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Abstract

Limit-periodic (LP) structures exhibit a type of nonperiodic order yet to be found

in a natural material. A recent result in tiling theory, however, has shown that

LP order can spontaneously emerge in a two-dimensional (2D) lattice model with

nearest-and next-nearest-neighbor interactions. In this dissertation, we explore the

question of what types of interactions can lead to a LP state and address the issue

of whether the formation of a LP structure in experiments is possible. We study

emergence of LP order in three-dimensional (3D) tiling models and bring the subject

into the physical realm by investigating systems with realistic Hamiltonians and low

energy LP states. Finally, we present studies of the vibrational modes of a simple LP

ball and spring model whose results indicate that LP materials would exhibit novel

physical properties.

A 2D lattice model defined on a triangular lattice with nearest- and next-nearest-

neighbor interactions based on the Taylor-Socolar (TS) monotile is known to have a

LP ground state. The system reaches that state during a slow quench through an

infinite sequence of phase transitions. Surprisingly, even when the strength of the

next-nearest-neighbor interactions is zero, in which case there is a large degenerate

class of both crystalline and LP ground states, a slow quench yields the LP state. The

first study in this dissertation introduces 3D models closely related to the 2D models

that exhibit LP phases. The particular 3D models were designed such that next-

nearest-neighbor interactions of the TS type are implemented using only nearest-
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neighbor interactions. For one of the 3D models, we show that the phase transitions

are first order, with equilibrium structures that can be more complex than in the 2D

case.

In the second study, we investigate systems with physical Hamiltonians based

on one of the 2D tiling models with the goal of stimulating attempts to create a

LP structure in experiments. We explore physically realizable particle designs while

being mindful of particular features that may make the assembly of a LP structure in

an experimental system difficult. Through Monte Carlo (MC) simulations, we have

found that one particle design in particular is a promising template for a physical

particle; a 2D system of identical disks with embedded dipoles is observed to undergo

the series of phase transitions which leads to the LP state.

LP structures are well ordered but nonperiodic, and hence have nontrivial vibra-

tional modes. In the third section of this dissertation, we study a ball and spring

model with a LP pattern of spring stiffnesses and identify a set of extended modes

with arbitrarily low participation ratios, a situation that appears to be unique to LP

systems. The balls that oscillate with large amplitude in these modes live on periodic

nets with arbitrarily large lattice constants. By studying periodic approximants to

the LP structure, we present numerical evidence for the existence of such modes, and

we give a heuristic explanation of their structure.
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1

Introduction

Condensed matter exists in nature in a wide variety of phases. Solid materials

can be amorphous or ordered, with most ordered structures exhibiting periodicity.

Structures also exist with quasi-periodic order, resulting from a competition between

incommensurate length scales [1]. A simple example occurs when monolayers of noble

gas atoms adsorb onto sheets of graphite with a lattice constant incommensurate with

that of the substrate [2]. A more complex example is that of quasicrystals, found

most often as metallic alloys, which have symmetry incompatible with periodicity

and a diffraction pattern consisting entirely of discrete Bragg peaks [3, 4, 5]. In

addition to these atomic structures, materials with nano- and micron-scale features

can be produced through engineering. The recent development of 3D printing allows

for the creation of a very broad range of structures. However, this manufacturing

method is time inefficient and is, therefore, not a good method for mass producing

materials [6]. Engineered structures can also be created through self-assembly or

directed self-assembly in colloidal systems. In both processes, nano- or micron-sized

components, designed with interactions intended to favor a structure of interest, are

immersed in a fluid. In self-assembly, thermodynamic processes alone create the
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desired phase, while in directed self-assembly, additional protocols are followed that

either avoid kinetic barriers to thermodynamic equilibrium or guide the system to a

metastable phase [7]. Colloidal experiments also provide an avenue for studying phase

transitions between thermally equilibrated structures through direct observation of

the individual particles, which is difficult in atomic systems [8].

Recent advances in techniques for synthesizing anisotropic micron-sized particles

have stimulated computational and experimental investigations into what types of

structures can be created in colloidal systems [9, 10, 11, 12]. The particle interac-

tions can be mediated by e.g., the depletion force, molecular recognition, electro-

magnetism, and hydrophobicity. In addition, entropy can drive crystallization in

systems of hard particles [13, 14]. Simulations have observed the formation of or-

dered structures, including quasicrystals and periodic states with large unit cells, in

collections of identical hard polyhedra [15, 16] and the assembly of diamond lattices

in systems of spheres with patches at the corners of a tetrahedron [17]. In experi-

ments, self-assembly and directed self-assembly have led to the formation of binary

crystals of nanoplates and spheres [18], well-ordered kagome lattices of triblock Janus

particles with attractive hydrophobic and repulsive electrostatic patches [19], cubic

crystals of colloidal cubes with depletion interactions [20], and large, dense crystals of

quasi-hard polyhedral silver nanocrystals [21]. Large structures composed of multi-

valent patchy particles have yet to be self-assembled because current manufacturing

processes make the creation of a large number of such particles difficult [9].

The assembly of crystals in colloidal systems is not always straightforward, how-

ever. Kinetic effects may prevent the creation of large, well-ordered crystals on

experimental time scales. Colloidal systems can become jammed when gelation or

percolation occurs, preventing the formation of equilibrated structures [22, 23]. In

addition, systems may become frustrated when clusters incompatible with the sym-

metry of the crystal are preferred local configurations [24]. Another issue to consider
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is unintended polydispersity of the particles due to imperfect manufacturing pro-

cesses. For example, polydispersity in particle size hinders crystallization in systems

with isotropic interactions [25].

The question of what types of structures can spontaneously form has attracted

much attention since the discovery of quasicrystals in the early 1980s [3, 4]. One

conceptually fruitful approach to understanding the stability of quasicrystalline alloys

has been to describe their atomic structure as a decoration of a small number of unit

cell types, or tiles, that are then arranged to fill a quasiperiodic, space-filling tiling [5].

In such models, the interactions between the tiles are represented by matching rules

that determine which local configurations have low energy.

One type of structure that has not been found in nature or synthesized in ex-

periments is a limit-periodic (LP) structure. A LP structure is nonperiodic and

can be thought of as a union of periodic lattices with ever increasing lattice con-

stants [26, 27, 28, 29]. Technically, a pattern is LP if it has a Fourier spectrum

that is described by a LP function; the diffraction pattern of a LP mass density

has symmetry that is compatible with periodicity and consists entirely of discrete

Bragg peaks, yet has no smallest reciprocal lattice vector [30]. LP functions are a

class of the almost periodic functions analyzed by H. Bohr [31] and a function fpxq
is LP if it is the limit of a uniformly convergent sequence tfkpxqu, pk � 1, 2, ...q, of

continuous purely periodic functions [32]. Tiling models with LP ground states are

known [67, 29], but the question of whether the sponaneous emergence of LP order

can occur in nature necessitates the investigation of their thermodynamic proper-

ties. If the tiles in the tiling model form a lattice, the behavior of the system can be

studied using lattice models in which a pseudospin that indicates the type of tile is

assigned to each lattice site [34, 33].

The work presented in this dissertation strongly suggests that the formation of

a LP structure in a physical colloidal system is possible and that such a material
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would have novel and interesting physical properties. Through Monte Carlo (MC)

simulations of lattice models, we determine the types of interactions necessary for

the emergence of LP order. We then design and simulate systems with physically

realizable Hamiltonians based on a tiling model and show that the creation of a LP

structure in a colloidal system is possible. Lastly, through normal mode analysis of

a ball and spring model with a LP pattern of spring constants we discover a set of

sparse, but extended, vibrational modes unique to LP systems.

All of the tiling models studied here are inspired by the Taylor-Socolar (TS)

tile. The TS tile is a single hexagonal tile with nearest- and next-nearest-neighbor

interactions that can only form a LP structure [29]. The limit-periodic pattern is

formed by decorations that break the symmetry of the hexagon when the tiles are

packed in a triangular lattice. In studies of a lattice model of the TS tiling, Byington

and Socolar observed the spontaneous emergence of LP order during a slow quench

through a series of second order phase transitions in which each periodic lattice forms

completely before the next transition begins. Subsequent studies sought to answer

the question of whether a simplified version of the TS tile could still form the LP

state [33]. The black stripe model was then developed which reduced the interactions

of the TS tile to only the nearest-neighbor interactions. Because both nearest- and

next-nearest-neighbor matching rules are necessary to force the LP structure, removal

of the next-nearest-neighbor rules allowed periodic tilings. MC simulations of the

black stripe lattice model were performed and it was found that, despite competition

from an infinite set of periodic ground states, the LP state still formed during a slow

quench in a similar manner to the TS model.

The present work presents original studies of two 3D lattice models with nearest-

neighbor interactions based on tilings inspired by the TS tile. A 3D tile has been de-

signed such that interactions of the TS type are implemented using nearest-neighbor

matching rules alone. This tile may take the form of a zonohedron that packs in an
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FCC lattice. The allowed tilings of the zonohedral model are all LP. One of the LP

ground states is identical to the TS tiling when projected onto a particular plane.

Again, MC simulations show that the LP states form through a sequence of second

order phase transitions.

Mimicking the simplification of the TS tile to the black stripes tile, the zonohe-

dral tile was simplified to create a cubic tile that packs in a simple cubic lattice. The

relaxation of the matching rules again allows periodic tilings, and again MC simula-

tions show that it forms the LP states during a slow quench through a series of phase

transitions. Surprisingly, however, the transitions are now first order. Free energy

calculations were performed in order to determine accurate critical temperatures of

the first three transitions. A scaling relation between the temperatures is derived

and good agreement between simulation and theory is shown. This research on the

3D tiling models has been published in Physical Review E [33].

Though no naturally occurring LP materials have been discovered, the formation

of LP structures in tiling models with only nearest-neighbor interactions suggests

that their creation in a physical system is possible. With the goal of encourag-

ing experimental attempts to form a physical LP structure, particles with realistic

Hamiltonians were designed so that a close packed array of the particles had a low

energy LP state. In designing the particles, we were mindful of particular aspects

of the systems that could create experimental hurdles. Specifically, we considered

the number of types of components and the size, shape, and chirality of the colloidal

particles. Additionally, we describe other effects related to the quasi-2D confinement

of the monolayer that may need to be taken into account if experiments were to be

performed. The sensitivity of each system to uncertainty in experimental parameters

and polydispersity of the particles is also considered.

With these experimental considerations in mind, three physically realizable parti-

cles were developed: a disk with dipoles embedded around its circumference, a hard
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particle with concave and convex sections along its boundary, and a particle that

interacts through shape and the depletion force. The interactions of all particles are

based on those of the black stripe tile. An additional isotropic repulsion is added to

the particles so that they form a triangular lattice when confined to a box. Monte

Carlo (MC) simulations show that two of the three systems can form the LP state

when appropriate protocols are followed. In particular, simulations of the disk with

embedded dipoles suggest that it is a good candidate for a colloidal particle. A de-

sign utilizing doped semiconductors is presented as a potential realization of such

a particle. Although a collection of particles that interact through depletion forms

the desired state in simulations, it does not seem possible that the exact system will

be able to create a LP structure in an experiment because of its extreme sensitivity

to external conditions. The design may, however, be inspiration for similar particles

that are less sensitive to their environment. In addition, we argue that the large

entropy of the partially ordered LP states renders the formation of the LP structure

robust to small variations in particle bond energies, further confirming that the LP

structure may be able to form in an experimental system.

The spectrum of vibrational modes of a LP structure is sure to have novel fea-

tures. Here we study the phonon spectrum of a ball and spring model with a LP

pattern of spring constants and identify characteristics unique to structures with LP

order. The system consists of identical point masses placed on the sites of a trian-

gular lattice and connected by springs on all of the nearest-neighbor bonds. The

springs are assigned one of two possible stiffnesses, where the pattern of assignments

is LP. To study the vibrational spectrum, a hierarchy of periodic approximants is

constructed and standard techniques are used to calculate their phonon modes. Cer-

tain modes with low participation ratios remain unchanged as the lattice constant

of the approximant increases and at each new scale additional modes arise with

even lower participation ratios. Though these modes are extended, and indeed are
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perfectly periodic, the particles that oscillate with large amplitude are confined to

sparse networks of 1D chains. We also find that these modes are not destroyed by

vacancies or by small amounts of disorder in the spring constants. This work has

been submitted to Physical Review B.

This dissertation is organized as follows. Chapter 2 presents background infor-

mation necessary for the understanding of this work. Tiling models and derived

lattice models are discussed in more detail, a description of the 2D LP structure

is given, and the previous work done regarding the TS and black stripe models is

presented. Various methods and derivations of important equations used within this

dissertation are also included. Chapter 3 presents the 3D tiling models, describes

their sets of ground states, and presents the results of the MC simulations of slow

quenches. The free energy calculations done to accurately determine the critical

temperatures of the first three transitions in the cubic model are also described and

a scaling relation between the temperatures is derived. In Chapter 4, we present

models of physical systems with low energy LP states and determine the feasibility

of the spontaneous emergence of LP order in experiments. We discuss problems that

may arise in colloidal systems and present three particle prototypes with physically

realizable Hamiltonians and low energy LP states that were designed to avoid un-

necessary experimental difficulty. The results of MC simulations of slow quenches of

collections of each particle type are presented and the possibility of the creation of a

LP structure in experiments is discussed. Chapter 5 presents the LP ball and spring

model and the hierarchies of low participation ratio modes. An explanation for the

existence of one set of such modes is described in detail and it is shown that this set

is robust to some degree of disorder. Finally, Chapter 6 concludes with a summary

of the original work done and presents possible future directions.
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2

Background Information

2.1 Tiling models

Previous work has used lattice models based on tiling models to study the sponta-

neous emergence of LP order [34, 33]. In a tiling, allowed local configurations of tiles

are determined by matching rules. Tilings can be thought of as the ground states of

models, which we call tiling models, in which energy penalties are assigned to viola-

tions of the rules. A tiling model could be realized physically by a collection of units

whose shapes correspond to the tile shapes and whose internal structure imposes

energetic biases that enforce the matching rules. The thermodynamic stability of

the tiling models are studied using lattice models, which allow the tiles to rotate in

place and convert from one enantiomorph to the other, given that they are already

packed into the correct lattice structure.

2.1.1 Definitions

Some formal definitions necessary for the discussion of the tiling models, taken from

Ref. [33], are as follows.

(1) A tile is a closed, compact set of points in Rn with an assigned integer i
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indicating its type.

(2) A tiling is a set of tiles that collectively cover the entire space Rn with no

two tiles sharing any interior points. (Adjacent tiles share only points on their

boundaries.)

(3) A set of matching rules for a tiling is a specification of allowed configurations

of pairs of tiles; i.e.. a specification of which tile types are allowed for two tiles

that occupy given positions in Rn. Matching riles are typically taken to be locally

specifiable. For present purposes, the matching riles may constrain the pairs of tile

types allowed for adjacent tiles and for next-nearest-neighbor tiles.

(4) A tiling model is an assignment of energies to the tilings that can be composed

from a given set of tiles. We construct tiling models in which the energies are

determined by the number and type of violations of matching rules in the given

tiling, with each violation independently contributing a positive definite energy.

(5) A prototile P is a prototype of a tile. It is a geometric unit that is shaped

or decorated in a way that displays the matching rules directly. Each tile in a tiling

is a copy of a prototile. Each different tile type can be realized as a rotation and/or

reflection of one element of the set of the tiling’s prototiles, tPiu, i � 1, ...K.

(6) A lattice model assigns a generalized spin variable qj to each of the sites of a

discrete lattice and an energy to each spin based on its value and those of the spins

in its local environment. For a tiling in which the geometric arrangement of tiles is

a lattice (though the tile types are not determined by the lattice structure), a lattice

model can be constructed in which the spin index qj indicates the type of tile at

lattice site j. The Hamiltonian for such a lattice model assigns an energy to each

spin that corresponds directly to the energy of the corresponding tile in the tiling

model.

Two tiling models that have been previously studied as lattice models are the TS

model and the black stripe model [29, 34, 33].
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Figure 2.1: (a) The TS model tile and matching rules. Energetic penalties are
assigned to discontinuities in both the black and purple lines and are ε1 and ε2,
respectively. (b) The black stripe model tile. An energetic penalty ε1 is assigned to
discontinuities in the black lines. The black stripe model is identical to the TS tile
when ε2 � 0.

2.1.2 Taylor-Socolar model

The TS prototile is the TS tile, which is a 2D hexagon with decorations that break

all of its rotation and reflection symmetries. In the TS model, there are 12 tile

types corresponding to the six rotations and two reflections of the prototile. All

tilings of the TS tile are hexagonal close packed. The nearest- and next-nearest-

neighbor matching rules can be conveniently expressed using the decoration shown

in Fig. 2.1(a). The rule is that all black and purple bars must join to form continuous

lines. A nearest-neighbor bond is assigned energy ε1 ¡ 0 if the black bars are

discontinuous. Similarly, a discontinuity in the purple bars of a next-nearest-neighbor

bond is assigned energy ε2 ¡ 0. The LP structure is the unique ground state of the

TS model. (A proof of the aperiodicity of the TS tile can be found in Ref. [29].)

The TS tile in 3D is symmetric under inversion, but its opposite faces have different

chirality when viewed as 2D tiles with their outward normals pointing in the same

direction. The transformation of the tile under a rotation by π about an in-plane

axis is shown in Fig. 2.2. If the tile is in a purely 2D geometry, this rotation is

not allowed and two tiles of the types shown in Fig. 2.2 are necessary to complete

the tiling. The corresponding lattice model is a triangular lattice of spins with 12
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Figure 2.2: A rotation of the TS tile by π about an in-plane axis.

possible values of qj and both nearest- and next-nearest-neighbor interactions.

2.1.3 Black stripe model

The prototile of the black stripe model is the TS tile with the next-nearest-neighbor

matching rules removed. The model is equivalent to setting ε2 � 0 (see Fig. 2.1(b)).

The relaxation of the matching rules results in an infinite number of degenerate

ground states, including both periodic and LP structures. The prototile in the black

stripe model is not chiral; the tiling consists of a single tile and its rotations. Thus

there are only six tile types. The corresponding lattice model is a triangular lattice

with six possible values for qj and only nearest-neighbor interactions.

2.2 2D limit-periodic tiling

The TS tiling is a dense packing of a single type of tile arranged on a triangular

lattice and oriented to form the LP pattern in Fig. 2.3(a) [29]. The LP structure

is completely homogeneous in the sense that that is consists of a uniform density

of identical units. The periodic arrays that form this LP structure are lattices of

triangles. A triangle is formed by the decorations on 3 � 2n�1 tiles, where n is any

positive integer. Each set of triangles of a given size forms a crystal, with the centers

of the triangles at the vertices of a honeycomb lattice. Three of these tiles create the

corners, while the rest form the edges. A triangle with a given n is referred to as a
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Figure 2.3: (a) The TS tiling. The purple bars are recolored according to their
sublattice. (b) One of the three overlapping patterns of colored bars and the tiles
that create it. Sets of level 1 triangles are bolded in each image to highlight the
structure of the individual levels.
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level-n triangle. The honeycomb lattice of level-n triangles is referred to as level n.

Note that the purple stripes form three overlapping, scaled, and rotated copies of the

black stripe pattern. (One of these purple stripe patterns is shown in Fig. 2.3(b).) A

level-n array formed by the black stripes has a lattice constant of 2n tile diameters,

where the diameter is the distance between opposite edges, a level-n array formed

by the purple stripes has a lattice constant of
?

3� 2n tile diameters.

Every level n is exactly six-fold symmetric. The LP structure is six-fold symmetric

in the sense that the pattern within any local region exists in equal numbers in each

of the six orientations corresponding to rotations of π{3. The LP structure therefore

has a point group symmetry that is compatible with periodicity and a diffraction

pattern consisting entirely of discrete Bragg peaks. However, because of the hierarchy

of lattices, there is no largest triangle within the structure, and therefore no smallest

wavevector. The set of Bragg peaks is dense everywhere. Note that the LP tiling of

the black stripe model is equivalent to the TS tiling with the purple stripes removed.

Byington and Socolar identified a decoration of the TS and black stripe tiles such

that the mass density of the limit-periodic structures, Fig. 2.4(a) and (b), allowed for

a straightforward calculation of the diffraction patterns, shown in Fig. 2.4(c) and (d) [33].

The patterns are 6-fold symmetric and consist entirely of discrete Bragg peaks. (Note

that the diffraction patterns in Fig. 2.4 differ from those in Ref. [33]. Errors in the

original paper were found and are corrected in Ref. [35].) When a finite number of

levels is used, the peak intensities become flat as q Ñ 0, where q is the magnitude

of the wavevector, like they would in a periodic crystal. In the limit of an infinite

number of levels, however, interference from the higher levels causes the envelope of

the peak intensities to decay like q�8 for the ε2 � 0 mass decoration of Fig. 2.4(a)

and q�4 for the ε2 � 0 mass decoration of Fig. 2.4(b).
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2.3 2D staggered tetrahedral order parameters

Here we present a way in which to characterize the LP order in a statistical mechan-

ical lattice model at finite temperature. In any partially ordered TS or black stripe

model tiling in which the largest level triangles create level n, levels m   n must also

Figure 2.4: (a) A region of mass density for computation of the diffraction pattern
for the ε2 � 0 mass decoration. Black and light gray (light purple) disks represent
point particles of equal mass m. Darker gray (darker purple) represent particles of
mass 2m. (b) The mass density for computation of the diffraction pattern. Black
dots represent point masses of equal mass. Gray lines are guides to the eye. (c)
The total computed diffraction pattern for levels 1 through 6 of the ε2 � 0 mass
decoration. The largest wave vectors shown correspond to the basis vectors of the
reciprocal space associated with the undecorated hexagonal tiling. (d) The total
computed diffraction pattern for levels 1 through 6 of the mass decoration. The
largest wavevectors shown correspond to the basis vectors of the reciprocal lattice
associated with the undecorated hexagonal tiling.
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be formed in order to satisfy the matching rules. Such a structure, however, gives

no information about levels m ¡ n other than the possible positions of their corners.

In this sense, the level n� 1 structure is independent from all levels 1 through n. A

partially ordered LP structure can therefore be described by order parameters of the

individual levels φn, defined on a structure in which all levels m   n are ordered [34].

Consider the level-1 lattice shown in Fig. 2.5(a), which is formed by the corner

decorations on 3{4 of the tiles and leaves those on sublattice A unused. The order

parameter for a structure of this type is defined as follows. Each tile j is assigned

a “staggered tetrahedral spin” vector σ1,j � eX , where X indicates one of the four

vertices of a reference tetrahedron (see Fig. 2.5(b)). The spin is determined both

by the orientation of the diameter joining its two black triangle corners and by the

sublattice to which it belongs, according to the map shown in Fig. 2.5(b). For exam-

ple, a tile with corners aligned vertically and sitting on the B sublattice is assigned

σ1 � eA. Note that specifying σ1,j does not completely specify the orientation of tile

j. There are four consistent choices, corresponding to the two possible locations of

the long black stripe and two possible orientations of the long purple stripe. Note

also that for any given tile, σ1 can take only three of the four possible values.

The average total spin is defined as σ1,tot � 1
N

°
j σ1,j, where N is the number of

tiles in the system. In the pattern shown in Fig. 2.5(a), which only consists of the

B, C, and D sublattices, the total spin lies in the eA direction. Alternatively, the

pattern could form around the sites of the B, C, or D sublattice, yielding σ1,tot in

the corresponding direction.

The order parameter for level 1 is

φ1 � max pσ1,tot � eXq , (2.1)

where X runs over the sublattice indices tA,B,C,Du. The projection operation in

the definition of φ1 serves to assign the same value to all configurations with the
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same tile orientations in the corner set, but different rattler configurations.

When level 1 is fully ordered, the tiles on one of the four sublattices are unused

and may be in any of their possible states. For the example shown in Fig. 2.5(a),

these are the white tiles on sublattice A. One sees by inspection, however, that those

tiles form a lattice equivalent to the original lattice and with an equivalent matching

rule enforced through the long stripes on the level-1 tiles that connect the tiles of

sublattice A, as illustrated in Fig. 2.5(c). A second order parameter, φ2, is defined

analogous to φ1 but obtained by summing only over the tiles in sublattice A (which

is now regarded as a union of four sparser lattices). Given a full ordering of φ2, one

can then identify the correct sublattice for defining φ3, and so forth. Each order

parameter φn thus measures the degree to which a periodic lattice of black triangles

with edges consisting of 2n�1 � 1 tiles is formed.

2.4 Mechanism of assembly of the 2D limit-periodic structure

2.4.1 Hamiltonian

The development of long range order in the TS and black stripe models was studied by

Byington, Qian, and Socolar through Monte Carlo simulations of the lattice models

described Sec. 2.1 [34, 33]. A standard Metropolis algorithm was used with allowed

moves being rotations of a single tile by π{3 and, in the TS model, switching between

enantiomorphs [36].

The specific system studied is a rhombus with 3 � 2n tiles per edge, where n is

an integer, and periodic boundary conditions. The Hamiltonian is

Uipoq � ε1mb � ε2mp , (2.2)

where o indicates the orientation of the tile and mb and mp are the numbers of

mismatches in the black and purple stripes, respectively, among the tile pairs that

include tile i. Note that in the black stripe model ε2 � 0. The Monte Carlo moves
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Figure 2.5: (a) Level-1 ordering in the TS model. A subset comprising three
quarters of the tiles is shown. For each tile, the black and thick gray (purple) corner
decorations are included, but not the long stripes. Each tile shown may be in any
of the four orientations corresponding to the possible positions of the long black and
thick gray (purple) stripes. The tiles lying on sublattice A do not contribute any of
the decorations in the pattern shown here. (b) The spins used to define the order
parameter for the level-1 transition. See text for explanation. (c) Level-2 ordering in
the TS model. Three quarters of the tiles on sublattice A of panel (a) participate in
the formation of black and purple triangles. The light-colored tiles and decorations
display the level-1 order. Double stripes indicate the possible locations of black and
thick gray (purple) stripes on tiles that contribute corners to the level-1 triangles.
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are performed in the following way. A tile i is randomly selected. Let q be its current

orientation. A randomly proposed state q1 is selected from the allowed number of

possible states and is accepted with probability

P pi, q, q1q � min t1, exp p�pUipq1q � Uipqqq{T qu . (2.3)

2.4.2 Thermodynamically favored states

In the TS and black stripe models, the LP structure formed during a slow quench

through a series of phase transitions corresponding to the ordering of the individual

levels. As the temperature is lowered, the levels order with increasing n through

second order phase transitions. The order parameters for levels 1 through 4, as

defined in Sec. 2.3, are plotted in Fig. 2.6(a), (b), and (c) as a function of temperature

for ε2 � 1, ε2 � 1{2, and ε2 � 0, respectively. In all simulations ε1 � 1. Note the

rapid saturation of φn below the critical temperature Tc;n. As shown in Fig. 2.6,

when ε2 is lowered, the transition temperatures decrease. Remarkably, however,

the transition temperatures do not go to zero for ε2 � 0, nor are these transitions

preempted by a transition to a different phase; the sequence of transitions leading

to the limit-periodic state still takes place despite the existence of periodic ground

states for this Hamiltonian.

2.4.3 Scaling relations in 2D

For completeness, we review here the derivation of a scaling relation that connects

the transitions at different levels [12]. The partition function of the entire system of

TS tiles can be written as a configuration sum of the following form

Z1pT ; ε1, ε2q �
¸

config.

¹
n.n.

epε1�ε1q{2T
¹

n.n.n.

epε2�ε2q{2T . (2.4)

Here the products are over nearest-neighbor and next-nearest-neighbor bonds, re-

spectively, and the sign in the exponent is taken to be positive if that bond is mis-
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Figure 2.6: The order parameters φn vs T from a quench for the cases (a) ε2 � 1,
(b) ε2 � 1{2, and (c) ε2 � 0. Quench parameters can be found in Ref. [33].
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matched in the current configuration and negative if that bond is matched.

Now let us assume for the moment that φ1 is fully saturated; i.e., that the tiles

forming the level-1 lattice are somehow clamped into the configuration of triangle

corners shown in Fig. 2.5(a). The remaining triangle corners that are free to move

now lie on the tiles of sublattice A. These corners do not connect directly but do

become correlated due to an effective interaction mediated by the long black stripes

of the tiles of the B, C, and D sublattices. In fact, the partition function for the

remaining degrees of freedom in the tiling at a given temperature T1 is precisely

equivalent to the original partition function but with renormalized values of ε1, ε2,

and T .

Under the saturation assumption, the bonds between nearest level-n corners are

independent in a given configuration of the level-n tiles. Hence, the partition function

of the entire configuration can be written as a product of the appropriate ζ�. Using

the same configuration sum as in the full level-1 case, the level-n partition function

is written in the form:

ZnpT ; ε1, ε2q �
¸

config.

¹
n.n.

ζ�n pT ; ε1q
¹

n.n.n.

ζ�n pT ; ε2q . (2.5)

Again the value of each � is determined by the state of the bond, matched or

mismatched, in the configuration being summed.

Due to the identical configuration sums in the partition functions, the level-n

system behaves equivalently to the system at level 1 when the level-n bond partition

functions ζ�n pT ; εq are equal to those for level 1: ζ�1 pT ; εq � e�ε{T , up to a constant

multiplicative factor. This relation is used to determine the scaling factors for ε and

T . Explicitly, the partition function for level n is identical to that of an effective
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Figure 2.7: A level-3 edge with (a) mismatched corners and (b) matched cor-
ners. The partition functions of the systems in (a) and (b) are identical to those
of Ising chains of length four with periodic and antiperiodic boundary conditions,
respectively.

level-1 system if and only if the following system of equations holds:

ζ�n pTn; ε1q � α1ζ
�
1 pT1; ε1q

ζ�n pTn; ε1q � α1ζ
�
1 pT1; ε1q

ζ�n pTn; ε2;nq � α2ζ
�
1 pT1; ε2;1q

ζ�n pTn; ε2;nq � α2ζ
�
1 pT1; ε2;1q . (2.6)

Here α1 and α2 are arbitrary constants and it is assumed that ε1 is fixed for the

scaling (it serves as the unit of energy).

To reduce Eq. (2.6) to a scaling relation for ε2 and T , it is noted that each level-n

bond is a 1D Ising chain with 2n�1 possible mismatches, as illustrated in Fig. 2.7.

Therefore the level-n bond partition functions are simply

ζ�n pT ; εq � 1

2

�p1� e�ε{T qkn � p1� e�ε{T qkn� ,
ζ�n pT ; εq � 1

2

�p1� e�ε{T qkn � p1� e�ε{T qkn� , (2.7)

where kn � 2n�1. Equations (2.6) and (2.7) imply the following scaling relations for
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Figure 2.8: Data collapse obtained from the scaling theory for the data in Fig. 2.6
for the cases (a) ε2 � 1 and (b) ε2 � 0. Deviations of the level-4 points from the
others are finite-size effects due to the relatively small number of level-4 triangles in
the system. Quench parameters can be found in Ref. [33].

Tn and ε2;n:

tanh

�
ε1

2T1



�
�

tanh

�
ε1

2Tn


�kn

and tanh

�
ε2;1

2T1



�
�

tanh

�
ε2;n

2Tn


�kn
. (2.8)

The scaling relations apply for at T . Consider now the behavior of the system

during a slow quench. When T drops below Tc;1, the level-1 ordering rapidly sets

in. For the case ε2 � ε1, Eq. (2.8) gives a relation between the behaviors of the

same system at different temperatures. Recall that this relation is derived under the

assumption that the level-(n� 1) order is perfectly locked in at all temperatures for

which φn is nonzero. For the renormalized temperature

Tc;2 � 2

�
tanh�1

�b
tanhp1{2Tc;1q


��1

, (2.9)

at which the level-2 partition function maps onto the level-1 partition function at

Tc;1, φ1pTc;2q � 0.992, so the deviations from the derived relation are expected to be

small. A more detailed discussion of the deviations can be found in Sec. ??.
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Figure 2.9: Solid circles show the dependence of Tc;1 on ε2, for ε2 ¤ 1, obtained from
simulations of slow quenches. For each value of ε2, Tc;1 is approximated as the highest
temperature for which φ1 ¡ 0.1. Open circles show the dependence of Tc;n on ε2, for
ε2 ¤ ε1 � 1, obtained from Eq. (2.8). The lines in this figure connect parameters for
systems that exhibit equivalent behavior. As one follows a line downward and to the
right, the open circles indicate transitions of levels-2 through -5.

Using the scaling relations in Eq. 2.8 for the cases ε2 � ε1 and ε2 � 0, an excellent

data collapse is obtained for several levels by plotting φnpTnq as a function of T1pTnq,
as is seen in Fig. 2.8. These scaling relations also yield predictions when ε2 � ε1,

In this case, holding ε1 fixed, one can map the level-n system at a given ε2 and Tn

onto the level-1 system at a different ε2 and T1 by solving the first equation for T1

and the second for ε2;1. The structure of the scaling relations is shown in Fig. 2.9.

Each circle in the figure marks a critical temperature for some transitions. Points

connected by a line are equivalent by the scaling relations, with the level increasing

as one moves down and to the right. The curves all approach the point T � 0 and

ε2 � 1 as nÑ 8.
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2.5 Methods and derivations

2.5.1 Frenkel-Ladd method of thermodynamic integration

To determine the relative stability of different possible phases in the tiling models,

we will compare the free energies of periodic and partially ordered LP states. The

free energy calculations are performed using the Frenkel-Ladd method of thermody-

namic integration. The method consists of finding some reference system for which

the free energy can be determined analytically and from which there is a smooth

path in parameter space to the system of interest (not passing through any phase

transitions) [37]. The system is then monitored during a simulation in which a pa-

rameter is slowly varied, which switches the Hamiltonian from that of the reference

system H0 to that of the system of interest H1. Let the Hamiltonian Hλ be

Hλ � p1� λqH0 � λH1 , (2.10)

where λ ranges from 0 to 1. The free energy fpβq of the system of interest is computed

using the relation:

fpβq � f0pβq � 1

N

» 1

0

BBHλpβq
Bλ

F
dλ , (2.11)

where f0pβq is the free energy for the λ � 0 Hamiltonian H0.

2.5.2 Depletion force

In Sec. 4.4.3, we introduce a particle with similar interactions to the black stripe

tile that interacts with its neighbors through the depletion force. MC simulations

are used to determine if a collection of these particles could form a LP structure in

experiments. Because this investigation is a proof of concept, we use the simplest

approximation to the interactions between the macromolecules and the depletants.

Here the depletants are treated as an ideal gas [38, 39, 40]. The assumptions

used in this derivation are that the particles are non-interacting, that the solution
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of both depletants and macromolecules is dilute, that the number of depletants N

is large, and that the density of depletants a distance Dp �Dd from the particles is

uniform, where Dp is the diameter of the macromolecule and Dd is the diameter of

the depletant.

The free energy can be obtained using

F � �kBT lnZ . (2.12)

The partition function of an ideal gas is

Z
VA

N !Λ3N
, (2.13)

where VA is the volume available to the depletants and Λ � h?
2πmkBT

, where m is the

mass of the depletants. The free energy is thus

F � �kBT ln

�
V N
A

N !Λ3N



� �kBT ln

�
V N
A

V N



� Fideal , (2.14)

where Fideal is the free energy of an ideal gas in a volume V . We define Fdep. �

�kBT ln
�
V NA
V N

	
and substitute VA � V � VE, where VE is the volume from which the

depletants are excluded, to obtain

Fdep. � �NkBT ln

�
1� VE

V



. (2.15)

Using the assumption that VE{V    1, we get

Fdep. � NkBTVE
V

� nkBTVE � 3φ

4πpDqd{2q3kBTVE , (2.16)

where n is the number density of depletants and φ � n4π{3pDd{2q3 is the volume

fraction of spherical depletants.
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More sophisticated models of the system can be arrived at by using the Derjaguin

approximation and density functional theory [41, 42] . The Derjaguin approximation

includes interfacial tension and other interactions between macromolecules, which

are important when the density of macromolecules is not small. Density functional

theory takes into account variations in the density of the depletants.

Simulation results have indicated that the system of particles that interact through

the depletion force is too sensitive to external conditions to be a model for an ex-

perimental system. Inclusion of effects caused by macromolecule interactions and a

nonuniform density of the depletants should not change this result and it was there-

fore not necessary to perform follow up simulations with a more complicated, but

accurate, free energy. Further discussion of the particular reasons why this model

would not form a LP structure in experiments can be found in Sec. 4.4.3.

2.5.3 Phonon calculations

The following section describes the methods used to calculate the normal mode fre-

quencies and polarization vectors of the ball and spring models introduced in Sec. 5.2.

Following standard practice for a lattice with a basis [43], we let uipR, tq denote the

displacement of the particle at equilibrium position R. The index i specifies which

element of the basis corresponds to position R. For a normal mode with wavevector

q and frequency ω we have

uipR, tq � <
�
εie

ipq�R�ωtq� � puixpR, tq, uiypR, tqq , (2.17)

where < denotes the real part and εi is a polarization vector that is the same for the

particle in each unit cell corresponding to basis element i. The εi’s are normalized

such that
°
i εi � εi � 1, where the sum runs over the sites in one unit cell. Defining

fi � 1

µ

6̧

j�1

kij
��
εi � εjeiq�nij

� � n̂ij� n̂ij � pfix, fiyq , (2.18)
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where nij � rj � ri, ri is the position of particle i, and kij is the coupling strength

of the bond between particle i and nearest-neighbor j and the vectors

F � pf1x, f1y, f2x, f2y, ..., fNx, fNyq (2.19)

E � pε1x, ε1y, ε2x, ε2y, ..., εNx, εNyq (2.20)

one constructs the dynamical matrix Dpqq with elements

Dn,mpqq � BFn
BEm

, (2.21)

where n and m integers between 1 and 2N . Periodic boundary conditions are used

when constructing D.

The normal modes and their frequencies are determined by the eigenvalue equa-

tion �
Dpqq � ω2I

�
E � 0 . (2.22)

After constructing the dynamical matrix corresponding to the proper assignment of

coupling strengths kij, we use standard Mathematica functions to solve for ω and E.
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3

3D tiling models with limit-periodic ground states

3.1 Introduction

The material in this Chapter has been published in Physical Review E [33]. In our

paper, we build on the work described in Ref. [34], which presents strong evidence

that a lattice model based on the TS tile undergoes an infinite sequence of phase

transitions if cooled sufficiently slowly. We study this lattice model as a function

of the strength of the next-nearest-neighbor interactions and introduce closely re-

lated 3D models with only nearest-neighbor interactions that exhibit LP phases. For

models with no next nearest-neighbor interactions of the TS type, there is a large

degenerate class of ground states, including crystalline patterns and LP ones, but a

slow quench still yields the LP state. For one of the 3D models, we show that the

phase transitions are first order, with equilibrium structures that can be more com-

plex than in the 2D case, and we include a proof of aperiodicity for a geometrically

simple tile with only nearest-neighbor matching rules.

For the TS lattice model, we present calculations of the diffraction pattern for a

particular decoration of the tile that permits exact expressions for the amplitudes.
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However, the diffraction patterns presented in Ref. [33] are incorrect. We found

technical errors in Sec. VI of the paper, which I corrected and we published in

Ref. [35]. The details of the diffraction pattern calculations are not included in this

dissertation.

We also identify domain walls that appear in rapid quenches of the TS lattice

model and slow the relaxation times in the ordered phases. For the TS model, we

suggest a scaling relation between the relaxation times of the individual levels below

their respective critical temperatures, but found poor agreement between the scaling

and the results of MC simulations. How the relaxation times scale with level remains

an open question.

This chapter gives a summary of my primary contributions to the paper which

consisted of investigations into how the rules that require a complex tile shape might

be relaxed without losing the thermodynamic stability and dynamical accessibility

of the LP ground state. Specifically, I studied two 3D models closely related to the

TS tiling and the black stripe model. First, a modification of the TS tile allows for a

3D face-centered-cubic (FCC) lattice model with only nearest-neighbor interactions

that still permit only LP ground states. Second, a simplification of the 3D model in

which the interactions that force the LP state are removed shows similar behavior

to the black stripe model, but the transitions in this case are first order.

Here we present a rhombohedral prototile that has the shape of the unit cell

of a 3D (FCC) lattice. The next nearest-neighbor matching rule for the TS tile is

now implemented as a nearest-neighbor rule in a hexagonal layer normal to the 111

direction in the FCC lattice. We present a careful study of the thermodynamics of

this model for the case where the in-plane rules (analogously to the next nearest-

neighbor rules of the 2D model) are absent. This model is shown to display a highly

complex set of ground states, some of which are periodic, and to reach one of the LP

states upon slow quenching via a sequence of first order phase transitions.
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Figure 3.1: (A) The zonohedral model tile. Various views of the tile are shown in
(a), (b), and (c). Two views of tiles in three different layers are depicted in (d) and
(e). (B) The cubic model. Various views of the tile are shown in (a), (b), and (c).
Two views of tiles in three different layers are depicted in (d) and (e).

3.2 3D models

We consider two distinct tiling models, each based on a tiling with a single prototile.

The prototile is a rhombic dodecahedron with markings as shown in Fig. 3.1(A).

The edges of the prototile lie along the tetrahedral directions 111, 111, 111, and

111. The prototile is chiral, and the tiling contains both enantiomorphs. This model

is closely related to the Taylor-Socolar model. The tiles sit at the sites of a face-

centered cubic lattice. The matching rules are that darkest gray (purple) and gray

patches around the equator must match to like colors and black bars must be contin-

uous across faces, and the energetic costs for mismatches are ε1 and ε2, respectively.

Orienting the lattice such that the 111 direction is vertical, each layer of tiles at the

same height forms a hexagonal packing in which the color matching rule is equivalent

to the purple stripe rule in the TS model. The black bars connect tiles in different

layers. They are almost equivalent to the TS black stripes, but there is a subtle
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difference. Because the bars connect tiles in different layers, there cannot be a closed

triangle. As shown in panels (d) and (e) at bottom right in Fig. 3.1 and explained in

detail below, a triangle in the TS tiling becomes an infinite helix in the zonohedral

tiling. The corresponding lattice model is a face-centered cubic lattice with 12 pos-

sible values for qj and only nearest-neighbor interactions. Note, however, that the

prototiles can be compressed as desired along the 111 direction and the length of the

6 edges oriented along the 111 direction is arbitrary as well.

The prototile is a rhombohedron with markings as shown in Fig. 3.1(B). The

length of the diagonal in the 111 direction can be chosen arbitrarily; we take it to

correspond to a cubic tile shape for convenience. The prototile is chiral, and the tiling

contains both enantiomorphs. This model is equivalent to the zonohedral tiling with

the color matching rules deleted; i.e., with ε2 � 0. It is thus related to the black

stripe model in the same way that the zonohedral model is related to the TS model;

the black bars in the tiling can form helices whose projections on the 111 direction

are the triangles in a black stripe tiling. The corresponding lattice model is a simple

cubic lattice with 6 possible values for qj and only nearest-neighbor interactions.

One motivation for considering 3D models is that the next-nearest-neighbor in-

teractions between the 2D tiles can be realized in a natural way as nearest-neighbor

interactions in 3D tiles. There is, however, an important difference between the

zonohedral model and the TS model, as mentioned in Section 2.1.2. A feature of the

TS model that played a significant role in the proofs of aperiodicity of the ground

state [29] is that when two tiles sharing a vertex are oriented such that two corners

of a black triangle are formed around that vertex, the third tile sharing that vertex is

forced to contribute a corner that completes the triangle. The same is true for three

next-nearest-neighbor tiles that combine to form a thick gray (purple) triangle. In

the 3D models, however, the situation is not quite equivalent.

Let the tile centers in the 3D model be at the positions j1a1� j2a2� j3a3, where
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ji is an integer. For the zonohedral model, which forms a FCC lattice, we take

a1 � p1, 1, 0q, a2 � p0, 1, 1q, a3 � p1, 0, 1q . (3.1)

For the cubic model, which forms a simple cubic lattice, we take

a1 � p1, 0, 0q, a2 � p0, 1, 0q, a3 � p0, 0, 1q . (3.2)

Let L` denote the set of tiles in the layer defined by j1 � j2 � j3 � `. The black bar

matching rules connect tiles in layer ` to tiles in layers ` � 1 and ` � 1, and never

connect two tiles in the same layer, which immediately implies that the black bars

cannot form triangles. For a given black bar corner on a tile in layer `, the two tiles

that contribute black bar corners connecting to it are not neighbors of each other,

as one is in layer `� 1 and the other is in layer `� 1, and therefore do not constrain

each others’ orientations.

As shown in Ref. [33], this weakening of the matching rules still does not allow

the set of ground states of the zonohedral model to include periodic tilings. It is

also straightforward to see that ground state configurations can be constructed that

project directly onto the TS model ground states, with the triangles in the 2D model

becoming helices with axes along the 111 direction in the 3D models, although the

proof does not yield a complete characterization of all of the degenerate ground

states. The Monte Carlo studies below indicate, however, that the ground state

reached through slow quenching is in fact closely related to the TS ground states.

For purposes of explication and visualization, we use an alternate version of the

zonohedral tile in the discussion below. We use both enantiomorphs of the chiral

cubic prototile shown in Fig. 3.2, which sit on the sites of the simple cubic lattice of

Eq. (3.2). In this representation, the colored faces of the zonohedral tile have been

shrunk to zero height, so the color matching rules now appear as rules governing tiles

that share an edge. The rule is that the gray (purple) bars must continue across each
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Figure 3.2: Image of one enantiomorph of the cubic prototile, which is an alternate
representation of the zonohedral tile. The axis arrows turn from dark to light where
they intersect the faces of the cube. (a.) The arrow indicates the 111 axis of the cube,
defined to be the c axis. (b.) A projection of the tile onto the plane perpendicular
to the c axis.

edge. As in the 2D model, matches are assigned an energy 0, black bar mismatches

an energy ε1 ¡ 0, and purple bar mismatches an energy ε2 ¡ 0.

3.3 Zonohedral model: ε2 � ε1

In the zonohedral model, the ground states consist of parallel layers of tiles containing

2D patterns of purple bars identical to one of the three subsets of purple stripes in

the TS model. These layers are coupled by black bars, which form arrays of helices

aligned along the 111 axis (the c-axis of Fig. 3.2(a)) whose projections onto the plane

are triangles. In one of the ground states, the projection of all of the the black bars

onto a plane normal to the c-axis is identical to the ground state of the TS 2D model.

Images of this state are shown in Fig. 3.3. As in the 2D model, the triangles formed

by the thick gray (purple) bars are labeled by an index n, such that a triangle of

level-n is formed by 3 � 2n�1 cubes. Similarly, we can group the black helices into

levels such that a level-n helix consists of 3�2n�1 cubes per turn. Table 3.1 contains

a complete description of a level-n helix, and Fig. 3.4 illustrates the level-2 case.

An ordered level-n state is defined as a state in which helices at all levels with
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Figure 3.3: (a) A projection of a section of one of the limit-periodic states onto the
plane perpendicular to the c-axis of the cubic lattice. The gray (red, green, and blue)
triangles are formed from purple bars that were re-colored according to their layer
for ease of viewing. Level-1 helices correspond to the smallest black triangles, level-2
helices to the next largest, and so on. Similarly, level-1 triangles are the smallest
colored triangles, level-2 the next largest and so on. (b) Image of 9 layers of the 3D
structure that gives the projection of the black bars in (a). The gray (colored) bars
were left out for clarity.

Figure 3.4: Illustration of the structure of level-2 helices. Letters (a)-(f) label the
parts of the helix, with (a), (c), and (e) being corners and (b), (d), and (f) being
edges. The symbols R and L labels right- and left-handed helices, respectively.
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Table 3.1: Description of one turn of a single-stranded level-n helix, where kn � 2n�1

and k1n � 2n�1 � 1. Letters (a)-(f) label the parts of the helix, with (a), (c), and (e)
being corners and (b), (d), and (f) being edges. The coordinates listed locate the
centers of the tiles that form these elements. The label R (or L) indicates the set of
coordinates for a right- (or left-) handed helix. Figure 3.4 shows one full turn of a
single strand of a level-2 helix for both the right- and left-handed cases.

coordinates of tiles
(a) pn1, n2, n3q n1, n2, n3 P Z
(b) tpn1 � x, n2, n3qu 1 ¤ x ¤ k1n, x P Z
(c) pn1 � kn, n2, n3q
(d) R : tpn1 � kn, n2 � y, n3qu 1 ¤ y ¤ k1n, y P Z

L : tpn1 � kn, n2, n3 � zqu 1 ¤ z ¤ k1n, z P Z
(e) R : tpn1 � kn, n2 � kn, n3qu

L : tpn1 � kn, n2, n3 � knqu
(f) R : tpn1 � kn, n2 � kn, n3 � zqu 1 ¤ z ¤ k1n

L : tpn1 � kn, n2 � y, n3 � knqu 1 ¤ y ¤ k1n

indices less than n have ordered. We define a column of tiles to be the set of tiles at

positions:

tpn1 � `, n2 � `, n3 � `qu for ` P Z . (3.3)

Three columns forming a level-1 helix are depicted in Figs. 3.5(a) and (b), with each

column shown in a different color.

We define a subset of layer indices:

ppiqn � tp : modknp � iu , (3.4)

where kn � 2n�1. The subset of layers with indices p
piq
n is denoted by `in. Each level-n

helix has corners in layers ` P `in for some i. The full set of level-n helices is a union

of 2n�1 lattices of helices, each corresponding to a different value of i. Figures 3.5(c)

and (d) show a possible arrangement of two level-2 helices corresponding to the two

different i’s.

Consider now the level-n helices corresponding to a given value of i. The axes

of these helices pass through the vertices of a honeycomb lattice. This is a bipartite
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Figure 3.5: (a), (b) Representations of a level-1 helix. Cubes of the same color
belong to separate columns. (c), (d) Representation of a level-2 helix with level-1
designs left out for clarity. Bars belonging to a given cube are shown in the same
color. Cubes containing bars of different colors do not interact with each other.

Figure 3.6: Helices of one chirality are colored gray (red), while the others are
colored black (blue). (a) Level-1 lattice. (b) A section of a fully ordered structure.

lattice, and the helices with axes on nearest-neighbor vertices have opposite hand-

edness. For the level-1 lattice, there are two possible chirality patterns. Level 1 can

form such that the light gray (red) helices in Fig. 3.6(a) are either right-handed or

left-handed. The dark (blue) helices and light (red) helices have opposite chiralities.

The chirality pattern of level-1 fixes that of the higher levels: the chirality of a level-n

helix is opposite to that of the level-(n� 1) helix which it surrounds, for n ¡ 1, as is

depicted in Fig. 3.6(b).
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Figure 3.7: A 2D projection of a section of an ordered level-1 structure. Note
that the sublattices shown contain only cubes with layer indices in `0

2. Bars not
contributing to the level-1 structure have been left out for clarity.

The level-1 lattice of helices can form such that the centers of the honeycomb

cells fall on any one of the sublattices A, B, C, or D of Fig. 2.5(a). We let S1,0

denote this choice, where the index 1 denotes the level and the index 0 specifies the

value of i corresponding to this set of helices.

Given the value of S1,0, the level-2 honeycomb cell centers can again lie on any

of four sublattices, which we denote by S2 P tA2, B2, C2, D2u (see Figs. 3.7 and 3.8).

Moreover, each of the two sets of helices corresponding to different values of the

index i defined above can have a different value of S2, which we label S2,0 and S2,1.

Iterating this process for choosing sublattices at each scale, we see that the location

of the honeycomb lattice of helices with corners in `
piq
n is uniquely specified by the

sequence tS1,0, S2,s2 , S3,s3 , . . . , Sn,snu, where sn � i and sn1 � mod 2n1�1sn1�1 for

1 ¤ n1   n.

Recalling that i can take any of 2n�1 values, we find that specifying a fully ordered

level-n structure requires specifying 2n � 1 values Sn,i, yielding a degeneracy

2� 4p2
n�1q , (3.5)
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Figure 3.8: (a) 2D projection of the two level-2 subsets ordered on the same
sites. (b) 2D projection of the two level-2 subsets ordered with the centers of their
honeycomb lattice on different sites, one depicted in black, the other in gray (orange).
In both (a) and (b), designs not contributing to the level-1 or level-2 structures have
been left out for clarity.

where the factor of 2 accounts for the two possible chirality patterns of level 1.

The proof that this system has no periodic ground states can be found in Ref. [33].

We conjecture that the limit-periodic states exhaust the degenerate class of ground

states, but we cannot rule out the possibility of other nonperiodic states.

Monte Carlo simulations indicate that a slow cooling of the zonohedral model

produces one of the limit-periodic states described in the previous section. These

states emerge through a series of transitions corresponding to the sequential ordering

of helices of the different levels. To quantify the order arising as the system cools, a

set of order parameters describing each level and each value of i is required.

On each subset of level-n sublattices defined in Section 3.3, we define a staggered

tetrahedral order parameter as in Section 2.3. Throughout the simulations, a distinct

order parameter was calculated for each subset of helices. The order parameters as

a function of temperature for the seven subsets of helices of levels 1, 2, and 3 are

shown in Fig. 3.9.

The figure shows both heating and cooling sweeps. The fact that the curves

coincide quite closely suggests that the phase transition is second order, but it is
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Figure 3.9: Order parameters of each subset of helices for the first three levels of
the zonohedral model with ε2 � ε1 � 1. There is one order parameter for level-1,
two for level-2, and four for level-3. The system is cooled from T � 2 to T � 0, in
increments of ∆T � 0.02 with τ � 1 � 105 MCS, then heated in the same manner.
Simulations are performed on a rhombic lattice of size 16�16�24. During the cooling
process, the order parameter of a level-n subset is found only after level-pn � 1q is
ordered. The order parameters do not go to zero at high temperatures because of
finite-size effects.

difficult to rule out the possibility of a weakly first order transition. In fact, the

following section presents strong evidence for a first order transition in the case

ε2 � 0. We conjecture that the transition becomes first order for any ε2   1, but a

full investigation of this point is beyond the scope of this work.

We have also measured the two-point correlations of φ1 to see whether there is

any significant anisotropy in the development of the ordered phase. At temperatures

just above Tc;1, we find that the decay lengths for correlations in the plane and

correlations along the c-axis are roughly equal when the geometry of the model is

taken to correspond to the zonohedral unit cell of the FCC lattice (as in Fig. 3.1(A)),

which is the choice for which all nearest-neighbor interactions have the same bond

length. The formation of helices that project onto 2D triangles proceeds in tandem

with the formation of the lattice of triangles in any given in-plane layer.
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3.4 Cubic model: ε2 � 0

The possible structures of the cubic model with ε2 � 0 include all of the limit-

periodic states described in the previous section, a large class of periodic states, and

possibly others. We describe the set of periodic states that are most similar to the

LP structure and refer to them as n-periodic. In an n-periodic structure, the largest

level helices are level-n. An important feature of the n-periodic state is that every

lattice of level 1 through pn � 2q helices are ordered as in the LP structures. In

the other types of periodic structures with largest level helices belonging to level n,

fewer of the lower levels are ordered in honeycomb arrays. In one n-periodic state

for every n, the projection of all of the black bars onto a plane normal to the c axis

is identical to the n-periodic ground state of the black stripe model. (See Sec. 5.2

for further discussion of the 2D periodic states.) The projections of one of the 2-,

3-, and 4- periodic structures are shown in Fig. 3.10. The degeneracy of a n-periodic

state is 3� 2pn
2�n�2q{2.

We note that in MC simulations of the cubic model, we choose the dimensions

of the lattice to match those of the n-periodic unit cell. We thus obtain states of

zero energy when applying periodic boundary conditions, unlike in simulations of the

zonohedral model where the next-nearest-neighbor interactions force nonperiodicity.

In the following, we set ε � ε1, yet here again we find through Monte Carlo

simulations that the thermodynamically favored states are the limit-periodic states

described in the previous section. When the system is slowly quenched, the ground

state is reached in a similar manner; i.e., through a series of phase transitions corre-

sponding to the ordering of the level-n helices.

The phase transitions, however, are now clearly first order. The energy curves as

a function of temperature exhibit hysteresis, as can be seen in Fig. 3.11(a). Though

the scaling argument used for the 2D case still holds, the scaling collapse is difficult
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Figure 3.10: Two representations of (a) a 2-periodic structure, (b) a 3-periodic
structure, and (c) a 4-periodic structure. In the left column, the unit cells are
shaded dark gray and the largest triangles within each pattern are filled to highlight
the periodicity. In the right column, the largest triangles are highlighted in blue.
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Figure 3.11: (a) Energy per site during a slow quench (open circles) and subsequent
heating (filled circles). The phase transitions correspond to those of levels 1, 2, and 3,
in order of decreasing T . See the end of Section 3.4 for the details of the simulation.
(b) Free energy of the disordered, level-1 ordered, level-2 ordered, and level-3 ordered
phases. The dot indicates the free energy of the 3-periodic phase.

to observe because the size of the hysteresis loop observed in numerical simulations

depends on the rate of cooling or heating, and we do not know how to scale those rates

to achieve a clean collapse. We therefore carefully study the nature of the transition

and the scaling by computing the relevant free energies. The free energies of the

different phases as a function of temperature (computed using a technique described

below) show clear discontinuities in slope within the hysteresis loop, further verifying

the order of the transition.

Free energies of the cubic model can be computed as follows. Let N be the

number of lattice sites in the system, u be the internal energy per site, and f be the

Helmholtz free energy per site. The fundamental thermodynamic identity and the

definition of Helmholtz free energy imply the following relationship between u and

f :

fpβ1q � 1

β1

�
β0fpβ0q �

» β1

β0

u dβ

�
, (3.6)

where β � 1{T and β0 and β1 are fixed inverse temperatures.

Evaluating the right-hand side of Eq. (3.6) requires independent knowledge of
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the value of β0fpβ0q for a temperature range at which the phase under consideration

is stable. We study four phases: the disordered state, the state in which level 1 is

ordered, one in which levels 1 and 2 are ordered, and one in which levels 1, 2, and

3 are ordered. We refer to a state in which all levels up to and including level n are

ordered as the “level-n ordered state.”

The calculation of β0fpβ0q for the disordered state is easily done for β0 � 0. Let

the internal energy at β0 � 0 be u0. Because there are six possible orientations per

site, the entropy is:

s0 � S0

N
� ln 6 . (3.7)

Because β0u0 � 0 and the free energy f � u� s{β, we have

lim
β0Ñ0

β0fpβ0q � � ln 6 . (3.8)

To determine β0fpβ0q for a level-n ordered state at an appropriate value of β0,

we use thermodynamic integration, described in Sec. 2.5.1. In the cubic model,

H1 is the sum of the interaction energies of all the sites in the lattice with their

nearest-neighbors. The reference Hamiltonian, H0, is a sum of two conjugate fields

interacting with subsets of the lattice sites. One of the fields interacts with the cubes

that form the corners of the desired levels, while the other interacts with the edges.

The cubes do not interact with each other.

The free energy of the reference system of ordered levels with index less than n

is calculated as follows. Define on each lattice site an integer-valued pseudospin, q,

with 1 ¤ q ¤ 6, corresponding to one of the six configurations of the tile, and split

the system into three non-interacting systems:

system 1 a system of non-interacting, free spins

system 2 a paramagnetic system consisting of all tiles contributing edges to the

ordered levels with index less than n
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system 3 a paramagnetic system consisting of all tiles contributing corners to the

ordered levels with index less than n, but not contributing edges to any of those

levels.

The calculation of the free energy of system 1 is straightforward. A structure with

ordered levels of index less than or equal to n leaves N{4n cubes unrestricted. Each

of these cubes has six equally probable spins. Because the spins do not interact with

any part of the system, their internal energy is 0. The free energy per site is then:

f0 � � S

Nβ
� � 1

4nβ
ln 6 . (3.9)

The free energy of system 2 is calculated in the presence of a conjugate field

hipqiq that takes the value 0 for all qi consistent with an ordered state, and h0 ¡ 0

for all qi inconsistent with the ordered state. An edge is defined by the location and

orientation of the black bar on a cube. The specification of an edge uniquely defines

the configuration of a tile. Thus, there is one value of q for which hpqq is 0, and five

for which hpqq is h0. The total Hamiltonian of the edge system is:

HE �
NȨ

i�1

hipqiq, (3.10)

where NE is the total number of edges of levels with index less than n. The total

number of edges in level-n is the length of an edge (2n�1 � 1) times the number of

edges (3) times the total number of level-n triangles in the system (2N{4n):

NE � N
ņ

i�1

3p2i�1 � 1q 2

4i
� NnE , (3.11)
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where nE is the fraction of spins in system 2. The partition function is

ZE �
¸

all configs.

e�β
°
i hipqiq (3.12)

�
NE¹
i�1

¸
qi

e�βhipqiq (3.13)

� �
1� 5e�βh0

�NE , (3.14)

which yields the free energy:

fE � �nE
β

ln
�
1� 5e�βh0

�
. (3.15)

System 3 can be treated in a similar manner, except that the degeneracies of the

individual cube energy states are now different. The definition of the orientation

and location of the corners of a cube does not uniquely specify the configuration, but

does restrict it to two possibilities. Therefore hipqiq gives 0 for two spin values and

h0 for four spin values. The total number of corner cubes in the structure of level-n

is:

NC � N �NE � N

4n
� NnC . (3.16)

The partition function is

ZC �
�
2� 4e�βh0

�NC , (3.17)

and the free energy is

fC � �nC

β
ln
�
2� 4e�βh0

�
. (3.18)

The total free energy of the complete reference system of ordered levels with index

less than or equal to n is:

fn,ref � � 1

β

�
4�n ln 6� nC ln

�
2� 4e�βh0

�

�nE ln
�
1� 5e�βh0

� �
. (3.19)
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Table 3.2: Monte Carlo parameters used for obtaining the internal energy for levels
1, 2, and 3 of the limit-periodic sequence and for a system prepared in the 3-periodic
state of Fig. 3.10(b). τβ is the number of Monte Carlo steps performed at each
temperature.

level 1 level 2 level 3 periodic
Size 8�8�12 16�16�24 32�32�48 32�32�48
βi 0.00 2.20 2.90 3.50
βf 2.20 2.90 3.50 N/A
∆β 0.02 0.02 0.02 N/A
τβ 105 105 105 105

Table 3.3: Critical temperatures of the transitions for the first three levels in the
cubic model.

T �
c;1 = 0.5359 � 1.3� 10�3

T �
c;2 = 0.3898 � 6.0� 10�4

T �
c;3 = 0.3065 � 3.0� 10�4

The simulation parameters used for the thermodynamic integrations are listed

in Table 3.2. Integration of xBHλ{Bλy as a function of λ is performed using Gauss-

Lobatto quadrature with 20 abscissas. The results are plotted in Fig. 3.11(b). The

discontinuities in slope of the free energy curves indicate that the phase transitions are

first order. The critical temperatures of the first three transitions can be determined

by locating the crossings of the curves obtained for the different phases and are

presented in Table 3.3.

We have also computed the free energy of a low energy periodic phase, the 3-

periodic state shown in Fig. 3.10(b), at a temperature where it might be expected

to compete with a state in the limit-periodic hierarchy – just below T �
c;3.

The reference Hamiltonian used here is a single conjugate field interacting with

all the tiles in the system. As in system 2, at each site, i, one value of the pseudospin,

qi, yields hipqiq � 0 while five values yield hipqiq � h0. Thus, the free energy per tile
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in the reference system is:

f � � 1

β
lnp1� 5e�βh0q . (3.20)

We find that the 3-periodic state is metastable; its free energy per tile at β � 3.5

is �4.69 � 10�4, which is clearly higher than that of the competing level-3 ordered

state in the limit-periodic hierarchy. The internal energy of the 3-periodic state is

lower than that of the level-3 ordered state by approximately 0.011 per tile, but the

level-3 state has the higher entropy due to the fluctuations of the level-4 corners and

edges. In particular, the lack of edges longer than 3 tiles significantly suppresses the

entropy of the 3-periodic state. The difference in the free energies of these two phases

is approximately 0.002 per tile, corresponding to an energy cost of one mismatch per

500 tiles, or roughly one mismatch per 10 unit cells of the 3-periodic structure.

A scaling argument similar to the one discussed in Section 2.4.3 applies to the

limit-periodic structures formed by the cubic model as well. A configuration of this

system is specified by giving the location of the ends of the black bars on each of the

faces. A configuration is allowed if the specification of the positions of these objects

for every tile corresponds to a possible orientation of either of the two enantiomorphs

shown in Fig. 3.1(D). Suppose that level pn� 1q is completely ordered and all deco-

rations of cubes forming the helices of all levels with index less than n are fixed. The

level-n system is defined to include all of the remaining degrees of freedom: (1) the

set of tiles left unused when level pn� 1q is ordered and (2) the long bars that form

bonds of length 2n�1 � 1 between these tiles. The long bars in (2) are on tiles that

form the corners of the levels with index less than n. These bonds could in principle

form the edges of the helices.

Within the level-n system, there are 2n�1 non-interacting subsystems. An in-

dividual subsystem will be referred to as level-ni, where i specifies the layers, `
piq
n ,

on which the centers of the unused tiles are located. This subset of unused tiles is
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Figure 3.12: (a) Mismatched and (b) matched corner configurations of the black
bonds for level-3.

defined as Un,i.

For a given configuration of tiles in Un,i, the partition function of the level-ni

subsystem is the product of the individual level-n bond partition functions, ζ�n pTnq.
Thus, the partition function of the level-ni subsystem is:

ZnpTnq �
¸

config.

¹
n.n

ζ�n pTnq , (3.21)

where the partition function of an individual level-n bond with matching (mismatch-

ing) corners is ζ�n (ζ�n ). ζ�n is found by treating the level-n bonds as 1D Ising chains

with kn � 2n�1 spins, and the same relations of Eq. (2.7) are obtained. Drawings of

mismatched and matched corners for this case are shown in Fig. 3.12.

The configuration sum of the subsystem of tiles in Un,i is identical to that of

the system of tiles in U1,0, which is the set of all tiles. Both describe cubic lattices

with bonds joining neighbors along the principal axes directions. In exact analogy

with the 2D models, there is a temperature Tn at which the level-n0 system behaves
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identically to the level-10 system at T1, which implies

ZnpTnq � γnZ1pT1q (3.22)

for some constant γn. The relation of Tn to T1 is determined by equating the partition

functions for individual bonds:

ζ�n pTnq � αnζ
�
1 pT1q (3.23)

ζ�n pTnq � αnζ
�
1 pT1q ,

where αn � γ
1{Nb
n , with Nb being the number of bonds. As for the 2D case, we get:

tanh

�
ε

2T1



�
�

tanh

�
ε

2Tn


�kn
. (3.24)

or, equivalently,

tanh

�
ε

2Tn



�
�

tanh

�
ε

2Tn�1


�2

. (3.25)

The complete level-n system includes kn independent level-ni subsystems. There-

fore, the partition function of the full level-n system is:

QnpTnq � rZnpTnqskn , (3.26)

where Zn is defined in Eq. (3.21). The free energy of the level-n system is:

FnpTnq � �Tn lnQnpTnq

� kn rF1pT1q � Tn ln γns , (3.27)

where γn � pζ�n pTnq{ζ�1 pT1qqNb .
Because the transition temperatures are finite, the assumption that all levels with

indices less than n are completely fixed is not strictly satisfied, as in the 2D case.

At the level-n transition, tiles in levels with index less than n may fluctuate. A
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straightforward correction to the free energy derived above can be made by consid-

ering the edges of levels with indices less than n for n ¡ 2. Fluctuations of these

edges have no effect on the bonds between level-n corners, and thus have no effect

on the scaling argument for Tn. To calculate this correction to the free energy of

the level-n system, consider the edge of a level-m triangle, where m   n. In each

edge consisting of 2m�1 � 1 long bars, there are km � 2m�1 bonds. Each bond can

either be in a matched state with energy 0 or a mismatched state with energy ε. In a

single edge, there must be both an even number of mismatches and an even number

of matches. The number of level-m edges in a system with N tiles is:

6N

4m
. (3.28)

Thus, the partition function of the system of level-m edges at a temperature Tn is:

zmpTnq �
�
km{2̧

i�0

�
km
2i



e�2iε{Tn

�6N{4m

. (3.29)

The partition function of the level-n system including the fluctuations on edges

of levels with index less than n is:

Q1
npTnq � QnpTnq

n�1¹
m�2

zmpTnq . (3.30)

Equations (3.27) and (3.30) yield the free energy:

F 1
npTnq � knF1pT1q � Tn

�
kn ln γn �

n�1̧

m�2

ln zmpTnq
�
, (3.31)

where Tn is related to T1 through Eq. (3.24). Note, however, that this expression

does not account for fluctuations in the corners of the (ordered) lower levels. Thus,

as in the 2D case, the prediction of Eq. (3.31) is not exact.

50



△
△

△
△

△

△

△

△

△

▲

▲

▲

▲

▲

▲

▲

▲

○

○

○

○

○

○

○

○

●

●

●

●

●

●

□

□

□

□

□

□

□

□

□

■

■

■

■

■

■

■

■

(a)

0.5 0.52 0.54 0.56

-0.1

-0.08

-0.06

T

F
/N

▲: no order

■: level-3 disordered
□: level-3 ordered

●: level-2 disordered
○: level-2 ordered

△: level-1 ordered

△

△ △

△△

▲○

○●

●

□■

0.528 0.536

-0.083

-0.08

+++

△
△

△
△

△

△

△

△

△

▲

▲

▲

▲

▲

▲

▲

▲

○
○

○

○

○

○

○

○

●

●

●

●

●

●

●

●

●

□

□

□

□

□

□

□

□

(b)

0.5 0.52 0.54 0.56

-0.1

-0.08

-0.06

T

F
/N

△

△ △△△ △
▲

○

○

□

□■

■

0.528 0.536

-0.083

-0.08

+

●

●

●

◆
◆

1 2 3
0.528

0.532

0.536

n

T
c
;n
→
1

Figure 3.13: (a) Free energy of levels 2 and 3 scaled onto that of level 1 according
to Eq. (3.27) in the full system (fluctuations are not artificially suppressed. Level-2
and level-3 curves have been scaled according to Eq. (3.27). The scaled transition
temperatures for the different levels, marked by the heavy �s, are shown in the inset
of panel (b). (b) Free energy of levels 2 and 3 scaled onto that of level 1 according
to Eq. (3.27) when levels with indices less than n are held fixed, showing perfect
agreement with the scaling theory. The vertical dashed line through the intersection
of the curves obtained by integrating down from high T and integrating up from
low T marks the transition temperature. Inset: Critical temperatures of the levels
2 and 3 transitions scaled onto that of level 1. The diamonds are determined from
simulations in which levels with indices less than n are fixed by a conjugate field as
in (b). The disks correspond to the systems with all equilibrium fluctuations present.

The validity of the scaling relations was tested by applying them to the free energy

curves and critical temperatures obtained from simulations. Using Eq. (3.24), the

predicted transition temperatures of level-2 and level-3 from the value of T �
c;1 in

Table 3.3 are 0.3910 � 7 � 10�4 and 0.3082 � 4 � 10�4, respectively, corresponding

to 0.5% relative error. The scaling theory, however, assumes that all bonds in levels

with indices less than n are fixed. This would imply that φn�1 is strictly equal to

unity in the vicinity of Tc;n, but the actual value of φ1 at Tc;2 is measured to be

0.999. To check the scaling theory and our numerical determinations of the free

energy, we perform simulations in which levels with indices less than n were fixed by

hand. The excellent agreement between scaling predictions and simulations is shown

in Fig. 3.13(a).

The perfect scaling collapse of the free energy curves of the level-3 and level-2

51



systems onto that of level-1 when the relevant lower levels are fixed externally indi-

cates that the source of any deviations from the scaling relation is the fluctuations

of the corner tiles in lower levels. Figure 3.13(a) gives an indication of the size of

those deviations, and the inset of Fig. 3.13(b) shows the results for scaled transi-

tion temperatures computed from simulations. These results strongly suggest that

the accuracy of the scaling argument improves as n increases, implying that the

infinite sequence of transitions is not disrupted by the cumulative effect of residual

fluctuations in each layer.

3.5 Conclusion

The variants of the TS lattice model studied here display an intriguing array of

behaviors. In all cases, rapid quenches lead to disordered states with high barriers

to equilibration. Slow quenches, however, lead to a series of phase transitions whose

limit (as T Ñ 0) is a perfect LP structure. This is true even in cases where there

exist many degenerate periodic and LP ground states.

In the case of the 3D zonohedral model, there exist many degenerate LP states,

having lattices of helices at any given level arranged differently relative to each other.

In the 3D cubic model, the set of degenerate ground states includes the LP states

of the zonohedral model and also periodic states closely related to the periodic states

of the black stripe model, and we have not ruled out the possibility of additional

ground states. Just as for the black stripe model, the LP structure does emerge

during slow cooling through the same hierarchy of transitions. In this case, however,

the transitions are first order. We have shown that the same approximate scaling

relations hold here as for the TS model and confirmed that they hold to high accuracy

by computing free energies of the system in several phases with increasing levels of

order.

Finally, the fact that the 2D black stripe model and the 3D cubic model, whose
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Hamiltonians involve only relatively simple nearest-neighbor interactions, do yield

LP structures upon slow coolings suggests that plausible physical interactions may in-

deed induce spontaneous formation of a LP structure. The construction of a physical

unit embodying these interactions could lead to a material with a thermodynami-

cally stable structure of a type never identified previously in a spontaneously formed

physical system. The finite gap between the free energy of the relevant competing

periodic phase and the partially ordered LP structure at each transition temperature

implies that the path to limit-periodicity through quasistatic cooling can be followed

even if interactions favor the periodic state at T � 0. Thus the design space for phys-

ical units that might form the LP phases is much larger than the strict matching

rules that force the tilings may suggest.
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4

Towards a physical realization of a limit-periodic
phase

4.1 Introduction

The work presented in this chapter has not been published, but is important for

guiding the search for a suitable experimental system.

Here we introduce multiple physically realizable particles based on the black stripe

tile with the goal of encouraging experimental attempts to create a LP structure.

The particles were designed taking into account problems that may arise in colloidal

experiments.

In the first section, we discuss possible experimental issues, present ways to avoid

such complications, and explain why the black stripe model is the best template. We

then describe the individual particles, present simulations results, and discuss the

feasibility of the creation of the LP structure using each particle. Lastly, we show

that the thermodynamics of the LP formation render the process robust to small

deviations in the various pairwise bond energies.
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Figure 4.1: The chirality pattern of three layers of a LP state in the cubic model.
The pattern is periodic along the c-axis. A projection of the state is used in order to
simplify the depiction. The dark gray hexagons represent one enantiomorph of the
cubic tile, while the light gray represents the other. The inset on the top left shows
how the hexagons are related to the cubic tile.

4.2 Experimental considerations

The first aspect of a colloidal system that we consider is the number of components.

Two of the four tiling models that form the LP structure are binary; both the zono-

hedral and the cubic model consist of two particle types that cannot be transformed

into each other through rotations. The creation of a LP structure in a physical system

designed using either of these models as a template would require either that particles

could spontaneously change chirality through some sort of internal restructuring, or

that particles of appropriate chirality could migrate to the lattice sites, which would

complicate the assembly. A 2D projection of one of the LP states of the cubic model

is shown in Fig. 4.1, in which the two enantiomorphs are colored different shades of

gray. The inset at the top left of the figure shows how the hexagons are related to
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the cubic tile. Note that this chirality pattern is different from that of the TS model

when the faces of the 3D TS tile are viewed as 2D enantiomorphs [29]. In the TS

model, rotating one of the 2D tiles about an axis perpendicular to the plane gives all

of the possible black stripe configurations, but not all of the possible purple stripe

configurations. In the zonohedral model, rotating one of the enantiomorphs about

both the c-axis and an in-plane axis gives all of the possible purple stripe configura-

tions, but not the black stripe configurations. Therefore, unlike in the TS model, the

chirality of the zonohedral and cubic tiles is not associated with the purple stripes,

but rather with the black stripes.

To avoid the issues that would arise in a binary system, we choose to focus on

the formation of LP order in 2D. Recall that although two tile types corresponding

to both faces of the TS tile are necessary to complete the tiling in 2D, while in 3D,

only the single TS tile is necessary because a rotation by π about an in-plane axis

switches between the faces. We consider the creation of the LP structure within a

colloidal monolayer. One method for forming a quasi-2D layer of colloids is by sealing

the colloidal solution between two glass slides, and setting the thickness of the fluid

layer to be nearly equal to the particle diameter [44]. One can imagine problems that

could occur when using this common method to create monolayers of nonspherical

particles. For example, a disk could settle such that it was resting on the substrate

on either its side or its face. The relative dimensions of the disk strongly affect this

behavior, with thinner disks being more likely to settle face up.

The situation becomes even more complicated if the particles have faces with

different chirality when viewed as 2D objects with their outward normals pointing in

the same direction. If one desires a 2D system of particles with the same chirality,

a method would need to be developed to force all of the particles to land the same

way. For example, consider the puzzle piece in Fig. 4.2(a). One side of the particle is

colored green and the other is colored purple; in 2D, the green and purple particles
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Figure 4.2: (a) A chiral puzzle piece. One side is colored green and the other
is colored purple. (b) A close packing of the particle in (a). (c) When one of the
pieces changes chirality by π about an in-plane axis, the pieces can no longer pack
efficiently.

have different chirality because there is no way to transform the green shape into

the purple shape by rotations about an axis perpendicular to the plane of the 2D

system. A close packing of particles of this type is shown in Fig. 4.2(b). The system

can only pack efficiently when all of the particles have sides of the same color facing

up. If the 2D system consists of a mixture of particle chiralities (colors), the system

can no long pack efficiently and something like that in Fig. 4.2(c) may form. If one

wanted to create a close packing in a colloidal monolayer of 3D particles of the type

shown in Fig. 4.2(a), all of the particles would need to settle on the substrate with

the same side, indicated by the color, facing up.

At least two more issues can arise in this specific experimental geometry. When

the distance between the glass slides is greater than the thickness of a single layer

of particles, one may have to worry about particles buckling out of the plane. For

example, consider a pair of similarly magnetized particles with dipoles pointing per-

pendicularly to the monolayer. Such a structure could lower its energy by aligning

the moments head to tail, and the pair buckles. Additionally, if the fluid in which

the particles are suspended has a magnetic or electric susceptibility different from

that of the glass slides, the effects of image dipoles could be significant if the particles

interacted through electromagnetic forces [45]. The contribution of these effects may
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need to be taken into account in energy calculations used to guide experiments to

a range of parameter space. For a more in-depth analysis of these two effects in a

binary colloidal monolayer of magnetic and nonmagnetic particles, see Ref. [8].

Thermalization of the system is necessary for the creation of the LP state. If the

particle diameter is on the order of a micron or smaller, diffusion of particles within

the system may be fast enough to form the ordered structures on experimentally

reasonable time scales [46, 47, 20]. Because the diffusion coefficient is inversely

proportional to the size of the particles [1], using large particles could require a

method of coupling to the translational and rotational degrees of freedom in order

to explore the phase space and create equilibrated structures.

Insensitivity to variations in experimental conditions such as pressure and volume

is also a desired quality in the model of an experimental system. In addition, the LP

transitions need to be relatively robust against small differences in bond strengths

due to polydispersity of the particles and possible manufacturing errors.

Recall that the formation of the LP structure in 2D occurs through the reorien-

tation of particles arranged on a triangular lattice. A well known way to create large

hexagonally close packed crystals is by making a Wigner crystal, which is formed

by highly repulsive particles confined by external geometry [46, 48]. We propose

that this method be used in experiments and include isotropic repulsion and fixed

volumes in simulations. This method of forming the crystal avoids the barriers to

crystallization mentioned in the Introduction.

4.3 Free boundary conditions

To see how much influence the periodic boundary conditions had on the simulations

of tiling models, we performed a quench identical to the one presented in Fig. 2.6(b)

but with free boundary conditions (FBC). We found that the simulation produced

domains of ordered levels, where the number of domains increased with level. The

58



lack of large ordered sections of the higher levels is a result of two factors: (1) the

system of large levels is very small and thus there are large fluctuations that make

it difficult for them to order and (2) level n can only form perfectly if there is a

single domain of level n� 1. One state that resulted from a slow quench is shown in

Fig. 4.3, where the different domains of level 1 are divided by bold black lines and

the domains of level 2 are divided by bold black and gray lines. We expect that for

very large systems and slower quenches, more uniform crystals of higher levels will

form. The periodic boundary conditions used in simulations do not somehow force

the LP structure and we should expect to see the emergence of LP order in physical

systems with free boundaries.

4.4 Investigations of systems with realistic Hamiltonians

We have designed three particles with realistic Hamiltonians that have low energy,

or free energy, LP states. The interactions of all particles approximately enforce the

black bar interactions of the black stripe model. The black stripe tile was chosen

for the template because it is a monocomponent system and with a relatively simple

Hamiltonian. It is easier to imagine a physical Hamiltonian with the interactions of

the black stripe tile than one that also includes the next-nearest-neighbor interactions

of the TS tile. Another advantage to the particles having interactions like those of

the black stripe tile, is that the particles do not have to rotate by π about an in-

plane axis for the LP structure to form. This simplifies the assembly because, if the

physical realization of the TS tile is nonspherical, the slide to slide separation would

have to be large enough to allow the particles to change chirality, which would also

allow greater amounts of buckling that may have an effect on the low energy states

of the system.

The interactions between particles can be of one of two types: even or odd. We

define an attractive interaction between identical features on neighboring particles
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Figure 4.3: The state that resulted from a slow quench of the black stripe model.
The system is a rhombus with side lengths of 64 tiles. The quench was performed
from Ti � 0.6 to Tf � 0.0 with temperature step size ∆T � 0.02 and τ � 12 � 105

MCS per temperature. Under PBCs, at least levels 1 through 4 order perfectly (See
Sec. 2.4. Identical parameters were used in the simulations that resulted in the data
of Fig. 2.6(c).) The black lines represent boundaries between perfectly ordered level-
1 and -2 structures. The gray lines represent boundaries between perfectly ordered
level-2 structures.

to be even and an attractive interaction between a feature of a given particle and a

symmetry inverted feature on a neighboring particle to be odd.

The black stripe model has even interactions; two particles are in a low energy

state when the black stripes are touching. In a physical system, even interactions

occur when, for example, hydrophobic patches are placed on particles that are im-

mersed in water or when particles are surrounded by a sea of depletants.

The black stripe interactions can also be encoded using odd interactions. Let us

say that an edge of type A wants to abut an edge of type B. The assignment of edge

types is done in the following way. Consider moving along the perimeter of the black
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stripe tile clockwise. If the black bar is close to the beginning of an edge, the edge

is assigned type A and if it is close to the end of an edge, the edge is assigned type

B. When an A edge touches a B edge, it is a match. These odd interactions may

be enforced by electric point sources, electric or magnetic dipoles, or by molecular

recognition, for example.

When using odd interactions, one can make the particle chiral and introduce the

experimental difficulty of ensuring that all particles have the same side facing up on

the substrate. If the constituents change character (A Ø B), however, when the

particles are rotated by π about an in-plane axis, the interactions are still attractive

and the particle is achiral. In this case, one does not need to worry about how

the particles fall. Consider the particle in Fig. 4.4(a). Here the blue and red dots

represent the opposite poles of embedded dipoles. This particle has odd interactions:

the low energy state of a two particle bond occurs when neighboring dipoles are

antialigned. Notice that when the particle is flipped, the dipoles that were pointed

out of the plane are now pointing into the plane and the black bars are still aligned

in the low energy states.

The first particle we introduce is a disk with dipoles embedded around its cir-

cumference, shown in Fig. 4.4(a). In the rest of this work, we will refer to these disks

as selectively polarized disks. The dots on the disk represent the location of the

dipoles, and the color indicates whether the dipole is aligned parallel or antiparallel

to the vector normal to the plane of the disk. The dipoles are equally spaced around

the disk. As mentioned in the previous section, the interactions of this particle are

odd, but because of the symmetry of the dipoles, the particles are achiral. The

black stripes make the orientation of the particle easily distinguishable. They do not

contribute at all to the Hamiltonian.

An isotropic screened repulsive interaction is added to the disks in order to main-

tain the triangular lattice in a confined geometry when the system is not close-
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Figure 4.4: (a) The selectively polarized disk. (b) The jigsaw particle. (c) The
armed particle.

packed. In the following, we use magnetic dipoles and screened Coulomb repulsion.

The qualitative results should not change if electric dipoles were used to enforce the

black stripe rules and magnetic moments used to maintain the triangular lattice.

The second particle is called the jigsaw particle and is shown in Fig. 4.4(b). The

LP and periodic structures of the black stripe models are the densest packings of the

jigsaw particle. The interactions are odd and the particles are chiral; rotating the

particles by π about an in-plane axis changes the interactions. In experiments one

would need all of the particles to be positioned with the same side facing up. The

details of the actual Hamiltonians explored through simulations and the feasibility of

the formation of a LP structure using particles of this type are discussed in Sec. 4.4.2

below. The details of the geometry of the jigsaw particle were chosen to keep the

overall size of the particle as small as manufacturing processes would allow.

The third particle is a disk that interacts through shape and the depletion force.

It is a cylinder with 12 cylindrical protrusions, which we call “arms”, shown in
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Fig. 4.4(c). In the following work, we call this the armed particle. Note that the

interactions are even and it is achiral. Here the black stripe interactions are mediated

by the depletion force. The experimental system would consist of a solution of armed

particles and depletants confined to 2D. The colloid minimizes its free energy when

the volume available to the depletants is maximized, and thus, states in which the

arms are close to one another are favored. If the armed particles are forced to form

a triangular lattice, by confinement and the addition of an isotropic repulsion, a

quench can be performed by slowly decreasing the system volume. Note that 12

arms, rather than six at the positions of the black stripes, are necessary to make the

low free energy states of local seven particle configurations those of the black stripe

model.

The feasibility of the creation of a LP structure is explored through both lattice

and NVT off-lattice MC simulations. The lattice simulations were performed as an

initial check of the possibility of formation of the LP structure with various particles.

The NVT off-lattice simulations were performed to determine if the particle design

was flawed and to determine if there were unforeseen barriers to the formation of

the LP structure in experiment. In the following, we take the Boltzmann constant

kB � 1.

In lattice simulations, we implement a Metropolis algorithm involving moves that

continuously change the orientation angle θ of a single particle. Throughout this

dissertation, we define one Monte Carlo step (MCS) to be N attempted Metropolis

moves, where N is the number of particles in the system. The system studied is a

rhombus with equal side lengths L in which the particles are fixed to the sites of a

triangular lattice. Both periodic and free boundary conditions were used in various

simulations. Each particle i is assigned an energy U . The details of the Hamiltonian

used in each simulation are described in the separate sections below.

A particle i is selected at random. Let θi be its current orientation. A proposed
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new orientation θ1i is selected randomly within the range �θmax
s ¤ θ1i ¤ θmax

s with

probability Pθ,s and within �θmax
` ¤ θ1i ¤ θmax

` with probability Pθ,` � 1�Pθ,s, where

the subscript `(s) indicates large (small) maximum rotations. The probability of

particle i transitioning from a state described by θi to one described by θ1i is

P pθi, θ1iq � min t1, exp p�pUpθ1iq � Upθiqq{T qu . (4.1)

Both analytical energy calculations and look-up tables with linear interpolation were

used to calculate U .

The order parameter used to track the level-n transitions is the one used in

simulations of the black stripe and TS models (see Sec. 2.3), where the orientation

of the particle used in calculations is the actual orientation θ rounded to the nearest

multiple of π{3.

In NVT off-lattice simulations, we implement a Metropolis algorithm involving

moves that continuously change the orientation angle θ and position x of a single

particle. As indicated by NVT, the number of particles, system volume, and tem-

perature are kept constant during the simulations. The system studied is a rhombus

with equal side lengths L and periodic boundary conditions in which N particles

are confined. As in the lattice simulations, each particle i is assigned an energy U

and the details of the Hamiltonian for each simulation are described in the separate

sections below.

A particle i is selected at random. Let si � pθi,xiq represent the current state

of the particle. The type of MC move is then chosen at random, with changing the

orientation and position having equal probabilities. If the MC move is a rotation, a

proposed new orientation θ1i is selected at random within the range �θmax
s ¤ θ1i ¤ θmax

s

with probability Pθ,s and within �θmax
` ¤ θ1i ¤ θmax

` with probability Pθ,` � 1 � Pθ,s.

If the MC move is a translation, a proposed new position x1 is selected at random

with a magnitude within the range �xmax
s ¤ x1i ¤ xmax

s with probability Px,s and
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within �xmax
` ¤ x1i ¤ xmax

` with probability Px,` � 1 � Px,s. The unit vector of the

translation is equally likely to point in any direction. The probability of particle i

transitioning from a state described by si to one described by s1i is

P psi, s1iq � min t1, exp p�pUps1iq � Upsiqq{T qu . (4.2)

In all simulations, the particles are taken to be hard. If any move causes an overlap

between particles, the new state has U � 8 and is rejected. To speed up simulations,

both cell lists and neighbor lists, as described in Ref. [49], were used. Both analytical

energy calculations and look-up tables with linear interpolation were used to calculate

U . Using cell lists, neighbor lists, and look-up tables for energy calculations, off-

lattice simulations of N � 32 � 32 selectively polarized disks took approximately

1.5 CPU hours per temperature. The entire quench presented in Fig. 4.7(b) took

about 7.4 CPU days for each of the eight runs averaged. The order parameter used

to track the level-n transitions is the one used in simulations of the black stripe and

TS models (see Sec. 2.3), where the orientation of the particle used in calculations

is the actual orientation θ rounded to the nearest multiple of π{3 and the sublattice

is taken to be that of the nearest triangular lattice site.

4.4.1 Disk with embedded dipoles

Pairs of selectively polarized disks are in low energy states when the black bar dec-

orations are aligned as in Fig. 4.5(a) and in high energy states when the black bars

are misaligned as in Fig. 4.5(b). In simulations, a cutoff radius ξ is used in potential

energy calculations that refers to the distance between the centers of the disks. The

diameter of the disk is taken to be 1 and all distances will be given in units of disk

diameter. The dipole energy Hamiltonian can be written as the sum [50]

Hd � �µ0

4π

Ņ

i�1

¸
jPBipξq

6̧

k,l�1

mik �mjl

|rik � rjl|3 , (4.3)
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Figure 4.5: (a) A low energy state of a pair of selectively polarized disks. (b)
A high energy state of a pair of selectively polarized disks. (c) Geometry used to
determine the potential energy in (d). The potential energy of the configurations in
which (d) θ1 � 0 and θ2 is varied and (e) θ1 � �π{3 and θ2 is varied. The solid black
line is the potential energy when the cutoff radius in Eq. (4.3) is equal to 1. The
potential energy of the configurations in (a) and (b) are indicated on the graph in
(d).
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where N is the number of particles in the system, mik is the moment of the kth

dipole on particle i, rik is the position of the kth dipole on particle i, and Bipξq is

the set of neighbors of particle i within a cutoff radius ξ. To speed up simulations,

we use Eq. 4.3 with ξ � 1. The pairwise energies as a function of θ1 and θ2, defined

in Fig. 4.5(c), are presented in Figs. 4.5(d) and(e). The potential energies of the

configurations of Fig. 4.5(a) and (b) are labeled in (d).

In the calculations for Figs. 4.5(d) and (e), the distance of the dipoles from the

center of the disk d � 0.3. This value was chosen to avoid local minima in the

potential energy of local seven particle configurations, like that shown in Fig. 4.6(a)

that do not correspond to black stripe model match configurations. As can be seen

in Fig. 4.6, when the dipoles are close to the edge of the disk, local energy minima

are pronounced. When d À 0.30 there are no local energy minima at angles that are

not multiples of π{3. We chose d � 0.3 for our simulations because fabrication of a

particle with the dipoles spaced further apart may be easier.

The isotropic repulsive interaction was chosen to be a screened Coulomb poten-

tial [51]

HQ � ke

Ņ

i�1

¸
jPBipξQq

Q2

rij
e�3rij , (4.4)

where ke is Coulomb’s constant, Q is the charge at the center of the disk, rij is the

distance between the centers of the disks i and j, and BipξQq is the set of neighbors

of i within a cutoff radius ξQ. The full Hamiltonian used in simulations is

H � Hd �HQ (4.5)

�
Ņ

i�1

�
��µ0

4π

¸
jPBipξq

6̧

k,l�1

mik �mjl

|rik � rjl|3 � ke
¸

jPBipξQq

Q2

rij
e�3rij

�
� . (4.6)

In the rest of the chapter, we take µ0|m|2{4π � 1. The parameter σ � 4πkeQ
2{µ0|m|2

fixes the strength of the isotropic electric repulsion relative to that of the magnetic
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Figure 4.6: (a) The configuration used in the energy calculations in (b). The
orientation of the center particle is designated by θ and d is the distance of the
dipoles from the center of the disk. (b) Potential energy of the configuration in (a)
as a function of the orientation of the center particle for multiple values of d. A
cutoff radius of 1 was used.

dipoles.

Lattice simulations of the system were performed as a first test of the possibility of

formation of the LP structure. Values of the parameters used in the simulations are

presented in Table 4.1. The values of θmax and their respective probabilities resulted

in acceptance rates much smaller than the 30% that is usually desired in simulations.

We found that, however, the only way to make the acceptance percentage high was

to make θmax
s very small and Ps close to one. In this case, the system explored the

phase space within the current potential wells and the kind of single particle rotations

by π{3 that are necessary to create the LP state occurred very infrequently. The

potential energy U is determined by Eq. (4.3) with ξ � 1.1L{?N . The data from

each type of simulation was obtained by averaging 1000 states from 8 separate runs.

A plot of the order parameters for the first three levels during a slow quench

is shown in Fig. 4.7(a). The LP order sets in through a series of phase transitions
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Figure 4.7: (a) Order parameters of the first three levels during a slow quench in
lattice MC simulations. (b) Order parameters of the first three levels during a slow
quench. A small system size and short equilibration times account for the lack of
sharp transitions. The addition of the translational degrees of freedom decreases the
critical temperatures slightly.

corresponding to the ordering of each level, similarly to the black stripe and TS

models. However, there are features of the simulation that deviate from the toy

model scaling laws. In comparing Fig. 4.7 to Figs. 2.6(a)-(c), it is evident that the

level 1 transition is suppressed. This is due to the fact that the average energy of

two particle corner-corner bonds is lower than that of corner-bar and bar-bar bonds.

Because the level 1 structure is formed completely of corner-corner bonds, a lower

temperature is needed for the level 1 order to lock in. The ordering should be robust

to variations in the bond energies as long as Tc;n does not become smaller than

Tc;n�1. To determine if the transitions would still occur if the lattice were no longer

close-packed, we performed NVT off-lattice simulations.

Values of the parameters used in the off-lattice simulations are presented in

Table 4.1. The potential energy U of Eq. (4.2) is determined by Eq. (4.6) with

ξ � 1.1L{?N and ξQ � 2.2L{?N . The size of the box is L � 1.05
?
N . At this

value of L, the particles have room to move but are still confined to a space around

a triangular lattice site. For these simulations, the dipoles were located at a distance
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of d � 0.325 from the center of the disks and the energy was scaled by a factor of

1.053, which is equivalent to shrinking the hard boundaries of the disks in a system

with L � ?
N . This allowed us to isolate the effect on the critical temperatures

by the addition of translational degrees of freedom and a smaller system size. As

mentioned earlier, off-lattice simulations of N � 32 � 32 selectively polarized disks

took approximately 1.5 CPU hours per temperature. The entire quench presented in

Fig. 4.7(b) took about 7.4 CPU days for each of the eight runs averaged. Simulations

of N � 64 � 64 particles would have taken 5.5 CPU hours per temperature and 27

CPU days per run for the entire quench. Because the smaller simulations provided

clear evidence that the transitions still occur when the disks are not close-packed,

the longer simulations were not necessary. The plots of the order parameters for the

first three levels are presented in Fig. 4.7(b). The LP transitions occur as expected,

but the transition temperatures are slightly suppressed because of the addition of

the translational degrees of freedom.

We expect that for any box size, as long as σ is large enough to maintain the

triangular lattice, the transitions that lead to the LP structure will still occur. How-

ever, as the size of the box is increased from that of the close-packed system, the

range of temperatures over which these transitions occur will quickly become small

relative to that of the close-packed system. Increasing the box size has the same

effect on the nearest-neighbor potential energy distribution as decreasing d on all

of the disks. As shown in Fig. 4.6(b), when d is decreased, the energy difference

between matched and mismatched states quickly shrinks, which results in a rapid

decrease in all of the transition temperatures. Because the transitions occur between

T � 0 and T � Tc;1, the range over which the transitions occur becomes small, and

it may be difficult in experiments to cool the system slowly enough such that each

transition is completed before the subsequent one begins.

We also briefly studied how rattling of the particles about the sites of a triangular
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Figure 4.8: The value of Tc;1 as a function of relative strength of the isotropic
repulsion σ.

lattice affects the transitions. The amount of rattling is determined by the value of

σ, which is the strength of the screened Coulomb repulsion relative to that of the

magnetic dipole interactions. At finite temperatures, a small σ results in states in

which the particles are loosely bound to their triangular lattice sites, while a large

σ results in states in which the particles are tightly bound to their triangular lattice

sites. To determine how σ affects the ordering of level 1, we performed simulations

with L � 1.05
?
N at multiple values of σ and estimated T1 by the value of T when

the average value of φ1 reached 0.5. The parameters used in simulations are the

off-lattice values in Table 4.1. A plot of Tc;1 as a function of σ is shown in Fig. 4.8.

The critical temperature of the level 1 transition decreases as the strength of the

isotropic repulsion decreases and is nonzero at σ � 0.

We expect that in simulations with larger box sizes, the transitions may not occur

at small σ. In this case, the particles are loosely bound to their lattice sites and tend

to cluster together. The distances between a particle and some of its neighbors are

increased enough that correlations between their orientations are weak.

The anisotropy and long range interactions of the selectively polarized disks break
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Table 4.1: Parameters used in lattice and off-lattice MC simulations of the selectively
polarized disks.

lattice off-lattice
N 64� 64 32� 32

L
?
N 1.05

?
N

T0 6.94 6.94
Tf 5.54 4.99

∆T pT0 � Tf q{84 pT0 � Tf q{118
τ 1� 106 MCS 2� 106 MCS

θmax
s 0.05π 0.1π
θmax
` π π
Pθ,s 0.5 0.9
xmax

s - 0.05
xmax
` - 0.1
Px,s - 0.99
σ - 100

the degeneracy of the ground states of the black stripe model. Additionally, because

of the continuous rotational degrees of freedom, it is reasonable to think that the

actual ground state or states may contain particles at angles slightly different from

those of the black stripe model. To determine the configuration and energy of the

actual ground state, T � 0 lattice MC simulations were performed for two cutoff

radii using the Hamiltonian Hd. In each simulation, the initial state is an n-periodic

structure of the black stripe model and the system was run for 1 � 105 MCS. By

the end of the simulations the fluctuations in the energy were less than 5 � 10�4%

of the average value. Cutoff radii of both ξ � 1 and ξ � ?
3 were used. The

largest deviation from the π{3 configurations of the black stripe states is about 1{3�.
Perturbed 3- and 4-periodic structures are shown in Fig. 4.9(a) and (b), respectively.

The perturbed 3-periodic structure is the ground state and the other periodic and

limit-periodic states are metastable. The potential energy per particle of the 3-, 4-,

and 5- periodic structures is presented in Table 4.2 and suggests that the energies
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(a) (b)

Figure 4.9: (a) A perturbed 3-periodic state which is the ground state of the system
when ξ � 1. (b) The metastable 4-periodic state at T � 0 when ξ � 1. The dipoles
were not drawn for clarity. The colors of the disks indicate the deviation of their
ground state angles from multiples of π{3. Red (blue) indicates a rotation in the
positive (negative) direction relative to θ � 0 in the particles’ frame as defined in
Fig. 4.5(d). The maximum absolute value of angle deviation is approximately 1{3 of
a degree.

Table 4.2: Potential energies of perturbed 3-, 4-, and 5-periodic states for two cutoff
radii. In each case, a perturbed 3-periodic state is the ground state. The distance of
the dipoles from the center of the disk is 0.3.

ξ � 1 ξ � ?
3

2-periodic -31.6465 -31.9966
3-periodic -31.9458 -31.2724
4-periodic -31.9450 -31.2291
5-periodic -31.9450 -31.2291

of the higher level periodic states do not change significantly as n increases. This is

because the density of the most perturbed seven particle configurations approaches

1{16 as the size of the unit cell grows.

As we have just shown, the 3-periodic state and not the LP structure is the

ground state in the system of selectively polarized disks. Here we argue that the LP

state forms through a quasistatic quench and the system ends up in a state other
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than the ground state at T � 0.

We have observed in simulations the ordering of the first three levels of the LP

structure. Therefore, at some temperature between Tc;3 and T � 0, the 3-periodic

state must become stable and the partially ordered LP state metastable. Recall that

in the 3-periodic structure, level 1 is ordered as in the LP structure, but the patterns

of level-2 and -3 triangles are different. For a structure in which level-3 has ordered

to transition into the 3-periodic state, at least 45% of the particles would need to

change their orientation by a minimum of π{3 radians. Therefore, there is a large

free energy barrier that suppresses the transition from the partially ordered LP state

to the 3-periodic state. As the temperature is lowered further, the system continues

to follow the path to the LP structure because there is no free energy barrier to those

transitions, further increasing the barrier between the partially ordered LP state and

the 3-periodic state.

The formation of the LP structure is robust to deviations in the particle bond

energies due to a long range Hamiltonian. We expect that it should be similarly

robust to deviations in energies due to polydispersity. The large entropy of the lower

levels sets the system along the path to the LP structure and even if a periodic state

becomes stable at some nonzero temperature along the quench, a large number of

particle rearrangements would need to occur in order for the system to transition to

the periodic state.

A physical realization of the selectively polarized disks could be made by selec-

tively doping micron-sized semiconductor disks [52], creating p-n junctions oriented

out of the plane of the particle. The p-n junctions would act as electric dipoles.

Two masks would be used to create these physical particles. The masks use

the selectively polarized disks as a template and are shown for a single particle in

Fig. 4.10. The white disks represent holes in the mask. To make the p-n junction, the

mask in Fig. 4.10(a) would be overlaid on the semiconductor disk. The semiconduc-
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Figure 4.10: Masks that would be used to make p-n junctions on a semiconductor
disks that would have interactions similar to the selectively polarized disks.

tors would then be doped to make positively charged areas within the white circles

of the mask. The second mask, shown in Fig. 4.10(b), would then be overlaid on the

disk and the particles would again be doped to create negatively charged areas. The

process would be repeated, but with the mask in Fig. 4.10(a) being used to create

negatively charged areas and the mask in Fig. 4.10(b) being used to create positively

charged areas. To create the isotropic repulsion, the disks could be coated with a

thick film of magnetic material and immersed in a magnetic field perpendicular to

the monolayer [53].

In such a system, buckling could occur as in the binary colloidal monolayer when

particles are in a mismatched state. In this case it may be wise to make the particles

heavy or to tightly confine the system.

4.4.2 Jigsaw particle: maximizing density

The jigsaw particle is a hard particle with concave and convex sections along its

boundary. A physical realization of the jigsaw particle could be made using projection

photolithography. During this process, UV light is used to crosslink a volume of

polymer resin that is determined by a photomask. The specific particle geometry was

designed with constraints on radii of curvature imposed by the methods of creating

the photomask.

Through NVT off-lattice simulations with multiple Hamiltonians and similar par-

75



Figure 4.11: (a) A section of the LP state formed by a collection of jigsaw particles.
Note the curved edges of the particles in the packing. (b) The state in which level
1 has formed and the lattice constant is large enough to allow rotations so that the
higher levels can form.

ticle designs, we realized that there were insurmountable barriers to formation of the

LP structure using particles of this type. In order for the LP structure to form, a

section of which is shown in Fig. 4.11(a), the lattice constant of the triangular array

of center of mass positions must be large enough to allow full rotations of any parti-

cle. A depiction of the ordered level 1 structure with a large enough lattice constant

to satisfy this constraint is shown in Fig. 4.11(b). Additionally, there must be some

sort of Hamiltonian with low energy pairwise states of concave-convex matches with

a long enough that correlations between particle orientations exist when the lattice

constant is large. We were unable to find a combination of realistic depletion forces

and isotropic interactions that were able to satisfy both conditions. The formation

of level 1 was never observed and when a melt of the LP structure was simulated,

the sequence of transitions was absent. All levels of order within the LP structure

melted simultaneously.
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4.4.3 Using particle shape and depletion forces

In order for the armed particles to form the LP state, they must form a triangular

lattice with a lattice constant greater than or equal to the diameter of a circle cir-

cumscribing the particle Dp, shown in Fig. 4.12(a). In experiments, this could be

achieved as in the system of selectively polarized disks by creating a Wigner crys-

tal through the addition of an isotropic repulsive force between the particles and

confinement to a given volume.

The armed particles are hard particles that were designed to have low pairwise

energy states of the black stripe model when immersed in a sea of depletants. Note

that again the black bars are purely decoration. The simplest approximation to the

free energy of the system is

F � 3φ

4πpDd{2q2TVE , (4.7)

where φ is the volume fraction of depletants, Dd is the diameter of a depletant, and

VE is the volume from which the depletants are excluded. A derivation of Eq. (4.7)

is presented in Sec. 2.5.2. Clearly, for a given temperature, the system minimizes its

free energy when the volume available to the depletants is maximized, that is when

VE is small. The entire gray and black volume depicted in Fig. 4.12(b), where the gray

represents a hard armed particle and the black is a region of widthDd{2, is the volume

excluded to the depletants from a single armed particle. The total excluded volume

shrinks when the excluded volumes associated with two particles overlap. This occurs

when they are within a distance Dp �Dd from each other. The changes in excluded

volume in both matched and mismatched configurations when the distance between

the particles’ centers is Dp are shaded dark gray in Fig. 4.12(c) and (d), respectively.

There is more overlapping volume in the matched configuration, which decreases the

excluded volume. Note that a mismatched configuration is strictly defined in this
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system as the mismatched state of the black stripe model, not just any state in which

the black bars are misaligned. When the armed particles are located at the sites of

a triangular lattice with a lattice constant a, with Dp ¤ a ¤ Dp �Dd, the low free

energy states are those in which the arms on neighboring particles are close. In such

configurations, the black stripes are aligned.

The six arms evenly spaced around the particle’s circumference are needed for the

triangular lattice to form in experiments and for the low energy states to be those of

the black stripe model in lattice simulations and experiments. Consider a local seven

particle configuration on a lattice with the six surrounding particles’ orientations

fixed in matching states of the black stripe model and the center particle free to

rotate. If the particles only have the six arms at the locations of the ends of the

black bars, the excluded volume is maximized when two arms on the center particle

are very close to their neighbors and four arms are very far from their neighbors.

The desired state is when all six arms are equidistant from their neighbors. Adding

the six equally spaced arms avoids this problem.

The size of the depletants sets the range of the armed particles’ interactions. As

mentioned before, the excluded volume is only nonzero for lattice constants within

the range Dp ¤ a ¤ Dp � Dd. However, one cannot just choose to use depletants

with large Dd because Eq. 4.7 describes a system in which the volume fraction of

depletants is small. If the particles are too large, then for a small φ, the strength of

the interaction is weak. If φ were large, the depletants would more strongly interact

with each other and could be distributed nonuniformly through the system, which

would cause additional effects that Eq. (4.7) does not describe.

We imagine that these particles could be manufactured in the same way as the

jigsaw particles, using photolithography. Because of this, we designed the particle

with the same constraints that are currently imposed on the radii of curvature of the

photomask features. We choose the diameter of the circle circumscribing the armed
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Figure 4.12: (a) The armed particle inscribed by a dashed circle with diameter Dp.
(b) The volume from which the depletants are excluded due to the existence of a
single particle. The light gray area is the hard armed particle and the black outline is
the area of width Dd{2 from the particle edge from which the depletants are excluded
due to their own hard boundaries. (c) The change in excluded area when the armed
particles are touching in a matched configuration. (d) The change in excluded area
when the armed particles are touching in a mismatched configuration. (e) The free
energy divided by T of the center particle of a local seven particle configuration as
a function of orientation angle θ with a � Dp. The difference in F {T at θ � 0 and
θ � π is equal to 2∆F {T . (f) The difference in free energy between a match and
mismatched state as a function of reduced particle center separation a{Dp. See text
for further description of the calculations of F .
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particle to be 10µm and the diameters of the arms to be 1.5µm. The thickness of

the armed particles was chosen to be 4µm. In colloidal experiments, thin particles

are more likely to land on the substrate face down, instead of standing on an edge,

but a thicker particle results in a larger change in excluded volume when a match

occurs.

A quench in temperature cannot be performed on this system because the inter-

actions are governed by entropy. The parameter that can be used to increase the free

energy of a bond relative to T is the lattice constant a. The highest “temperature”

is the box size at which the match and mismatch configurations have the smallest,

nonzero overlapping volumes. The lowest “temperature” occurs at a � Dp, where

the difference in overlapping volumes between the matched and mismatched states

is largest. Because of the nonzero lower temperature limit, there is a maximum level

of the LP structure that can form. The particular level depends on the details of

the system, namely the radii of curvature of the features of the armed particles, the

thickness of the particle, and the size and volume fraction of the depletants.

We can estimate the values of the lattice constants at which the LP transitions

occur. The free energy of a particle with its six neighbors in matched configurations,

shown in Fig. 4.12(e), decays to zero quickly when the orientation of the center

particle deviates from an integer multiple of π{3. Note that when θ � 0, the center

particle forms matched states with all six of the neighbors, when θ � π, it forms

matched states with four neighbors and mismatches with two, and when θ � nπ{3
with n P t1, 2, 4, 5u, it forms matched states with two neighbors and mismatched with

four. The difference in free energy between the state at θ � 0 and θ � π is thus 2∆F ,

where ∆F is the difference in free energy between one matched and mismatched state.

We can approximate the Hamiltonian as being discrete, where the energy is zero for

states that are not multiples of π{3 and the difference in energy between a matched

and mismatched configuration is some ∆F that is a function of a. At the critical
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temperature of the level-1 transition in the black stripe model, the ratio T {ε � 0.46.

We approximate the value of a at which the level-1 transition occurs by finding a at

which T {∆F � 0.46. We have estimated the box sizes at which the level-n transitions

should occur for different depletion diameters, using the scaling relations derived in

Sec. 2.4.3 to determine the critical values of T {∆F . Although φ � 0.35 may be too

large for the assumptions in the derivation of Eq. (4.7) to hold, we chose to use this

value to obtain an upper limit on the number of phase transitions that could occur.

For Dd � 300 nm and φ � 0.35, only level 1 is expected to form before the finite

temperature is met. For Dd � 200 nm, four transitions are expected to occur within

a volume change of 1%. For Dd � 150 nm, the slope of T {∆F is smaller than for

d � 200 nm, and seven transitions were expected to occur. However, the volume

change over which these transitions happen is still approximately 1%. The system

is probably too sensitive to external conditions for the LP structure to form in this

particular experimental model.

Although the creation of a LP structure in this model does not seem to be exper-

imentally feasible, lattice MC simulations were performed in order to show that the

Hamiltonian works in principle if not in practice. We chose to use Dd � 150 nm and

φ � 0.35. A lookup table containing the overlapping areas of 2D particle pairs gener-

ated in Matlab was used in free energy calculations with linear interpolation in a. A

plot of the contribution to the free energy of a single particle is shown in Fig. 4.12(e)

as a function of orientation angle θ and the difference in the contribution to the free

energy between a mismatched state and a matched state is shown in Fig. 4.12(f).

The dashes lines indicate the estimated values of a{Dp at the transitions, where the

level 1 transition occurs at the largest value of a{Dp.

The three lowest order transitions have been observed in lattice simulations of

both a quench starting from a disordered state and a melt starting from the LP

state. The order parameters associated with levels 1-3 are shown in Fig. 4.13. The
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Figure 4.13: The order parameters for the three first transitions as a function of
reduced lattice constant a{Dp. The black data is from a quench and the gray data
is from a melt. We expect the order of the transitions is first order and what looks
like hysteresis is a consequence of running the simulations for too short of a time
at each box size. The vertical lines are the expected values of the critical box sizes
estimated using the lookup table energies used in simulations. The level-1 and -2
critical box sizes match the estimations well. The disagreement in the level-3 data
is a result of the small system size for that level. Only 16 level-3 unit cells exist in a
32� 32 system.

parameters used in simulations are presented in Table 4.3. The transitions occur at

box sizes close to those predicted with the specific lookup table used in simulations.

Note that that level-2 and -3 transitions are not as sharp as the level-1 transition.

This is due to the relatively small system size of N � 32 � 32 particles, in which

there are only 16 level-3 unit cells and 64 level-2 unit cells. The disagreement of the

order parameters during the quench and melt around the transition temperatures

is a result of the inefficiency and short run time of the simulations. Although the

Hamiltonian is nearly discrete, continuous rotations were allowed and most of these

were rejected. Because the transitions of the black stripe and TS models are second

order, we expect that these transitions are as well.
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Table 4.3: Parameters used in lattice MC simulations of the armed particles.

N 32� 32
Lmax 1.01338
Lmin 1.00862

τ 1� 106 MCS
∆θmax

s 2π{3
∆θmax

` π
Pθ,s 0.5

4.5 Conclusion

Collections of two of the three presented particles have low free energy LP states,

but are not good templates for physical systems in which the creation of the LP

structure is desired. The interlocking of the densest packings of jigsaw particles

inhibits the emergence of LP order by impeding the series of transitions that favor

the formation of the LP state over the competing degenerate crystals at T � 0. In

systems of identical armed particles, the first three transitions to the LP state were

observed in simulations, but occurred over a range of lattice constants too small to

be experimentally reasonable.

One particle design, the selectively polarized disk, however, is promising. In

off-lattice simulations of the monocomponent system of achiral selectively polarized

disks, we’ve observed the transitions that lead to the LP state. We have presented

a possible physical realization of the selectively polarized disk and have shown that

the thermodynamics of the formation of the LP structure leave it robust to small

variations in the pairwise particle energies, an important property in experimental

systems. If a collection of the physical realization of the selectively polarized disks

were synthesized, the LP structure could form in a colloidal monolayer. We note

that if the particle diameter is large, a way to couple to the rotational degrees of

freedom and introduce noise may be necessary to thermalize the system.
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5

Sparse vibrational modes of a limit-periodic
structure

5.1 Introduction

This chapter closely follows the presentation in a manuscript by Marcoux and Socolar

submitted to Physical Review B.

Nonperiodic structures are known to support vibrational modes that differ markedly

from the Bloch waves of infinite periodic crystals. Well studied examples include

the localized modes of disordered systems [54] or floppy materials [55], the criti-

cal modes of quasiperiodic systems, which exhibit power-law decays [56], and the

topologically protected modes associated with boundaries or line defects in isostatic

lattices [57, 58] or mechanical models with broken time-reversal symmetry [59] or

chiral couplings [60]. An interesting feature of such systems is the possibility of

the localization of mechanical energy on low dimensional structures. [61, 62, 63, 64].

Typically, the localized modes occur near defects in crystals and at surfaces [65, 66].

Limit-periodic (LP) structures occupy a conceptual space in between periodic

crystals and quasicrystals or disordered systems. Like crystals and quasicrystals, they
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are homogeneous in the sense that every local region in them is repeated with nonzero

density, and they are translationally ordered, having diffraction patterns that consist

entirely of Bragg peaks. Unlike crystals, however, there is no smallest wavenumber

in the diffraction pattern; the set of Bragg peaks is dense. But unlike quasicrystals,

the point group symmetry of a LP structure is compatible with periodicity, and the

structure can be described as a union of periodic structures with ever increasing

lattice constants [29]. It is thus natural to ask whether they support modes with

novel spatial structures. In particular, one might wonder if the LP structure could

support modes with low participation ratios.

Though no naturally occurring LP structures have been discovered, the formation

of a LP state occurs in both tiling models and systems with physical Hamiltonians

as discussed in Chapters 2-4. With recent advances in colloidal particle synthesis,

the fabrication of particles with the necessary interactions for the creation of the LP

structure seems experimentally feasible [9, 10, 11, 12]. The possibility of creating a

LP phase motivates us to explore the physical properties associated with its unique

translational symmetries.

Here we study the spectrum of a LP structure inspired by the TS tiling [29, 67].

Our system consists of identical point masses placed on the sites of a triangular

lattice and connected by springs on all of the nearest-neighbor bonds. The springs

are assigned one of two possible stiffnesses, where the pattern of assignments is LP.

To study the vibrational spectrum, we construct a hierarchy of periodic approximant

models and use standard techniques to calculate their phonon modes. We observe

that certain modes with low participation ratios remain unchanged as the lattice

constant of the approximant increases and that at each new scale additional modes

arise with even lower participation ratios. Though these modes are extended, and

indeed are perfectly periodic, the particles that oscillate with large amplitude are

confined to sparse networks of 1D chains. We also find that these modes are not
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destroyed by vacancies or by small amounts of disorder in the spring constants.

We note that the sparse modes of the LP structure have a qualitatively different

nature from the confined modes observed in models of quasicrystals [68]. In the

latter, a special local cluster of particles supports a strictly localized mode and this

cluster is repeated at a finite density throughout the bulk of the system. Extended

linear combinations of these degenerate modes, which may be the true modes when

the degeneracy is broken by the slightly different environments around the clusters,

have participation ratios on the order of the fraction of particles participating in the

special clusters. The sparse vibrational modes of the LP structure, on the other hand,

cannot be described as linear combinations of localized modes. They are extended

modes with finite degeneracy, and the existence of such modes with arbitrarily small

participation ratios is a distinctive feature of the LP system.

The rest of the chapter is ordered as follows. In Section 5.2, we describe the

LP structure of interest, its periodic approximants, and the corresponding ball-and-

spring models. Section 5.3 shows how modes of the infinite LP structure are identified

and describes their structure. Section 5.4 presents an analysis of the origin of the

modes of interest.

5.2 A ball and spring model

The LP pattern studied here is the tiling of the black stripes model introduced in

Sec. 2.2. To develop a physically plausible ball-and-spring model, we place a point

mass at the center of each hexagonal tile and connect nearest neighbors with springs,

where the stiffness of a given spring is determined by the configuration of black stripe

decorations across the boundary between the two tiles. In the LP structure, there

are three types of nearest-neighbor bonds: bar-bar (bb), bar-corner (bc), and corner-

corner (cc), as illustrated in Fig. 5.1(a)-(c). Spring stiffnesses kbb, kbc, and kcc are

assigned to the bb, bc, and cc bonds, respectively, as shown in Fig. 5.1(d). Note that
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Figure 5.1: Examples of the three types of bonds in the LP structure: (a) a bar-
bar bond pbbq, (b) a bar-corner bond pbcq, and (c) a corner-corner bond pccq. (d) A
depiction of the ball and spring model. The coupling strength of a spring connecting
nearest-neighbor masses is determined by the type of bond.

for n ¥ 3, level n is formed by kbb chains of length 2n�1 � 1 coupled through kbc

bonds at the triangle corners.

The relative densities of the different bond types is set by the level-1 structure.

First note that the total number of bonds is 3 per tile. All cc bonds are formed by the

tiles that create the level-1 triangles. In the LP pattern, 3{4 of the tiles contribute

four corner bonds each to level 1. As each cc bond is counted twice in this manner,

the number of cc bonds is 3{2 per tile. The corners on each of the remaining 1{4 of

the tiles form bc bonds, again with each tile contributing to four corner bonds. In

this case, each bond is only counted once, so the number of bc bonds is 1 per tile.

The remaining bonds, 1{2 per tile, must be bb bonds. Thus in any pattern in which

level 1 is the honeycomb of the LP structure, 1{2 of the bonds are cc, 1{3 are bc, and

1{6 are bb. All of the models considered below, including the periodic approximants,

have this property, making the average spring stiffness the same in all cases.
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Figure 5.2: (a) The LP structure. (b) The 3-periodic structure. The level-3
triangles are filled to highlight the difference in the pattern of level-3 triangles within
the structures shown in (a) and (b).

There exist periodic tilings of the black stripe tile of Fig. 2.1(b) that contain

elements of the LP structure, as briefly mentioned in Sec. 3.4. (Note that the next

nearest-neighbor interactions required to force aperiodicity of the Taylor-Socolar tile

are not enforced by this decoration.) For present purposes, we construct a series of

periodic approximants of the type shown in Fig. 3.10 and refer to them as n-periodic.

88



Figure 5.3: The unit cell of the 4-periodic structure. The dashed lines help to
visualize how the unit cell creates the largest triangles. The shades of gray indicate
the periodic boundary conditions.

In a 2D n-periodic structure, the largest triangles are level-n. A crucial feature of

these approximants is that levels 1 through pn�2q are identical to their counterparts

in the LP structure of the TS tiling. The LP structure and 3-periodic structure are

shown in Fig. 5.2(a) and (b), respectively. The level-3 triangles are filled to highlight

the differences between the patterns. The n-periodic structure has 3-fold rotational

symmetry and a unit cell consisting of 3� 4n�2 tiles. For n ¥ 3, the level-1 structure

is identical to that of the LP pattern, so the ratio of densities of the bond types is

also the same. For completeness we note that there does exist a 2-periodic structure

in which 1{3 of the bonds are cc, 2{3 are bc, and there are no bb bonds, but it is not

relevant for present purposes.

Fig. 5.3 shows the 4-periodic structure. In this structure levels 3 and 4 do not

have the honeycomb pattern characteristic of the LP structure, while levels 1 and 2
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do. In general, the n-periodic approximants with larger n have the same structure,

with the dotted triangles in the figure indicating level-n triangles and all levels below

and including n� 2 having the same structure as they do in the LP case.

In the ball-and-spring models studied here, all the balls are taken to have the

same mass µ, in accordance with the fact that the tiles are all identical. The coupling

strengths kij are assigned as described above, and all springs are taken to have an

unstressed length equal to the lattice constant a. An algebraic formula specifying kij

at a given location in the LP structure, corresponding to the structure in Fig. 5.4(c),

is given below.

Define the unit vectors

eλ � pcosp2πλ{3q, sinp2πλ{3qq , (5.1)

with λ P t0, 1, 2u. The point masses lie on lattice sites i0e0 � i1e1, with i0, i1 P Z.

Consider the bond joining sites r and s � r � eλ. Assign to this bond a pair of

integers

pi, jq � 2?
3

�
r � e1λ�1 ,�r � e1λ�2

�
, (5.2)

where subscripts are taken modulo 3 and e1λ is a rotation of eλ by π{2.

Let GCDpa, bq be the greatest common divisor of a and b, and define Qpnq �
GCDp2n, nq, taking Qp0q � 8. For r, s � p0, 0q, the stiffness k is given by

k �
"
kbb if Qp|i|q � Qp|j|q ^Qp|i� 1|q � Qp|j � 1|q
αkbb otherwise .

(5.3)

For bonds connecting to (0,0), if the bond is in the �e0 direction, the stiffness is kbb,

otherwise it is αkbb.

To determine whether low participation ratio modes exist in the LP structure,

we study the periodic approximants and extrapolate our results. The bulk of the

numerical analysis is done using the 7-periodic structure, but specific modes of the
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5-, 6-, and 8-periodic structures were also calculated using the methods described in

Sec. 2.5.3.

We report results for coupling strengths

kcc � kbc � αkbb , (5.4)

with α   1. For purposes of illustration, we choose α � 0.6. The qualitative features

do not depend on the particular values of the coupling strengths as long as kcc and

kbc are both less than kbb. Without loss of generality we set kbb{µ � 1 and a � 1.

The limit of interest is a structure that has no periodically repeated unit cell

and hence requires an infinite set of polarization vectors for each mode. For any n-

periodic approximant, the number of polarization vectors required is 3�4n�2. When

n is increased by one, the Brillouin zone shrinks in area by a factor of 4, and the

number of modes at any given wavenumber within the new Brillouin zone grows by

that same factor. In the limit of infinite n all of the modes are formally q � 0 modes.

To explore the structure of these modes, we consider only the q � 0 modes of each

approximant, which turn out to have features that allow for extrapolation to the full

LP system.

5.3 Modes of the infinite structure

Given the homogeneity of the structure, we expect the low frequency modes of all

of the approximants to be small perturbations of ordinary plane waves. We have

confirmed that the sound speed is isotropic and corresponds to that of a triangular

lattice with coupling constant 0.659kbb, which is roughly equal to the weighted av-

erage of the coupling strengths in the unit cell xky � 0.667. The more interesting

portion of the spectrum contains the high frequency modes, which are sensitive to

variation of couplings on all scales.

The identification of modes of the LP structure rests on the surprising observation
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(a)

(b)

(c)

Figure 5.4: Coupling patterns for n-periodic approximants with n ¥ 5. Black (light
gray) lines represent bonds with coupling constant kbb (0.6kbb). (a) Coupling pattern
common to all approximants and the LP structure. The different cases correspond
to particular patterns of springs within the dark gray hexagons: (b) the 5-periodic
couplings. (c) the LP coupling pattern. The kbb bonds in (b) and (c) are bolded to
highlight the difference between them.
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that certain modes are simultaneously normal modes of the n-periodic and the LP

structures. To see how this may be possible, consider the pattern of bond strengths

depicted in Fig. 5.4(a). If there is a mode in which all of the springs within the

shaded hexagons remain unstressed to first order, that mode is entirely insensitive to

the pattern of coupling strengths within each hexagon. In particular, the coupling

strengths can be chosen to create the 5-periodic structure shown in Fig. 5.4(b) or,

alternatively, to create the LP structure shown in Fig. 5.4(c), or indeed to create any

n-periodic approximant with n ¡ 5.

Because the pattern in Fig. 5.4(a) has 6-fold symmetry about each shaded hexagon,

there can be modes that exhibit 3-fold or 6-fold symmetry about these points as well,

as long as they do not involve any stretching of the bonds within the shaded hexagons.

If such a mode does exist, then it is a mode of any of the approximants of higher

order. We find numerically that there are many such modes.

To identify modes of particular interest, we calculate for each mode a participation

ratio p defined as [69, 70]

p �
�
N

Ņ

i�1

|εi|4
��1

, (5.5)

where the normalization of εi yields p � 1 if |εi| is the same for all i. We find that

most modes of the 7-periodic structure have p � 0.6. Some typical examples are

shown in Fig. 5.5.

The n-periodic approximant supports modes with very low participation ratios,

many of which have the 3-fold or 6-fold symmetry that marks them as modes of the

LP system. For each increase in n, modes are added in which the large amplitude

oscillations are confined to triangle edges of level n � 2. Figure 5.6 shows examples

of such modes, along with additional modes in which two levels are excited. For

each mode in which the excitations are confined to level n (or a set of levels up to

93



(a)

(b)

(c)

Figure 5.5: A selection of q � 0 modes of the 7-periodic structure with typical par-
ticipation ratios. Dot size indicates the amplitude of oscillation of the corresponding
mass. (a,b) Modes that are also modes of the LP structure. (c) A mode that reflects
the unique periodicity of the 7-periodic approximant. The frequencies and partici-
pation ratios of the modes are: (a) ω � 1.772, p � 0.611; (b) ω � 1.378, p � 0.725;
and (c) ω � 1.225, p � 0.637.
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n), there are corresponding modes confined to level n � 1 (or a set up to n � 1).

All modes within these hierarchies are high frequency modes in which neighboring

masses on every level-n edge oscillate out of phase with each other, as indicated by

the black arrows in the first column of Fig. 5.6. The modes in the first two rows of

Fig. 5.6 are 3-fold symmetric, while those in the bottom row are 6-fold symmetric.

In the 6-fold symmetric modes, the instantaneous pattern around each triangle is

chiral and every triangle has the same chirality. Note that the participation ratios

in a given hierarchy decrease dramatically (roughly, by a factor of 2) with increasing

n.

We now focus in more detail on the set of modes with the simplest geometry, those

with the form of Fig. 5.6(c1). We refer to a mode within this hierarchy as a level-n

edge mode and denote its frequency by ωn. To extract modes of this type from the

computed spectrum, we construct a template that captures the essential structure

of the mode and search for modes that have a high overlap with the template.

For the level-n template embedded in a m-periodic approximant with m ¥ n� 2,

we assign a polarization vectors to each particle as follows. Define lattice vectors

eλ � pcosp2πλ{3q, sinp2λπ{3qq , (5.6)

a normalization constant cnm � 9 � 22m�n�5, and the quantities kn � 2n�1 and

ynpiq � i mod 2n. The polarization vector for the particle i at position R � i0e0�i1e1

is given by

v
pnq
i �

�
p�1qi0 sin

�
i0π

kn



δpynpi1q, knq e0

�p�1qi1 sin

�
i1π

kn



δpynpi0q, knq e1 (5.7)

�p�1qi1 sin

�
i1π

kn



δpynpi0 � i1q, knq e2

�
1

cnm
,
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Figure 5.6: Low participation ratio modes. Column (1): Snapshots of unit cells.
Black arrows indicate the displacement of the masses at a given time. Gray arrows
indicate the symmetry of the instantaneous pattern of displacements. Columns (2)
and (3): Members of the hierarchy corresponding to column 1. Black dot sizes
indicate the amplitude of the polarization vector at each lattice site. Row (a): Two-
level modes of the 8-periodic structure. (a2): Levels 4 and 5 are excited; ω � 2.161;
p � 0.138. (a3): Levels 5 and 6 are excited; ω � 2.187; p � 0.103. Row (b): Single-
level modes of the 7-periodic structure. (b2): Level 4; ω � 2.163; p � 0.144. (b3):
Level 5; ω � 2.188; p � 0.075. Row (c): Modes of the 7-periodic structure in which
all of the edges of a single level are excited. (c2): Level 4; ω � 2.162; p � 0.208.
(c3): Level 5; ω � 2.189; p � 0.118.

96



Figure 5.7: (a) A section of the n � 4 edge mode template. Black arrows repre-
sent the displacement vectors at a given time. Gray arrows illustrate that in every
triangle, the instantaneous chiralities associated with the motion of the particles at
edge centers are the same. (b), (c): Edge mode templates for levels 4 and 5. The
size and opacity of the black dots indicate the magnitude of the polarization vector
at each lattice site.

where δpa, bq is the Kronecker delta. The normalization constant cnm is defined such

that
°
i v

pnq
i � vpnqi � 1, where the sum runs over the sites in one unit cell of the

m-periodic structure. Figure 5.7 shows the level-4 and level-5 edge mode templates.

To locate modes of interest, we scan through the high-frequency q � 0 modes,

calculating the overlap I of the numerically calculated mode with v:

I �
�����
Ņ

i�1

v
pnq
i � εi

����� . (5.8)

Modes with I ¡ 1{2 are the relevant edge modes. Table 5.1 gives the position of the

mode in the list sorted from high to low frequency. All of the identified edge modes

have frequencies that are within the highest 8% of the relevant spectrum.
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Table 5.1: The position in the spectrum of the various edge modes in four n-periodic
structures. For example, 29 indicates that the mode is that with the 29th highest
frequency.

level-3 level-4 level-5 level-6
5-periodic 29 - - -
6-periodic 119 27 - -
7-periodic 482 108 22 -
8-periodic 1916 432 82 22

5.4 Origin of the sparse modes

The existence of a level-n edge mode depends on the inability of lower level triangles

to sustain oscillations at the necessary frequency. That is, the frequency of the edge

mode is higher than the highest frequency that can propagate through the lower level

triangles that make up the bulk of the system. Figure 5.8(a) shows the numerically

exact frequencies of the edge modes of different levels, along with calculated values

based on the theory described below.

High amplitude oscillations do not occur on levels (m   n) in the level-n edge

modes because the lower levels cannot support propagation of a wave with frequency

ωn. The highest frequency mode that can propagate on the level-1 and level-2 struc-

tures is Ω1,2 � 1.90, corresponding to the highest frequency mode of a kagome lattice

with coupling strength 0.6kbb. This implies that in the high-frequency modes of the

LP structure, the large amplitude oscillations will be confined to the stiff chains

with lengths greater than one. One can see that oscillations at ωn cannot propagate

deeply into levels-p3 ¤ m   nq. When a chain is driven at one point at a frequency ω

above the highest frequency in its spectrum, Ω, the excitation will be localized with

a decay length

ρ � 1

2
?
δ
, (5.9)
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Figure 5.8: (a) Frequencies and estimated frequencies of the level-n edge modes.
Open circles are obtained using the methods described in Sec. 2.5.3. Closed circles
are estimates based on a model of stiff chains embedded in a soft triangular lattice.
The inset shows the same data on a log scale, where ω8 is the highest frequency
that can propagate on the infinite embedded chain. (b) The difference between the
estimated frequency of the level-pn � 1q edge mode and the highest frequency that
can propagate on the level-n chain. The inset shows the ratio of the decay length
ρn�1,n to the length of a level-n edge 2n�1 � 1. (See text.)

where δ � ω�Ω ! 1 [71]. To estimate the decay length ρn,m of the level-n edge mode

with frequency ωn into level m we take δn,m � ωn � Ωm, where Ωm is the highest

frequency supported by the level-m structure.

We estimate Ωm by calculating the phonon spectrum of an approximation to

the level-m structure: a line of stiff chain segments of length 2m�1 � 1 connected by

pairs of weak links and embedded in a soft triangular lattice. (See Fig. 5.9.) The stiff

bonds were assigned a coupling strength kbb and the weak bonds were assigned a cou-

pling strength 0.6kbb. The coupling strength for the bulk triangular lattice, 0.619kbb,

was chosen so that the frequency of the level-6 chain matches exact computation.

Figure 5.10 shows the predicted decay curves overlaid on the oscillation amplitudes

of two modes obtained from the full phonon calculations for the 7-periodic struc-

ture. In all three plots, the predicted decay lengths account well for the numerically
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Stiff chain Weak links Soft triangular lattice

(a)

(b)

Figure 5.9: The level-4 embedded chain used to compute approximate frequencies.
(a) The mode corresponding to the highest frequency, Ω4. (b) The mode correspond-
ing to the level-4 edge mode with frequency ω4. Similar chains are used to compute
approximate values of ωn and Ωn for 3 ¤ n ¤ 9. The dashed bonds shown are a
portions of a 2D triangular lattice.

determined amplitudes.

One might worry that as n increases, the decreasing frequency difference between

adjacent levels may result in modes that have large amplitude oscillations on levels

pm   nq. We estimate ωn and Ωn for levels larger than those we have numerically

computed by again using the chain illustrated in Fig. 5.9. The frequency ωn is

that of the mode with polarization vectors similar to the actual level-n edge mode

(Fig. 5.9(b)). Although the difference between ωn�1 and Ωn decreases quickly with

n, as shown in Fig. 5.8(b), the ratio of the decay length of the level-n edge mode into

the level-pn � 1q structure to the length of a level-pn � 1q triangle edge (Fig. 5.8(b)

inset) shows a trend towards lower values, a strong indication that the edge mode

structure persists to arbitrarily large n.

We estimate the behavior of the participation ratio of the level-n edge mode pactual
n

by determining the functional form of the participation ratio of the level-n template

ptemp
n . From Eqs. (5.5) and (5.7) a straightforward derivation gives

ptemp
n � 1

3� 2n�3
, (5.10)
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Figure 5.10: Decays of oscillations in edge modes. (a) Level-3 edges in the level-4
edge mode. (b) Level-3 edges in the level-5 edge mode. (c) Level-4 edges in the
level-5 edge mode. Open circles represent the magnitudes of the polarizations of the
masses lying along the black line in the images above the plots. Filled circles are
the amplitudes of an exponentially decaying function with decay length determined
using Eq. (5.9).
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Figure 5.11: Participation ratios on a log scale of (open circles) level-n edge modes
obtained as described in Sec. 2.5.3 and (filled circles) the level-n templates generated
by Eq. (5.7).

which decreases by a factor of two with each level. The actual level-n edge modes

deviate from the template due to the exponential decay into the bulk. The partici-

pation ratios of both the templates and the actual modes are presented in Fig. 5.11

for multiple n. Although the slope of pactual
n pnq up to n � 6 appears smaller than the

expected scaling, we conjecture that the scaling will recover at larger n. Numerical

confirmation of the 2�n scaling would require greater computational capacity.

To support the claim that the level-n edge modes of the 7-periodic structure exist

within the spectrum of the LP structure, we verify the persistence of the modes as

the size of the unit cell is changed. We find that for the 5-, 6-, 7-, and 8-periodic

approximants, the frequencies of a level-n edge mode that exists in more than one

approximant are the same up to five significant digits.

Because the frequencies of edge modes lie outside the spectrum of the bulk com-

prised of lower level triangles, we expect the modes to be robust to some degree of

disorder. Figure 5.12 shows a level-n mode in a system where a mass that would os-

cillate at high amplitude is removed. The vacancy gives rise to a hole in the pattern,
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Figure 5.12: The level-4 edge mode of the 8-periodic structure when a single mass
along and near the center of a level-4 edge is removed. Multiple unit cells are shown;
the removal of one mass along a level-4 edge in an infinite version of the structure
would create a single hole.

but the long-range order of the mode persists.

Introducing disorder into the coupling strengths destroys the long-range order of

the mode but does not increase the participation ratio. We calculated the phonon

modes of the 7-periodic structure with each coupling strength multiplied by a random

number between 1 � ν and 1 � ν. We find that the high-frequency modes remain

localized along the stiff chains for all values of ν used, but even for ν as small as

0.01, the mode can no longer be identified using the template of Eq. (5.7). As

expected, disorder results in localization along the 1D chains, resulting in even lower

participation ratios [72].
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5.5 Conclusion

We have shown that a LP ball and spring model supports modes with arbitrarily

small participation ratios. These are not exponentially localized modes, but instead

are extended modes in which the large amplitude oscillations are confined to sparse

periodic nets. Two properties of the LP structure enable it to support modes with

arbitrarily low participation ratios. First, the presence of stiff chains embedded in a

softer bulk allows for high frequency modes confined to those chains. The exclusion

of the oscillations from the bulk also results in the confinement of the modes being

robust to vacancies and some degree of disorder in the spring constants. Second, the

LP system is comprised of a hierarchy of increasingly stiff and sparse networks of

chains. At each level, the chains are stiff enough to support modes with sufficiently

short decay lengths in the bulk that the confinement is sharply defined. The result

is that for an arbitrarily small choice of p, there exists a level in the hierarchy that

supports modes with participation ratios less than p.
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6

Conclusion

The creation of a LP structure in a physical system would be an exciting result.

Not only would such a structure have a symmetry never before seen in a physical

material, it would surely have novel physical properties. In this dissertation, we have

shown that the creation of a LP structure by a collection of particles with realistic

interactions is possible and have presented a design for a colloidal system in which

it could occur. We have also shown that a ball and spring model with a LP pattern

of spring stiffnesses supports extended modes with arbitrarily small participation

ratios, a situation that appears to be unique to structures with LP symmetry.

For each of the studies presented, there remain unanswered questions. For the

3D tiling models, the fact that the transitions appear to be second order in the

zonohedral model but first order in the cubic model begs the question of how the

nature of the transition changes as a function of ε2. We conjecture that the transition

becomes first order for all ε2   1, with the size of the discontinuity approaching zero

as ε2 approaches 1, but careful investigation of this point is beyond the scope of the

present work.

One intriguing case that we have not studied carefully is the 3D zonohedral
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model with ε2 ¡ ε1. In the case of ε1 � 0, each layer of the system forms a LP

structure, but the layers are decoupled, so the structures in different layers are not

likely to be in registry with each other. For small ε1, we conjecture that the level-

1 transitions within each layer occur at a temperature high enough to prevent the

interlayer coupling from bringing the different layers into registry, thus leading to a

frustrated state at low temperature in which the black bar structures always have

defects and the ground state cannot be accessed. The resulting material would be a

new type of glass whose thermodynamics and kinetics might be accessible to analysis.

A possible impediment to the formation of the LP state in an experimental system

is that manufacturing techniques may be unable to create particles that are small

enough for the system to be able to equilibrate on experimentally reasonable time

scales. A method may need to be developed to induce rotations of the particles and

effectively thermalize the system. Future work could include devising such methods

for the system of selectively polarized disks and testing them through the use of

molecular dynamics simulations.

Questions remain about the nature of the LP spectrum. We have studied in

depth only a subset of the low participation ratio modes, in particular, the level-n

edge modes. Though we have not observed any obvious structural features of the

spectrum, a closer look is likely to reveal nontrivial scaling laws. We have also not

studied our model in the regime where α ¡ 1, in which case the longer triangle edges

cannot support the highest frequency modes. Most importantly, a more realistic

model of a colloidal phase formed from structured particles will have to include the

degrees of freedom associated with rotations of the tiles. We conjecture that modes

confined to level-n sublattices will still be generic in parameter regimes where bonds

associated with triangle corners are weaker than bonds associated with triangle edges.
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