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CAPITAL theory involves many complex 
issues which have generated heated 

debates within the profession,' and no one 
survey can treat the subject exhaustively. 
However, Capital and time:A neo-Austrian 
theory [27, Hicks, 1973], the third book 
John R. Hicks has written about capital,2 
serves to provide a manageable list of topics 
for discussion. Since the neo-Austrian ap- 
proach to capital theory is unfamiliar to 
most students of economics, especially in 
America, I have elected to discuss this 
method in detail, and the following sections 
are ordered approximately in accordance 
with the progression of ideas in Capital and 
time. As major issues of capital theory arise 
in this discussion, I have attempted to pro- 
vide clear and simple expositions, including 
the following items: 

(1) truncation of production proc- 
esses and uniqueness of the in- 
ternal rate of return; 

(2) factor-price curves and the factor- 
price frontier; 

(3) reswitching (both as usually de- 
fined and along a dynamic path); 

(4) duality results; 
(5) determination of relative factor 

shares; 
(6) complications arising from joint 

production (including an example 
showing why the nonsubstitution 
theorem is invalid when certain 
types of joint production exist); 

(7) technological change and the re- 
lationship of Hicks' old classifica- 
tion, his new classification, and 
Harrod neutrality; 

(8) a clarification of the famous "Ri- 
cardo on Machinery" dispute; 

(9) dynamic paths and stability (or 
the Traverse) when problems of 
uncertainty are circumvented; 

(10) two numerical examples illustrat- 
ing full-employment transitions; 

(11) a simple demonstration that the 
neo-Austrian method is a special 
case of the more general von Neu- 
mann approach; 

(12) an interpretation of a neo-Aus- 
trian example without joint pro- 
duction as a specialized Leontief- 
Sraffa model; 

I See, for example, Harcourt's survey and the list of 
references cited there [21, 1969]. 

2 His two previous books about capital are Value 
and capital [23, 1939] and Capital and growth [25, 
1965]. 
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(13) the problem of substitution and a 
brief explanation of i) stability 
results from other sectoral mod- 
els, and ii) the similarity of the 
strong assumptions which are 
sufficient for convergence; 

(14) a very short summary of the sub- 
jects which traditionally have 
been controversial in capital the- 
ory (including a paradox revealed 
by the reswitching controversy); 
and 

(15) a generalized von Neumann 
model with consumption and a 
primary factor (presented in the 
Appendix). 

Three issues which have been central 
to the Cambridge, U.K. - Cambridge, 
Mass., controversies are omitted, namely 
alternative theories of income distribution, 
the social rate of return to savings-invest- 
ment, and disequilibrium adjustment mech- 
anisms.3 Space does not permit an adequate 
discussion of these topics. I have also ig- 
nored questions of efficiency and optimal 
capital accumulation programs, although 
the latter are of fundamental importance in 
normative economic theory and are the sub- 
ject of much current research. Here I con- 
centrate on descriptive (positive) capital 
models. 

I. Three Alternative Capital Models 

Hicks distinguishes three economic mod- 
els according to their'degree of disintegra- 
tion: 1) the Method of Sectoral Disintegra- 
tion, 2) the Method of J. von Neumann, and 
3) the Neo-Austrian Method which forms 
the foundation of Capital and time. Hicks 
finds the first approach "treacherous," and 
this is no doubt correct when one admits 
only two sectors, a "machine-building sec- 

tor" and a "machine-using" or "consump- 
tion-good sector."4 His view of the von 
Neumann method is that it is logically ele- 
gant, but that ". . . the categories with 
which it works are not very recognizable 
as economic categories; so to make eco- 
nomic sense of its propositions translation 
is required. One has got so far away from 
the regular economic concepts that the 
translation is not at all an easy matter" [27, 
1973, p. 6]. This provides Hicks' motiva- 
tion for the neo-Austrian approach in which 
every production process consists of a 
specified time profile of inputs and outputs, 
an approach which is viewed as a polar op- 
posite to the von Neumann model [27, 
1973, p. 6]. In the latter, all production ac- 
tivities have only a one-period duration, 
and each activity requires a vector of inputs 
to produce (jointly) a vector of outputs. 
Since one type of output may be consid- 
ered used capital equipment, the model 
generates equilibrium prices for all eco- 
nomic goods (including one-year-old ma- 
chines, two-year-old machines, etc.) at the 
end of every time period. Thus we arrive 
at the Hicks statement: 

The von Neumann method is the extreme of dis- 
integration; there is a complete reference back to 
the market in every period, a period which can 
be made as short as we like. Ours, on the other 
hand, is the extreme of (vertical) integration. 
There is no 'intermediate' reference back to the 
market. The production process, over time, is 
taken as a whole [27, 1973, p. 6]. 

However, an economic model in which 
there are no markets for any used capital 
equipment is exceptionally restrictive. Such 
an assumption has two equally dubious jus- 
tifications. 

First, one may believe that in reality used 
capital equipment is not traded. Neverthe- 
less, if trade is feasible at finite cost, a for- 
mulation which assumes that certain mar- 
kets do not exist is incomplete and, more I In many interpretations of Keynesian models, it is 

the precise assumptions about disequilibrium adjust- 
ment mechanisms which play a crucial role in the de- 
termination of actual employment, actual capital ac- 
cumulation, etc. In addition to the numerous articles 
by Cambridge, U.K., authors, see Solow and Stiglitz 
[45, 1968]. 

I Later we shall see that with an apparently minor 
modification of Hicks' Standard Assumptions, the 
neo-Austrian model becomes a special case of a gen- 
eral n-sector model [27, 1973, p. 5]. 
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importantly, it may be inconsistent with 
profit maximization. Logical completeness 
demands a justification of why markets for 
some economic goods do not exist,5 espe- 
cially since there are examples where it 
pays for a firm to sell its used capital equip- 
ment. 

Second, trading of certain commodities 
may be assumed technologically infeasible; 
new capital equipment, once installed, may 
be "bolted down" and unmovable to an- 
other process at any finite cost. This as- 
sumption is extreme, and it raises the re- 
lated question of whether or not a time 
process may be freely terminated (or "trun- 
cated"). We will return to this issue in Sec- 
tion V below. 

A theory of transaction and other adjust- 
ment costs apparently is required to ex- 
plain adequately whether or not trade in 
used capital equipment will exist, and such 
problems lie on the frontiers of economic 
theory. However, as we will demonstrate 
in following sections, Hicks' assumption 
of complete vertical integration is not es- 
sential because the neo-Austrian model 
can be incorporated into the von Neumann 
framework, thereby allowing us to assume 
that competitive markets exist for all eco- 
nomic goods. Thus even if certain capital 
goods are not traded, we may impute 
shadow prices to them which would be 
used by both a central planner and by a 
profit-maximizing manager who must cal- 
culate the appropriate present discounted 
value of a production process. 

II. The Hicks Neo-Austrian Model 
The Hicks approach, based on the Aus- 

trian tradition associated with Bohm- 
Bawerk, K. Wicksell, and Hayek, is a gen- 
eralization of the idea that a time flow of 
inputs produces current output.6 In his 

'"neo-Austrian" model there exist produc- 
tion processes by which a time sequence of 
inputs {at} yields an associated time se- 
quence of outputs {bt}. The story is sim- 
plified drastically since each input at and 
each output b, are assumed to be scalars 
(rather than vectors of heterogeneous com- 
modities) and there exist only two economic 
commodities,. one type of homogeneous 
input and one type of homogeneous output. 
We identify the homogeneous final output 
as a consumption good, or, as Hicks pre- 
fers, simply goods [27, 1973, p. 37]. Using 
goods as the standard of value, bt repre- 
sents both the physical quantity of output 
and its value. Likewise we identify the 
homogeneous inputs as labor and define 
wt as the wage rate of workers in terms of 
goods during period t-i.e., the real wage 
rate during period t. 

A particular production process yields a 
net output stream measured in goods qo - 
bo- woao, q1 = b- wial, . - ., qn = bn - 

wnan. We denote this sequence by 

{qt} = {(bt -wtat)It=o 

where the process is operated during pe- 
riods 1, . . . , n, n + 1. The feasible technol- 
ogy for the neo-Austrian model consists of 
a set of such processes, i.e., the set of al- 
ternative time sequences of net outputs 
which are technologically feasible. During 
any time period, one or more of these al- 
ternative processes may be employed, and 
as an economy evolves over time, it may or 
may not converge to a steady-state equi- 
librium in which a single (most profitable) 
process is operated. We will turn to this 
stability question in sections XVI, XVIII, 
and XXIII. 

Following the Austrian tradition of pro- 
duction requiring time, it is assumed that 
every process 

{(at, bt)}In 0= {(ao, bo)9 (al, ba), .... 
(an, b,I)} 

has the properties that at > 0 and bt = 0 for 
t = 0, 1, . . ., m- 1. Thus for the first m 
production periods, the labor inputs are 

5See, for example, George A. Akerlof [ 1, 1970]. 
6 See David Cass for an exposition of the Wicksell 

model and its relationship to the neoclassical one- 
sector model [17, 1973]. Also see C. C. von Weiz- 
sacker for a modern survey of Austrian capital theory 
[50, 1971]. 
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positive, but there is no output of final 
goods; Hicks calls this time duration the 
"construction period" [27, 1973, p. 15]. 

This description of the feasible technol- 
ogy is incomplete and objectionable. It is 
incomplete because, as the word "construc- 
tion" implies, workers presumably are pro- 
ducing something during the first m periods, 
but that something is never specified. It is 
as if the economy were contained in a black 
box; we observe only a time flow of labor 
inputs and a time flow of final outputs, with- 
out ever observing what intermediate goods 
or capital equipment may have been pro- 
duced and utilized inside the black box. 
Clearly such a description is incombplete - 

and fatally so if one of our primary con- 
cerns is capital theory and we cannot ob- 
serve any capital goods in the economy! 

One can provide a trivial interpretation 
which does admit the existence of capital 
goods. Suppose that ao workers produce 
one "machine of type 1;" a, workers plus 
one "machine of type 1" produce one "ma- 
chine of type 2;". . .; and a,,- workers 
plus one "machine of type m - 1" produce 
one "machine of type m." Then for t ' m, 
suppose at workers plus one "machine of 
type t" produce bt units of final consump- 
tion goods plus one "machine of type t + 1." 

Later we shall use precisely this scheme 
to demonstrate that the neo-Austrian model 
in fact is a very special case of the von Neu- 
mann approach. Here, however, note that 
the technology just described has a tri- 
angular structure in which the production 
of new capital goods requires only older 
machines. For example, during the first 
period the production of a machine of type 
1 requires only labor (and no capital goods 
of any type). Surely this is unreasonably 
restrictive; does the technology not con- 
tain some process whereby labor working 
With, for example, a hammer can produce 
a machine of type 1? 

It is sometimes argued that if history 
could be traced back far enough, the pro- 
duction of every capital good must be ex- 

plained by labor inputs alone. This argu- 
ment, which is reminiscent of a labor theory 
of value, is entirely fallacious for the issue 
at hand. While one may admit that there 
exists a process by which a hammer could 
be produced by labor alone, this fact may 
be irrelevant. Thus once labor working with 
one hammer produces a machine of type 1, 
it may never again be efficient to produce 
hammers by the process which uses labor 
alone. All that is required is the existence 
of a (sufficiently productive) alternative 
process for producing hammers using labor 
and a machine of type 1. When such realis- 
tic simultaneity is admitted, the neo-Aus- 
trian description of the feasible technology 
becomes inadequate. 

Stated in another way, the issue is 
whether or not the stock of capital goods 
available in period one allows an unre- 
stricted choice of production processes. If 
such an unrestricted choice is not possible, 
then the most efficient processes may be- 
come available to the economy only after 
the stocks of various capital goods (various 
types of machines) have been built up using 
other processes that can be operated from 
the given initial conditions. The assumption 
that there are no capital goods available at 
the beginning of the first production period 
is very special. 

These serious objections can be circum- 
vented by allowing at and b, to represent 
vectors of heterogeneous inputs and out- 
puts, a modification which will again lead 
us to adopt a von Neumann approach. But 
we are getting ahead of our story; and the 
neo-Austrian model at least does have the 
virtue that it is easily analyzed using only 
elementary methods. 

III. Timing of the Production Processes 
and an Ante versus Post Factum Wage 

The exact timing of the flow of inputs 
and outputs and their payments is always 
a source of some difficulty since the end of 
one time period coincides with the begin- 
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ning of the next. It is best to quote Hicks 
directly on this matter:7 

Let us further suppose that all the payments 
'of' the week (either way) are made at the begin- 
ning of the week. The counting-house, say, is only 
open on Mondays; it is on Mondays that both in- 
puts and outputs are paid for. Let k, be the capital 
value of the process (the remainder of the process) 
at the beginning of week t; at the moment, that is, 
when the counting-house opens. 

Let r be the rate of interest for one week, and 
write R = 1 + r. So R is the interest multiplier for 
one week, and R-' is the discount factor. Then 
(by the discounted value formula) 

kt = qt + q+,R-1 + q+,2R-2 + .. . q,,R-("-t). 

From this, and from the corresponding formula 
for k,+l, we have at once 

kt = qt + kt+lR-1. (2.1) 

The capital value at the beginning of week t equals 
the net output of week t (undiscounted, because 
it comes in immediately) plus the capital value at 
the end of the week, discounted for that one week 
[27, 1973, p. 20]. 

With the wage rate equal in every week 
(Wt = w), Hicks' equation (2.1) can be 
written as8 

ko = qtR-t= (bt- wat)R-t. (2) 
t=O t=O 

Is the model formulated with an ante fac- 
tum or post factum real wage rate w? The 
matter is easiest to discuss using a two- 
period example with 

{(ao, bo), (al, bl)} = {(ao, 0), (a,, 1)}. 

If we denote calendar time by r, the time 
interval from r = 0 to r = 1 is "period one" 
and the time interval from r = 1 to r = 2 
"period two." One interpretation of the 
production process is straightforward: the 
employment of ao workers during period 

7 The interest or profit rate r is in terms of goods (it 
is a real rate of interest), and f denotes the terminal 
economic lifetime of the production process; i.e., 1 is 
the time at which it is no longer profitable to continue 
the project. The time interval from 0 to f is divided 
into (n + 1) weeks. 

8 Hicks also assumes that the rate of interest is ex- 
pected to remain unchanged; see [27, 1973, pp. 16- 
17]. 

one and a, workers during period two 
yields one unit of goods output at the end 
of period two.9 Since in equilibrium the 
present discounted capital value for a unit 
process must equal zero at time r = 0, i.e., 
at the beginning of period one, we have the 
condition 

_ wao 1 - wai_ 
(1 + r) (1 + r)2 (3a) 

where w is the wage rate paid to workers 
at the end of each production period.'1 

Possible confusion arises because the in- 
dex t denotes the t-th period of production 
in which inputs at calendar time r = t- 1 
produce real output at calendar time = t. 
In our above example, if workers hired to 
work during periods one and two are paid 
at the beginning of the periods one and two 
(at calendar times r = 0 and r = 1, respec- 
tively), the capital value must reflect the 
interest cost on advanced wages, and the 
equilibrium condition (3a) must be replaced 
by 

--wa l + 1 
(1 + r) (1+ r)2 

w(l + r)a + 1 - w(l + r)a 0 
(1 +r) ( +r)2 (3b) 

This interpretation of the timing process appears 
inconsistent with the preceding quotation from Hicks 
and his statement at the bottom of p. 21. However, 
the alternative interpretation that the output bt ap- 
pears at the beginning of period t, i.e., at calendar 
time = t - 1, does not seem legitimate unless pro- 
duction can be instantaneous, which surely violates 
the Austrian tradition of production requiring time. 
The difficulty can be seen by considering the terminal 
pair (a,,, b,). If the output b,, appears at time r = n, 
what is the function of the a,, workers during the ter- 
minal period? The convention a,, = 0 will not work be- 
cause it contradicts Hicks' Standard Case described 
later. 

However, as Professor Hicks has pointed out to 
me, when his "weeks" are aggregated into "years," 
continuity arguments suggest that setting a,, = 0 for 
each week will not influence the results substantially. 0 Throughout Capital and time, Hicks assumes 
that capital markets are in equilibrium, which implies 
that ko = 0 at the equilibrium rate of interest; see [27, 
1973, p. 32]. Equivalently we assume that there is 
free entry, implying that the beginning capital value 
of any production process must equal zero in equilib- 
rium. 
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The important observation is that (3a), but 
not (3b), defines the same relationship be- 
tween w and r as does 

n 

E (bt - wat)R-t = 0, 
t=O 

which is the equilibrium condition ko = 0 
with ko defined by equation (2). Thus, given 
our interpretation of the production proc- 
ess timing, we have justified the equilibrium 
condition ko = 0 on the assumption that 
workers are paid at the end of the produc- 
tion period in which they have been em- 
ployed. 

The correct interpretation of the timing 
mechanism is important for at least two 
reasons. First, in most classical models, 
capitalists advanced a subsistence wage to 
workers at the beginning of the production 
period. This notion provides one traditional 
justification for a model in which the (short- 
run) wage rate is determined via a wage 
fund mechanism, and Hicks does use a 
wage fund theory to determine the short- 
run wage rate in the full employment ver- 
sion of this model [27, 1970, p. 60]. Sec- 
ond, the Piero Sraffa results concerning a 
Standard Commodity depend upon a post 
factum wage; the simple linear relation- 
ship between the real wage rate, measured 
in terms of a Standard Commodity, is lost 
with an ante factum wage [47, Sraffa, 
1960; 8, Burmeister, 1968]. Thus the issue 
of an ante versus post factum real wage 
may be a matter of economic consequence 
in some contexts, although it is not crucial 
for any of the results we will discuss. 

IV. Three Types of Joint Production 

It is evident that the Hicks modification 
of the classical Austrian tradition-what 
he has called the neo-Austrian approach- 
does provide insights of considerable eco- 
nomic importance. For example, clearly 
Bohm-Bawerk's notion of "roundabout- 
ness" collapses when output occurs in more 
than one time period [27, 1973, p. 9]. Like- 
wise the model captures one essential as- 

pect of capital theory: a capital good yields 
its services over time, and if a process is 
viewed as an entity, outputs are produced 
jointly. 

Jointness of production is a necessary 
characteristic of any durable capital good. 
Machines manned by workers for one pro- 
duction period produce both output and 
one-period-older machines -an obvious in- 
stance of joint production. But one should 
not make too much of durable machines if 
they are the only source ofjoint production. 
Under such circumstances, it is reasonable 
to assume that capital goods of different 
ages (vintages) may be compared in terms 
of efficiency in production. Certainly this 
comparison is always possible if the tech- 
nology allows the production of output us- 
ing either new machines or older machines, 
while holding every other input fixed. It 
then is possible to define an efficiency index 
which expresses a new machine in terms of 
the number of old machines of a specific 
age which are equivalent in production. 
Such an efficiency index may depend upon 
the industry in which a machine is em- 
ployed; for example, a modern computer 
may be superior to an older one in the aero- 
space industry where computational speed 
is important, but the difference may be neg- 
ligible for other businesses. The important 
conclusion is that this specific kind of joint 
production (where output and older ma- 
chines of different productivity are pro- 
duced jointly) need not alter the familiar 
results which are proved for the case of no- 
joint production. In particular, the concept 
of a factor-price frontier and Paul A. Sam- 
uelson's nonsubstitution theorem both re- 
main valid when the efficiency indices I 
have described exist.1" 

Joint production involving outputs of 
final consumption goods, as in wool-mutton 
examples, are fundamentally more impor- 

11 Proofs are in Burmeister and Eytan Sheshinski 
[9, 1969]. J. A. Mirrlees proves a nonsubstitution 
theorem under very general conditions [31, 1969]; 
also see Stiglitz [48, 1970]. 
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tant in that this change will negate nearly 
all of the conclusions which stem from the 
existence of a factor-price frontier.'2 When 
no joint production exists, a steady-state 
equilibrium point must lie on the factor- 
price frontier, and given a value of the real 
wage or interest rate, relative prices are 
determined independently of demand. If 
joint production of the wool-mutton type 
is present, the equilibrium position depends 
on the pattern of demand (between wool 
versus mutton, for example). We will re- 
turn to this issue in Section XII. 

The third type of joint production arises 
when we consider the whole time profile 
{(at, b,)}0=o of a unit process. Now we not 
only have the joint production of output and 
"older machines," but also the intertem- 
poral joint production of final output at dif- 
ferent dates. In general, with these compli- 
cations, one might expect that a factor-price 
frontier does not exist, but as we shall see 
below, the difficulties are circumvented 
when the internal rate of return for every 
process is unique. 

V. Truncation of Production Processes 
and Uniqueness of the Internal Rate 

of Return 

How is the economic life, fQ, of a project 
to be determined? Equation (2) is a special 
case of 

n n 
ko =EqtRt= E(bt-wtat)RT-t (4) 

t=o t=o 

where wt is the real wage rate paid to the 
workers at, rt is the real rate of interest in 
period t (i.e., the prevailing rate over the 
time interval from calendar time r = t to 
r = t + 1), and Rt = (1 + rt).13 A steady- 
state equilibrium in which wt = w and rt = r 

for all t is the easiest case to analyze. Un- 
der these circumstances Hicks proves that 
if there exists a positive rate of interest 
r = r* for which ko = 0, then r* is unique.14 

Moreover, such an r* must exist if the proc- 
ess is viable at the prevailing wage, and it 
is the internal rate of return for the process 
{(at, bt) tn=O. 

The fact that the internal rate of return 
is unique depends crucially on the fact that 
truncation is possible, i.e., the terminal 
time n is selected to maximize the present 
discount capital value of the process, ko 
[27, 1973, pp. 18-21].15 The possibility of 
truncation, in turn, is a severe restriction 
on the technology; it is equivalent to the 
assertion that if the process 

{(at, bt) t=-o 

is feasible, then the truncated process 

{(at', b')}In 0= {(a0, bo), (al, b1), .. 
(am, bi), (0, 0), a (0, 0)} 

is also feasible for all m < n.16 There are 
two obvious instances in which this as- 
sumption is not reasonable. 

1) Even though a process is termi- 
nated, certain consequences which the firm 
cannot avoid may occur after the trunca- 
tion time. Damage lawsuits are one exam- 
ple.17 However, if such consequences are 
unknown at the beginning of period zero, 
as seems likely with examples such as law- 

12 There does exist an analogous concept which I 
have called the minimum wage frontier; see Burmeis- 
ter and K. Kuga [12, 1970] and Burmeister and 
A. R. Dobell [1 1, 1970, pp. 296-97]. We will return 
to this point in Section X. 

13 Recall that the time interval from r = 0 to r = Q 
is divided into (n + 1) weeks. 

14 Hicks calls this -a "Fundamental! Theorem." See 
[27, 1973, p. 19] and footnote 19, below. 

15 The uniqueness of the internal rate of return for 
an investment project in which truncation is possible 
has also been proved by Kenneth J. Arrow and David 
Levhari [2, 1969]. 

16 Truncation is not implied by the conventional free 
disposal assumption, which asserts that if a net output 
vector y {(-ao, bo), (-al, b1), . (. .- (a,,, b,)} is feasi- 
ble, then any vector y' _ y is also feasible. In the ex- 
ample just cited, -a',, = 0, and since -a,,,+, < 0 
(a,,+1 > 0) is not precluded, free disposal does not 
imply truncation. In other words, free disposal implies 
that less output can be produced with additional input, 
but it implies nothing about what can be produced 
with less input. 

17 Of course, some (but not necessarily all) lawsuits 
may be avoided if a firm legally is allowed to dissolve. 
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suits, the existence of uncertainty becomes 
a separate issue as important as truncation. 

2) Truncation is not an 'appropriate 
assumption if important externalities con- 
tinue after the operation of a process has 
stopped; the permanent effects of strip 
mining provides an example. However, ex- 
ternalities are an issue with or without the 
truncation assumption. We have ignored 
the fact that certain effects (pollution, for 
example) are produced jointly with the final 
output of goods; such simplifications are 
justified if the produced effects are costless 
to the firm (i.e., if polluting is a free activ- 
ity).18 If such jointly-produced effects are 
not costless, then the- description of the 
technology must reflect this fact. 

If one is willing to assume the absence of 
both uncertainty and externalities, the pos- 
sibility of costless truncation becomes more 
reasonable. However, we may capture 
some of the effects of externalities by as- 
suming that every process has associated 
"clean-up costs" which are known with 
certainty. For example, we may presume 
that by law a firm incurs non-negative 
clean-up costs (measured in terms of final 
goods) 

{et}t=O 

which must be paid at the end of every 
production period a process is operated (a 
''pay-as-you-go" anti-pollution scheme). 
Let wt = w, rt = r, and R = (1 + r); then the 
problem of the firm at time zero is to select 
a truncation time n such that the present 
discounted value 

n 

ko = E: (bt -et- wat)R-t 
t=O 

is maximized. Clearly the maximized pres- 
ent discounted value depends on the rate 
of interest, and as in the case without clean- 
up costs (where et = 0), it is a decreasing 

monotonic function of r.19 Thus any solu- 
tion of ko(r) = 0, i.e., the internal rate of 
return r*, is unique even in the presence of 
these clean-up costs. When only eo is posi- 
tive, we can interpret that single cost as the 
price of a license to operate a particular 
process. Of course, if the et's are suffi- 
ciently large, the process will not be oper- 
ated at all. 

It is important to note that this formula- 
tion of clean-up costs is distinctly different 
from the alternative assumption that costs 
are incurred only after truncation. For 
example, one might formulate a model in 
which there is a penalty imposed at the end 
of the truncation period; such a penalty 
may be a once-and for-all shut-down cost 
(which in general would vary with the 
choice of n). However, such a shut-down 
cost is logically identical to a negative scrap 
value for the firm, in which case the inter- 
nal rate of return for the process need not 
be unique.20 

We will assume that truncation is pos- 
sible, although we allow for clean-up costs 
at the end of every period of operation. 
Now consider a process which is profitable 
to operate at some non-negative wage rate 
and at some non-negative interest rate. For 
every such fixed wage rate, it follows from 
Hicks' Fundamental Theorem that the 
internal rate of return which renders ko = 0 
is unique. The set of such wage and interest 
rates defines a function 

r = f(w) (5) 

18 Likewise costless inputs (such as the air workers 
breathe) can be ignored when describing the feasible 
technology. 

19 See Hicks [27, 1973, pp. 18-21 ] and Arrow and 
Levhari [2, 1969]. J. S. Flemming and J. F. Wright 
have proved more general results when r1 =# r for all 
t and when there is a net cash flow after the truncation 
period [19, 1971]; recently Amartya Sen has proved 
further generalizations [43, 1973]. 

20 While the condition that the maximized present 
discounted value of a process be a decreasing mono- 
tonic function of r is sufficient for the uniqueness of the 
internal rate of return (assuming existence), clearly it 
is not a necessary condition. Thus a process might 
have a unique positive internal rate of return despite 
the presence of shut-down costs. See Arrow and Lev- 
hari [2, 1969, pp. 563-64]. 
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for the process, and this curve is down- 
ward sloping with f'(w) < 0. In Hicks' 
earlier work he called this relationship the 
wage-interest curve or the wage-curve 
[25, 1965], but in Capital and time he has 
renamed it the efficiency curve; he objects 
to the name factor-price curve on the valid 
grounds that the rate of interest is not the 
price of a "factor." However, consistent 
terminology is also an advantage and I will 
continue to refer to the relationship r =f(w) 
as the factor-price curve. 

VI. The Factor-Price Frontier, 
the Choice of Technique, 

and Reswitching 

In general the feasible technology set 
for a neo-Austrian model consists of many 
alternative production processes, but for 
simplicity assume there exist only two. Let 
{(at, bt)}ntn0 and {(a, bt)}tl_O be labeled 
process A and process B, respectively, 
with corresponding factor-price curves 
r = fA(w) and r = fB(w). Although both 
factor-price curves are necessarily down- 
ward sloping withf'A(w) < 0 andf'B(w) < 0, 
it is nevertheless true that the equation 

fA(w) -fB(w) = 0 (6) 

may have two distinct roots w, 0 w2, as 
pictured in Figure 1. 

Which process or technique will be 
selected in a steady-state equilibrium? The 
answer depends upon the real wage rate. 
For any given value of w, the technique 
that maximizes the rate of profit r will be 
chosen. The outer envelope of the factor- 
price curves generated by the alternative 
production processes forms the factor- 
price frontier for the technology (depicted 
by the heavy line in Figure 1) and defines 
the function 

r=F(w); (7) 

it is also a downward-sloping curve with 
F'(w) <0.21 

r 

fA(W) 

r' -- - - - - - - - 

f B (W) 

0 WI W2 w 

Figure 1. 
An illustration of the reswitching of tech- 
niques. The outer envelope for the factor- 
price curves fA(w) and fB(w) for techniques 
A and B, respectively, is the factor-price 
frontier for the technology. It is the heavy 
line in Figure 1 and is denoted by the func- 
tion r = F(w). 

Figure 1 illustrates reswitching the tech- 
niques:22 at sufficiently high wage rates 
(w > w2), process A is more profitable than 
B; at intermediate wage rates (w, < w < 
w2), process B is more profitable than 
process A; and for sufficiently low wage 
rates (O _ w < wj), process A is most 
profitable again. Thus consider alternative 
steady-state equilibria points (which must 
lie on the economy's factor-price frontier) 

2 Hicks calls F(w) the efficiency curve of the 
technology, and he sometimes refers to it as the 

technology frontier; see pages 40 and 49, respec- 
tively [27, 1973]. 

The derivative F'(w) does not exist at switch 
points such as (w,, r,) in Figure 1. However, at such 
points the left-hand derivative is less (more negative) 
than the right-hand derivative, i.e., F'(w-) < F'(w+). 
Hicks makes an equivalent statement: "It is of course 
true that whenever a rise in the wage induces a change 
in technique, the change must be such that, at the 
switch point, the new efficiency curve has the greater 
slope" [27, 1973, p. 45]. 

22 Although the reswitching controversy has re- 
ceived considerable attention in the literature, mis- 
understandings remain and controversy about related 
issues continues to flourish in the profession. The first 
comprehensive series of articles about reswitching 
are contained in "Paradoxes in Capital Theory: A 
Symposium" [36, 1966]. 
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at different wage rates; when the steady- 
state wage rate rises from values near zero, 
we first switch from A to B as we pass 
through the switch point (w1, rj), and then 
we "switch back" or reswitch from B to A 
again as we pass through the second switch 
point (w2, r,); process A is then said to 
recur23 [6, Bruno, Burmeister, and She- 
shinski, 1966; 11, Burmeister and Dobell, 
1970, p. 246]. 

In general, reswitching is possible within 
the framework of the neo-Austrian model. 
However, most of the results obtained in 
Capital and time depend upon restrictive 
assumptions. I quote directly: 

Suppose that each of the techniques that are in 
question are of the following simple fonn. There 
is a construction period, lasting m weeks, in 
which labour is applied at a constant rate but in 
which there is no final output. It is followed by 
a utilization period, lasting a further n weeks, in 
which labour is applied at a constant (but differ- 
ent) rate, and in which final output appears at a 
constant rate. I shall describe this form as a 
Simple Profile. We shall subsequently make much 
use of it, as an instrument of exploration; we can 
use it to great advantage, provided we recognize 
its limitations. 

We may choose the constant rate of output as 
unit of quantity; so the Simple Profile may be 
written: 

weeks Otom-1 mtom+n-1 
inputs a, al, 
outputs 0 1 [27, 1973, p. 41]. 

Hicks proves that reswitching is impos- 
sible when all processes have this Simple 
Profile [27, 1973, p..42]. 

While reswitching is a complication, it 
is per se uninteresting; rather it is the 
possibilities which are revealed by re- 
switching (and which can exist in its ab- 
sence) that are significant. One such 
example is discussed in Section XIV. 

VII. The Optimal Transformation Curve 

A study of steady states is no more than 
a means to an end, and as Hicks notes, we 
should not expect any surprises from a 
steady-state analysis: 

... we are ourselves on the way to a steady state 
theory, which is not substantially different from 
that which has become conventional; for in the 
steady state, where the structure of the economy 
is the same in every time-period, time has been 
so nearly abolished that the passage from the 
assumption of a "sectoralized" technique to our 
assumption of a technique that is time-articulated 
cannot make much difference. So in our steady 
state theory we shall do little more than confirm 
well-established results. I wish, however, to 
present those results in a new way; and for that 
I need some additional preparation [27, 1973, 
p. 47]. 

Hicks considers two distinct assump- 
tions, first his Fixwage theory, and second, 
the standard Full Employment theory.24 
In the Fixwage theory, employment may 
vary, but the real wage rate is fixed in the 
manner of David Ricardo, Malthus, or 
Arthur Lewis, the last being the primary 
justification: 

We may regard our model economy as a represen- 
tation of the "developed" sector of such a coun- 
try, there being a subsistence sector outside it. 
Labour can be drawn from the subsistence 
sector, and will be drawn from it quite freely, as 
soon as the wage that is offered in the de- 
veloped sector is marginally above what can be 
eamed in the subsistence sector. The presence 
of the subsistence sector prevents the wage in 
the developed sector from rising above this basic 
level; so, to the developed sector, the supply of 
labour is perfectly elastic. This is no doubt an 
over-simplification of what actually happens in 
any actual economy; but it is near enough to what 
sometimes happens to be of some interest [27, 
1973, p. 49]. 

This assumption of a fixed, exogenous 
real wage rate is extremely convenient 
because, for any given w, the equilibrium 
technique of production is uniquely de- 
termined (except for the razor's edge case 23 It should be noted that since f'(w) < 0, there 

exists an inverse function to f(w), say w = +(r), and 
many authors prefer to work with this equivalent 
representation of the factor-price curve. 

24 There is full employment of a labor supply which 
grows at an exogenous rate. 
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of ties) via the factor-price frontier, and 
this dominant technique will not change 
unless an innovation alters the set of tech- 
nically feasible production processes. 
Likewise the equilibrium rate of interest 
is determined from the factor-price fron- 
tier and is equal to the yield on the tech- 
nique which is employed.25 

We must develop some notation before 
proceeding, and we shall follow Capital 
and time whenever possible. Processes 
may be replicated-the economy exhibits 
constant returns to scale-and xT_t repre- 
sents the number of unit production 
processes of a particular type which began 
operation t weeks ago, where the capital 
letter T designates the current week (period 
of production). (For example, XT denotes 
the number of unit production processes 
which begin operation in the current week, 
or simply the current number of starts.) 
When the single process {(at, bt)}jtIO is 
employed, we have the following defini- 
tions. 

Total labor input during the current 
week, period T, is 

AT = XTao + XTlal +... + XT-la, I 
n 

EXT-ta t. (8 a) 
t=o 

The current value of capital is 

n 

KT = 0 + XT-lkl + ... + XT-flk,l = , XT-tkt. 
t=o 

(8b) 

Finally, output and net output (or Take-out 
as Hicks calls it) are 

n 

BT = XT-tbt (8c) 
t=O 

and 

n 

QT = BT - WAT = XT-tqt 
t=O 

n 

XT-t(bt -wat). (8d) 
t=O 

In a steady-state only one production 
process is employed and the number of 
starts during each period must grow at a 
constant rate. The last condition is ex- 
pressed by the equation 

XT = xoGT, 

where the number of starts grows at the 
rate of g per period, G = (1 + g) is the 
growth factor, and xo is a constant reflect- 
ing the scale of the system. As is usual in 
growth theory, the scale of the economy 
and hence the level of output is inde- 
terminate; we only can solve for rates of 
growth and magnitudes measured per 
worker. In a steady-state the total number 
of workers employed is 

AT = x xoGT-tat = xo atG-t GT (9) 
t=O t=O 

and the output of final goods is 

n n 

BT = xGT tbt = XO ( bt)GT. 
t=O t=O 

(10) 

Both AT and BT grow at the same rate g 
because the terms in parentheses in equa- 
tions (9) and (10) are constants. 

A special case of a very general and 
important duality theorem follows almost 
trivially. For a specified production process 
{(at, bt) }t=O, recall that the factor-price 
curve r = f(w) or its inverse w = +(r) was 
derived from equation (4) with ko = 0, 
wt = w, and rt = r. Therefore from (4) we 
find 

25 Some economists have taken the rate of interest 
to be exogenous, assuming that it is determined by 
"animal spirits." Alternatively, one may assume that 
there is some mechanism which eliminates any pos- 
sible discrepancy between private and social rates of 
return so that the rate of interest must always equal a 
fixed (exogenous) social rate of time preference. 
Although the choice of technique is also unique 
(excepting ties) for any given r, the Hicks assumption 
has the additional feature of eliminating any labor 
constraint. 
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n 

E btR-t 
Wt = +(r) (11) 

E atR-t 
t=O 

where, as before, R = (1 + r). But from (9) 
and (10) 

n 

I btG-t 

c = BTIAT= t = +(g). (12) 

1 atG-t 
t-O 

In other words, w depends on r in 
exactly the same way that the ratio BTIAT 

depends on g. Hicks calls the ratio BTIAT= 

B/A the efficiency of the technique since 
it is the output of final goods,per worker. 
However, the close relationship between 
Hicks' results and the existing literature is 
clarified if we think of B/A as consumption 
per worker, which I have denoted by c. 
Indeed, my terminology is consistent with 
Hicks' chapter on social accouiting [27, 
1973, Ch. III, pp. 27-36]. In a steady 
state profits are rAK and net investment is 
gK; thus the social accounting equation 

Wages + Profits = Consumption + 
Net Investment 

becomes 

wA +rK=B+gK, (13) 

and clearly B/A represents consumption 
per worker [27, 1973, p. 67].26 The func- 
tion +(g) is usually referred to as the 
optimal transformation curve. 

VIII. The Factor-Price Frontier 
and Restricted Factor-Price Curves 

Since it is a well-known fact that in 
general the internal rate of return for an 

investment project is not unique,27 it may 
seem strange that there exists a function 
r = f(w), the factor-price curve for a 
particular process {(at, bt)}t=0. However, 
the duration of the process (n) is not 
constant along the factor-price curve 
r = f(w); as discussed in Section V, we 
have assumed that truncation is possible. 
Thus for any assigned value of the real 
wage rate, say w = wi, there exists an 
optimal lifetime of the project, say (n1 + 1) 
"weeks" or production periods, and a 
unique value of the interest rate, rl, for 
which the present discounted value of the 
project equals zero. We have already noted 
that the set of such pairs (wi, ri) defines 
the factor-price curve r = f(w), and it is 
downward sloping with f'(w) < 0.28 

There is, however, a further compli- 
cation. Let the lifetime of the process 
{(at, bt)}t=O be fixed at (it, + 1) weeks, the 
duration optimal for a real wage rate equal 
to w = w1. The unique equilibrium rate of 
interest is then r, =flw,). Now consider 

nl 

E (bt -wat)(l + r)-t= O, 
t=O 

which defines the function 
ni 

btR-t 

W=tni ql(r). (14) 
E atR-t 
t=O 

The crucial and perhaps somewhat 

26Note that workers may or may not own capital; 
equation (13) is valid for any pattern of factor owner- 
ship, e.g., a "two-class model" with one class identi- 
fied as "workers" and another as "capitalists." 

27 Consider the following simple example with a 
three-period production process: {(a0,, b(0), (al, bl), 
(a2, b2)} = {(1.00, 0), (2.00, 4.30), (2.00, 0.68)}. The 

2 

equation E (b, - wad)R- = 0 with w = 1 implies 
t=O 

R2- 2.30R + 1.32 = (R - 1.2)(R - 1.1) = 0. Thus 
there are two values for the internal rate of return 
(r = R - 1), namely 10 percent and 20 percent, and 
the present discounted value of the process is positive 
for all rates of interest satisfying 0.10 < r < 0.20. 

28 The proofs of these results are contained in two 
passages and they represent Hicks at his best; the 
arguments are clear, elegant, and, above all, based on 
economic principles [27, 1973, pp. 17-22 and 38-39]. 
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subtle observation is that the function 
q(r) in equation (14) is not equivalent to 
the function ¢(r) in equation (11). Since 
n, is optimal for w = w, 

q(r) < 0(r), 

with equality holding for r = ri. As illu- 
strated in Figure 2, i(r) is tangent to o(r) 
at the point (r1, wJ); at any value of the real 
wage rate not equal to wi, it would be more 
profitable to be at a point on the unre- 
stricted curve +(r) along which the duration 
of the project may vary. Thus we call 
f(r) the restricted factor-price curve for a 

particular process, while the dual function 
c = +(g) is the corresponding restricted 
transformation curve (for the same pro- 
cess).29 

w,c 

-C 

¢(r) 

W - 

0 9 

Figure 2. 
The function ¢(r) is the (unrestricted) 
factor-price curve for a particular process, 
while qi(r) is the restricted factor-price 
curve along which the duration of the 
process is held fixed. The outer envelopes 
of the set of ¢'s or O's (generated by the set 
of technologically feasible processes) both 
define the function w = ¢(r), the factor- 
price frontier for the economy. 

2:" Hicks calls +(g) a restricted efficiency curve; see 
[27, 1973, p. 66]. 

Recall that the restricted factor-price 
curve for a given process, q(r), was de- 
fined with the duration fixed at (n, + 1) 
weeks, the optimal lifetime when the real 
wage rate was w,. If we repeat this pro- 
cedure for other real wage rates wi and 
correspondingly optimal ni, we will pro- 
duce a set of yi's, the outer envelope of 
which is the factor-price curve w = +(r). 
Now the factor-price frontier for the tech- 
nology is the outer envelope of the factor- 
price curves for the alternative feasible 
processes. In other words, each feasible 
process generates a factor-price curve, 
r = f(w), and the factor-price frontier, 
r = F(w), is the outer envelope of this set 
of factor-price curves. 

But F(w) also has an inverse, and equiva- 
lently we could have defined the factor- 
price frontier for the economy as w= -(r), 
the outer envelope of the set of functions 
w = ¢4(r). Finally, it is clear that the factor- 
price frontier for the economy is also the 
outer envelope of the restricted factor- 
price curves generated by the techno- 
logically feasible production processes 
[27, 1973, p. 68]. 

IX. Determination of Relative Factor 
Shares in Steady-State Equilibrium 

Figure 2 illustrates how the ratio of 
factor shares can be determined. Assume 
the economy is in a steady-state equi- 
librium with a real wage rate w1 and a 
growth rate g. We know that the optimal 
technique is {(at, bt)} L o with n = nl. Thus 
from equations (11), (12), and (14), it is 
easily seen that steady-state consumption 
per worker is c = s(g). Draw a straight line 
through the points (r1, w1) and (g, c), as 
illustrated in Figure 2. This line has a 
slope 

--w--l 
(15) r- g 

IJ I 

I 
r-Ca 
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If we let v denote the per capita30 value of 
capital, in competitive equilibrium the 
accounting relation 

w + rv = c + gv (16) 

must hold. Rewriting the latter, we have 

-v C c- . (17) r- g 

Thus the arc elasticity of the restricted 
factor-price curve w = q(r) calculated 
between the two points (rl, wl) and (g, c) 
is an approximate measure of the ratio of 
relative shares 

r1v _ per capita profits 31 

w, per capita wages 

The approximation vanishes if r1 = g and 
we calculate the point elasticity of any 
of the three curves q(r), +(r), or t(r) at 
(rl, wl). Alternatively, we could calculate 
the elasticity of the indicated straight line 
at the point (r1, w1) and obtain an exact 
measure even if rl = g. 

One additional observation is evident 
from Figure 2. It is impossible that c = 
q(g) < w, with rl > g, for in this case 
equation (17) implies that v is negative, 
which is inconsistent with a steady-state 
equilibrium [27, 1973, p. 67]. 

X. A Fundamental Duality Theorem 
The duality relationship between the 

real wage rate and per capita consumption 
-i.e., the relationship between equations 
(11) and (12)-is a fundamental theorem 
which is only exemplified by this neo- 
Austrian model. This result was originally 
proved by C. C. von Weizsacker [49, 
1963], and subsequently it was developed 
by Michael Bruno [5, 1969] and Hicks 
[25, 1965] for discrete Leontief tech- 

30 Here, as elsewhere in this paper, the term "per 
capita" means "per worker employed." 

31 The ratio of factor shares is the ratio of two types 
of income, and it is determined independently of 

.factor ownership; see footnote 26. 

nologies.32 Burmeister and Kuga proved 
analogous results for a neoclassical multi- 
sector model [13, 1970].33 

It is well known that there does not 
exist a factor-price frontier if the tech- 
nology admits joint production [41, 
Samuelson, 1962, p. 205, f. 2].34 However, 
there does exist an even more general 
concept, the minimum wage frontier [12, 
Burmeister and Kuga, 1970]. Where there 
is no joint production, the minimum wage 
frontier and the factor-price frontier 
coincide. 

The more general theorem is proved by 
considering a von Neumann model modi- 
fied to allow for a single primary factor 
(labor) and a single consumption good or 
a fixed basket of consumption goods. We 
wish to find the maximum per capita 
consumption given an assigned growth 
rate g for the economy (the exogenous 
growth rate of labor). Thus the primal 
problem is maximize c subject to the 
inequality constraints imposed by the 
feasible technology. The solutions for 
different g's define a function 

c= E(g) (18) 

which is the optimal transformation fron- 
tier for the economy; it gives the maximum 
per capita consumption which can be 
produced at alternative growth rates.35 

The dual problem is to minimize the real 
wage rate when a rate of profit r is as- 
signed. The reason we minimize the real 
wage rate is that the mathematical program- 
ming inequality constraints are formulated 
to assure that profits for every process are 

32 See especially Hicks [25, 1965, pp. 317-19]. 
33 The generalization from Leontief to neoclassical 

technologies entails a familiar mathematical diffi- 
culty, namely proof of the existence and uniqueness 
of steady-state equilibria. 

34See Samuelson [41, 1962, p. 205, f. 2]. This 
example is elaborated in more detail by Burmeister 
and Dobell [11, 1970, pp. 280-82]. 

35Of course, the optimal transformation frontier 
for an economy, E(g), is the outer envelope of the 
set of optimal transformation curves (the set of 
0(g)'s). 

426 



Burmeister: Neo-Austrian and Alternative Approaches to Capital Theory 427 

non-positive and that the actual rate of 
profit is less than or equal to r. The solu- 
tions to the dual problem for different r's 
define a function 

w = H(r), (19) 

the minimum wage frontier. The usual 
mathematical programming duality theorem 
implies 

c = E(g) = H(r) = w (20) 

for all g = r restricted to a suitable do- 
main.36 

The above provides a proof of the familiar 
Golden Rule result for this model with 
joint production. 

The important distinction between the 
minimum wage frontier in a model with 
joint production and the factor-price 
frontier in a model without joint production 
will become clear in the next two sections 
where I will discuss how a steady-state 
equilibrium point is determined and the 
nonsubstitution theorem. 

XI. Determination of Steady-State 
Equilibria 

We need to assume some relationship 
between r and g, or between c and w, to 
completely determine a steady state equi- 
librium.37 For example, one might assume 
that employment grows at the exogenous 
rate g and the rate of profit is exogenous. 
If, then, we take r' as given in Figure 1, 
the optimal (most profitable) technique, 
including its duration, is determined from 
the factor-price frontier.38 Thus qy(r) is 

the corresponding restricted factor-price 
curve, and the real wage rate is 

w' = q(r') = 4(r') = (D(r'). 

Since a particular process and its duration 
are now fixed, consumption per worker 
must be 

c= =(g) 

Hicks proceeds in two different manners; 
in both instances, however, he assumes 
that saving is a fixed percentage of profits. 
Since investment must equal saving, in a 
steady-state equilibrium we have 

gv srrv 

or 

Sr = g/r (21) 

where in my notation v is the per capita 
value of capital (it is K/A in Hicks' nota- 
tion) and Sr is the saving proportion out of 
profit income. 

Suppose we follow the Hicks Fixwage 
model with a perfectly elastic supply of 
labor. Let the exogenous real wage rate 
be w'; now the rate of interest is deter- 
mined from the factor-price frontier and is 

r' = F(w'), 

where F is the inverse of (D. Since Sr is 
given, from (21) we see that the growth 
rate of the economy must be 

g = Srr, 

and consequently, for the same reasons 
stated in the previous case, consumption 
per worker is 

c = +(g) = q(srr'). (22) 

If the actual growth rate of the population, 
gp, is less than g, then the difference be- 
tween the number of workers and the 
population will grow. Conversely, if 
g > gp, at some finite time the economy 
will reach full employment and the Fix- 
wage model with a perfectly elastic supply 
of labor breaks down. 

36 The domain must be restricted to insure the 
existence and uniqueness of a steady-state equilib- 
rium. The necessity of this restriction is obvious 
since one could assign a growth rate so high that the 
technology would not be productive enough to 
produce positive consumption. 

37 See, for example, [27, 1973, p. 69]. 
3 The optimal technique, which is the most profit- 

able to operate at the prevailing real wage and inter- 
est rates, is selected from the given set of feasible 
techniques (or production processes). Possible ties 
at switch points are ignored here; see Figure 1 where 
process A is most profitable when either r = r' or 
w = w'. 
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Finally, suppose the labor force is fully 
employed and grows at a constant exog- 
enous rate g. Now if Sr is fixed, equation 
(21) determines the equilibrium rate of 
profit, and we can proceed to determine the 
steady-state equilibrium point exactly as 
we did in my first example (where r' was 
exogenous). 

XII. Joint Production 
and the Nonsubstitution Theorem 

Although the neo-Austrian model- 
either with Hicks' Fixwage or Full Em- 
ployment assumption - involves joint 
production, this aspect is not an essential 
feature. This fact is evident because the 
point (r, w) representing a steady-state 
equilibrium always lies on the factor-price 
frontier.39 On the other hand, consider 
examples which do involve joint produc- 
tion in an essential manner,40 and assume 
full employment with labor growing at the 
constant rate g. The steady-state value 
of consumption must satisfy the inequality 

c - E(g). (23) 

However-and this is the crucial observa- 
tion-the equilibrium pair (r, w) will lie 
on the minimum wage frontier w = H(r) 
if, and only if,41 Sr= 1. Of course, when 
sr = 1, the saving hypothesis-equation 
(21)-implies that r = g; then equation 
(20) is valid and 

c = E(g) = H(r) = w, r= g. (24) 

But for all Sr < 1, the equilibrium real 
wage rate satisfies the inequality 

w > H(r); (25) 

that is, the real wage rate lies above the 
minimum wage frontier. As Sr rises to- 

ward one, r and w both fall. The real wage 
rate reaches a point on the minimum wage 
frontier only when Sr reaches one and 
r = g. It follows immediately that the 
standard nonsubstitution theorem (which 
asserts that steady-state equilibrium prices 
are independent of the pattern of final 
demand for a given value of w or r) is not 
valid for this example.42 In this example 
(cited in the preceding footnote) it is not 
true that the real wage rate is determined 
only by the interest rate r; it also depends 
on the savings ratio Sr and hence on the 
pattern of demand between the consump- 
tion and investment goods. 

Consideration of joint production also 
leads to a generalization of the von Weiz- 
sacker result that the elasticity of the factor- 
price frontier equals the ratio of factor 
shares when r = g [49, 1963]. There is a 
more general theorem which does not de- 
pend on the absence of joint production: 
the elasticity of the minimum wage frontier 
equals the ratio of factor shares when 
r=g.43 

" This issue also arises in subsequent sections 
dealing with dynamics. 

40See Burmeister and Kuga [13, 1970, pp. 16-18]. 
Also see footnote 34. 

41 In general, necessity requires regularity conditions 
on the feasible technology. For our present purposes, 
we need only consider Example 2 in Burmeister and 
Kuga [13, 1970, pp. 17-18]. 

42 It can be proved that when the rate of interest 
plus the depreciation rate on the capital good is equal 
to 2, the equilibrium value of the real wage rate in a 
steady state is 

2 
[S,(2 - Sr)] 

with dW/dsr < 0. Moreover, the equilibrium real wage 
rate w (for a given interest rate r) is not independent 
of the relative price of investment to consumption 
goods; see Burmeister and Kuga [13, 1970, p. 18], 
and Burmeister and Dobell [11, 1970, pp. 280-82]. 

43A brief proof is easily sketched. Let c = T(yI, . . . 
Yn; 1, xI ,. . . , xn) be the per capita production possi- 
bility frontier summarizing the feasible technology for 
the economy. Here c, yl, and xl denote per capita con- 
sumption, output of the i-th type machine, and the 
stock of the i-th type machine, respectively. Let fully- 
employed labor grow at the exogenous rate g, so that 
a steady-state condition is 

c = T(gx1, ... 9 gxn; 19X,, . . .Xn). (*) 

The outer envelope of (*) as the parameters xl, . . .,n 
vary defines the optimal transformation frontier c = 
E(g). We know from (20) that c = E(g) = H(r) = w 
when r = g. But the slope of E(g) can be calculated 
from (*): 

n 
E'(g) = aCl ag= Tixi = -v, 
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If one attempts to generalize the neo- 
Austrian model and treat (at, bt) as an 
input-output vector, the complexities dis- 
cussed in this section are certain to arise 
because then joint production will become 
an essential feature of the model. 

XIII. The Saving Hypothesis 
and Capital Gains 

The assumption that saving is a constant 
proportion of profit income is expedient for 
illustrative purposes.44 However, existing 
empirical evidence does not support this 
hypothesis,45 and it is a dangerous assump- 
tion to make about an economy out of 
steady-state equilibrium with changing 
prices. For example, it has been proved 
that the dynamic behavior of an economy 
with many capital goods is significantly 
altered provided not all capital gains are 
saved [ 15, Burmeister, Caton, Dobell, and 
Ross, 1973]46 and this underscores my 
warning: Because capital gains are zero in 
a steady state, its characteristics remain 
unchanged, but in general the stability 
properties of a dynamic path do not. 

The issue is clarified with a simple exam- 
ple. Let upper case and lower case letters 
denote magnitudes and per capital magni- 
tudes, respectively, and assume there 
exists a single consumption good which we 
take as numeraire. Define real income in 
terms of the returns to labor, L, and the 
value of capital, V, by 

Real Income =- Y = wL + tV, (26) 

and assumne net saving is a constant frac- 
tion, s, of real income.47 It is convenient 
here to work in cotitinuous time, and a dot 
over a variable signifies total differentia- 
tion with respect to time. The condition for 
momentary equilibrium is that saving must 
equal the change in the value of capital, i.e., 

sY= V. (27) 

It then follows that 

Y= sY+ C 
= wL + rV= V+ C. (28) 

Finally, expressing (28) in per capita 
terms, we obtain 

v = (r-g)v + (w-c), (29) 

i.e., the growth in the per capita value of the 
capital stock is equal to the return on the 
capital stock, adjusted for labor growth, 
plus the excess of the real wage rate over 
per capita consumption. With more manip- 
ulation we can rewrite (29) in the form 

v = sy-gv, (30) 

strongly reminiscent of the equation for the 
growth of the capital stock in a model with 
one type of machine (capital good).48 

Now, along a steady-state growth path 
where v = 0, 

c = (r - g)v + w (31) 

or 

Consumption + Net Investment = c + gv 
= w + rv = Wages + Profits. 

where -T, is the price of the i-th output in terms of the 
consumption good and v.is the value of capital (the 
stock of machines) in terms of the consumption good. 

Thus we have proved that H'(r)= E'(g) = -v at 
r = g, and consequently the elasticity of the minimum 
wage frontier at r g is 

rH'(r) rv per capita profits 
- =-= . . ~~~~~~Q.E. D. w w per capita wages 

44 Hicks is clear about his intentions in the case of 
steady states; see [27, 1973, p. 69]. 

45 See, for example, Burmeister and Taubman and 
the references cited there [ 10, 1969]. 

46 Capital gains are net and may be negative if prices 
fall. 

47 The value of capital in terms of the (single) con- 

sumption good as numeraire is p pK where KI. 
i=l 

Kn denote the physical stocks of the n different types 
of machines. Thus there is no issue of capital aggrega- 
tion. 

48 Except in a fictional world with only one type of 
machine (capital good), v is a value measure which 
does not represent any physical stock of capital and 
which definitely should not be the independent vari- 
able of any "aggregate production function." The 
reminiscence I have mentioned is potentially dan- 
gerous and may have been the cause of some misun- 
derstandings. 
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Obviously (31) is equivalent to (13) and 
(16) obtained previously, but we have ar- 
rived at it via a completely different route. 
We should be alerted that a mere compari- 
son of alternative steady states may ob- 
scure important aspects of the underlying 
economic structure. In particular, alterna- 
tive saving hypotheses -and especially the 
treatment of capital gains - may have im- 
portant influences on the dynamic behavior 
of any economy. 

XIV. Technological Change and Biased 
Innovations 

For a fixed technology we have seen 
that there exists an optimal transformation 
frontier c = E(g) and a minimum wage fron- 
tier w = H(r). In technologies without joint 
production, and in the neo-Austrian model 
we have described, the situation is simpli- 
fied and we need only consider a factor- 
price frontier w = F(r). Any steady-state 
equilibrium point (r, w) must lie on this 
curve. 

Now suppose there is an invention which 
alters the feasible technology. How does 
the factor-price frontier change? Assuming 
that the old technology is still available- 
which it must be if technical knowledge 
about methods of production can be re- 
membered-an invention must shift the 
factor-price frontier outward for at least 
some values of the real wage rate. In other 
words, at some wage rates any viable in- 
vention must yield higher rates of profits 
than were possible previously. 

We follow Hicks' notation and use as- 
terisks to designate the old (pre-invention) 
steady state. Consider an economy which 
is in a steady-state equilibrium at a point 
(r*, w*) using a technique {(a*, bt*)}In0, and 
then at time zero a new technique is in- 
vented which is optimal at the existing rate 
of profit. If we assume full employment 
with labor growing at the exogenous rate 
g, the equilibrium rate of profit in the new 
steady state must remain at r* under the 
savings hypothesis that gK = srrK (or 

g = srr) where Sr is the fixed saving ratio 
out of profits [27, 1973, p. 73]. 

This observation leads Hicks to define 

l(r) - w(r) (32) w(r*) (2 

"as an Index of Improvement in Efficiency, 
in one sense or another (italics in the origi- 
nal)" [27, 1973, p. 75].49 He then argues 
that 1(r) can be used as an index to classify 
innovations, or, more accurately, to com- 
pare two alternative processes in the tradi- 
tion of his classic Theory of wages [24, 
1932] .50 

It is at once suggested that we should classify 
Improvements, according to the effect on the In- 
dex, when the rate of interest varies. We find no 
difficulty in saying that an Improvement is neu- 
tral, if a change in the interest rate has no effect 
on the Index; that as we have seen, is in line with 
Harrod. But when there are effects, it is not nec- 
essary that they should be simple effects; it is 
possible, for instance, that a fall in interest from 
10 to 9 percent might raise the index, while a 
further fall from 5 to 4 percent might lower it. 
(This, in another way, is what the re-switching 
controversy is about.) But perhaps the reader 
will be willing to accept that most technical 
changes are not infected by this difficulty. It is 
usually possible to give a straight answer to the 
question: would such and such an improvement 
offer a larger, or a smaller, saving in cost if the rate 
of interest were lower? An answer that does not 
depend on the size of the reduction, nor on the 
level of the rate of interest from which it is made. 
This may not be so; but the cases in which it is 
so are surely sufficiently important for us to need 
a classification which applies to them [27, 1973, 
p. 76]. 

Looking again at the case in which the output 
streams are the same, we see that l(r) rises with a 
fall in r when the main cost-saving comes late; 
when the later sectoral ratios (a,Iat) are sys- 
tematically larger than the earlier. It would then 
seem appropriate to say that the improvement is 

49 In our notation the efficiency index is l(r) = 
j(r)Iq* (r*), where q/, (r) is the restricted factor-price 

curve for the old process. 
50 He clearly states that his 1973 classification bears 

no relationship to the 1932 notion of "Hicks neutral- 
ity." See [27, 1973, pp. 182-84]. 
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forward-biased. Similarly, when a fall in r lowers 
l(r), I shall say that the improvement is backward- 
biased. Though the names are derived from the 
case in which the output streams are the same, 
they will serve us well as general descriptions. We 
shall make much use of them in what follows [27, 
1973, p. 77]. 

One warning is appropriate. It is only in 
exceptional circumstances that the factor- 
price frontier for a newly invented process 
will dominate the old factor-price curve 
at every rate of interest. A more realistic 
assumption is that the index I(r) rises as 
the rate of interest falls for all r less than 
some value r, where I(r) = 1. Or, con- 
versely, an invention may be more profita- 
ble only for rates of profits larger than some 
prescribed value. This issue is not of any 
consequence for the uses to which Hicks 
puts his efficiency index (and in his hands 
it becomes a powerful weapon), but others 
should be cautious.51 

In Section VI above we have defined a 
process with a Simple Profile. In addition, 
assume that the length of the utilization 
period is an integral multiple of the length 
of the construction period. Then by defin- 
ing "m weeks" as "one year," we have a 
construction period one "year" in length 
and a utilization period n "years" in length. 
Every economic variable is now defined 
with one "year" as the unit time period, and 
the Simple Profile takes the following 
form :52 

construction utilization 
period period 

years 0 1 to n 
inputs ao a, 
outputs 0 1 
net output -wao 1 - wa1 

[27, 1973, p. 84]. 

All processes considered have Simple Pro- 
files of the above form, and the dynamic 

properties of paths for this Standard Case 
are easy to study in detail. 

In the Standard Case, the equilibrium 
condition ko = 0 takes the form 

w = a, + aort, (33) 

where r,, = r/(1 - RI') 1/n; see equation 
(2). Thus we have 

1(r) = w ao r, + al (34) ;~T aorit+,,~' (4 

and we see immediately that the efficiency 
index I(r) must lie between the two ratios 
(aO/ao) = h and (a*/a1) = H. (Warning: the 
latter H is a constant and should not be 
confused with my previous functional nota- 
tion for the minimum wage frontier.) Clearly 
h measures improvement (cost saving) in 
the construction period, and H measures 
improvement in the utilization period. 

A neutral or unbiased innovation has the 
property that 

h = H=I(r) for all r. (35) 

When h < H, a fall in the rate of interest 
raises I(r) and the innovation is forward- 
biased. Finally, because I(r) > 1 for any 
profitable innovation, Hicks introduces the 
term strong forward bias for the case h < 1. 
A technological invention which is strongly 
forward biased has the property that it must 
be profitable to operate at sufficiently low 
rates of profit. It is very important to realize 
that the definitions of neutrality and bias 
just stated should not be identified with the 
older notions of "neutral," "capital-saving," 
and "labor-saving" innovations [27, 1973, 
pp. 86-87].53 

Our discussion of technological change 
would be incomplete without mentioning 
"Harrod neutrality." If the ratio of profit to 
labor income remains constant before and 
after an innovation, and provided the rate of 
interest remains constant, the shift is termed 
"Harrod neutral." Suppose the new Hicks 51 The issue is clarified in the context of Hicks' 

Standard Case; see [27, 1973, pp. 86-88]. 
52 Every process has a fixed duration of (n + 1) 

weeks. 53 Also see footnote 62. 
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efficiency index is constant so that an inno- 
vation is unbiased, at least over a range in- 
cluding r* and g. Then by definition [27, 
1973, pp. 72-75]54 

C W 
I(g) =c* =I(r) = w* * (36) 

C* W* 

If saving is a constant proportion of in- 
come, 

gv = s(w + rv), (37) 

and combining the accounting relationship 

c+gv=w+rv (38) 

with (37), we derive 

c = w + rv - s(w + rv) = (1-s)(w + rv). 
(39) 

Then, using (36), we find 

c w w+rv 
c* w* w* + rv* 

or 

w w* 
w+rv w* +rv* 

or 

w W 
rv rv* (40) 

The conclusion-that the ratio of wage to 
profit income is constant for unbiased in- 
ventions-is also valid when saving is a 
constant proportion of profit income and 
g Srr. 

Thus, as Hicks states, "From one steady 
state to another the Harrod condition is 
satisfied, for a change in technique which 
exhibits (our) lack of bias. That is how the 
Harrod classification fits in" [27, 1973, 
p. 183].55 

XV. Dynamic Paths and Uncertainty 

We now turn our attention to questions 
of dynamics, to an examination of an econ- 
omy which is not in steady-state equilib- 
rium. The traditional approach proceeds in 
three steps: I) the existence of a steady- 
state equilibrium is established; 2) the 
uniqueness of steady-state equilibrium is in- 
vestigated; 3) starting from arbitrary initial 
conditions, the question of whether or not 
the economy asymptotically approaches a 
(perhaps unique) steady-state equilibrium 
is studied. 

Hicks adopts an alternative approach 
taken in his Capital and growth and con- 
siders an economy which initially is in a 
steady-state equilibrium at a real wage rate 
w* and a rate of interest r*. Thus our atten- 
tion is limited to initial conditions which 
represent a steady-state equilibrium, rather 
than taking arbitrary initial conditions. Then 
at time zero there is an "invention" which 
causes a new technique to become the most 
profitable at the prevailing point (r*, w*), 
Therefore the new process is introduced, 
but the old process also continues to oper- 
ate until it no longer is profitable. In gen- 
eral there may be induced changes in the 
wage rate along the dynamic path the econ- 
omy generates, and such changes may alter 
the selection of the optimal (most profitable) 
technique. It is only under additional re- 
strictions that the economy will move from 
the initial steady state and converge asymp- 
totically to a new steady-state equilibrium. 

Hicks calls the equilibrium path from one 
steady state to another a Traverse, and he 
clearly states that his study of such paths is 
exploratory in nature: 

The task thus outlined is formidable. I do not 
pretend that I have been able to complete it. Most 
of what I can offer is no more than a fairly full 
solution for a quite Special Case, which I shall 
call the Standard Case. Even that, we shall find, 
gives a good deal of trouble. 

It may well be felt that this Standard Case is so 
special as to be uninteresting. It is indeed true 

54 See footnote 49. 
55 See Hicks for a discussion of an important differ- 

ence between "Harrod neutrality" and Hicks' new 
definition of an unbiased innovation [27, 1973, p. 74]. 
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that it excludes complications, which have re- 
ceived much attention, and to which attention has 
been given in the earlier chapters of this book. 
It is a narrow front on which to advance. It may 
nevertheless be claimed that on that narrow front 
we can advance a long way. As a general theory, 
it is clearly inadequate; but as an instrument of 
exploration, it will serve [27, 1973, p. 82].56 

Since we are no longer concerned only 
with steady-state equilibria, we must rec- 
ognize that the future is uncertain. If one 
wishes to avoid all problems of uncertainty, 
there is an alternative, the favorite alterna- 
tive for optimal control theorists, but it is 
one which Hicks explicitly rejects: 

There is indeed an alternative-the sequence 
which is based on correct expectations, expecta- 
tions of the wages and interest which in the course 
of the Traverse will be realized. But the place of 
this is in optimum theory; and that is not the kind 
of theory with which in this book we are con- 
cerned. In positive economics we must not endow 
our actors with perfect foresight; for to do so 
would abolish Time, which is our subject [27, 
1973, p. 172]. 

We must deal with uncertainty in some 
manner, and its presence is a severe com- 
plication in most all economic models. The 
way is opened for a host of important ques- 
tions: What is the appropriate definition of 
"equilibrium," both for a single period and 
for a time sequence of periods? What is the 
probability distribution for an expected 
event or an expected price? How do eco- 
nomic agents behave when faced with risk, 
and how do they revise their expectations 
as actual events unfold over time? 

A discussion of these and other related 
issues, however interesting and important 
they may be, would lead us far astray from 
our central theme. We will not discuss the 
general problem of "decision-making under 
uncertainty," but rather follow Hicks and 
circumvent problems associated with un- 

certainty in a most straight-forward man- 
ner: 

Since each individual process extends over 
time, the choice should in general depend on ex- 
pected wages as well as on current wages; but as 
I have previously explained, I shall in this book 
leave that complication out of account. I shall as- 
sume static expectations-that the wage that is 
ruling at time T is expected to remain unchanged, 
at least so long as the processes started at time T 
are expected to continue. Since these expecta- 
tions are "wrong," the path that is chosen will not 
be an optimum path; it may sometimes behave in 
curious ways that are to be attributed to its non- 
optimality. But in positive economics it has its 
place; there is no simple assumption which throws 
more light on the kinds of things that are likely to 
happen [27, 1973, p. 110].57 

Of course static expectations is an ex- 
treme case of the familiar adaptive expec- 
tations mechanism. Alternatively, we may 
postulate that price forecasts are derived 
from more sophisticated behavior as ex- 
emplified by rational expectations in J. F. 
Muth [34, 1961] or by William A. Brock 
[3, 1972]. Space does not permit a discus- 
sion of such alternative specifications which 
allow a much more satisfactory treatment 
of uncertainty. 

XVI. Stability with a Fixed Wage Rate 

it is now apparent why the Fixwage 
model is so convenient. Since the wage rate 
is exogenous, it remains constant at w* (the 
old equilibrium value) no matter how the 
feasible technology may change through 
inventions. Consequently, the new optimal 
process 

n periods 

{(at, bt)}t=0 = {(aO, 0), (a1, 1), . (a1, 1)} 
is immediately determined from the factor- 
price frontier of the new (post-invention) 
technology. With free entry of firms, capi- 
tal markets adjust instantaneously (or at 
least within one period) to equilibrium, and 56 Two of the most important simplifications under 

the Standard Case are 1) reswitching is impossible. 
and 2) once a project is started, it will never be trun- 
cated, provided the wage rate is less than (1/a,) and 
(I - wa,) is positive; [27, 1973, p. 83]. 

57 For Hicks' views on the uncertainty issue in a 
similar context, see [25, 1965, pp. 69-72]. 
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the new rate of interest, also determined 
from the factor-price frontier, is 

r= F(w*). (41) 

This value of r will render the present dis- 
counted value of the new process equal to 
zero. And now, with w and r fixed at their 
new equilibrium values, predictions based 
on static expectations prove correct. 

With the labor supply completely elastic, 
there is no question of full employment in 
the Fixwage model. However, there is an 
analogous concept which Hicks calls Full 
Performance [27, 1973, p. 52]. Recall that 
XT-t denotes the number of processes 
started t periods ago; XT is the number of 
starts in the current period.58 If we take past 
starts XT-n, . . ., XT1 as given, the number 
of new starts determines the actual number 
of workers employed in the current period; 
see equation (8a). The highest value of XT 

consistent with current saving sets an upper 
limit for economic activity and defines Full 
Performance. 

At Full Performance the rate of starts is at its 
maximum-at the maximum permitted by the 
share of current output that is not absorbed by 
consumption out of wages paid to labour engaged 
on old processes, and not absorbed in consump- 
tion of other kinds. So at Full Performance activ- 
ity is limited by saving -just as, the older econo- 
mists (classical economists in the usual sense, not 
specifically in Keynes's sense) supposed it to be 
[27, 1973, p. 52]. 

One additional relationship-an assump- 
tion about total saving-is required to 
complete the system, and Hicks chooses a 
convenient, albeit unusual, method: 

What is fairly easy, in the present case, is to 
make the other assumption that was mentioned 
in Chapter V -that the Take-out (Q T), considered 
as "consumption out of profits," is unaffected by 
the change in technique. It is the same as it would 
have been if the change had not occurred. In 
order to get the effect of the change, we must 
compare what actually happens with what would 
have happened otherwise; that is to say, we com- 
pare the actual path with a continuation of the 

old path, the reference path we may call it. We 
shall thus assume that QT== QT, where QT is the 
take-out at time T on the reference path [27, 
1973, p. 90]. 

As Hicks notes, his assumption that con- 
sumption out of profit income remains con- 
stant is reasonable enough when total 
profits first change, but it is "rather ridicu- 
lous" after profits have changed substan- 
tially [27, 1973, pp. 90 and 95]. He argues, 
however, that the results he has proved 
probably remain substantially valid, al- 
though the system would converge to a new 
steady-state with a lower rate of growth 
[27, 1973, pp. 96-97]. 

The Traverse is divided into three parts: 
1) The Preparatory Phase, during 

which new machines are constructed, but 
still produce no output. This is period 1 in 
the Standard Case. 

2) The Early Phase, during which both 
modern machines and pre-invention ma- 
chines produce output. This phase lasts 
from periods 2 to (n + 1). 

3) The Late Phase, starting in period 
(n + 2), during which pre-invention ma- 
chines no longer exist (remember they were 
not produced after the invention and have 
a lifetime of n periods), and all output is 
from modern machines. 

The paths of employment and output de- 
pend upon the parameter h. If h ' 1, em- 
ployment and output grow faster than on 
the reference path (for n ' 1), and they con- 
verge asymptotically to a path with a growth 
rate r, the new equilibrium rate of interest. 

If, however, h < 1 -if the invention is 
strongly forward biased in Hicks' language 
-output and employment fall compared 
with the reference path. Eventually the 
actual path intersects and then rises above 
the reference path, converging again to a 
path with growth rate r. Hicks provides 
proofs of these results in a mathematical 
appendix, and for his Fixwage model, the 
conclusions do not depend upon the Stand- 
ard Case assumptions. However, conver- 
gence to a steady-state equilibrium path 58 See Section VII. 
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does depend upon an assumption that con- 
structional labor requirements do not in- 
crease between any two periods in the pre- 
paratory phase [27, 1973, pp. 205-210]. 
Without such a restriction, the economy 
may converge to a cycle -at least that pos- 
sibility has not been ruled out. 

XVII. The Question of "Ricardo on 
Machinery" 

The effects on labor due to the introduc- 
tion of a new (more roundabout? more 
mechanized?) process has been a subject 
of debate since at least the early 1800's. 
The third edition of Ricardo's Principles 
contains his famous chapter entitled "On 
Machinery," where he takes the position 
that the introduction of machinery could 
have an adverse effect on employment in 
the short run.59 Wicksell, however, stated 
that Ricardo's argument was "erroneous."60 
In particular, he asserted that Ricardo's 
position is "theoretically untenable" and 
that, "A diminution in the gross product, 
or in its value (assuming, as before, that 
prices of commodities are given and con- 
stant), is scarcely conceivable as a result of 
technical improvements -under free com- 
petition" [51, 1934, p. 137]. But this criti- 
cism results from a simple misunderstand- 
ing of terminology. Ricardo's statement 
that "gross revenue" may fall in the short- 
run should be interpreted as the valid as- 
sertion that the demand for labor (and also 
the final output of consumption goods) 
temporarily may be diminished due to the 
introduction of machinery. Wicksell's con- 

clusion that an innovation must increase 
the economy's potential output (i.e., the 
outputs of consumption plus investment 
goods which may be produced) is correct; 
thus if employment is maintained, the ac- 
tual output of consumption plus investment 
goods must increase, although its distribu- 
tion may be changed. However, these 
conclusions in no way contradict Ricardo 
once his peculiar language is properly un- 
derstood.6' 

The logically possible effects of an inno- 
vation on labor were clarified further by 
A. C. Pigou and Hicks in 1932. Pigou 
showed that an innovation might decrease 
the absolute level of the real wage rate, 
a case which is now called an "absolute- 
labor-saving invention" [37, 1932]. Hicks 
generalized this concept and demonstrated 
that workers could be harmed by an in- 
vention in the sense that the ratio of total 
wage to profit income may fall, the case 
now termed a "labor-saving invention" 
[24, 1932; 11, Burmeister and Dobell, 
1970, Chapter 3, pp. 68-69].62 Ricardo was 
essentially correct. 

In 1969 and 1973, Hicks has again come 
to Ricardo's defense, but for entirely differ- 
ent reasons [26, 1969, pp. 151-54 and pp. 
168-71; 27, 1973, pp. 97-99]. The 1973 
Hicks Fixwage model provides almost an 
exact replication of Ricardo's assump- 
tions; the real wage rate is fixed, labor 
supply is perfectly elastic, and employment 
(g) varies positively with saving.63 Thus 

59See Chapter XXXI in Ricardo [38. 1911]. With 
the real wage rate fixed, a reduction in employment 
is equivalent to a reduction in the total wage bill. 

It should be noted that the neo-Austrian and Ri- 
cardian models are completely aggregative; when an 
"innovation" occurs, it is in fact a "technological 
revolution" influencing the whole economy. Innova- 
tions solely at the firm or industry level involve micro- 
economic effects which need not lead to dramatic 
changes in the equilibrium values of macro-economic 
variables. 

64 See Wicksell [51, 1934, pp. 133-44, especially p. 
135]. 

61 Likewise Ricardo's term "net incomes" is what 
we mean by "profits," etc. 

62 There, a classification of technological change is 
given, and it is shown that a particular innovation 
may be labor saving along one time path, but labor us- 
ing (capital saving) along a different path. The notion 
of a "labor-saving invention" becomes precise only 
if we agree to limit our attention to a certain class of 
paths, e.g. time paths along which the capital-labor 
ratio remains constant. 

63 For this model the long-run effect of an invention 
is clear. Since g = srr, Sr is fixed, and r must rise after 
an innovation, it follows that g and hence the total 
wage bill must rise. But, as stated in the previous sec- 
tion, the short-run effects of an innovation depend on 
the parameter h [27, 1973, p. 98]. 
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we have Hicks' most recent interpretation 
of Ricardo: 

I think we must remember how the problem 
presented itself to him. He was becoming con- 
scious of the Industrial Revolution; rather late, 
some would say, but no one, at that depth, had 
thought it out earlier. What, in that context, he 
will surely have had in mind is not "improved 
machinery" (though he says "improved machin- 
ery") but the introduction of machinery: the in- 
troduction of a strongly fixed-capital-using tech- 
nique in place of one which, as an approximation, 
could be regarded as circulating-capital-using 
only. The latter, in terms of our model, would be 
represented by a profile in which a* and a* were 
much the same. To pass from that to a technique 
in which fixed capital was substituted for circu- 
lating must involve a rise in the "constructional" 
or preparatory coefficient (aO > a*, so that h < 1). 
The introduction of machinery must, almost in- 
evitably, be a switch with a strong forward bias. 
May it not be that this is what Ricardo (mainly) 
meant? [27, 1973, pp. 98-99]. 

There is another aspect of this debate 
which seems more important than whether 
or not h exceeds unity.64 A crucial feature 
of Ricardo's work is the existence of a 
single primary factor, land. If the wage 
rate is fixed at w = w*, there will still 
exist a curve which represents the possible 
steady-state equilibrium values of the 
profit rate, r, and the competitive real 
rental rate on (homogeneous) land, 7T. 
Denote this function by 

r = r; w*); (42) 

the vT- r curve is downward sloping with 

ar |*< 0. (43) 
a7r w * 

We know that any viable invention must 
shift this curve outward, but, without 
additional assumptions, no more can be 
predicted about the post-invention steady- 
state equilibrium. Now suppose, as Samuel- 
son does in his exposition of Ricardo, the 
profit or interest rate is also fixed at a level 
r* [39, 1959; 40, 1959, especially pp. 

227-28]. Clearly with these restrictions 
an invention must raise 7T, the real rental 
rate for land. 

Apparently Hicks had this fact in mind 
when later in Capital and time he again 
comments on Ricardo: 

One can perhaps go a little further. When the 
theory of this chapter is re-thought in Ricardo- 
Mill terms, it suggests an interesting conclusion. 
For wages we are now to read rents. What we 
shall then learn from our Principal Proposition is 
that induced invention, though it may very 
probably cause a fall in rents in the short run, 
must in the longer run raise them. The same will 
apply to any autonomous invention, which raises 
the rate of profit. It will thus apply to any "eco- 
nomically desirable" improvement, even (for 
instance) to Free Trade in Corn. All the gains 
from the efforts of business men and inventors- 
and even of economists-must ultimately go 
nowhere else but into the landlord's pocket.1 

(1 As an owner of building land, if not of agri- 
cultural!) [27, 1973, pp. 123-24]. 

One must interpret these words with 
great care. While Hicks' exegesis of Ri- 
cardo is correct, the conclusion is surely 
false if both labor and land are treated as 
primary factors, fixed in supply, and if the 
rate of interest is not fixed. With this 
alternative formulation of a Ricardian 
model, equation (42) becomes 

r F(iT, w), (44) 

which defines a factor-price frontier sur- 
face when the fixed quantities of labor and 
land are both fully employed.65 An inven- 

64 Note that the possibility h > 1 is not logically 
precluded. 

65 Processes which involve joint production in an 
essential manner-as discussed in section IV-must 
again be ruled out if all steady-state equilibrium points 
(rr, w, r) are to lie on the surface r = F(rr, w). We have 
seen that the production of older machines jointly 
with new output usually does not necessarily alter the 
conclusions derived from a model in which there is 
no joint production. 

Note, however, the qualification that the two 
primary factors are fully employed simultaneously 
is a strong restriction if the technology contains only 
a few feasible processes with fixed coefficients. For 
example, consider production processes of one- 
period duration, and suppose it takes 1 worker+ 1 unit 
of land + 1 unit of "capital" to produce 1 unit of final 
output ("consumption"). Suppose also 1 unit of "new 
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tion must again shift the frontier outward, 
but now there is an extra degree of free- 
dom; it is possible that the new wage rate 
may rise while both r and ir fall. And, con- 
trary to the last quotation from Hicks, 
such an invention most definitely is 
"economically desirable" and would be 
ilitroduced under pure competition. 

In summary, the incidence of an inven- 
tion cannot be easily determined without 
restrictive assumptions. Hence I am in 
complete agreement with the concluding 
sentence of the Hicks' text: "A reminder 
that the Distribution of Income is not, in 
the short-run, a well-founded economic 
concept is perhaps not the least important 
point which has emerged from our en- 
quiry" [27, 1973, p. 184]. But I wish to 
add that the long-run problem is only 
slightly easier! 

XVIII. Stability in the Full 
Employment Model 

An analysis of the dynamic behavior in 
the Full Employment model is much more 
difficult than in the Fixwage model because 

the real wage rate may vary, and, accord- 
ingly, changes in the real wage rate can 
induce switches in the optimal (i.e., most 
profitable) technique along the full employ- 
ment path. The assumption of static price 
expectations was quite acceptable for the 
Fixwage model since the expectations are 
fulfilled (except for an initial jump in the 
rate of profit). The problem of expectations 
is vital for the full employment model 
because it is the expected values of wt and 
rt which should be used to calculate the 
expected present discounted value of a 
process, and the expectation mechanism 
has a crucial influence upon which new 
techniques are introduced. 

The general problem is almost in- 
tractable, and Hicks first studies the 
Traverse from one given (old) technique 
to another given (new) technique. I too 
will confine my attehtion to this special 
case for the moment. 

Table 1 illustrates two trailsitions, both 
beginning from a steady-state equilibrium 
with a two-period process 

{(a*, b*)}L0o = {(2, 0), (2, 1)} (45) 

for an economy with a fixed labor supply 
of 4 workers (g = 0). First consider transi- 
tion A, a Traverse to a new steady-state 
equilibrium using the process 

{(at, bt)1}0= = {(1, 0), (1, 1)}. (46) 

Because h = al/ao = H = a*Ua1, the innova- 
tion is neutral; the number of workers 
displaced from the old process (which is 
abandoned) are exactly equal to the num- 
ber of workers hired during the construc- 
tion period for the new process. Note that 
the transition to the new steady-state 
equilibrium actually is completed in two 
time periods. 

Transition B uses the new process 

{(at, bt)} t=o= {(2, 0), (1, 1)} (47) 

withh= 1, H= 2, and ao =2 a1= 1. The 
economy follows a full-employment path 
which asymptotically approaches a new 

capital" (a new machine) can be produced by 1 worker 
alone. Assume the machines ("capital") employed to 
produce the consumption good are exhausted during 
the single production period. With labor and (or) land 
fixed in supply, the only feasible steady state is sta- 
tionary with a growth rate g = 0. But if the technology 
consists only of the two processes just described - 
i.e. the single process to produce the consumption 
good and the single process to produce the capital 
good -then both labor and land can be fully employed 
in steady-state equilibrium only if the (fixed) number 
of available workers is exactly twice the (fixed) 
number of units of available land. When labor to land 
supplies stand in any other proportion, either (but not 
both) the equilibrium real rental rate for land X or the 
equilibrium real wage rate w is zero because that 
factor will be in excess supply. However, these com- 
plexities only serve to underscore my main conclu- 
sion and do not detract from its validity. 

[The problem of zero factor prices may be avoided 
if the feasible technology set contains a sufficient 
number (perhaps infinite as in the neoclassical case) 
of alternative techniques and "substitution" is there- 
fore possible; this condition may also be expressed in 
terms of some strict convexity restrictions on the 
feasible technology set.] 
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TABLE 1 
Transition A (a) (b) (c) (d) (e) (f) (g) (h) (i) (U) (k) 
Old Equilibrium 2 1 2 1 0 0 0 0 4 1 1/8 
Period O 0 0 2 1 2 2 0 0 4 1 1/8 
Period 1 = New Equilibrium 0 0 0 0 2 2 2 2 4 2 1/8 

Transition B 

Old Equilibrium 2 1 2 1 0 0 0 0 4 1 1/8 
Period O 0 0 2 1 2 1 0 0 4 1 1/8 
Period I 0 0 0 0 3 3/2 1 1 4 1 1/8 
Period 2 0 0 0 0 5/2 514 3/2 3/2 4 3/2 1/4 
Period 3 0 0 0 0 11/4 11/8 514 514 4 5/4 3/16 

Period t 0 0 0 0 4-Ct (4-Ct)12 Ct Ct 4 Ct (Ct-2)/4 
New Equilibrium 0 0 0 0 8/3 4/3 4/3 4/3 4 4/3 5/24 

where Ct = 2[1-! + (!)2-(1)3 + (24 + . . . + (-I)t(i)t] and lim Ct = 2[(4/3) - (4/6)] = 4/3. 

Explanation of columns: 
(a) Workers producing machines of old type 
(b) Output of machines of old type 
(c) Workers producing consumption goods using old machines 
(d) Output of consumption goods using old machines 
(e) Workers producing machines of new type 
(f) Output of new machines 
(g) Workers producing consumption goods using new machines 
(h) Output of consumption goods using new machines 
(i) Total employment = (a) + (c) + (e) + (g) 
(j) Total output of consumption goods = (d) + (h) 
(k) The real wage rate w, = (Bt - Qt)/A, = [(j) - 2] /4, where the "Take-out" QI is set at 2. 

steady-state equilibrium. Because h= 1, 
the transfer of workers to the production 
of new machines does not create any fall 
in final consumption output along the full 
employment path. Consumption remains 
constant during periods 1 and 2, and it 
then begins to increase and asymptotically 
approaches its new steady-state value (4/3). 
The time pattern of the wage rate depends 
on the value of the Take-out; assuming the 
latter is constant at 1/2, the wage rate 
first remains constant, then falls, and 
finally rises asymptotically to its new 
(higher) equilibrium value, as indicated in 
column (k) of Table 1. 

These two examples are simple enough. 
The situation is more complicated when 
h < 1(a * < ao) - the case of a strong for- 
ward bias. Consumption must initially fall 

along a transition path to the new steady- 
state equilibrium. As we have learned to 
expect, Hicks provides a verbal explana- 
tion of this result to reinforce the mathe- 
matical proof in the appendix [27, 1973, 
pp. 103-107 and pp. 189-98]. Space 
limitations preclude a discussion of this 
case here. 

A full-employment transition is not 
always possible. Consider, for example, 
a simple two-period example with a fixed 
labor force L. Since the old process is 
abandoned after the innovation, workers 
are employed only on new machines after 
period 0. Thus for periods 1, 2. . , the 
full employment condition is 

aOXT+l + alxT L (48) 
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where x0 is an initial condition. Equation 
(48) may be rewritten as 

XT+1 
L a XT (49) 

or 

XT+1 = a + /3XT. (50) 

Clearly (50) has a steady-state solution 

XT = XT+1 =X +al (51) 

The system is stable and the new steady 
state is approached asymptotically if 

lim XT=X. (52) 

But the solution to (50) is 

XT= a[l + +S+.2 . . +1T-1] +fTXO. 

(53) 

Now provided-I < 8 < 1, 

lTiM [1 +: /+ 182 + . + 8T-1]= l 
T-3.ci/ 

(54) 

lim f3Txo = 0, (55) 

and 

a L/ao L 
T-x T 1- - + (al(ao) ao+ a 

Therefore the condition 

-1 <_a 
ao 

or 

ao > a, (56) 

is sufficient. Moreover, this condition is 
also necessary except in the razor's edge 
case when ao = a1 and xo = X. This excep- 
tion is possible for neutral innovations, as 
exemplified above by transition A; in all 
other cases the condition ao > a1 is neces- 
sary as well as sufficient.66 

It is important to understand that when 
a, < al, Traverses from the old steady- 
state equilibrium to a new equilibrium do 
exist, but none of them has the property 
that workers are fully employed for every 
period along the path. In more complicated 
models there may not exist any transition 
paths from an equilibrium using one tech- 
nique to another equilibrium using a differ- 
ent technique. But the existence of feasible 
transition paths for the neo-Austrian 
model is not an issue; it is always possible 
to achieve a new steady-state equilibrium 
in (n + 1) production periods.67 

XIX. Substitution and Dynamic 
Reswitching 

Every physical quantity along a Traverse 
is known in the Full Employment model. 
It is the specified properties of the tech- 
nology, combined with the assumption 
that there is no unemployment of labor, 
which determines the entire time paths 
for such variables as the number of new 
starts, the number of workers employed 
on machines of various ages, and, most 
importantly, the final output of consump- 
tion goods. The questions of production 
and distribution are quite independent 
along a Traverse between two given tech- 
niques. 

An assumption about saving is required 
to determine the path of the real wage rate 
and, consequently, the distribution of final 
consumption goods. Since expectations 
are static, at any moment in time the 
equilibrium rate of profit must be such that 

66 Hicks also considers more general processes than 
the Standard Case, and he proves i) that a Full Em- 
ployment model will converge provided ao > a, > 

a, > . .. > a,,, and ii) the restriction a, > a,, is neces- 
sary. See [27, 1973, p. 136 and pp. 205-2 10]. 

67 For example, consider a path (starting from the 
old equilibrium position at time zero) along which all 
workers are employed only on the new process and 
the rate of starts is set at its new steady-state equi- 
librium value. Given the triangular structure of the 
neo-Austrian technology discussed in Section II, the 
capital equipment appropriate for the new steady- 
state equilibrium can be attained in (n + 1) production 
periods. Thus the path described provides one feasible 
transition from the old to the new steady-state 
equilibrium. 
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the present discounted value of the new 
process equals zero. Almost any saving 
behavior will suffice to form a logically 
complete model. 

The situation is complicated consider- 
ably when we allow for the possibility that 
the optimal technique-that is, the tech- 
nique used for new starts-may change 
because the real wage rate changes. But 
now the questions of production and dis- 
tribution are both linked to saving behavior 
because saving influences what technique 
is optimal in the final steady-state equilib- 
rium position when the real wage and 
interest rates have converged to (perhaps) 
new values. The assumption that saving 
is a constant proportion of profit income 
provides an easy example, for then the 
rate of profit in the final equilibrium must 
equal its original (pre-invention) value and 

r= r* = g/sr.68 (57) 

Since the factor-price frontier must shift 
outward with an innovation, we also con- 
clude that the real wage rate must have 
risen (w > w*). 

Hicks argues that the existence of many 
alternative techniques which may be used 
along a dynamic path-that is, the pos- 
sibility of "substituting" one process for 
another-has a predictable influence: 

The function of substitution, in an expanding 
economy, is to slow up the rises in wages that 
come from technical improvement; but the effect 
of the retardation is to stretch out the rise, making 
it a longer rise, so that a larger rise, than would 
otherwise have occurred, is ultimately achieved. 
That is the Principal Proposition I am advancing 
in this chapter. It is surely an important proposi- 
tion, perhaps the most important in all this book. 
But it has taken a long series of specializing as- 
sumptions for it to be reached. It is only on the 
basis of those assumptions that we have estab- 
lished it. On more general assumptions it will 
probably be subject to exception, or at least to 
qualification. Something should be said on pos- 

sible qualifications before going further [27, 
1973, P. 115]. 

None of this changes our proposition seriously; 
the main effect of substitution, in a growth 
process, appears as stated. But what would 
happen if we went outside the Standard model? 
That is a large question, which I am quite unable 
to discuss at all adequately; it may however be 
suggested that the specialized assumptions of that 
model may not, after all, have been so restrictive, 
The Efficiency curve diagram is not in itself de- 
pendent on the Simple Profile assumption; it is 
indeed so general that it makes little use of our 
general "Austrian" assumption of the separable 
processes [27, 1973, p. 116]. 

Complications can arise because, in gen- 
eral, "reswitching" is possible not only as 
we have defined it (see Section VI above), 
but also in the following sense. Consider 
an economy in steady-state equilibrium 
using technique a, and then suppose two 
new techniques are invented, A and y. It 
is possible that the economy may follow 
a dynamic path along which technique ,B 
is used first. There is then a "switch" to 
technique -y, and, finally, a "reswitch" 
back to technique /3, which is optimal in 
the final steady-state equilibrium. I will 
call the later behavior dynamic reswitching. 
[Warning: "Dynamic reswitching," which 
occurs along a time path, is not the same 
as the ordinary reswitching defined in 
Section VI, which involves only steady- 
state comparisons. An economy exhibiting 
ordinary reswitching may or may not also 
exhibit dynamic reswitching, depending 
upon the saving behavior and other as- 
sumptions.] 

Clearly, dynamic reswitching contradicts 
the assertion that the possibility of sub- 
stitution results in a higher real wage rate 
than would have been possible otherwise; 
in the example stated, the real wage rate 
attained in the final equilibrium position 
is that appropriate to technique /3, and it 
is no higher because technique y exists. 
Hicks rejects this possibility: "It seems 
safe to regard the exception, just defined, 68 See Hicks [27, 1973, pp. 112-13]. 



Burmeister: Neo-Austrian and Alternative Approaches to Capital Theory 441 

as so extreme that it can be disregarded" 
[27, 1973, p. 118]. 1 remain skeptical.69 

XX. A von Neumann Interpretation 
of the Neo-Austrian Model 

It is well known that the cost of produc- 
tion for a commodity in a static Leontief 
model can be expressed "as the sum of 
direct labor congealed in an infinite number 
of previous stages" where "if we insist on 
giving a calendar-time interpretation we 
must think of the Gaitskell process as 
going backward in time and the Cornfield 
process as showing how much production 
must be started many periods back if we 
are to meet the new consumption targets 
today" [18, Dorfman, Samuelson, and 
Solow, 1958, pp. 253-54]. The reswitch- 
ing controversy has involved different 
capital models, but many have structures 
which are logically equivalent.70 In par- 
ticular, if there are goods that take more 
than a single period to produce, one can 
either 1) calculate the price relationships 
directly, or 2) treat "goods-in-process" of 
different ages as different goods [7, Bruno, 
Burmeister, and Sheshinski, 1968, pp. 
529-30]. Although the Leontief-Sraffa 
formulation excludes joint production, 
goods which require more than one produc- 
tion period and which do involve joint 
production can still be treated by the 
procedure of identifying "older machines" 
as different commodities; but now we must 
do so in a context which does admit joint 
production, as do models of the von 
Neumann type [33, Morishima, 1969, pp. 
9 1-94]. 

Our understanding both of the neo- 
Austrian model and of the von Neumann 
method will be deepened by studying a 
simple example. Consider the process 

{(at, bt)}t=o = {(ao, 0), (a1, b1), (a2, b2 = 1)}. 
(58) 

The present discounted value of this 
process (for a given real wage and interest 
rate) must equal zero if there is free entry 
and if capital markets are to be in equilib- 
rium. Here we will take an alternative 
approach and will treat "goods-in-process" 
as different goods. 

Before proceeding, two observations are 
important. First, if a1 $& a2 or if bi # b2, the 
process described by (58) violates the 
assumptions of Hicks' Standard Case. 
Second, since the process terminates at 
the end of the third production period, we 
may set b2 = 1, or, alternatively, we may 
modify the price normalization introduced 
below and define a "consumption basket" 
containing b2 units of consumption goods. 

We now interpret the production process 
described by (58) as a von Neumann 
model.71 Activity 1 produces 1 new ma- 
chine from ao workers employed for one 
period. Let the price of such a new machine 
be Pl; the equilibrium price must equal 
the unit cost of production. But since wages 
are paid at the end of the period (see 
Section III), 

Pi = wao. (59) 

Activity 2 produces b1 units of final 
consumption goods jointly with one "one- 
year-old machine" (a machine which has 
been operated for one period) by employ- 
ing a labor input of a1 workers, for one 
production period, together with one new 
machine. Let P2 be the price of a one-year- 
old machine. In equilibrium its price must 
equal the cost of "producing" a one-year- 
old machine, minus the value of any 

69 Morishima's discussion of technological inven- 
tion and "trigger effects" is relevant to this issue; see 
Morishima [32, 1964, pp. 1 16-22]. 

70 See Section II, "Alternative Discrete Capital 
Models," in Bruno, Burmeister, and Sheshinski [6, 
1966, pp. 528-31]. 

71 Strictly speaking, von Neumann did not allow 
either primary factors such as labor or final con- 
sumption, but this detail is of no consequence for our 
discussion. The model discussed in this section, 
which is elaborated in the Appendix, could be pre- 
sented within the framework of Malinvaud's pioneer- 
ing work [29, 1953; 30, 1962], but the von Neumann 
method has more structure and its economic in- 
terpretation is better suited for our purposes here. 
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consumption output created jointly by the 
process. Thus 

p2 = wa1 +p1(1 + r)-p3b 
= wa1 + pl(1 + r) -b 

(60) 

where we may select the consumption 
good as our numeraire commodity and set 
p3 = 1. Note that pl(1 + r) reflects the 
original price plus interest on one new 
machine, which must be purchased at the 
beginning of the production period. 

Finally, activity 3 uses a2 workers plus 
one one-year-old machine to produce one 
unit of final consumption goods. We may 
assume either that the one-year-old ma- 
chine is completely exhausted by activity 
three, or that a two-year-old machine -one 
which has been operated for two produc- 
tion periods-cannot be used in any other 
production activity and consequently is 
worthless. Either interpretation leads to 
the same equilibrium condition for activity 
3: 

p3 =l=wa2 + p2(l+ r). (61) 

What do equations (59), (60), and (61) 
imply? We may proceed sequentially and 
first substitute the value for Pi given by 
(59) into (60); this yields 

wal + wao(1 + r) =P2 + bl. (62) 

We then solve (62) for P2 and substitute 
the result into (61): 

=wa2 + [wal + wao(I * r) - bl](I + r). 
(63) 

Finally, we rewrite (63) and find 

1 +b1(I +r)=wa2+wal(I +r) +wao(I +r)2 

or 
1 + bi - wa2 + wal + 

(1 +r)2 (1+r) (1 +r)2 (1 +r) 
or 

O = [0-O +- [ - 
l + wal + I1 - w 

(+ r) 1 (I3+r)2 
(63a) 

But (63a) is equivalent to Hicks' equilib- 
rium condition that the present discounted 
value of the production process (58), ko, 
must equal zero! (See equation (2) in 
Section I I I.) 

It is evident that the interpretation just 
described is valid for any process {(at, 
bt)}t=O, as discussed in Section II. How- 
ever, some care must be taken when we 
write the system in the usual vector- 
matrix notation for a von Neumann 
model. The input matrix is 

La al a*2 

0 1 0 ~~~~~(64) 

LO 0 

Columns represent activities 1, 2, and 3, 
respectively, and rows represent the 
inputs required to operate the respective 
activities at the unit intensity level. Such 
labor requirements are designated by the 
row vector Ao = (ao, a,, a2), while rows 1, 
2, and 3 of the matrix A represent require- 
ments of new machines, one-year-old 
machines, and consumption goods, re- 
spectively. Row 3 of A is (0, 0, 0) because 
consumption goods are not inputs for any 
production activity. 

The corresponding output matrix is 

-1 0 O- 
O 1 0 =B. (65) 
O0 bi I 

An element bij of B represents the output 
of commodity i from the j-th activity 
operated at the unit intensity level. Note 
that activity 2 involves joint production; 
one-year-old machines and consumption 
goods are produced together. 

Let the row vector 

P =(Pl P2 1) 

designate the prices defined previously. 
In a steady-state equilibrium (when com- 
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modities 1, 2, and 3 are produced in posi- 
tive quantities), if all three activities are 
operated at positive intensity levels, then 
the von Neumann inequalities 

wA + p(l + r)A pB (with p O, p = 0) 
(66) 

are replaced by equalities and the condition 

wAo=p[B-(l+r)A] (with p >0) 
(67) 

must be satisfied. Provided [B - (1 + r)A ]-1 
exists, we may calculate the equilibrium 
price vector 

p = wAo[B - (1 + r)A]-1. 

For this example, 

[B - (1 + r)A]- = 

ity 2 involves the joint production of one- 
year-old machines and consumption goods. 
The appropriate value of a one-year-old 
machine therefore must reflect its value, 
properly discounted, in the production of 
consumption goods using activity 3. Thus 
combining (71) and (72) we can derive 

wbla2 _ wao(1 + r) 
1 + bl(1 + r) 1 + b,(l + r) 

wal 
1 + bl(l + r) 

= 1 +1a_ r l+r I1 + bli( + r) 

(68) or 

wa2 + wbla(l + r) 
1 (1 + r) (1 +r) 

P2 1+ r 1l+bl(l+r) 

(71) 

(1 + r)2 
1 + bl(1 + r) 

(1 +r) 
1 + bl(1 + r) 

0 +b( +r) 
l+lr +bl(l+r) l+(l+r) 

and we find, from (68), that 

P1 = wao, 

wao(l +r) + wal 
P =1 + b(l +r) 1 + b(1 +r) 

_ wbla 
1 + b(1 +r)' 

and 

wao(1 + r)2 wal(l + r) 
P=3 1 l+ bl(l+r) 1+bl(l +r) 

+ wa2 
1 + bl(1 +r)' 

Clearly (59) and (70) are identical, and 
it is quickly verified that (72) is equivalent 
to (63) or (63a). But what are we to make 
of (71)? The mathematical operation of cal- 
culating [B - (1 + r)A]-1 tends to obscure 
the economic meaning of the production 
process; equations (71) and (72) must be 
considered simultaneously because activ- 

or 

1 wa2 
P + r 1 +r +r (69) 

(73) 

Now, just as (60) explains the equilib- 
rium price of a one-year-old machine in 
terms of "cost," (73) tells us that the price 
p2 must equal the present discounted value 
of the future net output which a one-year- 

(70) old machine can produce. To prove the 
equivalence of these two interpretations, 
take (72) and derive 

1 + bl( +r) = wao(1 + r) +wal( +r) + wa 

or 

l1 + i=wao(\ +_r)_+wfi+ Wax + bl = wao(1 + r) + wa, + W- l+rIr 

(72) or 

1 +bl- iw - wao(1 + r) + wa. (74) 1+r 1+r 

Then combining (73) and (74), we obtain 

P2 + bl = wao(1 + r) + wal, (75) 

which is identical with (62). 
Several important conclusions emerge 

from this discussion: 
1) The alternative interpretations of 

(1 +r) 
1 + bl(1 + r) 

1 + (l + r) 1 + bl(1 + r) 
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the pricep, are analogous to Hicks' forward- 
looking and backward-looking measures of 
capital.72 These two measures must be 
equal in a steady-state equilibrium [27, 
1973, p. 23 and p. 167]. 

2) We can now appreciate the Hicks' 
remarks, quoted earlier, about the von Neu- 
mann model: 

the categories with which it works are not very 
recognizable as economic categories; so to make 
economic sense of its propositions translation is 
required. One has got so far away from the regu- 
lar economic concepts that the translation is not 
at all an easy matter [27, 1973, p. 6]. 

Hopefully this simple example helps pro- 
vide an appropriate translation of a few 
economic concepts. 

3) The neo-Austrian model is a very 
special case of a general von Neumann ap- 
proach.73 

4) The "new machine" produced by 
activity 1, as well as the "one-year-old 
machine" produced by activity 2, may be 
purely fictitious in nature [33, Morishima, 
pp. 91-94, especially the bottom of p. 92] . 

5) Even if machines do exist in a physi- 
cal sense, there need not be any market for 
them. Nevertheless, a firm operating the 
process described by equation (58) must 
impute shadow prices equal to the Pi and 
P2 we have calculated; otherwise the proc- 
ess would not have a zero present dis- 
counted value in steady-state equilibrium. 

6) Once the appropriate economic 
translation has been completed, we are in 
a position to apply all the mathematical re- 
sults which have been proved for the von 
Neumann case to the neo-Austrian model. 
This feature becomes especially important 
if one attempts a generalization of the neo- 
Austrian model to include many hetero- 
geneous inputs and outputs. Such a gen- 
eralization is more technical, and a brief 
sketch is given in the Appendix. 

XXI. An Interpretation of a Neo-Austrian 
Model as a Sectoral Leontief-Sraffa 

Model 

In the mathematical appendix to Capital 
and time, Hicks derives the dynamic dif- 
ference equations which govern the motion 
of the system during the Preliminary Phase, 
the Early Phase, and the Late Phase. In the 
Standard Case, every process has a con- 
struction period lasting m weeks and a 

72 See p. 23, Chapter III, and most importantly, the 
discussion in Chapter XIV, "The Accumulation of 
Capital" [27, 1973]. 

73The neo-Austrian approach implies that the von 
Neumann input and output matrices must have a very 
specialized and restrictive pattern of zero elements. 

74 Presumably a "fictitious" capital good is one 
which need not exist in a physical sense. If this mean- 
ing is intended, it is dubious whether or not the con- 
cept is useful in capital theory. Consider the common 
example of a wine-aging process. Suppose that plenti- 
ful grape juice is free, but it takes one unit of labor 
working one time period to prepare grape juice for 
aging; then, without further labor inputs, aging for two 
additional time periods yields one unit of wine. In the 
notation of the neo-Austrian model, this production 
process is represented by 

{(at, bt)}t.= {(10), (0, 0). (0, 1)} 

where ao = 1 is the initial input of labor and b., = 1 is 
the final output of wine at the end of the third period; 
since raw grape juice is free, labor is the only factor of 
production with a positive price. 

As before, suppose this process is started at calen- 
dar time r = 0; consider time r = 2, the end of the sec- 
ond production period. At time T = 2 the grape juice 
has been aged for one time period. Do we require any 
"fictitious" capital good? The answer is clearly, "No," 
because "grape juice aged-for-one-period" is a per- 

fectly well-defined commodity which exists in a physi- 
cal sense and which in principle could be traded in a 
competitive market. 

Sometimes a model is formulated with the implicit 
(or perhaps explicit) assertion that some "fictitious" 
goods do not exist. Thus consider the example dis- 
cussed in Sections II and XX where a) workers pro- 
duced one "machine of type I " in the first period. Must 
some "machine of type 1" exist? Suppose not. The 
a, workers are employed for one time period (from 
calendar time T = 0 to T= 1), and assume there is an 
explosion (any physically-destructive natural disaster 
will serve for my purposes) at time r= 1. Is the de- 
struction of workers the only conceivable eventuality 
which would harm the production process, i.e., which 
would diminish the feasible future stream {(a,, b,)} for 
t > O? In every realistic case I can imagine, the a0, 
workers must produce some physical commodity 
which is in existence at time T= 1 and which, in prin- 
ciple, could be destroyed by an explosion; we are free 
to name this commodity a "machine of type 1." 
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utilization period lasting (fl - m) weeks; 
moreover, fl is an integral multiple of m. 
This enables Hicks to cast his three differ- 
ence equations in an especially convenient 
form where the construction period is one 
"year" and the utilization period is n 
"years" in length, each year consisting of 
m "weeks."75 

Alternatively, suppose the construction 
period of m weeks is longer than the utiliza- 
tion period of (Ql - m) weeks, and assume 
that m is an integral multiple of (Ql - m). 
We may then define (Ql - m) weeks as one 
"year" and consider a constructional pe- 
riod of n "years.976 With this (apparently) 
minor change, the Simple Profile is: 

construction utilization 
period period 

years Oton- 1 n 
inputs a( a, 
outputs 0 1 
net output -wao 1-wa 

Thus Hicks' equations (5.4) become 

(EP) a,,x( = a*x*, T-0, (76) 
T T-nt 

(PP) a0 E x,+a1 Ix, 
t=T-n+ 1 t= 

T T-ni 

= aO xi + al E Xt, (77) 
t=T-n+1 t=O 

T = 1, 2. n-1, 

and 
T 

(LP) ao E x + aXT-n, =AT*, (78) 
t=T-n+I 

T= n n + 1, n + 2,... 
[27, 1973, p. 187]. 

Although this modification may appear 

minor, in fact it is not; now all problems of 
joint production can be avoided. We can 
follow the approach taken in Section XX, 
but with the additional simplification that 
the output matrix, B, is an identity matrix. 
Hence we have a Leontief-Sraffa technol- 
ogy in which every column of the input 
matrix unambiguously can be associated 
with a single output; column 1 is the activ- 
ity for producing "new machines," columnj 
is the activity for producing "machines of 
age (j - 1)," and column n is the activity 
producing final consumption goods (using 
machines of age (n - 1) and labor). With 
this modification of Hicks' Standard Case, 
the neo-Austrian approach becomes a spe- 
cial case of a standard Leontief-Sraffa 
model, and the latter, in turn, is a special 
no-joint production case of the von Neu- 
mann approach. 

XXII. Joint Production and Merger 

Of course, a Leontief-Sraffa model also 
has an interpretation as a sectoral model 
because, as already noted, each column of 
the input matrix can be associated with a 
single output. We may choose to identify 
outputs with "sectors" of the economy, as 
we do when speaking of a "consumption- 
good sector;" but this is not necessary. 
Nothing precludes the possibility that a sin- 
gle competitive "firm" may produce two 
(or more) different commodities. However, 
in the absence of joint production, such in- 
tegration entails no cost-saving because a 
"firm" producing two commodities be- 
haves identically to the simple aggregation 
of two different "firms," each producing a 
single commodity. 

It must be emphasized that the assump- 
tion of no-joint production is indeed very 
strong, and sometimes it may be incon- 
sistent with the existence of strictly inter- 
mediate factors which are used only for the 
production of a final consumption good. 
For example, when the activity (a,,, a,,, 
... , a,,,) = (ail) is employed to produce 
commodity 1 if, and only if, commodity 2 

75 See equations (5.4) [27, 1973, p. 187]. 
76 This redefinition of time units, while simple in 

principle, is potentially confusing. Hicks assumes that 
(fQ - m) = nm for some integer n ' 1; equivalently, 
Q = (n + l)m. Then he defines m weeks = 1 year and 
(fQ - m) weeks = n years. 

I have assumed m = n(fQ - m) for some integer n ' 
1. Then defining (fQ - m) weeks = 1 year, it follows 
that m weeks = n years. 
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is produced by the activity (aO2, a12 ..., 
a,2) = (ai2), the technological necessity that 
these two input vectors- (ail) and (ai2)- 
always appear as a pair entails essential 
joint production. This difficulty is avoided 
if we can construct a new technology (which 
is free of joint production) by merging the 
activities for producing the various com- 
modities. And the situation just described 
certainly provides an example of an eco- 
nomically natural vertical integration. 

A specific example is easier to under- 
stand. Suppose that the three activities 

aol .3 ao2 .3 

all .2 z(12 .4 

a31 .3 a32 .1 

a41 O a42 O 

and 

ao3 .31 

a13 .2 

a23 = 2 

a33 .1 

La43 O 

must always be used in combination. Like- 
wise assume that the three alternative ac- 
tivities 

a'o '.3 ado .3 

a i .2 a 1 .2 

L2I = 
L 22 3 I=L 0i 

an 1 .3 a33 .1 

and 

0ao4 .25 

a24 = 0 

a4 .1 

also must always be used in combination. 
There are two alternative production tech- 
niques open to the economy, namely 

.3 .3 .31 0 

.2 .4 .2 0 

.1 .3 .2 0 

.3 .1 .1 0 
o 0 00 

(technique a) 

and 

.3 0 .3 .25 

.2 0 .2 .1 
0 0 0 0 
.3 0 .1 .1 
.2 0 .4 .2 

(technique 3). 

Steady-state prices (with the wage rate as 
numeraire) of commodities one and three 
using technique a are denoted by p?(r) and 
p3(r), while the corresponding prices using 
technique f, are pf(r) and p1(r). If a value of 
r is given, will technique a or 8f be em- 
ployed? Suppose that the only final output 
is commodity one (the single good which 
can be used for consumption), and conse- 
quently only its cost of production, pl(r), 
determines the choice of technique. 

For this example it is easily calculated 
that 

pL(0) = .7714 < p(0) = .7727 (79) 

and 

p(0) = .7323 > p(0) = .7273; (80) 

thus technique a will be selected when 
r = .77 Although pa(O) > p (O), this fact is 

irrelevant for the choice of technique be- 
cause commodity three is a strictly inter- 
mediate factor of production. In general, 
technique a will be selected for all values of 
r such that p?(r) < p/(r), while technique f 
will be selected for all values of r such that 
p(r) > pf(r). Because the other "indus- 
tries" do not matter for production deci- 
sions, we may "aggregate" the technology 
into two alternative activities for producing 
commodity one. 

77 I am grateful to Carl Palash and Peter Simon of 
the University of Pennsylvania for calculating this 
numerical example. 

446 
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The essence of this example is joint pro- 
duction; without joint production, the ac- 
tivity columns of the technique matrix al- 
ways can be selected independently. Here 
this possibility is denied, and techniques 
such as 

.3 .3 .3 .25 

2 .4 .2 .1 (technique y) 

.3 .1 .1 .1 
_0 0 .4 .2 

are excluded.78 

XXI II. Substitution and Stability 

Either with or without joint production, 
the possibility of substitution-that is, the 
possibility that there may exist many al- 
ternative production processes or activi- 
ties-is a serious complication. For sim- 
plicity, I will restrict my remarks to models 
without joint production, and as we have 
seen in Section XXI, some special cases 
of the neo-Austrian model can be inter- 
preted within this framework. 

How should we depict the feasible set of 
input vectors which can be used to produce 
the j-th commodity? Neoclassical theory 
provides one convenient representation. 

Any input vector (aoj, aj . . ., aij, . * * ,an) 
must satisfy 
1 = Fi(a0j, a . . . a,j) 

j= 1 . , n, (8 1) 

where ai, is the quantity of the i-th input 
required to produce a unit output of com- 
modity j, and where Fj(.) is a neoclassical 
production function.79 While there is an ex- 
tensive literature on this subject, almost all 
of it is concerned with optimizing models.80 
Most descriptive economic models are in 
the tradition of Hahn's seminal contribu- 
tion and incorporate the assumption that 
price expectations always are correct;81 
as Hicks has stated, such an assumption 
is most dubious in positive economics.82 

Unfortunately, many of the viable alter- 
natives are not very palatable either, but I 
can briefly sketch a few preliminary results 
for a model which, at least in some re- 
spects, is similar to Hicks' and which com- 
bines some features of the Fixwage model 
with others from the Full Employment 
model.83 Assume that the labor supply 
grows at an exogenous rate g and is fully 
employed, and let the saving hypothesis 
set the rate of interest at a constant value, 
-y. Of course, no simple saving rule will 
generate a dynamic path along which the 
rate of interest is constant, but this simpli- 
fication allows an analysis which is tract- 
able, and it does provide a firm basis for 
comparing future results derived with al- 
ternative assumptions. All prices are meas- 
ured in terms of the (single) consumption 
good as numeraire. At any moment in time 
prices are known, while expected future 
prices determine the current production 
decisions. It is convenient to work in con- 

78 If the quantity produced of a commodity is not 
positive, we may adopt the convention that its steady- 
state equilibrium cost of production and price are 
zero. With this convention we must modify the word- 
ing of the standard nonsubstitution theorem to assert 
that the prices of all goods produced in positive quan- 
tities are simultaneously minimized (except for pos- 
sible ties) in steady-state price equilibrium. In this 
example, technique -y provides such a simultaneous 
minimum to p1(r), . p4(r) at r = O. Whilep4==p= 0 
because commodity 4 is not produced when technique 
a is employed and commodity 2 is not produced when 
technique /3 is employed, we have py(r) < pa(r) and 
p'(r) < p(r) at r = 0 for commodities i = 1, 3. Like- 
wise p'(r) < p,(r) and py(r) < pa(r) at r = 0. 

A more satisfactory treatment of commodities 
which are not produced is possible using the von Neu- 
mann approach described in the Appendix. We can 
then avoid the convention of zero prices for non- 
produced commodities; if the cost of operating an ac- 
tivity exceeds its revenue, then that activity is shut- 
down. (In this example an activity can be associated 
unambiguously with the production of a single com- 
modity.) 

79 See Burmeister and Dobell for a definition of a 
neo-classical production function [1 1, 1970, pp. 
8-10]. 

80 See Burmeister and Dobell, Chapter 11, for a list 
of references [11, 1970]. 

81 See Hahn and Burmeister, Caton, Dobell, and 
Ross, and the references cited there [20, 1966; 15, 
1973]. 

82 See the quotation and footnote 57. 
83 The results reported below are proved in Bur- 

meister and Graham [ 16, 1974]. 
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tinuous time, but this necessitates a funda- 
mental change in the usual adaptive-type 
expectation mechanism which generates 
expected price levels [ 16, Burmeister and 
Graham, 1974]. 

With sufficiently strong assumptions, 
rental rates and the wage rate (or factor 
prices) are determined uniquely by com- 
modity prices.84 Under these exceptional 
conditions, the movement of expected 
prices is determined simultaneously from 
the expectation equations and portfolio 
equilibrium equations. Thus the paths of 
expected and actual prices are independent 
of the quantity equations, and provided 
initial prices lie in a certain set, the price 
system will converge asymptotically to a 
unique steady-state equilibrium. 

As noted, along the actual path factor 
prices are determined, and these in turn 
determine the optimal activity vectors (a0j, 
a aj, . . ., aj), j 1, . , ., n, which must sat- 
isfy (81). Because prices converge, the ac- 
tivity vectors converge to a technique 
matrix. But now, provided the initial quan- 
tities also lie in a specified set, quantities 
will converge to their unique steady-state 
equilibrium values.85 

The stability results just described neces- 
sitate very strong assumptions which bear 
a striking resemblance to those which 
Hicks makes. First, expectations must not 
adjust too fast, which is a slightly weaker 
version of his static expectations. Second, 
the activity vectors form a matrix of input 
coefficients which must satisfy certain "cap- 
ital intensity" restrictions at every point 
along the dynamic path; the latter restric- 

tions seem analogous to the Hicks stability 
condition a, > a1. These facts again sug- 
gest that alternative capital models share a 
common underlying logical structure. The 
problem is to isolate those common fea- 
tures which are of economic significance. 

XIV. Traditional Controversies 
The concluding three chapters in Capital 

and time contain discussions of three con- 
troversies in capital theory: the measure- 
ment of capital, the accumulation of capi- 
tal, and the production function. Hicks now 
reveals his sympathy for the macro theorist 
and the applied economist: 

Consider (for a closed economy) the stock of real 
goods, commodities having value, that exists at 
a moment of time. Many economists would be 
prepared to identify that stock with the Capital of 
the economy; all, I think, would admit that the 
Capital stands in some relation to it. But even 
those who accept the identification will grant that 
fot macroeconomic purposes we need some sin- 
gle measure, by which the stock can be repre- 
sented. All that we get from the physical goods is 
a list-so much of this, so much of that; for macro- 
economics there must be aggregation [27, 1973, 
p. 151]. 

Hicks discusses index number problems 
associated with the concepts of capital 
value and capital volume. He then pro- 
ceeds to demonstrate how these aggregates 
behave along particular Traverses for 
which the actual microeconomic behavior 
is known. Finally, he turns to what he 
regards as "the nub of the Controversy: 
the Production Function itself" [27, 
1973, p. 177]. While at one time the 
existence of an aggregate production func- 
tion may have been a central issue, it is 
difficult to maintain that view today. 
Certainly an aggregate production function 
is not accepted as a rigorous theoretical 
concept, and perhaps the matter of its 
empirical usefulness is best resolved by 
the econometricians. My own view coin- 
cides with Solow's, expressed in his 1966 
review of Hicks' Capital and growth: 

84 The conditions which are sufficient for this result 
imply that certain severe capital intensity restrictions 
are satisfied at all factor price ratios. 

85 Note that these stability results fall short of Hicks' 
analyses of Traverses in his neo-Austrian models. 
First, we do not (necessarily) start from an initial 
steady-state equilibrium, but rather asymptotic con- 
vergence to a steady-state equilibrium is proved pro- 
vided initial prices and quantities belong to a speci- 
fied set. Second, we only prove stability and do not 
solve explicitly for the dynamic path. See Burmeister 
and Graham [16, 1974]. 
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I have never thought of the macroeconomic 
production function as a rigorously justifiable 
concept. In my mind it is either an illuminating 
parable, or else a mere device for handling data, 
to be used so long as it gives good empirical 
results, and to be abandoned as soon as it doesn't, 
or as soon as something better comes along [46, 
1966, pp. 1259-60]. 

There is one controversial issue which 
Hicks does not mention. If an economy 
is in a steady-state equilibrium with the 
rate of interest exceeding the rate of 
growth (r > g), and if the economy com- 
pletes a Traverse to a new steady-state 
equilibrium with a higher rate of interest, 
is it true that steady-state per capita con- 
sumption must always fall? Or is "para- 
do<xical consumption behavior" possible, 
i.e., can the second steady-state equilib- 
rium with a higher rate of interest also 
have a higher level of per capita consump- 
tion? One of the few positive conclusions 
emerging from the discussions of reswitch- 
ing is a definite answer to this question. 
"Paradoxical consumption behavior," as 
just defined, is possible; moreover, it is 
possible without reswitching [6, Bruno, 
Burmeister, and Sheshinski, 1966, pp. 
546-531 .86 

However, it can be proved that such 
paradoxical consumption behavior is 
impossible if, and only if, the sum of the 
changes in per capita stocks, weighted 
by equilibrium prices, is always negative 
(or nonpositive) across steady-state 
equilibria with higher rates of interest.87 
Unfortunately, movements in the measure 
of the change in capital just described do 
not necessarily bear any simple relation- 

ship to movements in the value of capital, 
even in models with only two capital goods 
and Cobb-Douglas production functions 
[1 1, Burmeister and Dobell, 1970, Tables 
2 and 3, pp. 291 -92]. Without severe 
restrictions, one must be brave indeed to 
work with a macroeconomic "capital" 
aggregate! 

XXV. Conclusion 

Alternative approaches to capital theory 
-the Leontief-Sraffa sectoral models, 
joint production models in the von Neu- 
mann tradition, and the neo-Austrian 
formulations-share numerous common 
features. In all instances, we have found 
concepts such as the factor-price frontier 
and price-quantity duality relationships, 
as well as complications such as the ex- 
istence of joint production and reswitching. 
The selection of an appropriate model 
depends upon the particular set of eco- 
nomic problems under investigation. If 
our attention is focused only on steady- 
state properties, the most important issue 
is whether or not the technology involves 
(essential) joint production. The analysis 
of dynamic paths and their stability is more 
difficult, and conclusions may be acutely 
sensitive to the exact specification of the 
model; in particular, the savings hypothesis 
and the formation of price expectations 
are both crucial. 

The primary advantage of the neo- 
Austrian approach is pedagogical; the 
analysis of simple problems using Hicks' 
Standard Case serves to deepen our 
comprehension of many economic prin- 
ciples. Thus, for example, within this 
context, we have again demonstrated the 
validity of a fundamental duality relation- 
ship between the factor-price frontier (or 
the minimum wage frontier) and the optimal 
transformation frontier. Likewise, we have 
discussed a new classification for inven- 
tions which enables us to study the in- 
cidence of technological change, and 
although no definitive conclusions emerged, 

86 Here "consumption" refers to either a single 
commodity or a fixed basket of commodities. 

87 More formally, let x, > 0 denote the per capita 
stock of the i-th capital good, and let c denote per 
capita consumption. Then sgn(dcldr) = sgn(g - r) # 0 
at r # g if, and only if 

p,(dx,ldr) < O. 

See Burmeister and Turnovsky [14, 1972, especially 
p. 846]. 



450 Journal of Economic Literature 

it does provide a basis for further work. 
Similarly the stability results established 
for the neo-Austrian Standard Case are 
not of general validity, but they are sug- 
gestive of the extreme complexity one 
would encounter without simplifying 
assumptions. 

When interpreted properly - "When 
translated into economic terms," Hicks 
might say -the von Neumann approach 
yields all the insights derived from both 
the neo-Austrian and Leontief-Sraffa 
models (see Section XX and the Ap- 
pendix). Moreover, the extreme generality 
of the von Neumann formulation, modified 
to include primary factors and final con- 
sumption, makes this approach preferable 
for reasons other than its logical elegance; 
the von Neumann method allows us to 
study important aspects of capital theory 
which are impossible to capture in a neo- 
Austrian model (see Section II and the 
Appendix). Finally a variation of Hicks' 
Standard Case excluding joint production 
can be interpreted as a specialized Leontief- 
Sraffa sectoral model (Section XXI), and 
the latter, in turn, is also a special case of 
a generalized von Neumann model (in 
which joint production is excluded). 

In our effort to attain an understanding 
of the most basic fundamentals of pure 
capital theory, many topics have been 
omitted. There is no quarrel with those who 

believe that transaction costs, uncertainty, 
non-competitive behavior, unemployment, 
disequilibrium adjustment mechanisms, 
and the distribution of income are signifi- 
cant issues. For example, the existence of 
uncertainty about both new commodities 
and the feasible technology set (the set 
of production processes) that will be avail- 
able in the future presents a formidable 
problem which is crucial for the develop- 
ment of capital theory and which involves 
aspects of all the above issues. In general, 
the invention of a new commodity or a new 
production process will create proprietary 
information held by a subset of economic 
agents. Such situations can be exploited by 
non-competitive actions; indeed, the very 
concept of competitive behavior (and of 
intertemporal efficiency) becomes am- 
biguous. Under these circumstances the 
initial disequilibrium and the resulting 
non-competitive profits may disappear over 
time as knowledge of the new technology 
diffuses throughout the economy, thereby 
justifying Schumpeter's notion of entre- 
preneurial profits. However, no matter 
where we focus our attention, the gen- 
eralized von Neumann model not only 
facilitates our comprehension of theoretical 
principles, but it also provides a promising 
framework within which to analyze more 
complex economic phenomena. 



APPENDIX 
A Generalized von Neumann Model 

The von Neumann approach discussed in 
Section XX is easily generalized.' We now 
suppose that there are m alternative ac- 
tivities for producing the n different com- 
modities (m < n). Activity j operating at 
the unit intensity level requires a labor 
input aOj and a vector of commodity inputs 
(al,, . . ., a,) to produce a vector of com- 
modity outputs (bl,, . .. , b,j1). In this gen- 
eralization only one primary factor, labor, 
is admitted, and the row vector 

AO = (aol, . . ., aom) 

designates the labor requirements for the 
m alternative activities.2 The input matrix 
is 

[all .. alml 

A= 

[ap ... almj 

the output matrix is 

bB l [. bim 

bnl ...bnm 

and the column vector 

x- L] 

gives the intensity levels at which each of 
the m activities are operated. While in 
general some of the a0j's, aij's, and bij's 
may be zero, for expositional simplicity 
I assume here that they are all positive.3 

1 The original von Neumann model appeared in the 
German article [35, 1938]. A modern exposition is 
contained in Burmeister and Dobell [ 11, 1970, 
Chapters 8 and 10], and references are cited there to 
numerous mathematical and economic refinements. 
Morishima provides more detailed analyses of various 
economic models formulated in a von Neumann 
framework [33, 1969]. 

Karlin generalized the von Neumann model to 
admit nonlinear joint production functions and gave 
a simple proof of the von Neumann theorem [28, 
1959]; a summary is contained in Burmeister and 
Dobell [11, 1970, pp. 207-213]. 

2 Several primary factors easily can be incorporated 
into this framework. The model given here is similar 
to that in Burmeister and Kuga [12, 1970], and it 
may be regarded as a special case of Malinvaud's 
approach; see footnote 7 1. 

3 Of course, this simplification precludes an inter- 
temporal neo-Austrian interpretation which necessi- 
tates a special pattern of zero elements in the A and 
B matrices; see footnote 73. 

In particular, an intertemporal interpretation (as 
given in Section XX) is possible when we can identify 
activity j with the j-th period of production. However, 
caution is required. Activity j "precedes" activity 
( + 1) by one time period if 

a.,. = 0, u $ j + 1; ai,+, > 0 

and 

b,, > 0; b,u = 0, u $1j, 
for at least one commodity i, say i = s. Thus com- 
modity s is unique to activities j and (j + 1); it is 
produced only by activity j and is used as an input 
only by activity ( + 1). One-year-old wine can ex- 
emplify such a commodity if it is produced only by 
activity one in the first time period and is used only 
by activity two in the second time period (to produce 
two-year-old wine). 

Again note that unless such az commodity s exists 
in a physical sense, there is no logical reason why 
activity (j + 1) must "follow" activity j. In other 
words, if activity one (operated in period one) pro- 
duces no commodity which is required for the opera- 
tion of activity a in period two, then activity a could 
be operated in period one. Note also that such a 
commodity s cannot be identified as "knowledge" 
because the model is free of technological uncer- 
tainty; the entire feasible technology set is known at 
time zero and cannot be changed. 

This discussion leads to another important observa- 
tion. The assumption that the von Neumann activities 
may be operated at zero intensity levels implies that 
truncation is possible. Thus consider the numerical 
example in Section XX and suppose a, > (1/w). 
From equation (73) we see that the price of a one- 
year-old machine would be negaative. which is im- 
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Finally, let the column vector 

C] 

represent consumption of final commodi- 
ties, and let the single primary factor 
(labor) grow at the exogenous rate g ' 0. 

The economy is capable of growth at the 
rate g provided the inequalities 

m M 

(1+g) E aijxj E bjjx1- Ci, (A1) 
j=1 j=1 

i= 1.. .,n, 

have a solution with both x;-- 0 and C' > 0 
and with not all xj = 0, not all C>= 0. 
Equation (A 1) has the straight-forward 
interpretation that the part of this period's 
output which is not consumed must equal 
or exceed the input requirements to pro- 
duce output (allowing for growth at the 
rate g) in the next period. In standard 
vector-matrix notation, the quantity system 
(Al) is written as 

(l+g)Ax'Bx-C, (A2) 
C, x _ 0, C, x 4 0, 

while the labor constraint takes the trivial 
form 

(1 + g)Aox = (1 + g)A(,x. (A3) 

Prices of the n commodities are given 
by the row vector 

U 

p=(pi.p... ), P Pi=l, 

the wage rate is w, and the steady-state 
profit or interest rate is r ' 0. Analogous 
to (A2) and (A3), the economy can achieve 
a steady-state equilibrium at a given value 
of r if the "dual" von Neumann price 
system has a solution satisfying 

wA0 + (1 + r)pA ' pB, (A4) 
w, p ' 0, p =# 0. 

Moreover, if the cost of operating an ac- 
tivity exceeds its revenue, that activity is 
shut-down (is operated at a zero intensity 
level). Thus 

n n 

xj = 0 if waoj + (1 + r) E piaij > E pibij, 
i=1 i=1 

j= 1, . . ., m. (A5) 

Similarly, if an activity is operated at a 
positive intensity level, then revenue must 
exactly cover cost and 

waoj + (1 + r) E piaij = pibj if xj > 0, 
i=1 i=l 

j= 1, m. (A6) 

Likewise the price of a commodity is 
zero if it is in excess supply; and if a com- 
modity has a positive price, its supply and 
demand are equal. Thus 

Pi = 0 if (1 + g) E ajjxj < E b,xj- Ci, 
j=1 j=1 

i= 1. . , n, (A7) 

possible. Thus if a2 > (11w), we cannot replace (66) 
by (67); the correct steady-state solution involves 
essential inequalities. The price of a one-year-old 
machine is zero (p2 = 0), while one-year-old machines 
are not used because the third activity is not operated 
(X3 = 0). Therefore the process is truncated at the end 
of the second production period. 

A similar result holds in general. Given the structure 
of zeros we have imposed for our intertemporal in- 
terpretation, x, = 0 for activity j implies that x,, = 0 for 
all u =j + 1, . m. This result follows immediately 
from the fact that activity (j + 1) requires an output 
produced by, and only by, activityj. Accordingly, the 
process is truncated at the end of period (i - 1) where 
X3-i > O and x, = O, u =j, j + 1, . . ., m. 

Finally, here we have considered only a time 
sequence of single activities. The von Neumann 
model allows a further generalization, and we may 
define a set of activities J which precedes a set of 
activities (J + 1) by one time period. In this case, of 
course, some activities in a particular set may be 
operated at zero intensity levels in a steady-state 
von Neumann equilibrium. 
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and 

in in 
(1 +g) a,aixj =b,1x1-C1 if P >0, 

1=1 

i= 1, . . ., n. (A8) 

In the model just described we have not 
specified any mechanisms to determine 
final consumption, savings and investment, 
or the wage rate. Here we will leave the 
formulation of a general equilibrium model 
incomplete. But in whatever manner this 
model is closed, we can be certain that the 
presence of heterogeneous capital goods 
will create severe stability problems, 
unless, of course, we consider models with 
an infinite time horizon or unless we 
abandon descriptive economics and con- 
fine our attention to dynamic paths which 
are in some sense optimal or efficient.4 

Even without a complete general equi- 
librium specification, this generalization 
of the von Neumann model confirms 
familiar results. Thus combining (A5), 
(A6), (A7), and (A8) we see that in steady- 
state equilibrium 

p(l +g)Ax+pC=pBx=wA(x+p(l +r)Ax. 
(A9) 

Since Aox = L, note that 

pAx 
A- = V Aox 

is the per capita value of capital, while 

pC 
Af)x = 

P 

is the per capita value of consumption. 
Hence (A9) may be rewritten as 

pC =wA(x+ (r-g)pAx (AIO) 

or 

pc = w + (r-g)v. (A1) 

Clearly (A 1) is the generalization of (31), 
derived in Section XIII, to this von Neu- 
mann case with many different consump- 
tion goods. 

Similarly, suppose (C1, x1) and (C2, x2) 
both represent von Neumann equilibria 
with respect to the price vector p, the wage 
rate w, and the interest rate r; then (A9) 
implies 

p(1 + g)Ax! + pC! = pBxi = wA,oxi 
+p(l+r)Axi, i-=1,2. (A12) 

Let K denote a column vector of capital 
goods, and define 'AC = C' - C2, Ax = 

x- x2, K' = Ax1, K = Ax2, and AK = 

K -K2 = A Ax. It follows that 

pAC = (r-g)pAK, (A 13) 

and we conclude 

sgn(pAC) = sgn(g - r) $ 0 at r $ g 

if, and only if, (A14) 

pAK < O. 

At the end of Section XXIV we discussed 
paradoxical consumption behavior in 
models with either a single consumption 
good or a fixed consumption basket. It is 
now evident from (A 14) that analogous 
conclusions are valid for a generalized von 
Neumann model with joint production and 
heterogeneous consumption goods.5 
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