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Abstract

Thin liquid films are often studied by reducing the Navier-Stokes equations using

Reynolds lubrication theory, which leverages a small aspect ratio to yield simpli-

fied governing equations. In this dissertation a plate coating application, in which

polydimethylsiloxane coats a silicon substrate, is studied using this approach. Ther-

mal Marangoni stress drives fluid motion against the resistance of gravity, with the

parameter regime being chosen such that these stresses lead to a stable advancing

front. Additional localized thermal Marangoni stress is used to control the thin film;

in particular, coating thickness is modulated through the intensity of such localized

forcing. As thermal effects are central to film dynamics, the dissertation focuses

specifically on the effect that incorporating temperature dependence into viscosity,

surface tension, and density has on film dynamics and control. Incorporating tem-

perature dependence into viscosity, in particular, leads to qualitative changes in film

dynamics.

A mathematical model is developed in which the temperature dependence of vis-

cosity and surface tension is carefully taken into account. This model is then studied

through numerical computation of solutions, qualitative analysis, and asymptotic

analysis. A thorough comparison is made between the behavior of solutions to the

temperature-independent and temperature-dependent models. It is shown that us-

ing localized thermal Marangoni stress as a control mechanism is feasible in both

models. Among constant steady-state solutions there is a unique such solution in
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the temperature-dependent model, but not in the temperature-independent model,

a feature that better reflects the known dynamics of the physical system. The in-

teraction of boundary conditions with finite domain size is shown to generate both

periodic and finite-time blow-up solutions, with qualitative differences in solution

behavior between models. This interaction also accounts for the fact that locally

perturbed solutions, which arise when localized thermal Marangoni forcing is too

weak to effectively control thin film thickness, exist only for a discrete set of bound-

ary heights.

Modulating the intensity of localized thermal Marangoni forcing is an effective

means of modulating the thickness of a thin film for a plate coating application;

however, such control must be initiated before the film reaches the full thickness

it would reach in the absence of such localized forcing. This conclusion holds for

both the temperature-independent and temperature-dependent mathematical mod-

els; furthermore, incorporating temperature dependence into viscosity causes qual-

itative changes in solution behavior that better align with known features of the

underlying physical system.
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1

Introduction: Historical Context

The entirety of this dissertation is focused on studying a single applied problem

that arises in the field of thin films research. A thin film is a layer of liquid whose

thickness is much smaller than its horizontal extent; tear films are the most accessible

examples of thin films and have been studied extensively [6], [16], [17], [68], [52]. We

will be considering a plate coating application in which a silicon substrate is coated

with a layer of polydimethylsiloxane (PDMS), which is a viscous fluid used both in

microfluidics research [84], [100], [79], [22] and a wide variety of industrial commercial

applications [60]. In microfluidics “lab-on-a-chip” applications heated PDMS slowly

coats the substrate before being cooled and solidifying. The resultant coating serves

as a blank slate into which various features can be etched and electronics embedded.

Controlling the thickness of the PDMS coating is a matter of some importance as it

enables more precision when carrying out such experiments. This dissertation looks

at a viable means of controlling this coating thickness through localized heating of

the substrate as it is being coated with PDMS.

Before we address this problem in more detail we seek to situate it with respect

to historical developments both in thin films research and in fluid dynamics more

1



broadly. We begin with a broad overview of the historical development of the foun-

dations of modern fluid dynamics in section 1.1. The discussion is then narrowed in

section 1.2 to focus on the more recent history of thin films research, with a focus

on areas that are directly relevant to the problem we will be considering throughout

the remainder of this dissertation.

1.1 Foundations of Modern Fluid Dynamics

We begin by giving a broad overview of the historical development of premodern

fluid dynamics in subsection 1.1.1, concluding with a statement of the Navier-Stokes

equations. This then transitions in subsection 1.1.2 into a discussion of how the

modern formulation of fluid dynamics given by the Navier-Stokes equations led to

further advances in research and mathematical techniques, concluding with a discus-

sion of the different approaches modern researchers use when studying fluid dynamics

problems.

1.1.1 History of premodern fluid dynamics

Fluid flow was first studied systematically as an empirical discipline that was nec-

essary for the construction of water supply systems, such as irrigation canals and

aqueducts, and ships. Archimedes, who lived in ancient Greece from 287-212 BC,

is the first to be given credit for studying fluid flow conceptually rather than just

empirically [40]. He solved the fluid-at-rest problem and formulated his eponymous

principle governing buoyancy, which in modern parlance states that “the buoyant

force on an object is equal to the weight of the displaced fluid.”

In spite of these advances, efforts to study fluid flow more systematically did

not further advance until the 16th century when Leonardo da Vinci, who lived from

1452-1519 in Italy during the Renaissance, described the “eddies” and “eddying

motions” of water that he observed and carefully sketched for hundreds of pages in

2



his notebooks [40], [67]. In order to progress beyond this intuitive and primarily

observational understanding of fluid flow the power of calculus was needed in order

to more clearly articulate descriptions of fluid motions and properties. Isaac Newton

provided just these necessary mathematical tools in the three books of his magnum

opus, first published in 1687 [75]. The second of these books was dedicated to using

calculus to refute the Cartesian theory of vortices, which was a model of planetary

motion in vogue at the time, by describing the resistance of a fluid to the motion of an

object through it and showing that these conclusions invalidated Descartes’s model

of planetary motion [27]. In the process Newton illustrated the power of his calculus

and introduced two concepts that remain central to our modern understanding of

fluid dynamics: internal pressure and similarity [27].

Although calculus quickly became a widely used tool, mathematicians were much

slower to recognize the intrinsic value of internal pressure in describing fluid flow.

In 1738 Daniel Bernoulli published “Hydrodynamica,” in which he used Liebniz’s

principle of live forces to derive what we now know as Bernoulli’s Principle, which

states that an increase in the velocity of a fluid corresponds to a decrease in its

pressure [10], [27]. A critical shortcoming in Daniel Bernoulli’s reasoning, however,

was that he only ever considered his expression to be describing the wall pressure

of the container in which the fluid was flowing rather than the internal pressure of

the fluid. Daniel’s father, Johann Bernoulli, published “Hydraulica” in 1742 in order

to show that the same results followed from reasoning that more closely adhered to

Newton’s physical laws, thereby showing that Liebniz’s principle of live forces was

derivative from Newton’s laws, and hence unnecessary [11], [27].

Jean le Rond d’Alembert continued this progression towards a more systematic

and generalizable thinking about fluid dynamics, built upon foundational physical

principles, with his “Treaté de dynamique,” which was published in 1743 [25]. Just as

both Bernoullis before him, his original focus was on studying the problem of efflux
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of fluid from a container, but his thinking was built upon a set of laws he devised

based upon what he called the principle of sufficient reason. This more powerful

framework enabled d’Alembert to write “Réflexions sur la cause générale des vents”

in 1747, which won a prize from the Berlin Academy for describing how the tidal

forces of the sun and moon would lead to winds on Earth [26], [27]. This paper

was the first study of a two-dimensional fluid flow problem and used what we now

recognize as partial derivatives in order to write the equations governing the fluid

flow for that specific problem.

A member of the committee judging submissions for the prize d’Alembert won in

1747 was Leonhard Euler. Euler was able to synthesize many of the ideas of those

who had come before him in order to formulate general equations governing fluid

motion for the first time. In order to achieve this Euler embraced “internal pressure

as a key concept for a Newtonian approach to the dynamics of continuous media”

[27]. In a series of papers Euler obtained the incompressibility condition [34] in 1752,

equations governing compressible fluids in equilibrium [35] in 1755, and what are now

known as the Euler equations [55] also in 1755, which govern the flow of compressible

fluids and are a hallmark of modern fluid dynamics:

Bρ

Bt
` ~∇ ¨ pρ~uq “ 0

B

Bt
pρ~uq ` ~∇ ¨ pρ~u~uT q “ ~f ´ ~∇p

(1.1a)

(1.1b)

where an additional constitutive relation relating pressure, density, and heat is also

needed in order to close the system of equations [27].

This was a significant step towards a modern formulation of fluid dynamics equa-

tions in several ways: the derivation was motivated by the underlying physical laws

of mass, momentum, and energy conservation, the resulting governing equations were

expressed as a three-dimensional system of differential equations, and the internal

4



pressure of the fluid was used in this formulation and viewed as a quantity of fun-

damental interest and importance. Euler’s equations encapsulated the pinnacle of

human understanding of fluid dynamics for the better part of a century, but they

were not yet complete by modern standards: the concept that different fluids have

differing degrees of friction, both internally and with any containers in which they

are flowing, had not yet been articulated clearly or incorporated into the governing

equations.

The measure of a fluid’s internal friction came to be called the viscosity of the

fluid, and in 1822 Navier “derived equations for homogeneous incompressible fluids

from a molecular argument” that included the effects of viscosity [56], [73]. In 1829

Poisson used similar reasoning to obtain equations governing compressible fluids, but

these results were not yet incorporated into a continuum model articulated in the

form of differential equations [56], [74]. It wasn’t until Saint-Venant in 1843 [85]

and Stokes in 1845 [92] that a proper generalization of Euler’s equations from ideal

frictionless fluids to real viscous fluids was obtained:

Bρ

Bt
` ~∇ ¨ pρ~uq “ 0

B

Bt
pρ~uq ` ~∇ ¨ pρ~u~uT q “ ~f ` ~∇ ¨ S

(1.2a)

(1.2b)

The Navier-Stokes equations (1.2) serve as the common foundation of all modern

fluid dynamics research, where we again need a constitutive relation to close our

system of equations.

1.1.2 Modern developments

The essential form of the Navier-Stokes equations is ubiquitous in modern fluid dy-

namics research; however, a wide variety of challenges arise when the Navier-Stokes

equations are employed to solve any specific fluid dynamics problem. Some of these

challenges do not serve as impediments to research, but instead make the field of fluid
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dynamics incredibly deep and rich with interesting questions: the need to specify a

constitutive relation to close the Navier-Stokes equations and the need to impose

boundary conditions that are appropriate to the specific physical system being stud-

ied provide a wealth of opportunities to find interesting applications and are part

and parcel of modern research in fluid dynamics. Interplay between fluid dynamics,

heat transfer, and electromagnetism brings further depth to research grounded in

applying the Navier-Stokes equations to various physical systems. An obstacle to

pursuing answers to these interesting questions, however, is simply that the Navier-

Stokes equations constitute a system of nonlinear partial differential equations that

is amenable to solution by hand in only the simplest of circumstances.

There are two basic approaches to digesting the Navier-Stokes equations in the

context of analyzing any specific physical problem: direct computation of numerical

solutions and simplification of the governing equations using scaling and asymptotic

analysis.

The former approach characterizes what is known as the field of Computational

Fluid Dynamics (CFD). Due to the rapid growth in computing power over the last

century this approach to solving fluid dynamics problems has become increasingly

popular, especially within the aerospace engineering community. Broader application

of these techniques has been limited by the complexity and computational intensity

of these numerical simulations, which has largely limited their use to larger gov-

ernment and industrial projects where “advanced simulation capabilities not only

enable reductions in ground-based and in-flight testing requirements, but also pro-

vide added physical insight, enable superior designs at reduced cost and risk, and

open up new frontiers in aerospace vehicle design and performance” [88]. A central

problem that limits the applicability of CFD simulations at present is “the inability of

current methods to reliably predict turbulent separated flows” due to the drastically

different spatial scales present in a problem with turbulence [88].

6



The latter approach leverages drastic differences in scales to obtain simplified

equations through asymptotic analysis. This approach is common among fluid dy-

namics researchers in academia because an individual researcher can write a pro-

gram to compute numerical solutions of the reduced system of partial differential

equations obtained through this process. Another advantage of this approach is that

asymptotic analysis can often be employed on the simplified equations to glean phys-

ically relevant insights into how the system behaves. The process of reducing the

Navier-Stokes equations using a combination of scaling and asymptotic analysis also

highlights the most essential dynamics in a system, thereby sharpening the focus of

analysis towards the most important features of the system. As this is the approach

taken in this dissertation, we highlight the more recent advances that have made this

approach possible.

The difficulty of solving the Navier-Stokes equations in practice was a matter

of critical importance at the dawn of the 20th century “with the invention of the

first practical airplane by Orville and Wilbur Wright and with the subsequent need

to calculate the lift and drag on airplanes” [5]. This required integrating the shear

force on the wing caused by friction with the air flowing past it, a calculation that

could not be carried out without relying upon the full Navier-Stokes equations as a

point of departure. Given the intractability of the Navier-Stokes equations, this was

a significant obstacle to the further development of aviation until “Ludwig Prandtl

proposed his boundary-layer theory in 1904” [99], [78]. Prandtl’s insight was to

break the flow over an airfoil into two distinct regimes: one near the boundary where

viscosity leads to a no-slip boundary condition, and another far from the boundary

where viscosity is negligible. This method laid the groundwork for the development of

more formal boundary-layer analysis and uniformly valid asymptotic approximation

techniques that serve as an important tool to any present-day applied mathematician

and are elaborated upon in a variety of contemporary textbooks [7], [47], [50].
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The focus of this dissertation will be applying these techniques to study thin

liquid films, which were first considered by Osborne Reynolds in 1886 in the con-

text of lubrication applications [82]. In the intervening century a wide variety of

other applications for liquid films have been studied, including lava flows, tear films,

industrial coatings, biological membranes, and foam dynamics [77], [33]. Recently

research has been focused on finding a way of actively controlling such thin liquid

films through chemical, thermal, and electrical means, and has included a thorough

analysis of the stability of liquid films in a variety of applications [23]. This new focus

on controlling thin liquid films has led to a resurgence of interest in how variations

in surface tension can drive thin film flows, a feature first observed in tears of wine

by James Thomson in 1855 [95] and studied more thoroughly by Carlo Marangoni in

his doctoral dissertation in 1865 [69]. When thin film flows are driven by variations

in surface tension it is said to be due to the Marangoni effect, in honor of Carlo

Marangoni, with similar eponymous terminology for associated stresses and flows.

1.2 Thin Liquid Films

Asymptotic analysis was pioneered by Prandtl in circumstances where the ratio of

viscosity to the momentum scale was small and used as an asymptotic parameter.

In thin films research the same mathematical techniques are employed, but using

different asymptotic parameters. The ratio between the thickness and horizontal

extent of a thin film is called its aspect ratio and is universally used as a small

asymptotic parameter in thin films research to simplify (1.2). Our focus is on the

study of viscous thin liquid films, which constitute a subclassification within the

thin films research community. For viscous thin liquid films the case at the opposite

extreme of that studied by Prandtl is considered: the ratio of the momentum scale

to viscosity is assumed to be small and is used as an asymptotic parameter.

In subsection 1.2.1 we present a brief overview of research on viscous thin liquid
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films, with particular focus on falling films, climbing films, thermocapillarity, and

heat transfer. In subsection 1.2.2 we outline how the dissertation will build upon

this precedent through a detailed analysis of a specific application in which a viscous

thin liquid film coats a solid substrate.

1.2.1 Recent viscous thin liquid films research

Two central concepts in thin films research are wetting and spreading [14], [91]. Wet-

ting refers to how a fluid interacts with a surface to generate a contact angle, which

is the angle that the edge of the fluid droplet makes with the solid surface on which

it is resting, as measured from inside the droplet. A fluid is said to perfectly wet a

surface if the contact angle is zero. Wettability is an intrinsic physical property cor-

responding to any liquid-solid interface. Spreading refers to how a thin film advances

across a solid substrate, which it is said to wet as the film progresses further.

At the boundary of a spreading drop a singularity arises if a traditional no-slip

boundary condition is imposed upon the liquid [32]. This singularity can be avoided

either by modifying the boundary condition to allow for slip between the fluid and

the solid over which it is spreading or by “assuming the existence of a precursor film

on the solid ahead of the front”[77] p. 965, [98], [30]. As results are comparable for

both approaches we shall assume that the initial spreading of our thin film over its

substrate takes places in the presence of a precursor thin film [90]. This assumption

is made more plausible by the fact that PDMS oil perfectly wets silicon.

That PDMS oil perfectly wets silicon is also important when considering the fact

that we will be using localized heating as a means of controlling the thickness of

our thin film. As surface tension decreases when temperature increases this localized

heating will produce a gradient in surface tension that drives liquid away from the

heating site, a driving force that is called a thermal Marangoni stress [29]. In order

to avoid theoretical and numerical problems associated with film rupture we incor-
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porate perfect wettability into our model in the form of a van der Waals potential.

This amounts to assuming that the intermolecular forces responsible for the fact

that PDMS perfectly wets silicon will prevent film rupture and can be adequately

accounted for by an attractive potential whose resistance to rupture increases as film

thickness decreases [94]; specifically, we will use the disjoining pressure of Williams

and Davis [101].

Temperature dependence is a prominent feature in our mathematical model not

only because localized heating is used as a control mechanism, but also because an

underlying thermal Marangoni stress competes at leading order to drive the spreading

of our viscous thin liquid film against gravity. This is necessary because a falling

film is unstable to long-wave perturbations, as was discovered by Yih [104], [105]

and Benjamin [8] and expanded upon by Benney [9]. The Benney equation describes

the evolution of the interface of such a falling film and has been studied in the case

of a vertical substrate by Joo and Davis [54], [53]. This fingering instability can be

suppressed if instead of the film falling due to gravity, without any leading order

opposition, the film climbs against gravity, driven by an underlying temperature

gradient that produces a thermal Marangoni stress [57], [58].

Temperature varies along the substrate due to an underlying temperature gra-

dient that drives the flow and localized heating used to control the thickness of the

thin film. As temperature variations across the thickness of the thin film are small in

comparison they are discarded at leading order [51]. The temperature dependence of

surface tension is modeled as varying linearly with temperature [28], [31], [76] while

an exponential Arrhenius model is used for the temperature dependence of viscosity

[81]. The validity of these assumptions is considered in more detail in section 2.3.

There has been a surge of interest in climbing thin films in recent years because,

in spite of the simplicity of the system relative to other fluid dynamics problems, a

novel feature of mathematical interest has been found in the system: undercompres-
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sive shocks [13], [87], [86]. Whereas a classical or Lax shock satisfies the Rankine-

Hugoniot conditions, an undercompressive shock does not and yet maintains its form

as it propagates; a summary of the differences between the two shocks is given by

Bowen [15]. The important point in the context of climbing films driven by thermal

Marangoni stress is that spreading of the thin film takes the form of a pair of ad-

vancing shock waves. The transverse stability of the advancing contact line of such

a climbing thin film is related to the fact that the leading shock wave is an under-

compressive shock, which is stable to long-wave perturbations, whereas the trailing

Lax shock is unstable [13], [12], [37].

1.2.2 Outline of dissertation

This dissertation builds upon this rich history by studying how Marangoni stress can

be used to cause and control changes in the thickness of a thin liquid film used as a

coating in an industrial application. The Navier-Stokes equations are reduced using

the techniques of scaling and asymptotic analysis pioneered by both Prandtl and

Reynolds, an approach now known as Reynolds lubrication theory. A fourth order

nonlinear partial differential equation for the height of the thin film is obtained using

these techniques in Chapter 2.

The novel feature of the dissertation is its focus on treating the temperature

dependence of the physical parameters carefully. This is motivated by the fact that

temperature variations are introduced to produce Marangoni driving stresses, which

are meant to serve as a control mechanism for the flow. This suggests that special

care must be taken to ensure that the temperature ranges considered in the model do

not violate assumptions about the temperature dependence of physical parameters

in the model. A predecessor of the model developed in this dissertation assumed that

all such physical parameters were constant, which led to it having certain unusual

characteristics [46], [45]. As this temperature-independent model is used as a basis
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for comparison when assessing whether the additional features of the temperature-

dependent model derived in Chapter 2 lead to meaningful improvements, we present

a thorough analysis of the temperature-independent model in Chapter 3.

Using our analysis of the temperature-independent model as a basis for compar-

ison, we analyze the temperature-dependent model in Chapter 4. Solutions to this

model are shown to better represent behavior expected in the physical system be-

ing modeled, thereby demonstrating the advantage of more carefully accounting for

temperature dependence when deriving the governing equations used to model the

behavior of the physical system. Throughout Chapter 4 specific values for parame-

ters pertaining to the temperature dependence of surface tension and viscosity are

used in order to maintain the fidelity of the model to the underlying physical sys-

tem that it is representing. The temperature dependence of viscosity is represented

by a parameter β that is used in asymptotic and qualitative analysis to develop an

understanding of how the system behaves as the magnitude of temperature depen-

dence varies. The dissertation concludes with Chapter 5, which summarizes the most

important results from the dissertation and indicates possible directions for future

research.
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2

Development of Mathematical Model

In early attempts to coat a plate with a thin film, spreading was driven by gravity,

with the viscous fluid flowing down an inclined plane; however, this led to fingering

instabilities in the advancing front that complicated attempts to create a uniform

coating [59]. In an attempt to circumvent this difficulty the experimental setup

was modified so that rather than fluid being driven down an inclined plane due to

gravity, it was instead driven up from a reservoir of fluid at the base of the plate

by Marangoni stress. This was achieved by applying an underlying temperature

gradient to the substrate: as surface tension decreases with increasing temperature,

heating the lower end of the plate will cause fluid to propagate up the incline towards

regions of higher surface tension.

The stability of such climbing thin films is more complicated. Early studies of

squalane oil spreading up a polished silver substrate reported some instabilities at

the advancing front but nothing as dramatic as fingering [66], whereas fingering in-

stabilities were later described in the context of polydimethylsiloxane (PDMS) oil

spreading up a silicon wafer [19]. An attempt was made to reconcile these seem-

ingly inconsistent results by considering more carefully the structure of the meniscus
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formed where the fluid from the reservoir transitions to the inclined plate [18], but

it wasn’t until a more nuanced understanding of the importance of order of magni-

tude estimates of the various terms in the underlying PDE was put forward that the

discrepancies were properly explained [57], [58]. In short, whenever either gravity

or Marangoni stress dominates the fluid motion fingering instabilities arise at the

advancing front, but when these forces compete against each other at leading order

such instabilities are suppressed. Thus by accounting for the differing parameter

values considered in the various experiments the distinct regimes in which instability

and stability arise were properly explained.

This understanding of how to suppress fingering instability in such an advanc-

ing front of viscous fluid opened the door to studies seeking to further control the

properties of the final coating, in particular the film thickness. Additional localized

Marangoni forcing, such as would be caused by laser heating in an experimental set-

ting, was investigated as a potential means of manipulating the flow after an initial

flat coating had been obtained [46]. It was determined that steady-state solutions in

which the downstream film height is lower than its initial height can arise for certain

parameter regimes.

Here we consider the same physical system but expand upon the previous mathe-

matical model by incorporating temperature dependence into the physical properties

of the fluid. As thermal Marangoni forcing is used both as a driving force and a con-

trol mechanism for the system it is important to carefully consider how variations in

temperature affect our mathematical model. Our derivation follows the derivations

given in Section II.B of [77], in [46], and in [45], [43], and [39], but is distinguished

by its fidelity to the underlying physical system. In later chapters this attention

to detail will be rewarded by our mathematical model demonstrating qualitatively

different behavior from previous models, behavior that corresponds better with that

of the actual physical system.

14



2.1 Navier-Stokes Equations

x

z

α

Cold

Hot

τ

Reservoir

~g

z = h(x, t)

Local Heating M

x = −ℓ

x = ℓ

Figure 2.1: A cross-section of the physical system showing axes, the underlying
temperature gradient τ , the localized Marangoni forcing M , gravity ~g, and compu-
tational domain r´`, `s.

Consider a planar silicon plate inclined at an angle α to the horizontal that is

submerged in a bath of PDMS oil, which has density ρ, dynamic viscosity µ, and

surface tension at its interface with the air σ. We use a Cartesian coordinate system

in which x denotes position directly tangentially up the plate, y denotes position

transverse to the motion of the fluid, and z denotes position normal to the plane

of the silicon plate. A constant temperature gradient τ is induced on the silicon

plate by heating the lower end of the plate while keeping the upper end fixed at
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a cooler temperature. Marangoni stress will drive the fluid up the incline against

the resistance of gravity, which will be retained at leading order in order to suppress

fingering instabilities and enable a relatively uniform coating, as discussed previously.

We will denote the thickness of the thin film by hpx, tq and colloquially call it the

“height” of the thin film in spite of the fact that we will be considering the specific

case where α “ π
2
. Gravitational acceleration ~g as well as additional localized heating

are also present. We will be considering the dynamics of this system after a coating of

nearly constant thickness h0 has been obtained by a long-time run without additional

localized heating. Our idealized physical system is illustrated in figure 2.1.

Our mathematical model is obtained by reducing the Navier-Stokes equations

using lubrication theory, an approach pioneered by Reynolds in [82]. As we wish

to carefully account for the temperature dependence of physical parameters in our

model we present a full derivation, carefully articulating our assumptions at each

stage. This enables us to verify a posteriori that certain assumptions in our model

are valid in section 2.7.

The Navier-Stokes equations in their most general form are

pρ~uqt `
~∇ ¨

`

ρ~u~uT
˘

“ ~∇ ¨ S` ρ~b (2.1)

where ~u~uT is the outer product of the velocity vector with itself, ~b is a vector of body

forces relevant to the problem being studied, and S is the Cauchy stress tensor of

the fluid. This form of the Navier-Stokes equations can be obtained by applying the

Reynolds transport theorem to the conservation of fluid momentum in the case where

ρ is not assumed to be independent of position; cf. chapter 1 of [21] and chapter 6

of [4]. If the fluid is Newtonian, then the stress tensor is of the form

S “ ´pI` 2µ

„

D´
1

3

´

~∇ ¨ ~u
¯

I


` ζ
´

~∇ ¨ ~u
¯

I (2.2)

where ζ is the second coefficient of viscosity [21] and, in a Cartesian coordinate
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system for which ~uT “ ru, v, ws,

D “

»

–

ux
1
2
puy ` vxq

1
2
puz ` wxq

1
2
puy ` vxq vy

1
2
pvz ` wyq

1
2
puz ` wxq

1
2
pvz ` wyq wz

fi

fl (2.3)

If the fluid is incompressible then ~∇¨~u “ 0 can be used to simplify (2.2); in particular,

ζ becomes irrelevant and D is traceless.

Let ~uT “ ru, v, ws be the velocity field of the PDMS oil. Assume that ρ is

constant, but allow µpT px, y, zqq, and assume that the PDMS oil is incompressible.

Then if we apply the definition of the divergence of a matrix in Cartesian coordinates

´

~∇ ¨M
¯

j
:“

3
ÿ

i“1

BMi,j

Bxi
(2.4)

to (2.1) using (2.2) and (2.3) we obtain

ρ put ` uux ` vuy ` wuzq “ ´px ` µuxx ` µuyy ` µuzz ´ ρg sinpαq

` 2µxux ` µyuy ` µyvx ` µzuz ` µzwx

ρ pvt ` uvx ` vvy ` wvzq “ ´py ` µvxx ` µvyy ` µvzz

` µxuy ` µxvx ` 2µywy ` µzvz ` µzwy

ρ pwt ` uwx ` vwy ` wwzq “ ´pz ` µwxx ` µwyy ` µwzz ´ ρg cospαq

` µxuz ` µxwx ` µyvz ` µywy ` 2µzwz

ux ` vy ` wz “ 0

(2.5a)

(2.5b)

(2.5c)

(2.5d)

Our focus will be on dynamics that occur in a narrow region close to localized

heating of the thin film. Prior to the onset of this localized heating it is assumed

that the film has partially coated the underlying substrate: an initial film of constant

thickness h0 will be used in much of chapter 3 and chapter 4 as an initial condition

when computing numerical solutions to (2.84). Transverse variations in film thickness
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are assumed to be negligible. This amounts to assuming that we are considering

a problem in the parameter regime described by Kataoka [57], [58] in which the

advancing front of the climbing film is made stable by a leading undercompressive

shock [13], [12], [15]. Under these conditions the advancing front leaves behind a

flat film of relatively uniform thickness. It is this thickness that we wish to adjust

through heating that is localized in x but uniform in y. If we assume that v “ 0 and

all terms in (2.5) are constant with respect to y then (2.5) simplifies to

ρ put ` uux ` wuzq “ ´px ` µuxx ` µuzz ´ ρg sinpαq

` 2µxux ` µzuz ` µzwx

ρ pwt ` uwx ` wwzq “ ´pz ` µwxx ` µwzz ´ ρg cospαq

` µxuz ` µxwx ` 2µzwz

ux ` wz “ 0

(2.6a)

(2.6b)

(2.6c)

Although we do not yet know how to correctly scale the viscosity gradient terms

in (2.6a) and (2.6b) we can still begin the nondimensionalization process using the

scalings

x “ Lx̂ z “ Hẑ u “ Uû w “ Wŵ t “ t˚t̂ p “ P p̂ (2.7)

Incompressibility as expressed in these dimensionless variables immediately implies

that W “ H
L
U . As our system is dominated by tangential fluid flow we also define

the time scale

t˚ “
L

U
(2.8)

As viscosity varies with position through its dependence upon temperature in our

model we must specify a reference value for the viscosity to use in our nondimen-

sionalization. We will denote evaluation at the left boundary with a subscript “L”

and evaluation at the right boundary with a subscript “R” throughout this disserta-
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tion; we use µR as our reference value for viscosity. Thus we nondimensionalize our

variable viscosity as

µpx, zq “ µR µ̂px̂, ẑq (2.9)

If we apply (2.7), (2.8), and (2.9) to (2.6), we find that our partially nondimension-

alized equations are, after some rearrangement, given by

ˆ

H

L

˙ˆ

ρUH

µR

˙

pût̂ ` ûûx̂ ` ŵûẑq “ ´

ˆ

H

L

˙

P ¨H

µRU
p̂x̂ ´

ρgH2 sinpαq

µRU

`

ˆ

H

L

˙2

µ̂ûx̂x̂ ` µ̂ûẑẑ

`
H2

µRU
p2µxux ` µzuz ` µzwxq

ˆ

H

L

˙2 ˆ
ρUH

µR

˙

pŵt̂ ` ûŵx ` ŵŵẑq “ ´
P ¨H

µRU
p̂ẑ ´

ρgH2 cospαq

µRU

`

ˆ

H

L

˙3

µ̂ŵx̂x̂ `

ˆ

H

L

˙

µ̂ŵẑẑ

`
H2

µRU
pµxuz ` µxwx ` 2µzwzq

ûx̂ ` ŵẑ “ 0

(2.10a)

(2.10b)

(2.10c)

It is now straightforward to read off of (2.10) natural definitions of dimensionless

parameters; specifically, the aspect ratio ε, the Reynolds number Re, and the Stokes

number St are defined by

ε :“
H

L
Re :“

ρUH

µR
St :“

µRU

ρgH2
(2.11)

It worth noting here that the aspect ratio can be used to define a variety of so-called

reduced Reynolds and Stokes numbers: simply multiply by a power of ε. While most

such alternative definitions are unmotivated and arbitrary, we could in fact have

formulated the entire problem favoring L rather than H in our definitions, which

would seem to be a valid option. In section 2.5, however, we show that our present
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definition of St makes it an Op1q parameter that corresponds to scalings H and U

that are consistent with previous experimental and theoretical work. The precise

scaling of Re is, by comparison, unimportant due to the nature of the Reynolds

lubrication approximation and is simply defined in a manner consistent with that of

St. In appendix A we also show that although the value of H can be determined by

consulting previous experimental work, an appropriate value for L is more difficult

to determine. Thus our present formulation, in which H is favored over L and

reductions using ε are avoided, is preferable to any alternative.

If we assume that ε ! 1 and εRe ! 1, then (2.10) simplifies to

0 “ ´ε
P ¨H

µRU
p̂x̂ ` µ̂ûẑẑ ´ St´1 sinpαq `

H2

µRU
p2µxux ` µzuz ` µzwxq

0 “ ´
P ¨H

µRU
p̂ẑ ` εµ̂ŵẑẑ ´ St´1 cospαq `

H2

µRU
pµxuz ` µxwx ` 2µzwzq

0 “ ûx̂ ` ŵẑ

(2.12a)

(2.12b)

(2.12c)

at leading order. In order for pressure to enter into the leading-order balance of

tangential momentum we must scale pressure differences according to

P “ ε´1µRU

H
(2.13)

which is something we require of our system on physical grounds: as the entire motion

is dominated by tangential flow, it is natural to use this component in determining

the magnitude of the pressure variations. As the normal gravity term in equation

(2.12b) is now negligible we are left with our penultimate reduction of the Navier-
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Stokes equations:

0 “ ´p̂x̂ ` µ̂ûẑẑ ´ St´1 sinpαq `
H2

µRU
p2µxux ` µzuz ` µzwxq

0 “ ´ε´1p̂ẑ `
H2

µRU
pµxuz ` µxwx ` 2µzwzq

0 “ ûx̂ ` ŵẑ

(2.14a)

(2.14b)

(2.14c)

The only lingering uncertainty is how we should scale the viscosity gradient terms.

In order to resolve this issue and explore the role that temperature dependence plays

in our model we now look at heat transfer in our system.

2.2 Heat Transfer

Consider the flow of PDMS oil over a silicon substrate in a room filled with ambient

air. Heat flow within the fluid is determined by the diffusion and advection of internal

heat energy. Applying the Reynolds transport theorem to the conservation of internal

energy yields

pρcpT qt `
~∇ ¨ pρcpT~uq “ ~∇ ¨

´

k~∇T
¯

(2.15)

where cp and k are the specific heat capacity and thermal conductivity of PDMS

oil, respectively. Boundary conditions account for convective cooling at the oil-

air interface as well as convective heating at the oil-plate boundary. The latter of

these boundary conditions accounts for both direct heating of the base plate, which

is achieved by maintaining the left and right boundaries of the plate at constant

temperatures TL and TR, respectively, as well as local heating by a laser. This is

appropriate because PDMS oil is transparent and the thickness across which incoming

radiation must propagate to reach the substrate is small, which leads to the laser

heating the PDMS oil only indirectly by first being absorbed by the silicon substrate

and then being transmitted convectively into the oil.
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Convective cooling at the oil-air interface is governed by Newton’s Law of Cooling

as given in [63]:

qair “ h̄air pTair ´ T q (2.16)

where qair is the heat flux into the oil from the air in W{m2, Tair is the ambient

temperature of the air in degrees Celsius, and h̄air is the heat transfer coefficient of

the air in W{m2 ˝C. If we let n̂ denote a unit vector that is normal to the air-oil

interface and directed into the air, then in order to prevent an accumulation of heat

at the air-oil interface we must have that

qair “ ~qoil ¨ p´n̂q (2.17)

where ~qoil “ ρcpT~u´ k~∇T is the heat flux within the oil from (2.15). We then have

that at z “ hpx, tq our boundary condition is

h̄air pTair ´ T q “
´

ρcpT~u´ k~∇T
¯

¨ p´n̂q (2.18)

Convective cooling at the oil-plate boundary is also governed by Newton’s Law

of Cooling:

qplate “ h̄plate pTplate ´ T q (2.19)

where qplate is the heat flux into the oil from the plate, Tplate is the temperature of

the plate, and h̄plate is the heat transfer coefficient of the plate. In order to prevent

an accumulation of heat at the oil-plate boundary we must have that

qplate “ ~qoil ¨ ẑ (2.20)

which implies that at z “ 0 our boundary condition is

h̄plate pTplate ´ T q “
´

ρcpT~u´ k~∇T
¯

¨ ẑ (2.21)

Whereas Tair is just a constant that reflects the ambient air temperature, Tplate

encapsulates both an underlying linear temperature gradient τ and localized laser
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heating. In order to avoid considering in detail the complexities of radiative heating

we assume that

Tplate “ TR ´ τpx´ xRq ` Iptqθpx, tq (2.22)

where Iptq denotes the intensity of the laser in degrees Celsius, θpx, tq is a dimen-

sionless function that gives the spatial distribution of the laser-induced heating at

any given time, normalized such that θp0, tq “ 1, and xR is the position of the right

boundary. When performing numerical computations in chapter 3 and chapter 4 we

shall assume that θpxq is Gaussian.

We shall assume that ρ, cp, and k are constant. A unit vector t̂ tangential to the

surface can be found by differentiating the position vector rx, hpx, tqsT , which then

immediately gives a unit vector n̂ normal to the surface:

t̂ :“
r1, hxs

T

a

1` h2
x

n̂ :“
r´hx, 1s

T

a

1` h2
x

(2.23)

This unit normal vector can be used in equation (2.18) along with incompressibility

and y-invariance to write the equations governing heat transfer:

εPe
´

T̂t̂ ` T̂x̂û` T̂ẑŵ
¯

“ ε2T̂x̂x̂ ` T̂ẑẑ (2.24)

with boundary condition at z “ 0

Biplate

´

T̂plate ´ T̂
¯

“ εPeT̂ ŵ ´ T̂ẑ (2.25)

and boundary condition at z “ hpx, tq

Biair

´

T̂air ´ T̂
¯

b

1` ε2ĥ2
x̂ “ εPe

´

T̂ ûĥx̂ ´ T̂ ŵ
¯

´ ε2T̂x̂ĥx̂ ` T̂ẑ (2.26)

where we use the scaling T “ τLT̂ , in addition to those previously specified, and

define the dimensionless Peclet number and Biot numbers

Pe :“
ρcpUH

k
Biplate :“

h̄plateH

k
Biair :“

h̄airH

k
(2.27)
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If we assume that ε ! 1 and εPe ! 1, then (2.24), (2.25), and (2.26) simplify to

T̂ẑẑ “ 0 (2.28)

with boundary condition at z “ 0

T̂ẑ “ ´Biplate

´

T̂plate ´ T̂
¯

(2.29)

and boundary condition at z “ hpx, tq

T̂ẑ “ Biair

´

T̂air ´ T̂
¯

(2.30)

From (2.28) we have that T̂ px̂, ẑ, t̂q “ Apx̂, t̂q `Bpx̂, t̂qẑ. When (2.29) and (2.30)

are applied we find that

Apx̂, t̂q “
BiairT̂air ` BiplateT̂platepx̂, t̂q ` BiairBiplateĥpx̂, t̂qT̂platepx̂, t̂q

Biair ` Biplate ` BiairBiplateĥpx̂, t̂q
(2.31)

and

Bpx̂, t̂q “
BiairBiplate

´

T̂air ´ T̂platepx̂, t̂q
¯

Biair ` Biplate ` BiairBiplateĥpx̂, t̂q
(2.32)

If we assume that Biair ! 1 and Biair
Biplate

! 1, then we obtain

T̂ px̂, ẑ, t̂q “ T̂platepx̂, t̂q “ T̂R ´ px̂´ x̂Rq `Mpt̂qθ̂px̂, t̂q (2.33)

where we define the dimensionless laser magnitude and spatial distribution

Mpt̂q :“
Ipt˚t̂q

τL
θ̂px̂, t̂q :“ θpLx̂, t˚t̂q (2.34)

Note that the temperature of the oil is independent of z, following the temperature

profile of the plate to leading order.
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2.3 Temperature Dependence of Parameters

Many of the physical parameters in our model vary with temperature, including den-

sity, surface tension, and viscosity. Given the importance of temperature variations

in driving the flow we are modeling it is important to acknowledge these dependences

and establish parameter ranges over which our model is expected to hold.

In order to properly address these matters here we need to determine appropriate

values for a few physical parameters, an issue that is more thoroughly addressed in

appendix A. Based upon the experimental work in [19] and [93] and the analysis

provided in appendix A, we set

Lsep “ 0.02 m L “ 10´3 m (2.35)

where Lsep is the separation distance between opposite ends of the silicon plate.

As several physical parameters given in appendix A have reference values at 25˝C

given in [60] we set the temperature at the right boundary to be 25˝C: TR “ 25˝C.

This is consistent with the experimental work of Carles and Cazabat [18], which

further suggests that an appropriate temperature for the base of the plate is 50˝C:

TL “ 50˝C. This gives a temperature gradient

τ :“
TL ´ TR
Lsep

“ 1250 ˝C{m (2.36)

If we apply these scalings to equation (2.33) we find that the maximum temperature

deviation from TR in degrees Celsius at any point on the incline is

|∆T | ď τLsep ` τLM “ 25` 1.25M (2.37)

This gives us a way of determining what effect increasing M has on the temperature

range being considered and thereby what effect increasing M has on the validity of

our assumptions about the temperature dependence of density, surface tension, and

viscosity.
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We begin by considering the temperature dependence of density. The density of

PDMS oil is given in [60] as varying with temperature according to

ρpT q “ 991.9´ p0.8925qT ` p2.65ˆ 10´4
qT 2

´ p3.0ˆ 10´8
qT 3 (2.38)

where T is measured in degrees Celsius and ρ is given in kg{m3. We find that

ρp25q « 970kg{m3, which is in agreement with the values given in table 1.3 of [41]. We

find that for M as great as 20 the density differs from ρR by only approximately 4%.

This difference is deemed sufficiently small to justify approximating ρ as constant,

independent of temperature. This is a simplification we made above in our treatment

of heat transfer as well as in our reduction of the Navier-Stokes equations, so it is

good that we have legitimated this assumption a posteriori.

The surface tension of PDMS oil is given both in table 1.1 of [41] and in [60] as

σR « 0.021N{m. Surface tension varies approximately linearly with temperature [41]

with slope ´σT where σT « 5ˆ 10´5 N{m ˝C [60]. We find that

σpT q :“ σR ´ σT pT ´ TRq (2.39)

leads to

σpx, tq “ σRσ̂px̂, t̂q “ σR

”

1` Σpx̂´ x̂Rq ´ ΣMpt̂qθ̂px̂, t̂q
ı

(2.40)

where we have defined the dimensionless surface tension sensitivity parameter

Σ “
σT τL

σR
(2.41)

that gives the sensitivity of σ to changes in temperature.

From (2.37) and (2.39) the significance of temperature changes on surface tension

can be determined; in particular, we observe that if we approximate surface tension

as constant at σR, then as M increases to 20 the difference between σR and the

value obtained from (2.39) may be as large as 12% of σR. Although this may be
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too great a variation to validate the assumption that the surface tension is constant,

it is nonetheless encouraging because it is not so far afield that the linear model

given by (2.39) would be called into question. So as long as we retain this linear

model for surface tension throughout the development of our mathematical model

our treatment of surface tension should be faithful to the underlying physical reality

even for M as large as 20.

As the viscosity of PDMS oil varies with the number of siloxane groups in the

polymer, as described in appendix A, we are free to choose a convenient viscosity.

Experiments performed in [93], [15], and [19] suggest that an appropriate value for

viscosity is µR “ 0.1 Pa s. Viscosity varies with temperature in a complicated manner

that depends both upon the specific fluid being considered and the temperature range

being considered. The temperature dependence of viscosity for polymers such as

PDMS is often modeled using the Williams-Landel-Ferry (WLF) model introduced

in [102], but this model is only valid within 100˝C of the glass transition temperature

Tg of the polymer. For PDMS Tg “ ´123˝C [60], which is 148˝C below 25˝C, so

the WLF model is inapplicable; however, in [41] we find that over the temperature

ranges typical of thin film experiments viscosity varies approximately linearly with

temperature:

µ « µR
“

1´ 10´2
pT ´ TRq

‰

(2.42)

A noteworthy consequence of this simple linear relationship is that

Bµ

BT
“ ´

µR
100

(2.43)

is not constant: it depends upon the viscosity. This suggests that (2.42) is merely a

linearization of a more sophisticated relationship between viscosity and temperature,

one that can only be expected to hold for T « TR, which is an assumption that we

cannot expect to hold, especially when M is large. In [20], [70], [24], and [38] the
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relationship between the degree of entanglement of a typical polymer molecule and

the viscosity of the bulk fluid is studied under the influence of temperature variations.

They find that d lnpµq
dT

is approximately constant, which lends credence to using an

exponential model for the temperature dependence of viscosity. We therefore assume

that

µpT q “ µR exp p´BpT ´ TRqq (2.44)

as has been done in previous studies on the temperature dependence of viscosity, e.g.

in [89]. In order to determine B we return to the data provided in [60] to find that

1´
µp99˝Cq

µp38˝Cq
“ .60 (2.45)

which implies that B “ lnp2.5q
61

˝C´1 « 0.015 ˝C´1. As the linearization of (2.44) is

µpT q « µR r1´B pT ´ TRqs (2.46)

we see that this gives good agreement with (2.42), so we use (2.44) for viscosity with

confidence in its validity for T ą Tg ` 100˝C « ´23˝C.

We then have that

µpx, tq “ µRµ̂px̂, t̂q “ µR exp
”

β px̂´ x̂Rq ´ βMpt̂qθ̂px̂, t̂q
ı

(2.47)

where we have defined the dimensionless viscosity sensitivity parameter

β :“ BτL (2.48)

that gives the sensitivity of µ to changes in temperature.

From (2.37) and (2.44) the significance of temperature changes on viscosity can be

determined; in particular, we observe that if we approximate viscosity as constant at

µR, then as M increases to 20 the difference between µR and the value obtained from

(2.44) may be as large as 53% of µR. This motivates the retention of the exponential

model given in equation (2.44) throughout our derivation and later calculations.
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At leading order we have by direct calculation from equation (2.47) that

µz “ 0 µx “
µR
L
µ̂x̂ (2.49)

We can now replace the corresponding terms in (2.14) to obtain

0 “ ´p̂x̂ ` µ̂ûẑẑ ´ St´1 sinpαq ` 2ε2µ̂x̂ûx̂

0 “ ´ε´1p̂ẑ ` εµ̂x̂ûẑ ` ε
3µ̂x̂ŵx̂

0 “ ûx̂ ` ŵẑ

(2.50a)

(2.50b)

(2.50c)

As we have already assumed that ε ! 1 we now have our final reduction of the

Navier-Stokes equations at leading order in ε:

0 “ ´p̂x̂ ` µ̂ûẑẑ ´ St´1 sinpαq

0 “ ´p̂ẑ

0 “ ûx̂ ` ŵẑ

(2.51a)

(2.51b)

(2.51c)

2.4 Boundary Conditions

The next step in obtaining our final governing equations is to take into account the

various boundary conditions present in our problem. At the solid substrate we have

the no-slip and no-penetration boundary conditions

upx, 0, tq “ 0

wpx, 0, tq “ 0

(2.52a)

(2.52b)

respectively. At the interface between the PDMS oil and the air we have the kine-

matic boundary condition

wpx, hpx, tq, tq “ htpx, tq ` upx, hpx, tq, tq ¨ hxpx, tq (2.53)
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as well as a stress balance given by

Sp´n̂q ` S̃n̂` σκn̂`
Bσ

Bs
t̂ “ 0 (2.54)

where S is the stress tensor of the PDMS oil, S̃ is the stress tensor of the air, κ is

the curvature of the interface, σ is the surface tension between air and PDMS oil,

s is arc length along the interface, and t̂ and n̂ are the unit tangential and normal

vectors given in (2.23).

The first two terms in (2.54) give the stress at a point on the interface due to the

oilflow and the airflow, respectively. The third term gives the stress due to surface

tension as proportional to the curvature at that point, thereby effectively defining

surface tension σ as this proportionality constant, at least from a macroscopic and

mathematical point of view. The final term gives the stress at a point due to varia-

tions in the surface tension along the interface, i.e. due to Marangoni stresses. The

property that the sum of these stresses equals zero defines the interface; i.e., if these

stresses did not sum to zero, then the interface would be located elsewhere at a point

where they did since the massless interface cannot itself offer any intrinsic resistance

to these surface stresses.

We model the oil as an incompressible viscous Newtonian fluid, which implies

that its Cauchy stress tensor is given by S “ ´pI` 2µD, where in two dimensions

I “
„

1 0
0 1



D “
„

ux
1
2
puz ` wxq

1
2
puz ` wxq wz



(2.55)

The air is modeled as inviscid, which implies that the joint flow stress tensor is

S ´ S̃ “ ´pp ´ p̃qI ` 2µD at the interface. We shall assume that the experiment is

being held in a room with minimal airflow so that the pressure p̃ is approximately

constant. As only pressure gradients affect the fluid flow, not pressure magnitudes,

we are free to set the arbitrary zero-point of pressure such that p̃ “ 0. We are then
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left with the simplified stress balance

`

´ pI` 2µD
˘

n̂ “ σκn̂`
Bσ

Bs
t̂ (2.56)

The vector
`

´ pI` 2µD
˘

n̂ can be decomposed into normal and tangential com-

ponents using dot products. This enables us to equate the normal and tangential

components on either side of (2.56) in order to obtain stress balance equations gov-

erning the free surface. In order to carry out the calculation we use

κ :“ ´~∇ ¨ n̂
dx

ds
“

1

p1` h2
xq

1{2

(2.57a)

(2.57b)

which leads to the free surface stress balance boundary conditions

´p`
2µ

1` h2
x

`

uxph
2
x ´ 1q ´ hxpuz ` wxq

˘

“
σhxx

p1` h2
xq

3{2

µ

1` h2
x

`

´4hxux ` puz ` wxqp1´ h
2
xq
˘

“
σx

p1` h2
xq

1{2

(2.58a)

(2.58b)

Our pressure p here is actually the pressure difference across the oil-air interface,

since we set p̃ “ 0. In addition, the pressure scaling P has already been defined in

(2.7) and was determined in section 2.1 by requiring a certain balance in the Navier-

Stokes equations, which led to (2.13). Pressure, however, also plays an important role

in balancing the normal stress equation. If we apply this pressure scaling alongside

those scales defined previously and use (2.40) for surface tension, then we find that
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(2.58) can be expressed in dimensionless coordinates as

´ε´1p̂`
2εµ̂

1` ε2ĥ2
x̂

´

ûx̂pε
2ĥ2

x̂ ´ 1q ´ ĥx̂pûẑ ` ε
2ŵx̂q

¯

“
ε2σR
µRU

σ̂ĥx̂x̂

p1` ε2ĥ2
x̂q

3{2

µ̂
´

´ 4ε2ĥx̂ûx̂ ` pûẑ ` ε
2ŵx̂qp1´ ε

2ĥ2
x̂q

¯

“
σT τH

µRU

´

1` ε2ĥ2
x̂

¯1{2 ´

1´Mθ̂x̂

¯

(2.59a)

(2.59b)

This motivates defining the dimensionless Capillary and Marangoni numbers

Ca “
µRU

σR
Ma “

σT τH

µRU
(2.60)

As ε ! 1 we can drop negligible terms in (2.59) to obtain the leading order stress

balance equations

´ε´1p̂ “ ε2Ca´1σ̂ĥx̂x̂

µ̂ûẑ “ Ma
´

1´Mθ̂x̂

¯

(2.61a)

(2.61b)

Motivated by ab initio considerations regarding what specific physical scenario we

are considering, we regard the normal balance equation as a term that is important

to retain in our analysis as a balance between pressure and surface tension. As ε is

an asymptotic parameter that we are using to determine appropriate balances, this

outcome is only possible if we assume that ε3Ca´1 “ Op1q. This amounts to assuming

that the pressure scale P determined through balancing the tangential momentum

equations in section 2.1 is also appropriate for balancing the normal stress equation.

This subtlety is described in more detail in appendix A. Invoking this assumption,
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our final leading-order stress balance equations are then

´p̂ “ σ̂ĥx̂x̂

µ̂ûẑ “ Ma
´

1´Mθ̂x̂

¯

(2.62a)

(2.62b)

2.5 Thin Film Partial Differential Equation

We are now in a position to combine the governing equations (2.51) with boundary

conditions (2.52), (2.53), and (2.62) to obtain a partial differential equation (PDE)

governing the height of the thin film. For convenience we now omit the hats from

our dimensionless variables.

A canonical first step in our simplification is to obtain the divergence-form PDE

Bh

Bt
`
B

Bx

«

ż hpx,tq

0

upx, z, tqdz

ff

“ 0 (2.63)

This requires a straightforward but clever application of our boundary conditions.

We begin by writing

wpx, h, tq “ wpx, h, tq ´ wpx, 0, tq “

ż h

0

wzpx, z, tqdz “ ´

ż h

0

uxpx, z, tqdz (2.64)

where we have made use of both the no-penetration boundary condition (2.52b) and

incompressibility. The kinematic boundary condition (2.53) then yields

ht ` upx, h, tqhx `

ż hpx,tq

0

uxpx, z, tqdx “ 0 (2.65)

from which we immediately obtain (2.63) using the chain rule.

As (2.51b) implies that pressure is independent of z we can use this fact in (2.51a)

to obtain

upx, z, tq “
z2

2µ

`

px ` St´1 sinpαq
˘

` zuzpx, 0, tq (2.66)
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where the no-slip boundary condition (2.52a) has been used to determine the constant

of integration upx, 0, tq. As the pressure is independent of z we also have that (2.62a)

gives the pressure not only at the interface but throughout the thin film. We find,

in particular, that

px “ ´pσhxxqx (2.67)

which implies that (2.66) simplifies to

upx, z, tq “
z2

2µ

`

St´1 sinpαq ´ pσhxxqx
˘

` zuzpx, 0, tq (2.68)

In order to determine the constant of integration uzpx, 0, tq we need to use our

knowledge of uzpx, h, tq from (2.62b) in combination with

uzpx, z, tq “
z

µ

`

St´1 sinpαq ´ pσhxxqx
˘

` uzpx, 0, tq (2.69)

which follows immediately from (2.68). We find that

uzpx, 0, tq “
Ma

µ
p1´Mθxq ´

h

µ

`

St´1 sinpαq ´ pσhxxqx
˘

(2.70)

which gives us that

upx, z, tq “
z2

2µ

`

St´1 sinpαq ´ pσhxxqx
˘

(2.71)

` z

„

Ma

µ
p1´Mθxq ´

h

µ

`

St´1 sinpαq ´ pσhxxqx
˘



Substitution of this expression into (2.63) yields

Bh

Bt
`
B

Bx

„

h2Ma

2µ
p1´Mθxq ´

h3

3µ

`

St´1 sinpαq ´ pσhxxqx
˘



“ 0 (2.72)

In [57] and [58] Kataoka and Troian emphasize the importance of maintaining

gravitational resistance to driving Marangoni stress at leading order in order to
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prevent a fingering instability at the advancing contact line. As this is precisely the

physical regime that we wish to study we require that

Ma “ 2 St “
1

3
(2.73)

This gives the corresponding terms in (2.72) coefficients of 1, where we have set

α “ π
2
.

This approach, however, introduces a potential problem: the height and velocity

of the advancing film when M “ 0 should be completely determined by the previ-

ously specified physical parameters, so specifying the Marangoni and Stokes numbers,

which is equivalent to specifying H and U , has the potential to overdetermine our

system. We must show that the values for H and U that we have just implicitly

specified are consistent with those arising from the actual physical system.

Determining the exact height and speed of the advancing thin film is not, however,

a trivial matter. Details regarding the structure of the meniscus that forms at the

base of the plate where the PDMS oil transitions from the reservior to the plate play

an important role. In [72] Münch takes up this problem in the context of developing

a theory that agrees with the experimental data provided in [37]. He finds that the

far-field film thickness should approach

h8 “ 13.591
?

2
σ2
T τ

2

4σRρg
« 9.4ˆ 10´5 m (2.74)

but with the caveat that rather than the actual temperature gradient τ he uses a

scaled temperature gradient γ that is adjusted so that the theoretical and experimen-

tal menisci coincide. As γ ă τ the above approximation should be an overestimate

of the actual thin film height far from the meniscus, but it gives a starting point that

can be used for comparative purposes.

In [18] Carles and Cazabat investigate how to appropriately scale the height of a

thin film that is progressing up a vertical plate due to Marangoni forcing. In the case
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where gravity acts at leading order to resist the flow they find that an appropriate

height scale is given by

H «
σT τ

ρg
(2.75)

which is an adaptation of their equation [15] into our notation. A similar line of

reasoning can be used to postulate that in our present situation, where Marangoni

forcing is driving a flow against the resistance of both gravity and the retarding effect

of viscosity, the bulk velocity should scale like

U «
σ2
T τ

2

µRρg
(2.76)

If we solve (2.73) for H and U we find that

H “
3σT τ

2ρg
U “

3σ2
T τ

2

4µRρg
(2.77)

are the scales we wish to impose. Not only is there good agreement with [18], but

these specific scales are precisely those used in [36], a later paper by Evans and

Münch. In light of this supporting evidence we conclude that our implicit choice of

H and U given in (2.73) is consistent with the actual physical system.

In order to prevent rupture of the thin film under high intensity localized heating

we must also introduce a term corresponding to a wetting van der Waals force, which

is a type of intermolecular force. Intermolecular forces were first studied in detail

by London [64] who observed that molecules exert an intermolecular force on each

other whose potential is proportional to r´6, where r is the distance separating the

molecules. In [44] Hamaker first integrated this potential in order to find the overall

forces of attraction between spherical particles, a technique that was later used in

[71] to investigate the effect of Van der Waals forces at an advancing contact line

in a thin film. Hocking built upon this work in [48] and [49] where he showed that
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a Van der Waals potential proportional to h´3 arises in a thin film as a result of

these underlying attractive forces. This is the potential we now incorporate into our

governing equations by replacing (2.67) with

px “ ´pσhxxqx ´ Ha

ˆ

1

h3

˙

x

(2.78)

where the dimensionless Hamaker number is defined in terms of the Hamaker con-

stant A « 10´20 J by

Ha :“
A

µRUH2
(2.79)

If we now set α “ π
2

we arrive at the final form of the thin film PDE:

ht ` qx “ 0

q “
1

µ

ˆ

p1´Mθxqh
2
´ h3

`
1

3
h3
pσhxxqx ´ Ha

hx
h

˙

θpxq : “ e´x
2{2

σpxq : “ 1` Σ px´ `q ´ ΣMθpxq

µpxq : “ exp rβ px´ `q ´ βMθpxqs

(2.80a)

(2.80b)

(2.80c)

(2.80d)

(2.80e)

where an explicit choice of the function θpxq has been specified.

2.6 Boundary Value Problem

Our formulation of the problem, however, remains incomplete: a specification of

the domain over which we will be considering (2.80) as well as any conditions we

choose to impose on its solutions must be given in order to completely specify the

problem. In this regard a distinction must be made between the physical domain

and our model domain. The physical domain consists of a silicon plate wetted by

PDMS oil that extends 3 cm vertically. Our model has been constructed with the

intent of representing only an inner region that is sufficiently far removed from the
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physical boundaries that complications associated with them, such as menisci, can

be ignored.

In section 2.1 of [41] the capillary length

lcap “

c

σR
ρg
« 0.15 cm (2.81)

is presented as a characteristic length scale over which capillary effects will die out;

in particular, such effects should decay as e´|∆x|{lcap . A buffer region of width 0.5 cm

on either side of a central region of extent 2 cm will then lead to deviations due to

capillary effects from the baseline film height that are at most 4% of their original

magnitude, which we deem small enough to be considered negligible. Thus, in terms

of the dimensionless spatial variable x, our physical domain is r´1.5 `, 1.5 `s but our

model domain is only r´`, `s where ` “ 10 is half the width of our computational

domain.

Appropriate boundary conditions over our model domain are then determined by

mathematical convenience and correspondence with meaningful physical quantities.

As the localized Marangoni forcing at the origin should not lead to significant local

variations in thin film height away from the origin, we expect that the film should

be flat at the model boundaries:

hxp´`, tq “ 0 hxp`, tq “ 0 (2.82)

It is also mathematically convenient and physically reasonable to require the normal

component of stress to be constant at the model boundaries:

pσhxxqxp´`, tq “ 0 pσhxxqxp`, tq “ 0 (2.83)

Boundary conditions (2.82) are identical to those used by Haskett in [46] and [45],

whereas boundary conditions (2.83) are a natural generalization of corresponding

boundary conditions found there.
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These boundary conditions complete the specification of our mathematical model:

ht ` qx “ 0

q “
1

µ

ˆ

p1´Mθxqh
2
´ h3

`
1

3
h3
pσhxxqx ´ Ha

hx
h

˙

hxp´`, tq “ 0 hxp`, tq “ 0 pσhxxqxp´`, tq “ 0 pσhxxqxp`, tq “ 0

θpxq : “ e´x
2{2

σpxq : “ 1` Σ px´ `q ´ ΣMθpxq

µpxq : “ exp rβ px´ `q ´ βMθpxqs

(2.84a)

(2.84b)

(2.84c)

(2.84d)

(2.84e)

(2.84f)

2.7 a posteriori Verifications

Before we can study (2.84) we must verify that the various assumptions we made

in the process of developing our model are valid. This is made possible by the

wealth of information regarding the physical characteristics of PDMS oil that has

been gathered in appendix A.

In section 2.1 we assumed that

ε “ 0.01 ! 1 εRe “ 3ˆ 10´9
! 1 (2.85)

In section 2.2 we assumed that

εPe “ 2.5ˆ10´6
! 1 Biair “ 3ˆ10´4

! 1
Biair

Biplate

“ 0.01 ! 1 (2.86)

In section 2.4 we assumed that

ε3Ca´1
“ 0.07 “ Op1q (2.87)

In each case we see that our assumptions are validated in the context of the physical

system being considered. As such, we now proceed with a systematic study of the

mathematical model we have developed with full confidence that it should correspond

well with the underlying physical system being represented.
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3

Temperature-independent Parameters:
β “ 0, Σ “ 0

The mathematical model developed in chapter 2 allows for temperature dependence

in both the viscosity and the surface tension of the thin film. This is a level of com-

plexity beyond what was considered in previous work by Haskett, Witelski, and Sur

in [46] and [45], where these physical properties of the system were approximated as

constant and Marangoni stress arising from temperature gradients was accounted for

with a constant capillary coefficient. In order to properly understand the significance

of our generalizations it is important to describe the basic system in detail so that

we have some basis for comparison. This is the task that is taken up in this chapter.

Our investigation will lead to new results on the linear stability of steady-state so-

lutions. Additional classes of solutions, one of which exhibits oscillations over long

time scales and the other of which blows up in finite time, are also discovered that

were not mentioned in previous work.
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3.1 Temperature-independent Model

Consider the thin film equation (2.84) in the case of temperature-independent pa-

rameters, in which case µ “ 1 and σ “ 1:

ht ` qx “ 0

q “ p1´Mθxqh
2
´ h3

`
1

3
h3hxxx ´ Ha

hx
h

hxp´`, tq “ 0 hxp`, tq “ 0 hxxxp´`, tq “ 0 hxxxp`, tq “ 0

θpxq : “ e´x
2{2

(3.1a)

(3.1b)

(3.1c)

(3.1d)

where x P r´`, `s, with ` ą 0 constant. It is natural to begin our analysis of (3.1) by

finding its steady-state solutions and determining their linear stability.

Steady-state solutions occur precisely when

qx “ 0 (3.2)

i.e. when the flux q is constant throughout the domain and boundary conditions

(3.1c) are satisfied.

Given a steady-state solution hspxq, its linearized stability with respect to in-

finitesimal perturbations is determined by the eigenvalue λ with largest real part for

which

hpx, tq “ hspxq ` δh̃pxqe
λt
`Opδ2

q (3.3)

satisfies (3.1) at Opδq as δ Ñ 0`. If Rerλs ą 0 then the solution is linearly unstable,

whereas if Rerλs ă 0 then the solution is linearly stable. By direct calculation we

find at Opδq as δ Ñ 0` that

´

«

`

p1´Mθxq2hs ´ 3h2
s

˘

h̃`
1

3

´

h3
sh̃xxx ` 3h2

shs,xxxh̃
¯

´ Ha

˜

h̃x
hs
´
hs,xh̃

h2
s

¸ff

x

“ λh̃

(3.4)
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where boundary conditions (3.1c) are applied to h̃. Indeed λ is an eigenvalue of the

linearization of the nonlinear operator ´qx.

3.2 M “ 0: Constant Steady-state Solutions

First let us consider the case M “ 0. An immediate observation is that if the film

height is constant at hspxq “ h0, then

q “ h2
0 ´ h

3
0 (3.5)

is constant; i.e., every flat film is a steady-state solution of our problem in the absence

of localized forcing.

This conclusion, deduced from our mathematical model, runs contrary to the ob-

served behavior of our physical system, in which there is a specific thickness to which

the thin film tends in the absence of Marangoni forcing. Each of our mathemati-

cal models, the temperature-independent model in chapter 3 and the temperature-

dependent model in chapter 4, carries with it its own line of reasoning and set of

conclusions. The interplay between them, as well as an assessment of whether each

model captures known features of the underlying physical system, helps us to better

understand each model individually.

It is in this spirit that we now consider the flat steady-state solutions that arise

in our mathematical model more closely by assessing how their stability changes as

h0 ą 0 varies. Let hspxq “ h0, where h0 is a constant. In this case (3.4) becomes

Lh0rh̃s :“ ´
`

2h0 ´ 3h2
0

˘

h̃x ´
1

3
h3

0h̃xxxx ` Ha
h̃xx
h0

“ λh̃ (3.6)

where boundary conditions (3.1c) are again applied to h̃. Our task is to determine

the spectrum of the linear operator Lh0 ; in particular, we are interested in finding

those eigenvalues with largest real part as they will determine the linear stability of

our flat solutions.
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3.2.1 Lh0 is not self-adjoint

If Lh0 is self-adjoint with respect to the L2r´`, `s inner product, then all of its

eigenvalues will be real. As this piece of information would help us classify the

eigenvalues of Lh0 we now calculate L:h0 . Using integration by parts we find that

xLh0rh̃s, uy “
ż `

´`

Lh0rh̃sūdx “
ż `

´`

h̃L:h0rusdx`B “ xh̃,L
:

h0
rusy `B (3.7)

where the adjoint operator is given by

L:h0rus “ p2h0 ´ 3h2
0qux ´

h3
0

3
uxxxx `

Ha

h0

uxx (3.8)

and the boundary terms are

B “

„ˆ

h3
0

3
ux

˙

h̃xx `

ˆ

h3
0

3
uxxx ´

Ha

h0

ux ´ p2h0 ´ 3h2
0qu

˙

h̃



ˇ

ˇ

ˇ

ˇ

ˇ

x“`

x“´`

(3.9)

In order for (3.8) to be the adjoint of Lh0 we must have B “ 0 for all possible per-

turbations h̃ P L2r´`, `s, which implies a specific set of adjoint boundary conditions

and leads us to the statement of the adjoint problem:

L:h0rus “ p2h0 ´ 3h2
0qux ´

h3
0

3
uxxxx `

Ha

h0

uxx “ λ̄u

uxp´`q “ 0
h3

0

3
uxxxp´`q “ p2h0 ´ 3h2

0qup´`q

uxp`q “ 0
h3

0

3
uxxxp`q “ p2h0 ´ 3h2

0qup`q

(3.10a)

(3.10b)

As the first term in (3.10a) is opposite in sign to the first term in (3.6) and

boundary conditions (3.10b) are different than those given in (3.1c) we conclude

that Lh0 is not self-adjoint unless h0 “
2
3
. The significance of this conclusion is that,

for h0 ‰
2
3
, Lh0 may have complex eigenvalues as well as eigenfunctions that are not

mutually orthogonal, as will be further explained in subsection 3.2.3.
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3.2.2 Eigenvalues are computed numerically

Our immediate interest is to find a means of calculating the spectrum of Lh0 from

(3.6) for any fixed h0 ą 0 so that we can characterize the stability of flat steady-state

solutions. This computation is closely related to both the calculation of thin film

profiles that evolve in time according to (3.1) and of steady-state thin film profiles;

moreover, we will need to compute these same solutions numerically for the more

sophisticated temperature-dependent model given by (2.84), which is considered in

chapter 4. This leaves a direct numerical solution as the only viable option. Thus we

present here an overview of our method for performing these fundamental numerical

calculations, which will be used as a consistent framework for such computations

throughout chapter 4 as well.

Our approach throughout this dissertation is to use the method of finite differ-

ences coupled with Newton’s method to calculate partial differential equation (PDE)

and ordinary differential equation (ODE) solutions, with a backward-time-centered-

space (BTCS) discretization being used for the PDE. An LU -decomposition method,

which leverages the band-diagonal structure of the matrices involved, is used to solve

linear systems. AQR-factorization method is used to calculate eigenvalues and eigen-

vectors. A more detailed description of the numerical methods we use is provided in

appendix B.

Our objective is to determine the spectrum of the linear operator Lh0 given in

(3.7) so that we can assess the stability of flat steady-state solutions. Our numerical

technique, however, computes the eigenvalues of ´J , where J is the discretized Jaco-

bian of the nonlinear operator qx corresponding to a specific discretized film profile

~h and number of intervals Nx in the grid. In order to reach reliable conclusions

about stability we need to demonstrate that those eigenvalues of ´J with largest

real components are well-resolved for a specific choice of Nx. In drawing conclusions
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about stability from our results we will also need to assume that as Nx Ñ 8 the

eigenvalues of ´J converge to the spectrum of Lh0 . We now proceed to provide cal-

culations that will adequately address the first issue while simultaneously providing

supporting evidence for the validity of the latter assumption.

In figure 3.1 we show a portion of the spectrum of ´J , which was calculated for

h0 “ 0.4 and ` “ 10 with Nx P t200, 400, 800u. In each case the remainder of the

spectrum lies on the real axis to the left of what is pictured in figure 3.1. Note that

the spectrum includes several complex eigenvalues, which is possible due to the fact

that Lh0 is not self-adjoint.
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0.4
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I
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Eigenvalue convergence for hs(x) = h0 = 0.4, ℓ = 10

Nx = 200
Nx = 400
Nx = 800

Figure 3.1: Eigenvalues for flat steady-state solution with h0 “ 0.4, ` “ 10. Con-
vergence of eigenvalues with largest real parts is confirmed.

For larger |λ| we observe a slower approach to convergence, for these values of

Nx. This is not problematic for our purposes, however, because we wish to use

such eigenvalue plots to assess the linear stability of steady-state solutions, which is

determined by those eigenvalues for which the real part is large. Figure 3.1 illustrates

that our method of calculating eigenvalues numerically is reliable, for h0 “ 0.4,

` “ 10, and 200 ď Nx ď 800, if our only concern is finding those eigenvalues with
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large real parts.

As ` increases we expect that Nx will need to increase as well in order to retain the

accuracy of our eigenvalue calculations. In accordance with these expectations, we

characterize the results shown in figure 3.1 as demonstrating that for 0.025 ď ∆x ď

0.1 our eigenvalue calculations have converged sufficiently to be deemed accurate.

Further calculations reveal that varying h0 while keeping ` and Nx constant does not

lead to any qualitative change in the spectrum of´J or in the convergence behavior of

our algorithm; however, increasing ` does noticeably affect both convergence behavior

and the shape of the spectrum, even if Nx is increased in proportion to ` so that ∆x

remains constant.

In figure 3.2 we show a portion of the spectrum of ´J , which was calculated for

(a) ` “ 10 and (b) ` “ 50 with h0 “ 0.4 and identical ∆x. In (a) a closer view of

those eigenvalues with large real parts confirms that convergence is quite good for

` “ 10. In (b) the eigenvalues for ` “ 50 that have largest real part continue to

migrate to the right as Nx increases, which suggests that our method has not yet

fully converged. Increasing Nx further is too computationally costly to be a practical

means of better resolving these eigenvalues.

Instead of seeking an alternative means of calculating these eigenvalues, our ap-

proach is to recognize that, with ∆x held fixed, our numerical method converges

more quickly for smaller `. Plots like those shown in figure 3.2 for other values of `

reveal that a high degree of accuracy can be expected for ` ď 15, with convergence

gradually weakening as ` increases.

Our approach is to fix ∆x “ 0.05. This should lead to quantitatively accurate

results when computing those eigenvalues with large real parts if ` ď 15. As ` ą 15

increases our results will gradually become less accurate. This is acceptable because

in most circumstances our focus will be on drawing qualitative conclusions about

our system based upon numerical computations. Our expectation is that, since this
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(a) Eigenvalues are well-resolved.
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(b) Eigenvalues are poorly resolved.

Figure 3.2: Eigenvalues for flat steady-state solutions for (a) ` “ 10 and (b)
` “ 50 with h0 “ 0.4 and identical ∆x. Increasing ` leads to slower convergence and
attendant difficulties in resolving eigenvalues.

47



deterioration in accuracy as ` increases is gradual, trends in qualitative features of

our system should still be discernible based upon our computations. If a certain

conclusion is heavily dependent upon specific results rather than overall trends we

will recognize this and restrict our consideration to smaller domains where we can

obtain more accurate results.
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Eigenvalue convergence for hs(x) = h0 = 0.4, ∆x = 0.25

ℓ = 10
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Figure 3.3: Shape of spectrum for ` P t10, 30, 50u with h0 “ 0.4 and ∆x “ 0.25.

An interesting feature of figure 3.2 is that the shape of the spectrum of´J changes

as ` increases. In figure 3.3 we show the spectrum of ´J for ` P t10, 30, 50u with

h0 “ 0.4 and ∆x “ 0.05. As ` increases the spectrum unfurls from the negative real

axis, opening up to create a more clearly defined bulb. As ` continues to increase we

expect this unfurling to continue, with many complex eigenvalues with small negative

real parts running almost parallel to the imaginary axis and pushing towards it.

3.2.3 Neutral stability

We would like to now use our eigenvalue calculations to assess the linear stability of

flat steady-state solutions. This approach, however, is complicated by the fact that
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λ “ 0 is an eigenvalue of (3.6) with corresponding eigenfunction h̃0pxq “ 1 for

every h0 ą 0. This leads to two difficulties.

The first is that we cannot hope that every eigenvalue of the system has negative

real part; i.e., no flat steady-state solution can be genuinely stable. In lieu of stability,

however, we can look at neutral stability, which is characterized by every nonzero

eigenvalue having negative real part.

The second is that, for h0 ‰
2
3
, u0pxq “ 1 is not also an eigenfunction of the

adjoint problem (3.10) corresponding to the eigenvalue 0 because boundary condi-

tions (3.10b) are not satisfied. This implies that Lh0 is not a normal operator for

any positive h0 ‰ 2
3

by Theorem 12.12(d) of [83], where a normal operator is de-

fined by Definition 12.11(a) of [83]. This is important because it implies that we

cannot invoke the complex spectral theorem to decompose an arbitrary perturbation

h̃ P L2r´`, `s X C2p´`, `q as a linear superposition of eigenfunctions h̃λ, as is

detailed in Theorem 12.29(d) of [83], because the set of all such eigenfunctions is not

dense in the function space L2r´`, `s X C2p´`, `q.

Both of these issues can be better explained by considering a generic linear dif-

ferential operator L on the interval r´`, `s. As

xLrvs, uy “ xv,L:rusy
ż `

´`

Lrvsudx “
ż `

´`

vL:rusdx

(3.11a)

(3.11b)

for all sufficiently smooth functions v and u on r´`, `s, we have that

pλ´ µq

ż `

´`

vλuµdx “ 0 (3.12)

for all eigenvalues λ of L with corresponding eigenfunctions vλ and for all eigenvalues

µ of L: with corresponding eigenfunctions uµ. This implies that the eigenfunctions

of L and of L: are mutually orthogonal except when the corresponding eigenvalues
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are either real and equal or complex-conjugate pairs.

Suppose that the spectrum σpLq “ tλ1, λ2, . . .u is a countable set. Consider a

function v that can be expressed as

vpxq “
8
ÿ

j“1

cλjvλjpxq (3.13)

for some choice of coefficients cλj . It then follows, by integrating (3.13) against uλjpxq

and using (3.12), that the coefficients are given by

cλj “

ş`

´`
vpxquλjpxqdx

ş`

´`
vλjpxquλjpxqdx

“
xv, uλjy

xvλj , uλjy
(3.14)

where it is known that λj P σpL:q for all j P t1, 2, . . .u because

σpL:q “ tµ;µ P σpLqu (3.15)

in general, as stated in Theorem VI.7 of [80].

Now that we have established the context in which our eigenvalue calculations can

be interpreted we can return to more clearly articulating what we mean by neutral

stability. As certain terminology is based upon the case in which Lh0 is a normal

bounded linear differential operator with a countable spectrum we begin by making

this assumption before relaxing it in order to look at our specific system.

Under these assumptions, any initial perturbation δh̃ can be uniquely expressed

as

δh̃pxq :“ hpx, 0q ´ hspxq “ δ
8
ÿ

j“1

cλj h̃λjpxq (3.16)

where h̃λj is an eigenfunction corresponding to the eigenvalue λj of Lh0 and δ ą 0

is a small parameter. If Rerλjs ă 0 for all j P t1, 2, . . .u then we claim that the
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steady-state solution is stable to infinitesimal perturbations because

hpx, tq ´ hspxq “ δ
8
ÿ

j“1

cλj h̃λjpxqe
λjt (3.17)

decays to 0 as tÑ 8.

If λ1 “ 0 and Rerλjs ă 0 for all j P t2, 3, . . .u then we claim that the steady-state

solution is neutrally stable to infinitesimal perturbations because

hpx, tq ´ hspxq “ δc0h̃0pxq ` δ
8
ÿ

j“2

cλj h̃λjpxqe
λjt (3.18)

decays to δc0h̃0pxq as tÑ 8, where the initial perturbation is again given by (3.16).

Thus if c0 “ 0, i.e. if the perturbation is orthogonal to the eigenfunction h̃0, then

the perturbation will again decay to 0 as tÑ 8.

For our problem several complications arise due to the fact that Lh0 is not nor-

mal. The first is that we cannot conclude that every possible perturbation δh̃pxq

can be decomposed as in (3.16). This leaves open the possibility that certain pertur-

bations, which are not in Spanth̃λ1 , h̃λ2 , . . .u, may not decay in accordance with our

expectations.

This difficulty is endemic to the analysis of thin liquid films because the oper-

ators being studied are often highly nonlinear and non-normal. This approach to

determining linear stability, built upon the more robust theory pertaining to normal

operators to which it applies more directly, is nonetheless common practice within

the thin film dynamics community [65], [96], [103], [59], [42], [93], [57], [58], and the

review by Craster and Matar describes the many results obtained using this approach

[23]. Linear stability analysis is thus limited in the definitiveness of the conclusions

it can draw when non-normal operators are being considered.

The second nuance in dealing with the non-normal operator Lh0 is that the phrase

“stable to zero-mean perturbations” is not an accurate description of neutrally stable

51



steady-state solutions, in spite of the fact that h̃0pxq “ 1. This is because a neutrally

stable solution in this general context is characterized by xh̃, u0y “ 0 rather than

xh̃, h̃0y “ 0 as in the case of a normal operator. Thus when we say that a solution

is neutrally stable, we mean that a perturbation will not undergo any long-term

exponential growth, but it may suffer a permanent adjustment of δc0u0pxq, where c0

is given by (3.14).

3.2.4 Stability analysis

Having clarified our objectives and terminology we can now turn to determining how

the stability of flat steady-state solutions varies with h0 ą 0. In figure 3.4 we plot

the (a) real and (b) pairs of imaginary parts of the two nonzero eigenvalues with

largest real parts for ` “ 10, Nx “ 400, and h0 P t0.001, 0.002, . . . , 1.200u. It is

well-known that the degenerate nature of the fourth-order term as h Ñ 0` causes

difficulties for numerical computations, which manifests here as poor convergence for

h0 P t0.025, 0.026, . . . , 0.199u [13]. For h0 ě 0.2 the eigenvalues with largest real

parts depend continuously on h0. Note that the corresponding eigenvalues shown in

(a) of figure 3.2 are in complete agreement with those found here for h0 “ 0.4.

Physical reasoning suggests that there should be a uniquely stable steady-state

solution corresponding to the thin film thickness to which such a plate coating process

would proceed in the absence of localized Marangoni forcing. This is because thicker

films should drain, whereas thinner films should continue to thicken until equilibrium

is achieved between gravitational and Marangoni driving forces. Our temperature-

independent mathematical model, however, manifests no such behavior: there is a

continuum of neutrally stable flat steady-state solutions, parameterized by h0 ą 0.

Instead we observe, in figure 3.4, that a height near h0 “ 0.67 is distinguished by an

apparent increase in the multiplicity of the 0 eigenvalue.

The importance of the height h0 “
2
3

can be demonstrated analytically by looking
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at the simplified hyperbolic problem

ht ` fphqx “ 0 (3.19)

where fphq :“ h2 ´ h3 as in (3.1) in the case where M “ 0 and higher order terms

corresponding to surface tension and van der Waals forces are neglected. The com-

plexities associated with the non-convex flux function fphq are presented in more

detail in [62]. Our primary concern is that this is a first-order wave equation with

speed

f 1phq “ 2h´ 3h2 (3.20)

that is zero when h “ 2
3
, negative for h ą 2

3
, and positive for h ă 2

3
. Thus

the maximum of Rerλsph0q at h0 “
2
3

shown in (a) of figure 3.4 can be thought of as

corresponding to a weakening of neutral stability when wave-like disturbances to the

film have no preferential direction of propagation.

The framework provided by this simplified problem provides a useful guideline

for understanding wave propagation in our system: waves in excess of this critical

height will proceed upstream, whereas smaller waves will propagate downstream.

This behavior is verified in section 3.3 through direct simulations of PDE (3.1). This

is also illustrative of a useful general principle: in order to better understand the

dynamics of our system as a whole we can consider the role that each term plays

in the overall system evolution separately. Thus the hyperbolic terms corresponding

to Marangoni forcing and gravitational drainage are of primary importance when

considering questions related to wave propagation, whereas the parabolic surface

tension term tends to smooth solutions.

3.2.5 Eigenfunction perturbations decay as expected

Confirmation of the validity of the eigenvalue calculations shown in figure 3.4 can

be obtained by finding the eigenfunction h̃λpxq corresponding to the eigenvalue λ
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with largest real part for film height h0. By introducing a perturbation to the flat

steady-state solution hspxq “ h0 of the form δh̃pxq “ δh̃λpxq for some δ ! 1 we can

observe the decay of the perturbation in PDE (3.1). This will enable us to confirm

its spatial structure and rate of decay.

If the eigenvalue λ is real, then the perturbation has the simple form

hpx, tq ´ hspxq “ δh̃λpxqe
λt (3.21)

where h̃λpxq is a real eigenfunction. If λ ă 0 then the perturbation will decay. As

it decays the zeroes of hλpxq will remain constant, so a plot of the decay of the

perturbation will have easily observable nodes corresponding to these zeroes. This

provides a means of confirming that the eigenfunction h̃λpxq has been computed

correctly. In order to verify that the value of λ has been computed correctly a

semilog plot of hpx˚, tq ´ hspx
˚q against time can be produced for any x˚ that is not

a zero of h̃λpxq. This plot should yield a straight line with negative slope that agrees

well with λ.

If the eigenvalue is complex, then the corresponding eigenfunction h̃λpxq will be

complex. As we require our perturbation to be real this means that we cannot use

the simple perturbation given by (3.21); however, as our operator Lh0 is real, we can

use the fact that

Lh0rh̃λs “ λh̃λ ùñ Lh0rh̃λs “ λh̃λ (3.22)

to construct a real perturbation that is a linear combination of the eigenfunctions h̃λ

and h̃λ “ h̃λ and that has decay rate Rerλs.

The general form of such a perturbation is

hpx, tq ´ hspxq “ δ

«

´a

2
`

b

2i

¯

h̃λpxqe
λt
`

´a

2
´

b

2i

¯

h̃λpxqe
λt

ff

(3.23)

where a and b are real numbers with a2 ` b2 “ 1 so that δ ! 1 gives the magnitude
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of the perturbation. If we simplify (3.23) we obtain

hpx, tq ´ hspxq “ δ
”

a
`

fpxq cospωtq ´ gpxq sinpωtq
˘

(3.24)

` b
`

fpxq sinpωtq ` gpxq cospωtq
˘

ı

eRerλst

where fpxq :“ Rerh̃λspxq, gpxq :“ Imrh̃λspxq, and ω :“ Imrλs.

In this case the zeroes of the perturbation are not time-independent and hence no

longer serve as clear visual indications that the perturbation is indeed an eigenfunc-

tion; however, the function
`

hpx, tq ´ hspxq
˘

e´Rerλst should oscillate about 0 without

decaying. If this function is plotted over a large range of t then the envelope of the

oscillatory component of the decaying perturbation can be visualized and confirmed

to be symmetric about the steady-state hspxq. This visualization of oscillatory be-

havior provides a verification that our perturbation consists of a linear combination

of complex eigenfunctions whose eigenvalues are complex conjugates, thereby con-

firming that the eigenfunction h̃λpxq has been computed correctly. In order to verify

that Rerλs has been computed correctly we can pick any x˚ and look at a semilog

plot of |hpx˚, tq´hspx
˚q| against time. The oscillations in (3.24) will lead to periodic

dips in the plot, but the overall decay should be linear with slope Rerλs.

It can be seen in figure 3.4 that the eigenvalues for our system are complex,

so we must implement this latter method in order to demonstrate the reliability of

our eigenvalue and eigenfunction calculations. In figure 3.5 we verify our calcula-

tion of the nonzero eigenvalue with largest real part by perturbing the flat solution

hspxq “ h0 “ 0.4 using the real part of the complex eigenvector corresponding to that

eigenvalue as in (3.24), where δ “ 10´3, a “ 1, and b “ 0. The complex eigenvector

is calculated directly from the matrix ´J corresponding to ` “ 10 and Nx “ 400.

The decay rate of this perturbation is found to be ´0.191 using the semilog plot of

|0.4´ hp10, tq| shown in figure 3.5. This value compares favorably to the real part of

the directly calculated eigenvalue ´0.1904` i0.3148.
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Figure 3.5: Eigenvalue calculation is verified by determining rate of exponential
decay at the right boundary for δ “ 10´3 with h0 “ 0.4, ` “ 10, Nx “ 400. The
slope is the real part of the nonzero eigenvalue with largest real part.

Having verified our direct calculation of λ from ´J we can now verify our cal-

culation of the eigenfunction by looking at the spatial variations in the decaying

perturbation. In figure 3.6 we show (a) the decay of hpx, tq and (b) the envelope

of the decaying perturbation, which is adjusted in accordance with (3.24) in order

to remove the exponential decay, for h0 “ 0.4, δ “ 10´3, a “ 1, and b “ 0 with

` “ 10, Nx “ 400. In (a) the perturbation is observed to be localized near the right

boundary with the expected decay to hspxq “ 0.4. In (b) the oscillatory shape of the

underlying perturbation is made apparent by adjusting for the expected exponential

decay and plotting a few representative profiles alongside the envelope of all profiles

from t “ 0.00 to t “ 120.00 in steps of size ∆t “ 0.01.

3.2.6 M “ 0 conclusion

In this section we have accomplished two important tasks. The first is that we have

laid the groundwork for later calculations by describing our methods in detail and

demonstrating their utility on a base case. These methods will be employed again
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in chapter 4 when we consider the fully temperature-dependent model (2.84) we

developed in chapter 2.

The second is that we have demonstrated that the temperature-independent

model previously studied by Haskett, Witelski, and Sur in [46] and [45] has a contin-

uum of flat steady-state solutions, each of which is neutrally stable. Thus a specific

flat steady-state solution that is distinguished by either its existence or its stability

is not present in this mathematical model. In chapter 4 we will demonstrate that

the temperature-dependent model derived in chapter 2 evolves towards a unique flat

steady-state solution with h0 “ 1 for M “ 0. Inasmuch as this agrees better with

our physical intuition this difference constitutes an improvement in the mathematical

model.

This is an important development because it suggests thinking about the corre-

spondence between our mathematical model and the underlying physical system we

hope to model in a novel way. Our conceptual framework and mathematical model

are one step closer to being tools that can demonstrate a meaningful quantitative

correspondence between numerical simulations and experiments.

We envision a thin film, say hpx, t0q « 0.1, as corresponding to an early stage of

a coating experiment in which the film is only just beginning to coat the substrate.

This coating should then proceed until a thickness corresponding to our scaling

H is obtained, which in our dimensionless units corresponds to hspxq “ h0 “ 1.

The localized forcing parameter M is envisioned as representing laser heating that

is initiated at some intermediate stage of this coating process. Thus starting our

simulation with a specific initial thickness h0 ă 1 in the presence of localized forcing

M ‰ 0 should correspond in an experimental setting to turning on the laser at a

specific intermediate point in the coating process.

The importance of a unique stable flat steady-state solution should be recognized

as corresponding to the physical reality of a specific thickness H being attained as
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t Ñ 8, in the absence of localized forcing. This unique stable steady-state solution

does not arise in the temperature-independent mathematical model we have thus

far considered, but it does manifest in the temperature-dependent model we will

study in chapter 4; more importantly, it arises in the physical system underlying our

mathematical models. If boundary or initial conditions are changed, or if additional

terms are introduced to our PDE, then we must always rethink what correspondence

our model has to a specific physical system. We will be using this framework, in which

there is constant interplay between physical reasoning and mathematical modeling,

to motivate the questions we ask about the mathematical model being studied as

well as a lens through which we view our results.

As the natural initial condition to consider, given this physically motivated frame-

work in which our mathematical model is situated, is a flat film with h0 ă 1, we have

thus far focused on flat steady-state solutions. As such a solution will not evolve

in the absence of localized forcing we have thus far had no need to calculate PDE

solutions except as a means of verifying eigenfunction decay rates. We now, however,

move on to consider the dynamics when M ą 0, in which case direct computation of

PDE solutions reveals a variety of interesting behaviors.

3.3 M ą 0: Steady-state Solutions

In order to determine what types of steady-state solutions are possible when M ą 0

it is natural to investigate the long-term behavior of PDE solutions as the initial

condition

hpx, 0q “ h0 (3.25)

and magnitude M of localized forcing are varied. The characterization of this param-

eter space leads to the discovery of several qualitatively distinct classes of solutions,

only two of which were described in [46] and [45] when studying this system previ-
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ously. As both of these previously observed classes consist of steady-state solutions,

we begin by presenting the types of steady-state solutions that are arise when

ht ` qx “ 0

q “ p1´Mθxqh
2
´ h3

`
1

3
h3hxxx ´ Ha

hx
h

hxp´`, tq “ 0 hxp`, tq “ 0 hxxxp´`, tq “ 0 hxxxp`, tq “ 0

θpxq : “ e´x
2{2

(3.1a)

(3.1b)

(3.1c)

(3.1d)

evolves from initial condition (3.25) for M ą 0. In section 3.4 we then consider two

additional classes of solutions, which arise from these same equations in a different

parameter regime, that do not consist of steady-state solutions.

3.3.1 Type II solutions

Our motivation in considering this physical system is that by changing the parameter

M ą 0 we hope to control the downstream thickness of a thin film being used in a

plate coating application. Our mathematical model does, in fact, have steady-state

solutions with this sort of structure. In previous work these types of solutions were

called Type II solutions [46], [45]. As this class of solutions is both central to the

purpose of our work and also particularly well-behaved numerically, we begin by

studying Type II solutions.

In figure 3.7 we show a time series of thin film profiles for M “ 1.6. For small

t a capillary ridge forms upstream of the localized Marangoni forcing, which then

builds into a plateau due to the non-convex “flux” fphq “ h2´h3. This plateau then

propagates upstream until it reaches the left boundary; however, the solution has not

ceased to evolve altogether. After reaching the left boundary at t « 60 the ridge of

the plateau passes through it slowly, over long time scales. When it finally proceeds

through the left boundary at t « 770 it leaves behind a nearly flat solution of height
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Figure 3.7: Time series from flat initial condition h0 “ 0.4 with ` “ 10, Nx “ 400
for M “ 1.6. Dashed lines indicate both the flat initial condition and the final film
profile. Evolution to a Type II steady-state solution is shown. At t « 60 a transient
profile reminiscent of a Type I-B solution forms. This slowly evolves to the final
Type II solution, which forms at t « 770.

just less than 1 upstream of the origin. Downstream the film is especially thin, with

a height only slightly above zero. We shall refer to such a steady-state solution as

a Type II solution, following the nomenclature developed in previous work where

the fact that the left and right boundary heights are different was taken to be the

defining characteristic of a Type II solution [46], [45], [61].

Our primary interest is in determining a protocol by which Type II solutions can

be obtained from a given flat initial profile with height h0, with emphasis placed

on h0 ă 1 because these are the heights that are expected to be present at an

intermediate stage of a plate coating process. The downstream thickness in the Type

II solution shown in figure 3.7 is only about 2.7% of the full thickness expected if

the coating process were allowed to proceed to completion in the absence of localized

Marangoni forcing. While such a drastic reduction in thickness may be desirable in

some applications, we wish to have better control over the downstream thickness of

the thin film; in particular, we desire a means that will enable us to bring about less
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dramatic changes in thin film thickness.

If we assume that, for any h0 P p0, 1q, there is a function MIIph0q ą 0 such that

M ąMIIph0q ùñ (3.1), (3.25) yields a Type II solution (3.27)

then we can propose a protocol in which a large initial magnitude M is introduced

to a partial coating with approximately constant thickness h0 ă 1 in order to obtain

a Type II solution. Once this Type II solution is obtained M can be decreased in

order to increase the downstream thickness to whatever level is desired, subject to

whatever restrictions arise in our investigation of this process.

There are two parts of this procedure that need to be verified: the implication

given in (3.27) and to what extent such a relaxation process is a valid means of

obtaining other Type II solutions. Properly addressing the first issue requires a

more thorough characterization of the types of solutions that can be obtained from

(3.1) subject to initial condition (3.25) and will be addressed in section 3.4 below.

The second issue can be assessed directly through simulations of PDE (3.1).
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Figure 3.8: Type II solutions for M P t0.1, 0.2, . . . , 1.6u with ` “ 10, Nx “ 400.
Solutions were obtained by letting PDE (3.1) evolve from (3.28).
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In figure 3.8 we show numerical solutions of (3.1) subject to the initial condition

hpx, 0q “ hII,1.6pxq (3.28)

where hII,Mpxq denotes the unique Type II solution on a specified domain corre-

sponding to a given M ą 0 and hII,1.6pxq is the final steady-state solution shown in

figure 3.7. Our domain here is again r´`, `s where ` “ 10, Nx “ 400, and, initially,

M “ 1.6. With the passage of every 100 units of time M is decreased by 0.01, with

the intent of allowing enough time for a new Type II solution to be obtained that

corresponds to the new value of M .

This process works well for M ě 0.1, as shown in figure 3.8. For each distinct

value of M enough time elapses for the solution to converge to its final steady-state

Type II solution. This convergence occurs through the generation of a pair of waves

at the origin, one traveling in each direction. Convergence is achieved as these waves

propagate through the boundaries of our domain. As M ą 0 continues to decrease,

however, these waves move more slowly and convergence requires the passage of

increasingly long periods of time. As we previously found that waves propagate with

approximate speed

f 1phq “ 2h´ 3h2 (3.20)

in our system this behavior is in line with our expectations because the boundary

heights of the Type II solutions we are generating are drawing closer to 2
3

as M ą 0

decreases.

Through direct PDE simulations we have been able to verify that a relaxation

procedure is an effective means of generating a Type II solution with a downstream

film thickness as large as approximately 0.5. In spite of the numerical difficulty in

verifying that this relaxation procedure will effectively yield such solutions, it is in-

teresting to ask whether Type II solutions might plausibly be obtained for arbitrarily

small M ą 0. In order to address this question we solve ODE (3.2) directly.
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Figure 3.9: Type II solutions for M P t1, 2, 4, 8, 16u ˆ 10´5 with ` “ 10, Nx “ 400.
Solutions were obtained directly from ODE (3.2).

As hII,1.6pxq is a known solution of ODE (3.2) we use it as a seed in a bootstrapping

technique. The inner loop implements Newton’s method in order to solve the ODE.

The outer loop decreases M , which is initialized to M “ 1.6 for the first iteration,

by 0.001 with each iteration of the outer loop. In order to better resolve behavior as

M Ñ 0`, when M “ 0.001 the step size is changed to ∆M “ 10´5 and the process

continues until M “ 10´5.

In figure 3.9 Type II solutions corresponding to M P t1, 2, 4, 8, 16u ˆ 10´5 are

shown that were calculated using this method, with excellent convergence throughout

this regime. The ease with which the Newton’s method converges to a unique solution

provides numerical justification in the case where ` “ 10 for the claim that hII,M is

uniquely defined for every M ą 0, which was implicit in the introduction and use of

this notation in (3.28).

This unique correspondence between M and the set of all Type II solutions hII,M

on a given domain implies, in particular, that there is a one-to-one correspondence

between M and downstream thin film thickness. Let hL denote thin film thickness

65



at the left, or upstream, boundary, and let hR denote thin film thickness at the right,

or downstream, boundary. It is of great interest to us to determine how hR depends

upon M because this will help us to use localized Marangoni forcing as a means of

controlling downstream film thickness in a plate coating application.
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Figure 3.10: Boundary heights hL, hR as functions of M for Type II solutions.

In figure 3.10 we plot hL and hR as functions of M , as determined from the film

profiles computed in the creation of figure 3.9 from the ODE. It is important to note

that

lim
MÑ0`

hRpMq “
2

3
(3.29)

because this captures both the fact that Type II solutions exist for all M ą 0 and

that hR cannot be made greater than 2
3

with localized Marangoni forcing. Thus

this means of controlling the downstream thickness of a thin film in a plate coating

application will only be effective if a substantial reduction in height, on the order

of halving the thickness of the coating, is desired. It is also important to note that

the qualitative features shown in figure 3.10 agree with those shown in figure 6 of

[46] but that the curves do not coincide. This difference can be attributed to the
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dependence of hRpMq on the domain: a larger domain causes the curve hRpMq to

increase while the corresponding curve hLpMq decreases.

Although an explicit relationship between hR and M is not known, an explicit

relationship between hR and hL was obtained by Haskett, Witelski, and Sur [46]. As

a steady-state solution must have constant flux (3.1b) throughout its domain, it has,

in particular, equal flux at the left and right boundaries. If we assume that M is

small enough that

|Mθxp˘`q| ! 1 (3.30)

then qL “ qR simplifies to

h2
L ´ h

3
L “ h2

R ´ h
3
R (3.31)

by applying boundary conditions (3.1c).

This gives an implicit relationship between hL and hR. By factoring (3.31) we

can obtain hRphLq explicitly. The possible solutions are limited by the fact that the

thin film height must always be positive and real. We find that for 0 ă hL ă 1 there

are two distinct possibilities:

hRphLq “ hL

hRphLq “
1´ hL

2

˜

1`

c

1` 3hL
1´ hL

¸

(3.32a)

(3.32b)

whereas for hL ą 1 the only possibility is hRphLq “ hL.

3.3.2 Type I-A solutions

In spite of the fact that a unique Type II solution exists for every M ą 0, obtaining

a Type II solution from a flat initial condition is not straightforward. It is especially

difficult to obtain a Type II solution corresponding to a small M ą 0 because another

class of steady-state solutions exists that is prevalent in this parameter regime. This

is why a relaxation procedure was necessary in order to obtain Type II solutions for
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arbitrarily small M ą 0 in subsection 3.3.1.

In figure 3.11 we show a time series of thin film profiles for M “ 0.2. For small t a

depression forms on the downstream side of the origin with a corresponding capillary

ridge forming upstream. This leads to the propagation of waves to the right, but not

to the left, of the origin. As h0 ă
2
3

this is in agreement with our assessment of wave

propagation in our system in section 3.1, which is best summarized by (3.20). As t

continues to increase these waves propagate through the right boundary leaving the

initial flat thin profile h0 “ 0.4 undisturbed except for a localized perturbation at

the origin that is fully formed at t « 60. This is shown in (a).
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(a) Short-time: by t « 60 a slowly evolving
transient solution is obtained.
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(b) Long-time: by t « 60000 a true Type
I-A steady-state solution is obtained.

Figure 3.11: Time series from flat initial condition h0 “ 0.4 with ` “ 10, Nx “ 400
for M “ 0.2. Dashed lines indicate both the flat initial condition and the final film
profile. Evolution to a Type I-A solution is shown to occur over long time scales.

At this stage the thin film appears to have settled into a steady-state solution;

however, evolution towards a steady-state solution continues over a substantially

longer time scale. In (b) the final steady-state solution at t « 60000 is shown along-

side the transient solution obtained at t « 60. The steady-state solution obtained

at t « 60000 in (b) is what we shall call a Type I-A solution, building upon the

nomenclature developed in previous work [46], [45], [61].

The defining characteristic of a Type I steady-state solution in previous work was

that hL “ hR. We retain this definition, but we also build upon it so that we can
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more clearly and fully specify the overall qualitative behavior of a solution by stating

its type. Thus a Type I-A solution must not only have equal boundary heights, but

also be well-described as a localized perturbation to an otherwise flat thin film. Later

in this subsection we will demonstrate how Type I solutions that are qualitatively

distinct from Type I-A solutions arise naturally from the study of Type I-A solutions.

Such solutions, which will be considered in more detail in subsection 3.3.3, will be

called Type I-B solutions.

Another important feature of figure 3.11 is that the initial film height of h0 “ 0.4

is different from the final boundary height hR “ 0.37614 of the steady-state solution.

In previous work it was suggested that for every h0 ą 0 there should exist a Type I-A

solution with hR “ h0 for sufficiently small M ą 0; additionally, the convergence of

flat initial conditions to Type I-A solutions over long time scales was not mentioned.

Both of these issues are manifestations of the same underlying feature of our system,

which we will now examine in detail. This analysis will confirm the convergence rate

and the final profile of the Type I-A solution shown in figure 3.11.

The issue we need to consider is best approached by building upon the under-

standing of flat steady-state solutions that was developed in section 3.2. For M “ 0,

a flat steady-state solution hspxq “ h0 exists for every h0 ą 0. For small M ą 0 we

might expect a Type I-A solution to arise from any such flat solution. There are two

distinct possibilities for how this occurs, each of which requires its own computational

approach.

The first possibility is that the continuous family of flat steady-state solutions

with M “ 0 becomes a continuous family of Type I-A solutions for small M ą 0,

parameterized by either boundary height hL or hR, with hL “ hR, for any hR ą 0. In

this case Newton’s method will not be capable of converging to a specific Type I-A

solution unless a fifth boundary condition is imposed, which would select out the

specific member of this family of solutions that we wish to obtain. As we expect
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that such a family of solutions would be parameterized by hR, a natural choice for

a fifth boundary condition is hp`q “ hR, where hR is specified as an input for any

computation.

The second possibility is that the continuous family of flat steady-state solutions

with M “ 0 bifurcates when M ą 0 so that there is a discrete family of Type I-A

solutions: for each M ą 0 there is a discrete set of boundary heights hR for which a

Type I-A solution exists. In this case Newton’s method will be capable of converging

to a specific Type I-A solution without imposing a fifth boundary condition, which

would only serve to over-determine the system. If the separation between Type I-A

solutions is too small, however, it may be difficult to resolve these distinct Type I-A

solutions numerically.

Distinguishing between these two possibilities is a considerable challenge. In

previous work asymptotic approximations of Type I-A solutions were obtained under

the assumption that they existed for arbitrary hR ą 0 on the domain p´8,8q

as M Ñ 0` [46], [45]. This suggested an understanding of Type I-A solutions in

accordance with the first possibility articulated above. Our computations, however,

indicate that on the finite domain r´`, `s the system actually demonstrates behavior

that is consistent with the second possibility, as we will soon demonstrate.

The difficulty in detecting these differences is compounded by several factors. The

first is that as M ą 0 increases, there are fewer Type I-A solutions, which makes it

more difficult to select an initial profile for which the ODE will converge to a specific

Type I-A solution. The second is that as ` ą 0 increases, the spacing between one

Type I-A solution and the next decreases, which complicates resolving the discrete

nature of the family of Type I-A solutions numerically. Adding to the difficulty is

that although imposing a fifth boundary condition will over-determine the system,

computations of ODE solutions for which such a fifth boundary condition is imposed

lead to locally perturbed flat solutions that appear to be plausible Type I-A solutions.
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Only when attempting to compute the spectra of such artificial Type I-A solutions

in order to determine their stability do irregularities arise that suggest reconsidering

the underlying assumption of a continuous family of Type I-A solutions.

After substantial numerical experimentation, a reasonable intermediate case that

illustrates the discrete nature of the set of Type I-A solutions for a specific M ą 0

and ` ą 0 is that in which M “ 0.2 and ` “ 10, with Nx “ 400. If the profile

shown in (b) of figure 3.11 is taken as an initial guess at a Type I-A solution we can

implement Newton’s method in order to find a solution to the ODE, where a fifth

boundary condition is not imposed. In order to find additional Type I-A solutions we

adjust this profile up and down in increments of ∆h “ 0.001 and retain any solutions

for which

|Errfor| ă 10´10 and |Errback| ă 10´8 (3.33)

after 11 iterations, where Errfor and Errback are defined in appendix B.

Convergence of Newton’s method is expected within only 4 to 6 iterations once

the profile is well within the basin of attraction of a specific steady-state solution,

but our initial guess will be relatively poor for larger adjustments. The additional

iterations do not change solutions that have already converged while simultaneously

providing more opportunity for profiles that are initially on the boundary between

basins of attraction to settle down. Using this method to find some valid Type I-A

solutions enables us to then use them as initial iterates and repeat the process in

order to find additional Type I-A solutions that may have been missed.

In figure 3.12 we show the Type I-A solutions obtained using this approach. In

this case we see that only 9 Type I-A solutions corresponding to M “ 0.2 and ` “ 10

have been resolved. Type I-A solutions for which 0 ă hR ă 0.19 are expected, but

such solutions do not converge well enough to meet the requirements specified in

(3.33).
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Figure 3.12: Type I-A solutions obtained directly from ODE (3.2), without im-
posing a fifth boundary condition, for M “ 0.2 with ` “ 10, Nx “ 400.

In table 3.1 we give the eigenvalue with largest real part for each of the 9 Type

I-A solutions shown in figure 3.12, parameterized by hR. In every case all of the

other eigenvalues have negative real parts of magnitude on the order of 10´1 or

greater. Note that as the thickness of the Type I-A solution decreases the eigenvalue

with largest real part approaches 0, which corresponds to the transition towards

an inability to resolve further Type I-A solutions numerically due to the increasing

Table 3.1: Eigenvalue λ with largest real part for each Type I-A solution shown in
figure 3.12.

hR Rerλs Imrλs

0.83506 ´1.164ˆ 10´2 0
0.47606 3.753ˆ 10´3 ˘1.072ˆ 10´2

0.43578 6.737ˆ 10´4 0
0.37614 ´5.942ˆ 10´5 0
0.32340 4.771ˆ 10´6 0
0.28039 ´3.595ˆ 10´7 0
0.24694 3.113ˆ 10´8 0
0.21970 ´3.226ˆ 10´9 0
0.19494 2.912ˆ 10´10 0
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density of heights for which valid Type I-A solutions, presumably, exist. Also note

that the sign of Rerλs alternates from one Type I-A solution to the next for all Type I-

A solutions with hR ă 0.45, with magnitude decreasing by a factor of approximately

10 in each case.

Our present findings regarding the alternating stability and instability of Type

I-A solutions, which only exist for a discrete set of boundary heights hR for any

given M ą 0, can be verified by returning to figure 3.11. In figure 3.11 a Type

I-A solution is obtained, but only after evolving for approximately 60000 units of

time. A transient profile, which appears to be a Type I-A solution but is actually

evolving very slowly, is obtained very quickly, forming around t « 60. As the final

Type I-A solution to which the profile converges has hR “ 0.37614 this eigenvalue

from table 3.1 can be compared to the rate of decay of the transient solution in

order to validate both our recognition of long-time behavior in figure 3.11 and our

computation of Type I-A solutions and their spectra in figure 3.12 and table 3.1.
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(a) Left boundary.
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Figure 3.13: Time series data from Type I-A solution shown in figure 3.11 is used
to assess decay rate measured relative to the Type I-A solution in table 3.1 with
hR “ 0.37614. Slope of dashed lines is ´5.942ˆ 10´5 from table 3.1.

In order to compute the rate of decay directly from the profile’s time series we use

a semilog plot of boundary heights. In figure 3.13 the (a) left and (b) right boundary

heights of the solution shown in figure 3.11 are plotted, relative to the reference value
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of 0.37614 that is the common boundary height for the final Type I-A solution, in

order to determine whether the growth is exponential. In this case a line with slope

equal to the eigenvalue ´5.731ˆ 10´5 from table 3.1 agrees well with the decay rate

at later times, which lends credence to our explanation for the long-time convergence

behavior shown in figure 3.11; namely, that it is a manifestation of a stable Type I-A

solution with a negative eigenvalue that has very small magnitude.

This analysis can be used to estimate the time scale over which a Type I-A

solution will converge to within a specified level of precision. For example, if a

thin film evolves according to (3.1) from initial condition (3.25) with h0 ă 0.4 and

M “ 0.2, then it is expected that the profile will converge to a Type I-A solution. If

this convergence is desired to within ε ą 10´12, then it is expected that it will take

on the order of

tconvergence «
lnpε´1q

Rerλs
(3.34)

where Rerλs is taken from table 3.1 for the appropriate Type I-A solution. For

ε ă 10´12 it will be difficult to obtain such precision numerically regardless of how

long the solution is allowed to evolve.

Recognizing that the set of Type I-A solutions for a specific M ą 0 and ` ą 0 is

discrete constitutes a change in perspective that has important ramifications for the

computation of numerical solutions. In order to further emphasize this important

point we now demonstrate how this discrete family of Type I-A solutions changes as

M increases. In order to do this we use methods similar to those used to create fig-

ure 3.12 to obtain the Type I-A solutions corresponding to M “ 0.1 with hR ą 0.19

that satisfy (3.33). Each of these profiles is then used as a seed in a bootstrap-

ping scheme that traces out how the boundary heights for the profile change as M

increases, where M is increased in increments of ∆M “ 10´3.

In figure 3.14 the change in the Type I-A solutions calculated for (a) M “ 0.1 as

74



0

0.2

0.4

0.6

0.8

1

1.2

−10 −5 0 5 10

h
s
(x

)

x

Collapse of Type I Solutions

M= 0.1

(a) M “ 0.1

0

0.2

0.4

0.6

0.8

1

1.2

−10 −5 0 5 10

h
s
(x

)

x

Collapse of Type I Solutions

M= 0.2

(b) M “ 0.2

0

0.2

0.4

0.6

0.8

1

1.2

−10 −5 0 5 10

h
s
(x

)

x

Collapse of Type I Solutions

M= 0.4

(c) M “ 0.4

0

0.2

0.4

0.6

0.8

1

1.2

−10 −5 0 5 10

h
s
(x

)

x

Collapse of Type I Solutions

M= 0.8

(d) M “ 0.8

Figure 3.14: Type I solutions obtained from ODE (3.2) using a bootstrapping
scheme. The (a) seed consists of entirely Type I-A solutions obtained for M “ 0.1.
For (b) M “ 0.2, (c) M “ 0.4, and (d) M “ 0.8 we observe that the only Type I-A
solution with hR ą

2
3

no longer exists for M “ 0.4 and that Type I-A solutions with

hR ă
2
3

rise up to become Type I-B solutions, in order from thickest to thinnest.

M increases is shown. Due to the nature of the process by which these seed profiles

are obtained the set of Type I-A solutions shown is not exhaustive. Thinner solutions

probably exist that were not resolved well enough to satisfy condition (3.33) and were

hence disregarded. Thicker solutions may also exist whose profiles differ enough from

those shown in part (a) of figure 3.14 that the adjustment procedure used to obtain

figure 3.12 was unable to find them.

This latter possibility is best understood by comparing part (b) of figure 3.14 to

figure 3.12, each of which was calculated using M “ 0.2. An additional Type I solu-

tion is shown in part (b) of figure 3.14 that was revealed through this bootstrapping
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technique that was not found in creating figure 3.12 using an adjustment technique.

For (c) M “ 0.4 the only Type I solution with hR ą
2
3

no longer exists and several

of the Type I-A solutions have risen up to take on a qualitatively different shape,

a trend that is even more apparent for (d) M “ 0.8. These new Type I solutions,

each of which has a large nonlocalized capillary ridge, are what we shall call Type

I-B solutions. Type I-B solutions will be studied in more detail in subsection 3.3.3.

In order to further study how the existence of Type I solutions changes as M

increases, in figure 3.15 we show the change in hR from M “ 0.1 to M “ 1.6,

where curves have been truncated when the solutions no longer converge. Numerics

confirm that hL “ hR in every case, which both confirms that every solution is indeed

a Type I solution and allows us to show only how hR depends upon M without loss

of information. As M increases each of the Type I-A solutions either becomes a

Type I-B solution or ceases to exist. We shall refer to the transition of a Type I-A

to a Type I-B solution as a collapse because hR is very similar for each Type I-B

solution, which leads to this process being visualized as the collapse of the several

distinct curves shown in figure 3.15 to a single curve.

Figure 3.15 summarizes a great deal of information if it is interpreted correctly.

The flat segments for smaller M correspond to distinct Type I-A solutions and show

that the height of these solutions remains relatively constant for as long as they exist.

Once M increases beyond a certain threshold each of these Type I-A solutions stops

existing. For the thicker solutions, which stop existing for smaller values of M , the

Type I-A solution becomes a Type I-B solution. Each such transition corresponds

to a protrusion in figure 3.15 above the underlying decaying curve that collapses

onto it once the threshold value of M is exceeded. For the thinner solutions, which

stop existing for larger values of M , there is no such transition: each one is too far

removed from the basin of attraction of any corresponding Type I-B solution that

may exist for our numerical method to obtain it. This accounts for why the last
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Figure 3.15: Type I solutions are traced from M “ 0.1 to M “ 1.6 using the
ODE, collapsing onto a single curve as M increases. Curves are truncated when
convergence fails. In every case hL “ hR.

3 protrusions never meet up with the underlying decaying curve, but are instead

suddenly truncated. In addition, none of the Type I solutions we found continues

to exist for M ě 1.449, which provides support for implication (3.27): if M is so

large that a solution to PDE (3.1) cannot possibly lead to a Type I solution then the

prospect of obtaining a Type II solution becomes more promising.

Our analysis confirms our earlier assertion that there are fewer Type I-A solutions

for larger values of M , with a discrete set of possible Type I-A solutions for each

M ą 0. Additional features of this process have also been revealed. Although Type

I-A solutions with small hR ą 0 may exist for all M ą 0, they cannot be resolved

numerically above a certain critical value of M . In addition, it has been shown that

new Type I-A solutions bifurcate out of existing Type I-B solutions as M decreases

in an intermittent process; in particular, no matter how small M becomes there is

only a discrete set of values of hR for which Type I-A solutions exist: the set of such

hR does not become dense as M Ñ 0`.
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3.3.3 Type I-B solutions

Previous work focused on studying Type I-A and Type II solutions. These continue

to be the most important classes of solutions because they describe qualitatively

different thin film profiles that correspond to distinct regimes of the parameter M :

Type I-A solutions dominate for smallM ą 0, whereas Type II solutions dominate for

large M . Their importance is further emphasized by the physical interpretation that

they can be given: Type I-A solutions represent inadequate localized Marangoni forc-

ing, whereas Type II solutions represent localized Marangoni forcing that is strong

enough to serve as a means of thin film control.

Although this characterization of the solutions of our mathematical model serves

well as a basis for understanding how our system behaves, the presence of more com-

plicated behavior belies this simplistic assessment. Foremost among these complica-

tions is an additional class of steady-state solutions that is dominant for intermediate

values of M .
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Figure 3.16: Time series from flat initial condition h0 “ 0.4 with ` “ 10, Nx “ 400
for M “ 0.4. Dashed lines indicate both the flat initial condition and the final film
profile. Evolution to a Type I-B steady-state solution is shown.
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In figure 3.16 we show a time series of thin film profiles for M “ 0.4. For small t

evolution of the thin film is similar to that observed in figure 3.11, with propagation

of waves downstream from the localized Marangoni forcing. In this case, however,

the size of the ridge formed has increased due to the increase in M . The height of

this peak has passed a threshold, which is difficult to pinpoint but is around 2
3
, that

leads to the onset of a different mechanism by which the ridge grows. Not only does

a ridge form due to the localized Marangoni forcing, but the height of this ridge has

increased enough that it has entered a regime in which waves propagate upstream

rather than downstream. This causes the ridge to continue to rise to a height of

approximately 1, where the nonconvex “flux”

fphq “ h2
´ h3 (3.35)

changes sign. This controls the growth of the ridge and creates a plateau that expands

upstream.

As this plateau approaches the left boundary, however, it cannot pass through this

boundary due to the disparity between the flat boundary conditions and the rapid

variation in thin film height at the left edge of the expanding plateau. As a result

of this conflict a steady-state solution arises. We shall refer to such a steady-state

solution as a Type I-B solution because its boundary heights are equal but it plays

a different role in our system than a Type I-A solution: it occupies an intermediate

state between Type I-A and Type II solutions. A plateau has formed that is not

localized to the origin, unlike the localization seen in Type I-A solutions, but this

upstream wave is not sufficiently pronounced to pass through the left boundary and

thereby generate a Type II solution.

In figure 3.17 we show a time series of thin film profiles for M “ 0.8. This time

series proceeds towards a Type I-B solution just as the one shown in figure 3.16;

however, there are some differences that make it useful in illustrating how the tran-
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Figure 3.17: Time series from flat initial condition h0 “ 0.4 with ` “ 10, Nx “ 400
for M “ 0.8. Dashed lines indicate both the flat initial condition and the final film
profile. Evolution to a more pronounced Type I-B steady-state solution is shown.

sition from Type I-B to Type II solutions occurs as M increases. The height of the

plateau is higher and the film on either side of this plateau is thinner. The left edge

of the plateau is also steeper, which exacerbates the conflict between the boundary

conditions being imposed at the left boundary and the leftward-moving plateau that

has stopped short of propagating through the left boundary. In addition, the entire

evolution of the thin film proceeds more rapidly in figure 3.17 than it did in fig-

ure 3.16 due to the larger value of M , reaching a Type I-B solution around t « 100

rather than t « 350. Each of these computations was confirmed with a long-time

run up to t “ 60000 in steps of size ∆t “ 0.05 in order to minimize the risk of

overlooking subtle long-time behavior such as that present in the Type I-A solution

shown in figure 3.11.

Another means of validating our conclusions regarding Type I-B solutions is to

investigate their stability. In figure 3.14 we saw that several Type I-B solutions exist

for certain ranges of M , with 6 distinct Type I-B solutions shown in part (d) for

M “ 0.8. The outermost such Type I-B solution is shown in figure 3.17 as the
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final steady state that arises when the thin film evolves according to PDE (3.1)

from h0 “ 0.4, which implies that it is stable. By using this solution as a seed in

a bootstrapping scheme, ODE (3.2) can be used to obtain the outermost Type I-B

solution, i.e. the Type I-B solution with capillary ridge closest to the left boundary,

over a wide range of M . The stability of these outermost Type I-B solutions can

then be determined through eigenvalue analysis.
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Figure 3.18: Outermost Type I-B solution for each M P t0.100, 0.101, . . . , 1.449u
is obtained using the ODE by bootstrapping from final profile shown in figure 3.17.
Boundary heights hL “ hR are plotted against M . Axes are chosen to make the
correspondence with figure 3.15 as stark as possible.

In figure 3.18 the boundary heights, which are necessarily equal, are plotted for

the outermost Type I-B solutions obtained by applying this bootstrapping scheme

to ODE (3.2) with ` “ 10, Nx “ 400 for M P t0.100, 0.101, . . . , 1.449u. The upper

limit is a hard one: the ODE does not converge for M “ 1.45. The lower limit of

M “ 0.1 is chosen to match figure 3.15 so that the direct correspondence between

the decaying curve from that plot and the one shown in figure 3.18 is more stark.

This correspondence confirms that the final steady state shown in figure 3.17 and

the thick Type I solutions shown in figure 3.14 are both the same class of solution,
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Figure 3.19: (a) Rerλs and (b) Imrλs for those eigenvalues with the 2 largest Rerλs
for ` “ 10, Nx “ 400, and M P t0.006, 0.007, . . . , 1.449u. Zero is not an eigenvalue
for any M .
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which we call Type I-B. Steady-state solutions are obtained down to M “ 0.001, but

there is a gradual transition as M decreases from Type I-B to Type I-A solutions.

By truncating the curve at M “ 0.1 we remain within the range where solutions can

be clearly identified as Type I-B solutions.

It is also important to note that if the curve hRpMq for Type I-B solutions shown

in figure 3.18 is plotted alongside the curve hRpMq for Type II solutions shown in

figure 3.10, they are visually indistinguishable. Thus hRpMq is almost identical for

Type I-B and Type II solutions over the range of M for which Type I-B solutions

exist.

In figure 3.19 the real and imaginary parts of the nonzero eigenvalues with largest

real part are shown for the unique outermost Type I-B solution corresponding to each

M P t0.006, 0.007, . . . , 1.449u where ` “ 10, Nx “ 400. As M increases the eigenvalue

with largest real part alternates from being complex to being real: for M ď 0.895,

1.167 ď M ď 1.385, and 1.420 ď M it is complex, and it is real elsewhere. In (a)

the main smooth curve is that of a complex-conjugate pair of eigenvalues, while the

curve that emerges in the middle is that of a real eigenvalue. In (b) the boundaries

of the regime where the nonzero eigenvalue with largest real component is real are

marked by a transition from a solid to a dotted line on the x-axis. As the complex

eigenvalue consists of a complex-conjugate pair, the imaginary parts of both such

complex eigenvalues are plotted in (b).

The stability of these outermost Type I-B solutions can be assessed by noting

that the zeroes in part (a) of figure 3.19 occur at M “ 0.0152, M “ 0.2925, and

M “ 1.2762. Thus we conclude that the outermost Type I-B solution should be

stable for 0.293 ď M ď 1.276 and unstable elsewhere. As M Ñ 0` stability is

regained, but this limit marks a transition from Type I-B to Type I-A solutions and

thus does not reflect the behavior of Type I-B solutions.

Note that both M “ 0.4 from figure 3.16 and M “ 0.8 from figure 3.17 are
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within this regime of stability, which supports the fact that these Type I-B solutions

are indeed stable steady-state solutions to PDE (3.1). This stability analysis also

supports our conclusions for M “ 1.6 as shown in figure 3.7: the film passes through a

transient profile that is similar in shape to a Type I-B solution en route to reaching a

Type II solution. This is consistent with the fact that M “ 1.6 is not only above this

range of M for which Type I-B solutions are stable, but also greater than M “ 1.449,

which is the largest value of M for which Type I-B solutions exist. The largest M for

which Type I-B solutions can be obtained is expected to increase with the domain

size `.

Type I-A, Type I-B, and Type II solutions are the only types of steady-state

solutions that have been observed in this system for M ą 0. Each of these was noted

in previous work, although Type I-B solutions were previously viewed as an aberrant

variety of Type I solution whereas we distinguish them from Type I-A solutions

because of their significance as a transition regime between Type I-A and Type II

solutions [46], [45], [61].

3.4 M ą 0: Non-steady-state Solutions

The second essential property of our system that we need to justify in order for

our relaxation protocol to be viable is implication (3.27). This amounts to more

thoroughly classifying the types of solutions that can manifest when (3.1) evolves

from initial condition (3.25). In section 3.3 we saw that solutions can settle into at

least three distinct types of steady-state solutions: Type I-A, Type I-B, and Type

II. In addition to these steady-state solutions there are also at least two qualitatively

distinct types of solutions that never approach a steady state: periodic solutions and

finite-time blow-up solutions.

84



0

0.2

0.4

0.6

0.8

1

−10 −5 0 5 10

h
(x

,
t)

x

Periodic Solution for M = 0.2, h0 = 0.46

(a) Rising: t “ 0 to t « 70

0

0.2

0.4

0.6

0.8

1

−10 −5 0 5 10

h
(x

,
t)

x

Periodic Solution for M = 0.2, h0 = 0.46

(b) Nearly steady: t « 70 to t « 220

0

0.2

0.4

0.6

0.8

1

−10 −5 0 5 10

h
(x

,
t)

x

Periodic Solution for M = 0.2, h0 = 0.46

(c) Rising: t « 220 to t « 750
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Figure 3.20: Evolution from a flat initial condition with h0 “ 0.46 for M “ 0.2
with ` “ 10, Nx “ 400. (a) Early on, the solution rises into (b) what appears to
be a Type I-A steady-state solution; however, (c) it continues to rise over long time
scales before (d) descending back towards the profile shown in (b). The solution then
cycles through the phases shown in (b), (c), and (d) periodically.

3.4.1 Periodic solutions

In figure 3.20 we show our thin film evolving according to (3.1) from the flat initial

condition (3.25) with h0 “ 0.46 for M “ 0.2 with ` “ 10 and Nx “ 400. In (a) waves

propagate away from the origin at early times, leaving behind a localized perturbation

that appears to be a Type I-A steady-state solution, which is shown in (b). This

appearance is deceiving, however, as this transient solution actually continues to

evolve, with the capillary ridge rising over long time scales. This ascent is shown

in (c). Although this slowly rising capillary ridge is reminiscent of the early stages

of formation of a Type I-B or a Type II steady-state solution, no such equilibrium
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is ever attained. This rising capillary ridge instead passes quickly through its peak

before descending back towards its earlier profile from (b). This descent is shown in

(d). From here the thin film profile continues to evolve without ever settling into a

steady-state solution, instead cycling periodically through stages (b), (c), and (d).
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Figure 3.21: Maximum height hmax and local minima hmin,´ and hmin,` on either
side of this maximum as a function of time for evolution from a flat initial condition
with h0 “ 0.46 for M “ 0.2 with ` “ 10, Nx “ 400.

In order to verify that this behavior is in fact periodic, rather than chaotic or

merely cyclic, we need to produce a plot of certain representative points along the

thin film profile over time and determine the period of the motion. In figure 3.21 the

maximum hmax of the thin film profile and the minima hmin,´ and hmin,` on the left

and right sides, respectively, of this maximum are plotted against time for t ă 6000.

By measuring the distance between successive peaks of hmax the period of the motion

is found to be about 2000.

For the sake of comparison, in calculating the profiles shown in figure 3.8 the

passage of only 100 units of time was sufficient to obtain the next Type II solution.

The transient profile shown in figure 3.11 had formed by t « 60 with convergence to

a Type I-A solution requiring the passage of about 60000 units of time. The Type
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I-B solution shown in figure 3.16 converged by t « 350, the Type I-B solution shown

in figure 3.17 converged by t « 100, and the transient profile shown in figure 3.7 had

formed by t « 60 with convergence to a Type II solution occurring around t « 770.

Thus a period on the order of 2000 is quite large in comparison to the time scales

over which either steady-state solutions or earlier slowly evolving transient solutions

converge; however, it is also representative of subtle long-time behaviors that arise

in our system in other contexts, most notably the convergence of Type I-A solutions.

This substantial difference in time scales may account for the fact that the exis-

tence of such periodic behavior was not noted in [46] or [45] when this system was

studied previously. As this class of solutions is novel it warrants a more thorough

characterization. Our first observation is that the periodic behavior seems to take

the form of an oscillation between two distinct profiles: a lower profile, from which

the solution evolves very slowly, and an upper profile, from which the solution re-

coils comparatively quickly. The lower profile is reminiscent of a Type I-A solution,

whereas the upper profile is reminiscent of a partially formed Type I-B solution. The

genesis of these periodic solutions might, then, be related to the stability of Type I

solutions.

In figure 3.22 Type I solutions from part (b) of figure 3.14, including Type I-

A solutions with hR “ 0.47606 and hR “ 0.43578 as well as a Type I-B solution,

are plotted alongside the lower and upper profiles of the periodic solution shown

in figure 3.20. The position of the lower periodic profile just above the Type I-A

solution with hR “ 0.43578, which has a small positive eigenvalue given in table 3.1,

suggests that the early stages of growth of the periodic solution may be explained

by the instability of this Type I-A solution. At later stages of the periodic solution’s

evolution other mechanisms will contribute to its continued growth, and certainly

some other explanation must account for its later descent back to its original profile,

but the instability of this Type I-A solution may account for the onset of exponential
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Figure 3.22: Comparison of periodic solution obtained from h0 “ 0.46 and Type
I solutions obtained directly from ODE (3.2), without imposing a fifth boundary
condition, for M “ 0.2 with ` “ 10, Nx “ 400 in all cases.

growth.

In figure 3.23 the (a) left and (b) right boundary heights of the periodic solution

shown in figure 3.20 are plotted, relative to the reference value of 0.43578 that is the

common boundary height for the lower Type I-A solution shown in figure 3.22, in

order to determine whether the growth is exponential. A linear semilog plot indicates

that the growth is indeed exponential, with the slope of the line corresponding to the

rate of growth, which should agree with the eigenvalue for Type I-A solution with

hR “ 0.43578 from table 3.1.

In this case the slope of 6.737 ˆ 10´4 is in good agreement with the growth

rate of the periodic solution away from its lower profile, which lends credence to

our explanation for the formation of a periodic solution; namely, that it arises due

to an unstable Type I-A solution. It is worth noting, however, that the periodic

solution’s growth rate increases shortly thereafter. This is due to the presence of

other mechanisms that drive the flow. Of particular interest is the role that the
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Figure 3.23: Time series data from periodic solution shown in figure 3.20 is used to
assess the growth rate measured relative to the Type I-A solution from table 3.1 with
boundary height 0.43578. The slope of dashed lines is 6.737ˆ 10´4 from table 3.1.

nonconvex “flux” (3.35) plays in the rise and progression upstream of the capillary

ridge. This causes the peak of the capillary ridge to rise faster than eigenvalue

analysis would predict, with a growth rate of about 2.2 ˆ 10´3 if a linear fit is

applied to a semilog plot to assess the growth rate of hmax shown in figure 3.21. As

the boundaries are furthest removed from such complications we used these in order

to isolate the effect of the instability in causing growth in the early stages of the

periodic solution’s formation.

3.4.2 Finite-time blow-up solutions

In addition to periodic solutions, there is another class of solutions that was not

mentioned in previous work on this system: finite-time blow-up solutions [46], [45].

In figure 3.24 we show the evolution of (3.1) from initial condition (3.25) for h0 “

0.7 and M “ 0.2 with Nx “ 400, ` “ 10, and ∆tmax “ 0.01. The results are

quantitatively nearly identical for Nx P t400, 800, 1600u and maximum time step

∆tmax P t0.01, 0.001u for t ă 62.5, at which time the right boundary undergoes

explosive growth and the various numerical solutions begin to separate noticeably

while undergoing the same qualitative behavior. The precise time at which blow-up
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occurs differs based upon the choice of Nx and ∆tmax, but the time of blow-up is in

every case in the range 72.705˘ 0.025.
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Figure 3.24: Evolution from a flat initial condition with h0 “ 0.7 for M “ 0.2
with ` “ 10, Nx “ 400, and ∆tmax “ 0.01. Dynamic time-stepping is used to more
closely approach the singularity at t « 72.711. (a) Early on, waves propagate away
from the origin in both directions. (b) When the downstream wave reaches the right
boundary the solution there grows without bound.

At early times the solution behaves as expected, with waves propagating in both

directions away from the origin. This is in accordance with wave speed (3.20), al-

though there is a subtlety here that makes this case unusual: the initial height

h0 “ 0.7 is within a narrow range where even a small M ą 0 is sufficient to cre-

ate a capillary ridge upstream that rises above the critical height of 2
3

whereas the

capillary depression downstream falls below this critical height. This enables waves

to propagate in both directions away from the origin, rather than only downstream

as is typical in the formation of Type I-A solutions for smaller h0. Similar behav-

ior is seen for larger M ą 0 in the formation of Type I-B and Type II solutions,

with waves propagating both upstream and downstream, although in this case the

upstream wave lacks a sharp front.

This suggests an analogy between the finite-time blow-up solutions and Type I-B

solutions: both are malformed Type II solutions. Type I-B solutions arise when a

moderately large M ą 0 creates a sharp capillary ridge that cannot proceed through
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the left boundary because M is not large enough to overcome the resistance that

the left boundary conditions present to such a sharp advancing front. Finite-time

blow-up solutions arise when, due to h0 being chosen close to the critical value of

2
3
, a small M ą 0 creates a wave without a sharp front that travels upstream and

passes easily through the left boundary, but for which M ą 0 is too small to lower

the wave traveling downstream when it hits the right boundary. As M ą 0 is too

small to overcome this barrier at the right boundary, the solution cannot proceed to

a Type II solution.

In figure 3.25 we show a log-log plot of hR against t˚ ´ t where t˚ « 72.711138 is

our best estimate for the time at which blow-up occurs for the data obtained using

` “ 10, Nx “ 400, and ∆tmax “ 0.01. As the log-log plot is approximately linear

with slope ´0.56 we conclude that

hRptq „ pt
˚
´ tq´0.56 (3.36)

gives the rate at which the solution blows up at the right boundary. This confirms

the explosive growth observed at the right boundary in figure 3.24 and validates our

characterization of the solution as one that blows up in finite time.

The details of the mechanism by which conflict between boundary conditions and

wave propagation in our system leads to both finite-time blow-up solutions and Type

I-B solutions is unknown. Our understanding of such finite-time blow-up solutions

as incomplete Type II solutions can, however, be supported by comparing hL in

figure 3.24 after the wave has passed through it to hL for the Type II solution with

M “ 0.2 as shown in figure 3.8. At t “ 62.5, just prior to the onset of unbounded

growth and separation between results obtained using different step sizes, the finite-

time blow-up solution has hL “ 0.84352, while the Type II solution with M “ 0.2

has hL “ 0.84363. This excellent agreement supports our integrated understanding

of the various solution classes for our system: both Type I-B and finite-time blow-
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Figure 3.25: A log-log plot is used to calculate the rate at which the solution to
PDE (3.1) blows up at the right boundary when evolving from h0 “ 0.7 for M “ 0.2
with ` “ 10, Nx “ 400, ∆tmax “ 0.01.

up solutions are malformed Type II solutions whose formation is frustrated by the

interplay between boundary conditions and the structure of waves that are unable

to pass through the boundary.

3.4.3 Validity of implication (3.27)

Having presented all of the different types of solutions that have been found by ex-

ploring the parameter space of our system through numerical simulations, we return

to the question of whether implication (3.27) holds.

A proof of (3.27) cannot be obtained through the presentation of solutions that

are deemed representative of the various classes of solutions that arise in this system.

Neither has a means of systematically exploring the parameter space through an

automated classification of solutions as either Type I-A, Type I-B, Type II, periodic,

or finite-time blow-up across ` ą 0, M ą 0, and h0 P p0, 1q been developed.

There are several obstacles that make writing such a sorting algorithm difficult.

The first is that other qualitatively distinct classes of solutions may exist for this
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system that are simply beyond the scope of this dissertation, which is focused on

controlling downstream thin film thickness through localized Marangoni forcing for

the purposes of a plate coating application. In addition, even if these five types of

solutions were all that existed in this system, a method for determining how long a

simulation for a specific `, M , and h0 must be run in order to discern the solution

class in unknown. This is especially problematic when attempting to distinguish

between Type I-B and Type II solutions, since a seemingly Type I-B solution can

evolve into a Type II solution over long time scales, as well as in distinguishing

between Type I-A and periodic solutions, since both Type I-A and periodic solutions

evolve over long time scales.

A preliminary assessment of whether or not implication (3.27) holds can be made

by looking at whether or not evolving (3.1) from initial condition (3.25) for M “ 10,

which is especially large, with ` “ 10 and Nx “ 400 yields a Type II solution for

various h0. This is indeed the case for h0 P t0.01, 0.02, . . . , 0.61u, but for larger h0

more complicated behavior manifests that is not so easily categorized.

In figure 3.26 the evolution for M “ 10 from h0 “ 0.8 with ` “ 10, Nx “ 400 is

shown. The solution fluctuates over long time scales, taking on the general shape that

is expected of a Type I-A solution with boundary height greater than 2
3
; however, the

capillary ridge downstream of the localized Marangoni forcing is exceedingly large

and the capillary depression upstream is low over an unusually extended and flat

region.

Thus implication (3.27) is an oversimplification of the complicated nonlinear be-

havior demonstrated by this system: largeM does not necessarily imply that evolving

the thin film from a flat initial condition will result in a Type II solution. In the case

where M “ 10, however, for h0 ă 0.6 the waves propagating downstream in the early

evolution of the thin film remain below the critical height of 2
3
, which is associated

with the onset of more complicated behavior. Thus each of these solutions proceeds
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Figure 3.26: Evolution of thin film for M “ 10 from h0 “ 0.8 with ` “ 10,
Nx “ 400. For certain ranges of h0 Type II solutions are not obtained even for large
M . In this case fluctuations persist over long time scales.

to a Type II steady-state solution.

From this example we can see how a holistic understanding of the solution classes

we have presented and the transitions that arise as h0 and M are varied for fixed

` informs our assessment of what sorts of solutions we expect to arise: by keeping

h0 far enough below the critical value of 2
3

we can avoid complications that prevent

a Type II solution from forming. It follows from this more nuanced understanding

of our system that, although implication (3.27) may not hold, the weaker statement

that

@h0 P p0, h
˚
IIq DM ą 0 s.t. (3.1), (3.25) yields a Type II solution (3.37)

should hold for some h˚II for each ` ą 0, with the validity of h˚II “ 0.6 in the case of

` “ 10 having already been confirmed numerically with M “ 10. As this statement

is sufficient to ensure that any Type II solution can be obtained through a relaxation

process, so long as localized Marangoni forcing is initiated prior to the film acquiring

approximately half the thickness it would reach in the absence of localized Marangoni
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forcing, this is a plausible method of controlling the downstream thickness of a thin

film.

3.5 Conclusion

Our intuition for how solutions to our system can behave is built around the Type

I-A and Type II solutions that were the focus of previous work; however, additional

classes of solutions are also present in this system [46], [45].

In section 3.4 it is shown that a periodic solution can arise due to the instability

of a Type I-A solution with boundary height hR ă
2
3
. If the profile is among the

largest of Type I-A solutions below this critical height, where the set of possible

Type I-A solutions depends upon both ` and M , then a periodic solution may arise.

The rising capillary ridge of a periodic solution is reminiscent of the early stages of

formation of a Type I-B solution. Unlike a Type I-B solution, however, this ridge

peaks before descending again, which leads to periodic behavior. Such a solution

appears to be one for which M ą 0 is too small to sustain the large capillary ridge

associated with a Type I-B solution. Thus periodic solutions serve as a transition

regime between Type I-A and Type I-B solutions.

In section 3.3 Type I-B solutions are presented as Type II solutions whose for-

mation has been frustrated by boundary conditions due to insufficiently large M .

In section 3.4 finite-time blow-up solutions were shown to play a similar role in a

different parameter regime, with M being too small to allow the formation of a Type

II solution. It was later demonstrated that for M “ 10 and h0 “ 0.46 a Type II

solution does indeed arise, so interpreting finite-time blow-up solutions as a distinct

variety of malformed Type II solution is reasonable intuition. Thus both Type I-B

and finite-time blow-up solutions serve as a transition regime between Type I-A and

Type II solutions.

In the end we are brought back to considering Type I-A and Type II solutions
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as the most fundamental among the various classes of solutions to (3.1). Type I-A

solutions embody inadequate localized Marangoni forcing, in which the only result

is a localized perturbation to an otherwise flat thin film. Type II solutions embody

adequate localized Marangoni forcing, in which the downstream thin film thickness

has been substantially decreased and can now be controlled by adjusting the value

of M through a relaxation protocol. The transition between these two regimes is

complicated by the presence of several other classes of solutions, but, by restricting

our attention to parameter regimes that are motivated by the physical system our

model is meant to faithfully represent, we can accommodate these complications

while maintaining our focus on how to obtain and leverage Type II solutions for the

purpose of thin film control.

This understanding of our mathematical model will help put the questions and

issues that arise in chapter 4 into perspective. The numerical results will also serve

as a baseline to which we can compare computations involving the full temperature-

dependent model, to which we now turn our attention.
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4

Temperature-dependent Parameters:
β “ 1.9ˆ 10´3, Σ “ 3ˆ 10´4

In chapter 3 the temperature-independent model, in which both viscosity and sur-

face tension were approximated as constant, was studied. In this chapter we build

upon this understanding of our system by introducing temperature dependence into

both of these physical properties, generalizing the mathematical model used by Has-

kett, Witelski, and Sur when studying this system previously [46], [45]. It is shown

that although the temperature dependence of surface tension does not appreciably

change the behavior of our system, introducing a temperature-dependent viscosity

substantially affects the qualitative behavior of our system. The existence of flat

steady-state solutions for M “ 0 is now restricted such that the thickness must

equal 1. The existence of Type I-A solutions is similarly restricted, as explained in

subsection 4.3.3. These qualitative changes in the existence of steady-state solutions,

which are driven by the temperature dependence of viscosity, correspond to changes

in the existence of both the periodic and finite-time blow-up solutions found in the

temperature-independent mathematical model in chapter 3. Type II and Type I-B
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solutions, in contrast, persist in the temperature-dependent model without undergo-

ing substantial qualitative changes in behavior.

4.1 Temperature-dependent Model

Consider the temperature-dependent model given by (2.84):

ht ` qx “ 0

q “
1

µ

ˆ

p1´Mθxqh
2
´ h3

`
1

3
h3
pσhxxqx ´ Ha

hx
h

˙

hxp´`, tq “ 0 hxp`, tq “ 0 pσhxxqxp´`, tq “ 0 pσhxxqxp`, tq “ 0

θpxq : “ e´x
2{2

σpxq : “ 1` Σ px´ `q ´ ΣMθpxq

µpxq : “ exp rβ px´ `q ´ βMθpxqs

(4.1a)

(4.1b)

(4.1c)

(4.1d)

(4.1e)

(4.1f)

where x P r´`, `s, with positive constants `, Σ, and β. It is natural to begin our

analysis of (4.1) by finding its steady-state solutions and determining their linear

stability.

Steady-state solutions occur precisely when

qx “ 0 (4.2)

i.e. when the flux q is constant throughout the domain and boundary conditions

(4.1c) are satisfied.

Given a steady-state solution hspxq, its linearized stability with respect to in-

finitesimal perturbations is determined by the eigenvalue λ with largest real part for

which

hpx, tq “ hspxq ` δh̃pxqe
λt
`Opδ2

q (4.3)

satisfies (4.1) at Opδq as δ Ñ 0`. If Rerλs ą 0 then the solution is linearly unstable,
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whereas if Rerλs ă 0 then the solution is linearly stable. By direct calculation we

find at Opδq as δ Ñ 0` that

´

«

1

µ

˜

´

p1´Mθxq2hs ´ 3h2
s

¯

h̃`
1

3

´

h3
spσh̃xxqx ` 3h2

spσhs,xxqxh̃
¯

´ Ha

˜

h̃x
hs
´
hs,xh̃

h2
s

¸¸ff

x

“ λh̃

(4.4)

where boundary conditions (4.1c) are applied to h̃. Thus λ is an eigenvalue of the

linearization of the nonlinear operator ´qx.

4.2 M “ 0: A Unique Constant Steady-state Solution

First let us consider the case M “ 0. An immediate observation is that if the film

height is constant at hspxq “ h0, then

qpxq “
h2

0 ´ h
3
0

µpxq
(4.5)

is not, in general, constant. Thus the flat steady-state solutions that existed in the

temperature-independent model in the absence of localized Marangoni forcing do

not, in general, persist in the temperature-dependent model. The only circumstance

in which (4.5) is constant is when h0 “ 1. The existence of a unique flat steady-

state solution corresponds to the physical expectation that, given fixed experimental

conditions, there is a unique thickness to which the thin film will tend in the absence

of localized Marangoni forcing.

In figure 4.1 we show a portion of the spectrum of the discretization of ´qx for the

flat solution hspxq “ 1, which was calculated using β “ 1.9ˆ 10´3 and Σ “ 3ˆ 10´4

with ` “ 10 and Nx P t200, 400, 800u. In each case the remainder of the spectrum lies

on the real axis to the left of what is pictured in figure 4.1. Convergence behavior is

similar to that shown in figure 3.1, with adequate convergence for those eigenvalues
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Figure 4.1: Eigenvalues for flat steady-state solution with h0 “ 1.0, ` “ 10. Con-
vergence of eigenvalues with largest real parts is confirmed.

with largest real part when Nx “ 400; i.e., when ∆x “ 0.05.

As this spectrum determines the linear stability of this steady-state solution, it

is important to note that 0 is not in the spectrum: the eigenvalue with largest real

part is found numerically to be ´1.900 ˆ 10´3, which is in perfect agreement with

´β to 3 decimal places. Thus the flat steady-state solution hspxq “ 1 is linearly

stable, although the size of this eigenvalue suggests that the timescale over which a

flat initial condition with h0 ‰ 1 will evolve to hspxq “ 1 may be quite long.

Whether or not an initially flat profile will evolve to hspxq “ 1 and, if so, over

what time scale this evolution takes place, is a question that can be resolved through

direct numerical computations of solutions to PDE (4.1) evolving from the initial

condition

hpx, 0q “ h0 (4.6)

for positive h0 ‰ 1. Whether or not the eigenvalue with largest real part is ´β in

general is not something, however, that can be determined through numerical simu-

lations. As we wish to investigate both of these questions we begin by investigating
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this question analytically before considering numerical results.

Define the average film thickness

gptq :“
1

2`

ż `

´`

hpx, tqdx (4.7)

and recall the notation hLptq and hRptq, which is used to denote the left and right

boundary heights, respectively. The PDE (4.1a) can be integrated over the domain

to yield

dg

dt
`

1

2`

ż `

´`

qxpx, tqdx “ 0

dg

dt
`

1

2`

´

qRptq ´ qLptq
¯

“ 0

dg

dt
`

1

2`

ˆ

h2
Rptq ´ h

3
Rptq

µR
´
h2
Lptq ´ h

3
Lptq

µL

˙

“ 0 (4.8)

where boundary conditions (4.1c) have been applied in the final step to simplify the

flux (4.1b) at the left and right boundaries.

Our expectation is that a flat initial condition with h0 ‰ 1 will develop only

relatively small deviations from flatness as it slowly evolves towards its final steady

state of hspxq “ 1. Using this assumption we impose the approximations

hLptq « gptq

hRptq « gptq

(4.9a)

(4.9b)

which can then applied to (4.8) to obtain

dg

dt
“

ˆ

e2β` ´ 1

2`

˙

´

g2
´ g3

¯

gp0q “ h0

(4.10a)

(4.10b)

where the fact that µR “ 1 and µL “ e´2β` has been used to simplify the expression

and the initial condition (4.10b) follows immediately from (4.6) and the definition of
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g in (4.7).

The ordinary differential equation for gptq given in (4.10) can be solved in closed

form to obtain

ln

ˇ

ˇ

ˇ

ˇ

g

1´ g

ˇ

ˇ

ˇ

ˇ

´
1

g
“

ˆ

e2β` ´ 1

2`

˙

t` ln

ˇ

ˇ

ˇ

ˇ

h0

1´ h0

ˇ

ˇ

ˇ

ˇ

´
1

h0

(4.11)

which specifies the average film thickness gptq implicitly, where it has been assumed

that either h ą 1 or h ă 1 throughout the evolution of the thin film.

Either (4.10) or (4.11) can be used to show that the eigenvalue with largest real

part for hspxq “ 1 is approximately ´β for positive β ! 1.

Consider a perturbation to the steady-state solution gptq “ 1 of (4.10)

gptq “ 1` δg̃ptq (4.12)

for positive δ ! 1 with g̃p0q ‰ 0. Substituting (4.12) into (4.10) and retaining the

Opδq terms as δ Ñ 0` leads to

dg̃

dt
“ ´

ˆ

e2β` ´ 1

2`

˙

g̃

g̃ptq “ g̃p0q exp

˜

´

ˆ

e2β` ´ 1

2`

˙

t

¸

g̃ptq „ g̃p0qe´βt as β Ñ 0`

(4.13a)

(4.13b)

(4.13c)

If we assume that gptq is a good approximation for hpx, tq as the latter approaches

hspxq “ 1, which is equivalent to assuming that hpx, tq becomes nearly flat as it

approaches hspxq “ 1, then (4.13c) shows that ´β should indeed be the eigenvalue

with largest real part for (4.4) with hspxq “ 1 for positive β ! 1.

Alternatively, consider (4.11) as t Ñ 8: the term involving t will become much

larger than either the g´1 or h´1
0 terms, which are bounded since the film is assumed

to avoid rupture. This implies that the two remaining terms must balance the term

involving t as t Ñ 8. Neglecting the g´1 and h´1
0 terms to find an approximate
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solution as t Ñ 8 leaves an equation that can be solved explicitly for g, the result

of which is

gptq «
h0

h0 ` p1´ h0qe´pe
2β`´1qt{p2`q

gptq « 1´

ˆ

1´ h0

h0

˙

exp

˜

´

ˆ

e2β` ´ 1

2`

˙

t

¸

(4.14a)

(4.14b)

as tÑ 8. This implies that

gptq « 1´

ˆ

1´ h0

h0

˙

e´βt (4.15)

under the assumption that β ! 1. If we again assume that gptq is a good approxima-

tion for hpx, tq as the latter approaches hspxq “ 1, then (4.15) shows that ´β should

indeed be the eigenvalue with largest real part for (4.4) with hspxq “ 1 for positive

β ! 1.

In order to assess the validity of (4.11), confirm that the solution converges

with rate ´β, as suggested by (4.13c) and (4.15), and evaluate whether or not the

assumption that solutions to PDE (4.1) remain relatively flat when evolving from

initial condition (4.6) is valid, we turn to numerical computations of such solutions.

We begin with an assessment of whether or not hpx, tq remains flat as it evolves

to hspxq “ 1. A plot of the solution evolving from h0 “ 0.2, computed using ` “ 10

and Nx “ 400, shows it gradually rising to hspxq “ 1 without curving noticeably. In

figure 4.2 we use ‖hpx, tq´gptq‖1, computed using a trapezoidal method, as a measure

of the magnitude of the solution’s deviation from flatness, i.e. from its mean, as it

evolves to hspxq “ 1.

In (a) the independent axis is time t. This semilog plot demonstrates that

‖hpx, tq ´ gptq‖1 decays exponentially after its peak at t « 2960 and that the decay

rate is about ´1.9ˆ 10´3 “ ´β.
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Figure 4.2: The measure of flatness ‖hpx, tq ´ gptq‖1 for a solution evolving from
flat initial condition h0 “ 0.2 with ` “ 10, Nx “ 400 is shown against (a) time t and
(b) average height gptq.

In (b) the independent axis is the average film height gptq. This plot demonstrates

that the solution converges to hspxq “ 1 and that the maximum deviation from

flatness occurs for gptq « 0.7, which is slightly greater than 2{3. Recalling the

important role that the “flux” fphq “ h2´h3 played in the temperature-independent

model, the fact that this maximum occurs when gptq is slightly greater than 2{3 is

interesting and prompts us to delve into the mechanisms by which flat solutions with

h0 ă 1 evolve more closely.

Initially, the position-dependent viscosity (4.1f) leads to (4.5) being greater at the

left boundary than it is at the right, which generates a net flux into the domain and

causes the solution to increase. A systematic application of this reasoning process,

which is built upon analyzing the flux present in the system, can be used to develop a

better understanding of the system as a whole if we make use of the approximations

q1px, tq “
h2
Lptq ´ h

3
Lptq

µpxq
“

´

h2
Lptq ´ h

3
Lptq

¯

e´βpx´`q

q2px, tq “
h2
Rptq ´ h

3
Rptq

µpxq
“

´

h2
Rptq ´ h

3
Rptq

¯

e´βpx´`q

(4.16a)

(4.16b)
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where the spatial dependence of hpx, tq has been ascribed to the spatial variation in

viscosity in the sense that the film has been assumed to be locally flat, with q1 and

q2 pertaining to neighborhoods of the left and right boundaries, respectively.

As ht “ ´qx gives the rate at which the thin film rises at any point in its domain,

we have, in particular, that

´q1,xpx, tq « β
´

h2
Lptq ´ h

3
Lptq

¯

e´βpx´`q

´q2,xpx, tq « β
´

h2
Rptq ´ h

3
Rptq

¯

e´βpx´`q

(4.17a)

(4.17b)

leads to boundary heights that rise with rates

hL,t “ ´q1,xp´`, tq « β
´

h2
Lptq ´ h

3
Lptq

¯

e2β`

hR,t “ ´q2,xp`, tq « β
´

h2
Rptq ´ h

3
Rptq

¯

(4.18a)

(4.18b)

As hLp0q “ hRp0q “ h0 we find that (4.18) implies that hLptq will initially rise

at a greater speed than hRptq. As the “flux” fphq “ h2 ´ h3 is increasing over the

interval p0, 2
3
q this difference between hLptq and hRptq will continue to increase at

least until the time t1 at which hLpt1q “
2
3
. Shortly thereafter the difference between

hLptq and hRptq, which is a proxy for how much the solution deviates from flatness,

will peak, as is shown to occur when gptq « 0.7 in part (b) of figure 4.2.

Now that we have shown that solutions to PDE (4.1) remain nearly flat when

evolving from initial condition (4.6), we turn to assessing the validity of (4.11),

which was derived using this assumption. In figure 4.3 we show the curve gpredptq

predicted by (4.11) alongside the curve gcompptq computed numerically from hpx, tq

using a trapezoidal approximation for h0 “ 0.2 with ` “ 10, Nx “ 400. Agreement

is excellent.

In figure 4.4 the difference 1 ´ gptq is plotted on a semilog scale against time t

in order to determine if the decay rate of the solution is indeed ´β “ ´1.9 ˆ 10´3.
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agreement with ´β “ ´1.9ˆ 10´3 predicted by (4.13c) and (4.15).
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This decay rate, which was first suggested by the eigenvalue calculations shown in

figure 4.1 and later justified through the analysis that led to (4.13c) and (4.15), is

confirmed with an excellent linear fit.

Thus the evolution of flat profiles towards the unique flat steady-state solution

hspxq “ 1 can be explained by considering how the spatial dependence of viscosity

affects the flux q. This flux-based analysis enables a characterization of boundary

heights hLptq and hRptq that is summarized in approximations (4.18). The rate at

which the unique flat steady-state solution converges is given by ´β, which further

emphasizes the critical role that introducing a temperature-dependent viscosity plays

in the manifestation of behavior in mathematical model (4.1) that is qualitatively

distinct from what arose from (3.1), which was studied in chapter 3.

Although we cannot assert that the only steady-state solution that exists when

M “ 0 is hspxq “ 1 based upon a failure to observe other steady states through PDE

and ODE simulations, this qualitative difference in the class of flat steady-state

solutions still serves as a useful basis for understanding more complicated solution

classes.

4.3 M ą 0: Steady-state Solutions

In the temperature-independent mathematical model (3.1) the existence of a contin-

uous family of flat steady-state solutions parameterized by h0 ą 0 for M “ 0 served

as a foundational solution class from which a discrete family of Type I solutions could

bifurcate for M ą 0, as was shown in subsection 3.3.2. In section 4.2 we showed that

the temperature-dependent mathematical model (4.1) does not exhibit a continuous

family of flat steady-state solutions; instead, the only flat steady-state solution that

exists is hspxq “ 1. We now investigate how this change affects the existence of the

various classes of steady-state solutions found in section 3.3.

We begin by looking at the long-term behavior of solutions to PDE (4.1) as the

107



initial condition

hpx, 0q “ h0 (4.19)

and magnitude M ą 0 of localized forcing are varied. In this section we focus on

steady-state solutions. We will demonstrate that the classes of Type II and Type

I-B solutions we observed in the temperature-independent model remain relatively

unchanged, but that the class of Type I solutions has undergone qualitative changes.

In section 4.4 we then turn our attention to determining how the nonsteady so-

lution classes of periodic and finite-time blow-up solutions, which existed in the

temperature-independent model, have changed.

4.3.1 Type II solutions

As Type II solutions correspond to a successfully controlled downstream thin film

thickness, and are thus the most desirable solutions for a plate coating application,

we begin by assessing under what circumstances they can be obtained and whether

or not the relaxation process described in subsection 3.3.1 is still an effective means

of obtaining Type II solutions across a wide variety of downstream thicknesses hR.

In figure 4.5 we show a time series of thin film profiles for M “ 1.6 from h0 “ 0.2

with ` “ 10, Nx “ 400. For small t a capillary ridge forms upstream of the localized

Marangoni forcing, which then builds into a plateau due to the non-convex “flux”

fphq “ h2 ´ h3. This plateau then propagates upstream until it reaches the left

boundary; however, the solution continues evolving. After reaching the left boundary

at t « 180 the ridge of the plateau passes through it slowly, over a longer time scale.

When it finally proceeds through the left boundary at t « 830 it leaves behind a

nearly flat solution of height just less than 1 upstream of the origin. Downstream

the film is especially thin, with a height only slightly above zero. This is what we

call a Type II solution, as was explained in subsection 3.3.1.

As in subsection 3.3.1, we desire a protocol by which the downstream thickness
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Figure 4.5: Time series from flat initial condition h0 “ 0.2 with ` “ 10, Nx “ 400
for M “ 1.6. Dashed lines indicate both the flat initial condition and the final film
profile. Evolution to a Type II steady-state solution is shown. At t « 180 a transient
profile reminiscent of a Type I-B solution forms. This slowly evolves to the final
Type II solution, which forms at t « 830.

hR can be controlled by modulating the intensity M of localized Marangoni forcing.

The first stage in this process is to obtain a Type II solution by evolving PDE (4.1)

from initial condition (4.19) for positive h0 ă 1. The second stage is to relax this

seed Type II solution, which will likely have been obtained using an especially large

M , by decreasing M gradually in order to obtain a Type II solution for which hR is

larger.

Our analysis of the first issue in subsection 3.4.3, which built upon the thor-

ough characterization of the solution classes that were possible in the temperature-

independent model, informs our present approach to addressing this issue in the

temperature-dependent model. If h0 is kept far enough below the critical value of

2
3

we expect to be able to obtain Type II solutions when M is large. Following the

precedent established by implication (3.37), we conjecture that

@h0 P p0, h
˚
IIq DM ą 0 s.t. (4.1), (4.19) yields a Type II solution (4.20)
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should hold for some h˚II for each ` ą 0.

The validity of this implication can be verified numerically for specific cases. If

we fix ` and M , then we can calculate the solution to (4.1) at a fixed large time when

it is evolved from initial condition (4.19) for various h0. This will give a range of h0

for which the specified M is sufficiently large to produce a Type II solution. When

this procedure is carried out for ` “ 10 and M “ 10.0 we find that Type II solutions

are indeed obtained by t “ 500 for h0 P t0.151, 0.152, . . . , 0.604u. This provides some

support for the validity of implication (4.20) and, for h0 P p0.151, 0.604q and ` “ 10,

justifies our assumption that a Type II solution can be obtained by introducing

sufficiently strong localized Marangoni forcing, with the Type II solution thereby

obtained serving as a seed to which a relaxation process can be applied to obtain a

wider variety of Type II solutions.

Whether or not a relaxation process is indeed a plausible means of obtaining a

wide variety of Type II solutions, and over what range of M such Type II solutions

exist, are issues that can be addressed through direct computation of numerical

solutions.

In figure 4.6 we show numerical solutions of (4.1) subject to the initial condition

hpx, 0q “ hII,1.6pxq (4.21)

where hII,Mpxq denotes the unique Type II solution on a specified domain corre-

sponding to a given M ą 0 and hII,1.6pxq is the final steady-state solution shown in

figure 4.5. Our domain here is again r´`, `s where ` “ 10, Nx “ 400, and, initially,

M “ 1.6. With the passage of every 200 units of time M is decreased by 0.01, with

the intent of allowing enough time for a new Type II solution to be obtained that

corresponds to the new value of M .

This process works well for M ě 0.1, as shown in figure 4.6. For each distinct

value of M enough time elapses for the solution to converge to its final steady-state
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Figure 4.6: Type II solutions for M P t0.1, 0.2, . . . , 1.6u with ` “ 10, Nx “ 400.
Solutions were obtained by letting PDE (4.1) evolve from (4.21).

Type II solution. This convergence occurs through the generation of a pair of waves

at the origin, one traveling in each direction. Convergence is achieved as these waves

propagate through the boundaries of our domain. As M ą 0 continues to decrease,

however, these waves move more slowly and convergence requires the passage of

increasingly long periods of time. As we previously found that waves propagate with

approximate speed

f 1phq “ 2h´ 3h2 (3.20)

in our system this behavior is in line with our expectations because the boundary

heights of the Type II solutions we are generating are drawing closer to 2
3

as M ą 0

decreases.

Through direct PDE simulations we have been able to verify that a relaxation

procedure is an effective means of generating a Type II solution with a downstream

film thickness as large as approximately 0.5. In spite of the numerical difficulty in

verifying that this relaxation procedure will effectively yield such solutions, it is in-

teresting to ask whether Type II solutions might plausibly be obtained for arbitrarily
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small M ą 0. In order to address this question we solve ODE (4.2) directly.
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Figure 4.7: Type II solutions for M P t25, 40, 55, 70, 85, 100u ˆ 10´3 with ` “ 10,
Nx “ 400. Solutions were obtained directly from ODE (4.2).

As hII,1.6pxq is a known solution of ODE (4.2) we use it as a seed in a bootstrapping

technique. The inner loop implements Newton’s method in order to solve the ODE.

The outer loop decreases M , which is initialized to M “ 1.6 for the first iteration,

by 0.001 with each iteration of the outer loop.

In figure 4.7 Type II solutions corresponding to M P t25, 40, 55, 70, 85, 100u ˆ

10´3 are shown that were calculated using this method, with excellent convergence

throughout this regime; however, extending the same process to 24 ˆ 10´3 causes

the ODE to fail to converge to any solution. In stark contrast to what was found

in subsection 3.3.1, here we find that hII,Mpxq is defined only for a certain range of

M ą 0 that is bounded away from 0.

For this range of M , however, there is still a unique correspondence between M

and each Type II solution hII,Mpxq on a given domain, which implies that there is

a one-to-one correspondence between M and downstream thin film thickness. Let

hL denote thin film thickness at the left, or upstream, boundary, and let hR denote
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thin film thickness at the right, or downstream, boundary. It is of great interest to

us to determine how hR depends upon M because this will help us to use localized

Marangoni forcing as a means of controlling downstream film thickness in a plate

coating application.
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Figure 4.8: Boundary heights hL, hR as functions of M for Type II solutions.

In figure 4.8 we plot hL and hR as functions of M , as determined from the film

profiles computed in the creation of figure 4.7 from the ODE. In order to better

resolve behavior as M decreases and Type II solutions cease to exist, the solution

corresponding to M “ 25 ˆ 10´3 was used as a seed in an additional bootstrapping

technique in which M was decremented in steps of size ∆M “ 10´6. This process

revealed that M “ 24.229 ˆ 10´3 corresponds to a Type II solution but that for

M “ 24.228ˆ 10´3 Newton’s method does not converge.

Let Mcritpβ, `q denote the critical value of M for which

lim
MÑMcritpβ,`q`

hRpMq “
2

3
(4.22)

so that Mcritp1.9 ˆ 10´3, 10q « 24.2285 ˆ 10´3. This limit is important because it
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expresses the fact that Type II solutions only exist for M ą Mcritpβ, `q and that hR

cannot be made greater than 2
3

with localized Marangoni forcing. Thus this means

of controlling the downstream thickness of a thin film in a plate coating application

will only be effective if a substantial reduction in height, on the order of halving the

thickness of the coating that would have been obtained in the absence of localized

Marangoni forcing, is desired.

Another important feature of figure 4.8 is that hLpMq does not approach 2
3

as

M Ñ Mcrit: certain values of hL cannot be realized in a Type II solution. By

leveraging the fact that β ! 1 we can find an asymptotic relationship between hL

and hR that is a generalization of (3.32). Through this analysis we will show how

the spatial dependence of viscosity plays a pivotal role in restricting the values of hL

that can be achieved in Type II solutions.

As a steady-state solution must have constant flux (4.1b) throughout its domain,

it has, in particular, equal flux at the left and right boundaries. If we assume that

M is small enough that

|Mθp˘`q| ! 1 and |Mθxp˘`q| ! 1 (4.23)

then qL “ qR simplifies to

h2
L ´ h

3
L

µL
“
h2
R ´ h

3
R

µR

e2β`
´

h2
L ´ h

3
L

¯

“ h2
R ´ h

3
R

(4.24a)

(4.24b)

if boundary conditions (4.1c) are applied and (4.1f) is used to evaluate the viscosity

terms.

If we assume that

hRphLq „ hR,0phLq ` βhR,1phLq ` ¨ ¨ ¨ (4.25)

as β Ñ 0` we find, through a regular perturbation expansion of (4.24b), that, for
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0 ă hL ă 1, hR,0phLq can take on either of the possibilities given in (3.32) and

hR,1phLq “
´2`

`

h2
L ´ h

3
L

˘

3h2
R,0phLq ´ 2hR,0phLq

(4.26)

is the first correction term. Our final result is that

hRphLq “ hL ´ β
2`
`

h2
L ´ h

3
L

˘

3h2
L ´ 2hL

`Opβ2
q (4.27)

as β Ñ 0` for nearly flat solutions for all positive hL, and that

hRphLq „
1´ hL

2

˜

1`

c

1` 3hL
1´ hL

¸

`β
`
`

h2
L ´ h

3
L

˘

3h2
L ´ 2hL

«

1´
1´ 3hL
1` 3hL

c

1` 3hL
1´ hL

ff

`Opβ2
q

(4.28)

as β Ñ 0` for Type II solutions with positive hL ă 1.
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Figure 4.9: The relationship hRphLq is shown for the data used to produce figure 4.8
alongside asymptotic expression (4.28) up to Op1q and Opβq.

In figure 4.9 the relationship hRphLq for Type II solutions is shown for the data

previously obtained through the direct calculation of ODE profiles, which was used to

produce figure 4.7 and figure 4.8. The approximation given by (4.28) is also plotted,
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once where terms up to Op1q are retained and again with terms up to Opβq being

kept. The Op1q curve is (3.32b), which gives hRphLq for Type II solutions in the

temperature-independent model. The Opβq curve is in excellent agreement with the

data except that as hR Ñ
2
3

the curves separate.

Figure 4.9 helps illustrate the qualitative effect that introducing a temperature

dependent viscosity has on the mathematical model. Since viscosity decreases when

temperature increases, viscosity increases as you move further up the incline. This

presents an obstacle to the free flow of fluid up the incline, which manifests as a

decreased contribution to flux from the term balancing Marangoni forcing against

gravity. As the net flux must be 0 for any steady-state solution, when the maximum

flux at the right boundary is achieved for hR “
2
3
, which holds due the fact that

fphq “ h2 ´ h3 has a maximum when h “ 2
3
, the corresponding flux e2β`ph2

L ´ h3
Lq

at the left boundary does not need to be maximized over hL because the coefficient

e2β` serves to effectively magnify the flux at the left boundary. This leads, for β ą 0,

to a range of hL that do not correspond to any steady-state solution, as can be seen

in figure 4.9.

4.3.2 Type I-B solutions

Before cataloging the substantial qualitative changes between the Type I-A solutions

that existed for the temperature-independent mathematical model in subsection 3.3.2

and the behavior observed in similar parameter regimes in our new temperature-

dependent mathematical model, we show that the Type I-B solutions that previously

existed persist with minimal differences.

In figure 4.10 we show a time series of thin film profiles for M “ 0.8 from h0 “ 0.2

with ` “ 10, Nx “ 400. If a comparison is made to figure 3.17, we find that the

introduction of temperature dependence has left the final boundary heights relatively

unaffected, but that there is a monotone growth in thickness of the solution prior
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Figure 4.10: Time series from flat initial condition h0 “ 0.2 with ` “ 10, Nx “ 400
for M “ 0.8. Dashed lines indicate both the flat initial condition and the final film
profile. Evolution to a Type I-B steady-state solution is shown.

to the formation of a large capillary ridge. Just as any flat solution with h0 ă 1

was shown to converge to h0 “ 1 in section 4.2, here we find that the temperature-

dependent viscosity causes the profile to slowly rise prior to the formation of a Type

I-B solution. Overall, however, the role of Type I-B solutions in the system remains

the same as it was in the temperature-independent model: Type I-B solutions occupy

an intermediate state prior to the emergence of Type II solutions. Type I-B solutions

are dominant for moderately large values of M ; namely, values of M that are not

quite large enough to push the steep capillary ridge moving upstream in figure 4.10

through the left boundary.

It is interesting, however, to note that while the boundary heights of a Type I-B

solution are no longer perfectly equal, as they were in subsection 3.3.3, there is still a

one-to-one correspondence between M and the unique outermost Type I-B solution

obtained for that value of M in both mathematical models. By using the profile in

figure 4.10 as a seed outermost Type I-B solution the full range of outermost Type

I-B solutions can be obtained by using a bootstrapping algorithm to find solutions
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to ODE (4.2).
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Figure 4.11: Boundary heights hLpβq and hRpβq for Type I-B solutions arising in
the temperature-dependent model are shown alongside the equal boundary heights
hL “ hR for Type I-B solutions arising in the temperature-independent model.

In figure 4.11 we show results obtained using this bootstrapping technique with

step size ∆M “ 10´3 alongside the corresponding results for the temperature-

independent model previously shown in figure 3.18. The upper and lower curves

give the left and right boundary heights for Type I-B solutions to the temperature-

dependent model, while the inner curve gives the, necessarily equal, boundary heights

for Type I-B solutions to the temperature-independent model. The outer curves ex-

ist for M P t0.026, 0.027, . . . , 1.498u, but not for M “ 0.025 or M “ 1.499, while the

inner curve exists for M P t0.001, 0.002, . . . , 1.449u, but not for M “ 1.450. Thus

incorporating temperature dependence into our model leads to an extension of the

range of M over which Type I-B solutions exist.

As M Ñ 0`, however, the opposite is true: introducing temperature dependence

causes steady-state solutions that previously existed to vanish. There are several

important features to this dynamic. The first is that the criterion that determines
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whether a Type I-B solution can exist in the temperature-dependent model for small

positive M is whether or not hR ă
2
3
. This emphasizes once again how the non-

convex “flux” fphq “ h2 ´ h3 plays a critical role in our system through its effect

on wave propagation. The second is that below M « 0.025 the concavity of the

hL “ hR curve changes. If solution profiles are plotted it becomes apparent that,

below this cut-off, the steady-state solutions obtained are Type I-A rather than Type

I-B solutions. The precise location of this transition is difficult to determine, but

the profiles for M ď 0.010 can be clearly visually identified as Type I-A solutions.

As no corresponding steady-state solutions emerged in the temperature-dependent

model in this regime, this is suggestive of something that we will explore in more

detail in subsection 4.3.3: many of the Type I-A solutions with hR ă
2
3

that existed

in the temperature-independent model no longer exist in the temperature-dependent

model.
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Figure 4.12: (a) Rerλs and (b) Imrλs for those eigenvalues with the 2 largest Rerλs
for ` “ 10, Nx “ 400, and M P t0.026, 0.007, . . . , 1.498u. Zero is not an eigenvalue
for any M .

In figure 4.12 the stability of these outermost Type I-B solutions is assessed

by considering the eigenvalues with largest real part. We conclude from (a) that

those outermost Type I-B solutions corresponding to M P t0.289, 0.290, . . . , 1.273u
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are stable. In (b) we see that the eigenvalue with largest real part is real for M P

t0.892, 0.893, . . . , 1.163u, which accounts for the sudden change in the shape of the

curve given in (a). The range of M over which the outermost Type I-B solutions

are stable is of similar extent and shifted only slightly lower than that found for the

temperature-independent model in subsection 3.3.3 and shown in figure 3.19. Thus

the stability of outermost Type I-B solutions is qualitatively the same between the

two mathematical models.

4.3.3 Type I-A solutions

In subsection 3.3.2 we found that, for a fixed ` ą 0, a discrete set of Type I-A

solutions exist in the temperature-independent model for each M ą 0. Figure 3.15

shows how the distinct Type I-A solutions with hR ă 2
3

collapse, in order from

thickest to thinnest, to form Type I-B solutions as M increases. As M continues

to increase any especially thin Type I-A solutions that may still exist are no longer

adequately resolved numerically, which leads to the effective disappearance of Type

I-A solutions with hR ă
2
3

for sufficiently large M . There was also a single Type I-A

solution found with hR ą
2
3
. It too ceased to exist as M increased away from zero,

but it stopped existing at a smaller value of M for which all but the thickest of the

Type I-A solutions with hR ă
2
3

still exist.

As the temperature-dependent model is built upon this foundation, one might

expect that Type I-A solutions continue to arise naturally, for small positive M over

a wide range of h0 ą 0, when (4.1) evolves from initial condition (4.19); however, this

is not the case. Instead we find that for h0 ă
2
3

and small positive M the temperature-

dependent viscosity causes the thin film to slowly rise, as was described in section 4.2

for M “ 0. This leads to the onset of periodic behavior, which is described in more

detail in subsection 4.4.1, when the solution’s capillary ridge approaches the critical

height of h « 2
3

or, if M is especially small, the nearly flat thin film rises up without
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incident to settle into a Type I-A solution with hR ą
2
3
. For larger h0 a wider variety

of M will lead to a Type I-A solution with hR ą 2
3

whose profile is completely

determined by M .
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Figure 4.13: Time series forM “ 0.01 from h0 “ 0.01 with ` “ 10, Nx “ 400 during
a critical transition of duration about 600 time units, starting around t « 52, 500.
The thin film profile is plotted at intervals of t « 20. The dashed line is h “ 2

3
.

In figure 4.13 a time series for M “ 0.01 from h0 “ 0.01 with ` “ 10, Nx “ 400

is shown. As the thin film has a very slowly evolving nearly flat profile throughout

the vast majority of its evolution, we focus on the critical transition that occurs as

the film passes through h « 2
3
, which occurs at approximately t « 52, 500. Profiles

are plotted at intervals of t « 20 to illustrate the changes that occur in the thin

film during this transition, with a total duration of about 600 time units shown in

figure 4.13.

The upstream capillary ridge that had been small previously grows substantially

as h Ñ 2
3

because this causes the approximate wave speed f 1phq “ 2h ´ 3h2 Ñ 0,

reversing sign as the film continues to grow. This (a) leads to a build-up of fluid

during this transition that then results in the formation of a significant wave out of

the capillary ridge. This wave (b) propagates upstream, leaving behind a localized

perturbation with a capillary ridge that is now downstream of the origin. It is this
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wave generation, which is substantial even for M “ 0.01, that leads to the onset of

more complicated periodic behavior for thin films evolving from small positive h0 for

slightly larger M , even as small as M “ 0.05, as described in subsection 4.4.1.

For sufficiently small M , however, the film remains flat enough during this tran-

sition to continue to rise until it eventually reaches a Type I-A solution. In this case,

starting from the very small h0 “ 0.01, a Type I-A solution with hR “ 0.982093 and

hL “ 0.982785 is reached at around t « 57, 000 for M “ 0.01. Using such small

values for M and h0 highlights the fact that the Type I-A solutions with hR ă
2
3

that

existed in the temperature-independent model do not generally arise from long-time

solutions of PDE (4.1).
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Figure 4.14: Type I solutions for M “ 0.2 with ` “ 10, Nx “ 400. The profile with
the largest capillary ridge is a Type I-B solution; the other 2 are Type I-A solutions.

Type I solutions with hR ă
2
3

do, however, exist: in figure 4.14 we show the

only 3 Type I solutions found for M “ 0.2. The corresponding solutions to ODE

(3.2) shown in figure 3.12 were used as seeds in an adjustment method to solve ODE

(4.2) with ` “ 10 and Nx “ 400 in order to obtain these profiles. Just as in the

temperature-independent model, there is a unique Type I-A solution with hR ą
2
3
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for M “ 0.2; however, whereas in figure 3.12 there are 8 Type I-A solutions resolved

for which hR ă
2
3
, now there are only 2 Type I solutions resolved in this regime. The

one with a smaller capillary ridge is a Type I-A solution, but the other is a Type

I-B solution. The clearest way to discern this distinction is to note that the solution

with a larger capillary ridge has a smaller boundary height: for Type I-A solutions

the boundary heights increase with the size of the capillary ridge.

Thus the temperature-dependent model has a discrete set of Type I-A solutions

for certain values of M , just as was the case for the temperature-independent model

in subsection 3.3.2, but the properties of this set have changed dramatically. In the

temperature-independent model the lower Type I-A solutions could not be resolved

numerically below a certain height due to the increasingly dense set of hR for which

such solutions existed, but such solutions were presumed to exist for arbitrarily small

positive hR. In this case numerical resolution is not a limiting factor, but rather the

temperature-dependent mathematical model simply appears to have no Type I-A

solutions for small positive hR.

In figure 4.15 we further investigate the differences between Type I-A solutions in

the two mathematical models by using a bootstrapping scheme with ∆M “ 0.001,

` “ 10, and Nx “ 400 to trace the changes in the 3 Type I solutions shown in

figure 4.14 as M changes. The first substantial difference is that the lower Type I

solutions do not persist as M Ñ 0`: the smallest M for which these solutions exist is

(a) M “ 0.11. The high Type I-A solution, however, continues to exist as M Ñ 0`,

just as it did in the temperature-independent model. The greatest value of M for

which the high Type I-A solution exists is (c) M “ 0.339, while the corresponding

value from figure 3.15 is M “ 0.29 for the temperature-independent model. In both

cases the qualitative behavior is the same.

The progression of the lower Type I solutions as M increases from (b) M “ 0.2 to

(d) M “ 1.351, which is the largest value of M for which this bootstrapping scheme
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Figure 4.15: Type I solutions obtained from ODE (4.2) using a bootstrapping
scheme with increments of ∆M “ 0.001. The (a) smallest value of M for which
the lower Type I solutions exist is M “ 0.11; the high Type I-A solution persists as
M Ñ 0`. A (b) typical intermediate value is M “ 0.2 while (c) M “ 0.339 is the
largest value of M for which the high Type I-A solution exists. As M increases the
lower Type I-B solutions draw closer together so that (d) for M “ 1.351, which is
the largest M for which these solutions exist, they nearly coincide.

yields solutions, shows that, as M increases, both of these Type I solutions become

Type I-B solutions that then draw closer to one another. In contrast, in figure 3.14

the various Type I-B solutions remain clearly separated, with approximately the

same degree of separation, across a wide range of M .

Type I-A solutions, then, are much more difficult to obtain in the temperature-

dependent model than they were in the temperature-independent model. For any

fixed M there are far fewer Type I-A solutions, and as those that no longer exist at all

were the thinner ones that remained most robust as M increased in the temperature-
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independent model, the range of M over which Type I-A solutions can be obtained

at all is smaller in the temperature-dependent model. Moreover, obtaining Type I-A

solutions by evolving PDE (4.1) from initial condition (4.19) is much more difficult

because the gradual rise of any flat film, which is described in section 4.2, fundamen-

tally alters the dynamics of the system; in particular, a rising nearly flat film will

pass through the critical height of h « 2
3

as it rises, which will cause any capillary

ridge to grow substantially. This leads to the onset of periodic behavior for all but

the smallest values of M , as described in subsection 4.4.1.

4.4 M ą 0: Non-steady-state Solutions

In section 3.4 two classes of non-steady-state solutions to PDE (3.1) were presented:

periodic solutions and finite-time blow-up solutions. Here we consider how these

classes of solutions behave differently in the temperature-dependent model given by

PDE (4.1). Periodic solutions take on a far greater significance because the parameter

range over which they occur is greatly expanded. This difference corresponds to a

change in the mechanism that generates such periodic solutions. Finite-time blow-up

solutions, in contrast, no longer exist. Profiles that follow the early-time dynamics of

the finite-time blow-up solutions studied in subsection 3.4.1 now instead settle down

to the unique high Type I-A solution that exists for the value of M used, several of

which can be seen in figure 4.15.

4.4.1 Periodic solutions

As mentioned in subsection 4.3.3, the solution to PDE (4.1) that evolves from initial

condition (4.19) when M “ 0.05 and h0 “ 0.05 is not a Type I-A solution, as would

occur in the temperature-independent model. Instead the temperature dependence

of viscosity leads to a gradual flux of fluid into the domain, as described in section 4.2.

This pushes the profile, which is nearly flat with a localized perturbation near the
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origin, upwards and leads to the onset of periodic behavior.
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Figure 4.16: Time series of periodic solution profiles demonstrating behavior of
periodic solution arising for M “ 0.05 from h0 “ 0.5 with ` “ 10, Nx “ 400. For
any sufficiently small h0 (a) the local perturbation rises until a more pronounced
capillary ridge forms as the solution approaches h « 2

3
. This capillary ridge then (b)

forms a wave at the left boundary, which then (c) propagates rightward and passes
through the right boundary. The cycle then repeats as (d) the solution begins to rise
again slowly.

In figure 4.16 solutions to PDE (4.1) evolving from initial condition (4.19) with

M “ 0.05 and h0 “ 0.5 are shown. The profiles are identical to those obtained

for M “ 0.05 using any h0 ď 0.5: all that differs between such solutions is the

time at which the dynamics presented occur. As (a) the locally perturbed solution

approaches h « 2
3

the capillary ridge upstream of the origin becomes much larger

because the approximate wave speed

f 1phq “ 2h´ 3h2 (3.20)
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changes sign. This (b) leads to the formation of a large wave at the left boundary

that then (c) propagates downstream and passes through the right boundary. This

leaves behind (d) a transient reminiscent of a Type I-A solution that rises as in (a),

which leads to the solution cylcing through the stages shown in (a), (b), (c), and (d)

endlessly.
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Figure 4.17: Maximum height hmax and minima hmin,´ and hmin,` on either side of
this maximum as a function of time for evolution from a flat initial condition with
h0 “ 0.5 for M “ 0.05 with ` “ 10, Nx “ 400.

In figure 4.17 the maximum height hmax and minimum heights hmin,´ and hmin,`

on either side of this maximum are plotted against time to confirm the periodicity of

the solution shown in figure 4.16. As the wave shown in part (c) of figure 4.16 passes

through the right boundary hmin,` “ hmax. This feature is useful as a reference

that enables the discernment of the correspondence between figure 4.17 and the

various phases of the periodic behavior illustrated in figure 4.16. Measuring the time

that elapses between successive peaks of hmax gives a period of about 1020 time

units, which is approximately half the period of the periodic solution considered in

subsection 3.4.1.
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Note that the mechanism driving periodic behavior is different in the temperature-

dependent model than it is in the temperature-independent model. The periodic

behavior shown in figure 3.20 is driven by the instability of a Type I-A solution, an

assertion that is supported by figure 3.23 in which its growth rate is compared to

that expected from an eigenvalue analysis. As periodic solutions only arose from the

unstable Type I-A solution closest to the critical height of h « 2
3

the range of M

and h0 over which periodic solutions arose in the temperature-independent model

was quite narrow. In the temperature-dependent model, however, periodic solutions

arise over a wide range of M and h0. This is due to the different mechanism by which

they are formed: rather than emerging from a specific unstable Type I-A solution,

periodic solutions in the temperature-dependent model are generated as the gradual

increase in film thickness arising from the spatial variation in viscosity described in

section 4.2 brings the capillary ridge of a locally perturbed solution up to the critical

height of h « 2
3
. This causes the wave generation shown in figure 4.16 that leads to

the genesis of a periodic solution.

4.4.2 Finite-time blow-up solutions

In subsection 3.4.2 finite-time blow-up solutions arose when h0 was slightly larger

than the critical height of h « 2
3

and M was small enough that the wave generated

downstream from the origin did not propagate through the right boundary. Instead

the right boundary served as the locus of a singularity that arose in finite time.

In figure 4.18 the time series of solutions to PDE (4.1) evolving from initial

condition (4.19) with M “ 0.2 and h0 “ 0.7, parameters that are identical to those

used to produce the finite-time blow-up solution shown in figure 3.24, is shown. The

solutions proceed similarly at early times: (a) a wave is generated by the localized

Marangoni forcing that then (b) reaches the right boundary and begins to grow

rapidly. Whereas the temperature-independent solution then manifests a singularity
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Figure 4.18: Time series of profiles for M “ 0.2 from h0 “ 0.7 with ` “ 10,
Nx “ 400. (a) A wave propagates downstream from the origin at early times. When
this waves reaches the right boundary (b) it grows quickly and (c) generates a wave
that propagates upstream extremely rapidly; however the solution does not blow up.
Instead the leftward traveling wave passes through the left boundary leaving behind
a nearly flat solution with a local perturbation. (d) Over a long time scale this nearly
flat solution reaches a Type I-A steady state.

in finite time at the right boundary, here (c) a wave is generated that propagates

upstream even more rapidly than the solution had previously been rising, passing

through the left boundary to leave behind a nearly flat solution with a localized

perturbation at the origin. Over a long time-scale this solution drains due to the

spatial variation in viscosity, as described in section 4.2, (d) eventually settling down

to a Type I-A solution.

Thus introducing temperature dependence causes the finite-time blow-up solu-

tions that existed in the temperature-independent model to change behavior. While
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solutions demonstrating analogous short-time behavior, including a period of rapid

growth at the right boundary, persist, such solutions in the temperature-dependent

model then proceed to a Type I-A solution rather than blowing up in finite time.

Further study is required to confirm that this qualitative change is not a numerical

artifact: although all calculations in subsection 3.4.2 were carried out down to a time

step of ∆t “ 10´8, the behavior shown in figure 4.18 suggests the possibility that

a more refined numerical method might be able to resolve the finite-time blow-up

solution shown in figure 3.24 to a time at which it levels out, leaving behind a Type I-

A solution. This possibility, however, does not account for the qualitative differences

in the shapes of the waves propagating upstream in (c) of figure 4.18 and (b) of

figure 3.24, specifically the presence of a capillary ridge in the former but not the

latter, which suggest that our assertion that finite-time blow-up solutions exist in

the temperature-independent but not the temperature-dependent system is valid.

4.5 Conclusion

Introducing temperature dependence into the mathematical model studied in chap-

ter 3 leads to a variety of interesting changes, some of which may be viewed as benefi-

cial in the context of modeling a plate coating application. Some of these differences

are attributable to the effect that the temperature-dependent viscosity has on the

flux, as described in section 4.2. Although surface tension may contribute to some

of the qualitative changes in behavior demonstrated by the temperature-dependent

model relative to the temperature-independent model, no such connection was found

nor was pursuing the spatial variations in surface tension as an explanatory variable

deemed essential to understanding the dynamics of the system.

A fundamental change brought about by the introduction of a temperature-

dependent viscosity is that there is now a unique flat steady-state solution: hspxq “ 1.

This change is explained in section 4.2 through an analysis of the flux q given in
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(4.1b). It is significant both because it corresponds better with the expected behav-

ior of the underlying physical system being modeled and because it is associated with

significant changes in the behavior of several solution classes: Type I-A, periodic,

and finite-time blow-up solutions.

In subsection 4.3.3 we show that the majority of Type I-A solutions that existed

in the temperature-independent model no longer exist. In subsection 4.4.1 we show

that a novel mechanism is introduced for the formation of periodic solutions, which

enables them to arise over a broader parameter regime. In subsection 4.4.2 we show

that finite-time blow-up solutions still grow rapidly at the right boundary, but rather

than blowing up in finite time they saturate at a finite height before decaying down

to Type I-A solutions over long time-scales. Each of these changes in qualitative

behavior can be best understood by thinking in terms of how the spatial dependence

of viscosity affects the flux.

In spite of these changes using localized Marangoni forcing to control the down-

stream thickness of a thin film remains a plausible objective. Just as in the temperature-

independent mathematical model, Type II solutions can be obtained from flat initial

conditions with h0 sufficiently small if M is large. A relaxation method can then

be used to adjust the downstream thickness by modulating M . This process is de-

scribed in subsection 4.3.1. In subsection 4.3.2 we also show that Type I-B solutions

remain qualitatively unchanged, with a unique Type I-B solution corresponding to

each value of M over some range of intermediate magnitudes.
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5

Conclusion: Future Directions for Research

Modulating the intensity of localized thermal Marangoni forcing was shown to be an

effective means of controlling downstream thin film thickness for the temperature-

dependent model in subsection 3.3.1 and subsection 3.4.3 and for the temperature-

dependent model in subsection 4.3.1. In both cases a relaxation procedure was shown

to provide an effective control protocol. There are several ways in which this research

can be extended to further the overarching goal of developing mechanisms for thin

film control.

5.1 Coating Applications

Foremost among future research directions is the possibility of confirming that the

relaxation protocol proposed works in an experimental setting. The mathematical

model was developed in chapter 2 in such a way as to make translating between

the dimensionless mathematical model and any dimensional physical apparatus as

straightforward as possible, with the hope that future researchers might implement

the control mechanism described. Appendix A also contains a compendium of both

notation and approximate values for all physical properties and parameters used
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throughout the dissertation in order to further encourage this physical realization of

the behaviors demonstrated by the mathematical model studied in chapter 4.

As spin-coating is more common in industrial settings than plate-coating, an

extension of the present work to a radial coordinate system, in which centrifugal

force would take the place of gravity as the stabilizing counterbalance to thermal

Marangoni stress, would be useful. If such work is undertaken, it would be wise

to develop the mathematical model alongside an experimental apparatus, perhaps

as a collaboration between a mathematician and a physicist. The physicist would

be able to rely on the mathematician both to develop a more complicated math-

ematical model that better reflects the physical system, such as one in which the

temperature dependence of viscosity is included, and to implement it numerically to

demonstrate the correspondence between numerical computations and experimen-

tal measurements. By acquiring a detailed knowledge of the physical system, the

mathematician would be able to develop a mathematical model that more accu-

rately reflects experimental realities. This would include not only acquiring better

parameter values, but also encouraging collaborative creative thinking about how to

modify either the experimental setup or the mathematical model to enable boundary

conditions to better reflect experimental realities.

5.2 Boundary Conditions

In an effort to make the mathematical model developed in chapter 2 correspond as

closely as possible to the experimental reality of an actual physical system a finite

domain size was used throughout the dissertation. This led to the need to impose

boundary conditions at finite boundaries. Boundary conditions based upon those

used in [46] and [45] were applied to specify that solutions should be flat and have no

stress due to surface tension at the boundaries. These boundary conditions reflected

the behavior of the Type I and Type II steady-state solutions found in previous work.
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This choice of boundary conditions, however, had unintended consequences in

the form of unexpected solution classes: Type I-B solutions in subsection 3.3.3 and

subsection 4.3.2, periodic solutions in subsection 3.4.1 and subsection 4.4.1, and

finite-time blow-up solutions in subsection 3.4.2 and subsection 4.4.2 all arise due to

the choice of boundary conditions, which do not reflect the fact that waves with sharp

advancing fronts must propagate through the boundaries in order to leave behind

the steady-state solutions we seek. Finite domain effects also led to a discrete set

of Type I solutions for each value of M ą 0, as described in subsection 3.3.2 and

subsection 4.3.3. This contrasts starkly with what was found in [46] and [45] where

the domain was infinite and far-field boundary conditions were imposed.

Thus further research into what boundary conditions are appropriate for this sort

of system is needed. The meniscus between the reservoir and the inclined substrate

had been difficult to incorporate into a lubrication model in a way that led to a coat-

ing thickness that agreed well with experiment until [72] by Münch. This method

could be adapted to create a left boundary condition that reflects the meniscus rather

than an intermediate region far from both the meniscus and the localized Marangoni

forcing. The utility of this approach would be made most apparent by comparing

the predictive power of the resulting model to a series of experiments under different

conditions. Such a model would also require a modified right boundary condition,

which would vary based upon how the specific experimental apparatus was designed

to handle the excess fluid as it passed through the domain of interest to the far side

of the substrate. Thus developing a model with better boundary conditions, or some

other more creative modification that leads to a model with greater predictive ca-

pacity, is contingent upon collaboration between experimental physicists and applied

mathematicians modeling thin liquid films.
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Appendix A

Parameter Values

In order to better understand the physical relevance of our mathematical model we

seek to determine appropriate values for the various physical parameters used in our

calculations, presuming an application involving PDMS oil on a silicon substrate.

Underlying our understanding of this particular application is the fact that PDMS

has chemical structure

pCH3q3SiOrpCH3q2SiOsnSipCH3q3 (A.1)

which makes it possible to manufacture many different products, all of which go

by the name PDMS, but which vary in the number n of siloxane groups. Viscosity

increases with molecular weight, a freedom which was used in chapter 2 to select a

specific baseline viscosity µR.

A.1 Dependence Upon ` of Scales and Parameters

There are a wide variety of parameters in our mathematical model. It is important

to distinguish between those whose values are, in the context of the specific physical

scenario we are considering, immutable and those whose values are subject to adjust-
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ment for the sake of either computational convenience or in the interest of exploring

parameter space. In table A.1 physical properties and scales that are fixed by the

problem itself are given with appropriate units.

Table A.1: Physical properties and scales whose values are fixed

Physical Property Notation Value References
Gravitational acceleration g 9.8 m{s2 —
Angle of inclination α π

2
radians [19], [18]

Mass density (@25˝C) ρ 970 kg{m3 [41], [60]
Thermal conductivity k 0.16 W{m ˝C [60]
Specific heat capacity cp 1400 J{kg ˝C [60]
Mean heat transfer coefficient
with air

h̄air 5 W{m2 ˝C [63] p.21

Mean heat transfer coefficient
with plate

h̄plate 500 W{m2 ˝C [63] p.21

Viscosity of PDMS (@25˝C) µR 0.1 Pa s [93], [15], [19]
Temperature dependence of µ B 0.015 ˝C´1 [60]
Surface tension (@25˝C) σR 0.021 N{m [41], [60]
Temperature dependence of σ σT 5ˆ10´5 N{m ˝C [60]
Left temperature TL 50˝C [18], [60]
Right temperature TR 25˝C [18]
Separation length Lsep 0.02 m [19], [93]
Temperature gradient τ 1250 ˝C{m (2.36)
Apex position xR 0.01 m (2.35)
Height scale H 10´5 m (2.77)
Velocity scale U 3ˆ10´6 m{s (2.77)
Hamaker constant A 10´20 J [41]

The laser intensity I, the length scale L, and the time scale t˚ remain to be

determined. The laser intensity is not something that can be determined a priori: it

is the physical analog of our control parameter M . Rather than fixing a specific value

for I we need to specify over what range of I our assumptions about the temperature

range we will be considering remain valid throughout our domain, even near the site

of the localized heating. In light of the value for U given in table A.1 and

t˚ “
L

U
(2.8)
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specifying either the horizontal length scale L or the time scale t˚ will determine the

other.

Determining either L or t˚ definitively in this circumstance is complicated by the

nature of the problem. The horizontal length scale L should be chosen to represent

the characteristic length scale over which changes in x lead to changes in the solution.

This is usually interpreted as the characteristic wavelength of perturbations to the

surface of the liquid [77]. In our problem, however, the waves that are perturbing

our initially flat film are generated as a result of the localized heating represented by

the parameter I. Thus the length scale over which changes in our solution occur will

increase as I decreases; e.g., if I “ 0 the initially flat thin film will remain so and L

is effectively infinite: the solution doesn’t change substantially over any length scale.

Our means of resolving this issue is to retain the parameter `, which is the di-

rect translation of the length scale L into the computational domain r´`, `s, in our

equations. By translating the abstract L into a parameter that has direct compu-

tational relevance we can highlight the effect that changing ` will have on the other

dimensionless parameters. We define

` :“
xR
L

(A.2)

so that

t˚ “
xR
`U

(A.3)

We need to choose ` large enough so that θp˘`q ! 1 and |θxp˘`q| ! 1; in addition,

we need to choose ` such that the a posteriori verification of the assumptions under-

lying our model given in section 2.7 continues to hold. In order to do this we must

determine the dependence of each of the dimensionless parameters upon `.

In table A.2 each of the dimensionless parameters that do not depend upon ` are

listed with their corresponding fixed value, based upon the information provided in

table A.1 and the appropriate equations from the derivation given in chapter 2.
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Table A.2: Dimensionless parameters whose values are fixed

Dimensionless Parameters Notation Value References
Reynolds number Re 3 ˆ10´7 (2.11)
Stokes number St ” 1

3
(2.11)

Peclet number Pe 2.5 ˆ10´4 (2.27)
Biot number with air Biair 3 ˆ10´4 (2.27)
Biot number with plate Biplate 0.03 (2.27)
Capillary number Ca 1.4 ˆ10´5 (2.60)
Marangoni number Ma ” 2 (2.60)
Hamaker number Ha 3.3 ˆ10´4 (2.79)

There are five remaining dimensionless parameters that change based upon the

choice of `, the first of which is the computational domain size ` itself. The intensity

of the localized forcing is given by

M :“
`I

τxR
(A.4)

and can adjusted independently of ` by varying I. This adjustment could be made

experimentally by changing the intensity of the laser being used to heat the substrate.

The sensitivity of viscosity to changes in temperature is given by

β :“
BτxR
`

(A.5)

and can also be adjusted independently of ` by changing B. This would, presumably,

require using a different liquid in the experiment. As a careful balance of competing

driving forces is necessary to generate a climbing film with a stable advancing contact

line, using a different liquid would require reconsidering each of the assumptions that

went into our model using the parameters for the new liquid. Thus adjusting β in an

experimental setting would be more taxing than adjusting M , but it is still feasible.

The sensitivity of surface tension to changes in temperature is given by

Σ :“
σT τxR
`σR

(A.6)
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and presents the greatest experimental challenge. In principle, β could be adjusted

directly without changing any of the other scales or parameters if some means of

modifying the value of B without changing the liquid being used was found. In

contrast, Σ cannot be adjusted directly by similarly modifying the value of σT without

changing almost every other scale and parameter used in our model because σT affects

both U and H due to the prominent role of Marangoni stress in driving fluid flow.

Thus any adjustment of Σ in an experimental setting would require a recalculation

of all scales and dimensionless parameters involved in order to verify the validity of

the assumptions underlying our model.

In addition to these adjustable parameters, the aspect ratio

ε :“
`H

xR
(A.7)

also depends upon `. For the purposes of our problem, we will consider xR to be

fixed and thus ε cannot be adjusted independently of `.

A.2 Incorporating `-Dependence Into a posteriori Verifications

Choosing a different computational domain r´`, `s, which is equivalent to changing

the length scale L, has repercussions on the validity of the assumptions we made in

chapter 2 as we derived our model. In section 2.1 we assumed that

ε ! 1 εRe ! 1 (A.8)

As Re “ 3ˆ 10´7, the former of these conditions is certainly the more stringent one:

` !
xR
H
“ 1, 000 (A.9)

In section 2.2 we assumed that

εPe ! 1 Biair “ 3ˆ 10´4
! 1

Biair

Biplate

“ 0.01 ! 1 (A.10)
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As Pe “ 2.5ˆ 10´4, none of these imposes any further restriction upon `.

In section 2.4 we assumed that

ε3Ca´1
“ Op1q (A.11)

This criterion arose as a consequence of there being two distinct means of obtaining

a pressure scale for our system: by balancing terms in the Navier-Stokes equations

or by balancing terms in the normal stress equation. If the tangential length scale

L is chosen such that ε3Ca´1 “ 1 then the two plausible pressure scales will agree

perfectly, rather than merely within an order of magnitude. If such a scale is chosen,

this results in

L “ 4.12ˆ 10´4 ε “ 0.0243 ` “ 24.3 (A.12)

In order to retain some measure of flexibility over the choice of computational domain,

we shall merely assume that (A.11) holds to within an order of magnitude; we do

not fix the value of ` to match that given in (A.12).

In our model we also assume that

Mθp˘`q “Me´`
2{2
! 1 |Mθxp˘`q| “M`e´`

2{2
! 1 (A.13)

each of which effectively imposes the requirement that 0 ! `; for ` “ 5 and M “ 20

we have that 100e´12.5 “ 3.7ˆ 10´4 ! 1 certainly holds, so we shall deem any value

of ` ě 5 as adequately meeting this requirement.

A.3 Fixing ` and Related Parameters

In order to perform numerical calculations in chapter 3 and chapter 4 we need to fix

` and all scales and parameters that depend upon `. In table A.3 a convenient value

of ` “ 10 is chosen and those values corresponding to ` “ 10 that best correspond

to a plate coating application in which PDMS oil is used to coat a silicon substrate

are given.
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Table A.3: In order to complete the specification of the physical system being studied
through the use of our mathematical model we need to specify values for scales and
parameters that are related to `. The values given in this table are those that
best correspond to a plate-coating application in which PDMS oil covers a silicon
substrate.

Scales and Parameters Notation Value References
Tangential Length Scale L 10´3 m (A.2)
Time Scale t˚ 333 s (2.8)
Tangential Pressure Scale P 3 Pa (2.13)
Half-width of Computational
Domain

` 10 Chosen

Aspect Ratio ε 0.01 (A.7)
Temperature Dependence of
Viscosity

β 1.9 ˆ10´2 (A.5)

Temperature Dependence of
Surface Tension

Σ 3 ˆ10´3 (A.6)

Intensity of Localized Heating I ď 25˝C (A.4)
Magnitude of Localized Forcing M ď 20 section 2.3

In our calculations in chapter 3 we use ` “ 10 throughout our computations, but

use β “ 0 and Σ “ 0 in order to study the temperature-independent model. In

chapter 4 we again use ` “ 10, but rather than using the values for β and Σ provided

in table A.3 we use values that are smaller by a factor of 10.

A thorough discussion of the temperature dependence of density, surface tension,

and viscosity can be found in section 2.3. That analysis results in the restriction

M ď 20 specified in table A.3.

By consulting the derivation given in chapter 2 and the careful assessment of the

assumptions underlying the validity of our model that is provided in this appendix, it

is hoped that any future experimentalist can easily determine appropriate parameter

values for the specific experiment being conducted so that (2.84) is an effective model

of the physical system being studied.
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Appendix B

Numerical Methods

In this appendix the numerical methods used to compute solutions to PDE (2.84)

and its steady-state ODE (4.2), as well as those used to compute eigenvalues for

steady-state solutions previously obtained, are explained in detail. For convenience

we shall abstract the time-dependent PDE (2.84) as

N rhs :“ ht ` qx “ 0 (B.1)

and the time-independent steady-state ODE (4.2) as

Brhss :“ qx “ 0 (B.2)

where N and B are nonlinear operators on thin film profiles hpx, tq and hspxq, re-

spectively.

B.1 Computing PDE Solutions

A solution to the PDE is a solution hpx, tq that evolves in time according to (B.1)

from an initial condition hpx, 0q “ h0pxq, which is explicitly specified. Newton’s

method for finding a discrete approximation to the solution of PDE (B.1) is based
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upon the continuous approximation

N rhs „ N rh˚s `DN rh˚sph´ h˚q (B.3)

that is then discretized.

Let ~hn denote our discrete approximation to the continuous solution at time

tn and hnj denote the component of this vector corresponding to the continuous

solution at point xj. Our spatial grid consists of Nx subintervals rx0, x1s, rx1, x2s,

. . ., rxNx´1, xNxs of equal length subdividing the specified interval rx0, xNxs so that

xj :“ x0 ` j∆x where

∆x :“
xNx ´ x0

Nx

(B.4)

is the width of each such subinterval. The time step ∆t ą 0 is specified independently

and may vary from one time step to another, a practice known as dynamic time-

stepping.

Dynamic time-stepping has two main applications. The first is to obtain steady-

state solutions directly from the PDE more rapidly, as the time step will increase

exponentially once the steady-state solution has been obtained and there is no further

change in the solution profile. The second is to approach the singularity that arises

at the right boundary in finite-time blow-up solutions more closely, as the time step

will decrease exponentially as the singularity is approached. In every case, dynamic

time-stepping is kept under control by imposing a maximum allowable time step,

with ∆tmax “ 0.05 being used for most applications.

A recursive procedure will now be specified that defines ~hn for every integer n ě 0

in such a way that hnj « hpxj, t
nq. The base of our recursion is

h0
j :“ h0pxjq (B.5)

for every j P t0, 1, . . . , Nxu.
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For the inductive step, let n˚ ě 0 be an integer and suppose that ~hn
˚

is known.

We must now define ~hn
˚`1. As N rhs “ 0 at all times we seek to define ~hn such

that NNx,nr~hns “ 0 at time tn for every integer n ě 0, where NNx,n is a spatially

and temporally discretized version of the operator, obtained using finite difference

equations.

There are several ways to proceed at this juncture. We choose to use a backward-

time-centered-space (BTCS) discretization because this implicit method should be

more stable than an explicit forward-time-centered-space (FTCS) method. A FTCS

method would be expected to have a stability criterion requiring ∆t „ p∆xq4, which

would lead to an upper bound on ∆t that would be unmanageably small for long-time

runs of the PDE.

Applying the BTCS method, we find that ~hn
˚`1 is specified implicitly as the

solution to the system of equations

´

NNx,n˚`1r
~hn

˚`1
s

¯

j
:“

hn
˚`1
j ´ hn

˚

j

∆t
`

´

BNxr~hn
˚`1
s

¯

j
“ 0 (B.6)

for all j P t0, 1, . . . , Nxu. For all j P t2, 3, . . . , Nx ´ 2u the term
´

BNxr~hn
˚`1s

¯

j
is

a spatial discretization obtained using symmetric finite difference schemes to ap-

proximate the derivatives in (B.2). There are two methods for incorporating the

boundary conditions into the terms with j P t0, 1, Nx ´ 1, Nxu. The first approach

is to retain the symmetric difference equations and to use the boundary conditions

to determine the value of the solution at ghost points x´2, x´1, xNx`1, xNx`2. The

second approach is to define
´

BNxr~hn
˚`1s

¯

j
for j P t0, 1, Nx´ 1, Nxu using one-sided

difference equations that directly correspond to the four boundary conditions being

imposed. In each case difference schemes are used that are accurate to Opp∆xq2q as

∆xÑ 0`. Finite difference coefficients for both symmetric and one-sided difference

schemes can be found in references [1].
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Note that the continuous operator N has itself been discretized as NNx,n˚`1,

where subscripts denote the dependence of the discretized operator on the spacing

of the spatial grid and the time step. As the hn
˚

j term in (B.6) is a constant taken

from the known vector ~hn
˚

we find that, when using ghost points,

DNNx,n “
1

∆t
I `DBNx (B.7)

for any positive integers Nx and n, where I is the identity matrix.

In order to solve the system of nonlinear equations given by (B.6) for ~hn
˚`1 we

employ Newton’s method. On an intuitive level, we think of ~hn
˚`1 as the limit of

a sequence of approximate solutions ~g0, ~g1, . . . where ~g0 is a reasonable initial guess.

Applying (B.3) to NNx,n˚`1r
~hn

˚`1s about ~g0 we find that

0 “ NNx,n˚`1r
~hn

˚`1
s « NNx,n˚`1r~g0s `DNNx,n˚`1r~g0sp

~hn
˚`1

´ ~g0q (B.8)

where equality won’t generally hold, which means that we can’t solve for ~hn
˚`1 di-

rectly. This does, however, motivate a construction that will lead to ~hn
˚`1

“ lim
kÑ8

~gk.

If we define ~gk recursively as the solution to the system of linear equations

NNx,n˚`1r~gk´1s `DNNx,n˚`1r~gk´1sp~gk ´ ~gk´1q “ 0 (B.9)

for each integer k ą 0, then ~hn
˚`1

“ lim
kÑ8

~gk. A simple check on either the forward

error

Errfor :“ NNx,n˚`1r~gks (B.10)

or the backward error

Errback :“ ‖~gk ´ ~gk´1‖8 (B.11)

can then be used to determine if convergence has been achieved to within the desired

level of accuracy. If we are satisfied with the convergence we then assign ~hn
˚`1 :“ ~gk,

at which point the entire process can be repeated to calculate ~hn
˚`2.
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Our initial guess ~g0 needs to be reasonably close to the final answer ~hn
˚`1 in order

for our algorithm to converge to our desired solution, so we choose ~g0 :“ ~hn
˚

under

the assumption that the time step has been chosen small enough that ~hn
˚`1 differs

only slightly from ~hn
˚

.

This process is a robust means of calculating discrete approximations of solutions

hpx, tq to PDE (2.84). This solution method is robust because the identity matrix

in (B.7) leads to the matrix DNNx,n˚`1r~gk´1s in (B.9) being well-conditioned across

a wide variety of input vectors ~gk´1.

B.2 Computing ODE Solutions and Eigenvalues

The same basic process is used to calculate discrete approximations of steady-state

solutions hspxq to ODE (4.2), but in this case our starting point is the fact that

Brhss “ 0 rather than N rhs “ 0. The identity matrix that previously stabilized

our solution method is now entirely absent, which is a manifestation of the fact that

there is no longer any time dependence in our equations. Instead we simply employ

Newton’s method (B.9) directly from our initial guess: there aren’t any iterations

from one time step to the next. In order for Newton’s method to converge to a valid

steady-state solution we still need an initial guess ~g0 that is sufficiently close to the

steady-state solution we hope to find, but there is no longer any clear indication

of how to assign ~g0. An appropriate choice of ~g0 will be motivated by the specific

steady-state solution one wishes to obtain, with a post hoc assessment often being

made as to whether a specific ~g0 converged to any valid steady-state solution at all.

There is a close relationship between calculating ODE solutions and determining

the linear stability of a steady-state solution that has been obtained through such

calculations. Given any steady-state solution hspxq, we can write

hpx, tq „ hspxq ` δh̃pxqe
λt (B.12)
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as δ Ñ 0`, where h̃pxq is the spatial profile of a perturbation that has disturbed the

steady state. Plugging (B.12) into (B.1) leads to

λδh̃pxqeλt ` Brhspxq ` δh̃pxqeλts „ 0

λδh̃pxqeλt ` Brhss `DBrhssδh̃pxqeλt „ 0

λh̃ „ ´DBrhssh̃

(B.13a)

(B.13b)

(B.13c)

as δ Ñ 0`, which reveals that the linear stability of any steady-state solution hs is

determined by the spectrum of ´DBrhss. Thus the matrix DBNxr~gk´1s used in

BNxr~gk´1s `DBNxr~gk´1sp~gk ´ ~gk´1q “ 0 (B.14)

to calculate steady-state solutions via Newton’s method is exactly the discretization

of the linearization we need in order to calculate the linear stability of steady-state

solutions.

Let ~hs denote a discrete approximation to the steady-state solution hspxq. The

procedure we use to determine the linear stability of hspxq is to base our conclusions

upon the eigenvalues of the matrix ´DBNxr~hss, where Nx is chosen to be sufficiently

large. Central to this approach is the assumption that as Nx Ñ 8 the spectrum

of ´DBNxr~hss converges to the spectrum of ´DBrhss. In section 3.2 we assessed

the validity of this assumption by considering flat steady-state solutions hspxq “ h0,

for which the continuous operator whose spectrum we needed to approximate was

Lh0 given in (3.6). It was determined that, for ` “ 10, Nx “ 400 was large enough

to ensure convergence to within a reasonable degree of accuracy. This method of

determining linear stability is assumed to be valid when considering more complicated

steady-state solutions.
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B.3 Implementation Details

Every numerical method described is implemented in C++. Linear algebra computa-

tions are performed within these C++ programs by linking with LAPACK, which is

a collection of linear algebra routines that were originally written in FORTRAN 77

and were updated to FORTRAN 90 in version 3.2 [3], [2]. Output is written to text

files that are then read into gnuplot in order to produce plots. The epslatex ter-

minal is used in conjunction with TEXstudio to embed mathematics typeset using

LATEX into plots.

An important feature of matrices DNNx,nr~gks and DBNxr~gks, which are used to

calculate PDE and ODE solutions, respectively, is that they are both band-diagonal.

This is important because implementing Newton’s method requires solving a linear

system of the form

A~x “ ~b (B.15)

for ~x repeatedly. For an n ˆ n matrix A without any known structure this requires

O
`

2
3
n3
˘

flops as nÑ 8, but for a banded matrix A, with upper and lower bands of

size b ą 0, this only requires O
`

b2n
˘

flops as nÑ 8 [97].

This band-diagonal structure is taken advantage of in the numerical implemen-

tation through the use of LAPACK routine dgbsv. This routine uses the LU -

factorization method with partial pivoting and band diagonal storage to efficiently

solve the specific instances of (B.15) that arise in computing PDE and ODE solu-

tions.

The computation of eigenvalues is not as optimized, however, because although

DBNxr~hss is band-diagonal, it is not symmetric. This means that similarly efficient

eigenvalue algorithms, which are specialized in order to compute the eigenvalues

of symmetric matrices, cannot be applied in order to calculate the eigenvalues of

´DBNxr~hss. Instead we must use the LAPACK routine dgeev, which requires a
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full matrix as input and uses theQR-factorization method to compute the eigenvalues

and eigenvectors of the matrix.

An additional point to note when computing eigenvalues in this way is that

the matrix DBNxr~hss must be constructed by using ghost points, rather than one-

sided difference schemes, to accommodate the boundary conditions. This is because

the discretization of (B.13c) leads to a generalized eigenvalue problem if one-sided

difference schemes are used. Although solving such a generalized eigenvalue problem

is a possibility, it is more straightforward to simply be sure to use a ghost point

discretization when computing eigenvalues.
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