
American Economic Association

Capital Deepening Response in an Economy with Heterogeneous Capital Goods
Author(s): Edwin Burmeister and Stephen J. Turnovsky
Source: The American Economic Review, Vol. 62, No. 5 (Dec., 1972), pp. 842-853
Published by: American Economic Association
Stable URL: http://www.jstor.org/stable/1815203
Accessed: 21/07/2009 06:14

Your use of the JSTOR archive indicates your acceptance of JSTOR's Terms and Conditions of Use, available at
http://www.jstor.org/page/info/about/policies/terms.jsp. JSTOR's Terms and Conditions of Use provides, in part, that unless
you have obtained prior permission, you may not download an entire issue of a journal or multiple copies of articles, and you
may use content in the JSTOR archive only for your personal, non-commercial use.

Please contact the publisher regarding any further use of this work. Publisher contact information may be obtained at
http://www.jstor.org/action/showPublisher?publisherCode=aea.

Each copy of any part of a JSTOR transmission must contain the same copyright notice that appears on the screen or printed
page of such transmission.

JSTOR is a not-for-profit organization founded in 1995 to build trusted digital archives for scholarship. We work with the
scholarly community to preserve their work and the materials they rely upon, and to build a common research platform that
promotes the discovery and use of these resources. For more information about JSTOR, please contact support@jstor.org.

American Economic Association is collaborating with JSTOR to digitize, preserve and extend access to The
American Economic Review.

http://www.jstor.org

http://www.jstor.org/stable/1815203?origin=JSTOR-pdf
http://www.jstor.org/page/info/about/policies/terms.jsp
http://www.jstor.org/action/showPublisher?publisherCode=aea


Capital Deepening Response in an 

Economy with Heterogeneous 

Capital Goods 

By EDWIN BURMEISTER AND STEPHEN J. IURNOVSKY* 

Capital deepening is an important con- 
cept in traditional capital theory. In a 
one-sector model it has an unambiguous 
definition, describing an increase in the 
physical capital-labor ratio. Moreover, the 
one-sector model always exhibits capital 
deepening when one compares a steady- 
state equilibrium having a high interest or 
profit rate with one having a low rate. We 
thus define capital deepening response in 
the one-sector model as an equilibrium in- 
crease in the physical capital-labor ratio 
in response to a decrease in the steady- 
state interest or profit rate. An economy 
which exhibits such capital dleepening re- 
sponse for every a(lmissible interest or 
profit rate will be termed regular. Further- 
more, it is a fundamental result that 
steady-state consumption behavior is not 
paradoxical (as defined below) if, and only 
if, the economy is regular. 

When the model includes heterogeneous 
capital goods, there is in general no un- 
ambiguous physical definition of capital 
deepening. If some capital-labor ratios rise 
while others fall, we cannot say unam- 
biguously that there is capital deepening 
in any physical sense. Nevertheless, it is 
clearly desirable to have a definition of 
capital deepening response and a defini- 
tion of a regular economy which preserve 

the basic properties of the one-sector model. 
The "Cambridge (U.K.) approach" 

(see, for example, L. L. Pasinetti (1969, 
1970) and Joan Robinson) is to define 
capital deepening across alternative 
steady-state equilibria in terms of the 
change in the value of the per capita 
capital stock. However, as we demon- 
strate, this definition does not generalize 
the results of the one-sector model. We 
propose an alternative definition which is 
not only consistent with the conventional 
concept of capital deepening response in 
one-capital good models but also is in- 
timately related to the phenomenon of 
paradoxical consumption behavior. In 
particular, there is no paradoxical con- 
sumption behavior if, and only if, the 
economy exhibits capital deepening re- 
sponse, as we define it, at every admissible 
interest or profit rate and which, therefore, 
is regular in our terminology. 'T'his rela- 
tionship points out the relevance of our 
concepts since it is consumption behavior 
and not the behavior of capital values that 
should be our ultimate economic concern. 

For expositional purposes we limit our- 
selves to one consumption good or possibly 
a fixed basket of consumption goods. 
Otherwise, the change in the consumption 
basket mix due to relative price changes 
would have to be considered, and we wish 
to avoid this issue. 'I'hus, we are concen- 
trating on problems caused by the exis- 
tence of heterogeneous capital goods rather 
than heterogeneous consumption goods. 

'I'hroughout this paper we are concerned 
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only with a comparison of steady-state 
equilibria, and we take the profit or in- 
terest rate, denoted by r, as exogenous. 
Thus we are not considering a fully de- 
termined general equilibrium model. One 
advantage of this approach is that our 
results do not depend on the exact rela- 
tionships that are needed to form a com- 
plete model in which the equilibrium value 
of r is determined simultaneously as one 
of many endogeneous variables. In par- 
ticular, our approach does not require the 
specification of any savings-investment 
behavior, and thus we avoid unnecessary 
complexities and obtain quite general re- 
sults. Of course, as a consequence we 
cannot study many important economic 
questions about dynamics; for example, we 
cannot analyze the tradeoff between fu- 
ture and present consumption. And 
nothing we say, either for the joint or no- 
joint production case, is meant to imply 
that it is in any sense "optimal" or "ef- 
ficient" for an economy to remain in any 
particular steady-state equilibrium except 
under special circumstances. 

Finally, for expositional convenience we 
omit discussion of linear Leontief tech- 
nologies; but as we shall indicate at the 
appropriate place below, our results are 
easily generalized to the nondifferentiable 
case.' It is well known from the reswitch- 
ing controversy that paradoxical consump- 
tion behavior in linear technologies does 
indeed occur (see, for example, Michael 
Bruno, B3urmeister, and Eytan Sheshinski; 
Paul Samuelson (1966b)). One of the ob- 
jectives of this paper is to derive a neces- 
sary and sufficienit condition which ex- 
cludes such behavior in both neoclassical 
and linear models.2 

I. Capital Deepening in the 
One-Sector Model 

Consider the standard neoclassical one- 
sector model in which there is a single out- 
put, part of which is consumed, the rest 
of which is accumulated as capital for 
further production. Gross output Y is 
given by the neoclassical production func- 
tion, satisfying the usual regularity con- 
ditions,3 

(1) Y = F(K, L) 

where K and L denote the capital and 
labor inputs, respectively. Because of the 
homogeneity of F, this production func- 
tion can be written in the per capita form 

(2) y = f (k) 

where y==Y/L, k=KIL, f'(k)>O, f"(k) 
<0.4 Assuming that capital depreciates at 
a constant rate 6, we know that K==I-6K 
where I is gross investment and the dot 
denotes the time derivative. Thus, from 
the national income identity Y=C+I 
(where C is consumption) we deduce that 
per capita consumption, c= C/L, must be 
given by 

(3) c = f(k)-k-(g + 6)k 

(where g is the rate of growth of labor). 
Hence, the steady-state per capita con- 
sumption is 

(4) c = f(k) - (g + 6)k 

As is well known, under competitive 
conditions the steady-state capital-labor k 
is the solution to 

(5) f'(k) = r + 6 

1 See Christian von WVeisziicker, pp. 60-66. 
2 While we have not seen a nunmerical example of a 

neociassical technology where )aradoxical consumlption 
b)ehavior does occur, the fact that it exists in linear 
models w-hich can he approximated as closely as (lesired 
b)y sniooth production functions strongly suggests that 
it can occur in the neoclassical case as well. 

3Fj denotes the partial derivative of F with respect 
to its ith argument (i= 1, 2) and is assumed l)ositive. 
The matrix [F1.j], which is the Hessian of F, is negative 
semidefinite. Also, F is assumedl to h)e homogeneous of 
degree one and twice continuouslx differenitiable. 

Here )rimes (lelote derivatives with respect to the 
single ar-ument k. Later in the l)al)er. as wvill b)e clearly 
indicated, p)rimes will deinote the transl)ose operator 
and, when the context makes ou1 usage clear, (lifferen- 
tiation writlh reslpect to r. 
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where r denotes the rate of interest, as- 
sumed given exogenously.5 Since f"(k) <0, 
k can be solved uniquely in terms of r. 
TIhe question of capital deepening re- 
sponse involves the response of k to r; as we 
see, the answer to this question is very 
simple in the present one-sector model. 
Differentiating (5) with respect to r, we 
find 

dk 1 
(6) = - < 0 

dr f "(k) 

Hence, we deduce unequivocally that a de- 
crease in the interest rate r will cause an 
increase in the steady-state capital-labor 
ratio k; such an economy exhibits capital 
deepening response for all admissible values 
of r and therefore is regular. 

At the same time, since our ultimate in- 
terest is in consumption behavior, we wish 
to determine how the corresponding 
steady-state per capita consumption re- 
sponds to r. Again, the solution is readily 
determined. Differentiating (4) with re- 
spect to r and using the competitive pric- 
ing conditions (5), we obtain 

dc (dk 
(7) Z(r-g)r 

dr (Ir 

implying that c has a relative maximum 
at r=g, which, of course, is the Golden 
Rule. Furthermore, by definition the 
model show-s no paradoxical consumption 
behavior if, and only if, 

(IC 
(8) sgnl = sgn (g - r) 

(Ir 

for all admissible values of r. 'T'hat is, 
there is Ino paradoxical consumption be- 

havior if per capita consumption increases 
for all r < g, and decreases for all r > g. 
Conversely, we say that the model shows 
paradoxical consumption behavior if there 
is some range of interest rates in which 
per capita consumption increases while 
the gap Ir-g increases. However, since 
in the one-sector model dk/dr<O, it fol- 
lows that the condition (8) is indeed 
satisfied so that c, expressed as a function 
of r, has a unique maximum at r=g. 

Thus, the simple one-sector neoclassical 
model is regular; the capital-labor ratio 
always varies inversely with the rate of 
interest. Furthermore, as a consequence 
of this property, we find that per capita 
consumption is "well-behaved," being 
free of the above paradox. It also can be 
shown that exactly the same conclusions 
remain valid for the neoclassical two-sector 
model in which there again is only one type 
of physical capital good; see Burmeister. 

II. The Heterogeneous Capital Good 
Model: The No-Joint Production Case 

In this section we shall give a definition 
of capital deepening response which gen- 
eralizes the property of the one-sector 
definition to many capital goods. We shall 
assume that the economy's production 
possibilities can be summarized by a 
production possibility frontier (PPF) of the 
form 

(9) c = T(yi, . . , yn; kj, . . kn,) 

where 

k= per capita quantity of the ith capital 

vi= per capita output of the ith capital 
good. 

Analogous to (3) we have the accumulation 
equations 

(3') ki = yi- (g +6)ki i 1,..., 

where &,. denotes the exponential deprecia- 
tion rate for the ith capital good (which 

Throughout this paper we will ignore corner or 
b)oundarv solutions. Thus we must assume that every 
exogenouslv given value of r belongs to an open interval 
for which (5) has a solution with a positive value of k. 
WNe also assume that r=g belongs to this interval of 
adlmissible r's which we denote b1v R. Analogous as- 
sumptions are needed in models with many capital 
goo(ls; see fn. 6 below. 
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for convenience is assumed to be inde- 
pendent of good j). Hence, in a steady 
state we have 

(3") yi = (g + 6i)ki i = 1,... 
and the steady-state PPF becomes 

(9') c= T[(g+61)kl, . . ,(g+6)k; 

k-;n . .. n kn,] 

We must introduce further properties of 
the PPF. First, it is assumed to be con- 
cave in the yi and ki and twice continu- 
ously differentiable; thus it has a negative 
semidefinite Hessian matrix, H= [Tij]. 
Second, it is assumed to reflect an under- 
lying technology in which there is no 
joint production. As Samuelson (1966a) 
has shown, this assumption imposes cer- 
tain restrictions on the corresponding 
function T; in particular, it implies that 
the rank of the Hessian matrix H cannot 
exceed n. However, since joint production 
raises further complications which we 
wish to avoid for the present, we shall de- 
lay a discussion of it until Section III. 
We introduce the following notation: 

Po =equilibrium price of the consump- 
tion good in terms of the wage rate 
as numeraire, 

pi= equilibrium price of the ith capital 
good in terms of the wage rate as 
numeraire, 

wi= the gross rental rate for the ith 
capital good in terms of the wage 
rate as numeraire. 

Then at every interior steady-state 
equilibrium, we have 

Ti = - pi/Po i=1 , 

(Tn.+i = Wi Po 

together with the conditions 

(11) r = 7vlpi - & i = 1, ., 

Conditions (10) are simply cost minimiza- 
tion requirements necessary for static ef- 

ficiency or profit maximization. Condi- 
tions (11) are necessary for competitive 
equilibrium; they insure that the net own- 
rate of return for every capital good, the 
right-hand side of (11), is equal to the 
exogenous rate of interest. Hence, it fol- 
lows from (10) and (11) that 

12) n+i (r + 6i) it 

Ti 

It has been shown elsewhere (see, for 
example, Burmeister and Kiyoshi Kuga, 
Burmeister and A. Rodney Dobell, ch. 9, 
and Michio Morishima), that under cer- 
tain conditions the steady-state equi- 
librium quantities ki are functions only of 
r for all values of r belonging to a non- 
empty open interval R. Likewise, for any 
assigned value of the steady-state interest 
rate r R, all steady-state equilibrium 
prices and the capital good rental rates 
are unique and positive, with the addi- 
tional properties that dpildr>O, dwildr 
>0, i= 1, .., n.6 Ihus, all equilibrium 
quantities may be expressed as functions 
of r and, in particular, the steady-state 
PPF may be written as 

(9") c(r) = TI (g+6j)kj(r), ., (g+-,)k,(r); 

ki(r), . . . k,(r)] 

for all rG3R. 
TIo determine how steady-state con- 

sumption respon(Is to a change in r, we 
differentiate (9") with respect to r, yield- 
ing 

(1) (l6 E [T (g + 6i) + T1+ i] 
(Ir i=1 (Ir 

Substituting the equilibrium conditions 
(10) and ( 1) , we can write (13) as 

6 We must impose some additional restrictions not 
mentioned here to assure that all steady-state prices 
and quantities are strictly p)ositive and that the interval 
R is not emr)tv. These technical details maN, be ig,nored 
for our present purposes, and the interested reader is 
referred to I3urmeister and I)obell, B3urmeister and 
Kuga, Morishima. As before, we assume gEzR. 
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dc n 
(13') = (r - g) E (p/po) (dkildr) 

dr i=1 

(This result is stated and proved as 
Theorem 7 in Burmeister and Dobell, p. 
286.) 

Since po>O for all rCR, we conclude 
that sgn (dc/dr) = sgn (g-r), excluding 
possible stationary points of the function 
c(r) which are not relative maxima or 
minima, if and only if 

(14) L pj(dkil(Zr) < 0 for all r C R 

Consequently, there exists no paradoxical 
consumption behavior (as we have de- 
fined it above) if, and only if, (14) holds, 
and we thus suggest the following defini- 
tion. 

DEFINITION 
The neoclassical model described above 
is said to exhibit capital deepening response 
at a given interest or profit rate r if, and 
only if, the expression 

n 

Z pi(dkildr), 
i=1 

which itself is a function of r, is non-posi- 
tive for that value of r. The model is 
termed regular if this inequality holds for 
all values of rEFR. 

(Note that when n= 1, this definition is 
satisfied in models with one capital good, 
where dk1 dr<O always holds; see equa- 
tion (6) above and the concluding sen- 
tence of Section I.) Thus, consumption 
behavior across steady-state equilibria is 
"well behaved" i.e., there is no para- 
doxical consumption behavior if, and 
only if, the economy is regular. 

We now compare our proposed definition 
of capital deepening response with a more 
common definition. One natural extension 
of the property dkldr <0 when there are 
many heterogeneous capital goods is the 

requirement 

dv) 
(15) dr< 0 

dr 

where 
n 

v E pik, 
i=l1 

and is the value of the per capita capital 
stock. This requirement is precisely the 
"unobtrusive postulate" which Pasinetti 
has attributed to neoclassical authors 
(1969, 1970) and which Robert Solow 
(1970) has denied. 

Differentiating v, we observe that the 
change in the value of capital is 

n 

dv(I(r = E pi(dkildr) 

(16) 
n 

+ Z (dpildr)ki 
i=l 

Since the second term on the right-hand 
side of (16) is positive it is a pure 
Wicksell effect we know that 

n 

(17) dvldr < 0 E pj(dkildr) < 0 
i=l1 

Accordingly, when Pasinetti's "unobtru- 
sive postulate" is satisfied, so is our def- 
inition of capital deepening response. 
Pasinetti's criticisms concerning this par- 
ticular issue would be completely valid 
provided the implication could be re- 
versed and (17) were an if, and only if, 
relationship. Unfortunately, a numerical 
example demonstrates conclusively that 
dvldr may be positive even when 

n 

E pi(dkildr) 
i=l 

is always negative. (In such cases one can 
calculate an upper bound on dvldr by dif- 
ferentiating the national income identity 
and using the steady-state restrictions.) 
Such an example is reported by Bur- 
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meister and Dobell, pp. 291-92.7 The pri- 
mary conclusion of our analysis is stated 
quite simply: 

Although the value of capital may increase 
as the interest or profit rate increases, an 
economy may still be "well behaved" or 
regular. It is the change in the per capita 
value of capital stocks evaluated at equilib- 
rium prices which must always remain 
nonpositive to preclude paradoxical con- 
sumption behavior. 

The one-sector model always exhibits 
capital deepening response and is regular. 
In the multi-capital good case we have 
thus far established only the equivalence 
of our definition to that of no paradoxical 
consumption behavior; we have said 
nothing as to whether or not multi-capital 
good models are in fact regular. To an- 
swer this question we must derive ex- 
plicit expressions for 

n 

Z p((dkildr) 

Differentiating the equilibrium condi- 
tions (12) with respect to r, we obtain 

dk 
(18) Q = -e 

dr 

where 

dk (dk dkn 
dr dr dr 

e =(1 1,, 01) 

and now primes denote the transpose op- 
erator. The (nxn) matrix Q. is the Jacobian 
matrix of the system of equations (12) and 
is defined by Q= [ij] where the elements 
are given by (12.')* We consider two cases: 
I. Q is nonsingular and has rank n for all 

rER. II. The rank of Q is less than or 
equal to n for all rER. Clearly, Case 11 
is more general and includes Case 1. 

Case I. Define the matrix 

P = (liag (T1, . .. , Tn), 

the equilibrium conditions (10) yield 

P = - (1/po) diag (pi, .. ., pn,) 

Hence, we can use the optimality condi- 
tions (12) to find a relationship between Q 
and the Hessian matrix of T, denoted by 
H. Thus we calculate 

(19) 2= P-1RHG' 

where D is defined in (20) and G is defiined 
analogously with g replacing r in (20)*. 
Equations (18) and (19) together imply 
that8 dk/dr= - [RHG']1- Pe. But since 
Pe=-(tlpo)p, where p=(pi * p,) 
we obtain the result 

n dk 
Z pi(dkil(Zr) _ p' 

(21) iUdr 

= (1/po)p'[RHG']-lp 

Ihus, we see from (21) that our defini- 
tion of capital deepening response will be 
satisfied in Case I if, and only if, 

(22) p'[RHG']-lp < o, 
and (22) is satisfied if the matrix [RHG'] 
(and hence [RHG' ]-1) is quasi-negative 
definite.9 In general there is nothing to 
ensure that this condition will be met. 

8 Essentially in Case I, we assume det [RIIG'] ]- 0 for 
all rER. This in turn requires that the rank of the Hess- 
ian matrix II, which under conditions of no-joint produc- 
tion cannot exceed n, must in fact equal n. 

I The notion of negative definiteness applies only to 
symmetric matrices. The analogous notion for nonsvm- 
metric matrices is that of quasi-negative definiteness. 
More Drecisely, a nonsymmetric matrix A is quasi- 
negative definite if, and only if, the symmetric matrix 
[A+A'1/2 is negative definite. Since x'Ax=x'A4'x for 
all x, we immediately see that quasi-negative definite- 
ness is e(quivalent to x'Ax<O for X/rO. 

I Even in a well-behaved neoclassical two-sector 
model dv/dr=d(plkl)/dr may be positive provided the 
term (dpi/dr)kl is sufficiently positive to outweigh the 
negative term pi(dki/dr); presumably, severe capital 
intensity conditions will yield this result. * See p. 848 for equations (12') and (20). 
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(Ti[(g + j)Tn+i,j + Tn+i,n+j] - Tn+i[(g + bj)Tij + Ti,n+j]l 
(12 ) CO ij =LTt 

(r + ? 1) 0 ... 0 1 0 0 

0 (r+ 2) ... 0 0 1 0 

(20) R 

0 0 ... (r + an) 0 0... 1 

However, it is worth mentioning that 
when r=g, the matrix R= G and the re- 
quirement (22) becomes 

(22') p'[GHG']-lp ? O 
Since it can be shown that c(r) attains a 
unique global maximum at r=g, equation 
(14), and hence (22) in Case I, will be 
satisfied with strict inequality in a deleted 
neighborhood of r=g; thus it follows that 
the economy exhibits capital deepening 
response, at least locally in the neighbor- 
hood of the Golden Rule point.'0 This, of 
course, proves that near the Golden Rule 

equilibrium a multi-capital good model is 
"well-behaved," as would be expected. 

By rewriting equation (13') in the form 

dc(r) n dk i(r) 
(13") po(r) + g Z pi(r) 

dr i-i dr 
n dki(r) 

= r pi(r) 
i=1 dr 

we see how our results relate to some re- 
cent work of von Weiszacker, pp. 62-63. 
Recalling that the steady-state output of 
capital goods is given by equation (3"), 
we can interpret the left-hand side of 
(13") as being the marginal change in the 
value of net national product, while the 
right-hand side is equal to r times the 
marginal changes in (per capita) capital 
stocks weighted by equilibrium prices. 
Thus we confirm von Weiszacker's result: 
" . .. if measured in constant prices, the 
marginal productivity of capital is equal 
to the rate of interest" (p. 62). This result 
is the direct analogue of equation (5) ob- 
tained for the one-sector model and thus 
provides an additional argument in favor 
of our definition of capital deepening re- 

10 Let xi and xi'* be two input vectors associated with 
the ith neoclassical production function Fi(xi), 
i=0, 1,..., n, and suppose x*,uxt* for any positive 
scalar,u. Then by concavity 

Ft[Xx* + (1 - )xi > XF'(xi) + (1 - X)F (xi*) 

for all Xe (0, 1). Normalize on total labor by setting 
L- 1, and denote the global maximum value of steady 
state per capita consumption by c*. (Our assumptions 
ensure that such a c* exists and that gER.) 

Assume c*=FO(x*) when r=g and suppose 
C*=FO(x**) for some other admissible f$g. Clearly, it 
is impossible that x*=Ax ** for any positive scalar ,u 
because across steady states all relative factor prices 
must satisfy d(Wj/Wo)/dr _dwj/dr>0. Accordingly, 
c=c* if, and only if, r=g, for otherwise we have an 
obvious contradiction to the strict concavity of FO(xo) 
for nonproportional input vectors xo. Thus, there exists 
a neighborhood of the point r=g, say N(g), such that 
d2c(r)/dr2 ?0 for all rEN(g) with strict inequality if 
r$g. The statement in the text then follows immedi- 
ately from 1) the existence and continuity of the 

steady-state functions ki=ki (r), rER, i= 1... , n, and 
2) the equation 

d2c(r)/dr2 = E (pi/po) (dki/dr) at r = g 
j=j 
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sponse. Furthermore, at r= g 

d2c(r) n d2lk (r) 
po(r) - + g pi(r) 

(23)~~~~~~~~~~~~~~~~ dr2 = dr2 

(23)~~~ ~~~ n (12 k (r) 
? rpi (r) 

i1 dr2 

which von Weiszacker interprets as a 
local law of diminishing marginal returns 
to capital. TIhis result seems logically 
equivalent to our statement that a multi- 
capital good model is well-behaved near 
r=g; we relegate the details of this ob- 
servation to a footnote.'1 

We now turn our attention to the gen- 
eral case in which the rank of Q is less 
than or equal to n. 

Case II. In this case the matrix RHG' is 
in general singular and we are unable to 
obtain equation (21) and inequality (22). 
We thus must adopt a somewhat different 
strategy, but one which provides addi- 
tional insights. From our assumption of 
no-joint production, each industry pos- 
sesses its own individual production func- 
tion all of which underlie the aggregate 
PPF. By examining these individual 
production functions, we can show that, 
despite the fact (14) may not be satisfied, 
it nevertheless seems likely that neo- 
classical multi-capital good model will be 
regular except in unusual circumstances. 

Gross outputs are determined by the 
neoclassical production functions 

(24) Yi = FP(Lh, Kij, ... K j) 
=O,1,..., n 

where Lj and Kij are the inputs of labor 
and capital of type i employed producing 
good j.12 For uniformity of notation, the 
consumption good industry is now in- 
dexed by j= O. We also introduce the 
notation 

kij= Kj1/Lj and 

Pj = Lj/L 

hence, kij denotes the capital-labor ratio 
of capital good i in the jth industry and pj 
denotes the proportion of the total labor 
force employed in that industry. We de- 
fine the aggregate quantities 

n 
K=Z Kij and 

j=o 

n 
L= E Lj 

j=o 

and thus we find 

n 

ki= E kijpj 
.=o 

(25) j 
n 

1 = P 
j=O 

We also denote the aggregate measure 
of capital deepening response by 

11 Define the row vector p-=(pi, . . ., pn) and the 
column vector k- (k,, . . ., k,,). Denoting derivatives 
with respect to r by primes, we may write (13') as 
poc'= (r-g)pk'. Differentiating the latter again with 
respect to r vields p'oc'+ Poc"/ = (r-g)(pk"+p'k')+pk' 
which reduces to pnc"+gpk" = rpk"+a, where 
a= (r-g)p'k'+pk'-po'c'. Equation (23) is verified pro- 
vided a?O at r=g, which is equivalent to pk'<O at 
r=g. However, we have alreadv proved that pk' ?O at 
r=g; see fn. 10. 

12 Analogous to fn. 3 above, Fii denotes the partial 
derivative of Fi with respect to its ith argument and is 
assumed to be positive while the Hessian matrix [Fk,] 

is negative semi-definite. Also, Fi is assumed homo- 
geneous of degree one for all j and twice continuouslv 
differentiable. We also suppose that Lj, Kij>O for all 
i, j, although this assumption is merely a simplifving 
convenience and can be weakened in many ways. If the 
underlying technology consists of many fixed-coefficient 
Leontief techniques, it is still true that the economy has 
a PPF of the form (9), although, of course, it is not dif- 
ferentiable. However, as Samuelson has pointed out to 
us, at switching points between alternative techniques 
there exist supporting hvperplanes with slopes exactly 
analogous to the partial derivatives of T; see Samuelson 
(1966a, p. 40) for a definition of such "generalized par- 
tial derivatives." Likewise, with linear technologies the 
individual production functions are not differentiable, 
but again there exist supporting hyperplanes with 
slopes corresponding to "generalized partial deriva- 
tives." These facts allow a straightforward extension of 
the analysis given here to cover the linear case. 
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n 
06 3 p-(dkildr) 

*= I 

and analogously define 
n 

Z- pj(dk(Zj1dr) j = O,1 , ... . n 
i=l1 

as the measure of capital deepening re- 
sponse in the jth industry (expressed in 
terms of its own capital-labor ratios). We 
shall now express 0 in terms of the in- 
dividual sectoral components. 

Because of the homogeneity of Fi we 
can write the production functions (24) in 
the intensive form 

(24') YjlLj = fi(klj, .. , 

j = O, 1,... 

where by assumption Ji is strictly concave 
and 

Hi= [f k] 

is negative definite. The equilibrium con- 
ditions for industryj require that 

f(klj, . . . , knj) = (r + b6)pilp3 
i:= 1,. . .,nu 

Note that equations (26) are a generaliza- 
tion of equation (5). 

To see how the k1j respond to change 
in r, we differentiate the set of equations 
(26) with respect to r, yielding 

(1kj 1 

[Hi] (' p + (r +a)+ 

j = , 1,..,n 

where 

(1k.j / (1k11 (Ik 

(Ir (Zr (Ir 

r += (liag (r + 61, . . .,r+) 

(Ir (Ir 

Hence because of the nonsingularity of 
Hi it follows that 

6 ,dk.i 
1 

p'[Hj-1p ejp, -= _ t[ j-l 
(28) dr P,V 

+ p'[Hki]-'(r + 5)01k 

The negative definiteness of Hi implies 
that the first term on the right-hand side 
of (28) is negative. However, since the 
relative prices of capital goods in terms of 
pJ can either increase or decrease in re- 
sponse to a change in r, the second term is 
ambiguous, making the overall sign of Oj 
indeterminate. In the special case where 
the responses of relative prices to changes 
in the interest rate are small, we can ex- 
pect the first term to dominate, implying 
that Oj<O. Hence, in that case we reach 
the conclusion that each sector will exhibit 
capital deepening response and will be 
regular (as we have defined these terms) 
if intensities are expressed in terms of the 
sectoral capital-labor ratios. However, even 
this special case does not ensure capital 
deepening response or regularity in the 
aggregate. 

We can calculate the aggregate measure 
of capital deepening response, 0, by dif- 
ferentiating (25) with respect to r: 

(Ikil(Ir = L p(dik1d(r) 

(29) J=o 
n 

+ E k.1j(dp, (dr), 
j=o 

where 

n 

Z (dpJ/(Ir) = 0 
=.O 

Hence, we derive the expression 

n 

O ZEpi ( Zr) = 
i (Z 

Epi Epj (dkij/1dr) + Ek ij (dp,/ 1dr) 
i=li _ j= .O 
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so that 

n 7t 

(30) 0 = E pj0j + E j(dpj/d(Zr) 
j=o j=o 

where 

'n 

v Z-E pikij > 0 
i=l 

denotes the value of the capital stock in 
industry j per worker employed in that 
sector. TIhus in the case that Oj<0, the 
first summation on the right-hand side of 
(30) is always negative. However, in view 
of (29), the sign of the second term of (30) 
is ambiguous, thereby raising the possibil- 
ity that even in this case the model may 
not be regular in the aggregate. We may 
note there are two cases in which the sec- 
ond term vanishes: If all the vj's are the 
same; If dpj, dr=O for allj, in which case 
there are no absolute movements of labor 
in response to changes in r. 

In general, since the summation 

Z zJ(dpj/d'r) 
j=o 

necessarily includes terms of opposite 
signs, it seems likely that they will tend 
to cancel out, in which case the first term 
of (30) will dominate. Also if the capital 
(leepening responises within each sector 
are strong, it becomes more likely that 
aggregate deepening response will prevail; 
that is, the larger (in absolute value) the 
negative magnitude of each Oj, the more 
likely it is that the first term of (30) will 
dominate and 0 will be negative. On the 
other hand, even if some Oj's are positive 0 
may still be negative, provi(led other OJ's 
are sufficiently negative. And 0 is almost 
certainly negative if the v-'s are approxi- 
mately the same in each sector and each 
Oj<0. In other words we see that if each 

sector is regular yet the model is not regu- 
lar in the aggregate so that paradoxical 
consumption behavior exists, it would re- 
quire an industry, say industryj, in which 
vj is large relative to that of the other 
industries and where dpjldr> 0. Under 
these circumstances an increase in r would 
cause a shift in the proportion of labor 
towards an industry with a high per capita 
value of capital. This shift would increase 
the aggregate per capita value of capital in 
the economy and possibly (but not neces- 
sarily) would lead to a violation of our 
definition of a regular model; see equation 
(16). 

In summary, we see that within each 
sector our definition of capital deepening 
response may or may not be satisfied. 
However, even if each sector is regular, 
this does not ensure the model will be 
regular in the aggregate; that will depend 
upon the relative capital intensities of the 
different industries and how labor shifts 
between them in response to interest rate 
changes. If the sectoral capital deepening 
response effects are sufficiently strong, 
however, the economy is likely to be regu- 
lar in the aggregate, and in any event, it 
will always show local capital deepening 
response in the neighborhood of the 
Golden Rule point r=g. Finally, our re- 
sults suggest an interesting conjecture far 
beyond the scope of this paper. If one 
argues, as many economists do, that in- 
(lustrialize(1 economies moving over time 
are always "near" steady-state equilibria 
positions, then one possible reason that an 

aggregate production function' gives a 
good fit to the clata may be because econo- 
metricians have studiedl economics with 
undlerlying technologies that are regular 
(in our terminology). 

III. The Case of Joint Production 

Under condlitions of joint production the 
society's PPIF will still be of the form (9) 
although, as we have shown elsewhere (see 
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Burmeister and Turnovsky), the function 
T will be subjected to certain restrictions 
analogous to those obtained by Samuelson 
(1966a) for the no-joint production case. 
The steady-state equilibrium conditions 
are still given by (10) and (11) although 
now a severe difficulty arises. Unlike 
the no-joint production case, it is no 
longer true that the equilibrium steady- 
state values of the ki's are determined only 
by r. Thus, the PPF cannot necessarily be 
written in the form (9"). -Instead we now 
face the possibility that for each value of r 
(at least over some range) we may be able 
to associate a number of different ki. Spe- 
cifically, suppose that when r= r1, there 
exist three vectors ki= (k' ..., nk), i 

=1, 2, 3, which are consistent with the 
equilibrium conditions (12); then there 
will be three corresponding values of con- 
sumption ci which satisfy (9). In this case 
we may apply our definition of capital 
deepening response to each of the three 
equilibrium values separately. Hence, we 
say that the model exhibits capital deepen- 
ing response in the neighborhood of the 
equilibrium pair (ri, kt), if, and only if, 

n dki 
(31) pi _ O 

i=1 dr r=r1 
k=ki 

Furthermore, it readily follows by our 
previous argument that 

dci 
sgn r k= sgn (g - r) 

(l r r:=rl,c= c ,k=k 

and there is no paradoxical consumption 
behavior in the neighborhood of this par- 
ticular equilibrium if, and only if, (31) 
holds. 

Since the difficulties introduced by joint 
production arise even with a single capital 
good, it is easy to consider that special case 
in more detail. T he steady-state PPF 
becomes 

(32) c = T[(g + 6)k; k] 

rl 
k=O 

r ---' 

I I 

I k I 

kl k2 

FIGURE 1 

while the steady-state equilibrium pricing 
conditions imply 

(33) r= - TJ2T1-6 

Differentiating both sides of (33) with 
respect to k, we find 

(34) = sgn -T14T21(g + 6) + TW22 
dlk 

+1T,[TlT(g + 6) + T12} 

In our model r is exogenous, and when 
r=g, we obtain T2/ T1= -(g+ 3). Substi- 
tuting into (34) and using the strict con- 
cavity of T, we deduce that 

dk 

(35) (Ir r=g 
< 0 

k=O 

By a similar substitution, it can be readily 
verified that 

(lk 
> 0 

(Ir r. =g+ I 
k=O 

is a possibility if (ri-g), which we denote 
by -q, is sufficiently large and T12 > 0,13 

13 See Liviatan and Samuelson. Apparently this pos- 
sibility was first observed by Richard Sutherland in an 
unpul)lished Ph.D. dissertation. Subsequent work by 
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CIC. C 
k=O 

0 r~~~~~~~~~~~~~ 

g rr1r k=O 

F"IGURE 2 

Plotting r against k, we obtain Figure 1 
where "waves" occur in the neighborhood 
of ri = (g+7t). 

Now since steady-state consumption is 
given by (32), we can use k as a parameter 
to plot c versus r in Figure 2. 'I'hus, even in 
neoclassical models with only one capital 
good, we may have paradoxical consump- 
tion behavior for profit or interest rates 
larger than g, provided we admit the possi- 
bility of joint production. Note, however, 
that if our definition of capital deepening 
response is satisfied at every (admissible) 
steady-state interest rate r, then the exis- 
tence of "multiple consumption turnpikes" 
in joint production models is precluded. 
'I'his observation is significant because 
only models with a unique consumption 
turnpike exhibit qualitative turnpike prop- 
erties which are independent of the initial 
capital stocks.14 Accordingly, the concept 
of a regular economy which we have intro- 
duced in this paper apparently has appli- 
cations to economic problems not consid- 
ered here. 
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