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Public Expenditure Under Uncertainty: 
The Net-Benefit Criteria 

By DANIEL A. GRAHAM* 

Public expenditure under uncertainty is modeled as the problem of determining 
the quantities of 1 public goods and m private goods to be provided to n 
consumers when the private goods are claims to a single commodity, "dollars, " 
which are contingent upon the occurrence of one of m possible states of nature. 
A real-valued "net benefit function" is identified, and criteria based upon this 
function are provided which are both necessary and sufficient for Pareto- 
improving or Pareto-efficient solutions to this problem. (JEL D61, D78, H41, 
H43) 

Graham (1981) provided a procedure for 
determining whether a single risky public 
project passes the potential Pareto-improve- 
ment welfare criterion, which forms the 
normative basis of cost-benefit analysis. 
That analysis presumed that the character- 
istics of the project were exogenously speci- 
fied and that doing nothing was the only 
alternative to the given project. This paper 
extends that analysis to the general case in 
which many, mutually exclusive projects are 
possible and the problem is to select the 
best. 

The principal contribution is the identifi- 
cation of a real-valued "net-benefit func- 
tion" by which it is possible to state condi- 
tions that are both necessary and sufficient 
for Pareto-improving or Pareto-efficient so- 
lutions to the public-expenditure problem 
and to solve directly for the associated util- 
ity possibility frontier and the set of Pareto- 
efficient projects. The net-benefit function 
also facilitates identifying the effects of 
changes in the distribution of benefits upon 
the optimal design of the project and makes 
it possible to decompose the benefits of a 
project into those associated with improve- 

ments in the distribution of risk and those 
associated with the production of public 
goods. The results of Paul A. Samuelson 
(1955) concerning public expenditure under 
certainty and the results of Graham (1981) 
concerning the evaluation of a single risky 
project emerge as special cases of this gen- 
eral formulation. 

The next section describes an illustrative 
problem involving the amount of public pro- 
tection to be provided for an "irreplaceable" 
resource. The problem contains a paradox: 
maximizing the difference between benefit 
and cost does not yield a Pareto-efficient 
solution. The problem will be used in the 
remainder of the paper to provide specific 
illustrations of more general results, and the 
paradox itself will ultimately be resolved by 
the net-benefit criteria. 

The various components of the general 
problem (the technology and both individ- 
ual and aggregate preferences) will be intro- 
duced in Section II. The strategy will be to 
use hypothetical prices for contingent claims 
to permit a dual representation of the tech- 
nology and of preferences. The technology 
will be represented by a cost function which 
gives, at the hypothetical prices, the lowest 
cost of providing a given vector of the public 
goods. The preferences of an individual will 
similarly be represented by a benefit func- 
tion which gives, at the hypothetical prices, 
the largest payment the individual could 
make to obtain the given vector of public 
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goods and still attain a specified utility level. 
The aggregate benefit function is simply the 
sum of the individual benefit functions and 
represents the largest payment, at the hypo- 
thetical prices, that the individuals could 
collectively make to obtain the vector of 
public goods and still attain the specified 
utility levels. Aggregate benefit minus cost 
then measures the extent by which, at the 
hypothetical prices, the value of the aggre- 
gate payments exceeds the value of the 
inputs. 

Hypothetical prices are an analytical fic- 
tion used to facilitate the aggregation pro- 
cess. Loosely speaking, the common prices 
(and the implied choices of payments and 
inputs) assure that for any two types of 
contingent claims, the marginal rates of sub- 
stitution in consumption for each person 
and the marginal rate of technical substitu- 
tion in production are equated. The role of 
the hypothetical prices is thus to make sure 
that the "right" payments from individuals 
are added and that the "right" costs are 
then subtracted. It is not assumed that mar- 
kets for contingent claims actually exist, nor 
is it logically necessary to create such mar- 
kets in order to implement the state-depen- 
dent transfers identified by the use of these 
prices. A simple user charge for the irriga- 
tion water provided by a dam, for instance, 
will naturally yield more revenue in dry 
years than in wet years and might thus 
represent the right state-contingent collec- 
tion scheme to implement an efficient pro- 
ject, despite the fact that such user charges 
do not require a market for contingent 
claims. 

The aggregate benefit and cost compo- 
nents will be combined in Section III to 
form the "net-benefit" function. Since ben- 
efits and costs will have been aggregated by 
this point, hypothetical prices will have 
served their purpose and can be eliminated. 
The net-benefit function does just this by 
choosing the right or "market-clearing" val- 
ues for prices-those values, as it turns out, 
that minimize the difference between the 
aggregate benefit and the cost of a given 
vector of public goods. Minimization with 
respect to prices seems somewhat surprising 
but assures, in fact, that the common 

amount by which the aggregate payment in 
any state exceeds the input in the same 
state is maximized; net benefit is, in fact, 
nothing more that this common "excess." 
Net benefit is thus positive when the pay- 
ments that individuals are willing to make 
are strictly greater than input requirements 
in every state, zero when payments exactly 
equal input requirements in every state, and 
negative when payments are strictly less than 
input requirements in every state. It follows 
that the net benefit of a vector of public 
goods is nonnegative if and only if the speci- 
fied vector of utility levels can feasibly be 
attained by providing the given vector of 
outputs-the first net-benefit criterion. The 
other net-benefit criteria provide necessary 
and sufficient conditions for both Pareto- 
improving and Pareto-efficient provisions of 
the public goods and, in Section IV, resolve 
the paradox involving the illustrative prob- 
lem. 

The general analysis will be followed in 
Section V by an examination of several in- 
teresting special cases including those con- 
sidered by Samuelson (1955) and Graham 
(1981). Issues relating to applied work are 
addressed in Section VI. These include the 
computational advantages of the net-benefit 
"algorithm," the dual approach to the spec- 
ification of functional forms for estimation 
of benefits and costs, the estimation and use 
of bounds when "true" measures are un- 
available, and the modifications necessary 
to accommodate restrictions upon the abil- 
ity to collect state-dependent revenues. 
Proofs are provided in the Appendix. 

I. An Illustrative Problem 

Consider a simple problem involving the 
protection of a "irreplaceable" public re- 
source by two similar, expected-utility-maxi- 
mizing consumers. There are two possible 
states, i = 1, 2, with probabilities 7 and 
1 - 7r, respectively. The state-dependent 
utility1 in state i for each consumer is given 

1These utility functions are characterized by a con- 
stant degree of relative risk aversion which is equal to 2 
(i.e., - xUi"/ Ui' = 2, i = 1, 2). 
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by Ui(xi,zi)- Zi- x 1 where xi denotes 
claims to dollars contingent upon state i 
and zi is the "public resource" whose loss 
differentiates the two states: z1 = 1, Z2 = 0. 
Expected utility for each consumer is thus 

U(1J, Xl, X2) = 
(1 Xl ) ( X 

Each consumer is endowed with (i) riskless 
claims to two dollars in each state, (ii) an 
endowed probability 0.5 of avoiding the loss, 
and (iii) a possibility for increasing the 
probability of avoiding the loss to 7r through 
public investment equaling 

2,m - 1 

2(1 - 7) 
0.5 < < 1 

in each state. The problem is to identify the 
best value for 0.5 < ?r < 1. 

Notice that a consumer would be willing, 
at most, to make a pair of contingent pay- 
ments (Yi, Y2) to obtain v rather than 0.5 if 
the payments solve 

u(7r,2- yl,2- Y2) = u(0.5,2,2) 

or 

'771- 2- y, )+(0-7 2-Y2) 

=0.5(1 - 0.5) + 0.5( -0.5) = 0. 

Solving for Y2 yields the willingness-to-pay 
locus: 

(1) Y2=2- 2-y) v 
- 

Representative loci corresponding to dif- 
ferent values of 7 are illustrated in Figure 
1. Each is concave with a horizontal asymp- 
tote at y2 = 2- (1- w)/ 7 and a vertical 
asymptote at yi = 1 and with larger values 
of w associated with higher loci. At the 
endowed probability, w = 0.5, the willing- 
ness-to-pay locus passes through (0,0) indi- 
cating a willingness to trade claims against 

$ if 2 

1T7 

450 

$ if 1 

FIGURE 1. WILLINGNESS-TO-PAY Loci 

one state for claims against the other, but 
an unwillingness to make positive payments 
in both states. For 7r > 0.5, loci pass through 
the positive quadrant, indicating a willing- 
ness to pay as well as trade; for 7r < 0.5, loci 
pass through the negative quadrant, indicat- 
ing a willingness to be paid. 

Several points from the willingness-to-pay 
locus for a given probability, 7r, merit con- 
sideration as potential measures2 of the 

2Recall the surplus point (Sl S2) where the state-i 
surplus, si, is defined to be the most the consumer 
would pay for 7 if state i were certain. However, 

1 1 
1- =1- - 

2-s, 2 

1 1 

2-s, 2 

has the unique solution s1(7)= s2(r) = 0 for any 7. 
The surplus point does not, in this illustrative problem, 
belong to the willingness-to-pay locus, save for the 
special case of no change in probabilities, w = 0.5. The 
surplus point must generally "miss the mark" in this 
way for any project that changes the probabilities of 
the states, since its definition precludes any considera- 
tion of the value of these probability changes. Expected 
surplus, argued previously to be of limited relevance in 
the best of circumstances, is of no relevance whatever 
for projects that affect probabilities. 



VOL. 82 NO. 4 GRAHAM PUBLIC EXPENDITURE UNDER UNCERTAINTY 825 

benefit of choosing 7. The certainty point, 
(y*y2*), is the point at which a consumer 
would be indifferent as to which state oc- 
curs. Since this point, if it exists, must solve 

1 1 
1- ?0 - y* 

(2-yr )+(1 -r)(- 2-y* ) =0 

or 

1 1 

The solution is not finite but corresponds 
instead to y* = 1, y = -o : the limit as one 
moves to the right and downward along a 
given willingness-to-pay locus toward its 
vertical asymptote. This is the sense in which 
the resource is irreplaceable: no matter how 
much the consumer is paid in state 2, state 
1 is still preferred.3 

The option-price point is the largest sure 
(same in every state) payment and corre- 
sponds to the intersection of the locus with 
the 450 line. Substituting y1 = Y2 = C into 
equation (1) and simplifying yields the op- 
tion price: 

27r - 1 

7T 

The fair-bet point is the point from a 
given locus with the largest expected value. 
Since maximizing 7y1 +(1 - 7)Y2 subject to 
equation (1) has the unique solution y1 = 

Y2 = W(v), the fair-bet point and the op- 
tion-price point coincide for this illustrative 
problem.4 

From Graham (1981) it is known that the 
combination of similar individuals and sure 
costs means that option price is the relevant 
measure of benefits for identifying potential 
Pareto improvements. Aggregating option- 
price benefits for the two consumers and 
subtracting cost yields 

2 7T -1 27T - 1 
2 -c = 2 ) 

7T 2(1 - rr) 

Since this expression is positive for 0.5 < 
7 < 0.8, any of these "projects" represents 
a potential Pareto improvement relative to 
doing nothing, 7 = 0.5; but which is best? It 
is, perhaps, a natural conjecture that Pareto 
efficiency requires maximizing net benefit 
(aggregate option price minus costs) or 
equating marginal benefits with marginal 
costs: 

2 1 

72 2(1-27) 

3 More detailed expositions of irreplaceable losses 
can be found in Graham and Ellen R. Peirce (1984) 
and Philip J. Cook and Graham (1977). 

4It is possible to define the largest "ransom," r(x), 
the consumer would be willing to pay to keep the 
resource (have state 1 occur rather than state 2) as 
r(x) sup{r E lIr < x, U1(x - r) 2 U2(x)) so that, if 
r(x) is less than x, Ul(x - r(x)) = U2(x). Differentiat- 
ing this equality yields Ul(x - r(x))(1 - r'(x)) = U(x). 

Since the fair-bet point must satisfy U(2) = ) 
and the certainty point, if it exists, must satisfy 

U l= U2Gx2), it follows that x2 -x = r( 2), and 
provided that Uf', U2" < 0, 

r(i2) > x2-xl if r'(i2) > O 

r(X2) = X2-XI if r'(x2) = O 

r(x2) < x2- xI if r'(x2) < 0. 

If r'(x) > 0, increases in "wealth," x, increase the 
ransom that would be willingly paid for the resource. 
For such a "normal" resource, ransom exceeds the 
amount of insurance, 2- xl, represented by the fair- 
bet point. The person would thus underinsure the loss 
at an actuarially fair price, and the certainty point lies 
to the right of the fair-bet point. If r' is sufficiently 
large, in fact, the fair-bet point and the option-price 
point may actually coincide, as is the case in the 
illustrative problem, or the fair-bet point may even lie 
to the left of the option-price point. When there are 
"no wealth effects," r'(x) = 0, the fair-bet point and 
the certainty point necessarily coincide. When the re- 
source is "inferior," r'(x) < 0, the fair-bet point lies to 
the right of the certainty point, and the person would 
overinsure the loss at an actuarially fair price. These 
issues are more fully developed in Cook and Graham 
(1977). 
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to obtain w = 2. This conjecture, somewhat 
surprisingly, is false. The reason will be 
made clear in Section IV. 

II. The Model 

The "public project under uncertainty" 
problem involves the determination of the 
quantities of 1 public goods and m private 
goods to be provided to n consumers when 
the private goods are claims to a single 
commodity, "dollars," which are contingent 
upon the occurrence of one of m possible 
states of nature.5 The special case in which 
there is a single public good and no uncer- 
tainty, 1 = 1 and m = 1, corresponds to that 
considered by Samuelson (1955). 

In analyzing this problem it will be conve- 
nient to think of a public project as compris- 
ing two elerpents, (8, t), where 8 is a de- 
scription of what is to be provided and t is a 
description of how it is to be financed. More 
precisely, the production component, 8 = 

(85, ..., b) E A, is a vector whose compo- 
nents describe the public goods to be pro- 
vided by the project.6 The term "public 

good" is used here in a very general sense. 
The commodities or services provided need 
neither be "good" nor "purely public." 
"Bads" are also permitted as well as goods 
that are not purely public, whose distribu- 
tion among consumers must then be in- 
cluded as part of the vector description of 
the project. While there is no necessary 
connection between the components of 8 
and the m states of nature, such connec- 
tions are possible as special cases. In the 
irreversibility problem of Kenneth J. Arrow 
and Anthony C. Fisher (1974), for example, 
e1 c [0, 1] might refer to the fraction of the 

project completed before the state is re- 
vealed, and 82 E [0, 1] might refer to the 
fraction completed after the state is re- 
vealed and contingent upon the occurrence 
of the favorable event. It is assumed in 
general that A c R' is a closed and convex 
set and includes a "zero" element, 4, which 
is interpreted as doing nothing. In the illus- 
trative problem from Section I, for example, 
1= 1, A =[0.5,1], and = 0.5. 

In addition to the components of 8 there 
is an additional good, "dollars," and since 
there is uncertainty as to which of m possi- 
ble states of nature will occur, there are m 
possible types of state-contingent claims to 
this good. These contingent claims to dol- 
lars assume the role of the "private goods" 
in the problem. The possibility that the 
choice of 8 affects the probabilities of alter- 
native states is recognized and 7r(8) = 

[7(,... 7Wm(8)] denotes the vector of 
probabilities associated with choosing &. The 
probabilities associated with doing nothing, 
r(O), can be interpreted as status quo prob- 

abilities. 
The finance component of the project 

description, t E Rm', is a description of the 
amounts of the "private goods" to be paid 
by each consumer toward covering the cost 
of the project (i.e., the state-contingent dol- 
lar transfer payment, ti, to be made if the 
ith state occurs, i = 1 ... I, m, by the jth con- 
sumer, j = 1,...,n. It is not supposed that 
these contingent payments are necessarily 
positive; a negative payment is simply inter- 
preted as a payment to be made to the 
consumer. 

5It may be supposed that uncertainty unfolds over 
time so that at time 1, i = 1. T, one of h, possible 
"histories" of events will have occurred where h1 < 
... < hT. Here m = EjT=lhT and "states of nature" 
would be given this date-history interpretation. This 
framework is consistent with a variety of special cases 
including (i) multiple dates but no uncertainty and 
(ii) a single date but uncertainty regarding which of m 
possible events will have occurred prior to this date. 
Since time will not fit prominently in the analysis that 
follows, it will be convenient to proceed as if case (ii) 
were the case being considered. This is for expository 
purposes only, however, and in no way limits the gener- 
ality of the results. 

6The convention of using superscripts to denote 
persons and subscripts to denote states will be fol- 
lowed, and when aggregation is possible, uppercase 
letters will be used for aggregates and lowercase letters 
for the disaggregated components. The standard vector 
inequality notation will be used: x ? z means that xi > 
zi Vi; x> z means that x2 z and x z; and x>> z 
means that xi > zi Vi. DR denotes the set of real num- 
bers and R k {(x.RXk)1X e , i=1. k) denotes 
real k-dimensional space with nonnegative orthant 
R {X E R klX > 0) and strictly positive orthant 
Rk_ {xE RklX > ?). 
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A. Costs 

Suppose now that F c A x lR denotes 
the production transformation set so that 
(8,x) E F if and only if it is feasible to 
transform the vector of private goods, x= 
(xl,...,xm)EllRm, into the vector of public 
goods, 8 = (31 .d E A. This specifica- 
tion of the technology allows, but does not 
require, the dollar cost of the project to vary 
across states. In the illustrative problem of 
Section I, for example, x1 and x2 are per- 
fect complements as factors of production, 
and costs do not vary across states. In other 
specifications they could as easily be perfect 
substitutes or anything in between. The fol- 
lowing standard assumptions are made. 

ASSUMPTION 1: 

(a) F is closed; 
(b) F is convex; 
(c) F contains (4,O) (doing nothing is cost- 

less); 
(d) (8,x) E F with x' ? x implies that (8,x') 

E F (input disposal is free); and 
(e) (b,x)eF with x=O implies that 8=4 

(output is not free). 

It is convenient to consider a "dual" rep- 
resentation of the technology based upon 
"hypothetical" prices for contingent claims. 
Accordingly, let P = (P ,, Pm) E Rm be a 
vector of hypothetical prices to dollar claims 
for each of the m states. In view of the fact 
that only "relative prices" will matter, I will 
suppose that prices have been "normalized" 
by the requirement that p belongs to the 
"unit simplex," 

P<PeRm Epi=1} 

Any normalization would suffice, but this 
one is particularly convenient since it corre- 
sponds to the choice of "sure dollars" as 
numeraire: it costs ELm 1pi = 1 to buy claims 
that guarantee exactly one dollar, no matter 
which state occurs. The dual specification of 

the technology-the cost function-gives 
the (minimum) cost at hypothetical prices p 
of providing &. 

Definition: The cost function is given by the 
real-valued mapping7 

C(p,8) min p'x peP 8eA 
X E R+ 

subject to (8,x) E F. It is associated with the 
conditional factor-demand correspondence, 

Z(p, 8)arg min p x peP 8eA 
X E R+ 

subject to (8, x) E F and the family of factor 
isoquants: 

Z(8)- U Z(P' 8) 8 =A. 
p E P 

Notice that the components of the vector 
Z = (Zi ... . Zm) E Z(P, 8) are state-contin- 
gent dollar expenditures or state-contingent 
costs which are, viewed as a vector of in- 
puts, sufficient to produce the vector of 
outputs, &. The cost function identifies the 
market value of this vector of contingent 
claims, C(p, 8) p Z(p, 8), at the hypotheti- 
cal prices p. 

Isoquant, factor demand, and cost are 
illustrated in Figure 2. Starting with a given 
8, the shaded area describes those state-1 
and state-2 dollar inputs that are sufficient 
to produce b. The lower boundary of this 
set is the associated isoquant. Now choose p 
in the "unit-simplex" and note that at these 
prices, Z(p,b) is the least-cost way of pro- 

7This would be the standard definition of the cost 
function for the case of multiple outputs, save for the 
hypothetical interpretation of factor prices. The use of 
the term "conditional" in reference to the factor- 
demand correspondence is also standard and refers to 
the presence of the output levels, 8, rather than to the 
prices of outputs in the expression. 
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X2 

isoquant: Z(6) 

factor demand: Z(p,6) 

\{x(6,x)eFJ 

cost: C(p,6) 

FIGURE 2. ISOQUANT, FACTOR DEMAND, 

AND COST 

ducing &. The market value of this combina- 
tion of inputs can be identified geometri- 
cally by moving down the iso-market-value 
line to the intersection with the 450 line. 
Since inputs are the same in both states at 
this intersection and since prices sum to 1, 
the common value of the inputs at this 
point, C(p, 8), is the market value of Z(p, 8) 
at p. Note finally that as p varies, Z(p, 8) 
traces out the entire isoquant Z(8). 

As the solution to the generic problem of 
minimizing a linear function over a convex 
set, the cost function has the following stan- 
dard properties. 

PROPOSITION 1: For all p ? 0 and 8 E A, 

(a) C(p,8) is 
(i) homogeneous of degree 1 and con- 

cave in p and 
(ii) convex in b; 

(b) (Shephard's lemma) provided that C(p, 8) 
is differentiable in p, 

dC(p,b8) 

ap 

For the illustrative problem of Section I 

where 8 = m, 

28 -1 
(2) C(p, 6) = 2(1 _) (pi + P2) 

ZAP') =dC(p,83) 28 -1 

dp1 2(1- ) 

dC(p,6) 28-1 

a(2 2(1-8) 

B. Individual Benefits 

The preferences of the jth consumer, j= 
1, ... , n, for the vector of contingent claims, 
x, and the project that provides 8 are repre- 
sented by the utility function, 

u'(x,b) x E Rm 8 E A. 

As was the case in the illustrative problem 
of Section I, this utility function might be 
interpreted as an expected utility: 

m 

u,(x, ) = E 7(b)U/(XiI,a) 
i=1 

derived from individual-specific, state- 
dependent, von Neuman-Morgenstern util- 
ity functions, Uj(xi, 8). This interpretation, 
which involves the somewhat controversial 
expected-utility hypothesis (see Mark J. 
Machina, 1982), is not required for the anal- 
ysis which follows. I simply assume the fol- 
lowing. 

ASSUMPTION 2: For each consumer, j= 
1,.. ., n, the utility function, ui(x, 8), is con- 
tinuous in x and 8 and increasing in each 
component of x (nonsatiation in contingent 
claims): 

x > x' =*ui(x, 8) > ui(x', 8) 

Vx,X'E-Rm 8aE A 

This utility function is also quasi-concave in x 
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and 8 (convex preferences for all commodi- 
ties): 

{(x, 8) E- lRm X Ajuj(X, 8) 2 Z} 

is convex V z E R. 

It is not assumed that utility is increasing in 
each component of b. Individual compo- 
nents of 8 might thus be "bads" to particu- 
lar consumers.8 

It would now be possible to proceed in a 
manner analogous to Graham (1981) by 
thinking of yi E fRm as the ith consumer's 
endowment of contingent claims and saying 
that the jth consumer is willing-to-pay z < yJ 
for 8 if ui(y' - z, b) 2 u where u = ui _ 
uj(yi, +) so that the utility associated with 
making these payments and obtaining 8 is 
at least as great as that associated with 
doing nothing and making no payments. The 
upper boundary of the set of payments sat- 
isfying this requirement could then be iden- 
tified as the willingness-to-pay locus for the 
jth consumer. 

Since there are now many alternatives to 
the given project other than "doing 
nothing," it is useful to generalize willing- 
ness-to-pay slightly by relaxing the require- 
ment that u = UJ to allow u to be the utility 
level associated with an arbitrary alterna- 
tive. It is also convenient to consider a 
"dual" representation of preferences based 
upon "hypothetical" prices for contingent 
claims which mirrors the conditional cost 
function. The benefit function gives the 
largest payment at prices p E P that the 
individual could make to obtain 8 and still 
attain a utility of at least u. 

Definition: For each consumer, j = n..., 
the benefit function is given by the following 
real-valued mapping:9 

bi(p,b,u) max pz 
Z < yi 

peP bEA uEFR 

subject to uj(yi - z, 8) ? u. It is associated 
with the payments correspondence,10 

^5<i(p, u) arg max pz 
Z <yi 

peP bEA u E1F 

subject to uj(yj - z, 8) ? u and also associ- 
ated with the family of willingness-to-pay 
loci: 

y'(b, U) U yi(p,b,u) 
p E P 

beA u R. 

Willingness-to-pay, payments, and benefit 
are illustrated in Figure 3. Starting with a 
given u and 8, the shaded area describes 

8This formulation allows for the possibility that there 
are certain preexisting opportunities for the exchange 
of contingent claims. Suppose, for example, that there 
are s "assets" and that aij denotes the dollar payoff 
associated with holding one share of the jth asset 
should the ith state occur. These asset markets would, 
of course, be equivalent to complete markets for con- 
tingent claims if and only if the rank of A - [aij] were 
equal to m. A consumer who holds contingent claims 
equal to y and the "portfolio" of assets q E RS would 
enjoy the consumption vector z = y + Aq. Here, the 
components of q can either be positive or negative 
depending upon whether long or short positions are 
taken, but not being bankrupt in any state requires that 
y+Aq 2 0. If p E lRs is the vector of equilibrium (sure 
dollar) prices of these assets, then buying the portfolio 
q would entail a sure vector of obligations equal to 
(p * q)[1] where [1][1 . 1]. The "not bankrupt in any 
state" budget constraint facing a consumer who is 
endowed with contingent claims equal to x is thus 
x +Aq - (p q)[1]2 0. A utility function which reflects 
these, perhaps limited, market opportunities could then 
be obtained as 

ui(x, 8) =-max u(x+Aq- (p *q)[1], 8) 
q 

provided that the ultimate choice of the project will 
have no effect upon the equilibrium values of p. 

9For notational convenience, the functional depen- 
dence of these expressions upon the exogenous endow- 
ment, y', has been suppressed. 

10The payment correspondence would be single- 
valued if uJ(x, B) were strictly quasi-concave in x. This 
assumption would be too restrictive in the current 
context, however, since it would preclude the impor- 
tant case of risk-neutrality. 
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Z2 

450 

{ZIuj(yL-z,6)2U} 

willingne tfo y:y(6,u) 

payments: 

yk(p,6u) 

benefit: bj(p6,,u) 

FIGURE 3. WILLINGNESS To PAY, PAYMENTS, 

AND BENEFIT 

those state-1 and state-2 payments that the 
person could make to obtain 8 and still 
obtain a utility of at least u. The upper 
boundary of this set is the associated will- 
ingness-to-pay locus. Now choose p in the 
unit simplex and note that at these prices 
lyi(p,b,u) has the greatest market value of 
the payments in the shaded area. The mar- 
ket value of these payments, moreover, can 
be identified geometrically by moving up the 
iso-market-value line to the intersection with 
the 450 lines. Since payments at this inter- 
section are the same in both states and 
since prices sum to 1, the common value of 
the payments at this point, bi(p, 8, u), is the 
market value of -y '(p, 8, u) at prices p. Note 
finally that as p varies, -y '(p, 8, u) traces out 
the willingness-to-pay loci. 

The benefit function has several impor- 
tant properties which mirror those of the 
cost function. 

PROPOSITION 2: For all j = 1, ..., n, p > 
0, and beA, 

(a) bi(p, 8, u) is 
(i) homogeneous of degree 1 and con- 

vex in p, 
(ii) concave in 8, and 

(iii) continuous and strictly decreasing in 
U; 

(b) provided that bi(p, b, u) is differentiable 
in p, 

abi(p,8,u) 
=p 7 Y(p, 8,u). 

In the illustrative problem of Section I, for 
instance, 8 -w, the benefit function is 

b(p,8,u) 

=2( pl+ P2) 

bP1 + (1 - )P2 +2 VPP25(1 - 8) 

8-u 

and the payments functions are 

ab(p,8,u) 

y1(p,8,U)=a 

= 2- 1+ 
a- u LP;1 ] 

ab(p,8,u) 
y2(p,8,u) = 

= P2 

Making use of the normalization for 
prices, one can let P1 = P, P2 = 1 - p, set u 
equal to the endowed utility, u = 0, substi- 
tute v for 8 and obtain the willingness-to- 
pay locus for the "endowed" utility as the 
locus traced out by equations (3) and (4) as 
p varies between 0 and 1: 

(3) yl=l1- / 1-p)(1 
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Eliminating p and solving for Y2 then gives 
the willingness-to-pay locus of equation (1). 

C. Aggregate Benefits 

Aggregate benefit is obtained by summing 
individual benefits. 

Definition: The aggregate benefit function 
is given by the real-valued mapping 

n 

B(p,8, Ul -. .-un) =x, bi(pg 8 ui) 
j=1 

p E P a E A U ...,U E R. 

It is associated with the aggregate payments 
correspondence 

n 

F(p9 8,u 9.. .,9un)- x, Y(pq a Uj) 

p E P bE A U ...,U E R 

and the family of aggregate willingness-to- 
pay loci: 

F(8,1 ,* ,Un)- U F(p,a, u', . . ., u) 

p E P 

8 E A U ...,U E R. 

This aggregation process is illustrated in 
Figure 4. Here there are two people and 
two states. Starting with a given 8 and util- 
ity levels u1 and u2, the curves labeled 
y2(8, u1) and Y2(8, U2) denote the willing- 
ness-to-pay loci for the two people. To 
obtain the corresponding aggregate will- 
ingness-to-pay locus r(8, u1, u2), first se- 
lect hypothetical prices p from the unit 
simplex and note that y1(p, 8, ul) and 
y2(p,q , u2) are the most valuable payments 
from the respective loci. Adding these points 
from the individual loci gives the corre- 
sponding point on the aggregate locus: 

r(p,,Ul',U2) = yl(p,b,ul) + Y2(p a u2) 

Adding the market value of these points, 

Z2 

F(6,u1,u2) 

\1(p,6,u 1 
+2(p,62u2) 

b1(p 6u1) +b b(p 6u ) =B(p,6,ul,u2) 

FIGURE 4. AGGREGATE WILLINGNESS TO PAY, 

PAYMENTS, AND BENEFIT 

similarly, gives the aggregate market value: 

B(p,b8, ul,bu2)l b2(p,,u2) +b2(p ,6 u2) 

Both the individual and aggregate loci are 
traced out as p varies. 

The aggregate-benefits function inherits a 
number of useful properties from its disag- 
gregated components. 

PROPOSITION 3: For all u = (u.. , n) 

p ?0, and b e A, 

(a) B(p,b,u) is 
(i) homogeneous of degree 1 and con- 

vex in p, 
(ii) concave in 8, and 

(iii) continuous and strictly decreasing in 
each component of u; 

(b) provided that B(p, 8, u) is differentiable 
in p, 

DB(p 8 ,u) 
For the i= r(pl o S iU). 

For the illustrative problem of Section I, the 
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aggregation of benefits gives 

(5) B(p,8,u) 

=4(p1+P2)- [p1+(1-8)P2 

+2 pip28(1-a) 

x 1 + 

F1(p, 8,U) 

dB (p, 8, u) 

ap, 

=4- 51+ P2(l8)] 

1 1 

X8 a- u a U2\ 

r2(P IIu) 

_dB(p, 8, u) 

dP2 

=4-(1-5) 1+ P1+ 

1 1 
X + 

Further insight into the aggregation pro- 
cess is provided by the illustrative problem 
in Figure 5. Here hypothetical prices and 
utilities are held constant: p = (0.5,0.5), 
u' = 0, and u2 = 0.175. The curve labeled b' 
corresponds to b(p, 8,0.175) and can be in- 
terpreted as an indifference curve between 
"payments" (a private bad) and 8 = 7r (a 
public good) for the first consumer along 
which u = 0.175. The curve labeled b2 cor- 
responds to b(p, 3, 0) and can similarly 
be interpreted as an indifference curve for 
the second consumer along which u =0. 
The curve labeled B corresponds to 

2.5r 

B = b 2 

1.5 

05 

7T 
0.6 0.7 0.8 0.9 

-1.5 

FIGURE 5. THE VERTICAL SUMMATION" 

OF BENEFITS 

B(p,8,0.175,0) and is the " vertical sum" of 
the two indifference curves. It is an aggre- 
gate indifference curve in the sense that it 
represents, for each value of 8, the maxi- 
mum aggregate payment that is consistent 
with the specified utility levels for the two 
consumers. But for uncertainty and the as- 
sociated need for hypothetical prices for 
contingent claims, this would be precisely 
the same process of vertical summation 
noted by Samuelson (1955). The slopes of 
the individual curves at a particular 8 differ 
across the two consumers and correspond to 
the "personalized prices" originally noted 
by Erik Lindahl in 1919 (see Lindahl, 1958). 
The slope of the aggregate curve equals the 
sum of these personalized prices. 

It would be possible, of course, to intro- 
duce hypothetical personalized prices for 
the public goods so that the jth person 
would face prices equal to p for contingent 
claims and personalized prices equal to qJ 
for public goods. Aggregation would then 
involve the sums of the personalized prices, 
Q = EX 1qj. This would be a step backward, 
however, since it would entail replacing the 
1 components of 8 with 1 x n different per- 
sonalized prices. The personalized prices 
can, in any event, be recovered from the 
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current formulation as 

abi(p, a, u) 
q d8 

,, 

and the aggregate of the personalized prices 
as 

aB(p, ,u) 

when these derivatives exist. 

III. The Net-Benefit Criteria 

A project, (8, t), is feasible if the vector of 
resources provided by t is sufficient to pro- 
duce &. 

Definition: The set of feasible projects is 

8,( t)GE Ax Rm |(^ ti)-F) 

A consequence of Assumption 1 is that do- 
ing nothing is itself a feasible project: 
(+,0)E-. 

The feasibility requirement recognizes the 
fact that someone or some group of people 
who actually exist in state i will have to 
provide the state-i resources required to 
produce b. This in no way precludes some- 
one performing the role of insurer (ex- 
changing claims contingent upon one state 
for claims contingent upon another) but 
merely acknowledges the existence of such 
insurers among the n persons concerned 
with the project so that the payments pro- 
vided/claimed by these insurers are in- 
cluded in the total for each state. 

It is convenient to let 

(6) U(8,t) =[ul(yi - t18) ..Un(yn _tn,8)] 

8 E- A t E- R8mn 

denote the vector of utility levels associated 
with the project (8,t). Interest naturally fo- 
cuses upon feasible and optimal utility pay- 
offs to consumers. 

Definition: A vector of utility levels, u= 

(u 1)... U n) is: 

(a) feasible for a given 8 El A if and only if t 
exists for which (8, t) e Y and u = 
u(8, t); 

(b) feasible (for some 8) if and only if (8, t) 
exists for which (8, t) e .1 and u = 

u(b, t); 
(c) Pareto-optimal for a given 8 e A if and 

only if u is feasible given 8 and u' > u is 
not feasible given 8; and 

(d) Pareto-optimal if and only if u is feasi- 
ble and u' > u implies that u' is not 
feasible. 

Similarly, say that the project (8, t) is: 

(a) Pareto-optimal given 8 if and only if the 
vector of utilities u(, t) is Pareto-opti- 
mal given 8 (this means that t entails a 
Pareto-efficient distribution of the risk 
that results from 8); 

(b) potentially Pareto-inferior to a project 
that provides 8' E A if and only if there 
is a vector of utilities u' that is feasible 
given 8' and u' > u(8, t) (this means that 
there is a t' for which (', t') is feasible 
and uW8, O > u(8, 0); 

(c) Pareto-optimal if and only if u(8, t) is 
Pareto-optimal. 

It follows from Assumption 1 that the "en- 
dowed" utilities, 

u u(+,O) 

are feasible for 4 E A and thus feasible as 
well. 

Utility levels are related to benefits by the 
net-benefit function, which gives the mini- 
mum, with respect to prices, of the differ- 
ence between benefit and cost. 

Definition: The net-benefit function, 
N(8,u), is given by the real-valued mapping 

(7) N( 8, u) min B(p, 8, u) - C(p, 8). 
p E or P 

It is associated with the optimal price corre- 
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spondence 

p(8, u) arg min B(p, ,u) - C(p, b). 
p E P 

The role of the net-benefit function stems 
from the fact that, given 8 and u, there are 
three mutually exclusive possibilities for net 
benefit [N(8, u)] and for the relationship 
between the aggregate willingness-to-pay lo- 
cus [F(8,u)] and the isoquant [Z(8)]: 

(a) net benefit is positive, and the aggregate 
willingness-to-pay locus crosses the iso- 
quant; 

(b) net benefit is zero and the aggregate 
willingness-to-pay locus is tangent to the 
isoquant; 

(c) net benefit is negative and the aggregate 
willingness-to-pay locus nowhere touches 
the isoquant. 

Figure 6 illustrates the first case: net benefit 
is positive, and the aggregate willingness-to- 
pay locus crosses the isoquant. Net benefit 
corresponds geometrically to that pair of 
points at which the willingness-to-pay locus 
lies farthest to the northeast of the iso- 
quant, where "northeast" means measured 
in a 450 direction. To see this, note first that 
at this pair of points the willingness-to-pay 
locus and the isoquant have equal slopes 
which correspond to the prices labeled p*; 
the two points thus correspond, respec- 
tively, to the aggregate payment and factor 
input at prices p*. Since benefit minus cost 
at these prices is the difference in the mar- 
ket value of these points and since this 
difference in market value corresponds to 
the 450 distance between the respective 
iso-market-value loci, it follows that the 450 

distance between the points is equal to the 
amount by which benefit exceeds cost at 
prices p*. That p* actually minimizes the 
difference between benefit and cost can be 
seen by noting that, at any other prices, say 
p', the amount by which benefit exceeds 
cost would be greater. 

The second case, though not illustrated, 
is similar. If the willingness-to-pay locus and 
the isoquant did not cross but were instead 
tangent, then p* would correspond to the 

x2,z2 

1(6,u) 

Z(6) 

450 451 

N(6,u)>O [ x 

B(p',6,u)-C(p',6)>O 

FIGURE 6. POSITIVE NET BENEFIT 

X2, Z2 

F(6,u) 
Z(6)-o 

450 

~450 

4-e N(6,u)<O X Zt 

B(p',6,u)-C(p',6)>O 

FIGURE 7. NEGATIVE NET BENEFIT 

slope at the tangency point, and net benefit 
would be equal to zero. The third case is 
illustrated in Figure 7. Here the willingness- 
to-pay locus nowhere touches the isoquant, 
and the farthest that the willingness-to-pay 
locus lies to the northeast of the isoquant is 
negative and occurs at payments and factor 
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inputs corresponding to p*. Once again, p* 
minimizes benefit minus cost since this dif- 
ference would be greater (less negative or 
even positive) at other prices. Benefit minus 
cost is actually positive at p', for example, 
even though net benefit is negative. 

The first-order conditions" for the mini- 
mization problem of equation (7) confirm 
the intuition offered by Figures 6 and 7. 
The Lagrangian for this minimization prob- 
lem can be written as 

A = B(p, 8,u) - C(p, 8) - A(p [1]-1) 

where [1] (1,...,1). Given the fact that 
both B(p, 8, u) and - C(p, 8) are convex in 
p, it is necessary and sufficient for p* >> 0 
and A* to solve this problem that p* * [1] = 1 
and, setting the derivative of A with respect 
to p equal to zero and rearranging, that 

F(p*, ,u) - Z(P*,8) = A*[1]. 

When there is a solution in which A* > 0, 
net "excess supply" (the amount by which 
payments exceed cost) is positive and equal 
to A* in every state. This confirms the fact 
noted in Figure 6 that the optimal willing- 
ness-to-pay point must be 450 to the north- 
east of the optimal isoquant point. Since the 
objective function is homogeneous of de- 
gree 1 in p, it follows that its value could be 
made arbitrarily large by multiplying p* by 
an arbitrarily large number: thus the con- 
straint that p [1]=1 is binding, and its 
shadow price, A*, is positive. When there is 
a solution in which A* = 0, net excess supply 
is equal to zero in every state (the case in 
which the willingness-to-pay locus is tangent 
to the isoquant), and the objective function 
would be zero for any positive multiple of 
p*. Here, the constraint is not binding, and 
its shadow price is equal to zero. Finally, 
when A* < 0, net excess supply is negative 
and equal to A* in every state (the case in 
which the willingness-to-pay locus nowhere 
touches the isoquant illustrated in Fig. 7), 

and the objective function could be made to 
approach zero by multiplying p* by an arbi- 
trarily small positive number. Here the con- 
straint is binding, and its shadow price is 
negative. In all cases, net excess supply in 
each state has a common value which equals 
A*. It then follows from the normalization 
for prices that N(8,u)=p*-A*[1l=A*, so 
that net benefit is actually equal to this 
common value of excess supplies at p*. Note 
finally that N(8, u) = 0 amounts to the 
"market-clearing" condition that net excess 
supplies of contingent claims are equal to 
zero in every state. 

Use will be made of the following proper- 
ties of the net-benefit function. 

PROPOSITION 4: N(8, u) is 

(a) concave in 8 E A and 
(b) continuous and strictly decreasing in each 

component of u. 

The maximum, with respect to 8 E A, of the 
net-benefit function will also be of interest. 

Definition: The maximal net-benefit func- 
tion is given by the real-valued mapping 

(8) M(u) maxN(8,u). 

It is associated with the optimal output cor- 
respondence 

S(u) arg maxN(8,u). 

It follows from Proposition 4 that M(u) is 
also continuous and strictly decreasing in 
each component of u. 

For a given vector of utilities, u, aggre- 
gate benefit minus cost, B(p, 8, u) - C(p, 8) 
is convex in p and concave in 8. Maximal 
net benefit (the maximum over 8 of the 
minimum over p) is a saddlepoint of this 
function. For the illustrative problem of 
Section I, for example, one can set u = 

(0,0.175), exploit the fact that p2 = 1-P 
and plot the difference between aggregate 
benefit [equation (5)] and cost [equation (2)] 

11The interpretation requires that both the benefit 
and cost functions are differentiable and that the mini- 
mization problem has an interior solution in which 
p >>0. 
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FIGURE 8. AGGREGATE BENEFIT MINUS COST 

in Figure 8. Maximal net benefit corre- 
sponds to the illustrated saddlepoint. 

The possibilities for utility payoffs can 
now be completely characterized using the 
net-benefit function. The following is the 
principal result of this paper. 

PROPOSITION 5 (The Net-Benefit Crite- 
ria): A vector of utility levels, u, is 

(a) feasible for a given 8' E A if and only if 
the net benefit associated with u and 8' is 
nonnegative, 12 

N(8',u) ? 0 

(b) feasible (for some b) if and only if the 
maximal net benefit associated with u is 
nonnegative, 13 

M(u) maxN(8,u) ?0 
e A 

(c) Pareto-optimal for a given 8' E A if and 
only if the net benefit associated with u 
and 8' is zero, 

N(8f,u) = O 

(d) Pareto-optimal if and only if the maximal 
net benefit with respect to 8 E A is zero, 

M(u) max N( 8, u) = 0 

(e) feasible but not Pareto-optimal given 8' 
(a Pareto improvement relative to u is 
possible given 8') if and only if the net 
benefit associated with u and 8' is posi- 
tive, 

N(8f,u) > O 

(f) feasible but not Pareto-optimal (a Pareto 
improvement is possible relative to u) if 
and only if the maximal net benefit with 
respect to a E A is positive, 

M(u) max N(8, u) > 0. 
8 eA 

Notice that the third and fourth criteria 
implicitly define utility possibility frontiers: 
the equation N(8', u) = 0 defines the fron- 
tier (set) of utility levels that are feasible 
given 8', and the equation M(u) = 0 gives 
the frontier of utility levels that are feasible 
without restriction. N(4, u) = 0, for exam- 
ple, gives the utility possibility frontier asso- 
ciated with doing nothing save for, perhaps, 
redistributing existing risks through trade in 
contingent claims at the (equilibrium) prices 
p(4, u). If Pareto improvements are possible 
with no outputs, N(+, Ui)> 0, these gains 
would then be attributable to the creation 
(or expansion) of these markets for contin- 
gent claims. Comparisons between those 
utilities for which M(u) = 0 and those for 
which N(+, u) = 0 could thus be used to 
"decompose" the benefits of a project into 
"pure risk-distribution gains" and "pure 
output gains." 

Rather than focusing upon Pareto-effi- 
cient utility levels, it would be possible in- 
stead to focus upon Pareto-efficient projects 

12The equivalent benefit-cost criterion is that will- 
ingness to pay for b' at u covers costs: 

F(+',u)fn Z(b') $0. 

13The equivalent benefit-cost criterion is that will- 
ingness-to-pay for some 8 E A covers costs: 

U [F(b,u)nZ(b)]*0. 
B eA 



VOL. 82 NO. 4 GRAHAM: PUBLIC EXPENDITURE UNDER UNCERTAINTY 837 

simply by considering the compositions of 
N(O,u) and M(u) with u(8,t): 

(9) (8',8,t) N(8',u(8,t)) 

af 8 E- a t E- R mn 

- min B[(p, a',u(8,t)) 
p 

(10) .X(b ,t) = M(u(&8 t)) 

a E a t E Rmn 

= max/(8',f,t). 
8' CZ A 

X(8', 8, t) represents the most individuals 
would collectively be willing to pay in excess 
of costs in each state to obtain 8' rather 
than retain the project (8, t). Its sign reveals 
whether or not 8' can be provided in a way 
that is Pareto-improving relative to (8, t). 

Xf(8, t) represents the most individuals would 
be willing to pay in excess of costs in each 
state for any project rather than retain (8, t). 
Its sign reveals whether or not any Pareto 
improvement relative to (8, t) is possible. 
These observations lead to the following 
corollaries of parts (c)-(f) of Proposition 5. 

PROPOSITION 6: For any 8', 8 E A, and 
any t E Rmn, the project (8, t) is 

(a) Pareto-optimal given a if and only if 
X(8, 8, t) = 0 (this means that t pro- 
vides for a Pareto-efficient distribution of 
the risk given b); 

(b) Pareto-optimal if and only if Xf(8, t) = 0; 
(c) feasible but not Pareto-optimal given 8 if 

and only if AY(8, 8, t) > 0 (this means 
that t is not an efficient distribution of 
the risk given b); 

(d) feasible but potentially Pareto-inferior to 
a project that provides 8' if and only if 
.A(a~8', ,t) > 0. 

Part (b) of Proposition 6 permits an intu- 
itive characterization of a Pareto-efficient 
project (a*, t*). The condition that 

.lr(b*, t*) = 0 is a "tangency condition" 

which requires both that net benefit be zero 
and that net benefit be maximal with re- 
spect to the choice of b. As previously noted, 
the condition that net benefit must be zero 
means that payments must exactly equal 
factor input in each state: 

(11) Z(p*,8*) = F(p*,8*,u*) 

where p* = p(b*,u*) and u* = u(8*It*). 
The condition that net benefit is maximal 
with respect to 8 means that 

dN(b*,u*) dB(p*,8*,u*) dC(p*I8*) 

=0 

or 

dB(p*,b*,u*) dC(p*, 8*) 

Interpreting equations (11) and (12), one 
sees that a Pareto-efficient project must 

(a) collect exactly enough revenue in each 
state to cover costs and 

(b) produce exactly enough so that aggre- 
gate marginal benefit equals marginal 
cost for each public good. 

IV. The Paradox Resolved 

The difficulty with the illustrative prob- 
lem of Section I can now be stated quite 
simply: 8 = 2 satisfies equation (12) but not 
equation (11). This is illustrated in Figure 9. 
Here, 8 -r, p(8,u) = 8, and 

28-1 1 
(13) N(8,u)=4-2(18) 8-u 

1 
8-u2 

N(8, u) is plotted for two choices of utilities: 
the endowed utilities [Mu = (0, 1)] and one of 
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FIG,URE 9. THE NET-BENEFIT CRITERIA 

the Pareto-improving and optimal utilities 

Notice in reference to Proposition 4 that 
both curves are concave in 8 and that in- 
creasing utilities from ii to u' shifts NG3, u) 
downward. These curves can be interpreted 
as "Community indifference curves" for 
safety and payments. Pareto improvements 
associated with increases in either or both 
components of u lead to lower indifference 
curves, and non-Pareto improving changes 

(not illustrated) can lead to curves that cross. 
The feasible set, moreover, is the region 
on or above the horizontal axis where 
N(8, u) 2 0. The "tangency" property of an 
optimal project then quite naturally corre- 
sponds to the tangency of an indifference 
curve to the boundary of the feasible set 
(e.g., the tangency of N(8, u') to the hori- 
zontal axis at 8 = 0.7. 

Though not illustrated, the tangencies of 
N(8, u) to the horizontal axis for other 
Pareto-improving (relative to -u) and optimal 
u occur between 8 = 0.7 and 8 = 0.702; thus, 
8 =3 is simply never an efficient choice. 
How can it be that 2, which maximizes 
N(8, u) when u = u, is never a Pareto-effi- 
cient choice? Suppose that both consumers 
were charged all that they would be willing 
to pay to obtain 8 =2. This would leave 
utilities constant at u and correspond to the 
movement in Figure 9 from (-,0) to (2, 4). 
This experiment would, of course, collect 
$0.50 more than the project costs in every 
state; this is the precise meaning of the fact 
that N(2, ) =. What should be done with 
this excess? If it were dumped in the ocean, 
then 4 would be efficient, given the reduc- 
tion in resources, since the effect would be 
to shift the feasible set $0.50 upward, where 
its boundary would then be tangent to 
N(O, U) at 8 = 4. If the $0.50 excess were 
instead returned to the consumers, their 
marginal rates of substitution would change 
(an income or wealth effect), and they would 
want more safety than 42. Note, for example, 
that by returning the $0.50 and shifting the 
feasible set back downward it would be fea- 
sible to attain the indifference curve 
N(, u'). The fact that there would be an 
increase in the demand for safety from 4 to 
7.3 
TO in response to this increase in wealth 
simply suggests that safety is a normal good. 
The fact that wealth effects matter is, of 
course, not unique to situations involving 
uncertainty and would be equally relevant 
in a certain world. 

Figure 9 can also be used to illustrate the 
components of Proposition 5: 

(a) Since N(0.5, u) = N(0.7, u') = 0 are both 
nonnegative, -u is feasible given 8 = = = 
0.5, and u' is feasible given 8 = 0.7. Since 

14The Pareto-optimal utilities u1 = u2= 0.1 are ob- 
tained as follows. Substitute ul = u2= v into equation 
(13) to obtain 

2 1 
N(Q, v, v) =t + + 5. 

v - 2( - 1) 

Differentiate with respect to 8 and then set both the 
result and the original expression equal to zero, since 
the maximal value of net benefit must be zero: 

2 2 
- 0 

(V - )2 2(8 - 1)2 

2 1 
- + +5=0. 

v-8 2(8-1) 

Finally, solve the resulting two equations for 8 7 7 and 
Ua= 
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N(,iU) 2 0 if and only if 0.5 < 8 < 0.8, u 
is also feasible if and only if 8 belongs 
to this interval. In contrast, u' is feasible 
if and only if 8 = 0.7. 

(b) Since M(u) = 0.5 and M(u') = 0 are both 
nonnegative, u and u' are both feasible. 

(c) Since N(0.5, u) = N(0.7, u') = 0 are both 
equal to zero, u is Pareto-optimal given 
8 = = 0.5 and u' is Pareto-optimal 
given 8 = 0.7. 

(d) Since M(u') = 0, u' is Pareto-optimal. 
(e) Since N(,iU) > 0 for all 0.5 < 8 < 0.8, u 

is feasible but not Pareto-optimal for 
any of these values of 8. A Pareto im- 
provement relative to ui is thus possible 
if and only if 8 belongs to this interval. 
(The same conclusion was reached 
somewhat differently in Section I.) 

(f) Since M(1u) = 0.5 is positive, u is feasible 
but not Pareto-optimal. 

V. Special Cases 

Previous results fit nicely within the net- 
benefit information. The analysis of 
Samuelson (1955), for example, is con- 
cerned with the special case in which a 
single public good, 1= 1, is provided under 
certainty, m = 1. Here p is a scalar equal to 
1, and Samuelson's tangency conditions for 
Pareto optimality, 

B(8,u) = C(8) 

dB(8,u) dC(8) 

dA d8 

are special cases of equations (11) and (12). 
Graham (1981) was concerned with an- 

other special case in which a single project, 
8', with given state-contingent costs, Z(8'), 
was being considered. The result that the 
project is a Pareto improvement relative to 
doing nothing when willingness to pay ex- 
ceeds costs follows from part (e) of Proposi- 
tion 5 [N(8', U) > 0] or from part (d) of 
Proposition 6 [X(8', +, 0) > 0]. 

The hypothetical prices, p(8*, u(8', t*)), 
which solve the problem of public expendi- 
ture under uncertainty ate, in a very impor- 
tant sense, the "right prices" for measuring 
the benefits and costs of the Pareto-efficient 

project (8*,t*). It is significant that these 
prices are identified by the problem of mini- 
mizing the difference between benefit and 
cost. The dependence of optimal prices upon 
both benefit and cost suggests that, in 
general, it will not be possible to develop 
methods for measuring benefits and costs 
independently of one another. While com- 
putations of cost and both individual and 
aggregate benefit can be made at given 
prices that are logically independent of one 
another, the determination of the right 
"equilibrium" prices requires that benefit 
and cost be combined. The dependence of 
these "right prices" upon both 8 and u 
suggests further that, in general, it will not 
be possible to develop methods for measur- 
ing benefits and costs independently of the 
proposed output or of the proposed "distri- 
bution of benefits." An examination of sev- 
eral special cases that are free of these 
general difficulties follows. The case of simi- 
lar consumers merits special consideration 
in this regard. Here it is assumed that utility 
functions and endowments are identical, and 
it is therefore possible to drop the "person" 
superscript on the various functions and 
correspondences. 

A. Equal Treatment 

Still further simplification is possible if 
attention is restricted to the "equal treat- 
ment" case in which each consumer makes 
the same payments and receives an equal 
utility. Here it is also possible to drop the 
"person" superscript on payments and utili- 
ties, and the aggregation of benefits is par- 
ticularly simple: 

B(p, , u, ...,u) nb(p,8, au) 

The requirement for Pareto optimality that 

M(u) = max min nb(p, 8, u)-C(p,1 ) = 0 

then implies that if p*, 8*, and u* solve this 
equation then for some * E y(p*, 8*, u*) 
and some Z* E Z(p*,8*) 

1 
ey -Z*. 

n 



840 THE AMERICAN ECONOMIC REVIEW SEPTEMBER 1992 

Now if costs are certain then ZI = = 

Z*, and -y* is the sure payment or option 
price point from the individual willingness- 
to-pay locus. Option price is thus the rele- 
vant measure of benefit when costs are cer- 
tain and equal gains are to be provided to 
similar consumers. 

In general there is no particular connec- 
tion between the equilibrium prices of con- 
tingent claims and the probabilities of the 
states. One exception is the case of "indi- 
vidual risks" discussed by Edmond Malin- 
vaud (1973). Here, a person can experience 
a particular "individual state" without any 
other person necessarily experiencing the 
same individual state (e.g., a person can 
catch a cold whether or not anyone else has 
a cold). There is an obvious connection, of 
course, between such individual states and 
the "collective states" I have discussed thus 
far. With, for example, two consumers and 
two individual states, sick and healthy, there 
would be 22 = 4 collective states: 

(a) both are sick; 
(b) the first is sick and the second is healthy; 
(c) the first is healthy and the second is 

sick; 
(d) both are nealthy. 

Analogously, with r individual states possi- 
ble for each of n similar consumers, there 
would be m = r' collective states. A consid- 
erable simplification is possible if n is taken 
to be large and the "law of large numbers" 
for independent individual states is mim- 
icked by assuming that a collective experi- 
ence is certain in which the total number of 
consumers who experience individual state 
i, i=1,. . . , m, will be equal to nTri. Assum- 
ing that all permutations are equally likely, 
one can then take -ri to be the probability 
that any particular consumer will experi- 
ence individual state i. If one further sup- 
poses that costs depend only upon the total 
number of consumers who experience each 
of the individual states, then it follows that 
costs are also certain. Aggregation is some- 
what tricky in these circumstances since 
claims to a dollar contingent upon its owner 
experiencing individual state i are now dif- 
ferent commodities for different consumers. 

On the other hand, possibly risky individ- 
ual-state contingent payments for each con- 
sumer corresponding to y(p, 8, u), p E P, 
produce a riskless aggregate payment equal 
to n[HTr * y(p, 8, u)] in every possible collective 
state. This aggregate sure payment is obvi- 
ously largest at prices equal to probabilities, 
p = ir, when it equals n[b(&rr,,u)]. This be- 
ing the case, the only prices that are rele- 
vant to the individual-risks problem are 
those that equal the probabilities, and the 
only payments that are relevant are those 
that equal the fair-bet point. Here, the ben- 
efit function, b(Crr,b,u), can be interpreted 
as expected benefits; the net-benefit func- 
tion, N(, u) = nb(rr, 8, u) - C(rr, b), can be 
interpreted as the expected value of the 
difference between benefit and cost; and 
finally, Pareto optimality requires the maxi- 
mization of the difference between expected 
benefit and cost. 

B. Unequal Treatment 

Unequal treatment of similar individuals 
unfortunately removes many of the analyti- 
cal advantages of similarity since, for exam- 
ple, different payments lead even similar 
consumers to different regions of their com- 
mon preferences. An exception is provided 
by the case of homothetic preferences, in 
which case it is possible to take the benefit 
function to have the simple form15 

b(p,8,u) = p y- f(p,8)u 

and aggregate benefit is 

B(p,8,uil ... ,un) = p Y- f(p 8t)U 

where U - Ej71u'. It follows immediately 
that net benefit will only depend upon 
u, ... ., un to the extent that these individual 
utilities affect the total, U. Thus, net benefit 
can be written as N(8, U). Similarly, opti- 

15Recall that u(x, b) is homothetic if and only if 
u(x, 8) = g(h(x, 8)) where g is a positive monotonic 
transformation and h(x, b) is homogeneous of degree 1. 
Here the benefit function would be b(p, b, ii) = p y - 
f(p, 8)g(fi). Without loss of generality, it is possible to 
use the monotonically transformed utility, u = g(ii). 
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mal prices will be p(8, U), maximal net ben- 
efit will be M(U) and optimal outputs will 
be b(U). Now let U* denote the unique 
(scalar) solution to M(U) = 0, and let U(8) 
denote the unique solution to N(8, U) = 0. 
It then follows that the utility possibility 
frontier is E>=u i= U*, and the utility pos- 
sibility frontier given 8 is E7=1u U(8). 
Note further that any b* Ee b(U*) is optimal 
for every Pareto-optimal u, as is any p* e 
p(8*, U*). In contrast to the illustrative 
problem of Section I, income effects are 
absent in the case of similar and homothetic 
preferences, and it is possible to solve for 
an optimal 8 and p independently of the 
proposed distribution of benefits. 

A related case involves consumers with 
possibly different preferences for 8 but ad- 
ditively separable and similar, "risk neutral 
in payments," preferences for contingent 
claims: 

m 
UJ(X, a) E 7im a [ Xi + fij( a)] 

i=l1 

j =1,...,n. 

The corresponding benefit functions are 

bJ(p, ,u) = max(f v Pm(8) 

X (fT(8) + y() - U] 

j = 1, 1... , n 

and the aggregate-benefit function is 

B(p~ 8 ul, .. Un) 

Pi Pm 
max ( 

A8) }m(8) 

X[ E 7r(8) (f y(8) + y ) U] 

Once again, u1,.. . , un only matter in so 
far as they affect the total U = El=,uj. Re- 
sults similar to those from homothetic pref- 

erences thus hold with the addition that 
optimal prices must now equal probabilities, 
p(8, u) = ir(8), so that the relevant measure 
of benefit is not only the market value of 
benefit but the expected value as well. Ex- 
pected benefit, the expected value of the 
fair-bet point, can thus be relevant even in 
the context of a collective risk, provided 
that consumers are risk-neutral in pay- 
ments. 

VI. Discussion 

A few of the advantages of the net-benefit 
approach in applied work will be addressed 
in closing. First, the net-benefit approach is 
a clearly defined "algorithm" for solving the 
public-expenditure problem. Without any 
notion of the ultimate solution, it is possible 
(i) to solve the minimization problem that 
defines the net-benefit function [N(8,u)] 
and the optimal price correspondence 
[p(8, u)], (ii) to solve the maximization prob- 
lem that defines the maximal-net-benefit 
function [M(u)], and the optimal output 
correspondence [8(u)], and finally (iii) to 
solve M(u) = 0 for the set of Pareto-optimal 
u [or 0(8, t) for the set of Pareto-optimal 
projects]. Working backward from an opti- 
mal u*, one obtains the optimal output 
[8* E 8(u*)] and optimal prices [p* E 
p(8*,u*)]. This approach has computational 
advantages relative to two common alterna- 
tives: 

(a) Maximize the utility of one person sub- 
ject to constraints specifying the mini- 
mum utility levels of the other individu- 
als and the requirement that the chosen 
project must be feasible. The problem 
here is that, unless the vector of utility 
levels for the other individuals are feasi- 
ble for some project, the intersection of 
the constraints will be empty. This 
means, in essence, that one must al- 
ready know the answer to pose this 
problem properly. 

(b) Maximize a weighted sum of the utili- 
ties, subject again to the requirement 
that the chosen project must be feasible. 
The problem here is that (i) a nonnega- 
tive linear combination of quasi-concave 
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utility functions is not necessarily 
quasi-concave and (ii) the utility possi- 
bility frontier is not necessarily concave. 
There may, consequently, be Pareto- 
optimal projects with utility levels within 
the nonconcave regions of the frontier 
which cannot be solutions to this prob- 
lem for any choice of weights. 

A second advantage of the net-benefit 
approach derives from the modern use of 
duality to provide functional forms for esti- 
mation. Here, for example, the a priori 
knowledge that C(p, b) must be homoge- 
neous of degree 1 and concave in p and 
convex in 8 would allow the analyst to spec- 
ify a functional form that satisfies these 
requirements and contains unknown param- 
eters to be estimated from the available 
data. A familiar example is the Diewert or 
generalized Leontief cost function, 

m m 

C(p,a)-8E Ebij mrHv 
i=1 j=1 

where bij = bji are the unknown parameters 
(see Erwin Diewert, 1971). As is well known, 
the associated conditional demand func- 
tions, 

m p 
Zi(p, a)-8 E bij 

1=1 Pi 

are linear in the parameters and thus conve- 
nient for estimation by linear regression. 
Diewert (1974) contains an excellent survey 
of the dual approach to estimation. 

A similar approach to the estimation of 
benefit could be taken by specifying a func- 
tional form for 

q(p, a' 8, t)-B(p, 8', u( 8, t)) 

which involves only observable variables. 
A third advantage of the net-benefit ap- 

proach is that it is quite flexible and can be 
easily adapted to the necessities of applied 
problems. The remaining discussion pro- 
vides two examples of the type of modifica- 
tions that are possible. 

A. Limited Information 

Many applied problems may be character- 
ized by limited information regarding tastes 
and the technology. Proposition 6 is particu- 
larly relevant in such cases. Suppose, for 
example, that a finite set, S, of projects is 
being considered which includes "doing 
nothing," (4), O), and that the information 
available to the analyst is limited to the 
following: 

(a) each project in S is known to be feasible 
(i.e., S c F), and 

(b) the (ordinal) preference ranking of each 
consumer for the alternative projects in 
S is known. 

Under the maintained hypothesis that As- 
sumptions 1 and 2 hold, this information 
can be used to provide bounds for the true 
but unknown cost, benefit, and net-benefit 
functions. 

Consider costs first and note that 
t.., tn) Ec S means that 

n 

C(p, a) < p E ti 

since C(p, b) represents, at hypothetical 
prices p, the cheapest of any of the possible 
ways of producing 8 and t=(t',...,tn) is 
merely one of the possible ways. Since this 
is true for every t such that (8, t) E S, it 
follows that 

n 

C(p, 8) =-min p * t 
t i=1 

> C(p,8) 

[subject to (8, t) E S]. Thus C(p, b), which 
can be computed from the available infor- 
mation, is an upper bound for the true but 
unknown cost function. 

A similar approach provides an easily 
computed lower bound for benefit. Since 
the ith consumer, under the maintained 
hypothesis that Assumption 2 holds, only 
cares about his/her own component of 
t, one can restrict attention to the sets 
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S {(b, t')1(8, t-', t') E S}. Now, for 
(8',z'),(8,z) E S', say that (b',z')>-i(8,z) if 
and only if (b',z') is at least as desirable as 
(8, z) to the ith person. Of course, (8', z') >- 
(8, z) is equivalent to u'(y' - z', b') 2 ui(yi - 
z, b) for the true (but unknown) utility func- 
tion of the ith person. Alternatively, since 
b'(p, b', u'(y' - ti, b)) represents, at hypothet- 
ical prices p, the most valuable of any of 
the payments the ith person would be will- 
ing to make to obtain b' rather than retain 
(8, z), and since z' is one such payment, it 
follows that 

bl(p, 8b, ui(yi -z,b)) 2 p.z' 

<>a' Iz) >_i(oz) 

for the true (but unknown) benefit function. 
This motivates the use of 

b'(p, , , z)-max pz' 
zf 

< b'(p, at,Iui(yi - z,)) 

[subject to (', z') E s' and (, z') >-'(8b z)] as 
a lower bound for the true but unknown 
benefit function for the ith person and 

n 

B(p, 8I , t)- Li b " ( 8, t ) 
i = 1 

< B(p,I',U(8,t)) 

as the corresponding lower bound for aggre- 
gate benefit. 

Since B(p, 8b, b, t) is a lower bound for 
aggregate benefit and C(p, b') is an upper 
bound for cost, it follows that B(p, b', b, t) - 
C(p, b') is a lower bound for the difference 
and that 

N( 8 I, t)min B(p,8',8,t) - C(p,8') 
p E= P 

< Y(b'aIat) 

is a lower bound for the true but unknown 
net-benefit function. Parts (c) and (d) of 
Proposition 6 then imply the following: 
(a) N(, 8, t)> 0 implies that t is not an 

efficient distribution of the risk given b. 

(b) N(b', 8, t) > 0 implies that (8, t) is poten- 
tially Pareto-inferior to a project that 
provides b'. 

B. Limited Alternatives for Financing 

The fact that a person is willing and able 
to undertake a vector of state-dependent 
transfer payments to obtain a given provi- 
sion of public goods may not guarantee that 
it is possible actually to implement these 
transfer payments since, for example, the 
fiscal authorities might not be able to ob- 
serve which state occurs. Under such cir- 
cumstances, feasible transfer payments for 
the ith person may be limited to those 
belonging to Tc c Rm, assuming the follow- 
ing. 

ASSUMPTION 3: T' is a closed, nonempty 
and convex cone in Rm; that is, 

zeT' and aE R+ =*SzeT' 

z, zE-T' T * z +z' E=T' i= 1,..n. 

This assumption admits a number of spe- 
cial cases of "imperfect markets." If it were 
neither possible to collect nor to make pay- 
ments to the ith person, then T' would be 
the set consisting of the origin of Rm. If it 
were possible to make payments to the jth 
person but not to collect payments from 
that person, then TJ would simply be the 
negative orthant, R'. If transfers for the 
kth person were limited to sure payments 
(the same amount must either be collect- 
ed or paid in every state), then Tk would 
correspond to the 450 line (i.e., T k = 

{z ET Rmlz = a[1,..., 1], a ET R}. In the last 
case T k would be a one-dimensional linear 
subspace of Rm, and there would be no 
opportunity whatever for redistributing the 
risk borne by the kth person. Alternatively, 
Tk might be a k-dimensional linear sub- 
space of Rm with 1 < k < m which offered 
some, but not necessarily complete, oppor- 
tunities for redistributing risk.'6 

16Recall that a linear subspace is necessarily a con- 
vex cone, but not vice versa. 
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Somewhat surprisingly, the restriction of 
feasible transfer payments requires only the 
most trivial modification of the net-benefit 
framework: simply modify the definition of 
the benefit function to reflect the added 
feasibility constraint. 

Definition: For each consumer, j = 1,..., n, 
the restricted benefit function is given by 
the real-valued mapping 

b'(p,b,u) _ max p z 
z ? yJ 

subject to uj (y- -z,8)?u, pE P, 8E A, 
u E R, and z e T'. 

The corresponding "restricted" form of ag- 
gregate benefit is then as follows. 

Definition: The restricted aggregate-benefit 
function is given by the real-valued mapping 

n 

A(,, ,., n)-= E Aj(p,8,U ) 
j=l 

p E P a E A Ul...,U E R. 

The modifications appropriate for re- 
stricted net benefit and restricted maximal 
net benefit are then obtained in the obvious 
way, and the definition of a feasible project 
is modified by adding the requirement that 
t' E TV, i = l, ... , n. The restricted versions 
of Propositions 5 and 6 then follow without 
further modification. It is particularly worth 
noting here that the restrictions upon the 
ability to implement state-contingent trans- 
fers entail no restrictions upon the use of 
hypothetical prices in the aggregation pro- 
cess. 

APPENDIX 

PROOF OF PROPOSITION 2: These 
properties are well known in a slightly dif- 
ferent context. Consider the following "con- 
ditional" modification of the conventional 

expenditure function: 

e (p,b,u)- min p x 
x C R+ 

peP beA uEEP 

[subject to u'(x, b) > u]. It is associated with 
a corresponding variant of the conventional 
compensated demand correspondence: 

xJ(p,8,u)=arg min px 
XE E7R 

peP bEA ue-R 

[subject to u'(x, 8) ? u] and the family of 
indifference curves, 

xJ(8,u)- U xj(p,b,u) beA ue-R. 
p E P 

These would be the conventional definitions 
save for the hypothetical nature of prices 
and for the presence of the "quantities," 8, 
rather than the prices of these goods. The 
"conditional" expenditure function is ho- 
mogeneous of degree 1 and concave in p; 
this follows from regarding 8 as a fixed 
vector of "parameters" and interpreting 
e'(p, b, u) as the conventional expenditure 
function associated with these parameters. 
The "conditional" expenditure function is 
also convex in b: 

e'(p, Ab + (1-A)b',u) 

< Aei(p, a, u) + (1- A)e(p, b', u) 

Vp2O 8,b'E A O<A<1 

or, substituting for the terms on the right 
and factoring out p, 

eJ(p,Ab +(1- A)', u) 

< p* [Ax'(p,8,u) + 1( -A)xi(p, 'u)] 

The consumption vector enclosed within the 
brackets, as a convex combination of vectors 
each of which yields a utility of u, must 
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yield a utility of at least u as a consequence 
of the quasi-concavity of the utility function. 
The inequality then follows from the fact 
that the cost of this vector at prices p must 
be at least as great as that associated with 
the cheapest way of achieving a utility of at 
least u. Note finally that the following iden- 
tities follow directly from the definitions: 

b'(p, a, u) = p y' - e'(p, a, u) 

Y-'(p,b,u) y'- xi (p,b,u) 

YJ(8, U)--YJ- XJ(8, U). 

The results for the benefits function now 
follow from the identities and the fact that a 
real-valued function f is concave if and 
only if - f is convex. 

In the parametric interpretation of the con- 
ditional-expenditure function, this result is 
known as Hotelling's theorem (see e.g., 
R. Robert Russell and Maurice Wilkinson, 
1979 pp. 81-4). This result can also be 
obtained for either the conditional expendi- 
ture function or the benefits function as an 
immediate consequence of the "envelope 
theorem" (see e.g., Akira Takayama, 1974 
p. 160 [theorem 1.F.4]). 

PROOF OF PROPOSITION 3: These re- 
sults follow immediately from their disag- 
gregated counterparts and the fact that sums 
of concave, convex, and/or continuous 
functions are, respectively, concave, convex 
and/or continuous. 

PROOF OF PROPOSITION 4: Let 
H(p, b, u) B(p, b, u) - C(p, 8). 

(a) Since both B(p, b, u) and - C(p, 8) are 
concave in 8, it follows that H(p, 8, u) is 
concave in b. Suppose that b' and b" are 
arbitrary elements from A, let 8 ab' 
+(1- a)8", and choose -p E p(8,u). It 
follows from the concavity of H(p, b, u) 
that N(8, u) = H(p, 8,u) ? aH(P, b', u) + 
(1- a)H(p, 8", u); but N(-) is obtained 
from H( ) by minimizing with respect to 
p. Thus, H(p, b', u) ? N(8', u) and 

H(-p, b", u) 2 N(8", u). Combining yields 

N(a8' +(1- a)b8,U) 

2 aN(8",u) +(1- a)N(8",U) 

and N(8,u) is concave in b. 
(b) Since B(p, b, u) is strictly decreasing in 

each component of u, it follows that 
H(p, 8, u) is also strictly decreasing in u. 
Then, for any u" > u' it follows that 
N(8, u') = H(p', 8, u') > H(p', 8, u") for 
p' E p(8, u'). However, H(p', 8, u") > 
N(O,u"). Combining yields N(8,u') > 
N(8, u"), and N(8, u) is strictly decreas- 
ing in each component of u. 

PROOF OF PROPOSITION 5: 

(a) If the second condition holds, there ex- 
ists r Er F(',u) and Z E Z(8') such that 
F - Z = 0. Thus there are adequate re- 
sources (in every state) to provide 8, 
and 8 and F are together sufficient to 
yield u. It follows that u is feasible. 
Conversely, if u is feasible given b', there 
exists a t such that (8,t) EY with u= 
u(b',t) with F(b',u) 3 r 2 E' ltj > Z E 
Z(8'). However, this means that 
F(b', u) n Z(8') 00. The strategy will be 
to show that the first condition is equi- 
valent to the second. Suppose then that 
the second is true, and let F' = Z' E 

F(b', u) n Z(8'). Note that C(p, b') = 
p Z(p, b') < p Z' for all p E P. 
Similarly, p F(p, b', u) 2 p F' for all p E 
P. However, p * F = p Z'. Combining 
yields B(p, b', u) - C(p, b') 0 for all p 
E P, and since P is compact, the mini- 
mum must exist and be nonnegative. 
Conversely, suppose the first is true and 
the second is not. Then, by a 
separating-hyperplane argument, there 
exist prices, p', at which B(p',b',u)- 
C(p',b')<0, contradicting the supposi- 
tion that the minimum over p E P is 
nonnegative. 

(b) If M(u) 2 0, then clearly a 8 E A exists 
for which N(, u) ? 0. It then follows 
from (a) that u is feasible. Suppose, on 
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the other hand, that u is feasible and 
that M(u) < O. Since u is feasible there 
exists, by (a), a project 8 E A for which 
N(8, u) 2 0, contradicting the supposi- 
tion that M(u) < 0. An argument similar 
to that of (a) establishes that the second 
part is equivalent to the first. 

(c) Since N(8, u) is strictly decreasing in 
each component of u, it follows that 
N(8',u) = 0 if and only if u' > u implies 
N(8', u') < 0. Then from (a) any u' > u is 
not feasible given b', and u must then be 
Pareto-optimal given b'. Conversely, if u 
is Pareto-optimal given b', it must follow 
from (a) that for any u' > u, N(8', u') < 0. 
Since N(8, u) is continuous in u it must 
then be the case that N(8', u) < 0. How- 
ever, u is feasible given b', and thus, 
from (a), N(8', u) 2 0. Combining yields 
N(8',u) = O. 

(d) The argument parallels that for (c) with 
M(u) replacing N(8', u). 

(e) This follows directly from (a) and (c). 
(f) This follows directly from (b) and (d). 
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