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Abstract

Electromagnetic forward modeling and inversion methods have extensive applications

in geophysical exploration, and large-scale controlled-source electromagnetic method

has recently drew lots of attention. However, to obtain a rigorous and efficient for-

ward solver for this large-scale three-dimensional problem is difficult, since it usually

requires to solve for a large number of unknowns from a system of equations de-

scribing the complicate scattering behavior of electromagnetic waves that happened

within inhomogeneous media. As for the development of an efficient inversion solver,

because of the nonlinear, non-unique and ill-posed properties of the problem, it is

also a very challenging task.

In the first part of this dissertation, a fast three-dimensional nonlinear recon-

struction method is proposed for controlled-source electromagnetic method. The

borehole-to-surface and airborne electromagnetic survey methods are investigated

using synthetic data. In this work, it is assumed that there is only electric contrast

between the inhomogeneous object and the layered background medium, for the rea-

son that the electric contrast is much more dominant than magnetic contrast in most

cases of the earth formation. Therefore, only the EFIE is needed to solve. While

the forward scattering problem is solved by the stabilized bi-conjugate gradient FFT

(BCGS-FFT) method to give a rigorous and efficient modeling, the Bore iterative

method along with the multiplicative regularization technique is used in the inversion

through frequency hopping. In the inversion, to speed up the expensive computation
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of the sensitivity matrix relating every receiver station to every unknown element, a

fast field evaluation (FFE) technique is proposed using the symmetry property of the

layered medium Green’s function combined with a database strategy. The conjugate-

gradient method is then applied to minimize the cost function after each iteration.

Due to the benefits of using 3D FFT acceleration, the proposed FFE technique as

well as the recursive matrix method combined with an interpolation technique to

evaluate the LMGF, the developed inversion solver is highly efficient, and requires

very low computation time and memory. Numerical experiments for both 3D for-

ward modeling and conductivity inversion are presented to show the accuracy and

efficiency of the method.

Some recent research on artificial nanoparticles have demonstrated the improved

performance in geophysical imaging using magnetodielectric materials with enhanced

electric and magnetic contrasts. This gives a promising perspective to the future

geophysical exploration by infusing well-designed artificial magnetodielectric mate-

rials into the subsurface objects, so that a significantly improved imaging can be

achieved. As a preparation for this promising application, the second part of the

dissertation presents an efficient method to solve the scattering problem of magne-

todielectric materials with general anisotropy that are embedded in layered media.

In this work, the volume integral equation is chosen as the target equation to solve,

since it solves for fields in inhomogeneous media with less number of unknowns than

the finite element method. However, for complicated materials as magnetodielectric

materials with general anisotropy, it is a very challenging task, because it requires

to simultaneously solve the electric field integral equation (EFIE) and magnetic field

integral equation (MFIE). Besides that, the numerous evaluation of the layered medi-

um Green’s function (LMGF) for the stratified background formation adds on the

difficulty and complexity of the problem. To my knowledge, there is no existing

fast solver for the similar problem. In this dissertation, using the mixed order stabi-
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lized biconjugate-gradient fast Fourier transform (mixed-order BCGS-FFT) method,

a fast forward modeling method is developed to solve this challenging problem. Sev-

eral numerical examples are performed to validate the accuracy and efficiency of the

proposed method.

Besides the above mentioned two topics, one-dimensional inversion method is p-

resented in the third part to determine the tilted triaxial conductivity tensor in a

dipping layered formation using triaxial induction measurements. The tilted triaxial

conductivity tensor is described by three conductivity components and three Euler

angles. Based on my knowledge, due to the highly nonlinear and ill-posed nature

of the inverse problem, this study serves as the first work that investigates on the

subject. There are six principal coordinate systems that can give the same con-

ductivity tensor. Permutation is performed to eliminate the ambiguity of inversion

results caused by the ambiguity of the principal coordinate system. Three new Euler

angles after permutation for each layer can be found by solving a nonlinear equation.

Numerical experiments are conducted on synthetic models to study the feasibility of

determining triaxially anisotropic conductivity tensor from triaxial induction data.

This project is accomplished during my internship in the Houston Formation Eval-

uation Integration Center (HFE) at Schlumberger, a world-leading oilfield service

company.
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Dedicate to the crazy ones ...

The people who are crazy enough to think they can change the world, are

the ones who do.

Apple "Think Different", 1997
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Introduction

Electromagnetic forward modeling and inversion methods have important applica-

tions in geophysical exploration, and large-scale controlled-source electromagnetic

method (CSEM) has recently drew lots of attention [1–7]. In this chapter, the de-

velopment of inversion solvers applied in controlled-source electromagnetic method

(CSEM) will be briefly reviewed in Section 1. Some recent research on artificial

nanoparticles have demonstrated the improved performances in geophysical imag-

ing using magnetodielectric materials with enhanced electric and magnetic contrast-

s [8, 9]. This gives a promising perspective to the future geophysical exploration for

subsurface objects coated with well-designed artificial magnetodielectric materials.

This gives a promising perspective to the future geophysical exploration by infusing

well-designed artificial magnetodielectric materials into the subsurface objects, so

that a significantly improved imaging can be achieved. Section 2 briefly reviews the

research on the scattering problem of magetodielectric materials that are embedded

in layered media. One-dimensional inversion method has important applications in

well logging industry to accurately determine the conductivities of the formation [2].

In Section 3, the formation models, such as transverse isotropic (TI) media and tilted
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triaxial anisotropic (TTA) media, as well as the induction tools, such as the recently

developed triaxial induction tool, will be briefly introduced.

1.1 Controlled-Source Electromagnetic Method

While many research efforts have been given to inversion with 1D, 2D and 2.5D geol-

ogy modeling [10–16], their practical application are limited because of the 3D nature

of the real formation environments. Later, some researchers have investigated in 3D

modeling using the finite difference method [17]. However, the computation domain

in the finite difference method normally requires to include not only the unknown

space, but has to be enlarged to enclose transmitters and receivers, which is also

the case for the finite volume and finite element methods. This requirement usually

brings more challenges to develop an efficient inversion method since it requires to

solve for more number of unknowns in the forward modeling. In contrast to target

at partial differential equations, solving volume integral equations provides a more

promising option in the sense of involving with less number of unknowns, because

it only needs to model the unknown space, and uses the layered medium Green’s

function (LMGF) to take care of the waves traveling within the stratified formation

background, and does not require additional implementation of boundary conditions,

since it has been naturally carried out in the integral operator.

Although many methods have been introduced to provide 3D approximation solu-

tions to the inverse problem of volume integral equations by simplifying the original

non-linear problem to a series of linear equations [18–22], their practical application

are restricted due to the approximation nature, and the need for 3D rigorous in-

version method is necessary. However, due to the non-symmetry of LMGF in the

vertical direction and the highly dense matrix associated with the volume integral

equation, the conventional methods, using 2D FFT in horizontal plane, can be very

expensive in terms of memory and computation time requirement [23]. To overcome
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this problem, the stabilized bi-conjugate gradient fast Fourier transform method

(BCGS-FFT) method is introduced to iteratively solve the equation more efficiently

by using not only convolution but also correlation so that the FFT algorithm in

all three directions can be implemented [24–26]. The inversion method using the

BCFS-FFT method as a forward solver has shown high accuracy and accuracy in

biomedical imaging within microwave frequency range [27–30]. In this work, the

BCGS-FFT method along with the specifically tailored inversion technique is first

applied in the regime of CSEM.

Besides the above mentioned challenges of the forward solver, another problem

faced by 3D rigorous inversion in CSEM is the expensive computation of the sensitiv-

ity matrix for every receiver station and every unknown element. As we know, large

number of receivers are normally required in CSEM, therefore, instead of the distort-

ed Born iterative method (DBIM) which needs to numerically update the background

Green’s function in each iteration, Born iterative method (BIM) is chosen to simply

use the LMGF as the counterpart. However, to solve a large-scale inversion problem,

even the evaluation of the LMGF relating numerous receivers to tens of thousands of

unknowns can still be very expensive in terms of computation time. To further speed

up the inversion solver and make best use of the LMGF, a fast field evaluation (FFE)

technique is proposed by using the symmetry property of the LMGF combined with

a database strategy.

In this work, borehole-to-surface electromagnetic (BSEM) and airborne electro-

magnetic (AEM) surveying methods are investigated through the proposed inversion

method using synthetic data. While AEM has been introduced into industry since

the year of 1948 [31], BSEM is a relatively new surveying method, and has been ap-

plied in oilfield for reservoir mapping since the year of 2005 [32]. It is then successfully

performed in Saudi Arabia for monitoring and reservoir mapping of an oilfield water

injection zone in 2011 [33]. Therefore, compared with AEM and other surveying
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methods, such as surface and cross-borehole technique, only a few numerical exper-

iments have been provided and analyzed for BSEM [34]. In the BSEM survey, a

bipole source is placed within the borehole and a planar array of receiver stations

are located on the surface. Therefore, the sensitivity pattern within the inversion

domain from measurement data provided by BSEM spans differently from that given

by AEM, in the sense that only unknown objects located close to borehole can be

confidently reconstructed in BSEM. This will be further studied in this dissertation

through numerical experiments.

1.2 Scattering of Magnetodielectric Materials in Layered Media

Magnetodielectric materials with general anisotropy in layered media have widespread

applications in fields such as photonic band gap (PBG) materials, metamaterials,

geophysical exploration and biomedical imaging [8,9,35–41]. For example, PBG ma-

terials and metallo-dielectric metasurfaces control the propagation of electromagnet-

ic waves through proper design of the periodic implants embedded within a layered

medium (e.g. substrates) [36, 41]. Some recent research on artificial nanoparticles

have also demonstrated the improved performances in biomedical and geophysical

imaging [8, 9]. To obtain an efficient numerical solution of this scattering problem,

the volume integral equation method is an appropriate choice since it solves for fields

in the inhomogeneous materials with less number of unknowns than the finite elemen-

t method. However, for complicated materials as magnetodielectric materials with

general anisotropy, it is a very challenging task, because it requires to simultaneously

solve the electric field integral equations (EFIE) and magnetic field integral equa-

tions (MFIE). Besides that, the numerous evaluation of the layered media Green’s

function (LMGF) for the stratified background adds on the difficulty and complexity

of the problem.

For methods of solving integral equation, the practical application of the tradi-
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tional method of moments is limited due to the excessive requirements of computa-

tion time and memory [42,43]. Many scholars have investigated on the developing of

more efficient methods. To reduce the matrix size encountered in the method of mo-

ments, the compressive subdomain decomposition methods have been introduced,

and demonstrated the effectiveness in accelerating the solution [44–47]. However,

these methods are not applicable to our problem since they are mainly employed

to solve surface integral equation. Although there are some fast methods developed

to solve volume integral equation [48–56], the stabilized bi-conjugate gradient fast

Fourier transform (BCGS-FFT) method is mainly discussed because of its high effi-

ciency in terms of computation time and memory [24–26]. Based on the fast Fourier

transform (FFT) algorithm, the BCGS-FFT method is a fast Krylov subspace iter-

ative solver. Among other Krylov subspace solvers using the FFT algorithm such

as conjugate gradient FFT and bi-conjugate gradient FFT method [57, 58], one of

the major improvements from the BCGS-FFT method is the implementation of the

FFT algorithm in all three dimensions for the integral kernels associated with the

layered medium Green’s function (LMGF). The BCGS-FFT method is recently en-

hanced by the mixed order stabilized bi-conjugate gradient fast Fourier transform

method (mixed-order BCGS-FFT) to solve for not only pure dielectric materials but

also magnetodielectric materials [59]. However, so far the mixed-order BCGS-FFT

method is mainly applied for magnetodielectric materials in homogeneous medium.

To fully exploit its potential in practical application, this work extends the mixed-

order BCGS-FFT method to accommodate magnetodielectric materials that are em-

bedded in layered background media. Based on my knowledge, no fast algorithm has

been developed for the similar problem. The LMGF is efficiently evaluated through

the recursive matrix method [21]. In the recursive matrix method, every component

of the dyadic Green’s function is expressed as a combination of three coefficient ma-

trices composed of some basic Sommerfeld integrals. It is designed in such a way
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that LMGF can be calculated by simply changing the positions of the source terms,

thanks to the recursive evaluation of the coefficient matrices. To further accelerate

the algorithm, symmetry property of LMGF in horizontal plane is used through in-

terpolation technique to reduce the computation domain of LMGF from a volume of

mˆ nˆ p to maxp
?

2m,
?

2nq ˆ p, which is the size of a half of the diagonal plane,

where m, n and p refer to the ratios of computation size in x̂, ŷ and ẑ dimensions,

respectively.

1.3 Layered Formation Models

Conventional induction tools use only coaxial transmitter and receiver coils to mea-

sure resistivity of sedimentary formations. Measurements acquired with these tools

are generally used to infer formation resistivity with an assumption that the forma-

tion is isotropic. Triaxial induction tools are a new generation of induction tools that

have been developed since the 1990s. The Rt scanner developed by Schlumberger is

shown in Fig. 1.1. A triaxial induction tool consists of three orthogonal collocated

transmitter coils and receiver coils. Such a configuration allows for measuring a full

apparent conductivity tensor, making it possible to extract more information of for-

mations. One popular application is to find the horizontal and vertical resistivity of

a formation assuming that the formation is transverse isotropic (TI) [2]. However,

when there are fractures or some microstructures present in the formation, the TI

assumption may not hold anymore. In such situations, a more appropriate forma-

tion model is a triaxially anisotropic model. The conductivity tensor of a triaxially

anisotropic formation is described by three conductivity components, σx, σy, and σz,

and three Euler angles, α, β, and γ, given by

σ “ Rt
βR

t
αR

t
γ

»

–

σx
σy

σz

fi

flRγRαRβ (1.1)
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Figure 1.1: The Rt Scanner developed by Schlumberger.

where σ is defined in the bedding coordinate system; Rγ, Rα, and Rβ are three

elemental rotation matrices of the z ´ y1 ´ z2 sequence; and superscript t designates

matrix transposition.

It is known that the conductivity tensor of a vertical TI formation is described

by only two parameters: horizontal conductivity (σh) and vertical conductivity (σv).

If the optical axis of the TI conductivity tensor is tilted relative to the normal to

the bedding plane in a layered formation, two additional parameters (two rotation

angles α and β) are needed for a complete description. Obviously, in a triaxially

anisotropic formation, there are at least two more parameters needed to describe a

general anisotropy of conductivity.

In this dissertation, an inversion method is investigated to determine triaxially
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anisotropic conductivity in a dipping and layered formation. In addition to three

conductivity components and three Euler angles of each layer, bed boundaries and

bedding dip θ and azimuth φ are also part of the unknown parameters. The Gauss-

Newton method is employed to solve the inversion problem and the multiplicative

regularization technique for determining the regularization parameter [60]. The for-

ward solver used in the inversion is a two-dimensional Fourier transform method [61]

that is able to efficiently model the tool response in a dipping layered formation.

1.4 Overview

This dissertation is composed of nine chapters and structured as follows. In Chap-

ter 2, the fundamental theory describing electromagnetic waves propagating in an

inhomogeneous medium is presented. In Chapter 3, a detailed description of Born

iterative method (BIM) and the proposed fast field evaluation (FFE) technique are

presented. Numerical experiments for three-dimensional reconstruction of conductiv-

ities for survey methods of AEM and BSEM are explored in Chapter 4. In Chapter

5, the detailed description of electric field integral equation (EFIE), magnetic field

integral equation (MFIE), vector basis functions, as well as the discretization process

are presented. Validation of numerical solutions is also given by several examples

in Chapter 6 for the scattering problem of magnetodielectric objects with general

anisotropy that are embedded in layered media. In Chapter 7, the comprehensive

description of a procedure to eliminate the ambiguity in both Euler angles and in-

version results is given for determining the tilted triaxial conductivity in a dipping

layered formation. The Gauss-Newton method combined with the multiplicative reg-

ularization technique is also explained in Chapter 7. Numerical experiment of one-

dimensional inversion of the tilted triaxial conductivity tensor in a dipping layered

formation based on synthetic model and sensitivity study are presented in Chapter

8. In Chapter 9, conclusion and future work are summarized.
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1.5 Summary of Contributions

The work presented in this dissertation makes the following four contributions.

First, the stabilized bi-conjugate gradient fast Fourier transform method (BCGS-

FFT) is, for the first time, employed as the forward solver for inversion in the regime

of controlled-source electromagnetic method (CSEM). Compare with other existing

forward solvers, the unique feature of the BCGS-FFT method is that it provides a

great combination of rigorousness and efficiency through a well-designed strategy of

iteratively solving a denser but smaller matrix problem with best use of the FFT

acceleration in all three dimensions combined with an efficient evaluation of layered

medium Green’s function. The borehole-to-surface and airborne electromagnetic

survey methods are investigated using the proposed method through synthetic data.

To analyze the performance of inversion, a comparative sensitivity study is presented

for both borehole-to-surface and airborne electromagnetic survey methods.

Second, because large number of receiver stations are usually required in the C-

SEM, one problem faced by three-dimensional rigorous inversion is the expensive

computation of the sensitivity matrix relating every receiver station and every un-

known element. To speed up the computation of this sensitivity matrix, a fast field

evaluation (FFE) technique is proposed using the symmetry property of the lay-

ered medium Green’s function combined with a database strategy. For a large-scale

problem, working with the subspace of measurement data that has a 90o symmetry,

hundreds time of acceleration in computation of Jacobian matrix can be achieved

through the FFE technique, whereas using the subspace that has a circle symmetry,

thousands time of acceleration can be achieved.

Third, the first fast forward modeling method is proposed to solve the scattering

problem of magnetocdielectric materials with general anisotropy that are embedded

in a layered medium. The novelty of this work is to extend the mixed-order BCGS-

9



FFT method to accommodate layered background medium. Therefore, the three-

dimensional FFT acceleration for integral kernels associated with layered medium

Green’s function as well as interpolation technique have been implemented.

Fourth, one-dimensional inversion method is, in the first time, applied to de-

termine the tilted triaxial conductivity tensor in a dipping layered formation using

triaxial induction measurements. The tilted triaxial conductivity tensor is described

by three conductivity components and three Euler angles. The novelty of this work

is to study the ambiguity associated with the three Euler angles and the inversion

results. As a result, an eight-time smaller solution space is found to eliminate the

ambiguity of Euler angles. Besides that, six principal coordinate systems are found

to be able to give the same conductivity tensor. Permutation is then performed to

eliminate the ambiguity of inversion results. Numerical experiments are conduct-

ed on synthetic models to study the feasibility of determining triaxially anisotropic

conductivity tensor from triaxial induction data.
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2

Electromagnetic Theory

In this chapter, the fundamental electromagnetic theory will be briefly presented,

including the Maxwell’s equations in both differential and integral form, constitutive

relations as well as the principle of boundary conditions followed by electric and

magnetic waves traveling across the interface of different materials. Considering the

fact that unknown materials are usually inhomogeneous in applications of geophysical

exploration, the volumetric equivalence principle for inhomogeneous scatters will also

be presented. See [61,62] for details of the electromagnetic theory.

2.1 Maxwell’s Equations

Maxwell’s equations serve as the fundamental principle which describes the propaga-

tion of electromagnetic waves in general media through a set of vector equations. In

the view of physics and mathematics, to understand how wave travels is transformed

as study the relation between electromagnetic sources and the fields generated by

these sources. These electromagnetic sources are denoted as follows

11



E Electric field intensity pV{mq

H MagneticfieldintensitypA{mq

D ElectricfluxdensitypC{m2
q

B MagneticfluxdensitypW{m2
q

The fields generated by these sources are introduced as follows

Ji,Jc,Jd “
BD

Bt
Impressed, conduction, and displacement

electric current densities pA{m2
q

Mi,Mc,Md “
BB

Bt
Impressed, conduction, and displacement

magnetic current densities pV{m2
q

ρei, ρec Impressed and conduction

electric charge densities pC{m3
q

ρmi, ρmc Impressed and conduction

magnetic charge densities pW{m3
q

Maxwell’s Equations in differential form can be written as follows and are the

target equations for differential solvers

∇ˆE “ ´Mi ´Mc ´
BB

Bt
(2.1)

∇ˆH “ Ji ` Jc `
BD

Bt
(2.2)

∇ ¨D “ ρei ` ρec (2.3)

∇ ¨B “ ρmi ` ρmc (2.4)
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The conservation of electric and magnetic charges is described by the continuity

equations as follows

∇ ¨ Ji,c “ ´
Bρei,c
Bt

(2.5)

∇ ¨Mi,c “ ´
Bρmi,c
Bt

(2.6)

In contrast to solve differential equations, solving integral equations usually in-

volves with less number of unknowns, because it only needs to model the domain

spaned by the scatter, and uses background Green’s function to take care of the waves

traveling within the background, and does not require additional implementation of

boundary conditions, since it has been naturally carried out in the integral operator.

The relation between electric fields and magnetic sources is described by the

Faraday’s law as follows

¿

C

E ¨ dl “ ´

ż

S

pMi `Mcq ¨ ds´
B

Bt

ż

S

B ¨ ds (2.7)

The generalized Ampére’s circuital law relating the magnetic field and electric

sources is
¿

C

H ¨ dl “ ´

ż

S

pJi ` Jcq ¨ ds`
B

Bt

ż

S

D ¨ ds (2.8)

The Gauss’s laws that describe the relation between flux densities and charges

are
¿

S

D ¨ ds “ Qei `Qec. (2.9)

¿

S

B ¨ ds “ Qmi `Qmc. (2.10)
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The continuity equations are
¿

S

Ji,c ¨ ds “ ´
BQei,c

Bt
(2.11)

¿

S

Mi,c ¨ ds “ ´
BQmi,c

Bt
(2.12)

2.2 Constitutive Relations

To solve the inhomogeneous macroscopic Maxwell’s equations shown in (2.1) to (2.4)

with differential operator and (2.7) to (2.10) with integral operator, a formula de-

scribing the relation between flux densities (D, B) and fields (E, H) are needed.

In materials other than ferroelectrics and ferromagnetics, the induced electric or

magnetic polarization is proportional to the magnitude of the applied weak enough

field, which means that the response of the medium is linear. And the constitutive

relations are as follows

D “ ¯̄εE (2.13)

B “ ¯̄µH (2.14)

The tensors ¯̄ε and ¯̄µ are called the electric permittivity and magnetic permeability

tensors. For simple media, the linear relation described by these tensors is isotropic,

which means that they are diagonal tensors with all three diagonal elements equal.

For conducting media, the conduction current densities are related to the field

intensities by the Ohm’s law,

Jc “ σeE (2.15)

Mc “ σmH (2.16)

With the above mentioned constitutive relations, Maxwell’s equations can now

be rewritten as

∇ˆE “ ´Mi ´Mc ´ ¯̄µBH
Bt

(2.17)
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∇ˆH “ Ji ` Jc ` ¯̄εBE
Bt

(2.18)

∇ ¨ ¯̄εE “ ρei ` ρec (2.19)

∇ ¨ ¯̄µH “ ρmi ` ρmc (2.20)

2.3 Boundary Conditions

Behaviors of electromagnetic waves traveling across the boundary are described by

the boundary conditions, which are very important in the solution of Maxwell’s

equations for discontinuous medium. It is written as follows

n̂ˆ pE2 ´E1q “ ´Ms (2.21)

n̂ˆ pH2 ´H1q “ Js (2.22)

n̂ ¨ pD2 ´D1q “ ρes (2.23)

n̂ ¨ pB2 ´B1q “ ρms (2.24)

where Js and Ms are the surface electric and magnetic current densities, ρes and

ρms are the electric and magnetic charge densities, n̂ denotes the direction pointing

from media 1 to media 2. If there is no impressed sources, and the conductivities

are finite in both media, the right hand side of the boundary conditions are all zero,

which means that the tangential components of the fields are continuous across the

boundary, whereas the normal components of the flux densities are continuous across

the boundary.

2.4 Volumetric Equivalence Principle

For an inhomogeneous media with a background media pµb, εbq and an inhomogeneous

object inside, assuming the time dependence of ejωt, the equations governing the
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relation between total field (H , E) and sources are

∇ˆE “ ´jωµH ´M (2.25)

∇ˆH “ jωεE ` J (2.26)

where pµ, εq denote the permeability and permittivity in the whole space and equal

to pµb, εbq in the background. In the absence of the object, the primary field (Hb,

Eb) are governed by

∇ˆEb “ ´jωµbHb ´M (2.27)

∇ˆHb “ jωεbEb ` J (2.28)

Subtracting (2.27) and (2.28) from (2.25) and (2.26) and using the definition of

background fields that Hb “ H ´Hs and Eb “ E ´ Es, the following equivalent

equations can be obtained.

∇ˆEs “ ´jωµbHs ´Meq (2.29)

∇ˆHs “ jωεbEs ` Jeq (2.30)

where Meq “ jωpµ ´ µbqH , Jeq “ jωpε ´ εbqE are called the equivalent volumetric

sources which are nonzero only inside the object.

From (2.29) and (2.30), the secondary fields can be viewed as due to the equivalent

volumetric sourcesMeq and Jeq in the background of pµb, εbq. As the secondary field

can be written in terms of the total fields and primary fields, the only unknowns

are the total fields since the primary field is described by the background media’s

Green’s function. The detailed formulation of the coupled field integral equation is

presented in Chapter 5.
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3

Three-Dimensional Nonlinear Inversion

Electromagnetic forward modeling and inversion methods have important applica-

tions in geophysical exploration, such as large-scale controlled-source electromagnetic

method (CSEM). In this work, it is assumed that only electric contrast exists be-

tween the inhomogeneous objects and the layered background media, for the reason

that the electric contrast is much more dominant than magnetic contrast in most

cases of the earth formations. Therefore, instead of solving the coupled field volume

integral equation (CFVIE), only the electric field integral equation (EFIE) is needed

to solve in this chapter. The brief description of the EFIE is presented in Section

3.1.

One problem faced by 3D rigorous inversion in CSEM is the expensive computa-

tion of the sensitivity matrix for every receiver station and every unknown element.

As we know, large number of receivers are normally required in CSEM, therefore,

instead of the distorted Born iterative method (DBIM) which needs to numerically

update the background Green’s function in each iteration, Born iterative method

(BIM) is chosen to simply use the LMGF as the counterpart. However, to solve a

large-scale inversion problem, even the evaluation of the LMGF relating numerous
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receivers to tens of thousands of unknowns can still be very expensive in terms of

computation time. To further speed up the inversion solver and make best use of the

LMGF, a fast field evaluation (FFE) technique is proposed by using the symmetry

property of the LMGF combined with a database strategy. The cost function is then

minimized at each iteration using conjugate-gradient iterative solver. The detailed

description of the proposed FFE technique is presented in Section 3.2.

3.1 The Electric Field Integral Equation (EFIE)

As mentioned above, the magnetic permeability µ of the objects is considered the

same as that of the background medium µq, therefore the induced magnetic sources

are not considered. The time dependency of ejωt is implied, where j is the imaginary

unit, and ω is the angular frequency.

By invoking the volume equivalence theorem, the total electric flux density can

be expressed in terms of magnetic vector potentials A as follows

Ei
prq “

Dprq

εprq
` jωr1` 1

k2
b

∇∇¨sAprq (3.1)

Aprq “ jωµb

ż

V

¯̄GA
pr, r1q ¨ χpr1qDpr1qdr1 (3.2)

where (3.1) is the electric field integral equation (EFIE). ¯̄GApr, r1q is the auxiliary

dyadic Green’s function of the magnetic vector potential at field location r related

to a unit electric current source at r1 [63].

The electric contrast is defined as follows

χprq “
εprq ´ εb
εprq

(3.3)

where εprq and εb are the complex permittivity of the inhomogenous object and the

background medium, respectively.
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After the discretization of (3.1) and (3.2) and the application of the above men-

tioned acceleration through the FFT algorithm, the EFIE is turned into a linear

system of equations. Then, the stabilized bi-conjugate gradient method is applied to

iteratively solve the linear system and obtain the total electric flux density D inside

the computational domain, which thereafter can be used to compute the secondary

field through the LMGF [63].

3.2 Born Iterative Method and Fast Field Evaluation Technique

In this work, secondary field is used as measurement data to reconstruct the unknown

inhomogeneous objects. The cost function at (n+1)th iteration is defined as

Cn`1pδχq “
}δf sctn ´Mnδχn`1}

2

}f obs}2
` λ2

}δχn`1}
2 (3.4)

which is equivalent to the following expression as:

`M :
nMn

}f obs}2
` λ2I

˘

δχn`1 “
M :

nδf
sct
n

}f obs}2
(3.5)

where δf sctn denotes the error between the measured secondary field and the predicted

field at the n-th ieration, δχn is the corresponding update of electric contrast to

be obtained. Mn is the Jacobian matrix of the secondary field with respect to

the conductivity within the conductivity anomaly domain τ , and can be efficiently

obtained through the reciprocity theorem as follows [16]

Mnpi, jq “
Bf sctprR,i, rsq

Bστ,j
“

ż

τ

Enpr
1, rsq ¨Gnpr

1, rRqdr
1 (3.6)

where Enpr
1, rsq is the total electric field inside the reconstrction domain at r1 due

to the source at rs, Gnpr
1, rRq is the total electric field at the same location r1 due to

the unit source at rR. Enpr
1, rsq is updated through forward solver in each iteration.
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Different from DBIM,Gnpr
1, rRq is not updated in BIM but approximated by LMGF,

which greatly accelerates the computation of Jacobian matrix. See Fig. 3.2 for the

flow chart of the BIM inversion process.

The multiplicative regularization technique is used to determine the regularization

parameter λ, which is defined as follows [60,64,65]

λ “ }δ}2 ¨
}f sctn pχnq ´Mnχn}

2

}f obs}2
(3.7)

where χn is the model at the current step, and δ is a constant parameter which

is determined by numerical experiment. From (3.7), it can be observed that the

regularization term is proportional to the L2 norm of the data misfit so that its value

is big in the beginning iterations of the inversion process, as a result, the steepest

descent direction dominants the search direction which is capable of suppressing large

swings of search direction in initial steps. As the iteration continues, the value of

the regularization term gradually becomes smaller so that Gauss-Newton direction

is predominant, which is appropriate because the assumption of the quadratic model

for the cost function is more accurate as the inversion solution is getting closer to

the minimum of the original unregularized cost function.

In each iteration, the Jacobian matrix relating every receiver station to every

unknown is evaluated through LMGF, denoted as Gnpr
1, rRq in (3.6). Because large

number of receivers are normally used in CSEM to reconstruct tens of thousands

of unknowns, it can be very expensive, in terms of computation time, to evaluate

the required LMGF. This challenge limits the practical application of rigorous 3D

inversion methods.

Inspired by the symmetry property of the LMGF, FFE technique is proposed to

obtain a significant acceleration by assuming that there is a symmetry in the con-

figuration of reconstruction domain, receiving array and/or sources in the xy plane.
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Figure 3.1: Acceleration using the FFE technique (90o symmetry assumed).

The symmetry can be a 60o symmetry as an equilateral triangle, a 90o symmetry as a

square or a perfect symmetry as a circle. This assumption is appropriate and feasible

since the measurement model is preset by engineers before exploration process, and

is designed to have the optimized reconstruction performance. For the cases when

there is no such symmetry for the whole measurement configuration, it is still able

to use the FFE technique by selecting the subspace of the measurement data which

has some kind of symmetry. Note that the geometry of the actual object inside the

reconstruction domain can be of arbitrary shape.

In the sense of accelerating the computation time, the proposed FFE technique

provides a significant improvement. For example, if 90o symmetry is assumed for the

measurement configuration in xy plane, only the LMGF relating one quarter of the

transmitters and/or receivers to unknowns in the reconstruction domain is required

to be evaluated, then the LMGF relating the rest of the transmitters and/or receivers

to unknowns can be simply obtained by coordinate transformation of the new system

to the original one, as shown in Fig. 3.1. If the reconstruction geometry has circle
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symmetry, the computational cost will be improved from OpN2q to OpN{2q, because

only the LMGF relating transmitters and/or receivers on the radius of the circle to

unknowns are required to be evaluated, whereN is the number of transmitters and/or

receivers along x̂ or ŷ direction. For convenience of explanation, this actual evaluated

part of the LMGF is designated as the symmetric components of the LMGF.

To make best use of the FFE technique and BIM, because the LMGF is not

updated during inversion, it should be stored into hard disk drive (HDD) or solid-

state drive (SSD) as a database through proper address management (e.g. unfor-

matted direct-access file in FORTRAN) and retrieved in later iterations. Thanks

to the state-of-the-art technology of HDD or SSD, compared with the computation

time needed from the actual evaluation of LMGF, the time used by data transfer

is negligible. Another benefit of FFE technique is that instead of storing the full

LMGF relating every receiver to every unknown element, only the above mentioned

symmetric components of it is required to be stored. Table 3.1 demonstrates signifi-

cant improvement in memory cost using the proposed FFE technique. In the table,

M “ NcNfN
2
r , N “ N2

xyNz, Q “ NcNfNr, where Nc, Nf are the number of field

components and frequency used, Nr is the number of receivers along x̂ direction. Nxy

and Nz are the unknowns in x̂ (or ŷ) and ẑ. It is assumed Nc “ 2, Nf “ 5, and

Nr “ Nxy in the table. Storage of double precision complex number is assumed.

Compared with the traditional BIM methods without using the FFE technique

along with the database strategy, the significant improvement of computational time

in the evaluation of the Jacobian matrix is presented in Table 3.2, where Nr is the

number of receivers along x̂ or ŷ direction, and Niter is the number of iterations used

in the inversion process.

The proposed strategy using the FFE technique can be briefly summarized into

2 steps: preparation and inversion. In the preparation step, the symmetric compo-

nents of LMGF should be evaluated and stored into HDD or SDD as a database with
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Table 3.1: Improvement of the memory requirement from FFE technique.

Scale Full LMGF FFE (square) FFE (circle)
N2
xy ˆNz 16MˆN 4MˆN 8QˆN

102 ˆ 20 0.03 Gb 8ˆ10´3 Gb 2ˆ10´3 Gb
202 ˆ 20 0.51 Gb 0.13 Gb 0.01 Gb
302 ˆ 20 2.59 Gb 0.65 Gb 0.04 Gb
402 ˆ 50 20.48 Gb 5.12 Gb 0.26 Gb
502 ˆ 50 50.00 Gb 12.50 Gb 0.50 Gb
602 ˆ 50 103.68 Gb 25.92 Gb 0.86 Gb

Table 3.2: The improvement (in unit of times) on computation time for the evaluation
of the Jacobian matrix using the FFE technique.

Parameters FFE (square) FFE (circle)
4ˆNiter 2ˆNiterˆNr

Niter “ 5, Nr “ 10 20 100
Niter “ 10, Nr “ 20 40 400
Niter “ 15, Nr “ 30 60 900
Niter “ 20, Nr “ 40 80 1600
Niter “ 25, Nr “ 50 100 2500
Niter “ 30, Nr “ 60 120 3600

proper address management for all receivers, field components and frequencies, which

might be useful for reconstruction. During the inversion, only the LMGF associated

with the selected receivers, field components and frequencies are retrieved, then the

rest of LMGF can be achieved through the above mentioned coordinate transforma-

tion. This proposed 2-step strategy using the FFE technique not only significantly

accelerates the inversion solver, but also is very flexible in the sense of supporting

different data choices of frequencies, field components and receiver stations.

23



Initial guess : 𝜒 = 0 
Iteration number : N = 0  

Calculate 𝒇𝑛
𝑠𝑐𝑡(𝒓𝑅 , 𝒓𝑆) from the forward solver, and calculate 

the residual 𝛿𝒇𝑛
𝑠𝑐𝑡 = 𝒇𝑜𝑏𝑠 𝒓𝑅 , 𝒓𝑆 − 𝒇𝑛

𝑠𝑐𝑡 𝒓𝑅 , 𝒓𝑆 . 

Determine whether 
𝛿𝒇𝑛

𝑠𝑐𝑡 2

𝒇𝑜𝑏𝑠
2 ≤ 𝜉 or 𝑁 > 𝑁𝑚𝑎𝑥  

𝑴𝑛 𝑖, 𝑗 =
𝜕𝒇𝑠𝑐𝑡(𝒓𝑅,𝑖, 𝒓𝑆)

𝜕𝜎𝜏,𝑗
= 𝑬𝑛(𝒓′, 𝒓𝑆)𝑮𝑛(𝒓

′, 𝒓𝑅)𝜏
𝑑𝒓′ 

The cost function at (n+1)th iteration is defined as:  

 𝐹𝑛+1 𝛿𝝌 =
𝛿𝑓𝑛

𝑠𝑐𝑡−𝑴𝑛𝛿𝝌𝑛+1
2

𝒇𝑜𝑏𝑠
2 + 𝛾2 𝛿𝝌𝑛+1

2 

which is equivalent to the following expression as: 

𝑴𝑛
†𝑴𝑛

𝒇𝑜𝑏𝑠 2
+ 𝛾2𝑰 𝛿𝝌𝑛+1 =

𝑴𝑛
†𝛿𝑓𝑛

𝑠𝑐𝑡

𝒇𝑜𝑏𝑠 2
 

Update the 𝝌𝑛+1 = 𝝌𝑛 + 𝛿𝝌𝑛+1 by solving the above equation. 
𝑁 = 𝑁 + 1  

The inversion 
process is finished. 

False 

True 

Figure 3.2: Flow chart of the BIM inversion process.
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4

Application for Controlled-Source Electromagnetic
Method

In Section 4.1, numerical solutions to the scattering of an object in a half space are

presented with reference solutions from [66] to validate the forward solver using the

BCGS-FFT method. Three-dimensional nonlinear inversion for airborne electromag-

netic survey (AEM) is presented in Section 4.2. In Section 4.3, a three-dimensional

nonlinear inversion for borehole-to-surface electromagnetic survey (BSEM) is pre-

sented. Based on the sensitivity study, analysis of the inversion results for AEM and

BSEM are presented in Section 4.4.

4.1 Validation of the Forward Solver

A source current with length of 5 km is along the ŷ axis from x “ ´2.5 km to x “ 2.5

km, at z “ 1 m. Its radiating frequency is 5 Hz. The object has a dimension of 200

m ˆ 200 m ˆ 200 m, and is discretized into 10 ˆ 10 ˆ 10 cells. This object spans

the whole computation domain. Its center is at ẑ-axis with z “ 600 m. 2D planar

receivers (11 ˆ 11) are equally spaced within -500 m and 500 m in both x and y

direction, at z “ 50 m. The object’s conductivity is 1 S/m, whereas the background
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Figure 4.1: Validation of the forward solve for the scattering of an object embedded
in layered background media.

is a half space with conductivity as 0.01 S/m. The model of geometry is shown in

Fig. 4.1. The geometry of the scattering model is shown in Fig. 4.1. The comparison

of the secondary fields from the forward solver using BCGS-FFT method and those

from the reference method is presented in Fig. 4.2, Fig. 4.3 and Fig. 4.4. From these

figures, good match can be observed between the numerical solution from the forward

solver using BCGS-FFT method and these from the reference method of moment,

which validates the accuracy of the forward solver for the scattering of object in

layered media background.

4.2 Airborne Electromagnetic Survey

An inversion experiment using the airborne electromagnetic survey is investigated in

this section, as shown in Fig. 4.5. Two simultaneously operating currents are along
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Figure 4.2: The real and imaginary part of the secondary Ex field scattering from
an object embedded in a half space background medium.

−500 −400 −300 −200 −100 0 100 200 300 400 500
−6

−4

−2

0

2
x 10

−8

X (m)

Re (E
y
sct ) (V/m)

 

 Method of moment

BCGS−FFT

−500 −400 −300 −200 −100 0 100 200 300 400 500
−6

−4

−2

0

2
x 10

−8

X (m)

Im (E
y
sct ) (V/m)

 

 Method of moment

BCGS−FFT

Figure 4.3: The real and imaginary part of the secondary Ey field scattering from
an object embedded in a half space background medium.

27



−500 −400 −300 −200 −100 0 100 200 300 400 500
−4

−2

0

2

4
x 10

−8

X (m)

Re (E
z
sct ) (V/m)

 

 

Method of moment

BCGS−FFT

−500 −400 −300 −200 −100 0 100 200 300 400 500
−4

−2

0

2

4
x 10

−8

X (m)

Im (E
z
sct ) (V/m)

 

 

Method of moment

BCGS−FFT

Figure 4.4: The real and imaginary part of the secondary Ez field scattering from
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Figure 4.5: Configuration for the airborne electromagnetic survey.
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the positive x̂ axis from y “ 1.2 km to y “ 4.8 km, and along positive ŷ axis from

x “ 1.2 km to x “ 4.8 km, at z “ 1 m. There are five working frequencies at 6 Hz,

10Hz, 18 Hz, 30 Hz, and 50 Hz. The reason to choose these frequencies is that their

corresponding skin-depth spans over the vertical dimension of the inversion domain.

The ground surface is at z “ 0 m. 2D planar receivers (26 ˆ 26) are equally spaced

within 1 km and 5 km in both the x̂ and the ŷ direction, and located in the air at

z “ ´50 m. The background is a half space with conductivity as 0.04 S/m. The

center of the inversion domain is at (3 km, 3 km, 650 m). The inversion domain has

the dimensions of 2 km ˆ 2 km ˆ 800 m. There are two objects that are included in

the inversion domain. One has a conductivity of 0.2 S/m, and is centered at (2.38

km, 2.38 km, 570 m). Its size is 360 m ˆ 360 m ˆ 320 m. The other object has a

conductivity of 0.4 S/m, and is centered at (3.62 km, 3.62 km, 570 m). Its size is

360 m ˆ 360 m ˆ 160 m. The whole inversion domain is discretized into 50 ˆ 50 ˆ

20 unknown cells. A 10% uniformly distributed multiplicative noise is added to the

synthetic data.

The convergence performance is shown in Fig. 4.6, which shows that a smooth

convergence is reached through the proposed method. After the frequency hopping

of 50 iterations in total, a relative error of around 8% is obtained. The inverted

conductivity for the three dimensional object is shown from Fig. 4.7. From this

inversion result, we may notice that the object’s location in all three directions can

be inverted accurately, which demonstrates the accuracy of the proposed method. A

detailed sensitivity study for this model will be later presented in the discussion.

4.3 Borehole-to-Surface Electromagnetic Survey

In this section, the borehole-to-surface electromagnetic survey is investigated, as

shown in Fig. 4.8. A vertical current is along positive ẑ axis from z “ 0 to z “ 2.0

km, at x “ 1.8 km and y “ 3.0 km. Same as that in the AEM case, there are five
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Figure 4.6: The convergence performance for the AEM survey.

working frequencies at 6 Hz, 10 Hz, 18 Hz, 30 Hz, and 50 Hz. The ground surface

is at z “ 0 m. 2D planar receivers (26 ˆ 26) are equally spaced within 1 km and

5 km in both the x̂ and the ŷ direction, and spanned on the ground at z “ 1 m.

The background is a half space with conductivity as 0.04 S/m. The center of the

inversion domain is at (3 km, 3 km, 650 m). The inversion domain has the dimension

of 2 km ˆ 2 km ˆ 800 m. There are two objects that are included in the inversion

Figure 4.7: The three dimensional reconstructed conductivity for the AEM survey
(S/m).
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Figure 4.8: Configuration for the borehole-to-surface electromagnetic survey.

domain. One has a conductivity of 0.2 S/m, and is centered at (2.38 km, 2.38 km,

490 m). Its size is 360 m ˆ 360 m ˆ 320 m. The other object has a conductivity

of 0.4 S/m, and is centered at (3.38 km, 3.38 km, 490 m). Its size is 360 m ˆ 360

m ˆ 160 m. The whole inversion domain is discretized into 50 ˆ 50 ˆ 20 unknown

cells. Similar to the AEM case, the synthetic data is added with a 10% uniformly

distributed multiplicative noise.

The convergence performance is shown in Fig. 4.9. Similar to that observed in

the AEM case, a smooth convergence is obtained through the proposed method.

After the frequency hopping of 43 iterations in total, a relative error of around 1% is

obtained. The inverted conductivity for the three dimensional object is shown from

Fig. 4.10.

From the inversion result, we may notice that the object’s location in the xy

plane can be inverted accurately. And the reconstruction of the object close to the

borehole is better than that far from the borehole. The detailed sensitivity study is

presented in the following section.

31



10 20 30 40 50 60
0

0.2

0.4

0.6

0.8

1

Iteration

R
el

at
iv

e 
er

ro
r

Convergent performance

 

 
6 Hz
10 Hz
18 Hz
30 Hz
50 Hz

Figure 4.9: The convergence performance for the BSEM survey.

4.4 Analysis and Discussion

In this section, a sensitivity study of the secondary field on each unknown cell of the

reconstruction domain is performed using the square root of the diagonal elements

of the Hessian matrix H , which is obtained from the Jacobian matrix M as follows

H “MTM (4.1)

Figure 4.10: The three dimensional reconstructed conductivity for the BSEM sur-
vey (S/m).
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Figure 4.11: Sensitivity study for the AEM survey.

The models of this sensitivity study are the same as those in the previous sections.

The sensitivity studies for the AEM survey and the BSEM survey are shown in

Fig. 4.11 and Fig. 4.12 respectively, where the log-10 scale is used.

It can be observed that, for both the AEM and the BSEM survey, the sensitivity

of the measurement data within the reconstruction domain decreases significantly

from the shallower part to the deeper part, which is due to the attenuate nature of

the layered medium Green’s function relating receivers to unknowns. However, in

each horizontal plane, the sensitivity from the AEM survey distributes almost uni-

formly, whereas that from the BSEM survey decreases significantly as the distance

to borehole increases, which is because of the attenuate primary field within the B-

SEM inversion domain. Therefore, the region that can be confidently reconstructed

through the AEM is bigger than that with the BSEM. Besides that, while the sensi-

tivity range from the AEM is around 101.4, the sensitivity range from the BSEM is

around 102.5. This indicates that the Jacobian matrix in the AEM is better condi-

tioned than that in the BSEM. These above mentioned two observations explain the
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Figure 4.12: Sensitivity study for the BSEM survey.

reason that the reconstruction from the AEM in vertical direction is more accurate

than that from the BSEM.
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5

Formulation of the Integral Solver

Since both permittivity and permeability of the complex material are different from

the background, the electric field integral equation (EFIE) and the magnetic field

integral equation (MFIE) need to be combined together to form a coupled field

volume integral equation (CFVIE) to solve for the scattered fields.

5.1 The Coupled Field Volume Integral Equation

This work aims to solve for the electromagnetic fields scattered from an arbitrary

magnetodielectric objects with general anisotropy in layered isotropic background

media. As shown in Fig. 5.1, the background is a planarly layered media with n lay-

ers. The inhomogeneous magnetodielctric objects are located within the layer having

complex isotropic permittivity and permeability as εb and µb. The computational do-

main is a finite support V including the inhomogeneous objects with relative complex

permittivity ¯̄εrprq and permeability ¯̄µrprq. The inhomogeneous objects are scattered

by incident wave Eiprq and H iprq which are generated by impressed sources Jprq

and Mprq within the planarly layered background media. The time dependence of

ejωt is implied in this work.
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By invoking the volume equivalence theorem, the total electric and magnetic flux

densities can be written in terms of the primary fields provided by the background

Green’s function and the secondary fields that are related to the intermediate vari-

ables, magnetic and electric vector potentials A and F . As a result, the EFIE and

MFIE can be found as follows

Ei
prq “ ¯̄ε´1

prqDprq ` jωr1` 1
k2
b

∇∇¨sAprq ` 1
εb
∇ˆ F prq (5.1)

H i
prq “ ¯̄µ´1

prqBprq ` jωr1` 1
k2
b

∇∇¨sF prq ´ 1
µb
∇ˆAprq (5.2)

Aprq “ jωµb

ż

V

¯̄GA
pr, r1q ¨ ¯̄χεpr1qDpr1qdr1 (5.3)

Z1

Zm

ZL-1

Computation 
domain

Inhomogeneous 
magnetodielectric materials 

with general anisotropy

z

x

y

Zm-1

Figure 5.1: The arbitrary inhomogeneous magnetodielctric objects with general
anisotropy embedded in layered media.
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F prq “ jωεb

ż

V

¯̄GF
pr, r1q ¨ ¯̄χµpr1qBpr1qdr1 (5.4)

where εb and µb are equal with the relative permittivity and permeability of the layer

m, which are εm and µm. The electric and magnetic contrasts are defined as follows

¯̄χεprq “ ¯̄ε´1
r prq

“¯̄εrprq ´ εrb ¯̄I
‰

(5.5)

¯̄χµprq “ ¯̄µ´1
r prq

“ ¯̄µrprq ´ µrb ¯̄I
‰

(5.6)

Therefore, from (5.1) to (5.6) we may notice that only electric and magnetic flux

density are the unknowns in EFIE and MFIE since vector potentials A and F can

be expressed in terms of these flux densities.

5.2 Discretization of the CFVIE

In this work, EFIE and MFIE are formulated with electric and magnetic flux density

instead of fields as unknowns because the normal components of these flux densities

are continuous across boundaries. To avoid taking derivatives of background Green’s

function in the EFIE and MFIE, this work uses the weak-from discretization process

proposed by Zwamborn and van den Burg [67]. In this discretization process, not

only the unknowns of electric and magnetic flux density in EFIE and MFIE are

expanded in terms of basis functions, but also those of the magnetic and electric

vector potential are expanded in terms of basis functions. As a result, the integral

kernels associated with background Green’s function are less singular, which in turn

increases the convergence rate.

The computational domain is discretized into uniform cubic cells. The complex

permittivity and permeability are considered to be constant within each small cell.

The location of unknowns defined for flux densities in each cell is shown in Fig. 5.2.
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Figure 5.2: Location of unknowns defined for flux densities in one cell.

After testing the the CFVIE with a set of testing functions wtprq, the weak form

CFVIE can be written as follows

ż

V

wtptq ¨E
i
prqdr “

ż

V

wtptq ¨ ¯̄ε´1
prqDprqdr

` jω

ż

V

wtptq ¨ r1`
1
k2
b

∇∇¨sAprqdr ` 1
εb

ż

V

wtptq ¨∇ˆ F prqdr
(5.7)

ż

V

wtptq ¨H
i
prqdr “

ż

V

wtptq ¨ ¯̄µ´1
prqBprqdr

` jω

ż

V

wtptq ¨ r1`
1
k2
b

∇∇¨sF prqdr ´ 1
µb

ż

V

wtptq ¨∇ˆAprqdr
(5.8)

The flux densities can be expanded as follows

Dpcq
prq “

ÿ

j

d
pcq
j w

pcq
D,jprq (5.9)

Bpcq
prq “

ÿ

j

b
pcq
j w

pcq
B,jprq (5.10)

where wpcqD,jprq, w
pcq
B,jprq are vector basis functions for electric and magnetic flux den-

sities, dpcqj and bpcqj are their corresponding expansion coefficients.
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Figure 5.3: 2D roof-top basis function in one cell.

Because the normal components of flux densities are continuous across cell bound-

aries, volumetric roof-top basis functions are chosen to test (5.1) and (5.2) and expand

the flux densities. Therefore, there will be no surface charges generated from the dis-

continuity of electric or magnetic fields. The roof-top basis functions are defined as

follows

Ψpcq
n prq “ x̂cφ

p1q
nc
pxcqφ

p0q
nc`1pxc`1qφ

p0q
nc`2pxc`2q (5.11)

where

φp0qnc
pxcq “ Πpxc ´ pnc ´

1
2q∆xc; ∆xcq (5.12)

φp1qnc
pxcq “ Λpxc ´ pnc ´ 1q∆xc; 2∆xcq (5.13)

The function φp0qnc
pxcq is a pulse function with a support of ∆xc centered at pnc´

1
2q∆xc and φ

p1q
nc
pxcq is triangular function with a support of 2∆xc centered at pnc ´

1q∆xc. xc is the center of the uniform cubic cell, and ∆xc is the size of the cell. c

is a cyclic index with a period of 3. For better understanding, the 2D roof-top basis

function is illustrated in Fig. 5.3.

Because the tangential components of vector potentials are continuous across cell

boundaries, instead of the volumetric roof-top basis function which is divergence
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conforming, curl conforming basis function should be used. In order to take care of

the divergence operator in the second term of the right hand side in (5.7) and (5.8),

second order basis function should be used, otherwise applying divergence operator

on first order curl conforming basis function will produce zero terms. In a reference

cube where ξ “ tξ1, ξ2, ξ3u P r´1, 1s ˆ r´1, 1s ˆ r´1, 1s, the 3D second order curl

conforming basis functions Φpcqn,mprq are defined as follows.

Φpcqn,mprq “ x̂cφ
p1q
mcpξmcqφ

p2q
mc`1pξmc`1qφ

p2q
mc`2pξmc`2q (5.14)

where

φ
p1q
1 pxq “

1´ x
2 φ

p1q
2 pxq “

1` x
2

φ
p2q
1 pxq “

xpx´ 1q
2 φ

p2q
2 pxq “ 1´ x2 φ

p2q
3 pxq “

xpx` 1q
2

(5.15)

where mc “ 1, 2; mc`1,mc`2 “ 1, 2, 3; ξc “ 2pxc ´ xc;ncq{∆xc. c “ t1, 2, 3u is

the index for component, and 1, 2, 3 refers to x, y and z component respectively,

n “ tn1, n2, n3u is the index for cell, m “ tm1,m2,m3u is the compound index for

nodal points of the second order curl conforming basis function within each cell. The

expressions of the basis functions presented in (5.15) are illustrated in Fig. 5.4.

The vector potentials A and F can then be expanded using the above defined

basis functions as follows

Apcqprq “
ÿ

n

ÿ

m

apcqn:mΦpcqn:mprq (5.16)

F pcqprq “
ÿ

n

ÿ

m

f pcqn:mΦpcqn:mprq (5.17)

where apcqn:m and f pcqn:m are the expansion coefficients, and can be found by

apcqn:m “ x̂c ¨A
pcq
prpcqn:mq (5.18)
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f pcqn:m “ x̂c ¨ F
pcq
prpcqn:mq (5.19)

where the locations of the coefficients rpcqn:m are defined as follows

rpcqn:m “ rn ` x̂cp´1qmc
∆xc

2 `

2
ÿ

w“1
x̂c`w

mc`w ´ 2
2 ∆xc`w (5.20)

The locations of the coefficients for x1 component are illustrated in Fig. 5.5.

Based on the relation between flux densities D, B and vector potentials A, F

shown in (5.3) and (5.4), the discrete values of A and F can be derived using the

trapezoidal integration rule as follows

apcqn,m “ jωµb∆V
ÿ

I

ÿ

c2

¯̄GA
c,c2pr

pcq
n,m, r

pc2q
I q

ÿ

c1

¯̄χc2,c1
ε pr

pc1q
I qd

pc1q
I (5.21)

f pcqn,m “ jωεb∆V
ÿ

I

ÿ

c2

¯̄GF
c,c2pr

pcq
n,m, r

pc2q
I q

ÿ

c1

¯̄χc2,c1
µ pr

pc1q
I qb

pc1q
I (5.22)
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Figure 5.4: Second order curl conforming basis functions.
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Figure 5.5: The locations of the coefficients for x1 component of vector potentials
A and F in cell ti1, i2, i3u.

where I “ ti1, i2, i3u refers to the discrete summation in three dimensions, c, c1 and

c2 refer to the three components of a vector.

¯̄GA
“

»

–

GA
xx 0 0
0 GA

yy 0
GA
zx GA

zy GA
zz

fi

fl (5.23)

GA
xx “ GA

yy “
1

jωµm
GV I,TE
mn (5.24)

GA
zx “ ´

kx
ωk2

ρµm
p
k2
m

k2
zm

B

Bz
GV I,TM
mn ´

B

Bz
GV I,TE
mn q (5.25)

GA
zy “ ´

ky
ωk2

ρµm
p
k2
m

k2
zm

B

Bz
GV I,TM
mn ´

B

Bz
GV I,TE
mn q (5.26)

GA
zz “

1
jωεn

GIV,TM
mn (5.27)
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where, ¯̄GA refers to the dyadic Green’s function for magnetic vector potential in

(5.21). It is described by TE or TM type of transmission line Green’s function

(TLGF) relating current or voltage at z in layer m due to a unit source (voltage or

current) at z’ in layer n. Using the duality theorem, electric vector potential ¯̄GF can

be achieved. See [61,63] for details of the formulation.

Substituting (5.9), (5.10) and (5.16), (5.17), (5.21), (5.22) into (5.7) and (5.8),

the discretized weak form CFVIE, symbolically as (5.28), can be obtained. See [59]

for details of the impedance matrix

Z

„

d
b



“

„

einc

hinc



(5.28)

5.3 Fast Fourier Transform (FFT) and Computational Domain

As we may notice in (5.21) and (5.22), three-dimensional discrete summation is

required to evaluate coefficients for vector potentials. This can be very expensive in

terms of computation time and memory requirement. To overcome this problem, the

FFT algorithm is applied for all three directions in this work. It can be shown that

each component of the dyadic Green’s function is a function of px´ x1, y ´ y1, z, z1q.

Therefore, to realize 3D FFT acceleration, each component should be separated into

two terms, in such a way that one term is a function of px´x1, y´ y1, z´ z1q and the

other term is a function of px´x1, y´y1, z`z1q. This can be shown as follows [24,25]

apcqn,m “ jωµb∆V
!

ÿ

I

ÿ

c2

¯̄GA
c,c2pr

pcq
n,m ´ r

pc2q
I q

ÿ

c1

¯̄χc2,c1
ε pr

pc1q
I qd

pc1q
I

`
ÿ

I

ÿ

c2

¯̄GA
c,c2pr

px,yq
n,m ´ r

px1,y1q
I , rpzqn,m ` r

pz1q
I q

ÿ

c1

¯̄χc2,c1
ε pr

pc1q
I qd

pc1q
I

)

(5.29)
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f pcqn,m “ jωεb∆V
!

ÿ

I

ÿ

c2

¯̄GF
c,c2pr

pcq
n,m ´ r

pc2q
I q

ÿ

c1

¯̄χc2,c1
µ pr

pc1q
I qb

pc1q
I

`
ÿ

I

ÿ

c2

¯̄GF
c,c2pr

px,yq
n,m ´ r

px1,y1q
I , rpzqn,m ` r

pz1q
I q

ÿ

c1

¯̄χc2,c1
µ pr

pc1q
I qb

pc1q
I

)

(5.30)

This implementation produces the first integral kernel on the right hand side

of (5.29) and (5.30) with convolution in all three directions, whereas the second

integral kernel with convolution in the x̂ and ŷ directions but correlation in the ẑ

direction. Followed by a proper periodification process of the electric flux density

and the Green’s function integral, as well as a procedure to turn the linear discrete

convolution and correlation into their cyclic counterparts, the FFT algorithm can

be used to accelerate the matrix vector multiplication in all three directions, which

reduces the computation time from OpN2q to OpN logNq, with N unknowns.

However, as shown in (5.29) and (5.30), the discrete convolution and correlation

involved in the discrete EFIE and MFIE are linear discrete convolution and correla-

tion. In order to implement the FFT algorithm, these linear discrete convolution and

correlation should be turned into cyclic ones with one period fully representing the

computational domain. This involves a proper periodification process of the electric

and magnetic flux density components and the Green’s function integral. To avoid

aliasing in the spatial domain, each dimension of the computation domain must be

at least twice as the original problem size. The extended computational domain

is shown in Fig. 5.6. The orange line encloses the unknowns needed to character-

ize the scattering objects. The black dashed line encloses the enlarged computation

domain. As a result, the computation domain for background Green’s function is en-

larged eight times. For simplicity, one-dimensional cyclic convolution and correlation

of discrete signals are briefly presented as follows
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Figure 5.6: Enlargement of the computational domain to avoid aliasing in the
spatial domain in FFT.

The 1D cyclic convolution is defined as

vpmq “ fpmqbgpmq “
N´1
ÿ

n“0
fpm´ nqgpnq (5.31)

where f and g are discrete signals with length N . The convolution can be evaluated

efficiently through FFT as

vpmq “ F´1
tFGu (5.32)

where F and G are the discrete Fourier transform (DFT) of f and g, respectively.

The 1D cyclic correlation is defined as

rpmq “ fpmq‹gpmq “
N´1
ÿ

n“0
fpm` nqgpnq (5.33)

where f and g are discrete signals with length N . The correlation can be evaluated
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efficiently through FFT as

rpmq “ F´1
tF 1Gu (5.34)

where

F 1piq “ F pN ´ iq (5.35)

5.4 Computational Cost for the Dyadic Green’s Function

As noted in the previous section, the computational domain for the Green’s func-

tion spans the whole enlarged domain. Therefore, straightforward evaluation of the

dyadic Green’s function can still be very expensive since the involved Sommerfeld

integral is numerically evaluated. Using the axial symmetry property of the dyadic

Green’s function in the horizontal plane, in this work, interpolation technique is

used to reduce the number of Sommerfeld integral evaluations. Therefore, only Som-

merfeld integrals for points on half of the diagonal in each horizontal slice of the

computation domain is required to be computed, while those for other points can be

obtained simply by using interpolation from the points on the diagonal. For better

understanding, the points need to be evaluated for Sommerfeld integrals are illus-

trated in Fig. 5.7. The orange line encloses the unknowns needed to characterize

the scattering objects. The black dashed line encloses the enlarged computation do-

main. The green dash-dotted line encloses the region that requires the evaluation of

Sommerfeld integrals.

As shown in Fig. 5.5, there are four different groups of points, indicated by four

different kinds of colors, required to be computed for x1 component of the magnetic

vector potential A. For instance, the face center point, indicated by blue color,

is denoted by (n,c,c), which means that this group of points is the nodal points

in x̂ direction, and center points in directions of ŷ and ẑ. Therefore, the total

three components of the magnetic vector potential A require 12 groups of points
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to be evaluated. But these 12 groups are not all different, they belong to the 7

different groups denoted by (n,n,n), (n,n,c), (n,c,n), (n,c,c), (c,n,n), (c,n,c), and

(c,c,n), because the cell center point (c,c,c) is not required to be computed. Using

the axial symmetry property of the dyadic Green’s function in the horizontal plane,

only 5 out of these 7 groups are required to be evaluated. For instance, magnetic

vector potentials at the (n,c,c) points can be obtained from those at the (c,n,c) points

simply by rotating the direction of x̂ to that of ŷ.

To better demonstrate the efficiency of the CG-FFT method combined with in-

terpolation technique. Comparison of the total number of Sommerfeld integral eval-

uations needed for magnetic vector potential A is performed among plain method of

moment (MoM), CG-FFT method and CG-FFT method combined with interpola-

tion technique.

x

y

z

Other
period

Other
period

Other
period

Figure 5.7: Half of the diagonal xz or yz plane of the computation domain need
to be evaluated for Sommerfeld integrals.
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1. As shown in (5.23)-(5.27), only 4 Sommerfeld integral evaluations are needed for

each dyadic Green’s function evaluation using plain MoM, while 8 Sommerfeld

integral evaluations are needed for methods using FFT since each component

of the Green’s function is further separated into 2 terms, z´ z1 term and z` z1

term.

2. As noted in the previous section, for methods using FFT, to avoid aliasing in

the spatial domain, the computation domain for dyadic Green’s function is 8

times larger than that involved in plain MoM.

3. Because the second order curl conforming basis function is used to expand the

magnetic vector potential A, 5 groups of points are needed to be evaluated for

all methods.

4. With the benefits from convolution and correlation, the computational cost for

methods with FFT is reduced from OpN2q for method using direct computa-

tion, such as plain MoM, to OpN logNq.

5. Only points on half of the diagonal xz or yz plane of the computation domain

need to be evaluated for method using the interpolation technique.

Assuming the size of the inhomogeneous object isMλˆNλˆPλ and the number

of sampling points per wavelength is K, based on the above mentioned aspects of

computational requirement, the total number of Sommerfeld integral evaluations

needed for plain MoM is 20M2N2P 2K6 while that for the CG-FFT algorithms are

320MNPK3 and 160pM ` 1qPK2 for direct evaluation and interpolation assuming

M ě N , respectively. See Table 5.1 for the required number of Sommerfeld integral

evaluations with increasingM , N and P , assuming K “ 10. It can be observed from

the table that, a significant improvement can be obtained by using the CG-FFT

method combined with the interpolation technique.
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Table 5.1: Comparison of the total number of Sommerfeld integral evaluations needed
in different methods.

Problem size Plain MoM Plain CG-FFT CG-FFT with interpolation
MλˆNλˆ Pλ 20M2N2P 2K6 320MNPK3 160pM ` 1qPK2

M “ N “ P “ 1 2.00ˆ 107 3.20ˆ 105 3.20ˆ 104

M “ N “ P “ 4 8.19ˆ 1010 2.05ˆ 107 3.20ˆ 105

M “ N “ P “ 8 5.24ˆ 1012 1.64ˆ 108 1.15ˆ 106

M “ N “ P “ 16 3.36ˆ 1014 1.31ˆ 109 4.35ˆ 106

M “ N “ P “ 25 4.88ˆ 1015 5.00ˆ 109 1.04ˆ 107

M “ N “ P “ 50 3.13ˆ 1017 4.00ˆ 1010 4.08ˆ 107
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6

Applications for Magnetodielectric Materials in
Layered Media

In this chapter, four cases of magnetodielectric material will be presented to demon-

strate the accuracy and efficiency of the proposed method. The settings of the

background three-layer medium are the same for all the four cases. The top layer is

air with relative permittivity and permeability as 1. The relative permittivity and

permeability for the middle layer are 2. In the bottom layer, the relative permittivity

and permeability are 2 and 5. While the top and bottom boundary for the first three

cases are at z “ 0.5 m and z “ ´0.5 m, respectively, these for the fourth case are

at z “ 5 m and z “ ´5 m, respectively. The centers of the objects in all the cases

are at the origin which is in the middle layer. The working frequency for the first

three cases is 30 MHz, whereas that for the fourth case is 300 MHz. In the first

three cases, the scattering from objects with shapes of sphere, block and cylinder

are investigated, whereas the fourth case studies the scattering from a large sphere.

While the sizes of the objects are 0.1λ for the first three cases, in the fourth case,

the object has the size of 4λ, where λ is the wavelength in the middle layer which

50



Inner sphere

Core sphere

Dipole source
Receivers

z
y

x

Outer sphere

Z1

Z2

Figure 6.1: Scattering of a three-layer sphere with general anisotropy in a three-
layer background medium.

has the object.

In the first three cases, the computation domain has the size of 0.5 m ˆ 0.5

m ˆ 0.5 m, so that it can enclose the whole inhomogeneous object. Two numerical

solutions obtained from the mixed-order BCGS-FFT, using 203 and 323 cells, are pre-

sented to compare with the commercial simulation software, COMSOL Multiphysics,

which is based on the finite element method. In the fourth case, the computation

domain is a cube with the size of 2 m ˆ 2 m ˆ 2 m, and is discretized using 603, 783

and 903 cells. The numerical solutions are presented to show the convergence of the

proposed method for the scattering of the large object.

6.1 A Three-Layer Sphere

The inhomogeneous magnetodielectric object simulated in this section is a three-layer

sphere, shown in Fig. 6.1. The radius of the core, inner sphere and outer sphere are
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0.15 m, 0.20 m, and 0.25 m, respectively. The medium inside the core is the same

as the middle layer which has the relative permittivity and permeability as 2. The

relative permittivity and permeability of the inner and outer sphere have general

anisotropy, and are shown as follows

¯̄εinnerr “ ¯̄µinnerr “

»

–

4´ 2j 2j 0
´2j 6´ 2j 0

0 0 8´ 2j

fi

fl (6.1)

¯̄εouterr “ ¯̄µouterr “

»

–

8´ 2j 2j 0
´2j 6´ 2j 0

0 0 4´ 2j

fi

fl (6.2)

The source is an electric dipole oriented in the positive ẑ direction. It is located

at x “ 0, y “ 0, and z “ 0.35 m. The receivers are along x̂-axis from x “ ´0.5

m to x “ 0.5 m at z “ 0.4 m, and y “ 0 m. Two solutions from the mixed-order

BCGS-FFT, using 203 and 323 cells, are presented to compare with the COMSOL

results. The dominant components of the total field, Ex, Ez and Hy, are shown in

Fig. 6.2, Fig. 6.3 and Fig. 6.4, respectively. From these figures, the good match can

be observed between the numerical solution from the developed method and these

from the COMSOL, which validates the accuracy of the proposed solver. To obtain

these results, the proposed method with 203 cells uses 50.6 seconds and 756.0 MB

RAM, whereas the COMSOL costs around 324.0 seconds and 9.8 GB RAM.

6.2 A Two-Layer Block

In this section, the megnetodielectric object is a two-layer block. The edge length of

the core block and outer block are 0.3 m and 0.5 m, respectively. The geometry is

shown in Fig. 6.5. The medium inside the core is the same as the middle layer which

has the relative permittivity and permeability as 2. The relative permittivity and

permeability of the outer block have general anisotropy, and are shown as follows
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Figure 6.2: The total Ex field of a three-layer sphere with general anisotropy in a
three-layer background medium.

Figure 6.3: The total Ez field of an three-layer sphere with general anisotropy in
a three-layer background medium.
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Figure 6.4: The total Hy field of a three-layer sphere with general anisotropy in a
three-layer background medium.

Core block

Dipole source
Receivers

z
y

x

Outer block

Z1

Z2

Figure 6.5: Scattering of a two-layer block in a three-layer background medium.
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Figure 6.6: The total Ey field of a two-layer block in a three-layer background
medium.

¯̄εouterr “

»

–

5` j 2j j
´2j 8` 2j 0
´j 0 6` j

fi

fl (6.3)

¯̄µouterr “

»

–

3` j ´2j ´j
2j 6` j 0
j 0 5` 2j

fi

fl (6.4)

The magnetic dipole source is oriented in the positive ẑ direction, and is located

at x “ 0, y “ 0, and z “ 0.35 m. The receivers are located as those in the first case.

As shown in Fig. 6.6, Fig. 6.7 and Fig. 6.8, the dominant components of the total

field, Ey, Hx and Hz agrees very well. As for the efficiency, the proposed method with

203 cells uses 77.0 seconds and 781.0 MB RAM for this case, whereas the COMSOL

costs around 347.0 seconds and 9.1 GB RAM.
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Figure 6.7: The total Hx field of a two-layer block in a three-layer background
medium.

Figure 6.8: The total Hz field of a two-layer block in a three-layer background
medium.
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Figure 6.9: Scattering of a two-layer cylinder in a three-layer background medium.

6.3 A Two-Layer Cylinder

In this section, the scattering from a two-layer cylinder is investigated. The radius of

the core cylinder and outer cylinder are 0.3 m and 0.5 m, respectively. The geometry

is shown in Fig. 6.9. The medium inside the core is the same as the middle layer

which has the relative permittivity and permeability as 2. The relative permittivity

and permeability of the outer cylinder have general anisotropy, and are shown as

follows

¯̄εouterr “

»

–

3` 2j j 2j
´j 5` j 0
´2j 0 6` 2j

fi

fl (6.5)

¯̄µouterr “

»

–

5` 2j ´j ´2j
j 6` 2j 0
2j 0 2` j

fi

fl (6.6)

57



Figure 6.10: The total Ey field of a two-layer cylinder in a three-layer background
medium.

The magnetic dipole source is located at x “ 0, y “ 0, and z “ 0.35 m, and

oriented in the positive ẑ direction. In this case, the receivers are placed in the top

layer and along x̂-axis from x “ ´0.5 m to x “ 0.5 m at z “ 0.6 m, and y “ 0

m. The comparison of the numerical solutions shown in Fig. 6.10, Fig. 6.11 and

Fig. 6.12 validates the accuracy of the proposed solver. In this case, the proposed

method with 203 cells uses 67.8 seconds and 819.0 MB RAM, whereas the COMSOL

costs around 357.0 seconds and 9.7 GB RAM.

6.4 A Large Three-Layer Sphere

The inhomogeneous magnetodielectric object simulated in this section is a three-layer

sphere, which is similar to the geometry shown in Fig. 6.1, but has a much bigger

size. The radius of the core, inner sphere and outer sphere are 0.9 m, 0.95 m, and 1.0

m, respectively. The medium inside the core is the same as the middle layer which

has the relative permittivity and permeability as 2. The relative permittivity of the

inner and outer sphere are 3. The relative permeability of the inner and outer sphere
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Figure 6.11: The total Hx field of a two-layer cylinder in a three-layer background
medium.

Figure 6.12: The total Hz field of a two-layer cylinder in a three-layer background
medium.
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Figure 6.13: The real and imaginary part of the secondary Ex field of a large
three-layer sphere with general anisotropy in a three-layer background medium.

have general anisotropy, and are shown as follows

¯̄µinnerr “

»

–

8´ 0.8j 2j 0
´2j 8´ 0.8j 0

0 0 6´ 0.6j

fi

fl (6.7)

¯̄µouterr “

»

–

6´ 0.6j 2j 0
´2j 6´ 0.6j 0

0 0 8´ 0.8j

fi

fl (6.8)

Similar to the first case, the source is an electric dipole oriented in positive ẑ

direction. But it is moved further away from the origin and located at x “ 0, y “ 0,

and z “ 4 m. The receivers are along x̂-axis from x “ ´1.5 m to x “ 1.5 m at z “ 3

m, and y “ 0 m. Three solutions from the mixed-order BCGS-FFT, using 603, 783

and 903 cells, are presented to show the convergence of the proposed method for the

scattering of the large object. As shown in Fig. 6.13, Fig. 6.14 and Fig. 6.15, the

good convergence can be observed from the proposed method for the scattering of

the large object.
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Figure 6.14: The real and imaginary part of the secondary Ey field of an large
three-layered sphere with general anisotropy in a three-layer background medium.

Figure 6.15: The real and imaginary part of the secondary Hy field of a large
three-layered sphere with general anisotropy in a three-layer background medium.
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7

One-Dimensional Inversion for Tilted Triaxial
Conductivity (TTC) in a Dipping Layered

Formation

In this chapter, an inversion method is investigated to determine triaxially anisotropic

conductivity tensor in a dipping and layered formation. In addition to three compo-

nents and three Euler angles of each layer, bed boundaries and bedding dip θ and

azimuth φ are also part of the unknown parameters.

As briefly described in the Introduction, the conductivity tensor of a triaxially

anisotropic formation is described by three conductivity components, σx, σy, and σz,

and three Euler angles, α, β, and γ, given by

σ “ Rt
βR

t
αR

t
γ

»

–

σx
σy

σz

fi

flRγRαRβ (7.1)

where σ is defined in the bedding coordinate system; Rγ, Rα, and Rβ are three

elemental rotation matrices of the z ´ y1 ´ z2 sequence; and superscript t designates
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Figure 7.1: The one-dimensional inversion model of the tilted triaxial conductivity
tensor in a dipping layered formation.

matrix transposition. The corresponding rotation matrices are defined as follows,

Rγ “

»

–

cos γ sin γ 0
´ sin γ cos γ 0

0 0 1

fi

fl

Rα “

»

–

cosα 0 ´ sinα
0 1 0

sinα 0 cosα

fi

fl

Rβ “

»

–

cos β sin β 0
´ sin β cos β 0

0 0 1

fi

fl

The one-dimensional inversion model of the tilted triaxial conductivity in a dipping

layered formation is shown in Fig. 7.1. The Gauss-Newton method is employed

to solve the inversion problem and the multiplicative regularization technique for

determining the regularization parameter.

There are six principal coordinate systems that can give the same conductivity

tensor. Permutation is performed to eliminate the ambiguity of inversion results
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caused by the ambiguity of the principal coordinate system. Three new Euler angles

after permutation for each layer can be found by solving a nonlinear equation. The

forward solver used in the inversion is a two-dimensional Fourier transform method

that is able to efficiently model the tool response in a dipping layered formation.

7.1 Gauss-Newton Minimization Approach

This one-dimensional inversion can be formulated as an optimization problem for

which the cost function is given by

Cpx̄q “
1
2
“

}Wd ¨ ēpx̄q}
2
` λ}Wx ¨ px̄´ x̄pq}

2‰ (7.2)

where,Wd is the weighting matrix of measurement data,Wx is the weighting matrix

of the model, x̄p is the prescribed model, and is chosen to be the model of the

previous iteration. ēpx̄q is the difference between the measured and the simulated

data. Symbol λ is the regularization parameter determined by the multiplicative

regularization technique, and is defined as follows

λ “ }δ}2 ¨ Cpx̄kq (7.3)

where x̄k is the model at the current step, and δ is a constant parameter which

is determined by numerical experiment. From (7.3), it can be observed that the

multiplicative regularization technique is designed in such a way that the value of

the regularization term is big in the beginning iterations of the inversion process,

as a result, the steepest descent direction dominate the search direction. As the

iteration continues, the value of the regularization term gradually becomes smaller

so that Gauss-Newton direction is predominant, which is appropriate because the

assumption of the quadratic model for the cost function is more accurate as the

inversion solution is getting closer to the minimum of the original unregularized cost

function.

64



Taking the first three terms of the Taylor-series expansion of the cost function at

the current k-th step will form the quadratic model as follows,

Cpx̄k ` p̄kq « Cpx̄kq ` ḡ
T
px̄kq ¨ p̄k `

1
2 p̄

T
k ¨Gpx̄kq ¨ p̄k (7.4)

where, ḡk and Gpx̄kq are the gradient vector and the Hessian matrix of the cost

function at current k-th step, respectively. p̄k is the Gauss-Netwon update, and

defined as p̄k “ x̄k`1 ´ x̄k.

The stationary point (a minimum, maximum or saddle point) of the right hand

side of (7.4) is found only if its gradient vector vanishes at p̄k. Assuming Wd and

Wx as the identity matrix, the Gauss-Netwon update can be found by solving the

following linear equation system.

“

J tpx̄kqJpx̄kq ` λI
‰

p̄k “ ´J
t
px̄kqēpx̄kq (7.5)

Backtrack line search is used when the cost function is poorly modeled by the

quadratic form in the vicinity of x̄k. This method is designed to search for an appro-

priate step-length vk along the direction of p̄k by satisfying the Armijo’s condition,

so that the cost function is ensured to decrease sufficiently at each iteration.

For the solution to stay within a feasible solution space the following nonlinear

transformation is used

x “
xmax ` xmin

2 `
xmax ´ xmin

2 sin c (7.6)

where c is the new parameter found directly in inversion, ´8 ă c ă `8; x, the

original parameter, is within a range between xmin and xmax.

7.2 Ambiguity Study of Euler Angles and Restart Strategy

From (7.1), it can be observed that the conductivity tensor σ of the bedding coordi-

nate system relates to both sine and cosine function of the Euler angles α, β, and γ.
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These Euler angles by definition can be in the range of modulo 2π. Because sine and

cosine function are periodic function, it can be found that different combinations of

α, β, and γ can give the same σ in the bedding coordinate system if the range of

r0, 2πs is used for the three angles.

This ambiguity of Euler angles can be studied through the Frobenius norm dis-

tance D between the imagined inverted conductivity tensor σi and the true conduc-

tivity tensor σt, which is defined as follows

D “ }|σi ´ σt}|F “

g

f

f

e

3
ÿ

m“1

3
ÿ

n“1
|σi,mn ´ σt,mn|2 (7.7)

Without loss of generosity, the relation of the Frobenius norm distance D and

the Euler angles can be investigated by settings as follows. σi and σt share the same

conductivity components σx, σy, and σz, which are setted as 1 mS/m, 20 mS/m and

50 mS/m, respectively. The Euler angles of the σt are all fixed as π{3, whereas the

Euler angles of the σi are swept from 0 to 2π.

Based on this study of the relation of the Frobenius norm distance D and the

Euler angles, we notice that the following three symmetry relationships hold for σ:
σ|γ`π “ σ|γ,

σ|2π´α,β`π “ σ|α,β,

σ|α`π,π´γ “ σ|α,γ.

(7.8)

For instance, the second relation σ|2π´α,β`π “ σ|α,β in (??) can be found through

the distance function of α and γ. Because that relation simply means that folding

the distance function at β1 “ β along the line of α “ π will produce the distance

function at β2 “ β` π. The case for β “ π{3 is shown in Fig. 7.3. Using these three

equations, the range of β and γ can be reduced to r0, πs and r0, π{2s, respectively. α

remain in the range of r0, 2πs. By doing so, the ambiguity of α, β, and γ is eliminated

and the inversion solution space is reduced to 1/8 of the original space.
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Although it can be found that there is only one global minimum left in the reduced

solution space for a homogenous formation, in the face of noisy data, the response

surface might change, therefore, other local minimums might come up. In order

to ensure the inversion process to find the global minimum, an automatic restart

strategy is used in this work as follows.

When the value of the cost function does not tend to decrease, the Gauss-Newton

update is chosen as x̄j`1
0 “ x̄jk ` φp̄k, where j is the index of the restart round, and

k is the iteration number in each restart round. The value of φ can be determined

through numerical experiments, and is chosen as 0.1 in this work.

7.3 Ambiguity Study of the Inversion Results

As shown in Fig. 7.2, there are six principal coordinate systems that can be used to

define σ, each of which is associated with a permutation of σx, σy, and σz in (7.1).

The triplet of conductivity below each subplot is the corresponding permutation.

In the inversion, the principal coordinate system is not specified. Therefore, which

coordinate system the results are in can be dependent on the level of data noise or the

initial guess. To eliminate this ambiguity, repermutation of the results is necessary

once the inversion is completed.

This is done by first rearranging three conductivity components in the selected

principal coordinate system and then finding the three new angles. The first step

is straightforward. The three new angles can be found by an algebraic operation or

by solving the following nonlinear equation, which describes the conductivity σ in

terms of three conductivity components and Euler angles

σpσ̄P , ēP q “ σpσ̄INV , ēINV q (7.9)

where σ̄INV is a vector of σx, σy, and σz from inversion directly, and ēINV is the

vector of three Euler angles. Vector σ̄P is the conductivity vector in the new princi-
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Figure 7.2: Six principal coordinate systems.

pal coordinate system, which is the coordiate system of the synthetic ’true’ model.

Therefore, ēP is the only unknown vector to be solved for the three new angles. This

nonlinear problem can be solved through the following optimization

ēP “ arg min
ēP
}σpσ̄P , ēP q ´ σpσ̄INV , ēINV q}2 (7.10)

This process can be viewed as a coordinate transformation of Euler angles as-

sociated with the inverted principle coordinate to the angles associated with the

synthetic true model’s principle coordinate. Note that the synthetic true model is

only one of the six principal coordinate systems that can be used to define σ. These

six principal coordinate systems are all true models and equivalent to each other,

since they share the same σ in the bedding coordinate system. The only reason to

solve (7.9) using the synthetic true model’s coordinates is to see how accurate the

inversion results are. In other words, the inversion process does not require any prior

information of the true model.
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Figure 7.3: The distance function of α and γ. Figure (a) β1 “ π{3, (b) β2 “ 4π{3,
(c) folding (a) along the line of α “ π, (d) difference between (b) and (c).
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8

Application for TTC in a Dipping Layered
Formation

In Section 8.1, the sensitivity study is presented for a two-layer triaxially anisotropic

formation, which is described by three conductivity components, σx, σy, and σz,

three Euler angles, α, β, and γ, as well as bed boundaries z, bedding dip θ and

azimuth φ. Then, in Section 8.2, one-dimensional inversion for a four-layer triaxially

anisotropic formation will be explored using synthetic data with noise.

8.1 Sensitivity Study

Table 8.1 shows a two-layer dipping formation with tilted triaxial conductivity in

each layer. The bedding dip θ and azimuth φ are 5 and 60 degrees, respectively.

The units of conductivity, Euler angles, and bed boundaries are mS/m, degrees, and

Table 8.1: A two-layer triaxially anisotropic formation.
σx σy σz α β γ z

Layer 1 20 30 10 150 90 20 0
Layer 2 50 60 20 200 135 45
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Figure 8.1: Sensitivity function of data on conductivity components.

feet, respectively. In the study, a variation of 0.1 is applied to each parameter. The

synthetic data is provided by a tool (designated by 39H in Schlumberger) moving

equally from z “ ´10 feet to z “ 10 feet with a spacing of 0.5 feet. The operation

frequency of the tool is 26.8 kHz.

The sensitivity study is performed mainly using the Jacobian matrix defined as

follows

J “

»

—

—

—

—

—

–

BS1{x1 ¨ ¨ ¨ BS1{xi ¨ ¨ ¨ BS1{xn
... . . . ... . . . ...

BSj{x1 ¨ ¨ ¨ BSj{xi ¨ ¨ ¨ BSj{xn
... . . . ... . . . ...

BSm{x1 ¨ ¨ ¨ BSm{xi ¨ ¨ ¨ BSm{xn

fi

ffi

ffi

ffi

ffi

ffi

fl

(8.1)

where S is the simulated response vector as predicted by the vector of model pa-

rameters x, m is the number of measurements, n is the number of parameters to be

inverted.

The first sensitivity study is based on the columns of the Jacobian matrix, which

shows the sensitivity function of data on each parameter. The sensitivity function
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Figure 8.2: Sensitivity function of data on Euler angles.
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Figure 8.3: Sensitivity function of data on bedding related parameters.
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Figure 8.5: Confidence spectrum for parameters based on overall data sensitivity.
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of data on conductivity components, Euler angles and bedding related parameters

is shown in Fig. 8.1, Fig. 8.2, and Fig. 8.3, respectively. It can be observed from

Fig. 8.1 and Fig. 8.2 that, data obtained from certain layer has higher sensitivity on

the parameters of that layer. For example, data from the 2nd layer is more sensitive

on the 2nd layer’s parameters than on those of the 1st layer.

The second study of sensitivity is based on the square root of the diagonal el-

ements of JJT , which indicates the sensitivity strength of each data to the overall

parameters, and is a vector of length m. This is shown in Fig. 8.4, which indicates

that data from the 2nd layer is more sensitive than that from the 1st layer. This

might due to the higher conductivity in the 2nd layer. With this information, we

are able to put more weight on data from the 2nd layer and choose a more appro-

priate data weighting matrix. However, in this work, we assume there is no prior

information about the formations, and the identity matrix is chosen as the weighting

matrix.

In the third sensitivity study, the square root of the diagonal elements of JTJ , of

length n, is used to study the confidence spectrum for parameters based on overall

data sensitivity, shown in Fig. 8.5, where the parameter index is defined from 1 to

15, for σx1, σy1, σz1 , α1, β1, γ1, σx2, σy2, σz2 , α2, β2, γ2, bedding boundary z1,

bedding dip θ and azimuth φ, respectively.

From Fig. 8.5, we can observe that the confidence spectrum is decreased from the

bedding boundary z1, bedding dip θ and azimuth φ to conductivity components (σx,

σy, σz), to Euler angles (α, β, γ). This means that compared with Euler angles, bed-

ding dip and azimuth can be inverted with higher confidence. Further investigation

into Fig. 8.5 will tell us that within Euler angles, inversion for α (indexed as 4 and

10) has higher certainty than that for β and γ. This observation will be validated in

the inversion example shown in the next section.
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Table 8.2: A four-layer triaxially anisotropic formation.
σx σy σz α β γ z

Layer 1 20/5 50/5 10/5 90/50 150/50 45/50 -4/-3
Layer 2 50/5 10/5 5/5 200/50 75/50 20/50 0/1
Layer 3 5/5 20/5 30/5 5/50 30/50 60/50 5/4
Layer 4 100/5 50/5 10/5 75/50 110/50 30/50

Table 8.3: The four-layer triaxially anisotropic formation found with inversion.
σx σy σz α β γ z

Layer 1 20.00 50.02 10.07 90.36 151.57 45.36 -4.01
Layer 2 4.98 49.89 9.96 96.29 146.94 18.97 0.00
Layer 3 5.04 30.06 19.92 94.03 0.36 87.42 5.00
Layer 4 99.83 49.83 9.99 75.04 110.76 29.81

8.2 Inversion for a Four-layered Triaxially Anisotropic Formation

Table 8.2 shows a four-layer dipping formation with tilted triaxial conductivity in

each layer. There are two values for each parameter, with the left one being the true

value, and the right one the initial value fed to the inversion. The bedding dip θ

and azimuth φ are 5 and 150 degrees, respectively. Their initial guesses are both

50 degrees. The units of conductivity, Euler angles, and bed boundaries (designated

by z) are mS/m, degrees, and feet, respectively. The synthetic data is provided by

a tool (designated by 39H in Schlumberger) moving equally from z “ ´15 feet to

z “ 15 feet with a spacing of 0.25 feet. The operation frequency of the tool is 26.8

kHz. In the inversion, a 2.5% uniformly distributed multiplicative noise is added to

Table 8.4: Results of layers 2 and 3 after permutation.

σx σy σz α β γ
Layer 2 49.89 9.96 4.98 199.95 74.62 18.73
Layer 3 5.04 19.92 30.06 4.78 33.07 57.37
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the synthetic data.

The results for conductivity, Euler angles, and bed boundaries from inversion are

summarized in Table 8.3. The inverted bedding dip and azimuth are 4.99 and 149.26

degrees, respectively. Obviously σx, σy, σz, α, β, and γ of layers 1 and 4, as well

as bed boundaries, bedding dip, and azimuth, match well with their true values.

However, the conductivity and Euler angles of layers 2 and 3 do not seem to agree

with those in the true model. This superficial disagreement is due to the ambiguity

of the principal coordinate system mentioned in the previous Chapter. The synthetic

true model is only one of the six principal coordinate systems that can be used to

define σ. These six principal coordinate systems are all true models and equivalent

to each other, since they share the same σ in the bedding coordinate system. In order

to see how accurate the inversion results are, a coordiate transformation should be

performed for Euler angles associated with the inverted principle coordinate to the

angles associated with the synthetic true model’s principle coordinate. After this

coordinate transformation, the rearranged results are shown in Table 8.4. Good

match with the true model can be observed.

From the inversion results, it can be observed that the inversion for bedding dip

and azimuth has higher accuracy than that for Euler angles. Besides that, within

Euler angles, the inversion for α has higher accuracy than that for β and γ. This

confirms the observation obtained from the sensitivity study in the previous section.
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9

Conclusion and Future Work

9.1 Reconstruction for Object in Layered Background Media

A fast three-dimensional nonlinear reconstruction method is proposed for controlled-

source electromagnetic method. While the forward scattering problem is solved by

the stabilized bi-conjugate gradient FFT (BCGS-FFT) method to give a rigorous

and efficient modeling, the Bore iterative method along with the multiplicative reg-

ularization technique is used in the inversion through frequency hopping. In the

inversion, to speed up the expensive computation of the sensitivity matrix relat-

ing every receiver station to every unknown element, a fast field evaluation (FFE)

technique is proposed using the symmetry property of the layered medium Green’s

function combined with a database strategy. For a large-scale problem, working with

the measurement data set that has a 90o symmetry, hundreds time of acceleration in

the computation of the Jacobian matrix can be achieved through the FFE technique,

whereas using the data set that has a circle symmetry, thousands time of accelera-

tion can be obtained. The borehole-to-surface and airborne electromagnetic survey

methods have been investigated using synthetic data. After frequency hopping of

around 50 iterations in total, the locations of objects in horizontal plane can be ac-
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curately reconstructed from both the AEM and the BSEM survey data. Although

the vertical locations of objects can be accurately inverted using the AEM data, it

is observed that the objects’ vertical locations are less accurately inverted from the

BSEM data, and the reconstruction of the object close to the borehole is better than

that far from the borehole. These observations have been explained by the compar-

ative study of the sensitivity from the AEM and the BSEM survey methods. The

sensitivities from both survey methods decrease rapidly from the shallower area to

the deeper area. However, the sensitivity from the AEM at each horizontal plane

distributes almost uniformly, whereas that from the BSEM decreases rapidly as the

distance to the borehole increases. Therefore, it is more challenging to reconstruct a

large-scale space through the BSEM survey than from the AEM survey.

Recently, as exploration for hydrocarbon resources moves to increasingly com-

plex geological environments, simultaneous joint inversion using multiphysics mea-

surement data has drawed lots of attention in the industry [68–70]. The developed

inversion method is based on the modeling of only electromagnetic scattering, in

future, the scattering of other physical waves, such as seismic and acoustic waves,

should also be modeled and integrated into the inversion solver to provide an im-

proved imaging in geophysical exploration. Another improvement can be obtained

from choosing a different regularization term. Due to the L2 norm nature of the

regularization used in the current inversion solver, the edges of the unknown objects

are not well preserved. Therefore, the regularization of L1 norm can be investigated

and implemented into the inversion to achieve a edge-preserved reconstruction.

9.2 Scattering from Magnetodielectric Objects in Layered Media

A fast solver using the mixed-order stabilized biconjugate-gradient fast Fourier trans-

form (mixed-order BCGS-FFT) is developed for electromagnetic scattering from in-

homogeneous magnetodielectric objects with general anisotropy in layered media,
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by solving the electric integral equation (EFIE) and magnetic integral equation (M-

FIE) simultaneously. Several numerical examples have been presented to validate the

accuracy of the proposed method by comparing with the commercial software, COM-

SOL multiphysics. Good convergence performance of the proposed method has been

observed for the scattering of a large magnetodielectric object embedded in layered

media, by gradually increasing the mesh number. The recursive matrix method com-

bined with an interpolation technique has been used to evaluate the layered medium

Green’s functions. The three-dimensional FFT acceleration for integral kernels asso-

ciated with layered medium Green’s function have been implemented. With the help

of these features, the proposed method is very efficient in both computation time

and memory requirement. For the cases compared with the COMSOL, the proposed

method is not only around 5 times faster, but also uses 10 times smaller memory.

In this work, although the magnetodielectric scatterer are of general anisotropy,

permittivity and permeability of the layered background media are assumed as

isotropic. To accommodate a wider range of applications in photonic band gap

(PBG) materials and metamaterials, the layered medium Green’s function can be

replaced by a more general Green’s function that solves for fields in a stratified

medium of general anisotropy. Then, the three-dimensional FFT acceleration can

be implemented for integral kernels associated with the updated Green’s function

through the similar process presented in this work.

9.3 Inversion for Triaxially Anisotropic Formation

One-dimensional inversion method has been presented to determine tilted triaxial

conductivity in a dipping layered formation using triaxial induction measurements.

The Gauss-Newton method has been employed to solve the inversion problem and the

multiplicative regularization technique for determining the regularization parameter.

The ambiguity of Euler angles α, β, and γ is eliminated, using the three symmetry
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relationships for Euler angles. Because there are six principal coordinate systems

that can give the same conductivity tensor, permutation is performed to eliminate

the ambiguity of inversion results caused by the ambiguity of the principal coordi-

nate system. Numerical experiments are conducted on synthetic models to study

the feasibility of determining triaxially anisotropic conductivity from triaxial induc-

tion data. Great match with synthetic true model is observed from the inversion

results. It takes about 150 steps for the inversion to arrive at the solution. The

slow convergence is mainly caused by the local minimums encountered during the

optimization process, which might due to the highly nonlinear nature of the problem.

The behavior of the nonlinear transformation needs to be further explored. In the

meantime, global optimization methods, such as simulated annealing and genetic

algorithm [71–76], can be investigated to see if a more efficient inversion path can be

found.

80



Bibliography

[1] Z. Q. Zhang and Q. H. Liu, “Applications of the BCGS-FFT method to 3-D
induction well logging problems,” IEEE Trans. Geosci. Remote Sens., vol. 41,
no. 5, pp. 998–1004, Nov. 2003.

[2] G. L. Wang, P. Wu, T. Barber, C. Johnson, D. Allen, A. Kumar, W. Xu,
R. Hayden et al., “Triaxial induction applications in difficult and unconventional
formations,” in Society of Petrophysicists and Well-Log Analysts, 2012.

[3] L. H. Cox, G. A. Wilson, and M. S. Zhdanov, “3D inversion of airborne electro-
magnetic data using a moving footprint,” Exploration Geophysics, vol. 41, no. 4,
pp. 250–259, 2010.

[4] R. Plessix and W. Mulder, “Resistivity imaging with controlled-source electro-
magnetic data: depth and data weighting,” Inverse Problems, vol. 24, no. 3, p.
034012, 2008.

[5] M. S. Zhdanov, M. Čuma, G. A. Wilson, E. P. Velikhov, N. Black, and
A. V. Gribenko, “Iterative electromagnetic migration for 3D inversion of marine
controlled-source electromagnetic data,” Geophysical Prospecting, vol. 59, no. 6,
pp. 1101–1113, 2011.

[6] M. Commer and G. A. Newman, “Three-dimensional controlled-source electro-
magnetic and magnetotelluric joint inversion,” Geophysical Journal Internation-
al, vol. 178, no. 3, pp. 1305–1316, 2009.

[7] J. Carazzone, O. Burtz, K. Green, D. Pavlov, C. Xia et al., “Three dimensional
imaging of marine CSEM data,” in Society of Exploration Geophysicists, 2005.

[8] G. Bellizzi, O. M. Bucci, and I. Catapano, “Microwave cancer imaging exploiting
magnetic nanoparticles as contrast agent,” IEEE Trans. Biomed. Eng., vol. 58,
no. 9, pp. 2528–2536, 2011.

81



[9] C. Avendano, S. S. Lee, G. Escalera, V. Colvin et al., “Magnetic characterization
of nanoparticles designed for use as contrast agents for downhole measurements,”
in Society of Petroleum Engineers, 2012.

[10] H. Huang and D. C. Fraser, “Dielectric permittivity and resistivity mapping
using high-frequency, helicopter-borne EM data,” Geophysics, vol. 67, no. 3, pp.
727–738, 2002.

[11] P. Wolfgram and G. Karlik, “Conductivity-depth transform of GEOTEM data,”
Exploration Geophysics, vol. 26, no. 2/3, pp. 179–185, 1995.

[12] J. Macnae, A. King, N. Stolz, A. Osmakoff, and A. Blaha, “Fast AEM data
processing and inversion,” Exploration Geophysics, vol. 29, no. 1/2, pp. 163–
169, 1998.

[13] C. G. Farquharson, D. W. Oldenburg, and P. S. Routh, “Simultaneous 1D inver-
sion of loop-loop electromagnetic data for magnetic susceptibility and electrical
conductivity,” Geophysics, vol. 68, no. 6, pp. 1857–1869, 2003.

[14] M. A. Vallee and R. S. Smith, “Inversion of airborne time-domain electromag-
netic data to a 1D structure using lateral constraints,” Near Surface Geophysics,
vol. 7, no. 1, pp. 63–71, 2009.

[15] A. Viezzoli, E. Auken, and T. Munday, “Spatially constrained inversion for quasi
3D modelling of airborne electromagnetic data–an application for environmen-
tal assessment in the Lower Murray Region of South Australia,” Exploration
Geophysics, vol. 40, no. 2, pp. 173–183, 2009.

[16] A. Abubakar, T. Habashy, V. Druskin, L. Knizhnerman, and D. Alumbaugh,
“2.5 D forward and inverse modeling for interpreting low-frequency electromag-
netic measurements,” Geophysics, vol. 73, no. 4, pp. F165–F177, 2008.

[17] M. Commer and G. A. Newman, “New advances in three-dimensional controlled-
source electromagnetic inversion,” Geophysical Journal International, vol. 172,
no. 2, pp. 513–535, 2008.

[18] M. S. Zhdanov and E. Tartaras, “Three-dimensional inversion of multitrans-
mitter electromagnetic data based on the localized quasi-linear approximation,”
Geophysical Journal International, vol. 148, no. 3, pp. 506–519, 2002.

[19] M. S. Zhdanov and A. Chernyavskiy, “Rapid three-dimensional inversion of
multi-transmitter electromagnetic data using the spectral Lanczos decomposi-
tion method,” Inverse Problems, vol. 20, no. 6, p. S233, 2004.

82



[20] L.-P. Song and Q. H. Liu, “A new approximation to three-dimensional elec-
tromagnetic scattering,” IEEE Geosci. Remote Sens. Lett., vol. 2, no. 2, pp.
238–242, 2005.
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