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Abstract. Multistability in perceptual tasks has sugges- 
ted that the mechanisms underlying our percepts might 
be modeled as nonlinear, deterministic systems that ex- 
hibit chaotic behavior. We present evidence supporting 
this view, obtaining an estimate of 3.5 for the dimen- 
sionality of such a system. A surprising result is that this 
estimate applies for a rather diverse range of perceptual 
tasks. 

1 Introduction 

The multistability of impoverished visual displays, such 
as the Necker cube or the crater illusion presented in 
Fig. 1, is well known. Less appreciated is the fact that 
even complex scenes, although rich in visual information, 
also may have many interpretations - indeed, perhaps 
even an infinity, depending on the level of detail desired 
to "explain" the scene. Different patterns of eye move- 
ments are often associated with these alternate 
interpretations, as shown by Yarbus (1967). Hence, des- 
pite our impressions to the contrary, the chosen percept 
typically entails the selection of one of many possible 
interpretations of the input, even if the context remains 
unchanged (Jepson and Richards 1993). Here we present 
evidence that processes searching for the appropriate 
percept have some characteristics associated with low- 
dimensional, chaotic dynamical systems. Our results 
confirm a proposal by Poston and Stewart (1978) and 
conclusions reached by Ta'eed et al. (1988) that multi- 
stable percepts can be modeled as nonlinear dynamical 
systems. 

2 Method 

A dynamical system can be characterized by the ge- 
ometry of the space of its output. These outputs are 

Correspondence to: W. Richards 

Fig. 1. Although the photograph is actually of two cones in the deso- 
late Ka'u Desert lava field in Hawaii, occasionally the alternate inter- 
pretation of two craters is preferred. This preference can be reinforced 
by turning the picture upside down. (Courtesy of Wide World of 
Photos, Nov. 1972) 

typically a sequence of state changes, either temporal or 
spatial. Hence, possible measures that we can use to 
evaluate a perceptual dynamical system are (1) the se- 
quence of time intervals between perceptual states, such 
as the duration of successive flips of a Necker cube, or (2) 
the sequence of spatial vectors, such as when the eye 
moves from one (x, y) position to another. In either case 
the data will be a sequence of values, {v~) for i typically 
greater than 200. To determine whether an observed 
pattern exhibits chaotic behavior characteristic of a dy- 
namical system, we chose a correlation technique out- 
lined elsewhere (Berg~ et al. 1984; Grassberger and 
Procaccia 1983). This technique has been especially suc- 
cessful in using time-series data to analyze nonlinear 
physical systems, such as turbulent flow (Essex et al. 
1987; Malraison et al. 1983) or semiconductor resonators 
(Van Buskirk and Jeffries 1985; Theiler 1990). Briefly, the 
method first computes the number of vectors of length 
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Fig. 2. First stage in the analysis of the time sequence of state changes 
for the crater illusion of Fig. 1. Abscissa is the radius r of the hyper- 
sphere of dimension p. Each point shows the value for that Cp(r). The 
slopes on this log-log plot yield the values for ep 

( x i -  x j) falling within a p-dimensional hypersphere of 
radius r, where {x} is the set ofm sample points (e.g., time 
intervals) collected: 

1 Cp(r) = ~ ~ H[r  - - I x l -  xjl'] 
m i.j=ltora 

Cp(r) is the average number of vectors or the "correlation 
coefficient" for the chosen radius, p is the "embedding" 
dimension, m is the total number of values in the se- 
quence, and H is the Heaviside function, which is evalu- 
ated to 1 if the distance between the pair i,j is less than r, 
otherwise zero. In other words, the correlation function 
counts the number of pairs with distance Jxi - xjl smaller 
than r, where r is the radius of a p-dimensional hyper- 
sphere. The method thus provides an assessment of the 
geometry of the space from which the samples are taken. 
For  example, if the samples are uniformly distributed on 
a plane, then increasing r will increase the correlation 
count as the square of the radius. For  each embedding 
dimension p, an exponent ep(r)= log[C(r)]/log[r] is 
calculated over r. The maximum value of this exponent 
ey is then determined and plotted against p. If a random 
time series is evaluated by this method, this exponent 
rises with the embedding dimension (i.e., ep = p, or more 
correctly, e p - p  for stochastic series). If a deterministic 
chaotic series is evaluated, such as that generated by 
a Henon attractor, then the maximal values of ep are 
asymptotic at some Pmax for all p t> p . . . .  For  a typical 
predator-prey dynamical system, such as May's logistic 
function, Pmax "-- 1.2. Figure 2 illustrates this method. For  
each p, log Cp(r) was plotted vs log r, and the steepest 
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Fig. 3. Plots of ep vs the embedding dimension p obtained from data 
like that illustrated in Fig. 2. Upper left, binocular rivalry; upper right, 
the crater illusion of Fig. 1; lower left, monkey saccadic eye movements; 
lower right, perceptual "eras" in "Out of Africa" 

slope ep was computed using six points for r separated 
by factors of 1.2 (i.e., 2~). Note that as p increases, 
so does ep. These slopes were then plotted vs p, as shown 
in Fig. 3. The error bars show the range of slopes, based 
on adjacent points, within the six-point average plotted 
as a filled circle. The weakness of the method is also 
illustrated here: for large embedding dimensions, 
p > 5, the uncertainty in ep increases substantially, 
especially when the number of data points is small (i.e, 
N -2 0 0 ) .  Hence, in our study estimates of ep are 
restricted to ~< 8. 

3 Experiments 

We obtained data for four sets of perceptual tasks: bin- 
ocular rivalry, fixation patterns during search, simple 
multistable percepts, and perceptual segments or "eras" 
in several movies. The panels in Fig. 4, plus Fig. 1, show 
examples of the multistable stimuli used. Table 1 gives 
the number of reversals recorded and the mean reversal 
time. 

3.1 Binocular rivalry 

When two patterns having significantly different spatial 
structure are presented, each to separate eyes, typically 
one sees an alternation of one pattern with the other. For  
example, if one eye is presented with vertical red and 
black bars, whereas the other sees horizontal green and 
black bars, the percept is dynamic alternation between 
each. The site of this competition or "rivalry" is known to 
be early in the visual pathway, namely, near the initial 
cortical area of processing (Julesz 1971; Richards 1970). 
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Fig. 4. Some of the stimuli used that have multiple-stable states. Upper 
left, a rivalrous pattern (dashed lines indicate the set presented to one 
eye, the solid lines indicate the set presented to the other); upper right, 
triangle plus stick (stick is commonly seen as sitting on the edge of the 
triangle, or alternatively as angled in space above the triangle with its 
right end touching the interior plane); lower right, a single duck vs two 
fish reversal; lower left, Boring's ambiguous-mother-in-law: an old 
woman vs a young girl 

Table 1. Number of samples N and estimates of dimension underlying 
dynamical system, Pmax 

Stimulus N M e a n  Dimension, 
duration Pmax 
(s) 

Binocular rivalry 258 2.7 - 
Crater illusion (observer 1) 200 3.2 3.4 
Crater illusion (observer 2) 200 3.0 3.6 
Triangle and stick 400 3.2 3.5 
Duck-fish 400 4.3 4.2 
Hag-girl 200 2.2 4.8 
Eye movements 200 0.2 3.5 
"Out of Africa" 320 25.2 3.3 
"ET" 350 16.8 3.7 
"Chariots of Fire" 350 19.3 3.5 
"Star Wars" 400 15.2 3.6 

AVG. 3.7 

The eye movement analysis was performed on the spatial, not the 
temporal patterns of fixation; the eye movement duration is the mean 
intersaccadic interval 

We measured the time series for 200 alternations for two 
subjects and computed the correlation coefficients 
and exponents ep for embedding dimensions p = 1 to 8. 
As shown in Fig. 3, a plot of ep vs p is roughly a 
line of unit slope, specifically 0.85 for this subject. This 
result, regardless of the underlying cause, is in agreement 
with Levelt (1965) and is typical of a stochastic process 
such as the pattern of rainfall. Hence, we conclude that 
binocular rivalry is not a deterministic chaotic process 
typical of a predator-prey competition (Kadanov 1986; 
May 1974, 1976). 
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3.2 Cognitive rivalry 

Unlike "passive" binocular rivalry, the flip-flops of the 
crater picture in Fig. 1 reflect processes that are evaluat- 
ing the image as a depiction of a world state or "scene". 
The competition, if you will, is between alternate models 
that "explain" the image. It is easy to imagine a process, 
such as the fluctuations in predator-prey populations, 
where one explanation dominates for a while, and then 
another takes over. We studied several simple displays 
such as the illusion of Fig. 1, a picture of a triangle with 
a stick lying across one edge, as well as some cognitive 
rivalry tasks invented by Manfred Fahle (Fahle and 
Palm 1990). All of these examples revealed hints of chaos. 
One of the clearer results was obtained from the time 
series of flip-flops for the crater illusion. This display is 
particularly well suited for study because the perceptual 
biases can be manipulated by rotating the pattern, plac- 
ing the illuminant above-below or left-right, the latter 
being chosen because it yields a more equal competition 
between percepts. 

The data for observer 1 are presented in Fig. 3, upper 
right. (The results for observer 2 were similar; see Table 
1). Note that, in contrast to binocular rivalry, we do not 
see ep increasing linearly with p, but rather rising and 
leveling off near ep = 3 for p - 4, then rising again. This 
"notch" in the curve is significantly different from the 
linear extrapolation of the points for p > 5. We propose 
that this "notch" results from a process exhibiting deter- 
ministic chaos of dimensionality, roughly 3.5, corrupted 
by a noisy stochastic process that "takes over" as the 
embedding dimension increases. 

Note that data for the reversals of a Necker cube do 
not appear in Table 1. As was found for binocular rivalry, 
only the hint of a "notch" was observed in the plot of ep vs 
p. This result suggests that the dominant process causing 
the reversals of the Necker cube may be formally similar 
to the process that leads to the competition observed 
during binocular rivalry. 

3.3 Eye  movements  

Again using the "notch" as our indicator, evidence for 
chaos was also observed in the spatial pattern of 200 eye 
movements obtained from a monkey, who was searching 
a 17 x 17 ~ field for a target [see Sommer (1993) for de- 
tails]. Note that in this case the analysis was not per- 
formed on the temporal intervals, but rather on the 
magnitude of the saccade 1. The location of the notch in 
the curve of ep vs p again suggests an underlying dynam- 
ical system of dimension 3.5 which becomes masked by 
a stochastic process at the higher embedding dimensions. 
We have attempted to model these data using a combina- 
tion of deterministic and stochastic processes, but to date 
have not succeeded. [Although the unit slope observed 
for p > 5 is suggestive of additive "random" noise, as 
yet we do not have a model that adequately explains all 

1 The data we report were taken from the vertical component of the 
saccade 
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our C(r) vs (r) observations. The data are not typical of 
the expected effects of additive noise observed in physical 
systems (Ben-Mizrachi et al. 1984; Theiler 1990).] 

3.4 Movies 

The most complex perceptual activity we explored was 
the time sequence of segments that appear  in films. Typi- 
cally the camera will be directed to a person or event for 
a duration, then the scene flips to another person or event 
as the story unfolds. Think then of the camera as the eye 
of the film editor, who unfolds the story, attempting to 
communicate the salient points. Certainly this process 
entails a very high level of perceptual understanding. 
However, the lengths of the camera segments are rather 
easy to measure without excessive subjective bias. For  
"Out  of Africa", "Chariots of Fire", "Star Wars", and 
"ET", 200 to 400 segments were recorded. These films 
were chosen to represent a spectrum of fast- to slow- 
paced films. The "Out  of Africa" analysis is presented in 
the fourth panel of Fig. 3. As summarized in Table 1, it 
can be seen that the other three films were similar, again 
suggesting an underlying dynamical system of dimension 
of about  3 to 4, corrupted by stochastic noise as the 
embedding dimension exceeded 5. [Of  interest is that 
"Out  of Africa" also yielded an embedding dimension of 
less than 3 for the upper component  of the C(r) vs (r) 
plot 2.] 

4 Discussion 

If one views the brain as a society of competing neurons 
or neural processes, then their characterization as a dy- 
namical system is not surprising. Indeed, Poston and 
Stewart (1978) proposed such a model for multistable 
percepts, and such behavior  has previously been reported 
for adaptive systems and neural activity with dimen- 
sionality estimates ranging from 3 to 7 (Altman 1991; 
Priesol et al. 1991; Skarda and Freeman 1987; Xu and Li 
1986). It is reassuring that the observed dimensionality of 
their conscious counterpart  - our percepts - falls in this 
range. What  is surprising is that our estimate lies at the 
lower end, with little variance. A dimension of less than 
4 for any dynamical system offers a reasonable possibility 
for model development and study. 

A second surprise is that regardless of the complexity 
of the perceptual task, when chaotic behavior is plau- 
sible, the inferred dimensionality remains roughly the 
same. It is difficult to believe that the processes underly- 
ing the reversals in the crater and the temporal  sequence 
of segments in the movies share the same neural machin- 
ery to any great degree. Yet they both exhibit the same 
dimensionality! A type of process that would elicit such 
a result is one that is organized in a hierarchical manner, 
having a fractal composit ion with roughly the same 

2 The other film data also suggested a lower-dimensional component 
for values of C(r) > 0.03, but this observation remains tentative 

number of components collected together in each level of 
the hierarchy. In other words, in such a scheme, neural 
subsystems would compete for the attention of their 
"parental" systems etc. The fractal dimension common to 
all tasks would then indicate that each parent has rough- 
ly the same number of "offspring". Here, we have simply 
adopted a proposal made elsewhere for social choice, 
where each state of decision is not a single rational 
choice, but rather an aggregation of many hierarchical 
choice problems (Richards 1991). In this domain the 
fractal dimension also is surprisingly low. 

Thirdly, with respect to the eye movement  data and 
results, which are spatial and not temporal  patterns, 
again the dimensionality appears to be about 3.5. This 
suggests that perceptual mechanisms may be directing 
the spatial pattern of eye movements  during the search 
for a target's appearance. Note that this "chaotic" search 
occurs even though the intersaccadic duration intervals 
are short, around 200 ms (Sommer 1993). The scanning 
strategy, then, appears controlled by a nonrandom, dy- 
namical spatial representation, but not a temporal  one. 
Again, a hierarchical search pattern, where small and 
large step sizes are nested as in a tree or branching 
structure, would be one strategy that could exhibit such 
deterministic chaotic behavior. 

Finally, although our percepts appear to exhibit some 
properties consistent with deterministic chaos, this 
should not be construed to imply that the percepts them- 
selves are chaotic! Indeed, the percepts can be quite 
rational and stable. However, the state changes underly- 
ing the development of these percepts seem characteristic 
of a special kind of dynamical system that is well suited 
for searching rapidly through a large data base of vari- 
able resolution, where many states are to be evaluated 
quickly, probably in parallel. 

Acknowledgements. The authors thank Allan Jepson and Diana 
Richards for helpful comments, and are grateful for the interest of 
Manfred Fahle and his relevant studies on cognitive rivalry. W.R. was 
supported under AFOSR 89-504; H.R.W. received support from NIH 
EY02158; M.A.S. is an NSF Graduate Research Fellow. The monkey 
recordings were made in the laboratory of P.H. Schiller under NIH 
EY00676 and EY08502 The correlation results used a program written 
by D. Richards (1991). 

References 

Altman EJ (1991) Dynamical systems approach to low-level integration 
of motion and binocular stereopsis. SPIE Proceedings: Curves and 
surfaces in computer vision and graphics II (November). Boston, 
Mass 

Ben-Mizrachi A, Procaccia I, Grassberger P (1984) Characterization of 
experimental (noisy) strange attractors. Phys Rev A 29:975-977 

Berg6 P, Pomeau Y, Videl C (1984) Order within chaos. Wiley, New York 
Essex C, Lookman T, Nerenberg MAH (1987) The climate attractor 

over short time scales. Nature 326:64-66 
Fahle M, Palm G (1990) A model for rivalry between cognitive con- 

tours. MIT AI Lab Memo 1240 (Also Biol Cybern) 
Grassberger P, Procaccia I (1983) Characterization of strange attrac- 

tors. Phys Rev Lett 50:346-349 
Jepson A, Richards W (1993) What is a percept? University of Toronto, 

Department of Computer Science Technical Report RBCV-TR- 
93-43. Also MIT Cognitive Science Memo 43, Center for Cognitive 
Science, MIT El0-120, Cambridge, Mass (1991) 



Julesz B (1971) Foundations of cyclopean perception. University of 
Chicago Press, Chicago 

Kadanov LP (1986) Chaos: a view of complexity in the physical 
sciences. In: Great ideas today, Encyclopedia Britannica, Chicago, 
pp 63-92 

Levelt WJM (1965) On binocular rivalry. Institute for Perception 
RVO-TNO, Soesterberg, The Netherlands 

Malrasion B, Atteus P, Berge P, Dubois M (1983) Dimensions of 
strange attractors: an experimental determination for the chaotic 
regime of two convective systems. Phys Lett 44:897-902 

May RM (1974) Biological populations with non-overlapping 
generations: stable points, stable cycles and chaos. Science 
186:645-647 

May RM (1976) Simple mathematical models with very complicated 
dynamics. Nature 261:459-467 

Poston T, Stewart IN (1978) Non-linear modelling of multistable per- 
ception. Behav Sci 23: 318-334 

Priesol A, Borrett DS, Kwan H (1991) Dynamics of a chaotic neural 
net work in response to a sustained stimulus. Tech Report 
RBCV-TR- 91-38, Dept. Computer Science, University of Toronto, 
October 

349 

Richards DE (1991) Modelling collective behavior with chaotic dy- 
namics. Presentation at Annual Meeting of American Political 
Science Association, August, Washington, DC. See also: Behav Sei 
35:219-232 (1990) 

Richards W (1970) Oculomotor effects on binocular rivalry. Phychol 
Forsch 33:136-154 

Skarda CA, Freeman WJ (1987) How brains make chaos in order to 
make sense of the world. Behav Brain Sci 10:161-195 

Sommer MA (1993) Express saccades elicited during visual scan in the 
monkey. Vision Res (in press) 

Ta'eed LK, Ta'eed O, Wright JE (1988) Determinants involved in the 
perception of the Necker Cube: an application of catastrophe 
theory. Behav Sci 33:97-115 

Theiler J (1990) Estimating the fractal dimension of chaotic time series. 
MIT Lincoln Lab Jrl 3:63-86. (Also J Opt Soc Am A) 

Van Buskirk R, Jeffries C (1985) Observation of chaotic dynamics of 
coupled non-linear oscillators. Phys Rev A 31:3332-3357 

Xu J-H, Li W (1986) The dynamics of large-scale neuron-giia network 
and its relation to brain function. Commun Theor Phys (Beijing) 
5:339-346 

Yarbus AL (1967) Eye movements and vision. Plenum, New York 


