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A single-pass high-gain x-ray free electron laser (FEL) calls for a high quality electron bunch. In

particular, for a seeded FEL amplifier and for a harmonic generation FEL, the electron bunch initial

energy profile uniformity is crucial for generating an FEL with a narrow bandwidth. After the

acceleration, compression, and transportation, the electron bunch energy profile entering the undulator

can acquire temporal nonuniformity. We study the influence of the electron bunch initial energy profile

nonuniformity on the FEL performance. Intrinsically, for a harmonic generation FEL, the harmonic

generation FEL in the final radiator starts with an electron bunch having energy modulation acquired in

the previous stages, due to the FEL interaction at those FEL wavelengths and their harmonics. The

influence of this electron bunch energy nonuniformity on the harmonic generation FEL in the final

radiator is then studied.
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I. INTRODUCTION

The free electron laser (FEL) is perceived as one of the
candidates for the fourth generation light source. Success

in commissioning the world’s first x-ray (1:5–15 �A) FEL—
the LINAC Coherent Light Source (LCLS)—at SLAC
National Accelerator Laboratory opens the gate for new
science [1]. Further improving the FEL spectrum band-
width is urged by various potential users. One of the
possibilities to generate narrow bandwidth FEL is to in-
voke a coherent seed laser to start the FEL process, which
is generally referred to as a seeded FEL. With a coherent
seed laser, the radiator can set to have the resonant wave-
length the same as the seed laser to simply form a FEL
amplifier or an optical klystron (OK) [2]. An OK has two
undulators with a magnetic buncher in between. For an
OK, indeed the radiator can have the resonant frequency as
one of the harmonics of the seed laser. In such an operation
mode, a harmonic generation free electron laser (HGFEL)
can be configured [3,4]. Because of the fact that the
buncher between the two undulators will rotate the phase
space on the seed wavelength scale, the electron bunch
entering the radiator will have multifrequency components
in its energy spectrum. We investigate its impact on the
radiator FEL performance, in particular the FEL band-
width from this multifrequency energy spectrum. In gen-
eral, the electron bunch generated from the photoinjector

has a very small energy spread and small emittance. During
the acceleration, bunch compression, and transportation,
the electron bunch will experience the rf curvature, the
second-order effect in the chicane, and collective effects,
which will all lead to a nonuniform energy profile [5]. In
addition, the electron bunch is subject to microbunching
instability [6–13]. Thus, the electron bunch entering the
undulator can have an energy modulation with multiple
frequencies. Such energy modulation will impact the FEL
performance and affect the FEL bandwidth. As mentioned
above, there is interest in this subject because of the
general attention to the problem of increasing the temporal
coherence properties of single-pass short wavelength FEL
sources. The seeded FEL can start the FEL process with a
coherent laser seed; yet, the nonuniform beam energy
profile along the electron bunch, which changes the reso-
nance condition and the local gain factor driving part of the
beam out of resonance, is one of the causes of degradation
of the coherence length during the amplification process.
Hence, the flatness requirement of the beam parameters for
the operation of a seeded FEL was addressed [14], with the
idea of reverse tracking the particles dynamics in order to
provide a ‘‘flat’’ beam in the sense of uniform parameters
at the entrance of the undulator. Along this line of thinking,
the dynamical problem of the interaction of a seeded FEL
with an energy chirped (linear and second-order) electron
beam was also addressed [15–18].
A study conducted for single frequency energy modula-

tion was recently reported [19]. In this paper, we consider
multifrequency initial energy modulation which is closer to
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the reality as we described above. We study the influence
of the energy profile nonuniformity on the free electron
laser (FEL) performance for a FEL amplifier as well as for
a harmonic generation (HG) FEL. The theory is compared
to three-dimensional simulation with GENESIS [20].

The paper is organized as follows. In Sec. II, the theory
frame is laid out. We formulate it as an initial value
problem within the Vlasov-Maxwell coupled equation
framework. The seeded FEL evolution with an electron
bunch having an initial multifrequency energy spectrum is
derived. The FEL bandwidth with such a nonuniform
energy profile electron bunch is computed and compared
to that of an ideal monoenergetic electron bunch. The
expression is cross-checked with GENESIS numerical simu-
lation in Sec. III. In Sec. IV, we then discuss the impact of
the electron bunch multifrequency energy spectrum on the
harmonic generation FEL performance in the radiator. As
mentioned above, intrinsically, a HGFEL in the radiator
starts from an electron bunch with multifrequency energy
spectrum. Some discussion is drawn in Sec. V.

II. VLASOV-MAXWELL ANALYSIS FOR AN
INITIAL VALUE PROBLEM

For a FEL amplifier, the FEL process starts from a
coherent seed; while for an optical klystron [2] and
(high-gain) harmonic generation FEL [4,21,22], the FEL
radiation in the radiator starts from coherent emission from
a microbunched electron bunch. Nevertheless, the coherent
emission once generated will be decomposed into the FEL
guided modes and will be amplified due to the same FEL
process. The FEL amplification process by an electron
bunch with multifrequency energy spectrum is the same
and applicable to all these different FEL configurations.
Hence, in the following let us formulate the FEL start-up
and evolution process when the electron bunch has energy
nonuniformity. We will postpone the discussion of the
coherent emission for an optical klystron or a harmonic
generation FEL in Sec. IV.

To analyze the start-up of a seeded FEL amplifier, we
use the coupled set of Vlasov and Maxwell equations
which describes the evolution of the electrons and the
radiation fields [15]. This approach is used as well for
the self-amplified spontaneous emission (SASE) FEL
[23]. We will work with a one-dimensional system in this
section.

A. Vlasov-Maxwell equations

We follow the analysis and notation of Refs. [15,23].
Dimensionless variables are introduced as Z ¼ kwz, � ¼
ðk0 þ kwÞz�!0t, where k0 ¼ 2�=�0, !0 ¼ k0c, and
kw ¼ 2�=�w with �0 being the radiation wavelength, �w

being the undulator period, and c being the speed of light in
vacuum. We also introduce p ¼ 2ð�� �0Þ=�0 as the mea-
sure of energy deviation, with � the Lorentz factor of an
electron in the electron bunch, and �0 the resonant energy

defined by �0 ¼ �wð1þ K2=2Þ=ð2�2
0Þ, for a planar undu-

lator, where the undulator deflecting parameter K �
93:4Bw�w with Bw the peak magnetic field in Tesla
and �w the undulator period in meter. The electron distri-
bution function c ð�; p; ZÞ is normalized, i.e.,R
c ð�; p; ZÞd�dp ¼ 1, with c 0ð�; p; ZÞ describing the

slow-varying unperturbed component. The FEL electric

field is written as Eðt; zÞ ¼ Að�; ZÞeið��ZÞ with Að�; ZÞ
being the slow-varying envelope function.
The one-dimensional linearized Vlasov-Maxwell equa-

tions are

@c

@Z
þ p

@c

@�
� 2D2

�2
0

ðAei� þ A�e�i�Þ@c 0

@p
¼ 0 (1)

and �
@

@Z
þ @

@�

�
Að�; ZÞ ¼ D1

�0

e�i�
Z

dpc ð�; p; ZÞ; (2)

where in SI units D1 ¼ eawn0½JJ�=ð2
ffiffiffi
2

p
kw"0Þ and D2 ¼

eaw½JJ�=ð
ffiffiffi
2

p
kwmc2Þ, with e and m being the charge and

mass of the electron; "0 � 8:85� 10�12 F=m being the
vacuum permittivity; n0 being the electron bunch density
in units of 1=m3; and ½JJ� ¼ J0½a2w=2ð1þ a2wÞ� �
J1½a2w=2ð1þ a2wÞ�, where the dimensionless rms undulator

parameter aw � K=
ffiffiffi
2

p
and J0ðxÞ and J1ðxÞ are the zeroth

and first order Bessel functions. Equation (1) gives a
general solution as

c ð�; Z; pÞ � c 0ð�� pZÞ þ
Z Z

0
dZ0 2D2

�2
0

� A½�� pðZ� Z0Þ�ei½��pðZ�Z0Þ�

� @c 0½�� pðZ� Z0Þ�
@p

: (3)

Plugging Eq. (3) into Eq. (2), we have�
@

@Z
þ @

@�

�
Að�; ZÞ ¼ D1

�0

e�i�
Z

dpc 0ð�� pZÞ

þ ð2�Þ3e�i�
Z

dp
Z Z

0
dZ0

� A½�� pðZ� Z0Þ�

� ei½��pðZ�Z0Þ� @c 0½�� pðZ� Z0Þ�
@p

;

(4)

with ð2�Þ3 � ð2D1D2Þ=�3
0 defining the FEL parameter �

[24,25].

B. Initial energy imperfectness—General solution

To model an energy imperfectness in the electron bunch
coming into the undulator, we assume that the initial
energy distribution function is

c 0 ¼ �½pþ gð�0Þ� ¼ �½pþ gð�� pZÞ�; (5)
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where gð�0Þ is a general function, and �ðxÞ is the Dirac
delta function.

The Maxwell equation is further rewritten after perform-
ing a partial integral, as�
@

@Z
þ @

@�

�
Að�; ZÞ � D1

�0

X
j

e�i�jþigð�jÞZ�ð�� �jÞ

�
�
þD1

�0

Bð�� pZÞ
�

þ ið2�Þ3
Z Z

0
dZ0ðZ� Z0Þ

� eigð�ÞðZ�Z0ÞAð�; Z0Þ; (6)

where the initial discrete radiators (electrons) are modeled
as

P
j�ð�� �jÞ�½pþ gð�jÞ� for the longitudinal coordi-

nates following Eq. (5). This term is for modeling the shot
noise which is responsible for the SASE FEL. In addition,
we also introduce a component Bð�; ZÞ, which is related to
the bunching factor, b, as

b �
�������� 1

2�

Z �

��
d�

Z
dpe�i�c 0ð�; pÞ

��������
�

�������� 1

2�

Z �

��
d�Bð�Þ

��������: (7)

This second term (given in the curly brackets) is written
separately for a premicrobunched electron bunch. As writ-
ten explicitly, after integration over �, the second term
shows the evolution of the initial bunching factor following
the pendulum equation, i.e., the bunch factor bðZÞ is a
function of Z.

To further work on Eq. (6), we now introduce the
Laplace transform,

fð�; sÞ ¼
Z 1

0
dZe�sZAð�; ZÞ: (8)

Likewise, we introduce

~Bð�; sÞ ¼
Z 1

0
dZe�sZBð�; ZÞ; (9)

for the premicrobunched component.
With this, Eq. (6) is now cast in the frequency domain as

@fð�; sÞ
@�

þ
�
s� ið2�Þ3

½s� igð�Þ�2
�
fð�; sÞ

¼ Að�; 0Þ
�
þD1

�0

~Bð�; sÞ
�
þD1

�0

X
j

e�i�j�ð�� �jÞ
s� igð�jÞ ; (10)

which yields the general solution as

fð�; sÞ ¼ fð�1; sÞ
þ

Z �

�1
d�0e�sð���0Þþ

R
�

�0 fið2�Þ3=½s�igð�00Þ�2gd�00

�
�
Að�0; 0Þ

�
þD1

�0

~Bð�0; sÞ
�

þD1

�0

X
j

e�i�j�ð�0 � �jÞ
s� igð�jÞ

�
: (11)

Notice that, in the square brackets in Eq. (11), the first term
Að�; 0Þ characterizes the initial seed for a seeded FEL, the
second term models a premicrobunched electron bunch,
while the third term models the SASE FEL. In the follow-
ing, let us focus on a seeded FEL, so that the second term
and third term in the square brackets will be ignored in the
derivation.

C. Initial energy modulation—An example

In this section, the general function gð�Þ as in Eq. (5)
characterizing the nonuniform energy profile is repre-
sented as a Fourier series as in the following. Indeed, for
electron bunch experienced microbunching instability, or
in the harmonic generation FEL as explained above and
detailed in the following Sec. IVB, there can be an energy
modulation along the electron bunch as

� ¼ �0 þ
X1
m¼1

"m sin½!mðt� t0Þ�; (12)

where !m characterizes the mth component of the energy
modulation. The initial energy distribution function is then

c 0 ¼ �

�
pþ X1

m¼1

�m sinð!�m
�0Þ

�
; (13)

where �m � 2"m=�0 and !�m
� !m=!0. For such a si-

nusoidal modulation, we have

Z �

�0

ið2�Þ3
½s� i

P1
m¼1 �m sinð!�m

�00Þ�2 d�
00

� ið2�Þ3ð�� �0Þ
s2

þ X1
m¼1

2�mð2�Þ3½cosð!�m
�Þ � cosð!�m

�0Þ�
!�m

s3
; (14)

to the leading order in �m.

1. The FEL solution

For a seeded FEL, let us throw away the initial value
term, the premicrobunched term, as well as the SASE term,
and keep only the seed in Eq. (11):

fð�; sÞ �
Z �

�1
d�0Að�0; 0Þe�sð���0Þþ½ið2�Þ3ð���0Þ=s2�þP1

m¼1
f2�mð2�Þ3½cosð!�m�Þ�cosð!�m�

0Þ�=ð!�ms
3Þg: (15)
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The inverse Laplace transform then gives us the FEL electric field slow-varying envelope function as

Að�; ZÞ ¼
Z
c

ds

2�i
esZfð�; sÞ

�
Z
c

ds

2�i
esZ

Z �

�1
d�0Að�0; 0Þe�sð���0Þþ½ið2�Þ3ð���0Þ=s2�þP1

m¼1
f2�mð2�Þ3½cosð!�m�Þ�cosð!�m�

0Þ�=ð!�ms
3Þg: (16)

Obviously, once we know the initial seed field envelope Að�; 0Þ, we can obtain the seeded FEL field envelope Að�; ZÞ along
the undulator.

The double integral in Eq. (16) can be evaluated by first performing the contour integral to get

Að�; ZÞ ¼
Z 1

0
d�Að�� �; 0ÞGð�; �; Z; s; �Þ; (17)

with the Green function Gð�; �; Z; s; �Þ and the corresponding phasor F ð�; �; Z; s; �Þ defined as

G ð�; �; Z; s; �Þ �
Z
c

ds

2�i
esðZ��Þþ½ið2�Þ3�=s2�þP1

m¼1
ð2�mð2�Þ3fcosð!�m�Þ�cos½!�m ð���Þ�g=½!�ms

3�Þ �
Z
c

ds

2�i
exp½F ð�; �; Z; s; �Þ�;

(18)

where � ¼ f�1; �2; . . . ; �1g. In Eq. (17), we implicitly introduce � � �� �0. The Green function can be estimated by
saddle point approximation. The saddle point ss is found from

dF ð�; �; Z; s; �Þ
ds

��������s¼ss

¼ 0; (19)

and the Green function is approximated as

G ð�; �; Z; s; �Þ � exp½F ð�; �; Z; ss; �Þ�
½2�F 00ð�; �; Z; ss; �Þ�1=2

ffi �ei�=12ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2�Z=�

p ei
1=32�Z�½i1=39ð��Z=3Þ2�=ð2ZÞ��P1

m¼1
ði2�mfcosð!�m�Þ�cos½!�m ð���Þ�g=!�m Þ:

(20)

For an initial Gaussian seed, we model it as

Eðt; z ¼ 0Þ ¼ E0e
�i!0t�	0t

2 ¼ E0e
i���2	0=!

2
0 ) Að�; 0Þ ¼ E0e

��2	0=!
2
0 ; (21)

where 	0 ¼ 1=ð4
2
t0Þ with 
t0 being the initial seed rms pulse duration. According to Eq. (17), the FEL pulse is

Að�; ZÞ ¼ E0

�ei�=12ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2�Z=�

p ei
1=32�Z�½i1=39ð��Z=3Þ2�=ð2ZÞ��P1

m¼1
½i2�m cosð!�m�Þ=!�m �

Z �

�1
d�0e�ð�02	0=!

2
0
ÞþP1

m¼1
½i2�m cosð!�m�

0Þ=!�m �

� E0!0

�ei�=12ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2	0Z=�

p
�
1þ X1

m¼1

i2�m

!�m

e�½!2
0
!2

�m=ð4	0Þ�
�
ei

1=32�Z�½i1=39ð��Z=3Þ2�=ð2ZÞ��P1
m¼1

½i2�m cosð!�m�Þ=!�m �

� E0!0

�ei�=12ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2	0Z=�

p ei�ei
1=32�Z�½i1=39ð��Z=3Þ2�=ð2ZÞ��P1

m¼1
½i2�m cosð!�m�Þ=!�m �: (22)

where

� ¼ X1
m¼1

2�m

!�m

e�½!2
0
!2

�m=ð4	0Þ�: (23)

It is interesting to find that to the first order in �, in
the exponential function, the microbunching energy
modulation only leads to a pure phase modulation, but
does not affect the power. To see this more explicitly,
one can exponentiate the small correction termP1

m¼1ði2�m=!�m
Þ exp½�!2

0!
2
�m
=ð4	0Þ� in front of the ex-

ponential function as we show above.

2. Bandwidth

As we find above, the first order correction is a pure
phase modulation; we would like to investigate this phase
modulation on the FEL coherence. Recall that one of the
most important purposes of a seeded FEL is to generate
transform limited light; let us now find the FEL spectrum:

~Eð!; zÞ � 1ffiffiffiffiffiffiffi
2�

p
Z

dtEðt; zÞei!t: (24)

Notice that Eðt; zÞ � e�i!0t, hence the Fourier transform is
defined as in Eq. (24).
First, we rewrite Eðt; zÞ to have t dependence explicit,

i.e.,
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Eðt; zÞ � E0!0

�ei�=12ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2	0Z=�

p ei�eik0Z=kw�6i1=3k0�Z=kw�9i1=3k2
0
�Z=ð2k2wÞe½9i1=3�!0=ðvgkwÞ�i�!0t�9i1=3�!2

0
t2=ð2ZÞ

�
�
1� X1

m¼1

i�m

!�m

ðei!�m� þ e�i!�m�Þ
�

� AðzÞe½9i1=3�!0=ðvgkwÞ�i�!0t�9i1=3�!2
0
t2=ð2ZÞ

�
1� X1

m¼1

i�m

!�m

ðei!�m� þ e�i!�m�Þ
�

� AðzÞei1=3Bz2=v2
ge�i!0t�i1=3Bðt�z=vgÞ2

�
1� X1

m¼1

i�m

!�m

ðei!�m� þ e�i!�m�Þ
�
; (25)

where vg � !0=ðk0 þ 2kw=3Þ is the FEL group velocity for a coasting beam without energy nonuniformity [15,23,26,27],
and B ¼ 9�!2

0=ð2ZÞ.
Completing the integral in Eq. (24), we have

~Eð!; zÞ ¼ AðzÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Bi1=3

p ei
5=3½ð!�!0Þ�ð2i4=3Bz=vgÞ�2=ð4BÞ

�
1� X1

m¼1

2i�m

!�m

ei
5=3!2

0!
2
�m=ð4BÞ cos

�
!�m

kwz

3
� i2=3ð!�!0Þ!0!�m

2B

��
:

(26)

For the following calculation, the FEL energy density is then introduced as

I ð!; zÞ � ~Eð!; zÞ ~E�ð!; zÞ; (27)

where ~E�ð!; zÞ is the complex conjugate of ~Eð!; zÞ.
With this FEL energy density function, we can compute the FEL average frequency as

h!ðzÞi �
R
!Ið!; zÞd!R
Ið!; zÞd! � !0

�
1þ X1

m¼1

2�me
�½ð!2

0
!2

�m Þ=ð4
ffiffi
3

p
BÞ� sinð!�m

zkw=3Þ
�
: (28)

So, we see clearly how the energy nonuniformity can drive part of the beam out of the resonant to the seed laser as
mentioned in Sec. I. To characterize the influence more quantitatively, we now compute the standard deviation, which is


!ðzÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR
!2Ið!; zÞd!R
Ið!; zÞd! � ½h!ðzÞi�2

s
� 2B�P1

m¼1 �m!
2
0!�m

e�½!2
0!

2
�m=ð4

ffiffi
3

p
BÞ� cosð!�m

zkw=3Þffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ffiffiffi
3

p
B

p
� 2B�P1

m¼1 Cm cosð!�m
zkw=3Þffiffiffiffiffiffiffiffiffiffiffiffiffi

2
ffiffiffi
3

p
B

p � 2BþP1
m¼1 Dmffiffiffiffiffiffiffiffiffiffiffiffiffi

2
ffiffiffi
3

p
B

p : (29)

Notice that, for � ¼ 0,


!ðzÞj�¼0 � 
!;0ðzÞ ¼1�D
!0

ffiffiffiffiffiffiffiffiffiffiffiffi
3

ffiffiffi
3

p
�

kwz

s
(30)

is the well-known 1D rms bandwidth of the FEL Green
function for a coasting electron beam without energy non-
uniformity [23,26,27].

To be explicit, we have��������Dm

2B

��������¼ �m!�m
kwz

9�
e�½ð!2

�mkwzÞ=ð18
ffiffi
3

p
�Þ�j cosð!�m

zkw=3Þj:
(31)

Recall that !�m
¼ !m=!0 is the ratio of the mth compo-

nent microbunching frequency to the FEL frequency.
Before we give a detailed study in the following, let us

look at an example. For LCLS 1:5 �A FEL [1], the undu-
lator period �w ¼ 3 cm and the FEL parameter �� 5:0�
10�4 for nominal operation. The microbunching instability
has peak gain modulation with period around 0:5 �m
entering the undulator. Assuming �m ¼ 0:2�, Eq. (31)
predicts about 10% bandwidth increment due to this energy
modulation along the undulator.
For a cascaded high-gain harmonic generation FEL [28],

the most serious degradation will be at the first stage,
where the FEL frequency is the lowest. This is due to the
n2 amplification of any degradation from the first stage into
the final FEL radiation, assuming that we are doing nth

harmonic generation. So, the first stage degradation is al-
ways the most severe one regarding this imperfectness and
also shot noise [29,30].
We make some general comments here. First, we rewrite

the oscillation phase in Eq. (31) as
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!�m
zkw=3 ¼ 1

6
ffiffiffi
3

p z

L1D
G

!�m

�
; (32)

where the 1D power gain length is defined as

L1D
G � �w

4
ffiffiffi
3

p
��

: (33)

So, if !�m
is a few times larger than �, then during the

exponential growth region, i.e., z can be up to about 20L1D
G ,

this cosð!�m
zkw=3Þ term can lead to a few oscillations. In

this case, the exp½�!2
�m
kwz=ð18

ffiffiffi
3

p
�Þ� term will exponen-

tially decrease quickly along the undulator z making the
overall degradation small along the undulator. So, it is
worthwhile to study when the phase is not too large. In
that case, let us simply look at the oscillation amplitude
only, i.e., we can study Cm=ð2BÞ, which is maximum at

z ¼ 18
ffiffiffi
3

p
�

kw!
2
�m

¼ 108L1D
G

�2

!2
�m

: (34)

At this location defined in Eq. (34), we have

Cm
2B

¼ 2
ffiffiffi
3

p
�m

!�m

e�1: (35)

One can also find that the bandwidth degradation is
maximized for

!�m
¼ 35=4

ffiffiffiffiffiffiffiffi
�

kwz

s
¼ 3

ffiffiffi
6

p
�

ffiffiffiffiffiffiffiffi
L1D
G

z

s
: (36)

That said, we expect the bandwidth degradation to be small
for both !�m

small and large limits. We will explore this

more in Sec. III. For this particular energy modulation
frequency defined in Eq. (36), we have

Cm
2B

¼ 1

3
ffiffiffi
2

p �m

�

ffiffiffiffiffiffiffiffi
z

L1D
G

s
e�1=2: (37)

Of course, with the oscillation term as in Eq. (31), more
detailed analysis is needed for discussion of the maximum
degradation. We prefer not to analytically elaborate it more
here, but rather leave the discussion to Sec. III.

III. SIMULATION

In this section, we would like to compare the analytical
calculations with numerical simulations. The simulations
are carried out by GENESIS working in time dependent
mode [20]. The bandwidth degradation shown by our
theory is quantitatively measured by the bandwidth degra-
dation which is defined as

�
!ðzÞ �
��������
!ðzÞ � 
!;0ðzÞ


!;0ðzÞ
��������; (38)

where 
!;0ðzÞ is the FEL bandwidth with perfect monoen-

ergetic initial electron beam energy "m ¼ 0, 
!ðzÞ is

bandwidth with modulated initial beam energy, and the
degradation �
!ðzÞ is the absolute value of the relative
ratio as defined in Eq. (38).
In order to compare with the theory, proper simulation

configurations have to be carefully set. The theory is in
accord with the high-gain FEL situation so the FEL char-
acteristic parameter � could not be small compared to
electron bunch intrinsic energy spread. On the other
hand, as shown in Eq. (29), the degradation is characterized
by the oscillations with period of 3�w=!�m

, so in order to

have a few oscillations in the exponential growth region, �
could neither be so large that saturation happens too soon.
In addition, the modulation �m of the initial beam energy
should be large enough to overwhelm the internal numeri-
cal simulation noise. Yet,�m should also be smaller than �,
otherwise the FEL exponential growth is undermined. The
parameters for the simulation are listed in Table I.
In Table I, we introduce a parameter ~a, whose square is

defined as

~a 2 � 4�k0kwr
2
0; (39)

where r0 is the transverse radius of the electron bunch
assuming a transverse uniform hard edge distribution
[31]. The parameter ~a characterizes the 3D effects.
Following Ref. [31], we will set ~a 2 ð2; 6Þ in the following
simulation. This is the interesting region where current
designing or operating x-ray FEL projects sit. For example,
for LCLS [1], ~a is about 4. For ~a 2 ð2; 6Þ, the FEL power
growth rate is close to 1D results and single mode domi-
nates. Gain guiding is very effective and transverse coher-
ence of the FELmode is well achieved. So, this is the range
where high-gain FELs are designed. Therefore, we will
focus in this range to compare the theory with full 3D
simulation.
We first show the bandwidth degradation of a single

frequency electron bunch energy modulation. The theoreti-
cal calculation of the bandwidth curves 
!;0ðzÞ, 
!ðzÞ and
the degradation �
!ðzÞ curves are shown in Fig. 1. The
simulation bandwidth curves and the degradation curve are

TABLE I. Parameters for simulation.

Parameters Value

RMS undulator parameter (aw) 1.4

Undulator wavelength (�w) 0.02 m

Period for each undulator (Nu) 300

Resonant energy (�0) 502

Initial energy rms spread (
�=�0) 10�5

Initial peak current (Ipeak) 800 A

Normalized rms X emittance 2.9 mmmrad

Normalized rms Y emittance 2.9 mmmrad

Resonant wavelength (�0) 118.4 nm

Scaled beam size (~a) 3.29

FEL parameter (�) 0.0043

1D power gain length (L1D
G ) 0.21 m
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shown in Fig. 2 as a comparison to the theoretical curves in
Fig. 1.

As can be seen from Fig. 1, with imperfect initial beam
energy, the bandwidth is oscillating around the nonmodu-
lated one. This oscillation contributes to the degradation
�
!ðzÞ which is shown as a few consecutive humps.
Figure 2 shows the simulation and compares the simulated
degradation �
!ðzÞ with the theory calculation. As can be
seen, from about 1.9 m to about 3.6 m, �
!ðzÞ of the
simulation and the theory are in accord with each other
reasonably well in terms of both pattern and value. The
discrepancy outside of the (1.9, 3.6) m region is explained
in Fig. 3.

As shown in Fig. 3, the simulation gain length are flat
and close to the theoretical number within a certain region.

Before 2 m and after 3.5 m, the gain length difference is
huge so the theoretical �
!ðzÞ does not follow the simu-
lation curve well within this region as shown in Fig. 2. The
region where the theory and simulation have discrepancy is
either the start-up region or the saturation region. This is
expected, since the theory is developed for the exponential
growth region only. A similar situation is found for the case
of multifrequency modulation as in Fig. 4. In Fig. 4, a
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FIG. 2. (Color) Simulations of bandwidth curves and bandwidth
degradation. The theoretical degradation curve is copied from
Fig. 1. The beam energy modulation for the degraded bandwidth
curve is the same as in Fig. 1. The simulation parameters are
listed in Table I.
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energy, respectively. The simulation parameters are the same as
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m ¼ ð0:05; 0:1; 0:6Þ. The simulation parameters are listed in
Table I. The red solid curve is the average of 20 simulation
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and modulated beam energy, respectively. The beam energy
modulation for the degraded bandwidth curve is "m ¼ 0:6, i.e.,
�m ¼ 0:0024. The theoretical calculation is based on the pa-
rameters listed in Table I.
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number of simulations are carried out to eliminate the
impact of numeric noise. The simulation sample statistics
such as the first- and the second-order moments are calcu-
lated; and the average simulated bandwidth degradation
with confidence intervals is constructed accordingly. As
can be seen, the theory and simulation agree with each
other in the exponential growth region from 2.0 to 3.7 m
within the confidence interval.

Our theory is a 1D theory which is valid when ~a is large
enough. In Fig. 5, we show series simulations with a few
different values of ~a. It can be seen, at smaller ~a (~a ! 2)
where the 1D limit is not achieved, the theory does not
match the simulation. In addition, at a higher peak current,
the FEL enters saturation faster so the top plot of Fig. 5
shows the bandwidth degradation follows the theory up to a
shorter range before saturation starts.

In Sec. II C 2, we state that the degradation is small for
both small and large !�m

. In the single modulation fre-

quency case, where m ¼ 1 and Eq. (38) becomes Eq. (31),
we plot Eq. (31) at a fix z ¼ 3 m as a function of !�m

as

shown in Fig. 6. Our theory predicts that the maximum
bandwidth degradation is around !�m

¼ 0:01 (following

the parameters listed in Table I). Figure 7 shows the
bandwidth degradation within the shaded area in Fig. 6.
As can be seen in Fig. 7, around the peak of Fig. 6,
degradations follow the theoretical prediction and at the
boundaries of the shaded area, degradations start to vanish.
Figure 8 shows the extreme cases where !�m

is either too

large or too small. The simulation bandwidth degradation
is dominated by noise which is expected.

It can be noticed that there is a noise beating pattern for
the simulations we have shown. The internal numerical
noise of the simulation contributes to the noise beating.
Figure 9 shows the bandwidth comparison of two simula-
tions with perfect initial bunch energy. The calculation is
done in the manner similar to Eq. (38). The curve shows the
absolute value of the two bandwidth curve difference
divided by one of the bandwidth curves. As can be seen,
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FIG. 5. (Color) Bandwidth degradation for different ~a. The
initial beam energy modulation is m ¼ 0:6, !m ¼
0:011�!0. The simulation parameters are listed in Table I,
except ~a and the initial peak current Ipeak ¼ 1400, 800, and

100 A for top, middle, and bottom pictures, respectively.

FIG. 6. (Color) Bandwidth degradation �
!ðzÞ as a function of
!�m

at z ¼ 3 m. The simulation parameters are listed in Table I.

Bandwidth degradation at the shaded area is shown in Fig. 7.
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different random number generator seeds could introduce
the noise beating and the two bandwidth curves are not
identical. This is also a measure of the statistical fluctua-
tion of the numerical simulation, which is quite challeng-
ing itself.

IV. IMPACT ON A SEEDED FEL

The work developed in the previous sections is sufficient
to study the bandwidth degradation of a seeded FEL am-
plifier when the electron bunch has a nonuniform energy
profile. Yet, for a harmonic generation FEL or an optical
klystron configuration, there is no initial radiation seed, but
rather the FEL will start from a premicrobunched electron
bunch. In fact, this can be done by keeping the prebunched
term (given in the curly brackets) and throwing away the

seed term and the SASE term in Eq. (11). Therefore,
Eq. (15) should be modified accordingly. The follow-up
analysis will have to be modified as well. This is being
reported in another publication. In the following, we will
get the coherent radiation power and study the bandwidth
degradation in the radiator treating the coherent radiation
power as a seed.

A. Coherent emission power

In the radiator of a HG FEL [3,4], the coherent radiation
power of the premicrobunched electron bunch at the fun-
damental frequency is [22,32]

Pcoh
1 ¼ Z0b

2
l N

2
ee

2�2N2
u

4
ffiffiffi
2

p

2

t

1

k2r

2
?

K2

ð1þ K2

2 Þ2

�
�
J1

�
K2

4þ 2K2

�
� J0

�
K2

4þ 2K2

��
2
; (40)

where we assume that the radiator is resonant at the lth

harmonic of the modulator in a HG FEL with the corre-
sponding bunching factor being bl. This is the start-up
power which is treated as the coherent seed. In Eq. (40),
Z0 is the vacuum impedance, Ne is the number of electrons
in the bunch, Nu is the number of undulator periods, kr ¼
2�=�r with �r being the radiator resonant wavelength, and

? is the electron bunch transverse rms size.

B. Electron energy profile into the radiator

Since we are working with a cold electron bunch without
intrinsic energy spread, the phase space distribution func-
tion at the exit of the modulator in a HG FEL will be

�ð��� �� sin�Þ; (41)

where �� � ð�� �0Þ=�0 with �0 as the electron centroid
energy, and �ðxÞ is the Dirac delta function. After the
buncher, the phase space distribution is then

�

�
��� �� sin

�
�� d�

d�
��� �0

��
; (42)

where d�=d� characterizes the buncher strength and �0 for
an overall phase shift.
Based on the reversion of series method [33], Eq. (42)

yields a formal series expansion as

�� ¼ X1
n¼1

��n

n!

dn�1sinnð� d�
d� xþ �� �0Þ

dxn�1

��������x¼0
: (43)

With this formal expression, �� is ready to be further
expressed as a Fourier series,

�� ¼ X1
m¼1

am sin½mð�� �0Þ� �
X1
m¼1

am sinðm�Þ; (44)

where the Fourier coefficient is calculated as
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am ¼ 1

�

Z �

��

X1
n¼1

��n

n!

dn�1sinnð� d�
d� xþ�Þ

dxn�1

��������x¼0
sinðm�Þd�

¼ 2

�

X1
n¼1

��n

n!

1

ð2iÞnþ1

Xn
k¼0

cknð�Þn�k

�
ið2k� nÞ

�
� d�

d�

��
n�1

�
eið2kþm�nÞ� � 1

ið2kþm� nÞ � eið2k�m�nÞ� � 1

ið2k�m� nÞ
�
; (45)

where ckn is the binomial coefficient.
As mentioned above, assuming that the radiator is reso-

nant at frequency !0 which is the lth harmonic of the first
undulator—the modulator—fundamental frequency, then
we can rewrite Eq. (45) according to Eqs. (12) and (13). We
have

!m ¼ m!0

l
!�m

¼ m

l
"m ¼ am �m ¼ 2am

�0

:

(46)

Combining Eqs. (31) and (46), one can estimate the impact
on the FEL bandwidth from the energy modulation gen-
erated in the modulator. As an example, assuming a seed
laser with a wavelength of 240 nm, via HG FEL, the final
FEL wavelength is �0 ¼ 4 nm. Further assuming that the
final 4 nm FEL has FEL parameter � ¼ 3:0� 10�3, un-
dulator period of �w ¼ 5 cm, and the generic energy
modulation at 240 nm leads to �m ¼ 0:3�, then over the
10 m long undulator the bandwidth increment is about 5%.

V. DISCUSSION

As a conclusion, in this paper, we study the effect on a
seeded FEL amplifier performance due to an initial energy
nonuniformity when the electron bunch enters the undu-
lator. Such nonuniformity can come from the rf curvature,
the collective effect induced microbunching instability,
and also generic energy modulation in a HG FEL. We
derived the bandwidth degradation to quantitatively mea-
sure this effect. The simulation and theory match reason-
ably well when FEL is close to the 1D limit and in the
exponential growth region. We then discuss the FEL band-
width degradation due to the generic energy modulation in
a HG FEL treating the initial coherent emission as the seed
into the radiator.
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