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Abstract

Nuclear magnetic resonance (NMR) spectroscopy is an established technique for

macromolecular structure determination at atomic resolution. However, the majority

of the current structure determination approaches require a large set of experiments

and use a large amount of data to elucidate the three dimensional protein struc-

ture. While current structure determination protocols may perform well in data-

rich settings, protein structure determination still remains to be a difficult task in a

sparse-data setting. Sparse data arises in high-throughput settings, for larger pro-

teins, membrane proteins, and symmetric protein complexes; thereby requiring novel

algorithms that can compute structures with provable guarantees on solution quality

and running time.

In this dissertation project we made an effort to address key computational bot-

tlenecks in NMR structural biology. Specifically, we improved and extended the

recently-developed techniques by our laboratory, and developed novel algorithms and

computational tools that will enable protein structure determination from sparse

NMR data. An underlying goal of our project was to minimize the number of NMR

experiments, hence the amount of time and cost to perform them, and still be able to

determine protein structures accurately from a limited set of experimental data. The

algorithms developed in this dissertation use the global orientational restraints from

residual dipolar coupling (RDC) and residual chemical shift anisotropy (RCSA) data

from solution NMR, in addition to a sparse set of distance restraints from nuclear
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Overhauser effect (NOE) and paramagnetic relaxation enhancement (PRE) measure-

ments. We have used tools from algebraic geometry to derive analytic expressions for

the internuclear vector and peptide plane orientations, by exploiting the mathemati-

cal interplay between RDC- or RCSA-derived sphero-conics and protein kinematics,

which in addition to improving our understanding of the geometry of the restraints

from these experimental data, have been used by our algorithms to compute the pro-

tein structures provably accurately. Our algorithms, which determine protein back-

bone global fold from sparse NMR data, were used in the high-resolution structure

determination protocol developed in our laboratory to solve the solution NMR struc-

tures of the FF Domain 2 of human transcription elongation factor CA150 (RNA

polymerase II C-terminal domain interacting protein), which have been deposited

into the Protein Data Bank. We have developed a novel, sparse data, RDC-based

algorithm to compute ensembles of protein loop conformations in the presence of a

moderate level of dynamics in the loop regions. All the algorithms developed in this

dissertation have been tested on experimental NMR data. The promising results

obtained by our algorithms suggest that our algorithms can be successfully applied

to determine high-quality protein backbone structures from a limited amount of ex-

perimental NMR data, and hence will be useful in automated NOE assignments and

high-resolution protein backbone structure determination from sparse NMR data.

The algorithms and the software tools developed during this project are made avail-

able as free open-source to the scientific community.
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Introduction

When men willingly suspend fear, science flourishes.

— anon

“The time has come,” the Walrus said,

“To talk of many things.”

— Lewis Carroll, “The Walrus and the Carpenter”

The knowledge of protein structures at atomic resolution is crucial to understanding

the underlying mechanisms in biochemical processes, and is a key factor in structure-

based protein and drug design [18, 38, 81, 122, 127, 153, 206, 279]. It has been

estimated that if the information on target protein structures were used at an early

stage to create potential leads for drug design, the development cost could be reduced

approximately by half [99].

While millions of protein sequences, including the nearly complete sequence of the

human genome, have been determined using high-throughput DNA sequencing tech-

niques, only a few thousand protein structures have been determined experimentally.

Protein structure determination is a slow and difficult process, which often requires
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sophisticated experimental techniques. X-ray crystallography and nuclear magnetic

resonance spectroscopy are the two major modern experimental techniques for deter-

mining protein structures at high-resolution. However, structure determination by

either of these methods is difficult, time-consuming, and often expensive.

X-ray crystallography does not impose a limitation on the size of a protein, but

it requires the protein sample in crystal form. Not all proteins can be crystallized,

however. Even if a protein tends to crystallize, finding an optimal combination of ex-

perimental parameters so that good quality protein crystals can be grown, is known

to be difficult. Computational or empirical prediction of an optimal set of experi-

mental parameters required for protein crystallization from other physical-chemical

properties of a protein has not yet been possible.

Nuclear magnetic resonance (NMR) spectroscopy is one of the most powerful

experimental techniques for the study of macromolecular structure and dynamics,

particularly proteins in solution. NMR complements well with X-ray crystallography

in that it has been applied to obtain structural information for proteins that are

difficult to crystallize, proteins that are intrinsically disordered [66, 74, 75, 114, 194],

and denatured proteins [160, 183, 235]. In addition, it has emerged as an important

tool to probe protein-ligand interactions [87] under near physiological conditions, and

characterize their structure, dynamics, kinetics and thermodynamics [17, 69, 134].

Recently, NMR techniques have been used to investigate invisible excited states in

proteins thereby characterizing both kinetics and the thermodynamics of exchange

processes involving excited states, and obtaining structural information pertaining to

these minor conformers [17, 22, 98, 123, 236].

However, two major bottlenecks are there in protein structure determination by

NMR spectroscopy. The first one comes from the lengthy time, and the need for

multiple sets of experiments in order to record, process, analyze and interpret the

NMR data. Part of the difficulty here lies in computational processing of the data,
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and the degree of automation used. Efficient algorithms and automated software tools

are indispensable for the processing, analysis and interpretation of NMR data. Such

tools and techniques will speed up the NMR structure determination process and

advance the research in structural proteomics. The second major bottleneck of NMR

comes from the size limitation of the protein that can be studied. Slow tumbling rate,

short lifetime of NMR signals, and high complexity of NMR spectra generated for

large proteins pose major challenges, and limit the applications of NMR to studies

of low-molecular-weight proteins. However, recent experimental advancements such

as transverse relaxation-optimized spectroscopy (TROSY) experiments [171, 195],

measurements of orientational restraints such as residual dipolar coupling (RDC) [176,

189, 221, 224] and residual chemical shift anisotropy (RCSA) [26, 28, 37, 57, 59, 92, 97,

109, 138, 141, 165, 213, 271, 273] arising from anisotropic dipolar interactions, and the

development of isotopic-labeling methods [7, 83, 90, 110, 215, 230], make it possible

to record high-quality spectra with reduced complexity, which can be analyzed to

obtain structural restraints with high-precision. The experimental data recorded for

large proteins is often sparse. So a natural question that arises here is: how a limited

amount of NMR data can be used to determine protein structure at high resolution

with high confidence.

This dissertation makes an effort to address some of these key computational

bottlenecks in NMR structural biology. In this dissertation, we develop new algo-

rithms that can efficiently use the structural and geometric restraints from a sparse

set of experimental NMR measurements to determine high-quality protein backbone

structures. Sparse data arises not only in high-throughput settings, but for larger

proteins, membrane proteins, and symmetric protein complexes; thereby requiring

novel algorithms that can compute structures using a limited amount of data with

provable guarantees on solution quality and running time. While the majority of cur-

rent structure determination protocols may perform well in data-rich settings, protein
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structure determination still remains to be a difficult task in a sparse-data setting. An

underlying goal of our project has been to minimize the number of NMR experiments,

hence the amount of time and cost to perform them, and still be able to determine

protein structures accurately from a limited set of experimental data. The algorithms

developed in this dissertation use the global orientational restraints from RDC and

RCSA data from solution NMR, in addition to a sparse set of distance restraints from

nuclear Overhauser effect (NOE) and paramagnetic relaxation enhancement (PRE)

measurements, which can be recorded for large proteins, and in sparse-data settings.

Our algorithms build upon the foundational work from our laboratory [71, 246,

248], where the authors developed polynomial time algorithms to compute high-

resolution backbone global folds de novo from N-HN and Cα-Hα RDCs in one align-

ment medium or N-HN RDC in two alignment media. These sparse-data algorithms

have been extended to incorporate combinations of different types of RDCs in one

or two alignment media [228, 270]. The new generalized framework is called rdc-

analytic [270, 275]. These algorithms have been used in [247, 275, 276] to de-

velop new algorithms for NOE assignment, which led to the development of a new

framework [275] for high-resolution protein structure determination, which was used

prospectively to solve the solution structure of the FF Domain 2 of human transcrip-

tion elongation factor CA150 (FF2) (PDB id: 2kiq). However, the global folds, i.e.,

the conformations and orientations of the secondary structure elements (SSEs) of a

protein, obtained by [71, 246, 248, 270, 275] have all the loops missing which required

a new algorithm that can compute the missing loops from RDCs. Recently, we solved

this problem, and developed a novel algorithm, pool [227, 228], to determine pro-

tein loop backbone structures from a minimal amount of RDC data. However, the

previous work from our laboratory did not exploit the orientational restraints from

RCSAs in an analytic framework. Also, the use of RCSAs in the initial stages of

structure computation, to compute the backbone global fold, has not been pursued
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rigorously in the literature. In this dissertation, we have extended rdc-analytic to

exploit the mathematical relationships between protein kinematics and the orienta-

tional restraints from RCSAs in an analytic framework to determine protein backbone

conformations.

High-Resolution solution NMR Structure of FF Domain 2 of Human
Transcription Elongation Factor CA150 from a Global Fold Computed
from Analytic Solutions to the RDC Equations

In Zeng et al. [275], we have shown that starting from the high-resolution back-

bone fold, determined from a minimum amount of RDC data, it is possible to do

automated NOE assignments which can be used by standard structure calculation

programs such as xplor-nih [203] to elucidate high-resolution all-atom structure of

a protein. Working closely with the laboratory of our collaborator, Dr. Pei Zhou, in

the Duke Biochemistry Department, we have solved the structure of the FF Domain 2

of human transcription elongation factor CA150 (RNA polymerase II C-terminal do-

main interacting protein) (FF2), the atomic coordinates of which has been deposited

into the Protein Data Bank (PDB id: 2kiq). Figure 1.1 shows the cartoon view of

the Model 1 of 2kiq.

Our new structure determination framework, called rdc-Panda (RDC-based SSE

PAcking with NOEs for Structure Determination and NOE Assignment) [275] consists

of three modules: (1) rdc-analytic, which computes orientations and conformations

of SSE backbones from the exact solutions to the RDC equations; (2) Packer, which

packs SSE backbones using sparse NOE restraints; and (3) hana (HAusdorff-based

NOE Assignment), which uses the SSE backbones to place side-chains and assign

NOEs.

The input data to rdc-Panda are the following: (1) the primary sequence of

the protein; (2) the 3D NOE peak list from both 15N- and 13C-edited spectra; (3)
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Figure 1.1: The cartoon view of the NMR structure (Model 1 in an ensemble
of 20 structures) of FF Domain 2 of human transcription elongation factor CA150
(FF2) solved by our structure determination program rdc-Panda [275]. The atomic
coordinates have been deposited into the Protein Data Bank. The PDB id of our
NMR structures of FF2 is 2kiq.

the resonance assignment list that includes both backbone and side-chain resonance

assignments; (4) the RDC data, including Cα-Hα and N-HN RDCs, and the RDCs of

other bond vectors (optional), such as Cα-C′ and C′-N bond vectors; (5) the talos

table of dihedral angle ranges from the chemical shift analysis [58, 208]; and (6) the

rotamer library [146]. Only Cα-Hα and N-HN RDCs in one medium are required

by rdc-Panda to compute the backbone conformation and orientation, but other
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additional RDCs such as Cα-C′ and C′-N RDCs can be also included.

rdc-Panda has been applied to do retrospective studies on three proteins, viz. hu-

man ubiquitin (the X-ray reference structure has PDB id 1ubq [240] and the NMR

reference structure has PDB id 1d3z [59]), the ubiquitin-binding zinc finger domain

of the human Y-family DNA polymerase Eta (pol η UBZ) (the reference structure

has PDB id 2i5o [19]), and the human Set2-Rpb1 interacting domain (hSRI) (the

reference structure has PDB ID 2a7o [133]); and a prospective study has been done

for the protein FF2 [275].

An Overview of Protein Backbone Structure Determination using rdc-

analytic, pack and pool

rdc-analytic is the first step of the rdc-Panda [275] high-resolution structure

determination framework. The hana module of rdc-Panda requires an accurate

backbone structure as input, in order to do the NOE assignment, i.e., assigning

the cross peaks of NOESY spectra to pairs of protons that are correlated with a

through-space NOE interaction. Here we describe, in a nutshell, our protein backbone

structure determination framework, which comprises three main algorithmic modules,

viz. rdc-analytic, pack and pool (see Figure 1.2 for a schematic overview). In

Chapters 2, 3 and 4, we describe in detail, the different variations of the structure

determination problem under sparse-data settings, and the inner workings of the

above three modules. We present results of applications of our algorithms in protein

backbone structure computation including loops, from experimental NMR data. We

note that our loop structure determination algorithm pool [227, 228], and the new

and extended algorithm pack, which assembles the β-strands into β sheets, and also

packs the SSEs to obtain the core structure (i.e., packed SSE backbone conformations)

representing the global fold, are integrated with rdc-analytic.

The input data to our algorithms include: (1) the primary sequence of the protein;
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Figure 1.2: Schematic overview of our protein backbone structure determination
framework, which comprises three main modules, viz. rdc-analytic, pack and
pool. It determines the protein backbone structure de novo from a minimal amount
of RDC and RCSA data (as few as two RDCs/RCSAs per residues) plus a sparse set of
NOEs.a rdc-analytic determines the conformations and orientations of secondary
structure elements (SSEs) from RDCs and RCSAs. pack uses a sparse set of NOEsa

to assemble the SSEs into core structures representing the global fold. pool computes
the loop backbone conformations from RDCsb, and places them on the core structures
to finally output complete backbone structures. aPREs can also be used. bRCSAs
can be used.

(2) at least two RDCs or RCSAs per residue in one alignment medium, and option-

ally other data, for example, additional RDCs, RCSAs in one or multiple alignment

media, and talos [58, 208] dihedral restraints; (3) a sparse set of NOEs or PREs; (4)

secondary structure element boundaries based on talos [58, 208] dihedral restraints;

and (5) the rotamer library [146].

Figure 1.2 gives an overview of our backbone structure determination frame-

work. A schematic illustration of protein backbone structure determination using

rdc-analytic, pack, and pool is shown in Figure 1.3. The RDC and RCSA

data is used to compute the conformations and orientations of the SSEs (Figure 1.3

A). Unlike previous approaches that use RDCs in the final structure refinement and

randomly sample the conformation space to find solutions that satisfy experimental

restraints [107, 220], rdc-analytic solves a system of low-degree (quartic) poly-

nomial equations derived from RDC and RCSA restraints, and protein backbone

kinematics, to compute the backbone dihedral angle solutions (Figure 1.3 B). rdc-

analytic does a systematic search over the roots of the polynomial system to find

the global optimal solution for each secondary structure element consistent with the
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Figure 1.3: Schematic illustration of protein backbone structure determination
using rdc-analytic, pack, and pool. (A-D) rdc-analytic computes the con-
formations and orientations of SSE backbones (see D) from RDCsa (see A) by solving
a system of quartic equations derived from RDCa sphero-conics and protein kinemat-
ics (see B), and systematically searching over the roots (see C), each of which encodes
a backbone dihedral φ or ψ. (E) pack uses a set of sparse NOEsb to pack the SSEs
into core structures representing the global fold. (F) pool computes the loop back-
bone conformations from RDCsa (see A) by solving a system of quartic equations
derived from RDCa sphero-conics and protein kinematics (see B), and systematically
searching over the roots (see C), to enumerate loop conformations that simultaneously
satisfy the RDCa data, protein kinematics, and loop closure constraints. aRCSAs can
also be used. bPREs can be used.
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RDC and RCSA data (see Figure 1.3 C, D). The pack module uses a sparse set of

unambiguous inter-SSE NOEs, which can be extracted from the NOESY spectra us-

ing only chemical shift information [275]. Alternatively, a sparse set of unambiguous

inter-SSE NOEs can be obtained from the isoleucine-leucine-valine (ILV) selective

labeling method [83, 90, 215, 230], and selective labeling of alanine residues [7, 110],

in which protons and 13C isotopes are selectively incorporated into methyl groups of

Ileδ1 , Leuδ, Valγ and Alaβ side-chains on a deuterated background, which can be used

to measure NOE distances between HN-HN, methyl-HN and methyl-methyl protons.

Also semiquantitative, long-range distance restraints from paramagnetic relaxation

enhancement [11] measurements, that often complement the short-range NOE dis-

tances, can be used as input to pack, in addition to NOEs. pack then performs

a systematic three dimensional grid search (within a parameterized resolution) over

relative translations of the SSEs to pack the SSEs. It considers all possible rotamers,

and discrete translations that satisfy these sparse inter-SSE NOEs and PREs. The

resulting ensemble of packed SSEs defines the global fold of the protein (see Figure 1.3

E). Finally, the pool [227, 228] algorithm is invoked to compute the missing loop

conformations from RDC data (Figure 1.3 F).

Outline of Dissertation

The rest of this dissertation is organized as follows. In Chapter 2, we describe a novel,

efficient, and practical deterministic algorithm, pool, that determines accurate loop

conformations from sparse RDC data in the presence of a moderate level of protein

dynamics. Results on experimental RDC datasets for four proteins, including human

ubiquitin, FF2, DinI and GB3, demonstrate that our algorithm can compute loops

with higher accuracy, a 3- to 6-fold improvement in backbone RMSD, versus those

obtained by traditional structure determination protocols on the same data. Excellent

results were also obtained on synthetic RDC datasets for protein loops of length 4, 8
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and 12 used in previous studies. These results suggest that pool can be successfully

applied to determine protein loop conformations, and hence will be useful in high-

resolution protein backbone structure determination, including loops, from sparse

NMR data.

In Chapter 3, we describe algorithms, that are part of rdc-analytic suite, to

determine protein backbone global fold from RDC data collected in one or multiple

aligning media. Our algorithms only a minimal amount of experimental data, such as

two RDCs per residue and a sparse set of NOE distance restraints to compute protein

backbone conformations. We evaluate the performance of our algorithms on NMR

data for four proteins: human ubiquitin, DNA-damage-inducible protein I (DinI),

the Z domain of staphylococcal protein A (SpA), and the third IgG-binding domain

of Protein G (GB3). The results show that our algorithms are able to determine

high-quality backbone structures from a limited amount of NMR data.

In Chapter 4, we describe methods that exploit the mathematical interplay be-

tween sphero-conics derived from RDC and RCSA data measured in one alignment

medium and protein kinematics, to derive quartic equations, which can be solved in

closed-form to compute protein backbone dihedrals (φ, ψ). Building upon this, we de-

sign a novel, sparse data, divide-and-conquer algorithm to compute protein backbone

conformations. Our algorithm first computes the protein backbone substructures

containing α-helices and β-sheets, and then uses a sparse set of distance restraints

in a systematic search to arrange them spatially to obtain backbone global fold. Re-

sults on experimental datasets for the protein human ubiquitin demonstrate that our

algorithm can compute backbone conformations with high accuracy. These results

suggest that our algorithm can be successfully applied to determine high-quality pro-

tein backbone structures from a limited amount of data, and hence, will be useful in

automated NOE assignments and high-resolution protein backbone structure deter-

mination from sparse NMR data.
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Chapter 5 describes an interesting mathematical result. We show that for RDCs

measured on a planar structural motif, such as a peptide plane, there exist at most

16 different solutions which can be obtained by solving only a quadratic equation.

We give an algorithm to compute all possible orientations of the planar motif, and

discuss applications in protein structure determination using sparse RDCs.

Finally, in Chapter 6, we make concluding remarks, and discuss further possible

directions for protein structure determination from sparse NMR data.

The algorithms and software tools developed in this dissertation were tested on

real NMR data, and distributed open-source under the GNU Lesser General Public

License.
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2

Protein Loop Closure Using Orientational
Restraints from NMR Data

Creativity has at least one degree of freedom.

— Chittaranjan Tripathy
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Synopsis

Protein loops often play important roles in biological functions. Modeling loops ac-

curately is crucial to determining the functional specificity of a protein. Despite the

recent progress in loop prediction approaches, which led to a number of algorithms

over the past decade, few rigorous algorithmic approaches exist to model protein

loops using global orientational restraints, such as those obtained from residual dipo-

lar coupling (RDC) data in solution NMR spectroscopy. In this article, we present a

novel, sparse data, RDC-based algorithm, which exploits the mathematical interplay

between RDC-derived sphero-conics and protein kinematics, and formulates the loop

structure determination problem as a system of low-degree polynomial equations that

can be solved exactly, in closed-form. The polynomial roots, which encode the can-

didate conformations, are searched systematically, using provable pruning strategies

that triage the vast majority of conformations, to enumerate or prune all possible

loop conformations consistent with the data; therefore, completeness is ensured. Re-

sults on experimental RDC datasets for four proteins, including human ubiquitin,

FF2, DinI and GB3, demonstrate that our algorithm can compute loops with higher

accuracy, a 3- to 6-fold improvement in backbone RMSD, versus those obtained by

traditional structure determination protocols on the same data. Excellent results

were also obtained on synthetic RDC datasets for protein loops of length 4, 8 and

12 used in previous studies. These results suggest that our algorithm can be suc-

cessfully applied to determine protein loop conformations, and hence will be useful

in high-resolution protein backbone structure determination, including loops, from

sparse NMR data.

2.1 Introduction

Protein loops are the segments of polypeptide chain that connect two relatively fixed

segments of protein backbone. Although loops do not contain any regular units of
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secondary structure elements (SSEs), they often connect two SSEs such as α-helices

or β-strands. In addition to serving as linkers between SSEs, loops often play crucial

roles in protein stability and folding pathways, and in many other important biological

functions such as binding, recognition, catalysis and allosteric regulation [27, 89, 91,

172, 196, 212, 239]. Often, the structural difference in the loops within a fold family

provides a basis to ratiocinate and describe the variability in the functional specificity.

While the global fold, i.e., the conformations and orientations of the SSEs of

a protein, can often be determined with high accuracy via traditional experimen-

tal techniques such as X-ray crystallography or nuclear magnetic resonance (NMR)

spectroscopy, modeling loops that seamlessly close the gap between two consecutive

SSEs by satisfying the geometric, biophysical, and data constraints remains a difficult

problem. In X-ray crystallography, for instance, the disorder in a protein crystal can

render interpretation of the resulting electron density for loops difficult. As a result,

protein structures found in the Protein Data Bank (PDB) [15] often have missing

loops or disordered loops. The problem of computing loops that are biophysically

reasonable and geometrically valid is called the loop closure problem or the loop mod-

eling problem. Since its introduction four decades ago in the classic paper by Gō

and Scheraga [86], the loop closure problem has been an active area of research. In

fact, modeling of loops can be regarded as an ab initio protein folding problem at a

smaller scale [263]. It is also an important problem in de novo protein structure pre-

diction [105, 147, 242]. Therefore, solutions and algorithms for accurate modeling of

loops are highly desirable for understanding of the physical-chemical principles that

determine protein structure and function.

Exploring the conformation space of a protein loop to identify low energy loop

conformations is a difficult computational problem. Methods to identify such loops

include database search and homology modeling [73, 190, 226, 238], ab initio methods

based on the minimization of empirical molecular mechanics energy functions [79,

16



120, 211, 214, 263], and robotics-inspired inverse kinematics and optimization-based

methods [2, 33, 60–62, 121, 132, 156, 245, 250, 269]. These techniques work in two

phases: first, the protein conformation space is explored to find a set of candidate loop

conformations, which are then evaluated in the second phase using an appropriate

empirical energy function to select the most promising set of loops.

Database methods [73, 113, 190, 217, 226, 238] identify a set of candidate loops

from a library of fragments derived from a protein structure database such as the

PDB [15] that fit the anchor residues on either end of a loop. These loops are further

ranked using criteria such as the sequence homology and conformational energy. The

accuracy of loop prediction by these methods heavily relies on the statistical diversity

of the database, and the representation of the loops in it, e.g., as in antibody hyper-

variable loops [47, 151]. However, in general, database methods suffer from limited

sampling of the loop conformations by the fragments in the database.

Ab initio loop modeling methods sample the conformation space randomly or use

robotics-based sampling algorithms to generate a large number of loop conformations.

Loop closure and energy minimization are done by using methods such as random

tweak [77, 211], direct tweak [214, 263], analytical loop closure techniques [61, 62, 250],

molecular dynamics simulation [23, 42], Markov Chain Monte Carlo (MCMC) simu-

lated annealing [56, 79], bond-scaling-relaxation [188], and other optimization tech-

niques [115, 120]. The accuracy of loop prediction by these methods depends on the

efficacy of the conformational space exploration techniques used, and on the qual-

ity and parameterization of the force field employed to evaluate the conformational

energy. These algorithms are computationally expensive since they require a large

number of random moves accompanied by repeated energy computations.

The protein loop closure problem is an inverse kinematics (IK) problem in com-

putational biology. Given the poses of terminal anchor residues, it asks to find all

possible values of the degrees of freedom (DOFs), i.e., the values of the dihedrals
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φ and ψ, for which the fragment connects both the anchor residues. This problem

has been studied widely in robotics and biology [33, 60–62, 72, 121, 156, 245, 250].

Tri-peptide loop closure, for which the number of DOFs is six and exactly six geo-

metric constraints are stipulated due to the closure criterion, can be solved analyti-

cally [44, 61, 62, 148, 250] using exact IK solvers to give at most 16 possible solutions.

For longer loops, the loop closure problem is underconstrained, so a continuous family

of solutions are possible in the absence of additional constraints. Optimization-based

IK solvers such as random tweak [77, 211], and the cyclic coordinate descent (CCD)

algorithm [33] have been successful in dealing with a large number of DOFs, and have

found many applications [105, 207, 237, 242]. These methods iteratively solve for the

DOFs until the loop closure constraints are satisfied. However, the problem of loop

closure subject to orientational restraints (e.g., from NMR data) has not been stud-

ied rigorously in the robotics or computational biology literature, and no practical

deterministic algorithm exists to our knowledge.

Protein structure determination using nuclear Overhauser effect (NOE) distance

restraints is NP-hard [198]. Traditional protein structure determination from solu-

tion NMR data starts with an elongated polypeptide backbone chain, and uses NOEs

and dihedral angle restraints in a simulated annealing/simplified molecular dynamics

(SA/MD) protocol [52, 94, 126, 159, 203] to compute the protein structure. Residual

dipolar coupling (RDC) restraints are only incorporated in the final stages of the

structure computation to refine the structures [24, 203]. NOE-based structure de-

termination protocols are known to be prone to be trapped in local minima or lead

to wrong convergence. To overcome the shortcomings of NOE-based methods, ap-

proaches in [3, 21, 68, 85, 186, 220] have been proposed that primarily use RDC data,

which provides precise global orientational restraints on internuclear vector orienta-

tions, to determine protein backbone structure. However, most of these approaches

employ stochastic search, and therefore lack any algorithmic guarantee on the quality
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of the solution or running time. In recent work from our laboratory [71, 246, 248, 270],

polynomial-time algorithms have been proposed for high-resolution backbone global

fold determination from a minimal amount of RDC data. These algorithms represent

the RDC equations and protein kinematics in algebraic form, and use exact methods

in a divide-and-conquer framework to compute the global fold. In addition, these

algorithms use a sparse set of RDC measurements (e.g., only two RDCs per residue),

with the goal of minimizing the number of NMR experiments, hence the time and

cost to perform them.

A high-resolution protein backbone is often a starting point for structure-based

protein design [38, 81, 84, 136], and assembly of symmetric protein homo-oligomers [152].

An accurate backbone structure facilitates the assignment of side-chain resonances

(i.e., the side-chain assignment problem) [277], and NOESY spectra (i.e., the NOE

assignment problem) [94, 275], which are prerequisites for high-resolution structure

determination protocols, including side-chain conformations. For example, the al-

gorithms in [71, 246, 248, 270] have been used in [247, 275, 276] to develop new

algorithms for NOE assignment. These algorithms led to the development of a new

framework [275] for high-resolution protein structure determination, which was used

prospectively to solve the solution structure of the FF Domain 2 of human tran-

scription elongation factor CA150 (FF2) (PDB id: 2kiq). The global folds obtained

by [71, 246, 248, 270] have all the loops missing which requires a new algorithm that

can compute the missing loops from RDCs. A preliminary approach to computing

the missing loops in [275] used a heuristic local minimization protocol [203].

In this paper, we give a solution to the loop closure problem. We present an

efficient deterministic algorithm, pool, that computes the missing loops from RDC

data. Our algorithm exploits the interplay between protein backbone kinematics

and the global orientational restraints derived from RDC data to naturally discretize

the conformation space by polynomial-root solutions, and represents the candidate
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conformations using a tree. A systematic depth-first search of the conformation tree

is used to enumerate all possible loop conformations that are consistent with the

data. pool uses efficient pruning strategies capable of pruning the majority of the

conformations that are provably not part of a valid loop, thereby achieving a huge

reduction in the search space. Unlike other algorithms, e.g. [21], that attempt to

compute backbone structure using as many as 15 RDCs per residue recorded in two

alignment media, which in general can be difficult to measure due to experimental

reasons [103], our algorithm uses as few as two or three RDCs per residue in one

alignment medium, which is often experimentally feasible. As we will show in the

Results and Discussion section, when given the same data, our algorithm performs

better than traditional SA/MD-based approaches [203], and also better than previous

sparse-data protocols [209]. In addition, our algorithm can compute ensembles of

near-native loop conformations in the presence of modest levels of protein internal

dynamics. Additional RDCs, and other data that provide constraints in torsion-

angle space (e.g., talos [58, 208] dihedral restraints) or in Euclidean space (e.g.,

sparse NOEs), whenever available, can directly be incorporated into our algorithm.

In summary, we make the following contributions in this paper:

1. Derivation of quartic equations for backbone dihedrals φ and ψ from experi-

mentally-recorded RDC sphero-conics and backbone kinematics, which can be

solved exactly and in closed form;

2. Systematic search of the roots of the polynomial equations that encode the con-

formations, using efficient pruning methods to eliminate the vast majority of con-

formations;

3. Design and implementation of an efficient algorithm, pool, to determine protein

loop conformations from a limited amount of experimental RDC data;
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4. Promising results from the application of our algorithm both on experimental

NMR datasets for four proteins, and on synthetic datasets for protein loops studied

previously in [33, 61, 140, 147].

2.2 Methods

2.2.1 Overview

pool solves the following loop closure problem. Let the residues of the protein be

numbered from 1 to n (from N- to C-terminus). Suppose the global fold of the protein

has been determined from RDCs in a principal order frame (POF) of RDCs (see sub-

section RDC Sphero-Conics), as we showed was feasible in [71, 246, 248, 270, 275]. In

principle, the global fold of proteins could also be computed using protein structure

prediction [8], or homology modeling [129, 130]; alternatively, X-ray structures (with

missing loops) can be used. Given two consecutive SSEs with n1 and n2 being the last

residue of the first SSE and first residue of the second SSE, respectively, the missing

loop [n1, n2] is defined as the fragment between residues n1 and n2 with both end

residues included. The residues n1 and n2 that are part of the SSEs will be called the

stationary anchors, and those of a candidate loop will be called the mobile anchors.

We assume that the n1 mobile anchor of the loop is attached to the n1 stationary

anchor of the first SSE. Then the loop closure problem is stated as follows: in the

POF, given the poses of the stationary anchors n1 and n2 (points in R3 × SO(3)),

compute a complete set of conformations of fragments [n1, n2] so that n2 mobile an-

chor of each fragment in the set assumes the pose of the stationary anchor n2, while

satisfying the RDC data and standard protein geometry.

Our algorithm builds upon the initial work from our laboratory [71, 248, 270, 275],

where the authors developed polynomial time algorithms to compute high-resolution

backbone global fold de novo from N-HN and Cα-Hα RDCs in one alignment medium.

These sparse-data algorithms have been extended to incorporate combinations of
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Table 2.1: φ-defining and ψ-defining RDCs.

φ-defining RDC Cα-Hα, Cα-C′, Cα-Cβ

ψ-defining RDC N-HN, C′-N, C′-HN

A φ-defining RDC is used to compute the backbone dihedral φ, and a ψ-defining RDC
is used to compute the backbone dihedral ψ exactly and in closed form.

different types of RDCs (see Table 2.1) in one or two alignment media. The new

generalized framework is called rdc-analytic [270, 275]. pool implements a novel

algorithm to determine protein loop backbone structures from a minimal amount

of RDC data, and is a crucial addition to the rdc-analytic suite, which did not

compute loops before.

Table 2.1 describes the RDC types that pool uses to compute the backbone

dihedrals exactly and in closed form. A φ-defining RDC is used to compute the

backbone dihedral φ, and a ψ-defining RDC is used to compute the backbone dihedral

ψ. The input data to pool include: (1) the global fold of the protein computed

by [71, 248, 275]; (2) the alignment tensor, which generally can be computed from

the global fold using [143, 246]; (3) at least one φ-defining and one ψ-defining RDCs

per residue, and optionally other data, e.g., additional RDCs, talos [58, 208] dihedral

restraints and sparse NOEs; and (4) the primary sequence of the protein.

Solving a system of equations from RDCs, protein kinematics and loop closure con-

straints simultaneously is a difficult computational problem since it leads to solving a

high-degree polynomial system. However, since RDCs are very precise measurements,

an algorithm which is able to compute protein fragments by inductively solving low-

degree polynomial equations derived from RDCs and backbone kinematics, and drives

the computation to satisfy the loop closure criterion, will achieve the desired objec-

tive. Our algorithm pool is based on this key insight. Starting from a stationary

anchor, it solves each DOF sequentially using the equations derived in the following

subsections. The discrete values of the DOFs computed from the polynomial roots,
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Figure 2.1: An example conformation tree. A non-leaf node represents a part of a
candidate loop, and a leaf node represents a candidate loop conformation. Dead-end
conformations detected by the conformation filters are pruned. Allowed conforma-
tions are subject to the test for loop closure. An optimal conformation passes all
the tests; therefore, belongs to the ensemble of computed loops. Shown in green an
accepting computation path for an optimal conformation.

are represented by a conformation tree grown recursively as we solve for the DOFs

progressively. An internal (i.e., non-leaf) node in the tree represents the conformation

of a part of a candidate loop, and a leaf node represents a candidate loop conformation

computed from RDCs. Figure 2.1 illustrates a conformation tree for a loop. As each

node is visited in a depth-first traversal of the tree, if the conformation represented

by that node fails the conformation filters (see subsection Pruning with Conformation

Filters), it is called a dead-end node, and the subtree rooted at that node is pruned.

Dead-end nodes identified at lower levels (i.e., closer to the root) of the conforma-

tion tree prune more conformations than those identified at higher levels. Finally,

all remaining unpruned conformations (leaf nodes) already close to the stationary

anchor (since they satisfy the reachability criterion as described in subsection Pruning

with Conformation Filters), are evaluated for loop closure. At this stage, minimiza-
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tion techniques can be applied to improve the closure. Conformations satisfying the

closure criterion are added to the final ensemble of loops. pool enumerates all loop

conformations that satisfy the RDC data and pass the conformation filters; therefore,

it guarantees completeness.

2.2.2 RDC Sphero-Conics

The residual dipolar coupling r between two spin-1
2

nuclei a and b is given by

r = Dmaxv
TSv, (2.1)

where v is the unit internuclear vector between a and b, Dmax is the dipolar interaction

constant, S is the Saupe order matrix [197], or alignment tensor, that specifies the

ensemble-averaged anisotropic orientation of the protein in the laboratory frame. S

is a 3 × 3 symmetric, traceless, rank 2 tensor with five independent elements [71, 176,

221, 224]. The dipolar interaction constant Dmax is given by

Dmax =
µ0~γaγb

4π2

〈
r−3
ab

〉
, (2.2)

where µ0 is the magnetic permeability of vacuum, ~ is Planck’s constant, γa and γb are

the gyromagnetic ratios of the nuclei a and b, respectively, and
〈
r−3
ab

〉
represents the

vibrational ensemble-averaged inverse cube of the distance between the two nuclei.

Letting Dmax = 1 (i.e., scaling the RDCs appropriately), and considering a global

coordinate frame that diagonalizes the alignment tensor S, often called the principal

order frame (POF), Eq. (2.1) can be written as

r = Sxxx
2 + Syyy

2 + Szzz
2, (2.3)

where Sxx, Syy and Szz are the three diagonal elements of a diagonalized alignment

tensor S, and x, y and z are, respectively, the x, y and z components of the unit vector

v in a POF that diagonalizes S. Since v is a unit vector, i.e.,

x2 + y2 + z2 = 1, (2.4)

24



Figure 2.2: (a) The internuclear vectors (shown using arrows) for which RDCs
are possible to measure. The magenta and red arrows represent φ-defining and ψ-
defining RDCs, respectively. (b) The brown pringle-shaped RDC sphero-conic curves
inscribed on a unit sphere constrain the internuclear vector v (green arrow) to lie on
one of them. The kinematic circle (shown in blue almost edge-on) of v intersects the
sphero-conic curves in at most four points (green dots) leading to a maximum of four
possible orientations for the internuclear vector v.

an RDC constrains the corresponding internuclear vector v to lie on the intersection

of a concentric unit sphere (Eq. (2.4)) and a quadric (Eq. (2.3)) [180]. This gives

a pair of closed curves inscribed on the unit sphere that are diametrically opposite

to each other (see Figure 2.2). These curves are known as sphero-conics or sphero-

quartics [34, 191, 192].

Using Eq. (2.4) in Eq. (2.3), we can rewrite Eq. (2.3) in the following form:

ax2 + by2 = c, (2.5)

where a = Sxx−Szz, b = Syy−Szz, and c = r−Szz. Henceforth, we refer to Eq. (2.5)

as the reduced RDC equation.

For further background on RDCs and RDC-based structure determination, the

reader is referred to [71, 72, 176, 221, 224]. We now derive analytic solutions for

peptide plane orientations using protein kinematics and the RDC sphero-conics, which

are used inductively in our algorithm pool to build the conformation tree.
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2.2.3 Analytic Solutions for Peptide Plane Orientations from φ-defining and ψ-
defining RDCs in One Alignment Medium

The derivation below assumes standard protein geometry, which is exploited in the

kinematics [246]. We choose to work in an orthogonal coordinate system defined at

the peptide plane Pi with z-axis along the bond vector N(i) → HN(i), where the

notation a→ b means a vector from the nucleus a to the nucleus b. The y-axis is on

the peptide plane i and the angle between y-axis and the bond vector N(i) → Cα(i)

is fixed. The x-axis is defined based on the right-handedness. Let Ri,POF denote the

orientation (rotation matrix) of Pi with respect to the POF. Then R1,POF denotes the

relative rotation matrix between the coordinate system defined at the first residue

of the current SSE and the principal order frame. Ri,POF is used to derive Ri+1,POF

inductively after we compute the dihedral angles φi and ψi. Ri+1,POF, in turn, is used

to compute the (i+ 1)st peptide plane.

We derive closed-form solutions for the dihedral φ, and hence the corresponding

internuclear vector orientations, using a φ-defining RDC as shown in the following

proposition. For brevity, we will only state the constants (coefficients) without giving

explicit formulas to compute them. Please see Appendix A for the derivation of the

constants.

Proposition 1. Given the diagonalized alignment tensor components Sxx and Syy,

the peptide plane Pi, and a φ-defining RDC r for the corresponding internuclear vector

of residue i, there exist at most 4 possible values of the dihedral angle φi that satisfy

the RDC r. The possible values of φi can be computed exactly and in closed form by

solving a quartic equation.

Proof. Let the unit vector v0 = (0, 0, 1)T represent the N-HN bond vector of residue

i in the local coordinate frame defined on the peptide plane Pi. Let v1 = (x, y, z)T

denote the internuclear vector for the φ-defining RDC for residue i in the principal
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order frame. We can write the forward kinematics relation between v0 and v1 as

follows:

v1 = Ri,POF Rl Rz(φi) Rr v0 . (2.6)

Here Rl and Rr are constant rotation matrices that describe the kinematic relation-

ship between v0 and v1 . Rz(φi) is the rotation about the z-axis by φi.

Let c and s denote cosφi and sinφi, respectively. Using this while expanding

Eq. (2.6) we have

x = A0 + A1c+ A2s, y = B0 +B1c+B2s, z = C0 + C1c+ C2s, (2.7)

in which Ai, Bi, Ci for 0 ≤ i ≤ 2 are constants. Using Eq. (2.7) in the reduced RDC

equation (Eq. (2.5)), and simplifying we obtain

K0 +K1c+K2s+K3cs+K4c
2 +K5s

2 = 0, (2.8)

in which Ki, 0 ≤ i ≤ 5 are constants. Using half-angle substitutions

u = tan(
φi
2

), c =
1− u2

1 + u2
, and s =

2u

1 + u2
(2.9)

in Eq. (2.8) we have

L0 + L1u+ L2u
2 + L3u

3 + L4u
4 = 0, (2.10)

in which Li, 0 ≤ i ≤ 4 are constants.

Eq. (2.10) is a quartic equation which can be solved exactly and in closed form.

Let {u1, u2, u3, u4} denote the set of (at most) four real solutions of Eq. (2.10). For

each ui, the corresponding φi value can be computed using Eq. (2.9).

The amino acid residue glycine (Gly), shown in Figure 2.2.3, has two Hα atoms

which we denote by Hα2 and Hα3 . The Cα-Hα RDC, measured for Gly is the sum of

the RDCs for the bond vectors Cα-Hα2 and Cα-Hα3 . Here we show that given Cα-Hα

RDC for a Gly residue, we can compute all possible solutions for the dihedral φ.
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Figure 2.3: The amino acid residue glycine. The two Hα atoms are denoted by Hα2

and Hα3 , respectively. The Cα-Hα RDC is the sum of the RDCs measured for the
bond vectors Cα-Hα2 and Cα-Hα3 .

Proposition 2. Given the diagonalized alignment tensor components Sxx and Syy,

the peptide plane Pi, and the Cα-Hα RDC r for residue i which is a glycine, there

exist at most 4 possible values of the dihedral angle φi that satisfy the Cα-Hα RDC

r. The possible values of φi can be computed exactly and in closed form by solving a

quartic equation.

Proof. Let the unit vector v0 = (0, 0, 1)T represent the N-HN bond vector of residue

i in the local coordinate frame defined on the peptide plane Pi. Let v1 = (x1, y1, z1)T

and v2 = (x2, y2, z2)T be the unit vectors defined in the POF to represent Cα-Hα2

and Cα-Hα3 , respectively. We can write the forward kinematics relations between v0

and v1 , and between v0 and v2 as follows:

v1 = Ri,POF Rl Rz(φi) Rr v0 (2.11)

v2 = Ri,POF Rl Rz(φi) R′r v0 . (2.12)

Here Rl, Rr and R′r are constant rotation matrices. Rz(φi) is the rotation about the
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z-axis by φi.

Let c and s denote cosφi and sinφi, respectively. Using this while expanding

Eq. (2.11) and Eq. (2.12) we have

x1 = A10 + A11c+ A12s, y1 = B10 +B11c+B12s, z1 = C10 + C11c+ C12s(2.13)

x2 = A20 + A21c+ A22s, y2 = B20 +B21c+B22s, z2 = C20 + C21c+ C22s,(2.14)

where Aij, Bij, Cij for 1 ≤ i ≤ 2 and 0 ≤ j ≤ 2 are constants.

For glycine, since Cα-Hα RDC is the sum of the RDCs for the bond vectors Cα-Hα2

and Cα-Hα3 , we can write the RDC equation as

r = Dmax

[
vT

1
Sv1 + vT

2
Sv2

]
. (2.15)

Without loss of generality, we let Dmax = 1, which is done by scaling the RDCs

appropriately. Now, since v1 and v2 are unit vectors,

x2
1 + y2

1 + z2
1 = 1 (2.16)

x2
2 + y2

2 + z2
2 = 1. (2.17)

Using Eq. (2.16) and Eq. (2.17) we can expand Eq. (2.15), and rewrite it in the

following form:

a′(x2
1 + x2

2) + b′(y2
1 + y2

2) = c′, (2.18)

where

a′ = Sxx − Szz, b′ = Syy − Szz, c′ = r − 2Szz.

Using Eq. (2.13) and Eq. (2.14) in Eq. (2.18), and simplifying we obtain

K0 +K1c+K2s+K3cs+K4c
2 +K5s

2 = 0, (2.19)

where Ki, 0 ≤ i ≤ 5 are constants.
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Using half-angle substitutions

u = tan(
φi
2

), c =
1− u2

1 + u2
, and s =

2u

1 + u2
(2.20)

in Eq. (2.19) we have

L0 + L1u+ L2u
2 + L3u

3 + L4u
4 = 0, (2.21)

where Li, 0 ≤ i ≤ 4 are constants.

Eq. (2.21) is a quartic equation which can be solved exactly and in closed form.

Let {u1, u2, u3, u4} denote the set of (at most) four real solutions of Eq. (2.21). For

each ui, the corresponding φi value can be computed using Eq. (2.20).

We next derive closed-form solutions for the dihedral ψ, using a ψ-defining RDC as

shown in the following proposition. For brevity, we will only state the constants (coef-

ficients) without giving explicit formulas to compute them. Please see Appendix A

for the derivation of the constants.

Proposition 3. Given the diagonalized alignment tensor components Sxx and Syy,

the peptide plane Pi, the dihedral φi, and a ψ-defining RDC r for the corresponding

internuclear vector on peptide plane Pi+1, there exist at most 4 possible values of the

dihedral angle ψi that satisfy the RDC r. The possible values of ψi can be computed

exactly and in closed form by solving a quartic equation.

Proof. Let the unit vector v0 = (0, 0, 1)T represent the N-HN bond vector of residue

i in the local coordinate frame defined on the peptide plane Pi. Let v1 = (x, y, z)T

denote the internuclear vector for the ψ-defining RDC for residue i in the principal

order frame. Note that the internuclear vector for a ψ-defining RDC has at least one

nucleus that belongs to residue i + 1. The forward kinematics relation between v0

and v1 can be written as follows:

v1 = Ri,POF Rl Rz(φi) Rm Rz(ψi) Rr v0 . (2.22)
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Here Rl, Rm and Rr are constant rotation matrices. Rz(φi) is the rotation about the

z-axis by φi, and is a constant rotation matrix since φi is known (already computed

before computing ψi by using Proposition 1). Rz(ψi) is the rotation about the z-axis

by ψi.

Let c and s denote cosψi and sinψi, respectively. Using this and expanding

Eq. (2.22) we have

x = A0 + A1c+ A2s, y = B0 +B1c+B2s, z = C0 + C1c+ C2s, (2.23)

in which Ai, Bi, Ci for 0 ≤ i ≤ 2 are constants. Using Eq. (2.23) in the reduced RDC

equation (Eq. (2.5)), and simplifying we obtain

K0 +K1c+K2s+K3cs+K4c
2 +K5s

2 = 0, (2.24)

in which Ki, 0 ≤ i ≤ 5 are constants. Using half-angle substitutions

u = tan(
ψi
2

), c =
1− u2

1 + u2
, and s =

2u

1 + u2
(2.25)

in Eq. (2.24) we have

L0 + L1u+ L2u
2 + L3u

3 + L4u
4 = 0, (2.26)

in which Li, 0 ≤ i ≤ 4 are constants.

Eq. (2.26) is a quartic equation which can be solved exactly and in closed form.

Let {u1, u2, u3, u4} denote the set of (at most) four real solutions of Eq. (2.26). For

each ui, the corresponding ψi value can be computed by using Eq. (2.25).

Putting the preceding propositions together, we obtain the following result for

the number of peptide plane orientations: Given the diagonalized alignment tensor

components Sxx and Syy, the peptide plane Pi, a φ-defining RDC and a ψ-defining

RDC for φi and ψi, respectively, there exist at most 16 orientations of the peptide

plane Pi+1 with respect to Pi that satisfy the RDCs.
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2.2.4 Analytic Solutions for Peptide Plane Orientations from φ-defining RDCs in
Medium 1 and ψ-defining RDCs in Medium 2

We show that it is possible to compute all possible orientations of a peptide plane

from a φ-defining RDC in one alignment medium and a ψ-defining RDC in a second

alignment medium. That is, if RDCs for the bond vectors which are missing in one

alignment medium can be measured in a second medium, our algorithm pool is able

to use those to compute loop backbone conformations. The proposition below shows

how to do this.

Proposition 4. Given the diagonalized alignment tensor components Sxx and Syy

for medium 1, S ′xx and S ′yy for medium 2, a relative rotation matrix R between the

POFs of medium 1 and 2, the peptide plane Pi, a φ-defining RDC in medium 1 and

a ψ-defining RDC in medium 2 for φi and ψi, respectively, there exist at most 16

orientations of the peptide plane Pi+1 with respect to Pi that satisfy the RDCs, which

can be computed exactly and in closed form by solving two quartic equations.

Proof. Let POF1 and POF2 denote the POFs for the medium 1 and 2, respectively.

Without loss of generality, we choose to work in POF1. By direct application of

Proposition 1, we can compute φi exactly and in closed form. Now it remains to

compute ψi. Let v = (x, y, z)T be the vector in POF1 and the same vector be

v′ = (x′, y′, z′)T in POF2, for which we have a ψ-defining RDC measured in medium

2. Then

v′ = Rv (2.27)

⇒

x′y′
z′

 =

R11 R12 R13

R21 R22 R23

R31 R32 R33

xy
z
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from which we have

x′ = R11x+R12y +R13z (2.28)

y′ = R21x+R22y +R23z (2.29)

z′ = R31x+R32y +R33z. (2.30)

The reduced RDC equation (Eq. (5) in main text) for ψ-defining RDC can be

written as

a′x′
2

+ b′y′
2

= c′, (2.31)

where a′, b′ and c′ are constants. Substituting Eq. (2.28) and Eq. (2.29) in Eq. (2.31),

we obtain

I0 + I1x
2 + I2y

2 + I3z
2 + I4xy + I5yz + I6zx = 0, (2.32)

where Ii for 0 ≤ i ≤ 6 are constants.

Let the unit vector v0 = (0, 0, 1)T represent the N-HN bond vector of residue i in

the local coordinate frame defined on the peptide plane Pi in POF1. Then we can

write the forward kinematics relation between v0 and v as follows:

v = Ri,POF Rl Rz(φi) Rm Rz(ψi) Rr v0 (2.33)

Here Rl, Rm and Rr are constant rotation matrices that describe the kinematic

relationship between v0 and v. Rz(φi) is the rotation about the z-axis by φi, and is

a constant rotation matrix since φi is known. Rz(ψi) is the rotation about the z-axis

by ψi.

Let c and s denote cosψi and sinψi, respectively. Using this while expanding

Eq. (2.33) we have

x = A0 + A1c+ A2s, y = B0 +B1c+B2s, z = C0 + C1c+ C2s, (2.34)
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where Ai, Bi, Ci for 0 ≤ i ≤ 2 are constants. Substituting Eq. (2.34) in Eq. (2.32) we

obtain

K0 +K1c+K2s+K3cs+K4c
2 +K5s

2 = 0, (2.35)

where Ki, 0 ≤ i ≤ 5 are constants.

Using half-angle substitutions

u = tan(
ψi
2

), c =
1− u2

1 + u2
, and s =

2u

1 + u2
(2.36)

in Eq. (2.35) we have

L0 + L1u+ L2u
2 + L3u

3 + L4u
4 = 0, (2.37)

where Li, 0 ≤ i ≤ 4 are constants.

Eq. (2.37) is a quartic equation which can be solved exactly and in closed form.

Let {u1, u2, u3, u4} denote the set of (at most) four real solutions of Eq. (2.37). For

each ui, we can compute the corresponding ψi value by using Eq. (2.36).

We have shown that for both φi and ψi there are at most four possible real solutions

that satisfy the respective RDCs. Therefore, in total there are at most 16 orientations

possible for the peptide plane Pi+1.

2.2.5 Sampling the DOFs when RDCs are Missing

Protein loops can be modelled as kinematic chains [72, 121, 156, 207]. In a kinematic

chain, a redundant DOF is defined as a DOF for which no kinematic constraint is

available [45, 207, 272]. Mathematically, with no restraints from experimental mea-

surements, for a loop with n (> 6) DOFs, three translational and three orientational

constraints are stipulated due to loop closure; therefore, the remaining n − 6 DOFs

are redundant. Hence, n − 6 equality constraints are necessary to solve for the loop

conformations so that the number of conformations is discrete and finite. When
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RDCs are missing, we sample the corresponding DOFs. We systematically sample,

at 5◦ resolution, the dihedrals from the Ramachandran map (and talos dihedral

restraints if available) for the DOFs for which RDCs are missing, and use analytic

equations derived above to solve for the other dihedrals for which RDCs are available,

to compute an ensemble of loops complete to the resolution of sampling. If RDCs

can be recorded for the missing ones in a second alignment medium, pool can use

them as shown in Section 2.2.4. Table 2.2 shows the number of missing RDCs, and

when as many as 5 RDCs are missing in a loop, pool still could compute the loops

accurately.

2.2.6 Pruning with Conformation Filters

Loop conformations are generated by traversing a conformation tree in a depth-first

search order (see subsection Overview). At each node, conformation filters are applied

as predicates. If the node passes all the filters, then the subtree rooted at that node is

visited; otherwise, the subtree is pruned. Failing a predicate at lower levels (closer to

the root) of the conformation tree prunes more conformations than that detected at

higher levels (farther from the root). In fact, pruning at depth i eliminates O(bn−i)

conformations, where b is the average number of branches in the conformation tree,

and n is the height of the conformation tree. For loops with constrained work-space,

substantial pruning can be achieved resulting in significant speedup. pool uses the

following conformation filters.

Real Solution Filter. While solving the analytic equations derived above to com-

pute the dihedrals from RDCs, all non-real roots with the imaginary parts greater

than a chosen threshold are discarded [275]. In addition, multiplicities of the roots

are eliminated as follows: if two roots r1 and r2 are such that |r1 − r2| < δ for a

chosen small number δ, then one of the roots is eliminated in favor of the other. This

prunes the entire subtree rooted at the eliminated root.
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Ramachandran and talos Filters. There exist regions in the Ramachandran

map that are forbidden for certain combinations of (φ, ψ) values for a given residue

type. Therefore, any disallowed value for a dihedral suggested by the Ramachandran

map, whenever it appears in the conformation tree, is pruned. We used the data from

[145], and implemented a residue-specific Ramachandran filter. Our implementation

considers four residue types: Gly, Pro, pre-Pro, and other general amino acid types

(called general). It has been specifically optimized for O(1)-time queries for the

favored or allowed intervals for φ, and ψ given φ. If MT is the Ramachandran map

for residue type T , and IT is the set of all allowed φ-intervals for T , we evaluate if

φ ∈ IT for a computed φ. Similarly, when a ψ is computed, we evaluate if ψ ∈ IT |φ.

talos [58, 208] dihedral information, whenever available, are used as follows. If for

the dihedral φi of the residue i of type T , IL is the talos-predicted interval, then for

a computed φ for the residue i, we evaluate if φ ∈ IT ∩IL . Similarly, for a computed ψ,

the predicate ψ ∈ IT |φ∩ IL is evaluated. The subtree rooted at the node representing

the dihedral is pruned if any of these predicates fail. Further, in the absence of RDC

data for a dihedral, finite-resolution uniform sampling of the Ramachandran map is

used for that dihedral.

Steric Filter. We use our in-house implementation of the steric checker similar to

that in [256]. During the depth-first search of the conformation tree, at each node

corresponding to a newly added residue, the steric check is performed for (i) self-

collision, i.e., if the fragment clashes with itself, and (ii) collision with the rest of the

protein. If the clash score [256] is greater than a user-defined threshold, then the

branch is pruned and the search backtracks.

Reachability Criterion. As each node of the conformation tree is visited, we test

if the rest of the fragment, if grown using the best possible kinematic chain, can ever

reach the stationary anchor. The node is pruned if this test fails. For long loops, this
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test prunes a large fraction of conformations, especially at the tree nodes at higher

levels (farther from the root).

Closure Criterion. When the distance between the mobile anchor (i.e., the confor-

mation at a leaf node), and the stationary anchor is less than a user-specified threshold

(chosen to be 0.2 Å), called the closure distance, and defined as the root-mean-square

distance between the N, Cα and C′ atoms of the mobile anchor and stationary an-

chor, the conformation is accepted and added to the ensemble of computed loops.

Otherwise, the conformation is subject to a minimization over the last few dihedrals

to improve the closure distance to below 0.2 Å while maintaining the user-defined

RDC RMSD thresholds. If after minimization the closure is achieved, the conforma-

tion is accepted; otherwise, rejected. The RDC RMSD between back-computed and

experimental RDCs is computed using the equation RMSDx =
√

1
n

∑n
i=1(rbx,i − rex,i)2,

where x is either a φ-defining or a ψ-defining RDC type, n is the number of RDCs,

rex,i is the experimental RDC, and rbx,i is the corresponding back-computed RDC.

Pruning using unambiguous NOEs. When unambiguous backbone NOEs are

available, they can be used as predicates to prune unsatisfying conformations.

2.2.7 NMR Experimental Procedures

The NMR data for FF2 was recorded and collected using Varian 600 and 800 MHz

spectrometers at Duke University. NMRPipe [67] was used to process the NMR spec-

tra. All NMR peaks were picked using the computer programs NMRView [116] or

Xeasy/Cara [10], followed by manual editing. Backbone assignments were obtained

from the set of triple resonance NMR experiments HNCA, HN(CO)CA, HN(CA)CB,

HN(COCA)CB, and HNCO, combined with the HSQC spectra using the program

Paces [54], followed by manual checking. The Cα-Hα and N-HN RDC data for

FF2 was measured from a 2D 1H-15N IPAP experiment [164] and a modified (HA-

CACO)NH experiment [9], respectively. The Cα-C′ and C′-N RDCs of FF2 were
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measured from a set of HNCO-based experiments [170]. The RDC data for human

ubiquitin (PDB id: 1d3z) [59], the DNA damage inducible protein I (DinI) (PDB

id: 1ghh) [181], and the third IgG-binding domain of Protein G (GB3) (PDB id:

2oed) [233] were obtained from the BioMagResBank (BMRB) [234].

2.2.8 RDC Simulations using pales

We used the same set of loops that were previously studied by three other loop closure

algorithms [33, 61, 140]. This set consists of 10 loops each with 4, 8 and 12 residues

chosen from a set of nonredundant X-ray crystallographic structures obtained from

PDB [15]. In addition, we also used the set of twenty 12-residue long loops pub-

lished in [147]. Since no experimental RDC data was available, we simulated the

RDCs for these loops. First, we used pales [281, 282] to simulate alignment tensors.

Figure 2.4 shows a block diagram of our RDC simulation procedure. The PDB co-

ordinate files were obtained from the PDB [15]. Then the reduce [257] module of

MolProbity [40, 65] was invoked to protonate the X-ray structures. The proto-

nated structures were then input to pales. The pales protocol [281] predicts both

magnitude and orientation of the steric component of the molecular alignment ten-

sor from the molecule’s three-dimensional (3D) shape. In our simulations, infinite

cylinder Pf1 bacteriophage (-pf1 flag) was used as the liquid crystalline alignment

medium. The -H flag was enabled to include the protons. Other simulation parame-

ters were set to their default values. The pales-predicted alignment tensor, and the

protonated crystal structure was then used by rdc-analytic [270, 275] to simulate

the RDCs. rdc-analytic outputs the RDCs, the protonated structure in a principal

order frame (POF) of RDCs that diagonalizes the alignment tensor by doing singular

value decomposition (SVD). These, along with the loop anchor residue specifications

were then input to pool which determined the loop conformations.
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Figure 2.4: Block diagram of the RDC simulation procedure.

2.3 Results and Discussion

To study the effectiveness of our algorithm pool, we tested it on experimental NMR

datasets for four proteins. We further tested pool on synthetic datasets for three sets

of canonical loops of length 4, 8 and 12 residues that were investigated by three pre-

vious protein loop closure algorithms [33, 61, 140]. To further assess the added value

of NMR restraints, we used the same set of twenty 12-residue long loops published

in [147], for which we simulated RDCs as described in Section 2.2.8. pool was then

used to compute the loop conformations using these synthetic RDCs. The results,

in addition to providing a way to compare our algorithm with these loop prediction

approaches, enable us to study the robustness of our algorithm to minor variations

in standard peptide geometry. We further show that in the presence of a moderate

level of dynamics, pool can compute an ensemble of near-native loop conformations

from sparse RDC measurements.
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2.3.1 Tests on Experimental NMR Data

We applied pool to compute the loops of four proteins: FF2 (PDB id: 2kiq) [275],

human ubiquitin (PDB id: 1d3z) [59], DinI (PDB id: 1ghh) [181], and GB3 (PDB id:

2oed) [233]. The experimental details of RDC data collection is provided in subsection

NMR Experimental Procedures. For each of these proteins, we used the NMR model 1

with loops removed as the respective test structures. RDCs were perturbed within the

experimental-error window [246] to account for experimental errors. The following

were input to pool: (1) the core, i.e., the SSEs of the NMR models with no loops on

it; (2) the alignment tensor computed from the core of the respective NMR models

and the experimental RDCs using singular value decomposition (SVD) [143, 246]; (3)

RDC data for the loop in one alignment medium; and (4) the primary sequence of

the loop to instantiate the appropriate residue-specific Ramachandran map. pool

was then invoked to compute the loops.

Table 2.2 summarizes the results computed by pool. For ubiquitin two differ-

ent combinations of RDCs, viz. (Cα-Hα, N-HN) and (Cα-C′, N-HN), were used to

analytically compute ensembles of satisfying loop conformations in order to test the

performance of pool on different types of RDC data. In most cases, sub-angstrom

RMSD loops were computed by pool. Figure 2.5 shows the overlay of the mini-

mum RMSD loops computed for ubiquitin using Cα-Hα and N-HN RDCs with the

corresponding loops from the NMR reference structure. No structural alignment of

the computed loops with the reference loops was done during the overlay, and while

computing the backbone RMSD. This is because any such alignment, while likely to

yield a lower backbone RMSD value, can invalidate the loop closure due to the trans-

lation and rotation of the mobile anchors away from the stationary anchors induced

by the local structural alignment. In addition, a loop conformation reoriented during

the local structural alignment can no longer be in the same POF as the stationary
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Table 2.2: The minimum RMSD (Å) from the NMR reference loops.

Protein Loopa Lengthb Types of RDCsc RDCs RMSDe (Å) RMSDf (Å) RMSDg (Å)
missingd (pool) (xplor-nih) (cs-Rosetta)

Ubiquitin 7-12 6 Cα-Hα, N-HN 2 0.64 1.40 1.74

Ubiquitin 17-23 7 Cα-Hα, N-HN 2 0.60 2.25 0.50

Ubiquitin 33-41 9 Cα-Hα, N-HN 2 0.89 2.07 0.92

Ubiquitin 45-48 4 Cα-Hα, N-HN 0 0.27 1.58 0.51

Ubiquitin 50-65 16 Cα-Hα, N-HN 2 0.66 3.94 0.63

Ubiquitin 7-12 6 Cα-C′, N-HN 3 0.37 0.67 1.60

Ubiquitin 17-23 7 Cα-C′, N-HN 3 0.60 3.54 0.49

Ubiquitin 33-41 9 Cα-C′, N-HN 5 0.58 3.11 0.66

Ubiquitin 45-48 4 Cα-C′, N-HN 0 0.11 1.02 0.28

Ubiquitin 50-65 16 Cα-C′, N-HN 4 1.06 4.48 0.67

FF2 18-27 10 Cα-Hα, N-HN 3 1.41 3.20 2.08

FF2 33-38 6 Cα-Hα, N-HN 3 0.34 1.09 0.95

FF2 42-48 7 Cα-Hα, N-HN 4 1.31 2.14 1.34

DinI 8-17 10 Cα-Hα, N-HN 5 1.57 4.17 2.51

DinI 32-39 8 Cα-Hα, N-HN 3 0.61 3.45 0.58

DinI 45-49 5 Cα-Hα, N-HN 2 0.28 2.27 2.16

DinI 53-58 6 Cα-Hα, N-HN 2 0.42 2.62 0.81

GB3 8-13 6 Cα-Hα, N-HN 0 0.43 1.07 2.59

GB3 19-23 5 Cα-Hα, N-HN 0 0.34 0.23 0.55

GB3 36-42 7 Cα-Hα, N-HN 1 0.27 1.34 1.27

GB3 46-51 6 Cα-Hα, N-HN 0 0.65 3.61 1.76

Average 0.64 2.35 1.17

(a) The anchor residues are always included. (b) number of residues. (c) experimental
RDCs used. The Cα-Hα, Cα-C′ and N-HN RDC RMSDs of loops computed by pool
are less than 2.0, 0.2 and 1.0 Hz, respectively. (d) Missing means unavailable. (e, f, g)
Backbone RMSD computed vs. the NMR reference loops. The results show that the
loops computed by pool are more accurate than those computed by xplor-nih [203]
using the same sparse data. In most cases, the loops computed by pool are more
accurate than those computed by cs-Rosetta. cs-Rosetta used the same RDCs
as pool, plus the backbone chemical shifts.

anchors and the other SSEs; and therefore, will no longer fit the RDCs. For FF2,

DinI and GB3, the results show that pool is able to compute accurate loops when

as many as 5 RDCs are missing.

The algorithm pool can be regarded as a conformation generator that computes

an ensemble of all satisfying loop conformations from as few as two RDCs per residue.

Whenever additional RDCs are present, pool can use them as a filter during the

conformation tree-search, to prune the conformation tree (Figure 2.1) encoding the

analytic solutions, as described in Ref. [275]. To test the ability of pool to compute

ensembles of near-native loop conformations, we performed the following computa-

tional experiment using RDCs for ubiquitin in one alignment medium. pool used
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Figure 2.5: Overlay of the lowest RMSD loops (green) of ubiquitin computed by
pool using Cα-Hα and N-HN RDCs vs. the corresponding loops (red) in the NMR
reference structure (1d3z model 1) without any structural alignment.

Cα-Hα and N-HN RDCs to compute the analytic solutions for the backbone dihedrals

to build the conformation tree. An additional set of Cα-C′ RDCs was used as a filter

to prune the conformation tree [275]. Figure 2.3.1 (a) shows an ensemble of 48 loop

conformations (green) for the loop 50-65 of ubiquitin computed by pool. The cor-

responding loop from the NMR reference structure is shown in red. In Figure 2.3.1

(b) the ensembles of loops (green) computed for all of the ubiquitin loop regions are

shown. The NMR reference structure is shown in red. Table 2.3 summarizes the

ensemble of loops computed by pool for each ubiquitin loop, computed as described

above. The results in Table 2.3 show that pool computed sub-angstrom accuracy

loop conformations in every case, and low-RMSD near-native loop conformations were

often included in the ensemble. When additional RDCs are not available, or an all-

atom energy-based refinement of the loop conformations is needed, the set of loops

generated by pool can in principle be evaluated using a molecular mechanics energy

function to obtain an ensemble of low-energy loop conformations [113, 214, 263].

The run-time complexity analysis of pool is similar to that in [248]. In practice,

for short loops, pool runs in minutes, and for longer loops (e.g., ubiquitin 50-65) it

runs in hours on a 2.5 GHz dual-core processor Linux workstation.
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Figure 2.6: (a) Overlay of an ensemble of 48 loop conformations (green) for the
loop 50-65 of ubiquitin computed by pool using Cα-Hα and N-HN RDCs and filtered
against Cα-C′ RDCs, vs. the corresponding loop (red) in the NMR reference structure
(1d3z model 1) without any structural alignment. (b) Overlay of the ensembles of all
five ubiquitin loops (green) computed by pool using Cα-Hα and N-HN RDCs and
filtered against Cα-C′ RDCs, vs. the NMR reference structure (1d3z model 1) shown
in red without any structural alignment.

2.3.2 Comparison with Other Structure Determination Protocols

To investigate whether traditional SA/MD-based structure determination protocols

can compute accurate loop conformations using sparse data, we ran xplor-nih [203]

on the same input used by pool for ubiquitin, FF2, DinI and GB3. Table 2.2

summarizes the results. In Figure 2.7, a comparison is made between the results

obtained by applying pool versus those obtained by applying xplor-nih. The loops

computed by pool have much smaller (3- to 6-fold less for longer loops) backbone

RMSD vs. the reference structures than those computed using xplor-nih. For

example, for ubiquitin loop 50-65, the loop computed by pool has backbone RMSD

0.66 Å, a 6-fold decrease vs. the loop computed by xplor-nih (3.94 Å). This shows

that when given sparse data, our algorithm is able to compute more accurate loop
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Table 2.3: Summary of the pool-ensembles of loops for ubiquitin computed
using Cα-Hα and N-HN RDCs and filtered against Cα-C′ RDCs, in one
alignment medium.

Ubiquitin Ensemble RMSD of Average RMSD Average RMSD
Loop Size reference loop of reference loop to mean

to the ensemble to the ensemble coordinates
(min,max)

Ubiquitin 7-12 66 0.64, 1.64 1.30 1.17
Ubiquitin 17-23 214 0.60, 1.40 0.93 0.53
Ubiquitin 33-41 67 0.89, 1.95 1.45 0.95
Ubiquitin 45-48 28 0.27, 0.85 0.59 0.72
Ubiquitin 50-65 48 0.66, 1.50 0.94 0.88

The backbone RMSDs and their averages for the pool-ensembles were computed
without any structural alignment. The reference loops are obtained from the NMR
reference structure (PDB id: 1d3z) model 1. The reference loops and the pool-
ensembles are in the same POF.

conformations than the SA/MD-based protocols.

Further, to compare our method with other sparse data protocols, we used the cs-

Rosetta [179, 209, 210] protocol with Rosetta-3.2 [131], with the same set of NMR

restraints including the RDCs used by pool, in addition to the backbone chemical

shifts required by cs-Rosetta. Since pool and cs-Rosetta are both sparse-data

algorithms, we believe that the comparison made here sheds some light on the limits

on the sparsity of the experimental NMR data which can be used to determine loop

conformations, and for structure determination in general, in addition to assessing

the relative performance of these two algorithms based on two completely different

algorithmic techniques. For FF2, ubiquitin and GB3, experimental chemical shifts

were used. For DinI, since the chemical shifts are not available in the BMRB [234],

the backbone chemical shifts were simulated using shiftx2 [96]. Experimental RDCs

were used for all four proteins. In each case, 3000 Rosetta models were generated,

and the lowest-energy models were selected and aligned with the respective NMR ref-

erence models by the SSEs. The backbone RMSDs between cs-Rosetta-computed
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Figure 2.7: The loops computed by pool achieve up to 6–fold improvement in
backbone RMSD compared to loops computed by xplor-nih. The loops computed
by pool are more accurate than those computed by cs-Rosetta in 16 out of 21 cases.
cs-Rosetta used the same RDCs as pool, plus the backbone chemical shifts.

loops and the reference NMR loops for the loop regions were then computed. Ta-

ble 2.2 summarizes the results for the loops computed by cs-Rosetta for comparison

with pool. While the pool-computed loops have RMSDs within the range of 0.11 to

1.57 Å vs. the reference NMR structures, cs-Rosetta-computed loops have RMSDs

within a bigger range of 0.28 to 2.59 Å. The average RMSD over all the loops com-

puted by pool is 0.64 Å, whereas the average RMSD over all the loops computed by

cs-Rosetta is 1.17 Å. This shows that while cs-Rosetta performed comparably

to pool for the ubiquitin loops in 4 out of 10 cases, and for one loop in DinI, for

other ubiquitin loops, and other proteins, pool performed better (in total, for 16

out of 21 cases; see Figure 2.7). These results show that our algorithm pool, us-

ing a novel polynomial equation-based approach to compute loop conformations from

sparse RDC constraints, performs better than cs-Rosetta, for the above test cases.
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Table 2.4: The minimum RMSD (Å) from X-ray structures for these four
algorithms.

4-residue loops
Loop pool sos csjd ccd
1dvjA 20 0.74 0.23 0.38 0.61
1dysA 47 0.25 0.16 0.37 0.68
1eguA 404 0.42 0.16 0.36 0.68
1ej0A 74 0.18 0.16 0.21 0.34
1i0hA 123 0.27 0.22 0.26 0.62
1id0A 405 0.63 0.33 0.72 0.67
1qnrA 195 0.47 0.32 0.39 0.49
1qopA 44 0.36 0.13 0.61 0.63
1tca 95 0.12 0.15 0.28 0.39
1thfD 121 0.25 0.11 0.36 0.50
Average 0.37 0.20 0.40 0.56

8-residue loops
Loop pool sos csjd ccd
1cruA 85 0.72 1.48 0.99 1.75
1ctqA 144 0.91 1.37 0.96 1.34
1d8wA 334 0.28 1.18 0.37 1.51
1ds1A 20 0.70 0.93 1.30 1.58
1gk8A 122 0.87 0.96 1.29 1.68
1i0hA 122 0.45 1.37 0.36 1.35
1ixh 106 0.68 1.21 2.36 1.61
1lam 420 0.42 0.90 0.83 1.60
1qopB 14 0.87 1.24 0.69 1.85
3chbD 51 0.96 1.23 0.96 1.66
Average 0.69 1.19 1.01 1.59

12-residue loops
Loop pool sos csjd ccd
1cruA 358 1.54 2.39 2.00 2.54
1ctqA 26 0.65 2.54 1.86 2.49
1d4oA 88 1.83 2.44 1.60 2.33
1d8wA 46 0.93 2.17 2.94 4.83
1ds1A 282 1.50 2.33 3.10 3.04
1dysA 291 0.76 2.08 3.04 2.48
1eguA 508 1.25 2.36 2.82 2.14
1f74A 11 0.76 2.23 1.53 2.72
1qlwA 31 1.27 1.73 2.32 3.38
1qopA 178 0.87 2.21 2.18 4.57
Average 1.14 2.25 2.34 3.05

The loops computed by pool using only one φ-defining and one ψ-defining RDC
per residue simulated as described in Section 2.2.8. sos, csjd and ccd results were
obtained from Table 1, Table 1 and Table 2 of [140], [61] and [33], respectively. These
three methods do not use any experimental NMR data.
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Figure 2.8: Overlay of the lowest RMSD loops (green) computed by pool for 4,
8 and 12-residue loops vs. the X-ray structures of the reference loops (red) without
any structural alignment.

2.3.3 Comparison with Loop Prediction Algorithms

We compared the performance of pool with three other loop prediction algorithms

including the ccd method by Canutescu and Dunbrack [33], the csjd algorithm

by Coutsias et al. [61], and the self-organizing superimposition (sos) algorithm by

Liu et al. [140]. Furthermore, we compared the performance of our algorithm with

the kinematic closure (kic) protocol by Mandell et al. [147], which uses a resultant-

based analytic loop closure method [62] to serve as the loop conformation generator

within the Rosetta [131, 201] framework. Unlike these algorithms, which do not

use any data, pool is a sparse data-driven algorithm. While ccd, csjd, sos and

kic algorithms have applications in protein structure prediction [105, 147, 242], none

of them is specifically designed to incorporate geometric restraints from experimental

NMR data. Our algorithm pool exploits this opportunity, and provides an approach

to compute loops using sparse NMR data, specifically, RDCs.

In our study, we used the same test set as in [33, 61, 140]. This set consists of

10 loops each with 4, 8 and 12 residues chosen from a set of non-redundant X-ray

crystallographic structures from the PDB. Since there is no experimental RDC data

available for these proteins, we simulated the RDCs using pales [281, 282]. Gaussian

noise of 1 Hz was added to the RDCs to simulate experimental error. Details of
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the RDC simulation are described in Section 2.2.8. The alignment tensor, the RDC

data, and the two anchors of the loop were used by pool to compute the loop

conformations.

Table 2.4 summarizes the results for pool, ccd, csjd and sos algorithms. Fig-

ure 2.9 shows a graphical comparison of the results obtained by these algorithms. In

Figure 2.8, examples of minimum RMSD loop conformations determined by pool are

shown. For the 4-residue loops the average minimum RMSD of the computed loops

by pool is larger than that for sos, but smaller than that for csjd and ccd. This

can be explained by the fact that sos allows slight deviations from standard protein

geometry. For the 8 and 12-residue loops pool computes more accurate loops than

other algorithms. For example, for the 12-residue loops, the average minimum RMSD

of the loops are 1.14, 2.25, 2.34 and 3.05 Å for pool, sos, csjd and ccd, respectively,

which shows a 2-fold improvement in accuracy by pool. For five of these loops, pool

computed loops with sub-angstrom accuracy. In a recent work by Lee et al. [132],

the authors developed an approach based on a combination of fragment assembly and

analytical loop closure to model loops. The average backbone RMSDs of the loops

computed by their algorithm, which can be found in Table II of [132], for the same

set of loops in Table 2.4 and Figure 2.9 of length 4, 8 and 12 are 0.22, 0.72 and 1.81

Å, respectively. When compared with the results from pool (0.37, 0.69 and 1.14 Å

for loops of length 4, 8 and 12, respectively), it illustrates that pool can compute

loops with better accuracy for longer loops.

In a recent work by Mandell et al. [147], the authors developed a robotics-inspired

conformational sampling and loop reconstruction method, called kinematic closure

(kic), and showed that the kic protocol frequently samples conformational space

within 1.0 Å from the X-ray crystallographic reference loops. To assess the added

value of the NMR restraints, we used the same set of twenty 12-residue long loops

published in [147], and simulated RDCs as described in Section 2.2.8. pool was then
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Figure 2.9: Comparison of the results from pool, sos, csjd and ccd algorithms
when applied on (a) 4-residue loops, (b) 8-residue loops, (c) 12-residue loops. The
data comes from Table 2.4. For 8 and 12-residue loops pool computes loops with
higher accuracy than other methods.
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used to compute the loop conformations using these synthetic RDCs. pool computed

better loop conformations than the previous methods. The mean backbone RMSD

of the loop conformations computed by pool is 0.89 Å (Table 2.5 and Figure 2.10),

which is more than 2-fold improvement in accuracy compared with the standard

Rosetta [201] and kic de novo protocols. In [147], the authors also computed loop

conformations starting from a set of loop conformations, called therein “perturbed”,

that began with the starting loop conformations that are sampled away from the

native X-ray loop conformations published in [205]. Starting with perturbed X-ray

loops may be viewed as providing kic with a structural prior. However, the kic de

novo protocol does not use any structural prior. kic performed better (than kic

de novo) when started with the perturbed X-ray loop conformations, with a mean

backbone RMSD of 1.6 Å. Our algorithm pool, in contrast, does not use any such

structural prior, but computes the loop conformations de novo from the data-derived

orientational restraints, and performed 1.8-fold better than kic. Fifteen out of the

twenty loops computed by pool had backbone RMSD less than 1.0 Å, which shows

its ability to consistently compute near-native loop conformations using sparse RDC

data.

Further, the reference loops in Table 2.4 and Table 2.5 have deviations from stan-

dard protein geometry; therefore, the RDCs simulated on them inherit these devi-

ations, in addition to a Gaussian noise of 1 Hz added to account for experimental

errors. These results suggest that pool is robust to both experimental uncertainties

in RDCs, and minor deviations from standard protein geometry assumptions. There-

fore, pool can be useful to compute longer loops with high accuracy using a minimal

amount of RDC data.
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Table 2.5: Performance in terms of backbone RMSD (Å) of pool, kic pro-
tocol [147] and standard Rosetta protocol [201] on a set of X-ray reference
loops of length 12 published in [147, 205].

Loop pool kic kic Standard Standard
de novo starting from Rosetta Rosetta
protocol perturbed de novo starting from

X-ray loopsa perturbed
X-ray loopsb

1a8d 155 0.93 6.9 0.6 5.4 5.3
1arb 182 0.69 1.0 1.4 1.6 5.1
1bhe 121 0.92 0.8 0.7 7.1 4.9
1bn8 298 1.28 0.8 0.6 2.5 1.7
1c5e 83 0.62 0.5 0.4 0.8 5.1
1cb0 33 0.93 0.6 0.7 1.0 1.1
1cnv 188 0.34 1.4 2.1 2.3 2.8
1cs6 145 1.79 3.0 3.0 2.5 4.0
1dqz 209 0.70 0.7 2.6 1.9 1.8
1exm 291 1.51 0.9 0.9 0.6 2.8
1f46 64 1.34 2.5 2.3 2.1 0.7
1i7p 63 0.57 2.7 0.4 0.7 0.8
1m3s 68 0.64 6.3 5.6 3.6 2.2
1ms9 529 0.95 0.4 1.0 2.5 2.8
1my7 254 0.95 2.3 2.3 2.0 0.6
1oth 69 0.65 0.6 0.6 0.6 1.9
1oyc 203 0.79 4.0 3.9 3.2 1.7
1qlw 31 1.27 1.0 0.9 3.3 5.0
1t1d 127 0.56 0.8 0.8 0.5 0.6
2pia 30 0.45 1.0 0.9 1.1 1.0

Average 0.89 1.9 1.6 2.3 2.6

The loops were computed by pool using only one φ-defining and one ψ-defining RDC
per residue simulated as described in Section 2.2.8. The minimum RMSD loop from
the computed ensemble is reported here. Results for kic and Rosetta protocols
were obtained from the Supplementary Table 2 of [147]. Columns (a) and (b) are
from simulations reported in [147], called therein “perturbed”, that began with the
starting loop conformations that are sampled away from their X-ray conformations
published in [205]. kic and Rosetta protocols do not use any experimental NMR
data.
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Figure 2.10: A representative set of eight 12-residue loops (see Table 2.5) computed
by pool are shown in green. Shown in red are the corresponding loops in the reference
X-ray crystallographic structures. The corresponding PDB ids and the backbone
RMSDs between the pool-computed loops and the reference X-ray loops are shown.

2.3.4 Computing Near-Native Loop Conformations in the Presence of Dynamics

RDCs provide a sensitive probe to protein conformational dynamics [128, 150, 193,

223] from nanosecond to millisecond timescales. Loop regions of proteins are usually

more flexible, and their motional fluctuations often contribute to their recognition

dynamics. To study the ability of our algorithm to compute loop conformations

in the presence of a moderate level of dynamics, we chose to work on ubiquitin,

which is an important protein involved in various biological processes such as protein

degradation and signal transduction. While the structure and function of ubiquitin

have been well studied, its dynamics and implications for function have been an

active area of research [128, 142, 255]. In general, RDCs in at least five independent

alignment media are required to extract dynamics information from RDCs [225]. In a

recent study using RDCs measured in 36 different alignment media, Lange et al. [128]

demonstrated that unbound ubiquitin samples conformations similar to those found
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in ubiquitin complexes; thus, providing evidence of conformational selection, rather

than induced-fit motion, for the binding process of ubiquitin.

Since pool is a sparse-data algorithm, it is not possible to probe protein dynamics

directly, since the sparse amount of data leads to an underdetermined system from

the dynamics viewpoint. However, we show that in the presence of moderate dy-

namics, such as those found in ubiquitin loop regions, pool can compute near-native

ensembles of loop conformations with high accuracy. Only RDCs in one alignment

medium were used in our study. We focused on two loops of ubiquitin, between

residues Thr7-Thr12 and Phe45-Lys48. To reduce the effect of rigid loop anchors

obtained from ubiquitin NMR Model 1, we extended the loop region by one residue

in either end; therefore, pool computed an 8- and a 6-residue loop, (Lys6-Ile13 and

Ile44-Gln49, respectively). Henceforth, we refer to these two loops as the 6-13 and

44-49 loops, respectively. pool used Cα-Hα and N-HN RDCs to compute the an-

alytic solutions for the backbone dihedrals to build the conformation tree of loops

that satisfies both the loop closure criterion and the RDCs. Sampling RDCs from

the experimental error window alone is not sufficient to account for the variations in

RDC magnitudes due to internal dynamics causing fluctuations of the internuclear

vector orientations [128]. Therefore, we sampled the RDCs from a normal distribu-

tion with wider Gaussian intervals, with standard deviations σ of 1.5 and 2.0 Hz for

N-HN and Cα-Hα RDCs, respectively. Roughly 32% of the sampled RDC values were

expected to deviate from the recorded values by more than σ, and can be in the range

of 3σ, or more [152]. An additional set of Cα-C′ RDCs was used as a filter to prune

the conformation tree [275]. For the 6-13 and 44-49 loops, ensembles of 232 and 229

loop conformations were respectively computed by pool after filtering against Cα-C′

RDCs. To analyze the conformational variations and properties of these loop ensem-

bles, we obtained the 46 ubiquitin X-ray structures from the PDB that were used in

the study of [128]. First, these X-ray structures were protonated using the reduce
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Figure 2.11: (a) Overlay of the loop ensemble containing 232 loops computed by
pool (green) for the loop 6-13 of ubiquitin vs. the loops extracted from the 46 X-ray
structures of ubiquitin (red). (e) Overlay of the loop ensemble containing 229 loops
computed by pool (green) for the loop 44-49 of ubiquitin vs. the loops extracted
from the 46 X-ray structures of ubiquitin (red). (b, f) The number of X-ray loops in
y-axis within the backbone RMSD interval measured from pool-ensemble in x-axis.
(c, g) The number of loops from pool-ensemble in y-axis within the backbone RMSD
interval measured from X-ray ensemble in x-axis. (d, h) For each of the 46 X-ray
loops, the backbone RMSDs of the X-ray loops are shown using red dots, and the
backbone RMSDs of the loops from the pool-ensemble are shown using green dots.
The minimal backbone RMSDs for pool-ensemble of loops are shown as green lines.
The maximal backbone RMSDs for X-ray loops are shown as red lines.

module of MolProbity [40, 41, 65], and then aligned with ubiquitin NMR Model

1 by their SSEs only. Then, the loops from these X-ray structures were extracted.

Since the X-ray-ensemble of loops and the pool-ensemble of loops were in the same

reference frame and aligned, this allowed us to directly compare the pool-ensemble

of loops with the X-ray ensemble.

Figure 2.11 (a) and (e) show the overlay of the X-ray-ensemble vs. the pool-

ensemble for 6-13 and 44-49 loops, respectively. We used the following simple measure

of similarity between the X-ray-ensemble and the pool-ensemble. For the loop 6-13,

54



for each loop in the X-ray-ensemble, we computed the nearest loop (in terms of

backbone RMSD) in the pool-ensemble. This is shown in Figure 2.11 (b), which

plots the number of X-ray loops (out of 46) on the y-axis within the distance interval

measured from the pool-ensemble on the x-axis. For example, 13 X-ray loops are

within 0.6-0.8 Å, and 19 X-ray loops are within 0.8-1.0 Å from the pool-ensemble.

The distance of the pool-ensemble from the X-ray-ensemble was similarly computed

(Figure 2.11 (c)). Since a large fraction of loops in each ensemble have low-RMSD

nearest loops in the other ensemble, and vice versa, Figure 2.11 (b) and (c) together

indicate that the two ensembles have considerable similarity. An identical analysis for

the loop 44-49, shows the similarity between the X-ray-ensemble and pool-ensemble

(Figure 2.11 (f) and (g)). Figure 2.11 (d) and (h) plot the spread of both the X-ray-

ensemble and the pool-ensemble with respect to each of the X-ray loops, which show

that the pool-ensemble covers the X-ray-ensemble well, and therefore, captures the

conformational diversity. In Figure 2.11 (h) it can be seen that the pool-ensemble

contains most of the X-ray-ensemble, but is larger. This can be explained, in part

from the fact that the sparse amount of RDCs and backbone kinematics here allowed

the exploration of a larger conformation space, and in part by the solution-state

dynamics sampling a larger conformation space than the frozen X-ray structures. In

addition, we believe that the relatively higher backbone RMSD for some of the loops

in both the ensembles is due to the kinematic constraints imposed on the pool-

ensemble by the rigid anchors, which can limit the exploration of certain regions of

the conformational space.

The ubiquitin experimental RDCs should reflect an ensemble average over an

ensemble of loop conformations that is subject to conformational selection during

binding and other protein functions. However, these loop conformations may have

very different populations, and the relative population weighting affects the RDC

ensemble average. Although these relative populations for the ubiquitin loops are not
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known from experimental measurements, in the following computational experiment,

we used the aforementioned 46 X-ray loops for the ubiquitin loop 6-13, and computed

a simulated ensemble-averaged RDC dataset assuming they had equal populations.

The goal was to see how much of the correct ubiquitin ensemble could be recovered

from this simulated RDC data. This is a challenging loop reconstruction problem

since the backbone RMSDs of the 46 X-ray loops vary up to 3.2 Å (see the red line

in Figure 2.11 (d)) in span, which is large for a 7-residue segment. This simulated

ensemble-averaged RDC dataset was used by pool to compute an ensemble of 295

loop conformations. By doing a similar analysis as above, we observed that the

computed pool-ensemble covers the X-ray-ensemble, and each member in the pool-

ensemble was within 1.2 Å from the X-ray ensemble, suggesting that pool can be

used successfully to compute an ensemble of loops from ensemble-averaged RDCs

representing a dynamic ensemble.

While our algorithm pool has been shown to work in the presence of a moder-

ate level of dynamics, as such it does not characterize protein dynamics explicitly,

specifically, due to the fact that the system it solves is underdetermined from the

standpoint of probing dynamics. Therefore, model bias cannot be ruled out. How-

ever, results obtained for ubiquitin loops 6-13 and 44-49 suggest a future direction, to

probe protein dynamics using our polynomial equation-based approach with RDCs

measured in relatively fewer number of alignment media. We envision that while

such an approach can lead to a new methodological development, it would comple-

ment the current methods by providing an alternative way of exploiting the geometric

information from the RDC data.

2.4 Conclusions

While the global fold of a protein can often be determined from experimental NMR

data [85, 246, 248, 270, 275], determining loop conformations from sparse NMR data
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is a difficult problem. We described a novel, efficient, and practical deterministic

algorithm, pool, that determines accurate loop conformations from sparse RDC

data. Empirical comparisons with traditional structure determination protocols [203],

and also with previous sparse-data protocols [209], demonstrate that pool performs

better than these approaches when using sparse data.

Previous approaches, such as [132], sos, csjd and ccd randomly sample the

conformation space of the loop to compute an ensemble of loop conformations in

a generate-and-test fashion, that can subsequently be filtered against experimental

data. In contrast, pool takes a complementary approach, and uses constraint posting

in a rigorous algorithmic framework to restrict the solution space by exploiting the

algebra of RDCs and protein kinematics, to compute a complete set of loop confor-

mations that satisfy the RDC data. While a minimal amount of RDCs are required

by pool, additional distance, orientational, and torsion-angle constraints, whenever

available, can be directly incorporated into our framework.

Since an accurate and complete protein backbone is a prerequisite for NOE-

assignment algorithms [94, 275] and side-chain resonance assignment methods [277] in

many NMR structure determination protocols, pool will be useful in high-resolution

protein structure determination. Whenever RDCs can be collected for proteins with

known X-ray structures containing missing loops, pool can be used to determine the

loop conformations.

pool has been shown to compute ensembles of near-native loop conformations,

from RDCs in one alignment medium, in the presence of modest levels of dynam-

ics in protein loops. Since RDCs provide sensitive probes to protein conformational

dynamics [128, 150, 193, 223] from nanosecond to millisecond timescales, it will be

interesting to extend our algorithm to capture and characterize the motional fluctua-

tions, and deconvolve the dynamics from measured RDCs. In such cases, the ensemble

of loops computed by pool will effectively define a normal distribution of conforma-
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tions centered at the experimentally-measured RDCs, and as such encode a dynamic

ensemble about a protein’s native fold. Our algorithm can even be a stepping stone

to computing ensembles reflecting more complex dynamics.
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3

Algorithms and Analytic Solutions using Sparse
Residual Dipolar Couplings for High-Resolution

Automated Protein Backbone Structure
Determination by NMR

De gustibus non est disputandum.

(There is no disputing about tastes.)

— Latin Proverb (According to the Merriam-Webster Dictionary)

Tastes can be disputed, because the rest are facts.

— Bruce Randall Donald

This chapter has been adapted from the following published article:

Anna Yershova?, Chittaranjan Tripathy?, Pei Zhou, and Bruce Randall Donald. Algorithms

and Analytic Solutions using Sparse Residual Dipolar Couplings for High-Resolution Au-

tomated Protein Backbone Structure Determination by NMR. The Ninth International

Workshop on the Algorithmic Foundations of Robotics (WAFR), 68:355–372, 2010.

0 ?These authors contributed equally to the work.
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Synopsis

Developing robust and automated protein structure determination algorithms using

nuclear magnetic resonance (NMR) data is an important goal in computational struc-

tural biology. Algorithms based on global orientational restraints from residual dipo-

lar couplings (RDCs) promise to be quicker and more accurate than approaches that

use only distance restraints. Recent development of analytic expressions for the roots

of RDC equations together with protein kinematics has enabled exact, linear-time

algorithms, highly desirable over earlier stochastic methods. In addition to provid-

ing guarantees on the number and quality of solutions, exact algorithms require a

minimal amount of NMR data, thereby reducing the number of NMR experiments.

Implementations of these methods determine the solution structures by explicitly

computing the intersections of algebraic curves representing discrete RDC values.

However, if additional RDC data can be measured, the algebraic curves no longer

generically intersect. We address this situation in the paper and show that globally

optimal structures can still be computed analytically as points closest to all of the

algebraic curves representing the RDCs. We present new algorithms that expand the

types and number of RDCs from which analytic solutions are computed. We evaluate

the performance of our algorithms on NMR data for four proteins: human ubiquitin,

DNA-damage-inducible protein I (DinI), the Z domain of staphylococcal protein A

(SpA), and the third IgG-binding domain of Protein G (GB3). The results show

that our algorithms are able to determine high-resolution backbone structures from

a limited amount of NMR data.

3.1 Introduction

Understanding the structures of biologically important proteins is one of the long-

term goals in biochemistry. While automation has advanced many other aspects of
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biology, three-dimensional (3D) protein structure determination remains a slower,

harder, and more expensive task. The speed at which protein structures are being

discovered today is, for example, several orders of magnitude slower than that of gene

sequencing.

Two established experimental approaches for protein structure determination are

X-ray crystallography and nuclear magnetic resonance (NMR) spectroscopy. While

crystallography can provide high resolution structures when good quality crystals

can be grown, NMR spectroscopy is the only experimental technique currently ca-

pable of measuring atomic-resolution geometric restraints and dynamics of proteins

in physiologically-relevant solution state conditions. This sets a challenging goal in

computational structural biology: design efficient automated structure determination

techniques that exploit geometric restraints collected using NMR.

Even with recent advances in reducing the acquisition time for NMR data [55] it

still remains advantageous to be able to determine protein structure from fewer exper-

iments [71]. Therefore, to design successful computational approaches the interplay

between all of the components of the structure determination process should be taken

into account: the time and cost of NMR data acquisition, the types of NMR data and

their information content, the algorithmic complexity of the problem of computing

the 3D structure, and the accuracy of the obtained solution.

Previous algorithms for structure determination problem by NMR can be divided

into three categories: stochastic search, systematic search, and exact algorithms. The

first category includes many widely-used approaches [52, 93, 94, 106, 126, 159],

which perform stochastic search over possible structures, scored according to their

agreement with experimental data. These methods suffer from well-known pitfalls,

such as local minima, undersampling, non-convergence, and missed solutions. While

stochastic methods may perform adequately in data-rich settings, collecting a large

number of NMR spectra increases the time and cost of the experiments, and still
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provides no guarantee on the quality of solutions.

The second category involves systematic grid search over possible structures [3, 68,

184, 220] and scoring according to the experimental data fit. Excessive computational

cost and undersampling due to insufficient resolution are the limitations of these

methods.

The development of sampling methodology was influenced by the computational

complexity of the structure determination problem using the nuclear Overhauser effect

(NOE) data. The recent introduction of residual dipolar couplings (RDCs) [221, 224]

has enabled novel attacks on the problem. In contrast to NOEs, which represent

local distance restraints, RDCs measure the global orientation of internuclear vectors.

While many RDC-based methods still use stochastic search [3, 24, 68, 85, 107, 186,

203, 220] despite its pitfalls, exact algorithms [71, 246, 248] have recently emerged.

These methods explicitly represent the RDC equations as well as protein kinematics

in algebraic form to compute structures that optimize the fit to the RDC data. The

exact algorithms not only guarantee completeness and polynomial running time, they

also use a sparse set of RDC measurements (e.g. only two or three RDCs per residue),

which reduces the time and cost of collecting experimental data.

Implementations of these methods determine the solution structures by explicitly

computing the intersections of algebraic curves representing discrete RDC values and

protein kinematics [71, 246, 248]. However, if additional RDC data is measured, the

algebraic curves representing the RDCs no longer generically intersect. Even though

collecting additional experimental data may improve convergence of stochastic struc-

ture determination methods, development of efficient new exact methods is needed to

handle this scenario. In this paper, we present algorithms that expand the types and

number of RDC data from which analytic solutions are computed. When additional

orientational restraints can be measured, the globally optimal structures are calcu-

lated as points closest to all of the algebraic curves representing the RDC constraints.
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Therefore, the structures that optimally agree with the collected experimental data

are determined analytically.

Moreover, with additional RDC data our algorithms can compute structures of

loops, more challenging regions in a protein for structure determination compared to

secondary structure elements (SSEs), such as α-helices and β-sheets. Loops increase

computational complexity of the exact algorithms, because there is less physical con-

straints on the structures that are possible for loops to assume, as is reflected in their

Ramachandran statistics [145]. Therefore, we expand the domain of applicability of

exact algorithms to structure determination problems which in practice only stochas-

tic methods could handle before. This extends the benefits of analytic solutions into

a new and important domain.

In summary, the following contributions are made in this paper:

• We present a general framework for computing protein backbone structures

from sparse RDC measurements.

• We describe new algorithms that handle two particular types of RDC data:

two RDCs per residue in one or two alignment media, and multiple RDCs per

residue in multiple media.

• We present the analysis of our methods in terms of the upper bound on the

number of optimal structures the algorithm can generate.

• We evaluate the performance of our methods on NMR data sets for four proteins:

human ubiquitin, DNA-damage-inducible protein I (DinI), the Z domain of

staphylococcal protein A (SpA), and the third IgG-binding domain of Protein

G (GB3).

We start with background on RDCs in Section 3.2. We formally define the protein

structure determination problem in Section 3.3. Section 3.4 presents the general
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Figure 3.1: For an internuclear vector v between two NMR-active nuclear spins
a and b, and a vector representing the gradient of the magnetic field B, an RDC
experiment detects the interaction between the nuclear spins. This interaction is
dependent on the internuclear distance r3

a,b as well as the angle θ between vectors v
and B.

framework for our exact algorithms, as well as detailed explanations of the methods

that handle two different types of RDC data (Sections 3.4.1 and 3.4.2). We present a

study on the performance of our methods in Section 3.6 and conclusions in Section 3.7.

3.2 Background

The Physics of RDCs. During an NMR experiment, a protein in solution is placed

in a static magnetic field. The magnetic field interacts with the nuclear spins of atoms

of the protein, which allows collecting various NMR measurements.

Consider a vector v between two NMR-active nuclear spins, a and b, of two atoms,

and a vector representing the gradient of the magnetic field B in Figure 3.1. An RDC

experiment detects the interaction between the nuclear spins. This interaction is
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measured in units of Hertz and can be expressed as

D =
µ0γaγb~

4π2
〈
r3
a,b

〉 〈3 cos2 θ − 1

2

〉
, (3.1)

in which D is the residual dipolar coupling measurement, µ0 is the magnetic perme-

ability of vacuum, ~ is the reduced Planck’s constant, γ is the gyromagnetic ratio, ra,b

is the distance between the two spins, θ is the angle between the internuclear vector,

v, and B. The angle brackets represent an average over time and an ensemble of

proteins in solution.

Intuitively, as the protein tumbles in solution, the internuclear vector tumbles

with the protein. The RDC measurement represents the time average over such move-

ments. This measurement is of little use if the protein tumbles freely (isotropically),

since the average is zero and hence no RDC value is detected. An anisotropic solution

is used to constrain the motions of the protein by adding an alignment medium to the

solution. The resulting RDC measurement represents the relationship between the

internuclear vector and the set of parameters associated with the alignment medium,

known as the Saupe matrix [197], or alignment tensor.

The Tensor Formulation of the RDC Equation. A more convenient form

of the RDC equation (3.1) for computing the geometric structure of a protein can be

obtained after a series of algebraic manipulations [71]:

D = Dmaxv
TSv, (3.2)

in which Dmax is the dipolar interaction constant, v is the unit internuclear vector,

and S is the Saupe matrix [197] corresponding to the alignment medium used in the

NMR experiment.

To derive Equation (3.2) from (3.1), a transformation to the molecular coordinate

frame associated with the protein internuclear vector v is made [246, 248]. In such

a coordinate frame, v is static, and the magnetic field vector, B, tumbles around v.
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Figure 3.2: The RDC sphero-quartic curves in the principal order frame for the
alignment tensor (Sxx, Syy, Szz). The unit internuclear vector v that satisfies the
RDC equation (3.4) is constrained to the sphero-quartic curves on the unit sphere.

The time and ensemble average over such tumbling of B is represented by the Saupe

matrix, which we discuss later in this section.

Note that Equation (3.2) directly relates an RDC value to the orientation of v

in the molecular coordinate frame. A sufficient number of such equations allows

computation of all internuclear vector orientations in a protein with respect to the

molecular coordinate frame. In the rest of the paper, by denoting r = D/Dmax, we

will work with the normalized RDC equation:

r = vTSv. (3.3)

Alignment Tensors. The Saupe matrix in Equations (3.2) and (3.3) is a 3 ×

3 symmetric and traceless matrix. It contains 5 degrees of freedom, 3 of which

correspond to a 3D rotation, and 2 are eigenvalues.

Each alignment tensor can be diagonalized as S = RT ŜR, in which R is a 3D rota-

tion matrix, and the traceless diagonal matrix Ŝ has eigenvalues (Sxx, Syy, Szz) , Szz =

−Sxx − Syy. Then, the RDC equation (3.3) becomes

r = Sxxx
2 + Syyy

2 + Szzz
2, (3.4)
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Figure 3.3: Protein geometry. Two peptide planes P(i) and P(i+1) and the atoms
of the corresponding residue i are shown. Two torsional degrees of freedom of the
backbone are represented by dihedral angles φ and ψ.

in which Rv = (x, y, z). The coordinate frame that diagonalizes the Saupe matrix is

called the principal order frame (POF) of the alignment medium.

To design exact algorithms, we consider algebraic representations of solutions.

Figure 3.2 shows the solutions to the RDC equation for (x, y, z) as sphero-quartic

curves on a sphere in the principal order frame. These curves are the intersection of

the unit sphere x2+y2+z2 = 1 and a hyperboloid representing the RDC equation (3.4).

Protein Geometry and Assumptions on Dynamics. A protein is modeled

as a collection of peptide planes. Each peptide plane contains the bond vectors: Cα-

C′, C′-N, C′-O, N-HN and N-Cα. Peptide planes are joined through the bond vectors

N-Cα and Cα-C′, with two torsional degrees of freedom. Dihedral angles, φ and ψ,

parametrize these joints (see Figure 3.3). The bond vectors Cα-Hα and Cα-Cβ do not

belong to peptide planes and form a fixed tetrahedral geometry with both N-Cα and

Cα-C′. Often, it is convenient to divide a protein into residues. Most of the residues

(excluding glycine and proline with different geometry) contain consecutive atoms H,

N, Cα, Hα, Cβ, C′ and O, as shown in Figure 3.3. The backbone of a protein is a

67



sequence of repeating Cα, C′, and N atoms.

There exist NMR techniques to measure RDCs on the Cα-Hα, Cα-C′, Cα-Cβ,

N-HN, and C′-N bond vectors as well as on C′-HN internuclear vector.

Crucial assumptions about the dynamics of the protein are often necessary to

solve for the large number of unknown variables in RDC equations. Initially, neither

internuclear vectors v nor Saupe matrices S are known in the structure determination

process. The assumption that the protein fluctuates in a small ensemble about one

principal mode, that is, the protein is more or less rigid, leads to a simplified dynamics

model in which the gradient vector B of the magnetic field is assumed to tumble

similarly with respect to each internuclear vector. We work with this model, because it

is applicable to many proteins. However, when the protein is known to be more flexible

in solution, additional parameters representing this flexibility must be integrated into

the model.

3.3 The Protein Structure Determination Problem

The protein structure determination problem considered in this paper is: given sparse

RDC data for a protein, determine the alignment tensor(s) and dihedral angles of the

backbone that produce the best fit to the experimental data as well as represent a

valid protein model.

Sparse RDC data. We consider the case of experimental data, containing as

few as two RDCs per residue in one or two media. To ease the presentation of our

methods, we differentiate between RDC measurements based on their location within

a residue. Denote RDC measurements on internuclear vectors Cα-Hα, Cα-C′, and Cα-

Cβ as φ-defining RDCs, and N-HN, C′-N, and C′-HN as ψ-defining RDCs (Table 3.1).

In this paper we design exact algorithms for the following types of RDC data: (a)

One φ-defining RDC and one ψ-defining RDC per residue in one or two media; (b)

Multiple φ-defining RDCs and multiple ψ-defining RDCs per residue in one or more
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Table 3.1: φ-defining and ψ-defining RDCs.

φ-defining Cα-Hα, Cα-C′, Cα-Cβ

ψ-defining N-HN, C′-N, C′-HN

A φ-defining RDC is used to compute the backbone dihedral φ, and a ψ-defining RDC
is used to compute the backbone dihedral ψ.

media.

In general, it may not be possible to record a complete set of such RDC data for

the entire protein. When we describe our methods in Section 3.4, we assume that all

of the RDC values are present for a protein fragment. We describe how we deal with

some cases of incomplete data in Section 3.5.

Data fit. The data fit function that we use is RDC root mean square deviation

(RMSD). Denote Sj, j = 1, . . . ,m, all of the alignment tensors involved, and φi, ψi, i =

1, . . . n, the dihedral angles for residues 1 through n in the protein backbone. The

RDC RMSD for given alignment tensors and dihedral angles is computed using the

equation:

σ({Sj}mj=1, {φi, ψi}ni=1) =

√√√√1

l

l∑
k=1

(rbk − rek)2, (3.5)

in which l is the total number of RDCs for all residues, rek is the experimental RDC,

and rbk is the RDC value back-computed from the alignment tensors and the structure

defined by the dihedral angles computed using Equation (3.3).

Validation. To ensure that the solution structure is biologically meaningful, we

validate it according to two criteria: Ramachandran regions [145], and van der Waals

packing [257].

Next we proceed to the methods which solve the protein structure determination

problem defined in this section.
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3.4 Methods

The key to our methods is the use of explicit representation of the protein kinematics

incorporated into the RDC equations.

At this point, it is useful to introduce several notations. Without loss of gen-

erality, we choose the principal order frame of S1 (POF1) as the global coordinate

frame. Within this coordinate frame, S1 is diagonal, with eigenvalues S1,xx, S1,yy, and

(−S1,xx − S1,yy). We denote the diagonal components of any other alignment tensor,

Sj, as Sj,xx and Sj,yy. Rj,O denotes the orientation of the principle order frame of

alignment tensor Sj in POF1.

Within a protein fragment, there will be several coordinate frames associated with

different internuclear vectors in the portion, and related to each other through the

protein kinematics. Our algorithms keep representations of these frames in POF1.

Consider a coordinate frame defined at the peptide plane Pi with z-axis along

the bond vector N(i) → HN(i) of residue i, in which the notation a → b means a

vector from the nucleus a to the nucleus b. The y-axis is on the peptide plane i

and the angle between the y-axis and the bond vector N(i) → Cα(i) is 29.14◦ as

described in [246]. The x-axis is defined based on right-handedness. Let Ri,P denote

the orientation (rotation matrix) of Pi with respect to POF1. Then, R1,P denotes the

relative rotation matrix between the coordinate system defined at the first peptide

plane of the current protein portion and the principal order frame of the alignment

tensor S1. We call it the orientation of the first peptide plane.

Our methods follow the following framework. First, the diagonal and rotational

components of the alignment tensors and the orientation of the first peptide plane,

R1,P , are estimated using methods described in Section 3.5. Next, the branch-and-

bound tree search algorithm shown in Figure 3.4 is called, which computes the di-

hedral angles of the protein portion backbone. The tree encodes all the solutions
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BRANCH-AND-BOUND (S1, . . . ,Sm, Ri,P )
Input: Global orientation of the coordinate frame for the current internuclear vector,
the RDC data for the next internuclear vector, and the alignment tensor(s)
Output: Those dihedral angles that represent valid protein structures and
best fit to the experimental data
Branch: Use methods from Sections 3.4.1 and 3.4.2 to solve RDC equations.

Each solution is a dihedral that represents a child node.
Bound: Prune invalid children nodes based on:

RDC RMSD, Ramachandran regions, and van der Waals packing
Recurse: Compute global orientation of the coordinate frame for each valid

child node, Ri+1,P , call BRANCH-AND-BOUND (S1, . . .Sm, Ri+1,P )

Figure 3.4: The outline of the branch-and-bound tree search algorithm. The tree
encodes all the solutions to the system of RDC equations together with the kine-
matic equations that relate consecutive internuclear vectors in the protein backbone.
The algorithm systematically searches through these solutions and prunes those that
do not satisfy the bound conditions. Different types of RDC data require different
branch-and-bound criteria, which we cover in Sections 3.4.1 and 3.4.2.

to the system of RDC equations together with the kinematic equations that relate

consecutive internuclear vectors in the protein backbone. Depending on the types of

RDC data, the branch-and-bound search performs different computations. We cover

these differences in Sections 3.4.1 and 3.4.2.

3.4.1 Exact Solutions for Peptide Plane Orientations from One φ-defining RDC and
One ψ-defining RDC

In this section, consider the case of experimental RDC data that only contains one φ-

defining and one ψ-defining RDC measurement per residue. This covers, for example,

the case of having RDC measurements for Cα-Hα, and N-HN in one medium. It

also covers having Cα-Hα RDC in one medium and N-HN RDC in second medium.

Next, we describe the inductive step of the branch-and-bound tree search algorithm

in Figure 3.4.

The algorithm uses Ri,P to derive Ri+1,P inductively after it computes the back-

bone dihedral angles φi and ψi. Ri+1,P is then used to compute the dihedrals of

the (i + 1)st peptide plane. The angles φi and ψi are computed using the following
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propositions. For brevity, we will only state the constants (coefficients) without giv-

ing explicit formulas to compute them. Please see Appendix A for the derivation

of the constants.

Proposition 5. Given the diagonalized alignment tensor components S1,xx and S1,yy,

the orientation of the ith peptide plane Ri,P , and a φ-defining RDC, r, for the corre-

sponding internuclear vector, v, there exist at most 4 possible values of the dihedral

angle φi that satisfy the RDC. The possible values of φi can be computed exactly and

in closed form by solving a quartic equation.

Proof. Let the unit vector v0 = (0, 0, 1)T represent the N-HN bond vector of residue

i in the local coordinate frame defined on the peptide plane Pi. Let v = (x, y, z)T

denote the internuclear vector for the φ-defining RDC for residue i in the principal

order frame. We can write the forward kinematics relation between v and v0 as

v = Ri,P Rl Rz(φi) Rr v0 , (3.6)

in which Rl and Rr are constant rotation matrices that describe the kinematic rela-

tionship between v and v0 . Rz(φi) is the rotation about the z-axis by φi.

Let c and s denote cosφi and sinφi, respectively. Using this while expanding

Equation (3.6) we have

x = A0 + A1c+ A2s, y = B0 +B1c+B2s, z = C0 + C1c+ C2s, (3.7)

in which Ai, Bi, Ci for 0 ≤ i ≤ 2 are constants. Using Equation (3.7) in the RDC

equation (3.4) and simplifying we have

K0 +K1c+K2s+K3cs+K4c
2 +K5s

2 = 0, (3.8)

in which Ki, 0 ≤ i ≤ 5 are constants. Using half-angle substitutions

u = tan(
φi
2

), c =
1− u2

1 + u2
, and s =

2u

1 + u2
(3.9)
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in Equation (3.8) we obtain

g(u) = L0 + L1u+ L2u
2 + L3u

3 + L4u
4 = 0, (3.10)

in which Li, 0 ≤ i ≤ 4 are constants. Equation (3.10) is a quartic equation which can

be solved exactly and in closed form. Let {u1, u2, u3, u4} denote the set of four real

solutions (at most) of Equation (3.10). For each ui the corresponding dihedral angle

φi can be computed using Eq. (3.9).

Proposition 6. Given the diagonalized alignment tensor components S1,xx and S1,yy,

the orientation of the ith peptide plane Ri,P , the dihedral φi, and a ψ-defining RDC,

r, for the corresponding internuclear vector, v′, on the peptide plane Pi+1, there exist

at most 4 possible values of the dihedral angle ψi that satisfy the RDC. The possible

values of ψi can be computed exactly and in closed form by solving a quartic equation.

Proof. After representing the internuclear vector v′ through v0 using protein kine-

matics:

v′ = Ri,P Rl Rz(φi) Rr R′l Rz(ψi) R′r v0 , (3.11)

the proof is similar to that in Proposition 5, since the value of φi is known.

Proposition 7. Given the diagonalized alignment tensor components, the orientation

of the ith peptide plane Ri,P , a φ-defining RDC and a ψ-defining RDC for φi and ψi,

respectively, there exist at most 16 orientations,Ri+1,P , of the peptide plane Pi+1 that

satisfy the RDCs.

Proof. This follows from the direct application of Propositions 5 and 6.

Proposition 8. Given the diagonalized alignment tensor components S1,xx and S1,yy

for medium 1, S2,xx and S2,yy for medium 2, a relative rotation matrix R2,O, the orien-

tation of the ith peptide plane Ri,P , a φ-defining RDC in medium 1 and a ψ-defining
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RDC in medium 2 for φi and ψi, respectively, there exist at most 16 orientations,

Ri+1,P , of the peptide plane Pi+1 that satisfy the RDCs, which can be computed ex-

actly and in closed form by solving two quartic equations.

Proof. It follows the proof of Proposition 7, once the transformation to the principal

order frame of medium 2 is made by v′ = R
2,O
v to compute the value of ψi.

3.4.2 Exact Minima for Peptide Plane Orientations from Multiple φ-defining RDCs
and Multiple ψ-defining RDCs.

Now, consider the case when additional RDC data has been collected, and more than

one φ and ψ-defining RDC measurements are available in one or more media. This

covers, for example, the case of having RDCs for Cα-Hα, Cα-C′, N-HN, and C′-N in

one medium. It also covers the case of having Cα-Hα and N-HN RDCs in two media.

The inductive step of the tree search in Figure 3.4 is performed using the following

propositions.

Proposition 9. Given the diagonalized alignment tensor components Sj,xx and Sj,yy,

the rotations between principal order frames, Rj,O, the orientation of the ith peptide

plane Ri,P , and multiple φ-defining RDC for the corresponding internuclear vector v

of residue i, the global minimum of the RDC RMSD function for v can be computed

exactly. There exist at most 4 possible values of the dihedral angle φi that minimize

the RDC RMSD function, and such values of φi can be computed exactly.

Proof. Let l be the number of RDC equations available for the internuclear vector v.

The RDC RMSD function for v is a univariate function of φ:

σ(φ) =

√√√√1

l

l∑
k=1

(rbk − rek)2, (3.12)

in which rbk is the back computed RDC value, rbk = vTSjv, for the appropriate

alignment medium Sj. Similarly to the proof of Proposition 5, v can be represented
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as

v = Ri,P Rl Rz(φi) Rr v0 . (3.13)

After denoting cosφi and sinφi as c and s, respectively, Equation (3.13) becomes

x = A0 + A1c+ A2s, y = B0 +B1c+B2s, z = C0 + C1c+ C2s, (3.14)

in which Ai, Bi, Ci for 0 ≤ i ≤ 2 are constants. Substituting x, y, and z into each

RDC term of Equation (3.12) and using half-angle substitutions we obtain:

σ(u) =

√√√√1

2

2∑
k=1

(gk(u))2, (3.15)

in which gk(u) are quartic polynomials for each medium k as in Equation 3.10.

Equation (3.15) defines a univariate function of u that can be minimized exactly,

by finding zeroes of its derivative function. Let {u1, u2, u3, u4} denote the set of four

minima (at most) of Equation (3.15). For each ui the corresponding dihedral angle

φi can be computed using Eq. (3.9).

Proposition 10. Given the diagonalized alignment tensor components Sj,xx and Sj,yy,

the rotations between principal order frames, Rj,O, the orientation of the ith peptide

plane Ri,P , the dihedral φi, and multiple ψ-defining RDCs for the corresponding in-

ternuclear vector v′ on peptide plane Pi+1, the global minima of the RDC RMSD

function for v′ can be computed exactly. There exist at most 4 possible values of the

dihedral angle ψi that minimize the RDC RMSD function, and such values of ψi can

be computed exactly.

Proof. The proof is similar to that in Proposition 9, after the transformation as in

Proposition 6 is used.
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Proposition 11. Given the alignment tensors {Sj}mj=1, the orientation of the pep-

tide plane Pi, multiple φ-defining RDC and multiple ψ-defining RDC for φi and ψi,

respectively, there exist at most 16 orientations of the peptide plane Pi+1 with respect

to Pi that minimize the RDC RMSD functions for each of the internuclear vectors.

Proof. This follows from the direct application of Propositions 9 and 10.

Note that the case of data described in this section allows comparing RDC RMSD

for the branches of the search tree in Figure 3.4. This enables reducing the size of the

search tree by pruning the branches based on RDC RMSD, which was not possible for

the data described in Section 3.4.1 since RDC RMSD was always 0. Pruning based on

Ramachandran regions and steric clashes alone is not always enough to compute the

structures of protein loops. In Section 3.6 we show that if RDCs in second medium

are measured, pruning based on RDC RMSD allows computation of loops.

3.5 Alignment Tensors, Orientation of the First Peptide Plane, and
Packing

In our current implementation we estimate alignment tensor(s) similarly to [246, 248],

by using singular value decomposition (SVD) [143] method to fit experimental RDC

data to the corresponding vectors of an α-helix with ideal geometry. After that, the

alignment tensor(s) are iteratively refined by using the computed helix structures by

our exact algorithms. Once the values of the alignment tensor(s) are estimated, other

fragments of the protein are computed using these values.

We can use uniform samples over rotation matrices to obtain the orientation of

the first peptide plane in a protein fragment that result in structures with the best

fit to the RDC data. For certain types of RDC data, however, the orientation of the

first peptide plane in a fragment can be computed analytically.

The resulting running time complexity of our algorithms is linear, and the analysis
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is similar to [248]. As described in [248], we use a divide-and-conquer approach in

which the protein is first divided into O(n) fragments of constant length (typically

5-14 residues) based on their secondary structure type (α-helix, β-sheet, loop), and

then our algorithms from Section 3.4 are applied to determine the orientations and

conformations of these fragments. In contrast to [248], in which an algebraic geometry

approach for finding the structure that minimizes the RDC fit for various RDC data

was described, in this paper we have presented algorithms that achieve the same goal,

but are simple and practical to implement.

In some cases reliable computation of the structure of certain fragments in a

protein is not possible from sparse RDC alone. This may happen due to missing

RDCs for certain residues. It may also happen due to the large size of the set of

possible solutions returned by methods above. To overcome this problem, we use

a sparse set of distance restraints (NOEs) to assemble the fragments. Our packing

method [275] considers all possible discrete translations of the fragments over a three

dimensional grid (within a parametrized resolution) that satisfy these sparse NOEs.

We also incorporate sparse unambiguous NOEs to pack β-sheets. We use ro-

tamers from the Richardsons’ Rotamer Library [49], and model the side-chain NOEs

to pack the strands while they are being computed using the methods we described

in the previous sections. A composite scoring scheme is used as a bound criterion

in the tree search is based on a combination of (1) RDC RMSD, (2) RMS dihedral

deviation from an ideal strand, (2) hydrogen bond score, i.e., a combination of RMS

deviation of proton-acceptor distance and RMS deviation of donor-proton-acceptor

angle violation, (3) score from the steric checker, and (4) NOE RMSD.

However, when a sufficient number of RDCs is measured for a protein, the divide-

and-conquer approach is applied to the neighboring fragments sequentially, and, there-

fore, packing of the fragments does not require NOEs.
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Table 3.2: Results of rdc-analytic.

Protein RDCsa used & Alignment Tensor(s) Backbone RMSD (Å)
RMSD (Hz) (Syy , Szz) vs. X-ray/NMR

structure

Ubiquitinc,d α:23-33 Cα-Hα: 1.11, N-HN: 0.740 15.230, 24.657 1.276
β:2-7, 12-17, 41-45, 65-70 Cα-C′: 0.129, N-HN: 0.603 14.219, 25.490 1.172

DinIc,d

α:18-32,58-72 Cα-C′: 0.483, N-HN: 1.203 10.347, 33.459 1.111
β:2-8, 39-44, 49-53

SpAd (run1) Cα-Hα: 0.458,N-HN: 2.11 8.008, 23.063 1.063
α:8-17, 24-36, 41-54 (run2) Cα-Hα: 0.678,N-HN: 0.543 8.146, 24.261 1.577

b(run3)Cα-C′: 1.237,N-HN: 1.049 7.676, 22.961 0.834

Ubiquitin α:25-31 2xCα-Hα: 0.93, 2xN-HN: 0.32 16.9, 23.2; 7.0, 52.4 0.403
loop:54-58 2xCα-Hα: 2.2, 2xN-HN: 0.7 16.9, 23.2; 7.0, 52.4 0.409
loop:59-64 2xCα-Hα: 1.9, 2xN-HN: 1.2 16.9, 23.2; 7.0, 52.4 0.652

loop/β:64-70 2xCα-Hα: 3.1, 2xN-HN: 1.2 16.9, 23.2; 7.0, 52.4 0.49
β:2-7 2xCα-Hα: 2.6, 2xN-HN: 1.4 16.9, 23.2; 7.0, 52.4 0.64
β:11-17 2xCα-Hα: 2.6, 2xN-HN: 1.5 16.9, 23.2; 7.0, 52.4 0.50
β:41-55 2xCα-Hα: 2.2, 2xN-HN: 0.8 16.9, 23.2; 7.0, 52.4 0.44

GB3(e) α/loop:23-39 2xCα-Hα: 1.7, 2xN-HN: 1.6 47.0, 19.2; 23.8, 12.6 0.35
loop/β:39-51 2xCα-Hα: 0.9, 2xN-HN: 1.3 16.9, 23.2; 7.0, 52.4 0.49
loop/β:51-55 2xCα-Hα: 0.7, 2xN-HN: 0.5 16.9, 23.2; 7.0, 52.4 0.54

(a) Experimental RDC data for ubiquitin (PDB id: 1d3z), DinI (PDB id: 1ghh),
SpA (PDB id: 1q2n), and GB3 (PDB id: 1p7e) are taken from the Biological Mag-
netic Resonance Data Bank (BMRB). The SSE backbones are computed for different
combinations of RDCs in one or two media. If RDC measurements in two media
are collected for a bond vector, we denote it by 2x in the table (e.g. 2xCα-Hα). For
ubiquitin the computed SSEs are compared with both the X-ray structure (PDB id:
1ubq) and the NMR structure (PDB id: 1d3z, Model 1). For DinI, SpA and GB3,
since only the NMR structures are available, we compare our SSEs with Model 1 of
the respective ensemble. (b) Simulated RDCs obtainted from the reference structure
are used. (c) Simultaneous structure computation and assembly of β-strands into
β-sheets of ubiquitin and DinI are done using 13 and 6 NOEs, respectively, which
involve only amide and methyl protons obtainable using 1H-13C-ILV methyl labeling.
(d) For ubiquitin, DinI and SpA we used 5, 10 and 10 Cα-Cα distance restraints,
respectively, to pack the SSEs and obtain the maximum likelihood backbone folds.
(e) Simulated RDCs from 1p7e Model 1 are used only for the missing RDC values in
the experimental data.

3.6 Results

We implemented our algorithms in a software package called rdc-analytic. Ta-

ble 3.2 shows the results of the application of rdc-analytic on datasets for human

ubiquitin (PDB id: 1ubq [240], DNA-damage-inducible protein I (DinI, PDB id:

1ghh [181]), Z-Domain of Staphylococcal Protein A (SpA, PDB id: 1q2n [278]), and

the third IgG-binding domain of Protein G (GB3, PDB id: 1p7e [233]). For these

proteins, the experimental NMR data has been taken from the Biological Magnetic
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Figure 3.5: The global folds of ubiquitin (1A), DinI (2A) and SpA (3A), computed
by rdc-analytic, using Cα-C′ and N-HN RDCs and a sparse set of NOEs. For
ubiquitin and DinI experimental Cα-C′ and N-HN RDCs are used. For SpA simulated
Cα-C′ and N-HN RDCs are used. (1B) Overlay of the ubiquitin global fold (green)
computed by rdc-analytic with the X-ray structure (red). The backbone RMSD is
1.17 Å. (2B) Overlay of the global fold of DinI (green) computed by rdc-analytic
with the Model 1 (red) of the reference structure (PDB id: 1ghh). The backbone
RMSD is 1.11 Å. (3B) The global fold of SpA computed by rdc-analytic is overlaid
on the Model 1(red) of the reference structure (PDB id: 1q2n). The backbone RMSD
is 0.83 Å.
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Figure 3.6: Overlay of the residues 23-55 of GB3 backbone (red, green, and black)
computed by rdc-analytic with the NMR reference structure PDB id:1p7e Model
1 [233] (blue). Several portions of the protein were computed in a divide-and-conquer
fashion. The backbone RMSD of the portions are the following residues: 23-39(red)
- 0.35 Å, 39-51(green) - 0.49 Å, 51-55(black) - 0.54 Å. The overall backbone RMSD
with the reference structure is 1.47 Å.

Resonance Data Bank (BMRB). For ubiquitin, our program estimates the alignment

tensors for different sets of RDCs and computes the helix (Ile23-Lys33) conformations.

The results show that the corresponding alignment tensor components computed from

different sets of RDCs in one medium or two media agree fairly well with those com-

puted from ubiquitin NMR structure (PDB id: 1d3z). As shown in Table 3.2, the

backbone RMSDs of the helices compared to the X-ray structure (PDB id: 1ubq) and

NMR reference structure (PDB id: 1d3z) are small. The global folds of ubiquitin,

DinI and SpA computed from different sets of RDCs and sparse sets of NOEs are

shown in Figure 3.5. The results are summarized in Table 3.2. For ubiquitin and

DinI we used sparse sets of NOEs which involve only amide and methyl protons ob-

tainable from 1H-13C-ILV methyl labeling. We also used Cα-C′ and N-HN RDCs. For

ubiquitin, the backbone RMSDs between the structures computed our algorithm and

the reference structures (Model 1 of 1d3z, and 1ubq) is < 1.28 Å. For, DinI we com-

puted the backbone fold using Cα-C′ and N-HN RDCs. Compared to the reference

structure (Model 1 of 1ghh) the backbone RMSD was 1.11 Å.

For SpA we performed three runs of our program. In the first two runs, we used

Cα-Hα and N-HN RDCs and selected different sets of parameters. For the first run, the
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backbone fold computed by our algorithm is within 1.1 Å of the reference structure

(Model 1 of 1q2n). For the second run, we used a narrow sampling interval for N-HN

RDCs, and as a result the N-HN RDC RMSD of the structure computed was better

than that for the structure computed in the first run. However, when we packed the

SSEs computed from the second run and then compared the resulting backbone fold

with the reference structure (Model 1 of 1q2n), the backbone RMSD was 1.58 Å,

slightly higher than that from the first run. We found that when the first two helices

(Glu24-Asp36, Ser41-Ala54) are compared with the reference structure, the backbone

RMSD was 0.72 Å. The N-HN RDCs are missing for Glu8 and Gln9 that define the

first two residues of the helix Glu8-Leu17, which probably led to somewhat poor

conformation for this helix. We then simulated the Cα-C′ and N-HN RDCs using

1q2n Model 1. Using these simulated RDCs, we computed the global fold of SpA

during the third run. When compared with the reference structure, the backbone

RMSD was 0.83 Å.

For both ubiquitin and GB3 we applied rdc-analytic to compute portions (in-

cluding helices, loops and β-strands) from Cα-Hα and N-HN RDCs in two media. The

results for portions of ubiquitin are reported in Table 3.2. The resulting overlay of the

residues 23-55 of GB3 backbone (red, green, and black) computed by rdc-analytic

with the NMR reference structure (PDB id:1p7e Model 1 [233]) is shown in Figure 3.6.

Since the experimental data for GB3 is not complete (28 out of 132 Cα-Hα and N-HN

RDCs in two media are missing for for residues 23-55), we simulated the missing

RDCs using the NMR reference structure. We then computed several consecutive

portions of the protein in a divide-and-conquer fashion. The overall backbone RMSD

with the reference structure was 1.47 Å.

The above tests on both real NMR data and simulated data demonstrate the

capability of rdc-analytic to determine high-quality backbone fold. As part of our

future work, we plan to apply our algorithms to determine backbone structures from
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NMR data collected for larger proteins.

3.7 Conclusions

We developed algorithms for protein structure determination using residual dipolar

couplings collected by solution-state NMR. Our algorithms take into account different

aspects of the structure determination process, such as the time and cost of NMR data

acquisition, the types of NMR data and their information content, the algorithmic

complexity of extracting the 3D structure, and the accuracy of the obtained solution.

By using RDCs, we reduce the algorithmic complexity of the structure determination

problem to linear time. To reduce the cost of NMR data acquisition, our methods

use sparse RDC data, specifically, as little as two RDC measurements per residue in

a protein. We develop exact algorithms to compute analytic solutions that optimally

fit the NMR data producing high quality structures.

The key to our algorithms is the explicit representations of the RDC equations

together with the protein kinematics. Geometrically, this representation results in

algebraic curves on a unit sphere that may or may not intersect, depending on the

type and number of RDC measurements collected for a single internuclear vector in

a residue. Our algorithms find the points on the unit sphere located closest to all of

the algebraic curves exactly. These points correspond to the dihedral angles of the

protein that optimally fit the RDC data.

We tested our algorithms on NMR data for several proteins: human ubiquitin,

DinI, SpA, and GB3. Previous versions of our algorithms [275] (which were not exact

for as many types of RDC data as the new algorithms presented in this paper) have

been extensively tested on NMR datasets for different proteins, as well as used in a

prospective study to solve the structure of the FF Domain 2 of human transcription

elongation factor CA150 (PDB id: 2kiq [275]). We plan to do more extensive experi-

mental tests on different NMR data using the algorithms proposed in this paper. We
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also plan to apply our algorithms to solve other new protein structures in our future

work.
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4

Analytic Solutions to Peptide Plane Orientations
from a Minimal Number of Residual Dipolar

Couplings and Chemical Shift Anisotropies, and
Applications to Determine Protein Backbone

Global Folds

The human mind treats a new idea the same way the body treats a

strange protein; it rejects it.

— Sir Peter Brian Medawar

British (Brazilian-born) biologist and immunologist (1915 – 1987)

Synopsis:

Residual dipolar couplings (RDCs) and residual chemical shift anisotropies (RCSAs)

provide orientational restraints on internuclear vectors and the principal axes of chem-

ical shift anisotropy (CSA) tensors, respectively. Mathematically, while RDC repre-

sents a sphero-conic, RCSA can be interpreted as a linear combination of two sphero-

conics. Here we exploit the mathematical interplay between sphero-conics derived

from RDC and RCSA data measured in one alignment medium and protein kinemat-
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ics, to derive quartic equations, which can be solved in closed-form to compute protein

backbone dihedrals (φ, ψ). Building upon this, we have designed a novel, sparse data,

divide-and-conquer algorithm to compute protein backbone conformations. Our al-

gorithm first computes the orientations and conformations of the secondary structure

element (SSE) backbones such as α-helices and β-sheets. It then uses a sparse set

of distance restraints in a systematic search to pack the SSEs spatially to obtain the

backbone global fold. Subsequently, backbone conformations of the missing loops,

anchored by the ends of the packed SSEs, are determined to obtain the complete

backbone structure. A unique feature of our algorithm is that it formulates the pro-

tein backbone structure determination problem as a system of low-degree polynomial

equations. The polynomial roots, which encode the candidate backbone substructure

conformations, are searched systematically, using provable pruning strategies that

triage the vast majority of conformations, to either enumerate or prune all possible

conformations consistent with the data; therefore, completeness of search is ensured.

Results on experimental NMR datasets for the protein human ubiquitin demonstrate

that our algorithm can compute backbone conformations with high accuracy. These

results suggest that our algorithm can be successfully applied to determine high-

quality protein backbone structures from a limited amount of NMR data, and hence,

will be useful in automated NOE assignments and high-resolution protein backbone

structure determination from sparse NMR data [275].

4.1 Introduction

The knowledge of protein structures at atomic resolution is crucial to understanding

the underlying mechanisms in biochemical processes, and is a key factor in structure-

based protein and drug design [18, 38, 81, 122, 127, 153, 206, 279]. It has been

estimated that if the information on target protein structures were used at an early

stage to create potential leads for drug design, the development cost could be reduced
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approximately by half [99].

Nuclear magnetic resonance (NMR) spectroscopy is one of the most powerful

experimental techniques for the study of macromolecular structure and dynamics,

particularly proteins in solution. NMR complements well with X-ray crystallography

in that it has been applied to obtain structural information for proteins that are

difficult to crystallize, proteins that are intrinsically disordered [66, 74, 75, 114, 194],

and denatured proteins [160, 183, 235]. In addition, it has emerged as an important

tool to probe protein-ligand interactions [87] under near physiological conditions, and

characterize their structure, dynamics, kinetics and thermodynamics [17, 69, 134].

Recently, NMR techniques have been used to investigate invisible excited states in

proteins thereby characterizing both kinetics and the thermodynamics of exchange

processes involving excited states, and obtaining structural information pertaining to

these minor conformers [17, 22, 98, 123, 236].

The NMR spectroscopy technique is based on the sensitivity of magnetic properties

of the nuclei to its local chemical and electronic environment in the presence of a

strong and static external magnetic field of the spectrometer. The observables, called

the chemical shifts, regarded as the universal language of NMR [253, 254], often can

be measured with very high precision, and used as restraints in protein structure

determination and refinement [35, 185, 209, 241, 254, 260]. While chemical shifts

have been playing an increasingly important role in NMR structure elucidation and

dynamics [13, 14, 158], our understanding of the relationship between structure and

chemical shifts is still far from complete, especially in the context of proteins and

other macromolecules.

The chemical shift of a nucleus in a molecule arises from the nuclear shielding effect

caused by the local magnetic field, induced by the circulation of electrons surround-

ing the nucleus, in the presence of an external static magnetic field. This induced

field by the electrons can be described by a second-rank chemical shift (or shield-
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ing) anisotropy (CSA) tensor, which can be rewritten to correspond to the isotropic,

anisotropic antisymmetrical, and anisotropic symmetrical parts, and is given by [168]

δxx δxy δxz
δyx δyy δyz
δzx δzy δzz

 = δiso

1 0 0
0 1 1
0 0 1

+

 0 δ
(a)
xy δ

(a)
xz

−δ(a)
xy 0 δ

(a)
yz

−δ(a)
xz −δ(a)

yz 0



+

δ
(s)
xx − δiso δ

(s)
xy δ

(s)
xz

δ
(s)
xy δ

(s)
yy − δiso δ

(s)
yz

δ
(s)
xz δ

(s)
yz δ

(s)
zz − δiso

 . (4.1)

The first matrix on the right hand side of Eq. (4.1) is a zeroth-rank tensor which

is invariant under rotation and gives rise to the isotropic chemical shift δiso = (δxx +

δyy + δzz)/3. In solution, due to isotropic molecular tumbling, the anisotropic parts

of the chemical shift tensor (the off-diagonal elements) average out, and only the

remaining isotropic chemical shift δiso is observed.

The second matrix on the right hand side of Eq. (4.1) is a first-rank tensor which

represents the antisymmetric chemical shift anisotropy (anti-CSA) tensor, where each

element of it can be described by δ
(a)
ij = (δij − δji)/2. Since all the diagonal elements

are zero, the anti-CSA tensor only leads to magnetic field components that are per-

pendicular to the external magnetic field, regardless of the frame of reference. This

causes a very weak tilt of the local field and hence to a second-order contribution to

the resonance frequency that is too small to be measured. Since the anti-CSA part

of the CSA interaction is nonsecular with respect to the Zeeman interaction, it is

not usually manifested in standard solid-state NMR experiments. However, recent

solid-state NMR investigations of second order shifts from cross-correlations between

large quadrupolar and shielding couplings have made it possible to detect anti-CSA

components in chemical shift tensors [251]. It is worth noting that the anti-CSA ten-
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sor can have an effect on spin relaxation rates in certain experiments [124, 168, 200].

Although there have been solution NMR studies to measure the effect of anti-CSA

tensor components [4, 43, 168, 252], they were primarily done on small molecules as

model systems. The contributions of anti-CSA components to the relaxation rates is

often small, and can be regarded as sources of discrepancies [168].

The third matrix on the right hand side of Eq. (4.1) is a symmetric, traceless,

second-rank tensor that represents the symmetric part of the CSA tensor (sym-CSA),

where each element of it can be expressed as δ
(s)
ij = (δij +δji)/2. The sym-CSA tensor

is usually represented by its three eigenvalues in the principal axis system (also called

the principal order frame) and the orientations of its three principal axes with respect

to the molecular frame. In solids, only the eigenvalues and orientations of the sym-

CSA tensor can be determined.

Accurate knowledge of chemical shift anisotropy tensors is essential to the quan-

titative determination, understanding and interpretation of dynamics and relaxation

rates [28, 29, 200, 202, 213, 222], cross-correlation and relaxation interference [25,

171, 182, 195, 265, 266], and NMR structure determination and refinement [64, 138,

139, 259–262]. Since there is not enough experimental data available for CSAs to

facilitate empirical predictions of CSAs, quantum mechanics-based calculations of

CSAs have become a topical issue. Methods based on density functional theory

(DFT) [16, 63, 101, 173, 213, 264] have been widely used to compute CSA tensor

parameters. For example, recently, Fushman and coworkers [30, 31] have computed

15N CSA tensors for 39 selected residues of the B3 domain of streptococcal protein G

(GB3) using various peptide models. Recent work by Case and coworkers [219] used

automated fragmentation quantum mechanics/molecular mechanics (AF-QM/MM)

model [102] to compute 15N, 13C, and 1H CSA tensors for human ubiquitin, and the

GB1 and GB3 fragments of staphylococcal protein G, using different experimentally

determined structures. Although, the computational predictions of CSA tensors are
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validated against experimental data for these small globular protein, the question

that still remains, is a thorough investigation of CSA predictions and the various

structural factors affecting it, which will be possible only after a sufficient number of

experimental measurements of CSAs on different proteins are reported. To meet this

challenge, new experimental techniques in both solid-state and solution NMR have

been developed to for the measurements of CSAs.

In solid-state NMR, CSA tensors for oriented or partially oriented protein sam-

ples can be determined from single-crystal spectra [169], powder patterns [100, 118,

137, 161, 162], or (slow or fast) magic-angle spinning (MAS) spectra [36, 166, 216,

232, 259–262]. Specifically, 15N CSA tensors in combination with 15N-1H dipolar

couplings such as those obtained from polarization inversion spin exchange at the

magic angle (PISEMA) [258] experiment, provide precise and useful orientational

restraints, which have been exploited extensively in solid-state NMR structure de-

termination [6, 119, 149, 163, 243]. Recently, 13C, 15N, and 13Cα CSA tensors from

solid-state NMR measurements have been successfully used in protein structure de-

termination and refinement [64, 259–262]. Although solid-state NMR provides direct

information on CSA tensor principal components, especially for proteins that are dif-

ficult to study by solution NMR, it often presents many technical challenges such

as the requirements of site-specific isotopic labeling, suppressing and controlling of

anisotropic interactions, and multiple independent CSA measurements. In addition,

the engineering requirements of designing an NMR probe for solid-state NMR are

often more challenging and expensive compared with those for solution-state NMR.

Therefore, solution NMR, in spite of its own limitations, such as a requirement of sol-

ubility and stability of proteins in solution, and practical size limitations, still remains

an attractive and more widely used technique for structural studies of proteins.

In solution NMR, due to isotropic tumbling of molecules in the solution, the

anisotropic parts of the CSA tensor are averaged out by rotational diffusion; there-
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fore, only δiso can be observed in the spectra. Although anisotropic parts of the

CSA tensor are averaged out, they give rise to relaxation. However, for larger

molecules, due to slow tumbling rates the resonance peaks broaden, thereby pos-

ing difficulty in analyzing and interpreting the NMR spectra. The relaxation in-

terference between the chemical shift anisotropy and dipolar coupling, which forms

the basis of transverse relaxation-optimized spectroscopy (TROSY) [171, 195] exper-

iment, has since been exploited to enhance the resolution in solution NMR studies

of large biomolecules [76, 265, 266]. The CSA tensors can be determined from relax-

ation and CSA-dipolar cross-correlation experiments [82, 95, 125, 144, 167, 267, 268],

or from offsets (frequency shifts) in resonance peaks upon partial alignment [29].

The presence of an alignment medium introduces partial alignment in the molecules.

The difference in chemical shifts observed under partially aligned conditions and

isotropic conditions gives rise to the residual chemical shift anisotropy (RCSA) ef-

fect [37]. Similar to residual dipolar couplings (RDCs) [176, 189, 221, 224], RCSAs

contain rich, orientationally sensitive structural information [213] that complement

other types of structural restraints such the nuclear Overhauser effect (NOE) dis-

tance restraints, long-range semiquantitative distance restraints from paramagnetic

relaxation enhancement (PRE) measurements [11], and scalar couplings.

An accurate interpretation of RCSAs relies on the prior knowledge of the magni-

tudes of the principal components of the CSA tensor and the tensor orientation with

respect to a relatively fixed structural entity, e.g., a peptide plane. The residue-specific

CSA tensor principal components can be experimentally determined both by solid-

state and solution NMR spectroscopy. RDC can easily be extracted, often with high-

precision, as the difference between the line-splittings in weakly aligned (anisotropic)

and isotropic buffer solutions. RCSA, however, is measured as the difference in chemi-

cal shifts between the isotropic and anisotropic buffer conditions. These chemical shift

differences are extremely small (measured in parts-per-billion, ppb), about 3 orders of
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magnitude smaller than the corresponding CSA values (measured in parts-per-million,

ppm), and the accuracy depends on maintaining an environment under anisotropic

conditions that is otherwise identical to isotropic conditions so that chemical shift

differences reflect only the RCSA contributions. Therefore, RCSA measurements are

done using special experimental techniques in order to record high-quality data, and

to assess and account for the various possible sources of experimental error before

interpreting the measured data. Techniques to measure RCSAs include magnetic

field dependent chemical shift differences measurements [165], varying concentration

of the aligning medium [28], temperature-dependent phase transition of certain liq-

uid crystals [26, 57, 59, 97, 138, 271, 273], and utilizing magic-angle spinning to

eliminate the effects of protein alignment relative to the magnetic field [92, 109], in

order to switch between anisotropic and isotropic conditions. Recently, Prestegard

and coworkers [141] developed a method for convenient and accurate measurement of

RCSAs using a modified two-stage NMR tube specifically designed for the measure-

ment of RCSAs and RDCs in stretched polyacrylamide gel, a widely used alignment

medium for both soluble and membrane proteins [51, 231].

Amide nitrogen and carbonyl RCSAs are particularly large, and typically fall in

the range of ±100 ppb. They are often measured to high precision with estimated

random measurement error of ±5 ppb [57, 268]. Since one of the CSA tensor com-

ponents is perpendicular to the peptide plane, RCSAs provide constraints on vectors

perpendicular to the peptide plane; therefore, they are complementary orientational

restraints to the RDC measurements which are usually on the internuclear vectors

on the peptide plane or vectors involving the Cα chiral center. In addition, since

RCSAs and RDCs result from the same anisotropic molecular tumbling upon align-

ment, they are described by the same molecular alignment tensor. These properties

of RCSAs make them a rich and useful source of structural information. RCSAs

have been used as structural restraints for protein structure validation [59] and re-
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finement [50, 138, 139, 229], during the final stages of traditional protein structure

determination [24, 203]. However, using RCSAs, in the initial stages of structure

computation, to compute the backbone global fold has not been pursued rigorously.

Methods that primarily use RDC data in one or multiple alignment media in the

initial stages of structure computation [3, 21, 68, 85, 186, 220], have been shown to

have many advantages over traditional NOE-based structure determination protocols.

Recently, in [179, 209, 210], Baker and Bax and coworkers have developed protocols

within the Rosetta [131, 186, 201] protein structure modeling framework, that use

only backbone chemical shifts, RDCs, and amide proton NOE distances to compute

high-quality backbone conformations for proteins up to 25 kilodaltons. However,

these approaches do not use structural restraints from RCSA data. Further, most of

these approaches use stochastic search, and therefore, lack any algorithmic guarantee

on the quality of the solution or running time. This motivates computational struc-

tural biologists to develop deterministic algorithms so that the structure modeling

assumptions, uncertainties in experimental data, and the algorithm’s performance

guarantees in terms time and space complexity, can be decoupled and assessed rela-

tively independently.

Algorithms based on analytic and exact solutions to equations with implementa-

tions using symbolic and numerical subroutines, have been demonstrated to be useful

in structure computation both in solid-state and solution NMR [177, 178, 246, 249],

computational biology [46], and in many other areas [46, 70, 155]. In recent work from

our laboratory [71, 227, 246, 248, 270], polynomial-time algorithms have been pro-

posed for high-resolution backbone global fold determination from a minimal amount

of RDC data. These algorithms represent the RDC equations and protein kinemat-

ics in algebraic form, and use exact methods in a divide-and-conquer framework to

compute the global fold. In addition, these algorithms use a sparse set of RDC mea-

surements (e.g., only two RDCs per residue), with the goal of minimizing the number
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of NMR experiments, hence the time and cost to perform them. This framework is

called rdc-analytic. These algorithms have been used in [247, 275, 276] to de-

velop new algorithms for NOE assignment, which led to the development of a few

framework [275] for high-resolution protein structure determination, which was used

prospectively to solve the solution structure of the FF Domain 2 of human transcrip-

tion elongation factor CA150 (FF2) (PDB id: 2kiq). Recently, we have developed a

novel algorithm, pool [228], to determine protein loop conformations from a minimal

amount of RDC data, a crucial addition to the rdc-analytic suite, which did not

compute loops before. However, the rdc-analytic framework did not exploit the

orientational restraints from RCSA data.

In this work, we show that orientational restraints from RCSAs can be used in

combination with RDCs in an analytic, systematic search-based, divide-and-conquer

framework to determine individual peptide plane orientations and protein backbone

conformations. Our algorithm uses only a minimal amount of NMR data; specifi-

cally, it can use carbonyl (and/or amide nitrogen) RCSA and N-HN RDC data in one

alignment medium, which is usually measured in addition to RCSAs, to determine

backbone global fold, including loop conformations. Our new algorithm has been in-

corporated into the rdc-analytic framework. In summary, our main contributions

in this work are:

1. Derivation of low-degree polynomial equations for backbone dihedrals φ and ψ

from experimentally-recorded RCSAs and RDCs, and protein kinematics, which

can be solved exactly in closed form, and in constant time;

2. Design and implementation of a polynomial time divide-and-conquer algorithm

for backbone protein structure determination, that uses the analytic solutions

to backbone dihedrals φ and ψ;

3. Promising results from the application of our algorithm on real biological NMR
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data.

4.2 Theory and Methods

In this section, we first give an overview of our algorithm rdc-analytic including the

required input data. Then we briefly review RDCs and RCSAs, and derive equations

for the structural restraints they provide. In subsequent subsections we derive key

mathematical equations for computing the peptide plane orientations from RDC and

RCSA equations and protein kinematics. Finally, we give a detailed description and

analysis of our algorithm.

4.2.1 Overview

In this work, we have extended rdc-analytic [270, 275] to exploit the mathematical

relationships between protein kinematics and the orientational restraints from RCSAs

and/or RDCs in an analytic framework to determine protein backbone conformations.

Table 4.1 describes the RDC and RCSA types that rdc-analytic uses to compute

the backbone dihedrals exactly and in closed form. A φ-defining RDC is used to

compute the backbone dihedral φ, and a ψ-defining RDC or RCSA is used to compute

the backbone dihedral ψ. When two RDCs or RCSAs per residue, for example, two

ψ-defining RDCs and/or RCSAs such as N-HN RDC and 13C′-RCSA, or 13C′-RCSA

and 15N-RCSA, are available, rdc-analytic also uses them to compute backbone

dihedrals. The input data to rdc-analytic include: (1) the primary sequence of

the protein; (2) at least two RDCs or RCSAs per residue in one alignment medium,

and optionally other data, for example, additional RDCs, RCSAs in one or multiple

alignment media, and talos [58, 208] dihedral restraints; (3) a sparse set of NOEs; (4)

secondary structure element boundaries based on talos [58, 208] dihedral restraints;

and (5) the rotamer library [146].

Solving a system of equations from RDCs and RCSAs, and protein kinematics
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Table 4.1: φ-defining and ψ-defining RDCs and RCSAs.

φ-defining ψ-defining
Cα-Hα N-HN

Cα-C′ C′-N
Cα-Cβ C′-HN

13C′-RCSA
15N-RCSA
1H-RCSA

A φ-defining RDC is used to compute the backbone dihedral φ, and a ψ-defining RDC
or RCSA is used to compute the backbone dihedral ψ exactly and in closed form.

simultaneously is a difficult computational problem since it leads to solving a high-

degree polynomial system. However, since RDCs and RCSAs are very precise mea-

surements and provide global orientational restraints, an algorithm which is able to

compute protein backbone conformations in a divide-and-conquer fashion by parti-

tioning the protein backbone of size n residues into O(n) fragments of bounded length,

and then inductively solving low-degree polynomial equations derived from RDCs,

RCSAs and backbone kinematics to compute the conformations of each fragment fol-

lowed by an assembly of the fragments using NOE distance restraints, will achieve the

desired objective of determining the protein backbone conformation. Our algorithm

rdc-analytic is based on this key insight. Our algorithm has five modules: (1)

computation of alignment tensors; (2) computation of conformation and orientation

of secondary structure elements; (3) simultaneous structure determination and pack-

ing of β-strands into β-sheets; (4) assembly of α-helices and β-sheets into backbone

global fold; and (5) Computation of the missing loops using pool [227, 228].

4.2.2 Residual Dipolar Coupling

The residual dipolar coupling r between two spin-1
2

nuclei a and b (described by a unit

internuclear vector v) due to anisotropic distribution of orientations in the presence

of an alignment medium, relative to a strong static magnetic field direction B is given
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Figure 4.1: (a) The internuclear vectors (shown using arrows) for which RDCs
are possible to measure. The magenta and red arrows represent φ-defining and ψ-
defining RDCs, respectively. (b) The brown pringle-shaped RDC sphero-conic curves
inscribed on a unit sphere constrain the internuclear vector v (green arrow) to lie on
one of them. The kinematic circle (shown in blue almost edge-on) of v intersects the
sphero-conic curves in at most four points (green dots) leading to a maximum of four
possible orientations for the internuclear vector v.

by

r =
µ0~γaγb

4π2

〈
r−3
ab

〉
〈P2(cos θ)〉 = Dmax 〈P2(cos θ)〉 , (4.2)

where µ0 is the magnetic permeability of vacuum, ~ is Planck’s constant, γa and γb

are the gyromagnetic ratios of the nuclei a and b, respectively,
〈
r−3
ab

〉
represents the

vibrational ensemble-averaged inverse cube of the distance between the two nuclei,

and the angle θ = cos−1(v ·B) is the angle between the magnetic field direction B and

the internuclear vector v. P2(x) = (3x2 − 1)/2 is the second Legendre polynomial.

Dmax is the dipolar interaction constant, and is given by

Dmax =
µ0~γaγb

4π2

〈
r−3
ab

〉
. (4.3)

Using algebraic manipulations, Eq. (4.2) can be written as

r = Dmaxv
TSv, (4.4)
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where S is the Saupe order matrix [197], or alignment tensor that specifies the

ensemble-averaged anisotropic orientation of the protein in the laboratory frame. S is

a 3 × 3 symmetric, traceless, rank 2 tensor with five independent elements [176, 189,

221, 224]. Letting Dmax = 1 (i.e., scaling the RDCs appropriately), and considering

a global coordinate frame that diagonalizes the alignment tensor S, often called the

principal order frame (POF), Eq. (4.4) can be written as

r = Sxxx
2 + Syyy

2 + Szzz
2, (4.5)

where Sxx, Syy and Szz are the three diagonal elements of a diagonalized alignment

tensor S, and x, y and z are, respectively, the x, y and z components of the unit

vector v in a POF that diagonalizes S. Since v is a unit vector, i.e.,

x2 + y2 + z2 = 1, (4.6)

an RDC constrains the corresponding internuclear vector v to lie on the intersection

of a concentric unit sphere (Eq. (4.6)) and a quadric (Eq. (4.5)) [180]. This gives

a pair of closed curves inscribed on the unit sphere that are diametrically opposite

to each other (see Figure 4.1). These curves are known as sphero-conics or sphero-

quartics [34, 191, 192].

Further, using Eq. (4.6) in Eq. (4.5), we can rewrite Eq. (4.5) in the following

form:

ax2 + by2 = c, (4.7)

where a = Sxx−Szz, b = Syy−Szz, and c = r−Szz. Henceforth, we refer to Eq. (4.7)

as the reduced RDC equation.

For further background on RDCs and RDC-based structure determination, the

reader is referred to [71, 72, 176, 221, 224].
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4.2.3 Residual Chemical Shift Anisotropy

For a given nucleus, the difference in chemical shifts between the liquid crystalline

phase (δaniso) and the isotropic phase (δiso) is commonly referred to as the residual

chemical shift anisotropy, or RCSA, and is given by [37, 57, 59, 268]

∆δ = δaniso − δiso =
2

3

∑
i∈{x,y,z}

〈P2(cos θii)〉 δii (4.8)

where P2(α) = (3α2 − 1)/2 is the second Legendre polynomial, δxx, δyy and δzz are

the principal components of the CSA tensor, and θxx, θyy and θzz are the respective

angles between the principal axes of the traceless, second-rank CSA tensor and the

magnetic field orientation B. Let δ
ii

for i ∈ {x, y, z} denote unit vectors along x,

y and z directions of the principal components of the CSA tensor. We note that

cos θii = B · δ
ii
. Doing algebraic manipulations we can write Eq. (4.8) as follows:

∆δ =
2

3

∑
i∈{x,y,z}

〈P2(cos θii)〉 δii

=
2

3

∑
i∈{x,y,z}

〈
3 cos2 θii − 1

2

〉
δii

=
1

3

∑
i∈{x,y,z}

〈
3 (B · δ

ii
)2 − 1

〉
δii

=
1

3

∑
i∈{x,y,z}

〈
3δT

ii

(
B ·BT

)
δ
ii
− δT

ii
Iδ

ii

〉
δii (4.9)

=
1

3

∑
i∈{x,y,z}

(
δT
ii

〈
3B ·BT − I

〉
δ
ii

)
δii. (4.10)

Here I is the identity matrix. Eq. (4.10) follows from Eq. (4.9) under the assumption

that the protein is perfectly rigid, and then defining a molecular reference frame so

that v is a constant and B changes as the protein molecule tubmles in the solution.
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The quantity
〈
3B ·BT − I

〉
≡ S is the Saupe order matrix or molecular alignment

tensor. It can be verified (see Proposition 12) that S is a symmetric and traceless rank

2 tensor with five degrees of freedom. The global coordinate frame that diagonalizes

the alignment tensor S is often called the principal order frame (POF). We denote

the diagonal elements of the diagonalized alignment tensor S by Sxx, Syy and Szz,

respectively. We note that a derivation for RDCs, similar to that in Eq. (4.10), can

be found in [72].

Proposition 12. S =
〈
3B ·BT − I

〉
is a symmetric and traceless rank 2 tensor with

five degrees of freedom.

Proof. The molecular alignment tensor S can be written as

S =
〈
3B ·BT − I

〉
= 3

〈B2
x − 1/3 BxBy BxBz

ByBx B2
y − 1/3 ByBz

BzBx BzBy B2
z − 1/3

〉 .
Now Tr (S) = 3

〈
B2
x +B2

y +B2
z − 1

〉
= 3(1 − 1) = 0. Therefore, S is symmetric and

traceless rank 2 tensor with 5 independent elements.

We use the following two lemmas from linear algebra without giving proof here

which can be found in literature.

Lemma 1. Trace of a matrix is the sum of its eigenvalues.

Lemma 2. Trace is invariant on rotation of basis. That is, for a matrix A with

rotation Q, Tr
(
QTAQ

)
= Tr (A). In general, trace is similarity-invariant.

Eq. (4.10) for RCSA can now be written as

∆δ =
1

3

∑
i∈{x,y,z}

δT
ii
Sδ

ii
δii. (4.11)
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Since δxx , δyy and δzz form a coordinate system and hence can be described by

a rotation with respect to the traceless molecular alignment tensor frame S, using

Lemma 2 we can straightforwardly show that

∑
i∈{x,y,z}

δT
ii
Sδ

ii
= 0. (4.12)

Therefore,

δT
zz

Sδzz = −(δT
xx

Sδxx + δT
yy

Sδyy). (4.13)

Using Eq. (4.13) in Eq. (4.11) we obtain

∆δ =
1

3

[
(δxx − δzz)δTxxSδxx + (δyy − δzz)δTyySδyy

]
. (4.14)

Since CSA tensor is traceless, i.e., δxx + δyy + δzz = 0, we can further simplify

Eq. (4.14) to obtain

∆δ =
1

3

[
(2δxx + δyy)δ

T
xx

Sδxx + (δxx + 2δyy)δ
T
yy

Sδyy

]
. (4.15)

The above equation therefore expresses the ∆δ as a linear combination of two

virtual RDC sphero-conics on two unit vectors δxx and δyy that bear a fixed kinematic

relationship with respect to the peptide plane. Working in the POF of the molecular

alignment tensor, we can write the above equation as

∆δ =
1

3

[
(2δxx + δyy)δ

T
xx

Sδxx + (δxx + 2δyy)δ
T
yy

Sδyy

]
= λ1δ

T
xx

Sδxx + λ2δ
T
yy

Sδyy

= λ1(Sxxx
2
1 + Syyy

2
1 + Szzz

2
1) + λ2(Sxxx

2
2 + Syyy

2
2 + Szzz

2
2)

= Sxx(λ1x
2
1 + λ2x

2
2) + Syy(λ1y

2
1 + λ2y

2
2) + Szz(λ1z

2
1 + λ2z

2
2) (4.16)

where δxx = (x1, y1, z1)T and δyy = (x2, y2, z2)T in the POF of the molecular alignment

tensor. λ1 = 1
3
(2δxx + δyy) and λ2 = 1

3
(2δyy + δxx) are two constants since δxx and δyy
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are known experimentally. δxx and δyy are unit vectors, therefore,

x2
1 + y2

1 + z2
1 = 1 (4.17)

x2
2 + y2

2 + z2
2 = 1. (4.18)

Using Eq. (4.17) and Eq. (4.18) in Eq. (4.16), we can write

a(λ1x
2
1 + λ2x

2
2) + b(λ1y

2
1 + λ2y

2
2) = c, (4.19)

where

a = Sxx − Szz, b = Syy − Szz, c = ∆δ − (λ1 + λ2)Szz.

Henceforth, we refer to Eq. (4.19) as the reduced RCSA equation.

RCSAs provide sensitive global orientational restraint useful for protein structure

determination. In [138], the authors used 13C′-RCSA restraints from solution NMR

for protein structure refinement. Subsequently, they developed protocols [139] to use

15N-RCSA restraints for protein structure refinement. In [50], the authors developed

a torsion angle molecular dynamics protocol for direct refinement of large protein

structures against RDCs and carbonyl RCSAs. They showed that the 13C′-RCSA

(∆δC′) can be expressed as a linear combination of two virtual dipolar couplings on

two fixed unit vectors on the peptide plane. Our derivation above (Eq. (4.15)) is

similar but derived in a form suitable for our purpose, and holds for general cases of

RCSAs. Unlike previous formulations [50, 141, 268] which used spherical coordinates,

our derivation is in Cartesian form. Our derivation does not require any additional

assumptions, and hold when the kinematic relationships between the peptide plane

and the principal components of the CSA tensors are known. Therefore, when CSA

tensors for each amino acid residue in the protein are known, as has recently been

determined in [28, 29, 144, 267, 268], our derivations and algorithms can use these

residue-specific CSA tensors.

101



Figure 4.2: Orientation of the principal components of 13C-, 15N- and 1H-RCSA
tensors with respect to the peptide plane. The 13C′-RCSA tensor principal compo-
nents are shown in cyan, the 15N-RCSA tensor principal components are shown in
blue, and the 1H-RCSA principal components are shown in gray. For each tensor, one
of the components is approximately perpendicular to the peptide plane; therefore,
the other two components lie on the peptide plane. The values of the angles Ω

C
, Ω

N

and Ω
H

can be set to fixed values [50, 57].

In Figure 4.2, the local structure of a peptide plane on which the principal com-

ponents of 13C′-RCSA, 15N-RCSA and 1H-RCSA tensors are realized, is shown. The

principal components of the CSA tensors are denoted by δxx, δyy and δzz, with δzz and

δxx are respectively the most and least shielded components. We assume that one

of the principal components of each CSA tensor is (approximately) perpendicular to

the peptide plane [57, 144]; therefore, the rest two principal components of each CSA

tensor are on the peptide plane. Hence given the orientation of the peptide plane,

only one angle (denoted by Ω; see Figure 4.2) is required to completely specify the

orientation of each CSA tensor in the molecular frame. For 13C′-RCSA, 15N-RCSA

and 1H-RCSA, the approximate values of Ω are respectively 38◦, 19◦ and 8◦ as re-
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ported in [57]. A slightly different set of values of 36◦, 18◦ and 7◦ were reported

in [144]. Also, it has been shown that Ω values have dependence on the secondary

structure type [57]. There have been studies [28, 29, 144] to demonstrate the site-wide

deviations in Ω values, the deviations in the magnitudes of principal components of

the CSA tensors, and the deviations in the tilt of the CSA tensor frames with respect

to the local peptide plane, along the polypeptide chain.

We denote the measured 13C′-RCSA, 15N-RCSA and 1H-RCSA values by ∆δC′ ,

∆δN and ∆δH, respectively. The RCSA values are measured in parts per billion. The

principal components of CSA tensor are measured in parts per million. For ∆δC′ the

two principal components δxx and δyy of the traceless CSA tensor lie on the peptide

plane (see Figure 4.2). Let v1 and v2 be the two unit vectors along δxx and δyy,

respectively. The angle between v1 and v
C′−N

is ΩC. v2 makes an angle of about

10◦ with v
C′−O

. Also we note that v1 ⊥ v2 and both are on the peptide plane. In

Eq. (4.15), λ1 = 1
3
Dmax(2δxx + δyy) and λ2 = 1

3
Dmax(2δyy + δxx) are two constants

assuming that δxx and δyy are known.

4.2.4 Fitting of Structures to RDCs and RCSAs using Singular Value Decomposition

Often N-HN RDCs are measured in addition to at least one of 13C′-RCSA, 15N-

RCSA or 1H-RCSA. For a known protein structure, the experimental RDC and/or

RCSA data can be fit using singular value decomposition (SVD) [141, 143, 246, 268]

to estimate the alignment tensor. Also, the agreement between the experimental

and back-computed RDCs and RCSAs can be evaluated. Below, we give details of

computing the alignment tensor using RDC and/or RCSA data using SVD. In our

derivations, we represent RDCs and RCSAs in Cartesian form.
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The RDC equation (Eq. (4.4)) in a molecular frame is given by

r = vTSv

=
(
x y z

)−Syy − Szz Sxy Szx
Sxy Syy Syz
Szx Syz Szz

xy
z


= (y2 − x2)Syy + (z2 − x2)Szz + 2xySxy + 2yzSyz + 2zxSzx. (4.20)

For RDCs measured for multiple internuclear vectors in an alignment medium,

the RDC SVD matrix can be written as

r =


r1

·
·
·
rn



=


(y2

1 − x2
1)Syy + (z2

1 − x2
1)Szz + 2x1y1Sxy + 2y1z1Syz + 2z1x1Szx

· · ·
· · ·
· · ·

(y2
n − x2

n)Syy + (z2
n − x2

n)Szz + 2xnynSxy + 2ynznSyz + 2znxnSzx



=


(y2

1 − x2
1) (z2

1 − x2
1) 2x1y1 2y1z1 2z1x1

· · · · ·
· · · · ·
· · · · ·

(y2
n − x2

n) (z2
n − x2

n) 2xnyn 2ynzn 2znxn



Syy
Szz
Sxy
Syz
Szx

 . (4.21)

For an RCSA ∆δi, let v
i1

= (xi1, yi1, zi1)T and v
i2

= (xi2, yi2, zi2)T denote the

two unit vectors representing two principal components of the traceless RCSA tensor.
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The RCSA SVD matrix can be written as

∆δ =


∆δ1
·
·
·

∆δn



=



2∑
j=1

λj(y
2
1j − x

2
1j)Syy +

2∑
j=1

λj(z
2
1j − x

2
1j)Szz +

2∑
j=1

2λjx1jy1jSxy +
2∑

j=1

2λjy1jz1jSyz +
2∑

j=1

2λjz1jx1jSzx

· · ·
· · ·
· · ·

2∑
j=1

λj(y
2
nj − x

2
nj)Syy +

2∑
j=1

λj(z
2
nj − x

2
nj)Szz +

2∑
j=1

2λjxnjynjSxy +
2∑

j=1

2λjynjznjSyz +
2∑

j=1

2λjznjxnjSzx



=



2∑
j=1

λj(y
2
1j − x

2
1j)

2∑
j=1

λj(z
2
1j − x

2
1j)

2∑
j=1

2λjx1jy1j

2∑
j=1

2λjy1jz1j

2∑
j=1

2λjz1x1

· · · · ·
· · · · ·
· · · · ·

2∑
j=1

λj(y
2
nj − x

2
nj)

2∑
j=1

λj(z
2
nj − x

2
nj)

2∑
j=1

2λjxnjynj

2∑
j=1

2λjynjznj

2∑
j=1

2λjznjxnj




Syy
Szz
Sxy
Syz
Szx

 . (4.22)

Given the RDCs and RCSAs and the structural coordinates, the molecular align-

ment tensor can be determined by stacking the equations Eq. (4.21) and Eq. (4.22)

together, and then doing a singular value decomposition.

4.2.5 Analytic Solutions for Peptide Plane Orientations from φ-defining RDC and
ψ-defining RCSA in One Alignment Medium

The derivation below assumes standard protein geometry, which is exploited in the

kinematics [246]. We choose to work in an orthogonal coordinate system defined at

the peptide plane Pi with z-axis along the bond vector N(i) → HN(i), where the

notation a→ b means a vector from the nucleus a to the nucleus b. The y-axis is on

the peptide plane i and the angle between y-axis and the bond vector N(i) → Cα(i)

is fixed. The x-axis is defined based on the right-handedness. Let Ri,POF denote the

orientation (rotation matrix) of Pi with respect to the POF. Then R1,POF denotes the

relative rotation matrix between the coordinate system defined at the first residue

of the current SSE and the principal order frame. Ri,POF is used to derive Ri+1,POF

inductively after we compute the dihedral angles φi and ψi. Ri+1,POF, in turn, is used

to compute the (i+ 1)st peptide plane.

We derive closed-form solutions for the dihedral φ, and hence the corresponding

internuclear vector orientations, using a φ-defining RDC as shown in the following
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proposition (see also [228]).

Proposition 13. Given the diagonalized alignment tensor components Sxx and Syy,

the peptide plane Pi, and a φ-defining RDC r for the corresponding internuclear vector

of residue i, there exist at most 4 possible values of the dihedral angle φi that satisfy

the RDC r. The possible values of φi can be computed exactly and in closed form by

solving a quartic equation.

Proof. For brevity, we will only state the constants without giving explicit formulas

to compute them. Please see Appendix A for the derivation of the constants. Let

the unit vector v0 = (0, 0, 1)T represent the N-HN bond vector of residue i in the

local coordinate frame defined on the peptide plane Pi. Let v1 = (x, y, z)T denote the

internuclear vector for the φ-defining RDC for residue i in the principal order frame.

We can write the forward kinematics relation between v0 and v1 as follows:

v1 = Ri,POF Rl Rz(φi) Rr v0 . (4.23)

Here Rl and Rr are constant rotation matrices that describe the kinematic relation-

ship between v0 and v1 . Rz(φi) is the rotation about the z-axis by φi.

Let c and s denote cosφi and sinφi, respectively. Using this while expanding

Eq. (4.23) we have

x = A0 + A1c+ A2s, y = B0 +B1c+B2s, z = C0 + C1c+ C2s, (4.24)

in which Ai, Bi, Ci for 0 ≤ i ≤ 2 are constants. Using Eq. (4.24) in the reduced RDC

equation (Eq. (4.7)), and simplifying we obtain

K0 +K1c+K2s+K3cs+K4c
2 +K5s

2 = 0, (4.25)

in which Ki, 0 ≤ i ≤ 5 are constants. Using half-angle substitutions

u = tan(
φi
2

), c =
1− u2

1 + u2
, and s =

2u

1 + u2
(4.26)

in Eq. (4.25) we have

L0 + L1u+ L2u
2 + L3u

3 + L4u
4 = 0, (4.27)
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in which Li, 0 ≤ i ≤ 4 are constants.

Eq. (4.27) is a quartic equation which can be solved exactly and in closed form.

Let {u1, u2, u3, u4} denote the set of (at most) four real solutions of Eq. (4.27). For

each ui, the corresponding φi value can be computed using Eq. (4.26).

To compute ψi for residue i, any of the 13C′-RCSA, 15N-RCSA or 1H-RCSA can be

used (Table 4.1). Here we will use 13C′-RCSA and derive the necessary mathematical

tools for computing the dihedral ψi. We note that our derivation holds for 15N-RCSA

and 1H-RCSA with minor modifications.

Proposition 14. Given the diagonalized alignment tensor components Sxx and Syy,

the peptide plane Pi, the dihedral φi, and the 13C′-RCSA ∆δC′ for residue i, there

exist at most 4 possible values of the dihedral angle ψi that satisfy ∆δC′. The possible

values of ψi can be computed exactly and in closed form by solving a quartic equation.

Proof. The notations developed in Section 4.2.3 for 13C′-RCSA will be used here. For

brevity, we will only state the constants without giving explicit formulas to compute

them. Please see Appendix A for the derivation of the constants.

Let the unit vector v0 = (0, 0, 1)T represent the N-HN bond vector of residue i in

the local coordinate frame defined on the peptide plane Pi. Let v1 = (x1, y1, z1)T and

v2 = (x2, y2, z2)T be the unit vectors defined (w.r.t. the POF) on the peptide plane

Pi+1. We can write the forward kinematics relations between v0 and v1 , and between

v0 and v2 as follows:

v1 = Ri,POF Rl Rz(φi) Rm Rz(ψi) Rr v0 (4.28)

v2 = Ri,POF Rl Rz(φi) Rm Rz(ψi) R′r v0 . (4.29)

Here Rl, Rm, Rr and R′r are constant rotation matrices. Rz(φi) is the rotation about

the z-axis by φi, and is a constant rotation matrix since φi is known. Rz(ψi) is the

rotation about the z-axis by ψi.

Let c and s denote cosψi and sinψi, respectively. Using this while expanding
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Eq. (4.28) and Eq. (4.29) we have

x1 = A10 + A11c+ A12s (4.30)

y1 = B10 +B11c+B12s (4.31)

z1 = C10 + C11c+ C12s (4.32)

x2 = A20 + A21c+ A22s (4.33)

y2 = B20 +B21c+B22s (4.34)

z2 = C20 + C21c+ C22s, (4.35)

where Aij, Bij, Cij for 1 ≤ i ≤ 2 and 0 ≤ j ≤ 2 are constants.

Using Eq. (4.30) to Eq. (4.35) in the reduced RCSA equation Eq. (4.19), and

simplifying we obtain

K0 +K1c+K2s+K3cs+K4c
2 +K5s

2 = 0, (4.36)

where Ki, 0 ≤ i ≤ 5 are constants.

Using half-angle substitutions

u = tan(
ψi
2

), c =
1− u2

1 + u2
, and s =

2u

1 + u2
(4.37)

in Eq. (4.36) we have

L0 + L1u+ L2u
2 + L3u

3 + L4u
4 = 0, (4.38)

where Li, 0 ≤ i ≤ 4 are constants.

Eq. (4.38) is a quartic equation which can be solved exactly and in closed form.

Let {u1, u2, u3, u4} denote the set of four real solutions (at most) of Eq. (4.38). For

each ui, we can compute the corresponding ψi value using Eq. (4.37).

Proposition 15. Given the diagonalized alignment tensor components Sxx and Syy,

the peptide plane Pi, a φ-defining RDC and a ψ-defining RCSA for φi and ψi, respec-

tively, there exist at most 16 orientations of the peptide plane Pi+1 with respect to Pi

that satisfy the RDC and the RCSA.
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Proof. This follows from the direct applications of Proposition 13 and Proposition 14.

4.2.6 Analytic Solutions for Peptide Plane Orientations from φ-defining RDC in
Medium 1 and ψ-defining RCSA in Medium 2

Proposition 16. Given the diagonalized alignment tensor components Sxx and Syy

for medium 1, S ′xx and S ′yy for medium 2, a relative rotation matrix R between the

POFs of medium 1 and 2, the peptide plane Pi, a φ-defining RDC in medium 1 and

a ψ-defining RDC (or RCSA) in medium 2 for φi and ψi, respectively, there exist at

most 16 orientations of the peptide plane Pi+1 with respect to Pi that satisfy the RDCs

(or the RDC and the RCSA), which can be computed exactly and in closed form by

solving two quartic equations.

Proof. For brevity, in our derivation we will only state the constants without giving

explicit formulas to compute them. Please see Appendix A for the derivation of the

constants.

Let POF1 and POF2 denote the POFs for the aligning media 1 and 2, respectively.

Without loss of generality, we choose to work in POF1. By direct application of

Proposition 13, we can compute φi exactly and in closed form. Now it remains to

compute ψi. For a ψ-defining RDC measured in medium 2, we can compute ψi exactly

and in closed form using the method described in Section 2.2.4 and [228]. Here we

derive closed form solutions for ψi using a ψ-defining RCSA.

Let v1 = (x1, y1, z1)T and v2 = (x2, y2, z2)T be the unit vectors defined in POF1 on

the peptide plane Pi+1. Let the same two vectors be denoted by v′
1

= (x′1, y
′
1, z
′
1)T and

v′
2

= (x′2, y
′
2, z
′
2)T relative to POF2, for which we have a ψ-defining RCSA measured

in medium 2. Then

v′
1

= Rv1 (4.39)

⇒

x′1y′1
z′1

 =

R11 R12 R13

R21 R22 R23

R31 R32 R33

x1

y1

z1
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and

v′
2

= Rv2 (4.40)

⇒

x′2y′2
z′2

 =

R11 R12 R13

R21 R22 R23

R31 R32 R33

x2

y2

z2


from which we have

x′1 = R11x1 +R12y1 +R13z1 (4.41)

y′1 = R21x1 +R22y1 +R23z1 (4.42)

z′1 = R31x1 +R32y1 +R33z1 (4.43)

x′2 = R11x2 +R12y2 +R13z2 (4.44)

y′2 = R21x2 +R22y2 +R23z2 (4.45)

z′2 = R31x2 +R32y2 +R33z2. (4.46)

The reduced RCSA equation (Eq. (4.19)) for ψ-defining RDC can be written as

a′(λ1x
′2
1 + λ2x

′2
2 ) + b′(λ1y

′2
1 + λ2y

′2
2 ) = c′, (4.47)

Substituting Eq. (4.41), Eq. (4.42), Eq. (4.44) and Eq. (4.45) in Eq. (4.47), we

obtain

I0 + I1x
2 + I2y

2 + I3z
2 + I4xy + I5yz + I6zx = 0, (4.48)

where Ii for 0 ≤ i ≤ 6 are constants.

Let the unit vector v0 = (0, 0, 1)T represent the N-HN bond vector of residue i in

the local coordinate frame defined on the peptide plane Pi in POF1. Then we can

write the forward kinematics relations between v0 and v1 , and between v0 and v2 as

follows:

v1 = Ri,POF Rl Rz(φi) Rm Rz(ψi) Rr v0 (4.49)

v2 = Ri,POF Rl Rz(φi) Rm Rz(ψi) R′r v0 . (4.50)
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Here Rl, Rm, Rr and R′r are constant rotation matrices. Rz(φi) is the rotation about

the z-axis by φi, and is a constant rotation matrix since φi is known. Rz(ψi) is the

rotation about the z-axis by ψi.

Let c and s denote cosψi and sinψi, respectively. Using this while expanding

Eq. (4.49) and Eq. (4.50) we have

x1 = A10 + A11c+ A12s (4.51)

y1 = B10 +B11c+B12s (4.52)

z1 = C10 + C11c+ C12s (4.53)

x2 = A20 + A21c+ A22s (4.54)

y2 = B20 +B21c+B22s (4.55)

z2 = C20 + C21c+ C22s, (4.56)

where Aij, Bij, Cij for 1 ≤ i ≤ 2 and 0 ≤ j ≤ 2 are constants.

Using Eq. (4.51) to Eq. (4.56) in Eq. (4.48), and simplifying we obtain

K0 +K1c+K2s+K3cs+K4c
2 +K5s

2 = 0, (4.57)

where Ki, 0 ≤ i ≤ 5 are constants.

Using half-angle substitutions

u = tan(
ψi
2

), c =
1− u2

1 + u2
, and s =

2u

1 + u2
(4.58)

in Eq. (4.57) we have

L0 + L1u+ L2u
2 + L3u

3 + L4u
4 = 0, (4.59)

where Li, 0 ≤ i ≤ 4 are constants.

Eq. (4.59) is a quartic equation which can be solved exactly and in closed form.

Let {u1, u2, u3, u4} denote the set of four real solutions (at most) of Eq. (4.59). For

each ui, we can compute the corresponding ψi value by using Eq. (4.58).
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We have shown that for both φi and ψi there are at most four possible real solutions

that satisfy the respective RDCs. Therefore, in total there are at most 16 orientations

possible for the peptide plane Pi+1.

4.2.7 Peptide Plane Orientations from N-HN RDC and 13C-RCSA

We assume that the peptide plane is planar. Let v1 = δxx = (x1, y1, z1)T and v2 =

δyy = (x2, y2, z2)T denote the two unit vectors representing two principal components

of the traceless RCSA tensor on the peptide plane in the POF. Let the unit vectors

v3 = (x3, y3, z3)T and v4 = (x4, y4, z4)T denote N-HN and Cα-C′ bond orientations,

respectively relative to the POF.

Since v1 , v2 , v3 and v4 are coplanar, we have

v1 = αv3 + βv4 (4.60)

v2 = αv3 + βv4 (4.61)

where α, β ∈ R are constants, from which we get four independent equations

x1 = α1x3 + β1x4 (4.62)

y1 = α1y3 + β1y4 (4.63)

x2 = α2x3 + β2x4 (4.64)

y2 = α2y3 + β2y4 (4.65)

where αi, βi for 1 ≤ i ≤ 2 are constants. These four equations can be used in the

reduced RCSA equation (Eq. (4.19)) to obtain

a1x
2
3 + a2y

2
3 + a3x

2
4 + a4y

2
4 + a5x3x4 + a6y3y4 = a0 (4.66)

where ai for 0 ≤ i ≤ 6 are constants.

The reduced RDC equation for v4 can be written as

b1x
2
3 + b2y

2
3 = b0 (4.67)

where bi for 0 ≤ i ≤ 2 are constants.
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Since the angle between v3 and v4 is fixed, we have the following equation:

x3x4 + y3y4 + z3z4 = c0 (4.68)

where the constant c0 is the cosine of the angle between v3 and v4 .

Since the orientation of the previous peptide plane has already been determined

inductively, we let the unit vector along N-Cα bond of the previous peptide plane be

denoted by (d1, d2, d3)T . From the fact that the angle between v4 and (d1, d3, d3)T is

fixed we get one more independent equation:

d1x4 + d2y4 + d3z4 = d0 (4.69)

where di for 0 ≤ i ≤ 3 are constants.

Since v3 and v4 are unit vectors we have two more independent equations:

x2
3 + y2

3 + z2
3 = 1 (4.70)

x2
4 + y2

4 + z2
4 = 1. (4.71)

Now all we need to do is to solve the following set of simultaneous equations:

a1x
2
3 + a2y

2
3 + a3x

2
4 + a4y

2
4 + a5x3x4 + a6y3y4 = a0 (4.72)

b1x
2
3 + b2y

2
3 = b0 (4.73)

x3x4 + y3y4 + z3z4 = c0 (4.74)

d1x4 + d2y4 + d3z4 = d0 (4.75)

x2
3 + y2

3 + z2
3 = 1 (4.76)

x2
4 + y2

4 + z2
4 = 1. (4.77)

It can be shown that solving this system (Eq. (4.72) to Eq. (4.77)) of polynomial

equations is equivalent to solving a 32 degree univariate polynomial equation (hence

at most 32 possible orientations of the peptide plane, or equivalently at most 32 (φ, ψ)

pairs) which is a difficult computational problem.

However, for a given value of φi, the values of ψi can be found out by solving

quartic equations. Here we show that we can use a hybrid approach that employs a
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systematic search over φ and combined with solutions to quartic equations for ψ to

compute the backbone dihedrals (φ, ψ) pairs. For each φ, sampled systematically from

the Ramachandran map, let A and B be the sets of all ψ values computed using the

N-HN RDC (see Proposition 3) and 13C′-RCSA (see Proposition 14), respectively. If

A∩B 6= ∅, then for a ψ ∈ A∩B, the corresponding (φ, ψ) pair is a solution. However,

in practice, there are two issues to be considered here. First, due to finite-resolution

sampling of φ, and experimental errors in the RDC and RCSA data, the intersection

of sets A and B can be an empty set, even though there exist ψA ∈ A and ψB ∈ B

such that |ψA − ψB| < δ, for some delta δ > 0 which depends on the resolution

of sampling of φ. This issue can be avoided by choosing a suitable resolution α for

systematic sampling of φ, and choosing a corresponding small value for δ. Both α and

δ are input parameters to our algorithm. We use α = 0.2◦ and δ = 0.5◦. We choose a

ψ ∈ [ψA, ψB] when |ψA − ψB| < δ. Further, our choice of ψ does not increase the RDC

and RCSA RMSDs so much that they exceed user-defined thresholds; otherwise, the

solution is discarded. Second, due to fine sampling of φ, often multiple pairs of (φ, ψ)

cluster in a small region of the Ramachandran map. We cluster these solutions, and

choose a set of representative candidates so that the complexity of the conformation

tree search is not adversely affected.

4.2.8 The Algorithm

Our algorithm has five modules: (1) computation of alignment tensors; (2) compu-

tation of conformation and orientation of secondary structure elements; (3) simulta-

neous structure determination and packing of β-strands into β-sheets; (4) assembly

of α-helices and β-sheets into backbone global fold; and (5) Computation of missing

loops.

Computation of Alignment Tensor

An ideal helix model for a helical SSE of the protein is used to bootstrap the align-

ment tensor computation. A long helical SSE is usually chosen so that more RDC and

RCSA data can be incorporated into the alignment tensor computation. The alignmet
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tensor S is computed by doing a least-square fit of the experimental RDC and RCSA

data with the ideal helical SSE using singular value decomposition [141, 143, 246, 268].

The SVD matrix is formulated as detailed in Section 4.2.4. After S is computed, it is

diagonalized to yield the three diagonal elements which are the principal components

of S, and four possible POFs are determined. For RDCs and RCSAs recorded in one

alignment medium, any one of the four POFs can be arbitrarily chosen for subsequent

computations. The ideal helix is rotated to one of the POFs, and the first peptide

plane (defined by v
N−HN

and v
N−Cα

vectors), i.e., the peptide plane of the first residue

of the helix is extracted. Further optimization of the orientation of the first peptide

plane can be achieved by using a grid search to obtain a better fit to the RDC and

RCSA for the first peptide plane. The alignment tensor, RDC and RCSA data for

the helix, and the oriented first peptide plane are then used as detailed in Computa-

tion of Conformation and Orientation of Secondary Structure Elements to compute the

maximum likelihood helix (ML) conformation. Next, the computed ML helix, and

RDC and RCSA data are used by the SVD method (described above) to compute a

refined alignment tensor, and the rest of the above process is repeated using the ML

helix. After 2 or 3 iterations (a user-defined parameter), the computed alignment

tensor usually becomes very good estimate of the molecular alignment tensor.

Computation of Conformation and Orientation of Secondary Structure Elements

Under standard peptide geometry assumptions, given the orientation of the first pep-

tide plane of an n residue SSE, its backbone conformation can be specified uniquely

by the sequence of (φ1, ψ1, . . . , φn, ψn) dihedral DOFs. Starting from the first pep-

tide plane, our algorithm solves each DOF sequentially using the equations derived

in Sections 4.2.5, 4.2.6 and 4.2.7. The discrete values of the DOFs computed from

the polynomial roots, are represented by a conformation tree grown recursively as we

solve for the DOFs progressively. An internal (i.e., non-leaf) node in the tree repre-

sents the conformation of a part of a candidate SSE (α-helix or β-Strand), and a leaf

node represents a candidate SSE conformation computed from RDCs. Figure 4.3 (a)

illustrates a conformation a tree for an SSE when a φ-defining RDC and a ψ-defining
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Figure 4.3: An example of conformation trees. A non-leaf node represents a part of
a candidate fragment, and a leaf node represents a candidate fragment conformation.
Dead-end conformations detected by the conformation filters are pruned. Allowed
conformations are subject to evaluations for the satisfaction of available experimental
data. In case of SSEs the deviations from standard average (φa, ψa) values for the
SSE type is considered, but in case of loops the allowed conformations are subject
to the test for loop closure. An optimal conformation passes all the tests; therefore,
belongs to the ensemble of computed fragments. Shown in green is an accepting
computation path for an optimal conformation. (A) The conformation tree with a
fanout of ≤ 4 corresponds to the case when one φ-defining RDC and one ψ-defining
RCSA/RDC per residue are used. There are at most 16 possible (φ, ψ) pairs. (B)
The conformation tree with a fanout of ≤ 32 with each branch encoding (φ, ψ), a
situation which corresponds to two ψ-defining restraints per residue, e.g., N-HN RDC
and 13C′-RCSA, or 13C′-RCSA and 15N-RCSA.

RCSA per residue are used to compute the discrete values of the DOFs φ and ψ,

respectively. In Figure 4.3 (b), the conformation tree shown corresponds to the sce-

nario (see Section 4.2.7) when N-HN RDC and 13C′-RCSA are used to compute the

discrete values of the DOFs of an SSE.

As each node is visited in a depth-first traversal of the tree, a set of conformation

filters are applied as predicates. If the node passes all the filters, then the subtree

rooted at that node is visited; otherwise, the node is designated as a dead-end node,

and the subtree rooted at that node is pruned. Dead-end nodes identified at lower

levels (closer to the root) of the conformation tree prunes more conformations than

those identified at higher levels (farther from the root). In fact, pruning at depth
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i eliminates O(bn−i) conformations, where b is the average number of branches in

the conformation tree, and n is the height of the conformation tree. The following

conformation filters are used by the algorithm.

Real Solution Filter. While solving the analytic equations derived above to com-

pute the dihedrals from RDCs, all non-real roots with the imaginary parts greater

than a chosen threshold are discarded [275]. In addition, multiplicities of the roots

are eliminated as follows: if two roots r1 and r2 are such that |r1 − r2| < δ for a

chosen small number δ, then one of the roots is eliminated in favor of the other. This

prunes the entire subtree rooted at the eliminated root.

Ramachandran and talos Filters. There exist regions in the Ramachandran

map that are forbidden for certain combinations of (φ, ψ) values for a given residue

type. Therefore, any disallowed value for a dihedral suggested by the Ramachandran

map, whenever it appears in the conformation tree, is pruned. We used the data from

[145], and implemented a residue-specific Ramachandran filter. Our implementation

considers four residue types: Gly, Pro, pre-Pro, and other general amino acid types

(called general). It has been specifically optimized for O(1)-time queries for the

favored or allowed intervals for φ, and ψ given φ. If MT is the Ramachandran map

for residue type T , and IT is the set of all allowed φ-intervals for T , we evaluate if

φ ∈ IT for a computed φ. Similarly, when a ψ is computed, we evaluate if ψ ∈ IT |φ.

talos [58, 208] dihedral information, whenever available, are used as follows. If for

the dihedral φi of the residue i of type T , IL is the talos-predicted interval, then for

a computed φ for the residue i, we evaluate if φ ∈ IT ∩IL . Similarly, for a computed ψ,

the predicate ψ ∈ IT |φ∩ IL is evaluated. The subtree rooted at the node representing

the dihedral is pruned if any of these predicates fail.

Steric Filter. We use our in-house implementation of the steric checker similar to

that in [256]. During the depth-first search of the conformation tree, at each node

corresponding to a newly added residue, the steric check is performed for self-collision,

that is, when the fragment clashes with itself. If the clash score [256] is greater than

a user-defined threshold, then the branch is pruned and the search backtracks.

117



Finally, all remaining unpruned conformations (leaf nodes), resulted during the

depth-first search, are evaluated for the satisfaction of available experimental data

(RDC and RCSA RMSDs), and RMS deviations from standard average (φa, ψa) values

for the SSE type. Top k (user-defined parameter) conformations are output. When

k = 1, only the ML SSE conformation is output.

The RDC/RCSA RMSD between back-computed and experimental RDCs/RCSAs

is computed using the equation

RMSDx =

√√√√ 1

n

n∑
i=1

(rbx,i − rex,i)2, (4.78)

where x is either a φ-defining or a ψ-defining RDC/RCSA type, n is the number

of RDCs/RCSAs, rex,i is the experimental RDC/RCSA, and rbx,i is the corresponding

back-computed RDC/RCSA. The RMS deviations from standard average (φa, ψb) is

given by

RMSDφ,ψ =

√√√√ 1

2n

n∑
i=1

((φi − φa)2 + (ψi − ψa)2), (4.79)

where (φa, ψa) are the standard averages of φ and ψ dihedrals for the SSE type, φi

and ψi are the dihedrals computed using RDC and RCSA data, and n is the number

of residues of the SSE.

The experimentally recorded RDCs and RCSAs contain experimental uncertain-

ties; therefore, modeling of experimental errors is required before we use these types

of data. Furthermore, for some residues, RDC or RCSA data can be missing due

to experimental reasons. By including the term RMSDφ,ψ (Eq. (4.79)), we account

for the deficiency in the number of experimental restraints; and it further helps with

minimizing the effect of experimental errors, especially, when a few outliers in the

data are present. This is reasonable [246, 248] because our algorithm searches all

possible conformations to find an optimal conformation computed from the entire

set of experimental data rather than any individual data point. Incorporation of the
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term RMSDx (Eq. (4.78)) accounts for the fact that the computed conformations do

not have large overall deviations from the experimental data; therefore, agreement

with the experimental data is ensured. We model the experimental errors in RDC

and RCSA data by adding Gaussian noise. The RDCs and RCSAs are sampled from

the Gaussian interval to generate sets of sampled RDCs and RCSAs. For each set of

sampled RDCs and RCSAs, a conformation tree is generated and the above depth-

first traversal is carried out to output top k (a parameter) conformations. For a give

conformation tree, our algorithm enumerates all conformations that satisfy the exper-

imental data and pass the conformation filters; therefore, it guarantees completeness.

Simultaneous Structure Determination and Packing of β-Strands into β-Sheets

Let E = {E1, . . . , En} be a β-sheet, where each Ei specifies the boundaries of the

β-strand Ei. We arbitrarily pick one of the β-strands in the β-sheet as the first

strand, and compute an ML conformation as detailed in subsection Computation of

Conformation and Orientation of Secondary Structure Elements. Let the strand confor-

mation be included in the β-sheet S, which is initialized to an empty set. For each

strand Ei adjacent to S, compute all possible conformations using Computation of

Conformation and Orientation of Secondary Structure Elements. As each conformation

is evaluated, pack (we call it the pack procedure) it with S using a sparse set TNOE

of NOEs (or hydrogen bond information, if available), such that Ei forms favorable

hydrogen bonds with S. The best scoring strand Eibest is chosen to be paired with S.

This process continues until all the strands in E are computed and packed to form a

β-sheet. The pseudo-code for strand packing algorithm is given below.

ComputeAndPackβSheet(S, TNOE)

1. Let E = {E1, . . . , En} be the β-sheet specification, where Eis are strand speci-

fications

2. Initialize the partial sheet conformation S←∅

3. Compute E1 using rdc-analytic
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4. S←S ∪{E1}

5. ∀Ei ∈ E, 2 ≤ i ≤ n in the order of strand adjacency

6. ∀Eileaf , a solution (leaf node) in a rdc-analytic conformation tree

7. pack(S,Eileaf , TNOE) and test if it scores better than the previously packed

sheet

8. Let Eibest be the strand with best packing and RDC satisfaction scores

9. S←S ∪
{
Eibest

}
10. return S

Assembly of α-Helices and β-Sheets into Backbone Global Fold

It is well known that at least three distance constraints are needed to determine the

relative translation between two oriented rigid bodies. The computed SSEs from

RDC and RCSA data are all oriented with a four-fold degeneracy inherent to RDCs

and RCSAs. Although the orientational degeneracy can be resolved when RDCs

and RCSAs can be recorded in multiple alignment media, it cannot be resolved

using only RDC and RCSA data in one alignment medium, unless other types of

data such as NOEs are used. It has been shown that the orintational degeneracy

can be resolved and the relative translations between the SSEs can be determined

using a small number of (at least three NOEs between a pair of SSEs) inter-SSE

NOEs [80, 246, 275]. Since the NOEs are interpreted as distance intervals between

atoms, a small number of NOE distance restraints can bound the conformation space

into a small volume which can be discretized and enumerated using a grid search of

parameterized resolution. A sparse set of inter-SSE NOEs are extracted from chem-

ical shift information alone [275]. For large and perdeuterated proteins, isoleucine-

leucine-valine (ILV) selective labeling method [83, 90, 215, 230] and selective labeling
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of alanine residues [7, 110], in which protons and 13C isotopes are selectively incor-

porated into methyl groups of Ileδ1 , Leuδ, Valγ and Alaβ side-chains on a deuterated

background, can be used to measure NOE distances between HN-HN, methyl-HN and

methyl-methyl protons. Also semiquantitative, long-range distance restraints from

paramagnetic relaxation enhancement [11] measurements, that often complement the

short-range NOE distances, can be used. Recently, PRE distances have been used in

spatial arrangements of protein fragments [12], topology predictions [39], and struc-

ture determination and refinement [11, 12, 111, 135, 187, 280]. Our algorithm can

use both NOE and PRE distance restraints to assemble the SSEs.

The inter-SSE NOEs often involve side-chain protons. Since the side-chain confor-

mation is not know a priori, a discretized set of side-chain conformations can be used

to model the possible side-chain proton positions. We used Richardson’s Rotamer

Library [146] to model the discrete side-chain conformations. The PRE distances are

often measured from a paramagnetic center to amide protons. A common paramag-

netic label used is MTSL []. We model the different conformational states of MTSL

as a discretized set of states, and include the set of all possible conformational states

while interpreting PREs during packing.

Suppose E be the set of inter-SSE NOEs and PREs used to pack two SSEs. For

a distance restraint ei ∈ E, let Qi be the set of possible interpretations in terms of

atom positions (rotamer pairs in case of NOE; conformational states of paramagnetic

label and HN position in case of PREs). Each element qij ∈ Qi, 1 ≤ j ≤ |Qi|

corresponds to a pair of atom positions and the corresponding distance between them

which is represented by a spherical shell with inner and outer radii that respectively

represent the lower and upper bounds for the distance restraint ei. Then the volume

of translation between the two SSEs that satisfies the distance restraints in E is given

by

V =

|E|⋂
i=1

|Qi|⋃
j=1

qij. (4.80)

Let S = {s1, . . . , sm} be the set of SSEs computed by rdc-analytic. Our algo-
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rithm pack takes as input the set of SSEs S, the set of inter-SSE distance restraints

E, and parameters to specify the grid resolution and ensemble size, and computes an

ensemble of packed structures. It uses the distance restraints to resolve the four-fold

degeneracy of SSE orientations due to the symmetry of dipolar operator. At each

grid point during the grid search over the space V of relative translations, the packed

structures are checked for steric clashes. The computed ensemble of packed structures

can further be clustered and evaluated [174, 175] to trim the ensemble size, in order

to obtain a set of representative packed structures.

Computation of Missing Loops

In a recent work from our laboratory [227, 228], we showed that given the global fold

of a protein, the conformations of the missing loops can be computed from a sparse

set of RDCs in one alignment medium. Our algorithm pool, for computing missing

loops, has been extended to incorporate the orientational restraints from RCSA data

in an analytic equation-based framework to compute loop conformations from RDCs

and RCSAs. Additional RDCs and RCSAs, and other data that provide constraints

in torsion-angle space (e.g., talos [58, 208] dihedral restraints) or in Euclidean space

(e.g., sparse NOEs and PREs), whenever available, can directly be incorporated into

our algorithm.

4.3 Results and Discussion

We applied our algorithm to compute the solution structure of human ubiquitin. The

protein ubiquitin has been a model system in a number of solution-state [15, 28, 29,

57, 59, 128, 142, 144, 246, 255] and solid-state [199, 204, 274] NMR studies. The

solution structure of ubiquitin (PDB id: 1D3Z) solved by Bax and coworkers [59],

and a 1.8 Å X-ray crystallographic structure of ubiquitin [240] (PDB id: 1UBQ) are

available in the PDB [15]. We use these two structures as reference for comparison

with the ubiquitin backbone structures computed by our algorithm. The experimental

N-HN RDCs and 13C′-RCSA data are obtained from the previously published work
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by Cornilescu and Bax [57]. We assumed that the principal components of the CSA

tensor are uniform throughout the peptide chain. Such an assumption has been used

widely in the literature for protein structure refinement against RCSA data [50, 138,

139, 229]. We used the uniform average values of the principal components of the

carbonyl CSA tensor reported in [57]. It is noteworthy that whenever residue-specific

CSA tensors can be determined, as has recently been done in [28, 29, 144, 267, 268],

rdc-analytic can use those tensors. The NOE restraints for ubiquitin are extracted

from the NMR restraint file associated with the PDB id 1D3Z [59].

Our algorithm rdc-analytic requires two orientational restraints per residue of

the protein which is often experimentally feasible. In previous work from our labora-

tory, we have used N-HN RDCs in two media [246] or one φ-defining and one ψ-defining

RDC in one alignment medium to compute protein backbone conformations including

loops [227, 228, 248, 270, 275]. In this work, we have extended rdc-analytic to use

orientational restraints from RCSA data in addition to RDCs. rdc-analytic can use

one RDC and one RCSA per residue (see Table 4.1, and Sections 4.2.5, 4.2.6 and 4.2.7)

to compute the backbone conformations. Specifically, when two RDCs or RCSAs per

residue, for example, two ψ-defining RDCs and/or RCSAs such as N-HN RDC and

13C′-RCSA, or 13C′-RCSA and 15N-RCSA, are available, rdc-analytic also uses

them to compute backbone dihedrals from which the backbone conformations are

computed. Since the measurement of 13C′-RCSA (and/or 15N-RCSA and 1H-RCSA)

data is almost always accompanied by the measurement of N-HN RDC data, recorded

for the same sample under the same alignment conditions [50, 57, 138, 141, 267, 268]

(hence described by the same molecular alignment tensor), computing an accurate

backbone global fold from this limited amount of data, as a first step in protein struc-

ture computation, is of considerable interest. Here we present results of backbone

structure computation by rdc-analytic using N-HN RDC and 13C′-RCSA.
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Figure 4.4: Correlations between the back-computed and experimental N-HN RDCs
and 13C′-RCSA (∆δC′) are shown. The NMR structure of ubiquitin is used as the
reference structure. The RDC and RCSA data are taken from [57]. The data fitting
is done by SVD using rdc-analytic that incorporates the equations derived in
Section 4.2.4. (A) Shown in ◦ is the N-HN RDC fit when only N-HN RDCs are
used. The Pearson’s correlation coefficient R = 99.5%. Shown in + is the N-HN

RDC fit when both N-HN RDC and 13C′-RCSA are used. The Pearson’s correlation
coefficient R = 99.4%. (B) Shown in • is the 13C′-RCSA fit when both N-HN RDC
and 13C′-RCSA are used. The Pearson’s correlation coefficient R = 99.2%.

4.3.1 Validation of RDC and RCSA Data Fit using Singular Value Decomposition

For a known protein structure, the experimental RDC and RCSA data can be fit using

singular value decomposition (SVD) [141, 143, 246, 268] to estimate the alignment

tensor. Also, the agreement between the experimental and back-computed RDCs and

RCSAs can be evaluated. We used SVD to estimate the alignment tensor. Unlike

previous formulations [141, 268], our formulation is in Cartesian form (see Eq. (4.4)

and Eq. (4.15), and Section 4.2.4). To validate our SVD module of rdc-analytic, we

used the ubiquitin NMR structure, and N-HN RDCs and 13C′-RCSA data from [57].

Figure 4.4 shows the RDC fit when only N-HN RDC was used, and both RDC and

RCSA fit when both N-HN RDC and 13C′-RCSA were used. The correlations obtained

between experimental and back-computed RDCs and RCSAs agree closely with those

reported in [57], and so are the alignment tensor principal components, which validates

our SVD module.
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Figure 4.5: Correlations between the back-computed and experimental N-HN RDCs
and 13C′-RCSA (∆δC′) are shown for the backbone substructure computed by rdc-
analytic. The RDC and RCSA data are taken from [57]. The data fitting is done by
SVD using rdc-analytic that incorporates the equations derived in Section 4.2.4.
Both 13C′-RCSA and N-HN RDCs are used. (A) The Pearson’s correlation coefficient
for the N-HN RDC fit is R = 99.0%. (B) The Pearson’s correlation coefficient for the
13C′-RCSA fit is R = 99.6%.

4.3.2 Computation of Backbone Global Fold using N-HN RDC and 13C-RCSA Data

The alignment tensor was computed from N-HN RDC and 13C′-RCSA data by boot-

strapping the computation with an ideal helix for the helical region I23–K33 of ubiq-

uitin, as described in Section 4.2.8. Our computed alignment tensor (rhombicity =

0.61, Szz = 53.57 Hz) agrees well with the one (rhombicity = 0.63, Szz = 50.57 Hz)

computed for ubiquitin NMR structure using SVD. It is worth noting that if the

alignment tensor is estimated by other methods [53], rdc-analytic can take it as

input and compute the backbone global fold.

rdc-analytic computed accurate backbone conformations from N-HN RDC and

13C′-RCSA data. As shown in Table 4.2, the backbone RMSDs between the computed

SSEs and the reference X-ray structure are within 0.20–0.37Å. The backbone RMSDs

between the computed SSEs and the reference NMR structure are within 0.16–0.35Å.

As shown in Figure 4.5, for the entire set of backbone fragments the Pearson’s cor-

relation between the observed and the experimental N-HN RDC values is 99.0%, and

that between the observed and the experimental 13C′-RCSA values is 99.6%. The
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Table 4.2: Results on backbone fragments (α-helix and β-strands) computed
by rdc-analytic using N-HN RDC and 13C′-RCSA data in one alignment
medium.

Protein RDC and RCSAa used & Backbone RMSD (Å) Backbone RMSD (Å)
RMSDs vs. X-ray structure vs. NMR structure

Ubiquitinb,c N-HN: 1.21 Hz α1(I23–K33): 0.23 α1(I23–K33): 0.27
13C′-RCSA: 7.38 ppb β1(Q2–T7): 0.32 β1(Q2–T7): 0.24

β2(T12–V17): 0.37 β2(T12–V17): 0.35
β3(Q41–F45): 0.28 β3(Q41–F45): 0.16
β4(K48–L50): 0.20 β4(K48–L50): 0.19
β5(S65–V70): 0.25 β5(S65–V70): 0.20

(a) Experimental RDC and RCSA data for ubiquitin (PDB id: 1D3Z) is taken
from [57]. (b) Simultaneous structure computation and assembly of β-strands into
β-sheets of ubiquitin are done using 12 hydrogen bond information. (c) For ubiquitin
we used 5 Cα-Cα approximate distance restraints to pack the α-helix and the β-sheet,
and obtain an ensemble of backbone folds.

N-HN RDC RMSD is 1.21 Hz, and the 13C′-RCSA RMSD is 7.38 ppb. The β-sheet

of ubiquitin (T12–V17 ↑↓ Q2–T7 ↑↑ S65–V70 ↑↓ Q41–F45 ↑↓ K48–L50) is computed

using 12 hydrogen bond restraints in addition to N-HN RDC and 13C′-RCSA data.

The computed β-sheet has backbone RMSD of 0.79Å and 0.71Å versus the X-ray and

the NMR reference structures, respectively. A similar β-sheet was computed using

17 NOEs which involve only amide and methyl protons obtainable using 1H-13C-ILV

methyl labeling. The α-helix (I23–K33) and the β-sheet for ubiquitin were packed

using 5 approximate Cα-Cα distances extracted using the method described in [246].

The packing algorithm implemented in rdc-analytic can use any combination of

NOEs obtainable from 1H-13C-ILV methyl labeling and PRE distance restraints. It

can also interpret the approximate Cα-Cα distances. Since the packing algorithm

is also invoked, while computing the β-sheet, in order to pack the β-strands, it can

interpret and use hydrogen bond information in addition to the other types of afore-

mentioned distance restraints. Furthermore, the packing algorithm of rdc-analytic

uses the distance information from NOE and PRE data to resolve the four-fold orien-

tational degeneracy, inherent to RDC and RCSA data in one alignment medium, that

exists between β-strands while assembling them into β-sheets, or between SSEs while

packing them to obtain the global fold. All the packed structures were evaluated for
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Figure 4.6: Overlay of the global fold of ubiquitin computed by rdc-analytic
using N-HN RDC and 13C′-RCSA versus the NMR reference structure (A) and X-ray
reference structure (B).

steric clashes by the algorithm. If there exists steric clash then the packed structure

is discarded; otherwise, it is subject further evaluation based on distance-violation

threshold. The packing algorithm can take an optional set of input parameters such

as the resolution of systematic sampling, the distance-violation threshold, and the top

k (or all) packed structures satisfying the distance-violation threshold. The top 1000

packed structures obtained from the packing of ubiquitin α-helix and β-sheet have

backbone RMSDs within the range 1.04–1.39Å with respect to the reference NMR

structure, and 1.09-1.42Å relative to the X-ray reference structure. In Figure 4.6

(A), the overlay of the backbone fold computed by rdc-analytic versus the NMR

reference structure is shown. Figure 4.6 (B) shows the overlay of the backbone fold

computed by rdc-analytic versus the X-ray reference structure.

These results indicate that our algorithm rdc-analytic can be used to com-

pute accurate backbone global fold from a minimal amount of RDC and RCSA data.

Since an accurate backbone fold is often the starting point of side-chain resonance

assignment [277] and NOE assignment [94, 275, 276], which are the prerequisites for

high-resolution structure determination protocols including side-chain conformations,
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our method will be a useful first-step in high-resolution protein structure determina-

tion.

4.3.3 Limitations and Extensions

We demonstrated that rdc-analytic can compute accurate backbone global fold

using orientational restraints from N-HN RDC and 13C′-RCSA data. For proteins, it

has recently been possible to measure multiple sets of RDC and RCSA data in one

or multiple alignment media [28, 29, 268]. While our goal has been to use a mini-

mal amount of experimental NMR data to compute protein backbone conformations,

our algorithm can benefit from additional RDC and RCSA data. For example, our

algorithm can also use a φ-defining RDC and a ψ-defining RDC/RCSA to compute

backbone global fold. In addition, other data that provide constraints in torsion-

angle space (e.g., talos [58, 208] dihedral restraints) or in Euclidean space (e.g.,

sparse NOEs and PREs), whenever available, can directly be incorporated into our

algorithm.

A novel feature of our algorithm is that it builds upon the derivations and analytic

solutions to low-degree polynomial equations, from RDCs and RCSAs, for solving

backbone dihedral angles, in order to compute the protein backbone conformations.

While most other approaches employ stochastic search, where RDCs and RCSAs are

typically used in the final stages of structure computation, our algorithm presents

a stark contrast by using RDCs and RCSA data in the initial stage of structure

computation, and employs a deterministic conformation tree search. Our algorithm

works by dividing a protein of length n into O(n) fragments (helix, strand, loop) of

bounded lengths, and computes the fragment conformations in a divide-and-conquer

manner, and assembles them using a sparse set of distance restraints. Therefore, in

principle, the size of a protein does not pose a limitation on the performance of our

algorithm, which makes our algorithm scalable. Most protein structure determination

algorithms use stochastic methods to sample and search the conformation space, and

hence can run into the problem of undersampling of conformations and are prone to

be trapped in local minima, as the size of protein grows. In contrast, our algorithm
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directly works in the data-space, and maps it to the conformation space, thereby

effectively rules out the search of a large portion of the conformation space inconsistent

with the data. Therefore, undersampling of conformations does not pose a limitation

for our algorithm, and an optimal solution with respect to the objective function

is returned. However, for large proteins, obtaining near-complete sets of RDC and

RCSA data with good precision is fraught with experimental difficulties. This can be

a limiting factor to the applicability of our algorithm, for that matter of most sparse-

data algorithms, which typically rely on good quality and nearly complete data sets

so that the degrees of freedom in the structure determination problem are adequately

compensated by restraints from experimental data.

rdc-analytic computed the global fold of ubiquitin which is a 37-residue sub-

structure. An immediate extension is to compute the conformations of the missing

loops. Work is under way to extend our loop structure determination algorithm

pool [228] to compute loop conformations from RDCs and RCSAs. pool has been

shown to compute ensembles of loop conformations from RDC data, in the presence

of a moderate level of dynamics. Our extension should also work for loops with

modest levels of dynamics when both RDC and RCSA data will be used. Since

rdc-analytic is a sparse-data algorithm, extracting information on dynamics is a

difficult task, primarily due to the fact that the system of equations it solves is un-

derdetermined from the standpoint of probing dynamics. However, it is worth noting

that our algorithm can tolerate a modest level of dynamics present in the SSEs, as in

case of ubiquitin, and compute accurate backbone global fold.

4.4 Conclusions

While RDC data have previously been used in initial stages of protein structure com-

putation [3, 21, 68, 85, 186, 220, 246, 275], and have been shown to have many advan-

tages over traditional NOE-based structure determination protocols, the structural

restraints from RCSA data are yet to be exploited in the initial stages of structure

computation to compute the backbone global fold. We described a novel, efficient, and

deterministic algorithm, incorporated into our rdc-analytic suite of algorithms,
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that determines accurate backbone global fold from a minimal amount of RDC and

RCSA data, and a sparse set of distance restraints. While a sparse set of RDCs and

RCSAs are required, additional distance, orientational, and torsion-angle constraints,

whenever available, can be directly incorporated into our algorithm.

Our algorithm builds upon the quartic equations derived by exploiting the inter-

play between protein backbone kinematics and the orientational restraints from RDC

and RCSA data to naturally discretize the conformation space by polynomial-root

solutions, and represents the candidate conformations using a tree data structure.

This makes it possible to search the conformation space of α-helices, β-strands and

loops using a systematic depth-first search with efficient pruning strategies capable of

pruning the vast majority of the conformations, and enumerate conformations that

are consistent with the data and pass the conformation filters. A systematic pack-

ing algorithm, that uses distance restraints such as those obtained from NOEs and

PREs, is used to assemble the computed protein fragments into an ensemble of three

dimensional global folds consistent with the distance restraints. Application of our

algorithm to compute the global fold of ubiquitin from experimental RDC and RCSA

data, shows that our algorithm can compute high-quality backbone global folds from

a limited amount of experimental data, as a first step in structure computation.

As of now, there are not many proteins for which RCSA data is available in

the PDB. However, the orientationally sensitive information contained in RCSAs,

the complementarity of RDCs and RCSAs, and the ability to measure these data

simultaneously, make them a promising future direction for protein and nucleic acid

structure computation from backbone-only data, specifically, for large proteins, for

which only a sparse set of experimental NMR measurements can be recorded and

interpreted without much difficulty. The algorithm introduced in this work provides

a novel way of utilizing the information in the RCSA data to compute backbone global

folds. We hope that our algorithm will be useful in automated NOE assignments and

high-resolution protein backbone structure determination from sparse NMR data.
.
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5

Exact Solutions to Peptide Plane Orientations from
Three RDCs on Coplanar Internuclear Vectors

When I am working on a problem, I never think about beauty.

I only think of how to solve the problem. But when I am finished,

if the solution is not beautiful, I know it is wrong.

— Buckminster Fuller

Synopsis:

Residual dipolar couplings (RDCs) provide orientational restraints on internuclear

vectors. Mathematically, RDC represents a sphero-conic. Since RDCs are described

a molecular alignment tensor, they contain inherent structural ambiguity due to the

symmetry of the alignment tensor and the symmetry of the molecular fragment, which

often leads to more than one orientation and conformation for the molecular fragment

consistent with the measured RDCs. For a rhombic alignment tensor, we exploit the

mathematical interplay between sphero-conics derived from RDCs, and the kinematics

of protein backbone, to derive closed-form exact solutions for all possible discrete

peptide plane orientations consistent with multiple RDCs measured in one alignment
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medium. Specifically, we show that for RDCs measured on a planar structural motif,

such as a peptide plane, there exist at most 16 different solutions which can be

obtained by solving only a quadratic equation. We give an algorithm to compute all

possible orientations of the planar motif, and discuss applications in protein structure

determination using sparse RDCs.

5.1 Introduction

Nuclear magnetic resonance (NMR) spectroscopy is an established experimental tech-

nique for the study of macromolecular structure and dynamics, particularly proteins

in solution. Traditional protein structure determination methods primarily rely on

a large number of local (< 6 Å) interproton distance restraints derived from the nu-

clear Overhauser effect (NOE) cross-peak intensities. Despite its success, NOE-based

methods are limited by the difficulties in precise quantification and unambiguous in-

terpretation the NOE distance restraints, thereby limiting the resolution of protein

structure. The emergence of residual dipolar couplings (RDCs) [176, 189, 221, 224],

which report on the orientation of internuclear vectors, has tremendously impacted

the field of solution NMR. The rich and precise structural and dynamics informa-

tion contained in RDC data, which is described with respect to a global reference

frame, has been exploited extensively in solution NMR studies to refine protein struc-

tures determined from NOE and other restraints [203]; to determine accurate protein

global folds; to determine domain orientations in multidomain proteins [78]; structural

analysis of protein-ligand interactions and complexes [112, 117]; to obtain structural

information for intrinsically disordered [66, 74, 75, 114, 194], and denatured pro-

teins [160, 183, 235]; to probe invisible excited states and minor conformers [22, 123];

and to probe protein dynamics from nano-second to milli-second scales [20, 128, 150],

to name a few. Recent work by Kay and coworkers [22, 98, 123] applies NMR to

probe transient and low-Populated protein-folding intermediates and excited, minor
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conformational states at atomic resolution.

Since RDCs play major roles in protein structural studies, a better understanding

of the geometric constraints they provide is essential in order to exploit the mathe-

matical interplay between these constraints and protein kinematics to analyze, refine

or determine protein structure at atomic resolution. The orientational restraints

provided by RDCs are global in the sense that they can be described with respect

to one global reference frame defined by the molecular alignment tensor. Math-

ematically, they are described as quadratic forms using a second-rank alignment

tensor. Their geometric and tensorial properties have been exploited in the liter-

ature to extract structural information analytically [154, 244, 249]. For example,

in [249], the authors derived exact solutions for internuclear vector orientations from

RDCs. In early work from our laboratory [246], closed-form exact solutions were

obtained for internuclear vector orientations using RDCs in two alignment media.

In [71, 227, 228, 248, 270, 275], we derived analytic expressions for protein backbone

dihedral angles from a minimal amount of RDCs (two per residue) in one alignment

medium. This foundational work led to several polynomial-time algorithms to deter-

mine high-resolution protein backbone global fold including loops, from a minimal

amount of RDC data.

When RDCs measured in single alignment medium are used, it is well-known

that there exist four possible orientations of a protein molecule [71, 80, 246, 275]

which satisfy the RDCs. This is called the four-fold orientational degeneracy, which

is due to the symmetry of the alignment tensor (assuming that it is rhombic). For an

alignment tensor with zero rhombicity, infinitely many RDC-consistent orientations

are possible for a molecule, by rotating it about the symmetry axis of the alignment

tensor. For a rhombic alignment tensor, when at least three RDCs on coplanar

vectors of a planar structural motif, e.g., a peptide plane, are used, Brüschweiler and

coworkers [108] showed that it is possible to derive analytic expressions for the all 16
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possible orientations of the planar motif. However, they did not provide an algorithm

to compute the possible orientations.

In this work, we derive closed-form analytic expressions for the peptide plane

orientations. We show that at most 16 peptide plane orientations are possible given

three RDCs for vectors on the peptide plane. Our derivations and algorithm differs

from that in [108], in the following ways:

1. We derive closed-form expressions for the different orientations of a peptide

plane in Cartesian coordinate system;

2. We show that all one needs to do is to solve a quadratic equation and apply

symmetry of the dipolar operator to construct all possible orientations of a

peptide plane; and

3. We give an algorithm that computes these peptide plane orientations, in con-

stant time.

It is worth noting that all previous exact solutions to RDC equations have been

based on solving quartic equations. In contrast, the novel method developed here

only involves solving a quadratic equation.

5.2 Theory and Methods

In this section, we first briefly review RDCs, and derive equations for the structural

restraints they provide. In subsequent subsections we derive key mathematical equa-

tions for computing the peptide plane orientations from RDC equations and protein

kinematics. Finally, we give a detailed description for the construction of all possible

peptide plane orientations consistent with the RDCs, from the solutions to derived

equations.
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5.2.1 Residual Dipolar Coupling

The residual dipolar coupling r between two spin-1
2

nuclei a and b (described by a unit

internuclear vector v) due to anisotropic distribution of orientations in the presence

of an alignment medium, relative to a strong static magnetic field direction B is given

by

r =
µ0~γaγb

4π2

〈
r−3
ab

〉
〈P2(cos θ)〉 = Dmax 〈P2(cos θ)〉 , (5.1)

where µ0 is the magnetic permeability of vacuum, ~ is Planck’s constant, γa and γb

are the gyromagnetic ratios of the nuclei a and b, respectively,
〈
r−3
ab

〉
represents the

vibrational ensemble-averaged inverse cube of the distance between the two nuclei,

and the angle θ = cos−1(v ·B) is the angle between the magnetic field direction B and

the internuclear vector v. P2(x) = (3x2 − 1)/2 is the second Legendre polynomial.

Dmax is the dipolar interaction constant, and is given by

Dmax =
µ0~γaγb

4π2

〈
r−3
ab

〉
. (5.2)

Using algebraic manipulations, Eq. (5.1) can be written as

r = Dmaxv
TSv, (5.3)

where S is the Saupe order matrix [197], or alignment tensor that specifies the

ensemble-averaged anisotropic orientation of the protein in the laboratory frame. S is

a 3 × 3 symmetric, traceless, rank 2 tensor with five independent elements [176, 189,

221, 224]. Letting Dmax = 1 (i.e., scaling the RDCs appropriately), and considering

a global coordinate frame that diagonalizes the alignment tensor S, often called the

principal order frame (POF), Eq. (5.3) can be written as

r = Sxxx
2 + Syyy

2 + Szzz
2, (5.4)
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Figure 5.1: (a) The internuclear vectors (shown using arrows) for which RDCs
are possible to measure. The magenta and red arrows represent φ-defining and ψ-
defining RDCs, respectively. (b) The brown pringle-shaped RDC sphero-conic curves
inscribed on a unit sphere constrain the internuclear vector v (green arrow) to lie on
one of them. The kinematic circle (shown in blue almost edge-on) of v intersects the
sphero-conic curves in at most four points (green dots) leading to a maximum of four
possible orientations for the internuclear vector v.

where Sxx, Syy and Szz are the three diagonal elements of a diagonalized alignment

tensor S, and x, y and z are, respectively, the x, y and z components of the unit

vector v in a POF that diagonalizes S. Since v is a unit vector, i.e.,

x2 + y2 + z2 = 1, (5.5)

an RDC constrains the corresponding internuclear vector v to lie on the intersection

of a concentric unit sphere (Eq. (5.5)) and a quadric (Eq. (5.4)) [180]. This gives

a pair of closed curves inscribed on the unit sphere that are diametrically opposite

to each other (see Figure 5.1). These curves are known as sphero-conics or sphero-

quartics [34, 191, 192].

Further, using Eq. (5.5) in Eq. (5.4), we can rewrite Eq. (5.4) in the following

form:

ax2 + by2 = c, (5.6)
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where a = Sxx−Szz, b = Syy−Szz, and c = r−Szz. Henceforth, we refer to Eq. (5.6)

as the reduced RDC equation.

For further background on RDCs and RDC-based structure determination, the

reader is referred to [71, 72, 176, 221, 224].

5.2.2 Orientations of a Planar Structural Motif from Three Orientational Restraints
on Coplanar Vectors

We derive closed-form solutions for all possible orientations of a planar structural

motif (i.e., all atoms of the motif are on a plane), such as a peptide plane for which

three orientational restraints are given on vectors that are on the plane of the motif.

Although here we use the peptide plane as the planar structural motif, our derivations

hold for any planar structural motif in general.

Our derivation assumes that the alignment tensor is rhombic. That is, magnitudes

of the two smaller principal components of the alignment tensor are not equal. In

other words, if Sxx, Syy and Szz are the three principal components of a traceless

alignment tensor S with |Szz| > |Syy| > |Sxx|, then S is rhombic if and only if

|Sxx| 6= |Syy|. The rhombicity R of the alignment tensor is given by the expression

R = (2/3)(Sxx − Syy)/Szz. Clearly, R ∈ [0, 2/3].

Peptide Plane Orientations from Three RDCs on Coplanar Internuclear Vectors

We derive closed-form solutions for the peptide plane orientations. We show that

at most 16 possible orientations are possible given the diagonalized alignment tensor

components and three RDCs for vectors on the peptide plane.

Proposition 17. Given a rhombic alignment tensor and RDCs for three internuclear

vectors on the peptide plane, there exist at most 16 possible orientations for the peptide

plane that satisfy the RDCs, and can be written in closed form by solving a quadratic

equation.
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Proof. The proof has two parts. In the first part, we derive a quadratic equation for

the intersection of RDC sphero-conics. In the second part, we will solve the quadratic

equation exactly in closed form and construct all possible peptide plane orientations.

Derivation of a quadratic equation from RDC sphero-conics. We assume

that the peptide plane is strictly planar, and we have three RDCs measured in single

medium for three unit vectors on the plane, e.g., N-HN, C′-N and Cα-C′ vectors. We

denote the unit vectors N-HN, C′-N and Cα-C′ by v1 = (x1, y1, z1)T ,v2 = (x2, y2, z2)T

and v3 = (x3, y3, z3)T , respectively. We use the literals x, y, z, u, v and t, and their

subscripted versions for unknowns, and all other literals denote constants throughout

the derivation. We assume that for the set of RDCs we know the Saupe alignment

tensor S, and we work in a principal order frame that diagonalizes S.

We now list the set of equations that we can stipulate for the peptide plane for

which three RDCs are measured on the vectors v1 , v2 and v3 on the peptide plane.

Since v1 , v2 and v3 are unit vectors we have

x2
1 + y2

1 + z2
1 = 1 (5.7)

x2
2 + y2

2 + z2
2 = 1 (5.8)

x2
3 + y2

3 + z2
3 = 1. (5.9)

The reduced RDC equations for the RDCs measured for v1, v2 and v3, respectively,

can be written as

ax2
1 + by2

1 = c1 (5.10)

ax2
2 + by2

2 = c2 (5.11)

ax2
3 + by2

3 = c3. (5.12)

Since v1 , v2 and v3 are coplanar, we have

v3 = αv1 + βv2 , (5.13)
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where α, β ∈ R are constants, from which we get two more independent equations

(since Eq. (5.9) can be thought of the third independent equation due to the fact that

v3 is a unit vector):

x3 = αx1 + βx2 (5.14)

y3 = αy1 + βy2. (5.15)

Also, we have one more independent equation from the fact that the angle between

v1 and v2 is constant:

x1x2 + y1y2 + z1z2 = γ1, (5.16)

where γ1 is the cosine of the angle between v1 and v2 . We note here that we could

have used z3 = αz1 + βz2 as the third equation instead which upon simplification

would give an equation of the form Eq. (5.16).

We now have nine simultaneous equations, viz. Eq. (5.7) to Eq. (5.16) (excepting

Eq. (5.13)) in nine unknowns, viz. xi, yi and zi for 1 ≤ i ≤ 3 which we will solve

below.

Using Eq. (5.14) and Eq. (5.15) in Eq. (5.12) to eliminate x3 and y3 we obtain

a(αx1 + βx2)2 + b(αy1 + βy2)2 = c3

⇒ a(α2x2
1 + β2x2

2 + 2αβx1x2) + b(α2y2
1 + β2y2

2 + 2αβy1y2) = c3

⇒ 2αβ(ax1x2 + by1y2) + α2(ax2
1 + by2

1) + β2(ax2
2 + by2

2) = c3

⇒ 2αβ(ax1x2 + by1y2) + α2c1 + β2c2 = c3

⇒ ax1x2 + by1y2 =
c3 − α2c1 − β2c2

2αβ
= δ, (5.17)

where δ = (c3 − α2c1 − β2c2)/(2αβ) is a constant.

We now eliminate z1 and z2 from Eq. (5.16) using Eq. (5.7) and Eq. (5.8) as
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follows:

Eq. (5.16) ⇒ (z1z2)2 = (γ1 − x1x2 − y1y2)2

⇒ (1− x2
1 − y2

1)(1− x2
2 − y2

2) = (γ1 − x1x2 − y1y2)2

⇒ 1− x2
1 − y2

1 − x2
2 − y2

2 + x2
1x

2
2 + x2

1y
2
2 + x2

2y
2
1 + y2

1y
2
2

= γ2
1 + x2

1x
2
2 + y2

1y
2
2 + 2x1x2y1y2 − 2γ1(x1x2 + y1y2)

⇒ x2
1 + y2

1 + x2
2 + y2

2 − x2
2y

2
1 − x2

1y
2
2 +

2x1x2y1y2 − 2γ1(x1x2 + y1y2)− (1− γ2
1) = 0. (5.18)

Using Eq. (5.17) in Eq. (5.18) we can eliminate the terms containing the factor

x1x2 as follows:

Eq. (5.18) ⇒ x1x2 + y1y2 =
x2

1 + y2
1 + x2

2 + y2
2 − x2

2y
2
1 − x2

1y
2
2 + 2x1x2y1y2 − (1− γ2

1)

2γ1

⇒ δ − by1y2

a
+ y1y2

=
x2

1 + y2
1 + x2

2 + y2
2 − x2

2y
2
1 − x2

1y
2
2 + 2( δ−by1y2

a
)y1y2 − (1− γ2

1)

2γ1

⇒ 2γ1δ

a
+ 2γ1(1− b

a
)y1y2

= x2
1 + y2

1 + x2
2 + y2

2 − x2
2y

2
1 − x2

1y
2
2 + 2(

δ − by1y2

a
)y1y2 − (1− γ2

1)

⇒ 2γ1δ

a
+ (2γ1(1− b

a
)− 2δ

a
)y1y2

= x2
1 + y2

1 + x2
2 + y2

2 − x2
2y

2
1 − x2

1y
2
2 −

2b

a
y2

1y
2
2 − (1− γ2

1)

⇒ (2γ1(1− b

a
)− 2δ

a
)y1y2

= x2
1 + y2

1 + x2
2 + y2

2 − x2
2y

2
1 − x2

1y
2
2 −

2b

a
y2

1y
2
2 − (1− γ2

1)− 2γ1δ

a

⇒ x2
1 + y2

1 + x2
2 + y2

2 − x2
2y

2
1 − x2

1y
2
2 + A1y

2
1y

2
2 + A2y1y2 + A3 = 0, (5.19)
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where

A1 = −2b

a

A2 = −
(

2γ1(1− b

a
)− 2δ

a

)

A3 = −(1− γ2
1)− 2γ1δ

a
.

Squaring Eq. (5.17) and rearranging terms we can express y1y2 as a linear combi-

nation of terms involving x2
1x

2
2 and y2

1y
2
2 as follows:

Eq. (5.17) (5.20)

⇒ ax1x2 = δ − by1y2

⇒ a2x2
1x

2
2 = (δ − by1y2)2 = δ2 − 2δby1y2 + b2y2

1y
2
2

⇒ y1y2 =
a2x2

1x
2
2 − b2y2

1y
2
2 − δ2

−2δb
= B1x

2
1x

2
2 +B2y

2
1y

2
2 +B3, (5.21)

where

B1 =
−a2

2δb

B2 =
b2

2δb

B3 =
δ2

2δb
.

Substituting Eq. (5.21) in Eq. (5.19) we obtain

x2
1 + y2

1 + x2
2 + y2

2 − x2
2y

2
1 − x2

1y
2
2 + C1x

2
1x

2
2 + C2y

2
1y

2
2 + C3 = 0, (5.22)

where

C1 = A2B1

C2 = A1 + A2B2

C3 = A3 + A2B3.
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We now solve the system of equations Eq. (5.10), Eq. (5.11), Eq. (5.17) and

Eq. (5.22) simultaneously. Since Eq. (5.10) and Eq. (5.11) are equations of ellipses,

we will do the following trigonometric substitutions to represent the two ellipses in

parametric form.

x1 = p1 cos t1 (5.23)

y1 = q1 sin t1 (5.24)

x2 = p2 cos t2 (5.25)

y2 = q2 sin t2, (5.26)

where p1 =
√

c1
a
, q1 =

√
c1
b
, p2 =

√
c2
a

, and q2 =
√

c2
b

. Letting

u = cos 2t1 (5.27)

v = cos 2t2, (5.28)

and using the following two trigonometric identities

cos2 t =
1 + cos 2t

2
(5.29)

sin2 t =
1− cos 2t

2
(5.30)

we can write Eq. (5.23), Eq. (5.24), Eq. (5.25) and Eq. (5.26) in the following form:

x2
1 = p2

1

(
1 + u

2

)
(5.31)

y2
1 = q2

1

(
1− u

2

)
(5.32)

x2
2 = p2

2

(
1 + v

2

)
(5.33)

y2
2 = q2

2

(
1− v

2

)
. (5.34)
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Substituting Eq. (5.31), Eq. (5.32), Eq. (5.33) and Eq. (5.34) in Eq. (5.22) we

obtain

I0 + I1u+ I2v + I3uv = 0, (5.35)

where

I0 = −p2
1q

2
2 + C1p

2
1p

2
2 + 2q2

1 − p2
2q

2
1 + 2p2

1 + 2q2
2 + 4C3 + C2q

2
1q

2
2 + 2p2

2

I1 = −p2
1q

2
2 + 2p2

1 − 2q2
1 + p2

2q
2
1 − C2q

2
1q

2
2 + C1p

2
1p

2
2

I2 = −p2
2q

2
1 + p2

1q
2
2 − C2q

2
1q

2
2 − 2q2

2 + C1p
2
1p

2
2 + 2p2

2

I3 = p2
2q

2
1 + p2

1q
2
2 + C1p

2
1p

2
2 + C2q

2
1q

2
2.

We now reduce Eq. (5.17) to the form in which every unknown in each term has

even degree.

Eq. (5.17) (5.36)

⇒ Eq. (5.21)

⇒ y2
1y

2
2 = (B1x

2
1x

2
2 +B2y

2
1y

2
2 +B3)2 (by squaring both sides of Eq. (5.21))

⇒ J0 + J1x
2
1x

2
2 + J2y

2
1y

2
2 + J3x

2
1x

2
2y

2
1y

2
2 + J4x

4
1x

4
2 + J5y

4
1y

4
2 = 0, (5.37)

where

J0 = B2
3

J1 = 2B1B3

J2 = 2B2B3 − 1

J3 = 2B1B2

J4 = B2
1

J5 = B2
2 .
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Substituting Eq. (5.31), Eq. (5.32), Eq. (5.33) and Eq. (5.34) in Eq. (5.37) we

obtain

K0 +K1u+K2v +K3u
2 +K4uv +K5v

2 +K6u
2v +K7uv

2 +K8u
2v2 = 0, (5.38)

where

K0 = 4J1p
2
1p

2
2 + J3p

2
1p

2
2q

2
1q

2
2 + J5q

4
1q

4
2 + 4J2q

2
1q

2
2 + J4p

4
1p

4
2 + 16J0

K1 = 4J1p
2
1p

2
2 + 2J4p

4
1p

4
2 − 4J2q

2
1q

2
2 − 2J5q

4
1q

4
2

K2 = −2J5q
4
1q

4
2 + 4J1p

2
1p

2
2 + 2J4p

4
1p

4
2 − 4J2q

2
1q

2
2

K3 = −J3p
2
1p

2
2q

2
1q

2
2 + J5q

4
1q

4
2 + J4p

4
1p

4
2

K4 = 4J5q
4
1q

4
2 + 4J4p

4
1p

4
2 + 4J2q
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By expanding the coefficients K6, K7 and K8, we can show that K6 = K7 = K8 =

0. Therefore, one can write Eq. (5.38) as

K0 +K1u+K2v +K3u
2 +K4uv +K5v

2 = 0. (5.39)

We now have a system of two equations, viz. Eq. (5.35) and Eq. (5.39) in two vari-

ables u and v, which we will solve simultaneously. Writing Eq. (5.35) as a polynomial

(linear) equation in v, and solving for v we obtain

v = −I0 + I1u

I2 + I3u
, (5.40)

where we assume that the denominator I2 + I3u 6= 0. Substituting Eq. (5.40) in

Eq. (5.39) we obtain

T0 + T1u+ T2u
2 = 0, (5.41)
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where

T0 = I2
0K5 −K2I2I0 +K0I

2
2

T1 = −K2I3I0 −K2I2I1 + 2I0K5I1 + 2K0I2I3 −K4I2I0 +K1I
2
2

T2 = −K2I3I1 −K4I2I1 −K4I3I0 +K3I
2
2 + 2K1I2I3 + I2

1K5 +K0I
2
3 .

Eq. (5.41) is a quadratic equation which can be solved in closed form from which

the orientations of the peptide plane can be computed as detailed below.

Constructing the oriented peptide planes. We give the details of how to com-

pute the different orientations of a peptide plane from the solutions of Eq. (5.41).

The construction exploits the symmetry present in the RDC equation.

Solving Eq. (5.41) we get at most two real solutions. Let {u1, u2} denote the set

of these two solutions. For each ui, 1 ≤ i ≤ 2, we can compute a unique vi using

Eq. (5.35). For a pair (ui, vi), 1 ≤ i ≤ 2, using Eq. (5.31), Eq. (5.32), Eq. (5.33)

and Eq. (5.34) we compute sixteen (x1, y1, x2, y2) tuples, where any two tuple differ

by the sign of at least one component, but the absolute values of the components

are the same in all of the sixteen tuples. Out of these sixteen tuples only four will

satisfy Eq. (5.17). This is because, (x1, y1, x2, y2) satisfies Eq. (5.17) if and only

if (−x1, y1,−x2, y2), (x1,−y1, x2,−y2) and (−x1,−y1,−x2,−y2) satisfy Eq. (5.17).

From Eq. (5.7) we get two solutions for z1 which we denote by {z1,−z1}, and from

Eq. (5.8) we obtain two solutions for z2 which we denote by {z2,−z2}. Therefore, there

are four possibilities, viz. {(z1, z2), (−z1, z2), (z1,−z2), (−z1,−z2)}. From Eq. (5.16)

we observe that the product z1z2 must have the same sign which means that two

out of the above four pairs would be considered and the other two will be discarded.

Without loss of generality, we let (z1, z2) and (−z1,−z2) be the two representative

pairs. Therefore, we have eight 6-tuples which can be written as the following product
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using set theoretic notation:

{(x1, y1, x2, y2) , (−x1, y1,−x2, y2) , (x1,−y1, x2,−y2) , (−x1,−y1,−x2,−y2)}

×{(z1, z2) , (−z1,−z2)} .

We note that each 6-tuple in this set represents a pair of unit vectors which forms a

plane. Thus, for a pair (ui, vi) we have at most 8 possible peptide planes. Since there

are at most two (ui, vi) pairs when 1 ≤ i ≤ 2, we have at most 8 × 2 = 16 possible

peptide plane orientations.

This completes the proof.

Corollary 1. Given a rhombic alignment tensor, RDCs for three unit internuclear

vectors on the peptide plane, and an RDC on a non-coplanar unit internuclear vector

at the Cα chiral center (e.g., Cα-Hα, Cα-Cβ, C′-Hα) there exist at most 64 possible

orientations for the motif defined by the peptide plane and the non-coplanar internu-

clear vector that satisfy the RDCs, and they can be written in closed form as solutions

to quartic equations.

Proof. From Proposition 17, we get at most sixteen possible peptide plane orientations

derived from the RDCs for the three unit internuclear vectors on the peptide plane.

For each such oriented peptide plane, we use Proposition 13 to show that at most four

possible orientations are possible for the non-coplanar unit internuclear vector at the

Cα chiral center. Thus, in total there can be at most 64 orientations possible all of

which can be written in closed form by solving a quadratic equation (Proposition 17)

and (at most 16) quartic equations (Proposition 13).

5.3 Results and Discussion

To test our method, we used the experimental RDC data for the protein ubiquitin

(PDB id: 1d3z) obtained from the BioMagResBank (BMRB) [234]. Using the sin-

gular value decomposition (SVD) [143, 246] module of our suite of protein backbone
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Table 5.1: Sixteen peptide plane orientations from single set of Cα-C′, C′-N,
N-HN RDCs in one alignment medium.

Solution Unit Vector Unit Vector Index to
Number v

N−HN = (x1, y1, z1) v
C′−N

= (x2, y2, z2) Figure 5.2

1 (0.19598, 0.84846, 0.49163) (0.78319, 0.55612, -0.27810) A
3 (0.19598, 0.84846, -0.49163) (0.78319, 0.55612, 0.27810) B
3 (-0.19598, 0.84846, 0.49163) (-0.78319, 0.55612, -0.27810) C
4 (-0.19598, 0.84846, -0.49163) (-0.78319, 0.55612, 0.27810) D
5 (0.19598, -0.84846, 0.49163) (0.78319, -0.55612, -0.27810) E
6 (0.19598, -0.84846, -0.49163) (0.78319, -0.55612, 0.27810) F
7 (-0.19598, -0.84846, 0.49163) (-0.78319, -0.55612, -0.27810) G
8 (-0.19598, -0.84846, -0.49163) (-0.78319, -0.55612, 0.27810) H
9 (0.31133, -0.58536, 0.74862) (0.80635, 0.26825, 0.52711) I
10 (0.31133, -0.58536, -0.74862) (0.80635, 0.26825, -0.52711) J
11 (-0.31133, -0.58536, 0.74862) (-0.80635, 0.26825, 0.52711) K
12 (-0.31133, -0.58536, -0.74862) (-0.80635, 0.26825, -0.52711) L
13 (0.31133, 0.58536, 0.74862) (0.80635, -0.26825, 0.52711) M
14 (0.31133, 0.58536, -0.74862) (0.80635, -0.26825, -0.52711) N
15 (-0.31133, 0.58536, 0.74862) (-0.80635, -0.26825, 0.52711) O
16 (-0.31133, 0.58536, -0.74862) (-0.80635, -0.26825, -0.52711) P

Experimental RDCdata for ubiquitin (PDB id: 1D3Z) is taken from the BioMagRes-
Bank (BMRB) [234]. The right-most column indicates the indexes of the correspond-
ing sub-figure in Figure 5.2, that uses the two vectors in columns 2 and 3 to define
the peptide plane.

structure determination algorithms, rdc-analytic [228, 270, 275], we computed the

alignment tensor for ubiquitin using its NMR structure, which was subsequently di-

agonalized to obtain the values of the principal components of the alignment tensor.

We note that in the absence of structural information, the alignment tensor principal

components can be estimated using power-pattern analysis [53] of the RDC data. Al-

ternatively, rdc-analytic can be used to compute an alignment tensor along with

structural fragments (see Chapters 3 and 4, and rdc-analytic [71, 270, 275]). Our

algorithm only requires the principal components (Sxx, Syy and Szz) of the alignment

tensor S in addition to the RDCs.

For our computational experiment, we used Cα-C′, C′-N and N-HN RDCs for the

peptide plane defined by the residues Ala28 and Lys29 of ubiquitin. Our algorithm
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Figure 5.2: Sixteen peptide plane orientations from single set of RDCs measured for
internuclear vectors on a peptide plane. The peptide planes were constructed using
the unit vectors given in the Table 5.1.

then computed the all possible peptide plane orientations using this data, and the

diagonalized alignment tensor components. It first computed the peptide plane orien-

tations represented by pairs of v
N−HN

and v
C′−N

unit vectors. The 16 possible pairs of

unit vectors are listed in Table 5.1. Then, each pair of v
N−HN

and v
C′−N

unit vectors

were used to compute the corresponding oriented peptide plane. In Figure 5.2, each

of the peptide planes that corresponds to a pair of v
N−HN

and v
C′−N

unit vectors (see

the right-most column of Table 5.1) is shown. The peptide planes were constructed

from the roots of a quadratic equation derived from the RDC equations and the ge-

ometry of the peptide plane. Each root corresponds to eight solution peptide planes.
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Figure 5.3: The peptide plane orientations correspond to the two roots of the
quadratic equations (Proposition 17) derived from Cα-C′, C′-N and N-HN RDCs mea-
sured in single alignment medium.

Four were due to the four-fold degeneracy of the dipolar operator (or equivalently,

of the alignment tensor), and for each of these four, another orientation is possible

owing the fact that a planar structural motif is achiral. In Figure 5.3 (A), the set of

eight possible peptide planes corresponding to the first root of the quadratic equation

(see Proposition 17) is shown. An anti-clockwise rotation of 90◦ about the X-axis, as

shown in Figure 5.3 (B), elucidates the symmetry in the peptide plane orientations.

Figure 5.3 (C), corresponds to the set of eight possible peptide plane orientations

that corresponds to the second root of the quadratic equation (see Proposition 17),
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Figure 5.4: Visualization of all sixteen peptide plane orientations together. The
peptide plane orientations correspond to the two roots of the quadratic equations
(Proposition 17) derived from Cα-C′, C′-N and N-HN RDCs measured in single align-
ment medium.

and in Figure 5.3 (D), an anti-clockwise rotation of 90◦ about the X-axis is shown.

Figure 5.4 shows the sixteen oriented peptide planes visualized together.

We performed further computational experiments with different values of diagonal-

ized alignment tensor components and RDC values (results not shown). We observed

that the number of peptide planes computed in each computational simulation (with

different alignment tensors and RDC values) are either zero, eight or sixteen, which

respectively correspond to no roots, one root (multiplicity two) or two roots of the

corresponding quadratic equation (as shown in Proposition 17). This gives us a clear

view of the symmetry, and hence degeneracy in structural motif orientations, that

can be observed when only RDCs are used to compute the orientations.

The protein backbone is a linear chain of peptide planes, where any two con-

secutive peptide planes are joined together at a Cα atom which is a chiral center

(except for the amino acid residue glycine). This enforces geometric and kinematic

constraints, as well as constraints, such as φ and ψ values, and chirality, that are

required for the chain to be biophysically meaningful. Therefore, it is possible that

many of the peptide plane orentations can be ruled out when two peptide planes
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are joined at the chiral Cα center to form a diplane. However, as shown in [108],

using RDC-restrained molecular dynamics simulations, it is possible that alternative

orientations can exist when the backbone is computed from RDCs measured for in-

ternuclear vectors on peptide planes. Using additional types of experimental data

that complements RDCs, such as a set of NOE or PRE distance restraints, residual

chemical shift anisotropy (RCSA), or even additional RDCs, especially the ones that

are measured for Cα-Hα or Cα-Cβ internuclear vectors that are not coplanar with the

peptide plane, most of the undesired, but possible peptide plane orientations can be

eliminated. In the presence of large experimental errors or when the bond vectors

are known to be motionally averaged, the applicability of our method can be limited.

However, if the dynamics or experimental errors can be deconvolved by sampling the

RDCs adequately from a Gaussian error interval around their experimental values,

our method can be applied to compute the peptide plane orientations.

5.4 Conclusions

We exploited the mathematical properties of RDCs and the peptide plane geome-

try, and derived quadratic equations to solve for the peptide plane orientations from

RDCs measured on internuclear vectors on the peptide plane. Our derivation applies,

in general, to all planar structural motifs. We showed that the 16 possible orienta-

tions of a peptide plane consistent with the RDCs are highly symmetric due to the

symmetry of the dipolar operator and the lack of chirality of a planar structural motif.

While this shows a possible limitation of an entirely-RDC-based approach to com-

pute protein backbone conformations, it is worth noting that when RDCs in multiple

alignment media or sufficient number of RDCs in a single alignment medium can be

measured with high precision, in addition to other types of experimental NMR data

that complement the RDCs, the orientational information in the RDCs is valuable

and contributes to the correctness of computed protein structures.
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6

Conclusions and Future Work

The outcome of any serious research can only be to

make two questions grow where only one grew before.

— Thorstein Veblen

US Economist & Social Philosopher (1857− 1929)

This dissertation addressed some of the key computational bottlenecks in protein

structure determination by NMR spectroscopy. We developed several new algorithms

to determine high-quality protein structure from sparse NMR data. Specifically,

we exploited the orientational restraints from residual dipolar coupling and residual

chemical shift anisotropy data to determine high-quality protein backbone conforma-

tions including loops. The work presented in this dissertation leads to several future

directions. Some of them are discussed below.

6.1 Peptide Plane Orientations from Three Orientational Restraints
on Coplanar Vectors

It will be interesting to investigate if closed form analytic solutions for peptide plane

orientations can be derived when we are given with any combination of three RDCs
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or RCSAs for internuclear vectors on the peptide plane. For example, given any three

orientational restraints from the set

{
Cα-C′, C′-N, C′-HN, N-HN

}
∪ {13C′-RCSA, 15N-RCSA, 1H-RCSA} ,

the peptide plane solved using them will have at least 16 possible orientations. We

are working on a mathematical framework to formulate and solve this.

6.2 On the Possibility of a Linear Time Algorithm for Protein Back-
bone Structure Determination

Our algorithm for computing the peptide plane orientations from three RDCs for

vectors on the peptide plane (see Chapter 5) can possibly be extended to an algo-

rithm for backbone structure computation. Each peptide plane in isolation has three

orientational degrees of freedom. Therefore, when two peptide planes are considered

separately, the total number of orientational degrees of freedom is six. When two

peptide planes are assembled to form a diplane the total number of degrees of free-

dom of the system reduces to five (three for the first plane, and two for φ and ψ

dihedrals between the two planes). When we use three RDCs per peptide plane to

determine its orientation in isolation, and then assemble the peptide plane we have

an over-constrained system, since six RDC restraints are used and five degrees of

freedom are solved. Therefore, we expect one solution, i.e., one way of assembling

the peptide planes into a diplane. Since the structures determined from RDCs are

known to have four-fold orientational degeneracy [1], we hypothesize that there will

be four possible diplanes when two RDC-determined peptide planes are assembled.

After the first two peptide planes are assembled, the third peptide plane (with 16

possibilities) can be assembled with each of the four possible diplanes in exactly one

way; therefore, it is sufficient to consider just one set of diplanes as the starting set

and then add peptide planes until the entire backbone has been built. Our hypothesis
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is plausible under the assumption that the peptide plane is planar and the RDCs are

exact constraints. However, in reality, the RDCs have experimental uncertainties and

the peptide plane often deviates from being planar by as large as 7◦ along the peptide

chain. Therefore, additional modeling and robustness (from the algorithm) might be

required to determine the backbone structure accurately. This idea can be pursued

further with a hope to develop an algorithm.

6.3 Analytic Solutions for Side-Chain Dihedrals from RDCs

An accurate delineation of side-chain conformations is key to elucidating high quality

all-atom structures of proteins and their complexes. It has been shown in [32, 48, 49,

104, 157, 218] that side-chain RDCs provide useful information which can contribute

to the accurate determination of the orientation and conformation of the amino acid

functional groups. They may be used to determine the correct conformation of static

residues, and characterize side-chain dynamics and rotameric averaging, with high

precision.

We can extend our analytic solutions-based framework to incorporate side-chain

RDCs. As described in [157], we will use three different dynamic models to fit Cβ-Hβ

RDCs in one or two media. These three models are: (i) static rotamer model with no

rotamer motion about χ1, (ii) small-amplitude motion within a rotameric potential

well, and (iii) three-state rotamer hop model.

In the static rotamer model, since it is assumed that there is no motion about

χ1, only one rotameric state is populated. For example, to compute χ1 for Ile or

Val residues for which the Cβ-Hβ RDC is measured on the bond vector Cβ-Hβ, we

use Proposition 3 with minor modifications to the kinematics equation. Similarly, to

compute χ1 for Leu side-chain for which the Cβ-Hβ RDC is a sum of RDCs measured

on the bond vectors Cβ-Hβ2 and Cβ-Hβ3 , we use a simple extension of our analytic

equations to solve this.
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In the second model, we will express the small amplitude motion as a Gaussian

distribution about the mean χ̄1, and derive the probability (population) of the state

which is fed as a parameter to the analytic equations (derived for the static rotamer

model), and then find the population-weighted average for better RDC fit.

In the third model, we consider three discrete rotameric states (g+, tr, g−) with

relative population vector (α1, α2, 1− α1 − α2). When the relative population vector

is known we can derive analytic equations and solve for χ1 exactly. On the other

hand, fixing χ1(g+), χ1(tr) and χ1(g−) to reasonable values, and having Cβ-Hβ RDC

in two different media, we can estimate the relative population vector.

Furthermore, it is possible to combine the Hausdorff-based NOE pattern matching

technique [275, 276] with the analytic framework for the side-chain RDCs to develop

algorithms for accurate determination of side-chain conformations.

6.4 Structure Determination of Large Proteins

Our algorithms have been tested on real NMR datasets for different medium-sized

proteins [228, 248, 270, 275]), and have been under continuous improvement. The

high-resolution backbone folds computed by an earlier version of our algorithms have

been used in our work to do automated NOE assignment and high-resolution protein

structure determination [275, 276]. Working closely with our collaborator Dr. Pei

Zhou’s lab, we have solved the structure of the FF Domain 2 of human transcription

elongation factor CA150 (RNA polymerase II C-terminal domain interacting protein),

which has been deposited into the Protein Data Bank (PDB ID: 2kiq).

We are interested in applying the algorithms and the software tools developed our

laboratory to solve structures of large and perdeuterated proteins. For perdeuterated

proteins Cα-Hα RDCs cannot be collected; therefore, rdc-analytic will use Cα-C′

and N-HN RDCs to compute the global fold for such proteins. Further, if 13C′-RCSA

and/or 15N-RCSA data can be collected in addition to N-HN RDCs, the algorithms
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developed in Chapter 4 can be used to determine the global fold of proteins. In favor-

able cases, a sparse set of inter-SSE NOEs can be extracted from chemical shift in-

formation alone [275]. For large and perdeuterated proteins, isoleucine-leucine-valine

(ILV) selective labeling method [83, 90, 215, 230] and selective labeling of alanine

residues [7, 110], in which protons and 13C isotopes are selectively incorporated into

methyl groups of Ileδ1 , Leuδ, Valγ and Alaβ side-chains on a deuterated background,

can be used to measure NOE distances between HN-HN, methyl-HN and methyl-

methyl protons. Our algorithm to compute the conformations of β-sheets from RDCs

and sparse NOEs will be useful for determining the conformations of the β-sheets.

Also semiquantitative, long-range distance restraints from paramagnetic relaxation

enhancement [11] measurements, that often complement the short-range NOE dis-

tances, can be used. Recently, PRE distances have been used in spatial arrangements

of protein fragments [12], topology predictions [39], and structure determination and

refinement [11, 12, 111, 135, 187, 280]. Our algorithm can use both NOE and PRE dis-

tance restraints to assemble the secondary structure elements, and obtain the global

fold. We will work closely with Mr. Cheng-Yu Chen of our laboratory, and participate

in the structural studies of the C-terminal epimerase (PheE) domain of the nonribo-

somal peptide synthetases (NRPS) enzyme Gramicidin S Synthetase A (GrsA-PheE),

a 56 kDa protein. The structural studies of GrsA-PheE is going on in our wet lab in

collaboration with Dr. Zhou’s lab. Applications our algorithms for structure determi-

nation of high-molecular-weight proteins, such as GrsA-PheE, will provide a good test

for the capabilities and limitations of our algorithms. We envision that such studies

will open avenues for further algorithmic improvement, and will make our protein

structure determination framework more robust and utile.
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Appendix A

Forward Kinematics of Protein Backbone

Deep in the fundamental heart of mind and Universe,

there is a reason.

— Douglas Noel Adams (1952 – 2001),

“Life, the Universe and Everything”

In this appendix, we define the rotation matrices and forward kinematics relations

between the different internuclear vectors of a protein backbone in terms of backbone

angles. The coefficients of the quartic equations for computing the φ and ψ backbone

dihedral angles from RDCs and RCSAs are given.

A.1 Protein Geometry and Rotation Matrices

The derivations here assume standard protein geometry, which is exploited in the

kinematics [246]. We choose to work in an orthogonal coordinate system defined at the

peptide plane Pi with z-axis along the bond vector N(i)→ HN(i), where the notation

a→ b means a vector from the nucleus a to the nucleus b. The y-axis is on the peptide

plane i and the angle between y-axis and the bond vector N(i)→ Cα(i) is fixed. The
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Figure A.1: The φ and ψ dihedral angles of the protein backbone. The atoms are
labeled with the indexes (i− 1), (i) and (i+ 1). The two peptide planes Pi and Pi+1

are shown using light brown rhombuses. The backbone angles (see Table A.1) are
defined using atoms on Pi and Pi+1.

x-axis is defined based on the right-handedness. Let Ri,POF denote the orientation

(rotation matrix) of Pi with respect to the principal order frame (POF). Then R1,POF

denotes the relative rotation matrix between the coordinate system defined at the

first residue of the current SSE and the principal order frame. Ri,POF is used to derive

Ri+1,POF inductively after we compute the dihedral angles φi and ψi. Ri+1,POF, in turn,

is used to compute the (i + 1)st peptide plane. The derivation below closely mirrors

our open-source software implementation, and the equations are easier to interpret

and build upon.

In R3, coordinate system rotations of the x-, y-, and z-axes in a counterclockwise

direction by an angle θ when looking towards the origin give the following rotation

matrices [5, 88]:
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Table A.1: The twelve backbone angles are used to define the rotation
matrices.

Angle Identity Variable Name
HN(i)–N(i)–Cα(i) θ1

C′(i− 1)–N(i)–Cα(i)–HN(i) θ2

N(i)–Cα(i)–C′(i) θ3

C′(i)–N(i)–Cα(i)–Hα(i) θ4

N(i)–Cα(i)–Hα(i) θ5

C′(i)–N(i)–Cα(i)–Cβ(i) θ6

N(i)–Cα(i)–Cβ(i) θ7

Cα(i)–C′(i)–N(i+ 1) θ8

Cα(i)–C′(i)–N(i+ 1)–Cα(i+ 1) θ9

C′(i)–N(i+ 1)-Cα(i+ 1) θ10

N(i+ 1)–C′(i)–O(i) θ11

Cα(i)–C′(i)–N(i+ 1)–O(i) θ12

The rotation matrices are required for computing the coefficients of the quartic equa-
tions for solving the values of φ and ψ dihedral angles. The backbone dihedral an-
gles φ and ψ are respectively defined by the angles C′(i − 1)–N(i)–Cα(i)–C′(i) and
N(i)–Cα(i)–C′(i)–N(i+ 1) (not shown in the table). The angle θ2 can be adjusted to
make HN(i) slightly off the peptide plane. The angle θ12 can be adjusted to make O
(i) slightly off the peptide plane. Under standard peptide geometry assumptions, the
values of angles θ1, . . . , θ12 can be assigned to fixed values.

R+x(θ) =

 1 0 0
0 cos θ sin θ
0 − sin θ cos θ

 ,

R+y(θ) =

 cos θ 0 − sin θ
0 1 0

sin θ 0 cos θ

 ,

and

R+z(θ) =

 cos θ sin θ 0
− sin θ cos θ 0

0 0 1

 .
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Figure A.2: Forward kinematics relations between N-HN vector and an internuclear
vector with a φ-defining RDC. The local coordinate frame (shown in blue) defined
on the peptide plane Pi; v0 is defined in this coordinate frame. The unit internuclear
vector v1 , for which a φ-defining RDC measurement is available, is defined in the
POF (shown in green). In general, v1 refers to any of the Cα-C′, Cα-Cβ or Cα-Hα

vectors. Shown here is the case for Cα-C′ vector.

Similarly we can define the following rotation matrices:

R−x(θ) = R+x(−θ)

R−y(θ) = R+y(−θ)

R−z(θ) = R+z(−θ).

We denote positive x, y and z directions by +x, +y and +z, respectively. The

negative x, y and z directions are denoted by −x, −y and −z, respectively.

To define the forward kinematics relations between the bond vectors (see Fig-

ure A.1) of the protein backbone, we use the angles given in Table A.1. Under

standard peptide geometry assumptions, the values of these angles can be assigned

to fixed values.
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Table A.2: The rotation matrices that define the forward kinematics rela-
tions between N-HN vector and other vectors on the peptide planes Pi and
Pi+1.

Rl
Cα−C′

= R−x(θ1) ·R+z(π − θ2)

Rr
Cα−C′

= R−x(π − θ3)

Rl
Cα−Hα

= Rl
Cα−C′

Rr
Cα−Hα

= R+z(θ4) ·R−x(π − θ5)

Rl
Cα−Cβ

= Rl
Cα−C′

Rr
Cα−Cβ

= R+z(θ6) ·R−x(π − θ7)

Rl
C′−N

= Rl
Cα−C′

Rm
C′−N

= Rr
Cα−C′

Rr
C′−N

= R−x(π − θ8)

Rl
N−Cα

= Rl
Cα−C′

Rm
N−Cα

= Rm
C′−N

Rr
N−Cα

= Rr
C′−N
·R+z(θ9) ·R−x(π − θ10)

Rl
N−HN

= Rl
Cα−C′

Rm
N−HN

= Rm
C′−N

Rr
N−HN

= Rr
C′−N
·R+z(θ9) ·R−x(π − θ10) ·R+z(θ2) ·R−x(θ1)

Rl
C′−O

= Rl
Cα−C′

Rm
C′−O

= Rm
C′−N

Rr
C′−O

= Rr
C′−N
·R+z(θ12) ·R−x(θ11)

Rlv1
= Rl

Cα−C′

Rmv1
= Rm

C′−N

Rrv1
= Rr

C′−N
·R+z(θ12) ·R−x(ΩC′

)

Rlv2
= Rl

Cα−C′

Rmv2
= Rm

C′−N

Rrv2
= Rr

C′−N
·R+z(θ12) ·R−x(ΩC′

+ π
2
)

These rotation matrices are used to define the forward kinematics relations between
N-HN vector and other internuclear vectors on the Peptide Planes Pi and Pi+1, and
the principal components of the C′ CSA tensor on Pi+1. The subscripts l, m and r in
the left-hand side of each equation above refer to the positions of the matrices in the
forward kinematics relations. The internuclear vector for which the rotation matrix
is being defined is represented as a subscript. The principal components of C′ CSA
tensor (v1 and v2) are also represented as subscripts.
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A.2 Forward Kinematics Relations Between N-HN Vector and an In-
ternuclear Vector with a φ-defining RDC

Please see Figure A.2. Let the unit vector v0 = (0, 0, 1)T represent the N-HN bond

vector of residue i in the local coordinate frame (shown in blue) defined on the peptide

plane Pi. Let v1 = (x, y, z)T denote the unit internuclear vector, for which a φ-defining

RDC measurement is available for residue i in the principal order frame (shown in

green). We can write the forward kinematics relation between v0 and v1 as follows:

v1 = Ri,POF Rl Rz(φi) Rr v0 . (A.1)

Here Rl and Rr are constant rotation matrices that describe the kinematic relation-

ship between v0 and v1 . Rz(φi) is the rotation about the z-axis by φi. The rotation

matrices Rl for Cα-C′, Cα-Cβ, Cα-Hα vectors are denoted by Rl
Cα−C′

, Rl
Cα−Cβ

and

Rl
Cα−Hα

, respectively. The rotation matrices Rr for Cα-C′, Cα-Cβ, Cα-Hα vectors are

denoted by Rr
Cα−C′

, Rr
Cα−Cβ

and Rr
Cα−Hα

, respectively. The expressions for these

constant matrices are given in Table A.2.

A.3 Forward Kinematics Relations Between N-HN Vector and an In-
ternuclear Vector with a ψ-defining RDC

Please see Figure A.3. Let the unit vector v0 = (0, 0, 1)T represent the N-HN bond

vector of residue i in the local coordinate frame (shown in blue) defined on the peptide

plane Pi. Let v1 = (x, y, z)T denote the internuclear vector for the ψ-defining RDC

for residue i in the principal order frame (shown in green). Note that the internuclear

vector for a ψ-defining RDC has at least one nucleus that belongs to residue i + 1.

The forward kinematics relation between v0 and v1 can be written as follows:

v1 = Ri,POF Rl Rz(φi) Rm Rz(ψi) Rr v0 . (A.2)
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Figure A.3: Forward kinematics relations between N-HN vector and an internuclear
vector with a ψ-defining RDC. The local coordinate frame (shown in blue) defined
on the peptide plane Pi; v0 is defined in this coordinate frame. The unit internuclear
vector v1 , for which a ψ-defining RDC measurement is available, is defined in the
POF (shown in green). In general, v1 refers to any of the N-HN, C′-N or C′-HN

vectors. Shown here is the case for N-HN vector.

Here Rl, Rm and Rr are constant rotation matrices. Rz(φi) is the rotation about the

z-axis by φi, and is a constant rotation matrix since φi is known (already computed,

inductively, before computing ψi). Rz(ψi) is the rotation about the z-axis by ψi. The

rotation matrices Rl, Rm and Rr for N-HN and C′-N vectors are given in Table A.2

(subscripted with the corresponding vector). The rotation matrices for C′-HN vector

can be defined similarly.

A.4 Forward Kinematics Relations Between N-HN Vector and the two
Principal Components of the CSA Tensor that are on the Peptide
Plane

Please see Figure A.4. Let the unit vector v0 = (0, 0, 1)T represent the N-HN bond

vector of residue i in the local coordinate frame (shown in blue) defined on the peptide
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Figure A.4: Forward kinematics relations between N-HN vector and the two prin-
cipal components of the CSA tensor that are on the peptide plane representing a
ψ-defining RCSA. The local coordinate frame (shown in blue) defined on the peptide
plane Pi; v0 is defined in this coordinate frame. The unit vectors v1 and v2 , defined
in the POF (shown in green), represent the two CSA tensor principal components
that are on the peptide plane. The ψ-defining RCSA is expressed by v1 and v2 . In
general, v1 and v2 refers to tensor components of any of the 13C′-RCSA, 15N-RCSA
or 1H-RCSA. Shown here is the case for 13C′-RCSA, where v1 and v2 refer to the C′

CSA tensor principal components on the peptide plane.

plane Pi. Let v1 = (x1, y1, z1)T and v2 = (x2, y2, z2)T be the unit vectors for the

principal components of C′ CSA tensor defined in the principal order frame, on the

peptide plane Pi+1. We can write the forward kinematics relations between v0 and

v1 , and between v0 and v2 as follows:

v1 = Ri,POF Rl Rz(φi) Rm Rz(ψi) Rr v0 (A.3)

v2 = Ri,POF Rl Rz(φi) Rm Rz(ψi) R′r v0 . (A.4)

Here Rl, Rm, Rr and R′r are constant rotation matrices. Rz(φi) is the rotation about

the z-axis by φi, and is a constant rotation matrix since φi is known (computed

inductively). Rz(ψi) is the rotation about the z-axis by ψi. The rotation matrices
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Rl, Rm, Rr and R′r for the principal components of the C′ CSA tensor are given

in Table A.2 (subscripted with the corresponding vectors v1 and v2). The rotation

matrices for the principal components of N and HN CSA tensors can be defined

similarly.

A.5 The Coefficients of Quartic Equations for Computing the φ and
ψ Dihedral Angles

Let L and R respectively denote the left and the right matrices in Eq. (A.1). For

Cα-C′, Cα-Cβ and Cα-Hα vectors, we can write

L = Ri,POF Rl (A.5)

R = Rr, (A.6)

where Rl and Rr given by the expressions in Table A.2 for the corresponding Cα-C′,

Cα-Cβ and Cα-Hα internuclear vectors. In case of glycine, there are two Hα atoms, so

there are two Cα-Hα vectors, where the second Cα-Hα vector points in the direction

of Cα-Cβ vector of a non-glycine residue. Therefore, for glycine, we have L1 and R1

matrices for the first Cα-Hα vector (which is the usual Cα-Hα vector in a non-glycine

residue), and we have L2 and R2 matrices for the second Cα-Hα vector (which is the

Cα-Cβ vector in a non-glycine residue). The Cα-Hα RDC for a glycine residue is the

sum (linear combination with coefficients equal to one) of RDCs on the two Cα-Hα

vectors. We will use the L1, R1, L2 and R2 matrices to derive the quartic equation

for computing the dihedral angle φ.

Similarly, we can write the L and R matrices for N-HN, C′-N and C′-HN vectors

from Eq. (A.2) (note that the Rz(φi) is a constant matrix since φi has already been

computed inductively). Similar to the case of glycine, for RCSAs the L1, R1, L2 and

R2 matrices can be written from Eq. (A.3) and Eq. (A.4), and from the fact that

Rz(φi) is a constant matrix since φi has already been computed inductively. The
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RCSAs are expressed as linear combination of (virtual) RDCs on v1 and v2 , where

the coefficients of linear combination are denoted by the constants λ1 and λ2 (see

Chapter 4, and Figure A.4).

So now we have two cases.

Case I: This corresponds to the scenario when L and R matrices are known, the

principal components of the traceless molecular alignment tensor, i.e., Sxx, Syy and

Szz, are known, and the RDC value r is given. It is straightforward to derive the

coefficients of the quartic equation (see the propositions in Chapter 2, Chapter 3 and

Chapter 4) to compute φ or ψ. Below we give the coefficients. For convenience in

implementing using a high level programming language such as Java, the indexes of

the matrices start from 0 instead of 1, and the matrix entry in row i and column j is

indexed using (i, j).

Let

a = Sxx − Szz

b = Syy − Szz

d = Szz − r,

and

A0 = L(0, 2)R(2, 2)

A1 = L(0, 0)R(0, 2) + L(0, 1)R(1, 2)

A2 = L(0, 1)R(0, 2)− L(0, 0)R(1, 2)

B0 = L(1, 2)R(2, 2)

B1 = L(1, 0)R(0, 2) + L(1, 1)R(1, 2)

B2 = L(1, 1)R(0, 2)− L(1, 0)R(1, 2).
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Then the coefficients of the quartic equation can be written as follows:

F4 = aA0A0 − 2aA0A1 + aA1A1 + bB0B0 − 2bB0B1 + bB1B1 + d (A.7)

F3 = 4aA0A2 − 4aA1A2 + 4bB0B2 − 4bB1B2 (A.8)

F2 = 2aA0A0 − 2aA1A1 + 4aA2A2 + 2bB0B0 − 2bB1B1 + 4bB2B2 + 2d (A.9)

F1 = 4aA0A2 + 4aA1A2 + 4bB0B2 + 4bB1B2 (A.10)

F0 = aA0A0 + 2aA0A1 + aA1A1 + bB0B0 + 2bB0B1 + bB1B1 + d. (A.11)

Case II: This corresponds to the scenario when L1, R1, L2 and R2 matrices are

known, the principal components of the traceless molecular alignment tensor, i.e.,

Sxx, Syy and Szz, are known, and the RDC value (in case of glycine) or the RCSA

value r is given. It is straightforward to derive the coefficients of the quartic equation

to compute φ (for glycine) or ψ (for a residue for which RCSA value is given). Let the

constants λ1 and λ2 denote the coefficients of linear combination of RDCs on vectors

(for glycine on Cα-Hα vectors, and for RCSA on the two principal components of

the corresponding CSA tensor that are on the peptide plane). It is straightforward

to derive the coefficients of the quartic equation (see the propositions in Chapter 2,

Chapter 3 and Chapter 4) to compute φ or ψ. Below we write the coefficients. For

convenience in implementing using a high level programming language such as Java,

the indexes of the matrices start from 0 instead of 1, and the matrix entry in row i

and column j is indexed using (i, j).

Let

a = Sxx − Szz

b = Syy − Szz

d = (λ1 + λ2)Szz − r,
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and

A01 = L1(0, 2)R1(2, 2)

A11 = L1(0, 0)R1(0, 2) + L1(0, 1)R1(1, 2)

A21 = L1(0, 1)R1(0, 2)− L1(0, 0)R1(1, 2)

B01 = L1(1, 2)R1(2, 2)

B11 = L1(1, 0)R1(0, 2) + L1(1, 1)R1(1, 2)

B21 = L1(1, 1)R1(0, 2)− L1(1, 0)R1(1, 2)

A02 = L2(0, 2)R2(2, 2)

A12 = L2(0, 0)R2(0, 2) + L2(0, 1)R2(1, 2)

A22 = L2(0, 1)R2(0, 2)− L2(0, 0)R2(1, 2)

B02 = L2(1, 2)R2(2, 2)

B12 = L2(1, 0)R2(0, 2) + L2(1, 1)R2(1, 2)

B22 = L2(1, 1)R2(0, 2)− L2(1, 0)R2(1, 2).

Then the coefficients of the quartic equation can be written as follows:

F4 = aλ1A
2
01 − 2aλ1A01A11 + aλ2A

2
02 − 2aλ2A02A12

+aλ1A
2
11 + aλ2A

2
12 + bλ1B

2
01 − 2bλ1B01B11

+bλ2B
2
02 − 2bλ2B02B12 + bλ1B

2
11 + bλ2B

2
12 + d (A.12)

F3 = −4bλ2B12B22 + 4aλ2A02A22 − 4aλ1A11A21 + 4bλ1B01B21

−4aλ2A12A22 − 4bλ1B11B21 + 4bλ2B02B22 + 4aλ1A01A21 (A.13)

F2 = 2aλ1A
2
01 + 2aλ2A

2
02 − 2aλ1A

2
11 − 2aλ2A

2
12

+4aλ1A
2
21 + 4aλ2A

2
22 + 2bλ1B

2
01 + 2bλ2B

2
02

−2bλ1B
2
11 − 2bλ2B

2
12 + 4bλ1B

2
21 + 4bλ2B

2
22 + 2d (A.14)
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F1 = 4bλ2B12B22 + 4aλ1A01A21 + 4aλ2A12A22 + 4aλ1A11A21

+4aλ2A02A22 + 4bλ2B02B22 + 4bλ1B01B21 + 4bλ1B11B21 (A.15)

F0 = aλ2A
2
12 + aλ2A

2
02 + 2bλ1B01B11 + bλ2B

2
02 + aλ1A

2
11 + d

+2bλ2B02B12 + bλ1B
2
11 + bλ2B

2
12 + bλ1B

2
01

+2aλ1A01A11 + aλ1A
2
01 + 2aλ2A02A12. (A.16)

169



Bibliography

[1] Hashim M. Al-Hashimi, Homayoun Valafar, M. Terrell, Edward R. Zartler,
Marly K. Eidsness, and James H. Prestegard. Variation of Molecular Alignment
as a Means of Resolving Orientational Ambiguities in Protein Structures from
Dipolar Couplings. Journal of Magnetic Resonance, 143:402–406, 2000.

[2] Kamal Al-Nasr and Jing He. An effective convergence independent loop clo-
sure method using forward-backward cyclic coordinate descent. International
Journal of Data Mining and Bioinformatics, 3(3):346–361, 2009.

[3] Michael Andrec, Peicheng Du, and Ronald M. Levy. Protein backbone structure
determination using only residual dipolar couplings from one ordering medium.
Journal of Biomolecular NMR, 21:335–347, 2001.

[4] Frank A.L. Anet, Daniel J. O’Leary, Charles G. Wade, and Robert D. Johnson.
Nmr relaxation by the antisymmetric component of the shielding tensor: a
longer transverse than longitudinal relaxation time. Chemical Physics Letters,
171(56):401 – 405, 1990.

[5] George B. Arfken, Hans J. Weber, and Frank Harris. Mathematical Methods for
Physicists, Sixth Edition: A Comprehensive Guide. Academic Press, 6 edition,
July 2005.

[6] T. Asbury, J.R. Quine, S. Achuthan, J. Hu, M.S. Chapman, T.A. Cross, and
R. Bertram. pipath: An optimized algorithm for generating α-helical structures
from PISEMA data. Journal of Magnetic Resonance, 183(1):87 – 95, 2006.

[7] Isabel Ayala, Remy Sounier, Nathalie Usé, Pierre Gans, and Jérôme Boisbou-
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[24] Axel Thomas Brünger. X-PLOR, version 3.1. A system for X-ray crystallogra-
phy and NMR. Yale University Press, New Haven, CT, 1992.

[25] B. Brutscher, N.R. Skrynnikov, T. Bremi, R. Brüschweiler, and R.R. Ernst.
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Kurt Wüthrich. TROSY-type Triple-Resonance Experiments for Sequential
NMR Assignments of Large Proteins. Journal of the American Chemical Soci-
ety, 121(4):844–848, 1999.

[196] César Santiago, Maŕıa L. Celma, Thilo Stehle, and José M. Casasnovas. Struc-
ture of the measles virus hemagglutinin bound to the CD46 receptor. Nature
Structural & Molecular Biology, 17(1):124–129, 2010.

[197] Alfred Saupe. Recent results in the field of liquid crystals. Angewandte Chemie,
7(2):97–112, 1968.

[198] James B. Saxe. Embeddability of weighted graphs in k-space is strongly NP-
hard. Proceedings of the 17th Allerton Conference on Communications, Control,
and Computing, pages 480–489, 1979.

[199] Paul Schanda, Beat H. Meier, , and Matthias Ernst. Quantitative analysis of
protein backbone dynamics in microcrystalline ubiquitin by solid-state NMR
spectroscopy. Journal of the American Chemical Society, 132(45):15957–15967,
2010.

[200] C. Scheurer, N. R. Skrynnikov, S. F. Lienin, S. K. Straus, R. Brüschweiler, and
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