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We describe a time-dependent wavepacket based method for the calculation of the state-to-state
cross sections for the Cl+H2 reaction including all couplings arising from the nonzero spin and
electronic orbital angular momenta of the Cl atom. Reactant-product decoupling allows us to use a
physically correct basis in both the reactant and the product arrangements. Our calculated results
agree well with the experimental results of Yang and co-workers. We also describe a model with two
coupled potential energy surfaces, which includes the spin-orbit coupling, which is responsible for
the largest non-Born–Oppenheimer effects in the Cl+H2 reaction but neglects the off-diagonal
electronically diabatic coupling and all Coriolis couplings due to the electronic spin and orbital
angular momenta. The comparison of the results of the full six-state and two-state models with an
electronically adiabatic �one-state� description reveals that the latter describes well the reaction out
of the ground spin-orbit state, while the two-state model, which is computationally much faster than
the full six-state model, describes well the reaction from both the ground and excited spin-orbit
states. © 2010 American Institute of Physics. �doi:10.1063/1.3290946�

I. INTRODUCTION

The reaction of halogen atoms with H2 and its isoto-
pomers has been extensively studied. For the Cl+H2 reac-
tion, this dates back more than 150 years to the work of
Draper, Bunsen and Roscoe, and van’t Hoff.1 Recently, so-
phisticated molecular beam methods have been used to probe
the energy and angular dependence of products from the re-
action of the individual spin-orbit states �X�2P3/2� and
X�2P1/2�� of both F and Cl.2–5

From a theoretical viewpoint, numerous quasiclassical
trajectory and quantum scattering investigations have been
reported for the Cl+H2 reaction.6–16 These have been based
on several potential energy surfaces �PESs�.17–19 To unravel
the dependence of the reactivity on the spin-orbit state of the
halogen atom, one needs to go beyond the assumption of a
single electronically adiabatic PES, which underlies most
theoretical simulations of reactive scattering.4,5,7

The study of nonadiabaticity in reactions of halogens
with molecular hydrogen dates back to early work of Tully20

on the F�2P1/2�+H2 reaction. In 1995, Schatz presented the
framework for the time-independent quantum treatment of
reactive collisions involving multiple electronic states.21

Schatz and co-workers then reported a series of calculations
for the Cl+HCl reaction, all limited to the lowest possible
value of the total angular momentum.22–24 Later, Alexander

et al. extended the methodology of Schatz to treat rigorously
the X+H2 reaction with the inclusion of spin-orbit electroni-
cally diabatic and Coriolis couplings �within the pure-
precession limit�.25 This formalism was then applied to the
Cl+H2 reaction5,7 and to the determination of differential
cross sections �DCSs� for F+H2 /D2.4,6,26 The theoretical pre-
dictions of the energy dependence of the relative reactivity of
the ground and excited spin-orbit state as well as the calcu-
lated DCSs agreed well with molecular beam measurements
by Yang et al.4,5

These calculations were all based on a time-independent
close-coupling �TID-CC� method in hyperspherical coordi-
nates. Time-dependent wavepacket �TDWP� studies based on
the framework of Alexander et al.25 have been reported for
the F�2P1/2�+H2 /HD /D2 reactions.27–30 In this work, both
the off-diagonal diabatic coupling and all Coriolis couplings
were neglected. In addition, reactant-arrangement basis func-
tions were used over the entire range of configuration space.
Skouteris et al.30 and Ghosal and Mohapatra31 reported
TDWP investigations of the Cl+H2 reaction on multiple
PESs. Both of these studies were limited to the lowest al-
lowed values �J=1 /2 and 3/2� of the total angular momen-
tum.

Because of the approximations introduced, none of these
previous time-dependent frameworks could be used, without
substantial extension and modification, to calculate the ex-
perimentally important state-to-state DCSs. Recently, Zhang
et al.32 applied the reactant-product decoupling �RPD�
method to the calculation of J=1 /2 state-to-state F+H2 re-
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action probabilities out of the excited spin-orbit state within
the theoretical framework of Alexander et al. Unfortunately,
the presence of the dynamical resonances and the production
of the HF products with extremely low kinetic energies33

limit the accuracy of time-dependent investigations of the
F+H2 reaction.

Finally, Vissers and McCoy studied the Cl+HCl hydro-
gen exchange reaction using a TDWP method employing all
three relevant PESs and the nonadiabatic couplings between
them and taking into account Coriolis and spin-orbit
coupling.34 In this study the initial wave function was a
quasi-bound-state corresponding to the first vibrational over-
tone of the Cl¯HCl van der Waals complex. Here, too, the
calculation was restricted to the determination of total reac-
tion probabilities for the lowest total angular momentum
�J=1 /2� of the ClHCl system.

Stimulated by the success of the time-independent CC
investigations by Alexander and co-workers of state-to-state
cross sections of halogen atoms with H2, we report here the
first use of the TDWP method to determine state-to-state
cross sections for a reaction involving spin-orbit coupling
between two �or more� PESs. The CC method is well
adapted to systems requiring a relatively small number of
basis functions or reactions at low kinetic energy. However,
because the TDWP method scales, computationally, much
more favorably with the number of basis functions than the
CC method, it will be much more efficient for reactions re-
quiring a large number of basis functions.35,36

Here, we report the application of three different TDWP
models to the reaction of Cl with H2. The most complete is a
“rigorous” TD adaptation of the complete six-state descrip-
tion of Alexander et al., involving the use of the RPD
method with different basis functions in the reactant and
product arrangements. The second model is a two-state sim-
plification, which retains only the key spin-orbit coupling.
Finally, we use a conventional single-PES TDWP method
based on the lowest fully-adiabatic PES. As will be shown,
the adiabatic model describes well the reaction out of the
ground spin-orbit state �Cl�2P3/2��, while the two-state model
is accurate enough to describe well reaction from the ground
�Cl� and excited �Cl�2P1/2�� spin-orbit states.

This paper is organized as follows: in Sec. II, we review
briefly the multistate description of the Cl+H2 system and
the PESs of Cappecchi and Werner �CW� and describe the
simplifications that underlie our two-state model. In Sec. III,
we describe the numerical techniques used in the TDWP
application of the adiabatic, two-state, and full six-state mod-
els. Section IV presents and discusses the results.

II. FORMAL TREATMENT OF THE DYNAMICS

A. Six-state model

The approach of the H2 molecule to a Cl atom splits the
degeneracy of the 2P state. Two electronic states �1 2A� and
1 2A�; 2�1/2

+ and 2�3/2 in linear geometry� correlate adiabati-
cally with the ground-state atomic reactant �2P3/2�, while a
third state �2 2A�; 2�1/2 in linear geometry� correlates adia-
batically with the excited-state atomic reactant �2P1/2�. Of
these, only the 1 2A� electronic state correlates with the elec-

tronic ground state of the products �HCl�X 1�+�+H�2S��.
The two other electronic states correlate with electronic ex-
cited states of the products �HCl�a3��+H�2S��, which are
considerably higher in energy and, consequently, energeti-
cally inaccessible at low to moderate collision energies.

In the TID-CC framework of the hyperspherical coordi-
nate framework of Alexander et al. at each value of the
hyper-radius � the total wave function is expanded in an
overcomplete basis of rotational-vibrational-electronic wave
functions in each arrangement.25 The electronic component
of these basis functions is written in terms of signed-��
states, where � and � are the projection of the electronic
orbital and spin quantum numbers along the Jacobi separa-
tion vector R� in each arrangement.

In this method it is necessary to evaluate matrix ele-
ments of the electronic Hamiltonian and spin-orbit Hamilto-
nians, of the overlap, and of the Coriolis coupling, between
the rotational-vibrational-electronic basis functions in each
arrangement, and also between basis functions in different
arrangements.

Between functions in the same arrangement, this task is
straightforward. The matrix elements of the electrostatic
Hamiltonian in the signed-�� basis can be written as25

Hel =

��� ��̄� ��1� ��̄1� ��−1� ��̄−1�

� = 1
2 − 1

2
3
2

1
2 − 1

2 − 3
2

��� V� 0 − V1 0 V1 0

��̄� 0 V� 0 − V1 0 V1

��1� − V1 0 V� 0 V2 0

��̄1� 0 − V1 0 V� 0 V2

��−1� V1 0 V2 0 V� 0

��̄−1� 0 V1 0 V2 0 V�

�1�

Here, a bar over the state label indicates a negative spin
projection and �=�+�.

In an ab initio calculation on the ClH2 system, the wave
function is expanded in a set of Cartesian molecular orbitals.
The results are three electronically adiabatic PESs for the
three states, two of A� and one of A� reflection symmetry.
These three adiabatic PESs are then transformed into four
quasidiabatic PESs, designated Vzz, Vxx, Vyy, and Vxz. In
terms of these, the potentials that appear in Eq. �1� are de-
fined by V�=Vzz, V�= �Vyy +Vxx� /2, V2= �Vyy −Vxx� /2, and
V1=Vxz /�2. In collinear geometry, V1 and V2 vanish, while
in perpendicular geometry, V1 vanishes and V2 goes through
a relative minimum. For more details on the ab initio deter-
mination of the electronically adiabatic and quasidiabatic
PESs for ClH2, we refer the reader to the earlier papers of
Alexander et al.37 and CW.19

The matrix of the spin-orbit Hamiltonian is determined
fully by two components,
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A�R,r,�� � i	�y�Hso��x� �2�

and

B�R,r,�� � 	�̄x�Hso��� , �3�

where, for the Cl �or F� atom,

lim
R→�

B = lim
R→�

A = 882.35 cm−1. �4�

The dependence on geometry of the spin-orbit parameters A
and B can be determined by ab initio calculations. In terms
of A and B, the matrix of the spin-orbit Hamiltonian in the
signed-�� basis is

Hso =

��� ��̄� ��1� ��̄1� ��−1� ��̄−1�

� = 1
2 − 1

2
3
2

1
2 − 1

2 − 3
2

��� 0 0 0 − 21/2B 0 0

��̄� 0 0 0 0 − 21/2B 0

��1� 0 0 − A 0 0 0

��̄1� − 21/2B 0 0 A 0 0

��−1� 0 − 21/2B 0 0 A 0

��̄−1� 0 0 0 0 0 − A

. �5�

As discussed above, in the product arrangement there is
only one accessible electronic state, and, at least in linear
geometry, the projection of the electronic angular momentum
in this state is zero. Thus, since just the two spin projections
of this single electronic state are retained in the product ar-
rangement the matrix elements of Hel and Hso between
rovibrational-electronic states in the product arrangement re-
duce to the upper left 2	2 blocks of Eqs. �1� and �5�.

Except asymptotically in either the reactant �Cl+H2� or
product �HCl+H� arrangements, the electronic orbital angu-
lar momentum l is not a good quantum number, although its
projection � remains a good quantum number in colinear
geometry. In reality, as the H atom approaches, orbitals of
higher l will mix into the asymptotic p5 2P state of Cl. The
six-state description of Alexander et al.,25 which we adopt
here, ignores this. A completely rigorous treatment would
have to take into account the admixture of higher electronic
states.38,39 Note that the spin s and its projection � remain
good quantum numbers everywhere, although the spin-orbit
operator can mix in higher electronic states, which is also
ignored.

To determine matrix elements of the Coriolis coupling
between functions in a single arrangement, we hold l equal to
its asymptotic value. This is the “pure-precession”
approximation.40

To determine matrix elements of Hel and Hso between
the electronic-rotational-vibrational basis functions, Alex-
ander et al.25 made several approximations. First, they as-
sumed that the single product electronic state, which corre-
lates with the HCl�1�+�+H�2S� products, has unit overlap
with the reactant electronic state with �=0. However, in the
product arrangement the electronic orbital angular momen-
tum of the H atom is l=0. Thus, the approximation of unit
overlap implies an abrupt transition from an l=1 state in the

reactant arrangement to an l=0 state in the product arrange-
ment, which is certainly not totally correct. To assess the
errors introduced by this approximation, additional ab initio
calculations should be done to determine, over the entire
PES, the matrix elements of l� and its projections in a basis of
the lowest three FH2 electronic states.

In summary, the major approximations in the framework
of Alexander et al. are the neglect of the higher electronic
states in the product arrangement, the assumption that the
reactant-arrangement electronic state with �=0 has unit
overlap with the HCl�1�+�H state, and the use of the pure-
precession model40 in which l is held equal to its asymptotic
value to evaluate all Coriolis terms involving l.

Notwithstanding, the success, when compared to experi-
ment, of the TID-CC calculations of Alexander and
co-workers,4,5 which are based on these approxomations,
suggests that a more exact description of the Coriolis cou-
pling induced by the electronic orbital angular momentum
will likely not affect significantly the theoretical description
of linear abstraction reactions.

B. Two-state model

Nonadiabatic transitions in the Cl+H2 reaction occur
primarily in regions where the splitting between the reactive
V� and repulsive V� PESs is comparable to the spin-orbit
splitting.37 In this region, the electrostatic diabatic couplings
V1 and V2 are small. Alexander showed that ignoring V1 and
V2 has little effect on the total reaction probability of either
the ground or spin-orbit excited Cl atom.37 If these terms are
ignored, then, as seen in Eqs. �1� and �5�, the matrix of the
electrostatic Hamiltonian is diagonal in the �� basis, while
the matrix of the spin-orbit Hamiltonian is blocked into two
identical 2	2 matrices �for the states with �= 
1 /2� and
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two single states �with �= 
3 /2�. Thus, we see from Eqs.
�1� and �5� that the matrix of Hel+Hso in the �=1 /2 �or,
equivalently, �=−1 /2� states reduces to


 V� − 21/2B

− 21/2B A + V�


 �6�

At large Cl–H2 distance the lower of the two states re-
sulting from the diagonalization of Eq. �6� correlates with
Cl�2P3/2 , �= 
1 /2� and the upper with Cl�2P1/2 , �
= 
1 /2�. The two singleton �= 
3 /2 states correlate as-
ymptotically with Cl�2P3/2 , �= 
3 /2�. Only Coriolis cou-
pling between the total �J�� and electronic orbital �l�� angular
momenta will couple the �=3 /2 states and the �=1 /2
states.25 Thus, if the V1, V2, and J� · l� Coriolis coupling is
neglected, then nonadiabaticity in the Cl+H2 reaction can be
described by a two-state model involving spin-orbit mixing
of the two �=1 /2 �or, equivalently, the �=−1 /2� states.

This two-state simplification underlies the earlier work
of Han and co-workers on TDWP calculations of total F
+H2 reaction cross sections without final state
resolution.27–30 However, in contrast to our two-state model,
these authors used the correct half-integer total angular mo-
menta but neglected all off-diagonal Coriolis couplings. We
shall show here that our two-state model can be used effi-
ciently and with good accuracy in TDWP studies of the Cl
+H2 reaction with full final-state resolution.

C. Time-dependent treatment

In a standard application of time-dependent methods to
the numerical solution of the Schrödinger equation for a re-
active scattering, global square-integrable L2 direct-product
basis functions are used.41–43 This makes the implementation
of an overcomplete signed-�� basis in both the reactant and
product arrangements, which underlies the TID-CC frame-
work of Alexander and co-workers, difficult, if not impos-
sible, to apply in a TDWP treatment in which state-to-state
information is desired. A major difficulty arises because, as
noted above, the electronic orbital angular momentum l dif-
fers artificially between the reactant and product arrange-
ments. This ambiguity affects the geometric rotation between
the states in the two arrangement channels.

With a basis of purely reactant-arrangement functions,
one can use the TDWP method to determine accurately total
reaction probabilities for the F+H2 and Cl+H2 reactions in-
cluding the open-shell character of the halogen atom.41–43

However, this choice of basis leads to catastrophic errors in
the determination of a state-to-state S matrix. This is because
the boundary matching requires accurate values of the elec-
tronic orbital angular momentum quantum numbers of the
system and their projections along the reactant or product
Jacobi vectors. The electronic component of the reactant-
arrangement functions is unsuited to the proper description
of these electronic states in the product arrangement.44

To avoid these difficulties, for the direct Cl+H2 reaction
we will use here the RPD method to separate cleanly the
product and the reactant channels. This allows the use of
different basis functions for the reactant and the product
channels. For reactive scattering Peng and Zhang45 first pro-

posed the use of an imaginary absorption potential to de-
couple the reactant and product channels. Subsequently, this
method was used to calculated DCSs for the H+H2

reaction.46

We implement the crucial “transition” between reactant
and products by an absorbing potential. Although conceptu-
ally similar, this is qualitatively different from the way in
which this transition from reactants to products is imple-
mented, by use of an overcomplete basis in different arrange-
ments, in the TID-CC method in hyperspherical coordinates.
The effects of this difference will be explored further in fu-
ture work.

III. STATE-TO-STATE QUANTUM SCATTERING
CALCULATIONS

A. Six-state model

In Jacobi coordinates the Hamiltonian of the AB2 system
is47

Ĥ�R�,r�,q� = T̂nuc�R�,r�� + Ĥel�q;R�,r��

+ ĤSO�q;R�,r�� , �7�

where

T̂nuc = −
1

2�R�

�2

�R�
2 +

1

2�r�

�2

�r�
2 +

L2

2�R�
R�

2 +
j2

2�r�
r�

2 �8�

and the arrangement index � is either r or p. Here, r� is the
B2 �AB� bond length, R� is the length of the vector R� � from A
�B� to the B2 �AB� center of mass, and �� is the angle be-
tween the BC �AB� bond and R� �.

Following our earlier work,36,48,49 we use a mixed repre-
sentation to express the Hamiltonian and expand the wave-
packet consisting of a direct product of a discrete variable
representation �DVR� for the two radial degrees of freedom
and a finite basis representation �FBR� for the angular de-
grees of freedom. Here we extend the FBR basis to include
the electronic degrees of freedom, which we represent as

������ � �l����s��� , �9�

with the projections of l� and s� assumed to lie along the Ja-
cobi vector R� �. For simplicity, we shall hereafter drop the
subscript “�” on the electronic and spin projection quantum
numbers, except where explicitly needed.

The total FBR function is

�JMK��jk����� = �2J + 1

82 �1/2

DMK
J� ����dk0

j �����l���s�� .

�10�

Here �jk� is the rotational wave function of the diatomic moi-
ety where k is the projection of the diatomic rotational angu-
lar momentum along the Jacobi vector R� �. Here DKM

J is a
Wigner rotation matrix element,50,51 where the three Euler
angles �� define the space-frame orientation of the triatomic
in arrangement � and where J designates the total angular
momentum �nuclear rotational plus electronic� with space-
frame projection M and body-frame projection K. Also, the
angular motion of the diatomic moiety is described by a
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reduced rotation matrix element dk0
j ���. The matrix elements

of the electrostatic and spin-orbit Hamiltonians in Eq. �7� are
represented compactly by Eqs. �1� and �5�. CW �Ref. 19�
developed analytic representations of the underlying PESs
based on extensive ab initio calculations.

Rather than use the “signed-K” functions defined by
Eq. �10�, it is more computationally efficient to use the
“definite-K” linear combinations

�JMKjk���� = 2−1/2��JMK��jk�����

+ ��JM − K��j − k��− � − ��� . �11�

For these body-frame functions we follow molecular spec-
troscopists in using the overall symmetry with respect to
reflection in the triatomic plane ��v� to define the parity. For
the definite-K functions of Eq. �11�, this is given by40

�v�JMKjk���� = �− 1�J−1/2��JMKjk���� �12�

so that the parity index � is analogous to the e / f index for
rotational levels of open-shell diatomic molecules.52,53 In
other words, the parity is +�−1�J−s for the so-called e levels
��=+1� and −�−1�J−s for the f levels ��=−1�. Because the
Hamiltonian is symmetric with respect to �v, there will be no
coupling between the two sets of definite-K functions.

The total wave function in either the reactant or product
arrangements is then expanded as

�JM��R� ,r�,t� = 
jKk��

� jKk����R,r,t��JMKjk���� . �13�

Note that although the summation extends formally over the
projection quantum numbers k, � and �, their values are
restricted by the requirement that

K = � + � + k

and also by the requirement that the total projection quantum
number K be positive definite, consistent with the expansion
in a definite-K basis. In Eq. �13� the translational function is
further expanded as48

�v
jKk����R� v,r�v,t� = 

nm

Fnm
jKk����t�un

��R���m
�j��r�� . �14�

The initial wavepacket is set up in a fully coupled space-
frame basis in which the space-frame electronic wave func-
tions �lml� and �sms� of the Cl or H atoms �for Cl, l=1, and
for H, l=0� are coupled to yield the total atomic orbital an-
gular momentum ja. This is then coupled with the space-
frame wave function for the rotational motion of the H2 �or
HF� molecule �jmj� to yield the total internal angular mo-
mentum j12. Finally j12 is coupled with the orbital �end-over-
end� motion of the triatomic complex �LML� to yield the total
angular momentum J. We shall designate these space-frame
functions as ��ls�jaj j12LJM�. As we will demonstrate in detail
elsewhere,53 the parity of these space-frame functions is

isp��ls�jaj j12LJM� = �− 1�L+l+j��ls�jaj j12LJM� . �15�

For a given total angular momentum J, the space-frame
states with quantum numbers L such that �−1�L+l+j =even cor-
respond to states of even parity and conversely to states of
odd parity. In the text that follows we will add explicitly the

parity index p=
 to the space-frame functions.
Before solution of the time-dependent Schrodinger equa-

tion, the space-frame functions are transformed into the body
frame, as follows:

R��SB���ls�jaj j12LJM�

= 
��kakK

�l�s��jaka��jkjaka�j12K�

	�j12KL0�JK��JMK������jk� , �16�

where R��SB� is the operator that rotates from the space-
frame to the body-frame and �. . . . � . .� is a Clebsch–Gordan
coefficient. Of course, the transformation preserves the parity
so that

R��SB���ls�jaj j12LJMp�

= 
��kakK

�l�s��jaka��jkjaka�j12K�

	�j12KL0�JK��JMKjk���� . �17�

One can also show53 that Eq. �16� transforms the space-
frame states with parity p into definite-K body-frame states
with �= �−1�J−sp.

The wavepacket at time t=0 corresponds to a particular
definite-parity angular momentum state ��ls�jaj j12LJMp�
multiplied by a two-dimensional DVR representation in Rr

and rr of the translational and vibrational motion. This
packet is then transformed, following Eq. �17�, into a set of
coupled body-frame wavepackets. These are then propagated
forward in time, as will be described later in this section.

Note, however, that Eqs. �16� and �17� are exact only if
all �positive� values of the projection of the total angular
momentum K are retained. In the actual calculations, both in
the earlier time-independent treatment and in the TID-CC
treatment described here, it is not computationally possible
to retain all values of K. In the TID-CC treatment the expan-
sion of the wave function was limited to only a restricted
number of K states �in the earlier investigations5–7,37,54 of the
Cl+H2 reaction, K was limited to �K��Kmax=3.5�.
Asymptotically, the calculated S matrix was transformed to
the space frame by replacing the exact transformation
of Eq. �17� with a transformation matrix obtained by diago-
nalizing the matrix of the centrifugal angular momentum

L̂2= �Ĵ− ĵ− l̂− ŝ�2 in the restricted-K basis.
In the time-dependent calculations described here, the

initial wavepacket, constructed initially in the space frame,
corresponds to H2 in a low rotational level. All projection
components of the wavepacket are transformed into the body
frame. Because the initial value of j is low, this transforma-
tion gives rise to only a small number of K states. Propaga-
tion of the wavepacket under the influence of the potential
leads to coupling with higher rotational levels. For these
higher rotational levels we include only body-frame projec-
tion states with �K��4.5. The restriction is similar to that
imposed in the TID-CC calculations, but the details are quite
different.

As stated earlier, we added and subtracted an imaginary
absorption potential to decouple �separate� the reactant and
product channels, namely,
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i
�

�t
��r�t,Rr,rr,�r;kr,�r,�r��

= Ĥ��r�t,Rr,rr,�r;kr,�r,�r��

− i
p

Vp��r�t,Rr,rr,�r;kr,�r,�r�� �18�

and for each product channel

i
�

�t
��p�t,Rp,rp,�p;kp,�p,�p��

= Ĥ��p�t,Rp,rp,�p;kp,�p,�p��

+ iVp��r�t,Rr,rr,�r;kr,�r,�r�� , �19�

where Vp is the absorbing potential in arrangement p and Ĥ
is the full Hamiltonian. In the case of Cl+H2 collisions there
is only one product channel for each interchange symmetry.
However, in the case of reactions of Cl with HD, for ex-
ample, there would be two product channels, hence the ap-
pearance of the summation on the right hand side of Eq. �18�.

After application of this RPD decoupling, the re-emitted
wavepacket is propagated in product Jacobi coordinates. We
use the more accurate propagator of Zhang et al.,55 which
within a split-operator formalism is

��p�t + �t,Rp,rp,�p;kp,�p,�p��

= exp�− iĤ�t����p�t,Rp,rp,�p;kp,�p,�p��

+ �1 − exp�− Vp�t����r�t + �t,Rp,rp,�p;kp,�p,�p���� .

�20�

To solve this equation numerically we first use the col-
location method42,45,56 to project the initial wave function,
which is represented in reactant Jacobi coordinates, onto the
grid in product Jacobi coordinates, namely, ��r�t
+�t ,Rp ,rp ,�p ;kr ,�r ,�r��. In this step we retain, as discussed
above, all values of the angular momentum projections along
the reactant Jacobi vector with K�4.5. We then transform
the rotational components of the wave function correspond-
ing to a rotation of the body frame �BF� z axis from Rr to Rp

according to

���t + �t,Rp,rp,�p;kp,�p��

= 
�rkr

���t + �t,Rp,rp,�p;kr,�r��

	�d�p,�r

s ���dKp,Kr

J� ��� + ��− 1�krd�p,−�r

s ���dKp,−Kr

J� ���� .

�21�

Here, � is the angle of the coplanar rotation between the
reactant R� r and product R� p Jacobi vectors.57 Since the wave-
packet is expanded in a definite-K basis �Eq. �11��, the first
product of rotation matrices in square brackets in Eq. �21� is
applied to the +K signed-K basis functions, while the second
rotation product is applied to the −K basis functions. It is
easy to show53 that reflection symmetry �Eq. �12�� is pre-
served by this rotation, as it should be for a coplanar trans-
formation. Note that we limit, as discussed above, Kr�4.5,

but we include all values of the projection quantum number
in the product arrangement, Kp=�+�r+kr.

In the product arrangement the sole energetically acces-
sible electronic state has �p=0. Thus, at the absorption line,
we assume that only the �r=0 component of the reactant-
arrangement wave function will project �with unit amplitude�
onto the product-arrangement wave function. In fact, since
the absorption line lies on the product side of the barrier, the
V� PES is energetically inaccessible at the collision energies
of interest here so that, in actual practice, the �p= 
1 com-
ponents of the reactant wavepacket will have zero amplitude.
Thus we have dropped the index �p in going from Eq. �20� to
Eq. �21�.

We use definite-K linear combinations �Eq. �11�� to re-
duce the computational effort since there will be no coupling
between states of different values of �. In applying the RPD
one must ensure that the reflection symmetry of the wave-
packet be maintained. In particular, it is important to use
with care an asymptotic space-frame definition of the parity,
which involves the factor �−1�L+l+j. This is because we are
using the pure-precession approximation, which here leads to
an abrupt transitions from l=1 for the reactant electronic
state, which is correct asymptotically in the F+H2 arrange-
ment, to l=0 for the product state, which is correct asymp-
totically in the HF+H arrangement. This will be discussed in
more detail in a future publication.53

To damp reflection of the wavepacket at the grid bound-
aries, we use the negative imaginary potential �NIP�

VNIP = − iCx� x − x0

�x
�2

. �22�

To ensure smooth damping we chose �in atomic units� for the
reactant grid �x�R�: CR=0.1 and �r=2.7a0 and for the
product grid �x�r�: Cr=0.03 and �r=4.0a0.

After the wavepacket propagation is complete, we obtain
the crucial S matrix between initial reactant and final product
states product states by matching the wavepacket asymptoti-
cally to the correct boundary conditions. This is done by
projecting asymptotically the wavepacket onto an appropri-
ate basis consisting of a product of Ricatti–Bessel functions
in Rp and the set of space-frame angular functions. The BF
→SF transform is similar to that for the reactant arrange-
ment �Eq. �21�� but simpler because the total electronic an-
gular momentum of the atomic product is just j�a=s�. Because
all angular momentum projection quantum numbers are in-
cluded in the product arrangement, the matrix for this trans-
formation is given by the unitary triple product of Clebsch–
Gordan coefficients of Eq. �17�.

To determine differential and integral cross sections
�ICSs�, we proceed as follows. We first use Eq. �17� to trans-
form the definite-parity space-frame S-matrix into the body
frame. Then, in terms of the definite-parity body-frame
S-matrix, the signed-K, helicity-frame S-matrix is given by
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Svpjpkp�p←v0j0k0�0�0

J = Svpjp,−kp,−�p,←v0j0,−k0,−�0,−�0

J

= 1
2 �Svpjpkp�p←v0j0k0�0�0

J�=+1

+ Svpjpkp�p←v0j0k0�0�0

J�=−1 �

and

Svpjp,−kp,−�p←v0j0k0�0�0

J = Svpjpkp�p,←v0j0,−k0,−�0,−�0

J

= 1
2 �Svpjpkp�p←v0j0k0�0�0

J�=+1

− Svpjpkp�p←v0j0k0�0�0

J�=−1 � .

The S-matrix elements here relate the fully uncoupled initial
and final states. Because the spin-orbit coupling does not
vanish asymptotically, the physically meaningful quantity is
the S matrix between the partially coupled states, which are
the eigenfunctions of the spin-orbit operator, namely,6

�jkjaka� = 
��

�l�s��jaka��l���s�� .

Here, for simplicity, we have dropped the subscript “0.” For
the product states, because �p=0, the fully uncoupled and
partially coupled states are the same. The S-matrix elements
of Eq. �23� can be transformed easily into S-matrix elements
between the initial partially coupled states �v0j0k0jaka� and
the final states �vpjpkp�p�. The DCS for reaction is then given
by the standard helicity-frame expression,58 modified to in-
clude the addition of the nonzero electronic angular momen-
tum of the atomic reactants and products,6

d�vpjp←v0j0ja

d�
=



�2j0 + 1��2ja + 1�

	 
kp�pk0ka


 1

2iki


J

�2J + 1�dka+k0,�p+kp

J ���

	Svpjpkp�p←v0j0k0jaka

J 
2

, �23�

where the sum over J extends over all values for which the
reactive S-matrix elements differ significantly from zero.
Here ki is the wavevector in the initial state. The correspond-
ing state-to-state ICSs are given by

�vpjp←v0j0ja
=



�2j0 + 1��2ja + 1�ki
2 

kp�pk0ka


J

�2J + 1�

	�Svpjpkp�p←v0j0k0jaka

J �2. �24�

B. Time propagation

The propagation of the wave function is carried out us-
ing the split-operator method.48 The full Hamiltonian can be
split as

Ĥ = Ĥ0 + Û , �25�

where

Ĥ0 =
1

2�R�

�2

�R�
2 + h�

ˆ �r�� ,

�26�

Û =
L2

2�R�
R�

2 +
j2

2�r�
r�

2 + V��r�,R�,��� � Vrot + V�.

Here, h�
ˆ �r�� is the diatomic reference potential and

V��r� ,R� ,���=V�r� ,R� ,���−V�r� ,R�=� ,��
0�.

The propagation of the wave function in reactant Jacobi
coordinates is described by

��t + �t� = exp�− iĤ0�t/2�exp�− iÛ�t�

	exp�− iĤ0�t/2���t� , �27�

where exp�−iÛ�t� can be further split as

exp�− iÛ�t� = exp�− iVrot�t/2�exp�− iV��t�

	exp�− iVrot�t/2� . �28�

These equations are identical to those for a standard single-
PES wavepacket calculation,59,60 except that the matrix
elements of the potential V� involve the four diabatic PESs
in Eq. �1�. In addition, we use the pure-precession
approximation40 to evaluate the effect of Coriolis coupling.
We assume that the electronic orbital angular momentum re-
mains equal to its asymptotic value of l=1 for the states in
the reactant arrangement, but equal to l=0 for the states in
the product arrangement.

TABLE I. Numerical parameters for reactant Jacobi coordinate propagation, six-state model.

Grid/basis range and size R� �0.5,26.0�, NR=255 �among them 59 for interaction region�
r� �0.3,5.5�, Nr=39
jmin=0� jmax=40, Nj =21 over �0,90°�

Absorption functions exp�−0.0375	�t�r−3.5�2� for 3.5�r�5.5
exp�−0.000 56	�t�R−20.0�2� for 20.0�R�26.0

Initial wavepacket

exp�−
�R − R0�2

2�R
2 ik0R� R0=18.0

�R=0.5
k0= �2E0�R�1/2 with E0=0.32 eV

Total propagation time 12 000 a.u.
Time step 10 a.u.
Kmax 7.5
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The numerical parameters used in the six-state wave-
packet calculation are listed in Tables I and II. We apply the
absorption potential sufficiently far beyond the saddle-point
region that there is no possibility that the wavepacket will
return. This can be easily ascertained by single-PES calcula-
tions. We can determine the dependence of the total reaction
probability on the collision energy by evaluating the matrix
element of the flux operator at the dividing surface where the
absorption potential is located,48,61

Pi�Ec� =
1

�r�

Im�	�iE
+ ���r� − r�

0�
�

�r�

��iE
+ �� , �29�

where Ec is the initial relative collision energy. A useful
check of the RPD transformation from the reactant to prod-
uct arrangements and of the subsequent determination of the
S matrix is the comparison of the total reaction probability
given as the usual sum of squares of the S-matrix elements
with the reaction probabilities given by Eq. �29� determined
by the reactant-arrangement wavepacket before absorption
and the product-arrangement wavepacket after its emission
from the absorption region.

Note that there is no need to apply the absorbing poten-
tial to the fraction of the wavepacket, which evolves on the
four repulsive states, which we label in Eq. �1� ��
1� and

��̄
1�. In the region where the absorbing potential is applied,
these states lie so high in energy that the fraction of the
wavepacket associated with them is vanishingly small. Con-
sequently, in the RPD projection of the reactant-arrangement
wavepacket into the product arrangement, only that compo-
nent of the wavepacket that is associated with the ���=0�
state is retained.

C. Two-state model

In this subsection we return to the two-state model,
which includes the essential spin-orbit splitting and coupling
between the �= 
1 /2 states �Eq. �6�� but excludes the
smaller diabatic couplings in the full six-state model, as well
as Coriolis coupling involving the spin and electronic-orbital
angular momenta. To implement this model we extend the
conventional WP method for the usual study of reactive scat-
tering of a closed-shell system on a single PES �Ref. 42� to
include two coupled PESs but without including the full in-
tricacies introduced by two internal electronic angular
momenta.59

The Hamiltonian for an atom-diatom reaction in reactant
Jacobi coordinates is the corresponding simplification of Eq.

�7� with the understanding that the matrix of Hel+Hso is
reduced to the 2	2 matrix of Eq. �6� and that the electronic
angular momenta l� and s� are set to zero in the evaluation of
the orbital angular momentum L2. As in the full six-state
calculations, the wavepacket is expanded in the signed-K
functions of Eq. �10� but with only a single electronic state
label, ja=1 /2 and 3/2, which corresponds to the upper �in
energy� and lower �= 
1 /2 states of Eq. �6�. Asymptoti-
cally, the upper state correlates with Cl�2P1/2� and the lower,
to Cl�2P3/2�.

We understand that here ja is just a label, not an angular
momentum to be treated in the dynamics. Thus, for both the
upper and lower states, the signed-K body-frame rotational
basis functions are

�JMKjk; ja� � �JMK��jk� = �2J + 1

82 �1/2

DMK
J� ����dk0

j ���� .

�30�

Definite-K linear combinations are then taken, as in Eq. �11�.
Because we are ignoring the electronic spin and orbital an-
gular momenta, the parity of these functions is just ��−1�J,
where here J is an integer. In terms of these definite-K states
the full wavepacket is expanded as

��t,R�,r,�;K�� = 
n,v,j,K,ja

FnvjK�ja
�t�un

v�R��vj�r�

	�JMKjk�; ja� . �31�

Here the translational basis functions are unchanged from
Eq. �14�. The split-operator method is used to propagate the
wavepacket with addition of the complex absorbing potential
of Eq. �22� to damp reflection of the wavepacket at the
boundary of the grid.

We use a reactant-coordinate-based �RCB� approach to
determine the state-resolved reaction probabilities42 in which
the amplitudes of the final product state wave functions are
obtained by use of the collocation method at a specified
analysis plane R�, which is placed far out in the product
channel. In reality, since the potential of the upper state �ja

=1 /2� is very high in the product reaction, only that portion
of the wavepacket associated with the lower state �ja=3 /2�
survives so that the extraction of state-resolved reaction
probabilities is unchanged from that used in standard single-
PES TD reactive scattering calculations.42 We refer the
reader to this earlier reference for more detail.

TABLE II. Numerical parameters for product Jacobi coordinate propagation, six-state model.

Grid/basis range and size R� �2.8,36.0�, NR=159 �among them 29 for interaction region�
r� �0.8,4.0�, Nr=6
jmin=0� jmax=31, Nj =31 over �0,180°�

Absorption functions exp�−0.002	�t�R−31.0�2� for 31.0�R�36.0
Total propagation time 40 000 a.u.
Time step 10 a.u.
Position where the scattering
wave function was calculated R�=30.0
Kmax 28.5
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From the S-matrix obtained by the application of the
RCB approach, we determine the DCSs by a helicity-frame
expression similar to that of Eq. �23� but simplified here to
conform to the two-state model

d�

d�
��,Ec� jpvp←j0v0ja

=
wja

4ki
2

1

2j0 + 1 
KpK0



J

�2J + 1�dKpK0

J ���SKpjpvp←j0v0K0ja
J 
2

.

�32�

The factor wja
that appears in this equation is w1/2=1 and

w3/2=1 /2. In the latter case, which corresponds to reaction
out of the ground spin-orbit state of Cl, 50% of the reactants
approach in the �= 
3 /2 states, which are nonreactive
within the two-state model, and are consequently excluded.
In general, the result of any single-PES calculation in which
the electronic degeneracy is not included or results from our
two-state model in which atoms in the �= 
3 /2 states are
assumed not to react should be multiplied by 1/2 before com-
paring with the results of a full six-state calculation or with
experiment.62

The probability for reaction, summed over all accessible
final states, Pj0v0ja

J �Ecol� can be calculated by summing the
product-state-resolved reaction probabilities or by calculat-
ing the flux analogously to Eq. �29�. The corresponding ICS
is obtained by summing the reaction probabilities over all
partial waves �total angular momentum� and dividing by the
degeneracy of the initial state, similar to Eq. �24�. We have

�vpjp←v0j0ja
=

wja


�2j0 + 1�ki
2 

KpK0


J

�2J + 1�

	�SKpjpvp←j0v0K0ja
J �2. �33�

The parameters that govern the wavepacket propagation
in this two-state model are given in Table III.

D. Electronically adiabatic model

For completeness, we include also the results of TDWP
calculations within an electronically adiabatic model. Since
only the lowest ja=3 /2 spin-orbit state is included, in this

model we assume that the upper �ja=1 /2� spin-orbit state
cannot react. The single PES is given by the diagonalization,
at each value of the coordinates, of the two-state Hamil-
tonian of Eq. �6�. As such, this fully adiabatic approximation
is very similar to the model introduced by Hartke and Werner
�HSW�,63 except that in the latter case the fully adiabatic
PES results from diagonalization of the full 6	6 matrix of
Hel+Hso �Eqs. �1� and �5��. In fact, because of the small
magnitude of the nonadiabatic coupling PESs V1 and V2, the
difference between our electronically adiabatic model and
that of HSW is negligible.

Within the electronically adiabatic model, we use a stan-
dard single-PES WP treatment of the reaction dynamics.42

The differential and ICSs are given by the single-state anal-
ogy of Eqs. �32� and �33� with the same weight factor of 1/2.

IV. NUMERICAL RESULTS AND DISCUSSION

A. The RPD absorption potential and comparison
of results for the three models

Figure 1 shows total reaction probabilities calculated
from the product-arrangement state-resolved S-matrices for
J=15.5 out of the initial states �v0 , j0 , ja , j12,L , p�
= �0,0 ,3 /2,3 /2,1 ,+� �left panel� and �0,0,3/2,3/2,0,–� �right
panel�. In each panel the two curves indicate results obtained
by locating the analysis plane at different value of Rp. We
observe in the results in the left panel the appearance of
several sharp peaks at higher energy for Rp=15a0. These

TABLE III. Numerical parameters for two-state model propagation.

Grid/basis range and size R� �0.1,17.0�, NR=127 �among them 79 for interaction region�
r� �0.6,14.0�, Nr=89
jmin=0� jmax=88, Nj =45 over �0,90°�

Absorption functions exp�−0.0137	�t�r−11.3�2� for 11.3�r�14.0
exp�−0.001 875	�t�R−13.0�2� for 13.0�R�17.0

Initial wavepacket

exp�−
�R − R0�2

2�R
2 ik0R� R0=12.0

�R=0.3
k0= �2E0�R�1/2 with E0=0.48 eV

Total propagation time 12 000 a.u.
Time step 10 a.u.
Kmax 7
Boundary matching plane R�=8.0
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FIG. 1. Representative six-state reaction probabilities calculated from the
product state-resolved S-matrices for total angular momentum J=15.5 with
initial states �Eq. �16�� �v0 , j0 , ja , j12 ,L , p�= �0,0 ,3 /2,3 /2,1 ,+� �left panel�
and �0,0,3/2,3/2,0,–� �right panel�. The state-resolved information is ob-
tained after boundary condition matching at Rp

�=15.0 and 30.0a0.
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disappear at larger Rp and have totally vanished by Rp

=30a0. Curiously, in the right panel, which corresponds to
parity p=−1, these peaks do not occur. However, as J in-
creases, similar peaks do emerge for the p=−1 states.

Since the ClH–H interaction potential goes to zero for
Rp�15a0, we would expect the calculated transition prob-
abilities to be converged at this point. The peaks exemplified
in the left panel could arise, we believe, from spurious Co-
riolis interactions due to the somewhat arbitrary replacement
of l=1 in the reactant-arrangement electronic states with
l=0 for the product-arrangement states during the RP decou-
pling. By allowing propagation to continue out to Rp=30a0,
we believe that the total orbital angular momentum quantum
numbers lose effectively any artificial bias built in during the
RPD step so that the boundary matching at this point is free
of artifacts. Consequently, we use Rp=30a0 to define the
analysis plane for all the results presented in the remaining
sections of this article.

The total reaction probabilities calculated by the flux
method in the reactant and the product coordinates and by
summation of the product-state-resolved probabilities for
J=5.5 and 15.5 and for initial states �v0 , j0 , ja�= �0,0 ,3 /2�
and �0,0,1/2� are shown in the left and right panel of Fig. 2,
respectively. The total reaction probabilities calculated by the
flux method in the RPD product Jacobi coordinate propaga-
tion agree very well with that calculated in the RPD reactant
Jacobi coordinate. This confirms the accuracy of Eq. �21� for
predictions of total reaction probabilities for the Cl+H2 re-
action.

We also see in Fig. 2 that the total reaction probabilities
calculated by summation over the state-resolved probabilities
determined from the application of the RPD method fol-
lowed by propagation in product Jacobi coordinates agree
very well with the same total reaction probabilities with cal-
culated by application of the flux method. This agreement
also confirms the accuracy and convergence of the present
six-state calculations based on the RPD method.

Test calculations showed that the calculated reaction
probabilities were nearly independent of the location of the
RPD absorbing potential over the range of 5.5�rr�8.0a0.
This invariance is an additional test of the robustness of our
method. Also, this shows that the error in the Coriolis cou-
pling due to the imprecision introduced by replacing

l=1 �in the reactant arrangement� with l=0 in the product
arrangement has little effect on the Cl+H2 reaction, which is
a typical abstraction reaction.

The computational effort in a wavepacket treatment of
reactive scattering is proportional to the product of the num-
ber of initial states and the number of partial waves �values
of J�, which must be included to converge the calculation. In
the absence of electronic angular momentum, this is propor-
tional to the product of the projection degeneracy of the ini-
tial rotational state of the diatomic multiplied by Jmax �typi-
cally, Jmax�40.5�. For reactions of Cl with para-H2 in either
j=0 or j=2, this is 6Jmax�250. Since the electronic orbital
and spin degeneracy of the Cl atom is 6, a wavepacket cal-
culation of the Cl+H2 reaction including the internal elec-
tronic angular momentum increases the computational effort
by a factor of six. In addition, the dimensionality of each
wavepacket is six times greater. Thus the computational ef-
fort goes up by roughly a factor of 36 compared to a standard
TDWP reactive scattering calculation in which the internal
electronic angular momentum is ignored.

A further test of the accuracy of the six-state calculations
is a comparison with total reaction probabilities calculated
with the simpler two-state and fully adiabatic models intro-
duced above. We find �not shown here� excellent agreement.
In particular the two-state and six-state probabilities agree
well, especially at higher energy. This reflects the fact that
the nonadiabatic coupling V1 and V2 terms and the contribu-
tion of the electronic orbital angular momentum to the Cori-
olis coupling, both of which are ignored in the two-state
model, are of little importance. This conclusion is consistent
with comparable comparisons within the TID-CC method.37

Comparisons between the six-state, two-state, and adiabatic
models will be presented below as part of the discussion of
the calculated differential and ICSs.

Figure 3 presents Cl+H2�j=0� DCSs at collision ener-
gies of 0.2 and 0.4 eV from adiabatic, two-state, and six-state
models out of the initial states �j0 , ja�= �0,3 /2� �left panels�
and �0,1/2� �right panels�. Similar DCSs are shown in Fig. 4
but for H2 in j=2. For reaction of both Cl�2P3/2� and
Cl��2P1/2�, the DCSs are smooth and peaked in the backward
direction.

Figure 5 presents the product rotational state-resolved
ICSs at collision energies of 0.2 and 0.4 eV from the adia-
batic, two-state, and six-state models from the initial states as

0.1 0.2 0.3 0.4
Collision Energy (eV)

0

0.04

0.08

0.12
Pr
ob
ab
ilit
ies

Flux (Reactant)
Flux (Product)
State�resolved

0.1 0.2 0.3 0.4
Collision Energy (eV)

0

0.005

0.01 Flux (Reactant)
Flux (Product)
State�resolved

J=5.5

J=15.5 J=15.5

J=5.5

FIG. 2. Total reaction probabilities out of �v0 , j0 , ja�= �0,0 ,3 /2� �left panel�
and �0,0,1/2� �right panel� summed over final �and averaged over initial� j12

and L calculated in the full six-state model. The total probabilities obtained
by the flux method and the product-arrangement state-resolved S-matrices
are nearly identical.
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FIG. 3. Reaction DCSs from the six-state, two-state, and adiabatic models,
summed over final state, out of initial states �v0 , j0 , ja�= �0,0 ,3 /2� �left pan-
els� and �0,0,1/2� �right panels� at collision energies of 0.2 and 0.4 eV.
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�j0 , ja�= �0,3 /2� �left panels� and �0,1/2� �right panels�. The
results in Fig. 6 are similar but for H2 in j=2. We see in both
Figs. 5 and 6 that a higher internal energy in the reactants
�either Cl spin-orbit excitation or H2 rotational excitation�
leads to a greater degree of rotational excitation of the prod-
ucts.

The dependence on initial collision energy of the ICSs is
shown in Fig. 7 over the range of 0.1–0.4 eV for a reaction
out of the initial states �j0 , ja�= �0,3 /2�, �0,1/2�, �2,3/2�, and
�2,1/2�. Figure 7 represents a confirmation by wavepacket
calculations of the conclusion from earlier TID-CC
calculations7 that Cl� is much less reactive than Cl �at least in
reactions with para-H2�. The reactivity of the excited spin-
orbit state is at most 25% of that of ground spin-orbit state at
a collision energy of 0.4 eV. Only at the lower collision
energy, where the adiabatically allowed reaction is impeded
by the barrier, does the adiabatically forbidden reaction starts
to dominate. This is a consequence of the higher internal
energy of the Cl� atom. In addition, a comparison of the left
and right panels of Fig. 7 confirms the results of earlier
single-PES treatments of the Cl+H2 reaction, which demon-
strated that rotational excitation of H2 greatly enhances the
reactivity of both Cl and Cl�.10

We see in Fig. 7 that the predictions of the two-state
model agree extremely well with the results of the six-state
model. As stated earlier in this section, the agreement be-
tween the two-state and six-state models illustrates that the
weak V1 and V2 diabatic couplings and the Coriolis cou-
plings involving the electronic spin and orbital angular mo-

menta can be safely ignored in the study of the essential
details of the Cl+H2 reaction. This conclusion agrees with
the discussion in Ref. 37 where only total reaction probabili-
ties were considered. This comparison also showed that for
the reaction of the ground spin-orbit state, predictions of the
two-state model always agree better with the adiabatic model
than did the predictions of the full six-state model. This may
be reasonable because both the V1 and V2 terms and the
multiterm Coriolis couplings are ignored in both the two-
state and adiabatic models.

Although the two-state model gives excellent agreement
with the predictions of the more complete six-state model, it
is significantly more computationally efficient �by a factor of
�10�. This is because �a� one needs consider two initial
states �rather than six�, �b� the size of the electronic-
rotational basis is only twice, rather than six times, that of a
single-PES calculation, and �c� one no longer needs the V1

and V2 PESs.

B. Comparison with experiment

Finally, the DCSs from the six-state model are compared
with experimental observations in Figs. 8 and 9. To simulate
the experiment we assume5 that the rotational distribution of
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0.3, and 0.4 eV from the adiabatic, the two-state, and the full six-state
models out of initial states �v0 , j0 , ja�= �0,0 ,3 /2� �left column� and �0,0,1/2�
�right column�.
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the cooled para-H2 beam consists of 88% in j=0 and 12% in
j=2. The simulated cross sections are a similarly weighted
sum of the DCSs corresponding to reaction of j=0 and j
=2.

Figure 8 presents the dependence on collision energy of
the DCSs in the center-of-mass frame in the backward direc-
tion, where they are the largest. Results are shown for both
reaction of both the ground and excited spin-orbit states. We
see that the relative reactivities of the spin-orbit ground and
excited states are well predicted by the six-state model.

Figure 9 shows the dependence on center-of-mass scat-
tering angle of the DCS at Ec=4.75 kcal /mol �0.206 eV�,
compared with the experimentally deconvoluted DCS for re-
action of both spin-orbit states. We observe some disagree-
ment with the predictions of the six-state prediction. In par-
ticular, for the reaction of the spin-orbit excited state, the
experimental DCS is much more strongly peaked in the for-
ward direction. This disagreement may arise from the incom-
plete treatment of the electronic orbital momentum, which
has been discussed in the preceding section or alternatively
from ambiguities in the treatment of the parity of the wave
function, specifically in the reprojection onto product-
arrangement states, which is an essential step in the RPD. We
will discuss this issue in a future publication.53

It is also possible that the disagreement indicates inac-
curacies in the CW PESs used here. Finally, the disagree-
ment might be due to uncertainties introduced in the decon-
volution of the experimental DCS and the transformation
from the laboratory to the center-of-mass frame. It is note-
worthy that the comparison with experiment is best in the
backward direction �Fig. 8�, where the experimental signal is
strongest.

V. CONCLUSION

We have here extended the TDWP method to the de-
scription of reactive scattering of a halogen atom with mo-
lecular hydrogen, taking into full account the additional com-
plexity introduced by the open-shell character of the atom.
Our work is based on the earlier work of Alexander et al.
within a time-independent close-coupled framework.25 In
contrast with earlier time-dependent work on halogen-
hydrogen reactions,27–31 our work makes use of RPD to al-
low the determination of state-to-state S matrices, reaction
probabilities, and differential and ICSs for multiple-
potential-surface reaction. In addition to the full description,
which includes all six electronic states, we present a simpler
time-dependent two-state model. This model retains the spin-
orbit coupling, which is responsible for the reactivity of the
spin-orbit excited Cl��2P1/2� atom but neglects the smaller
electronically diabatic couplings as well as Coriolis coupling
involving the electronic orbital and/or spin angular momenta.

Because of the significant increase in computational
speed of time-dependent, as compared with time-
independent, reactive scattering calculation, the methodology
introduced here will allow us to carry out investigations of
non-Born–Oppenheimer effects in more complex triatomic
and eventually tetratomic reactions—systems that would be
inaccessible to TID-CC methods.

The accuracy of the two-state model, when compared
with the full six-state formulation, is most impressive and
allows the accurate simulation, even down to the level of
state-resolved DCSs, of both the electronically adiabatic re-
action of Cl�2P3/2� and the Born–Oppenheimer forbidden re-
action of Cl��2P1/2�. The great advantage of the two-state
model is the reduction, by an order of magnitude, of the
concomitant computational effort.

At the same time, in stark comparison with the fully
adiabatic model, the two-state model allows the accurate
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FIG. 8. Upper panel: collision-energy dependence of the differential reac-
tive scattering cross sections, in the backward direction, summed over prod-
uct vibrational and rotational levels for the Cl /Cl�+ p-H2 reactions at 4
�Ec�6 kcal /mol. The squares and circles are the experimental data, and
the lines display the full six-state theoretical results from the TDWP calcu-
lations on the CW PESs. Bottom panel: the ratio of the cross sections shown
in the upper panel. The curve indicates the results of the theoretical calcu-
lations on the CW PESs within the six-state model, while the diamonds
indicate the experimental results �Ref. 5�.

Cl*

Cl
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FIG. 9. Angular distributions in the CM system at a collision energy of 4.75
kcal/mol for reaction of Cl�2P3/2� and Cl��2P1/2� with p-H2, as determined
by crossed-molecular-beam experiments �Ref. 5, solid curves with error
bars� and by our fully quantum wavepacket simulations within the six-state
model �dashed curves�. The calculated DCSs and the experimental angular
distributions were arbitrarily normalized to the same value at �=180°. At a
collision energy of 4.75 kcal/mol, the actual ratio of the Cl+H2 and Cl�

+H2 DCSs in the backward direction is �3:1 �Fig. 8�.
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modeling of reaction of the excited spin-orbit state of Cl.
This non-Born–Oppenheimer process cannot be described in
any single-state treatment. As we have seen here, in agree-
ment with earlier TID-CC calculations,7 at low collision en-
ergy the relative reactivity of the excited spin-orbit state can
become significant �up to 20%�.

The relative DCSs in the backward direction compares
well with experiment5 for reaction of both Cl and Cl� at
collision energies ranging from 4 to 6 kcal/mol �0.17–0.26
eV�. A more detailed comparison at Ec=4.75 kcal /mol of
the angular dependent DCS indicates some disagreement. It
is possible that a better set of ab initio PESs is needed. Also,
as discussed in more detail in the body of the article, more
investigation is needed into the precise contribution of the
electronic orbital angular momentum to the Coriolis cou-
pling, in particular the variation in the matrix elements of l� as
one proceeds from reactants �where l=1� to products �where
l=0�. A similar level of detail will be required for the inves-
tigation of other reactions involving open-shell atomic and/or
molecular species.

The importance of nonadiabatic effects in small mol-
ecule reactions is a topic of great current interest. We antici-
pate that the present time-dependent methodology, in particu-
lar the use of RPD in the treatment of triatomic reactions
involving species with internal electronic angular momenta,
could be profitably applied to the study of similar reactions.
Further, the development of models similar to the two-state
model described here will allow important insights to be
gained without an excessive increase in computational over-
head, in particular under conditions where TDWP methods
can be expected to be accurate.

ACKNOWLEDGMENTS

The authors are grateful to Daiqian Xie, Xueming Yang,
and Kopin Liu for many helpful, stimulating, and encourag-
ing discussions, in particular about the intricacies of the ex-
perimental investigation of the Cl /Cl�+H2 reaction. Z.G.S.
thanks John Zhang for discussions about spin-orbit effects in
reactive scattering. Z.G.S. and D.H.Z. were supported by the
Knowledge Innovation Program of the Chinese Academy of
Science �Grant Nos. DICP R200402 and Y200601� and by
the National Natural Science Foundation of China �Grant
Nos. 20688301 and 20773127�. M.H.A. would like to thank
the U. S. National Science Foundation under Grant No.
CHE-0848110.

1 T. C. Allison, S. L. Mielke, D. W. Schwenke, G. C. Lynch, M. S. Gordon,
and D. G. Truhlar, in Gas-Phase Reaction Systems: Experiments and
Models 100 Years After Max Bodenstein, edited by J. Wolfrum, H.-R.
Volpp, R. Rannacher, and J. Warnatz �Springer, Heidelberg, 1996�.

2 K. J. Yuan, Y. Cheng, X. H. Liu, S. Harich, and X. M. Yang, Phys. Rev.
Lett. 96, 103202 �2006�.

3 M. H. Qiu, Z. F. Ren, L. Che, D. X. Dai, S. A. Harich, X. Y. Wang, X. M.
Yang, C. X. Xu, D. Q. Xie, M. Gustafsson, R. T. Skodje, Z. Sun, and D.
H. Zhang, Science 311, 1440 �2006�.

4 L. Che, Z. Ren, X. A. Wang, W. Dong, D. Dai, X. Y. Wang, D. H. Zhang,
X. Yang, L. Sheng, G. Li, H.-J. Werner, F. Lique, and M. H. Alexander,
Science 317, 1061 �2007�.

5 X. A. Wang, W. Dong, C. Xiao, L. Che, Z. Ren, D. Dai, X. Wang, P.
Casavecchia, X. Yang, B. Jiang, D. Xie, Z. Sun, S.-Y. Lee, D. H. Zhang,
H.-J. Werner, and M. H. Alexander, Science 322, 573 �2008�.

6 M. H. Alexander, Y.-R. Tzeng, and D. Skouteris, in Chemical Reaction

Dynamics, edited by G. Lendvay and A. Laganá �Kluwer-Academic, Am-
sterdam, 2004�.

7 M. H. Alexander, G. Capecchi, and H.-J. Werner, Science 296, 715
�2002�.

8 S. C. Mielke, T. C. Allison, D. G. Truhlar, and D. W. Schwenke, J. Phys.
Chem. 100, 13588 �1996�.

9 B. H. Yang, H. T. Gao, K. L. Han, and J. Z. H. Zhang, J. Chem. Phys.
113, 1434 �2000�.

10 D. Skouteris, H. Werner, F. J. Aoiz, L. Bañares, J. F. Castillo, M. Menén-
dez, N. Balucani, L. Cartechini, and P. Casavecchi, J. Chem. Phys. 114,
10662 �2001�.

11 D. Skouteris, D. E. Manolopoulos, W. Bian, H.-J. Werner, L. Lai, and K.
Liu, Science 286, 1713 �1999�.

12 N. Balucani, L. Cartechini, P. Casavecchi, G. G. Volpi, F. J. Aoiz, L.
Bañares, M. Menéndez, W. Bian, and H. Werner, Chem. Phys. Lett. 328,
500 �2000�.

13 U. Manthe, W. Bian, and H.-J. Werner, Chem. Phys. Lett. 313, 647
�1999�.

14 H. Wang, W. H. Thompson, and W. H. Miller, J. Chem. Phys. 107, 7194
�1997�.

15 F. J. Aoiz, L. Bañares, J. F. Castillo, M. Menéndez, D. Skouteris, and
H.-J. Werner, J. Chem. Phys. 115, 2074 �2001�.

16 F. J. Aoiz and L. Bañares, J. Phys. Chem. 100, 18108 �1996�.
17 T. C. Allison, G. C. Lynch, D. G. Truhlar, and M. S. Gordon, J. Phys.

Chem. 100, 13575 �1996�.
18 W. Bian and H. Werner, J. Chem. Phys. 112, 220 �2000�.
19 G. Capecchi and H.-J. Werner, Phys. Chem. Chem. Phys. 6, 4975 �2004�.
20 J. C. Tully, J. Chem. Phys. 60, 3042 �1974�.
21 G. C. Schatz, J. Phys. Chem. 99, 7522 �1995�.
22 C. S. Maierle, G. C. Schatz, M. S. Gordon, P. McCabe, and J. N. L.

Connor, J. Chem. Soc., Faraday Trans. 93, 709 �1997�.
23 G. C. Schatz, P. McCabe, and J. N. L. Connor, Faraday Discuss. Chem.

Soc. 110, 139 �1998�.
24 G. C. Schatz, M. Hankel, T. Whiteley, and J. N. L. Connor, J. Phys.

Chem. A 107, 7278 �2003�.
25 M. H. Alexander, D. E. Manolopoulos, and H.-J. Werner, J. Chem. Phys.

113, 11084 �2000�.
26 Y. R. Tzeng and M. H. Alexander, J. Chem. Phys. 121, 5812 �2004�.
27 Y. Zhang, T.-X. Xie, K.-L. Han, and J. Z. H. Zhang, J. Chem. Phys. 119,

12921 �2003�.
28 Y. Zhang, T.-X. Xie, K.-L. Han, and J. Z. H. Zhang, J. Phys. Chem. A

107, 10893 �2003�.
29 Y. Zhang, T.-X. Xie, K.-L. Han, and J. Z. H. Zhang, J. Chem. Phys. 120,

6000 �2004�.
30 D. Skouteris, A. Laganá, G. Capecchi, and H.-J. Werner, Phys. Chem.

Chem. Phys. 6, 5000 �2004�.
31 S. Ghosal and S. Mahapatra, J. Chem. Phys. 121, 5740 �2004�.
32 Y. Zhang, T.-X. Xie, K.-L. Han, and J. Z. H. Zhang, J. Chem. Phys. 124,

134301 �2006�.
33 Z. Sun, S.-Y. Lee, H. Guo, and D. H. Zhang, J. Chem. Phys. 130, 174102

�2009�.
34 G. Vissers and A. McCoy, J. Phys. Chem. A 110, 5978 �2006�.
35 P. Honvault, S. Y. Lin, D. Q. Xie, and H. Guo, J. Phys. Chem. A 111,

5349 �2007�.
36 Z. Sun, D. H. Zhang, C. Xu, S. Zhou, D. Xie, G. Lendvay, S.-Y. Lee, S.

Y. Lin, and H. Guo, J. Am. Chem. Soc. 130, 14962 �2008�.
37 M. H. Alexander, G. Capecchi, and H.-J. Werner, Faraday Discuss. 127,

59 �2004�.
38 M.-L. Dubernet and J. M. Hutson, J. Chem. Phys. 101, 1939 �1994�.
39 M.-L. Dubernet and J. M. Hutson, J. Phys. Chem. 98, 5844 �1994�.
40 H. Lefebvre-Brion and R. W. Field, Perturbations in the Spectra of Di-

atomic Molecules �Academic, New York, 1986�.
41 D. H. Zhang and J. Z. H. Zhang, J. Chem. Phys. 101, 1146 �1994�.
42 Z. Sun, X. Lin, S.-Y. Lee, and D. H. Zhang, J. Phys. Chem. A 113, 4145

�2009�.
43 S. Y. Lin and H. Guo, Phys. Rev. A 74, 022703 �2006�.
44 Z. Sun, S. Y. Lee, and D. H. Zhang �unpublished�.
45 T. Peng and J. Z. H. Zhang, J. Chem. Phys. 105, 6072 �1996�.
46 S. Althorpe, J. Chem. Phys. 114, 1601 �2001�.
47 G. C. Schatz and A. Kuppermann, J. Chem. Phys. 65, 4642 �1976�.
48 D. H. Zhang and J. Z. H. Zhang, J. Chem. Phys. 101, 3671 �1994�.
49 D. H. Zhang, S.-Y. Lee, and M. Baer, J. Chem. Phys. 112, 9802 �2000�.
50 R. N. Zare, Angular Momentum �Wiley, New York, 1988�.
51 D. M. Brink and G. R. Satchler, Angular Momentum, 2nd ed. �Clarendon,

034308-13 Time-dependent scattering of Cl with para-H2 J. Chem. Phys. 132, 034308 �2010�

Downloaded 16 Mar 2011 to 152.3.237.20. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions

http://dx.doi.org/10.1103/PhysRevLett.96.103202
http://dx.doi.org/10.1103/PhysRevLett.96.103202
http://dx.doi.org/10.1126/science.1123452
http://dx.doi.org/10.1126/science.1144984
http://dx.doi.org/10.1126/science.1163195
http://dx.doi.org/10.1126/science.1070472
http://dx.doi.org/10.1021/jp960782b
http://dx.doi.org/10.1021/jp960782b
http://dx.doi.org/10.1063/1.481933
http://dx.doi.org/10.1063/1.1372764
http://dx.doi.org/10.1126/science.286.5445.1713
http://dx.doi.org/10.1016/S0009-2614(00)00947-7
http://dx.doi.org/10.1016/S0009-2614(99)00998-7
http://dx.doi.org/10.1063/1.474959
http://dx.doi.org/10.1063/1.1385155
http://dx.doi.org/10.1021/jp962059r
http://dx.doi.org/10.1021/jp960781j
http://dx.doi.org/10.1021/jp960781j
http://dx.doi.org/10.1063/1.480574
http://dx.doi.org/10.1039/b411385c
http://dx.doi.org/10.1063/1.1681488
http://dx.doi.org/10.1021/j100019a038
http://dx.doi.org/10.1039/a606570h
http://dx.doi.org/10.1039/a801825a
http://dx.doi.org/10.1039/a801825a
http://dx.doi.org/10.1021/jp034680e
http://dx.doi.org/10.1021/jp034680e
http://dx.doi.org/10.1063/1.1326850
http://dx.doi.org/10.1063/1.1784446
http://dx.doi.org/10.1063/1.1626537
http://dx.doi.org/10.1021/jp036118u
http://dx.doi.org/10.1063/1.1650302
http://dx.doi.org/10.1039/b411046c
http://dx.doi.org/10.1039/b411046c
http://dx.doi.org/10.1063/1.1784781
http://dx.doi.org/10.1063/1.2181985
http://dx.doi.org/10.1063/1.3126363
http://dx.doi.org/10.1021/jp061196d
http://dx.doi.org/10.1021/jp072904d
http://dx.doi.org/10.1021/ja8068616
http://dx.doi.org/10.1039/b314189f
http://dx.doi.org/10.1063/1.467704
http://dx.doi.org/10.1021/j100074a007
http://dx.doi.org/10.1063/1.467808
http://dx.doi.org/10.1021/jp810512j
http://dx.doi.org/10.1103/PhysRevA.74.022703
http://dx.doi.org/10.1063/1.472444
http://dx.doi.org/10.1063/1.1334866
http://dx.doi.org/10.1063/1.432918
http://dx.doi.org/10.1063/1.467551
http://dx.doi.org/10.1063/1.481618


Oxford, 1968�.
52 J. M. Brown, J. T. Hougen, K.-P. Huber, J. W. C. Johns, I. Kopp, H.

Lefebvre-Brion, A. J. Merer, D. A. Ramsay, J. Rostas, and R. N. Zare, J.
Mol. Spectrosc. 55, 500 �1975�.

53 M. H. Alexander and Z. Sun �unpublished�.
54 N. Balucani, D. Skouteris, L. Cartechini, G. Capozza, E. Segoloni, P.

Casavecchia, M. H. Alexander, G. Capecchi, and H.-J. Werner, Phys.
Rev. Lett. 91, 013201 �2003�.

55 Y. C. Zhang, J. Zhang, H. Y. Zhang, Q. G. Zhang, and J. Z. H. Zhang, J.
Chem. Phys. 115, 8455 �2001�.

56 W. T. Yang and A. C. Peet, Chem. Phys. Lett. 153, 98 �1988�.

57 J. Z. H. Zhang, Theory and Application of Quantum Molecular Dynamics
�World Scientific, Singapore, 1999�.

58 J. Z. H. Zhang and W. H. Miller, J. Chem. Phys. 91, 1528 �1989�.
59 J. Alvarellos and H. Metiu, J. Chem. Phys. 88, 4957 �1988�.
60 X.-P. Jiang, R. Heather, and H. Metiu, J. Chem. Phys. 90, 2555 �1989�.
61 W. H. Miller, S. D. Schwartz, and J. W. Tromp, J. Chem. Phys. 79, 4889

�1983�.
62 F. J. Aoiz, L. Bañares, and J. F. Castillo, J. Chem. Phys. 111, 4013

�1999�.
63 B. Hartke and H. Werner, Chem. Phys. Lett. 280, 430 �1997�.

034308-14 Sun, Zhang, and Alexander J. Chem. Phys. 132, 034308 �2010�

Downloaded 16 Mar 2011 to 152.3.237.20. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions

http://dx.doi.org/10.1016/0022-2852(75)90291-X
http://dx.doi.org/10.1016/0022-2852(75)90291-X
http://dx.doi.org/10.1103/PhysRevLett.91.013201
http://dx.doi.org/10.1103/PhysRevLett.91.013201
http://dx.doi.org/10.1063/1.1388557
http://dx.doi.org/10.1063/1.1388557
http://dx.doi.org/10.1016/0009-2614(88)80139-8
http://dx.doi.org/10.1063/1.457650
http://dx.doi.org/10.1063/1.454707
http://dx.doi.org/10.1063/1.455952
http://dx.doi.org/10.1063/1.445581
http://dx.doi.org/10.1063/1.479703
http://dx.doi.org/10.1016/S0009-2614(97)01209-8

