a cardiac fiber model describing observed variations in spatial distributions,

results show that the variance observed in τfoot could be increased when the electrical

properties of the intravascular space are incorporated into the interstitium. Lastly,

we demonstrate a mechanism for conduction block to occur as the result of increased

loading from the interstitial capillaries when the active membrane exhibits depressed

excitability.

In Chapter 5, the multidomain model is used to investigate the impact of non-

uniform geometrical and electrical properties of the interstitial space surrounding a

fiber on conduction velocity and action potential waveshape. Comparison of the mul-

tidomain and bidomain models shows that while the conduction velocity is relatively

insensitive to cases that confine 50% of the membrane surface by narrow extracel-

lular depths (≥ 2nm), the action potential morphology varies greatly around the

fiber perimeter, resulting in changes in the magnitude of extracellular potential in

the tight spaces. Results also show that when the conductivity of the tight spaces

is sufficiently reduced, the membrane adjacent to the tight space is eliminated from

participating in propagation and the conduction velocity increases.
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Chapter 2

Background: Impulse Propagation in
Cardiac Muscle

The heart beat is a cooperative event coordinated by the spread of an electrical

signal within the myocardium and is thus, intimately dependent on the structural

and material properties of the myocardium at the micro- and macroscopic scales.

The predominate structural component of the myocardium is the myocyte, which

consumes 75-80% of the total tissue volume [27, 69] and is responsible for initiating

and relaying the electrical signal through its interconnected architecture. Since the

pivotal work of Barr and colleagues demonstrating electrotonic communication across

highly resistive membranes of abutting myocytes via low resistance pathways [1],

interest has been directed at investigating the impact on impulse propagation of the

electrotonic delay across cell-cell borders via gap junctions. There is no doubt that

the discontinuous intercellular microstructure impacts impulse propagation [76, 77].

However, the architecture and composition of the remaining 20-25% of the tissue

volume consumed by the interstitium has been generally ignored or considered to
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have a negligible influence on the nature of impulse conduction. The experimental

observations presented in the previous chapter and the following theoretical studies

motivate the basis for this work.

2.1 Cardiac Morphology as it Relates to Conduction

2.1.1 Global Spread of Impulse Propagation

The human heart is a four chamber pump that circulates blood via the temporally

coordinated contraction of each chamber (Figure 2.1). Initiating each beat is the

heart’s pacemaker cells, which transmit an electrical signal from the sinoatrial node

(SA node) located in the upper wall of the right atrium. The electrical signal prop-

agates through the atrial tissue, causing the left and right atria to contract (LA and

RA). From the atria, the signal is delayed between the atria and ventricles of the

heart at the atrioventricular node (AV node). The electrical signal then propagates

down specialized tissue structures, including the bundle of His, the left and right bun-

dle branches, and then through the Purkinje fibers. The Purkinje fibers terminate

at the apex of the heart where the signal is transmitted to the common cells of the

ventricles, also called the working myocardium. While traversing from the bottom

to the top in the left and right ventricles (LV and RV), the electrical signal spreads

from the inside (endocardium) to the outside (epicardium) of the ventricular wall.

This coordinated spread of electrical activity causes the ventricular tissue to contract
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in a manner that expels blood out of the ventricles and in to the lungs and systemic

circulatory system.

2.1.2 Generation of the Impulse Signal

Myocyte Membrane. The myocyte, the most prominent structural component of

cardiac tissue, is responsible for establishing, harnessing and restoring the electrical

potential of the myocardium via the physical and dynamic properties of its cell mem-

brane. When the tissue is at rest, i.e. not contracting, the inside of the myocyte

has a larger concentration of potassium ions (K+), a smaller concentration of sodium,

calcium and chloride ions (Na+, Ca+2, Cl−) and a negative potential compared to the

surrounding interstitium (Figure 2.2). This creates a potential difference, defined by

the potential inside of the myocyte minus the potential outside of the myocyte, that

is referred to as the transmembrane potential (φm). φm is establish by fixed anions in

the myocyte’s cytoplasm and molecular properties of the membrane that maintain an

overall equilibrium between the intracellular and extracellular spaces. The membrane

is a lipid bilayer that insulates the cytoplasm from the surrounding interstitium via

its hydrophobic core and is able to control ionic flow between the intracellular and

extracellular spaces via transmembrane pores, voltage-gated channels and ion pumps.

Additionally, because of the molecular structure of the lipid bilayer, the membrane

also generates a capacitive current across the space. At rest, potassium ions diffuse

down their concentration gradient (out of the myocyte) through ion-specific channels
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while membrane pumps maintain both the potential and concentration gradients by

unequally exchanging sodium and potassium ions against their concentration gradi-

ents. Although ions are traversing the membrane at rest, the net ionic flux across

the membrane is zero. Consequently, the transmembrane voltage is at equilibrium

(φm, rest) and capacitive current is also zero. When excited, a non-linearly change in

ionic flow, due to the opening and closing of voltage-gated transmembrane channels

causes a temporal change in φm that is referred to as an action potential.

Cardiac Action Potential. The duration of the cardiac action potential can last from

200 to over 300 ms and is generically described by five phases (Figure 2.2). Initiating

the action potential is a fast upstroke (phase 0) that results from a large inward

sodium current that increases the transmembrane potential. The transmembrane

potential peaks followed by a short drop (phase 1) that is caused by a transient

inward potassium current. The transmembrane potential then plateaus (phase 2), due

to a slow inward calcium current; this plateau phase prolongs the action potential

to allow for cell contraction. Finally, the potential decreases (phase 3) due to a

collective inward potassium current that restores the transmembrane potential to

its resting value (phase 4). The impulse signal is heterogeneous, meaning that the

membrane dynamics that create the action potential shape are variable depending on

the location in the heart. This principle is out of the scope of this work, but for more

information refer to [45]. The increasing transmembrane potential during phase 0
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is referred to as membrane depolarization while repolarization occurs during phases

1 - 3 as the transmembrane potential returns to rest. Hyperpolarization refers to a

decreasing or more negative transmembrane potential compared to rest.

Excitation Threshold. Triggering an action potential is an all-or-nothing response

that is dependent upon the membrane potential being depolarized above a thresh-

old voltage. Once the threshold is reached, the voltage-gated sodium channels open

(become activated), and the resultant large influx of sodium ions further depolarizes

the membrane, thereby triggering an action potential. The change in the transmem-

brane voltage creates a potential gradient between the immediate (local) and adjacent

(downstream) regions initiating a current in the intracellular and extracellular spaces

which depolarizes the downstream membrane. If the downstream membrane reaches

threshold, an action potential will be triggered, in turn depolarizing additional mem-

brane downstream. Thus, the action potential is regenerative and will propagate

through the myocardium as long as the excited membrane produces sufficient cur-

rent to activate the sodium channels in t he adjacent membrane. It follows then,

that a sub-threshold response means that the depolarization of the local membrane

did not activate enough sodium channels to depolarize the downstream membrane in

order to propagate the action potential. Thus, the generation of sodium current and

downstream ionic diffusion downstream are essential factors for the propagation of

the electrical signal.
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2.1.3 Conduction Architecture of Cardiac Tissue

The electrotonic spread in the myocardium is dependent on the underlying cellular

and interstitial architecture which predetermine conduction pathways. The cellular

architecture is predominately comprised of interconnected myocytes and for the pur-

pose of this work, is referred to as the intercellular space. Everything surrounding

the myocyte architecture is referred to as the extracellular space. Polimeni quantified

the intracellular to extracellular distribution using an in vivo tracer ([85S]sulfate) and

performing a morphometric analysis of histology sections from rat ventricular muscle

[69]. Polimeni found that the overall distribution of the extracellular space was fairly

constant and rarely comprised more than 10% of the tissue volume.

Intercellular Space

Myocyte Morphology. The general shape of a myocyte is linear being ∼6 times

longer than it is wide. Although sizes vary across species, the human ventricular

myocyte is 140µm long (range of 60 - 225µm) with a width of 23µm (range of 15 -

50µm) [29, 111]. Typically, the cross-sectional (perpendicular to the long axis) area

of atrial myocytes is 4 times smaller than ventricular myocytes, while it is 25 times

larger in conducting cells (classically, Purkinje cells) [80]. The terminal borders of

a myocyte, the membrane perpendicular to the long axis, has a jutting appearance

that creates step-like protrusions at the cell end. This jutting architecture is shown

in Figure 2.3A, which are scanning electron micrographs from Bishop, et. al. [4] that
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are meticulously traced in the work of Muir [61]. Additionally, each jutting section

is then characterized by a much subtler but more frequent undulating membrane

morphology as shown in Figure 2.3C from a slice of tissue perpendicular to the disc

and photographed in 3D from SEM microscopy images by Hoyt, et. al [42].

Intercalated Disc. Myocytes are structurally and electrically connected via protein

complexes that secure the membranes of adjacent cells together. An individual my-

ocyte is connected to an average of 9 neighboring myocytes, preferentially through

their jutting terminal ends. However, myocytes also form frequent lateral contacts

with adjacent myocytes [76]. This intimate membrane apposition is collectively re-

ferred to as the intercalated disc and its morphology has been extensively studied

[1, 25, 77]. Within the intercalated disc, adjacent membranes are separated by very

small distances (2 - 30 nm). Figure 2.3C shows a section of an intercalated disc and

depicts three possible membrane appositions present in the disc: (1) gap junctions

(2) adhesion complexes or (3) a tight extracellular cleft.

The most intimate membrane apposition occurs when gap junction plaques form

large channels that transverse both membranes, creating a continuous pathway be-

tween the cytoplasm of abutting cells. A gap junction plaque is composed of many

channels that self-assemble into an organized hexagonal array with a median area of

0.1 µm2 [31]. A single gap junction channel is composed of two hemichannels called

connexins. Each cell expresses its own hemichannel, which is then transported to
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the membrane to dock with a hemichannel present on the membrane of an adjacent

cell, thereby forming the complete gap junction. The hemichannels are attracted and

stabilized to one another through strong hydrophobic interactions in the extracellular

space and function to stabilize adjacent membranes within 2 - 4 nm of each other

[110]. Connexin43 (Cx43) is the most abundant connexin in cardiac tissue. Under

normal conditions, Cx43 junctions are permeable to any ion under 1nm in diameter

through passive diffusion with a unitary channel conductance that ranges from 45 to

100 pS depending on cell conditions [76].

The second membrane apposition is created by adhesion complexes, specifically

fasciae adherens and desmosomes, which structurally secure adjacent membranes

15 to 20 nm apart. These adhesion complexes can be seen in electron microscopy

images as dark, stringy stainings on the cytoplasmic surface of abutting membranes.

At these junctions, protein complexes interact with the cell cytoskeleton and oppos-

ing adhesion proteins on abutting cells form strong electrostatic bonds to each other

(Figure 2.3C). Lastly, membrane regions between gap junctions and adhesion con-

nections remain in close apposition being separated by 20 - 30 nm of extracellular

space, and are referred to as intercalated clefts.

Myocyte Organization. The macroscopic spread of the electrical signal is innately

determined by the three-dimensional myocyte organization and the distribution of

intercellular connections (gap junctions) that guide the signal down the pathway of
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lowest resistance. Cardiac myocytes are linked to each other end-to-end through

intercalated discs to form fibers. Fibers, in turn, are linked side-to-side to form

bundles.

Sommer and Scherer studied the geometry of fiber appositions in a Purkinje bun-

dle from a rabbit and a ventricular bundle from a guinea pig [84]. Using light and

electron microscopy, Sommer evaluated the extent and distribution of regions where

fibers were in close apposition by analyzing 1 µm thick serial cross sections from the

Purkinje strand for a length of 300 µm and from the ventricular bundle for a length

over 3000 µm. In general, they found that lateral connections between fibers were

very frequent and estimated that a given fiber would fuse with a neighboring fiber

via a lateral connection every ≈ 50 µm. Because of the frequency of connections,

Sommer concluded that if a single fiber were excited at any point along the bundle,

that excitation would spread to all of the fibers in the bundle that were located within

≈ 200 µm of the point of excitation. They also noted that, unless forming a lateral

connection, fibers were separated by 1 µm or more of extracellular space and occa-

sionally, fibers would branch from a bifurcated myocyte, subsequently re-joining the

original fiber, fusing with an adjacent fiber or terminating further along the bundle.

In a morphologic study by LeGrice, et. al., the three-dimensional arrangement of

ventricular fibers in cardiac tissue was qualitatively and quantitatively assessed with

scanning electron microscopy [54]. LeGrice described the macroscopic organization of

fibers and/or bundles as laminar because of characteristic large gaps of extracellular
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space noted between long sections of tissue ∼4 cells thick (Figure 2.4A). Intercellular

connections between the layers occurred every 1 - 2 mm along a sheet via a fiber

branch that traversed the gap.

Electrical propagation is longitudinal in the direction of the fiber’s long axis and

transverse in the direction perpendicular to the long axis of the fiber. Spach et. al.

stimulated ventricular and atrial muscle from a dog heart at differing sites around a

single intracellular recording site [90]. They were able to generate excitation wave-

fronts that propagated at various angles relative to the orientation of the muscle fibers

and showed that propagation of the intracellular action potential was 3 times faster

in the longitudinal than the transverse direction, thus being anisotropic. Although

most investigators consider propagation perpendicular to the fiber axis to be isotropic,

Hooks has theoretically shown that, because of the laminar muscle structure that ex-

hibits less frequent lateral connections between muscle layers, propagation across the

sheets (transmural) is nearly 3 times slower than transverse propagation [41]. Figure

2.4 shows the three spatial directions of propagation relative to the muscle structure.

Extracellular Space

Although cardiac myocytes comprise the majority of the heart’s mass, approximately

70% of the cells in the heart are smaller non-myocytes. These include vascular smooth

muscle cells, endothelial cells, adipose cells and fibroblasts. As noted in Section 1.2,

the extracellular space is heterogeneous in its structure and composition (Figure
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2.5). To avoid repeating information already mentioned, this section will review the

general functional and structural aspects that may contribute to resistive inhomo-

geneities in the cardiac interstitium that have not been discussed. Figure 2.5 depicts

the interstitial inhomogeneities due to non-myocyte cell structures, various densi-

ties and compositions of extracellular matrix proteins and distributions of permeable

extracellular space.

The interstitial matrix of proteins, i.e. extracellular matrix, defines the structural

framework for the myocyte, providing the proper strength and elasticity to the heart

wall while keeping the cells in an alignment that allows for effective cell-to-cell com-

munication. Additionally, the connective tissue also acts as an electrical insulator

between the atria and ventricles [66]. The connective tissue is subdivided into the

following four regions: (1) the basement membrane which maintains cell shape and

anchors the cell to the larger extracellular matrix, (2) the endomysium, which sur-

rounds the individual cardiac myocytes, (3) the perimysium, which supports groups

of myocytes, and (4) the epimysium, which encases the entire muscle. (Figure 2.5A).

Fibroblasts are responsible for secreting the extracellular matrix proteins, consist-

ing of collagen, elastin fibrils and proteoglycans (referred to as ground substance).

Individual collagen fibrils have a 20 nm radius and generally aggregate together,

creating dense regions of interstitial collagen (Figure 2.5C). Due to the large fibril

radius, collagen is excluded from the confined spaces in the interstitium, such as that

noted between fibers in the Purkinje strand and between the intercalated discs. The
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collagen fibril volume fraction is estimated to be between 0.026 and 0.040 in healthy

myocardium [27, 56]. The basement membrane is another interstitial region that ex-

hibits a dense culmination of interstitial proteins that appear to be continuous with

the glycocalyx of the myocyte membrane. The large difference in protein densities

between the basement membrane and the larger extracellular matrix is shown at the

location where the two regions fuse in Figure 2.5D at the location where the two

regions fuse using a freeze etching technique [72].

The capillary system is a significant structural component of the interstitial space,

comprising nearly 60% of the extracellular space [27]. The capillary is the smallest

vessel in the circulatory system with a diameter of 5 - 10 µm. Capillaries are seen

to be evenly and densely dispersed in a muscle cross-section, running parallel to the

muscle fiber orientation and, less commonly, running perpendicular. The capillary,

defined by the overlapping and wrapping of endothelial and smooth muscle cells to

create a lumen, is described as a passive cable. Crone and Christensen demonstrated

that the electrical properties of an isolated capillary from the frog was dictated by

1D cable theory (explained in next Section) [15]. In their work, they reported the

capillary wall resistance to be 3 kΩcm2. However, others have reported the the

resistance to be as high as 68 kΩcm2 [17].
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Figure 2.1: The organized contraction of the heart is coordinated via the spread of
the impulse signal. The impulse signal spreads from the pacemaker cells in the SA
node, through the left and right atria (LA and RA) to the AV node, down specialized
conducting fibers (His bundle, left and right bundle branches, Purkinje Fibers), then
up through the left and right ventricles (LV and RV). The impulse signal, known
as the cardiac action potential, is generated by the myocyte which is the dominate
structural component of myocardial tissue.
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Figure 2.2: When the myocyte is at rest (not contracting), potential and ionic
gradients are maintained across the membrane (cytoplasm to interstitium). When
excited, an action potential is triggered (phase 0 - 4, see text for general description),
by a depolarization of the transmembrane channel (φm), which is measured as the
change in the cytoplasmic voltage minus the interstitial voltage over time. During
the action potential, φm changes non-linearly as the result of temporal changes in the
conformational states of transmembrane channels that selectively control ionic flow.
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Figure 2.3: (A) The myocyte geometry is linear (∼4 times longer than wide)
with an irregular border created by the jutting of the terminal face (pictures
from www.med.upenn.edu/mcrc/cardiac myocyte core). (B) Myocytes are stacked
end-to-end, and intercalated discs formed at the cell terminals structurally and elec-
trically connect neighboring myocytes. (C) Within the intercalated disc, opposing
membranes are secured via gap junction pores or adhesion complexes, while part of
the membrane is merely separated by a tight extracellular space, sometimes referred
to as a cleft [1].
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Figure 2.4: Intercellular muscle architecture (A) SEM image showing the charac-
teristic macro-structure of the intercellular architecture [54]. (B) Transverse cross–
section of ventricular tissue and a Purkinje bundle in canine cardiac muscle. Note
the dense capillary network in the tissue. bar = 50µm. [93] (C) Longitudinal cross–
section of cardiac muscle.
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Figure 2.5: Extracellular Muscle Space (A) Transverse view of the connective tis-
sue skeleton depicting the thicker extracellular matrix running parallel to the bundles
(perimysium) and the thinner matrix weave around fibers (endomysium) [73]. Epimy-
sium is not shown. (B) A typical cross-section of the myocardium demonstrating the
structural diversity of the extracellular space [27]. (C) Closer view of an aggregate
of collagen fibers in the extracellular space. A fibroblast separates the collagen and
myocyte [72]. (D) Freeze etching technique demonstrating the greater density of pro-
teins in the basement membrane of the myocyte in comparison to the surrounding
extracellular matrix [72].
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2.2 Continuous Theory of Impulse Propagation

2.2.1 1D Cable Theory Applied to Cardiac Tissue

Electrical transmission in a core-conductor model, as it relates to a bundle of cardiac

tissue, describes the intercellular space, i.e. the collective volume of the myocyte

architecture, and the extracellular space, i.e. everything surrounding the myocyte

architecture, as homogeneous aqueous environments that preferentially conduct ions

along a concentric cable. The cable’s inner core, representing the intracellular space,

and its outer core, representing the extracellular space, are aligned longitudinally in

the direction of the fiber alignment. The current within (ii) and outside of (ie) the

fiber is described by Ohm’s law as the potential gradient along the fiber aligned paral-

lel to the x-axis divided by the resistance per unit length (Ω/cm) for the intracellular

(ri) and extracellular (re) spaces.

ii = − 1

ri

∂φi
∂x

(2.1)

ie = − 1

re

∂φe
∂x

(2.2)

The membrane is a lipid bilayer that physically isolates the two spaces and controls

the ionic flow between them. Given that no external current is applied to the tissue,

any change in intracellular or extracellular current is the result of current traversing

the membrane, i.e. leaving one space and entering the other, and is expressed by the
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following two equations.

∂ii
∂x

= −im (2.3)

∂ie
∂x

= im (2.4)

where im is the transmembrane current expressed as a current per unit length. Dif-

ferentiating equations 2.1 and 2.2 and substituting into 2.3 and 2.4 results in

− 1

ri

∂2φi
∂x2

= −im (2.5)

− 1

re

∂2φe
∂x2

= im (2.6)

Subtracting equation 2.6 from 2.5 and noting that φm = φi − φe, therefore ∂2φm

∂x2 =

∂2φi

∂x2 − ∂2φe

∂x2 , yields

∂2φm
∂x2

= (ri + re)im (2.7)

As mentioned earlier (Section 2.1.2), transmembrane current includes the membrane’s

capacitance current and ionic currents. The capacitance current (µA/cm) is defined

by

ic = cm
∂φm
∂t

(2.8)
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where cm is the capacitance per unit length µF/cm. Under a sub-threshold stimulus,

the tissue behaves passively, and the ionic current (µA/cm) is described as a leakage

current through the resistance of the membrane due to the potential gradient across

the membrane.

iion =
φm
rm

(2.9)

where rm represents the membrane resistance per length kΩ/cm. Because membrane

current is zero at rest, the potential gradient across the membrane is described in

relation to the change in transmembrane potential from rest (φrest).

Combining Equations 2.7, 2.8 and 2.9 and rearranging, yields a partial differential

equation that describes longitudinal current in terms of transmembrane potential, as

a function of time and space.

rm
ri + re

∂2φm
∂x2

− rmcm
∂φm
∂t
− φm = 0 (2.10)

For a concentric cable model with constant properties, the passive electrotonic spread

from a sub-threshold stimulus can be characterized by the following space and time

constants, λ and τm, respectively.

λ =

√
rm

ri + re
(2.11)

τm = rmcm (2.12)
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Substituting Equations 2.24 and 2.23 into 2.10 and rewriting for steady state condi-

tions, ∂φm

∂t
= 0,

λ2∂
2φm
∂x2

− φm = 0 (2.13)

The solution to Equation 2.13 for the absolute distance |x|, is the following

φm = Ce−|x|/λ (2.14)

where C is a constant. Equation 2.14 is the spatial distribution of transmembrane

voltage as a function of distance for a passive membrane at steady state. Thus, the

length constant λ, defines the distance from which voltage changes by a factor of 1/e

from its steady-state value of C at the origin. Thus, λ characterizes the effective

resistance of the cable. For example, a longer length constant means an electrotonic

effect can be experienced at a greater distance implying a less resistive space overall.

Similarly, in a space clamp condition, such as a single cylindrical cell, where φm

does not vary with space, i.e. ∂2φm

∂x2 = 0, the following equation defines the change in

transmembrane voltage as a function of time

τ
∂φm
∂t
− φm = 0 (2.15)
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and has a solution,

φm = φo(1− e−t/τ ) (2.16)

where φo is the initial voltage at time zero. Therefore, the time constant, τ , defines

the time required to change the voltage by a factor of 1/e from its initial voltage

and characterizes the membrane’s sensitivity to electrotonic effects. The longer the

time constant, the more resistive the membrane is to ionic flow and/or the greater

the membrane’s ability to store charge.

Collectively, rm, cm, ri, and re describe the passive electrical constants of the

cable per unit length. Assuming an intracellular volume fraction (fi) of 75% and

an average fiber radius of a, these terms are expressed in a biologically context as

membrane resistance per membrane area (Rm), membrane capacitance per mem-

brane area (Cm), intracellular resistivity, also called cytoplasmic resistivity (ρi), and

extracellular resistivity (ρe).

Rm = rm(2πa) kΩcm2 (2.17)

Cm =
cm
2πa

µF/cm2 (2.18)

ρi = ri

(
πa2

fi

)
kΩcm (2.19)

ρe = re

(
πa2

fi

)
kΩcm (2.20)
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Experimentally, the electrical constants of cardiac tissue cannot be measured by direct

means. Thus, investigators have applied cable theory to experimental recordings of

cardiac potentials to determine them indirectly.

2.2.2 Determination of Electrical Constants

Weidmann measured electrical potentials in the mammalian trabecular muscle from

sub-threshold stimuli initiated in the longitudinal direction [108]. Before applying

cable theory to his electrical measurements, he needed to make the following as-

sumptions:

- Cardiac fibers in the slab of tissue are cylindrical, with a radius of 15 µm and a

conducting core, and they form a homogeneous array, aligned parallel to each

other, amid a conductive extracellular space.

- The intracellular and extracellular spaces behave as resistors.

- The membrane is negligibly thin, has a large resistance and capacitance and

has evenly distributed membrane channels.

- The electrical properties of the membrane and intracellular and extracellular

spaces are homogeneous and symmetric in the tissue cross-section and constant

along the tissue length.

- 25% of the cross-sectional area of the muscle is the permeable extracellular

space, and 75% is the intracellular space.
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Under these assumptions, Weidmann used cable theory to relate the measured elec-

trical potentials from a calf trabecular muscle to the passive electrical constants of

the simplified cardiac physiology[108]. Using the definition of the length constant

and time constant for a passive cable along with the following relationships when an

electric field is applied to the tissue

∂φ

∂x
/I =

rire
ri + re

(2.21)

φ− φi
φe − φ

=
ri
re

(2.22)

λ =

√
rm

ri + re
(2.23)

τm = rmcm (2.24)

the basic constants Rm, Cm, Ri and Re are calculated.

This deductive reasoning has been exploited by many investigators to determine

membrane capacitance, membrane resistance, and intracellular and extracellular re-

sistivity in various cardiac tissues [10, 20, 26, 48, 107, 108]. Although a significant

advancement in electrophysiology, these “measured” electrical constants are highly

dependent on the assumed cardiac tissue model, as clearly discussed by Plonsey and

Barr [68]. Depending on the in vitro preparation and protocol and the assumed tissue

morphology, a range of values have been cited in the literature (Table 2.3.2). Choice

electrical parameters from this range are then used in computational models that
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have been formulated using the same idealistic representation of cardiac physiology

to simulate longitudinal propagation in the myocardium.

Under the core-conductor approximation, the cellular membrane is defined by

a cylindrical boundary of finite thickness that electrically connects the intercellular

and extracellular spaces. The intracellular and extracellular spaces are continuous

and isotropically conductive. Cylindrical homogeneity is assumed for all variables.

Subsequently, current flow in the intracellular and immediate extracellular regions are

described along the fiber axis, i.e. only longitudinally. Current flow perpendicular

to the fiber axis, i.e. transverse, is dependent only on the current crossing the

membrane, which is also radially constant.

Determining the electrical properties transverse to the fiber architecture requires

additional assumptions be made about the intracellular connections between parallel-

running fibers. Clerc measured electrical potentials in calf hearts from propagating

wavefronts initiated longitudinally and transverse to fiber alignment [10]. He reported

that conduction velocity was 3× faster in the fiber direction (longitudinally) than

perpendicular to the fiber axis (transverse). To account for the observed conduction

anisotropy, Clerc assumed that ionic flow in the transverse direction was entirely

achieved through the gap junctions at the cell ends and a staggered cell arrangement

that overlapped a single cell end with the partial overlap of two abutting cells. Under

this simplification, no other transverse connections were needed to explain the 3:1

difference in conduction velocity.
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2.2.3 Formulation of Membrane Current

As mentioned in Section 2.1.2, the electrical signal is stored in the myocardium by

the active maintenance of ionic and voltage gradients across the myocyte membrane.

The electrical signal is released by depolarizing the membrane above some threshold

creating a non-linear change in ionic current that is observed in the time course of

the transmembrane potential. In 1952, Hodgkin and Huxley made a significant ad-

vancement in theoretical electrophysiology by presenting a mathematical description

of the non-linear response in a giant squid nerve from a supra-threshold stimulus [39].

In their work, membrane current was described via the membrane capacitance and

the diffusion of ions through resistive pores that exhibit dynamic changes in conduc-

tance depending on the transmembrane voltage. The formulation used by Hodgkin

and Huxley has been to be applicable to the dynamic electrical changes observed in

cardiac muscle [3, 19, 23, 57, 58, 60, 62].

The general formulation for sodium current dynamics in cardiac tissue is as fol-

lows. The sodium channels provide a conductive pathway for Na+ ions to flow across

the membrane; however, the conductance of a single channel is not static and is

rather dependent on the electrostatic forces exerted on the protein structure via the

transmembrane voltage causing the channel to either open or close. By isolating the

sodium current and using a two-microelectrode clamp technique, changes in voltage

as a function of current are recorded, and the response curves are best fit with func-

tions. For sodium, the non-linear response curve was fit to a fifth-order equation
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that could be biologically described as three structural ”gates” that controlled ionic

conduction through a (1) third-order activation m-gate, (2) first-order inactivation

h-gate and (3) first-order deactivation j-gate. Membrane conductance of sodium ions

(gNa) was fit to the following equation,

gNa = ḠNa ·m3 · h · j (2.25)

where ḠNa represents the maximum sodium conductance (mS/cm) if all transmem-

brane channels were open, and m, h and j describe the fraction of membrane channels

with an open conformational state for that gate. It follows that m3 ·h ·j describes the

fraction of channels able to conduct Na+ ions across the membrane. The magnitude

of m, h and j are defined by the following general differential equation, written below

in terms of the m-gate.

dm

dt
= αm(1−m)− βmm (2.26)

where αm and βm are instantaneous functions of Vm describing the rate at which

the m-gate opens and closes. The transmembrane sodium current is then defined by

Ohm’s Law,

INa = gNa(φm − ENa) (2.27)
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where ENa is the Nernst potential of Na+ ion at steady-state and is defined by

ENa =
RT

zF
ln

[Na+]o
[Na+]i

(2.28)

where R is the universal gas constant, T is the absolute temperature, F is the Faraday

constant and z is the charge of the ion. Thus, φm −ENa describes the electromotive

force on Na+ across the membrane.

Luo and Rudy used the Hodgkin-Huxley formalism described above to derive a

mathematical description of the membrane dynamics in the mammalian ventricular

cell of a guinea pig, referred to as the Luo-Rudy I cardiac action potential [57]. The

time course of the Luo-Rudy I action potential is described by six voltage-dependent

ionic currents, consisting of two inward currents, INa and Isi, and four outward

currents, IK , IK1, IKp and Ib. The Luo-Rudy I equations have been used in this work

and are provided in Appendix A for reference.

2.3 Computational Models of Impulse Propagation

The innate structural and electrical complexity of the myocardium across species

contributes to the difficulty of identifying causal relationships between the underly-

ing physiology and wavefront propagation. Hearse and Sutherland have highlighted

the advantages and disadvantages of in vivo and in vitro models when studying car-

diac electrophysiology in normal and diseased tissue states [34]. Even a superficial
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explanation that relates a molecular event to an experimentally measured outcome

is a difficult, complex, if not impossible, hypothesis to prove or disprove with the

degree of underlying variables. To assist in the effort, investigators have adopted in

silico experimentation to theorize the significance of cardiac physiology on impulse

propagation and to support ”wet lab” results.

In silico models are based on continuous mathematical descriptions of impulse

propagation in cardiac tissue. In general, computational models tend to maintain

the simplistic, homogenized representation of the underlying tissue architecture as-

sumed in cable theory to simplify the mathematical descriptions, leading to a partial

differential equation (PDE) based problem. The two traditional in silico approaches

quantitatively describe impulse propagation as occurring solely from the electrotonic

spread in the intracellular space, referred to as the monodomain model, or from both

the intracellular and extracellular spaces, referred to as the bidomain model. These

models are referred to as continuous descriptions, because they assume the resistiv-

ity in the intracellular and extracellular space to be constant, i.e. a homogeneous

medium.

2.3.1 Continuous Models

The classic derivation of the bidomain equations extends one-dimensional cable the-

ory to describe anisotropic propagation in two- and three-dimensional tissue domains

[30, 78, 103]. Conceptually, the bidomain approximates cardiac tissue with two “in-
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terpenetrating” domains that represent the intracellular and extracellular spaces sep-

arately. Current flow is anisotropically described by continuous descriptions of the

conductivity in the intracellular and extracellular spaces. The spaces are electrically

connected to each other through the cellular membrane. At steady state, or when

the tissue is at rest, the net membrane current is zero, and application of Ohm’s law

describes the spatial voltage with two PDEs.

∇ · (Di∇φi) = 0 (2.29)

∇ · (De∇φe) = 0 (2.30)

where Di and De are effective conductivity tensors (mS/cm) for each respective

space. During impulse propagation, the ionic permeability of the membrane changes,

creating a non-zero membrane current. Under Kirchhoff’s law, in an insulated do-

main without external current sources or sinks, current leaving the intracellular space

through the membrane enters the extracellular space. Thus, Equations 2.29 and 2.30

become

∇ · (Di∇φi) = βIm(φi − φe, t) (2.31)

∇ · (De∇φe) = −βIm(φ− φe, t) (2.32)

φm = φi − φe (2.33)

46



where β (cm−1) represents the surface to volume ratio of the tissue and converts the

current density of the membrane, Im (µA/cm2), to a current per tissue volume. Im

is dependent on the transmembrane voltage, φi − φe, and time t, as defined by the

membrane capacitive and ionic currents described in Section 2.2.1.

The continuous PDEs in Equation 2.31 - 2.33 are discretized and applied to a

nodal mesh across a defined volume, creating a system of equations that are solved

in time and space using a numerical approximation, such as the implicit forward

Euler method. Note that in the bidomain model, the intracellular, extracellular and

membrane spaces are defined at each node in the mesh. In essence, the bidomain

model has homogenized the tissue architecture, thereby simplifying the computa-

tional complexity of the problem.

In the monodomain model, the extracellular space is assumed to be ground or

φe ≈ 0; therefore, φm ≈ φi and wavefront propagation can be described in terms of

the intracellular voltage only.

∇ · (Di∇φi) = βIm(φi − φe, t) (2.34)

φm = φi (2.35)

In Figure 2.6, an idealized cardiac fiber as described by the bidomain and modomain

formulations, is shown along with the a representative resistor grid once the problem

has been discretized into a system of equations. Because the monodomain and bido-
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main formulations are derived from cable theory, notice that the intracellular and/or

the extracellular current within a fiber is described along the fiber axis only. Thus,

impulse propagation is only dependent on the effective electrical properties defined

in the longitudinal direction.

2.3.2 Discontinuous Models

In contrast to the continuous models, investigators have strived to incorporate the

discrete and heterogeneous structure of cardiac tissue to portray the discontinuous

nature of impulse propagation at the cellular level. Initially, motivated by the inabil-

ity of the continuous description to reproduce experimental observations, many new

models of electrical propagation have been attempted to encompass morphological

observations that challenge the traditional assumptions of cable theory and/or raise

questions about the significance of fine details in the cardiac microstructure on im-

pulse propagation. These models are referred to as discontinuous or heterogeneous,

because conductivity is not assumed to be constant within the intracellular and/or

extracellular mediums.

Discrete Cellular Structure

The intracellular space of the myocyte structure is discrete but extensively connected

throughout the myocardiaum. Barr demonstrated that electrotonic communication

was achieved across highly resistive membranes of abutting myocytes via low resis-
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tance pathways [1]. Johnson and Sommer noted fiber branching and merging, in

addition to a frequent and unpredictable pattern of lateral gap junctions that con-

nected the intracellular space across cardiac fibers in a ventricular bundle [44]. The

implications of the discontinuous intracellular architecture on impulse propagation

motivated many theoretical studies.

1D Longitudinal-Discontinuous Monodomain. Diaz, Rudy and Plonsey simulated

longitudinal propagation in a fiber composed of discrete cylindrical cells, each 100

µm long and separated by a high resistance junction that represented the funneling of

current through gap junction pores in the intercalated disc [18]. The idealized cardiac

fiber and representative resistor network is show in Figure 2.7A. Diaz et. al. noted

that the intercalated disc resistance had a greater effect on conduction velocity than

the cytoplasm and could serve as a protective mechanism for impulse propagation

by confining more current within the cell to depolarize the local membrane. Thus,

because of the presence of discrete increases in axial resistance, propagation could be

more safe, i.e. more resistant to conduction block - a result that could not be implied

from a continuous description of the electrotonic spread in the intracellular space.

2D Transverse-Discontinuous Monodomain. Leon and Roberge simulated longitu-

dinal and transverse propagation in a cardiac sheet of parallel-running fibers that

were transversely connected every 100 µm in a staggered brick pattern via high resis-

tance cell junctions (representation shown in Figure 2.7B) [55]. Under this discrete
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representation, they could reproduce the 3:1 conduction velocity anisotropy experi-

mentally measured by Clerc [10] and the anisotropy in upstroke velocity observed to

be dependent on the direction of propagation by Spach [90]. Leon and Roberge note

that during longitudinal propagation from an elliptical wavefront there is less current

available to depolarize the membrane because of the increased transverse load from

the intracellular connection of adjacent fibers. The opposite is true during transverse

propagation where the discrete transverse connections create an architecture where

wavefronts collide and current is confined to depolarize the local membrane. This im-

plies that in cases where conduction block would occur in the longitudinal direction,

that propagation could progress in the transverse direction, creating a mechanism

for reentry and arrhythmia generation. This result was experimentally demonstrated

by Spach et. al. [90, 91] but was not predictable from a continuous but anisotropic

representation of cardiac tissue.

2D Discontinuous Monodomain. Spach and Heidlage simulated longitudinal and

transverse propagation in a cardiac sheet constructed from irregular and variable cell

geometries [87]. Individual cells in the model exhibited jutting cell ends, as observed

in the work of Bishop and Drummond [4], cell branching, as noted by Johnson and

Sommer [44] and the heterogeneous and discrete distribution of gap junctions along

lateral and terminal cell membranes, as reported by Gourdie, Green and Severs [31].

A representation of this model is shown in Figure 2.8. Spach and Heidlage reported a
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large variability in waveshape and disparate progression of the wavefront during lon-

gitudinal and transverse propagation. Additionally, sodium current varied inversely

with the maximum upstroke velocity of the action potential, which is counterintu-

itive to what is predicted by cable theory when the membrane dynamics remain

constant. Spach and Heidlage proposed that the variability in downstream load due

to structural details of the discrete cardiac microstructure creates a feedback to the

local wavefront, increasing or decreasing the contribution of sodium current from the

upstream membrane. Thus, the fact that sodium current varies inversely with the

maximum upstroke velocity could be a protective mechanism against arrhythmia for-

mation by allowing adaptation of the wavefront current to meet the demands needed

downstream.

Heterogeneity in Extracellular Space

As previously mentioned, the heterogeneity of the myocardium’s interstitial space

was clearly presented in the work of Frank [27], where nearly 70% of the extracel-

lular space was shown to be composed of impermeable obstacles, such as capillary

structures, non-myocyte cells and collagen. Additionally, the presence of large ex-

tracellular gaps between myocardial sheets [54] and tight spacing between fibers in

the Purkinje strand [81] create a large variation in extracellular distributions. Al-

though many theoretical studies have neglected the impact of the extracellular space

on wavefront propagation, some investigators have found that incorporation of the
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extracellular space in their models has identified important implications of the het-

erogeneous interstitial architecture.

1D & 2D Discontinuous Bidomain. Krassowska simulated the steady-state trans-

membrane voltage under an applied electric field for a cardiac fiber with variable

definitions of cell length, diameter, thickness of extracellular space and junctional re-

sistivity [52]. Krassowska reported that the distribution of extracellular space was the

primary factor for the 7-fold increase in peak depolarization as compared to a homo-

geneous fiber structure. This observation was also supported in the work of Fishler,

who simulated field stimulation in a two-dimensional heterogeneous bidomain model

exhibiting passive properties [22]. In both theoretical studies, the investigators sug-

gest that the resistive variability in the extracellular space could provide the means

for defibrillation.

3D Discontinuous Bidomain. Hooks et. al. simulated wavefront propagation in a

three-dimensional discontinuous bidomain representing a slab of tissue that was re-

constructed from confocal data [41]. Anisotropy in the intracellular and extracellular

architecture was defined with varying conductivity tensors that incorporated fiber

rotation and intracellular discontinuity across interlaminar clefts in the extracellular

space. A simplified depiction of the resistor network showing the discontinuity in

the intracellular space is show in Figure 2.9. Hooks et. al. reported that impulse

propagation was not isotropic in the transverse direction but, was nonuniform and
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three times slower transmurally across the myocardial sheets than transversely within

a sheet. Both of these factors have been implicated in the genesis and maintenance

of reentrant cardiac arrhythmias.

3D Boundary Element Model. Wang, Leon and Roberge modeled longitudinal prop-

agation in a cardiac bundle constructed of uncoupled or coupled fibers. The inner

fibers were separated by a finite and constant depth of interstitial space and the outer

layer of fibers was encompassed in a large extracellular bath [105]. Instead of using a

bidomain model, they used a boundary element method that maintains the distinct

separation of the intracellular and extracellular spaces with a mesh constructed over

the modeled surface, in this case the membrane boundary of the fibers. Using this

model, transmembrane voltage was allowed to vary radially with circumferential dif-

ferences in extracellular potentials. The difference in the descriptions can be clearly

seen in the representative resistor network shown in Figure 2.11. The bundle was

structurally symmetric; however, the interstitial load on each fiber varied with depth

into the bundle core, determined by the fiber’s proximity to the outer bath. When

the bundle was uncoupled and confined with an inter-fiber spacing of 1 nm, conduc-

tion velocity was 15% slower along the inner fiber than along the outer fiber. When

coupled, conduction velocity was the same along both fibers and slightly larger than

the conduction velocity of the uncoupled inner fiber. Although conduction velocity

was the same, the wavefront was concaved and waveshape characteristics varied with
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depth into the bundle core. Wang et. al. showed that an unequal distribution of

extracellular space created a interstitial gradient transverse to the bundle, increasing

the load felt by the outer fibers.

“2-Domain” Model. Spach, Heidlage, Dolber and Barr simulated longitudinal prop-

agation in a discontinuous or continuous sheet of cardiac cells that ran parallel to a

passive domain representing the interstitial capillaries [93]. The active properties of

the myocyte membrane were connected to the passive properties of the capillary wall

via a homogeneous interstitial space. Figure 2.10 depicts a portion of a resistor grid

that describes the sheet of active tissue (as modeled previously), parallel to a passive

bed of capillaries and separated by an interstitial space. With a constant separation

of interstitial space and resistivity, Spach et. al. reported a non-linear rise in the

propagating action potential (τfoot) that varied exponentially with the chosen resis-

tance of the capillary wall. Additionally, the more intimate the apposition between

the active and passive layers, defined here as the thickness of interstitial space, the

slower the foot of the action potential. Spach et. al. showed that the changes in

τfoot were attributed to loading effects from the passive membrane that produced an

inward capacitive current into the capillary lumen. Under normal conditions, the

interstitial load from the capillaries caused a non-linear slowing of τfoot, as observed

experimentally [90]. Under conditions of low sodium availability in the presence of

a partially injured capillary described by a decreased wall resistance, the intersti-
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tial load could become large causing conduction block to occur during longitudinal

propagation.

Electric Field Interactions in Intercalated Disc

PSpice Model. Sperelakis et. al. argued that intercellular transmission between cells

in cardiac muscle did not require the presence of low-resistance gap junction connec-

tions [96]. They defined a two myocardial cell model where the terminal membrane

face of each cell was seperated from the opposing cell face by a narrow interstitial cleft.

Sperelakis et. al. then defined the same electrical dynamics of the surface membrane

to the the junctional membrane. They demonstrated that under circumstances where

there is no intercellular coupling between cells that cell-to-cell transmission of exci-

tation was possible via the electrotonic effects manifested by the intimate apposition

of membranes with capacitive properties. Figure 2.12 depicts the resistor network of

Sperelakis’ PSpice model describing four cells with no gap junction connections be-

tween them. The cells became electrically coupled through confined interstitial spaces

in the intercalated cleft that created the possibility for large interstitial potentials in

the cleft, thereby driving the adjacent cell to depolarization.

Intercalated Cleft Model with INa Localization. Prompted by immuno-histochemical

studies that showed the localization of the sodium channel within the intercalated

disc regions [11], Kucera, Rohr and Rudy modified the one-dimensional monodomain
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model to incorporate the pair of cell membranes and interstitial space (extracellu-

lar cleft) that separates two abutting myocytes at the terminal cell-cell gap junction

[53]. At the discrete location of abutting myocytes, an intracellular, extracellular and

membrane current were defined. The intercellular current was described by the intra-

cellular voltage difference across the junctional cells via a gap junctional resistance.

Two membrane currents were defined that described the membrane dynamics of the

opposing terminal membranes as a function of the each cell’s intracellular voltage

minus the interstitial cleft potential. Sodium channel localization was incorporated

by increasing the sodium conductance at these faces, while decreasing sodium con-

ductance elsewhere, thereby maintaining a consistent overall INa conductance. The

extracellular current was described as the difference in interstitial cleft potential from

a ground through a resistance that described the confined space of the cleft. A de-

piction of the model is shown in Figure 2.13. Kucera et. al. found that under normal

gap junctional resistances, the high interstitial cleft potential caused an increase in

peak transmembrane voltage in the pre-junctional cell that attenuated the electro-

motive force of sodium into the post-junctional cell. Conversely, in the case where

gap junction resistance was high, the increase in interstitial cleft potential caused

the post-juncitonal membrane to slightly depolarize, thereby facilitating downstream

conduction. Using this model of impulse propagation, Kurcera hypothesized that the

co-localization of gap junctions and INa modulates propagation during normal and

depressed gap junctional conductance.
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Electrophysiologic models of the heart improve both the understanding of the

electrical behavior that underlies impulse propagation in cardiac muscle as well as

the conditions that lead to abnormalities in impulse conduction, which presents as

cardiac arrhythmias. The applicability of these computational models to investi-

gating the relationship between cell, tissue, or whole organ physiology and impulse

propagation is intimately dependent on the model formulation. If the formulation

assumes macroscopic tissue approximations, using the model to investigate electrical

behavior at the microscopic level is ill-founded. Likewise, by applying unrealistic

assumptions, the ability of the model to even reproduce experimental observations

may be unattainable. To more accurately correlate between experimentation and

simulation, cardiac models have incorporated more biological-based detail, striving

to improve virtual reproduction of true physiological phenomena.

Under the bidomain representation, a more confined interstitial space translates

into a greater interstitial resistance and lower conduction speed. This is contrary to

what is observed in Purkinje fibers, where the myocardial fibers are tightly packed

with conduction speeds 3-6 times faster than those observed in loosely packed myocar-

dial fibers [20]. Although the bidomain is an adequate model to investigate wavefront

propagation on a macroscopic scale, it is not an appropriate model to investigate the

effects of a heterogeneous interstitial resistance surrounding a single cell or fiber.
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-

Determined Electrical Constants of Cardiac Tissue

Cm Rm ρi ρe re/ri τm λ θ

Cardiac Tissue µF/cm2 kΩcm2 Ωcm Ωcm ms mm cm/S

Frog Ventricular [8] 0.70 5.0 588 69 0.15 3.7 0.328 13

Guinea-Pig Ventricular [16] 1.0 6.7 225 6.6 0.580

Rabbit Papillary [48] 2.49 1.25 161 63 1.2 2.57 0.357 56

Sheep Trabecular [108] 0.81 9.1 470 50* 0.29 4.4 0.880 75

Calf Trabecular [10] 0.87 402 48* 0.28 0.64 48

Dog Purkinje [107] 12 2.0 105 51* 19.5 1.9 220

Purkinje [26] 12, 2.4 1.70 116 21.6, 0.135 1.96 267

Table 2.1: Experimentally determined electrical constants of cardiac tissue via appli-
cation of cable theory to recorded tissue potentials. The asterisk (*) denotes studies
where the interstitial potential was assumed to be that of the perfusing bath.
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Figure 2.6: Representative resistor grid for an idealized cardiac fiber that has been
discretized into cylindrical nodes of dx-thickness for a A continuous monodomain and
B continuous bidomain model description. Ri and Re are the effective resistances in
the longitudinal direction for the intracellular and extracellular spaces, respectively.
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Figure 2.7: A A one-dimensional discontinuous monodomain model as described by
Diaz [18], representing the discrete cellular structure of a cardiac fiber by distinguish-
ing between the cytoplasmic and increased gap junction resistance of the intercalated
disc. B. A two-dimensional monodomain, as described by Leon [55] that is discontin-
uous in the transverse direction to represent the discrete connections between cardiac
fibers.
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Figure 2.8: Spach and Heidlage portrayed the irregular myocyte geometry charac-
terized by jutting cell ends, fiber branching and spatially distinct intercellular con-
nections using a discontinuous monodomain model [87]. A. Cardiac muscle stained
with immunofluorescent polyclonal antibodies against vinculin, which accumulates in
the intercalated disc (left [97]). A single myocyte immunostained with a marker for
connexin 43 (right [59]). B. Idealistic 2D representation of the irregular cell geom-
etry and branching organization, coupled via three spatially unique gap junctions:
plicate (terminal membrane), interplicate (lateral membrane adjacent terminal end
in intercalated disc), and combined plicate (lateral membrane along the cell surface).
C. Depiction of the partial resistor network describing the discrete cellular structure
that defined the cardiac microstructure. Extracellular space is grounded.
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Figure 2.9: A. Hooks et. al. portrayed the cardiac fiber rotation and the discontinu-
ity between cardiac sheets separated by large interlaminar clefts in the extracellualr
space using a three-dimensional discontinuous bidomain [41]. The B extracellular
and C intracellular descriptions are overlapping in space. Only two dimensions of
each space are shown. Each plane of resistors is connected above and below to an-
other plane of resistors in their own space. The conductivity tensors are a function of
location depending on the changing cross-sectional area of the each respective space.
Additionally, the myocyte membrane dynamics are described at every node with
a non-zero intracellular and extracellular conductivity. At the interlaminar clefts,
intracellular conductivity is zero, and no membrane dynamics are defined.
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Figure 2.10: A. Spach et. al. incorporated interstitial capillaries into a sheet of
cardiac cells and coupled through an interstitial space using a ”2-domain” model [93].
B. The first domain represented the interstitial capillaries, coupled to the interstitial
space via a passive membrane. The properties of the capillaries were varied by chang-
ing the resistance of the capillary wall, while the resistivity of the capillary lumen
was 50 Ωcm2 . The resistivity of the interstitial space was isotropic, but the absolute
resistance varied with the chosen thickness of interstitial space that separated the two
domains. C. The second domain represented the sheet of cardiac cells described con-
tinuously or discontinuously (shown) and coupled to the interstitial space via active
membrane properties.
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Figure 2.11: A. Wang et. al. described a bundle of coupled and uncoupled fibers
using a boundary element model. Although the structure of this model is constructed
as radially symmetric, because of the non-uniform distribution of extracellular space
in this case, the confined inter- fiber spacing and large extracellular bath create a
transverse gradient in extracellular load. B. The boundary element model is different
from a bidomain model in that it maintains a discrete separation of the intracellular
and extracellular spaces. Instead of using a mesh to discretize the volumes, a mesh
is created to discretize the boundary between the spaces. Under this representa-
tion, the transmembrane potential around the perimeter of a fiber will vary as the
circumferential potential in the interstitial space varies.
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Figure 2.12: Sperelakis et. al. demonstrated that under circumstances where there
is no intercellular coupling between cells that cell-to-cell transmission of excitation
was possible using the PSpice model depicted above for four cells. Intercellular con-
nections were not defined between the cells; however the cells are electrically coupled
through the confined interstitial spaces (located between the black terminal faces
of the cells) that created the possibility of large interstitial potentials in the cleft,
thereby driving the adjacent cell to depolarizationvia. Thus, the electrotonic trans-
mission between cells was manifested by the intimate apposition of intercalated disc
membranes exhibiting capacitive properties [96].
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Figure 2.13: Representation of model networks incorporating the description of
an intercellular, extracellular and membrane current at the intercalated disc of two
abutting cells. Kucera, Rohr and Rudy formulated the model based on experimental
evidence that localized sodium channels to the gap junctional membrane between
cells [53]. Two membrane models were used to describe spatial differences in sodium
current at the junctional membrane (black boxes) and along the lateral membrane
(white boxes). A A non-cleft model that assumes extracellular potential in the in-
terstitial cleft space to be grounded with surrounding extracellular space, i.e. cleft
resistance had no effect on propagation. B A cleft model that accounts for the
interstitial cleft resistance at the junctional membrane, thus, modeling the cleft po-
tentials impact on action potential propagation. Figures reproduced from Kucera et.
al. [53]. Immunofluorescence image from Cohen exhibiting Na-channel localization
in rat cardiac muscle [11].
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Chapter 3

Approximation of Three-Dimensional
Current Flow in Cardiac
Microstructure: A Discrete
Multidomain Model

Computational models describe the conduction pathways for the spread of ionic cur-

rent in cardiac tissue by describing the electrical relationship between spatially dis-

crete nodes that represent the tissue spaces. Consequently, using discrete nodes to

represent the variable and smooth transitions of real tissue architecture means that

certain spatial approximations are necessary. Unlike the bidomain model, however,

the discrete multidomain model maintains three spatially distinct spaces of tissue

architecture, broadly described as (1) the intracellular spaces of cells delineated from

the (2) extracellular matrix by their (3) enveloping cellular membrane. The novelty

of the discrete multidomain is the preservation of the three-dimensional, spatially

unique and discontinuous microstructure in which saltatory conduction occurs. Ow-

ing to this formulation, which requires the mesh resolution of the discrete spaces

to be sub-cellular in three dimensions, the discrete multidomain provides a flexibil-
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ity in its description that allows the investigator to incorporate and analyze many

morphological details observed at the micro-scale.

3.1 Formulation of the Discrete Multidomain Model

In the discrete multidomain model, any defined volume of cardiac tissue consists of a

collection of discrete three-dimensional sub-domains that together form a continuous

space. Each cell volume is a unique domain, which is bounded by an enveloping

membrane and suspended within an interweaving extracellular space. The extracel-

lular space is its own domain and is spatial discontinuous over the cell volumes. We

assume that each domain acts as a volume conductor and can be described by a quasi-

static approximation [67]. Assuming no current sources inside individual domains,

the potential within each domain (Ωn) is governed by Laplace’s equation,

∇ · σσσn(x, y, z)∇φn = 0 within Ωn, for n = 1, · · · , N domains (3.1)

with k-boundary condition(s) that cumulatively describe the current flow through

the closed domain surface, denoted here as ∂Ωn,

−σσσn(x, y, z)∇φn · ~nn =



I1

...

Ik

on ∂Ωn (3.2)
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where σσσn(x, y, z) describes the conductivity tensor (mS/cm2) as a function of space

within the nth-domain, and ~nn is the normal vector to the domain’s surface.

3.2 Definition of a Tissue Model

To illustrate the way in which the discrete multidomain formatulation can be used

to define a tissue model, consider an idealized micro-tissue consisting of two abut-

ting myocytes (domain Ω1 and Ω2) suspended within a finite volume of extracellular

space (domain Ω3), as pictured in Figure 3.1A. In this micro-tissue, two types of inter-

faces exist: between (1) a myocyte-myocyte domain and (2) a myocyte-extracellular

domain. In the discrete multidomain, a pair of boundary conditions, one for each

domain surface, will be defined at the interface, thereby maintaining conservation of

current. We assume that the domain boundaries are negligible in thickness.

Because of the flexibility that follows with the discrete multidomain formulation,

microstructural details of the extracellular cleft between abutting myocytes can be

described within a model of impulse propagation. However, for this micro-tissue, we

will additionally assume that there is no interstitial space between the two abutting

myocytes. For now, the membrane surfaces are connected via gap junction pores,

and a pair of junctional boundary conditions are defined on the opposing surfaces of
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the myocyte-myocyte interface as

Ijunct =
φ2(x, y, z)− φ1(x, y, z)

Rjunct(x, y, z)
on ∂Ω1 (3.3)

Ijunct =
φ1(x, y, z)− φ2(x, y, z)

Rjunct(x, y, z)
on ∂Ω2 (3.4)

where Rjunct(x, y, z) defines the increased resistance (kΩcm2) between the intracellu-

lar space of the two myocytes (Ω1 and Ω2) that accounts for the funneling of current

through pores in the membrane surfaces. The potential difference across the intra-

cellular spaces (mV) is calculated between the locations that immediately flank the

junctional boundary in each domain. Although the model formulation would allow

for the membrane resistance to be a function of space, the example used here did

not have the spatial discretization or cell geometries to warrant the description of

spatially localized gap junctions. Instead, we assume that gap junction channels

are homogeneously distributed everywhere that the two myocytes touch. Therefore,

Rjunct(x, y, z) was constant over the intercalated disc.

At the interface of a myocyte domain with the surrounding extracellular space,

the transmembrane potential is defined as φm = φi(x, y, z) − φe(x, y, z), where φi

is the potential immediately inside the myocyte membrane, and φe is the potential

immediately outside the membrane in the extracellular space. Thus, the pair of po-

tentials flank the myocyte-extracellular boundaries. It is important to note that even

though we are describing a single fiber, the perimetrical transmembrane potential
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is not held constant and will vary with differences in circumferential intracellular or

extracellular potentials. At this myocyte-extracellular interface, the following pair of

boundary conditions, IAP , is applied to describe cardiac action potential dynamics

of the myocyte membrane.

IAP = f(x, y, z)(Imem(x, y, z, t)), on ∂Ωn (3.5)

Imem(x, y, z, t) = Cm
∂φm(x, y, z)

∂t
+ ILR1(φm(x, y, z), t) (3.6)

f(x, y, z) =


1 n = 1 or 2 (myocyte domain)

−1 n = 3 (extracellular domain)

where Imem (µA/cm2) describes the current that traverses this interface. Here, we

assume the electrical properties of the myocyte membrane are governed by the ca-

pacitive current, where Cm defines the membrane capacitance (µF/cm2) and the sum

of ionic currents, ILR1, as described by the Luo-Rudy I cardiac action potential [57].

However, note again that this is not a constraint of the discrete multidomain. The

model formulation has the flexibility of defining spatially variable membrane dynam-

ics around any cell membrane. For this example, we will assume the membrane chan-

nels described in ILR1 to be homogeneously distributed over the myocyte-extracellular

interface.

The time course of the Luo-Rudy I action potential is described by six voltage-

dependent ionic currents, consisting of two inward currents, INa and Isi, and four
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outward currents, IK , IK1, IKp and Ib. The Luo-Rudy I equations also describe the

intracellular calcium concentration as a function of time and transmembrane volt-

age, [Ca2+]i(Vm, t). The mathematical description of the ionic membrane currents

have been presented in Section A, and the detailed mathematical description of each

channels gating behavior is provided in Appendix A. Because this work focused on

simulating the action potential upstroke, the Luo-Rudy I description provided an

accurate action potential model during this specific time without the large computa-

tional expense associated with other models that include a more complex description

of the transmembrane current.

Lastly, we will assume the outer boundaries of the intracellular and interstitial

domains to be electrically insulated with a no-flux boundary condition. From this

idealized description, a full set of boundary conditions are defined for each domain

included in the micro-tissue.

For Ωn = Ω1 or Ω2,

−σσσi(x, y, z)∇φn · ~nn =


Ijunct at myo-myo interface
IAP at myo-extra interface
0 at myo-tissue boundary

on ∂Ωn (3.7)

and for Ωn = Ω3,

−σσσe(x, y, z)∇φn · ~nn =

{
IAP at extra-myo interface
0 at extra-tissue boundary

on ∂Ωn (3.8)
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3.3 Discrete Representation

Resistor Network Representation

A three-dimensional mesh is created to describe the spatial relationship between

individual domains. In the example of the two abutting myocytes, each cell volume

is chosen to be a rectangular box, 15×15×100 µm. The two cells are aligned end-to-

end and discretized into a 3D rectilinear mesh. Here, the cytoplasmic space of each

myocyte is defined by a 3×3×10 lattice of voxels, each measuring 5×5×10 µm in size.

The surrounding extracellular space is defined by a single layer of voxels that wraps

the inner 3× 3 lattice describing the cytoplasmic spaces. The collective volume of an

individual domain is defined by electrically connecting adjacent nodal elements within

the domain via resistors that represent a homogeneous or heterogeneous conductivity

and/or geometry. At the interface of adjacent nodes that lie within separate domains,

the appropriate boundary condition is applied, as described above.

Figure 3.1 depicts the mesh of a dz-slice for the two abutting myocytes described

above. To simplify the depiction of the network, the extracellular and cytoplas-

mic spaces are shown separately in parts B and C, respectively, and only a por-

tion of the resistor network and applied boundary conditions are shown for each

space. Within the highlighted dz-slice of the discrete multidomain model, two dif-

ferent boundary conditions are identified that represent the myocyte-myocyte and

myocyte-extracellular interfaces.
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For comparison, Figure 3.2 depicts the discretization of the dz-slice in the discrete

multidomain model (part A) with respect to the network representation for the same

dz-slice in the bidomain model (part B). In contrast to the bidomain representa-

tion, the discrete multidomain maintains the unique structure of the micro-tissue by

defining spatially distinct meshes for the myocyte and extracellular domains. Each

voxel or nodal volume uniquely describes the cytoplasmic or interstitial conductivity

at a particular (x, y, z)-coordinate in the discrete multidomain model. Additionally,

because select nodes are interior to the domain boundary, not all nodal volumes are

electrically connected to a membrane. As denoted in Figure 3.2, for this specific

example, 9 cytoplasmic and 16 extracellular nodes are defined with 12 pairs of action

potential boundary conditions and 9 pairs of junctional boundaries. In the bidomain

representation, two overlapping intracellular and extracellular nodes are defined by

averaging the properties over the total volume and coupling the two spaces via the

homogenized electrical properties of the membrane.

A system of equations is defined by applying the discretized Laplace’s equation

to each node in the tissue model, thereby describing the current flow through each

nodal volume. The left-hand side (LHS) of the equation is defined by the following

equation

LHS : ∇ · σσσ(i, j, k)∇φ(i, j, k)

=
∂

∂x

(
σx(i, j, k)

∂φ

∂x

)
+

∂

∂y

(
σy(i, j, k)

∂φ

∂y

)
+

∂

∂z

(
σz(i, j, k)

∂φ

∂z

)
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where (i, j, k) represents the unique location of the node in the tissue model within

Cartesian space. If the node is not positioned adjacent to a domain boundary and

there is no external current in the system, then LHS = 0 by conservation of current.

If the node is positioned adjacent a domain boundary, then a boundary condition(s)

is defined perpendicular to the nodal surface(s) that define the boundary. Therefore,

the right-hand side (RHS) of the equation is set by

RHS : Boundary condition(s)

= I1 · A1(i, j, k) + I2 · A2(i, j, k) + · · · Ik · Ak for k ≤ 6

where k represents the number of nodal faces that abut a boundary surface. Since

we are using hexahedral nodes, we can define at most 6 boundary conditions, one at

each face.

A cell-centered finite volume scheme is used to approximate the potential within

each node [33]. Under this approach, the potential is assigned to the center of each

nodal volume and assumes that current density between adjacent nodes varies linearly

with the resistance. The finite volume approach implemented in this work divides

the tissue into hexahedral elements and requires that the meshing procedure create

a rectilinear lattice where each nodal element is located completely within one of the

sub-domains defined in the tissue model.

For example, in Figure 3.2A1, the resistor network depicting the electrical con-
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nectivity of a node, φi(3, 3, k), located within an intracellular space and adjacent to

the domain’s boundary is shown. The resistor network defines the electrical relation-

ship of φi(3, 3, k) to adjacent nodes within the same space, as well as, an interfacing

node located in a different intracellular space. The LHS of the equation defines the

electrical connectivity of the node with adjacent nodes in the same space as

LHS =
φi(2, 3, k)

R−x(i, j, k)
− φi(3, 3, k)

(
1

R−x(3, 3, k)
+

1

R+x(3, 3, k)

)
+

φi(4, 3, k)

R+x(3, 3, k)

+
φi(3, 2, k)

R−y(3, 3, k)
− φi(3, 3, k)

(
1

R−y(3, 3, k)
+

1

R+y(3, 3, k)

)
+

φi(3, 4, k)

R+y(3, 3, k)

+
φi(3, 3, k − 1)− φi(3, 3, k)

R−z(3, 3, k)
(3.9)

where the notation R−x(3, 3, k) describes the resistance (kΩ) between the node lo-

cated at (3, 3, k) and the adjacent node in the negative x-direction located at (2, 3, k).

Thus, it follows that R+x(2, 3, k) = R−x(3, 3, k). The LHS of Equation 3.9 is equal to

the applied boundary condition(s). In this case, the boundary condition is non-zero

and defined by the electrical relationship between node φi(3, 3, k) and the interfacing

node located in a different intracellular space, φi(3, 3, k + 1). At the interface we

defined the following junctional boundary condition

RHS = Ijunct ∗ A+z(3, 3, k)

where Ijunct (µA/cm2) describes the current through the junctional interface as de-
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fined by Equation 3.3 and A+z(3, 3, k) is the area (cm2) of the hexahedral surface

facing the positive z-direction. Again, because we are using a rectilinear mesh, it

follows that A−z(3, 3, k + 1) = A+z(3, 3, k).

In Figure 3.2A2, the resistor network depicting the electrical connectivity of a

node, φe(3, 5, k), located within the extracellular space is shown. Unlike the previ-

ously described intracellular node, this extracellular node is not abutting an internal

domain boundary. However, it is abutting the outer extent to which the tissue model

is defined. Thus, no flux boundary conditions are applied to the two outermost faces

of the nodal volume, and the RHS of the equation is set to zero at node φe(3, 5, k).

LHS =
φ(i− 1, j, k)− φ(i, j, k)

R−x(i, j, k)

+
φ(i, j − 1, k)− φ(i, j, k)

R−y(i, j, k)

+
φ(i, j, k − 1)

R−z(i, j, k)
− φ(i, j, k)

(
1

R−z(i, j, k)
+

1

Rz(i, j, k)

)
+
φ(i, j, k + 1)

Rz(i, j, k)

RHS = 0

System of Equations

The discrete mathematical description of each nodal potential creates a large system

of equations that relates the spatial change in potential (LHS) to the applied bound-

ary conditions (RHS) at the sub-domain level for the entire tissue model. When the

system, i.e. tissue model, is at rest all sub-domain boundary conditions are defined
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as zero. Any non-zero boundary condition will cause a temporal change in the local

potential that will propagate through the tissue. The temporal change in tissue po-

tentials can be solved for using the system of equations where the LHS defines the

potential at the next time step, t + 1, given the applied boundary conditions at the

current time, t, defined by the RHS.

LHSt+1 = RHSt

Avt+1 = bt
. . . . . .

. . . σ(x, y, z)
. . .

. . . . . .




...

φ(x, y, z)t+1

...

 =


...

IBC(φ(x, y, z)t)

...



The system of equations is defined in matrix form by Avt+1 = bt where A is a sparse

N × N matrix that describes the electrical connectivity, σ(x, y, z) (mS), between

nodes and N represents the total number of nodes in the model. Vector v defines

the potential (mV) for each node at the next time step, φ(x, y, z)t+1, and vector b

represents the applied boundary conditions based on potentials at the current time,

IBC(φ(x, y, z)t). Since boundary conditions are dynamically described, changing with

tissue potentials, the current solution of vt is used to calculate the boundary condi-

tions used to solve for the tissue potentials at the next time step, vt+1, which is then

used to calculate the boundary conditions for vt+2, etc.
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3.4 Computer Implementation

In this work, we used the initial conditions as given by the Luo and Rudy [57]

cardiac action potential model to describe the initial conditions of the myocyte mem-

brane. An action potential was triggered by transferring current across all myocyte-

extracellular interfaces within the first 100 µm of the fiber. This was accomplished

by applying a stimulus current, Istim, to the interface between the two spaces that

ultimately, added current to the intracellular node and subtracted the same magni-

tude of current from the extracellular node. A time variant transfer of current was

used to decrease the number of iterations required to solve the problem during the

initial perturbation of the system. The time course of the stimulus was chosen to

mimic the gradual charging of the membrane from an upstream current during im-

pulse propagation. Because the stimulus transferred current from one sub-domain to

another, there was no overall change in current within the larger tissue model, but

there was a change in the local membrane potential such that an action potential

was triggered. As the boundary conditions only depend on a potential difference, a

reference potential must be set in order to obtain an unique solution for the model.

Simulations in this work assumed that the extracellular potentials located furthest

from impulse initiation were grounded, i.e. set to zero.

Using a GMRES approach, the system of equations was solved for the tissue

potentials at the next time step, vt+1. A fixed time step of 50 ns was used for all
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simulations to maintain numerical accuracy. The time step was extensively investi-

gated and optimized to solve the problem accurately in the shortest simulation time.

The fine mesh resolution of the discrete multidomain drives the need to use a small

time step. In the multidomain, the resistive elements in the stiffness matrix, A, need

to be of the same order of magnitude as the capacitive elements to ensure that an

accurate solution will be reached with a reasonable number of iterations. Ultimately,

the small time step allowed a solution to be found (relative error < 0.01%) within

a maximum of 100 iterations. The simulations were implemented using CardioWave

software [70] that has been upgraded to solve more complex systems defined by the

discrete multidomain model [100]. The discrete multidomain simulations were run

in parallel on multi-processor machines. Simulating 10 msec of activation within an

tissue model described by 20,000 nodes required 4-8 hours on two quad-core 3GHz

Intel Xeon processors.

3.5 Capabilities

Equations 5.5 and 5.6 form the basis for the discrete multidomain models and pro-

vide a flexible means with which to describe impulse propagation within a broad

and endless number of heterogeneous tissue structures. In the discrete multidomain,

tissue structure can be more realistically represented as a material consisting of cells

organized within an extracellular matrix where each sub-domain can be broadly char-

acterized as being cellular or extracellular space. A cell-domain in the discrete mul-
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tidomain can define any cell type that spans a volume in the tissue model, e.g.

fibroblasts, adipose or nerve cells, unlike most models of cardiac tissue that only

describe the myocyte structure. Additionally, if individual cells are irrelevant to the

overall tissue structure they define, such as the capillary network, the multidomain

description can describe the cellular composite. In the case of a capillary, the overlap-

ping endothelial cells define a continuous boundary that isolates the capillary lumen

from the surrounding extracellular space.

The boundary conditions that define the outer extent of each sub-domain is the es-

sential component of the discrete multidomain that defines the electrical interaction of

individual sub-domains with their immediate environment. For any sub-domain, the

complete domain surface is not constrained by a single boundary condition. Instead,

the electrotonic interaction of a sub-domain with its environment can be defined as

spatially unique to a structural condition. For example, a myocyte domain may be

coupled to an abutting myocyte via a direct electrical connection (i.e. gap junction)

or through a confined extracellular space via a dynamic membrane current. Addi-

tionally, the boundary condition between the interface of the same two sub-domains

can be spatially unique. For example, it has been shown that abutting myocytes

exhibited variable degrees of intercellular connections based on the location of the

interface, such as the lateral membrane at the cell surface or the terminal and/or

lateral membrane within the intercalated disc. This is similar to the spatially unique

distributions of gap junctions incorporated into Spach et. al.’s theoretical model [87].
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Another example where the spatial context may warrant unique boundary conditions

is the observed membrane localization of Na+ channels in the myocyte. The dynamic

boundary condition at the interface of a myocyte and extracellular domain at the

lateral surface of the myocyte could be defined by a lower sodium conductivity com-

pared to the terminal surface of the myoycte located in the intercalated disc. This

would be similar to Sperelakis or Kucera et. al.’s theoretical models [53, 95].

By formulation of the discrete multidomain, the tissue model is fundamentally

discontinuous and heterogeneous through the description of spatially exclusive and

disparate domains. As noted in the previous paragraph, boundary conditions pro-

vide a means with which to describe inhomogeneities in electrical properties between

spatially unique domain interfaces. However, heterogeneity in the tissue model can

also be incorporated structurally via

- non-uniform distributions of extracellular space,

- irregular cell geometries,

- inconsistent and/or asymmetrical distributions of myocyte and/or non-myocyte

cellular structures and

- domains exhibiting a diverse composition of material properties, such as regions

of dense and porous extracellular matrix proteins.

Ultimately, the ability of the model to describe the fine details of the discrete and

inhomogeneous structural and electrical properties in the cardiac microstructure is
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dependent on the discretization of the problem, in other words, the mesh used to

define the tissue.

3.6 Limitations

As with any in silico model, computational approximations of biological phenom-

ena are approximations. Although the discrete multidomain is able to describe the

discrete, heterogeneous and unique space of tissue architecture, construction of sub-

domains from rectangular voxels is not representative of the smooth structural tran-

sitions in native tissue. Additionally, the discrete multidomain model does not incor-

porate the structurally complex branching structure within a sheet or across cardiac

sheets. Both of these limitations could be addressed by constructing cell domains

with smaller sized nodes; however, this could be computationally expensive. For ex-

ample, if the mesh refinement doubled, meaning voxels decreased by half the size,

then the number of additional nodes defined in the domain would increase by 8 fold

and if tripled, by 27 fold and so forth. This even fails to account for any additional

membrane nodes required. Thus, to achieve twice the refinement, the computational

power required increases by 8. The subcellular mesh size currently being used to

construct tissue structures requires a time step on the order of 50 ns for convergence

to an accurate solution. Thus, decreasing the size of the mesh would add additional

nodes and, most likely, require a smaller time step. If the desire is to model wave-

front propagation within a cardiac microstructure large enough to sustain re-entry
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(i.e. the wavefront turning back on itself), then a smaller mesh size would not be

optimal. This problem could be remedied by refining the mesh in continuous spaces.

However, since each cell is treated as a discrete domain and the intercellular mesh

determines the mesh of the membrane patches, which then determines the mesh of

the extracellular space, the problem would be complex.
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Chapter 4

Impact of Interstitial Heterogeneity
on Waveshape Variability

4.1 Introduction

It is the innate linear architecture of the myocardium that preferentially directs cur-

rent along the path of least resistance making impulse propagation anisotropic in

nature. Continuous computational models of wavefront propagation were formulated

to recreate the conduction velocity anisotropy by describing directional differences

in tissue resistivities. Under the continuous theory of impulse propagation, varia-

tions in waveshape could only be attributed to changes in the membrane dynamics

and not changes in the electrotonic load of the tissue downstream of the wavefront.

In the experimental study by Spach et. al., propagating action potentials (APs)

were initiated in excised cardiac muscle from a canine heart at varied radial loca-

tions around a single intracellular recording site [90]. Spach and colleagues noted

a slower increase in the first 15 mV rise and faster maximum upstroke velocity in

action potentials recorded during slower propagating wavefronts, i.e. APs initiated
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transverse to the fiber alignment of the muscle. Conversely, the opposite relationship

was noted in faster propagating wavefronts that had been initiated longitudinally.

Because the recording site was held constant, the active membrane properties were

also constant and thus, the waveshape differences must be attributed to spatial varia-

tions in electrotonic load that is manifested from the muscle’s structure and material

composition.

Since details of anisotropic propagation in cardiac muscle were revealed in 1979

and 1981 by Spach et. al. [89, 90], the mechanism underlying the anisotropies in

propagation have been the subject of several theoretical investigations. Diaz, Rudy,

and Plonsey simulated longitudinal propagation in a one-dimensional model that

incorporated the intercellular discontinuity between abutting myocytes by defining

resistive intercalated discs [18]. They showed that this model could reproduce the in-

verse relationship that associated larger maximum upstroke velocities ((∂φm/∂t)max)

with slower propagation speeds; however, the model was unable to reproduce the

anisotropy observed in the time constant of the action potential foot, τfoot.

In a theoretical study by Spach and Heidlage, the excitatory events that occurred

at the microscopic scale in cardiac tissue were described as stochastic, revealed by

the variability in waveshape characteristics, inconsistent delays across cell-cell borders

and mircro-collisions of the electrical signal [87]. Spach and Heidlage investigated the

random nature of wavefront propagation in relation to the two-dimensional ionic flow

within a discontinuous monodomain that defined the discrete resistive micro-structure
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of the intracellular myocyte space. In this study, Spach and Heidlage demonstrated

how the changing electrical loads downstream of the wavefront create a feedback to

the local membrane, thereby altering the depolarizing membrane’s total contribution

of sodium current to downstream depolarization. Thus, the dynamics of the sodium

channel were modulated by the variable downstream loads, resulting from the discrete

intercellular space and, thus, maintaining the averaged behavior of the tissue.

Membrane capacity can also affect propagation. Spach et. al. simulated prop-

agating action potentials along a one-dimensional fiber and demonstrated that, if

one were to assume a difference in membrane capacitance in the two directions of

propagation, all the characteristics of anisotropic propagation could be accounted for

[92]. In a follow-up study, Spach and colleagues experimentally measured potentials

during longitudinal and transverse propagation in atrial and ventricular muscle from

adult and neonatal canines [93] and compared results to action potentials measured

in myocyte monolayers from Fast et. al.’s experimental study [50] using a phase-

plane analysis. Action potentials measured from tissues devoid of capillaries, such as

in vivo monolayers or tissue with a sparse distribution of capillaries, such as Purkinje

tissue, demonstrated a linear trajectory in τfoot. Action potentials from tissue with a

dense distribution of capillaries, such as atrial and ventricular muscle, demonstrated

a slower non-linear rise in τfoot, that was more pronounced in the neonatal than adult

muscle.

Subsequently, Spach et. al. created a “2-domain” model of cardiac tissue that
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incorporated the passive cable properties of the capillary vessels coupled to the active

myocyte architecture through a resistive interstitial space. Spach et. al.’s model was

used to investigate a possible mechanism for the apparent anisotropy experimentally

measured in τfoot that had thus far eluded explanation. The “first” domain described

the continuous or discontinuous active layer of the myocyte architecture, while the

“second” domain described the continuous capillary structure running parallel to the

“first” domain. Finally, the two domains were electrically coupled to one another

through an interstitial resistance that was varied to described different spatial sepa-

rations between the active myocyte layer and passive capillary bed. They observed a

non-linear change in τfoot with increasing capillary presence, increasing resistance of

the capillary wall and a homogeneous increase in interstitial resistivity. In the devel-

opment of the “2-domain” model, Spach et. al. notes that they could not describe

the spatial differences in interstitial coupling that intimately associates portions of

the myocyte membrane with the capillary wall via tight extracellular spaces.

In general, theoretical investigations that model impulse propagation through the

intercellular and extracellular spaces assume a 3:1 intracellular to extracellular spatial

distribution. However, morphological studies of the cardiac interstitium report that

at least 60% of the interstitial space, defined as non-myocyte space, is structurally

discontinuous with the extracellular space and impermeable to ionic flow [27, 69].

The majority of spatial discontinuity observed in the interstitial space is attributed

to the capillary network. In an experimental study, Fleischauar et. al. quantified
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the resistive contributions of the intravascular and extracellular spaces on wavefront

propagation. He found the capillary lumen to be, for the most part, insulated from

the extracellular space and, thus, not a contributor to the conductive interstitial ar-

chitecture. Although the capillary network may not provide direct resistive pathways

for ionic flow in the extracellular space, the capillary vessels themselves define ex-

cluded volumes in the interstitium, thereby increasing the “effective” resistivity of

the extracellular space.

In this chapter, longitudinal propagation is modeled in several cardiac fiber models

constructed from consistent and/or variable (1) tissue dimensions, (2) distributions

of space and (3) interstitial compositions using a discrete multidomain representa-

tion. In Part I of this study, the electrotonic load of interstitial capillaries defined by

passive electrical properties was investigated and compared to the same structural

model defining no-flux interstitial vessels. In Part II, the variation in electrotonic

load associated with cell-to-cell changes in microstructure was described by chang-

ing the dimensions of the model’s spaces while maintaining the typically reported

distributions [27, 64]. Waveshape variability was compared between two structural

equivalent models that described the intravascular space with either insulated or pas-

sive interstitial capillaries. Lastly, in Part III the intravascular space was described by

a branching capillary network from one to two to three vessels within a tissue space

that decreased in extracellular resistance from 174 to 78 MΩ/cm in one model and

401 to 320 MΩ/cm in a structural equivalent model. In each model, impulse prop-
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agation was simulated under normal and depressed excitability conditions. Where

applicable, results from a corresponding bidomain representation were compared to

the multidomain results.

Results confirm the non-linear change in τfoot with the greater presence of in-

terstitial capillaries, the increase in extracellular resistance and the decrease in the

capillary wall resistance, as reported by Spach et. al. [93]. Additionally, in order

to fully understand the impact of loading from the interstitial capillaries, the un-

derlying structural variability that may change Re and fm,cap/myo to varying degrees

in the tissue architecture must be considered. Lastly, we demonstrate the possible

relationship between Re and fm,cap/myo in normal tissue that could counterbalance

the load experienced from the interstitial capillaries, maintaining a stable variation

in τfoot. Conversely, we demonstrate how conduction block could occur under the

same compensatory relationship when Re is higher than normal.
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Discrete Multidomain Model Parameters With Symbols and Values

Symbol Parameter Value(s)

σi,myo Conductivity of myocyte cytoplasm 6.67 mS/cm

σi,cap Conductivity of capillary lumen 6.67 or 20 mS/cm

σe Conductivity of extracellular medium 20 mS/cm

Rjunct Gap junction resistance between two myocytes 1.125 Ωcm2

Rm,cap Capillary wall resistance 0.005 - 68 kΩcm2

Cm,myo Myocyte membrane capacitance 1 µF/cm2

Cm,cap Capillary wall capacitance 1 µF/cm2

Ai,myo Intracellular (myocyte) cross-sectional area 105 - 400 µm2

Ai,cap Intravascular (capillary) coss-sectional area 0 - 45 (15 µm2/Cap)

Ae Extracellular cross-sectional area 12.0 - 75.0 µm2

Atissue Tissue cross-sectional area, Ai,myo + Ai,cap + Ae 140 - 444 µm2

fe Fraction of extracellular space, Ae/(Ae + Ai,myo) 0.04 - 0.25

Re Extracellular resistance per length, 1/(σeAe) 67 - 559 MΩ/cm

Sm,myo Surface area of myocyte membrane 42 - 89 µm ×dz
Sm,cap Surface area of capillary wall 0 - 47 µm ×dz
fm,cap/myo Sm,cap/Sm,myo 0.0 - 1.11

φi,myo Intracellular potential (myocyte cytoplasm) Computed mV

φi,cap Intravascular potential (capillary lumen) Computed mV

φe Extracellular potential Computed mV

φm,myo Intracellular transmembrane potential Computed mV

φm,cap Intravascular transmembrane potential Computed mV

Im,myo Total intracellular transmembrane current Computed µA/cm2

Icm,myo Capacitive current (myocyte membrane) Computed µA/cm2

INa,myo Sodium current (myocyte membrane) Computed µA/cm2

Im,cap Total intravascular transmembrane current Computed µA/cm2

Icm,cap Capacitive current (capillary wall) Computed µA/cm2

Irm,cap Leakage current (capillary wall) Computed µA/cm2

Table 4.1: Discrete multidomain model parameters referenced throughout this study
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4.2 Methods

Our intent in this study was three-fold. In Part I, we investigated the change in

waveshape in a model that defined the intravascular space by passive and/or no-

flux electrical descriptions of the capillary wall. In Part II, we further explored the

impact of the intravascular space within model architectures demonstrating the same

variability in tissue space distributions, indicated in this study by fe, using different

structural alterations. In Part III, we incorporate the branching intravascular space

within a tissue architecture exhibiting a increasing fe from 0.10 to 0.25 and a higher,

but smaller increase in fe from 0.04 to 0.06. Table 4.1 lists the discrete multidomain

parameters referenced throughout this study.

4.2.1 Part I: Constant Tissue Structure in the Presence of Capillaries

Idealized Structure and Discretization

Longitudinal propagation was simulated along a 0.25 cm long cardiac fiber using the

discrete multidomain model. The fiber was constructed from abutting 25 myocyte

volumes (each 100 µm long) end-to-end. The lateral myocyte membrane was then

surrounded by a homogenous or heterogeneous interstitial space that occupied 25%

of the overall tissue volume.

1. Homogenous Interstitium: 75 µm2 of permeable extracellular medium

2. Hetergeneous Interstitium: 30 µm2 of permeable extracellular medium and

45 µm2 of capillary vessels defined by an electrically passive and/or insulated
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wall

The two model compositions are depicted in Figure 4.1A-B. In the first model,

the composition of the interstitial space was solely defined from the extracellular

medium and thus, continuous across adjacent interstitial nodes. In the second model,

60% of the interstitial space was consumed by capillary vessels that were suspended

within the remaining 40% of extracellular medium. Therefore, the interstitial space

was discontinuous across adjacent nodes that traversed the capillary and extracellular

sub-domains. When included in the model, capillaries were described as three distinct

cables that ran parallel to the fiber axis, each 15 µm2 in cross-section. The capillary

walls were assumed to exhibit passive electrical properties and/or to be electrically

insulated from the extracellular medium.

The tissue model’s cross-sectional area was 300 µm2 where 225 µm2 was occupied

by the intracellular space of the myocyte volumes. Although the myocyte volumes

were consistently described, the membrane boundary was irregular, wrapping around

two sides of a capillary vessel for each vessel described in the model. The myocyte

membrane was separated from the capillary wall by extracellular space that resulted

in 36% of the myocyte membrane being situated within 200 nm of a capillary wall

(noted by the yellow lines in Figure 4.1C).

The 300 µm2 cross-sectional area was discretized into the same heterogeneous

12 × 12 rectilinear mesh for both tissue models (shown at the bottom-left of Fig-

ure 4.1). In cross-section, the voxel width and height ranged from 0.2 to 2.0 µm

95



allowing the intimate association between the capillary wall and myocyte membrane

to be described, as observed in the myocardium [27]. The tissue model was discretized

along the length of the fiber with a constant thickness (dz) of 5 µm. Adjacent nodes

in the same sub-domain were electrically connected by resistors that described the re-

sistivity of that particular sub-domain. At the interface of adjacent nodes in different

sub-domains, the appropriate pair of boundary conditions were applied.

Electrical Properties Investigated

The intracellular space, extracellular space and capillary lumen are homogeneous

and isotropically described with physiological resistivities of 250, 50 and 50 Ωcm,

respectively. The capacitance of the myocyte membrane when juxtaposed to the

extracellular space is defined as 1 µF/cm2. The resistance of the myocyte membrane

at the junction of two abutting cells was defined as 1.125 kΩcm2.

In the model incorporating passive interstitial capillaries, the resistance of the

capillary wall (Rm,cap) was varied from 0.005 to 68 kΩcm2. Subsequently, in a

model defining Rm,cap as 8 kΩcm2, the resistance of the capillary lumen was in-

creased from 50 to 150 Ωcm and the impact on conduction velocity was noted. Fur-

ther investigations studied the impact of the passive capillary content, quantified

by dividing the surface area of the passive capillary wall by the myocyte membrane

(fm,cap/myo = Sm,cap/Sm,myo), on waveshape. fm,cap/myo was varied from 0.73 to 0.47

to 0.24 and to 0.0 by describing three, two, one or no passive capillaries, respec-
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tively. To maintain the architecture and fraction of permeable extracellular space,

fe = Ae/(Ae+Ai,myo), the capillary vessel(s) not described as passive were electrically

insulated by no-flux boundaries. Finally, defining Rm,cap as 8 kΩcm2, fe was varied

between 0.25 to 0.04 by changing the thickness of the outermost layer of extracellular

medium that encapsulates the capillary and myocyte sub-domains. This decreased

the cross-sectional area of the extracellular space from 75 to 12 µm2, thereby increas-

ing the extracellular resistance per length (Re) from 67 to 559 MΩ/cm. At each fe,

four simulations were ran in tissue models that exhibited an fm,cap/myo of 0.73, 0.47,

0.24 and 0.0 as previously described. The parameters described were varied between

simulations, but held constant within each tissue model.

Bidomain Comparison

For comparison, a one-dimensional bidomain model was constructed that described

a 0.25 cm cardiac fiber constructed from discrete 100 µm long cells with a cross-

sectional area of 225 µm2. The volume of extracellular space included only the

permeable extracellular medium and not the capillary lumen. The conductivities in

the intracellular and extracellular space were described as the effective conductivities

over the tissue volume in the longitudinal direction (refer to Section 4.2.4).
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4.2.2 Part II: Variable Tissue Structure in the Presence of Capillaries

Idealized Structure and Discretization

In the second part of this study, structural complexity was added to the tissue model

by varying the fraction of extracellular space within a normal physiological range of

0.10 to 0.25. A 0.25 cm long cardiac fiber was constructed from a linear chain of 26

abutting myocyte volumes that varied in length from 80 to 120 µm. Similar to that

described in Part I, the cardiac fiber was immersed in an interstitial space composed

of a permeable extracellular medium and three separate capillary vessels running

parallel to the cardiac fiber, each 15 µm2 in cross-section. Additionally, the lateral

membrane of the myocyte sub-domains were closely opposed to the capillary wall by

200 nm of extracellular space. Using the above tissue description as a basis, longi-

tudinal propagation was simulated in three tissue models with different structural

alterations that created the same linear variation in fe.

1. Model A described a tissue with a variable Ae but constant Ai,myo.

2. Model B described a tissue with a variable Ae and Ai,myo where Ae+Ai,myo was

held constant.

3. Model C described a tissue with a variable Ae and Ai,myo where Ae+Ai,myo was

also allowed to vary.

In Model A, we assumed fe varied because the volume of the extracellular space

varied. In Model B, we assumed fe varied because the volume of the myocyte space

varied within a tissue volume that remained constant. Therefore, the tissue in Model
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B associated a lower fe with larger myocyte volumes and consequently, reproduced

the structural bias observed in morphology studies of cardiac bundles [84]. Lastly,

in Model C, the same structural bias created in Model B was recreated; however,

Ai,myo was allowed to vary within a larger range of physiologically normal values. As

a result, to maintain an fe range of 0.10 to 0.25 as in the first two models, the overall

tissue volume had to also change. Figure 4.2 depicts the geometrical variations for the

tissue’s cross-section for each value of fe represented in each model. The variation in

structure was created by changing the tissue’s geometry in the −x and −y directions.

In Model A, the tissue’s cross-section was defined within a 12 × 12 rectilinear

grid with variable and sub-cellular sized nodes, ranging in height and width from

0.2 to 4.2 µm. The constant structure of the model was defined by 225 µm2 of

myocyte space, 45 µm2 capillary space and 25 µm2 of extracellular space (fe = 0.10)

that consumed the upper-rightmost portion of the grid (10×10). fe was increased by

increasing the thickness of extracellular space flanking the left and/or bottom sides of

the grid by defining one to two additional layers of extracellular nodes. Consequently,

the outermost extent of the tissue model was defined by an undulating surface that

varied the tissue’s cross-sectional area between 294 and 345 µm2.

In Model B, the tissue’s cross-section was defined within a 11×11 rectilinear grid

with variable and sub-cellular sized nodes, ranging in height and width from 0.2 to

4.2 µm. Dissimilar to Model A, the cross-sectional area of the tissue in Model B was

held constant at 295 µm2. When fe = 0.10, the myocyte volume consumed 225 µm2
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of the tissue in cross-section. fe was varied by decreasing the volume of the myocyte

by redefining one or two layers of myocyte space at the left and/or bottom sides of

the myocyte volume as extracellular space. Consequently, the surface area of the

myocyte varied between 300 to 330µm2.

In Model C, the tissue’s cross-section was defined within a 12×12 rectilinear grid

with variable and sub-cellular sized nodes, ranging in height and width from 0.2 to

4.9 µm. Similar to Model A, the tissue did not always consume the entire mesh in

cross-section and similar to Model B, a lower fe was associated with smaller myocyte

volumes. However, in Model C the tissue was constructed from myocyte volumes with

a larger variation in size than Model B while maintaining the same linear variation

in fe. When fe = 0.25, 38% of the grid’s cross-section was consumed by 105, 45 and

35 µm2 of myocyte, capillary and extracellular space, respectively. As fe increased to

0.10, the myocyte and extracellular space increased to 400 and 45 µm2, respectively.

Consequently, the tissue’s cross-sectional area varied between 185 and 489 µm2 in

concert with the variation in the myocyte surface area between 210 and 445 µm2.

The discretization in the longitudinal direction (dz) was 5 µm for Models A, B

and C. The cell length was varied between 80 - 120 µm. The fraction of extracellular

space was varied from cell-to-cell, which was chosen randomly from 0.10, 0.14, 0.18,

0.22 or 0.25 with certain limitations. To avoid drastic changes in fiber geometry

from cell-to-cell in Model C (e.g. Ai,myo of two abutting myocytes jumping from

105 to 400 µm2 or the reverse) myocyte geometries were constrained by the previous
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myocyte’s dimensions. To ensure that the tissue’s cross-sectional dimensions varied

as smoothly as possible for Model C, the change in fe was constrained between ±0.7

from cell-to-cell. In Model C, the average change in the tissue’s cross-sectional area

was ±64 µm2 or ±19% of the tissue’s previous area at the transition from one cell to

the abutting cell. Consequently, the average change in myocyte membrane content

was ±22% from cell-to-cell. In Model A, this same variation in fe translated into an

average change of ±3% in the tissue’s cross-sectional area. Similarly, in Model B, this

same variation in fe translated into an average change of ±3% in the tissue’s myocyte

membrane content. Although the structural variation described in Model C was

nearly 6 to 7 times larger, the myocyte dimensions and tissue composition remained

within normally observed values. Figure 4.3 depicts the geometrical variations along

two longitudinal slices from z = 0.100− 200 cm within an internal x and y-slice.

Electrical Properties Investigated

The intracellular space, extracellular space and capillary lumen are homogeneous

and isotropically described with physiological resistivities of 250, 50 and 50 Ωcm,

respectively. The capacitance of the myocyte membrane when juxtaposed to the

extracellular space is defined as 1 µF/cm2. The resistance of the myocyte membrane

at the junction of two abutting cells was defined as 1.125 kΩcm2. Two cases were

simulated for Models A-C. In the first case, the capillary vessels were described as

interstitial obstacles with no-flux boundaries at the capillary wall. In the second case,
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the capillary vessels were described as passive cables with a capillary wall capacitance

of 1 µF/cm2 and resistance of 8 kΩcm2.

Bidomain Comparison

A discontinuous bidomain model was constructed from multidomain Models A, B and

C with insulated capillaries (see Section 4.2.4 for the bidomain formulation). For each

multidomain model there was a unique bidomain representation that was formulated

by applying the traditional assumption that constrains current to be dependent on

the downstream load in the longitudinal direction only when simulating propagation

along a cardiac fiber, i.e. one-dimensional. The structural changes described in Model

A, Model B and Model C were captured in the bidomain by defining variable model

parameters, hence discontinuous from node to node. As previously noted, Model

A, Model B and Model C vary the distribution of the intracellular and extracellular

spaces described by fi and fe by changing Ae, Ai or both. Additional, the surface-

to-volume ratio used in the bidomain that averages a current density to a current

per volume of tissue varies with changes in the tissue’s cross-section, Atissue and

surface area of the myocyte membrane, Sm,myo. In Model A, Atissue changed, in

Model B, Sm,myo changed and in Model C, both descriptions changed. Table 4.2

summarizes the structural changes described in each multidomain Model in relation

to the corresponding changes defined in the bidomain model definitions.

Although a discontinuous description is not the classic formulation of the bido-
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main, which represents spaces as homogeneous mediums, each model’s heterogeneity

was strictly defined from the classic core-conductor assumptions applied to current

flow in a cable. The bidomain formulation does not include tissue spaces other than

the intracellular and extracellular space. Thus, the bidomain results are compared to

Models A, B and C in the case where the capillary vessels are described as interstitial

obstacles, which in the bidomain, translates into a decreased ”effective” extracellu-

lar resistance in the longitudinal direction. The mathematical descriptions of the

discontinuous bidomain representations are described in Section 4.2.4.

4.2.3 Part III: Variable Fiber Structure with Branching Capillaries

Idealized Structure and Discretization

In the last part of this study, structural complexity was incorporated into the tis-

sue model by varying the interstitial capillary structure from three separate parallel

running vessels to a structure that branches from one to two to three capillaries. A

0.35 cm long cardiac fiber was constructed from a linear chain of 35 abutting myocyte

volumes, 100 µm in length. The capillary structure consisted of a single vessel that

ran parallel to the fiber for the first 0.15 cm (15 cells). The capillary branched into

two vessels at 0.155 cm (16th cell) and then branched into three vessels at the 0.195 cm

(20th cell) and remained as three parallel running vessels to the end of the fiber. The

tissue volume was held constant at 300 µm2. As Ai,cap increased, Ai,myo decreased

and Ae increased. Two tissue models with the branching capillary structure were
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constructed (shown in Figure 4.1).

1. Normal fe: As Ai,cap increased, fe increased from 0.10 to 0.18 to 0.25

2. High fe: As Ai,cap increased, fe increased from 0.04 to 0.05 to 0.06

In the normal fe model, as the capillary structure branched, the myocyte space

decreased by 13% (from 256 to 223 to 191 µm2), thereby decreasing the myocyte

membrane content by 4% (from 330 to 315 to 305 µm2). The extracellular space

increased from 29 to 47 to 64 µm2. In the high fe model, the myocyte space decreased

by 6% (from 273 to 256 to 239 µm2); however, the myocyte membrane content

remained constant at 340 µm2. The extracellular space increased from 12 to 14 to

16 µm2.

In both models, the tissue’s cross-section was defined within a 12× 12 rectilinear

grid with variable and sub-cellular sized nodes, ranging in height and width from 0.2

to 2.2 µm. Similar to the models described in Part I and II, the intimate associa-

tion between the myocyte membrane and capillary wall was described by a 200 nm

separation of extracellular space.

Electrical Properties Investigated

The capillary vessels were described as passive cables with a capillary wall capacitance

of 1 µF/cm2 and resistance of 8 kΩcm2. Longitudinal propagation was simulated in

the normal fe and high fe capillary branching models for two cases. In the first case,

the sodium dynamics were described by a nominal maximum conductance ( ¯gNa) of
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23 mS/cm2. In the second case, ¯gNa was 12.5% of the nominal value to simulate the

sodium dynamics during a premature stimulus.

4.2.4 Model Definitions

Discrete Multidomain Model

In the discrete multidomain model of impulse propagation, the computational model

is defined from a collection of smaller sub-domains that cumulatively describe the

electrical discontinuity of myocardial tissue through the description of unique 3D-

structures. The cardiac models presented in this study define individual myocytes,

capillary vessels and the interweaving extracellular medium as three unique types of

tissue structures. When traversing tissue space from one structure to an adjacent

structure, space is discontinuously described. Additionally, space across adjacent

sub-domains of the same structural type is also discontinuously described, e.g. across

abutting myocytes. Space within a sub-domain is continuous and can be described as

isotropic or anisotropic and heterogeneous or homogeneous. For the purpose of this

study, space within any sub-domain is occupied by an aqueous medium exhibiting

isotropic and homogeneous conductivities.

Assuming no current sources inside the tissue model, the change in current density

within each sub-domain (Ωn) will be governed by Laplace’s equation with k-boundary

condition(s) that cumulatively describe the current flow through the enclosed surface

(∂Ωn) defining each sub-domain’s volume. This is written as
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∇ · σn∇φn = 0 within Ωn, (4.1)

−σn∇φn · ~nn =


I1
...

Ik

on ∂Ωn (4.2)

for n = 1, · · · , N sub-domains where σn describes the isotropic and homogeneous

conductivity (mS/cm2) within the nth-domain and ~nn is the normal vector to the

domain’s surface. Note that at the interface of two sub-domains, there exists a pair

of applied boundary conditions, one for each domain surface, thus conserving current

within the tissue model.

The boundary conditions are dependent on the interface created by adjacent sub-

domains. In this study, there are five types of interfaces defined that describe the

following tissue organizations observed in the myocardium:

1. Abutting myocyte membranes

2. Extracellular medium bordering a myocyte membrane

3. Extracellular medium enveloping a passive capillary wall

4. Extracellular medium enveloping an insulated obstacle

5. The verge of the extracellular medium at the tissue boundary

1. Myocyte-Myocyte interface. We assume that abutting myocyte volumes

were tightly opposed such that no extracellular space was defined between adjacent

myocyte membranes. Instead, gap junctions were assumed to be evenly dispersed

over the myocyte-myocyte interface and were described as a fixed resistance (Rjunct)
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that electrically connected the two intracellular spaces. Thus, an Ijunct boundary

condition at the myocyte-myocyte interface was defined as

Ijunct =
(φn−neigh − φn)

Rjunct(x, y, z)
on ∂Ωn (4.3)

where Rjunct(x, y, z) represented the increased resistance, 1.125 Ωcm2 at the mem-

brane boundary of two myocyte sub-domains, Ωn and Ωn−neigh. The potential differ-

ence (mV) across the abutting myocyte volumes, (φn−neigh−φn), is calculated between

the intracellular locations that immediately flank the membrane - membrane inter-

face. In Part II and III of this study, myocyte volumes vary in size and the terminal

membrane of a myocyte volume may not exactly overlap with the terminal mem-

brane of the abutting myocyte. In this case, Ijunct was only applied to the terminal

membranes that directly interfaced. The non-overlaping membranes interfaced with

the surrounding extracellular medium.

2. Extracellular-Myocyte interface. At the interface of a myocyte sub-

domain with the surrounding extracellular medium, we defined the transmembrane

potential as φm = φi(x, y, z) − φe(x, y, z), where φi is inside the myocyte mem-

brane, and φe is within the extracellular space, and the pair immediately flanked

the myocyte-extracellular boundaries. At the myocyte-extracellular interface, the

Im,active boundary condition was applied to describe the action potential dynamics of

the excitable myocyte membrane.
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Im,active = f(x, y, z)(IAP (x, y, z, t)) on ∂Ωn (4.4)

f(x, y, z) =

 1 when Ωn = myocyte

−1 when Ωn = extracellular

IAP (x, y, z, t) =

 Istim(t) z ≤ 100µm

Cm,myo
∂φm(x, y, z)

∂t
+ ILR1(φm(x, y, z), t) z > 100µm

where IAP (µA/cm2) described the magnitude and f(x, y, z) described the direction

of the current traversing the boundary. Istim was a time-variant current transferred

from the extracellular to the intracellular space of the model’s first myocyte, thereby

initiating an action potential. For all other myocytes, the boundary condition was

governed by the capacitive current, where Cm,myo defined the membrane capacitance

and the sum of ionic currents, ILR1 was described by the Luo-Rudy I cardiac ac-

tion potential [57]. We assumed the membrane channels described in ILR1 to be

homogeneously distributed over the entire myocyte-extracellular interface.

3. Extracelllular-Capillary interface. The extracellular medium may also

interface with capillary sub-domains. In the experimental work of Crone and Chris-

tensen, isolated capillaries exhibited passive electrical behavior as in one-dimensional

cable theory [15, 63]. Therefore, an Im,passive boundary condition was applied that

described the passive membrane current across the capillary-extracellular interface

as
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Im,passive = f(x, y, z)

(
Cm,cap

∂φm,cap
∂t

+
φm,cap
Rm,cap

)
on ∂Ωn (4.5)

f(x, y, z) =

 1 when Ωn = capillary

−1 when Ωn = extracellular

where Cm,cap described the capillary wall capacitance as 1 µFcm2, indicative of a

biological membrane and Rm,cap described the wall’s resistance (kΩcm2). Because

there is no experimental consensus for the resistance of the capillary wall, Rm,cap

was initially varied between 0.005 to 68 kΩcm2. Otherwise, Rm,cap was equal to 8

kΩcm2, a value used by Spach et. al. that produced results in agreement with the

experimental results reported by Fleischhauer et. al.. The voltage difference across

the capillary wall was defined by φm,cap = φi,cap−φe, where φi,cap is the potential just

inside the capillary wall and φe is the potential immediately opposite the wall in the

extracellular space. We assumed that the capillary wall was negligibly thick. The

capillary vessels never directly interfaced with a myocyte sub-domain.

4. Extracelllular-Obstacle interface. The capillary vessels were also assumed

to be insulated obstacles in some of the models. In this case, a no-flux boundary

condition was applied at the obstacle-extracellular interface.

Inoflux = 0 on ∂Ωn (4.6)

5. Extracellular-Tissue Boundary interface. Additionally, we assumed the
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tissue model to be electrically insulated and applied no-flux boundary conditions at

the outermost extent of the tissue model. In this study, the outermost verge of the

extracellular space defined the tissue model’s boundaries.

Using Equation 5.5 and applying the above boundary conditions, a unique de-

scription of each sub-domain in the model is mathematically represented by one of

the following sets of equations:

For Ωn = myocyte sub-domain, where σi,myo is defined as 150 Ωcm

∇ · σi,myo∇φi,myo = 0 within Ωn, (4.7)

σi,myo∇φi,myo · ~nn =

 Ijunct at myocyte interface

Im,active at extracellular interface
on ∂Ωn (4.8)

For Ωn = extracellular sub-domain, where σe is defined as 50 Ωcm

∇ · σe∇φe = 0 within Ωn, (4.9)

−σe∇φe · ~nn =


Im,active at myocyte interface

Im,passive at capillary interface

Inoflux at obstacle interface

Inoflux at tissue boundary

on ∂Ωn (4.10)

For Ωn = passive capillary sub-domain, where σi,cap is defined as 50 Ωcm

∇ · σi,cap∇φi,cap = 0 within Ωn, (4.11)

−σi,cap∇φi,cap · ~nn = Im,passive at extracellular interface on ∂Ωn (4.12)

Finally, for Ωn = insulated capillary, i.e. an interstitial obstacle, where σi,cap is
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defined as 50 Ωcm

∇ · σi,cap∇φi,cap = 0 within Ωn, (4.13)

−σi,cap∇φi,cap · ~nn = Inoflux at extracellular interface on ∂Ωn (4.14)

Because the discrete multidomain describes each sub-domain as a unique space

in the tissue model, discretization of Equations 4.7, 4.9, 4.11, 4.13 requires that

each node in the computational mesh lie within a single sub-domain. Additional,

because a conservation of current must be maintained, discretization of Equationa

4.8, 4.10, 4.12, 4.14 requires that the boundary between two interfacing sub-domains

be equal in size and aligned in parallel. Ultimately, the computational mesh must be

predetermined from the desired structure that the model intends to investigate.

Discontinuous One-Dimensional Bidomain Model

In the bidomain model, propagation along a cardiac fiber is modeled using a 1D-

bidomain formulation where current flow is described along the fiber axis only (in

this case, the z-axis). The governing 1D-bidomain equations are:

∂φi(z, t)

∂z
σ̂i(z)

∂φi(z, t)

∂z
= β(z) · Im(φi, φe, t)− Istim(z, t) (4.15)

∂φi(z, t)

∂z
σ̂e(z)

∂φe(z, t)

∂z
= −β(z) · Im(φi, φe, t) + Istim(z, t) (4.16)

where σ̂i(z) and σ̂e(z) describe the macroscopic conductivities (mS/cm) of the in-

tracellular and extracellular spaces in the longitudinal direction, respectively. The
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macroscopic conductivities describe the ”effective” conductivities of each space over

the tissue volume and are derived by multiplying the conductivity of the intracellular

and extracellular mediums with their respective volume fraction, fi or fe.

σ̂i(z) = fi(z) · σi(z) σ̂e(z) = fe(z) · σe (4.17)

The electrical properties of the two tissue spaces are described as non-uniform, i.e.

the intracellular and extracellular parameters change as a function of location along

the fiber. Thus, the model is piecewise homogeneous with discontinuities between

adjacent nodes of different conductivities. The intracellular conductivity was assumed

to be heterogeneous, discriminating between the resistivity of the myocyte cytoplasm

and the junctional resistances between abutting cells. In all models, the extracellular

conductivity remains constant along the fiber’s axis and within the terminal bath.

However, the effective conductivities change with the fraction of extracellular space.

The description of current defined by the inherent loads in the tissue spaces

(left-hand side of Equation 4.15-4.16) is related to the transfer of current between

the spaces by Istim(z, t) and Im(φ, φe, t) (right-hand side). Istim(z, t) is the time-

dependent transmembrane stimulus (µA/cm3) applied to the first cell or first 100 µm

of the fiber. β(z) is the surface-to-volume ratio (cm−1) that averages the membrane

current density (Im) to a current per tissue volume. Note that β(z) is also a function
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of location that varies with fiber structure. Im is defined by the following equation:

Im(φi, φe, t) = Cm
∂(φi − φe)

∂t
+ ILR1(φi − φe, t) (4.18)

where Cm is the membrane capacitance (µF/cm2) and ILR1 is the sum of ionic currents

(µA/cm2) as described by the Luo-Rudy I cardiac action potential [57]. Lastly, we

assumed the fiber to be electrically insulated, applying no-flux boundary conditions

at the outer extent of the model.

4.2.5 Computer Implementation

Although the rectilinear mesh varied in cross-section between all tissue models, the

resolution was maintained between 0.2 and 4.9 µm in the x and y direction for the

multdomain. The mesh resolution in the z direction was the same for both the mul-

tidomain and bidomain models at 5 µm thick. Additionally, a 300 µm2 long extracel-

lular bath was defined at the front and end of all tissue models and was continuous

with the extracellular space that surrounded the myocyte volumes. Longitudinal

propagation was initiated at time zero by using a time variant transmembrane cur-

rent (µA/cm2) that mimicked the time course of myocyte membrane current during

an action potential. Essentially, current was added to the intracellular space and

subtracted from the extracellular space across all myocyte-extracellular interfaces of

the first myocyte (100 µm). The time-variant stimulus and extracellular bath de-
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fined at the front of the domain decreased the simulation time during the stimulus

application. The terminal face was used as a reference to ground.

The computational domain was defined by a cell-centered, finite-volume scheme

applied to the predetermined 3D rectilinear mesh described in Section 4.2.1-4.2.3.

In the multidomain Model A and C, only those nodes that fell within the defined

tissue space where included in the calculations. No-flux boundary conditions were

applied at the undulating surface. A semi-implicit Crank-Nicolson scheme [14] was

implemented to define the system of equations, and a GMRES approach solved the

linear system for the next timestep. A fixed time step of 50 ns was used for all

simulations to maintain numerical accuracy. The discrete multidomain simulations

were ran in parallel on multi-processor machines. Simulating 7 msec of activation

required 12-36 hours on eight quad-core 3GHz Intel Xeon processors dependent upon

the number of nodes defined in the model.

Calculations/Data Analysis

Unlike the bidomain, in the multidomain models there are multiple intracellular,

extracellular and intravascular nodes for every dz slice along the tissue’s length. To

simplify the comparisons between the multidomain and bidomain models, as well

as, between multidomain models with structural variations, the potentials (mV) and

transmembrane currents (µA/cm2) were averaged for the intracellular, extracellular

and intravascular spaces across a single dz slice. In most cases, the intravascular space
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was defined by multiple and separate capillary vessels; therefore, the intravascular

potential was averaged across all vessels defined by passive boundary conditions only.

In Part I, the averaged results were calculated from a dz slice in the center of the

tissue and located in the center of a cell, z = 0.125 cm. In Part II and Part III, the

results were average for every dz slice along a specified length.

The action potential characteristics were calculated from the averaged intracellu-

lar transmembrane potential, φm,myo. The time constant of φm,myo described by τfoot

defines the time required to increase φm,myo 15 mV from rest. In the phase-plane

analysis, the initial 15 mV rise follows a linear trajectory when the model’s intersti-

tium is absent of passive capillaries. The change from the linear trajectory in the

phase-plane analysis is calculated by subtracting the phase-plane curve with linear

trajectory from the curve exhibiting a non-linear change. In Part I, the non-linear

change in the action potential foot was related to the intravascular (inward only)

capacitive current (Icm,cap). The charge contribution from the inward capacitive cur-

rent (Σ-Icm,cap) was determined by integrating Icm,cap from the time when the tissue

was at rest until Icm,cap was no longer less than zero.

In Part II, the mean and variation of τfoot and (∂φm,myo/∂t)max were determined

for propagation between z = 0.1 − 0.2 cm to avoid the boundary effects at the

beginning and end of the fiber. Although, the mean and variance were calculated for

all 200 slices between z = 0.1−0.2 cm, we used only 10 randomly chosen locations as

our sample size to evaluate if two results were significantly different. We chose to use a
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smaller sample size to determine if results were significantly different for the following

two reasons: (1) If we used all 200 measurements, the large sample size would favor

the conclusion that two values were significantly different, thereby making it hard

to differentiate the significance between any two comparisons. Additionally, results

should be slightly different between models just for the fact that the each model is

solving for a different set of equations. We are interested in identifying the large

differences between models. (2) Secondly, it would be impossible to experimentally

record a transmembrane potential every 5 µm. Thus, we measured transmembrane

potentials from 10 randomly chosen sites within our model from z = 0.1− 2.0 cm as

may be experimentally done with microelectrodes. The randomly chosen locations

were not necessarily the same between models. To evaluate the difference in the means

a t-test was performed. To evaluate the differences between variances, ANOVA was

used when comparing results from more than two models and an f -test was perform

when comparing two samples. P -values of < 0.01 were considered significant.

4.3 Results

4.3.1 Part I: Impact of Interstitial Capillaries on Waveshape

A study was performed that used the multidomain model to investigate how the in-

homogenous composition of the interstitial space impacted impulse propagation and

compared results to the results from a traditional bidomain simulation. The bidomain
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model computes approximate potentials by formulating equations that homogenize

the tissue’s composition into two overlapping and interpenetrating spaces: the intra-

cellular and extracellular spaces. The multidomain computes potentials within an

approximated tissue structure constructed from mutually exclusive rectilinear spaces

that are not limited to two tissue spaces. Because the bidomain results are approxi-

mations based on the the averaged electrical properties of the tissue’s material com-

position, the results from the multidomain simulations are averaged for each space

at the bidomain resolution and used in the comparison. Essentially, the bidomain

potentials are averaged before the simulation, while the multidomain potentials are

averaged from the results after the simulation.

Initially, longitudinal propagation was simulated in a multidomain model describ-

ing a cardiac fiber surrounded by a homogeneous interstitium. The interstitium con-

sumes 25% of the tissue volume and has an isotropic conductivity of σe = 20 mS/cm

(model shown in Figure 4.1A). The action potential propagated at 54.6 cm/s with

a time constant (τfoot) of 217 µs and maximum upstroke velocity ((∂φm/∂t)max) of

230 V/s. The equivalent bidomain representation described the ”effective” inter-

stitial conductivity of the tissue model by feσe = 5 mS/cm where fe was equal to

0.25. In the phase-plane analysis (not shown), the bidomain waveshape and averaged

multidomain waveshape showed no detectable differences.

Subsequently, propagation was simulated in a multidomain model describing a

cardiac fiber surrounded by an inhomogeneous interstitium. The interstitium still
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consumes 25% of the tissue volume, but is the composite of 60% intravascular space

and 40% extracellular space (model shown in Figure 4.1B) and is similar to obser-

vations made from morphology studies [27]. The extracellular space is described as

a permeable medium with an isotropic and homogeneous conductivity of 20 mS/cm.

The intravascular space of the multidomain model is defined by three rectangular

vessels, each 15 µm2 in cross-section running the length of the cardiac fiber. In a

study by Fleischhauer, et. al. [24], the intravascular space was shown to be excluded

from propagation. Thus, the conductivity of the capillary lumen was electrically in-

sulated from the extracellular space by no-flux boundary conditions at the capillary

wall.

The action potential characteristics in the model incorporating insulated inter-

stitial capillaries exhibited a τfoot of 217 µs and (∂φm/∂t)max of 230 V/s, similar to

the model with a homogeneous interstitium. As expected, the conduction velocity

decreased to 45.9 cm/s due to the decrease in permeable interstitial space, which in-

creased the overall interstitial resistivity. In the equivalent bidomain representation,

the ”effective” conductivity of the interstitial space was decreased to 2.35 mS/cm

to account for the decrease in permeable extracellular space, Ae, which decreased

fe = Ae/(Ae + Ai) to 0.118. There were negligible differences between the conduc-

tion velocities and waveshape characteristics of the bidomain model and multidomain

model with insulated capillaries.

There has been experimental evidence that suggests that although the intravas-
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cular space is excluded from impulse propagation, the material properties of the

capillary wall exhibit passive electrical behavior [15, 17] and thus, can impact the

action potential waveshape [92]. To investigate the impact of passive capillaries on

waveshape the multidomain model was redefined to describe the presence of passive

membrane dynamics in the interstitium. Using the model detailing an inhomogeneous

interstitium, we re-characterized the boundary conditions that separated the intravas-

cular from extracellular space by defining a passive membrane current dependent on

the capacitance and resistance of the capillary wall. The capillary wall’s capacitance

(Cm,cap) was defined to be similar to other biological membranes as 1 µF/cm2. How-

ever, Rm,cap has been reported to be 3 kΩcm2 [15] and 68 kΩcm2 [17]. Because there

is no experimental consensus that defines the resistance of the capillary wall (Rm,cap),

we chose to investigate a range of values from 0.005 to 68 kΩcm2.

Resistance of Capillary Wall, Rm,cap

The impact of Rm,cap on waveshape was investigated in a previous theoretical study

by Spach et. al. [93] using the ”2-domain” model formulation. Because the bidomain

formulation does not differentiate between different material properties in the inter-

stitium, the multidomain results presented in this section are compared to the results

of Spach et. al., which incorporates the presence of passive capillary membrane in

the interstitium. Longitudinal propagation was simulated in the multidomain model

shown in Figure 4.1B which mimics the quantitative observations made by Frank
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and Langer [27]. The tissue’s composition consisted of 75% myocytes, 15% capillar-

ies and 10% extracellular space. The ratio of capillary wall to myocyte membrane

was 0.73 and 36% of the myocyte membrane was separated from the capillary wall

by 200 nm of extracellular space. The conductivity of the capillary lumen is equal

to the extracellular space at 20 mS/cm. The changes in action potential characteris-

tics, extracellular peak-to-peak amplitude, conduction velocity, and transmembrane

currents across the capillary wall and myocyte membrane were analyzed. To simplify

this comparison to a single recording, the results were averaged across each dz slice

to eliminate the need to analyze every node in a tissue slice between the models.

Figure 4.5 plots the time course of the tissue’s potentials for models defining the

capillary wall resistance as 0.05, 0.25, 1.0 and 8.0 kΩcm2. The potentials shown were

averaged across each space from a dz slice in the center of the model defined by 12

intravascular nodes from the capillary lumen, 59 extracellular nodes and 73 intracel-

lular nodes from the myocyte (see Figure 4.5A). The intracellular and intravascular

transmembrane potentials are calculated from the spatially averaged potentials.

In Figure 4.5B, we observe a slower rise in the intracellular and slower decline in

the intravascular potentials with increasing Rm,cap. The peak-to-peak amplitude of

the extracellular potential becomes larger and there is a positive deflection in poten-

tial before turning negative. φm,myo demonstrates no obvious changes; however, the

phase-plane analysis depicted in Figure 4.7A shows a non-linear increase in τfoot from

218 µs in a model without capillaries to 350 µm when Rm,cap = 8 kΩcm2. Conversely,
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the maximum upstroke velocity and amplitude varied less than 2% as the capillary

wall resistance increased. The intravascular transmembrane potential changed dras-

tically by exhibiting larger negative potentials and smaller positive potentials. Refer

to the table in Figure 4.8 for quantified action potential characteristics.

Figure 4.6 plots the time course of the intracellular and intravascular currents

for Rm,cap = 0.05, 0.25, 1.0 and 8.0 kΩcm2. As with the tissue potentials, the cur-

rents are described as current densities and are averaged over the intracellular or

intravascular surface area from a dz slice in the center of the model defined by 24

intravascular patches and 40 intracellular patches (see Figure 4.6A). The total in-

tracellular transmembrane current (Im,myo) is the sum of the myocyte’s capacitive

(Icm,myo) and sodium (INa,myo) currents. In Figure 4.6B, there appears to be only a

slight slowing in the outward current associated with Im,myo and Icm,myo and no no-

ticeable change in the time course of INa,myo. When integrating Icm,myo and INa,myo

over time for all Rm,cap models listed in Figure 4.8, the total charge contribution

from the capacitive current varied by ±1.0% and the total sodium current varied by

±1.3%. In Figure 4.7B, INa,myo is plotted as a function of φm,myo for the four values

of Rm,cap, confirming there is no significant change in the time course of the sodium

current that accompanies the non-linear increase in τfoot.

The total intravascular transmembrane current (Im,cap) is the sum of the capillaries

capacitive (Icm,cap) and diffusion (Irm,myo) currents. In Figure 4.6C, Im,cap transforms

from being primarily defined by the passive diffusion of ions across the capillary wall

121



to being primariloy capacitive current. When Rm,cap = 8.0 kΩcm2, Irm,cap decreased

to nearly zero, while Icm,cap steadily increased with Rm,cap. In Figure 4.7, Icm,cap is

plotted as a function of φm,myo along side the phase-plane analysis of φm,myo. The

slower rise in transmembrane potential coincides with the increase in inward Icm,cap.

The total charge contribution from the inward capacitance current (Σ-Icm,cap) is listed

and plotted as a function of Rm,cap in Figure 4.8 for all models simulated. τfoot is

also shown as a function of Rm,cap. The plots indicate that τfoot and Σ-Icm,cap vary

exponentially with the resistance of the capillary wall. Therefore, smaller changes

in Rm,cap at lower values have a greater affect on τfoot than larger changes at higher

values. When Rm,cap = 8 kΩcm2, the value of τfoot is 350 µs and appears to plateau.

Increasing Rm,cap 850% to 68 kΩcm2 produced only a 1% increase in τfoot (354 µs).

When Rm,cap was defined as 0.005 kΩcm2, the conduction velocity was only 1.1%

slower than the velocity in the model with a homogeneous interstitium where the

capillary space was characterized as a permeable extracellular medium, fe = 0.25

(labeled “No Caps” in Figure 4.8). As the capillary lumen became more resistive to

ionic flow, the conduction velocity decreased to 47.4 cm/s, 5% faster than the veloc-

ity in the model describing insulated capillaries (labeled “Insulated” in Figure 4.8).

The conduction velocity plateaus at 47.4 cm/s when Rm,cap =8 kΩcm2 and Irm,cap

is negligible. To confirm the experimental results of Fleischhauer, et. al. [24], we

investigated the effect of the intravascular conductivity on conduction velocity. Fleis-

chhauer, et. al. increased the red blood cell count from 0% to 60% in the capillary
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system, increasing the intravascular resistivity three-fold and observed a negligible

change in conduction velocity and interstitial amplitude [24]. Using the model where

Rm,cap = 8 kΩcm2, we decreased the conductivity of the intravascular space three-fold

to 6.7 mS/cm2. Although, τfoot decreased from 350 to 270 µs, the conduction veloc-

ity and amplitude of the extracellular potential remained unchanged at 47 cm/s and

43 mV, respectively. In subsequent models, Rm,cap is defined as 8 kΩcm2, excluding

the capillary lumen from propagation as reported by Fleischhauer et. al. [24] and

the value used in the theoretical study by Spach, et. al. [93].

Capillary Wall to Myocyte Membrane Ratio, fm,cap/myo

To quantify the non-linear change in the initial rise of the action potential with the

increasing presence of capillaries, we used the same structural model as previously

described and shown in Figure 4.1B. The amount of capillary content in the tissue

model was quantified by dividing the surface area of the capillary wall by the myocyte

membrane, fm,cap/myo = Am,cap/Am,myo. Longitudinal propagation was simulated in

four models that described an fm,cap/myo of 0.0, 0.24, 0.47 or 0.73 by defining 0, 1, 2

or 3 passive capillary vessels. The capillary vessels that were not defined with passive

electrical properties were insulated from the extracellular space by no-flux boundaries

to maintain a consistent fe of 0.118 and extracellular architecture. Figure 4.1A,

insulated capillaries are colored as black and passive capillaries are colored green. As

previously mentioned, Rm,cap is defined as 8 kΩcm2.
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For each simulation, an action potential is calculated from the spatially averaged

potentials from the center of the fiber. In Figure 4.9B, the phase-plane analysis is

shown for fm,cap/myo equal 0.0 (black), 0.24 (dark green), 0.47 (medium green) and

0.73 (light green). The change in the action potential shape is compared to the

action potential shape from a model that does not incorporate passive interstitial

capillaries, i.e. fm,cap/myo = 0.0. The phase-plane analysis for each model describing

a unique fm,cap/myo is shown in Figure 4.9B. In Figure 4.9C, the change in the action

potential shape is shown by plotting the difference in the phase-plane curves from

fm,cap/myo = 0.0. As fm,cap/myo increases, a change is observed in the action potential

waveshape that alters the linear relationship between the initial rise of the action

potential as a function of transmembrane potential. The non-linear change in the

action potential foot increases to a lesser extent for every 0.24 increase in fm,cap/myo.

This result supports the experimental observation made by Spach where action

potentials measured from excised cardiac tissue demonstrated a slowed and non-

linear change in the waveshape foot, while action potentials measured from in vitro

cultured myocyte monolayers devoid of capillary vessels does not demonstrate this

observation.

Interstitial Resistance, Re

As noted by Frank and Langer, the intimate association between the capillary wall

and myocyte membrane has been mimicked by positioning 36% of the myocyte mem-
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brane within 200 nm of a capillary wall. Using the structural model as previously

described and shown in Figure 4.1B as a basis, we constructed five subsequent mod-

els to investigate the impact of increasing or decreasing the extracellular resistance,

Re. In Figure 4.10, the geometrical cross-section of each model is shown for fe equal

to 0.25, 0.12, 0.10, 0.6 and 0.4 (not to scale). With increasing fe, the ”effective”

extracellular resistance per length increases from 67, 167, 200, 357 to 559 MΩ/cm.

The model describing a Re of 167 MΩ/cm is the same model used to investigate

the impact of Rm,cap and fm,cap/myo on waveshape. In this series of simulations, the

capillary wall was described by passive electrical properties with Rm,cap = 8 kΩcm2

and the tissue’s fm,cap/myo was 0.73.

In Figure 4.10B, the phase plane analysis is shown for each model describing

a unique interstitial resistance (Re) from 67 MΩ/cm (light blue) to 559 MΩ/cm

(dark purple). To calculate the change in waveshape, each model was simulated

with insulated and passive interstitial capillaries. The change in waveshape is shown

by subtracting the phase-plane of the simulation with insulated capillaries (linear

trajectory) from the simulation describing passive interstitial capillaries for the same

value of Re. Figure 4.10C depicts the non-linear change in the trajectory of the action

potential foot. Similar to the results shown with the increasing fm,cap/myo, increasing

the extracellular resistance increases the non-linear change in τfoot of the propagating

wavefront.

Figure 4.11 plots the action potential time constant and upstroke velocity for
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every dz slice across three cells from the fiber center for the two extreme structural

models where Re was described by 67 and 559 MΩ/cm. For each structural model,

the waveshape characteristics as a function of location are shown for two discrete

multidomain cases where the intravascular space is defined by: (1) no-flux boundaries

(black lines) or (2) passive electrical properties (green lines). For comparison, the

waveshape characteristics associated with the insulated intravascular space are shown

in relation to the waveshape results from a corresponding bidomain representation

(gray lines).

We notice there is relatively no alterations in magnitude or behavior of the wave-

shape’s upstroke velocity with changes in Re or model formulation, i.e. multidomain

vs bidomain. Additionally, the bidomain representation captures the cell-to-cell vari-

ability in τfoot and (∂φm,myo/∂t)max as demonstrated in the multidomain models

with insulated intravascular space. As shown earlier, τfoot increases with the pres-

ence of passive capillaries, fm,cap/myo and Re. In a model with passive capillaries

(fm,cap/myo = 0.73) where Re = 67 MΩ/cm, τfoot increased 14% at the cell center

with respect to the model with no-flux capillaries (fm,cap/myo= 0.0). The increase

noted when Re = 559 MΩ/cm was much larger at 362% when comparing the models

with fm,cap/myo = 0.0 and 0.73. We also observe that the relationship of τfoot to the

underlying cellular structure changed between the two descriptions of intravascular

space. In the model describing fm,cap/myo = 0.0, τfoot was greatest at the cell be-

ginning and decreased to its smallest value at the cell end. In the corresponding
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multidomain model where fm.cap/myo = 0.73, τfoot reversed this relationship being

greatest at the cell end. In addition, the linear variation in τfoot is jagged with sharp

transitions across cell-cell junctions.

Subsequently, each model depicted in Figure 4.10A, fm,cap/myo was decreased to

0.47 to 0.24 to 0.0 by changing the definition of the capillary boundaries from passive

to no-flux conditions, as previously done. Figure 4.12 summarizes the change in τfoot

for each model combination. As expected, the increase in fm,cap/myo from 0.0 to 0.24

in models describing a larger Re demonstrate a larger change in τfoot. The progression

observed in τfoot as fm,cap/myo is increased from 0.0 to 0.73 appears to be sigmoidal

where the change from 0.24 to 0.47 is larger than 0.0 to 0.24 and 0.47 to 0.74. The

sigmoidal shape becomes more pronounced with increasing descriptions of Re.

4.3.2 Part II: Impact of Variations in Tissue Architecture on Waveshape

In Part I, passive capillaries were included in the model description and an additional

interstitial load was created that changed the time course of the action potential foot,

increasing τfoot and altering the linear trajectory in the phase-plane analysis. Once

the resistance of the capillary wall was defined, the change in τfoot was dependent on

two architectural elements of the tissue space.

1. fm,cap/myo: The passive membrane content of the intravascular space, in relation

to the active membrane content of the intracellular space and

2. Re: The association created between the intravascular and intracellular spaces
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through the extracellular medium, specifically defined by the “effective” resis-

tance per length of the extracellular space.

Thus far, the models have investigated the impact on waveshape in tissue architec-

ture that has been consistently described where fm,cap/myo and Re do not vary along

the tissue length. In Part II of this study, we further investigated the impact on

waveshape of interstitial capillaries in tissue models that describe the architectural

variability observed in morphology studies. Three structural models were constructed

and each model then defined the electrical properties of the interstitial capillaries via

two descriptions: (1) no-flux or (2) passive boundary conditions. As a means for com-

parison, results from the models defining an insulated intravascular space, i.e. no-flux

boundaries, were compared to results from a corresponding bidomain representation.

As described in Section 4.2.2, three models were constructed that shared the same

linear variation in fe, but do not share the same changes in tissue architecture. In

Model A, fe varies as the result of changes in the area of extracellular space (Ae)

within a tissue with a repeating myocyte structure (Ai = constant). In Model B,

fe varies as the result of changes in the area of the intracellular space (Ai) within a

tissue volume that remains unchanged (Atissue = constant). In Model C, fe varies

as the result of changes in the area of the intracellular and extracellular space in

a tissue volume that also changes. Each model’s structural variability is shown in

cross-section in Figure 4.2 and listed in Table 4.2 with the corresponding parameters

used in the respective bidomain representations.
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As done in Part I, τfoot and (∂φm,myo/∂t)max were determined from the averaged

potentials in the multidomain models. The action potential characteristics were cal-

culated from longitudinal propagation between z = 0.1− 0.2 cm for every dz-slice of

each model and plotted as a function of distance in Figure 4.13-4.15. The variability

observed in action potential characteristics is depicted by a distribution plot that

mapped a range of values to the percent of occurrence. Ten randomly chosen loca-

tions, unique to each model, were used to evaluate if model results were significantly

different (see Section 4.2.5).

Figure 4.13 compares τfoot from longitudinal propagation in Models A, B and C

with insulated capillaries (black traces) to corresponding bidomain representations

(gray traces). When spatial variability was incorporated into the models of propa-

gation for both the multidomain and bidomain, the variation in τfoot was no longer

limited to the cell. For instance, it is hard to determine the end of one cell and

the beginning of the next in the plots of τfoot versus location along the fiber in Fig-

ure 4.13, but cell lengths are easily identifiable in Figure 4.11. Although all three

models share the same linear variation in fe, the behavior of τfoot as a function of

distance exhibits an opposite relationship in Model C as compared to Models A and

B. Dotted lines are provided on each plot that mark locations where fe equals 0.25

and 0.10 for comparison.

When comparing between model formulations in each structure, we find that the

multidomain and bidomain results demonstrated the same qualitative change in τfoot
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along the model length, although quantitatively they may be significantly different.

In Model A, the bidomain and multidomain exhibited a variable τfoot that was in near

agreement with each other. The maximum difference between τfoot in multidomain A

and in bidomain A at any one location was only 1.3 µs (< 1%). In Model B, the

maximum difference between the two model formulations was 6 µs (< 3%). In Model

B, the peaks associated with τfoot were consistently lower in the multidomain when

compared to the bidomain results. In Model C, the differences in τfoot were the

greatest, on average 17% different between the two model formulations. Calculating

a sample mean from 10 randomly chosen locations for each model, we find that

overall, the mean of τfoot was not significantly different between Models A, B and C

for the bidomain or multidomain. However, the variance in τfoot for multidomain C

is significantly different than the variance of any other model or model formulation

(p-value < 0.001).

Figure 4.14 compares the variation observed in τfoot for multidomain Models A,

B and C with insulated capillaries versus the same structural model with passive

interstitial capillaries. As shown in the Figure 4.11, loading from passive interstitial

capillaries manifests in the plot of τfoot as a function of location by demonstrating

jagged transitions across the junction of two myocyte volumes. Thus, the cell lengths

in Model A, B and C are easily identified. Interestingly, we note that the change in

τfoot along the fiber is reversed in Models A and B (indicated by the red and blue

arrows). For example, between the first two dotted lines where fe transitions from
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0.25 to 0.10, τfoot peaks in the center when the intravascular space is defined by

no-flux boundaries. Conversely, in that same model when the intravascular space is

defined by passive properties, the general trend of τfoot appears to dip in the center.

Even though the trend of τfoot has been reversed between the first two dotted lines,

this was not the case between the second and last dotted line where in both models,

τfoot appears to increase. In Model C, the linear trend in τfoot did not change between

the two model descriptions of the intravascular space.

As expected, we observed a large, but similar increase in the mean of τfoot, across

all three models: 24% in Model A, 27% in Model B and 22% in Model C. The larger

mean in τfoot was accompanied by an increase in the variance of τfoot measurements.

Using a sample size of 10 randomly chosen locations, the difference in variance was

significant in Model B (p-value < 0.001).

Lastly, Figure 4.15 compares the variation in (∂φm,myo/∂t)max for Models A, B

and C with an intravascular space defined by no-flux boundaries (black traces) or

passive properties (green traces). For comparison, the corresponding bidomain rep-

resentations are also shown (gray traces). As previously reported (Figure 4.11), the

presence of passive interstitial capillaries had no impact on the upstroke velocity

shown by the near overlap of the black and green traces. In Models A and B, each

respective bidomain was able to capture much of the variability manifested within the

multidomain simulations. Conversely, the bidomain representation of Model C did

not reproduce the variability captured in the multidomain simulations of Model C.
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Although, the variance in (∂φm,myo/∂t)max was significantly different between the

multidomain and bidomain of Model C (p-value < 0.001), the mean reported from all

6-multidomain models and 3-bidomain representations was not significantly different

for the upstroke velocity.

4.3.3 Part III: Impact of Variations in Interstitial Load

Thus far, we have investigated the changes in waveshape due to variations in down-

stream loads as the result of structural variability in the architecture of the intracel-

lular and extracellular spaces. However, we have maintained a consistent description

of the intravascular space. In a review about the growth of capillaries in the skeletal

and cardiac muscle, Hudlicka reports that the density of capillaries is inversely related

to the cardiac fiber diameter [43]. In Part III of this study, a model was constructed

to recreate the branching architecture of the vascular space while maintaining the fol-

lowing two morphological relationships: (1) smaller tissue fe is associated with larger

fiber diameters [84], as described in Models B and C previously and (2) smaller

capillary densities are associated with larger fiber diameters [43].

In the first model, the intravascular space branched from one to two to three

capillaries, while fe decreased from 0.10 to 0.12 to 0.25 and Ai increased from 273 to

256 to 240 µm2 (see Figure4.4A for geometrical model). Figure 4.16 shows impulse

propagation during normal (ḠNa = 23mA/cm2) and depressed (ḠNa = 2.76mA/cm2)

excitability conditions. We observe that under normal ḠNa, the wavefront experi-
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ences nearly the same loading from the interstitial capillaries at the beginning of the

fiber with one vessel versus the end with three vessels. Analyzing the model architec-

ture in terms of variables that change the load experienced from passive interstitial

capillaries, we note that when Re is higher, fm,cap/myo is lower (174 MΩ/cm and 0.23,

respectively). Similarily, when Re is lower, fm,cap/myo is higher (78 MΩ/cm and 0.68,

respectively). Using our results in Part I, we find that the increase in loading due

to a higher Re is attenuated by the decrease in fm,cap/myo in this model descripton.

Because of this compensatory relationship, the interstitial load is nearly consistent

and propagation continues under conditions that may depress the excitability of the

tissue, such as a premature stimulus (shown in Figure 4.16B).

In the second model, we describe the same branching intravascular structure in

relation to a decreasing Ai and increasing fe from 0.04 to 0.05 to 0.06. Figure 4.16

shows impulse propagation during normal (ḠNa = 23mA/cm2) and depressed (ḠNa =

2.76mA/cm2) excitability conditions. Different than that observed in the first model,

under normal ḠNa, the wavefront experiences an increasing load from the interstitial

capillaries shown by the increasing τfoot. Thus, at higher extracellular resistances, the

decrease in Re from 401 to 356 to 320 MΩ/cm is not small enough to counterbalance

the additional load experienced with increasing fm,cap/myo. We see in Figure 4.18

that τfoot will increase between Re = 401 MΩ/cm and fm,cap/myo = 0.23 versus Re =

320 MΩ/cm and fm,cap/myo = 0.68. Because there is no compensatory relationship

between the tissue architecture and the intravascular load, under conditions that may
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depress the excitability of the tissue, conduction may block (shown in Figure 4.17B).

4.4 Discussion

The goal of this study was to investigate how variations in tissue architecture, includ-

ing spatial distributions, tissue dimensions and interstitial composition can impact

wavefront propagation. The structural models created in this study addressed the

variability in tissue structure observed at the microscopic scale. Wherever possible,

qualitative and quantitative morphological observations were used to construct the

fiber models within a realistic physiology.

In Part I of this study, our goal was to investigate Spach et. al.’s hypothesis that

attributes the non-linear change in τfoot from myocardial recordings to interstitial

loading from the passive capillary network [92]. Experimentally, the isolated capillary

exhibits passive electrical properties in agreement to cable theory, suggesting that the

capillary network could behave as an electrotonic load in the cardiac interstitium [15,

17]. To accurately represent the intimate apposition reported between the capillary

wall and the myocyte membrane [27], a discrete multidomain model was constructed

that positioning 36% of the myocyte membrane within 200 nm of a capillary wall [27].

Additionally, the intracellular, extracellular and intravascular distributions composed

75%, 10% and 15% of the tissue volume, respectively [27, 64].

In agreement with Spach’s hypothesis, we found that the time course of the action

potential foot was altered by including the description of passive capillary vessels in
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the model’s interstitium. In the phase-plane analysis, τfoot increased and the trajec-

tory of the foot was no longer linear. The non-linear change in the action potential

foot was effected by the resistance of the capillary wall, the content of intravascular

membrane in relation to the active membrane and the interstitial resistivity. The

results presented in this study were qualitatively comparable to the results of a sim-

ilar theoretical study presented by Spach et. al. in a “2-domain” model of impulse

propagation [93],

In the “2-domain” model, the active intracellular layer was coupled through an

interstitial space to a passive layer, representing the intravascular space. Although

the dimensionality and formulation of the two models are different, many of the elec-

trical properties used in the “2-domain” were also used in the discrete multidomain

models of this study. When investigating the change in τfoot as a function of capillary

wall resistance, results from both models report the same exponential relationship

between Rm,cap and τfoot in correlation to the total amount of inward capacitive

current (-Icm,rm) generated across the capillary wall. Spach demonstrated that the

non-linear change in τfoot was the result of downstream loading from the capillary

wall that manifested from an inward (to the capillary lumen) passive current. When

Rm,cap increased from 0 to 8 kΩcm2, τfoot in the “2-domain” model increased 60%

(Figure 11 in [93]), while (∂φm,myo/∂t)max increased only 6%. In the multidomain

model describing the same increase in Rm,cap, τfoot increased 61% and the upstroke

velocity increased by < 1%. As shown in Figure 4.8, the change in τfoot could be di-
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rectly attributed to the total inward passive current that traversed the intravascular

space (-ΣIcm,cap).

Also noted in this study, was the steady decrease in conduction velocity from

54.1 cm/s to 47.4 cm with increasing Rm,cap. In both this study and the “2-domain”

study, the change in τfoot occurred before the activation of the sodium current (Fig-

ure 4.7 here and Figure 10 in [93],). Therefore, we can conclude that the change in

conduction velocity is not the result of a change in sodium current, but is attributed

to the change in ”effective” interstitial resistance. When the resistance of the capil-

lary wall was small, ions could readily diffuse across the capillary wall shown by the

non-zero ”leakage” current (Irm,cap in Figure 4.6) thereby, decreasing the ”effective”

resistance of the extracellular medium. As Rm,cap increased to 8 kΩcm2, the conduc-

tion velocity stabilized at 47.4 cm/s where Irm,cap become zero and any change in the

resistivity of the capillary lumen had no effect on conduction velocity. This result is

in agreement with the experimental observations of Fleischhauer, et. al. [24]. Thus,

although there was an additional electrotonic load from the passive properties of the

interstitial capillaries, the intravascular space did not participate in propagation.

The load experienced from the interstitial capillaries increased with the total sur-

face area of the intravascular space described here in terms of fm,cap/myo = Sm,cap/Sm,myo.

Comparable changes in fm,cap/myo in the “2-domain” study and this discrete multido-

main study demonstrated similar changes in the non-linearity of the action potential

foot (Figure 8 in [93] and Figure 4.9 in this study). Similarly, increased loading from
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the interstitial capillaries was observed as the ”effective” longitudinal resistance of

the extracellular space (Re) increased. In this multidomain study, an ∼ 8 fold in-

crease in Re from 67 to 559 MΩ/cm resulted in a 240% increase in the amplitude of

the extracellular potential and 270% increase in Σ-Icm,cap (nC/cm2) when fm,cap/myo

was equal to 0.23. In the “2-domain” study, an ∼ 8 fold increase in Re from 29 to

236 MΩ/cm resulted in a 317% increase in the amplitude of the extracellular potential

and 440% increase in Σ-Icm,cap when fm,cap/myo was equal to 0.18.

The slight differences observed between these two studies can be attributed to

the different formulations of each model. In the “2-domain” model, the intracellular

space is coupled to the intravascular space through an equally resistive extracellular

space. Thus, the load from the interstitial capillaries is experienced to an equal extent

in relation to the active myocyte membrane and could exaggerate the electrotonic

impact of the intravascular space. In the discrete multidomain model description,

36% of the active myocyte membrane is always coupled to the capillary wall through

200 nm of extracellular space, regardless of the overall Re described in the model.

The remaining 64% of the myocyte membrane is coupled to the intravascular space

at varying degrees of extracellular resistances. The degree of coupling is dictated not

only by the model’s Re, but also the location of the membrane patch in relation to

the capillary vessels. Although the model formulations are fundamentally different in

the “2-domain” and discrete multidomain models, the electrotonic impact of passive

interstitial capillaries was qualitatively the same in both theoretical studies.
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The anisotropic nature of cardiac tissue and recorded variability in waveshape

[90, 91], has led to the conclusion that impulse propagation is stochastic at the mi-

croscopic scale [87]. In an investigation by Spach and Heidlage, the experimentally

measured variability in (∂φm,myo/∂t)max was reproduced in a computational model

that described variable electrotonic loads manifested within the resistive architec-

ture of the intracellular space [87]. In Part II of this study, we develop upon this

idea and constructed three different structural models that described the variable

resistive architecture of the intracellular and interstitial space. Subsequently, longi-

tudinal propagation was simulated in each model incorporating insulated or passive

interstitial capillaries.

In Model A, changes in downstream load were attributed to alterations in the

tissue volume that changed the overall resistance of the extracellular space. In Mod-

els B and C, the observed fiber bias that associates larger myocyte volumes with a

smaller tissue fe [44] was constructed within a model volume with constant or vari-

able dimensions, respectively. In Model B, changes in downstream load are attributed

to the re-distribution of the intracellular and extracellular space, as well as, changes

in the amount of active membrane. Because of the biased construction of Model B,

when the downstream load decreased due to an increase in tissue resistance there was

an accompanying increase in load due to the greater content of myocyte membrane.

In Model C, because the overall tissue volume increased with decreasing fe, smaller

tissue resistivities were associated with higher values of fe. Thus, the compensatory
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relationship noted in Model B is not true in Model C. The increase in downstream

load due to a smaller overall tissue resistance is exacerbated by an increase in load

due to the greater content in myocyte membrane.

Although all three models described the same linear variation in the tissue’s frac-

tional composition, i.e. fe and fi, differing degrees of variability in τfoot were man-

ifested in each model defining an intravascular space with no-flux boundaries. In

Model A, τfoot varied by ±3%. Because of the compensatory relationship manifested

from the model description in Model B, the variance decreased to less than ±1%.

Conversely, in Model C the model description created an additive effect to the down-

stream load, causing τfoot to demonstrate larger fluctuations (±8%). In Models A

and B, larger loads are experienced when fe is equal to 0.25, which is opposite in

Model C. When fe increases from 0.25 to 0.10, the tissue volume increases 2.6-fold,

decreasing the overall resistance of the tissue by 2.2 times. Thus, there is an opposing

relationship between the linear variation in τfoot in Models A and B versus Model C.

When the intravascular space was defined by passive electrical properties in all

three multidomain models, not only did τfoot increase on average but a larger variance

was observed in all three models (p < 0.001). In the first part of this study, we

simulated impulse propagating in fiber models with repeating myocyte geometry.

We observe that the range in τfoot within a single cell increased to 242− 250 µs from

221 - 222 µs. When Re was increase 8-fold, this range increased further to 750 - 800 µs

(see Figure 4.11). Because Re varies between 80 and 200 MΩ/cm in Model A and
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67 and 200 MΩ/cm in Model B, it follows that not only will variability be increased

because of the presence of passive interstitial capillaries, but also because the load

experienced from the capillaries will vary with Re.

Interestingly, we noted that with the presence of a passive intravascular space the

linear trend in τfoot was altered. Previously in Models A and B, the downstream load

decreased when fe was equal to 0.10 and the intravascular space was defined with

a no-flux boundary conditions. Because Re is the largest when fe is the smallest,

a large interstitial load is experienced from the passive interstitial capillaries in the

same structural models. In Figure 4.14, the change in electrotonic load is indicated

by the arrows signifying a reverse relationship where fe = 0.10. When fe = 0.25, Re

is 67 MΩ/cm in Model A and 80 MΩ/cm in Models B. For smaller values of Re, we

note that there is a smaller impact on τfoot (Figure 4.12) thus, at locations where

fe = 0.25, τfoot may be affected more by the resistance of the tissue and less on the

interstitial loading from the capillaries. In Model C, the same trend in τfoot is shown

for both models defining an intravascular space with no-flux or passive boundary

conditions. Because of the formulation of Model C, the volume of the extracellular

space changes little from fe = 0.10 to 0.25 (Ae = 34.80, 44.51 µm2). Thus, the range

in Re is 144 MΩ/cm when fe = 0.25 and 112 MΩ/cm when fe = 0.10. Therefore,

the incorporation of a passive intravascular space has a nearly equivalent impact on

τfoot everywhere. However, in Model C fm,cap/myo changes from 1.11 when fe = 0.25

and 0.5 when fe = 0.10.
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As shown in Models A and B, the structural associations in physiology could ex-

hibit a different relationship when the interstitial loading from the capillary network

is considered. In Part III, the branching architecture of the capillary network was

described which associated larger fiber diameters with a lower density of interstitial

capillaries. Under normal conditions, defined here as fe between 0.10 and 0.25, a

model was constructed that also maintained the association of larger fiber diameters

with higher fe. Thus, as the capillary network branched the myocyte volume de-

creased changing fe from 0.10 in the presence of a single capillary vessel to fe = 0.25

in the presence of three capillary vessels. We observe that under normal propagation

τfoot is maintained within a small range because the interstitial load does not change.

When fe = 0.10, the extracellular resistance was higher than when fe = 0.25; how-

ever, at 0.10 the fm,cap/myo = 0.23 and at 0.25 fm,cap/myo = 0.68. Thus, there is a

higher Re, but smaller fm,cap/myo with larger myocyte volumes. Conversely,there is a

lower Re, but larger fm,cap/myo with smaller myocyte volumes counterbalancing the

interstitial loading from the capillary network. Under conditions of a premature beat,

which was modeled by decreasing the maximum sodium conductance, we observe a

slow, but propagating wavefront.

In the same model, we increased the the overall Re of the model by increasing

the myocyte volume. When the capillary network branched from one to two to three

capillaries, Re decreased from 401 to 356 to 320 kΩ/cm. During normal propagation,

τfoot continued to increased as Re decreased because of the increase in fm,cap/myo.
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Because the impact of interstitial loading from the capillary network is much higher

at larger Re, the decrease in Re was not large enough to compensate for the increase

fm,cap/myo. In the same model under conditions of depressed excitability, the large

downstream load from the intravascular space caused conduction block. Large in-

terstitial resistance could occur when the myocardium becomes hypertropied, as the

result of an increased deposition of interstitial matrix proteins or increased myocyte

volumes. Interestingly, hypoxia is known to produce hypertropy of the right ventricle

[104], which at the same time has a higher capillary density than the left ventricle

[9, 32, 98, 104].

For comparison, the geometrical structures described in Models A, B and C

were the basis for defining the corresponding 1D-bidomain representation (see Sec-

tion 4.2.4). The variability in tissue architecture was captured by a heterogeneous de-

scription of the ”effective” conductivities in the intracellular and extracellular spaces

and surface-to-volume ratio. Although the discontinuous bidomain is not the clas-

sical formulation of the continuous core-conductor model, the determination of the

electrical variables of the model were strictly defined from the classic core-conductor

assumptions applied to current flow in a cable described in Section 2.2.1. Because the

same linear variation in fi and fe were described in all three models, the left-hand

side of the bidomain equations was the same for all bidomain models. The right-hand

side differentiated the bidomain models from each other because the variation in the

surface-to-volume ratio changed with each model construction.
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We found that the waveshape characteristics calculated from the averaged poten-

tials in the multidomain of Model A were nearly equivalent to those calculated in the

corresponding bidomain representation. Although not as exact, a similar equivalency

was observed in Model B between the results of the multidomain and respective bido-

main simulations. In Model C, although the same qualitative behavior was observed

in τfoot as a function of distance, the variance in τfoot associated with the multido-

main model was significantly larger than that produced in the bidomain (P < 0.001).

The larger variation observed in τfoot can be attributed to differences in the model

formulations. In the multidomain model, the intracellular space is composed of nodes

that lay internal to the space and on the boundary of the space. The transmembrane

current is applied to the surface of the boundary nodes at which point ions diffuse

to the inner nodes before being directed downstream. When the myocyte volume

is large there is an slightly larger load experienced by the wavefront because of the

transverse load to the inner core. When fe = 0.10, the much larger myocyte volume

of 400 µm2 increased τfoot more than would have been captured in the bidomain. In

the bidomain model of impulse propagation along a cardiac fiber, current is longitu-

dinally constrained. A similar reasoning could be applied to the Model B to explain

the slight differences in τfoot. When fe = 0.10, the tissue resistance was the greatest

and the myocyte volume was the largest. The decrease in downstream was attenuated

by a slight increase in load from the inner nodes.

The advantage of the bidomain model is the inclusion and, thus, impact of the
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extracellular space on impulse propagation. However, the homogenization of the

discrete tissue architecture that occurs because of the assumptions that average the

structural and electrical properties into ”effective” properties of the cumulative space,

generally reserves the bidomain for macroscopic simulations of impulse propagation.

In some cases, the bidomain representation has been used to model impulse prop-

agation on a much smaller scale, such as a cardiac fiber [102]. It is of important,

however, to know the limitations in the ability of the model to portray the events

that occur at the microscopic scale when the microscopic context has been averaged.

Limitations

Although the discrete multidomain models presented in this study strived to rep-

resent the true nature of the cardiac microstructure, impulse propagation could only

be investigated along a small portion of modeled tissue, namely a 0.25 cm cardiac

fiber immersed within an inhomogeneous interstitium. The variable electrotonic loads

manifested by the model architecture may be attenuated or exacerbated when de-

scribed in relation to a larger tissue context. However, impulse propagation modeled

in larger tissue volumes increases the computational complexity of the problem ex-

ponentially.

-
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2

2

No Capillary VesselsA

3 Capillary VesselsB
Stim

Bath

Bath

300 µm

300 µm

0.250 cm

cell length
100 µm

f    = 0.25e

C  

f    = 0.10e

x

yz

Figure 4.1: Part I Models: Depicts the geometrical model of a cardiac fiber im-
mersed within an interstitial space of a permeable extracellular medium with and
without capillaries. A. Depicts the tissue model without interstitial capillary vessels.
B. Depicts the tissue model with 3 interstitial capillaries that run parallel to the
cardiac fiber. The electrical properties of the capillary wall were described as being
passive and/or insulated. C. Shows the rectilinear mesh of the tissue model with in-
terstitial capillaries. The distributions of space and close apposition of the myocyte
membrane to the capillary wall were described from quantified morphological data
by Frank and Langer [27]. The same mesh was used in the model without interstitial
capillariies; however, the interstitial space was described as an extracellular medium
only.
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Ai,myo = 225.0 µm!

Ae = 62.5 - 25.0 µm!

Ai,myo = 187.5 - 225.0 µm!

Ae = 75.0 - 25.0 µm!

Ai,myo = 105.4 - 400.0 µm!

Ae = 34.8 - 44.5 µm!

Model CModel B

-y dir

-x dir

Figure 4.2: Part II Models: Depicts the geometrical variations for each tissue’s
cross-section for each value of fe represented in the model. Grey represents the
myocyte’s intracellular space and blue represents the extracellular medium. The
green represents the capillary’s lumen and is held constant in all the tissue models
at 45 µm2. Model A. The myocyte volume is held constant at 225 µm2 while the
thickness of the extracellular space varied, increasing or decreasing the tissue’s outer-
most boundary. Model B. The tissue volume is held constant at 295 µm2 while the
myocyte’s cross-sectional area varied, increasing or decreasing the tissue’s myocyte
membrane composition. Model C. The myocyte volume and tissue volume is varied.
As in Model B, the larger myocyte area is associated with a lower fe.
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Model A (µm2) Bidomain A

Ae 25.0 - 75.0 fe 0.10 - 0.25

Ai 225.0 fi 0.90 - 0.75

Atissue

Sm,myo

250.0− 300.0

66.30× dz
β 0.27 - 0.22 cm−1

Model B (µm2) Bidomain B

Ae 25.0 - 62.5 fe 0.10 - 0.25

Ai 225.0 - 187.5 fi 0.90 - 0.75

Atissue

Sm,myo

250.0

(66.3− 59.9)× dz
β 0.32 - 0.29 cm−1

Model C (µm2) Bidomain C

Ae 44.5 - 34.8 fe 0.10 - 0.25

Ai 399.9 - 105.4 fi 0.90 - 0.75

Atissue

Sm,myo

444.4− 140.2

(89.1− 41.9)× dz
β 0.20 - 0.30 cm−1

Table 4.2: Part II Models: Lists the structural changes described in the intracellular
and extracellular spaces of the multidomain Models A, B and C with corresponding
parameters used in each respective bidomain. fe and fi are used in the bidomain
formulation to describe the tissue’s ”effective” conductivities and β is used to ho-
mogenize the transmembrane current over a tissue volume. Each model describes the
same linear variation in fe.
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Constant Myocyte VolumeA
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Figure 4.3: Part II Models: Depicts the geometrical variation along the tissue length
for the Model cross-sections shown in Figure 4.2
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cell #
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AP Propagation

f eNormal A High f eB

Figure 4.4: Part III Models: The geometrical model of the tissue’s cross-section as
the capillary structure branches. The capillary wall is described by passive electrical
properties. A. Depicts a larger increase in fe as the capillary structure branches
for nominal fe values. B. Depicts a smaller increase in fe as the capillary structure
branches for larger fe values.
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Figure 4.5: Part I Results: Tissue potentials in a model incorporating interstitial
capillaries where fm,cap/myo = 0.73 and Rm,cap = 0.05, 0.25, 1.0 or 8.0 kΩcm2. A.
Plots show the averaged potentials within each tissue space from a dz slice located
at the center of the model. B. With increasing Rm,cap, the change in the intracellular
myocyte (φi,myo) and capillary potential (φi,cap) is less steep, while the extracellular
potential (φe) becomes positively deflected before turning negative. The intravascular
transmembrane potential (φm,cap) becomes larger while the changes in the myocyte
transmembrane potential (φm,myo) are less obvious (see Table ?? for changes in AP
characteristics).
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Figure 4.6: Part I Results: Intracellular and Intravascular currents from a model in-
corporating interstitial capillaries where fm,cap/myo = 0.73 and Rm,cap = 0.05, 0.25, 1.0
or 8.0 kΩcm2. A. Plots show the averaged current density crossing the intravascular
and intracellular spaces from a dz slice located at the center of the model. B. There is
no obvious change in current density associated with the myocyte’s total membrane
(Imem,myo), capacitive (Icm,myo) or sodium (INa,myo) currents with increasing Rm,cap.
C. Conversely, the capillary wall’s leakage current decreases (Irm,cap), while the ca-
pacitive current (Icm,cap) increases, changing the time course of the total intravascular
current (Imem,cap).
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Figure 4.7: Part I Results: ∂φm,myo/∂t, Icm,cap and INa,myo as a function of
φm,myo in a model incorporating interstitial capillaries where fm,cap/myo = 0.73 and
Rm,cap = 0.05, 0.25, 1.0 and 8.0 kΩcm2. A. Phase plane analysis of propagating ac-
tion potentials show an non-linear increase in τfoot with increasing Rm,cap. B. The
slower rise in the action potential is occurring before the activation of the sodium
channels on the myocyte membrane, thus there is no significant change in INa,myo
and no significant change in the maximum upstroke velocity. C. However, the slower
rise in the action potential is associated with a larger inward (to the intravascular
space) capacitive current (-Icm,cap). See Figure ?? for the quantitative change in τfoot
and Im,cap as a function of Rm,cap.
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Impact of Increasing Capillary Wall Resistance on Impulse Propagation

Rm,cap CV τfoot

(
∂φm
∂t

)
max

(φm,myo)
max Amp(φe) Σ -Icm,cap

kΩcm2 cm/s µs V/s mV mV nC/cm2

∗No Caps 54.1 218 241 21.9 30.6 0.0

0.005 53.5 227 246 21.7 30.7 0.6

0.025 52.6 240 249 21.3 31.0 2.1

0.050 52.1 254 250 21.3 31.8 3.5

0.100 51 271 250 21.5 32.4 5.3

0.250 50 297 248 21.9 33.8 8.6

0.500 49 315 246 22.2 35.1 11.6

1.00 48.3 330 245 22.3 36.8 14.8

8.00 47.4 350 242 22.2 43.5 21.5

68.00 47.4 354 241 22.1 45.1 23.2
∗∗Insulated 45 217 241 21.7 53.8 0.0

0 1 8200

250

300
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! foot (µs)

1 8
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20

-Icm,cap (nC/cm  ) 2  " 
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R            (k# cm   )m,cap 2

A. B.

R            (k# cm   )m,cap 2

Figure 4.8: Part I Results. Table shows results quantifying action potential char-
acteristics from longitudinal propagation in the multidomain model describing an
inhomogeneous interstitium from the composition of 60% intravascular and 40% ex-
tracellular space. The material properties of the capillary wall are assumed to exhibit
passive properties with Cm,cap of 1 µF/cm2 and Rm,cap as specified. *No Caps is in-
dicative of the multidomain model with a homogeneous extracellular space, fe = 0.25.
**Insulated is indicative of the model with an inhomogeneous interstitium that as-
sumes no-flux boundaries at the interface of the capillary wall and extracellular space,
i.e. the capillary lumen is insulated from the extracellular space, fe = 0.118. A. Plots
the action potential time constant (τfoot) as a function of Rm,cap. B. Plots the total
inward capillary capacitive current (Σ-Icm,cap) as a function of Rm,cap.
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Figure 4.9: Part I Results: Shows the non-linear change in the action potential foot
with the increasing presence of passive interstitial membrane. A. Depicts the model
definitions that describe an fm,cap/myo of 0.0, 0.24, 0.47 and 0.73 by defining 0, 1,
2 or 3 passive capillary vessels (colored green). The vessels not defined as passive
capillaries are kept in the model description to maintain the extracellular architecture
(fe = 0.12), but are insulated from the extracellular medium (colored black). B. The
phase-plane analysis from each model describing an fm,cap = 0.0 (black lines), 0.24
(dark green), 0.47 (medium green), and 0.73 (light green) shows a slowing in the
action potential foot. C. The non-linear change in the action potential foot is shown
by differencing the phase-plane curve from the case that describes no passive capillary
structure (fm,cap/myo = 0.0).
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Figure 4.10: Part I Results: Shows the non-linear change in the AP foot with in-
creasing extracellular resistivity (Re) in the presence of passive interstitial membrane,
fm,cap/myo = 0.73. A. Depicts the geometrical model definitions that describe a Re

of 0.67, 167, 200, 357 and 559 MΩ/cm by increasing fe from 0.25 to 0.12 to 0.10
to 0.06 (light to dark blue lines). B. The phase-plane analysis from each model
with increasing Re shows a slowing in the action potential foot. C. The non-linear
change in the action potential foot is shown by differencing the phase-plane curve
from a model with an equivalent Re but no-flux conditions at the capillary boundary,
fm,cap/myo = 0.0.
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Figure 4.11: Part I Results: Depicts the waveshape variability in τfoot and
(∂φm,myo/∂t)max from cell-to-cell in a fiber with a consistent description of myocyte
volumes for the two Re extremes shown in Figure 4.10. A. Re = 67 MΩ/cm and B. Re

= 559 MΩ/cm. For each structural model, propagation is simulated in a multidomain
model with an intravascular space defined by no-flux boundaries (fm,cap/myo = 0.0,
black traces) and by passive electrical properties (fm,cap/myo = 0.73, green traces).
A corresponding bidomain representation (gray traces) of the multidomain model
with no-flux interstitial capillaries is shown for comparison. Note the change in τfoot
behavior to the underlying cell architecture when the description of the intravascular
properties is changed from no-flux to passive.
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Figure 4.12: Part I Results: Summarizes the change in τfoot as a function
of fm,cap/myo for tissue model’s that defined a unique extracellular resistance,
Re (MΩ/cm). Each line indicates one of the models shown in cross-section in Fig-
ure 4.10A. As Re increases (light to dark lines) the change in τfoot as a function of
fm,cap/myo becomes more sigmoidal in shape.
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Figure 4.13: Part II Results: Depicts the variability in τfoot between z = 0.10 cm
and z = 0.20 cm as the result of variability in tissue architecture incorporating
insulated capillaries. The mean and distribution of τfoot is shown to the right. Results
from the multidomain model are shown in black alongside the equivalent bidomain
representation shown in gray. The same linear variation in fe is manifested by three
different structural variations described in Section 4.2.1 and shown in Figure 4.2.
Model A varies the extracellular space. Model B varies the size of the intracellular
space. Model C varies the extracellular and intracellular space.
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Figure 4.14: Part II Results: Depicts the variability in τfoot between z = 0.10 cm
and z = 0.20 cm as the result of variability in tissue architecture incorporating
insulated or passive capillaries. The distribution and mean of τfoot is shown to the
right. The multidomain model incorporating insulated capillaries is shown in black
alongside the multidomain model incorporating passive capillaries shown in green.
The same linear variation in fe is manifested by three different structural variations
described in Section 4.2.1 and shown in Figure 4.2. Model A varies the extracellular
space. Model B varies the size of the intracellular space. Model C varies the
extracellular and intracellular space.
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Figure 4.15: Part II Results: Depicts the variability in (∂φm,myo/∂t)max between
z = 0.10 cm and z = 0.20 cm as the result of variability in tissue architecture incorpo-
rating insulated or passive capillaries. The distribution and mean of (∂φm,myo/∂t)max
is shown to the right. The multidomain model incorporating insulated capillaries
(black) or passive capillaries (green) is shown alongside the bidomain representa-
tion of the multidomain model (gray). The same linear variation in fe is manifested
by three different structural variations described in Section 4.2.1 and shown in Fig-
ure 4.2. Model A varies the extracellular space. Model B varies the size of the
intracellular space. Model C varies the extracellular and intracellular space.
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Figure 4.16: Part III Results: Depicts impulse propagation along a fiber that de-
creases in myocyte volume as the capillary network branches in the interstitium under
A. ”normal” excitatory conditions and B. decreased excitability due to a premature
stimulus modeled by a 12% reduction in the maximum conductance of sodium chan-
nels (ḠNa). The model geometry is shown in Figure 4.4. The decrease in load from
the interstitial capillaries as Re decreases from 179 to 106 to 78 is compensated by
the increase in the presence of capillary vessels or increase in fm,cap/myo from 0.23 to
0.46 to 0.68. The action potential time constant and upstroke velocity is shown as a
function of distance along the tissue. The balance of the interstitial load maintained
τfoot within a smaller range.
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Figure 4.17: Part III Results: Depicts impulse propagation along a fiber that de-
creases in myocyte volume as the capillary network branches in the interstitium under
A. ”normal” excitatory conditions and B. decreased excitability due to a premature
stimulus modeled by a 12% reduction in the maximum conductance of sodium chan-
nels (ḠNa). The model geometry is shown in Figure 4.4. The decrease in load from
the interstitial capillaries as Re decreases from 401 to 356 to 320 is compensated by
the increase in the presence of capillary vessels or increase in fm,cap/myo from 0.23 to
0.46 to 0.68. The action potential time constant and upstroke velocity is shown as a
function of distance along the tissue.
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Figure 4.18: Shows τfoot as a function of Re within models describing a different
fm,cap/myo (Results taken from Part I). The blue arrow indicates the change in τfoot
in relation to the changes in Re and fm,cap/myo as the capillary network branches in
the multidomain model described in Figure 4.16. The red arrow indicates a steeper
change in τfoot at higher values of Re described in Figure 4.17.
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Chapter 5

Effect of Non-uniformally Confined
Interstitial Properties on Impulse
Propagation

5.1 Introduction

Classical cable theory predicts that the speed of conduction will slow as the fraction of

the interstitial space decreases, due to the resulting increase in interstitial resistance.

Kleber and Cascio showed that in the early stages of ischemia, the interstitial space

shrinks by 50% and the conduction velocity slows by 12%. A few studies, however,

have revealed an apparent paradox in which the conduction velocity (θ) is highest

in tissues that have very tight cell packing (i.e. small volume of interstitial space).

Draper recorded propagating action potentials in large and small mammalian muscle

from specialized conducting fibers of the Purkinje and ventricular fibers of the working

myocardium. In this study, measured conduction velocities in Purkinje fibers were

3-6 times faster than in ventricular fibers. This increase in θ was found only in

large mammals where the Purkinje fibers were tightly packed and neighboring fibers
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were separated by 20-40nm wide interstitial pathways over considerable distances

[79]. The conduction velocities in loosely packed bundles can be predicted under

cable theory, but when applied to tightly packed bundles, cable theory predicts a

conduction velocity 50% slower than what is experimentally measured [107].

Sommer hypothesized that the tight packing in Purkinje fibers causes propagation

to primarily occur along the outer membranes of the bundle facing the larger extra-

cellular space [79], thus decreasing the effective membrane capacitance. Furthermore,

since the intracellular spaces of the fibers are highly connected, the effective diameter

for conduction becomes the bundle diameter instead of the diameter of a single fiber.

Consequently, the effective intracellular resistance is decreased, causing conduction

velocity to increase. As noted, an increase in conduction velocity with decreasing

extracellular space is not predicted by classical cable theory. One reason for this is

that most models of propagation assume radial symmetry. To understand the role of

tight cell packing on conduction, a computational model is needed that can account

for interstitial current flow both along and around a given cardiac fiber.

In this chapter, we employ the multidomain model of propagation thereby pro-

viding the flexibility to vary the dimensions of the interstitial space and its electri-

cal properties around the myocyte perimeter. Additionally we compare waveshape

changes in the non-uniform discrete multidomain to the typical characteristics ob-

tained from the equivalent bidomain representation. Simulations are presented which

show that while the multidomain and the bidomain models predict similar conduction
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velocities, the nature of propagation and the shapes of the predicted transmembrane

potentials around the cell perimeter are very different when the interstitial space is

not uniformly distributed. The results also show that the influence of internal mem-

branes on conduction can be effectively eliminated if the local extracellular resistance

is sufficiently high, leading to significantly greater conduction velocity along the fiber.

5.2 Methods

5.2.1 Idealized Cardiac Structure

The results presented in this chapter were simulated in a fiber with a simple geometry

in order to clearly present the formulation of the discrete multidomain model. Ad-

ditionally, this simplified geometry allowed us to test the fundamental assumptions

made in the bidomain model, such as the notion that the intracellular and extra-

cellular spaces can be represented as two-overlapping linear cables. Figure 5.1A

depicts the underlying geometrical model and Table 5.2.1 lists the physical constants

used to compare both model formulations. The domain consisted of a 0.5 cm long

fiber surrounded by a layer of extracellular space of finite thickness. A 0.05 cm long

extracellular bath was added to the end of the fiber, and the boundary of the bath

was set to 0 mV as a reference potential.

The fiber consisted of 50 brick-shaped cells with a length of 100 µm and a cross-

section of 300 µm2 that were aligned end-to-end [84]. The cells were delineated from
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the extracellular space by an enveloping membrane, represented as an interface. The

terminal membrane faces of the cells were tightly opposed such that no interstitial

space was defined between abutting cells. Gap junctions were assumed to be fixed

resistances that were evenly dispersed over the membrane faces of abutting cells.

For simplicity, the intracellular and extracellular spaces were modeled as isotropic,

ohmic volume conductors. The distribution of extracellular space consumed either

25% or 10% of the overall cross-sectional area by varying the thickness of the layer of

extracellular space that surrounded the fiber. The physical constants of the domain

(Table 5.2.1) were defined in an earlier study [99] and fall within the measured values

given in the references cited in the table.

Electrical Constants of Fiber Model

Parameter Value Reference

Myocyte conductivity 4 mS/cm [7, 8]

Junctional Resistance 1.125 Ωcm2 [8, 109]

Membrane capacitance 1 µF/cm2 [8, 10, 108]

Extracellular conductivity 20 mS/cm [10, 71]

Extracellular volume fraction 0.25 and 0.10 [27, 28]

Table 5.1: Electrical constants used in discrete multidomain

and bidomain computational models.
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5.2.2 Bidomain Model

Governing Equations

In the bidomain model, the cardiac fiber is modeled using a typical 1D-bidomain

formulation where current flow is described along the fiber axis only (z-axis). The

governing 1D-bidomain equations are:

∂φi(z, t)

∂z
σ̂i(z)

∂φi(z, t)

∂z
= βIm(φi, φe, t)− Istim(z, t) (5.1)

∂φi(z, t)

∂z
σ̂e(z)

∂φe(z, t)

∂z
= −βIm(φi, φe, t) + Istim(z, t) (5.2)

where σ̂i(z) and σ̂e(z) describe the macroscopic effective conductivities (mS/cm) of

the intracellular and extracellular spaces, respectively. These effective conductivities

were derived by multiplying the conductivity of the intracellular and extracellular

fluids with their respective volume fraction, fi or fe.

σ̂i(z) = fi(z) · σi(z) σ̂e(z) = fe(z) · σe (5.3)

The electrical properties of the two fiber spaces are non-uniform (i.e. the intracellular

and extracellular parameters change as a function of location along the fiber). Thus,

the model is piecewise homogeneous with discontinuities between adjacent nodes of

different conductivities. The intracellular conductivity was assumed to be hetero-

geneous, discriminating between the resistivity of the myocyte cytoplasm and the

junctional resistances between abutting cells. The extracellular conductivity remains
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constant along the fiber and within the terminal bath. However, within the bath,

fe increased to 1 while fi decreased to 0. Thus, a single discontinuity existed in the

extracellular space between the end of the fiber and the bath. Istim(z, t) is the time-

dependent transmembrane stimulus (µA/cm3) applied to the first cell of the fiber and

β is the surface-to-volume ratio (cm−1) that averages the membrane current density

(Im) to a current per tissue volume. Im is defined by the following equation:

Im(φi, φe, t) = Cm
∂(φi − φe)

∂t
+ ILR1(φi − φe, t) (5.4)

where Cm is the membrane capacitance (µF/cm2) and ILR1 is the sum of ionic currents

(µA/cm2) as described by the Luo-Rudy I cardiac action potential [57]. Lastly, we

assumed the fiber to be electrically insulated, applying no-flux boundary conditions

at the outer extent of the model.

Nodal Network Representation

For the bidomain, the fiber domain was discretized into a mesh using a cell-centered,

finite-volume scheme with 10 µm spacing. Each node represented both the intracel-

lular and extracellular potentials and could be interpreted as connected by resistors.

Every 10th element in the intracellular space was assumed to contain the gap junc-

tion resistance. Hence, the conductivity of that element was accordingly lowered,

resulting in a heterogeneous distribution of conductivities in the intracellular space.

At each location along the fiber, the intracellular space connected to the overlapping
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extracellular space via a membrane current. The entire domain consisted of 500 intra-

cellular nodes, 550 extracellular nodes (500 plus 50 bath nodes) and 500 membranes

connections.

5.2.3 Discrete Multidomain Model

Governing Equations

In the discrete multidomain model, the volume of the cardiac tissue is subdivided

into discrete three-dimensional domains that together form a continuous space. In

this model, each cell was described as a single domain encapsulated by a membrane

and surrounded by a separate extracellular domain. We assume that each domain

acts as a volume conductor and can be described by a quasi-static approximation

[67]. Assuming no current sources inside individual domains, the potential within

each domain (Ωn) is governed by Laplace’s equation,

∇ · σσσn(x, y, z)∇φn = 0 within Ωn, for n = 1, · · · , N domains (5.5)

with k-boundary condition(s) that cumulatively describe the current flow through

the entire defining domain surface (∂Ωn),

−σσσn(x, y, z)∇φn · ~nn =


I1
...

Ik

on ∂Ωn (5.6)

where σσσn(x, y, z) describes the conductivity tensor (mS/cm2) as a function of space

within the nth-domain and ~nn is the normal vector to the domain’s surface. Each
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domain can be broadly characterized as being a cell or the extracellular space. A cell-

domain can define any cell type that spans a volume in the tissue model; however,

for the purpose of this study, only cardiomyocytes were described in the fiber. The

boundary conditions on each domain described how a particular domain within the

tissue model was coupled to its neighboring domains. In this particular model, we

defined three spatially unique boundary conditions at the interface of a (1) myocyte-

myocyte domain, (2) myocyte-extracellular domain and (3) any domain at the tissue

boundary. Note that at the interface of two domains, there existed a pair of applied

boundary conditions, one for each domain to maintain conservation of current.

As in the bidomain model, no interstitial space was assumed to exist between two

abutting cells. At the myocyte-myocyte interface a junctional boundary condition

was defined as

Ijunct =
(φn neigh − φn)

Rjunct(x, y, z)
on ∂Ωn (5.7)

where Rjunct(x, y, z) defines the increased resistance (kΩcm2) between the intracellu-

lar space of two myocytes (Ωn and Ωn neigh) that accounts for the junctional boundary.

The potential difference (φn neigh − φn) (mV) was calculated between the locations

that immediately flank the junctional boundary in each domain. Although the model

formulation would allow for the membrane resistance to be a function of space, the

model used here did not have the spatial discretization to warrant the inclusion of
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spatially localized gap junctions. Instead, we assumed that gap junctions are ho-

mogeneously distributed everywhere that two myocytes touch; therefore, σjunct was

constant over the intercalated disc.

At the interface of a myocyte domain with the surrounding extracellular space,

we defined the transmembrane potential as φm = φi(x, y, z) − φe(x, y, z), where φi

is inside the myocyte, φe is within the extracellular space and the pair immediately

flank the myocyte-extracellular boundaries. It is important to note that even though

we are describing a single fiber, the circumferential transmembrane potential was

not held constant. At this myocyte-extracellular (myo-extra) interface, the following

boundary condition, IAP , was applied to describe the action potential dynamics of

the membrane.

IAP = f(x, y, z)(Imem(x, y, z, t)), on ∂Ωn (5.8)

f(x, y, z) =

 1 Ωn = myocyte

−1 Ωn = extracellular

Imem(x, y, z, t) =

 Istim(t) z ≤ 100µm

Cm
∂φm(x, y, z)

∂t
+ ILR1(φm(x, y, z), t) z > 100µm

where Imem (µA/cm2) describes the current that transverses this interface. Istim is a

time-variant stimulus (see figure 5.1A) used to initiate a propagating action potential

from the first cell by adding current to the intracellular space and subtracting current

from the extracellular space across a myo-extra interface. The
∫
Istim was evenly
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divided between the 120 myo-extra interfaces that defined the first cell and a time-

variant stimulus was used to decrease the number of iterations needed to solve the

system during the initiation of the action potential. For all other myocytes, the

boundary condition is governed by the capacitive current, where Cm defines the

membrane capacitance (µF/cm2) and the sum of ionic currents, ILR1, as described in

the Luo-Rudy I cardiac action potential [57]. Notice that the model formulation has

the flexibility of defining spatially variable membrane dynamics around the perimeter

of a single cell. However, in this study, we assumed the membrane channels described

in ILR1 to be homogeneously distributed over the myocyte-extracellular interface.

Lastly, we assumed the outer boundaries of the intracellular and interstitial do-

mains to be electrically insulated with a no-flux boundary condition, similar to the

bidomain formulation. This resulted in a full set of boundary conditions:

For Ωn = myocyte,

−σσσi(x, y, z)∇φn · ~nn =


Ijunct at myo-myo interface

IAP at myo-extra interface

0 at myo-tissue boundary

on ∂Ωn (5.9)

and for Ωn = extracellular,

−σσσe(x, y, z)∇φn · ~nn =

 IAP at extra-myo interface

0 at extra-tissue boundary
on ∂Ωn (5.10)
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Nodal Network Representation

In the discrete multidomain, the fiber was discretized into a three-dimensional rec-

tilinear mesh using a cell-centered, finite-volume scheme with 10 µm thick voxels

that varied in cross-sectional area [33]. The discretization for a single z-plane in the

discrete multidomain is shown in Figure 5.1B. In contrast to the bidomain represen-

tation, each voxel in the mesh existed entirely within a myocyte or the extracellular

domain and had a unique (x, y, z)-coordinate in the tissue space. The cytoplasmic

space of each myocyte was defined by a lattice of 3× 3× 10 voxels connected via re-

sistors representative of the cytoplasmic conductivity. The surrounding extracellular

space was defined by a single voxel layer that wrapped around the lateral surface of

the myocyte and extended into the terminal bath. As with the bidomain, adjacent

extracellular nodes could be interpreted to be connected by resistors, representing a

homogeneous or heterogeneous interstitial conductivity or geometry. Adjacent nodes

traversing separate domains were connected via spatially and dynamically defined

boundary conditions. The entire domain consisted of 4500 intracellular nodes, 9250

extracellular nodes (8000 plus 1250 bath nodes) and 6000 membrane connections.

Heterogeneous Fiber Configurations

Due to the increased discretization in the discrete multidomain, we were able to vary

the structural and electrical properties within the fiber cross-section. As depicted

in Figure 5.1C, there were three different model configurations: (1) symmetric, (2)
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asymmetric and (3) disconnected fiber morphology. As implied by the name, the sym-

metric fiber had uniform structural and electrical properties around the perimeter of

the myocyte and was most similar to the bidomain representation. The asymmet-

rical fiber had non-uniform electrical and geometrical properties around the fiber.

Finally, the disconnected fiber was electrically uncoupled between opposing extracel-

lular spaces at two locations in the fiber cross-section by defining no-flux boundary

conditions at corner nodes.

Furthermore, the dimensions and/or the electrical properties of the extracellular

space of the generalized model configurations were varied (shown in Figure 5.1D).

For all three configurations, two fiber morphologies that described a 0.25 or 0.10 vol-

ume fraction of the extracellular space (fe) were defined. In the asymmetric model,

a non-uniformity was introduced around the fiber perimeter by biasing the depth of

extracellular space on opposing sides of the myocyte cross-section. Maintaining all

other structural parameters, this spatial bias created a narrow extracellular depth

(deN
) around half the myocyte perimeter and a wider depth (deW

) around the op-

posing half. The opposing depths were varied such that the ratio of distributed

extracellular space, defined from narrow to wide, ranged from 1:10 to 1:500, while

maintaining the extracellular volume fraction. In the asymmetric fiber model defined

by an fe = 0.10, four cases were considered that defined a narrow extracellular depth

around half the fiber perimeter: (1) 81 nm for the 1:10 case (2) 17 nm for the 1:50

case (3) 4 nm for the 1:250 case and (4) 2 nm for the 1:500 case. In the case with a
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1:500 bias in distribution, the extracellular conductivity was varied around the fiber.

The wider extracellular region had a normal conductivity (σe) of 20 mS/cm, while

the narrow cleft (σeN
) had a conductivity that varied from normal to 0.04 mS/cm.

5.2.4 Computer Implementation

Longitudinal propagation was initiated by applying a transmembrane stimulus pulse

(µA/cm2) at time zero to the first myocyte by adding current to the intracellular space

and subtracting current from the extracellular space across a myo-extra interface (see

figure 5.1A for Istim profile). Both the 1D-bidomain model and the multidomain

models were stimulated with the same amount of total current. In the multidomain,

the
∫
Istim was evenly divided between the 120 myo-extra interfaces that defined the

first cell, and in the bidomain,
∫
Istim was divided between the 10 nodes of the first

cell. A time-variant stimulus was used to decrease the number of iterations needed

to solve the system during the initiation of the action potential. The nodes located

at the most terminal part of the bath were grounded.

In both models, a semi-implicit Crank-Nicolson scheme [14] was used to define

the system of equations, and a GMRES approach solved the linear system for the

next timestep. A fixed time step of 0.05 µs was used for all simulations to maintain

numerical accuracy. The small mesh resolution is driving the small time step. Unlike

in the traditional bidomain formulation where the membrane dynamics drive the

time step, in the multidomain, the resistive elements in the stiffness matrix need
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to be of the same order of magnitude as the capacitive elements to ensure that an

accurate solution will be reached with a reasonable number of iterations. Ultimately,

it allowed a solution to be found (relative error < 0.01%) within a maximum of

100 iterations, including during initiation of the action potential. The time step was

extensively investigated and optimized to solve the problem accurately in the shortest

simulation time. The simulations were implemented using CardioWave software [70]

that has been upgraded to also solve the more complex systems defined by the discrete

multidomain model [100]. The discrete multidomain simulations were run in parallel

on multi-processor machines. Simulating 10 msec of activation required 4-8 hours

on two quad-core 3GHz Intel Xeon processors. Conversely, the bidomain simulations

required 30 min on a single processor for the same time step and total simulation

time.

5.2.5 Calculations

Results were obtained from the middle portion of the fiber at the center of a my-

ocyte where boundary effects are negligible. Conduction velocity (θ) was calculated

between action potentials recorded 10 cell lengths apart. The maximum amplitude,

(φm)max and maximum upstroke velocity, (∂φm/∂t)max were calculated from an ac-

tion potential in the center of the fiber. The time constant of the action potential

foot (τfoot) was calculated as the slope of the phase-plane plot during the initial 15

mV rise in the transmembrane potential. In the discrete multidomain, two action
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potentials were analyzed. Figure 5.2 depicts the recording sites for the two opposing

locations in the fiber cross-section.

5.3 Results

Both the 1Dbidomain model and 3D discrete multidomain model allow for compu-

tations of potentials in the intracellular and extracellular spaces. In the bidomain

model, both potentials are defined at each computational node. In the discrete mul-

tidomain, potentials are defined at separate computational nodes. A study was per-

formed that compared the predicted bidomain potentials to the predicted potentials

from various forms of the discrete multidomain. To facilitate the comparison, the

discrete multidomain potentials were averaged, and currents were summed in five

regions of the fiber cross-section: (1) the intracellular region, (2) the wide extracellu-

lar region, (3) the membrane adjacent to the wide extracellular space (non-confined

membrane), (4) the narrow extracellular region and (5) the membrane adjacent to the

narrow extracellular space (confined membrane). These five cross-sectional regions

are illustrated in Figure 5.2. Panel 5.2A depicts the regionally averaged potentials

from the discrete multidomain mesh. The intracellular region was nearly isopoten-

tial for all simulations, and the wide extracellular region was also nearly isopotential

for all simulations. Panels 5.2B-D depict the regionally summed currents for the 2

opposing membranes as well as the 2 extracellular and the 1 intracellular regions.
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5.3.1 Comparison of Bidomain and Symmetric Discrete Multidomain

Because the 1D-bidomain assumes radial symmetry, the predicted potentials and

currents are expected to correspond to the symmetric multidomain model (SymDM)

where the thickness of the extracellular space is uniform around the perimeter of the

fiber. Figure 5.3A shows the comparisons of the potentials and currents generated by

the two models for extracellular volume fractions of 0.25 or 0.10. The intracellular

and extracellular spaces of the multidomain are isopotential, and the magnitudes

are equal to the corresponding bidomain model. Consequently, the shape of the

propagating transmembrane potential also is identical in both models. As given

in Table 5.2, the maximum transmembrane potential (φm)max, is 22 mV and the

upstroke velocity, (∂φm/∂t)max, is 245 mV/ms. The time constant for the first 15 mV

rise in transmembrane voltage, τfoot, is 218 µs. As expected from cable theory,

the decrease in the fraction of extracellular area, fe, from 0.25 to 0.10 reduced the

conduction velocity, (θ), from 56.8 cm/s to 49.4 cm/s as predicted by the theoretical

relationship θ ∝
√

(σ̂i + σ̂e)/(βσ̂iσ̂e).

Figure 5.3B plots the calculated currents from both the bidomain and symmetric

discrete multidomain simulations. As noted, the currents within each dz-slice of the

SymDM were summed to compare to the nodal currents predicted by the bidomain

model. For example, the sum of the perimetrical membrane currents of the discrete

multidomain are equivalent to the bidomain membrane current. As shown, the sum

of the membrane currents from the narrow side (left and bottom patches) and the
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sum from the wide side (right and top patches) of the multidomain are each half

the magnitude of the bidomain membrane current. The longitudinal and transverse

currents in the intracellular and extracellular space in the multidomain model are

also compared to the longitudinally-confined bidomain current. Note that because

the two extracellular regions comprised a different number of nodes (7 versus 9),

the SymDM extracellular traces show a slightly unequal magnitude of longitudinal

current in the two regions, which becomes less apparent when fe was decreased. The

slight non-zero transverse current is due to the fact that the model is not truly radially

symmetric. The summation of the intracellular longitudinal currents in the SymDM

was, for all purposes, equivalent to the longitudinally described intracellular current

of the bidomain.

5.3.2 Comparison of Bidomain and Asymmetric Discrete Multidomain

The bidomain model only considers the fraction of extracellular space and not its dis-

tribution around the myocyte perimeter. In contrast, the distribution of extracellular

space can vary in the discrete multidomain model; however, the effects of an unequal

distribution are unknown. Simulations were performed to compare potentials and

currents in the bidomain model with those predicted in the discrete multidomain

model with unequal distributions of extracellular space, while still maintaining the

same fi : fe ratio. In the multidomain model, the surrounding extracellular space was

redistributed by shifting the myocyte center towards the lower left corner of the fiber
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model (Figure 5.1C). This manipulation led to a thinner layer of extracellular space

on the bottom and left side of the myocyte (narrow region) and a thicker layer on the

top and right side (wide region). The asymmetric shift of the fiber in the extracellular

space was defined by the ratio of the opposing extracellular depths (deN
: deW

).

Table 5.2 summarizes the simulation results of the discrete multidomain for in-

creasing asymmetry ratios from 1:10 to 1:500 or 1:1000 as a percent change from the

simulated bidomain value. The limiting asymmetry case was reached when the narrow

interstitial depth diminished to 2 nm, the smallest membrane apposition experimen-

tally observed [82]. The results show that for moderate extracellular distributions,

where the surrounding extracellular depth was thicker than 50 nm, the bidomain and

asymmetric discrete multidomain models predict similar potentials and conduction

velocities. These moderate asymmetrical distributions included the 1:50 bias when

fe = 0.25 and 1:10 bias when fe = 0.10.

Confining the depth of the narrow extracellular space below 50 nm in the discrete

multidomain, however, produced significant differences in potential and currents com-

pared to the bidomain predictions. The differences in resistances in the narrow and

wide extracellular region lead to a heterogeneous distribution of potentials in the

fiber cross-section. Figure 5.4 shows the time course of the potentials from the asym-

metric models, referred to as AsymDM 1-4 and the SymDM potential model (see

Table 5.2 for model profiles). In the intracellular region, the multidomain nodes are

nearly isopotential, but the rise in the potential was less steep than in the bidomain
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(panel A). In the wide extracellular region, the peak potential was slightly smaller

(less negative) and also showed a less steep decline than that predicted in the bido-

main (panel B). In the narrow region, the peak magnitude was larger (more negative).

The initial decline in the narrow extracellular potential was initially slow (panel C)

and almost flat compared to the opposing decline in the wide extracellular potential.

However, the potential difference between the two regions increases as the narrow

extracellular potential reaches a more negative value (shown in AsymDM 3 & 4). As

a result, the transmembrane potential was non-uniform around the fiber perimeter,

and the non-confined membrane leads to impulse propagation. The shift in impulse

propagation of opposing membranes is shown in the transmembrane potential plots,

while the differences in opposing action potential shapes is shown in the correspond-

ing phase-plane plots (Figure 5.4B-C). Results are only shown for the fiber with a

fe = 0.10, but these qualitative changes are observed for both extracellular volume

fractions.

The upstroke velocity decreases 24% from the non-confined membrane and in-

creases 37% from the confined membrane as compared to the bidomain (∂φm/∂t)max.

Although the depolarization of the confined membrane is delayed more than the

depolarization of the non-confined membrane, the initial 15 mV rise in the trans-

membrane potential (τfoot) uniformly increases around the fiber perimeter. Initially,

the action potential amplitude (φm)max decreases 2% and 4% on the non-confined

and confined membranes, respectively, as compared to the bidomain (φm)max. How-
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ever, (∂φm/∂t)max then increases 41% on the non-confined membrane and 1% on the

confined membrane. Surprisingly, while the transmembrane potentials of the discrete

multidomain varied significantly around the perimeter of the fiber, the conduction

velocity only decreased slightly. The most noticeable decrease in conduction velocity

(-4%) occurred when the extracellular depth fell to approximately 5 nm. Note that a

slightly greater decrease (∼ 3% greater) was obtained with a finer discretization (not

shown). The differences between the discrete multidomain potentials and bidomain

potential are quantified in Table 5.2.

As with the potentials, the cumulative longitudinal currents are different in the

asymmetric multidomain models as compared to the SymDM and bidomain mod-

els. In the multidomain model, there is a decrease in the longitudinal extracellu-

lar (I longe wide + I longe narrow), intracellular (I longi ) and perimetrical membrane (Im wide +

Im narrow) currents. Because the bidomain formulation only describes longitudinal

current flow, we compared the transverse current flow of the AsymDM models to the

SymDM model with equivalent volume ratio.

Figure 5.5 shows the current distributions for AsymDM 1-4 fiber configurations

as compared to the bidomain and/or SymDM models. The longitudinal intracellular

current decreases as the asymmetry increases from SymDM to AsymDM 4 (panel A).

The time to peak intracellular current increases until AsymDM 3. For AsymDM 4,

however, the time to peak approaches that of the SymDM model. The longitudinal

extracellular current increases in the wide extracellular region but decreases in the
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narrow region (panel B&C). The reduction of longitudinal current in the narrow

region was accompanied by an increase in transverse current. Hence, the fundamental

difference between the AsymDM and SymDM cases is the conversion of current flow in

the narrow extracellular region from longitudinal to transverse (Figure 5.5C). Even for

the least asymmetric configuration (1:10), the current within the narrow extracellular

region was primarily directed around the fiber perimeter (transverse), flowing into

the wide extracellular region and then flowing along the fiber axis (longitudinally).

The conversion from longitudinal to transverse current flow in the narrow extracel-

lular region was accompanied by a redistribution of perimetrical membrane current.

In Figure 5.6A-B, opposing membrane contributions are shown for AsymDM 3 & 4

models. The initial depolarization of the membrane, as the result of the membrane

being charged by the capacitive current, is an outward current (with respect to the in-

tracellular space) and acts a sink for upstream intracellular current. Thus, the further

depolarization of the membrane, as the result of the activation of the sodium current

(INa), is an inward current and is a intracellular source. In AsymDM 3 (panel A),

the non-confined membrane charges first, activating the inward sodium current first

and, hence, leading propagation. Sodium activation of the confined membrane is de-

layed by 115 µs, lagging propagation; however, activation occurs before the leading

membrane becomes a source (the capacitance current remains the dominate current).

The load of the confined membrane results in an 21% increase in the sodium current

from the leading action potential and a 19% decrease in the lagging action potential
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compared to the SymDM membrane current predictions. This results in the non-

confined membrane contributing more charge to downstream depolarization than the

region consumes (shown in the bottom plots). In contrast, in AsymDM 4, sodium

activation of the confined membrane occurs after the leading membrane has already

become a source for intracellular current (shown by the dotted line in Figure 5.6B).

Additionally, sodium inactiviaton of the leading membrane begins before the confined

membrane has ever become a source for intracellular current (shown by the dashed

line). Note that even though the velocities of the AsymDM 4 model and SymDM

model are similar, the lagging membrane is acting as a large load on downstream

propagation, shown as a 26% increase in sodium current over that in the SymDM

model.

In the bottom plots in Figure 5.6A-B, Imem from the leading and lagging mem-

brane regions were integrated over time. As the activation delay between the opposing

regions widens, less intracellular current is consumed by the lagging membrane and,

thus, less inward current from the leading membrane is lost to the depolarization of

the lagging membrane. However, because there is still a load from the confined mem-

brane, sodium current from the leading membrane increases. Together, the decrease

in current consumed from the confined membrane and the increase in sodium current

contributed from the leading action potential result in the non-confined membrane

replacing the amount of current consumed downstream at a faster rate. In Asym 4,

Qmem from the leading membrane has returned to zero before the lagging membrane
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is able to contribute to the intracellular current, and an incremental increase in con-

duction velocity is observed. Notice that the additional sodium current contributed

from the leading AP replaces the current that the confined membrane consumed but

could not replace due to the decrease in sodium current.

5.3.3 Eliminating Membrane Participation in Impulse Propagation

As noted in the introduction, the tight packing of cardiac fibers in large mammalian

Purkinje bundles has been proposed as a possible mechanism to eliminate intimately

juxtaposed membranes from participating in impulse propagation, thereby increasing

conduction velocity [79]. It has also been suggested that in normal ventricular tissue,

impulse propagation may primarily conduct along cardiac fiber membranes adjacent

to larger interstitial gaps [24]. Table 5.2 shows that restricting half of the extracellular

thickness to 2 nm did not significantly impact the speed of impulse propagation,

although the time courses of the action potentials around the myocyte perimeter

exhibited significant variation.

Several studies have suggested that resistance of the extracellular space may not be

linearly related to the cross-sectional area as the thickness approaches the dimensions

of the basement membrane, namely 30-50 nm [21]. As a result, simulations were

performed in which the resistivity of the extracellular space was increased from 0.05

to 25.60 KΩ·cm. We used the case with a 0.10 fraction of extracellular space, because

it was more representative of the permeable space of the interstitium [27].
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Table 5.3 quantifies the percent change in action potential characteristics from

narrow and wide regions in fiber models with an increased narrow extracellular re-

sistivity. When the narrow resistivity was twice normal (0.10 kΩ·cm), there was an

immediate change in AP characteristics along the confined membrane. Most notable

was the significant reduction in upstroke velocity (from +18% to -11%) that was

accompanied by a 7% increase in conduction velocity. When the narrow resistivity

was four times normal (0.20 kΩ·cm), τfoot diverged across opposing membranes, re-

quiring a longer time to depolarize the confined membrane. As the narrow resistivity

increased, the more restricted patches of the confined membrane never depolarize,

until eventually no patches of the confined membrane depolarize.

The action potential of the non-confined membrane approaches the shape of that

predicted by the SymDM, while conduction velocity increases 41%. As the load

from the confined membrane lessens, τfoot decreases to 219 µs and upstroke velocity

increases to 243 mV/s. When the load from the confined membrane was nearly zero,

(φm)max increases to 22 mV. Conduction velocity steadily increases to 69.9 cm/s,

nearly equal to the value that predicted from a bidomain model with half the surface-

to-volume ratio (2434 µm−1).

As the resistance in the narrow extracellular region increases, impulse propaga-

tion in the narrow and wide regions disassociate. This dissociation is revealed as

a longer delay in the activation of sodium current from the lagging membrane and

a reduction in the transverse current in the extracellular space (see Figure 5.7A).
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As a result, the impulse from the non-confined (leading membrane) experiences a

decreased load from the confined (lagging) membrane, and, thus, the sodium current

of the leading membrane decreases to the predicted value of the SymDM case (Fig-

ure 5.7B). The sodium current of the lagging membrane decreases to zero, at which

point no membrane patches are able to reach threshold (Figure 5.7B).

As the resistance of the narrow extracellular region increases, the downstream load

from the confined membrane decreases and is effectively disconnected from the wide

region, eliminating half the membrane from impulse propagation. A limiting case was

simulated in which the narrow extracellular region was physically disconnected from

the wide region. This disconnected model (Discon) was created by defining no-flux

boundaries at opposing domain corners in the extracellular space (see Figure 5.1C).

We used the same fiber configuration as in AsymDM 4 with an fe of 0.10, extracellular

bias of 1:500 and normal resistivity. The results are listed in Table 5.3. As expected,

the membrane adjacent the cleft space does not participate in propagation due to

the loss of the transverse current flow necessary to depolarize the membrane. The

conduction velocity increases 41% to 70.2 cm/s (consistent with a fiber with half the

membrane surface to volume ratio) and the shape of the propagating action potential

followed that simulated in the SymDM or bidomain models.

Figure 5.8 shows isopotential lines (φm = −60mV) for the SymDM and AsymDM 3-

5 models. In the symmetric model, the wavefront is radially homogeneous, as assumed

in the bidomain model. In the asymmetric models, the unequal membrane load cre-
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ates a radially heterogeneous wavefront that stretches over multiple cells. Impulse

propagation is determined by the non-confined membrane, while the delayed depo-

larization of the confined space creates a transverse load on longitudinal propagation.

In the asymmetric multidomain models, we observed an initial slowing in con-

duction velocity (−3% in AsymDM 3) before observing propagation speed up (+41%

in AsymDM 13). We attributed the initial slowing to the increase in transverse ex-

tracellular current, flowing from the narrow side to the wide side, which decreased

the intracellular current gradient. Because we observed this upturn in conduction

velocity when the length constant in the confined space decreased (λnarrow ≈ 8.8µm)

to a magnitude near the mesh size (in the transverse direction), we re-ran select cases

near this transition point to confirm that the biphasic observation was not a compu-

tational error manifested by an inadequate mesh-size. The mesh of the intracellular

space was increased to a 9 × 9 voxel grid, thereby decreasing the spatial resolution

in the transverse direction to 1.83 µm step, instead of the 3 × 3, 5.48 µm step used

previously. We observed the same biphasic response in conduction velocity with a

slightly more pronounced decline in conduction velocity near the transition point. In

AsymDM 3, AsymDM 4, and AsymDM 13 we computed θ’s of 45.8 cm/s (instead of

47.7), 48.0 cm/s (instead of 49.7) and 69.3 cm/s (instead of 69.9), respectively.
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5.4 Discussion

In the classical bidomain model [35], the known variability of interstitial spaces

around myoctes, ranging from narrow spaces between tightly connected fibers to wide

gaps between bundles, can only be represented as an averaged, homogenized resis-

tance. The discrete multidomain model presented in this chapter provides a means to

investigate the effects on impulse propagation or discontinuity in both the intracellu-

lar and extracellular spaces at the micro-scale. Comparison of a multidomain model,

describing a narrow depth of extracellular space around half of the membrane, and

an equivalent bidomain model demonstrates that, although the conduction velocity

slows with a decreasing fraction of interstitial space, the magnitude of the conduction

velocity is relatively insensitive to the distribution of extracellular space around the

fiber. This result supports the generally held assumption that the bidomain predicts

the effects of the macroscopic intracellular and extracellular properties on conduction.

At the microscale, however, the potentials and patterns of current flow predicted by

both models show significant differences, owing to the differences in the mechanisms

of propagation.

In the discrete multidomain, a narrow extracellular pathway bordering half the

membrane creates an unequal perimetrical load on the depolarizing intracellular cur-

rent that acts to break the symmetry of the wavefront conducting on a single fiber. As

shown in Figure 5.8, the leading edge of the wavefront advances along the membrane
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adjacent to the wider extracellular space followed by the progressive depolarization of

the confined membrane. The delayed depolarization along the confined membrane is

the result of the decreased electrotonic effects between the narrow extracellular space

and the upstream inward (to the intracellular space) membrane current. Instead, the

depolarization of the leading membrane creates a large potential gradient in the extra-

cellular space, transverse to the fiber axis, that depolarizes the confined membrane.

This is revealed as the complete redirection of current in the narrow extracellular

space from the longitudinal to transverse direction. As a result, impulse propagation

advances down the fiber’s axis via activation of the non-confined membrane adja-

cent the wide extracellular space and then propagates around the fiber perimeter via

activation of the confined membrane. Thus, the non-confined membrane is driving

propagation.

Although impulse propagation along 50% of the membrane is transverse, the

confined membrane impacts longitudinal propagation by acting as a large downstream

load to intracellular current. For the case of AsymDM 3, the lagging membrane

acts as a load during the initial depolarization of the leading membrane, thereby

increasing τfoot. However, the depolarization of the leading membrane (while the

capacitance current is the dominate current) creates enough of a potential gradient

transverse to the fiber axis to also sufficiently depolarize the confined membrane.

Because the depolarization of half the membrane is delayed, there is a time when the

non-confined membrane is acting as a source and the confined membrane is acting
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as a sink to downstream axial intracellular current. During this time, the lagging

membrane is an additional load to the upstream intracellular current, resulting in

the leading action potential to activate at a lower transmembrane potential and to

extend the time the sodium channels are open, thus increasing the charge contributed

by the inward sodium current by as much as 26% along the non-confined membrane.

The increase in sodium current along the non-confined membrane is accompanied by

a decrease in upstroke velocity and an insignificant decrease in amplitude from the

leading action potential (Figure 5.4B).

Conversely, impulse propagation along the confined membrane experiences a smaller

downstream load due to the collision of the clockwise and counter-clockwise action po-

tentials that propagate from the leading membrane and around the fiber perimeter.

The lagging action potentials have a decreased inward current, increased upstroke

velocity and increased amplitude. The time constant of the initial rise in transmem-

brane voltage increases concurrently with τfoot from the leading action potential,

as long as the extracellular gradient created from the depolarization of the leading

membrane can also drive the initial 15mV depolarization of the lagging membrane.

The changes in sodium current with load are consistent with the findings of Spach

and Kootsey [88], where they compared changes in sodium current and AP charac-

teristics during longitudinal propagation under three conditions: [1] at steady-state

within a uniform fiber (”normal” downstream load), [2] near a stimulus site (in-

creased downstream load) and [3] near an AP collision site (decreased downstream
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load). They found that the sodium current increases near the stimulus site while it

decreases near the collision site in comparison to the sodium current from the uni-

form action potential. Spach and Kootsey concluded that the changes in downstream

load effected the kinetics of the activation and inactivation of the sodium channels

similar to that observed in Figure 5.6. Additionally, they observed the same changes

in action potential characteristics with variations in downstream load during longi-

tudinal propagation. In the multidomain model studied here, the downstream load

on intracellular current was transverse to the direction of propagation.

Sommer hypothesized that tight extracellular spaces may eliminate membrane

participation in downstream propagation [79]. The results of our simulations showed

that, while the conduction near the tight spaced lagged, the conduction velocity

was nearly constant, even for an extremely narrow space of 2 nm. Although at

this narrow depth the confined membrane begins to disassociate from longitudinal

propagation, it remains a large downstream load to the depolarizing current of the

leading membrane, hindering an increase in conduction velocity. While the confined

space has a larger interstitial resistance than the wide space, the magnitude of the

resistance was proportional to the thickness. Several studies have suggested that

the resistance of the extracellular space may depend on more than the thickness

[6, 21, 56].

In a comprehensive review, Levick discusses the implications of flow through

porous mediums, such as the interstitium, by building on the Carman-Kozeny equa-
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tion as it relates to the composition of the extracellular space and the presence of

cells, i.e. impermeable volumes. He concluded that interstitial conductivity is non-

linearly related to the extracellular fiber concentration. Additionally, he found that

a heterogeneous composition of extracellular matrix proteins, such as that found in

cardiac tissue, could further decrease conductivity that is not accounted for by simple

application of the Carman-Kozeny equation [56]. Filion, et. al argues that, because

30-50 nm basement membrane is composed of concentrated extracellular matrix pro-

teins [6], it may be 35 times more resistive than the larger interstitial matrix [21].

As a result, the microscale heterogeneity in the interstitial space may significantly

contribute to very large interstitial resistances in tight clefts.

The simulation results showed that when the resistivity of the confined spaced was

increased relative to that in the non-confined space, the narrow extracellular region

becomes functionally disconnected from the wide region. As a result, the leading

wavefront dominates longitudinal conduction and the confined region acts less and

less as a load. Eventually, when the extracellular resistance becomes 65 times larger

than normal, the membrane covered by a narrow 2 nm depth of extracellular space

never depolarizes, as shown in Figure 5.7. Because the narrow region no longer

serves as a load, the action potentials on the wide side have an increased upstroke

velocity, decreased τfoot and increased conduction velocity. The increase in velocity

and the change in shape reach their limiting values when the resistivity of the confined

extracellular space was 32 times greater than normal.
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The drag observed in the propagating wavefront as the result of a non-uniform,

and at times confined, distribution of extracellular space has been observed in other

theoretical studies using different modeling approaches [36, 74, 105]. Henriquez and

Plonsey, as well as Roth modeled longitudinal propagation in strand of cardiac tis-

sue using a two-dimensional bidomain approach expressed in cylindrical coordinates

[36, 74]. The strand was immersed in a large bath while the interstitial space within

the strand was confined. Wang et. al. used a boundary element method that compu-

tationally separated the intracellular and extracellular spaces as in the multidomain

[105]. In contrast to the case considered here, the fibers in the bundle models were

assumed to be radially symmetric, but, because of a large volume conductor sur-

rounding the tissue, an effective non-uniformity in the interstitial resistance from the

surface to the center of the bundle was created during longitudinal propagation.

Roth and Wang et. al. reported a decrease in conduction velocity as the intersti-

tial space becomes more confined within the bundle. In Wang et al.’s study, when the

fibers are uncoupled and tightly packed, separated by < 1µm, the conduction velocity

was lower along the center fiber than along the surface fiber because of each fiber’s

respective location to the surrounding bath. She demonstrated that the transverse

coupling of fibers led to a uniform conduction velocity along the bundle by increasing

θ along the inner membrane and decreasing θ along the outer membrane compared to

the respective velocities in an uncoupled fiber bundle. Wang et al.’s analysis of this

result is similar to the analysis presented here for a single, isolated fiber. The small
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decrease in θ observed for the cases AsymDM 1-3 arose because the leading mem-

brane is loaded by the lagging membrane, decreasing the amount of current available

to depolarize the downstream membrane in the longitudinal direction.

Neither bundle model produced an increase in conduction velocity as the intersti-

tial space becomes more resistive, as observed in the multidomain representation of

the single fiber with non-uniform interstitial space. In the multidomain model, con-

duction velocity did not begin increasing until the depth of the extracellular space

was ≈ 2 nm in the narrow region at a normal extracellular resistivity of 50 Ωcm

(σe = 20 mS/cm). In Roth’s model, ρe was 66.7 Ωcm (σe = 15 mS/cm) and fe de-

creased to 0.005, which is equivalent to a 6 nm depth of interstitial space surrounding

the membrane of the inner-bundle fibers. In Wang et al’s model, the inter-fiber dis-

tance was decreased to 1 nm; however, ρe was 3.3 times lower than 50Ωcm. Thus,

this would be equivalent to a confined depth of 3.3 nm with a ρe of 50Ωcm, which is

still wider than the transition case of, AsymDM 4. In the multidomain, a very large

resistance adjacent to part of the membrane is required for the increase in conduction

velocity. The resistance is larger than can be obtained by simply reducing the inter-

stitial space. As we note, there is evidence that the interstitial resistance can increase

non-linearly when the interstitial space is reduced significantly. It is interesting to

note that Wang et. al. observes similar action potential changes in the inner fiber

to what we have reported for the lagging action potential before conduction begins

increasing. The results from the multidomain show that the changes in waveshape
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and wavespeed observed in models of bundles due to an effective non-uniformity in

interstitial properties can be realized even at the level of a single fiber. This suggests

that it may be possible to build a 2D or 3D bidomain representation of a Purkinje

bundle to reproduce the speedup and waveshape changes seen in the multidomain

with decreasing interstitial space, assuming the properties of extracellular space can

be appropriately represented.

One limitation of the current model is the idealized fiber structure of regular and

repeating myocytes surrounded by an unequal but constant depth of extracellular

space along the fiber length. In real tissue, a cardiac fiber is composed of irregular

and variable-sized myocytes that branch, rejoin and terminate, changing not only the

volume fraction ratio but also the extracellular distribution around the fiber. For the

purpose of this study, we used a simple geometry to better control the distribution

of the extracellular space; however, the multidomain model can be applied to more

realistic tissue geometries. Another limitation is that we assumed that diffusion, and

not ionic availability, is the limiting factor in impulse propagation, which may not

hold true in confined tissue spaces. Further study is needed to determine how best

to account for the ion concentrations in the extracellular spaces of the multidomain

model using more sophisticated membrane models.

In summary, the simulations showed that, over a wide range of asymmetry in

the extracellular space, the bidomain model predicts the conduction velocity and

average action potential timecourse in a single fiber. When asymmetry is combined
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with non-uniform material properties, it is possible to reduce the impact of half the

membrane on conduction. For this to occur, half of the membrane must serve as an

intracellular source to downstream charging before the other half reaches threshold.

While this was accomplished here by increasing the resistance of the confined space,

this elimination of half the membrane could also be accomplished by reducing the

number of Na channels (and hence the Na current) in the confined region. While

not yet practical to model all scenarios, the multidomain model can be very useful

in helping to determine what electrical and membrane properties as well as volume

fractions to assign in classical macroscopic models, such as the bidomain, which

required significantly less computational time.
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Figure 5.1: A Depiction of the first two and last cells in an idealized cardiac fiber
used to simulate longitudinal propagation. The model consisted of 50 rectangular
cells (100 µm long) connected via intercellular junctions (labeled gap). Propagation
was initiated via a time-variant transmembrane stimulus (shown by the 2-traces)
applied to the entire first cell. B Discretization of the discrete multidomain for
a single dz-slice defined by 9 intracellular voxels and 16 encompassing extracellu-
lar voxels. For each space, two example resistor networks are shown. φi and φe
represent the intracellular and extracellular potentials, respectively, at a uniquely
defined (x, y, z)-coordinate within the tissue space. The boxed BCAP and BCjunct

are assigned boundary conditions at locations where two domains interface. C Three
model configurations were used that described a (1) symmetric, (2) asymmetric, and
(3) asymmetric but also discontinuous extracellular space in the tissue cross-section.
D In all model configurations, the fraction of extracellular space was varied between
0.10 or 0.25. In the asymmetric configurations, the extracellular depth was skewed
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an asymmetric fiber model defined by an fe = 0.10 and 1:500 bias in distribution,
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Comparison of Bidomain to AsymDM AP Waveshapes

Extra. θ (φm)max (∂φm/∂t)max τfoot

fe Model Bias cm/s mV mV/ms µs

0.25 Bidomain 56.8 22 246 218

0.25 Symmetric 1:1 ' 0% ' 0% ' 0% ' 0%

0.25 Asymmetric 1:10 ' 0% ' 0% +2% 1- 1% +1%

1:50 - 2% - 2% +10% 1- 3% +5%

1:250 - 4% +1% - 4% +34% - 14% +18%

1:500 - 4% +19% - 3% +40% - 20% +25%

1:1000 - 1% +36% +1% +31% - 25% +27 +29%

0.10 Bidomain 49.4 22 244 217

0.10 SymDM 1:1 ' 0% ' 0% ' 0% ' 0%

0.10 AsymDM 1 1:10 - 1% - 1% +5% 1- 2% +2%

AsymDM 2 1:50 - 3% - 2% - 4% +21% 1- 8% +10%

AsymDM 3 1:250 - 3% +25% - 1% +37% - 22% +26%

AsymDM 4 1:500 +1% +41% +1% +18% - 24% +28%

Table 5.2: Percent change in AP characteristics from AsymDM models with a non-u-
niform distribution of extracellular space as compared to the equivalent bidomain
representation (' 0% < 0.001%). The two percentages correspond to divergent val-
ues from the confined membrane (not shaded) and non-confined membrane (shaded).
If results show only one percentage, the measured values for the pair were nearly
equivalent.
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Figure 5.5: Alterations in the multidomain intracellular and extracellular currents
for unequal distributions of extracellular space: AsymDM 1 = 1:10 (thin line),
AsymDM 2 = 1:50 (medium line), AsymDM 3 = 1:250 (thick line), AsymDM 4
= 1:500 (dashed line) in comparison to an equivalent bidomain or corresponding
SymDM representation with fe = 0.10 (dotted line). A In the intracellular space,
current consistently decreases with an increasing asymmetry. B In the wide extra-
cellular region, the current along and across the fiber are larger compared to the
bidomain case. C In the narrow extracellular region, current shifts from the longitu-
dinal to transverse direction.
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Figure 5.6: Increased extracellular resistance (due to the narrower depth) delays
downstream charging of the confined membrane, redistributing INa and shifting Imem
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larization. In contrast, INa from the lagging membrane decreases, contributing less
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is when the leading membrane is a source (contributing current) and the lagging
membrane is a sink (consuming current). A In AsymDM 3, all patches of the lagging
membrane reach threshold (INa activation) before the leading membrane becomes
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Comparison of SymDM to AsymDM and Discon AP Waveshapes

ρe narrow θ (φm)max (∂φm/∂t)max τfoot

Model* KΩ·cm cm/s mV mV/ms µs

SymDM 0.05 49.5 22 244 219

AsymDM 4 0.05 +1% +41% 1+1% +18% - 24% +28%

AsymDM 5 0.10 +7% +44% 1- 1% - 11% - 23% +24%

AsymDM 6 0.20 +15% +39% - 10% - 34% - 19% +22% +19%

AsymDM 7 0.40 +23% +27% - 21% - 39% - 15% +35% +13%

AsymDM 8 0.80 +29% +13% - 21% - 42% - 10% +83% 1+9%

AsymDM 9 1.60 +34% 11- 2% - 25% - 43% 1- 7% +126% 1+5%

AsymDM 10 3.20 +37% - 147% - 17% - 45% 1- 4% +137% 1+3%

AsymDM 11 6.40 +39% - 10% - 2% +1%

AsymDM 12 12.80 +40% 1- 6% - 1% +1%

AsymDM 13 25.60 +41% 1- 3% - 1% ' 0%

Discon 0.05 70.2 (+42%) 22 ('0%) 243 ('0%) 217 (-1%)

*All AsymDM model configurations had a fe = 0.10 with a 1:500 biased distributed.

Table 5.3: Percent change in the discrete multidiomain AP characteristics in models
that described an increased resistivity in the narrow extracellular region as compared
to the corresponding symmetric discrete multidomain with equivalent volume fraction
ratio (' 0% < 0.001%). Two percentages correspond to inconsistent values of the
confined membrane (not shaded) and non-confined membrane (shaded). If results
show only one percentage, the measured values for the pair were less than 1% (not
shaded) or only the non-confined membrane was excited (shaded).
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Chapter 6

Conclusion & Future Work

There has been many theoretical investigations that have explored the microscopic

and macroscopic impact of observed physiology on impulse propagation. The mo-

tivation for this work arises from the need to understand variations in electrotonic

load defined within the fine details of the cardiac interstitium to better understand

the implications of healthy and pathophysiological states on impulse propagation.

The goal of this dissertation was to investigate the electrotonic impact on im-

pulse propagation from non-uniform loads manifested within realistic representations

of the tissue microstructure, specifically the cardiac interstitium. In morphology

studies, non-uniform loading could arise as the result of interstitial loading from the

intimate association between the active myocyte membrane and the intravascular

system. Additionally, non-uniform loading could arise from unequal distributions of

extracellular space that may confine radial portions of the myocyte membrane within

highly resistive interstitial spaces.

To address structural loads manifested from the fine tissue detail, a computa-
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tional model able to recreate these microstructural details was presented in Chapter

3 as the discrete multidomain model. The discrete multidomain formulation de-

scribes the three-dimensional ionic diffusion pathways between connected cells and

within the interstitium at the sub-cellular level. Unlike classical models of impulse

propagation, the intracellular and extracellular spaces are represented as spatially

distinct volumes with dynamic and static boundary conditions that electrically cou-

ple neighboring spaces to form the electrically cooperative tissue model. The discrete

multidomain model allows for a more detailed and realistic three-dimensional de-

scription of the interstitial space, providing a computational means to investigate the

impact of discontinuous and resistive inhomogeneities that comprise the interstitial

space.

In Chapter 4, a model is developed that incorporates the qualitative and quan-

titative morphological observations as it relates to the distribution and composition

of cardiac tissue spaces. The model described an active intracellular space immersed

within a non-uniform interstitial space composed of extracellular and intravascular

space. Additionally, the intimate apposition between the capillary vessel and the

myocyte membrane is capture. Results show the following:

• There is a non-linear change in the action potential foot with decreasing capil-

lary wall resistance, increasing presence of interstitial capillaries and increasing

extracellular resistance.

• The presence of passive intravascular architecture increases the variability ob-
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served in τfoot.

• Under normal extracellular resistances, the branching intravascular space could

create a compensatory mechanism where loading from the capillary wall is

counterbalanced by Re and fm,cap/myo. However, under high extracellular resis-

tances this compensatory mechanism null and the could result in conduction

block under depressed excitability conditions.

In Chapter 5, a model is developed that non-uniformly distributes the encom-

passing extracellular using the discrete multidomain formulation. Interestingly, the

active myocyte membrane confined by a tight depth of extracellular space continued

to participate in impulse propagation. However, when the resistance of the extra-

cellular space was increased adjacent to the confined membrane, the active myocyte

membrane no longer contributed to downstream propagation. Under the discrete

multidomain representation, results were able to demonstrate the non-uniform elec-

trotonic loading that may occur as the result of confined or highly resistive intersti-

tial spaces. Additionally, results present a mechanism for the elimination of active

myocyte membrane from participating in impulse propagation, thereby increasing

conduction speed by decreasing the ”effective” surface-to-volume ratio, as suggested

to occur in the conducting Purkinje tissue.

The strength of the discrete multidomain formulation is the model’s ability to

more accurately describe the microscopic architecture of cardiac muscle, thereby

recreating the stochastic electrical events that occur during impulse propagation. As
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has been shown in Chapter 4 and Chapter 5, the discrete multidomain formulation

is a more detailed model that can test the assumptions of other traditional compu-

tational models, e.g. the bidomain model, that simplify the cardiac architecture to

reduce the mathematical complexity of the problem. Ultimately, in the cardiac mod-

els presented in this study, the discontinuous bidomain model was able to capture

much of the microscopic details of impulse propagation under normal physiological

descriptions.

In future studies, the discrete multidomain formulation could be used to develop

models of the intercalated disc. The sub-cellular resolution and unique nodal de-

scriptions provide a flexible platform to recreate the undulating membrane bound-

aries with distinct locations of gap junction plaques and the localization of sodium

channels. The possible ephatic mechanisms could be investigated by incorporating

tight extracellular space between the two junctional membranes. Additionally, in-

corporation of fibroblasts into the interstitial space is a topic of interest in cardiac

disease that the discrete multidomain is able to more accurately represent than tra-

ditional models. Lastly, the limits of the discrete multidomain should be tested and

larger models of impulse propagation should be investigated using cardiac bundles as

a basis.
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Appendix A

Luo-Rudy I Cardiac Action Potential
Equations

The myocyte membrane dynamics used exclusively in this work were quantitatively

described by Luo and Rudy for the guinea pig ventricular cell [57]. The time course of

the Luo-Rudy I action potential is described by six voltage-dependent ionic currents,

consisting of two inward currents INa and Isi and four outward currents, IK , IK1, IKp

and Ib (listed below). The Luo-Rudy I equations also describe the intracellular cal-

cium concentration as a function of time and transmembrane voltage, [Ca2+]i(Vm, t).

In this work, we focused on simulating the action potential upstroke. The Luo-Rudy

I description provided an accurate action potential model during this specific time

without the large computational expense associated with other models that include

a more complex description of the transmembrane current. The gating variables and

their dynamic descriptions are provide on the following pages.
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ILR1 =
∑



INa = ḡNa ·m3 · h · j · (Vm − ENa)

Isi = ḡsi · d · f · (Vm − Esi(Vm))

IK = ḡK · x · xi · (Vm − EK)

IK1 = ḡk1 · k1 · (Vm − EK1)

IKp = ḡkp · kp · (Vm − EKp)

Ib = ḡb · (Vm − Eb)
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Inward Currents

Fast Sodium Current : INa = ḠNa ·m3 · h · j · (Vm − ENa)

ḠNa = 0.23 mS/cm2, ENa = 54.4 mV -

αm =



3.2 |Vm + 47.13| < 0.0001

0.32(Vm + 47.13) Vm > 100

0.32(Vm + 47.13)
1 + exp[−0.1(Vm + 47.13)]

all else

βm = 0.08 · exp [−Vm/11] for all Vm

αh =


0.0 Vm ≥ −40.0

0.135 exp(−(Vm + 80.0)/6.8) Vm < −40.0

βh =



1.0/0.13 Vm > 135.0

1.0
0.13(1.0 + exp((Vm + 10.66)/− 11.1))

−40.0 ≤ Vm ≤ 135.0

3.56 exp(0.079Vm)+(3.10×105) exp(0.35Vm) Vm < −40.0

αj =


0.0 Vm ≥ −40

(aj1 − aj2)aj3 Vm < −40.0

aj1 =


−127140.0 exp(0.2444Vm) Vm > −144

0.0 Vm ≤ −144

aj3 =


Vm + 37.78

1.0 + exp(0.311(Vm + 79.23))
Vm > −144

Vm + 37.78 Vm ≤ −144

βj =



0.3 Vm > 72.0

0.3 exp((−2.535× 10−7)Vm)
1.0 + exp(−0.1(Vm + 32.0))

−40.0 ≤ Vm < 72.0

0.1212 exp(−0.01052Vm)
1.0 + exp(−0.1378(Vm + 40.14))

Vm < −40.0
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Slow Inward Current : Isi = Ḡsi · d · f · (Vm − Esi)

Ḡsi = 0.09 mS/cm2, Esi = 7.7− 13.0287 log([Ca2+]i) -

∂[Ca2+]i
∂t

= (−1.0× 10−4)Isi + 0.07((1.0× 10−4)− [Ca2+]i)

αd =
0.095 exp(−0.01(Vm − 5.0))

1.0 + exp(−0.072(Vm − 5.0))

βd =
0.07 exp(−0.017(Vm + 44.0)
1.0 + exp(0.05(Vm + 44.0))

αf =



0.012 exp(−0.008(Vm + 28.0)) Vm < −107.0

0.012 exp(−0.008(Vm + 28.0))
1 + exp(0.15(Vm + 28.0))

−107.0 ≤ Vm < 57.0

0.0 Vm > 57.0

βf =



0.0 Vm < −107.0

0.0065 exp(−0.02(Vm + 30.0))
1 + exp(−0.2(Vm + 30.0))

−107.0 ≤ Vm < 57.0

0.0065 exp(−0.02(Vm + 30.0)) Vm > 57.0

Outward Currents

Time-dependent Potassium Current : IK = ḠK · x ·Xi · (Vm − EK)

ḠK = mS/cm2, EK = −77.0 mV

-

αx =
0.0005 exp(0.083(Vm + 50.0)
1.0 + exp(0.057(Vm + 50.0))

βx =
0.0013 exp(−0.06(Vm + 20.0))
1.0 + exp(−0.04(Vm + 20.0))

Xi =



1.0 Vm ≤ −100.0

2.837 exp(0.04(Vm + 77.0))− 1.0
(Vm + 77.0) exp(0.04(Vm + 35.0))

0.0001 ≤ |Vm + 77.0|

0.609 0.0001 > |Vm + 77.0|
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Time-independent Potassium Current : IKI = ḠKI ·KI · (Vm − EKI)

ḠKI = 0.0.09 mS/cm2, EK1 = −87.26 mV -

K1 =



1.0 Vm < −116

αK1/(αK1 + βK1 −116 ≤ Vm ≤ 6.2

0.0 Vm > 6.2

αK1 =
1.02

1.0 + exp(0.2385(Vm − 146.475))

βK1 =
0.49124 exp(0.08032(Vm − 81.78)) + exp(0.06175(Vm − 681.57))

1.0 + exp(−0.5143(Vm − 82.51))

Plateau Potassium Current : IKp = ḠKp ·Kp · (Vm − EKp)

ḠKp = 0.6047 mS/cm2, EKp = −87.26 mV -

Kp =



0.0 Vm < −86.0

1.0
1.0 + exp((7.488− Vm)/5.98))

−86.0 ≤ Vm ≤ 100

1.0 Vm > 100

Background Current ( ”fudge factor” ) : Ib = Ḡb · (Vm − Eb)

Ḡb = 0.03921 mS/cm2, Eb = −59.87 mV
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