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Abstract 

This dissertation documents the results of a theoretical and numerical study of 

time dependent storage of energy by melting a phase change material. The heating is 

provided along invading lines, which change from single-line invasion to tree-shaped 

invasion. Chapter 2 identifies the special design feature of distributing energy storage in 

time-dependent fashion on a territory, when the energy flows by fluid flow from a 

concentrated source to points (users) distributed equidistantly on the area. The challenge 

in this chapter is to determine the architecture of distributed energy storage. The chief 

conclusion is that the finite amount of storage material should be distributed 

proportionally with the distribution of the flow rate of heating agent arriving on the area. 

The total time needed by the source stream to ‘invade’ the area is cumulative (the sum of 

the storage times required at each storage site), and depends on the energy distribution 

paths and the sequence in which the users are served by the source stream. Chapter 3 

shows theoretically that the melting process consists of two phases: “invasion” thermal 

diffusion along the invading line, which is followed by “consolidation” as heat diffuses 

perpendicularly to the invading line.  This chapter also reports the duration of both phases 

and the evolution of the melt layer around the invading line during the two-dimensional 

and three-dimensional invasion. It also shows that the amount of melted material 

increases in time according to a curve shaped as an S. These theoretical predictions are 

validated by means of numerical simulations in chapter 4. This chapter also shows that 

the heat transfer rate density increases (i.e., the S curve becomes steeper) as the 

complexity and number of degrees of freedom of the structure are increased, in accord 

with the constructal law. The optimal geometric features of the tree structure are detailed 
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in this chapter. Chapter 5 documents a numerical study of time-dependent melting where 

the heat transfer is convection dominated, unlike in chapter 3 and 4 where the melting is 

ruled by pure conduction. In accord with constructal design, the search is for effective 

heat-flow architectures. The volume-constrained improvement of the designs for heat 

flow begins with assuming the simplest structure, where a single line serves as heat 

source. Next, the heat source is endowed with freedom to change its shape as it grows. 

The objective of the numerical simulations is to discover the geometric features that lead 

to the fastest melting process. The results show that the heat transfer rate density 

increases as the complexity and number of degrees of freedom of the structure are 

increased. Furthermore, the angles between heat invasion lines have a minor effect on the 

global performance compared to other degrees of freedom: number of branching levels, 

stem length, and branch lengths. The effect of natural convection in the melt zone is 

documented.  
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1. Introduction 

The natural tendency of flow systems that are free to morph is to evolve into 

configurations that provide easier access over time.  This phenomenon is visible 

throughout nature, from river basins to lungs, vascular tissues, city traffic and the 

internet.  The features of these flow designs are documented empirically in their 

respective fields (geophysics, biology, technology, etc.).  This tendency unites the 

inanimate flow systems with the animate, social and engineered, and in physics it is 

summarized as the constructal law [1, 2]. 

The visible manifestation of this universal tendency is the occurrence and 

evolution of flow organization everywhere (design, configuration).  In flow systems that 

connect discrete points with infinite numbers of points (lines, areas, volumes) the 

organization that emerges is commonly recognized as trees.  The same tendency is also 

recognized as a hierarchical distribution of areas to channels:  few large and many small, 

large interstices between large branches, small interstices between small branches. These 

features of organization are being predicted in diverse fields by invoking the constructal 

law [2-5]. 

The evolutionary phenomenon of configuring better flow architectures based on 

the constructal law is the subject of constructal design [6]. The work that has been 

devoted so far to flows between discrete points and areas and volumes dealt with steady 

flows.  In every flow system of this kind, the emerging flow architecture is a tree that 

improves over time as the natural mechanisms of evolution play their part, for example, 

bed erosion in river flow, mutation in animal design, technology evolution in power grid 

design, new vehicles for city traffic, etc. The only time-dependent aspect of the emerging 
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flow designs is evolution itself, the change from one configuration to the next, which is a 

better flowing configuration. 

The fundamentals of melting by conduction and in the presence of convection 

have received considerable attention in the literature [7-21], particularly with respect to 

applications to the design of systems for energy storage [22-28]. Most of these advances 

were made with reference to systems where the heating was provided by simple surfaces, 

plane walls and embedded pipes. More recently, the energy storage literature was 

introduced to the use of tree-shaped surfaces as constructal designs for volumetric heating 

and cooling [29, 30]. Reviews of the progress with constructal design are provided by 

Refs. [31, 32].  

Chapter 2 extends the method of constructal design to the much wider and more 

general class of point-area and point-volume flows that are time-dependent. All the tree-

shaped examples studied so far, and mentioned above, are in reality not steady. Time-

dependent flows have one characteristic that is absent in steady flows. It is the ability to 

store temporarily a fraction of what flows, and to release that fraction to the flow 

architecture later. Storage and retrieval are possible because of the presence of physical 

features that accommodate these temporary changes. They exist in energy storage 

systems of many kinds in power generation and distribution systems [33-40]. Chapter 3 

of this thesis unveils the fundamentals of storage by melting when seen from an entirely 

different perspective: the S-curve histories of all freely morphing flow architectures that 

distribute a flow to (or collect a flow from) a finite space [41-43]. Traditionally, the study 

of latent heat storage is based on models where the heating entity, wall or embedded pipe, 

is solid and stationary [44-53]. These models correspond to sufficiently long times, when 
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the flowing heating agent has had time to travel along and occupy the entire extent of the 

solid surface. This long-times behavior will be defined as the “consolidation” period in 

the present model, where the study of the heating and melting process begins earlier, 

when the heating agent begins to invade the surface that immediately begins to heat and 

melt the surrounding phase-change material. This behavior at short time will be defined 

as the “invasion” phase. Here the heating surface is not a static object adjacent to or 

implanted in the phase-change material. The source of heat is an invading line, like the 

mercury in the capillary of the thermometer, which melts the material as it transfers heat 

to its sides. In addition to uncovering the fundamental scales of this process, the 

challenge in constructal design is to discover how to configure the paths of the invading 

lines such that the energy storage process can be made faster. Unlike in Chapter 3, where 

the invading line pattern was prescribed and held fixed (one straight line, or a rigid tree 

with T-shaped bifurcations) in Chapter 4 the invading pattern is free to change. We use 

this freedom in order to discover the tree design features that underpin the steepest S-

curve, i.e., the fastest spreading of heat from tree designs. The tree architecture 

discovered in this manner is more efficient, in the sense that it accelerates the melting of 

the material throughout the volume. The objective of chapter 5 is to determine the 

relationship between the configuration of the invasion path of the heating effect and the 

maximum melting rate, or the steepness of the S-shaped history of the volume of melt. 

We seek to determine three-dimensional heat invasion architecture that offers the shortest 

time for melting the entire amount of phase-change material.  
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2. Distributed energy storage: time-dependent tree flow design  

2.1 Hot Stream from Point to Area 

Consider the flow of power from a central plant to the inhabitants on the area 

allocated to the plant. The power flows in two ways, (i) quasi periodically, in accord with 

the daily and seasonal cycles, and (ii) randomly, according to needs dictated by the 

weather (heat waves, polar air, hurricanes, etc.), Fig. 2.1. We begin with the first phase of 

a time-varying flow: storage. The flow originates from the point, and it is stored 

temporarily on the area. The driver of the evolutionary design is the human need to 

reduce the losses during the point-area flow, and the losses that occur during the storage 

process itself. 

We illustrate this design challenge by considering the time-dependent design, on 

the background provided by the steady flow (no storage) design of the distribution 

system. In the steady design, water is heated at a central location, and then distributed 

equally to users spread uniformly on an area. The losses that occur during this 

distributive flow are of two kinds: the pumping power needed to overcome fluid friction 

in all the ducts, and heat leaks through the insulation wrapped around the ducts. The 

resulting flow architectures are tree-shaped, in two or three dimensions [54,55].  

In the time-dependent (storage) version of the design, the stream of hot water 

originates from one point and reaches many points (users) on the area, each point being 

represented by an amount of storage material (sensible heat, or latent heat). The total 

amount of storage material spread on the area is specified, finite and fixed. The challenge 

is to determine the location and size of each amount of storage material. It is to discover 

the configuration of the “distributed storage system”. 
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2.2 Storage 

A simple way to start is to decouple the design features that prevail in steady flow 

from the special features that are present when the storage process happens. The steady 

flow features are the tree-shaped architecture of ducts and the finite-size insulation 

distributed on it [54]. We assume that this flow architecture is known and in place. 

An additional characteristic of tree-shaped flow architectures is their robustness. 

The global flow performance of the design does not change significantly if one duct is 

blocked [56]. The effect of the blockage is smaller and the robustness is greater when the 

tree design is more complex, that is when the flow is distributed to a larger number of 

users on the area. This characteristic is essential at this stage, because we can use a 

 

 

Figure 2.1: Power generation and consumption are one point-area flow system.  The 

area (the population) has a particular size that is allocated to one point (the power 

plant).  On a multi-year time scale, changes (old → new) occur in the technologies 

that facilitate the flow of power generation, distribution, and consumption. 
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relatively simple tree architecture (Fig.2.2) with confidence that its global flow 

performance is comparable with (albeit below that of) tree architectures optimized in the 

presence of more degrees of freedom. For example, the branching angles in Fig. 2.2 are 

fixed at 180° (the bifurcations are T-shaped), although in a freely changing Y-shaped 

construct the optimal bifurcation angle is close to 75° [40, 42]. 

Left to determine for the distributed storage system is the allocation of storage 

material (Mi) at every point (i) to which the tree flow structure brings a specified stream 

of hot fluid i(m ) .  The total mass of storage material is iM M  , and it is fixed. The 

area allocated to every point is a unit square. How to allocate storage mass at one point 

depends on the storage process:  sensible heating versus latent heating (melting). 

2.3 Sensible Heating 

Assume that the heat losses along the distribution lines are negligible and the hot 

stream im  enters Mi at the source temperature T∞. In time, the temperature of the material 

(T) rises from its initial level (T0, ambient) to T∞. The most fundamental aspect in the 

design of any storage system is the purpose (the objective) of the design. Purpose 

accounts for what is being stored. 

The source stream im  carries two finite and useful inventories with it. One is its 

enthalpy relative to the dead state, im cP (T∞ – T0). The other is its flow exergy relative to 

the dead state, im cP [T∞ – T0 – T0 ln(T∞/T0)], where we neglected the loss of exergy due 

to frictional pressure drops along the flow distribution network. The enthalpy inventory is 

converted partially into an increase in the internal energy of the sensible-heat material. 

The exergy inventory is converted partially into exergy stored in Mi, which can be used 
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later to produce useful power. 

The case of exergy storage is illustrated in Fig. 1.3. Exergy is brought in by im

and, after being stored partially in Mi, the remaining exergy is destroyed by the same im  

as it mixes with the ambient. The system destroys exergy in two places. The first is inside 

Mi, where the destruction is due to the transfer of heat across the finite temperature 

difference between the stream (with a temperature varying from T∞ at the inlet to Tout at 

the outlet) and the storage material, T(t).  

 

Figure 2.2: The distribution of storage material (Mi) on an area bathed by one 

stream configured as a point-area tree flow architecture. 

 



 

8 

 

The second place is downstream of Mi, where the destruction is due to the heat transfer 

irreversibility associated with the rejection of heat 0 i P out 0Q m c (T T )     from the 

exhaust (with a temperature varying from Tout to T0) to the ambient of temperature T0. 

The two locations of exergy destruction are labeled “internal” and “external” in 

Fig. 1.3. In the beginning, the internal destruction dominates, because in the beginning 

0T T , out 0T T  and 0Q is negligible. After a sufficiently long time, T and Tout approach 

T∞, and 0Q  approaches its maximum value. In this limit the external destruction of exergy 

dominates. 

What matters is the sum of the two exergy destruction rates. The sum is minimum 

at the time when the internal and external contributions are comparable. As shown in 

Refs. [55, 57], that special time (t) is when the heat capacity of the hot fluid used is the 

same as the heat capacity of the storage material itself, 

                                           i P im c t ~ M c                                                           (2.1) 

 

 

Figure 2.3: The internal and external destruction of exergy during the sensible-heat 

storage of exergy in the element Mi of Fig. 2. 
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Here, c is the specific heat of the storage material, and t is the known time scale of the 

time-varying point-area flow system (e.g., Fig. 2.1).   

The conclusion that follows from Eq. (2.1) is that the storage material (Mi) must 

be distributed on the area of Fig. 2.2 in the same manner as the mini-streams i(m ).  This 

means that the distribution of Mi must be uniform, because the dichotomous tree structure 

of Fig. 2.2 distributes the source stream uniformly, as one im  to each area element. If the 

tree flow distributes the im 's  nonuniformly, as in the tree construction based on 

quadrupling, as on the right side of Fig. 2.4, then the allocation of storage material to 

each area element (Mi) should match the nonuniform distribution of exergy agent ( im ). 

Energy storage, or the storage of “heating” in caloric terms, is a different 

objective. With respect to the system defined in Fig. 2.3, the objective is to raise the 

temperature of Mi from T0 to a final temperature, Tf.  Heated to this higher temperature,  

 

 

Figure 2.4: Tree-shaped flow distribution networks based on doubling (left) and 

quadrupling (right) as the rule of construction [19]. 
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the storage material can be used as heating agent during a subsequent heating process that 

occurs locally on the area allocated to the stream im . 

The analysis of the energy storage process consists of writing that the 

instantaneous heating rate provided by the stream matches the increase in the energy of 

Mi, 

                                         
i P out i

dT
m c (T T ) M c

dt
                                           (2.2) 

with 

                                                          out iT T (T T)                                             (2.3) 

                                                    iN

i 1 e


                                                       (2.4) 

where εi is the effectiveness, and Ni = (UA1)i /( im cP) is the number of heat transfer units 

of the heat exchanger embedded in Mi.  Eliminating Tout between Eqs. (2.2) and (2.3), 

and integrating the resulting equation from T = T0 at t = 0 to T = Tf at t, we obtain 

                                         0i P i

i f

T Tm c
t ln

M c T T









                                              (2.5) 

This result looks like Eq. (2.1), except for the factor εi, which depends on heat-

transfer surface size (UA1)i and im .  The question is how to distribute the amount of 

storage material on the entire area when the total amount is fixed,  

                                               i
i

M  = constant                                                  (2.6) 

and the total heat exchanger inventory is to be minimized, 
1 i

i

(UA ) , or iN  when im = 

constant. According to the method of undetermined coefficients (e.g., Ref. [58], p. 844), 

this problem is equivalent to selecting the values Mi such that the aggregate sum S1 
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reaches an extremum, 

                                              
1 i i

i i

S N M                                                   (2.7) 

where λ is a Lagrange multiplier. According to Eq. (2.5), in which t is a constant (the 

known time interval of operation, for example, daily), Ni is proportional to – ln (1 – Mi), 

and Eq. (2.7) is replaced by 

                                         
1 i i

i i

S ln (1 M ) M                                        (2.8) 

where   is another constant factor. The extremum is located by solving the system 

iS/ M 0,   which yields the design solution 

                                              
i

1
M 1 , 


 constant                                         (2.9) 

In conclusion, when im  is distributed uniformly, the storage material Mi and the heat 

exchanger size [(UA1)i or Ni] should also be distributed uniformly. 

 

2.4 Latent Heat Storage 

When Mi is a phase-change material, the key properties are the melting 

temperature Tm, and the latent heat of melting hsf. The analysis proceeds along the same 

lines as in the preceding section.  For example, if the objective of Mi is the store exergy, 

then the tradeoff between the internal and external exergy-destruction mechanisms (Fig. 

2.3) leads to the conclusion that the material must be selected such that its melting point 

is [58]: 

                                                      
1/2

m 0T (T T )                                             (2.10) 

Next comes the question of how large each Mi should be. For this we note that the 
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heat transfer rate into the T material is 
i i P i mq m c (T T ),    for which εi is given by Eq. 

(2.4). The energy transferred by heating the amount Mi during the time interval of 

operation t is 
i P i mm tc (T T ),  where εi depends on the heat transfer area, Ni, cf., Eq. 

(2.4). This energy transfer matches the latent heat of melting of the storage material, 

Mihsf. From this follows that Mi should be distributed on the landscape in proportion with 

the product 
i im , which depends on 

im  and Ni.  Because the tree design distributes the 

im 's  uniformly, cf. Fig. 2.2, this means that the Mi’s should be distributed the same way 

as the Ni’s subject to fixed total amounts of both, M and N.  The analysis that follows is 

the same as in Eqs. (2.6) – (2.9) and the conclusion is the same:  the phase-change 

material Mi and the heat exchanger size Ni should be distributed uniformly on the area.  

2.5 Invasion Time 

Along with any heat storage process comes a characteristic time scale, the 

charging time. When the storage process is distributed over an area, the storage ‘invades’ 

the area, and the charging times registered locally (at individual storage sites) compound 

themselves into an ‘invasion’ time that characterizes the entire area that is used for 

storage. 

To illustrate the physics basis for the invasion time, consider first the time needed 

to store energy (or exergy) in one of the units of phase-change material (Mi) shown in 

Fig. 2.2. The material type is selected, therefore its melting temperature Tm is fixed. The 

hot fluid of temperature T and mass flow rate ṁi comes in contact with Mi, and heats it 

at the rate 

                                                m i i P mQ m c T T                                         (2.11) 

where the effectiveness is 
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                                                  iN

i 1 e


                                                       (2.12) 

and the number of heat transfer units is i i i PN UA ( m c ) . Note that mQ is time 

dependent. Integrated over the charging time period ti, the heat transfer matches the 

enthalpy rise experienced by Mi, namely, m i i sfQ t M h , from which follows the local 

invasion time, 

                                                
 

i sf
i

i i P m

M h
t

m c T T


 

                                      (2.13) 

In view of the conclusion to the preceding section, the local dimensions 

,i i i(m , N M )  are distributed uniformly over the area, therefore, if all the storage units Mi 

are accessed by their respective im 's  at the same time, then the entire area is invaded by 

storage during one ti interval.  

In practice, the scheme of flow distribution by doubling (from one stream i4m  to 

many im 's  Fig. 2.2) is neither available nor easy to implement. More practical is the 

design where there is a single stream (a single supplier) of hot fluid 1m , and this stream is 

used in order to melt in a certain sequence the storage units Mi on the available area. The 

hot stream 1m visits the storage units in a particular sequence (M1, M2,…, Mn), each 

storage unit requires its own invasion time (t1, t2,…, tn), and, as a consequence, the 

invasion time of storage on the area is the compounded time : 

                                              1 2 nt t t t                                                  (2.14) 

The storage invasion of the area is illustrated in Fig. 2.5. The single stream of 

heating agent 1m heats the storage units in sequence, not simultaneously. The heating of 
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one storage unit (say Mi) is not influenced by the heating experienced earlier by the units 

in which energy (or exergy) was stored already (M1, M2,…, Mi˗˗1).  

The actual sequence in which the storage units are accessed can vary: the choices 

are more numerous when the storage sites are many. For example, in Fig. 2.5 the total 

length of the “string” design (a) is greater than the total length of the “radial” design (b). 

The total length is proportional to the rate of heat loss from the distribution lines during 

the invasion time required by storage on the area.  

 

 

 

 

 

 

 

 

Figure 2.5: Sequential storage at individual sites on the area, and the definition of 

the ‘invasion’ time for storage on the area. 
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2.6 Discussion 

In this article we identified the special design feature of distributing energy 

storage in time-dependent fashion on a territory, when the energy originates from a 

concentrated source. The flow is from point to area, and its distributing architecture 

results from tradeoffs between losses during storage and losses during the transport of 

energy from the source to the users on the area. The distribution scheme may be of 

several kinds (e.g., Figs. 2.2, 2.4 and 2.5). 

The special feature of this class of energy systems is that the finite storage 

material must be distributed in a certain way among the users on the area. To determine 

the architecture of distributed energy storage is the challenge.  

We illustrated the first steps in this direction by considering sensible-heat storage, 

and by distributing a hot fluid stream to equidistant users on an area. We performed the 

analysis in two ways, for exergy storage, and for the storage of heating. For both cases, 

we found that when the heating agent is distributed uniformly to the users, the storage 

material should also be allocated uniformly. This conclusion was reinforced by the 

corresponding analysis of the distribution of phase-change material for the storage of 

exergy. Furthermore, if the heating fluid is distributed nonuniformly on the area, then the 

storage material should be allocated nonuniformly, in proportion with the flow rates of 

heating fluid that arrive at each user point.  

Important is the storage time, i.e. the duration of the ‘invasion’ phenomenon 

during which energy (or exergy) flows from the source over the available area. The 

invasion time is cumulative, Eq. (2.14), and depends on the distribution paths and the 

sequence in which the users are served by the source stream (e.g., Fig. 2.5). 
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The evolutionary designs outlined in this article serve as introduction to future 

designs that would complete the realization of practical storage facilities. One aspect that 

waits to be explored is the area-distribution of cooling (sensible heat, and latent heat), 

which accounts for the retrieval of the stored energy. Another aspect is the distribution of 

heat transfer equipment (surface) of finite size during the retrieval phase, as we showed 

for sensible-heat storage in Section 2.4. The distribution of heat transfer surface on the 

area is a basic problem for both storage and retrieval. The problem can be addressed in 

two ways: for one heat transfer surface, between hot stream and storage material, and for 

two heat transfer surfaces, one between the hot stream and the storage material, and the 

other between the storage material and the fluid stream that the user circulates through 

the storage material.  
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3. The S curve of energy storage by melting 

3.1 Invasion and consolidation 

The square domain L × L is filled with a solid at its melting temperature (Tm).  

The configuration is two-dimensional.  At the time t = 0, a plate (shown as a line) of 

higher temperature (Tm + ΔT) begins to grow along the centerline, from x = 0 toward x = 

L.  The speed (V) of its tip is constant. 

Layers of liquid of thickness δ(x) form on both sides of the advancing line, Fig. 3.1.  

Assume that the layers are slender, δ(x) << x.  The thickness δ is determined from the 

balance between conduction heat flux (q )  into the melting front and the rate of melting 

at the front, 

                                            sfq dt h d                                         (3.1) 

where hsf is the latent heat of melting. We assume that the melt layer is thin such that the 

temperature distribution across it is linear. In this limit q k T /   , where k is the 

conductivity of the liquid.  The layer thickness is 

      
1/2(at)   (3.2) 

where 

                
sf

2k T
a

h





 (3.3) 

The time is marked by the advance of the layer along the centerline, t = x/V, and this 

means that the instantaneous shape of the layer is 

                

1/2
a x

V

 
   

 
     (3.4) 
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The instantaneous area occupied by melt material is 

1/2 3/2

i

2 4
A 2 x Va t

3 3
    (3.5) 

At the end of the line invasion period, t = ti when x = L, the melt area is 

3/2

1/2

i,end

4 L
A Va

3 V

 
  

 
 (3.6) 

After ti, melting continues in the y direction, above and below the layers of length L and 

average thickness (at t = ti) 

1/2
2 L

a
3 V

 
   

 
 (3.6`) 

 

 

Figure 3.1: Square shaped construct containing the line-shaped invasion advancing 

with a constant speed V and the excess temperature of ΔT. 
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Equation (3.1) continues to apply, this time with y (in place of δ) for the position 

of the melting front, 

sf

T
k dt h dy

y


   (3.7) 

Integrating from y    at t = ti yields 

22

i sf

1
k T(t t ) h (y )

2
       (3.8) 

1/2
2

iy a (t t )    
  

 (3.9) 

The total area occupied by melt during this “consolidation” period (Fig. 3.2) is 

1/2
2

c iA 2 yL 2L a (t t )     
  

 (3.10) 

Note the continuity of the melt area at t = ti,  Ac(ti) = Ai(ti).  The melting process ends at t 

= tc when y = L/2, namely 

2

c

L 5L
t

4a 9V
   (3.11) 

At this time, Ac,end = L2. 

3.2 Similarity Solution 

To develop the similarity solution for the melt layers during the invasion period, 

attach the new frame x–y to the tip of the invading line (Fig. 3.3). The x axis points in the 

same direction as V, toward the rest of the invading line of instantaneous length x. Two 

more layers of thickness δ(x) form on both sides of the invading line. The energy 

conservation equation for the melt region is 

2

2

T T
V

x y

 
 

 
 (3.12) 
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where Pk / c    is the thermal diffusivity of the melt substance.  Equation (3.12) shows 

that in the melt region the thermal penetration distance y scales with 
1/2( x / V) . This 

recommends the similarity variables 

m

1/2

T Ty
,

( x / V) T


   

 
     (3.13) 

Equation (3.12) becomes 

                                                          
1

2


  


                     (3.14)                        

where ( ) d( ) / d   .  Integrated from 0   where 0,
     Eq. (3.14) yields 

 

 

Figure 3.2: The S-shaped history of the dimensionless melt area of the square 

domain: invasion followed by consolidation. 
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2 /4

0

d
e

d



 


 


                   (3.15) 

where 0 
  is a negative constant to be determined next. Integrated from η = 0 where θ = 

1, to the melting front ( )    where θ = 0, yields 

                                                        
2 /4

0
0

1 e d




 
                         (3.16) 

Here 
1/2/ ( x / V)     is the dimensionless value of the layer thickness, where T = Tm. 

Equation (3.16) establishes a relation between two unknowns, the layer thickness  , and 

the heat flux at y = 0, which is 0 
 . A second relation between the two emerges if we 

account for the melting process on the front. The heat flow from the base of the   × x 

layer matches the enthalpy rise of the solid that undergoes melting as it flows 

longitudinally through the layer thickness  , 

x

sf
0

q dx V h              (3.17) 

 

Figure 3.3: The evolution of the diffused area around the invading line during 

invasion period. 
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where 
sf sf P

1
h h c T,

2
     and the second term accounts for the sensible heating of the 

liquid.  The factor 
1

2
 in front of Pc T  is approximate: it reflects the assumption that the 

temperature varies almost linearly across the liquid, from Tm + ΔT at y = 0, to Tm at y = 

δ.   

Next, we replace qwith y 0k( T / y)   , and after using Eq. (3.13) we arrive at 

sf
0

h

2k T

 
   


 (3.18) 

Combining Eqs. (3.16) and (3.18), and using Eq. (3.3) we obtain 

2 /4

0

1 e d
a




    (3.19) 

This establishes the melt layer thickness   as a function of the dimensionless group 

1sf

P

h 1
(2Ste)

a 2c T 4


  


 (3.20) 

where the Stefan number is defined as P sfSte c T / h   [59].   

The function (Ste)  is plotted in Fig. 3.4.  Note that Eq. (3.19) is also written as 

1/24 Ste
erf ( )

2 Ste


  


 (3.21) 

which in the limit Ste << 1 reduces to 

1/2(Ste)   (3.22) 

In the opposite limit, Ste >> 1, the dimensionless thickness approaches a constant, 

1/24    .  

 



 

23 

 

The invasion area occupied by the two melt layers is  

1/2

3/2

i

2 4
A 2 x x

3 3 V

 
    

 
 (3.23) 

for which   is provided by Eq. (3.21).  This Ai estimate can be compared with the earlier 

estimate [Eq. (3.6)] for Ai at the end of invasion (x = L),  

1/2i

i

A (eq.23)
(2Ste)

A (eq.6)

   (3.24) 

In the limit Ste << 1, this ratio becomes 

1/2i

i

A (eq.23)
2 0.707

A (eq.6)

   (3.25) 

In conclusion, the two solutions agree within a factor of order 1 in the small Ste limit.   

 

 

Figure 3.4: Dimensionless value of the melt layer thickness as function of Ste 

number. 
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The similarity solution applies over a wider Ste domain than the simpler solution, Eq. 

 (3.6). 

3.3 Tree Invasion 

The natural tendency of all flow systems that are free to morph is to develop 

configurations that provide greater access to the currents that flow.  In the case of storage 

by melting, the flow is of heat, from the invading plate to the rest of the domain, which is 

solid at Tm. In this section, we endow the invading plate with freedom to change its shape 

as it grows. The change is from the single line of Fig. 3.1 to the tree-shaped paths of Fig. 

3.5. More freedom means more levels of bifurcation (n) in the invading tree of plates.  

Relative to Fig. 3.5, the single-plate invasion scenario of Fig. 3.1 is the tree with one stem 

and no branches (n = 0). 

For analytical ease, consider the limit where the invading finger of melt is slender 

enough so that the melt generated during invasion is small in comparison with the melt 

generated during consolidation. 

 

 

Figure 3.5: Two dimensional model of a tree-shaped line invasion of a conducting 

domain for one and two levels of bifurcation. 
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This is the limit of slender melt layers on both sides of the invading plate, which is 

represented by 

                                                      
a

1
LV

 
 

 
                      (3.26) 

and the results of section 2 reduce to 

2
n 0 n 0 1/2 1/2 3/2 n 0

i i,end c

L 4 L
t A a V L t

V 3 4a

      (3.27) 

These values serve as reference design in the search for faster melting designs, Fig. 3.5. 

If the invading plate bifurcates once (n = 1) and completes the T-shaped tree 

shown in Fig. 3.5, the corresponding performance is represented by 

n 1 n 1 n 0 3/2 n 1 n 0

i i,end i,end c c

L
t A A (1 2 ) t t

V

               (3.28) 

The two terms inside (1 + 2–3/2) come from the fact that the T-shaped tree is a construct of 

two plates: one of length L, which starts at t = 0 along the stem (L/2) and continues as 

one branch (L/2), and the other of length L/2, which is the other branch.  

Note that 
n 1

i,endA 
 is 35 percent greater than 

n 0

i,endA ,
as shown in Fig. 3.6. Also note that 

n 1 n 0

c ct t   comes from the observation that during the consolidation period the melting 

front advances to a distance of approximately L/2, but less than L/2 over quadrants (a) 

and (b), from which the inequality sign in 
n 1 n 0

c ct t  .  Equations (3.28) account for the 

position of the n = 1 curve relative to the n = 0 curve in Fig. 3.6. 

When the invading plate undergoes two levels of bifurcation (n = 2, Fig. 3.5), the melting 

history is described by 

   
n 2 n 0

i i

1 L L L 5
t t

2 2 4 2 4

  
    

 
                          (3.29) 
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3/2 3/2 3/2

n 2 n 0

i,end i,end

5 3 1
A A 2

4 4 2

 
      

        
       

                      (3.30) 

                               n 2 n 0

c c

1
t t

4

                                       (3.31) 

The three terms on the right side of Eqs. (3.29) and (3.30) represent three generations of 

invading planes: the oldest (length:  L/2 + L/4 + L/2), the second oldest, from the first 

bifurcation (length:  L/4 + L/2), and the two youngest, from the second  bifurcation level 

(length:  L/2).  Equations (3.29) – (3.31) indicate the position of the S curve of the n = 2 

tree relative to the S curves of the single-plate (stem) invasion (n = 0). Specifically, Eq. 

(3.30) shows that 
n 2

i,endA 
 is 2.76 times greater than 

n 0

i,endA 
. 

 

 

Figure 3.6: The effect of the number of the bifurcation levels on the shape of the S-

curve. 
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The broad view offered by Fig. 3.6 is that more freedom leads to designs with a 

steeper S curve. More freedom leads to tree designs with more levels of bifurcation, 

which provide greater access for the conduction heat currents that push the melting 

fronts. More freedom leads to designs that accelerate the energy storage process [41-43].   

3.4 Three-dimensional Invasion and Consolidation 

The scales of the S-history change if the spreading is from one point to a volume, 

instead of from one point to an area.  Instead of the two-dimensional configuration of Fig. 

3.1, consider the three-dimensional geometry shown in Fig. 3.7. This time, the invading 

line of higher temperature (Tm + ΔT) is a thin needle of radius r0 and tip speed V. Melting 

occurs around the needle, as it invades the solid.  The small and finite r0 is necessary in 

order to describe the phenomenon analytically. 

 

Figure 3.7: Cylindrical enclosure filled with the phase change material invaded by 

the hot line of temperature T + ΔT advancing along the centerline. 
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The melt zone is a body of revolution with the radius δ (x, t).  Equation (3.1) still 

holds, except that q″ is the heat flux that arrives at the melting front, 

r

T
q k

r 

 
    

 
 (3.32) 

Assuming that the melt zone is slender, axial conduction is negligible relative to radial 

conduction, and the temperature distribution in the radial direction has the form [60]:  T = 

C1 ln r + C2.  The constants (C1, C2) are determined from the boundary conditions T(ri) = 

ΔT and T(δ) = 0, therefore 

0

ln (r / )
T T

ln (r / )


 


 (3.33) 

This provides the temperature gradient at the melting front [needed in Eq. (3.32)], which 

combined with Eq. (3.1) and integrated from δ = r0 at t = 0 to  δ at t yields 

0

2 2

0 0
rsf

k T 1
t (ln r ) ( r ) (ln ) d

h 2


       

           (3.34) 

and in dimensionless form: 

21 1 1
t ln

2 2 4

 
    

 
 (3.35) 

where 

2

0 sf 0

k T
, t t

r h r

 
  


 (3.36) 

As in section 3.1, the invasion time is ti = L/V, where L is the axial length 

traveled by the tip of the needle.  The instantaneous needle length is x = Vt, and this 

allows us to deduce from Eq. (3.35) the profile of the needle, Fig. 3.8 
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2
3

1 1 1
C x ln

2 2 4

 
     

 
 (3.37) 

where 

         3 2
sf 0

k TL
C

h r V





 (3.38) 

At the end of invasion i(x 1, at t t )  , the largest needle radius (at its root, x 1 ) is i , 

2
3 i i

1 1 1
C ln

2 2 4

 
     

 
 (3.39) 

Beyond this stage, we assume that r0 is sufficiently small so that 1   and Eq. (3.37) 

reduces to  

            2
3

1
C x ln

2
         (3.40) 

 

Figure 3.8: The advance of the melt layer along the centerline of the three-

dimensional configuration. 
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The volume of the needle of profile (x)  is 

                   

x
2

0

B dx                         (3.41) 

and, after using Eq. (3.37), 

4 4
32

0

B 1 1 1 1
C ln ln

4 4 16 4r L

 
        

 
            (3.42) 

where (x)  is given by Eq. (3.37).  Because ln   is a slowly increasing function of   

(and of x ), the following quantitative conclusion is worth noting:   is approximately 

proportional to 
1/2x , and this means that the volume B is approximately proportional to 

2x  and t2. This behavior of accelerated (increasing rate of growth) characterizes the 

invasion phase, and is qualitatively the same as in the two-dimensional scenario, Eq. 

(3.5).  This behavior is confirmed by Fig. 3.9, where we plotted the dimensionless 

volume of melt material, 2
3 0BC / ( r L)  versus t . This curve was obtained by eliminating 

  between Eqs. (3.35) and (3.42).  The log-log presentation of Fig. 3.9 shows that in the 

range 1 t 100   the slope of the curve increases monotonically, from approximately 

1.54 to 1.7. In other words, 
n3

2
0

BC
~10 t

r L
 where the n exponent is comparable with the 

3/2 exponent in the Ai(t) relation, Eq. (3.5). 

The volume of melt at the end of invasion (Bi) is 

                                 i
4i

3 i2
0

B 1
C ln

4r L
  


                           (3.43) 
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where i  is given by Eq. (3.40) with x  = 1, 

            2
3 i i

1
C ln

2
                           (3.44) 

Eliminating i  between Eqs. (3.43) and (3.44), and noting the slow variation of 

i i(ln ) with  , we conclude that 2 2
i i 0B r L

2


  , which in view of Eq. (3.44) indicates 

the approximate scaling 

2

i
sfi

k TL
B

h Vln

 



 (3.45) 

 

       Figure 3.9: The evolution of the dimensionless melt volume during the 

three-dimensional invasion phase in the logarithmic scale. 
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Beyond the end of invasion (ti, δi), melting expands essentially in the radial direction. We 

model the movement of the melting front as purely radial, based on the view that the 

body of revolution of melt at t = ti is approximated by a concentric cylinder of length L 

and thickness 
1/2

i2   , such that the cylinder has the same volume as the body of 

revolution, cf. Fig. 3.10.  

The progress made by the melting front  (t)  during the consolidation phase, 

from i(t , )  to c(t , L / 2)   is described by the same solution as in Eq. (3.37), 

1 1 1ˆ ˆt ln
2 2 4

 
     

 
 (3.46) 

where ˆ /    .  At the end of consolidation (t = tc and   = L/2, and assuming 

L / 2 )   the total duration of the melting process in the entire cylinder is 

2

c

L L L
t ln

4a V2

 
  

 
 (3.47) 

 

Figure 3.10: The cylinder approximation of the volume of melt at the end of 

invasion in the system of Fig. 3.7. 
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where a is defined in Eq. (3.3). 

3.5 Discussion 

In this article we unveiled the fundamental features (the basic scales) of melting 

when a phase-change material is invaded by a line of higher temperature. We showed that 

the melting phenomenon occurs in two regimes, invasion followed by consolidation.  

These two regimes occur in sequence in all configurations, two-dimensional and three-

dimensional. 

For clarity in this theoretical treatment of the phenomenon, we assumed that the 

longitudinal and transversal dimensions of the phase-change material are equal (Figs. 3.1 

and 3.7).  The more general case where the two dimensions are distinct (see L and H in 

Fig. 3.11) is important in practice, because it serves as the elemental system (building 

block) in the design of larger and more complicated storage units where the heating is 

provided by invading lines.  In such designs, the challenge will be to determine the 

architecture of the invading paths such that the time needed to melt the material entirely 

is the shortest.   
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4. Morphing tree structures for latent thermal energy storage  

4.1 Model 

The square domain of side L = 0.001 m is filled with a phase change material 

(PCM), which is isothermal and solid at its melting temperature T0 = 303 K. The outer 

surface of the enclosure is adiabatic. The source of heat is one invading line of higher 

temperature T1 = 353 K, which can be continued by branches. The tips advance with the 

constant speed V = 0.001 m/s (Fig. 4.1). 

Heat is initially transferred the diffusion perpendicularly to the invading lines. 

Later, after the invading line reaches the boundary of the domain, heat continues to be 

diffused perpendicularly to the line, and the melting process continues.  

Heat conduction in the liquid PCM is governed by the energy equation  

2
 



    
P

T
ρc k T

t
 (4.1) 

where ρ, cP and k are the density, specific heat, and thermal conductivity of the PCM. 

These properties are assumed to be the same in liquid and solid states, and are listed in 

Table 4.1. 

The first law of thermodynamics for the control volume of zero thickness that 

encloses the melting front (liquid-solid interface), requires  

 


 
f

δ T
ρL k

t y
 (4.2) 

in which Lf is the PCM latent heat of fusion, and δ is the melt layer thickness. The right-

hand side of this equation expresses the difference between the heat flux delivered by the 

liquid boundary layer, and the heat flux absorbed by that layer. This difference is 

balanced by the enthalpy absorbed during melting at the liquid-solid interface.   
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Figure 4.1: Tree-shaped line invasion of a domain filled with PCM, with   

assumed T-shaped bifurcations. 
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When the melt layer is thin enough, the temperature variation across it is linear, and Eq. 

4.2 becomes  

1 0 



f

δ T T
ρL k

t δ
 (4.3) 

Equation (4.3) yields the scale of the melt layer thickness  

 
1/2

1 0~
 
 
  f

k T T t
δ

ρL
 (4.4) 

This relation suggests that the layers of liquid formed on both sides of the advancing lines 

cover the territory at a particular time. The objective is to determine the best 

configuration of the paths of the invading lines such that the complete melting of the 

PCM can be made faster.  

In this study, the phase change problem is solved using the effective heat capacity 

method [36, 61]. Assuming that the PCM melts between T0 and T0 + 𝜏, we write that the 

specific heat is 

 
f*

P P

L
c c

τ
 (4.5) 

Below T0 and above T0 + 𝜏, the specific heat has the value given in Table 4.1. 

Computations were performed by using a finite element package [62]. The mesh of the 

domain was refined by increasing the number of mesh elements by a factor of 5 until 

the melting fraction (area of the melted PCM divided by the domain area) as the function 

of time change by less than 0.5 percent, i.e., until the solution is mesh independent. 
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Table 4.1. Thermophysical properties of the PCM 

Density, 

ρ 

   

(kg/m3) 

Thermal 

conductivity, 

k 

(W/m K) 

    Specific  

heat at      

constant 

pressure,  

cP 

 (kJ/kg K) 

Latent 

heat of 

fusion,  

Lf 

 (kJ/kg) 

Melting 

Temperature, 

T0 

(K) 

Melting 

temperature 

range, 

τ 

(K) 

      800 0.2       1.25        125 303         0.5 

 

4.2 T-shaped trees 

The first set of simulations concerns the case when the two branches are collinear, 

i.e., the tree is dichotomous with T-shaped bifurcations, which are fixed (Fig. 4.1). The 

tree lines have almost zero thicknesses and n represents the levels of bifurcation, such 

that n = 0 corresponds to the tree with one stem and no branches. This configuration is 

considered as a reference in the search for faster melting designs.  

In the theoretical study of this phenomenon [63], the PCM in the domain of Fig. 

4.1 was melted by the thermal diffusion during two distinct processes, invasion followed 

by consolidation. The two processes, together, account for the S shape of the history 

curve, cf. Fig. 4.2. According to Eq. 4.4, the melt layer thickness during invasion has a 

parabolic shape in time, and therefore the instantaneous enclosed area is  

2
2

3
iA  δ V t

 (4.6) 

and after combining with Eq. 4.4, we concluded that  
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Repeating the same procedure, we discovered that the swept area by consolidation 

increases in proportion with time raised to the power ½ 

 

 

 

 

 

Figure 4.2: Comparison between the theoretical and numerical results of the 

melting history when n = 0. 
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where L2 is the total area, and 

2

~
4

c
L

t
a  (4.10) 

The growth of melted material during the consolidation is slower than the growth 

during the invasion process and this explains the inflexion of the S-curve. In Ref. 63 we 

found that faster melting occurs as the number of bifurcation level increases. For 

instance, adding two levels of pairing speeded up the melting duration by 75% compared 

with the configuration of a single tree, thus confirming our expectation of a steeper S-

curve. In the present study, numerical simulations were performed in order to 

demonstrate the validity of the theoretical results summarized here. Plotted in Fig. 4.2 is 

the evolution of melting process predicted by the theory, Eqs. (4.7) and (4.9), and 

obtained from the simulation when n = 0. The agreement between the predicted and the 

observed proves the S-shaped history of the time-dependent storage system. 

Further support for the theory is provided by the graph of Fig. 4.3, which depicts 

the melting fraction as functions of time when n = 0, 1, and 2 are all invading the material 

at the same speed. The abscissa parameter is the melting time of each tree configuration 

relative to the complete melting time of n = 0 configuration ( tc,n=0 ). The steeper parts of 

S-curves account for invasion phases that are proportional to t3/2. In accord with the 

theory, the tree-shaped invading lines make the approach to the complete melting more 

rapid, along a steeper S-curve. This effect is understandable, because the evolutionary 
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design is accompanied by increase in the invasion lengths.  

 Figure 4.4 illustrates the evolution of θav(tc) toward equilibrium between the solid 

PCM and the invading lines of higher temperature (θav = 1). For each configuration, Fig. 

4.4 displays only the portion of the curve that represents the time interval over which the 

material melts completely. The dimensionless temperature averaged over the domain is 

defined as 

0

1 0






av
av

T T
θ

T T
 (4.11) 

It is shown that the θav(tc) curves are also S-shaped and trees with greater levels of 

complexity accelerate the arrival of equilibrium. 

 In the assumed design of Fig. 4.1(b), the invading line bifurcates once at half of 

the side of the domain.  

 

Figure 4.3: The effect of the number of bifurcation levels on the shape of the 

S-curve. 
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We now assess the effect of stem length on the performance of melting process by 

simulating the melting process in several T-shaped configurations with different stem 

length ratios Ls/L while other conditions remain unchanged. The design conclusion is that 

the optimal stem length is in the vicinity of 0.6 L, Fig. 4.5. It is worth mentioning that all 

the numbers with reported dimensions (eg, units of time and angle), for the sake of 

comparison, are obtained based on the properties listed in Table 4.1 and cannot be 

applied to other materials.  

The question addressed in the next two sections is whether the melting process  

 can be accelerated further even when the number of bifurcation levels (n) is fixed. 

 

 

 

Figure 4.4: The effect of complexity (n) on the evolution of the average 

temperature. 
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4.3 Y-shaped trees 

According to the constructal law, the better flow configurations are those that 

facilitate flow access. This can be achieved by endowing the configurations with more 

degrees of freedom. In the case of one level of branching, we allow the tree geometry to 

morph freely. Therefore, we varied not only the stem length but also the bifurcation angle 

of the Y-shaped configuration in the presence of one bifurcation level. 

The objectives of the simulations in this section were to illustrate the existence of 

an optimal invading line configuration for the shortest duration of melting process. These 

results are plotted in Fig. 4.6 that compares on the same basis the complete melting 

duration of tree architectures with freely varying angles. 

 

 

Figure 4.5: The effect of the stem length ratio on the rate of melting process for the 

T-shaped tree with one level of branching. 
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On the same basis means that all the configurations have the same invasion length, 

meaning holding the total length of stem and branch fixed and equal to L. By doing so, 

some configurations could not be tested for all the angles in the range of 90 to 180 

degrees. As shown in this figure, the minimum of 0.1 L curve is the lowest, and its 

corresponding angle is 150 degrees. 

          Figure 4.7 is a summary of the optima determined in Fig. 4.6, which shows the 

optimal bifurcation angles of smaller stem length ratios. More precisely, the stem length 

ratio of 0.01 with the bifurcation angle of 155 degrees yields the most efficient melting 

process when n = 1.  

 

 

   

 

Figure 4.6: The effect of the bifurcation angle β on the complete melting time for 

different stem length ratios. 
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This numerically optimized architecture reduced the complete melting duration by 

40 percent relative to the assumed T-shaped structure. The conclusion is that the freely 

varying bifurcation is a beneficial feature for the purpose of accelerating the melting 

process.  

The rate of melting process also depends on the Peclet number, which is the ratio 

of the time of thermal diffusion perpendicular to the invading line (L2/α) divided by the 

time of line invasion (L/V), where α is the thermal diffusivity of the PCM. This 

dimensionless number has the initial value of 50 in our study. Figure 4.8 illustrates the 

effect of Pe on the evolution of the temperature of the PCM. The dark blue represents the 

solid, and the rest shows the melted material at different temperatures when Pe = 50 and 

 

 

Figure 4.7: The Optimal bifurcation angle βopt and the shortest melting time as 

function of stem length ratio. 
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5000. It can be seen that the faster tree-shaped design offers a larger melted territory at 

this specific moment ( t̃ = 0.2 = αt/L2).  

The high Peclet number and the optimal branching of the invading lines have the 

effect of accelerating the melting process. Figure 4.9 shows a comparison between two 

cases that offer the same overall melting time: one-line invasion at high Pe, versus 

optimized Y-shaped invasion at much lower Pe. This comparison underlines the effect of 

morphing the design (one-line vs Y-shape) in accelerating the melting process when the 

PCM and the invasion speed are fixed.  

 

 

 

 

 

 

 

 

Figure 4.8: The effect of the line invasion speed (Pe) on the melting fraction 

at the time �̃� = 𝟎. 𝟎𝟑. 
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Figure 4.9: Comparison between the melting history of the optimized Y-shaped 

configuration and its single-line invasion equivalent at a much higher Peclet 

number. 
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4.4 Discussion 

In this paper, we studied numerically the process of phase-change energy storage 

in a domain in which the invading lines of higher temperature are embedded. The amount 

of melted material and the average temperature were followed in time. The main focus 

was on determining the layout of the invading lines over the territory such that the time 

needed to melt the material entirely is the shortest. We started with the assumed 

arrangements of Fig. 4.1 that serve as a base of more complicated design configurations. 

The numerical results showed that the history of melted area and average temperature 

shaped as an S and this is in accordance with the theoretical predictions. Steeper curve 

represents the design with faster melting process. Therefore we explored the impact of 

parameters such as the number of bifurcation levels, size of the stem length, bifurcation 

angle, and invasion speed on the melting fraction curve. We found that increasing the 

number of branching levels makes the steepest section of the S curve longer. Moreover, 

when the tree configuration is fixed, the S curve becomes steeper as the Peclet number 

increases meaning trees invade at a higher speed. By varying the branching angles in the 

tree structure with one branch, we found that the Y-shaped trees have steeper S curves 

than the tree designs with T-shaped branching. The chief conclusion of this study is that 

the melting process is more efficient (faster) when a tree design morphs freely. 
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5. Constructal design for convection melting of a phase change 
volume  

5.1 Model 

Consider the time-dependent melting of a phase-change material in a cylindrical 

enclosure heated by a growing line of higher temperature (T1) placed on the axis, Fig. 

5.1. The line tip speed is V. Initially, the volume B = πD3/4 is filled entirely by the solid 

phase, the initial temperature T0 of which is uniform and identical to the melting 

temperature. The material properties are: k = 0.2 W/m K, ρ = 800 kg/m3, cP = 1.25 kJ/kg 

K, Lf = 125 kJ/kg, μ = 0.008 Pa s, T0 = 303 K, τ = 1 K, β = 0.002 K˗˗1, where τ is the 

temperature range over which melting occurs.  

 

Figure 5.1: Cylindrical enclosure filled with phase change material (PCM) 

heated by a single line. 
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The boundary of this volume is modeled as adiabatic. Beginning with the time t = 0, heat 

begins to flow from the heat source to the phase change material and as time passes, a 

finger-shaped melt volume continues to grow along the advancing line [63].  

The Navier-Stokes and the heat transfer equations are coupled to model natural 

convection. The fluid is modeled as Boussinesq-incompressible, in other words, the 

variation in density ρ is negligible everywhere except in the body force term of the 

momentum equation 

                                          0F g 1 T T                                                  (5.1) 

where β is the coefficient of thermal expansion. With this assumption, the governing 

equations of conservation of mass, momentum and energy can be written as follows: 

                                           .u 0                                          (5.2) 

                                          2Du
P u F

Dt
                                             (5.3) 

                                                            2

p

DT
c k T

Dt
                                                    (5.4) 

The heat transfer mechanism through the incipient liquid layer of thickness δ is that of 

pure conduction. Therefore, the scale analysis of the energy equation shows that the 

radial thickness of the melted domain in the early stage of the process increases as [28] 

                                               

1/2

p

kt
~

c

 
    

                                         (5.5) 

Here the Prandtl number of the fluid equals to 50 and since its order of magnitude is 

greater than 1, in the momentum equation, the effects of inertia terms are negligible 

relative to the driving effect of buoyancy and the retarding effect of viscous shear. The 

velocity scale obtained from the momentum balance shows that the convective 
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contribution increases with time. 

The time tf when the δ layer becomes convective is determined form the balance between 

convection and conduction in the energy equation 

                                                     

1/2

f

D
 t ~      

g T

 
 
  

                                             (5.6) 

                                              
1/4

f D~ DRa                                                       (5.7) 

where δf marks the onset of the natural convection regime at the time tf, and RaD is the 

Rayleigh number based on the diameter (height) of the cylinder, namely RaD = g β ρ cP 

D3ΔT / k ν = 2.45×105. In the present study the conduction layer thickness is small 

relative to the cylinder radius, meaning that the heat transfer is ruled by natural 

convection. In order to investigate the effect of natural convection strength on the melting 

rate, we decreased the Raleigh to RaD = 9.8×103 by lowering the excess temperature, 

where heat conduction is the dominant process. Figure 5.2 compares the shape and 

amount of melt volume during the invasion and consolidation phases at these two 

different Rayleigh numbers. It is worth mentioning that the invasion time is ti = D/V, 

which is independent of Rayleigh number. The melting durations of the corresponding 

models are compared on the logarithmic scale in Fig. 5.3. Results show that increasing 

the Rayleigh number accelerates the melting process due to stronger natural convection in 

the melt region. 
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Figure 5.2: The effect of natural convection strength (Rayleigh number) on the 

evolution of the melting front during invasion and consolidation phases of the melting 

phenomenon: t = 100 s marks the end of the invasion phase, and the start of the 

consolidation phase. 
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The effective heat capacity method is used to account for both the latent heat of fusion 

(Lf) and the sensible energy required to increase the temperature of the phase change 

material over the melting temperature range, τ [61]. The modified specific heat is  

                        
f*

p p

L
= +c c


, when T0 < T < T0 + τ                                (5.8) 

Bellow T0 and above T0 + τ, the specific heat has the value cP = 1.25 kJ/kg K. The 

dynamic viscosity μ was implemented in the model as a piecewise, continuous, second 

derivative function centered around T0 where its value at temperatures below melting was 

 

 

Figure 5.3: Comparison between the melting rate (in the logarithmic scale) of two 

melting processes with the weak and strong natural convection effects. 
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four orders of magnitude higher than for the liquid phase-change material, μ = 0.008 Pa s. 

The simulations were performed by using a finite element package [62]. The 

mesh independence test was conducted for all models presented in this study and the ratio 

of maximum element size to the geometry diameter was fixed to 0.08 to ensure the 

accuracy of the numerical results.  

5.2 First construct 

We started with the simplest configuration of Fig. 5.1, in which the source of heat 

is the single straight line advancing at the constant speed V with the excess temperature 

of ΔT. This configuration is used as reference for the new performance exhibited by 

optimized tree structures by varying some geometric features. 

We then considered the first construct, Fig. 5.4, where the advancing line splits 

into three branches at L0/D = 0.5 which divide the cross-section into three equal areas; in 

other words, branches connect the centerline to three points positioned equidistantly on 

the circular perimeter. This construct is labeled n = 1, where n is the number of levels 

where branching occurs. In this section and the following, all the numerical simulations 

account for the convection-dominated melting process, RaD = 2.45×105.  The body of 

revolution of melt around the invading lines at the end of invasion phase are illustrated in 

Fig. 5.5 when n = 0 and n = 1. The finger-shaped melting fronts during the invasion 

phase is in agreement with the theoretical findings of Ref. 63.  

The morphing of the first construct has two degrees of freedom, namely, the stem length 

ratio (L0/D) and tilt angle (α) where α is the angle a branch makes with the radius as it 

leans forward along the center line. An example for α = 45° is illustrated in Fig. 5.4. This 
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angle varies from zero in the original configuration, to 90 degrees which corresponds to 

the straight line invasion. The effect of changing the stem length ratio of the assumed 

structure, α = 0°, on the melting duration is reported in Fig. 5.6. It shows that the fastest 

melting occurs when L0/D = 0.6. The ordinate parameter is the melting time of each 

configuration relative to the complete melting time of L0/D = 0.5 configuration 

                                         
0c,n 1, 0,1 L /D 0.5t tt                           (5.9) 

 Next, we varied both the tilt angle and the stem length ratio in order to accelerate 

the melting by further increasing the complexity of the assumed configuration. Figure 5.7 

shows how to select the tilt angle for each L0/D value so that the total melting duration is 

minimized. The results indicate that the performance of the postulated configuration is 

augmented by 16 percent when L0/D = 0.45 and α = 30.5°. 

 

Figure 5.4: Configuration of the morphing tree structure with one level of 

branching. 
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The improvement made in performance by adding design freedom is in accord with the 

constructal law. 

 

 

 

 

 

 

 

 

 

 

Figure 5.5: The evolution of the melt volume around the invading lines at the end of 

invasion when n = 0 and n = 1. 
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             Figure 5.6: The effect of the position of the first branch in the first construct 

on the melting duration when α = 0°.
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              Figure 5.7: The shortest melting time and its corresponding tilt angle αopt as 

function of stem length ratio in the first construct. 
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5.3 Second construct 

We endowed the flow structure with more freedom to morph by allowing the tree 

geometry to grow to the second level (n = 2) where the number of branches doubles. As 

shown in Fig. 5.8, there are six fixed and equidistant points on the perimeter in the 

second construct.  

The first branch length (L1) can also vary, and this adds a new degree of freedom 

(L1/D). This geometric feature is represented by the angle of bifurcation β1, Fig. 5.8. The 

second construct configuration when α = 45° is illustrated in Fig. 5.8. Figures 5.9 and 

5.10 show how to combine L0/D and β1 in order to achieve the fastest spreading of heat 

from tree design of the second construct when α = 0° and 25°.  

 

 

Figure 5.8: Configuration of the morphing tree structure with two levels of 

branching. 
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The shortest melting times and their corresponding β1 for different tilt angles are 

summarized in Fig. 5.11. The tilt angle has a relatively small effect on the melting 

performance and the geometric features of the enhanced tree configuration are L0/D = 

0.4, α = 30°, and β1 = 70°. In Fig. 5.12 we compared the evolution of the dimensionless 

melted volume in the simplest structure with those of the optimized first and second 

constructs. This figure also shows how the increase in complexity leads to better global 

performance. The ordinate and abscissa parameters of Figs. 5.9˗5.12 are time ratios 

defined as  

                                      
0 1

0

2 L /D L

c,n 0

c,n /D2 00, ., 5

t t

t t

t
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Figure 5.9: The shortest melting time and its corresponding bifurcation 

angle β1,opt as function of stem length ratio in the second construct when α 

= 0°. 
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Figure 5.10: The shortest melting time and its corresponding bifurcation 

angle β1,opt as function of stem length ratio in the second construct when α 

= 25°. 



 

62 

 

Figure 5.11: The shortest melting time and its corresponding bifurcation 

angle β1,opt as function of   tilt angle α in the second construct. 
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Figure 5.12: The effect of complexity (n) on the evolution of the 

dimensionless melted volume. 
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5.4 Discussion 

In this paper we studied numerically the melting process of the phase change 

material by natural convection in a cylindrical enclosure where the heating agent is not 

stationary and steady, as opposed to the traditional designs. The problem is how to 

arrange the heat-flow path buried in and transferring heat to a phase change volume with 

the objective of achieving greater heat transfer rate, or shorter melting time. We started 

the search by assuming a tree-shaped structure with freely varying geometric which is 

based on the constructal law.  

The numerical results showed that the global performance of the storage system 

can be augmented by endowing its geometry with progressively more degrees of 

freedom, that is, number of branching levels, stem length, branch length, and tilt angle. 

We reported the best geometric features and also discovered that the tilt angle has a 

relatively minor impact on the melting performance. Relative to numerical simulations 

based on pure conduction, we show that the melting process is accelerated dramatically 

by the presence of natural convection in the liquid melt. The stronger natural convection 

effect, higher Rayleigh number, in the fixed enclosure can be achieved by increasing the 

temperature of the heat source 
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6. Conclusion  

This literature documents a numerical and theoretical study of energy storage by 

melting a phase change material when the heating agent is not steady. Chapter 2 proposes 

“distributed energy storage” as a basic design problem of distributing energy storage 

material on an area. The energy flows by fluid flow from a concentrated source to points 

(users) distributed equidistantly on the area. The flow is time-dependent. The chief 

conclusion is that the finite amount of storage material should be distributed 

proportionally with the distribution of the flow rate of heating agent arriving on the area. 

The total storage time is the sum of the storage times required at each storage site. 

Chapter 3 unveils the basic scales of melting when a phase-change material is invaded by 

a line of higher temperature. This chapter shows that the amount of melted material and 

the average temperature have the S-shaped histories, in accordance with constructal law.  

the objective of chapters 4 and 5 are to discover the geometric features of flow 

architectures that offer the fastest melting process in both two and three-dimensional 

models. The results in these two chapters are obtained from numerical simulations. The 

search for the faster spread of heat through the material starts by postulating a tree-shaped 

structure that is free to morph. The results show that increasing the complexity of the tree 

structure accelerates the melting process.  
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