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Abstract 
Electronic excitation energy transfer (EET) and electron transfer (ET) are of 

fundamental importance to biochemical processes and solar energy capture and 

conversion. The goal of this thesis is to develop and apply theoretical and computational 

tools to understand the mechanisms and kinetics of EET and ET in selected molecular 

systems with the aim to control and boost their efficacy. Specifically, this thesis focuses 

on three subjects: (1) computational study of energy transfer and its pathways in 

ruthenium based metal organic frameworks (MOFs), (2) developing an analytical model 

to describe the kinetics of energy transfer/electron transfer between donor and acceptor 

species dispersed in a frozen glass, and (3) developing theoretical frameworks to 

describe multi-electron transfer reactions.  

In the study of energy transfer in ruthenium based MOFs, we found that the 

excitation transport kinetics was well described by a Dexter (exchange) triplet-to-triplet 

incoherent multi-step hopping mechanism. The distance dependent rate for Dexter 

energy transfer in different MOF structures establishes unique energy transport 

pathways. For example, both one- and three-dimensional exciton-hopping networks 

were found in mixed Ru/Os MOFs. As such, Dexter energy transfer may potentially be 

helpful for spatially directing excitation energy along specific directions, for example, 
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towards reaction centers, and are amenable for designing high efficiency energy transfer 

materials. 

Most EET processes of interest in solar energy harvesting occur in the condensed 

phase, and the nature of energy migration kinetics depends heavily on the donor (D) 

and acceptor (A) distribution in the medium. The EET in the condense phase allow us to 

study the impact of ordered, partially ordered, and disordered DA distribution on the 

solar energy harvesting efficiency. To better account for the EET in condense phase, we 

developed a general analytical model for the description of the time-dependent 

luminescence decay that emphasize on the actual D-A spatial distribution. Applications 

of the developed model have been made to investigate the long-range excitation energy 

transfer in disordered polymer systems. By fitting the experimental transient 

luminescence spectra, we found that the derived EET kinetics showed better agreement 

with experimentally observed luminescence decay both in short and long times, a 

significant improvement over the earlier models by Inokuti and Hirayama. Our model is 

more reliable in a wide range of time and acceptor density and can also be used for 

electron transfer. 

The frontiers of ET and EET are moving from single particle one-step reactions to 

coupled multi-particle and multi-step processes. To understand the structural features 

that influence two-electron transfer in catalysis, we developed a two-electron transfer 

superexchange model that focuses on the roles of these features including: (1) the one- 
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and two-electron virtual intermediate states that mediate the ET, (2) the number of 

virtual intermediates with system size, and (3) the multiple classes of pathways 

interferes. Key questions, including how bridge structure and energetics influence multi-

electron superexchange and interference between singly- and doubly-oxidized (or 

reduced) bridge virtual states were investigated. We found that even simple linear 

donor-bridge-acceptor systems have pathway topologies that resemble those seen for 

one-electron superexchange through multiple parallel bridges. The simple model two-

electron transfer systems studied here exhibit a richness that is amenable to 

experimental exploration for manipulating the multiple pathways, pathway crosstalk, 

and changes in the number of donor and acceptor species. The features that emerge from 

these studies may assist in developing new strategies to deliver multiple electrons in 

condensed phase redox systems, including multiple-electron redox species, multi-

metallic/multi-electron redox catalysts, and multi-exciton excited states.  

Finally, to understand the influence of structural and environmental disorder on 

incoherent ET, we developed a perturbative model based on the kinetic master equation 

to examine incoherent ET in the non-equilibrium and non-Markovian regime. The 

treatment provides a strategy to investigate how general (non-Gaussian) fluctuations in 

ET rate that depends on the donor and acceptor distance can modify the ET kinetics. 

Applications of this approach were made to study the ET kinetics for donor-bridge-

acceptor systems with the structural and environmental fluctuations. Changing ET 
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kinetics with structural fluctuations of different kinds was examined. Dominant 

fluctuation characters that significantly boost or reduce the ET rates were identified. 

These findings may be helpful in designing efficient ET materials and may provide 

strategies to modulate ET rates.     
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1 Introduction  
Sunlight is the ultimate power that drives life on the earth; however, everything 

would become impossible without energy or electron transfer that occurs after sunlight 

is absorbed. Electronic energy transfer (EET) and electron transfer (ET) processes make it 

possible to convert inorganic carbon into organic forms through photosynthesis.  

EET processes proceed by converting the energy of an electronic excited state of 

one molecule to another.  EET in solar energy harvesting has attracted significant 

theoretical and experimental research attention, from understanding the fundamental 

mechanisms1 for natural photosynthesis2 to designing high efficiency photovoltaic 

materials. For example, many studies have focused on understanding EET dependence 

on the structure of the photosynthetic pigments and proteins, their organization and 

their spectroscopic properties.3 Various kinds of EET materials were devised for solar 

energy harvesting, as well as for energy transfer and storing functions, including 

significant attention to photovoltaic devices.4-6 The common goal of these studies is to 

understanding EET migration and to optimize the performance of the essential 

materials. For some novel and promising solar materials, such as metal organic 

frameworks (MOFs) and polymer thin film, the understanding of EET mechanisms and 

the underlying energy transfer pathways is of fundamental and may assist in tuning and 

improving the performance of the materials for solar energy harvesting and conversion.  
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The most important process for intramolecular, condensed-phase and 

biophysical nonradiative dynamics is electron transfer, including both electron and hole 

transfer among localized states associated with charge separation, migration, 

recombination, and localization, as well as electron and hole transfer in condensed 

phase, interfacial, and protein medium. The electron transfer happens in the broad 

spectrum of diverse systems, spanning multiple scientific disciplines, for example 

involving with elemental, polar, ionic, and metal clusters in cluster beams; ions, 

complexes, organic and inorganic supermolecules, and solvated electron in polar and 

non-polar solvents; metal, semiconductor, and superconductor electrodes in solution 

surfaces and interfaces involving thin films, absorbents and surface states; crystalline 

and amorphous semiconductors, molecular crystals, polymers, and bio-polymers; and 

biological systems pertaining to respiratory and enzymatic protein systems, DNA repair, 

and the primary charge separation process in the photosynthesis.7 A significant effort 

has been placed on developing the theory of ET process in these systems, in order to 

understand experimental observations, to predict new mechanisms, and to provide 

guides in the design of new experiments, new redox active materials, and devices.7 

Beginning with simple bridge-mediated electron-tunneling model, the theories are now 

able to address more structure refined models that devoted to long ET pathways from 

donor (D) to acceptor (A).7 
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 The frontiers of ET and EET are moving from single particle one-step reactions to 

coupled multi-particle and multi-step processes, including multi-electron redox 

chemistry, multi-step hopping transport, proton-coupled electron transfer, hydride 

transfer, and multi-atom group transfer chemistry.8-16 EET, too, is moving into the 

domain of multi-particle dynamics, as interest grows in multi-exciton generation and 

harvesting,17,18 singlet exciton fission,19,20 Dexter energy transfer, 21 and multi-

chromophore coherence phenomena.22 As well, novel biological structures are being 

found to conduct currents over startling large length scales.23,24 Long-range transport 

involves extensive hopping networks in enzyme complexes, and in ribonucleotide 

reductase (nanometer scale),25,26 bacterial nanowires (micrometer scale) and conducting 

filaments (centimeter scale). 27,28 Multi-electron charge transfer is of paramount 

significance in solar energy photochemistry (CO2 reduction and water oxidation are 

multi-electron redox processes coupled to atom and ion transport) and the fission of 

exciton and multi-exciton states into free carriers lies at the core of solar 

photochemistry.17-20 Much of biocatalysis, too, is driven by multi-electron chemistry, 

with coupled electron and proton motions that are coordinated with stunning timing 

and efficiency.29 Theoretical frameworks to describe the delivery of multiple electrons, 

atoms and ions in molecular systems are demanding.  
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1.1 Theory of Electronic Excitation Energy Transfer 

The transfer of electronic excited states from one molecule to another molecule or 

between two fragments of one molecule is induced by electronic interactions between 

the two species. Based on the spin state and the electronic wave function, two 

mechanisms may operate. One mechanism is Förster energy transfer if the spin state of 

the D and A do not change, and the other is Dexter energy transfer. The Förster 

resonance energy transfer is enabled by dipole-dipole interactions between donor and 

acceptor species30 and can act at large distances. The Dexter exchange energy transfer is 

enabled by quantum exchange interactions between donor and acceptor molecules.31  

Förster and Dexter energy transfer have characteristic distance dependencies. 

The Förster energy transfer rate is proportional to inverse sixth-order of the donor-to-

acceptor distance 𝑅30: 

 𝑘 𝑅 =
2𝜋
ℏ

1
4𝜋𝜖!

𝜇!𝜇!
𝑅!

!
𝑆 (1.1) 

Here, !
!!!!

!!!!
!!

 is the electronic coupling between donor and acceptor, 𝜇! and 𝜇! are the 

dipole moments of donor and acceptor, respectively, and S is the overlaps between the 

donor and the acceptor absorption and emission spectrum. In general, Förster energy 

transfer describes the energy transfer over large distances (r > 10 Å)31. Since the typical 

distance for Förster energy transfer is 10-100 Å, it provides a popular tools to determine 

structure of biomolecules.30,32 
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Compared to the long-range nature of Förster energy transfer, Dexter energy 

transfer features an exponentially decaying rate as a function of the donor-to-acceptor 

distance because of the short-range nature of the exchange interaction. The energy 

transfer rate can be approximated as31: 

 𝑘 𝑅 =
2𝜋
ℏ
𝐾𝐽 exp(−2𝑅/𝐿) (1.2) 

Here, J is the Franck-Condon factor, L is a decay length for the coupling interaction, and 

K is a parameter that depends on the spectra integral. Triplet-triplet energy transfer 

arises in many photoactive systems.21,33-36 Different from Förster energy transfer, Dexter 

energy transfer usually happens at short-distances (<10Å), and is much more sensitive to 

the structure of the donor and acceptor and of their spatial distribution.31 Therefore, 

Dexter energy transfer has the potential to control the direction of energy flow. In this 

thesis, we focus on the study of Dexter type of energy transfer dominated molecular 

processes. 

 The energy transfer kinetic is usually inferred from the experimentally measured 

time-dependent donor luminescence emissions. Substantial efforts have been made to 

derive the analytical solutions for the luminescence in both solutions and frozen media. 

In the fast diffusion limit (for the donor and acceptor molecules), energy transfer to 

acceptors occurs before other excited stte relaxation processes. To obtain the time-

resolved probability of finding the exciton on the donor, the exciton migration was 

treated as a pure diffusional process and a diffusion-like equation was proposed by 
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Weber,37 and its analytical solutions for this diffusion limited energy transfer problem 

were given by Yokota and Tanimoto for Förster energy transfer.38 For frozen systems, 

the general solution for the excited donor decay function was provided by Inokuti and 

Hirayama39  and by Hopfield.40 Inokuti and Hirayama’s model focuses on Dexter EET, 

while Hopfield’s theory is suitable for describing Förster energy transfer. Both theories 

start with a common expression for the time resolved survival probability of the donor 

excited state as a function of time t: 

 𝜙(𝑡) = 𝜙 0 e!
!
!! lim

!→!

4𝜋
𝑉

exp −𝑡𝑘 𝑅 𝑅!𝑑𝑅
!!

!

!

 (1.3) 

where 𝜏! is the lifetime of donor excited states in the absence of acceptor and 𝑘(𝑅) is the 

energy transfer rate, defined in eq. 1.1 and 1.2, 𝑅! represent the size of the system, 𝑉 is 

the volume of the system, and N is the total number of acceptors inside the system. 

In condensed phase, EET kinetics has broad applications in biochemical system 

and solar energy collecting systems33,35,41-43. The kinetic equations given in eq. 1.3 assume 

that the spatial distribution of the A around a D is random and uniform, and there is no 

limitation on the minimum D-A distance (the distance R between D and A can be zero). 

In reality, these assumptions may be not adequate. For example, when the rate drops 

quickly with distance, the overestimated short-range acceptor population (close to 0) 

will lead to an underestimated EET rate. To avoid this unphysical assumption, Hara, 

Gondo44 and Taen45 introduced a minimum D-A distance in the Inokuti and Hirayama 

model and derived corresponding analytical expressions for the time-dependent donor 
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luminescence decay. Although the deficiency of treating the minimum DA distance to be 

zero has been amended, the assumption of uniformly distributed acceptor may not be 

applicable in situations where the strong D-A interaction leads to uneven spatial 

packing. For example, in a recent study of electron transfer in low temperature water 

glasses,46 the modified Inokuti and Hirayama model of Taen45 was used to describe the 

donor time-resolved luminescence decay. The derived ET rate parameters varied 

significantly as the acceptor density changed. Specifically, electron transfer rate 

constants increased as the acceptor concentration dropped. In another study of long-

range excitation energy transfer by Meyer et al.35, an extremely soft distance dependent 

rate was derived using the original Inokuti and Hirayama model. In order to address 

these uncertainties, further of the acceptor distribution function in the modified models 

is needed and will be described below.  

1.2 Electron Transfer Theory 

The theory of non-adiabatic electron transfer rate in the high temperature 

(Marcus) limit is47: 

 𝑘 =
2𝜋
ℏ

𝐻!" ! 1
4𝜋𝜆𝑘!𝑇

 exp −
𝜆 + 𝛥𝐺! !

4𝜆𝑘!𝑇
 (1.4) 

HAB is the electronic couplings between D and A states, λ is the reorganization energy, 

ΔG0 is the reaction free energy, T is the temperature in Kelvin, and kb is Boltzmann’s 

constant. This expression is derived based on the assumptions: (1) the initial state is in 
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thermal equilibrium, and (2) donor and acceptor interaction is weak.48 Extensive 

applications of Marcus ET theory has been made in the past decades in a broad 

spectrum or reactions, including examples in chemistry, biology and material science. 

The validity of the theory has been extensively investigated. 

 Many studies of ET were carried out in systems with frozen DA distances in 

order to avoid the complexities introduces by diffusion. 46 Similar to Dexter energy 

transfer (Sec. 1.1), an analogous ET kinetic scheme was used to obtain the parameters 

that determine the ET rate. Specifically, 𝑘! and 𝛽 (𝑘 𝑅 = 𝑘!𝑒!!" ). Here, the tunneling 

factor 𝛽 is related to the distance dependent 𝐻!" in eq. 1.4 and 𝑘! is related to the 

Franck-Condon factor and to 𝐻!". This exponential model is referred to as the geometric 

barrier model.46 When electrons move through high barriers, where the probability for 

thermal population of oxidized or reduced bridge-localized states is very small, the 

electrons will tunnel from donor (D) to acceptor (A), facilitated by bridge-mediated 

superexchange. In this situation, the geometric model describes the qualitative nature of 

the distance dependent rate, but details of how the coupling and bridging barrier 

influence the ET kinetics are not revealed. McConnell’s results on the effective DA 

coupling based on the superexchange model explicitly recovered the ET dependence on 

the bridging unit interaction and bridge energy barrier for one identical bridge orbital 

per bridge site.26 
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 𝐻!" =
ℎ!"ℎ!"
𝛥𝜖

ℎ!!
𝛥𝜖

!!!

 (1.5) 

Here, 𝛥𝜖 is the energy gap between the D/A electron states and bridging medium, !!"
!!"

 

represent the coupling strengths between the D/A and the bridge electron state, and ℎ!! 

is the coupling strengths between the adjacent bridging units. With the McConnell’s 

result, the tunneling barrier 𝛽 can be expressed as 𝛽 = − !
!
ln !!!

!"
, where 𝜎 is the length of 

the bridge unit. 

 The superexchange ET theory was used widely to address ET  from chemistry to 

biology, including long-range ET in DNA and protein biochemistry.49  When the stable 

donor and acceptor redox states on D and A differ by two electrons, it is possible for the 

electrons to propagate coherently from D to A. ET chemistry thus demands the 

development of new theoretical frameworks to describe the delivery of multiple 

electrons, atoms and ions in molecular systems. 

1.3 Contribution of This Thesis 

1.3.1 Electronic Excitation Energy Transfer in MOFs  

The last decade has witnessed intensive study of solar material.50-56 Departing 

from traditional semiconductors, organics, and hybrid materials may provide valuable 

alternatives, and great advances have been made in understanding energy harvesting 

mechanisms,4,57 and improving the efficiency and durability of materials, which 

decreasing the cost. For example, the energy harvesting efficiency of thin film solar cell 
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is now about 17.5%, catching up the efficiency of Si(22.9%)58, at a lowered cost.  Recently, 

hybrid solar materials, which are combination of organic and inorganic components, 

such as metal organic frameworks (MOFs) have emerged as a new approach for 

engineering solar materials. MOFs are porous framework material built up from metal 

ions coordinated with organic ligands. The diversity of building blocks provides great 

tunability. Applications of MOFs have been made in storing and absorbing gas 

molecules such as hydrogen and carbon dioxide,59 and in building energy chemical 

sensors,60 biomedicines,61 and solar materials. Studies have shown that the MOFs can act 

as solar harvesting materials or as building blocks for enhancing the energy collection.6,21 

Research dedicated to developing of MOFs for solar energy harvesting is beginning to 

emerge.36 For example, Ir, Re, and Ru complexes into the UiO (a class of MOF built by 

University of Oslo) frameworks are proof to be highly effective catalysts for a range of 

reactions related to solar energy utilization36 and capable for further tuning. Efficient 

energy transfer within MOFs has been observed.36 Ru based MOFs are being studied for 

long-range energy transfer. Rapid energy transfer is found for porphyrin-based MOFs.4 

The design and synthesis of photoactive MOFs with organic of inorganic dyes enable the 

study of energy transfer in the novel structures. 

In this part of the thesis, energy transfer mechanisms for Ru-based MOFs were 

established and kinetics theories were developed to describe the EET in the MOFs. 

Theoretical analysis was performed on EET in MOFs that contain light absorbing 
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ruthenium complexes that serve as hopping intermediates for energy transfer, and 

energy is trapped in these materials by osmium complexes. The modeling combines ab 

initio electronic structure theory with kinetic network analysis to develop an 

understanding of the excitation energy transport kinetics. A Dexter (exchange) triplet-to-

triplet energy transfer mechanism with multi-step incoherent exciton hopping is 

proposed. Moreover, the sensitivity of the Dexter mechanism to framework structure 

establishes different kinds of energy transport paths in the different structures.  For 

example, the mixed Ru/Os MOF structures described here establish either one or three-

dimensional hopping networks.  As such, Dexter mechanism energy harvesting 

materials may be amenable to designing structures that can spatially direct exciton 

energy along specific dimensions for energy delivery to reaction centers. 

1.3.2 Electronic Excitation Energy Transfer and Electron Transfer in 
Condensed Media 

Different from the kinetics in a well-organized molecular motif such as a MOF, a 

general model for energy transfer kinetics in disordered systems is developed that aims 

to describe the kinetics of long-range EET and ET, emphasizing for low acceptor 

concentrations . Our theory is formulated using the earlier model of Inokuti and 

Hirayama. By explicitly considering the spatial distribution of the acceptor, we derive a 

concise and general analytical expression that describes the donor luminescence decay 

kinetics. In both the low and high acceptor concentration regimes, our theory is valid 

and offers a consistent and quantitative account of the EET and ET kinetics. The only 
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empirical parameter in this model is the closest donor-acceptor distance, which can be 

safely approximated by the sum of van der Waals radii. Applying the developed theory 

to a recent study35 of EET between Ru(bpy)32+ and anthracene in PEG polymer thin film 

resolves a significant disparity concerning the long time decay rate derived using the 

earlier theory to interpret the experiments. Further applications of our developed theory 

to previous electron transfer measurements showed a consistent tunneling decay 

parameter, β, and rate constant 𝑘! among related systems. 

1.3.3 Superexchange Two-electron Transfer Pathways 

The frontiers of electron and electron-transfer chemistry are shifting towards 

multiple electron, atom and ion systems. A theoretical framework to describe the 

delivery of multiple electrons is developed to understand long-range bridge-mediated 

two-electron tunneling from donor (D) to acceptor (A). In contrast to simple one-electron 

bridge-mediated tunneling, two-electron superexchange involves both one- and two-

electron virtual intermediates, the number of virtual intermediates increases very 

rapidly with system size, and multiple classes of pathways interfere with one another. 

Simple superexchange models for two-electron transfer that capture the essential 

superexchange features are developed to explore how bridge structure and energetics 

influence multi-electron superexchange. The simple model systems that are studied 

exhibit a richness that is amenable to experimental exploration by manipulating the 

multiple pathways, pathway crosstalk, and changes in the number of donor and 
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acceptor species.  The features that emerge from these studies may assist in developing 

new strategies to deliver multiple electrons in condensed phase redox systems, 

including multiple-electron redox species, multi-metallic/multi-electron redox catalysts, 

and multi-exciton excited states. 

1.3.4 Influence of Structural Fluctuations in Incoherent Electron Transfer 
Kinetics 

The nature and extent of structural fluctuations influencing incoherent one- and 

two-electron transfer are studied using the kinetic master equation. A perturbative 

expansion of the master equation based on fluctuations of the time-dependent ET rate 

provides a strategy to explicitly examine how the geometric fluctuation can modify the 

electron transfer kinetics in the hopping regime. The influence of fluctuating bridges 

connecting donor to acceptor on ET kinetics and its dependence on the bridge size are 

also investigated. In a model D-B-A system, we found that the D to A rate changes when 

the time-dependent fluctuations in D to B and B to A ET rates were introduced. These 

rate variations are caused by the D-B and B-A distance fluctuations. When the structural 

(distance) fluctuations are uncorrelated, we found that the effective D to A ET rate 

increases. This conclusion holds for both one- and two-electron transfer and the effect is 

more pronounced in two-electron transfer. For one-electron transfer, the increase of D to 

A ET rate with fluctuations is promotional to the number of parallel bridges that 

connecting D and A. However, two-electron transfer shows a nonlinear increase in the D 
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to A ET rate as the numbers bridges grows thanks to the non-linear increase of the two-

electron transfer pathways with more bridges.
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2 Triplet Excitation Energy Dynamics in Metal-Organic 
Frameworks 

 Lin, J. X.; Hu, X. Q.; Zhang, P.; Van Rynbach, A.; Beratan, D. N.; Kent, C. A.; 

Mehl, B. P.; Papanikolas, J. M.; Meyer, T. J.; Lin, W. B.; Skourtis, S. S.; Constantinou, M. 

Triplet Excitation Energy Dynamics in Metal-Organic Frameworks J. Phys. Chem. C 2013, 

117, 22250. 

2.1 Introduction 

Designing high-performance energy harvesting materials requires optimization 

of the energy transfer speed and directionality.  Motivated by biological light harvesting 

structures, much prior research has focused upon singlet-to-singlet (Förster) energy 

transfer.  Because of the long-range nature and strength of the Förster coupling, these 

materials are good candidates for fast energy transport over long distances. However, 

the long-range nature of Förster transfer and its weak orientation dependence make it 

difficult to “focus” this energy into spatially localized energy transport conduits, or 

pathways. In contrast, triplet-to-triplet (Dexter) energy transfer rates drop 

approximately exponentially with distance and are strongly sensitive to the chemical 

structure between chromospheres. As such, in cases where directing exciton flow along 

specific localized pathways is critical for device performance, the Dexter mechanism 

may hold substantial advantages over the Förster mechanism. Indeed, in the studies 
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described here, we show how the different molecular structures of light harvesting 

metal-organic framework materials establish characteristic pathways for exciton flow. 

Metal-organic frameworks are a class of hybrid materials that can be assembled 

from a wide range of functional building blocks, allowing the properties of the resulting 

materials to be tuned over a wide range.57,62-73 Here, we focus on MOFs that may serve as 

energy absorbing and “funneling” materials, aimed at applications in solar fuel 

production. Recent studies of ruthenium based MOFs, lightly doped with osmium, 

demonstrated energy transport and trapping at the Os sites.74,75 Upon photo-excitation, 

these crystalline structures form localized triplet excited electronic states with high 

yield.74,75 The excited states have lifetimes of hundreds of nanoseconds and transport 

pathways that enable excitation-energy transfer to low concentration Os traps.  

Long-range energy transfer was recently demonstrated in two structurally well-

defined MOFs. In one framework, Ru and Os trisbipyridyl chromophores M(bpy)32+ were 

embedded in a network formed by Zn-oxalate bonds (LMZn-Ox MOF) (see Figure 2.1),74 

and in the other, the Ru and Os chromophores M[4,4’-(O2C)2-bpy]2bpy2+ were linked via 

Zn-carboxylates (LMZn MOF, see Figure 2.2 and Figure 2.3).15 In both MOFs, the energy-

transfer kinetics at low Os doping levels was explored via time-resolved emission from 

the OsII* and RuII* complexes, following initial excitation of the RuII species.  

In the LMZn-Ox MOF, each Ru or Os species has six equidistant nearest neighbors 

at approximately 9.4 Å (metal-to-metal distance, see Figure 2.1), the assembly repeats in 
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three dimensions, and there is not a through-bond network linking Ru (or Os) atoms. In 

contrast, the LMZn MOF assembly forms sheet-like structures (bilayers) with shortest Ru 

(or Os) distances between metals in adjacent bilayers of approximately 8 Å, where the 

metals are linked only by a long through-bond network that presumably provides 

weaker coupling interactions than the through-space interactions (see Figure 2.2). The 

Ru (or Os) units within each bilayer are coupled through-bond via Zn (Figure 2.3). There 

is no experimental evidence, based on absorption or emission spectra, that low doping 

of Os into the MOFs causes qualitative changes in the molecular structure. 

 

Figure 2.1: Molecular structure of LMZn-Ox MOF. M(bpy)32+ species are enclosed in a 
cage-like framework formed by linking each Zn to three oxalates.  The distance between 
each nearest-neighbor M(bpy)32+ complex pair is 9.4 Å (metal-to-metal).  The left figure 
shows the relative positions of M(bpy)32+  species and the right figure shows the 
M(bpy)32+ species in the Zn-Ox cage.  The symmetry of the Zn-Ox framework provides 
uniform distance among nearest-neighbor M(bpy)32+ species.  The second nearest 
neighbor metal-to-metal distance is ~15Å, which therefore contributes only weakly to 
energy transfer. We assume that the low concentration Os doping causes only minor 
deviations from the structure shown. 
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Figure 2.2: Tetrahedral metal-to-metal bonding structure within a bilayer. Each Zn atom 
is covalently bound in a tetrahedral geometry to four oxygen atoms, each oxygen 
belonging to a carboxylate group of a LRu ligand. Therefore, each LRu center is covalently 
linked through a Zn-carboxylate bridge to twelve other LRu centers of the bilayer. The 
minimum distance between Ru atoms within the Zn-Ru4 subunit is 11 Å. The figure 
shows only non-hydrogen atoms and only the ring skeletons of the pyridyl groups in 
each LRu center. 
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Figure 2.3: Bilayer-bilayer interface  (dotted red line). The figure shows a LRu center  in 
bilayer I (green RuB), that is closest in terms of Ru-Ru distance to two LRu centers in 
bilayer II (RuA and RuC ). Only a single tetrahedral Zn(LRu)4 unit of bilayer II is shown. 
The minimum inter-bilayer Ru-Ru distances A-B and B-C are 8 Å (solid black lines), and 
there are no covalent links between the LRu centers belonging to different bilayers (i.e., 
between A and B and between B and C). The figure also shows the shortest Ru-Ru 
distance within a bilayer (11 Å, dotted black lines). The LRu centers for this group are 
covalently connected through a Zn carboxylate bridge. For the bilayer II, centers A and 
C (which are also covalently linked by the Zn carboxylate bridge) have Ru-Ru distance 
of 14 Å. 
 

In both MOFs, excitation energy transfer is inferred from the observed time-

resolved emission of RuII* and OsII*. Specifically, in the LMZn MOF, Ru excited states were 

prepared by two-photon excitation at 850 nm and time-resolved emission was 

monitored at the Ru* maximum emission intensity of 620 nm.15 Electronic excitation 

energy transfer presumably leads to Os excited states, whose time-resolved emission 

was monitored at 710 nm.15 In the LMZn-Ox MOF, the corresponding wavelengths for 

pumping and probing Ru are 850 nm and 580 nm respectively, and Os emission was 
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monitored at 680 nm.14 In both MOFs, the RuII* lifetimes were determined by fitting the 

time-resolved emission data with a single-exponential model.74 In addition, the OsII* 

lifetimes for both MOF structures were obtained with the same protocol by studying 

pure Os MOFs.74 The RuII* lifetime found experimentally in both MOF structures 

decreased as the Os doping concentration increased. This observation is consistent with 

energy transfer from Ru* to Os.74 The current theoretical study explores two key 

questions: (1) what may be inferred about the Ru/Os energy transfer dynamics from the 

time-resolved emission data and, (2) how does the three-dimensional MOF structure 

influence the energy-transfer dynamics?  

2.2 Excitation Energy Transfer Mechanisms And Chromosphere 
Electronic Structure 

The lowest energy metal-ligand charge transfer (MLCT) excited states in Ru-

polypyridyl and Os-polypyridyl complexes are experimentally well-characterized16,17 

and their electronic structure has also been studied using ab initio electronic structure 

methods18,19. The lowest energy Ru-polypyridyl MLCT state is approximately 90% triplet 

and 10% singlet in character.20 Energy transfer between donor (D) and acceptor (A) 

chromophores is induced by two-electron Coulomb interactions: since the initial and 

final configurations differ by two orbitals, a two-electron operator is required to couple 

the states.  In the case of Ru-polypyridyl mixed spin states: 

𝐷 𝑈!"#$ 𝐴 ≈ 0.9 𝑇! 𝑈!"#$ 𝑇! + 0.1 𝑆! 𝑈!"#$ 𝑆! , where 𝐷  and 𝐴  are D and A many-

electron MLCT excited states, and 𝑇! !  and 𝑆! !  are the triplet and singlet spin 
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components of 𝐷  and 𝐴 , respectively. The Coulomb interactions between D and A for 

both spin components can be written approximately as 𝑆! 𝑈!"#$ 𝑆! = 𝑉!"!ö!"#$! +

𝑉!"!"#$"%, and 𝑇! 𝑈!"#$ 𝑇! = 𝑉!"!"#$"%.21  Here 

 

𝑉!"!"#$"% = ∫ 𝑑! 𝑟∫ 𝑑!𝑟′𝜓! 𝑟 𝜓! 𝑟
𝑒!

𝑟 − 𝑟′
𝜓!∗(𝑟′)𝜓!∗(𝑟′)  

𝑉!"!ö!"#$! = ∫ 𝑑! 𝑟∫ 𝑑!𝑟′ 𝜓! 𝑟 𝜓!∗ 𝑟
𝑒!

𝑟 − 𝑟′
𝜓!(𝑟′)𝜓!∗(𝑟′) 

(2.1) 

where 𝜓!(!) and 𝜓!∗(!∗) denote single-particle hole (D, A) and electron (D*, A*) orbitals. 

The Dexter electronic coupling decays approximately exponentially with distance 

because it depends on the overlap between D and A localized orbitals. The Förster 

interaction decays much more softly with distance,31,76-78 typically as the inverse cube of 

the distance at large DA distances. For mixed singlet-triplet Ru* states, the energy 

transfer coupling is thus weighted approximately 90% by the Dexter coupling and 

approximately 10% by the Fo ̈rster coupling elements. Dexter energy transfer will 

dominate if 𝑉!"!"#$"% ≥ 𝑉!"!ö!"#$!.  

Figure 2.2 and Figure 2.3 show relevant Ru-Ru distances in the LMZn MOFs.  The 

shortest Ru-Ru distances (8 Å) appear in Figure 2.3 (RuA−RuB and RuB−RuC). The Ru*-Ru 

interactions are mediated by non-covalent couplings between Ru species (polypyridyl 

groups) in adjacent (non-covalently linked) bilayers. The 11 Å Ru-Ru distances involve 

Ru complexes in the same bilayer linked via a Zn-carboxylate bridge (RuA to RuD in 

Figure 2.3). Longer-distance interactions within the bilayer are also indicated in Figure 
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2.2 (for example, the RuA to RuC distance in Figure 2.3 is 14 Å). We performed ab initio 

computations on LMZn MOF subunits to determine the lowest energy MLCT excited 

triplet and singlet electronic states and to estimate the magnitudes of the Dexter and 

Förster couplings. 

We first considered the A-B-C Ru-chromophore complex derived from the LMZn 

MOF, shown in Figure 2.3. Here, the shortest Ru-Ru distances are between the A-B and 

B-C pairs. The A and C units are linked by a zinc-carboxylate bridge. In our electronic 

structure studies of the excited-states, we employed several DFT functionals. Among 

them, B3LYP-TD-DFT gave the lowest triplet excited state energies (and states centered 

at A, B and C) of 1.98-2.05 eV, near the experimental value of 2 eV (corresponding to the 

experimental emission wavelength maximum of 620 nm). Analysis with all functionals 

indicated that the lowest energy triplet excited state was MLCT in character and was 

strongly localized on the Ru polypyridyl complexes without zinc-carboxylate mixing. 

We next analyzed the D-A energy transfer couplings. As in earlier theoretical 

studies of excitation energy transfer, we used the EOM-CCSD method with an aug-cc-

pvtz basis set as a benchmark.26 In the benchmark study, we analyzed the splitting 

between the two lowest triplet excited states of an ethylene-ethylene dimer as a function 

of center-to-center distance. We compared EOM-CCSD with TD-DFT methods (with 

various functionals) as well as with HF-CIS analysis. Only the HF-CIS analysis 

reproduced the EOM-CCSD benchmark result as a function of distance between the 
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interacting ethylene molecules. This result is in agreement with other studies of Dexter 

couplings21. Thus, in our analysis of the Ru species, we used HF-CIS analysis (with a 

Lanl2dz basis set) to compute the Dexter couplings between the lowest Ru-centered 

MLCT triplet excited states with the fragment excitation difference (FED) method21 

implemented in the QChem 4.0 program.27 Förster couplings were computed with the 

FED method from the lowest Ru-centered MLCT singlet excited states of the subunits. 

For the Ru-Ru MOF pairs (A-B, B-C, A-D and A-C, see Figure 2.3), we found that 

the non-covalent A-B and B-C Dexter couplings (8 Å Ru-Ru) were ~ 10-4 eV, while the 

other Dexter couplings (11-14 Å Ru-Ru distances) were at least three orders of 

magnitude smaller.  The same approximate Dexter couplings are found when Ru is 

replaced at the A, B, or C sites with Os.  We also found that the Förster couplings 

between atoms at the same chemical sites in the two cells were 10−6 eV or less. The small 

Förster coupling strengths are due to the relatively weak transition dipole strength 

(oscillator strength ~0.001) of the lower MLCT states (~ 2.6 eV). The strong MLCT bands 

are about 0.2 eV higher in energy.  Longer distance Dexter couplings  (3-7 Å longer) 

were also computed using different subunits and were found to be much weaker than 

the shorter distance (8 Å) Ru-Ru Dexter couplings (Figure 2.3). The orders of magnitude 

differences between the shortest distance (8 Å) Dexter couplings and all the other Dexter 

and Fo ̈rster interactions in the LMZn MOF establish effective one-dimensional excitation 

energy transport networks within the MOFs, as indicated in Figure 2.4. 
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Figure 2.4 (Top) Hopping network for triplet energy transfer. Each site corresponds to a 
metal-polypyridyl centered triplet excited state. The network is comprised of non-
interacting 1D sub-networks running along the b direction of the lattice. (Bottom) Each 
sub-network is characterized by nearest-neighbor energy transfer hopping rates and 
emission decay rates. Experimental values are used for the emission decay rates. The 
range of possible hopping rate magnitudes is determined by the computed site-to-site 
Dexter couplings, the experimental site-to-site free energy gaps and the range of possible 
reorganization energy values for site-to-site energy transfer reactions. 

 



 

 25 

As in the case of bridge-mediated electron transfer, short distance through-space 

mediated couplings can be stronger than through-bond couplings, over longer 

distances.28 

The very small energy transfer couplings described above argue in favor of 

incoherent rather than coherent transport in the MOF structures. Coherent mechanisms 

in these MOFs are accessible only when the energies of multiple chromophores match 

within an energy precision on the scale of the coupling interaction, namely ~ 10-4 eV or 

less.  Achieving such energy-level matching for states that are vibronically broadened by 

tenths of eV (the widths of the triplet emission spectra in refs. 21 and 74) is very unlikely 

for multiple interacting chromophores.   

Förster and Dexter couplings were also computed for the LMZn-Ox MOFs 

structure (minimum metal-to-metal distances of ~9.4 Å) using the same electronic 

structure methods. The largest calculated Dexter coupling for Ru-Ru is ~ 3×10!! 𝑒𝑉, 

consistent with the longer Ru-Ru distance compared to the distance in the LMZn MOF 

examined above. Although the energy-transfer couplings in LMZn-Ox MOF are weaker 

compared to the LMZn MOF, the Zn-oxalate network establishes a fully three-

dimensional Dexter transport network for the excitons (see Figure 2.5).  



 

 26 

 

Figure 2.5: Hopping rate network for triplet energy transfer in LMZn-Ox MOF. Each site 
corresponds to a M(bpy)32+ triplet excited state. The range of possible hopping rate 
magnitudes is determined by the computed site-to-site Dexter couplings, the 
experimental site-to-site free energy gaps, and the range of possible reorganization 
energy values for site-to-site energy transfer reactions. 

As with the LMZn MOF, the Förster interaction was found to be much smaller than the 

nearest neighbor Dexter couplings in the Zn-oxalate MOFs as well.  

2.3 Modeling Energy Transfer Kinetics in the MOFs 

2.3.1 Multi-Phonon Theory  

We now turn to modeling the energy-transfer kinetics using the computed D-A 

energy-transfer coupling interactions and the structural data described above.  The 

kinetics is complicated by uncertainties in the location of the Os species and by the 

numerous structural parameters that influence the kinetics. The exponential decay of the 

Dexter coupling interactions as a function of distance, and their small values, argue in 

favor of an incoherent nearest-neighbor exciton hopping model as noted above (multi-

level energy matching within a tolerance of the coupling interaction is improbable). 

Within this framework, the site-to-site energy transfer rate is approximated using 
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Fermi’s golden rule.29 We estimate the Franck-Condon factor in the golden rule rate 

expression using a semi-classical model that includes two quantized modes (M and L) 

and a classical mode.  We use this approach rather than employing a high-temperature 

Marcus-like expression because of the asymmetry of the luminescence spectra and the 

fact that inner sphere (largely quantum) and outer sphere (largely classical) 

reorganization energies for energy transfer are of similar magnitudes.15 As such, the 

energy transfer rate is:  

 𝑘!,! =
2 𝜋
ℏ

𝑉!,!
!𝜌!,! (2.2) 

Here 𝜌!,!  is the Franck-Condon factor and 𝑉!,!  is the Dexter coupling (with i=D, j=A).  

Placing one quantum vibrational mode on D and one on A, in addition to a classical 

polarization mode, produces the Franck-Condon factor30-32: 

 

𝜌!,! =

!
!!"!!!!

!
! !!!!!!

!

!!
 !
!!!!!

!

!!
∞
!!!

∞
!!! exp ! !!!"

! !!!!!ℏ!!!!ℏ!!
!

!!!!!!
  

(2.3) 

where the high-frequency-modes have energy ℏ𝜔!(!), 𝜆!is the outer sphere 

reorganization energy, 𝜆! !
!"  is the inner sphere reorganization energy, 𝑇 is the 

temperature, 𝑘! is Boltzmann’s constant, ℏ is Planck’s constant divided by 2𝜋,  𝛥𝐺!"!  is 

the reaction free energy, and 𝑆!(!) = 𝜆! !
!" /ℏ𝜔!(!). In the above two-mode 

approximation (eq 2.3) the values of 𝑆! and 𝑆! were derived from spectral fitting to the 

emission intensities of pure Ru and pure Os MOFs.33-39 The spectral fitting function is: 
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 𝐼 𝑣 =
𝑣!,! − 𝑛ℏ𝜔!

𝑣!,!

!∞

!!!

𝑒!!!

𝑛!
 exp −4 ln 2

𝑣 − 𝑣!,! + 𝑛ℏ𝜔!
𝛥𝑣!,!/!

!

 (2.4) 

where 𝑆! is a medium-frequency mode Huang-Rhys factor and 

𝛥𝑣!,!/!
! = 16𝜆!𝑘!𝑇 ln 2. In eq 2.3, 𝑆! and 𝑆! are taken to be the medium frequency 

Huang-Rhys factors (𝑆!) derived from spectral fitting (see supporting information for 

details).  The calculated rates for Ru*-to-Ru and Ru*-to-Os nearest neighbor energy 

transfer in both of the MOF structures are shown in Tables 1 and 2, based on a range of 

coupling values (on the order of the ab initio computed couplings) and the Franck-

Condon parameters fitted from emission spectra. Note that all couplings are for the 

closest metal-to-metal pairs. 

Table 2.1: Estimated Ru-to-Ru/Ru-to-Os energy transfer rates in LMZn-Ox MOF with an 
electronic coupling window of 10-5 to 10-4 eV.  

𝑽𝒊,𝒇(eV) 1.0×10-5 3.0×10-5 6.0×10-5 1.0×10-4 

𝒌𝑹𝒖→𝑶𝒔 (4.0×103 ns)-1 (4.4×102 ns)-1 (1.1×102 ns)-1 (4.0×101 ns)-1 

𝒌𝑹𝒖→𝑹𝒖 (2.6×102 ns)-1 (2.9×101 ns)-1 (7.2 ns)-1 (2.6 ns)-1 
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Table 2.2: Estimated Ru-to-Ru/Ru-to-Os energy transfer rates in LMZn MOF with an 
electronic coupling window of 10-4 to 10-3 eV. 

𝑽𝒊,𝒇(eV) 1.0×10-4 3.0×10-4 6.0×10-4 1.0×10-3 

𝒌𝑹𝒖→𝑶𝒔 (8.7 ns)-1 (0.96 ns)-1 (0.24 ns)-1 (0.087 ns)-1 

𝒌𝑹𝒖→𝑹𝒖 (6.4 ns)-1 (0.71 ns)-1 (0.17 ns)-1 (0.064 ns)-1 

2.3.2 Exciton-Hopping Kinetics.   

The kinetic master equation for energy transfer is: 

 
𝑑
𝑑𝑡
𝑃! 𝑡 = 𝑃! −𝑘!!"# − 𝑘!,!

!!!

+ 𝑘!,!𝑃!(𝑡)
!!!

= 𝐾𝑃(𝑡) (2.5) 

In the nearest-neighbor approximation, 𝑗 is the index for sites adjacent to 𝑖.  𝑘!,! is the 

energy transfer rate between sites 𝑖 and 𝑗 (eq 2.2), and 𝑘!!"#is the rate of excited-state 

decay to the ground state. If site 𝑖 is occupied by Ru(Os); 𝑘!!"# = 𝑘!"(!")
!"# . 𝑃(𝑡) is the 

column vector describing excitation population at each site, and 𝐾 is the rate matrix. For 

nearest-neighbor Ru*-to-Ru energy transfer, 𝑘!,! = 𝑘!,! = 𝑘!"→!" (since 𝛥𝐺!,!! = 0 and we 

assume no significant static disorder among the Ru sites based on the crystallinity of the 

MOF). For nearest-neighbor Ru*-to-Os energy transfer, 𝑘!,! = 𝑘!"→!", Os is a triplet 

excited state trap with  𝛥𝐺!,!! ≈ 0.3 𝑒𝑉 ≈ 12𝑘!𝑇, based on spectral fitting of absorption 

data and on the simple difference between the wavelength maxima of the Ru and Os 

triplet emission spectra.15 Thus, based on detailed balance, the Os*-to-Ru energy transfer 

rate is 𝑘!"→!" = exp(−12)×𝑘!"→!". Assuming randomly distributed Os dopants, the 

probability of populating two nearest-neighbor sites with Os is extremely small because 



 

 30 

experimental Os doping levels are ~1%.15 We set nearest neighbor zero free energy 

transfer rates equal for simplicity (i.e., 𝑘!,! = 𝑘!"→!" = 𝑘!"→!") and neglected all non-

nearest neighbor rates because of the exponential decay of the Dexter coupling (and the 

small Förster interaction). Periodic boundary conditions were imposed on the transport 

network. The kinetic master equation (eq. 2.5) was solved by propagating the site 

populations in time  

 𝑃 𝑡 = exp(𝐾𝑡)𝑃(0) (2.6) 

using MATLAB, where 𝑃(0) is the initial excitation population vector.  Ensemble 

averaging was carried out for hopping networks with Os-site occupancy probabilities 

that are consistent with experimental Os doping levels.15 The ensemble members were 

constructed by randomly populating lattice sites with Os consistent with the doping 

levels. Then, given an ensemble member with 𝑁!" Ru sites and 𝑁!" Os sites, the initial 

excitation population vector 𝑃(0) was built by setting all Ru-site population 𝑃!!!"(0) 

and all Os-site 𝑃!!!" (0) values equal to one another. The value of 𝑃!!!" (0)/𝑃!!!" (0) was 

set to reproduce the Os emission intensities at very short time. The resulting 𝑃(0) was 

normalized. This choice of 𝑃(0) means that, for each ensemble member, 𝑃(𝑡) in eq. 2.6 is 

averaged over all possible initial Ru-exciton and Os-exciton distributions. The Ru or Os 

emission intensity at time 𝑡 is proportional to the ensemble averaged time-dependent 

exciton populations on Ru and Os. 
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2.3.3 Simulation of Time-Resolved Ru and Os Emission in LMZn-Ox and 
LMZn MOFs 

The transient emission from RuII* and OsII* in the LMZn-Ox MOF were simulated using 

the parameters in Table 2.3. Comparisons of the simulated and experimental emission as 

a function of time are shown in Figure 2.6 and Figure 2.7 for different Os doping levels.  

Successfully simulating both Ru and Os time-resolved transient emission data for 

different Os doping levels (from 0.12% to 1.16%) requires using Os concentration 

dependent Ru lifetimes (vide infra).  Similarly, the time-resolved emission in LMZn MOF 

was simulated using the rate and lifetime data in Table 2.4.  Comparisons of the LMZn 

MOF simulated and experimental emission data appear in Figure 2.8 and Figure 2.9 for 

different Os doping levels. As was found for the LMZn-Ox MOFs, an Os concentration 

dependent Ru lifetime is required to reproduce both Ru and Os time-resolved emission 

data (vide infra). 

Table 2.3: Ru-to-Ru/Ru-to-Os energy transfer rates and Ru/Os lifetimes for different Os 
doping levels in LMZn-Ox MOF obtained by fitting both Ru and Os transient emission 
spectra.  

Os% 𝝉𝑹𝒖∗ 𝝉𝑶𝒔∗ 𝒌𝑹𝒖→𝑹𝒖 𝒌𝑹𝒖→𝑶𝒔 𝒌𝑶𝒔→𝑶𝒔 
𝑷𝒊!𝑹𝒖(𝟎)
𝑷𝒊!𝑶𝒔(𝟎)

 

0.12 320 ns 243 ns (50 ns)-1 (106 ns)-1 (50 ns)-1 0.50 

0.28 220 ns 243 ns (50 ns)-1 (106 ns)-1 (50 ns)-1 0.50 

0.38 148 ns 243 ns (50 ns)-1 (106 ns)-1 (50 ns)-1 0.50 

1.16 63 ns 243 ns (50 ns)-1 (106 ns)-1 (50 ns)-1 0.50 
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Table 2.4: Ru-to-Ru/Ru-to-Os energy transfer rates and Ru/Os lifetimes for different Os 
doping levels in LMZn MOF obtained by fitting both Ru and Os transient emission 
spectra. 
 

Os% 𝝉𝑹𝒖∗ 𝝉𝑶𝒔∗ 𝒌𝑹𝒖→𝑹𝒖 𝒌𝑹𝒖→𝑶𝒔 𝒌𝑶𝒔→𝑶𝒔 
𝑷𝒊!𝑹𝒖(𝟎)
𝑷𝒊!𝑶𝒔(𝟎)

 

1.4 26.0 ns 8.0 ns (0.3 ns)-1 (15.6 ns)-1 (0.3 ns)-1 0.1 

2.6 14.0 ns 8.0 ns (0.3 ns)-1 (15.6 ns)-1 (0.3 ns)-1 0.1 

 

 

Figure 2.6: Comparison of experimental and simulated Os emission in LMZn-Ox MOF 
with 0.12%, 0.28 %, 0.38% and 1.16% Os doping levels. The fitted energy transfer rates 
and Ru/Os lifetimes were listed in the Table 2.3. In the fitting, each ensemble member 
contains 29,791 Ru/Os sites such that each dimension consists of 31 sites (emission 
spectrum was converged after size of each dimension is larger than 20 sites with 0.01% 
tolerance). The converged ensemble-averaged time-resolved emission was obtained with 
a numerical converge tolerance of 0.01%.  
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Figure 2.7: Comparison of experimental and theoretical simulated Ru emission in LMZn-
Ox MOF with 0.12%, 0.28 %, 0.38% and 1.16% Os doping level. The fitted energy transfer 
rates and Ru/Os lifetimes listed in the Table 2.3. In the fitting, each ensemble member 
contains 29,791 Ru/Os complexes such that each dimension consists of 31 sites (emission 
spectrum was converged after size of each dimension is larger than 20 sites with 0.01% 
tolerance). The converged ensemble averaged time-resolved emission was obtained with 
a numerical converge tolerance of 0.01%. 
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Figure 2.8: Comparison of experimental and simulated Os emission in LMZn MOF with 
1.4% and 2.6% Os doping. The fitted energy transfer rates and Ru/Os lifetime list in the 
Table 2.4. In the fitting, each ensemble member contains 6000 Ru/Os complexes aligned 
in one dimension (emission spectrum was converged after the length of the MOF is 
larger than 3000 sites with 0.01% tolerance). The converged ensemble averaged time-
resolved emission was obtained with a numerical tolerance of 0.01%. 

 

Figure 2.9: Comparison of experimental and simulated Ru emission in LMZn MOF with 
1.4% and 2.6% Os doping. The fitted energy transfer rates and Ru/Os lifetimes listed in 
the Table 2.4 In the fitting, each ensemble member contains 6,000 Ru/Os site in one 
dimension (emission spectrum was converged after the length of the MOF is larger than 
3000 sites with 0.01% tolerance). The converged ensemble averaged time-resolved 
emission was obtained with a numerical tolerance of 0.01%. 
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2.3.4 Summary of Ru and Os Time-Resolved Emission Simulations 

For the LMZn-Os MOF, the Franck-Condon factor for energy transfer between 

two nearest-neighbor Ru species is ~67 eV−1 (eq. 2.3). This value is derived by fitting the 

observed steady-state emission spectra of Ru(bpy)32+ in the LMZn-Os MOF14 and using 

the multi-phonon approximation.79-85 Eq. 2.2 with the above Franck-Condon factor and 

our computed electronic coupling of 3 × 10!! 𝑒𝑉 gives a Ru-to-Ru energy transfer rate of 

(29 ns)-1. This rate is consistent with the fitted Ru-to-Ru rate of (50 ns)-1 in Table 2.3. The 

excitation energy transfer free energy (from Ru* to Os) of -0. 3𝑒𝑉 14 and the range of 

Dexter couplings in Table 2.1 give a Ru-to-Os nearest neighbor energy transfer rate from 

(40 ns) −1 to (4000 ns) −1 in the LMZn-Os MOFs.  

The simulated ensemble averaged time-resolved Os emission is sensitive to the 

Os excited-state lifetime.  Two Os lifetimes are reported.14  A 49 ns lifetime was obtained 

by fitting the time-resolved emission in the pure Os MOF14, and a 259 ns lifetime was 

inferred by fitting the time-resolved long-time emission from Os in the Os- doped Ru 

MOFs at 680 nm (after 500 ns when no Ru emission is detected).14 The 49 ns lifetime 

likely underestimates the Os excited state lifetime because there are lower energy defect 

states in the pure Os MOF that provide a quenching mechanism for initially excited Os 

states.14 The 259 ns lifetime likely overestimates the effective Os excited state lifetime in 

the low concentration Os doped MOF because, at long-times, Ru-to-Os energy transfer 

cannot be neglected as a source of Os excited state lengthening (see section 2 in 
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Appendix I).  As such, an Os excited-state lifetime in the range of 49 ns to 259 ns is likely 

a reasonable estimate of the Os lifetime in the MOF. In our simulation, we selected 

values of the Os lifetime in this range. 

The Ru excited-state lifetime is 760 ns in the pure Ru LMZn-Os MOF and is 

reduced to 79 ns at 1.16% Os doping.  In our simulations, we fixed the Ru excited state 

lifetime to 760 ns for all Os-doping levels in order to reproduce the observed Ru and Os 

time-resolved emission.  To accomplish this fitting of the time-resolved emission, we 

found that nearest-neighbor energy transfer rates for Ru*-to-Ru and Ru*-to-Os of the 

order of 10! ns !! are needed.  This rate is two orders of magnitude smaller than the 

typical rate predicted by the multi-phonon theory with Dexter interactions in the range 

of 10-5 eV to 10-6 eV.  This result is robust for Os lifetimes in the range of 49 to 259 ns. 

Therefore, shortening of the Ru lifetime in the mixed Ru-Os MOFs cannot be attributed 

only to Ru-to-Os energy transfer, but rather requires an additional kinetic process.  In 

the next section, we explore some possible sources of Ru exited state lifetime shortening 

as a function of the Os-doping level. 

2.4 Discussion 

2.4.1 Ru Excited State Lifetime Shortening in Ru/Os MOFs 

To explore possible sources of the observed Ru excited state lifetime shortening, 

we examined the effects of (1) Os clustering, (2) long range energy transfer, and (3) 

electron transfer.  If Os species cluster in the MOF, they will shorten the lifetime the Ru 
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excited states created within a quenching radius of the cluster. Our clustering 

calculations indicate that clustering indeed shifts the peak of the Os emission intensity to 

earlier times as the Os concentration grows. However, this shift in the Os emission peak 

intensity to shorter time (observed in the experimental data with growing Os doping 

levels) has little impact on the Ru excited state emission lifetime, presumably because 

the vast majority of Ru excited states are not quenched by clustered Os species.  The 

shifting of the Os emission peak to an earlier time as Os concentration grows is caused 

by the reduced exciton population that can be trapped by Os in the cluster model as 

compared to the situation in a homogenous Os distribution. (See Appendix I section 4 

for a detailed treatment of the LMZn MOF.) Therefore, clustering essentially reduces the 

overall Ru-to-Os energy transfer efficiency.   

Long-range Förster energy transfer quenching was also examined as a possible 

source of Ru excited state lifetime shortening with growing Os concentration. We 

extended the energy-transfer network by including the nearest-neighbor and next 

nearest-neighbor Förster couplings calculated by scaling the nearest-neighbor Förster 

couplings by (R/R0)−3, where R0 is the nearest-neighbor distance. In a first step, we 

considered a 10% Förster contribution to the D*A coupling, consistent with the singlet-

triplet mixing determined experimentally20 (in section 3 of the Appendix I, we provided 

further details using the LMZn MOF as an example).  We found that the long-range 

Förster energy-transfer component is much weaker than the Dexter contribution because 
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the low lying singlet excited states have very small transition dipole moments 

(producing Förster couplings  < 10-7eV). We included 2nd and 3rd neighbor Förster 

coupling interactions in our kinetic model; including these longer-range interactions 

does not induce a switching of the energy transfer mechanism away from the Dexter 

mechanism. We also examined how excited state electron-transfer may contribute to the 

observed Ru excited-state quenching. We fitted a nearest-neighbor electron-transfer rate 

to give the observed Ru* lifetime of 80 nsec (for 1.16% Os). Using this electron-transfer 

rate for other (lower concentration) Os doping levels does not generate the observed Os 

doping level dependent Ru* lifetime in our simulations. Therefore, electron transfer 

quenching does not appear to be the source of the Ru excited state lifetime shortening in 

the MOFs.   

Other lifetime shortening mechanisms could be postulated as well.  For example, 

triplet-triplet annihilation or energy transfer from Ru* to generate higher excited states 

of the Os* could be possible. Triplet-triplet annihilation is ruled out because of (1) the 

low probability of light absorption by any single chromophore and (2) the short 

diffusion length of the excitons give triplet excitons a very low probability of 

encountering one another. Further, it is unlikely that Os doping up to 1% levels would 

change the propensity for triplet-triplet annihilation. We also considered whether or not 

generating higher energy excited states of Os* from Ru* could shorten the Ru* lifetime as 

a function of Os doping levels. Again, the low density of Os and the low density of 
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excitons makes it unlikely that adding additional Os quenching channels could 

significantly shorten the Ru* lifetime as a function of Os doping level.  Indeed, the Ru* to 

Os’* rate would have to be at least two orders of magnitude larger than (50-100 ns)-1 in 

order to access the proposed mechanism. 

2.4.2 Energy-Transfer Efficiency in LMZn and LMZn-Ox MOFs   

The quantum yield for energy transfer from Ru to Os is a critical metric for 

evaluating the performance of light-harvesting materials. In our simulations, the 

quantum yields (energy-transfer efficiency, QET) were computed using the number of 

excitons reaching the Os sites compared to the number of initially created Ru excited 

states: 

 𝑄!" =
𝑘!"→!"𝑃!(𝑡)

∞

!! 𝑑𝑡
𝑃!(0)!!!"

 (2.7) 

Here, 𝑷𝒊(𝟎) is the exciton population on Ru site i at time zero. The summation in the 

denominator runs over all the Ru sites, while the sum in the numerator includes the Ru 

sites coupled to Os. For the LMZn MOF with 1.4% Os doping, the energy-transfer 

efficiency is about 2.6% using energy transfer rates and Ru*/Os* lifetimes in Table 2.4, 

and this number increases to 5±1 % for the LMZn-Ox MOF with 1.16% Os doping using 

the energy transfer rates and Ru*/Os* lifetimes in Table 2.3. The increase in the efficiency 

of the oxalate MOF is caused by the difference in energy transfer rates, excited state 

lifetimes, and energy transfer pathway dimensionality. To evaluate the influence of 

energy transfer pathway dimensionality on energy transfer efficiency, we carried out 
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kinetic simulations using the same energy transfer rates, excited state lifetimes, and Os 

doping level (1.16%) (see Table 2.4) for both MOFs with one- and three-dimensional 

energy-transfer networks. The simulations indicate that the energy-transfer efficiencies 

are respectively 2±1% and 5±1% for the one- and three-dimensional pathway structures.  

Energy-transfer efficiency is an important factor in the design of solar energy 

harvesting materials. The energy-transfer efficiency (eq. 2.7) depends on how far an 

exciton can propagate in a prescribed direction within its lifetime. For one-dimensional 

energy transfer, the average distance that an exciton can propagate is 𝒍 = 𝑫𝝉 22,23, where 

𝑫 = 𝒌𝜟𝒙𝟐 is the diffusion coefficient, k is energy transfer rate among nearest-neighbor 

sites, and 𝜟𝒙 is distance between the nearest-neighbor sites. As the dimensionality of the 

energy-transfer network grows, the average distance that an exciton can move from its 

origin is l.  However, in a given direction (x, y, or z), the average distance reduces to 

𝒍𝒙(𝒚,   𝒛) = 𝑫𝝉/𝒅 (see section 4 in Appendix I) where d is the dimension of the energy 

transfer network. Therefore, one-dimensional energy transfer is preferred for long-range 

energy transfer, as it provides access to traps at longer distances. 

The ratio γ between the number of excitons captured by the trap and the total 

number of excitons created within the excition diffusion length l is an important 

parameter to optimize in energy harvesting materials. Using the quenching volume 

approximation, for a one-dimension energy transfer network, γ1D =1/2 when the trap is 
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within the radius l. The corresponding γ for a three-dimension energy transfer material 

is γ3D= 3/(4πl2) (see section 4 in Appendix I). As such, one-dimensional energy transfer is 

more efficient when the distance between exciton sites is much larger than the diffusion 

length. We calculated γ as a function of the distance between two reaction centers in 

units of l for one- and three-dimensional energy transfer, and the results are plotted in 

Figure 2.10. 

 

Figure 2.10: Energy trapping efficiency for one- and three-dimensional energy transfer 
networks as a function of Os-Os distance. Only Ru* within the exciton diffusion length 
of Os is considered in the calculation, and all Ru are excited with equal probability. The 
largest trapping efficiency is found when the Os-Os distance equals the quenching 
radius for one-dimension energy transfer and half of the diffusion length for the three-
dimension case. 

The highest (optimal) γ is achieved when the two reaction centers are separated by a 

distance l for a one-dimension energy transfer network and by a distance l/2 for the 

three-dimension case. However, lattice defects can more readily disrupt 1D-hopping 

networks than 3D networks. In our simulations, the lower QET (eq. 2.7) value in the one-

dimensional MOFs arises from the fact that a large fraction of the Ru* species are beyond 

the exciton diffusion length of an Os trap.  
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2.5 Summary and Conclusions 

Electronic structure calculations and kinetic modeling were used to simulate 

energy transport in mixed Ru/Os MOFs. Our analysis shows that the exciton states are 

localized on single Ru or Os polypyridyl sites, and that the Dexter mechanism 

dominates energy transfer. The computed Dexter couplings in the MOFs range from 10−5 

eV to 10−4 eV, depending on the Ru-Ru distance. Dexter coupling drops approximately 

exponentially with distance and depends upon bridging chemical structure. As a result, 

transport in the LMZn MOFs proceeds via an effective one-dimensional energy-transfer 

network, while transport in the LMZn-Ox MOF proceeds through a three-dimensional 

network.  

In addition to the computed Dexter couplings, we used a multi-phonon 

approximation to the Franck-Condon factor (based on transient emission spectra of RuII* 

and OsII*) to derive other parameters needed to estimate the exciton-hopping rates. The 

kinetic analysis allows direct comparison with experimental data and the computation 

of energy transfer efficiency for the two MOFs. Comparisons of one- and three-

dimensional energy transfer networks indicate that the higher dimensionality coupling 

pathways weakly enhance the quenching efficiencies. 

The large triplet component of the excited state wave functions and the weak 

dipole-dipole interactions favor the Dexter mechanism over the Förster mechanism in 

the MOFs studied. Corrections to our simulations introduced by Förster quenching, Os 
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clustering, and electron-transfer quenching do not explain the Ru excited state lifetime 

shortening by ~80% as the Os concentration changes from 0% to 1.16%. 

The theoretical analysis presented here establishes a framework for 

quantitatively describing and understanding the dimensionality dependence of energy 

flow in framework materials, as well as understanding the dominance of the Dexter 

coupling mechanism, and its consequence. Simulations of time-resolved Os 

luminescence are in good agreement with experiment, including the shifting of the peak 

emission to shorter time as Os concentrations increase. The curious shortening of Ru* 

lifetimes with Os doping remains the subject of ongoing exploration. Possibilities to be 

considered in the future will focus on Os-induced perturbations of the MOF lattice on 

the consequent changes in the exciton dynamics. 

Our studies of two MOF structures indicates ~10 ns exciton hopping times 

among adjacent Ru-polypyridyl sites separated by 8-10 Å. The excitons can make 3-6 

hopping steps (~30-60 Å distances) within their lifetimes, depending on the 

dimensionality of the hopping network.   

How can the speed, range of energy transfer, and quantum yields be improved 

in these materials? Our analysis indicates that in the bilayer MOF (Figs 1b and 1c), 

where nearest neighbor metal pairs are linked noncovalently (between bilayers) and 

covalently (within bilayers), the strongest couplings are inter-bilayer Dexter couplings 

mediated by noncovalent interactions (10-4 eV). In this material (LMZn), the longer 
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distance through-bond Dexter couplings mediated by the Zn-carboxylate bridges are 

much weaker (and so are the Förster couplings). This coupling heterogeneity establishes 

a 1D energy transfer network in this material. The through-bond Dexter couplings 

mediated by the Zn-carboxylate bridges that connect the Ru-polypyridyl species in the 

LMZn-Ox MOFs are even weaker because of the larger donor-acceptor distances.  

In both MOF structures, the dominance of the weak Dexter coupling interactions 

leads to a high sensitivity of energy transfer on metal-metal distances and to the 

existence of localized excitons and of hopping transport. Within the contexts of the 

Dexter coupling mechanism and hopping transport, a possible approach to improving 

the speed of energy transfer is to enhance the Dexter coupling interactions by 

constructing MOFs with shorter inter-metallic distances or more highly conjugated 

bridging units. Alternatively, one could further speed up the energy transfer kinetics 

and quenching volumes by introducing modifications that enhance the Förster 

mechanism, i.e., by enhancing the singlet component of the MLCT exciton states or by 

strengthening the transition-dipole moments of the lowest lying excited states.  

Accessing Förster transfer could also bring the system into a regime of enhanced 

excited-state delocalization, as the Förster couplings could be sufficiently large to enable 

coherent spreading of the excitons over multiple chromophores. For the MOFs under 

study here, the Förster couplings are extremely weak, so the enhancement of the singlet 

component of the exciton wave functions should also be accompanied by structural 
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changes that enhance the transition dipole moments of the lowest energy electronic 

transitions.  

For the design of smart energy collecting materials, an advantage of using Dexter 

rather than Förster transport is the ability to fine tune the energy transfer pathways and 

their directionality by manipulating the intervening molecular structure and the 

chromophore distances. One-dimensional hopping networks may be particularly 

desirable for solar energy capture and conversion because they can direct energy 

transfer in specific directions toward a catalyst. This level of control results from the 

rapid exponential decay of the Dexter coupling with distance, a consequence of the 

origins of this coupling in the exchange interaction (see eq. 2.1). Molecular-level control 

of exciton kinetics and directionality via the medium structure is reminiscent of the 

challenges in electron transfer chemistry, where the balance of through-bond and 

through-space tunneling controls the redox kinetics and directionality.40 
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3 Excitation Energy Transfer in Disordered System: 
Evidence for Clustering of Chromophores 

3.1 Introduction 

The nature of exciton migration kinetics in ordered, partially ordered, and 

disordered films impact the solar energy contributes to the harvesting efficiency of 

organic photovoltaic devices35, including materials based on conjugated 

polymers,33,35,41,77,86polymer-quantum hybrids87,88, organic-inorganic semiconductor 

hybrids89, dye graphene assemblies90, and other materials. Distinct from energy transfer 

in solution, energy transfer in rigid media sample a large distribution of distances and 

intervening medium structures. The distribution of DA distances in these experiments 

allows detailed examination of how the molecular medium influences the kinetics of 

triplet excitation energy transfer.  

Several models have been fashioned to describe the kinetics of transport between 

non-covalent donors and acceptors distributed in frozen system to study the kinetics 

and energy transfer efficiency. The earliest model, also referred as the active sphere 

model, was developed by Perrin. In Perrin's model, a critical quenching radius was 

defined. Electronically excited donors with an acceptor within this radius are quenched 

(by ET or EET) and donors without an acceptor in this sphere are not quenched. Clearly, 

this critical distance for ET or EET is inappropriate long-range ET or EET transfer. 

Inokuti, Hirayama39 and Hopfield40 reformulated the problem in terms of rates that 

decay either exponentially with donor-acceptor distance 𝑅 or as 𝑅!! and accounted all 
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quenchers' contributions by integrating the whole space. (We refer to the Inokuti, 

Hirayama and Hopfield model as the IH model). In treating the spatial integration in the 

IH model, Merkel and Dinnocenzo recently developed a nearest-neighbor model in rigid 

systems, approximating the integral part by the finite summation of the shell 

contribution.91 Compared to the original IH model, this treatment may be effective for 

cases with fast decay of the quenching rate with distance, but impractical for the cases 

with soft distance dependent rate, where the working equations become very complex. 

In all these models, the spatial distribution of the energy quenchers around a donor was 

assumed to be random and uniform, and there is no limitation on the minimum D-A 

distance, 𝑅 ≥ 0. In reality these assumptions may be inadequate. For example, when the 

rate drops quickly with the increase of distance, the overestimated short-range acceptor 

population (close to 𝑅 = 0) will lead to an underestimated rate. To avoid this unphysical 

𝑅 = 0 assumption, Hara, Gondo44 and Taen45 introduced a minimum D-A distance 𝑅! in 

the IH model and derived corresponding analytical expressions for the time-dependent 

donor luminescence decay. In Taen's treatment, it is necessary to include significant 

terms to achieve convergence at long times. There are missing terms in the solution of 

Hara and Gondo44,45, which may lead to poor descriptions of the short time decay 

kinetics.  We refer Taen's model as the modified IH model. Though the limitations of 

𝑅 = 0 was amended, the assumption of uniformly distributed acceptors may not be 

relevant when  strong D-A interactions produce non-statistical packing. For example, in 
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a recent study of electron transfer in low temperature water glasses52, the modified IH 

model was used to describe the donor time-resolved luminescence decay. The derived 

ET rate parameters varied significantly with the acceptor density. Specifically, the 

electron transfer rate constant increased as the acceptor concentration dropped In 

another study of long-range excitation energy transfer by Meyer et al. 42, an extremely 

soft exponential distance decay constant was derived using the original IH model.  In 

order to address these problematic issues, further efforts that explicitly include the 

acceptor distribution in the modified IH model are needed.  

In this study, we develop a model to describe the time-dependent luminescence 

decay by explicitly considering a non-uniform spatial distribution of energy acceptors. 

The non-uniform acceptor distribution was supported by molecular dynamics 

simulation of the DA radial distributions over a wide range of  concentrations. A concise 

analytical expression for the luminescence decay of the energy donor was derived, and 

its validity and performance were explored by applications to recent experiments on ET 

and EET. 

Using a non-uniform donor-acceptor distribution, our approach provides 

improved fitting of time-resolved ET and EET luminescence data, and a more realistic 

assessment of medium-dependent transport barriers. A more accurate interpretation of 

EET and ET can be achieved by applying our model. The fits that result may help to 

establish more reliable models to assist in the design of energy/electron transfer 
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materials. The remainder of this chapter: (1) reviews previous kinetics theories that 

describes the electron/energy transfer in disorder ridged system, (2) develops the kinetic 

formulations for describing the donor populations as a function of time by considering 

the non-uniform donor-acceptor distribution, and (3) applies our model to two example 

systems to study EET and ET kinetics. 

3.2 Theoretical Background  

3.2.1 Previous Kinetics Models for Triplet-Triplet Energy Transfer  

Most triplet-triplet energy transfer kinetics parameters for donors and acceptors in 

experimental systems are inferred by measuring the donor luminescence decay. Usually, the 

donor is photo-excited in the presence of the acceptors, and the time-dependent luminescence is 

recorded.  These data allow the computation of the energy transfer rate, the efficiency, and their 

relation to the acceptor concentration. The Dexter energy transfer rate is 

 𝑘 𝑅 = 𝑘!𝑒!!" (3.1) 

where 𝑅 is the distance between donor and acceptor. 𝑘! and 𝛽 are are the system dependent rate 

prefactor and the tunneling factor, respectively.31 IH derived the luminescences decay function for 

rigid media with two major assumptions: (1) energy acceptors are uniformly distributed 

throughout the medium, and (2) the donor and acceptor are treated as point particles with zero 

volume.39 The resulting donor luminescence time-dependent decay function at time t is: 

 𝜙 𝑡 = exp −
𝑡
𝜏!
−
4𝜋
3
𝛽!!𝐶𝑔(𝑧)  

(

(3.2) 

Here, 𝜏! is the intrinsic lifetime of the donor triplet excited state, C is the concentration of the 

energy acceptor, and 𝑔(𝑧) is defined as  
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 𝑔 𝑧 = −𝑧 𝑒!!"
!

!
ln!(𝑦)𝑑𝑦 

(

(3.3) 

where 𝑧 =  𝑘!𝑡 and 𝑦 =  𝑒!!". 𝑔 𝑧  can be approximated analytically:39  

 𝑔 𝑧 =
6𝑧

−𝑧 !

𝑚 + 1 !

∞

!!!

𝑧 < 10

𝑔 𝑧 = ln! 𝑧 + ℎ! ln! 𝑧 + ℎ! ln 𝑧 + ℎ! 𝑧 ≥ 10

 
(

(3.4) 

 

Here  

 ℎ! = −1! 3
𝑖 𝑒!!

!

!
ln!(𝑢) 𝑑𝑢 

(

(3.5) 

Approximate values are h1 =1.7316 , h2 =5.9343 , and h3 =5.4449 for z >10. The analytical 

solution for z<10 was obtained by integrating the Taylor expansion term-by-term for the 

exponential part in eq. 3.3.39 Studies on donor luminescence decay measured for triplet-triplet 

energy transfer between benzophenone-naphthalene and p-methoxybenzaldehyde-naphthalene by 

Hara et al. found significant discrepancies between the IH model and the observed luminescence 

decay curve in the short-time regime.44 The origin of the short-time discrepancies was attributed 

to the simplicity of the assumed acceptor radial distribution function.44 Specifically, the distance 

between the donor and acceptor can be zero in the simple models. In reality, the point particle 

assumption of IH theory overestimates the population of energy acceptors near the energy donors, 

leading to faster luminescence decay at short time. Later work by Tean addressed this issue by 

including a volume of exclusion near the energy donor, and the improved luminescence decay 

is:45 
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 𝜙 𝑡 = exp −
𝑡
𝜏!
−
4𝜋
3
𝛽!!𝐶(𝑔!(𝑧,𝑅!) + 1 − 𝑒!!!!! × ln! 𝑦!!)  

(

(3.6) 

Here 𝑅! is the center-to-center distance between donor and acceptor, and 

𝑦!!  = exp(−𝛽𝑅!). 𝑔!(𝑧,𝑅!) is: 

 𝑔! 𝑧,𝑅! = −𝑧 𝑒!!" ln! 𝑦 𝑑𝑦
!!!

!
 

(

(3.7) 

This expression was obtained by modifying the upper bound of the integral from 1 to 𝑦!!in eq. 

3.3 to exclude unphysical energy transfer to the acceptors in the range of (0, Re) nearby a donor in 

the original IH model. A series expression for 𝑔!(𝑧,𝑅!) was derived by Tean45 and Hara44:  

 𝑔! 𝑧,𝑅 =
−1 ! 𝑧𝑦! !!!

𝑚!
6

𝑚 + 1 ! −
6 ln(𝑦!)
𝑚 + 1 ! +

3 ln!(𝑦!)
𝑚 + 1 ! −

ln!(𝑦!)
𝑚 + 1

!

!!!

 
(

(3.8) 

3.3 Clustered Acceptor Model 

3.3.1 Clustered Acceptor Model and Its Formalism 

In the modified IH model, acceptors are assumed to be evenly distributed 

around the donor with an exclusion volume.45 This may be a reasonable assumption 

when the acceptor concentration is high, where the acceptor distribution is largely 

controlled by the spacial packing. However, in the low acceptor concentration limit, 

because of the distance dependent donor and acceptor interaction, a non-uniform 

acceptor distribution around the donor will result. In general, more acceptors will be 

clustered at short D-A distances because of the stronger interaction. This uneven 

acceptor radial distribution will clearly result in different donor luminescence decay 
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kinetics at both short- and long-times, which cannot be correctly accounted for in the IH 

model and its modified version by Tean et al.  

Ideally, a realistic radial acceptor distribution function model could lead to the 

recover of the exact luminescence decay curves of the energy donor, however, no 

analytical expression can be obtained from eq. 3.2, which hampers its practical 

application to fitting experimental data. Physically, one expects acceptor concentration 

around the donor at shorter distance to be different from long-distance because of their 

interaction. As the distance grows, acceptors become evenly distributed. In other words, 

the acceptor radial distribution is dominanted by one peak at short distances. Shown in 

Figure 3.1 is a sketch of the approximate acceptor radial distribution, where the peak 

between 𝑅! and 𝑅! + 𝐿 indicates the clustering of acceptors at short distances and the 

flat behavior at long distances represents the even acceptor distribution. Here 𝑅! is the 

shortest center-to-center distance between donor and acceptor and 𝐿 represents the 

thickness of the clustered acceptor in the radial direction. To facilitate the analysis, we 

further assumed a squared shape peak for the acceptor radial distribution function. In 

reality, 𝑅! is system dependent. A crude estimate of 𝑅! can be made by the sum of van 

der Waals radius of D and A. L will be treated as the acceptor van der Waals radius. This 

choice of 𝑅! and L is based their physical origins,  and the result obtained depends 

weakly on the choice of 𝑅! and L (numerical examples are shown in appendix III.2). 𝐶! is 

the acceptor concentration in the clustering regime, 𝐶! is the acceptor concentration in 
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the long distance regime. The height of the peak (𝐶! − 𝐶!) indicates the clustering of 

acceptors near the donor and will be treated as a fitting parameter. At high acceptor 

concentrations, the height of the (𝐶! − 𝐶!) peak is zero. 

 

Figure 3.1: Proposed energy acceptor number density distribution with regard to the 
energy donor. Within a small regime (defined from 𝑅! to 𝑅! + 𝐿 with regard to donor 
center) of the energy donor, the density of the energy acceptor 𝐶! is considered to be 
independent of the global number density of the acceptor 𝐶!. Note acceptors are 
excluded from R < Re 

 

With this non-uniform distribution of the energy acceptors, the donor 

luminescence decay is: 

 

𝜙 𝑡 = exp −
𝑡
𝜏!

×
4𝜋
𝑉!

exp −𝑘 𝑅 𝑡 𝑅!𝑑𝑅
!!!!

!!

!!!!

× lim
!!→!

4𝜋
𝑉!

exp −𝑘 𝑅 𝑡 𝑅!𝑑𝑅
!!

!!!!

!!!!

 

(

(3.9) 

where 𝑉! ( 𝑉!) represent the volume of the acceptors in the clustering (non-clustering) 

regime. 𝑅! is the radial size of the whole system 𝑉! + 𝑉! =
!!
!
𝑅!! −

!!
!
𝑅!!. Now, the 

quenching contribution of energy acceptors is divided into two groups, one from the 
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clustering regime and the other one from the non-clustering regime. Eq. 3.9 is rewritten 

as: 

 

𝜙 𝑡 = exp −
𝑡
𝜏!

× lim
!!→!

4𝜋
𝑉! + 𝑉!

exp −𝑘 𝑅 𝑡 𝑅!𝑑𝑅
!!

!!

(!!!!!)!!

(!)

× lim
!!→!

4𝜋
𝑉!

exp −𝑘 𝑅 𝑡 𝑅!𝑑𝑅
!!

!!!!

!!!(!!!!!)

(!!)

 

(

(3.10) 

In eq. 3.10, terms I and II have different integration ranges. Defining an expression to 

represent both terms: 

 𝛷 𝑡,𝑅! ,𝐶 = lim
!→!

4𝜋
𝑉

exp −𝑘 𝑅 𝑡 𝑅!𝑑𝑅
!!

!!

!"

 
(

(3.11) 

The φ(t) can be written in a concisely as: 

 𝜙 𝑡 = exp(−
𝑡
𝜏!
)×

𝛷(𝑡,𝑅! ,𝐶!)
𝛷(𝑡,𝑅! + 𝐿,𝐶! − 𝐶!)

 
(

(3.12) 

Indeed, when 𝑅 = 0 (no exclusion volume), 𝛷 (𝑡, 0,𝐶) is the starting equation in the IH 

model, and the approximated analytical solutions are eqs. 3.2 and 3.3, depending on the 

decay time. When considering an exclusion volume 𝑅 ≠ 0, more effort is needed to reach 

an analytical solution for Φ(t, Re, C). Hara and Gondo44 partially accounted for this issue 

by modifying g(z) to g'(z, R) as in eq. 3.7.  
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4𝜋
𝑉

exp −𝑘 𝑅 𝑡 𝑅!𝑑𝑅
!!

!!

=
4𝜋
𝑉𝛽! 𝑒!!"

!!!

!!!
ln! 𝑦 𝑦!!𝑑𝑦

=
4𝜋
3𝑉𝛽!

𝑒!!" ln! 𝑦 |!!!
!!! −

4𝜋
3𝑉𝛽!

(−𝑧 𝑒!!" ln! 𝑦 𝑑𝑦
!!!

!
)

=
4𝜋
3𝑉𝛽! (𝑅!

! − 𝑅!!𝑒!!!!!
(!)

− 𝑔!(𝑧,𝑅!))

 
(

(3.13) 

In their treatments, however, the term I  in eq. 3.13 is neglected.45 The term I in eq. 3.13 

decays exponentially as time proceeds. The short time decay kinetics is poorly described 

by ignoring this contribution. This deficiency in the short time decay was addressed by 

Taen.  However, no convenient form for Φ(t, Re, C) was found. In Taen's derivation,45 the 

integration for Φ(t, Re, C) proceeded with a Taylor expansion of the integrand, and a 

term-by-term integration was made, producing a series expression for φ(t) (eqs. 3.6 and 

3.7). Many terms are needed to achieve desired accuracy. Particularly in the long time 

region (large z), significant terms are needed for g'(z, Re) to avoid numerical instability, 

which may hampers its practical use.  

We aim to obtain a convenient analytical solution for φ(t). To proceed, we 

applied a change of the variables from Re to 𝑦 =  𝑒!!!!, substituted 𝑡𝑘!by z, and 

performed partial integration of eq. 3.11. The result is 

 𝛷 𝑡,𝑅! ,𝐶 = lim
!→!

4𝜋
3𝑉𝛽!

(𝑒!!!!! ln!(𝑦!!) − 𝑒
!!!!! ln! 𝑦!!

(!)

− 𝑔!(𝑧,𝑅!))

!"

 
(

(3.14) 
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where g'(z, Re) is defined in eq. 3.8 and the term I is the same as in eq. 3.13. As 𝑅! →∞ , 

𝑦!! →∞,  𝑒!!!!! → 1 , and 𝑉 = !!
!
𝑅!! − 𝑅!! →∞. Thus, a further simplification in the 

𝑉 →∞ limit is possible. and the resulting expression for Φ(t, Re, C) leads to an analytical 

solution for Φ(t, Re, C):  

 
𝛷 𝑡,𝑅! ,𝐶 = lim

!→!

𝑉!!
𝑉!! − 𝑉!!

1 −
𝐶
𝑁
𝑅!!𝑒

!!!!! −
𝐶
𝑁𝛽!

𝑔! 𝑧,𝑅!

!

= exp(𝐶𝑉!! − 𝐶
4
3
𝜋𝑅!!𝑒!!!!! −

4
3
𝜋𝛽!!𝐶𝑔′(𝑧,𝑅!))

 
(

(3.15) 

Here 𝑁 = 𝐶 × 𝑉 is the total number of acceptors in the systems. The key ingredient 

𝑔′(𝑧,𝑅!) defined in eq. 3.7 in Tean's work, was evaluated by a series like expression in 

eq. 3.8.  At short times, z is small and this series converges quickly. However, at long 

times, where z is large, significant terms are needed to achieve convergence. To facilitate 

the practical application, we evaluate 𝑔′(𝑧,𝑅!) based on the integration range of z, an 

approach similar to the original derivation in the IH model. 𝑔′(𝑧,𝑅!) can be expanded 

as: 

 𝑔! 𝑧,𝑅! = ℎ!! ln!(𝑧) + ℎ!! ln!(𝑧) + ℎ!! ln(𝑧) + ℎ!!  
(

(3.16) 

and  

 ℎ!! = −1! 3
𝑖 𝑒!!

!!!!

!
ln!(𝑢) 𝑑𝑢 

(

(3.17) 

Here 𝑢 = 𝑧𝑦. A repeated partial integration can be performed on the integral part: 
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𝑒!! ln!(𝑢) 𝑑𝑢
!

!

= 𝛤! 1 − 𝑒!! ln!(𝑢) 𝑑𝑢
∞

!

= 𝛤! 1 + 𝑒!! ln! 𝑢 |!∞ − 𝑖 𝑒!!
1
𝑢
ln!!!(𝑢) 𝑑𝑢

∞

!

= 𝛤! 1 − 𝑒!! ln! 𝑥 + 𝑖𝑒!!
1
𝑢 ln

!!!(𝑢)|!∞ − 𝑖 𝑒!!(
1
𝑢! (2ln

!!! 𝑢 − ln!!! 𝑢 ) 𝑑𝑢
∞

!

= 𝛤! 1 − 𝑒!! ln! 𝑥 − 𝑖𝑒!!
1
𝑥
ln!!!(𝑥) − 𝑖 𝑒!!(

1
𝑢!
(2ln!!! 𝑢 − ln!!! 𝑢 ) 𝑑𝑢

∞

!

= 𝛤! 1 − 𝑒!! ln! 𝑥 − 𝑖𝑒!!
1
𝑥 ln

!!! 𝑥 + 𝑂(
1
𝑥!)

⋮

= 𝛤! 1 − 𝑒!! ln! 𝑥 − 𝑖𝑒!!
1
𝑥
ln!!! 𝑥 +⋯+ 𝑂(

1
𝑥!
)

 
(

(3.18) 

where 𝛤! 1  is the ith derivative for Gamma function at one and 𝑥 = 𝑧𝑦!!   to simplify the 

notation. Keeping the partial integration to the order of 1/𝑧𝑦!!  leads to analytical 

expressions for ℎ!! (Detail of the derivation are provided in the appendix II section 1): 

 

ℎ!! = 1 − 𝑒!!!!!  

ℎ!! = 1.7316 + 3𝑒!!!!! ln(𝑧𝑦!!) − 𝑒
!!!!!/𝑧𝑦!! 

ℎ!! = 5.9343 − 3𝑒!!!!! ln! 𝑧𝑦!! − 6 𝑒!!!!!
1

𝑧𝑦!!
ln(𝑧𝑦!!) 

ℎ!! = 5.4449 − 𝑒!!!!! ln! 𝑧𝑦!! − 3 𝑒!!!!!
1

𝑧𝑦!!
ln!(𝑧𝑦!!) 

 

(

(3.19) 

Eq. 3.19 is similar to eq. 3.4, except that the additional terms correcting for the exclusion 

volume. 

Our numerical tests find that eq. 3.19 produces an error < 1% for 𝑧𝑦!! in the 

range 2 < 𝑧𝑦!! compared to numerical integration. As the 𝑧𝑦!!increases, the 
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contributions of those non-constant terms in ℎ!′ decrease. In fact, at 𝑧𝑦!! > 10, the terms 

with prefactor 𝑒!!!!!  in ℎ!′ can be dropped without losing much numerical accuracy, 

because their values become smaller than 10!!, making ℎ!′ virtually equals to ℎ!′ in the 

original analytical expression of 𝑔(𝑧) in the original IH model. If the terms with 𝑒!!!!!  in 

ℎ!′ were dropped in 2 < 𝑧𝑦!! < 10, we observed an error, as large as 15% compared to 

the numerical integration. For small values of 𝑧𝑦!! the series like expression in eq. 3.8 

converges quickly to reach stable results. Indeed, for small value of 𝑧𝑦!!(2 < 𝑧𝑦!! < 10), 

g'(z, Re) can be well approximated numerically by keeping the first four terms in the 

series summation (m=3), reaching a numerical error that is smaller than 1%. 

Now combined with eq.3.12 and 3.16. Eq.3.12 can be written in a more detailed 

fashion 

 

𝜙(𝑡)

= exp (
−𝑡
𝜏!
)

exp (𝐶!
4
3 𝜋𝑅!

! − 𝐶!
4
3 𝜋𝑅!

!𝑒!!!!! − 43 𝜋𝛽
!!𝐶!𝑔!(𝑧,𝑅!))

exp 𝐶! − 𝐶! exp (43 𝜋(𝑅! + 𝐿)
! − 43 𝜋(𝑅! + 𝐿)

!𝑒!!!!!!! − 43 𝜋𝛽
!!𝑔!(𝑧,𝑅! + 𝐿))

 

(

(3.20) 

 

with the simplified expression for 𝑔′(𝑧,𝑅!) derived in eq.3.12.  

In summary, a step-like function that describes the radial distribution of energy 

acceptors emphasizes the clustering of the acceptors at low concentrations and is used to 

derive the time-dependent luminescence decay, which is based on the IH model. The 
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resulting equations describing the luminescence decay have a concise form and are 

readily utilized. 

3.3.2 Computational Details of Molecular Dynamic Simulation of 
Acceptor Radial Distribution  

To test the proposed step-like function for acceptor distribution  and to check the 

validity of the developed analytical model for the luminescence decay, we applied our 

theory to study the donor luminescence decay kinetics reported in a recent long-range 

EET experiment by Meyer et al. 35. 

In Meyer's experiment, ruthenium(II) 2,2’-bipyridine complex (Ru(bpy)32+)(~ 1 0 3 

mM) is the energy donor, anthracene (An) is the energy acceptor, and the time-resolved 

transient emission from donor was measured in PEG-DMA based thin film. The 

Ru(bpy)32+, Cl- and An (attached on low polymerization degree PEG-DMA-550 fluid) 

were solved in low polymerization degree PEG-DMA fluid, and stirred overnight before 

full polymerization. The Ru(bpy)32+ species is excited at 484 nm. EET in the Ru(bpy)32+ 

doped PEG-An polymer starts from the Ru(bpy)32+ triplet excited state35, and energy 

transfer proceeded by a Dexter mechanism to anthracene. Triplet-Triplet anthracene 

annihilation was observed using upcoversion fluorescence92 and confirmed the Dexter 

energy transfer mechanism. The time-resolved transient emission from the donor Ru 

species was recorded and used to derive the EET kinetics. We simulated the acceptor 

distribution function using molecular dynamics simulation (MD) techniques. The PEG 

based energy transfer system was prepared experimentally as a liquid of monomers 
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PEG, and was polymerized after mixing with donor Ru(bpy)32+ and acceptor PEG-An (a 

poly(ethyleneglycol) at 9-position of anthracene). Equilibrium molecular dynamics of 

Ru(bpy)32+, Cl- , PEG-An and low degree of polymerization PEG-DMA-550 fluid were 

performed by GROMACS93 to obtain the  radial distribution of energy acceptor with 

regard to the energy donor for different concentrations of energy acceptors. The force-

field parameters for Ru(bpy)32+ were adopted from those reported by Rothlisberger et 

al.94 and Norrby95. These force field parameters have shown superb performance in 

predicting the structure of Ru(bpy)32+ accurately either in solution or in vacuum system. 

The force field parameters for other chemical species in the simulation are described by 

the GROMACS/amber03 force field, which has been heavily used and tested for organic 

molecules. Molecular dynamics simulations were performed in a 8 nm cubic box with a 

density of 1.051 g/ml, similar to the density of PEG-GMA 550 fluid 1.089 g/mL. The 

simulation box contained a Ru(bpy)32+ ion, two Cl- ions, and 590 PEG-DMA-550 

molecules and PEG-anthracene molecules consistent with the concentrations 8 

anthracene molecules for 24mM, 16 for 48mM, 24 for 72mM and 30 for 96mM. 
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 The simulation was carried out in the following steps. First, the system was 

equilibrated at 300 K by a 2 ns NVT simulation followed by a NPT simulation for 

another 2 ns at 1 bar. Then, a 20 ns production run was carried out to derive the pair 

distribution function for energy donor and acceptor. The 20 ns production run is 

considered long enough because for the low polymerization degree PEG-DMA-550 like 

polymer, molecular dynamic simulation has shown that the mean square displacement 

of the molecular mass center at room temperature is in the range of 0.1 nm2 at 1ps.96 In 

our simulations, the motion of H atom was constrained using LINC constraint algorithm 

in GROMACS and the time step was set to 5 fs to speed up the simulation. The pair 

distance distributions are computed by the g_rdf function in the GROMACS package, 

which computes the distribution of acceptor as a function of center of mass distances 

between molecular species.93  

3.4 Results and Discussion: Application of the Non-uniform 
Acceptor Model to Energy and Electron Transfer Kinetics in 
Glassy Systems 

3.4.1 Acceptor Radial Distribution from MD 

The D-A pair distribution functions f(R) derived from the MD simulations are 

shown in Figure 3.2 as a function of D-A distance R for different acceptor concentrations. 
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Figure 3.2: Pair distribution function f(r) of energy acceptor from molecule dynamics 
simulation. The f(r) here is defined by the C(r)=f(r)Cg , where C(r) is the number density 
of the acceptor with a distance r regarding to the donor, and Cg is the system wild 
number density of the energy acceptor. Therefore, f(r)=1, where r is large. The 
concentrations of anthracene we studied are 24 mM, 48 mM, 73 mM, and 98 mM. 

 

Generally, the computed radial distributions 𝑓(𝑅) feature discretized peaks, 

representing the layered distribution of acceptors around the donor. At high 

concentration, these peaks tend to have similar height, while for low concentrations, the 

first peak is much higher than the residue tails. When the concentration of the energy 

acceptor increases, the difference between the peak heights for large R and small R 

reduces. For example, the peak heights in 𝑓(𝑅) for 24 mM case is 15 times higher for 

large R (>20Å) than for small R (<15 Å), while for a concentration of 98 mM the peak's 

heights are largely the same. Therefore, acceptors tend to cluster around the energy 

donor at low concentrations, and they are evenly distributed at high concentrations. In 

all cases, there is a clear exclusion volume next to the donor; the first peaks in the 
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distributions are centered around 𝑅 ≈ 1 𝑛𝑚. The thickness of the clustered layer varies 

as the concentration changes.  

The donor-acceptor pair radial distribution from the molecular dynamic 

simulations supports our framework in Sec. 3.3.1. The single peak model proposed is 

consistent with the actual distribution at low acceptor concentration. Since the height of 

the peak (𝐶! − 𝐶!) in our model is a fitting parameter, this single peak model can also 

represent the correct physical distribution at high acceptor concentration where the 

height (𝐶! − 𝐶!) approaches to zero. In the intermediate concentration region, the height 

of the single peaks represents an effective or averaged acceptor distribution 

corresponding to the multiple peaks displayed in Figure 3.1. Its validity and 

performance are tested by applying this model to the experiments. 

The width of the clustered acceptor layer varies for different acceptor 

concentrations, but not significantly. In our model, we approximated the width of the 

single cluster layer as a constant (L) in the derivation of the luminescence decay. This is 

based on the following consideration. Since the discretized multiple peak radial 

distribution is replaced by a uniform distribution together with a single effective 

clustering layer, the details of the clustering width is less meaningful. More importantly, 

the rate of luminescence decay at earlier time is largely determined by the number of 

acceptors (𝑁) in the clustering layer 𝑁 = !!
!
( 𝑅! + 𝐿 ! − 𝑅!!) × 𝐶! , therefore it is 

unnecessary to treat L and 𝐶! both as fitting parameters. In our treatment, L we 
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approximate 𝐿 =  𝑟!, where 𝑟! represents the van der Waals radius of the energy and 

acceptor. 

Molecular dynamics simulated donor and acceptor pair radial distribution 

function clearly indicates that it is improper to apply the IH model to study the energy 

transfer due to the failure to consider both the exclusion volume and the non-uniform 

distribution of the acceptors at low acceptor density. Consequently, 𝑘! predicted by the  

IH model will be underestimated, since more acceptors were placed in the range (0, Re). 

Accounts of the exclusion volume in the modified IH model will alleviate this 

underestimation, however, the uniform radial distribution cannot simultaneously 

describe the decay kinetics at short and long times on an equal foot. The short-time 

decay is largely dominated by the near-neighbor acceptors. Ignoring the clustering 

contribution will lead to an overestimate of 𝑘!. The long-time kinetics is governed by 

acceptors far away from the donor, therefore, the fitted 𝑘! is a compromise between 

short- and long-time kinetics and is strongly density dependent. The model developed 

here is built on physical considerations of the acceptor distribution, which has the 

correct physical behavior at the low and high acceptor concentration limits; therefore, it 

avoids the problems in IH and modified IH models. Its performance and validity are 

tested by fitting the experimental data and this is discussed in the following section. 
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3.4.2 Ru(bpy)3
2+ Time-Resolved Emission Spectra Fitting 

The experimentally reported time-resolved emissions from Ru(bpy)32+ were fitted 

to the eq. 3.20 and the modified IH model45 with the distance dependent rate 𝑘 𝑅 =

𝑘!𝑒!!"using the non-linear least square Levenberg-Maquardt algorithm implemented in 

MATLAB. In the modified IH model, the radius of the exclusion volume was set to the 

sum of van der Waals radius of Ru(bpy)32+ and Anthracene, that is Re =10Å.35 In our 

model, the width of the clustering layer was chosen L=5 Å, the van der Waals radius of 

An (our fitted results are insensitive to the chosen of L, details are presented in section 2 

of appendix II). 𝐶! is the averaged acceptor concentration. The values of the fitted 

parameters for the modified IH model and our clustering model are shown in Table 3.2 

for different quencher concentrations. 

The fitted tunneling constant 𝛽 from the modified IH model for different 

acceptor concentrations of acceptor is largely consistent, which is physically expected, as 

it is determined by the decay of electronic wave functions at long distances. In contrast, 

the values of k0 from the modified IH model vary significantly. 𝑘! changes from  

2.0 × 10!! 𝑠!!  at the 296 mM to 8.6 × 10!" 𝑠!!  at 24 mM, a factor of 43 folds. Such a 

large variation conflicts with our physical intuition. 𝑘! is the product of two factors. One 

is the donor-acceptor Franck-Condon overlap, and the other one is the prefactor of the 

exponentially decaying wave function overlap. Both have weak distance dependences. 

The large variation of the fitted 𝑘! at different concentrations from the modified IH is a 
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magnification of the unphysical acceptor radial distribution. The undercounted 

acceptors in the short-distance regime are compensated by an overestimated 𝑘!. The 

lower the concentration, the stronger contribution from the clustered quencher at short 

donor-acceptor distance, therefore the larger fitted 𝑘!. In our model, the fitted β is 

similar to the modified IH model and is consistent over the entire range of quencher 

densities. Similarly, 𝑘!changes only by about ~10%. In terms of the relative standard 

derivation, 𝑘!from our model is about ~15%, which is much smaller than 330% from the 

modified IH model. The relative standard deviation on β is ~ 6% in our model, and it is ~ 

3% for the modified IH model.  

The other fitting parameter 𝐶! in our model decreases as the acceptor density 

increases. The ratio !!!!!
!!

, reflecting the quencher clustering at low concentration, 

decreases monotonically as quencher concentration grows, consistent with those shown 

in Figure 3.1. 

Comparing of fitted time-dependent luminescence decay form both models are 

shown in Figure 3.3. The modified IH model shows a poor agreement with measured 

luminescence decay over whole time period. At short time, fitted curves decay faster 

than measured luminescence, and at long time, fitted curves have a faster decay rate 

than experimental observations. Improved agreement with experiment data is achieved 

by our model. 
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The 𝑘! and β derived by Meyer using IH model are 2.16 × 10! 𝑠!! and 0.077Å . 

They were obtained by averaging the fitting results from the different concentrations. 

Performing the same averaging process, 𝑘! and β from our models are 13.1 ×

 10!" 𝑠!! and 0.51 Å-1. Often β is defined by β =2/Lr , where Lr represents the summation 

of the van der Waals radius of the energy donor and acceptor.31 Since the typical Dexter 

energy transfer happens at a distance smaller than ~10Å,31  which means a feasible 

Dexter energy transfer features with 𝐿!~10Å. That is to say the typical β value for Dexter 

energy transfer is > 0.2 Å!!. However, in Meyer's fitting, 𝐿! = 26Å was overestimated 

compared to the summation of the DA van der Waals radius ~10 Å. 

Table 3.1: Values of parameters k0 and 𝛽 from the Dexter energy transfer rate expression 
k(R) = k0 exp(-𝛽𝑅) obtained by fitting the time-resolved luminescence decay curves 
modified IH model and our model. 
 

 Modified IH Model Cluster Acceptor Model 
PEG-An Cl /mM 𝑘!/10!"𝑠!! 𝛽/Å!! 𝑘!/10!"𝑠!! 𝛽/Å!! 𝐶!/ mM 𝐶! − 𝐶! /𝐶! 

296 20.22 0.53 20.22 0.53 452 0.53 
196 34.10 0.53 34.10 0.53 377 0.92 
98 110.0 0.52 110.0 0.52 290 1.96 
73 148.0 0.50 148.0 0.50 268 2.67 
48 466.1 0.53 466.1 0.53 209 3.35 
24 856.4 0.50 856.4 0.50 143 4.95 
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Figure 3.3: Comparison of experimental measured and theoretical fitted time-resolved 
transient emissions of Ru(bpy)32+ with different concentrations of energy acceptor 
anthracene for both IH model(on the left of the figure) and clustering model(on the right 
of the figure). The concentrations of anthracence are 24 mM, 48 mM, 73 mM, 98 mM,196 
mM and 296 mM. 
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3.4.3 Ru(tpy)2
2+ Time-Resolved Emission Spectra Fitting 

The new model developed here can also be used to study electron transfer. Here, 

we apply our model to investigate the kinetics of electron transfer between Ru(tpy)22+ 

and ferric ions in acidic water glasses46. In this experimental measurement, electron 

transfer proceeds from the Ru(tpy)22+ excited state initiated by a 514.5 nm laser excitation 

of Ru(tpy)22+ to the ferric ions. Similar to Dexter energy transfer, the rate of ET also 

decays exponentially, 𝑘(𝑅) = 𝑘!𝑒!!". Here 𝛽 in general is larger for ET than that of EET 

due to the Dexter mechanism.46 ET kinetics was investigated by Gray et al. using time-

resolved emissions spectra combined with the modified IH model. In our model, 

𝑅! = 4Å (consistent with 𝑅! in Gray's fitting.) was first employed, then a more realistic 

value of 𝑅! = 7Å was also used in fitting the luminescence decay. The width of the 

clustering layer was chosen as 𝐿 = 2Å , the approximate van der Waals radius of ferric 

ion. 𝐶! is the averaged acceptor concentration. The values of the fitted parameters for 

our clustering model are shown in Table 3.2 for different electron acceptor 

concentrations. 

Previous fittings of the time-resolved emission from Ru(tpy)22+ to the modified IH 

model were performed by Gray et al46 using non-linear least square Levenberg-

Maquardt algorithm. In the modified IH model, the radius of exclusion volume was set 

as 𝑅! = 4Å. Their fitted results are also shown in Table 3.2. The fitted tunneling constant 

𝛽 from the modified IH model for different concentrations of acceptor is consistent.46 In 
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contrast, the values of 𝑘! from the modified IH model varies significantly. 𝑘! changes 

from 5.3 × 10!"𝑠!! at 0.50 M to 9.4 × 10!"𝑠!! at 0.05 M, a factor of ~20 folds. Similar the 

situation in excitation energy transfer in PEG system, such a large variation is 

inconsistent with our physical intuition. Again we attribute the large variation of the 

fitted 𝑘! at different concentrations from the modified IH module to the unphysical 

acceptor radial distribution. In our model, the fitted β is similar to the modified IH 

model and is consistent over the entire range of quencher densities. Similarly, 

𝑘! changes only by about 5 time from the high concentration case to the low 

concentration case, much stabler than modified IH model for both choices of Re. In 

addition, more consistent 𝑘! were derived (6.7 × 10!"𝑠!!~3.9×10!"𝑠!!), varying about 5 

folders for the 𝑅! = 4Å, while for a more realistic 𝑅! = 7Å, 𝑘! (5.4 × 10!"𝑠!!~8.1×

10!"𝑠!!) is more consistent for different acceptor densities, with a relative standard 

deviation about ~25%, more smaller than modified IH model, which is about ~110%. An 

unphysical choice of R e could lead to uncertainty in 𝑘!. 

For 𝑅! = 7Å case, β from our model is slightly smaller than Gray's work. The 

change of β is caused by different value of radius of the exclusion volume, a smaller 𝑅! 

introduce more acceptors in the short-range regime to the donor, and this will be 

compensated by a faster decay of electron transfer rate with distance, which means 

larger β. 
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The other fitting parameter 𝐶! in our model decreases as the acceptor density 

increases general for different choice of 𝑅!. The ratio !!!!!
!!

, reflecting the quencher 

clustering at low concentration, decreases monotonically as quencher concentration 

grows, similar to the situation in excitation energy transfer, except for the 0.05 M case 

with 𝑅! = 7Å. This exception could be caused by the error in obtaining the luminescence 

data from the graph in the published article with logarithm time axes for the time 

values. 

Comparisons of fitted time-dependent luminescence decay by our model and 

with experimental measurement are shown in Figure 3.4. Our model provides a nice 

agreement with the experimental observation in the whole time range. Similarly, the 

fitted curves by modified IH model and the experimental data also agrees closely in the 

whole time range, which differs from the observation in energy transfer where large 

derivations exist at both short and long time. Electron transfer in general features a 

larger β than that of energy transfer; 𝑘! and β are dominated by short-time kinetics. 

Therefore, as long as the short-time decay is well fit, the large β will ensure the well-

behaved long time decay. However, because of the missing acceptor clustering near the 

donor, the fitted 𝑘! still grows unphysically as the acceptor density drops. 
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Table 3.2: Values of parameters k0 and 𝛽 from the Dexter energy transfer rate expression 
k(R) = k0 exp(-𝛽𝑅) and the acceptor particle density in the clustering regime Cl obtained 
by fitting the time-resolved transient emission of donor with different Re values, also k0 
and 𝛽 from Modified IH Model from Gray's work are presented. 
 
 

Clustering Acceptor Model 𝑅! = 4Å 

 

Ferric Ion / M 𝑘!/10!"𝑠!! 𝛽/Å!! 𝐶!/ M 𝐶! − 𝐶! /𝐶!  
0.50 3.90 1.46 0.90 0.80 
0.25 0.67 1.36 0.67 1.60 
0.10 0.77 1.36 038 1.80 
0.05 3.32 1.41 0.12 1.50 

Clustering Acceptor Model 𝑅! = 7Å 

 

Ferric Ion / M 𝑘!/10!"𝑠!! 𝛽/Å!! 𝐶!/ M 𝐶! − 𝐶! /𝐶! 
0.50 8.1 1.26 1.58 2.0 
0.25 5.5 1.21 0.78 2.1 
0.10 5.4 1.20 0.37 2.7 
0.05 5.4 1.14 0.13 1.6 

 Modified IH Model46 
Ferric Ion / M 𝑘!/10!"𝑠!! 𝛽/Å!! 𝑁/𝐴 𝑁/𝐴 

0.50 94 1.61   
0.25 47 1.60   
0.10 6.1 1.72   
0.05 5.3 1.78   
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Figure 3.4: Comparison of experimental measured (bold blue dashed line) and 
theoretical fitted(thin red dot line) time-resolved transient emissions of Ru(tpy)22+ with 
non-uniform distribution model for electron acceptor ferric ions for the Re =7Å case . The 
concentrations of ferric ions are 0.05 M, 0.10 M, 0.25 M and 0.50 M (from upper to 
lower). 
 

3.5 Summary and Conclusions 

In this study, we developed an analytical model that can be used to study 

excitation energy transfer and electron transfer in condense media. Our model is an 

extension of the earlier modified IH model and it emphases the non-uniform donor-

acceptor spatial distribution, particularly at the acceptor concentration acceptor. Using a 

step function like model donor-acceptor radial distribution, we are able to derive simple 

analytical expressions describing the donor luminescence decay in energy transfer or 

electron transfer. The model radial distribution function has the correct physical 

behavior at high and low acceptor concentration limits and the analytical working 

equations are amenable for practical use.  
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We applied our model to examine EET and ET based on two experiments. In the 

study of energy transfer in the lightly Ru(bpy)32+ doped PEG based thin film, where 

Ru(bpy)32+  is the energy donor and anthracene is the energy acceptor. In this energy 

transfer study, time-resolved luminescence decay of Ru(bpy)32+ were measured and 

investigated by the original IH model. Three discrepancies were found in the describing 

time-resolved luminescence decay by IH model: (1) underestimated 𝑘!, (2) inconsistent 

𝑘! for different acceptor concentrations, and (3) poor agreement between the fitted 

curves and the experimental data. The origins of these discrepancies are the unphysical 

consideration of the acceptor distribution and volume-less donor and acceptor 

assumption in the original IH model. Including both the actual acceptor distribution and 

the exclusion volume, our model is able to resolve these discrepancies in the original IH 

model used by Meyer et al. In examining the experimental data of time-resolved 

luminescence with our model, a more consistent and physical 𝑘! is obtained, and a 

much better agreement between the experimental data the fitted luminescence decay 

curves was achieved. Similarly, our model was also applied to study the electron 

transfer from between Ru(tpy)22+ and ferric ions in the water glass. The electron transfer 

proceed from photoexcited Ru(tpy)22+ to the ferric ions. Gray et al. used a modified IH 

model to investigate the luminescence decay curves of photoexcited Ru(tpy)22+ to study 

the electron transfer kinetics. In their fitting of the luminescence decay curves using 

modified IH model, a concentration dependent 𝑘! is obtained. Also, their choice of the 
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size of exclusion volume aim to better-fitted luminescence decay curves, which is 

slightly unphysical. In the application of our model to study their electron transfer 

kinetics, we are able to obtain a more consistent 𝑘!. Note, the radius of the exclusion 

volume of our model is defined as the summation of the van der Waals radius of donor 

and acceptor. Thus, more appropriate value for 𝑅! will produce more actual β by our 

model. Compared with modified IH model, our model provides improved descriptions 

for the luminescence decay curves in the example studies, and produced more consistent 

and actual energy transfer parameters β and 𝑘! through out different acceptor densities. 

In addition, the agreement between the fitted luminescence decay curves and the 

experimental data are improved. 

As a summary, our model aims to fill the description gap between the IH model 

kinetic scheme and the real system by incorporating the acceptor distribution in rigid 

media. More consistent and appropriate energy/electron transfer rates can be obtained 

by our model, which is helpful for improving the accuracy in evaluating the 

energy/electron transfer kinetics. 
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4 Two Electron Transfer Pathways 
Lin, J.; Balamurugan, D.; Zhang, P.; Skourtis, S. S.; Beratan, D. N. Two-Electron 

Transfer Pathways J. Phys. Chem. B 2015, 119, 7589.  

4.1 Introduction 

The frontiers of electron transfer (ET) and energy transfer (EnT) are moving from 

single particle one-step reactions to coupled multi-particle and multi-step processes, 

including multi-electron redox chemistry, multi-step hopping transport, proton-coupled 

electron transfer, hydride transfer, and multi-atom group transfer chemistry.8-16 EnT, too, 

is moving into the domain of multi-particle dynamics, as interest grows in multi-exciton 

generation and harvesting,17,18 singlet exciton fission,19,20 Dexter energy transfer,21  and 

multi-chromophore coherence phenomena.22 As well, novel biological structures are 

being found to conduct currents over a startling range of length scales.23,24 Long-range 

transport involves extensive hopping networks in enzyme complexes, and in 

ribonucleotide reductase (nanometer scale),25,26 bacterial nanowires (micrometer scale) 

and conducting filaments (centimeter scale).27,28 Multi-electron charge transfer is of 

paramount significance in solar energy photochemistry (CO2 reduction and water 

oxidation are multi-electron redox processes coupled to atom and ion transport) and the 

fission of exciton and multi-exciton states into free carriers lies at the core of solar 

photochemistry.17-20 Much of biocatalysis, too, is driven by multi-electron chemistry, 

with coupled electron and proton motions that are coordinated with stunning timing 
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and efficiency.29 Can we understand the mechanisms of multi-ET reactions using the 

language of coherent ET pathways97-99 and incoherent ET networks as is the case for 

single-ET (1ET) reactions?  

Many-electron redox processes add considerable richness to charge-transfer 

chemistry.  Issues of memory effects, multi-electron coupling pathways and their 

interference, coherence and decoherence, multi-carrier trafficking, and the competition 

among sequential and concerted mechanisms pervade this research direction. The aim of 

this chapter is to begin to create a language to describe bridge-mediated superexchange 

for two-electron transfer (2ET) reactions.  We hope that this analysis will provide an 

entry point for beginning to understand multi-electron redox processes in molecules and 

molecular assemblies.  

A kinetic framework for 2ET reactions was developed by Zusman and 

Beratan15,16 to describe the free energy dependence of sequential and concerted 2ET.  

Tornow et al.100 recently explored 2ET in model redox systems coupled to a dissipative 

bath.  Skourtis, Beratan, and Onuchic101 developed a two-state reduced model for bridge-

mediated tunneling (superexchange) that is useful for multi-electron transfer as well as 

for 1ET.  Petrov et al.102-104 developed an approach to describe multi-electron transfer 

kinetics in the long-distance regime.  

While prior studies established a kinetic framework for 2ET reactions,15,16,100,102-106 

multi-electron bridge-mediated superexchange is poorly understood. Here, we develop 
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models for coherent 2ET superexchange in donor-bridge-acceptor (DBA) systems aimed 

at understanding the nature of tunneling pathway structure and interferences when 

more than one carrier moves from D to A.  Multi-electron transfer processes can proceed 

coherently between initial and final states or incoherently (incoherent transport may 

involve multi-step hopping).   The conditions that favor the dominance of one 

mechanism over another is not well established.  In the regime of large tunneling 

barriers (compared to thermal energies), one expects that two-particle superexchange 

interactions may be weak compared to the strength of sequential one-particle 

superexchange.  However, the number of two electron virtual intermediate states grows 

very rapidly with bridge size, so the dominance of sequential (incoherent) one-electron 

transport over coherent two-electron transport is not certain. Thus, we aim to begin an 

effort to place bounds on the magnitude of the two-electron superexchange interaction 

for molecular species. 

This chapter has four sections. Section II describes the model Hamiltonian used 

and presents methods to compute 2ET superexchange couplings.  Section III analyzes 

2ET pathway interferences.  Structures with multiple donors/acceptor groups are also 

described.  Section IV summarizes the results and examines strategies to manipulate 2ET 

kinetics. 
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4.2 Theory and Method 

4.2.1 Model Hamiltonian 

One-electron effective Hamiltonians (based on Hartree-Fock and tight-binding 

theories) are of great value for describing 1ET, as they capture the energies of virtual 

intermediate states and the related multiple coupling pathway interferences.23,97-99,107-112 

2ET requires a description of both one and two-electron virtual states, so adding on-site 

electron-electron interactions is crucial.  We use a Hubbard Hamiltonian with an N-site 

bridge linking donor to acceptor, and we add population relaxation on acceptor to 

produce irreversible charge transfer: 

 
𝐻 = 𝜖!𝑛!"

!

!!!

+
!

𝑉!" 𝑎!"! 𝑎!" + 𝑎!"! 𝑎!"

!

!!!!

+ 𝑈 𝑛!"𝑛!!!
!

!!!

+ 𝑈𝐼
!!!!

𝑛!"𝑛!!!
!

!!!!!!!
− 𝑖𝛤! 𝑛!!

!

!!!

 

(4.1) 

 

In eq. 4.1, 𝜖! is the ith site energy, 𝑛!" is the electron occupation number operator 

for the ith site with spin σ.  a†iσ (aiσ) creates (annihilates) an electron on site i with spin σ, 

𝑉!" is the interaction between sites i and j, 𝑈 is the on-site Hubbard repulsion, and 𝑈𝐼 is 

the off-site Hubbard term. For simplicity, we consider only singlet states. The term −𝑖𝛤! 

produces population relaxation for electrons arriving at the acceptor. Tuning U, UI and 

𝜖! changes the energetics of the electron-transfer intermediate states with respect to the 

donor and acceptor. We define 𝛿 = 𝑈𝐼 − 𝑈.  
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4.2.2 Green Function Analysis of Couplings 

We use an effective Hamiltonian obtained by Löwdin partitioning113,114 to 

describe the 2ET dynamics. 2ET superexchange arises when 

!!!(!!!) ! !!!!

!!!! ! !!!! ! !!!(!!!) ! !!!(!!!)
≪ 1, where the 𝐷!!  and |𝐴!!⟩ are the 

𝐷!!  and the 𝐴!!states, and the 𝑀!𝑁!  states are the intermediates with one electron on 

M and one electron on N, such as |𝐷!𝐴!〉, |𝐷!𝐵!!〉, |𝐴!𝐵!!〉, |𝐵!!𝐵!!〉, |𝑀!𝑁!〉 . The projection 

method for solving the Schrödinger equation 𝐻|𝛹⟩ = 𝐸|𝛹⟩ in the 𝐷!!  and 𝐴!!subspace 

produces an effective Schrödinger equation. 𝑃 is the projection operator for this 2-state 

subspace and 𝑄 = 𝐼 − 𝑃. The effective Schrödinger equation is101,109,114 

 𝐻!"" 𝑃 𝛹 = 𝐸 𝑃 𝛹  (4.2) 

Where 

 𝐻!"" = 𝑃𝐻𝑃 + 𝑃𝑉𝑄𝐺 𝐸 𝑄𝑉𝑃 (4.3) 

is the effective Hamiltonian and 𝑄𝐺 𝐸 𝑄 = 𝐸𝐼 − 𝑄𝐻𝑄 !!. 

For the 2ET system with N bridge sites, the two-electron D/A space is: 

 𝑃 = 𝐷!! 𝐷!! + 𝐴!! 𝐴!!  (4.4) 

The 2ET superexchange coupling is  

 
𝑇!→!
(!!) = 𝐷!! 𝐻!"" 𝐸!"# 𝐴!! , where   𝐸!"# ≈

𝐷!! 𝐻 𝐷!! + 𝐴!! 𝐻 𝐴!!

2
 (4.5) 
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4.3 Results and Discussion 

4.3.1 2ET with one-site orbital (D-B-A) 

We begin with the simple case of one bridge orbital coupling donor to acceptor. 

For 1ET, the lowest-order superexchange pathway includes one virtual intermediate and 

is:  𝐷!𝐵𝐴 → 𝐷𝐵!𝐴 → 𝐷𝐵𝐴!. For 2ET, however, there are two pathways, each with 3 

virtual intermediates:  𝐷!!𝐵𝐴 → 𝐷!𝐵!𝐴 → 𝐷!𝐵𝐴! → 𝐷𝐵!𝐴! → 𝐷𝐵𝐴!! and 𝐷!!𝐵𝐴 →

𝐷!𝐵!𝐴 → 𝐷𝐵!!𝐴 → 𝐷𝐵!𝐴! → 𝐷𝐵𝐴!! (Figure 4.1)  Even though there is only one bridging 

orbital between D and A, the two 2ET pathways interfere with each other.  The number of 

multi-electron coupling paths grows rapidly with bridge length (and width), as well as 

with the number of electrons.  As such, it will be interesting to consider how coherence, 

interference, and statistical averaging of multi-path couplings influence multi-electron 

ET. We set the energy scale zero as 𝜖! = 𝜖! = 0, and take this as the tunneling energy, i.e. 

Etun= 0 (eq. 4.5).  This tunneling energy is the energy at which polarization fluctuations of 

the medium bring the multi-electron donor and acceptor states into energetic 

degeneracy. 
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Figure 4.1: Superexchange coupling paths for the DeeBA -> DBAee reaction in a 3-orbital 
DBA system. Two classes of leading-order coupling pathways (I and II) are found with 
energies shown in the lower part of the figure.  Even though the bridge is linear (DBA), 
there are two interfering “families” of coupling paths from D to A (with energies shown 
in the lower part of the figure):  those that create a singly-reduced bridge virtual 
intermediate and those that create a doubly-reduced bridge virtual intermediate.  Note 
that the energy of the two-electron reduced bridge state is twice the bridge orbital 
energy, or 2eB. 

  

Figure 4.1 shows the two lowest order 2ET coupling pathways. One class has a 

singly reduced bridge intermediate (I) and one has a doubly reduced bridge 

intermediate (II). The paths have different virtual state energies and couplings, and the 

paths add together (coherently) to produce the overall two-electron transfer coupling 

interaction. The energies of the four pathway (virtual) intermediate states indicated in 

Figure 4.1 are not equal, in general.   

In the deep tunneling regime (𝜖! ≫ 𝑉 ) where all intermediate-state energies are 

well separated from the initial and final state energies, the effective D/A electronic 

coupling arising from pathways I and II is given by 𝑇!→!
(!!) = ℎ! + ℎ!! where (see 

Appendix III and Figure 4.1): 
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ℎ! =

−2𝑉!

𝛥 𝜖! + ∆ ! 

ℎ!! =
−4𝑉!

2𝜖! 𝜖! + ∆ ! 

(4.6) 

In the non-adiabatic limit, the 2ET rate is proportional to the square of the 2ET 

donor-acceptor electronic coupling.  Thus, k2ET ∝ 𝑇!→!
(!!)! and we write 𝑘!!" ∝ ℎ!! + ℎ!!! +

𝐶, where 𝑐 = 2ℎ!ℎ!! is the cross term. That is, the rate is the sum of the two separated 

pathway transmission probabilities (ℎ!! + ℎ!!! ) and a two-pathway interference term (C).  

The strength of the pathway interference is quantified by the ratio R = (ℎ!! + ℎ!!! +

𝐶)/(ℎ!! + ℎ!!! ).  Figure 4.2 shows R as a function of the dimensionless variable 𝐸 ≡ ∆/𝜖!, 

twice the energy ratio for DeBAe and DBeeA.   

In this study, we restrict our analysis to the deep tunneling regime where 𝐸 > 0 

and 𝜖! ≫ 𝑉 . When 0 < 𝐸 < 1 (see Figure 4.2), we have R > 1 and constructive pathway 

interference. In this case, ℎ! and ℎ!! have the same sign. When 𝐸 = 1 (see eq. 4.6), ℎ! = ℎ!! 

and R = 2, corresponding to maximum constructive interference. Constructive 

interference extends to the regime of 𝐸 > 1. However, for 𝐸 ≫ 1, pathway II dominates 

the coupling and interference is unimportant. When 𝐸 = 0, DeBAe, DeeBA, and DBAee are 

degenerate, and ℎ! ≫ ℎ!!. Transmission through pathway I provides a resonant 

tunneling channel that dominates the transmission, and the analysis underpinning eq. 

4.6 is not linked directly to observable rates as the mechanism is no longer deep 

tunneling. 
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Figure 4.2: 𝑅 is plotted as a function of 𝐸 in the deep tunneling regime. The red dashed-
dot line shows 𝐸 > 0, where pathways, ℎ! and ℎ!! constructively interfere.  Maximum 
constructive interference occurs when E = 1.  The pathway interference is irrelevant at E 
= 0 because there are significant differences in the magnitudes of the couplings from the 
two pathways (one is resonant). 

  

4.3.1.1 Two-ET in a Parallel Pathway DBBA Model 

An intriguing feature of bridge-assisted tunneling in 2ET is the quadratic 

increase in the number of coupling pathways as the number of bridge sites grows. The 

rapid growth in the number of paths adds further complexity to the pathway 

interferences. We describe the case with two parallel bridge units to explore the nature 

of pathway number growth and pathway interferences. 2ET is particularly distinctive 

for the two-bridge case because of additional one- and two-electron bridge-localized 

intermediate states. The pathway energetics is indicated in Figure 4.3 for DB1B2A.  

 

 

−0.5 0 0.5 1 1.5

1

1.5

2

 

 

E

R

Maximum interference

No interference



 

 85 

 

Figure 4.3: Donor, acceptor and bridges site connections, relative energy levels and 
pathways for the 2ET in a DBBA system, where the two bridge units are parallel to each 
other and both link donor to acceptor (but the two B’s do not interact, i.e., there is no 
“crosstalk”). Three classes of energetically distinct leading-order pathways exist (I, II, 
and III).  The virtual states are created after two “steps” of electronic motion:  they 
feature a singly reduced donor and acceptor, two singly reduced bridge orbitals, or one 
doubly reduced bridge orbital. 

 
There are three classes of intermediate states coupling donor to acceptor states 

(Figure 4.3). The gateway intermediate states (DeBeBA and DBBeAe) have the energy 

𝜖! + ∆. The other intermediate states are categorized into three groups. The type I 

pathways feature the electrons on D and A (DeBBAe), and they include 4 channels with 

an energy ∆ relative to DeeBBA. Type II pathways have each B unit singly reduced 

(DBeBeA). There are four equivalent pathways of this type, each with energy of 2𝜖! + ∆ 

p
2V

p
2V

V VDeAe

AeeDee DeBe
1 AeBe

1

Bee
1

p
2V

p
2V

p
2V

p
2V

p
2V

p
2V

V V

VV
DeAe AeeDee

DeBe
1

DeBe
2 AeBe

2

AeBe
1

p
2V

p
2V

p
2V

p
2V

p
2V

p
2V

V V

VV
AeeDee

DeBe
1

DeBe
2 AeBe

2

AeBe
1

Be
1B

e
2

Be
1B

e
1

Be
2B

e
2

p
2V

p
2V

En
er

gy
  

(III) 

(II) 

DeeBBA DBBAee

DeBBAe

DBBeAe

(I) 

DeBeBA

DBeBeA

DBeeBA

U

2✏B

U

✏B +�

�

2✏B +�



 

 86 

relative to DeeBBA.  Type III pathways have one bridge unit doubly reduced (DBeeBA or 

DBBeeA). These are two identical channels, and their energies are 2𝜖! relative to DeeBBA. 

The categories of ET pathways enumerated here are generally valid for N-site bridge 

systems. The number of type I and II pathways grow quadratically with the number of 

the bridge units, while the number of type III paths is linear in N. Each type of pathway 

utilizes chemically identical orbitals, but the sequence of electronic steps, and thus the 

population of the virtual states, is different for the three families of paths.  The families 

of pathways are constructively interfering (vide infra), just as is found with multiple 

identical and parallel one-electron bridge paths. Complexity arises from interference 

among the three types of paths.  The sum of the lowest-order paths is: 

 𝑇!→!
(!!) = 4ℎ! + 4ℎ!! + 2ℎ!!! (4.7) 

where  

 
ℎ! =

−2𝑉!

𝜖! + ∆ !∆
 

ℎ!! =
−2𝑉!

𝜖! + ∆ !(2𝜖! + ∆)
 

ℎ!!! =
−2𝑉!

𝜖! + ∆ !𝜖!
 

(4.8) 

hI, hII, and hIII describe the DA couplings through a single pathway type (see 

Appendix III), as indicated in Figure 4.3. We explore pathway interferences through the 

ratio of the squared lowest order coupling to the sum of the squares of the individual 
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pathway couplings ratio, 𝑅(𝐸), where 𝑅 = (4ℎ!! + 4ℎ!!! + 2ℎ!!!! + 𝐶)/(4ℎ!! + 4ℎ!!! + 2ℎ!!!! ), 

shown in Figure 4.4. 

 

Figure 4.4: The pathway interference indicator, 𝑅(𝐸) (in red), is shown as a function of 𝐸.  
𝑅(𝐸) initially increases as 𝐸 grows (from 0 to 1.15), peaks at E =1.15,  and then drops. 
The blue dashed line represents the value of R that would be seen for independent non-
interfering pathways, i.e., R = 1.  Constructive pathways interfere is indicated because 
the red dashed line is above the blue line. 

 
The coupling may be described as being mediated by three effective parallel 

paths, or a D
𝐵!
!""
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A system.  Each effective bridge unit has a different site energy and 

coupling to the donor and acceptor. In the deep tunneling regime (𝐸 > 0 and 𝜖!  ≫  𝑉), 

the pathway interference is determined by the energy difference among paths. Figure 4.4 

indicates that the constructive pathway interferences can occur.  
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When E > 0, all intermediate states have energies higher than the donor energy. 

Thus, all of the pathway couplings have the same signs and constructively interfere. 

Since there are ten paths for the two-bridge case, the maximum value of R is 10 if the 

coupling through all paths is equal. However, the couplings through the three pathways 

types are determined by their energetics, so their values are not generally equal. The 

value of 𝐸 that produces the maximum coupling is ~1.15. This analysis is valid for N 

bridge orbitals that do not directly interact with each other, but the value of E that 

maximizes the coupling depends on the number of bridge units. For large N, the number 

of type I (DeBBAe) and type II (DBeBeA) pathways is much larger than the number of type 

III (with doubly reduced bridge DBeeBA) paths.  Thus, type I and type II paths dominate 

the coupling. The maximum constructive interference occurs at large E, where the 

couplings ℎ! ≈ ℎ!! . However, as E increases, the couplings for type I and type II 

pathways (ℎ! and ℎ!!) decrease at a rate faster than that of type III pathways (ℎ!!!) (See 

eq. 4.8). As 𝐸 → ∞, hI and hII approach zero, and the only contribution to 2ET is from 

type III paths. Therefore, for a large number of bridge units, constructive interference 

contributions are largely from type I and type II paths at small E, and from type III paths 

at large E. The limit of R for large 𝐸 values is 2 for the 2-bridge case and is N for the N-

bridge case. 
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 When 𝐸 = 0, the singly-reduced donor and acceptor (𝐷!𝐵𝐵𝐴!) intermediate 

state in type I paths is resonant with D and A, and it likely dominates charge transfer.  

For 2ET, R(E) is 4 in the case of two parallel bridge units. For an N-unit bridge (parallel 

paths, no crosstalk between paths, and deep tunneling regime), R(E) = N2, the number of 

type I paths.   

4.3.1.2 The DBBA Model With Bridge Crosstalk  

We now examine 2ET couplings mediated by two parallel bridge units with 

electronic coupling interactions (pathway “crosstalk”)115,116 between the two parallel 

physical paths. Compared to the Hamiltonian studied above, additional interactions are: 

〈𝐷!𝐵!!𝐵!𝐴 𝐻 𝐷!𝐵!𝐵!!𝐴〉, 〈𝐷𝐵!!𝐵!𝐴! 𝐻 𝐷𝐵!𝐵!!𝐴!〉, and 〈𝐷𝐵!!𝐵!!𝐴 𝐻 𝐷𝐵!𝐵!!!𝐴〉, where 𝑖 ≠ 𝑗 

and 𝑖, 𝑗 = 1,2. These couplings are denoted by t in Figure 4.5 and Figure 4.6. The three 

pathway classes defined earlier can be regrouped into 2 categories. The type I pathways 

form an independent class (they lack interactions type II and III paths), and are shown 

schematically in Figure 4.5. The coupling t mixes the type II and type III pathways, and a 

schematic representation of the coupled channels is indicated in Figure 4.6. 

 

Figure 4.5: The type I pathways of D 𝐵
𝐵 A referred in Fig. 3. For these paths, the electrons 

move sequentially through the bridge.  Here the bridge units interact with each other (t, 
red arrows in Figure 4.6). 
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Figure 4.6: The networks of type II and III pathways for D 𝐵
𝐵 A described in Figure 4.3 

where interactions between bridge units are introduced (crosstalk interaction, t, in red). 
The pathways share a common feature: the electrons move sequentially from donor to 
one of the bridge units, doubly reducing it. After two electrons are both on a bridge unit, 
the electrons move onto the acceptor. The paths are thus associated with singly or 
doubly reduced bridges states.  

 

The parallel pathways and B1-B2 crosstalk interactions add richness to the 

pathway interferences compared to the case of linear bridges. We analyze couplings as a 

function of τ=t/|V|, the ratio of nearest neighbor covalent coupling to crosstalk coupling 

(see Figure 4.7 for V = 0.05 eV). Enhanced DA coupling is found for τ <0; the larger the 

value of |τ|, the stronger the coupling enhancement. When τ > 0, the electronic coupling 

is reduced. Crosstalk interference is known to create destructive pathway interference in 

1ET.115,116 The change in the amplitude of the overall transmission is larger for lower 

bridge barrier heights. Next, we describe how the coupling among the parallel bridge 

pathways changes the bridge-mediated DA interaction. 
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Figure 4.7: Comparison of the coupling (T) with (t≠0) and without (t=0) crosstalk 
interactions between parallel bridge units as a function of 𝝉 = 𝒕/𝑽 (with V=0.05 eV) for 
different energy barrier heights. When the signs of t and V are different, the effective DA 
coupling is enhanced by crosstalk.  When t and V have the same sign, the DA coupling is 
reduced. For lower tunneling barriers, the effective DA coupling is larger (for fixed t), as 
expected.  

Figure 4.8 shows a transformation of the coupling pathways to a set of symmetry 

adapted bridge states to simplify the description of type I pathways. The coupled states 

𝐷!𝐵!!/𝐷!𝐵!!(𝐴!𝐵!!/𝐴!𝐵!!) are symmetry adapted, and the resulting linear combination 

states are not coupled by the system Hamiltonian. The (𝐷!𝐵!! + 𝐷!𝐵!!)/ 2 and 

(𝐴!𝐵!! + 𝐴!𝐵!!)/ 2 states in the new representation are coupled to the other states in the 

two-electron transfer pathways, while (𝐷!𝐵!! − 𝐷!𝐵!!)/ 2 and (𝐴!𝐵!! − 𝐴!𝐵!!)/ 2 do not 

provide pathway coupling. The energy levels of the states in the uncoupled 

representation are shifted by ±t, and one effective pathway remains.  

−6 −4 −2 0 2 4 6
0.5

1

1.5

2

2.5

t/V

 

 

T(
t)/

T(
0)

ϵB = 2.0eV

ϵB = 1.0eV

ϵB = 0.5eV



 

 92 

 

Figure 4.8: Schematic representation of the symmetry adapted orbitals used to simplify 
the coupling network and pathway analysis of Figure 4.5. The basis states 𝐷!𝐵!!/
𝐷!𝐵!!(𝐴!𝐵!!/𝐴!𝐵!!) are diagonalized to two uncoupled states.  Only the symmetric states 
(𝐷!𝐵!! + 𝐷!𝐵!!)/ 2 and (𝐴!𝐵!! + 𝐴!𝐵!!)/ 2 contribute to the two-electron coupling. The 
energy levels of the symmetry-adapted states are shifted by ±t relative to the basis states.  

 

The type I pathway couplings (eq. 4. 9) are shown in Figure 4.8 

 
𝑇! = −

8𝑉!

𝜖! + ∆ + 𝑡 !∆
 (4.9) 

Eq. 4.9 indicates that the overall DA coupling is sensitive to the sign of 𝑡. Indeed, t 

modulates the effective tunneling barrier. When t>0, 𝑇! is reduced, while t<0 increases 𝑇!.  

In the deep tunneling regime, the effect of t on the DA coupling is small. For small 

tunneling barriers (smaller values of 𝜖!), the influence of crosstalk on the coupling is 

enhanced.  

Similar symmetry adapted states can be used to study bridge-mediated coupling 

via type II and III pathways. Shown in Figure 4.9 are coupled and decoupled 

Figure 8
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representations of type II and III pathways (see Appendix III). The effective couplings 

are: 

 
𝑇!!&!!! 𝑡 = −

4𝑉!

𝜖! + ∆ + 𝑡 !
(1 + 𝑠𝑖𝑛2𝜃) 2𝑉!

2𝜖! + cos! 𝜃∆
+
(1 − 𝑠𝑖𝑛2𝜃) 2𝑉!

2𝜖! + sin! 𝜃∆

=
−

4𝑉!

𝜖! + ∆ + 𝑡 ! (
2𝑉! 

2𝜖! + ∆
+
2𝑉! 
2𝜖!

)(1 −
𝑡

2𝜖! + ∆/2 2
)

(1) (2)
 

(4.10) 

Here, 𝜃 (0<q<π) is defined in eq. A.3.19 in Appendix III.  It reflects the mixing of two 

singly-reduced bridge states with doubly reduced bridge states. The coupling 𝑇!!&!!! is 

determined by the magnitude and sign of t. In part (1) of eq. 4.10.  t changes the effective 

energy barrier of (𝐷!𝐵!! + 𝐷!𝐵!!)/ 2 and (𝐴!𝐵!! + 𝐴!𝐵!!)/ 2, as in the type I case above. 

When t>0, part (1) of 𝑇!!&!!! is reduced, while t<0 features smaller part (1) of 𝑇!.  The 

term 1 − !
!!!!∆/! !

 in part (2) of eq. 4.10 captures the effect of t on the coupling 

between (𝐷!𝐵!! + 𝐷!𝐵!!)/ 2 and (𝐴!𝐵!! + 𝐴!𝐵!!)/ 2 (see Figure 4.9). In the deep 

tunneling regime (E > 0), 2𝜖! +
∆
! !

> 0. Thus, for t > 0, 1 − !
!!!!∆/! !

 is less than 1, 

indicating that the coupling between (𝐷!𝐵!! + 𝐷!𝐵!!)/ 2 and (𝐴!𝐵!! + 𝐴!𝐵!!)/ 2 is 

reduced. When t < 0, the coupling between these states is enhanced. Thus, both parts of 

eq. 4.10 (and TII and TIII) decrease monotonically as a function of t. In summary, the 

influence of crosstalk (t) has the same influence on all effective electronic couplings for 

all pathway types (i.e., when t is positive, crosstalk decreases the effective coupling and 

when t is negative, crosstalk increases the effective coupling). The crosstalk coupling 
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also controls the effective donor and acceptor coupling via type II and III pathways 

(𝑇!!&!!!) by changing the intermediate state energies and the effective couplings between 

the first and third intermediate states; for 𝑇!, however, t only modifies the intermediate 

states energies. Thus, 𝑇!!&!!! pathways depend more strongly on the crosstalk coupling (t) 

than do the type I pathways (𝑇!). 

 

Figure 4.9: Coupling network based on symmetry-adapted bridge states that 
corresponds to the pathways shown in Figure 4.6. 

 

Figure 4.10: Coupling network based on symmetry adapted bridge states for D 𝑩𝟏
𝑩𝟐

A. 

Two parallel bridge units couple D to A, and there is crosstalk among the two bridge 
orbitals. Two symmetry adapted bridging states are (𝑩𝟏𝒆 + 𝑩𝟐𝒆)/ 𝟐 and (𝑩𝟏𝒆 − 𝑩𝟐𝒆)/ 𝟐. 
Only (𝑩𝟏𝒆 + 𝑩𝟐𝒆)/ 𝟐 couple D to A. 
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4.3.2 2ET with Multiple Donors or Acceptors 

 

Figure 4.11: Energy levels and couplings for 2ET in DA and 𝐷!𝐷!
A structures. For DA 

structures, the donor and acceptor states, 𝐷!!𝐴 and 𝐷𝐴!!, are coupled via the 

intermediate state 𝐷!𝐴!. However, for the 𝐷!𝐷!
A case, with all the donors reduced in the 

initial state (i.e., with 4 mobile electrons in the initial state  𝐷!!!𝐷!!!𝐴), there are three 
different electron configurations product states (𝐷!𝐷!!!𝐴!!, 𝐷!!!𝐷!𝐴!!, and 𝐷!!𝐷!!𝐴!!), 
representing doubly reduced acceptor species. 

 

Multi-electron transfer systems need not draw all electrons from a single source 

nor deliver all electrons to a single sink. The presence of multiple D and/or A groups 

may drive 2ET. We next compare the 2ET pathway interferences in D-A, 𝐷!𝐷!
A, and 

D 𝐴!
𝐴!

 systems to explore further the nature of coherent multi-electron transfer in 

alternative architectures.  

In a 2ET D-A system (no bridge), the initial state is 𝐷!!𝐴, the final state is 𝐷𝐴!!, 

and the intermediate state is 𝐷!𝐴!.  As the number of donors grows, the number of 

possible intermediate and product configurations increases.  In 𝐷!𝐷!
A  (also referred to 

as D !A, Figure 4.11), there are four ET pathways connecting the donors to the acceptor 

(see Figure 4.11 caption) with three different possible electron transfer products: 

𝐷!𝐷!!!𝐴!!, 𝐷!!!𝐷!𝐴!!, and 𝐷!!𝐷!!𝐴!!.  
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The coupling between the donor and the one-electron reduced intermediate 

states is 2𝑉 for each pathway. The intermediate states and one product state 𝐷!!𝐷!!𝐴!! 

have an energy ∆, which is the energy cost for electrons separation.  We do not include 

D-D crosstalk in this analysis.  

An effective Hamiltonian with only donor and acceptor states is constructed to 

understand the effective donor and acceptor coupling created by adding more donors. 

The effective D !A and D-A Hamiltonians are (see Appendix III): 

 𝐻!"" 𝐸!"#

=

𝑫𝟏𝒆𝒆 𝑫𝟐𝒆𝒆 𝑫𝟏𝑨𝒆𝒆 𝑫𝟐𝑨𝒆𝒆 𝑫𝟏𝒆𝑫𝟐𝒆𝑨𝒆𝒆

𝜖!!! + 𝑉!!! 0 𝑉!"" 0 𝑉!""
0 𝜖!!! + 𝑉!"" 0 𝑉!"" 𝑉!""
𝑉!"" 0 𝜖!!! + 𝑉!"" 0 𝑉!""
0 𝑉!"" 0 𝜖!!! + 𝑉!"" 𝑉!""
𝑉!"" 𝑉!"" 𝑉!"" 𝑉!"" 𝜖!!! + 𝛥 + 2𝑉!""

  ,  

and  

𝐻′!"" 𝐸!"# =
𝑫𝒆𝒆 𝑨𝒆𝒆

𝜖!!! + 𝑉!"" 𝑉!""
𝑉!"" 𝜖!!! + 𝑉!""

 

where V!"" = −
2𝑉!

X
, X = 𝜖!!! − 𝐸!"# + ∆ 

(4.11) 

respectively. Eq. 4.11 indicates that each donor is coupled to two configurations of the 

doubly-reduced product species, by contributing one or two electrons to the acceptor. 

Thus, compared with the simple DA structure, there is one additional channel to 

produce the doubly reduced acceptor for each donor in D !A. Thus, one expects a faster 

acceptor reduction rate for the multiple-donor structure. However, this extra-product 
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configuration is higher in energy than the donor, which can suppress redox reaction 

through this channel as 𝛥 grows.  In the weak coupling limit, 𝜖!!! ≈ 𝐸!"#, so 𝑋 ≈ ∆. 

When V/∆≪ 1, the self-energies for different product configurations are slightly 

different; details of the vibronic coupling to inner and outer sphere modes influence the 

tunneling energy as well.110  

Crosstalk coupling (t) between the intermediate one-electron reduced donor sites 

i and j is given by 𝐷!!𝐴! 𝐻 𝐷!!𝐴! = 𝑡 (𝑖 ≠ 𝑗) (see Appendix III). The effective coupling 

between the reduced initial and final states is modified by crosstalk.  For example, the 

effective coupling 〈𝐷!!!𝐴 𝐻!"" 𝐷!𝐴!!〉 becomes !!
!!

!!!!!
 with crosstalk, which is larger than 

the t=0 value of  !!
!

!
.  Also, 〈𝐷!!!𝐴 𝐻!"" 𝐷!𝐴!!〉 is no longer zero with crosstalk because of 

the electron interchange between the intermediate one-electron reduced donor states, 

adding one more redox reaction channel for 𝐷!!!𝐴. So one would expect 2ET rates to the 

𝐷!𝐴!! product would be enhanced. The coupling 〈𝐷!!!𝐴 𝐻!"" 𝐷!!𝐷!!𝐴!!〉 with crosstalk is 

!!!

!!!
. This indicates that the rate to form the product 𝐷!!𝐷!!𝐴!! can be enhanced or slowed, 

depending on the sign of 𝑡/𝑋. However, in the high barrier and weak coupling limit 

t/X<<1, the effect of cross-talk effect can be ignored 

We also examined 2ET with one donor and multiple acceptors (D-[A]N).  A 

similar effective Hamiltonian (See Appendix III for the matrix elements) for the donor 

and acceptor states subspace as in the case of [D]n-A can be obtained for the two-

acceptor case. Compared with the two-donor case, only two products exist (𝐴!!! ) for the 



 

 98 

two-acceptor case. Here, the 𝐷!! 𝐻!"" 𝐴!!! = − !!!

!
,where X = 𝜖!!! − 𝐸!"# + ∆ is 

independent of the number of acceptors (see Appendix III). That is, the oxidation rate of 

the donor state scales linearly with the number of acceptors. When considering crosstalk 

between acceptors, 𝐷!! 𝐻!"" 𝐴!!! = − !!!(! !!!!)
!!!!!(!!!)

  (see Appendix III), which depends on 

the sign of t/X. In the high barrier and weak coupling limit t/X<<1, the effect of cross-talk 

effect can be ignored.  

4.3.3 Compare of 1ET and 2ET in the Hopping Regime for D-[B]N-A 

Two- and one-electron transfers in multiple parallel bridges system in the 

incoherent hopping were studied to make comparison with coherence transfer. Figure 

4.12 (a) shows the hopping network for the two-electron transfer. One pathway starts 

with a doubly reduced donor |𝐷𝐷〉, and one of the electrons can transfer to the bridge 

forming  |𝐷𝐵!〉 state. Then the next electron can transfer to the same bridge and form 

|𝐵!𝐵!〉 state, or transfer to a different bridge with and form |𝐵!𝐵!〉 state. Then, one of the 

electrons can transfer to the acceptor and form |𝐴𝐵!〉, and then the second electron move 

to the acceptor, forming |𝐴𝐴〉. Anther pathway is that the first electron transfers to the 

bridge and then to the acceptor and the same for the second electron. Since the bridges 

are identical, the electron population exchange among the intermediate states would not 

perturb the overall electron population on the bridges, which determine the electron 

transfer rate from bridges to donor or acceptor. Thus the electron-transfer between 

bridges was ignored in our simulation. For simplicity, the electron transfer rate 
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constants are defined in such a way that all electron transfer that result in two electrons 

separation is represented by 𝑘!!"#, for example 𝐷𝐷 → |𝐷𝐵!〉, while 𝑘!!"# represented 

the rate constant for reverse process, and all the other rate constants are represented by 

k. Since there is usually energy penalty associated with two-electron separation, we 

apply 𝑘!!"#/𝑘!!"# = 10 and 𝑘!!"# = 𝑘. 

Figure 4.12 (b) shows two-electron transfer rate k2e and k2e/N from donor to the 

acceptor as a function of the number of bridges N. Two-electron transfer rate k2e scales 

linearly with the number of the bridges, and k2e/N remains constant. This is controlled by 

the rate determining step 𝐷𝐷 → |𝐷𝐵!〉. Once the electron is transferred to |𝐷𝐵!〉, then 

the state can fast deposit electron to a large number of intermediate states. Thus the 

electron transfer rate scales linearly with the number of bridges. In the classical kinetics 

described above. However, if the rate-determining step is the 𝐷𝐵! → 𝐵!𝐵!  or |𝐵!𝐵!〉, 

two-electron transfer rate can increase faster than linear as a function of the number of 

the bridges. This is because the number of intermediate states 𝐵!𝐵!  grow quadratically 

with the number of bridges. For both situations, two-electron transfer would benefit by 

adding more bridges. Note that the larger the two-electron separation energy 𝛿𝐸 is, the 

larger 𝑘!!"#/𝑘!!"# , which however will not change the rate-determining step. Therefore, 

for large value of 𝛿𝐸, the two-electron transfer rate increase linearly with the number of 

bridges, however the rate is smaller than smaller 𝛿𝐸 case. 



 

 100 

 

Figure 4.12: (a) hopping network for two-electron transfer in D-[B]N-A system, where 𝑘!!"#  is 
the hopping rate constant associated with electron transfer involved in two electrons separation, 
𝑘!!"# represent the rate constant  for the inverse processes, and k represents rate constant for all 
the other electron transfer processes. (b) two-electron transfer rate k2e and k2e/N from donor to the 
acceptor as a function of the number of bridges N, investigated under classical hopping limit. The 
hopping rate constants are: 𝑘!!"# = 0.5 𝑛𝑠!!, 𝑘!!"# = 0.1 𝑛𝑠!!, 𝑘 = 0.5 𝑛𝑠!!, and. Also a 
virtual electron decay channel is added on the acceptor with a rate constant 𝑘!"#$% = 25 𝑛𝑠!!. 
(c) hopping network for one-electron transfer in D-[B]N-A system, where 
𝑘!" (𝑋,𝑌 = 𝐷 𝑜𝑟 𝐵 𝑜𝑟 𝐴) is the hopping rate constant associated with electron transfer between 
site X and Y. kDecay  represents the intensity of a virtual electron withdraw channel applied on the 
acceptor. (d) one-electron transfer rate k1e and k1e/N from donor to the acceptor as a function of 
the number of bridges N, investigated under classical hopping limit. The hopping rate constants 
are: 𝑘!" = 1.0 𝑛𝑠!!, 𝑘!" = 0.1 𝑛𝑠!!, 𝑘!" = 0.1 𝑛𝑠!!, and 𝑘!" = 1.0 𝑛𝑠!!. Also a virtual 
electron decay channel is added on the acceptor with a rate constant 𝑘!"#$% = 25 𝑛𝑠!!. 
 

Figure 4.12 (c) shows the one-electron transfer incoherent hopping map for the multiple 

parallel bridges model. The electron is first prepared on the donor and then the electron can 

transfer to the bridge with a rate constant of 𝒌𝑫𝑩, and then electron can transfer from the bridge 
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to the acceptor with a rate constant of 𝒌𝑩𝑨. For simplicity we assume all the back electron 

transfer have the same rate constant. Figure 4.12 (d) shows one-electron transfer rate k1e from 

donor to acceptor as the function of the number of the bridges and k1e/N as a function of N. The 

one-electron transfer rate k1e increased as the number of bridges increased, however, scales 

slower than linear. The factor that determines the non-linearity is 𝒌𝑫𝑩
𝒌𝑩𝑨

≈ 𝟏. When  𝒌𝑫𝑩
𝒌𝑩𝑨

≪ 𝟏, the 

rate-determining step is |𝑫〉 → |𝑩〉, one electron transfer rate 𝒌𝟏𝒆 = 𝑪×𝑵, where C is a constant 

and N is the number of bridges. However, in 𝒌𝑫𝑩
𝒌𝑩𝑨

≈ 𝟏 regime, the back electron transfer from 

bridges to donor becomes significant. Therefore, C is a decaying function of N. In the limit of 

large number of bridges, the electron transfer among the donor and acceptor and bridges are 

extreme fast. Thus the overall one-electron transfer rate obtained will only dependent on the value 

of 𝒌𝜞. That is to say, with large number of bridges, the one-electron transfer rate is approaching 

to a constant.   

4.4 Discussion and Conclusions  

We have explored tunneling pathway effects on coherent 2ET, aimed at 

understanding the qualitative differences between 1ET and 2ET bridge-mediated 

tunneling. We examined systems with single donors and acceptors and systems with 

multiple donors or multiple acceptors. 

The additional virtual intermediate states that arise in 2ET lead to multiple 

lowest-order coupling pathways that can interfere constructively or destructively. In this 

respect, 2ET is very much like 1ET in the presence of multiple parallel physical bridging 

pathways. In 2ET, however, energy gaps are controlled by the energy difference for two-
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electron interactions on and off site, UI-U. While examples of concerted two-electron 

transfer are not abundant, some metals are well known to have stable redox states that 

differ by two electrons (e.g., Tl and Pt), although these two-electron processes reactions 

may be complicated by substantial inner sphere reorganization. Multi-metallic 

complexes, including those that carry out multi-electron catalysis and proton-coupled 

ET reactions, as well as multi-exciton excited states, may be candidates for the 2ET 

theory developed here and its extensions. 

For multi-bridge systems, the number of 2ET pathways grows quadratically with 

the number of bridge units, producing richer and stronger pathway interference than for 

1ET. For D-BB-A systems, there are pathways with singly and doubly reduced bridges, 

and these pathway families interfere with each other in a manner that is not seen in 1ET. 

Within each pathway family, paths interfere constructively for the simple Hamiltonians 

considered here. The interference among the three classes of paths depends on their 

relative energetics, and in the deep tunneling regime for parameters explored here, the 

three classes of pathways interfere constructively.  For typical 𝜖! and UI-U values, the 

constructive interference can enhance ET rates 4- to 8-fold for short bridges. When 

considering bridge-bridge crosstalk, we found that for positive 𝑡/𝜖!, the 2ET coupling is 

weakened, while negative interactions enhance the 2ET coupling. In 1ET reactions, 

crosstalk interactions generally decrease the bridge-mediated coupling. 
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2ET with multiple donors or acceptors (modeled here without explicit bridge 

orbitals) does not show strong pathway interference in the deep-tunneling regime. The 

ET rate grows linearly with the number of acceptors for the case of multiple acceptors 

and faster than linear for multiple donors, due to the extra channels (with product 

electron configuration 𝐷!!𝐷!!𝐴!!). For the single donor or single acceptor 2ET case 

(DeeA→DAee), the leading-order coupling pathway is analogous to a McConnell 

coupling110 for a 1ET DBA system (DeBA→ DBAe), namely V2/D. 

Our studies of simple model systems find that coherent multi-electron tunneling 

creates multiple interfering lowest-order coupling pathways. Multiple lowest order 

pathways arise in single-electron transfer reactions only when there are parallel physical 

pathways of the same length that link D to A. Moreover, the number of multi-electron 

coupling paths grows rapidly with molecular size.  As such, multi-electron transfer 

presents new opportunities to manipulate the rapid grown in pathway number with 

molecular bridge size.  It may become possible for the combinatorial growth in the 

number of multi-electron superexchange pathways to compensate the higher energy 

barriers and larger number of virtual steps that one would associate with multi-particle 

tunneling. In a similar spirit, employing multiple donors and/or acceptors can enhance 

the effective couplings for multi-electron tunneling. However, in the incoherent hopping 

limit, again the two-electron separation is the rate-determining step for two-electron 

transfer and determines whether the two-electron transfer can be faster than one 
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electron. Thereafter, the electron transfer can be fast transferred to a great number of 

intermediate states. Therefore, two-electron transfer rate scales linearly with the number 

of bridges. However, one-electron transfer rate scales nonlinearly with the number of 

bridge. This is the back electron transfer from bridge to donor is strong. These simple 

ideas emerging from model electron-transfer Hamiltonians may help to guide the design 

and analysis of coherent multi-electron transfer experiments of the future. 
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5 Single and Double Electron Transfer in Fluctuating 
Systems 

5.1 Introduction  

Electron transfer play a fundamental role in the crystallized reactions, for 

example, photo induced electron transfer117, biological oxidation-reduction118, molecule 

junctions119, and solar materials120. From understanding the electron transfer mechanisms 

in different systems to designing various electron transfer materials, a great research 

effort has been devoted. Specifically, bridge-mediated electron transfer is one of the 

models that many studies are built on,101,121-124 including both hopping and 

superexchange mechanisms for many biological systems.125,126 Both theory and 

application for electron transfer in bridge-mediated system are well laid out101,121-124, 

however mostly for static models. Indeed, though the average molecular structure 

largely set the tune for electron transfer, constant geometry fluctuation for the molecule 

does add pitches, potentially changing the electron transfer rate. Many studies are 

focused on the fluctuations towards the coherence electron transfer, for example 

Skourtis et al. described a theory framework for description electron transfer in 

biomolecules with fluctuation geometries at different time scales.112 Study in Beratan et 

al. concluded that the structural fluctuation contributions to the tunneling matrix for the 

electron transfer among donor and acceptor can be dominant factor107.Another ab initio 

study by Batista127 shows that thermal fluctuation can speed up the interfacial electron 

transfer. Non-structural fluctuations were also been studied, such as the fluctuation of 
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energy level related potential surfaces.128 In fact, it is shown that the structural 

fluctuation can enhance or reduce the coherent electron transfer under certain conditions 

in photosynthetic complexes129. It is known that significant electron transfer kinetics 

change can be observed if the time scale of fluctuation and electron transfer kinetics are 

match up130. Many methods have been proposed to describe the contribution of 

fluctuations for electron transfer. For the coherent electron transfer, usually a model 

Hamiltonian is adapted, often results in integral-differential equation and rates, for 

example, exact solution for a two level system with fluctuated energy levels are obtained 

by Berman.131 Also, for the electron transfer in the hopping regime, exact solution of the 

electron transfer kinetics are only restricted for small systems such as in donor-bridge-

acceptor.132 For a general multiple sites electron transfer system, the kinetic equations 

usually does not have an exact solution. Other candidate methods133 that pervade in the 

single molecule kinetics are Green function like method including perturbation 

expansion, which is similar to Dyson expansion. While cumulant expansion is an 

alternative method that can be used to solve the kinetics involve with fluctuations134. 

Cao’s method is a nice fit for known non-continue conformation space, which 

encapsulate the conformation exchange into a time dependent reaction rate in the single 

molecule reaction, however, hard to implement for a general electron transfer reaction 

involve multiple steps and continue conformation space. Szabo and Wolynes solutions 

are for general purpose and has exact solutions for the simple two level problems.134,135 
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While for a more general multiple sites electron transfer with fluctuation structure, 

Reichman provided a prototype method focused on using perturbative expansion on the 

kinetic equation and work in a defined Fourier-Laplace space to obtained a exact 

solution for the electron transfer kinetics.136 With the perturbative-like expansion, the 

fluctuation information is treated as extra terms in the kinetics equation, which provide 

a explicit picture on how the fluctuation can impact on the overall electron transfer. In 

this paper, we expand the method to a more complex and general systems to study the 

electron transfer kinetics in the hopping regime with fluctuation on the structure. 

The electron transfer kinetic in bridge-mediated models is investigated with 

fluctuating on the distances between donor and bridge as well as bridge and acceptor for 

both one- and two-electron transfer models. Discussion on how the number of parallel 

bridges that connect the donor and acceptor changed the overall kinetics is made, as 

well as how correlated fluctuation perturb the kinetics. Our study proposed possible 

way to enhance or reduce electron transfer rate in the hopping regime. 

The rest of this study is organized in the following way. Section II presents the 

detail of the theory methods that describes the hopping rate and perturbative treatment 

on the electron transfer kinetic equation. Section III shows how the electron transfer 

kinetic are modified by changing the number of bridges and type of fluctuations on the 

distances between donor and bridges as well as bridges and acceptor for both one and 
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two-electron cases, also through discussion are incorporated in this section. The last 

section brief summarized the key results for this study. 

5.2 Hopping Rate and Kinetic Method 

This study is dedicated to understand how the fluctuation of the coupling 𝐻!" 

between donor and acceptor can influence the overall electron transfer rate. The 

fluctuation of distance between donor and acceptor 𝑟 is investigated as specific example 

to understand the change of overall effective electron transfer rate introduced in several 

simple models, for both one- and two-electron transfer cases in the hopping regime. 

The bridge/donor (B/D) and bridge/acceptor (B/A) couplings depend on the 

physical distance between the sites. Here as an example, we only consider the coupling 

form as follow: 

𝑉 = 𝑉!𝑒!!(!!!!) (5.1) 

where the 𝛽 is a system dependent decaying factor and  𝑉! is the coupling when 

the physical distance between D/A and B is 𝑟!. The coupling decays exponentially with 

the distance between donor and acceptor. Previous study on multiple electron transfer 

by the Beratan group137 is focus on the coherent transfer and pathway analysis. In this 

paper, we are confining our scope on the hopping regime. For the hopping regime, the 

rate for the electron transfer is taken following the Marcus theory:  

𝑘!" =
2𝜋
ℏ
𝑉!"!

2
4𝜋𝜆𝑘!𝑇

𝑒!
!!!!! !

!!!!!  (5.2) 

For simplicity, the hopping rate is rewritten as a product of two terms as follow: 
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𝑘!" = 𝐶 × 𝑉!"! = 𝐶×𝑉!!𝑒!!!(!!!!) = 𝑘!𝑒!!!(!!!!) (5.3) 

here 𝑟 are treated as a time dependent quality and adapted a Gaussian type distribution 

function: 

𝐹 𝑟 =  
1

𝜎 2𝜋
𝑒!

!!! !

!!!  (5.4) 

where 𝜇 is the center of the Gaussian distribution and  𝜎 is the standard deviation of 𝑟. 

Throughout the chapter, we use 𝜎/𝜇 to define the intensity of the fluctuation of the 

distance. On top of the distribution function, a time correlation for 𝑟 is enforced. The 

time correlation restriction is: 𝑟 𝑡 𝑟 0 = 𝑒!!/!, where 𝜏 is the characteristic correlation 

time, the correlation time represents the memory of the distance fluctuation, when there 

is no “memory” 𝜏 = 0. Generally, when the electron-hopping rate is at the same time 

scale as the distance fluctuation frequency, the master equation for the electron transfer 

among the donor/bridge/acceptor sites in the hopping regime is: 

𝑑𝑷 𝑡
𝑑𝑡

= 𝑲 𝑡 𝑷(𝑡) (5.5) 

where 𝑷 𝑡  is a vector and stands for the electron probability on all the possible sites, 

and 𝑲 𝑡  is the time dependent electron transfer rate indicating the electron probability 

flux among different sites. The time dependent probabilities can be solved to first order 

analytically: 

𝑑
𝑑𝑡

𝑷 𝑡 = 𝒎 〈𝑷 𝑡 〉 + 𝑑𝑡!
!

!
𝑨 𝑡 𝑨 𝑡! 𝑷 𝑡!  (5.6) 
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by defining 𝒎 = 𝑲 𝑡  and 𝑲 𝑡 = 𝒎 + 𝑨(𝑡), where 𝒎 is the time averaged rate matrix 

and 𝑨(𝑡) represents the fluctuation of the rate matrix regarding to the time averaged rate 

matrix. In eq. 5.6, 〈𝑨 𝑡 𝑨 𝑡! 〉 is the autocorrelation for the rate matrix fluctuation. In a 

word, the treatment above is similar to a perturbation expansion. In the long fluctuation 

correlation time, higher order expansion may provide better accuracy (see supporting 

information for details). The benefit of the perturbative expansion is that the 

contribution to the electron transfer kinetics can be attributed to the mean of the rate, 

autocorrelation of the rate, and even to the higher order rate autocorrelation explicitly. 

Defining a Fourier-Laplace transformation 𝐹 𝑤 =  −𝑖 𝑒!"#𝑓 𝑡 𝑑𝑡!
! , the eq. 5.6 

can be solved analytically: 

𝑃 𝑤 =
𝑖𝑃(𝑡 = 0)

𝑖𝑤𝐼 +𝑚 − 𝑖𝐷(𝑤)
 (5.7) 

in the Fourier-Laplace space, where 𝑃 𝑡 = 0  is an vector represent the initial electron 

probabilities, 𝑰 and the identity matrix, and 𝑫(𝑤) is the Fourier-Laplace transformation 

of the autocorrelation function for the fluctuation of the rate matrix 𝑨 𝑡 .  Then 𝑷 𝑤  can 

be transformed back to the time domain. Here the electron transfer rate 𝑘 is defined as: 

𝑘 =
𝑃! 𝑡 𝑑𝑡!

!

𝑡𝑃! 𝑡 𝑑𝑡!
!

 (5.8) 

Eq. 5.6 indicates that the overall electron transfer rate from donor to acceptor is 

controlled by two parts, the averaged rate matrix 𝒎 and the autocorrelation function of 

the rate matrix fluctuation. Both the time averaged term (𝒎〈𝑷(𝑡)〉) and the 
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autocorrelation term( 𝑑𝑡!
!
! 𝑨 𝑡 𝑨 𝑡! 𝑷 𝑡! ) in eq. 5.6 are controlled by the coupling 

fluctuations. 

5.3 Results and Discussion 

5.3.1 One Electron Transfer DBA System 

For donor, bridge, and acceptor system, the electron is prepared on the donor 

and then transferred to the acceptor via hopping through the bridge. The electron 

transfer kinetics is formulated as follow: 

𝑑
𝑑𝑡

𝑃!(𝑡) 
𝑃!(𝑡)
𝑃!(𝑡)

=  
−𝑘!"(𝑡) 𝑘!"(𝑡) 0
𝑘!"(𝑡) −𝑘!" 𝑡 − 𝑘!"(𝑡) 𝑘!"(𝑡)
0 𝑘!"(𝑡) −𝑘!" 𝑡 − 𝑘!"#$%

𝑃!(𝑡) 
𝑃!(𝑡)
𝑃!(𝑡)

 (5.9) 

where 𝑃!/!/!(𝑡) represents the probability of finding the electron on the 

donor/bridge/acceptor, and 𝑘!"(𝑡) is the electron transfer from site M to site N at time 𝑡. 

𝑘!"#$% is added to the acceptor manually to produce irreversibility. Here, 𝑘!"#$% =

30 𝑘!"  is used. 

In many electron transfer systems, the D/B and B/A distances are around 5-10 Å, 

and the distance dependent decay factor 𝛽 is about 0.2~1.0 Å-1. Therefore, we choose 

𝜇 = 6Å as the center of the D/B and D/A distance in the distribution. For the value of 𝛽 

determine how significant the coupling decrease as the 𝑟 increase. With smaller 𝛽, the 

electron transfer rate can fluctuate in a broader range, potentially produce more 

pronounce influence on the overall electron transfer rate, thus for the purpose of 

analysis, we choose 𝛽 = 0.2 Å!!, and 𝑘! = 1 in eq. 5.3 for simplicity in the following 
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model study, it is expected for larger 𝛽 value, the rate distribution will be more 

centralized, and the extend of over electron transfer rate change introduced by 

fluctuation is less significant. Also, the energy of the donor, bridge and acceptor are set 

to be the same for simplicity, since the fluctuation of the couplings are independent on 

the energy levels for the sites. 

 

Figure 5.1 Overall electron transfer rate from donor to the acceptor for one-electron 
transfer in DBA system as the function of the standard deviation 𝜎/𝜇 of distance 𝑟 
between D/B and B/A at different correlation time 𝜏. Here the energy level of donor, 
bridge and acceptor are set to be the same for the simplicity of analysis, since the 
couplings among these sites are independent of the energy levels. The value of 𝛽 is set to 
0.2 Å-1 to broaden the electron transfer rate fluctuation range. While we de-emphasis the 
role of the Franck-Condon factor, reorganization energies and embed these qualities in a 
𝑘! defined in eq. 5.3. Here the value of 𝑘! is 1ns-1, which is choose to ensure the to 
fluctuation frequency and the electron transfer rate are within the same scale. Two 
significant features are shown in the figure, 1) when the fluctuation are not correlated, 
the electron transfer rate from donor to acceptor can increased by introducing more 
intense fluctuations, 2) when the correlation of the fluctuation are introduced, for same 
standard deviation of the rate, the longer the autocorrelation of the fluctuation is, the 
slower the electron transfer rate is. 

 

Figure 5.1 presents the overall electron transfer rate 𝑘!!" from donor to the 

acceptor for one-electron transfer in DBA system as the function of the standard 
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deviation 𝜎/𝜇 of distance 𝑟 between D/B and B/A at different correlation time 𝜏. For a 

short correlation time 𝜏, for example as shown in Figure 5.1 (𝜏 = 0, 0.5 𝑛𝑠), as the 

distance variance increases, the overall electron transfer rate from donor to acceptor 

increases.  

For the case of 𝜏 = 0, eq. 5.6 indicates that the correlation term has zero 

contribution to the electron transfer kinetics. Therefore, making the average term 𝒎 the 

only factor that can increase the electron transfer rate with growing 𝜎/𝜇. That is the 

value of the 𝒎 matrix elements increases with 𝜎/𝜇 as distance 𝑟 increases. This is 

because the element ET rate constants are exponential functions of the distance 𝑟, when 

the variance of 𝑟 changes, the averaged element rate constants changes, thus the rate 

matrix 𝒎 changes. The larger the variance of 𝑟 is the larger the element rate constants 

are. This can be simply proved by the Tyler expansion of the electron transfer rate to the 

second order of 𝑟, which reads: 

𝑒!!" = 1 −
𝛽𝑟
1

+
〈(−𝛽𝑟)!〉

2
 (5.10) 

where the first term 〈𝑟〉 is the averaged distance and the second term is the variance of  

the distance. Therefore, when the variance of the 𝑟 increases, the electron transfer rate 

constant increases as well producing faster electron transfer from donor to the acceptor. 

At short autocorrelation times 𝜏 for the donor and acceptor distance 𝑟, the overall 

one electron transfer dynamic in DBA is governed by the average term 𝒎. However, as 

the autocorrelation time 𝜏 increases, the autocorrelation term in eq. 5.6 controls the 



 

 114 

electron transfer dynamics. As shown in Figure 5.1, with the autocorrelation time 𝜏 = 1.0 

ns or 2.0 ns for donor and acceptor distance 𝑟, as the standard deviation 𝜎/𝜇 of 

distance 𝑟 increases, the overall donor to acceptor electron transfer rate drops. The 

longer the autocorrelation time 𝜏, the more the electron transfer rate shrinks for the same 

standard deviation 𝜎/𝜇. The argument is that the character of the averaged term 𝒎 and 

the autocorrelation term compete with each other. For the simple case, where the system 

has only one site with electron transfer to vacuum, which means 𝒎 is a negative scalar 

and the autocorrelation term overall is a positive value. This mathematical property for 

the autocorrelation term makes it as a negative factor for the electron transfer.  

In summary, the distance fluctuations have two direct effects on the hopping rate 

for the electron, first on the 𝒎, second the autocorrelation function of the fluctuation, 𝒎 

and 〈𝑨 𝑡 𝑨 𝑡! 〉 change depend on the fluctuation magnitude 𝜎 and the autocorrelation 

time of the donor and acceptor distance. When the autocorrelation time is short, the 

modification of the kinetic mainly comes in to the modification of the averaged rate 

matrix 𝒎. However, as the length of the autocorrelation time increases, 〈𝑨 𝑡 𝑨 𝑡! 〉 

become more significant in changing the kinetics. The autocorrelation term is 

determined by the variance mathematically and the length of autocorrelation time of 𝑟. 

Also, the length of the autocorrelation time of the D/B distance plays a negative role in 

boosting electron transfer rate by the fluctuation. The longer the correlation time, the 

more significant the autocorrelation term. 
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Therefore, for one electron transfer in the hopping regime, the fluctuation of 

distance between the electron transfer hopping sites can increased the electron transfer 

hopping rate from donor to acceptor. However, the correlation of the fluctuation can 

impede the boost of electron transfer rate or may even flat out the increase of the overall 

effective donor and acceptor electron transfer rate. 

5.3.2 One Electron Transfer DB2A System 

 

For bridge mediated one-electron transfer, adding more parallel bridges can 

increase the electron transfer rate between donor and acceptor in the hopping regime. A 

two-bridge case is employed to study how the adding of parallel bridges can contributes 

to boost the electron transfer rate between donor and acceptor.  Again, a time dependent 

master equation describing the evolution of the probability of finding electron on all the 

sites is given in eq. 5.11 with the fluctuation of the distances among the hopping sites 

(D/B/A).  

!
!"

𝑃! 𝑡
𝑃!! 𝑡
𝑃!! 𝑡
𝑃! 𝑡

=

(5.11) 
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−𝑘!" 𝑡 𝑘!" 𝑡 𝑘!" 𝑡 0
𝑘!" 𝑡 −𝑘!" 𝑡 − 𝑘!" 𝑡 0 𝑘!" 𝑡
𝑘!" 𝑡 0 −𝑘!" 𝑡 − 𝑘!" 𝑡 𝑘!" 𝑡
0 𝑘!" 𝑡 𝑘!" 𝑡 −𝑘!" 𝑡 − 𝑘!"#$%

𝑃! 𝑡
𝑃!! 𝑡
𝑃!! 𝑡
𝑃! 𝑡

  

 Similarly as in the one-bridge case, the analytical solution of eq. 5.11 can be 

obtained in the Fourier-Laplace space. Following the definition of the electron transfer 

rate 𝑘!" from donor to acceptor in eq. 5.8.The values of 𝑘!" are computed for different 

fluctuation conditions and different correlation time of fluctuations and plotted in 

Figure 5. 2. 

 

Figure 5.2: Overall electron transfer rate from donor to the acceptor for one-electron 
transfer in DB2A system as the function of the standard deviation 𝜎/𝜇 of distance 𝑟 at 
different correlation time 𝜏. Here the energy level of donor, bridges and acceptor are set 
to be the same for the simplicity of the analysis, since the couplings among these sites 
are independent of the energy levels. The value of 𝛽 is set to 0.2 Å-1 to broaden the 
electron transfer rate fluctuation range. While we de-emphase the role of the Franck-
Condon factor, reorganization energies and embed these qualities in a 𝑘! defined in eq. 
5.3. Here the value of 𝑘! is 1ns-1, which is choose to ensure the to fluctuation frequency 
and the electron transfer rate are within the same scale. Two significant features are 
shown in the figure, 1) when the fluctuation are not correlated, the electron transfer rate 
from donor to acceptor can increased by introducing more intense fluctuations, 2) when 
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the correlation of the fluctuation are introduced, for same standard deviation of the rate, 
the longer the autocorrelation of the fluctuation is, the slower the electron transfer rate is. 

 

Figure 5.2 shows the D to A electron transfer rate 𝑘!" in DB2A at different 

standard deviation 𝜎/𝜇 for distance 𝑟 and different auto correlation times 𝜏 for the 

fluctuations of 𝑟. Similar to the DBA case, when the autocorrelation time 𝜏 is short, the 

electron-transfer kinetics is governed purely by the element values of 𝒎. Thus, 𝑘!" 

increases as 𝜎/𝜇 increases. However, as autocorrelation time 𝜏 increases, the 

autocorrelation term, ie. 𝑨 𝑡 𝑨 𝑡!  in eq. 5. 6, influence on the electron transfer kinetics 

becomes more significant. Indeed, both the standard deviation and the autocorrelation 

time regulate the autocorrelation term. That is to say larger 𝜎/𝜇 and longer 𝜏 lead to 

larger magnitude of autocorrelation term. 

The electron transfer kinetic differences between DBA and DB2A shown in 𝑘!" 

and the responses to the fluctuations. The D to A electron transfer rate for DB2A is 

largely twice of DBA when the autocorrelation time of distance 𝑟 is zero due to the extra 

channel. However, with increasing the number of bridges, the back electron transfer 

from the bridges to the donor is also enhanced, which might not be neglected in some 

case. For example, in our case, with the energy level of the bridge the same as the donor 

and acceptor, the back electron transfer can be significant since the forward electron-

hopping rate is the same as backward hopping. Therefore, the D to A electron transfer 

rate is slightly off linear to the number of bridges. When the autocorrelation time of the 
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flocculation increase, the electron transfer kinetic response differently to the changing of 

autocorrelation time. This is caused by the 𝑨 𝑡 𝑨 𝑡!  term in eq. 5.6. Since 𝑨 𝑡 𝑨 𝑡!  

is a product of two matrixes, each elements 𝑨 𝑡 𝑨 𝑡!  represent accumulative 

information from matrix 𝑨 𝑡 . When adding more sites to the electron-hopping map, 

such as more bridges, the size of matrix 𝑨 𝑡  increases. Therefore, the element of 

𝑨 𝑡 𝑨 𝑡!  changes, alternating the electron transfer kinetics. 

5.3.3 Two-Electron Transfer in DBA Systems with Fluctuations on the 
Site Distances 

While previous study137 of the two-electron transfer pathways in one- and two-

bridge connected donor and acceptor indicated that in the coherent transfer regime, the 

effective coupling between donor and acceptor increases quadratically as the number of 

parallel bridges. In the following, two-electron transfer in DBA and DB2A are 

investigated in the hopping regime for the similar purpose, that is, how the rate is 

related to the number of parallel bridges, in addition, the influence on the electron 

transfer kinetic by fluctuating the distance 𝑟 for donor/bridge and bridge/acceptor are 

also addressed. 

As a starting case, two-electron transfer hopping kinetics in DBA system are 

investigated to understand the fluctuation of site distances influence the electron 

hopping kinetics. Though with the simplest physics sites (D-B-A), two electron transfer 

has more virtual states137 than one-electron transfer case as shown in Figure 5.3, which is 

the hopping map for the two electrons. Here, two electrons are firstly prepared on the 
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donor and then can transferred through bridge to the acceptor independently. Again, 

apart from the physical differences such as number of states and pathways between one- 

and two-electron transfer, the kinetics can also be described by same time dependent 

kinetics equation, however, with varied and yet trivial rate matrix. Thus, the analytical 

solution of time dependent probability of finding electron on all the states can also be 

solved in the Fourier-Laplace space. 

 

Figure 5.3: Possible two-electron hopping pathways from donor to acceptor through the 
bridge in DBA system, where only three physical sites (D/B/A) are available. However, 
two possible hopping pathways can be encounter. 

 

The kinetics of the two-electron transfer in D-B-A system is investigated with the 

energy and coupling profiles defined as simple as possible, yet to capture the key 

features without losing generality. Here, we assume the energy level of the bridges is the 

same as donor and acceptor, also the energy penalty for the charge separation is set to be 

𝑘!𝑇, such that the back electron transfer rate is of the same magnitude with the forward 

electron transfer. Both the donor to bridge and bridge to acceptor distances are 

considered to be fluctuating and not correlated, however, with the same variance and 

autocorrelation time for the fluctuation. To make the two-electron transfer kinetics in 

model comparable to one-electron transfer case mentioned previously, same averaged 

distances 𝜇 = 6Å, decaying factor 𝛽 = 0.2 Å!! and 𝑘! = 1 are adapted. 
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Figure 5.4: Two-electron transfer rate 𝑘!"from the donor to the acceptor as a function of 
the standard deviation 𝜎/𝜇 of the fluctuation of the distance 𝑟!" and  𝑟!" at different 
autocorrelation time 𝜏. Here we adapted the same variance and autocorrelation time for 
𝑟!" and  𝑟!". The energy level of donor, bridges and acceptor are set to be the same for 
the simplicity of analysis, since the couplings among these sites are independent of the 
energy levels. The value of 𝛽 is set to 0.2 Å-1 to broaden the electron transfer rate 
fluctuation range. While we de-emphasis the role of the Franck-Condon factor, 
reorganization energies and embed these qualities in a 𝑘! defined in eq. 5.3 to focus 
discussion in a general way without specifying the detail of the molecule structures. 
Here the value of 𝑘! is 1ns-1, which is choose to ensure the to fluctuation frequency and 
the electron transfer rate are within the same scale to make the kinetic method valid in 
this regime. Two significant features are shown in the plotted lines: 1) when the 
fluctuation autocorrelation is not involved, the electron transfer rate from donor to 
acceptor can increase by introducing more intense fluctuations, for example, larger 𝜎/𝜇, 
2) when the autocorrelation of the fluctuation are introduced, for same standard 
deviation of the rate, the longer the autocorrelation of the fluctuation is, the slower the 
electron transfer is. 
 

Figure 5. 4 shows the D to A two-electron transfer rate 𝑘!"!!" dependency on the 

standard deviation 𝜎/𝜇 of distance 𝑟 fluctuation and its autocorrelation time 𝜏. At short 

autocorrelation time 𝜏 for the fluctuation, 𝑘!"!!" increases as the standard deviation 𝜎/𝜇 

increases. Same argument as one-electron transfer case, with larger 𝜎/𝜇, the values of the 

averaged rate matrix 𝒎 increases. For longer autocorrelation time 𝜏 of 𝑟 fluctuation, the 
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autocorrelation term in eq. 5.6 is more dominant in responding to the fluctuation of the 

distances among donor, bridge and acceptor, which can reduce the 𝑘!"!!", which is the 

same as one-electron transfer case. Compared with one-electron transfer, two-electron 

transfer for DBA in the hopping regime has one extra channel and longer pathways 

connecting donor and acceptor. For two-ET, it require at least four hopping steps for 

electrons transfer from donor to acceptor, which make the two-ET rate slower than one-

ET case. Besides, two-ET involved with charge separation process, which can further 

reduced the two-ET transfer rate. 

5.3.4 Two-Electron Transfer in DB2A Systems with Fluctuations on 
the Site Distances 

Schematically, the acceleration of two-ET hopping can be achieved by adding 

more parallel bridges between donor and acceptor. We study two-electron transfer from 

donor to acceptor connected by two parallel bridges with fluctuations of the distances 

𝑟!" and 𝑟!". Figure 5. 5 shows the two-electron transfer pathways between donor and 

acceptor. Two electrons are first prepared on the donor and then both electrons can 

transfer through any of the bridges to the acceptor via four possible pathways. 
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Figure 5.5: Possible two-electron hopping pathways from the donor to the acceptor 
through the bridge in DB2A system 

 

For the simplicity of analysis, we assume that the same energy levels for donor, 

bridges and acceptor. Also the charge separation energy is set to be 𝜅!𝑇, same for the 

one bridge case for comparison. The two-electron transfer kinetics is solved in the 

Fourier-Laplace methods and the overall effective two-electron transfer rate from the 

donor to the acceptor dependency on the fluctuations of distances 𝑟!" and 𝑟!" in Figure 

5.6. 

 

Figure 5.6: Two-electron transfer rate 𝑘!"from donor to acceptor as a function of the 
standard deviation 𝜎/𝜇 of the fluctuation of the distance 𝑟!" and  𝑟!" at different 
autocorrelation time 𝜏 in DB2A. Here we adapted the same variance and autocorrelation 
time for 𝑟!" and  𝑟!". The energy level of donor, bridges and acceptor are set to be the 
same for the simplicity of analysis, since the couplings among these sites are 
independent of the energy levels. The value of 𝛽 is set to 0.2 Å-1 to broaden the electron 
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transfer rate fluctuation range. While we de-emphasis the role of the Franck-Condon 
factor, reorganization energies and embed these qualities in a 𝑘! defined in eq. 5.3 to 
focus discussion in a general way without specifying the detail of the molecule 
structures. Here the value of 𝑘! is 1ns-1, which is choose to ensure the to fluctuation 
frequency and the electron transfer rate are within the same scale to make the kinetic 
method valid in this regime. Two significant features are shown in the plotted lines: 1) 
when the fluctuation autocorrelation is not involved, the electron transfer rate from 
donor to acceptor can increase by introducing more intense fluctuations, for example, 
larger 𝜎/𝜇, 2) when the autocorrelation of the fluctuation are introduced, for same 
standard deviation of the rate, the longer the autocorrelation of the fluctuation is, the 
slower the electron transfer is. 
 

Similar to the two-electron transfer through one-bridging orbital, the effective 

two-electron transfer rate 𝑘!→!!!" from the donor to the acceptor depend on the standard 

deviation 𝜎/𝜇 of distance 𝑟 and its autocorrelation time 𝜏. When the autocorrelation time 

for the fluctuation of distances 𝑟!" and  𝑟!" is short, 𝑘!→!!!"  increases as the standard 

deviation 𝜎/𝜇 increases, because for short autocorrelation times 𝜏, the electron transfer 

kinetic are governed by rate matrix 𝒎. With larger 𝜎/𝜇, the element values of matrix 𝒎 

increase. For longer autocorrelation time of 𝑟, the autocorrelation term in eq. 5.6 is more 

dominant in responding to the fluctuation of the distances among donor, bridge and 

acceptor, which can reduce the 𝑘!→!!!" . 

Parallel two-bridge features faster two-electron transfer rate from donor to 

acceptor compared to one-bridge case. Two bridges connecting the donor and the 

acceptor create four electron-hopping pathways potentially favoring for faster electron 

transfer than the one-bridge case. For example at 𝜏 = 0, 𝑘!→!!!"  is larger for the two-bridge 

case, however, the rate is not twice the rate in the one bridge case, because the back 
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electron transfer from intermediate states is enhanced for two-bridge case. The argument 

is that, with more intermediate states when increasing the number of the bridges, the 

electrons from donor are more quickly deposited into those intermediate states. 

However, the sink attached on the acceptor is kept the same, thus the electron on the 

intermediate states will partially be drained back to the donor. However, the extent of 

the back electron transfer depends on the hopping rates from site to site among the 

hopping pathways. 

In summary, both one- and two-electron transfer in one- and two-bridge parallel-

connected donor and acceptor can be sped up by varying the distances 𝑟!" and 𝑟!" in the 

hopping regime. However, long autocorrelation times for the fluctuating distances can 

reduce the electron transfer rate in all the models for both one- and two-electron transfer. 

Therefore, for designing a faster electron transfer device, it is better to employ more soft 

ligands to link donor, bridge and acceptor and minimize the autocorrelation of the 

fluctuations. 

5.4 Conclusion 

One- and two-electron transfer through bridges connecting donor and acceptor 

were studied in the hopping regime with fluctuations of the distances. The influence of 

the fluctuations was examined in terms of the overall effective electron transfer rate 

from donor to acceptor with a perturbative-like method, which provides analytical 

solution for the electron transfer kinetics. The electron transfer kinetics is regulated by 
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average rate matrix and its fluctuation. The averaged rate matrix term is controlled by 

the distribution of the distances, and its variation from the frozen case that depends on 

the standard deviation of the distance fluctuations and their autocorreltions, however, 

independent of the autocorrelation of the fluctuation. Increasing the standard deviation 

of the donor, bridge and acceptor distance fluctuations, the rates grow, making overall 

ET faster. However, this only occurs when the autocorrelation time of the distance 

fluctuation is insignificant. The autocorrelation term contribution to the electron transfer 

kinetics increases as the standard deviation increases as well as prolong of the 

autocorrelation time of the fluctuation. The autocorrelation term slows down the 

electron transfer from the donor to the acceptor. Therefore, in designing a faster electron 

transfer system in the hopping regime; soft linking groups can favor faster electron 

transfer in the short correlated environmental fluctuation. 
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Appendix I 

Section 1: Spectral fitting1 

The spectral fitting protocol is described in ref 138.The data (appearing, in part, in 

ref 138) are summarized in the following tables: 

Table A.I.1. Spectral fitting parameters for LMZn MOF. 
 

sample E0 / cm–1 n1/2 / cm–1 ħwM / cm–1 SM r l / cm–1 

LRuZn MOF 15598 1693 1317 0.77 0.99967 2263 
LMZn 2.6 % Os MOF 13819 1048 1093 0.72 0.99553 1262 

 
Table A.I.2. Spectral fitting parameters for LMZn-Ox MOF. 
 

sample E0 / cm–1  ν1/2 / cm–1 ħνM / cm–1 SM 

LRuZn-Ox MOF 17781 717 1283 0.97 
LOsZn-Ox MOF 14137 899 998 0.98 

 

Section 2: Os excited state lifetime 

The experimentally measured 259 ns Os excited state lifetime in LMZn-Ox MOF [1] 

rests on the assumption that the Ru-to-Os energy transfer can be neglected at long times 

when the Ru emission is very weak. This can be interpreted as an excited state 

population 𝑃!!!!∗ 𝑡  on Os at time t:  

 
𝑃!!!!∗ 𝑡 = 𝑝!"→!" 𝜏 exp − 𝑡 − 𝜏 /𝜏!!!!∗ 𝑑𝜏

!

!
 (A. I. 1) 
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where 𝑝!"→!" 𝜏  is the exciton population transfer rate to Os at time 𝜏. When 

𝑝!"→!" 𝜏 = 0, the exciton population on Os reflects its lifetime. Simulations were 

carried out to validate this assumption by computing the ratio 𝛾(𝑡) of the total excition 

transfer rate from Ru to Os to the rate of Os decay as a function of time: 

 
𝛾 𝑡 =

𝑘!"→!"𝑃!!∗(𝑡)
𝑘!"!"#𝑃!!∗(𝑡)

 (A. I. 2) 

Here, 𝑃!!∗ (𝑡) and 𝑃!!∗ (𝑡) are excition populations on Ru and Os at time 𝑡, 𝑘!"→!" is the 

energy transfer rate from Ru to a neighboring Os, and 𝑘!"!"# is the Os exciton decay rate. 

𝛾(𝑡) is shown in Figure A. I. 1.  These results indicate that the assumption for obtaining 

the lifetime of the Os excited state is not validated. Thus, 259 ns for Os excited state 

lifetime is an over estimate. 

Table A.I.3: Single site energy transfer rates, Ru and Os excited states lifetimes for 1.16% 
Os doping, and Os excited state lifetimes in the LMZn-Ox MOF that reproduce 
experimentally measured Ru and Os measured emission. 
 

𝝉𝑶𝒔∗ Os% 𝝉𝑹𝒖∗ 𝒌𝑹𝒖→𝑹𝒖 𝒌𝑹𝒖→𝑶𝒔 𝒌𝑶𝒔→𝑶𝒔 𝑷𝒊!𝑹𝒖(𝟎)/𝑷𝒊!𝑶𝒔(𝟎) 

259ns 1.16 73ns (50ns)-1 (106ns)-1 (50ns)-1 0.5 
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Figure A.I.1: Ratio of the rate of exciton flowing into all Os sites to the rate of excitation 
that decay on all Os sites as a function of time in the LMZn-Ox MOF. Data are computed 
with energy transfer rates and Ru and Os excited state lifetime listed in Table A.I.1. 
 
Section 3: Possible origins of the Ru excited-state lifetime change in the low Os 
doping regime. 

The significant change of the Ru lifetime from the pure Ru MOF to the lightly Os 

doped Ru MOF for both MOF structures suggests an additional excited state quenching 

mechanism. We explore the possibility of: a) Os clustering, b) long range Förster energy 

transfer. 

(a) Os Clustering 

  Simulations of Ru and Os transient emission in the two MOF structures 

described above are based on homogenous Os distributions. One would expect that 

clustered Os distribution would reduced the Ru lifetime in Os doped MOFs in the 

vicinity of higher Os levels. A simulation is carried out to test this hypothesis. The 

protocol for this simulation is: 1) energy transfer rates (see Table A.I. 3) for Ru-to-Ru and 

Ru-to-Os are determined by fitting both Ru and Os time-dependent emission for 1.4% 
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Os doped LMZn MOFs (see Figure A. I. 4) and the rates are then used for the 2.6% Os 

doping case with Os clustering (see Figure A. I. 5).  

Table A. I. 4: Nearest-neighbor energy transfer rates and Ru and Os excitation lifetimes 
for different Os doping levels in the LMZn based MOF. 
 

Os% 𝝉𝑹𝒖∗ 𝝉𝑶𝒔∗ 𝒌𝑹𝒖→𝑹𝒖 𝒌𝑹𝒖→𝑶𝒔 𝒌𝑶𝒔→𝑶𝒔 
𝑷𝒊!𝑶𝒔(𝟎)
𝑷𝒊!𝑹𝒖(𝟎)

 

1.4 26 ns 8 ns (0.3 ns)-1 (15.6 ns)-1 (0.3 ns)-1 0.10 

2.6 26 ns 8 ns (0.3 ns)-1 (15.6 ns)-1 (0.3 ns)-1 0.10 

 

 

Figure A. I. 4: Comparison of experimental and simulated Ru and Os emission with 
1.4% Os doped LMZn MOFs with energy transfer rates and Ru/Os lifetimes in Table 
A.I.2. The Os distribution is assumed homogenous. The experimentally observed zero 
time emission was corrected by setting the initial excitation population on Ru and Os to 
be 0.1. Each ensemble member contains 6,000 Ru/Os sites in one dimension. The 
ensemble averaged time-resolved emission was obtained with a numerical convergence 
of 0.01% 
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Figure A.I.5: Comparison of experimental and simulated Ru and Os emission with 1.4% 
Os doped LMZn MOF with energy transfer rates and Ru/Os lifetime list in Table A. I. 2. 
The Os sites are clustered. Os sites were placed in pairs. The experimentally observed 
zero time emission was corrected by setting the initial excitation population on Ru and 
Os to be 0.1. The computed time-resolved emission was the average of ensemble 
members with the noted Os doping level. Each ensemble member contains 6000 Ru/Os 
complexes. The converged averaged time-resolved emission was obtained with 
numerical converge tolerance 0.01%. 
 

To consider “strong” Os sites clustering effect, Os sites were constructed in pairs 

with one Ru site between Os sites, the Ru lifetime in the 2.6% Os doped LMZn MOF does 

not shorten in to the extend observed experimentally. Thus, Os clustering cannot explain 

the significant Ru lifetime shortening. In fact, clustering of Os would give each Os a 

diminished quenching yield, due to fewer accessible Ru excited states (see discussion 

below). Therefore, Ru-to-Os energy transfer with Os clustering produces longer Ru 

excited-state lifetimes. However, clustering of Os will shorten the Os emission peak 

time, i.e in the simulated time-resolved emission plot of Figure A. I. 4 and Figure A. I. 5, 

the Os emission peak time is shorter in the 2.6% doping case. 

(b) Os time-resolved emission peak time shortening and Os clustering 
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Energy transfer in the 1D MOF with homogenously distributed Os sites is 

described schematically in Figure A. I. 6, 

 

Figure A. I. 6 

A short chain model of the energy transfer is adapted to simplify the analysis. Here, khop 

is the energy transfer rate between nearest-neighbor Ru sites, k2 is the energy trapping 

rate from Ru to Os sites, and kd is the Os excited state decay rate. There are six Ru sites 

and one Os site in total. We assume all Ru sites are excited and there are six excitons 

created. Our aim is to obtain the exciton population on the Os site as a function of time 

and to compute the corresponding peak position in the Os emission spectrum with and 

without Os clustering. Without clustering, we can further reduce the Ru chain to an 

effective model as shown in Figure A. I . 7. 
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Figure A. I. 7 

Since only Ru next to Os deliver excitons to the Os site, we explicitly focus on 

this type of Ru site (“nearest-neighbor Ru”). The other Ru sites only deliver excitons to 

the “nearest-neighbor Ru”. Therefore, non-nearest-neighbor Ru can be treated as an 

effective exciton reservoir. In this model, k1 is the effective energy transfer rate between 

nearest-neighbor Ru and non-nearest-neighbor Ru, k2 is the energy trapping rate from 

nearest-neighbor Ru to Os site, and kd is the Os excited state decay rate. Here, the left 

and right side exciton transfer processes are equivalent and act independently. Thus, 

this energy transfer chain can be further simplified as a three sites model shown in the 

Figure A. I. 8 with doubled exciton populations on the nearest-neighbor Ru and non-

nearest-neighbor Ru compared to the full picture in Figure A. I. 7.  

 

Figure A. I. 8 
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The time-dependent Os* population can be calculated by solving the energy 

transfer kinetic equation  
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 (A. I. 3) 

where P1(t) , P2 (t)  and P3(t)  are the time-dependent exciton populations on non-

nearest-neighbor Ru, nearest-neighbor Ru, and Os. The initial excitation population is 

{P1(0) = 4,P2 (0) = 2,P3(0) = 0} . The peak time in the time-resolved emission is obtained 

by solving dP3(t) / dt = 0 . 

The clustering model we employed is shown schematically in Figure A. I. 9. 

 

Figure A. I. 9 

To simplify the analysis, we introduce the clustering of Os with two Ru sites in 

between. For each Os, the energy transfer on the left and right sides is no longer 

equivalent because of the Os clustering and the irreversible Os trapping. There is no net 

energy flow between two Os sites. Therefore, the model can be reduced to an effective 

one as shown in Figure A. I. 10:  
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Figure A. I. 10 

Comparing this energy transfer diagram with the homogenous one, the only 

difference is that the initial exciton population on the non-nearest-neighbor Ru. That is, 

the initial excitation population changes to {P1(0) = 2,P2 (0) = 2,P3(0) = 0} . With this 

kinetic model, the peak time may be computed. With k1= (50 ns)-1, k2=(106 ns)-1 and 

k3=(150 ns)-1, the typical values we used in our MOF simulations, the peak time for the 

homogenously distributed Os model is 194 ns, and is 184 ns for the clustering model. 

The shifting of the Os emission peak to earlier time arises because the exciton population 

for each Os is effectively reduced by Os clustering. 

(c) Long-range Förster energy transfer 

Long-range energy transfer could enhance the flow of excitons to Os traps. This 

idea was tested by simulating Ru and Os transient emission in Os doped LMZn MOFs. 

The simulation procedure was: 1) we add to the nearest neighbor hopping model an 

additional Förster type distance dependent energy transfer rate with 𝑘 𝑟 = 𝑘(𝑅!)(𝑅/

𝑅!)!!, where k(R0) is the nearest-neighbor energy transfer rate, and R0 is the distance 

between nearest-neighbor sites (see Table A. I. 6).  We considered an extreme case of all 
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Ru excited states singlet multiplicity and a very strong Förster coupling strength 

comparable with the computed Dexter coupling; 2) we determined the site-to-site 

energy transfer rates by fitting both Ru and Os time-resolved transient emission from 

1.4% Os doping case (see Figure A. I. 11); 3) we used the fitted site-to-site energy transfer 

rate to simulate the Ru and Os time-resolved transient emissions for 2.6% Os doped 

MOF (see Figure A. I. 12). Figure A. I. 12 shows that Förster energy transfer cannot 

account for the change in the Ru lifetime as the Os doping level increases. The 

simulations indicated that Förster energy transfer does not enhance the accumulation of 

excitions on Os, in contrast to the experiments. In other words, the small long-range 

energy transfer contribution arises from the (R/R0)-6 factor that scales the energy transfer 

rate. Therefore, the long-range energy transfer mechanism causes little change in the 

kinetics from the single site hopping model when describing the Ru excited-state 

lifetime. 

Table A. I. 5: Single site energy transfer rates and Ru and Os excitation lifetimes for 
different Os doping levels for LMZn MOF. 
 

Os% 𝝉𝑹𝒖∗ 𝝉𝑶𝒔∗ 𝒌𝑹𝒖→𝑹𝒖 𝒌𝑹𝒖→𝑶𝒔 𝒌𝑶𝒔→𝑶𝒔 
𝑷𝒊!𝑶𝒔(𝟎)
𝑷𝒊!𝑹𝒖(𝟎)

 

1.4 26 ns 8 ns (0.33 ns)-1 (15.5 ns)-1 (0.33 ns)-1 0.10 
2.6 26 ns 8 ns (0.33 ns)-1 (15.5 ns)-1 (0.33 ns)-1 0.10 
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Figure A. I. 11: Comparison of experimental and simulated Ru and Os emission with 
1.4% Os doped LMZn MOFs based upon energy transfer rates and Ru/Os lifetimes in 
Table A.I. 5, assuming a Förster energy transfer mechanism. The Os distribution was 
assumed homogenous. The experimentally observed zero time emission was corrected 
by setting the initial excitation population on Ru and Os to 0.1. Each ensemble member 
contains 6,000 Ru/Os complexes aligned in one dimension. The converged ensemble 
averaged time-resolved emission was obtained with a tolerance of 0.01%. 
 

 
 

Figure A. I. 12: Comparison of experimental and simulated Ru and Os emission 
including long range energy transfer with 2.6% Os doped LMZn MOFs and energy 
transfer rates and lifetimes in Table A. I. 6. The Os distribution is assumed homogenous. 
Each ensemble member contains 6,000 Ru/Os complexes aligned in one dimension. The 
converged ensemble averaged time-resolved emission was obtained with a tolerance of 
0.01%. 
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The two postulated explanations proved unable to explain the change of Ru 

lifetime with Os doping level. Clustering of Os shortens the Os peak emission time by 

reducing the number of accessible Ru excitations surrounding each Os. Simulations of 

long-range Förster energy transfer is not able to accelerate Ru exciton arrivas at Os sites 

to account for the change of the Ru lifetime with increased Os doping.   

Section 4: Energy Transfer Efficiency Normalized by Exciton Diffusion Length  

(a) Diffusion Length of an Exciton in 1D Energy Transfer Network 

In MOFs with 1D and 3D energy transfer networks, energy trapping at Os is a 

proxy for energy harvesting efficiency. We define γ as the ratio of exciton transported to 

Os sites to the total number of excitons created on Ru sites within the exciton diffusion 

length l. In both MOFs, energy transfer is defined by the exciton diffusion length. The 

exciton diffusion length is the root mean square distance that an exciton can hop during 

its lifetime. Unbiased exciton diffusion can be considered as a random walk. The mean 

number of walk steps N that an exciton can make during its lifetime τ with a nearest-

neighbor energy transfer rate k is: 

 𝑁 = 𝑘 𝜏 (A. I. 4) 

Therefore, for the 1D energy transfer network, the diffusion length is calculated 

[1, 2] as:  

 𝐿! = 𝑁𝑎! (A. I. 5) 
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Figure A. I . 13 

where a = 1 is the distance between two nearest-neighbor Ru/Os sites.  For a given Os in 

a MOF with a 1D energy transfer network, the number of sites within the range of a 

diffusion length for this Os is 2L1 (here we assume no overlap of diffusion length range 

between different Os sites.). Between –L1 and L1, only L1 excitons can finally be trapped 

at the Os site (Figure A. I. 13).  

Therefore, in the low Os doping regime, where the distance between two Os sites 

is much larger than the diffusion length, each Os can trap L1 excitons if all of the Ru sites 

were excited. Thus, within the range of diffusion length L1: 

  𝛾!! =
𝐿!
2𝐿!

=
1 
2

 (A. I. 6) 

(b) Diffusion length of an exciton in a 3D energy transfer network 

The average number of random walk steps that an exciton can make during its 

lifetime is: 

     𝑁 = 𝑘 𝜏 (A. I. 7) 

During the lifetime of an exciton, N/3 steps of the random walk will occur along 

each axis. Therefore, the root mean square distance along each axis from the origin of the 

exciton is 
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 𝐿!(!) = 𝐿!(!) = 𝐿! ! = 𝑁𝑎!/3 𝜏 (A. I. 8) 

where a=1 is the distance between two nearest-neighbor Ru/Os sites. Therefore, the 

diffusion length is: 

 𝐿! = (𝐿! !
! + 𝐿! !

! +𝐿! !
! ) = 𝑁 𝜏 (A. I. 9) 

In the low Os doping regime, the excitons that will arrive at an Os are within a 

sphere range around Os with radius L3.  How many excitons in this sphere will reach the 

centeral Os?  

 

Figure A. I. 14 

Assuming that an excition within this sphere is located at radius R. After N 

hopping steps, this exciton would be distributed evenly on a sphere centered at the 

source of this exciton with radius 𝑟 = 𝑁 (the sphere with red arrows in Figure A. I. 14). 

The possibility of this exciton being trapped at the centeral Os (as shown in the Figure A. 

I. 14) is given by the ratio of the total number of sites on this spherical surface to the Os 

shown in Figure A. I. 14:  
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 𝑃 𝑅 =
1

𝑇𝑜𝑡𝑎𝑙 𝑠𝑖𝑡𝑒𝑠 𝑜𝑛 𝑡ℎ𝑒 𝑟𝑒𝑑 𝑠𝑝ℎ𝑒𝑟𝑒 𝑠𝑢𝑟𝑓𝑎𝑐𝑒
=

1
𝐹(𝑅)

   (A. I. 10) 

There total number of Ru sites that are R from the Os is                                                                    

𝐹(𝑅). Therefore, the number of excitons that arrive at the Os site from the spherical 

surface with radius R is: 

 𝑛 𝑅 = 𝑃 𝑅 𝐹 𝑅 = 1 (A. I. 11) 

Therefore, in the sphere with radius equal to the diffusion length with Os as its origin, if 

all Ru sites are excited, the number of excitons to reach Os is: 

 
 𝑃!!"#$ = 𝑛 𝑅 𝑑𝑅 = 𝐿!

!!

!
  (A. I. 12) 

Therefore, only L3 excitons within this sphere are trapped by the Os. Thus,  

 𝛾!! =
𝐿!

(4/3)𝜋𝐿!!
    (A. I. 13) 

𝛾!!is much less than 𝛾!!. Moreover, in a 1D energy transfer network, one would expect 

to capture all the excitons on the Ru by creating a MOF with a distance L1 between all 

nearest-neighbor Os sites in the network.  
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Appendix II 

Section 1: Detail Derivation of Analytical Expression for 𝒈′(𝒛,𝑹) 

𝑔! 𝑧,𝑅  is defined as follow: 

𝑔! 𝑧,𝑅 = −𝑧 𝑒!!"
!!

!
ln! 𝑦 dy (A. II. 1) 

By changing the integral variable to 𝑢 = 𝑧𝑦!, the original expression for 𝑔! 𝑧,𝑅  can be 

rewritten as: 

𝑔! 𝑧,𝑅 = 𝑒!!
!!!

!
ln!

𝑧
𝑢
dy (A. II. 2) 

Now by factoring our z in the integral form, the expression for 𝑔! 𝑧,𝑅  can be further 

simplified as: 

𝑔! 𝑧,𝑅 = ℎ! 𝑧 ln! 𝑧 + ℎ! 𝑧 ln! 𝑧 + ℎ! 𝑧 ln(𝑧) + ℎ! 𝑧  (A. II. 3) 

where  ℎ! 𝑧 = −1 ! 𝑖
3 𝑒!!!!!

! ln! 𝑢 dy. If we donate 𝑧𝑦! with x, ℎ! 𝑧  can be 

simplified and evaluated as follow: 

ℎ! 𝑧 = 𝑒!!𝑑𝑢
!

!
= 1 − 𝑒!! (A. II. 4) 

 

ℎ! 𝑧 = 𝑒!! ln(𝑢) 𝑑𝑢
!

!
= 𝛤 ! 1 − 𝑒!! ln 𝑥 + 𝑂(

1
𝑥
) (A. II. 5) 
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ℎ! 𝑧 = 𝑒!! ln!(𝑢) 𝑑𝑢
!

!

= 𝛤 ! 1 − 𝑒!! ln! 𝑥 − 2𝑒!! ln! 𝑥
1
𝑥
+ 𝑂(

1
𝑥!
) 

(A. II. 6) 

 

ℎ! 𝑧 = 𝑒!! ln!(𝑢) 𝑑𝑢
!

!

= 𝛤 ! 1 − 𝑒!! ln! 𝑥 − 3𝑒!! ln! 𝑥
1
𝑥
+ 𝑂(

1
𝑥!
) 

(A. II. 7) 

Section 2: Fitting Luminescence Insensitive to Acceptor Clustering Layer Size L  

Here we provide the fitting of luminescence decay curves in the PEG based 

energy transfer system using different L for clustering layer thickness for both high and 

low acceptor densities cases. The comparison of fitted time-resolved luminescence decay 

curves and experimental data are shown in Figure A.II.1 with both small L and large L, 

ranging from 50% - 150% of the L chosen in our model. Figure A1 show that the 

agreement between the fitted curves and experimental measurement is insensitive to the 

choose value of L.  
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Figure A. II. 1: Comparison of fitted luminescence decay curves with experimental 
observations for low and high acceptor densities with different L for the layer thickness 
of the cluster model. 
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Appendix III 

Section 1: Non-Hermitian Hamiltonian 

The Hubbard Hamiltonian for a D-BN-AM system with population relaxation on 

the acceptors is: 

 
H = ϵ!n!!

!

!!!

+
!

V!" a!!! a!! + a!!! a!!

!

!!!!

+ U n!!n!!!
!

!!!

+ UI
!!!!

n!!n!!!
!

!!!!!!!

− iΓ! n!!!

!

!!!

 

(A. III. 1) 

Section 2: D- 𝐁𝟏𝐁𝟐
-A Parallel Bridge System 

As a starting point to describing multi-bridge systems and 2ET, we first analyze a 

D- B!B!
-A system with parallel B1 B2 pathways. In the D- B!B!

-A system, the parallel 

bridges are electronically equivalent. Two electrons in D- B!B!
-A have 10 singlet 

configurations (with spin state |S = 0 = !
!
[α 1 β 2 − α 2 β 1 ]), given below: 

|AA =
1
2
|A(1) |A(2) |S = 0  

|DD =
1
2
|D(1) |D(2) |S = 0  

|DA =
1
2
[|D 1 |A 2 |S = 0 + |D 2 |A 1 |S = 0 ] 
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|DB! =
1
2
[|D 1 |B! 2 |S = 0 + |D 2 |B! 1 |S = 0 ] 

|DB! =
1
2
[|D 1 |B! 2 |S = 0 + |D 2 |B! 1 |S = 0 ] 

|AB! =
1
2
[|A 1 |B! 2 |S = 0 + |A 2 |B! 1 |S = 0 ] 

|AB! =
1
2
[|A 1 |B! 2 |S = 0 + |A 2 |B! 1 |S = 0 ] 

|B!B! =
1
2
|B!(1) |B!(2) |S = 0  

|B!B! =
1
2
|B!(1) |B!(2) |S = 0  

  |B!B! = !
!
[|B! 1 |B! 2 |S = 0 + |B! 2 |B! 1 |S = 0 ]. 

(A. III. 2)    

The Hamiltonian matrix in the above representation is  

H!"

=

ϵ!! 0 2V 2V 2V 0 0 0 0 0
0 ϵ!! 2V 0 0 2V 2V 0 0 0
2V 2V ϵ!" V V V V 0 0 0
2V 0 V ϵ!!! V V 0 V 2V 0
2V 0 V V ϵ!!! 0 V V 0 2V

0 2V V V 0 ϵ!!! V V 2V 0
0 2V V 0 V V ϵ!!! V 0 2V
0 0 0 V V V V ϵ!!!! 2V 2V

0 0 0 2V 0 2V 0 2V ϵ!!!! 0
0 0 0 0 2V 0 2V 2V 0 ϵ!!!!

 
(A. III. 3) 

where  εDD =2εD +U, εAA =2εA +U, εDA =εD +εA +UI, εDB1 =εDB2 =εD +εB, εB1B1 =εB2B2 =2εB +U, εAB1 

=εAB2 =εD +εB,and εB1B2 =2εB. We assume D and A have same energy εD = εA. 
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To derive the effective Hamiltonian that describes DD to AA tunnelling via the 

projection method, we define the P sub-space as 

P = DD DD + AA AA  (A. III. 4) 

and the Q sub-space as  

Q = DA DA + DB! DB! + DB! DB! + AB! AB!

+ AB! AB!  

+ B!B! B!B! + B!B! B!B! + B!B! B!B!  

(A. III. 5) 

The effective Hamiltonian for the P subspace is: 

H!"" E!"# = PHP + PVQ E!"#I! − QHQ
!!QVP (A. III. 6) 

where, G!! E = Q E!"#I! − QHQ
!! is the Green’s function  

We now switch to matrix notation. In terms of the Hamiltonian matrix, the above 

partitioning is as follows, 

ϵ!! 0 0 2V 2V 0 0 0 0 0
0 ϵ!! 0 0 0 2V 2V 0 0 0
0 0 ϵ!" V V V V 0 0 0
2V 0 V ϵ!!! V V 0 V 2V 0
2V 0 V V ϵ!!! 0 V V 0 2V

0 2V V V 0 ϵ!!! V V 2V 0
0 2V V 0 V V ϵ!!! V 0 2V
0 0 0 V V V V ϵ!!!! 0 0
0 0 0 2V 0 2V 0 0 ϵ!!!! 0
0 0 0 0 2V 0 2V 0 0 ϵ!!!!

=
H!! H!"
H!" H!!

 

(A. III. 7) 
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where  

H!! =
ϵ!! 0
0 ϵ!!

, (A. III. 8) 

 

                        H!" = H!"!

= 0 2V 2V 0 0 0 0 0
0 0 0 2V 2V 0 0 0

 

(A. III. 9) 

and  

 

H!! =

ϵ!" V V V V 0 0 0
V ϵ!!! V V 0 V 2V 0

V V ϵ!!! 0 V V 0 2V
V V 0 ϵ!!! V V 2V 0
V 0 V V ϵ!!! V 0 2V
0 V V V V ϵ!!!! 0 0
0 2V 0 2V 0 0 ϵ!!!! 0

0 0 2V 0 2V 0 0 ϵ!!!!

 

(A. III. 10) 

The effective 2x2 Hamiltonian matrix is given by  

H!"" E!"# = H!! + H!"G!!(E!"#)H!" (A. III. 11) 

where G!!(E!"#) = E!"#I! − H!!
!! is the Green’s function matrix in the Q subspace. 

The latter can be Dyson expanded by writing  

H!! = H!!! + V!"# (A. III. 12) 

Where 
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H!!! =

ϵ!" 0 0 0 0 0 0 0
0 ϵ!!! 0 0 0 0 0 0
0 0 ϵ!!! 0 0 0 0 0
0 0 0 ϵ!!! 0 0 0 0
0 0 0 0 ϵ!!! 0 0 0
0 0 0 0 0 ϵ!!!! 0 0
0 0 0 0 0 0 ϵ!!!! 0
0 0 0 0 0 0 0 ϵ!!!!

 

(A. III. 13) 

And 

V!"# =

0 V V V V 0 0 0
V 0 V V 0 V 2V 0
V V 0 0 V V 0 2V
V V 0 0 V V 2V 0
V 0 V V 0 V 0 2V
0 V V V V 0 0 0
0 2V 0 2V 0 0 0 0
0 0 2V 0 2V 0 0 0

 

(A. III. 14) 

Therefore, 

G!! = G!
!! E!"# + G!

!! E!"# V!"#G!
!! E!"#

+ G!
!! E!"# V!"#G!

!! E!"# V!"#G!
!! E!"# +⋯ 

(A. III. 15) 

and the effective Hamiltonian becomes: 

H!"" = H!! + H!""
! E!"# + H!""

! E!"# +⋯ (A. III. 16) 

The bridge-mediated components of the effective Hamiltonian (of varying orders in V!"#) 

are given by  
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H!""
! E!"# = H!"G!

!! E!"# H!" 

H!""
! E = H!"G!

!! E!"# V!"#G!
!! E!"# H!" 

H!""
! E!"# = H!"G!

!! E!"# V!"#G!
!! E!"# V!"#G!

!! E!"# H!" 

… 

(A. III. 17) 

The effective DD-to-AA coupling for this two-bridge system to leading order in 

V!"# is the off diagonal part of the above effective Hamiltonian, given by: 

T!!→!! = 4T!!→!! I + 4T!!→!! II + 2T!!→!! III , (A. III. 18) 

where 

T!!→!! I =
2V!

E − ϵ! + ϵ! + 𝑈𝐼 [E − ϵ! + ϵ! + 𝑈𝐼 ][E − 2ϵ!]
 

T!!→!! II

=
2V!

E − ϵ! + ϵ! + 𝑈𝐼 [E − ϵ! + ϵ! + 𝑈𝐼 ][E − 2ϵ! + UI ]
 

T!!→!! IIII

=
4V!

E − ϵ! + ϵ! + 𝑈𝐼 [E − ϵ! + ϵ! + 𝑈𝐼 ][E − 2ϵ! + U ]
 

(A. III. 19) 

Section 3: D- 𝐁𝟏𝐁𝟐
-A Bridge Crosstalk   

For a realistic system with parallel bridges connecting the donor and acceptor, 

one would expect electronic interactions among the bridge units or “crosstalk”. As 

expected, the crosstalk pathway interference. For the two-electron transfer in the D- B!B!
-

A system, if there is crosstalk (electronic coupling “t”) between the bridge units, the type 
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II pathways (characterized by two singly reduced bridges) and the type III pathways 

(associated with doubly-reduced bridge states) are coupled (see figure below). The 

pathway network now is more complex due to crosstalk. 

 

Figure A. III. 1. Schematic diagram of the transformations to simplify the 
coupling network and pathway analysis in the presence of crosstalk. 

 

Here, a unitary transformation scheme is adapted to transform from an 

interacting pathway representation to a non-interacting pathway representation 
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switch representations is shown in Fig. S1.  In the first step, the DB!  and DB!  states 

that are coupled by crosstalk are diagonalized into the uncoupled representation, 

DB! ! = !!! ! !!!
!

 and DB! ! = !!! ! !!!
!

. The same is done for the AB!  and AB!  

states, and the uncoupled representation states are AB! ! = !!! ! !!!
!

 and AB! ! =

!!! ! !!!
!

. In the new representation, the Hamiltonian matrix elements are 

DD H DB! ! =  2V, DD H DB! ! =  0, AA H AB! ! =  2V, AA H AB! ! =  0, 

DB!! H  B!B! =  V, AB!! |H| B!B! =  V, DB!! H  B!B! =  V, 

DB!! H  B!B! =  −V, AB!! H  B!B! =  V, AB!! H  B!B! =  −V, and A/DB!! H B!B! =

 2V. In the second step, the B!B!  and B!B!  states are transformed into two new 

states !!!! ! !!!!
!

 and !!!! ! !!!!
!

. By this transformation, as shown in Fig. S1, DB! !, 

!!!! ! !!!!
!

 and AB! ! are non-contributing (independent) states for electron transfer 

between DD and AA. In the last step, !!!! ! !!!!
!

 and B!B!  are diagonalized to 

|B!!""〉 = cosθ( B!B! + B!B! )/ 2 + sinθ|B!B!〉 and |B!!""〉 = −sinθ( B!B! + B!B! )/

2 + cosθ|B!B!〉  where the θ is the mixing angle and 

sinθ = − 2t 2t! + UI − U + UI − U ! + 2t!
!
. Now, only two uncoupled 

pathways have survived (in the uncoupled representation), and the effective coupling 

between DD and AA can be computed by the Green’s function methods used above. The 

Hamiltonian matrix H!" in the uncoupled representation is: 
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H!"

=

|𝐃𝐃〉 |𝐀𝐀〉           𝐃𝐁𝟏 !                         𝐀𝐁𝟏 ! |𝐁𝟏𝐞𝐟𝐟〉 |𝐁𝟐𝐞𝐟𝐟〉
ϵ!! 0 2V 0 0 0
0 ϵ!! 0 2V 0 0
2V 0 (ϵ!!! + ϵ!!!)/2 + t 0 V! V!
0 2V 0 (ϵ!!! + ϵ!!!)/2 + t V! V!
0 0 V! V! ϵ! 0
0 0 V! V! 0 ϵ!

 

(A. III. 20) 

where V! = 2V(cos θ + sinθ), V! = 2V(cos θ − sinθ), ϵ! =
!
!
cos! θ ϵ!!!! + ϵ!!!! +

sin! θ ϵ!!!! + 2 2 cos θ sin θ t, and 

ϵ! =
!
!
cos! θ ϵ!!!! + ϵ!!!! + sin! θ ϵ!!!! − 2 2 cos θ sin θ t. 

The type II and III pathways are transformed to two independent pathways: 

DD → DB! ! → B!!"" → AB! ! → AA  and DD → DB! ! → B!!"" → AB! ! → AA . That 

is, the contributions to the DD-AA coupling of type II and type III pathways can be 

rewritten as: 

T!!→!!!!&!!! = T!!!"" + T!!!"" (A. III. 21) 

(for reference, in the case of no crosstalk T!!→!!!!&!!! = 4T!!→!! II + 2T!!→!! III  , eq A. III. 

17), where 

T!!!"" =
!!!

!!!!"!!!! !
2V! !!!"#$! 

!!!!!"#! ! !"!!
,  

T!!!"" =
!!!

!!!!"!!!! !
2V! !!!"#$! 

!!!!!"#! !(!"!!)
. 

(A. III. 22) 

The above expressions are obtained by projecting the Hamiltonian matrix H2e on the DD, 

AA subspace (the same strategy as used to obtain eq. A. III. 18. For t=0, we recover the 
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no crosstalk case, where T!!!"" + T!!!"" = 4T!!→!! II + 2T!!→!! III  . Eq. A. III. 22 can be 

further simplified by using the expressions for sinθ and cosθ: 

T!!→!!!!&!!! = − !!!

!!!!"!!!! !
! !!!!!!!!" !!

!! !!!!!!!"
1 − !

!!!!
!"!!
! !

.  (A. III. 23) 

Eq A. III. 23 indicates that the coupling between DD and AA contributed by type II and 

III pathways, T!!→!!!!&!!! , is a monotonically decreasing function of t. 

Section 4: The Self-Energy in the D2-A and D-A2 Systems   

The two electrons in the D2-A system have 7 singlet configurations (with thet 

spin state |S = 0 = !
!
[α 1 β 2 − α 2 β 1 ]), given below: 

|D!!! =
1
2
|D!(1) |D!(2) |S = 0  

|D!!! =
1
2
|D!(1) |D!(2) |S = 0  

|D!!A! =
1
2
[|D! 1 |A 2 |S = 0 + |D! 2 |A 1 |S = 0 ] 

|D!!A! =
1
2
[|D! 1 |A 2 |S = 0 + |D! 2 |A 1 |S = 0 ] 

|D!A!! =
1
2
|A(1) |A(2) |S = 0  

D!A!! =
1
2
A 1 A 2 S = 0  

|D!!D!!A!! =

!
!
[|D! 1 |D! 2 |S = 0 + |D! 2 |D! 1 |S = 0 ]  

(A. III. 24) 

The Hamiltonian matrix with crosstalk coupling t among the donors is 
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H!" =

𝐃𝟏𝐞𝐞 𝐃𝟐𝐞𝐞 𝐃𝟏𝐞𝐀𝐞 𝐃𝟐𝐞𝐀𝐞 𝐃𝟏𝐀𝐞𝐞 𝐃𝟐𝐀𝐞𝐞 𝐃𝟏𝐞𝐃𝟐𝐞𝐀𝐞𝐞

ϵ!! 0 2V 0 0 0 0
0 ϵ!! 0 2V 0 0 0
2V 0 ϵ!" t 2V 0 2V
0 2V t ϵ!" 0 2V 2V
0 0 2V 0 ϵ!! t t
0 0 0 2V t ϵ!! 0
0 0 2V 2V t 0 ϵ!! + ∆

    

(A. III. 25) 

where ϵ!! = 2ϵ! + U, ϵ!! = 2ϵ! + U = ϵ!! and  ϵ!" = ϵ! + ϵ! + UI = ϵ!! + ∆. 

The subspace P is defined as 

    P = D!!! 〈D!!!| + D!!! 〈D!!!| + D!A!! 〈D!A!!|

+ D!A!! 〈D!A!!| + D!!D!!A!! 〈D!!D!!A!!| 

(A. III. 26) 

and the subspace Q is 

Q = I − P (A. III. 27) 

The effective Hamiltonian operator for the P subspace is: 

H!"" E!"# = PHP + PVQ E!"# − QHQ
!!QVP (A. III. 28) 

and it is described by a 5x5 matrix  
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H!"" E!"# = ϵ!!, t = 0

=

𝐃𝟏𝐞𝐞 𝐃𝟐𝐞𝐞 𝐃𝟏𝐀𝐞𝐞 𝐃𝟐𝐀𝐞𝐞 𝐃𝟏𝐞𝐃𝟐𝐞𝐀𝐞𝐞

ϵ!! + V!"" 0 V!"" 0 V!""
0 ϵ!! + V!"" 0 V!"" V!""
V!"" 0 ϵ!! + V!"" 0 V!""
0 V!"" 0 ϵ!! + V!"" V!""
V!"" V!"" V!"" V!"" ϵ!! + Δ + 2V!""

, where V!""

= −
2V!

X
, X = ϵ!! − E!"# + ∆. 

(A. III. 29) 

When t ≠ 0 

H!"" E!"# = ϵ!! ==

|𝐃𝟏𝐞𝐞〉 |𝐃𝟐𝐞𝐞〉 |𝐃𝟏𝐀𝐞𝐞〉 |𝐃𝟐𝐀𝐞𝐞〉 |𝐃𝟏𝐞𝐃𝟐𝐞𝐀𝐞𝐞〉

ϵ!! +
!"!!
!!!!!

− !!!!
!!!!!

!"!!
!!!!!

− !"!!
!!!!!

− !!!

!!!

− !!!!
!!!!!

ϵ!! +
!!!!
!!!!!

− !!!!
!!!!!

!"!!
!!!!!

− !!!

!!!
!"!!
!!!!!

− !!!!
!!!!!

ϵ!! +
!"!!
!!!!!

t − !"!!
!!!!!

t − !!!

!!!

− !!!!
!!!!!

!"!!
!!!!!

t − !"!!
!!!!!

ϵ!! +
!"!!
!!!!!

− !!!

!!!

− !!!

!!!
− !!!

!!!
t − !"!

!!!
− !!!

!!!
ϵ!! + Δ −

!!!

!!!

  

 (A. III. 30) 

The two electrons in the D-A2 system have 6 singlet configurations (with spin 

state |S = 0 = !
!
[α 1 β 2 − α 2 β 1 ]), given below 
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|D!!〉 =
1
2
|D(1) |D(2) |S = 0  

|A!!! =
1
2
|A!(1) |A!(2) |S = 0  

|A!!! =
1
2
|A!(1) |A!(2) |S = 0  

|D!A!! =
1
2
[|D 1 |A! 2 |S = 0 + |D 2 |A! 1 |S = 0 ] 

|D!A!! =
1
2
[|D 1 |A! 2 |S = 0 + |D 2 |A! 1 |S = 0 ] 

|A!!A!! =
1
2
[|A! 1 |A! 2 |S = 0 + |A! 2 |A! 1 |S = 0 ] 

(A. III. 31) 

The Hamiltonian matrix with crosstalk coupling t among the acceptors is 

H!" =

|𝐃𝐞𝐞〉 |𝐃𝐞𝐀𝟏𝐞 〉 |𝐃𝐞𝐀𝟐𝐞 〉 |𝐀𝟏𝐞𝐀𝟐𝐞 〉 |𝐀𝟏𝐞𝐞〉 |𝐀𝟐𝐞𝐞〉

ε!! 2V 2V 0 0 0
2V ε!" t V 2V 0
2V t ε!! V 0 2V
0 V V ε!! + δ t t
0 2V 0 t ε!! 0
0 0 2V t 0 ε!!

 

(A. III. 32) 

where ϵ!! = 2ϵ! + U, ϵ!! = 2ϵ! + U = ϵ!! and  ϵ!" = ϵ! + ϵ! + UI = ϵ!! + ∆. 

The subspace P is now defined as : 

P = |A!!! 〈A!!!| + |A!!! 〈A!!!| + |D!! 〈D!!| (A. III. 33) 

and the  Q subspace is  

Q = I − P. (A. III. 34) 
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The effective Hamiltonian matrix for the P subspace can be computed as above, and it is 

given by: 

H!"" E!"# = ε!!, t = 0 =

|𝐃𝐞𝐞〉                    |𝐀𝟏𝐞𝐞〉                         |𝐀𝟐𝐞𝐞〉

ϵ!! +
!!!∆
!"!!∆!

!"!∆
!"!!∆!

!"!∆
!"!!∆!

!"!∆
!"!!∆!

ϵ!! −
!"!(!!!∆!)
(!"!!∆!)∆

0
!"!∆
!"!!∆!

0 ϵ!! −
!"!(!!!∆!)
(!"!!∆!)∆

!≪!
ϵ!! −

!"!

∆
− !"!

∆
− !"!

∆

− !"!

∆
ϵ!! −

!"!

∆
0

− !"!

∆
0 ϵ!! −

!"!

∆

  

(A. III. 35) 

When t≠0 

H!"" E!"# = ϵ!! =

− !!!∆
!!!!!∆(!!∆)

!!!(! !!!∆)
!!!!∆(!!∆)

!!!(! !!!∆)
!!!!∆(!!∆)

!!!(! !!!∆)
!!!!∆(!!∆)

ϵ!! +
!!

!!!∆
− !!!! !!!!!!!∆!!!∆

!!!!!∆(!!∆)
!!

!!!∆
− !!!! !!!!!!!∆!!!∆

!!!!!∆(!!∆)
!!!(! !!!∆)
!!!!∆(!!∆)

!!

!!!∆
− !!!! !!!!!!!∆!!!∆

!!!!!∆(!!∆)
ϵ!! +

!!

!!!∆
− !!!! !!!!!!!∆!!!∆

!!!!!∆(!!∆)

  

 (A. III. 36) 

The above effective Hamiltonians are second order in V. To obtain effective 

Hamiltonians that are infinite order in V (for the t = 0 case), we use an iterative 

method101,110,139. In the first iteration, we build a new effective Hamiltonian H!"" E!"#
(!)  

with tunnelling energy set equal to the average of the DD and AA matrix elements of the 

initial effective Hamiltonian, i.e., 
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(E!"#
(!) = (H!"" E!"# = ϵ!! 1,1 + H!"" E!"# = ϵ!! 3,3 )/2) . This step gives the following 

H!"" E!"#
(!) : 

H!"" E!"# = ϵ!! −
!!!

!∆
=

ϵ!! −
!"!

∆
1 + !"!

!∆!

!!
− !"!

∆
1 + !"!

!∆!

!!
− !"!

∆
1 + !"!

!∆!

!!

− !"!

∆
1 + !"!

!∆!

!!
ϵ!! −

!"!

∆
1 + !"!

!∆!

!!
0

− !"!

∆
1 + !"!

!∆!

!!
0 ϵ!! −

!"!

∆
1 + !"!

!∆!

!!

  

 (A. III. 37) 

In this iterative procedure, the final Heff is defined as the converged H!"" E!"#
! , 

where (E!"#
(!) = (H!"" E!"#

(!!!) 1,1 + H!"" E!"#
(!!!) 3,3 )/2). Below, we show a numerical 

example of H!"" E!"#
!  for different n until H!"" E!"#

!  converges. (the energetic 

parameter we choose is ϵ!! = 0, V = 0.05 eV, and ∆= 2.0 eV): 

H!"" E!"#
(!) =

−1.250 1.250 1.250
1.250 −1.250 0
1.250 0 −2.500

 

H!"" E!"#
(!) =

−1.249 1.249 1.249
1.249 −1.249 0
1.249 0 −2.498

 

H!"" E!"#
(!) =

−1.249 1.249 1.249
1.249 −1.249 0
1.249 0 −2.498

 

(A. III. 38) 

Thus, for our model system in the deep tunneling regime, the H!"" E!"#
!  

converges for small values of n. 
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Appendix IV 

Section 1: Derivation of Master Equation for the Fluctuating Process in Fourier 
Laplace Space 

Generally, the master equation for the electron transfer among the 

donor/bridge/acceptor sites in the hopping regime is given by with a time dependent 

electron transfer rate 

𝑑𝑷 𝑡
𝑑𝑡

= 𝑲 𝑡 𝑷(𝑡) (A. IV.1) 

where 𝑷 𝑡  is vector and stands for the electron probability on all the possible sites, and 

𝑲 𝑡  is the time dependent electron transfer rate indicating the electron probability flux 

among different sites. The above expression can be solved in a perturbation way, 

integrate on both sides from time zero to time 𝑡: 

𝑷 𝑡 = 𝑷 0 + 𝑑𝜏
!

!
𝑲 𝜏 𝑷(𝜏) (A. IV.2) 

define 𝑲 𝑡 ≡ 𝒎 and write 𝑲 𝑡 ≡ 𝒎 + 𝑨(𝑡), thus 

𝑷 𝑡 = 𝑷 0 + 𝑑𝜏
!

!
𝒎 + 𝑨 𝜏 𝑷 𝜏  

= 𝑷 0 + 𝑑𝜏
!

!
𝒎𝑷 𝜏 + 𝑑𝜏

!

!
𝑨 𝜏 𝑷 𝜏  

(A. IV.3) 

take a substitution on the right for  
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𝑷 𝜏  

= 𝑷 0 + 𝑑𝜏
!

!
𝒎𝑷 𝜏 + 𝑑𝜏

!

!
𝑨 𝜏 𝑷 0 + 𝑑𝑡!

!

!
𝒎𝑷 𝑡! + 𝑑𝑡!

!

!
𝑨 𝑡! 𝑷 𝑡!  

= 𝑷 0 + 𝑑𝜏
!

!
𝒎𝑷 𝜏 + 𝑑𝜏

!

!
𝑨 𝜏 𝑷 0 + 𝑑𝜏

!

!
𝑨 𝜏 𝑑𝑡!

!

!
𝒎𝑷 𝑡!

+ 𝑑𝜏
!

!
𝑨 𝜏 𝑑𝑡!

!

!
𝑨 𝑡! 𝑷 𝑡!  

 (A. IV.4) 

take derivative for 𝑡 on both side of the expression: 

𝑑
𝑑𝑡
𝑷 𝑡 = 𝒎𝑷 𝑡 + 𝑨 𝑡 𝑷 0 + 𝑨 𝑡 𝑑𝑡!

!

!
𝒎𝑷 𝑡!

+ 𝑨(𝑡) 𝑑𝑡!
!

!
𝑨(𝑡!)𝑷 𝑡!  

(A. IV.5) 

on the expression above when take average on all the possible trajectories, the 

secondterm on the right are zero. This is because the average of the fluctuation is zeros. 

The ensemble average of the third term can be treated as follow 𝑨 𝑡 𝑑𝑡!
!
! 𝒎𝑷 𝑡! =

𝑨 𝑡 𝑑𝑡!
!
! 𝒎𝑷 𝑡! = 0 𝑑𝑡!

!
! 𝒎𝑷 𝑡! = 0 due to the fact that 𝑨 𝑡  is not correlated to 

𝑑𝑡!
!
! 𝒎𝑷 𝑡!  because of the time mismatch. 

Therefore, the above expression can be rewritten in the ensemble average space 

as: 

𝑑
𝑑𝑡

𝑷 𝑡 = 𝒎 〈𝑷 𝑡 〉 + 𝑑𝑡!
!

!
〈𝑨(𝑡)𝑨(𝑡!)𝑷 𝑡! 〉 (A. IV.6) 
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Since 𝑨(𝑡) and 𝑨(𝑡!) all have time mismatch with 𝑷 𝑡! . One can treat 〈𝑨(𝑡)𝑨(𝑡!)𝑷 𝑡! 〉 

as 〈𝑨 𝑡 𝑨 𝑡! 〉〈𝑷 𝑡! 〉. The treatment holds when the correlation is weak between 𝑨 𝑡  

and 𝑷 𝑡! . Since 𝑷 𝑡!  is determined by all the fluctuations within (0, t1), and represented 

a collective result, making it weak correlated with any instant fluctuation happened in 

the future time. Therefore, in this sense, the treatment is valid. Thus the kinetic equation 

for the ensemble reads: 

𝑑
𝑑𝑡

𝑷 𝑡 = 𝒎 〈𝑷 𝑡 〉 + 𝑑𝑡!
!

!
𝑨 𝑡 𝑨 𝑡! 𝑷 𝑡!  (A. IV.7) 

here 〈𝑨 𝑡 𝑨 𝑡! 〉 is the autocorrelation for the rate matrix fluctuation. In a word, the 

treatment above is similar as perturbation expansion to the second order. In the long 

correlation time for the fluctuation on the rate, higher order expansion may be provide 

better accuracy. The benefit of the perturbative expansion is that the contribution to the 

electron transfer kinetics can be attributed to the mean of the rate, autocorrelation of the 

rate, and even to the higher order rate autocorrelation, where the autocorrelation term or 

higher autocorrelation term can be treated as the non-Markov memory kernel. 

Define a Fourier-Laplace transformation 𝐹 𝑤 =  −𝑖 𝑒!"#𝑓 𝑡 𝑑𝑡!
! , the above 

kinetic equation can be solved exactly with an analytical results: 

𝑷 𝑤 =
𝑖𝑎

𝑖𝑤𝑰 +𝒎 − 𝑖𝑫(𝑤)
 (A. IV.8) 
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in the Fourier-Laplace space, where 𝑎 = (1,0,… ,0)′, 𝑰 and the identity matrix, and 𝑫(𝑤) 

is the Fourier-Laplace transformation of the autocorrelation function for the fluctuation 

of the rate matrix 𝑨 𝑡 .  

Section 2: Method Validation 

Here by solving the particle escaping from the fluctuating bottleneck adapting 

perturbative way in Fourier-Laplace space and exaction solution. We demonstrated the 

robustness of the perturbative method. 

The kinetic master equation for the particle escaping from a fluctuating 

bottleneck is: 

𝑑𝑃(𝑡)
𝑑𝑡

= −𝑘(𝑡)𝑃(𝑡) (A. IV.9) 

The perturbative solution to the second order in the Fourier-Laplace space is: 

𝑃 𝑤 =
𝑖

𝑖𝑤 +𝑚 − 𝑖𝐷(𝑤)
  (A. IV.10) 

where D(w) is the Fourier-Laplace transformation of autocorrelation function of the 

fluctuation of the rate 𝐴 𝑡 𝐴 0 , and 𝑘 𝑡 = exp (−𝑟(𝑡)/𝑟!) is the time dependent rate 

constant depending on the size of the bottle neck 𝑟(𝑡). Here Gaussian distribution was 

adopted for the sampling of 𝑟(𝑡) with a modulated autocorrelation relation for 𝑟(𝑡), 

which is 𝑟 𝑡 𝑟 0 = 𝑒!
!
!. 
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The exact solution for the problem is implemented in such a way that !"(!)
!"

=

−𝑘(𝑡)𝑃(𝑡) is propagated with sampled time dependent rate constant 𝑘(𝑡), and a 

ensemble average is made. 

Figure A.IV.1 shows the comparison of particle population as a function of the 

time from the two methods mention above with the standard deviation of the 

fluctuation of the size of the bottleneck !
!
= 40% and 80%, autocorrelation time of 

fluctuation to be 1ns.  

 

Figure A.IV.1 

The time dependent results from both methods are the same as each other at 

relative small fluctuation. The relative difference of the effective particle-escaping rate 

for the two methods is less than 1% at !
!
= 40%, while increases to 27% at !

!
= 80% Here 

the effective particle escaping rate is defined as 𝑘 =
!! ! !"!

!
!"! ! !"!

!
, which is the inverse of the 

life time of the particle within the regime we are interested. 
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