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Abstract

In perifusion cell cultures, the culture medium flows continuously through a chamber

containing immobilized cells and the effluent is collected at the end. In our main

applications, gonadotropin releasing hormone (GnRH) or oxytocin is introduced into

the chamber as the input. They stimulate the cells to secrete luteinizing hormone

(LH), which is collected in the effluent. To relate the effluent LH concentration to the

cellular processes producing it, we develop and analyze a mathematical model con-

sisting of coupled partial differential equations describing the intracellular signaling

and the movement of substances in the cell chamber. We analyze three different data

sets and give cellular mechanisms that explain the data. Our model indicates that

two negative feedback loops, one fast and one slow, are needed to explain the data

and we give their biological bases. We demonstrate that different LH outcomes in

oxytocin and GnRH stimulations might originate from different receptor dynamics.

We analyze the model to understand the influence of parameters, like the rate of the

medium flow or the fraction collection time, on the experimental outcomes. We in-

vestigate how the rate of binding and dissociation of the input hormone to and from

its receptor influence its movement down the chamber. Finally, we formulate and

analyze simpler models that allow us to predict the distortion of a square pulse due

to hormone-receptor interactions and to estimate parameters using perifusion data.

We show that in the limit of high binding and dissociation the square pulse moves

as a diffusing Gaussian and in this limit the biological parameters can be estimated.
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1

Introduction

In this dissertation, we introduce a new mathematical model describing perifusion cell

culture experiments and discuss theoretical questions inspired by this experimental

setup. We analyze experimental data and conduct in silico experiments using our

model and provide insight into underlying biological mechanisms (Chapter 3). Then,

inspired by the perifusion setup, we formulate and analyze theoretical questions on

hyperbolic reaction systems (Chapter 4) and state new research directions (Chapter

5).

Perifusion cell cultures are widely used to study the effects of a pulsatile hormone

signal on cells. In this dissertation, we focused mainly on the influence of the Go-

nadotropin Releasing Hormone (GnRH) on pituitary cells. Upon GnRH stimulation,

pituitary cells secrete another hormone, Luteinizing Hormone (LH) (See Chapter 2

for the biology background).

In perifusion cell cultures, cells are immobilized in a chamber and the cell culture

medium flows constantly at a constant rate through the cell chamber (See Figure 1.1).

The GnRH signal can be introduced into the chamber along with the fresh medium

through the inlet, where the concentration of the GnRH entering the chamber per

1



Figure 1.1: Perifusion Cell Culture Diagram. The blue circles represent the
cells immobilized in the cell chamber. The culture medium enters the chamber
through the inlet, flows with velocity v through the chamber and leaves the chamber
through the outlet. The length of the cell chamber is `.

unit time is controlled. GnRH moves down the chamber with the moving fluid and

as it travels, it binds to its receptors on the pituitary cells and activates a signaling

cascade. The activation of the signaling cascade causes LH release from the cells

into the cell chamber and the secreted LH travels with the flowing medium towards

the outlet. The effluent is collected in fixed time intervals and these fractions are

analyzed for their LH content.

In the experiments that we consider, the input is a square GnRH pulse and the

output is the LH content of the collected effluent fractions. The interesting question

is how to use the effluent LH content to understand the cellular processes producing

LH. To address this question, we should also understand how the experimental setup

affects the data; i.e. we should understand how the movement of the substances

down the chamber, the rate of culture medium flow and the distortion of the GnRH

square pulse affect the experimental outcomes.

Diverse mathematical models of the GnRH signaling pathway have been devel-

oped for analyzing perifusion cell culture data [46, 27, 4, 50, 8, 3, 21]. However, to

the best of our knowledge, almost all of them are restricted to systems of ordinary

differential equations lacking the spatial component of the experimental setup. As

we will see, spatial parameters such as the length of the chamber and the velocity of

the medium affect significantly the experimental results. Smith et al. analyze partial

differential equations describing how a chemical signal distorts as it passes through

2



a chamber in [46]. However, they do not model the signal transduction in the cells

in a perifusion chamber.

To address spatial effects in the data, we developed a new mathematical model

consisting of coupled partial differential equations, which connects the cellular GnRH

signaling network with the movement of the substances down the chamber (Chapter

3). We analyzed experimental data sets from three different groups and conducted in

silico experiments to investigate the biological mechanisms that generated the data

and to discover how the experimental setup influences the data.

Our mathematical model indicates that two negative feedback loops, one fast act-

ing and one slow acting, are needed to explain the data. We suggest molecular bases

for these feedback mechanisms. We compare the actions of two different hormones,

GnRH and oxytocin, and suggest that different receptor dynamics can explain the

different outcomes in these two cases. We analyze the model to understand the influ-

ence of parameters, like the rate of the culture medium flow or the fraction collection

time, on the outcomes. We show that slow velocities lead to high secreted hormone

concentration in the effluent. Also, we show that fraction collection times, which do

not divide the period of the incoming hormone pulse evenly, lead to irregularities

in the data. We examine the influence of the rate of binding and dissociation of

the input hormone on its movement down the chamber. We examine the notion

of the “specific response”, which is defined as the amount of the secreted hormone

per unit input hormone introduced. Specific response is used to assess the efficiency

of different input pulse frequencies. We show that correcting for the total amount

of the input hormone introduced at different stimulation frequencies reverse com-

pletely the efficiency ordering of different stimulation frequencies. Our model serves

as an important tool that can help in the design of perifusion experiments and the

interpretation of results.

Next, we asked whether, using the LH concentration at the end of the chamber,
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one can estimate the binding and dissociation rates of GnRH to and from its recep-

tor. To approach this problem, we first formulated a crude approximation of this

problem, which can be tackled analytically: we described the movement of LH down

the chamber with a one dimensional advection equation and treated the sequential

activation of the cellular signaling in the chamber as a source term moving with a

velocity slower than that of the LH transportation:

utpx, tq ` v1uxpx, tq “ gpx, tq t ě 0, x P R

upx, 0q “ 0

where gpx, tq “ gpx´ v2tq. We solved this problem analytically using the method

of characteristics. Moreover, we solved analytically the associated inverse problem

of finding the source term given the solution at a fixed point (Section 4.1).

Then, we replaced the above source term with a more realistic one. To obtain an

analytic expression approximating a GnRH pulse moving down the chamber we used

asymptotic analysis in the limit of high binding and dissociation rates. This method

was used before in the context of axonal transport in describing the movement of

motor proteins on the microtubules [43, 42].

Using the same technique, we analyzed the following differential equations de-

scribing movement of GnRH and its interacton with the receptors:

Ftpx, tq ` vFxpx, tq “ ´k1F px, tq ` k2Bpx, tq

Btpx, tq “ k1F px, tq ´ k2Bpx, tq

We showed that when the biochemistry is fast, the square GnRH input moves

down the chamber as a Gaussian, which diffuses as it translates (Section 4.2.1).

We used the analytic expression obtained through perturbation analysis as the

source term of the one dimensional advection equation. We simulated this equation

4



and then constructed numerically the source term given the solution at a fixed point.

Using this, we were able to estimate binding and dissociation rates of the GnRH to

and from its receptor (Section 4.2).

Note that we do not have any diffusion term in our equations, still we see an

effective diffusion due to the interaction of GnRH with its receptor.

One future direction (Chapter 5) is to analyze the distortion of the square GnRH

pulse, when the reaction terms describing the interaction with its receptor are non-

linear, as in the following example:

Ftpx, tq ` vFxpx, tq “ ´k1F px, tq ` k2Bpx, tq ` k3F px, tqBpx, tq

Btpx, tq “ k1pRpx, tq ´Bpx, tqqF px, tq ´ k2Bpx, tq

Finding sufficient conditions on the nonlinear terms, which will lead to a similar

convergence as in the case of linear equations is one of our future aims.
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2

Biology Background

Gonadotropin releasing hormone (GnRH) is the master regulator of reproductive

physiology. It is secreted from the hypothalamus, which is a center in the brain

with various functions including controlling the release of other hormones within

the body. The hypothalamus secretes hormones that travel through a vein to the

pituitary gland and stimulate or inhibit the release of other hormones from the

pituitary. GnRH is one of these releasing hormones. It is secreted in pulses into

the vessels of the hypophyseal portal system which take it to the pituitary. In the

pituitary, GnRH stimulates the cells via binding to the GnRH receptors (GnRH-

R) on the cell membrane and controls the secretion of the pituitary gonadotropin

hormones luteinizing hormone (LH) and follicle stimulating hormone (FSH). LH and

FSH regulate sex steroid hormone synthesis and progression through the menstrual

cycle.
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Figure 2.1: Hypothalamic-Pituitary-Gonadal (HPG) Axis in Females.
The figure depicts the HPG axis in females and the feedback regulations in this
system. Plus signs represent stimulation, whereas minus signs represent inhibition.
CNS stands for central nervous system. The figure is taken from [19].

2.1 The Hypothalamic-Pituitary-Gonadal Axis Controls Reproduc-
tion

GnRH from the hypothalamus, gonadotropins from the pituitary and sex hormones

from the gonads control the reproduction. This is called the Hypothalamic-Pituitary-

Gonadal (HPG) axis. In females, the gonads are ovaries and they secrete the ovarian

sex hormones, estrogens and progestins, in response to gonadotropins. The HPG axis

in females is shown in Figure 2.1. As seen in this figure, there are many feedback
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Figure 2.2: Hypophyseal Portal GnRH, Secreted LH, and Jugular LH
Patterns. J-LH denotes the jugular LH concentration, which is sampled from a
vein in the neck. S-LH denotes the secreted LH concentration, which is calculated
by subtracting J-LH from hypophyseal portal LH concentration. Note that the y-axis
is in logarithmic scale. The figure is adapted from [35], where they use ovariectomized
ewes.

controls.

2.2 Plasma Gonadotropin Concentrations Vary Dynamically

Gonadotropin concentrations in blood change dynamically both throughout a day

and throughout the menstrual cycle. Figure 2.2 shows the GnRH concentration in the

hypophyseal portal system, secreted LH concentration (S-LH) and LH concentration

in a vein in the neck (J-LH) in an ovariectomized ewe over 6 hours. The figure depicts

the GnRH pulses and the following LH pulses.

Figure 2.3 shows the average daily changes in blood gonadotropin concentrations

through a normal female menstrual cycle. The LH concentration stays low at the

8



Figure 2.3: Approximate Plasma Concentrations of the Gonadotropins
During Menstrual Cycle. x-axis shows the days in one cycle and the y-axis
shows the average daily concentrations of LH and FSH. The figure is adapted from
[19].

beginning of the cycle, and rises to 6- to 10-fold higher approaching to ovulation

around day 14 [19]. An important question is how does GnRH control such a dynamic

changes in LH levels.

2.3 Pulsatile GnRH Stimulation is Required for Normal Plasma Go-
nadotropin Levels

The seminal paper from 1978 [2] showed that the pulsatile secretion of GnRH is

crucial for gonadotropin secretion. In this paper, Belchetz et al. worked with Rhesus

monkeys with lesioned hypothalami so that they cannot secrete endogenous GnRH.

When these monkeys were treated with pulsatile GnRH infusions (1 µg/min for 6

minutes once per hour), they had normal plasma gonadotropin levels (Figure 2.4, left

panel). In contrast, when they received 1 µg/min GnRH continuously for 10 days,

9



Figure 2.4: Rhesus Monkey Experiment: Plasma LH and FSH Concen-
tration. The filled circles show plasma LH concentration and the open circles show
the plasma FSH concentration in a Rhesus monkey with a hypothalamic lesion.
The monkey is treated with continuous GnRH infusion (1 µg/min for 10 days) or
with pulsatile GnRH infusion (1µg/min for 6 minutes once per hour). Continuous
infusion abolished LH and FSH secretion, whereas pulsatile infusion reestablishes
gonadotropin levels. The data is taken from [2].

both LH and FSH secretions were abolished (Figure 2.4, middle panel). However,

when the GnRH infusion was switched from continuous to pulsatile, normal plasma

FSH and LH concentrations were reestablished (Figure 2.4, right panel). This ex-

periment shows that GnRH should be secreted in pulses for normal LH and FSH

secretion.

GnRH pulse frequency changes throughout the menstrual cycle. In women, the

frequency varies between one pulse every 40-60 minutes to one pulse every 3-5 hours

[29]. Thus, in addition to the feedback effects depicted in Figure 2.1, it has been

proposed that the frequency of the GnRH pulses regulate the progression through the

10



Figure 2.5: Schematic Diagram of GnRH Pulses and Plasma Go-
nadotropin Concentrations. The x-axis shows the days in one menstrual cycle.
The solid line shows the plasma LH concentration and the dotted line shows the
plasma FSH concentration. GnRH pulses are given schematically at the top of the
figure. The length of the arrows represent GnRH pulse amplitude; the density of the
arrows represent GnRH pulse frequency. The picture is adapted from [28].

menstrual cycle by differentially regulating LH and FSH. Specifically, high frequency

pulses favor LH secretion and low frequency pulses favor FSH secretion [1, 22, 48].

The changes in GnRH pulse frequency and amplitude are given symbolically at

the top of the Figure 2.5, adapted from [28]. The density of the arrows represents

the GnRH pulse frequency and their length represents the GnRH pulse amplitude.

The GnRH pulse frequency starts slow at the beginning of the cycle and increases

towards ovulation and is highest around ovulation. Afterwards, the GnRH frequency

decreases and both the frequency and the amplitude of the GnRH pulses become

irregular.

In conclusion, understanding the effect of the pulsatile GnRH stimulus on pitu-

itary cells is crucial for understanding how GnRH controls the LH secretion.
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Figure 2.6: Example Perifusion Cell Culture Chamber. The culture medium
continuously enters through the inlet, travels through the chamber and leaves through
the outlet, where it is collected. The cells are immobilized in the chamber. The figure
is adapted from [1].

2.4 Pulsatile Stimulation is Studied With Perifusion Cell Cultures

The influence of the pulsatile GnRH signal on pituitary cells can be studied in vitro

with perifusion cell cultures [51, 1, 41, 15, 39, 18, 10, 34]. Figure 2.6 shows a perifusion

cell chamber. The cells are immobilized in the chamber and the culture medium

enters continuously through the inlet and leaves through the outlet, where it is

collected in certain time intervals. In these systems, GnRH pulses can be introduced

at any pulse frequency into the chamber, where they will stimulate the cells to secrete

LH. The secreted LH is collected with the effluent.

2.5 Intracellular Signaling

Here we discuss the intracellular signaling network in pituitary cells that lead to

LH secretion. Only part of this complex network will be used in our mathematical

model.

GnRH activates its signaling network through binding to GnRH-Rs. GnRH-

12



Rs are mainly coupled to G-proteins of the Gq/11-family, which activate phospholi-

pase C (PLC) (See Figure 2.7). PLC cleaves the phospholipid phosphatidylinositol

4,5-bisphosphate (PIP2) into diacylglycerol (DAG) and inositol 1,4,5-trisphosphate

(IP3). IP3 increases the cytosolic calcium concentration, which leads to LH and

FSH secretion, as well as upregulation of LH and FSH synthesis. DAG activates

protein kinase C (PKC), which eventually leads to activation of mitogen-activated

protein kinases (MAPK). Different MAPK proteins such as extracellular regulated

kinase (ERK), c-Jun N-terminal kinase (JNK), p38 MAPK, and ERK5 are activated

by GnRH ([23, 44, 38, 40, 47]). MAPKs become activated by phosphorylation and

MAPK phosphatases (MKPs) inactivate MAPKs through dephosphorylation. MKPs

are activated by GnRH through a MAPK dependent mechanism and thus they are

thought to constitute an important feedback mechanism in gonadotroph regulation

([52, 6, 23, 48]).

The mammalian type-I GnRH-R is a G-protein coupled receptor, which lacks

the carboxyl(C)-terminus. Thus, it is resistant to rapid desensitization and inter-

nalization through phosphorylation and β-arrestin binding ([44], [31], [7]). This is

important for the discussion of the receptor desensitization rates in Section 3.3.3.
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Figure 2.7: GnRH Cellular Signaling Network. GnRH binding to its receptor
activates the downstream signaling network. The figure is taken from [44].
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3

Mathematical Modeling of Perifusion Cell Culture
Experiments on GnRH Signaling

In this chapter, a novel mathematical model of the LH secretion from gonadotroph

cells in a perifusion cell culture is presented and analyzed. The model consists

of a system of coupled partial differential equations describing the movement of

GnRH and LH in the cell chamber and the dynamics of total receptors, kinases and

phosphatases in the cells.

As outlined in Chapter 2, the GnRH signaling pathway in pituitary cells involves

activation of different mitogen-activated protein kinases (MAPK) and MAPK phos-

phatases (MKP) [38, 44, 40, 47]. MAPKs become activated by phosphorylation and

active MAPKs induce gonadotropin synthesis and secretion. Active MKPs inacti-

vate MAPKs by dephosphorylating them, and thus, MKPs constitute an important

negative feedback mechanism [52, 6, 23, 48]. GnRH-R desensitization constitutes

another negative feedback mechanism [31, 7]. All of these mechanisms, which are in-

dicated schematically in Figure 3.1, are part of our mathematical model. The GnRH

signaling pathway has other downstream components that are not included in the

15



Figure 3.1: Schema of the Interactions Involved in the Mathematical
Model. Free GnRH, F, represents the GnRH molecules that are not bound to the
receptor and are moving with the fluid in the chamber. Bound GnRH, B, denotes
GnRH bound to a receptor. Kinase, K, is the activated kinase and phosphatase, P,
is the activated phosphatase. LH, L, denotes LH molecules that are secreted from
the cell into the chamber. There are two negative feedback loops in the network:
inactivation of kinases by the phosphatases and receptor desensitization caused by
bound GnRH.

model (See Section 3.6).

Figure 3.2 shows a sample simulation depicting the cell chamber at a fixed time.

The x-axis shows the position in the chamber and the y-axis shows the concentrations

of free GnRH (cyan), bound GnRH (green), total receptors (magenta), active kinase

(red), active phosphatase (blue) and LH (black). As the free GnRH (cyan) moves

down the chamber, it binds to the GnRH-Rs forming bound GnRH (green) and acti-

vates the kinases (red). This leads to both activation of phosphatases (blue) and the

release of LH (black) into the chamber. Released LH moves down the chamber with

the medium. In this simulation LH moves faster than the free and bound GnRH,

16



Figure 3.2: Simulation of the Perifusion Cell Chamber at a Fixed Time.
The x-axis is the position in the cell chamber from 0 to `; the y-axis is the concen-
tration of the species in arbitrary units.

since the movement of GnRH is retarded by its interaction with the receptors. Bound

GnRH, in addition to activating the signaling cascade, leads to a decrease in the total

receptor concentration (magenta) via desensitization of the receptor. As we will see,

the mathematical model presented in this paper aids in understanding and interpret-

ing perifusion cell culture data by connecting the dynamics of the LH outcome to

the cellular processes generating it. The model also shows how the parameters con-

trolled by the experimenters, like the velocity of the fluid flow, the cell concentration

in the chamber, the GnRH pulse characteristics, affect the experimental outcomes

(See Results).

In Section 3.1 we describe the mathematical model. In Section 3.3 we compare

the mathematical model to three different data sets consisting of the LH content of

the fractions collected from the cell chamber. The first data set, taken from [5], is

a finely sampled data, where LH shows a characteristic triphasic response. We use

the first data set to estimate the model parameters and we explain which cellular

interactions might be underlying the shape of the LH output. The second data set [32]
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is collected over a longer time course, where multiple GnRH pulses are introduced

into the chamber. The same parameters used in the first data set reproduce the

second data set; thus, the second data set serves as a cross validation. Also, using

the second data set we show how the length of the fraction collection time affects

the regularity of the data. The third data set [17] compares oxytocin and GnRH

action on pituitary cells. We use a different set of parameters for the third data set,

which is biologically reasonable, since the cell type used is different than the first

two data sets. We matched the parameters to GnRH stimulation data and recovered

the oxytocin stimulation outcome just by changing one or two parameters related

to the receptor dynamics, showing a possible mechanism explaining the different

outcomes in these two cases. In Section 3.4, we conduct in silico experiments to

investigate the importance of key parameters. First, we show how the velocity of the

medium flow affects the LH outcome. Next, we focus on the GnRH movement in the

chamber and describe how this movement depends on the binding rate of GnRH to

its receptor, the dissociation rate of bound GnRH from the receptor and the total

GnRH-R concentration. Finally, we discuss how the LH outcome per GnRH amount

supplied to the chamber depends on the GnRH pulse characteristics.

3.1 Mathematical Model

The mathematical model is a system of partial differential equations for the variables

indicated in Table 3.1. For all of these variables the units are nM. In the rest of

the paper, kinase and phosphatase will refer to the active kinase and the active

phosphatase. We assume that the cell chamber is homogeneous at the cross section,

thus, we only considered one space dimension, x, the distance from the left end point

of the chamber. As indicated in Figure 1.1, x varies from 0 to `, where 0 corresponds

to the left end of the perifusion chamber and ` is the length of the chamber.

The system of partial differential equations on the domain x P r0, `s and t ě 0 is:
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Table 3.1: Variables in the Model

F px, tq free GnRH Bpx, tq bound GnRH
Rpx, tq total receptor concentration Kpx, tq active kinase
P px, tq active phosphatase Lpx, tq secreted LH

Ftpx, tq ` vFxpx, tq “ ´k1pRpx, tq ´Bpx, tqqF px, tq ` k2Bpx, tq (3.1a)

Btpx, tq “ k1pRpx, tq ´Bpx, tqqF px, tq ´ k2Bpx, tq (3.1b)

Rtpx, tq “ a0 ´ b0Rpx, tq ´ c0Bpx, tq (3.1c)

Ktpx, tq “ b1Bpx, tq ´ a1Kpx, tqP px, tq (3.1d)

Ptpx, tq “ b2Kpx, tq ´ a2P px, tq (3.1e)

Ltpx, tq ` vLxpx, tq “ bs` b3Kpx, tq (3.1f)

with initial conditions:

F px, 0q “ Bpx, 0q “ Kpx, 0q “ P px, 0q “ Lpx, 0q “ 0 (3.2a)

Rpx, 0q “ Rin, for 0 ă x ď ` (3.2b)

and boundary conditions:

Lp0, tq “ 0 (3.3a)

F p0, tq “ fptq (3.3b)

The meaning of parameters is given in Table 3.2. Equation (3.1a) describes the

evolution of the free GnRH. The advection term vFxpx, tq models the movement of

the free GnRH down the chamber. The right hand sides of the equations (3.1a)

and (3.1b) describe the binding and dissociation of GnRH to and from its receptor.

The term Rpx, tq´Bpx, tq gives the concentration of the free receptors to which free

GnRH can bind. Unlike (3.1a), the equation (3.1b) does not have an advection term,

since, once GnRH is bound to its receptor, it cannot move. Similarly, the equations
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for the total receptors (3.1c), the kinase (3.1d) and the phosphatase (3.1e) do not

have the advection term, since they are associated with the cells and their positions

in the cell chamber do not change. The receptors are produced with rate a0 and are

removed from the cell membrane with rate b0, which describe the GnRH independent

receptor dynamics. Bound GnRH leads to desensitization of the GnRH receptors, as

described by the term ´c0Bpx, tq in the equation (3.1c), forming a negative feedback

loop. The kinases are activated by the bound GnRH and inactivated by phosphatases

represented by the b1Bpx, tq and ´a1Kpx, tqP px, tq terms in the equation (3.1d). The

phosphatases are activated by kinases, and they are deactivated with rate a2 as given

in the equation (3.1e). The equation describing the concentration of the LH (3.1f)

has an advection term, vLxpx, tq, because secreted LH moves down the cell chamber

with the fluid. LH has two source terms: bs models the GnRH independent basal LH

secretion and the b3Kpx, tq term models GnRH dependent secretion, where activation

of the kinases lead to LH secretion. We assume that the secretion is instantaneous.

The parameter bs can be calculated from the GnRH independent steady state

basal LH level at x “ `, which is achieved before GnRH introduction to the chamber

in the experiments. When the steady state is achieved, Ltpx, tq term will be zero in

the equation (3.1f). Since the basal LH secretion is independent of GnRH stimulation,

Kpx, tq term will be zero too. So the steady state basal LH will satisfy vLxpx, tq “ bs.

At x “ `, the steady state basal LH is equal to pbsˆ `q{v.

Initially there are no GnRH, kinase, phosphatase or LH in the chamber and the

initial total receptor concentration, Rin, is assumed to be the same at every point, as

given by the initial conditions (3.2). We assume that the cells have constant density

on the interval (0,`]. Thus, there is no production of LH at x “ 0, as given by

the boundary condition (3.3a). We model the free GnRH input into the chamber

as a boundary condition. If A nM of GnRH is introduced into the chamber for τ

minutes, then in the equation (3.3b), fptq “ A for 0 ď t ď τ and fptq “ 0 otherwise.
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Table 3.2: Parameters in the Model

v flow velocity of the culture medium a1 deactivation rate of kinase
` length of the cell chamber b2 activation rate of phosphatase
k1 binding rate of free GnRH a2 deactivation rate of phosphatase
k2 dissociation rate of bound GnRH bs basal LH secretion rate
a0 synthesis rate of GnRH-R Rin initial GnRH-R concentration
b0 internalization rate of GnRH-R b3 LH secretion rate
c0 desensitization rate of GnRH-R A delivered free GnRH concentration
b1 activation rate of kinase period period of pulses
τ pulse duration

In perifusion experiments the GnRH is given as a single pulse or as a train of pulses.

To model the latter case, we incorporate the period of the pulses into the boundary

condition.

We ignore diffusion, since we assume that the advection is the predominant way

of mass transport in the systems discussed in this paper based on the following

argument: The Peclet (Pe) number, Pe “ pv`q{D, gives the ratio of mass transport

through advection and through diffusion [12]. v is the velocity of the fluid flow, ` is

the length along which the mass transfer happens and D is the diffusion coefficient

of the transported substance. The Pe number of the perifusion system discussed

in Section 3.3.1 is approximately 3700 for GnRH and 19000 for LH, because the

velocity is 0.2 mm/sec, ` is 5.56 mm, the diffusion coefficient of GnRH is 3.04ˆ10´6

cm2/sec [20] and the diffusion coefficient of LH is 6 ˆ 10´7 cm2/sec [26]. Since the

Pe numbers are ąą 1 for the transported substances, advection dominates diffusion

in this system.

3.2 Numerical Simulation

We use the MEX files in MATLAB to simulate the mathematical model. We use the

first order upwind difference scheme with fixed steps ∆x “ 10´3 and ∆t “ 10´3. F n
m
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denotes F px “ m, t “ nq. Following approximations

Ftpx “ m, t “ nq «
F n`1
m ´ F n

m

∆t

Fxpx “ m, t “ nq «
F n
m ´ F

n
m´1

∆x

lead to the following difference schemes:

F n`1
m “ F n

m ´
v∆t

∆x
pF n

m ´ F
n
m´1q ´∆tk1pR

n
m ´B

n
mqF

n
m `∆tk2B

n
m

Bn`1
m “ Bn

m `∆tk1pR
n
m ´B

n
mqF

n
m ´∆tk2B

n
m

Rn`1
m “ Rn

m `∆ta0 ´∆tb0R
n
m ´∆tc0B

n
m

Kn`1
m “ Kn

m `∆tb1B
n
m ´∆ta1K

n
mP

n
m

P n`1
m “ P n

m `∆tb2K
n
m ´∆ta2P

n
m

Ln`1m “ Lnm ´
v∆t

∆x
pLnm ´ L

n
m´1q `∆tbs`∆tb3K

n
m

We use the following initial and boundary conditions:

Initial Conditions:

F 0
m “ B0

m “ K0
m “ P 0

m “ L0
m “ 0

R0
m “ Rin

Boundary Conditions:

Ln0 “ 0

F n
0 “

"

A modpn∆t, periodq ď τ
0 otherwise

where τ is the on-time of the free GnRH and period is the period of the free

GnRH signal, if it is given as a train of pulses.
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3.3 Perifusion Experiments

3.3.1 Triphasic Response

Cantor et al. [5] developed a microperifusion system for monitoring LH release from

gonadotrophs using adult female sheep anterior pituitary fragments. The medium

coming from the cell chamber was collected at 30-second intervals and the LH content

of these fractions was determined. The cells in the perifusion chamber secreted

a basal level of LH before the introduction of GnRH. The GnRH dependent LH

response at x “ ` had three phases. Upon introduction of GnRH there was a rapid

response forming an initial peak, which was followed by a lower steady state level of

LH during the GnRH stimulation. Finally, upon cessation of the GnRH stimulation

LH slowly returned to the basal level.

Model Simulation, The LH concentrations of 30-second collections are shown

in Figure 3.3, Panel A, where the red dots are the data points taken from [5]. The

black points and the black line connecting them are the simulation results. The time

required for the simulation to reach the steady state basal LH level is not shown.

The GnRH input, which is represented by the black line at the top, is given to the

chamber for 240 seconds. Other panels in Figure 3.3 show simulation results for the

time courses of kinase, phosphatase, bound GnRH and total receptor concentrations

at x “ ` for 570 sec. When interpreting these graphs, keep in mind that the LH

profile in Panel A is the result of the collective action of all kinases at all locations

in the chamber.

In Panel A, as seen in the first two red dots, the LH content in the first two

collections are equal, since the LH secreted at the left end of the cell chamber takes

time to travel down to the right end of the chamber. More specifically, since the

length of the column is 5.56 mm and the flow velocity of the medium is 0.2 mm/sec,

the passage time for LH is 27.8 seconds. Similarly, in the other panels in Figure 3.3,
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Figure 3.3: Time Course of Species at x “ `. Panel A shows the amount of LH
collected in 30-second fractions in ng/ml. The red dots are the data points, whereas
the black dots and the black line connecting them are the simulation results. The
240 second GnRH stimulation is indicated at the top of the graph with the black
line. Panels B, C, D and E show the simulation result for the time courses of kinase,
phosphatase, bound GnRH and total receptor concentrations at x “ ` in nM. All
simulations last 570 seconds. Note that the scales are different in each panel.

the concentrations at x “ ` do not rise in the first approximately 30 seconds until

the free GnRH reaches x “ ` and initiates the activation of the signaling cascade

at that point. With the parameters used in this simulation free GnRH also moves

with velocity 0.2 mm/sec, however with different parameters it can have a different

velocity. For a detailed discussion of the movement of GnRH see Section 3.4.2.

After this initial flat line in the LH content of the first two collections, we see a

rapid increase in the LH content of fractions, which constitutes the first part of the

characteristic triphasic response. Likewise, kinase (Panel B), phosphatase (Panel C)

and bound GnRH (Panel D) concentrations rapidly increase following the initial flat

line. This rapid initial increase of kinases in the chamber leads to the initial rise in
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the LH secretion.

After achieving its peak value, the LH content of the collections decreases to

a lower plateau and remains steady until about 30 seconds after the end of the

GnRH introduction into the chamber. This approximate 30 seconds delay is the

time required for the last part of the GnRH signal introduced at the left end point

of the chamber to reach the right end point. This steady LH level originates from

the quasi steady state levels reached by the kinase, phosphatase and bound GnRH

in this time period. The steady level of the bound GnRH decreases slightly, as the

total receptor concentration at x “ ` also slightly decreases due to the receptor

desensitization.

After this quasi steady-state level, the LH concentration decreases gradually back

to the basal LH secretion level (Panel A), forming the last phase of the triphasic

response. Upon cessation of the GnRH introduction into the chamber, the bound

GnRH levels start to drop. Bound GnRH at x “ ` decreases after about 270 seconds,

where 240 seconds is the length of GnRH stimulation and 30 seconds is approximately

the passage time through the chamber. The decrease in bound GnRH leads to a

decrease in the kinase (Panel B) and in turn in the LH levels (Panel A). The rate

by which LH returns to the basal level is primarily determined by the dissociation

constant of bound GnRH, k2.

The total receptor concentration changes only slightly during the simulation, since

the c0 term is small to have a significant affect in 570 seconds. Thus, for this data set

the total receptor dynamics does not affect the LH profile. Receptor desensitization

is more prominent with multiple pulses over a longer time period, as we will see in

the next section.

Determination of Model Parameters, The details of the experimental setup

are explained in [5, 36]. The volume of the cell chamber is 32 µl, with a 2.69 mm

diameter and a 5.563 mm height. Thus, the cross sectional area of the cell chamber
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is 5.6832 mm2. The flow rate of the culture medium is 72 µl/min. Thus, the one-

dimensional velocity, v, is 0.2 mm/sec. The stimulation time of GnRH, τ , is 240

seconds. The cells are mixed with beads before loading. The beads occupy 17 µl,

whereas the cells and the fluid occupy 15 µl. Approximately 2ˆ 105 cells are loaded

into the chamber. We assume there are 104 GnRH receptors per cell [4], thus, the

initial total GnRH-R concentration is Rin “ 0.2 nM. The concentration of the GnRH

given is 20 ng/ml. Assuming the molecular weight of GnRH is 1, 183.27 Daltons, 1

ng/ml GnRH “ 0.84 nM GnRH. So, the amplitude of the free GnRH is A “ 17 nM

in the simulation. The basal LH level is 26.6 ng/ml in the data, which is 26.6/30 nM

LH, given the molecular weight of LH is 30,000 Daltons. So, bs “ 0.0319 nM/sec.

The mathematical model gives LH in nM, however the data is given in ng/ml. Thus,

we convert nM LH to ng/ml LH by multiplying the former by 30. The data is the

average LH in 30-second fractions, thus we calculate the average LH over 30-second

intervals and each average corresponds to a black dot in Figure 3.3 Panel A. The

simulations run for 570 sec.

We determine the other parameters to match the simulation to the experimental

data using an educated initial guess and minimizing the squares of errors using built-

in MATLAB fminsearch function. The parameters a0 and b0 are chosen to have a

constant total receptor concentration in the absence of GnRH.

Table 3.3: Parameters for Section 3.3.1

v=0.2 mm/sec k1=0.0091 /nM ¨ sec a1=2.9348 /nM ¨ sec
A=17 nM k2=0.0108 /sec b2=0.0001 /sec
τ=240 sec a0=0.000001 nM/sec a2=0.0073 /sec
Rin=0.2 nM b0= a0/Rin /sec b3= 0.0402 /sec
bs=0.0319 nM/sec c0= 0.0002678 /sec ∆t= 0.01 sec
` =5.56 mm b1 =0.6058 /sec ∆x=0.01 mm
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3.3.2 Trains of Pulses

McIntosh et al. [32] studied the secretion of LH in response to multiple GnRH pulses

with varying pulse durations and periods using a perifusion system and female sheep

pituitary cells . They gave multiple pulses and collected the outgoing medium in

6 minute intervals. Note that in Section 3.3.1 the time is in seconds, whereas in

this section it is in minutes. Since the McIntosh data is not as finely sampled as

the previous data, they did not observe the triphasic response. Thus, the effect of

phosphatase based negative feedback is not seen in this data. However, the phos-

phatase effect is observed in the simulations when LH at a fixed point is plotted as

a time course (the quasi steady state in Figure 3.6 Panel A) instead of ng/fraction

(Figure 3.6 Panel B).

Model Simulation, Figure 3.4 shows the response of the gonadotroph cells to

a variety of GnRH stimulation patterns. Panel A shows the simulation results and

Panel B shows the data. The amount of LH in each fraction is marked as a line

over the time interval the fraction is collected. In the data open rectangles are LH,

whereas filled rectangles are FSH. We are only interested in the LH secretion in this

work. The black bars at the top of the data show GnRH stimulation patterns. In

Panel B, as in Panel A, each of the y-axes goes from 0 to 300. Notice that in all

these cases the simulation outcomes are very similar to the experimental results.

In Figure 3.4, the first row shows continuous GnRH stimulation. In the following

rows, GnRH is given for 5 minutes every 10 minutes, every 40 minutes and every 60

minutes. Continuous stimulation (first row) and five-minute pulses every 10 minutes

(second row) eventually suppress the secretion of LH both in the simulation and in the

data. In the other two cases, the peaks decrease in height gradually with consequent

pulses. The LH response diminishes due to the receptor desensitization, which is

represented by the c0Bpx, tq term in the equation (3.1c). Figure 3.5 presents total
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Figure 3.4: LH secretion patterns. Panel A shows the simulation results; Panel
B shows the corresponding data. The black lines at the top of the data show GnRH
stimulation pattern, which are written at the right top corner of the simulation
results. First row demonstrates continuous GnRH stimulation, the second row 5
minute GnRH pulses every 10 minutes, the third row 5 minute GnRH every 40
minutes and the last row shows 5 minute GnRH pulses every 60 minutes. The
simulations run for 480 minutes and the medium coming from the cell chamber is
collected for 6 minutes. For the graphs on Panel B, the black lines representing
GnRH stimulation patterns are at the level of 300 ng/fraction on the y-axis. The
data is modified from [32].

receptor and bound GnRH concentrations at x “ ` for the four different cases. With

every pulse, the bound GnRH leads to a decrease in the total receptor concentration.

In the continuous and high frequency stimulations, the total receptor concentrations

decrease rapidly as seen by the black and blue curves in Panel A. However, in the

other two cases, fewer pulses are given, and thus the total receptor concentration

decreases more slowly as seen in the red and green curves. The decline in total

receptor concentration decreases the bound GnRH concentration with subsequent

pulses as represented in panels B, C, D and E.

Importance of the Fraction Collection Time, The simulations of LH at
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Figure 3.5: Simulations of Total Receptor and Bound GnRH Time
Courses at x “ ` with varying GnRH Stimulation Frequencies. The total
receptor concentrations at x “ ` with four different GnRH stimulation frequencies
are given in Panel A: continuous GnRH stimulation (black); 5 min every 10 min
(blue); 5 min every 40 min (red); 5 min every 60 min (green). Other panels show
the bound GnRH time course at x “ ` for each specific GnRH stimulation pattern.

x “ ` generate a continuous and periodic LH pattern with the same shaped response

for every pulse, yet, with decreasing heights due to the receptor desensitization.

However, integrating this regular LH output over a fraction collection time which

does not divide the period of the simulations evenly leads to an irregularly shaped

LH outcome with varying heights as in Figure 3.4, third row of Panel A, where 5

minute GnRH pulses are introduced every 40 minutes and the medium is collected in

6 minute fractions. The LH output for this case has three different shapes (compare

the second, third and fourth pulses) with different heights repeated for the rest of the

simulation. This pattern looks like an interesting biological phenomenon, however,

this irregularity in the simulation is only an artifact of the fraction collection time.

Unlike 40-minute stimulation period, the stimulation with period 60 minutes has the
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Figure 3.6: Simulations of the LH at x “ `. Panel A shows LH time course
at x “ ` in nM. The triphasic response, which is not captured in the data, can be
seen in the simulation in Panel A. Panel B shows LH in ng/fraction. The graph in
Panel A is averaged over 6 minute intervals and nM is converted into ng to calculate
ng/fraction, which is presented in panel B. The graph in Panel B is the simulation
from Panel A collected in 6 minute fractions and changed into ng/fraction. When
this is done, the quasi steady states from Panel A are obscured.

same shape repeated (Figure 3.4, fourth row), since 6 minute fraction collection time

divides 60 minute period evenly. The influence of fraction collection time can be

seen more clearly in Figure 3.6, where LH in nM (Panel A) and LH in ng/fraction

(Panel B) are shown side by side. Thus, the fraction collection time determines the

regularity and the height of the LH output.

The difference in the first two LH peaks of the data of 40 minute pulse period

(Panel B, third row) is partly due to the way the medium is collected, but also

self-priming might play a role (See Discussion).

Determination of Model Parameters, The flow rate is 0.14 ml/min. Approx-

imately 5 ˆ 106 cells are loaded to the cell chambers. GnRH concentration is 4.23

nM. They use 1 ml syringe barrels as the cell chamber [33, 37]. Although they don’t
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give the cross sectional area of the particular syringe they used, we assume it is about

20 mm2 based on the average 1 ml syringe dimensions. Thus, the one-dimensional

velocity,v, is 7 mm/min. In the diagrammatic description of the perifusion appara-

tus in [37] the volume of the column contents is given as 0.4 ml, where 0.2 ml of

it is occupied by the packing material, leaving the cells 0.2 ml. So, the height of

the volume that the cells cover is 10 mm. We take bs “ 0, because the basal level

is indistinguishable in this data set. They collect 6-minute fractions, and give their

results as ng/fraction. We change nM to ng/ml by multiplying LH by 30 and change

ng/ml to ng/fraction by further multiplying the result by 0.84. Finally, we take the

average of LH over 6 minute time periods. Unlike the previous part, the averages are

not given as dots, but presented as bars over the time period the average is taken.

This data set serves as a cross validation of the parameters used in Section 3.3.1.

We use the same physiological parameters multiplied by 60 to convert /sec to /min.

3.3.3 Oxytocin vs GnRH

Gonzales-Iglesias et al. [17] compared the effects of oxytocin and GnRH on adult

female Sprague Dawley rat pituitary cells. Both hormones lead to secretion of LH,

though with different dynamics.

Simulation Results, Figure 3.7 shows the LH response to 7 minutes 5 nM GnRH

stimulation in Panel A and to 10 minute 10 nM oxytocin stimulation in panels B

and C. The red dots are the data points taken from [17], whereas the black dots and

Table 3.4: Parameters for Section 3.3.2

v= 7 mm/min k1 = 60 ˆ 0.0091 /nM ¨ min a1 = 60 ˆ 2.9348 /nM ¨ min
A= 4.23 nM k2 = 60 ˆ 0.0108 /min b2 = 60 ˆ 0.0001 /min
τ = varying a0 = 60 ˆ 0.000001 nM/min a2 = 60 ˆ 0.0073 /min
Rin = 0.4 nM b0 = a0/Rin /min b3 = 60 ˆ 0.0402 /min
bs = 0 nM/min c0 = 60 ˆ 0.0002678 /min ∆t = 0.001 min
` = 10 mm b1 = 60 ˆ 0.6058 /min ∆x = 0.01 mm
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the black lines connecting them are simulation results. Oxytocin stimulation leads

to a lower level of LH secretion compared to GnRH stimulation.

In all the graphs there is no difference in the LH content of the first two fractions,

since the passage time through the chamber is one minute, given that the velocity is

3.8 mm/min and the chamber length is 3.8 mm.

We match the parameters to reproduce the GnRH data and then recover oxytocin

data by changing only the parameters related to the receptor dynamics. The strength

of the receptor desensitization is controlled by the parameter c0 as represented in the

equation (3.1c). Since the oxytocin receptor desensitizes faster than the GnRH-R,

c0 term for the oxytocin receptor should be larger (see Discussion). In Figure 3.7

Panel B , all the parameters, except c0, are the same as the ones used for Panel A.

Also, the densities of the GnRH and oxytocin receptors might be different on the

cell membrane. In Panel C, all the parameters, except c0 and Rin, are the same as

the ones used for Panel A. By changing two parameters instead of one, the fit of the

simulation to data is improved. The receptor desensitization and/or the difference

in the receptor concentration on the cell membrane can explain the difference in the

action of these two hormones.

Determination of Model Parameters, Approximately 4ˆ 106 cells were put

into 0.5 ml chambers with 13 mm diameter (personal communication). Thus ` is

approximately 3.8 mm. They give 5 nM GnRH for 7 minutes and 10 nM oxytocin for

10 minutes. They collect the medium at 1-minute intervals. Flow rate of the culture

medium is 0.5 ml/min, thus one-dimensional velocity is 3.8 mm/min. Assuming that

there are about 104 GnRH receptors per cell [4], the concentration of GnRH receptors

in the cell chamber is approximately 0.13 nM. The results are given in ng/min. In

1 min they collect 0.5 ml, so we multiply LH first by 30 to convert nM to ng/ml,

then by 0.5 to convert ng/ml to ng/min. The parameter bs is calculated using the

first point in the data sets, which are 0.3871 ng/min for GnRH stimulation data
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Figure 3.7: LH Response to GnRH and Oxytocin. The red points are the
data taken from [17]; the black dots and lines are the simulation results. Panel A
shows LH secretion in response to 7 minutes 5 nM GnRH stimulation. Panels B and
C show the LH response to 10 minutes 10 nM oxytocin stimulation. In Panel B only
the parameter c0 is different from the parameters used for GnRH stimulation (Panel
A), whereas in Panel C both c0 and initial total receptor concentration are different.

and 0.2581 ng/min for oxytocin stimulation data, which correspond to bs “ 0.0258

nM/min and bs “ 0.0172 nM/min respectively. The rest of the parameters are

determined to match the data as in the previous sections.

To reproduce the difference in GnRH and oxytocin stimulated LH release, first

we only changed the c0 parameter from 0.0000916 /min to 232 /min in Figure 3.7

Panel B. In Panel C we change both c0 and Rin: we change c0 from 0.0000916 /min

to 1550 and Rin from 0.13 nM to 0.95 nM. Why should c0 be so low for GnRH-R

and much higher for the oxytocin receptor? Both are G-protein coupled receptors

[31, 16]. There is some evidence that the c0 for GnRH-R should be very small,

because GnRH-R desensitizes unusually slowly compared to other G-protein coupled

receptors. [3H]inositol phosphate accumulation, an indicator of receptor activation,
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Figure 3.8: Dependence of LH at x “ ` on the Flow Velocity of the Culture
Medium. The blue line shows the simulation with flow velocity 0.1 mm/sec and
the red line with velocity 0.4 mm/sec. 17 nM GnRH is supplied to the cell chamber
starting at the 60th second for the rest of the simulation, represented by the black
line at the top.

was maintained for at least 90 minutes with GnRH-R as opposed to the typical 1

minute with desensitizing receptors [31].

3.4 In silico experiments

3.4.1 Dependence of Data on the Flow Rate of the Culture Medium

To examine the influence of the flow rate of the culture medium on the outcome of

the perifusion experiments, we use the parameters from Section 3.3.1 and vary the

velocity, v. Figure 3.8 shows the LH at x “ ` with two different velocities. The blue

line shows the simulation with velocity 0.1 mm/sec and the red line with velocity 0.4

Table 3.5: Parameters for GnRH Stimulation in Section 3.3.3

v = 3.8 mm/min k1 = 0.072 /nM ¨ min a1 =1866 /nM ¨ min
A = 5 nM k2= 27.213 /min b2 = 0.0187 /min
τ = 7 min a0 =0.001494 nM/min a2= 4.3148/min
Rin = 0.13 nM b0 = a0/Rin /min b3 = 0.5449 /min
bs = 0.0258 nM/min c0= 0.0000916 /min ∆t = 0.001 min
` = 3.8 mm b1 = 1368 /min ∆x = 0.01 mm
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mm/sec.

As explained in Section 3.1, the steady state basal LH level at x “ ` is equal

to pbs ˆ `q{v. Thus, small velocities lead to a higher steady state basal LH level,

as shown in the Figure 3.8. Slow velocity (blue) has higher basal steady state LH

level. More specifically, since ` “ 5.56 mm, v “ 0.1 mm/sec, bs “ 0.0319 nM/sec,

the steady state basal LH level at x “ ` is 53.2 ng/ml. This steady state LH level

is 13.3 ng/ml for the velocity 0.4 mm/sec (red). Also, slow velocities take longer to

reach this steady state basal LH level. The time required to reach this basal level is

`{v , which is 55.6 seconds for velocity 0.1 mm/sec and 13.9 seconds for the velocity

0.4 mm/sec.

In the simulations, the GnRH is supplied into the cell chamber starting at the 60th

second until the end of the simulation, as represented by the black line at the top of

Figure 3.8. The LH levels at the right end point of the chamber start increasing after

`{v seconds passage time through the chamber. This passage time is 55.6 seconds

when velocity is 0.1 mm/sec and 13.9 seconds when the velocity is 0.4 mm/sec.

When velocity is small, the quantity of the LH collected at the right end point of

the chamber is greater, since with smaller velocities more LH accumulates in the

chamber, before it is washed out. Thus, when the velocity is small, the LH appears

later in the collections, however, in greater quantities.

3.4.2 Movement of GnRH in the Cell Chamber

In this section we give a qualitative description of how the GnRH movement down

the chamber depends on the binding rate of free GnRH to the receptor, k1; the

dissociation rate of bound GnRH from the receptor, k2, and the initial GnRH-R con-

centration, Rin. Each row in Figure 3.9 shows two simulations (solid lines and dotted

lines) in which only one parameter is changed. In the top row in both simulations,

all parameters except k1 are the same; in the middle row all parameters except k2
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Figure 3.9: GnRH Movement in the Cell Chamber with Varying Param-
eters. The simulations show free GnRH (cyan lines), bound GnRH (green lines)
and LH (black lines) concentrations at a fixed time in the cell chamber. In each row
the solid lines and the dashed lines give the results of two simulations where all the
parameters are the same except one key parameter, indicated in the upper left corner
of the panels. In each panel, the parameters that are not being changed are given in
Table 3.6.

are the same and in the bottom row all parameters except the initial receptor con-

centration Rin are the same. The black lines show LH, the green lines show bound

GnRH and the cyan lines show free GnRH in the chamber at t “ 20 seconds. The

common parameters used in all simulations are given in Table 3.6. For each row in

Figure 3.9, we take the parameters from that table, except one key parameter, and

use for that parameter the values given on the top left corner of the panels.

The fronts of both the solid and the dashed black lines are at the same point in

all simulations, since the movement of the LH down the chamber does not depend

on k1, k2 or Rin. Once LH is secreted from the cells into the chamber, it moves with
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the velocity of the fluid flow, v. Also, in all simulations the profiles of the free and

the bound GnRH are waves that move together.

The first row in Figure 3.9 shows the impact of k1 on the GnRH movement. For

this row k2 “ 10 /min and Rin “ 1 nM. The solid lines show the simulation with

k1 “ 50 /nM ¨ min and the dashed lines show the simulation with k1 “ 0.5 /nM ¨

min. When k1 is large (solid lines), the profiles of free and bound GnRH move more

slowly and the bound GnRH level (green) is high. Thus, large k1 leads to stronger

activation of the signaling cascade, and eventually it leads to higher LH secretion.

When comparing the total LH secreted, we compare the areas under the LH curves.

The middle row in Figure 3.9 illustrates the influence of k2 on GnRH movement.

For these simulations k1 “ 10 /nM ¨ min; k2 “ 50 or “ 0.05 /min and Rin “ 1 nM.

When k2 is large (solid lines), the profiles of free and bound GnRH move faster. The

rate of dissociation affects the tail of the GnRH bumps: if k2 is high, the GnRH

bumps are narrow (solid lines) and when k2 is low, the bumps have longer tails

(dashed lines). Thus, with small k2 the bound GnRH dissociates more slowly, so

the signaling cascade is activated for a longer time period. In our simulations with

the particular choice of parameters, k2 determines the rate at which LH at x “ `

decreases to its basal level after the termination of free GnRH introduction into the

chamber.

The bottom row in Figure 3.9 shows two simulations with different Rin values,

where k1 “ 10 /nM ¨ min, k2 “ 10 /min and Rin “ 5 or 0.1 nM. In this section

the parameters a0, b0 and c0 are zero, thus receptor concentrations are constant

throughout the simulations. When receptor concentrations are high (solid lines),

bound GnRH concentrations are high (green) and GnRH moves more slowly.
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Table 3.6: Parameters for Section 3.4.2

v = 0.1 mm/min k1 = 10 /nM ¨ min a1 =10 /nM ¨ min
A = 1.5 nM k2=10 /min b2 =0.4 /min
τ = 3 min a0=0 nM/min a2=0.5 /min
Rin = 1 nM b0 = a0/Rin /min b3 =0.5 /min
bs = 0 nM/min c0= 0 /min ∆t = 0.001 min
` = 2.5 mm b1 = 3 /min ∆x = 0.001 mm
fixed time = 20 min

Figure 3.10: Specific Response with Varying Pulse Characteristics. The x-
axes show pulse period in minutes; the y-axes show the specific response in ng/pmol.
Three different pulse durations, τ , are considered: 2 minutes (red), 5 minutes (blue),
and 10 minutes (green). The average LH output per pulse using the second, the
third and the fourth pulses is calculated and then divided by the total GnRH amount
supplied in one pulse. Panel A shows the case where 4.23 nM GnRH is given with
each pulse for every pulse duration. In Panel B, 4.23 nM GnRH is given for τ “ 2
minutes, 1.692 nM GnRH for τ “ 5 minutes, and 0.846 nM GnRH for τ “ 10
minutes, so that the total amount of GnRH given in each pulse is the same. Note
that in Panels A and B the scales of y-axes are different and the red lines are the
same. Long pulse durations are less efficient if the same GnRH concentration is
supplied (Panel A); however, they are more efficient if the total GnRH amount per
pulse is kept constant (Panel B).
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3.4.3 Dependence of LH Secretion Efficiency on Pulse Characteristics

To analyze further the effects of the pulse duration and the pulse period, McIntosh et

al. [32] calculated the LH output per unit of GnRH introduced into the chamber for

different pulse characteristics, which they called the “specific response”. To this end,

they calculated the average LH output per pulse using the second, the third and the

fourth pulses and then divided it by the total amount of GnRH given in each pulse.

The total amount of GnRH per pulse depends on the GnRH concentration, the flow

rate of the culture medium and the pulse duration τ . Similarly, the average LH

output per pulse depends on the concentration of the LH coming from the chamber,

the flow rate of the culture medium and the GnRH pulse period. Since McIntosh et

al. use the same GnRH concentration and the same flow rate to generate their data,

they look at the effect of the GnRH input frequency on the specific response they

define. However, the total amount of GnRH per pulse is different with each GnRH

input frequency.

We calculated their specific response in our simulations; the results are presented

in Figure 3.10, Panel A. The x-axis shows the pulse period in minutes and the y-axis

shows the specific response in ng/pmol. The red line shows the specific response

when the pulse duration τ “ 2 minutes, the blue line when τ “ 5 minutes and the

green line when τ “ 10 minutes. The parameters used in the simulations are from

Section 3.3.2. The results show that, for a fixed pulse period, the specific response is

higher when the pulse duration τ is shorter. For a fixed pulse duration τ , as the time

interval between the pulses increases, the specific response increases. These results

reproduce qualitatively Figure 4 in [32].

Alternatively, one can calculate a different “specific response” by giving the same

total GnRH amount in every pulse independent of the pulse duration τ . To calculate

the specific response with this alternative way, we kept the flow rate constant and

39



adjusted GnRH concentration for pulse duration τ so that the total amount of GnRH

delivered in each pulse is constant. To this end, we simulated the experiment with

4.23 nM GnRH for the pulse duration 2 minutes, 1.692 nM GnRH for 5 minutes

and 0.846 nM for 10 minutes, so that each pulse delivers the same total amount of

GnRH regardless of the pulse duration. Then we calculated the specific response

by calculating the average LH output per pulse using the second, the third and

the fourth pulses and then dividing it by the total GnRH amount. The results are

presented in Figure 3.10, Panel B. Unlike Panel A, with this alternative definition,

the specific response was higher with longer pulse duration τ . Observe that in Figure

3.10 the panels A and B have different y-axis scales and the red lines corresponding

to τ “ 2 minutes are the same lines.

Since the LH amount a cell can secrete is limited, using high GnHR concentrations

does not lead to a proportional increase in the LH amount secreted. When 4.23 nM

or 0.846 nM of GnRH is given for 10 minutes, the LH output at x “ ` shows a

triphasic response, where it first peaks and then decreases down to a quasi steady

state level until the end of the GnRH stimulation. The quasi steady state LH level at

x “ ` is higher with 4.23 nM GnRH compared to 0.846 nM GnRH, but not 5 times

higher. Thus, dividing the average LH output per pulse by the total GnRH given

to the chamber resulted in a lower specific response with the 4.23 nM stimulation

compared to 0.846 nM.

Although McIntosh et al. concluded that with decreasing pulse duration the

responsiveness of the cells is increased, our simulations suggest that long pulse du-

rations with low GnRH concentrations lead to higher LH output per GnRH amount

supplied.
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3.5 Sensitivity Analysis

To investigate how sensitive the characteristic triphasic response is to choices of

parameter values, we vary the parameters up to 20 %. For every parameter we

create a region with 20 % lower and 20 % higher than the particular parameter

value and then we randomly pick the parameter from that region with a uniform

distribution. We perturb all the parameters at the same time and generate 1000

runs with varied parameter and for each data point we calculate the mean and the

standard deviation. In Figure 3.11 the red line shows the data from [5] and the black

bars are centered at the mean of the 1000 runs, and the bars show the region within

one standard deviation of the mean. The black bar at the top of the graph shows

GnRH stimulation. The triphasic response is preserved even with the perturbed

parameters, indicating that this characteristic shape of the response is not sensitive

to parameters chosen.

3.6 Discussion

Many hormones are secreted in pulses including GnRH, growth hormone, adreno-

corticotropic hormone, oxytocin, insulin and glucagon [49]. Perifusion cell cultures

permit the study of such intermittent stimulation in a controlled environment. Math-

ematical models are important tools for interpreting the results of these perifusion

experiments and for connecting their outcomes to cellular events.

With our mathematical model, we aim to couple the intracellular signaling events

with the movement of substances in the perifusion chamber. We lack experimental

data to model the intracellular events in detail. In the absence of data to constrain

the model, adding more intracellular components would just add more parameters,

and would make fitting the data easier. Instead of building a large model with

too many free parameters, where determination of important dynamics would be
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Figure 3.11: Sensitivity of LH outcome at x “ ` to Parameters. The
parameters used for Section 3.3.1 are varied randomly up to 20% and 1000 simulations
are run with perturbed parameters. The mean and the standard deviation for these
1000 runs are calculated and plotted with the data. The red dots and the line
connecting them is the data from [5] and the black points and the black bars are the
mean and the standard deviation of the 1000 simulations with perturbed parameters.
The black bar at the top of the graph shows the GnRH stimulation. We see that the
characteristic triphasic response is not sensitive to parameter choices and is preserved
over a range of parameters.

impossible, we tried to grasp the essential dynamical properties of the system, which

would explain all the data sets. Our mathematical model indicates that two negative

feedback loops, one fast and one slow acting, are needed to explain the data. We

suggest that the molecular basis of the fast acting negative feedback is the inhibition

by the phosphatase downstream of the receptor and of the slow acting negative

feedback is receptor desensitization.

Systems of ordinary differential equations model well static cell cultures, where

cells are incubated in a well-mixed stationary medium. However, in perifusion cell
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cultures the medium is not homogeneous throughout the chamber and is constantly

moving. The secreted products and the signal introduced into the chamber are con-

stantly washed out. Thus, in order to interpret the perifusion data one must consider

the spatial aspect of these experimental systems. In this paper we developed and

analyzed a mathematical model of coupled partial differential equations for perifu-

sion cell culture experiments, which combined the movement of the substances in the

chamber with the intracellular events leading to LH secretion.

In Section 3.3 we matched the model to three different data sets and the model

fit well to all of them. In Section 3.3.1 we determined the parameters to reproduce

the data from [5] and in Section 3.3.2 we used the same parameters to reproduce

the experiments from [32]. Thus, the second data set served as a cross validation for

the choice of parameters. For the third data set from [17] we used a different set of

parameters. That is biologically reasonable since the experimenters used a different

cell type than the other two groups.

In Section 3.3.1 we analyzed the triphasic LH response at x “ `, which consisted

of the LH peak, followed by the lower quasi steady state level and the decrease back

to the basal secretion level. The negative feedback from the phosphatases was crucial

in reaching the lower quasi steady state LH level at x “ `. Receptor desensitization

did not have a significant effect, since the data was collected over a relatively short

time interval. In our model, the rate of return to the basal LH level at x “ ` depended

primarily on the dissociation rate of bound GnRH from its receptor, k2.

In Section 3.3.2 the data from [32] was collected over 480 minutes. The receptor

desensitization led to the eventual suppression of the LH secretion in this prolonged

GnRH exposure. The simulations of the first two data sets show that the phosphatase

based negative feedback is fast and important over short time intervals, whereas

GnRH receptor desensitization affects the outcome over long time intervals. This

is consistent with the literature, as GnRH-R does not undergo rapid homologous
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desensitization as most other G protein-coupled receptors, but the downstream post-

receptor desensitization mechanisms operate on a faster time scale [31, 30]. Note that

in the third row of Figure 3.4, the second GnRH pulse leads to a higher response than

the first pulse both in the simulation and in the data. Also the heights of the LH

outcome vary throughtout the GnRH stimulation. In the simulation, this variation

depends solely on the fraction collection time: fraction collection times that do not

divide the period of the stimulation evenly lead to irregularities in the data. To

differentiate between the artifacts of sampling and interesting biological phenomena,

the medium collection time should be chosen so that it divides the period of the

stimulation evenly and it should be fine enough to capture the different phases of

the LH secretion pattern. Of course, if one samples very frequently, then it is not

necessary that the fraction collection time divides the period evenly. However, the

LH amount collected in very short fraction collection times may be very small and

therefore not easy to detect and possibly prone to errors.

Some irregularity in the data might also come from priming. Increased sensi-

tivity of gonadotrophs to subsequent GnRH pulses is called self-priming [25]. Our

model lacks the biological mechanisms which might be responsible for priming such

as the integration of the fast Ca2`-mediated pathway and the slow cAMP-mediated

processes [8, 9], exposure to estrogen [25], the autocrine affects of pituitary derived

GnRH [24], and repositioning of secretory granules to cell membrane through micro-

filament reorientation [45].

The data set from [17] compared the GnRH and oxytocin stimulation in rat pi-

tuitary cells. GnRH and oxytocin receptors are both G-protein coupled receptors

connected to the same downstream effectors, however, unlike GnRH receptors, oxy-

tocin receptors can undergo rapid desensitization [16]. After choosing the parameters

to match our model to GnRH stimulation data, we reproduced the oxytocin stimula-

tion results by altering only one or two parameters related to receptor dynamics and
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keeping the rest of the parameters the same. Thus, we showed that different recep-

tor dynamics might underlie the difference in the GnRH and oxytocin experimental

results.

In Section 3.4, we conducted in silico experiments to explore the influence of some

key parameters on data. In Section 3.4.1, we showed that with slow velocities the

time required to reach the steady state basal LH level at x “ ` is longer and the

LH content of the outgoing medium is higher. One might think that in case of slow

velocities the autocrine signals are not washed out, leading to higher secretion [24].

To differentiate between biological effects and the influence of medium flow velocity,

one should calculate the increase in the LH levels due to lowering the medium flow

velocity and if the effect seen is more prominent than expected, then one should look

for biological explanations.

In Section 3.4.2 we focused on the movement of GnRH down the chamber. High

binding rate, k1, low dissociation rate, k2, and high total GnRH receptor concentra-

tion lead to high bound GnRH levels, thus more production of LH, and also slower

movement of GnRH down the column. This suggests an inverse mathematical prob-

lem and a possible technique for determining binding and dissociation constants: the

substance whose binding and dissociation rates are to be determined can be passed

through a column with a known receptor concentration. By carefully sampling the

outflow, one can determine the rate constants. This approach was used in [42] and

[43].

In Section 3.4.3 we investigated the dependence of the LH secretion amount on

the pulse characteristics. In [32] the notion of “specific response” was introduced,

which is calculated by dividing the average LH output per pulse by the total amount

of GnRH introduced in one pulse. They found that short pulse durations τ with long

in between pulse intervals was the most efficient way of stimulation. Our simulations

reproduced their results. However, we suggested an alternative definition of “specific
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response”. In [32] the total amount of GnRH introduced into the chamber in one

pulse depended on the pulse duration τ , where long pulses resulted in high total

GnRH amount per pulse. In our alternative definition we keep the GnRH amount

per pulse the same independent of the pulse duration τ . Our simulations indicate

that longer pulses with lower GnRH concentrations are more efficient than high

concentration short duration pulses.

Our mathematical model can be expanded to incorporate more downstream ele-

ments relevant to the production of LH, like the IP3 and DAG pathway [44]. Also,

our methods can be used to understand perifusion experiments for other hormones

by including relevant cellular mechanisms for their signaling pathways. In addition,

for experimental systems with very slow velocities or small `, a Laplacian term can

be added to the equations for free GnRH (3.1a) and LH (3.1f) to incorporate diffusive

effects.
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4

Hyperbolic Reaction Equations

In this chapter we discuss some mathematical questions that arise naturally from

the modeling in Chapter 3. In that chapter we showed that, for certain parameters,

the square hormone pulse introduced into the chamber is distorted due to hormone-

receptor interactions in different ways depending on the parameters. In this chapter,

we show how to recover the distorted source term for simpler models and we relate the

distortion of the signal to the parameters in the limit of fast biochemistry. First, we

ask whether the source term can be estimated using the perifusion data. To address

this inverse problem, in Section 4.1 we introduce and analyze a simple mathematical

model, where the hormone pulse flowing with the culture medium is described as a

moving source term of a one-dimensional advection equation. We solve this problem

and the associated inverse problem analytically.

Next, we relate the distortion of the square hormone input to the binding and dis-

sociation constants of the hormone to and from its receptor. Based on the technique

used in [42, 43], in Section 4.2.1 we use perturbation analysis to show that the square

pulse moves as a diffusing Gaussian in the limit of fast binding and dissociation and

we derive an analytic expression for the distorted pulse. In Section 4.2.2, we use this
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analytic expression for the distorted pulse as the source term of a one-dimensional

advection equation. Given the solution at a fixed point, we construct numerically

the “average source term ”, which is the source term captured at a fixed time point.

In Section 4.2.3, we estimate the binding and dissociation constants. Thus, solving

the inverse problem enables us to use the experimental measurements at x “ ` to

infer the biochemical parameters.

4.1 A Simple Model

Here we consider a one dimensional advection equation with a moving source term.

The concentration of the substance produced by the source term is given by upx, tq.

We assume that upx, tq is transported with velocity v1. The source term is denoted

by gpx, tq, where gpx, tq “ gpx´v2tq for x´v2t ą 0. We assume gpx, tq is nonnegative,

continuous and has compact support. Also, we assume 0 ă v2 ă v1.

The initial-boundary value problem on x ą 0, t ą 0 is:

utpx, tq ` v1uxpx, tq “ gpx, tq (4.1a)

upx, 0q “ 0 (4.1b)

gp0, tq “

"

nonzero t ď τ
0 otherwise

(4.1c)

Note that the source term models a hormone pulse input, which is introduced

into the chamber for τ time units and moves with velocity v2 along the chamber. We

assume the hormone input will move slower than the fluid flow rate due to retardation

by hormone-receptor interactions, and thus assume v2 ă v1.

In Section 4.1.1 we solve the initial-boundary value problem (4.1) using the

method of characteristics. Given v1 and gpx, tq, v2 and τ , we find upx, tq. Next,

in Section 4.2.3, we consider the associated inverse problem. Using our analytical

solution from the Section 4.1.1, we compute g, given up`, tq, v1, and τ .
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Figure 4.1: Characteristic Lines for Problem (4.1) The blue lines show the
characteristic lines along which upx, tq is transported. They have slope 1{v1. The
source term gpx, tq is transported along the lines with slope 1{v2. In the red region
the source term gpx, tq is nonzero and outside of the red region gpx, tq “ 0. The red
region is bounded by the lines t “ x{v2 and t “ x{v2 ` τ .

4.1.1 Initial-Boundary Value Problem

Here we consider Equation (4.1). We will solve for upx, tq using the method of

characteristics. Note that we should follow two characteristics lines, one describing

how upx, tq is transported and the other how the source term gpx, tq moves. In

Figure 4.1 the blue lines with slope 1{v1 are the characteristics for upx, tq. The

region where the source term gpx, tq is nonzero is marked with red. It is bounded by

the lines t “ x{v2 and t “ x{v2 ` τ .

Let Zpsq “ upXpsq, T psqq, where

Xpsq “ x0 ` v1s, Xp0q “ x0

T psq “ s, T p0q “ 0
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Z 1psq “ utpXpsq, T psqq ` v1uxpXpsq, T psqq “ gpXpsq, T psqq

Zptq ´ Zp0q “

ż t

0

gpXpsq, T psqqds

upXptq, T ptqq ´ upXp0q, T p0qq “

ż t

0

gpXpsq, T psqqds

upx, tq “ upx0, 0q `

ż t

0

gpXpsq, T psqqds

Applying the initial condition and inserting Xpsq and T psq, we get

upx, tq “

ż t

0

gpx0 ` v1s, sqds.

Since x0 “ x´ v1t and gpx, tq “ gpx´ v2tq,

upx, tq “

ż t

0

gpx´ v1t` v1s, sqds “

ż t

0

gpx´ v1t` pv1 ´ v2qsqds. (4.2)

We have to find the time interval within r0, ts where the integrand in (4.2) is nonzero.

That means we have to find the time interval where the characteristic line passing

through px, tq crosses the red region in Figure 4.1.

We will show the computation of the upx, tq for

x ă x˚ “
v1v2τ

v1 ´ v2

where x˚ is the x-coordinate of the intersection of the lines t “ x{v2 and t “ x{v1`τ .

The calculation is similar for other x-values.

Figure 4.2 shows x˚ and the different regions we should consider for finding upx, tq

on x ă x˚. The blue lines in the figure are the characteristic lines for upx, tq passing
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Figure 4.2: Regions for x ă x˚. The blue lines are characteristic lines for upx, tq
passing trough p0, 0q and p0, τq, whereas the red lines are the characteristics for
gpx, tq passing through the same points. The equations of the lines are given. The
x-coordinate of the intersection of the lines t “ x{v2 and t “ x{v1 ` τ is marked
with x˚. When calculating upx, tq for x ă x˚, we should divide the x ´ t plane
into different regions, which are marked with different colors. The regions where the
solution is nonzero are named Region 1, 2 and 3. The solution is zero in the yellow
regions.

through p0, 0q and p0, τq. Note that gp0, tq is zero for t ą τ . The red lines are the

characteristics for gpx, tq passing through p0, 0q and p0, τq. These four characteristic

lines divide the region x ă x˚ into five regions. In the yellow regions upx, tq “ 0 and

in the other three regions it is nonzero. In the following sections, we will consider

each region separately.

Regions t ă x{v1 and t ą x{v2 ` τ

Here we consider the yellow regions in Figure 4.2, which are t ă x{v1 and t ą x{v2`τ .

For a point px, tq in these regions, the characteristic line passing through it does not

cross the region where gpx, tq is nonzero (red region in Figure 4.1 and Regions 2 and

3 in Figure 4.2). Thus upx, tq “ 0 in these domains. Observe that for t ă x{v1,
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Figure 4.3: Characteristic Lines for Region 1. We consider here a point px, tq
in the region (Region 1) bounded by t “ x{v1 and t “ x{v2. The blue line shows
the characteristic line for px, tq. The points, where the characteristic line crosses
the t-axis and where it intersects the line t “ x{v1 are marked. Also, the points on
the lines t “ x{v1 and t “ x{v2 with the same x-coordinate as the point px, tq are
marked.

nonzero u values do not reach the point x yet. For t ą x{v2 ` τ the source term has

already passed the point x.

Region 1: The Region Between t “ x{v1 and t “ x{v2

Consider a point in the region bounded by the lines t “ x{v1 and t “ x{v2 (See

Figure 4.3). The characteristic line for that point is t̃ “ x̃{v1 ` t ´ x{v1. Note that

we think of px, tq as fixed and for the variables we use t̃ and x̃. The characteristic

line is between the red lines for t̃ “ t ´ x{v1 and t̃ “ pv1t ´ xq{pv1 ´ v2q. The first

time point is the time point when the characteristic crosses the t-axis and the second

one is the time point when the characteristic intersects the line t “ x{v2. These two

points mark the time interval when the integrand in equation (4.2) is nonzero. Thus,
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Figure 4.4: Characteristic Lines for Region 2. We consider here a point px, tq
in the region (Region 2) bounded by t “ x{v2 and t “ x{v1` τ . The blue line shows
the characteristic line for px, tq. The point at which the characteristic line crosses
the t-axis is marked. Also, the points on the lines t “ x{v2 and t “ x{v1 ` τ with
the same x-coordinate as px, tq are marked.

in this region upx, tq is given by:

upx, tq “

ż pv1t´xq{pv1´v2q

t´x{v1

gpx´ v1t` pv1 ´ v2qsq ds for
x

v1
ă t ď τ `

x

v2
.

Region 2: The Region Between t “ x{v2 and t “ x{v1 ` τ

Now consider a point in the region bounded by t “ x{v2 and t “ x{v1 ` τ (See

Figure 4.4). In this region, the lower bound of the time interval where the integrand

in (4.2) is nonzero is the time point of the intersection of the characteristic with the

t-axis, t´ x{v1, and the upper bound is t. Thus,

upx, tq “

ż t

t´x{v1

gpx´ v1t` pv1 ´ v2qsq ds for
x

v2
ă t ď

x

v1
` τ.
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Figure 4.5: Characteristic Lines for Region 3. We consider here a point px, tq
in the region (Region 3) bounded by t “ x{v1 ` τ and t “ x{v2 ` τ . The blue line
shows the characteristic line for px, tq. The point where the characteristic intersects
the line t “ x{v2 ` τ is marked. Also, the points on the lines t “ x{v1 ` τ and
t “ x{v2 ` τ with the same x-coordinate as px, tq are marked.

Region 3: The Region Between t “ x{v1 ` τ and t “ x{v2 ` τ

Here we consider a point in the region bounded by t “ x{v1`τ and t “ x{v2`τ (See

Figure 4.5). In this region, the lower bound of the time interval where the integrand

in (4.2) is nonzero is the time coordinate of the intersection of the characteristic with

the line t “ x{v2 ` τ and the upper bound is t. Thus,

upx, tq “

ż t

pv1t´x´v2τq{pv1´v2q

gpx´ v1t` pv1 ´ v2qsq ds for
x

v1
` τ ă t ď

x

v2
` τ.

As stated before, the computation of upx, tq is similar for x ě x˚. We have to

divide the space in regions and consider the time interval where the integrand in

equation (4.2) will be nonzero. We omit the calculations and we will just give the

results.

54



General Solution upx, tq

Now we combine the previous computations to get the general solution for x ă x˚.

upx, tq “

$

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

%

0 t ă
x

v1

ż pv1t´xq{pv1´v2q

t´x{v1

gpx´ v1t` pv1 ´ v2qsq ds
x

v1
ď t ď

x

v2

ż t

t´x{v1

gpx´ v1t` pv1 ´ v2qsq ds
x

v2
ă t ď

x

v1
` τ

ż t

µ

gpx´ v1t` pv1 ´ v2qsq ds
x

v1
` τ ă t ď

x

v2
` τ

0
x

v2
` τ ă t

where µ “
v1t´ x´ v2τ

v1 ´ v2
.

To make the calculations easier in the following sections, we make the change of

variables r “ x´ v1t` pv1 ´ v2qs. The solution becomes:

upx, tq “

$

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

%

0 t ă
x

v1

1

v1 ´ v2

ż 0

σ

gprq dr
x

v1
ď t ď

x

v2

1

v1 ´ v2

ż x´v2t

σ

gprq dr
x

v2
ă t ď

x

v1
` τ

1

v1 ´ v2

ż x´v2t

´v2τ

gprq dr
x

v1
` τ ă t ď

x

v2
` τ

0
x

v2
` τ ă t

(4.3)
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where σ “ ´
v2pv1t´ xq

v1
.

For x ą x˚, the solution at a fixed space point is zero for some time and then

it starts increasing, then it is constant and then it decreases to zero. The general

solution for x ą x˚ is:

upx, tq “

$

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

%

0 t ă
x

v1

1

v1 ´ v2

ż 0

σ

gprq dr
x

v1
ď t ď

x

v1
` τ

1

v1 ´ v2

ż 0

´v2τ

gprq dr
x

v1
` τ ă t ď

x

v2

1

v1 ´ v2

ż x´v2t

´v2τ

gprq dr
x

v2
ă t ď

x

v2
` τ

0
x

v2
` τ ă t

(4.4)

where σ is the same as above.

The solution for x “ x˚ has two nonzero parts: It is zero, then increasing and

then decreases to zero.

upx, tq “

$

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

%

0 t ă
x

v1

1

v1 ´ v2

ż 0

σ

gprq dr
x

v1
ď t ď

x

v2
“

x

v1
` τ

1

v1 ´ v2

ż x´v2t

´v2τ

gprq dr
x

v2
“

x

v1
` τ ă t ď

x

v2
` τ

0
x

v2
` τ ă t

(4.5)

where σ is the same as above.
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4.1.2 Inverse Problem

Now we consider the inverse problem. We will find the source term gpx, tq given

up`, tq, v1 and the on-time of the source term τ . We denote up`, tq by u`ptq. In the

previous section we wrote upx, tq as integrals of gpx, tq. In this section, we will find

gpx, tq in terms of time derivatives of u`ptq.

We defined gpx, tq in equation (4.1) as

gp0, tq “

"

nonzero t ď τ
0 otherwise

We can also think of gpx, tq as a function which is supported on ´v2τ ă x ă 0 at time

t “ 0 and which enters the positive x-axis with velocity v2. For the inverse problem

we will think about gpx, tq this way and we will compute gpx, 0q on ´v2t ă x ă 0.

The calculation of gpx, tq is different for the two cases ` ě x˚ and ` ă x˚. The

latter case requires an iterative process. We will give the solution of the inverse

problem in both cases.

Finding v2 from the Graph of u`ptq

First, we need to recover how fast the source term is moving, i.e., we need to find v2.

Note that after the source term reaches `, u`ptq starts decreasing, and falls back to

zero when the source term passes ` totally. The time point when u`ptq goes back to

zero is `{v2 ` τ . One can think about it as the time for the last point of the source

term (which enters the positive x-axis at time τ) to pass through ` (it takes `{v2

time units for it to reach the point `). Since we know τ , `, and u`ptq, we can find v2.

Case 1: x˚ ď `

We can use either the increasing part of u`ptq, which is u`ptq on `{v1 ď t ď `{v1 ` τ ,

or the decreasing part of u`ptq, which is u`ptq on `{v2 ď t ď `{v2 ` τ .
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Finding gpx, tq Using the Increasing Part of u`ptq

How the increasing part of u`ptq relates to gpx, tq is given in (4.4) and (4.5) for x ě x˚:

u`ptq “
1

v1 ´ v2

ż 0

σ

gprq dr for
`

v1
ď t ď τ `

`

v1
.

where σ “ ´
v2pv1t´ `q

v1
. We take the derivative with respect to time:

d

dt
u`ptq “

1

v1 ´ v2

ˆ

´g

ˆ

´
v2pv1t´ `q

v1

˙

p´v2q

˙

v1 ´ v2
v2

d

dt
u`ptq “ g

ˆ

´
v2pv1t´ `q

v1

˙

Let x “ ´
v2pv1t´ `q

v1
. Then t “ ´

x

v2
`

`

v1
.

gpxq “
v1 ´ v2
v2

ˆ

d

dx
u`p´

x

v2
`

`

v1
q

˙

dx

dt
,

gpxq “
v1 ´ v2
v2

ˆ

d

dx
u`p´

w

v2
`

`

v1
q

˙

p´v2q,

gpxq “ ´pv1 ´ v2q

ˆ

d

dx
u`p´

x

v2
`

`

v1
q

˙

.

By plugging in the limits of t into x “ ´
v2pv1t´ `q

v1
, we find the limits for x: ´v2τ ď

x ď 0. Thus,

gpx, 0q “ ´pv1 ´ v2q

ˆ

d

dx
u`p´

x

v2
`

`

v1
q

˙

for ´ v2τ ď x ď 0.

Finding gpx, tq Using the Decreasing Part of u`ptq

How the decreasing part of u`ptq relates to gpx, tq is given in (4.4) and (4.5) for

x ě x˚.

u`ptq “
1

v1 ´ v2

ż `´v2t

´v2τ

gprq dr for
`

v2
ă t ď

`

v2
` τ.
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We take the derivative with respect to t:

d

dt
u`ptq “

1

v1 ´ v2
gp`´ v2tqp´v2q

´
v1 ´ v2
v2

d

dt
u`ptq “ gp`´ v2tq

Let x “ `´ v2t. Then t “
´x

v2
`

`

v2
.

gpxq “ ´
v1 ´ v2
v2

ˆ

d

dx
u`p
´x

v2
`
L

v2
q

˙

dx

dt
,

gpxq “ ´
v1 ´ v2
v2

ˆ

d

dx
u`p
´x

v2
`

`

v2
q

˙

p´v2q,

gpxq “ pv1 ´ v2q

ˆ

d

dx
u`p
´x

v2
`

`

v2
q

˙

.

By plugging in the limits of t into x “ `´ v2t, we get ´v2τ ď x ă 0. So, we get:

gpx, 0q “ pv1 ´ v2q

ˆ

d

dx
u`p´

x

v2
`

`

v2
q

˙

for ´ v2τ ď x ă 0.

Case 2: ` ă x˚

Finding gpx, tq from u`ptq,
`
v1
ď t ď `

v1
` τ

Note that to recover the source term which enters the positive x-axis for τ time

units, we need to use a nonzero portion of u`ptq on a time interval of length τ . The

increasing part of u`ptq for ` ă x˚ is not necessarily of length τ . Thus, this part of

u`ptq is not enough to recover the whole source term. Also, note that the bounds for

the integral, which gives the solution on x{v2 ă t ď x{v1`τ in the equation (4.3), has

the t-term both in the upper and lower bounds. Thus, relating the time derivative of

u`ptq to gpx, tq using this integral is not as simple as it was in the previous sections.

The inverse problem for ` ă x˚ requires an iterative process. We will first recover

a portion of gpx, 0q and use it to recover the next portion. For ease of notation, we
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define λ, γ, the time intervals Tn and unptq as follows:

λ “
pv1 ´ v2q`

v1

γ “
λ

v2
“
pv1 ´ v2q`

v1v2
“

`

v2
´

`

v1

T0 “

„

`

v1
,
`

v2



Tn “

„

`

v2
` pn´ 1qγ,

`

v2
` nγ



unptq “ u`ptq on Tn

Each iteration uses unptq on a time interval of length γ and recovers gpx, 0q on an

interval of length λ. We start using u0ptq to recover gpx, 0q on ´λ ă x ă 0. Using

this result and u1ptq we can recover gpx, 0q on ´2λ ă x ă ´λ. We continue in this

fashion until we recover gpx, 0q on ´v2τ ď x ď 0. The number of iterations needed

is the closest integer to v2τ{λ. Thus, the number of iterations depends on `: The

smaller `, the more iterations we need to recover gpx, 0q.

Observe that gpx, tq can also be recovered by starting with u`ptq on
`

v1
` τ ă t ă

`

v2
` τ and going backwards iteratively from there. For this case, the calculations

are similar and, thus, omitted.

0th Iteration: Finding gpx, 0q on ´λ ď x ď 0

According to the general solution given in (4.3):

u0ptq “
1

v1 ´ v2

ż 0

σ

gprq dr for
`

v1
ď t ď

`

v2

where σ “ ´
v2pv1t´ `q

v1
. Using the same calculations we carried out in the sections
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for x˚ ď `, we get:

gpx, 0q “ ´pv1 ´ v2q

ˆ

d

dx
u0p´

x

v2
`

`

v1
q

˙

for ´ λ ď x ď 0 (4.6)

1st Iteration: Finding gpx, 0q on ´2λ ď x ď ´λ

To calculate gpx, 0q on ´2λ ď x ď ´λ we will use both u0ptq and u1ptq. By (4.3),

u1ptq “
1

v1 ´ v2

ż `´v2t

σ

gprq dr for
`

v2
ă t ď

`

v2
` γ (4.7)

provided γ ă τ . Remember that σ “ ´
v2pv1t´ `q

v1
. Observe that

ż `´v2t

σ

gprq dr “

ż 0

σ

gprq dr `

ż `´v2t

0

gprq dr.

We can write the second integral in terms of u0ptq, since in the time interval
`

v2
ă

t ă
`

v2
` γ, `´ v2t changes between 0 and ´λ. Using (4.6),

ż `´v2t

0

gprq dr “

ż `´v2t

0

´pv1 ´ v2q

ˆ

d

dr
u0p´

r

v2
`

`

v1
q

˙

dr

“ ´pv1 ´ v2q

„

u0p´
`´ v2t

v2
`

`

v1
q ´ u0p

`

v1
q



“ ´pv1 ´ v2q

„

u0p´
`

v2
`

`

v1
` tq ´ u0p

`

v1
q



“ ´pv1 ´ v2q

„

u0pt´ γq ´ u0p
`

v1
q
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Dividing the integral in the equation (4.7) into two integrals and replacing the second

integral with the previous result, we get:

u1ptq “
1

v1 ´ v2

ż `´v2t

σ

gprq dr

“
1

v1 ´ v2

ż 0

σ

gprq dr `
1

v1 ´ v2

ż `´v2t

0

gprq dr

“
1

v1 ´ v2

ż 0

σ

gprq dr ´

„

u0pt´ γq ´ u0p
`

v1
q



u1ptq `

„

u0pt´ γq ´ u0p
`

v1
q



“
1

v1 ´ v2

ż 0

σ

gprq dr

Now we take the derivative with respect to t.

du1ptq

dt
`
du0pt´ γq

dt
“

1

v1 ´ v2

ˆ

´g

ˆ

´
v2pv1t´ `q

v1

˙

p´v2q

˙

g

ˆ

´
v2pv1t´ `q

v1

˙

“
v1 ´ v2
v2

ˆ

u1ptq

dt
`
u0pt´ γq

dt

˙

Let x “ ´
v2pv1t´ `q

v1
. Then, t “ ´

x

v2
`

`

v1
. After change of variables we get:

gpx, 0q “ ´pv1 ´ v2q

„

d

dx
u1

ˆ

´
x

v2
`

`

v1

˙

`
d

dx
u0

ˆ

´
x

v2
`

`

v1
´ γ

˙

for ´ 2λ ď x ď ´λ.
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nth Iteration: Finding gpx, 0q on ´pn` 1qλ ď x ď ´nλ

By similar calculations as shown in the previous sections, the nth iteration gives:

gpx, 0q “ ´pv1 ´ v2q

«

d

dx
un

ˆ

´
x

v2
`

`

v1

˙

`
d

dx
un´1

ˆ

´
x

v2
`

`

v1
´ γ

˙

` ...

`
d

dx
un´i

ˆ

´
x

v2
`

`

v1
´ iγ

˙

` ...

`
d

dx
u0

ˆ

´
x

v2
`

`

v1
´ nγ

˙

ff

for ´ pn` 1qλ ď x ď ´nλ

For ` ă x˚, gpx, 0q will be recovered through using the iterative process described

above. Concatenating the results from each step will give gpx, 0q on ´v2t ă x ă 0.

4.2 The Second Model

In the previous section, we showed that for the simple mathematical model intro-

duced, we can recover analytically the source term given the solution at a fixed

point. Now, we will analyze a one dimensional advection equation with a more re-

alistic source term. First, we will derive an analytic expression approximating the

profile of the input hormone in the limit of fast binding and dissociation. Then, we

will investigate the inverse problem when this expression is the source term of a one

dimensional advection equation.
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4.2.1 Finding the Approximate Profile of the Hormone Input

Here we consider two coupled partial differential equations that describe an input

hormone in a perifusion cell chamber. F px, tq denotes the concentration of the hor-

mone molecules that are flowing with the culture medium along a chamber. Bpx, tq

denotes the hormone molecules that are bound to the receptors on the cell mem-

brane. We denote the binding constant of the hormone to the receptor by k1{ε and

the dissociation constant of the hormone from the receptor by k2{ε, where ε is a

very small, positive real number. We will consider the following system of partial

differential equations on x P R and t ą 0, in the limit of small ε.

ε
`

Ftpx, tq ` vFxpx, tq
˘

“ ´k1F px, tq ` k2Bpx, tq (4.8a)

εBtpx, tq “ k1F px, tq ´ k2Bpx, tq (4.8b)

Bpx, 0q “ 0

F px, 0q “

"

A 0 ă x ă τ
0 otherwise

Based on the technique used in [42, 43], we use singular perturbation methods to

find the leading order terms of F px, tq and Bpx, tq. To this end, we first form an

equation containing only F px, tq. We take the derivative of (4.8a) with respect to t

and then substitute BtB:

εBtpBt ` vBxqF ` k1BtF ` k2pBt ` vBxqF “ 0 (4.9)

This is a singular perturbation problem, since the small parameter ε multiplies the

highest derivative in the equation. Observe that the unperturbed problem is the

advection equation with velocity a “ pk2vq{pk1 ` k2q. Thus, we expect approximate

traveling wave solutions with speed a.

We do the following change of variables:

t ÞÑ t, x ÞÑ y ”
x´ at

εα
, F px, tq ÞÑ F̃ py, tq
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Thus, we get:

Bt ÞÑ Bt ´ aε
´α
By, Bx ÞÑ ε´αBy

Changing the variables in the equation (4.9), we get:

εpBt ´ aε
´α
ByqpBt ` pv ´ aqε

´α
ByqF̃ ` k1pBt ´ aε

´α
ByqF̃ ` k2pBt ` pv ´ aqε

´α
ByqF̃ “ 0

(4.10)

The equation (4.10) has terms of order ε0, ε, ε´α, ε1´α and ε1´2α. The O(ε´α) terms

are:

´k1aByF̃ ` k2pv ´ aqByF̃ “ p´k1a` k2pv ´ aqqByF̃

Observe that by the choice of a, p´k1a` k2pv´ aqq “ 0. Thus, O(ε´α) terms vanish.

Among the remaining terms, 0(1) and 0(ε1´2α) terms are the dominant terms by

dominant balancing. Thus, we choose α “ 1{2:

εpBt´aε
´1{2

ByqpBt`pv´aqε
´1{2

ByqF̃`k1pBt´aε
´1{2

ByqF̃`k2pBt`pv´aqε
´1{2

ByqF̃ “ 0.

So, we consider the following asymptotic expansion:

F̃ “ F̃0 ` ε
´1{2F̃1 ` εF̃2 ` ...

As stated before, the 0(ε´1{2) terms vanish. We have the following O(ε0) terms:

´apv ´ aqByyF̃ ` pk1 ` k2qBtF̃ “ 0

BtF̃ ´
apv ´ aq

pk1 ` k2q
ByyF̃ “ 0.

Let κ “
apv ´ aq

pk1 ` k2q
. If we plug in a “

k2v

k1 ` k2
, we get:

κ “
k1k2v

2

pk1 ` k2q3

Thus, F̃0 satisfies the heat equation with diffusion coefficient κ. We have,

BtF̃ “ κByyF̃ x P R, t ě 0

F̃ py, 0q “

"

A 0 ă y ă ε´1{2τ
0 otherwise

(4.11)
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We solve (4.11) using the fundamental solution of the heat equation [11].

F̃0py, tq “
A

?
4πκt

ż ε´1{2τ

0

e´
py´zq2

4κt dz

Inserting y “ ε´1{2px´ atq and changing the variables, we get:

F0px, tq “
A

?
4πεκt

ż τ

0

e´
px´at´zq2

4εκt dz

Assuming that F px, tq and Bpx, tq reach a steady state, we can find B0px, tq by

B0px, tq “
k1
k2
F0px, tq

B0px, tq “
k1A

k2
?

4πεκt

ż τ

0

e´
px´at´zq2

4εκt dz

For the calculations in the upcoming sections, let κ1 “ εκ. With this substitution

B0px, tq becomes:

B0px, tq “
k1A

k2
?

4πκ1t

ż τ

0

e´
px´at´zq2

4κ1t dz (4.12)

4.2.2 The Second Model

In the previous section we computed an analytic expression approximating the profile

of the bound hormone in a chamber in the limit of fast binding and dissociation. Here

we consider the one dimensional advection equation with the source term B0px, tq:

pBt ` vBxqu “ B0px, tq (4.13)

where B0px, tq is given by the equation (4.12).

In the simple model introduced in Section 4.1, the source term is translated to the

right without changing its shape. In the second model we consider here, however, the

source term B0px, tq is diffusing while it is moving to the right. In the Figure 4.6, we
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Figure 4.6: Comparing u`ptq with Different Source Terms. The figure shows
the solutions of the one dimensional advection equation at x “ ` with a moving
square pulse source term (Panel A) and with a moving, dissipating Gaussian source
term (Panel B). The parameters used in the simulations are given in Table 4.1. By
the choice of parameters, ` ą x˚. Note that when the source term does not change
its shape, the increasing and decreasing parts are mirror images of each other. In
Panel B, since the source term dissipating more as time progresses, the decreasing
part of u`ptq is wider than its increasing part. In Panel A, the time points, where
u`ptq changes behaviour, are marked. For comparison, the same points are marked
in Panel B too.

compare examples of u`ptq generated by a moving square pulse (Panel A) and by a

moving and dissipating Gaussian source (Panel B) for ` ą x˚. The parameters used

in the simulation are given in the Table 4.1. Note that the velocity of u is denoted

by v1 and of the source term by v2 in Section 4.1; whereas, in Section 4.2, they are

denoted by v and a, respectively.

Figure 4.6 Panel A shows u`ptq generated by a square pulse of width τ “ 0.25

mm and amplitude A “ 5 nM. Note that u`ptq starts increasing at time `{v1 “ 8

seconds, which is the time required for u to reach the point `. After τ{v2 “ 2 seconds,

u`ptq stops increasing. This time interval is the time required for the source term to
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enter the chamber totally, since it has width τ and it moves with velocity v2. The

constant part of u`ptq corresponds to the transported u which is produced after the

source term enters totally to the positive x-axis. The source term reaches ` at time

`{v2 “ 16 seconds. It passes through ` entirely in 2 seconds, thus, at time 16 seconds

u`ptq starts decreasing and at time 18 seconds it goes back to zero.

Panel B illustrates u`ptq generated by a moving, dissipating Gaussian, where the

initial condition for the system of equations (4.8) generating this source term in the

limit of high binding and dissociation is the square source term used in Panel A. Note

that u`ptq starts increasing earlier than `{v1, due to the dissipation of the source term

front. Also, the increasing and decreasing parts of u`ptq are not mirror images of each

other like in Panel A. The base of the source term enlarges as time progresses, thus

the decreasing part of u`ptq has a longer tail than its increasing part.

Table 4.1: Parameters Used for the Figure 4.6

k1{ε 1 /sec k2{ε 1 /sec
A 5 nM τ 0.25 mm
` 2 mm v “ v1 0.25 mm/sec
a “ v2 0.125 mm/sec κ1 0.0078 mm2/sec

4.2.3 Estimating the Binding and Dissociation Constants

If we apply the technique discussed in Section on u`ptq, we can estimate the “average

source term”, which is B0px, tq at a fixed time. For the inverse problem, we assume

we know u`ptq, v, ` and τ . First, we can estimate the velocity of the source term,

a, for ` ą x˚, using the length of the time interval u`ptq is increasing , which is

approximately τ{a. For ` ă x˚ we can use the time u`ptq goes back to zero, which is

pτ ` `q{a. However, the error will be large due to the dissipation of the source term.

Then we can use the inverse calculation described in the Section 4.2.3. This will give

an “average B0px, tq”, which is approximately B0px, tq at time τ{2a.
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Note that it is hard for this case to choose the time point where u`ptq stops

increasing, since we have a very smooth source term. Also, using the increasing

part of the u`ptq will give a better estimate of the average B0px, tq than using the

decreasing part of u`ptq, since the source term creating the decreasing part of u`ptq

is much more dissipated.

In addition to the source term, the binding and dissociation constants k1{ε and

k2{ε can be estimated using u`ptq, v, ` and τ . Recall that

a “
k2v

k1 ` k2
, κ1 “ ε

apv ´ aq

k1 ` k2
(4.14)

By rearranging these two equations we can get:

k1
ε
“
apv ´ aq2

vκ1
k2
ε
“
a2pv ´ aq

vκ1
,

Thus, if we can estimate a and κ1, then we get the binding and the dissociation

constants.

We can calculate κ1 by using the derivative of the estimated B0px, tq at the point

pat, tq. Since we estimate B0px, tq at time T “ τ{2a, we will estimate its derivative

at the point paT, T q and use this to infer κ1.

Recall that B0px, tq is given by the equation (4.12). Then its derivative with

respect to x is:

dB0px, tq

dx
“

k1A

k2
?

4πκ1t

ż τ

0

ˆ

´2px´ at´ zq

4κ1t

˙

e´
px´at´zq2

4κ1t dz (4.15)

dB0px, tq

dx
“

k1A

k22κ1t
?

4πκ1t

«

ż τ

0

p´x` atqe´
px´at´zq2

4κ1t dz

`

ż τ

0

ze´
px´at´zq2

4κ1t dz

ff

. (4.16)
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Note that if (4.16) is evaluated at the point pat, tq, then the first integral vanishes

and the second integral simplifies:

dB0

dx

ˇ

ˇ

ˇ

ˇ

at,t

“
k1A

k22κ1t
?

4πκ1t

ż τ

0

ze´
z2

4κ1t dz.

Changing the variables and using u-substitution we can compute the integral and

get:

dB0

dx

ˇ

ˇ

ˇ

ˇ

at,t

“
k1A

k2
?

4πκ1t

`

1´ e
´τ2

4κ1t

˘

. (4.17)

A and τ are known from the initial conditions and
dB0

dx

ˇ

ˇ

ˇ

ˇ

aT,T

for T “ τ{2a can be

estimated through the inverse calculation. Also, the ratio k1{k2 can be calculated

using a and v, since

k1
k2
“
v ´ a

a
.

Thus, the only unknown in (4.17) is κ1 and we can solve for κ1 using the SOLVE

function in MATLAB.

In general, it is hard to measure biochemical parameters. Here we introduce a

technique which can be used to estimate cellular parameters using gross experimental

measurements. The idea is to use the output hormone content in the effluent in a

perifusion cell culture to recover the source term producing it; i.e., the shape of the

input hormone pulse. Since the input hormone is introduced into the cell chamber as

a square pulse, the way the square pulse is distorted will depend on the biochemical

parameters. Thus, analyzing the distortion of the input hormone will give us an

estimation of the cellular parameters, the binding and the dissociation constants of

the input hormone to and from its receptors on the cells.
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5

Future Directions

Motivated by the transport of proteins along the axons, Reed and Blum analyzed in

[43] the following system of coupled partial differential equations:

εBtp “ ´k1p` k2q

εpBt ` vBxqq “ k1p´ k2q

q “

"

q0 x ď 0
0 x ą 0

(5.1)

The experiments showed that the proteins move along the axons as an approximate

traveling wave. The profile of the transported proteins was not an exact traveling

wave, since the front of the wave dissipated as it moved. Reed and Blum modeled the

movement of the proteins with the system of equations 5.1, where the concentration

of the vesicles on the transport system is qpx, tq and off the transport system is ppx, tq.

Note that this system of differential equations does not have traveling wave solutions.

Using singular perturbation analysis, Reed and Blum showed that as ε approaches

zero, which represents the limit of fast binding and dissociation, the leading order

term in the asymptotic expansion of qpx, tq satisfies the heat equation, as it is being

translated. Thus, they found the “approximate traveling wave” solutions in this
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parabolic limit of the hyperbolic equation.

Reed, Venakides and Blum generalized the result on the 2ˆ2 system (5.1) to the

following nˆ n system of reaction-hyperbolic equations in [42]:

εBtp1 “ ´a11p1 ` ...` a1,n´1pn´1 ` a1nq

...

εBtpn´1 “ an´1,1p1 ` ...´ an´1,n´1pn´1 ` an´1,nq

εpBt ` vBxqq “ an,1p1 ` ...` an,n´1pn´1 ´ an,nq

with the following initial and boundary conditions:

pipx, 0q “ qpx, 0q “ 0 x ą 0

qp0, tq “ q0 t ą 0

Here the right hand sides are the reaction terms and thus ai,j are nonnegative. In

addition, the system is assumed to be irreducible and to satisfy conservation of mass.

The authors showed that, as ε approaches zero, the leading order term of qpx, tq in

the asymptotic expansion travels as an approximate traveling wave.

The above results were perturbation theory results. Later, Friedman, Craciun

and Hu proved the convergence to an approximate traveling wave rigorously in [14]

and [13].

Note that, in this dissertation, we studied the movement of the input hormone

in a perifusion cell chamber with similar equations to (5.1). In axonal transport, the

vesicles move when they are bound to the transport system and they stall when they

dissociate from the transport system. In the movement of a hormone in a perifusion

chamber, the hormone molecules stop moving when they are bound to the receptors

on the cells and they move when they dissociate. Thus, the movement of these two

contexts can be modeled using similar equations.

As listed in [14], there are several open questions in hyperbolic-reaction systems

modeling biological phenomena. In axonal transport, the proteins can move in both
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forward and reverse directions. Thus, one of the open questions is to extend the

above mentioned results to the case where the system has both forward and backward

velocities.

Another open question is to find analytical expressions approximating the solu-

tions of general nonlinear reaction-hyperbolic equations in the limit where the bio-

chemistry is fast, since nonlinear terms are crucial for more realistic descriptions of

biological processes. This would be a novel and important mathematical result; but,

in addition, it would permit the study of the biological systems with more realistic

sets of equations.
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