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Abstract

Current research has evolved at a dramatic rate in the past decade, with improvements

in technology leading to a fundamental shift in the way in which data are collected and

analyzed. It has become routine to collect large amounts of information and it has be-

come necessary to consider new statistical paradigms that perform well in characterizing

complex data from a broad variety of problems. We develop novel nonparametric Bayes

models for high-dimensional and sparse data in this dissertation. Bayesian nonparametric

methods are useful for modeling data without having to define the complexity of the entire

model a priori, but rather allowing for this complexity determined by the data.

The flexibility of Bayesian nonparametric priors arises from the prior’s definition over

an infinite dimensional parameter space. Therefore, there are theoretically an infinite num-

ber of latent components and an infinite number of latent factors. Nevertheless, draws from

each respective prior will produce only a small number of components or factors that ap-

pear in a given data set. As mentioned, the number of these components and factors, and

their corresponding parameter values, are left for the data to decide. This dissertation is

divided into four parts, which motivate novel Bayesian nonparametric methods and clearly

illustrate their utilities:

• Chapter 1: In Chapter 1, we review the Dirichlet process (DP) in detail. There are

many other ways of nonparametric modeling, but with the availability of efficient

computation and complete set up of theories, the DP is most popular and has been

developed and studied extensively. We will also review the most recent development
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of the DP in this chapter.

• Chapter 2: We propose the multiple Bayesian elastic net (abbreviated as MBEN), a

new regularization and variable selection method. High dimensional and highly cor-

related data are commonplace. In such situations, maximum likelihood procedures

typically fail—their estimates are unstable, and have large variance. To address this

problem, a number of shrinkage methods have been proposed, including ridge re-

gression, the lasso and the elastic net; these methods encourage coefficients to be

near zero (in fact, the lasso and the elastic net perform variable selection by forcing

some regression coefficients to equal zero). In this paper we describe a semipara-

metric approach that allows shrinkage to multiple locations, where the location and

scale parameters are assigned Dirichlet process hyperpriors. The MBEN prior en-

courages variables to cluster, so that strongly correlated predictors tend to be in or

out of the model together. We apply the MBEN prior to a multi-task learning (MTL)

problem, using text data from the Wikipedia. An efficient MCMC algorithm and an

automated Monte Carlo EM algorithm enable fast computation in high dimensions.

The methods are applied to Wikipedia data using shared words to predict article

links.

• Chapter 3: Latent class models (LCMs) are used increasingly for addressing a

broad variety of problems, including sparse modeling of multivariate and longi-

tudinal data, model-based clustering, and flexible inferences on predictor effects.

Typical frequentist LCMs require estimation of a single finite number of classes,

which does not increase with the sample size, and have a well-known sensitivity to

parametric assumptions on the distributions within a class. Bayesian nonparametric

methods have been developed to allow an infinite number of classes in the general

population, with the number represented in a sample increasing with sample size. In

this article, we propose a new nonparametric Bayes model that allows predictors to
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flexibly impact the allocation to latent classes, while limiting sensitivity to paramet-

ric assumptions by allowing class-specific distributions to be unknown subject to a

stochastic ordering constraint. An efficient MCMC algorithm is developed for pos-

terior computation. The methods are validated using simulation studies and applied

to the problem of ranking medical procedures in terms of the distribution of patient

morbidity.

• Chapter 4: In studies involving multi-level data structures, problems of data spar-

sity are often encountered and it becomes necessary to borrow information to im-

prove inferences and predictions. This article is motivated by studies collecting

data on different outcomes following congenital heart surgery. If there were suffi-

cient numbers of patients receiving each type of procedure, one could potentially

fit procedure-specific multivariate random effects model to relate the outcomes of

surgery to patient predictors while allowing variability among hospitals. However,

as there are approximately 150 procedures with many procedures conducted on few

patients, it is important to borrow information. Allowing variability among hospi-

tals, procedures and outcome types in the regression coefficients relating patient fac-

tors to outcomes, we obtain a three-way tensor of regression coefficient vectors. To

borrow information in estimating these coefficients, we propose a Bayesian multi-

way tensor co-clustering model. In particular, the model works by reducing the

dimension of the table through separately clustering hospitals, procedures and out-

come types. This soft probabilistic clustering proceeds via nonparametric Bayesian

latent class models, which favor clustering of dimensions that have similar values

for feature vectors. Efficient MCMC and fast approximation approaches are pro-

posed for posterior computation. The methods are illustrated using simulated data,

and applied to heart surgery outcome data from a Duke study.
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1

Introduction

1.1 The Dirichlet Process

1.1.1 The definition of Dirichlet Process

The Dirichlet Process (DP) was developed by Ferguson (1973) as a prior probability model

for random distributions G. DP models have enjoyed considerable popularity due to the

ready availability of posterior simulation techniques, the analytic tractability of almost

surely discreet realized probability functions, as well as the theoretical elegance of the

model formulations. A DPpαG0q prior for G consists of two parts: a parametric base

distribution G0 and a positive scalar parameter α, which can be interpreted as a precision

parameter; larger values of α result in realizations G that are closer to G0. We write

G � DPpαG0q to indicate that a DP prior is used for the random distribution G. A more

general version of the DP prior involves hyperpriors for α and/or parameters of G0.

The most commonly used DP definition is its constructive definition by Sethuraman

(1994), which characterizes DP realizations as countable mixtures point masses (e.g., ran-

dom discrete distributions). Specifically, a random distributionG generated from DPpαG0q
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is of the form

Gp�q �
Ķ

k�1

wkδθk
p�q, (1.1)

where δθp�q denotes a point mass at θ. The locations of the point masses, θk, are i.i.d.

realizations from G0. The weights, wk, are generated from a stick-breaking process: with

tvk : k � 1, 2, . . .u drawing from a betap1, αq distribution. In particular, w1 � v1 and

wl � vl
±

k lp1� vkq. Note that the “stick-breaking” terminology arises, because starting

with a unit probability stick, v1 is the proportion of the stick broken off and assigned to θ1,

v2 is the proportion of the remaining 1 � v1 length stick allocated to θ2, and so on. The

sequences tθl, l � 1, 2, . . .u and tvk, k � 1, 2, . . .u are independent.

For values of α close to zero, v1 � 1 and essentially all the probability weight will be

assigned to a single atom. For small values of α, such as the common used value α � 1,

most of the probability is assigned to the first few atoms. While for large values of α, each

of the atoms is assigned vanishingly small weight, so that G resembles G0. Because the

probability weights assigned to the atoms decrease stochastically as the index k grows, we

are able to accurately represent realizations from G with only the first several atoms.

The DP can also be characterized by its predictive rule (Blackwell and MacQueen,

1973), which relates the DP to a Pólya urn process and is also the basis for the usual

computational tools used to fit models based on the DP. If pθ1, . . . , θnq is an iid sample

from G and G � DPpαG0q, we can integrate out the unknown G and obtain the following

conditional predictive distribution of a new observation

θn�1|θ1, . . . , θn � α

α� n
G�

ņ

l�1

1

α� n
δθl
. (1.2)

Exchangeability of the draws ensures that the full conditional distribution of any θl has

this same form.
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Finally, the DP can be alternatively obtained as the asymptotic limit of certain finite

mixture models (Ishwaran and Zarepour, 2002). In particular, we consider the following

finite dimensional Dirichlet-Multinomial prior

GKp�q �
Ķ

k�1

wkδθk
p�q,

w � Dirp α
K
, � � � , α

K
q,

θk � G0.

The above definition differs from the truncated stick-braking representation of the DP in

the way that the weights have been defined.

1.1.2 The Dirichlet Process Properties

The clustering property of the DP has been widely exploited in recent years, since it has

some appealing practical properties relative to alternative clustering procedures. In partic-

ular, it avoids assuming that all individuals can be clustered into a fixed number of groups,

K. Instead, as is again clear from the stick-breaking form in (1.1), the DP assumes that

there are infinitely many clusters represented in the overall population, with an unknown

number of them observed in a finite sample of n subjects. When an pn � 1qth subject is

added, from model (1.2), with the positive probability α{pα � nq, the subject is assigned

to a new cluster not yet represented in the sample.

In clustering there must be some implicit or explicit penalty for model complexity to

avoid assigning everyone in the sample to their own cluster to obtain a higher likelihood.

Hence, it is important not to view the DP model as a magic clustering approach, which

avoids assuming a fixed number of clusters and specification of an arbitrary penalty. In-

stead, one must carefully consider how the penalty for model complexity or overfitting

arises in the DP implementation, while also assessing the role of the hyperparameters α

and parameters characterizing G0.
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Antoniak (1974) studies the properties of draws from a distribution that follow a DP.

In particular, he proves that given G0 is nonatomic, the probability of Kp1 ¤ K ¤ nq
distinct values on a sample θ1, . . . , θn of size n is

PpKq � cnpKqn!αK
Γpαq

Γpα� nq , (1.3)

where cnpKq is a constant that can be obtained by recurrence formulas for Stirling num-

bers. The expected number of distinct values can be calculated as

EpK|α, nq �
ņ

i�1

α

α � i� 1
� α log

�α � n

α

�
.

So the prior expectation for the number of clusters is proportional to α log n and the num-

ber of clusters tends to increase slowly with the sample size at a rate determined by α.

From the stick-breaking construction we can easily see that draws from a DP are dis-

crete distributions almost surely. It also provides a simple framework to calculate moments

of the process. Note that for any measure set A P B, GpAq is a random quantity and

EpGpAqq �
8̧

l�1

EpwkqEpδθk
pAqq � G0pAq

8̧

l�1

Epwkq � G0pAq.

Similarly,

VpP pAqq � G0pAqp1�G0pAqq
α� 1

.

We can better understand the role of G0 and α in Figure 1.1, which shows the approx-

imate simulations of a DP with G0 a standard normal distribution and different values of

the precision parameters α. During the simulations, we truncate the stick-breaking process

when the leftover mass was smaller than 10�6. As shown from the plots, for small values

of α, the sampled distributions are widely around the baseline measure and most of the

probability is allocated to the first few atoms. While as α getting larger, each of the atoms
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is assigned vanishingly-small weight, so that G resembles G0. The resulting distributions

look smoother and they tend to be closer and closer to the base measure G0. These results

justify the interpretation of G0 and α as the location and precision/roughness parameters

respectively.

DP process also has the appealing conjugacy property. If θ1, . . . , θn � G with G �
DPpαG0q, then

G|θ1, . . . , θn � DP
�
αG0 �

ņ

i�1

δθi

�
.

With squared error loss penalty, the optimal estimator for G is

Ĝp�q � α

α� n
G0p�q � 1

α � n

ņ

i�1

δθi
p�q,

which will converge to the empirical distribution as nÑ 8.

1.2 Dirichlet Process Mixtures

Since the DP models put probability one on the space of discrete measures, they cannot

be used to model continuous data. Hence, the primary use of the DP is in nonparametric

mixture modeling, by employing the DP as priors on the random mixing distribution over

the parameters of a continuous kernal k,

y � fp�q,

fp�q �
»
kp�|θqGpdθq,

G � DPpαG0q,

resulting a DP mixture (DPM) model (Lo, 1984; Escobar, 1994; Escobar and West, 1998).

The DPM induces a prior on f indirectly through a prior on the mixing distribution G.

Popular choices are the DPM of Gaussian distributions, where θ � pµ,Σq, which we call

5



FIGURE 1.1: Samples form a DP process with a standard normal distribution as base measure
with different precision parameters.

location-scale mixture of normals, or θ � µ, which we call location mixture of normals.

kp�|θq � Npp�|µ,Σq is the p-variate normal kernel with mean µ and covariance matrix Σ.

Density estimates from location-scale DP mixtures can be interpreted as Bayesian ker-

nel density estimates with adaptive bandwidth selection. It provides a direct link with

well-known frequentist techniques and demonstrates the versatility of the model. Due to

the discrete nature of the DP prior, the DPM model divides the observations into inde-
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pendent groups, each one of them assumed to follow a distribution implied by the kernel

k. Therefore, DPM models can be used for clustering as well as for density estimation.

In this setting, the model automatically allows for an unknown number of clusters with

model (1.3), which provids the implicit prior distribution.

1.3 Bayesian Nonparametric Regression using Dirichlet Process Mixtures

1.3.1 Dependent Dirichlet Process and its Extensions

More and more articles focus on flexible modeling of the conditional density of a response

variable Y given multiple predictors X � pX1, . . . , Xpq1. fpY |Xq are unknown and

potentially change in shape as X variaes. The dependent Dirichlet process (DDP), which

can be potentially used for modeling fpY |Xq has been proposed by MacEachern (1999,

2000). Given an index set D, let tθptq : t P Du and tvptq : t P Du be stochastic processes

over D such that vptq � Betap1, αptqq for @t P D, then

Gtp�q �
8̧

l�1

wlptqδθlptqp�q,

where tθlptqu8l�1 and tvlptqu8l�1 are mutually independent collections of independent re-

alizations of the stochastic processes tθptq : t P Du and tvptq : t P Du with wlptq �
vlptq

±
s lp1� vsptqq. The defined GD � tGt : t P Du is said to follow DDP.

Chung and Dunson (2009) extend the DDP in several aspects. They not only esti-

mate the conditional response distribution addressing the distributional changes across the

predictor space but also identify important predictors for the response distribution change

both with local regions and globally. They first introduce the probit stick-breaking pro-

cess (PSBP) as a new choice of prior for an uncountable collection of predictor-dependent

random probability measures. The PSBP has distinct advantages over previous formu-

lations in terms of computational tractability, which is particularly important in variable

selection settings as marginal likelihoods need to be calculated. For modeling conditional
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distributions, they propose a PSBP mixture (PSBPM) of normal linear regressions, result-

ing in an infinite mixture with mixing weights varying with predictors. More specifically,

consider an uncountable collection of predictor-dependent random probability measures,

GX � tGx : x P X u, where X is the sample space for the predictors x � px1, . . . , xpq1.
The PSBP formulation for Gx is as:

Gx �
8̧

h�1

πhpxqδθh
, @x P X ,

where πhpxq is a probability weight on the hth component. Let θh � G0 and introduce the

following countable sequences of mutually independent random components:

αh � Npµ, 1q,

ψh � tψhjupj�1 � H1,

Γh � tΓhjupj�1 � H2,

where H1 and H2 are distributions over a measurable Polish spaces pLψ,BpLψqq and

pLΓ,BpLΓqq respectively. The probability weights πhpxq are then formed as

πhpxq � Φpηhpxqq
¹
l h

 
1� Φpηlpxqq

(
,

with ηhpxq � αh �
p̧

j�1

ψhj|xj � Γhj|, @x P X ,

where Φp�q is the cumulative distribution function of the standard normal Np0, 1q. In order

to address the curse of dimensionality in estimation and and interest in testing and vari-

able selection, they incorporate a variable selection structure through G0 and H1 as the

following distributions for θh and ψh

θh � pβh, τhq � Npγh
�1pβγh,h

; 0,Σγh,hq � δ0pβγ̄h,h
q � Gammapτh; aτ , bτ q,

ψh � tψhjupj�1 �
p¹
j�1

"
1pγhj � 0qδ0pψhjq � 1pγhj � 1qN�pψhj;µψj

, τ�1
ψj
q
*
,
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where N� denotes a truncated normal distribution bounded below by zero, βγh,h
is the

vector of regression coefficients corresponding to γhj � 1 including intercept, βγ̄h,h
is the

coefficient vector with γhj � 0, and pγh
� °p

j�1 γhj . Note that γhj controls local inclusion

of the jth predictor, with γhj � 0 implying that ψhj � 0 and βhj � 0. A value of βhj � 0

leads to the jth predictor assigned a coefficient of zero in the hth linear regression, while

a value of ψhj � 0 leads to excluding the jth predictor from the hth predictor-dependent

stick-breaking weight in the expression for πhpxq. Clearly, if γhj � 0 for h � 1, . . . ,8,

then the jth predictor will be globally excluded from the model.

1.3.2 Byesian Nonparametric Inference on Stochastic Ordering

Nonparametric Bayesian modeling can also be used to make inference onK group-specific

distributions. For example, in toxicology studies, the groups may correspond to different

doses of a potentially adverse chemical exposure. In such settings, it is of interest to as-

sess whether the response distribution changes across groups, while also estimating the

group-specific distributions. Also, it is common to have prior knowledge that the magni-

tude of a response for a particular experimental unit would not decrease if that unit had

been exposed to a higher does, which implies stochastic ordering in the response distri-

bution. ? consider Bayesian inference on collections of unknown distributions subject to

a partial stochastic ordering and propose classes of restricted dependent Dirichlet process

(rDDP) priors. These rDDP priors have full support in the space of stochastically ordered

distributions, and can be used for collections of unknown mixture distributions to obtain

a flexible class of rDDP mixture models. Their proposed method is also the first paper to

incorporate the stochastic ordering constraints in the DDP literature. Another contribution

of their article is the development of a framework for testing of equalities in distributions

between groups against stochastically ordered alternatives.

Let pG1, . . . , Gnq P Gn with Gn the set of n� 1 collections of probability measures on
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pX ,Bq. In addition, define the following convex subset of Gn:

CE � tpG1, . . . , Gnq � Gn : Gi ¨ Gj, @pi, jq P Eu,

where E � p1, . . . , nq2 is a partial ordering. Here, Gi ¨ Gj if Gipx,8q ¤ Gjpx,8q for

all x, so that Gj is stochastically larger than Gi. The collections of probability measures

belonging to CE satisfy the partial ordering defined by E. As shown by Hoff (003a,b),

CE is a weakly closed convex set with extreme points tpδS1 , . . . , δSnq : s P SEu, where

SE � tps1, . . . , snq P X n : si ¤ sj, @pi, jq P Eu. The rDDP are formulated as following

Gkp�q �
8̧

h�1

πhδΘhk
p�q,

πh � vh
¹
l h

p1� vlq, k � 1, . . . , n,

where vh
i.i.d� betap1, αq, h � 1, . . . ,8, are stick-breaking weights, and

Θh � pΘh1, . . . ,Θhnq1 i.i.d� G0

are random atoms, with G0 a Borel probability measure on SE .

Previous Bayesian nonparametric analyses of stochastically ordered distributions have

made strict constraints except when X is discrete. In addition to not allowing uncertainty

in group differences, strict constraints can lead to a tendency to cover estimate group dif-

ferences, particularly when the true difference is small, sample sizes are small to moderate,

and the number of groups is moderate to large. By incorporating prior mass at the bound-

ary (?), one obtains a shrinkage estimator of the density, which borrows information across

groups.

1.3.3 Hierarchical Dirichlet Process and the Nested Dirichlet Process

The hierarchical Dirichlet process (HDP) (Teh et al., 2006) places a prior on a collection

of exchangeable distributions tG1, . . . , Gnu. Conditional on a probability measure G0, the
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distributions in the collection are assumed to be iid samples from a regular DP centered

around G0. In order to induce dependence, G0 is in turn given another DP prior. In

summary,

Gi|G0 � DPpαG0q,

G0 � DPpβHq.

Since, by construction, G0 is almost surely discrete, the distributionsGi share the same set

of random atoms, but assign strictly different (although dependent) weights to each one of

them. α and β control the variance around H and the dependence between distributions.

In current research, people would like to borrow information from multicenter studies.

In such studies, subjects in different centers may have different outcome distributions.

Rodrı́guez et al. (2008) propose the nested DP (nDP) prior, which can be placed on the

collection of distributions of the different centers, with centers drawn from the same DP

component automatically clustered together. A collection of distributions tG1, . . . , Gnu is

said to follow a nDP prior if

Gjp�q �
8̧

k�1

πkδG�k p�q,

G�
kp�q �

8̧

l�1

wlkδθ�lkp�q,

where θlk � G0, wlk � ulk
±

s lp1 � uskq, πk � vk
±

s kp1 � vsq, vk � betap1, αq and

ulk � betap1, βq. The nDP is a novel extension of the Dirichlet process for a family of

a priori exchangeable distributions that allows us to simultaneously cluster groups and

observations within groups. Moreover, the groups are clustered by their entire distribution

rather than by particular features of it.

The HDP specification automatically allocates subjects to clusters, with dependence

incorporated in the cluster weights across the groups. The nDP is more relevant in cluster-

ing groups, with each cluster having a different distribution of subject-level outcomes.
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1.4 Inference of Dirichlet Process Mixture Modeling

The discussion thus far has led to methods for generating G � DPpαG0q. In this section,

we discuss different Markov chain Monte Carlo (MCMC) inferences for DPM.

1.4.1 Blocked Gibbs Sampler

Consider the blocked stick-breaking process prior representation for the DPM as following

for i � 1, . . . , n

pyi|θ,K, φq ind� πpyi|θKi
, φq,

pKi|pq i.i.d�
Ņ

k�1

pkδkp�q,

pp,θq � πppq �GN
0 pθq,

φ � πpφq.

where pk follows the stick breaking process, with pk � wk
±

l kp1 � wlq and wk �
betap1, αq and N is the upper bound to approximate the DP process.

Let tK�
1 , . . . , K

�
mu denote the set of currentm unique values of K. Ishwaran and James

(2001) propose the following blocked Gibbs sampling algorithm

(a) Conditional for θ: for each k P K � tK�
1 , . . . , K

�
mu.

fpθK�

j
| � � � q9G0pdθK�

j
q

¹
ti:Ki�K

�

j u

fpyi|θK�

j
, φq, for j � 1, . . . ,m.

(b) Conditional for K:

pKi| � � � q ind�
Ņ

k�1

pk,iδkp�q, i � 1, . . . , n,

where pp1,i, . . . , pN,iq9
�
p1fpyi|θ1, φq, . . . , pNfpyi|θN , φq

�
.
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(c) Conditional for p:

p1 � w1,

pk � p1� w1qp1� w2q � � � p1� wk�1qwk, for k � 2, . . . , N � 1,

where wk
ind� beta

�
ak �Mk, bk �

°N
l�k�1Ml

�
, for k � 1, . . . , N � 1 and Mk records

the number of Ki values that equal k.

(d) Conditional for φ:

fpφ| � � � q9πpdφq
n¹
i�1

fpyi|θKi
, φq.

The blocked Gibbs sampler works by directly sampling values from the posterior of the

random measure and can be viewed as a more general approach because it works without

requiring an explicit prediction rule. The blocked Gibbs avoids some of the limitations

seen with the Pólya urn approach and should be simpler for nonexpert s to use.

1.4.2 Exact Block Gibbs Sampler

We can escape to prefix the upper bound N by using the following exact block Gibbs

sampler (Yau et al., 2010):

(a) The joint prior distribution of the indicator Ki and a latent variable qi can be written

as

fpKi, qi|pq �
¸

l:vl¡qi

δlp�q �
8̧

l�1

1pqi   plqδlp�q.

i. Sample qi � Unifp0, pKi
q for i � 1, . . . , n with pl � wl

±
s lp1� wsq.

ii. Sample the stick-breaking random variables

wk
ind� beta

�
ak �Mk, bk �

Ļ

l�k�1

Ml

�
,
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for k � 1, . . . , L � 1 and Mk records the number of Ki values that equal k. L is

the minimum value satisfying p1 � p2 � . . .� pL ¡ 1�mintqiu.

iii. Sample Ki for i � 1, . . . , n form the multinomial conditional with

PrpKi � lq91pqi   plqfpyi|θKi
, φq.

All the other sampling steps are left the same as the block Gibbs sampler described in

the above.

1.4.3 Pólya Urn Gibbs Sampling

We iteratively draw values from the conditional distribution of pθi|θ�i, φ, yq, for i �
1, . . . , n. In particular, each iterations of the Gibbs sampler draws the following samples:

(a) pθi|θ�i, φ, yq for each i � 1, . . . , n: The required conditional distributions are defined

by

Ppθi P �|θ�i, φ, yq � q�0Ppθi P �|φ, yiq �
m̧

j�1

q�j δθ�j p�q,

where

q�0 9 pα �mq
»
fpyi|θ, φqG0pdθq,

q�j 9 pMj � 1qfpyi|θ�j , φq,

and these values are subject to the constraint that they sum to 1, that is,
°m
j�0 q

�
j � 1.

Here we are dropping the dependence on i for notational simplicity and we write

tθ�1 , . . . , θ�mu for the set of unique values in θ�i, where each value occurs with fre-

quency Mj for j � 1, . . . ,m.

The other updating steps remain the same. Although here we focus on its application

to stick-breaking priors (such as the DP), in principle, the Pólya urn Gibbs sampler can

be applied to any random probability measure with a known prediction rule. Refer to

Ishwaran and James (2001) for more detailed discussion.

14



1.5 Other Nonparametric Bayesian Modeling Processes

1.5.1 Chinese Restaurant Process

The most common choice of infinite-capacity prior is known as the Chinese Restaurant

Process (CRP). A draw from this distribution can be generated by sequentially assigning

observations to classes with probability

PrpKn � c|K1:n�1q9
#
mc, if c ¤ C (i.e., c is an old class),

α, otherwise (i.e., c is a new class).

where mc is the number of observations currently assigned to class c and C is the number

of classes for which mc ¡ 0. In this setting, the parameter α is refereed to as the concen-

tration parameter. Intuitively, a larger value of α will produce more clusters, and in the

limit as αÑ 8 all observations will be assigned to a unique class, whereas in the limit as

αÑ 0 all observations will be assigned to the same class.

There are two important invariant properties related to the CRP. First, under the dis-

tribution the assignment vector K � p1, 2, 2q has the same posterior probability as K �
p2, 1, 1q. These vectors are equivalent up to a “label switch”. Second, the cluster assign-

ments under the CRP are exchangeable, despite being drawn from a sequential process.

This means that the joint distribution P pKq is unchanged if the order of datapoints is

shuffled. Moreover, this distribution is marginally invariant: removing a single datapoint

leaves the distribution over the other datapoints unchanged.

The CRP derives its name from the following metaphor: imagine a Chinese restaurant

with an infinite number of tables, where each table corresponds to a class and customers

correspond to observations. The first customer enters and sits at the first table. The second

customer enters and sits at the first table with probability 1{p1 � αq, and the second table

with probability α{p1 � αq. This process continues until all customers have been seated,

at which point the assignment of customers to tables defines a partition.
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The customers of a CRP are exchangeable: under any permutation of their ordering,

the probability of a particular configuration is the same. Exchangeability is a reasonable

assumption in some clustering applications, but in many it is not. Consider data ordered

in time, such as a time-stamped collection of news articles. In this setting, each article

should tend to cluster with other articles that are nearby in time. Or, consider spatial data,

such as pixels in an image or measurements at geographic locations. Here again, each

data should tend to cluster with other data that are nearby in space. And in our Wikipedia

study, we would like articles share more characteristics to “sit at the same table”. While

the traditional CRP mixture provides a flexible prior over partitions of the data, it cannot

accommodate such non-exchangeability.

Blei and Frazier (2010) proposes the dependent Chinese restaurant process (dCRP),

a flexible class of distributions over partitions that allows for non-exchangeability. This

class can be used to model dependencies between data in finite clustering models, in-

cluding dependencies across time or space. The key to the dCRP is that it represents the

partition with customer assignments, rather than table assignments. While the traditional

CRP connects customers to tables, the dCRP connects customers to other customers. The

partition of the data, i.e., the table assignment representation, arises from these customer

connections. Let ci denote the αi assignment, the index of the “customer” with whom

the αi is sitting. Let dij denote the difference of the characteristics between subject i and

subject j, and let f be a decay function. The dCRP independently draws the customer

assignments conditioned on the distance measurements,

Prpci � j| � � � q9
#
fpdijq, if j � i,

a, if i � j.

We should notice that the customer assignments do not depend on other customer assign-

ments, only the distances between customers. Also notice that j ranges over the entire set

of “customers”, and so any customer may sit with any other. Define Rpc1:nq to contain one
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customer index from each table and Rpc�iq to contain one index from each cluster in the

seating assignment c�i with the outgoing link of customer i removed. Then the prior for

ci given c�i is

ppci|c�i,dq9

$''''''&
''''''%

a1pαi � αciq, if ci � i,

fpdijq1pαi � αciq, if ci � i and Rpc�iq does not change,

fpdijq1pαi � αciq{ppαi|G0q, if ci joins two tables in Rpc�iq,

(1.6)

where d denotes the set of all distance measurements between customers and G0 is the

base measure. More details about the derivation of model (1.6) can be seen from Blei and

Frazier (2009).

1.5.2 Indian Buffet Process

Latent factor models typically assume that the observed data is generated by a noisy

weighted combination of latent factors:

yn �
Ķ

k�1

φkznk � ε,

where ε is a vector of Gaussian noise terms, znk is a binary “mask” variable that indi-

cates whether factor k is “on” for observation n, and φk is a vector of weights expressing

how strongly each factor influences the observation. In reality, the number of factors is

unknown. Therefore, we would like to avoid specifying K and instead allow it to be un-

bounded. In this case, Z � pznkq is a binary matrix with a finite number of rows (each

corresponding to an observation) and an infinite number of columns (each corresponding

to a latent factor).

Like the CRP, the infinite-capacity distribution over Z has been furnished with a sim-

ilarly colorful culinary metaphor: Indian Buffet Process (IBP). IBP can be derived as fol-

lowing: a customer (observation) enters a buffet with an infinite number of dishes (factors)
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arranged in a line. The customer samples dish k in proportion to its popularity mk (the

number of prior customers who have sampled the dish). When the customer has sampled

all the previously sampled dishes (i.e., those for which mk ¡ 0), it samples an additional

Poissonpαq dishes that have never been sampled before. When all N customers have navi-

gated the buffet, the resulting binary matrix Z (encoding which customers sampled which

dishes) is a draw from the IBP.

The IBP plays exactly the same role for latent factor models that the CRP plays for the

mixture models: it functions as an infinite-capacity prior over the space of latent variables,

allowing an unbounded number of latent factors. Whereas in the CRP, each observation

is associated with only one latent class, in the IBP each observation is associated with a

theoretically infinite number of latent factors. We can see the comparisons from Figure

1.2. Customers are represented by numbered squares; tables (in the CRP, top) and dishes

(in the IBP, bottom) are represented by circles. Arrows show the assignment of a new

customer. On the right of Figure 1.2 are the matrices produced by the CRP (top) and (IBP)

(bottom) respectively. Rows correspond to observations. Columns correspond to classes

inthe CRP and factors in the IBP. The key difference is that in the CRP, each customer sits

at a single table, whereas in the IBP, a customer can sample several dishes. That is , the

CRP assigns each observation to a single class, whereas, the IBP assigns each observation

to potentially multiple factors.

1.5.3 Pólya Tree Process

Another useful characterization of the DP is as a special case of the Pólya tree (PT)

prior (Lavine, 1992, 1994). A particularly attractive feature of PT priors is the possi-

bility to model absolutely continuous distributions. The definition of PT starts with a

nested sequence Π � tπm,m � 1, 2, . . .u of partitions of the sample space Ω. Assum-

ing that the partitions are binary, we start with a partition π1 � tB0, B1u of the sample

space Ω � B0 Y B1 and continue with nested partitions defined by B0 � B00 Y B01,
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FIGURE 1.2: (Left) The generative process of the CRP (top) and IBP (bottom). (Right) Matrices
produced by the CRP (top) and IBP (bottom)

B1 � B10 Y B11, etc. Thus the partition level m is πm � tBε, ε � ε1 . . . εmu, where ε

are all binary sequences of length m. A PT prior for a random probability measure G is

defined by a beta-distributed random branching probabilities. Let Yε0 � GpBε0|Bεq, and

A � betapαε0, αε1q, then we say that G has a PT prior with G � PTpΠ,Aq.
The parameters αε are usually chosen as αε � cmr for level m subsets. For r � 2

the random probability measure G is a.s. absolutely continuous. With r � �1{2 the PT

reduces to the DP as a special case. The partitioning subsets Bε can be chosen to achieve
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a desired prior mean G0. Let qmk � G��1pk{2mq, k � 0, . . . , 2m, denote the inverse c.d.f.

under G0 evaluated at dyadic fractions. If αε0 � αε1, for example αε � cmr, and the

dyadic quantile sets rqmk, qm,k�1q are used as the partitioning subsets Bε then EpGq � G0.

Alternatively the prior mean can be fixed byG0 by choosing αε0{pαε0�αε1q � G0pBε0|Bεq
for any choice of the nested partitions Π.

The main attraction of PT models for nonparametric Bayesian inference is the sim-

plicity of posterior updating. Assuming xi
i.i.d� G for i � 1, . . . , n and G � PTpΠ,Aq.

Consider first n � 1, i.e., a single sample from the unknown distribution G. The posterior

ppG|xq is again a Pólya tree, ppG|xq � PpΠ,A1q with the beta parameters in A1 defined

as

α1ε �
#
αε, if x1 R Bε,

αε � 1, if x1 P Bε.

The general case with a sample of size n ¡ 1 follows by induction. The above re-

sult can be used to implement exact posterior predictive simulation, i.e., simulation from

ppxn�1|x1, . . . , xnq.

20



2

Multiple Bayesian Elastic Net

2.1 Introduction

Highly correlated relevant features are frequently encountered in variable selection prob-

lems. One example in text mining concerns estimation of the probability that two Wikipedia

articles are linked, based on their lexical content. Some sets of words are strongly associ-

ated and informative about the presence of a link; other sets of words may be associated

but uninformative. One wants to select all words in a useful, strongly associated set simul-

taneously as a group, for better model interpretation and robustness. Similarly, irrelevant

lexical sets should be excluded as a group, providing a sparse solution that tends to avoid

overfitting.

For a bag-of-words model, the number of features is equal to the number of distinct

words in the articles. For the Wikipedia problem, the sample size (the number of links and

non-links to a specific article within a narrow topic area) is usually insufficient to allow

accurate selection of important predictors; thus we must borrow strength across data from

multiple articles. This paper focuses on the problem of flexibly borrowing strength across

data sources (articles) in selecting predictors (words) from among a very large number of
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candidate features.

We initially consider a linear regression model of the form,

y �Xβ � ε,

where X is the n � p matrix of standardized data, each row of which corresponds to a

sample, β is the p � 1 regression coefficient vector, y is the n � 1 vector of centered

regression responses, and ε is an n � 1 additive noise vector. The ordinary least squares

(OLS) estimate can be obtained by minimizing the residual sum of squares, but it is well

known that the OLS does poorly in both prediction and interpretation when data are sparse

relative to the number of parameters. When p ¡ n, the OLS will yield an estimator that is

not unique since X is not of full rank. Penalization techniques that promote shrinkage of

β have been proposed to improve OLS. Ridge regression Hoerl and Kennard (1988) min-

imizes the residual sum of squares subject to a penalty on the L2-norm of the coefficients.

For the problem of multicollinearity, ridge regression improves prediction accuracy, but it

cannot perform variable selection.

An alternative technique called the lasso was proposed by Tibshirani (1996). The lasso

is a penalized least squares method subject to an L1-penalty on the regression coefficients,

leading to continuous shrinkage and automatic variable selection simultaneously. How-

ever, as summarized by Zou and Hastie (2005), the lasso has several important limitations.

In the p ¡ n case, the convex optimization algorithm forces the lasso to select at most n

variables before it saturates. Also, if there is a group of predictors that are highly corre-

lated with each other, the lasso tends to select only one variable from the group, almost

arbitrarily. Even for the usual n ¡ p situations, if there are strong correlations among

predictors, ridge regression will outperform the lasso in terms of predictive performance

Zou and Hastie (2005).

Zou and Hastie (2005) proposed the elastic net, a new regularization of the lasso, for

use when there are unknown groups of multicollinear predictors. The elastic net estimator
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can be expressed as

β̂EN � arg min
β
py �Xβq1py �Xβq � λ1

p̧

j�1

|βj| � λ2

p̧

j�1

|βj|2,

where λ1 and λ2 are tuning parameters. The elastic net estimator can be interpreted as a

stabilized version of the lasso. As pointed by Zou and Hastie (2005), the elastic net often

outperforms the lasso. In addition, the elastic net encourages the grouping of covariates,

so that strongly correlated predictors tend to be in or out of the model together. The elastic

net is particularly useful when the number of predictors p is much bigger than the number

of observations n; potentially, the elastic net can select all p predictors.

The Bayesian elastic net model was first studied in Bornn et al. (2007). Their model

assumed

y � NpXβ, τ 2Iq, τ 2 � IGpc0, d0q,

βj � N
�
0, τ 2pαj � λq�1

�
,

αj � η
� αj
αj � λ

�1{2IG
�
αj; 1,

γ

2

�
, (2.1)

where η is a normalizing constant and IG denotes the Inverse-Gamma distribution. By

integrating out α, the likelihood becomes

ppy;β, τ 2, γq9fpτ 2, γq exp

"
� 1

2τ 2

�}y �Xβ}2 � 2
a
γτ 2|β| � λ}β}2�*,

where fpτ 2, γq is the joint prior for τ 2 and γ. The likelihood after integrating out α is

similar to the elastic net penalization problem and thus the resulting posterior estimates

are a Bayesian generalization of the elastic net. The MAP estimate of β is no longer a

linear function of y; it is given by

β̂ � argminβt}y �Xβ}2 � 2
a
γτ 2|β| � λ}β}2u. (2.2)
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It is clear that γ and λ control the shrinkage of coefficients, with larger values of γ and

λ inducing more shrinkage. Chen et al. (2010) introduce different γj for each precision

parameter αj , with further Gamma priors being imposed on them. In this way, they achieve

sparsity and grouped variable selection simultaneously.

There are many advantages to embedding shrinkage priors in a hierarchical Bayesian

formulation. In addition to the usual ease-of-interpretation of hierarchical models, the

Bayesian formulation produces valid measures of uncertainty (which can be problematic

for the frequentist lasso). Also, posterior computation for the Bayesian lasso can be based

on a geometrically ergodic Markov chain using a block Gibbs sampler Kyung et al. (2010).

We extend the previous work on Bayesian elastic nets in several important ways. First,

we improve the flexibility of shrinkage through mixing elastic net priors, which automat-

ically allows adaptive shrinkage, not only to zero but also to a sparse set of non-zero

values. Multiple shrinkage was originally suggested by George (1986), with MacLehose

and Dunson (2010) proposing a Dirichlet process (DP) Ferguson (1974) mixture of double

exponential priors. Nott (2008) also investigates a generalization of ridge regression in the

linear model using the DP prior. The approach in MacLehose and Dunson (2010) inher-

its some of the disadvantages of the lasso, such as a tendency to select only one variable

from a highly correlated set of variables. In addition, when using Markov chain Monte

Carlo (MCMC), it is infeasible to handle very large values of p and/or n. For applications

with large, high-dimensional data, such as the Wikipedia project, computational speed is

important—standard Bayesian methods of posterior computation using MCMC are too

time consuming to implement. To achieve fast computation in large p, this paper uses

Monte Carlo EM sparse point estimation Booth and Hobert (1999).

In addition, we extend the new MBEN model to the problem of logistic regression, in

order to deal with classification problems that have sparse but correlated sets of covariates.

An further extension to MTL, motivated by fitting the Wikipedia data, is also considered.

The fact that the topics of some of the articles are related implies that what is learned
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about classifiers from one article is transferable to another. By learning the classifiers in

parallel through a unified representation, the transferability of expertise between articles is

exploited to the benefit of all. This expertise transfer is particularly important since there

is only a limited amount of data for learning each classifier. By exploring data from related

articles, the inference for each article is strengthened. More specifically, the model in the

Wikipedia network describes the link from article i to article m as

logit Prpypmqi � 1|xpmqi q � x
pmq
i

1
βpmq, for m � 1, . . . ,M, i � 1, . . . , npmq, (2.3)

where x
pmq
i is the frequency of a common lexical word (e.g, “Gaussian”) being used both

in article i and the central article m. The MBEN prior is shared across the M articles (so

the sparseness properties are shared, but not the exact regression weights). In this setting

the M articles cluster, and within each cluster, similar components of βpmq are impor-

tant. Liu et al. (2010) also use hierarchical shrinkage approaches for multi-task learning,

but their approach is set up under a hierarchical parametric model in which information

sharing across studies only affects the precision parameters controlling shrinkage to zero.

Our work is also different from Xue et al. (2007), since their paper does not do multiple

shrinkage but assumes that two tasks either have identical coefficients for all predictors or

have completely different coefficients, which is too restrictive, especially when p is large.

In section 2, we introduce the proposed MBEN approach and also consider modifica-

tions needed for logistic regression and multi-task learning. In section 3, we describe an

efficient Gibbs sampling algorithm for posterior computation. Section 4 outlines a Monte

Carlo EM algorithm for sparse point estimation. Data simulation is performed in sec-

tion 5 and section 6 applies the approach to the Wikipedia project. Section 7 contains a

discussion.
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2.2 Multiple Bayesian elastic net Prior

The prior distribution in (2.1) induces shrinkage toward the prior mean of zero; however, as

pointed by MacLehose and Dunson (2010), in many situations shrinkage toward non-null

values will be beneficial. Their approach is more flexible than the Bayesian lasso in that

they allow multiple shrinkage instead of just shrinking towards zero. Thus the data help

to choose the best hyperparameters while favoring sparsity through the use of a carefully-

tailored hyperprior. Building on their approach and the model (2.1), we introduce the

following MBEN prior,

βj � N
�
µj, τ

2pαj � λq�1
�
, λ � Gpr0, s0q

pµj, αjq � η

"
πδ0pµjq

� αj
αj � λ

�1{2IGpαj; 1, γ
2
qGpγ; a0, b0q � p1� πqD

*

π � betap1, α0q, D � DP pα0D0q

D0 � Npµj; c1, d1q
� αj
αj � λ

�1{2IGpαj; 1, γ
2
qGpγ; a1, b1q (2.4)

where δ0pµjq indicates that the random variable µj has a degenerate distribution with all

its mass at 0, and Gpa1, b1q denotes the Gamma distribution with mean a1{b1 and variance

a1{b21. Thus, with probability π a coefficient is shrunk toward zero as in standard elastic

net estimation. With probability 1 � π the coefficient is shrunk toward a non-zero mean,

µj .

Because the DP prior implies that D is almost surely discrete, the prior will auto-

matically group the p coefficient-specific hyperparameters, tµj, αjupj�1, into L clusters,

tµ�l , α�l u, with L ¤ p. One of these clusters will most likely correspond to µj � 0,

while the other clusters will not have zero means. The prior on the number of clusters is

controlled by α0, with smaller α0 inducing fewer clusters. When the data are informative

about the number of clusters and the cluster-specific hyperparameters, the procedure adap-

tively shrinks coefficients toward the non-zero locations suggested by the available data.
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Our proposed MBEN prior can be seen more clearly through the equivalent stick breaking

form:

βj � Npµ�kj
, τ 2pα�kj

� λq�1q, λ � Gpr0, s0q, τ 2 � IGpc0, d0q

kj �
8̧

t�1

πtδt, (2.5)

pµ�t , α�t q �
#

η0δ0pµ�t qp α�t
α�t �λ

q1{2IGpα�t ; 1, γ02 q, for t � 1,

η1Npµ�t ; c1, d1qp α�t
α�t �λ

q1{2IGpα�t ; 1, γ12 q, for t ¡ 1,

γl � Gpal, blq, for l � 0, 1

where the random variable πt is constructed as πt � Vt
±

h tp1�Vhq, Vt � betap1, α0q, and

η0 and η1 are normalizing constants. The prior on the number of clusters is controlled by

α0, with smaller values favoring fewer clusters. However, the data are strongly informative

about the number of clusters and the cluster-specific hyperparameters. Coefficients are

shrunk adaptively toward non-zero locations suggested by the data. An infinite number of

pµ�t , α�t q are drawn from the prior distribution, with the jth coefficient falling into the kjth

of these components. Coefficients with prior parameters drawn from the first component

have a standard elastic net prior. Thus for t ¡ 1, πt is the prior probability of falling into

the tth component and it is constructed through a stick-breaking process. Figure 2.1 shows

a random draw from the prior distribution for one predictor-specific coefficient.

Each mixture component has a distinct prior mean and variance. Although there are

infinitely-many components available, the intrinsic Bayes penalty for model complexity

will tend to favor allocation of the coefficients to very few components relative to p. One

can reinforce allocation to few components through choosing a small value of α0. By

choosing a relatively large value of d1, one can favor a wide variety of prior means, which

also tends to upweight allocation to a few components that are widely distributed. Even

with such priors, the data are strongly informative about the number of occupied compo-

nents and the distribution of the prior means.
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For the Wikipedia project, responses are binary, z � pz1, . . . , znq1 with zi P t0, 1u,
where zi � 0 means there is no link from the current article to article i, and zi � 1 other-

wise. We augment the data using the O’Brien and Dunson (2004) algorithm by assuming

the outcome zi � 1 when the latent variable yi ¡ 0. With yi � x1iβ�εi{φ1{2, εi � Np0, τ̃ 2q
and φ � Gpν{2, ν{2q. The scale mixture of normals for εi with τ̃ 2 � π2pν � 2q{p3νq and

ν � 7.3 is a near exact representation of the logistic distribution. It is easy to apply the

MBEN prior to the logistic regression model as

zi � 1pyi ¡ 0q,

yi � x1iβ � εi,

εi � ε̃i{φ1{2, ε̃i � Np0, τ̃ 2q, φ � Gpν{2, ν{2q,

βj � MBEN
�
µ�kj

, α�kj
, τ 2, λ, γ

�
. (2.6)

The proposed MBEN model can be readily extended to a multi-task setting, in which

multiple regression or classification tasks are performed jointly. For example, the regres-

sion coefficients can differ from task to task, but the sparsity pattern of the regression

coefficients may be shared, thereby imposing the belief that irrelevant features are the

same or similar across the tasks. Suppose there are M tasks, each represented as in model

(2.6),

ypmq �Xpmqβpmq � εpmq, m � 1, . . . ,M,

where Xpmq is the npmq � p design matrix for task m, npmq is the number of samples

for task m, βpmq is the p � 1 dimensional regression coefficients for task m and εpmq is

the residual for task m. The Multiple Bayesian elastic net prior is shared across the M

tasks (the sparseness properties are shared, but not the exact regression coefficients). For

classification problems, ypmq is not directly observed, instead only the label information

28



zpmq is known with zpmqi P t1, 0u. The multi-task model can be expressed as

z
pmq
i � 1pypmqi ¡ 0q,

y
pmq
i � x

pmq1

i βpmq � ε
pmq
i ,

ε
pmq
i � ε̃i

pmq{φpmq1{2, ε̃i
pmq � Np0, τ̃ pmq2q, φpmq � Gpν{2, ν{2q,

β
pmq
j � MBEN

�
µ�kj

, α�kj
, τ pmq

2
, λ, γ

�
. (2.7)

The above form is for multi-task classification; for regression one can simply remove the

first line of (2.7). The task-dependent βpmq share the same MBEN prior, implying that the

multiple tasks share similar non-zero coefficients and similar weights on each component.

In this setting, the M tasks cluster, and within each cluster similar components of βpmq are

important.

2.3 Posterior Computation

2.3.1 Weakly Informative Prior Specification

Prior specification is of great importance in Bayesian modeling. As we are interested

in high-dimensional settings and automated methods that can be applied quickly to new

data sets, subjective prior elicitation based on expert knowledge is not feasible. Hence,

we follow Gelman et al. (2008) in recommending default hyperparameter values, with

predictors standardized to eliminate sensitivity to measurement units.

We first specify a0 and b0, the hyperparameters in the component having mean fixed

at zero. Coefficients assigned to this component should have values close to zero. We

choose a0 and b0 such that
³ε
�ε

MBENpβj; 0, τ 2, αj, λ, γ0qdβj � z, where z is the prior

probability that the coefficient drawn from the cluster with mean zero has a null effect and

ε is a small positive constant. Setting z � 0.90 and ε � 0.1 implies a0 � b0 � 10�2.

For the remaining components centered away from zero, if we choose a1 � b1 � 1, the

priors will have prior credible intervals of unit width. We recommend choosing smaller
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values for these hyperparameters which are large enough to encourage shrinkage but not

so large as to overwhelm the data and arbitrarily force a large number of components to

be generated. The DP precision parameter α0 is set to be 1 as a common default choice in

DP models.

The parameters c1 and d1, the prior mean and variance for the location parameter of the

non-zero components, are chosen so that µ�t will have a relatively wide range of support.

We also want to avoid setting d1 to be too large, leading to proposing unlikely prior loca-

tions and over-favoring of allocation to the zero componenet. Therefore, we choose c1 � 0

and d1 � 5. For priors of λ, we set the shape parameter r0 � 1{100 and the rate parameter

s0 � 1{100 so that the prior mean for λ concentrates on 1 and the prior variance is 100.

As for the original elastic net or the Bayesian elastic net, one may use cross validation to

set λ and the range of λ is dictated by the desired levle of model sparseness. Our paper

gives a fully Bayesian approach and has the advantage of adjusting λ automatically during

the updating steps.

2.3.2 Gibbs Sampling Algorithm

We propose a Gibbs sampling algorithm which is a hybrid of the slice sampling scheme

of Damien and Wakefield (1999) and the exact block Gibbs sampler of Yau et al. (2010).

The exact block Gibbs sampler combines characteristics of the retrospective sampler of

Papaspiliopoulos and Roberts (2008) and the slice sampler of Walker (2007), modifying

the block Gibbs sampler of Ishwaran and James (2001) to avoid truncation approximations.

We shall focus on the model with y � NpXβ, τ 2Iq and τ 2 � IGpc0, d0q.

1. Update β � pβ1, . . . , βpq1 by sampling from the conditional posterior

pβ| � � � q � Npµβ,Σβq,

where Σβ � pX1X�Ωq�1 and µβ � ΣβpX1y �Ωµ�q and Ω is a p� p diagonal

matrix with jth element α�kj
� λ.
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2. Update parameter λ through

ppλ| � � � q 9
p¹
j�1

pα�kj
� λq 1

2 exp

"
� pα�kj

� λqpβj � µ�kj
q2

2τ 2

* L¹
t�1

� α�t
α�t � λ

� 1
2

λr0�1 expp�s0λq

9
L¹
t�1

pα�t � λqmt�1
2 λr0�1 exp

�
� λ

 °p
j�1pβj � µ�kj

q2
2τ 2

� s0

(�
.

With the slice sampling scheme by Damien and Wakefield (1999), we first generate

wt � Unif
�
0, pα�t � λqmt�1

2

�
, for t � 1, . . . , L,

w0 � Unif
�
0, λr0�1

�
.

We then get the range for λ as λ P
�

max
�
maxtpw

2
mt�1

t � α�t q, 0
�
, pw0q

1
r0�1

�
.�

rl0, u0s. Hence the posterior distribution for λ is a truncated exponential distribution

with parameter
°p

j�1pβj�µ
�

kj
q2

2τ2 � s0 within the range rl0, u0s.

3. Update τ 2 from its full conditional

τ 2 � IG
�
n� p

2
� c0,

1

2

" ņ

i�1

pyi � xiβq2 �
p̧

j�1

pα�kj
� λqpβj � µ�kj

q2
*
� d0



.

4. The joint prior distribution of kj and a latent variable uj can be written as

fpkj, uj|πq �
¸

t:πt¡uj

δjp�q �
8̧

t�1

1puj   πtqδtp�q.

Implement Exact Block Gibbs sampler steps:

i. Sample uj � uniformp0, πkj
q, for j � 1, . . . , p with πt � Vt

±
s tp1� Vsq.
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ii. Sample the stick-breaking random variables

Vt � beta
�

1�mt, α0 �
Ļ

s�t�1

ms



,

for t � 1, . . . , L, with L the minimum value satisfying π1 � . . . � πL ¡ 1 �
mintuju.

iii. Sample µ�t for t � 1, . . . , L by

i For t � 1, since the prior for µ�1 has unit probability mass at 0, the posterior

distribution still has probability mass at 0.

ii For 2 ¤ t ¤ L,

µ�t � N
�
τ�2pα�t � λq°j:kj�t

βj � d�1
1 c1

τ�2mtpα�t � λq � d�1
1

,

"
mtpα�t � λq

τ 2
� 1

d1

*�1

,

where mt is the number of regression coefficients assigned to component t.

iv. Sample α�t for t � 1, . . . , L by

ppα�t | � � � q 9 pα�t q�3{2 exp
 � α�t

°
kj�t

pβj � µ�t q2
2τ 2

(
exp

�
� γ{2

α�t




pα�t � λqpmt�1q{2.

We still apply the slice sampling scheme of Damien and Wakefield (1999) to

get the above posterior distribution of α�t at the pi� 1qth iteration,

max

"
0, pα�piqt � λq expp� 2e3

mt � 1
� λq

*
¤ α

�pi�1q
t

¤ min

"
α
�piq
t exp

�2

3
e1
�
,

γ

2e2 � pα�piqt q�1γ

*
.

where e1, e2 and e3 are independent exponential random variates with mean 1.
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Denote this range as α�pi�1q
t P rlt, uts and

ppα�pi�1q
t | � � � q � Exp

�°kj�t
pβj � µ�t q2
2τ 2

�
1plt ¤ α

�pi�1q
t ¤ utq

.� Exppθtq1plt ¤ α
�pi�1q
t ¤ utq

where Exppθtq is the exponential distribution with parameter θt. If no observa-

tion is assigned to a specific cluster, then µ�t and α�t are drawn directly from the

prior distribution.

v. Sample kj for j � 1, . . . , p from the multinomial conditional with

Prpkj � t| � � � q91puj   πtqNpβj|µ�t , α�t q, for t � 1, . . . , L.

5. Sample the mixing parameter γ with the conjugate prior through

γ0 � G
�
a0 � 1, 1{p2α�1q � b0



, γ1 � G

�
a1 � L� 1,

Ļ

t�2

1{p2α�t q � b1



.

The above updating algorithm can be easily modified to fit the logistic regression model

and the MTL model.

2.4 Sparse Point Estimation via Automated Monte Carlo EM

In the Wikipedia project, some articles have tens of thousands of predictors (stemmed

words) but only a few dozen links to other articles, so inference is difficult. Although the

MCMC algorithm proposed in the previous section for fully Bayes posterior computation

is quite efficient, problems can arise when scaling computation to very large p, particularly

if it is important to produce results quickly. From the MCMC implementation, one can

obtain posterior probabilities of allocation to the zero component for each of the predictors

and the tendency will be to shrink the coefficient for unimportant predictors close to zero.

However, none of the estimated coefficients will be exactly zero. From the standpoint
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of producing a simpler model that may be more interpretable and which provides dimen-

sionality reduction (thus eliminating the need to store all the predictors), it is appealing to

obtain coefficient estimates that are exactly zero.

In order to address the dual goal of substantially shortened computational time and

sparse estimation, this section proposes an expectation maximization (EM) algorithm for

maximum a posteriori (MAP) estimation under a finite approximation to the model pro-

posed in Section 2. In particular, in place of the Dirichlet process, we use the finite ap-

proximation to the Dirichlet process proposed by Ishwaran and Zarepour (2002). This

approximation is useful since the EM algorithm has difficulty with the stick-breaking rep-

resentation because of the non-exchangeability of the components. In particular, the EM

algorithm converges to a local mode, leading to inferior inference.

More specifically, in expression (2.6), we let

kj �
Ļ

t�1

πtδt, pπ1, . . . , πLq1 � Dirichletpα0{L, . . . , α0{Lq.

The hierarchical decomposition of the MBEN prior allows use of the EM algorithm to

implement the elastic net criterion in (2.2). This can be done simply, by regarding k �
pk1, . . . , kpq1, µ� � pµ�k1 , . . . , µ�kp

q1 and α� � pα�k1 , . . . , α�kp
q as hidden/missing data. Set

φ � pλ,µ�,α�,γq and ψ � pβ, τ 2q. Each iteration consists of an E-step and an M-step.

The pr � 1qth E-step entails the calculation of

Qpψ|ψprqq � E
�
logtfpy,φ,k;ψqu|y;ψprq

�
, (2.8)

where fpy,φ,k;ψq represents the joint density of the complete data and ψprq denotes

the value of ψ from the rth iteration. The new value ψpr�1q is obtained by maximizing

Qpψ|ψprqq, which serves as the M-step.

We cannot get an analytical evaluation of equation (2.8) under our structure with the

MBEN prior. A modified Monte Carlo EM algorithm by Wei and Tanner (1990) avoids
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this difficulty by replacing the expectation in the E-step with a Monte Carlo approximation.

Booth and Hobert (1999) improves the Monte Carlo EM algorithm by suggesting a rule for

automatically increasing the Monte Carlo sample size after iterations in which the true EM

step is swamped by Monte Carlo error. More specifically, a Monte Carlo approximation

of Qpψ|ψprqq is given by

Qmpψ|ψprqq � 1

m

m̧

l�1

log
 
fpy,φr,l,kr,l;ψq

(
. (2.9)

The Monte Carlo EM algorithm involves the use of Qm in place of Q. An appropriate

value for m is chosen after each iteration, and the algorithm is stopped when changes in

the parameter estimates are small (after taking account of Monte Carlo error).

Define

Qp1qpψ|ψ1q � B
BψQpψ|ψ

1q, Qp2qpψ|ψ1q � B2

BψBψT
Qpψ|ψ1q.

Then

0 � Qp1q
m pψpr�1q|ψprqq � Qp1q

m pψ�pr�1q|ψprqq � pψpr�1q �ψ�pr�1qq1Qp2q
m pψ�pr�1q|ψprqq,

ñ ψ�pr�1q � ψpr�1q �Qp2q
m pψ�pr�1q|ψprqq�1Qp1q

m pψ�pr�1q|ψprqq1 (2.10)

where ψ�pr�1q satisfies Qp1qpψ�pr�1q|ψprqq � 0. Conditionally on ψprq, ψpr�1q is approxi-

mately normal with mean ψ�pr�1q and variance

varpψpr�1q|ψprqq � Qp2q
m pψ�pr�1q|ψprqq�1var

 
Qp1q
m pψ�pr�1q|ψprqq(Qp2q

m pψ�pr�1q|ψprqq�1.(2.11)

A sandwich estimate of varpψpr�1q|ψprqq is obtained by substituting ψpr�1q in place of

ψ�pr�1q on the right hand side of the above equation with the estimate

v̂ar
 
Qp1q
m pψ�pr�1q|ψprq

( � 1

m2

m̧

l�1

� B
Bψ log

 
fpy,φr,l,kr,l;ψpr�1qq(


�
� B
Bψ log

 
fpy,φr,l,kr,l;ψpr�1qq(
1

.
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After the pr�1qth iteration, we construct an approximate 100p1�αq% confidence ellipsoid

for ψ�pr�1q by using the normal approximation shown in the above. If the previous value

ψprq lies in that region, then the EM step was swamped by Monte Carlo error, and m

should be increased by m � m �m{k, k P t2, 3, 4u, as suggested by Booth and Hobert

(1999).

The algorithm is stopped when

max
i

� |ψpr�1q
i � ψ

prq
i |

|ψprqi | � δ1



  δ2, (2.12)

where δ1 � δ2 � 0.001 is the common choice. Since the expectation in the E-step cannot

be calculated analytically in our context, we run the risk of stopping prematurely, where

the algorithm stops when ψpr�1q is very close to ψprq only because a large Monte Carlo

error is associated with ψpr�1q. To reduce this risk, we use a second convergence criterion

in conjunction with criterion (2.12) suggested by Booth and Hobert (1999). Their criterion

is based on the change in the parameter estimates relative to their standard errors. More

specifically, the algorithm will stop if

max
i

" |ψpr�1q
i � ψ

prq
i |b

varpψ̂iq � δ11

*
  δ12, (2.13)

where δ11 and δ12 should be suitably small and need not be the same as δ1 and δ2 in

(2.12). The variance of ψ̂i can be estimated by using the inverse of an estimate of the

observed Fisher information evaluated at the current parameter estimate. Louis (1982)

showed that the observed information matrix can be written as the sum of �Qp2qpψ|ψ̂q

and �var
�

B
Bψ

logtfpy,φ;ψqu|y, ψ̂
�

, which is the complete information minus the miss-

ing information. More details about stopping rules and updating schemes for m are given

in Booth and Hobert (1999).
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Generalizing the above analysis, we have the following automated Monte Carlo EM

algorithm steps:

1. Set starting values ψ0 � pβ0, τ
2
0 q and r � 0.

2. Gibbs sampling. In the rth iteration, we repeatedly sample k1, . . . , kp and φk1 , . . . , φkp

for m times, as follows:

i. Update ppπ1, . . . , πL| � � � q � Dirichletpα0{L �m1, . . . , α0{L �mLq, where ml is

the number that kj � l for j � 1, . . . , p.

ii. Update kl from a multinomial distribution with probabilities

Prpkj � lq9πlN
�
βj;µ

�
kj
, τ 2pα�kj

� λq�1
�
fpµ�kj

, α�kj
q,

where fpµ�kj
, α�kj

q is the prior for pµ�kj
, α�kj

q. Label switching moves by Papaspiliopou-

los and Roberts (2008) are needed here to assist the algorithm to jump across

modes.

iii. Sample λ, γ, pα�1 , . . . , α�Lq and pµ�1 , . . . , µ�Lq through the same steps as in the above

MCMC algorithm, where tµ�l , α�l u are cluster specific parameters.

3. (E-Step). Calculate equation (2.9) by Monte Carlo integration.

4. (M-Step). Obtain ψ�pr�1q from (2.10) and the 100p1 � αq% confidence ellipsoid for

ψ�pr�1q with (2.11) to decide whether to change m.

Repeat Steps 2 through 4 until the algorithm reaches the stopping rule.

2.5 Simulation Study

The intuitive appeal of allowing shrinkage of parameter estimates to multiple locations is

clear, but the potential gain must be confirmed by simulation. We examine the performance

of our two approaches in comparison with the lasso Tibshirani (1996), the LARS-EN Zou
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and Hastie (2005) and ridge regression Hoerl and Kennard (1988). Results for the latter

three methods are obtained from R package elasticnet, lars (both with ten fold cross

validation) and MASS. Our first example is similar to the one from the original elastic net

paper Zou and Hastie (2005). Specifically, we simulate data from the true model

y �Xβ � ε, ε � Nnp0, σ2Inq,

whereX is the predictor matrix with dimension n�p, where n � 200, p � 40 and σ2 � 1.

We simulate 50 data sets. The predictorsX are generated by

xi � Z1 � εxi , Z1 � Np0, Inq, i � 1, . . . , 5,

xi � Z2 � εxi , Z2 � Np0, Inq, i � 6, . . . , 10,

xi � Z3 � εxi , Z3 � Np0, Inq, i � 11, . . . , 15,

xi
i.i.d� Np0, Inq, i � 16, . . . , 40,

where the εxi are independent and identically distributed Np0, 0.01Inq, for i � 1, . . . , 15.

The true regression coefficient is set to β � p3, . . . , 3, 0, . . . , 0q1 with the first 15 elements

equaling 3 and the rest 0. Thus, we have three equally important groups, and within each

group there are five highly correlated members. The last 25 are pure noise features. An

ideal method would select out the 15 true features while setting the coefficients for the 25

noise features equal to zero. A second set of simulations is performed for 50 additional

data sets, each with p ¡ n: here n � 150 and p � 200. The first 15 elements of β are

set to 3 and the rest to 0. A third simulation is performed for another 50 data sets under

the extreme situation where p " n: here n � 200 and p � 2000. Finally, we compare the

performances of all of the methods when the true effects are not sparse, with n � 200 and

p � 200 and the first 90 coefficients being 3 and the rest being 0.

In each simulation, for the lasso and elastic net, 50 observations are used to select

tuning parameters, 50 observations are used to fit the model and test errors are calculated

from the remaining observations. We use the first 100 observations to fit the models and
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the remaining test samples to calculate the test errors in our two proposed methods and

ridge regression.

The MBEN (MBEN updated by MCMC algorithm) and MBEN (MCEM) (MBEN up-

dated by Monte Carlo EM algorithm) tend to identify the correct coefficient clustering.

For instance, prior location and scale parameters are often grouped into one cluster for the

first 15 coefficients and a second cluster for the remaining coefficients. Each of the β co-

efficients is shrunk toward a cluster-specific prior mean, e.g., the first 15 or 90 coefficients

are shrunk towards a prior mean that is close to 3 and the remaining coefficients are shrunk

towards the null component.

We first compare the mean squared errors (MSE) of the estimated coefficients from the

lasso, the elastic net, the ridge regression, the MBEN and the MBEN (MCEM) in the first

three simulations. The MBEN and the MBEN (MCEM) have the smallest MSE for all the

coefficients (MSEALL) over the first three simulated datasets (Figure 2.2). The elastic net

performs robustly with only slight differences from the MBEN methods. The lasso per-

forms the worst in terms of the MSEALL, with the MSEALL decreasing as the dimension

increases. In terms of the mean MSE for the non-null coefficients (MSENNULL, Figure

2.3), the lasso performs the worst in the first two simulations, while ridge regression per-

forms worst in the third simulation. It is surprising that the elastic net performs worse

than ridge regression in estimating the non-null coefficients in the second simulation. In

the third simulation, the lasso, the elastic net and the MBEN and the MBEN (MCEM)

perform almost identically. For the MSE of the null coefficients (MSENULL, Figure 2.4),

since the estimates from the ridge regression cannot be exactly zero, ridge regression per-

forms poorly in all the three simulations. In terms of the bias (Figure 2.5), the elastic net

performs the worst in the first simulation, and ridge regression performs worst in the sec-

ond and the third simulations. The MBEN and the MBEN (MCEM) obtain the smallest

bias throughout the first three simulations. The superior performances of the MBEN and

the MBEN (MCEM) result from including prior locations that are distinct from 0. How-
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ever this could also lead to slightly poorer performance in estimating coefficients with null

effects (Figure 2.4), since they may be shrunk toward a non-null component; however, it

is difficult to see any deterioration as the dimension increases. In the fourth simulation,

the lasso and the elastic net perform the worst in terms of the MSEALL, the MSENNULL

and the bias. The reason can be seen clearly from Figure 2.6: both the lasso and the elastic

net over-shrink the estimates when the true coefficients are not sparse.

Performances from all the methods are also summarized in Table 2.1 in terms of the

mean-squared prediction errors (MSPE). The numbers in parentheses are the correspond-

ing standard errors (of the means) estimated by the bootstrap with B � 500 resamplings

on the 50 mean-squared errors. We note that ridge regression performs only slightly worse

than the lasso and the elastic net in simulation 1 but is very poor in simulations 2 through

4. This makes sense since the ridge regression cannot obtain the exact zero estimates and

the MSE from the null effects aggregates as the dimension increases. The lasso and the

elastic net perform very robustly through the first three simulations and stand just behind

the MBEN and MBEN (MCEM), but both are much worse in the fourth simulation. The

MBEN and MBEN (MCEM) are more accurate than all the other methods across all four

simulation studies. The MBEN (MCEM) performs almost the same as the MBEN but is,

on average, 2 to 4 times faster, especially when the dimension becomes large. In the first

three simulations, the MBEN (MCEM) converged in 45, 59, 90 and 65 iterations. The

values of m increased from the initial value of 100 to 2550, 4750, 6775 and 5320 in the

final iteration, respectively.

In the simulation studies, we also notice that the cross-validation is not robust and

sometimes can cause unreasonable estimates when using the lasso and the elastic net.

The MBEN and the MBEN (MCEM) are fully Bayesian methods and choose the tuning

parameters automatically in each iteration, leading to more robust inference. Also, our

proposed MBEN and MBEN (MCEM) are not much more time consuming than the lasso

and the elastic net. In particular, cross-validation with the elastic net can be slow, and
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possibly becomes stuck when the dimension is relatively large (e.g., p � 2000). The R

function enet sometimes stops because the variances of some of the columns of the design

matrix resulting from the cross-validation are zero. It happens when the design matrix is

sparse, which is the situation for the Wikipdedia.

2.6 Wikipedia Project Application

The Wikipedia is a free-content encyclopedia project based on an openly-editable model.

Wikipedia’s articles provide links to guide the users to related articles with additional

information. These articles are written by thousands of volunteer editors that collaborate

to build a consensus on additions and changes. Since its creation in 2001, the Wikipedia

has grown rapidly into one of the most popular reference sites on the internet.

Articles in the Wikipedia are organized into categories, and a single article may belong

to multiple categories. Most categories have a number of subcategories, and the numbers

of subcategories and the articles within them change over time. The numbers cited in this

paper are accurate as of June 25, 2010.

There are 56 subcategories for “Statistics” and we focus on two of the subcategories.

The first subcategory is “Continuous Distributions”. The second subcategory is “Bayesian

Statistics”. Our analysis considers the corpus formed by the union of the articles in “Con-

tinuous Distributions” and “Bayesian Statistics”. We view each article in the corpus as a

bag-of-words. From those bags we extracted the vocabulary, that is, the set of W words

that appear, in total, in the entire corpus (we used a Perl script stemmer to identify similar

words; e.g., “average”, “averages”, and “averaging” are treated as the same word). We

count how many times word w appears in article n, and denote this by xnw.

Besides the counts, we computed the importance of word w in article n, denoted by

x1nw according to the formula

x1nw �
xnw°
w xnw

log

�
N

1�°
n 1pxnw ¡ 0q



,
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where 1pxnw ¡ 0q indicates whether a word w appears in article n, and N is the total

number of articles in the corpus (in this case, N � 160; 95 from “Continuous Distribu-

tions” and 65 from “Bayesian Statistics”, and no article is common to both subcategories).

The “normal distribution” is included in the 65 links from “Bayesian Statistics” and the

“Bayesian inference” is also included in the 95 links from “Continuous Distributions”. We

exclude these two links and keep the remaining 158 links for analysis. This importance

measure is known as the TF/IDF (term frequency/inverse document frequency) transfor-

mation and the importance is proportional to the number of times the word appears in

a document, and inversely proportional to the number of times it appears in the corpus

Spärck Jones (1972).

The immediate goal is to build a statistical model to predict which articles receive

links from the selected central articles, using lexical information from all of the articles

in these two subcategories. That goal is part of a larger project, to build a dynamic net-

work model for growth and change in the Wikipedia. This represents a typical example

of a general learning scenario called single-task learning (STL) when considering each

central article independently and multi-task learning (MTL) when considering all articles

simultaneously.

STL refers to the approach of making inference one task at a time, using only the data

that directly correspond to the problem; it assumes that tasks are drawn independently from

a pool in which each task requires unrelated sets of covariates. In contrast, MTL regards

the tasks as potentially having association structure, in that similar sets of covariates are

relevant across many or all tasks. This perspective allows transferance of expertise among

tasks, benefitting inference in all of the tasks and allowing joint solutions within a unified

representation. By exploiting data from related tasks in MTL, the data for each task is

partially combined and the resulting algorithm is improved.

In applying STL, we selected “normal distribution” and “Bayesian inference” as the

central articles and consider all the articles in subcategory “continuous distribution” and
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“Bayesian Statistics” as the corpus. We chose these two articles because they are lengthy,

have large numbers of links to other articles, and contain a mix of distinct and common

vocabulary. Also, these two central articles have similarities that suggest what is learned

from one task could be transferable to another, enabling later comparison with MTL.

We first did analyses for these two central pages separately. For this application, to

eliminate uninformative words (e.g., “of”, “the”, and so fourth) we use only those words

whose TF/IDF score is greater than a threshold. This threshold was chosen after some

exploration of a number of documents; our value is 0.0006. This leads to a set of 1052 and

1053 words, sorted in decreasing order according to the TF/IDF score. Using all the other

articles in the category Statistics, we create a matrix of size 1052 � 158 and 1053 � 158,

where the rows are the selected words from “normal distribution” and “Bayesian infer-

ence”, with each column representing the counts of those words between the “normal

distribution” (or “Bayesian inference”) and the other 158 articles in the two subcategories.

The response is a 0-1 vector, indicating the presence of a link between the “normal distri-

bution” (or “Bayesian inference”) and article j.

The number of times that a word appears in a given article is not the only variable

included in the analysis. We can determine the divergence between the importance of a

selected word in “normal distribution” (or “Bayesian inference”) and the importance of the

same word in any other article. This can be done using the cross-entropy measure Hpp, qq.
The cross-entropy measure for two discrete distributions p and q is defined as:

Hpp, qq � �
¸
z

ppzq log qpzq. (2.14)

In this case ppzq is the distribution of the word counts in “normal distribution” or “Bayesian

inference” and qpzq is the distribution of the same words in article j, j � 1, . . . , 158. We

expect that if a word w is important for “normal distribution” (or “Bayesian inference”)

and also important for article j, then it is more likely that there is a link between them.

Small values of Hpp, qq indicate less divergence between the articles.
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The results for the MBEN that follow are based on 50,000 iterations obtained after

a burn-in period of 5,000 iterations. The results for the MBEN (MCEM) are obtained

after satisfying conditions (2.12) and (2.13) when setting δ1, δ2, δ11, and δ12 to 0.001. No

evidence of lack of convergence was found from the visual inspection of trace plots or

from the Gelman and Rubin (1992) convergence test .

We use multiple random training-tests splits to choose 79 articles as the training set

and the remaining 79 articles as the testing set. The predictive performances are sum-

marized across different splits. We randomly select the training set and the testing set to

escape the alphabetical order of the articles, otherwise perhaps Asymptotics, Asympotic

Normality, Asymptotic Limits, etc., are all in one or the other of the training/testing set.

This random selection can also help test the robustness of all the methods. The design ma-

trix X is composed of the frequency of the bag of words and the entropies, with the first

column being all 1’s to account for the mean effect. For the STL, the validation and testing

results are given in Table 2.2-3 for the lasso, the elastic net and the proposed MBEN and

MBEN (MCEM). From the tables, we notice that estimation of the lasso and the elastic

net yield inferior performances compared to that of the MBEN and the MBEN (MCEM).

It is probably because of the lack of robustness to choice of the tuning parameters for the

lasso and the elastic net, while our proposed methods update the tuning parameters in each

iteration and obtain rather robust estimations. For the MTL, since the lasso and the elastic

net do not allow different predictors across the tasks, we can only show the performances

resulted from the MBEN and the MBEN (MCEM).

In STL, for “normal distribution”, the chosen words of the MBEN are “random”, “es-

timator”, “scores”, “sum”, “characteristic”, “intensity”, “n-1”, “errors”, “variable”,

“�”, “bell”, “σ6” and cross entropy. For “Bayesian inference”, the significant words are

“inference”, “bowl”, “guilty”, “posterior”, “theorem”, “test”, “probabilities”, “posi-

tive”, “court”, “odds”, “observed”, “let”, “testimony”, “0.5” and cross entropy. We

notice that the words chosen for the “Bayesian inference” are related to legal issues. Words
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in bold face are also chosen in the MBEN (MCEM).

In MTL with the MBEN, there are two other words are selected for “normal distribu-

tion”, which are “mean” and “σ4”; “theorem” is recognized as another significant word for

“Bayesian inference”. For estimation with the MBEN (MCEM), only the word “mean” is

selected for the normal distribution and no new word is selected for the “Bayesian Infer-

ence”. Training errors and testing errors are decreased as can be seen from Table 4 and

Table 5.

2.7 Discussion

We have extended the elastic net model developed by Zou and Hastie (2005) to a semi-

parametric Bayesian version, with tuning parameters marginalized out using a Bayesian

approach instead of through cross-validation. An efficient MCMC algorithm and an au-

tomated Monte Carlo EM algorithm enable fast computation in high dimensions. The

proposed multiple Bayes elastic net (MBEN) prior can be easily inserted into general

Bayesian models, including generalized linear models, nonparametric regression models

having many kernels or basis functions, and even hierarchical regression models for func-

tional data and multi-task learning. A logistic link regression model has been developed

for independent tasks and a multi-task MBEN model has been developed for simultane-

ously fitting multiple related models.

The performance of the new model has been assessed in several simulation examples.

In sparse settings, we consider a low dimensional example with p   n, a high dimen-

sional example with p ¡ n and an extremely high dimensional example with p " n. In

non-sparse settings, we consider a relatively high dimension example with 90 out of 200

coefficients being non-zero. Performance is compared to the lasso, the elastic net and

the ridge regression, and we find that the new model is superior according to a variety of

criteria. The MSE for coefficient estimates is strongly decreased for coefficients having
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non-null effects but is only slightly increased for coefficients with null effects. The MSPE

decreases significantly compared to ridge regression, the lasso and the elastic net. Our

proposed MBEN and MBEN (MCEM) perform robustly under different settings, while

the lasso and the elastic net behave poorly when the true coefficients are not sparse and

ridge regression performs poorly when the settings are sparse. The MBEN and the MBEN

(MCEM) also show advantages in choosing robust tuning parameters.

The proposed methodology has been motivated by the challenging Wikipedia project,

in which bags-of-words from articles are employed to try to infer links among articles. We

have presented both single-task and multi-task results on classification performance and

have also inferred words that are relevant for this classification task. The results from this

application are interpretable and successfully distinguish links and non-links. As wanted,

the MBEN selects multiple correlated words. The MBEN priors may be easily extended

to other models and should be of use to researchers in many other settings.
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Table 2.1:

Results for the Data Simulation
Method Simulation 1 Simulation 2 Simulation 3 Simulation 4

lasso 3.10 (1.68) 2.42 (0.82) 15.91 (4.12) 23.93 (6.77)
elastic net 1.58 (0.48) 2.08 (0.88) 14.07 (4.04) 65.43 (57.48)

Ridge Regression 5.42 (2.59) 39.57 (13.19) 447.15 (65.27) 125.21 (87.69)
MBEN(Gibbs) 0.87 (0.10) 0.97 (0.13) 8.93 (1.21) 12.39 (2.49)

MBEN (MCEM) 0.97 (0.12) 1.00 (0.24) 9.34 (1.45) 16.78 (2.98)

Table 2.2:

Method Training Error Testing Error # Words Chosen
lasso 10/79 16/79 10

elastic net 10/79 13/79 11
MBEN(Gibbs) 6/79 10/79 13

MBEN (MCEM) 7/79 11/79 11

Table 2.3:

Method Training Error Testing Error # Words Chosen
lasso 13/79 17/79 9

elastic net 7/79 16/79 13
MBEN(Gibbs) 6/79 10/79 15

MBEN (MCEM) 6/79 12/79 14

Table 2.4:

Method Training Error Testing Error # Words Chosen
MBEN(Gibbs) 5/79 6/79 15

MBEN (MCEM) 5/79 7/79 14

Table 2.5:

Method Training Error Testing Error # Words Chosen
MBEN(Gibbs) 4/79 8/79 16

MBEN (MCEM) 6/79 10/79 14
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FIGURE 2.1: MBEN prior distribution with α � 1, c1 � 0 and d1 � 10.
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FIGURE 2.2: Mean MSE for all coefficient estimates from the lasso (circle), elastic net
(filled circle), ridge regression (square), MBEN (Gibbs) (diamond) and MBEN (MCEM)
(triangle)
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FIGURE 2.3: Mean MSE for none null coefficient estimates from the lasso (circle), elas-
tic net (filled circle), ridge regression (square), MBEN (Gibbs) (diamond) and MBEN
(MCEM) (triangle)
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FIGURE 2.4: Mean MSE for null coefficient estimates from the lasso (circle), elastic net
(filled circle), ridge regression (square), MBEN (Gibbs) (diamond) and MBEN (MCEM)
(triangle)
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FIGURE 2.5: Bias for all coefficient estimates from the lasso (circle), elastic net (filled cir-
cle), ridge regression (square), MBEN (Gibbs) (diamond) and MBEN (MCEM) (triangle)
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FIGURE 2.6: Coefficient estimates from the lasso, elastic net, ridge regression, MBEN
(Gibbs) and MBEN (MCEM) in simulation 4.

52



3

Nonparametric Bayes Stochastically Ordered
Latent Class Models

3.1 Introduction

Latent class models (LCMs) are routinely used for analysis and interpretation of multi-

variate data. LCMs comprise an extremely rich class of discrete mixture models, which

allow units to be allocated to latent sub-populations or clusters, with the allocation prob-

abilities potentially dependent on predictors. Suppose one collects response data yi �
pyi1, . . . , yipq1 P <p and predictors xi � pxi1, . . . , xiqq1 for subjects i � 1, . . . , n. Then, a

simple Gaussian LCM model could be specified as

fpyi |xiq �
Ķ

k�1

πkpxiqNp

�
yi;µk,Σkq, (3.1)

where πkpxiq is the probability of allocation to latent class k given predictors xi, the re-

sponse data for subjects in class k are normally distributed with mean µk and covariance

Σk, and K is the number of latent classes. In routine applications of such models, πkpxiq
is typically specified as a logistic regression model and the EM algorithm is used for max-

imum likelihood estimation.
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There are a number of well known issues that arise in considering model (4.5) and

related LCMs. First, there is the so-called label ambiguity problem, which results because

there is nothing distinguishing class k from k1 a priori. The estimates produced by the

EM algorithm correspond to a local mode, with an identical likelihood obtained for any

permutation of the labels t1, . . . , Ku on the K clusters. Label ambiguity is even more of

a problem in Bayesian analyses of LCMs relying on Markov chain Monte Carlo (MCMC)

for posterior computation, as label switching makes it difficult to obtain meaningful pos-

terior summaries of the cluster-specific parameters from the MCMC output, though post-

processing can potentially be used Stephens (2000); Jasra et al. (2005). Although con-

straints on the component-specific parameters, such as ordered means, are widely-used to

avoid label ambiguity, it is typically not clear what constraints are appropriate in multi-

variate models such as (4.5) and partial ambiguity may remain even with constraints. A

second well known issue is uncertainty in the choice of K. Although standard analyses

rely on selection criteria, such as the BIC, the theoretical justification for use of the BIC

in mixture models such as LCMs is unclear. In addition, conditioning on a selected value

in a two-stage procedure clearly ignores uncertainty in the selection process. A third issue

with LCMs is sensitivity to parametric assumptions, with a very different number of clus-

ters and allocation to clusters potentially obtained if one replaces the normality assumption

in (4.5) with a multivariate t distribution or other choice.

Our motivation is drawn from an application to ranking of medical procedures in terms

of the distribution of patient morbidity following the procedure. In particular, we would

like to obtain clusters (latent classes) of procedures having a similar morbidity distribu-

tion, while also estimating an ordering in severity of the procedures. Ideally, we would

like to avoid some of the problems arising in typical LCMs through stochastic ordering re-

strictions that are natural in many applications, with nonparametric Bayes methods used to

allow infinitely-many classes and avoid parametric assumptions on the class-specific dis-

tributions. We will focus on the setting in which subjects are nested within pre-specified
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groups, with i � 1, . . . , n indexing the groups and j � 1, . . . , ni the subjects in the ith

group. In the motivating application, groups correspond to different medical procedures.

For illustration, initially consider the case in which yij is a single outcome for subject j

in group i, there are no predictors, and we let yij � Fi, with Fi the distribution specific to

group i. Then, taking a nonparametric Bayes approach, we require a prior for the collection

of distributions tFiuni�1. Two possibilities that have been proposed in the literature include

hierarchical Dirichlet process (HDP) Teh et al. (2006) and nested Dirichlet process (nDP)

mixtures Rodriguex et al. (2008). The HDP specification automatically allocates patients

to clusters, with dependence incorporated in the cluster weights across the groups. The

nDP is more relevant in clustering groups, with each cluster having a different distribution

of subject-level outcomes. Specifically, the nDP mixture model would let Fipyq � Fi1pyq
with prior probability 1{p1 � αq, with α a precision parameter. The densities specific to

each cluster are then modeled using separate DP mixture models.

This approach partly addresses our interests in allowing clustering of procedures based

on the distribution of patient outcomes, while allowing the number of clusters (latent

classes) to be unknown. However, there is no allowance for predictors that provide in-

formation about the cluster allocation and there is no natural way to obtain a ranking of

the procedures. Potentially, one may rank the procedures based on the mean of Fi, but it is

not clear that the mean is the best summary to rank on, as the proportion of subjects having

extreme or life-threatening adverse events may be more clinically relevant. With this mo-

tivation, we propose a nonparametric Bayes stochastically ordered LCM (SO-LCM) that

is inspired by the nDP but has a fundamentally different structure.

Section 2 proposes the basic structure of the SO-LCM, with considerations of prop-

erties and extensions to more complex hierarchical models motivated in particular by the

ranking of medical procedures application. Section 3 outlines an MCMC algorithm for

posterior computation. Section 4 contains a simulation study assessing operating charac-

teristics under a default prior. Section 5 applies the method to the medical procedures data,

55



showing advantages relative to parametric methods, and Section 6 contains a discussion.

3.2 Stochastically Ordered Latent Class Priors

3.2.1 Basic Formulation and Properties

Consider a collection of unknown distributions P � tP1, . . . , Pnu, with P � P , where P

is a prior. In particular, the prior P is induced by letting,

Pi �
8̧

k�1

πkpxiqδP�k , P �
k �

8̧

l�1

vlδθkl
, (3.2)

where πkpxiq � PrpPi � P �
k |xiq is the conditional probability of allocating distribution i

to cluster k given predictors xi � pxi1, . . . , xiqq1, and each of the cluster-specific distribu-

tions is assumed to be discrete. In particular, the distribution P �
k specific to cluster k has

probability weights tvlu on atoms tθklu. This discreteness assumption will be relaxed later

by using Pi as a mixture distribution within a continuous kernel.

There are two main distinct features of prior (3.2) relative to the nested Dirichlet pro-

cess. First, we allow covariates to impact the allocation to clusters. In the motivating ap-

plication to ranking of medical procedures, this is an important modification, as we have

preliminary rankings of the different procedures by physicians. These rankings can serve

as a predictor informing the allocation to clusters. Hence, instead of simply relying on the

preliminary physician rankings or the outcomes data in isolation, we allow for a combi-

nation or fusion of these data in ranking the procedures. Second, as we are interested in

ranking the procedures, we impose a stochastic ordering restriction on the cluster-specific

distributions with P �
k ¨ P �

k1 for all k   k1, where P �
k ¨ P �

k1 denotes that P �
k is stochas-

tically no larger than P �
k1 so that P �

k pa,8q ¤ P �
k1pa,8q for all a. This restriction implies

that clusters with a higher index correspond to stochastically higher distributions.

Dunson and Peddada (2008) proposed a restricted dependent Dirichlet process (rDDP)

prior for stochastically ordered distributions. Here, we apply the rDDP prior to the cluster-
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specific distributions P � � tP �
k u8k�1. We could have instead used an alternative stochasti-

cally ordered prior, such as the approaches proposed by Karabatsos and Walker (2007). We

used the rDDP mixture prior instead to avoid the partitioning effect of the Polya tree prior.

Such an effect can be removed using mixtures of Polya trees, though the computation can

be more intensive for such models and the results still tend to be quite spiky looking den-

sities. The estimates produced in DP mixtures of Gaussian kernels in our experience tend

to match our prior beliefs for the latent variable density more closely.

The stochastic ordering prior from the rDDP is accomplished by first letting vl �
νl
±

s lp1 � νsq with νl � betap1, α2q independently for l � 1, . . . ,8. Then, we let

θl � tθklu8k�1 � P0 independently for l � 1, . . . ,8, with P0 chosen so that P0pθ1l ¤
θ2l ¤ � � � q � 1. The cluster k distribution, P �

k , is marginally distributed according to

a Dirichlet process prior with precision α2 and base distribution P0k, with P0k the kth

marginal distribution of P0. This implies that θkl � P0k marginally, where θkl is the kth

element of the multivariate vector θl. In addition, PrpP �
k ¨ P �

k1q � 1 for all k   k1 a

priori (and hence a posteriori). Dependence in the elements of P � is incorporated through

the use of fixed weights tvlu8l�1 for all k and dependent atoms. This dependence structure

allows flexible borrowing of information across the cluster-specific distributions.

As a specific choice of P0, let θ1l � γ�1l � Npm0, s
2
0q and γ�kl � θkl � θk�1,l, for

k � 2, . . . ,8, with

γ�kl � w0δ0 � p1� w0qN�p0, κ�1q, k � 2, . . . ,8, (3.3)

where w0 � Prpγ�kl � 0q and N� denotes the normal distribution truncated to have positive

support. By including positive mass at zero, the prior allows a subset of the atoms in Pk

and Pk1 to be identical. This is appealing in allowing commonalities between the distribu-

tions specific to different latent classes. Also including a positive probability of zero values

allows collapsing on an effectively lower-dimensional model through zeroing out the co-

efficients. This allows us to start with a very richly parameterized model and adaptively
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drop out parameters that are not needed. To allow the data to inform about the appropriate

value for the point mass probability w0, we choose a hyperprior w0 � betapaw0 , bw0q, with

aw0 � bw0 � 1 used routinely as a default.

To complete a specification of the SO-LCM, we require a prior for the predictor-

dependent probabilities. For simplicity, we use the logistic regression-type model

πkpxq � ψk exptx1βku°K
l�1 ψl exptx1βlu

, ψk � Gammapα1{K, 1q, βk � H, (3.4)

where ψk ¥ 0 is a baseline weight for mixture component k, βk are regression parameters

controlling the impact of the predictors on the probabilities of allocation to each cluster

(latent class), and H is a prior on the regression coefficients. For example, H can be

chosen to be Gaussian or, to allow shrinkage towards zero for unimportant coefficients,

we can choose a heavy-tailed Cauchy prior or a variable selection mixture prior with a

mass at zero.

Unlike in typical generalized logistic regression models, we avoid placing identifiabil-

ity constraints on the parameters, such as setting the coefficients equal to zero in a refer-

ence class. Unlike in frequentist models fitted by maximum likelihood, the choice of the

reference class can impact the results, and it is important to maintain exchangeability of

the cluster indices in model (3.4). Otherwise, there may be some bias introduced in which

we favor stochastically smaller or larger distributions a priori. In Bayesian modeling, it is

not necessary to satisfy frequentist identifiability criteria, and indeed it is often quite use-

ful to consider over-parameterized models as long as inferences are based on identifiable

quantities.

To further motivate model (3.2) - (3.4), it is useful to consider properties in the base-

line case in which x � 0, so that we obtain πk � ψk{
°K
l�1 ψl. In this case, the par-

ticular gamma prior that was chosen for the cluster-specific weight parameters leads to

pπ1, . . . , πKq � Dirpα1{K, . . . , α1{Kq. This is the same distribution on the cluster-specific
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probabilities that was proposed by Ishwaran and Zarepour (2002) in developing a finite ap-

proximation to the Dirichlet process. It is straightforward to show (proof in appendix A)

that the prior probability of clustering two groups in this baseline case is,

PrpPi � Pi1q � E
� Ķ

k�1

πkπk



� 1� α1{K

1� α1

, (3.5)

which simplifies to 1{p1 � α1q in the limit as K Ñ 8. In addition, the prior probability

that group i is stochastically less than group i1 can be derived as,

PrpPi   Pi1q � 1

2

"
1� PrpPi � Pi1q

*
� α1

2p1� α1qp1�
1

K
q, (3.6)

which reduces to α1

2p1�α1q
in the limit as K Ñ 8.

Hence, α1 is a key hyperparameter controlling the prior on clustering and ordering

of the groups. For greater flexibility, we recommend letting α1 � Gammapa1, b1q. In

many applications, it is appealing to favor a slow rate of introduction of new clusters

with sample size. As in the DP, clusters are introduced at a rate proportion to α1 log n

when K is sufficiently large. In order to favor few clusters relative to the number of

groups n, one can choose the hyperparameters a1, b1 so that the prior is concentrated at

values close to zero. In the application to ranking of medical procedures in terms of their

severity, our physician collaborators have a strong preference for parsimony and expect

a model with 6 (or fewer) clusters to fit the data adequately. This knowledge is used to

elicit the a1, b1 hyperparameters. In the case in which covariates are included, (3.5) and

(3.6) can potentially be extended, and it will be the case that prior clustering and ordering

probabilities depend on the relative values of the predictors for the two groups. However,

it is not straightforward to obtain simple analytic forms.

3.2.2 Applications to Ranking Medical Procedures

In the motivating application to ranking medical procedures based on the distribution

of patient morbidity following each procedure, response data consist of a vector y�ij �
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py�ij1, . . . , y�ijpq1 of p measures of morbidity on the jth patient having procedure i, for

i � 1, . . . , n and j � 1, . . . , ni. The first p1 elements of y�ij are continuous and the

next p2 elements are binary with p1 � p2 � p. Higher values of each of the measurements

imply higher morbidity, and we relate the measurements to a latent morbidity score for

each patient within each procedure through the following factor model,

y�ijt � htpyijtq, htpyq � y, t � 1, . . . , p1, htpyq � 1py ¡ 0q, t � p1 � 1, . . . , p

yij � µ�Ληij � εij, εijt � Np0, σ2
itq,

ηij � fi, fipηq �
»
Kpη; θqdPipθq,

Kpη; θq �
»

Npη; θ, ϕqdQpϕq, (3.7)

where yijt is a continuous variable underlying y�ijt, with y�ijt � yijt for continuous re-

sponses and y�ijt � 1pyijt ¡ 0q for binary responses, µ � pµ1, . . . , µpq1 is a p � 1

intercept vector, Λ � pλ1, . . . , λpq1 is a p � 1 vector of factor loadings, ηij is a latent

morbidity score for the jth patient having procedure i and Kp�; θq is an unknown uni-

modal kernel that is symmetric about θ. The procedure-specific latent variable density

functions fi are modeled as a flexible location mixture of scale mixture of Gaussian ker-

nels. By using an unknown kernel, we favor fewer and more biologically interpretable

clusters. Letting σ�2
it � cidt for continuous responses, we obtain an additive log-linear

model for the residual precision, with ci a procedure-specific multiple and dt a response

type specific multiple, while fixing σ�2
it � 1 for binary responses. This allows the resid-

ual variance to change for the different procedures, while also allowing a shift specific

to each measure of morbidity. The constraint on the residual variances for the continu-

ous variables underlying the binary responses is a standard identifiability condition. Be-

cause higher values of y�ijt imply higher morbidity, we constrain the factor loadings to be

non-negative so that λt ¥ 0 for t � 1, . . . , p. For the scale mixture component, we let

Q � DP pα0Q0q where Q0 � Inv-Gammapc0, d0q is the base measure. Q can also be
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denoted as Qp�q � °8
t�1 utδϕ�t with ϕ�t � Inv-Gammapc0, d0q.

We avoid using Pi directly as the distribution of the latent factor scores within pro-

cedure i, since that would assume that the factor scores follow a discrete distribution. It

seems more biologically realistic to allow a continuum of patient morbidity, while allow-

ing patients with similar but not identical morbidity to be clustered. This is accomplished

by the proposed model in that patients allocated to the same mixture component will be

clustered. As mentioned above, we are more interested in clustering and ranking of the

medical procedures instead of the patients. BecauseKp�; θq is monotonically stochastically

increasing in θ, we maintained the stochastic ordering restriction in the Pi’s. Note that two

procedures i and i1 having Pi � Pi1 , which is allowed by the proposed prior, will also have

fi � fi1 and hence have the same morbidity density. In addition, fi   fi1 (the distribution

of patient morbidity under procedure i is stochastically less than that under procedure i1)

if and only if Pi   Pi1 . Hence, the clustering and ranking properties of the prior for tPiu
proposed above extend directly to the continuous latent factor model in (3.7).

To complete a Bayesian specification of the SO-LCM model in (3.7), we choose priors

as follows. The intercept vector is assigned a normal prior, µt � Npµ0, σ
2
0q for t �

1, . . . , p, and the factor loadings are assigned robust truncated Cauchy priors by letting

λt � N�p0, τq for t � 1, . . . , p with τ � Inv-Gammap1{2, 1{2q. We use a common

precision τ to induce dependent shrinkage across the loadings. The multiplicative terms in

the variance model, tciu and tdtu, are assigned gamma priors. Elicitation of the different

hyperparameters in these priors is considered later.

3.3 Posterior Computation

Due to the structure of the model described in section 2.1, it becomes straightforward

to adapt previously proposed algorithms for posterior computation in DPMs and logistic

regression models. We will focus on the exact block Gibbs sampler Yau et al. (2010)
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for posterior computation and update polychotomous weights through Holmes and Held

(2006). We will focus on the simple model yij � fi, fipηq �
³
Kpη; θqdPipθq, Kpη; θq �³

Npη; θ, ϕqdQpϕq, tPiu � SO-LCM, as in expression (3.2) and (3.4), andQ � DPpα0Q0q.
Denote the procedure location cluster index by ζi, the patient location cluster index by ξij

and the precision cluster index by εij . In the sequel, let ζi � k, ξij � l and εij � t iff

Pi � P �
k , θij � θ�kl and ϕij � ϕ�t . The sampling steps are as follows,

1. Sample πkpxiq through the following steps. The polychotomous generalization of

the logistic regression model is defined via

ζi �Mp1;π1pxiq, . . . , πKpxiqq, πkpxiq �
ψk exppx1iβjq°K
l�1 ψl exppx1iβlq

, (3.8)

where ζi is the procedure cluster indicator and Mp1; �q denotes the single sample

multinomial distribution. Defining βrks � pβ1, . . . ,βk�1,βk�1, . . . ,βKq, we have

Lpβk|ζ,βrksq 9
n¹
i�1

K¹
k�1

rπkpxiqs1pζi�jq

9
n¹
i�1

rχijs1pζi�jqr1� χijs1pζi�jq (3.9)

where

χij � exptx1iβj � logpψjq � Ciju
1� exptx1iβj � logpψjq � Ciju �

exppx̂i1β̂j � Cijq
1� exppx̂i1β̂j � Cijq

,

Cij � log
� ¸
k�j

exptx1iβk � logpψkqu
� � log

� ¸
k�j

exppx̂i1β̂jq
�

(3.10)

where x̂i � px1i, 1q1 and β̂j � pβ1j, logψjq1. The prior for logpψkq from (3.4)

can be approximated as logpψkq D� Npm, vq. We use this approximation to obtain

an efficient Metropolis independence chain proposal. The conditional likelihood
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Lpβ̂j|ζ, β̂rjsq has the form of a logistic regression on class indicator 1pζi � jq,
which allows us to use the algorithm of Holmes and Held (2006). Details are in the

appendix.

2. Sample the procedure cluster indicators ζi, for i � 1, . . . , n, from a multinomial

distribution with probabilities

Prpζi � k| � � � q9πkpxiq
ni¹
j�1

Ļ

l�1

vlNpyij; θkl, ϕijq

and construct mk �
°n
i�1 1pζi � kq. For K, we first choose a reasonable upper

bound and then monitor the maximum index of the occupied components. If all

the MCMC samples have maximum indices several units below the upper bound,

then the upper bound is sufficiently high, while otherwise the upper bound can be

increased, with the analysis re-run.

3. The joint prior distribution of the group indicator ξij and a latent variable qij can be

written as

fpξij, qij|vq �
¸

l:vl¡qij

δlp�q �
8̧

l�1

1pqij   vlqδlp�q.

Implement the Exact Block Gibbs sampler steps:

i. Sample qij � Unifp0, vξijq for j � 1, . . . , ni with vl � νl
±

s lp1� νsq.

ii. Sample the stick-breaking random variables

νl � beta
�

1�
Ķ

k�1

nkl, α2 �
Ļ

s�l�1

Ķ

k�1

nks



, l � 1, . . . , L

where nkl is the number of observations assigned to atom l of distribution k

with nkl �
°n
i�1

°ni

j�1 1pζi � k, ξij � lq and L the minimum value satisfying

v1 � . . .� vL ¡ 1�mintqiju.
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iii. Sample ξij for i � 1, . . . , n and j � 1, . . . , ni from the multinomial conditional

with

Prpξij � lq91pqij   vlqNpyij; θ�ζil, ϕijq.

4. Sample γ�l from

ppγ�l | � � � q9
 ¹
tpi,jq:ξij�lu

Npyij; θ�ζil, ϕijq
(
P0pγ�l q,

where θkl � w1
kγ

�
l , wk � p11k, 01K�kq1, γ�l � pγ�1l, . . . , γ�Klq as defined in (3.3).

5. ϕij is updated through the exact blocked Gibbs sampler similar to the above steps.

6. Use random walk Metropolis-Hastings method to update concentration parameter

α1.

7. Sample concentration parameter α2 with conjugate prior Gammapa2, b2q directly

from

pα2| � � � q � Gamma
�
a2 �KpL� 1q, b2 �K

L�1̧

l�1

logp1� vlq



Note that this algorithm can be generalized easily to accommodate model (3.7), so the

details are omitted.

3.4 Simulation Study

We separate this section into two parts. Predictors are not considered in the first simu-

lation but will be considered in the second simulation. Model (3.7) is studied and both

simulations mimic the structure of the medical procedure data.
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FIGURE 3.1: True distributions used in simulation study 4.1

3.4.1 Without predictors

Data yij are generated according to (3.7), with one continuous response pp1 � 1q and

six binary responses pp2 � 6q for each of 100 patients (j � 1, . . . , 100) in each of 60

procedures (i � 1, . . . , 60). Parameters for the data generating model are

µ � p0.1, 0.15, 0.2, 0.25, 0.3, 0.35, 0.4q1,

Λ � 11p�1 and Σ � diagp0.5, 1, 1, 1, 1, 1, 1q. The latent morbidity ηij is generated from

one of four mixtures of Gaussian components outlined in Table 1, with the first fifteen

procedures being generated from mixture distribution T1, the second fifteen procedures

generated from T2, the third fifteen procedures generated from T3 and the last fifteen pro-

cedures generated from T4, where T1   T2   T3   T4 such that the generated latent

morbidity distributions are stochastically ordered. As shown in Figure 3.1 and Table 1,

distributions share components with each other and the ordering of the distributions is

subtle.

To obtain an initial clustering of the medical procedures using standard methods, we

first averaged the severity data for the different patients having each procedure to obtain

yi � 1
ni

°ni

j�1 yij as a p � 7 dimensional summary of severity for procedure i. We then
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applied model-based clustering Fraley and Raftery (2002); Fraley et al. (2005) to the data

ty1, . . . ,ynu using the R functions available in the package described in Fraley et al.

(2005). These approaches rely on fitting of finite mixture models with the EM algorithm,

with the model fit for a variety of choices of the number of mixture components, which

also corresponds to the number of clusters. The BIC is used to select the optimal number

of clusters. Figure 3.2 plots the BIC for the simulated data vs the number of clusters for

four different options on the cluster shapes. In this case, the best model according to BIC

is EEI (equal size and shape) with six clusters. Note that this approach does not utilize

the patient-specific data and instead clusters based on the mean severity measure across

patients, while the proposed approach should have advantages in clustering procedures

based on the entire distribution across patients.

For the SO-LCM estimation, parameters α0, α1 and α2 are fixed to be 1 and a normal

inverse-gamma prior distribution, NIG(0, 0.1, 2, 3) is chosen for the baseline measure m0

and s2
0 described in (3.3), implying that Epm0|s2

0q � 0,V pm0|s2
0q � 10s2

0, Eps2
0q � 1, and

V ps2
0q � 3. Additionally, we assign priors w0 � betap1, 1q, κ � Gammap1{2, 1{2q, rep-

resenting a robust and flexible default prior for the base measure P0. Without predictors,

the prior for the cluster-specific allocation probabilities turns out to be pπ1, . . . , πKq1 �
Dirpα1{K, . . . , α1{Kq. Posterior samples under this SO-LCM prior are obtained through

the algorithm described in Section 3 with prespecified truncation bounds K � 20. This

truncation tends to be accurate for α1 ¤ 1, where such values of α1 favor a small num-

ber of mixture components. In this particular application, mixture components close to

the upper bound are not occupied in any of the MCMC samples after the burn-in period.

20,000 iterations are found to be enough for parameters to converge. All results are based

on 20,000 samples obtained after a burn-in period of 20,000 iterations.

For each pair of distributions Pi and Pi1 , (i   i1), the probability PrpPi � Pi1q was

estimated as the proportion of posterior samples for which Pi and Pi1 are assigned to the

same cluster; and PrpPi   Pi1q is calculated as the proportion of posterior samples for
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FIGURE 3.2: Frequentist model-based clustering results implemented via the EM algo-
rithm using the Mclust function in R in simulation study 4.1, with the different symbols
representing different model assumptions. EII: spherical, equal volume; EEI: spherical,
equal volume and shape; EEV: spherical, equal volume but varying orientation; EEE: el-
lipsoidal, equal volume and shape.

which Pi is assigned to a cluster with stochastically less morbidity than Pi1 . Results are

shown in Figure 3, where Figure 3(a) is the ranking plot with the pi, jqth entry of the lower

triangular matrix identifying the probability for Pi   Pi1 and Figure 3(b) is the clustering

plot with the pi, jqth entry identifying the probability for Pi � Pi1 . Figure 3 illustrates

that there is not enough information in the data to differentiate the first thirty procedures,

which is not surprising given the very subtle differences in T1 and T2 shown in Figure

1. However, the true rankings and clusterings in the medical procedures are otherwise

67



10 20 30 40 50 60

10

20

30

40

50

60

()

 

 

10 20 30 40 50 60

10

20

30

40

50

60 0

0.2

0.4

0.6

0.8

1

(1)

FIGURE 3.3: Posterior probability for ranking and clustering in study of section 4.1 with
entry pi, jq in (a) being the lower triangular matrix identifying the probability for Pi   Pi1
and in (b) the probability for Pi � Pi1 .

accurately reflected in the results. The estimated density of T1 is shown in Figure 4(a). For

comparison, this density is also estimated under a DPM prior with the same base measure

and precision parameter α2 � 1 (in Figure 4(b)). The estimate obtained using the SO-

LCM prior distribution appears to capture both the small and large modes more accurately

than the DPM alternative.

3.4.2 With predictors

Potentially, the incorporation of predictors may improve the ability to detect subtle dif-

ferences in the distributions of patient morbidity between procedures. To assess this, we

repeated the simulation study of Section 4.1 but modified the model to allow predictor-
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FIGURE 3.4: True (solid lines) and estimated (dashed lines) densities from SO-LCM and
DPM for distribution T1

dependent mixture weights. Mimicking the real data, we assumed there was a single

predictor corresponding to an initial physician severity score obtained from their clinical

experience and not from examination of the current data. In particular, similar to range

of the potentially useful auxiliary covariate: Aristotle Basic Complexity (ABC) level, we

let predictors for the first fifteen procedures drawn uniformly from (-1.5, -1), the second

fifteen procedures drawn uniformly from (-0.6, -0.4), the third fifteen procedures drawn

uniformly from (0.4, 0.6) and the last fifteen procedures drawn uniformly from (1, 1.5).

Data are then generated from the assumed model exactly as described in Section 4.1 but
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assuming a logistic regression model (3.4) for the weights with ψ � p0.5, 1, 1.65, 1.45q1

and β � p�1.5,�0.5, 1, 1.2q1. Procedures with the first fifteen predictors are then assigned

to the first cluster and so forth.

In the analysis, priors are specified as described in Section 4.1 and model (3.4) and

we additionally choose a N(0,10 I) prior for β to complete the specification. The MCMC

algorithm was run for 20,000 iterations following a 20,000 iteration burn-in. Apparent

convergence was rapid and mixing was adequate. The truncation level of K � 20 was

sufficiently high.

Figure 5(a) depicts the ranking performance and Figure 5(b) depicts the clustering plot.

Both ranking and clustering performances are improved compared to study 4.1 such that

the first thirty procedures are ranked consistently with the true order and are clustered

correctly.

3.5 Medical Procedure Application

The push for accountability in medicine has led to a proliferation of “report cards” evalu-

ating health care providers in various therapeutic areas such as adult and pediatric cardiac

surgery, treatment of heart attacks, and management of chronic conditions. In adult cardiac

surgery, report cards typically focus on a single commonly performed procedure, coronary

artery bypass grafting (CABG), and a single endpoint, short-term all-cause mortality. Re-

gression models are used to adjust for differences in each provider’s case mix that may

impact short-term mortality. Although regression models are straightforward to apply in

adult cardiac surgery, the development of such models for pediatric and congenital heart

surgery is relatively challenging. In congenital heart surgery, the total number of cases is

much smaller than CABG, there are literally hundreds of different types of surgical proce-

dures, and no single type of procedure accounts for the majority of cases. To address the

challenge of multiple rare procedures, researchers have proposed methods to allow proce-
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FIGURE 3.5: Posterior probability for ranking and clustering in study of section 4.2

dures with similar mortality and morbidity risk to be grouped together for analysis. Two

widely used methods are the Risk Adjustment for Congenital Heart Surgery (RAHCS-

1) methodology Jenkins (2004) and the Aristotle Basic Complexity Levels Lacour-Gayet

et al. (2004). RACHS-1 groups more than 100 types of congenital heart surgery proce-

dures into 6 categories based on their estimated risk of in-hospital mortality. Similarly, the

Aristotle method groups over 160 types of procedures into 4 categories (levels) based on

their potential for mortality, morbidity, and technical difficulty. For both RACHS-1 and

Aristotle, procedure categories were determined by panels of subject matter experts with-

out using a formal statistical framework. In this section, our goal is to show that the SO-

LCM methodology provides a useful statistical framework for grouping procedures into

categories of risk and for choosing the number of categories. More formally, we sought
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to identify clusters of congenital procedures with similar distributions of post-procedural

morbidity.

Data for this analysis were obtained from the Society of Thoracic Surgeons (STS)

Congenital Heart Surgery database. The study population consisted of N=79,635 pa-

tients who underwent one of 145 types of congenital cardiovascular procedures at an STS-

participating center during the years 2002-2008. Post-operative morbidity was regarded as

a patient-level unobserved latent variable. Indicators of morbidity included a single contin-

uous variable, post-operative length of stay (PLOS), modeled as y1 � logp1�PLOSq; and

6 binary (yes/no) variables: y2 � renal failure, y3 � stroke, y3 � heart block, y4 � require-

ment for extracorporeal membrane oxygenation or ventricular assist device; y5 � phrenic

nerve injury, and y6 � in-hospital mortality. Responses from different patients were as-

sumed to be independent. Multiple responses from the same patient were conditionally

independent given the latent morbidity variable. The joint model for all 7 endpoints is:

yij1|ηij � Nrµ1 � λ1ηij, σ
2
i1s (PLOS)

yij2|ηij � BernoullirΦpµ2 � λ2ηijqs (Stroke)

yij3|ηij � BernoullirΦpµ3 � λ3ηijqs (Renal failure)

yij4|ηij � BernoullirΦpµ4 � λ4ηijqs (Heart block)

yij5|ηij � BernoullirΦpµ5 � λ5ηijqs (ECMO/VAD)

yij6|ηij � BernoullirΦpµ6 � λ6ηijqs (Phrenic nerve injury)

yij7|ηij � BernoullirΦpµ7 � λ7ηijqs (In-hospital mortality)

Let fi denote the density of ηij among patients undergoing the ith type of procedure, i.e.

ηij � fi. Our goal is to estimate the densities f1, f2, . . . , f145 nonparametrically under

the assumption that they have an unknown stochastic ordering. This assumption facilitates

ranking of the procedures and is less restrictive than alternative parametric models which

assume a Gaussian distribution and procedure-specific location parameters. An important
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consideration for the analysis is that the procedure-specific sample sizes are small and

highly variable (median = 50; range 10 to 2000). To account for these low sample sizes,

we propose a method of analysis that permits borrowing of information across procedures

and incorporates external prior information. A potentially useful auxiliary covariate is

each procedure’s Aristotle Basic Complexity (ABC) level. As noted above, the ABC level

represents the average subjective ranking by an international panel of congenital heart sur-

geons. Large ABC values imply that the procedure is considered to be a difficult operation

with high potential for mortality and morbidity.

The procedure-specific morbidity distributions are estimated nonparametrically under

the SO-LCM model as in Section 4.2. Hyperparameters are ψk � Gammapα1{K, 1q, α1 �

Gammap1, 6{ ln 145q, and βk
ind� Np0, 10q, α0 � Gammap1, 1q and α2 � Gammap1, 1q.

The prior for α1 is chosen based on expert elicitation to favor 6 or fewer clusters in the

procedures. The prespecified truncation bound K � 20 is found to be enough since

mixture components close to the upper bound are not occupied after the algorithm con-

verges. The baseline distribution P0 is constructed as in (3) with w0 � betap1, 1q, κ �
Gammap1{2, 1{2q and pm0, s

2
0q � NIGp0, 0.1, 2, 3q. Priors for the outcomes model are

µt
ind� Np0, 10q and λt

ind� N�p0, τq, t � 1, 2, . . . , p, where τ � Inv-Gammap1{2, 1{2q.
Estimates are calculated with 50,000 MCMC iterations after a burn-in period of 20,000

iterations. We took a long burn-in and collection interval to be conservative, but similar

results are obtained using shorter chains.

Figures 6 and 7 summarize posterior inferences for procedures pn � 66q having at

least 200 occurrences in the database. For the ith procedure, let Si �
°66
h�1 IpFi ¨ Fhq

denote the number of procedures having a morbidity distribution that is stochastically no

smaller than Fi. In each figure, procedures are sorted in ascending order based on the pos-

terior mean ErSis. In Figure 3.6, the posterior means of each procedure p1{ni
°ni

j�1 θijq
are plotted on the vertical axis along with 95% credible intervals. The relatively wide
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FIGURE 3.6: Sorted Procedures Posterior Means for latent scores of each procedure with
95% Credible Intervals

probability intervals indicate that there is uncertainty regarding the true rank ordering of

the procedure-specific morbidity distributions. Nonetheless, several procedures have nar-

row intervals and are clearly distinguished as either low (e.g. atrial septal defect repair) or

high (e.g. Norwood operation) latent morbidity. Ranking and clustering performances are

depicted in Figure 3.7(a) and 3.7(b).

The 145 procedures can be grouped into four, five or six homogeneous clusters accord-

ing to posterior clustering probabilities shown in Table 2. The data suggest high (99%)

posterior probability of fewer than 8 clusters, with 32% probability assigned to the poste-

rior mode of 5.

We also propose a way to obtain an optimal point estimate of the ranked clustering as
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FIGURE 3.7: Ranking and Clustering for selected 66 procedures with more than 200 pa-
tients, with entry pi, jq in (a) being the lower triangular matrix identifying the probability
for Pi   Pi1 and in (b) the probability for Pi � Pi1 .
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follows. For a vector-valued parameter θ � pθ1, . . . , θIq, define the corresponding ranks

R � pR1, , . . . , RIq in equation (3.11) , and let R̃ � pR̃1, . . . , R̃Iq denote a possible point

estimate ofR.

Ripθq � rankpθiq �
I̧

j�1

1pθi ¥ θjq, (3.11)

with the smallest θ having rank 1 and the largest having rank I . Denote that the true rank

for θ is R, the estimated rank is R̃, Ri is the rank variable for object i and R̃i is the

estimated rank (we drop the dependency on θ for notational convenience). To find the

optimal ranked clustering, we define the following loss function LpR, R̃q as

LpR, R̃q �
¸

pi,jqPM

 
2� 1pR̃i   R̃j, Ri ¡ Rjq � 2� 1pR̃i ¡ R̃j, Ri   Rjq

�1pR̃i � R̃j, Ri � Rjq � 1pR̃i � R̃j, Ri � Rjq
(
. (3.12)

Here M � tpi, jq : i   j; i, j P t1, . . . , nuu. We penalize estimates of ties when the true

ranks are strictly ordered half as much as estimates in the wrong direction. The posterior

expected loss is

EpLpR, R̃|yqq �
¸

pi,jqPM

"
2� 1pR̃i   R̃jqPrtRi ¡ Rj|yu � 2� 1pR̃i ¡ R̃jq

�PrtRi   Rj|yu � 1pR̃i � R̃jqPrtRi � Rj|yu � 1pR̃i � R̃jqPrtRi � Rj|yu
*
,

where PrtRi ¡ Rj|yu, PrtRi   Rj|yu, PrtRi � Rj|yu and PrtRi � Rj|yu are estimated

through the MCMC outputs. As a pragmatic approach to avoid additional computation, we

estimate the Bayes risk for each MCMC ranked clustering sample, and choose the sample

with smallest risk as the estimate.

To compare the performance of our method with that of the Aristotle level (with 4

levels) based on the Bayes risk, we let K � 4 so that we will only obtain 4 clusters. The
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Bayes risks for the ranked clustering obtained from the Aristotle score is 4900.5. Our

optimal Bayesian ranked clustering achieves smaller risk: 749.8.

We compare groupings based on Aristotle to our final point estimate in Table 3. Several

procedures that were predicted to be relatively low-risk by the Aristotle score were actually

moderate-risk or high-risk according to our proposed methodology. Among 23 procedures

that were Aristotle Category 1 (lowest risk), only 14 of these procedures were assigned to

the lowest risk category according to our method. The correlation between these two

ranked clusterings is 0.44. The correlation between the ranked clustering of the SO-LCM

and the logp1 � PLOSq is 0.81 and the correlation between the ranked clustering of the

Aristotle level and the logp1� PLOSq is 0.58.

3.6 Discussion

We have formulated a novel extension of the nested Dirichlet process(nDP) to the latent

class modeling with a partial stochastic ordering that allows us to simultaneously rank

and cluster procedures. The procedures are clustered by their entire distribution rather

than by particular features of it. We avoid some of the problems arising in typical LCMs

through stochastic ordering restrictions and we also relax parametric assumptions on the

class-specific distributions through nonparametric Bayes methods. Similar to the nDP,

the SO-LCM also allows us to cluster subjects within procedures. The SO-LCM is also

straightforward to be imbedded for stochastically ordered mixture distributions within a

large hierarchical model.

Although inspired by the pioneering work of the nDP, this article makes several impor-

tant contributions. First, the stochastically ordered priors that allow covariates to impact

the allocation to clusters are developed to apply to nonparametrically estimate densities

for multiple procedures subject to a stochastic ordering constraint. In addition, we can

also test the hypothesis of equalities between procedures against stochastically ordered
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alternatives. After examining some of the theoretical properties of the model, we describe

a computationally efficient implementation and demonstrate the flexibility of the model

through both a simulation study and an application where the SO-LCM is used within a

hierarchical model. Heat maps are also offered to summarize the ranking and clustering

structures generated by the model.

It is straightforward to make several generalizations of the SO-LCM. One natural gen-

eralization is to include hyperparameters in the prior on the regression coefficients of the

predictor dependent probabilities H and the baseline measure P0. For H , we can choose

a heavy-tailed Cauchy prior or a variable selection mixture prior with a mass at zero to

shrink unimportant coefficients towards zero. We note that, conditional on P0, the distinct

atoms tP �
k u8k�1 are assumed to be independent. Therefore, including hyperparameters in

P0 allows us to parametrically borrow information across the distinct distributions.

Another natural generalization of the SO-LCM is to replace the betap1, α2q stick-

breaking densities with more general forms betapak, bkq as considered in Ishwaran and

James (2001), with the SO-LCM corresponding to the special case ak � 1, bk � α2.

Richer classes of priors that encompass the SO-LCM as a particular case will be obtained,

though in some regression contexts it does not always outperform the DP model with

betap1, α2q in terms of the log-predictive marginal likelihood.

We can also generalize the procedure to incorporate multivariate latent factors whose

distributions are stochastically ordered. This generalization is inspired by the valuable

suggestion from the editors. In having univariate stochastic ordering on the latent vari-

able level, we actually induce multivariate stochastic ordering for the responses (albeit in

a somewhat restrictive manner). To directly place the stochastic ordering constraint on

multivariate distributions, we can adopt multivariate monotone functions. In particular,

in place of the scalar θkl we could have a vector θkl with P0 chosen (e.g. multivariate

truncated normal) so that the different elements are appropriately ordered to satisfy the

constraint. In the simple ordering case, we could just let (3.3) independently for each ele-
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Table 3.1:

Comp1 Comp2 Comp3 Comp4
Dist w pµ, σ2q w pµ, σ2q w pµ, σ2q w pµ, σ2q
T1 0.75 (-3,0.5) 0.25 (0,1)
T2 0.75 (-2.5,0.5) 0.25 (0,1)
T3 0.2 (1,0.5) 0.5 (1.5,1) 0.3 (2,1)
T4 0.2 (2,1) 0.3 (2.5,0.5) 0.4 (3,1) 0.1 (3.5,0.5)

Table 3.2:

Number of clusters Posterior Probability
1 0.01
2 0.02
3 0.12
4 0.21
5 0.32
6 0.25
7 0.06
8 0.01

ment of the θkl vector instead of just for the θkl scalar. We could even have different orders

for different variables and could have some variables with no ordering.
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Table 3.3:

SO-LCM z Aristotle Level 1 Level 2 Level 3 Level 4
Level 1 15 18 15 2
Level 2 4 17 28 11
Level 3 4 6 6 11
Level 4 0 0 1 7
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4

Bayesian tensor co-clustering for flexible multilevel
regression modeling

4.1 Introduction

Many applications collect matrix data having large numbers of rows and columns. For

example, the rows may correspond to movie viewers and the columns to movies, with the

elements of the matrix being movie rankings. In the well known Netflix problem, the fo-

cus is on filling in the missing elements of the enormous matrix based on data for a sparse

number of cells. In other cases, such as our motivating application, the elements of the

matrix are not observed directly but correspond to vectors of parameters in a model. In

such settings, data are sparse and hence some strong dimensionality reduction or borrow-

ing of information across the cells is needed. In our application, we have the additional

challenge of having more than two factors, and hence need to borrow information across

cells in a multiway array (tensor).

In the matrix case, a simple and popular approach for dimensionality reduction is co-

clustering, which refers to simultaneous grouping of rows and columns. Each co-cluster

is a submatrix of the full data matrix, and co-clustering algorithms are characterized by
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how the rows and columns are assigned in clusters. As described by Meeds and Roweis

(2007) in Figure 4.1, cells can either belong to multiple clusters (as shown in A and B) or

to a single cluster (as shown in C), with clustering overlapping (as in A) or not (as in B

and C). For robustness and to avoid inducing a very large number of clusters, certain cells

are not assigned to any cluster and are instead allocated to a background noise component.

Relative to black box methods for dimensionality reduction of large matrices or tensors,

such as singular value decompositions, co-clustering approaches are appealing due to their

transparent interpretability. For example, grouping movie viewers and movies into clusters

is intuitive and the clustering produced may be of interest in itself.

Shafiei and Milios (2006) consider co-clustering models for simultaneously clustering

documents and terms. Their latent Dirichlet co-clustering model depicts each document

as a random mixture of document topics, where each topic is a distribution over segments

of the document. Each of these segments in the document can be modeled as a mixture of

word topics where each topic is a distribution over words. They use the Dirichlet distribu-

tion to model the mixing proportion of document-topics and word-topics in a document.

They did not consider interactions and available features which are informative about clus-

ter allocation. In their modeling, they also assume that the number of word and document

topics are known and fixed, which is too restrictive.

Agarwal and Merugu (2007) propose a regression model based on co-clustering. Let

Y � pyijq P Rm�n denote the response matrix and let X � pxijq P Rm�n�s denote the

tensor corresponding to s prespecified covariates with xij P Rs. Given k� l blocks pI, Jq
with prior probabilities πIJ , the marginal distribution of response given covariates is

ppyij|xijq �
¸
I,J

πIJfψpyij;β1xij � δI,Jq, i � 1, . . . ,m, j � 1, . . . , n,

where fψ is an exponential family distribution with cumulant ψp�q, β P Rs denotes the

regression coefficients associated with the prespecified covariates, πIJ denotes the prior

probability of class pI, Jq and δI,J denotes the interaction effects associated with this class.
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They showed that accounting for interaction δI,J directly in the predictive model along

with information in the covariates often leads to better predictions. The number of clusters

in their model is also prefixed.

In our motivating application to data on different outcomes following congenital heart

surgery, it is appealing to cluster hospitals and procedures to achieve dimensionality re-

duction, while producing clusters that are informative and interpretable to the physicians.

However, there are some key disadvantages to current co-clustering approaches that are

important to address. The first is that the number of co-clusters can be large. If we cluster

hospitals separately from procedures, the number of cells in the resulting hospital� proce-

dure co-cluster matrix will be large enough that we would still need to borrow information

strongly across co-clusters. This problem becomes even more of an issue in generalizing

beyond matrix co-clustering to tensor co-clustering by also including outcome type. An

additional issue is that it is not realistic to treat rows as exchangeable or columns as ex-

changeable, as features are often available that are informative about cluster allocation.

For example, we may have information on the type of hospital or procedure.

To address these issues, this article proposes an ANOVA co-clustering model with

interactions. Each cell of the tensor is assigned to a cluster corresponding to each dimen-

sion. Including a main effect for each dimension in an additive model for the cell-specific

parameters, we then cluster the main effects. This greatly reduces the dimensionality rel-

ative to the usual co-clustering approach through the use of an additive model. To avoid

ignoring interactions, we also allocate cells to interaction clusters and add an interaction

term. By including zero clusters in the main effect and interaction components, we al-

low collapsing on simplified models when appropriate. To allow features to inform the

allocation to clusters and avoid exchangeability assumptions, we rely on the probit stick-

breaking process (PSBP) of Chung and Dunson (2009). Using a full probability model

based on a Bayesian approach, a simple MCMC algorithm can be implemented for pos-

terior computation. As clustering is soft and probabilistic, we obtain unique parameter
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estimates for each cell. Even if clustering is not of interest in itself, the proposed frame-

work provides a useful strategy for dimensionality reduction and borrowing information

for high-dimensional categorical covariates with interactions.

Section 2 proposes the basic structure of the Bayesian matrix co-clustering with inter-

actions with considerations of properties. Section 3 outlines an efficient Gibbs sampler

algorithm for posterior computation. Simulation studies are conducted in section 4 and we

describe the application to the heart surgery outcomes data in section 5. Section 6 contains

a discussion.

4.2 Model Specification and Properties

Focusing on the heart surgery application for concreteness, let yhpi be a binary indicator

of an outcome for the ith (i � 1, . . . , nhp) patient receiving procedure p (p � 1, . . . , P ) in

hospital h (h � 1, . . . , H). We consider the following generalized linear model

Prpyhpi � 1 |xhpiq � gpx1hpiβhpq, (4.1)

where xhpi � pxhpi1, . . . , xhpiqq1 is a vector of patient level predictors that may depend on

procedure type, βhp � pβhp1, . . . , βhpqq1 are regression coefficients specific to procedure p

and hospital h, and gp�q is a monotone link function mapping from <Ñ r0, 1s. For exam-

ple, we will focus on probit and logistic link functions. For many values of ph, pq, there

will be few patients and hence it is important to borrow information across hospitals and

related procedures in estimating these regression coefficient vectors. One natural approach

for borrowing information is to use a hierarchical model that expresses βhp as a sum of

main effects for hospital and procedure while allowing interactions,

βhp � β0 � ρh � κp �ψhp, (4.2)

with β0 � pβ01, . . . , β0qq1 an overall mean vector, ρh � pρh1, . . . , ρhqq1 main effects for

hospital h, κp � pκp1, . . . , κpqq1 main effects for procedure p, andψhp � pψhp1, . . . , ψhpqq1
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interactions between hospital h and procedure p. Such interactions are important, as cer-

tain hospitals may have good patient outcomes for certain procedures but not others.

To complete a specification of the hierarchical model, it is necessary to choose random

effects distributions for each of the factors in (4.2),

ρh � Pρ, κp � Pκ, ψhp � Pψ, (4.3)

with Gaussian distributions centered at zero with unknown covariance providing a standard

choice for Pρ, Pκ, Pψ . However, there are some clear disadvantages of Gaussians in this

context. Firstly, the results may be sensitive to the assumed shape of the random effects

distributions, with the Gaussian distribution not allowing groups of hospitals or procedures

having similar performance or outliers. Secondly, in applications involving many hospi-

tals and procedures, it is appealing to consider an approach that leads to dimensionality

reduction while also leading to insight into whether two hospitals or procedures are simi-

lar. Finally, there is typically interest in variable selection in which certain predictors may

have zero coefficients and may have constant coefficients across hospitals or procedures.

To address these interests, we propose to follow a Bayesian approach and to specify

a multivariate normal distribution for β0 while using independent zero-inflated Dirichlet

process priors for Pρ, Pκ and Pψ . These priors are related to those described by MacLe-

hose et al. (2007) and Dunson et al. (2008a),

ρh � Pρ �
8̧

l�1

π1lδρ�l , (4.4)

where π1l � π�1l
±

s lp1 � π�1sq, π�1l � betap1, αρq and ρ�l is a q � 1 vector of coefficients

with elements drawn a priori from a distribution consisting of a point mass at zero with

probability π̃ρ given a beta hyperprior betapaρ, bρq and a continuous density G0ρ:

ρ�l � Gρ, Gρ � π̃ρδ0 � p1� π̃ρqG0ρ, (4.5)
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where the elements of G0ρ follow the Laplace distribution and can be expressed as a scale

mixture of normals (with an exponential mixing density),

G0ρ � MNpρ�l ;µρ,Γρq, µρ,s � Np0, γρ,sq,

γρ,s
ind� Exppγρ,s; 2{τρq, τρ � Gammapτρ; rρ, δρq, (4.6)

where Γρ � diagpγρ,1, . . . , γρ,qq. Pκ and Pψ are defined similarly to Pρ:

Pκ �
8̧

j�1

π2jδκ�

j
, π2j � π�2j

¹
s j

p1� π�2sq, π�2j � betap1, ακq,

Pψ �
8̧

k�1

π3kδψ�

k

, π3k � π�3k
¹
s k

p1� π�3sq, π�3k � betap1, αψq,

where κ�j , ψ�
k are defined similarly to ρ�l with a mixture of a degenerate distribution at

zero and a non-atomic multivariate Laplace distribution. We refer to the model in (4.2) -

(4.6) as the matrix co-clustering with interactions prior (abbreviated as MCCI).

Following Dunson et al. (2008a), we can reexpress (4.4) as follows:

Pρ � π̃ρδ0 � p1� π̃ρq
8̧

l�1

π1lδρ̃l

� π̃ρδ0 � p1� π̃ρqG�
ρ , (4.7)

where ρ̃l
iid� G�

0ρ, with G�
0ρ denoting the non-atomic Laplace prior, and G�

ρ � DP pαρG�
0ρq.

Hence the random distribution Pρ can be formulated as a mixture of a degenerate distribu-

tion with all its mass at zero and a DP with non-atomic base measure. From model (4.7),

we can show that Conditional on ρ̃l, the prior distribution for the number of procedures

having zero coefficients is binomial.

Coefficients from the same hospital belong to the same cluster if κp � κp1 and ψhp �
ψhp1 , whereas coefficients from different hospital belong the same cluster if ρh � ρh1 ,
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κp � κp1 and ψhp � ψh1p1 . In particular, given that the coefficients are not null, the

probabilities of belonging to the same cluster is

Prpβhp � βhp1 |βhp � β0,βhp1 � β0q � π̃2
κπ̃

2
ψp1� π̃ρq � π̃2

κ

p1� π̃ψq2
1� αψ

� π̃2
ψ

�p1� π̃κq2
1� ακ

� p1� π̃κq2p1� π̃ψq2
p1� ακqp1� αψq ,

Prpβhp � βh1p1 |βhp � β0,βh1p1 � β0q � π̃2
ρ

p1� π̃κq2
1� ακ

p1� π̃ψq2
1� αψ

� π̃2
κ

p1� π̃ρq2
1� αρ

�p1� π̃ψq2
1� αψ

� π̃2
ψ

p1� π̃ρq2
1� αρ

p1� π̃κq2
1� ακ

� π̃2
ρπ̃

2
κ

p1� π̃ψq2
1� αψ

� π̃2
ρπ̃

2
ψ

p1� π̃κq2
1� ακ

�π̃2
ψπ̃

2
κ

p1� π̃ρq2
1� αρ

� p1� π̃ρq2
1� αρ

p1� π̃κq2
1� ακ

p1� π̃ψq2
1� αψ

.

(4.8)

Similar results compared to model (4.8) will hold for coefficients from same procedures

but different hospitals. After some algebra, we can show that coefficients from the same

hospital (or procedure) are clustered together with higher probability than from different

hospitals (or procedures). Denote a � paρ, aκ, aψq and b � pbρ, bκ, bψq and integrate out

π̃ρ, π̃κ and π̃ψ, the probability that βhp is null is

Prpβhp � β0|a,bq �
aρ

aρ � bρ

aκ
aκ � bκ

aψ
aψ � bψ

.

Similarly, the probability that only the main effect of hospital is null is

Prpρh � 0,κp � 0,ψhp � 0|a,bq � aρ
aρ � bρ

bκ
aκ � bκ

bψ
aψ � bψ

.

Similar results for main effect of procedure and the interactions can be obtained.

The prior assigns high probability in sparse locations of this parameter space favoring

strong shrinkage towards zero for most of the elements. We give an intuition for the
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motivation through plots (in Figure 4.2) showing multiple realizations for βhp with q � 1,

π̃ρ � π̃κ � π̃ψ � 1{2.

To allow predictors to provide information about the cluster allocation, we can employ

PSBP instead of Dirichlet process in model (4.4), where the probability of allocation to

cluster h would depend on hospital-specific predictors uh. More specifically,

ρh � Pρ �
8̧

l�1

πlpuhqδρ�l . (4.9)

Pκ are defined similarly with coefficients vp, while Pψ remain the same as defined in

model (4.4). We name this prior as the predictor dependent matrix co-clustering with inter-

actions prior (abbreviated as PMCCI). The predictor-dependent weights are constructed as

πlpuhq � Vlpuhq
±

k lt1�Vkpuhqu, where 0   Vlpuhq   1 constitute predictor-dependent

probabilities. We set Vlpuq predictor-dependent probit functions:

Vlpuq �
» glpuq

�8

Npx; 0, 1qdx, glpuq � ζl0 �
Ḩ

h�1

ζlhKpu, uh; %lq,

where Kpu, uh; %lq is a kernel characterized by parameter %l with %l � Gammapa%, b%q
and tζlhuh�0,H are a sparse set of real numbers. To impose sparseness on tζlhuh�0,H , we

choose priors ζlh � Np0, α�1
lh q and αlh � Gammapa0, b0q, with pa0, b0q setting most αlh

large to let most tζlhuh�0,H near zero. A radial basis function (RBF) can be used for kernel

K, e.g., Kpu, uh; %lq � expt�}uh � u}2{%lu.
Let ΘB denote the collection of tensors with finite components:

ΘB � tB � pβhpq, h � 1, . . . , H, p � 1, . . . , P, max
1¤l¤q

|βhpl|   8u.

Theorem 4.2.1. Define }B � B0}8 � maxh,p,l |βhpl � β0
hpl|. Let Np8,εqpB0q � tB :

}B � B0}8   εu denote an L8 neighborhood around an arbitrary B0 P ΘB. Letting

B � Π denote the prior for B in model (4.2) - (4.6), for any ε ¡ 0, and B0 P ΘB, the

probability ΠtNp8,εqpB0qu ¡ 0.
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Proof : Details are in the Appendix.

Theorem 2.1 shows that our proposed MCCI prior has large support, which places

positive probability in arbitrarily small neighborhoods around any B0 P ΘB. Large support

for PMCCI prior can be similarly obtained.

Theorem 4.2.2. Let GT be a random distribution drawn from the PMCCI prior with T �
pT1, T2, T3q components, baseline measure Gρ, Gκ and Gψ as described in (4.5). Let G8

denote the case T � p8,8,8q. For y � pyhpiq, with h � 1, . . . , H , p � 1, . . . , P and

i � 1, . . . , nhp, let

pTpyq �
» "¹

h,p

» ¹
i

kpyhpi|βhpqP pdβhpq
*
GTpdP q.

p8pyq is defined similarly. Then

}pTpyq � p8pyq} ¤ 4

�
1� t1� p1

2
qT1u

°
h nhpt1� p1

2
qT2u

°
p nhp

 
1� p

¸
h,p

nhpq

� expp�T3 � 1

αψ
q(�.

Proof : More Details are in the Appendix.

If GT is drawn from the MCCI prior, similar to the above steps, we have

}pTpyq � p8pyq} ¤ 4

�
1�  

1� p
¸
h

nhpq expp�T1 � 1

αρ
q( 1� p

¸
p

nhpq expp�T2 � 1

ακ
q(

 
1� p

¸
h,p

nhpq expp�T3 � 1

αψ
q(�.

Theorem 2.2 is especially important for computational purposes. It ensures that sam-

ples obtained from the posterior distribution of the truncated process can be used to gen-

erate arbitrarily accurate inferences on measurable functionals of the infinite process.
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4.3 Posterior Computation

For the posterior computation, we propose a data augmentation Gibbs sampling algorithm.

We consider both the MCCI and the PMCCI priors. With the prior MCCI, we may follow

the Pólya urn scheme proposed by Dunson et al. (2008a). With the prior PMCCI, updating

schemes are generalized from the PSBP by Rodriguez and Dunson (2009). First, let yhpi �
1py�hpi ¡ 0q, where y�hpi � x1hpiβhp � εhpi{φ1{2

hpi, with φhpi � Gapν{2, ν{2q and εhpi �
Np0, σ2q. Following O’Brien and Dunson (2004), we may set σ2 � πpν � 2q{3ν with

ν � 7.2 to obtain an almost exact approximation to the logistic density. The sampling

steps are as follows,

1. Denote ỹp0qhpi � y�hpi � x1hpipβhp � β0q and sample β0 by

ppβ0| � � � q � MN
��

Σ�1
0 �

¸
hpi

1

σ2
hpi

xhpix
1
hpi

��1
¸
hpi

ỹ
p0q
hpi

σ2
hpi

xhpi,
�
Σ�1

0 �

¸
hpi

1

σ2
hpi

xhpix
1
hpi

��1



,

where σ2
hpi � σ2{φhpi and the prior for β0 is MNp0,Σ0q.

2. i. Let the phq superscript denote a quantity obtained excluding element h. With the

prior MCCI, the conditional prior distribution of ρh given ρphq is

� αρp1� π̃ρq
αρ �H �mρ�0

� 1

�
MNpµρ,Γρq � π̃ρδ0 �

kρ�¸
l�2

� mρ�l
p1� π̃ρq

αρ �H �mρ�0
� 1

�
δρ�l ,(4.10)

where mρ�l
is the number of elements of ρphq equal to ρ�phq and kρ� is the unique

number of values of ρ�. As shorthand, let uρ � puρ,0, uρ,1, . . . , uρ,kρ�
q denote

the probability weights on the mixture components in expression (4.10). The full
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conditional posterior distribution of ρh is

ppρh| � � � q � wρ,h0MNpEρ,h, Vρ,hq �
kρ�¸
l�1

wρ,hlδρ�l .

Denote ỹphqhpi � y�hpi � x1hpipβhp � ρhq and the conditional posterior mean and

covariance matrix in the multivariate normal component are

Vρ,h � pΓ�1
ρ �

¸
pi

1{σ2
hpixhpix

1
hpiq�1, Eρ,h � Vρ,hpΓ�1

ρ µρ �
¸
pi

ỹ
phq
hpi{σ2

hpixhpiq.

and the updated mixture weights are defined as:

wρ,h0 � cu
uρ,0MNp0;µρ,Γρq

±
pi Npỹphqhpi; 0, σ

2
hpiq

MNp0;Eρ,h, Vρ,hq ,

wρ,hl � cuuρ,l
¹
pi

Npỹphqhpi;x
1
hpiρ

�
l , σ

2
hpiq.

where cu is the normalizing constant. Let ξh � l if ρh � ρ�l for l � 1, . . . , kρ� , the

full conditional posterior for ξh is

ppξh| � � � q � Multinomialp0, 1, . . . , kρ� ;wρ,h0, wρ,h1, . . . , wρ,hkρ�
q.

In step (1), we sample from these multinomial distributions. When ξh � 0, a new

value for ρh is drawn from MNpEρ,h, Vρ,hq. In step (2), the unique values ρ�l are

updated by

ppρ�l | � � � q � MNpEρ�,h, Vρ�,hq,

with Vρ�,h � �¸
hpi

1

σ2
hpi

xhpix
1
hpi1pξh � lq � Γ�1

ρ

��1
,

Eρ�,h � Vρ�,h
�¸
hpi

1

σ2
hpi

xhpiỹ
phq
hpi1pξh � lq � Γ�1

ρ µρ
�
.
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ii. For the PMCCI prior, the full conditional distribution for the indicators is multino-

mial with probability given by

Prpξh � l| � � � q9uρ,lwρ,hl
¹
p,i

Npy�hpi|ρ�l q.

In order to sample the values of the latent process glpuhq and the corresponding

weights wρ,hl, we introduce a collection of conditionally independent latent vari-

ables zρ,hl � Npglpuhq, 1q. If we define ξh � l if and only if zρ,hl ¥ 0 and zρ,hr   0

for r   l. We have

Prpξh � lq � Prpzρ,hl ¥ 0, zρ,hr   0 for r   lq

� Φpglpuhqq
¹
r l

p1� Φpgrpuhqqq � wρ,hl.

This data augmentation scheme simplifies computation as it allows us to imple-

ment another Gibbs sampling scheme. We can impute the augmented variables by

sampling from its full conditional distribution conditional on the other values of

the latent process and the indicator variables,

zρ,hl9
#

Npglpuhq, 1q�, ξh ¡ l

Npglpuhq, 1q�, ξh � l.

glpuhq can be updated through the conjugate full conditional posterior distribution.

3. The full conditional posterior distribution for π̃ρ is

ppπ̃ρ| � � � q � Beta
�
aρ �

¸
h

1pξh � 1q, bρ �H �
¸
h

1pξh � 1q�.

4. φhpi is updated by

φhpi � Ga
�
v � 1

2
,

1

2σ2
py�hpi � x1hpiβhpq2 �

v

2



.
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4.4 Simulation Examples

Data are generated according to model (4.1), (4.2) and (4.3). We let H � P � 4, q � 3

and 20 patients at hospital h receive procedure p. More specifically, ρ, κ and ψ are gen-

erated through multivariate mixture normal T1, T2 and T3 listed in Table 1 respectively.

β0 is generated from the multivariate normal distribution with mean p0, 0.1, 0.15q and co-

variance matrix diagp0.5, 0.1, 0.1q. Residuals are generated independently from Np0, 0.5q.
For modeling with the PMCCI prior, we let the hospital-specific predictors as �2,�1, 1, 2

for the 4 hospitals respectively and procedure-specific predictors as �4,�3, 3, 4 for the 4

procedures respectively. Hospital and procedure coefficients are then generated from the

mixture multivariate normal distribution with weights (w as in Table 1) calculated from

(4.11) based on the predictors. The components of the multivariate normal distributions

are the same as listed in Table 1. Hyperparameters are set as following. A larger rρ and/or

a smaller δρ lead more coefficients close to zero. The prior has fatter tails and larger vari-

ance as δρ increases. We set rρ to introduce more shrinkage and let δρ � Gammap1, 1q
to make the priors more flexible. Similarly, rκ � rψ � 1 and δκ � Gammap1, 1q,

δψ � Gammap1, 1q. Following the common practice, we set αρ, ακ, αψ
i.i.d� Gammap1, 1q.

We also let π̃ρ, π̃κ and π̃ψ
i.i.d� Betapa, bq to express prior ignorance. Results are based on

5,000 samples after a burn-in period of 2,500 iterations.

We run three data simulation examples. For the first simulation, we generate data from

the full model (4.2). In the second simulation, data are generated without interaction ψhp.

In the last simulation, we generate data with only one factor ρh and the overall mean

β0. Park and Hastie (2008) also proposed to use a variant of logistic regression with L2

regularization (abbreviated as PLR) to fit the logistic modeling. We compare the perfor-

mance of our proposed methods (with consideration of predictors interactions, PMCCI;

with consideration of only interactions, MCCI; and without consideration of interactions,

abbreviated as MCC) with their penalized logistic regression method. R package stepPlr
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is applicable for the Park and Hastie (2008)’s method.

The current standard modeling for such problems is as following

logit Prpyhpi � 1q � µ� αh � βp � x1hpiγ,

µ � Np0, ψ0q, ψ0 � IGpa0, b0q,

αh � Np0, ψ1q, ψ1 � IGpa1, b1q,

βp � Np0, ψ2q, ψ2 � IGpa2, b2q,

γ � MNp0,Σq, Σii
i.i.d� IGpa3, b3q, (4.12)

where yhpi is the binary mortality response from patient i in hospital h receiving procedure

p, xhpi is the patient related predictors, µ is the overall mean effect, αh is the random effect

for hospital h, βp is the random effect for procedure p and γ is the regression coefficients

for the patient related predictors. We choose hyperparameters a0 � b0 � a1 � b1 � a2 �
b2 � a3 � b3 � 1{2 to obtain robust Cauchy priors for µ, αh, βp and γi.

Each simulation is repeated for 50 times. Comparisons are made based on the mean

squared error (MSE) for the coefficients βhp and the predicted mis-classification rates of

the responses. Since βhp can not be obtained from the standard modeling, we only com-

pare the predicted mis-classification rates for the standard modeling with other methods.

Performances from all the methods are summarized in Table 2-4. The numbers in paren-

theses are the corresponding standard errors (of the means) estimated by the bootstrap with

B � 500 resamplings on the 50 mean-squared errors. Our proposed PMCCI, MCCI and

MCC greatly outperform the PLR and the standard modeling in all simulations, especially

for the MSE of the estimated coefficients for PLR and classification rates for the standard

methods. PLR cannot do well when the sample size is small (n � 20), while borrowing

information across hospitals and procedures is quite important and can greatly improve

the performance of the PMCCI, MCCI and MCC. Interestingly, we notice that even gen-

erating data without interaction, the MCCI outperforms the MCC. The PMCCI performs
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the best through the three simulation studies.

4.5 Application to Congenital Heart Surgery Outcomes Data

The growing call for accountability in medicine has led to increased demand for public

reporting of health care providers’ performance. Many profiling methods based on “risk-

adjusted” outcomes have been developed, either within the framework of frequentist statis-

tics (e.g., Landrum et al. (2000); Austin et al. (2003); Shahian et al. (2005); Timbie and

Normand (2008); Landon et al. (2006)) or Bayesian inference (e.g., Austin et al. (2003);

Lin et al. (2006, 2009); Racz and Sedransk (2010)). Extensive critiques (Shahian et al.,

2001) and comparisons (Austin et al., 2001) have been conducted. Despite the publication

of methodological recommendations and standards (Shahian and Normand, 2008), many

aspects remain controversial.

Due to its substantial public health burden, social and financial costs, cardiovascular

disease has figured prominently in public reporting efforts in recent years (Krumholz et al.,

2006). At least 9 US states now publish hospital- or surgeon-specific risk-adjusted mor-

tality outcomes for coronary artery bypass grafting (CABG) surgery. Reporting efforts for

cardiac surgery have recently expanded beyond CABG to include other types of opera-

tions, such as aortic and mitral heart valve surgery. In addition to adult cardiac surgery, at

least one state (New York State Department of Health, 2007) has begun reporting hospital-

specific risk-adjusted mortality rates for surgical treatment of congenital heart defects.

When comparing mortality and other outcomes across providers, regression model-

ing is used to adjust for non-random allocation of patients to providers. Although such

modeling is conceptually straightforward, developing appropriate models for congenital

heart surgery patients is challenging, in part because the patient population is remarkably

heterogeneous. Unlike cardiac surgery for acquired heart disease, there are literally hun-

dreds of different types of congenital heart surgery operations, and they are performed
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on patients ranging from neonates to the elderly. In addition, there are a large number

of suspected and established risk factors which may confound the observed differences in

outcomes when comparing centers. In theory, one could account for all of these factors

in a regression model. In practice, however, we are limited by small numbers of cases in

each age- and procedure- subgroup. Previous investigators have adjusted for the type of

procedure by grouping procedures into a small number of categories, and modeling the

categories using a series of category indicator variables. Although separate models for

each procedure would be desirable from the standpoint of achieving correct model speci-

fication, the small number of cases available makes procedure-specific regression models

highly challenging.

Therefore, it is of great significance for us to develop a new set of advanced profiling

methods that can scale well in high-dimensional, multi-level, and sparse data. Our pro-

posed co-clustering modeling strategy is highly flexible and adaptable and incorporates a

sparseness-favoring structure, which combats the curse of dimensionality. In this section,

we illustrate these properties by using our method to estimate and compare risk-adjusted

outcomes for 16 hospitals performing 13 types of congenital heart surgery procedures.

Data for this analysis were obtained from the Society of Thoracic Surgeons (STS)

Congenital Heart Surgery database. To create the study population, we first identified

N=79,635 patients from 76 hospitals who underwent one of 145 types of congenital car-

diovascular procedures at an STS-participating center during the years 2002-2008. We

excluded hospitals with fewer and 1500 operation records and procedures with fewer than

1500 records, leaving a final population of 16,762 records for 13 types of procedures at 16

hospitals. As can be seen from Figure 4.3, the procedure-specific sample sizes are small

and highly variable (median = 46; range 0 to 354).

The endpoint of interest for this analysis was post-operative length of stay (PLOS)

in days, modeled as yhpi � logp1 � PLOShpiq. Length of stay is an important determi-

nant of resource usage (and hence cost) and is commonly used as an indirect indicator of
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a patient’s overall health status following surgery. Patient-level predictors were age (in

years) on the date of surgery; presence of any non-cardiac genetic abnormality (yes/no);

and presence of any of the three risk factors (acidosis, shock or preop venilatory support).

The distribution of log-PLOS was modeled as yhpi � Npx1hpiβhp, σ2
pq, where σ2

p denotes

the variance of log-PLOS for the pth procedure type. The variables yhpi were assumed to

be independent conditional on covariates xhpi and parameters pβhp, σ2
pq.

Procedure-and-hospital-specific regression functions from model (4.1) and (4.2) were

estimated nonparametrically under the MCCI prior in section 2. Flexible hyperpriors were

set similarly to section 4. In each model, the prior for σ2
p was σ2

p � IGp1{2, 1{2q. Estimates

were calculated with 50,000 MCMC iterations after a burn-in period of 20,000 iterations.

We took a long burn-in and collection interval to be conservative, but similar results were

obtained using shorter chains. Analyses were compared with the standard model (4.12) to

show the improved performance of our proposed modeling method.

We first compared the fit of the standard model (4.12) with our proposed model by

using the log posterior marginal likelihood because it is insensitive to the choice of the

prior distribution. Figure 4.4 shows the log posterior marginal likelihood across 16 �
13 � 208 specific combinations of hospitals and procedures for the standard method (right

panel) and our proposed model (left panel). The improved fit of our model is apparent.

We also compared the mean squared error (MSE) of yhpi and ŷhpi, where the latter is the

prediction value for yhpi given xhpi. The MSE for the standard method is 0.81, while our

proposed MCCI has the MSE for 0.27.

The posterior means of βhp are plotted in Figure 4.5. To quantify variation in regres-

sion coefficients βhp across procedures and hospitals, let β�� � pHP q�1
°H
h�1

°P
p�1 βhp

denote the overall mean, let βh� � P�1
°P
p�1 βhp denote the mean for procedure h, and let

β�p � H�1
°H
h�1 βhp denote the mean for procedure p. Finally, let βpqqhp denote the qth ele-

ment of βhp with analogous definitions for βpqq�� , βpqq�p , and βpqqh� . The proportion of variation
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in βpqqhp that is explained by hospitals and procedures is, respectively,

v
pqq

hos �
P
°
hpβpqqh� � β

pqq
�� q2°

h

°
ppβpqqhp � β

pqq
�� q2

, and v
pqq
proc �

H
°
ppβpqq�p � β

pqq
�� q2°

h

°
ppβpqqhp � β

pqq
�� q2

.

Note that the proportion of variation in βpqqhp that is explained by a least squares additive

model of the form αh � βp is equal to vpqqh � v
pqq
p . Posterior means of vpqqh and vpqqp are

summarized in Figure 4.6. As we might expect, regression coefficients appear to vary

more substantially by procedure than by hospital.

The primary goal of our analysis was to compare the distribution of PLOS across

providers in a manner that adjusts for non-random patient allocation. Conceptually, we

would like to compare the average expected PLOS of the patients treated by a particu-

lar provider to the average PLOS that would be expected if the same patients had been

randomly assigned to another provider. To fix ideas, let Y � PLOS and let

ghpx; pq � ErY |X � x, procedure � p, hospital � h s

denote the true unknown regression relationship between patient-level covariates x and

outcome Y for patients undergoing procedure p at hospital h. The regression function

gh encapsulates the h-th provider’s ‘quality’ for performing procedure p on patients with

covariates x. For a particular procedure p and covariate profile x, the performance of

provider h relative to the other H � 1 providers may be summarized by the ratio

Rhpx; pq � ghpx; pq
1

H�1

°H
j�h gjpx; pq

.

Although the performance of a provider is likely to differ as a function of x and p, it is

convenient to have a global measure of performance which averages over x and p. Such a

measure may be defined as

Rh �
³
ghpx; pqdFhpx, pq³

1
H�1

°H
j�h gjpx; pqdFhpx, pq

.

98



where Fh is the actual observed distribution of covariates and procedures in the h-th

provider’s patient population. Comparisons of Rh based on the standard method and our

proposed method are summarized in boxplots in Figure 4.7. As we can see, estimates

from the MCCI model are more precise in the sense of having shorter confidence inter-

vals. Though against our intuition, the much more flexible Bayesian nonparametric models

typically produce narrower credible intervals than parametric hierarchical models such as

Gaussian models. Kyung et al. (2009) prove that the variance on the fixed effects is al-

ways smaller in a linear random effects model with a DP prior being placed on the random

effects distribution instead of a normal prior. Dunson et al. (2008b) also observe much

decreases in credible interval width in more complex Bayesian nonparametric hierarchical

models.

4.6 Discussion

In this paper, we have presented a general model of tensor co-clustering with interactions.

Our proposed Bayesian multi-way tensor co-clustering (BMTCC) model allows borrowing

information across the tensors. In particular, the model works by reducing the dimension

of the tensor through separately clustering different dimensions. The BMTCC model in-

herits the strengths and robustness of Bayesian modeling, is designed to work with sparse

tensors, and can use any exponential family distribution as the generative model, thereby

making it suitable for a wide range of tensor related analysis.

Unlike existing co-clustering algorithms, BMTCC includes the interactions among dif-

ferent dimensions, which is quite important in practical analysis. We also allow features

to inform the allocation to clusters and avoid exchangeability assumptions.

Finally, the main effects and interactions obtained from the BMTCC can be effectively

used for visualization, subsequent predictive modeling and decision making.
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Table 4.1:

Comp1 Comp2
Dist w µ Σ w µ Σ
T1 0.5 (0,1,1) diag(0.5,1,2) 0.5 (0,-2,-3) diag(0.5,1,1)
T2 0.5 (0,0,0.4) diag(0.5,0.1, 0.2) 0.5 (0,1.5,2) diag(0.5,0.5,1)
T3 0.3 (0,1,1) diag (0.5,1,1) 0.7 (0,-1,-1) diag(0.5,0.5,1)

Table 4.2:

Method MSE Mis-Classification Rate
PMCCI 0.73 (0.08) 0.15 (0.02)
MCCI 0.84 (0.10) 0.16 (0.03)
MCC 1.06 (0.10) 0.16 (0.03)
PLR 14.67 (8.4) 0.18 (0.04)
SM ** 0.35 (0.12)

Table 4.3:

Method MSE Mis-Classification Rate
PMCCI 0.73 (0.10) 0.10 (0.01)
MCCI 0.84 (0.11) 0.10 (0.01)
MCC 1.06 (0.12) 0.12 (0.02)
PLR 21.9 (9.14) 0.12 (0.02)
SM ** 0.34 (0.15)

Table 4.4:

Method MSE Mis-Classification Rate
PMCCI 0.70 (0.10) 0.13 (0.02)
MCCI 0.62 (0.12) 0.14 (0.02)
MCC 0.64(0.13) 0.15 (0.02)
PLR 17.62 (12.26) 0.16 (0.03)

Standard ** 0.33 (0.11)
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FIGURE 4.1: A: Multiple, overlapping co-clusters. B: Multiple, non-overlapping co-clusters. C:
Single, non-overlapping co-clusters.
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FIGURE 4.2: Prior Realizations of βhp
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FIGURE 4.3: Hospital-Procedure specific sample size

102



0 50 100 150 200

−
2

5
0

−
2

0
0

−
1

5
0

−
1

0
0

−
5

0
0

5
0

Standard Method

0 50 100 150 200

−
2

5
0

−
2

0
0

−
1

5
0

−
1

0
0

−
5

0
0

5
0

MCCI

FIGURE 4.4: Posterior Marginal Likelihood Comparison
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Combined Effects
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FIGURE 4.5: Posterior Mean of βhp
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Appendix A

Additional Materials for Chapter 3

Clustering Probability Under (2), the probability that Pi � Pi1 so that groups i and i1 are

allocated to the same cluster is,

PpPi � Pi1q � Ep
Ķ

k�1

πkπkq �
Ķ

k�1

Epπ2
kq

�
Ķ

k�1

Varpπkq � Epπkq2 �
Ķ

k�1

α1

K
pα1 � α1

K
q

α2
1pα1 � 1q � p

α1

K

α1

q2

� Kp
α1

K
pα1 � α1

K
q

α2
1pα1 � 1q � p

α1

K

α1

q2q � α1 � α1

K

α1pα1 � 1q �
1

K

As K goes to infinity,

lim
KÑ8

α1 � α1

K

α1pα1 � 1q �
1

K
� 1

α1 � 1

MCMC supplement We would introduce a set of variables dij, i � 1, . . . , p, j � 1 . . . , K,

and define ŷij � 1 if the ith observation belongs to class j, j P t1, . . . , Ku and ŷij � 0
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otherwise. Notice that the equivalent representation of equation (3.8) is,

ŷij �
#

1, sij ¥ 0,

0, else.

sij � x̂i
1β̂j � Cij � εij, εij � Np0, dijq

dij � p2eijq2, eij � KS, β̂j � πpβ̂jq λj � Gammapα1

K
, 1q (A.2)

Parameters of equation (A.2) are updated through following steps,

1. Sampling β̂j in the case of a normal prior on β̂j , πpβ̂jq � Npb0, v0q, the full condi-

tional distribution of β̂j given s�j and d�j is still normal,

β̂j|s�j, d�j � MNpBj, Vjq,

Bj � Vjpv�1
0 b0 � x̂1Wjps�j � C�jqq, Vj � pv�1

0 � x̂1Wjx̂q�1,

Wj � diagpd�1
1j , . . . , d

�1
nj q

where x̂ � px̂1, . . . , x̂pq1, s�j � ps1j, . . . , snjq1, C�j � pC1j, . . . , Cnjq1 and d�j �
pd1j, . . . , dnjq1.

2. Following advice of Holmes and Held (2006), we update ts�j, d�ju jointly given β̂j ,

πps�j, d�j|β̂j, ŷ�jq � πps�j|β̂j, ŷ�jqπpd�j|s�j, β̂jq

followed by an update to β̂j|s�j, d�j . The marginal densities for the sij’s are inde-

pendent truncated logistic distributions,

sij|β̂j, ŷij9
$&
%

Logisticpx̂1iβ̂j � logpλjq � Cij, 1qIpsij ¡ 0q, ŷij � 1,

Logisticpx̂1iβ̂j � logpλjq � Cij, 1qIpsij ¤ 0q, else.

where Logisticpa, bq denotes the density function of the logistic distribution with

mean a and scale parameter b.
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3. Sampling d�j through rejection sampling. As advised by Holmes and Held (2006),

we use Generalized Inverse Gaussian distribution

gpdljq � GIGp0.5, 1, r2q � r

InvGammap1, rq

, where r � psij � x̂1iβ̂jq2, as rejection sampling density. Following a draw from

gp�q the sample is accepted with probability αp�q,

αpdljq � Lpdljqπpdljq
Mgpdljq

where M ¥ supdlj

Lpdljqπpdljq

gpdljq
, Lpdljq denotes the likelihood,

Lpdljq9d�1{2
lj expp�0.5r2{dljq

, and πpdljq is the prior,

πpdljq � 1

4
d
�1{2
lj KSp1

2
d

1{2
lj q

where KSp�q denotes the Kolmogorov-Smirnov density.
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Appendix B

Additional Materials for Chapter 4

Proof for Theorem 4.2.1

Proof. The probability allocated to Np8,εqpB0q can also be defined as

»
1p}B � B0}8   εqdβ0

H¹
h�1

dρh

P¹
p�1

dκp
¹
h,p

dψhp (B.1)

Also

}B � B0}8 � max
h,p

}βhp � β0
hp}8 ¤ max

h,p

�
}β0}8 � }ρh}8 � }κp}8 � }ψhp � β0

hp}8


.

It is straightforward to show for h � 1, . . . , H and p � 1, . . . , P and @ ε ¡ 0

}β0}8   ε, }ρh}8   ε,

}κp}8   ε, }ψhp � β0
hp}8   ε

implies that }B � B0}8   ε. Hence to show (B.1) is strictly positive, it suffices to show

Pr
�}β0}8   ε, }ρh}8   ε, }κp}8   ε, }ψhp � β0

hp}8   ε,

h � 1, . . . , H, p � 1 . . . , P
� ¡ 0 (B.2)
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We also know that

(1) β0 follows a multivariate normal distribution and

ρh � π̃ρδ0 � p1� π̃ρqG�
ρ , κp � π̃κδ0 � p1� π̃κqG�

κ, ψhp � π̃ψδ0 � p1� π̃ψqG�
ψ,

where G�
ρ , G�

κ and G�
ψ are DPpαρG�

0ρq, DPpακG�
0κq and DPpαψG�

0ψq distributions

which have full supports on the parameter spaceRq.

(2) For B � pβhpq, with positive probability, the component of each cell ph, pq comes

from a different cluster of the base measure and are independent of each other.

(B.2) follows directly from conditions (1) and (2).

111



Proof for Theorem 4.2.2

Proof. By integrating over P , we can write pT and p8 in terms of the distribution for y �
pyhpiq underGT andG8 respectively and call these two sampling distributions πTpdBq and

π8pdBq.

}pTpyq � p8pyq} �
» ��pTpyq � p8pyq��dy

�
» » ����¹

h,p,i

kpyhpi|βhpq
�
πTpdBq � π8pdBq�����dy

¤
» » ¹

h,p,i

kpyhpi|βhpqdy
��πTpdBq � π8pdBq��

� 2DpπT, π8q,

where DpP1,P2q � supA |P1pAq � P2pAq| is the total variation distance between two

probability measures P1 and P2. We can write ρh � ρ�ξh , κp � κ�χp
and ψhp � ψ�

εhp
.

The sampled values B under πT and π8 are identical when ξh, χp and εhp are sampled

from values smaller than T � pT1, T2, T3qth term for h � 1, . . . , H , p � 1, . . . , P and

i � 1, . . . , nhp. Thus

DpπT, π8q ¤ 2

"
1� πTpξh   T1, χp   T2, εhp   T3, for h � 1, . . . , H, p � 1, . . . , P,

i � 1, . . . , nhpq
*

� 2

�
1� πT1tξh   T1uπT2tχp   T2uπT3tεhp   T3u

�

� 2

�
1� E

 ¹
h,i

p
T1�1̧

l�1

π1lpuhqq
(
E
 ¹

p,i

p
T2�1̧

j�1

π2jpvpqq
(
E
 pT3�1̧

k�1

π3kq
°
nhp

(�

We first notice that with Jensen’s inequality

Etlogp1� Vlpuhqqu ¤ logt1� EpVlpuhqqu � log

"
1� E

�
Φpglpuhqq

�*   0.
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Therefore,
°8
l�1Etlogp1 � Vlpuhqu � �8 and by theorem 2 in Ishwaran and James

(2001),
°8
l�1 π1lpuhq � 1 almost surely. With this conclusion and the Jensen’s inequality,

we have

E
 ¹
h,i

p
T1�1̧

l�1

π1lpuhqq
( ¥

¹
h,i

" T1�1̧

l�1

E
�
π1lpuhq

�*

�
¹
h,i

�
1� E

�
VT1puhq

T1�1¹
l�1

tVlpuhqu
��

We know that

EpVlpuhqq � E
�
Φpglpuhqq

� � E
�1
2
p1� erfpglpuhq?

2
qq�

� 1

2

�
1� E

�?
2?
π

�
glpuhq � glpuhq3

3
� glpuhq5

10
� glpuhq7

42
� . . .

�
�
,

where erf is the error function and with the taylor expansion one can get the above last

equation. It is straightforward to verify that Epglpuhqkq � 0 with k being odd numbers.

For example with ζlh � Np0, α�1
lh q for h � 1, . . . , H:

Epglpuhqkq � E

�
ζkl0 � a1ζ

k�1
l0

Ḩ

j�1

ζljKpuh, uj; %lq � a2ζ
k�2
l0

� Ḩ

j�1

ζljKpuh, uj; %lq
�2

� � � � ak
� Ḩ

j�1

ζljKpuh, uj; %lq
�k


.

Since ζlh, Kpuh, uj; %lq are independent of each other and Epζklhq � 0 when k are odd

numbers, it can be shown that Epglpuhqkq � 0.

It turns out that

E
 ¹
h,i

p
T1�1̧

l�1

π1lpuhqq
( ¥ r1� p1

2
qT1s

°
h nhp .
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and

E
 ¹

p,i

p
T2�1̧

j�1

π2jpvpqq
( ¥ r1� p1

2
qT2s

°
p nhp .

Following Ishwaran and James (2001), we have

E
 pT3�1̧

k�1

π3kpuhqq
°
nhp

( �
�

1� expp�T3 � 1

αψ
q

°nhp

� 1� p
¸
h,p

nhpq expp�T3 � 1

αψ
q.

Generalize the above results, we have

DpπT, π8q ¤ 2

�
1� t1� p1

2
qT1u

°
h nhpt1� p1

2
qT2u

°
p nhp

 
1� p

¸
h,p

nhpq expp�T3 � 1

αψ
q(�.
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Lavine, M. (1992), “Some aspects of Pólya tree distributions for statistical modeling,” The
Annals of Statistics, 20, 1222–1235.
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