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Abstract

Uncovering the DNA regulatory logic in complex organisms has been one of the important goals

of modern biology in the post-genomic era. The sequencing ofmultiple genomes in combination

with the advent of DNA microarrays and, more recently, of massively parallel high-throughput

sequencing technologies has made possible the adoption of aglobal perspective to the inference

of the regulatory rules governing the context-specific interpretation of the genetic code. Extracting

useful information and managing the complexity resulting from the sheer volume and the high-

dimensionality of the data produced by these genomic assayshas emerged as a major challenge.

We address this challenge in our work by developing computational methods and tools, specifically

designed for the study of the gene regulatory processes in this new global genomic context.

First, we focus on the genome-wide discovery of physical interactions between regulatory se-

quence regions and their cognate proteins at both the DNA andRNA level. We present a motif

analysis framework that leverages the genome-wide evidence for sequence-specific interactions

between trans-acting factors and their preferred cis-acting regulatory regions. The utility of the

proposed framework is demonstrated on DNA and RNA cross-linking high-throughput data.

A second goal of this thesis is the development of scalable approaches to dimension reduction

based on spectral decomposition and their application to the study of population structure in massive

high-dimensional genetic data sets. We have developed computational tools and have performed

theoretical and empirical analyses of their properties with particular emphasis on the analysis of the

individual genetic variation measured by Single Nucleotide Polymorphism (SNP) microarrays.
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Chapter 1

Introduction

1.1 Contributions and Goals

One of the major goals of this work is the development of toolsfor the study of gene regulatory

processes at the cellular level. Our focus is on leveraging the output from recently introduced

high-throughput technologies that allow for genome-wide discovery of physical interactions be-

tween regulatory sequence regions and their cognate proteins. A second goal of this thesis is the

development of scalable approaches to dimension reductionbased on efficient approximate meth-

ods for spectral decomposition and their application to thestudy of population structure in massive

high-dimensional genetic data sets.

Both goals deal with one of the major challenges in biological research of the post-genomic

era: how to extract useful information from (possibly largenumber of) high-dimensional genomic

measurements from various biological contexts.

1.2 Thesis Outline

The chapters are organized as follows:

• Chapter 2 contains a description of the biological processes in the cell involved in the gener-

ation of gene products. I introduce the high-throughput assays used to probe the regulation

of these processes that will be of major interest in this workas well as some existing analysis

strategies.

• Chapter 3 describes an approach to cis-regulatory pattern discovery based on direct binding

evidence for both transcriptional (transcription factors) and post-transcriptional regulators

(RNA-binding proteins).
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• Chapter 4 describes the application of the proposed motif analysis approach to the study of

transcriptional regulation based on genome-wide DNA binding evidence.

• Chapter 5 describes the application of the proposed motif analysis approach to the study

of post-transcriptional regulation based on transcriptome-wide cross-linking data, both in

the context of sequence-specific binding factors as well as Argonaute-mediated microRNA

regulation.

• Chapter 6 describes a framework for approximate dimension reduction using randomized

algorithms. A specific application of interest of the proposed methodology is the inference

of population structure in genetic data from massive high-dimensional Singular Nucleotide

Polymorphism (SNP) data sets.

• Chapter 7 contains a brief summary of the ideas and major contributions of this thesis and a

discussion of possible extensions.
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Chapter 2

Background

2.1 Gene Regulation

In this section I provide an introduction to the biology of the genetic code contained in the cells of

all living organisms with a specific emphasis on the regulatory processes involved in the generation

of functional gene products. These processes together modulate the cellular response to environ-

mental stimuli, developmental cues, and disease and characterize the dynamic nature of the cell.

I conclude the section with a description of some experimental technologies that can be used to

address questions related to the regulation of genes adopting a global quantitative perspective.

2.1.1 General Overview

Cells are the building blocks of life in an organism. Some organisms are unicellular, e.g. bacteria,

while other organisms, such as humans, are multicellular. Humans have about 100 trillion cells.

Each cell contains a copy of the entire set of hereditary instructions for development, functioning,

and passing life on to the next generation for the whole organism in itsgenome.

In this thesis, I focus on eukaryotic organisms which contain a membrane-delineated compart-

ment, thenucleus, that houses the cell’s genome, separating it from the remaining cellular compo-

Figure 2.1: DNA double helix (adapted from http://science.plazza.us/dna-structure).
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nents contained in the intra-cellular space–thecytoplasm. The genome is partitioned and packaged

into a set of molecules calledchromosomeswhich help a cell to keep the large amount of ge-

netic information organized, and compact. Each chromosomeis composed of information-carrying

double-stranded Deoxyribonucleic acid (DNA) wrapped around structural units called histones. As

the organism grows and develops, cells divide and the full set of chromosomes is duplicated in the

process of DNA replication, providing each cell its own complement of the hereditary material.

DNA consists of two long polymer strands of repeating units called nucleotidesheld together

in a double helix via hydrogen bonds formed by complementaryinteractions (base-pairing). Each

nucleotide has three parts: a sugar molecule, a phosphate molecule, and a nitrogenous base. The

nitrogenous base carries the genetic information and comesin four varieties: adenine (A), thymine

(T), guanine (G), and cytosine (C), the letters of the genetic alphabet. Each type of base on one

strand interacts with just one type of base on the other strand with A bonding only to T, and C

bonding only to G. Figure 2.1 depicts the molecular structure of DNA.

Humans have 23 pairs of chromosomes, with 22autosomesand two sex chromosomes. In the

case of sexual reproduction, each parent contributes one chromosome to its child, resulting in half

of the genetic material from the mother and the other half from the father. Hence, each position on

the human DNA has two variants of the complementary base-pairs calledalleles. In the majority

of cases, the combination of variants at each position are the same across individuals. The DNA

locations when this is not the case are called Single Nucleotide Polymorphisms (SNPs). In humans

there are few such locations (about3.0 × 107 bp [170]) relative to the total size of the known

genomic sequence (2.85 × 109 bp [30]). Hence, these can be enumerated and used to characterize

an individual’s heterogeneity, with wide-ranging applications in evolutionary history and disease

studies. Genomic assays that provide measurements of the genetic heterogeneity are described in

more detail in Section 2.3.4.

DNA is segmented into logical regions annotated according to their biological function. The

regions that result in functional products are called genes, and can be classified in two broad cate-

gories: (protein)codinggenes andnon-codinggenes.
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2.1.2 Structure of the Genetic Code

The structure of a protein-coding gene is illustrated in Figure 2.2(a). The start sequence of the gene

is called the 5’ untranslated region (5UTR) and terminal sequence is called the 3’ untranslated re-

gion (3UTR). Both these regions encode regulatory signals responsible for thepost-transcriptional

regulation of the encoded message. The internal part of a gene is composed of an alternating series

of two distinct sequence types:exonsand introns, which have specific sequence boundaries and

characteristic sequence composition. Depending on the biological context, different combinations

of exons are spliced together to form the mature message (splice isoform). All introns are excised

out and serve no further purpose in the formation of the functional gene product–theprotein.

(a) Structure of a gene as part of the chromo-
some.

(b) Conversion of a gene message into final
functional product

Figure 2.2: Gene structure (Courtesy: National Human Genome ResearchInstitute).

2.1.3 Biogenesis of the Functional Gene Products

In eukaryotes, transcription occurs in the nucleus, where DNA resides. Although a functional gene

product may be an RNA (see Section 2.1.5) or aprotein, in this thesis I focus on studying the

mechanisms regulating protein coding genes and hence I consider proteins as the functional unit of

interest. After transcription, the DNA message is transferred, by means of a carrier molecule called

messenger RNA(mRNA), to the cytoplasm where the translation machinery islocated. The final

step in the generation of a functional gene product is the translation of the mRNA into a protein.
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Figure 2.2(b) represents a schematic of this process, whichis referred to asgene expressionand can

be summarized by the following steps:

1. Transcription. Transcriptional regulatory signals result in the initiation of the copying (tran-

scription) of the DNA sequence coding for the gene into an intermediary single-stranded

molecule–pre-mRNA, which is another type of nucleic acid that is very similar to DNA (see

Figure 2.3).

2. Processing: Inside the nucleus a carefully regulated subset of the the pre-mRNA, theexons, is

splicedtogether, skipping the intermediate sequence, theintrons, to produce the mature RNA

message. In some cases only a subset of exons is selected to bea part of the final mRNA. This

is a carefully controlled process that provides a mechanismfor producing different variants

(isoforms) of the same protein as a function of the specific biological contexts.

3. Export. the mRNA is exported from the nucleus into the cytoplasm, where it is subject to fur-

ther regulatory control that determines if it is degraded, stored in some cellular compartment

for later use, or converted into protein.

4. Translation. the encoded message in the mRNA is converted into a chain of amino-acids

which are then folded into a protein product.

Each stage of the biogenesis of the gene products described above contains multiple check-

points which are controlled by various regulatory mechanisms to ensure the correct interpretation

of the genetic code. Some steps in protein biogenesis occur in parallel and hence many of the

regulatory processes are tightly coupled, yet there are twomajor stages of regulation which are

delineated by the transcription of the gene into its mRNA message:transcriptional regulation and

post-transcriptionalregulation. In this work I focus on developing computational methodology and

tools for the analysis of the regulatory logic at both stagesof regulation.

6



Figure 2.3: Structure similarity between DNA and RNA (adapted from
www.accessexcellence.org)

The RNA Message

Even though RNA is very similar to DNA, there are significant differences that have functional

consequences. Unlike DNA, RNA issingle strandedand containsUracil (U) instead of thiamine

(T). Another important distinction between RNA and DNA is that they differ in their type ofsugar

connectorbetween the phosphate backbone (see Figure 2.3), which allows RNA to form complex

three-dimensional structures and perform a variety of regulatory functions in the cell related to the

interpretation of the genetic program embedded in DNA. Finally, mRNA messages are converted

into functional products–proteins, serving as necessary intermediaries, while DNA cannot directly

serve this purpose.

2.1.4 Transcriptional Regulation

An important checkpoint in the regulation of gene expression is at the stage of transcription initia-

tion, which includes the accessibility of regulatory DNA regions as well as the recruitment of DNA

binding factors.

The control of these processes is mediated by a class of proteins called Transcription Factors

7



(TFs) that directly interact with factor-specific regulatory elements in DNA (a.k.a.cis-regulatory

elements). These cis-regulatory elements tend to be short (about 6–15 bps in eukaryotes) and often

highly degenerate, which makes it difficult to distinguish them from the surrounding sequence [148,

188, 23]. In order for TFs to be able to distinguish the regulatory binding sites from the vast majority

of other DNA sequence, the binding locations need tostructurally accessibleand able to form a

duplex with the active site of the corresponding TF that has energetically favorable electrostatic

properties. Hence, the functional properties of a locationwithin DNA are determined by both

static anddynamiccontrol mechanisms. Static mechanisms correspond to the sequence content

which should match the binding preferences of a regulatory TF. Important dynamic modulators of

transcription initiation are the specific concentrations of the regulatory TF proteins present in the

nucleus as well as the DNA structural state that can either facilitate or impede general binding by

regulatory factors.

Constructing models of TF binding sites (motifs) and the identification of their functional occur-

rences within a pre-specified subset of regulatory regions in the genome is termedmotif discovery

and will be of major interest in the current work. In particular, I focus on thegenome-widediscovery

of such functional DNA elements, leveraging the recently introduced technologies for measuring

the in vivo (inside the living cells) general accessibility of DNA as well as the degree of occupancy

by a specific TF of interest (see Section 2.3.2 and Section 2.3.1). Knowledge of the full complement

of cis-regulatory elements bound in different biological contexts will help improve our understand-

ing of context-specific transcriptional regulation and is an important input for the reconstruction of

the gene regulatory networks in the cell.

About 5-7% of an eukaryotic genome encodes for TFs [202], andthey can be divided in two

major functional sub-categories based on their effect on expression of their target genes:activators

(binding results in increase of the target’s expression) and repressors(binding results in decrease of

the target’s expression).

Next I describe in detail the different types of regulatory DNA regions encoding the transcrip-

tion initiation regulatory logic for individual genes. There are four major types of such regions:pro-

8



moters(contains DNA signals necessary for the initiation of transcription), enhancers(responsible

for context-specific up-regulation of gene expression),silencers(responsible for context-specific

down-regulation of gene expression), andinsulators (limits scope of regulatory interactions be-

tween genes).

Promoters

Promoter regions correspond to the stretches of DNA a few hundred base pairs immediately up-

stream of the gene Transcription Start Site (TSS) and contain signals responsible for the recruitment

of thegeneral transcription machinerycommon to all genes. A promoter is further subdivided into

a corepromoter region, immediately adjacent to the TSS, and aproximalpromoter region,>50bp

upstream of TSS.

A gene can have more than one promoter, resulting in gene copies of different length [133].

Promoters tend to have some characteristic features in common that allow for experimental and

computational techniques to be used for their detection in the genomic DNA [148, 189, 100]. Re-

cently, it has become clear that promoters can be divided into two classes: those that have a single

TSS and those that have a broad or dispersed range of TSS over a50-100bp region [156, 87]. Next-

generation sequencing technologies in combination with novel experimental protocols have allowed

for comprehensive mapping at an improved resolution of the different promoter types [141]. Most

genes in higher eukaryotes seem to be under the transcriptional control of dispersed promoters, but

further studies of these two classes of promoters is necessary to elucidate their distinct functional

characteristics.

The core promoter regions are enriched in a number of cis-regulatory elements that aid in the

anchoring and assembly of the transcription initiation machinery–thepre-initiation complex(PIC)

e.g. TATA box, Initiator element (INR), TFIIB recognition element (BRE), Downstream Promoter

Element (DPE) etc. [181, 182]. Some of these are remarkably well-conserved across different

eukaryotic species, yet there is no single binding site thatis universally present in all promoter

regions. Even the ubiquitously distributed TATA box, involved in the recruitment of the TATA-
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Figure 2.4: Structure of the eukaryotic promoter (adapted from Levineet al. [110]).

binding protein (TBP) a central component of the transcription initiation process, is present in at

most 30% of eukaryotic promoters [38]. Rather, there seem tofunctionally equivalent combinations

of factors that are required for the initiation of transcription to proceed.

Enhancers

In eukaryotes, many promoters by themselves are insufficient to drive thein vivo production of

biologically relevant levels of gene transcripts and they need additional assistance from activation

signals that are encoded in theenhancerregions. Enhancers are found mostly inside intergenic

sequence, but also within genes sometimes even as far as 10,000bp (in Drosophila) or 100,000bp

(in human and mouse) away from the boundaries of the gene theyregulate [110, 29, 104]. Still

they are able to confer the specificity to the gene transcription initiation process required for the

normal functioning of the cell. A schematic representationof a gene with its associated regulatory

sequence is illustrated in Figure 2.4 for both the case of unicellular eukaryotes (a) and more com-

plex, higher eukaryotes (b). The exact mechanisms governing the functioning of enhancers is still

under active investigation, but it is well known that there is a strong combinatorial aspect to the

encoded regulatory logic, as the activation process typically requires the binding of several TFs to

their cognate cis-regulatory motifs. Many enhancers have been found within non-coding sequences
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that are highly conserved through evolution (e.g. fish to mouse) [144] and regulate gene expression

in highly temporal or tissue-specific manner [178].

Reliably identifying functional enhancers in higher eukaryotes has been a major challenge due

to the large amount of candidate intergenic sequence (in human over 98.5% of the total size of the

DNA). Recent progress has been made in that direction thanksto the advent of high-throughput

sequencing technologies which have enabled the profiling ofthe whole human genome for regions

bound by proteins characteristic of most enhancers [193] and also regions enriched in general fea-

tures typical of enhancers, like open chromatin [19].

Silencers

Silencer regions serve a role that is complementary to the enhancer regions, as they are involved

in the repression of gene expression. Two distinct classes of silencers exist: short, position-

independent motifs that via their bound repressor TFs actively obstruct the assembly of the Tran-

scription pre-initiation complex and are typically found upstream of TSS. The second category of

silencer sequence motifs are position-dependent that passively prevent the binding of activator TFs

to their cis-regulatory elements and can be found both upstream and downstream of the TSS [147].

Insulators

Both silencers and enhancers can act on multiple genes, but sometimes their regulatory effects need

to be localized. The insulator elements are cis-regulatorysequences that can block such interactions.

Two distinct classes of insulator elements have been discovered:enhancer-blockinginsulators that

interfere with enhancer-promoter interaction if located in between the two andbarrier insulators

that interfere with DNA accessibility of promoter and enhancer regions, demarcating the boundaries

between active and inactive DNA regions [60]. Enhancer blocking insulators I first described by

[86] who studied theDrosophila insulator elementgypsy. In higher eukaryotes a large number of

the currently known enhancer-blocking insulator elementscontain the cis-regulatory motif for the

CTCF protein [12] (for further discussion of CTCF see Section 4.3).
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Evolutionary Conservation and Function

The genetic code of living organisms has evolved over time allowing for changes to occur in dif-

ferent locations within DNA. Identification of binding motifs that match the preferences of TFs

and are in fact recognized and boundin vivo can be aided by the observation that not all DNA has

evolved at the same rate and parts of the genome containing functional elements tend to be con-

strained to change less than other regions [142]. Hence, evolutionarily related species contain quite

similar regulatory code which can be used to identify functional regions within DNA.Phylogenetic

footprinting [14, 15, 109, 139] is one such approach specifically designedto aid in the identification

of functional occurrences of cis-regulatory motifs.

Applying phylogenetic footprinting on a single gene level was first introduced by Tagle and

colleagues in 1988, who applied the technique to find evolutionarily conserved cis-regulatory el-

ements responsible for embryonicǫ andγ globulin gene expression in primates [186]. More re-

cently, a large number of computational approaches have been proposed that incorporate evolution-

ary information as part of functional motif discovery [15, 109, 177, 97]. Given a set of putatively

co-regulated genes within an organism of interest those approaches use regulatory regions from

orthologous genes (inherited from a common ancestor, but evolved separately within each species)

in related species to look for motifs that are overrepresented and highly conserved.

Phylogenetic footprinting does not provide a universal approach to motif discovery as it has

some inherent limitations: not all functional cis-regulatory elements fall within strongly conserved

DNA regions and even when they do, the aligning of the sequences from related species to pro-

duce the evolutionary “footprints” that contain functional motifs could be a very challenging task.

Nevertheless, “ensemble” approaches that carefully incorporate evolutionary conservation informa-

tion as a part of the motif discovery, have tended to produce fewer false positive predictions than

comparable approaches that do not use conservation (sometimes at the cost of fewer true positives).
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2.1.5 Post-transcriptional Regulation

As it is evident from Figure 2.2(b) the protein production isa multi-step process that can be regu-

lated not only at thetranscription initiation step but alsopost-transcriptionally, especially when

fine-tuning of the level of gene transcripts is to be achieved. RNA binding proteins (RBPs),

sometimes with the help of non-coding RNAs (microRNAs) are important mediators of the post-

transcriptional control of mRNA messages. Next I describe in more detail the nature and function

of these important regulators.

RNA Binding Proteins

RNA binding proteins (RBPs) play important roles in the lifecycle of the protein-coding transcript,

from its transcription based on a DNA template until its decay by RNases [130]. All steps of

RNA processing and function including splicing, nuclear export, localization, stability, and small

RNA-mediated regulation are controlled by different RNA-binding proteins (RBPs) and ribonucle-

oproteins (RNPs) (For a review, see [94]). The identification of which RBPs or RNPs interact with

which transcripts, how they interact, and where the interaction occurs, has been the focus of many

studies [183, 18].

Architecture of RBPs RBPs are defined through their ability to interact with mRNAsvia

RNA-binding domains. Similarly to TFs interacting with theregulatory regions of gene in or-

der to control transcription initiation, RBPs interact with specific RNA sequence patterns to effect

post-transcriptional control. Currently, there are over 1100 human genes in the Pfam database that

are annotated to be RBPs [52], yet there are only about 40 different types of RNA-binding domains

[122]. This observation suggests that the combinatorial complexity of different domain arrange-

ment is key to providing the functional diversity necessaryfor the regulation of the various steps of

RNA metabolism and function. The next section focuses on an important class of RBP-mediated

regulation–with the participation of small regulatory RNAs.
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MicroRNA Regulation

MicroRNAs (miRNAs) control gene expression post-transcriptionally by regulating the mRNAsta-

bility or translation in the cytoplasm. They are approximately 21nt long RNA regulators of gene

expression which, by pairing to the 3’UTR of mRNAs of protein-coding genes, direct their repres-

sion. The discovery of miRNAs [107, 197, 158] has revealed a new dimension in our understanding

of post-transcriptional regulation of eukaryotic gene expression in the cell. More than a thousand

new miRNAs have been discovered in plants, animals and viruses [103]. In mammals, miRNAs are

predicted to control the activity of more than 60% of all protein-coding genes [57] and have been

shown to participate in the regulation of a wide variety of cellular process and disease [9].

miRNA Biogenesis Next I describe a summary of the known mechanism of miRNAs biogenesis

illustrated in Figure 2.5 (For a review, see [22]).

1. Similar to protein-coding genes, miRNA are transcribed from a DNA template to generate a

stem structure called theprimary miRNA(pri-miRNA) that can vary in size from hundreds

to thousands of bp.

2. The pri-miRNA is processed within the nucleus to form a∼70nt double-stranded hairpin

precursor calledpre-miRNA.

3. The pre-miRNA is exported outside of the nucleus with the help of transporter proteins that

recognize the characteristic 2nt 3’ overhang present at theend of the hairpin.

4. Inside the cytoplasm the pre-miRNA is cleaved to produce a21nt miRNA:miRNA duplex.

5. Once incorporated into the RNA Induced Silencing Complex(RISC), with the help of its

active catalytic unit–the Argonaute protein complex–the miRNA guides the complex to its

targets by complementary base-pair interaction. In case ofperfect complementarity (com-

mon in plants) the target is cleaved, while partial complementarity (common in animals)

results in reduction of gene expression by means of translation inhibition or transcript desta-

bilization.
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Figure 2.5: MicroRNA biogenesis (adapted from Bushatiet al. [22]).
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miRNA Function Early studies in the wormCaenorhabditis elegans[172] and more recent

studies in mammalian cells [127, 145, 152] have provided strong evidence that miRNAs repress

protein synthesis at the level of translation initiation asthey were associated with mRNA that are

being actively translated. Another mechanism for inhibition of the production of protein synthe-

sis was demonstrated to be taking place at the mRNA level by degradation of the target mRNA

prior to or in cooperation with translational inhibition [64, 199, 50]. In support of this observation,

upon inhibition of the miRNA pathway by depletion of RISC complex members [64, 157, 171] or

upon deletion of specific miRNA members [5], the levels of predicted and validated miRNA tar-

gets increase. Conversely, overexpression of specific miRNAs results in lower abundance of the

transcripts containing binding sites for those miRNAs. Even though, recent high-throughput stud-

ies combining proteomic and transcriptomic data suggest that the predominant reason for reduced

protein product due to miRNA regulation is due to destabilization of target mRNAs rather than

translational repression [73], the mechanistic details ofthe functioning of the miRNA is still an

active area of research. For a recent review on miRNA regulatory function and target prediction see

[9].

2.2 Dimension Reduction and Inference of Population Struc-
ture

Studying the genetic information encoded into DNA, as discussed so far, provides a microscopic

view of the functioning of a living organism, at the cellularlevel and can be used to gain insight into

the cellular processes and their regulation. The focus in such analyses is typically on the interaction

among genes, from the viewpoint of their regulatory connections in the gene regulatory network.

An alternative view of the genome is to understand variationin the genome across a population

of individuals, in this case the individual is the unit of interest. In Figure 2.6 Principal Components

Analysis (PCA [149]) was used to produce a two-dimensional visual summary of the observed

genetic variation on 1,387 European individuals. The resemblance between this genetic summary

and the geographic map of Europe is clear. Major subdivisions into closely clustered subpopulations
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Figure 2.6: Agreement between genetic map and geography (adapted after Novembreet
al. [146]).

from similar geographic areas are distinguishable. Even within some countries individuals are well

differentiated along the principal component (PC) axes. This is an illustration that DNA sequence

variation typically reflects thesubpopulation structurein a sample of individuals which can be

formally defined as the difference in allele frequency distributions between the subsgroups forming

the sample. Population structure has been a classic subjectof study for geneticist for decades

[129, 114]. It has had multiple applications to the study thedemographic histories of populations

of individuals [165] and is recognized as a confounder to theinference of disease associated alleles

in case-control studies [56].

2.2.1 Methods for Studying Population Structure

There has been two dominant approaches to the analysis of population structure in genetic data.

Structure[154] is a Bayesian model-based clustering method which assigns individuals to discrete

clusters corresponding to subpopulations based on a multinomial probabilistic model for the allele

frequencies at each locus of variation. This approach has become very popular and has been suc-

cessfully applied in many genetic studies [165, 56, 180]. With the increased availability of SNP
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microarrays, that probe the genetic variants of each individual sample at hundreds of thousands

of bi-allelic loci, it has been problematic to practically apply Structure to such high-dimensional

genotype data due to the inherent computational limitations of the sampling procedure underlying

the Bayesian inference.

A more recent approach, based on Principal Component Analysis (PCA),Eigenstrat, proposed

in [149], has successfully addressed this issue. In addition to a computationally fast procedure, the

authors in [149] have proposed a principled statistical inference method to test for the presence of

population structure, based on recent results from random matrix theory applied to the eigenvalues

of the sample covariance matrix. Both theoretical and empirical arguments in [149] strongly suggest

that the top few principal components (PCs) tend to capture distinct axes of variation that separate

different subpopulations.

The computation time of Eigenstrat isO(m2n), wherem is the number of individuals and

n is the number of SNPs. Hence, the inference procedure scalesfavorably with increasing num-

ber of SNPs, which is a clear computational advantage over Structure, yet it scalesquadratically

with the number of individuals. This poses a computational challenge when analyzinglarge high-

dimensional genetic data. In this work I address this challenge by proposing to adapt an approx-

imate PCA procedure based on arandomizeddimension reduction algorithm. The runtime of the

proposed approach isO(kmn), wherek is on the order of the dimension of the population structure,

which can typically be assumed to be small–not more than 10-20. Details regarding the proposed

approach to approximate inference of the axes of variation in large high-dimensional data as well as

extensions to other dimension reduction approaches based on eigendecompositon: Sliced Inverse

Regression (SIR), Localized Sliced Inverse Regression (LSIR), Locality Preserving Projections

(LPP), is the main topic of Chapter 6.

2.3 Experimental Assays

The advent of microarrays and the next-generation sequencing technology has opened up opportu-

nities to start learning about the gene regulatory processes and the individual’s genetic variation on
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Figure 2.7: A summary of the ChIP-chip procedure (adapted from Buck andLieb [21])

a global scale. In this section I describe four such assays.

2.3.1 Genome-wide Chromatin Immunoprecipitation

Chromatin immunoprecipitation (ChIP) is a method used to determine the location of DNA binding

sites on the genome for a particular protein of interest [16,164] within a pre-specified stretch of

genomic DNA (using on PCR primers). This is an in vivo procedure that provides a way to assay

the DNA-protein interactions in the cell nucleus.

ChIP-chip

More recently, a key additional step was added to the experimental protocol: hybridization against

a microarray, which allows for the characterization of the binding interactions at the genome-wide

level [21]. The ChIP-chip technology has been successfullyused to characterize the binding pref-

erences for a number of DNA binding proteins [159, 90, 108, 77].

Figure 2.7 illustrates the steps in a typical ChIP-chip experiment. The steps proceed as follows:

1. Cross-link the protein of interest to DNAin-vivo, using formaldehyde fixation.

2. Shear DNA, using sonication or micrococcal digestion, into fragments of size approximately

1kb.
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3. Enrich in DNA fragments associated with the protein of interest using a protein-specific

antibody.

4. Reverse the formaldehyde cross-linking. Purify, amplify and label DNA with a fluorescent

dye (e.g. Cy5).

5. Purify, amplify and labelgenomicDNA using a different color fluorescent dye (e.g. Cy3).

6. Hybridize the two differentially tagged probes (e.g. Cy3and Cy5) against a microarray

containing all putatively bound sequence regions (typically genome-wide set) [21].

The output from the ChIP-chip genomic assay is a set of short sequence regions (approx 1kb)

with assigned fluorescence intensities for the bound probe and the genomic control. These scores

are typically reduced to a single binding score per region, which could be a (normalized) log-ratio

of dye intensities or a p-value based on a null statistical model of binding intensities [108, 77].

ChIP-seq

Instead of hybridization to a microarray the Chromatin immunoprecipitation (ChIP) step can be

followed by high-throughput sequencing instead, which wasrecently proposed as an alternative

approach to genome-wide successfully used to characterizethe binding preferences and locations

of multiple DNA binding proteins [7, 91, 161, 191, 204].

2.3.2 Genome-wide Detection of DNaseI Hypersensitive Sites

In the nucleus, the vast majority of genomic DNA is wrapped around structural proteins called his-

tones to form DNA-histone octamer complexes called nucleosomes. The nucleosomes are regularly

spaced and serve the role of packaging DNA into more compact form. The degree of packaging

has a strong impact on the regulation of gene transcription [51]. The DNaseI enzyme can be used

to study regions of DNA where the nucleosomes have been displaced (such as for the activation

of promoters) which allow for easier cleavage [128, 96]. Such location are called DNase I hy-

persensitive (DH) sites. It has been shown that DH sites strongly correlate with the location of
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activeregulatory regions within the genome, including promoters, enhancers, silencers, insulators

[71, 51]. Traditionally individual DNase I HS sites have been identified using Southern blot assays

[198], which is a time-consuming process difficult to apply on a large scale. A recent application

of the DHS protocol in combination with high-throughput sequencing (DNaseI-seq) has allowed

[19] to create the first comprehensive genome-wide open chromatin map. A brief summary of the

DNase-seq protocol contains the follows steps [39, 19]:

1. Start with chromatin that is digested with a small amount of DNase I that preferentially cuts

at a DNaseI HS site.

2. Attach a biotinylated linker to the DNase I-digested ends.

3. Use the biotinylated linker to extract short adjacent DNAfragments.

4. Sequence the extracted DNA fragments using next-generation sequencing platform.

2.3.3 Transcriptome-wide RNA Cross-linking

Recent advancements in high-throughput genomic technologies have resulted in profiles of transcriptome-

wide RNA-protein interactions in vivo. Two of the most established methods for the investigation

of these interactions are RIP-Chip [95] and CLIP [190] or a combination of both, known as RIP-seq

[174, 205].

RIP-Chip was the first method to use immunoprecitipation to identify RNA targets bound by

specific RBPs at genome-wide scale. Associated mRNAs are isolated, and then quantified using

mRNA arrays or, more recently, subjected to high-throughput sequencing. This allows for the

identification of all transcripts targeted by a particular RBP, but not for direct identification of

where, or how many, RNA-protein interactions occur within atranscript. The second method,

CLIP, typically uses short wave UV 254 nm crosslinking followed by immunoprecipitation and

partial RNase digestion of the bound transcript. Conversion of the residual RNA segments into

cDNA libraries and characterization by high-throughput sequencing yields small size windows in

which the RNA-protein crosslinking occurred.
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Figure 2.8: A summary of the PAR-CLIP procedure (adapted from Hafneret al. [74])

PAR-CLIP (Photoactivatable-Ribonucleoside-Enhanced Crosslinking and Immunoprecipitation)

is a powerful modification of the CLIP technology for the isolation of protein bound RNA segments

[74]. Cells are first cultured with a photoreactive ribonucleoside analogue, typically 4-thiouridine

(4SU), to boost RNA-protein crosslinking. This is followedby high-throughput sequencing of cD-

NAs generated from the crosslinked immunopurified RNA fragments. During cDNA generation,

preferential base pairing of the 4SU crosslink product to a guanine instead of an adenine results

in a thymine (T) to cytosine (C) transition in the PCR-amplified sequence, serving as a diagnostic

mutation at the site of contact. The pattern of T-to-C conversions, coupled with read density, can

thus provide a strong signal to generate a high-resolution map of confident RNA-protein interaction

sites.

Figure 2.8 illustrates the steps in a typical PAR-CLIP experiment. The steps proceed as follows:

1. Culture cells in media containing 4-SU (biochemically modified Uracils)

2. Irradiate cells with UV, 365nm to induce RNA-protein cross-linking

3. Immunoprecipitate and select the gel band of the size corresponding to the protein of interest
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4. Convert the RNA from the selected gel band into a cDNA library and amplify using PCR

(incorporating U-to-G conversions during the reverse transcription step)

5. Sequence using next-generation sequencing platform [74].

Identifying Bound Regions

Generally speaking, there are three main steps in the analysis of binding data from deep sequencing

experiments.

1. Read alignment. Sequence reads are aligned against the reference genome

2. Peak calling. Genomic regions significantly enriched in aligned reads are identified for fur-

ther study

3. Motif analysis. Peaks are further analyzed to infer the binding affinity andtarget regions of

the trans-acting element under study

The focus of this thesis is on step 3, the Motif analysis of theinferred sequence peaks, taking

advantage of the information contained in the quantitativebinding evidence provided by the number

of reads aligned to each peak.

Current Approaches to Motif Discovery in High-throughput B inding Data

Once sequence peaks have been inferred based on the high-throughput binding data a set of puta-

tively bound sequence regions needs to be defined, which is typically done by selecting an arbitrary

subset from the peaks with highest number of aligned ChIP-seq reads. This set of likely co-bound

regions is searched for overrepresented motifs that would be good candidates for binding sites for

the TF under study. The overrepresentation is often defined with respect to a model for background

sequence (e.g. Markov Model of2nd or 3rd order).

There have been a large number of classic motif discovery tools, originally developed for motif

analyses based on a small set of pre-defined co-bound sequence regions, that have been adapted to
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the task of motif discovery using ChIP-seq data [6, 166, 150,44]. More recently, discriminative

analyses based on a positive and negative set of sequence regions as well as additional genome-wide

information on nucleosome positioning and energetic stability of DNA have been incorporated as

part of the motif search, to significantly improve the sensitivity and specificity of the reported results

[136, 68].

2.3.4 Genome-wide SNP Microarrays

Single Nucleotide Polymorphism (SNP) arrays enable the study of individual genetic variation and

have diverse applications in medical genetics and evolutionary biology. SNP array is a type of

DNA microarray which is used to detect genetic variants (polymorphisms) within a population of

individuals. A SNP in DNA (variation at a single site), is themost frequent type of variation in the

genome. For example, there are around 30 million SNPs that have been identified in the human

genome [176, 170] based on sequencing studies on multiple human individuals. As SNPs are

highly conserved throughout evolution and within a population, they can serve as excellent genetic

markers. Detection of population structure based on SNP measurements from a large number of

individuals will be the main focus of Section 6.
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Chapter 3

cERMIT: An Approach for Motif Discovery
Using Direct Binding Evidence

3.1 De-novo Transcription Factor Binding Site Discovery

In this Section I describe a computational framework designed for the discovery of the functional

binding site as well the occurrences in the genome based on genomic and transcriptomic high-

throughput binding data from ChIP-chip, ChIP-seq, or PAR-CLIP experiments.

3.1.1 Classic Formulation of the Motif Finding Problem

The motif finding problem has been traditionally phrased as the following: given a set of putatively

co-regulated genes, find the optimal motif description and the set of occurrence locations in the cor-

responding regulatory regions.Many popular approaches are based on iterative updating of aposi-

tion specific scoring matrix (PSSM) representation of the binding site, which reflects the affinity of

the protein to its functional sites. Stochastic searches inthe form of Gibbs sampling [105, 166, 120],

or EM-based algorithms [6], have been used extensively to address this goal by means of iteratively

optimizing a suitable objective function. The use of additional information, such as the sequences

from multiple related species, e.g. [177], or priors on the TF binding domain or nucleosome po-

sitions [137, 136], has lead to noticeable improvements in the performance of these strategies. As

alternative to PSSMs, motifs can be described by a simpler representation of consensus strings over

a degenerate alphabet. This representation allows for the exhaustive identification of motifs which

are over-represented compared to a genomic background model [192, 82, 179], and frequently use

efficient data structures such as suffix arrays to search for overrepresented oligomers [150, 153].

This strategy places the focus directly on optimizing the motif description without having to im-

pose an explicit generative model on the entire DNA sequence, which requires an appropriate model
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for background non-motif sequence.

3.1.2 Genome-wide Quantitative Evidence

The detection of functional DNA motifs has been greatly facilitated by the availability of high-

throughput functional genomics data that provide direct orindirect evidence for gene regulation.

For instance, the genome-wide DNA occupancy by a particularTF can now commonly be measured

through in vivo approaches such as chromatin immunoprecipitation microarray experiments (ChIP-

chip) [160]. Depending on the setup of the array, these assays map TF binding locations at a

resolution on the order of 1kb or better [155]. Recent advances such as genome-wide ChIP-seq

(ChIP followed by deep sequencing instead of hybridizationto an array) provide a less biased

approach to identify candidate regulatory regions, and have been shown to identify hundreds or

thousands of enriched regions for individual factors [84].External sources of information like p-

values from ChIP-chip experiments, or the strength of enrichment in ChIP-seq experiments, have

strong potential to increase specificity and sensitivity when detecting functional motifs. However,

some of the most popular existing approaches scale badly andare computationally infeasible when

applied to sets with thousands of candidate regulatory sequences. For instance, the sampling step

in PSSM-based approaches is typically performed on the positions of the regulatory sequences, and

samples are then used to update the motif model. Due to these limitations, existing approaches

have thus often made use of genome-wide quantitative data only to reduce the search space over

functional motifs, e.g. by running a standard motif finder ona subset of high-scoring or otherwise

pre-filtered regions [121].

3.1.3 Reformulation of the Motif Finding Problem

Instead of modifying traditional approaches, the availability of such data suggests the following

re-phrasing of the motif finding problem:identify enriched sequence motifs, given quantitative

experimental evidence for a genome-wide set of regulatory regions. This formulation allows one

to explicitly utilize the total quantitative information from the experiment, rather than to only use
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it to define a set of promising target sequences, and then proceed with motif finding as usual. The

motif finder REDUCE [24] was an early example of this framework, and applied a linear regression

strategy to fit the log expression ratios from microarray experiments to the sum of contributions

from a set of putative regulators. This promising approach was later followed up with MatrixReduce

[54], which is based on a non-linear statistical mechanics model of TF-DNA interactions fitted to

ChIP-chip data. A common feature of approaches in this category is that all the experimental

data are used in the model, avoiding the use of an explicit significance threshold. In addition, the

utilization of all probes from the high-throughput experiment generally does not require an explicit

model for background sequence.

3.2 The cERMIT Framework

To address the above reformulation of the motif finding problem, I propose a new motif discov-

ery approach–(conserved) Evidence-Ranked Motif Identification (cERMIT), which is explicitly

designed to be able to analyze current state-of-the-art genomic regulatory datasets such as those

from ChIP-chip or ChIP-seq experiments.

In a nutshell, cERMIT takes putative regulatory regionsS and scores representing evidence

of direct or indirect regulation as inputE and searches for an optimal motif of flexible length,

represented as a degenerate consensus sequence over the IUPAC alphabet. A post-processing step

allows to generate PSSMs from high scoring candidates.

The objective function used to score motif candidates is inspired by [131, 42, 140] and en-

capsulates the aggregate evidence of regulation for a set ofsequence regions. It is used to search

for the best partition ofS into a positive and anegative set, where thepositive set consists of

regions that have at least one occurrence of a candidate motif, while thenegative set contains the

remaining sequences regions inS. The search starts from the comprehensive set of all possible

non-degenerate 5-mers, each of which defines an initial partion of S. Each of the 5-mers is then

“evolved” in a greedy search by varying motif length or degeneracy (see Figure 3.1). cERMIT

can take different data as evidence for regulatory interactions, and can optionally utilize orthogonal
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Figure 3.1: cERMIT motif discovery algorithm

sequences from related species to restrict the search to conserved motifs. The following sections

outline the process in more detail.

3.3 Evidence of Regulation

The statistical scoring of evidence of regulation in a sequence region will depend on the type of

assay used to infer the binding specificities of factors. However, all the statistical scores can be

placed in the framework of log-odds ratios

ej = log
f(sj | M1)

f(sj | M0)
,

whereej is the evidence for regulatory regionsj andf denotes the likelihood of the experimental

evidence forsj, given that it is in the positive set (M1) or negative set (M0).

The types of experimental evidence provided I describe in more detail next are p-values from

ChIP-chip experiments, counts of aligned short sequence reads from ChIP-seq experiments, and

expression changes from microRNA overexpression assays.
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3.3.1 P-values as Evidence of Regulation: Chip-chip data

In the case when p-values are provided as binding evidence for each sequence region inS, the

logarithm of the approximate Bayes factors [173] is used as evidence for regulation for each region.

Bayes factors represent the relative evidence between two competing models. In this setting,

given a p-valuepj for regionsj the Bayes factor is a ratio of the marginal likelihoods of membership

in the positive set (modelM1) vs. the negative set (modelM0)

Bπ
10(pj) =

∫

Θ
f(pj | θ,M1)π(θ,M1) dθ

∫

Θ
f(pj | θ,M0)π(θ,M0) dθ

. (3.1)

A direct estimate of the Bayes factor would require a probabilistic model for the p-values of se-

quences in the positive set (the p-values for the negative set are uniformly distributed) and specifi-

cation of a prior distributionπ. Specifying such a model and integrating out the model parameters

θ to arrrive at the marginal likelihood estimate could be problematic. Hence, I have decided on a

computationally efficient solution, which provides an upper bound to the exact Bayes Factor, and

was originally suggested in [173]:

B10(pj) =

{

supπ Bπ
10(pj) = − 1

epj log pj
if pj ∈ (0, 1

e ]

1 otherwise,

where the supremum is over prior distributions. As observedin [173], this upper bound holds

for a broad range of parametric and non-parametric model alternatives. One such possibility is

f(p|θi,Mi) ∼ Beta(θi, 1), θ1 ∈ (0, 1), θ0 = 1. Note thatM1 consists of a family of decreasing

densities, which includes as a limiting case the uniform distribution of the p-values underM0. In

the ensuing ChIP-chip analysesej = log[(B10(pj)] is used as the evidence of regulation for region

sj.

29



3.3.2 ChIP-seq Reads as Evidence of Regulation

The counts of aligned short sequence reads in ChIP-seq experiments can be used to provide evi-

dence of regulation. In [20] a kernel density estimator is used to score binding; this smooths and

normalizes the counts of aligned reads. For each sequence region sj the maximum of the kernel

density estimate over all locations in the sequence is considered positive evidence (M1),

f(sj | M1) = max
t∈sj

k(t),

wheret indexes positions insj andk(t) is the kernel density estimate at positiont. The background

binding scoreb is fixed to be the75-th percentile of the strictly positive kernel density scores. The

evidence of regulation for regionsj is

ej = log
max [f(sj | M1), b]

b

3.4 Integration of Evidence: Definition of the Objective

Function

I propose two different approaches to integrating the individual putative regulatory region binding

evidence into a combined score for a set of co-bound regions.First, I outline an approach based on

the assumption of independent contributions of each regulatory regions to the overall set binding

score, in which case I can appeal to the Central Limit Theoremand employ a (normalized) average

to quantify the cumulative binding evidence. In the second proposed approach I relax the inde-

pendence assumption, controlling for observable confounders, in a linear regression framework. In

this scenario the binding evidence scores for individual genes are independent, conditionally on

the values of the covariates for the specific sequence region(e.g. length of region, di-nucleotide

frequencies etc.). This provides a more general approach toincorporating additional information

into the motif discovery framework, including interactionterms to allow more targeted questions

and potentially transitioning to a fully probabilistic solution.
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3.4.1 Random Set Scoring

In this section I introduce the sequence region scoring approach that was used in [61] and is best

suited to the direct binding evidence provided by chip-chipand chip-seq assays as well as mi-

croRNA overexpression.

Given evidenceE = {e1, ..., ed} for a set of sequence regionsS, a motifmj partitionsE into

a positive setEj where the elements ofEj are the evidence for those sequence regions that contain

motif mj, Ej = {ei : mj ∈ si for i = 1, ..., d}, the negative set is the compliment.

I assume that there exists a “true” motifm∗ that induces a partition of the evidence with a

positive setE∗. This partition can be recovered by searching over the discrete space of motifs using

an appropriate objective function. This objective function should capture highaggregateevidence

for regulation in the positive set and low evidence in the negative set. The number of candidate

partitions over the set of sequences is very large (at most2T ) so this objective function must be

efficiently computed.

A test statistic introduced in [42, 140] has the above properties and is used as the objective

function for cERMIT. Given evidenceEj induced by a motifmj, define:

J(Ej) =

1
|Ej |

(
∑

ei∈Ej ei) − µ

σj
, (3.2)

µ =
1

|E|
∑

e∈E

e,

σ2
j =

1

|Ej |

( |E| − |Ej |
|E| − 1

){∑

ei∈E e2
i

|E| −
(∑

ei∈E ei

|E|

)2
}

,

where|E| = d and |Ej | are the cardinalities of the total number of regulatory regions and those

contained in the positive set, respectively. The resultingoptimization problem is

m̂ = arg max
mj∈M

J(Ej), (3.3)

wherem̂ is the best guess at the optimal binding motifm∗. To constrain the search, I eliminate

implausible candidate k-mersmi which result in very small or very large target sets. This canbe
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done by constraining the set size to be in the range[a, b × |E|], wherea = 20, b = .15 for the

ChIP-chip data anda = 100, b = .30 for the the ChIP-seq data. The values of these parameters

may vary depending on the expected number targets for the TF under study. This results in the

following objective function

J∗(Ej) =

{

J(Ej), if |Ej | ∈ [a, b × |E| ]
−∞ otherwise.

3.4.2 Linear Regression Scoring

In this section I describe a solution to the problem of evaluating a set of sequence regions, with indi-

vidually assigned binding evidence, in terms of a summary that reflects their combined binding ev-

idence, assuming that there is some, potentially relevant,confounder information e.g. di-nucleotide

frequencies, region length.

Let si, i ∈ {1, . . . , n} be a set of sequence regions (e.g. clusters or read-groups asreported

in [37]) andyi be the corresponding binding evidence for each region. A candidate set of putative

motifs is defined to be the setmi, j ∈ {1, . . . , T}. Functional motifs are typically of length 6-10

with a limited number of degenerate positions, assuming that the motif has a conserved core of at

least 3-5 nt. A match of motifmj in sequence regionsi is given by the binary indicator variable

xij. Denote the number of motif occurrences in{si}n
i=1 by nj =

∑n
i=1 xij , and let

ŷ =
1

n

n∑

i=1

yi, σ̂ =
1

n

n∑

i=1

(yi − ȳ)2 (3.4)

y∗i = yi − ȳ, Aj =
n − nj

n − 1
(3.5)

ej =
1

n

∑

i:xij=1

y∗i , σ̂j
2 =

σ̂

nj
(3.6)
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then

S cERMIT
j = Aj ×

ej

σ̂j
(3.7)

m∗
cERMIT = argmax

j∈{1,...,T}

S cERMIT
j , (3.8)

wherem∗
cERMIT denotes the top predicted motif using the strategy described in the Section 7.1.1,

based on motif enrichment scoreS cERMIT
j assigned to motifmj . In the spirit of previously published

work [24, 54, 53], I rephrase the above scoring function of a binding motif in a regression model for

the sequence region’s binding evidence. The baseline version of the model closely resembles the

cERMIT score from Section 7.1.1, and provides a framework toeasily add additional confounding

variables to the primary explanatory variable of motif occurrence. Let the regression coefficient for

motif mj be denoted asβj , then a simple linear model for the binding evidence is as follows

y∗i = xijβj + ǫi (3.9)

ǫi ∼ N(0, σ2). (3.10)

Using the classical Ordinary Least Squares (OLS) estimatorfor the regression coefficientβ OLS
j =

1
nj

∑n
i:xij=1 y∗i , define the motif enrichment score and the resulting top prediction to be

S reg
j =

β OLS
j

σ̂j
(3.11)

S reg
j =

1

Aj
× S cERMIT

j (3.12)

m∗
reg = argmax

j∈{1,...,T}

S reg

j . (3.13)

Note that the typical scenario in which the size of the motif target set is small relative to the number

of all sequence regions (nj < n) results inAj ≈ 1 , which implies thatS reg
j ≈ S cERMIT

j . Empirical

observations based on the re-analyses of ChIP-chip and ChIP-seq datasets from [61] using this

slightly modified scoring strategy produces near identicalmotif predictions, with slightly different

enrichment scores.
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A natural extension of this framework is to account for features of the sequence regions that

expected to be unrelated to motif binding. Two such potential confounders are di-nucleotide counts

and region’s sequence length. More generally, let us considerp−1 additional confounders to control

for when searching for motifs. To generalize the notation, the vector of regression covariates is

augmented to a matrixZj = (xj, c1j , . . . , c(p−1)j), wherexj denotes the column vector of binary

indicators of motif matches andck ∈ ℜn, k ∈ {1, . . . , p} denote the additional confounders. With

corresponding regression coefficientsβ1j , . . . , βpj , βkj ∈ ℜ, k ∈ {1, . . . , p} the model becomes

(using matrix notation):

Y ∗ = Zjβj + ǫ, ǫ ∼ N(0, σ2In×n) (3.14)

In order to be able to score a large number of motif candidates, it necessary to have a computation-

ally efficient estimator for the regression coefficients, that has good statistical properties. Hence I

adopt the simple OLS estimatorŝβj = (ZT
j Zj)

−1
ZT

j Y ∗, which for small to moderate values ofp

provide a fast solution. Note there are typically a large number of putative regulatory regions and

therefore a large number of sample points to use in the estimation process. The resulting estimator

for motif scores is a straightforward generalization of theunivariate regression case:

S REG
j =

β̂ OLS
j

σ̂j
(3.15)

σ̂j =
√

(Σ̂β̂j
)11, (3.16)

where(Σ̂β̂j
)11 is the first diagonal element in the covariance matrix for theparameter estimate

β̂ OLS
j . The proposed motif analysis pipeline can be easily adaptedto use conservation information

to improve target prediction specificity by requiring that matches fall within conserved genomic

regions similarly to the strategy described in Section 3.7.

3.5 Search Strategy

An exhaustive search over the space of all potential motifs to optimize the objective function defined

in Section 7.1.1 or Section 3.4.2 is not computationally feasible. Instead, I adopt a direct greedy
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search strategy that relies on local motif updates to construct candidate motifs.

All possible 5 or 6-mers are used as seed points to start the search (in the case of TFs, pooling

reverse complements, henceT = 512). Given a motifm, a candidate set of motifs is constructed

by locally varying the length and the degeneracy ofm. The extension move takes a k-mer as

input and independently appends or prepends A, G, C, or T generating8 new (k + 1)-mers. When

reducing the length the motif is truncate by one letter on either side to produce two new candidate

motifs. Thedegeneracy move operates on a single position in the k-mer at a time to produce a new

motif candidate. The following update rules are applied to each positionj in motif m:

1. m[j] = A then three new k-mers are constructed withm[j] set toM,R,W respectively;

2. if m[j] = C then three k-mers are constructed withm[j] set toM,S, Y respectively;

3. if m[j] = G then three k-mers are constructed withm[j] set toK,R,S respectively;

4. if elementm[j] = T then three k-mers are constructed withm[j] set toK,W,Y respectively;

5. if m[j] = R,Y, S,M,K,W thenm[j] is set toN ;

6. if m[j] = N then the k-mer is not updated.

A move, reducing the motif degeneracy is also incorporated and it follows the same rules de-

scribed above but reversed from the more degenerate to the less degenerate symbol e.g.M collapses

to A andC and produce two new candidates.

For a k-mer with no degeneracies, these moves will generate3k candidate k-mers. For a k-mer

with double degeneracy in all positions, the move will generate k candidate k-mers with the same

double degeneracy in all but one position set toN .

For each seed motifm the search algorithm applies the update rules and examines if they

result in a higher motif score, in which case the highest scoring candidate is used in the following

iteration. This procedure is repeated until the update rules cannot improve the motif score, resulting

in a candidate for the best scoring motif evolved from the particular seed.
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The result of the search is a set of motifŝM = {m̂1, ..., m̂T } and their corresponding scores

Ĵ = {Ĵ1, ..., ĴT }. For each motif a PSSM is constructed based on the empirical counts of occur-

rences of each of the exact instantiations in the subset of the top 50% of the evidence-ordered list

of putative regulatory regions.

3.6 Post-processing

Many of the top scoring motifs will be very similar, varying by a few letters. Hence, to reduce

redundancy and improve the interpretability of the reported results, a post-processing step is added:

similar motifs are clustered around “cluster centers” defined to be distinct individual k-mers with

maximum objective function scoreJ∗.

In the clustering procedure I use the Harbison metric (at 0.75 cutoff) [78] to compute similarity

between two motifs. For motifsa, b of equal lengthw the distanceD(a, b) is

D(a, b) =
1√
2w

w∑

i=1

√
√
√
√

∑

L∈{A,G,C,T}

(ai,L − bi,L)2, (3.17)

whereai,L andbi,L are the relative frequencies of baseL at positioni for the PSSM motif descrip-

tions ofa andb, respectively. For motifs of differing lengths define the following metric

sim(a, b) = maxa′,b′ [1 − D(a′, b′)],

wherea′, b′ are correspond to all possible overlaps of between motifsa, b induced by shifts such

that the minimum overlap length is six. This metric is also used in [136].

Two motifsm1 andm2 are considered similar if

1. The PSSMs ofm1 andm2 have Harbison similarity score≥ 0.75;

2. The motifsm1 andm2 co-occur in the same sequences significantly more frequently than

expected by chance, as measured by the following p-value threshold

Hyp(|Sco-occur|; d, |S1|, |S2|) < 10−20,
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whereS1 andS2 are the positive sets for motifsm1 andm2. The set of co-occurring regions

Sco-occur are those regions where the motifsm1 andm2 are both present and separated by at

mostτ nucleotides, whereτ is set to beτ = min(|m1|,|m2|)
2 .

Then, given the set of redundant output motifsM̂ = {m̂1, ..., m̂T }, the following procedure

outputs a set of motif clusters{Ri} and smaller indices corresponding to higher motif scores.

1. Initialize the cluster count:n = 1;

2. Find the top motif in the setC

m∗ = arg max
i=1,..,k

J∗(mi);

3. Addm∗ and all other motifs inC similar tom∗ to Rn;

4. Remove the setRn from C;

5. Update cluster countn = n + 1;

6. Repeat steps (3) and (4) and (5) untilC is empty.

Given a motif clusterRi a cluster PSSM is computed by averaging the corresponding PSSM

columns of each cluster member weighted by their motif score.

3.7 Integrating Evolutionary Conservation

Sequence conservation between related species can be used to help guide the motif search: Defining

the positive set of putative regulatory regions based on themotif presence across a set of species

can help to increase the signal-to-noise ratio by eliminating false positive matches which occur

in individual genomes. I followed the example of previous approaches which utilized pattern co-

occurrence without relying on alignments [69, 49]. In cERMIT, conservation information is incor-

porated by refining the positive setSj of regulatory regions in whichmj is present. If orthologous

regions are available for a given region in one or more of the other species, I remove fromSj those
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regions wheremj is not found in all orthologous regions. I.e., rather than restricting the analysis

to the subset of genes with clearly defined orthologs, I simply require that patterns must co-occur

in available orthologs; in cases where no ortholog is defined, set membership is based on the oc-

currences in the species with experimental evidence of regulation. This strategy allows for a more

complete utilization of the full data set, and I otherwise follow the same motif search procedure,

applied to the refined setSj .

3.8 Significance Evaluation of Motif Enrichment

For the top representative motif predictions{mk} a p-value is provided, using a permutation pro-

cedure. For a motifmℓ with scoreJℓ the following procedure is used to compute its p-value:

1. Generate1, ...,Π permutations of the evidenceE, {E(π)}Π
π=1.

2. For eachπ = 1, ...,Π compute

Jπ = max
mℓ∈M

J(Eℓ
(π)).

3. From{Jπ}Π
π=1 fit a Gamma distribution,

f(J) = Gamma(J ; α̂, β̂).

4. The p-value isf(J(Eℓ)).

3.9 Conclusions

In the classic motif finding framework the search aims to identify overrepresented short patterns

in a pre-defined subsetS′ ⊂ S (with S being the genome wide set of regulatory regions), which

is assumed to be enriched in functional motif occurrences. In this work I have proposed an ef-

fective and highly scalable novel approach to the identification of functional non-coding sequence

motifs, which is applicable to the motif finding problem in a rephrased definition, where each reg-

ulatory sequence in the whole setS is annotated with quantitative experimental evidence. This
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method circumvents the problem of having to define a sequenceset enriched in cis-regulatory tar-

gets, and makes use of the additional information provided by quantitative evidence from current

high-throughput experiments.

Other recent approaches have worked within this rephrased definition; for instance, rank-based

algorithms have been described to generate canonical motifdescriptions for protein binding arrays

[135, 13]. The FIRE algorithm [48] could also be mentioned inthis context, as it is based on

the idea that the presence of an oligomer in regulatory regions is statistically dependent on a rel-

evant phenotype of interest (e.g. expression level or expression cluster membership). Compared

to some of these other rank-order based approaches, it is important to note that cERMIT incorpo-

rates the entire genome-wide evidence of regulation into the motif search. This is achieved through

a carefully chosen objective function which provides a simple, yet effective quantitative measure

for co-regulation of a set of sequences, without the need to define any cutoffs. The inspiration

for this overall framework, and the particular function I used [42, 140], draws from gene set en-

richment analysis (GSEA) [131, 184], in which the aggregateevidence of a predefined gene set

such as a functional pathway is used to increase the power to detect differential gene expression.

The proposed approach to motif discovery can be seen as an inverse to GSEA: instead of scoring

a pre-defined gene set, cERMIT searches for optimal gene setsdefined by shared functional cis-

regulatory motifs. The GSEA framework has attracted considerable attention, and other objective

functions have been proposed which can be explored as potential alternatives for cERMIT.

Of key computational importance is the fact that the objective function is efficiently computable,

which allows cERMIT to determine a putative motif enrichment extremely quickly, making the pro-

posed direct motif search strategy feasible. To score a partition corresponding to a given consensus

motif, cERMIT operates on a set of sequences represented in an efficiently searchable suffix array

data structure [124, 125]. Hence the overall runtime of the algorithm on a standard single proces-

sor workstation is on the order of a minute per typical run forthe comprehensive set of upstream

sequences for a yeast TF of interest, and 2-5 minutes for the 35,000 regions ( 1KB) from human

ChIP-seq experiments. Instead of directly searching for over-represented short patterns in a pre-

39



defined set of co-regulated sequences, I update the candidate for optimal partition by modifying the

corresponding consensus motif. Thus, I perform a search on the discrete space of IUPAC motifs,

which is independent of the number of regulatory regions andscales logarithmically with the total

length of the sequences inS.

The adaptation to incorporate additional covariate information provides extra flexibility to the

scoring of the putative co-bound sets, retaining the computational efficiency due to the availability

of a closed from solution provided by the Ordinary Least Squares.
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Chapter 4

Applications of cERMIT to Studying the
Transcriptional Regulation

In this section I describe the application of the motif discovery framework introduced in Section

3.1 to studying the processes of transcriptional regulation in the cell. In particular, I will focus on

the studying the binding preferences of proteins (Transcription Factor) that recognize specific DNA

sequence sites in the genome. Such description would allow for further exploration of the specific

genes that are targeted by the protein of interest in the given biological context. The main data

sources for the analysis will be high-throughput assays that provide direct evidence for TF binding

by means of ChIP followed by hybridization or sequencing.

For a controlled evaluation of a new motif discovery approach, it is desirable to have reliable

sets of positive examples for which it is straightforward tocompare the success of different strate-

gies. ChIP-chip or ChIP-seq data on factors with known literature binding site consensus sequences

provides the most straightforward setting, as it implies direct evidence of binding, presumably me-

diated by a common sequence motif. To provide a common groundwith other recent algorithms, I

focus on the genome-wide yeast ChIP-chip data set from the Young lab, which is still the most com-

prehensive ChIP data set [78], but also demonstrate the application of cERMIT on a compendium

of recent mammalian ChIP-seq datasets. Finally, I considerexpression and mass spectrometry data

collected from microRNA overexpression data sets, to show that the motif finder performs well

in cases where the influence of a factor is not determined by a direct binding assay but rather by

downstream changes in mRNA or protein expression levels.

cERMIT shows competitive performance on gold-standard high-throughput ChIP-chip datasets.

In addition, I present an application on ChIP-seq data sets as final step in an integrated pipeline for

motif inference, which includes the alignment of high-throughput sequencing reads [113] and peak

calling of enriched locations [19], and additionally integrates genome-wide information on open
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chromatin as determined by DNaseI hypersensitive assays.

4.1 Analysis of Transcriptional Regulation Using High-

throughput DNA Binding Evidence

This section provides a detailed description of the analysis of ChIP-seq data from two different

mammalian organisms (H. sapiensandM. musculus) as well as a more comprehensive compendium

of ChIP-chip data sets assaying the binding preferences ofS. Cerevisiaetranscription factors. In all

cases there exists a reasonably good prior knowledge about the target binding site, which makes it

possible to implement an unbiased evaluation of the performance of the proposed motif discovery

strategy (see Section 3.1) in the different contexts. For the remainder reference to the “cERMIT’

approach, correspond to the enrichment scoring strategy that assumes independent contributions by

the individual sequence binding evidence as described in section 7.1.1 and originally introduced in

[61].

4.1.1 Yeast ChIP-chip Compendium

The 352 ChIP-chip S.cerevisiaedatasets and the corresponding orthologous probe sequences were

extracted as described in [136].

4.1.2 Human and Mouse ChIP-seq Experiments

The six human TFs ChIP-seq datasets were used as provided in the following papers: STAT1 [161],

the insulator binding protein CTCF [7], SRF, GABP [191], FoxA1 [204], NRSF [91]. The twelve

chip-seq datasets analyzed by cERMIT, cMyc, nMyc, E2f1, CTCF, Esrrb, Klf4, Nanog, Oct4, Sox2,

STAT3, Tcfcp2I1, Zfx, were used as provided by [25]. The embryonic stem cell panel additionally

included datasets for the factors Suz12 and Smad1 which are not considered for further analysis.

The former factor does not interact directly with DNA; the dataset for the latter contained reads

of length 36bp instead of the reported 26bp, and successful alignment to the mouse genome was

significantly impacted.
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Figure 4.1: Comparison of cERMIT with other motif finders (adapted after Linhart et al.
[119]).

4.2 Elucidating Regulatory Sequence from ChIP-chip Ex-

periments

The transcription factor data set from [78] consists of genome wide location data for 203 yeast TFs

assayed in a total of 352 different experiments. 82 TFs were assayed in more than one condition.

The input consists of an upstream sequence for each gene, as well as an associated p-value of

binding of a specific TF to each upstream sequence. Previous studies [78, 123] have combined

known literature consensuses with the results of differentmotif finders to arrive at a comprehensive

list of binding site representations. Knowing the literature consensus provides us with a common

basis to compare the performance of motif finders, but different publications use different criteria

to define success. In this work I follow the PSSM similarity metric introduced by [78]. For the

detailed specification, please, refer to Equation 3.17 in the Methods section.

Following [136], I set a requirement of at least 6 overlapping bases (rather than 7 as initially

introduced [78]), as I do consider motifs of more variable length. Varying the similarity threshold

cutoff of course influences the absolute number of successful predictions, but for any fixed cutoff,

it provides a relatively fair assessment of different algorithms. The similarity cutoff is selected

according to previous evaluations of the same data set.

The yeast data set has been used as a starting point for many recent motif finder evaluations,
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of which I will use two to assess the poposed motif discovery approach. While yeast is often

regarded as “easy” with respect to regulatory sequence analysis, these assessments demonstrated

that there was still considerable room for possible improvement. The first evaluation focused on a

subset of 156 out of the 352 total experiments for which therewas strong evidence of more than 10

bound probes (p-value< 0.001) [136]. This gold standard set for motif finders covers80 unique

TFs for which there is a known literature consensus binding site [123]. With the idea that a ChIP

experiment should strongly enrich for sequences sharing the binding site of the TF assayed, a motif

was only counted as successfully identified if the top prediction matched the known consensus at

a cutoff of 0.75. Applying cERMIT on this data set leads to theresults summarized in Figure

4.1, where cERMIT predictions with and without conservation are reproted in the context of a

comprehensive recent comparison adapted from [69]. The species related toS. cerevisiaeused here

were the remaining four yeast species in thesensu strictoclade, the set commonly used in other

approaches relying on cross-species conservation.

Applying cERMIT results in a dramatic increase in terms of number of recovered motifs as

compared to AlignACE and MEME, which make use of onlyS. cerevisiaegenomic sequence in-

formation and do not exploit quantitative information on binding, or conservation across species.

MEME-c, the Kellis approach [98], and Converge [123] are heavily based on conservation informa-

tion across the four related yeastsensu strictospecies, yet resulting in a substantially lower number

of successfully predicted motifs even when conservation isnot used (ERMIT). The proposed motif

discovery approach also shown singnificant improvements over MD-scan which uses the ChIP-chip

information. The recently introduced PRIORITY algorithm is a state-of-the-art Gibbs sampling ap-

proach which makes use of both conservation (PRIORITY-C) and ChIP data (PRIORITY-DC), by

additionally utilizing discriminative counts obtained from bound versus unbound probes [69]. Even

PRIORITY-DC produces a smaller number of successful predictions than cERMIT, and overall, the

performance improvement compared to other recent approaches is significant.

Another recent assessment of motif finders also included results on this yeast ChIP dataset.

The assessment was part of the description of Amadeus [119],a motif finding platform which
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introduces multiple strategies for detecting enriched motifs, based on ranking all genes based on

evidence of binding. The gold standard defined in this paper was highly similar to the set in Figure

4.1. The intersection set between the two data sets [119, 136] contains 150 experiments (77TFs) out

of possible 156. In contrast to the more stringent evaluation in [136], this study defined a success

if any of four motifs (the top two predictions obtained by running the motif finder on fixed word

lengths of 8 and 10 nucleotides) matched the known consensus. As cERMIT identifies motif of

flexible length, I compared the top 4 cERMIT predictions to the results reported in this study in

Figure 4.1. I used the results provided on the Amadeus website, which is based on a Harbison

similarity threshold of 0.76 almost identical to the one used in Figure 4.1.

As can be seen, results improve consistently for the motif finders also evaluated in Figure 4.1.

The superior performance of cERMIT can be explained by two major reasons: cERMIT uses the

actual quantitative scores for each sequence as evidence ofbinding, rather than only the ranks

of the genes based on decreasing evidence of binding. This increases cERMIT’s power to detect

functional binding. Clearly, another advantage of cERMIT is its ability to take into consideration

evolutionary information from closely related genomes if available. It is however not a result of

the particular similarity cutoff: The authors of Amadeus also report performance results based on

a cutoff of 0.82, at which they successfully recovered motifs for 78 conditions covering 53 TFs;

cERMIT (100/58) clearly exceeds these numbers.

Finally, I assessed cERMIT in comparison to DRIM [47], a recent motif fidner which is likely to

be the closest to the proposed motif discovery approach. While DRIM was evaluated on the yeast

ChIP-chip data, the authors considered a specific subset, not for all of which a known literature

consensus is available. The subset of TFs with known consensus contains 44 conditions out of

the set of 156 from Figure 4.1, corresponding to 36 unique TFs. DRIM generally predicts more

than one motif, with an average of 2.5 motif predictions per ChIP-chip dataset. For the purpose of

a meaningful comparison, I verified whether the cERMIT results from Figure 4.1 which relate to

this TFs contained a successful prediction among the top twoand three motifs. DRIM successfully

predicts motifs for 26 conditions and 19 TFs (a 53% success rate on the level of TFs). cERMIT
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identifies the correct motif among the top two predictions in30 out of the 44 conditions, and 30 of

the 36 TFs (83%); for the top three motifs, these numbers increase to 32 conditions/31 TFs.

4.2.1 Performance Aspects

In this section I describe a detailed analysis of the TFBS predictions on the ChIP-chip compendium

data set from [78, 123], particularly focusing on the assessment of False Positive and False Negative

predictions. This provides additional insight into the inherent difficulty of the problem of identi-

fying de-novo motifs in the in-vivo context of yeast ChIP-chip experiments. Novel predictions are

also discussed and could provide valuable source for new hypotheses to be followed with further

wetlab experiments.

4.2.2 Assessment of False Positive and False Negatives

In order to obtain significance estimates for the scores of the top cERMIT prediction, a paermu-

tation procedure was applied randomly assgning the bindingevidence to the putative sequence

regions (see Section 3.8). This helps to investigate cases in which the motif search appears to fail,

and to pinpoint experiments in which the scores for even the best predicted motifs do not rise above

background scores on randomized data. To check the consistency of these estimates, I compared

them with results from the motif finder PRIORITY which also included a similar significance anal-

ysis [69]. In the following, a stringent p-value cutoff of10−4 was applied to the cERMIT results.

Comparing how estimated p-values agree with successful predictions, i.e. the cases in which the top

motif corresponded to the known literature consensus, there were 67 True Positives (TPs), 21 False

Negatives (FNs), 50 True Negatives (TNs), and 18 False Positives (FPs), which corresponded to a

FP rate of 26% and a TP rate of 76%. On the FN side, where cERMIT fails to assign high enough

significance to predictions that match the literature, there are 21 cases, for 7 of which PRIORITY

also reported a non-significant match. This means that even when the signal from the experiment

does not exceed random expectation, motif recovery may still be successful.

There is a significant number of cERMIT prediction in which the literature motif is among the
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top three or four reported motifs, but not at the top, and these cases somewhat misleadingly count

as False Positives here. I further investigated the top predicted motifs in these cases, where a sig-

nificant p-value did not match the literature consensus of the factor assayed in the experiment. At

least for eight cases (involving the TFs DAL81, INO4, MET32,MSN2, MSN4, and TEC1), there is

convincing circumstantial evidence explaining the predictions. These cases are likely due to exper-

imental conditions in which several factors regulate a largely overlapping set of target genes, and

this effectively demonstrates cERMIT’s ability to predictmore than one functional motif. Details

are given in the Supplementary Information.

Looking at the overall results from a different angle, therewere only 34 conditions in which

cERMIT (with or without using evolutionary information from other species) failed to recover the

literature consensus motif among the top 3 predictions. When using conservation, 25 of these had

comparatively large p-values (> 10−4), and may be cases in which the experimental noise may have

been too high to successfully recover a functional site, or conditions in which the factor assayed

does in fact not directly bind DNA. Furthermore, PRIORITY consistently did not assign a signifi-

cant p-value and/or predict a matching motif for any of these. In the remaining 9 cases with stringent

p-values, 3 concerned the experiments INO4YPD, TEC1Alpha, and TEC1YPD discussed above,

which likely corresponded to cases where another protein ina complex is enriched, or in which the

reported consensus is similar to the prediction but not called at the predefined threshold. cERMIT

failed to report a high ranking matching prediction under any condition for only 6 TFs. Overall,

this means that cERMIT predictions are able to explain almost all ChIP-chip experiments. Contrary

to the reportedly low success rates of various algorithms onthe originally formulated motif find-

ing problem [188], this shows that motif discovery on current genomic datasets has now become a

highly successful undertaking.

4.2.3 Novel Predictions

Finally, I ran the cERMIT analysis on the complete set of 352 experiments described by Harbison

et al.; for 51 of the 196 datasets without known TF consensus, cERMIT predictions had a p-value
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less than10−4. The recent PRIORITY publication [69] reported predictions for a total of 82 out of

the 196 experiments. Comparing the cERMIT’s novel predictions to significant PRIORITY predic-

tions provides computational support for predicted motifsfrom two highly different motif finding

approaches. 18 out of the 82 PRIORITY predictions met cERMIT’s stringent p-value cutoff of

10−4, while cERMIT passed this P value cutoff for 25 motifs out of these 82. Significant predic-

tions overlap on 12 conditions, and the actual predicted topPSSM were similar to each other in 7

out of the 12 cases. This shows a trend for the motif finders to agree on the top motifs if both are

supported by stringent P values.

4.3 Identification of Motifs from Deep Sequencing ChIP-

seq Experiments

ChIP-chip experiments are in the process of being replaced by ChIP-seq experiments, in which

chromatin immunoprecipitation is followed by high-throughput sequencing of the bound DNA frag-

ments. This allows for a cheaper and potentially less biasedassay of the whole genome, but like

genomic ChIP-chip before it, poses new challenges for motiffinding, as the number of bound re-

gions can be in the hundreds or even thousands. Not all motif finders are able to deal with input

sets of such a large size efficiently, and some are not applicable at all. cERMIT has been specif-

ically developed to make use of evidence for a genome-wide set of regulatory regions. For the

compact yeast genome, ChIP experiments followed the commonassumption that binding sites are

found in close proximity to genes’ transcription start sites. The definition of an appropriate set of

putativeregulatory regions is a more difficult task in multicellulareukaryotes with more complex

genomes. For instance, randomly selecting intergenic regions in mammalian genomes will include

a large fraction of non-regulatory sequences such as repeats. However, high-throughput sequenc-

ing technology has already demonstrated its great promise for the study of gene regulation in such

organisms, and currently available experimental measurements can be utilized to extract salient

features of gene regulation at a whole-genome scale.

As the main focus of this work is developing global approaches to studying the condition-
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Figure 4.2: Motif discovery pipeline

specific gene regulation, it would would be most appropriateto define the search space to be the

complete set of enhancer regions in the genome, or at least those active within the specific condi-

tion. In a recent paper [193], the authors mapped thousands of in vivo target sites of the enhancer-

associated protein p300 using ChIP-seq, which provides a large set of enhancer regions conditional

on interactions with p300. A perhaps even more comprehensive strategy to defining potential en-

hancer regions is to use regions known to fall within open chromatin, which tend to be accessible

to binding by regulatory factors. This has been assayed e.g.by DNaseI digestion, and DNaseI

Hypersensitive Sites (DHS) have been determined by high-throughput sequencing [19].

Starting from such data in its entirety, I can then focus on the more nuanced transcription regu-

lation signals that control condition-specific gene-regulatory programs. Hence, the high-throughput

deep sequencing data is utilized in two parallel ways, first from assays defining the space of puta-

tive regulatory regions, e.g. as those around DHS peaks, andsecond from factor-specific binding

evidence based on the corresponding ChIP-seq data. A schematic pipeline that intersects different

sources of high-throughput regulatory evidence for motif prediction as described above is shown

in Figure 4.2. Comprehensive ChIP-seq gold standard data sets like the one in yeast [123] are not

yet available, and therefore cERMIT was applied on a number of currently available mammalian
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datasets from human and mouse. For all experiments, I started from the deposited raw sequence

reads, which were realigned to the genome and then analysed by cERMIT.

Next I outline the peak calling and pre-processing steps implemented prior to the motif analysis.

4.3.1 Peak Calling and Processing of Fseq Peaks

The following two steps are implemented to produce a set of peaks to be used (after some further

processing) as input to the motif analysis.

1. Identify discrete ChIP peaks using the kernel density estimation (KDE) procedure imple-

mented in [20].

2. Assign binding score = maximum KDE value across all locations within the peak.

(a) Discard regions with binding score scores more than 10, as those are most likely to be

pile-ups within repeat regions.

(b) Extend/Trim peaks (proportional to the distance from the maximum KDE score loca-

tion) to fall within the range: 100-1000bp

The peaks produced during the peakcalling step are further pre-processed using the following

steps:

1. Define the space of putative bound sequence regionsRecent high-throughput sequencing

technologies coupled with DNaseI Hypersensitive Sites (DHS) assays have clearly demon-

strated that regions of open chromatin tend to be highly enriched in functional DNA elements

[19]. Hence, the set of putative regulatory is define to be theDHS peaks assayed in the

same experimental conditions and call this the ”DNaseI” approach. Ideally, DHS data would

be combined with the factor-specific binding evidence (e.g.ChIP-seq) derived from the

same cell type. When DHS data is unavailable I propose an alternative strategy–”ensemble”

approach–which relies on the assumption that in general ChIP-seq peaks tend to fall within

open chromatin regions, irrespective of the specific assay.Hence, the combined set of the
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Figure 4.3: cERMIT predictions on human ChIP-seq datasets from [7, 91,161, 191, 204]

top ChIP-seq peaks from an ensemble of unrelated ChIP-seq datasets would provide a useful

proxy to open chromatin.

2. Assign binding scores based on ChIP-seq dataEach putative regulatory region is assigned the

binding score for the corresponding overlapping ChIP-seq peak. If there is no overlapping

ChIP-seq peak assign 0. Whenever two putative regulatory regions overlap, merge the two

and assign the binding score of the longer of the two originalregions.
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4.3.2 Analysis Results

I first analyzed six human ChIP-seq datasets on factors STAT1[161], the insulator binding protein

CTCF [7], SRF, GABP [191], FoxA1 [204], and NRSF [91]. Results from the cERMIT analysis

are reported in Figure 4.3. I defined the spaceS of putative regulatory regions based on published

DHS data, and contrasted this with an ’ensemble’ approach. The latter is suitable for conditions

or species for which DHS data is not available, and I took the combined set of high scoring peaks

from a panel of ChIP-seq experiments and, after merging overlapping regions, arrived at one final

setS used in common for each individual factor. The evidenceE was then assigned in factor-

specific fashion, based on overlap of the commonly defined regions inS with the factor’s ChIP-seq

peak regions. The ’ensemble’ strategy is effectively an approximation to open chromatin regions,

potentially under different experimental conditions depending on the particular ChIP-seq panel

used, and provides a reasonable substitute for the DHS data as high scoring ChIP-seq peaks are

known to be enriched within DHS sites. The DNaseI approach proaduced excellent matches to

the known literature motif in all 6 datasets in human. The ensemble approach resulted in similar

performance, with the exception of SRF factor, which has relatively low enrichment of binding sites

in ChIP-seq peak regions compared to the other factors. Thisseemed to result in too weak a signal

to detect based on the whole ensemble of input regions.

The largest single ChIP-seq panel has been published as partof a study of transcription factor

binding in mouse embryonic stem cells [25]. I applied cERMITto twelve datasets from this study:

cMyc, nMyc, E2f1, CTCF, Esrrb, Klf4, Nanog, Oct4, Sox2, STAT3, Tcfcp2I1, Zfx. As no DHS

data has been published for mouse so far, the ensemble approach was used to define the set of

putative regulatory regions. The additional data for the non-sequence-specific factor p300 was also

used to define the space of regulatory regions, as its broad repertoire of binding partners should

help to define an appropriate target set. Results from the cERMIT analysis are shown in Figure

4.4, which also shows the motifs identified in the original study, using the two popular algorithms

Weeder [150] and NestedMICA [44]. In all 12 cases cERMIT recovered a good approximation to

the known literature binding specificity. For Zfx, there is no known literature consensus, and in
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Figure 4.4: cERMIT predictions on mouse ChIP-seq data from [25]
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that case cERMIT’s prediction agrees with the results reported by the other motif finders. The E2F

data set was reportedly noisy, and no motif was reported by the other motif finders; while cERMIT

successfully identifies a short GC-rich sequence motif resembling part of the site, it fails to expand

to a longer motif matching the longer consensus (e.g. as reported in JASPAR [168, 194]). Finally,

in the case of Sox2, cERMIT detected a more precise definitionof each binding site than both

Weeder and NestedMICA, whose prediction corresponded to motifs spanning sites for both Sox2

and Oct4, which are known to frequently co-occur as a module and co-regulate target genes. This

demonstrates a strength of cERMIT as compared to Weeder and NestedMICA; it is able to integrate

the quantitative evidence for tens of thousands of putativeregulatory regions (35,500 regions for the

mouse ’ensemble’ set), rather than running on a small set of afew hundred highly scoring regions,

in which a co-occurring motif might dominate over the true targets of the assayed factor. This makes

the proposed motif discovery pipeline naturally suited to take full advantage of the state-of-the-art

high-throughput sequence data.

4.4 Conclusions

I have demonstrated that the cERMIT motif discovery strategy described in Section 3.1 is easily

scalable to genome-wide technologies such as ChIP-seq, which provide data for the analysis of a

much larger sequence space for putative TF targets. While cERMIT does not require an explicit

background model, it detects enriched motifs by virtue of analyzing their occurrence patterns in the

complete set of regulatory regions. In higher organisms with a complex non-coding genome, the

definition of regulatory regions is a challenging task; however, recent high-throughput approaches

to map open chromatin, or factors such as p300 which interactwith a range of enhancers, provide

a good approximation. In fact, based on the empirical evidence from mouse ChIP-seq data, even a

simple joint set of target regions from a panel of different TFs can serve that purpose. Naturally,

this will lead to differences in performance if the TFs have awide range of biological targets. Data

on open chromatin under different conditions is expected toincrease by efforts of the ENCODE

consortium. As the described emprical results show, the definition of putative regulatory regions is

54



already very good given the current limited data, even though the conditions of DNaseI-chip and

ChIP-seq matched for only some experiments.

Together with other recent approaches which utilize available quantitative evidence of regula-

tion, the results reported here demonstrate convincingly that motif finders which make intelligent

use of this additional information consistently outperform earlier motif finders. In contrast to the

notoriously difficult motif finding problem based on over-representation in sequence alone, the

scale-up in genomic experimental techniques, combined with appropriate motif finders, has made

great progress on the problem to efficiently decode the regulatory information in complex genomes.
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Chapter 5

Applications of cERMIT to Studying the
Post-transcriptional Regulation

5.1 Analysis of RBP Regulation Using Transcriptome-wide

RNA Cross-linking Data

Here I present a novel methodology for analysis of PAR-CLIP data to generate a transcriptome-wide

high-resolution map of RNA-protein interaction sites.

5.2 PAR-CLIP Datasets

The main focus was the analysis of human PAR-CLIP datasets described in [74] which profile

the targets of four distinct mRNA-interacting factors. Three of the datasets were generated from

immunoprecipitation data of the sequence-specific RBPs Quaking (QKI), Pumilio2 (PUM2), and

Insulin-like growth factor 2 binding protein (IGF2BP1). While QKI is a well-studied splicing factor

in the nucleus [58], Pumilio2 RBPs are involved in mRNA stability and translation in the cytoplasm

[196]. The functions of Pumilio2 are widely studied in a variety of species, and their global RNA

targeting properties have been examined across a large phylogeny [62, 63, 59, 99, 132]. IGF2BP1

belongs to a family of genes that are able to regulate translation by the their direct binding to target

mRNAs.

The fourth dataset consists of pooled libraries assaying members of the Argonaute (AGO) fam-

ily of RBPs, central components of the RNA-induced silencing complex (RISC) which directs

microRNAs (miRNA) to their target transcripts, thereby negatively impacting gene expression [8].

Different from the other RBPs, Argonaute members do not havea specific mRNA recognition site;

rather, their targets are specified by the interaction of themiRNA in RISC with partially comple-

mentary sequences in the target mRNAs. The seed region of themiRNA is regarded as the important
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sequence determinant in target mRNA interactions [111]. AGO cross-linking is currently a popular

method to directly identify miRNA targets, but the libraries contain a mixture of all targets of those

miRNAs expressed in a particular cellular context.

Initial analysis of the PAR-CLIP data revealed that interaction sites of different proteins exhibit

particular patterns of T-to-C conversions, likely reflecting the accessibility of nucleotides in the

RNA bound by the protein. Therefore, conversions do not haveto include all thymines of a sequence

motif equally, and may not even fall directly on top of conserved motifs at the interaction sites.

Most notably, miRNA seed matches were observed to be largelydevoid of T-to-C conversions, and

conversions were predominantly located directly upstreamof the 5 end of the seed match, which

was also observed by [102].

5.3 Data Pre-processing

The T-to-C conversion event that occurs at the site of RNA-protein crosslinking can be used to iden-

tify, with high resolution, where within the read data the actual RBP interaction occurred, and sub-

sequently, which sequence motifs are found at these interaction sites. A recently proposed toolkit,

dubbed PARalyzer (PAR-CLIP data analyzer), uses a non-parametric kernel-density estimate clas-

sifier to identify the RNA-protein interaction sites from a combination of T-to-C conversions and

read density. Next I briefly outline the steps in the PARalyzer analysis which uses as input the full

set of aligned reads to the genome and produces as output a setof peak regions with corresponding

evidence of RBP cross-linking that is used as input to the motif discovery approach described in

detail in Section 5.1.

Genomic Mapping and Peak-calling of PAR-CLIP Data Reads are first aligned to the

genome, and those overlapping by at least a single nucleotide are grouped together. To exploit

available read data in an effective way, relatively lenientalignment parameters are utilized. Reads

are allowed to be as short as 13nt after adapter stripping, and a read may contain up to 2 mismatches

restricted to T-to-C conversions (in comparison, the analysis by [74] used a read length of at least
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20nt, and allowed for one T-to-C mismatch). Within each read-group, PARalyzer generates two

smoothed kernel density estimates, one for T-to-C transitions and one for non-transition events.

Nucleotides within the read-groups that maintain a minimumread depth, and where the likelihood

of T-to-C conversion is higher than non-conversion, are considered interaction sites.

Initial read-groups are extended either to encompass the full underlying reads that contain a

conversion event, or by a generic window size The choice between these methods is dependent

on the cross-linking properties of the analyzed RBP. For example, extending the region by five

nucleotides on each side efficiently captures for Pumilio2 binding sites, where crosslinking occurs

directly at the motif. In contrast, when assaying the Argonaute protein family in which the miRNA-

mRNA interaction site is protected from both digestion and T-to-C conversion events, extending the

region based on the underlying reads will include the location of conversion as well as the bound

site, i.e. the miRNA seed matches.

For each read-group that contained at least 5 reads, a kernel-density based classifier was utilized

to more precisely delineate the region of crosslinking (’signal’) versus non-crosslinking (’back-

ground’). Class-specific densities were estimated using a Gaussian kernel density estimator with

globally fixed precision parameterλ = 3.

More formally, for a given read-group of lengthL definex
(i)
T−to−T and x

(i)
T−to−C to be the

number of observed conversion and non-conversion events, respectively, at an offseti relative to

the start, and with a minimum read depth of 5 to be able to estimate conversion frequencies. Let

n T−to−T andn T−to−C be the total number of conversion and non-conversion eventsin the group.

For any positionj ∈ {1, . . . . , L} define:

f T−to−C(j) =
L∑

i=1

x
(i)
T−to−C

n T−to−C

1√
2λ2π

e
||i−j||2

2λ2 (5.1)

f T−to−T (j) =

L∑

i=1

x
(i)
T−to−T

n T−to−T

1√
2λ2π

e
||i−j||2

2λ2 (5.2)

Which, after normalization, produces a non-parametric estimate for the density of conversions
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and non-conversions, respectively:

k T−to−C(j) =
f T−to−C(j)

∑L
j=1 f T−to−C(j)

(5.3)

k T−to−T (j) =
f T−to−T (j)

∑L
j=1 f T−to−T (j)

(5.4)

The nucleotide positions j such thatk T−to−C(j) ≥ k T−to−T (j) are considered to be interaction

sites.

5.4 Analysis of RNA Binding Motifs

The analysis performed in [74] successfully applied standard motif discovery approaches (PhyloGibbs[177],

MEME[6]) on the subset of top 100 most highly confident read-groups to predict RNA binding

preferences. Such a strategy is well justified in cases wherethe target-binding motif is of low

degeneracy and/or long and hence contains high discriminative signal relative to the background

sequence. When this is not the case, a larger set of example sequences with the motif occurrence,

with possibly variable binding affinity, can facilitate thesearch process. When this is not the case, a

larger set of example sequences with the motif occurrence, with possibly variable binding affinity,

could facilitate the search process. There is currently no method specific to PAR-CLIP data that

can identify RBP motifs or miRNA seeds taking into account the entire set of binding evidence.

We therefore extended a previous motif finding approach to accurately determine the motifs of

sequence-specific RBPs, as well as to identify miRNA targetsfrom Argonaute PAR-CLIP data.

There are two essential components of the motif discovery algorithm: an enrichment function

to score evidence of binding for a given sequence motif represented as a k-mer over the alphabet of

IUPAC symbols A, C, G, U, W, K, R, Y, S, M, N, and a search strategy that explores the motif space

for high-scoring motifs. cERMIT was based on the assumptionthat evidence was available for an

input set of potential regulatory target regions, independent of a specific analyzed factor (e.g., all

upstream regions for small genomes such as S. cerevisiae, orregions of open chromatin in higher

eukaryotes). Here, the regions to be evaluated are based on the same experiments that assayed the
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particular protein of interest. We therefore rephrased theoriginal scoring within a classical linear

regression framework, allowing for flexible and easily extensible accounting of biases unrelated to

protein binding, such as sequence composition or cluster size.

The binding evidence for PARalyzer-generated clusters were reflected in the number of ob-

served T-to-C conversions, which was used (after log2 transformation) as binding evidence for

each sequence cluster. Based on the PAR-CLIP experimental data in [74], the number of observed

T-to-C conversions strongly correlated with the total number of reads, which suggested that a very

similar motif discovery strategy can also be applied to CLIP-seq datasets [190] by using the (log2

transformed) number of reads as binding evidences for each cluster.

5.4.1 Sequence-specific RNA Binding Proteins

The motif discovery problem for RNA Binding Proteins(RBPs)such as Pumilio2 [62, 63, 59] and

Quaking [58] is closely related to the discovery of DNA-binding preferences of transcription fac-

tors (TFs). The proposed approach from Section 3.1 exhibitshighly competitive performance in

the context of TF binding site discovery [61]. cERMIT differs from most other motif identifica-

tion tools by making use of the complete quantitative evidence for a genome-wide set of regulatory

regions (such as ChIP-chip values for all promoters, or ChIP-seq peaks from high-throughput se-

quencing). Rather than identifying a motif in a subset of topcandidates of arbitrary size, cERMIT

ranks all putative target regions based on binding evidenceand identifies sequence motifs of flexible

length that are highly enriched in targets with high bindingevidence. This idea was extended to the

setting of RBPs. Here, the regions to be evaluated are based on the same experiments that assayed

the particular protein of interest. In order to allow for flexible and easily extensible accounting of

biases unrelated to protein binding, I rephrased the original scoring described in 3.2 within a clas-

sical linear regression framework, such as sequence composition or cluster size. A useful extension

in this setting is allowing for different treatment of genomic regions depending on their annotation.

This can be achieved by including the annotation categoriesas additional covariates in the models,

possibly including interaction terms. An alternative, more flexible formulation can be achieved in
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the framework of a hierarchical random effects model, with annotation category indicator variables

being random intercepts, potentially augmenting the modelwith additional group-specific covari-

ates.

The motif identification of both QKI and PUM2 datasets were successful in recovering their

respective consensus binding motifs [74, 58, 195]. For thisanalysis, I used read-groups or PARa-

lyzer clusters that contained at least five reads and mapped to a genic region not flagged as a repeat

region.

5.4.2 Enrichment Analysis of Argonaute-associated MicroRNAs

For the analysis of AGO dataset, I take advantage of previousstudies on the well-established mech-

anism of miRNA gene regulation [111, 9], which is based on thecomplementarity of miRNAs to

target mRNA transcripts. In particular, I represent each miRNA by a short list of canonical 5 end

seeds: 8mer-A1, 8mer-m1, 7mer-A1, 7mer-m1, 7mer-m8, 6mer2-7, 6mer3-8. Instead of perform-

ing a de novomotif search as in the case of Pumilio2 and Quaking, I can limit the motif search

to a pre-specified seed list of known miRNAs, e.g. as defined inmiRBase [70]. In cases where

additional information on miRNA expression is available, it is possible to further restrict the search

to the subset of expressed miRNAs.

Members from the same miRNA family share canonical seeds, and across families there are

also cases where seeds differ by only one nucleotide in a substitution or a shift. This is reflected in

the motif enrichment analysis, where such miRNAs receive highly similar scores and are essentially

indistinguishable. We therefore post-processed the results to group together miRNAs with highly

similar canonical seeds.

For the motif analysis on the combined AGO PAR-CLIP data sets, all human miRNAs avail-

able in miRBase v16 were used as input for the restricted motif analysis of the microRNA enrich-

ment analysis tool (mEAT). Despite starting from all known human miRNAs, mEAT automatically

ranked the top expressed miRNAs in the cell line on the top of the list of predicted enriched miRNA

seed clusters (Table 5.1). Therefore, this enrichment analysis can be used to identify those miRNAs
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Figure 5.1: Top enriched microRNAs based on the Argonaute PAR-CLIP data from [74]
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with the strongest impact on mRNA targeting, even in the absence of miRNA expression infor-

mation. While the initial PAR-CLIP study reported that seedmatches could explain about 50%

of CCRs, this was based on 6-mer matches to the top 100 expressed individual miRNAs. As the

above analysis showed, only the matches of the top∼60 or so miRNAs provide a signal above

background. Thede novomotif analysis here confirms this: The top 5 expressed miRNAsalone

can explain∼18% of all targets, but collectively, all 25 significantly enriched seed match families

covered only∼30% of the clusters.

5.5 Conclusions

As with many new short-read deep sequencing protocols, the PAR-CLIP approach to elucidate RNA

binding sites enables specific opportunities for in-depth analysis and interpretation of genomic data.

In addition to mapping sequence-specific RBPs such as PUM2, QKI or IGF2BP1, an anticipated

popular application of this protocol will be to study binding by members of the RISC complex,

making it possible to identify the joint set of transcriptome-wide miRNA targets under specific

conditions. To address the challenges posed by these two scenarios, the motif analysis approach

described in Section 3.1 successfully identified binding motifs for sequence-specific RBPs or over-

represented miRNA seed-matches.
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Chapter 6

Randomized Dimension Reduction and
Inference of Population Structure

6.1 Introduction

With the increased availability of large high-dimensionaldata set the demand for scalable dimen-

sion reduction methods based on spectral decomposition of the estimated covariance structure has

dramatically increased. In this section I investigate the extension of several such dimension reduc-

tion approaches to the novel setting of large number of variables and data samples using a recently

introduced randomized algorithm for approximate dimension reduction [162]. Specific approaches

I consider in detail are Principal Component Analysis (PCA)and Locality Preserving Projections

(LPP) and I also discuss extension to supervised dimension reductions based on generalized eigen-

decompositions: Sliced Inverse Regression (SIR) and Localized Sliced Inverse Regression (LSIR).

Tests of the runtime and the quality of the approximation provided by the randomized dimension

reduction algorithms is preformed on simulated and real SNPmicroarray data sets.

6.2 Statistical Methods and Algorithms

I consider three common dimension reduction approaches unsupervised dimension reduction [151,

88], localized (non-linear) unsupervised dimension reduction [187, 167, 43, 80, 10], and supervised

dimension reduction [116, 36, 115, 79, 66, 65, 112, 143, 185,35] and discuss algorithmic adapta-

tions that allow for scaling these approaches to massive data sets, tens to hundreds of thousands of

observations and millions of variables. The ideas I developare applicable, in general, to spectral

decomposition-based approaches to dimension reduction and integrate recent developments in nu-

merical linear algebra, theoretical computer science and statistics. The main tool I will use to scale

these methods are randomized approximate matrix factorization algorithms [72, 162]. There will
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be two complementary arguments for randomization. The firstargument is the increased computa-

tional efficiency resulting from using randomized algorithms. This idea has been well developed in

the numerical analysis and theoretical computer science communities. The second argument comes

from a statistical perspective and has drawn less attention, the inherent sampling based nature of

randomized algorithms provides an algorithmic form of regularization. This can help prevent over-

fitting and the randomized scalable approximate algorithm can result in better performance than its

exact deterministic counterpart due to this regularization.

I will adapt randomized algorithms for matrix factorization to dimension reduction procedures.

The appeal of the randomized algorithms is their computational efficiency which is vital in the

analysis of large high-dimensional data. In particular, the randomized methods I will use [162, 75]

provide flexible control of the degree of accuracy in the factorization and make explicit the tradeoff

between computation time and estimation accuracy. In most practical scenarios the data we observe

is a random sample with some noise, so it does not make sense torequire estimation accuracy of

the factorization beyond the level of the noise and the stochasticity of the sample. This perspective

is not so prevalent in classical numerics applications and provides an argument for treating the

computation time as a regularization parameter in dimension reduction procedure.

Many dimension reduction methods can be stated as a generalized eigendecomposition problem

Cvi = λiDvi,

where{vi} are the eigenvectors and{λi} are the eigenvalues. Typically, dimension reduction con-

sists of projecting the data or the observations onto{vi}ℓ
i=1 corresponding to theℓ eigenvalues

greater than zero by some threshold. It is almost always assumed thatℓ ≪ p, wherep is the di-

mension of the observations. The subspaceB = span(vi, ..., vℓ) will be the result of the dimension

reduction methods and the data will be projected onto this subspace In the case of PCAD is the

identity andC is the empirical covariance matrix of the data. The ideas that I will develop are

applicable to dimension reduction methods that can be formulated as the above spectral decompo-

sition problem. Some popular representatives include PCA,LPP, SIR, LSIR, Linear Discriminant

Analysis (LDA), and Canonical Correlation Analysis (CCA).
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To exploit randomized approximation algorithms we will need to assume some structure in the

matricesC andD – typically it is assumed that those matrices have low rank. The structure ofC

andD, depends on the specific dimension reduction method of choice. For this reason, I will focus

in detail on two specific dimension reduction methods and apply randomized algorithms to these

methods. The first is PCA and is widely used forunsuperviseddimension reduction – probably

the most common dimension reduction tool. The second methodI will focus on is LPP [80], also

an unsupervised method developed in the context of manifoldlearning [187, 167, 43, 10]. LPP

is expected to outperform PCA when there is local structure in data, for example there are several

clusters in the data or the data is concentrated on a manifold. In addition I’ll discuss extensions to

two superviseddimension reduction methods: SIR [116] and LSIR [200]. Similarly to LPP and

PCA, LSIR outperforms SIR when there is local structure in data.

6.2.1 Notation

The following notation and definitions are used repeatedly in the remainder of the current section.

For positive integersp andd, R
p×d stands for the class of all matrices with real entries of dimension

p × d, andS
p×p denotes the sub-class of symmetric positive semi-definitep × p matrices. For

B ∈ R
p×d, span(B) denotes the subspace ofR

p spanned by the columns ofB. A basis matrixfor a

subspaceS is any full column rank matrixB ∈ R
p×d such thatS = span(B), whered = dim(S).

A semi-orthogonalmatrixA ∈ R
p×d has orthonormal columns,AT A = Ip. For a matrixΣ ∈ S

p×p,

the inner product inRp defined by〈x1, x2〉Σ = xT
1 ΣxT

2 is referred to as theΣ inner product; when

Σ = Ip, this is the usual inner product. A projection relative to the inner productΣ has the matrix

representationPB(Σ) = B(BTΣB)†BT Σ, where the projection is onto the span(B), B ∈ R
p×q

and† indicates the Moore-Penrose inverse. WhenΣ = Ip I use the abbreviated notationPB .

Data

Denote the data matrix orcovariates matrixby X = (X1, . . . ,Xp)
T ∈ R

n×p, wheren is the

number of samples andp is the number of variables. If provided, denote the responseto beY ∈ R
n.
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The data and the response are drawn from a joint distribution(X,Y ) ∼ PX×Y , which induces the

corresponding marginal distributionsX ∼ PX andY ∼ PY .

Unless explicitly specified otherwise, assume that both thesample data and the response are

centered and scaled to have unit variance, so that
∑n

i=1 Yi =
∑n

i=1 Xij = 0 and
∑n

i=1 Y 2
i =

∑n
i=1 X2

ij = 1 for all j = 1, . . . , p. Denote the covariance ofX to beΣ = Cov(X) ∈ Sp×p, and

the response variance to beσY = Var(Y ) ∈ R
+. Denote the corresponding sample estimators by

Σ̂ andσ̂Y .

Types of Error

Our methodology development will focus on the estimation ofa basis for the projective subspace,

characterizing linear dimension reductions. Hence, the population quantity of interest will be the

span of abasis matrixB, wereB ∈ R
p×d, d ≤ p. Without loss of generality,B is assumed to be a

semi-orthogonal matrix and is estimated by two classes of estimators:

(1) estimate based on exact spectral decomposition:B̂;

(2) estimate based on randomization-based spectral decomposition: B̃.

Of major interest when discussing the inference propertiesof the proposed procedures are three

types of error

• estimation error:Ee = ||B − B̂||

• approximation error:Ea = ||B̂ − B̃||

• total error:E = ||B − B̃|| ≤ ||B − B̂|| + ||B̂ − B̃|| = Ee + Ea.

Subspace Distance Metric

The main goal is to minimize the total errorE. To judge the quality of the proposed estimators I use

the trace correlation[201, 206] as the distance metric between subspaces. LetSA = span(A) ∈
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R
s×d andSB = span(B) ∈ R

s×d, for anyd, s ∈ N
+. Define the distance betweenSA andSB to

be

Dtr(SA,SB) := 1 −
√

1

d
tr(PAPB), (6.1)

Notice that0 ≤ Dtr(SA,SB) ≤ 1 andDtr(SA,SB) = 1 corresponds to orthogonal subspaces

while Dtr(SA,SB) = 0 indicates identical subspaces.

6.2.2 Principal Component Analysis

In his section I consider the classic approach for unsupervised dimension reduction based on PCA.

I first introduce the problem and a standard numerical approach to solving it, followed by an ap-

proximate solution using a randomized algorithm. Next I discuss the inference properties of the

exact and the randomized dimension reduction and the potential for applying regularization via the

randomized estimator.

PCA is an unsupervised approach widely used in applicationswhere measurements are made

on a large number of variables and the objective is to find a setof k ≤ p linear combinations of the

original p variables

ξj = bT
j X, j = 1, 2, . . . , k,

which retain as much as possible of the variation in the original data set. Thus the j-th coefficient

vectorbj = (b1j , . . . , bpj) satisfies the following

• the linear projectionsξj, j = 1, 2, . . . , k are ordered by decreasing variance: var(ξ1) ≥

. . . ≥ var(ξk)

• ξi is uncorrelated withξj for all i 6= j.

This problem is stably and efficiently solved, for an arbitrary rectangular matrixX ∈ R
n×p and all

possible valuesk ∈ {1, . . . , n}, by theSingular Value Decomposition(SVD), which provides an
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algorithmic approach to the estimation ofU,S, V such that:

X = USV T , UT U = V T V = In×n, (6.2)

S = diag(l1, . . . ln), l1 ≥ l2 ≥, . . . ≥ ln ≥ 0 (6.3)

The diagonal entries ofS are the singular values, sorted in non-decreasing order, according to the

the amount of captured variance in the directions defined by the corresponding singular vectors.

The firstk orthonormal columns of the matrixV (with thek largest singular values), provide the

exact solutionB ∈ R
p×k

B =





| |
u1 . . . uk

| |



 . (6.4)

A numerically stable and computationally efficient implementation of SVD is provided as part

of the industry-standard numerical linear algebra packageLAPACK [4] requiring O(n2p) time

andO(np) of memory. Parallelization of the code, which is based on classic SVD algorithms, is

inherently problematic. This prevents the optimal use of, nowadays commonly available, cluster

resources with thousands of processors capable of parallelcomputation. When both the number

of variables (p) and the number of data points (n) is large this runtime cost is prohibitively high,

which has been one of my major motivations to explore fast alternative solutions which I describe

in details in Section 6.2.2.

Randomness and Dimension Reduction

It is often much more efficient to solve a computational problem presented in a high-dimensional

space by first transforming it to a lower-dimensional space while preserving its essential structure.

This is possible if the support of the sampling distributionof the data is a lower-dimensional (linear)

manifold embedded in the high-dimensional ambient space. Random projections provide a very

effective tool for constructing such dimension-reductionmaps. Most approaches that rely on this

ideas can be traced back to the seminal work of Johnson and Lindenstrauss [92], who showed

that any set ofn points inp-dimensional Euclidean space can be embedded intok-dimensional

69



Euclidean space, wherek is logarithmic in n andindependentof p, preserving all pairwise distances

to within an arbitrarily small factor. More formally:

Lemma 6.2.1. (Johnson-Lindenstrauss (1984))

Let ǫ ∈ (0, 1/2) and letx1, . . . , xn ∈ R
p be arbitrary points. Letk = O(ǫ−2log(n)) ∈ N. Then

there exists a Lipschitz mapf : R
p → R

k such that

(1 − ǫ)||xi − xj ||22 ≤ ||f(xi) − f(xj)||22 ≤ (1 + ǫ)||xi − xj ||22

for all i, j ∈ {1, . . . , n}.

The original proof of the Lemma was constructive, based on random orthogonal projections. Using

probabilistic approaches has allowed for the original proof of Johnson and Lindenstrauss to be

greatly simplified and sharpened [55, 89, 40, 2].

It turns out that the provided guarantee regarding the approximate preservation of the pairwise

distances is often enough to ensure that a solution, found working in the low dimensional space,

is a good approximation to the solution in the original space. There has been rich contributions

significantly expanding on these ideas that produce approximation alternatives [45, 169, 72, 118,

17, 162, 75]. Here are a few examples of areas where randomization ideas have contributed in a

significant way:

• Efficient methods for factoring the coefficient matrix leadsto efficient techniques for solving

least squares problems [163].

• Low-dimensional embedding of data under the assumption of manifold structure often re-

duces to computing low-rank SVD of a matrix derived from the data [28].

• Latent Semantic Indexing is an approach for studying the relationship between text docu-

ments and keyword terms, based on the SVD factorization of the document× term matrix

[85].

• Efficient approximations to the Gram matrix have been proposed using the Nyström Method

[46].
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Randomized SVD

I first describe an approximate randomized approach for the efficient estimation of a best rank-k

approximation of an arbitrary rectangular matrix calledRandomized SVD[162, 75]. At the core of

the approach is the ability to efficiently identify the part of the range of the data that corresponds

to the larger variance directions. The task of constructingthe low-rank approximation to the given

data matrix can be split naturally in two distinct steps which decouple the randomization from the

linear algebra.

• Randomization: sample high-variance directions in the data using uniformly distributed ran-

dom orthogonal matrices. In this context,uniform is defined in terms of Haar measure,

which essentially requires that the distribution not change if multiplied by any freely chosen

orthogonal matrix

• Factorization: restrict the data to sampled subspace from the Randomization step and apply

standard exact factorizations

In essence, theRandomizationstep couples a random projection step with a form of the power

iteration method, to enhance the decay of the eigenspectrum, while leaving the singular vectors un-

changed. TheFactorizationstep rotates the orthogonal basis constructed during theRandomization

step to the canonical eigenvector basis and recovers estimates of thevariances(eigenvalues) for the

top eigenvectors. Next I provide a more detailed description of the above steps.

Randomization: Sample the Range of the Data Sample linear combination ofall direc-

tions of the column space of the data with weights proportional to the corresponding empirical

eigenvalues raised to a powert ∈ N (fixed parameter). Specifically, given a random projection

matrix Ωn×l, e.g.Ωij ∼ N(0, 1), l ≪ n,

F (t)
︸︷︷︸

n×l

= (XXT )tΩ.
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As a result the columns ofF (t) contain a random sample from span(X). Additional insight can be

gained by considering the SVD representation of the data matrix:

F (t) = US2tV T Ω

= US2tΩ∗.

Notice thatΩ∗ := V T Ω ⇒ Ω∗
ij ∼ N(0, 1) ∀i, j (other random structures work equally well in prac-

tice, e.g.Ωij ∼ Uniform(0, 1), but the theoretical results are easier to derive for the Gaussian case).

Hence,F (t)
j ∼ N(0, US4iUT ), whereF

(t)
j denotes the j-th column ofF (t). Another interpreta-

tion of the construction ofF (t)
j is that after scaling according to their corresponding eigenvalues

(importance weights), the columns ofU are sampleduniformly using the unstructured Gaussian

random projectionΩ∗ to produce a linear combination of the left eigenvectors ofX. Next, in a

similar fashion to the (blocked) Lanzcos approach (Chapter9, in [67]) the matrixRt is constructed

by concatenating allF (i) for i = 1, . . . , t:

Rt ≡ (F (1) | F (2) | . . . | F (t))

= (US2Ω∗ | US4Ω∗ | . . . | US2tΩ∗).

Each column ofRt corresponds to a random linear combination of the sample eigenvectorsU ,

wighted bypowersof the corresponding eigenvalues inS. BlocksF (i) that correspond to larger

values ofi contain columns with increased weight for the higher variance relative to the lower

variance directions, while lower values ofi result in moreuniform weights, hence allowing for

larger influence of lower variance directions.

Factorization: Exact SVD in Lower-Dimensional Space This step relies on mature tech-

nology, utilizing well-established deterministic linearalgebra routines to project the data onto the

inferred subspace during theRandomizationstep. First, the orthonormal basis of the sampled sub-

space is constructed using a pivoted QR or SVD factorization. Then an exact SVD is performed

in the lower-dimensional space. Both the pivoted QR and the SVD have efficient implementation
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for dense matrices in the numerical linear algebra package LAPACK [4]. See Algorithm (1) for a

detailed description of the proposed Randomized SVD approach [162].
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Randomized SVD 1

input
X: data matrix,n × p

k: number of required top variance directions

t: number of power iterations

output

Σ̂: singular values (topk)

Û : left eigenvectors (n × k)

V̂ : right eigenvectors (p × k)

Stage 1: Find approximate orthonormal basis for the range ofX

1. Set l = k + 12

2. GenerateΩ(n × l) s.t. Ωij ∼ N(0, 1) ∀i, j

3. Construct

R(0) = XXT Ω

R(j) = XXT R(j−1) for j = 1, . . . , t

4. FactorizeR = (R(0) | R(1) | . . . | R(t)) = QS, QT Q = I

Stage 2: Project data onto the orthonormal basisQ and do SVD

1. ConstructB = XXT Q

2. FactorizeB = UΣW T , Σ = diag(σ1, . . . , σ(t+1)l), UT U = W TW = I

3. Set

Û =





| |
u1 . . . uk

| |





V̂ = XT Û

Σ̂ = diag(
√

σ1, . . . ,
√

σk)
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Runtime Analysis The main runtime bottleneck is theRandomizationstep of the algorithm,

which in addition turns out to be of interest for reasons of statistical inference. The asymptotic

runtimes for both steps are as follows:

• Randomization:O(tlnp), wherel ≈ k, which is the rank of the required approximation

• Factorization:O(lnp + t2l2n)

The overall asymptotic runtime isO(tlnp + t2l2n), with small values oft andl relative ton ≪ p.

The runtime in both steps is dominated by the multiplicationby the data matrix. Hence, if the data

matrix is sparse or amenable to fast multiplication, then the runtime can be further reduced. The

computational efficiency of the matrix multiplication could be improved, even in the case of dense

data matrix, by using ideas from [75, 118] who suggest the useof variants of the Fourier transform

(FFT) to introduce “structured” randomness that allows formore efficient multiplication than using

dense matrix containing Gaussian noise. Another relatively simple, yet potentially very effective

speed-up could be implemented by means of parallelizing thematrix multiplication, which can be

performed in a distributed fashion.
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Error Bound The Randomized SVD algorithm introduced in the previous section provides not

only a highly computationally efficient solution but also achieves very high accuracy [162, 75].

Despite the fact that the algorithm fails to produce good approximation with a certain probability,

this probability of failure can be easily controlled to be negligibly small. In addition the algorithm

is not sensitive to the random number generator that is used.Hence, for all practical purposes it can

be treated as a computational device that efficiently computes a good deterministic approximation

to the exact sample estimate. On the other hand the structural randomness in Randomized SVD

could be exploited to serve as a regularization control withpotential utility in inference settings

which is discussed further in Section 6.2.2.

The authors in [162] proved a strong relative error bound. Inparticular, for a givenn×p matrix

X and a pre-specified rank of the required approximationk, the algorithm produces orthonormal

Û , V̂ , and diagonal̂Σ with non-negative entries, such that:

||X − Û Σ̂V̂ T ||2 ≤ Cn1/(4t)σk+1

with very high probability (typically1−10−15, independent ofX), where||.||2 denotes the spectral

norm andC is a constant independent ofX. Numerical experiments show [162] that the theoret-

ical bound holds in practice with greatly reduced scaling constants as compared to the theoretical

prediction, independent of the matrix structure.

Inference Properties

In this section I study the implications of introducing a random projection step in the inference

of the dimension reduction subspace based on the PCA objective function and provide arguments

that, in addition to the attractive computational properties, the Randomized SVD approach opens up

opportunities for imposing implicit regularization by theintroduction of small amount of “random

noise”.

Implicit Regularization Control The key parameter that controls both the computational ef-

ficiency and the approximation accuracy of the randomized estimator described in Algorithm 1 ist
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since

E(t)
a = ||B̂ − B̃(t)||,

with ||B̂ − B̃(t)|| ↓ 0 ast increases. As noted in Section 6.2.1

||B − B̃(t)|| ≤ ||B − B̂|| + ||B̂ − B̃(t)|| (6.5)

E(t) ≤ Ee + E(t)
a (6.6)

The tightest upper bound is achieved forE
(t)
a = 0, yet we have no control overEe, so for any finite

sample size the order of the right hand side can be no smaller thanO(Ee). This suggests thatt

needs to be large enough to ensure thatE
(t)
a = O(Ee) and any further reduction ofE(t)

a would be

unnecessary.

When the sample size is small relative to the variable dimension the resulting estimator̂B tends

to have high variance and the bound described in Equation (6.6) could be quite loose for large values

of t. On the other hand, small values oft could have beneficial regularization effect on the subspace

estimateB̃, as lower sample variance directions are allowed to have higher impact. This could be

a useful feature in the context of an optimality criterion which depends on a (possibly unknown)

subspace spanned by a subset of the top sample eigenvectors,hence allowing for the possibility of

preferring lower variance directions over higher variancedirections. One such example is when the

subspace estimate is used for prediction. In that case data-adaptive estimation oft can be used to

select the optimal value fort that would allow the incorporation of lower variance directions that

have predictive power.

In addition, if the data has approximately low-rank structure with all signal concentrated in the

top few eigenvectors, the low-rank factorization of the sample covariance produces a good approx-

imation when the level of noise is small. Hence, it would be desirable to have peaked distribution

on the sampling weights of the variance directions with little or no regularization being necessary

(t small). In this setting the noise eigenvalues decay very fast with t which results in a very efficient

computation.

In the presence of substantial added noise, with most of the signal concentrated in the top
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few eigenvectors, yet still having some signal in the lower variance directions, the lower variance

directions may contain useful information. Hence it would be helpful to allow for non-negligible

probability of sampling from these directions. Large values of t may not necessarily achieve that,

as they would result in improved estimation accuracy of the space spanned by the top few sample

eigenvectors at the expense of lower variance directions. In this caseintermediate or evensmall

values oft are more appropriate.

In both cases of small and substantial noise a data dependentapproach to selectingt that is data

dependent is useful. One such approach, based on the idea of cross-validation is presented next.

Selecting the Regularization Parameter In the unsupervised setting of PCA and LPP it is

possible to use the reconstruction accuracy of the projection of each{Xi}n
i=1 onto the dimension

reduction subspacẽB(t) as the optimization criterion, which in the population corresponds to

t∗ = arg min
t∈{1,...,tmax}

EX ||(I − PB̃(t))X||22.

Leave-one-out cross-validation (LOO-CV) provides an approximately unbiased estimate of this

error based on the random sample{Xi}n
i=1

CV(t)
loo =

1

n

n∑

i=1

||(I − P
B̃

(t)
(−i)

)Xi||22 =
1

n

n∑

i=1

||(I − B̃
(t)
(−i)B̃

(t)T
(−i))Xi||22,

whereB̃
(t)
(−i) ∈ R

p×k is the orthogonal basis matrix for the dimension reduction subspace inferred

using{X(−i)}, the full data set excluding the i-th sample. An equivalent form for the LOO-CV is

CV(t)
loo =

1

n

n∑

i=1




Xi − X̂

(t)
i

1 − (H
(t)
(−i))ii





2

,

whereH
(t)
(−i) = B̃

(t)
(−i)B̃

(t)T
(−i) is thehat matrix andX̂

(t)
i = H

(t)
(−i)Xi. It is necessary to optimize over

the full range of allowable values fort to arrive at the final estimate

t̂∗loo = arg min
t∈{1,...,tmax}

CV(t)
loo.

78



A more computationally efficient estimate that has lower variance but higher bias than LOO-

CV is provided by the c-fold cross-validation (e.g. c = 5 or 10). To simplify notation letn = a × c

and denote the c-fold cross-validation error estimate for apre-specified value of the parametert to

be CV(t)
c-fold. Then

CV(t)
c-fold =

1

a

a∑

i=1

1

c

c∑

j=1

||(I − P
B̃

(t)
(−i)

)Xj
(i)||

2
2 =

1

n

a∑

i=1

c∑

j=1

||(I − B̃
(t)
(−i)B̃

(t)T
(−i))X

j
(i)||

2
2,

whereB̃
(t)
(−i) ∈ R

p×k is the orthogonal basis matrix for the dimension reduction subspace inferred

using the full data set excluding the i-th subset of sizea, X(i), where the input data{Xi}n
i=1 is

randomly partitioned intoc equally sized disjoint subsets{X(i)}c
i=1 andXj

(i) for j = 1, . . . , a,

denotes thej-th sample point within subseti. It is necessary to optimize over the full range of

allowable values fort to arrive at the final estimate

t̂∗c-fold = arg min
t∈{1,...,tmax}

CV(t)
c-fold.

Runtime Analysis The overall asymptotic runtime for the c-fold cross-validation procedure

scales linearly withc for a fixed value of the regularization parametert. In more detail, or a fixed

value of oft ∈ {1, . . . , tmax} there are two majors computational steps:

• estimate projective subspacẽB
(t)
(−i), for i = 1, . . . , c:

O(c × [tl(n − a)p + t2l2(n − a)])

• project data and construct error estimate:O(lnp)

Hence, the overall asymptotic runtime is dominated by the projective subspace estimation and

adds up toO(
∑tmax

t=1 c × [tl(n − a)p + t2l2(n − a)]). For small values oftmax this is on the order

of a single iteration of the Randomized SVD algorithm (see 6.2.4).

Bounds on Estimators Exact PCA produces an optimal subspace estimate in terms of average

distance of the sample data from their projections onto the subspace of the pre-specified dimension
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k. The quality of the estimate has been studied from the point of view of reconstruction error[175]

andsubspace estimationerror [207]. In the latter case the authors derived an upper bound on the

error that depends only on the gap between thek-th andk+1-st eigenvalues. They considered the

general case when the data(X1, . . . ,Xn) ∈ X is mapped to a Reproducing Kernel Hilbert Space

(RKHS)Hκ with kernel functionκ through the feature mapφ(x). In that case, the objective of

PCA remains unchanged: recover thek dimensional subspaceBk, such that the projection ofφ(x)

ontoBk has maximum averaged square norm. I focus on the case ofH = R
p, for somep ∈ N

+

and the feature map is the identity.

For a general kernel the follow holds. Denote the covarianceoperator of variableφ(x) by K

and its empirical version byKn. Then, assuming a bounded kernelsupx∈X κ(x, x) < M for some

M < ∞, the following holds:

Theorem 6.2.2.(Zwald-Blanchard)[207]

Let Bd and B̂d be the subspaces spanned by the firstd eigenvectors of the covariance operator

K, resp. Kn. Denotingλ1 > λ2 > . . . the eigenvalues ofK, if k > 0 is such thatλk > 0 , put

δk = 1
2(λk − λk+1) and

Bk =
2M

δk

(

1 +

√

ξ

2

)

Then, provided thatn ≥ B2
k, the following holds with probability at least1 − ǫ−ξ

||PSk
− PŜk

|| ≤ Bk√
n

this entails in particular

Ŝk ⊂ {g + h, g ∈ Sk, h ∈ S⊥
k , ||h||Hκ ≤ Bkn

− 1
2 ||g||Hκ} (6.7)

whereSk = span(φ1, . . . , φk) and Ŝk = span(φ̂1, . . . , φ̂k) are the topk eigenvectors ofK, resp.

Kn.

Note that (6.7) has a geometric interpretation: the tangentbetween any vector in̂Sk and its

projection ontoSk is bounded byBk/
√

n.

80



For PCA it is also possible to bound the difference between the empirical covariance and the

population covariance by the following analysis. Letµ̂ = 1
n

∑n
i=1 Xi and

Σ̂ =
1

n

n∑

i=1

(Xi − µ̂)(Xi − µ̂)⊤.

In the following, I adopt the notationu ⊗ v = uv⊤. Then

Σ̂ =
1

n
(Xi − µ̂) ⊗ (Xi − µ̂)

and

Σ = E[(X − µ) ⊗ (Xi − µ)].

For a matrixA, ‖A‖ represents the Hilbert-Schmidt norm and‖A‖op represents the operator

norm. We will need the following fact:

‖u ⊗ v‖ = ‖u‖‖v‖

Theorem 6.2.3.Assumeµ = E[X] exists andM4 = E[‖X − µ‖4] < ∞. Then in probability

E[‖Σ̂ − Σ‖] ≤ M2 +
√

M4 − ‖Σ‖2

√
n

≤ 2
√

M4√
n

whereM2 = E[‖X − µ‖2].

Proof. It is easy to check that

Σ̂ − Σ = (µ̂ − µ) ⊗ (µ̂ − µ) +

[

1

n

n∑

i=1

(Xi − µ) ⊗ (Xi − µ) − Σ

]

.

Direct calculation gives

E[‖µ̂ − µ‖2] =
E[‖X − µ‖2]

n
=

M2√
n
≤

√
M4√
n

.

Hence

E[‖(µ̂ − µ) ⊗ (µ̂ − µ)‖] = E[‖µ̂ − µ‖2] ≤ M2√
n

.
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By definitionΣ = E[(Xi − µ) ⊗ (Xi − µ)], hence

E

[∥
∥ 1

n

∑n
i=1(Xi − µ) ⊗ (Xi − µ) − Σ

∥
∥2
]

= 1
n

(
E[‖(X − µ) ⊗ (X − µ)‖2] − ‖Σ‖2

)

= 1
n

(
E[‖X − µ‖4] − ‖Σ‖2

)
.

The desired estimate follows from the triangle inequality and the two estimates above. 2

This theorem tells us that the upper bound of the estimateΣ̂ for Σ depends only on the moments

of the random variableX, but not on the dimensionality. Hence, ifX has a low dimensional

structure, this theorem ensures that the error bound on the estimation error depends on the intrinsic,

rather than the extrinsic dimensionality of the data. To be more precise, supposeX ∈ R
d ⊂ R

p,

hence rank(Σ) = d. Let (σi, vi) be the eigenvalues and the corresponding eigenvectors. Note, only

the topd eigenvalues are nonzero. Letη
i

= (X − µ)T vi be the projection ofX − µ onto the

directionvi. Thenηi has mean zero, varianceσi, and are uncorrelated. The SVD decomposition

X−µ =
∑n

i=1

√
σiηi

vi, provides simple estimates for the quantities in the upper bound in Theorem

6.2.3:

M2 = E[‖X − µ‖2] =
∑p

i=1 E[η2
i
] =

∑n
i=1 σi =

∑d
i=1 σi

M4 = E[‖X − µ‖4] = E

[(∑n
i=1 η2

i

)2
]

= E

[(
∑d

i=1 η2
i

)2
]

‖Σ‖2 = Tr(Σ2) =
∑n

i=1 σ2
i =

∑d
i=1 σ2

i

All these quantities depends ond, not onp. Furthermore, the upper bound can be independent of

p even whenX do not have low dimensional structure, provided that theirprojectionsonto the PC

directions all have “light” tails to ensuring that the totalmoments are absolutely bounded.

By combining the above analysis with matrix perturbation theory, it follows that

‖B̂ − B‖ ≤ κ√
n

with κ depending on the moments ofX. In the case of interest for us whenX has ad dimensional

low-rank structure,κ depends ond, not onp.
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6.2.3 Dimension Reduction Via Graph Embeddings

Dimension reduction based on graph embeddings seek to map the original data points to a lower

dimensional set of points while preserving neighborhood relationships. The theoretical assumptions

underlying these methods are that the data lies on a smooth manifold embedded in high-dimensional

ambient space. This manifold is unknown and needs to be inferred from the data. Given enough

observations the manifold can be reasonably represented asa G = (E,V ) [27] where the vertices

{v1, .., vn} correspond to then observations{x1, .., xn} and the edges corresponds to which points

are close to each other. For example this neighborhood relationship can be encoded in a sparse

adjacency matrixW , which is assumed to be symmetric. Given this adjacency matrix the Laplacian

eigenmaps (LE) algorithm [10] embeds the data into a low dimensional space preserving local

relationships between points.

Given the adjacency or association matrix the Graph Laplacian is constructedL = D − W ,

whereD is a diagonal matrix withDii =
∑

j Wij . A spectral decomposition ofL

Lvi = λivi

results in eigenvaluesλ1 = 0 ≤ λ2 ≤ ... ≤ λn with v1 = 1. Projecting the matrixL onto the

ℓ eigenvectors corresponding to the smallestk eigenvalues greater than zero embeds then points

into a ℓ dimensional space. Under certain conditions [11], the Graph Laplacian converges to the

Laplace-Beltrami operator on the underlying manifold. This provides a theoretical motivation for

the embedding. This embedding needs to be recomputed when a new data point is introduced

and typically will not be a linear projection of the data. Forcomputational reasons it would be

advantageous to have a linear projection that can be appliedto new data points without having

to recompute the spectral decomposition of the graph Laplacian. The goal of Locality Preserving

Projections [80] is to provide a linear approximation to thenon-linear embedding of Laplacian

eigenmaps (LE) [10].

The dimension reduction procedure starts by specifying thedimension of the transformed space

to beℓ < n. Let the parameter defining the neighborhood size bek. Locality Preserving Projections
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(LPP) [80] results in a generalized eigendecomposition problem. Assume that thek-NN adjacency

matrix W = JT
k Jk, where

Jk =






δ1∼1 δ1∼2 . . . δ1∼n

.

.

.
. . .

. . .
.
.
.

δn∼1 . . . δn∼n−1 δn∼n






n×n

δr∼s =

{

exp{ ||X̃s1−X̃s2 ||
b } if samples1 is among ther-NN of samples2 or vice versa

0 otherwise

=⇒ (∀r)
n∑

j=1

δr∼j = k

The generalized eigendecompostion problem reduces to

XT LXe = λXT DXe (6.8)

XT (D − W )Xe = λXT DXe

XT WXe = (1 − λ)XT DXe

XT JT
k JkXe = (1 − λ)XT DXe

The column vectors that are the solutions to equation (6.8) are the required embedding directions

{ej}, ordered according to their generalized eigenvalues0 = λ0 < λ1 < . . . < λℓ−1. Hence the

neighborhood-preserving optimal embedding according to the LPP criterion is:

xi → AT yi, where A = (e0, e1, . . . , eℓ−1).

LPP is obtained from a graph embedding, using a nearest neighbor graph trying to capturelocal

manifold structure. If a complete graph is used, e.g. Euclidean inner products between data points,

then a very similar result to PCA is produced, emphasizing the global structure of the data.

XT LXe = λXT DXe (6.9)

XT WXe = (1 − λ)XT DXe

XT XXT Xe = (1 − λ)XT DXe.
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Since the diagonal matrixD is close to identity matrix,XT DX ≈ XT X and the minimum eigen-

values of equation (6.9) correspond to the maximum eigenvalues of

XT XXT Xe = λXT Xe

XT Xe = λe,

which is the optimization problem that is solved by PCA. Hence, LPP with a complete inner product

graph is similar to PCA. The only difference is that the matrix D is used to measure the local density

around each data point (by its degree on the neighborhood graph) while PCA treats all point equally.

Randomized Algorithm for LPP

In this section I describe in more detail the incorporation of the Randomized dimension reduction

ideas as part of the Locality Preserving Projections algorithm.
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Locality Preserving Projections 2

input X: data matrix (n × p)

r: number of nearest neighbors in the affinity graph

b: bandwidth for the Gaussian kernel density estimator

k: number of required embedding directions

t: number of power iterations for Randomized SVD

output V̂lpp: embedding directions (p × k)

Stage 1: Project data onto the topk eigenvectors ofX from Randomized SVD

1. Estimate[Ũ , S̃, Ṽ ] = RandomizedSVD(X, k, t)

2. ProjectX̃ = XṼ (n × k)

3. Set

Jr =





δ1∼1 δ1∼2 . . . δ1∼n

.

.

.
. . .

. . .
.
.
.

δn∼1 . . . δn∼n−1 δn∼n





n×n

[use sparse representation, r× n space]

δs1∼s2 =

{

exp{− ||X̃s1−X̃s2 ||

b } if s1 is among ther-NN of s2 or vice versa
0 otherwise

}

D = diag(
∑n

j=1 δ1∼j , . . . ,
∑n

j=1 δn∼j)

4. Construct

L = X̃T JT
r

Σ = LLT Γ = X̃T DX̃

Stage 2: Solve Generalized Eigendecompositon

1. Solve (Cholesky)Σvi = λiΓvi, for i = 1, . . . , k

2. SetV̂lpp = (v1| . . . |vk)
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Runtime Analysis The main runtime bottleneck of Randomized LPP is Stage 1, where the

Randomized SVD estimates are used to project the data. Hence, the overall runtime isO(tlnp +

t2l2n) (see 6.2.4). When c-fold cross-validation is used to estimate an optimal value fort the

runtime becomesO(
∑tmax

t=1 c × [tl(n − a)p + t2l2(n − a)]) (see 6.2.2).

6.2.4 Supervised Dimension Reduction

In this section we assume the data matrix to beX ∈ R
p×n, and to contain samples as rows and

variables as columns. The response is univariateY ∈ R. Dimension reduction is typically only the

first step in the data analysis which often also includes the steps of data visualization and regression.

If the focus is on the regression, one typically seeks a low dimensional projection or embedding

R(X) ∈ R
d, d ≪ p, for which a simple predictive model can be used to predict a future response

Y ∈ R

Y = f(R(X)) + ε,

hereε corresponds to noise or error. A natural criterion that the embedding or projection should

satisfy isE[Y | X] = E[Y | R(X)]. ReplacingX byR(X) is termedsufficient dimension reduction

wheneverR(X) retains all the relevent information for predictingY . R(X) is minimal sufficient

if any other sufficient reductionT (X) is a function ofR [35]. The idea of sufficiency in dimension

reduction was clearly captured in [35] which develops the following definition following:

Definition 6.2.4. A reduction R:Rp −→ R
q, q < p, is sufficient if it satisfies one of the following

statements:

1. Inverse reduction, X | Y,R(X)
d
= X | R(X), (Z

d
= U denotes equivalence in distribution

betweenZ andU );

2. Forward reduction, Y | X
d
= Y | R(X);

3. Joint reduction, X ⊥⊥ Y | R(X).

If (X,Y ) have a joint distribution then the above conditions are equivalent and usingR(X)

for prediction has a strong motivation,E[Y | X] = E[Y | R(X)]. The population quantity that
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uniquely identifies a particular sufficient dimension reduction is the subspaceSY |X ⊆ colspace(X) ⊆

R
p, which captures all the information in the data relevent to prediction. Any basisη = (η1, . . . , ηd) ∈

R
p×d of SY |X can be used to define the sufficient dimension reductionsR(X) = ηT X. A parsimo-

nious target of supervised dimension reduction is often taken to be the intersection of all dimension

reduction subspaces–the central subspace, which from now on I denote asSY |X . Under mild con-

ditions [33, 34]SY |X exists and is a dimension reduction space (for more details see Section 6.2.4).

Sufficient Dimension Reduction in Inverse Linear Regression

We now introduce two algorithms, Sliced Inverse Regression(SIR) [116] and Localized Sliced

Inverse Regression (LSIR) [200], for estimating the the sufficient dimension reductionsR(X).

Both algorithms fit within the inverse regression frameworkand are based on a semi-parametric

statistical model

Y | X = f(GT X, ε), G = (g1, . . . , gd) ∈ R
p×d, E[ε | X] = 0, (6.10)

wheref is a density function andgi are thed orthonormal bases of the dimension reduction sub-

spaceSY |X (the column space ofG = SY |X) that contains the predictive information onY . The

newd variatesZ = GT X, can replaceX without any loss of information about the regression as

Y ⊥⊥ X | Z. Notice, an important distinction from PCA is that the objective explicitly includes the

responseY as part of the optimality criterion.

Sliced Inverse Regression Sliced Inverse Regression (SIR) is a dimension reduction approach

introduced by [116] which is based on the semi-parametric model in (6.10). The statistical quan-

tities underlying SIR are the inverse regression function,the covariance of the inverse regression

function, and the marginal covariance of the covariates

ηY = EX [X | Y ], Γ = cov(ηY ), Σ = cov(X)

with the central statistical assumption that

span(EX [X | Y ] − EX [X]) ∈ span(ΣG) (6.11)
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where span(G) = SY |X is the dimension reduction subspace. One setting where the above as-

sumption is satisfied is thatE[X | ηT
Y X] is a linear function of X, thelinearity condition [32].

The basisG for the dimension reduction subspace can be computed from the following generalized

eigendecomposition problem

Γgi = λiΣgi, for i = 1, . . . , d (6.12)

andG = {(g1, ..., gd)|λ1, ..., λd > 0}, the eigenvectors corresponding to non-zero eigenvalues.

Given observations{(xi, yi)}n
i=1 an empirical estimatêG is computed via the following algorithm

[116]:

(1) Compute an empirical estimate ofΣ,

Σ̂ =
1

n

n∑

i=1

(xi − µ̂)(xi − µ̂)T

whereµ̂ = 1
n

∑n
i=1 xi is the sample mean.

(2) Divide the samples intoH groups (or slices)S1, . . . , SH according to the value ofy. Com-

pute an empirical estimate ofΓ,

Γ̂ =

H∑

h=1

nh

n
(µ̂h − µ̂)(µ̂h − µ̂)T , µ̂h =

1

nh

∑

j∈Sh

xj

with µ̂h as the sample mean for grouph andnh the group size.

(3) Estimate the d.r. directionsβ by solving the generalized eigendecomposition problem

Γ̂ĝi = λ̂iΣ̂ĝi. (6.13)

(4) SetĜ = {(ĝ1, ..., ĝd)|λ̂1, ..., λ̂d > δ} whereδ > 0 is a small threshold.

Localized Sliced Inverse RegressionProblems with SIR arise when the statistical assump-

tion in (6.11) is not satisfied, that is the predictive structure in the data is nonlinear. This can be
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due to the data being concentrated near a manifold or there being clusters in the data. SIR can be

adapted to address this setting by taking into account localstructure of the explanatory variables

conditioned on the response variable. The idea behind Localized Sliced Inverse Regression (LSIR)

[200] is based on the observation in manifold learning that Euclidean structure around a data point

in R
p is only useful locally. Therefore, when observations in a slice are far apart in the ambient

space, computing a global averageµh for a slice is not meaningful. Instead it is more appropriateto

consider local averages. The one difference between SIR andLSIR is how the empirical estimate

of Γ is computed. The following is the algorithm for LSIR:

(1) ComputeΣ̂ as in SIR.

(2) Slice the samples intoH groups as in SIR. For each sample(xi, yi) compute

µ̂i,loc =
1

k

∑

j∈si

xj,

where

si = {j : xj belongs to thek-nearest neighbors ofxi in Sh} ,

andh indexes the groupSh to whichi belongs. Then a localized version ofΓ is computed

Γ̂loc =
1

n

n∑

i=1

(µ̂i,loc − µ̂)(µ̂i,loc − µ̂)T .

(3) Solve the generalized eigendecomposition problem

Γ̂locĝi = λ̂iΣ̂ĝi. (6.14)

Exact Solutions

For both SIR and LSIR the most straightforward solution to the generalized eigendecompostion in

equations (6.13) and (6.14) is based on the Cholesky decomposition of Σ̂ and typically has runtime

complexity O(np2). We provide a procedure based on the SVD of the data matrixX to provide
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exact solutions to equations (6.13) and (6.14). One motivation for this procedure is that extensions

to very large data sets are feasible by randomized algorithms.

The algorithm consists of a few steps:

(1) Sort the samples in decreasing value of the response, partitioning them intoH (approximately)

equally-sized slices. Denote the number of samples in each slice i to beni.

(2a) For SIR construct the following matrix

Jsir =






J1 0
. . .

0 JH






n×n

, Ji =

(
1 . . . 1

.

.

.
. . .

.

.

.
1 . . . 1

)

ni×ni

,

and

Γ̂ = XT JT
sirJsirX.

(2b) For LSIR construct the following matrix

J(lsir) =






J1 0
.. .

0 JH






n×n

, Ji =
1√
k






1 δ1∼2 . . . δ1∼ni

.

.

.
. . .

. . .
.
.
.

δni∼1 . . . δni∼ni−1 1






ni×ni

,

wherek is the number of nearest neighbors and in each blockδr∼s = 1 if observationr is among

thek-nearest neighbors ofs and is0 otherwise. The following equivalence holds

Γ̂loc = XT JT
lsirJlsirX.

The above k-NN computation requires distances between points. We use the SVD of the data

matrix, X = USV T , to compute these distances by computing the distances in the eigenvector

coordinates of the marginal covariance. Each sample in thiscoordinate system is a row in the

matrix X̃ = XV = US and the distance between thei-th andj-th sample is||X̃i − X̃j||2 where

X̃i andX̃j correspond to thei-th andj-th rows.
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(3) The solution for (L)SIR based on the SVD decomposition ofX reduces to

Γ̂(loc)e = λXT Xe

XT JT
(l)sirJ(l)sirXe = λXT Xe

V (US)T JT
(l)sirJ(l)sir(US)V T e = λV (US)T (US)V T e

V X̃T JT
(l)sirJ(l)sirX̃V T e = λV X̃T X̃V T e

⇒ X̃T JT
(l)sirJ(l)sirX̃f = λX̃T X̃f

wheref ≡ V T e. Whenn < p the systemV T e = f is underdetermined so we select the solution

with minimal norm, which is provided by the set{ej = V fj, j = 1, . . . , n−1}, ordered according

to the corresponding generalized eigenvaluesλ1 ≥ λ2 ≥ . . . ≥ λn−1.

Supervised Locality Preserving Projections LPP can be adapted to be a supervised di-

mension reduction methodology by replacingJ(l)sir with Jlpp in equation (6.15). This results in

re-defining the notion of “local neighborhoods” to only the neighbors in covariate space that have

similar responses (i.e. fall within the same “slice”). A similar approach was proposed in [81], in

which the authors suggest the use of a block diagonal structure for the adjacency matrix based on

provided class labels in the context of classification.

Approximate Randomized Solutions

The exact solution presented in the previous section takes advantage of the matrix arguments in

the generalized eigendecomposition problems defined in equations (6.13) and (6.14). The exact

solution is also based on the SVD ofX. The appeal of this formulation in extensions to very large

data is the exact SVD ofX can be replaced with the randomized algorithm described in 6.2.2 to

estimate the topr eigenvectors and eigenvalues ofΣ̂ wherer is large enough so that the span of the

eigenvectors contains the effective dimension reduction subspace. The regularization parametert

in the randomized algorithm is assumed fixed.

The randomized solution follows the same steps described inSection 6.2.4, replacing the exact
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SVD factorization of the data matrix with the approximate solution provided by Randomized SVD.

In more detail, the Randomized (L)SIR steps are as follows,

(1a) Estimate Randomized SVD as described in Section 6.2.2 to produce a rank-r approximation to

the data matrix:

X ≈ Ũ S̃Ṽ T .

(1b) Construct derived variates

X̃ = XṼ (n × r).

(2a) For SIR construct theJsir matrix

(2b) For LSIR construct theJlsir matrix,

where thek-NN matrix (k fixed) is constructed using the derived variates X̃. The distances between

points are computed using the approximate eigenvector coordinates of the marginal covariance.

Each sample in this coordinate system is a row in the matrixX̃ = Ũ S̃ and the distance between the

i-th andj-th sample is||X̃i − X̃j ||2 whereX̃i andX̃j correspond to thei-th andj-th rows.

(3) The solution for (L)SIR based on the Randomized SVD decomposition ofX reduces to

X̃T JT
(l)sirJ(l)sirX̃f = λX̃T X̃f,

wheref ≡ V T e. The systemV T e = f is underdetermined asV ∈ R
p×r andr << p, but we work

in basis spanned by the estimated topr eigenvectors of the marginal covariance matrix, hence the

unique solution that falls in that subspace is provided by the set{ej = V fj, j = 1, . . . , n − 1},

ordered according to the corresponding generalized eigenvaluesλ1 ≥ λ2 ≥ . . . ≥ λn−1.

Runtime Analysis The main runtime bottleneck in Randomized (L)SIR is calculating the Ran-

domized SVD estimates which are used to project the data. Following that step is the solution to a

generalized eigendecomposition problem of dimensionr, which takesO(r3) time. Asr << n < p

this is computationally feasible for large data sets. Hence, the overall asymptotic runtime is the

same as that for Randomized SVD:O(tlnp + t2l2n) (see 6.2.4). When c-fold cross-validation is

used to estimate an optimal value fort the runtime becomesO(
∑tmax

t=1 c×[tl(n−a)p+t2l2(n−a)])

(see 6.2.2).
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Inference Properties

In this section I describe some known population results in the classic case of SIR and a closely

related likelihood based formulation for sufficient dimension reduction.

Model-free Framework for Inverse Regression The population quantity of interest in in-

verse regression approaches to dimension reduction is the central subspaceSY |X = span(g1, . . . , gd),

as any orthonormal basis forSY |X can be used to construct the orthogonal projection matrixPSY |X
.

An actual model linking the linearly transformed covariates to the response need not be specified

for the estimation ofg1, . . . , gd.

If the additionallinearity assumptionis satisfied

E[X | PSY |X
] = PSX|Y

X, (6.15)

then the centered inverse regression is confined toSY |X , span(EX [X | Y ] − EX [X]) ⊆ SY |X and

SEX [Y |X] ⊆ SY |X . An interesting observation was that asn, p → ∞ linear combinations of the

covariates are approximately normally distributed [76], this ensures that thelinearity conditionis

asymptotically satisfied. The practical implication of this result is yet to be clearly understood. If,

in addition, we assume that

Y ⊥⊥ X | PSE[X|Y ]
X, (6.16)

then it was shown thatSE[Y |X] = SY |X [26]. If condition (6.16) is not satisfied then [116] and

[36] suggested that we can consider higher conditional moments ofX | Y or consider the ”central

kth-moment subspace“(CKMS) [203]. The localization in LSIR also addresses this situation.

Model-based Framework for Inverse Regression Principal Fitted Components (PFC) is

a general parametric framework for inverse regression proposed in [35] and extended in [31, 3],

which is based on a multivariate normal model for the conditional distribution ofX|Y , allowing

for a variety of covariance structures. LetXy ∈ R
p denote the random vector with conditional

distribution X|(Y = y), E[Y ] = µy, andE[X] = µ. In addition letΓ ∈ R
p×d be a basis for
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the span(µy − µ). Then, assuming a normal conditional model, the authors in [35] postulate the

following model

Xy = µ + Γνy + σǫ, (6.17)

whereǫ ∼ N(0,∆), ∆ ∈ S
p×p andǫ is independent ofY . The responseY is incorporated as part

of the conditional mean throughνy ∈ R
d. In particular,νy = (ΓT Γ)−1ΓT (µy − µ) = ΓT (µy − µ),

provides the coordinates for the centered conditional meanvectorµy −µ in the basis defined by the

semi-orthogonal matrixΓ. Under this modelR(X) = ΓT ∆−1X is a minimal sufficient reduction

and hence the central subspace is characterized bySY |X = ∆−1Γ = {∆−1z : z ∈ SΓ}. This is

the same targetpopulationquantity estimated by the SIR algorithm, which implies thatin the class

of normal inversemodels (6.17),moment-free(SIR) andmodel-based(PFC) inverse dimension

reduction coincide in the population. The above parametricframework was further extended in a

Bayesian setting by [126].

In the special case ofisotropicconditional covariance∆ = σ2I, the subspace for the sufficient

dimension reduction is the span of the top eigenvectors of the marginal covarianceΣ = Cov(X),

which are estimated, using maximum likelihood, by the top eigenvectors of the sample covariance

matrix. This provides a parametric model justifying the useof Principal Components as a dimension

reduction approach for regression, that assumes a very general mean structure and quite restrictive

conditional covariance structure.

Bounds on Estimators Similar to the case of PCA we can bound the deviation between the

estimated dimension reduction subspace and the populationdimension subspace for SIR. Theorem

6.2.3 can be applied to both the sample covariance matrix as well as the estimate of the covariance

of the inverse regression resulting in a bound of the form

‖B̂ − B‖ ≤ κ√
n

,

whereκ depends on the moments ofX andX | Y = y. In this case the upper bound also turns out

to depend onM4.
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We do not yet have an analysis for the case of LSIR or supervised LPP.

6.3 Results

In this section I describe the application of the algorithmsdescribed in Section 6.2.2 and Section

6.2.3 in the context of a simulated Wishart and low-rank covariance structure and a SNP microarray

experimental data from Wellcome Trust Case Control Consortium (WTCCC) [1] and a genotyping

study of European Populations from POPRES [138] reported in[146].

I first investigate theruntimeproperties of the randomized procedures as compared to the exact

sample estimates, followed up a study of the effect of the regularization parameter on the estimation

accuracy of the dimension reduction subspace.

6.3.1 Simulation

The following section contains results from empirical runsof the iterative approximation scheme

with comparisons to an exact SVD approach implemented as part of the LAPACK package (DGESVD

routine). The agreement between the estimates of the subspace spanned by the top eigenvectors and

the true subspace is measured using trace correlation [201,206] as described in Section 6.2.1.

Random Wishart Covariance Structure

The input data was a randomly generated rectangular matrix of dimensionm×n with independent

N(0, 1) entries. Our main goal in this section is to examine the ability of the iterative scheme to

produce fast and accurate approximation to the span of the top few eigenvectors of the sample co-

variance matrix. Notice that this is the worst-case scenario for the Randomized algorithm whereby

all population eigenvalues are the same i.e. no eigenvalue decay. Hence, the observed performance

gains over the exact method can be expected to be much more substantial in similar size data set

that containslow rank structure, and small values for the parametert would be sufficient to achieve

excellent approximation accuracy (see Section 6.3.1). We are going to illustrate the relative im-

provement in terms of runtime over the exact SVD method in twodistinct dimension size regimes.
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Figure 6.1: Similar matrix dimensions result in increased runtime gains over exact PCA

m runtime(exact) sec(s) exact
approx log2

exact
approx

1000 38 2.11 1.08

2000 217 5.43 2.44

3000 1172 14.84 3.89

4000 1887 17.80 4.15

5000 2828 19.64 4.30

6000 6983 35.81 5.16

Table 6.1: n=9000, varying m

Decreasing Difference Between the Data DimensionsFigure 6.1 (based on Table 6.1)

illustrates the runtime behavior of the iterative scheme relative to the exact SVD as thedifference

between the data dimensions decreases. In this scenario Randomized PCA show exponential run-

time gains. This is expected to be the regime of greatest interest, in which an abundance of high

dimensional samples are to be analyzed in the context of veryhigh-dimensional genotype data for

each individual sample.
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Figure 6.2: Different matrix dimensions result in decreased runtime gains over exact PCA

n runtime(exact) sec(s) exact
approx log2

exact
approx

5000 1873 26.76 4.74

6000 2533 30.52 4.93

7000 3134 27.73 4.79

8000 2637 18.84 4.24

9000 2828 19.64 4.30

10000 2873 14.81 3.89

11000 2966 13.73 3.78

12000 3088 11.61 3.54

13000 3222 11.27 3.49

14000 3268 9.10 3.19

Table 6.2: m=5000, varying n

Increasing Difference Between the Data DimensionsIn many high dimensional datasets

the number of samples is much smaller than the number of measured features, as it is often infeasi-

ble to collect a large amount of data. Figure 6.2 (based on Table 6.2) illustrates how Randomized
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PCA runtime changes as we approach such a scenario in which the difference between the data

dimensions increases. In this case the relative runtime gains of Randomized PCA diminish expo-

nentially fast. Hence, unless runtime gain of a factor of 2 or3 is essential an exact SVD approach

would be recommended.

Low Rank Covariance Structure

When the matrix is of low rank, usually a single iteration of the approximate scheme produces a

very accurate approximation to the top eigenvectors and eigenvalues. We expect this to be (approx-

imately) the case in many real-world datasets as illustrated in the next section with large gentic

data sets. Figure 6.3 illustrates this behavior of Randomized PCA on a spiked covariance matrix in

which top 5 eigenvalues contain signal and all other containonly noise. The simulation experiments

were replicated 1000 times.

Figure 6.3: Application of Randomized PCA to a spiked Wishart covariance structure
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6.3.2 SNP Data

In this section I apply Randomized PCA to some moderate size genetic data sets, evaluating its

ability to provide a good approximation to the dimension reduction subspace spanned by the top

few eigenvectors as compared to the exact methods.

Figure 6.4: Estimated axes of variation (PC2, PC3) based on data from Novembreet al.
[146].

European Data Set Figure 6.4 illustrates the ability of the Randomized SVD to recover a good

approximation to the top 4 PCs in [146]. The genotype data is collected from European individuals

as part of the POPRES [138] project. The DNA of a total of∼ 3,000 European individuals was

assayed at∼ 500,000 locations. After data pre-processing 1,387 individual samples and∼ 200,000

SNPs were used in the downstream analysis. The different colors on Figure 6.4 represent different

geographic origin of the individuals projected onto the2nd and3th principal component (PC). Good

separation is evident among the geographic subpopulation.The value oft used was 5 and it was

sufficient to produce empirical correlations of the exact sample PCs with the approximate estimates

as follows (starting from PC2): 0.999, 0.996, 0.930, 0.523,etc.
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WTCCC Crohn’s Disease Genotype Data In this section I compare the performance of

Randomized SVD to the exact SVD on a subset of the Crohn’s disease SNP data set from the

Wellcome Trust Case Control Consortium [1].∼ 5,000 individuals were assayed at∼ 500,000

locations. After data pre-processing∼ 5,000 individual samples and∼ 200,000 SNPs were used

in the downstream analysis. Table 6.3 shows results from running Randomized SVD on a subset of

the data from chr 17,19,21, and 22.

To study the properties of the Randomized SVD approach I usedtwo different stopping rules.

Table 6.3 summarizes the results from a single iteration of Randomized SVD while Table 6.4 con-

tains the results from running the iterative scheme until high subspace accuracy has been achieved

(distance of1.0 × 10−3 or less has been achieved, that typically corresponds to 2-3d.p. accuracy

of the eigenvalue estimates for the sample covariance matrix). The dimension of the target sub-

space was fixed to be 10. In both scenarios the results illustrate that Randomized SVD provides a

highly scalable approach to inference of the axes of geneticvariation that correspond to the top few

Principal Components of the sample covariance matrix of theSNP data matrix.

data runtime(exact) runtime(approx) subspace dist.

4,686×6,041 (chr 19) 37 min(s) 34 sec(s) 6 sec(s) 0.01

4,686×11,943 (chr 19, 22) 48 min(s) 1 sec(s) 13 sec(s) 0.05

4,686×18,715 (chr 19, 21, 22) 72 min(s) 8 sec(s) 38 sec(s) 0.11

4,686×29,406 (chr 17, 19, 21, 22) 72 min(s) 29 sec(s) 31 sec(s) 0.09

Table 6.3: Crohns Disease; 200K SNP array; 5,000 individuals. Singleiteration of Ran-
domized SVD
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data runtime(exact) exact
approx log2

exact
approx subspace dist.

4,686×6,041 (chr 19) 34 min(s) 40 sec(s) 189.09 7.56 3.9 × 10−7

4,686×11,943 (chr 19,22) 35 min(s) 46 sec(s) 79.48 6.31 3.3 × 10−7

4,686×18,715 (chr 19,21,22) 45 min(s) 29 sec(s) 62.02 5.95 1.9 × 10−7

4,686×29,406 (chr 17,19,21,22) 61 min(s) 34 sec(s) 53.54 5.74 3.2 × 10−7

Table 6.4: Required minimum distance to the space spanned by the exacttop eigenvectors:
1.0 × 10−3
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Chapter 7

Conclusions

7.1 Direct Evidence of Regulation ImprovesDe Novo Mo-

tif Discovery Predictions

In this section I briefly summarize some of the general conclusions and propose future directions

based on the proposed approach for leveraging high-throughput binding evidence to achieve im-

proved models for the binding preferences of RNA and DNA binding factors as well as their func-

tional occurrences in the genome.

7.1.1 Genome-wide Binding Evidence

Motif finding with an objective function based on genome-wide evidence of regulation provides

a flexible and successful framework to integrate sequence data with high-throughput binding or

expression information. In particular, I presented a flexible and successful pipeline to analyze

regulatory information resulting from applications of next-generation sequencing technology. I

have also demonstrated the usefulness to integrate high-level information on the genome wide set

of regulatory regions (such as defined by DNaseI hypersensitive sites), with quantitative data on the

genome-wide affinity of individual regulatory factors.

For the case of TF binding site discovery in ChIP-chip data cERMIT was compared to existing

state-of-the art approaches and showed very competitive performance. In the case of Chip-seq the

method successfully recovered the known binding preferences of the factor under study, with much

improved quality possibly due to the larger amount of binding data as well as the much higher

resolution provided by the sequencing-based experimentalassays.
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Binding Site Representation

Using IUPAC consensus motifs as described in Section 3.6 occasionally results in underestimat-

ing the motif degeneracy, as I build a PSSM description basedon the consensus sequence in the

predicted set of bound genes. Together with the objective function currently used by cERMIT

described in Section and 3.4.2, targeting oligomer most strongly associated with the evidence pro-

vided, this means that reported motif predictions should not be considered as quantitative models

of actual binding affinity, but rather as the core of a functional motif. In addition, similarly to others

before us [41], the motif search implemented by cERMIT is based on the assumption that the ex-

perimental setup ensures sufficient concentration of the factor in order for it not to be a limiting step

in the sequence binding reactions. This allows us currentlyto approximate the inherently stochastic

DNA-TF interaction by modeling it as a binary event.

7.1.2 Transcriptome-wide Binding Evidence

The different, and in many cases unknown, cross-linking properties for RBPs presents a challenge

for all CLIP protocols, and requires small adjustments as tohow to call and expand read clusters

to ensure the inclusion of the binding site to be identified inthe downstream motif analysis. In

instances of newly studied proteins, for which the motif or conversion pattern are not known, e.g.

the recently analyzed HuR protein [134], it is thus best to use PARalyzer with the extend-by-read

option in combination with the output of motif finding to determine if significant top-scoring motifs

tend to have specific locations of high conversion. If it is the case, as it is e.g. for PUM2, that there

is at least one location of high conversion, then a tighter cluster extension can be used to reduce the

size of the interaction map.

In addition to the RBP-specific sequence affinity preferences, the RBP-RNA interaction has

been shown to be influenced by the secondary structure of the targeted RNA sequence and has been

successfully exploited in previous work on RBP motif discovery [83, 117, 93]. Incorporating infor-

mation on the RBP structural preferences into the motif analysis proposed in the current work could

be implemented by means of a prior distribution on the binding evidence for individual sequence
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regions inferred by PARalyzer, biasing the motif discoverytowards high-scoring sequence patterns

that contain favorable sequence context for RBP binding. This could help filter out non-specific in-

teractions with highly abundant mRNAs. In the context of AGO-mediated regulation, a prior based

on the predicted microRNA-mRNA duplex stability could be used in a similar fashion.

Due to the use of 4SU nucleoside analogue in the original PAR-CLIP protocol, the U content

of an actual binding site and its vicinity will obviously impact the identification of RBP binding

sites. If a recognition site does not contain any uridines, precise delineation using this approach is

compromised; on the other hand, many U residues may either cause problems with alignment due

to the potential of many mismatches, and/or to spread out thesignal over multiple positions. The

current investigations of additional amenable photoactivatable nucleosides [106], complemented

by the use of different digestion enzymes [101], are expected to reduce potential biases, and can

easily be specified in PARalyzer. As such, the RBP motif analysis pipeline provides a standardized

solution for the analysis of RBP binding sites via PAR-CLIP,for subsequent motif finding for

sequence-specific RBPs, and for the elucidation of post-transcriptional regulatory mechanisms and

networks.

7.1.3 Future Directions

The presented motif discovery approach in high-throughputbinding data from Section 3.1 provides

a useful set of ideas but there is scope for improvement, bothin terms of a more flexible motif

description as well as on the motif search strategy, by meansof a stochastic search in place of the

greedy approach. I expect that this will allow us to pick up more degenerate signals and to provide

more quantitative models of the recovered functional sites. Instead of merely defining genome

partitions by the presence of motifs, a probabilistic framework based on a joint likelihood as well as

a formal model of uncertainty would also allow for the simultaneous inference of a motif model and

the most probable set of target genes. Different types of sampling moves can be also incorporated

that will enhance cERMIT’s ability to explore the motif search space. This may allow us to better

capture motifs with two half-sites separated by highly degenerate spacer regions, or combinations
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of two or more motifs. To that end partitions can be defined to be based on high scoring motifs that

co-occur in regulatory sequences. Ultimately, the main goal in motif discovery is to approach the

harder problem of detecting combinatorial interactions ofdifferent factors that distinguish between

biological states, be it between different tissues, specific developmental stages, or normal vs. cancer

conditions.

7.2 Extensions to the Framework for Inference of Popu-

lation Structure

In this section I briefly outline some possible extensions that would allow to take full advantage

of the proposed computational framework for approximate estimation of the optimal dimension

reduction subspace relevent to large genetic data sets.

7.2.1 Statistical Inference of the Dimensionality of the Population Struc-

ture

Randomized SVD was demonstrated to produce highly accurateestimates of the subspace spanned

by the top few eigenvectors of the sample covariance estimates. This subspace could be very useful

for visual inspection of the projections onto the top 2-3 eigenvectors to identify natural groups and

individual patterns. In addition, random matrix theory hasbeen successfully adapted to the problem

of formal inference of population structure using the full SVD of the (normalized) genotype matrix

[149]. Even though, typically, the top few eigenvectors capture the population structure present

in the data, testing exactly how many eigenvectors are needed currently relies on estimates of all

sample eigenvalues. Hence, new statistical theory needs tobe developed to address the setting

of large number of genotypes (SNPs) as well as large number ofgenotyped individuals (samples)

where estimation of the full SVD is not feasible.

One promising direction to explore would be to take advantage of the knowledge that in struc-

ture in the genetic data from real world populations tends tobe of small dimension, hence most of

the population eigenvalues of the covariance matrix shouldcorrespond to noise directions and are
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approximately equal. Combining this idea with accurate estimates of the top few sample eigenval-

ues e.g. using Randomized SVD, could provide the necessary information to construct a suitable

statistic to test for the dimensionality of the structure present in the population under study.

7.2.2 Theoretical Results for Localized Sliced Inverse Regression

For the case of PCA and SIR Theorem 6.2.2 and Theorem 6.2.3 provide a bound on the deviation

between the estimated dimension reduction subspace and thepopulation dimension subspace was

derived. It would be desirable to prove a similar result for Localized Sliced Inverse Regression

(LSIR) and supervised LPP. This is problematic as the population object itself that LSIR estimates

is diffcult to define and analyze.
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Appendix A

Website With Software and Data Sets

A.1 TF Binding Motif Discovery

http://tools.genome.duke.edu/generegulation/transcription/cERMIT/

A.2 PAR-CLIP Motif Analysis

http://www.genome.duke.edu/labs/ohler/research/mEAT/index.php

A.3 Randomized Eigendecomposition Analysis

http://stat.duke.edu/ sayan/eigen.htm
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