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Abstract

The control of matter and phenomena at the nanoscale is fast becoming one of

the most important challenges of the 21st century with wide-ranging applications

from energy and health care to computing and material science. Conventional top-

down approaches to nanotechnology, having served us well for long, are reaching

their inherent limitations. Meanwhile, bottom-up methods such as self-assembly are

emerging as viable alternatives for nanoscale fabrication and manipulation.

A particularly successful bottom up technique is DNA self-assembly where a set

of carefully designed DNA strands form a nanoscale object as a consequence of spe-

cific, local interactions among the different components, without external direction.

The final product of the self-assembly process might be a static nanostructure or a

dynamic nanodevice that performs a specific function. Over the past two decades,

DNA self-assembly has produced stunning nanoscale objects such as 2D and 3D

lattices, polyhedra and addressable arbitrary shaped substrates, and a myriad of

nanoscale devices such as molecular tweezers, computational circuits, biosensors and

molecular assembly lines. In this dissertation we study multiple problems in the

theory, simulations and experiments of DNA self-assembly.

We extend the Turing-universal mathematical framework of self-assembly known

as the Tile Assembly Model by incorporating randomization during the assembly

process. This allows us to reduce the tile complexity of linear assemblies. We develop

multiple techniques to build linear assemblies of expected length N using far fewer
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tile types than previously possible.

We abstract the fundamental properties of DNA and develop a biochemical sys-

tem, which we call meta-DNA, based entirely on strands of DNA as the only com-

ponent molecule. We further develop various enzyme-free protocols to manipulate

meta-DNA systems and provide strand level details along with abstract notations

for these mechanisms.

We simulate DNA circuits by providing detailed designs for local molecular com-

putations that involve spatially contiguous molecules arranged on addressable sub-

strates via enzyme-free DNA hybridization reaction cascades. We use the Visual

DSD simulation software in conjunction with localized reaction rates obtained from

biophysical modeling to create chemical reaction networks of localized hybridization

circuits that are then model checked using the PRISM model checking software.

We develop a DNA detection system employing the triggered self-assembly of

a novel DNA dendritic nanostructure. Detection begins when a specific, single-

stranded target DNA strand triggers a hybridization chain reaction between two

distinct DNA hairpins. Each hairpin opens and hybridizes up to two copies of the

other, and hence each layer of the growing dendritic nanostructure can in principle

accommodate an exponentially increasing number of cognate molecules, generating

a nanostructure with high molecular weight.

We build linear activatable assemblies employing a novel protection/deprotection

strategy to strictly enforce the direction of tiling assembly growth to ensure the

robustness of the assembly process. Our system consists of two tiles that can form

a linear co-polymer. These tiles, which are initially protected such that they do not

react with each other, can be activated to form linear co-polymers via the use of a

strand displacing enzyme.
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1

Introduction

Self-assembly is a natural phenomenon by which a disordered system of pre-existing

components form an organized structure due to specific, local interactions among the

components themselves, without external guidance. Self-assembly is ubiquitous in

nature; various complex systems from microscopic living cells to macroscopic crys-

tals are products of self-assembly. The study of self-assembly is important for many

reasons. First, self-assembly plays a fundamental role in biology, especially in the

formation of living cells, so any attempt at understanding life must include a thor-

ough study of self-assembly. Second, self-assembly is one of the few known meth-

ods for the construction and manipulation of nanostructures. Third, self-assembly,

in essence, is information processing and it can be shown that, in principle, any

Turing-computable function can be computed via self-assembly of Wang tiles. Thus,

self-assembly opens up new paradigms of computing and lower bounds proved in

theoretical self-assembled systems can be translated (by appropriate reductions) to

conventional Turing systems. Finally, self-assembly brings about order from disorder

and this makes it interesting at a philosophical level.

DNA self-assembly is the self-assembly of oligonucleotides in solution. Self-

1



assembly is driven by the Watson-Crick base pairing of DNA molecules and this

provides for programmability of these systems. Moreover, since DNA is a nanoscale

object, trillions of self-assembly reactions can take place within a test tube. This mas-

sive parallelism is advantageous in nano-manufacturing and nano-computing. Com-

mercial availability of inexpensive, synthetic oligonucleotides, simple protocols for

manipulation of DNA, local programmability and its bio-compatibility make DNA

an ideal molecule for a plethora of applications ranging from nano-manufacturing

and molecular robotics, to bio-sensing and drug delivery, to computing and nano-

electronics.

1.1 A Primer to DNA Self-Assembly

DNA self-assembly research is highly interdisciplinary and uses techniques from bio-

chemistry, physics, chemistry, material science, computer science and mathematics.

A reader having no training in biochemistry must obtain a coherent understanding

of the topic to understand some of the finer aspects of this thesis. This section

is written with the expectation that the reader has little background knowledge of

chemistry or biochemistry. On the other hand, a reader with a basic knowledge of

DNA, its structure and its enzymes can skip this section and proceed to the next†.

1.1.1 DNA and its Structure

Single stranded DNA (ssDNA) is a long polymer made from repeating units called

nucleotides. The nucleotide units contain both the segment of the backbone of the

molecule, which holds the chain together, and a base. A base linked to a sugar is

called a nucleoside and a base linked to a sugar and one or more phosphate groups

is called a nucleotide. The backbone of the DNA strand is made from alternating

phosphate and sugar residues. The sugar in DNA is 2-deoxyribose, which is a pen-

† This section appeared in Reif et al. (2012).
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tose (five-carbon) sugar. The sugars are joined together by phosphate groups that

form phosphodiester bonds between the third and fifth carbon atoms of adjacent

sugar rings. These asymmetric bonds mean a strand of DNA has a direction. The

asymmetric ends of DNA strands are called the 5-prime and 3-prime ends (denoted

as 5′ and 3′ ends), with the 5-prime end having a terminal phosphate group and the

3-prime end, a terminal hydroxyl group. The four bases found in DNA are adenine

(abbreviated A), cytosine (C), guanine (G) and thymine (T). These bases form the

alphabet of DNA and the specific sequence comprises DNA’s information content.

Each base is attached to a sugar/phosphate to form a complete nucleotide. These

bases are classified into two types; adenine and guanine are fused five-membered and

six-membered heterocyclic compounds called purines, while cytosine and thymine

are six-membered rings called pyrimidines. Each type of base on one strand over-

whelmingly prefers a bond with just one type of base on the other strand. This is

called complementary base pairing. Here, purines form hydrogen bonds with pyrim-

idines, with A bonding preferentially to T, and C bonding preferentially to G. This

arrangement of two nucleotides binding together across the double helix is called a

base pair. In living organisms, DNA does not usually exist as a single molecule, but

instead, as a pair of molecules called double stranded DNA (dsDNA) that are held

tightly together via a reaction known as DNA hybridization. These two long strands

entwine like vines, in the shape of a double helix. DNA hybridization occurs in a

physiologic-like buffer solution with appropriate temperature, pH, and salinity.

In a double helix, the direction of the nucleotides in one strand is opposite to

their direction in the other strand: the strands are antiparallel. The DNA double

helix is stabilized by hydrogen bonds between the bases attached to the two strands

and stacking between contiguous base pairs. As hydrogen bonds are not covalent,

they can be broken and rejoined relatively easily. The two strands of DNA in a

double helix can therefore be pulled apart like a zipper, either by a mechanical force
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or high temperature. The two types of base pairs form different number of hydrogen

bonds, AT forming two hydrogen bonds, and GC forming three hydrogen bonds.

The association strength of hybridization depends on the sequence of complemen-

tary bases, stability increasing with the length of DNA sequence and GC content.

This association strength can be approximated by software packages. The melting

temperature of a DNA helix is the temperature at which half of all the molecules

are fully hybridized as double helix, while the other half are single stranded. The

kinetics of the DNA hybridization process are quite well understood; it often occurs

in a (random) zipper-like manner, similar to a biased one-dimensional random walk.

Single stranded DNA is flexible and has a small persistence length when compared

to double stranded DNA of comparable length. Single stranded DNA is sometimes

thought of as a freely-jointed chain while double stranded DNA is seen more like

a worm-like chain. The exact geometry (angles and positions) of each segment of

a double helix depends slightly on the component bases of its strands and can be

determined from known tables. There are about 10.5 bases per full rotation on the

helical axis. The width of the DNA double helix is 2.2 to 2.6 nanometers and the

helical pitch is about 3.4 nanometers. A DNA nanostructure is a multi-molecular

complex consisting of a number of ssDNA that have partially hybridized along their

sub-segments.

1.1.2 Manipulation of DNA

Here we list some techniques and known enzymes used for manipulation of DNA

nanostructures. Strand displacement, is the displacement of a single strand of DNA

from a double helix by an incoming strand with a longer complementary region to

the template strand. The incoming strand has a toehold, a single stranded region

on the template strand complementary to a subsequence of the incoming strand,

to which it binds initially. It eventually displaces the outgoing strand via a kinetic
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process modeled as a one dimensional random walk. Strand displacement is a key

process in many of the DNA protocols for running DNA autonomous devices. Figure

1.1 illustrates DNA strand displacement via branch migration.

Figure 1.1: Strand displacement of dsDNA via a branch migration hybridization
reaction: The figure illustrates displacement of a DNA strand induced by the hy-
bridization of a longer strand, allowing the structure to reach a lower energy state.

In addition to the hybridization reaction described above, there are a wide variety

of known enzymes and other proteins used for manipulation of DNA nanostructures

that have predictable effects. Interestingly, these proteins were discovered in natural

bacterial cells and tailored for laboratory use.

Figure 1.2: Example of restriction enzyme cuts of a single stranded DNA sequence.
The sub-sequence recognized by the nuclease is unshaded.

DNA restriction (see Figure 1.2) is the cleaving of phosphodiester bonds between

the nucleotide sub-units at specific locations determined by short (4-8 base) sequences

5



by a class of enzymes called nucleases. Endonucleases cleave the phosphodiester bond

within a polynucleotide chain while exonucleases cleave the phosphodiester bond at

the end of a polynucleotide chain. Some nucleases have both these abilities. Some

restriction enzymes cut both the strands of a DNA double helix while others cut

only one of the strands (called nicking). DNA ligation (see Figure 1.3) is the rejoin-

ing of nicked double stranded DNA by repairing the phosphodiester bond between

nucleotides. Ligation is achieved by the class of enzymes known as ligases.

Figure 1.3: Ligase healing a single stranded nick. Note that the two parts are
bound to the same template.

DNA polymerases (see Figure 1.4) are a class of enzymes that catalyze the poly-

merization of nucleoside triphosphates into a DNA strand. The polymerase ”reads”

an intact DNA strand as a template and uses it to synthesize the new strand. The

newly polymerized molecule is complementary to the template strand. DNA poly-

merases can only add a nucleotide onto a pre-existing 3-prime hydroxyl group. There-

fore it needs a primer, a DNA strand attached to the template strand, to which it

can add the first nucleotide. Certain polymerase enzymes (e.g., phi-29) can, as a

side effect of their polymerization reaction, efficiently displace previously hybridized

strands. Isothermal denaturization (breaking of base pairings) can also be achieved

by helicases which are motor proteins that move directionally along a DNA back-

bone, denaturing the double helix. In addition, Deoxyribozymes (DNAzymes) are

a class of nucleic acid molecules that possess enzymatic activity - they can, for ex-

ample, cleave specific target nucleic acids. Typically, they are discovered by in-vivo

evolution search.

Besides their extensive use in other biotechnology, the above reactions, together
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Figure 1.4: Extension of primer strand (unshaded) bound to the template by DNA
polymerase.

with hybridization, are often used to execute and control DNA computations and

DNA robotic operations. The restriction enzyme reactions are programmable in the

sense that they are site-specific, only executed as determined by the appropriate

DNA base sequence. Ligation and polymerization require the expenditure of energy

via consumption of ATP molecules and thus can be controlled by ATP concentration.

1.1.3 Why Use DNA to Assemble Molecular-scale Devices?

There are many advantages of DNA as a material for building things at the molecular-

scale. Given below are some of the reasons why DNA is uniquely suited for assembly

of molecular-scale devices.

(a) From the perspective of design, the advantages are:

• A variety of geometries can be achieved by carefully programming DNA se-

quences to interact among themselves in a predictable manner. The shape of

the DNA nanostructure is controlled by its component DNA strands and this

gives us an ability to program a myriad of nanostructures.

• The structure of most complex DNA nanostructures can be reduced to de-

termining the structure of short segments of dsDNA. The basic geometric and

thermodynamic properties of dsDNA are well understood and can be predicted
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by available software systems from key parameters like sequence composition,

temperature and buffer conditions.

• Design of DNA nanostructures can be assisted by software. To design a DNA

nanostructure or device, one needs to design a library of ssDNA strands with

specific segments that hybridize to (and only to) specific complementary seg-

ments on other ssDNA. There are a number of software systems (developed at

NYU, Caltech, Arizona State, and Duke University) for design of the DNA se-

quences composing DNA tiles and for optimizing their stability, which employ

heuristic optimization procedures for this combinatorial sequence design task.

(b) From the perspective of experiments, the advantages are:

• The solid-phase chemical synthesis of custom ssDNA is now routine and in-

expensive; a test tube of ssDNA consisting of any specified short sequence of

bases (< 150) can be obtained from commercial sources for modest cost (about

half a US dollar per base at this time); it will contain a very large number

(typically at least 1012) of identical ssDNA molecules. The synthesized ssDNA

can have errors (premature termination of the synthesis is the most frequent

error), but can be easily purified by well-known techniques (e.g., electrophoresis

as mentioned below).

• The assembly of DNA nanostructures is a very simple experimental process: in

many cases, one simply combines the various component ssDNA into a single

test tube with an appropriate buffer solution at an initial temperature above

the melting temperature, and then slowly cools the test tube below the melting

temperature.

• The assembled DNA nanostructures can be characterized by a variety of tech-

niques. One such technique is electrophoresis. It can provide information about
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the relative molecular mass of DNA molecules, as well as some information

regarding their assembled structures. Other techniques like Atomic Force Mi-

croscopy (AFM), Transmission Electron Microscopy (TEM) and Cryo-Electron

Microscopy (cyroEM) provide images of the actual assembled DNA nanostruc-

tures on 2D surfaces and in 3D.

1.2 Thesis Organization

In this thesis, we describe multiple projects which examine different aspects of DNA

self-assembly. In Chapter 2, we study theoretical self-assembly in a mathematical

framework known as the Tile Assembly Model (TAM). We extend TAM by incorpo-

rating randomization during the assembly process which allows us to reduce the tile

complexity of linear assemblies. In Chapter 3, we abstract the fundamental proper-

ties of DNA and develop a biochemical system which we call meta-DNA (mDNA),

based entirely on strands of DNA as the only component molecule. We further

develop various enzyme-free protocols to manipulate mDNA systems and provide

strand level details along with abstract notations for these mechanisms. In Chap-

ter 4, we propose detailed designs for local molecular computations that involve

spatially contiguous molecules arranged on addressable substrates via enzyme-free

DNA hybridization reaction cascades. We use the Visual DSD simulation software

in conjunction with localized reaction rates obtained from biophysical modeling to

create chemical reaction networks of localized hybridization circuits that are then

model checked using the PRISM model checking software. In Chapter 5, we describe

a DNA detection system employing the triggered self-assembly of a novel DNA den-

dritic nanostructure. Detection begins when a specific, single-stranded target DNA

strand (T ) triggers a hybridization chain reaction (HCR) between two distinct DNA

hairpins. Each hairpin opens and hybridizes up to two copies of the other and hence

each layer of the growing dendritic nanostructure can in principle accommodate an
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exponentially increasing number of cognate molecules, generating a high molecular

weight nanostructure. In Chapter 6 we build linear activatable assemblies employing

a novel protection/deprotection strategy to strictly enforce the direction of tiling as-

sembly growth to ensure the robustness of the assembly process. Our system consists

of two tiles that can form a linear co-polymer. These tiles, which are initially pro-

tected such that they do not react with each other, can be activated to form linear

co-polymers via the use of a strand displacing enzyme.

1.3 Collaborations

Work described in Chapter 2 was done in collaboration with Nikhil Gopalkrishnan

and John Reif and first appeared as Chandran et al. (2009). Work described in

Chapter 3 was done in collaboration with Nikhil Gopalkrishnan, Bernard Yurke and

John Reif and first appeared as Chandran et al. (2012c). Work described in Chapter

4 was done in collaboration with Nikhil Gopalkrishnan, Andrew Phillips and John

Reif and first appeared as Chandran et al. (2011). Work described in Chapter 5

was done in collaboration with Abhijit Rangnekar, Geetha Shetty, Erik Schultes,

John Reif and Thomas LaBean and is under submission (Chandran et al. (2012d)).

Work described in Chapter 6 was done in collaboration with Sudhanshu Garg, Nikhil

Gopalkrishnan, Thomas LaBean and John Reif and first appeared as Chandran et al.

(2012a).
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2

Tile Complexity of Linear Assemblies

Chapter Summary

Self-assembly is fundamental to both biological processes and nanoscience. Key fea-

tures of self-assembly are its probabilistic nature and local programmability. These

features can be leveraged to design better self-assembled systems. The conventional

Tile Assembly Model (TAM) developed by Winfree using Wang tiles is a powerful,

Turing-universal theoretical framework which models varied self-assembly processes.

A particular challenge in DNA nanoscience is to form linear assemblies or rulers of a

specified length using the smallest possible tile set, where any tile type may appear

more than once in the assembly. The tile complexity of a linear assembly is the cardi-

nality of the tile set that produces it. These rulers can then be used as components for

construction of other complex structures. While square assemblies have been exten-

sively studied, many questions remain about fixed length linear assemblies, which are

more basic constructs yet fundamental building blocks for molecular architectures.

In this chapter, we† extend TAM to take advantage of inherent probabilistic behav-

† Collaborative work with Nikhil Gopalkrishnan and John Reif
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ior in physically realized self-assembled systems by introducing randomization. We

describe a natural extension to TAM called the Probabilistic Tile Assembly Model

(PTAM). A restriction of the model, which we call the standard PTAM is considered

in this chapter. Prior work in DNA self-assembly strongly suggests that standard

PTAM can be realized in the laboratory. In TAM, a deterministic linear assembly

of length N requires a tile set of cardinality at least N . In contrast, we show var-

ious non-trivial probabilistic constructions for forming linear assemblies in PTAM

with tile sets of sub-linear cardinality, using techniques that differ considerably from

existing assembly techniques. In particular, for any given N , we demonstrate lin-

ear assemblies of expected length N with a tile set of cardinality Θ(logN) using

one pad per side of each tile. We prove a matching lower bound of Ω(logN) on

the tile complexity of linear assemblies of any given expected length N in standard

PTAM systems using one pad per side of each tile. We further demonstrate how

linear assemblies can be modified to produce assemblies with sharp tail bounds on

distribution of lengths by concatenating various assemblies together. In particular,

we show that for infinitely many N we can get linear assemblies with exponentially

dropping tail distributions using O(log3N) tile types. We also propose a simple ex-

tension to PTAM called κ-pad systems in which we associate κ pads with each side

of a tile, allowing abutting tiles to bind when at least one pair of corresponding pads

match. This gives linear assemblies of expected length N with a 2-pad (two pads

per side of each tile) tile set of cardinality Θ
(

logN
log logN

)
for infinitely many N . We

show that this is optimal by proving a lower bound of Ω
(

logN
log logN

)
for each N on the

cardinality of the κ-pad (κ-pads per side of each tile) tile set required to form linear

assemblies of expected length N in standard κ-pad PTAM systems for any positive

integer κ. The techniques that we use for deriving these tile complexity lower bounds

are notable as they differ from traditional Kolmogorov complexity based information
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theoretic methods used for lower bounds on tile complexity. Also, Kolmogorov com-

plexity based lower bounds do not preclude the possibility of achieving assemblies

of very small tile multiset cardinality for infinitely many N . In contrast, our lower

bounds are stronger as they hold for every N , rather than for almost all N . All our

probabilistic constructions are free from co-operative tile binding errors. Thus, for

linear assembly systems, we have shown that randomization can be exploited to get

large improvements in tile complexity at a small expense of precision in length.
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2.1 Introduction

Biological systems show a remarkable range of form and function. How are these

multitude of systems constructed? What are the principles that govern them? In

particular, as computer scientists, we ask if there are simple rules whose repeated

application can give rise to such complex systems. This leads us to the study of

self-assembly.

2.1.1 Fundamental Nature of Self-Assembly

Self-assembly is a fundamental, pervasive natural phenomenon that gives rise to com-

plex structures and functions. It describes processes in which a disordered system

of pre-existing components form organized structures as a consequence of specific,

local interactions among the components without any external direction. In its most

complex form, self-assembly encompasses the processes involved in growth and repro-

duction of higher order life. A simpler example of self-assembly is the orderly growth

of crystals. In the laboratory, self-assembly techniques have produced increasingly

complex structures (see Park et al. (2005); Rothemund (2006); Douglas et al. (2009);

Dietz et al. (2009); Zheng et al. (2009); Andersen et al. (2009) for a few illustrative

examples) and dynamical systems (see Dirks and Pierce (2004); Zhang et al. (2007);

Yin et al. (2008) for some examples). The roots of attempts to model and study

self-assembly begin with the study of tilings.

A Wang tile (Wang (1961)), is an oriented unit square with a pad associated

with each side. Any two tiles with the same pads on corresponding sides are said

to be of the same tile type. Tile orientation is fixed, they cannot be rotated or

reflected †. Given a finite set S of Wang tiles types, a valid arrangement of S on

a planar unit square grid consists of copies of Wang tiles from the set S such that

† This is a valid assumption when implementing Wang tiles in the laboratory using DNA due to
the complementary nature of DNA strand binding.
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abutting pads of all pairs of neighboring tiles match. The tiling or domino problem

for a set of Wang tiles is: can tiles from S (chosen with replacement) be arranged to

cover the entire planar grid? Berger (1966) proved the undecidability of the tiling

problem by reducing the halting problem to it. Robinson (1971) gave an alternative

proof involving a simulation of any single tape deterministic Turing Machine by some

set of Wang tiles. Garey and Johnson (1981) and Lewis and Papadimitriou (1981)

proved that the problem of tiling a finite rectangle is NP-complete. These results

paved the way for Wang tiling systems to be used for computation. But Wang tilings

do not model coordinated growth and hence do not describe complex self-assembly

processes. Winfree (1995) extended Wang tilings to the Tile Assembly Model (TAM)

with a view to model self-assembly processes, laying a theoretical foundation (see

Winfree (1998a); Adleman (2000); Rothemund and Winfree (2000)) for a form of

DNA based computation, particularly, molecular computation via assembly of DNA

lattices with tiles in the form of DNA motifs.

The tile complexity, defined first by Rothemund and Winfree (2000), of assem-

bling a shape is defined as the minimum number of tile types for assembling that

shape. Tile complexity, apart from capturing the information complexity of shapes,

is also important as there exist fundamental limits on the number of tile types

one can design using DNA sequences of fixed length. Various ingenious construc-

tions for shapes like squares (see Rothemund and Winfree (2000); Adleman et al.

(2001a); Kao and Schweller (2008); Doty (2009)), rectangles (see Aggarwal et al.

(2004)) and computations like counting (see Barish et al. (2005)), Sierpinski trian-

gles (Rothemund et al. (2004)) etc. exist in this model. Lower bounds on tile set

complexity have also been shown for various shapes (see Rothemund and Winfree

(2000); Aggarwal et al. (2004); Doty et al. (2011)).

Stochastic processes play a major role in self-assembly and have been investi-

gated theoretically by Winfree (1998b) and Adleman (2000) and in the laboratory
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by Schulman and Winfree (2007). However, constructions in TAM are typically de-

terministic in the sense that they produce exactly one terminal assembly given a

tile set (see Bryans et al. (2011) for non-deterministic constructions in TAM). This

is because at most one type of tile is allowed to attach at any position in a par-

tially formed assembly. See Section 2.2 for more details. This work investigates the

effects of relaxing these constraints and reduces the number of tile types required

to form linear assemblies of given length. In contrast to earlier work in stochastic

self-assembly, we make tile attachments irreversible (as in TAM) and allow multiple

tile types to attach at any position.

2.1.2 Motivation

A particular challenge in DNA nanoscience is to form linear assemblies or rulers

of a specified length from unit sized square tiles. These rulers can then be used

as a component for construction of other complex structures. One can use these

structures as nanoscale beams and struts (See Figure 2.1).

Figure 2.1: Possible nanostructures using rulers as substructures.

Linear assemblies can also serve as boundaries as demonstrated by Schulman et al.

(2004) and as nucleation sites for more complex nanostructures. Note that due to the

inherently flexible nature of linear nanostructures, most complex nanostructures will

generally tolerate small deviations from the intended lengths of these substructures.

In TAM, rulers of length N can be trivially constructed by deterministic assembly

of N distinct tile types. This is also the matching linear lower bound for size of tile

sets in deterministic TAM, as shown in Section 2.4. Thus, it is impractical to form
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large linear structures using the deterministic techniques of TAM. Long thin rectan-

gles (which are approximations of linear assemblies) can be formed using Θ( logN
log logN

)

tile types but they suffer errors due to co-operative tile binding. In contrast, the

number of tile types to form an N × N square is only Θ
(

logN
log logN

)
as proved by

Adleman et al. (2001a), which is exponentially better than the lower bound for lin-

ear assemblies. This bound for squares is asymptotically tight for almost all N as

dictated by information theory (see Rothemund and Winfree (2000)) while the one

for linear assemblies is not. This begs the question: why are we not able to reach

the information theoretic limit of Θ
(

logN
log logN

)
in linear structures using TAM? Is this

lower bound tight? What is the longest (finite) linear assembly one can assemble with

a set of n tile types in realistic tiling models? What changes to TAM will give us the

power to specify the linear systems using a smaller tile set? While square assemblies

have been extensively studied (see Rothemund and Winfree (2000); Adleman et al.

(2001a); Kao and Schweller (2008); Doty (2010)), many questions remain about lin-

ear assemblies, which are simpler constructs yet are fundamental building blocks at

the nanoscale. We answer a number of these questions and show novel, interesting

results using techniques that differ considerably from existing ones. While there

have been numerous variations on TAM in recent years, their impact on laboratory

techniques in DNA self-assembly are minimal. At the same time, design principles

used in DNA self-assembly do not fully leverage the programmability and stochas-

ticity inherent to self-assembly. Hence, our goal is to develop a simple model that

directs design principles of experimental DNA self-assembly by taking advantage of

the inherent stochasticity of self-assembly. It is noteworthy that the techniques for

designing and analyzing these simple constructs under our simple model are non-

trivial and theoretically rich.
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2.1.3 Related Work

Non-deterministic tilings were studied by Lagoudakis and LaBean (1998) for imple-

menting an algorithm for SAT. Becker et al. (2006) describe probabilistic tile systems

that yield squares, rectangles and diamonds in expectation usingO(1) tile types. This

work was extended by Kao and Schweller (2008) to yield arbitrarily close approxima-

tions to squares with arbitrarily high probability using O(1) tile types. Doty (2010)

improved the techniques developed by Kao and Schweller (2008) to get squares with

arbitrarily high probability using O(1) tile types. These works require precise arbi-

trary relative concentrations of tile types with no cost incurred in tile complexity.

In the laboratory, achieving precise arbitrary relative concentrations between tiles

is infeasible. Also, the descriptional complexity of tile systems in such models in-

clude not just the descriptional complexity of the tile set, but also the descriptional

complexity of the concentration function. Thus, the size of the tile set producing an

assembly is not a true indicator of its descriptional complexity. In PTAM, the set

of tiles is a multi-set that implicity defines relative concentrations and thus imposes

a charge for specifying relative concentrations. Therefore, the size of the tile set

producing an assembly is a true indicator of its descriptional complexity.

Demaine et al. (2008) discuss staged self-assembly to get various shapes using

O(1) pad types. Aggarwal et al. (2005) introduce various extensions to TAM and

study the impact of these extension on both running time and the number of tile

types. Compared to the above, PTAM is a simple extension to TAM that requires

no laboratory techniques beyond those used to implement TAM.

The Kinetic Tile Assembly Model (kTAM) proposed by Winfree (1998b) mod-

els kinetics and thermodynamics of DNA hybridization reactions. Schulman et al.

(2004) used the DNA based DX tiles, originally designed by Winfree et al. (1998),

to create one dimensional boundaries within the nanoscale. Adleman (2000) pro-
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posed a mathematical theory of self-assembly which is used to investigate linear

assemblies. While many fundamental theoretical questions arise in these models, the

question of tile complexity of linear assemblies is uninteresting due the existence of

the trivial lower bound mentioned in Section 2.1.2. Thus, the questions about linear

self-assemblies examined in this chapter are original and the constructions presented

are novel.

2.1.4 Main Results

We describe a natural extension to TAM in Section 2.3 to allow stochastic, non-

deterministic assembly, called the Probabilistic Tile Assembly Model (PTAM). A

restriction of the model to diagonal, haltable, uni-seeded, and east-growing systems

(defined in Section 2.3), which we call the standard PTAM is considered in this

chapter. Prior work in DNA self-assembly strongly suggests that standard PTAM

constructs can be realized in the laboratory. We show various non-trivial probabilistic

constructions in PTAM for forming linear assemblies with small tile sets in Section

2.4, using techniques that differ considerably from existing assembly techniques. In

Section 2.4.2, for any givenN , we demonstrate linear assemblies of expected lengthN

with tile set of cardinality Θ(logN) using one pad per side of each tile. In Section 2.5

we demonstrate how linear assemblies can be modified to produce assemblies with

sharp tail bounds on distribution of lengths by concatenating various assemblies

together. In particular, in Section 2.5.2, we show that for infinitely many N we can

get linear assemblies with exponentially dropping tail distributions using O(log3N)

tile types. We derive a lower bound of Ω(logN) on the tile complexity of linear

assemblies of any given expected length N in standard PTAM systems using one

pad per side of each tile in Section 2.6. This lower bound, which holds for all N , is

tight and stronger than the information theoretic lower bound of Ω
(

logN
log logN

)
which

holds only for almost all N . We also propose a simple extension to PTAM in Section

19



2.7 called κ-pad systems in which we associate κ pads with each side of a tile, allowing

abutting tiles to bind when at least one pair of corresponding pads match. This gives

linear assemblies of expected length N with a 2-pad (two pads per side of each tile)

tile set of cardinality Θ
(

logN
log logN

)
tile types for infinitely many N as proved in Section

2.7.3. We show in Section 2.7.4 that we cannot achieve smaller tile complexity by

proving a lower bound of Ω
(

logN
log logN

)
for each N on the cardinality of the κ-pad (κ

pads per side of each tile) tile multiset required to form linear assemblies of expected

length N in standard κ-pad PTAM systems for any constant κ. The techniques

used for deriving these lower bounds are notable as they are stronger and differ from

traditional Kolmogorov complexity based information theoretic methods used for

lower bounds on tile complexity. Kolmogorov complexity based lower bounds do not

preclude the possibility of achieving assemblies of very small tile multiset cardinality

for infinitely many N while our lower bounds do, as they hold for every N .

2.2 The Tile Assembly Model for Linear Assemblies

This section describes the Tile Assembly Model (TAM) by Winfree for special case

linear (1D) assemblies (henceforth referred to as LTAM). For a complete and for-

mal description of the general model see Rothemund and Winfree (2000). The next

section extends the model by introducing stochasticity and non-determinism. This

chapter considers only a one-dimensional grid of integers Z which simplifies the def-

initions of the model. The directions D = {East,West} are functions from Z to Z,

with East(x) = x + 1 and West(x) = x − 1. We say that x and x′ are neighbors if

x′ ∈ {West(x),East(x)}. Note that East−1 = West and vice versa. N is the set of

natural numbers.

A Wang tile over the finite set of distinct pads Σ is a unit square where two
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opposite sides have pads from the set Σ†. Formally, a tile t is an ordered pair of

pads (Wt, Et) ∈ Σ2 indicating pad types on the West and East sides respectively.

Thus, a tile cannot be reflected. For each tile t, we define padEast(t) = Et and

padWest(t) = Wt. Σ contains a special null pad, denoted by ϕ. The empty tile (ϕ, ϕ)

represents the absence of any tile. Pads determine when two tiles attach. A function

g : Σ×Σ → {0, 1} is a binary pad strength function if it satisfies ∀x, y ∈ Σ, g(x, y) =

g(y, x) and g(ϕ, x) = 0. Linear assemblies do not have co-operative tile binding, i.e,

interactions of more than one pair of pads during an attachment step. Hence the

temperature parameter used in TAM is redundant in linear assemblies where tiles

have only one pad per side. Throughout this chapter we assume only a binary pad

strength function. In this model each tile has only a single pad on each of its sides

(West and East) whereas in Section 2.7 we allow multiple pads per side for each tile.

A linear tiling system, T, is a tuple ⟨T, S, g⟩ where T containing the empty tile is

the finite set of tiles, S ⊂ T is the set of seed tiles and g is the binary pad strength

function. A configuration of T is a function A : Z → T with A(0) = s for some s ∈ S.

ForD ∈ D we say the tiles at x andD(x) attach if g(padD(A(x)), padD−1(A(D(x)))) =

1. Self-assembly is defined by a relation between configurations, A → B, if there

exists a tile t ∈ T , a direction D ∈ D and an empty position x such that t attaches

to A(D(x)). We define A
∗−→ B as the reflexive transitive closure of → and say B is

derived from A. For all s ∈ S a start configuration starts is given by starts(0) = s

and ∀x ̸= 0 : starts(x) = empty. A configuration B is produced if starts
∗−→ B for

some s ∈ S. A configuration is terminal if it is produced from starts for some s ∈ S

and no other configuration can be derived from it. Term(T) is the set of terminal

configurations of T. In TAM, a terminal configuration is thought of as the output of

a tiling system given a seed tile s ∈ S. TAM requires that there be a unique terminal

† In general, for two dimensional assemblies, tiles have pads on all four sides. However, we do not
use any pads on the North and South sides in this chapter and hence omit them. Also, we allow
for multiple pads on the sides of a tile in Section 2.7.
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configuration for each seed. Note that it allows different attachment orders as long

as they produce the same terminal configuration. This unique terminal configuration

requirement means that given any non-terminal configuration A, at most one t ∈ T

can attach at any given position. In this sense, TAM is deterministic. In the next

section we will explore the effect of relaxing this condition.

DNA nanostructures can physically realize TAM as shown by Winfree et al.

(1998) with the DX tile and Mao et al. (2000) with the TX tile. Like the square

tile in TAM, the DX and TX have pads that specify their interaction with other

tiles. The pads are DNA sequences that attach via hybridization of complimentary

nucleotides. Mao et al. (2000) performed a laboratory demonstration of computa-

tion via tile assembly using TX tiles. Yan et al. (2003a) performed parallel XOR

computation in the test-tube using DX tiles. Other simple computations have also

been demonstrated. However, larger and more complex computations are beset by

errors and correction of these errors remains a challenge towards general computing

using DNA tiles. Winfree and Bekbolatov (2003); Chen and Goel (2004); Reif et al.

(2004); Chen et al. (2007) design basic error correction protocols. See Section 2.8 for

a further discussion.

2.3 The Probabilistic Tile Assembly Model

In TAM, the output of a tile system is said to be a shape of given fixed size (for

example, square of side N , linear assemblies of length N) if the tile system uniquely

produces it. In this chapter, we consider some implications of relaxing this require-

ment. Instead of asking that a set of tiles produce a unique shape, we allow the set of

terminal assemblies to contain more than one shape by designing tile systems which

admit multiple tile attachment at certain positions in a configuration. Note that we

do not allow pad mismatch errors (see Section 2.8 for details). We also associate a

probability of formation with each terminal assembly. These extensions and modifi-
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cations to TAM are formalized for linear assemblies. Note that the definitions given

below can be easily extended to assemblies in two-dimensions by introducing pads

on the North and South sides of tiles and including a temperature parameter τ as

defined by Rothemund and Winfree (2000) for co-operative binding effects.

2.3.1 The Probabilistic Tile Assembly Model (PTAM)

A probabilistic linear tiling system T is given by the tuple ⟨T, S, g⟩, where T is a

(finite) multiset of tile, S ⊂ T is the multiset of seed tiles and g is the binary pad

strength function. The set of pad types Σ, tiles and configurations for T are defined

as in Section 2.2. The multiplicity M : T → N of a tile is the number of times it

occurs in T . T contains the empty tile type withM(empty) = 1. Multiplicity models

concentration. We assume a well-mixed reaction environment in which, at each step,

some member of T is copied (chosen with replacement) with uniform probability.

If the tile thus obtained can attach to the produced configuration, it does so, else

we re-sample from T with uniform probability in the next step. This continues till

either a match is found or none exists, in which case the system halts. Note that this

is a Gillespie simulation (see Gillespie (1977)) with a seed serving as a nucleation

site. A system with only one seed, S = {s}, is called uni-seeded. We consider only

uni-seeded systems in this chapter. The function type(t), type : T → Σ×Σ, returns

the tile type for any t ∈ T .

Self-assembly of a linear tiling system T is defined by a relation between the set

of positive probabilities and a pair of configurations A and B as: A→p
T B (read as A

gives B with probability p) if there exists a tile t ∈ T , a directionD ∈ D and an empty

position x such that t attaches to A(D(x)) with positive probability p to give B where

p = M(type(t))/
∑

j∈∆ M(type(j)) where ∆ = {j| type(j) attaches to A(D(x))}.

The closure of →p
T, denoted by

∗−→
p̂

T (read as ‘derives’), is defined by the following

transitive law: if A →p1
T B and B →p2

T C then A →p1p2
T C. A configuration B is
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produced with positive probability p if starts
∗−→

p

T B. A configuration is terminal if

it is produced from starts and no other configuration can be derived from it with

positive probability. Term(T) is the set of terminal configurations of T. We associate

a probability of formation, P (A) to each produced configuration A recursively, as

follows: P (starts) = 1 and P (B) =
∑

Γ pkP (Ak) where Γ = {k|Ak →pk
T B}. Length

of a produced configuration A, written as |A|, is the number of non-empty tiles in it.

A configuration A is called a linear assembly of length N if it is terminal and

|A| = N . Following terminology developed by Rothemund and Winfree (2000), a

linear tiling system is defined to be diagonal iff g(x, y) = 0 for all x, y with x ̸= y

and g(x, x) = 1 for all x ̸= ϕ. A tile t is reachable in T if it is part of some produced

configuration. A tile t ∈ T is a capping tile if t is reachable and there exists D ∈ D

such that g(padD(t), padD−1(t′)) = 0 for each t′ ∈ T . For D = East the tile is called

East capping and for D = West it is called West capping. A capping tile halts growth

in either the East or West direction. Note that a tile other than the seed cannot

be both East and West capping. A linear probabilistic tiling system T is haltable iff

for each produced configuration A, there exists a terminal configuration B such that

A
∗−→

p

T B with positive probability p. Each terminal configuration has a probability

of formation associated with it. If T is haltable, some terminal configuration occurs

with certainty, as stated below.

Lemma 1. If T is a haltable probabilistic linear tiling system, then
∑

A∈Term(T)

P (A) =

1.

Proof. Consider the directed weighted graph G whose nodes are produced configura-

tions. Designate the node corresponding to the start configuration starts as the start

node of G. An edge exists from a node A to node B with probability of transition

p iff A →p
T B. Note that G might have infinite number of nodes. Let the nodes of

G with outdegree 0 be called leaf nodes. Term(T) is in one-to-one correspondence
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with the leaf nodes of this tree. The probability of formation for any produced con-

figuration can be read out from its corresponding node by summing the product of

transition probabilities over all paths from the start to that node. We will show a

conservation law for the probability of formation which will inductively imply that

the sum of probabilities of formation of leaf nodes equals the probability of formation

of the start node, which is P (starts) = 1. Let us partition the set of nodes of G into

levels corresponding to the breadth-first traversal of G from the start node. Level 0

contains only the start node. Level i contains all nodes that are i hops away from

the start node. Note that each node at level i corresponds to a configuration having

exactly i+1 non-empty tiles. Since a configuration having i+1 non-empty tiles can

only be formed by attachment of a single tile to a configuration having i tiles, each

edge of G is across consecutive levels. The conservation law is, sum of probabilities

of formation of non-leaf nodes at level i equals sum of probabilities of formation of

nodes at level i+ 1, which follows directly from the recursive definition of the prob-

ability of formation and the above described special structure of G. Thus, if T is

haltable, this conservation law guarantees that sum of probabilities of formation of

leaf nodes is P (seeds) = 1. Thus
∑

A∈Term(T)

P (A) = 1.

A linear tiling system is called east-growing if the West pad of the seed tile is

ϕ. A simulation of a probabilistic linear tile system T by a probabilistic linear tile

system Q is a bijection f between terminal configurations that preserves lengths

and probabilities of formation of assemblies, i.e. f : Term(T) → Term(Q) satisfying

|A| = |f(A)| and P (A) = P (f(A)) for each A ∈ Term(T). Any probabilistic linear

tiling system T can be simulated by an east-growing probabilistic linear tiling system

Q using no more than twice the number of tile types of T, in the following manner.

For the seed s = (Ws, Es) of T, let s′ = (ϕ,E ′
s) be the seed of Q and for each East-

capping tile c = (Wc, ϕ) of T let Q contain tile c′ = (W ′
c,W

′′
s ). For all other tiles

25



t = (Wt, Et) of T, letQ contain tiles tr = (W ′
t , E

′
t) and tl = (E ′′

t ,W
′′
t ). The reader may

verify that this is a simulation. Hence, we consider only east-growing tile systems in

this chapter. A probabilistic linear tiling system is equimolar if ∀t ∈ T : M(t) = 1.

Thus, for an equimolar tile system, the cardinality of T equals the number of tile

types in it. A probabilistic linear tiling system is two-way branching if at most two

tile types can attach at any given position for any given configuration. A probabilistic

linear tiling system is standard if it is diagonal, haltable, uni-seeded and east-growing.

Figure 2.2: Diagonal tiles: Colors indicate pad type. Green pads are implemented
using complementary DNA. Strands for other pads arenot shown.

Diagonal tile systems were suggested by Rothemund and Winfree (2000). These

systems are implementable using DNA tiles. Matching pads are implemented as

perfect Watson-Crick complementary DNA sequences (see Figure 2.2). Non-diagonal

tile systems are implementable using κ-pad systems with diagonal glue strength

functions. For tile systems producing linear assemblies that are not haltable, the

expected length of the assembly diverges. For linear assemblies, no advantage in

tile complexity or tail bounds on length of assemblies results from using multiple

seeds. Thus, we consider only standard systems in this chapter. Achieving arbitrary

concentration vectors is infeasible in laboratory implementations using molecules.

In contrast, equimolar systems, or close approximations to them, are frequently

achieved by chemists for various reactions. We demonstrate an equimolar standard

linear tiling system whose tile complexity matches the more general lower bound of

Ω(logN) applicable to all standard linear tiling systems.
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2.3.2 Complexity Measures for Tile Systems

Recall that the tile complexity of a shape is defined as the number of different tile

types in the smallest tile set that realizes the shape. While in TAM the shape is re-

alized deterministically, in PTAM we drop the requirement that a shape be obtained

uniquely and instead ask that it be approximated by our probabilistic tile systems.

The tile complexity in TAM is closely related to the size of the smallest Turing ma-

chine describing the shape (see Soloveichik and Winfree (2007) for results connecting

scale-free tile complexity and Kolmogorov complexity of that shape). However there

exist modifications of TAM (see Aggarwal et al. (2004); Kao and Schweller (2006);

Demaine et al. (2007); Becker et al. (2006)) where the number of tile types do not

correspond to the descriptional complexity of the shape. These systems encode the

complexity elsewhere, like in the concentration, temperature, mechanism etc. In

contrast, the standard systems of PTAM encode all the description of the shape in

the tile multiset. Thus, the (probabilistic) descriptional complexity of shapes corre-

sponds to the cardinality of the tile multiset which we call tile complexity. Note that

the multiplicity of tiles in the multiset count distinctly towards tile complexity.

What is the effect of the probabilistic model on tile complexity? We demonstrate

linear assemblies of fixed expected length N using a tile set of small cardinality. In

general, we are asking if there is any benefit in sacrificing the exact description of a

shape for a probabilistic description. For linear assemblies, the answer is yes, as we

show in the next section.

2.4 Constructing Linear Assemblies of Expected Length N

In the standard TAM, the tile complexity for a linear assembly of length N is N .

This is because if a tile type occurs at more than one position in the assembly, the

sub-unit between these two positions can repeat infinitely many times. This does
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not produce a linear assembly of length N . The PTAM does not suffer from this

drawback. By making longer and longer chains less likely, we ensure that most chains

are of length close to N . We focus on the expected lengths of linear assemblies in this

section. In Section 2.5 we discuss methods to achieve a sharp distribution around the

expectation. All of our constructions for linear assemblies of expected length N ∈ N

in this section are standard, equimolar and two-way branching. The random variable

L always denotes the length of the assembly. Specific tiles systems in the rest of this

section are illustrated using tile binding diagrams. Each tile type is represented by

a square, with labels distinguishing different tile types. All possible interactions

among tiles are denoted via arrows that originate at the West side of some tile and

terminate on the East side of some tile, indicating pad strengths of 1 between these

tiles along these sides. Absence of arrows indicate that no possible attachment can

occur, i.e. pad strength is 0, except when otherwise indicated. All our systems

are temperature 1 assemblies which are more resilient to errors than assemblies at

greater temperatures. The latter suffer errors due to co-operative tile binding (see

Winfree and Bekbolatov (2003); Chen and Goel (2004)). Moreover, temperature 1

systems are easier to implement in the laboratory than higher temperature systems.

Since we consider only equimolar systems for the rest of this section, the cardinality of

our tile multisets equals the number of tile types. We use these terms interchangeably

for equimolar systems.

2.4.1 Linear Assemblies Using O(log2N) Tile Types

In this section we present a standard linear tiling system that achieves a linear

assembly of expected length N for any given N using O(log2N) tile types. First,

we give a construction for powers of two, i.e. for any given N = 2i for some i ∈ N,

we show how to construct linear assemblies of expected length N using Θ(logN) tile

types. Then we extend this construction to all N by expressing N in binary and
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linking together the chains corresponding to 1s in the binary representation of N .

Powers of Two Construction

Figure 2.3: Tile binding diagram for powers of two construction. The labels on
arrows indicate pad type. The arrows for the label gn on tiles Ri are not drawn for
the sake of reducing clutter

Figure 2.3 illustrates the tile set of size 2n, used in a powers of two construc-

tion. Attachment of S1 to Seed is deterministic. The assembly halts only when

the sequence Tn−1, Tn−2, Tn−3, . . . T2, T1 of attachments is achieved. The tiles Ri,

i = 1, 2 . . . , n − 1, each have gn as their East pads and hence act as reset tiles.

Each equiprobable choice is between a reset (addition of Ri) and progress towards

completion (addition of Ti).

Lemma 2. Let Xi be the random variable equal to the number of tiles of type Ti in a

terminal assembly. Then E[Xi−1] =
E[Xi]

2
and E[Xi] = 2i−1 for i = 2, 3, . . . , n−1. Let

Yi be the random variable equal to the number of tiles of type Ri in a final assembly.

Then E[Yi] = E[Xi] for i = 1, 2, 3, . . . , n− 1.

Proof. Every time a tile of type Ti appears it is followed immediately after by either

a tile of type Ti−1 or Ri−1 each with probability 1/2 for i = 2, 3 . . . n − 1. So

E[Yi−1] = E[Xi−1] =
E[Xi]

2
. T1 is the terminal tile and appears exactly once. Hence

its expectation is 1 = 20. Repeated application of the above geometric decrease

property gives E[Xi] = 2i−1 for i = 1, 2, 3, . . . , n− 1.
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Lemma 3. Let L be the random variable equal to the length of the assembly for the

powers of two construction (Figure 2.3). Then E[L] = 2n.

Proof. L = 2+
n−1∑
i=1

(Xi+Yi). Hence E[L] = 2+2
n−1∑
i=1

E[Xi] = 2+2
n−1∑
i=1

2i−1 = 2n.

Extension to Arbitrary N

We extend the powers of two construction to allN by expressingN in binary, denoted

by B(N). For the ith bits of B(N) equal to 1, we have a power of two construction

of expected length 2i, using 2i tile types as in Section 2.4.1. We simply append

these various constructions deterministically, and rely on linearity of expectation to

achieve a linear assembly of length N in expectation.

Theorem 1. Let L be the random variable equal to the length of the assembly de-

scribed above. Then, E[L] = N . Thus, an assembly of expected length N can be

constructed using O(log2N) tile types for any given N ∈ N.

Proof. As before, let B(N) be the binary representation of N . Also, let b(i) be a

binary 0, 1 function which is equal to the ith bit of B(N). Now, N =

⌊logN⌋∑
i=0

b(i)2i.

We have a power of two construction described in Section 2.4.1 of expected length

2i, using 2i tile types, for each i for which b(i) = 1. From linearity of expectation,

the expected length of the full assembly E[L] = N . The number of tile types used is

upper bounded by

⌊logN⌋∑
i=0

b(i)(2i) ≤
⌊logN⌋∑
i=0

2i = O(log2N).

2.4.2 Linear Assemblies Using Θ(logN) Tile Types

In this section we present a standard linear tiling system that achieves linear as-

semblies of length N in expectation for any given N using Θ(logN) tile types. For
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powers of two, this construction reduces to the one in Section 2.4.1. Our construction

for general N is more succinct than the one presented in Section 2.4.1. This new

construction exploits the observation that the expected number of tiles of each type

present in the powers of two construction decrease geometrically. We give an alter-

nate binary encoding (see Li and Vitanyi (1997)) of non-zero natural numbers using

{1, 2} instead of the standard {0, 1} encoding. This encoding will allow us to exploit

the geometric decay property to build succinct constructions. The {1, 2} encoding

of a non-zero natural number N is the N th string in the lexicographic ordering of

strings in {1,2}+. An equivalent characterization is given below.

Lemma 4. {1,2}-Binary Encoding: For all non-zero natural numbers N, ∃bi ∈

{1, 2} : N =
∑n−1

i=0 bi2
i where n ≤ ⌈logN⌉. Every N has a unique {1,2}-binary

encoding.

Now we show how to encode any N using Θ(logN) tile types using the above

Lemma. Figure 2.4 is an example illustrating the construction for N = 92. For any

given N , let N ′′ be the greatest even number less than N . For N ′ = N ′′

2
, let B(N ′) =

bn−1bn−2 . . . b0 be its {1,2}-binary encoding of size n. For each bit bi our construction

has a progress tile complex Ti and a corresponding restart tile complex Ri of size bi

tiles each. Complexes Ti and Ri occurs Xi and Yi times respectively. By an argument

similar to Lemma 2, E[Xi] = E[Yi] = 2i−1. For even N , we deterministically prefix

a single tile P to the West of the seed tile. For odd N we omit this prefix tile.

Theorem 2. The above construction has an expected length E[L] = N and uses

Θ(logN) tile types.

Proof. Let Xi be the random variable equal to the number of times the complex Ti

appears in the final assembly. Let Yi be the random variable equal to the number of

times the complex Ri appears in the final assembly. The length of the assembly L is
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Figure 2.4: Tile binding diagram: N = 92;N ′′ = 90;N ′ = N ′′

2
= 45 = (12221)alt2.

P is the prefix tile.

given by

L =
n−2∑
i=0

(Xi+1 + Yi+1)bi + (N + 1 mod 2) + 1

and hence by linearity of expectation and Lemma 2,

E[L] = 2(
n−2∑
i=0

bi2
i) + (N + 1 mod 2) + 1 = 2N ′ + (N + 1 mod 2) + 1 = N

The number of tile types is Θ(n) = Θ(logN).

2.5 Improving Tail Distributions of Linear Assemblies

In the previous section we achieved a linear assembly of expected length N using

O(logN) tile types for all N ∈ N. However, the tail bounds on the distribution of

lengths achieved by tile sets of this construction is unclear. In this section we look at a

general method to improve the tail distributions of linear assemblies at the expense of

a linear factor increase in the tile complexity. We then give a concrete construction

that uses O(log3N) tile types and prove that it has exponentially dropping tail

distribution for infinitely many N .

2.5.1 Concatenating Independent Assemblies

Linear tile systems that do not give assemblies with exponential tail bounds on

length can be modified by concatenating k independent, distinct versions of the
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tile system into a new tile system with tail bounds that drop exponentially with

k. We can use the central limit theorem or Chernoff bounds (see Feller (1968);

Motwani and Raghavan (1995)) for bounding the tail of this new distribution. Both

the approaches are discussed below.

Given a tile multiset T (with single or κ-pads on each side of each tile) for a

linear assembly, let L̂ be the random variable equal to the length of the assembly

with mean ⌊N
k
⌋ and variance σ2

k
, and let f(⌊N

k
⌋) be the cardinality of T . Consider

k distinct, mutually disjoint versions of T , say T1, T2, . . . , Tk. We deterministically

concatenate the assemblies produced by these tile multisets by introducing pads that

allow the East side of each capping tile of Ti to attach to the West side of the seed

tile of Ti+1 for i = 1, 2, . . . , n − 1. We then add N − k⌊N
k
⌋ ≤ k distinct tiles that

deterministically extend the assembly beyond the capping tile of Tk. Let L be the

random variable equal to the length of the assembly produced by this construction.

This new multiset, Tsh of cardinality fsh(N) ≤ kf(⌊N
k
⌋) + k gives linear assemblies

of expected length E[L] = N and variance σ2. k ∈ {1, . . . , N} determines how sharp

the overall probability distribution is.

Central Limit Theorem Applied to Tail Distributions of Concatenated Assemblies

The central limit theorem gives:

∀δ ≥ 0 : P (|L−N | ≤ δσ) → Φ(δ) as k → ∞,

where Φ is the probability density function of the standard normal distribution. Let

ψ be the cumulative distribution function of the standard normal distribution. Thus,

P (|L−N | ≥ δσ) → 2(1− Φ(δ)) ≤ 2ψ(δ)/δ ≤
√

2/π(e−δ2/2/δ) as k → ∞.

Thus, we approach an exponentially decaying tail bound for large k, paying only a

linear multiplicative increase in tile complexity.
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Chernoff Bounds Applied to Tail Distributions of Concatenated Assemblies

Since Tsh is the concatenation of independent assemblies Ti, Chernoff bounds for

sums of independent random variables gives

∀δ, t > 0 : P (L > (1 + δ)N) ≤ (M(t)/e(1+δ)⌊N
k
⌋t)k and

∀δ > 0, t < 0 : P (L < (1− δ)N) ≤ (M(t)/e(1−δ)⌊N
k
⌋t)k

whereM(t) is the moment generating function of the random variable L̂. IfM(t)/e(1+δ)⌊N
k
⌋t <

1 for some t > 0 andM(t)/e(1−δ)⌊N
k
⌋t < 1 for some t < 0, we get tail bounds dropping

exponentially with k.

2.5.2 Linear Assemblies with Sharp Tail Bounds

We obtain a linear assembly of expected length N using O(log3N) tile types for all

N ∈ N. As before, we give a construction valid infinitely often, for N = (n+1)2n+1

for all n ∈ N and then later extend this to all N ∈ N by encoding N in terms of

repeated units of our special construction. Next, we show how to use this construction

to obtain assemblies which have sharp tail bounds on the distribution of lengths for

infinitely many N .

Infinitely Often Construction Using O(log2N) Tile Types

Figure 2.5 illustrates the tile set used to obtain a linear assembly of expected length

N = (n+1)2n +1 for all n ∈ N. The assembly halts only when the sequence of tiles

T1, T2, . . . Tn+1 attach. Either the West side of tile Ti+1 or one of the unique restart

sequences Bi,i+1, Bi,i+2, . . . Bi,n+1 can attach to the East side of tile Ti for each i.

Attachment of Ti+1 is progress towards completion while the restart sequence sets

the process back to step one. The restart sequences are unique in order to preserve

the diagonal nature of the assembly. The process is akin to tossing a biased coin till a

head appears. Each toss adds a linear chunk of n+1 tiles. A tail chunk is of the form
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Figure 2.5: Infinitely often construction using O(log2N) tile types

T1, T2 . . . TiBi,i+1, Bi,i+2, . . . Bi,n+1. A head chunk is of the form T1, T2 . . . Tn+1. Head

chunk attaches with a probability of 1
2n
, since each tile addition to the growing head

chunk offers two equally likely possibilities of which exactly one is favorable. This is

clearly a geometric process with parameter 1
2n

and so the expected number of chunks

is 2n. The size of each chunk n+1, giving a total assembly of length N = (n+1)2n+1

including the seed tile. The number of tile types used is O(n2) = O(log2N).

Extension to Arbitrary N

We extend the above infinitely often construction to all N by the following encoding

scheme. First we will show how to construct chains of expected length n2i for all

i ∈ {0, 1, . . . , n − 1}. Then, we express N as chunks of n2i which we put together

to obtain an assembly close to N . The small remainder is constructed using unique

tiles.

Figure 2.6 illustrates chains of expected length n2i, excluding the seed tile, for

all i ∈ N. The construction is a small modification of our earlier infinitely often
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Figure 2.6: Chains of expected length n2i for all i ∈ {0, 1, . . . , n− 1}.

construction. The head and tail chunks are of size n but the stochastic process

involves only the tiles Tn−i to Tn and restart sequences n− i + 1 and beyond. This

leads to a smaller bias of 2i and the expected length of such assemblies is n2i,

excluding the seed tile. This construction uses O(n2) tile types.

Now let N = a⌈logN⌉ + b where a, b are non-negative integers and b < ⌈logN⌉.

By expressing a in its binary representation, we can achieve constructions of size

⌈logN⌉2i that when put together deterministically, give a⌈logN⌉ in expectation by

the property of linearity. Let B(a) be the binary representation of a. Let b(i) be a

binary function equal to the ith bit of B(a). Then, a =

⌊log a⌋∑
i=0

b(i)2i and so a⌈logN⌉ =

⌊log a⌋∑
i=0

b(i)(⌈logN⌉2i). We create subassemblies of expected length ⌈logN⌉2i for each i

such that b(i) = 1 using the construction described above. Putting these assemblies

together gives a linear assembly of expected length a⌈logN⌉. For the remainder

b < logN we use unique tiles. Thus the expected length achieved by this construction

is N by linearity of expectation. This length excludes the single seed tile, which can

be adjusted by programming for linear assemblies of length N − 1.
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Each of the subassemblies requires ⌈logN⌉−i+ i2

2
tile types. Thus, the total num-

ber of tile types to form a⌈logN⌉ is at most

⌊log a⌋∑
i=0

(
⌈logN⌉ − i+

i2

2

)
= O(log3N).

The remainder b uses at most ⌈logN⌉ unique tiles. Thus, the total number of tile

types is O(log3N).

Tail Bound for Linear Assemblies of Expected Length N Using O(log3N) Tile Types

Here we show how to obtain linear assemblies with sharp tail bounds on distribution

of lengths. Recall the earlier discussion where the assembly was thought of as a

sequence of independent coin tosses, each adding an n length chunk to the assembly.

Assembly process halts when the first head chunk is realized. Unfortunately, this

process results in a geometric random process which does not have a sharp left tail.

To obtain good tail bounds, we repeat the assembly process r times to realize a

negative binomial random process. We do this by deterministically concatenating r

distinct versions of the assembly together. This is done by allowing the West side

of the starting tile of the i + 1th version to bind to the East side of the final tile of

the ith version. As earlier, the analysis below excludes the seed tile, which can be

adjusted by programming tile sets to construct linear assemblies of expected length

N − 1.

Suppose we are given a target length N = rn2i where r, n, i are positive integers

less than ⌈logN⌉. We build r versions of the assembly described earlier, each with

expected length n2i using at most O(rn2) = O(log3N) tile types. This gives a linear

assembly of expected length N . We prove in the theorem below that such assemblies

have exponentially dropping tail bounds.

Theorem 3. Let L be the random variable equal to the length of the above linear
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assembly, with E[L] = N . Then for all 0 < α and 0 < β < 1

Pr[L > (1 + α)N ] <

(
1 + α

eα

)r

and Pr[L ≤ (1− β)N ] ≤
(
1− β

e−β

)r

for infinitely many N .

Proof. LetX be the random variable whose value is the number of n-length chunks in

the final linear chain. Then X is negative binomial random variable with parameters

r (number of successes) and p = 1
2i

(the probability of success). Note that L = nX

and E[L] = nE[X].

Let N (r, p) be a negative binomial random variable with parameters r (number

of successes) and p (probability of a success). Let B(M, p) be a binomial random

variable with parameters M (number of Bernoulli trials) and p (probability of a

success). It is well known that

Pr[N (r, p) > M ] = Pr[B(M, p) < r] and Pr[N (r, p) ≤M ] = Pr[B(M, p) ≥ r]

Thus, we can use Chernoff bounds derived for the binomial distribution to obtain

tail bounds for the negative binomial distribution using the aformentioned relation-

ship. Mitzenmacher and Upfal (2005) derive the following Chernoff bounds for the

binomial random variable Y with mean E[Y ] = µ and for δ > 0:

Pr[Y ≥ (1 + δ)µ] ≤
(

eδ

(1 + δ)(1+δ)

)µ

and Pr[Y < (1− δ)µ] <

(
e−δ

(1− δ)(1−δ)

)µ

Recall that X is a negative binomial random variable with parameters r (number of

successes) and p = 1
2i

(the probability of success). Then E[X] = r
p
. By the result

stated previously, Pr[X > (1 + α) r
p
] = Pr[Y < r] where Y is a binomial random

variable with parameters (1 + α) r
p
(number of Bernoulli trials) and p (probability of

success). Thus µ = E[Y ] = (1 + α) r
p
p = (1 + α)r and so r = µ

1+α
= (1 − δ)µ where
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δ = α
1+α

. Thus Pr[Y < r] = Pr[Y < (1 − δ)µ] <
(

e−δ

(1−δ)(1−δ)

)µ

=
(

e−δ

(1−δ)(1−δ)

)(1+α)r

=(
1+α
eα

)r
. Hence Pr[X > (1+α)E[X]] <

(
1+α
eα

)r
and thus Pr[L > (1+α)N ] <

(
1+α
eα

)r
.

Note that by Taylor series, 1+α
eα

< 1 for any positive α.

By a similar argument, one gets Pr[L ≤ (1− β)N ] ≤
(
1−β
e−β

)r
.

These tail bounds further drop exponentially with r. Recall that to obtain a

tile complexity of O(log3N), we need to choose some r < ⌈logN⌉. For large N ,

r becomes large enough to obtain sharp tail bounds on the length of the linear

assemblies.

Thus, we have demonstrated how to obtain linear assemblies with sharp tail

bounds on distribution of lengths for infinitely many N using O(log3N) tile types.

2.6 Lower Bounds on the Tile Complexity of Linear Assemblies

In this section we prove that for all N the cardinality of any tile multiset that forms

linear assemblies of expected length N in standard PTAM systems is Ω(logN). The

techniques that we use for deriving these tile complexity lower bounds are notable as

they differ from traditional information theoretic methods used for lower bounds on

tile complexity and furthermore our low bound results hold for each N , rather than

for almost all N .

Any standard PTAM linear tiling multiset with cardinality n that produces linear

assemblies of greatest (finite) expected length is termed n-optimal or simply optimal.

Lemma 5. Optimal linear tiling multisets must contain exactly one capping tile.

Proof. Suppose an optimal multiset has multiple capping tiles term1, . . . , termk. Re-

placing the East pads of term1, . . . , termk−1 with the West pad of termk gives a

modified tile multiset of same cardinality, which is still standard, and has a higher

finite expected length, which is a contradiction.
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The following technical lemma will be needed in Theorem 4.

Lemma 6. Let z, ki ∈ Z>0 for i = 1, 2, . . . , z. If
z∑

i=1

ki = m then the maximum value

of
z∏

i=1

(ki + 1) is 2m

Proof. Applying the inequality of arithmetic and geometric means,

z∏
i=1

(ki + 1) ≤


z∑

i=1

(ki + 1)

z


z

=

(
m+ z

z

)z

=
(
1 +

m

z

)z

=

((
1 +

m

z

) z
m

)m

Note that m
z
≥ 1. The function (1+x)

1
x is strictly decreasing and hence the maximum

value of 2m for the above expression is obtained when m = z. The reader may verify

that the maximum value is indeed attained by substituting ki = 1 for all i.

Figure 2.7: T split into prefix and intermediates.

Theorem 4. For any N , the cardinality of any tile multiset that forms linear as-

semblies of expected length N in standard PTAM systems is Ω(logN).

Proof. We will show that any standard linear PTAM system with tile multiset car-

dinality n has expected length of assembly at most O(2n) unless the expected length

is infinite. This implies our result via the contrapositive. Recall that the multiplicity

of tiles in the multiset count distinctly towards tile complexity. Define Ψn to be the

expected length of the assembly produced by an n-optimal linear tiling multiset. We

will prove Ψn = O(2n) by a recursive argument on n.
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Let T = ⟨T, {s}, g⟩ be any n-optimal linear tiling multiset with capping tile c.

Let L be the random variable equal to the length of the linear assembly produced

by T and so E[L] = Ψn. For every terminal assembly st1t2 . . . c of T we define a run

as the sequence of pad types

padEast(s), padEast(t1), padEast(t2), . . . , padEast(c)

Let λ = padWest(c) be the pad type appearing on the West side of the capping

tile. We define Λ = {c, b1, b2, . . . , bk1−1} ⊂ T as the multiset of k1 tiles with λ as

their West pad (0 < k1 < n). Pad type λ might occur at many positions in a run.

The subsequence of a run from padEast(s) to the first occurrence of λ is termed as

the prefix of the run. The subsequence of a run that starts with padEast(bi) and ends

in λ with no occurrence of λ within is termed the ith intermediate of the run (Figure

2.7).

Define the following random variables corresponding to a run: LP equal to the

length of the prefix, Li equal to the length of the ith intermediate and ri equal to

number of times the ith intermediate occurs in the run. By definition, the length of

the assembly L = LP +

k1−1∑
i=1

(riLi) + 1. Note that ri and Li are independent random

variables because of the memoryless property of linear assemblies. That is, the length

of an intermediate is independent of the number of times that intermediate occurs

in a run. Thus, by linearity of expectation and independence we get,

Ψn = E[L] = E[LP ] +

k1−1∑
i=1

E[riLi] + 1 = E[LP ] +

k1−1∑
i=1

E[ri]E[Li] + 1

Note that the number of times the ith intermediate occurs in a run equals the

number of times tile bi attaches to the assembly. The tiles in Λ can attach with

equal probability 1
k1

to any tile with λ as its East pad. If the capping tile attaches,
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the run stops, else it continues. The process is akin to rolling a k1 sided die till k1

appears and counting the expected number of times a certain roll is achieved and

hence E[ri] = 1 for i = 1, 2, . . . , k1 − 1.

We will show that E[LP ] and E[Li] are at most Ψn−k1 by simulating the sub-

assemblies that produce these subsequences via linear tiling multisets of cardinality

at most n − k1. The prefix is simulated by the linear tiling system TP obtained

from T in the following manner. Drop the tiles in Λ from T. Observe that there is

a run of TP for every possible prefix and vice-versa, with the same probabilities of

formation. Thus, the expected length of assembly produced by TP is equal to E[LP ].

Also, the cardinality of tile multiset for TP is n − k1 and hence E[LP ] ≤ Ψn−k1 by

definition. The ith intermediate is simulated by a tile multiset Ti of cardinality n−k1

obtained from T by (i) dropping the tiles in Λ from T and (ii) replacing the seed tile

s by the tile (ϕ, padEast(bi)). Again, we observe that there is a run of Ti for every

possible ith intermediate and vice-versa, with the same probabilities of formation.

Thus E[Li] ≤ Ψn−k1 . Substituting, we get the inequality,

Ψn = E[LP ] +

k1−1∑
i=1

E[ri]E[Li] + 1 ≤ k1Ψn−k1 + 1 ≤ (k1 + 1)Ψn−k1

In the next level of recursion, we drop k2 > 0 tiles to get Ψn ≤ (k1 + 1)Ψn−k1 ≤

(k1 + 1)(k2 + 1)Ψn−k1−k2 . In general, we drop ki tiles in the ith level of recursion to

get Ψn ≤
i∏

j=1

(kj + 1)Ψn−
∑i

j=1 kj
. The base case is Ψ2 = 2 since the best one can do

with a single seed and capping tile is assembly of length 2. Also, let there be z levels

of recursion. Thus Ψn ≤
z∏

i=1

(ki + 1) with
z∑

i=1

ki = n − 2. The product
z∏

i=1

(ki + 1)

constrained by
z∑

i=1

ki = n − 2 has a maximum value of 2n−2 (Lemma 6). Hence
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Ψn ≤ O(2n).

2.7 κ-pad Systems for Linear Assembly

In this section we will extend PTAM by modifying each tile to accommodate multiple

pads on each side. Tiles bind when one pair of adjacent pads match (see Figure 2.8).

To ensure that tiles align fully and are not offset, each pad on a side of a tile is

drawn from different sets of pad types. Using such multi-padded tiles, we will show

it is possible to reduce the number of tile types to get linear assemblies of expected

length N .

Figure 2.8: κ-pad tiles A & B.

2.7.1 Definitions

A κ-pad tile t over the cartesian product Σ = Σ1 × Σ2 × · · · × Σκ is a unit square

whose two opposite sides each have a κ tuple of pads from Σ. Thus, tile t ∈ T

is an ordered pair† (Wt, Et) where Wt and Et are row vectors of size κ, where the

ith component of each vector is from the set Σi. Thus, the East and West sides

of each tile has κ pads. Σ1, . . . ,Σκ are finite, mutually disjoint set of distinct pad

types. A κ-pad linear tiling system T is given by the tuple ⟨T, S, g⟩ where T is

the finite multiset of κ-pad tile types, S ⊂ T is the set of seed tiles and g is the

binary pad strength function. Definitions from Section 2.3 hold with appropriate

modifications to incorporate multiple pads on sides of each tile. For each tile t, we

define padEast(t, i) = (Et)i and padWest(t, i) = (Wt)i where (Et)i and (Wt)i denote

† Again, for two dimensional assemblies, tiles have pads on all four sides and the model can be
extended to include a temperature parameter τ for co-operative binding interactions with multiple
tiles.
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the ith component of the respective pad vectors. For D ∈ D we say the tiles at x and

D(x) attach if there exists an i such that g(padD(A(x), i), padD−1(A(D(x)), i)) = 1.

(See Figure 2.8).

With these modifications, diagonal, uni-seeded and haltable linear tiling systems

and self-assembly of κ-pad tiles are defined as in Section 2.2 and Section 2.3. In par-

ticular, probabilities of attachment of tiles is given by the same formula as in Section

2.3 and Lemma 1 holds for κ-pad systems. We restrict ourselves to studying diago-

nal, uni-seeded and haltable κ-pad linear tiling systems. Note that for assemblies in

Section 2.7.3, adjacent tiles that bind have exactly one match among corresponding

pads.

2.7.2 Implementing κ-pad Systems Using DNA Self-Assembly

κ-pad tiles can be feasibly realized using carefully designed self-assembled DNA mo-

tifs. Indeed, the DX motif, developed by Winfree et al. (1998), which is one of the

early demonstrations of DNA motifs that self-assemble into two dimensional lattices,

can serve as a 2-pad tile with slight modifications to ensure that tiles align correctly

as they attach. Other similar motifs that also self-assemble into two dimensional

lattices, like the TX developed by Mao et al. (2000) and the DDX developed by

Reishus et al. (2005), can serve as multipad systems with similar modifications.

These motifs can be easily modified to self-assemble in one dimension, as a linear

structure. On a much larger scale, origami techniques developed by Rothemund

(2006) can be used to manufacture tiles with hundreds of pads. A drawback of such

a system would be that the connection between adjacent tiles will be quite flexible,

making a linear assembly behave more as a chain rather than a rigid ruler. However,

this drawback may be somewhat mitigated by letting multiple pads act as a single

virtual pad.
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2.7.3 Linear Assemblies Using Θi.o

(
logN

log logN

)
2-pad Tile Types

Figure 2.9: Pad binding diagram for linear tiling system using Θi.o(
logN

log logN
) 2-pad

tile types. Arrows are omitted to reduce clutter. Absent pads are ϕ.

In this section we present a standard κ-pad linear tiling system with κ = 2, i.e a 2-

pad system, that achieves for any given N ′ ∈ N, a linear assembly of expected length

N > N ′ using Θ( logN
log logN

) 2-pad tiles, i.e., arbitrary long fixed length assemblies of

expected length N using Θ
(

logN
log logN

)
2-pad tiles. Figure 2.9 illustrates the tile set

used in our construction. Q1, Q2, Q3 . . . Qn−1 are tiles with multiplicity 1. R is a tile

type with multiplicity n−1, drawn as R1, . . . , Rn−1 in Figure 2.9. Qi−1 can attach to

Qi’s East side via the upper pad gi−1. For i ∈ {1, 2, . . . , n− 1}, R1, R2, . . . , Rn−1 can

attach to Qi’s East side via the lower pad b. Qn is the capping tile and Seed is the

seed tile. The assembly halts iff the consecutive sequence Qn−1, Qn−2, . . . , Q1 occurs.

At each stage, the assembly can restart by the attachment of one of the n− 1 bridge

tiles Ri. The number of tile types is 2(n− 1) + 1 = Θ(n).

Lemma 7. Let Xi be the random variable equal to the number of tiles of type Qi in

a final assembly. Then E[Xi] = nE[Xi−1] for i = 2, 3, . . . , n − 1 and E[Xi] = ni−1

for i = 1, 2, 3, . . . , n − 1. Let Y be the random variable equal to the number of tiles

of type R in a final assembly. Then E[Y ] = (n− 1)
n−1∑
i=1

E[Xi].

Proof. Every time a tile of type Qi appears the probability of a tile of type Qi−1

attaching is 1/n for i = 2, 3 . . . n − 1. So E[Xi] = nE[Xi−1]. Q1 is the terminal tile

and appears exactly once. Hence its expectation is 1 = 20. Repeated application of
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the above geometric decrease property gives E[Xi] = ni−1 for i = 1, 2, 3, . . . , n − 1.

Also, every time a tile of type Qi appears, one of the bridge tiles R is n− 1 times as

likely to appear as a tile of type Qi−1. Hence E[Y ] = (n− 1)
n−1∑
i=1

E[Xi]

Theorem 5. Let L be the random variable that equals the length of the tile system

illustrated in Figure 2.9. Then E[L] = N = Θ(nn−1) using Θ
(

logN
log logN

)
= Θ(n)

2-pad tile types.

Proof. L = 1 + Y +
n−1∑
i=1

Xi. Taking expectations and applying Lemma 7,

E[X] = 1 + E[Y ] +
n−1∑
i=1

E[Xi] = 1 + (n− 1)
n−1∑
i=1

ni−1 +
n−1∑
i=1

ni−1 =
nn − 1

n− 1
= Θ(nn−1)

The number of tile types used is Θ(n) = Θ
(

logN
log logN

)
.

2.7.4 Lower Bounds for κ-pad Systems

In this section we prove for each N that the cardinality of κ-pad tile multiset re-

quired to form linear assemblies of expected length N in standard PTAM systems is

Ω
(

logN
log logN

)
.

Theorem 6. For each N , the cardinality of the smallest κ-pad tile multiset re-

quired to form linear assemblies of expected length N in standard PTAM systems is

Ω
(

logN
log logN

)
.

Proof. As in the Theorem 4, we will show that any κ-pad standard PTAM system

with tile multiset of cardinality n has expected length of assembly at most O (nn+1)

(or else infinite) and this implies our result via the contrapositive.
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Any n-optimal κ-pad system T = ⟨T, {s}, g⟩ has exactly one seed and one capping

tile, by an argument similar to the one in Section 2.6. Let L be the random variable

equal to the length of linear assembly produced by T. For the sake of clarity in the

rest of this proof we distinguish each tile in T by a face label that does not play

any role in binding probabilities. Thus if a tile has multiplicity greater than 1 we

distinguish the multiple copies via their distinct face labels.

Consider a non-terminal produced configuration. Suppose the last (East-most)

tile attached was v0 (Note: v0 is not the capping tile). Since the assembly is haltable,

there exists a finite sequence of tile additions that halt the assembly and no two tiles

in the sequence are identical. Suppose v0, v1, .., vk is some such sequence where vk

is the capping tile. Note that 1 ≤ k < n since each tile in this sequence is distinct.

There are at most n tiles competing for attachment at any stage of assembly and

every possible attachment (i.e. non-zero probability attachment) is equally likely.

Hence each tile attachment in this sequence has a probability of attachment at least

1
n
. Thus, the probability of the assembly halting after k attachments is at least

1/nk > 1/nn and the number of tiles added is k < n. Thus, the assembly process

can be thought of as a sequence of Bernoulli trials until success is obtained. Each

failed trial corresponds to a sequence of n attachments not containing the capping

tile. A successful trial corresponds to a sequence of k < n attachments ending with

the capping tile. The probability of success is at least 1
nn and hence the expected

number of trials till success is at most nn. Each trial adds at most n tiles and so the

expectation of the assembly is upper bounded by n× nn = nn+1.

Thus the expected length of an assembly of any κ-pad standard linear PTAM

system with tile multiset of cardinality n is at most O (nn+1) which implies a lower

bound of Ω
(

logN
log logN

)
.
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2.8 Conclusions and Future Work

Fixed length linear structures are important components for engineering DNA nanos-

tructures. This work proposes ways to construct linear assemblies in a tiling model

using very few tile types by using stochastic, non-deterministic behavior. We ex-

tended TAM to PTAM to take advantage of inherent probabilistic behavior in many

self-assembled systems. A restriction to standard PTAM was considered in this chap-

ter. Prior work in DNA self-assembly strongly suggests that standard PTAM can be

realized in the laboratory. We showed various non-trivial probabilistic constructions

for forming linear assemblies in PTAM with tile sets of sub-linear cardinality, using

techniques that differ considerably from existing assembly techniques. In particular,

for any given N , we demonstrated linear assemblies of expected length N with a

tile set of cardinality Θ(logN) using one pad per side of each tile. We proved a

lower bound of Ω(logN) for each N on the tile complexity of linear assemblies of ex-

pected length N in standard PTAM systems using one pad per side of each tile. We

further demonstrated how linear assemblies can be modified to produce assemblies

with sharp tail bounds on distribution of lengths by concatenating various assem-

blies together. In particular, we showed that for infinitely many N we can get linear

assemblies with exponentially dropping tail distributions using O(log3N) tile types.

We also proposed a simple extension to PTAM called κ-pad systems in which we

associate κ pads with each side of a tile. This gives linear assemblies of expected

length N with a 2-pad tile set of cardinality Θ( logN
log logN

) for infinitely many N . We

showed that we cannot get smaller tile complexity by proving a lower bound of

Ω( logN
log logN

) for all N on the cardinality of the κ-pad tile multiset required to form

linear assemblies of expected length N in standard κ-pad PTAM systems. The

techniques that we used for deriving these tile complexity lower bounds are notable

as they differ from traditional Kolmogorov complexity based information theoretic
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methods used for lower bounds on tile complexity. Also, Kolmogorov complexity

based lower bounds do not preclude the possibility of achieving assemblies of very

small tile multiset cardinality for infinitely many N . In contrast, our lower bounds

are stronger as they hold for every N . We also answered the question of what is the

longest finite linear assemblies one can construct using given cardinality tile multisets

in PTAM and κ-pad PTAM. Thus, for linear assembly systems, we have shown that

stochastic behavior at the level of tiles can be exploited to get large improvements

in tile complexity at a small expense of precision in length.

Self-assembled DNA systems are error prone (see Winfree and Bekbolatov (2003);

Chen and Goel (2004); Reif et al. (2004)). Two particular kind of errors that affect

assemblies in TAM are spurious nucleation and pad mismatch. The Probabilistic Tile

Assembly Model is also affected by these as it is an extension of TAM and makes

some of the same key assumptions, but pad mismatch errors can be modeled with

minimal changes to the PTAM model due to its stochastic nature. An immediate

question is how to implement schemes for error correction, reduction and avoidance

in PTAM. In particular, how do we construct robust linear assemblies in the presence

of the aforementioned errors. Can error correction, reduction and avoidance schemes

leverage the stochastic nature of PTAM to produce robust assemblies?

Adleman et al. (2001a) studied the notion of running time of an assembly for

TAM, a notion that is extendable to PTAM. Since PTAM systems encode concen-

trations in their tile multiset, their running times are implicitly specified. Note that

it takes time Ω(N) to assemble an N length linear assembly in PTAM. The linear

tile multiset of Becker et al. (2006) has an optimal running time of Θ(N) but has

suboptimal tile multiset complexity Ω(N). In comparison, the linear tile system we

presented in Section 2.4.2 has optimal tile multiset cardinality of Θ(logN) but sub-

optimal running time of Ω(N logN) (proof follows directly from the observation that

the system is equimolar). For standard PTAM systems, can a linear assembly obtain
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both optimal running time O(N) and optimal tile complexity O(logN) (defined as

the cardinality of the tile multiset)?

A more general model of tiling, as proposed by Aggarwal et al. (2004), allows

preformed assemblies consisting of multiple tiles (called supertiles) to attach to each

other and form a larger supertile. The assembly time in such models has been consid-

ered in Chen and Doty (2012) and Adleman et al. (2001b). What is the appropriate

notion of assembly time for PTAM systems that allow attachment of supertiles and

how would the assembly time of the systems described in Section 2.4 compare to

the optimal assembly times under the supertile attachment assumption? Also, the

tail bounds derived in Section 2.5.2 only apply for infinitely many N and require

O(log3N) tile types. Can we obtain tail bounds for all sufficiently large N? Can

we reduce the tile complexity required to below O(log3N)? Finally, it would be

interesting to perform experimental verification of our proposed systems. As exper-

imental demonstration would involve tile concentrations, PTAM must be expanded

to accommodate finite precision concentration programming. In that expanded set-

ting, tradeoffs between tile complexity and number of bits allowed to specify tile

concentrations can be studied. Doty (2009) has studied a closely related question for

assembling squares in the concentration programming model.
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3

Meta-DNA: Synthetic Biology via DNA Self
Assembly

Chapter Summary

The goal of synthetic biology is to design and assemble synthetic systems that mimic

biological systems. One of the most fundamental challenges in synthetic biology is

to synthesize artificial biochemical systems, which we will call meta-biochemical sys-

tems, that provide the same functionality as biological nucleic acids-enzyme systems,

but that use a very limited number of types of molecules. The motivation for devel-

oping such synthetic biology systems is to enable a better understanding of the basic

processes of natural biology, and also to enable re-engineering and programmability

of synthetic versions of biological systems.

One of the key aspects of modern nucleic acid biochemistry is its extensive use of

protein enzymes that were originally evolved in cells to manipulate nucleic acids, and

then later adapted by man for laboratory use. This practice provided powerful tools

for manipulating nucleic acids, but also limited the extent of the programmability

of the available chemistry for manipulating nucleic acids, since it is very difficult
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to predictively modify the behavior of protein enzymes. Meta-biochemical systems

offer the possible advantage of being far easier to re-engineer and program for desired

functionality.

The approach taken here is to develop a biochemical system which we† call meta-

DNA (abbreviated as mDNA), based entirely on strands of DNA as the only compo-

nent molecules. Our work leverages prior work on the development of self-assembled

DNA nanostructures (see Amin et al. (2009); LaBean et al. (2007); Seeman (2004);

Deng et al. (2006); Lund et al. (2006); Bath and Turberfield (2007); Winfree (2003)

for excellent reviews of the field). Each base of a mDNA is a DNA nanostructure.

Our mDNA bases are paired similar to DNA bases, but have a much larger alphabet

of bases, thereby providing increased power of base addressability. Our mDNA bases

can be assembled to form flexible linear assemblies (single stranded mDNA) analo-

gous to single stranded DNA, and can be hybridized to form stiff helical structures

(duplex mDNA) analogous to double stranded DNA, and also can be denatured back

to single stranded mDNA.

Our work also leverages the abstract activatable tile model developed by Majumder et al.

(2007) and prior work on the development of enzyme-free isothermal protocols based

on DNA hybridization and sophisticated strand displacement hybridization reactions

(see Reif and Majumder (2008); Sakamoto et al. (1999); Dirks and Pierce (2004);

Zhang et al. (2007); Tian et al. (2006); Sherman and Seeman (2004); Yin et al. (2004)).

We describe various isothermal hybridization reactions that manipulate our mDNA

in powerful ways analogous to DNA-DNA reactions and the action of various en-

zymes on DNA. These operations on mDNA include (i) hybridization of single

strand mDNA (ssmDNA) into a double strand mDNA (dsmDNA) and heat denatu-

ration of a dsmDNA into its component ssmDNA (analogous to DNA hybridization

and denaturation), (ii) strand displacement of one ssmDNA by another (similar to

† Collaborative work with Nikhil Gopalkrishnan, Bernard Yurke and John Reif
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strand displacement in DNA), (iii) restriction cuts on the backbones of ssmDNA and

dsmDNA (similar to the action of restriction enzymes on DNA), (iv) polymerization

chain reactions that extend ssmDNA on a template to form a complete dsmDNA

(similar to the action of polymerase enzyme on DNA), (v) isothermal denaturation

of a dsmDNA into its component ssmDNA (like the activity of helicase enzyme

on DNA) and (vi) an isothermal replicator reaction which exponentially amplifies

ssmDNA strands (similar to the isothermal PCR reaction). We provide a formal

model to describe the required properties and operations of our mDNA, and show

that our proposed DNA nanostructures and hybridization reactions provide these

properties and functionality.
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3.1 Introduction

3.1.1 Synthetic Biology

A major goal of synthetic biology is to produce synthetic biochemical systems which

have functions similar to the biochemical functions of living organisms. Considerable

related work has been done in the fields of artificial and synthetic life, see Luisi (2006);

Bedau et al. (2000); Packard and Bedau (2003) for an overview of these fields. Two

predominant approaches by researchers in this area have been to design protein-

based or RNA-based biochemical systems. However, both proteins and RNA are

very difficult to predictively design for given functions, and behavior of the result-

ing protein-based or RNA-based biochemical systems can be very complex, making

their engineering highly challenging. An alternative approach we propose here is

to produce synthetic biochemical systems based on a very well understood, rela-

tively non-reactive molecule, such as DNA (DNA strands and DNA nanostructures).

DNA-DNA interactions like hybridization and strand displacement are reasonably

well understood and a vast literature exists that studies, models, predicts and even

controls such interactions (see Zhang and Winfree (2009); Koval et al. (1999)). This

literature enables us to program simple DNA systems by controlling experimental

conditions like pH, salt concentrations, temperature and DNA concentration.

3.1.2 Overview of Our Work on meta-DNA

In this work, we engineer synthetic biochemical systems, called meta-DNA, consisting

only of DNA that capture the properties and structure of DNA in biological systems.

Our work is reductive: we use simple DNA chemistry to emulate more complex

enzyme based DNA chemistry through ingenious use of DNA hybridization, strand

displacement and hairpin systems. From a computer science perspective, our work

can be thought of as using a lower level programming language to simulate programs
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encoded in a higher level programming language. This kind of simulation often

leads to a better abstract understanding of the phenomena being simulated. From a

synthetic biology perspective, we are building novel biochemical systems to emulate

useful, well known natural biological systems and providing alternatives to protein

enzymes. From an engineering perspective, our work is a minimalist approach to

designing biochemical systems from simple, predictable yet powerful modules. Our

systems are largely isothermal and autonomous which suggest that they may have

applications for in vitro biochemical systems like transport devices, molecular motors,

detection, signalling and computing systems.

3.1.3 Prior Work on Synthetic Replicators

Driven by the important role that replication plays in Biology, many self-replicating

systems have been proposed, starting with Von Neumann. Early self-replicating sys-

tems were designed by von Kiedrowski (1986); Tjivikua et al. (1990). For a review of

various artificial replicators see Vidonne and Philp (2009); von Kiedrowski and Patzke

(2007); Dadon et al. (2008). A DNA-based artificial replicator was proposed by

Zhang and Yurke (2006). Schulman and Winfree (2008) study growth and evolution

of simple crystals using DNA. Smith et al. (2002) have independently developed ab-

stractions for self-replication systems that can be thought of as tile-based and also

rely on the idea of activation.

The major departure from this prior work on self-replicating systems and our

meta-DNA approach, is that meta-DNA allows for a wide variety of key operations

far beyond merely the operation of replication, enabling a much more extensive and

complex set of synthetic biochemical systems.
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3.1.4 Organization of this Chapter

In Section 2 we review the key properties of DNA, including its structure and enzy-

matic reactions. In Section 3 we list the desirable properties of meta-DNA and give

a design for a meta-nucleotide, single and double stranded meta-DNA, along with

its secondary structure. Section 4 states the assumptions we make while designing

protocols for meta-DNA manipulation. In Section 5 we discuss various meta-DNA

reactions such as meta-hybridization, meta-denaturation, meta-strand displacement,

meta-polymerization, meta-restriction, meta-helicase denaturation and exponential

amplification using a meta-DNA replicator. Section 6 discusses open problems and

future work.

3.2 Review of DNA Structure and Reactions

DNA is considered to be an ideal material to construct nanoscale structures and

devices and has been used as scaffolding material for complex shapes, fuel for molec-

ular motors and aptamers for various organic and inorganic molecules. The key

properties of DNA that enable these functionalities are programmability, predictable

chemical interaction and secondary structure and simple laboratory protocols for its

manipulation. Synthetic DNA is also cheaply and readily available from a variety of

commercial sources. At the most abstract level, fabricating structures and devices

with DNA is akin to working with smart bricks that fit together in a specific pre-

defined way and then putting them in a bag, shaking it and waiting for the bricks

to self-assemble. However, the process is probabilistic and correcting errors is a

fundamental challenge for the field.

Most readers will be familiar with the basic structure and reactions of DNA. The

following discussion will be useful to even these readers as it frames DNA and its

reactions in the context of our work and also specifies the granularity at which we
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consider DNA, with particular focus on the biochemical properties that we wish to

simulate using our synthetic mDNA systems.

3.2.1 Key Properties of DNA

Here we review the key properties of natural DNA that we wish to mimic in mDNA.

Single stranded DNA is a linear polymer made from repeating units called nu-

cleotides. The nucleotide repeats contain both a segment of the backbone of the

molecule, which holds the chain together, and a base. Each nucleotide has direction-

ality and hence a DNA strand is asymmetric. The asymmetric ends of DNA strands

are called the 5′ (five prime) and 3′ (three prime) ends. Single stranded DNA is flex-

ible and has a small persistence length and is generally modeled as a freely-jointed

chain. In living organisms, DNA does not usually exist as a single molecule, but

instead as a pair of molecules entwined like vines, in the shape of a double helix.

In a double helix the direction of the nucleotides in one strand is opposite to their

direction in the other strand: the strands are antiparallel. Double stranded DNA

has much greater persistence length than single stranded DNA and is generally mod-

eled as a worm-like chain. The DNA double helix is stabilized by hydrogen bonds

between the bases attached to the two strands. The four bases are classified into

two types, purines (A and G) and pyrimidines(T and C). Each type of base on one

strand overwhelmingly prefers a bond with just one type of base on the other strand.

This is called complementary base pairing. Here, purines form hydrogen bonds to

pyrimidines, with A bonding preferentially to T, and C bonding preferentially to

G. This arrangement of two nucleotides binding together across the double helix is

called a base pair. As hydrogen bonds are not covalent, they can be broken and

rejoined relatively easily. The two strands of DNA in a double helix can therefore be

pulled apart like a zipper, either by a mechanical force or kinetic energy due to high

temperature. Given a pH value and salt (Mg++, Na+) concentrations, the melting
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temperature is defined as the temperature at which half the DNA strands are in a

double helical conformation while the rest are denatured. Melting temperature de-

pends on the length of the DNA strand as well as its sequence, with longer strands

having a higher melting temperature.

3.2.2 Key Reactions Involving DNA

We view DNA reactions as biochemical programs and attempt to emulate them.

Hence, it is important to understand and abstract out these DNA reaction properties.

With this goal in mind, we review a few key DNA reactions.

DNA-DNA Reactions

• Hybridization is the attachment of a pair of single strands of DNA via hydrogen

bonds along their complementary regions to form a double helix. Note that

the two strands only attach in an anti-parallel manner and hence are reverse

complements of each other.

• The reverse process, separation of a double helix into its constituent single

strands by the breaking of hydrogen bonds is DNA denaturation. This can be

achieved via mechanical shear forces, high temperature or presence of denatur-

ing agents like urea or formamide.

• DNA strand displacement is the displacement of a single strand of DNA from a

double helix by an incoming strand with a longer complementary region to the

template strand. The incoming strand has a toehold, an empty single stranded

region on the template strand complementary to a subsequence of the incoming

strand, to which it binds initially. It eventually displaces the outgoing strand

via a kinetic process modeled as a one dimensional random walk.
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Enzymatic Reactions on DNA

• DNA restriction is the cleaving of the backbone at a sequence specific recog-

nition site by a restriction enzyme.

• DNA polymerases are a class of enzymes that catalyze the polymerization of

nucleotides into a DNA strand. The polymerase “reads” an intact DNA strand

as a template and uses it to synthesize the new strand. The newly polymerized

molecule is complementary to the template strand. DNA polymerases lack

the ability to do de novo polymerization and can only extend a DNA strand

already attached to the template strand, called a primer.

• Isothermal denaturation can be achieved by helicases which are motor proteins

that move directionally along a DNA backbone, denaturing the double helix.

• DNA ligation is the rejoining of nicked double stranded DNA by repairing the

backbone break. Enzymes belonging to this class are known as ligases.

3.3 Desired Properties of meta-DNA

We wish to abstract the structure and reactions of DNA described in Section 3.2.2 and

emulate them using only DNA-DNA interactions. In doing so, we would have circum-

vented DNA-enzyme chemistry with a synthetic biochemical system that uses only

DNA hybridization. First we state the desirable properties of meta-DNA (mDNA).

3.3.1 List of Desirable Properties for mDNA

• We desire a set of 2k meta-nucleotides (where k is an integer ≥ 2). Each meta-

nucleotide must be directional and have a 3′ and 5′ end. There must be two

types of meta-nucleotides: meta-purines and meta-pyrimidines, each k in num-

ber. There must exist a pairing between meta-purines and meta-pyrimidines
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where each edge indicates an overwhelming complementary preference of meta-

base linking between the meta-purine and meta-pyrimidine it connects.

• The active 5′ end of any meta-nucleotide should be able to bind to the active

3′ end of any other meta-nucleotide and vice versa via a meta-backbone link.

• The meta-backbone link must be a strong bond (implemented as a long se-

quence of hybridized DNA) while the meta-base link must be a weak bond

(implemented as a short sequence of hybridized DNA).

• ssmDNA should be a linear directional polymer chain of meta-nucleotides

bound by meta-backbone linkages and has 3′ and 5′ ends.

• Two ssmDNA that are reverse complementary to each other must have the

ability to meta-hybridize to form a dsmDNA. The strands of any dsmDNA

must be anti-parallel.

• When an ensemble of identical dsmDNA is heated to a temperature known as

its melting temperature, half of the ensemble must denature into its constituent

ssmDNA. The melting temperature must depend on the sequence of meta-

nucleotides of the mDNA and also on its length, with longer strands having a

higher melting temperature.

• To support strand displacement protocols, the weak meta-base bonds must be

continuously broken and remade in a kinetic process called breathing. The rate

of breathing should be positively correlated with temperature.

• ssmDNA must be flexible and have a small persistence length when compared

to dsmDNA of comparable length. ssmDNA must be like a freely-jointed chain

while dsmDNA must be like a worm-like chain.
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• Meta-nucleotides should not spontaneously form meta-backbone bonds in the

absence of catalyst.

3.3.2 Abstract Description of mDNA

Figure 3.1: Abstraction of the nucelotide

(a) Single stranded
mDNA

(b) Double stranded
mDNA

(c) Double stranded mDNA has a longer
persistence length

Figure 3.2: Single and double stranded mDNA

We model a meta-nucleotide as an activatable tile Majumder et al. (2007) having

three activatable pads: a 5′ pad, a 3′ pad and a base pad and represent it by a

square tile as illustrated in Figure 3.1. The tile has directionality as indicated by

an arrow from 5′ to 3′ which is imposed by the sequence in which the pads are

activated, with 5′ always activated before 3′. Tiles bind to each other via symmetric

pad interactions called binding or linking. Each binding has a strength associated

with it (1, 2 or 3) that depends only on the type of pads involved in the binding.

The strength of a binding models the energy required to break the bond. Base

pads can only interact with other base pads through strength 1 bindings, and are

called meta-base bindings. 5′ pads can only interact with 3′ pads through strength 3

bindings and these are called meta-backbone bindings. The pads exist in one of four
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states: inactive, active unbound, bound and capped. Inactive pads do not bind with

other pads. Any active unbound 5′ pad of a meta-nucleotide can bind to any active

unbound 3′ pad of another meta-nucleotide via a bond of strength 3 after which these

pads go to the bound state. There are 2k different base pads, each corresponding to

a meta-nucleotide type. These are split into two complementary perfectly matched

sets. Let P = {β1, β2, . . . , βk, β̄1, β̄2, . . . , β̄k} be the set of pads. For all i, pads βi

and β̄i bind with each other. The face label on any tile indicates the base type of

the meta-nucleotide. Any active unbound base pad of a meta-nucleotide can bind

in an antiparallel manner to an active unbound complementary base pad of another

meta-nucleotide by a strength 1 bond after which these pads go to the bound state.

A linear chain of these tiles held together by 5′-3′ pad bindings forms a directional

polymer of meta-nucleotides and hence is ssmDNA. The 3′ base pad of the tile at the

3′ end of the ssmDNA and the 5′ base pad of the tile at the 5′ end are always in the

capped state. A double stranded mDNA (dsmDNA) is a dimer of two ssmDNA held

together by base pad bindings. ssmDNA is flexible with a low persistence length

while dsmDNA is stiff and has a higher persistence length. These properties arise

out of the geometric constraints imposed by the tile base structure of mDNA as

illustrated in Figure 3.2.

3.3.3 Strand Design for mDNA
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Figure 3.3: Design of the meta-nucelotide

(a) Internals of a single stranded mDNA

(b) Internals of a double stranded mDNA

Figure 3.4: Internals of mDNA
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Figure 3.5: States of the nucleotide
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Figure 3.3 shows an implementation of a meta-nucleotide tile as a DNA nanos-

tructure. In Figure 3.3(a) we have the tile with no protection and in Figure 3.3(b)

we have the tile with protection strands. The purpose of the protecting strands is

to prevent spontaneous aggregation of tiles into mDNA. The protection mechanism

is designed to impose the requirement that the 5′ pad is activated before the 3′ pad

(this property is used in the polymerization and replicator protocols). Each letter

denotes a DNA sequence and a bar atop a letter indicates reverse complement of

the sequence that the letter denotes. The red strand (fgdcba) contains the 5′ pad

fg and also the base pad ba and the light green strand (ḡf̄ ē) contains the 3′ pad

ḡf̄ . The blue strand (c̄q̄d̄) and the dark green strand (qe) are bridging strands that

hold the nanostructure together and give it the required geometry. We will have a

detailed discussion of the secondary structure of the meta-nucleotide tile and mDNA

in Section 3.3.4. The sequence of reactions that occur when a tile is deprotected are

as follows. The pink strand b̄xf̄ protects (renders inactive) the 5′ pad. When ba

binds to its complement on another tile, b̄xf̄ is ripped away from the 5′ pad by the

invasion of the strand fx̄b thus activating the 5′ pad. The strand fyḡ protects (ren-

ders inactive) the 3′ pad. When the 5′ pad binds to its complement on another tile,

fyḡ is ripped away from the 3′ pad by the invasion of the strand gȳf̄ thus activating

the 3′ pad. Figure 3.5 illustrates all possible states a meta-nucleotide can exist in.

We model weak base bonds and strong backbone bonds by making the sequences

corresponding to the 5′ and 3′ pads much longer than the sequences corresponding

to the base pads. The internal structure of both single and double stranded mDNA

are shown in Figures 3.4a and 3.4b. Note the black protection strands on the tiles

at the ends of the mDNA to implement capping.
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(a) T-junction (b) Secondary structure of dsmDNA

Figure 3.6: (a): Design of rigid T-junction self-assembled from DNA. Figure from
Hamada and Murata (2009). (b (i)): Secondary structure of dsmDNA forming a
double helix (ratio of bases per axial rotation is programmable via strand design).
Not to scale. (b (ii)): Axial view of dsmDNA. Only the rungs of the twisted ladder
structure are shown.

3.3.4 Secondary Structure of mDNA

Apart from simulating the reaction properties of DNA, we also wish to simulate its

secondary structure, in particular:

• The flexible nature of ssDNA characterized by shorter persistence length

• The rigid nature of dsDNA characterized by a longer persistence length

• The double helical structure of dsmDNA

Recently, Hamada and Murata (2009) reported a novel self-assembled rigid T-

shaped interconnected junction where each arm is a DNA double helix (Figure 3.6a).

They synthesized tile based structures like 1D linear ladders, 1D ringed structures

and 2D lattices using the T-junction geometry. This suggests that their T-junction

motif is a useful widget for designing stable, rigid, well behaved self-assembled ob-

jects. We use the T-junction as the key motif in achieving the required struc-

tural properties for mDNA. Each meta-nucleotide is a T-junction (Figure 3.3(a)).

ssmDNA (Figure 3.4a) is a linear polymer of these T-junctions with consecutive

base pad sections (the double helical structure c ≡ c̄) not in the same plane, but

slightly rotated so that they stick out of the plane of the paper. This rotation is

controlled by carefully choosing the number of bases that make up the horizontal

66



double helical section between consecutive vertical helical sections (Figure 3.4a).

This secondary structure for ssmDNA induces a helical twist for dsmDNA (imag-

ined in 3.6b). We can think of the secondary structure of dsmDNA as a twisted 1D

ladder. The 1D ladder design in Hamada and Murata (2009) can be easily modified

by adding or deleting a single base pair from the side rungs to induce a twist to get

a double helix structure with approximately 10.5 meta-bases per turn of the double

helix, mimicking the twist of dsmDNA. In particular, we choose the length of the

repeating DNA double helical unit efgdq ≡ q̄d̄ḡf̄ ē to be either 41 (one less than

the number of bases in 4 full turns of a DNA double helix) or 43 (one greater than

the number of bases in 4 full turns of a DNA double helix). The following choice of

lengths for the subsequences would potentially give us the required geometries and at

the same time preserve the thermodynamic and kinetic properties that would allow

our subsequent mDNA protocols to succeed (|x| is the length of the DNA sequence

represented by x): |ai| = |bi| = |āi| = |b̄i| = 4, |c| = |c̄| = |d| = |d̄| = |q| = |q̄| =

6, |f | = |f̄ | = |g| = |ḡ| = 12 and |e| = |ē| = 5 or 7.

3.4 Assumptions for mDNA Reactions

Before describing our protocols involving mDNA we give here our assumptions under

which these reactions proceed. We also describe some simple rules of DNA chemistry

which are repeatedly used like subroutines in our mDNA protocols.

• Our systems are maintained at only 3 different temperatures characterized by

a parameter τ . At room temperature or τ = 1, both the meta-backbone bonds

and the meta-base bonds are stable but breathing still occurs. Recall that

breathing is the phenomenon of meta-base bonds spontaneously breaking and

forming. At the melting temperature, τ = 2, the meta-backbone bonds are

stable but the base bonds are broken. At freezing temperature or τ = 0,
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breathing does not occur.

• The pH, salt concentrations and other factors that affect hybridization are set

to levels such that spontaneous hybridization between a DNA sequence and its

complement can occur.

• Strand displacement, as defined earlier, always occurs and proceeds to comple-

tion. The strand that gets displaced out remains in the solution.

• We assume that each subsequence, denoted by a letter in the figures, only

interacts with its perfect and full reverse complements and no other spurious

interactions occur.

3.5 Reactions in mDNA

We set out protocols for mDNA that mimic DNA-DNA and DNA-enzyme interac-

tions. We have two kinds of figures in the discussions that follow. The abstraction

diagrams illustrate the protocols in the abstract activatable tile model while the

internal structure diagrams illustrate the protocols in greater detail.

3.5.1 Meta-hybridization and Meta-denaturation in mDNA

The simplest mDNA reactions are meta-hybridization and meta-denaturation, which

are reverse reactions of each other. In meta-hybridization, at temperature τ = 1 two

complementary ssmDNA strands bind via complementary base pad bindings to give

dsmDNA (Figure 3.7a). Heating dsmDNA to temperature τ = 2 meta-denatures

the structure into its two component ssmDNA (Figure 3.7b).

3.5.2 Meta-strand Displacement Process in mDNA

Meta-strand displacement for mDNA is defined as displacement of a ssmDNA from

a meta-double helix by an incoming ssmDNA with a longer complementary region
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(a) Meta-hybridization reaction (b) Meta-denaturation at τ = 2

Figure 3.7: Meta-hybridization and meta-denaturation by heating

to the template strand. This reaction occurs at temperature τ = 1. Figure 3.8

gives a high level view of meta-strand displacement using the activatable tile model.

Two meta-strands compete to hybridize with a single ssmDNA. The shorter of the

two is completely meta-hybridized to the template while the longer one comes in by

gaining a toehold. Now, breathing of the meta-bases of the short strand gives an

opportunity to the meta-bases of the competing incoming strand to meta-hybridize

with the template. Note that the intermediate steps are reversible. However, once the

incoming meta-strand completely displaces the outgoing meta-strand, the reaction

stops as the outgoing meta-strand is extremely unlikely to come back in as it lacks

a toehold.

Note that this reaction is made possible because the weak meta-base bonds can

breathe at τ = 1. Breathing in mDNA is expected to occur at a slower rate than

in DNA because we require multiple bases to spontaneously denature for a single

meta-base to denature. Also, contiguous bases in DNA are more immediately local

than contiguous meta-bases in mDNA and hence the rate at which a meta-base

occupies an empty spot on a complementary meta-base is also expected to be slower

than for the corresponding process in DNA. Due to these reasons, we would expect

meta-strand displacement in mDNA to proceed slower than strand displacement in

DNA.
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Figure 3.8: Meta-strand displacement due to breathing at τ = 1
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3.5.3 Meta-polymerization in mDNA

Meta-polymerization in mDNA occurs by the extension of a ssmDNA, called a

primer, by additions of free meta-nucleotides in the solution to the 3′ end via meta-

backbone bonds. The extension cannot occur de novo, it requires a primer meta-

hybridized to a template ssmDNA. Neither can meta-nucleotides spontaneously ag-

gregate, because of the protection strands (see Figure 3.1). The meta-nucleotides

added have base pads complementary to the corresponding base pads of the tem-

plate strand.

Figure 3.9 gives an activatable tile model view of a single step in mDNA meta-

polymerization. Each base pad of the template strand that is not bound to its

complement is in the active unbound state. The 3′ pad of the tile at the 3′ end of

the primer is in the capped state (step 1). It transitions to the active unbound state

when its black capping strand is displaced by an initiator strand. The incoming meta-

nucleotide (step 2) has its 5′ and 3′ pads in the inactive state, while its base pad is

in the active unbound state. The complementary base pads bind (step 3), activating

the 5′ pad of the incoming nucleotide (step 4). The 5′ pad then binds to the 3′ pad of

the previous meta-nucleotide (step 5) causing the 3′ pad of the incoming nucleotide

to transition to the active unbound state (step 6). This process occurs repeatedly

till either no further free meta-nucleotides are available or the end of the template

strand is reached. There is an alternate mechanism to stop the polymerization,

which involves adding to the solution a black capper strand to transition the 3′ pad

of growing 3′ end to a capped state, thus stopping further additions. Note that in

a solution with an ensemble of these nanostructures, in general the stopping point

of meta-polymerization cannot be carefully controlled and such an attempt would

probably lead to various length subsequences of the fully complementary ssmDNA.

However, we can exclude certain meta-base types from the meta-nucleotide mix in the
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solution ensuring that the polymerization halts when the complementary meta-base

is encountered on the template strand. Since we have access to a larger alphabet

of bases in our mDNA systems we can set aside a set of bases for such purposes,

analogous to stop codons in translation.

We will now examine this protocol in greater detail by looking at the internal

strand structure (Figures 3.10 and 3.11). The 3′ pad of the tile at the 3′ end of the

primer is capped by fgt3′ (step 1). The initiator strand t̄3′ ḡf̄ binds to the capper

strand and activates the 3′ pad ḡf̄ (step 2). Now, the protected meta-nucleotide

comes in (step 3) and binds to the complementary base sequence ā2b̄2, displacing

the strand b̄2xf̄ (step 4). The toehold b̄2 is exposed on b̄2xf̄ allowing fx̄b2 to bind

(step 5). This strand displaces b̄2xf̄ exposing f on the 5′ end of the incoming meta-

nucleotide (step 6). Now, the 5′ end of the incoming meta-nucleotide binds to the 3′

end of the previous nucleotide, displacing fyḡ (step 7). The strand fyḡ is stripped

away by its complement through the toehold ḡ, activating the 3′ end (ḡf̄) of the

incoming meta-nucleotide (step 8). This brings the 3′ end of the growing ssmDNA

back to the same state as in step 2 and thus the reaction can repeat till the end of

the template strand is reached (step 9). At this point, we introduce the 3′ capper

sequence fgt3′ which binds to the 3′ pad of the last meta-nucleotide added. This

terminates the polymerization reaction. Note that in a solution with an ensemble of

these nanostructures, we must wait for each copy of the reaction to proceed to step

9 before introducing the capper sequence or we must program a stopper sequence,

analogous to stop codons in translation. DNA polymerases like Φ29 possess excep-

tional strand displacing capability which aids in isothermal amplification of DNA.

However, our meta-polymerization protocol lacks this ability. Thus, if in the course

of extending the primer an already bound ssmDNA is encountered then the meta-

polymerization process halts. In Section 3.5.6, we show how to achieve isothermal

amplification of mDNA.
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Figure 3.9: Meta-polymerization reaction
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Figure 3.10: Internals of meta-polymerization reaction - I
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Figure 3.11: Internals of meta-polymerization reaction - II
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3.5.4 Meta-restriction Cuts in mDNA

We can achieve site specific meta-restriction in both ssmDNA and dsmDNA by

slightly modifying the internal structure of a nucleotide. This modification does not

significantly affect the secondary structure of the mDNA and is compatible with

all the other mDNA protocols described in this chapter. We prefix a sequence hi

to the 5′ pad of the meta-nucleotide with base pad βi. This is the sequence that

will be recognized by cleaving strands that break the meta-backbone bonds. We

illustrate restriction for dsmDNA. The protocol for ssmDNA is very similar and can

be thought of as a special case of the meta-restriction of dsmDNA.

The abstract activatable tile model of meta-restriction is illustrated in Figure

3.12. The 5′ end of the meta-nucleotide β1 is recognized, cut and sent to the capped

state. In Figure 3.13 the site h2 associated with the meta-base b2a2 is recognized

by the cleaver strand ḡf̄ h̄2r2. There is a single recognition site h2 on each of the

strands of the dsmDNA (step 1). The cleaver strands bind to the toehold h2 on each

strand (step 2) and break the meta-backbone bond by strand displacing the 3′ pad

ḡf̄ (step 3). We now introduce the 3′ capper sequence fgt3′ to cap the exposed 3′

pads (step 4). We prevent interaction between the cleaver strand ḡf̄ h̄2r2 and the 3′

capper sequence fgt3′ by executing step 4 only after we are reasonably certain that

step 3 is complete. This means that meta-restriction is not autonomous. The strand

r̄2h2fg is introduced to strip away the cleaver strand ḡf̄ h̄2r2 from the 5′ pad by

exploiting the toehold r2 (step 5). This exposes the 5′ pads (step 6) which are then

capped by introducing the 5′ capper sequence ḡf̄ t5′ (step 7), completing the process

of meta-restriction. Again, we prevent interaction between the strand r̄2h2fg and

the 5′ capper sequence ḡf̄ t5′ by executing step 7 only after we are reasonably certain

that step 6 is complete. We do not require that these extraneous strands do not

interact at all. Rather, it is sufficient that even after interacting among themselves
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there are a sufficient concentration of them to perform the tasks described in Figures

3.13 and 3.14.

Figure 3.12: Abstract description of meta-restriction at site β1
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Figure 3.13: Internals of meta-restriction at h2 associated with meta-base b2a2 - I
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Figure 3.14: Internals of meta-restriction at h2 associated with meta-base b2a2 - II
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3.5.5 Meta-helicase Denaturation Reaction in mDNA

We have previously described meta-denaturation for mDNA using temperature. The

same result can be achieved isothermally, which we call meta-helicase denaturation.

Consider the abstract view of meta-helicase denaturation given in Figure 3.15. De-

naturation is the breaking of meta-base bonds of a dsmDNA. When all the meta-base

bonds are broken, the meta-strands float apart. Initially all the meta-base pads are

in the bound state (step 1). Meta-helicase activity breaks the bonds and sends the

base pads to the inactive state. This meta-helicase reaction doesn’t necessarily act

contiguously. Some meta-base bonds are broken before others (steps 2 and 3). When

all the meta-base pads are broken the meta-strands float apart (step 4). We can re-

activate the meta-base pads by transitioning them to the active unbound state (step

5) at which point the ssmDNA can recombine to form a dsmDNA.

Meta-helicase activity in mDNA is performed by a host of strands (colored pink

in Figure 3.16), two for each type of meta-base bond that must be broken. In Figure

3.16 there are two types of meta-base bonds and hence we have four strands to

perform helicase activity (step 1). We introduce a slight modification in the internal

strand structure by appending a sequence p to the base pad of each meta-nucleotide.

This modification does not significantly affect the secondary structure of mDNA and

neither does it interfere with any other mDNA protocol described in this chapter.

This sequence (p) will act as a toehold for the strands involved in the meta-helicase

process. A pair of strands invade the meta-base pad bond and break them (step 2).

Note that half of the meta-base bond is broken by one of these strands and half by the

other, ensuring symmetry. Once each meta-base bond is broken the meta-strands

drift apart (step 3) and meta-helicase activity is complete. We can strip off the

protecting strand, for example m̄p̄b1, by adding in its complement, say b̄1pm (step

4). The ssmDNA can now recombine into dsmDNA. It is possible to repeat this
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process of meta-denaturation and meta-renaturation, however the protocol would

not be autonomous.

Figure 3.15: Abstract description of meta-denaturation by helicase action
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Figure 3.16: Internal strand structure of denaturation by helicase action
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3.5.6 Exponential Amplification in mDNA Using a Replicator

Our protocol for meta-polymerization in mDNA lacked meta-strand displacement

capabilities and hence could not be used for isothermal PCR-like amplification. In

this section we describe a method to get isothermal exponential amplification using a

replicator mechanism. The protocol is similar to meta-polymerization, it involves lin-

ear contiguous extension of a primer by addition of meta-nucleotides, with the newly

polymerized ssmDNA having the complementary sequence to that of the template.

The key difference in the two protocols is a mechanism to isothermally dissociate the

newly synthesized ssmDNA from the template. We achieve this using a new idea, not

present in any previous protocol described in this work, of active DNA sequences se-

questered in hairpins that are released by strand displacement reactions. The release

of the “hidden” DNA sequence inside the hairpin structure can be thought of as an

activation step, setting off another strand displacement reaction. This idea of seques-

tering sequences within hairpins has been demonstrated previously by Zhang et al.

(2007) and Dirks and Pierce (2004).

For the purposes of this protocol, we define a new state of the base pad in the

activatable model of mDNA, which we call semi active unbound (shaded purple in

Figure 3.17(c)). If two base pads are in the semi active unbound state, they cannot

bind to each other. However, a semi active unbound base pad can bind with an

active unbound base pad, provided their sequences are complementary. There are

also modifications (Figures 3.17 (a),(b)) to how the other pad states are implemented,

however the properties of the state do not change. Note the introduction of the

hairpin structure g2p̄ālḡ2 at the 3′ end of a meta-nucleotide (Figure 3.17 (a)) which

will be used to cleave the growing strand from the template (Figure 3.17 (c)), sending

the base pad to the semi active unbound state.

Figure 3.18 illustrates the replicator in the abstract activatable tile model of
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Figure 3.17: Replicator: new states

mDNA. The top strand is the template and the bottom strand grows from a primer.

For initiating and terminating replication, we require the use of a pair of special tiles

with complementary base pads, labeled β3′ and β̄3′ in Figure 3.18. These are capped

at one end and occur at the terminal ends of the template and hence in each replicated

mDNA. β̄3′ acts as the primer, initiating the replication. Consider the replication

process after a few meta-nucleotides have been added (step 1). The growing strand is

attached via a single base pad (at the 3′ terminal meta-nucleotide) to the template.

The base pads of the rest of the meta-nucleotides are in the semi active unbound state

and hence cannot bind with each other. A new meta-nucleotide comes in (step 1)

with its base pad in the active unbound state and binds to the template (step 2). This

activates its 5′ end (step 3) and allows the 3′ end of the growing strand to bind (step

4). This activates the 3′ end of the meta-nucleotide added and also cleaves the meta-

base pad binding between the template and the previously attached meta-nucleotide

of the growing strand, sending the cleaved meta-base pads to the semi active unbound

state (step 5). The process (step 1 to step 5) repeats till the last meta-nucleotide

β3′ attaches. At this point, we want the two strands to separate. We achieve this by

making the meta-base pad bond between β3′ and β̄3′ relatively weak, allowing the

strands to separate spontaneously due to breathing of the base pad bond. This is

implemented by choosing a very short length sequence for the base pads of β3′ and

β̄3′ . Both the template and the newly synthesized ssmDNA can now act as templates

for further replication and hence we can achieve exponential amplification. Note that
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we can easily introduce mutations in the replicator mechanism by designing DNA

sequences for certain base pads that do not have any exact complementary base pads

but rather several partial complements. This allows us to probabilistically evolve a

diverse sequence population of ssmDNA.

Let us examine the replicator protocol in greater detail, paying attention to the

strand diagram (Figures 3.19 and 3.20). We have a four meta-base mDNA sequence,

with the first and last bases being the special terminator bases (step 1). Note that

the sequence g = g1g2 and ḡ = ḡ2ḡ1. A meta-nucleotide with an active unbound

base pad (step 1) comes in and binds to the template via the sequence b2a2 (step 2),

strand displacing out the sequences p̄b2 (part of the light green strand) and b̄2 (part

of the pink strand). The strand fx̄b2 now strips away b̄2xf̄ , activating the 5′ pad of

the incoming meta-nucleotide (step 3). This allows the 5′ pad fg1g2 to bind with the

3′ pad ḡ2ḡ1f̄ , displacing ḡ2ḡ1 and opening up the hairpin structure p̄ā1l (step 4). This

allows the strand fyḡ2ḡ1 to be stripped away through the toehold ḡ2ḡ1, activating the

3′ end (step 5). The released hairpin from step 4 can now cleave a1 from ā1 using the

toehold p, which is half of the base pad binding, while the other half b̄1 of the base pad

binding is cleaved from b1 via the toehold p by the sequence p̄b1 (step 6). Note that

cleaving the bond between b1 and b̄1 is actually a reversible process, and could have

occurred after step 1 itself. Only when it is combined with the cleaving of the bond

between a1 and ā1 does it get biased towards the configuration depicted in step 6.

This completes the addition of a single meta-nucleotide accompanied by cleaving the

previous meta-nucleotide. The process repeats till the last meta-nucleotide is added

at which point the short base sequence of ¯a3′ b̄3′ allows the ssmDNA to separate due

to breathing. We note that both the separate ssmDNA are in a configuration that

allows them to act as template strands for further replication, allowing exponential

amplification of mDNA.
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Figure 3.18: Replicator abstraction
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Figure 3.19: Internals of exponential amplification by replication - I
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Figure 3.20: Internals of exponential amplification by replication - II
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3.6 Discussions and Conclusion

In this work we have outlined a synthetic biochemical system made purely from DNA

strands that simulates the behavior of various protein enzymes acting on DNA. We

believe mDNA systems are a powerful programming paradigm for designing complex

biochemical systems. In Section 3.5.6 we provided a protocol for exponential self-

replication of a meta-DNA sequence and pointed out how to introduce mutations

during replication and thus achieving sequence diversity. Incorporating environmen-

tal selection pressure in mDNA to evolve functional biosystems is a major open

challenge. The next step in our investigations of mDNA systems is development of

a strand level kinetic simulation of mDNA protocols. We hope to use data from

such simulations to enhance and fine tune our protocols and also perform in vitro

experiments to validate them. A major facilitating factor in the field of DNA nan-

otechnology has been technology to efficiently synthesize synthetic DNA strands of

defined sequence de novo from individual nucleotides. Analogously, we require meth-

ods to efficiently (high throughput with low error rates) synthesize mDNA strands

of defined sequence from synthetic DNA. The current protection-deprotection DNA

synthesis protocols can be adapted for the use of synthesizing mDNA from pre-formed

meta-nucleotides. Note that meta-nucleotides can be synthesized using standard

hierarchical assembly techniques from DNA self-assembly developed by Park et al.

(2006). Other important protocols for mDNA systems are meta-polymerization with

meta-strand displacing capability and meta-ligation of mDNA strands.
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4

Localized Hybridization Circuits

Chapter Summary

Molecular computing executed via local interactions of spatially contiguous sets of

molecules has potential advantages of (i) speed due to increased local concentration

of reacting species, (ii) generally sharper switching behavior and higher precision due

to single molecule interactions, (iii) parallelism since each circuit operates indepen-

dently of the others and (iv) modularity and scalability due to the ability to reuse

DNA sequences in spatially separated regions. In this chapter, we† propose detailed

designs for local molecular computations that involve spatially contiguous molecules

arranged on addressable substrates. The circuits act via enzyme-free DNA hybridiza-

tion reaction cascades. Our designs include composable OR, AND and propagation

Boolean gates, and techniques to achieve higher degree fan-in and fan-out. A bio-

physical model of localized hybridization reactions is used to estimate the effect of

locality on reaction rates. We used the Visual DSD simulation software in conjunc-

tion with localized reaction rates to create chemical reaction networks of localized

† Collaborative work with Nikhil Gopalkrishnan, Andrew Phillips and John Reif
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hybridization circuits. These networks were then model checked using the PRISM

model checking software. Our simulations include wires of varying lengths, AND

gates, OR gates, an OR of ANDs circuit and a four bit square root circuit and these

simulations show significant speedups due to localization.
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4.1 Introduction

Molecular computation (MC) is computation executed at the molecular scale. Since

the seminal work of Adleman (1994), many DNA based computation schemes have

been proposed.

We will be discussing MCs that use strands of DNA to store state and execute

various reactions that involve DNA hybridization and DNA strand displacement

processes. DNA hybridization is the non-covalent binding of two complementary

DNA sequences to form a single duplex structure. DNA strand displacement is

the displacement of a single strand of DNA from a double helix by an incoming

strand with a longer complementary region to the template strand. The incoming

strand has a toehold, an empty single stranded region on the template strand com-

plementary to a subsequence of the incoming strand, to which it binds initially. It

eventually displaces the outgoing strand via a kinetic process modeled as a one-

dimensional random walk. Strand displacement is a key process in DNA nanoscience

and many DNA nanosystems relying on DNA strand displacement have been demon-

strated, ranging from DNA walkers to catalytic circuits, to molecular detectors (see

the works of Sherman and Seeman (2004); Zhang et al. (2007); Yin et al. (2008);

Dirks and Pierce (2004)).

4.1.1 Local Versus Global MC

We distinguish two types of MC:

• A MC is local if its state is encoded by a spatially contiguous set of molecules

i.e., the state of each computing element is explicitly determined by the configuration

of these molecules, and transitions of state are executed via interactions between

local computing elements. An example of a purely local MC is whiplash PCR of

Sakamoto et al. (1999) in which the computation state is present within a single
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molecule, and state transitions are executed via polymerization reactions on that

molecule. This chapter gives a detailed description of a novel local MC using only

DNA hybridization and no enzymatic reactions.

• In contrast, a MC is global if the state of the device is spatially distributed

i.e., the state is determined by averaging the concentration and configuration of

spatially distributed molecules that define state, and transitions of state are executed

via multiple distributed interactions. An example of global MC is DNA reaction

networks such as seesaw gates of Qian and Winfree (2011b) where all elementary

logical operations (e.g., logical AND and OR) are performed via a host of diffusion

based strand displacement interactions.

Note that other MC may combine local and global; for example the tile assembly

of Rothemund and Winfree (2000) performs computation by incorporating molecules

into a growing assembly.

4.1.2 Motivation for Local MC

We discuss some potential advantages of local MC over global MC by also considering

conventional computing devices. Decades of ingenious improvements (e,g., digital

behavior, locality of memory, and local parallelism) to the design of conventional

computing devices have allowed their performance to be vastly improved, providing

optimizations beyond the improvements due purely to fabrication technology. We

aim in this chapter to exploit key aspects of these designs in our designs of local

MCs.

Execution Speedup via Locality of Memory: In conventional computing

devices such as digital processors data is stored locally wherever possible and only

when the local memory limitations are exhausted is memory repositioned in more

distributed locations. Hence conventional computing devices exploit locality as a

critical method to improve execution time for both memory access and processing.
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It is reasonable that locality also be critical to the design of MC devices.

In local MC, because the dominant interactions of a molecule involve a fixed set of

neighbors, we can preferentially speed up designed interactions over spurious ones. In

contrast, in a global MC, such as a DNA hybridization circuit, the speed of execution

is severely limited by diffusion processes, which are stochastic processes whose rates

are governed by the mobility and concentration of the molecules. In particular, the

rate of hybridization of two complementary freely floating DNA strands (of moderate

length) in a dilute buffer solution is limited by the frequency of collisions between

these DNA strands, since these molecules must first find each other by the much

slower diffusion reaction prior to the subsequent hybridization reaction that occurs

after they contact each other (see Turberfield et al. (2003); Seelig et al. (2006)). The

rate of diffusion can be adjusted, but is ultimately limited by pragmatic considera-

tions. Note that in a global MC, such as a DNA hybridization circuit, the mobility

of molecules can be increased by increasing the temperature, but this is limited to be

at most the melting temperature of the hybridization. Alternately, one can attempt

in a global MC to increase the rate of collisions by increasing the concentration of

the molecules, but this also increases the rate of spurious reactions (e.g., unintended

hybridization and/or dehybridizations, etc), by the same factor. Hence, ultimately

the computation rate of such global MCs is limited by diffusion rates, not the local

reaction rates. This implies that global MCs, such as DNA hybridization networks

which rely on diffusion at each step, may be inherently slower than local MCs where

the local concentration of the reacting species results in collision rates that are several

orders of magnitude larger.

Digital Behavior in Conventional Computing Devices: In conventional

digital computing machines the digital behavior of switches is a fundamental building

block and it is reasonable that they would also be critical to the design of MC devices.

Bi-stable devices that are used to simulate switches exhibit analog behavior as they
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execute switching transitions. A sharper transition leads to faster switching times.

Greater activation energies for the switching transition lead to increased robustness of

the device. These two factors together decide the digital behavior of the device. This

sharp digital behavior seems likely to be useful in incorporating variants of techniques

(such as fault tolerance) perfected for standard silicon based digital devices into the

design of MC devices. There are considerable differences in the digital behavior of

local and global MC:

• Circuits implemented by local MC using spatially contiguous molecules exhibit

sharp switching behavior within the computing unit. In particular, the state of each

computing element is explicitly determined by the configuration of these molecules,

so is unambiguous and digital in nature.

• In contrast, circuits implemented by global MC such as DNA hybridization

reaction networks exhibit analog behavior that can be translated into digital behavior

only by applying thresholds. In particular, the state of a global MC is determined

by averaging the concentration and configuration of spatially distributed molecules

that define state, and so is an analog value.

Local Parallelism in Conventional Computing Devices: Modern-day con-

ventional computing devices exploit parallel processing at many levels, both at the

local processor chip as well as in multi-core architectures, to allow computations to

progress along different computational paths in parallel. MC can exploit local paral-

lelism to allow multiple distinct local MCs to progress along different computational

paths in parallel. For example, a plethora of programmable nanomanufacturing sys-

tems have been demonstrated (see the works of He and Liu (2010); Gu et al. (2010)).

These nanomanufacturing systems require the state information to be stored locally

so that different products can be assembled in parallel in different molecules. Even

if only a single product is targeted, different instances of the same product might be

at different stages of manufacture at any given time. This requires the state infor-
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mation to be stored locally and is ideally suited for local molecular computing. In

contrast, it is not evident how to implement this local control in a global MC.

Modularity: In conventional computing, devices generally contain multiple

identically designed computational units that act as modules in the overall archi-

tecture and considerably simplify the overall design. In MC, we can expect that

modularity will also be a critical aspect of the design and in large part relates to

DNA sequence reusability:

• Local MC involves interactions only with a fixed set of neighbors of each

molecule and this enables distinct namespaces across molecules and opens up possibil-

ities of sequence reuse in the system. In particular, since our local DNA hybridization

circuits are spatially separated and cannot directly interact, we can reuse the same

DNA sequences to build the same functionality (e.g., DNA hybridization circuit for

a given logical operation) on a different part of the system using very few distinct

DNA sequences in the overall design.

•Global MC on the other hand involves interactions among DNA strands that can

be present anywhere in the reacting vessel, which implies a single global namespace

for the sequences, and hence considerably limits DNA sequence reusability.

4.1.3 Our Contribution and Chapter Organization

We develop detailed designs to implement DNA circuits on fully addressable DNA

nanostructures such as a fully addressable lattice developed by Yan et al. (2003b) or

DNA origami developed by Rothemund (2006). In doing so we develop a local molec-

ular computing methodology to compute arbitrary Boolean functions. Our circuits

are designed carefully to place downstream gates close enough to upstream gates to

implement rapid signal transduction but far enough to minimize leaks. We argue

that our circuits will: (i) be faster than chemical reaction networks due to increased

local concentration of reacting species, (ii) exhibit generally sharper switching be-
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havior and higher precision due to single molecule interactions, (iii) be highly parallel

since each circuit operates independently of the others which finds use in nanoman-

ufacture (iv) be modular and scalable due to the ability to reuse DNA sequences

in spatially separated regions. We estimate the effect of locality on reaction rates

via a biophysical model of localized hybridization reactions. We use the Visual DSD

simulation software in conjunction with localized reaction rates to create chemical

reaction networks of localized hybridization circuits. These networks are then model

checked using the PRISM model checking software. Our simulations include wires of

varying lengths, AND gates, OR gates, an OR of ANDs circuit and a four bit square

root circuit and these simulations show significant speedups due to localization.

4.1.4 Prior Work

In theory it is possible to perform arbitrary computations using DNA strands, ig-

noring issues of errors, scale and time. Current experimental demonstrations are

far from this ideal. Synthetically designed DNA nanosystems currently cannot be

leveraged to perform computationally complex biochemical tasks. The need is for

DNA circuits that are autonomous, error-resilient, scalable, fast and energy efficient.

We review progress toward this goal over the past decade.

Catalytic DNA circuits: Zhang et al. (2007) argued that autonomous, scalable

circuits require signal amplification and proposed catalysis as a means of achieving

amplification. Their entropy-driven catalytic gate achieved an auto-catalytic expo-

nential amplification of a DNA signal, as opposed to linear amplification previous

achieved by Dirks and Pierce (2004). The free energy for this reaction is a result of

entropic gain due to dissociation of weakly-bound DNA strands. At the same time,

Yin et al. (2008) also illustrated the power of catalysis by demonstrating catalyzed

formation of branched structures, auto-catalytic exponential amplifiers, dendritic

growth and bipedal walkers. All these reactions were executed using an elementary
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hairpin motif with distinct functional sequence domains, allowing the reaction net-

work to be abstracted by a simple visual symbolic language. These papers establish

catalysis as a robust paradigm for constructing amplifying DNA gates.

Composable DNA gates: The next challenge is to integrate catalytic DNA

gates into large circuits. Qian and Winfree (2011a) proposed the simple and elegant

seesaw gate, a modification of the catalytic gate of Zhang et al. (2007) to make

it composable. All toehold domains in the seesaw gate are identical, allowing for

modular design of the circuit and parallel synthesis of many gates. Using the seesaw

gates, Qian and Winfree (2011b) were able to demonstrate a non-trivial computation

using hundreds of gates. Furthermore, Qian et al. (2011) demonstrated the working

of neural networks based on seesaw linear threshold gates. The key obstacle toward

further scaling up their circuit is the speed of operation. Since the seesaw gates

are freely floating in solution, the reaction rates are primarily limited by the time it

takes for DNA strands to encounter each other via diffusion. The authors take note

of this issue and suggest moving their circuits to origami to speed-up hybridization

kinetics, avoid cross talk and re-use sequences in spatially separate locations. This

work expands upon those ideas.

Two domain fork and join gates: Cardelli (2010) developed designs for trans-

duction, fork and join gates using DNA strands limited to two domains. He analyzed

the power of systems composed of these 3 basic gates, proved that they are equivalent

to Petri nets and simulated various systems specified in this two domain language.

Our independently derived designs for AND, OR and PROPAGATION gates are

similar to the fork and join gates described in this work.

Addressable DNA substrates: We develop designs that implement DNA hy-

bridization circuits on fully addressable substrates. Much experimental progress

has been achieved in the area of addressable DNA substrates. Park et al. (2005)

demonstrated a fully addressable lattice built out of the cross tile developed by
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Yan et al. (2003b). This was later extended to an 8× 8 fully addressable lattice by

Pistol and Dwyer (2007) using hierarchical assembly techniques. Rothemund (2006)

developed the technique of DNA origami in which a long scaffold DNA strand ob-

tained from a viral genome is folded into the desired shape by the use of hundreds

of short synthetic DNA strands called staples. Each staple strand binds to the

scaffold strand at precisely two locations thereby localizing two distinct points on

the scaffold strand. Hundred such stapling events fold the scaffold into the desired

shape. Origami has been widely used as a substrate to arrange various molecules (see

Gu et al. (2010); Lin et al. (2007)) and has been extended to form three dimensional

shapes (see Douglas et al. (2009); Dietz et al. (2009)).

4.2 Design of Localized DNA Hybridization Circuits

We begin by designing two composable DNA hybridization driven gates that per-

form AND and OR Boolean logic. An additional propagation gate serves as a wire

and propagates signal. The gates are implemented as a cascade of toehold mediated

strand displacement reactions. Each of these reactions is initiated via a universal toe-

hold binding domain (labeled T̃ ) whose sequence is the same throughout the circuit.

The specificity of strand displacement is conferred by a set of specificity domains (la-

beled S̃i) that are unique to each gate. We assume that there exists an irreversible

downstream drain (not shown in the figures) for each gate.

The gates can be precisely positioned on the fully addressable DNA substrate

by designing them as extensions of conventional substrate strands. The actual posi-

tioning of the gates depends on the digital circuit being implemented. In particular,

gates that are connected to each other are placed close to each other. In this sense,

the localized DNA circuit mimics the topology of the actual digital circuit diagram.

Each localized circuit structure contains one copy of each gate in the circuit and op-
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erates by signaling across gates via single molecules, eliminating the need for signal

restoration.

Any boolean function can be implemented using purely AND and OR gates by

the use of dual rail logic, which uses two bits each to encode 0 and 1. The prop-

agation gate is used to control the relative positions of the AND and OR gates

on the substrate so that the circuit elements can function correctly without steric

interference.

4.2.1 Design of Logical Gates

Figure 4.1 illustrates how two hairpin motifs are used to achieve OR logic. For

input domains Si1 and Si2 we design motifs with the sequences Si1TSoT̃ S̃i1T̃ and

Si2TSoT̃ S̃i2T̃ respectively where S̃i1 and S̃i2 are the input recognition domains and

So is the output domain. In the presence of either the sequence TSi1 or TSi2 , one of

the hairpins opens up to reveal the output So as illustrated in Figure 4.1. Note that

the reaction that opens the hairpin is irreversible in the presence of a downstream

gate that consumes So.

Figure 4.1: The OR gate computing the Boolean function Si1 + Si2 . It is imple-

mented by two green strands Si1TSoT̃ S̃i1T̃ and Si2TSoT̃ S̃i2T̃ . The inputs are TSi1
and TSi2 . The presence of either of these input strands triggers the exposure of the
output TSo which is initially sequestered in a hairpin.

Figure 4.2 illustrates a two input AND gate complex consisting of a hairpin

motif and a protector strand. For input domains Si1 and Si2 , the hairpin motif

has sequence Si2TSoT̃ S̃i2T̃ S̃i1T̃ and is hybridized to the protector that has sequence
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Figure 4.2: The AND gate computing the Boolean function Si1 · Si2 . It is imple-

mented by a complex consisting of the green strand Si2TSoT̃ S̃i2T̃ hybridized to the
light green strand Si1T . The inputs are TSi1 and TSi2 . The presence of both of these
input strands triggers the exposure of the output TSo which is initially sequestered
in a hairpin.

Figure 4.3: The Propagation gate enables the signal transduction Si → So. It is

implemented by a green strand SiTSoT̃ S̃iT̃ The input TSi triggers the exposure of
the output TSo which is initially sequestered in a hairpin.

Si1T . The sequences S̃i1 and S̃i2 are the input recognition domains and So is the

output domain. In the presence of the sequence TSi1 the protector is displaced out

of the complex exposing a universal toehold domain T̃ . If the sequence TSi2 is also

present, it initiates strand displacement via this newly exposed toehold to reveal the

output So as illustrated in Figure 4.2. Note that the reaction that opens the hairpin

is irreversible in the presence of a downstream gate that consumes So.

Figure 4.3 illustrates a propagation gate, that act as a wire that propagates signal.

It can be thought of as an OR gate with one of the inputs hard wired to a Boolean 0.

In our implementation this is achieved by simply leaving out one of the two motifs

that make up the OR gate. By stringing together a series of propagation gates, we

can create signal transduction pathways between gates.

Circuits with gates that support a fan-in of 2 and a fan-out of 1 are capable

of computing any boolean function. However, supporting higher fan-in and fan-out
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Figure 4.4: A degree two fan-out gate transducing input signal Si to two output
signals So1 and So2 .

reduces the size of the circuit (number of gates) and simplifies the circuit. While

unlimited fan-in and fan-out is not practical for real physical systems, we show how

one may achieve a fixed small degree of fan-in and fan-out for our DNA gates. A

k degree fan-in OR gate can be achieved by using k hairpin motifs in parallel. The

degree of fan-in is restricted by the space available on the substrate. Overcrowding

or spreading the gate over a larger area may degrade performance. The optimal

arrangement would have to be experimentally determined. A k degree fan-in AND

gate can be achieved by using a hairpin motif with k − 1 protectors in serial. The

switching speed of the multi-input AND gate is inversely propositional to the degree

of fan-in due to the serial nature of the AND gate.
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A k degree fan-out from a signal Si can be implemented using k downstream

propagation gates transducing the signal Si to signals So1 , So2 , . . . Sok using k − 1

copies of a fuel strand SiT . Fuel strands can be tethered to the substrate to achieve

localized hybridization kinetics. A degree 2 fan-out gate is illustrated in figure 4.4.

The signal Si activates one of the k downstream propagation gates whose output

region Soi is consumed by an irreversible downstream drain. The fuel strand now

binds to the propagation gate using the newly exposed toehold T̃ and kicks off the

signal Si which can now activate another propagation gate and so on until all the k

distinct propagation gates are serially activated. Once again, transduction speed of

the fanout logic is inversely propositional to the degree of fan-out due to its serial

nature. This rate might be improved by tethering the k copies of the fuel strands

near the propagation gates.

4.2.2 Compiling Boolean Circuits into DNA Hybridization Circuits

Converting a Boolean circuit into a DNA circuit involves two stages. First the

Boolean circuit is compiled into a dual-rail circuit that computes the same function.

There may be several different dual-rail circuits that compute the same function and

we may wish to find an optimal one, based on characteristics like small number of

gates, uniform depth, balanced signal propagation delay across all pathways (recall-

ing that our DNA AND gates are slower than OR gates) etc. We can compile the

dual-rail Boolean circuit into a DNA circuit by using the AND, OR and propagation

gate motifs. We optimize the placement of these gates on our substrate, adding or

deleting propagation gates as necessary. The sequence design for the gate motifs is

modular and we simply design all binding domains so as to minimize spurious inter-

actions. Techniques for domain level sequence design have been discussed by Zhang

(2010).

In practice, we may incorporate further optimizations in designing our DNA cir-
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cuits rather than compiling them directly. For instance, we may wish to target

certain leaky portions of the circuit and make them more fault tolerant by, for in-

stance, replicating the circuit module and taking the majority. Such techniques to

increase robustness of circuits are well studied in the VLSI community and it is

likely that the algorithmic solutions found there may be translated simply into DNA

circuits because of the digital gate level abstraction that we provide.

4.2.3 Assembly of Localized DNA Hybridization Circuits

In this section we illustrate two methods to organize DNA circuits on addressable

DNA substrates by highly parallel synthesis that is experimentally feasible and scales

to large number of gates.

Pistol and Dwyer (2007) have demonstrated the assembly of fully addressable

DNA lattices of size up to 8× 8 using hierarchical assembly techniques. The hierar-

chical assembly can be parallelized and has the potential to be scaled beyond 8× 8

lattices. We use this approach to organize our circuits on DNA lattices. Each DNA

gate motif is designed as an extension of one of the strands that is part of the tile

that assembles into a lattice. Since each tile in the finally formed lattice is uniquely

addressable, the motifs can be precisely and specifically positioned on the lattice

according to the circuit being implemented.

Rothemund (2006) demonstrated the breakthrough DNA origami technique for

manufacturing large, fully addressable DNA nanostructures with high yield in a single

pot reaction. Each designed hybridization interaction in a DNA origami structure

is between a staple and a region of the scaffold. No staple-staple or scaffold-scaffold

interactions are designed. Thus, even if the relative concentrations of the staples are

imprecise, the final yield of the origami structure remains high as long as an excess

(about 10×) of staple strands is used. We use the same approach to organize our

circuits on DNA origami. Each DNA gate motif is an extension of a staple strand.

104



Since the surface of the origami is uniquely addressable, the motifs can be precisely

and specifically positioned on the origami according to the circuit being simulated.

The key cause for concern is that when annealed, the hairpin strands will inter-

act with each other rather than folding up into the required hairpin motif. How-

ever, there is evidence that when annealed, dilute (≈ nM concentrations) interacting

strands undergo uni-molecular reactions and fold up into hairpin motifs rather than

hybridizing with each other via bi-molecular reactions (see Dirks et al. (2007)). This

is explained by noting that the hairpin structure is stable at a higher temperature

than the intermolecular complex and as the system is cooled, the motifs form hair-

pins first getting kinetically trapped in the non-optimal thermodynamic state. It is

unclear if this assumption holds when the strands are locally concentrated, for in-

stance, by tethering them close to each other. To avoid this problem, we design our

motifs such that their hairpin structure is stable at higher temperatures than both

the temperature at which they are stably incorporated into the substrate and the

temperature at which the bimolecular complex is stable. When annealed, we expect

the hairpin motif to form while the strands are dilute and not yet tethered to the

substrate, and then the motifs are incorporated into the substrate.

Since the OR motifs are simply single stranded hairpins, this is easily achieved

by making the length of the specificity domain moderately longer than the length by

which the motif is tethered to the origami. In practice, the tether length could be 16

bases while the length of the specificity domain could be 20 and the toehold domain

could be 5 bases, making the stem of the OR hairpin motif 25 bases long. The AND

motif is slightly more problematic since it is a two strand complex - a protector strand

hybridized to a hairpin motif. By choosing lengths of 20 and 5 bases for the specificity

and toehold domains we can ensure that the protector-hairpin complex is stable at

a higher temperature than the temperature at which the origami tether is stable.

However, an upstream input to the AND motif would have similar stability with the
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AND hairpin as the protector-hairpin complex as both are bimolecular reactions.

This difficulty can be overcome in one of two ways. We can anneal the protector-

hairpin complex separately, purify it and then add it to the origami mix. While

annealing the origami mix we take care to not heat the sample above the melting

temperature of the protector-hairpin complex. Alternately, we design the AND motif

as a single hairpin motif and cleave the motif at the appropriate site after annealing

by using a nicking enzyme. For this purpose we can design the toehold sequence

as the recognition domain of a nicking enzyme which cleaves one of the strands of

a double helix upstream of its recognition site. Note that a single nicking enzyme

would be sufficient to prepare all protector-hairpin complexes and this process could

be implemented in parallel. Also, the restriction enzyme won’t nick the OR hairpin

motifs as the corresponding position in these structures is single stranded.

4.2.4 Reusing Sequences in Spatially Separated Circuits

In the circuits we have discussed thus far, each distinct circuit element (wires and

gates) is implemented by a distinct DNA sequence that is never reused. This im-

mediately places an upper bound on the complexity of the circuits since length of

DNA sequences constituting each type of circuit element is fixed. Moreover, assign-

ing distinct sequences to different copies of the same circuit element might result in

variance in their operational characteristics.

If the gates in a circuit are spatially separated into clusters such gates can interact

directly only with other members of the cluster they belong to, then sequences can be

reused across different clusters. Information is exchanged between clusters via signal

transduction pathways. In the extreme case, one can imagine a cluster to be a single

gate and that each such gate is connected to other gates via long signal transduction

pathways. These pathways composed of multiple propagation gates can also benefit

from domain reuse. For example the k long pathway W1 → W2 → W2 → . . .Wk
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can be replaced by an equivalent k long pathway Wa → Wb → Wa → . . .Wb. Care

should be taken when sequences are reused in signal transduction pathways running

close to each other or crossing over one another. In such cases, signal flow across

one pathway might initiate a spurious signal flow across the other if pathways share

same sequences. Such problematic areas in the circuit can use unique sequences to

minimize crosstalk.

Reusing DNA sequences to build the same functionality on a different part of the

DNA hybridization circuit allows us to build complex circuits with very few distinct

DNA sequences. Here we use the key property that our local DNA hybridization

circuits (for example a DNA hybridization circuit for a given logical operation) are

spatially separated and so cannot directly interact. While the sequence domains that

take part in circuit interactions are reused, the tether sequences that position the

elements on an addressable substrate can be distinct (eg. in DNA origami) or can

be reused (eg. in hierarchical assembly).

4.2.5 Functional Units and Architectures

We have discussed how to build digital circuits using DNA sequences on an ad-

dressable substrate. We can build complex circuits via a hierarchical method. Small

substrates can implement functional units that can be connected in a precise manner

to synthesize computing architectures. The hierarchical assembly process developed

by Park et al. (2006) can be directly applied to build such circuits using tile based

assemblies. If origami is used as a substrate, then different origami can be connected

to each other via sticky ends to form larger assemblies. One could also think of

using a secondary scaffold to organize different origami in a precise manner to enable

information flow between them. One simple layout for such architecture would be

to have the computing elements in the middle of the origami and connect them up

to neighboring origami via long signal transduction pathways that terminate at the
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edge of the origami. An advantage of using such architectures is the ability to ”plug

and play” various functional units. For example, if we have designed and experimen-

tally tested a set of functional units, say an adder, subtracter and square rooter, then

we can build circuits that are composed of these functions by plugging these units

into precise positions on the assembly. These functional units could be designed to

ensure that they can communicate via the same signal transduction pathways for

each input/output bit so that they can be composed seamlessly.

4.3 Modeling and Simulations of Tethered Systems

Figure 4.5: A biophysical model of substrate tethered hybridization.

In this section we investigate the speedups obtained in localized hybridization

circuits as follows: (i) We develop a simple biophysical model of tethered hybridiza-

tion and estimate values for a toehold binding speedup factor λ which depends on

parameters of the design of the tethers. Our biophysical model of tethered hy-

bridization closely follows the work of Genot et al. (2011) and we use data reported

by Qian and Winfree (2011b) as a starting point for computing reaction rates. (ii)

Then we use the Visual DSD system developed byPhillips and Cardelli (2009) to

model various localized hybridization circuits for different values of λ. We export

the chemical reaction network generated by Visual DSD into PRISM developed by

Kwiatkowska et al. (2011) for model checking. PRISM treats the chemical reaction

network as a continuous time Markov chain that can be queried for the probability

that the system reaches the halting state by time t.
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4.3.1 A Biophysical Model of Tethered Hybridization

Toehold exchange by strand displacement is modeled by Zhang and Winfree (2009)

as a three stage process: toehold binding, branch migration and toehold unbinding.

We study the effect of tethering on a toehold exchange reaction by considering the

effect of tethering on each of these stages. Branch migration and toehold unbinding

rates are unlikely to be affected by tethering since they are local processes internal

to the molecule. The rate and order of a toehold binding reaction changes due

to tethering and essentially becomes a unimolecular reaction, taking place within a

single macromolecule, with a larger rate constant. We make the biophysics motivated

assumption that the speedup in the toehold binding rate constant is purely due to

the effective concentration of the incoming strand. Our analysis and assumptions

closely follow the work of Genot et al. (2011). We first calculate an approximate

effective concentration c for the incoming toehold strand under certain biophysical

assumptions. The new toehold binding rate constant k̃s is calculated as the product of

the original (diffusion-based) toehold binding rate ks and the effective concentration

c of the incoming strand.

We assume that the gates are tethered to their substrate via a short single strand

of DNA that has negligible persistence length and hence acts as a completely flexible

hinge. The double stranded portions of the gates are much longer than these tethers

and are assumed to behave like stiff rods. Figure 4.5 illustrates the interaction

between an upstream gate tethered at P and a downstream gate tethered at Q, a

distance r away. The cube of side a illustrates the reaction volume, the volume

within which the incoming toehold region must lie for toehold binding reaction to

occur. We assume that a is much smaller than r. We also ignore the single stranded

region at the end of the double stranded region of the upstream gate and assume that

the effective concentration for toehold binding is approximately the concentration of
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Table 4.1: Values of λ for different r and a.

r a λ

20 nm 5 nm λ1 = 1.32× 103 ≈ 103

10 nm 2 nm λ2 = 1.32× 104 ≈ 104

5 nm 1 nm λ3 = 1.06× 105 ≈ 105

the end of the double stranded region in the reaction volume. The probability that

the end of the double stranded region lies within the reaction volume is given by:

p = Va/Vs where Va = a3 is the reaction volume and Vs = 2πr2a is the volume of the

shell S of thickness a that the end of the double stranded region can explore. Thus,

p = a2/2πr2. The effective concentration in particles/m3 is c = p/a3 = 1/2πr2a.

We convert this into molarity (moles per liter) by dividing by 1000Na where Na =

6.023 × 1023 is Avogadro’s number. Thus c = 1/2000πr2aNa M. The rate constant

for short toehold binding in diffusion based systems is ks = 5 × 104 /M/s at 25◦C

(see supplementary information of Qian and Winfree (2011b)). This gives a tethered

toehold rate constant of k̃s = ks × c /s.

The overall rate of any toehold binding reaction is the product of the scaled rate

constant k̃s and the operating concentration c0 of the assembled circuits in solution

according to mass action kinetics. We approximate the kinetics of toehold binding

as a bimolecular reaction and for the purposes of simulation generate a pseduo-

second order rate constant scaled by the operating concentration c0, k̂s = k̃s/c0 =

ks × c/c0 = ks × λ where λ is the pseudo-bimolecular rate constant speedup. This

effectively translates to a tethered toehold binding reaction rate of k̃s×c0. For typical

operating concentration of c0 = 100 nM, λ = 1/2000πr2Naco = 2.64× 106/ar2 when

a and r are expressed in nanometers. Table 4.1 illustrates three values for λ based

on different physically feasible values for a and for the length of the double stranded

region r.
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Figure 4.6: Zero toehold strand exchange reactions where an invading strand dis-
places the incumbent strand even in the absence of a toehold.

Leaks are spurious unprogrammed reactions that induce errors in computation.

An important class of leak reactions, called zero toehold strand exchange reactions,

is illustrated in Figure 4.6 where an invading strand displaces the incumbent strand

even in the absence of a toehold. Visual DSD can automatically generate all zero

toehold strand displacement reactions and this feature was turned on for most of

our experiments. The absence of toehold makes these reactions proceed many orders

of magnitude slower than toehold mediated strand displacement (or exchange) reac-

tions. We assumed that localization speeds up these leak reactions too by factor λ

and hence the leak rate was set to k̂l = kl × λ where kl = 10−9/nM/s is the diffusion

based zero toehold strand displacement as reported by Qian and Winfree (2011b).

4.3.2 Simulations of Tethered Hybridization Circuits

Visual DSD developed by Phillips and Cardelli (2009); Lakin et al. (2012) is a tool

for specification, compilation and simulation of a wide class of toehold mediated

DNA strand displacement reactions. Various hybridization circuits based on toehold

exchange can be specified as a program in the DSD programming language along

with rate constants for binding and unbinding of toeholds and for branch migrations.

These programs are compiled into a set of reactions under one of four different seman-

tics that allow modeling of the reactions at different granularities. This set of reac-

tions can then be simulated by either a deterministic ODE solver or a stochastic Gille-

spie molecular simulation. Furthermore, the hybridization circuit can be exported

out of Visual DSD in different formats including a continuous time Markov chain in

the PRISM model checking language developed by Kwiatkowska et al. (2011).
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Figure 4.7: The optimized (nicked) OR gate computing the Boolean function Si1 +
Si2 . Note that the domain Si1 is now split into two domains SiA1 and SiB1 . Similarly
the domain Si2 is now split into two domains SiA2 and SiB2 . The top strand of
the gate is nicked between these domains making the second step of the reaction
irreversible.

Figure 4.8: The optimized (nicked) AND gate computing the Boolean function
Si1 .Si2 . As with the nicked OR gate, the domain Si1 is now split into two domains
SiA1 and SiB1 and the domain Si2 is now split into two domains SiA2 and SiB2 . The
top strand of the gate is nicked between these domains making the second and the
fifth step of the reaction irreversible.

Figure 4.9: The optimized (nicked) Propagation gate enabling signal transduction
Si → So. The working of the optimized gate is similar to the nicked OR gate.

As a first experiment, we programmed and model checked the working of the AND

and OR gates described in Section 4.2. We set our toehold binding rate constant to

5× 10−5/nM/s, toehold unbinding rate constant to 26/s and branch migration rate

constant to 1/s as reported by Qian and Winfree (2011b). To validate the chosen

rate constants, the solution based, non-localized, four bit square root circuit experi-

mentally demonstrated by Qian and Winfree (2011b) was simulated with these rate

constants. The data thus obtained was in good agreement with the experimentally
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obtained results1. Our initial simulations showed that the gate designs can be further

optimized if some of the intermediate reactions were made irreversible. We achieved

this by introducing nicks in the input domain Si. The designs for the optimized gates

are shown in Figures 4.7, 4.8 and 4.9.

Figure 4.10 show the operation of the unoptimized and the optimized (nicked)

OR gates with and without leaks turned on for all possible inputs. The continuous

time Markov chain representing the gate was queried in PRISM for the probability (Y

axis) that the system reaches the final state by time t (X axis in seconds). Similarly,

the optimized versions of the AND gate were tested and the output of the PRISM

query is shown in Figure 4.11 for all possible inputs. The data show that the gates

behave as expected for each input and that the optimized gates go to completion

sooner in comparison to unoptimized gates. Interestingly, the gates go to completion

faster in the presence of leaks. Also notice the difference in the behavior of the

optimized AND gate with leaks enabled for the inputs 01 and 10. The former shows

a small leak noticeable by 10000 seconds while the later does not display any leaky

behavior. This is due to the asymmetrical design of the AND gate with respect to

the order of the inputs.

We conducted a series of experiments to test the effects of localization in hy-

bridization circuits. Our circuits were composed of the optimized (nicked) gates

described above. The chemical reaction network was generated with zero toehold

leaks turned on under default mode compilation in Visual DSD. As the current im-

plementation of DSD does not allow for specification of hairpins, we modeled our

systems without hairpins but enforced necessary locality by private name-spaces for

different toeholds. This ensures that the output strand that physically detaches from

the gate (modeling the opening of hairpins) attaches only to a very specific set of

downstream gates via a private toehold. This models locality of reactions at the

1 Data and code available at http://research.microsoft.com/dna/dna17localized.zip

113



Figure 4.10: Comparison of the unoptimized OR gate with the nicked OR gate
with and without the zero toehold leaks. X axis is time t in seconds while Y axis
is the probability of completion by time t. The Boolean input to the gate is shown
atop of each graph.

logical level. To model the kinetics of localized hybridization, we used rate constants

reported by Qian and Winfree (2011b) but multiplied both the toehold binding rate

constant and the leak rate constant by a factor λ derived in the previous section.

As noted earlier, localized hybridization circuits can be thought of as series of uni-

molecular reactions within a macromolecule that changes state every time a reaction

occurs. Our modifications to the toehold binding rate constant and its modeling

as pseudo second order rate constant are consistent with this understanding. In

particular, we set our toehold binding rate constant to λ× 5× 10−5/nM/s, toehold

unbinding rate constant to 26/s, branch migration rate constant to 1/s and the zero

toehold leak rate constant to λ × 10−9/nM/s. The chemical reaction network thus

generated was exported to PRISM as a continuous time Markov chain and queried

for the probability that the system reaches the final state by time t.

Figure 4.12 show the effect of λ on a simple signal transduction pathway (wire)
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Figure 4.11: Comparison of the unoptimized AND gate with the nicked AND gate
with and without the zero toehold leaks. X axis is time t in seconds while Y axis
is the probability of completion by time t. The Boolean input to the gate is shown
atop of each graph.

composed of multiple propagation gates. Wires of different lengths (number of prop-

agation gates) were studied for varying λ. Similarly, the behavior of AND and OR

gates were studied for all possible inputs for varying λ. Figure 4.13 and Figure 4.14

show the model checking data for the AND gate for the first 360 seconds and the

first 10 seconds respectively. Figure 4.15 and Figure 4.16 show the model checking

data for the OR gate for the first 360 seconds and the first 10 seconds respectively.

As the next step, we studied a simple circuit illustrated in figure 4.17 using our

modeling and simulation methodology. Figure 4.19 and Figure 4.18 show the model

checking data for the circuit with different values of λ for the first 720 seconds and the

first 20 seconds respectively. The circuit shows dramatic speedups with increasing λ.

Unfortunately higher values of λ result in higher leak rates: Figure 4.18 (b) and 4.18

(d) show the working of the circuit for inputs (0∧0)∨(0∧1), (0∧1)∨(0∧0), (0∧1)∨

(1∧0), (1∧0)∨ (0∧1) and (0∧1)∨ (0∧1). The output of the circuit for these inputs
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Figure 4.12: Effect of λ for varying lengths of wires. A wire of length k is made
up of k propagation gates in series. The X axis is time t in seconds and the Y axis
is the probability of completion by time t.

Figure 4.13: Effect of λ on the optimized (nicked) AND gate for different inputs
(shown atop each graph) for the first 360 seconds. The X axis is time t in seconds
and the Y axis is the probability of completion by time t.

must be Boolean 0. The circuit exhibits the correct behavior for smaller values of λ

but for λ = 100000, the leaks become significant beyond 180 seconds. Fortunately,

the circuit goes to completion within 4 seconds for large values of λ (λ ≥ 1000).
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Figure 4.14: Effect of λ on the optimized (nicked) AND gate for different inputs
(shown atop each graph) for the first 10 seconds. The X axis is time t in seconds
and the Y axis is the probability of completion by time t.

Encouraged by these results we programmed a four bit dual rail square root cir-

cuit. In addition to using private toeholds to model locality as described previously,

we also used a common toehold with unmodified binding rate constant for the input

strands, to model the diffusion of inputs to the substrate. But unlike previous ex-

periments, we compiled the circuit using infinite mode in Visual DSD to reduce the

size of the Markovian state space. This was necessary because the size of the state

space increase exponentially with circuit complexity (due to parallel reactions) and

model checking quickly becomes computationally infeasible for large state spaces.

Recall that in dual rail logic, each bit is implemented by two lines representing

the two distinct logical value that bit can assume. The LSB0 line in the four bit dual

rail square rooter is high iff the LSB (least significant bit) of the answer is Boolean

0. The LSB1 line in the four bit dual rail square rooter is high iff the LSB of the

answer is Boolean 1. The LSB0 and LSB1 are given by the Boolean formulae: LSB0
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Figure 4.15: Effect of λ on the optimized (nicked) OR gate for different inputs
(shown atop each graph) for the first 360 seconds. The X axis is time t in seconds
and the Y axis is the probability of completion by time t.

= (x11 ∨ x21 ∨ x30 ∨ x40)∧ ((x10 ∧ x20)∨ (x31 ∧ x40)) and LSB1 = (x41 ∧ x31 ∧ x10 ∧ x20)∨ ((x11 ∨

x21)∧(x41∨x30)) where xi0 and xi1 are the 0 line and the 1 line for the ith input bit (read

from the lowest to the highest in significance). Figure 4.20 and Figure 4.21 shows

model checking data of the LSB0 line and the LSB1 line of the four bit square root

circuit for all possible four bit inputs. The Boolean formulae for MSB0 and MSB1

(the zero and one line of the most significant bit of the square root output) is given

by: MSB0 = x30 ∧ x40 and MSB1 = x31 ∨ x41. Since Figures 4.13, 4.14, 4.15 and 4.16

show the working of the AND and OR gates for different values of λ, we skip the

explicit simulation of the MSB lines for the square root circuit.

The simulations show marked improvement in overall reaction rates with increas-

ing λ but diminishing gains as λ increases beyond 1000. This can be attributed to

the fact that the overall reaction kinetics is rate limited by the first step of input dif-

fusion for higher λ. In particular, the reaction goes to completion by 1000 seconds for
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Figure 4.16: Effect of λ on the optimized (nicked) OR gate for different inputs
(shown atop each graph) for the first 10 seconds. The X axis is time t in seconds
and the Y axis is the probability of completion by time t.

Figure 4.17: Example computation of ((Si1 ∧Si2)∨ (Si3 ∧Si4)) → So4 implemented
by two AND gates, an OR gate and a Propagation gate indicated by green strands
and complexes. The addressable substrate is illustrated by the gray rectangle and
the points of addressability are illustrated by the yellow dots. The gates are placed
at specific locations, indicated by big black dots, such that down stream gates are
next to the their corresponding inputs from the upstream gates.

λ ≥ 10 while purely diffusive systems take at least 4000 seconds. As in the previous

circuit, leaks (Figure 4.20 (b-d), (j-p) and Figure 4.21 (a), (e-i)) become significant

at higher values of λ (λ = 100000). A discussion of mitigating errors is presented

in Section 4.4.4. The data from our simulations suggest that hybridization circuits
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Figure 4.18: Effect of λ on the circuit shown in Figure 4.17 for different inputs for
the first 720 seconds. The X axis is time t in seconds and the Y axis is the probability
of completion by time t. (a) Data for inputs: (0∧0)∨(0∧0), (0∧0)∨(1∧0), (1∧0)∨
(0∧0), (1∧0)∨ (1∧0). (b) Data for inputs: (0∧0)∨ (0∧1), (0∧1)∨ (0∧0), (0∧1)∨
(1∧0), (1∧0)∨ (0∧1). (c) Data for inputs: (0∧0)∨ (1∧1), (1∧1)∨ (0∧0). (d) Data
for inputs: (0∧ 1)∨ (0∧ 1). (e) Data for inputs: (0∧ 1)∨ (1∧ 1), (1∧ 1)∨ (0∧ 1). (f)
Data for inputs: (1∧0)∨ (1∧1), (1∧1)∨ (1∧0). (g) Data for inputs: (1∧1)∨ (1∧1).

could benefit from large speedups if localized but care must be taken to suppress and

handle leaks that get amplified in the process.

4.4 Discussion

4.4.1 Refined Modeling and Simulations of Tethered Systems

All localized toehold binding interactions are assigned the same rate constant in our

simulations. However, there are two types of localized toehold binding, one between

regions on the same strand (resulting in hairpin formation) and another between

distinct strands. Our biophysical model only applies to the latter case. A more

careful analysis would include different binding rates in both cases. The challenge

of modeling and simulation of tethered systems is to model uni-molecular reactions

rather than the bimolecular reactions found in most other conventional hybridizations
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Figure 4.19: Effect of λ on the circuit shown in Figure 4.17 for different inputs for
the first 20 seconds. The X axis is time t in seconds and the Y axis is the probability
of completion by time t. (a) Data for inputs: (0∧0)∨(0∧0), (0∧0)∨(1∧0), (1∧0)∨
(0∧0), (1∧0)∨ (1∧0). (b) Data for inputs: (0∧0)∨ (0∧1), (0∧1)∨ (0∧0), (0∧1)∨
(1∧0), (1∧0)∨ (0∧1). (c) Data for inputs: (0∧0)∨ (1∧1), (1∧1)∨ (0∧0). (d) Data
for inputs: (0∧ 1)∨ (0∧ 1). (e) Data for inputs: (0∧ 1)∨ (1∧ 1), (1∧ 1)∨ (0∧ 1). (f)
Data for inputs: (1∧0)∨ (1∧1), (1∧1)∨ (1∧0). (g) Data for inputs: (1∧1)∨ (1∧1).

reaction systems. Our biophysical model is preliminary and ignores the worm-like

chain behavior of single strands of DNA. A more detailed model may give a better

estimation of local concentrations.

Molecular circuits tend to leak: downstream hybridization cascades are sometimes

set off by thermal noise even in the absence of upstream signals. Spurious hybridiza-

tion interactions, either due to unintended sequence complementarity or unproduc-

tive interactions between complementary domains (e.g. universal toehold binding),

is another common problem. Sequence reuse can mitigate unintended sequence com-

plementarity while careful positioning of interfering strands on the substrate can

inhibit unproductive reactions. Nevertheless we expect leaks and unproductive re-

actions to exist. Our current setup only model zero toehold strand displacement

leak reaction. A refined model of leaks would provide more accurate simulations of
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Figure 4.20: Effect of λ on the LSB0 line of the four bit square root circuit for
different inputs (shown atop each graph). The X axis is time t in seconds and the Y
axis is the probability of completion by time t.

localized circuits. A fruitful approach may be to model the time to failure of each

gate as a random variable and use this to estimate the overall leak rate. We discuss

some error-tolerance mechanisms in Section 4.4.4.

4.4.2 Optimizations

The circuits discussed thus far have only utilized one side of the addressable surface.

Suppose the substrate is addressable on both sides and the substrate is stiff and

dense enough to ensure that strands on one side cannot interact with the strands on
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Figure 4.21: Effect of λ on the LSB1 line of the four bit square root circuit for
different inputs (shown atop each graph). The X axis is time t in seconds and the Y
axis is the probability of completion by time t.

the other (note that these assumptions are true for certain DNA origami). Then it is

possible to use both sides of the substrate for implementing different circuits. These

circuits can still interact at the edges of the substrate for signal transduction.

The output of simple circuits could be a Boolean value requiring just one bit. The

output of such computation can be detected via standard flurophore/quencher proto-

cols. But complex circuits might output multiple bits or compute an integer requir-

ing the detection of multiple bits. Though one can use multiple flurophore/quencher

pairs operating at various frequencies, it is quite clear that this solution does not
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scale. One possible way to overcome this issue is to implement the circuit for each

bit of the output in different test tubes. Once again, we can exploit the spatial

separation of circuits to reuse the same flurophore/quencher pair for every output

bit.

To assemble large circuits on origami requires longer scaffolds. Naturally occur-

ring long scaffolds might be problematic since they might exhibit strong secondary

structure or might interfere with the DNA sequences used for various gates. If we

use spatial separation to restrict ourselves to a small set of DNA sequences, we might

mitigate the latter problem. The former problem might be solved by careful design

of a synthetic scaffold.

4.4.3 Synchronous Computation and Nanomanufacture

The circuits described in this chapter were asynchronous and used dual rail logic.

It is possible to achieve synchronous lock-step computation using AND gates. For

example, if we want one part of a circuit (say part B) to be activated only after

another part of the circuit (say part A) has finished its computation, then each

signal transduction pathway entering into B can be changed into the output of the

AND of that original pathway and a specific completion signal from part A. Thus

part B is locked unless part A is complete. Alternating this strategy across two

circuits allows them to proceed in a lock-step fashion.

This technique can be extended to nanomanufacture applications. We can think

of the entire process having two components, a fabricating nanomachine like a DNA

walker and a computing logic that governs the action of the fabricating device. The

fabricating device and the computing logic can be operated in the lock step fash-

ion described earlier. The computation leading to this product formation can be

governed by the actual inputs to the circuit.
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4.4.4 Possible Errors and Techniques to Mitigate them

Errors with localized DNA circuits can broadly be classified into two types: errors

in organizing the gate motifs on the substrate and errors in operation. The chief

possible errors in organizing the motifs on the substrate are: (i) missing motifs and

(ii) damaged motifs due to incorrect folding, sequence truncation or formation of

spurious bimolecular complexes. Techniques to deal with these kinds of errors are

discussed in Section 4.2.3.

Errors in operation are chiefly due to: (i) leaks via spontaneous opening of the

hairpin motifs (ii) leaks via stacking induced strand displacement and (iii) spurious

toehold binding. Spontaneous opening of the hairpin motifs are likely to be rare

at our operation conditions, since the stem of the hairpin is 25 bases. We refer

to the end of the stem at the loop region as the head of the motif and the other

end as its tail. Stacking induced strand displacement is likely to occur via head to

tail stacking of motifs. The loop region is likely to sterically hinder such stacking,

destabilizing it. We will also experiment with carefully orienting the motifs on the

origami surface such that these stackings strain the motif tether region and are

hence sterically hindered. For instance the motifs likely to undergo stacking could be

oriented alongside each other. Since each motif has the same toehold binding region,

the output of one motif may bind to the toehold region of a neighboring motif even if

they are not designed to interact. This spurious interaction is prevented from setting

off downstream reactions by the mismatch in the specificity domains. However, such

reactions may block the toehold region and slow down the operation of the circuit.

This problem is present even with the seesaw circuit of Qian and Winfree (2011b)

but does not seem to significantly affect their correct operation for moderate circuit

sizes. The spurious toehold interactions in our designs are restricted to the diameter

of motifs reachable by the tethered motif, in contrast to the seesaw circuits where it
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is a global problem.

In spite of these techniques, a certain level of leaks is unavoidable. If we assume

that every copy of the circuit on origami has a fixed independent failure probability

of ϵ, then we expect that out of N targeted copies of the circuit, N(1 − ϵ) of them

will function correctly. The final output of the circuit is the consensus of the outputs

across all copies of the circuit, with appropriately set thresholds based on the failure

rate. Alternately, we can implement standard techniques in fault tolerance into our

circuits. This correction of errors at the logical level has been used with great success

in building of semiconductor based circuits and this provides inspiration in dealing

with errors due to leaks.

4.5 Conclusions

Local bimolecular reactions have multiple advantages over global molecular com-

putation. In this chapter we have developed detailed designs to implement DNA

circuits on fully addressable DNA nanostructures such as a fully addressable lattice

developed by Yan et al. (2003b) or DNA origami developed by Rothemund (2006).

In doing so we developed a local molecular computing methodology to compute ar-

bitrary Boolean functions. Our circuits are designed carefully to place downstream

gates close enough to upstream gates to implement rapid signal transduction but

far enough to minimize leaks. We argued that our circuits will: (i) be faster than

chemical reaction networks due to increased local concentration of reacting species,

(ii) exhibit generally sharper switching behavior and higher precision due to single

molecule interactions, (iii) be highly parallel since each circuit operates independently

of the others which finds use in nanomanufacture (iv) be modular and scalable due to

ability to reuse DNA sequences in spatially separated regions. A biophysical model

of localized hybridization reactions was used to estimate the effect of locality on

reaction rates. The Visual DSD simulation software was used in conjunction with lo-
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calized reaction rates to create chemical reaction networks of localized hybridization

circuits. These networks were then model checked using the PRISM model checking

software. Our simulations of wires of varying lengths, AND gates, OR gates, an OR

of ANDs circuit and a four bit square root circuit showed significant speedups due

to localization.

This effort is a first attempt at realizing enzyme-free localized hybridization cir-

cuits. In light of the rapid growth of DNA nanotechnology, it is our hope that the

principles expounded in this chapter will serve as a starting point for the eventual

realization of localized hybridization circuits in the laboratory.
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5

Dendritic DNA Nanostructures for Target DNA
Detection

Chapter Summary

There is a growing need for sensitive and reliable nucleic acid detection methods that

are convenient and inexpensive. Responsive and programmable DNA nanostructures

have shown great promise as chemical detection systems. Here, we† describe a DNA

detection system employing the triggered self-assembly of a novel DNA dendritic

nanostructure. The detection protocol is executed autonomously without external

intervention. Detection begins when a specific, single-stranded target DNA strand

(T ) triggers a hybridization chain reaction (HCR) between two, distinct DNA hair-

pins (α and β). Each hairpin opens and hybridizes up to two copies of the other. In

the absence of T , α and β are stable and remain in their poised, closed-hairpin form.

In the presence of T , α hairpins are opened by toehold mediated strand-displacement,

each of which then opens and hybridizes two β hairpins. Likewise, each opened β

hairpin can open and hybridize two α hairpins. Hence, each layer of the growing

† Collaborative work with Abhijit Rangnekar, Geetha Shetty, Erik Schultes, John Reif and Thomas
LaBean
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dendritic nanostructure can in principle accommodate an exponentially increasing

number of cognate molecules, generating a high molecular weight nanostructure.

This HCR system has minimal sequence constraints, allowing reconfiguration for the

detection of arbitrary target sequences. Here, we demonstrate detection of unique

sequence identifiers of HIV and Chlamydia pathogens.

129



5.1 Introduction

Strand displacement plays a very important role in DNA nanotechnology. It was first

demonstrated by Yurke et al. (2000) that a DNA strand with a toehold (unpaired

nucleotides at the end of the strand) can be extracted from a duplex by binding the

strand’s full complement to it. Since then, this phenomenon has been exploited in

various applications such as DNA machines, gears, walkers and catalytic DNA cir-

cuits (see the works of Sherman and Seeman (2004); Gu et al. (2010); Tian and Mao

(2004); Yin et al. (2008); Zhang et al. (2007); Qian and Winfree (2011a); Qian et al.

(2011) for examples). The triggered hybridization chain reaction (HCR), first de-

scribed by Dirks and Pierce (2004), is based on the similar principle and involves

a cascade of Watson-Crick mediated, DNA-DNA hybridization events between two

distinct hairpin sequences. Each hairpin opens the other via a toehold mediated

strand displacement, resulting in the self-assembly of a nicked DNA double helix

from many short DNAs. The hairpin precursors of the HCR are metastable, and can

coexist as a mixture of separate molecules, until triggered by the addition of a DNA

strand that initiates the opening of at least one of the two hairpin strands.

This novel DNA functionality creates the opportunity for the design and con-

struction of a wide variety of simple and inexpensive biosensing applications. A

previous study by Yin et al. (2008) demonstrated triggered HCR where the product

was a self-assembling, branched DNA nanostructure whose size grew exponentially

with the number of molecular species present. Here we describe a DNA triggered

HCR which forms a dendritic nanostructure that also grows exponentially, but which

requires only a constant number of DNA hairpin strands. The minimal complexity of

this system results in few sequence constraints, permitting the detection of arbitrary

DNA sequences with minimal sequence redesign. In the absence of the target strand

(T1), the two hairpins (α and β) do not react and remain in closed form. However,
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when added, T1 binds to and opens up α by toehold mediated strand displacement.

Each opened hairpin can subsequently open and bind two copies of the other hairpin

resulting in formation of the dendritic nanostructure (Figure 5.1). As explained be-

low, the target sequence for the first version of this system needed to have a repeated

subsequence. The detection system was further modified for detection of any arbi-

trary target sequence (T2) by introducing a third hairpin, γ (see Figure 5.2). The

system was also tested for the detection of unique sequence identifiers of HIV (human

immunodeficiency virus) (Cao et al. (2002)) and Chlamydia trachomatis pathogens

(Girjes et al. (1999)).

5.2 Design of the Dendritic HCR System

The nucleotide sequences of α and β were designed manually by first denoting generic

sub-sequences that could accommodate the appropriate secondary structures of the

desired closed hairpin conformations and the open conformations necessary for form-

ing the dendritic complex. In the first implementation of the detection system, the

generic sub-sequence of α is abbcb̄cb̄ and the generic sub-sequence of β is b̄āb̄ābbc̄ (de-

noted from 5′-end to 3′-end with¯denoting sequence complementarity). Each strand

forms a hairpin structure intended to have a bulged loop protruding in the middle of

the double stranded region in addition to a single-stranded overhang (see Figure 5.1).

The sub-sequences a, ā, c, and c̄ are sufficiently short (7 residues) that when within a

closed loop structure, they are unavailable for hybridization with their complements.

Sub-sequences b and b̄ are sufficiently long (15 residues) that their double-stranded

stem structures are stable and do not allow the loops to open. The analyte, a target

DNA strand T1, is a single strand DNA oligonucleotide consisting of sub-sequences

b̄b̄ā having no stable secondary structure.

The actual nucleotide sequences represented by the sub-sequences were then de-

signed by hand with careful attention paid to GC-content and the avoidance of unin-
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Figure 5.1: The design of the dendritic HCR: Schematic illustration of dendritic
nanostructure formation upon target (T1) detection. Here, subsequence ā is comple-
mentary to subsequence a (and so on). Opening and closing of stem-loop structure
in (c) affects the overall rate of dendrimer formation.
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tended sequence repeats or reverse-complements. The predicted secondary structures

of the initial sequence designs were evaluated using the MFOLD web server of Zuker

(2003) which in most cases predicted the intended hairpin structure as the mini-

mal energy configuration. The melting profile of the hairpins was experimentally

determined and all the hairpins were found to be extremely stable with the melt-

ing temperature at around 70◦C (data not included here). The stability of hairpins

might reduce the overall rate of dendrimer formation due to the difficulty of strand

displacement of a stable duplex. However, the thermal stability of the hairpins was

crucial in order to avoid their spontaneous opening and the resulting false positives.

Detection begins when annealed α and β hairpins are combined and then initiated

with the addition of T1. In the first step of the hybridization cascade, T1 hybridizes

with the single-stranded sub-sequence a of α and then by strand displacement, it

hybridizes to the sub-sequence bb. The strand displacement results in an open-form

bimolecular complex denoted T1 + α (Figure 5.1(a)). In the second step of the

hybridization cascade, the now single-stranded sub-sequences cb̄cb̄ of the T1+α com-

plex are available for hybridization to two copies of β by binding the single-stranded

sub-sequence c̄ on β. The hybridized copies of β then partially open via strand dis-

placement and match their b sub-sequences with the b̄ sub-sequences exposed in the

T1 +α complex. The resulting complex, T1 +α+2β (Figure 5.1(b)), constitutes the

first layer of the nascent dendritic DNA nanostructure rooted by T1 + α.

The remaining metastable b̄āb stem loop of β would, with a finite rate, sponta-

neously open and expose another copy of ā. In the open form, complex T1 + α+ 2β

now has four b̄ā sites available to hybridize the ab sub-sequences in additional α

strands. The reaction of the complex T1 + α + 2β with four copies of α yields the

new complex T1 + 5α + 2β, constituting the second layer of the growing dendritic

nanostructure (Figure 5.1(c)).

The rate of spontaneous opening and exposure of the ā sub-sequence is a factor
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Figure 5.2: Detection of arbitrary target T2 using an adapter hairpin γ. T2 + γ
complex would open hairpin α, which would then trigger the dendrimer formation.

controlling the growth of the dendritic nanostructure and can be tuned by altering the

stability of the b/b̄ duplex through sequence changes. For example, the sub-sequence

b closest to the 3′-end on α and the sub-sequence b closest to the 5′-end on β can

be replaced with sub-sequence b̃ which is similar to b, but contains a small number

(1 − 4) of sequence changes which introduce mismatched base pairings in the b̃/b̄

double helix. This alternative sequence would be expected to slightly destabilize the

remaining stem loop structures shown in complexes T1+α+2β and T1+5α+2β. In

practice, such sequence modifications were found to be unnecessary in demonstrating

the functionality of the detection system.

Strand displacement, stem loop openings, and hybridization of eight additional

copies of β form the third layer of the nanostructure (complex T1+5α+10β, Figure

5.1(d)). Because each α and β strand can open and hybridize two additional strands,

the dendritic nanostructure grows with kinetics that are in principle exponential. In

practice however at some point steric constraints will begin to limit the exponential

kinetics.

In this initial sequence design the target strand had the repetitive sub-sequence,

b̄b̄ā. The detection system can be made to accommodate non-repeating, arbitrary

target sequences lacking a stable secondary structure by using an adapter DNA

134



hairpin γ (Figure 5.2). An arbitrary analyte sequence, T2, composed of the sub-

sequences b̄ād opens the adapter γ to expose the sequence b̄b̄ā which like T1 can

initiate the cascade of the same α and β strands as already described.

It is possible but relatively unlikely that after one copy of β is bound to T1 + α

complex via bc̄ subsequence, instead of another β hairpin binding to the growing

complex, the already bound β extends the hybridized region to include adjacent b

subsequence forming hybridized pair between bbc̄ subsequence of β and cb̄cb̄ subse-

quence of α, with a bulged loop c on α. This may give rise to a linearly growing

nanostructure instead of an exponential growing dendrimer. However, the proba-

bility of this occurring is limited especially during the early phase of the dendritic

growth for a number of reasons. The relative concentration of the hairpins is high

in the beginning which would favor intermolecular interactions thereby increasing

the probability of binding two copies of β instead of one to T1 + α. Moreover due

to entropic considerations, it is more likely that the first copy of the β hairpin that

binds to the T1 + α complex, binds to the cb̄ subsequence at the 3′-end instead of

the one in the middle of the strand prohibiting the linearly growing structures. Even

taking the finite probability of formation of the linear structure into consideration, it

is safe to assume that the resulting dendritic growth kinetics should be super-linear.

5.3 Materials and Methods

5.3.1 DNA Strands and Sequences

The sequences of the DNA strands for various targets and the corresponding hair-

pins are included in Section 5.6. Synthetic oligonucleotides were purchased from

Integrated DNA Technologies (Coralville, IA) in unpurified form and were purified

using denaturing polyacrylamide gel electrophoresis (PAGE).
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5.3.2 Sample preparation

The α and β hairpins were heated to 90◦C at 1 µM concentration in water, and

then annealed rapidly by leaving them on the bench-top. While annealing γ, the

concentration was 0.2 µM. All the hairpins and the target strands were then mixed

in 1xPBS (pH 7.4) containing 300 mM Na+ and 10 mM MgCl2 for a total volume

of 5 µL. Final concentration of α and β was 0.2 µM, whereas that of γ (wherever

applicable) and target was 0.04 µM. During target titration, the concentrations of

α and β were kept constant, whereas the concentration of γ and T2 was adjusted

accordingly. The solution was then incubated at 25◦C for two hours followed by 10

hours at 30◦C. For the kinetics studies, the samples for different time points were

started so as to have same stop time.

5.3.3 Polyacrylamide Gel Electrophoresis (PAGE)

Formation of the dendritic nanostructure was determined by 6% non-denaturing

PAGE using gels containing desired amounts of acrylamide monomer (19 : 1, acry-

lamide:bisacrylamide) in 1xPBS. The sample was mixed in equal volume with track-

ing dye containing 1xPBS, 50% glycerol, and 0.2% each of Bromophenol Blue and

Xylene Cyanol FF. The gels were run on a Hoefer SE-600 electrophoresis unit at

10 V/cm. The gels were then stained with ethidium bromide and imaged using an

AlphaImager (Alpha Innotech) gel documentation setup.

5.3.4 Fluorescence Studies

Fluorescence data were obtained on a Cary Eclipse Fluorescence Spectrophotometer

from Varian, with temperature controller set to 25◦C. Excitation and emission wave-

lengths were 303 nm and 367 nm, respectively (see Rachofsky et al. (2001)), with 4

nm bandwidths. Hairpins were annealed before use. For each experiment, 0.5 µM of

hairpin α was added to 80 µL of the reaction buffer. After acquiring 2000 seconds of
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fluorescence data in three cuvettes, 2xT1 was added in the first cuvette and 0.5xT1

was added in the other two cuvettes. After 10000 seconds, 1xβ was added in the

second cuvette and water was added in the other two cuvettes to balance the volume.

The data acquisition was stopped after 20000 seconds.

5.4 Results

The detection system was optimized with respect to four parameters: Mg++ con-

centration, temperature of incubation, concentration of the reactant hairpin species

and time of incubation. The reaction buffer being used was PBS (phosphate buffer

saline, pH 7.4) with 300 mM Na+. However it was found out that Na+ alone was

not sufficient to achieve a high yield of the dendrimer. The buffer had to be supple-

mented with Mg++ which is a more effective counterion. Low Mg++ concentrations

resulted in slow rates of reaction whereas higher Mg++ concentration yielded den-

drimer formation even in the absence of the target strand (false positive).

Similarly, the reaction rate was slow at the room temperature while elevated tem-

peratures, though resulting in higher rates of reaction, lead to false positive. This can

be attributed to spontaneous opening of hairpins at higher temperatures. Biosens-

ing application demand the detection of low concentrations of target molecules and

the limit of detection is an important characteristic of a sensor. The ratio of the

concentrations of the reactant hairpins to the target strand was also a crucial factor

in lowering the limit of detection of our system. At the fixed target concentration,

lower amounts of hairpins resulted in smaller dendrimers while higher concentration

of hairpins led to false positives.

Since it was assumed that the growth of the dendritic nanostructure would stop

only due to steric hindrance, the ratio of target to reactant hairpins was kept

1 : (5α + 5β). The concentration of the target T1 was fixed at 40 nM. In case

of target T2, the concentration of T2 and γ was fixed at 40 nM each. Consequently,
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Figure 5.3: PAGE studying the kinetics of the system: 6% non-denaturing PAGE
analysis of the reaction mixture incubated for various time durations (1-12 hours).
Lane 10 is negative control.

the concentration of the α and β hairpins was 200 nM each. The optimum Mg++

concentration was determined to be 10 mM. Since the length of the toehold which

opens up the first hairpin and triggers the dendrimer formation is just 7 bases, the

initial incubation temperature was maintained at 25◦C. After incubating thus for

two hours, to facilitate the opening of stem-loop structure in dendrimer bound β

hairpins, the temperature was elevated to 30◦C.

A kinetics study was performed with the target T2 to determine the extent of

dendrimer formation with respect to time. Figure 5.3 shows a 6% non-denaturing

PAGE analysis of the reaction mixture incubated for various time durations. The

two fastest moving bands represent the unreacted hairpins as indicated. Higher

order incremental structures appear as slower moving bands. Structures exceeding a

certain size limit are unable to enter the gel and they remain in the well, indicating the

formation of the dendrimer. The yield can be qualitatively determined by comparing

the intensity of the dendrimer in the well, as well as by comparing the unreacted
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γ hairpin. Since each target T2 strand binds to a single γ hairpin, the intensity

of the γ band (fastest moving band in Figure 5.3) indicates the progress of the

reaction. The yield is significant after five hours, though it keeps increasing through

12 hours. The negative control does not show any dendrimer formation even after 12

hours. A possible explanation of some slower moving bands in the negative control

is given in the next paragraph. This experiment showed that the proposed system

is considerably faster than the linear HCR demonstrated by Dirks and Pierce (2004)

which required 24 hours for completion.

Figure 5.4: Detection of various targets: (a) 6% non-denaturing polyacrylamide
gel analyzing the detection of various targets through dendrimer formation. Samples
in odd numbered lanes contain target, whereas samples in even numbered lanes
are negative controls for the preceding sample. The order of the target sequences
is: arbitrary target with repetitive subsequence (T1, lanes 1&2); arbitrary target
with non-repetitive subsequence (T2, lanes 3&4); HIV target (lanes 5&6); Chlamydia
target (lanes 7&8). (b) Proposed mechanism for the leak bands.

Once the incubation parameters were optimized, both the targets T1 and T2 were

tested along with the unique sequence identifiers of HIV and Chlamydia trachoma-

tis pathogens (sequences obtained from the works of Cao et al. (2002); Girjes et al.

(1999)). Each pathogen target strand had a different set of hairpins, including the

adapter hairpin γ, unique to its sequence. It is evident from Figure 5.4(a) that the

presence of the target triggers the formation of the dendrimer (lanes 1, 3, 5 and 7),

whereas dendrimeric structures are not present in the absence of target (lanes 2, 4,
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6 and 8). As mentioned earlier and indicated in Figure 5.4(a), the bulky structure

which does not enter the gel represents the dendrimer and the dark bands at the

bottom of the gel in negative control lanes represent unreacted hairpins. The fastest

moving band corresponds to the γ hairpin, whereas the second fastest moving band

corresponds to the equal sized α and β hairpins. The presence of unreacted hairpins

after 12 hours of incubation demonstrates the limitation on the size of the dendrimer

imposed by steric constraints. It is to be noted here that some higher order structures

can be observed (leaks) consistently irrespective of the presence of target. However

large dendrimeric formation are not triggered due to these structures as evident from

the negative controls. Thus these structures are unlikely to be formed as a result of

spontaneous opening and hybridization of the hairpins in the absence of the target

strand. It is possible that these bands represent the homo-dimers and homo-trimers

of the α and β hairpins as illustrated in Figure 5.4(b). These oligomeric structures

could have formed while annealing the hairpins and are quite stable, which is further

corroborated from the gel image in 5.4(a) as the bands labeled leak. The formation

of tetrameric and larger structures is hindered by steric factors as well as the high

degree of stability of the individually folded hairpins. It is also to be noted here that

the tendency to form such dimers and trimers is considerably less in case of γ hairpin

because of its shorter size.

The mechanism of the dendrimer formation through hairpin opening and hy-

bridization was further confirmed by fluorescence quenching. One of the adenine

bases in the toehold region of α hairpin was replaced by its analog 2-aminopurine

(2AP, Figure 5.5(a)) (Rachofsky et al. (2001)). 2AP is a fluorescent marker when

unpaired that gets quenched upon pairing with a thymine base. Thus opening of the

α hairpin by the target sequence T1 would result in quenching of the fluorescence.

Similar quenching would be observed when an α hairpin is incorporated into

growing dendritic nanostructure through an opened β hairpin. This is experimentally
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Figure 5.5: Kinetic study of the system using fluorescence: (a) An adenine base in
the toehold region of α hairpin is substituted with its analog 2-aminopurine which
is a fluorophore. When target T1 opens the hairpin, it quenches the fluorescence.
Quenching would also occur when α would bind to the unfolded β in the growing
dendrimer. (b) Quenching of fluorescence is observed upon addition of T1 and β.
The fluorescence intensity is normalized for all the samples at time zero.

Figure 5.6: PAGE analysis of the sensitively of the system: 6% non-denaturing
PAGE analysis of the dendrimer formation to determine the sensitivity of the system
in detecting target T2. Detection of as low as 10 nM (50 fmol) of target is possible
(target to hairpins ratio = 1 : 20) using PAGE.

corroborated in Figure 5.5(b). Addition of excess target leads to complete quenching

of the fluorescence. When the ratio of the target to α was made 1:2, the quenching

levels were approximately half the value of the fully quenched systems. This proves

the mechanism of the first step: target binding to the α hairpin. Addition of β

hairpin to the half-quenched solution leads to complete quenching, signifying that it

first binds the T1 + α complex, which then further binds and opens the remaining α
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hairpins.

In our current set-up, the detection of dendrimer formation was done via non-

denaturing PAGE. Figure 5.4(a) shows the detection of approximately 200 fmol of the

target. We wanted to test the limit of detection of the current setup and determine

the sensitivity of the system. Keeping the concentration of the reactant hairpins

constant (200 nM α, 200 nM β, concentration of γ equal to that of the target), a

range of concentrations were tried for the target strand T2. It is evident from Figure

5.6 that even though there is some dendritic nanostructure formation at the target

concentration of 2 nM (10 fmol, lane 2, 1/100 ratio of target to each hairpin), the

yield is sufficiently high for positive detection only at the concentration of 10 nM

(lane 4, 50 fmol).

The obvious assumption in this experiment is that the lower amount of target

strand would cause larger dendrimer formation owing to high hairpins to target ratio.

However, as mentioned earlier, the size of the dendrimer is eventually limited by steric

factors. This explains the significant amount of unreacted hairpins in lanes 2 and 3

in Figure 5.6 corresponding to 1/100 and 1/50 target to hairpin ratio. Expectedly,

at the target to hairpin ratio of 1/1 (lane 7), only smaller superstructures are formed

with a distinct absence of dendrimer in the well.

Apart from sensitivity, specificity is another important criterion in the evaluation

of any biosensor. Specificity of the dendritic HCR was determined by mutating the

target sequence T2 in the ā subsequence which opens the γ hairpin after binding

to its toehold (Figure 5.7(a)). The mutation was achieved by substituting bases

thus creating mismatches. Three different mutated strands were tried, with one,

two and three consecutive mismatches, respectively. Non-denaturing PAGE analysis

showed dendrimer formation in all the three cases (Figure 5.7(b)). The result, though

demonstrating the non-specificity of the system, points to the usefulness of the system

while dealing with mutated or evolving pathogen.
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Figure 5.7: PAGE analysis of the specificity of the system: (a) Mutation of the T2
sequence to create mismatch when it opens the hairpin after binding to the toehold
to determine the specificity of the system. One, two and three consecutive mis-
matches were introduced. (b) 6% non-denaturing PAGE shows that the dendritic
nanostructure formed even when there were mutations. Lane 1: negative control;
Lane 2: Unmutated T2; Lane 3: One mismatch; Lane 4: Two mismatches; Lane 5:
Three mismatches.

5.5 Conclusion

The versatility of DNA, such as strand displacement and hybridization through

Watson-Crick base-pairing, have been exploited to create a biosensing system with

signal amplification. The system involved a dendritic hybridization chain reaction

where the presence of a target sequence triggered the formation of a dendritic nanos-

tructure by opening specially designed hairpin molecules. The growth of the den-

drimer was exponential in principle. The system was tested for arbitrary target

sequences as well as unique sequence identifiers of HIV and Chlamydia trachoma-

tis pathogens. In the absence of any target, there was predictably no dendrimer

formation.

The exponential HCR detection strategy is not as sensitive as certain other elec-

trochemical and piezoelectric biosensors, but it is relatively inexpensive. The de-

tection can be performed by using non-denaturing PAGE and as low as 50 fmol of
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target can be convincingly detected. It should be possible to have an optical readout

of the output of the dendritic HCR reaction. This can be achieved by using colloidal

gold nanoparticles (AuNPs) and functionalizing them to bind to the dendrimer sur-

face. AuNPs, when brought in close proximity, give a plasmonically induced color

change as a result of collective electronic interactions (see Cao et al. (2002)). Once

colorimetric detection is incorporated, the dendritic HCR would offer an inexpensive

and highly convenient alternative to other DNA based biosensors.

5.6 Sequences

The following are the sequences (listed from the 5′ to the 3′ end) used for the various

experiments.

5.6.1 Repetitive Subsequence Controls

T1: AGT GGA TTC GGC GTG︸ ︷︷ ︸
b̄

AGT GGA TTC GGC GTG︸ ︷︷ ︸
b̄

GTT TAG G︸ ︷︷ ︸
ā

α: CCT AAA C︸ ︷︷ ︸
a

CAC GCC GAA TCC ACT︸ ︷︷ ︸
b

CAC GCC GAA TCC ACT︸ ︷︷ ︸
b

CAA AGT A︸ ︷︷ ︸
c

AGT GGA TTC GGC GTG︸ ︷︷ ︸
b̄

CAA AGT A︸ ︷︷ ︸
c

AGT GGA TTC GGC GTG︸ ︷︷ ︸
b̄

β: AGT GGA TTC GGC GTG︸ ︷︷ ︸
b̄

GTT TAG G︸ ︷︷ ︸
ā

AGT GGA TTC GGC GTG︸ ︷︷ ︸
b̄

GTT TAG G︸ ︷︷ ︸
ā

CAC GCC GAA TCC ACT︸ ︷︷ ︸
b

CAC GCC GAA TCC ACT︸ ︷︷ ︸
b

TAC TTT G︸ ︷︷ ︸
c̄

5.6.2 Non Repetitive Subsequence Controls

T2: AGT GGA TTC GGC GTG︸ ︷︷ ︸
b̄

GTT TAG G︸ ︷︷ ︸
ā

TCG AAA CGA GC︸ ︷︷ ︸
d̄

Mutated T2 −M1(one mismatch): AGT GGA TTC GGC ATG︸ ︷︷ ︸
b̃

GTT TAG G︸ ︷︷ ︸
ā
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TCG AAA CGA GC︸ ︷︷ ︸
d̄

Mutated T2 −M2(two mismatches): AGT GGA TTC GGA ATG︸ ︷︷ ︸
b̃

GTT TAG G︸ ︷︷ ︸
ā

TCG AAA CGA GC︸ ︷︷ ︸
d̄

Mutated T2 −M3(three mismatches): AGT GGA TTC GGA ACG︸ ︷︷ ︸
b̃

GTT TAG G︸ ︷︷ ︸
ā

TCG AAA CGA GC︸ ︷︷ ︸
d̄

α: CCT AAA C︸ ︷︷ ︸
a

CAC GCC GAA TCC ACT︸ ︷︷ ︸
b

CAC GCC GAA TCC ACT︸ ︷︷ ︸
b

CAA AGT A︸ ︷︷ ︸
c

AGT GGA TTC GGC GTG︸ ︷︷ ︸
b̄

CAA AGT A︸ ︷︷ ︸
c

AGT GGA TTC GGC GTG︸ ︷︷ ︸
b̄

α-AP(hairpin with fluorophore aminopurine, A∗): CCT AA∗A C︸ ︷︷ ︸
a

CAC GCC GAA TCC ACT︸ ︷︷ ︸
b

CAC GCC GAA TCC ACT︸ ︷︷ ︸
b

CAA AGT A︸ ︷︷ ︸
c

AGT GGA TTC GGC GTG︸ ︷︷ ︸
b̄

CAA AGT A︸ ︷︷ ︸
c

AGT GGA TTC GGC GTG︸ ︷︷ ︸
b̄

β: AGT GGA TTC GGC GTG︸ ︷︷ ︸
b̄

GTT TAG G︸ ︷︷ ︸
ā

AGT GGA TTC GGC GTG︸ ︷︷ ︸
b̄

GTT TAG G︸ ︷︷ ︸
ā

CAC GCC GAA TCC ACT︸ ︷︷ ︸
b

CAC GCC GAA TCC ACT︸ ︷︷ ︸
b

TAC TTT G︸ ︷︷ ︸
c̄

γ: GCT CGT TTC GA︸ ︷︷ ︸
d

CCT AAA C︸ ︷︷ ︸
a

CAC GCC GAA TCC ACT︸ ︷︷ ︸
b

AGT GGA TTC GGC GTG︸ ︷︷ ︸
b̄

AGT GGA TTC GGC GTG︸ ︷︷ ︸
b̄

GTT TAG G︸ ︷︷ ︸
ā
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5.6.3 HIV

THIV : GAC CTG GAT GCA GTG︸ ︷︷ ︸
b̄

GGA TAG A︸ ︷︷ ︸
ā

GAA ATT AGC AAC︸ ︷︷ ︸
d̄

αHIV : TCT ATC C︸ ︷︷ ︸
a

CAC TGC ATC CAG GTC︸ ︷︷ ︸
b

CAC TGC ATC CAG GTC︸ ︷︷ ︸
b

CAA AGT A︸ ︷︷ ︸
c

GAC CTG GAT GCA GTG︸ ︷︷ ︸
b̄

CAA AGT A︸ ︷︷ ︸
c

GAC CTG GAT GCA GTG︸ ︷︷ ︸
b̄

βHIV : GAC CTG GAT GCA GTG︸ ︷︷ ︸
b̄

GGA TAG A︸ ︷︷ ︸
ā

GAC CTG GAT GCA GTG︸ ︷︷ ︸
b̄

GGA TAG A︸ ︷︷ ︸
ā

CAC TGC ATC CAG GTC︸ ︷︷ ︸
b

CAC TGC ATC CAG GTC︸ ︷︷ ︸
b

TAC TTT G︸ ︷︷ ︸
c̄

γHIV : GTT GCT AAT TTC︸ ︷︷ ︸
d

TCT ATC C︸ ︷︷ ︸
a

CAC TGC ATC CAG GTC︸ ︷︷ ︸
b

GAC CTG GAT GCA GTG︸ ︷︷ ︸
b̄

GAC CTG GAT GCA GTG︸ ︷︷ ︸
b̄

GGA TAG A︸ ︷︷ ︸
ā

5.6.4 Chlamydia

TCT : GCA AAT AAT CCT TGG︸ ︷︷ ︸
b̄

GAC AAA A︸ ︷︷ ︸
ā

TCA ACA CCT GTC︸ ︷︷ ︸
d̄

αCT : TTT TGT C︸ ︷︷ ︸
a

CCA AGG ATT ATT TGC︸ ︷︷ ︸
b

CCA AGG ATT ATT TGC︸ ︷︷ ︸
b

CAA AGT A︸ ︷︷ ︸
c

GCA AAT AAT CCT TGG︸ ︷︷ ︸
b̄

CAA AGT A︸ ︷︷ ︸
c

GCA AAT AAT CCT TGG︸ ︷︷ ︸
b̄

βCT : GCA AAT AAT CCT TGG︸ ︷︷ ︸
b̄

GAC AAA A︸ ︷︷ ︸
ā

GCA AAT AAT CCT TGG︸ ︷︷ ︸
b̄

GAC AAA A︸ ︷︷ ︸
ā

CCA AGG ATT ATT TGC︸ ︷︷ ︸
b

CCA AGG ATT ATT TGC︸ ︷︷ ︸
b

TAC TTT G︸ ︷︷ ︸
c̄

γCT : GAC AGG TGT TGA︸ ︷︷ ︸
d

TTT TGT C︸ ︷︷ ︸
a

CCA AGG ATT ATT TGC︸ ︷︷ ︸
b

GCA AAT AAT CCT TGG︸ ︷︷ ︸
b̄

GCA AAT AAT CCT TGG︸ ︷︷ ︸
b̄

GAC AAA A︸ ︷︷ ︸
ā
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6

Linear Activatable Assemblies

Chapter Summary

Experimental demonstration of the Turing universal tile based algorithmic DNA

self-assembly has been limited by significant assembly errors. An important class

of errors, called co-ordinated growth errors, occur when an incorrect tile binds to a

growing assembly even when some of its pads are mismatched with its neighbors.

Activatable DNA tiles, introduced originally by Majumder et al. (2007), employ a

protection/deprotection strategy to strictly enforce the direction of tiling assembly

growth that prevents these errors, ensuring the robustness of the assembly process.

Tiles are initially inactive, meaning that each tile’s pads are protected and cannot

bind with other tiles. After an activation event, the tile transitions to an active

state and its pads are exposed, allowing further growth. In this chapter we† demon-

strate the formation of a linear DNA nano-assembly using activatable tiles. We use

two tiles A and B that have complementary sticky ends such that they can form a

linear co-polymeric chain ...ABABABAB... Additionally, the sticky ends of A can

be rendered inactive (non-sticky) by attachment of a protection strand to tile A.

† Collaborative work with Sudhanshu Garg, Nikhil Gopalkrishnan, Thomas LaBean and John Reif
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This protection strand can be subsequently removed from tile A (thus activating it)

by the polymerization extension of a primer strand bound to the protection strand.

Upon the introduction of the polymerase, tile A gets deprotected enabling the for-

mation of the linear co-polymeric chain. These initial results point to the possibility

of more complex activatable systems that can possibly alleviate some of the errors

encountered in tile based DNA self-assembly.
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6.1 Introduction

DNA nanotechnology is a rapidly emerging discipline that uses the molecular recog-

nition properties of DNA and other nucleic acids to create designed, artificial struc-

tures out of DNA. Precise nanoscale objects can be programmatically created using

DNA strands and this has resulted in a myriad of nanostrcutures (see Winfree et al.

(1998); LaBean et al. (2000); Yan et al. (2003b); Shih et al. (2004); He et al. (2005);

Rothemund (2006); He et al. (2008); Douglas et al. (2009); Dietz et al. (2009); Zheng et al.

(2009) for some illustrative examples). But more importantly, dynamic behavior of

these DNA nanostructres can also be controlled via the action of other DNA strands

(see Yurke et al. (2000); Sherman and Seeman (2004); Shin and Pierce (2004); Tian and Mao

(2004); Yin et al. (2008); Green et al. (2008); Venkataraman et al. (2007) for some

examples) and enzymes that act on the DNA strands (see Yin et al. (2004); Bath et al.

(2005); Sahu et al. (2008) for some examples).

An important class of DNA nanostructures are tile-based assemblies which are

formed via addition of DNA tiles to a growing lattice. Each DNA tile is designed to

have multiple single-stranded components called sticky ends that can bind to sticky

ends of other tiles in the lattice. Tile based lattices can be used as an address-

able nanosubstrate and 3D lattices have the potential to bind proteins at lattice

points aiding in their crystallization and subsequent structure determination via X-

ray diffraction. Winfree et al. (1998) demonstrated the first lattices out of DNA

tiles. Since then many lattices, including 3D lattices, have been demonstrated (see

Yan et al. (2003b); He et al. (2005); Zheng et al. (2009)). By carefully programming

the sticky ends of various tiles, complex lattices can be created (see Park et al. (2006);

Rothemund et al. (2004)). In fact, Rothemund and Winfree (2000) showed in theory

that any computable function can be implemented via a set of tiles with carefully

designed sticky ends. Unfortunately experimental demonstration of complex tilings
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have been limited by significant assembly errors. A major source of errors are co-

ordinated growth errors which occur when a tile partially satisfies the programming

at a lattice point, i.e., it’s sticky ends match with only some of its neighbors but that

is sufficient for it to be wrongly incorporated into the assembly.

Majumder et al. (2007) described a novel protection/deprotection strategy to

strictly enforce the direction of tiling assembly growth to ensure the robustness of the

assembly process. In their system tiles are initially inactive, meaning that each tile’s

output sticky ends are protected and cannot bind with other tiles. Only after other

tiles bind to the tile’s input sticky ends, the tile transitions to an active state and its

output sticky ends are exposed, allowing further growth. In this chapter we experi-

mentally demonstrate a simplified version of this scheme. Our system consists of two

tiles that form a linear co-polymer. These tiles are initially protected such that they

do not react with each other. Then via the use of a strand displacing polymerase,

we activate the tiles which leads to the formation of the linear co-polymer.

6.2 The Problem of Activatable Self-Assembly

Self-assembled DNA tiling systems are error prone. Many theoretical solutions

have been suggested to remedy some of the errors that arise in DNA tilings (see

Winfree and Bekbolatov (2003); Chen and Goel (2004); Reif et al. (2004)). Figure

6.1 illustrates the mechanism of a class of errors known as co-ordinated growth errors

that occur quite frequently in DNA tilings. Consider self-assembly of the set of 8

tiles in Figure 6.1(a) at temperature τ = 2. The tiles themselves are illustrated as

gray rectangles with distinguishing face labels and pad types that are shown near

the appropriate edge of each tile. Null pads are omitted and the biding strength of

each pad is indicated by the number of rectangular bars that accompanies it. Let us

assume that the seed tile is T1. The partial assembly illustrated in Figure 6.1(b) is

self-assembled purely via strength 2 bonds without any errors. At this juncture, the
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Figure 6.1: Mechanism of co-ordinated growth errors. (a) An 8 tile system with
a potential for co-ordinated binding errors in the tile assembly model (for model
definition refer Chapter 2). Tiles are represented by gray rectangles with face labels.
Pad types are shown near the appropriate edge of each tile. Null pads are omitted.
Pad strength is indicated by the number of rectangular bars that accompany each
pad. Tile system is run at temperature τ = 2. (b) Initial error free assembly of 4
tiles. Correctly matched pads are shaded green. (c) Error free assembly pathway
to completion from state (b). (d) Erroneous pathway due to co-ordinated binding
error. Mismatched pad highlighted in red.

assembly can proceed to completion without any errors by the sequential τ stable

incorporation of tiles T5 and T6 using two strength 1 bonds each as depicted in Figure
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6.1(c). Alternatively, tile T7 can unstably bind to the assembly using only its West

pad (f). Note that this interaction causes a mismatch indicated in red. Though the

half-life of this fleeting interaction is small and in most cases T7 detaches from the

assembly, it is possible that during this interaction tile T8 can τ stably attach to the

assembly using two strength 1 interactions. In doing so it τ stabilizes the previously

unstable T7 using two strength 1 interactions. The entire assembly is now stable but

carries a mismatched pad indicated in red in Figure 6.1(d).

This error could have been avoided if the East pad (i) of T7 was unavailable for

binding with the West pad (i) of T8. Activatable tiles provide this capability by

making pads unavailable for binding (inactive) until the appropriate moment. In

the activatable version of the example described above, the East pads of T5 and T7

would have been protected (inactive) initially. The East pad of each tile is activated

only after detecting the successful binding of both their respective West and South

pads. Thus when T5 binds τ stably using both its West (f) and South (d) pads, its

East pad (g) is activated and made available for binding with the West pad (g) of

T6. When T7 binds unstably using only its West pad (f), its East pad (i) remains

inactive preventing T8 to τ stabilize the erroneous assembly. Majumder et al. (2007)

provide strand level designs to achieve this behavior via the use of a strand displacing

polymerase.

In this chapter we look at the simpler case of one dimensional activatable assem-

bly. In particular we demonstrate how to protect and subsequently activate pads for

a one dimensional tiling system with two tile types.

6.3 Design of Linear Activating Assemblies

In this section we describe the simplified system designed to demonstrate activated

assemblies. Our system consists of two tiles, Tile A and Tile B each having two sticky

ends (pads). The sticky ends are programmed such that the two sticky ends of Tile A
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can hybridize to the two sticky ends of Tile B. This allows two copies tile A to attach

to each copy of tile B and vice versa resulting in a linear co-polymer of alternating

tile As and tile Bs. The tiles themselves are DNA duplexes with overhangs that act

as sticky ends. The sticky ends of each tile can be protected via hybridization with

a protector complex rendering the tiles inactive. The protector complex contains

a primer that can be extended by a strand displacing polymerase which results in

deprotection of the tile. This system is illustrated in Figure 6.2.

Figure 6.2: Co-Polymerization of Tile A and Tile B after Activation: Figure shows
two complexes, Inactive Tile A composed of four strands: c̄e, āg1f̄ , acbe and f ,
Inactive Tile B composed of 4 strands: c̄e, bg2f̄ , ācb̄e and f . Bst DNA Polymerase
Large Fragment is illustrated by a protein cartoon and does not represent the actual
tertiary structure of the enzyme. This strand displacing polymerase extends the
prime strand f on both the tiles exposing sticky ends a and b̄ in tiles A and B
respectively. This transformation of Inactive Tile A and Inactive Tile B into Active
Tile A and Active Tile B creates waste products Waste A and Waste B respectively.
Active Tile A and Active Tile B now co-polymerizes into a long linear polymer.

Initially the protected versions of tile A and B, labeled Inactive Tile A and Inac-

tive Tile B are synthesized. Inactive Tile A is composed of two parts, Active Tile A

and protector complex A. Active Tile A, comprised of the strands acbe and c̄e, is a

double stranded DNA with overhangs that serve as sticky ends. Protector complex A

consists of the strand āg1f̄ and the primer f . Similarly Inactive Tile B is composed

of two parts, Active Tile B and protector complex B. Active Tile B, comprised of the
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strands ācb̄e and c̄e, is a double stranded DNA with overhangs that serve as sticky

ends. Protector complex B consists of the strand bg2f̄ and the primer f . Inactive

Tile A and Inactive Tile B do not react with each other in solution.

In the presence of the strand displacing Bst DNA polymerase, the primers on

both the inactive tiles are extended to form waste products Waste A and Waste B.

In doing so, the sticky end a of Inactive Tile A and sticky end b̄ of Inactive Tile

B are exposed. This activation event results in the formation of Active Tile A and

Active Tile B and they co-polymerize into a linear polymer with alternating A and B

tiles. The 3′ ends of the four DNA strands composing the tiles are augmented with

a special domain e that is designed to have minimum interactions with any strand

in the system. This ensures that the polymerase does not spuriously extend these

strands.

We modified the system described above to undergo dimerization by omitting

one of the sticky ends. Specifically, the sticky end b̄ of the Active Tile B complex is

omitted and this modified tile is labeled Blunt Tile B. Active Tile A, formed by the

activation event described earlier, reacts with Blunt Tile B to form a dimer. This

process is illustrated in Figure 6.3.

6.4 Experimental Demonstration of Linear Activating Assemblies

This section provides details of the actual experimental setup and data obtained

from the experiments. Once the domain level design of the system was complete,

the actual DNA sequences assigned to each domain was designed by hand, taking

care to minimize sequence symmetry. The length of the protecting strand bg2f̄

was designed to be greater than the length of the protecting strand āg1f̄ to better

separate the two complexes in analytical gels. These sequences were then checked for

any spurious secondary structures via the aid of online DNA folding servers of Zuker

(2003). The optimized sequences were then ordered at 100 nmol synthesis scale from
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Figure 6.3: Dimerization of Tile A and Tile B after Activation: As before, Inactive
Tile A is transformed into Active Tile by the strand displacing Bst DNA Polymerase.
Blunt Tile B is a modified version of Active tile B that lack the sticky end b. This
prevents the formation of linear polymer and instead only a dimer consisting of Active
Tile A and Blunt Tile B is produced.

IDT DNA with standard desalting. The DNA strands were then PAGE purified and

brought up to a working stock concentration of 20 µM. The inactive tile complexes

were formed by mixing the constituent strands at equimolar ratio of 1 µM in 20 µL

reaction volume, the only exception being the primer strand f which was added in 2

× excess as lower primer concentrations resulted in decreased yield of inactive tiles.

The mixture was then heated to 90 C in a buffer of 1 × TAE with 12.5 mM Mg ions

and cooled to room temperature in three hours.

1600 units of Bst DNA Polymerase, Large Fragment at concentration 8000 units/ml

was ordered from New England Biolabs. Bst DNA Polymerase Large Fragment is a

portion of the Bacillus stearothermophilus strand displacing DNA Polymerase pro-

tein, one unit of which can incorporate 10 nmol of dNTP’s into acid insoluble material

in 30 minutes at 65 C. To test the activatable system, 4 picomol each of Inactive

Tile A and Inactive Tile B with one unit of Bst DNA Polymerase were incubated in

a reaction buffer of 20 mM Tris-HCl 10 mM (NH4)2SO4, 10 mM KCl, 2 mM MgSO4
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and 0.1 % Triton X-100 with 100 µg/ml BSA and 200 µM each of dATP, dCTP,

dGTP and dTTP for 3 hours at room temperature. As a positive control, Active

Tile A and Active Tile B were prepared in separate tubes and 4 picomol each were

incubated at room temperature for 3 hours. As a negative control, 4 picomol each of

Inactive Tile A and Inactive Tile B were incubated in the polymerase reaction buffer

in the absence of Bst DNA Polymerase at room temperature for 3 hours. In another

control experiment, 4 picomol each of the protector complex (āg1f̄ +f and bg2f̄ +f)

were incubated in separate test tubes with Bst DNA Polymerase in polymerase buffer

at room temperature for 3 hours.

Figure 6.4 is a non-denaturing PAGE gel image showing the results of these

experiments. Lane 2 and 3 contain Active Tile A and Active Tile B while lanes 4 and

5 contain Inactive Tile A and Inactive Tile B respectively. Lane 6 and 7 constitute a

control experiment showing the extension of the primer on the protector complex A

to produce Waste A; lane 6 contains protector complex A incubated in polymerase

buffer while lane 7 contains protector complex A incubated in polymerase buffer

with Bst DNA Polymerase to produce Waste A. Lanes 8 and 9 show an equivalent

control experiment with protector complex B. Lanes 10 and 11 show the activation of

Inactive Tile A and Inactive Tile B producing Active Tile A & waste A and Active

Tile B & Waste B respectively. Lanes 12 and 13 show the negative and positive

controls respectively; lane 12 shows Inactive Tile A and Inactive Tile B incubated in

polymerase buffer while lane 13 shows Active Tile A and Active Tile B incubated in

polymerase buffer. Both these lanes do not contain the Bst DNA Polymerase. Lane

12 shows no reaction between the inactive tiles while lane 13 shows the formation

of linear polymers by active tiles. Finally, lane 14 shows the working of the system

where Inactive Tile A and Inactive Tile B are incubated in polymerase buffer with

Bst DNA Polymerase. We can see that the tiles are activated leading to the formation

Waste A and Waste B and the activated tiles form a linear polymer. Figure 6.5 is a
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Figure 6.4: PAGE analysis of polymerization of activatable tiles: 10 % Non-
Denaturing PAGE Gel: Lane 1: 10 Basepair ladder, Lane 2: Active Tile A, Lane
3: Active Tile B, Lane 4: Inactive Tile A, Lane 5: Inactive Tile B, Lane 6: Pro-
tector Complex A, Lane 7: Protector Complex A + Polymerase, Lane 8: Protector
Complex B, Lane 9: Protector Complex B + Polymerase, Lane 10: Inactive Tile A
+ Polymerase, Lane 11: Inactive Tile B + Polymerase, Lane 12: Inactive Tile A
+ Inactive Tile B, Lane 13: Active Tile A + Active Tile B, Lane 14: Inactive Tile
A + Inactive Tile B + Polymerase, Lane 15: 10 Basepair ladder. Gel and running
buffer contain 1 X TAE with 12.5 mM Mg. The gel was run for 7 hours at 125 V
and then stained and destained using Ethidium Bromide for 45 minutes each. Image
was obtained using Alpha Imager

non-denaturing PAGE gel image showing the results of a similar experiment in the

modified system with Blunt Tile B resulting in the formation of a dimer.
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Figure 6.5: PAGE analysis of dimerization of activatable tiles: 10 % Non-
Denaturing PAGE Gel: Lane 1: 10 Basepair ladder, Lane 2: Active Tile A, Lane
3: Blunt Tile B, Lane 4: Inactive Tile A, Lane 5: Protector Complex A, Lane 6:
Protector Complex A + Polymerase, Lane 7: Inactive Tile A + Polymerase, Lane
8: Inactive Tile A + Blunt Tile B, Lane 9: Active Tile A + Blunt Tile B, Lane 10:
Inactive Tile A + Blunt Tile B + Polymerase. Lane 11: 10 Basepair ladder Gel and
running buffer contain 1 X TAE with 12.5 mM Mg. The gel was run for 7 hours at
125 V and then stained and destained using Ethidium Bromide for 45 minutes each.
Image was obtained using Alpha Imager

6.5 Conclusion

Though Tile-based assemblies are an important class of DNA nanostructures which

in theory can implement complex patterns and arbitrary computable functions, ex-

perimental demonstration of complex tilings have been beset by significant assembly

errors. By strictly enforcing the direction of tiling assembly growth we can ensure
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the robustness of the assembly process. Our efforts are the first step in the pro-

cess of controlling the order of self-assembly. We believe that the methods we have

demonstrated are a starting point in alleviating fundamental problems in directed

self-assembly.

6.6 Sequences

The following are the sequences (listed from the 5′ to the 3′ end) used for the various

experiments.

acbe : GAG GTG AAA TTG AAA C︸ ︷︷ ︸
a

GCA CAC GCA GTT TCG CGC AAC ACG︸ ︷︷ ︸
c

GCG CGG CAT TAA ATC G︸ ︷︷ ︸
b

TTT︸︷︷︸
e

ācb̄e : GTT TCA ATT TCA CCT C︸ ︷︷ ︸
ā

GCA CAC GCA GTT TCG CGC AAC ACG︸ ︷︷ ︸
c

CGA TTT AAT GCC GCG C︸ ︷︷ ︸
b̄

TTT︸︷︷︸
e

c̄e : CGT GTT GCG CGA AAC TGC GTG TGC︸ ︷︷ ︸
c̄

TTT︸︷︷︸
e

āc : GTT TCA ATT TCA CCT C︸ ︷︷ ︸
ā

GCA CAC GCA GTT TCG CGC AAC ACG︸ ︷︷ ︸
c

āg1f̄ : GTT TCA ATT TCA CCT C︸ ︷︷ ︸
ā

TTT TT︸ ︷︷ ︸
g1

CGT GTT TGC ATC AGC︸ ︷︷ ︸
f̄

bg2f̄ : GCG CGG CAT TAA ATC G︸ ︷︷ ︸
b

TTT TTT TTT TTT TTT︸ ︷︷ ︸
g2

CGT GTT TGC ATC AGC︸ ︷︷ ︸
f̄

f : GCT GAT GCA AAC ACG︸ ︷︷ ︸
f
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