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Abstract

Two standard invariants used to study the fundamental group of the comple-

ment X of a hyperplane arrangement are the Malcev completion of its funda-

mental group π1(X, x0) and the cohomology groups H•(X,L) with coefficients

in rank one local systems. In this thesis, we develop a tool that unifies these

two approaches. This tool is the Malcev completion Sρρρ of π1(X, x0) relative to

a homomorphism ρρρ : π1(X, x0) → (C∗)N , which is a prosolvable group that gen-

eralizes the classical Malcev completion; when ρρρ is the trivial representation,

Sρρρ is the Malcev completion of π1(X, x0). The group Sρρρ is tightly controlled

by the cohomology groups H1(X,Lρρρkkk) with coefficients in the irreducible local

systems Lρρρkkk associated to the representation ρρρ.

The pronilpotent Lie algebra uρρρ of the prounipotent radical Uρρρ of Sρρρ has

been described by Hain. If ρρρ is the trivial representation, then uρρρ is the holon-

omy Lie algebra, which is well-known to be quadratically presented. In con-

trast, we show that when X is the complement of the braid arrangement in

C2, there are infinitely many representations ρρρ : π1(X, x0) → (C∗)2 for which
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uρρρ is not quadratically presented.

We show that if Y is a subtorus of the character torus T containing the

trivial character, then Sρρρ is combinatorially determined for general ρρρ ∈ Y .

We do not know whether Sρρρ is always combinatorially determined. If Sρρρ is

combinatorially determined for all ρρρ ∈ T, then the characteristic varieties of

the arrangement are combinatorially determined.

When Y is an irreducible subvariety of TN , we examine the behavior of

Sρρρ as ρρρ ∈ Y varies. We define an affine group scheme SY over Y such that

if Y = {ρρρ}, then SY is the relative Malcev completion Sρρρ. For each ρρρ ∈ Y ,

there is a canonical homomorphism Sρρρ → SY ⊗O(Y )Cρρρ of affine group schemes.

This is often an isomorphism. For example, if there exists ρρρ ∈ Y whose image

is Zariski dense in GN
m, then the homomorphism Sρρρ → SY ⊗O(Y ) Cρρρ is an

isomorphism for general ρρρ ∈ Y .
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Chapter 1

Introduction

Two standard invariants used to study the fundamental group of the comple-

ment X of a hyperplane arrangement are the Malcev (i.e. unipotent) comple-

tion of its fundamental group π1(X, x0) and the cohomology groups H•(X,Lρρρ)

with coefficients in rank one local systems. In this paper, we develop a tool that

unifies these two approaches. This tool is the Malcev completion of π1(X, x0)

relative to a homomorphism ρρρ : π1(X, x0) → (C∗)N . This is a prosolvable group

that generalizes the Malcev completion of π1(X, x0) and is tightly controlled

by the cohomology groups H1(X,L
ρ

k1
1 ···ρkN

N

).

1.1 Relative Malcev Completion

Let ρρρ : π1(X, x0) → (C∗)N be a representation. Let Dρρρ denote the Zariski

closure of the image of ρρρ in GN
m. The Malcev completion of π1(X, x0) relative

to ρρρ is a proalgebraic group over C (i.e., inverse limit of algebraic groups) that

is an extension

1 −→ Uρρρ −→ Sρρρ −→ Dρρρ −→ 1

of Dρρρ by a prounipotent group Uρρρ. It is equipped with a Zariski dense ho-

momorphism θρρρ : π1(X, x0) → Sρρρ that lifts ρρρ, and it is a characterized by the

following universal property. Suppose that the affine algebraic group S is an

1



extension

1 −→ U −→ S −→ Dρρρ −→ 1

of Dρρρ by a unipotent group U and that θ : π1(X, x0) → S lifts ρρρ:

π1(X, x0)

θ

²²

ρρρ

$$JJJJJJJJJ

S // Dρρρ.

Then there is a unique map Sρρρ → S such that the diagram

π
θρρρ //

θ ÂÂ?
??

??
??

? Sρρρ

²²
S

commutes.

If ρρρ is the trivial homomorphism, then Dρρρ is the trivial group, and Sρρρ is

the standard Malcev completion of π1(X, x0). This is the prounipotent group

whose Lie algebra is the completion h∧ of Kohno’s [26] holonomy Lie algebra

h =
L(H1(X,C))

〈im ∂〉 ,

where ∂ : H2(X,C) → ∧2 H1(X,C) is the dual of the cup product, and 〈im ∂〉
is the ideal generated by the image of ∂.

The relative Malcev completion of the fundamental group of a knot com-

plement was studied by Miller [29].

2



1.2 The Pronilpotent Lie Algebra

The exponential and logarithm maps determine an equivalence of categories

between prounipotent algebraic groups and pronilpotent Lie algebras. In par-

ticular, the prounipotent group Uρρρ corresponds to a pronilpotent Lie algebra

uρρρ. Each character α of Dρρρ determines a one dimensional representation Vα

of Dρρρ and a rank one local system Vα on X with monodromy given by the

character α ◦ ρρρ : π1(X, x0) → C∗.

If u is any pronilpotent Lie algebra, then u is strongly controlled by H1(u)

and H2(u). As described in the proof of Proposition 7.1 of [19], there is a

Dρρρ-equivariant isomorphism

∏

α∈D∨ρρρ

H1(X,Vα)∗ ⊗ Vα
∼= H1(uρρρ) (1.1)

and a Dρρρ-equivariant surjection

∏

α∈D∨ρρρ

H2(X,Vα)∗ ⊗ Vα −→ H2(uρρρ). (1.2)

Rational homotopy theory provides several equivalent methods for con-

structing a pronilpotent Lie algebra from a connected commutative differential

graded algebra (e.g. bar construction, formal power series connections, and

minimal models). The Lie algebra uρρρ is the pronilpotent Lie algebra con-

3



structed from the commutative differential graded algebra

E•(X,Oρρρ) =
⊕

α∈D∨ρρρ

E•(X,Vα)⊗ V ∗
α

This algebra has a product that we describe in Section 5.5. If ρρρ has Zariski

dense image in GN
m, then

E•(X,Oρρρ) =
⊕

kkk∈ZN

E•(X,L
ρρρ

k1
1 ···ρρρkN

N

)q−k1
1 · · · q−kN

N .

Standard results of rational homotopy theory imply that the Lie algebra

uρρρ is quadratically presented if and only if the differential graded algebra

E•(X,Oρρρ) is 1-formal. In particular, if uρρρ is quadratically presented, then

all Massey triple products of 1-forms must vanish modulo their indetermi-

nacies. If ρρρ is the trivial representation, then Dρρρ is the trivial group and

E•(X,Oρρρ) = E•(X,C). Thus, uρρρ = u1 is the completion h∧ of Kohno’s [26]

holonomy Lie algebra h, which is quadratically presented. As the next theorem

shows, E•(X,Oρρρ) is not, in general, 1-formal.

Let X ⊂ C2 denote the complement of the braid arrangement B. The

intersection of B with R2 is shown below. Let the hyperplanes be numbered as

indicated.

Theorem 1.2.1. There exist infinitely many ρρρ ∈ T2 for which H•(X,Oρρρ) has

a nonzero Massey triple product of degree-one elements. Thus, the commu-

tative differential graded algebra E•(X,Oρρρ) is not 1-formal and therefore the

4



1 2 5

3

4

Figure 1.1: The braid arrangement B

pronilpotent Lie algebra uρρρ is not quadratically presented.

1.3 Completion and Characteristic Varieties

For each i ≥ 0, the character torus has a filtration

T = V i
0(X) ⊃ V i

1(X) ⊃ . . .

by characteristic (sub)varieties of T, where

V i
m(X) := {ρ ∈ T : dim H i(X,Lρ) ≥ m}.

There is a similar stratification of TN defined by

V i
N,m(X) := {(ρ1, . . . , ρN) ∈ TN : dim H i(X,Lρ1···ρN

) ≥ m}.
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In [1], Arapura proved a general result that implies that the subvariety V i
N,m(X)

of TN is the union of translates of subtori of TN by torsion characters.

If ρρρ ∈ TN , then the universal property of the relative Malcev completion Sρρρ

gives a surjection Sρρρ −→ Dρρρ × π1(X, x0)
un of groups, where π1(X, x0)

un is the

Malcev completion of π1(X, x0). Thus, there is a surjection Sρρρ → π1(X, x0)
un,

which is an isomorphism if ρρρ is the trivial representation. Thus, we may view

Sρρρ as a kind of “deformation” of π1(X, x0)
un over TN .

In Chapter 10, we examine exactly how Sρρρ depends on ρρρ. The first result

in this direction is the following theorem.

Theorem 1.3.1. If X is the complement of an arrangement of hyperplanes

in a complex vector space and two distinct hyperplanes intersect, then Sρρρ
∼=

Dρρρ × π1(X, x0)
un for general1 ρρρ ∈ TN .

If ρρρ lies in the characteristic variety V1
N,1(X), then Sρρρ is not isomorphic to

Dρρρ × π1(X, x0)
un.

1.4 The Problem with (A•,−aaaωωωT )

Suppose that X is the complement of an arrangement of n hyperplanes in a

complex vector space. Choose a linear function Lj on X whose vanishing set

is the j-th hyperplane. Set ωj = (2πi)−1dLj/Lj. This is a closed holomorphic

1-form on X with integral periods. Let A• denote the subalgebra of E•(X,C)

1Those ρρρ ∈ Y which lie in an intersection of countably many Zariski open sets.
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generated by the forms ωj. This is the complexified Orlik-Solomon algebra of

the arrangement.

Define ωωω = (ω1, . . . , ωn), and let ωωωT denote the transpose of ωωω. Given

aaa ∈ Cn, set aaaωωωT = a1ω1 + · · · + anωn. This is an element of H1(X,C). Its

exponential ρρρ = exp(aaaωωωT ) is an element of T. Let ∇aaa denote the connection

on the trivial line bundle C × X → X defined by ∇aaaσ = dσ − (aaaωωωT )σ for

σ ∈ E0(X). There is a natural inclusion

(A•,−aaaωωωT ) ↪→ E•(X,Lρρρ).

of complexes. Though the product in A• induces a product in H•(A•,−aaaωωωT ),

the algebra (A•,−aaaωωωT ) is not a differential graded algebra. The cup product

of two elements of H•(X,Lρρρ) lies in H•(X,Lρρρ2). If ζ and ψ are elements of

(A•,−aaaωωωT ), then ζ∧ψ is an element of the complex (A•,−2aaaωωωT ). The diagram

(A•,−aaaωωωT )⊗C (A•,−aaaωωωT )

²²

∧ //(A•,−2aaaωωωT )

²²
E•(X,Lρρρ)⊗C E•(X,Lρρρ)

∧ //E•(X,Lρρρ2)

commutes, and all maps are chain maps. That is, although the cup product

of two elements in (A•,−aaaωωωT ) is an element of this same complex, it is more

naturally an element of the complex (A•,−2aaaωωωT ). Thus, it is natural to define

A•
aaa =

⊕

k∈Z
A•q−k.

7



This is a commutative differential graded C-algebra, where the differential is

given on the k-th component by left multiplication by −kaaaωωωT . It is graded by

degree of differential forms.

There is a canonical homomorphism

A•
aaa −→ E•(X,Oρρρ)

of commutative differential graded algebras, which is an inclusion when ρρρ has

Zariski dense image in Gm.

Theorem 1.4.1. If V is a vector subspace of Cn, then there is a countable

collection {Wj} of proper affine subspaces of V that do not contain 0 with the

following property. If aaa ∈ V − ⋃
j Wj and ρρρ = exp(aaaωωωT ) has Zariski dense

image in Gm, then the induced homomorphism H•(A•
aaa) −→ H•(X,Oρρρ) is an

isomorphism.

Recall that Theorem 1.2.1 says that when X is the complement of the braid

arrangement in C2, there exists ρρρ ∈ T2 such that H1(X,Oρρρ) has a nonvanishing

Massey triple product of degree-one elements. To prove Theorem 1.2.1, we

apply Theorem 1.4.1 and then exhibit a nonvanishing Massey triple product

in A•
aaa for some 2 by 5 matrix aaa.

In addition, we use Theorem 1.4.1 to give conditions under which Sρρρ is

combinatorially determined.

8



1.5 When Sρρρ is Combinatorially Determined

Let X denote the complement of an arrangement of hyperplanes in a complex

vector space, and let h denote its holonomy Lie algebra. Let h∧ denote its

completion with respect to degree. Then h∧ is the pronilpotent Lie algebra

constructed from the differential graded algebra E•(X) by the methods of ra-

tional homotopy theory. Let A• denote the complexified Orlik-Solomon algebra

of X. The inclusion A• ↪→ E•(X) is a quasi-isomorphism [32]. Thus, h∧ can

also be constructed from the differential graded algebra A•. The Orlik-Solomon

algebra is determined by the intersection poset of the hyperplane arrangement.

Thus, the pronilpotent Lie algebra h∧ is also determined by the intersection

poset. The Malcev completion π1(X, x0)
un is the unique prounipotent group

whose Lie algebra is h∧. Thus, π1(X, x0)
un is determined by the intersection

poset of the arrangement. For this reason, we say that π1(X, x0)
un is combina-

torially determined.

It is natural to ask whether, in general, the isomorphism class of the relative

Malcev completion Sρρρ is combinatorially determined. The first result in this

direction is given in Theorem 1.3.1, which implies that if two distinct hyper-

planes intersect, then Sρρρ
∼= Dρρρ×π1(X, x0)

un for general ρρρ ∈ T. For such ρρρ, the

relative Malcev completion Sρρρ is combinatorially determined. This generalizes

to any subtorus of the character torus T that contains the trivial character.

Theorem 1.5.1. If Y is a subtorus of T that contains the trivial character,

then the isomorphism class of the relative Malcev completion Sρρρ is combinato-

9



rially determined for general ρρρ ∈ Y .

We do not know whether Sρρρ is always combinatorially determined. The

isomorphism (1.1) and the surjection (1.2) of Lie algebra homologies suggest

that the question of whether Sρρρ is combinatorially determined is related to the

question of whether characteristic varieties are combinatorially determined.

Theorem 1.5.2. If the isomorphism class of the relative Malcev completion

Sρρρ is combinatorially determined for all ρρρ ∈ T, then the characteristic variety

V1
m(X) = {ρρρ ∈ T | dimCH1(X,Lρρρ) ≥ m} = 0 is combinatorially determined.

1.6 Constancy Over Characteristic Varieties

Let Y be an irreducible subvariety of TN . In Chapter 10, we examine how

Sρρρ deforms as ρρρ ∈ Y varies. One natural and interesting choice for Y is an

irreducible component of the characteristic variety V i
N,m(X).

There is an affine group scheme SY over Y such that for Y = {ρρρ}, SY is the

Malcev completion of π1(X, x0) relative to ρρρ. Let O(Y ) denote the coordinate

ring of Y . There is a homomorphism

π1(X, x0) −→ SY (O(Y ))

into the group of O(Y )-rational points of SY . For each ρρρ ∈ Y , there is a

homomorphism Sρρρ → SY ⊗O(Y ) Cρρρ of affine group schemes over C, where Cρρρ

is the residue field associated to ρρρ. This residue field is naturally a quotient of

10



O(Y ). The diagram

π1(X, x0)

θY

²²

θρρρ // Sρρρ(C)

²²
SY (O(Y )) // SY (Cρρρ)

commutes.

Theorem 1.6.1. If there exists %%% ∈ Y such that D%%% contains imρρρ for all ρρρ ∈ Y ,

then the homomorphism

Sρρρ −→ SY ⊗O(Y ) Cρρρ

is an isomorphism for general ρρρ ∈ Y .

Remark 1.6.2. If Y is an irreducible subvariety of T that has positive dimension,

then the general ρρρ ∈ Y has Zariski dense image in Gm. Thus, if N = 1, then

the hypotheses of the theorem are always satisfied.

11



Chapter 2

Notation and Conventions

For the convenience of the reader, this section is an outline of the basic con-

ventions which will be used.

All differential forms are assumed to be complex-valued. For a manifold X,

E•(X) denotes E•(X,C).

We multiply paths in their natural order. That is, if γ, β : [0, 1] → X are

paths in a topological space X such that γ(1) = β(0), then the path γβ is

given by (γβ)(t) = γ(2t) for 0 ≤ t ≤ 1
2

and (γβ)(t) = β(2t− 1) for 1
2
≤ t ≤ 1.

If (X̃, x̃0) → (X, x0) is a pointed universal covering of X, then π1(X, x0) acts

on the left of X̃.

All schemes and varieties are assumed to be affine.

If G is an affine group scheme over a commutative ring R, then all G-

modules are assumed to be right G-modules.

If n is an integer, elements of Cn are 1 by n vectors with entries in C. If

www ∈ Cn, we let wwwT denote its transpose. Thus, if kkk ∈ CN , www ∈ Cn, and aaa is an

N by n matrix with entries in C, then kkkaaawwwT is a complex number.

Suppose that X is the complement of an arrangement of n hyperplanes in

a complex vector space V . For j = 1, . . . , n, choose a linear function Lj on V

whose vanishing set is the j-th hyperplane. Set ωj = (2πi)−1dLj/Lj. This is

a closed holomorphic 1-form on X. Set ωωω = (ω1, . . . , ωn), and let ωωωT denote

12



the transpose of ωωω. If aaa is an N by n matrix with entries in C, then aaaωωωT is a

closed holomorphic 1-form with entries in CN .

13



Chapter 3

Hyperplane Arrangements and
Characteristic Varieties

This section is a review of some basic facts about the topology of complements

of hyperplane arrangements.

3.1 Hyperplane Arrangements

An affine hyperplane arrangement is a finite set {K1, . . . , Kn} of hyperplanes

in a complex vector space. Similarly, a projective hyperplane arrangement is a

finite set {K̂1, . . . , K̂n} of hyperplanes in a complex projective space.

Given an affine arrangement {K1, . . . , Kn} in a complex vector space V of

dimension `, let K be the union K =
⋃n

j=1 Kj. For j = 1, . . . , n, let K̂j denote

the closure of the image of Kj under the inclusion V
φ

↪→ P(V ⊕C) given by v 7→
[v, 1], and set K̂0 = P(V ). The set {K̂0, . . . , K̂n} is a projective arrangement

in P(V ⊕C). Let K̂ be the union K̂ =
⋃n

j=0 K̂j. The complement of the affine

arrangement K is X = V − K. Note that if n ≥ 1, then X = P(V ⊕ C) − K̂.

In this case, X is affine and thus has the homotopy type of CW complex of

dimension at most ` [30, Theorem 7.2].

The union K̂ =
⋃n

j=0 K̂j has a natural stratification K̂ = K̂1 ⊇ K̂2 ⊇ . . . ,

where K̂r is the union of all subsets of K̂ that are finite intersections of the

hyperplanes K̂j and have codimension r in P(V ⊕ C). Let W be an affine
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subspace of V of dimension d, and let Ŵ denote closure of the image of W

under the inclusion V
φ

↪→ P(V ⊕C). We say that W is in general position with

respect to K if Ŵ ∩ K̂d+1 = ∅.

Theorem 3.1.1 (Zariski-Lefschetz, [15]). If W is an affine subspace of V of

dimension d that is in general position with respect to K, and if x0 ∈ X ∩W ,

then

πj(X ∩W,x0) → πj(X, x0)

is an isomorphism for j < d and a surjection for j = d.

In particular, when d = 1, this theorem implies that the homomorphism

π1(X ∩ W,x0) → π1(X, x0) is surjective. In this case, the hyperplanes Kj

intersect W in distinct points pj, and π1(X ∩ W,x0) is a free group on n

generators. For j = 1, . . . , n, choose a linear function Lj on V whose vanishing

set is the hyperplane Kj. Set

ωj =
1

2πi

d Lj

Lj

.

This is a closed holomorphic 1-form on X whose periods are integers. It thus

determines a cohomology class in H1(X,Z). The pullback of ωj to X ∩ W

has a simple pole with residue 1
2πi

at pj. Consequently, there are n generators

γ1, . . . , γn of π1(X, x0) such that

∫

γj

ωj = δjk. (3.1)
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The cohomology classes [ωj] are linearly independent in H1(X,Z).

Corollary 3.1.2. The homology group H1(X,Z) is freely generated by the ho-

mology classes

[γ1], . . . , [γn],

and the cohomology group H1(X,Z) is freely generated by the cohomology classes

[ω1], . . . , [ωn].

These sets of generators are dual.

Set ωωω = (ω1, . . . , ωn), and let ωωωT denote the transpose of ωωω. If A is an

abelian group and aaa ∈ An, then aaaωωωT = a1ω1 + · · · + anωn is a holomorphic

1-form on X with values in A.

Corollary 3.1.3. If A is an abelian group under addition, then there is a

natural isomorphism An
∼=−→ H1(X, A) given by aaa 7→ aaaωωωT .

Of particular interest is the case A = CN , where N is a positive integer.

Let MN×n(C) denote the set of N by n matrices with entries in C. Corollary

3.1.3 implies that there is a natural isomorphism MN×n(C)
∼=−→ H1(X,CN)

given by aaa 7→ aaaωωωT .
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3.2 Rank One Local Systems

Define T to be the character torus T := H1(X,C∗). For each ρ ∈ T, define

Lρ to be the rank one local system on X with monodromy ρ. Here, we give a

concrete construction of Lρ as a flat line bundle on X.

Given ρ ∈ H1(X,C∗), choose aaa ∈ Cn such that ρ = exp(aaaωωωT ). Then aaa is

represented by the closed holomorphic 1-form

aaaωωωT = a1ω1 + · · ·+ anωn.

It determines a connection ∇aaa on the trivial line bundle C ×X → X via the

formula

∇aaaσ = dσ − (aaaωωωT )σ

for σ ∈ E0(X). It is flat because d(aaaωωωT ) = (aaaωωωT ) ∧ (aaaωωωT ) = 0.

Proposition 3.2.1. The monodromy representation of ∇aaa is ρ.

Proof. Up to multiplication by a constant, the unique σ ∈ E0(X) such that

∇aaaσ = 0 is given by σ(z) = L1(z)a1/2πi · · ·Ln(z)an/2πi, and Lj(z)aj is a multi-

valued holomorphic function on V \ L−1
j (0). The monodromy of this function

on the path γk is given by eaj ·δjk . The result follows.

Corollary 3.2.2. There is an isomorphism Lρ
∼= (C × X,∇aaa) of flat line

bundles on X.
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3.3 The Orlik-Solomon Algebra

Here, we recall a fundamental result of Brieskorn [3] and a refinement of it by

Orlik and Solomon [32].

Denote by A•
Z the Z-subalgebra of E•(X) generated by the forms ω1, . . . , ωn.

The algebra A•
Z was originally defined by Brieskorn in [3] and is now known as

the Orlik-Solomon algebra. Since each ωj is closed and represents an integral

cohomology class, there is a homomorphism

A•
Z −→ H•(X,Z)

given by ωj1 ∧ · · · ∧ ωjr 7→ [ωj1 ] ` · · · ` [ωjr ].

Theorem 3.3.1 (Brieskorn, [3]). The homomorphism A•
Z −→ H•(X,Z) is an

isomorphism.

Corollary 3.3.2. The integral cohomology ring H•(X,Z) is torsion-free.

Define A• = C ⊗Z A•
Z. This is a subalgebra of E•(X) consisting of closed

forms. An immediate corollary of Brieskorn’s theorem is that the canonical

map A• → H•(X,C) is an isomorphism.

Orlik and Solomon [32] determined a linear basis for the relations in A•
Z. In

degree two, these relations are generated by the forms ωq∧ωr +ωr∧ωs+ωs∧ωq,

where Kq ∩Kr ∩Ks 6= ∅, and by the forms ωq ∧ ωr, where Kq ∩Kr = ∅.

18



3.4 The Theorem of Esnault, Schechtman, and

Viehweg

If aaa ∈ Cn, then aaaωωωT ∈ A•. Thus, left multiplication by −aaaωωωT determines

a differential on A•, which will be denoted −aaaωωωT . The resulting complex

(A•,−aaaωωωT ) is then a subcomplex of (E•(X),∇aaa). Recall that K̂j is defined to

be the closure of Kj in P(V ⊕ C). Define K̂0 = P(V ) to be the hyperplane at

infinity in P(V ⊕C). Set a0 = −a1− · · · − an. A subset X of P(V ⊕C) that is

the intersection of a collection of the hyperplanes K̂j is said to be dense if the

subarrangement consisting of all K̂j containing X is not the product of two

nonempty subarrangements. Given such a subset X and a positive integer M ,

define a linear polynomial λX,M on Cn by λX,M(aaa) = M −∑
X⊂K̂j

aj.

Theorem 3.4.1 (Esnault, Schechtman, and Viehweg, [13]). If aaa ∈ Cn and

λX,M(aaa) 6= 0 for all dense X and positive integers M , then the inclusion

(A•,−aaaωωωT ) ↪→ (E•(X),∇aaa)

of complexes induces an isomorphism on cohomology.

3.5 Characteristic Varieties

For each i ≥ 0, the character torus has a filtration

T = V i
0(X) ⊃ V i

1(X) ⊃ . . .
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by characteristic (sub)varieties of T, where

V i
m(X) := {ρ ∈ T : dim H i(X,Lρ) ≥ m}.

There is a similar stratification of TN defined by

V i
N,m(X) := {(ρ1, . . . , ρN) ∈ TN : dim H i(X,Lρ1···ρN

) ≥ m}.

In [1], Arapura proved the following theorem, which relies on and is closely

related to work of Green and Lazarsfeld [16] and Simpson [37].

Theorem 3.5.1. If X = X−Y , where X is a smooth complex projective variety

and Y is a closed subvariety of X, then the characteristic variety V i
N,m(X) is

the union of translates of subtori of TN by torsion characters. In particular,

each characteristic variety of the complement of a hyperplane arrangement is

the union of translates of subtori of TN by torsion characters.

Remark 3.5.2. Recall that X denotes the complement of an affine hyperplane

arrangement in a complex vector space V . By the Zariski-Lefschetz Theorem,

we can replace V with a generic two dimensional section without affecting

the fundamental group. Suppose dim V = 2 and that ρρρ ∈ T is a nontrivial

character. Then Lρρρ has no global flat sections. Since X is homotopy equivalent

to a finite CW complex of dimension two, the groups Hj(X,Lρ) can only be
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nonzero for j = 1 or 2. Since

dim H2(X,Lρ)− dim H1(X,Lρ) is the Euler characteristic of X,

the dimension of H1(X,Lρ) determines the dimension of H2(X,Lρ).

Characteristic varieties have been studied extensively, for example in [10],

[14], [27], [9], [39], [38], and [8].

Theorem 3.5.3. If X is the complement of an arrangement of n hyperplanes

in a complex vector space and two distinct hyperplanes intersect, then the char-

acteristic variety V 1
N,1(X) is a proper subvariety of TN .

Proof. This follows from the results in Yuzvinsky’s paper [44]. We give a proof

based only on definitions. Let K1, . . . , Kn denote the hyperplanes. Note that

if aaa ∈ Cn, then dimCH1(A•,−aaaωωωT ) = dimCH1(A•,−caaaωωωT ) for each c ∈ C∗. If

H1(A•,−aaaωωωT ) = 0, choose c ∈ C∗ such that the inclusion

(A•,−caaaωωωT ) ↪→ (E•(X),∇caaa)

induces an isomorphism on cohomology. Then H1(X,Lρρρ) = 0, where ρρρ =

exp(caaaωωωT ). Thus, it suffices to prove that there exists aaa ∈ Cn such that

H1(A•,−aaaωωωT ) = 0.

Corollary 3.1.3 implies that there is a natural isomorphism H1(X,C) ∼= Cn.

Choose aaa ∈ Cn such that no finite subset of {a1, . . . , an} has sum equal to zero.
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The claim is that H1(A•,−aaaωωωT ) = 0. It suffices to prove that if b ∈ Cn and

(a1ω1 + · · ·+ anωn) ∧ (b1ω1 + · · ·+ bnωn) = 0, (3.2)

then b is a constant multiple of a. Without loss of generality, it suffices to

prove that a1b2−b1a2 = 0. If K1∩K2 is empty, then without loss of generality,

K3 intersects both K1 and K2. If a1b3 − b1a3 = 0 and a3b2 − b3a2 = 0, then

a1b2 − b1a2 = 0. Thus, we may assume that K1 ∩ K2 is nonempty. Without

loss of generality, we may also assume that Kj ∩K1 ∩K2 6= ∅ for j = 1, . . . , m

and Kj ∩K1 ∩K2 = ∅ for j > m.

Note that
∑m

j=1 aj 6= 0. To show that a1b2 − b1a2 = 0, it therefore suffices

to prove the following equalities.

a1

m∑
j=1

bj = b1

m∑
j=1

aj

a2

m∑
j=1

bj = b2

m∑
j=1

aj.

Without loss of generality, it suffices to show that a2

∑m
j=1 bj = b2

∑m
j=1 aj.

We may assume that K1 intersects Kj for j ≤ r and does not intersect Kj for

j > r. The set

{ωi ∧ ωj|2 ≤ j ≤ r and i = 1 or i > r}

is a basis for A2. The coefficient of the basis element ω1 ∧ ω2 in the product

(3.2) is
∑m

j=1 ajb2 − bja2, which must be zero. The result follows.

22



Chapter 4

Affine Group Schemes

Several of the basic objects in this thesis are affine group schemes, either be-

cause their coordinate rings are not finitely generated or because they are

defined over the ring of functions on a subvariety of a characteristic variety.

For the convenience of the reader, this section is a review of and introduction

to affine group schemes over commutative rings. Further results can be found

in [41] or [11].

4.1 Affine Schemes

Let R be a commutative ring with identity. Throughout this paper, we assume

that all algebras are commutative and have a multiplicative identity. The

category of affine schemes over R is by definition the opposite category of the

category of commutative R-algebras:

{Affine Schemes Over R} = {Commutative R-algebras}op.

If A is an R-algebra, the corresponding affine scheme is denoted Spec A. If

X is an affine scheme over R, the corresponding R-algebra is denoted O(X).

If X and Y are affine schemes over R, morphisms X → Y are R-algebra

homomorphisms O(Y ) → O(X). Each affine scheme X over R gives rise to a
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set-valued functor

X : AlgR −→ Sets

that takes the R-algebra A to its set

X(A) = HomR(O(X), A) ,

of A-rational points.

Definition 4.1.1. If F is a field and A is a finitely generated, reduced, sepa-

rable integral domain over F , then Spec A is an affine variety over F .

If X is an affine scheme over R, we sometimes refer to X as an affine scheme

over Spec R. In particular, if Y is an affine variety over a field F and O(Y ) is

the coordinate ring of Y , then an affine scheme over O(Y ) is referred to as an

affine scheme over Y .

Example 4.1.2. Let X = Spec R[q±1], where R[q±1] is the ring of Laurent

polynomials over R. If A is a ring, let A× denote its group of units. Each

φ ∈ HomR(R[q±1], A) is uniquely determined by φ(q) ∈ A×. Thus, there is a

canonical bijection X(A) ↔ A×.

Example 4.1.3. If X and Y are affine schemes over R, the categorical product

X × Y exists and X × Y = Spec(O(X) ⊗R O(Y )). In particular, for each

affine scheme X, there are canonical isomorphisms X ∼= Spec R×X and X ∼=
X × Spec R of schemes. For each R-algebra A, there is a canonical bijection

(X × Y )(A) ↔ X(A)× Y (A).
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4.2 Affine Group Schemes

Let R be a commutative ring with identity. An affine group scheme over R

is a group object in the category of schemes over R. More precisely, an affine

group scheme over R is a scheme G that is equipped with morphisms

e : Spec R −→ G (Unit)

µ : G×G −→ G (Multiplication)

ι : G −→ G (Inverse)

of schemes such that the diagrams

G×G×G

µ×e

²²

e×µ // G×G

µ

²²
G×G

µ // G

G
∼= //

∼=
²²

Spec R×G

e×I

²²
G× Spec R

I×e // G×G

µ

hhPPPPPPPPPPPPPPP

and

G×G
µ

##GGGGGGGGG

G

ι×I
;;xxxxxxxxx

I×ι ##GGGGGGGGG
// Spec R e // G

G×G

µ

;;xxxxxxxxx

commute.
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4.3 Hopf Algebras

Let m : O(G) ⊗R O(G) → O(G) denote the multiplication in O(G). In the

language of R-algebras, the affine scheme G is a group scheme if and only if

there is an augmentation ε : O(G) → R, dual to the unit e, and R-algebra

homomorphisms

∆: O(G) → O(G)⊗R O(G) (Comultiplication)

λ : O(G) → O(G) (Antipode)

that have the following properties.

(I ⊗∆)∆ = (∆⊗ I)∆ (Coassociativity)

m(I ⊗ ε)∆ = I = m(ε⊗ I)∆ (Counitary)

m(I ⊗ λ)∆ = ε = m(λ⊗ I)∆ (Antipode Property)

An augmented R-algebra that satisfies these properties is known as a Hopf

algebra. We summarize this in the following proposition.

Proposition 4.3.1. The category of affine group schemes over R is opposite

to the category of Hopf algebras over R.

Proposition 4.3.2. If G is an affine group scheme over R and A is an R-

algebra, then the set G(A) of A-rational points of G is a group.

Example 4.3.3. The ring R[q±1
j ] = R[q±1

1 , . . . , q±1
N ] of Laurent polynomials

is a Hopf algebra over R. The comultiplication is given by ∆(qj) = qj ⊗ qj,
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the antipode by λ(qj) = q−1
j , and the counit by ε(qj) = 1 for each j. Let

GN
m/R = Spec R[q±1

j ] denote the corresponding affine group scheme. For each

R-algebra A, there is a canonical isomorphism GN
m/R(A) ∼= (A×)N of groups.

In particular, when R = C, the group GN
m/C(C) is (C∗)N . If R is a field, we

denote the affine group scheme GN
m/R by GN

m. If R is the coordinate ring of an

affine variety Y , we write GN
m/Y for this group scheme.

Let G be an affine group scheme over R. If A is an R-algebra, then O(G)⊗R

A is a Hopf algebra over A. We define

G⊗R A = Spec(O(G)⊗R A).

This is an affine group scheme over A. Equivalently, the functor G⊗RA from A-

algebras to groups is the restriction of the functor G to A-algebras [41, Section

1.6].

Definition 4.3.4. If G is an affine group scheme over R and O(G) is a finitely

generated R-algebra, then G is called algebraic.

Example 4.3.5. Let r be a positive integer, and let F be a field. Consider

the Hopf algebra F [q]/(qr − 1), which has comultiplication ∆q̄j = q̄j ⊗ q̄j,

antipode λ(q̄j) = q̄−j, and counit ε(q̄j) = 1. The affine algebraic group scheme

µµµr = Spec F [q±1]/(qr − 1) sends each F -algebra to its group of r-th roots of

unity.

Definition 4.3.6. An affine algebraic group over a field is an affine variety
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that is also a topological group in the Zariski topology.

If Γ is an affine algebraic group over a field F , then its coordinate ring

O(Γ) is a Hopf algebra. The comultiplication is dual to the multiplication

Γ × Γ → Γ, the augmentation is evaluation at the identity, and the antipode

is dual to the inverse map on Γ. Thus, the set functor SpecO(Γ) is an affine

algebraic group scheme over F . Its group of F -rational points is Γ. The next

proposition follows from Hilbert’s Nullstellensatz.

Proposition 4.3.7. Over an algebraically closed field, the category of affine

algebraic groups is naturally isomorphic to the category of affine algebraic group

schemes.

In Chapter 5, we will discuss inverse limits of affine algebraic group schemes.

Definition 4.3.8. An affine group scheme is proalgebraic if it is the limit of

an inverse system of affine algebraic group schemes.

The following corollary follows directly from Proposition 4.3.7.

Corollary 4.3.9. Over an algebraically closed field, the category of affine proal-

gebraic groups is naturally isomorphic to the category of affine proalgebraic

group schemes.

4.4 Zariski Closure

Let R be a commutative ring with identity, and let G be an affine group

scheme over R. Suppose that A is an R-algebra and that K is a subset of
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G(A). We define the Zariski closure of K in G to be the intersection of all

affine subschemes Gα of G over R such that K ⊂ Gα(A).

Proposition 4.4.1. If G is an affine group scheme over R and K is a subgroup

of G(F ), then the Zariski closure of K in G is a group subscheme of G.

Proposition 4.4.2. If G is an affine group scheme over an algebraically closed

field F , then G(F ) is Zariski dense in G.

Suppose that Γ is an affine algebraic group over an algebraically closed

field F . As in the previous section, the coordinate ring O(Γ) is a Hopf algebra

over F . The group Γ is the group of F -rational points of the group scheme

SpecO(Γ). A subset K of Γ is Zariski dense in Γ in the classical sense if and

only if it is Zariski dense in the group scheme SpecO(Γ).

4.5 Right Modules and Representations

Let R be a commutative ring with identity, and let G be an affine group scheme

over R. An R-module M is a (right) G-module if it is equipped with an R-

module map φ : M → O(G) ⊗R M such that (I ⊗ φ) ◦ φ = (∆ ⊗ I) ◦ φ and

(ε⊗ I) ◦ φ = I. If R is a field, then M is said to be a (right) representation of

G. In what follows, all modules and representations are assumed to be right

modules and representations, respectively.

An R-submodule N of M is a G-submodule if it is a G-module and the

29



diagram

N //

²²

M

²²
O(G)⊗R N // O(G)⊗R M

commutes, where the down arrows are the G-module structure maps for N and

M . If R is a field, then N is called a subrepresentation of M .

Recall that if A is an R-module, the group G(A) consists of R-algebra

homomorphisms O(G) → A. If M is a G-module, there is a (right) action

of G(A) on A ⊗R M . The action of an element g of G(A) is given by the

composition

A⊗R M
I⊗φ // A⊗R O(G)⊗R M

I⊗g⊗I // A⊗R M.

In particular, M itself is a module over the group G(R).

Example 4.5.1. The algebra O(G) has the structure of a (right) G-module,

which structure map O(G) → O(G) ⊗R O(G) given by the coproduct. Con-

sider the affine group scheme Gm over a field F , with O(Gm) = R[q±1]. The

coproduct in F [q±1] sends q to q ⊗ q. An element ζ ∈ F× of the F -rational

points of Gm acts on this algebra via (h · ζ)(q) = h(ζq) for h ∈ F [q±1]. It acts

on SpanF qj by multiplication by ζj.

If G is an affine group scheme over a field, then a representation V of

G is irreducible if it does not contain a proper subrepresentation. If W is a

subrepresentation of V , a subrepresentation W ′ of V is a complement to W if
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V = W ⊕W ′.

Definition 4.5.2. Over a field, an affine group scheme G is reductive if for

each representation V of G, every subrepresentation of V has a complement.

Example 4.5.3. Suppose that N is a positive integer and kkk ∈ ZN . The ring

R[q±1
j ] = R[q±1

1 , . . . , q±1
N ] of Laurent polynomials is a Hopf algebra. The comul-

tiplication sends each qj to qj ⊗ qj. Its spectrum is the affine algebraic group

scheme GN
m/R. The ring R is itself a free R-module of rank one. There is a

homomorphism R → R[q±1
j ]⊗R R of R-modules given by 1 7−→ qk1

1 · · · qkN
N ⊗ 1.

Thus, we may view R as a GN
m/R-module. The action of an element (r1, . . . , rN)

of the R-rational points (R×)N of this group scheme is given by multiplication

by rk1
1 · · · rkN

N . When R is a field, we call this module the kkk-th standard rep-

resentation of GN
m. The group scheme GN

m is reductive, and each irreducible

representation is isomorphic to the kkk-th standard representation for some kkk.

The next example will be of interest in the following sections.

Example 4.5.4. Let F be a field, and let N be a positive integer. For each

kkk ∈ ZN , let Vkkk be a vector space over F , and let Lkkk denote the kkk-th standard

representation of GN
m. Consider the vector space

V =
⊕

kkk∈ZN

Vkkk ⊗F Lkkk.

This is a representation of GN
m. The action of GN

m(F ) = (F×)N on V is given

on the kkk-th summand by the character (f1, . . . , fN) 7−→ fk1
1 · · · fkN

N , where
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fj ∈ F×.

If F is a field and G is an affine group scheme over F , a character of G

is a homomorphism α : G → Gm of group schemes. This corresponds to a

homomorphism α∗ : F [q±1] → O(G) of Hopf algebras. There is a map F →
O(G) of vector spaces given by 1 7−→ α∗(q). This results in a one dimensional

representation of G. Conversely, if F is a representation of G with structure

map σ : F → O(G), then there is a homomorphism F [q±1] → O(G) of Hopf

algebras given by q 7→ σ(1). We summarize this in the following proposition.

Proposition 4.5.5. If F is a field and G is an affine group scheme over F ,

then the characters of G correspond to one dimensional representations.

If F is a field and G is an affine group scheme over F , then the set G∨

of characters of G forms a group. Given characters α, β : G → Gm, let the

product αβ be the character given by composition G
(α,β)−→ Gm × Gm → Gm,

where the map Gm ×Gm → Gm is multiplication. The group G∨ is known as

the dual group of G.

Example 4.5.6. Let F be a field. Consider the group scheme µµµr in Example

4.3.5. This sends each F -algebra A to the group consisting of the r-th roots

of unity in A. The characters µµµr → Gm correspond to Hopf algebra homomor-

phisms k[q±1] → k[q±1]/(qr − 1). Each of these homomorphisms is given by

q 7→ q̄j for some j. Thus, the dual group µµµ∨r is cyclic of order r.
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4.6 The Dual Group and Coordinate Ring

Let F be a field, and let G be an affine group scheme over R. The coproduct

O(G) → O(G) ⊗F O(G) gives O(G) the structure of a (right) representation

of G. Each character α : G → Gm of G corresponds to a Hopf algebra homo-

morphism α∗ : C[q±1] → O(G). There is an injective group homomorphism

G∨ ↪→ O(G)×

defined by α 7→ α∗(q). Thus, the group G∨ is sometimes viewed as a subset of

O(G).

4.7 Lie Algebras

Let R be a commutative ring with identity, and let G be an affine group

scheme over R. An R-linear map ϕ : O(G) → O(G) is said to be left invariant

if ∆ϕ = (I ⊗ ϕ)∆. The set of all left invariant maps O(G) → O(G) is closed

under composition. An R-linear map ϕ : O(G) → O(G) is a derivation if

ϕ(ab) = aϕ(b) + bϕ(a). The set of all derivations O(G) → O(G) is also closed

under composition.

We define the Lie algebra g of G to be the set of all left invariant derivations

O(G). This is an R-module, and the bracket is defined by [φ, ϕ] = φ◦ϕ−ϕ◦φ.

Proposition 4.7.1 ([41], Page 94). Suppose that F → L is an extension of

fields and that G is an affine algebraic group scheme over F . Let g denote
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the Lie algebra of G. Then the Lie algebra of the group scheme G ⊗F L is

g⊗F L.

4.8 Unipotent Group Schemes

Let F be a field, and let G be an affine group scheme over F . If V is a

representation of G, we say that a vector v ∈ V is fixed by G if the structure

map V → O(G) ⊗F V sends v to 1 ⊗ v. This implies that for each F -algebra

A, the group G(A) fixes the element 1⊗ v of A⊗F V . We make the following

definition only for affine algebraic group schemes.

Definition 4.8.1. An affine algebraic group scheme over a field is unipotent if

every nonzero representation has a nonzero fixed vector.

Over a field of characteristic zero, there is a bijection between unipotent

group schemes and finite dimensional nilpotent Lie algebras. In Chapter 5, we

will discuss inverse limits of unipotent group schemes.

Definition 4.8.2. An affine group scheme over a field is prounipotent if it is

the limit of an inverse system of unipotent group schemes.

Example 4.8.3 (Malcev Completion). Let π be a discrete group. Consider

the set of unipotent group schemes U over C for which there is a Zariski dense

homomorphism π → U(C). Given two such unipotent group schemes U1 and

U2, write U1 ¹ U2 if there is a surjective homomorphism U2 → U1 of group
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schemes such that the diagram

π //

!!CC
CC

CC
CC

C U2(C)

²²
U1(C)

commutes. If U1 and U2 are two such group schemes, let U3 denote the Zariski

closure of the image of π → U1(C)×U2(C) in U1×U2. Then U3 is an algebraic

group subscheme of U1×U2, and we have U1 ¹ U3 and U2 ¹ U3. Thus, the set

of such unipotent group schemes forms an inverse system. Define πun = lim
←−

U ,

the limit taken over all U . Then the homomorphisms π → U(C) induce a

Zariski-dense homomorphism π → πun(C). The group scheme πun is the Malcev

completion of π. This agrees with other standard definitions [17, Section 3].

Over an algebraically closed field, the bijection between unipotent group

schemes and finite dimensional nilpotent Lie algebras induces a bijection be-

tween prounipotent group schemes and pronilpotent Lie algebras.

4.9 Diagonalizable Group Schemes

In Chapter 5, we will consider the Malcev completion relative to a represen-

tation ρρρ : π → (C∗)N = GN
m(C) of a discrete group π. Let Dρρρ denote the

Zariski closure of the image of ρρρ in GN
m. Then Dρρρ is an affine algebraic group

subscheme of GN
m. This motivates the following definition.

Definition 4.9.1. An affine algebraic group scheme over a field F is diagonal-
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izable if it is isomorphic to a group subscheme of GN
m for some positive integer

N .

Over an algebraically closed field, every diagonalizable group scheme is

reductive.

Theorem 4.9.2 ([41], Section 2.2). If D is a diagonalizable group scheme over

a field, then there is an isomorphism

D
∼=−→ Gs

m × µµµr1 × · · · × µµµrt

of affine algebraic group schemes, where µµµrj
is the group scheme of rj-th roots of

unity, the rj are integers greater than 1 such that rj|rj+1, and s is a nonnegative

integer.

The irreducible rational representations of a diagonalizable group D are

all one-dimensional. Thus, they are in bijective correspondence with the dual

group D∨.

Theorem 4.9.3 ([2], Page 111). If F is an algebraically closed field and D is

a group subscheme of GN
m, then the induced map

[GN
m]∨ → D∨

is surjective.

Corollary 4.9.4. Every irreducible representation of D extends to an irre-

ducible representation of GN
m.
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Chapter 5

Relative Malcev Completion

The relative Malcev completion of a discrete group π with respect to a reduc-

tive representation is a proalgebraic group scheme that generalizes the Malcev

(or unipotent) completion of π. The prounipotent radical of this group is de-

termined by a pronilpotent Lie algebra. We describe the homology of this Lie

algebra and give a commutative differential graded algebra that determines

this Lie algebra via rational homotopy theory. Finally, we show that if π is the

fundamental group of the complement of an affine hyperplane arrangement and

T is the character torus of π, then the relative completion is generally constant

over TN .

5.1 Relative Malcev Completion

The concept of relative Malcev completion is due to Deligne. It and gener-

alizations of it have been extensively developed by Hain ([17], [18], [19]) and

Hain and Matsumoto [22]. The data for the relative Malcev completion are

• A discrete group π.

• An affine algebraic group scheme G over C.

• A Zariski dense homomorphism ρ : π → G(C).
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The Malcev completion of π relative to ρ is an extension 1 → U → G →
G → 1 in the category of proalgebraic group schemes, where U is prounipo-

tent. It is equipped with a homomorphism θρ : π → G(C) lifting ρ, and it is

characterized by the following universal property. If E is an extension of G by

a prounipotent group scheme and θ : π → E(C) is a homomorphism lifting ρ,

then there is a unique homomorphism G → E such that the diagrams

G

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

²²
E // G

π
θρ //

θ
²²

G(C)

{{www
ww

ww
ww

E(C)

commute. If θ is Zariski dense, then the homomorphism G → E is surjective.

When G is reductive, U is called the prounipotent radical of G.

In what follows, we will sometimes suppress the word “Malcev” and refer

to G as the completion of π relative to ρ or simply as the relative completion.

To see that the relative completion exists, consider all extensions

1 → U → E → G → 1 (5.1)
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of G by a unipotent group scheme U that are equipped with a Zariski dense

homomorphism θ : π → E(C) that lifts ρ:

π

θ
²²

ρ

%%JJJJJJJJJJ

E(C) // G(C).

Given two extensions E1 and E2 of G by unipotent group schemes with

lifts θ1 : π → E1(C) and θ2 : π → E2(C) of ρ, a morphism from the first to the

second is a homomorphism E1 → E2 such that the diagrams

E1

~~||
||

||
||

²²
E2

// G

π
θ1 //

θ2

²²

E1(C)

zzuuuuuuuuu

E2(C)

commute. One can define a partial order on these extensions. Given two such

extensions E1 and E2, we say that E1 º E2 if there is a surjective morphism

E1 → E2. A proof of the following proposition can be found in [17].

Proposition 5.1.1. The set of extensions (5.1) forms an inverse system, and

the completion of π relative to ρ is the inverse limit

G = lim←− E

taken over all such extensions.
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This is a proalgebraic group scheme, and the Zariski dense homomorphisms

θ : π → E(C) induce a Zariski dense homomorphism θρ : π → G(C) that lifts

ρ. The prounipotent group scheme U is given by

U = lim←− U

taken over all extensions (5.1).

If G is the trivial group, then G is the inverse limit of all unipotent group

schemes U with a Zariski dense homomorphism π → U(C). This is the Malcev

completion (or unipotent) of π (cf. Example 4.8.3).

If the homomorphism ρ : π → G(C) is not Zariski dense, we can define the

completion of π relative to ρ as follows. Let im ρ denote the Zariski closure

of the image of ρ in G. This is the smallest algebraic group subscheme of

G whose group of C-rational points contains the image of ρ. The induced

homomorphism π
ρ−→ im ρ(C) is Zariski dense, and we define the completion

of π relative to ρ to be the completion of π with respect to this map. This is

an extension of im ρ by a prounipotent group scheme.

Example 5.1.2. Let X be the complement of a hyperplane arrangement in a

complex vector space V , and let

ρρρ : π1(X, x0) → (C∗)N

be a homomorphism. Let Dρρρ denote the Zariski closure of the image of ρρρ in GN
m.
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This is a group subscheme of GN
m. Let Sρρρ denote the completion of π1(X, x0)

relative to ρρρ, and let Uρρρ denote its prounipotent radical. There is a short exact

sequence

1 −→ Uρρρ −→ Sρρρ −→ Dρρρ −→ 1

of proalgebraic group schemes. In the following sections, we develop tools that

will help us to understand the completion Sρρρ.

5.2 Properties of Relative Malcev Completion

Some of the basic properties presented here can be found in [17] and [18]. We

first prove the following generalization of the universal property of G. Suppose

that ρ : π → G(C) is Zariski dense, where G is an algebraic group scheme over

C. Let H be an algebraic group scheme with a surjection G → H. Suppose that

E is an extension of H by a prounipotent group scheme and that θ : π → E(C)

is a homomorphism such that the diagram

π
ρ //

θ
²²

G(C)

²²
E(C) // H(C)

commutes.

Proposition 5.2.1. There is a unique homomorphism G → E such that the
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diagrams

G

²²

// G

²²
E // H

π
θρ //

θ !!CC
CC

CC
CC

C G(C)

²²
E(C)

commute. The homomorphism G → E is surjective if θ is Zariski dense.

Proof. Let Ω ⊂ E × G be the Zariski closure of the image of (θ, ρ) : π →
E(C)×G(C). We have a map Ω → G such that the diagram

π
(θ,ρ)//

ρ
!!B

BB
BB

BB
BB

Ω(C)

²²
G(C)

commutes. The map Ω → G is therefore Zariski dense. The image is a group

subscheme of G, so this map is surjective. The kernel is prounipotent, as it is

contained in ker(E → H)×1. Thus, the universal property of G gives a unique

homomorphism G → Ω such that the diagrams

G

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

²²
Ω // G

π
θρ //

θ
²²

G(C)

{{wwwwwwww

Ω(C)

commute. Composing with Ω → E gives the unique homomorphism G →
E.

Corollary 5.2.2. If πun is the Malcev completion of π, then there is a unique
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surjection G → πun of group schemes such that the diagrams

G

}}||
||

||
||

²²
πun // G

π
θρ //

²²

G(C)

zzuuuuuuuuu

πun(C)

commute.

This corollary holds even if ρ : π → G is not Zariski dense, because the

Zariski closure im ρ always surjects onto the trivial group scheme.

Example 5.2.3. Suppose that X is the complement of a hyperplane arrange-

ment in a complex vector space V and that

ρρρ : π1(X, x0) → (C∗)N

is a homomorphism. Let Sρρρ denote the completion of π1(X, x0) relative to ρρρ.

The corollary gives a surjection Sρρρ(C) → π1(X, x0)
un. When ρρρ is the trivial

representation, this is an isomorphism. Thus, Sρρρ(C) is a kind of “deformation”

of π1(X, x0)
un over TN in a sense that we will make more precise in Chapter

10.

When computing the Malcev completion relative to a representation ρρρ : π →
G(C), the group scheme G can be replaced by its maximal reductive quotient

R. The composition π
ρ−→ G −→ R is Zariski dense. Let R denote the

completion of π relative to this composition. Then Proposition 5.2.1 gives a
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surjection G → R such that the diagrams

G

ÄÄ~~
~~

~~
~~

²²
R // G

π
θρ //

θ
²²

G(C)

{{www
ww

ww
ww

R(C)

commute.

Proposition 5.2.4. The surjection G → R is an isomorphism of proalgebraic

group schemes.

Proof. Suppose that E is an extension of G by a unipotent group scheme U .

Let RE denote the maximal reductive quotient of E. Then U is contained

in the kernel of E → RE. Since G ∼= E/U as algebraic group schemes, the

surjection E → RE factors through E → G. Thus, by the definition of RE,

there is a homomorphism RE → R such that the diagram

E //

²²

RE

²²
G

>>||||||||
// R

commutes, where all arrows are surjective. By the definition of R, the map

RE → R must be an isomorphism. Thus, the kernel of the composition E →
G → R is unipotent. By taking limits, we see that the kernel of G → G → R

is prounipotent. Thus, the universal property of R gives a homomorphism

R→ G such that the map π →R(C) lifts θρ : π → G(C). This homomorphism

is easily seen to be the inverse of the surjection G → R.
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This proposition allows us to replace G with its maximal reductive quotient

when studying the relative completion. Thus, in what follows, we assume that

R is a reductive algebraic group scheme over C and that ρ : π → R(C) is a

Zariski dense homomorphism. Let G denote the completion of π relative to ρ,

and let U denote its prounipotent radical. Then there is an extension

1 −→ U −→ G −→ R −→ 1

in the category of proalgebraic group schemes.

Proposition 5.2.5 (Hain, [17]). The sequence 1 → U → G → R → 1 splits.

This proposition implies that there is an isomorphism G ∼= Rn U of proal-

gebraic group schemes. The relative completion G is therefore determined by

its prounipotent radical U and the action of R on U .

Over an algebraically closed field of characteristic zero, the exponential and

logarithm maps determine an equivalence of categories between prounipotent

algebraic group schemes and pronilpotent Lie algebras. Thus, there is a unique

pronilpotent Lie algebra u such that

U = exp u.

The conjugation action of R on U gives u the structure of a right representation

of R.
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5.3 The Completion Relative to a Diagonal

Representation

Let X be a smooth manifold, and set π = π1(X, x0). Suppose that ρρρ : π →
(C∗)N is a representation. Let Dρρρ denote the Zariski closure of the image of

ρρρ in GN
m. Then Dρρρ is a reductive algebraic group scheme. Let Sρρρ denote the

completion of π relative to ρρρ, and let Uρρρ denote its prounipotent radical. Note

that Sρρρ is prosolvable, as it is an extension

1 → Uρρρ → Sρρρ → Dρρρ → 1,

and Dρρρ is diagonalizable. The irreducible representations of Dρρρ correspond to

elements of the dual group D∨
ρρρ . Each α ∈ D∨

ρρρ determines a one-dimensional

irreducible representation Vα of Dρρρ and a rank-one local system Vα on X whose

monodromy is given by the character α ◦ ρρρ of π.

Let uρρρ denote the pronilpotent Lie algebra of Uρρρ. Then uρρρ is a representation

of Dρρρ. Hain [19, Proof of Proposition 7.1] shows that the Dρρρ-module structure

on uρρρ induces an Dρρρ-module structure on H•(uρρρ), the Lie algebra homology of

uρρρ. Recall that H1(uρρρ) is defined to the abelianization of uρρρ. A more general

version of the following theorem is due to Hain and Matsumoto [22, Theorems

4.8 and 4.9].

Theorem 5.3.1. There is a Dρρρ-equivariant isomorphism

∏

α∈D∨ρρρ

H1(X,Vα)∗ ⊗ Vα
∼= H1(uρρρ)
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and a Dρρρ-equivariant surjection

∏

α∈D∨ρρρ

H2(X,Vα)∗ ⊗ Vα −→ H2(uρρρ).

Example 5.3.2. Choose an isomorphism

Dρρρ
φ−→ Gs

m × µµµr1 × · · · × µµµrt

of algebraic group schemes, where µµµrj
is the group scheme of rj-th roots of

unity, the rj are integers greater than 1 such that rj|rj+1, and s is a nonnegative

integer. Choose characters q1, . . . , qs, q1, . . . , qt on Dρρρ such that qj has order rj

and the isomorphism φ is given by

φ = (q1, . . . , qs, q1, . . . , qt).

Define characters ρ1, . . . , ρs, %1, . . . , %t of π by ρj = qj ◦ ρρρ and %j = qj ◦ ρρρ.

The irreducible representations of Dρρρ correspond to elements in the dual

group D∨
ρρρ . The dual φ∨ of φ is an isomorphism:

Zs × (Z/r1Z)× · · · × (Z/rtZ)
φ∨−→ D∨

ρρρ . (5.2)

Given an element kkk = (k1, . . . , ks, κ1, . . . , κt) of Zs × (Z/r1Z)× · · · × (Z/rtZ),

let Lkkk denote the one-dimensional representation of Dρρρ given by the character
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qk1
1 · · · qks

s · qκ1
1 · · · qκt

t , and let Lρρρkkk denote the rank-one local system on X with

monodromy given by the character ρk1
1 · · · ρks

M%κ1
1 · · · %κt

t of π. Then Theorem

5.3.1 implies that there is a Dρρρ-equivariant isomorphism

∏

kkk

H1(X,Lρρρkkk)∗ ⊗ Lkkk
∼= H1(uρρρ)

and a Dρρρ-equivariant surjection

∏

kkk

H2(X,Lρρρkkk)∗ ⊗ Lkkk −→ H2(uρρρ),

where the products are taken over the elements kkk of Zs×(Z/r1Z)×· · ·×(Z/rtZ).

Example 5.3.3. Suppose that ρρρ = (ρ1, . . . , ρN) : π → (C∗)N has Zariski dense

image in GN
m. That is, Dρρρ = GN

m. The irreducible representations of GN
m

correspond to characters, which are in bijective correspondence with ZN . Let qj

denote the j-th standard character on GN
m. Given kkk = (k1, . . . , kN) ∈ ZN , let Lkkk

denote the irreducible representation of GN
m given by the character qk1

1 · · · qkN
N ,

and let Lρρρkkk denote the rank-one local system on X with monodromy ρk1
1 · · · ρkN

N .

Then Theorem 5.3.1 implies that there is a GN
m-equivariant isomorphism

∏

kkk∈ZN

H1(X,Lρρρkkk)∗ ⊗ Lkkk
∼= H1(uρρρ)
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and a GN
m-equivariant surjection

∏

kkk∈ZN

H2(X,Lρρρkkk)∗ ⊗ Lkkk −→ H2(uρρρ).

Remark 5.3.4. Suppose that X is the complement of a hyperplane arrangement

in a complex vector space, and let T = H1(X,C∗) be the character torus. Each

ρρρ ∈ TN can be viewed as a representation π → (C∗)N . We will show that

Sρρρ
∼= Dρρρ × πun for general ρρρ ∈ TN , where πun is the Malcev completion of π.

To prove this, we will use the de Rham theory of relative completion. This

result is nontrivial, and in fact it fails if ρρρ ∈ V i
N,m(X).

5.4 A General Construction

Suppose that Z is an additive abelian group and that for each kkk ∈ Z, Akkk is a

co-complex over C with differential ∇kkk. Suppose further that there are chain

maps Akkk1⊗Akkk1 → Akkk1+kkk2 that are associative in the sense that (a1⊗a2)⊗a3 and

a⊗ (a2 ⊗ a3) have the same image in Akkk1+kkk2+kkk3 , where aj ∈ Akkkj
. This implies

that there is a multiplication A0 ⊗ A0 → A0, which gives A0 the structure of

an algebra over C. We assume that C is a subalgebra of A0.

We write a1 · a2 for the image of a1 ⊗ a2 in Akkk1+kkk2 . Assume that the

differentials ∇kkk satisfy

∇kkk1+kkk2(a1 · a2) = ∇kkk1(a1) · a2 + (−1)deg a1a1 · ∇kkk2(a2).
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The direct sum
⊕

kkk∈Z

Akkk

is a graded C-algebra, the grading determined by the degrees in the Akkk. The

multiplication is defined componentwise by the chain maps Akkk1⊗Akkk2 → Akkk1+kkk2 .

Define a differential ∇ on this algebra by setting ∇(akkk) = ∇kkk(akkk) for akkk ∈ Akkk.

The proof of the following proposition is trivial.

Proposition 5.4.1. The algebra

⊕

kkk∈Z

Akkk

is a commutative differential graded algebra over C with differential ∇.

5.5 De Rham Theory of Relative Completion

Suppose that X is a smooth manifold, and set π = π1(X, x0). Let ρρρ : π → (C∗)N

be a representation, and let Dρρρ denote the Zariski closure of the image of ρρρ in

GN
m. The irreducible representations of Dρρρ are given by the elements of the dual

group D∨
ρρρ . Given a character α ∈ D∨

ρρρ , let Vα be the corresponding irreducible

representation of Dρρρ, and let Vα denote a rank-one local system on X with

monodromy given by the character α ◦ ρρρ of π. Let ∇α denote the differential

on E•(X,Vα). For characters α and β on Dρρρ, the cup product is a chain map

E•(X,Vα)⊗ E•(X,Vβ)
∧−→ E•(X,Vαβ).
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In addition, if ψα ∈ Ej(X,Vα) and ψβ ∈ E•(X,Vβ), we have

∇αβ(ψα ∧ ψβ) = ∇α(ψα) ∧ ψβ + (−1)jψα ∧∇β(ψβ).

The construction in Section 5.4 therefore allows us to define a commutative

differential graded algebra E•(X,Oρρρ) by

E•(X,Oρρρ) =
⊕

α∈D∨ρρρ

E•(X,Vα)⊗ V ∗
α .

See [18, Section 4] for an explanation of the notation E•(X,Oρρρ). This algebra

is a Dρρρ-module. The differential is defined componentwise by the differential

on E•(X,Vα). The product of an element in E•(X,Vα)⊗ V ∗
α with an element

in E•(X,Vβ)⊗V ∗
β lies in E•(X,Vαβ)⊗V ∗

αβ. The cohomology ring of E•(X,Oρρρ)

is denoted H•(X,Oρρρ). We have

H•(X,Oρρρ) =
⊕

α∈D∨ρρρ

H•(X,Vα)⊗ V ∗
α .

Thus, this cohomology ring is an Dρρρ-module as well.

Important Fact 5.5.1. The differential graded algebra E•(X,Oρρρ) determines

the pronilpotent Lie algebra uρρρ via the methods of rational homotopy theory.

The Dρρρ-module structure on E•(X,Oρρρ) determines the Dρρρ-module structure

on uρρρ. For a proof, see [18]. Thus, the Lie algebra uρρρ is quadratically presented

if and only if E•(X,Oρρρ) is 1-formal.
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If ρρρ is the trivial homomorphism, then Dρρρ is the trivial group scheme and

E•(X,Oρρρ) is the de Rham complex E•(X). When X is the complement of

a hyperplane arrangement, the Lie algebra uρρρ = u1 is therefore Kohno’s [26]

holonomy Lie algebra, since X is 1-formal. We will show in Theorem 6.6.1

that when X is the complement of the braid arrangement B in C2, there is a

representation ρρρ : π → (C∗)2 for which E•(X,Oρρρ) is not 1-formal.

Example 5.5.2. Choose an isomorphism

Dρρρ
φ−→ Gs

m × µµµr1 × · · · × µµµrt

of algebraic group schemes, where µµµrj
is the group scheme of rj-th roots of

unity, the rj are integers greater than 1 such that rj|rj+1, and s is a nonnegative

integer. Choose characters q1, . . . , qs, q1, . . . , qt of Dρρρ such that qj has order rj

and the isomorphism φ is given by

φ = (q1, . . . , qs, q1, . . . , qt).

Set ρj = qj ◦ ρρρ and %j = qj ◦ ρρρ. Given

kkk = (k1, . . . , ks, κ1, . . . , κt) ∈ Zs × (Z/r1Z)× · · · × (Z/rtZ),

Let Lρρρkkk be the rank-one local system on X with monodromy ρk1
1 · · · ρks

s %κ1
1 · · · %κt

t .

The commutative differential graded algebra E•(X,Oρρρ) has the following de-
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scription as a Dρρρ-module.

E•(X,Oρρρ) =
⊕

kkk

E•(X,Lρρρkkk) · q−k1
1 · · · q−ks

s · q−κ1
1 · · · q−κt

t

The qj and qj determine the Dρρρ-module structure on E•(X,Oρρρ) via the (right)

action of Dρρρ on its coordinate ring. The direct sum is taken over elements

kkk = (k1, . . . , ks, κ1, . . . , κt) of Zs × (Z/r1Z)× · · · × (Z/rtZ).

Example 5.5.3. Suppose now that ρρρ = (ρ1, . . . , ρN) : π → (C∗)N has Zariski

dense image in GN
m. Then each ρj is a character of π. Define qj to be the

j-th standard character on GN
m. For kkk ∈ ZN , let Lρρρkkk denote the rank one local

system on X with monodromy ρk1
1 · · · ρkN

N . Then E•(X,Oρρρ) has the following

description as a GN
m-module.

E•(X,Oρρρ) =
⊕

kkk∈ZN

E•(X,Lρρρkkk) · q−k1
1 · · · q−kN

N

Here, the qj determine the GN
m-module structure on E•(X,Oρρρ) via the (right)

action of GN
m on its coordinate ring.

5.6 Constancy of Relative Completion

Theorem 5.3.1 suggests a relationship between the relative completion and the

characteristic varieties V i
N,m(X). In this section, we prove the simplest form of

this relationship.
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The following lemma is standard in rational homotopy theory. The concepts

and the idea were developed by Stallings, Chen, and Sullivan. A proof can be

found in [21, Corollary 3.2].

Lemma 5.6.1. A homomorphism α : n1 → n2 of pronilpotent Lie algebras is

an isomorphism if and only if it induces an isomorphism H1(n1) → H1(n2) and

a surjection H2(n1) → H2(n2).

Let E•
1 and E•

2 be commutative differential graded algebras which deter-

mine the pronilpotent Lie algebras n1 and n2 (respectively) via the methods

of rational homotopy theory. The following lemma follows direct from Lemma

5.6.1.

Lemma 5.6.2. If E•
1 → E•

2 is a homomorphism of commutative differential

graded algebras, then the induced map n1 → n2 is an isomorphism if and only

if the maps H1(E•
1) → H1(E•

2) and H2(E•
1) → H2(E•

2) are an isomorphism

and an injection (respectively).

Let X be the complement of n hyperplanes in a complex vector space V , and

let T = H1(X,C∗) denote the character torus. Corollary 3.1.3 gives a natural

isomorphism T ∼= (C∗)n of groups. Set π = π1(X, x0). An element ρρρ ∈ TN

may be viewed as a homomorphism π → (C∗)N . Let Dρρρ denote the Zariski

closure of the image of ρρρ in GN
m. Let πun denote the Malcev completion of π.

The universal property of the relative Malcev completion Sρρρ gives a unique

homomorphism Sρρρ → Dρρρ × πun of proalgebraic group schemes such that the
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diagrams

Sρρρ

}}||
||

||
||

²²
πun // G

π
θρ //

θ
²²

Sρρρ(C)

zzuuuuuuuuu

πun(C)

commute.

Recall that a property is said to hold for a general point of an irreducible

affine variety V if there are countably many proper subvarieties Σ1, Σ2, . . . of

V such that the property holds for each point not lying in any Σkkk.

Theorem 5.6.3. If X is the complement of an arrangement of n hyperplanes in

a complex vector space and two distinct hyperplanes intersect, then for general

ρρρ ∈ TN , the homomorphism Sρρρ → Dρρρ × πun is an isomorphism.

Remark 5.6.4. If ρρρ lies in the characteristic variety V1
N,1(X), then Sρρρ is not

isomorphic to Dρρρ × π1(X, x0)
un. We show in Chapter 10 that Sρρρ is generally

constant on each irreducible component of V 1
N,1(X).

Proof of Theorem 5.6.3. The unipotent radical of Dρρρ×πun is simply πun. The

Lie algebra u1 of πun is Kohno’s [26] holonomy Lie algebra, since the space

X is 1-formal. The conjugation action of Dρρρ on πun given by the extension

1 → πun → Dρρρ × U1 → Dρρρ → 1 is trivial. Hence, Dρρρ acts trivially on u1.

The induced map Uρρρ → πun is a Dρρρ-equivariant isomorphism if and only if the

corresponding Lie algebra homomorphism uρρρ → u1 is an isomorphism.

The uniqueness of the maps Sρρρ → Dρρρ × U1 and Uρρρ → U1 implies that the
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map uρρρ → u1 is induced by the canonical inclusion

E•(X) −→ E•(X,Oρρρ)

of commutative differential graded algebras. By Lemma 5.6.2, it suffices to

show that for general ρρρ ∈ TN , the map H1(X,C) → H1(X,Oρρρ) is an iso-

morphism and the map H2(X,C) → H2(X,Oρρρ) is injective. Recall that the

definition of E•(X,Oρρρ) implies that

H•(X,Oρρρ) =
⊕

α∈D∨ρρρ

H•(X,Vα)⊗ V ∗
α ,

where Vα is the representation of Dρρρ given by the character α, and Vα is the

local system on X with monodromy α ◦ ρρρ. The fact that the induced map

H2(X,C) → H2(X,Oρρρ) is injective is therefore trivial.

Thus, we only need to show that the induced map H1(X,C) → H1(X,Oρρρ) is

an isomorphism for general ρρρ ∈ TN . By the definition of E•(X,Oρρρ), it suffices

to show that for general ρρρ ∈ TN , we have H1(X,Vα) = 0 for all nontrivial

characters α of Dρρρ.

Set ρρρ = (ρ1, . . . , ρN), where each ρj ∈ T. For kkk ∈ ZN , let L
ρ

k1
1 ...ρ

kN
N

denote the rank-one local system on X with monodromy ρk1
1 · · · ρkN

N . It fol-

lows directly from Arapura’s theorem (Theorem 3.5.1) and Yuzvinsky’s re-

sult that V1
N,1(X) 6= TN (Theorem 3.5.3) that for general ρρρ ∈ TN , we have

H1(X,L
ρ

k1
1 ...ρ

kN
N

) = 0 for all nonzero kkk ∈ ZN . For any such ρρρ, if α is a non-
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trivial character on Dρρρ, then α ◦ ρρρ : π → GN
m(C) = (C∗)N must be a nontrivial

character of π, as ρρρ has Zariski dense image in Dρρρ. Thus, Vα is a nontrivial

local system on X. Recall that every character on Dρρρ extends to a character

on GN
m. Each character of GN

m is given by qk1
1 · · · qkN

N for some kkk ∈ ZN , where

qj is the j-th standard character on GN
m. Since α ◦ ρρρ is a nontrivial character

on π, this implies that there is some nonzero kkk ∈ ZN such that Vα is isomor-

phic to L
ρ

k1
1 ···ρkN

N

as local systems on X. Our choice of ρρρ then implies that

H1(X,Vα) = 0. This completes the proof.
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Chapter 6

A Combinatorial Approximating
Algebra

In this section, we assemble the twisted Orlik -Solomon algebras (A•, aaaωωωT )

into a new, infinite dimensional commutative differential graded algebra A•
aaa

that approximates E•(X,Oρρρ).

6.1 Notation

As in Section 3.1, let {K1, . . . , Kn} be an affine hyperplane arrangement in an

complex vector space V of dimensional `. Set K =
⋃n

j=1 Kj, and let X denote

the complement X = V − K. Set π = π1(X, x0). Let T = H1(X,C∗) denote

the character torus. For j = 1, . . . , n, choose a linear function Lj on V whose

vanishing set is the hyperplane Kj, and define a holomorphic 1-form ωj on X

by

ωj =
1

2πi

d Lj

Lj

.

Set ωωω = (ω1, . . . , ωn), and let ωωωT denote the transpose of ωωω. First, we recall the

notation of Section 3.1. If aaa ∈ Cn, then the closed holomorphic 1-form aaaωωωT on

X is defined as follows.

aaaωωωT = a1ω1 + · · ·+ anωn (6.1)
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Let MN×n(C) denote the set of N by n matrices with entries in C. If

aaa ∈ MN×n(C) and kkk ∈ ZN , then kkkaaaωωωT is a closed holomorphic 1-form on X. If

N = 1 and kkk = 1, then aaa ∈ Cn and aaaωωωT is given by (6.1).

6.2 The Problem with (A•,−aaaωωωT )

Let A• = C ⊗Z A•
Z denote the complexified Orlik-Solomon algebra, defined in

Section 3.3. If aaa ∈ Cn, then ρρρ = exp(aaaωωωT ) is an element of the character torus

H1(X,C∗). Let∇aaa denote the connection on the trivial line bundle C×X → X

defined by

∇aaaσ = dσ − (aaaωωωT )σ

for σ ∈ E0(X). There is a natural inclusion

(A•,−aaaωωωT ) ↪→ E•(X,Lρρρ).

of complexes. Though the product in A• induces a product in H•(A•,−aaaωωωT ),

the algebra (A•,−aaaωωωT ) is not a differential graded algebra. If ζ and ψ are

elements of (A•,−aaaωωωT ), then ζ ∧ ψ is an element of the complex (A•,−2aaaωωωT ).

The cup product of two elements of H•(X,Lρρρ) lies in H•(X,Lρρρ2). The diagram

(A•,−aaaωωωT )⊗C (A•,−aaaωωωT )

²²

∧ //(A•,−2aaaωωωT )

²²
E•(X,Lρρρ)⊗C E•(X,Lρρρ)

∧ //E•(X,Lρρρ2)
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commutes, and all maps are chain maps. That is, although the cup product

of two elements in (A•,−aaaωωωT ) is an element of this same complex, it is more

naturally an element of the complex (A•,−2aaaωωωT ). Thus, it is natural to define

A•
aaa =

⊕

k∈Z
A•q−k

By the construction in Section 5.4, A•
aaa is a commutative differential bigraded

C-algebra, where the differential is given on the k-th component by left mul-

tiplication by −kaaaωωωT . It is graded by degree of differential forms and also by

k ∈ Z.

Recall that Corollary 3.1.3 implies that there is a canonical isomorphism

MN×n(C)
∼=−→ H1(X,CN) given by aaa 7→ aaaωωωT , where ωωωT denotes the transpose

of ωωω. In the next section, we generalize this construction to define A•
aaa, where

aaa ∈ MN×n(C). In this case, ρρρ = exp(aaaωωωT ) is an element of H1(X, (C∗)N), which

is naturally isomorphic to TN . The algebra A•
aaa approximates E•(X,Oρρρ).

6.3 The Algebra A•
aaa

Let A• = C ⊗Z A•
Z denote the complexified Orlik-Solomon algebra, defined in

Section 3.3. If aaa ∈ MN×n(C), then aaaωωωT is a closed holomorphic 1-form with

values in CN . Thus, ρρρ = exp(aaaωωωT ) is an element of TN . If kkk ∈ ZN , then

kkkaaa ∈ Cn. As in Section 3.2, let ∇kkkaaa be the flat connection on the trivial line
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bundle C×X → X defined by the formula

∇kkkaaaσ = dσ − (kkkaaaωωωT )σ

for σ ∈ E0(X). Thus, the complex valued differential forms E•(X) is a complex

with differential ∇kkkaaa.

For each kkk ∈ ZN , the algebra A• is a subcomplex of (E•(X),∇kkkaaa). The

restriction of ∇kkkaaa to A• is given by left multiplication by −(kkkaaaωωωT ). Moreover,

for ϕ1 ∈ Aj and ϕ2 ∈ A•,

∇(kkk1+kkk2)·aaa(ϕ1 ∧ ϕ2) = (∇kkk1·aaaϕ1) ∧ ϕ2 + (−1)jϕ1 ∧ (∇kkk2·aaaϕ2).

By the general construction in Section 5.4, we can therefore define a commu-

tative differential graded algebra A•
aaa by

A•
aaa =

⊕

kkk∈ZN

A•q−k1
1 · · · q−kN

N ,

where the differential is given on the kkk-th component by left multiplication by

−kkkaaaωωωT and where qj is the j-th standard character on GN
m. Then each qj can

be viewed as an element of the coordinate ring of GN
m. The action of GN

m on its

coordinate ring gives A•
aaa the structure of a (right) representation of GN

m.

Each character β on GN
m determines an irreducible representation Wβ of

GN
m and a rank-one local system Wβ on X whose monodromy is given by the
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character β ◦ ρρρ of π. Again by the construction in Section 5.4, the direct sum

⊕

β∈[GN
m]∨

E•(X,Wβ)⊗W ∗
β

is a commutative differential graded algebra. The differential is defined compo-

nentwise, as is multiplication. The product of an element in E•(X,Wα)⊗W ∗
α

with an element in E•(X,Wβ)⊗W ∗
β lies in E•(X,Wαβ)⊗W ∗

αβ.

Lemma 6.3.1. There is a natural GN
m-equivariant inclusion

A•
aaa ↪→

⊕

β∈[GN
m]∨

E•(X,Wβ)⊗W ∗
β (6.2)

of commutative differential graded algebras.

Proof. For kkk ∈ ZN , let Lρρρkkk denote the rank one local system on X with mon-

odromy ρk1
1 · · · ρkN

N . There is a natural GN
m-equivariant isomorphism

⊕

β∈[GN
m]∨

E•(X,Wβ)⊗W ∗
β
∼=

⊕

kkk∈ZN

E•(X,Lρρρkkk) · q−k1
1 · · · q−kN

N

of commutative differential graded algebras. For kkk ∈ ZN , there is an isomor-

phism

(E•(X),∇kkkaaa) ∼= E•(X,Lρρρkkk)

of complexes. Moreover, the following diagram commutes for all kkk and mmm in
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ZN , where the horizontal arrows are given by the cup product.

(E•(X),∇kkkaaa)⊗ (E•(X),∇mmmaaa)
∧ //

∼=
²²

(E•(X),∇(kkk+mmm)aaa)

∼=
²²

E•(X,Lρρρkkk)⊗ E•(X,Lρρρmmm) ∧ // E•(X,Lρρρ(kkk+mmm))

For each kkk ∈ ZN , (A•,−kkkaaaωωωT ) is a subcomplex of (E•(X),∇kkkaaa). The result

follows.

Recall that ρρρ is a representation ρρρ : π → (C∗)N . Let Dρρρ denote the Zariski

closure of the image of ρρρ in GN
m. Since A•

aaa is a representation of GN
m, it is a

representation of Dρρρ as well.

Theorem 6.3.2. If ρρρ = exp(aaaωωωT ), then there is a natural Dρρρ-equivariant

homomorphism

A•
aaa −→ E•(X,Oρρρ)

of commutative differential graded algebras. It is an inclusion when ρρρ is Zariski

dense.

Proof. By Lemma 6.3.1, it suffices to prove that there is a natural Dρρρ-equivariant

homomorphism

⊕

β∈[GN
m]∨

E•(X,Wβ)⊗W ∗
β −→ E•(X,Oρρρ) (6.3)

of commutative differential graded algebras, which is equality when ρρρ is Zariski
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dense. Recall that E•(X,Oρρρ) is defined by

E•(X,Oρρρ) =
⊕

α∈D∨ρρρ

E•(X,Vα)⊗ V ∗
α

where Vα is the irreducible representation of Dρρρ given by the character α and

Vα is the rank-one local system on X with monodromy given by the character

α ◦ ρρρ of π. For β ∈ [GN
m]∨, the restriction of Wβ to Dρρρ is isomorphic to Vα,

where α is the restriction of the character β to Dρρρ. Thus, the homomorphism

(6.3) is simply defined by restriction of the irreducible representations Wβ of

GN
m to Dρρρ.

6.4 The Induced Map H•(A•
aaa) → H•(X,Oρρρ)

Let MN×n(C) denote the set of N by n matrices with entries in C. If aaa ∈
MN×n(C), then ρρρ = exp(aaaωωωT ) is an element of TN . The homomorphism

A•
aaa ↪→ E•(X,Oρρρ) of commutative differential graded algebras induces a ho-

momorphism

H•(A•
aaa) −→ H•(X,Oρρρ)

of graded algebras.

Theorem 6.4.1. If V is a vector subspace of MN×n(C), then there is a count-

able collection {Wj} of proper affine subspaces of V that do not contain 0

with the following property. If aaa ∈ V −⋃
j Wj and ρρρ = exp(aaaωωωT ) has Zariski

dense image in GN
m, then the homomorphism H•(A•

aaa) −→ H•(X,Oρρρ) is an
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isomorphism.

Proof. For each kkk ∈ ZN , Theorem 3.4.1 implies that there is a countable col-

lection {Ψkkk,M}M∈Z of affine subspaces of MN×n(C) that do not contain 0 such

that the inclusion

(A•,−kkkaaaωωωT ) ↪→ (E•(X),∇kkkaaa)

is a quasi-isomorphism for all aaa ∈ MN×n(C) −⋃
M∈ZΨkkk,M . Set Wkkk,M = V ∩

Ψkkk,M . Then Wkkk,M does not contain 0, so it is a proper affine subspace of V.

Suppose aaa ∈ V −⋃
kkk,M Wkkk,M .

Set ρρρ = exp(aaaωωωT ) ∈ TN and suppose that ρρρ has Zariski dense image in GN
m.

Given kkk ∈ ZN , let Lρρρkkk denote the rank one local system on X with monodromy

ρk1
1 · · · ρkN

N . As in Example 5.5.3, E•(X,Oρρρ) has the following description as a

GN
m-module.

E•(X,Oρρρ) =
⊕

kkk∈ZN

E•(X,Lρρρkkk) · q−k1
1 · · · q−kN

N

The map A•
aaa → E•(X,Oρρρ) on the kkk-th component is determined by the inclu-

sion (A•,−kkkaaaωωωT ) ↪→ (E•(X),∇kkkaaa) ∼= E•(X,Lρρρkkk), which is a quasi-isomorphism

since aaa /∈ ⋃
M∈ZWkkk,M . Thus, the induced map

H•(A•
aaa) → H•(X,Oρρρ)

is an isomorphism on the kkk-th component for all kkk ∈ ZN . The result follows.
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6.5 Massey Triple Products and 1-Formality

In the next section, we show that when X is the complement of the braid

arrangement in C2, there exists ρρρ ∈ T2 such that the algebra E•(X,Oρρρ) is not

1-formal. Thus, the pronilpotent Lie algebra uρρρ is not quadratically presented.

This is accomplished by exhibiting a nonzero Massey triple product in H•(A•
aaa),

where ρρρ = exp(aaaωωωT ). In this section, we review Massey triple products and

their relationship to 1-formality.

Let R• be a commutative differential graded C-algebra, and let d denote the

differential on R•. Let H1(R•)2 denote the vector subspace of H2(R•) defined

by

H1(R•)2 = {φ ∧ ϕ|φ, ϕ ∈ H1(R•)}.

If ϕ1, ϕ2, and ϕ3 are elements of H1(R•) such that ϕ1 ∧ ϕ2 = ϕ2 ∧ ϕ3 = 0,

then the Massey triple product
〈
ϕ1, ϕ2, ϕ3

〉
is a element of H2(R•)/H1(R•)2.

Equivalently, it is a coset of H1(R•)2 in H2(R•). It is defined as follows.

Choose closed elements r1, r2, and r3 of R1 that represent the cohomology

classes ϕ1, ϕ2, and ϕ3, respectively. Since ϕ1 ∧ ϕ2 = ϕ2 ∧ ϕ3 = 0, there exist

elements r12 and r23 of R1 such that dr12 = r1 ∧ r2 and dr23 = r2 ∧ r3. Then

r12 ∧ r3 + r1 ∧ r23 is a closed element of R2. Let [r12 ∧ r3 + r1 ∧ r23] denote its

cohomology class in H2(R2). Define

〈
ϕ1, ϕ2, ϕ3

〉
= [r12 ∧ r3 + r1 ∧ r23] + H1(R•)2.
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This is a well-defined coset of H1(R•)2 in H2(R•). It is referred to as a Massey

triple product in H2(R•).

The cohomology H•(R•) is a commutative differential graded C-algebra

with trivial differential. Recall that R• is 1-formal if there exists a commuta-

tive differential graded C-algebra S• and differential graded algebra homomor-

phisms θ : S• → R• and φ : S• → H•(R•) which induce isomorphisms

θ∗ : H0(S•)
∼=−→ H0(R•) θ∗ : H1(S•)

∼=−→ H1(R•)

φ∗ : H0(S•)
∼=−→ H0(R•) φ∗ : H1(S•)

∼=−→ H1(R•)

and injections

θ∗ : H2(S•) ↪→ H2(R•) φ∗ : H2(S•) ↪→ H2(R•).

Proposition 6.5.1. If R• is 1-formal, then all Massey triple products of degree-

one elements vanish.

6.6 A Nontrivial Massey Triple Product

Let X ⊂ C2 denote the complement of the braid arrangement B. Let T denote

the character torus. The intersection of B with R2 is shown below.

Theorem 6.6.1. There exist infinitely many ρρρ ∈ T2 for which H2(X,Oρρρ) has a

nonzero Massey triple product of degree-one elements. Thus, the commutative

differential graded algebra E•(X,Oρρρ) is not 1-formal and the pronilpotent Lie
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1 2 5

3

4

Figure 6.1: The braid arrangement B

algebra uρρρ is not quadratically presented.

Proof. Let the hyperplanes be numbered as indicated. Define elements λ1

and λ2 of the Orlik-Solomon algebra A• by λ1 = ω2 + ω3 − 2ω5 and λ2 =

−ω1 − ω4 + 2ω5. Let V be the one dimensional vector subspace of M2×5(C)

spanned by

bbb =




0 1 1 0 −2

−1 0 0 −1 2


 .

Given an element aaa = rbbb of V, where r ∈ C, the element ρρρ = exp(aaaωωωT ) of

T2 = H1(X, (C∗)2) is given by ρρρ = (ρ1, ρ2), where ρ1, ρ2 ∈ H1(X,C∗) ∼= (C∗)5

and

ρ1 = (1, er, er, 1, e−2r) and ρ2 = (e−r, 1, 1, e−r, e2r).

The image of ρρρ : π1(X, x0) → (C∗)2 contains both (1, e−r) and (er, 1). Thus,

by applying Theorem 6.4.1 to V, there are infinitely many r ∈ C such that ρρρ
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has Zariski dense image in G2
m and such that the map H•(A•

aaa) → H•(X,Oρρρ) is

an isomorphism. To prove the theorem, it therefore suffices to show that there

exists a nonzero Massey triple product of 1-forms in H2(A•
aaa)/H

1(Aaaa)
2. Define

closed holomorphic 1-forms α1 and α2 in A• by αj = rλj. The cohomology

classes [αj] lie in H1(X,C), and we have

aaaωωωT =

(
α1

α2

)
.

The cup product in A• will be written as juxtaposition. The elements

(ω2−ω3)·q1 and (ω1−ω4)·q2 are closed in A•
aaa, as α1(ω2−ω3) = α2(ω1−ω4) = 0.

The product (ω1 − ω4)(ω2 − ω3) · q1q2 lies in A• · q1q2 ⊂ A•
aaa. We have

∇aaa

[(
− 1

r
ω2 − 1

r
ω3

)
· q1q2

]
= (−α1 − α2)

(
− 1

r
ω2 − 1

r
ω3

)
· q1q2

= (rω1 − rω2 − rω3 + rω4)

(
− 1

r
ω2 − 1

r
ω3

)
· q1q2

= (ω2ω4 − ω1ω3) · q1q2

= (ω1 − ω4)(ω2 − ω3) · q1q2.

That is, the cohomology class [(ω1 − ω4)(ω2 − ω3) · q1q2] in H2(A•
aaa) is trivial.

Trivially, we have ((ω2 − ω3) · q1)
2 = 0. The Massey triple product

〈
[(ω1 − ω4) · q2], [(ω2 − ω3) · q1], [(ω2 − ω3) · q1]

〉
(6.4)

is therefore defined. We show that it is nonzero in H2(A•
aaa)/H

1(A•
aaa)

2. This
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Massey triple product is equal to

[(
− 1

r
ω2 − 1

r
ω3

)(
ω2 − ω3

)
· q2

1q2

]
=

2

r

[
ω2ω3 · q2

1q2

]
+ H1(A•

aaa)
2.

To show that it is nonzero, it suffices to show that [ω1ω2 · q2
1q2] is not equal a

sum of cup products of elements in H1(A•
aaa).

First, we show that if this Massey triple product is trivial, then [ω1ω2 · q2
1q2]

is equal to a sum of cup products of cohomology classes of elements in A• · q2
1

with cohomology classes of elements in A• · q2. To prove this statement, it

would suffice show to that if H1(X,Lρs
1ρt

2
) 6= 0, then st = 0. We thus consider

the characteristic variety V1
1 (X), which is completely described by Suciu in [39,

Example 10.3]. We have

sα1 + tα2 = −rtω1 + rsω2 + rsω3 − rtω4 + 2r(t− s)ω5.

If the character ρs
1ρ

t
2 is an element of V 1

1 (X), then by Suciu’s description of the

variety V1
1 (X), s or t must be zero. Thus, we have shown that if the Massey

triple product (6.4) is trivial, then [ω1ω2 ·q2
1q2] is equal to a sum of cup products

of cohomology classes of elements in A• ·q2
1 with cohomology classes of elements

in A• · q2.

By [39, Example 10.3], we know that dimCH1(X,L) ≤ 1 for all nontrivial

rank-one local systems L on X. Thus, if the Massey triple product (6.4) is

trivial, then [ω1ω2 · q2
1q2] is equal to the cup product of the cohomology class of
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an element in A• · q2
1 with the cohomology class of an element in A• · q2. That

is, we can write

ω2ω3 = ϕβ + ψ(2α1 + α2)

as forms in the Orlik-Solomon algebra A•, where α1 ∧ ϕ = 0 and α2 ∧ β = 0.

By an elementary argument using the fact that H1(X,Lρ2
1
) and H1(X,Lρ2) are

both one-dimensional, there are complex numbers f1, f2, f3, f4, f5, x, y, g,

and h such that the following equalities hold.

ψ =
f1

r
ω1 +

f2

r
ω2 +

f3

r
ω3 +

f4

r
ω4 +

f5

r
ω5

ϕ = xω2 + yω3 − (x + y)ω5

β = gω1 + hω4 − (g + h)ω5
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We have

ψ(2α1 + α2) =

(f1ω1 + f2ω2 + f3ω3 + f4ω4 + f5ω5)(−ω1 + 2ω2 + 2ω3 − ω4 − 2ω5)

= 2f1ω1ω3 − f1ω1ω4 − 2f1ω1ω5 + 2f2ω2ω3 − f2ω2ω4 − 2f2ω2ω5

+ f3ω1ω3 − 2f3ω2ω3 − 2f2ω3ω5 + f4ω1ω4 − 2f4ω2ω4

− 2f4ω4ω5 + f5ω1ω5 − 2f5ω2ω5 − 2f5ω3ω5 + f5ω4ω5

= 2f1ω1ω3 − f1ω1ω4 − 2f1ω1ω5 + 2f2ω2ω3 − f2ω2ω4 − 2f2ω2ω5

+ f3ω1ω3 − 2f3ω2ω3 + 2f3ω2ω3 − 2f3ω2ω5

+ f4ω1ω4 − 2f4ω2ω4 + 2f4ω1ω4 − 2f4ω1ω5

+ f5ω1ω5 − 2f5ω2ω5 + 2f5ω2ω3 − 2f5ω2ω5

− f5ω1ω4 + f5ω1ω5

We also have

ϕβ = (xω2 + yω3 − (x + y)ω5)(gω1 + hω4 − (g + h)ω5)

= xhω2ω4 − x(g + h)ω2ω5 − ygω1ω3 − y(g + h)ω3ω5

+ g(x + y)ω1ω5 + h(x + y)ω4ω5

= xhω2ω4 − x(g + h)ω2ω5 − ygω1ω3 − y(g + h)ω2ω5 + y(g + h)ω2ω3

+ g(x + y)ω1ω5 + h(x + y)ω1ω5 − h(x + y)ω1ω4

Since {ω1ω3, ω1ω4, ω1ω5, ω2ω3 ω2ω4, ω2ω5} is a basis for A2 and ω2ω3 = ϕβ +
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ψ(2αρ1 + αρ2), we have the following set of equations

2f1 + f3 − yg = 0 (1)

−f1 + 3f4 − f5 − (x + y)h = 0 (2)

−2f1 − 2f4 + 2f5 + (x + y)(g + h) = 0 (3)

2f2 + 2f5 + y(g + h) = 1 (4)

−f2 − 2f4 + xh = 0 (5)

−2f2 − 2f3 − 4f5 − (x + y)(g + h) = 0 (6)

Adding (3) and (6) together gives

f1 + f2 + f3 + f4 + f5 = 0. (6.5)

Note that y(g + h) = (x + y)h + yg − xh. Thus, (1), (5), and (2) imply that

y(g + h) = (−f1 + 3f4 − f5) + (2f1 + f3) + (−f2 − 2f4)

= f1 − f2 + f3 + f4 − f5.

Plugging this in for y(g + h) in (4) yields

2f2 + 2f5 + y(g + h) = 1

f1 + f2 + f3 + f4 + f5 = 1.

(6.6)

Equations (6.5) and (6.6) are incompatible. This completes the proof.
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Chapter 7

Chen’s Reduced Bar Construction

In this section, we review Chen’s ([7], [6]) reduced bar construction B(M,R•, N).

We prove that under certain conditions, it is a differential graded Hopf algebra.

In particular, the Hopf algebra H0(B(C, E•(X,Oρρρ),O(Dρρρ))) is the coordinate

ring of the relative Malcev completion Sρρρ.

7.1 Definition of the Reduced Bar Construc-

tion

Suppose that R• is a commutative differential graded algebra over a com-

mutative ring F and that M and N are graded R•-algebras that only have

degree-zero elements. Then rm = 0 and rn = 0 for all r ∈ R+, m ∈ M , and

n ∈ N . We assume that R• is non-negatively weighted. Define R+[1] to be the

F -module obtained from R+ be reducing degrees by 1. Chen’s ([7], [6]) reduced

bar construction B(M,R•, N) is a quotient of the F -module

T (M,R•, N) : =
⊕

s

M ⊗ (R+[1]⊗s)⊗N.

For m ⊗ (r1 ⊗ · · · ⊗ rs) ⊗ n ∈ T (M,R•, N), we write m[r1| · · · |rs]n for its

equivalence class in B(M,R•, N). The relations in B(M, R•, N) are given
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below.

m[dg|r1| · · · |rs]n = m[gr1| · · · |rs]n−m · g[r1| · · · |rs]n;

m[r1| · · · |rj|dg|rj+1| · · · |rs]n = m[r1| · · · |rj|grj+1| · · · |rs]n

−m[r1| · · · |rjg|rj+1| · · · |rs]n 1 ≤ j < s;

m[r1| · · · |rs|dg]n = m[r1| · · · |rs]g · n−m[r1| · · · |rsg]n;

m[dg]n = 1⊗ g · n−m · g ⊗ 1.

Here each rj ∈ R+, g ∈ R0, m ∈ M , and n ∈ N .

The reduced bar construction B(M,R•, N) has the structure of a commuta-

tive differential graded algebra over F . The degree of the element m[r1| · · · |rs]n

is defined to be deg(r1) + · · · + deg(rs)− s. Define an endomorphism J of R•

by J(r) = (−1)deg rr for each homogeneous element r. The differential on

B(M,R•, N) is defined by

d m[r1| · · · |rs]n =
∑

1≤j≤s

(−1)jm[Jr1| · · · |Jrj−1|drj|rj+1| · · · |rs]n

+
∑

1≤j<s

(−1)i+1m[Jr1| · · · |Jrj−1|Jrj ∧ rj+1|rj+1| · · · |rs]n.

(7.1)

The product in B(M, R•, N) is given by

(m[r1| · · · |rp]n) · (m′[rp+1| · · · |rp+q]n
′) =

∑

σ∈Sh(p,q)

mm′[rσ(1)| · · · |rσ(p+q)]nn′,

where Sh(p, q) denotes the set of shuffles of type (p, q). With this product, the
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reduced bar construction B(M, R•, N) is a commutative differential graded

F -algebra. The map F → B(M, R•, N) is given by 1 7→ [ ].

If R• → A• is a surjective homomorphism of commutative differential

graded F -algebras, then M ⊗R• A• and N ⊗R• A• are A•-modules. Their

annihilators contain A+. Thus, we may form the reduced bar construction

B(M ⊗R• A•, A•, N ⊗R• A•).

Proposition 7.1.1. If R• → A• is a surjective homomorphism of commutative

differential graded F -algebras, then the canonical homomorphism

B(M, R•, N)⊗R• A• −→ B(M ⊗R• A•, A•, N ⊗R• A•) (7.2)

is an isomorphism of differential graded A•-algebras.

Proof. For simplicity of notation, all tensor product symbols in the proof are

assumed to be over R•. Let RelR denote the R•-submodule of T (M, R•, N)

consisting of all elements that have trivial equivalence class in B(M, R•, N).

Let RelA denote the A•-submodule of T (M ⊗A•, A•, N ⊗A•) consisting of all

elements that have trivial equivalence class in B(M ⊗ A•, A•, N ⊗ A•). The

sequence

0 −→ RelR −→ T (M, R•, N) −→ B(M, R•, N) −→ 0

is exact. Thus, the following diagram commutes, and both rows are exact. All
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tensor product symbols indicate a tensor product over R•.

RelR ⊗ A•

φ

²²

// T (M, R•, N)⊗ A•

∼=
²²

// B(M,R•, N)⊗ A•

²²
RelA // T (M ⊗ A•, A•, N ⊗ A•) θ // B(M ⊗ A•, A•, N ⊗ A•)

The homomorphism (7.2) is surjective because θ is surjective and injective

because φ is surjective.

Proposition 7.1.2 (Chen, [6]). If R• ↪→ A• is a quasi-isomorphism of non-

negatively weighted commutative differential graded F -algebras and M and N

are graded A•-modules that have only degree-zero elements, then the homomor-

phism B(M, R•, N) → B(M,A•, N) induces an isomorphism

H•(M, R•, N)
∼=−→ H•(M, A•, N)

of graded R•-algebras.

7.2 The Hopf Algebra B(F,R•,O)

In this section, we show that under certain hypotheses, the reduced bar con-

struction B(F, R•,O) is a differential graded Hopf algebra. This generalizes a

construction by Hain in [18]. The main purpose for this construction is that it

implies that B(C, E•(X,Oρρρ),O(Dρρρ)) is a differential graded Hopf algebra. The

Hopf algebra H0B(C, E•(X,Oρρρ),O(Dρρρ)) is the coordinate ring of the relative
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Malcev completion Sρρρ [18]. Suppose that we have the following data.

• A differential graded algebra R• over a commutative ring F .

• A Hopf algebra O over F with augmentation ε.

• A homomorphism R• → O of F -algebras that vanishes on R+.

• An F -algebra homomorphism ν : R• → O⊗F R• with the following prop-

erties.

(1) If r ∈ Rj and ν(r) =
∑

k φk ⊗ rk, then rk ∈ Rj for all k and ν(dr) =
∑

k φk ⊗ drk.

(2) We have (∆⊗ I) ◦ ν = (I ⊗ ν) ◦ ν : R• → O⊗F O ⊗F ⊗F R•.

(3) We have (ε⊗ I) ◦ ν = I : R• → R•.

Define a homomorphism ε : R• → F of rings by composition R• → O ε→ F ,

where ε is the counit of O. Then ε vanishes on R+. Via the map ε : R• → F , we

may view F as an R•-module. Thus, we may form the reduced bar construction

B(F,R•,O). We show here that it has the structure of a differential graded

Hopf algebra over F . Suppose that r1, . . . , rs ∈ R+. Define ε : B(F, R•,O) → F

by ε([r1| · · · |rs]ϕ) = 0 for s > 0 and ε([ ]ϕ) = ε(ϕ). Suppose that ϕ ∈ O
and that the comultiplication in O sends ϕ to

∑
j ϕ′j ⊗ ϕ′′j . Suppose that

ν(r`) =
∑

k`
φ

(`)
k`
⊗ r`

k`
. Define an F -algebra homomorphism ∆: B(F,R•,O) →
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B(F,R•,O)⊗B(F, R•,O) by

∆: [r1| · · · |rs]ϕ 7−→
s∑

i=1

∑
j

∑

ki+1

· · ·
∑

ks

([r1| · · · |ri]φ
i+1
ki+1

· · ·φs
ks

ϕ′j)⊗ ([ri+1
ki+1

| · · · |rs
ks

]ϕ′′j ).

Define λ : B(F, R•,O) → B(F,R•,O) by

λ : [r1| · · · |rs]ϕ 7−→ (−1)s
∑

ks

· · ·
∑

k1

[rs
ks
| · · · |r1

k1
]ι(φs

ks
) · · · ι(φ1

k1
)ι(ϕ),

where ι is the antipode of O.

Lemma 7.2.1. The maps ε, ∆, and λ are F -algebra homomorphisms.

Proof. This is elementary using definitions.

Theorem 7.2.2. The reduced bar construction B(F,R•,O) is a differential

graded Hopf algebra over F with counit ε, comultiplication ∆, and antipode λ.

Proof. Let m : B(F, R•,O)⊗ B(F, R•,O) → B(F, R•,O) denote the multipli-

cation in B(F, R•,O). The maps ε, ∆, and λ obviously restrict to the counit,

comultiplication, and antipode of O, respectively, where we view O as a subset

of B(F, R•,O) via ϕ 7→ [ ]ϕ. For simplicity of notation, we only prove the

following equalities for r ∈ R+. These equalities show that B(F,R•,O) is a
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graded Hopf algebra. The concepts extend to the proof of the general case.

I ⊗∆(∆[r]) = (∆⊗ I)(∆[r])

m ◦ (I ⊗ ε)(∆[r]) = [r]

m ◦ (ε⊗ I)(∆[r]) = [r]

m ◦ (I ⊗ λ)(∆[r]) = ε[r] = 0

m ◦ (λ⊗ I)(∆[r]) = ε[r] = 0

Suppose that ν(r) =
∑

k φk ⊗ rk and that ν(rk) =
∑

y ψk
y ⊗ rk

y . Suppose that

the comultiplication in O sends φk to
∑

j φk
j ⊗ϕk

j . By hypothesis, the elements
∑

k

∑
j φk

j ⊗ ϕk
j ⊗ rk and

∑
k

∑
y φk ⊗ ψk

y ⊗ rk
y of O ⊗ O ⊗ R• are equal. We

therefore have

I ⊗∆(∆[r]) = I ⊗∆(
∑

k

[ ]φk ⊗ [rk]) + I ⊗∆([r]⊗ [ ])

= (
∑

k

∑
y

[ ]φk ⊗ [ ]ψk
y ⊗ [rk

y ]) + (
∑

k

[ ]φk ⊗ [rk]⊗ [ ]) + [r]⊗ [ ]⊗ [ ]

= (
∑

k

∑
j

[ ]φk
j ⊗ [ ]ϕk

j ⊗ [rk]) + (
∑

k

[ ]φk ⊗ [rk]⊗ [ ]) + [r]⊗ [ ]⊗ [ ]

= ∆⊗ I(
∑

k

[ ]φk ⊗ [rk]) + ∆⊗ I([r]⊗ [ ])

= ∆⊗ I(∆[r]).
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Recall that ε vanishes on [r1| · · · |rs] for s > 0. Hence,

m ◦ (I ⊗ ε)(∆[r]) = m ◦ (I ⊗ ε)(
∑

k

[ ]φk ⊗ [rk]) + m ◦ (I ⊗ ε)([r]⊗ [ ])

= m ◦ (I ⊗ ε)([r]⊗ [ ])

= [r]

and

m ◦ (ε⊗ I)(∆[r]) = m ◦ (ε⊗ I)(
∑

k

[ ]φk ⊗ [rk]) + m ◦ (ε⊗ I)([r]⊗ [ ])

=
∑

k

ε(φk)[rk]

= [r]

Finally, the antipode property of O implies that
∑

j φk
j ι(ϕ

k
y) = ε(φk). Also,

since
∑

k

∑
y φk ⊗ ψk

y ⊗ rk
y =

∑
k

∑
j φk

j ⊗ ϕk
j ⊗ rk in O⊗O⊗R•, applying the

map I ⊗ ι⊗ ι implies that
∑

k

∑
y φk ⊗ ι(ψk

y)⊗ rk
y =

∑
k

∑
j φk

j ⊗ ι(ϕk
j )⊗ rk as
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elements of O ⊗O ⊗R•. Thus, we have,

m ◦ (I ⊗ λ)(∆[r]) = m ◦ (I ⊗ λ)(
∑

k

[ ]φk ⊗ [rk]) + m ◦ (I ⊗ λ)([r]⊗ [ ])

= −m(
∑

k

∑
y

[ ]φk ⊗ [rk
y ]ι(ψ

k
y)) + [r]

= −m(
∑

k

∑
y

[ ]φk ⊗ [ ]ι(ψk
y)⊗ [rk

y ]) + [r]

= −m(
∑

k

∑
j

[ ]φk
j ⊗ [ ]ι(ϕk

y)⊗ [rk]) + [r]

= −m(
∑

k

∑
j

[ ]φk
j ι(ϕ

k
y)⊗ [rk]) + [r]

= −(
∑

k

∑
j

[ ]ε(φk)[rk]) + [r]

= 0

In addition,

m ◦ (λ⊗ I)(∆[r]) = m ◦ (λ⊗ I)(
∑

k

[ ]φk ⊗ [rk]) + m ◦ (λ⊗ I)([r]⊗ [ ])

= (
∑

k

[rk]ι(φk))− (
∑

k

[rk]ι(φk))

= 0.

This shows that B(F, R•,O) is a graded Hopf algebra. The differential d on

B(F,R•,O) is defined in (7.1). To finish the proof of the theorem, it suffices

to show that d commutes with ε, ∆, and λ. For ε, this statement is obvious.

For simplicity, we prove these results on the element [r] of B(F, R•,O), where
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r ∈ R+. The general case is nearly identical. Recall that ν(r) =
∑

k φk ⊗ rk.

By hypothesis, ν(dr) =
∑

k φk ⊗ (drk). By definition, we have d[r] = −[dr].

Thus,

∆d[r] = ∆(−[dr])

= (
∑

k

−[ ]φk ⊗ [drk])− [dr]⊗ [ ]

= d(
∑

k

[ ]φk ⊗ [rk]) + d([r]⊗ [ ]) = d∆[r].

In addition,

λd[r] = λ(−[dr])

= −
∑

k

[drk]ι(φk)

= d(−
∑

k

[rk]ι(φk))

= dλ[r].

This completes the proof.

Corollary 7.2.3. The Hopf algebra structure on B(F,R•,O) induces a Hopf

algebra structure on H0B(F, R•,O).

7.3 The Hopf Algebra B(C, E•(X,Oρρρ),O(Dρρρ))

Let X be a smooth manifold. Of particular interest to us is the reduced bar

construction when the differential graded algebra R• is E•(X,Oρρρ), defined

as in Section 5.5. In this section, we prove that there is an algebra homo-

morphism E•(X,Oρρρ) → O(Dρρρ) that vanishes in positive degree. As in the

83



previous section, this gives the reduced bar constructions B(C, E•(X,Oρρρ),C)

and B(C, E•(X,Oρρρ),O(Dρρρ)) the structure of differential graded Hopf algebras.

Let X be a smooth manifold, and set π = π1(X, x0). Let X̃ → X denote

the universal cover of X. Suppose that ρρρ : π → (C∗)N is a representation. Let

Dρρρ denote the Zariski closure of the image of ρρρ in GN
m, and let O(Dρρρ) denote

the coordinate ring of O(Dρρρ). Each character α on Dρρρ gives an irreducible

representation Vα of Dρρρ and a rank-one local system Vα on X with monodromy

given by the character α ◦ ρρρ of π. Recall the definition of E•(X,Oρρρ):

E•(X,Oρρρ) =
⊕

α∈D∨ρρρ

E•(X,Vα)⊗ V ∗
α .

For each α ∈ D∨
ρρρ , there is a left action of π on the trivial line bundle X̃×C→ X̃

defined by γ · (z, u) = (γ · z, α(ρρρ(γ−1))u). This induces a right action of π on

E•(X̃) via ψ · γ = α(ρρρ(γ))(γ−1)∗ψ. The complex E•(X,Vα) is defined to be

the π-invariants of E•(X̃).

Evaluation of a differential form ψ in E•(X,Vα) ⊗ V ∗
α at x0 gives an ele-

ment δ(ψ) of Vα ⊗ V ∗
α , which is the trivial representation C of Dρρρ. Note that

the coproduct in O(Dρρρ) satisfies ∆(α−1) = α−1 ⊗ α−1. Define a C-algebra

homomorphism E•(X,Oρρρ) → O(Dρρρ) by sending ψ to δ(ψ)α−1. Then this map

vanishes on E+(X,Oρρρ). Define an algebra homomorphism

E•(X,Oρρρ)
ν−→ E•(X,Oρρρ)⊗O(Dρρρ) (7.3)
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via ψ 7−→ ψ⊗α−1. This extends in a unique way to E•(X,Oρρρ). It follows easily

from definitions that ν satisfies the hypotheses at the beginning of Section 7.2.

Thus, the reduced bar construction B(C, E•(X,Oρρρ),O(Dρρρ)) is a differential

graded Hopf algebra.

Viewing C as an algebra over E•(X,Oρρρ) via the map δ, we may form the

reduced bar construction B(C, E•(X,Oρρρ),C) as well. By the construction in

Section 7.2, it is also a differential graded Hopf algebra.

The Hopf algebra H0B(C, E•(X,Oρρρ),O(Dρρρ)) is the coordinate ring of a

proalgebraic group scheme, which is in fact the relative Malcev completion

Sρρρ [18]. The Hopf algebra H0B(C, E•(X,Oρρρ),C) is the coordinate ring of

the prounipotent radical Uρρρ of Sρρρ. The homomorphism θρρρ : π → Sρρρ will be

described in Chapter 8 using iterated integrals.

7.4 The Eilenberg-Moore Spectral Sequence

The reduced bar construction B(M,R•, N) has a standard filtration

F = B0(M, R•, N) ⊂ B−1(M, R•, N) ⊂ B−2(M, R•, N) . . .

The subspace B−s(M,R•, N) is defined to be the F -submodule of B(M, R•, N)

generated by those m[r1| · · · |rt]n with t ≤ s. The second quadrant spectral

sequence Es,t
n corresponding to this filtration is known as the Eilenberg-Moore

spectral sequence. One always has E−s,s
n ⇒ H0(B(M, R•, N)).
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Proposition 7.4.1 (Chen, [7]). If H0(R•) = F , then the E1 term of the

Eilenberg-Moore spectral sequence is given by

E1 = B(M, H•(R•), N),

where H•(R•) is given the trivial differential. The differential d1 is given by

the cup product.

The following proposition shows that the formality of R• is closely related

to the differentials in the Eilenberg-Moore spectral sequence.

Proposition 7.4.2. Suppose that F is an R•-module via an augmentation

R• → F that vanishes on R+. Let En denote the Eilenberg-Moore spectral

sequence associated to the reduced bar construction B(F, R•, F ). If there exists

a nonzero Massey triple product of degree-one elements of H•(R•), then the

differential d2 is nonzero.

Proof. Suppose that ψ1, ψ2, ψ3 ∈ R1 are closed. Let ϕj = [ψj] denote the

cohomology class of ψj in H•(R•). Suppose that ϕ1∧ϕ2 = ϕ2∧ϕ3 = 0 and that

the Massey triple product 〈ϕ1, ϕ2, ϕ3〉 is nonzero. The element [ϕ1|ϕ2|ϕ3] ∈ E1

lies in the kernel of d1:

d1[ϕ1|ϕ2|ϕ3] = −[ϕ1 ∧ ϕ2|ϕ3]− [ϕ1|ϕ1 ∧ ϕ3] = 0.

86



Choose φ12, φ23 ∈ R1 such that dφ12 = ψ1 ∧ ψ2 and dφ23 = ψ2 ∧ ψ3. Then

d2[ϕ1|ϕ2|ϕ3] = −[φ12 ∧ ψ3 + ψ2 ∧ φ23],

which does not lie in the image of d1.

Suppose that O is a Hopf algebra over F and that there exists a homomor-

phism R• → O that vanishes on R+. Suppose that there exists an F -algebra

homomorphism ν : R• → O ⊗F R• that satisfies the hypotheses at the begin-

ning of Section 7.2. The following proposition allows us to describe the Hopf

algebra structure on H0B(F, R•,O) via the Eilenberg-Moore spectral sequence.

Proposition 7.4.3 (Chen). For each n ≥ 0, the Hopf algebra structure on

B(F,R•,O) induces a differential graded Hopf algebra structure on the n-th

term of the associated Eilenberg-Moore spectral sequence.
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Chapter 8

Iterated Integrals

In this section, we review Hain’s [18] generalization of Chen’s ([7],[6]) iterated

integrals. We describe the relative Malcev completion using the bar construc-

tion B(C, E•(X,Oρρρ),O(Dρρρ)) and iterated integrals.

8.1 Twisted Iterated Integrals

Suppose that X is a smooth manifold and that ψ1, . . . , ψr are smooth 1-forms

on X. Chen [6] defined

∫

γ

ψ1 · · ·ψr =

∫

0≤t1≤···≤tr≤1

f1(t1) · · · fr(tr)dt1 · · · dtr, (8.1)

where γ : [0, 1] → X is a piecewise smooth path and γ∗ψj = fj(t)dt. The

integral
∫

ψ1 · · ·ψr can therefore be viewed as a function PX → C, where PX

denotes the path space of X. A linear combination of such functions is called

an iterated intgegral.

The following generalization of Chen’s iterated integrals is due to Hain [18].

Set π = π1(X, x0). Let ρρρ : π → (C∗)N be a representation, and let Dρρρ denote

the Zariski closure of the image of ρρρ in GN
m. This is a group subscheme of GN

m.

Each character α on Dρρρ gives a one-dimensional irreducible representation Vα

of Dρρρ and a rank-one local system Vα on X whose monodromy is given by the

character α◦ρρρ of π. For each α, the fiber of Vα over x0 is canonically identified
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with Vα. The local system Vα⊗ V ∗
α is isomorphic to Vα, as the tensor product

with V ∗
α simply indicates an action by Dρρρ. The fiber of Vα⊗V ∗

α over the point

x0, however, is canonically identified with Vα⊗ V ∗
α . As a representation of Dρρρ,

this is canonically isomorphic to the trivial representation C.

Suppose that ψj ∈ E1(X,Oρρρ) for j = 1, . . . , r, that ϕ ∈ O(Dρρρ), and that

γ is a piecewise smooth loop at x0 in X: γ : [0, 1] → X. We will define the

iterated integral ∫

γ

(ψ1 · · ·ψr|ϕ) ∈ C.

First, suppose that each ψj ∈ E1(X,Wαj
)⊗W ∗

αj
, where each αj is a char-

acter of Dρρρ. Let X̃ denote the universal cover of X, with basepoint x̃0 over

x0. The local system Wαj
is equal to the quotient (X̃ × C)/π1(X, x0), where

π1(X, x0) acts on X̃ × C on the left via η · (z, u) = (η · z, αj(ρρρ(η−1)) · u). This

action induces a right action of π1(X, x0) on E•(X̃) via ψ ·η = αj(ρρρ(η))(η−1)∗ψ,

where η ∈ π1(X, x0). By definition, E1(X,Wαj
) is the set of π1(X, x0)-

invariants of E•(X̃). Let γ̃ denote any lift of γ to X̃. We define

∫

γ

(ψ1 · · ·ψr|ϕ) = ϕ(ρρρ(γ))

∫

γ̃

ψ1 · · ·ψr.

This definition extends uniquely to the case ψ1, . . . , ψr ∈ E1(X,Oρρρ) in such a

way that the integral
∫

γ
(ψ1 · · ·ψr|ϕ) is multi-linear in the forms ψj and in ϕ.

When r = 0, we set
∫

γ
( |ϕ) = ϕ(ρρρ(γ)).

Definition 8.1.1. The set I(X)ρρρ of iterated integrals with coefficients inO(Dρρρ)

is defined to be the set of all linear combinations of integrals of the form
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∫
(ψ1 · · ·ψr|ϕ), where r ≥ 0, ψj ∈ E1(X,Oρρρ), and ϕ ∈ O(Dρρρ).

The elements of I(X)ρρρ will be regarded as functions Ωx0X → C on the loop

space Ωx0X.

Definition 8.1.2. We define H0(I(X)ρρρ) to be the subset of I(X)ρρρ consisting of

all elements that are constant on each homotopy class [γ] ∈ π1(X, x0). We call

the elements of H0(I(X)ρρρ) locally constant iterated integrals with coefficients

in O(Dρρρ).

We will see in Section 8.2 that the set H0(I(X)ρρρ) has a purely algebraic

description.

Proposition 8.1.3 ([6], [18]). For ψ1, . . . , ψp+q ∈ E1(X,Oρρρ) and ϕ, θ ∈ O(Dρρρ),

we have

∫
(ψ1 · · ·ψp|ϕ)

∫
(ψp+1 · · ·ψp+q|θ) =

∑

σ∈Sh(p,q)

∫
(ψσ(1) · · ·ψσ(p+q)|ϕθ),

where Sh(p, q) denotes the set of shuffles of type (p, q).

Corollary 8.1.4. The sets I(X)ρρρ and H0(I(X)ρρρ) of functions on Ωx0X are

C-algebras, where the map C→ H0(I(X)ρρρ) is given by 1 7→ ∫
( |1).

Remark 8.1.5. Suppose that ρρρ : π → (C∗)N is the trivial representation and

that ψ1, . . . , ψr ∈ E1(X,O(Pρρρ)). Then Dρρρ is the trivial group scheme and

E•(X,O(Pρρρ)) = E•(X). Consequently, the iterated integral
∫

γ
(ψ1 · · ·ψr|1) is

Chen’s iterated integral
∫

γ
ψ1 · · ·ψr, defined by (8.1).
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8.2 Relative Malcev Completion

In this section, we recall several results by Hain [18]. They are generalizations

of work by Chen [6].

Let X be a smooth manifold, and set π = π1(X, x0). Suppose that ρρρ : π →
(C∗)N is a representation. Let Dρρρ denote the Zariski closure of the image

of ρρρ in GN
m. Consider the bar construction B(C, E•(X,Oρρρ),O(Dρρρ)), which is

described in Section 7.3. This Hopf algebra is nonnegatively graded. Thus,

H0B(C, E•(X,Oρρρ),O(Dρρρ)) is a Hopf subalgebra of B(C, E•(X,Oρρρ),O(Dρρρ)).

In [18], Hain shows that it is the coordinate ring of a proalgebraic group scheme

Sρρρ.

Theorem 8.2.1. There is a C-algebra isomorphism

H0B(C, E•(X,Oρρρ),O(Dρρρ))
∼=−→ H0(I(X)ρρρ)

given by [ψ1| · · · |ψr]ϕ 7−→ ∫
(ψ1 · · ·ψr|ϕ).

Note that the group Sρρρ(C) consists of the set of C-algebra homomorphisms

H0B(C, E•(X,Oρρρ),O(Dρρρ)) −→ C.

Theorem 8.2.2. The map θρρρ : π → Sρρρ(C) given by

γ 7−→
(

[ψ1| · · · |ψr]ϕ 7→
∫

γ

(ψ1 · · ·ψr|ϕ)

)
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is a Zariski dense group homomorphism.

In the construction of B(C, E•(X,Oρρρ),O(Dρρρ)), we are viewing C as an

algebra over E•(X,Oρρρ) via the composition E•(X,Oρρρ) → O(Dρρρ)
ε→ C. The

map E•(X,Oρρρ) → O(Dρρρ) is described in Section 7.3. Thus, we may form the

reduced bar construction B(C, E•(X,Oρρρ),C), which is also a differential graded

Hopf algebra. Hain [18] shows that the Hopf algebra H0B(C, E•(X,Oρρρ),C) is

the coordinate ring of a prounipotent group scheme Uρρρ. That is,

O(Sρρρ) = H0B(C, E•(X,Oρρρ),O(Dρρρ))

O(Uρρρ) = H0B(C, E•(X,Oρρρ),C).

Theorem 8.2.3. There is a natural short exact sequence

1 −→ Uρρρ −→ Sρρρ −→ Dρρρ −→ 1

of affine proalgebraic group schemes over C.

The homomorphism Uρρρ → Sρρρ corresponds to the Hopf algebra homo-

morphism H0B(C, E•(X,Oρρρ),O(Dρρρ)) → H0B(C, E•(X,Oρρρ),C) which sends

[ψ1| · · · |ψr]ϕ to [ψ1| · · · |ψr]ε(ϕ). The homomorphism Sρρρ → Dρρρ corresponds to

the Hopf algebra homomorphism O(Dρρρ) → H0B(C, E•(X,Oρρρ),O(Dρρρ)) which

sends ϕ to [ ]ϕ.

If γ ∈ π, then the element θρρρ(γ) of Sρρρ(C) is a C-algebra homomorphism

O(Sρρρ) → C. Moreover, the element ρρρ(γ) of Dρρρ(C) is a C-algebra homomor-
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phism O(Dρρρ) → C. If ϕ ∈ O(Dρρρ), then [ ]ϕ ∈ O(Sρρρ). Thus, by the definition

of θρρρ, we have θρρρ(γ)([ ]ϕ) = ϕ(ρρρ(γ)). It follows that the diagram

π

θρρρ

²² ρρρ %%KKKKKKKKKK

Sρρρ(C) // Dρρρ(C)

commutes.

Theorem 8.2.4 (Hain, [18]). The proalgebraic group scheme Sρρρ is the Malcev

completion of π relative to ρρρ.

By definition, the group scheme Uρρρ is the prounipotent radical of Sρρρ. In

Chapter 10, we will generalize this construction to define the Malcev completion

relative to any irreducible component of the characteristic variety V i
N,m(X).

8.3 When Sρρρ is Combinatorially Determined

In this section, we give conditions under which Sρρρ is combinatorially deter-

mined, where ρρρ ∈ T is a character. We do not know whether Sρρρ is always

combinatorially determined. In Section 8.3.1, we show that if Sρρρ is combi-

natorially determined for all ρρρ ∈ T, then the characteristic variety V1
m(X) is

combinatorially determined.

Let X denote the complement of an arrangement of hyperplanes in a com-

plex vector space V , and let h denote its holonomy Lie algebra. Let h∧ denote
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its completion with respect to degree. Then h∧ is the pronilpotent Lie alge-

bra constructed from the differential graded algebra E•(X) by the methods

of rational homotopy theory. Let A• denote the complexified Orlik-Solomon

algebra of X. The inclusion A• ↪→ E•(X) is a quasi-isomorphism [32]. Thus,

h∧ can also be constructed from the differential graded algebra A•. The Orlik-

Solomon algebra is determined by the intersection poset of the hyperplane

arrangement. Thus, the pronilpotent Lie algebra h∧ is also determined by the

intersection poset. The Malcev completion π1(X, x0)
un is the unique prounipo-

tent group whose Lie algebra is h∧. Thus, π1(X, x0)
un is determined by the

intersection poset of the arrangement. For this reason, we say that π1(X, x0)
un

is combinatorially determined.

It is natural to ask whether, in general, the relative Malcev completion Sρρρ

is combinatorially determined for ρρρ ∈ TN . The first result in this direction was

given in Theorem 5.6.3, which says that if two distinct hyperplanes intersect,

then Sρρρ
∼= Dρρρ × πun for general ρρρ ∈ TN . For such ρρρ, the relative Malcev

completion Sρρρ is combinatorially determined.

This result extends to positive dimensional subvarieties of the character

torus. Here, we only consider ρρρ ∈ T. That is, we consider characters ρρρ : π →
C∗. This simplifies notation, because each subtorus Y of T which has positive

dimension must contain a character ρρρ that has Zariski dense image in Gm.

Thus, Theorem 6.4.1 applies.

Choose linear functions Lj on V such that the j-th hyperplane is the van-

ishing set of Lj. Set ωj = 1
2πi

dLj

Lj
. This is a closed holomorphic 1-form on X.
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Set ωωω = (ω1, . . . , ωn).

Suppose that aaa ∈ Cn, and set ρρρ = exp(aaaωωωT ). This is an element of T. In

Section 6.3, we constructed a commutative differential graded algebra A•
aaa. It

is defined by

A•
aaa =

⊕

k∈Z
A•q−k.

The differential is given on the k-th component by left multiplication by−kaaaωωωT .

There is a natural inclusion A•
aaa ↪→ E•(X,Oρρρ). By Theorem 6.4.1, if V is a

vector subspace of Cn, then there is a countable collection {Wj}j∈Z of proper

affine subspaces of V with the following property. If aaa ∈ V − ⋃
j Wj and

ρρρ = exp(aaaωωωT ) has Zariski dense image in Gm, then the induced homomor-

phism H•(A•
aaa) −→ H•(X,Oρρρ) is an isomorphism.

Theorem 8.3.1. If Y is a subtorus of T that contains the trivial character,

then the relative Malcev completion Sρρρ is combinatorially determined for gen-

eral ρρρ ∈ Y .

Proof. If Y has dimension 0, then Y is the trivial character, and Sρρρ is the

standard Malcev completion of π. It is therefore combinatorially determined.

If Y has positive dimension, then the general ρρρ ∈ Y has Zariski dense image in

Gm. This is because the statement that ρρρ : π → C∗ does not have Zariski dense

image in Gm is equivalent to the statement that the image of ρρρ is contained in

the roots of unity. Choose a countable collection {Λr} of proper subvarieties

of Y such that every ρρρ ∈ Y −⋃
r Λr has Zariski dense image in Gm.

Let V be the unique vector subspace of Cn such that the exponential map
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exp: H1(X,C) → T takes Vωωω onto Y , where Vωωω is the image of V under

the natural isomorphism Cn
∼=−→ H1(X,C), given by aaa 7→ aaaωωωT . Then Vωωω is

the universal cover of Y . Let Vj denote the image of Wj in Vωωω. Each affine

subspace Vj exponentiates to a possibly-translated subtorus Ωj of Y . Each Ωj

is a proper subtorus of Y , since dim Y = dimCV > dimCWj = dimC Vj =

dim Ωj. Suppose that ρρρ ∈ Y and that ρρρ does not lie in any Λr or any Ωj.

Since ρρρ does not lie in any Λr, it follows that ρρρ has Zariski dense image in

Gm. That is, Dρρρ = Gm. We show that the isomorphism class of Sρρρ may

be computed using the combinatorially determined algebra A•
aaa, where aaa ∈ V

satisfies ρρρ = exp(aaaωωωT ). If ρρρ does not lie in any Λr or Ωj, then aaa is necessarily

an element of V −⋃
j Wj. Theorem 6.4.1 therefore implies that the map

H•(A•
a) −→ E•(X,Oρρρ)

is an isomorphism of graded algebras.

Consider the reduced bar construction B(C, E•(X,Oρρρ),O(Gm)). We have

O(Sρρρ) = H0B(C, E•(X,Oρρρ),O(Gm)).

There is natural inclusion A•
aaa ↪→ E•(X,Oρρρ), which is a quasi-isomorphism.

Thus, O(Gm) inherits the structure of a A•
aaa-module. Consider the reduced bar

construction B(C,A•
aaa,O(Gm)). Set

G = Spec H0B(C,A•
aaa,O(Gm)).
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This is an affine group scheme. Proposition 7.1.2 implies that the natural

homomorphism O(G) −→ O(Sρρρ) is an isomorphism, since A•
aaa ↪→ E•(X,Oρρρ) is

a quasi-isomorphism. Thus, there is a natural isomorphism

Sρρρ

∼=−→ G

of group schemes. The group scheme G is determined by the algebra A•
aaa, which

depends only on the intersection poset of the arrangement.

We do not know whether Sρρρ is always combinatorially determined.

8.3.1 Characteristic Varieties and the Intersection Poset

The isomorphism (1.1) and the surjection (1.2) of Lie algebra homologies sug-

gest that the question of whether Sρρρ is combinatorially determined is related to

the question of whether characteristic varieties are combinatorially determined.

Theorem 8.3.2. If the isomorphism class of the relative Malcev completion

Sρρρ is combinatorially determined for all ρρρ ∈ T, then the characteristic variety

V1
m(X) = {ρρρ ∈ T | dimCH1(X,Lρρρ) ≥ m} = 0 is combinatorially determined.

Proof. Suppose that the relative Malcev completion Sρρρ is always combinato-

rially determined for all characters ρρρ : π1(X, x0) → C∗. Let {K1, . . . , Kn} and

{H1, . . . , Hn} denote arrangements of hyperplanes in V that have isomorphic

intersection posets. We may assume that the ordering of the hyperplanes in-

duces the isomorphism of intersection posets. Set X = V − ⋃n
j=1 Kj and
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Z = V −⋃n
j=1 Hj. As in Corollary 3.1.3, there are natural isomorphisms

H1(X,C∗) ∼= (C∗)n ∼= H1(Z,C∗) (8.2)

determined by the ordering of the hyperplanes. Let ~p be an element of (C∗)n,

and choose characters ρρρX ∈ H1(X,C∗) and ρρρZ ∈ H1(Z,C∗) which corre-

spond to ~p via the isomorphisms (8.2). We will show that dimCH1(X,LρρρX
) =

dimCH1(Z,LρρρZ
).

Let SρρρX
denote the completion of π1(X, x0) relative to ρρρ, and let SρρρZ

denote

the completion of π1(Z, z0) relative to ρρρZ . Let D denote the Zariski closure of

the image of ρρρX in Gm. Then D is also the Zariski closure of the image of ρρρZ in

Gm. Let ψ : SρρρX
→ D denote the surjection given by the definition of Sρρρ. The

composition SρρρX

∼=−→ SρρρZ
→ D is surjective. Since D is the maximal reductive

quotient of SρρρX
, it follows that there is an automorphism φ : D → D such that

the diagram

SρρρX

ψ //

∼=
²²

D

φ

²²SρρρZ
// D

commutes. Thus, the diagram

SρρρX

φ◦ψ //

∼=
²²

D

SρρρZ
// D
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commutes. Let UρρρZ
denote the kernel of SρρρZ

→ D, and let UρρρX
denote the

kernel of φ ◦ ψ : SρρρX
→ D. A simple diagram chase shows that there is an

isomorphism UρρρX

∼=−→ UρρρZ
such that the diagram

1 // UρρρX

∼=
²²

// SρρρX

∼=
²²

φ◦ψ // D // 1

1 // UρρρZ
// SρρρZ

// D // 1

commutes. Let uρρρX
and uρρρZ

denote the Lie algebras of UρρρX
and UρρρZ

, respec-

tively. Then the isomorphism UρρρX
∼= UρρρZ

induces a D-equivariant isomorphism

H1(uρρρX
) ∼= H1(uρρρZ

).

Theorem 5.3.1 implies that as representations of D, both H1(uρρρX
) and H1(uρρρZ

)

are direct products of irreducible representations. Recall that D is a group

subscheme of Gm. The standard representation of Gm is the one dimensional

representation corresponding to the identity Gm → Gm, which is a character

of Gm. This restricts to an irreducible representation L111 of D. By Theorem

5.3.1, the L111 isotypical part of the representation H1(uρρρX
) of D has dimension

dimCH1(X,LρρρX
). By the same theorem, the L111-isotypical part of the represen-

tation H1(uρρρZ
) of D has dimension dimCH1(Z,LρρρZ

). The result follows.
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Chapter 9

Infinite Dimensional Flat Vector
Bundles

Let X denote the complement of an arrangement of hyperplanes in a com-

plex vector space, and set π = π1(X, x0). Let R be a commutative C-algebra,

and suppose that α : π → R× is a group homomorphism. This gives R the

structure of a left π-module. There is a corresponding infinite dimensional flat

vector bundle VR,α over X. In this section, we define the de Rham complex

E•(X,VR,α) and prove some of its basic properties. The monodromy homo-

morphism of VR,α is α : π → R×. The natural example to keep in mind is

where Y is an irreducible subvariety of TN , R = O(Y ), and the homomor-

phism α : π → O(Y )× is given by γ 7→ fk1
1 · · · fkN

N , where the kj are integers

and fj ∈ O(Y ) is defined by fj(ρρρ) = ρj(γ).

9.1 Infinite Dimensional Flat Vector Bundles

Suppose that X is a smooth manifold, and set π = π1(X, x0). Let τ : X̃ → X

denote the universal cover of X. We say that an open subset U ⊂ X is evenly

covered if τ−1(U) is a disjoint union of open subsets of X̃, each of which maps

homeomorphically onto U via τ . Suppose that R is a commutative C-algebra.
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Let E•
fin(X̃, R) denote the set of sums

∑
j∈J

ψj ⊗ rj,

taken over any index set J , with ψj ∈ E•(X̃) and rj ∈ R, such that locally,

all but finitely many ψj vanish. That is, every point in X̃ has a neighborhood

on which only finitely many ψj take a nonzero value. We view the elements

of E•
fin(X̃, R) as differential forms on X̃ with values in R. We obviously have

E•(X̃) ⊗C R ⊂ E•
fin(X̃, R). The product on E•(X̃) ⊗ R extends to a product

on E•
fin(X̃, R). If R has finite dimension, then E•

fin(X̃, R) = E•(X̃)⊗C R. The

differential on E•
fin(X̃, R) defined by d(

∑
j ψj⊗ rj) =

∑
j d(ψj)⊗ rj is R-linear.

Thus, E•
fin(X̃, R) is a differential graded algebra over R.

Suppose that there is a homomorphism α : π → R× of groups, where R×

denotes the group of units in R. This determines a left action of π on R. There

is an induced left action of π on the trivial bundle X̃×R → X̃ via the formula

γ · (z, r) = (γ · z, γ−1 · r). The quotient by this action is a flat vector bundle

VR,α (X̃ ×R)/π

²²
X.

The fiber is a free R-module of rank one.

Notation 9.1.1. If Y is an affine variety and α : π → O(Y )× is a group

homomorphism, then the resulting flat vector bundle is denoted VY,α.
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The action of π on the bundle X̃ × R → X̃ induces a right action of π on

E•
fin(X̃, R) via

(
∑

j

ψj ⊗ rj) · γ =
∑

j

(γ−1)∗ψj ⊗ γ · rj.

Definition 9.1.2. Define E•(X,VR,α) to be the π-invariants of E•
fin(X,R):

E•(X,VR,α) = [E•
fin(X,R)]π.

This is a module over R, and the differential on E•
fin(X̃, R) restricts to a

differential on E•(X,VR,α). If α and β are homomorphisms π → R×, then the

product αβ is as well.

Proposition 9.1.3. The space E•(X,VR,α) is a cochain complex of R-modules,

and the product on E•
fin(X̃, R) restricts to a product

E•(X,VR,α)⊗V E•(X,VR,β) −→ E•(X,VR,αβ).

Example 9.1.4. Let R = C, and let α : π → C∗ be a homomorphism. The

flat bundle VR,α is the rank one local system on X with monodromy α. The

complex E•(X,VR,α) is the standard complex of differential forms on X with

coefficients in VR,α.

Let φ : R → A be a C-algebra homomorphism. Then φ ◦ α is a homo-

morphism π → A×. Thus, we may form the complex E•(X,VA,φ◦α). The
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homomorphism φ induces a homomorphism

E•(X,VR,α) −→ E•(X,VA,φ◦α) (9.1)

of complexes of R-modules.

Proposition 9.1.5. If the C-algebra homomorphism φ : R → A is surjective,

then the homomorphism (9.1) is surjective.

Proof. Since X is paracompact, there is a locally finite open cover {Us} of X

that is evenly covered by X̃ → X such that each Us is bounded and evenly

covered by τ : X̃ → X. Let ζ =
∑

j ψj ⊗ aj be an element of E•(X,VA,φ◦α),

where ψj ∈ E•(X̃), aj ∈ A, and locally all but finitely many ψj vanish. Since

each Us has compact closure, it follows that on any connected component

of τ−1(Us), all but finitely many ψj vanish identically. For each s, choose a

connected component Os of the preimage of Us in X̃. Then {γOs}γ∈π,α is a

locally finite open cover of X̃, and all but finitely many ψj vanish on each γOs.

For each j, choose rj ∈ R such that φ(rj) = aj. Choose a partition of unity
∑

s fs = 1 on X subordinate to the cover {Us}. Let σs denote the composition

Os → X
fs→ C. Then each σs extends to X̃, so we may view σs as an element

of E0(X̃).

Define

ξ =
∑
j∈J

∑
s

∑
γ

(γ−1)∗ψj · (σs ◦ γ−1)⊗ γ · rj.

Suppose that λ ∈ π and t are fixed. Suppose that the form (γ−1)∗ψj · (σs ◦γ−1)
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is nonzero on λOt. Then γ−1λOt must intersect Os. This is only possible if

Us∩Ut 6= ∅, so there are only finitely many possibilities for s. For a given s such

that Us ∩Ut 6= ∅, only finitely many γ ∈ π can satisfy Os ∩ γ−1λOt 6= ∅. Thus,

there are only finitely many possibilities for γ and s. Finally, (γ−1)∗ψj must be

nonzero on λOt, which implies that ψj is nonzero on γ−1λOt. However, γ−1λOt

is one of the connected components of the preimage of Ut in X̃. Thus, this is

possible for only finitely many j. Thus, ξ is an element of E•
fin(X̃, R). The fact

that ξ is locally a finite sum allows us to change the order of summation at

will. By construction, this sum is invariant under the right action by π. Thus,

ξ ∈ E•(X,VR,α).

We now show that the homomorphism E•(X,VR,α) → E•(X,VA,φ◦α) sends

ξ to ζ. This is equivalent to

ζ =
∑

j

∑
s

∑
γ

(γ−1)∗ψj · (σs ◦ γ−1)⊗ γ · aj.

It suffices to prove this locally in X̃. The fact that the above triple sum is

locally a finite sum allows us to change the order of summation. For γ ∈ π, the

support of σs ◦ γ−1 is contained in γOs. For a fixed s, the element
∑

s σs ◦ γ−1

of E0(X̃) is equal to the composition X̃ → X
fs→ C. Thus,

∑
γ,s σs ◦ γ−1 is

equal to the composition X̃ → X
∑

s fs−→ C. Hence,
∑

γ,s σs ◦ γ−1 = 1 on X̃. We
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therefore have

ζ =
∑

s

∑
γ

(σs ◦ γ−1) · ζ

=
∑

s

∑
γ

(
(σs ◦ γ−1)

∑
j

(γ−1)∗ψj ⊗ γ · aj

)

=
∑

j

∑
s

∑
γ

(γ−1)∗ψj · (σs ◦ γ−1)⊗ γ · aj.

This completes the proof.

If φ : R → A is a surjection of C-algebras, then there is a canonical inclusion

E•(X,VR,α)⊗R A ↪→ E•(X,VA,φ◦α) of complexes of A-modules. The previous

proposition has an immediate corollary.

Corollary 9.1.6. If φ : R → A is a surjection of C-algebras, then the canonical

inclusion E•(X,VR,α)⊗R A ↪→ E•(X,VA,φ◦α) is an isomorphism of complexes

of A-modules.

The cohomology of the complex E•(X,VR,α) is denoted H•(X,VR,α). The

next sections show that this cohomology may be computed using singular or

simplicial cochains.

Example 9.1.7. Suppose that X is the complement of an arrangement of hy-

perplanes in a complex vector space. Let T = H1(X,C∗) denote the character

torus. Each element of TN can be viewed as a representation π → (C∗)N . Let

Y be an irreducible subvariety of TN , and let O(Y ) denote the coordinate ring

of Y . Choose kkk ∈ ZN . There is a homomorphism α : π → O(Y )× given by
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γ 7→ fk1
1 · · · fkN

N , where fj ∈ O(Y )× is given by fj(ρρρ) = ρj(γ). Then VY,α is a

flat vector bundle over X, and the fiber over each point is a free O(Y )-module

of rank one. If Y = {ρρρ}, then VY,α is the rank one local system on X with mon-

odromy ρk1
1 · · · ρkN

N . We denote this local system by Lρρρkkk . There is a canonical

isomorphism

E•(X,VY,α)⊗O(Y ) Cρρρ
∼= E•(X,Lρρρkkk)

of complexes. It induces a homomorphism

H•(X,VY,α)⊗O(Y ) Cρρρ −→ H•(X,Lρρρkkk).

In Chapter 10, the complex E•(X,VY,α) is used to construct a commutative

differential graded algebra E•(X,OY ) over O(Y ). This is a generalization of

E•(X,Oρρρ), which was defined in Section 5.5. For each ρρρ ∈ Y , there is a

canonical isomorphism

E•(X,OY )⊗O(Y ) Cρρρ
∼= E•(X,Oρρρ)

of commutative differential graded algebras.

Remark 9.1.8. The complex E•(X,VR,α) is given by the global sections of a

sheaf E•( ,VR,α) on X. Let τ : X̃ → X denote the universal covering of X.

Given an open subset U of X, the complex E•(U,VR,α) is defined to be the

set of sums
∑

j ψj ⊗ rj, where ψj ∈ E•(τ−1(U)) and rj ∈ R, which have the

following two properties.
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• Every point in τ−1(U) has a neighborhood on which only finitely many

ψj are not identically zero.

• For each γ ∈ π, one has
∑

j(γ
−1)∗ψj ⊗ γ · rj =

∑
j ψj ⊗ rj.

Then E•( ,VR,α) is a complex in the category of sheaves of R-modules.

9.2 Singular and Simplicial Cohomology

By [43, pages 124-135], there is a triangulation of X. In this section, we show

that the cohomology H•(X,VR,α) may be computed from both singular and

simplicial cochains. The singular cohomology H•(S•(X,VR,α)) is invariant

under deformation retraction.

9.2.1 Singular Cohomology

Recall that X is a smooth manifold and that π = π1(X, x0). There is a group

homomorphism α : π → R× into the group of units of the C-algebra R. There

is an associated flat vector bundle VR,α over X. The fiber over each point is a

free R-module of rank one.

Let S• denote singular cochains. Suppose that Z is a subspace of X. We

define a sheaf S•( ,VR,α) on Z as follows. Let τ : X̃ → X denote the universal

covering of X. For each open subset U of Z, define S•(U,VR,α) to be the set of

sums
∑

j ψj ⊗ rj, where ψj ∈ S•(τ−1(U)) and rj ∈ R, which have the following

two properties.
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• Every point in τ−1(U) has a neighborhood on which only finitely many

ψj do not vanish identically.

• For each γ ∈ π, one has
∑

j(γ
−1)∗ψj ⊗ γ · rj =

∑
j ψj ⊗ rj.

Then S•( ,VR,α) is a complex in the category of sheaves of R-modules.

Theorem 9.2.1. There is a natural isomorphism

H•(X,VR,α) ∼= H•(S•(X,VR,α))

of R-modules.

Proof of Theorem 9.2.1. Choose an open cover U of X, which is closed under

finite intersections, such that all sets in U are either contractible or empty and

such that each set in U is evenly covered by τ : X̃ → X. Then for U ∈ U, the

classical de Rham theorem implies that there is an isomorphism

ker

(
E0(U,VR,α) → E1(U,VR,α)

)
∼= ker

(
S0(U,VR,α) → S1(U,VR,α)

)

(9.2)

of V -modules. It is natural with respect to taking finite intersections of the

sets in U. Given a sheaf F on X, let Cp(U,F) denote Čech p-cochains on U

with values in F . Set Kp,q = Cp(U, Eq( ,VR,α)), and let En denote the corre-

sponding spectral sequence. The E1 term is concentrated in q = 0, and by the

natural isomorphism (9.2) it is given by the complex Cp(U, H0(S•( ,VR,α))).

The ′E1 term is concentrated in p = 0 and is given by the complex Eq(X,VR,α).
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Hence,

H•(X,VR,α) ∼= H•(C•(U, H0(S•( ,VR,α)))) (9.3)

as V -modules. Now set Kp,q = Cp(U, Sq( ,VR,α)), and let En denote the

corresponding spectral sequence. Again, E1 is concentrated in q = 0 and is

given by the complex Cp(U, H0(S•( ,VR,α))). The ′E1 term is concentrated

in p = 0 and is given by the complex Sq(X,VR,α). This implies that

H•(S•(X,VR,α)) ∼= H•(C•(U, H0(S•( ,VR,α)))) (9.4)

as R-modules. The isomorphisms (9.3) and (9.4) imply that

H•(X,VR,α) ∼= H•(S•(X,VR,α))

as R-modules.

Theorem 9.2.2. If there is a deformation retraction of X onto a subspace Z,

then the restriction homomorphism

S•(X,VR,α) −→ S•(Z,VR,α)

induces an isomorphism on cohomology.

Proof. Choose an open cover U of X such that each set in U is evenly covered

by τ : X̃ → X and all finite intersections of sets in U are contractible. Then by

taking a refinement of U if necessary, one may assume that UZ = {U ∩Z : U ∈
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U} is a good cover of Z. Set Kp,q = Cp(U, Sq( ,VR,α)), and let En denote the

corresponding spectral sequence. The ′E1 term is concentrated in p = 0 and is

given by the complex Sq(X,VR,α). The E1 term is concentrated in q = 0 and

is given by the complex

0 −→
∏
σ0

H0(S•(Uσ0 ,VR,α)) −→
∏

σ0<σ1

H0(S•(Uσ0 ∩ Uσ1 ,VR,α)) −→ . . . ,

where the σj index the open sets in U and the horizontal maps are the standard

boundary maps of the Čech complex Cp(U, H0(S•( ,VR,α))). The restriction

map

0 → ∏
σ0

H0(S•(Uσ0 ,VR,α))

r

²²

//
∏

σ0<σ1
H0(S•(Uσ0 ∩ Uσ1 ,VR,α)) →

r

²²
0 → ∏

σ0
H0(S•(Uσ0 ∩W,VR,α)) //

∏
σ0<σ1

H0(S•(Uσ0 ∩ Uσ1 ∩W,VR,α)) →

induces an isomorphism on cohomology.

Now set Kp,q = Cp(UW , Sq( ,VR,α)), and let En denote the corresponding

spectral sequence. The ′E1 term is concentrated in q = 0 and is given by the

complex Sq(W,VR,α). The E1 term is concentrated in q = 0 and is given by

the complex

0 −→
∏
σ0

H0(S•(Uσ0∩W,VR,α)) −→
∏

σ0<σ1

H0(S•(Uσ0∩Uσ1∩W,VR,α)) −→ . . .

The result follows.
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9.2.2 Simplicial Cohomology

Choose a triangulation of X such that each simplex has a neighborhood that

is evenly covered by τ : X̃ → X. This triangulation lifts to a triangulation

of X̃ that is invariant under the action of π on X̃. Let C•
∆ denote simpli-

cial cochains, and let S• denote singular cochains, as in the previous section.

Given a subsimplicial complex Z ⊂ X, let C•
∆(Z,VR,α) denote the set of sums

∑
j∈J φj ⊗ rj taken over any index set J , with φj ∈ C•

∆(τ−1(Z)) and rj ∈ R,

that have the following two properties.

• On each simplex of τ−1(Z), all but finitely many φj vanish.

• For γ ∈ π, one has
∑

j(γ
−1)∗φj ⊗ γ · rj =

∑
j ψj ⊗ rj.

It is easy to see that C•
∆(Z,VR,α) is a cochain complex of R-modules. The

differential is defined by d(
∑

j φj ⊗ rj) =
∑

j d(φj) ⊗ rj. Note that if σ is a

simplex in X, then C•
∆(σ,VR,α) is a free R-module of rank one.

If φ : R → A is a C-algebra homomorphism, there is an induced homomor-

phism C•
∆(Z,VR,α) → C•

∆(Z,VA,φ◦α) of complexes of R-modules.

Theorem 9.2.3. If φ : R → A is a surjective C-algebra homomorphism, then

the induced homomorphism C•
∆(Z,VR,α) → C•

∆(Z,VA,φ◦α) is surjective.

Proof. Let ζ =
∑

j φj ⊗ aj be an element of C•
∆(Z,VA,φ◦α). For each j, choose

rj ∈ R such that φ(rj) = aj. For each simplex s of Z, choose a simplex µs

of τ−1(Z) that maps bijectively onto s via τ . Let σs ∈ C•
∆(τ−1(Z)) take the
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value 1 on µs and 0 on every other simplex. Note that the action of π on X̃

preserves the simplicial structure of τ−1(Z). Consider the sum

ξ =
∑

j

∑
s

∑
γ

(γ−1)∗φj · (σs ◦ γ−1)⊗ γ · rj.

Note that each (γ−1)∗φj · (σs ◦ γ−1) is an element of C•
∆(τ−1)(Z), since σs ◦ γ−1

is nonzero on only one simplex of τ−1(Z), namely γµs. For each simplex η

of τ−1(Z), the element (γ−1)∗φj · (σs ◦ γ−1) of C•
∆(τ−1(Z)) is nonzero on η if

and only if η = γµs and φj(µs) 6= 0. The equation η = γµs has at most one

solution, since this implies that η is mapped bijectively onto s via τ : X̃ → X.

If this equation is satisfied, then γ and s are necessarily fixed, and only finitely

many φj(µs) can be nonzero. This implies that the sum ξ is a finite sum on

each simplex of τ−1(Z). Thus, ξ is an element of C•
∆(Z,VR,α). Moreover, we

can change the order of summation at will. Note that the sum
∑

s

∑
γ σs ◦ γ−1

is identically 1 on every simplex of τ−1(Z). The image of ξ under the induced

map C•
∆(Z,VR,α) → C•

∆(Z,VA,φ◦α) is given by

∑
j,s,γ

(γ−1)∗ψj · (σs ◦ γ−1)⊗ γ · aj =
∑
s,γ

(
(σs ◦ γ−1)

∑
j

(γ−1)∗ψj ⊗ γ · aj

)

=
∑
s,γ

(σs ◦ γ−1) · ζ

= ζ.

This completes the proof.

Corollary 9.2.4. If φ : R → A is a surjective C-algebra homomorphism, then
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the induced homomorphism C•
∆(Z,VR,α)⊗R A ↪→ C•

∆(Z,VA,φ◦α) is an isomor-

phism of complexes of A-modules.

Theorem 9.2.5. There is a natural isomorphism

H•(S•(Z,VR,α)) ∼= H•(C•
∆(Z,VR,α))

of R-modules.

Proof. For each simplex σ of Z, choose a neighborhood Uσ of σ such that

σ0 ∩ · · · ∩ σs is the only simplex of its dimension contained in Uσ0 ∩ · · · ∩ Uσs .

Choose the neighborhoods Uσ so that each Uσ is evenly covered by τ and

each finite intersection of such neighborhoods is either empty or contractible.

One possibility for the covering {Uσ} of Z is the standard star covering. Let

U denote the cover of X consisting of all Uσ and finite intersections of such

neighborhoods. Let Kp,q = Cp(U, Sq( ,VR,α)), and let En denote the corre-

sponding spectral sequence. The ′E1 term is concentrated in p = 0 and given

by the complex Sq(W,VR,α). The E1 term is concentrated in q = 0 and is given

by the complex

0 −→
∏
σ0

H0(S•(Uσ0 ,VR,α)) −→
∏

σ0<σ1

H0(S•(Uσ0 ∩ Uσ1 ,VR,α)) −→ . . . , (9.5)

which is the standard Čech complex Cp(U, H0(S•( ,VR,α))). Thus, we only

need to show that the cohomology of this sequence is naturally isomorphic

to H•(C•
∆(Z,VR,α)). By the standard equivalence of singular and simplicial
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cohomology, there is a natural isomorphism

H0(S•(Uσ1 ∩ · · · ∩ Uσs ,VR,α)) ∼= H0(C•
∆(σ1 ∩ · · · ∩ σs,VR,α))

induced by restriction. Thus, the cohomology of the complex (9.5) is given by

the cohomology of

0 −→
∏
σ0

H0(C•
∆(σ0,VR,α)) −→

∏
σ0<σ1

H0(C•
∆(σ0 ∩ σ1,VR,α)) −→ . . . (9.6)

Now set Kp,q = Cp(U, Cq
∆( ,VR,α)), where

C•
∆(Uσ0 ∩ · · · ∩ Uσs ,VR,α) = C•

∆(σ0 ∩ · · · ∩ σs,VR,α).

This is well-defined, as σ0∩· · ·∩σs is the only simplex of its dimension contained

in Uσ0 ∩ · · · ∩Uσs . Let En denote the corresponding spectral sequence. The E1

term is concentrated in q = 0 and is given by the complex (9.6). The ′E1 term

is concentrated in p = 0 and is given by the complex C•
∆(Z,VR,α). It follows

that the cohomology of the complex (9.6) is given by H•(C•
∆(Z,VR,α)).

The next corollary follows directly from Theorems 9.2.1, 9.2.2, and 9.2.5.

Corollary 9.2.6. If there is a deformation retraction of X onto a subsimplicial

complex Z, then there is a natural isomorphism

H•(X,VR,α) ∼= H•(C•
∆(Z,VR,α))
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of R-modules.

9.3 Universal Coefficients and Specialization

The purpose of this section is to prove several general statements in commu-

tative algebra. Recall that Y is an irreducible affine variety. Let O(Y ) denote

the coordinate ring of Y , and let F denote its fraction field. For each ρρρ ∈ Y , let

Cρρρ denote the associated residue field. Let 1F and 1ρρρ denote the multiplicative

identities in F and Cρρρ, respectively. Let (C•, ∂•) be a chain complex of O(Y )-

modules. In this section, we consider the complexes (C• ⊗O(Y ) F, ∂• ⊗ 1F ) and

(C• ⊗O(Y ) Cρρρ, ∂• ⊗ 1ρρρ). There are canonical homomorphisms

H•(C•)⊗O(Y ) F −→ H•(C• ⊗O(Y ) F )

and

H•(C•)⊗O(Y ) Cρρρ −→ H•(C• ⊗O(Y ) Cρρρ),

the first of which is always an isomorphism. The second homomorphism is an

isomorphism under certain conditions. In Section 9.4, we use the results of the

current section to show that for general ρρρ ∈ Y , the canonical homomorphism

H•(X,VR,α)⊗O(Y ) Cρρρ −→ H•(X,VR,α ⊗O(Y ) Cρρρ)

is an isomorphism.
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Remark 9.3.1. For simplicity of notation, the results in this section are stated

in terms of chain complexes. All results hold for cochain complexes as well.

The next lemma follows from the fact that F is a flat O(Y )-module [35,

Corollary 3.48].

Lemma 9.3.2. If C• is a cochain complex of O(Y )-modules, then the canonical

homomorphism

H•(C•)⊗O(Y ) F −→ H•(C• ⊗O(Y ) F )

is an isomorphism.

Lemma 9.3.3. If M is a finitely generated O(Y )-module, then there exists a

resolution · · · → P1 → P0 → M → 0 of M such that each Pj is a finitely

generated free O(Y )-module.

Proof. The proof follows the proofs of Theorems 3.3 and 3.8 of [35]. Choose an

exact sequence 0 → N0 → P0 → M → 0 of O(Y )-modules, where P0 is finitely

generated and free. Then N0 is finitely generated, as it is a submodule of P0

and O(Y ) is Noetherian. By induction, for j ≥ 1, choose an exact sequence

0 → Nj → Pj → Nj−1 → 0 of finitely generated O(Y )-modules such that Pj is

free. Consider the resulting sequence

. . .
d2−→ P1

d1−→ P0
d0−→ M −→ 0. (9.7)
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The composition dj ◦ dj+1 is given by

Pj+1 → Nj → Pj → Nj−1 → Pj−1.

Thus, this sequence is a complex. If ζ ∈ ker dj, then ζ is in the kernel of

Pj → Nj−1. Since the sequence 0 → Nj → Pj → Nj−1 → 0 is exact, there is

some ξ ∈ Nj such that the map Nj → Pj sends ξ to ζ. Since Pj+1 → Nj is

surjective, there is some β ∈ Pj+1 whose image in Nj is ξ. Thus, dj+1(β) = ζ.

The sequence (9.7) is therefore exact.

Lemma 9.3.4. If M is a finitely generated O(Y )-module, then for each j ≥ 1,

Tor
O(Y )
j (M,Cρρρ) = 0

for generic ρρρ ∈ Y .

Proof. Choose a resolution

. . . −→ Pr
dr−→ . . .

d2−→ P1
d1−→ P0

d0−→ M −→ 0

of M , where each Pj is a finitely generated free O(Y )-module. For j ≥ 0, the

map dj is represented by a matrix with entries in O(Y ). Lemma 9.3.2 implies

that the complex P• ⊗O(Y ) F is exact. Let rj denote the rank of the map

dj ⊗ 1F : Pj ⊗O(Y ) F → Pj−1 ⊗O(Y ) F . Then for generic ρρρ ∈ Y , the induced

map dj ⊗ 1ρρρ : Pj ⊗O(Y ) Cρρρ → Pj−1 ⊗O(Y ) Cρρρ has rank rj. For each ρρρ ∈ Y such
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that dj ⊗ 1ρρρ has rank rj and dj+1 ⊗ 1ρρρ has rank rj+1, the sequence

Pj+1 ⊗O(Y ) Cρρρ
dj+1⊗1ρρρ−→ Pj ⊗O(Y ) Cρρρ

dj⊗1ρρρ−→ Pj−1 ⊗O(Y ) Cρρρ

is exact. Thus, Tor
O(Y )
j (M,Cρρρ) = 0 for such ρρρ.

Proposition 9.3.5. If M is a countably generated O(Y )-module, then for each

j ≥ 1,

Tor
O(Y )
j (M,Cρρρ) = 0

for general ρρρ ∈ Y .

Proof. Let {mj|j ∈ Z} be a generating set for M . For each n, let Mn denote

the O(Y )-submodule of M generated by m1, . . . , mn. Then M is the direct

limit M = lim
−→

Mn. For each n, Lemma 9.3.5 implies that Tor
O(Y )
j (Mn,Cρρρ) = 0

for general ρρρ ∈ Y . Since the Tor functor commutes with direct limits, and

since there are only countably many of the submodules Mn of M , it follows

that Tor
O(Y )
j (M,Cρρρ) = lim

−→
Tor

O(Y )
j (Mn,Cρρρ) = 0 for general ρρρ ∈ Y .

Now let X be the complement of an arrangement of hyperplanes in a com-

plex vector space, and set π = π1(X, x0). Let Y be an irreducible subvariety

of TN . Suppose that α : π → O(Y )× is a group homomorphism. In Section

9.1, we constructed a flat vector bundle VY,α over X and defined the complex

E•(X,VY,α) of differential forms on X with coefficients in VY,α. For ρρρ ∈ Y , let

φρρρ : O(Y ) → Cρρρ denote the canonical projection, and let Lρρρ,α denote the local

system on X with monodromy φρρρ ◦ α : π → C∗. By Corollary 9.1.6, there is a
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canonical isomorphism E•(X,VY,α) ⊗O(Y ) Cρρρ
∼= E•(X,Lρρρ,α) of complexes. In

Section 9.4, we show that this induces an isomorphism

H•(X,VY,α)⊗O(Y ) Cρρρ
∼= H•(X,Lρρρ,α)

for general ρρρ ∈ Y . The proof will use the following theorem.

Theorem 9.3.6 (Important). If C• is a chain complex of countably generated

O(Y )-modules, then the canonical homomorphism

H•(C•)⊗O(Y ) Cρρρ −→ H•(C• ⊗O(Y ) Cρρρ)

is an isomorphism for general ρρρ ∈ Y .

The proof will use the next lemma, which follows from the fact that O(Y )

is a Notherian ring.

Lemma 9.3.7. Submodules of countably generated O(Y )-modules are count-

ably generated.

Proof of Theorem 9.3.6. The lemma implies that each Hj(C•) is a countably

generated O(Y )-module. Proposition 9.3.5 therefore implies that for general

ρρρ ∈ Y ,

Tor
O(Y )
i (Cj,Cρρρ) = 0 (9.8)

and

Tor
O(Y )
i (Hj(C•),Cρρρ) = 0 (9.9)
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for all j ≥ 0 and i ≥ 1. Choose any such ρρρ. Let · · · → P1 → P0 → Cρρρ → 0 be

a projective resolution of Cρρρ as O(Y )-modules.

Let En denote the homology spectral sequence associated to the double

complex C• ⊗O(Y ) P•. It has E0-term E0
s,t = Cs ⊗O(Y ) Pt. Its E1 term is given

by E1
s,t = Tor

O(Y )
t (Cs,Cρρρ). By Equation (9.8), the E1 term is concentrated

in t = 0 and is given by the complex Cs ⊗O(Y ) Cρρρ. Thus, the E2 term is

concentrated in t = 0 and is given by Hs(C• ⊗O(Y ) Cρρρ).

Every projective module is flat. Thus, each Pt is a flat O(Y )-module. This

implies that the ′E1 term is given by ′E1
s,t = Hs(C•) ⊗O(Y ) Pt. Thus, the ′E2

term is given by ′E2
s,t = Tor

O(Y )
t (Hs(C•),Cρρρ). By Equation (9.9), the ′E2 term

is concentrated in t = 0 and is given by Hs(C•)⊗O(Y )Cρρρ. The result follows.

9.4 Specialization of Cohomology

Let T = H1(X,C∗) denote the character torus of the complement X of an

arrangement of hyperplanes in a complex vector space. Each element of TN can

be viewed as a homomorphism π → (C∗)N . Let Y be an irreducible subvariety

of TN , and let O(Y ) denote its coordinate ring. Suppose that there is a group

homomorphism α : π → O(Y )×. As in Section 9.1, there is an associated flat

vector bundle VY,α over X. The fiber over each point is a free O(Y )-module

of rank one. Let φρρρ : O(Y ) → Cρρρ denote the canonical surjection. Let Lρρρ,α

denote the rank one local system on X with monodromy φρρρ ◦ α. Recall that
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Corollary 9.1.6 implies that if ρρρ ∈ Y , then the natural homomorphism

E•(X,VY,α)⊗O(Y ) Cρρρ −→ E•(X,Lρρρ,α)

is an isomorphism of complexes. It induces a homomorphism H•(X,VY,α)⊗O(Y )

Cρρρ −→ H•(X,Lρρρ,α). The next theorem will follow from Corollary 9.2.6 and

Theorem 9.3.6.

Theorem 9.4.1 (Important). For general ρρρ ∈ Y , the natural homomorphism

H•(X,VY,α)⊗O(Y ) Cρρρ −→ H•(X,Lρρρ,α).

is an isomorphism.

Proof. By [33, Thoerem 5.40], there is a finite simplicial complex K contained

in X and a strong deformation retraction of X onto K. Corollary 9.2.4 implies

that there is a natural isomorphism

C•
∆(K,VY,α)⊗O(Y ) Cρρρ

∼= C•
∆(K,Lρρρ,α)

of complexes. By Corollary 9.2.6, it therefore suffices to show that the canonical

homomorphism

H•(C•
∆(K,VY,α))⊗O(Y ) Cρρρ −→ Hj(C•

∆(K,VY,α)⊗O(Y ) Cρρρ) (9.10)

is an isomorphism for general ρρρ ∈ Y . Since C•
∆(K,VY,α) is a complex of finitely
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generated O(Y )-modules, Equation (9.10) follows directly from Proposition

9.3.6.

Remark 9.4.2. The word “general” in the statement of the theorem cannot

be removed. If X = C∗ and Y = H1(X,C∗), then there is a homomorphism

α = π1(X, x0) → O(Y )× given by γ 7−→ (ρρρ 7→ ρρρ(γ)). Thus, H0(X,VY,α) = 0,

but for the trivial character 1 ∈ Y , we have H0(X,L1,α) = H0(X,C) = C.

Example 9.4.3. For each kkk ∈ ZN , there is a homomorphism α : π → O(Y )×

given by γ 7→ fk1
1 · · · fkN

N , where fj ∈ O(Y )× is defined by fj(ρρρ) = ρj(γ). The

local system Lρρρ,α has monodromy ρρρk1
1 · · ·ρρρkN

N . We therefore denote this local

system by Lρρρkkk . For general ρρρ ∈ Y , there is a canonical isomorphism

H•(X,VY,α)⊗O(Y ) Cρρρ = H•(X,Lρρρkkk).

It is natural with respect to cup products.
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Chapter 10

Constancy of Relative Malcev
Completion

Let X denote the complement of an arrangement of hyperplanes in a complex

vector space, and set π = π1(X, x0). Let T = H1(X,C∗) denote the character

torus. Each ρρρ ∈ TN can be viewed as a homomorphism π → (C∗)N . Given an

irreducible subvariety Y of TN , we will construct an affine group scheme SY

over Y and a homomorphism θY : π → SY (O(Y )) using iterated integrals that

generalize those of Chen [6] and Hain [18]. When Y = {ρρρ}, the group scheme

SY is the Malcev completion of π relative to ρρρ. In addition, for each irreducible

subvariety Z of Y , there is a canonical homomorphism SZ → SY ⊗O(Y ) O(Z)

of group schemes such that the diagram

π
θZ //

θY

²²

SZ(O(Z))

²²
SY (O(Y )) // SY (O(Z))

commutes. If there exists %%% ∈ Y such that the Zariski closure of the image of %%%

inGN
m contains imρρρ for every ρρρ ∈ Y , then for general ρρρ ∈ Y , the homomorphism

Sρρρ → SY ⊗O(Y )Cρρρ is an isomorphism. This hypothesis holds for any irreducible

subvariety of the character torus T.
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10.1 The Group Schemes GY and DY

Recall that X is the complement of an arrangement of n hyperplanes in a

complex vector space and that π = π1(X, x0). Let T denote the character

torus of X, and let Y be an irreducible subvariety of TN . The coordinate ring

of Y is denoted O(Y ). There is a tautological homomorphism

ρρρY : π → (O(Y )×)N

into theO(Y )-rational points ofGN
m defined by γ 7→ (f1, . . . , fN), where fj(ρρρ) =

ρj(γ) for ρρρ ∈ Y . If Cρρρ is the residue field associated to ρρρ ∈ Y , then there is a

canonical isomorphism GN
m(Cρρρ) ∼= (C∗)N of groups. Via this isomorphism, the

composition

π
ρρρY−→ GN

m(O(Y )) −→ GN
m(Cρρρ)

is given by ρρρ.

Define GY to be the intersection of all group subschemes G of GN
m over C

such that imρρρ ⊂ G(C) for every ρρρ ∈ Y . This is a group subscheme of GN
m over

C. Set

DY = GY ⊗C O(Y ).

By definition, O(DY ) = O(GY )⊗CO(Y ). This is a group subscheme of GN
m/Y .

The image of ρρρY is contained in GY (O(Y )), which is equal to DY (O(Y )).

Remark 10.1.1. Suppose that Y = {ρρρ}. Then O(Y ) is the residue field Cρρρ,

and GY is the Zariski closure of the image of ρρρ in GN
m. That is, if ρρρ ∈ Y , then
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Dρρρ = Gρρρ.

Each character α ∈ G∨
Y induces a homomorphism DY → Gm/Y of affine

group schemes over Y . This corresponds to a Hopf algebra homomorphism

α∗ : O(Y )[q±1] → O(DY ). There is an O(Y )-module map O(Y ) → O(DY )

given by 1 7→ α∗(q). This results in a DY -module VY,α, which is a free O(Y )-

module of rank one. There is a homomorphism π −→ O(Y )× given by the

composition

π
ρρρY−→ GY (O(Y ))

α−→ Gm(O(Y )).

This induces a left action of π on O(Y ), where an element γ of π acts by

multiplication by (α ◦ ρρρY )(γ). As in Section 9.1, there is a left action of π on

the trivial bundle X̃ × O(Y ) → X̃ defined by γ · (z, v) = (γ · z, γ−1 · v). The

quotient

VY,α X̃ ×O(Y )

²²
X

is a flat vector bundle over X; each fiber is a free O(Y )-module of rank one.

The differential forms E•(X,VY,α) on X with coefficients in VY,α are defined

to be sums
∑

j∈J ψj ⊗ vj taken over any index set J , with ψj ∈ E•(X̃) and

vj ∈ O(Y ), which have the following two properties.

• Each point of X̃ has a neighborhood on which all but finitely many ψj

vanish identically.

• For each γ ∈ π, one has
∑

j ψj ⊗ vj =
∑

j(γ
−1)∗ψj ⊗ γ · vj.
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The monodromy representation of VY,α is α ◦ ρρρY : π → O(Y )×.

Remark 10.1.2. Suppose that Y = {ρρρ} and that kkk is an element of ZN . Sup-

pose that the character α of GY is the restriction to GY of the kkk-th standard

character on GN
m. Let Lρρρkkk denote the rank one local system on X with mon-

odromy ρk1
1 · · · ρkN

N . The complex E•(X,VY,α) is the standard de Rham complex

E•(X,Lρρρkkk) of differential forms on X with coefficients in Lρρρkkk .

10.2 The Algebra E•(X,OY )

Recall that X is the complement of an arrangement of n hyperplanes in a

complex vector space and that π = π1(X, x0). Let T denote the character

torus of X, and let Y be an irreducible subvariety of TN . The natural example

to keep in mind is where Y is an irreducible component of the characteristic

variety V i
N,m(X).

As in the previous section, each α ∈ G∨
Y gives a DY -module VY,α and a flat

vector bundle VY,α over X. The fiber over each point is a free O(Y )-module

of rank one. The monodromy representation of VY,α is α ◦ ρρρY : π → O(Y )×,

where ρρρY : π → GY (O(Y )) is the tautological homomorphism.

Given α, β ∈ G∨
Y , the cup product of an element of E•(X,VY,α) with an

element of E•(X,VY,β) lies in E•(X,VY,αβ). Via the construction in Section 5.4,

we can define the commutative differential graded O(Y )-algebra E•(X,OY ):

E•(X,OY ) =
⊕

α∈G∨Y

E•(X,VY,α)⊗O(Y ) VY,α−1 . (10.1)
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The differential is defined componentwise by the differentials on the complexes

E•(X,VY,α), and the grading is determined by the degree of differential forms.

The O(Y )-algebra structure is determined by the O(Y )-module structure on

each E•(X,VY,α). The VY,α−1 in the summand implies that E•(X,OY ) has the

structure of a DY -module.

Example 10.2.1. If Y = {ρρρ}, then GY is the Zariski closure of the image of ρρρ

in GN
m. Thus, the algebra E•(X,Oρρρ) is the same as the commutative differential

graded algebra defined in Section 5.5. Let Uρρρ denote the prounipotent radical

of the relative Malcev completion Sρρρ, and let uρρρ denote the Lie algebra of

Uρρρ. This is representation of Dρρρ. The commutative differential graded algebra

E•(X,Oρρρ) determines the Lie algebra uρρρ and the action of Dρρρ on it by standard

methods of rational homotopy theory.

Example 10.2.2. Suppose that there exists ρρρ ∈ Y such that ρρρ has Zariski

dense image in GN
m. Thus, GY = GN

m and DY = GN
m/Y . As in Section 9.1,

given kkk ∈ ZN , let LY kkk denote the flat vector bundle over X whose fibers are

free O(Y )-modules of rank one and whose monodromy representation π →
O(Y )× is given by γ 7→ fk1

1 · · · fkN
N , where fj(ρρρ) = ρj(γ). Let qj denote the

j-th standard character on GN
m/Y . The algebra E•(X,OY ) has the following

description as a GN
m/Y -module.

E•(X,OY ) =
⊕

kkk∈ZN

E•(X,LY kkk)q−k1
1 · · · q−kN

N .

The qj determine the action of GN
m/Y on E•(X,O(Y )) via the action on its
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coordinate ring. For ρρρ ∈ Y and kkk ∈ ZN , let Lρρρkkk denote the rank one local

system on X with monodromy ρk1
1 · · · ρkN

N . Corollary 9.1.6 implies that for each

ρρρ ∈ Y which has Zariski dense image in GN
m, there is a canonical isomorphism

E•(X,OY )⊗O(Y ) Cρρρ
∼=

⊕

kkk∈ZN

E•(X,Lρρρkkk)q−k1
1 · · · q−kN

N

of commutative differential graded C-algebras.

The cohomology of the commutative differential graded algebra E•(X,OY )

is denoted H•(X,OY ). There is a canonical isomorphism

H•(X,OY ) ∼=
⊕

α∈G∨Y

H•(X,VY,α)⊗O(Y ) VY,α−1 .

of O(Y )-algebras. Thus, the algebra H•(X,OY ) is a DY -module.

Theorem 10.2.3. The algebra E•(X,OY ) has connected cohomology:

H0(X,OY ) = O(Y ).

Proof. For the trivial character 1 : GY → Gm, one always has H0(X,VY,1) =

O(Y ). It suffices to prove that if α ∈ G∨
Y is nontrivial, then the monodromy

representation of VY,α is nontrivial. That is, if α : GY → Gm is nontrivial, then

α ◦ ρρρY : π → O(Y )×

is nontrivial, where ρρρY : π → GY (O(Y )) is the tautological homomorphism.
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Recall that GY is defined to be the intersection of all group subschemes of GN
m

that contain imρρρ for every ρρρ ∈ Y . Thus, Dρρρ is a group subscheme of GY for

each ρρρ ∈ Y . Thus, the character α of GY restricts to a character on Dρρρ. The

diagram

π

ρρρ

²²

ρρρY // GY (O(Y )) α // Gm/Y (O(Y ))

²²
Dρρρ(C) α // Gm(Cρρρ)

commutes.

If α ◦ ρρρY is trivial, then α ◦ ρρρ : π → Gm(C) is trivial for each ρρρ ∈ Y . Since

the image of ρρρ is dense in Dρρρ, this implies that α : Dρρρ(C) → Gm(Cρρρ) is trivial

for each ρρρ ∈ Y . Over C, an algebraic group scheme is uniquely determined

by its group of C-rational points. Thus, Dρρρ ⊂ ker α for every ρρρ ∈ Y . But

ker α is a group subscheme of GY . By the definition of GY , this implies that

GY = ker α. Thus, α is trivial.

10.3 Specialization of Coefficients

Suppose now that Z is an irreducible subvariety of Y . Then GZ ⊂ GY , and

the diagram

π

ρY

²²

ρZ // GZ(O(Z))

²²
GY (O(Y )) // GY (O(Z))
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commutes. Suppose that α is a character on GY . This restricts to a character

α|Z on GZ . Thus, there is a canonical homomorphism G∨
Y → G∨

Z of groups,

given by restriction. The complex E•(X,VZ,α|Z ) is a complex of O(Z)-modules.

By Proposition 9.1.5, there is a canonical surjection

E•(X,VY,α) −→ E•(X,VZ,α|Z )

of complexes of O(Y )-modules. Corollary 9.1.6 implies that it induces a canon-

ical isomorphism

E•(X,VY,α)⊗O(Y ) O(Z)
∼=−→ E•(X,VZ,α|Z )

of complexes of O(Z)-modules.

Recall that DY = GY ⊗C O(Y ) and DZ = GZ ⊗C O(Z). Since GZ ⊂ GY ,

DZ is a group subscheme of DY ⊗O(Y )O(Z). The O(Y )-algebra E•(X,OY ) is a

DY -module. Thus, the O(Z)-algebra E•(X,OY )⊗O(Y ) O(Z) is a DZ-module.

The next proposition and corollary follow immediately.

Proposition 10.3.1. There is a canonical DZ-equivariant homomorphism

E•(X,OY ) −→ E•(X,OZ)

of commutative differential graded O(Y )-algebras. It is a surjection if GZ =

GY .
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Corollary 10.3.2. There is a canonical DZ-equivariant inclusion

E•(X,OY )⊗O(Y ) O(Z) ↪→ E•(X,OZ)

of commutative differential graded O(Y )-algebras. It is an isomorphism if

GZ = GY .

The cohomology of E•(X,OY ) is denoted H•(X,OY ). It follows from this

corollary that there is a canonical homomorphism

H•(X,OY )⊗O(Y ) O(Z) −→ H•(X,OZ)

of graded O(Z)-algebras. The next proposition will follow directly from The-

orem 9.4.1 and the fact that G∨
Y is countable.

Theorem 10.3.3. For general ρρρ ∈ Y , the natural homomorphism

H•(X,OY )⊗O(Y ) Cρρρ −→ H•(X,Oρρρ) (10.2)

is an isomorphism when Dρρρ = GY .

Proof. Recall that Dρρρ = Gρρρ for every ρρρ ∈ Y . We have the following two

equalities.

H•(X,OY ) =
⊕

α∈G∨Y

H•(X,VY,α)⊗O(Y ) VY,α−1

H•(X,Oρρρ) =
⊕

β∈D∨ρρρ

H•(X,Vρρρ,α)⊗C Vρ,α−1
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The group scheme Dρρρ is a group subscheme of DY ⊗O(Y )Cρρρ, and the restriction

to Dρρρ of the representation VY,α−1 ⊗O(Y ) Cρρρ of DY ⊗O(Y ) Cρρρ is the representa-

tion Vρρρ,β−1 , where β is the restriction of α to the subscheme Dρρρ of GY . The

homomorphism (10.2) is given on the α-th component by the canonical homo-

morphism

H•(X,VY,α)⊗O(Y ) Cρρρ −→ H•(X,Vρρρ,β). (10.3)

Theorem 9.4.1 implies that for a fixed α ∈ G∨
Y , the map (10.3) is an isomor-

phism for general ρρρ ∈ Y . Thus, since G∨
Y is countable, for general ρρρ ∈ Y , the

homomorphism (10.3) is an isomorphism for all α ∈ G∨
Y . For any such ρρρ, if

Dρρρ = GY , then D∨
ρρρ = G∨

Y and the natural homomorphism

H•(X,OY )⊗O(Y ) Cρρρ −→ H•(X,Oρρρ)

is an isomorphism on the α-th component for all α ∈ G∨
Y . Since D∨

ρρρ = G∨
Y , it

is therefore an isomorphism.

Remark 10.3.4. The statement that Dρρρ = GY is equivalent to saying that for

every %%% ∈ Y , im%%% ⊂ Dρρρ(C).

The remark following Theorem 9.4.1 implies that we cannot remove the

word “general” in the statement of this theorem.
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10.4 GZ = GY is Not Too Restrictive

The results in the previous section indicate that for an irreducible subvariety

Z of Y such that GZ = GY , the restriction homomorphism E•(X,OY ) −→
E•(X,OZ) is well behaved. In this case, the canonical homomorphism

E•(X,OY )⊗O(Y ) O(Z) −→ E•(X,OZ)

is an isomorphism of commutative differential graded O(Z)-algebras. There is

an induced homomorphism

H•(X,OY )⊗O(Y ) O(Z) −→ H•(X,OZ)

of graded O(Z)-algebras.

Let Y denote any irreducible subvariety of the character torus T. If K is

a subgroup of C∗ that is not Zariski dense in Gm, then K must be a finite

subgroup of the roots of unity. Thus, if Y has positive dimension, then there

exists ρρρ ∈ Y ,

ρρρ : π1(X, x0) −→ C∗,

that has Zariski dense image in Gm. Hence, GY = Gm. Thus, if Z is an

irreducible subvariety of Y that has positive dimension, then GZ = GY . In

particular, we have the following proposition.

Proposition 10.4.1. If Y is a subvariety of T, then Dρρρ = GY for general
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ρρρ ∈ Y .

10.5 The Affine Group Scheme SY

Suppose that Y is an irreducible subvariety of TN , where T is the character

torus of X. There is a tautological homomorphism

ρρρY : π → (O(Y )×)N

into the O(Y )-rational points of GN
m, defined by γ 7→ (f1, . . . , fN), where

fj(ρρρ) = ρj(γ) for ρρρ ∈ Y . The image of ρρρY is contained in GY (O(Y )). For

ρρρ ∈ Y , the composition

π
ρρρY−→ GN

m(O(Y )) −→ GN
m(Cρρρ)

is given by ρρρ.

In Section 10.2, we constructed a commutative differential graded algebra

E•(X,OY ) over O(Y ). Recall that E•(X,OY ) is defined to be the direct sum

E•(X,OY ) =
⊕

α∈G∨Y

E•(X,VY,α)⊗O(Y ) VY,α−1 .

Each α ∈ G∨
Y induces a homomorphism DY → Gm/Y of affine group schemes

over Y . This corresponds to a Hopf algebra homomorphism α∗ : O(Y )[q±1] →
O(DY ). There is an injective group homomorphism G∨

Y → O(DY )× that takes
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α to α∗(q). The action by DY on E•(X,OY ) corresponds to the O(Y )-algebra

homomorphism

ν : E•(X,OY ) → E•(X,OY )⊗O(Y ) O(DY )

that sends ψ ∈ E•(X,VY,α)⊗O(Y ) VY,α−1 to ψ⊗ (α−1)∗(q). It follows from defi-

nitions that the map ν satisfies the hypotheses at the beginning of Section 7.2.

Thus, we may form the reduced bar construction B(O(Y ), E•(X,OY ),O(DY )),

which is a differential graded Hopf algebra over O(Y ). Thus, the cohomology

H0(O(Y ), E•(X,OY ),O(DY )) is a Hopf algebra over O(Y ). Define the affine

group scheme SY over Y by

SY = Spec H0B(O(Y ), E•(X,OY ),O(DY )).

As is standard for affine group schemes, we write

O(SY ) = H0B(O(Y ), E•(X,OY ),O(DY )).

Proposition 10.5.1. There is a canonical surjection SY → DY of affine group

schemes over Y .

Proof. This map corresponds to the homomorphism

O(DY ) → H0B(O(Y ), E•(X,OY ),O(DY ))
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which sends ϕ to [ ]ϕ. This Hopf algebra homomorphism is injective.

If Z is an irreducible subvariety of Y , then Corollary 10.3.2 implies that

there is a canonical homomorphism

B(O(Y ), E•(X,OY ),O(DY ))⊗O(Y ) O(Z) −→ B(O(Z), E•(X,OZ),O(DZ))

(10.4)

Note that Proposition 7.1.1 and Corollary 10.3.2 imply that this is an isomor-

phism if GZ = GY . By the definition of the Hopf algebra O(SY ), there is a

canonical homomorphism

SZ −→ SY ⊗O(Y ) O(Z) (10.5)

of affine group schemes over Z.

Proposition 10.5.2. If Z is an irreducible subvariety of Y , then the diagram

SZ
//

²²

DZÄ _

²²
SY ⊗O(Y ) O(Z) // DY ⊗O(Y ) O(Z)

commutes.

Note that DY (O(Y )) = GY (O(Y )). Thus, the image of the tautological

homomorphism ρρρY : π → GN
m(O(Y )) is contained in DY (O(Y )). In Section

10.6, we show that there is a homomorphism π → SY (O(Y )) into the O(Y )-

136



rational points of SY that lifts ρρρY :

π

²²

ρρρY

((PPPPPPPPPPPPP

SY (O(Y )) // DY (O(Y )).

If Z is an irreducible subvariety of Y , then the diagram

π //

²²

SZ(O(Z))

²²
SY (O(Y )) // SY (O(Z))

commutes. The homomorphism Sρρρ → SY ⊗O(Y ) Cρρρ is an isomorphism for

general ρρρ ∈ Y , assuming that ρρρ has Zariski dense image in GY for general

ρρρ ∈ Y . As the comments in Section 10.4 indicate, this restriction is frequently

satisfied.

10.6 Iterated Integrals

In this section, we introduce iterated integrals that generalize those of Chen [6]

and Hain [18]. First, we recall the setup. The space X is the complement of an

arrangement of hyperplanes in a complex vector space. The fundamental group

π1(X, x0) is denoted by π, and Y is an irreducible subvariety of TN . There is

a tautological homomorphism ρρρY : π → GN
m(O(Y )). Its image is contained in

GY (O(Y )), where GY is the group subscheme of GN
m defined in Section 10.1.
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Each element f in O(DY ) gives a function DY (O(Y )) → O(Y ) that sends the

O(Y )-algebra homomorphism φ : O(DY ) → O(Y ) to φ(f). For ρρρ ∈ Y , the

diagram

π
ρρρY //

ρρρ

²²

GN
m(O(Y ))

²²

(C∗)N (C×ρρρ )N

commutes.

Suppose that γ : [0, 1] → X is a piecewise smooth loop in X with basepoint

x0. Let γ̃ denote any lift of γ to X̃. If ψ ∈ E1(X,VY,α) ⊗O(Y ) VY,α−1 , where

α ∈ G∨
Y , then we define

∫
γ
ψ =

∫
γ̃
ψ. This is an element of VY,α ⊗O(Y ) VY,α−1 ,

which is the trivial DY -module O(Y ). That is, the integral
∫

γ
ψ is an element

of O(Y ). We extend this definition to iterated integrals as follows.

Suppose that ψ1, . . . , ψr are elements of E1(X,OY ) and that ϕ ∈ O(DY ).

If each ψj ∈ E1(X,Vαj
)⊗O(Y ) Vα−1

j
, where αj ∈ D∨

Y , then we define

∫

γ

(ψ1 · · ·ψr|ϕ) = ϕ(ρρρY (γ))

∫

γ̃

ψ1 · · ·ψr ∈ O(Y ).

This definition extends uniquely to the case where ψ1, . . . , ψr ∈ E1(X,OY ) in

such a way that the integral
∫

γ
(ψ1 · · ·ψr|ϕ) is O(Y )-multi-linear in the forms

ψj and in ϕ. If r = 0, we set
∫

γ
( |ϕ) = ϕ(ρρρY (γ)).

Definition 10.6.1. The set I(X)Y of iterated integrals with coefficients in

O(DY ) is defined to be the set of all O(Y )-linear combinations of integrals of

the form
∫

(ψ1 · · ·ψr|ϕ), where r ≥ 0, ψj ∈ E1(X,OY ), and ϕ ∈ O(DY ).
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The elements of I(X)Y will be regarded as O(Y )-valued functions on the

space Ωx0X of piecewise smooth loops in X.

Definition 10.6.2. We define H0(I(X)Y ) to be the subset of I(X)Y consisting

of all elements that are constant on each homotopy class [γ] ∈ π1(X, x0). We

call the elements of H0(I(X)Y ) locally constant iterated integrals with coeffi-

cients in O(DY ).

Recall that each element of E1(X,VY,α) is a differential form on X̃ with

values in O(Y ). That is, there are open sets U covering X̃ such that the

restriction of any ζ ∈ E1(X,VY,α) to U is an element of E•(U) ⊗C O(Y ).

Since the image of a lift γ̃ of a piecewise smooth path γ : [0, 1] → X to X̃

has compact image, it follows that there is an open set U containing γ̃ such

that the restriction of ζ to U is an element of E•(U) ⊗C O(Y ). Thus, the

next proposition follows directly from the similar result for ordinary iterated

integrals [4, Equation (1.5.1)].

Proposition 10.6.3. For ψ1, . . . , ψp+q ∈ E1(X,OY ) and ϕ, θ ∈ O(Y )[q±1
j ], we

have

∫
(ψ1 · · ·ψp|ϕ)

∫
(ψp+1 · · ·ψp+q|θ) =

∑

σ∈Sh(p,q)

∫
(ψσ(1) · · ·ψσ(p+q)|ϕθ),

where Sh(p, q) denotes the set of shuffles of type (p, q).

Corollary 10.6.4. The sets I(X)Y and H0(I(X)Y ) are O(Y )-algebras, where

the map O(Y ) → H0(I(X)Y ) is given by 1 7→ ∫
( |1).
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There is a grading on I(X)Y that makes it a graded O(Y )-algebra. The

degree of the element
∫

(ψ1 · · ·ψr|ϕ) is defined to be r.

10.7 The Map θY : π → SY (O(Y ))

Consider the reduced bar construction

B(O(Y ), E•(X,OY ),O(DY )),

which was examined in Section 10.5. The degree of the element [ψ1| · · · |ψr]ϕ

is defined to be deg(ψ1) + · · ·+ deg(ψr)− r. Note that

H0B(O(Y ), E•(X,OY ),O(DY )) ⊂ B(O(Y ), E•(X,OY ),O(DY )),

since B(O(Y ), E•(X,OY ),O(DY )) is is non-negatively weighted.

Proposition 10.7.1. There is an O(Y )-algebra homomorphism

H0B(O(Y ), E•(X,OY ),O(DY )) −→ H0(I(X)Y )

given by

[ψ1| · · · |ψr]ϕ 7−→
∫

(ψ1 · · ·ψr|ϕ). (10.6)

Remark 10.7.2. The homomorphism in the theorem is natural with respect to

specializations in the following sense. If Z is an irreducible subvariety of Y ,
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then the diagram

H0B(O(Y ), E•(X,OY ),O(DY )) //

²²

H0(I(X)Y )

²²
H0B(O(Z), E•(X,OZ),O(DZ)) // H0(I(X)Z)

commutes, where down arrows are the canonical maps.

Proof of Proposition 10.7.1. The image of the map (10.6) is certainly contained

in I(X)Y . Suppose that the image is not contained in H0(I(X)Y ). Then there

exists a closed ζ ∈ B(O(Y ), E•(X,OY ),O(DY )) of degree 0 and loops γ, λ ∈
Ωx0X that have the same equivalence class in π1(X, x0) such that

∫
γ
ζ 6= ∫

λ
ζ

as elements of O(Y ). Choose ρρρ ∈ Y such that

( ∫
γ
ζ

)
(ρρρ) 6=

( ∫
λ
ζ

)
(ρρρ).

Consider the canonical homomorphism

φρρρ : B(O(Y ), E•(X,OY ),O(DY ))⊗O(Y ) Cρρρ −→ B(C, E•(X,Oρρρ),O(Dρρρ))

(10.7)

of differential graded Hopf algebras. By the commutativity of the diagram in

Remark 10.7.2,

∫

γ

φρρρ(ζ ⊗ 1) =

( ∫

γ

ζ

)
(ρρρ) 6=

( ∫

λ

ζ

)
(ρρρ) =

∫

λ

φρρρ(ζ ⊗ 1).

Thus, by standard properties of Chen’s iterated integrals [6] and Hain’s gener-

alization of them [18], φρρρ(ζ ⊗ 1) is not closed in B(C, E•(X,Oρρρ),O(Dρρρ)). This

is a contradiction, since ζ is closed. Thus, the image of (10.6) is contained in
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H0(I(X)Y ).

To see that it is well defined, suppose that ξ ∈ (
⊕

s≥0 E1(X,OY )⊗s) ⊗
O(DY ), where ⊗s denotes a tensor product taken over O(Y ). Suppose that the

equivalence class [ξ] in B(O(Y ), E•(X,OY ),O(DY ) is trivial but that
∫

ξ 6= 0

as a function Ωx0X → O(Y ). Then [ξ] ∈ H0B(O(Y ), E•(X,OY ),O(DY )).

Choose ρρρ ∈ Y and γ ∈ Ωx0X such that

( ∫
γ
ξ

)
(ρρρ) 6= 0.

Consider the element φρρρ([ξ] ⊗ 1) of H0B(C, E•(X,Oρρρ),O(Dρρρ)), which is

trivial, since [ξ] is trivial. By Remark 10.7.2, it follows that
∫

γ
φρρρ([ξ] ⊗ 1) =( ∫

γ
[ξ]

)
(ρρρ) 6= 0. By [18, Proposition 8.1], the element φρρρ([ξ] ⊗ 1) is nonzero

in B(C, E•(X,Oρρρ),O(Dρρρ)), a contradiction. The map (10.6) is therefore well-

defined.

Propositions 8.1.3 and 10.6.3 imply that this map is a homomorphism.

Recall that the group SY (O(Y )) of O(Y )-rational points of SY is the set

of O(Y )-algebra homomorphisms H0B(O(Y ), E•(X,OY ),O(DY )) → O(Y ). If

γ ∈ π1(X, x0), then this proposition implies that θY (γ) =
∫

γ
is an element of

SY (O(Y )).

Theorem 10.7.3. The map

π1(X, x0)
θY−→ SY (O(Y )),

given by γ 7→ ∫
γ
, is a homomorphism of groups.

Remark 10.7.4. The map θY is natural in the sense that if Z is an irreducible
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subvariety of Y , then the diagram

π1(X, x0)
θZ //

θY

²²

SZ(O(Z))

²²
SY (O(Y )) // SY (O(Z))

commutes.

Proof of Theorem 10.7.3. If Y = {ρρρ}, then this is Theorem 8.2.2. Suppose

that γ, λ ∈ π1(X, x0). Then θY (γλ) and θY (γ)θY (λ) are O(Y )-algebra homo-

morphisms

O(SY ) −→ O(Y ).

Then βY = θY (γλ) − θY (γ)θY (λ) is a set map O(SY ) −→ O(Y ). For each

ρρρ ∈ Y , there is a canonical homomorphism

φ : O(SY )⊗O(Y ) Cρρρ −→ O(Sρρρ)

of differential graded algebras. Remark 10.7.4 implies that the diagram

O(SY )⊗O(Y ) Cρρρ

βY ⊗1ρρρ

²²

φ // O(Sρρρ)

βρρρ

²²
Cρρρ C

commutes. The map βρρρ is zero by Theorem 8.2.2. Thus, the map βY ⊗1ρρρ must

be zero for each ρρρ ∈ Y . If the map βY is not identically zero, choose ζ ∈ O(SY )
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such that βY (ζ) is nonzero as an element of O(Y ). Choose ρρρ ∈ Y such that

βY (ζ)(ρρρ) 6= 0. Then the map

βY ⊗ 1ρρρ : O(SY )⊗O(Y ) Cρρρ −→ Cρρρ

satisfies (βY ⊗ 1ρρρ)(ζ ⊗ 1) = βY (ζ)(ρρρ) 6= 0, a contradiction. Thus, the map βY

is identically zero.

The next proposition follows directly from definitions.

Proposition 10.7.5. The homomorphism θY lifts ρρρY :

π

θY
²²

ρρρY

((PPPPPPPPPPPPP

SY (O(Y )) // DY (O(Y )).

10.8 Constancy of Relative Completion

For the convenience of the reader, we recall the material of the previous sec-

tions. Let X be the complement of an arrangement of hyperplanes in a complex

vector space, let π = π1(X, x0), and let T = H1(X,C∗) denote the character

torus. Each element of TN can be viewed as a representation π → (C∗)N . Let

Y be an irreducible subvariety of TN . Define GY to be the intersection of all

group subschemes of GN
m whose group of C-rational points contains imρρρ for

every ρρρ ∈ Y . The group scheme DY over Y is defined by DY = GY ⊗C O(Y ).
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This is a group subscheme of GN
m/Y . Recall that ρρρY is the tautological homo-

morphism

ρρρY : π −→ DY (O(Y )).

The affine group scheme SY over Y satisfies

O(SY ) = H0B(O(Y ), E•(X,OY ),O(DY )).

There is a canonical surjection SY → DY of affine group schemes over Y and

a homomorphism θY : π → SY (O(Y )) that lifts ρρρY . When Y = {ρρρ}, the

group scheme SY is the relative Malcev completion of π with respect to ρρρ.

For each irreducible subvariety Z of Y , there is a canonical homomorphism

SZ → SY ⊗O(Y ) O(Z) of affine group schemes over Z. The diagram

π

θY

²²

θZ // SZ(O(Z))

²²
SY (O(Y )) // SY (O(Z))

commutes. In particular, for each ρρρ ∈ Y , there is a canonical homomorphism

Sρρρ → SY ⊗O(Y ) Cρρρ. The next theorem is the main result of Chapter 10. The

proof is based on the Eilenberg-Moore spectral sequence and relies on Theorem

9.3.6.

Theorem 10.8.1. If ρρρ is Zariski dense in GY for general ρρρ ∈ Y , then the

homomorphism Sρρρ → SY ⊗O(Y ) Cρρρ is an isomorphism of affine group schemes

for general ρρρ ∈ Y .
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Remark 10.8.2. The statement that ρρρ is Zariski dense in GY means that the

image of ρρρ in GY (C) is Zariski dense in GY . If Y is any irreducible subvariety

of T, then ρρρ is dense in GY for general ρρρ ∈ Y .

The next lemma follows from the fact that O(Y ) is a Noetherian ring.

Lemma 10.8.3. Submodules of countably generated O(Y )-modules are count-

ably generated.

Proof of Theorem 10.8.1. The homomorphism Sρρρ → SY ⊗O(Y ) Cρρρ corresponds

to the Hopf algebra homomorphism O(SY ) ⊗O(Y ) Cρρρ −→ O(Sρρρ). This is the

canonical homomorphism

H0B(O(Y ), E•(X,OY ),O(DY ))⊗O(Y ) Cρρρ −→ H0B(C, E•(X,Oρρρ),O(Dρρρ))

(10.8)

of Hopf algebras. If ρρρ ∈ Y is Zariski dense in GY , then this homomorphism is

induced by the canonical homomorphism

B(O(Y ), E•(X,OY ),O(DY ))⊗O(Y ) Cρρρ −→ B(C, E•(X,Oρρρ),O(Dρρρ)). (10.9)

If ρρρ is Zariski dense in Y , then Proposition 7.1.1 and Corollary 10.3.2 imply that

(10.9) is an isomorphism. By assumption, (10.9) is therefore an isomorphism

for general ρρρ ∈ Y . It suffices to prove that (10.8) is an isomorphism for general

ρρρ ∈ Y .

For each irreducible subvariety Z of Y , which can be ρρρ or Y itself, let En(Z)

denote the Eilenberg-Moore spectral sequence corresponding to the reduced bar
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construction B(O(Z), E•(X,OZ),O(DZ)). Each En(Z) is a Hopf algebra over

O(Z). There is a canonical homomorphism

En(Y )⊗O(Y ) O(Z) −→ En(Z)

of differential graded Hopf algebras over O(Z). The Hopf algebra homomor-

phism E0(Y ) ⊗O(Y ) Cρρρ −→ E0(ρρρ) is the map (10.9), and the Hopf algebra

homomorphism E∞(Y )⊗O(Y ) Cρρρ −→ E∞(ρρρ) is the map (10.8).

It suffices to prove that E∞(Y )⊗O(Y ) Cρρρ −→ E∞(ρρρ) is an isomorphism for

general ρρρ ∈ Y . Proposition 7.4.1 implies that

E1(Y ) = B(O(Y ), E•(X,OY ),O(DY )).

Thus,

E−s,t
1 (Y ) = [H+(X,OY )⊗s]t ⊗O(Y ) O(DY ),

where [H+(X,OY )⊗s]t denotes the degree t part of H+(X,OY )⊗s. Note that

this implies that each E−s,t
1 (Y ) is a countably generated O(Y )-module, since

H•(X,OY ) is countably generated. It follows from the lemma that E−s,t
n (Y ) is

a countably generated O(Y )-module for n ≥ 1 and all s and t.

The image of ρρρ is Zariski dense in GY for general ρρρ ∈ Y . For such ρρρ, the

homomorphism O(DY )⊗O(Y )Cρρρ → O(Dρρρ) is an isomorphism. Theorem 10.3.3

implies that H•(X,OY )⊗O(Y )Cρρρ −→ H•(X,Oρρρ) is an isomorphism for general

ρρρ ∈ Y , since the general ρρρ is Zariski dense in GY . Thus, for general ρρρ ∈ Y , the
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canonical homomorphism

E1(Y )⊗O(Y ) Cρρρ −→ E1(ρρρ)

is an isomorphism.

Suppose now that the canonical homomorphism En(Y )⊗O(Y )Cρρρ −→ En(ρρρ)

is an isomorphism for general ρρρ ∈ Y . Since each E−s,t
n (Y ) is countably gen-

erated, En(Y ) is a complex of countably generated O(Y )-modules. Theorem

9.3.6 therefore implies that for general ρρρ ∈ Y , the canonical homomorphism

En+1(Y )⊗O(Y ) Cρρρ −→ En+1(ρρρ)

is an isomorphism. It follows that the canonical homomorphism

E∞(Y )⊗O(Y ) Cρρρ −→ E∞(ρρρ)

is an isomorphism for general ρρρ ∈ Y . This completes the proof.
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