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Abstract

Reverberation and clutter are two of the principle obstacles to active sonar target

detection in shallow water. Diffuse seabed backscatter can obscure low energy target

returns, while clutter discretes, specific features of the sea floor, produce temporally

compact returns which may be mistaken for targets of interest. Detecting weak

targets in the presence of reverberation and discriminating water column targets

from bottom clutter are thus critical to good performance in active sonar. Both

problems are addressed in this thesis using the time-frequency interference pattern

described by a constant known as the waveguide invariant which summarizes in a

scalar parameter the dispersive properties of the ocean environment.

Conventional active sonar detection involves constant false alarm rate (CFAR)

normalization of the reverberation return which does not account for the frequency-

selective fading in a wideband pulse caused by multipath propagation. An alterna-

tive to conventional reverberation estimation is presented, motivated by striations

observed in time-frequency analysis of active sonar data. A mathematical model

for these reverberation striations is derived using waveguide invariant theory. This

model is then used to motivate waveguide invariant reverberation estimation which

involves averaging the time-frequency spectrum along these striations. An evaluation

of this reverberation estimate using real Mediterranean data is given and its use in

a generalized likelihood ratio test (GLRT) based CFAR detector is demonstrated.

CFAR detection using waveguide invariant reverberation estimates is shown to out-
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perform conventional cell-averaged and frequency-invariant CFAR detection methods

in shallow water environments producing strong reverberation returns which exhibit

the described striations. Results are presented on simulated and real Mediterranean

data from the SCARAB98 experiment.

The ability to discriminate between water column targets and clutter discretes is

vital to maintaining low false alarm rates in active sonar. Moreover, because of the

non-stationarity of the active sonar return, classification is most typically achieved

using a single snapshot of test data. As an aid to classification, the waveguide

invariant property is used to derive multiple snapshots by uniformly sub-sampling

the short-time Fourier transform (STFT) coefficients of a single ping of wideband

active sonar data. The sub-sampled target snapshots are used to define a waveguide-

invariant spectral density matrix (WI-SDM) which allows the application of adaptive

matched-filtering based approaches for target depth classification. Depth classifica-

tion is performed by a waveguide-invariant minimum variance filter (WI-MVF) which

matches the observed WI-SDM to depth-dependent signal replica vectors generated

from a normal mode model. Robustness to environmental mismatch is achieved

by adding environmental perturbation constraints (EPC) and averaging the signal

replica vectors over the unknown channel parameters. Simulation and real data

results from the SCARAB98, CLUTTER07, and CLUTTER09 experiments in the

Mediterranean Sea are presented to illustrate the approach.
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1

Introduction

Sonar (SOund Navigation And Ranging) is the extraction and processing of infor-

mation carried by propagating acoustic waves. It is used to detect, classify, and

estimate the parameters of underwater objects. Sonar is similar to radar in principle

and operation, but differs in several significant ways. While electromagnetic waves

are strongly attenuated in water, acoustic waves, particularly at low frequencies, are

capable of propagating for long distances with very little loss. However, the prop-

agation speed of sound in the ocean is five orders of magnitude below that of an

electromagnetic wave in air, imposing difficulties on sonar systems not encountered

in radar. Sonar comes in two varieties: passive and active. In passive sonar, acoustic

energy generated by the target is received and processed by the sonar system. In

active sonar, a signal is transmitted and information about the target is extracted

from the returning echoes. While active sonar presents a unique set of advantages

and disadvantages over passive sonars, it is frequently applied in anti-submarine war-

fare (ASW), and is the only option for quiet targets, such as modern diesel electric

submarines, which emit no sound and give little indication of their presence. Active

sonar has the advantage of exact knowledge of the transmitted signal; however it is
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hindered by the acoustic return from objects which are not of interest. In particular,

the ocean floor produces a strong return at all times/ranges, known as reverbera-

tion [14, 40]. Reverberation presents one of the largest difficulties in shallow water

active sonar processing [42], as it is difficult to estimate and can obscure weak target

echoes. In addition, discrete features of the ocean floor such as large rock outcrop-

pings, abrupt changes in bathymetry, or features such as shipwrecks can produce

strong, target-like returns. These are collectively known as clutter and can be diffi-

cult to discriminate from targets of interest in the water column, the region between

the ocean surface and floor. The inability to differentiate between targets and clut-

ter often leads to a prohibitively high false alarm rate because of the prevalence of

clutter in typical shallow water ocean environments. The detection of weak targets

in reverberation and the classification of targets and clutter are the two principal

obstacles in active sonar. This work will treat active sonar in multipath-prone and

clutter-rich shallow water environments.

Shallow water environments in particular present a significant difficulty for active

sonar systems. These environments include areas of the ocean up to approximately

200 m in depth that typically have an isovelocity or slightly downward-refracting

sound speed profile. In deep water channels, the sound speed profiles typically con-

tain ducts which trap much of the transmitted energy, such that the acoustic energy

propagates for very long distances without interacting either with the bottom or

the sea surface. Without any ensonification (illumination) of the seafloor, there is

no significant reverberation return nor bottom clutter. Conversely, in shallow-water

channels a large portion of the signal energy interacts with the bottom [40], pro-

ducing significant reverberation and target-like clutter. An additional complication

of shallow water environments is multipath propagation. Often there is more than

one propagating path to and from a target or bottom scatterer. Each path has a

unique group velocity/round-trip travel time. For a single scatterer without multi-

2



Figure 1.1: Typical active sonar system in shallow water. The towed
source/receiver transmits a signal and receives echoes from the ocean floor (rever-
beration), clutter discretes (e.g. shipwrecks), and water column targets (e.g. sub-
marines).

path, the return is simply the transmitted pulse delayed by the round trip time of

the direct path. In the presence of multipath, the return is the superposition of many

pulses delayed by the round-trip time of each propagation path. The net result is a

temporal spreading of the transmitted pulse, known as multipath spread. When con-

sidering the entire seafloor, which can be modeled as a dense grid of point scatterers,

different propagation paths from multiple ranges can arrive at the receiver simulta-

neously. Modeling shallow water reverberation and clutter thus involves knowledge

of the group and phase velocities of all propagating modes, which requires an of-

ten prohibitively detailed characterization of the environment. Figure 1.1 illustrates

the the difficulties of detection and classification in shallow water. Reverberation is

present and decays as 1/r, along with two clutter discretes and a mid-water column

target marked in red. From the time series magnitude data (A-scan), from the energy

of the three strong returns, it is impossible to identify the target from the clutter.

Additional techniques are necessary to discriminate targets and clutter, as well as

locate weak targets which may be obscured by reverberation.

Since predicting and mitigating the reverberation component of the return, as

well as the discrimination of targets from clutter, are critical to successful target
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detection, new signal processing techniques are needed for improved reverberation

estimation and target classification in multipath-prone reverberation-limited shallow

water environments. Both of these problems are addressed in this work. Novel

approaches to both problems are presented. The algorithms in this work mitigate

the difficulties in shallow water environments by exploiting the waveguide invariant,

a scalar parameter which parameterizes a group and phase velocity relationship of

the waveguide and which is nearly constant for many shallow water waveguides.

1.1 Reverberation Estimation and CFAR Detection

Conventional active sonar detection involves basebanding, matched filtering, and nor-

malizing the received time series data. The envelope of the data is then compared

against a threshold. Cell-average constant false alarm rate (CA-CFAR) normaliza-

tion, derived without consideration of multipath propagation, is traditionally used to

estimate the threshold above which targets are discriminated against reverberation

and noise [72]. The threshold is estimated from neighboring data in the time series

which is assumed to contain only reverberation and noise with the same statistics as

the data under test. By not accounting for propagation effects, the implicit assump-

tions made in CA-CFAR detection are often incorrect. In particular, narrowband

returns, while exhibiting a small reverberation-induced variance, often exhibit a high

degree of nonstationarity due to coherent constructive and destructive interference

of propagation modes. On the other hand, wideband returns have more incoherent

reverberation components which result in higher background variance without a con-

comitant increase in the target peak due to multipath delay spread [55]. Exploiting

larger bandwidths in active sonar has thus involved a trade off between detection in

non-stationary sub-bands versus broadband detection in reverberation with larger

variance. Increasing the power of the transmitted signal offers no increase in the

signal-to-reverberation ratio (SRR), as there is a concomitant increase in the rever-
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beration and clutter power.

Reverberation modeling, with the ultimate goal of improving active sonar de-

tection and classification, has been addressed via both statistical and physics-based

approaches in the literature. The statistical approach seeks to go beyond the tra-

ditional assumption of reverberation statistics, i.e. that the return at any time

sample is due to backscatter from a sufficient number of scatterers so as to make

the sum complex Gaussian distributed (with a Rayleigh distributed envelope) by

virtue of the Central Limit Theorem. Non-Rayleigh reverberation is often observed

in real data, and work has been done to quantify the “non-Rayleighness” [1,56]. The

K-distribution has been found to be a useful statistical model for active sonar rever-

beration [4, 63] with considerable effort having been made to relate environmental

and system parameters to the parameters of this distribution [2, 3]. Physics-based

reverberation modeling exploits acoustic scattering and propagation models and uses

these along with knowledge of the environment and transmitted signal to predict re-

verberation levels. Acoustic propagation has historically been modeled using the ray

approximation [81], wavenumber integration [21], and using the spectral integral [54];

however normal mode methods are most commonly employed in shallow water using

low frequencies [13, 24, 88]. This work models the propagation of the pulse to and

from the scattering element using normal modes, and employs an empirical scatter-

ing model similar to the Lambertian scattering model. More sophisticated scattering

models have been proposed [38,39,60], however these require a characterization of the

scattering surface. All methods of propagation and scattering modeling are limited

by the knowledge of the environment as parameters of the waveguide and scatter-

ing surface are generally not known in sufficient detail to allow accurate long range

reverberation prediction from modeling alone.

This work adopts a physics-based approach to reverberation modeling; however

unlike previous methods, reverberation estimation and target detection are based
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on the short-time Fourier transform of the data. Striations in time (or slant range,

defined as ct/2 where c is the propagation speed) and frequency have been observed

in the spectrograms of broadband acoustic signals. The striations are regions of

constant intensity, parameterized by a scalar known as the waveguide invariant,

β [9, 22, 35]. The waveguide invariant is a scalar describing the dispersion of the

channel. Originally formulated by Chuprov [19], it is used to relate the group and

phase slowness of a group of closely-spaced modes [9] and the frequency dependence

of the horizontal wavenumber difference between two modes [35]. In ideal shallow

and deep water waveguides it has a value of 1 and −3 respectively, and remarkably

does not deviate much from these values despite variations in the sound speed and

bottom composition. It has been previously used for target localization in passive

sonar [43, 78–80, 84]. The waveguide invariant is used in a simple relationship to

relate the slope of the striations in the short-time Fourier transform (STFT) to the

range and velocity of the target. With this relationship, the waveguide invariant can

be used in a variety of applications. In particular, Thode used a vertical array as

well as a second source at a known location to estimate the range of the unknown

source [79]. Thode et al. also used the waveguide invariant to predict the location

of the range-frequency sidelobes in a Bartlett matched field processor estimating

location parameters [80]. Kim et al. exploited β to add robustness to time reversal

focusing [43]. The waveguide invariant has also been used to mitigate the effects of

platform motion in towed horizontal arrays [85,89,90]. Yang also looked at striations

in the beamformed horizontal line array data [84]. Despite the established success

in many types of passive sonar processing, the waveguide invariant has seldom been

applied to active sonar data. Quijano and Zurk used the waveguide invariant in

ping-to-ping target tracking in bistatic active sonar [70, 71]. Reverberation has also

been seen to exhibit striations in time-frequency. Striations have been demonstrated

in real [57, 73] and simulated [31] reverberation STFT magnitude data. Previous
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(a) A-Scan (b) STFT

Figure 1.2: A-scan (left) and STFT (right) of broadband reverberation data with
a weak target at 5 km. The target cannot be distinguished from reverberation in
the a-scan (left), however it becomes visible in the null in the reverberation in the
STFT (right) around 1200 Hz.

work by the author has shown that the expected intensity is shown to be constant

along these curves in time/range and frequency [30].

In this thesis, a frequency-dependent reverberation estimate is derived that ac-

counts for the striations induced by the channel. The reverberation level is estimated

by averaging along the striations rather than data at the same frequency and ad-

jacent in range. This yields an estimate with lower mean-square error (MSE) and

improved detection performance over conventional CA-CFAR techniques. Figure 1.2

depicts a simulated sonar return resulting from weak target in reverberation. The

SNR is sufficiently low that the target cannot be distinguished from reverberation

in the time series (A-scan) in Fig. 1.2a. After taking the STFT, striations become

clearly visible, in the reverberation, and the target is easily identifiable in the re-

verberation nulls (i.e. at 1150 Hz and 5 km range). The target has similar energy

to the neighboring reverberation in the time series, but is located easily because it

does not share the same fading pattern as the reverberation. This is the motivation

behind the waveguide invariant CFAR detection method presented in this work.

In the following chapters, a normal mode-based waveguide invariant reverber-
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Figure 1.3: Possible ray paths for the return from a bottom scatterer (top) and
water column target (bottom) in a shallow water multipath channel.

ation model is derived followed by a discussion of its application to reverberation

estimation. The mean-square error of the resulting waveguide invariant reverbera-

tion estimate is computed analytically. This estimate is then used in a generalized

likelihood ratio test (GLRT) to obtain a waveguide invariant constant false alarm

rate (WI-CFAR) detector. Results are presented for waveguide invariant reverbera-

tion estimation and CFAR detection using both real and simulated Mediterranean

active sonar data.

1.2 Target Depth Classification

Discriminating between targets and clutter is important to improving sonar system

performance and controlling false alarm rates. Target depth can be a powerful dis-

criminator, and both statistics- and physics-based methods have been previously

used for depth classification. Figure 1.3 depicts the different multipath structures

of a bottom scatterer (top) and water column target (bottom) in a shallow water
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channel. The return from either a water column or bottom scatterer is dependent

on target and source/receiver depth, as well as properties of the waveguide including

the depth, sound speed profile, and bottom composition. Shallow water environ-

ments typically have a complex multipath structure, and propagation through such

channels can have a significant impact on the transmitted and scattered signal. In

the case of active sonar, the transmitted signal traverses the channel twice, and is

scattered by the target. This has the effect of coupling the incident and scattered

propagation modes; energy ensonifying the target on one path may be scattered onto

a different return path. In short, the returns from either a bottom or water column

scatterer are heavily impacted by propagation and scattering in the waveguide, and

the complex nature of shallow water environments makes target classification a dif-

ficult task. Current methods in underwater target classification can be divided into

two primary groups: (1) source signature recognition methods that identify targets

and bottom scatterers in an unknown environment using previously collected returns

under the same propagation conditions, and (2) physics-based methods that estimate

channel effects and target depth based on propagation and scattering models.

Methods of classification in the first group use various algorithms to recognize

objects of each class in a specific environment. These methods depend on the avail-

ability of training data consisting of labeled examples of targets and scatterers in the

environment. The specifics of propagation and scattering remain unknown; these

methods learn to recognize the features of each return type in a specific channel.

Advances in machine learning have led to the application of neural networks to active

sonar target classification [18,20,34]. These parallel algorithms can rapidly perform

search and match operations, and with a sufficient number of layers and training

data can give very good results [18, 34]. Early work by Gorman and Sejnowski [34]

uses time-frequency returns from a metal cylinder in the water column and a rock on

the bottom to specify the class of the target. Good performance can be achieved but
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a large training set is required [34]; classification performance was evaluated when

between 50 and 300 training snapshots are present. In many active sonar situations,

especially at long ranges when the pulse repetition interval can be more than 10

seconds, collecting such a large number of pings is not practical. Chen [17, 18] also

applied neural networks to underwater signal classification; however this work sepa-

rates surface ships from whale clicks, ice crackles, etc. Machinery signals, propeller

signals, and hydrodynamic signals are recognized in the spectra of acoustic signals

to distinguish surface ships from other sources of clutter. These are classified by the

frequency content of the source signal rather than the range or depth of the object.

The primary difficulty with these methods is the amount of training data they re-

quire. A long training period is needed before good performance is obtained, and the

result is valid only for a specific set of propagation conditions. If the environment

changes, a new training period is needed. The methods in this thesis operate on a

single ping of data.

Rather than learning the signature of each class of target in a specific environ-

ment, the second approach to classification focuses on removing or estimating the

effects of propagation through the channel. Once removed, a single classifier can be

used regardless of the environment. Target classification first amounts to estimat-

ing the changes to the signal imposed by the environment. Deterministic methods

involve the precise calculation of the channel Green’s function assuming the geoacous-

tic parameters are known exactly. Once known, the Green’s function can be used to

remove propagation effects via deconvolution [10,26,64]. The channel Green’s func-

tion can be very sensitive to sediment bottom parameters, particularly in shallow

water environments. Because of the sensitivity of the Green’s function to parameter

mismatch [10], alternatives to deterministic deconvolution methods are sought. Sta-

tistical techniques using higher-order statistics [11], minimum entropy deconvolution,

and others have been proposed in the literature.
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Matched field processing (MFP) [6, 27, 37, 76] has been used with good results

in acoustic inversion and depth estimations problems. The target position estimate

is obtained by comparing the observed data with model data generated using a

full-field propagation model (and scattering model in active sonar) over a range

of hypothesized target locations. The method was first applied to passive sonar

by Bucker [12], and results have been reported on both simulated and real passive

sonar data given sufficient signal-to-noise (SNR) ratio and an accurate environmental

characterization. Matched field processing exploits the complex multipath structure

of the target return, which is sensitive to the sound speed and bottom profile of

the ocean environment. Consequently, MFP methods suffer from mismatch of the

modeled environment, and small uncertainties in environmental parameters can yield

a degradation in the peak-to-sidelobe levels of the ambiguity function and/or a shift

in the peak location [23]. An overview of matched field methods and results is given

by Baggeroer et al. [6].

There are several obstacles to the application of MFP to active sonar. Target

scattering can affect the amplitude and phase of each path to and from the target

and source/receiver, and the particular target scattering function is generally un-

known. Additionally, active sonar pings must be separated in time to allow for a

sufficiently large unambiguous range. Thus the collection of sufficient target snap-

shots for an estimate of the spectral density matrix (SDM) can be time consuming.

Despite these restrictions, work has been done applying MFP techniques to active

sonar. Yang and Yates developed a broadband MFP localization technique based on

relative amplitudes of the multipath returns but ignores phase [86]. Hickman and

Krolik estimated target depth using the complex pressure field, and assumed a ran-

dom scattering function that was constant over frequency [37]. A similar technique

known as matched mode processing extracts the range and depth estimation of a

target from the modal amplitudes after decomposing the received signal [83, 86, 87].
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Matched mode processing can successfully localize a target, but requires a (some-

times prohibitively) long receiver array. The number of sensors must be greater than

the number of propagating modes for good results.

This work adopts a physics-based approach to target classification based on es-

timated depth. In this thesis, the waveguide invariant concept is used to motivate a

uniform sub-sampling of the target short-time Fourier transform (STFT) vector and

the estimation of a waveguide invariant cross spectral density (WI-CSD) matrix from

the resulting “snapshots”. A minimum variance filter is derived which matches the

CSD of the observed data to the eigenvectors corresponding to the largest eigenvalue

of targets at various depths. The depth estimate is calculated as the value which

maximizes the resulting ambiguity function.

Chapter 2 outlines the propagation and scattering models used, and gives a model

for a depth-dependent target return in reverberation and noise. In the following

chapter the waveguide invariant is derived and details are provided on and the in-

tensity interference pattern it parameterizes. In Chapter 3, the waveguide invariant

is applied to reverberation modeling, and a frequency-dependent estimate is derived

which averages the reverberation power along the striations in the reverberation

STFT intensity surface. Results are presented on reverberation estimation and tar-

get detection on simulated and real data from the Mediterranean Sea. In Chapter

4 the use of the waveguide invariant on the complex STFT coefficients at the tar-

get range is outlined. A method of target sub-sampling is derived for the purpose

of forming the waveguide invariant cross-spectral density matrix (WI-SDM). The

waveguide invariant minimum variance filter (WI-MVF) used for depth estimation

is then derived. Results are provided for simulated and real data collected during

three experiments in the Malta Plateau region of the Mediterranean Sea.
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2

Target and Reverberation Modeling

This section describes the modeling of targets and reverberation in this work. A

normal mode propagation model is appropriate for modeling shallow water propaga-

tion at low frequencies. This is employed along with an empirical scattering model

to generate simulated point targets as well as reverberation data by summing the

contribution of a dense grid of bottom scatterers. Both time- and frequency-domain

models are given, however this work uses the short-time Fourier transform (STFT)

of the data. The following chapter outlines the propagation and scattering models

used in this work and the data model used in target detection and classification.

2.1 Normal Mode Propagation Model

The normal mode expression is an approximate solution to the frequency-domain

wave equation. Normal mode methods have been used for years in ocean acoustics

[13, 24, 55, 82, 88]. The first presentation provided the solution for a simplified two-

layer ocean. Today, numerical techniques exist to model any number of fluid and

viscoelastic layers and are implemented in computer programs such as KRAKEN [67].

The derivation of the normal mode solution for a homogeneous water column and a
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perfectly reflecting bottom begins with the Helmholtz equation:

1

r

∂

∂r

(
r
∂p

∂r

)
+ ρ(z)

∂

∂z

(
1

ρ(z)

∂p

∂z

)
+

ω2

c2(z)
p =
−δ(z − zs)δ(r)

2πr
. (2.1)

The source is assumed to be a point source of a single frequency s(t) = exp(−jωt),

and thus the pressure field has the same time dependence p(r, z, t) = p(r, z) exp(−jωt).

Using a separation of variables, the solution can be written as a product of range-

and depth-dependent components, p(r, z) = Z(z)R(r). With this assumption and

the source removed, the Helmholtz equation becomes[
1

r

∂

∂r

(
r
∂R

∂r

)]
+

[
ρ(z)

∂

∂z

(
1

ρ(z)

∂Z

∂z

)
+

ω2

c2(z)

]
= 0. (2.2)

The equation can be written as the sum of two components which are functions

of only r and z respectively. This can only be satisfied if each each is equal to a

constant. The modal equation results from adding in the separation constant k2,

ρ(z)
d

dz

(
1

ρ

dZ(z)

dz

)
+

(
ω2

c2(z)
− k2

)
Z(z) = 0, (2.3)

with the boundary conditions Z(0) = 0 and Z ′(D) = 0, where D is the water depth.

This is a familiar Sturm-Liouville eigenvalue problem with well documented prop-

erties. An infinite number of solutions (modes) exist consisting of a mode shape

function Zm(z) and horizontal wavenumber km. The functions Zm(z) are the eigen-

functions of the modal equation and k2
m are the eigenvalues. The eigenfunctions of

a Sturm-Liouville equation are known to be orthogonal such that

∫ D

0

Zm(z)Zn(z)

ρ(z)
dz = 0, form 6= n. (2.4)

In addition, the eigenfunctions can be normalized to simplify the results:

∫ D

0

Zm(z)

ρ(z)
dz = 1. (2.5)
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This is an orthonormal set; therefore a solution to the Helmholtz equation can be

represented as

p(r, z) =
∞∑
m=1

Rm(r)Zm(z). (2.6)

Placing this expression for p(r, z) into (2.2) and simplifying gives

∞∑
m=1

[
1

r

∂

∂r

(
r
∂Rm(r)

∂r

)
Zm(z) + k2

mRm(r)Zm(z)

]
=
−δ(r)δ(z − zs)

2πr
. (2.7)

If the following operation is applied to both sides,

∫ D

0

(·)Zn(z)

ρ(z)
dz, (2.8)

the orthogonality of the eigenfunctions Zn(z) makes all but the nth term of the sum

zero, leaving

1

r

∂

∂r

(
r
∂Rn(r)

∂r

)
+ k2

nRn(r) =
−δ(r)Zn(zs)

2πrρ(zs)
. (2.9)

The solution of this equation is documented and involves a scaled Hankel function

of the first kind,

Rn(r) =
j

4ρ(zs)
Zn(zs)H

(1)
0 (knr). (2.10)

The pressure at any range and depth can thus be written as:

p(r, z) =
j

4ρ(zs)

∞∑
m=1

Zm(zs)Zm(z)H
(1)
0 (kmr). (2.11)

At long ranges, the asymptotic approximation converges to the Hankel function, with

only the outgoing wave written here:

H
(1)
0 (kmr) ≈

(
2

πkmr

)1/2

exp

(
jkmr −

jπ

4

)
. (2.12)
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The amplitude of the range dependent term decreases as r1/2, as the wave spreads

radially from a point source. The normal mode solution to the pressure field at some

frequency ω can thus be written as

p(r, z) =
∞∑
m=1

Zm(zs)Zm(z)
exp(jkmr)√

kmr
. (2.13)

However, active sonar involves the detection of echoes of a transmitted signal.

Therefore in modeling the return from a single scattering element on the ocean floor,

we must consider the propagation of the pulse to a scatterer and back to the receiver.

A monostatic geometry is assumed (the transmitter and receiver are co-located) so

the equation above becomes a double sum in the two-way propagation model,

p(r, z) =
∞∑
m=1

∞∑
n=1

Zm(zs)Zm(z)TmnZn(z)Zn(zs)
exp(j(km + kn)r)

r
√
kmkn

(2.14)

=
∞∑
m=1

∞∑
n=1

Amn(z)
exp(j(km + kn)r)

r
√
kmkn

.

The complex scalars Tmn are elements of the matrix T which describes the coupling

of modes by the scatterer. In other words, the element Tmn = [T]mn specifies the

amount of energy incident on mode m that is scattered onto mode n. The specific

scattering model employed is described in the following section. The scattering and

depth-dependent terms have been grouped into modal amplitude coefficients Amn.

2.2 Scattering Model

A variety of scattering models exist in the literature [25, 28, 36, 39, 65], however the

scattering matrix T included in Amn is generated according to a scattering kernel

separable in incident and scattered angles. A generalized scattering kernel is

T = µ sinm θi sin
n θr, (2.15)
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Figure 2.1: Frequency-dependent scattering strength from measured reverberation
data in the Malta Plateau region of the Mediterranean Sea.

where θi and θr are the incident and scattered angles. In general, m and n are

allowed to vary independently between 0 and 1. This work considers a scatter-

ing kernel symmetric in the incident and scattered angles, such as Lambert’s law

where m = n = 1 [59, 60]. However, in a study of reverberation in the Malta

Plateau, the reverberation was found to be relatively insensitive to m and n, but

sensitive to their sum, which must be approximately one [38]. The scattering kernel

T = µ(f) sin1/2 θi sin
1/2 θr is used in this work. The frequency-dependent scattering

strength µ(f) is a third-order polynomial fitted to data collected in the Malta plateau

by Charles Holland and is plotted in Fig. 2.1

2.3 Reverberation Model

Based on the previous section, the propagation to and from a point (r, z) can be

written as a normal mode sum. If this represents a scatterer on the ocean floor, the

return is scaled by a complex scattering amplitude η(r) assumed to be frequency-

independent. When the transmitted signal is not of a single frequency, we must add
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a frequency dependence in (2.14) and weight the result by the source spectrum U(ω).

P (ω, r, z) = U(ω)
∑
m,n

η(r)Amn(z)
exp(j(km + kn)r)

r
√
kmkn

. (2.16)

The wavenumbers, km and eigenfunction, Zm(z) are implicit functions of frequency.

Since we are concerned only with the return from the ocean floor, the depth depen-

dence in (2.16) is suppressed for notational convenience. The corresponding time

series can be found using Fourier synthesis:

p(t, r) =

∞∫
−∞

U(ω)

[∑
m,n

η(r)Amn
exp(j(km + kn)r)

r
√
kmkn

]
exp(jωt)dω. (2.17)

This is the time series return from a single scatterer. A complete reverberation

data model can now be constructed by considering the returns from a dense grid

of independent-amplitude point scatterers. The scattering term η(r) above is thus

assumed to be a zero-mean complex Gaussian white random process such that the

expectation, E, has the form

E [η(r)η∗(r′)] = σ2
ηδ(r − r′),

and p(t, r) is integrated over range:

x(t) =

∞∫
0

p(t, r)dr (2.18)

=

∞∫
0

η(r)

 ∞∫
−∞

U(ω)

[∑
m,n

Amn
exp(j(km + kn)r)√

kmknr

]
exp(jωt)dω

 dr.

An example of a simulated time-domain reverberation return based on the model

in (2.18) is shown in Fig 2.2. The short-time Fourier transform (STFT) of the time
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series return is taken using a windowing function, w(t), of width T and centered at

time τ ,

x(ω, τ, T ) =

∞∫
0

η(r)

 ∞∫
−∞

w

(
t− τ
T

)
p(t, r) exp(−jωt)dt

 dr. (2.19)

A realization of the STFT magnitude is shown in figure 2.3, where the time axis is

plotted in terms of slant range under the formula r = (ct)/2, where c is the average

sound speed in the water column. In this representation of the reverberation return,

lines of approximately constant average magnitude can be seen. This effect has been

observed in both real and simulated data [29–31, 57, 70, 73], and the slope of these

lines remain relatively constant and robust to many environmental parameters. This

phenomenology can be explained by waveguide invariant theory, described in the

following chapter.

2.4 Target Model

A target, whether on the bottom or in the water column, is modeled as a point

scatterer at the target range and depth (rt, zt). Using a normal mode propagation

model, the Fourier domain return from a point scatter is similar to (2.16):

s(ω, r, z) = U(ω)
∑
m,n

ξ(r, z)Amn(z)
exp(j(km + kn)r)

r
√
kmkn

, (2.20)

where ξ(r, z) is the complex scaling amplitude for the signal point scatterer, again

independent of frequency. The time domain return from a single scatterer can be

expressed as

s(t, r, z) =

∞∫
0

U(ω)

[∑
m,n

ξ(r, z)Amn
exp(j(km + kn)r

r
√
kmkn

]
exp(jωt)dω. (2.21)
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Figure 2.2: Simulated time-domain reverberation return from 1300 Hz bandwidth
signal.

Figure 2.3: STFT of a simulated reverberation return from 1300 Hz bandwidth
signal.
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The target is assumed to scatter energy equally onto all modes. In other words, for

a target, [T]mn = 1 for all m and n. This is a simplified target model, and many of

the targets in real data will have a large spatial extent and more complex scattering

function. These methods can be generalized to a larger class of targets by employing

a more complex target model. Real targets may be better modeled as the return

from a cloud of point scatterers with a mode- and frequency-dependent scattering

function. However, in this mode, the target STFT is

s(ω, τ, T ) =

∞∫
−∞

w

(
t− τ
T

)
ps(t, r, z) exp(−jωt)dt. (2.22)

If the length of the window T is larger than the delay spread of the channel and

τ is chosen around the target range based on the two-way travel time τ = 2r/c,

where c is the average water column sound speed, equations (2.22) and (2.20) are

approximately equal, and (2.20) is used for simplicity.

2.5 Observed Data

In this work, the observed data from a target or clutter discrete at (r, z) is modeled

as a point target, s(r, z), scaled by a complex random amplitude, α, in reverberation

x and noise, n:

y = αs(r, z) + x + n, (2.23)

where y, s, and x are the STFT vectors of the observed data, reverberation, and

target, y = [y(ω1, τ), . . . , y(ωL, τ)]T , x = [x(ω1, τ), . . . , x(ωL, τ)]T , and s(r, z) =

[s(ω1, r, z), . . . , s(ωL, r, z)]T . The scattering amplitude α on the target is a zero-mean

complex Gaussian random variable with variance σ2
α.

However, target classification is generally performed after a strong return has

been detected, i.e. the target energy is large compared to reverberation and noise.

21



Equation (2.23) is thus dominated by the target scatterer discrete plus noise:

y ≈ αs(r, z) + ξ, (2.24)

where reverberation and noise are lumped into a random vector ξ assumed to be

complex Gaussian distributed with zero mean. If the window length T is long com-

pared to the correlation length of the reverberation, the STFT frequency samples

corresponding to the reverberation and noise, ξ, can be considered independent and

the covariance matrix of η is diagonal with elements σ2
ξ = [σ2

1, . . . , σ
2
L], all of which

are assumed to be small compared to σ2
α. This simplification is used in the discussion

of target classification in Chapter 5.
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3

The Waveguide Invariant

Striation patterns are commonly observed in the time-frequency intensity distribu-

tion of broadband acoustic signals [9, 19, 22, 35]. Figure 2.3 showed the observed

phenomenon in a realization of the short-time Fourier transform (STFT) magnitude

of the reverberation from a simulated waveguide based on the Malta Plateau region

of the Mediterranean Sea, an environment studied heavily in this work and which

is described in Chapter 4. This is a consequence of coherent multipath propagation

and is caused by constructive and destructive interference between propagating rays

or modes. The slope of the striation pattern in time and frequency are parameter-

ized by a scalar known as the waveguide invariant, β. The waveguide invariant is

defined as the ratio of the derivative of the group and phase slownesses with respect

to frequency for a group of closely spaced modes, where group/phase slowness is

the reciprocal group/phase velocity. Remarkably, this ratio is exactly unity for an

ideal shallow water waveguide and −3 for a typical deep water channel; hence it is

referred to as an “invariant” because it does not deviate from these values for small

environmental changes. The introduction outlined several uses for the waveguide in-

variant in both active and passive sonars; it is useful primarily because it summarizes
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the dispersive characteristics of the waveguide in a single scalar parameter that is

robust to many shallow and deep water environments. The waveguide invariant has

garnered significant attention over the years, particularly in the Russian literature,

beginning in 1982 with the seminal paper by Chuprov [19]. This work is unique

because it uses the waveguide invariant in two-way active sonar reverberation and

clutter data. Only Golubev has looked at the interference structure of reverberation,

however this was in deep water (H = 1000− 6000 m), where arrivals of different ray

paths were distinguishable [33]. In this work, the STFT magnitude surface show-

ing striations in broadband reverberation is used to calculate a frequency-dependent

reverberation estimate. Additionally, the waveguide invariant relationship between

complex STFT coefficients at the target range is used to sub-sample the target vector

for the purposes of target depth classification. The waveguide invariant is derived in

the section below for a range-independent waveguide, and in later chapters is applied

to reverberation modeling and sub-sampling the target STFT.

3.1 Range-Independent Waveguides

The expression for the waveguide invariant was originally derived for one-way prop-

agation in a range-independent waveguide. Beginning with the normal mode expres-

sion in (2.13), the intensity of the acoustic field can be written as

I(ω, r, z) = |U(ω)|2
[∑

m

|Am(z)|2 + 2
∑
m,m′

Amm′(z) cos ((km(ω)− km′(ω)) r)

]
, (3.1)

where Am are the modal amplitude coefficients for mode m. The dependence of the

intensity and wavenumbers on frequency is explicitly stated here. The mode functions

Zm(z), and thus the mode amplitudes Am(z), are assumed to be weak functions of

frequency and are considered constant over the bandwidth of U(ω). The magnitude

spectrum of the signal U(ω) is assumed approximately flat over the bandwidth of
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interest. To find contours (in r and ω) of constant intensity, the partial derivatives

of the intensity with respect to range and frequency are taken.

∂I

∂r
≈

∑
m,m′

AmAm′∆kmm′(ω) sin (∆kmm′(ω)r)

≈ −ω
∑
m,m′

AmAm′S
p
mm′(ω) sin (∆kmm′(ω)r) (3.2)

∂I

∂ω
≈ −r

∑
m,m′

AmAm′
∂∆kmm′(ω)

∂ω
sin (∆kmm′r)

≈ −r
∑
m,m′

AmAm′S
g
mm′(ω) sin (∆kmm′(ω)r) , (3.3)

where ∆kmm′(ω) = km(ω)− km′(ω). Phase and group slowness differences for modes

m and m′ have been substituted in the above as defined by Spmm′(ω) = km(ω)/ω −

km′(ω)/ω and Sgmm′(ω) = (∂km(ω)/∂ω) − (∂km′(ω)/∂ω). The intensity surface is

constant when the derivative is zero:

∂I

∂ω
dω +

∂I

∂r
dr = 0. (3.4)

Using the partial derivatives above, equation (3.4) becomes

dr

dω
= − r

ω

∂∆kmm′(ω)/∂ω

∆kmm′(ω)/ω
= − r

ω

∂Sgmm′(ω)

∂Spmm′(ω)
. (3.5)

The term −∂Sgmm′(ω)/∂Spmm′(ω) is approximately constant with respect to frequency,

range, and depth of the source and receiver for a closely-spaced group of modes. The

waveguide invariant is defined independent of mode number and frequency as in [19]:

β = −∂Sp
∂Sg

. (3.6)

With the application of the waveguide invariant, equation (3.5) is

dω

ω
= β

dr

r
. (3.7)
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This relationship describes the perturbation in frequency of an intensity peak due

to a change in the source/receiver range. Put another way, an intensity peak will

remain unchanged with a change in frequency if a corresponding change is made in

range. Integrating this equation gives

ω = ω0

(
r

r0

)β
. (3.8)

If the parameters r0 and ω0 are given, then equation (3.7) describes a curve of con-

stant intensity passing through (r0, ω0). The scalar parameter β thus fully defines

a family of curves of constant intensity in the range-frequency plane. Equations

(3.7) and (3.8) imply a waveguide invariant frequency-dependence on the horizon-

tal wavenumber differences, ∆kmm′r(ω). The modal interference terms in (3.1) at

frequency ω which form a peak at some range r(ω) can be written as

bmm′(ω) = ∆kmm′(ω)r(ω). (3.9)

The range is written as a function of ω because as the frequency changes, the location

of the peak in range will also change. However, we are interested in the circumstances

which keep the peak location constant, dbmm′(ω)/dω = 0. So

0 =
d∆kmm′

dω
r(ω) + ∆kmm′

dr

dω
. (3.10)

But from (3.7), dr/dω = (1/β)(r/ω), and

0 =
d∆kmm′

dω
+

1

βω
∆kmm′

− 1

βω
∆kmm′ =

d∆kmm′

dω

− 1

β

dω

ω
=

d∆kmm′

∆kmm′
. (3.11)
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Integrating and taking the exponential of both sides gives

∆kmm′ = amm′ω
−1/β, (3.12)

where amm′ is an integration constant. More generally, Grachev presented the rela-

tionship [35]

∆kmm′ = amm′η
ν/βω−1/β, (3.13)

where amm′ is a constant that depends on mode number, η is an environmental

parameter of the waveguide, and ν is a constant related to the waveguide parameter.

However, it was shown in [58] that the relationship in (3.12) and (3.13) is realized

only at frequencies far from the cutoff frequencies of the group of modes considered.

Therefore, β can only be considered invariant for modes whose phase velocity changes

slowly with mode number.

3.1.1 Deep Water Channels

Deep water regions of the ocean are characterized by underwater sound channels,

where ducts in the sound speed profile allow sound to propagate for long distances

without interacting with the surface or bottom. As opposed to shallow water waveg-

uides, higher modes have higher group velocities, and the waveguide invariant as-

sumes a negative value. The following section derives the canonical value of the

waveguide invariant in deep water channels.

In a near surface sound channel with a linear dependence on the refraction index

n2(z),

n2(z) = 1− 2az, 0 ≥ z ≥ 1/(2a), (3.14)

the sound velocity is given by

c(z) = c0 (1− 2az)−1/2 (3.15)

= c0/n(z), (3.16)
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where c0 = c(0). The group and phase velocities of mode m are given by

vm =
c0

1− χm
(3.17)

um =
c0 (1− χm)1/2

1− 2χm/3
(3.18)

where χm = ym(k0H)−2, H = (2ak2
0)−1/3, k0 = ω0/c0, and ym are the roots of the

Airy function. Differentiating the above yields the waveguide invariant:

β = − 3

2− (vm/c0)2
. (3.19)

The term (vm/c0)2 is nearly 1 again for frequencies far from the cutoff frequency and

in general β ≈ −3 for deep water waveguides.

Using the Wentzel-Kramers-Brillouin (WKB) approximation, the wavenumber

difference in a channel with the near-surface sound speed profile in (3.15) is

km − kn ≈ (ym − yn)a2/3c
−1/3
0 ω1/3/2. (3.20)

Comparing the above to (3.13) gives the following values of the invariants, β = −3,

νa = −2, and νc0 = 1.

3.1.2 Shallow Water Channels

For most range-independent, shallow-water waveguides, β has been seen to have a

value of approximately unity in both simulation and real data [22, 73]. The group

and phase velocities are

um = c/ cosφm (3.21)

vm = c cosφm, (3.22)

where φm is the grazing angle of mode m. The waveguide invariant is

β = u/v = cos2 φ, (3.23)
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which for small grazing angles or low order modes is approximately one [9].

In an ideal shallow water waveguide, the wavenumber difference in (3.13) is [35]

km − kn ≈ π2(m2 − n2)cH−2ω−1/2, (3.24)

where H is the waveguide depth and c is the water column sound speed. According

to (3.13), β = 1 and the constants related to depth and sound speed are −2 and −1

respectively, νH = −2 and νc = −1.

3.2 Range-dependent and Heterogeneous Waveguides

The previous section has addressed the waveguide invariant in a range-independent

waveguide, however inhomogeneities in range and depth, as well as perturbations of

waveguide parameters can have an effect on the value of β. In particular, waveguide

depth significantly affects both the magnitude and sign of the waveguide invariant as

it transitions from the shallow water value of 1 to the deep water value of−3. Lazarev

and Petukhov present experimental data on the interference structure present when

the depth changes abruptly from approximately 100 m to 400 m [53]. The transition

can be seen from typical shallow water behavior where β = 1 to an interference pat-

tern with a negative value of the waveguide invariant, commonly seen in deep water.

The change in the interference pattern on a coastal wedge, a smoother transition

zone between shallow and deep water, was investigated by Kozin [44]. For small

changes in bottom depth in a shallow water waveguide, the waveguide invariant is

approximately [15,16]:

β ≈ cos2 χ− ∆H

H
. (3.25)

In the real data examined here (SCARAB98, CLUTTER07, CLUTTER09), ∆H/H <

0.1 and the waveguide is assumed range independent and β = 1. D’Spain and Kuper-

man derived expressions for range- and azimuth-dependent environments using the
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adiabatic normal mode approximation [22]. For a weakly range-dependent waveg-

uide:

1

β(r)
= −

(
1

r

∫
∂∆kmm′(r)

∂ω
dr

)(
∆kmm′(recr)

ω

)−1

(3.26)

= − ∂S̄g(r)

∂Sp(recr)
, (3.27)

whereS̄g(r) is the range-averaged group slowness, S̄g(r) = (1/r)
∫ r

0
Sg(x)dx, and

Sp(recr) and ∆kmm′(recr) are the phase slowness and modal wavenumber difference

at the receiver location, respectively.

The change in sign between shallow and deep water implies the existence of

singularities, i.e. there exist a range(s) r such that

β−1(r) = 0. (3.28)

These areas are associated with vertical lines in the range- or time-frequency do-

main. At these ranges, pulsed signals will not experience time spreading because of

the compensation provided by the dispersion of the opposite sign [66]. Waveguide

invariant singularities are also observed in range-independent waveguides at certain

ranges due to interference between different types of rays (or groups of modes), e.g.

waterborne and bottom reflecting rays (or their mode analog) [66]. Additionally,

β−1 = 0 can be observed at all ranges but over limited frequency bands when the

frequency dependence of the group velocities of interfering modes intersect. This

occurs in waveguides with a small number of modes when waterborne rays interact

with rays propagating partially in the bottom sediment layers [58]. This was not

observed in the simulated or real data considered here.

In addition to a range- and/or azimuth-dependent bathymetry, Malkina and

Shevtsov show that small-scale inhomogeneities are an important factor in determin-

ing the stability of the interference pattern in both deep and shallow water [61, 62]
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and a method is presented for determining the regularity zone given the frequency

and statistics of the hydrodynamic variability. Similarly, the shift in the peak of

the interference pattern at a fixed range is related to large scale fluctuations in the

sea [41,47–49,52]. Specifically, the shift in a peak in the interference pattern is mea-

sured and attributed to changes in propagation conditions and oceanographic pro-

cesses in the water column. The possibility of using this data in the inverse problem

is suggested; large-scale variations in the water column can be predicted by measur-

ing the frequency shift of peaks in the interference pattern. Several researchers have

explored the effect of internal waves of the spatial interference pattern [50,51,74,75].

Internal waves drastically alter the value of the waveguide invariant and may cause

singularities in β. The Russian literature also proposes the possibility of using the

waveguide invariant to determine bottom properties using the characteristics of the

interference structure. The effect of bottom layering on spectral interference pattern

is examined by comparing the spectral characteristics of the interference patter after

different numbers of bottom reflections [32]. Other methods are primarily based on

the cutoff frequency of different modes [7,8,69]. In other words, a change in the bot-

tom depth, bottom properties, or frequency which adds an additional propagating

mode changes the interference pattern significantly, and this change can sometimes

be traced back to its source to learn something about the waveguide. This is only

feasible at very low frequencies (20-200 Hz) where the number of propagating modes

is small. Experimental results are presented in the Russian literature primarily at

these frequencies which provide clear manifestations of the interference pattern. The

interference pattern is much more difficult to observe in the higher frequency data

commonly collected at present (800-3500 Hz) due to the high number of propagat-

ing modes, as the waveguide invariant is shown to be constant only over a closely

spaced group of modes. With a large number of modes, a wider distribution of β

is observed. The approximation that beta is a true constant thus better applies
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Figure 3.1: Scatter plot of group and phase slowness for all modes in a simulated
CLUTTER09 waveguide at 800, 1300, and 1800 Hz. The value of beta is reflected
in the negative slope of the data. The plotted black line demonstrates β = 1. The
waveguide invariant has a value close to one for all but the highest and lowest order
modes in this environment.

to low frequency sound. Additionally, factors such as small-scale inhomogeneities

and sea surface/floor roughness can more easily destroy the coherence of high fre-

quency sound. Despite these factors, striations have been observed in both pulsed

(SCARAB98) and chirped (CLUTTER09) active sonar data, however much of the

benefit in the early Russian work derived from examining the addition of a single

mode is lost.

To determine the waveguide invariant for an arbitrary waveguide, and the an-

alytical expressions of the above section must be abandoned in favor of numerical

methods. The wavenumbers and eigenfunctions can be calculated using software

packages such as M. Porter’s KRAKEN normal mode software [67], and the waveg-

uide invariant can be calculated directly using (3.5). Figure 3.1 shows a scatter plot

of the group and phase slowness for all modes propagating in a simulated waveguide

based on parameters measured during the CLUTTER09 experiment at 800, 1300,

and 1800 Hz. The value of the waveguide invariant is reflected in the negative slope
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Figure 3.2: Average reverberation STFT magnitude surface over 7 pings CLUT-
TER09 data beamformed to broadside. The striated interference pattern is clearly
visible and reflects a value of β = 1.

of this plot. The slope exhibited when β = 1 is plotted in black. The outliers on

this plot are modes that propagate in the sediment layers and do not contribute

significantly to the pressure field in the water column. The waveguide invariant is

approximately one for all but the highest and lowest order modes, despite signifi-

cant deviations from an ideal waveguide. Additionally, interference patterns are seen

in the average reverberation STFT magnitude surface at broadside averaged over 7

pings of real CLUTTER09 data. The black lines plotted are the expected slope of

the striations if β = 1, further evidence that the Malta Plateau area where these data

were collected takes the canonical shallow water value of the waveguide invariant.

Further environmental details are given in a later section.
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4

Waveguide Invariant Reverberation Estimation and
Target Detection

4.1 Reverberation and the Waveguide Invariant

The waveguide invariant phenomenon described above can be seen in the time-

frequency distribution of broadband reverberation returns, as in Fig. 2.3. The

following derivation is the application of the waveguide invariant to reverberation

modeling. A more complete (though perhaps less intuitive) derivation using the

modal group velocities can be found in Appendix A. The waveguide formulation

given by Grachev in equation (3.13) can be applied to the STFT data model in

(2.19), shown again here for convenience:

x(ω, τ, T ) =

∞∫
0

η(r)

 ∞∫
−∞

w

(
t− τ
T

)
p(t, r) exp(−jωt)dt

 dr. (4.1)

The inner integral is nearly a convolution of w( t
T

) and p(t, r) exp(−jωt). Let

W (ω) and P (ω, r) be the Fourier transform pairs of w(t) and p(t, r) respectively.
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Then by the convolution theorem

x(ω, τ, T ) =

∞∫
0

η(r)

∞∫
−∞

|T |W (Tω′) g (ω′ + ω, r) exp(jω′τ)dω′dr. (4.2)

From the normal mode propagation model

P (ω′, r) = U(ω′)
∑
m,n

Amn
exp (−j (km + kn) r)

r
√
kmkn

. (4.3)

Using a Taylor series expansion of (km + kn) about ω:

km + kn ∼= [km(ω) + kn(ω)] +

[
∂km
∂ω′

+
∂kn
∂ω′

]
(ω′ − ω) . (4.4)

If the multipath spread of the channel is small, the group velocities can be approxi-

mated by

∂km
∂ω′
≈ ∂kn
∂ω′
≈ 1

c
, (4.5)

and

P (ω′, r) ≈ U(ω′)
∑
m,n

Amn
exp (−j (km + kn) r)

r
√
kmkn

exp

(
−j (ω′ − ω)

2r

c

)
. (4.6)

Substituting (4.6) in (4.2) the inner integral becomes

∞∫
−∞

|T |W (Tω′)P (ω′ + ω, r) exp(jωτ)dω′ ≈ U(ω)
∑
m,n

Amn
exp (−j (km + kn) r)

r
√
kmkn

∞∫
−∞

|T |W (Tω′) exp

(
jω′
(
τ − 2r

c

))
dω′.

The above integral is the inverse Fourier transform (FT) of W (Tω′) evaluated at

τ− 2r
c

. The window function w(t/T ) is assumed to be nonzero, constant, and symmet-

rical over [−T/2, T/2], therefore w
(
τ−2r/c
T

)
is nonzero when −T/2 < τ−2r/c < T/2.
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Letting ρ = cτ/2 and R = cT/2, the interval is ρ−R/2 < r < ρ+R/2. Substituting

into (4.7) and putting the result into (4.2) gives

x(ω, ρ,R) ≈
ρ+R/2∫
ρ−R/2

η(r)U(ω)
∑
m,n

Amn
exp (−j (km + kn) r)

r
√
kmkn

dr. (4.7)

The reverberation STFT of a time window centered at τ and of duration T can thus

be approximated by summing the Fourier domain return of point scatters between

ranges ρ−R/2 and ρ+R/2.

The intensity of the pressure field is

|x (ω, ρ,R)|2 ≈
ρ+R/2∫
ρ−R/2

η(r)U (ω)
∑
m,n

Amn
exp (−j (km + kn) r)

r
√
kmkn

dr

×
ρ+R/2∫
ρ−R/2

η∗(r′)U∗ (ω)
∑
m′,n′

A∗m′n′
exp (j (km′ + kn′) r

′)

r′
√
km′kn′

dr′. (4.8)

Since the scattering process is uncorrelated, E [η(r)η∗(r′)] = σ2
ηδ(r− r′), the integral

in (4.8) is only nonzero when r = r′, simplifying the expression to

E
[
|x (ω, ρ,R)|2

]
≈
∑
m,n
m′,n′

AmnAm′n′

ρ+R/2∫
ρ−R/2

σ2
η

r2
exp [−j ((km − km′) + (kn − kn′)) r] dr,

assuming the source spectrum U(ω) is flat. Now using the Grachev relationship in

(3.13),

E
[
|x (ω, ρ,R)|2

]
≈ σ2

η

∑
m,n
m′,n′

AmnAm′n′

ρ+R/2∫
ρ−R/2

exp
(
−j (γmm′ + γnn′)ω

−1/βr
)

r2
dr.

Assuming the mode coefficients are weak functions of frequency, we define the range-
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and frequency-dependent part of the above equation as

Gmnm′n′(ω, ρ,R) =

ρ+R/2∫
ρ−R/2

1

r2
exp

(
−jΓmnm′n′ω−1/βr

)
dr, (4.9)

where Γmnm′n′ is a constant combining γmn and γm′n′ . Changing the variable to

u = ω−1/βr, equation (4.9) becomes

Gmnm′n′(ω, r0, r1) =

ω−1/β(ρ+R/2)∫
ω−1/β(ρ−R/2)

1

ω2/βu2
exp (−jΓmnm′n′u)ω1/βdu

= ω−1/β

ω−1/β(ρ+R/2)∫
ω−1/β(ρ−R/2)

1

u2
exp (−jΓmnm′n′u) du. (4.10)

The above substitution removes all dependence on range and frequency from the

integrand; ω, ρ, and R appear only outside and in the limits of the integral. Now

consider a range bin, ρ′ = αρ and R′ = αR, where α is a positive, real constant. If

a change in frequency is also made according to ω′ = αβω, equation (4.9) becomes

Gmnm′n′(α
βω, αρ, αR) = α−1ω−1/β

ω′−1/β(ρ′+R′/2)∫
ω′−1/β(ρ′−R′/2)

1

u2
exp (−jΓmnm′n′u) du. (4.11)

The limits of the integral do not change with this substitution however, since

ω′−1/β(ρ′ ±R′/2) = (αβω)−1/β(αρ± αR/2) = ω−1/β(ρ±R/2). Therefore,

Gmnm′n′(α
βω, αr0, αr1) = α−1ω−1/β

ω−1/β(ρ+R/2)∫
ω−1/β(ρ−R/2)

1

u2
exp (−jΓmnm′n′u) du

=
1

α
Gmnm′n′(ω, r0, r1). (4.12)
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Since the remaining terms in (4.8) do not depend on range or frequency, the above

result relates to the expected power of the STFT coefficients:

E
[
|x(ω, ρ,R)|2

]
|U(ω)|2

≈
αE
[∣∣x(αβω, αρ, αR)

∣∣2]
|U(αβω)|2

. (4.13)

This relationship in (4.13) states that the expected power of the reverberation return

at a range bin of size R and centered at ρ is equal to the expected power from a

different range bin of duration αR and center αρ to a multiplicative constant if

the appropriate changes in frequency are made. This is the motivation behind the

WI-CFAR detector [29–31] and waveguide invariant-based reverberation estimate.

4.2 Waveguide Invariant Reverberation Estimation

While conventional cell average techniques involve the normalization of the A-scan,

e.g. in Fig. 2.2, waveguide invariant-based detection is based on the time-frequency

distribution of the reverberation data, e.g. in Fig. 2.3. The test vector is defined as

the STFT coefficients at the hypothesized target delay τ0,

y = [y(ω1, τ0, T ), . . . , y(ωN , τ0, T )]T . Detection of a target signal

s = [s (ω1, τ0, T ) , . . . , s (ωN , τ0, T )]T in the presence of reverberation

x = [x (ω1, τ0, T ) , . . . , x (ωN , τ0, T )]T , from equation (2.19), and noise n can be posed

as a binary hypothesis testing problem where

H0 : y = x + n ∼ CN(0,Rc) (4.14)

H1 : y = s + x + n ∼ CN(s,Rc).

The target return s in (4.14) is modeled as an unknown deterministic vector in

reverberation-plus-complex Gaussian noise with covariance matrix Rc. Assuming

the STFT window length T is longer than the correlation length of the time series,

the STFT coefficients of the return can be considered approximately uncorrelated.
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The covariance matrix Rc is thus a diagonal matrix with non-uniform variances

σ2
k = σ2 (ωk, τ0, T ) , k = 1, . . . , N on the diagonal.

If we temporarily assume that the coefficient variances σ2
k are known a priori, the

generalized likelihood ratio test for (4.14) can be written as

Λ (y) =

N∏
i=1

p (yi|H1)

N∏
i=1

p (yi|H0)

=

maxs

(
N∏
i=1

(πσ2
i )
−1

exp
(
− |yi−si|

2

σ2
i

))
N∏
i=1

(πσ2
i )
−1

exp
(
− |yi|2

σ2
i

) (4.15)

where si and xi are the ith elements of s and y respectively. The maximum likelihood

estimate of the signal ŝ can be obtained by maximizing the numerator of (4.15) with

respect to s, which yields ŝi = yi. Using this estimate and taking the logarithm, the

GLRT detection statistic simplifies to

ln Λ (y) =
N∑
i−1

|yi|2

σ2
i

. (4.16)

The detection statistic is the power in each STFT bin normalized by the reverberation-

plus-noise variance and summed over frequency. The detector in (4.16) is derived

assuming an a priori knowledge of σ2
k; however this quantity is unknown and must

be estimated. The performance of the detector in (4.16) thus depends heavily on the

accuracy of the estimate of the reverberation (and noise) power.

An estimate of the reverberation level can be obtained by using the result in

(4.13). Taking the waveguide invariant into account, the reverberation level is esti-

mated from regions where the expected power is shown to be constant:

ˆσWI
2(ω, τ, T ) =

1

|I|
∑

∆τi∈I

∣∣∣∣∣y
(
ω

(
1 +

∆τi
τ

)β
, τ + ∆τi, T

(
1 +

∆τi
τ

))∣∣∣∣∣
2

. (4.17)

This corresponds to averaging the return along the striations. The range index i is

taken over the set I, which includes bins adjacent in time, but excludes the target
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Figure 4.1: Graphical representation of the waveguide invariant reverberation es-
timate.

delay and surrounding guard bins, and |I| is the number of elements in I. The change

in frequency is made as dictated by the waveguide invariant. The proposed detector

is compared against split-window normalization of the time series in cell-average

CFAR detection. A frequency-dependent estimate of the reverberation power is also

calculated without using the waveguide invariant property:

ˆσFI
2(ω, τ, T ) =

1

|I|
∑

∆τi∈I

∣∣∣∣y(ω, τ + ∆τi, T

(
1 +

∆τi
τ

))∣∣∣∣2 . (4.18)

The STFT bins adjacent in time are averaged while holding the frequency constant,

here referred to as a “frequency invariant” (FI) reverberation estimate. Figures

4.1, 4.2, and 4.3 demonstrate the waveguide invariant, frequency invariant, and cell

average methods respectively. The reverberation level at the range bin in red is

estimated by averaging the samples outlined in black.
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Figure 4.2: Graphical representation of the frequency invariant reverberation esti-
mate.

Figure 4.3: Graphical representation of the cell-average reverberation estimate.

41



4.3 Mean-Square Error Comparison

To quantitatively compare these reverberation estimates, the mean-square error

(MSE) is calculated in each case. Though this can be done in several ways, it is

most illustrative to begin by writing the MSE as a sum of the estimate variance and

bias-squared:

MSE(σ̂2|σ2
i , σ

2
s) = E

[(
σ̂2 − E

[
σ̂2
])2
]

+
(
E
[
σ̂2
]
− σ2

s

)2

. (4.19)

Looking first at the variance of the estimate, and noting that E
[
σ̂2
]

= 1/N
∑N

i=1 σ
2
i ,

where σ2
i are the variances of the data points xi used in the estimate, the first term

in the above expression simplifies to

Var(σ̂2|σ2
i ) = E

( 1

N

N∑
i=1

|xi|2 −
1

N

N∑
i=1

σ2
i

)2


= E

( 1

N

N∑
i=1

(
|xi|2 − σ2

i

))2
 .

Since we have assumed the data are statistically independent, this becomes

Var(σ̂2|σ2
i ) =

1

N2

N∑
i=1

V ar(|xi|2)

=
1

N2

N∑
i=1

σ4
i . (4.20)

Next looking at the second term in equation (4.19),

Bias2(σ̂2|σ2
i , σ

2
s) =

(
1

N

N∑
i=1

σ2
i − σ2

s

)2

=
1

N2

N∑
i=1

N∑
j=1

σ2
i σ

2
j −

2σ2
s

N

N∑
i=1

σ2
i + σ4

s . (4.21)
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The mean of the data at the point of interest (and along the associated striation) is

σ2
s . Substituting the above into (4.19), the MSE expression becomes

MSE(σ̂2|σ2
i , σ

2
s) =

1

N2

N∑
i=1

σ4
i +

1

N2

N∑
i=1

N∑
j=1

σ2
i σ

2
j −

2σ2
s

N

N∑
i=1

σ2
i + σ4

s . (4.22)

In the waveguide invariant estimate, all of the data points have the same expected

power since they lie along a striation, and the same expected power as the data under

test. Therefore σ2
i = σ2

s ∀i, and the above expression can be simplified:

MSEFI(σ̂2|σ2
i , σ

2
s) =

1

N2

N∑
i=1

σ4
i +

1

N2

N∑
i=1

N∑
j=1

σ2
i σ

2
j −

2σ2
s

N

N∑
i=1

σ2
i + σ4

s (4.23)

MSEWI(σ̂2|σ2
s) =

σ4
s

N
. (4.24)

The bias of the waveguide invariant estimate is zero; the mean-square error is due

entirely to the variance of the WI estimate. An additional component of the error is

present in the FI case, as this is averaging random variables which are not identically

distributed, which is not an unbiased estimate.

The expressions in (4.23) and (4.24) are conditioned on σ2
i and σ2

s . To obtain the

overall MSE, let σ2
i and σ2

s be uniformly distributed. The endpoints of the distribu-

tion can be directly related to the reverberation-to-noise ratio (RNR). The minimum

value of the reverberation power is the noise floor and the distribution is bounded

above by the noise power plus the maximum reverberation power, [σ2
n, σ

2
n + max (σ2

s)],

or normalized by σ2
n, [1, 1 + RNR]. The normalized MSE averaged over σ2

i as a func-

tion of σ2
s is plotted in Fig. 4.4 for a reverberation-to-noise ratio of 10 dB. The error

in the waveguide invariant estimate is universally lower than the frequency invariant

case. The frequency invariant does nearly as well when the data being estimated are

near the mean of the σ2
i , and poorly in both extremes. Further, taking the expected
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value of the MSE with respect to σ2
s yields the expression

MSEFI =
4 +N

12N
σ4
smax +

1

N
σ2
nσ

2
smax +

1

N
σ4
n (4.25)

MSEWI =
1

3N

(
σ4
smax + 3σ2

nσ
2
smax + 3σ4

n

)
. (4.26)

Dividing by σ4
n,

MSEFI

σ4
n

=
4 +N

12N
RNR2 +

1

N
RNR +

1

N
(4.27)

MSEWI

σ4
n

=
1

3N
RNR2 +

1

N
RNR +

1

N
. (4.28)

The average MSEs in equations (4.27) and (4.28) are only functions of RNR and

the number of data points N used in the estimates. Figure 4.5 shows the effect of

varying the RNR on the average MSE for both estimates. At very low RNR, the

noise is dominant and using the waveguide invariant offers no benefit over averaging

points selected randomly on the surface. When the reverberation is the principal

term in the noise, striations are evident in the STFT and taking this structure into

account leads to a 10 dB improvement in the MSE of the reverberation estimate at

5 dB RNR.
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Figure 4.4: Mean square error comparison of the frequency invariant (FI) and
waveguide invariant (WI) reverberation estimates, with 10 dB RNR.

Figure 4.5: Average MSE for the FI- and WI-estimates. At very low RNR, stria-
tions induced by the reverberation are not visible, and the WI-estimate provides no
advantage.
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4.4 Results

In this section, reverberation estimation results are compared for real data collected

as part of the SCARAB98 experiment in the Malta Plateau region of the Mediter-

ranean Sea. The WI and FI reverberation estimates are compared by looking at

the difference between the estimate and observed reverberation STFT magnitude

surface. B-scans are also presented which suggest that using a waveguide invariant

estimate results in better suppression of the reverberation and a better ability to pick

out discrete targets. The parameters of the experiment and environment were used

to generate simulated data in order to test target detection performance using CA,

FI, and WI reverberation estimates. The likelihood function vs. range was plotted

in each case under H0 and H1, showing higher peak-to-sidelobe levels when a WI

estimate is used compared to FI or CA estimates. This is reflected in the plots of

the likelihood distribution under H0 and H1, and ROC curves. The degradation in

performance when there is a mismatch in the assumed and observed value of the

waveguide invariant is explored. Finally, the effect of SRR on target detection per-

formance is shown for all estimation methods, where the WI method shows an ability

to achieve detection probabilities similar to the other methods with lower SRR.

4.4.1 SCARAB98 Data

Broadband shallow-water reverberation data were collected in the Malta Plateau

region of the Mediterranean Sea off the coast of Sicily [38]. The data were collected

on April 14, 1998 using a 128-element horizontal receiver array with 0.5 m element

spacing. The water depth in the region varies from 130−150 meters. The bathymetry

in the area is depicted in Fig. 5.17. The sound speed profile was slightly downward

refracting, with a gradient of approximately 0.02 s−1. The sound speed profile in the

water column was measured twice in the experiment and these results are plotted in
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Figure 4.6: Sound speed profiles measured during the SCARAB98 experiment.

Figure 4.7: Sediment sound speed profile measured by C. Holland
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Table 4.1: Table of bottom properties used in modeling Malta Plateau target, clutter,
and reverberation data.

Thickness Sound Speed Attenuation Density
(m) (m/s) (dB/m/kHz) (g/cm3)
· · · 1512 0 1.03
0.25 1480 0.01 1.39
1.26 1564 0.165 1.65
1.4 1698 0.165 1.96
11 1571 0.165 1.67
5.8 1649 0.165 1.86
10.7 1639 0.165 1.84
· · · 1699 0.165 1.96

Figure 4.8: Sediment source spectrum measured by C. Holland

Fig. 4.6. The Malta Plateau region has been thoroughly studied and the geoacoustic

properties are well understood. The bottom model from a study by Charles Holland

[38] consists of 7 sediment layers atop a bottom halfspace. The sound speed of the

sediment layers are plotted in Fig. 4.7 and the data listed in Table 4.1. Explosive

sources (Mk61 Sound Undersea Signal (SUS)) were employed at a depth of 91 m. The

sources were detonated several hundred meters from the array, however a monostatic

geometry is assumed since the ranges of interest are large. The source spectrum
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Figure 4.9: Raw time series of beam 89 of the SCARAB98 data. The explosive
source is detonated several seconds into the data.

was measured during the experiment to be nearly flat, varying by 6 dB over the

bandwidth of interest. The source spectrum is plotted in Fig. 4.8. The reverberation

return is sampled at 6 kHz and beamformed with Hanning shading into 90 beams

each separated by approximately two degrees in azimuth. The available bandwidth is

100−1800 Hz; frequencies higher than 1800 Hz were attenuated with a low pass filter.

Further details of the environment and experiment can be found in the references [38].

An example of the raw beamformed time series data is given in Fig. 4.9. The

reverberation return between 3 and 8 km from a single beam is shown in Fig. 4.10.

The STFT of the data shows the striation pattern predicted by waveguide invariant

theory. A periodic ripple in frequency also becomes more noticeable in the average

of all 90 beams of data. The interference is likely an artifact of the data collection

and not a feature of the acoustic propagation. A FIR notch filter was applied to the

STFT columns to remove this effect. The 2-D FFT of the average STFT magnitude

surface shows the strong signal component at the ripple frequency. The magnitude
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(a) A-scan (b) STFT

Figure 4.10: Beamformed A-scan and STFT of beamformed data from the
SCARAB98 experiment.

and phase responses of the filter used to remove this ripple are shown in Fig. 4.11.

Figure 4.12 shows a comparison of the average STFT magnitude surfaces before and

after filtering.

In order to compute reverberation level estimates, the STFT of the beamformed

time series was calculated between slant ranges 3 and 8 km. The initial window

(a) 2-D FFT (b) Ripple filter freq. response

Figure 4.11: 2-D FFT of the average SCARAB98 STFT magnitude surface (a)
shows a strong component at the ripple frequency. It is removed by the notch filter
with the magnitude and phase responses shown in (b).

50



(a) Unfiltered (b) Filtered

Figure 4.12: Average of 90 beams of SCARAB98 reverberation data before (a)
and after (b) the ripple filter.

Figure 4.13: Incoherent average of 7 adjacent beams of data near endfire. The
waveguide invariant striations are clearly visible. There is a strong return at approx-
imately 4 km.
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length was 0.1 seconds and increased with slant range to accommodate the multipath

spread with 50 percent overlap. The window length is chosen to be much longer

than the transmitted signal after pulse compression and multipath spread. The

target is assumed to be completely contained in a single STFT bin, though spatially

extended targets which extend into the guard bins will not affect the reverberation

estimate. Figure 4.13 shows the incoherent average of seven beams of data, adjacent

in azimuth and near endfire. The averaging reduces the noise level and makes the

reverberation striations more evident in the STFT. The striation phenomenon is

clearly illustrated in the Malta Plateau channel, and supports the hypothesis that

β ≈ 1 in this environment. There is a strong return at a slant range of 4 km that

resembles a water column target. It is unclear whether this is a sea-floor feature or

a water column target.

Shown in Fig. 4.14a is a reverberation estimate calculated at (r, ω) according

to the frequency-invariant method in (4.18). Care is taken not to use data in the

vicinity of the test range r in the estimate. Excluding guard bands of approximately

100 m, 500 m of data in slant range was used on either side of the estimated range

r, for a total of 1 km of data used in the estimates. Approximately 1000 Hz band-

width was used in the reverberation estimates. Computing the waveguide invariant

estimate requires more bandwidth than the frequencies of interest. For instance, a

bandwidth of 400 to 1400 Hz can be used to estimate the reverberation level at 5

km for frequencies between approximately 500 and 1200 Hz if 100 m guard bins and

500 m of data are used on either side. The extra bandwidth is necessary to average

along the striations at the highest and lowest frequencies in the frequency band of

interest. The target-like return at 4 km is suppressed in the estimate, as would be

expected in a reverberation level estimate. However, in comparing this estimate to

the averaged STFT it is apparent that the frequency invariant estimate does not

accurately capture the striations of the reverberation return in Fig. 4.13.
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(a) FI Estimate (b) WI Estimate

Figure 4.14: Frequency (a) and waveguide invariant (b) estimates of the rever-
beration. Only the WI estimate retains the striated structure of the reverberation
surface.

The image in Fig. 4.14b shows the estimate obtained by the waveguide invariant

(WI) method derived above. Here, the reverberation return at (r, ω) is estimated

from data adjacent in slant range, and with a change in frequency according to the

waveguide invariant, and as described in (4.17). The strong return at 4 km is similarly

suppressed in this estimate. However unlike the frequency invariant estimate, the

striated nature of the original time-frequency surface is accurately reproduced.

A further comparison of the two estimates is shown in Fig. 4.15. The surface

in Fig. 4.15a shows the difference between the true reverberation data and the

frequency invariant estimate. The target-like return is prominent in the difference

surface, however the error surface also has a striated pattern since the estimate does

not capture this feature of the data. Figure 4.15b shows the difference between

the averaged STFT and the waveguide invariant estimate. Again, the strong return

at 4 km stands out clearly, but here the deviations are more uniformly distributed

throughout the surface. This suggests that the structure in the STFT due to rever-

beration is more fully removed using a waveguide invariant estimate.
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(a) FI Estimate (b) WI Estimate

Figure 4.15: Difference (in dB) between the data surface and the frequency invari-
ant (a) and waveguide invariant (b) estimates.

(a) FI Estimate (b) WI Estimate

Figure 4.16: B-scans normalized by the frequency invariant (a) and waveguide
invariant (b) estimates.
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(a) Simulated Data (b) SCARAB98 Data

Figure 4.17: Comparison of real (top) and simulated (bottom) SCARAB98 rever-
beration data. The shipwreck of interest is present at 11.4 km.

As a final comparison of the reverberation estimates, consider the B-scans nor-

malized by the different estimates. In the FI/CA case, the B-scan is normalized at

each beam and range by the total energy of the reverberation estimate at the corre-

sponding beam and range (ratio-of-sums normalization, (
∑

i |yi|2)/(
∑

i σ
2
i )). In the

waveguide invariant case, the magnitude spectrum at each beam and range is nor-

malized in the manner outlined in (4.16) (sum-of-ratios normalization,
∑

i(|yi|2/σ2
i )).

In Fig. 4.16, the B-scans normalized in the methods above are further normalized

so that the peak on both surfaces is 0 dB. By visual inspection, it is apparent that

the waveguide invariant has a lower median background. This suggests that the

proposed method may improve target detection.

4.4.2 Simulated SCARAB98 Data

The SCARAB98 data are useful to demonstrate the predicted interference structure

in real reverberation data and to compare reverberation estimation methods. In order
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to assess detection performance, the oceanographic parameters of the SCARAB98

experiment were used to generate simulated data. Realizations of these data were

used to test the waveguide invariant detection method against conventional CA-

CFAR and FI-CFAR detection methods.

The sound-speed profile of the water column measured in the SCARAB98 exper-

iment was used in the simulated data along with the bottom profile from C. Holland.

A water column depth of 127 m is used in generating the simulated data. The eigen-

functions and horizontal wavenumbers were calculated using the KRAKEN normal

mode program [67], and simulated reverberation returns were calculated using the

data model described in Chapter 2. The STFT magnitude surface of simulated

reverberation is in good agreement with SCARAB98 data. Figure 4.17 shows a com-

parison of real and simulated reverberation, with a shipwreck present at 11.4 km.

White Gaussian noise was added to the simulated reverberation at a reverberation-

to-noise ratio (RNR) of 10 dB to simulate the receiver noise in the SCARAB98

data. To generate data under the H1 hypothesis, the simulated return from a point

scatterer in the water column was added to the reverberation return to simulate a

target. The source depth was 25 m. A simulated reverberation return was generated

using a source depth of 75 m, with no significant change in the striation pattern. In

the Mediterranean environment considered here, a change in the source depth has

little effect on the striations in the reverberation since the water column is nearly

isovelocity. When a thermocline is present, the source depth can affect the value

of the waveguide invariant for certain groups of modes [74], as is observed later in

the CLUTTER09 data. The strength of the target return was determined by the

signal-to-reverberation ratio (SRR), defined as the peak target power to average

reverberation power. The parameters of the STFT are the same as used above.

The following simulations compare the detection performance of conventional cell-

average CFAR detectors, and the frequency-dependent detector derived above using
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(a) Detection statistic distribution (b) ROC

Figure 4.18: Histogram/distribution estimate of the detection statistic and ROC
for CA-CFAR detector in the simulated Mediterranean environment.

frequency invariant and waveguide invariant estimates of the reverberation level.

Figures 4.18-4.20 show a histogram of the detection statistic under the H0 and H1

hypotheses. The CA-CFAR detection statistic has a lower variance under both H0

and H1 than the FI-CFAR detector; however the ROC plots show similar perfor-

mance after a threshold is applied. The WI-CFAR detection statistic has a large

variance as well compared to the CA-CFAR detector, but the separation of the de-

tection statistic under H0 and H1 leads to better detection performance, reflected

in the ROC.

Figure 4.21 shows a comparison of the receiver operating characteristic (ROC)

curves of each detector for the binary hypothesis problem described in (4.14). The

range under test was 5 km and the SRR was set at 5 dB. The RNR remained fixed for

all trials at 10 dB. The waveguide invariant detector shows significant improvement

over both cell-average and frequency invariant methods. For a false alarm probability

of PFA = 0.1, the waveguide invariant offers approximately double the detection

probability of the other two methods. Additionally, the performance of the frequency
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(a) Detection statistic distribution (b) ROC

Figure 4.19: Histogram/distribution estimate of the detection statistic and ROC
for FI-CFAR detector in the simulated Mediterranean environment.

(a) Detection statistic distribution (b) ROC

Figure 4.20: Histogram/distribution estimate of the detection statistic and ROC
for WI-CFAR detector in the simulated Mediterranean environment.
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Figure 4.21: ROC curves for CA-, FI-, and WI-CFAR detectors with SRR of 5dB
in the simulated SCARAB98 environment

invariant detector is comparable to the cell-average detector on the entire curve,

suggesting that a frequency-dependent reverberation estimate is no more useful than

a time-domain average.

Also given is the detection statistic over range for several realizations of data

under H0 and H1. These are indicative of the ability of the detectors to mitigate

the return due to reverberation at other ranges. The SRR was fixed at 10 dB for

all trials. In both the cell-average and frequency invariant detectors, Figs. 4.22 and

4.23 respectively, the detection statistic under H1 at the target range of 5 km has a

magnitude similar to ranges where the return is reverberation alone. In both plots it

is difficult to discern the water column target from bottom scattering. The detector

output of the waveguide invariant detector is given in Fig. 4.24. The detection

statistic peak at the target range is approximately 2 to 3 dB higher than any other

peak in the detector output, making it easier to distinguish the peak as a water

column target.
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(a) H0 (b) H1

Figure 4.22: CA-CFAR detector output for the simulated SCARAB98 environ-
ment. A target is present at 5 km at 10 dB SRR.

(a) H0 (b) H1

Figure 4.23: FI-CFAR detector output for the simulated SCARAB98 environment.
A target is present at 5 km at 10 dB SRR.
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(a) H0 (b) H1

Figure 4.24: WI-CFAR detector output for the simulated SCARAB98 environ-
ment. A target is present at 5 km at 10 dB SRR.

Figure 4.25: ROC curves showing performance change with a mismatch in the
expect and observed value of the waveguide invariant. The actual value is 1.
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Figure 4.26: Detection probability vs. SRR for the CA-, FI-, and WI-CFAR
detectors for PFA fixed at 0.05. The WI-CFAR detector offers a gain of approximately
4 dB at PD = 0.5.

In this work, the waveguide invariant is assumed to be a known constant, β =

1. Yet as previously mentioned, factors such as the sound speed profile, source

depth [74], and range-dependent bathymetry [22] can have an effect on the value

of the waveguide invariant. Figure 4.25 examines the effect of a mismatch between

the expected and observed value of β on detection performance. The detection

performance with respect to assumed waveguide invariant values of 1, 1.15, and 1.3

are shown for the true case of β = 1. For small mismatches in β (< 15%), the

performance is nearly the same as the matched case. Using a predicted value of

β = 1.3, or a 30% mismatch from the true value, WI-CFAR detection offers no

advantage over FI- and CA-CFAR methods in this environment.

The effect of SRR on detection performance is examined in Fig. 4.26. The

probability of false alarm is fixed at 0.05, and the probability of detection is plotted

against the SRR for all three detectors. Each point on the curves is the result of a 200

trial Monte Carlo simulation using the parameters described above. The waveguide

invariant method offers a performance gain of approximately 4 dB at PD = 0.5.
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5

Waveguide Invariant Minimum Variance Target
Classification

An obstacle to doing conventional adaptive processing for depth estimation of active

sonar targets is the amount of target data available. In passive sonar, multiple

snapshots of target data can be obtained by exploiting the stationarity of the source

signature. However, in active sonar, pulse compressed wideband targets appear as

noise-like transients in a single beam of data. Here, the waveguide invariant property

is exploited to obtain multiple snapshots of target data by uniform sub-sampling the

target STFT vector. The following section outlines the process of sub-sampling the

target STFT data and how these snapshots are used to estimate a target spectral

density matrix. The target spectral density matrix is used in minimum-variance

adaptive processing to obtain a target depth estimate and finally a decision statistic

for target/clutter discrimination.
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5.1 Target Sub-Sampling

From Chapter 2, the observed data are the complex STFT coefficients at time τ :

y = [y(ω1, τ), . . . , y(ωL, τ)]T . (5.1)

The frequency spacing between adjacent STFT coefficients is denoted by ∆ω. Since

this work sub-samples the complete STFT vector into snapshots, consider a uniformly

spaced subset of the these coefficients,

y0 = [y(ω1, τ), . . . , y(ωN , τ)]T , (5.2)

where N � L, and the frequency spacing of the coefficients in y0 is an integer

multiple of the original sample spacing, ∆ωss = n∆ω, corresponding to taking every

nth sample of y. An additional K snapshots can be constructed by shifting the vector

in (5.2) by p∆ω,

yp = [y(ω1 + p∆ω, τ), y(ωn + p∆ω, τ), . . . , y(ωN + p∆ω, τ)]T , (5.3)

for p = 1, . . . , K. For the purposes of forming a covariance matrix estimate, assume

the number of snapshots is at least twice the number of elements per snapshot,

2K > N , and the product of the number of snapshots K and the number of elements

per snapshot N is less than the original STFT vector length, N ·K ≤ L.

The following section will show the relationship between the sub-sampled snap-

shots and how they are used to estimate the target spectral density matrix. Because

the signal-to-reverberation ratio (SRR) is typically high in occurrences of targets or

clutter, the signal return from (2.20) is the dominant component in the observed data

y from (5.1). If the terms corresponding to the first wavenumber are factored out

of (2.20), the waveguide invariant relationship of Grachev describing the frequency

dependence of the wavenumber difference [35],

km(ω)− kn(ω) = γmnω
−1/β, (5.4)
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can be applied to (2.20) to give

s(ωj, r, z) = exp(−j2k1(ωj)r) ·
∑
m,n

Amn(z)
exp

(
−j (γm1 + γn1)ω

−1/β
j r

)
√
km(ωj)kn(ωj)

, (5.5)

where γmn is a constant dependent on mode number. This can be interpreted as a

slow modulation of exp(−j2k1(ωj)r) in frequency. Next, consider an element of a

target snapshot offset in frequency by p∆ω, as in (5.3):

s(ωj + p∆ω, r, z) = exp(−j2k1(ωj + p∆ω)r)

·
∑
m,n

Amn(z)
exp

(
−j (γm1 + γn1) (ωj + p∆ω)−1/βr

)
r
√
km(ω + p∆ω)kn(ω + p∆ω)

. (5.6)

The mode amplitudes Amn(z) are assumed to be weak functions of frequency over the

bandwidth of interest. Since k1(ω) = k cos θ1 = (ω/c) cos θ1, where θ1 is the incident

angle associated with the first mode and c is the average water column sound speed,

and cos θ1 is nearly unity, we approximate a small frequency shift p∆ω in the first

horizontal wavenumber k1(ω + p∆ω) with the change in the intrinsic wavenumber

k(ω + p∆ω) = (ω + p∆ω)/c = k(ω) + p∆ω/c:

k1(ω + p∆ω) ≈ k1(ω) +
p∆ω

c
, (5.7)

which is valid when p∆ω is small. Equation (5.6) becomes:

s(ωj + p∆ω, r, z) = exp(−j2k1(ωj)r) exp(−j2p∆ω
c

r)

·
∑
m,n

Amn(z)
exp (−j (γm1 + γn1) (ωj + p∆ω)−1r)

r
√
km(ωj + p∆ω)kn(ωj + p∆ω)

. (5.8)

Using a Taylor series expansion of (ωj + p∆ω)−1/β, gives

(ω + p∆ω)−1/β ≈ ω−1/β − p∆ω

β
ω−(1/β)−1 (5.9)
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For the canonical shallow water value β = 1, equation (5.6) becomes

s(ωj + p∆ω, r, z) = exp(−j2k1(ωj)r) exp(−j2p∆ω
c

r)

·
∑
m,n

Amn(z)
exp

(
−jΓm1n1ω

−1/β
j r

)
exp

(
−jΓm1n1

p∆ω
ω2
j
r
)

r
√
km(ωj + p∆ω)kn(ωj + p∆ω)

, (5.10)

where Γm1n1 = γm1 + γn1. The added term in (5.10) is exp
(

Γm1n1
p∆ω
ω2
j

)
, and can be

neglected as long as the exponent is small compared to 2π for all m, n, and ω. The

denominator of (5.5) can also be approximated if we consider this quantity to vary

as 1/ω, 1/
√
kmkn ≈ κmn/ω, where κmn is constant with respect to frequency. The

quantity perturbed by p∆ω is then

1√
km(ω + p∆ω)kn(ω + p∆ω)

≈ κmn
ω + p∆ω

. (5.11)

Using a first-order Taylor expansion gives

κmn
ω + p∆ω

≈ κmn
ω

(
1− p∆ω

ω

)
. (5.12)

Therefore the frequency perturbation in this term can be ignored if p∆ω
ω
� 1. Subject

to these approximations, the frequency-shifted target response is

s(ωj + p∆ω, r, z) ≈ exp(−j2k1(ωj)r) exp

(
−j2p∆ω

c
r

)

·
∑
m,n

Amn(z)
exp

(
−jΓm1n1ω

−1/β
j r

)
√
km(ωj)kn(ωj)

(5.13)

≈ exp

(
−j2p∆ω

c
r

)
· s(ωj, r, z). (5.14)

Therefore a target STFT after small shift in frequency can be approximated with

the unperturbed target response and a phase term. This is the motivation behind a
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sub-sampling of the target STFT coefficients to form multiple snapshots. The target

snapshots themselves can be written as:

sp(r, z) = exp

(
−j2p∆ω

c
r

)
D0(r)f0(r, z) (5.15)

where D0(r) is a diagonal matrix where [D0]jj = exp(−j2k1(ωj)r) and [f0]j =∑
m,nAmn(z) exp

(
−jΓm1n1ω

−1/β
j r

)
/(
√
kmkn). The next section will outline the es-

timation of a waveguide invariant spectral density matrix (WI-SDM), and the ap-

plication of the WI-SDM to target classification by means of a minimum variance

filter.

5.2 Waveguide Invariant Minimum Variance Filtering

The availability of multiple target snapshots facilitates the estimation of the sub-

sampled spectral density matrix. The waveguide invariant spectral density matrix

(WI-SDM) of the sub-sampled target is estimated by averaging the outer product of

the target snapshots, yp:

R̂y(r, z) =
1

L

K∑
l=1

yly
H
l . (5.16)

the signal components can be written as in (5.15)

R̂y(r, z) = |α|2s0s
H
0 +

1

L

L∑
l=1

ξlξ
H
l ,

≈ |α|2D0(r)f0(r, z)fH0 (r, z)DH
0 (r) + σ2

ξI. (5.17)

By the waveguide invariant, the estimated spectral density matrix is nearly rank

one since the target snapshots are co-linear. The SDM is the product of a diagonal

matrix D0 which varies rapidly in range but not depth, and the outer product f0f
H
0

which varies slowly in range and quickly in depth.
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The ability to estimate the SDM of a sub-sampled frequency domain target/clutter

return facilitates adaptive matched filtering to form the ambiguity function

P (z) = max
r

(
w(r, z)HR̂yw(r, z)

)
, (5.18)

where R̂y is defined in (5.16) and yl for l = 1, . . . , L are sub-sampled STFT vectors at

the slant range of the target/clutter discrete. Note that the snapshots are correlated

and thus not independent and identically distributed (i.i.d.), but the expected value

of the SDM estimate is the same as the sample covariance matrix derived with i.i.d.

snapshots. With the frequency-independent scattering model assumed, R̂ above is a

deterministic matrix s0s
H
0 scaled by a chi-square random variable with two degrees

of freedom, |α|2, as opposed to the matrix scaled by 1/L
∑L

l |αl|2, a chi-square with

2L degrees of freedom if i.i.d. snapshots are used. The adaptive filter weights are

designed to minimize depth ambiguities by selecting

min
w

wHR̂xw subject to V(r, z)Hw = e1, (5.19)

where V(r, z) are the eigenvectors corresponding to the dominant eigenvalues of

Q(r, z) =
1

L

L∑
l=1

sl(r, z)sHl (r, z), (5.20)

resulting in the minimum variance (MV) ambiguity function

PMV (z) = max
r

(
eT1

(
VH(r, z)R̂−1

x V(r, z)
)

e1

)−1

, (5.21)

where e1 = [1, 0, . . . , 0] and has a length equal to the number of eigenvectors in

V(r, z). The distribution of PMV (z) over different pings is also chi-square with two

degrees of freedom.

Robustness to small environmental perturbations can be achieved by design-

ing weights with environmental perturbation constraints (EPC) [45, 46, 77]. The
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Figure 5.1: Posing of depth classification as a binary hypothesis problem. Scatter-
ers in the upper region of the water column are considered targets, while scatterers
in the deepest 15 m of water are considered clutter.

signal model in (2.20) implicitly assumes a set of environmental parameters, θ =

[θ1, . . . , θB], which determine the horizontal wavenumbers km(ω, θ) and eigenfunc-

tions in Amn(z, θ). The matrix Q(r, z) is then the average over P realizations of the

environmental parameters,

QEPC(r, z) =
1

P

P∑
p=1

[
1

L

L∑
l=1

sl(r, z, θ
p)sHl (r, z, θp)

]
, (5.22)

where θp is the pth realization of the random vector of environmental parameters.

The ambiguity function is:

PMVEPC(z) = max
r

(
eT1

(
UH(r, z)R̂−1

x U(r, z),
)

e1

)−1

(5.23)

where U(r, z) is here composed of the dominant eigenvectors of QEPC(r, z). For small

environmental perturbations, QEPC(r, z) is low rank. In this work, the environmen-

tal parameters are varied by +/−2.5% about their baseline value, and QEPC(r, z) is

approximately spanned by three eigenvectors. The eigenvectors of QEPC(r, z) cap-

ture the variability of the frequency domain signal return induced by small changes

in the environmental parameters. In each case, the depth estimate is taken to be the

value of z which maximizes the corresponding ambiguity function.

Depth classification is posed as a binary hypothesis problem. The water column

is divided into two regions: the surface to 15 m from the ocean floor (H1), and the
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Figure 5.2: Bathymetry map of the Malta Plateau region of the Mediterranean
Sea.

15 m above the ocean floor (H0). If a scatterer is present in the first region, it is

classified as a water column target, while scatterers in the lower region are considered

to be bottom clutter. Figure 5.1 depicts the problem. The detection statistic is the

ratio of the ambiguity function in (5.21) maximized in each region. In log-space,

λ(x) = max
z∈H1

log(PMV (z))−max
z∈H0

log(PMV (z)) (5.24)

The above is used with different threshold levels to determine the probability of

correctly identifying a target versus the probability of mistaking clutter for a target

of interest in the form of receiver operating characteristic (ROC) curves over many

realizations of simulated data.

5.3 Results

In this section, results are presented on target depth estimation and classification us-

ing the above method of waveguide invariant minimum variance filtering, both with

and without environmental perturbation constraints. These are compared against
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Figure 5.3: Bathymetry map showing the location of the SCARAB98, CLUT-
TER07, and CLUTTER09 experiments, which will be described in more detail in
the following sections.

conventional matched field processing (MFP) in both known and mismatched en-

vironments. Ambiguity surfaces over range and depth, and slices of the surfaces

maximized over range are given for both simulated and real targets and bottom

scatterers. The WI-MVF is applied to shipwreck data from the SCARAB98 and

CLUTTER07 experiments, as well as returns from an echo repeater at various depths

in the CLUTTER09 experiment. All three experiments were performed in the Malta

Plateau region of the Mediterranean Sea. The bathymetry of the area is plotted

in Figs. 5.2 and 5.3. Figure 5.3 shows the location of each experiment as well as

surrounding clutter discretes. Ship (source and/or receiver) positions are marked in

black dots, while the track of the ship over the course of the CLUTTER09 experi-

ment is plotted with a black line. A shipwreck is indicated with an ’x’, mud volcanoes

with triangles, and the Campo-Vega oil platform is marked with a diamond. A red

color indicates the feature that was the target of interest in one of the experiments.

Details particular to each experiment are given in the following sections. Simulated

data were also generated based on measured parameters in the CLUTTER09 experi-
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Figure 5.4: Sound speed profiles measured during the SCARAB98 (red), CLUT-
TER07 (black), and CLUTTER09 (blue) experiments.

ment to test the classification method on many realizations of data randomized over

target depth. The resulting ROC curve shows the performance of the WI-MVF, WI-

MVEPC, and conventional matched filter (MF) in both matched and mismatched

environments, followed by a discussion of the efficacy of the waveguide invariant

sub-sampling methods under various bandwidths and environmental conditions.

5.3.1 Simulated Data

Simulated data was generated according to the environmental parameters measured

during the CLUTTER09 experiment. Several measurements of the water column

sound speed profile made during the experiment are plotted in blue in Fig. 5.4.

There is a duct around 50 m in the water column. The depth varies from between

130 and 150 m, but is approximated as range independent with a bottom depth of

138 m. The bottom model described in Chapter 4 is used again here. Details of

the seven modeled isovelocity sediment layers and the bottom halfspace are given in

Table 4.1.
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Figure 5.5: Calculation of β for all possible mode combinations according to (5.25).
The waveguide invariant is nearly 1 for most mode pairs with the exception of the
lowest order modes due to the sound speed duct. The outliers are modes trapped in
the sediment layers and do not affect the pressure field in the water column.

The horizontal wavenumbers and eigenfunctions of the environment described

above were computed using the KRAKEN normal mode propagation software [67].

If the wavenumbers (and thus group and phase velocities) are known, the value

of the waveguide invariant can be investigated for each pair of modes under the

relationship [9]:

β =
1
vm
− 1

vn
1
um
− 1

un

(5.25)

Figure 5.5 shows the value of β for all mode combinations m, n. The waveguide

invariant is 1 for the majority of the modes, with the exception of the lowest order

modes, and higher order modes which are trapped in the sediment layers and do not

contribute to the pressure field in the water column. The value of β for low order

modes is between −3 and −1, values usually observed in deep water waveguides.

The approximation in (5.9) holds less often, valid only when (γm1 +γn1) ∆ω
3ω2/3 is small

with respect to 2π for all m, n, and ω.
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(a) Ambiguity surface (b) Ambiguity curve

Figure 5.6: Simulated WIMVF ambiguity surface (a) and curve (b) for a water
surface target at z = 10 m in a known CLUTTER09 waveguide.

(a) Ambiguity surface (b) Ambiguity curve

Figure 5.7: Simulated WIMVF ambiguity surface (a) and curve (b) for a water
surface target at z = 60 m in a known CLUTTER09 waveguide.

The WI-MVF was applied to simulated data with a target at 10 m, 50 m, and

128 m at a signal-to-reverberation ratio (SRR) of 10 dB and a reverberation-to-

noise ratio (RNR) of 15 dB. Simulated point targets were generated every 1 meter

in depth. The sub-sampling parameters (i.e. the number of sub-sampled vectors

and the frequency offset of each vector) were chosen to use all available target DFT

coefficients while keeping the number of snapshots greater than twice the length of
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(a) Ambiguity surface (b) Ambiguity curve

Figure 5.8: Simulated WIMVF ambiguity surface (a) and curve (b) for a water
surface target at z = 128 m in a known CLUTTER09 waveguide.

a sub-sampled vector, a well-known rule for obtaining a well-conditioned covariance

matrix estimate. A small amount of diagonal loading (1% of the trace of the matrix)

is used to insure that the matrix is invertible. The STFT analysis window was

0.3 seconds. The ambiguity surface over range and depth for a single realization

are shown in Figs. 5.6a, 5.7a, and 5.8a for surface, water column, and bottom

targets respectively. Figures 5.6b, 5.7b, and 5.8b show the ambiguity function for

10 realizations of data maximized over range. In each case, the depth was correctly

estimated. The range ambiguities in the range-depth surface are a consequence of the

sub-sampling and are spaced as ∆ω/c, where ∆ω is the sample spacing and c is the

average sound velocity in the water column. These are not critical to performance,

since the range can be estimated from the time series if SRR is high. On simulated

data, using the full bandwidth, 800-1800 Hz, produced the highest peak-to-sidelobe

levels, and there were no additional peaks in the ambiguity function as are seen in the

real data. The peak-to-sidelobe level was highest for the mid-water column target at

approximately 10 dB, versus 8 and 6 dB near the surface and bottom respectively.

To investigate the effects of environmental mismatch, the WI-MVF and WI-
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(a) Known environment (b) +/- 2.5 % perturbed environment

Figure 5.9: Simulated MFP ambiguity surface results for a water column target in
a known and uncertain CLUTTER09 waveguide.

(a) Known environment (b) +/- 2.5 % perturbed environment

Figure 5.10: Simulated MFP ambiguity curve results for a water column target in
a known and uncertain CLUTTER09 waveguide.

MVEPC methods were applied to observed data with +/− 2.5% uncertainty in the

parameters listed in Table 4.1. A conventional matched filter is calculated using

the large (before sub-sampling) target vector. The ambiguity function is the in-

ner product of the observed data and replica signal vectors at various ranges and

depths, PMF (r, z) = |yHs(r, z)|2. Figures 5.9–5.14 show the ambiguity surfaces over

range and depth, and the ambiguity curves vs. depth after maximization over range
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(a) Known environment (b) +/- 2.5 % perturbed environment

Figure 5.11: Simulated WIMVF ambiguity surface results for a water column
target in a known and uncertain CLUTTER09 waveguide.

(a) Known environment (b) +/- 2.5 % perturbed environment

Figure 5.12: Simulated WIMVF ambiguity curve results for a water column target
in a known and uncertain CLUTTER09 waveguide.

for several different methods of depth classification for both known and uncertain

waveguides. Observed data was generated with a random realization of the envi-

ronment and with a target at 50 m depth. All results are generated using a 500

Hz bandwidth from 800-1300 Hz, as limiting the bandwidth produced better results

with real data in the presence of environmental perturbations. Figure 5.9 compares

the range-depth MF ambiguity surface on a matched and +/ − 2.5% mismatched
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(a) Known environment (b) +/- 2.5 % perturbed environment

Figure 5.13: Simulated WIEPC ambiguity surface results for a water column target
in a known and uncertain CLUTTER09 waveguide.

(a) Known environment (b) +/- 2.5 % perturbed environment

Figure 5.14: Simulated WIEPC ambiguity curve results for a water column target
in a known and uncertain CLUTTER09 waveguide.

environment. The peak-to-sidelobe level is higher than any of the compared meth-

ods in a matched ocean. However, the introduction of mismatch not only raises the

sidelobes, but introduces range and depth errors in the peak location, a phenomena

previously noticed in real matched field processing data [23]. Figure 5.10 shows the

MF ambiguity curve over depth in many realizations of data after maximizing over

range. The peak-to-sidelobe level is much lower compared to the matched case, and
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there is a significant widening of the mainlobe. Figures 5.11 and 5.12 show simi-

lar results for the WI-MVF depth classification method. The ambiguity surface in

Fig. 5.11a shows a peak-to-sidelobe level comparable to the matched filter, ∼ 20

dB, and a similar degradation in performance when the environment in unknown.

The uncertainty manifests itself entirely in the sidelobe level however; there is no

significant change in the mainlobe width for the WI-MVF. Figures 5.13 and 5.14

show the ambiguity surfaces and curves for the WI-MVEPC method in known and

uncertain environments. This method maintains the highest level of performance in

the presence of mismatch. The peak-to-sidelobe level falls by approximately 3 db,

as opposed to 10 dB for the MF and WI-MVF.

The above results are plotted only for a target depth of 50 m, however it is desir-

able to characterize the performance of the depth classification methods with random

target depths. The detection statistic in (5.24) was calculated for many realizations

of data with a random target depth, and receiver operating characteristic curves were

generated by stepping through different values of the decision threshold. Figures 5.15

and 5.16 show ROC curves giving the probability of correct classification (PD) for

a given false alarm probability (PFA) for various methods of depth classification.

In addition to the methods described above, results are generated for the Barlett

processor, with ambiguity function Pbart(r, z) = eT1 VH(r, z)R̂V(r, z)e1.

The four methods are compared in a known environment with the model in Table

4.1 and sound speed measured during the CLUTTER09 experiment in Figs. 5.15a

and 5.16a for 500 and 1000 Hz bandwidths respectively, as well as environments

drawn randomly from the baseline in Table 4.1 with +/− 2.5% uncertainty in Figs.

5.15b and 5.16b. The water column depth and bottom properties (thickness, sound

speed, attenuation, and density) are randomly varied uniformly within +/− 2.5% of

the baseline values in Table 4.1. In a known waveguide with high SRR, the matched

filter offers perfect classification. However, in the presence of environmental uncer-
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(a) No environmental mismatch (b) +/- 2.5 % environmental mismatch

Figure 5.15: ROC results for various classification methods using 500 Hz band-
width in a CLUTTER09 waveguide in with known (a) and a +/- 2.5 % mismatch in
the geoacoustic parameters.

(a) No environmental mismatch (b) +/- 2.5 % environmental mismatch

Figure 5.16: ROC results for various classification methods using 1000 Hz band-
width in a CLUTTER09 waveguide in with known (a) and a +/- 2.5 % mismatch in
the geoacoustic parameters.
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tainty, the performance quickly falls to near the chance diagonal. The WI-MVEPC

filter suffers less from small perturbations and offers the best performance when the

environment is unknown. These figures also offer insights into the relative effect of

bandwidth for each method. In the presence of mismatch, the MF performns on the

chance diagonal using the entire 1000 Hz bandwidth. Using the lower 500 Hz of the

bandwidth makes the method slightly more robust to environmental perturbations,

however better results are still achieved using a minimum variance filter with envi-

ronmental perturbation constraints. The WI-MVF and WI Bartlett methods both

perform similarly for each variation of bandwidth and environmental uncertainty.

Using the entire 1000 Hz bandwidth in the matched case yields better performance

than when the ocean in unknown. Decreasing the bandwidth improves performance

in both matched and mismatched environments, likely because the approximation

of the waveguide invariant as a constant is better with fewer propagating modes,

and also because it is removing the higher frequencies which are more susceptible to

mismatch. The WI-MVEPC filter obtains the best performance in the presence of

environmental uncertainty. It is universally better than the other methods tested for

all bandwidths and degrees of environmental mismatch. Limiting the bandwidth in

methods employing waveguide invariant sub-sampling appears to make the methods

more tolerant to small perturbations in the propagation environment. The effect of

bandwidth, target depth, and environmental uncertainty will be discussed further in

a later section.

5.3.2 SCARAB98 Data

The SCARAB98 data was used to evaluate the WI-MVF depth estimation method on

real bottom clutter. A shipwreck near the source/receiver location is used as a target.

Figure 5.17 shows the bathymetry of the area. The location of the SUS source charges

and receive array is marked by a black circle. There are three shipwrecks and a mud
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Figure 5.17: Bathymetry map showing the source/receiver and known clutter lo-
cations in the SCARAB98 experiment.

(a) Ambiguity Surface (b) Ambiguity Curve

Figure 5.18: SCARAB98 shipwreck depth estimation results using 400 Hz band-
width.
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(a) Ambiguity Surface (b) Ambiguity Curve

Figure 5.19: SCARAB98 shipwreck depth estimation results using 150 Hz band-
width.

volcano in the region, marked with an ’x’ and triangle on the map, respectively. The

shipwreck of interest is in red, approximately 11.4 km from the source/receiver. The

shipwreck is 80 m in length, oriented north-south, and approximately 20 m above

the sea floor at its highest point [68]. The curves in the bathymetry map in Fig.

5.17 shows the water depth to be nearly range independent, approximately 132 m at

the shipwreck and 138 m at the source/receiver. The signal-to-reverberation ratio

(SRR) was 25 dB. The waveguide invariant minimum variance filter was applied to

the SCARAB98 data over a 400 to 1400 Hz bandwidth. The STFT analysis window

was 0.26 seconds. The WI-MVF was performed using the entire available bandwidth

(400-1400 Hz), however better results were obtained using a 400 Hz sub-band of

the low frequencies, 400-800 Hz. The ambiguity surface over range and depth and

a cut of the surface maximized over range are shown in Fig. 5.18. Using a larger

sub-band resulted in decreased peak-to-sidelobe levels and incorrect peak locations.

Further decreasing the bandwidth to 150 Hz yielded the same peak location and

no significant change in the peak-to-sidelobe levels. The results are shown in Fig.

5.19. The estimated depth in each case is 121 m, within the target depth range
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Figure 5.20: Bathymetry map showing the track of the R/V Alliance towing the
source and receiver, as well as the location of the target shipwreck in the CLUT-
TER07 experiment.

of 112-132 m. The peak-to-sidelobe level is 8 dB. An ambiguous peak is visible at

15 m, approximately 4 dB down from the estimate peak. This is 15 m from the

surface, while the shipwreck peak is 17 m from the bottom. These depths will have

similar multipath structures in a waveguide with an isovelocity water layer and a

bottom with a reflection coefficient close to 1, and thus depth estimation based on

the multipath arrival structure may be ambiguous at these depths.

5.3.3 CLUTTER07 Data

The CLUTTER07 experiment was conducted very near the SCARAB98 and CLUT-

TER09 trials. Figure 5.3 shows the relative location of all trials, while Fig. 5.20

provides a more detailed look at the CLUTTER07 site. The data presented were

collected on Julian day 132. The R/V Alliance made two circular tracks around a

shipwreck located at 36◦18.804′N by 14◦41.136′E at approximately 2 and 10 km in

range while towing the low-frequency (LF), 800-1800 Hz, and high-frequency (HF),

2-3.5 kHz, sources as well as the receive array. A full circle was made around the ship-
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wreck at 2 km, while only 270 degrees were completed at 10 km. Pings were recorded

to collect data at least every degree of target aspect, with the shipwreck being always

at or near broadside. The ping repetition rate was at 12 second intervals at 2 km

range, and at 60 second intervals at 10 km. The source signal was a 0.95 s continuous

wave (CW) transmission at 1900 Hz with 10% Tukey shading. This was followed by

0.05 s of silence, then a simultaneous transmission of the LF and HF sources. At 2

km in range the LF and HF sources sent a 0.5 s linear frequency modulated (LFM)

chirp with 5% Tukey shading from 800-1800 Hz and 2-3.5 kHz respectively. During

the pings where the shipwreck was at 10 km, the LFM was 1 s in duration. The

CW wave initiated the data acquisition which lasted 55 s. This resulted in five pings

present within each acquisition period when the target range was 2 km. The data

was then beamformed using the cardioid array to reject interference in the back lobe.

Cardioid beamforming is a method of resolving left/right ambiguities on a linear ar-

ray. Three omni-directional hydrophones are arranged in a ring perpendicular to the

array direction, and beamformed to give a cardioid shaped beam pattern. These are

treated as directional single hydrophones and beamformed using conventional tech-

niques. The resulting beam pattern is the beam pattern of the line array weighted

by the cardioid beam pattern of a triplet. The received data were beamformed using

different elements on the array for the LF and HF bands keeping the aperture size

constant with relative to the wavelength. The low frequency aperture used 84 triplets

with 41.8 cm spacing for an aperture size of 35.1 m, or 41.5λ at 1810 Hz. The high

frequency signal was beamformed using 85 triplets with 20.9 cm spacing for a 17.8

m aperture, 42λ at 3620 Hz. The result is similar azimuth spacing and beamwidth

(∼ 2 degrees) for both the low- and mid-frequency beamformed data. Beamforming

was followed by matched filtering the received data to the transmitted waveform.

The data was then basebanded by the center frequency at each band (1300 Hz for

the LF source and 2750 for the HF source) and downsampled from the original sam-
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(a) 2 km (b) 10 km

Figure 5.21: B-scans of CLUTTER07 ping at 2 km (left) and 10 km (right). The
predicted shipwreck position is marked with a black dot.

pling frequency of 12.8 kHz to 1066 Hz for the LF bandwidth and 1600 Hz for the

HF band. The shipwreck was then localized in bearing by taking into account the

known location of the shipwreck and current position of the Alliance and manually

examining plots of the time series magnitude vs. range and beam direction (b-scans).

Figure 5.21 shows the time series magnitude vs. range and azimuth (B-scans) for

two CLUTTER07 pings at 2 km (left) and 10 km (right). The predicted shipwreck

location is marked with a black dot. The beam with the highest SRR is chosen,

and the approximate range estimate obtained by manually locating the shipwreck

in the B-scan is refined by D. Abraham using the Page test [5]. This quantitatively

defines the onset and termination of the shipwreck echo, and 2 second snippets of

data are stored based on these estimates. Each snippet contains the target beam

and the beam adjacent beam in azimuth on either side. The time series magnitude

vs. slant range (ct/2) is plotted in Fig. 5.22 for pings at 2 km (left) and 10 km

(right). Figure 5.23 shows the time series magnitude time-shifted to maximize the

correlation between pings vs. adjusted time and ping number. The transition from

2 to 10 km occurs near ping 410, which is reflected in Fig. 5.24, a plot of the onset
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(a) 2 km (b) 10 km

Figure 5.22: Shipwreck time series at 2 km (left) and 10 km (right). Each plot
shows three beams adjacent in azimuth.

Figure 5.23: Shipwreck time series magnitudes for all pings taking in the CLUT-
TER07 experiment. The shipwreck is at 2 km for approximately the first 400 pings,
and 10 km after.
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Figure 5.24: Start time of the shipwreck return as calculated by the Page test (D.
Abraham).

time of the shipwreck echo as calculated by the Page test [5].

The above methods of depth estimation were applied to the shipwreck data in

the CLUTTER07 experiment. The range to the shipwreck (2 km) was much smaller

than either of the other experiments, likely limiting the effect of range-dependence

not accounted for in the target replica data. This is perhaps why good results

(a) (b)

Figure 5.25: Ambiguity surface (left) and curve (right) for 8 pings of CLUTTER07
data using a 1000 Hz bandwidth. The depth is correctly estimated near the bottom.
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(a) (b)

Figure 5.26: Ambiguity surface (left) and curve (right) for 8 pings of CLUTTER07
data using a 500 Hz bandwidth. The depth is correctly estimated near the bottom.
The peak-to-sidelobe level is increased by decreasing the bandwidth.

were obtained with much larger bandwidths than the SCARAB98 or CLUTTER09

data. Figure 5.25a shows the ambiguity surface over range and depth for ping 21

of the CLUTTER07 data. The target range is approximately 2.3 km. The depth

is estimated at 136 m. Figure 5.25b shows the ambiguity curve after maximizing

over range for 9 successive pings. The peak in the ambiguity curves are stable over

many realizations, and the peak is an average of 7 dB above the sidelobes. Limiting

the bandwidth again proves advantageous in mitigating the effect of environmental

mismatch. Figure 5.26 shows the ambiguity surfaces and range slices using a 500

Hz bandwidth. The lower bandwidth surface has lower sidelobes in range and depth

than the full bandwidth, however ambiguities near the surface similar to the results

in the SCARAB98 experiment appear in these data as well. The ambiguity function

vs. depth for 9 pings show a 3 dB improvement in average peak to sidelobe level.
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Figure 5.27: Detailed bathymetry map of CLUTTER09 experiment region. Known
clutter discretes are marked in black.

5.3.4 CLUTTER09 Data

Julian day 133 of the CLUTTER09 experiment was conducted in a nearby area of

the Malta Plateau. The Alliance towed low-frequency (LF), 800-1800 Hz, and high-

frequency (HF), 2-3.5 kHz, sources, as well as the receive array. The Alliance made

four passes along the track depicted in Fig 5.27. The Levanzo was approximately

stationary and operating a Deployable Echo Repeater System (DERS) used as a

target in these data. Source signals were transmitted every minute and alternated

between the simultaneous transmission of a 1 second LF and 3 second HF LFM chirp

and 4 second LF and 6 second HF LFM signal. The DERS was inactive until the

onboard hydrophone was triggered, then recorded for 10 seconds and immediately

retransmitted the signal, with a small indeterminate delay in between for processing.

The retransmission was followed immediately by a hyperbolic frequency modulated

(HFM) tag signal outside the bandwidth of interest to indicate the presence of a

target signal. The predicted beginning of the DERS return was found by match fil-

tering the raw data from a single hydrophone to the HFM tag signal and subtracting
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Figure 5.28: Bearing-time records of all pings averaged and geo-referenced to form
clutter map of experiment. Several known clutter elements marked in Fig. 5.27 are
visible.

10 seconds from the peak location. The depth of the DERS varied by run from 50,

130, and 10 m. The source depth was approximately 55 m, however on the final run

the source was moved to 20 m depth and the target to 50 m. The same bottom

model in Table 4.1 was used for this region. The sound speed profile was measured

approximately every hour at both the source/receiver and target locations. An ex-

ample sound speed profile is plotted in blue in Fig. 5.4. Figure 5.27 shows the area

bathymetry and groundtruth location of known clutter discretes. The CLUTTER09

experiment was conducted to the northwest of the SCARAB98 location, with the

source receiver position varying by ping along the track in black and the DERS loca-

tion marked with a black circle. Like the SCARAB98 experiment, the water depth

was nearly range independent for most pings, differing at most by around 20 m, 140

m at the target and 160 m at the source/receiver. Campo-vega, a large oil platform

spanning the entire water column, and its nearby tender ship which are known to

produce very strong clutter returns, are marked by a red diamond in Fig. 5.27. An

additional clutter site known as ’dogbone,’ because of its shape revealed in sidescan
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Figure 5.29: Waveguide invariant time-frequency striations in the incoherent av-
erage of 7 beams of CLUTTER09 reverberation data. Predicted striation slopes
corresponding to β = 1 are marked in black.

sonar images, is marked with a blue square. A clutter map of the area was formed by

averaging the bearing-time records (BTR) of all the pings after making corrections

to changes in the position and bearing of the R/V Alliance. The above mentioned

clutter features are visible, including areas of strong reverberation, in Fig. 5.28.

The receive array was a 374 element cardioid array grouped into 126 triplets. The

data is sampled at 12.8 kHz. The low-frequency and mid-frequency time series are

basebanded by their center frequencies, 1300 Hz and 2750 Hz, and downsampled to

sampling frequencies of 1066 Hz and 1600 Hz respectively. The STFT magnitude of

CLUTTER09 reverberation data show the striations previously seen in SCARAB98

data, indicating that the waveguide invariant relationships in the previous chapters

hold reasonably well in this environment. An average of 7 beams of CLUTTER09 re-

verberation data is shown in Fig. 5.29. The overlayed black lines show the expected

slope of the striations when β = 1,

The CLUTTER09 data provides an opportunity to test the WI-MVF depth clas-

sification method on real data water column targets. While the experiment did not

92



(a) Ambiguity surface (b) Ambiguity curve

Figure 5.30: WIMVF results for a bottom target in a CLUTTER09 waveguide.

(a) Ambiguity surface (b) Ambiguity curve

Figure 5.31: WIMVF results for a water column target in a CLUTTER09 waveg-
uide.

provide enough useful pings for a statistical characterization of performance in real

data, ambiguity surfaces over range and depth and cuts over depth were calculated

for target depths of approximately 10 m, 50m, and 120 m. Similar to the SCARAB98

data, best classification results are achieved when the bandwidth is limited to the

lower frequencies. Here, the available frequencies are higher since the source is a

chirp and not explosive. Only the lowest 200 Hz of the bandwidth is used, from

800-1000 Hz. Figure 5.30 shows the results of WI-MVF for the DERS while at a
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(a) Ambiguity surface (b) Ambiguity curve

Figure 5.32: WIMVF results for a surface target in a CLUTTER09 waveguide.

depth of z = 130 m. The SRR was approximately 10 dB, here defined as the target

peak-to-average reverberation-plus-noise level. The ping was recorded at 09:05, when

the echo repeater was 6.7 km from the source/receiver. The peak-to-sidelobe level is

approximately 8 dB; however ambiguous peaks are visible near the surface at 25 and

30 m, similar to the effect observed in the SCARAB98 data. Figure 5.31 shows the

WI-MVF for a ping at 07:27 when the DERS was mid-water column, at z = 50 m.

The range of the target was 11.9 km and the SRR was approximately 20 dB. The

depth was estimated at 58 m with the peak occuring 6-7 dB above the sidelobes.

There is another peak 2 dB down at z = 40 m. During the third pass along the

track, the DERS was positioned z = 10 m below the surface. Figure 5.32 shows the

WI-MVF ambiguity functions for the ping recorded at 10:27, when the target range

was 4.3 km and SRR was ∼ 25 dB. The estimated depth was 9 m, and the peak

was nearly 9 dB above the sidelobes. The ambiguity surface shows ambiguous peaks

near the bottom, as were seen in the CLUTTER09 bottom target in Fig. 5.30 and

the SCARAB98 shipwreck in Figs. 5.18 and 5.19.

The use of environmental perturbation constraints improves the classification

results slightly on CLUTTER09 data. Several pings which do not correctly estimate
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(a) Ambiguity surface (b) Ambiguity curve

Figure 5.33: WI-MVEPC ambiguity function for CLUTTER09 data with target
depth of 130 m over range and depth (a) and depth (b). The estimated depth is
122 m. The output of the WI-MVEPC and WI-MVF are compared on the right.
The WI-MVEPC and WI-MVF both correctly estimate the target depth near the
bottom.

(a) Ambiguity surface (b) Ambiguity curve

Figure 5.34: WI-MVEPC ambiguity function for CLUTTER09 data with target
depth of 50 m over range and depth (a) and depth (b). The estimated depth is 49
m. The output of the WI-MVEPC and WI-MVF are compared on the right. The
WI-MVEPC correctly estimates the target depth, while the WI-MVF estimates the
target depth to be near the bottom.

95



the target depth using the WI-MVF show better results using EPC. By and large,

the results that show good performance with the WI-MVF do not do better with the

WI-MVEPC. Figure 5.33 shows the results of WI-MVF EPC for the DERS while at

a depth of z = 130 m. The SRR was approximately 10 dB. The ping was recorded

at 8:42, when the echo repeater was 18 km from the source/receiver. The peak is at

z = 122, and the peak-to-sidelobe level is approximately 6 dB, however ambiguous

peaks are again visible near the surface at 20 m 2 dB down. Figure 5.34 shows the

WI-MVEPC for a ping at 11:55 when the DERS was mid-water column, at z = 50

m. The range of the target was 24 km and the SRR was approximately 30 dB. The

depth was estimated at 49 m with the peak occurring 8 dB above the sidelobes. The

use of EPC thus allows for good depth classification results even at very long ranges.

At these ranges, using EPC leads to a correct depth estimate, while the WI-MVF

does poorly.

5.3.5 Effects of Bandwidth and Environmental Mismatch

Several differences are observed between real and simulated data, namely the degra-

dation of real data results when higher frequencies are included in the filter, and the

appearance of ambiguous depth peaks in real data and their absence in simulation.

The approximations in (5.9) and (5.12) should hold better for large ω. However,

like other matched field methods, the WI-MVF is sensitive to mismatch in the mod-

eled environment and target scattering. The higher frequencies are more sensitive,

where the errors are larger with respect to a wavelength. The inclusion of these fre-

quencies in the WI-MVF on the SCARAB98, CLUTTER07, and CLUTTER09 data

adversely affected performance, even when using environmentally tolerant weight vec-

tors (EPC). The trade-off between the benefit of added bandwidth and the increased

importance of environmental mismatch was explored, and a 400 Hz bandwidth (400-

800 Hz) was used for the SCARAB98 data, a 500 Hz bandwidth (800-1300 Hz) was
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used for the shipwreck at close range in CLUTTER07, and a 200 Hz bandwidth (800-

1000 Hz) was used on the CLUTTER09 data. Better performance was not seen when

the bandwidth was decreased further, and errors in the peak location were observed

when a larger bandwidth was used. When no mismatch was present in simulation,

adding bandwidth increased the peak-to-sidelobe level. This explains how the sim-

ulated data achieved the same peak level with significantly less SRR. However, in

real data, when mismatch is almost surely present, truncating the bandwidth made

the classification more robust to environmental uncertainty. Additionally, in both

simulated and real data, a water column target near z = 50 m was easier to correctly

classify than at any of the other depths. This is reflected in both the higher peak lev-

els in the simulated water column target (Figs. 5.6-5.8) compared to bottom targets,

and the separation of the eigenvalue magnitudes in the sub-sampled WI-SDM, which

is discussed below. Higher peak levels were not necessarily observed in the CLUT-

TER09 real data; however the range-depth surfaces clearly show better localization

of water column targets. The eigenvalue magnitude spectrum for real CLUTTER09

targets at depths of 50 m and 130 m are plotted in Fig. 5.35. Recall that WI-MVF

was derived under the assumption that the sub-sampled snapshots were nearly co-

linear, and that the WI-SDM was approximately rank one. Figure 5.35 shows the

eigenvalue magnitude spectrum for the CLUTTER09 data in Figs. 5.30 and 5.31.

The assumptions made in this work hold much better for a target at 50 m, where

first eigenvalue is ∼ 30 dB above the second, versus 17 dB for the surface and bottom

targets. This is thought to be due to the sound-speed minimum in the water column

near 50 m. With both the source/receiver and target in the duct, the pressure field

is primarily due to a small number of low-order modes which are trapped in the duct

and don’t interact with the bottom. A fewer number of propagating modes may lead

to a more stable value of β in the observed spectrum. Additionally, the source and

receiver both in the sound-speed duct leads to higher SRR levels than bottom clut-
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Figure 5.35: Eigenvalue magnitude spectrum of sub-sampled CLUTTER09 real
data targets. The WI-SDM is approximately rank one at z=50, however the rank
one assumption is less true bottom targets.

ter, since much of the signal energy on low-order modes is trapped in the duct and

does not ensonify bottom scatterers. In general, the eigenvalue magnitude spectrum

may give a good prediction of the performance of the WI-MVF, or alternatively an

indication of the confidence that should be placed in the depth estimate. The more

nearly rank one the estimated WI-SDM, the better the depth classifier will perform.
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6

Conclusion

The striations that are often seen in the STFT of broadband reverberation returns,

and the waveguide invariant principle which parameterizes them, have been applied

to both reverberation estimation for the purpose of target detection, and target depth

classification for the discrimination of water column targets from bottom clutter. In

both problems, simulated and real data have been presented which demonstrate an

improvement in performance over conventional methods. The following gives a sum-

mary of the performance benefits of using waveguide invariant methods of detection

and depth classification, and the circumstances under which this performance can

be realized.

Many times, the STFTs of shallow-water reverberation returns exhibit the stri-

ation phenomenon described by the waveguide invariant. This work has used these

striations and the waveguide invariant property to estimate the frequency- and range-

dependent reverberation level at the hypothesized target range. Results are presented

for both simulated and real data, where the reverberation estimates based on the

waveguide invariant are better able to capture the time-frequency structure of the

data. Using a simple but suboptimal GLRT statistic, the waveguide invariant-based
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reverberation estimate improves detection performance when the reverberation level

is high. The performance of the new detector is evaluated for different reverberation

levels and predicted values of β. The results presented here show good performance in

a real and simulated range-independent and nearly isovelocity waveguide, when RNR

is high and the waveguide invariant is known. Performance degrades when striations

are less prominent (i.e. low RNR) or with a mismatch between the expected and true

value of the waveguide invariant. Specifically, the waveguide invariant estimate of-

fers no advantage over conventional methods when noise is the dominant interference

term. However, in reverberation-limited data typical of shallow water waveguides,

the waveguide invariant offers a significant detection performance improvement on

low energy targets. Signal-to-reverberation ratio is an important parameter as well,

since high SRR targets can be detected with an energy detector and do not require a

particularly good reverberation estimate. Weak targets, on the other hand, can only

be distinguished from reverberation with an accurate reverberation level estimate.

In some environments, striations are not observed. This may be due to low RNR,

or environmental factors such as a rough sea surface which destroy the coherence

between propagating modes. Additionally, although generally considered a constant,

the waveguide invariant can take on values other than unity in shallow water. Mis-

matches between the assumed and observed values of the waveguide invariant lead

to greater error in the reverberation estimate and a decrease in detection probability.

The WI-CFAR detector is thus superior to conventional cell-average CFAR normal-

ization in a reverberation limited shallow water channel exhibiting striations with

high (> 10 dB) RNR and low (< 5 dB) SRR.

As opposed to the STFT magnitude surface used to estimate the reverberation

power, the waveguide invariant structure in the complex STFT coefficients at the

target range are used in the presented method of depth classification. The WI-MVF

filter was applied to both real and simulated data, and is able to classify water column
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targets and bottom clutter at the expense of adding harmless ambiguities in range.

In simulation, the RNR, SRR, and the observed and assumed environmental models

could be controlled. Sufficient realizations were generated to calculate a statistical

characterization of classification performance for each method in a matched and

mismatched environment. Ambiguity curves/surfaces were presented for MF, WI-

MVF, and WI-MV EPC depth classification methods. The WI-MV EPC method

showed the most robustness to small environmental perturbations, and the greatest

probability of correct classification when the environment was unknown.

The WI-MVF was also applied to three real data sets, testing the performance of

the method on real data. The SCARAB98 and CLUTTER07 showed performance

on a real bottom scatterer with unknown size, shape, and scattering function. The

CLUTTER09 data used an echo repeater as a target, but data was gathered for

water column targets as well. Better performance is observed in simulated data,

and the degradation in performance on real data is likely due to mismatch of the

environment and/or target scattering function. This filter, like previous matched

field methods, is sensitive to environmental mismatch. Adding environmental per-

turbation constraints can make the filter more robust to environmental uncertainty.

Using a smaller bandwidth of low frequencies was found to have a similar effect. The

assumptions in the derivation of the model are more accurate when frequency is high.

However, these frequencies are more susceptible to environmental mismatch. In this

work, better results were obtained in real data when the bandwidth was limited

to all but the lowest frequencies, and in the CLUTTER09 data, when the number

of propagating modes was limited by the sound speed duct, e.g. when the target

and receiver depth was 50 m. Good classification performance on a real target was

achieved in both the CLUTTER07 and SCARAB98 data.

The SCARAB98 data had the advantage of an explosive source, which made lower

frequencies available compared to the chirped-source data in the CLUTTER exper-
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iments. The target range in the CLUTTER07 data was much smaller than either

the SCARAB98 (∼ 10 km) or CLUTTER09 (∼ 20 km), and the range-independent

approximation made in this work is more valid over small ranges. This was perhaps

why the CLUTTER07 experiment provided the only real data where the full 1000

Hz bandwidth could be used with decent results. Additionally, the results presented

for the CLUTTER07 shipwreck were from consecutive pings, where the target aspect

changed by < 1 degree. The fact that similar results were not achieved for all pings

in the experiment suggests that target aspect is important, and a more sophisticated

target scattering model should be employed.

Overall, the eigenvalue magnitude spectrum is a good indication of the accuracy

of the assumptions made, and a good indicator of expected performance. When the

rank of the sub-sampled WI-SDM is low, the WI-MVF can accurately discriminate

between targets and ground clutter. In this work, this occurs when using the lowest

available frequencies, with an accurate environmental characterization of a waveguide

with a stable β that is nearly unity for all propagating modes, and when the number

of contributing modes is reduced, here because of a sound speed duct.

Missing from the above results is the WI-MVF tested on real mid-water column

targets; the echo repeater used as a water column target in CLUTTER09 is nearly a

point target and does not mimic the scattering of a submarine. Future work should

involve testing this method on real water column targets. In addition, the effect of

mismatch in the target size, scattering function, and target aspect on performance

should be explored. Target modeling the weight vectors should be generalized to

include spatially extended targets with more complex scattering functions. Further

applications of the waveguide invariant should also be explored. The striation pat-

tern induced by propagation through the channel carries with it information about

the geoacoustic parameters of the waveguide. The literature has demonstrated that

changes in water column depth, bottom sediment layers, and water column fluctua-
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tions affect the time-frequency interference pattern (and value of β) in the observed

data. The possibility of using position changes in peaks in the interference patter to

detect such changes, but geoacoustic inversion using the striations in reverberation

data has not been sufficiently explored. The possibility of using the reverberation

STFT magnitude surface for use in geoacoustic inversion is a topic of future research.
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Appendix A

Alternate Derivation of Waveguide Invariant
Reverberation Modeling

To model the time-frequency spectrum of broadband reverberation returns, the

waveguide invariant relation in equation (3.13) can be applied to the STFT data

model in (2.19). Let W (ω) and P (ω, r) be the Fourier transforms of w(t) and p(t, r)

respectively. Then by the Fourier identity
∫
g1(t)g2(t)dt = 1

2π

∫
G1(−ω)G2(ω)dω

x(ω, τ, T ) =
1

2π

∞∫
0

η(r)

∞∫
−∞

|T |W (−Tω′)P (ω′ + ω, r) exp(jω′τ)dω′dr. (A.1)

From the normal mode propagation model

P (ω′ + ω, r) = U(ω′ + ω)
∑
m,n

Amn
exp (−j (km + kn) r)

rω
. (A.2)

The frequency dependence of the wavenumbers in the amplitude term have been

approximated as 1/
√
kmkn ≈ κmn/ω, where the frequency-independent constants

κmn are lumped into Amn. Using a first-order Taylor series expansion of the exponent
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about ω:

km + kn ≈ [km(ω) + kn(ω)] +

[
∂km
∂ω

+
∂kn
∂ω

]
ω′. (A.3)

The partial derivative in the above expression is the reciprocal group velocity

∂kn
∂ω

=
1

cn
(A.4)

and so

P (ω′ + ω, r) ≈ U(ω′ + ω)
∑
m,n

Amn
exp (−j (km + kn) r)

rω
exp

(
−jω′r

(
1

cm
+

1

cn

))
.

Assuming U(ω) is flat over the bandwidth and substituting the above in (A.1), the

inner integral in (A.1) can be approximated as

∑
m,n

Amn
exp (−j (km + kn) r)

rω

∞∫
−∞

|T |W (−Tω′) exp

(
jω′
(
τ − r

(
1

cm
+

1

cn

)))
dω′

≈
∑
m,n

Amn
exp (−j (km + kn) r)

rω
w

r
(

1
cm

+ 1
cn

)
− τ

T

 . (A.5)

The window function w(t/T ) is nonzero over [−T/2, T/2], therefore each term in the

summation of the right-hand side of (A.5) is nonzero when

−T/2 < r

(
1

cm
+

1

cn

)
− τ < T/2. (A.6)

Letting amn(τ, T ) = (τ − T/2)
(

1
cm

+ 1
cn

)−1

and bmn(τ, T ) = (τ + T/2)(
1
cm

+ 1
cn

)−1

, the interval is amn(τ, T ) < r < bmn(τ, T ). Substituting into (4.7) and

putting the result into (A.1) gives

x(ω, τ, T ) ≈
∑
m,n

bmn(τ,T )∫
amn(τ,T )

η(r)U(ω)Amn
exp (−j (km + kn) r)

rω
dr. (A.7)
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The reverberation STFT of a time window centered at τ and of duration T can

thus be approximated by summing the Fourier domain returns from point scatterers

between ranges amn(τ, T ) and bmn(τ, T ) for each mode combination (m,n). The

intensity of the pressure field is

|x (ω, τ, T )|2 ≈
∑
m,n

bmn(τ,T )∫
amn(τ,T )

η(r)U (ω)Amn
exp (−j (km + kn) r)

rω
dr

×
∑
m′,n′

bm′n′ (τ,T )∫
am′n′ (τ,T )

η∗(r′)U∗ (ω)A∗m′n′
exp (j (km′ + kn′) r

′)

r′ω
dr′. (A.8)

Since the scattering process is uncorrelated, E [η(r)η∗(r′)] = σ2
ηδ(r − r′), the expec-

tation of (4.8) is only nonzero when r = r′, simplifying the expression to

E
[
|x (ω, τ, T )|2

]
≈ |U(ω)|2

∑
m,n
m′,n′

AmnAm′n′

·
Bmnm′n′ (τ,T )∫
Amnm′n′ (τ,T )

σ2
η

r2ω2
exp [−j ((km − km′) + (kn − kn′)) r] dr.

The limits of the integral reflect the overlap of the integrals in (A.8) defined by the

group velocities of modes m and n, and m′ and n′:

Amnm′n′(τ, T ) = max (amn(τ, T ), am′n′(τ, T ))

Bmnm′n′(τ, T ) = min (bmn(τ, T ), bm′n′(τ, T )) . (A.9)

Now using the Grachev wavenumber relationship, (3.13),

E
[
|x (ω, τ, T )|2

]
≈ σ2

η|U(ω)|2
∑
m,n
m′,n′

AmnAm′n′

· 1

ω2

Bmnm′n′ (τ,T )∫
Amnm′n′ (τ,T )

exp
(
−j (γmm′ + γnn′)ω

−1/βr
)

r2
dr. (A.10)

106



We define the integral in equation (A.10) as

Gmnm′n′(ω, τ, T ) =

Bmnm′n′ (τ,T )∫
Amnm′n′ (τ,T )

1

ω2r2
exp

(
−jΓmnm′n′ω−1/βr

)
dr (A.11)

where Γmnm′n′ = γmn + γm′n′ . Changing the variables u = ω−1/βr, equation (A.11)

becomes:

Gmnm′n′(ω, τ, T ) =

ω−1/βBmnm′n′ (τ,T )∫
ω−1/βAmnm′n′ (τ,T )

1

ω2+2/βu2
exp (−jΓmnm′n′u)ω1/βdu

= ω−2−1/β

ω−1/βBmnm′n′ (τ,T )∫
ω−1/βAmnm′n′ (τ,T )

1

u2
exp (−jΓmnm′n′u) du. (A.12)

The above substitution removes all dependence on ω, τ , and T from the integrand;

ω, τ , and T appear only outside and in the limits of the integral. Now consider the

STFT coefficient at, τ ′ = ατ and T ′ = αT , where α is a positive, real constant. If a

change in frequency is also made according to ω′ = αβω, equation (A.12) becomes:

Gmnm′n′(α
βω, ατ, αT ) = α−2/β−1ω−2−1/β

ω′−1/βBmnm′n′ (τ
′,T ′)∫

ω′−1/βAmnm′n′ (τ
′,T ′)

1

u2
exp (−jΓmnm′n′u) du.

The limits of the integral do not change with this substitution, since amn(τ, T ) and

bmn(τ, T ) are linear functions of τ and T and scaling in this case does not change the

selection of the min or max functions,

ω′−1/βAmnm′n′(τ
′, T ′) = (αβω)−1/βAmnm′n′(ατ, αT ) = ω−1/βAmnm′n′(τ, T ). (A.13)
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Therefore,

Gmnm′n′(α
βω, ατ, αT ) = α−2/β−1ω−1/β

ω−1/βBmnm′n′ (τ,T )∫
ω−1/βAmnm′n′ (τ,T )

1

u2
exp (−jΓmnm′n′u) du

=
1

α2/β+1
Pmnm′n′(ω, τ, T ). (A.14)

Since the remaining terms in (A.10) do not depend on range or frequency, the above

result relates to the expected power of the STFT coefficients:

E
[
|x(ω, τ, T )|2

]
|U(ω)|2

≈
α2/β+1E

[∣∣x(αβω, ατ, αT )
∣∣2]

|U(αβω)|2
. (A.15)
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