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Abstract

This thesis addresses the problem of source localization and time-varying spatial spec-

trum estimation with maneuverable arrays. Two applications, each having different

environmental assumptions and array geometries, are considered: 1) passive broad-

band source localization with a rigid 2-sensor array in a shallow water, multipath

environment and 2) time-varying spatial spectrum estimation with a large, flexible

towed array. Although both applications differ, the processing scheme associated

with each is designed to exploit array maneuverability for improved localization and

detection performance.

In the first application considered, passive broadband source localization is ac-

complished via time delay estimation (TDE). Conventional TDE methods, such as

the generalized cross-correlation (GCC) method, make the assumption of a direct-

path signal model and thus suffer localization performance loss in shallow water,

multipath environments. Correlated multipath returns can result in spurious peaks

in GCC outputs resulting in large bearing estimate errors. A new algorithm that

exploits array maneuverability is presented here. The multiple orientation geomet-

ric averaging (MOGA) technique geometrically averages cross-correlation outputs to

obtain a multipath-robust TDE. A broadband multipath simulation is presented and

results indicate that the MOGA effectively suppresses correlated multipath returns

in the TDE.

The second application addresses the problem of field directionality mapping
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(FDM) or spatial spectrum estimation in dynamic environments with a maneuver-

able towed acoustic array. Array processing algorithms for towed arrays are typically

designed assuming the array is straight, and are thus degraded during tow ship ma-

neuvers. In this thesis, maneuvering the array is treated as a feature allowing for left

and right disambiguation as well as improved resolution towards endfire. The Cramér

Rao lower bound is used to motivate the improvement in source localization which

can be theoretically achieved by exploiting array maneuverability. Two methods for

estimating time-varying field directionality with a maneuvering array are presented:

1) maximum likelihood estimation solved using the expectation maximization (EM)

algorithm and 2) a non-negative least squares (NNLS) approach. The NNLS method

is designed to compute the field directionality from beamformed power outputs,

while the ML algorithm uses raw sensor data. A multi-source simulation is used to

illustrate both the proposed algorithms’ ability to suppress ambiguous towed-array

backlobes and resolve closely spaced interferers near endfire which pose challenges for

conventional beamforming approaches especially during array maneuvers. Receiver

operating characteristics (ROCs) are presented to evaluate the algorithms’ detection

performance versus SNR. Results indicate that both FDM algorithms offer the poten-

tial to provide superior detection performance in the presence of noise and interfering

backlobes when compared to conventional beamforming with a maneuverable array.
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1

Introduction

Passive sonar systems are designed to detect, classify, localize and track underwater

acoustic sources by listening with an array of spatially separated sensors. These

systems have many applications, most of which are relevant to maritime military

operations. Passive acoustic detection and localization of submersible ships is of

particular interest since vessels ranging from enemy submarines to self-propelled

submersibles, designed for transporting drugs, can not be detected on the ocean’s

surface by a ship’s radar despite having an acoustic presence. Detection and localiza-

tion of marine mammals is another passive sonar application with naval significance.

Such applications offer the ability to ensure that mammals are not present in acoustic

ranges that may harm them during naval operations [1, 2]. Other passive sonar appli-

cations range from vehicle navigation to counter mine measures. These applications

are performed by utilizing a number of different sonar geometries (source/receiver

configurations) in a variety of underwater environments. For example, passive local-

ization of submarines in a deep water environment is often accomplished with the

use of large towed sensor arrays. On the other hand, unmanned underwater vehicles

(UUVs) with hull mounted sensors are commonly used for locating and homing in
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on mines tagged with beacons in shallow-water channels. In both cases, each sce-

nario presents it’s own set of unique challenges that can be overcome by estimation

methods that exploit the physics of a maneuvering array.

Two different passive sonar applications will be considered in this work. The

source and receiver geometry as well as the environment and corresponding envi-

ronmental model will differ between the two applications. However, both applica-

tions share the same objective of exploiting a maneuverable array to localize or map

sources in bearing. Processing schemes developed in this thesis will rely on array

maneuverability to overcome the challenges associated with each scenario.

The first application considered involves a UUV homing in on a broadband bea-

con in a shallow-water environment. The UUV contains two hull mounted sensors

separated by several wavelengths. In this case, the goal is to localize the beacon

in bearing while the UUV maneuvers towards it. The complex the shallow-water

channel makes the beacon localization challenging due to correlated multipath re-

ceived at the array. Often, multipath returns cause spurious peaks in the estimation

output which can be confused with the location of a physical source. By exploiting

the maneuverability of the array, these spurious multipath returns can be mitigated

in order to improve localization of the beacon.

In the second application considered, a large flexible array, containing a large

number of elements (80), is towed in a deep water environment. The goal is to

detect and localize a weak dynamic target in the presence of several strong, far-field,

interferers. This is accomplished by mapping the 360◦ time-varying spatial spectrum,

also referred to as field directionality. In this case, an ideal channel model, containing

only direct-path propagation, can be assumed since the towed array is operating in a

deep water environment. Many difficulties arise, however, when assuming this simple

channel model to detect and localize a moving target in the presence of interferers

with a maneuvering array.
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Figure 1.1: Illustrative example of a minimum variance beamformer output for
two fixed linear array orientations of 0◦ (solid blue) and 90◦ (dashed red). Sources
are located at bearings of 112◦, 143◦, 162◦, 169◦, 171◦ and 315◦.

Traditionally, arrays are towed in a straight line and the time-varying field is

mapped using conventional beamformer power output which results in poor endfire

resolution and a 180◦ ambiguity across the array. The properties associated with

this traditional approach, assuming a linear array are illustrated in Figure 1. The

solid blue line is the beamformer output power versus bearing when a linear array

is oriented at 0◦ while the red dashed line is the beamformer output power for an

array oriented at 90◦. There are a total of 6 sources in the field, signified by the

black dots. The beamformer output corresponding to an array orientation of 0◦ has

poor resolution near 0◦ and 180◦ (endfire) and is also ambiguous across that line.

The dashed red line has the same characteristics as the blue line around it’s endfire

(±90◦). These ambiguous backlobes (ambiguous peaks that do not correspond to a

physical target direction) and poor endfire resolution can mask a target making it

difficult to detect and localize. Another problem with conventional methods applied

to dynamic scenarios is that both the array and spatial spectrum should be modeled

3



Direct Path Multipath

Narrowband · Planewave Beamforming · Spatial Smoothing
· Field directionality Mapping · Matched Field Processing
· Generalized Cross-Correlation · Broadband Matched Filed

Broadband (GCC) Processing (MFP)
· Broadband Beamforming · Multipath Ranging

Table 1.1: Localization techniques for various signal and environmental models

as time-varying. Despite this, current field directionality mapping approaches assume

the field is stationary over the entire observation interval [3, 4, 5].

As with the homing scenario, array maneuverability will be exploited to over-

come the difficulties associated with this problem. It will be shown that array ma-

neuverability can help suppress backlobes and improve endfire resolution yielding

improved estimation of the time-varying spatial spectrum when compared to con-

ventional methods.

The signal processing technique used for source localization in underwater envi-

ronments depends on several factors, most notably, the characteristics of the signal

being transmitted by the source and the nature of the environment. Table 1.1 outlines

some of the various methods used for source localization for a given environment and

signal type. Note, the performance of these methods is dependent on the accuracy

of the assumptions made about the model.

The type of source is characterized by its bandwidth; being either narrowband or

broadband. A narrowband source refers to a source using a small or narrow range of

frequency content. Broadband signals, also referred to as wideband signals, occupy

a relatively large range of frequencies. The ratio of the highest frequency to lowest

frequency in the band is another metric used to determine if the signal is broadband

or narrowband. If that ratio is large, the signal can be thought of as broadband

and vice versa if the ratio is small (on the order of one) [6]. The majority of radio
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Figure 1.2: Multipath scenario. The green dots represent receive sensors, the red
dot is a transmitting source, and propagating paths are given by black lines.

frequency (RF) waveforms are considered narrowband since the ratio of their highest

frequency to lowest frequency is close to one. For example, in wireless local area

networks (LAN)’s, 802.11b has the ratio, 2.4835 GHz/2.4 GHz = 1.03. Acoustic

waveforms (i.e. 20 Hz - 20 kHz) have an upper to lower frequency ratio on the order

of several hundred to one thousand and are generally considered wideband.

In Table 1.1, environments are classified as either direct-path or multipath. Direct

path propagation occurs in a free space environment where there are no boundaries

that can cause reflections. Multipath environments are typified by rigid boundaries

that cause multiple signal reflections such as in room acoustics, shallow-water ocean

environments, or Wi-Fi in buildings. A typical 2-boundary multipath scenario is

depicted in Figure 1.2. In this figure, the green dots represent receive sensors, the

red dot represents a transmitting source and the paths of propagation are drawn in

black. Multipath environments, such as this, make the localization of a single source

appear to be the localization of multiple correlated sources. This in turn, makes

the source localization problem more difficult since the direction of arrival (DOA)

estimate can be in the direction of a dominant multipath return instead of the direct

path of interest.
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The UUV homing problem is considered to be in the multipath/broadband cate-

gory in Table 1.1. On the other hand, the scenario involving a large towed array can

be classified in the direct path/narrowband and direct path/wideband categories

since the deep water environment is assumed to be direct path only. The follow-

ing sections will introduce both scenarios in more detail as well as discuss current

methods, listed in the table, for solving each problem.

1.1 Passive Source Localization in a Shallow-water Environment

Acoustic source localization is a fundamental step in the homing scenario, making it

the primary focus in this application. A beacon localized in bearing gives the UUV

(containing hydrophone sensors) the ability to maneuver towards it. The goal of

most source localization applications is to be as accurate as possible in estimating

the position of the source. The performance of a localization technique is determined

by several factors including system requirements and environmental conditions, such

as multipath level and signal to noise ratio (SNR). The quantity of hydrophones em-

ployed, their placement, the bandwidth of the source signal, data storage capacity

and processing power are all examples of system requirements that directly effect

localization performance. In particular, performance dramatically improves by in-

creasing the number of elements in the array. This has lead to development of large

microphone array systems for environmentally robust localization in room acoustics

[7]. However, with favorable environmental conditions (no multipath) and judicious

sensor arrangement, small arrays on the order of a few sensors are able to localize

reasonably well [8]. In the case of few sensors and severe multipath, acoustic source

localization becomes significantly more difficult [9].

Matched field processing (MFP) methods are a common approach to the source

localization problem in multipath environments [10, 11]. They are specifically de-

signed around an assumed environmental model and can perform well when environ-
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mental parameters are correctly assumed. However, in most cases, MFP methods

require complex multipath propagation models and are extremely sensitive to errors

in assumed environmental parameters [12]. Mismatch errors can be mitigated by

implementing an optimum uncertain field processor (OUFP) [13, 14]. In this case,

a posterior density of source location is derived by integrating over uncertainties in

the environmental parameters yielding increased robustness at the expense of com-

putational complexity. Minimum variance matched field processing (MV-MFP) is

another way of handling environmental uncertainties [15]. MV-MFP achieves ro-

bustness by employing a set of linear constraints derived from predicted pressure

fields obtained using a set of perturbed sound-speed profiles. However, in our case,

the lack of vertical array aperture is a major drawback to the aforementioned MFP

techniques since vertically sampling incoming modes provides the ability to invert

for waveguide parameters.

The source localization techniques in Table 1.1 that are designed around the ideal

signal model have been, for the most part, unsuccessfully applied to the localization

in multipath problem [16]. Of these techniques, time-delay estimation (TDE) is the

most commonly implemented for broadband source localization in a multipath en-

vironment. The generalized cross-correlation (GCC) method obtains an estimate of

the time-lag that maximizes cross-correlation between two received signals at spa-

tially separated sensors [17]. Several papers have been published on improving TDE

in the presence of noise [18], however, the more limiting factor in shallow underwater

channels is multipath [16, 19]. This is because GCC is derived from an ideal signal

model (direct path) instead of a more complicated multipath environment.

Recent work involving time delay estimation, predominantly in the area of speech

localization, has focused on incorporating multipath into the model [20, 21, 22, 23].

Stéphenne and Champagne have proposed a method of estimating the channel re-

sponse in the cepstral domain and subtracting it from signals received at the micro-
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phones, then using GCC to estimate time delay [20, 21]. Another approach to TDE

in multipath is an adaptive eigenvalue decomposition algorithm proposed by Ben-

esty [22, 23]. In this case, impulse responses are estimated between the source and

receivers using an eigen decomposition. The TDE is then computed by subtracting

the direct path arrival times at each sensor. These algorithms tend to yield favorable

results in each of their corresponding applications. However, none of these methods

account for or exploit a maneuverable array.

This work seeks to improve on conventional TDE techniques for passive acoustic

localization in a multipath environment by exploiting a maneuverable sensor array.

This is accomplished by disambiguating multipath returns from the direct path ar-

rival by maneuvering the array to multiple orientations, obtaining cross-correlagrams

with GCC and judiciously combining them in order to estimate the bearing of a

source. Assuming the array heading is known, cross-correlagrams are combined by

shifting each by the current orientation, then geometrically averaging. This new

method referred to as MOGA, or multiple orientation geometric averaging, yields

favorable results in simulation when compared to traditional GCC methods.

1.2 Time-varying Spatial Spectrum Estimation with a Towed Array

The previous section introduces the problem of a single parameter estimation (bear-

ing of a broadband source) with a rigid 2-element array in a shallow water, multipath

environment. In this section, the problem changes from the single parameter estima-

tion to a multi-parameter estimation. In this case, each parameter corresponds to

a grided direction in the 360◦ spatial spectrum. Array geometry and environmental

assumptions have also changed. A large (80 sensor) towed array is assumed instead

of a rigid 2-sensor array and a direct-path only signal model is assumed.

Spatial spectrum estimation or field directionality mapping is a central problem

in passive sonar with a towed acoustic array. For example, the well known bearing-
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time-record (BTR) is essentially a time-varying spatial spectral estimate used for

detection and localization of sources of interest. Performance of such systems is of-

ten complicated by left-right ambiguities associated with the array as well as poor

resolution towards endfire directions. It is well known that applying beamforming

weights, designed for a straight array, during a maneuver when the towed array is

deformed, can result in beam broadening [24]. Some of the resulting losses can be

mitigated if the array element positions are known and used appropriately to cal-

culate beamformer weights for a non-straight array. For example, Gerstoft et al.

[25] performed adaptive beamforming on a dynamic array whose element positions

were estimated using a “water-pulley” model. Left-right ambiguities were resolved

by associating peaks that maintain near constant bearing when power versus bear-

ing is stabilized to North. This method is analogous to performing target motion

analysis (TMA) by using the contact’s estimated stabilized bearing as the observable

parameter [26]. However, TMA methods for exploiting changing array heading are

typically performed post-detection and they are not designed to mitigate backlobe

interference which can mask low SNR targets of interest. Furthermore, these meth-

ods neglect to address the potential for improving bearing resolution near endfire

that comes as the array deforms during a maneuver.

In the area of field directionality mapping, recent work has focused on exploiting

the maneuverability of towed-arrays for improving estimation performance. Greening

and Perkins [27] present a method for adaptively beamforming with mobile arrays,

resulting in favorable interference and backlobe suppression of high SNR sources (on

the order of 10 dB). Their approach adapts the steered covariance matrix (STCM)

method, originally proposed for broadband beamforming [28], to account for time-

varying array motion. Alternatively, passive synthetic aperture sonar (SAS) offers

potential for improving resolution and increasing array gain when successive nar-

rowband snapshots are coherent over time [29, 30]. However, these approaches rely
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on accurate estimation of a phase correction factor, which is used to compensate

for phase differences between successive array measurements that compose the syn-

thetic aperture [31]. Furthermore, conventional synthetic aperture techniques assume

straight trajectories and thus do not exploit array maneuvers for mitigating back-

lobes. Lee et al. [32] demonstrated the ability to suppress backlobes using a passive

synthetic aperture sonar during a turn on data from the MAPEX 2000 experiment

conducted by SACALANTCEN. In this case, backlobe suppression is achieved by

maneuvering the array and interpolating array position along the vehicle track us-

ing the “water-pulley” model, effectively forming a 2-D planar array. Alternatively,

Feuillet et al. [33] were able to achieve backlobe suppression by physically realizing a

2-D aperture via multi-line arrays. For the case of multiple linear array orientations,

360◦ field directionality estimates, in which ambiguous backlobes are suppressed and

endfire resolution is improved, can be obtained by combining multiple beamform-

ing outputs from different orientations of a linear array [3, 4, 5]. However, these

techniques, when applied to problems involving towed array dynamics, make the

assumption that sources in the field remain stationary over multiple linear array ori-

entations. This assumption is often invalid in the case of dynamic sources since long,

towed arrays may require several minutes to turn and straighten out while forming

multiple orientations.

In this thesis, we address the problem of exploiting changing array shape during

maneuvers to estimate the time-varying spatial spectrum. Two methods for mapping

the time-varying field directionality (or spatial spectrum) are considered: 1) the re-

cursive field-directionality mapping method which updates field directionality maps

over time using a non-negative least squares (NNLS) algorithm and 2) time-varying

maximum likelihood (ML) estimation using the expectation maximization (EM) al-

gorithm. For our purposes, a “water-pulley” model is assumed for modeling array

dynamics during ship maneuvers. From this, the NNLS method forms a set of linear
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equations relating field directionality to beamformer power outputs (taken while ma-

neuvering) and is solved recursively in order to form unambiguous 360◦ bearing time

records. In real systems, it is often the case that “raw” sensor data is not available

due to bandwidth and data storage limitations. In many cases, only beamformer

power outputs are available motivating the NNLS approach. The ML technique, on

the other hand, is derived from the sensor data as opposed to the beamformed output

and is solved using an EM algorithm [34, 35, 36, 37]. The benefit to solving with an

EM algorithm is that it facilitates a relatively computationally efficient solution of

a ML estimation problem, which is otherwise intractable due to the large number of

free parameters being optimized. In the case of dynamic sources, both NNLS and

ML techniques offer improved performance by providing continuously updated field

directionality map estimates during the course of the maneuver rather than requiring

the maneuver to be completed before processing the data.

1.3 Key Contributions

The purpose of this section is to outline the key contributions made in this thesis.

The following list serves to highlight and briefly describe each contribution:

1. The derivation of multiple orientation geometric averaging (MOGA) technique

used in the UUV homing scenario is provided. MOGA is shown in simulation

to improve broadband source localization by suppressing spurious peaks due

to multipath in cross-correlation output.

2. The maneuver before detect (MBD) algorithm is developed. The MBD algo-

rithm solves for the maximum a posteriori (MAP) estimate of source location

over time, forming a “track” of the source. The MAP estimate is computed

from source localization estimates (likelihoods), such as beamformer outputs,

and assuming a state transition model to form an a priori distribution of the
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source location.

3. A recursive non-negative least squares field directionality mapping (NNLS-

FDM) is derived for mapping a time-varying field. The recursive NNLS-

FDM algorithm computes the time-varying spatial spectrum using magnitude

data from the beamformer power outputs. Simulation results demonstrate the

NNLS-FDM method’s ability to suppress ambiguous backlobes and improve

endfire resolution over conventional beamforming.

4. A derivation of the maximum likelihood field directionality mapping (ML-

FDM) technique is provided. In this derivation, both the spatial spectrum

and array are assumed to be time varying. The ML is iteratively solved from

the complex raw data using the EM algorithm. Simulation results demon-

strate superior detection and localization performance over both NNLS-FDM

and conventional beamforming.

5. An “online” version of the ML-FDM technique is derived. In this case, “online”

refers to continuously updating the field directionality estimate as each new

data snapshot is observed. Previously, a “batch” of snapshots were observed

and processed at one time. The field directionality map is updated with a

single EM iteration after each data observation.

6. Detection performance of both FDM methods are compared with conventional

beamforming. A M-of-N detector is implemented to compare detection per-

formance over a fixed time interval. For comparison, detection performance is

quantified with receiver operating characteristics (ROCs) computed at different

SNRs. Results indicate that both proposed FDM algorithms maintain superior

detection performance over conventional beamforming for time-varying spatial

spectrum estimation.
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1.4 Thesis Outline

The remainder of this thesis is structured into six chapters. In the following chapter,

the data model is presented in three sections. A section describing the assumed array

dynamics model for the case of the large towed array will be presented. The next

section will discuss the model used for the received data for both the homing and

towed array scenarios. For the single source bearing estimation case, Cramér-Rao

lower bound (CRLB) analysis illustrates the relationship between estimator perfor-

mance and array orientation diversity in the final section of Chapter 2. Chapter 3

will consist of three sections that provide the necessary background information on

conventional methods used for comparison with algorithms developed in this thesis.

The first section will discuss commonly used methods for passive broadband source

localization such as GCC. The second section in Chapter 3 gives an overview of tech-

niques such as beamforming and other methods for estimating the spatial spectrum.

The final section of Chapter 3 will cover the remaining localization techniques listed

in Table 1.1. The MOGA source localization algorithm used for the UUV homing

problem is proposed in Chapter 4 along with simulation results comparing MOGA to

GCC. Chapter 5 introduces the maneuver before detect (MBD) algorithm, a MAP

method used for “tracking” sources. The MBD can be specialized to either scenario

and thus has it’s own chapter. In Chapter 6, the ML and NNLS methods for esti-

mating time-varying field directionality are introduced. In the remaining sections of

the chapter, a dynamic simulation is conducted and results are provided to illustrate

the improved performance of these techniques over that of conventional beamform-

ing for spatial spectrum estimation. Sections 6.5.1 and 6.5.2 present a multi-target

dynamic simulation for a towed array making large maneuvers and small maneuvers

respectively. M-of-N detection is performed and the SNR performance of both field

directionality estimators is analyzed and compared to conventional beamforming for
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the case of a maneuvering array in Section 6.5.3. Finally, Chapter 7 will conclude

this thesis and provide directions for future work.

14



2

Data Model

In this chapter we describe models that represent the received array data for each

scenario. In the UUV homing scenario, the array is assumed to be fixed to the UUV

requiring only the UUV heading be known to compute array sensor positions. To

express the received data, the complex shallow-water multipath environment must

be modeled. For our purposes, the method of images is used to describe reflections

off of the ocean’s surface and bottom layers. This model, also used for modeling

room acoustics, will be used in simulation for time delay estimation (TDE) since

it is relatively easy to calculate and implement [38]. Furthermore, the method of

images gives a simple solution to the expected multipath time delays making it easy

to verify results.

The towed flexible array scenario requires a model that represents the data re-

ceived by a towed array during maneuvers. This is accomplished by modeling the

array shape during maneuvers with the “water-pulley” model [39] in order to com-

pute sensor positions. The “water-pulley” model is a widely accepted and commonly

used model for estimating towed array shape [25, 24]. The received data can then

be expressed as a function of sensor positions and moving source locations. In this
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case, an ideal signal model is employed since the towed array is assumed to be in a

deep-water environment with little to no multipath propagation. Once the received

data model is derived, Cramér Rao lower bound (CRLB) analysis will be used to

demonstrate the deformed/maneuvering array’s ability to improve resolution near

endfire versus a fixed array for the single parameter estimation case. The CRLBs

presented in this chapter demonstrate the theoretical performance gain, based on the

assumed model, that comes with array orientation diversity.

Section 2.1 will describe the acoustic multipath model used in the broadband

homing scenario with a two element rigid array and Section 2.2 will detail the array

dynamics and received data used for modeling the towed array case. Finally, the

CRLB for the single parameter bearing estimate will be derived for the case of

multiple linear array orientations at the end of Section 2.2.

2.1 UUV Homing Received Data Model

In classic time delay estimation problems, the ideal signal model is widely used. The

ideal signal model assumes a single, direct path arrival emanating from a source.

Assuming a hydrophone array with k = 1, 2, . . . , K sensors, let xk(t) denote the

received signal at the kth hydrophone

xk(t) = aks(t− τk) + ηk(t), (2.1)

where ak is an attenuation factor due to propagation and scattering effects of the

channel, τk is the propagation time from a single source, s(t) to the hydrophone

array and ηk(t) is an additive noise term at sensor k. For our purposes, the additive

noise term is assumed to be distributed Gaussian with 0 mean and variance σ2.

The variable τ can also be expressed in terms of distance between the source and

hydrophone, r, and the speed of sound in the medium, c, as:

τ =
r

c
. (2.2)
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This model is useful for describing propagation in free space where sound waves prop-

agate without interference by objects such as the ocean’s surface, sediment layers or

marine life. This model does not take into account any acoustic arrivals at the hy-

drophone due to multipath, but it does, however, model the direct path propagation

from the source to the hydrophone in the presence of multipath. Since the medium

is linear, the received hydrophone signal can be written as a superposition of the

direct path signal plus multipath components.

The method of images is considered here for modeling the entire multipath return

from a single point source [38]. The method of images creates virtual sources in order

to model the reflections from rigid boundaries in the channel. The only boundaries

being considered in this model are the top and bottom layers of the ocean due to

the shallow-water ocean environment assumption. Figure 2.1 illustrates the method

of images model for a single acoustic source in a channel with floor and ceiling

boundaries. The method of images mirrors the source across these rigid boundaries

to create virtual sources. The procedure can be repeated on the virtual sources to

create even more virtual sources until the desired number of paths is reached. Each

virtual source corresponds to a multipath arriving at a particular elevation angle.

As the position of the virtual source increases, so does the corresponding multipath

elevation angle seen at the array. The source, in red, is positioned at m0 in a

waveguide with height, h. Notice that a coordinate system is defined where x is the

horizontal axis, y is the vertical axis and the z axis goes into the page. In this figure,

the sensor array, symbolized by the green dot, goes into the page in the +z direction.

This coordinate system will be useful later for calculating the relative positions of

the sources and receivers to attain time delays. For this particular illustration, there

are five total propagation paths, 4 corresponding to a different virtual source and 1

path representing the physical source. The black line corresponds to the direct path

(physical source) while the red and blue lines correspond to multipath propagation
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Figure 2.1: Illustration of the method of images for a point source in a two bound-
ary waveguide.

(virtual sources).

The received time domain multipath signal can be expressed as the sum of scaled

and delayed versions of the transmitted waveform, s(t), as follows:

xk(t) =
R−1∑
i=0

aiks(t− τ(rk,mi)) + ηk(t), (2.3)

where mi is the x, y, z coordinates of source i, rk is the x, y, z coordinates of the

kth receiver and R is the total number of propagation paths. The indices i and k

represent the path number and receiver number respectively. The method of images

is used to compute the bulk time delays denoted by τ(rk,mi) for each source and

receiver position. In order to calculate time delays, the position of the receivers and

imaged sources relative to the origin must be determined. The time delay of each

path, given by (2.2) can be re-expressed in terms of the relative position vectors rk

and mi as

τ(rk,mi) =
||rk −mi||

c
, (2.4)

18



where || · || represents the euclidean norm. The computation of bulk delays will

appear later in the simulation section of Chapter 4.

The expression for the received signal given by (2.3) models a multipath envi-

ronment for one particular channel impulse response. The multipath model can be

generalized to model any channel response by defining the received signal, xk(t), as

the convolution between the transmitted signal and the channel impulse response

xk(t) = s(t) ∗ h(rk,mi, t) + ηk(t), (2.5)

where h(rk,mi, t) is the channel impulse response from the source to receiver k. In

our method of images model h(rk,mi, t) is simply the sum of a train of delta functions

positioned at every time delay, τ(rk,mi)

h(rk,mi, t) =
R∑
i=1

aikδ(t− τ(rk,mi)). (2.6)

Since the ultimate goal of TDE source localization is to separate out the direct path

delay from the remaining multipath delays, it is sometimes useful to write (2.5) as

xk(t) = aks(t− τ(rk,m0)) ∗ g(rk,mi, t) + ηk(t), (2.7)

where g(rk,mi, t) is the modified channel impulse response which contains the orig-

inal impulse response minus the direct path.

The ideal signal model outlined at the beginning of this section is used to motivate

the framework behind the GCC method, discussed in Chapter 3. The method of

images model used to describe the complex multipath propagation in Equations 2.3

and 2.7 will be assumed for the 2 sensor, rigid array homing problem. The goal of

the homing problem will be to separate the direct path return from the multipath in

order to accurately estimate source bearing. Chapter 4 will formulate a new method

for exploiting array motion to help mitigate multipath returns and improve source

location estimation.

19



2.2 Towed Array Received Data Model

This section will describe the model used for the problem of field directionality map-

ping with a towed flexible array. The first part of this section will discuss the model

used for representing the towed array. This is essential to modeling the received array

data since sensor positions derived from the array model are an integral part of com-

puting the received data snapshot. After the received data model is described for the

FDM problem, CRLB analysis is performed for the single parameter estimation case

to show the potential performance gain at endfire to be had with a maneuverable

array.

2.2.1 Array Dynamics Model

The “water-pulley” model is a simple way of modeling the array dynamics through

a turn assuming the array is a slender flexible cable subjected to tow point induced

(TPI) motion. This model relates the distortion of a segment of a towed array at a

given time instant to the distortion of an upstream array segment at a previous time

instant. Paidoussis was the first to define the 2-D second order partial differential

equation that governs this type of motion [40]. Ignoring the 4th order terms due to

bending stiffness (which is negligible for flexible arrays), a zeroth order approxima-

tion to the Paidoussis equation was considered by Kennedy and is what’s commonly

referred to as the “water-pulley” model [39]. This solution assumes that the wave-

length of the TPI disturbance is much greater than the array length and that the

cross-sectional diameter of the tow cable is negligible compared to its length. The

partial differential equation governing the “water-pulley” model is given by

ρ̃υa
∂µ(x, t)

∂x
+
∂µ(x, t)

∂t
= 0 (2.8)

where µ(x, t) is the heading at a location x along the array an instant in time t, υa

is the tow speed along the array axis and ρ̃ is related to the drag coefficient of the
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cable. A first order Euler discretization of (2.8) with discretization intervals ∆x and

∆t yields a state equation relating array headings at time instant n to those at time

instant n− 1 and is given by [41]

µn = Fµn−1 + un + wn, (2.9)

where ρ = ρ̃(υa∆t/∆x) is termed the dispersive coefficient, F = (1− ρ)I + ρL is the

state transition matrix, un is the driving term comprised of the tow point heading

and wn is a noise term that accounts for model imperfections and discretization

errors. The matrix L is defined such that element [L]i,j = δ(i− j − 1). The solution

to (2.9) can be solved numerically and headings at each sensor, k are converted to

Cartesian coordinates via the following relationship

rkn =

 xkn
ykn
zkn

 =

 x0

y0

z0

+ d


k∑̀
=2

cosµ`n

k∑̀
=2

sinµ`n

0

 , (2.10)

where d is the array sensor separation. Intuitively, the solution to (2.8) states that

the heading of a segment positioned at x along the array during time t is the same

as the heading of a segment positioned at x+ ∆x during time t−∆t where ∆x and

∆t are related by the tow ship velocity υa. The sensor positions derived from the

“water-pulley” model will be used in the next subsection for calculating the data

snapshot received at the array.

2.2.2 Received Data Model

Consider a narrowband data model consisting of Q far-field sources impinging on an

array of K sensors. The received data snapshot at time n can be expressed in matrix

form as

x(n) = D(n)s(n) + η(n) (2.11)
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where the snapshot at time n is

x(n) = [ x1(n) . . . xK(n) ]T ,

the K ×Q source direction matrix D is

D(n) = [ dn(θ1, φ1) . . . dn(θQ, φQ) ]

and θ and φ correspond to bearing and elevation respectively. The direction vector

which gives the complex amplitude seen at the kth sensor during the nth observation

for a plane wave source with unit amplitude arriving from bearing θ and elevation

angle φ, can be expressed as

[dn(θ, φ)]k = exp

(
−j 2π

λ
(xkn cos θn sinφn + ykn sin θn sinφn + zkn cosφn)

)
= exp

(
−jkTnrkn

)
(2.12)

where kn is a vector that defines the spatial frequency of the source at time tn and

is given by

kn =
2π

λ

 cos θn sinφn
sin θn sinφn

cosφn

 .
The complex signal amplitudes, s(n) = [ s1(n) . . . sQ(n) ]T and noise, η(n) =

[ η1(n) . . . ηK(n) ]T , are Gaussian random vectors distributed as CN(0,Σ(n)) and

CN(0, σ2
ηI) respectively and i.i.d. across time n. Consequently, the received signal,

x(n), is distributed CN(0,Rx(n)) where

Rx(n) = D(n)Σ(n)DH(n) + σ2
ηI. (2.13)

It is assumed that the array shape may change between successive snapshots, n.

The field directionality is assumed to be slowly time-varying relative to the time scale

of the array dynamics. The general data model of (2.13) will be assumed for the
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subsequent development. However, in the following subsection it will be specialized

to the single stationary source case in order to evaluate the CRLB. In Chapter 6,

field directionality mapping methods with a maneuvering array uses the model of

(2.13) assuming an uncorrelated sum of components from a densely sampled grid of

directions.

2.2.3 Cramér-Rao Bound Analysis

Before introducing the analysis methods, it is useful to study the Cramér-Rao lower

bound (CRLB) to gain insight into the question: What is responsible for the gain

in performance, particularly at endfire directions, that results from maneuvering

an array? To simplify the inference, the bound will be used to compare a fixed

array versus an array changing orientations, holding the total number of snapshots

constant, for a single source with varying position, where the array is assumed to be

straight for each orientation.

The CRLB is derived from the data model of (2.11) assuming a single source

in direction, θ, where the likelihood of the received data, p(x(n) | θ), is distributed

complex normal with 0 mean with a covariance given by

Rn(θ) = pndn(θ)dH
n (θ) + σ2

ηI,

where pn is source power. The lower bound on the variance of an unbiased estimator

is given by

var(θ) ≥ J−1(θ),

where θ is the parameter or parameters being estimated and J(θ) is the Fisher

Information matrix (FIM) whose ith and jth elements are given by:

[J(θ)]ij = E

{
∂2 log p(x(n)|θ)

∂θi∂θj

}
. (2.14)
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For the unknown scalar parameter θ and model of (2.11) this reduces to [42, 43]

var(θ) ≥ Tr

{
R−1
n (θ)

∂Rn(θ)

∂θ
R−1
n (θ)

∂Rn(θ)

∂θ

}−1

(2.15)

where Tr{·} denotes the trace of a matrix. A full derivation of the above FIM

for the general Gaussian case can be found in Appendix A. The notation of the

received covariance matrix has changed slightly from (2.13) in order to reflect the

scenario where a single stationary source at a fixed unknown bearing, θ, is being

estimated. The expression for the FIM in (2.15) is given for the nth observation

or array orientation. Instead, we’d like to express the FIM in terms of the entire

received data. Since observations at different array orientations are assumed to

be independent, the received covariance for N orientations can be expressed as the

following block diagonal matrix:

R(θ) =


R1(θ) 0 · · · 0

0 R2(θ)
...

...
. . . 0

0 · · · 0 RN(θ)

 . (2.16)

Similarly, the inverse and derivative of the covariance can be expressed as block

diagonals. Substituting all of the block diagonal matrices into (2.15) and assuming

a single snapshot per orientation yields the following convenient expression

var(θ) ≥

{
N∑
n=1

Tr

{
R−1
n (θ)

∂Rn(θ)

∂θ
R−1
n (θ)

∂Rn(θ)

∂θ

}}−1

(2.17)

where the FIM for the entire received data of N observations can now be expressed

as a sum over the N Fisher information matrices.

The resulting expression from (2.17) is used to generate CRLBs that compare a

fixed linear array with a maneuvering linear array. Figure 2.2 plots the Cramér-Rao
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Figure 2.2: Cramér-Rao lower bound versus source bearing comparing a fixed
linear array (solid line) to a maneuvering linear array. The maneuvering array takes
on the following orientations: [0◦, 20◦] for the dashed line and [0◦, 70◦] for the dotted
line. The array is assumed to have 16 elements separated by 1.5 m. The source is
narrow-band 400 Hz and has an SNR of 0 dB. The number of snapshots is fixed at
2.

Figure 2.3: CRLB versus source position in degrees relative to North comparing a
towed straight array to a sinusoidal maneuvering array.
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lower bound versus true source bearing for a single source. The y-axis is defined in

log-scale and plots the standard deviation in degrees. The source bearing is referenced

to North as are the orientations of the array. Signal-to-noise ratio is assumed to be

fixed at 0dB and the number of snapshots is held to 1 snapshot per orientation. In

the case of the fixed array, a total of 2 snapshots are used at 0◦. The array contains

16 elements separated by 1.5 m and a source is transmitting a narrow-band tone of

400 Hz. For the fixed array (solid line), the source is at broadside when it has a

bearing of 0◦ and at endfire when it’s located at ±90◦. Notice the bound approaches

infinity when the source is at endfire and is a minimum when the source is broadside

to the array. The maneuvering array, on the other hand, takes on two orientations,

0◦ and 20◦ for the dashed line, and 0◦ and 70◦ for the dotted line and in Figure 2.2.

In this case, the bound is shifted by the mean orientation, 10◦ for the dashed line

and 35◦ for the dotted line, having a maximum at −80◦ and 100◦ and −55◦ and 125◦

respectively. The corresponding minimums are located at 10◦ for the dashed line

and 35◦ for the dotted line. Notice that the bound “flattens” out as the orientation

diversity increases. The parts of the rotating array bound where the source is near

the fixed array’s endfire direction (±90◦)show significant improvement. However,

when the source is near the fixed array’s broadside (0◦), there is a slight increase in

the bound that comes with orientation diversity.

The CRLB was also used to compare the performance of a maneuvering array

versus an array towed in a straight line. The array and source parameters assumed

in this example are the same as before. To simulate the towed array, a three minute

segment of data was used for the two scenarios. For the maneuvering case, the array

was towed in a sinusoidal pattern with a maximum heading amplitude of ±10◦ and a

period of three minutes. In other words, over the course of the entire simulation the

array made one period of the sinusoid having a max heading amplitude of 10◦. For

the case of the towed straight array, the array was towed in a straight line heading
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due North for the entire three minute segment. The sensor positions were substituted

into the covariance expression in (2.17) to compute the CRLB. The corresponding

CRLBs are plotted in Figure 2.3. Note that when comparing the two CRLBs, the

integration time (number of snapshots, N) has significantly increased in the towed

array scenario and therefore the bounds are almost an order of magnitude lower than

the linear array bounds. The sinusoidal maneuvering array has a similar effect on

the bound as the linear array (maneuvering to different orientations). In this case

the bound minimum occurs at ≈ 10◦ which corresponds to the average broadside

orientation of the array during the maneuver. The maneuvering array is successful

at reducing the bound for sources positioned near endfire of the towed straight array

when comparing the two. This improvement at endfire is due to the fact that as

the array maneuvers, a source originally at endfire is now closer to broadside by the

amount that the array has changed orientation, yielding superior resolution over the

entire observation interval.

The Cramér Rao lower bounds presented here demonstrate the theoretical per-

formance gain, especially at endfire, that comes with array orientation diversity. The

methods presented in Chapter 6 for source localization and field directionality map-

ping exploit this concept and are shown to improve performance over traditional

localization and FDM techniques.
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3

Conventional Methods used for Source Localization
and Field Directionality Mapping

This chapter provides background on commonly used source localization and field

directionality mapping techniques found in Table 1.1. The first section of this chapter

focuses on techniques applicable to the two-sensor, broadband localization problem in

multipath (homing scenario). This section will be comprised of two subsections. The

first subsection will discuss multipath ranging; a way of extracting range information

by forming a virtual array aperture from the multipath. The second subsection will

describe time delay estimation (TDE) for bearing localization. In particular, the

generalized cross-correlation (GCC) approach will be outlined since it is the precursor

to the new method presented in Chapter 4. The second section will cover methods

used for field directionality mapping in deep water environments with large arrays.

The concept of plane-wave beamforming will be introduced and both conventional

and adaptive methods will be discussed. Finally, Section 3.3 will briefly discuss

the remaining localization techniques in Table 1.1 and will elaborate on why these

techniques are not applicable to the homing or FDM problems.
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3.1 Passive Broadband Localization in Multipath

This section will provide an overview of strategies that can be applied to the UUV

homing scenario. In the first subsection multipath ranging will be discussed. The

ability to localize a source in range is not the primary focus of the homing sce-

nario and therefore this technique, although applicable to the problem, will not be

implemented in simulation. Localizing the broadband source in bearing, however,

is essential to the homing scenario. The second subsection will discuss time de-

lay estimation using GCC. Despite GCC being derived from an ideal signal model,

it is widely used for time delay estimation in multipath environments such as room

acoustics [8]. The new localization approach presented in Chapter 4 will build on the

GCC framework and extend it to exploit the use of maneuvering arrays for improved

performance in multipath environments.

3.1.1 Multipath Ranging

Multipath ranging attempts to estimate the range of a signal by exploiting the time

delay between multipath arrivals [44]. Traditionally, range is estimated by the cur-

vature of the wavefront which is a function of the range, r, a source is away from

a receive array. The motivation behind multipath ranging is that at large ranges

the curvature of the wavefront becomes small across the array and thus making it

difficult to calculate source range. Multipath ranging takes advantage of the large

propagation delay measured between two coherent arrivals at a single sensor being

equivalent to a single arrival at two spatially separated sensors. This effectively in-

creases the aperture of the array used for ranging. The problem then can be thought

of as curvature ranging with a large aperture virtual array that is generated by the

environmental geometry.

Multipath ranging seems appealing for a ranging technique that does not require
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a large array. However, there are several assumptions made. The first assumption is

that all the signal and channel parameters are known a priori. Another requirement

is that the virtual array formed by the measured delays between two paths is larger

than the actual array. An unknown environment may introduce significant errors in

range estimates made by multipath ranging. For this work, ranging the source is not

the top priority. In practice, bearing estimation is significantly more important since

the idea is to have a UUV localize a source in bearing and maneuver towards it.

3.1.2 TDE with the Generalized Cross-Correlation Method

The generalized cross correlation method was first proposed in the mid 1970’s [17, 45].

Although it is derived from the ideal signal model given in (2.1), it is often used in

multipath environments [46, 47, 48, 49]. It is assumed that ηk(t) is a zero-mean,

stationary, white Gaussian random process. Given that there are two hydrophones

in the array, k = 2, then the relative time delay of the direct path arrival is given by

τ12 = τ1 − τ2, (3.1)

where τ1 and τ2 correspond to the direct path “bulk” time delay from the source to

receivers 1 and 2 respectively. The quantity τ12 is the delay of interest that GCC

attempts to estimate.

After applying the ideal model in Equation 2.1, the received signal at sensors 1

and 2 can be expressed as

x1(t) = a1s(t− τ1) + η1(t)

and

x2(t) = a2s(t− τ1 − τ12) + η2(t),

respectively. In the ideal signal model, the received signal at sensor 2 is a scaled and

shifted version of the received signal at sensor one. Thus a peak should appear at
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time lag, τ12, in the cross-correlation output which is given by

c12 =

∞∫
−∞

x1(t)x2(t+ τ)dt. (3.2)

In the GCC technique, the estimate of the relative time delay is obtained by maxi-

mizing the generalized cross correlation function given by

Ψx1x2 =

∞∫
−∞

Φ(f)Sx1x2(f)ej2πfτdf, (3.3)

where Φ(f) is a spectral weighting function and Sx1x2(f) is the cross spectrum of the

received data at microphones 1 and 2. The GCC time delay estimate can then be

expressed as

τ̂12 = arg max
τ

Ψx1x2(τ). (3.4)

Note that the range of values for τ should be restricted to the finite interval, |τ | <

D/c, where D is the separation between sensors and c is the speed of sound in the

propagation medium.

The choice of weighting function is important since its goal is to emphasize the

GCC function at the true value for the relative time delay of interest. Several weight-

ing functions have been used in GCC [45] to improve time delay estimates in various

environmental conditions. The two most common implementations include the max-

imum likelihood (ML) weighting and the phase transform, or PHAT weighting.

PHAT weighting was developed as an ad hoc weighting technique that normal-

ized the the cross-spectrum in Equation 3.3 by its magnitude. In other words, the

weighting function, Φ(f), is given by

Φ(f) =
1

|Sx1x2(f)|
. (3.5)
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This yields a GCC function,

Ψx1x2 =

∞∫
−∞

Sx1x2(f)

|Sx1x2(f)|
ej2πfτdf. (3.6)

This technique effectively whitens the cross-spectrum leaving only the phase informa-

tion. Ideally, the resulting cross-spectrum has unit magnitude and the GCC function

will place a delta function at the time lag, τ12. In practice, however, one must es-

timate the cross spectrum, Sx1x2(f) from the received microphone array data. If

the cross-spectrum estimate does not equal the true value of the cross-spectrum, or

Ŝx1x2 6= Sx1x2 , then the GCC estimate will not be a delta function. Furthermore, the

cross-spectrum in (3.6) is weighted by the inverse of Sx1x2(f), thus accentuating the

errors when signal power is smallest. The maximum likelihood weights address this

issue by appropriately weighting the cross-spectrum in the GCC estimate.

The ML weights are derived using the coherence function and are given by [17, 45]

Φ(f) =
|γ12(f)|2

|Sx1x2(f)|
[
1− |γ12(f)|2

] , (3.7)

where γ12 is the coherence function which can be expressed as

γ12(f) =
Sx1x2(f)√

Sx1x1(f)Sx2x2(f)
. (3.8)

The ML processor computes a transformation on

Sx1x2(f)

|Sx1x2(f)|
= ejθ̂(f), (3.9)

where θ̂(f) is the cross-spectrum phase estimate. Equation 3.9 weights the phase

according to the strength of the coherence as shown in [50], where the variance of

the phase estimate is given by

var
(
θ̂(f)

)
∝ 1− |γ|2

|γ|2
. (3.10)
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Therefore, the generalized cross-correlation maximum likelihood estimate (GCC-ML)

can be expressed as

Ψ̂(ML)
x1x2

(τ) ∝
∞∫

−∞

ejθ̂(f).
1

var
(
θ̂(f)

)ej2πfτdf. (3.11)

In comparison to PHAT weighting, the ML estimator is inversely weighted to the

variance of the cross-spectrum phase estimates.

Both GCC-ML and GCC-PHAT techniques work extremely well in close to ideal

environments that contain a strong direct path from source to receiver with negligi-

ble multipath propagation and white noise. In multipath dominated environments

performance of these methods suffer due to strong correlated returns [22, 23, 51].

Correlated multipath arrivals place peaks at time delays that correspond to multi-

path bounces and mask the direct path return. Thus, the maximum of the GCC

output may not correspond to the relative direct path time delay between sensors 1

and 2. This will be shown later in a simulation of a microphone array in a multipath

environment with a single source.

3.2 Current Strategies for Field Directionality Mapping with a Towed
Array

Field directionality mapping or spatial spectrum estimation is accomplished with the

use of an array and a corresponding processing method such as beamforming. The

original definition of beamforming is to enhance signals coming from a particular

“look” or steering direction while suppressing signals from all other directions. As a

result, weights are computed and are linearly applied at each sensor in the array to

steer to a certain look direction. Beamforming is often used for spatial spectrum es-

timation by sweeping a steering vector over a bearing region of interest and mapping

the beamformer output power versus bearing. Other nonlinear spatial spectrum es-
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timation techniques, such as signal subspace methods, can achieve higher resolution

under the proper assumptions. However, spatial spectrum estimation via beamform-

ing is of practical interest due to its linear structure, low computational burden

and its relative robustness when compared to subspace methods. In the following

sub-section a brief overview of narrow-band beamforming will be presented.

3.2.1 Plane-wave Beamforming for Spatial Spectrum Estimation

A beamformer performs spatial filtering on data collected from an array of sensors

[52]. The sensor array collects samples from a propagating wave that is usually elec-

tromagnetic (EM) or acoustic in nature. The idea behind beamforming is to enhance

the signal coming from a desired look direction and attenuate noise and interference

coming from all other directions outside of the ‘beam’ [53]. Beamforming has many

applications and can be implemented for both narrowband and broadband signals

[52, 54]. In sonar applications, beamforming is used for source localization and clas-

sification [55, 56]. However, beamforming has more broad applications such as med-

ical imaging (ultrasonic, optical and tomographic), Radio Detection And Ranging

(RADAR), and electromagnetic communications [57, 58, 59].

The beamforming techniques used in this thesis assume signals arriving at the

array are plane-wave in nature. This assumption implies that there is direct-path

propagation between the source and receivers on the array and that the sources are

positioned in the far-field. Both assumptions are reasonable in deep water environ-

ments where sources can be several kilometers away. For more complex environments,

such as multipath limited littoral regions, the environment must be modeled in order

to compute the expected signal wavefront across the array before beamforming can

occur. This process is referred to as matched field processing (MFP) and will be

discussed briefly in Section 3.3.

Figure 3.1 depicts a typical narrowband beamformer. The red dots represent K
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receive sensors on the array. The Fast Fourier Transform (FFT) is taken on the

data at each sensor to extract the signal content at a desired frequency, ωj. This

operation is equivalent to taking the discrete Fourier Transform (DFT) of the signal.

The resulting output is called the snapshot vector, xj, was modeled in (2.11) and is

given by

xj =
[
x1(ωj) x2(ωj) . . . xK(ωj)

]T
. (3.12)

The snapshot vector is taken over an observation interval long enough for the wave

to propagate across the array. Multiple snapshots could be generated by taking

consecutive observation intervals, forming the total integration time. Beamformers

utilize a weight vector defined here as

wj(θ) =
[
w1 w2 . . . wK

]T
. (3.13)

This weight vector can have different amplitudes at each tap and is a function of

angle, θ. The beamformer output, denoted yj(θ) can then be expressed as the linear

combination of the weight and snapshot vectors

yj(θ) = wH
j (θ)xj, (3.14)

where wH
j is the conjugate transpose of a weight vector wj. In a statistical sense, the

beamformer output can be thought of as an estimation of the direction of arrival, θ,

where the DOA information is contained in the phase differences among the sensors.

It is often useful to express the beamformer output in terms of its power spectrum.

This helps alleviate noise by taking the expected value of the magnitude squared of

the beamformer output. The power spectrum is thus given by

S(θ) = E
[
|yj(θ)|2

]
= wH

j (θ)Rjwj(θ), (3.15)

where Rj is the covariance matrix given by

Rj = E
[
xjx

H
j

]
, (3.16)
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Figure 3.1: Depiction of a narrowband beamformer. The FFT is taken of the
sensor outputs, weights are applied, then summed.

since the data is assumed to be zero mean.

As noted earlier, the direction of arrival information is contained in the phase

differences between sensors in the array. The steering vector is designed to account

for these phase differences and is pivotal in forming a beamforming weight vector.

Assuming planewave propagation, the steering vector designed to look at a bearing,

θ, relative to a uniform linear array is given by

vj(θ) =
[

1 e−jωjτ(θ) e−jωj2τ(θ) . . . e−jωj(K−1)τ(θ)
]T
, (3.17)

where τ is the inter-sensor delay given by the geometric relation

τ(θ) =
d

c
sin(θ), (3.18)

where d is the inter-sensor spacing and c is the propagation speed. The steering

vector in (3.17) can also be expressed in terms of spatial frequency, kj, as

vj(θ) =
[

1 e−jkjd sin(θ) e−jkj2d sin(θ) . . . e−jkj(K−1)d sin(θ)
]T
. (3.19)

Note that the previous expressions assume an angle θ relative to broadside of the

array.
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Conventional beamforming, also referred to as a Bartlett beamformer, obtains a

weight vector by conditioning the weights on the following criterion:

w(θ) = arg max
w

∣∣wHv(θ)
∣∣ subject to ||w|| · ||v(θ)|| = 1. (3.20)

The Bartlett weights are then given by

w(θ) =
v(θ)

vH(θ)v(θ)
, (3.21)

and the resulting power spectrum output is

PBartlett(θ) =
vH(θ)Rv(θ)

(vH(θ)v(θ))2
. (3.22)

This beamformer is easy to implement and performs reasonably well in ideal signal

conditions. However, the Bartlett beamformer may enhance unwanted interfering

signals causing ambiguity between the signal of interest and interference. Further-

more, the Bartlett beamformer has poor resolution at endfire directions and does

nothing to suppress left-right backlobe ambiguities across the array.

The minimum variance distortionless response (MVDR) beamformer improves on

suppressing interference which is made clear by the following design criteria [60]:

w(θ) = arg min
w

wHRw subject to wHv(θ) = 1. (3.23)

It is evident in (3.23) that the MVDR beamformer attempts to minimize the beam-

former output power subject to the constraint of unity gain in the look direction θ. If

there are sources outside of the look direction, MVDR is designed to suppress them.

The solution to the MVDR weights are obtained with Lagrange multipliers and are

given by

w(θ) =
R−1v(θ)

vH(θ)R−1v(θ)
. (3.24)
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Substituting (3.24) into (3.15) yields the following expression for the MVDR power

spectrum:

PMVDR(θ) =
1

vH(θ)R−1v(θ)
. (3.25)

In practice, the covariance matrix, R, is estimated directly from the received data

by averaging over N snapshots, or

R̂j =
1

N

N∑
n=1

xj(n)xH
j (n). (3.26)

The MVDR beamformer improves with an increasing in the number of snapshots

which can be used to obtain a better estimate of the covariance. MVDR is able to

place nulls in the directions of interference, thereby enhancing the desired signal.

However, if snapshots are limited the estimate of covariance matrix, R may not

achieve full rank. This is vital since MVDR weights require an inverse operation on

the covariance. A general rule of thumb for the number of snapshots required to

form a suitable estimate of the covariance matrix is to have the number of snapshots

be at least twice the number of elements in the array or N > 2K. Another drawback

to MVDR is that it’s sensitive to steering vector mismatch. If the incoming signal

wavefront differs from the expected wavefront (steering vector) the performance of

MVDR suffers (even more so than conventional beamforming).

The spatial spectrum estimate is obtained by computing P (θ) for all angles. For

the problem of estimating the time-varying spatial spectrum with a towed array, the

snapshot requirement is not feasible since the field doesn’t remain stationary over

the entire integration time. Furthermore, steering vector mismatch could become an

issue if the positions of the sensors in the array are not known precisely. For these

reasons, MVDR will not be used as a comparison to the proposed field directionality

mapping methods. Instead conventional beamforming will be used for comparison
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since it offers the ability to beamform using much fewer snapshots and is more robust

to steering vector mismatch than MVDR.

3.2.2 Broadband Techniques

In the case of broadband signals, the phase difference between sensor elements be-

comes a function of frequency. There are several frequency domain broadband beam-

forming techniques that addresses this issue [61, 62, 28, 63]. The simplist approach

to broadband beamforming is to incoherently average beamformer power outputs

over frequency. This yields the following broadband beamformer power output:

P (θ,Ω) =
W∑
j=1

P (θ, ωj) (3.27)

where Ω symbolizes the entire signal bandwidth which is divided into W narrowband

frequency bins.

The Coherent Signal-Subspace Method (CSS) combines estimates of narrowband

covariance matrices to obtain a covariance matrix for broadband beamforming [62].

For a given steering direction, each narrowband covariance matrix is linearly trans-

formed by a focusing matrix so they can be coherently averaged across narrowband

frequencies. Another broadband technique, called the frequency invariant beam-

former (FIB), transforms data from element space to beamspace and uses weights

that produce a constant beampattern over a wide frequency band [63]. This time

domain technique exploits the frequency invariant beamforming structure and en-

ables broadband focusing. Each of these broadband techniques are prone to similar

problems as the narrowband beamforming methods such as MVDR because of their

sensitivity to signal wavefront mismatch and snapshot deficiency which can result in

poor detection and localization performance.

The STeered Covariance Matrix (STCM) method is another way of processing

broadband array data [28]. Unlike CSS methods, the STCM method doesn’t require
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that signal directions be known a priori and is potentially more robust to snapshot

deficiency than other adaptive broadband techniques. The STCM method forms a

covariance matrix that steers to direction θ which can be expressed in the frequency

domain as:

RSTCM(θ) =
W∑
j=1

TH
j (θ)R̂jTj(θ) =

W∑
j=1

TH
j (θ)

(
N∑
n=1

xj(n)xH
j (n)

)
Tj(θ), (3.28)

where xj(n) is the nth snapshot at frequency ωj and Tj(θ) is a diagonal transform

matrix given by:

Tj(θ) = diag
([
e−jωjτ1(θ)e−jωjτ2(θ) . . . e−jωjτK(θ)

])
. (3.29)

For a given look direction, θ, the expected wavefront is set to 1 for all frequencies in

the band leading to the following design criteria:

arg min
w

wHRSTCM(θ)w subject to wH1(θ) = 1, (3.30)

where 1 is a K × 1 vector of ones. The resulting STCM beamformer power output

can be computed in a similar fashion to MVDR and is given by:

PSTCM(θ) =
1

1HR−1
STCM(θ)1

. (3.31)

Note from (3.28), that the steered covariance matrix is not only averaged over snap-

shots, but frequency as well. This feature provides stability in situations where only

a limited number of snapshots may be available [64]. However, this feature comes at

the expense of computational complexity. Also, STCM assumes the field direction-

ality remains stationary over the observation interval which could cause problems

when estimating the spatial spectrum with high bearing rate targets.

For our purposes, broadband signals will be processed incoherently with conven-

tional beamformer power outputs. This serves as the baseline for comparison to the

proposed spatial spectrum estimation techniques.
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3.3 Other Source Localization Techniques Specialized for Multipath
Propagation

This section will briefly describe the remaining source localization techniques listed

in Table 1.1 that are relevant to the homing scenario in a multipath environment.

Matched field processing will be discussed in the first subsection while Section 3.3.2

will describe spatial smoothing. The methods discussed here, however, will not be

implemented due to the model assumptions and processing limitations associated

with each.

3.3.1 Matched Field Processing

Matched field processing has been around for several decades. It is a technique

used, most prevalently in underwater acoustic signal processing, for localizing a point

source in range, depth and bearing [11]. It can be thought of as a generalization

of planewave beamforming. As described in Section 3.2.1, planewave beamforming

steers an array by matching the measured field to a set of planewaves for hypothesized

look directions. In other words, a planewave propagating from a direction, θ, is the

expected wavefront that the beamformer matches received data to. In multipath

environments the received signal is not a planewave, but a sum of delayed and scaled

planewaves. Matched field processing accounts for this by matching the measured

field at the array with replicas of the expected field for all hypothesized source

locations.

Generally, complex environmental models are used to calculate the expected field

for a given point source position. For example, in underwater acoustics a normal

mode model is often assumed for shallow water, multipath environments [65, 66, 67,

68, 69]. In this case the matched field processor would replace the steering vector

from (3.17) with a spatially sampled version of the calculated pressure field for the

normal mode model. Beamforming could then be accomplished in the same way as

41



before (Bartlett, MVDR, etc.). Meanwhile, better performance could be achieved in

a complex multipath environment by exploiting the coherence in multipath.

A major drawback of MFP methods is that they are extremely sensitive to errors

in assumed environmental parameters [12]. This is similar to the steering vector

mismatch problem discussed in Section 3.2.1. Since matched filed processing methods

require complex propagation models this is often a common occurrence. In our

case, it may be very difficult to characterize the propagation medium due to the

time-varying nature of the channel. For our purposes, MFP is not considered for

the multipath homing scenario and instead we’ll focus on computationally efficient

methods that are more robust to mismatch of a time-varying environment.

3.3.2 Spatial Smoothing in Multipath

Spatial smoothing is a technique used to help facilitate beamforming in the case of

coherent signals due to a multipath environment [70]. Assuming a uniform linear

array (ULA), the idea is to partition the array into M subarrays, estimate each

subarray covariance and incoherently average them to obtain a smoothed covariance

matrix. This intern should eliminate any coherence from multipath signals.

The ULA containing K elements can be partitioned into M subarrays, each

containing q elements. For example, the first subarray will contain sensors 1, 2,

. . ., q, the second subarray will be comprised of sensors 2, 3, . . . q + 1 and on

from there till the M th subarray accounts for sensors K − q, K − q + 1, . . . K .

If x(i) represents the received snapshots from the ith subarray, then the covariance

corresponding to that subarray is given by

R(i) = E
[
x(i)x

H
(i)

]
. (3.32)

The smoothed covariance can be calculated by incoherently averaging the individual
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subarray covariance matrices from (3.32):

RSS =
1

M

M∑
i=1

R(i). (3.33)

This smoothed covariance can now be used for beamforming in the same way

that the full covariance was used in Section 3.2.1. The use of a smoothed covari-

ance matrix has shown to yield favorable results when used for high resolution DOA

techniques such as MUSIC [70, 71]. The spatial smoothing helps decorrelate multi-

path arrivals and in turn becomes robust to the steering vector mismatch problem.

However, spatial smoothing has two major drawbacks. The first drawback is that

spatial smoothing reduces the effective aperture of the array since its being broken

up into smaller subarrays. The more significant downside is that despite its ability

to decorrelate multipath arrivals, it is not capable of resolving the direct path arrival

from a multipath bounce. This is potentially devastating to the localization problem

in multipath considered in the homing scenario.

3.4 Conclusion

This chapter discussed all of the conventional processing techniques relevant to both

applications. The MVDR beamforming technique presented in Section 3.2.1 will

be later used as part of the maneuver before detect (MBD) algorithm presented in

Chapter 5. The conventional (Bartlett) beamformer framework is essential to the

NNLS algorithm presented in Chapter 6. It will also be used later in the chapter for

comparison to both of the proposed FDM techniques.

For the homing scenario, we are interested in bearing estimation via TDE. The

generalized cross-correlation presented in Section 3.1.2 gave the necessary back-

ground needed in Chapter 4. Not only is the MOGA algorithm, presented in Chapter

4, derived from the GCC framework, but GCC will be used as a baseline for com-
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parison with the new algorithm.
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4

Broadband Source Localization with a
Maneuvering Array

In this chapter algorithms developed specifically for acoustic source localization in

multipath with a maneuvering 2 element array will be presented. Classic time delay

estimation techniques, designed for ideal signal conditions, will be extended to the

maneuverable array in multipath framework. The idea is to isolate the direct path

time delay from other correlated multipath arrivals in the cross-correlation output.

The acoustic source can then be localized in bearing from that estimate. This chapter

will investigate different ways of combining received acoustic data with a two element

microphone array in order to improve localization in a multipath setting.

Planewave beamforming will not be considered here for the multipath source for

several of the reasons mentioned in Chapter 3. Also, since the array has a limited

number of sensors (i.e. small array aperture compared to a wavelength or D < λ),

beamforming techniques would give poor spatial resolution. The proposed source

localization algorithm is strongly based on the generalized cross-correlation (GCC)

TDE methods. First, the geometry behind time delay source localization will be
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explained in Section 4.1. An explanation of how source localization is accomplished

given an estimate of the relative direct path time delay between two sensors will

be provided. In Section 4.2, the multiple orientation geometric averaging (MOGA)

algorithm is introduced. The MOGA method functions by geometrically averaging

multiple generalized cross-correlation outputs for different array orientations. The

geometric averaging is shown in simulation to suppress multipath returns and isolate

the relative time delay due to the direct path.

4.1 Geometry of Time Delay Estimation

This section explains the basic assumptions made in the model used in this chapter.

It will also describe how the obtained time delay estimate corresponds to a bearing

location of the source. The first assumption made is that the source is located in the

far-field from the receive array. In other words, the far field distance is given by

rFar-Field >>
D2

λ
, (4.1)

where D is the aperture size of the array and λ is the wavelength of the transmitted

signal. In the case of a broadband signal, λ must be computed using the shortest

wavelength transmitted. For example, assume a hydrophone array in salt water with

an aperture of 1 m, and a transmitted broadband chirp with flow = 200 Hz and

fhigh = 2000 Hz. The smallest wavelength, λ, of the chirp is 1500 m
s
/2000 Hz = 75

cm, thus making the minimum far-field distance from the array, dFar-Field >> 1.33 m.

Assuming that the transmitted source is in the far-field, the direct path planewave

angle of incidence to the array remains constant across sensors. Also, it is assumed

that the receive sensors lie on the same plane as the transmitting source. This is a

fair assumption to make in a waveguide where the range of the source is much greater

than the height of the top and bottom, making elevation angle negligible. Figure

4.1 depicts a two microphone array, with spacing D, and an incoming planewave
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Figure 4.1: Far-field geometry used to calculate path length distance, ∆d.

having an angle of incidence, θ. The relative direct path time delay between sensors

corresponds to the path length difference between the source and sensors 1 and 2.

The far-field assumption makes it easy to calculate the path difference with simple

geometry as shown in Figure 4.1. In this illustration, the distance, ∆d, corresponds

to the path length distance and can be expressed as

∆d = D sin θ. (4.2)

The relative time delay between sensors is then simply

τ12 =
∆d

c
=
D

c
sin θ, (4.3)

where c is the nominal speed of sound in the medium. Given the above relation it

is then obvious that the bearing, θ, can be expressed in terms of relative time delay,

τ12:

θ = arcsin
(cτ12

D

)
. (4.4)

Given a few assumptions about the environment and geometry, the above relation

justifies the importance of TDE for localizing a source in bearing.
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4.2 TDE using Multiple Orientation Geometric Averaging

The previous section shows that time delay estimation can be an effective way of

localizing a source in ideal signal conditions. However, as previously stated, GCC

TDE with a stationary array becomes much more complicated in multipath. Our idea

is to use a rotating array combined with GCC techniques in order to disambiguate

direct path from multipath arrivals and obtain a more precise TDE. This stems from

the fact that the peak in cross-correlation due to the direct-path is structured as a

function of array orientation and source position. The multipath peaks on the other

hand, do not abide by the same relationship as the direct path. This concept can be

exploited to improve bearing localization in multipath environments.

The use of a maneuverable array for improved source localization on a UUV is

a current topic of interest [72, 73, 74]. Take for example, a UUV with two attached

hydrophone sensors, that measure received pressure from an acoustic source. The

UUV is small enough to maneuver the array to different orientations in a short

amount of time. Similarly, in robotics, a maneuverable sonar array was implemented

by utilizing an extended Kalman filter (EKF) for beacon localization [75]. In both

cases, signal processing algorithms are designed to exploit the moving platform to

improve source localization. The use of large maneuverable arrays can also be found

in the beamforming literature [4, 27, 3, 72] and will be discussed later for spatial

spectrum estimation in Chapter 6.

To simplify matters, a two hydrophone uniform linear array (ULA) that can

rotate in a circular motion is considered. Figure 4.2 depicts a top view of the array

where the sensors are denoted by the green circles. It is assumed that the angle,

α, that the array makes with respect to a stabilized bearing is measurable. It is

also assumed that the received signal consists of a direct-path along with several

correlated multipath arrivals. Given these assumptions, the expected inter-sensor
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Figure 4.2: Top view of circular rotating two element array.

time delay of the direct path can be expressed in terms of source bearing, θ and

array orientation, α:

τdirect =
D

c
sin (θ + α) . (4.5)

Note that the goal is to estimate the direct path source bearing, θ. Therefore values

for hypothesized bearing can be plugged into Equation 4.5 to obtain the expected

time delay shift.

Assuming the angle, θ is known, the cross-correlation outputs computed at dif-

ferent orientations could be shifted such that the peak corresponding to the direct

path lines up at the zero ’lag’ or delay. This gives rise to the idea of stabilizing or

shifting the cross-correlation outputs at different orientations so the direct path lines

up at the zero lag then taking an average. For M array orientations the geometrically

averaged cross-correlation output is given by

Ψ̄x1x2(τ) =
M∏
`=1

Ψx1x2(τ − τdirect(θ, α`))
1
M . (4.6)

The multiple orientation geometric average (MOGA) correlation output, Ψ̄x1x2(τ),

should now have a peak at the zero lag corresponding to the direct path arrival and

all other peaks due to multipath should be attenuated since they do not follow the
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same structure as the direct path.

Since the bearing is assumed to be known in (4.6), we must give a hypothesized

bearing and compare the zero lags. Therefore, this bearing estimator will output the

zero lag of the MOGA cross-correlation for hypothesized bearing. A peak should thus

appear in the direction corresponding to the direct path of the source. Section 4.2.1

will show some simulated results of the MOGA technique for a multipath environment

modeled after an indoor room.

An alternate approach to the MOGA algorithm is finding the maximum likelihood

time delay estimate. This formulation will be made later in Chapter 6 for the large

towed array scenario. A computationally efficient solution is found by implementing

the expectation maximization (EM) algorithm. In this case, having only two sensors

makes the EM implementation difficult, requiring a very long observation interval

where sources remain stationary. Because of this, the ML approach is better suited

for the large towed array scenario.

4.2.1 Shallow-water Multipath TDE Simulation

In this section a simulation of the UUV homing scenario is presented. First, the

method of images is used for modeling multipath in a shallow-water channel. Sim-

ulation results comparing source localization performance of GCC to the proposed

MOGA algorithm are presented following a description of the simulation environ-

ment.

The simulation presented here is designed to model a maneuvering UUV in a

shallow-water channel. Figure 4.3 shows a top and side view of the simulation setup.

The source, symbolized by the red dot in the figure, is located at a range, r and

bearing, θ, away from the two element receive array (green dots centered on the x-z

axis). The side view in Figure 4.3 gives the height of the underwater channel, h, and

the source and receiver depths, ys and yr, respectively. For this particular simulation,
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Figure 4.3: Simulated experimental setup (Top View and Side View).

the channel will be modeled such that only multipath returns off of the ocean surface

and bottom are considered. These reflections create significant multipath ambiguities

causing spurious peaks in cross-correlation returns.

The method of images was implemented for modeling the multipath delays. The

absolute coordinate system in Figure 2.1 helps determine time delays associated

with each path. By mirroring the source position across the rigid boundaries (in this

case, the surface and bottom of the ocean), virtual source positions are defined. For
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example, if the source has the Cartesian coordinates, m0 =
[
r, ys, z

]
, the next

four imaged source positions are as follows:


m1

m2

m3

m4
...

 =


r, −ys, z
r, 2h− ys, z
r, ys − 2h, z
r, 2h+ ys, z

...

 . (4.7)

The receiver shown in the ’Top View’ of Figure 4.3, is centered on the x-z axis and

has an initial orientation of 0◦. The relative position for receivers 1 and 2 for the

same coordinate system are:

[
r1`

r2`

]
=

[
D
2

sinα`, yr,
D
2

cosα`
−D

2
sinα`, yr,−D

2
cosα`

]
, (4.8)

where D is the sensor spacing and α` is the angle of rotation the array makes with

the z axis. To obtain all of the associated multipath time delays simply take the

norm of the difference between the source and receive vectors:

τ`(rk,mi) =
||mi − rk`||

c
, (4.9)

where the indices i and k represent the path index and sensor index for array ori-

entation, `. The calculated time delays can then be plugged in to Equation 2.3 to

obtain an expression for multipath return from a source to a receive array of two

elements as a function of array orientation.

Two illustrative figures were generated in the following simulation to show the

effect multipath has on time delay estimation performance. For our purposes, the

transmitted waveform is a broadband, linearly frequency modulated (LFM) chirp

with a bandwidth (BW) of 2 kHz and a center frequency of 1.5 kHz. Both the

receive array (with D = 1 m) and source are positioned 5 meters off of the ground

(yr = ys = 5 m) and 150 meters apart (r = 150 m). The speed of sound in water
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is assumed to be 1500 m/s. Figure 4.4 shows the cross-correlation output of the

receive array for a 20 dB SNR source located at a bearing of 45◦ and direct path

propagation only. A strong peak in the direction of the source can be observed

in the cross-correlation output. On the other hand, multipath peaks mask the

true direction of the source as evidenced in Figure 4.5. This figure was generated

using R = 5 paths (4 multipaths and the direct path). Spurious peaks appear in

the cross-correlation output making it impossible to distinguish the target. Both

of these figures were generated using a uniformly weighted cross-correlation. In the

next simulation, spectral weighting is applied to form the GCC output. The GCC

method will then be compared to the MOGA output in a multipath environment.

Assume the same multipath environment as the previous illustrative simulation.

The source has now moved from 45◦ to 60◦ but has the same signal-to-noise ratio

of 20 dB. To begin, the GCC output will be computed for a direct path, R = 1,

environment to show the differences between GCC-ML and GCC-PHAT in ideal

conditions. Next, the five path, multipath environment is assumed and both GCC

methods are implemented as a baseline for comparison to the multiple orientation

geometric averaging technique.

Figure 4.6 depicts the GCC-ML versus the GCC-PHAT weighting in a direct path

environment for a source located at 60◦. The total observation time is 10 seconds.

It can be observed from the figure that both methods perform comparably and have

a maximum in the true direction of the source. Figure 4.7 demonstrates that the

localization performance of both methods suffers in a multipath environment. Here,

the true direction of the target is completely masked by the correlated multipath re-

turn. The generalized cross-correlation output fails to correctly estimate the bearing

of the source in this case.

To compute the MOGA output, the array is rotated 180◦ and sampled uniformly

in 18◦ increments, each having a 1 second observation time. Note that the total
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Figure 4.4: Simulated cross-correlation output illustrating direct path propagation
for a source located at 45◦. Source has a SNR of 30 dB.

Figure 4.5: Simulated cross-correlation output illustrating the effect of multipath
propagation for a source located at 45◦ Source has a SNR of 30 dB.
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Figure 4.6: Comparison of ML versus PHAT weights using the GCC method in a
direct path environment. Target is located at a bearing of 60◦

Figure 4.7: Comparison of ML versus PHAT weights using the GCC method in a
multipath environment. Target is located at a bearing of 60◦
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observation time is the same as before used to generate the GCC results. As dis-

cussed earlier, the amount by which the cross-correlation output is shifted in order

to stabilize the direct path peak to zero lag is a function of the array orientation and

target bearing. It is assumed that the array orientation is a measurable quantity

and therefore known. In order to compensate for the unknown target bearing, the

geometric average of the shifted cross-correlations is computed for a grid of hypoth-

esized bearings. Thus a peak should appear at the zero lag corresponding to the

true direction of the source. Figure 4.8 is an image plot of hypothesized bearing

versus cross-correlation output. GCC-ML weights were used to compute the cross-

correlation in this figure. A distinct peak appears at the zero lag in the direction of

the source located at 60◦. Figure 4.9 plots the 2-D slice of averaged correlation output

at the zero lag versus hypothesized bearing. The maximum of this curve represents

the estimate of the multiple orientation geometric average output. In comparison

to the GCC techniques, the MOGA algorithm does an excellent job at suppressing

spurious peaks due to correlated multipath returns in the cross-correlation output.

This is attributed to the fact that the rotating array is able to discriminate arrivals

coming from different elevation angles. The direct-path elevation angle remains con-

stant (close to 0◦) while multipath elevation angles change as a function of array

orientation. The spurious peaks can then be averaged out over array orientation.

4.3 Conclusion

The MOGA algorithm provides a simple way of combining data by stabilizing cross-

correlation outputs to the zero lag then geometrically averaging over array orienta-

tion. A maximum likelihood formulation of the maneuvering array could be con-

sidered as a more sophisticated approach to source localization with a maneuvering

array. However, since the array in the UUV homing scenario is assumed to only

have two sensors, the ML approach requires a very long observation interval and is
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Figure 4.8: Multiple orientation geometric averaging output versus hypothesized
bearing for a source located at a bearing of 60◦.

Figure 4.9: Multiple orientation geometric averaging output versus hypothesized
bearing for a source located at a bearing of 60◦.
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more suited to the field directionality mapping problem with a large towed array in

Chapter 6.

A method for tracking the source during array maneuvers will be presented in

the following chapter. The tracker could be implemented with GCC inputs and is

potentially useful in the homing problem since it can provide source bearing as a

function of time. Like the MOGA algorithm, it is shown to mitigate ambiguities due

to multipath and/or ambiguous backlobes in beamformer outputs by time averaging.
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5

Maneuver Before Detect Source Location
Estimation

An approach for unambiguous maximum likelihood field-directionality estimation of

dynamic sources called maneuver-before-detect (MBD) is devloped in this chapter.

The name maneuver-before-detect is derived from the fact that this algorithm ex-

ploits array maneuverability for improved time-varying field directionality estimation

prior to detection. For our purposes, field directionality, also referred to as the spa-

tial spectrum, is defined as the mean power arriving from all angles in bearing and

elevation. In Chapter 4 we were concerned with the bearing estimation of a single

broadband beacon. Field directionality mapping can be thought of as an extension

of the single parameter estimation to include all bearings. The MBD technique can

potentially be applied to both the UUV homing probelm and the problem of FDM

with a large towed array. However, this chapter will focus on the MBD algorithm as

it applies to the problem of field directionality mapping with a large towed array.

The maneuver-before-detect algorithm functions by assuming a priori knowl-

edge of source dynamics and defining state transition probabilities. These transition

probabilities are then used in conjunction with the log-likelihood of the data to solve
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for the maximum a posteriori (MAP) estimate of source location. In this case, the

Viterbi algorithm, originally developed as a method for decoding convolutional codes,

offers a computationally efficient way of solving for the MAP estimate [76].

Consider a narrowband acoustic source with a known frequency, f , and a complex

random amplitude s. The transmitted narrowband signal, v(t), from the source can

be expressed as:

v(t) = <{s
√

2ej2πft}.

The amplitude s is assumed to be known a priori and is distributed as complex

Gaussian with 0 mean.

The source motion is modeled as a finite-state discrete-time Markov process.

Each state in the process represents the possible source location at a given time.

The Markov model for target bearing, θn, at discrete time n is given by:

θn = θn−1 + ζn (5.1)

where ζn represents a random perturbation on the target bearing, θ, at time n. From

(2.11), the K-sensor receive snapshot model for a single source is given by:

x(βn) = sd(θn, βn) + ηn, (5.2)

where d(θn, βn) is the K × 1 direction vector at time n that corresponds to a source

arriving from direction θ at an array with heading β.

In [77] it was shown that the Viterbi algorithm could be used as an efficient way

of solving the maximum likelihood for trellis codes, thus making it a useful method

for finding the MAP estimate of the discrete-time discrete-state sequence given by

(5.1) [14, 78]. The MAP estimate is obtained by finding the state sequence that

maximizes the a posteriori probability as follows:

max
θ1...θn

p(θ1θ2 . . . θn|x1 . . .xn, β1 . . . βn). (5.3)
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The computational complexity of solving for the maximum in (5.3) grows exponen-

tially with the number of observations if the conditional a posteriori probability is

computed for every possible source path. With the use of the Viterbi algorithm,

the MAP estimate reduces the computational complexity to be linearly proportional

with the number of observations without sacrificing optimality. This can be accom-

plished by finding the most likely state sequence leading to every possible ending

state at a given observation, leaving the number of remaining state sequences equal

to the number of possible ending states.

The conditional a posteriori probability can be expressed in terms of the data

likelihood, p(x1 . . .xn|θ1 . . . θn, β1 . . . βn), via Baye’s rule as:

p(θ1 . . . θn|x1 . . .xn, β1 . . . βn) =
p(x1 . . .xn|θ1 . . . θn, β1 . . . βn)p(θ1 . . . θn)

p(x1 . . .xn)
(5.4)

where p(θ1 . . . θk) is the a priori probability of the state sequence. Due to the Markov

properties assumed in the model, p(θ1 . . . θk) reduces to

p(θ1 . . . θk) = p(θ1)
n∏
i=2

p(θi|θi−1), (5.5)

where p(θ1) represents the probability of the initial state and p(θi|θi−1) are the state

transition probabilities from observation i − 1 to observation i. Assuming that ob-

servations are independent and that states are independent in a single observation,

the data likelihood reduces to

p(x1 . . .xn|θ1 . . . θn, β1 . . . βn) =
n∏
i=1

p(xi|θi, βi). (5.6)

Substituting (5.5) and (5.6) into (5.4) yields the following expression for the condi-

tional a posteriori probability of a state sequence:

p(θ1 . . . θn|x1 . . .xn, β1 . . . βn) =

n∏
i=1

p(xi|θi, βi)p(θi|θi−1)

p(x1 . . .xn)
. (5.7)
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Note that maximizing the numerator of (5.7) is the equivalent of taking the max

in (5.3). The maximization is further simplified to a sum by taking the natural

logarithm yielding the following maximization:

max
θ1...θn

n∑
i=1

log p(xi|θi, βi) + log p(θi|θi−1). (5.8)

From the above expression, note that taking the natural logarithm does not affect

the maximization since it is a monotonic increasing function. The procedure of

maximizing (5.8) is equivalent to finding the optimal path through a graph, where

each path at time n is assigned a weight given by the following sequential update:

wθ`(n) = max
j

(
wθj(n− 1) + log p(xn|θ`(n), βn) + log p(θ`(n)|θj(n− 1))

)
, (5.9)

where wθj(n− 1) is the optimal path weight at observation n− 1, log p(xn|θ`(n), βn)

is the log-likelihood of the data at state ` and p(θ`(n)|θj(n − 1)) is the transition

probability from state j to state ` at time n. Figure 5.1 gives a graphical depiction

of a typical trellis where each node corresponds to a state and observation time.

The node labeled Ln(θ`) represents the log-likelihood of the data at observation n

and state ` or log p(xn|θ`(n), βn). The branches of the trellis represent the transition

probabilities from one state to another from successive observations and are denoted

at observation n by Tn. For example, in Figure 5.1, Tn(θ2, θ3) is the probability of

transitioning from state 2 to state 3 at observation n or p(θ2(n)|θ3(n − 1)). The

most likely state sequence is given by the path in the trellis (including branches and

nodes) that gives a maximum weight, w.

The likelihood term in (5.9) is dependent on the assumptions made in the data

model. In this case, it has been shown that the MVDR beamformer output gives the

maximum likelihood estimate of source direction θ for the given model [79]. Thus,

PMVDR(θ) from (3.25) can be computed for each node in Figure 5.1 and substituted
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Figure 5.1: Illustration of a trellis used to compute the optimal path weight with
the Viterbi algorithm.

into (5.9) to calculate weights. Note that for the ideal model described in Section 2.1,

the generalized cross correlation with ML weights (GCC-ML) gives the ML estimate

of source position and can be used in (5.9).

Figures 5.2 and 5.3 show MVDR beamformer output power bearing-time-records

(BTRs) for a non-maneuvering and maneuvering array respectively. In each case

there are a total of 4 interfering sources (15 dB SNR after array gain) and 1 target

of 10 db SNR. The black line shows the array trajectory during the simulation. In

Figure 5.3 the array makes random turns that are limited to ±50◦. These figures are

used to illustrate what array maneuverability can achieve in terms of disambiguating

sources from their respective backlobes. In Figure 5.2, the backlobes can easily be

confused with true source directions. In comparison, the stabilized BTR in Figure 5.3
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helps demonstrate the usefulness of array maneuverability since backlobes are now

discontinous at each array maneuver. This technique, referred to as target motion

analysis (TMA), is currently being implemented as a method for backlobe disam-

biguation [26, 25, 24]. In this case, targets are much more distinguishable, however,

ambiguous backlobes are still present and often may limit detection performance.

This will be discussed in further detail in Section 6.5.2. The maneuver before detect

algorithm can help mitigate these backlobes by assuming proper transition probabil-

ities and integrating to find the most likely path weights in (5.9). In Figure 5.4, the

maneuver before detect algorithm has been applied to the stabilized BTR from the

moving array scenario in Figure 5.3. The 4 interferers’ tracks are clearly present in

the BTR, while backlobes due to the array ambiguity have been suppressed. The low

SNR target (moving from 150◦ to 200◦ over the course of the simulation) is above

the noise floor, but a little more difficult to pick up when compared to the stabilized

MVDR output.

A more realistic simulation of a 32 element towed array mapping 3 narrowband

sources (each 6 dB above the noise floor) is used to illustrate how the MBD algorithm

can mitigate ambiguous backlobes across the array and still maintain tracks on the

true direction of sources. The array is assumed to have a sensor spacing of .75 m

and a total length of 23.25 m. The three narrow band sources operate at 900 Hz

and have bearing rates of 10 degrees/sec, 9 degrees/sec and 2 degrees/sec. The array

makes 6 maneuvers over the course of the 500 second simulation. Figure 5.5 depicts

a bearing-time-record (BTR) of the scenario generated with MVDR beamforming.

The array maneuvers are denoted by the white dots on the figure. The bearings in the

figure have been stabilized to true North. Notice the backlobe ambiguities which are

often confused with physical targets. These backlobes “jump” bearings everytime

the vehicle turns but the true target directions maintain near constant bearing.

This feature is exploited by the maneuver before detect algorithm by assuming a
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Figure 5.2: MVDR output depicting 4 interfering sources and a lower SNR target
with a non-maneuvering array.

Figure 5.3: MVDR output depicting 4 interfering sources and a lower SNR target
with a maneuvering array.
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Figure 5.4: MBD output depicting 4 interfering sources and a lower SNR target
with a maneuvering array.

reasonable set of transition probabilities. For our purposes, the transition probability

is assumed to be uniform between the two neighboring states and the current state.

In other words if a source is at state ` at time n−1, then at time n, p(θ`(n)|θ`(n−1)) =

p(θ`−1(n)|θ`(n−1)) = p(θ`+1(n)|θ`(n−1)) = 1/3. The maneuver before detect output

is shown in Figure 5.6. The ambiguous backlobes are suppressed due to the assumed

state transition model while true target tracks are maintained. However in some

cases, the probability surface of the MBD output makes it difficult to distinguish low

SNR and closely separated sources in bearing. It also has difficulties maintaining

tracks that cross other sources or source backlobes. These issues associated with the

maneuver before detect algorithm will be addressed in the following chapter. Two

algorithms for estimating the time-varying spatial spectrum will be presented. Each

algorithm allows for source motion between snapshot observations in their respective

models. As a result, both algorithms maintain superior detection performance to
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Figure 5.5: MVDR output for a simulation of a 32 element towed array mapping
3 narrowband sources. The array maneuvers are denoted by the white dots.

Figure 5.6: MBD output for a simulation of a 32 element towed array mapping 3
narrowband sources. Note, the scale is not normalized.
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conventional beamforming in the presence of noise and interfering sources.

In the next chapter, two new array processing methods used for disambiguation

as well as improved resolution will be presented. The first method is a maximum

likelihood estimation of the time-varying spatial spectrum from the “raw” sensor

data. The second method discussed is recursive and takes in beamformer power

outputs to solve for the time-varying spatial spectrum. Both of these methods’

detection performance will then be analyzed and compared to that of conventional

beamforming.

68



6

Spatial Spectrum Estimation with a Large Towed
Array

In the previous chapter the MBD algorithm was used for finding the MAP estimate of

source position versus time for a maneuverable array. The averaging over transition

paths caused difficulties resolving low SNR targets of interest. Two new methods

that offer resolution and SNR improvement over MBD will be presented here.

In this chapter, we present methods for estimating the entire 360◦ spatial spec-

trum using a maneuverable towed array. Our approach involves discretizing the field

directionality into Q grid points. The advantages of this approach are that the num-

ber of sources need not be assumed a priori and this formulation lends itself to the

development of methods for exploiting array maneuvers.

Two methods for estimating the time-varying field directionality will be presented

in this chapter. Section 6.1 gives a maximum likelihood formulation to time-varying

field directionality mapping, taking “raw” sensor data as its input. The ML algorithm

takes the time-varying motion of the field into account by assuming a Markov model

for source motion. The maximum likelihood solution is is determined through the
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use of the expectation maximization algorithm. The second method presented here

takes in conventional beamformer power outputs as the system input and solves a

set of linear equations relating the beamformer outputs to field directionality with

a non-negative least squares algorithm. In both cases, the “water-pulley” model is

used to represent the dynamics of the towed array.

Assume that sources located at different directions are mutually uncorrelated

with known wavefronts (e.g. plane waves) at the array. For our purposes, the field-

directionality map, pn(θ, φ), is defined as the mean power arriving from (θ, φ) during

observation n. The M ×M covariance matrix for the nth observation is given by

Rx(n) =

π/2∫
φ=0

π∫
θ=−π

pn(θ, φ)dn(θ, φ)dHn (θ, φ) cosφdθdφ+ σ2
ηI (6.1)

where σ2
η is the variance of spatially uncorrelated noise seen at each element of the

array.

The time-varying aspect of the spatial spectrum being estimated is incorporated

into the model by assuming the sources in the field are governed by a Markov dy-

namical model (
θn, φn

)
= Γ

(
θn−1, φn−1

)
, (6.2)

where Γ is a function that describes the source dynamics that satisfies the condition

that ∂θ/∂t << ∂r/∂t. In other words, it’s assumed that the source motion is slow

relative to the changing array shape.

6.1 Maximum Likelihood Estimation Algorithm

For our purposes, discretize pn(θ, φ) into Q grid points where

pn = [ pn(θ1, φ1) . . . pn(θQ, φQ) ].
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The discretized model of (6.1) therefore corresponds to defining Σ(n) in (2.13) as

Σ(n) =

 pn(θ1, φ1) 0
. . .

0 pn(θQ, φQ)

 (6.3)

where Σ(n) is structured such that the ith diagonal term is the expected power

coming from direction θi, φi. We are interested in computing the maximum likelihood

estimate (MLE) of pn given the N samples of data, x(n −N + 1), · · · ,x(n), which

is equivalent to

p̂n = arg max
pn

L (x(n), . . . ,x(n−N + 1),pn) , (6.4)

assuming a uniform prior on pn. This maximization is solved using expectation

maximization (EM) [36, 35, 37, 34, 80] since it is unmanageable to find a closed

form solution to (6.4). The EM algorithm requires a many-to-one mapping from the

so called “complete” data to the observed data, {x(k); k = n − N + 1, . . . , n}, or

“incomplete data” such that the MLE of the parameter given the complete data is

easily obtained. Letting {s(k);η(k); k = n−N+1, . . . , n} be defined as the complete

data, the complete data likelihood at time n can be expressed

Lcd(pn) = g(s(n),η(n), . . . , s(n−N + 1),η(n−N + 1),pn). (6.5)

where g(s(n),η(n), . . . , s(n−N+1),η(n−N+1),pn) is the joint pdf of the complete

data and pn. From the Markov dynamics of (6.2), it follows that

g(s(n),η(n), . . . , s(n−N + 1)|pn . . .pn−N+1) =
n∏

k=n−N+1

g(s(k),η(k)|pk) (6.6)

and

f(pn . . .pn−N+1) =
n∏

k=n−N+1

f(pk|pk−1) (6.7)
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where g(s(k),η(k)|pk) is the likelihood of the complete data at time k and f(pk|pk−1)

is the transition pdf for the time-varying field. Then by the “forward” procedure used

in analysis with Markov models (6.6) and (6.7), [78]

Lcd(pk) =
{ ∫
pn−1

g(s(k − 1),η(k − 1), . . . , s(k −N + 1),η(k −N + 1),pk−1)

· f(pk|pk−1)dpk−1

}
g(sk,ηk|pk). (6.8)

The solution of (6.8) requires a model for f(pk|pk−1) which captures the slow vari-

ation of the spatial spectrum. The simplest choice which allows for an analytic

solution of (6.8) is

f(pn|pn−1) ' δ(pn − pn−1), (6.9)

in which (6.8) reduces to

Lcd(pk) = g(s(k−1),η(k−1), . . . , s(k−N+1),η(k−N+1),pk)g(sk,ηk|pk). (6.10)

Note that alternative choices for f(pk|pk−1) could be accommodated at the expense of

numerical integration of (6.8). From the model of (2.11) and (2.13) the log-likelihood

of pk is given by

log g(sk,ηk|pk) = − log det Σ(k)− s(k)HΣ−1(k)s(k). (6.11)

Substituting (6.11) into (6.10) and iterating forward for k = n−N + 1, . . . , n yields

logLcd(Σ(n)) = −N log det Σ(n)−
n∑

k=n−N+1

sH(k)Σ−1(n)s(k)

= −N
Q∑
q=1

log pq(n)−
n∑

k=n−N+1

Q∑
q=1

|sq(k)|2

pq(n)
, (6.12)

where |sq(k)| denotes the absolute value of sq(k). For notational convenience, the

matrix Σ(n) has been substituted in for it’s diagonal pn as the likelihood parameter.
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The expectation step in the EM algorithm involves taking the ensemble average of

the complete data likelihood given the incomplete data and the field directionality

estimate from the previous iteration, which can be expressed as:

H
[
Σ(n)|Σold(n)

]
= E

[
logLcd(Σ(n))|Σold(n),x(n), . . . ,x(n−N + 1)

]
= −N

Q∑
q=1

log pq(n)−
n∑

k=n−N+1

Q∑
q=1

E
[
|sq(k)|2|Σold(n),x(k)

]
pq(n)

.

The EM solution to this formulation can be found by maximizing H yielding the

following update equation which is analogous to that found in [36, 35, 37, 34]:

Σnew(n) = Σold(n)−Σold(n)

(
1

N

n∑
n′=n−N+1

G(n′)

)
Σold(n) (6.13)

where G(n′) is a diagonal matrix given by

G(n′) =
[
DH(n′)

(
K−1(n′)−K−1(n′)S(n′)K−1(n′)

)
D(n′)

]
ik
δ(i− k). (6.14)

The matrix K(n′) in (6.14) is given by

K(n′) = D(n′)Σold(n)DH(n′) + σ2
ηI (6.15)

while the received data appears in the sample covariance, S(n′), expressed as

S(n′) = x(n′)xH(n′).

The expression in (6.13) is derived from the linear Gaussian statistical model pro-

vided in Appendix B. Starting with an initial guess for Σ(n), (6.13) can be used to

iteratively compute a numerical maximum likelihood estimate for each time epoch

as the array maneuvers. Note that this algorithm is only guaranteed to converge to

a local maximum.

A dynamic simulation involving the ML algorithm will be presented in Section

6.5. Results will be compared to the NNLS algorithm developed in Section 6.3 and

the conventional beamformer.
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6.2 Online Maximum Likelihood Time-varying Spatial Spectrum Es-
timation

In this section, we address the problem of exploiting changing array shape during

maneuvers to form an online estimate the time-varying spatial spectrum. This is

accomplished by estimating the time-varying maximum likelihood (ML) using the

expectation maximization (EM) algorithm after each received snapshot of data. The

benefit to this approach is that it requires only a single EM iteration after each

data snapshot is received, facilitating a computationally efficient solution to the ML

estimation problem, which is otherwise intractable due to the large number of free

parameters being optimized.

Beginning with the expression in (6.4), the online ML approach computes the

maximum likelihood estimate (MLE) of pn given the current data sample, x(n) and

the field directionality estimate from the previous time iteration, pn−1, which is

equivalent to

p̂n = arg max
pn

L (x(n),pn, p̂n−1) , (6.16)

assuming a uniform prior on pn. The “online” ML algorithm is recursive in the sense

that it takes only the previous field directionality estimate, p̂n−1, and the current

data input, x(n), to solve for the field directionality estimate at time n.

Following the derivation from Section 6.1, the conditional expectation of the

complete data given the incomplete data is expressed as:

E [Lcd(pn)|p̂n−1,x(n)] = −
Q∑
q=1

log pq(n)

−
Q∑
q=1

E [|sq(k)|2|p̂n−1,x(n)]

pq(n)
. (6.17)

The solution to the maximization of (6.17) takes on a similar form as the expression
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in (6.13), given by:

Σ(n) = Σ̂(n− 1)− Σ̂(n− 1)G(n)Σ̂(n− 1) (6.18)

where G(n) is a matrix containing the data sample covariance as well as direction

vector matrices at time n given by (6.14). The sample covariance in (6.15) now

becomes:

K(n) = D(n)Σ̂(n− 1)DH(n) + σ2
ηI.

This formulation differs from the traditional EM approaches [37, 35, 81] that pro-

cess data in batches of N snapshots and take many iterations after each snapshot

is collected. In this case, the EM solution is updated recursively from the previous

solution and only one iteration is preformed once a data snapshot is collected. The

“online” version of the ML algorithm significantly reduces the computational com-

plexity of the EM algorithm at a relatively low performance loss. The “online” ML

algorithm performance will be evaluated versus SNR in Section 6.5.4.

6.3 Non-Negative Least Squares Algorithm

In many applications, raw sensor outputs are often not available since beamforming

is a common initial processing step performed to reduce computational requirements.

In this section we thus present an algorithm that can take beamformed power outputs

and sensor headings as inputs for computing the time-varying spatial spectrum.

For a beamformer weight vector w(θ`, φ`) designed to steer in direction (θ`, φ`), the

beamformer power output for the nth observation is given as

bn(θ`, φ`) = wH
n (θ`, φ`)Rx(n)wn(θ`, φ`) (6.19)
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The covariance expression from (6.1) can be substituted into (6.19) and the expected

beamformer power output can be expressed in terms of the spatial spectrum as

bn(θ`, φ`) =

π/2∫
φ=0

π∫
θ=−π

pn(θ, φ)
∣∣wH

n (θ`, φ`)dn(θ, φ)
∣∣2 cosφdθdφ+ σ2

η‖wn(θ`, φ`)‖2

(6.20)

In order to solve for pn(θ, φ), discretize the expression in (6.20) into a grid of bear-

ing and elevation angles with Q points as done previously in (6.3). The discretized

beamformer output can then be written as

bn(θ`, φ`) =

Q∑
q=1

pn(θq, φq)
∣∣wH

n (θ`, φ`)dn(θq, φq)
∣∣2 cosφ∆θ∆φ+ σ2

η ‖wn(θ`, φ`)‖2

(6.21)

Defining the (Q+ 1)× 1 vectors gn(θ`, φ`) and p̃n as

[gn(θ`, φ`)]j =

{∣∣wH
n (θ`, φ`)dn(θj, φj)

∣∣2 for j ∈ 1, ..., Q

‖wn(θ`, φ`)‖2 for j = Q+ 1
(6.22)

and

p̃n =
[
pn(θ1, φ1) pn(θ2, φ2) ... pn(θQ, φQ) σ2

η

]T
=

[
pn, σ2

η

]T
then (6.21) can be expressed in terms of the following vector inner product

bn(θ`, φ`) = gTn (θ`, φ`)p̃n.

For the nth observation, bn may be computed for a set of L look directions and

collected into the vector

bn =
[
bn(θ1, φ1) bn(θ2, φ2) ... bn(θL, φL)

]T
=

[
gTn (θ1, φ1) gTn (θ2, φ2) ... gTn (θL, φL)

]T
p̃n

= GT
n p̃n (6.23)
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where

Gn =
[

gTn (θ1, φ1) gTn (θ2, φ2) ... gTn (θL, φL)
]

(6.24)

To exploit the maneuverability of the array, this beamformed output can be collected

over a series of M observation intervals, each containing N snapshots, while the array

is changing orientation. In order to account for the time varying motion of the sources

described by (6.2), consider the recursive algorithm designed to weight more recent

beamformed outputs higher than older ones. This is accomplished by incorporating

a forgetting factor, λ, and solving the following constrained minimization

min
p̃n

n∑
m=n−M+1

λn−m‖Gmp̃n − bm‖2 subject to p̃n ≥ 0

or equivalently, since bm, Gm, and p̃n are real valued and the bm term doesn’t

depend on p̃n:

min
p̃n

n∑
m=n−M+1

λn−m
(
p̃TnGT

mGmp̃n − 2bTmGmp̃n
)

subject to p̃n ≥ 0 (6.25)

where p̃n is constrained to be positive since it is a vector of power levels and λ is

defined between 0 and 1. If we define the vector cn and matrix An as

cn =
n−1∑

m=n−M+1

λn−mGT
mbm + GT

nbn (6.26)

and

An =
n−1∑

m=n−M+1

λn−mGT
mGm + GT

nGn, (6.27)

then the minimization in (6.25) becomes

min
p̃n

p̃TnAnp̃n − 2cnp̃n subject to p̃n ≥ 0 (6.28)
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The minimization in (6.28) can be solved by using a number of methods such

as non-negative least squares (NNLS), quadratic programming [82] or constrained

gradient descent. For our purposes, we’ll use an iterative solution proposed by Lee

et al. [83] since it requires no inverses and is guaranteed to converge on the global

minimum. The multiplicative update formula from the ith estimate p̃in to the (i+1)th

estimate p̃i+1
n is given by

p̃i+1
n = p̃in � (cn �Anp̃

i
n). (6.29)

The terms GT
nbn and GT

nGn from (6.26) and (6.27) can be considered the current

observation “update”. Note that in this formulation the white noise variance, σ2
η is

being modeled and solved for explicitly. On the other hand, in the ML formulation,

the white noise variance is modeled in the same way but it’s assumed to be estimated

by some other means (e.g. using the “invisible” space or high wavenumber spectrum).

6.4 Broadband Extensions

It was assumed in Sections 6.3 and 6.1 that the signal was narrowband in the for-

mulation of both FDM algorithms. To extend the field directionality formulation to

broadband, we define the NNLS and ML FDM outputs at a narrowband frequency,

ω, as p̃n(ω) and p̂n(ω) respectively. If narrowband field directionality outputs are

collected over a bandwidth Ω then the broadband field directionality output is given

by the following incoherent sum over frequency:

pn(Ω) =
∑
ω∈Ω

pn(ω), (6.30)

where pn(ω) represents p̃n(ω) or p̂n(ω) depending on the algorithm.
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6.5 Simulation Results

The simulation examples in this section were chosen to illustrate two key features of

the ML and NNLS field directionality mapping (FDM) algorithms: 1) the FDM algo-

rithms’ ability to suppress interference backlobes that can often mask a weak target

of interest and 2) the algorithms’ improved resolution over conventional beamform-

ing (especially at endfire directions) with a maneuvering array. To begin, consider a

towed array containing 80 elements each separated by 1.5 meters. The known sensor

positions are assumed to obey the “water-pulley” model of (2.8). In the first example,

there are three far-field interfering sources coming from directions 95◦, 120◦, and 135◦

each having an SNR of 0 dB at one sensor of the array. For our purposes, the SNR of a

source coming from direction (θ, φ) at time n is given by SNR = pn(θ, φ)/σ2
η(n). The

target of interest, having a bearing of −95◦ and an SNR of -10 dB at the array, was

judiciously placed in the backlobes of the three interferers. All sources are narrow-

band with 400 Hz frequency. Let the tow-ship make a 15◦ maneuver over the course

of 1.5 minutes. Figure 6.1 shows a conventional beamformer bearing time record

(BTR) for the given scenario that has been stabilized to North and plotted versus

the full 360◦ bearing space. Likewise, Figure 6.2 depicts the NNLS FDM output

using (6.29) for the equivalent scenario. In Figure 6.1, the conventional beamform-

ing output does not attempt to suppress or mitigate the backlobes that are masking

the low SNR target of interest at a bearing of 90◦. In comparison, the NNLS FDM

algorithm is successful at suppressing the interferer backlobes by exploiting the array

maneuverability as seen in this illustrative simulation.

Another feature of both time-varying spatial estimation algorithms with array

maneuvers is their improved ability to resolve closely spaced targets towards endfire

over that of conventional methods. In this example, consider the same scenario

previously described except now two sources near endfire (85◦ and 95◦) each having
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Figure 6.1: Conventional beamforming BTR stabilized to North illustrating the
backlobe masking scenario containing three interferers located at 95◦, 120◦, and 135◦

and a target being masked located at −95◦. Power is in units of dB.

Figure 6.2: NNLS-FDM BTR stabilized to North illustrating the backlobe masking
scenario containing three interferers located at 95◦, 120◦, and 135◦ and a target being
masked located at −95◦. Power is in units of dB.
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0 dB SNR are in the field. The array, having the same configuration as before,

makes a ±10◦ half-period sinusoidal maneuver over the course of 1.25 minutes similar

to that in Figure 6.7. The conventional beamformer BTR assuming known array

dynamics for this scenario is shown in Figure 6.3. In comparison, the NNLS field

directionality map BTR is shown in Figure 6.4. Note that adaptive beamforming in

this time-varying scenario would be particularly challenging because of the snapshot-

to-snapshot time-varying nature of the field due to array dynamics. Figure 6.4 shows

the potential improvement to endfire resolution that can be gained over conventional

non-adaptive beamforming.

6.5.1 Dynamic Target Simulation with Large Array Maneuvers

The performance of the two algorithms will now be assessed in a more complicated

simulation involving multiple far-field interferers and a relatively high bearing-rate,

low SNR target of interest. The purpose of this simulation is to demonstrate both

the NNLS and ML algorithms’ ability to resolve left-right ambiguities and increase

endfire resolution over conventional processing in a complex interference dominated

environment. The complex dynamical environment refers to the scenario of having a

low SNR target with substantial bearing rate in the presence of many strong distant

interferers. In this case there are eight broadband interfering sources and one target

all operating in a frequency band from 200 - 400 Hz. The FDM and beamformed

outputs are calculated for each narrowband frequency then incoherently averaged

according to (6.30). Figure 6.5 depicts a map of the simulation scenario. Interferer

positions are given by the boxes, the target is symbolized with a circle and the arrow

(at the origin) refers to the tow ship. Note that the positive y-axis points to North.

The interfering sources have a starting SNR of 0 dB while the target starts with a SNR

of -10 dB. For our purposes, all bearings are stabilized to North. The distant inter-

ferers originate from the following bearings: −156◦,−27◦, 0◦, 15◦, 84◦, 99◦, 138◦, 155◦
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Figure 6.3: Conventional beamforming BTR containing two narrowband sources
located at 85◦, and 95◦ stabilized to North illustrating the endfire resolution scenario.
Power is in units of dB.

Figure 6.4: NNLS-FDM BTR containing two narrowband sources located at 85◦,
and 95◦ stabilized to North illustrating the endfire resolution scenario. Power is in
units of dB.
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Figure 6.5: Depiction of simulation scenario. Interferers are denoted with boxes,
the target of interest is given by a circle and the tow-ship is a triangle centered at
the origin.

and have relatively low bearing rates (< .5◦/second). The closer but much quieter

target, on the other hand, maintains a relatively high bearing rate of ≈ 20◦/second

and transits from −45◦ to −115◦ over the course of the simulation. A first order linear

dynamics model was used for modeling the target, interferers and tow-ship dynamics

in the simulation. The tow-ship is assumed to have a speed of 3 meters/second and a

maximum bearing rate of .3◦/second, meaning the change in heading over one second

is constrained to be no larger than .3◦. The target and interferers are all assumed to

have a speed of 2 meters/second with a heading of −180◦ relative to North.

The simulations presented here will consist of two scenarios involving different

tow-ship maneuvers. In the first scenario, the ship maneuver will consist of two 90◦

turns over the course of a 10 minute time frame and the second scenario will involve

the tow-ship heading North making a sinusoidal pattern with maximum heading

amplitude of ±15◦. Figures 6.6 and 6.7 depict the x-y position track of the tow-ship

for the two 90◦ maneuvers and the sinusoidal maneuver respectively.

The data is assumed to have a 2 Hz snapshot rate and N = 20 snapshots corre-
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Figure 6.6: Tow-ship and target tracks for the tow-ship making two 90◦ maneuvers
scenario.

Figure 6.7: Tow-ship and target tracks for the scenario of a tow-ship maintaining
a sinusoidal heading pattern of ±15◦.
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sponding to a data window of 10 seconds. In this case, the NNLS algorithm assumes

that the beamformer power output is available after an observation interval and

therefore can only be updated every 10 seconds. The ML technique, on the other

hand, can be updated after every snapshot (i.e. .5 seconds). In order to make a fair

comparison, the ML and NNLS outputs are updated after every 10 seconds. The

field directionality grid was chosen to be a bearing grid of 120 points uniformly dis-

tributed between 0 and 360 degrees (3 degree bearing bins). Both ML and NNLS

algorithms were initialized with uniform field directionality of magnitude 0 dB across

bearing. The number of iterations for each algorithm was chosen so that both algo-

rithms had comparable computational expense taking into consideration that each

iteration step of the ML algorithm is much lengthier than that of NNLS. In this case,

the ML algorithm uses 100 iterations to solve for the FDM output and the NNLS

uses 2000 iterations while solving for the output.

For comparison purposes, BTRs obtained using the NNLS and ML field direc-

tionality mapping methods versus conventional beamformer results are presented.

The BTRs plot power in decibels versus angular direction as a function of time. The

plots are normalized such that at each time iteration, the maximum across angle is

0 dB. Figures 6.8, 6.9 and 6.10 display BTRs with true bearing stabilized to North

for conventional beamforming, NNLS and ML methods respectively. In Figure 6.8

conventional beamforming gives backlobes that when stabilized to North appear less

ambiguous. The peaks that maintain a near constant bearing are said to be either

targets or interferences and the more rapidly changing peaks are their respective

backlobes. This is the type of disambiguation referred to in Gerstoft et al [25] and is

the basis of TMA [26]. It is also made evident, when looking at Figure 6.8, of the time

when when the vehicle made its 90◦ turns (at the 30 and 300 second marks). The

target, which starts at −45◦ and transits to a bearing close to −100◦ by the end of

this simulation, is clearly being masked at times by the backlobes in the conventional
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Figure 6.8: BTR computed with conventional beamforming for dynamic target
scenario (transiting −45◦ to −100◦) with bearings stabilized to North. The tow-ship
makes two 90◦ turns over the 10 minute simulation.

Figure 6.9: BTR computed with NNLS FDM for dynamic target scenario (tran-
siting −45◦ to −100◦) with bearings stabilized to North. The tow-ship makes two
90◦ turns over the 10 minute simulation.
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Figure 6.10: BTR computed with ML FDM for dynamic target scenario (transiting
−45◦ to −100◦) with true bearings stabilized to North. The tow-ship makes two 90◦

turns over the 10 minute simulation.

output. This in turn could make it difficult to maintain or initiate a track on the tar-

get. However, in Figures 6.9 and 6.10, both field directionality mapping techniques

provide the ability to mitigate target and interference backlobes. Note that the ML

technique, which uses the raw sensor data rather than beamformed data, does best at

maintaining high resolution, even when sources are close to endfire. In Figure 6.10,

note that although two interferers (0◦ and 15◦) close to endfire near the start of the

simulation (i.e. 0 seconds) are unresolved by the conventional beamformer in Figure

6.8, the ML technique is able to clearly distinguish them. Similarly at times 100, 300,

500 and 600 seconds there are interferers at or near endfire and the ML technique

is able to resolve them. The NNLS output using conventional beamformer power

outputs also shows endfire resolution improvement over conventional beamforming

but does not maintain the same resolution as the ML based on the raw data.

The online ML method was also implemented in simulation for the large maneuver

scenario. All of the simulation parameters remain the same with the exception of
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Figure 6.11: BTR computed with online ML FDM for dynamic target scenario
(transiting −45◦ to −100◦) with true bearings stabilized to North. The tow-ship
makes two 90◦ turns over the 10 minute simulation.

the algorithm. In this case, only the previous field directionality estimate is used

along with the current data snapshot, instead of N snapshots. Figure 6.11 gives the

bearing time record for the large maneuver scenario processed with the online ML

method. In the figure, the algorithm initializes over the first 100 seconds, evidenced

by the “smoothed” spectrum estimate. As time progresses in the simulation, the

tracks of the interferers begin to sharpen. The algorithm does well mapping the

target with significant bearing rate, although not as good as the “batch” version

of ML. This is because the online method only uses the current data snapshot and

previous field directionality estimate. A fast moving target thus can cause problems

by transitioning bearing bins between successive snapshots.

6.5.2 Dynamic Target Simulation with Small Array Maneuvers

A scenario with the tow-ship making small sinusoidal maneuvers on the order of

±15◦ as illustrated in Figure 6.7 was used to generate the simulation described in
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this section. All of the target and interferer trajectories remain unchanged for this

simulation as in the previous section. Figures 6.12, 6.13 and 6.14 are the respec-

tive BTRs generated using conventional beamforming, NNLS and ML techniques.

This simulation is conducted to illustrate that the FDM techniques are still able to

mitigate backlobes and improve resolution even when the tow-ship is making small

maneuvers. In the BTRs of Figures 6.12, 6.13 and 6.14, the target transitions from

−45◦ to approximately −115◦. Once again the backlobes are still present in the

conventional beamformer output while both of the FDM techniques are able to sup-

press them. It is difficult to pick up the interferers near endfire (0◦ and 15◦) in both

the conventional BTR, Figure 6.12, and the NNLS BTR, Figure 6.13, although, the

NNLS BTR still shows endfire resolution improvement over conventional beamform-

ing. In Figure 6.14, the ML FDM method does an excellent job at maintaining high

resolution for interferers near endfire.

Both FDM algorithms offer improvement over conventional beamforming in their

ability to suppress backlobes and improve endfire resolution. The BTR results sug-

gest that the ML method maintains superior endfire resolution over NNLS. This is

due to the NNLS method’s dependency on the incoherent beamformer output power

(used to solve the system of linear equations in Section 6.3) compared to the ML

algorithm which operates on the complex “raw” data. If there are sources near end-

fire in the beamformer output power and the array doesn’t have a significant change

in postion over the observation interval, the NNLS algorithm suffers having similar

performance as conventional beamforming. In addition, the ML field directionality

estimate is smoother than the one obtained via NNLS. In the NNLS BTRs faint

traces of backlobes can be observed, while in the ML output they are significantly

more suppressed. This can be made more evident when looking at a slice taken at

a single time epoch from the BTRs in Figures 6.13 and 6.14. Figure 6.15 is a slice

taken at the 250 second mark of the BTRs from Figures 6.13 and 6.14, generated
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Figure 6.12: BTR computed with conventional beamforming for dynamic target
scenario (transiting −45◦ to −100◦) with bearings stabilized to North. The tow-ship
makes sinusoidal manuevers with ±15◦ amplitude over the 10 minute simulation.

Figure 6.13: BTR computed with NNLS FDM for dynamic target scenario (transit-
ing −45◦ to −100◦) with bearings stabilized to North. The tow-ship makes sinusoidal
maneuvers with ±15◦ amplitude over the 10 minute simulation.

90



Figure 6.14: BTR computed with ML FDM for dynamic target scenario (tran-
siting −45◦ to −100◦) with true bearings stabilized to North. The tow-ship makes
sinusoidal maneuvers with ±15◦ amplitude over the 10 minute simulation.

with the tow-ship making sinusoidal maneuvers. The high backlobes in the NNLS

output are attributed to the linear convergence of the algorithm. As the number of

iterations increase, the backlobe levels are reduced, implying the trade-off between

algorithm speed and performance.

6.5.3 M-of-N Detection Performance

To conclude this section, the detection performance of each algorithm as a function

of SNR for the above dynamic target scenario will now be evaluated. To do so, a

ten minute segment of data is used from the simulation where the tow ship made

sinusoidal maneuvers and M -of-N detection is performed [84]. In this case M -of-

N detection refers to having at least M detections out of N observation intervals

(corresponding to 10 seconds) along the hypothesized target track in the BTR for a

fixed probability of false alarm, Pf . Letting γ be the threshold for a fixed Pf , the
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Figure 6.15: 2-D slice taken at the 250 second mark from the BTRs in Figure 6.13,
solid blue line, and Figure 6.14, dashed red line.

decision criteria is as follows:

Decide H1 if pn(θt, φt) ≥ γ

Decide H0 otherwise

where pn(θt, φt) is field directionality estimate in the direction of the target at time n.

Figures 6.16, 6.17 and 6.18 plot receiver operating characteristics (ROCs) comparing

conventional beamfroming, NNLS-FDM and ML-FDM for SNRs of -10dB, -20dB and

-25dB respectively. The ROCs were generated using 100 realizations of H1 (target,

interferers and noise) and H0 (interferers and noise) data and assuming a seventy

percent hit rate or M = 70 detections out of N = 100 observation intervals. The

interference to noise ratio (INR) is set to INR = SNR + 15dB. In Figure 6.16, both

FDM algorithms outperform conventional plane wave beamforming when the SNR

is -10dB and INR is 5dB, although the ML algorithm significantly outperformed the
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NNLS algorithm being perfect at -10 dB. The increased gain in performance is due to

both FDM algorithms’ ability to suppress backlobes over conventional beamforming

since backlobes in the H0 data may cause false alarms. In Figure 6.17, when SNR

is -20dB and INR is set to -5dB, the NNLS and conventional beamforming exhibit

similar ROC performance while the ML algorithm remains superior. At -20dB SNR,

the NNLS algorithm begins having significant artifacts due to its dependency on the

beamformer output. These artifacts have the same effect on ROC performance as the

backlobes have on conventional beamforming when looking at theH0 data. Finally, in

Figure 6.18, the SNR is at -25dB and the performance of all three algorithms decrease.

While NNLS and conventional beamforming perform relatively comparable, the ML

algorithm still maintains better performance.

The M-of-N detection comparison is a useful tool for analyzing the performance

of each algorithm for the case of relatively high SNR targets in the presence of strong

interference backlobes and noise. The analysis shows the advantage of suppressing

backlobes, a characteristic of both of the proposed FDM algorithms. The next

subsection will analyze the detection performance of a low SNR target in the presence

of white noise.

6.5.4 Detection Performance at Low Signal-to-Noise Ratios

The previous section examined the M-of-N detection performance of each algorithm

for a target in the presence of noise and interferer backlobes. The low SNR detection

performance of these time-varying spatial spectrum estimation techniques is also of

interest. For example, submarines can be much quieter than large surface ships

making them very difficult to detect. Furthermore, due to their minimal acoustic

presence, they are often observed at much closer ranges and therefore can have

significant bearing rates. This implies a trade-off between the assumptions, implicit

to each algorithm, made about the time-varying nature of the field and their ability
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Figure 6.16: Receiver operating characteristic (ROC) curves comparing conven-
tional beamforming with maximum likelihood and NNLS field directionality tech-
niques for a SNR of -10 dB.

Figure 6.17: Receiver operating characteristic (ROC) curves comparing conven-
tional beamforming with maximum likelihood and NNLS field directionality tech-
niques for a SNR of -20 dB.
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Figure 6.18: Receiver operating characteristic (ROC) curves comparing conven-
tional beamforming with maximum likelihood and NNLS field directionality tech-
niques for a SNR of -25 dB.

to detect a signal in noise. In this section the detection performance of the ML

method will be compared to that of conventional beamforming for targets having

low SNRs.

It is well known that the conventional beamformer is optimal for detecting a

plane-wave source impinging on an array of sensors in the presence of white noise

[54]. However, this was not the case in the previous section when M-of-N detection

was performed along the target track in the presence of noise and interference back-

lobes since the conventional beamformer is designed to only suppress noise and not

ambiguous backlobes. More over, the comparison made in Section 6.5.3 is only fair at

higher SNRs, where integration time is not as much of a factor, since both methods

make different model assumptions regarding the time-varying nature the spectrum.

For conventional beamforming, no assumptions are made about the time-varying

field and each beamformer output is computed independently of the previous one.

The ML method, on the other hand, assumes a dynamic model for sources in the
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field allowing for a correlation between successive spatial spectrum estimates.

For our purposes, the integration time used to compute the conventional beam-

former detection statistic will be equivalent to the total duration of the simulation

in order to make as fair of a comparison as possible between the two methods. The

detection performance will be analyzed as a function of integration time for a fixed

probability of false alarm, in order to study the trade-off between integration time

and detection performance. The detection statistic is now computed at one point in

time along the target track instead of the entire track (as was the case for M-of-N).

The conventional beamformer uses an integration time equal to the point in time at

which the detection statistic is computed. The target, in this case, remains station-

ary over the entire integration time. In comparison, the online ML method uses only

one snapshot of data at a time and the previous spatial spectrum estimate to obtain

the current estimate.

Figures 6.19, 6.20 and 6.21 plot the probability of detection versus integration

time given a fixed probability of false alarm of 0.2 for SNRs of -20 dB, -25 dB and

-30 dB respectively. The data snapshot rate is assumed to be 5 Hz, or 5 snap-

shots/second. The solid line denotes the conventional beamformer and the dashed

line represents the online ML-FDM method. For the relatively high SNR case of

-20 dB prior to array gain, both conventional beamforming and online ML-FDM

are comparable. The more interesting cases are for SNRs of -25 dB and -30 dB. In

Figures 6.20 and 6.21, there is an increase in detection performance with the conven-

tional beamformer over online ML-FDM as the integration time increases. In both

cases the probability of detection differs by less than .05 for an integration time of 10

seconds, but as the integration time increases, the probability of detection difference

between conventional beamforming and online ML-FDM approaches 0.2.

To gain a more physical understanding of the performance loss attributed to the

online ML-FDM method, the post-detection SNR is computed. The post detection
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Figure 6.19: Probability of detection versus integration time for a fixed probability
of false alarm of 0.2. Single source having -20 dB SNR prior to array gain. Snapshot
rate of 5 Hz.

Figure 6.20: Probability of detection versus integration time for a fixed probability
of false alarm of 0.2. Single source having -25 dB SNR prior to array gain. Snapshot
rate of 5 Hz.
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Figure 6.21: Probability of detection versus integration time for a fixed probability
of false alarm of 0.2. Single source having -30 dB SNR prior to array gain. Snapshot
rate of 5 Hz.

Figure 6.22: Post-detection SNR versus integration time for a single source having
-25 dB SNR prior to array gain. Snapshot rate of 5 Hz.
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SNR is given by the following relationship [85]:

SNRPD(y) =
(E [y1]− E [y0])2

Var [y0]
, (6.31)

where y0 is the detection statistic under H0 and y1 is the detection statistic under

H1. The expression in (6.31) gives an idea of the SNR loss associated with using the

ML-FDM method. Figure 6.22 plots the post-detection SNR versus integration time

comparing conventional beamforming and online ML-FDM methods. The dashed

line in the plot shows the theoretical post-detection SNR computed by the SONAR

equation or,

SNRPD = SNRin + 10 log(K) + 5 log TB, (6.32)

where K is the total number of sensors in the array and the term TB is referred

to as the time-bandwidth product. In our case TB is equivalent to the number of

snapshots. For example, at T = 20 seconds, the total number of snapshots is equal

to 100, given the 5 Hz snapshot rate. In Figure 6.22, the post detection SNR loss

increases with the integration time for the ML-FDM method.

It is important to note, however, that in this example the source remained sta-

tionary over the entire integration time. In a real scenario, for a low SNR target close

in range, this would not be the case. The integration time would be constrained to

be much shorter and the performance of conventional beamforming could potentially

suffer for a target with a fast enough bearing rate. On the other hand, the ML-FDM

is recursively designed to use the previous spatial spectrum estimate, then update

from snapshot to snapshot. This trade-off could potentially be further explored to

improve low SNR detection performance in noise for time varying spatial spectrum

estimators, such as the online ML-FDM method.

99



6.6 Conclusion

The algorithms presented in this chapter exploited the motion of a large towed array

to help mitigate array ambiguities and improve endfire resolution. Two methods

were discussed, each having different input assumptions. The ML method assumed

that the “raw” sensor data was available and was iteratively solved for using the

EM algorithm. The NNLS method on the other hand, assumed only conventional

beamformer power outputs were available as the algorithm input. From this, the

linear relationship between beamformer outputs and the field directionality map was

exploited as a function of array position. Both algorithms did well compared to

the conventional beamformer in the M-of-N detection analysis. At low SNRs the

“online” ML method performance plateaued as a function of integration time, while

the conventional beamformer continued to gain post-detection SNR, signifying a

trade-off between integration time and the amount in which the field is time-varying.
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7

Conclusion and Future Work

The work presented in this thesis has developed a framework for improved source

localization and time-varying spatial spectrum estimation performance by exploiting

array maneuverability. Two different scenarios were considered. The first scenario

involved a rigid two sensor array mounted on a UUV attempting to localize a broad-

band source in a shallow-water environment. The second scenario considered, was

the case of the large flexible towed array used to estimate the time-varying spatial

spectrum or field directionality in deep water. For each scenario new processing

techniques were developed to improve estimation and or detection performance over

current conventional localization and spatial spectrum estimation methods. These

contributions will be discussed and summarized here. This chapter will be divided

into three sections. Section 7.1 will summarize the UUV homing scenario, Section

7.2 will summarize the problem of field directionality mapping with a large towed

array and finally, Section 7.3 will discuss possible directions for future work.
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7.1 Summary of Passive Broadband Source Localization with a Rigid
2-Element Array

The problem of passive broadband source localization with a rigid 2-element array

is complicated by the shallow-water environment. Difficulties arise when performing

conventional time delay estimation (TDE) techniques due to multipath propaga-

tion associated with such environments. Current strategies for source localization in

multipath environments rely on stationary arrays [23] and do little to exploit array

maneuverability. Further, most source localization techniques currently being imple-

mented in multipath environments were originally designed assuming an ideal, direct

path, geometry [46, 47, 48, 49].

In Chapter 4 the multiple-orientation geometric averaging technique was devel-

oped to suppress spurious multipath peaks in time delay estimates by using the

changing orientation of the dynamic array. The MOGA algorithm performs the

standard generalized cross-correlation TDE as a function of array position. The

GCC cross-correlagrams are then combined by stabilizing to the array heading and

geometrically averaging. The result is a multipath-robust time delay estimate. Sim-

ulation results suggest that the MOGA correctly estimates the time-delay associated

with a broadband source in the presence of multipath when compared to the GCC-

ML method.

7.2 Summary of Time-varying Spatial Spectrum Estimation with a
Large Towed Array

Chapters 5 and 6 discussed new approaches to estimating the time-varying spatial

spectrum with a large towed array. In Chapter 5, a finite-state, discrete-time Markov

model was used for modeling a priori knowledge of source location. Likelihoods

were computed with the MVDR beamformer for each state at a given instant in
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time. A maximum a posteriori estimate of source location was then computed with

the use of the Viterbi algorithm [14, 76, 77]. The maneuver before detect method

demonstrated the ability to suppress ambiguous backlobes which are often confused

with targets of interest when compared to the standard MVDR beamformer output.

Another feature of MBD is that it could be implemented using GCC outputs instead

of MVDR beamformer outputs as the likelihoods at trellis nodes. One difficulty with

the MBD method however, is that it had trouble localizing low SNR sources because

of averaging across possible source transitions.

Two new methods for estimating the time-varying spatial spectrum with a large

towed array were presented in Chapter 6. ML-FDM was the first, a maximum

likelihood approach that operated on the “raw” complex sensor data. The ML-FDM

method assumed a Markov source model and used the forward algorithm along with

expectation maximization to find a computationally efficient maximum likelihood

solution to the time-varying spatial spectrum. The ML-FDM algorithm presented

in Section 6.1 used a “batch” processing scheme where the ML spatial spectrum

estimate was computed after a batch of N snapshots were obtained. In Section 6.2,

an “online” approach to ML-FDM was derived. The online ML-FDM algorithm is

a recursive method that only uses the current data snapshot and previous spatial

spectrum estimate as inputs and requires as little as one EM iteration. The advantage

to this approach is that the computational complexity is further reduced.

The second approach, called NNLS-FDM, could be thought of as an incoherent

method since it used beamformer power outputs as the input to the algorithm. The

NNLS-FDM was designed based on the fact that in many real systems, raw sensor

data may not be available because of bandwidth or storage limitations. The NNLS-

FDM approach exploited the linear relationship between the observable beamformer

power output and the field directionality being estimated. This system of linear

equations was solved using a computationally efficient recursive non-negative least
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squares algorithm to account for the constraint that power must always be positive.

Like the online ML-FDM method, the NNLS-FDM also uses the previous spatial

spectrum, or field directionality, estimate and the current observation (conventional

beamformer power output in this case) to update the current field directionality

estimate.

Both ML-FDM and NNLS-FDM approaches were compared to conventional beam-

forming in two dynamic simulations. The first simulation geometry was of the towed

array making two 90◦ turns over the course of 10 minutes. The ML-FDM and NNLS-

FDM both demonstrated the ability to suppress ambiguous backlobes and maintain

superior endfire resolution when compared to conventional beamforming. Between

the two new algorithms, the ML-FDM technique was better at suppressing backlobes

as well as improving resolution at directions near endfire. This was an expected re-

sult due to the potential loss associated with processing magnitude data incoherently

as with the NNLS-FDM method.

To better quantify the backlobe suppression performance, M-of-N detection was

performed along the target track and receiver operator characteristics were com-

puted. At high SNRs both FDM algorithms did well at mitigating backlobes and

had superior detection performance over conventional beamforming. At lower SNRs

the ML-FDM was a better M-of-N detector than both NNLS-FDM and conventional

beamforming.

The low SNR detection performance of a single source in white noise was ex-

amined next. In this analysis the online ML-FDM algorithm was compared to the

conventional beamformer, known to be the optimal detector for a signal in white noise

[54]. Since the online ML-FDM algorithm is recursive, the probability of detection

was computed as a function of integration time in order to make a fair comparison.

Results indicated that the online ML-FDM algorithm suffered little loss to the op-

timal detector for short integration times, but had significant post detection SNR
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loss (2 dB) for integration times on the order of 1 minute. This implies a trade-off

between integration time and algorithm choice. If the field remains stationary over

extremely long periods of time, the conventional beamformer offers superior low SNR

performance. On the other hand, for fast moving targets, the online ML-FDM is a

better choice since the time-varying nature of the spatial spectrum is captured in

the model. The online ML-FDM only requires the current data snapshot while the

conventional beamformer requires the entire integration time (where a fast target

may have transitioned several bearing bins) to get appropriate processing gain.

7.3 Future Work

In the field directionality mapping problem it is assumed that the sensor positions

are known. In the case of unknown sensor positions, the performance algorithms

suffer if there is a mismatch between assumed sensor locations and actual sensor

locations. The effects of this mismatch need to be further studied. In this case the

problem can be re-formulated as a joint estimation of array sensor positions and the

time-varying spatial spectrum. One approach is to relate the inter-sensor time delays

to element positions to jointly solve for the unknown parameters [86].

Another assumption made in the field directionality mapping work, was the ideal,

deep water, environment. Both time varying spatial spectrum estimators could be

generalized to operate in a more challenging, multipath environment. This would

require changing the structure of the covariance matrix in (6.3) to include off diagonal

terms describing correlation between sources having different angles of arrival. Also,

the source model assumed in (6.9) for the derivation of the ML-FDM algorithm

needs to be generalized to account for a more realistic state transition model. This

is accomplished by solving a multi-dimensional integral in the forward algorithm.

Finally, it was shown that there is a significant loss at low SNRs with the online

ML-FDM method when compared to the conventional beamformer for large integra-
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tion times. The trade-off between integration time and choice of algorithm could

potentially be further explored to improve low SNR detection performance in noise

for time varying spatial spectrum estimators, such as the online ML-FDM method.

In conclusion, this research demonstrated that array motion, typically viewed as

problematic, can be treated as a feature and exploited for improved source local-

ization performance. The methods presented here for time-varying spatial spectrum

estimation offer a promising alternative to the conventional method of beamforming

and TMA for disambiguation. Furthermore, tracker performance could be greatly

improved with the use of these FDM methods combined with the conventional beam-

former. It is our hope that the work presented here can translate to other applications

requiring maneuverable arrays for spectrum estimation.
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Appendix A

Derivation of the Gaussian CRLB for Spatial
Parameter Estimation

The CRLB for spatial parameter estimation assuming Gaussian statistics was orig-

inally derived by Bangs [42] and can also be found in [43]. For convenience, this

derivation will be provided here. To begin, assume that the data snapshot, x, is

distributed x CN(0,Rn(θ)) where Rn(θ) is the K×K covariance matrix, dependent

on θ. The corresponding probability distribution function (PDF) is given by

p(x|θ) =
1

(2π)
K
2 det

1
2 [Rn(θ)]

exp

[
−1

2
xTR−1

n (θ)x

]
. (A.1)

This derivation will make use of the following two identities:

∂ log det[Rn(θ)]

∂θ
= Tr

(
R−1
n (θ)

∂Rn(θ)

∂θ

)
(A.2)

where ∂Rn(θ)/∂θ is a K ×K matrix whos ith, jth element is ∂[Rn(θ)]ij/∂θ and

∂R−1
n (θ)

∂θ
= −R−1

n (θ)
∂Rn(θ)

∂θ
R−1
n (θ). (A.3)
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To evaluate the CRLB first take the first derivative of the likelihood function in

(A.1), or

∂ log p(x|θ)
∂θ

= −1

2

∂ log det[Rn(θ)]

∂θ
− 1

2

∂

∂θ

[
xTR−1

n (θ)x
]
.

The first term has been evaluated using the property in (A.2). Next, consider the

second term:

∂

∂θ

[
xTR−1

n (θ)x
]

=
∂

∂θ

K∑
i=1

K∑
j=1

(
x[i]

[
R−1
n (θ)

]
ij
x[j]
)

= xT
∂R−1

n (θ)

∂θ
x. (A.4)

Substituting (A.2) and (A.4) yields

∂ log p(x|θ)
∂θ

= −1

2
Tr

(
R−1
n (θ)

∂Rn(θ)

∂θ

)
− 1

2

(
xT
∂R−1

n (θ)

∂θ
x

)
. (A.5)

Evaluating (2.14) for the single parameter, θ, gives the following expression for the

Fisher information matrix:

J(θ) =
1

4
Tr

(
R−1
n (θ)

∂Rn(θ)

∂θ

)
Tr

(
R−1
n (θ)

∂Rn(θ)

∂θ

)

+
1

2
Tr

(
R−1
n (θ)

∂Rn(θ)

∂θ

)
E

{
xT
∂R−1

n (θ)

∂θ
x

}
1

4
E

{
xT∂

R−1
n (θ)

∂θ
xxT

∂R−1
n (θ)

∂θ
x

}
. (A.6)

To evaluate the last term we use the property [87]

E
{
xTAxxTBx

}
= Tr(AR)Tr(BR) + 2Tr(ARBR)

where R = E{xxT} and A and B are symmetric matrices. The final term then
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becomes:

1

4
Tr

(
∂R−1

n (θ)

∂θ
Rn(θ)

)
Tr

(
∂R−1

n (θ)

∂θ
Rn(θ)

)

+
1

2
Tr

(
∂R−1

n (θ)

∂θ
Rn(θ)

∂R−1
n (θ)

∂θ
Rn(θ)

)
.

Using the relationship in property (A.3), the above expression becomes

1

4
Tr

(
R−1
n (θ)

∂Rn(θ)

∂θ

)
Tr

(
R−1
n (θ)

∂Rn(θ)

∂θ

)

+
1

2
Tr

(
R−1
n (θ)

∂Rn(θ)

∂θ
R−1
n (θ)

∂Rn(θ)

∂θ

)
. (A.7)

Finally substituting (A.7) into (A.6) gives the resulting expression:

J(θ) = Tr

{
R−1
n (θ)

∂Rn(θ)

∂θ
R−1
n (θ)

∂Rn(θ)

∂θ

}
. (A.8)
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Appendix B

The Linear Gaussian Statistical Model

Assume the measurement y is of the form:

y = Fx + n, (B.1)

where F is known as the transition matrix and n is additive white noise. If the

random vectors x and n are independent Gaussian random vectors, then their joint

PDF can be expressed as:

[
x
n

]
∼ N

{[
0
0

]
,

[
Rxx 0
0 Rnn

]}
, (B.2)

where Rxx and Rnn are the covariance of x and n respectively. The joint distribution

of the signal x and the observation y is then given by:

[
x
y

]
∼ N

{[
0
0

]
,

[
Rxx RxxF

T

FRxx FRxxF
T + Rnn

]}
, (B.3)

The conditional distribution of x|y is N{x̂,P} where

x̂ = Gy = RxxF
T
(
FRxxF

T + Rnn

)−1
y (B.4)
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and

P = Rxx −GRyx = Rxx −GHRxx. (B.5)

This expression, found in [88], was used to compute the conditional expectation in

(6.13).
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