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Abstract

We apply the definition of determinant in the compactified moduli space as a gen-

eralization of the discriminant. We study the relationship between the wall mon-

odromy and the determinant in the GIT wall crossing. The wall monodromy is an

EZ-spherical functor in the sense of Horja. By constructing a fibration structure on

Z, we obtain a semi-orthogonal decomposition of the derived category of coherent

sheaves of Z, hence decompose the EZ-spherical functor into a sequence of its sub-

functors. We also show that the intersection multiplicity of the discriminant and the

exponent of the discriminant in the determinant both have their correspondences in

this decomposition.
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1

Introduction

Mirror symmetry connects holomorphic and symplectic geometry in a deep way. For

a mirror pair - the Calabi-Yau manifold X and the Calabi-Yau manifold Y , mirror

symmetry predicts that the moduli space of complexified Kähler forms on X and the

moduli space of complex structures on Y are diffeomorphic. Kontsevich’ Homological

Mirror Symmetry further predicts that the derived category of coherent sheaves on

the manifold X and the (derived) Fukaya category on the manifold Y are equivalent,

which implies that there should be a correspondence between their symmetries or

autoequivalences.

The autoequivalences could be studied through monodromies on the moduli

spaces. It is well known that there is a monodromy of middle dimensional lagrangian

cycles under changes of complex structures. This means going over a loop on the

moduli space of complex structures on Y , we have an equivalence map on the middle

dimensional (usually 3-dim) lagrangian cycles. Since Lagrangian cycles are central

objects in the Fukaya category, it induces a symmetry on the Fukaya category on Y .

By homological mirror symmetry, it is expected that going over a loop on the moduli

space of complex structures on Y also induces an autoequivalence of the derived
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category of coherent sheaves on X. By studying the loops on the moduli space, we

can therefore deduce some results on the autoequivalences of DbpXq.

We denoteM as the moduli space of the complexified Kähler forms on X. Then

there is a natural way to compactify M by toric geometry, resulting in the com-

patified moduli space M̄, which is a toric variety in our case. Understanding the

loops on M is the same as understanding the loops on M̄ minus the “bad theories”.

Typically there are two types of “bad theories”:

• Part of toric divisors including some phase limits.

• The discriminant ∆W , consisting of several irreducible components.

The autoequivalence of DbpXq induced by the monodromy around some large

radius limit is well understood, having a specific form of tensoring some line bun-

dle. However the explicit form of the autoequivalence induced by the monodromy

around the discriminant is still under investigation. Usually, the discriminant has

several irreducible components in M̄. It is conjectured by Kontsevich ([15]) that the

monodromy around the primary component is the Seidel Thomas twist TOX . Later

we’ll see that this comes from a single object, a point. In this paper, we generalize

this to the monodromies around the other components as well and show that those

monodromies come from some base varieties(or toric stacks).

These two types of monodromies are somewhat related. Let’s consider the sim-

plest example - the quintic threefold. Its compatified moduli space M̄ is the projec-

tive space P1 with two phase limits - Σ` : z “ 0 and Σ : z “ 8. The discriminant

on M̄ is P∆ : z “ ´ 1
55 . The relation of the monodromy around the phase limits

and the monodromy around the discriminant could be demonstrated by the picture

below. In P1, the monodromy around the discriminant is the same as looping around

one phase limit, transitioning from one phase to another phase, looping around the

other phase limit and transitioning back to the original phase. Explicitly speaking,
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z“0 ´bSp´ρq

´bSpρqz“8

Start

P∆
Σ`

Σ´

Figure 1.1: Monodromy in Θ

the derived category of coherent sheaves on X “ XΣ` and the derived category

of coherent sheaves on XΣ are equivalent, with a natural map given by the tilting

collection. For an object in DbpXΣ`q, we can write it in the canonical form using

the tilting collection, transfering it to the phase Σ by the equivalent map. Then we

tensor it by the line bundle induced by the monodromy around the phase limit Σ ,

writing it in the canonical form again, and then transfer it back to the phase Σ`.

Tensoring with the line bundle by the monodromy around the phase limit of Σ`, the

object gets back to its starting point. This whole process gives the autoequivalence

induced by the monodromy around the discriminant.

We wish to generalize this picture to the other higher dimensional examples as

well. Unfortunately, this does not quite make sense. But we could try generalizing

it by considering what we called the wall monodromy. The wall monodromy arises

when we consider two adjacent phase limits Σ` and Σ in the moduli space as in

the quintic threefold example(We’ll define adjacent phase limits later). These two

adjacent phase limits Σ` and Σ are connected by an equivariant curve C – P1. The

discriminant intersects with this curve at one point. Now we have a similar picture

as in the quintic threefold example - a sphere with three holes. It still does not quite
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Φ

T1

T2

T3

make sense since the whole curve is part of the toric divisors, i.e., the ”bad theories”.

But we could deform the loop in the curve to its neighborhood while keeping the

limit points fixed but making the most of the loop outside the divisors. Then we

can apply similar ideas to analyze the monodromy around the discriminant near the

intersection point of the discriminant and the curve C. This is where the intersection

number comes to our sight. Looping around one point in the curve C is about looping

around the discriminant a couple of times when the intersection number is bigger

than one. The picture is roughly as above.

The wall monodromy Φ has been well studied. It does give us a rough pic-

ture of the monodromy around the discriminant. But we are more interested in

the monodromy around the ”generic” discriminant (the monodromy around the dis-

criminant only once). By the picture above, it is a natural guess that every loop

in the picture above induces an automorphism and the automorphism induced by

the wall monodromy could then be decomposed into those autoequivalences. Daniel

Halpern-Leistner and Ian Shipman ([10]) shows that this is true for toric varieties of

Picard rank 2. In this paper, we generalize this conclusion to toric varieties of any

Picard rank under certain assumption. To prove our results, instead of considering

the Calabi-Yau manifold XΣ, we consider its ambient space ZΣ first.

It’s been shown in [10] that the autoequivalences of the derived categories of

coherent sheaves of the variety arising from a variation of GIT quotient are all spher-
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ical twists. In particular, the wall monodromy autoequivalence from the large radius

Calabi-Yau phase to some other phase has its explicit form. It is the EZ-spherical

functor in the sense of Horja ([11]) associated with the maps:

E �
� i //

q

��

ZΣ`

Z

where E Ă ZΣ collapses down to a smaller variety Z. The picture below shows how

E collapses to Z while passing from the Calabi-Yau phase to the exoflop phase. The

autoequivalence has the explicit form: B ÞÑ ConepRHompOE,Bb OEq Ñ Bq.

X`

E

X7

The EZ-functor above is the twist T associated with the induced functor F “

i˚q
˚ : DbpZq Ñ DbpXq([3]). Kuznetsov showed that (stated in [3]): if DbpZq ad-

mits a semi-orthogonal decomposition DbpZq “ xE0, . . . , Eny where the objects Si “

i˚q˚pEiq are spherical, let T be the twist associated with the functor DbpZq Ñ DbpXq,

then the spherical functor T “ TS0TS1 ¨ ¨ ¨TSn . So in order to factor the EZ-functor,

we only have to show that DbpZq admits a semi-orthogonal decomposition where

each exceptional class is spherical.

To achieve this, we make an assumption on the point set A which gives the

ambient space. We assume that the convex hull P of A is built up sequentially

in the following way: Starting with the lowest dimensional face that contains all

the points in some affine relation(s), the higher dimensional faces are always built

generically on top of the lower dimensional face (We’ll explain what ”generically”

5



means in later chapter) by adding points of extra affine relations. A large number

of examples satisfy this assumption, including all the examples in the paper. This

assumption makes sure that there is a fibration structure on Z. Based on the fibration

structure, we can then deduce a semi-orthogonal decomposition of DbpZq:

E �
� i //

q

��

ZΣ`

V �
� j // Z

p
��
U

(1.1)

Theorem 1. Let T be the EZ-functor induced by the wall monodromy connecting two

phase limits and Z admits a fibration structure with base U and fiber V . Assume the

derived category of quasi-coherent sheaves DbpV q admits an full exceptional collection

DbpV q “ xO, . . . ,Opvqy with length n where the exceptional classes are twisted line

bundles and the vector v denotes some twisting direction. Then DbpZq admits a

semi-orthogonal decomposition of length n

Db
pZq “ xp˚pDb

pUqq, . . . , p˚pDb
pUqqpvqy

The functors generated by p˚pDbpUqqpvq are spherical functors, denoted by Ti. The

wall monodromy T could then be decomposed into T “ T1T2 ¨ ¨ ¨Tn.

We’ve discussed the discriminant in the compactified moduli space M̄ previously.

In M̄, the discriminant consists of several components, all of which are irreducible.

While deducing our results, we observe that the k-theory rank (length of its excep-

tional collection) of DbpV q could be expressed by the intersection number between

the discriminant and the equivariant curve while the K-theory rank of DbpUq could

be determined by some other important index encoded by the determinant. So in this

paper, we use the definition of the determinant in M̄ instead of the discriminant. The
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difference between the determinant and the discriminant is: the discriminant consists

of several irreducible components, but the determinant consists of all the components

with specific exponents. As stated previously, the length of the exceptional collection

of DbpV q is equal to the intersection number between the discriminant component

∆W and the equivariant curve C. The k-theory rank of DbpUq is then equal to the

exponent of the irreducible discriminant component ∆W in the determinant EA. For

simplicity, we write EA “ ˘Πm
i“1∆mi

i where ∆i is the defining equation for the irre-

ducible discriminant component and mi is its exponent in the determinant. Then we

have the following results:

Corollary 2. Let ∆i be the discriminant component intersecting with the curve C

that connects two adjacent phase limits Σ` and Σ . Then the intersecting number

between the discriminant component ∆i and the equivariant curve C is equal to the

K-theory rank of DbpV q, and the exponent mi is equal to the K-theory rank of DbpUq.

In this paper, we also emphasize that it is more natural to consider the deter-

minant instead of the discriminant. One reason is that it encodes some valuable

info of the spherical functor. Another reason is that when we think of the extremal

transitions between Calabi-Yau manifolds, the determinants corresponding to the

manifolds are naturally related to each other. For example, if we consider the ex-

oflop extremal transition shown in the picture below, by collapsing the divisor E, the

smooth threefold X becomes X# Y P1, where X# admits a deformation of complex

structure resulting in a smooth space Z. The moduli space of complexified Kähler

forms M1 on X has one more dimension than the moduli space of the complexified

Kähler forms M2 on Z. If we take the limit of the determinant in M1 by letting

the extra coordinate go to zero, then it factors into the determinant in M2 with an

extra factor. The details will be discussed later.
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X`

E

X7 Z

All the results are proved for the ambient space ZΣ in this paper. We shall discuss

the generalizations for the complete intersection XΣ in our future work.
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2

Toric Stacks, Moduli Spaces and Spherical Functors

2.1 Toric Stacks and Stacky Fans

Stacky fans and toric Deligne-Mumford stacks are fundamental to our study. All the

essential objects in this paper, the Calabi-Yau manifold XΣ and its ambient space

ZΣ will be described in the toric stack language . So we give a brief review of toric

stacks in this section.

Borisov, Chen and Smith introduced the idea of toric Deligne-Mumford stacks

in [6], as a generalization of toric varieties. In their definition, the toric stacks are

formed on the simplicial fan with a distinguished lattice point on each ray in the fan,

what they called the stacky fan. These are are the smooth stacks and have simplicial

toric varieties as their coarse moduli spaces. There are two generalizations to those

stacky fans. Matthew Satriano generalized this approach in [16] to include certain

smooth toric Artin stacks which have toric varieties as their good moduli spaces.

Yunfeng Jiang defined the extended stacky fans in [13] and showed that the toric

Delign-Mumford stacks associated with those extended stacky fans are essentially

the same as the toric Deligne-Mumford stacks defined in [6]. In this paper, we follow
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a simpler version of Borisov’s construction of stacky fans and may use the notion of

extended stacky fan as well.

Definition 3. Let N be a lattice of rank d in the d-dimensional vector space NQ “

N bZ Q. Let Σ be a rational simpicial fan in NQ. Suppose ρ1, . . . , ρn are the rays in

Σ. We fix bi P N for 1 ď i ď n such that b̄i generates the cone ρi. We consider the

homomorphism β : L “ Zm Ñ N by sending e1, . . . , en to b1, . . . , bn. We require that

β has finite cokernel. Then Σ “ pN,Σ, βq is called a stacky fan.

A stacky fan pN,Σ, βq gives rise to a toric stack as follows.Let the quasi-affine

variety Z :“ An ´ VpJΣq be the open subset defined by the reduced monomial ideal

JΣ :“ pΠβpeiq not ray of σzi|σ P Σq

in Cn. The map β˚ : N˚ Ñ L˚ induces a homomorphism of tori Tβ : TL Ñ Cn,

naturally identifying β with the induced map on lattices of 1-parameter subgroups.

Since cok β is finite, β˚ is injective, so Tβ is surjective. Let G “ kerpTβq, then G Ă TL

is a subgroup.

Definition 4. Using the notion in the above paragraph, if pN,Σ, βq is a stacky fan,

we define the toric stack X pΣq to be rZ{Gs, with the torus TN “ TL{G.

The quotient stack X pΣq :“ rZ{Gs is the toric stack associated to the groupoid

s, t : Z ˆ Gβ Ñ Z where s is the projection onto the first factor and t is given by

the Gβ-action on Z. If S is a scheme, then the objects in rZ{GspSq are principal

G-bundles E Ñ S with a G-equivariant map E Ñ Z and the morphisms are isomor-

phisms which preserve the map to Z. Since Z is smooth, X pΣq is a smooth algebraic

stack.

The extended stacky fan is defined by adding extra data tbn`1, bm`1u besides the

ray generators. The map βe : L “ Zm`n Ñ N is defined by sending ei to bi for

10



i “ 1, . . . ,m` n. In the toric stack construction, Ze is defined to be Z ˆ pC˚qm and

the quotient group Ge is defined in a similar way ([13]). The toric stack corresponding

to Σe “ pN,Σ, βeq is then rZe{Ges. A key result of the extended fan is that: the

extended toric Deligne-Mumford stack X pΣeq is isomorphic to the underlying toric

Deligne-Mumford stack X pΣq without the extra data. The reason why we use the

extended stacky fan is that sometimes it simplifies the toric stack construction if we

have a fixed underlying point set while changing the stacky fans.

We could say toric stacks are generalizations of toric varieties in the following

sense: If tb1, . . . , bnu are all ray generators in the stacky fan, and if the toric variety

XΣ is smooth, then the toric stack X pΣq “ XΣ; even if these conditions are not

satisfied, the toric variety XΣ is the good moduli space of the toric stack X pΣq([6]).

Example 5. Let Σ be the stacky fan pN,Σ, βqshown below:

´2 3

where β is the map:

Z2
β:
´

´2 3
¯

ÝÝÝÝÝÝÝÑ Z

The cokernel β˚ is:

Z
β˚:

¨

˝

´2
3

˛

‚

ÝÝÝÝÝÝÑ Z2

´

3 2
¯

ÝÝÝÝÝÑ

The toric stack is then C2zV px1, x2q{
´

3 2
¯C˚. This toric stack is the projective

space P3,2 and it is smooth, unlike the toric variety P3,2 which is singular.

Example 6. Let Σ be the stacky fan pN,Σ, βqshown below:

11



p0, 3q

p´1, 0q

p´2,´2q

where Σ is the fan consisting of two cones:

• σ1 generated by p0, 1q, p´1, 0q

• σ2 generated by p´1, 0q, p´1,´1q

and β is the map:

Z3

β:

¨

˝

´2 0 ´1
´2 3 0

˛

‚

ÝÝÝÝÝÝÝÝÝÝÝÑ N

The cokernel of β˚ is

Z2

β˚:

¨

˚

˚

˚

˝

´2 ´2
0 3
´1 0

˛

‹

‹

‹

‚

ÝÝÝÝÝÝÝÝÝÝÑ Z3

´

3 2 ´6
¯

ÝÝÝÝÝÝÝÝÑ Z

The quasi variety Z is C3zV px1, x2q and G “ C˚ acts on Z by

λ ¨ px1, x2, x3q “ pλ
3x1, λ

2x2, λ
´6x3q

. So the toric stack X pΣq is rpA3zV px1, x2qq{
´

3 2 ´6
¯Gms.

We’ll also use the definition of the morphism between two stacky fans:

12



Definition 7. A morphism of two stacky fans pN 1,Σ1, β1q Ñ pN,Σ, βq is a homo-

morphism φ : N 1 Ñ N satisfying:

• for each cone σ1 P Σ1, there exists a σ P Σ such that φQpσ
1q Ă σ where φQ :

N 1 bZ QÑ N bZ Q;

• the element φpb1iq is an integer combination of the bj P N where b̄i
1
P σ1, b̄j P σ

and σ P Σ is any cone that contains φQpσ
1q.

[6] also explains how the stacky fan Σ encodes certain closed and open substacks

of X pΣq. Fix a cone σ in the fan Σ. Let Nσ be the subgroup of N generated by

the set tbi : ρi Ă σu and let Npσq be the quotient group N{Nσ. The quotient fan

Σ{σ in NpσqQ is the set tτ̃ “ τ ` pNσqQ : σ Ă τ and τ P Σu and the link of σ is the

set tlinkpσq :“ τ : τ ` σ P Σ, τ X σ “ 0u. For each ray ρi in link(σ), we write ρ̃i for

the ray in Σ{σ and b̃i for the image of bi in Npσq. Suppose the rays ρ̃i span NpσqQ.

Then

Proposition 8. X pΣ{σq defines a closed substack of X pΣq.

Viewing σ P Σ as the fan consisting of the cone σ and all its faces, σ could be

identified with an open substack of X pΣq. The induced stacky fan σ is the triple

pN, σ, βσq.

Proposition 9. X pσq defines an open substack of X pΣq.

Example 10. Consider Example 6, let σ be the cone generated by p´1, 0q, then the

stacky fan Σ{σ coincides with the stacky fan in Example 5. Hence the projective

space P3,2 is a closed substack of the toric stack rpA3zV px1, x2qq{
´

3 2 ´6
¯Gms .

For the toric Deligne-Mumford stack, its orbifold Chow ring is stated in the

following theorem. Under certain assumptions, the rank of the orbifold Chow ring

13



is equal to the length of the exceptional collection of the toric stack. We omit the

assumptions here, but all the cases we consider throughout the paper satisfy the

assumptions. In the later chapters, we’ll show how to calculate the rank of the

orbifold ring using the following theorem.

Theorem 11. If X pσq is a complete toric Deligne-Mumford stack, then there is an

isomorphism of Q-graded rings:

A˚orbpX pσqq –
QrNsΣ

xΣn
i“1θpbiqybi : θ P HompN,Zqy

2.2 Mirror Symmetry

Let N be a lattice of rank d and M the dual lattice. Let A be set of n points such

that

1. A spans N .

2. A “ N X ConvpA q, that is , A contains all the lattice points of its convex

hull.

3. There is a µ PM such that ă µ, α ą“ 1 for all α P A ; in particular A lies in

an affine hyperplane.

Let CA Ă NR be the cone over Conv(A ) and let CB be the dual cone:

CB “ ts PMR :ă s, t ąě 0 for all t P CA u

Then let B Ă M be the finite set of points such that CB is the cone over Conv(B)

and

1. B spans M .

2. B “M X ConvpBq.

14



3. There is a ν P N such that ă β, ν ą“ 1 for all β P B.

The points of A determines a surjective map A : Zn Ñ N , and hence form an exact

sequence

0 ÝÑ L ÝÑ Zn A
ÝÑ N ÝÑ 0

where L is the ”lattice of relations” of rank r “ n´ d. Taking the dual we have

0 ÝÑM ÝÑ Zn Q
ÝÑ L_ ÝÑ 0

where Q is the r ˆ n charge matrix. Let S “ Crx1, . . . , xns. The matrix Q gives an

r-fold multi-grading([3]) to this ring:

xα ÞÑ λQ1α

1 . . . λQrαr xα

where λj P C˚. Let S0 be the pC˚qr-invariant subalgebra of S. The algebra S then

decomposes into a sum of S0-modules labeled by their r-fold grading:

S “ ‘bfuPL_Su

Consider a simplicial decomposition Σ of the point set A which is regular in the

sense of [8]. It may or may not include points in the interior of the convex hull of

A. Each simplicial decomposition determines a fan Σ in N . We refer to a choice of

simplicial decomposition as a phase. The cox ideal associated to this phase is then

the reduced monomial ideal:

Definition 12. The Cox ideal BΣ is the ideal of S generated by the monomials

Πtxα : α P A z vertices of σu

Let ZΣ be the toric stack associated with the stacky fan Σ, then

ZΣ “ ProjΣS “ rpSpecS ´ V pBΣqq{pCqrs

15



whereBΣ is the Cox ideal. The stack ZΣ is the ambient space that we’ll be considering

throughout this paper.

The above construction is actually an extended toric stack construction with

respect to an extended fan. Given a simplicial decomposition Σ, tb1, . . . , bn´mu Ă A

are ray generators for the fan Σ and tbn´m`1, . . . , bnu Ă A are extra internal points.

The extended toric stack X pσq defined this way coincides with the definition above.

This could be illustrated through the following example:

Example 13. Consider the following two (extended) stacky fans corresponding to

the same triangulation of three points:

p1, 1q

p1, 0q

p1,´1q

p1, 1q

p1,´1q

The corresponding toric stacks are

• rC3 ´ V px0q{
´

´2 1 1
¯C˚s.

• rC2{´
1 1

¯C˚s.

These two toric stacks are isomorphic. We use the first extended fan construction in

our definition.

Now we define the superpotential

WX “ ΣβPBaβx
α1,β
1 ¨ ¨ ¨ xăαn,βąn

16



and its Jacobian ideal

JacpWXq “
`BW

Bx1

,
BW

Bx2

, . . . ,
BW

Bxn

˘

Then the corresponding stack

XΣ “ ProjΣ
S

JacpWXq

is the closed substack of ZΣ defined by the Jacobian ideal. Note that XΣ depends

on a choice of the coefficients aβ in the superpotential. As a set, XΣ consists of the

critical points of WX .

By changing the roles of A and B we could obtain a mirror superpotential

WY “ ΣαPA bαy
β1,α
1 ¨ ¨ ¨ yăβn,αąm

for B “ tβ1, . . . , βmu and bα P C. Fixing a regula simplicial decompsition Υ of B

gives a corresponding YΥ associated to the Jacobian of WY . XΣ and YΥ form a mirror

pair.

Homological mirror conjecture states that the derived category constructed from

the Fukaya category F(YΥ) is equivalent to the derived category of coherent sheaves

on XΣ. [14] observed that the autoequivalences of DbpXΣq could arise from mon-

odromy in the moduli space of the complexified Kähler form on XΣ. So it is of great

importance to investigate on the moduli space and its associated monodromies.

Let M be the coarse moduli space for the complex structures given by polynomial

deformations of YΥ. By mirror symmetry, it gives the toric part of stringy moduli

space of complexified Kähler forms on XΣ. This stringy moduli space M has a

natural compactification M̄ , where M̄ “ SA which is the toric variety determined

by the secondary fan of regular simplicial decompositions of the point set A ( [8] and

[3]).
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If Q is the charge matrix for the point set A , then the secondary fan is usually the

complete fan with rays generated by the column vectors of the charge matrix Q. For

example, if A is the three point set

¨

˝

1 0
1 1
1 ´1

˛

‚, then the charge matrix is
`

´2 1 1
˘

.

The corresponding secondary fan is the complete fan in Z with generators `1 and

´1. Hence the compactified moduli space is the projective space P1, with affine

coordinate z “ b1b2
b20

.

There are two distinct contributions to the point set M̄ ´M of ”bad theories”:

the part of toric divisors and the part of the discriminant ∆W . In the example above,

the toric divisors are z “ 0 and z “ 8. The discriminant is the point z “ p´2q´2 “ 1
4
.

Removing the toric divisors and the discriminant from the compactified moduli

space M̄ , we have M0 “ M X TL. The monodromy group π1pM0q is the object of

interest to our research. It is predicted that each of its elements corresponds to an

autoequivalence of the derived category of DbpXΣq. But there is a lot to explore

about this group and its induced automorphisms.

Just consider this one dimensional moduli space example, M0 is the space of P1

after removing 3 points, hence the sphere with three holes. Its fundamental group

is pretty clear: a free group on two generators. The loop around one point is the

composition of the loops around the other two points. If we know the automorphism

induced by the monodromy around two phase limits, then the monodromy around

the discriminant could be constructed systematically. This is the simplest example.

But we could apply the idea to the higher dimensional moduli spaces by considering

what we call the wall monodromy. Details are stated below.

Let Σ` and Σ´ be two triangulations of A at the maximal cones of the secondary

fan adjacent by a codimension one wall. A codimension one wall in the secondary

fan lies in a hyperplane dual to a primitive vector Π P L. The image of Π P L
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under Qt gives the affine relation between the points. The codimension one wall

in the secondary fan determines an equivariant curve C – P1 in the compactified

moduli space, with two phase limits on it as z “ 0 and z “ 8, and the discriminant

intersecting with it at zΠ “ Πn
i“1pqiq

qi([3]). This gives us a sphere with three points

on it, as we described for the three point case. It doesn’t make perfect sense to

consider the monodromies around these three points on P1 directly, since the whole

P1 is part of the toric divisor. However, given a monodromy around these three

points in P1, we could deform it so that most of it lies in M0(Details in [3]).

The monodromy around the large radius limit is fully understood in the following

sense: The loop near the large radius limit stays well away from the discriminant,

hence corresponds to an element of π1pTL_qq “ L_. Monodromy around a loop cor-

responding to ρ P L_ induces the autoequivalence ´bOXp´ρq on DbpXq. Consider

the monodromy on the sphere with 3 points deleted, we choose a vector ρ P L_ such

that xΠ, ρy “ 1. The monodromies around z “ 0 and z “ 8 are then ´bSp´ρq and

´b Spρq respectively(we skip the discussion of signs here). This in turn determines

the monodromy around the discriminant P∆.

z“0 ´bSp´ρq

´bSpρqz“8

Start

P∆
Σ`

Σ´

There is a full recipe in [3] on how to generate the wall monodromy around

P∆ from the monodromies around z “ 0, z “ 8 using tilting collections. In every
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example in this paper, this wall monodromy turns out to be an EZ functor. Moving

from the ambient space of the large radius Calabi-Yau phase to its adjacent phase

through the codimension one wall where some subset E Ă ZΣ collapses down to a

smaller variety Z, with maps

E �
� i //

q

��

ZΣ`

Z

The explicit form of the wall monodromy is: B ÞÑ ConepRHompOE,Bb OEq Ñ Bq.

In the case that Z is a point, this reduces to the Seidel-Thomas spherical twist

[17]

B ÞÑ ConepRHOMpOE, Bq bOE Ñ Bq

where OE is a spherical object, i.e.,

ExtipOE,OEq “

#

C if i “ 0 or 3

0 otherwise

Example 14. Let the point set A be given by the rows of

¨

˚

˚

˚

˚

˚

˚

˚

˝

˛

‹

‹

‹

‹

‹

‹

‹

‚

x0 1 0 0 0 0
x1 1 1 0 0 0
x2 1 0 1 0 0
x3 1 0 0 1 0
x4 1 0 0 0 1
x5 1 ´9 ´6 ´1 ´1
x6 1 ´3 ´2 0 0

(2.1)

Then the matrix of charges is

Q “

ˆ

´6 3 2 0 0 0 1
0 0 0 1 1 1 ´3

˙

(2.2)

The secondary fan is thus generated by the rays p´1, 0q, p1, 0q, p0, 1q, p1,´3q:

The cox ideal with respect to each face is as follows([7]):
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p1,´3q

CYP2

LG Orbifold

Figure 2.1: Secondary Fan

• CY phase: B “ px1, x2, x6q X px3, x4, x5q.

• P2 phase: B “ px0q X px3, x4, x5q.

• Orbifold phase: B “ px6q X px1, x2, x3, x4, x5q.

• LG phase: B “ px0q X px6q.

The compactified moduli space M̄ is the toric variety of picard rank 2 generated

by the secondary fan.

While transitioning from the CY phase to P2 phase, the codimension one wall is

determined by the primitive vector Π “ p1, 0q, giving the affine relation 3x3 ` 2x2 `

x6 “ 6x0. Hence E :“ x0 “ 0 – ZΣ the ambient space is contracted to Z “ P2. The

corresponding monodromy around the phase limits are ´bOp1, 0q and ´bOp´1, 0q

While transitioning from the CY phase to the orbifold phase, the codimension

one wall is determined by the primitive vector Π “ p0, 1q, giving the affine relation

x3`x4`x5´3x6 “ 0. Hence the hypersurface E defined by x6 “ 0 and it’s collapsed

to Z – P3,2 with coordinates x1, x2. The corresponding monodromy around the phase

limits are ´b Op0, 1q and ´b Op0,´1q.
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5#1

1

#3
CYP2

LG Orbifold

∆0

∆1

∆0

∆0

∆1

Figure 2.2: Moduli Space M̄

While transitioning from the orbifold phase to the LG phase, the codimension

one wall is determined by the primitive vector Π “ p3, 1q, giving the affine relation

9x1 ` 6x2 ` x3 ` x4 ` x5 ´ 18x0 “ 0.

The wall monodromies are the EZ-spherical functors with respect to those con-

tractions.

Later, we’ll show that the discriminant has two components in this example, in-

tersecting with the equivariant curve P1 as follows:

2.3 The Spherical Functor

This section, we give a generalized definition of the spherical functor([3]). The EZ-

functor and Seidel-Thomas we described previously are just special cases of the

spherical functor.

Definition 15. Let A and B be triangulated categories admitting Serre functors SA

and SB, and F : A Ñ B an exact functor with right adjoint R : B Ñ A. The cotwist
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C and twist T associated to F are the cones on the unit and counit of the adjunction:

C “ Conep1
η
ÝÑ RF q T “ ConepFR

ε
ÝÑ 1q

The functor is called spherical if:

1. C is an equivalence, and

2. SBFC – FSA.

Example 16. Let A “ Dbppointq, i.e., the category of graded vector spaces, B “

DbpXq, and F “ OE b ´. Then R “ RHompOE,´q, and the spherical condition

is equivalent to saying that the cotwist C “ r´3s. So conditions 1 and 2 above are

satisfied. The twist T is exactly the Seidel-Thomas twist above.

Example 17. In the setting up of the Horja functor, take F “ i˚q
˚ : DbpZq Ñ

DbpZΣq. The twist T is exactly the Horja functor above.

We list some important facts about the spherical functor here:

Theorem 18. Let F : A Ñ B be a spherical functor with cotwist C “ SAr´ks for

some k P Z, and twist T . If A admits a semi-orthogonal decomposition

A “ xA1,A2, . . . ,Any

then Fi :“ F |Ai
: Ai Ñ B is spherical with cotwist Ci “ SAi

r´ks for each i, and the

twist Ti satisfy

T1T2 ¨ ¨ ¨Tn “ T.

Proposition 19. If F is a spherical functor with cotwist C and twist T , then TF –

FCr1s.

Proposition 20. If F : A Ñ B is a spherical functor with cotwist C and twist T

and Φ is any autoequivalence of B, then ΦF is spherical with cotwist C and twist

ΦTΦ´1. Put another way, we have

ΦTF “ TΦFΦ.
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3

Discriminant, Determinant and Extremal
Transitions

3.1 Discriminant and Horn Uniformization

Let A be a finite subset in the integral lattice Zk´1 which affinely generates Zk´1

over Z. Let ∇0 Ă CA denote the set of all W for which there exists xp0q P pCqk´1

such that

W pxp0qq “
BW

Bxi
pxp0qq “ 0, for all i

Let ∇A be the closure of ∇0. Then ∇A is an irreducible variety([8]). If ∇A is a sub-

variety of codimension one, then the A´ discriminant is the irreducible polynomial

∆ApW q in the coefficients aw. If codim ∇A ą 1, set ∆A “ 1.

Consider the case of a circuit, i.e., A is affinely dependent, but any proper subset

of A is affinely independent. There is, up to scaling, just one affine relation between

elements of A:
ÿ

ωPA

mω ¨ ω “ 0,
ÿ

ωPA

mω “ 0

The following proposition [8] gives the explicit form of the discriminant in this case:
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Proposition 21. Suppose that A Ă Zk´1 is a circuit which generates Zk´1 as an

affine lattice. Let f “
ř

ωPA aωx
ω be an indeterminate polynomial from CA. Then

the A-discriminant of f is a non-zero scalar multiple of the polynomial

`

ΠωPA`m
mω
ω

˘

ΠωPA´a
´mω
ω ´

`

ΠωPA´m
´mω
ω

˘

ΠωPA`a
mω
ω

Example 22. Let A be the point set in Example 14. Let A be the subset of A

that only consists of the points x3, x4, x5, x6. Then the affine relation between these

points is x3 ` x4 ` x5 ´ 3x6 “ 0. Hence the discriminant corresponding to A is

∆W “ x3
6 ` 27x3x4x5.

Let A Ă Zk´1 be of cardinality n. Consider the short exact sequence of tori

1 ÝÑ pC˚qk φ
ÝÑ pC˚qA p

ÝÑ HpLAq ÝÑ 1

where φ is the map given by: pt1, . . . , tkq : fpx1, . . . , xk´1q ÞÑ tkfpx1x1, . . . , tk´1xk´1q,

and HpLAq is the algebraic torus in M̄ . The intersection ∇A X pC˚qA is the in-

verse image, under p, of some subvariety ∇̄A Ă HpLq. ∇̄A is called the reduced

A-discriminental hypersurface, and its defining equation is obtained from δA by de-

homogenization. ([8])

Let m “ n´k. Define a rational map h : Pm´1 Ñ pC˚qm taking λ “ pλ1 : ¨ ¨ ¨ : λmq

to pΦ1pλq, . . . , φmpλqq where

Φlpλ1, . . . , λmq “ Πn
i“1pΣ

m
p“1a

ppq
j λpq

a
plq
j

By Theorem 3.3 in [8], under the identification pC˚qm “ HpLq, the image of h

is identified with ∇̃A Ă HpLq. The closure of the image under h in M̄ could be

calculated using elimination.

Example 23. Let A be the point set A in Example 22. Hence n “ 4, k “ 3. The

image of P0 under h is 1 ˚ 1 ˚ 1 ˚ p´3qp ´ 3q “ ´ 1
27

. The coordinate of C1 “ HpLq is
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y “ x3x4x5

x3
6

. The reduced discriminant in this case is ∆ “ 27y ` 1, corresponding to

the discriminant x3
6 ` 27x3x4x5 in ??.

Example 24. Let A be as in Example ??. Here, n “ 7, k “ 5. The horn uniformiza-

tion map is h : P1 Ñ pC˚q2, where

pλ1, λ2q ÞÑ pp´6λ1q
´6
p3λ1q

3
p2λ1q

2
pλ1 ´ 3λ2q, λ

3
2pλ1 ´ 3λ2q

´2
q

. The coordinates of pC˚q2 are

x “
x3

1x
2
2

x6
0

y “
x3x4x5

x3
6

Using elimination, we can compute the closure of the image of h in ∇̃A, which is

∆ “ 612x3y ` p432x´ 1q3.

3.2 Determinant

For k polynomials f1, . . . , fk P CA, let RApf1, . . . , fkq be their A-resultant ([8]). For

any f “ fpx1, . . . , xd´1q P CA, the principal A-determinant is

EApfq “ RA

ˆ

x1
Bf

Bx1

, . . . , xk´1
Bf

Bxk´1

, f

˙

Theorem 1.2 in [8] shows

EApfq “ ˘ΠΓĂQ∆AXΓpfq
upS{Γq

the product taken over all non-empty faces Γ Ă Q including Q itself. In the formula,

∆AXΓpfq is the discriminant associated with the face Γ and up¨q stands for the sub-

diagram volume of a semigroup (explained below). The discriminant term ∆AXΓpfq

is nontrivial only when the face Γ is the minimal face containing one affine relation.
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For A Ă Zd´1, embed it into Zd – Zd´1ˆZ by ω ÞÑ pω, 1q. Let S be the subsemi-

group in N generated by A and 0. For any face Γ P Q where Q is the convex polytope

containing A, let S{Γ be the image of the semigroup S in N{pN X spanpΓqq, which

is an admissible semigroup.

Given an admissible semigroup S, let EpSq be the group completion of S, i.e., the

abelian group generated by symbols a´b where a, b P S with relations pa´bq`pc´dq “

pa` cq ´ pb` dq. Let ER “ EpSq b R. Denote the convex hull of S by KpSq Ă ER.

Denote by K`pSq Ă KpSq the convex hull of S´t0u and by K pSq the closure of the

complement KpSq ´K`pSq. The set K pSq is a bounded (but usually not convex)

lattice polyhedron. It is called the subdiagram part of S.

Definition 25. The subdiagram volume of an admissible semigroup S is the number

upSq “ V olEpSqpK pSqq.

That is, the volume of the subdiagram part with respect to the volume form induced

by EpSq.

Example 26. Let S be the semigroup generated by tp3, 3q, p3, 2q, p4, 2qu. The KpSq

is the union of the triangle tp3, 3q, p3, 2q, p0, 0quand the triangle tp0, 0q, p3, 2q, p4, 2qu,

which has volume 5. Hence upSq “ 5.

K pSq

Example 27. Let A be as in Example 14. There are two affine relations of A:
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• 3x1 ` 2x2 “ 6x0.

• x3 ` x4 ` x5 “ 3x6.

The minimal face containing the first relation is Q itself. In this case, S{Q is the

semigroup generated by 1 in Z, hence has subdiagram volume upS{Qq “ 1.

The minimal face containing the second relation is Γ consisting of the lattice

points x3, x4, x5, x6. Let N̄ “ Z2 be the lattice quotiented by Γ. Then S{Γ is the

semigroup in N generated by p´2,´2q, p´1, 0q, p0, 3q. By definition, its subdiagram

volume is 5.

By now, we have calculated all the discriminant associated with A and their expo-

nents in the principal determinant. Let ∆0 “ 612x3y`p432x´1q3 and ∆1 “ 27x`1,

then EApfq “ ∆0∆5
1.

3.3 A three dimensional example

Let the point set A be given by the rows of

A “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

x0 1 0 0 0 0
x1 1 1 0 0 0
x2 1 0 1 0 0
x3 1 0 0 1 0
x4 1 0 0 0 1
x5 1 ´12 ´8 ´2 ´1
x6 1 ´6 ´4 ´1 0
x7 1 ´3 ´2 0 0

(3.1)

Then the matrix of charges is

Q “

¨

˝

´6 3 2 0 0 0 0 1
0 0 0 1 0 0 1 ´2
0 0 0 0 1 1 ´2 0

˛

‚ (3.2)

The point set A has 8 triangulations, hence the moduli space has 8 phase limits.

The secondary polytope is shown below:
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CY

III

I

II

IV

LG V I

V

Figure 3.1: 3-dim Secondary Polytope

The irrelevant ideals with respect to each phase are:

BCY “ px3, x6q X px4, x5q X px1, x2, x7q

BI “ px0q X px3, x6q X px4, x5q

BII “ px7q X px4, x5q X px1, x2, x3, x6q

BIII “ px6q X px1, x2, x7q X px3, x4, x5q

BIV “ px0q X px6q X px3, x4, x5q

BV “ px0q X px7q X px4, x5q

BV I “ px6q X px7q X px1, x2, x3, x4, x5q

BLG “ px0q X px6q X px7q

Throughout this paper, we focus on the transition from CY phase limit to its

adjacent phases.

• let Σ` be the simplicial decomposition corresponding to the Calabi-Yau phase,
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and Σ´ be the simplicial decomposition corresponding to the phase I. Then the

codimension one wall is determined by the primitive vector Π “ p1, 0, 0q, giving

the affine relation ´6x0`3x1`2x2`x7 “ 0. The minimal face containing this

affine relation is Q itself.

By Horn uniformization, the discriminant corresponding to this face is ∆0 “

∆AXΓpfq “ 2229025112064x4y2z ´ 557256278016x4y2 ` 278628139008x4y ´

34828517376x4 ´ 1289945088x3y ` 322486272x3 ` 1492992x2y ´ 1119744x2 `

1728x ´ 1 with subdiagram volume upS{Γq “ 1. This discriminant intersects

with the equivariant curve C – P1 with intersection number 4.

In this phase transition, E “ ZΣ is collapsed to P1 ˆ P1 with coordinates

x3, x6, x4, x5.

• let Σ` be the simplicial decomposition corresponding to the CY phase, and

Σ´ be the simplicial decomposition corresponding to the phase II. Then the

codimension one wall is determined by the primitive vector Π “ p0, 1, 0q, giving

the affine relation x3 ` x6 ´ 2x7 “ 0. It corresponds the following face in the

polytope.

The discriminant ∆AXΓ “ ∆1 “ ∆AXΓpfq “ 64y2z ´ 16y2 ` 8y ´ 1. The

subdiagram volume upS{Γq “ 5. It intersects with the equivariant curve C – P1

with intersection number 2.

x7

x6

x3

x5x4

x4 x6 x5
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Figure 3.2: 3-dim moduli space

• let Σ` be the simplicial decomposition corresponding to the Calabi-Yau phase,

and Σ´ be the simplicial decomposition corresponding to the phase III. Then

the codimension one wall is determined by the primitive vector Π “ p0, 0, 1q,

giving the affine relation x4 ` x5 ´ 2x6 “ 0. It corresponds to the edge with

vertices x4 and x5.

The discriminant with respect to this face is ∆2 “ ∆AXΓpfq “ 4z ´ 1. The

subdiagram volume upS{Γq “ 6. It intersects with the equivariant curve C – P1

with intersection number 2.

So in this example, the principal A-determinant in this case is EA “ ∆0∆5
1∆6

2.

The whole picture of the determinant could be shown in the graph on the next page:
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3.4 Extremal Transitions and Determinant

Let’s start with one simple example. Let the point set A be given by the rows of

¨

˚

˚

˚

˚

˚

˝

˛

‹

‹

‹

‹

‹

‚

a 1 0 0
b 1 ´1 1
c 1 1 1
d 1 0 1
e 1 0 ´1
f 1 0 2

(3.3)

with charges

Q “

¨

˝

´2 0 0 1 1 0
0 1 1 ´2 0 0
1 0 0 ´2 0 1

˛

‚ (3.4)

A could be decomposed into two subests A0 and A1, where A0 consists of the points

b, c, d, f and A1 consists of the points a, b, c, d, e.

Their corresponding determinants are listed below:

EApfq “729x4z4
` 2592x3yz2

´ 972x3z3
´ 1024x2y3

` 2304x2y2z ` 216x3z2

´ 1512x2yz2
` 216x2z3

` 768x2y2
` 270x2z2

´ 192x2y ´ 128xy2

´ 144x2z ` 240xyz ´ 144xz2
` 16x2

` 64xy ` 16y2
` 68xz ´ 32yz

` 16z2
´ 8x´ 8y ´ 8z ` 1

EA0pfq “4y ´ 1

EA1pfq “64x2y ´ 16x2
` 8x´ 1

where x “ de
a2 , y “

bc
d2 , z “

af
d2 . While decomposing A into A0 and A1, the third

relation on a, f, d is destroyed, reducing the number of coordinates of the determinant

32



from 3 to 2. If we take the limit z Ñ 0, then EApfq is also broken into two parts:

lim
zÑ0

EApfq “ EA0pfqEA1pfq

Before we explain how this is related to an extremal transition in a slightly compli-

cated example, let’s prove the result above in a rigorous way.

Proposition 28. Let A Ă Zk´1 ˆZ consists of all the points in its convex hull. We

cut A into two subsets A0 and A1 by a sublattice in Zk´1 ˆ Z. Let z1, . . . , zm be the

coordinates in EApfq that correspond to the affine relations which are destroyed by

this decomposition, then we could have:

lim
z1,...,znÑ0

EApfq “ EA0pfqEA1pfq

This proposition follows directly from the theorem1.12 in chapter 9 in [8].

Theorem 29. Let P “ tpQi, Aiqu be a coherent subdivision of pQ,Aq. Then

EApfq||F pP q “ ΠiEAipf, S
piq,Zkq

where Spiq “ S X R`Qi is the intersection of S with the cone over Qi.

Back to the previous example, limzÑ0EApfq is the determinant of EA restricted

to the face of the Newton Polytope corresponding to the subdivision below, hence is

factored into EA0pfq and EA1pfq.
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Example 30. An exoflop extremal transition

Let the point set A be given by the rows of

A “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

x0 1 0 0 0 0
x1 1 1 0 0 0
x2 1 0 1 0 0
x3 1 0 0 1 0
x4 1 0 0 0 1
x5 1 ´12 ´8 ´2 ´1
x6 1 ´6 ´4 ´1 0
x7 1 ´3 ´2 0 0
x8 1 ´9 ´6 ´2 0

(3.5)

In the point set A , the points tx3, x4, x5, x6, x7, x8u are on the two dimensional

face as above. Let Σ` be the fan corresponding to the Calabi-Yau phase and Σ be

the fan corresponding to its exoflop phase. In the triangulation of Σ`, all the points

in A are connected to x0. The triangulation of Σ could be divided into two sub-

triangulations: One part consisting of all the points except x8, another part consisting

of x4, x5, x6, x8, x1, x2, i.e., x8 is not connected to x0. The convex hull of this point

set is a reflexive polytope. If we delete the point x8 and get a new point set A0, it’s

still reflexive. The latter polytope corresponds to the Calabi-Yau threefold Z in the

previous three dimensional example. Transitioning from the Calabi-Yau phase to the

exoflop phase, we have X changes to X#YP1. And deforming the complex structure

on Z can change Z to X#. The whole picture is:

X`

E

X7 Z

The moduli space on Z has dimension 3 with coordinates x, y, z while the moduli

space on X has dimension 4 with coordinates x, y, z, w. We’ve shown that EA0 “
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∆0∆5
1∆6

2. After calculation, we can show that limwÑ0EA “ ∆0∆5
1∆12

2 “ p∆0∆5
1∆6

2q ¨

p∆6
2q where the first factor is EA and the second factor is the determinant corresponds

to the triangulations on the point set x4, x5, x6, x8, x1, x2.
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4

Wall Monodromy Decomposition

4.1 The rank of chow ring of toric stack

By [6], given a complete toric Deligne-Mumford stack X pΣq, its associated chow ring

is

A˚orbpX pσqq –
QrNsΣ

xΣn
i“1θpbiqybi : θ P HompN,Zqy

Here QrN sΣ is the group algebra of N , viewed as a Q-vector space. QrN sΣ “

‘cPNQyc where y is a formal variable. For c P N , let c̄ denotes the image of c in

QbZ N . Multiplication is defined by:

yc1 ¨ yc2 :“

#

yc1`c2 if there is σ P Σ such that c̄1, c̄2 P σ.

0 otherwise.
(4.1)

This section, we’ll show that:

Theorem 31. For any simplicial cone σ in Σ, denote Volpσq as the volume of the

convex hull bounded by 0 and all bi that generate the rays of the cone σ. Then

rankpA˚orbpX pσqqq “ Σall σPΣVolpσq
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We’ll prove this in a general setting. But we’ll use easy to understand graphs(examples)

to illustrate our proof. We’ll need the following lemma as the basis.

Lemma 32. Let σ be a simplicial cone in NQ “ N bZ Q where rank N “ n. Let

b1, . . . , bn be the lattice points that generate the rays of σ. Then b1, . . . , bn could

generate a parallel area(polytope) P pσq. We denote the facets of P pσq that lie on the

inner side of σ as IF pσq. Then Volpσq is equal to the number of lattice points on

P pσq that are not on IF pσq.

Proof. Easy to prove. Illustrated in the following graphs. Not just restricted to

dimension 2.

p2, 0q

p0, 3q

p2, 1q

p1, 2q

We prove the theorem in two steps:

Step 1. We show that for a simplicial cone σ, the rank of the group

QrN sσ

xΣn
i“1θpbiqy

bi : θ P HompN,Zqy

is equal to Volpσq.

Proof. If we view QpNqσ as a vector space over Q, then its generators are the lattice

points in σ, as shown in the graph. Its generators as a group algebra are then the

lattice generators of the cone σ. As in the graph, the group algebra generaters are

x1 “ yp1,0q, x2 “ yp0,1q. If b1 “ p2, 0q, b2 “ p0, 3q, then yb1 “ x2
1, y

b2 “ x3
2.
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p2, 0q

p0, 3q

Since σ is a simplicial cone, there exist θ1, . . . , θn P HompN,Zq such that:

θipbiq ą 0

θipbjq “ 0 for j ‰ i

For each θi, the relation Σn
i“1θipbjy

bjq then becomes θipbiqy
bi . This shows that any

ybi ¨ yc for c P σ is equal to 0 in the ring. This means, starting with the lattice bi, we

draw a hyperplane that’s parallel to the face of σ not containing bi, then any lattice

point on and outside this hyperplane is equal to 0. As shown in the graph, all the

lattice points in the shaded area are qual to 0 by the relations.

p2, 0q

p0, 3q
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We can see that the vector space generators of the group are the lattice points

in the parallel polytope which are not on the inside facets. Hence the rank of the

group is equal to Volpσq by the lemma.

Step 2. We show that for a given simplicial fan Σ0, if we add one more simplicial

cone to it to form a new fan Σ, then the rank of the group

QrN sΣ

xΣm
i“1θpbiqy

bi : θ P HompN,Zqy

is equal to VolpΣ0q ` Vol pσq.

Proof. There are two cases of adding a simplicial cone: adding one extra ray and

adding a cone with existing rays. Let’s discuss the first case first.

Denote the common face as Γ. Denote the adding ray lattice point as b1, the

existing ray lattice points in Γ as b2, . . . , bn, and all the other ray lattice points in

the fan Σ0 as bn`1, bm. Then there exist θ1, . . . , θn such that

θipbiq ą 0 for i P t1, . . . , nu

θipbjq “ 0 for i, j P t1, . . . , nu and j ‰ i

For the fan Σ0, the relations are R0 : tΣm
j“2θipbjqy

bj for all iu. For the new fan

Σ, the relations are R : tΣm
j“1θipbjqy

bj for all iu and the extra relations yc1yc2 where

c1 P σzΓ, c2 P Σ0zΓ. Because our choice of θi, the only differences between relations

R0 and R is when i “ 1, the relation in R0 is Σm
j“n`1θ1pbjqy

bj and the relation in R is

θ1pb1qy
b1 `Σm

j“n`1θ1pbjqy
bj . For i “ 2, . . . , n, the relations in R0 and R are the same.

Ignore the positive constant term θipbiq, we have the relations for the new fan Σ

ybi « Σm
j“n`1θipbjqy

bj for any i in t1, . . . , nu

where all bj P Σ0zΓ.
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Then for any c P σzΓ, yc ¨ ybi « yc ¨ pΣm
j“n`1θipbjqy

bjq, hence equal to zero by

the relations yc1yc2 “ 0 for c1 P Σ0zΓ, c2 P σzΓin QrN sΣ. This means, if we draw a

hyperplane starting at bi that’s parallel to Γ, then any lattice point that goes toward

the inside of σ is equal to 0. Illustrated in the graph, the lattice points in the shaded

area but not on the dashed line are equal to 0. Then the number of the lattice points

in σ that are not equal to 0 and not on the face Γ is then equal to Volpσq.

b2 : p2, 0q

b3 : p0, 3q

b1 : p2,´3q

Σ0

σ

Just consider the fan Σ0, we assume that the rank of the group for Σ0 is equal

to VolpΣ0q, showing that the number of generating lattice points in Σ0 for the group

is equal to VolpΣ0q. Suppose the generating lattice points are c1, c2, . . . , cl where
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l “ VolpΣ0q. Then the other lattice points in Σ0 in the group could then be expressed

as yc1 , . . . , ycl , by the relations R0. Since the only difference between R0 and R is

R has an extra b1 term for the first relation with respect to θ0, we could conclude

that all the lattice points in Σ0 could be either expressed by yci and yc for some c in

σ. So the generating lattice points in Σ0 for the group with respect to Σ stays the

same,i.e., the number of lattice point generators in Σ0 is equal to VolpΣ0q. In the

graph, the lattice points in the shadow but not on the dashed line are either equal

to zero or equal to the other point not in the shadow area. The generators are the

red lattice points.

b2 : p2, 0q

b3 : p0, 3q

b1 : p2,´3q

Σ0

σ
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Now we could conclude that adding a simplicial cone σ to a existing simplicial fan

Σ0 by adding one extra ray, the rank of the the group is equal to VolpΣ0q ` Volpσq.

The only thing that remains to prove is that adding a simplicial cone σ with existing

rays to the fan Σ0 without adding any ray, the rank of the the group is equal to

VolpΣ0q ` Volpσq. The idea here is kind of the same.

For the new σ, let b1, . . . , bn be the lattice points that generate the rays. Like

previously, there exists θ1, . . . , θn such that

θipbiq ą 0 for i P t1, . . . , nu

θipbjq “ 0 for i, j P t1, . . . , nu and j ‰ i

Same as before, we have

ybi « Σm
j“n`1θipbjqy

bj for any i in t1, . . . , nu

where all bj P Σ0zΓ.

This shows for any c in σ but not in Σ0, ybi ¨ yc “ 0. Hence this also defined

a parallel area. For those hyperplanes that are parallel to the common faces, the

lattice points outside the hyperplanes are equal to zero. For those that are parallel

to the adding faces, the lattice points on and outside the hyperplanes are equal to

0. It’s always garranted that the lattice point generators on the common faces are

counted again in the parallel area, so that the number of the lattice point generators

in σ and not in Σ0 is equal to Volpσq.

The only difference between the relations with respect to Σ0 and the new fan

Σ is that for Σ0, we have yc1 ¨ yc2 “ 0 if c1 and c2 are on two distinct faces of σ

but not in a cone in Σ0. By adding the cone, c1 and c2 are now in the same cone,

hence reducing the relations. However, in the new fan Σ, we have new relations

yc1 ¨ yc2 “ yc1`c2 where c1` c2 is a lattice point in the parallel area we just described,

i.e., the lattice point generators for the new σ. Suppose all the lattice points in Σ0
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could be expressed (in the vector space sense) as l lattice point generators where

l “ VolpΣ0q, then changing the relations from yc1 ¨ yc2 “ 0 to yc1 ¨ yc2 “ yc1`c2 means

that now they could be expressed as l lattice point generators in Σ0 and the lattice

point generators in σ.

We conclude that the rank of the group is then equal to Volpσq ` VolpΣ0q. The

whole picture is shown below.

b3 : p2, 0q

b2 : p0, 3q

b4 : p2,´3q

Σ0

Σ0

b1 : p´3, 0q

Σ0

σ
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4.2 Fibration structure of toric stacks

Before we go to the spherical functor part, let’s discuss a little bit about the fibration

structure of a toric stack defined by the stacky fan pN,Σ, βq.

Consider a stacky fan morphism φ : pN,Σ, βq Ñ pN 1,Σ1, β1q where φ̄ : N Ñ N 1

is a surjective map of abelian groups. The stacky morphism induces a toric stack

morphism:

φ : X pNq Ñ X pN 1
q

Now let N0 “ kerpφ̄q, so that we have an exact sequence

0 Ñ N0
i
ÝÑ N

φ̄
ÝÑ N 1

Ñ 0

Let Σ0 “ tσ P Σ|σ Ă pN0qQu. Then Σ0 is a subfan of Σ whose cones lie in pN0qQ Ă

NQ. Suppose tb1, . . . , bnu be the lattice points on the rays of Σ. Then tbifor bi P Σ0u

defines a morphism β0 : Zm Ñ N0 sending ei to bi. The resulting Σ0“ pN0,Σ0, β0q

is then a stacky fan, defining a new toric stack X pΣ0q.

Definition 33. We say the stacky fan Σ is split by Σ1 and Σ0 if

• The morphisms on the abelian groups form a short exact sequence.

• Σ is split by Σ1 and Σ in the toric fan sense, i.e., there is a subfan Σ̂ in Σ such

that φ̄Q maps each cone σ̂ P Σ̂ bijectively to a cone σ1 P Σ1, and given cones

σ̂ P Σ̂ and σ0 P Σ0, the sum σ̂` σ0 lies in Σ and every cone arises in this way.

• The morphisms are stacky fan morphisms. In this case, this means, tb1, . . . , bnu

of Σ are splitted into two subsets: tb1, . . . , bn0for bi P Σ0u and tbn0`1, . . . , bnu

where bi are mapped bijectively to the ray lattice points on Σ1.

Lemma 34. If the stacky fan Σ is split by Σ1 and Σ0, then X pΣq is a locally trivial

fiber bundle over X pΣ1q with fiber X pΣ0q.
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Proof. First, we prove that if Σ1 consists of only one cone σ, then

X pΣq – X pσq ˆ X pΣ0q

If Σ1 “ σ, then Σ “ Σ0ˆ σ and we have a split short exact sequence. Then from the

definitions of the stacky fan, we have the following commutative diagram:

0 // Zn0

β0

��

// Zn

β
��

--
Zn´n0

β1

��

//jj 0

0 // N0
i // N

φ
**
N 1 //

i1
jj 0

Applying the Gale dual [6] and HomZp´,C˚q functor to the above diagram we get:

1 // G0

λ0

��

ī // G

λ
��

φ̄
++ G1

λ1

��

//

ī

jj 1

1 // pC˚qn0 // pC˚qn
--
pCqn´n0 //ll 1

Then p̄i ˆ ī1, ī ˆ ī1q : ppZ0 ˆ Z 1q ˆ pG0 ˆ G1q ñ pZ0 ˆ Z 1q ÝÑ pZ ˆ G ñ Zq defines

a morphism between groupoids. Let Φ : rpZ0 ˆ Z 1q{pG0 ˆ G1qs Ñ rZ{Gs be the

morphism induced from p̄iˆ ī1, īˆ ī1q. From the above commutative diagram we have

the following commutative diagram:

pZ0 ˆ Z
1q ˆ pG0 ˆG

1q

ps,tq

��

// Z ˆG

ps,tq

��
pZ0 ˆ Z

1q ˆ pZ0 ˆ Z
1q // Z ˆ Z

The above commutative diagram is cartesian and Φ : rpZ0ˆZ
1q{pG0ˆG

1qs Ñ rZ{Gs

is bijective in the point set setting. Hence X pΣq and X pσq ˆX pΣ0q are isomorphic.

If Σ1 consists of more than one cones, then X pΣ1q is a union of open substacks.

X pΣq locally is isomorphic to the product of an open substack of X pΣ1q and X pΣ0q.

So we’ve proved that X pΣq is a fiber bundle over X pΣ1q with fiber X pΣ0q.
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Example 35. Let N “ Z2 and N 1 “ Z, N0 “ Z. We have the following short exact

sequence:

0 Ñ N0

i:

¨

˝

´1
0

˛

‚

ÝÝÝÝÝÑ N
φ:
´

0 1
¯

ÝÝÝÝÝÝÑ N 1
Ñ 0

Let Σ Ă N be the fan generated by the rays p0, 1q, p´1,´1q, p´1, 0q with defining

points p0, 3q, p´2,´2q, p´1, 0q, as describe in Example 6. Let Σ1 Ă N 1 be the fan

generated by the rays p1q, p´1q with defining points p3q, p´2q. Let Σ0 Ă N0 be the

fan generated by p´1, 0q. Then Σ is split by Σ1 and Σ0, as shown in the graph

below. Hence X pΣq is a fiber bundle over X pΣ1q with fiber X pΣ0q. We know that

X pΣ1q – P1
3,2 and X pΣ0q – C. We could conclude that X pΣq is a line bundle over

P1
3,2.

p0, 3q

p´1, 0q

p´2,´2q

4.3 Wall monodromy in the toric stacks language

Let Σ` and Σ´ be two simplicial decompositions of A at the maximal cones of the

secondary fan joined by a codimension one wall. In this paper, we only consider

the case when Σ` is the Calabi-Yau phase. Then the codimension one wall lies in

a hyperplane dual to a primitive vector Π P L. The sign of Π is given by that a
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vector _ in the interior of the maximal cone corresponding to Σ` in the secondary

fan satisfies xΠ,_y ą 0. This gives a ”circuit”, i.e., a collection of points that are

affinely dependent but any subset is affinely independent. The image of Π P L under

Qt gives the affine relation between the points.

Let σ be the cone generated by the rays (points) with negative coefficients in the

affine relation. Then σ is a cone in the fan Σ`. Accordingly, the cone generated by

the rays with positive coefficients in the affine relation is a cone in the fan Σ´. Hence

by Proposition 10 in Introduction, X pΣ`{σq is a closed substack of X pΣ`q. Since

the rays in σ are just the coordinates that define the surface E in the EZ functor,

then the closed substack X pΣ`{σq is E in the Horja functor Z
q
ÐÝ E

i
ÝÑ ZΣ.

The collapsed surface Z in the EZ-functor could be constructed in a similar

way. To have a clearer picture, let’s start with a simple lemma before the actual

construction.

Lemma 36. Suppose P is the convex hull polytope of A , and γ is its sub-polytope

cut by a hyperplane. Let Nγ be the sublattice generated by γ and 0. Then the quotient

N{Nγ is torsion free, i.e., also a lattice.

Proof. Since P is reflexive, all the lattice points in the cone generated by P and 0

are generated by the lattice points on P . Then in the cone generated by γ and 0,

all the lattice points are generated by the lattice points on P too. Because of linear

independence, all the lattice points in the cone have to be generated by the lattice

points on γ, i.e., all lattice points in Nγ bZ Q are generated by Nγ. We could then

conclude that N{Nγ is torsion free.

Note that every face is a sub polytope cut by a hyperplane. And although it’s not

true that the points with respect to an affine relation form a sub polytope satisfying

such condition (think of four points on one line), it is true that the points with

respect to a wall affine relation correspond to such a sub polytope. So from now on,
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we assume the sub polytope we consider are all such polytopes, so that the quotient

is a lattice. (The previous construction for E, Nσ may not be torsion free, but it

won’t affect our construction.)

Let the cone δ be the subfan in Σ` with rays generated by all the points in the

affine relation. Let Nδ be the sublattice of N generated by the set tbi : ρi Ă δu and

let Npδq be the quotient lattice N{Nδ. The quotient fan Σ`{δ in NpδqQ is the set

tτ̃ “ τ ` pNδqQ : τ P Σ and ι Ă τ for some ι P δu. In this construction, δ is a fan, no

longer a cone contained in Σ`, hence the toric stack X pΣ`{δq is no longer a closed

substack of X pΣ`q. The resulting toric stack X pΣ`{δq is the collapsed surface Z in

the EZ-functor. We could construct a stacky fan morphism between X pΣ`{σq and

X pΣ`{δq.

Proposition 37. The map q : Npσq Ñ Npδq induces a stacky fan morphism: q :

pNpσq,Σ{σ, βσq Ñ pNpδq,Σ{δ, βδq.

Proof. By the construction, σ is a cone contained in δ, hence Nσ Ă Nδ. By extending

scalars, Npσq Ñ Npδq becomes the surjection NpσqQ Ñ NpδqQ. And we have the

commutative diagram:

Zk

��

// Zl

��
Nσ

// Nδ

which induces a toric stack morphism between X pΣ`{σq and X pΣ`{δq.

The stacky fan morphisms constructed above induce the toric stack morphisms

of the following form:

X pΣ`{σq
i

ãÝÑ X pΣ`q

Óq

X pΣ`{δq
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where X pΣ`q,X pΣ`{σq and X pΣ`{δq match with ZΣ, E, Z in the horja functor re-

spectively.

Example 38. As in Section 3.3, let Σ` be the simplicial decomposition corresponding

to the CY phase, and Σ´ be the simplicial decomposition corresponding to the phase

II. Then σ is the cone consisting of the ray x7, and δ is the fan consisting of the rays

x3, x6, x7. The underlying space corresponding to X pΣ`{σq is the hypersurface in

ZΣ` determined by x7 “ 0. The underlying space corresponding to X pΣ`{δq could be

vaguely viewed as the space by setting x3 “ x6 “ x7 “ 0 in ZΣ`. Explicitly, X pΣ`{δq

is obtained by collapsing all the coordinates x3, x6, x7.

4.4 The fibration structure on Z

In the previous section, we have showed that in the EZ-functor associated with a

codimension one wall connecting Σ` and Σ´, Z – X pΣ`{δq, where δ is the fan

generated by the rays in the perestroika affine relation. To construct a fiber bun-

dle structure on Z using the definition of the split stacky fan, let’s first state our

assumptions about the point set A here.

Definition 39. An affine relation R of some points in the polytope P is called the

internal relation if no proper face of P contains all the points in the affine relation

R. We use the pair pP,Rq to denote the internal affine relation in P .

Assumption 40. The convex hull P of the point set A is built up as follows:

• Start with the lowest dimensional face pP0, R0q that contains the points of some

affine relation.

• Higher dimensional faces pPi`1, Ri`1q are built inductively upon pPi, Riq by

adding some points given by a new affine relation Ri`1 such that the points
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in Ri`1 are either the new points or the points in Ri(generic builtup), till P is

built.

Example 41. Consider the Example 14, the charge matrix of the point set A is

Q “

ˆ

´6 3 2 0 0 0 1
0 0 0 1 1 1 ´3

˙

(4.2)

The convex hull P could then built up in two steps: starting from the face con-

taining x3, x4, x5, x6, add one affine relation involving x0, x1, x2, x6.

Example 42. Consider Section 3.3, the charge matrix of the point set A is

Q “

¨

˝

´6 3 2 0 0 0 0 1
0 0 0 1 0 0 1 ´2
0 0 0 0 1 1 ´2 0

˛

‚ (4.3)

The convex hull P is built up in three steps: starting from the edge containing

x4, x5, x6, get a 2 dimensional face by adding one affine relation about x3, x6, x7 on

it, then obtain the whole convex hull by adding the affine relation x0, x1, x2, x7. Note,

going from the dimensional 2 face to the whole convex hull, the affine relation is

added generically since only x7 a point in the internal relation of the dimension 2

face is involved.

With this assumption, we can now start building the fibration structure on Z.

Consider the affine relation given by the primitive vector Π, there is a unique minimal

face on Σ containing all the points in the relation, denoted as Γ. Let NΓ be the

abelian group generated by all the lattice points on Γ. Since δ Ă Γ and let NpΓq be

the quotient N{NΓ. , Nδ Ă NΓ, then Nδ Ă NΓ, and hence there is a surjective map

φ : Npδq Ñ NpΓq. Then the kernel of this surjective map is NΓ{Nδ, i.e., we have the

following short exact sequence:

0 Ñ NΓ{Nδ
i
ÝÑ Npδq

φ
ÝÑ NpΓq Ñ 0
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Define Σ{Γ Ă NpΓqQ in the same way as we define Σ{δ Ă NpδqQ. Then let

Σ0 Ă NΓ{Nδ consist of the cones with ray generators lying on Γ. We have the

following proposition:

Proposition 43. The stacky fan Σ{δ is split by Σ{Γ and Σ0.

Proof. We only need to show it’s split in the toric variety level since the extra data

carried by bi follows directly in the quotient map construction.

There are two classes of rays in Σ{δ: those on NΓ{Nδ and those not. The rays

on NΓ{Nδ constructs the subfan Σ0. We can show that the rays not on NΓ{Nδ are

bijective to the rays of Σ{Γ. Actually we only need to show that they are injective.

Suppose b̄1! “ b̄2 in N{Nδ and they do not lie on NΓ{Nδ. If b̄1 “ b̄2 in N{NΓ, it

means b1, b2 are in some affine relation with the points on NΓ. By our assumption,

the points in the affine relation can only be the points on the internal relation δ.

Hence b̄1 “ b̄2, contracting our assumption. We can conclude that the rays are

bijective and the subfan consisting of only these points is bijective to Σ{Γ.

We still need to show that the cones of Σ{δ are mapped to cones of Σ{Γ. This

follows directly from the fact that all the rays on NΓ{Nδ are mapped to zero in

N{NΓ.

Corollary 44. The stacky fan Σ0 is a complete fan.

Proof. Follows directly from the fact that the face Γ is the minimal face containing

the perestroika relation δ. Skip the details for now.

Corollary 45. The toric stack X pΣ{δq is a locally trivial fiber bundle over X pΣ{Γq

with fiber X pΣ0q.

Denote X pΣ{Γq as U , and X pΣ0q, we have the following morphism associated
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with a EZ-functor:

E �
� i //

q

��

ZΣ`

V �
� j // Z

p
��
U

where Z is a fiber bundle over U with fiber V .

We also have the result:

Example 46. Two dimensional example: Example 14. The fiber bundle structures

of Z in this example are trivial.

• From CY phase limit to P2 phase limit. σ is the cone generated by the ray x0, δ

is the fan generated by the rays x0, x1, x2, x6, and Γ “ Σ. Then E : x0 “ 0 is a

section of ZΣ and Z – P2 is obtained by collapsing the coordinates x0, x1, x2, x6.

In the fiber bundle construction, V “ Z – P2 and U “ point.

• From CY phase limit to the orbifold phase limit, σ is the cone generated by the

ray x6, δ is the fan generated by x6, x3, x4, x5 and Γ “ δ is the minimal face

containing δ. Z is the orbifold by collapsing the coordinates x6, x3, x4, x5, and

it’s a fiber bundle over U “ Z with fiber V “ point.

Example 47. Three dimensional example: Section 3.3.

• From CY to phase I, σ is the cone generated by x0, δ “ Σ is the fan generated

by the rays x0, x1, x2, x7, and Γ “ Σ. So it’s a bundle over a point with itself

as the fiber.

• From CY to phase II, σ is the cone generated by x7, δ is the fan generated by

the rays x3, x6, x7, and Γ is the face containing x3, x6, x7, x4, x5. The picture is

as follows:
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Γδ

x6 x5x4

x7

x3

We have the short exact sequence

0 Ñ NΓ{Nδ
i
ÝÑ Npδq

φ
ÝÑ NpΓq Ñ 0

The quotient space Npδq “ N{Nδ is Z3 with generators e1 “ p0, 0, 0, 0, 1q, e2 “

p0, 0, 0, 1, 0q, e3p0, 1, 1, 0, 0q. The rays of the quotient fan Σ{δ x0 “ p0,´1, 0q,

x1 “ p0,´2,´2q, x2 “ p0, 0, 3q, x4 “ p1,´1, 0q, x5 “ p´1, 1, 0q determines a

stacky fan with four cones:

– σ1 “ conepx0, x1, x4q,

– σ2 “ conepx0, x1, x6q,

– σ3 “ conepx0, x2, x4q,

– σ4 “ conepx0, x2, x5q

53



x4 : p1,´1, 0q
x5 : p´1, 1, 0q

x2 : p0, 0, 3q

x1 : p0,´2,´2q

x0 : p0,´1, 0q

Γ

Similarly, the quotient space NpΓq “ N{NΓ is Z2 with generators e1 “, e2 “.

The rays of the quotient fan x0 “ p´1, 0q, x2 “ p0, 3q, x1 “ p´2,´2q determines

a stacky fan with two cones: σ1 “ conepx0, x1q, σ2 “ conepx0, x2q. We’ve shown

previously that the toric stack associated with this stacky fan is a line bundle

over P3,2.

x2 : p0, 3q

x0 : p´1, 0q

x1 : p´2,´2q
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The stacky fan Σ0 Ă NΓ{Nδ – Z is the stacky fan corresponding to P1 with

generators 1,´1.

By Corollary 40, we could conclude that Z is a fiber bundle over U – P3,2 with

fiber P1

• From CY to phase II, σ is generated by x6, δ is generated by the rays x4, x5, x6

and Γ “ δ. The quotient lattice Npδq “ N{Nδ is Z3 with generators e1 “

p0, 0, 0, 0, 1q, e2 “ p0, 3, 2, 0, 0q, e3 “ p0, 1, 1, 0, 0q. The rays of the fan Σ{δ

are x0 “ p´1, 0, 0q, x1 “ p´1, 1,´2q, x2 “ p´1,´1, 3q, x7 “ p´1,´1, 0q deter-

mines the stacky fan with three cones: σ1 “ px0, x1, x2q, σ2 “ px0, x1, x7q, σ3 “

px0, x2, x7q. The corresponding stacky fan is the trivial line bundle P2
3,2,1.

x0 : p´1, 0, 0q

x1 : p´1, 1,´2q

x2 : p´1,´1, 3q

x7 : p´1,´1, 0q

By Corollary 40, we could conclude that Z is a fiber bundle over U “ Z – P2
3,2,1

with point fiber.
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4.5 Determinant interpretation

Recall that the principal A-determinant EApfq could be decomposed as:

EApfq “ ˘ΠΓĂQ∆AXΓpfq
ipΓ,Aq¨upS{Γq

where

upS{Γq “ V olEpSqpK pS{Γqq.

Let A be the point set A corresponding to a reflexive polytope. The discriminant

∆AXΓpfq is not trivial only when Γ is the minimal face containing some perestroika

affine relation. Consider the phase change from Σ` to Σ´ as before, let Γ be the

minimal face containing the corresponding affine relation, we have the following

results:

Theorem 48. Given the fiber bundle structure of Z: V Ñ Z Ñ U constructed from

last section and the discriminant ∆AXΓ, then the rank of the chow ring of the toric

stack U is equal to the exponent of ∆AXΓ in the determinant EA, and the rank of the

chow ring of the toric stack V is equal to the intersection number between ∆AXΓ and

the equivariant curve P1 that connects these two phase limits.

Proof. The first part is easy to prove. The way we construct u is taking the quotient

N{NΓ where NΓ is the sublattice containing all points on Γ. By Theorem 33, the rank

of the chow ring of U is equal to the volume of the resulting fan Σ1 in N{NΓ. This

coincides with the construction of S{Γ. The exponent of the discriminant ∆AXΓ is

equal to upS{Γq which is equal to the volume of K pS{Γq. By construction, K pS{Γq

is the union of the cones in Σ1, hence having the same volume. So it remains to prove

the second part.

We compute the determinant with respect to the point set AXΓ. Then the factor

∆AXΓ is the principal discriminant in EAXΓ, i.e., has exponent 1 in EAXΓ. Each affine
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relation in the charge matrix corresponds to a coordinate in the determinant after

horn uniformization. The intersection number of ∆AXΓ is then the highest power of

the coordinate given by the perestroika relation. Suppose the coordinates in EAΓ
are

x1, x2, . . . , xk where x1 is the perestroika relation, then the intersection number if the

highest power of the polynomial

lim
x2,...,xnÑ0

EAXΓ

By the discussion above, we may assume that Γ “ A for simplicity since the

discriminant is only determined by the face Γ. We need to show that the degree of

the polynomial limx2,...,xnÑ0EA is equal to the rank of the chow ring of V .

Consider the fan Σ0 in Npδq, every cone is of volume 1. Each cone corresponds

to a cone on lattice point set of Σ by adding in the points of δ. Hence we have a

subdivision P of the fan Σ : pQi, Aiq where Ai are the vertices of the the generated

cone plus all the points on δ. This subdivision corresponds to a face F pP q on the

secondary polytope. We have

lim
x2,...,xnÑ0

EA “ EA|F pP q

By Theorem 31, EA|F pP q “ ΠiEAi . Let ∆ be the discriminant with respect to δ only,

hence has power 1. Since δ is the only affine relation in any subdivision, we could

conclude that limx2,...,xnÑ0EA “ EA|F pP q “ ΠiEAi “ ∆k where k is the number of

subdivisions, hence the volume of Σ0.

Example 49. Let A be the point set as in the graph below, which is the face of one

of our previous examples. The corresponding determinant EA “ ∆0∆1 “ p64x2y ´

16x2 ` 8x ´ 1qp4y ´ 1q where x “ x5x6

x2
7
, y “ x4x5

x2
6

. We can tell from the expression

that the the intersection number of ∆0 is 2.

Consider the subdivision of the fan by pQ1, A1q, pQ2, A2q where A1 “ px1, x6, x7, x3q,

A2 “ px5, x6, x7, x3q and Q1, Q2 are their convex hulls(Note this isn’t a coherent trian-
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gulation). This subdivision corresponds to a face F pP q in the secondary polytope([8]).

The vertices of F pP q on the secondary polytope are the two coherent triangulations

included in this subdivision. The determinant EA|F pP q is then equal to EA1EA2 “

p4x´ 1q ˚ p4x´ 1q, which coincides with limyÑ0EA.

δ

x6 x5x4

x7

x3

Example 50. Let A be the point set in Section 3.3. Consider the affine relation

´6x0 ` 3x1 ` 2x2 ` x7 “ 0. The discriminant correspond to this affine relation is

δ0 “ 2229025112064x4y2z´557256278016x4y2`278628139008x4y´34828517376x4´

1289945088x3y ` 322486272x3 ` 1492992x2y ´ 1119744x2 ` 1728x ´ 1 where x “

x3
1x

2
2x7

x6
0
, y “ x3x6

x2
7
, z “ x4x5

x2
6

. Hence the intersection number of ∆0 is 4.

Consider the subdivision of the fan tpQ1, A1q, pQ2, A2q, pQ3, A3q, pQ4, A4qu where

A1 “ px3, x4, x0, x1, x2, x7q

A2 “ px4, x6, x0, x1, x2, x7q

A3 “ px5, x6, x0, x1, x2, x7q

A4 “ px3, x5, x0, x1, x2, x7q

The discriminant corresponding to δ by x0, x1, x2, x7 is equal to 432x ` 1. Hence

limy,zÑ0EA “ Π4
i“1EAi “ p432x` 1q4.
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4.6 Spherical Functor

By our previous construction, Z is a fiber bundle over U with fiber V , we have the

following result of Z:

Theorem 51. Suppose Z is a fiber bundle over U with fiber V , and assume DbpV q

admits a full exceptional collection of length n DbpV q “ xOV , . . . ,OV pvqy where

OV pvq is the twisted line bundle in some direction v, then DbpZq admits a semi-

orthogonal decomposition of length n

Db
pZq “ xp˚pDb

pUqq, . . . , p˚pDb
pUqqpvqy

The monodromy across the codimension one wall is the secondary functor induced

by the map i˚q
˚ : DbpZq Ñ DbpZΣq, denoted as Ti˚q˚pDpZqq. By Theorem 19 in

Chapter 1, the semi-orthogonal decomposition of DbpZq induces a decomposition of

this spherical functor:

Ti˚q˚pDbpZqq “ Ti˚q˚p˚pDbpUqq ¨ ¨ ¨Ti˚q˚p˚pDbpUqpvqq

Example 52. Two dimensional example: Example 46.

• From CY to P2 phase limit, V “ P2 and U “ point.

Db
pZq “ xp˚pDb

ppointqq, p˚pDb
ppointqqp1q, p˚pDb

ppointqqp2qy

.Since Ti˚q˚p˚pDbppointqq is the Seidel-Thomas twist TOE corresponding to the ob-

ject E, then Ti˚q˚pDbpZqq “ TOETOEp1qTOEp2q.

• From CY to the orbifold phase limit, U “ Z – P3,2, Z “ point. Then

Ti˚q˚pDbpZqq “ Ti˚q˚p˚pDbpP3,2qq

Example 53. Three dimensional example: Example 47.
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• From CY to phase I, Z is a fiber bundle over a point with itself as fiber. Es-

sentially Z is a P2 bundle over P1, hence has semi-orthogonal decomposition

Db
pV q “ xO,Op1, 0q,Op2, 0q,Op0, 1q,Op1, 1q,Op2, 1qy

. Ti˚q˚p˚pDbppointqq is the Seidel-Thomas twist TOE . Hence

Ti˚q˚pDbpZqq “ TOETOEp1, 0q ¨ ¨ ¨TOEp2, 1q

• From CY to phase II, Z is a fiber bundle over P3,2 with fiber P1. Since DbpP1q “

xO,Op1qy, we have

Ti˚q˚pDbpZqq “ Ti˚q˚pDbpP3,2qq
Ti˚q˚pDbpP3,2qp1qq

• From CY phase to phase III, Z is a fiber bundle over itself P3,2,1 with point

fiber, hence Ti˚q˚pDbpZqq “ Ti˚q˚pDbpP3,2,1qq

Denote the K-theory rank of the fiber V as d, then the EZ-spherical functor could

always be factored d subfunctors. We have showed that the intersection number

between the discriminant and the equivariant curve connecting two phase limits is

equal to d, hence the monodromy around this discriminant could be factored into

d subfunctors. U is the toric stack X pΣ{Γq. Then the two facts above show that

rankpkpUqq “ V olEpSqpK pS{Γqq “ upS{Γq. Hence we have the following result:

Proposition 54. The intersection multiplicity d of the discriminant and the equiv-

ariant curve is equal to the K-theory rank of the fiber V . Therefore the EZ-spherical

functor Ti˚q˚pDbpZqq could be factored into d subfunctors, each corresponding to a twist

of Ti˚q˚pDbpUqq. These functors are intrinsic monodromy around the discriminant.
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5

Questions

• We proved our results for the ambient space ZΣ. We are also interested in the

complete intersection XΣ defined by the super potential WX . In general, the

fibration structure could be generalized to Z in the complete intersection case,

hence generalizing the spherical functor decomposition in this case. However,

the K-theory ranks of the base U changes in this process. How do we explain

this?

• What happens if we drop our assumptions on A ?

• Could we generalize the results to all the other phase limits instead of just the

CY phase and its neighbors?
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