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Abstract

This research presents the development of an advanced, state-of-the-art optical trap

for use in biological materials and nanosystems investigation. An optical trap is an

instrument capable of manipulating microscopic particles using the inherent momen-

tum of light. First introduced by Askin et al. [1], the single beam gradient optical

trap is capable of generating small forces (∼1–100 pN) in a noninvasive manner. As a

result, the optical trap is often used to manipulate biological specimen. This research

presents the process for the construction of a custom optical trap, the methods to

build a controllable optical trap through a traditional fixed gain controller as well as

an adaptive controller, and also enables the application of torque to trapped parti-

cles. A method of using adaptive techniques for system identification and calibration

is also presented. This research has the potential to use forces and torques to affect

our understanding of the mechanics of single molecules and motor proteins. This in-

strument provides a more precise means of manipulating biological specimen as well

as a tool for nanofabrication and has the potential to expand the knowledge base of

DNA, chromosomes, biomotors, motor proteins, reversible polymers, and can be used

to control chemical reactions. The research presented here documents the creation of

an optical trap that is sensitive for applications requiring precise displacements and

forces, adaptable to a variety of current and future research applications, and useable

by anyone interested in researching micro- and nanosytems.
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Chapter 1

Introduction

This research presents the development of an advanced, state-of-the-art optical trap

for use in biological materials and nanosystems investigation. An optical trap, or

optical tweezer, is an instrument capable of manipulating microscopic particles using

the inherent momentum of light. First introduced by Ashkin et al. [1], the single

beam gradient optical trap is capable of generating minute forces (∼0.1− 150 pN)

in a noninvasive manner. As a result, the optical trap is often used to manipulate

biological materials.

This research outlines the construction of an optical trap that can sense minute

displacements, and apply controlled forces and torques to trapped particles. The

predominant goal is to design an optical trap that can adapt to a variety of current and

future research applications, and remain useable by anyone interested in researching

micro- and nanosystems. The construction of an optical trap that meets this goal

has the capability of impacting the following areas:

• Improve the measurement sensitivity of displacements and forces at the micro-

and nanoscale

• Adding the ability to apply torque to biomolecules for the study of torsional

rigidity and for rotary motor proteins research

• Serve as a noninvasive power supply for micro machines

• Simplification of optical trap controller design through the use of adaptive con-

trol
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Throughout the past two decades, optical trapping systems and techniques have

become relatively mature, including the availability of commercial systems.∗ The use

of feedback control has led to versatile optical traps that can servo control the position

of trapped particles (position clamp) or apply specified forces (force clamp). While

the design, development, and use of optical traps has been extensive, and feedback

control has played a critical role in pushing the state of the art, it is surprising

to note that few comprehensive examinations of feedback control applied to optical

trapping systems have been undertaken [3]. While there have been studies detailing

the application of torque to trapped particles, the available literature on the closed-

loop control of torque is nonexistent. It is well understood that feedback control can

result in both positive and negative effects in controlled systems; however, the design

methods and performance trade-offs within the optical trapping systems reported in

the literature are missing, leading to undefined performance limits. This research

examines, in detail, the construction of an optical trap using control theory applied

to both disturbance rejection and torque application. Additionally, the optical trap

is designed to be user friendly by automating the process of sensor and stiffness

calibration as well as controller design.

1.1 Research Motivation

Optical traps use light to exert forces on microscopic particles. As light is diffracted

and reflected through dielectric particles, the change in linear momentum of the

light results in a force exerted on the refracting particle, which is proportional to

the power of the beam. These forces are small, ranging in magnitude from single

to several hundreds of piconewtons. For example, a moderate 200 mW beam can

∗Cell Robotics International Inc. (Albuquerque, USA); P.A.L.M. GmBH (Bernried, Germany);
Arryx Inc. (Chicago, USA).
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typically produce a force on the order of 100 pN.

The various forms of optical traps, single-beam, two-beam, and levitating, have

been used extensively in the physical and biological sciences to manipulate objects

such as neutral particles [4], viruses and bacteria [5], cells [6], chromosomes and DNA

[7, 8, 9, 10, 11, 12], and biological motors and motor proteins [13, 14, 15, 16, 17]. The

ability of an optical trap to work in vitro has contributed to this research success.

Initial experiments in these fields used optical traps as probes to observe molecular

interactions. Ashkin et al. demonstrated the nonlethal trapping of viruses and E. coli

bacteria [5] as well as the manipulation of filaments inside living cells [18]. Steven

Chu’s group later observed the refolding of DNA after first using an optical trap to

uncoil it [9].

Force measurements became possible as optical trapping technology advanced.

Kuo and Sheetz estimated the force produced by a single kinesin molecule by attach-

ing a microsphere to its tail, trapping the microsphere, and monitoring displacements

through video analysis [19]. Using a sensitive position detection system based on No-

marski differential interference contrast (DIC) microscopy, Svoboda et al. directly

measured the step size of kinesin walking along a microtubule [20]. The first feedback

control system used to measure force was done by Finer et al [21]. A feedback control

scheme was implemented using a quadrant photodiode (QPD) position sensor with

subnanometer sensitivity to create a position clamp for the study of actin and myosin

interactions [22]. Wang et al. used a position clamping optical trap to examine the

compliance of DNA by modulating the trapping lasers power to maintain a constant

position [11]. This approach was unique compared to the conventional method of di-

rectly controlling the relative positions of the trap and the reference plane. Visscher

et al. introduced the first force clamp optical trap using feedback control [17, 23, 24],

which maintained constant forces on particles to study the stall force of kinesin. The
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Figure 1.1: Illustration of a DNA molecule tethered between a microsphere and the
slide surface. The displacement from the center of the trap, x, is proportional to the
applied trapping force, Ft through Hooke’s law.

ability to minimize the effect of disturbances, such as Brownian motion, on experi-

mental measurements is one advantage of feedback control design applied to optical

trapping systems.

In many biological and physical applications the trapping laser does not directly

manipulate the specimen, instead a microsphere is tethered to, for example, a mo-

tor protein and used as a handle to measure the molecular motor’s step size or stall

force. Measurement of these values are made in the presence of fluctuating, Brownian

disturbances that drive the microsphere from the desired position. Controlling the

microsphere’s position in the presence of Brownian disturbances is fundamentally a

servo control problem. The trapping stiffness, and hence the force, is proportional to

the intensity of the trapping laser. Since force is applied via Hooke’s law, maintaining

a constant displacement, or reference position, results in a constant force (see Fig-

ure 1.1). Improving the servo control (i.e., disturbance rejection) will lead to better

force control.

Changes to the trapped particle’s size or index of refraction affects the trapping

stiffness and alters the dynamics of the system, ultimately affecting the controller’s
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performance. In other areas where system dynamics change with respect to time

or experimental conditions, adaptive controllers have been used successfully. These

applications include disturbance rejection of optical jitter [25] as well as structural

vibration suppression [26]. Adaptive control schemes are updated as system dynamics

change due to variations in trapping stiffness and sensor calibration without requiring

modifications to the controller. Adaptive methods allow for easy system identification

of sensor and stiffness calibrations as well as servo control of both trapped particles

and force controllers.

The goal of this research is to make the optical trap not only highly sensitive

and adaptive, but also easy to use. The complexity of optical traps can be over-

come allowing for easier operation by those with limited knowledge in the fields of

controls, physics, and optics. A graphical user interface implemented digitally allows

for multiple preset configurations that can be updated quickly without an intimate

knowledge of the system. The user interface allows for the application of precise

forces and torques, and simplifies the data collection process to achieve this goal.

The aforementioned studies deal with the manipulation and measurement of po-

sitions and forces associated with linear motion. Optical traps as force transducers

began to find their importance with the introduction of force and position control,

which requires actuators and sensors. For force transduction, actuators were readily

available with acousto-optical deflectors (AODs), spatial light modulators (SLMs),

fast steering mirrors (FSMs), and translation stages. Position sensing using direct

video measurement, quadrant photodiodes (QPDs), and interferometric techniques

were then developed. In addition to being able to apply precise forces, optical traps

are also capable of applying torques. Optical traps which can rotate particles have

been dubbed optical spanners [27]. Simple methods of rotating particles involve pass-

ing the trapping laser through a rotating aperture to rotate asymmetrical particles
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[28, 29] or rotating an astigmatic trap [30]. More complex methods create particles

that act as light windmills [31, 32, 33].

Additionally, light has inherent angular momentum which can be used to rotate

particles. In 1909 John Poynting was the first to realize that circularly polarized light

has angular momentum [34]. In 1936, Beth measured the angular momentum acting

on a quartz wave plate, which is a demonstration of light’s spin angular momentum

[35]. For circularly polarized light, a photon has an angular momentum of ±~. The

angular momentum flux of a laser beam with power P and angular frequency ω is

Lz = σzP/ω [36]. The polarization, σz, ranges from −1 to +1 with |±1| being circular

polarization, 0 linear polarization, and fractional values elliptical polarization. When

the polarization is linear the angular momentum is zero, but when the polarization is

circular or elliptical the spin angular momentum is nonzero. The angular momentum

of a laser beam can be altered by manipulating the power or the polarization of the

beam.

Birefringent materials have a crystalline structure that results in an anisotropic

index of refraction, or different refractive indices for different polarizations. When

polarized light passes through a birefringent particle, some of the momentum is trans-

ferred to the particle, resulting in rotation. Irregularly shaped calcite particles [37, 38]

and glass rods [39, 40] have been rotated in this manner at frequencies of up to 350 Hz.

A spherical birefringent particle, vaterite, has been rotated at rates of 400 Hz when

trapped by a purely circularly polarized beam [41]. Circularly and elliptically polar-

ized light can be produced by passing the beam through a quarter-wave plate.

Relatively recently in 1992, light was found to be capable of possessing angu-

lar momentum independent of the polarization [42]. This phenomenon is known as

orbital angular momentum. Such laser beams have helical phase fronts with an az-

imuthal phase dependence of exp (−ilφ), where l is an integer value of the number
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of phase fronts and φ is the azimuthal coordinate of the beams cross section [43].

The helical phase front results in a phase singularity that results in an annulus in-

tensity profile with zero intensity on the beam axis. An example of such beams

are Laguerre-Gaussian (LG) beams, which have a well defined angular momentum

[44]. The orbital angular momentum associated with LG beams [27] and others with

phase singularities, such as Bessel beams [45], have all been used to rotate partially

absorbing particles on the order of 10’s of hertz. The amount of angular momentum

in the system can be increased by increasing the number of axial modes, l. In theory,

the angular momentum of the system can be increased without bound for a specific

power, but in practice, the increasing of angular modes also leads to a larger central

annulus. In order for the trapped particle to rotate, it must make contact with the

edges of this annulus, so the particle must also get larger in order to do this. The

larger the particle, the greater the drag, the more torque that is necessary. This

represents a physical size constraint on the angular momentum possible.

The generation of LG modes, as opposed to modulating polarization, is prob-

lematic. The modes can be generated by inserting a wire cross hair in the laser

cavity to generate Hermite-Gaussian (HG) laser modes, and then convert these using

a cylindrical lens mode converter [46], passing the laser through a spiral phase plate

[47, 48], and through the use of holograms [49, 50, 51, 52]. The cylindrical lens mode

converter requires access to the laser cavity in order to place a wire cross hair in

the beam path. Many lasers are diode pumped solid state (DPSS) and do not allow

such access. Spiral phase plates are difficult to find and expensive to manufacture.

Spatial light modulators (SLMs) allow for a dynamic hologram to be displayed, but

the diffraction efficiencies of these are < 40% and the refresh rates are on the order

of 10’s of hertz, resulting in a small control bandwidth.

By combining actuation and sensing, the opportunity exists to control angular
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Figure 1.2: Illustration of a birefringent particle twisting a tethered biological spec-
imen such as DNA.

displacements and torque application to trapped particles. The first to do this was

La Porta and Wang in 2004 [53]. A birefringent particle is trapped and acousto-

optic modulators (AOMs) are used to manipulate the polarization, along which the

particle aligns itself. The resulting polarization is then measured to determine the

orientation. The sensing of rotational rates can be used in a feedback control scheme

to control the rotational rates in the presence of increased drag, (e.g., bringing the

sample closer to the surface or tethering the particle to a spring, such as a rotatory

motor protein) construction of precision micro pumps, and the study of rotatory

motor proteins (see Figure 1.2).

1.2 Optical Traps versus Other Technologies

Over the past twenty years, multiple tools have been developed for the study of

single-molecules and motor proteins. These instruments range from magnetic traps

[54], microneedles [55], optical traps [56, 57], atomic force microscopy (AFM) [58],

and biomembrane force probes [59]. The relative force range of each method can
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Table 1.1: Comparison of techniques used for mechanical characterization of bio–
molecules [2].

Force Minimum
Method Range (pN) Response Time (s) Typical Applications
Magnetic
traps

0.01 – 100 ≥ 1 s Stretching and twisting DNA

Optical traps 0.1 – 150 ≥ 10 ms Actin, DNA, molecular motors,
proteins

Microneedles > 0.1 ≥ 100 ms Actin, stretching, unzipping
and twisting DNA

Biomembrane
force probes

0.5 – 1000 ≥ 1 ms Membrane anchors, receptor-
ligand pairs

Atomic force
microscopy

> 1 ≥ 10 µs DNA, proteins, receptor-ligand
pairs

be seen in Table 1.1 [2]. Typical use of these instruments vary depending on the

magnitude of the force measured, as each are most advantageous in their respective

ranges.

Aside from the application’s effects on force measurement, one must consider

the stiffness of the respective instrument which directly impacts the precision of

measurement. The effects of this stiffness are realized by examining the energy in a

system, e, as defined by the equipartition theorem:

〈e〉 =
1

2
k
〈
x2
〉

=
1

2
kBT, (1.1)

where x is the position of the trapped particle from the trapping center, k is the stiff-

ness, kB is Boltzmann’s constant, and T is the absolute temperature. The relation-

ship between mean-squared displacement and the trapping stiffness, by rearranging

Equation 1.1, is: 〈
x2
〉

=
kBT
k

(1.2)

xrms =
√
〈x2〉 =

√
kBT
k
. (1.3)
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The only variable in the Equation 1.3 is the stiffness, k, which implies the smaller the

stiffness, the larger noise on the position measurement. However, the same approach

can be applied to force measurement according to Hooke’s law:

F = kx (1.4)〈
F 2
〉

= k2
〈
x2
〉

= kkBT (1.5)

Frms =
√
〈F 2〉 =

√
kkBT. (1.6)

Hence, the smaller the stiffness, the smaller the noise on force measurements. This

is an easy concept to visualize given that a soft spring will give a greater range of

displacement for weaker forces. This, however, does not take the signal-to-noise ratio

into consideration. For this we will use the fluctuation-dissipation theorem, which

states that fluctuations are related to the dissipative forces as a function of frequency

[60]. For a spring-mass-damper system, the fluctuation-dissipation theorem yields:

〈
x2 (ω)

〉
=

2kBT
γ (ω2

c + ω2)
, (1.7)

where γ is the viscous drag, ω is the frequency and ωc is the characteristic cor-

ner frequency, or bandwidth which is proportional to k/γ (this will be discussed in

more detail in Chapter 4.1). The larger the bandwidth of the system, the faster the

measurements can be made. However, by averaging over a larger sample time, and

maintaining within system limits, the signal-to-noise ratio is [60]:

S/N =
F√

2γkBTB
, (1.8)

where F is the force generated by the instrument and B is the reduced bandwidth

with B � ωc. This equation is independent of stiffness, so a soft spring sensor is

not necessarily more sensitive. However, by reducing the drag, γ, on the particle the

signal-to-noise ratio can be increased.
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1.3 Research Objectives

The objectives for this research have been:

Objective 1: Development of an optical trap for applications in biological

materials and nanosystems research

The demands of ever improving technologies create demand for researchers to un-

cover methods to manipulate and create smaller and smaller particles with improved

precision and accuracy. Current optical trap technology is limited by system noise,

which limits the measurement and application of force. Position sensing accuracy is

on the order of tens of nanometers (∼ 12–25 nm) due to limited measurement pre-

cision and Brownian motion. This is especially important considering that proteins,

which are commonly studied with optical traps, can be as small as 5 nm in length [61].

Improving the control schemes for force and position measurement will increase the

sensitivity of optical traps and reduce the response to disturbances. Also, rotational

sensing techniques within optical traps have been implemented, albeit without the

use of control to apply precise torques. Control schemes that can apply prescribed

torques are of interest for studying rotary motor proteins and torsional properties of

materials. Development of an optical trap that can control precise positions, forces,

and torques will lead to a broader area of research possibilities for optical traps.

Objective 2: Investigate the means to create an adaptive optical trap

Creation of an optical trap that is easily configurable for the experiment at hand

will increase the usefulness of optical traps. In particular, an easy conversion from an

optical trap to an optical spanner capable of applying controlled torques will expand

the adaptability and versatility of the instrument. This objective can be realized by

constructing a highly adaptable optical trap that is easily interchangeable between

maintaining precise positions, applying forces and generating torques. Construction
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in this manner will be achieved by implementing a digital control scheme capable

of automating the control design process which allows for on-the-fly adjustments to

configure the optical trap for the specific experiment being conducted.

Objective 3: Explore and develop methods to create a user friendly inter-

face

Optical traps are complex instruments that are difficult to operate for those with

limited knowledge on the subject. By simplifying the process of manipulating parti-

cles and collecting data, the user base of optical traps can expand to people who are

not well versed in the fields of controls, physics, and optics. This objective will be

accomplished through the use of an easy to operate user interface with an automated

design process. The automated method will allow for each individual particle to be

calibrated in real time to adjust for differences in trapped particles and trapping

stiffnesses. Ultimately, this will lead to better measurements as each particle will be

treated as an individual and designed for accordingly.

1.4 Research Impact

This research has expanded on areas previously unexplored in optical traps to create

a sensitive, adaptable and user friendly optical trap. Specifically, exploration has

focused on the use of sensing, control, and user interface integration. Previously de-

veloped sensing methods have been coupled with digital control schemes to improve

sensitivity, thereby making parameter adjustments quick and simple. Adaptive tech-

niques have been used to automate the process of sensor and stiffness calibration, and

controller design. Furthermore, investigation into the use of sensing and control with

an optical trap capable of rotating trapped particles, also known as optical spanners,

have been completed. While particles have been rotated using optical traps, and
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these rates have been tracked, closed-loop control of rotational rates has expanded

the impact these tools have in the research community.

Improving the performance of an optical trap will impact many areas, from

physics, chemistry, and biology, to engineering [62]. For example, better equipment

will provide a more precise means of manipulating biological specimen as well as a tool

for nanofabrication. The optical trap can also be used to drive micro-machines such

as micro gear arrays and micro-pumps [63], study the torsional rigidity of DNA, or

measure the torque produced by rotary motor proteins. In chemistry, optical traps

could be used to control chemical reactions or study materials such as reversible

polymers. In the life sciences, sharper and more dextrous optical traps could provide

detailed mechanical and biochemical information on how single molecules work. This

new and improved instrument has the potential to expand the knowledge base of

DNA, chromosomes, biomotors, motor proteins and reversible polymers.

1.5 Organization

The optical trap has numerous configurations and many aspects of its construction

will be examined. Consideration of each different optical trapping design will be

encapsulated in its own section. These sections detail the construction, servo control,

adaptive control, and rotational control configurations. This serves to accomplish

the goal of building an optical trap that rejects disturbances to applied control forces

and torques, is adaptable to the variety of current and future research applications,

and useable by those interested in researching micro- and nanosystems.

Chapter 2 introduces the theory behind optical trapping. Design considerations,

construction processes, and calibration techniques are also presented.

Chapter 3 introduces classical methods to calibrate the actuator, position sensor,

and trapping stiffness of an optical trap.
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Chapter 4 discusses the design of a fixed gain servo controller for an optical trap.

Performance limits and experimental results are presented as well as a discussion of

the performance of the controller.

Chapter 5 presents an adaptive approach for calibrating and controlling the optical

trap. The calibration and controller are continually updated producing an optimally

designed controller.

Chapter 6 introduces a method for rotational control using polarized light to apply

torque to microscopic birefringent particles. Theoretical and experimental results are

presented.

Chapter 7 concludes the research and lists future goals for its continuance.
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Chapter 2

Optical Traps

An optical trap is a tool capable of manipulating microscopic particles using the

momentum of light. The various forms of optical traps, single-beam, two-beam [64],

and levitating [65], have been used extensively in the physical and biological sciences

to manipulate particles such as neutral particles [4], viruses and bacteria [5], cells[6],

chromosomes and DNA [7, 8, 9, 10, 11, 12], and biological motors and motor proteins

[13, 14, 15, 16, 17]. The optical forces depend upon the position of particles held in

the trap, usually microspheres, which act as handles to manipulate these molecules.

Optical traps have found a home manipulating biological materials mainly due to

the noninvasive nature and small forces that they are capable of generating. The

single beam gradient optical trap, first introduced by Ashkin et al. [1], is the type

of optical trap used in the current experiments. When constructing an optical trap

there are many factors to consider. These can range from the selection of the appro-

priate platform and laser, methods for introducing the laser beam into the trapping

platform, and integrating the optics necessary for trapping. This chapter will outline

the multiple considerations associated with the construction of an optical trap.

2.1 Optical Trapping Theory

Optical traps use the radiation pressure of light to trap microscopic particles; the

light source, in this case, being a tightly focused laser. The inception of the optical

trap began with a simple, back of the envelope calculation by Ashkin in 1969 [4].

Each photon of light has a momentum of ~ω/c, where ~ is Planck’s constant, and
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ω and c are the angular frequency and speed of light, respectively. A light source

with an incident power of P imparts P/~ω photons per second. This results in a

momentum flux of:

ΦM =
~ω
c

P

~ω
= P/c. (2.1)

Assuming a 1 W incident laser beam acts on a reflective particle in a vacuum, the

force applied to the particle is 6.7 nN. While these forces are very small and do

not affect macroscopic particles, a reflective polystyrene particle 5 µm in diameter

will experience an acceleration of ∼105 m/s2 due to this force. These results were

experimentally confirmed by Ashkin in 1970 [64]. The force associated with radiation

pressure results in the scattering of the particles from the center of the laser. However,

while conducting these experiments, a second force was observed that acted to pull

the particles into the center of the beam. This force is known as the gradient force

and its discovery led to the creation of the single beam gradient optical trap.

There are two approaches to calculate the forces that an optical trap applies to

trapped particles, but their use depends on the size of the particle with respect to

the wavelength, λ, of the trapping laser. When the dimensions, d, of the trapped

particle are much greater than the wavelength of the trapping laser, d � λ, the

particle is characterized as a Mie scatterer and ray optics can be used to calculate

the forces. When the particle’s dimensions are much smaller than the wavelength of

the trapping laser, d� λ, the particle is a Rayleigh scatterer and can be considered a

point dipole in an electric field. Both of these scattering classifications are discussed

in more detail in the following sections.

2.1.1 Mie Scattering

When the trapped particle is in the Mie regime (trapped particle’s dimensions are

much greater than the wavelength of the trapping laser, d � λ) ray optics can be
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Figure 2.1: Ray optics representation of a dielectric particle confined in a single
beam gradient optical trap. (a) A microsphere trapped beyond,(b) before, and (c)
off center of the focused laser beam.

used to calculate the momentum induced optical forces. The scattering and gradient

forces, Fs and Fg respectively, can be described as:

Fs =
nP

c

{
1 + R cos 2θ − T 2 [cos (2θ − 2r) + R cos 2θ]

1 + R2 + 2R cos 2r

}
(2.2)

Fg =
nP

c

{
R sin 2θ − T 2 [sin (2θ − 2r) + R sin 2θ]

1 + R2 + 2R cos 2r

}
, (2.3)

where R and T are the Fresnel reflection and transmission coefficients at the surface,

and θ and r are the angles of incidence and refraction [66]. The forces in Equations

2.2 and 2.3 are polarization dependent since R and T are different for rays polarized

perpendicular or parallel to the plane of incidence [67]. Conceptually, each ray of

light which is refracted results in a perpendicular acting force in accordance with the

law of conservation of momentum. For example, Figure 2.1 shows the forces acting

on a sphere [18]. This approach does not account for different particle sizes since it

assumes that the phase front of the incident wave does not change its shape at the

focus and that the particle is much larger than the wavelength [67].
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2.1.2 Rayleigh Scattering

For the optical forces applied to trapped particles in the Rayleigh regime (trapped

particle dimensions are much smaller than the wavelength of the trapping laser,

d � λ), the light can no longer be represented by rays and an alternative model is

used. The particle can be treated as a point dipole in an electric field. For a particle

with a radius a surrounded in a medium with an index of refraction n, trapped in a

laser with an intensity I, the scattering force is [1, 68]:

Fs (r) =
n

c

128π5a6

3λ4

(
N2 − 1

N2 + 2

)2

I (r) , (2.4)

where N is the ratio of the refractive index of the trapped particle to the refractive

index of the surrounding medium. Not explicitly obvious is that the scattering force

is in the direction of laser propagation.

The gradient force due to the intensity gradient around the focus of the beam is

[68, 69, 70]:

Fg (r) = 2πn2ε0a
3

(
N2 − 1

N2 − 2

)
∇
∣∣E2 (r)

∣∣ , (2.5)

where ε0 is the dielectric constant in vacuum. This force acts in the direction of

highest intensity. Both of these forces are functions of the radial position of the

particle from the trapping center, r.

While these two methods can describe the optical forces for Mie and Rayleigh

particles, most particles that are manipulated in optical traps are on the order of the

wavelength of the trapping laser (0.5–5 µm); this includes most biological specimen.

While there have been theoretical advances in the description of forces on particles of

this size [71, 72], they do not provide further insight into the workings of an optical
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Table 2.1: Trapping efficiency, Q, for particles of different size and refractive indices,
n, trapped with varying numerical aperture objectives, NA, and power, P . The
trapping wavelength in each of these experiments is λ = 1064nm.

Diameter (µm) n NA Depth (µm) P (mW) Q Reference
Lateral

0.303 1.57 1.3 13 10 0.012 [73]
1.020 1.57 1.3 13 10 0.085 [73]
2.967 1.57 1.3 13 10 0.21 [73]
0.400 1.57 1.25 8.3 60 0.01 [74]
1.000 1.57 1.25 8.3 60 0.08 [74]
1.000 1.45 1.25 8.3 60 0.05 [74]
2.100 1.57 1.25 8.3 60 0.16 [74]
6.100 1.57 1.25 8.3 60 0.20 [74]

Axial
1.020 1.57 1.3 9 10 0.0058 [73]
0.400 1.57 1.25 8.3 60 0.02 [74]
1.000 1.57 1.25 8.3 60 0.07 [74]
1.000 1.45 1.25 8.3 60 0.04 [74]
2.100 1.57 1.25 8.3 60 0.08 [74]
6.100 1.57 1.25 8.3 60 0.29 [74]

trap. In practice, the forces on a particle in an optical trap are described by:

F = Q
nP

c
, (2.6)

where Q represents the trapping efficiency. This value is different for the lateral and

axial trapping forces and in practice is determined experimentally. A range of values

is displayed in Table 2.1.

2.2 Optical Trap Design Considerations

When designing an optical trap, the two most important components are the trapping

laser and the microscope objective used to focus the laser beam and image the sample

plane. The wavelength of the trapping laser depends on the application. For example,

if the optical trap is used for nanomanufacturing using a two photon resin [75],
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the wavelength required is resin dependent. When manipulating biological samples,

shorter wavelengths, typically in the visible spectrum, can cause photo-damage and

opticution [76] due to the absorption of visible light by naturally occurring pigments

in biological materials [77]. Longer wavelengths are better for the health of the

biological samples since they are not as easily absorbed. The best wavelength for

manipulating biological specimen as determined experimentally, is 870 nm [78], but

the most popular choice is a laser operating at 1064 nm due to a low power to cost

ratio while resulting in low opticution levels. Lasers at this wavelength with high

power levels are widely available as diode pumped solid state lasers (DPSS) such

as Nd:YAG lasers. Diode laser sources have also been used [79], but the beams

are typically astigmatic which result in an astigmatism in the trapping potential

well. The power requirements for the trapping laser is also a concern. Microscopic

particles can be trapped with as few as a couple of milliwatts, but the force is directly

proportional to the laser power (see Equation 2.6). While a 100 mW laser is adequate,

typically over 500 mW is preferable for generating larger force potentials.

The microscope objective used for trapping is the most important component.

The trapping forces of a single beam gradient optical trap are derived from the high

intensities and steep gradients resulting from passing a laser through high numerical

aperture (NA) objectives (typically 1.25–1.40). These objectives are oil- or water-

immersion with magnifications of 40-100x. While oil-immersion objectives offer a

larger NA, there is also an index of refraction mismatch which leads to spherical

aberration [72, 80, 81, 82]. The spherical aberration introduced into the system limits

the trapping depth. Water-immersion objectives do not have this issue, but have a

lower NA. Either one is acceptable depending on the trapping goals. Using infinity

corrected objectives simplifies the trapping process. An extra lens is necessary if the

objective is not infinity corrected.
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The imaging system, which houses the objective, can be a commercial microscope,

or a custom system can be constructed. While a custom microscope leads to greater

flexibility, the stability of a commercially available microscope provides a more con-

sistent platform. Typically inverted microscopes are used due to their stable base

and the ability to introduce the trapping laser in close proximity to the mounting

surface. This also improves trap safety by keeping the trapping laser below eye level.

In order to simultaneously trap and image the sample, a method of introducing the

trapping laser into the optical axis is needed. Internal beam splitting cubes which

direct the image to the camera and the microscope eye pieces can be used, though

this leads to a great deal of internal reflections which make alignment difficult. An

easier method is to use a microscope with an epi-florescence port used for florescence

microscopy. A custom filter cube can be inserted into the filter cube turret, which

contains a dichroic mirror and a filter on the camera side. The filter prevents the

trapping laser from saturating the camera.

2.2.1 Position Sensing

The components listed above can create an optical trap to probe particles. Measur-

ing the displacement of microscopic particles is a fundamental necessity for precise

and accurate microscopic manipulation. Many position sensing methods have been

developed. Video techniques provide direct measurement of the absolute position of

trapped particles. In this method a centroid tracking algorithm is used to track the

position of the trapped particles [83, 84, 85]. Such techniques are simple to setup

and can be used to measure the motion of many particles simultaneously, however

the bandwidth is restricted to the video frame rates (10’s Hz) of the camera. Faster

cameras exist (Q Imaging Fast 1394), but at a reduced CCD size with measurements

limited to the pixel size of the camera. In order to perform real time servo and force
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control, a method with a high temporal resolution as well as spatial resolution is

necessary.

Faster techniques for measuring the position of trapped particles use interfero-

metric techniques to measure the forward scattered wave. Depending on the position

of the trapped particle with respect to the trapping laser, the forward scattered wave

changes depending on the trapped particle’s position. Two common methods are

a Nomarski differential image contrast (DIC) technique, and a quadrant photodiode

(QPD) method. The DIC technique measures the change in transmitted polarization,

which is directly related to the scattered wave, while the QPD method measures the

change in the angular spectrum of the scattered wave about the trapping meridian

[86]. When using the forward scattered light for position sensing, the microscope’s

condenser becomes the imaging system, so the condenser requires a numerical aper-

ture (NA) similar to that of the trapping objective to get similar sensitivities.

The Nomarski DIC technique for position sensing within an optical trap is im-

plemented using a microscope equipped with DIC imaging capability. A circularly

polarized laser beam enters the microscope and is split into its two orthogonally

polarized beams by a Wollaston prism located in front of the microscope objective

(see Figure 2.2). The distance between the orthogonal beams is set such that the

two beams overlap and act as a single trap. Both beams are then recombined by

a second Wollaston prism located behind the condenser. If the particle is centered

in the trap, the beam will have the same polarity as the incoming laser, but if the

particle moves from the center of the trap, the light will become elliptically polarized,

a property that can be related to a displacement and measured quite accurately. In

1993, Svoboda et al. [20] gave a practical example of the interferometric sensor spa-

tial effectiveness by measuring the step size of the motor protein kinesin on the order

of nanometers. Later experiments used a force clamp to determine the stall force of
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Figure 2.2: Nomarski DIC position sensor. Circularly polarized light is split into its
two orthogonal polarizations. This creates two overlapping traps that act to share
the microsphere. If the microsphere is displaced in the direction of either of the
polarizations, the scattered light for that component will increase with respect to the
other, and position can be calculated.

kinesin and its dependence on ATP concentrations [17]. This technique is arguably

the most sensitive with theoretical limits on the order of picometers due to a baseline

noise density of about 1pm/
√

Hz over a frequency range of 1 Hz–100 kHz [87].

This position sensing technique has positive and negative aspects that need to

be considered. The primary advantage is that this sensing technique has arguably

the highest spatial resolution [20, 23, 87, 88]. Another positive is that the system is

always aligned and the trap can be moved within the specimen plane without needing

to realign the position detection system. However, there are also negative aspects

associated with this method. One disadvantage is that the displacements can only

be measured along the Wollaston sheer axis, making this a one dimensional position

sensing system, and, therefore, making alignment to the specimen requiring measure-

ment crucial to success. Another limitation is that the maximum displacements that

can be measured are on the order of a wavelength, limiting the magnitude of mea-

surements. While these can be overcome, other methods without these limitations

are also available.
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Figure 2.3: Quadrant photodiode position sensing system. The forward scattered
light is collected by the condenser, collimated and projected onto the QPD which
measures the change in intensity.

Quadrant photodiodes (QPDs) are another type of sensor used to measure dis-

placements in optical traps. They have been used in two configurations. The first

configuration images the scattered light from the condenser on a QPD placed in a

fourier plane to the trapping plane. This enables tracking of either the image of the

particle or the shadow of the particle [89]. Imaging the scattered light of either is

dependent on the axial positioning of the detector.

The second QPD technique images the scattered light from either the trapping

laser or a second imaging laser, in a fourier plane of the trapping plane [23, 86,

90] (see Figure 2.3). When a laser beam passes through a microsphere, it refracts

the light in the direction of displacement. The laser beam is then recollimated by

the microscope condenser and projected onto a QPD, which has four independent

photodiode elements. These photodiode elements are used to measure the relative

change due to the scattering of the laser beam by the trapped microsphere. Proper

alignment of the QPD with the back focal plane of the condenser allows it to detect

the relative displacement of the microsphere from the center of the trap. However,

since an imaging photodiode detector system is fixed in space the trapped particle

must be carefully aligned with the corresponding position of the detector [23]. Failure
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to do so results in a DC voltage offset and reduces the effective range of measurement.

There also exists a trade-off between the size of the laser beam in relation to the size

of the QPD. The smaller the laser diameter striking the QPD, the more sensitive

the measurement. However, a small laser diameter limits the dynamic range of the

detector since large movements can lead to saturation of one side of the QPD versus

the other. These limits can expose nonlinearities associated with a circular beam

being split into quadrants. Ideally the laser diameter is approximately 80% of the

QPD diameter, which is the ratio for the most sensitivity versus the noise of the

QPD.

QPD position detection systems are not as sensitive as the Nomarski DIC method.

However, the QPD systems have been shown to have sensitivities on the order of

nanometers, which is adequate, and can sense all lateral displacements from the

trapping center. This reduces the requirement of aligning the position sensor with

the direction of the experimental motions. Similar to the Nomarski DIC position

sensing method, displacements are measured from the trapping center. A singular

drawback of using the forward scattered light from the laser for position sensing is

that the condenser is being used for imaging, requiring a large NA to collect the

complete angular spectrum. This is not an issue when using the forward scattered

light from the condenser since, in this case, the imaging is done with a high NA

trapping objective.

These two position sensing techniques can use the trapping laser, or, alternatively,

another laser at a different wavelength for position sensing. Using the trapping laser

has an advantage in that the system is intrinsically aligned. This is important in that

a second, stationary laser may not necessarily be aligned with the trapping laser. In

this configuration, the absolute position can be obtained. When using the trapping

laser for sensing, the particle can be moved over a larger trapping area and still
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measure the relative position of the particle. This is beneficial because if a separate

laser is used, the particle would leave the sensing area or the second laser would have

to be moved as well. Moving with respect to the stationary trapping laser would also

introduce nonlinearities associated with the particle leaving the linear areas. Using

the trapping laser, the particle is kept inside the linear sensing region.

2.2.2 Actuators

In addition to measuring the particle displacement, an optical trap also needs an

actuator to manipulate the trapped particle in a controlled and reproducible manner.

Manipulation can be done by either positioning the slide with respect to the laser,

or the laser with respect to the slide. To move the slide with respect to a fixed

laser, a motorized microscope stage utilizes either piezoelectric elements to directly

move the stage, or stepper motors which drive lead screws for movement. The use of

lead screws for movement opens up the possibility of backlash, which results in poor

reproducibility, but gives a large area of operation. The use of piezoelectrics allow

much greater control over position, but only for movement over a smaller area. Both

of these actuation methods require the movement of the mass of the stage, which

limits the control bandwidth.

An approach with a larger potential bandwidth moves the laser with respect to

the specimen. There are multiple ways to accomplish laser movement. One method

laterally moves the laser by moving one of the lenses used for collimation. This

method has the same drawbacks as moving the microscope stage in that a large

mass, in this case the lens, needs to be moved. However, this method does allow for

control in the axial direction if the lens is moved axially. Other methods control the

position of the laser in the specimen plane by specifying the angular spectrum at a

back focal plane (BFP) of the objective. The BFP is a Fourier plane with respect to
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the specimen plane, so a change in the angle of incidence of the trapping beam results

in a translation of the trapping position. This can be controlled using acousto-optic

deflectors (AODs), fast steering mirrors (FSMs), or spatial light modulators (SLMs).

AODs provide the quickest response with a bandwidth ∼10–100 kHz (note this is

the speed with which deflections respond and not bandwidth of the acousto-optic

carrier frequency). The primary disadvantages of AODs is that they are costly and

two AODs are needed to control the trap position in two dimensions. FSMs provide

a response typically on the order of a kilohertz, and, as will be shown, provides more

than adequate bandwidth for feedback control of most trapping applications in water.

A diffractive optical element, such as an SLM can also control the trapping position.

The incorporation of SLMs has added a new dimension to the capabilities of optical

traps [91, 92, 93, 94, 95, 96] by, in particular, expanding the ability to trap multiple

particles in three-dimensions. However, the liquid crystals used in SLMs have a long

response time, ∼10 ms, which are suitable for video rate applications but too slow to

control a particle’s position over a significant bandwidth. SLMs can also introduce

aberrations into the system which can degrade trapping performance, however, these

aberrations can be corrected (see Appendix A).

2.3 Optical Trap Design

The optical trap is built with an inverted microscope (Zeiss Axiovert 200) and a

Nd:YAG laser at 1064 nm (Coherent Compass 1064-500) with a maximum output

power of 500 mW (see Figure 2.4). Samples are imaged with a CCD color camera

(Hitachi). The trapping beam is directed into the epi-fluorescence port of the mi-

croscope and is introduced to the microscope’s optical path using a dichroic mirror

located in the microscope’s filter cube turret (Chroma Technology). An IR filter

(D550/200M (39317)) prevents the CCD camera from becoming saturated. The
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Figure 2.4: Experimental optical trap setup with a fast steering mirror (FSM) actu-
ator and a quadrant photodiode (QPD) position sensor. The laser beam is expanded
and collimated from the laser by lens fe and directed onto the FSM. The laser is
then directed through lenses f1 and f2, introduced to the optical path by a dichroic
beam splitter (DBS), and passed through the trapping objective, fobj, to the trapping
plane. The forward scattered laser is directed through the condenser, fc, separated
from the illumination by another DBS, collimated by lens f4, and directed onto the
QPD for position sensing.
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Figure 2.5: Transmission as a function of wavelength for Zeiss Plan-Apochromat
63x/1.4 NA. The transmission at 1064 nm is ∼30%.

laser beam is then directed through a high NA objective (Zeiss Plan-Apochromat

63x/1.4 NA) and into the trapping plane. The objective is designed for Nomarski

DIC microscopy, which maintains the polarization of the incoming laser. However,

the objective is highly corrected, containing 12 lens elements, and as a result, the

transmission drops to ∼30% (see Figure 2.5) reducing the maximum power level at

the focal plane to ∼150 mW. The entire system is mounted on a vibration isolation

table (Newport) in order to minimize disturbances and increase the sensitivity of

position measurements.

The position of the trap in the specimen plane is controlled by a fast steering mir-

ror (Newport FSM-300) positioned at a BFP of the objective. This setup translates

angles introduced by the mirror into displacements at the trapping plane. The FSM

is actuated using voice coils and has two degrees of freedom.

The position sensing system, modeled after Gittes et al.[86], is a QPD which

uses the trapping laser for position sensing and, as previously stated, has the added
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advantage of being intrinsically aligned. After the laser passes through the sample,

the forward scattered light is collected by a high NA condenser (Zeiss Achromatic-

aplanatic condenser, 1.4 NA). The laser beam is then separated from the microscope

illumination by a dichroic mirror located above the condenser, which directs the laser

through a collimating lens and onto the QPD (Advanced Phontonix, Inc.). The QPD

is mounted on a sum/difference amplifying board (Pacific Silicon Sensor) operated

in the zero bias mode. A neutral density filter prevents large laser intensities from

saturating the QPD. It is important to note that this configuration detects the relative

motion of the trapped particle from the laser and not the absolute position of particle.

The forward scattered laser beam exiting the dichroic mirror comes to a focus

before expanding. The proper collimating lens must be selected to fill the active area

of the QPD (17.8 mm2) to approximately 80 %. To collimate the beam properly the

first step is to find the focus. This can be done using the Foucault knife-edge test

[97]. Using a razor blade on a translation stage, and “cutting” the beam, if the razor

is inside the focus, the opposite edge that is being cut shadows. If outside the focus,

the same side shadows, and at the focus, the image will dim uniformly. Once the

focus is found a lens is placed a focal length away to collimate the beam. A 20 mm

diameter focal length lens was selected as the collimating lens for the QPD resulting

in a 3.8 mm beam diameter. The QPD was then placed an equal focal distance from

the collimating lens.

2.3.1 FSM Setup

The optical trap was designed from the objective to the laser. The FSM was posi-

tioned to use a large dynamic range of the actuator at a BFP to the objective. In

order to calculate the proper lenses to use, a simple ray transfer matrix approach (or

ABCD matrices) was used to calculate movement at the focal plane. Two simple ray

30



transfer matrices for free space propagation:

[
1 d
0 1

](
x
θ

)
=

(
x′

θ′

)
, (2.7)

and propagation through a lens [98, 99]:

[
1 0
− 1
f

1

](
x
θ

)
=

(
x′

θ′

)
, (2.8)

are the basis for all equations from this point forward.

In these equations d is the distance of propagation, f is the focal length of the

lens, x and θ are the position and angle at the object plane, and x′ and θ′ are the

position and angle at the image plane. For a simple lens, from focal length to focal

length, the corresponding matrix can be calculated as follows:

[
1 f
0 1

] [
1 0
− 1
f

1

] [
1 f
0 1

](
x
θ

)
=

[
0 f
− 1
f

0

](
x
θ

)
=

(
x′

θ′

)
. (2.9)

Equation 2.9 shows that by passing through one lens from ±f , the angular displace-

ments become lateral displacements and vice versa. This is the Fourier transforming

property of lenses. The same property can be used for systems of two and three

lenses by combining Equation 2.9 in series to yield:[
−f2
f1

0

0 −f1
f2

](
x
θ

)
=

(
x′

θ′

)
(2.10)

[
0 −f1f3

f2
f2
f1f3

0

](
x
θ

)
=

(
x′

θ′

)
. (2.11)

The three lens system can be used to calculate the movement of the trapping focus

by moving a steering mirror located in a Fourier plane. The lateral displacements in

odd number lens systems is directly related to the input angle. In order to use the

31



full dynamic range of the FSM, a three lens system is used. The FSM has an angular

range from ±10 V resulting in a ±3◦ optical angular range. In our setup, f3 = fobj

(see Equation 2.11). An objective’s focal length can be calculated according to:

fobj =
fT
M
, (2.12)

where fT is the tube lens of the microscope and M is the magnification. For the

63x objective used here, the tube lens is designed to be 164.5 mm. This results in a

focal length of fobj = 2.61 mm. The focal lengths of f1 and f2 are design variables.

Using these values and assuming that the input displacement from the mirror, x, is

negligible, Equation 2.11 becomes:

x′ = −2.61f1
f2
θ. (2.13)

Two other design constraints require the FSM is able to direct the laser over a

±20 µm area using a majority of the dynamic range, and lens f2 is positioned in

either the location for the aperture or field diaphragm slots of the epi-florescence

port. By using a large portion of the dynamic range the FSM will have greater

command sensitivity. By constraining lens f2 to be positioned in one of the slots

above, a custom lens holder can be built to fix its location. The three locations listed

above limit the options for f2 = 175, 230, 250 mm. The following values were chosen,

f2 = 175 mm and f1 = 35 mm, because physically they fit well in the space available

and they give the desired order of movement. A 1 V command signal to the FSM

results in a 2.74 µm displacement at the focal plane. Using a 16 bit D/A board with

a ±10 V range, this means that the smallest input displacement into the system is

∼0.8 nm.

When constructing an optical trap, it is important to realize that the extremal

rays contribute disproportionately to the axial gradient force, whereas the central
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rays are primarily responsible for the scattering force [100]. Therefore, by expanding

the Gaussian laser beam to slightly overfill the objective entrance pupil, the ratio

of trapping to scattering forces can be increased and result in improved trapping

efficiency [67, 101]. The beam is typically expanded such that the 1/e2 intensity

points match the size of the objective aperture. This results in ≈ 87% of the incident

power entering the objective [100].

By calculating the magnification of the telescopic arrangement, the size of the

beam reflecting off of the FSM necessary to overfill the entrance pupil of the objective

so 87% of the light passes can be determined. The magnification is: M = f2
f1

= 5

and the entrance pupil of the objective is 10 mm. Thus, the beam reflecting off of

the FSM needs to be ∼2 mm.

To expand the beam size to 2 mm, the natural divergence of the trapping laser is

used with a lens to collimate the beam after expansion (fe, see Figure 2.4). The Co-

herent Compass laser used in this experiment has a beam diameter (TEM00 at 1/e2)

of 0.33 mm and a divergence of <4.5 mrad. The divergence is calculated according

to:

div =
Df −Di

l
, (2.14)

where Df and Di are the beam diameter at two points and l is the distance between

the points. This equation can be used to calculate the final beam diameter at a

distance l given the initial beam diameter. To collimate the beam, a focal length

fe = l, is chosen which results in the required beam diameter. The closest standard

lens size available is a 400 mm focal length lens which results in a 2.13 mm beam

diameter.
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Figure 2.6: Schematic of the lens alignment for the optical trap from the fast
steering mirror (FSM) to the trapping plane. Here, ξ is the error from the focal
plane of collimating lens, f1, and the FSM, δ is the error between focal planes of f1
and f2, and ε is the error between the focal planes of f2 and fobj.

2.3.2 FSM Alignment Errors

Correctly placing both the mirror and all of the lenses in the exact planes is difficult

if not nearly impossible. To determine the positioning errors effect on the movement

in the focal plane, an analysis will be performed. Starting with the equation for a

system of three lenses and multiplying them by free space propagation between the

lenses, error is evident between every plane except the focal plane (see Figure 2.6).

As previously stated, the optical trap is setup to insure the accuracy of the focal

plane’s placement. In this system, ε is the distance between the focal planes of the

objective, fobj, and the collimating lens f2, which varies as the microscope objective

is raised and lowered, ξ is the error associated with misalignment of the collimating

lens, f1, with respect to the FSM, and δ is the alignment error between the focal

planes of f1 and f2. The ray matrix system for the setup in Figure 2.6 is as follows:
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Assuming that the FSM only inputs an angular displacement, θ (i.e. x = 0), Equa-

tion 2.15 can be reduced to: (
δξfobj
f1f2

− f1fobj
f2

)
θ = x′

(
εf1

fobjf2

+
ξf2

fobjf1

− εδξ

fobjf2f1

)
θ = θ′.

(2.16)

The values for f1, f2 and fobj are known to be 35 mm, 175 mm and 2.61 mm respec-

tively. Substituting these into Equations 2.16 reveals the equation for position as a

function of angle is: (
4.26× 10−4δξ − 0.522

)
θ = x′. (2.17)

From Equation 2.17, positioning errors associated with the FSM and lenses will result

in minimal errors at the focal plane. The position error term, 4.26× 10−4δξ, is three

orders of magnitude smaller than the primary term, 0.522θ. FSM and lens positioning

errors are considered to be no larger than an order of a magnitude, and, even at this

extreme, the error would still be an order of magnitude smaller than the prescribed

displacement. Therefore, the error associated with focusing the objective, ε, has no

resultant effect on particle position. This is an important realization which results

in the ability to manipulate particles at different depths, and still undergo the same

lateral motions.

The change in angle at the trapping plane, however, will have a larger error due

to lens position errors. Substituting the values of f1, f2 and fobj into Equation 2.15
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results in: (
0.0766ε+ 1.92ξ − 6.26× 10−5εδξ

)
θ = θ′. (2.18)

The largest term in Equation 2.18 is due to incorrect placement of the FSM with

respect to lens f1. The next closest term is two orders of magnitude smaller. This

means that the most critical alignment is that of the FSM to lens f1. The best

solution to minimize trapping angle error results by maximizing the trap performance

and then situating the FSM at a focal distance from lens f1.

2.3.3 QPD Alignment Errors

The FSM alignment errors may seem relatively insignificant, but of utmost impor-

tance is how the errors associated with misalignment correspond to errors at the

QPD. From the beam steering mirror to the microscope objective the lens system

is known, but the condenser is a black box with details not readily available. The

parts of the condenser can be considered as a two lens system since the laser beam

exiting the condenser converges. The assumption is made that the first two lenses

are in correct alignment. This is a reasonable assumption given the manufacturer of

the product (Zeiss). By lumping the parameters together for the two lens system,

a constant representation of the ratio fc2/fc1 is defined as fc. Figure 2.7 behaves

according to:

[
1 ψ
0 1

] [
0 f4

− 1
f4

0

] [
1 χ
0 1

] [
−fc 0
0 − 1

fc

]
=

[
ψfc

f4

ψχ−f2
4

f4fc
fc

f4

χ
f4fc

]
, (2.19)

where χ and ψ are errors resulting from misplacing the collimating lens, f4, and

QPD respectively. Another assumption is that there are no error between lens fc

and the trapping plane, which is justified since the condenser is aligned such that the

aperture diaphragm is in focus. Thus, all of the errors will be due to misalignments

36



χ ψfc2
f4 f4

Condenser fc

fc2
fc1

fc1

f4

Tr
ap

pi
ng

 P
la

ne

Q
P

D

Figure 2.7: Schematic of the lens alignment from the trapping plane to the quadrant
photodiode (QPD). The condenser is considered a two lens system, fc. χ denotes the
positioning error between the focal planes of fc and the collimating lens f4. ψ is the
positional error between the focal plane of lens f4 and the QPD.

of the collimating lens and QPD from their respective planes. Since this is a position

sensing system, the angular errors at this plane are not a concern, only the positional

errors. Position is measured according to:

ψfc
f4

x+
ψχ− f 2

4

f4fc
θ = x′. (2.20)

As seen from Equation 2.20, if the QPD is in the correct plane, i.e. ψ = 0, the

collimating lens can be misaligned without a detrimental effect to the position sensor.

2.4 Aligning an Optical Trap

Once a clear understanding of the errors associated with the optical trap is attained,

the general alignment can occur. The alignment steps are to:

1. Direct the laser beam into the microscope and coarsely align the system.

2. Insert the laser collimating lenses.

3. Fine tune and test the system.
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The general layout of the optical trap can be seen in Figure 2.4. Alignment was done

in compliance with safety standards∗ using the proper safety equipment. Since the

laser is of an invisible wavelength, an electro infrared viewer and a translucent IR

viewing card (Lumitek International) were used to determine the location and size

of the beam.

Since any movement will disrupt the alignment, the laser and the microscope

were first mounted on the vibration isolation table and secured. The lenses in the

epi-florescence port of the microscope were removed and the tray was reinserted. The

whole unit can remain off of the microscope, but the florescence field and aperture

diaphragms aid in alignment, and lens f2 will be mounted in this position. The lenses

f1 and f2 and the filter cube turret were also left out for the first step.

First, the laser is collimated by allowing the laser to expand and placing a colli-

mating lens a focal distance from the laser. The beam focus is assumed to be at the

output coupler of the laser. After collimation, a periscope is used to raise the laser

to the plane of the epi-florescence port. The laser is then directed toward the center

of the FSM, which is mounted on a tip/tilt mounting bracket. The FSM is set at

the ideal position for the insertion of lenses f1 and f2, but may have to be adjusted

later. From the FSM the laser is directed toward a second mirror which reflects the

laser into the epi-florescence port. The second mirror is strategically placed at the

focus of both lenses f1 and f2. By placing the mirror in this plane, changes to its

angle will result only in angular changes at the trapping plane. The ability to move

the location of the beam with the FSM and correct for angular changes using the

second mirror is a useful feature for final alignment and acts as a way to decouple

the mirrors.

∗American National Standards Institute Z136.1-2000 (or latest version thereof) Standards for the
Safe Use of Lasers
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Using two mirrors, the axis of the laser beam can be adjusted. Without the lenses,

the two mirrors are coupled and beam path can be “walked” into position. The key

is to coarsely align the laser beam by correctly positioning the mirrors from the

start. Initially the field and aperture diaphragms of the epi-florescence port should

be open. The diaphragms can then be contracted to make the openings smaller,

and the adjustment of the mirrors can be repeated until the irises are closed and

the laser is passing through the centers. This insures the beam is centered in the

epi-florescence port. The diaphragms should now be opened.

Next the filter cube turret is inserted but the IR filter should be left out. By

leaving the IR filter out, the IR reflected from the slide surface can be projected onto

the CCD camera, which is very sensitive to IR illumination. The microscope objective

turret is placed to an open position (no objective). If alignment is properly done, one

should be able to see the laser beam coming through this hole using a translucent IR

viewing card. If found to be improperly aligned the mirrors are adjusted until the

laser passes through the open nosepiece. Then the condenser is moved into position

and the beam should become visible at the back side of the condenser. The mirrors

are adjusted until the laser is centered in both the objective turret and the backside

of the condenser, similarly to centering the beam in the epi-florescence port.

Now the beam can be imaged on the CCD camera. First the laser is turned off and

a slightly dirty slide is placed in the microscope to be imaged with a 10x objective.

After bringing the slide surface into focus on the CCD monitor, the illumination is

turned off. The laser is then switched on and the monitor should be aglow with

the laser light. If the laser is not visible on the monitor the mirrors are adjusted to

find the laser. When the microscope is adjusted in and out of focus, the laser beam

should expand and compress on itself showing that the laser beam is perpendicular

to the coverslip. If the beam is not perpendicular, the laser spot will move as the
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focus is adjusted. Correction is accomplished using the monitor for feedback. Once

the beam is centered and properly aligned, lenses f1 and f2 are inserted and the

process is repeated. The laser beam should slightly overfill the objective. This

can be checked by moving the objective turret to an open spot and measuring the

diameter of the laser beam. If it is under/oversized, an adjustment with the focal

length of the collimating lens needs to be made to correct for the mismatch by using

the calculations presented earlier (see Section 2.3.1).

The first attempt at trapping is now possible. A sample slide is made with

1 µm silica microspheres. Silica was chosen because it traps at depths easier than

polystyrene. The 63x objective was used to focus in on the coverslip of the slide. The

coverslip can be located because the silica microspheres settle here over time. The

process of centering the laser beam is again repeated. The beam also needs to be at a

minimum size when focused on the slide surface. To minimize the size of the focused

laser beam, the axial position of lens f1 is adjusted. The entire process is repeated

until the system is aligned. At this point, the IR filter needs to be inserted in front

of the camera. In our setup, the IR filter is placed in the slider located under the

filter cube turret. If everything is done properly, the particles will gravitate toward

the point of highest intensity and be held in a stable 3-D trap. Otherwise, the system

alignment needs to be repeated.

In order to minimize the positional errors, the FSM is moved to a focal length

distance from lens f1 and the setup is repeated until the trap is realigned. The whole

process is time consuming, yet necessary. Lastly, the QPD position sensing system

is aligned according to Section 2.3.3.
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Figure 2.8: Power spectral density of a 1 µm polystyrene microsphere in a 100 mW
optical trap and the noise level of associated with nothing in the trap. The noise
level is two orders of magnitude smaller than the that of a trapped particle across
most of the spectrum.

2.5 QPD Signal to Noise

To check the noise levels associated with the QPD, an auto-spectrum of a 1 µm

polystyrene microsphere in a 100 mW optical trap was compared with the auto-

spectrum of an empty trap using the same power level (see Figure 2.8). The noise is

a minimum of two orders of magnitude smaller than the corresponding signal from

a trapped particle. Figure 2.8 shows the signal to noise ratio of the position sensing

system.
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Chapter 3

Optical Trap Calibration

In the current state of the optical trap, the actuator and sensor are driven and

displayed as voltages. In order to perform quantitative measurements beyond volt-

ages, these signals need to be calibrated. A calibrated sensor allows for displacement

measurements to quantify trapping stiffnesses and forces. While calibration is not re-

quired for control, it does result in a quantitative measurement of displacements and

forces. Each of these calibration methods will be discussed in the following sections,

beginning with FSM calibration.

3.1 FSM Calibration

Calibration of the FSM is needed to accurately manipulate particles in the image

plane in an open-loop configuration. However, calibration is not necessary for force

control. Since force is applied via Hooke’s law, the position of the particle with respect

to the trapping center and the trapping stiffness is all that is needed, but calibration

of voltage to displacement is required to accurately display a non-dimensional transfer

function of the actuator dynamics.

A theoretical conversion of volts to displacement of the trap was determined

previously in Section 2.3.1. A 1 V command signal to the FSM results in a 2.74 µm

displacement at the focal plane. The sensitivity of the system when using a 16 bit

D/A board with a ±10 V range is ∼0.8 nm. To experimentally verify the conversion,

the imaging CCD camera is used to track movement of the laser. First the resolution

limits of the laser on the CCD camera are needed. The resolution limits are defined
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Figure 3.1: Superimposed image of the laser as it is stepped through ±9 V. Every
third laser spot is shown.

by:

R =
0.61λ

NA
, (3.1)

where λ is the wavelength of the trapping laser. In this system the resolution is

0.46 µm. The CCD camera has a pixel size of 8.4× 9.8 µm and is mounted on a

0.5x c-mount. The net magnification at the camera is 31.5x, resulting in resolution

of 14.6 µm. Each pixel is smaller than this, so the system can be used to successfully

image these displacements. Theoretically, 1 µm is equal to 31.5 µm at the camera

plane, resulting in 3.75 pixels per micrometer. A USAF target (Edmund Optics) was

used to calibrate the pixel size experimentally (3.25 pixels per micrometer).

Experimentally, a blank sample slide was placed in the microscope, the IR filter

was removed, and the laser was stepped through integer voltage signals from ±9 V.

Each image was recorded and processed in Matlab to find the centroids. The exper-

imental results show 1 V results in 2.85 µm. The superimposed laser images can be

seen in Figure 3.1. The discrepancy is attributed to small alignment errors which are

difficult to avoidable.

43



Figure 3.2: Coordinate system notation used in the text. x is the lateral displace-
ment from the center of the trap while the rest are spherical coordinates.

3.2 QPD Calibration

There are two methods for sensor calibration that have been explored in this work.

The first method is to directly measure the particle’s position as the stage is scanned

with respect to the laser, while the second method uses the equipartition theorem.

The direct measurement method takes the sensor data and is then curve fit with a

model of the system. First a mathematical model of the system is necessary.

3.2.1 QPD Sensor Modeling

The characterization of the QPD position sensing system is based on basic scattering

theory [102]. This analysis method gives a practical estimate even though it is not

highly accurate for spheres larger than ∼0.5 µm. This is due to the particles being

on the order of the trapping laser wavelength. This was reviewed in depth in the

literature [86] and later expanded for three dimensional position sensing [90], but will

be presented here for completeness. Using a spherical coordinate system centered on

the trap focus (see Figure 3.2), the unscattered electric field is [99]:

E (r) ≈ −ikrw0P
1/2

r (πεscs)
1/2

exp
(
ikrr − k2

rw
2
0θ

2/4
)
exp (−iωt) . (3.2)
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Since the exp (−iωt) term is constant throughout these equations, from this point on

it will be disregarded.

The light entering the focus acts on a microsphere of diameter d = 2a, which is

displaced a distance x from the trapping center. Assuming that x is simply a lateral

displacement, the unscattered field at the position of the microsphere becomes [86]:

E (rs) = E (x) =
2P 1/2

w0 (πεscs)
1/2

exp
(
−x2/w2

0

)
. (3.3)

This takes into account the induced dipole moment of the electric field. Using a

Rayleigh approximation and substituting into Equation 3.3, the scattered field at

large r is [86]:

E ′ (r) ≈ k2
rα

r
E (x) exp (−ikr |r− rs|)

≈ k2
rα

r

2P 1/2

w0 (πεscs)
1/2

exp
(
−x2/w2

0

)
exp (−ikr (r − x sin θ cosφ)) ,

(3.4)

where α is:

α = a3n
2
r − 1

n2
r + 2

, (3.5)

where nr = n/ns is the relative index of refraction, and n and ns are the indices of

refraction of the sphere and solution, respectively. The total intensity is due to the

sum of the scattered and unscattered fields. The change in intensity at an observation

point, assuming the intensity of the scattered field is small, is δI ∝ |E+E ′|2−|E|2 ≈

Re (EE ′∗). Thus, the normalized change in intensity is:

δI

P
(x; r, θ, φ) =

2k3
rα

πr2
exp

(
−x2

w2
o

)
exp

(
−k2

rw
2
oθ

2

4

)
sin (krx sin θ cosφ) . (3.6)

Integrating Equation 3.6 over one half of a QPD placed at a conjugate plane to the

BFP of the microscope condenser, for angles θ ∈ [0, θ0] and φ ∈ [−π/2, π/2], yields
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the change in power due to the interference between the scattered and unscattered

waves:

I+ =

∫ ∫
A+

δI

P
(x; r, θ, φ) dA, (3.7)

where dA = r2 sin θ cos θdθdφ. θ0 is determined by the NA of the condenser. Making

a paraxial approximation, that is, a small angle assumption for θ0, and a series

expansion of the integrand in the above equation results in the following:

I+ ≈
2k3

rα

π
exp

−x2

w2
0

krx

∫ π
2

−π
2

∫ θ0

0

cosφθ2dθdφ

≈ 4k4
rαθ

3
0

3π
x exp

(
−x2

w2
0

)
.

(3.8)

The change in intensity versus displacement is presented in Figure 3.3a. This result

is similar to that presented in Pralle [90]; however, the dependence upon the NA, by

θ0, is explicit here. As the NA is reduced, the sensitivity exponentially decreases (see

Figure 3.4). The sensitivity can be calculated by taking the derivative of Equation

3.8, resulting in:

SQPD =
8k4

rαθ
3
0

3π
exp

(
−x2/w2

0

)(
1− 2x2

w2
0

)
. (3.9)

The sensitivity as a function of displacement is presented in Figure 3.3b. Also, the fact

that the scattered intensity varies inversely with the fourth power of the wavelength

is shown. Due to the dependence on θ3
0, this method requires a large NA in order

to collect as much scattered light as possible, thereby increasing the sensitivity and

accuracy of the system.

3.2.2 Direct Measurement Calibration

The first calibration technique to calibrate the position sensor requires a microsphere

to be adhered to the surface of a slide. This provides a stationary sphere which can
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(a) (b)

Figure 3.3: QPD sensor model for a 1 µm sized microsphere (a) Intensity profile
moving the sphere across the focus of the trap of a QPD position sensing system. The
area around zero can be seen as being almost linear. (b) Sensitivity profile around
x = 0 for the QPD position sensor.

(a) (b)

Figure 3.4: Sensitivity curves as (a) the trapped particle’s radius is increased and
(b) the dependence on NA and sensitivity.
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be moved with respect to the trapping laser. The slide can then be scanned over the

laser while the scanning stage position and QPD output are recorded.

First, a sample slide is prepared by placing a 20 µL drop of microsphere solution

on a coverslip. The microspheres are then adhered to the coverslip by evaporating

the excess water off of the surface using an oven. Next the coverslip is attached to

a microscope slide with a 120 µm thick adhesive gasket (Bioscience Tools). Water

fills the rest of the area to replicate the environment of a sample with free particles.

The sample is then loaded into the microscope and the coverslip is brought into focus

revealing attached microspheres, creating the appearance of a trapped microsphere.

Lastly, the laser is turned on and centered on the microsphere using the position

sensor for confirmation.

The stage (Ludl Electronic Products) is driven by customized C++ code, which

dictates the scan speed and area. The stage operates by driving a threaded mount

with a stepper motor, which has a step size of 50 nm. At startup, the stage is centered

on the microsphere and then it travels to the upper left quadrant of the user defined

grid. Following this step, the stage scans at a constant velocity in the x direction

across and back, steps a prescribed distance in the y direction, and scans the x

direction again. This process is repeated until the scanning area has been covered.

Although secured, occasionally the slide slips with respect to the stage, or may

not be consistent when switching between lateral and vertical movements. The stage

operates in an closed-loop control, so set distance errors may also occur. By scanning

across and back, the errors in the scan can be seen. When the data is unwrapped,

many times the rows are shifted with respect to each other (see Figure 3.5a). In

order to correct for these occurrences, the data rows are split in half. The right half

is flipped and multiplied to the left half. The values of the rows are shifted one place

with the end going to the beginning, then the process is repeated. The diagonals
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(a) (b)

(c) (d)

Figure 3.5: Beam scan of a 1 µm polystyrene microsphere. (a,c) Represent the x
and y scans for the uncorrected scan, while (b,d) are the corrected scans.
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of this product are used since these values correspond to the summation of all the

values squared. The cost function, J , for this process is defined as:

J = diag
(
Im,1:n/2 ∗ ITm,n:n/2+1

)
. (3.10)

Each column of the cost function, J , corresponds to a row shift, executed for half

the number of columns of I. Then the index of the maximum value of each row is

found and all the rows are shifted to these values. The successful correction of errors

associated with a 1 µm polystyrene microsphere can be seen Figure 3.5b.

The graph is fit using a custom curve fitting program according to the theory

presented in Section 3.2.1. The curve is fit using a minimum value search in Matlab

compared to a Frobenius norm of the difference between the experimental and the-

oretical values (see Equation 3.11). The best fit is found according to the intensity

constant, C, x and y offsets, xo and yo, and the x and y beam waist radius, wx and

wy:

δIx
P

≈ C (x− xo) exp

(
− (x− xo)

2

w2
x

− − (y − yo)
2

w2
y

)
. (3.11)

The curve fit matches well with the experimental data as can be seen in Figure 3.6.

The values for the curve fits of other particles are presented in Table 3.1. While the

equation used in curve fitting is not exactly accurate for particles in this range, it does

give an estimate. There are other issues when using this technique, however. If the

particle is not in the same plane as when trapping, the results can be magnified, or

reduced. The results of this method are very sensitive to the location of the imaging

plane. Due to these concerns, another method is used for comparison.
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(a) (b)

(c) (d)

Figure 3.6: Beam scans of 1 µm polystyrene microspheres. (a,c) Represent the x
and y scans while (b,d) are the resulting curve fit of the scans.
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Table 3.1: Results for constants using curve fitting techniques for multiple particles.

Diameter (µm) C wx (µm) wy (µm) xo (µm) yo (µm)
Polystyrene (n = 1.60)

0.5x -0.604 0.527 0.495 -0.036 0.014
0.5y -0.573 0.539 0.461 -0.016 0.029
1.0x -1.481 0.617 0.583 0.009 -0.029
1.0y -1.658 0.636 0.531 0.011 -0.051
5.0x -0.376 2.389 3.280 -0.078 -0.121
5.0y -0.305 2.440 2.863 -0.147 -0.200

Silica (n = 1.46)
1.0x 0.749 0.502 0.586 0.001 -0.003
1.0y -0.613 0.505 0.539 0.016 -0.001

3.2.3 Equipartition Calibration

The second method of sensor calibration uses the equipartition theorem. Microscopic

particles are constantly moving due to thermal fluctuation which result in Brown-

ian motion. Trapped particles are subjected to the same fluctuations, but are in a

potential well which can be characterized as a mechanical spring. Each degree of

freedom in a system has 1
2
kBT of energy, where kB is Boltzmann’s constant and T is

the absolute temperature. For an optical trap, the equipartition theorem is expressed

as:

1
2
kBT = 1

2
k〈x2〉. (3.12)

The area under the curve of the auto-spectrum is the mean-square displacement

of the particle. The variance of the time signal is equivalent to:

〈x2〉 =
kBT
k
, (3.13)

where k is the trapping stiffness. The stiffness, as will be shown in Chapter 4, is

related to the cutoff frequency of the system, Ω, and the hydrodynamic drag of the

particle, γ, by: k = Ωγ. This results in a method to calibrate the sensor by scaling

the magnitude of the mean-squared displacement. This can also be used as a method
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Table 3.2: Comparison between QPD calibration techniques.

Diameter Equipartition Direct Measurement Percent
(µm) (V/µm) (V/µm) Difference

Polystyrene (n = 1.60)
0.5 1.388 1.656 17.6
1.0 0.598 0.675 12.1
5.0 6.229 2.661 80.3

Silica (n = 1.46)
1.0 1.649 1.336 21.0

to calibrate the trapping stiffness. Since the trapped particles in these experiments

are close to the coverslip, additional drag is present. This can be estimated by Faxen’s

law as [88]:

γ =
6πµa

1− 9
16

(
a
h

)
+ 1

8

(
a
h

)3 − 45
256

(
a
h

)4 − 1
16

(
a
h

)5 , (3.14)

where µ is the viscosity of the fluid, a is the radius of the particle, and h is the

distance from the surface.

The steps to use the equipartition method for calibration are to first trap a particle

and take an auto-spectrum of the fluctuation signal. Then the auto-spectrum is

curve fit with a first order system. Using the first order pole, Ω, and the calculated

hydrodynamic drag coefficient, γ, the trapping stiffness, k, can be calculated. Finally

Equation 3.13 can be used to calibrate the position sensor.

A comparison of the two different calibration methods, as presented in Table 3.2,

shows that the model used to curve fit the direct measurement method begins to

bread down for the 5 µm particles. The model for particles 1 µm and smaller are still

reasonable. In practice, the equipartition method is preferred over the direct mea-

surement method due to processing time, as well as errors that arise from improper

experiment setup.
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3.3 Trapping Stiffness Calibration

A calibrated position sensor gives the ability to calibrate the trapping stiffness. There

are three methods which have been examined. They are the drag, equipartition, and

power spectrum methods. Each of these will be discussed below.

The drag method utilizes the viscous drag associated with the aqueous environ-

ment of the trapping chamber. A particle is trapped and the trap is moved in a

triangular or sinusoidal pattern. A triangular input results in a constant particle

velocity while a sine input results in a cosine velocity profile. A force balance of the

system is:

kx (t) = γu̇ (t) . (3.15)

By tracking the displacement of the particle from the center of the trap, x, and

calculating the velocity of the input, u̇, and viscous drag, γ, the stiffness can be

calculated. With this method, the laser can be either moved with respect to the

stage or the stage can be moved with respect to the laser. This method requires a

calibrated actuator and position sensor. The position sensor, however, can operate at

lower frequencies since the excitation frequencies are low compared to thermal noise

measurements.

The equipartition method of trapping stiffness calibration is based on the equipar-

tition theorem as discussed in Section 3.2.3. The energy balanced equation (see Equa-

tion 3.12) typically has two unknowns: the displacement, x, and trapping stiffness,

k. In order to use this method, the position sensor must first be calibrated, so this

method cannot be simultaneously used for both sensor and stiffness calibration.

The last method, which was also briefly mentioned in Section 3.2.3, is the power

spectrum method. A particle confined in an optical trap acts as a first order system

(which will be discussed in detail in Chapter 4). The pole of the first order system,
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Ω, is related to the trapping stiffness by k = Ωγ. By properly curve fitting the

power spectrum of a bead with a known size, the stiffness can be calculated. An

advantage of this method is that the calculation is independent of a calibrated position

sensor. However, in order to use this system, a detector with a sufficient bandwidth

is necessary. Low-pass filtering of the detector signal, even at frequencies larger than

the roll off leads to numerical underestimation of the bandwidth and therefore the

stiffness [100]. Methods of dealing with this underestimation as well as the frequency

dependence on the drag have been developed by Berg-Sorensen and Flyvbjerg [103,

104, 105] and free Matlab software is available for download.
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Chapter 4

Fixed Gain Control

In the previous chapters, the discussion was focused on the design and construction

of an optical trap. The focus now shifts to the dynamics of trapped particles and

controller design.

An optical trap consists of a potential well in which microscopic particles can be

trapped stably. When confined in the potential well, molecules in the fluid medium

are constantly bombarding the particle driving it from the trapping center. These

fluctuations are referred to as Brownian motion. In early experiments optical traps

were used primarily as probes for qualitative measurements. As the technology pro-

gressed and quantitative measurements, such as force measurements, became possi-

ble, methods to reduce Brownian noise became desirable. An optical trap applies

forces based on the position of trapped particles with respect to the trapping cen-

ter. Any deviation from the desired position results in a deviation from the desired

force. By reducing the effects of the Brownian disturbance, the ability to control the

position and forces that optical traps impart improves. This can be accomplished

through feedback control.

In order to have feedback control, two features are necessary: a sensor and an

actuator. Both of these were discussed in detail in Sections 2.2.1 and 2.2.2. The

measured displacements can be fed back to an actuator to control the position of the

trapped particle, creating a position clamp. Using feedback control, a versatile optical

trap can be constructed to control either the position of trapped particles (position

clamp) or, alternatively, apply specified forces (force clamp). It is well understood

that feedback control can result in both positive and negative effects in controlled
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systems, however, the design methods and trade-offs made for the optical trapping

systems reported in the literature are missing. Furthermore, the performance limits

are still unclear. In this section, the dynamics of a particle confined in an optical

trap, the control objectives and performance limits, and the experimental results of

a digitally controlled optical trap capable of being either a position or force clamp,

are explored and presented.

4.1 Dynamics of Trapped Particles

In order to control a system, first an understanding of the system dynamics is neces-

sary. The dynamics are then used for controller design and an analysis of performance

limits. Particles in optical traps are suspended in a potential well that have an equiv-

alent Hookean spring constant, k. The trapped particle is subjected to viscous drag

as well as a fluctuating force. The viscous drag is dependent upon the viscosity of

the fluid, µ, and the size of the particle. For a sphere the viscous drag was defined

in Equation 3.14. The fluctuating force, f̃ , is due to high frequency collisions with

molecules in the fluid resulting in Brownian motion. This force is zero-mean white

noise disturbance with variance defined according to

σ2
f = 2γkBT, (4.1)

where kB is Boltzmann’s constant and T is the absolute temperature of the fluid. It

is convenient to normalize the fluctuating force by the trap stiffness, k, which makes

an equivalent displacement that acts as a disturbance on the system, d̃ = f̃/k. The

variance of the fluctuating disturbance d̃ is:

σ2
d =

2γkBT
k2

. (4.2)
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Figure 4.1: Free body diagram of a particle suspended in an optical trap where x
is the relative displacement of the particle from the trapping laser, z is the absolute
position of the particle, and u is the position of the trapping laser.

The relationship between viscous forces opposing the motion of the particle and fluc-

tuating Brownian forces are described by the fluctuation-dissipation theorem [106].

The resultant system of the trapped particle, fluid, and potential well of the

optical trap is modeled as a spring-mass-damper (see Figure 4.1). The equation of

motion is:

mẍ+ γẋ+ kx = −mü− γu̇+ kd̃, (4.3)

where m is the particle’s mass, x is the relative position of the particle with respect to

the trapping laser, and u is the position of the trapping laser. The absolute position of

the particle, z, is the sum of x and u. In water, the system is highly over damped due

to the dominance of viscous forces over inertial forces. In this case, the eigenvalues

are two first order poles such that:

Ω =
k

γ
� γ

m
, (4.4)

where Ω is the so-called trap bandwidth, or cutoff frequency. For a 1 µm diameter

sphere in water (µ = 10−3 Pa · s; γ = 10−8 Ns/m) and a moderate trapping stiffness
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of k = 0.05 pN/nm, the bandwidth is Ω = 5000 rad/s ≈ 800 Hz.

The system can be converted to a continuous-time frequency-domain represen-

tation by Laplace transforming Equation 4.3 (assuming zero initial conditions). A

frequency-domain transfer function relates the output of the system to the input. For

a discussion of linear systems see Ogata [107]. The input-output relationship for the

particle’s relative position is:

x = G1d̃+G2u, (4.5)

where G1(s) is the transfer function of the relative position, x, to the disturbance, d̃,

and G2(s) is the transfer function from the relative position, x, to the laser position,

u, and s is the Laplace variable. They are defined as:

G1(s) =
X(s)

D̃(s)
=

k

γs+ k
=

Ω

s+ Ω
(4.6)

G2(s) =
X(s)

U(s)
= − γs

γs+ k
= − s

s+ Ω
, (4.7)

with X(s), U(s) and D̃(s) representing the Laplace transforms of x, u, and d̃, respec-

tively. The input-output relationship for the particle’s absolute position is:

z = G1d̃+ (1 +G2)u = G1(d̃+ u). (4.8)

Equation 4.8 illustrates that in order to reject the Brownian disturbance, d̃, the

control input should be such that u = d̃. However, direct cancelation of the Brownian

disturbance, d̃, is not possible since it is unknown and random. This fact places

certain limitations on the achievable performance of the closed-loop optical trapping

system.

The frequency, Ω, ultimately determines the bandwidth of the closed-loop system.

That is, even though a certain choice of actuator (or sensor) may limit the bandwidth

of the control system, the trap bandwidth determines a practical upper limit beyond
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which faster actuators have little effect. In some cases, it may be possible to push

the closed-loop bandwidth beyond the trap bandwidth, but this comes at the cost

of high gain controllers, which typically require a trade-off between robustness and

performance.

4.2 Feedback Control

In many biological and physical applications the trapping laser does not directly

manipulate the specimen; instead a microsphere is tethered to, for example, a motor

protein and used as a handle to measure the molecular motor’s step size or stall force.

Measurement of these values must be achieved in the presence of fluctuating, Brow-

nian disturbances that drive the microsphere from the desired position. Controlling

the microsphere’s position in the presence of Brownian disturbances is fundamentally

a servo control problem. By improving the servo control (i.e., disturbance rejection)

better force control can be attained. Since force is applied via Hooke’s law, main-

taining a constant displacement, or reference position, results in constant force.

The block-diagram configuration of the servo control system implemented in this

work is illustrated in Figure 4.2. The combined actuator/plant transfer function

(GAG2) describes the displacement from the trapping center, x, due to a voltage

applied to the actuator. The absolute position of the trapped particle (the control

variable) is z = x + u. However, the trap position, u, is unknown due to the lack

of reliable position sensors on the actuator. In order to generate an estimate of the

absolute position, ẑ, an estimate of the trap position, û, is fed-forward; this estimate

is ẑ = x+ û. The position error, e, is the difference between the estimated position,

ẑ, and the desired or reference position, r. The performance objective for disturbance

rejection is to minimize the error. Without loss of generality, we can consider the
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Figure 4.2: Block diagram of servo controller for an optical trap using a single laser
for trapping and position sensing. In this block diagram, K is the controller, ĜA is
the estimate of the actual actuator dynamics, GA, r is the desired trapping position,
ẑ is the estimated absolute position, and n is signal noise on the system.

reference r = 0. The closed-loop transfer function from d̃ to ẑ is:

ẑ

d̃
= G1S, (4.9)

where S is the sensitivity defined as:

S =
1

1 +K
(
G2GA + ĜA

) . (4.10)

Of primary interest is the change in the system response, in this case the error,

at a given frequency between the open-loop and closed-loop conditions. This is:∣∣∣∣eol(jω)

ecl(jω)

∣∣∣∣ = |S(jω)| . (4.11)

Thus, the objective for disturbance rejection is to make the sensitivity small. How-

ever, due to analytic constraints on the control system, the position error cannot be

made identically zero. In particular, attenuation by a factor of M over a bandwidth

ω1 can result in amplification elsewhere by as much as Mω1/(Ω−ω1) (see Appendix B).

Errors in the modeled actuator dynamics, ĜA, can produce other errors which

increase the sensitivity of the system. Small amplification of the error at a particular
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frequency is not necessarily a problem. Of interest in many problems is the root-

mean-square (RMS) response, which feedback control can reduce. Controllers that

minimize the RMS response can be found using the well established tools of H2

control theory.

The plant transfer function G1 is stable and minimum phase, and controlling it

is not difficult. In practice, however, the realities of computational delays, additional

phase delays due to electronics, and finite bandwidth actuators make the overall

problem more difficult. When optical traps are used to measure and apply forces

to biological molecules, these forces (or equivalently displacements) are commonly

applied as either step or ramp inputs to the system. The loop-gain, L = K(G2GA +

ĜA), which is nominally KG, ultimately determines the characteristics of the closed-

loop system, and in particular determines the steady-state error. A Type I loop-gain

(one free integrator) ensures zero steady-state error when tracking step inputs, and

finite steady-state error when tracking ramp inputs, while a Type II loop-gain (two

free integrators) ensures zero steady-state error when tracking ramp inputs [108].

Force ramp inputs are commonly used in the technique of dynamic force spectroscopy

(DFS), where the quantity of interest is the loading rate, ḟ , tracked with zero steady-

state error.

In order to evaluate the limits of performance, we will assume the ideal plant with

an ideal controller (G = GAG2 + ĜA, where G = G1). The relative degree of the

loop-gain must be greater than or equal to the relative degree of the plant, in this

case the relative degree is 1. We will assume Bode’s ideal loop-gain:

L(s) =
ωc
s
, (4.12)

where ωc is the crossover frequency; this frequency determines the bandwidth of the
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closed-loop system. The ideal controller is:

K(s) =
L(s)

G(s)
= α

(s+ Ω)

s
. (4.13)

This is a PI controller with proportional gain α = ωc/Ω. The ideal loop-gain has an

infinite gain margin and a 90◦ phase margin. The pole at the origin of the loop-gain

results in a zero at the origin in the closed-loop sensitivity and perfect disturbance

rejection of DC disturbances.

The sensitivity and complimentary sensitivity are:

S(s) =
s

s+ ωc
(4.14)

T (s) =
ωc

s+ ωc
. (4.15)

Note that T is the transfer function from d̃ to u; that is, it quantifies the influence

of Brownian fluctuations on the motion of the trapping beam. The transfer function

from d̃ to z is:

GS(s) =
Ωs

(s+ Ω)(s+ ωc)
. (4.16)

With feedback control, the mean-squared displacement and trap position are:〈
z2
〉

= ‖GS‖2
2 σ

2
d =

1

1 + α

kBT
k

(4.17)

〈
u2
〉

= ‖T‖2
2 σ

2
d = α

kBT
k
. (4.18)

In order to get a significant reduction in the mean-square bead position, the pro-

portional gain must be large; equivalently, the crossover frequency must be greater

than the trap bandwidth. However, the gain cannot, in fact, be made arbitrarily

large. Additional dynamics not accounted for in this simplified model limit the avail-

able bandwidth. This fact in combination with the analytical constraint of the Bode

Sensitivity Theorem limit the gain (see Appendix B).
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The influence of measurement noise, resulting, for example, from shot noise on

photodiodes or Johnson noise on the feedback resistor of the current-to-voltage am-

plifiers, is important as well. The transfer function from n to z is T , which is unity

within the control bandwidth. Thus, the absolute motion of the trapped particle will

track the noise making accurate measurements of the particles position critical. The

transfer function from measurement noise n to u is:

KS(s) = α
s+ Ω

s+ ωc
. (4.19)

This transfer function is proper and therefore does not have a well defined 2-norm. As

such, broadband measurement noise will be passed directly through the system. Of

particular interest is the response at high frequencies, ω � Ω, ωc, where |KS(jω)| =

α. A large gain then results in motion in the trap proportional to the measurement

noise. This is not necessarily a problem provided the measurement noise is small.

The relative motion of the particle in the trap is important as well because if it

too large its motion could be large enough to make the trapped particle exit the trap,

an obviously undesirable result. The transfer function from d̃ to x and n to x are:

x

d̃
= GS(1 +K) =

(Ω + ωc)s+ ωcΩ

(s+ Ω)(s+ ωc)
(4.20)

x

n
= KS(1−G) =

s

s+ ωc
. (4.21)

Here we see that within the control bandwidth, the response of x due to measurement

noise is small within the control bandwidth, an expected result since the absolute

position must track the measurement noise as discussed previously. However, above

ωc the particle will track the measurement noise directly.

The response of x to d̃, however, is more complex. The d̃ to x transfer function

has a zero at ωc/(1 + α) at a frequency below the trap or control bandwidths, Ω

and ωc. At very low frequencies, less than ωc/(1 +α), the trapped particle will track
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the Brownian fluctuations with unity gain. In the frequency range between the real

poles, −ωc and −Ω, the relative motion will have its peak response, which depends

upon the gain α and can be approximated as

‖GS(1 +K)‖∞ '


1 + α α < 1

2/
√

3 α = 1

1 + 1/α α > 1

, (4.22)

which implies that the Brownian fluctuations are amplified in this range, but at most

by 2/
√

3 ' 1.15. A reasonable specification is to require the RMS response of the

relative motion to be less than the maximum allowable deflection, typically the trap

radius a. We can approximate the mean-square response to be:

〈
x2
〉
' (1 + α)2kBT

k
< x2

max. (4.23)

This relationship can be rewritten to provide an upper bound on the gain α:

α <
xmax − xrms

xrms

, (4.24)

where xrms =
√
kBT/k is the open-loop RMS response to the Brownian fluctuations.

In practice, this limit is higher than might be necessary. For example, for a 1 µm

diameter bead and a moderate trap stiffness of 0.05 pN/nm the upper bound is

α < 55. For traps with very low stiffness, often used to measure very small forces,

the upper bound is much tighter. In this case it is insightful to consider the lower

bound on the stiffness for a given gain. For the same bead and a gain of α = 1, the

lower bound on the trap stiffness is 60 · 10−6 pN/nm, within the achievable range of

trap stiffness, 10−7–1 pN/nm [60]. Thus, the gain must be limited, particularly when

very low stiffness optical traps are being used.
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4.3 Experimental Methods

The optical trap was built according to Section 2.3 with an inverted microscope and

a Nd:YAG laser at 1064 nm (see Figure 2.4). The actuator is a fast steering mirror

(FSM) which controls the position of the trap in the specimen plane. The FSM

provides more than adequate bandwidth (as will be shown later) for feedback control

and is implemented in the system to insure that the full dynamic range of the FSM

is utilized. The position sensor is a quadrant photodiode (QPD) which uses the

trapping laser for position sensing. It is important to note that this configuration

detects the relative motion of the trapped particle from the laser, x, and not the

absolute position of the particle, z. The intensity and relative displacements, x and

y, are then anti-aliased and digitized using a dSPACE data acquisition board. A

digital controller was built using Matlab’s Simulink and implemented using dSPACE

ControlDesk. The system can be operated in an open or closed-loop mode, switching

between the two in real time. The main advantage of using a digital controller is

the quick turnaround between designing a controller an implementing it, making the

system easily configurable for specific experiments. The fast implementation time

also allows multiple controllers to be tested in order to find the optimal controller.

The open-loop plant dynamics, described by G1, were experimentally determined

using the power spectrum method. A 100 mW laser beam entering the trapping

objective was used to trap a 1 µm polystyrene microsphere approximately 5 µm from

the surface in an effort to minimize the wall effects. The random fluctuations of the

microsphere were detected on the QPD position sensor and then curve fit using the

mathematical model of the system according to Equation 4.6 (see Figure 4.3). A

second pole was detected at approximately 11 kHz, and was accounted for during

curve fitting; this pole was due to the dynamic effect of sensing an IR laser with a
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Figure 4.3: Power spectral density of a 1 µm polystyrene microsphere in a 100 mW
optical trap and the corresponding curve fit. The curve fit of the system has a cutoff
frequency of 683 Hz. A second pole at 11.1 kHz was found due to the dynamic of
sensing an IR laser with a silicon photodiode.

silicon photodiode [109, 110].

The position of the laser, u, is determined by making a model to estimate the

actuator’s dynamics. This was necessary due to the lack of adequate position sensors

on the FSM. The actuator dynamics were determined by centering the trapping laser

on a microsphere that was adhered to the slide surface and mimicking the appearance

of a trapped microsphere. This effectively removed the dynamics of a free bead

and left only the dynamics of the actuator with the laser and QPD as the position

sensor. A broad band noise source was then used to excite the system and produce

the actuator’s transfer function. This model was then curve fit with a fourth-order
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Figure 4.4: Bode diagram of the actuator dynamics, GA, and the corresponding
curve fit, ĜA. The dynamics were obtained using a 1 µm polystyrene microsphere
adhered to the slide surface to remove the particle dynamics and a 100 mW laser
beam. The curve fit was performed manually and is of the form presented in Equa-
tion 4.25.

model (see Figure 4.4):

GA(s) = g
(s+ z1)

(s+ p1)(s+ p2)(s2 + 2ζωns+ ω2
n)
, (4.25)

where z1 is a zero, g is a gain, p1 and p2 are poles, ωn is the natural frequency and

ζ is the damping coefficient. This was the simplest model that closely matched the

magnitude and phase of the transfer function. It is important to note that ĜA is

a model of GA, and is subject to errors, which could be due to poor system iden-

tification, non-linearities (such as using a circular beam on a QPD), high-frequency

dynamics, and variations of the plant with respect to time, among others.
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Figure 4.5: Loop-gain (L), sensitivity (S), and complementary sensitivity (T) of
the closed-loop system consisting of a 1 µm polystyrene microsphere trapped in a
100 mW laser beam. L and T were measured experimentally while S was calculated
from L.

The designed controller is a PI controller, type I with zero steady-state error when

tracking step inputs. To increase bandwidth and stability margins, a notch filter was

included in the controller in order to decrease the effect of the actuator dynamics.

This notch filter is centered at the actuator’s natural frequency, decreasing the ac-

tuator’s resonant peak seen in the loop-gain while maintaining a unity magnitude

elsewhere (see Equation 4.26).

K(s) = gc
s+ ac
s

(
s2 + 2ζnωns+ ω2

n

s2 +
(
α+ 1

α

)
ωns+ ω2

n

)
(4.26)

The resulting loop-gain has a gain margin and phase margin of 12 dB and 77◦,

respectively (see Figure 4.5 for the loop-gain, sensitivity, and complementary sensi-
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Figure 4.6: Auto-spectrum comparison of the open- and closed-loop systems for a
1 µm polystyrene microsphere trapped in a 100 mW laser beam.

tivity functions of the system). The achieved bandwidth is ∼150 Hz. The sensitivity,

S, dictates closed-loop disturbance rejection. While the controlled system suppresses

disturbances (e.g., from Brownian fluctuations) at low frequencies, the bead’s motion

tracks disturbances at high frequencies. Near the cross-over frequency, disturbances

are amplified as seen in the bead’s motion. It should be noted that this is a conse-

quence of any feedback control scheme as described by the Bode Sensitivity Theorem.

Such effects can be reduced by using a less aggressive controller (lower gain and lower

bandwidth) but come with the cost of lower performance.

The experimental comparison of the open- and closed-loop results are presented

in Figure 4.6. As expected the closed-loop system rejects disturbances at lower fre-

quencies, but amplifies fluctuations near the cross-over frequency. With control, the
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overall RMS displacement of the bead is 7 % higher than without control — again,

such a change is a consequence of any control system, the degree depending upon the

aggressiveness of the controller.

4.4 Discussion

Clearly, if the controller is not designed properly it could have a deleterious effect

on the desired operation and use of an optical trap. While the controlled system,

as presented in this chapter, has a 7 % increase in the RMS displacement, the low

frequency response of the system performs much better than its open-loop counter-

part. It should be observed, however, that the consequences of the Bode Sensitivity

Theorem, the amplification near the cross-over frequency, do not necessarily imply

negative or unusable results during experimentation. Provided the bandwidth of the

experiment is below the cross-over frequency, then such effects will not appear in the

measured signal.

Furthermore, experimental data is often low-pass filtered in order to minimize

the high frequency component of Brownian motion. The filtering of data has been

used in the past when making biological position and force measurements. Because

the relevant signal is at lower frequencies, many experimental measurements do not

require a high bandwidth of operation. When measuring the step size of kinesin,

Svoboda et al. [20] filtered the data at 15 Hz, while Molloy et al. [111] studied the

mechanics of myosin which has rate constants on the order of 20 Hz. Many other

biological applications are conducted at video camera rates, which are on the order

of 30 Hz [9, 12] depending on the camera. Visscher et al. [17] created the first force

clamp in which the system was sampled at 20 kHz, and the data was filtered at

190–210 Hz. This is on the order of the bandwidth of the system presented here.

We digitally filtered the measured data and analyzed the effect on the RMS dis-
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Figure 4.7: Auto-spectrum of the absolute position of a trapped 1 µm polystyrene
microsphere for the open- and closed-loop systems after digital filtering. The signals
are filtered with a fifth order low-pass Butterworth filter with ωc = 90 Hz.

placement. By applying a fifth order low-pass Butterworth filter with ωc = 100 Hz

to Figure 4.6, the closed-loop system has a 20 % decrease in RMS displacement com-

pared to the closed-loop system. By lowering the filter’s cutoff frequency to 50 Hz,

the closed-loop RMS displacement is half the open-loop RMS displacement (see Fig-

ure 4.7). The lower the cutoff frequency, the larger the increase in performance. As

can be seen, the closed-loop system successfully rejects low frequency disturbances.

4.5 Summary

Optical traps use light to exert forces on microscopic particles, resulting from the

change in momentum of the light as it is refracted through a particle. The magnitude
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of these forces is small, and is a function of the position of particles held in the optical

trap, characterized by the trapping stiffness. A feedback control scheme using a QPD

position sensor and an FSM actuator was successfully implemented to control the

position of the trapped particle. While the controller amplified some of the high

frequency content, the filtered closed-loop system clearly outperformed its filtered

open-loop counterpart over the desired bandwidth of operation.

This system can also be easily converted to a force clamp optical trap. The only

modification to the system is to change the reference position, r (see Figure 4.2),

from zero to a non-zero number. By multiplying this constant displacement by the

calibrated trapping stiffness k, a constant force is applied. Since the controller is

implemented digitally, it is easily configurable to the specific experiment being con-

ducted.

This chapter also discussed some of the fundamental limits to performance for

feedback control of optical traps using an ideal, nominal plant, G(s) = Ω/(s + Ω),

and Bode’s ideal loop-gain, L(s) = ωc/s, where Ω is the trap bandwidth and ωc

is the control bandwidth. This loop-gain achieves disturbance rejection within the

bandwidth (0, ωc) and perfect disturbance rejection at zero frequency, tracking a step

response with zero steady-state error. The resulting controller is K(s) = α(s+ Ω)/s

and performance is determined by the proportional gain α = ωc/Ω. Larger gains

result in a smaller mean-square position response, but are limited by the allowable

motion of the trap. In particular, the motion of the trapped particle cannot exceed

the bounds of the trap.
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Chapter 5

Adaptive Control

Prior to this work, control techniques associated with optical traps have been of the

classical approach of trap calibration and control. Calibration was approached by

determining the bandwidth of a single particle and expanding this calibration to all

similar particles, while the controllers were typically simple, constant gain feedback.

Chapter 3 presented the calibration techniques while Chapter 4 detailed the design of

a constant gain controller. Even though the controller is simple, careful consideration

and analysis must be done to ensure stability and suitable performance.

With the classical methods, every particle has been approached as if identical,

however, not all particles are uniform. The change in momentum of light results

in a force exerted on a particle that is a function of how the light is diffracted and

reflected as it passes through the particle. By switching between particles of different

size, index of refraction, or by changing the laser power, the diffraction and reflection

is changed. This results in different trapping stiffnesses and bandwidths for differing

particles. Figure 5.1 illustrates this by showing a single particle trapped at multiple

power levels as well as different particles trapped at the same power setting. The

bandwidths, and hence the stiffnesses, vary dramatically, as can be observed by

viewing the auto-spectrum of the data.

When designing controllers specifically to control trapped particles, the change

in bandwidth and stiffness is a direct change in plant dynamics. Even particles from

an identical sample set can have small variations that result in a change of stiffness.

This can lead to inappropriate controllers being used on trapped particle. While this

may not cause instability, it may result in less than optimal results. This is especially
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(a)

(b)

Figure 5.1: Examples of changing plant dynamics by varying trapping power and
particle size. (a) A 1 µm polystyrene sphere trapped at power levels varying from
100 mW to 400 mW. (b) Multiple particle sizes (0.5, 1, 5 µm) and indices of refraction
(polystyrene and silica) trapped with the same power.
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critical when considering that force measurements use feedback control to regulate

the forces applied to the trapped particles, and that changes in the system, such as

the stiffness, alter the system dynamics and the performance of the closed-loop plant.

However, controller design is a time consuming process, which, in general, requires

prior knowledge of the system to be controlled as well as design methods. For an

optical trap, the plant includes the trap/particle system and the actuator, which in

this case is a fast steering mirror (FSM). In order to control the absolute position

of the trapped particle, knowledge of the position of the trap is necessary. In prin-

ciple, this can be determined from the position of the FSM, but the dynamics of

the mirror’s electromechanics must be known. System identification of the plant’s

various sub-systems can be done by manual curve fitting, or by using time domain

curve fitting tools as presented in the previous chapter (See Chapter 4). A controller

can then be designed by loop shaping or tuning methods, such as Ziegler-Nichols

tuning for PID controllers. A poorly designed controller can have detrimental effects

on system performance or, in the worst case, cause instability. Potentially chang-

ing plant dynamics and the time required to design a controller manually motivate

a method to automate the process of system identification and stiffness calibration.

More importantly, as researchers attempt to push the accuracy and speed of response

of optical traps in biological and molecular experiments, methods must be developed

that can account for changes in the instrument or in the experiment and adjust the

controller accordingly.

In this chapter a method of adaptive system identification and control that au-

tomatically updates the controller for each particle and for temporal changes that

occur while trapping. An adaptive controller allows an optical trap’s control scheme

to adjust to changes in system dynamics resulting from changes in particles and trap-

ping stiffness. Additionally, the process of calibrating the optical trap is automated.
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The plant dynamics can be used to locate the cutoff frequency of the trap, which can

be used for stiffness calibration, similar to the power spectrum method. The method

presented here is based on an adaptive least-mean-square (LMS) algorithm, which

adjusts the weights of a tapped delay line using a gradient descent method [112, 113].

The identified model is a high order finite impulse response (FIR) filter. The filter

order is then reduced using balanced model reduction, giving the cutoff frequency

(system pole).

The reduced order model is used in a filtered-x LMS algorithm to determine the

actuator dynamics. The identified trap and mirror systems are used in an internal

model control scheme to implement an adaptive controller for servo-control of trapped

particles. This results in a controller designed specifically for each particle, actuator,

and environmental conditions at the time of the experiment. This method enhances

the design of optical trap controllers through adaptive techniques for servo control of

trapped particles as well as force control. This method has an advantage over other

techniques in that it is quick, does not explicitly require operator interaction, and

can be acquired in real time.

5.1 Adaptive Least-Mean-Square Algorithm

Adaptive filters are the functional component of the adaptive system identification

and adaptive control approaches. The adaptive system identification method and

controller design uses the least mean-square (LMS) algorithm [112]. Unlike other

adaptive filtering algorithms, LMS does not require measurement of correlation func-

tions or matrix inversion, making it the simplest of the stochastic gradient-based

algorithms [113]. The simplicity of the method is the reason for its use. The LMS

algorithm is a stochastic gradient-based algorithm that adapts the weights of a FIR

auto-regressive filter. The FIR filter is a discrete time filter in which the output is the
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Figure 5.2: Transversal or tapped delay line filter where u(n) is the input, y(n) is
the output, z−1 is a time step delay, and w is the tap weights.

sum of the incrementally time step delayed inputs where each time step is multiplied

by a tap weight (see Figure 5.2). This is also known as a transversal or tapped delay

line filter. Discrete time transfer functions are in the z-domain where z−1 represents

a single time step delay while z−m represents an mth time step delay. For an mth

order FIR filter with weights according to w = {wi}i=0:m−1, the output of the filter

y at a discrete time step n is defined as:

F : y(n) = w′(n)u(n) = w0u(n) + w1u(n− 1) + · · ·+ wm−1u(n−m+ 1), (5.1)

where u(n) = [u(n), u(n− 1), · · · , u(n−m)]′ is the vector of tap delayed inputs. The

weights are adapted to minimize the error, e, of the system, which is dependant upon

the particular system identification or control problem. The mean-squared error cost

function is defined as:

J = 1
2
E
{
e(n)2

}
, (5.2)

where E { · } is the expected value. The cost function is quadratic in w, creating a

surface on which a unique global minimum can be found using a gradient descent

method. To minimized the cost function, the tap weights are adjusted in the negative

gradient direction of the cost function. The minimum is achieved when the gradient

is zero,

∇J = −E {u(n)e(n)} = 0; (5.3)
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that is, when the filter error and tap input are orthogonal. Since determining the

expected value in the gradient is difficult, an instantaneous estimate of the gradient

is used. The instantaneous estimate of the gradient vector of the cost is:

∇w =
∂J

∂w
' ∂e(n)

∂w
e(n). (5.4)

In the LMS algorithm, and the weight update equation is:

w(n+ 1) = w(n) + µu(n)e∗(n), (5.5)

where µ controls the step size. The system identification of the plant and actuator,

as well as the controller design are all constructed using a variation of this algorithm.

5.2 LMS Approach to System Identification

5.2.1 Plant Identification

The transfer function of the plant dynamics of a particle suspended in a trap are

identified using the LMS algorithm in a series arrangement (see Figure 5.3). Typically

a known signal is input to the plant. The output of the plant is then the input to the

adaptive FIR filter, and the output of the adaptive filter is compared with the input

to the plant. In this arrangement, the adaptive filter is a ‘best’ inverse of the plant

transfer function. In the case of a particle in an optical trap, the input to the plant

(the dynamics describing the motion of the particle) is not known since it is a result of

fluctuating forces associated with Brownian motion. However, the orthogonalization

property of the optimal filter still holds, and for a desired d = 0, the action of the

adaptive filter on the measured particle motion will still be to orthogonalize the filter

error. The adaptive filter whitens the error’s auto-spectrum, forcing the adaptive

filter to invert the plant. The weights must be constrained since the error can be
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Figure 5.3: A block diagram of adaptive inverse modeling used to identify the plant
dynamics G using the adaptive filter F . The LMS block contains the weight update
equation (Equation 5.5). Typically, the disturbance, d, is known, but since this is a
fluctuating Brownian force, it is unknown. However, constraints on the filter weights,
w, ensure that the adaptive filter converges to the inverse of the plant (to within a
constant).

made arbitrarily small by making all weights small uniformly. In order to constrain

the weights, the zeroth weight was constrained to unity, w0 = 1, and the remaining

m weights were allowed to adapt.

Since the identified model is achieved in a series configuration, the resulting dis-

crete time filter is an inverted representation of the transfer function. In the z-domain,

the resulting model of the plant is:

Ĝ(z) = F (z)−1 =
1

1 + w1z−1 + w2z−2 + ...+ wm−1z1−m , (5.6)

and the zeros of the FIR filter represent the poles of the system. There is no guarantee

that the resulting model, Ĝ(z), is stable since the zeros of the FIR filter could be

anywhere in the z-plane; but this is not important in this situation since the objective

is to match the frequency response of the plant with a mathematical model, and to

then use the model to determine the cutoff frequency of the plant, and ultimately

the stiffness. It is important to note that this configuration only finds the poles of

the system and not the magnitude of the response, which is not necessary in order

to characterize the dynamics or determine the stiffness of the system.
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The plant is a first order system, so ultimately the dynamics can be characterized

using a single tap delay. However, if a single tap delay is used to find the charac-

teristic pole of the system, noise in the system often leads to an underestimation of

the characteristic pole. The order of the filter necessary to match these dynamics,

as determined experimentally, is typically 3–10. In order to determine the cutoff

frequency of the plant, the identified model in equation 5.6 must first be reduced. In

this work, a balanced model reduction [114] was used to reduce the system to a first

order system (see Appendix C). A frequency weighted balancing approach was also

tested for comparison, but both methods gave similar results. Reducing the model

eliminates unnecessary states and, in general, retains the important characteristics

of the system’s frequency response by retaining only those states that contribute to

signal throughput as measured by the Hankel singular values.

5.2.2 Actuator Identification

A method of determining the actuator dynamics without adhering the particle to

the slide surface is required to identify the actuator in real time. Since the particle

dynamics are coupled to the dynamics of the actuator when measuring the output of

the QPD, the actuator and plant dynamics need to be separated from each other. This

is accomplished adaptively using a filtered-x approach. Determining the dynamics of

the actuator serves two purposes. The first is that a model of the actuator dynamics

are necessary to implement a controller. The second is that the controller is setup in

the same manner as presented in Chapter 4; the actuator dynamics are fed forward

for an absolute position measurement of the particle. When setting up either a

system identification or a controller using an LMS algorithm in which the plant is the

product of two or more systems that require decoupling, a filtered-x LMS approach

is used [112]. This technique is illustrated as follows: let G2 be the plant dynamics,
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Ĝ2

x e

LMS

−Ĝ2
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Figure 5.4: A filtered-x LMS model-matching scheme for estimating the actuator
dynamics. Here, G2 is the plant dynamics, Ĝ2 the estimated plant dynamics, and F
the FIR filter to replicate the actuator dynamics, GA.

Ĝ2 the estimated plant dynamics, and F the FIR filter to replicate the actuator

dynamics, GA. The model is identified in a parallel configuration (see Figure 5.4).

The parallel configuration results in a discrete time domain transfer function which

does not require inversion, as is necessary in a series configuration. Also the input into

the actuator can be directly measured so none of the states need to be constrained.

The filter is defined as:

F (z) = w0 + w1z
−1 + w2z

−2 + ...+ wM−1z
1−M , (5.7)

where z is the laplace operator and w represents the tapped delay weights. The error

is e =
(
GAG2 − FĜ2

)
v, which results in a gradient vector:

∂e

∂wn
= −Ĝ2z

−nv(n). (5.8)

To simplify the notation, we will define x = Ĝ2v(n), where x is the so-called filtered-

x signal. Substituting this into Equation 5.4, the gradient vector becomes ∇w =

−exz−n, where z−n represents a tap delay line. Therefore, −Ĝ2 must be fed into the

LMS update block (see Figure 5.4). The adaptive LMS algorithm is setup in parallel

and the resulting FIR filter is a discrete time model of the actuator dynamics. The
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weights are updated in the direction opposite the gradient of the cost according to:

w(n+ 1) = w(n)− µx(n)e(n), (5.9)

where µ is the step size.

5.3 Adaptive Control

To this point, all of the discussion has centered on the LMS algorithm and how to

use it for system identification. Now the focus will shift to the implementation of

an adaptive controller and how it compares to a traditional feedback controller. The

basis of the controller is to identify the disturbance and use this signal as the control

input. The general system has dynamics according to G, with command input u

(see Figure 5.5). The system has an output dependent upon a disturbance and the

system dynamics, y = Gu+ d. Ideally the disturbance can be measured directly, but

in this case, the signal is unknown. In order to determine what the disturbance is,

the command input is fed forward through a model of the plant, denoted as Ĝ. This

results in an estimate of the disturbance, d̂. Once the disturbance is estimated, this

can be filtered, in this case by Q, and fed directly into the system dynamics as a form

of disturbance rejection, where Q is a feed forward controller.

The set of all stabilizing controllers for the plant G = GAG1 can be parameterized
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Figure 5.6: An internal model control scheme for the adaptive controller. The free
parameter Q is adapted using the filtered-x LMS algorithm to minimize the weighted
mean-squared error.

as:

K =
Q

1 +GQ
Q stable. (5.10)

The free parameter, Q, can be generated with any stable filter, such as an adaptive

FIR filter. In this case the frequency weighted closed-loop error is:

e = W (1 +GQ)d, (5.11)

with the weight W large at frequencies requiring disturbance rejection and small

elsewhere. This is used since solving the update equation at all frequencies is difficult.

Here, the frequency weight is a discrete-time low-pass filter W : e(n) = ae(n − 1) +

z(n), where a is the filter cutoff. Figure 5.6 shows an equivalent block diagram for this

adaptive control scheme. We can interpret this parameterization as an estimation of

the disturbance, d̂, using an estimate of the plant, Ĝ. The estimated disturbance can

then be fed forward, in a model matching scheme, to minimize the error. Adaptation

of the Q parameter is done using the filtered-x LMS algorithm, where x = WĜAĜ1d̂.
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The controller presented here, Q, is fundamentally a feedback problem that is

constructed as a feed forward problem. This can be illustrated to compare it directly

to the fixed gain controller presented in Chapter 4. In this case, the input is u = Qd̂,

which after some block diagram algebra, can be converted to u = Q
(
y − Ĝu

)
. This

can be rewritten as a single-input/single-output (SISO) system:

u =
Q

1 + ĜQ
y. (5.12)

This can be converted to a feedback controller K = Q

1+ĜQ
. In order to make the

system adaptive, Q is an FIR according to Q =
∑
wiz

−i, that is updated using an

adaptive LMS algorithm.

5.4 Experimental Methods and Results

The experiments were conducted using a custom built optical trap based on an in-

verted microscope and a Nd:YAG laser operating at 1064 nm. The actuator is a fast

steering mirror (FSM) and the displacements of the trapped particle are determined

using the forward scattered laser projected onto a quadrant photodiode (QPD). This

is the identical design as presented in Section 2.3 (see Figure 2.4). Since this sens-

ing arrangement tracks displacements from the center of the trapping laser, and not

absolute displacements, the actuator dynamics are fed forward and summed with

the QPD position sensing system, as outlined in Chapter 4. The system identifi-

cation and adaptive controller algorithms were designed in Matlab’s Simulinkr and

compiled onto a dSPACE D/A board for implementation and data acquisition. The

software produced a normalized displacement signal and calculated the filter weights

in real time.

In order to test the capabilities of the adaptive system identification method, mul-
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tiple particles were trapped in varying power levels. Four different particles were used

to test the algorithm: 0.5 µm, 1 µm, 5 µm polystyrene and 1 µm silica microspheres.

The multiple sizes of polystyrene tests the system with different sized particles while

the silica microspheres allows the comparison of different refractive indexes. The par-

ticles also give a wide range of cutoff frequencies for which to compare. The particle

displacement was sampled at 12.8 kHz and anti-alias filtered before being digitized.

The auto-spectrum data was plotted for comparison with the adaptive LMS model.

The system model was reduced using a balanced model reduction after collection of

the experimental data (see Appendix C).

The experimental procedure was to trap each particle 5 µm above the coverslip

(10 µm for the 5 µm spheres) in order to minimize the wall effects and to gain an

accurate representation of the particle. Adaptive system identification used three

tapped delays (m = 3). Multiple delays, from 1 to 10 were tested, and 3 was the

smallest size that accurately captured the system dynamics. The step-size, µ, was set

to 0.08. The adaptive system identification program was then executed and allowed

to run for 1 min to allow the weights to converge. The particles with higher cutoff

frequencies converged in less time, but 1 min was used for consistency. The movement

of the particle was tracked on the QPD and recorded, as well as the final value of

the weight vector. The resulting identified plant transfer function was then reduced

to a first order system and plotted with the actual auto-spectrum of the data. The

magnitude of the reduced order model was fit using the equipartition theorem. As

can be seen in Figure 5.7, the modeled system accurately tracks the cutoff frequency

as well as the magnitude.

The compiled results of the system identification for the multiple particles are

presented in Table 5.1. The cutoff frequencies vary from 17 Hz for the 5 µm to

4213 Hz for the 0.5 µm microspheres. The cutoff frequencies were used to determine
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(a)

(b)

Figure 5.7: Examples of changing plant dynamics depending on trapping power and
particle size. (a) 1 µm silica sphere trapped in 100 mW, Ω = 282 Hz. (b) 0.5 µm
polystyrene sphere trapped in 100 mW, Ω = 740 Hz
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Table 5.1: Resulting bandwidths and stiffnesses for various particle diameters.

Diameter Power Bandwidth Stiffness
(µm) (mW) (Hz) (pN/nm)

Polystyrene (n = 1.60)
0.5 100 740 0.023
0.5 400 4213 0.128
1.0 100 780 0.049
1.0 200 1977 0.124
5.0 100 17 0.006

Silica (n = 1.46)
1.0 50 81 0.005
1.0 100 282 0.018

the trapping stiffnesses according to k = Ωγ. These results are comparable to those

achieved previously [74].

To identify the actuator dynamics and design the controller, only 0.5 µm, 1 µm

polystyrene and 1 µm silica microspheres were used. The small bandwidth of the

5 µm particles made identification and control difficult. Differing power levels for

different trapping stiffnesses were tested for a wide range of cutoff frequencies for

comparison. In these experimental results, the signals were sampled at 6.4 kHz and

anti-alias filtered before being digitized.

The actuator dynamics were identified by driving the actuator with pink noise.

Pink noise is characterized by a power spectral density that is inversely proportional

to frequency (1/f), while white noise is constant across all frequencies. This was

necessary since the low frequency content is much harder to account for with the

plant G2 acting as a high-pass filter. This gave a more even noise level and improved

low frequency coherence while maintaining high frequency content.

When the particle is excited with pink noise, the QPD signal is the combination

of the plant and actuator dynamics (i.e. G2 and GA, respectively). The forced plant,

G2, was used in a filtered-x method to build the actuator model in parallel. The FIR
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Figure 5.8: Actuator identification results for a 1 µm polystyrene microsphere
trapped in 100 mW laser. The actuator identification includes sensor dynamics and
changes in dynamics due to different particle sizes and materials.

model is constructed using 50 tap delay lines with a step size, µ = 0.02, and allowed

2 min to converge.

The system identification results for a 1 µm polystyrene sphere trapped in 100 mW

laser can be seen in Figure 5.8. The actuator dynamics take into account the dif-

ferent calibration levels for different particles that are trapped. Since this is lumped

in with the actuator dynamics, and the forced plant model G2 converges to unity at

infinity, the magnitude of the actuator dynamics fluctuate depending on the particle

trapped. All of the other plant dynamics models were similar to the ones presented

in Figure 5.8 except for changes in magnitude.

The plant and actuator dynamics are used to build the disturbance signal esti-
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Figure 5.9: The open- and closed-loop results for a 1 µm polystyrene microsphere
trapped in 100 mW laser.

mate. The disturbance signal estimate is d̂ = z − ĜAĜ1v (see Figure 5.6), and the

error used to direct the filtered-x LMS algorithm is e = Wz = W (1 + GAG1Q)d;

accordingly, the filtered-x signal is: x = (WĜAĜ1)d̂. The disturbance is weighted by

W to focus on the lower frequencies by low-pass filtering the signal at 20 Hz. The

optimal results were given for µ = 5 · 10−4 with 50 tap delays.

The control results for a 1 µm polystyrene sphere trapped in 100 mW laser can

be seen in Figure 5.9 and the compiled results are presented in Table 5.2. The net

RMS displacement for the open-loop versus closed-loop results show a decrease in the

performance when control is introduced. This result, however, is deceiving. As can

be seen in the 1 µm polystyrene results, the low frequency performance is consider-
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Table 5.2: Open-loop and closed-loop RMS displacements of particles trapped under
multiple power levels. The open- and closed-loop results are filtered at 90 Hz.

Power Bandwidth Uncontrolled RMS Controlled RMS Percent
(mW) (Hz) (nm) (nm) Improvement

0.5 µm Polystyrene (n = 1.60)
100 486.49 6.00 5.89 1.97
200 1456.52 2.30 1.96 17.43

1 µm Polystyrene (n = 1.60)
100 632.28 3.35 2.28 47.11
200 1196.46 1.86 0.99 87.50

1 µm Silica (n = 1.45)
100 304.66 6.59 4.89 34.58
200 646.02 3.28 2.29 43.30
300 1076.87 2.13 1.21 76.93

ably better for the closed-loop system. Low-frequency, band-limited measurements

are drastically reduced. To capture this, the processed data in Table 5.2 was digi-

tally filtered at 90 Hz. The closed-loop results consistently outperform the open-loop

results in this bandwidth.

5.5 Conclusions

The adaptive system identification and control method presented is capable of charac-

terizing the system dynamics in real time. Adaptive system identification is capable

of determining the characteristic cutoff frequency, which is the important system

characteristic for determining trap stiffness. The system can then determine the ac-

tuator transfer function describing the mirror voltage to trap position path without

additional experimental setups. Using an internal model control scheme combined

with a filtered-x LMS algorithm, an adaptive controls scheme was used to create the

controller in real time. Multiple particle sizes with varying indices of refraction were

experimentally verified under different power levels, all of which result in different

plant dynamics, and all with results that validate this technique. The adaptive system
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identification and controller presented automate the process of system identification

and control design.

Advantages to this adaptive approach are that the system dynamics, such as

particle size, index of refraction, and trapping power can be changed without necessi-

tating the off-line design of a new controller. This also presents an automated method

for characterizing the stiffness of the optical trap and a method of monitoring it in

real time. When using a fixed gain controller, changes in system dynamics result in a

controller with off nominal performance. This approach corrects for changes by adap-

tively designing a controller for each experiment. This is also capable of adapting the

controller for temporal changes in the system. Particles are commonly considered

universal, but the adaptive system takes into account variations among particles of

the similar size. The adaptive controller can also easily be imported into any system

without detailed prior knowledge of controller design.
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Chapter 6

Rotational Control

Optical traps, as has been documented in previous chapters, are important tools in

the physical and biological sciences due to their ability to manipulate microscopic

particles. Their importance in these fields began with the introduction of position

and force control. In order to enable such control methodologies, the systems re-

quire actuators and sensors. Actuators were readily available with acousto-optical

deflectors (AODs), spatial light modulators (SLMs), translation stages and, in the

work presented thus far, fast steering mirrors (FSMs), while position sensors such

as: direct video measurement, quadrant photodiodes and interferometric techniques

were later developed. However, all of the previous studies, and research presented

thus far, have dealt with the manipulation and measurement of positions and forces

in linear motion regimes.

Although primarily used to apply forces, optical traps are also capable of applying

torques. In 1936, Beth measured the angular momentum of circularly polarized light

on a quartz wave plate using the spin angular momentum of light [35]. Recent

experiments have used spin [37, 38, 40] as well as light’s orbital angular momentum

[27, 115]. Laser beams with well defined angular momentum, such as Laguerre-

Gaussian (LG) beams [42, 44], and other beams with phase singularities, such as

Bessel beams [45] have also been used to rotate particles.

The methods used to sense rotational rates varies. Asymmetries have been in-

troduced to allow for the determination of the power spectrum of rotating particles

[116]. The direct measurement of the torque transfer to trapped particles has been

tracked as well [40, 41, 53, 117]. Also video methods have been used [31].
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Figure 6.1: Graphic of the rotation process. Linearly polarized light enters a quar-
ter-wave plate, is converted to circularly polarized light and then passes through a
birefringent particle (vaterite). Angular moment is transferred to the particle causing
it to rotate. The resulting light exiting the particle is elliptically polarized.

By combining actuation and sensing, one is able to control both the angular dis-

placements of, and torques applied to trapped particles. This was first accomplished

by La Porta and Wang in 2004 [53]. In this chapter, a method is presented to con-

trol torque applied to birefringent particles rotating in elliptically polarized light (see

Figure 6.1). The polarization of the light is modulated to apply torque and a simple

sensor is used to quantify the error from a prescribed angular frequency. When com-

bined one is able to maintain a constant angular frequency, even in the presence of

an increasing load.
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6.1 Theory

Optical traps are possible because each photon of light possesses momentum. The

linear momentum flux per photon is p = ~ω/c, where ~ is Planck’s constant, ω is

the angular frequency of the light and c is the speed of light. The total momentum

flux of a laser beam with power P is pz = P/c. Torques are applied using light’s

angular momentum. For circularly polarized Gaussian beams, each photon has an

angular momentum of ±~ about the beam axis, equivalent to an angular momentum

flux of ±P/ω [35]. An elliptically polarized beam has a resulting angular momentum

flux of Lz = σzP/ω, where σz = 0,±1 for linearly and circularly polarized light,

respectively, and fractional values for elliptically polarized light [36]. A quarter-wave

plate can convert linearly polarized light into elliptically and circularly polarized

light, depending on the angle the wave plate makes with respect to the electric field

vector.

While partially absorbing particles will rotate in circularly polarized light [118],

faster rotation rates are possible using birefringent materials. Birefringent materials

have a crystalline structure which leads to anisotropic refractive index. This results

in two different orthogonal indices of refraction and a polarization dependent phase

delay of:

Γ = krd (no − ne) . (6.1)

The phase delay is dependent upon the wavelength of the light (wave number, kr),

the ordinary and extraordinary indices of refraction, no and ne, and the thickness of

the birefringent particle, d.

A laser beam passing through a birefringent material of constant thickness expe-
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riences a torque due to the spin angular momentum according to:

τ = − ε

2ω
E2

0 sin Γ cos 2φ sin 2θ

+
ε

2ω
E2

0 {1− cos Γ} sin 2φ,

(6.2)

where ε is the permittivity, E0 is the electric field amplitude, φ is the ellipticity of the

light, and θ is the angle between the fast axis of the quarter-wave plate and the optic

axis of the birefringent particle [37, 100]. This equation is only valid for particles of

uniform thickness. While not exact for other shapes, the solution can be used as an

estimate of the torque applied to the particles. The first term of Equation 6.2 gives

the torque of the particle applied by the linearly polarized portion of the light; the

second term is the torque due to the circularly polarized portion of the light. The

particle will only undergo a rotation when the circularly polarized portion is larger

than the linearly polarized portion. The maximum rotational rates will occur when

the incoming laser is circularly polarized, that is, φ = π/4.

The resulting rotational frequencies can be determined by solving the equation of

motion. We will designate two constants to simplify notation:

C1 =
εE2

o

2ω
sin Γ cos 2φ (6.3)

C2 =
εE2

o

2ω
{1− cos Γ} sin 2φ. (6.4)

The equation of motion for the rotational system is:

Iθ̈ + βθ̇ = C1 sin 2θ + C2, (6.5)

where I is the mass moment of inertial and β is the rotational Stoke’s drag coefficient

(for a sphere, β = 8πµr3). In fluid, the inertial effects are negligible, so we can

simplify the equation as:

βθ̇ = C1 sin 2θ + C2. (6.6)
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By making a change of variable, y = 2θ, and ẏ = 2θ̇ and setting a = 2C2

β
, b = −2C1

β
,

we end up with the resultant integral equation:

∫
dy

a+ b sin y
= t+ C =

2√
a2 − b2

tan−1

(
a tan y

2
+ b

√
a2 − b2

)
, (6.7)

where t represents time. This can be rearranged to make:

a tan y
2

+ b
√
a2 − b2

= tan

[√
a2 − b2

2
t+ C ′

]
. (6.8)

We can assume that | a |�| b | since C2 will be the larger component when particles

are rotating. Also, we can assume that at large times, t, C ′ is small, so this simplifies

the equation to:

tan y
2
' tan

[√
a2 − b2

2
t

]
, (6.9)

which leads to:

y '
√
a2 − b2t. (6.10)

In terms of θ, this becomes:

θ =

√
C2

2 − C2
1

β
t. (6.11)

Taking the time derivative of Equation 6.11, θ̇ follows:

θ̇ =

√
C2

2 − C2
1

β

=
P

ωβ

(
{1− cos Γ}2 sin2 2φ− sin2 Γ cos2 2φ

)1/2
.

(6.12)

It is important to realize that this result is the average rotational speed of a

trapped particle since we are assuming large times. This is obvious from Equation 6.2

since the torque, τ , fluctuates as a function of the axis of the birefringent particle
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when the light is not circularly polarized. Also, the particle will only rotate when C2

is greater than C1. This physically relates to the particle’s crystalline axis aligning

with the linearly polarized portion of the laser. If φ is too small, the alignment torque

inhibits rotation.

6.2 Experimental Methods

As in previous sections, the optical trap is built with an inverted microscope, a

Nd:YAG laser with a wavelength of 1064 nm, and a high numerical aperture objective

(Zeiss Plan-Apochromat 63x/1.4 NA) (see Figure 6.2). The objective is designed for

Nomarski DIC microscopy, which is important in this application since it preserves

the polarization of the incoming beam.

The polarization of the trapping laser is modulated by controlling the angle of a

quarter-wave plate. The wave plate is mounted in a custom built rotational stage

positioned in front of the epi-fluorescence port (see Figure 6.2). It is necessary to

place this as close to the objective as physically possible in order to preserve the

polarization of the light. The rotational stage consists of a wave plate mounted in

a bearing that is driven by a stepper motor. A potentiometer is incorporated in the

gear train to sense the angular position of the wave plate. The angle of the wave

plate is maintained through closed-loop control.

After the laser passes through the sample, the forward scattered light is collected

by a high NA condenser (Zeiss Achromatic-aplanatic condenser 1.4 NA). The laser

beam is separated from the illumination by a dichroic mirror located above the con-

denser. The dichroic mirror directs the laser through a polarizing beam splitting

cube and onto the QPD. The intensity signal is anti-alias filtered and digitized using

a dSPACE data acquisition board.

The rotational speed of the trapped particle is measured by analyzing the intensity
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Figure 6.2: Schematic of the optical trapping setup for rotating birefringent par-
ticles. The linearly polarized laser beam is converted to elliptically polarized light
through a quarter-wave plate mounted in a rotational stage, which rotates trapped
birefringent particles. The forward scattered laser is projected onto a quadrant pho-
todiode (QPD) to track the rotational frequency of the particle.
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Figure 6.3: Intensity fluctuations of a rotating particle. The particles do not rotate
perfectly about the axis of the laser. This produces a sinusoidal response signal at the
frequency of rotation which can be traced in the measured intensity of the forward
scattered laser. This intensity fluctuation is critical to the rotational tracking. This
particle is rotating at ∼ 24 Hz.

of the laser signal on the QPD (see Figure 6.3). While it is possible to measure the

rotational frequency directly by taking an auto-spectrum of the intensity signal, this

approach was not chosen due to the computational constraints of block processing.

Instead, a method that is usable in a feedback control scheme was developed. The

intensity fluctuations are first detrended using a high-pass filter to remove the DC

component of the signal. The signal is then split on two paths for simultaneous

high- and low-pass filtering with each filter having the same cutoff frequency. The

cutoff frequency is selected to be in the middle of the range of desired rotational

frequencies. The RMS value of each signal is then computed and integrated to give
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Figure 6.4: Frequency error block diagram. The block diagram determines the
difference between a desired frequency and the actual frequency. The cutoff frequency
of the high- and low-pass filters equal the desired frequency.

the relative sizes. The signals are then subtracted from each other. The result is

not the rotational frequency but rather an error from which the actual rotational

frequency can be calculated. A block diagram representation of this is illustrated in

Figure 6.4.

The actual rotational frequency can be calculated from the error signal. In order

to do this, the error sensor was first simulated using a swept sine input, the results of

which are presented in Figure 6.5. Because both the error and the corresponding input

are known, this data could then be used in a lookup table to convert error signals

into actual frequencies. The results were computed with the cutoff frequencies of

the high- and low-pass filters set to 25 Hz. This value was chosen to give the most

dynamic range between the frequencies of 10–50 Hz.

A limitation to this method is that the particles must be rotating above 10 Hz for

an accurate measurement. This is not an issue if the particle is already rotating since

most particles rotate faster than 10 Hz. The frequency sensor is also limited in the

speed of its response. The sensor is an averaging sensor of the rotational frequencies

and therefore, the speed of this sensor is limited by the low-pass filter used in the

RMS process. Also, the sensor is only capable of measuring the magnitude, but not

the direction of rotation.
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Figure 6.5: The error signal versus input frequency for a simulated response of the
rotational error sensor. The cutoff frequencies of the low- and high-pass filters were
both set at 25 Hz.
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6.3 Experimental Results

The experiments were carried out using the birefringent material vaterite. Vaterite

is an easily produced, positive uniaxial, birefringent material with no = 1.55 and

ne = 1.65 [41]. Vaterite also forms as a spherical particle making the viscous drag

easier to calculate. Using a purely circularly polarized beam, vaterite particles have

been rotated at rates of 400 Hz. To determine the effect of the angle of the quarter-

wave plate, φ, on the rotational rates, a vaterite particle (d ∼4 µm) was trapped

while the angle of the wave plate was incrementally moved 90◦. At each angle, an

auto-spectrum was calculated to determine the rotational frequency. The results for

these particles were consistently ∼10–60 Hz with the maximum rotational frequency

when the light was circularly polarized (φ = 45◦, see Figure 6.6). The direction of the

rotation can be switching by rotating the wave plate from−90◦ to 0◦, which effectively

switches the handedness of the polarization. Through analysis of Figure 6.6, it is

important to note that the rotational frequencies are not a linear function of the

angular position. Also, rotation only occurs over a 27◦ window, and half of that

window is a duplicate of the first half. This translates to a 13.5 degree range for

rotational control.

Using these results, an open-loop controller can be constructed. However, if the

particle experiences a variable load due to viscous drag (e.g.bringing the sample closer

to the surface), or if the particle is tethered, for example, to a rotatory motor protein,

the rotational frequencies will not remain constant. As a result, a closed-loop servo

controller was implemented. Many controller design techniques were not available due

to the complex characteristics of the system. Due to these complexities as well as

those of the system associated with the stepper motor dynamics, the proportional-

integral (PI) controller was tuned using Ziegler-Nichols tuning methods. A block
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Figure 6.6: Experimental results of the rotational frequency of a 4 µm vaterite
particle versus the angle (φ) of the quarter-wave plate.
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Figure 6.7: Block diagram representation of the rotational control system with
feedback control. The rotating particle as well as the sensor dynamics are represented
as G, while K represents the controller. GA and KA represent the rotational stage
and its controller.

diagram of the controller is presented in Figure 6.7.

The servo control of rotational frequencies is accomplished by entering a reference

frequency. The reference signal is then compared to the actual signal to generate an

error. The error signal is altered by the controller, K, which produces a command

angle, φ, that directs the angular position of the wave plate. The angle of the wave

plate is constrained to be 0 ≤ φ ≤ 45 since angles greater than 45◦ reduce the

rotational frequency, and would, in effect, switch the sign of the controller.

A proportional-integral controller (PI) was implemented and its performance was

verified by observing the system’s response to a step input. Due to the limitations of

the sensor, the particle had to be rotating initially. Since 25 Hz is the cutoff frequency

of the sensor, a step input from that to 30 Hz was used (see Figure 6.8). The system

has a rise time of 0.77 s and settles within 1 Hz of the desired frequency.

Taking into account the systems limitations, these results are expected. The

response of the controller is primarily limited by the sensor, which is an averaging

process with a time characteristic of one cycle. Each cycle ∼1 Hz, so response much

faster than 1 Hz is not possible. A faster sensing method is needed to further push

this limit. Even in the presence of a faster responding sensor, the particle’s rotational

speed is not constant, as it fluctuates at twice the rotational velocity. This is due to

the constant acceleration of the particle to align its birefringent axis with the linearly

polarized portion of the light. This is also a limitation of the system.
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Figure 6.8: Step response of a 4 µm vaterite particle from 25 to 30 Hz. The rise
time is 0.77 s and the controller stabilizes the system to within 1 Hz of the desired
frequency.
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6.4 Summary

A rotational feedback control system was successfully implemented and demonstrated

by modulating the polarization of the trapping laser. The polarization was controlled

through the use of a quarter-wave plate mounted in a rotational stage. The rotational

sensor was capable of sensing the error from a specific frequency, which was then

converted to a measured frequency. The sensor, however, severely limits the speed

of response of the system. The bandwidth of the sensor is ultimately defined by the

bandwidth of the integrating filter in the system used to calculate the RMS response

of the high- and low-passed signals. This frequency was on the order of 1 Hz.

The measured frequencies are also an averaged frequency of the particle. This is

due to the optic axis of the birefringent particle aligning with the linearly polarized

component of the incoming electric field. Also, depending on the size of the particle,

the effective polarization window for angular control changes. Typically, particles on

the order of 4 µm would rotate between the angles of 30–45◦, while smaller particles

tended to have smaller angular windows. Each particle size required an individual

controller to be designed for them since each particle’s rotation window and viscous

drag was different.

The selection of the rotational frequency also was crucial. It was important to

select a frequency within 5 Hz of the maximum rotational frequency but not outside

the capabilities of the particle. This results in a nearly linear error sensor around

the center frequency. Failure to do so did not give the controller adequate range for

control.
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Chapter 7

Conclusions

The research presented discussed the development of an advanced, easily adaptable,

state-of-the-art optical trap design for use in biological materials and nanosystems

investigation. This effort produced the following specific contributions to the field of

optical trapping:

• Outlined the construction of an optical trap with position sensing and actuation

• Analyzed possible errors associated with the optical trap’s alignment

• Implemented a closed-loop controller that utilized the trapping laser for position

sensing

• Presented performance limits for feedback control of trapped particles

• Implemented an adaptive system identification/control design using an LMS

adaptive algorithm

• Presented a method of controlling rotation rates of trapped particles

• Designed digital controllers for the quick implementation and alteration of con-

trol systems

Optical traps use the momentum of light to exert forces on microscopic particles.

These forces, which are small in magnitude, are a function of the particle position

and proportional to the trapping stiffness. Forces are applied by controlling the

position of trapped particles with respect to the trapping center. Improving the
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control of the absolute position of trapped particles serves to enhance the precision

of force measurement and application. In this work, a complete outline for building

an optical trap with a QPD position sensor and an FSM actuator was presented along

with calibration techniques, which are necessary for nanoscale measurements.

A feedback control scheme was successfully implemented to control the position

of trapped particles. This effort describes the first controller design in which the

laser is used for simultaneous sensing and actuation. An advantage of this technique

over other methods is that the system is intrinsically aligned since a second laser for

position sensing is not necessary. Actuating the trapping location with a FSM allows

for a large control bandwidth by minimizing actuator mass. The fundamental limits

of performance for feedback control of optical traps using an ideal, nominal plant,

and Bode’s ideal loop-gain were discussed. This loop-gain achieves disturbance rejec-

tion within the bandwidth (0, ωc) and perfect disturbance rejection at zero frequency,

thereby allowing for the tracking of a step response with zero steady-state error. The

resulting controller is of the form, K(s) = α(s + Ω)/s, with performance dependent

on the proportional gain α = ωc/Ω. Experimentally, the resulting closed-loop sys-

tem demonstrates a 20 % decrease in RMS displacement compared to the open-loop

system when low-pass filtered at 100 Hz. By filtering at 50 Hz, the closed-loop RMS

displacement is half the open-loop RMS displacement.

In addition to fixed gain controller design, an adaptive system identification and

control method was developed to characterize the system dynamics and autonomously

design a controller in real time. This reduces the time and expertise required to de-

sign a proper controller since changes in experimental parameters such as particle

size, index of refraction, and trapping power result in changes in system dynamics.

When using a fixed gain controller, these changes in system dynamics result in a

degradation of trapping performance. An adaptive approach eliminates this problem
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by automatically adjusting the controller for temporal changes. While other systems

incorrectly assume particles of uniform size and shape, the adaptive system adjusts

in response to these variations to minimize positional error. The adaptive system

identification method is capable of determining the characteristic cutoff frequency,

and hence the trapping stiffness, thereby eliminating the need for additional experi-

ments. Digital control implementation enables seamless configuration to the specific

experiment being conducted and were designed in real time using a filtered-x LMS

adaptive algorithm. Multiple particle sizes with varying indices of refraction were

trapped under differing power levels; each adapted, closed-loop system reduced the

RMS displacement of the particles over the bandwidth of interest thereby validating

the technique. Another key advantage of the adaptive controller developed in this

work is that it automates the controller design process, eliminating the need for ad-

ditional experimental verification steps and a strong understanding of control theory.

This increases usability for the those with little controller design experience without

sacrificing system performance.

The optical trap presented is also capable of rotational feedback control of bire-

fringent particles based on trapping laser polarization modulation. This creates a

single instrument with the flexibility to apply both controlled forces and controlled

torques. The polarization was controlled through the use of a quarter-wave plate

mounted in a rotational stage. The average rotational frequency of the particle was

tracked and the error between this average frequency and a set point frequency was

used to create a feedback control signal. Although the bandwidth of the system is

limited by the sensor (∼1 Hz), particle rotational speed control was accomplished

to maintain rotational rates to within 1 Hz of the desired frequency. This could be

useful when the particle is tethered to a torsional spring and is slowing in the pres-

ence of an increasing load. Torsional control of particles could be used in the design
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of precision micro-pumps. Additionally, rotational control will expand the research

potential concerning rotary motor proteins.

7.1 Recommendations and Future Work

This research provides the framework for an adaptable optical trap capable of apply-

ing forces and torques to microscopic particles. This broad area of research leaves

much room for additional investigation. The current position sensing method mea-

sures only lateral displacements and forgoes axial displacement measurement, which

is necessary for complete three dimensional control of trapped particles; therefore,

research could investigate the axial control of trapped particles. The use of adaptive

controllers in optical traps is an entirely new concept, which in itself opens the door

for further development. Other advanced adaptive controllers exist and should be

investigated as alternative methods for controller design. A method of trap sharing

for the simultaneous trapping and sensing of two particles with one laser and a single

QPD is an area for exploration which could serve to simplify pulling experiments

performed between two microspheres, obviating the need for substrate attachment.

The application of torque using optical traps is only in its infancy. Each individual

particle size requires individual controller design since each particle’s rotation window

and viscous drag is different. Adaptive torque control techniques to automate the

design process will enable the rotational control of particles with varying dimensions.

The instrumentation development outlined in this document is a perfect avenue to

develop biological research for the advancement of biological particle research by be-

ing able to apply a more precise force load than current configurations. This opens

the door for collaboration with biologists for training on a flexible micromanipulation

tool and serves to expand the ultimate capabilities of optical traps within the context

of biomolecule manipulation research.
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Appendix A

Aberration Correction

The availability of commercial programmable spatial light modulators (SLM) has

revolutionized optical traps [119]. In holographic optical traps (HOTs), an SLM is

configured to act as phase-only diffractive optical element allowing a single incident

laser beam to be split into many beams, each forming an individual optical trap.

By updating the SLM with a sequence of holograms the individual optical traps can

be moved independent of each other [93]. Considerable work has been reported on

forming arrays of particles and, through appropriate hologram design, modifying the

profile of individual traps [94]. Unlike other methods to create multiple traps that

used scanning mirrors or acousto-optic modulators to laterally scan the laser between

traps [120, 15], an SLM can also display holograms that act as additional lenses

allowing for axial displacements. Both lateral and axial displacement of the multiple

traps can be set independent of each other to create complicated 3D structures of

micrometer-sized inert spheres or living cells [121] using a variety of hologram design

algorithms [122].

There are two types of SLMs: electrically addressed and optically addressed.

Electrically addressed SLMs are based on a semiconductor array over-coated with a

liquid crystal layer that produces a programmable phase retardation. The optical

flatness of such devices is rarely better than a few optical wavelengths across their

10−−20 mm aperture. Optically addressed SLMs can have similar wavefront dis-

tortions associated with them. This is in contrast to the commonly used Maréchal

criteria for diffraction limited optics that requires the RMS wavefront error to be less

than λ/14, achieving a Strehl ratio greater than 0.8. So, although SLMs offer many
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advantages regarding multiple and modified trapping, their limited optical flatness

can degrade beam quality.

The trapping mechanism in an optical trap arises from the intensity gradient

near the beam focus. For this reason, beam quality is important for efficient optical

trapping. The trapping force is maximized by using a high numerical aperture micro-

scope objective lens, ideally designed to minimize unwanted aberrations and produce

a diffraction limited point spread function (PSF). Aberrations introduced elsewhere

in the optical system, e.g., by the SLM or other optics, increase the size of the PSF

and can degrade trapping performance.

Previous research has shown that aberrations associated with defocus can partially

compensate for the aberrations associated with deep trapping [123] and, similarly,

that a deformable mirror can introduce sufficient wavefront curvature to shift the axial

position of the trap by 2 µm [124]. More recently, a deformable mirror has been used

to correct for aberrations in a trap by using the two-photon induced, fluorescence

signal from a trapped sphere as a measure of the beam’s peak intensity, which is

assumed to dictate the trap performance [125]. Aberration correction, applied using

an SLM, has been used to improve the fidelity of optical vortices, whose transverse

momentum components cause the circulation of micrometer-sized particles as a form

of micro-pump [52].

In this section, the trapping stiffness of an optical trap can be improved by opti-

mizing a spot sharpness metric measured for the beam’s focal spot as back-reflected

from the cover-slip. In addition, the impact this optimization has on the trap stiffness

as a function of particle size is shown.
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Figure A.1: Visual representation of Zernike polynomials.

A.1 Aberrations and Trapping Performance

Aberrations in the optical system result in wavefront distortion, W , at the exit pupil,

which is a change in the phase of the wavefront ∆φ = kW = 2π(W/λ) [102]. The

wavefront distortion can be expanded as a linear combination of basis functions. A

convenient orthogonal basis is the set of Zernike polynomials, Zm
n : n is the radial

order and m is the azimuthal frequency (see Figure A.1). Second order Zernike

modes are quadratic and characterize common aberrations of focus and astigmatism,

and are the primary interest in this investigation due to the overall curvature of the

SLM surface. These modes are characterized by:

Z−2
2 (ρ, θ) = ρ2 cos 2θ astigmatism (A.1)

Z0
2(ρ, θ) = 2ρ2 − 1 focus (A.2)

Z2
2(ρ, θ) = ρ2 sin 2θ astigmatism (A.3)

where ρ is the radius (normalized by the pupil radius) and θ is the azimuth. Higher

order modes, e.g., coma, trefoil, and spherical, and other aberrations, were investi-

gated as well, but any quantifiable impact was difficult to discern.
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Aberrations can be measured directly using a Shack-Hartmann sensor, and the

corresponding correction can be applied using an active optical element, such as an

SLM. However, such sensors are difficult to incorporate into an optical trap. As an

alternative, we used a sensorless technique to quantify the effect changes in aberration

correction had on the PSF and trapping focus. The cross-section of the focused beam

as reflected from the cover-slip was imaged on the CCD camera. A spot sharpness

metric is defined as:

Ms =
(∑

ij
Iij

)2/∑
ij
I2
ij, (A.4)

where Iij is the intensity of the ijth pixel; lower values correspond to a more tightly

focused spot [126]. It can be shown that this metric is a global minimum when all

aberrations have been corrected [127]. The objective is to correct for aberrations

by minimizing the spot sharpness metric, thus achieving a diffraction limited sharp

focus.

An ideal optical trap is symmetric in x and y directions and can be character-

ized by a single stiffness. In the case of astigmatism, the energy potential surface

is elliptical characterized by different stiffnesses in the two principal directions, kx

and ky. Moreover, these principal axes may not be aligned with the laboratory axes.

An analytical expression for the effect of aberration on optical trapping stiffness is

complicated and depends upon the characteristics of the optical system and the size

of the particle being trapped. A measure of the effect of the aberration correction

on trapping stiffness can be made by taking the ratio of these mean-square radial

displacements of corrected and uncorrected traps; this metric is insensitive to laser

power. This trap performance metric can be directly related to the change in trap-

ping stiffnesses using the equipartition theorem for a particle bound in a harmonic
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potential: 〈
r2
〉

=
〈
x2
〉

+
〈
y2
〉

=
kBT
kx

+
kBT
ky

, (A.5)

(kB is Boltzmann’s constant and T is the absolute temperature of the surrounding

fluid), so that the trap performance metric is:

Mp =
〈r2〉c
〈r2〉u

∝
(

1

kx
+

1

ky

)
, (A.6)

where kx and ky are the stiffnesses of the corrected trap in the principal directions;

the constant of proportionality depends upon the characteristics of the uncorrected

trap.

A.2 Experimental Setup

The optical trap used in these experiments is based upon a Zeiss Axiovert 200 inverted

microscope with a 100x objective lens, NA 1.3 (Zeiss Plan-Neofluar, oil-immersed,

infinity-corrected) (see Figure A.2). The trapping laser is a Nd:YAG laser, frequency-

doubled to give a maximum power of 3 W at 532 nm (Versa disc). After expansion

and collimation, the beam from this laser is reflected off a electronically addressed,

computer-controlled SLM (HoloEye 2500) and coupled into the microscope, directed

upwards (inverted optical geometry) through the objective, and enters the water-filled

sample cell though a cover-slip, creating an optical trap within the water. The plane

of the SLM is imaged to the rear aperture of the microscope objective. The SLM

was controlled using LabView based software developed at the University of Glasgow

[128] which was modified to include aberration corrections in the displayed holograms.

The SLM produced two neighboring traps, one with aberration correction and one

without, so that same sized particles could be compared in identical environments.
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Figure A.2: Holographic optical trap experimental setup.

Displacement of the particle from the trapping center were measured using direct

video microscopy [83]. Aberration correction requires the altering of the wavefront.

These wavefront corrections ultimately affected the calibration of the QPD position

sensor approach presented in Chapter 2. While the video technique is restricted

to video frame rates (10’s Hz), it was able to also measure the motion of multiple

particles simultaneously. The two trapped particles were tracked on a CCD camera

(Q Imaging Fast 1394) using a centroid tracking algorithm implemented in LabView.

The trapped particles were monitored over an interval of several seconds to establish

the mean-square displacement of the beads from their respective trapping centers.
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Spot Sharpness

(a) (b) (c)
Trap Performance

(d) (e) (f)

Figure A.3: Sharpness and performance metrics for a 0.8 µm bead as a function
of: (a,d) Z−2

2 aberration, (b,e) Z2
2 aberration, (c,f) and versus scaled changes in the

linear combination of the two aberration terms.

(a) (b) (c)

Figure A.4: Holograms used to correct relative aberrations. (a) The linear combina-
tion of (b) Z2

2 aberration and (c) Z−2
2 aberration. The linear combination hologram,

(a), was the corrective hologram used in the later experiments. The black and white
areas correspond to a phase of 0 and 2π while the grey areas have a phase of π.
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A.3 Results & Discussion

In order to establish a correlation between the spot sharpness and trap performance

metrics, that is, between the focal spot size and the trapping stiffness, both metrics

were measured while changing each of the astigmatism modal coefficients while keep-

ing the other coefficient zero. In this case, the full range of the astigmatism coefficient

corresponds to a maximum amplitude of ±10λ across the aperture of the SLM. For

a 0.8 µm diameter sphere, Figures A.3(a) and (d) show the spot sharpness metric

and trap performance metric versus the Z−2
2 astigmatism coefficient; Figures A.3(b)

and (e) show the spot sharpness metric and trap performance metric versus the Z2
2

astigmatism coefficient. For small changes in the aberration coefficients about the

optimal values, the sharpness and trap performance metrics are quadratic, and the

above measurements are enough to determine the shape of each quadratic surface.

To further illustrate the quadratic dependence, each modal coefficient was fixed at

the above minimizing value for that mode, and the linear combination was scaled.

Figures A.3(c) and (f) show the spot sharpness metric and trap performance metric

versus scaled changes in this linear combination. Comparing these graphs shows a

strong correlation between the spot sharpness metric and the trap performance met-

ric. Figure A.4 shows the two independent Zernike correction holograms and the

linear combination of the two that was used for focal spot correction.

In order to investigate the impact of aberration correction on the trapping of

particles of various sizes, the two astigmatism modes were combined into a single

holographic correction applied to the SLM. Figure A.5 shows the corrected and un-

corrected focal spots for 0.8, 2 and 5 µm diameter silica spheres with 0.8, 2 and 5 µm

diameter circles superimposed for comparison. The net result is an symmetric spot

for the corrected focal spot verse an asymmetric spot for the uncorrected focal spot.
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Uncorrected Spot Corrected Spot

(a) (b) (c) (d)

Figure A.5: Laser focal spots for: (a) uncorrected spot (c) and corrected spot. (b,d)
These show the same focussed laser spots with the three sized microspheres 0.8, 2
and 5 µm spheres superimposed on them. The uncorrected laser spot falls outside
the 0.8 µm diameter bead.

We note that correction of the aberration terms leads to a 25% improvement in

the trap performance metric of smaller particles, as can be seen in Figure A.3(f), an

improvement directly related to an improvement in the trapping stiffness. However,

for larger particles the trap performance is not improved as much by the correction.

Comparing the focal spot size to the particle size leads us to conclude that if the

PSF is smaller than the trapped particle then further optimization results in little

improvement of the trap.

Figure A.6 shows the recorded positions of the various sizes of particles, with

and without aberration correction as measured over a period of 60 s. The relative

change in the measured RMS response for the corrected trap versus the uncorrected

trap results in a 30%, 16% and 0.5% improvement for the 0.8, 2 and 5 µm silica

microspheres respectively. In addition to showing explicitly that the improvement

is greatest for the small particles, it also illustrates that residual astigmatism in the

uncorrected trap leads to a corresponding elliptical symmetry in the motion of the

particle.

120



Uncorrected

(a) (b) (c)
Corrected

(d) (e) (f)

Figure A.6: Particle displacements for uncorrected and corrected traps for particle
sizes of: (a,b) 0.8 µm (c,d) 2 µm, and (e,f) 5 µm. The superimposed ellipses show
the root-mean-square displacements. The corrected are improve to circular RMS
displacements giving a more uniform trap.
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A.4 Summary & Conclusion

We have demonstrated that spatial light modulators can be used to correct for aber-

rations in an optical trap and that this results in improved trapping performance

(as defined by a trapping performance metric.) An electrically addressed SLM can

deviate from flat by up to 4λ over its surface; this is dominated by the curvature of

the SLM surface resulting in astigmatism. By adding the appropriate hologram to

that displayed on the SLM, such aberrations can be corrected, resulting in dramatic

improvement in the fidelity of the focused spot.

We have also demonstrated the use of sensorless adaptive-optics to determine the

appropriate correction. In this approach, we defined a spot sharpness metric, which

is a global minimum for diffraction limited optics. Modal coefficients for Zernike

astigmatism modes (Z−2
2 and Z2

2) were adjusted until the minimizing coefficients

were found. Moreover, we demonstrated that minimization of the spot sharpness is

related to the minimization (improvement) of the trapping performance metric.

Finally, the impact that such corrections have on the optical trap is most notice-

able for small particles. For the SLM used in this study, the trap performance (as

measured by the mean-squared radial displacement) improved in excess of 25% for

0.8 µm diameter particles. However, our results show less than 0.5% improvement

for 5 µm diameter particles. This dependence upon particle size is most probably

associated with the relative size of the PSF and the particle itself. Once the PSF

is significantly smaller than the particle diameter, further reduction brings little im-

provement in trap performance.
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Appendix B

Appendix: Analytic Constraints

Theorem 1. (Bode Sensitivity Theorem) Let L(s) be the loop-gain such that

sL(s) → 0 as s→∞. If the sensitivity S = (1 + L(s))−1 is stable, then

∫ ∞

0

ln |S(jω)| dω = π
∑
i

pi, (B.1)

where pi are the right-half plane poles of L(s), Re [pi] > 0. If L(s) has no right-half

plane poles then the right hand side is zero.

The consequence of the Bode Sensitivity Theorem is that the log of the sensitivity

must be conserved; that is, good disturbance rejection in one frequency range such

that |S(jω)| < 1 must be paid for with |S(jω)| > 1 elsewhere. Some mistakenly

assume that rejection over a finite frequency range can be accounted for by making

the log sensitivity arbitrarily small over an infinite frequency range. However, all

systems have finite bandwidth and there are practical limits on the gain of amplifiers,

etc., requiring the loop-gain to be small above some frequency Ω. This frequency is

often the practical bandwidth of the system. A further consequence is that good

disturbance rejection cannot be achieved even over this bandwidth; the penalty can

be quite severe as the disturbance control bandwidth approaches the system open-

loop bandwidth as shown in the following theorem.

Theorem 2. For a system with an open-loop bandwidth Ω and disturbance rejection

such that the sensitivity is attenuated by a factor M , |S(jω)| < M−1 < 1 over a

bandwidth ω1 < Ω, a lower bound for the peak magnitude of the sensitivity is:

‖S‖∞ > Mω1/(Ω−ω1) = Mα/(1−α), (B.2)
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where α = ω1/Ω. Thus, good disturbance rejection can only be achieved over a

significant portion of the available bandwidth at the price of a large ‖S‖∞.

Proof: Assume a stable loop-gain, and that above the bandwidth Ω, |L(jω)| � 1.

The Bode sensitivity integral can be broken up as:

∫ ω1

0

ln |S(jω)| dω +

∫ Ω

ω1

ln |S(jω)| dω = 0. (B.3)

Since good disturbance rejection is desired below the frequency ω1, then |S(jω)| <

M−1 < 1 in that range and

(Ω− ω1) ln ‖S‖∞ >

∫ Ω

ω1

ln |S(jω)| dω > ω1 lnM. (B.4)

The result follows directly.
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Appendix C

Model Reduction

C.1 Balanced Realization Motivation

The purpose of model reduction is to eliminate unimportant states from the system

model. Most model reduction is done by truncation of the higher order poles, though

this is not necessarily the best way to perform a reduction. The infinity norm of

error associated with the truncation will be the measure of how well a truncation

performs. To examine this, we will explore a simple example. Given the simple

transfer function:

G =
1

(s+ p1) (s+ p2)
. (C.1)

By a simple modal truncation of the higher frequency pole, the system becomes:

GR =
1

(s+ p1)
. (C.2)

The infinity norm of the error between the plant and the reduced plant is:

‖G−GR‖∞ = ‖ 1

(s+ p1)
‖∞ =

1

p1

. (C.3)

Now, if instead of a direct truncation of the poles, a balanced truncation is per-

formed:

G =

 -0.40859 -0.970143 0.492419
0.970143 -2.59141 -0.492419
0.492479 0.492479 0

 . (C.4)

This gives a transfer function of:

GBR =
(0.492479)2

(s+ 0.40859)
(C.5)
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‖G−GBR‖∞ = 0.0935921 = 2σ2. (C.6)

So, as can be seen, the balanced truncation error is considerably smaller than the

error associated with modal truncation.

C.2 Balanced Realization

The model can be reduced if the system is balanced. A system is a balanced real-

ization if A is asymptotically stable and both the controllability and observability

gramians are equal and diagonal according to:

Lo = Lc = Λ =

λ1 0 0

0
. . . 0

0 0 λn

 . (C.7)

The system has an ordered balanced realization if λ1 > λ2 > . . . > λn. The controlla-

bility and observability gramians are calculated by solving the Lyapunov equations.

ALc + LcA
T +BBT = 0 (C.8)

ATLo + LoA+ CTC = 0 (C.9)

The balanced realization is possible since there are an infinite number of state-

space realizations for the same system. Therefore, it is possible to convert an unbal-

anced realization to a balanced realization. This is possible by finding the similarity

transform T . The resulting system will make the system:

G(s) =

[
T−1AT T−1B
CT D

]
. (C.10)

The similarity transform can be found using the following technique as presented by

Laub et. al [129]. First compute the controllability and observability gramians as
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well as the Cholesky factors such that:

Lc = RcR
T
c (C.11)

Lo = RoR
T
o . (C.12)

Next compute the singular value decomposition of the Cholesky factors as:

RT
oRc = UΛV T . (C.13)

Now T can be found according to:

T = RcV Λ−1. (C.14)

Finally the balanced realization can be found according to Equation C.10. The system

can then be truncated by taking only the first m×m of the A matrix. The balanced

realization truncation actually changes the poles, unlike modal truncation which just

eliminates the higher order poles. This allows the system to spread the approximation

error out over all frequencies rather than just over the high frequencies.

C.3 Frequency-Weighted Balancing

An alternative approach to model reduction is to weight the model by frequency. The

goal here is to minimize the frequency weighted error according to:

‖W−1
1

(
G− Ĝ

)
W−1

2 ‖∞. (C.15)

From a practical standpoint, given the system:

G(s) =

[
A B
C D

]
Wi(s) =

[
Ai Bi

Ci Di

]
Wo(s) =

[
Ao Bo

Co Do

]
,

where Wi and Wo are the input and output weighted transfer functions. We will

assume that G(s) has n states, Wi has ni and Wo has no states. The input and output
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weighted transfer functions are used to weight the controllability and observability

gramians. A series combined system of GWi is:

Âc =

[
A BCi
0 Ai

]
B̂c =

[
BDi

Bi

]
.

This is then used to compute the controllability gramian of the combined series

system, L̂c, using the Lyopunov equation (see Equation C.11). The controllability

gramian of the frequency balanced system, Lc is the upper left n × n submatrix of

L̂c.

L̂c =

[
Lc ∗
∗ ∗

]
(C.16)

The output-weighted observability gramian, Lo is computed in a similar manner

by first defining the series combination of WoG.

Âo =

[
A 0
BoC Ao

]
Ĉo =

[
DoC Co

]
Using the observability Lyopunov equation (see Equation C.12) the combined observ-

ability matrix, L̂o, can be calculated. The frequency-weighted observability gramian,

Lo, is extracted from the upper left n× n submatrix of L̂o.

L̂o =

[
Lo ∗
∗ ∗

]
(C.17)

The state transformation matrix T to convert the system to a frequency-weighted

balanced realization for G can be found by solving the eigenvalue-eigenvector decom-

position of LcLo:

TΛT−1 = LcLo. (C.18)

This transformation matrix can be used to find the frequency-weighted balanced

realization according to Equation C.10. The realization is considered frequency-

weighted balanced because its frequency-weighted controllability and observability

gramians are equal and diagonal and are given by Λ
1
2 .
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