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Abstract

Cells express a variety of proteins on their surface that allows them to sample the

world. These proteins are embedded in the plasma membrane, a bilayer of lipids that

surrounds the cell. Since the lipid and protein dimensions are in the nanometer range,

they are subject to thermal agitation by water molecules and show characteristic

diffusive motion. The diffusive movement of these proteins plays a critical role in the

cell’s ability to react to external signals and regulate its internal environment.

One prominent application of protein diffusion is in synaptic connection between

two nerve cells in the brain. This specialized region of the cell mediates essentially

all the communication and is hence responsible for all the collective activity of the

nervous system, leading to all aspects of brain function. The synapse is a highly

localized concentration of proteins, with hundreds of membrane proteins packed in

a submicron sized area. These receptors in the postsynaptic side can respond to

the release of neurotransmitter from the axons of presynaptic neurons, leading to

electrical activation of the postsynaptic neuron. Experiments reveal that receptors

are constantly subject to diffusive motion. How the large concentration of receptors

is maintained at synapse and how diffusive mixing affects the synaptic response are

essential for our understanding of proper synaptic function.

Two key processes that control synaptic receptor numbers are receptor diffusion

within the synaptic and extrasynaptic space and interactions between receptors and

specialized proteins. Electron microscopy images suggest that the synaptic mem-
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brane is highly crowded due to dense packing of proteins, potentially limiting the

ability of receptors to diffuse and interact with scaffold proteins. However, the con-

tribution of macromolecular crowding to receptor retention remains to be tested

systematically. Here, we describe computational approaches, which when combined

with experiments can be used to test the effect of synaptic steric hindrance on re-

ceptor mobility and enrichment. We first investigate how the diffusion is influenced

by membrane geometry. The membrane itself can have three-dimensional structure,

which means that the actual path length of diffusion can be different from a pro-

jected path length which is the only accessible experimental quantity. Here, we use a

position Langevin equation for diffusion, which incorporates curvature and gradient

effects of surfaces. Numeric simulation of the equation allows for the prediction of

effective diffusion coefficients over corrugated surfaces.

In order to examine the distinct contributions of crowding and receptor-scaffold

binding, we developed a computational model for receptor diffusion in the synaptic

and extrasynaptic space, which contains immobile obstacles, representing scaffold-

ing, receptor and adhesion molecules in synapse. The spatial distribution of scaf-

fold proteins was determined directly from photo-activated localization microscopy

measurements that mapped molecular positions with a resolution of ˜20 nm. The

receptor/scaffold association and dissociation rates were adjusted by computer sim-

ulations to fit single-particle tracking and fluorescence recovery after photobleaching

measurements. The model predicts that the recovery curves are influenced mostly by

size changes while variation of kinetic rates did not significantly alter receptor mo-

bility. Also, we examined the effect of binding, by adding a single synaptic binding

motif to a small transmembrane protein, which slows its diffusion within the synapse.

These results suggest that both protein size and binding play important roles in re-

taining surface-diffusing proteins within the excitatory synapse and shed light on the

biophysical mechanisms that lead to high density of receptors at synapses.
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1

Introduction

The core component of the nervous system and the brain is the neurons. The average

human brains has about 100 billion neuron and 1,000 trillion synapses. The essential

function of the brain is cell to cell communication and synapses are the sites where

this communication occurs. Excitatory synapses serve as the center in the central

nervous system and are the first sites of plastic change during memory formation.

Dysfunction of synaptic function can cause psychiatric and neurological disease. Over

the development of memory and learning process, changes in the strength of synaptic

transmission are carried out via numerous means. Central to these is the control of

postsynaptic receptor numbers.

To allow for both long-term maintenance of synaptic transmission and modulate it

during memory formation, there are vigorous investigation of molecular mechanisms

that regulate receptor numbers. Among diverse factors regulating synaptic trans-

mission, the abundance of postsynaptic receptors figures prominently in molecular

memory and learning process. At synapses, receptors mediate most neurotransmis-

sion by incorporation with the postsynaptic density (PSD), an electron-dense struc-

ture. The size and shape of PSD correlates with the number of synaptic receptors
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and experimental manipulation the PSD directly alters receptor number and synap-

tic strength. Thus, determining how are receptors number maintained in synapse

at high densities and what governs receptors positioning and diffusion are of utmost

importance for our understanding of synaptic function.

Although the dynamic mechanism that regulate receptors retention within PSD

must be determined experimentally, the small spatial scale of the synapse and the

great complexity of PSD make the experimental techniques alone insufficient cur-

rently. Further progress will require realistic models in which biological relevant

parameters can be manipulated to plan rational experiments and interpret their re-

sults. While a number of computational studies have attempted to explain questions

of PSD organization and receptors concentration (Czöndör et al., 2012; Holcman and

Triller, 2006; Freche et al., 2011), explicit consideration of the synaptic geometry and

the resulting complexity of receptor diffusion is less established. I built here theoret-

ical approaches that includes membrane surface topography, crowding and binding

in a confined environment. The model closely sticks to single particle tracking and

fluorescence recovery after photobleaching data and allows predictions of receptor

dynamics within synapses.

1.1 Cell Membrane and Protein Diffusion

All of the membranes of eukaryotic cells separate functional compartments, but the

cell surface membrane-the plasma membrane is an extreme. It is the frontier between

the cell and its environment. The cell membrane is selectively permeable to ions and

organic molecules and controls the movement of substances in and out of cells. It

consists of the phospholipid bilayer with embedded proteins.

According to the fluid mosaic model (Singer et al., 1972), biological membranes

can be considered as a two-dimensional liquid in which lipid and protein molecules

diffuse more or less easily. The mosaic is made of proteins that are inserted into the
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fluid, which is the lipid bilayer. The main force that shapes a bilayer from a mixture

of amphipathic lipids is the hydrophobic force (Tanford, 1978), that is, lipids form

bilayers to minimize their contact with water (Fig. 1.1).

Although the lipid bilayers that form the basis of the membranes do indeed form

two-dimensional liquids by themselves, the plasma membrane also contains a large

quantity of proteins, which provide more structure. Examples of such structures are

protein-protein complexes, pickets and fences formed by the actin-based cytoskeleton,

and potentially lipid rafts Fig. 1.2.

Since the lipid and protein dimensions are in the nanometer range, they are

subject to thermal agitation by water molecules and show characteristic diffusive

motion when observed under a microscope. The integral proteins would be expected

to undergo translational diffusion within the membrane, at rates determined in part

by the effective viscosity of the lipids, unless they were tied down by some specific

interactions intrinsic or extrinsic to the membrane. The diffusion of proteins on the

cell surface has received wide attention recent years, not only due to the availability

of experimental methods to measure diffusion process but also due to the this motion

for cellular functioning.

Figure 1.1: Illustration of a cell membrane. The arrangement of phospholipid
molecules to form a lipid bilayer. (Bloom et al., 1991)
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Figure 1.2: The fluid mosaic membrane of Singer and Nicholson. The lipid layer is
shown as two parallel lines and there is the distinction between integral and peripheral
proteins. The integral proteins, which are represented by fruits and vegetables,
are inserted into the bilayer. The proteins of the membrane skeleton, which are
represented by boxes and are numbered, have been applied to the inner surface of
the membrane (Edidin, 2003).

1.2 Lateral Diffusion of Receptors and its Significance

The billions of neurons communicate with each other via specified junctions called

synapses. The majority of these synapses occur at contacts between presynaptic

axons and postsynaptic dendrites and they use glutamate as the excitatory neuro-

transmitter. Neurotransmitter released from presynaptic terminal buttons acts on

postsynaptic glutamate receptor channels, thereby propagating electrical depolariza-

tion to the postsynaptic neuron (excitatory synaptic transmission), shown in Fig. 1.3.

Synaptic transmission are crucial in the central nervous system and excitatory

synapses mediate cognition and are the first sites of plastic change during memory

formation. Pathological synapse development almost certainly contribute to many

psychiatric disorders, common neurological disease (e.g., Alzheimer’s disease, stroke)

(Javitt, 2004; Arundine and Tymianski, 2004). Therefore, it is of fundamental and

clinical importance to understand synaptic function and plasticity. The strength

of synaptic transmission can be modified by various factors (Malenka and Bear,
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Figure 1.3: Synapse. Synapse is the functional connection between two neurons.
The presynaptic neuron can release a chemical called neurotransmitter that binds to
receptors located in the plasma membrane of the postsynaptic cell. (Tsodyks et al.,
1998)

2004). Central to these is control to the number of postsynaptic neurotransmitter

receptors (Malinow and Malenka, 2002). There has been vigorous investigation of

molecular mechanisms that regulate receptor numbers to maintain synaptic strength

or modulate it during memory formation(Song and Huganir, 2002).

At the excitatory synapses in the brain, characteristics of the postsynaptic density

(PSD) control synaptic transmission: the size and shape of the PSD correlates with

the number of synaptic receptors and experimental manipulation of the PSD proteins

directly alters receptor number and synapse strength. Therefore, determining how

the postsynaptic density governs the concentration of receptors in the synapse is

very important for us to understand synapse function. The general mechanisms

underlying local changes in the number of receptors at synapses involve two major

mechanisms: endocytosis/exocytosis (Malinow and Malenka, 2002; Sheng and Kim,

2002; Bredt and Nicoll, 2003) and diffusion in the plane of the plasma membrane

(Scheiffele et al., 2000). Diffusion of receptors in the plasma membrane are essential
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components in establishing receptor numbers at postsynaptic density (Choquet and

Triller, 2003). The diffusion process in the plane of plasma membrane occurs not

only during synapse formation but also while receptors move into or out of the PSD.

1.2.1 Synaptic transmission and the postsynaptic density

Synapses are the junctions between two neurons and there are approximately 1014 of

them in the human brain. Synapses are the means by which neurons communicate

with each other. The point of contact may be between the axon terminal of one

neurons and the cell body of another, or between the axon terminal of one neurons

and the axon of a neighboring neurone (Fig. 1.4).

At a synapse, the plasma membrane of the signal-passing neuron (the presynaptic

Figure 1.4: Structure of the connection between neurons. For communication
between neurons to occur, an electrical impulse travel down an axon to the synaptic
terminal. (http://www.ps.si.mahidol.ac.th)
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neuron) comes into close apposition with the membrane of the target (postsynaptic)

cell. Both the presynaptic and postsynaptic sites contain extensive arrays of molec-

ular machinery that link the two membranes together and carry out the signaling

process. There are two typical different types of synapses:

1. chemical synapse: electrical activity in the presynaptic neuron is converted into

the release of a chemical called a neurotransmitter that binds to receptors lo-

cated in the plasma membrane of the postsynaptic cell. The neurotransmitters

are kept within small sacs called vesicles. The release of a neurotransmitter is

triggered by the arrival of a nerve impulse or action potential and may either

excite or inhibit the postsynaptic neuron (Fig. 1.4). These molecules then bind

to receptors on the postsynaptic cell’s side of the synaptic cleft. The binding

of neurotransmitter causes the receptor molecule to be activated in some way.

2. electrical synapse: the presynaptic and postsynaptic cell membranes are con-

nected by special channels called gap junctions, which are capable of passing

electric current. Thereby, the voltage changes in the presynaptic cell can induce

voltage changes in the postsynaptic cell.

Postsynaptic density (PSD)

The receptive somatodendritic membrane contains many types of receptors that are

accumulated to form micro-domains opposite the presynaptic terminal. These do-

mains overlap with the postsynaptic densities (PSDs) that (Carlin et al., 1980; Chi-

curel and Harris, 1992; Spacek and Harris, 1997; Valtschanoff and Weinberg, 2001),

under the electron microscopy(Fig. 1.5), appear as an electron-dense structure 20-

30 nm think and 300-400 nm long at the postsynaptic membrane containing many

glutamate receptors, scaffold proteins and cytoskeletal elements. Serial-section EM

reconstruction and freeze-fracture EM indicated that PSD surface area range from
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0.008´ 0.54µm2 (Harris and Stevens, 1989; Tanaka et al., 2005).

Figure 1.5: EM morphology of an excitatory synapse. Under electron microscopy,
postsynaptic area appear as an electron-dense structure and is called postsynaptic
density (PSD) (Sheng and Hoogenraad, 2007).

Biochemical composition of the PSD

Because it is abundant in the brain and can be enriched by a few centrifugation

steps, the PSD is highly suitable structure for biochemical analysis. Within PSD,

most rapid excitatory synaptic transmission occurs through two types of glutamate

receptors, the AMPA (α-amino-3-hydroxy-5-methyl-4-isoxazolepropionic acid) recep-

tors (AMPARs) and NMDA (N-methyl-D-aspartic acid) receptors (NMDARs), which

open to allow inux of Na` ions (and in the case of NMDARs,also Ca2` ions). AMPA

receptors are made of the subunits GluR1 to GluR4 (Hollmann and Heinemann, 1994;

Wisden and Seeburg, 1993). Although the extracellular and transmembrane regions

8



of AMPAR subunits are very similar, their intracellular cytoplasmic tails are dis-

tinct. Most AMPAR-interacting proteins have single or multiple domains that often

interact with extreme C-terminal tails of target proteins (Sheng and Sala, 2001).

Figure 1.6: Organization of proteins and protein-protein interactions in the postsy-
naptic density(PSD).AMPAR receptor can bind to PSD-97 through subunit stargazin
while NMDA receptors can directly interact with PSD-95. (Tomita et al., 2001)

Proteomic approaches have revealed that the glutamate receptors interact both

directly and indirectly with a number of intracellular proteins that accumulate at

PSDs (Kennedy, 2000; Walikonis et al., 2000) Fig.1.6. These scaffolding proteins

include PSD-95 (postsynaptic density protein 95), which interacts directly with NM-

DARs, GRIP (glutamate-receptor-interacting protein) and PICK (protein that inter-

acts with C kinase) and Homer (which interacts with metabotropic glutamate recep-

tors). The most abundant member of these scaffolding proteins is PSD-95. Among

the other transmembrane molecules in the postsynaptic membrane, (AMPAR-associated

protein) stargazin seems to be important owing to its direct interactions with PSD-

95 and AMPARs (Schnell et al., 2002), and its control of the number of synaptic
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AMPARs. PSD-95 lies close to the postsynaptic membrane (mean distribution „12

nm from the extracellular face of the plasma membrane) and thus well-positioned as

a scaffold to interact with transmembrane receptors and channels (Fig. 1.6).

1.2.2 Dynamic synapse and receptor diffusion

The functions of the sub-synaptic scaffold extend beyond spatial stabilization of re-

ceptors to encompass trafficking and signal transduction. The structure of some

synapses can be maintained over a time period of days, weeks and even years, al-

though the lifetime of given receptors is, at most, on the order of days. The fixed

snapshot of postsynaptic membrane does not account for the rapid structural modi-

fications.

The diffusion of proteins on the cell surface has received wide attention recent

years, not only due to the availability of experimental methods to measure diffusion

process but also due to the this motion for cellular functioning. In the mid-1970s,

fluorescence recovery after photobleaching (FRAP) experiments showed the presence

of mobile and immobile pools of AChRs at the surface of cultured muscle cells (Ax-

elrod et al., 1976a). Further experiments show that extra junctional AChRs rapidly

diffuse in the muscle membrane (Young and Poo, 1983), where the nerve contacts

serves as a trap for rapidly diffusing receptors in the membrane.

Lateral diffusion of certain proteins in cell membranes plays a key role in the life

of the cell. One prominent feature of the synaptic connection is the highly localized

concentration of receptors. A role for diffusion of receptors in the plasma membrane

for the formation of synapses, during which receptor distribution shifts from a low to

a high local density. AMPA receptors(AMPARs) are present in high densities at post-

synaptic density(PSD) (Sheng and Hoogenraad, 2007) and controlling the number

of AMPA receptors at excitatory synapses is central to the strength of transmission

at synapses (Usui et al., 2003).
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1.2.3 Receptor exchange at synapses

Rapid activity dependent appearance or disappearance of receptors at synapses has

been established for glutamate receptors. Until recently changes in receptor num-

bers at synapses were considered mainly by cycling between surface and intracellular

compartments. Several different techniques have demonstrated that glutamate recep-

tors exchange between synaptic and extra synaptic regions. Sites of endocytosis are

observed mainly outside the synaptic areas using light or electron microscopy (Blan-

pied et al., 2002; Petralia et al., 2003; Rácz et al., 2004). This indicates sorting of

receptors might occur by specific receptor diffuse out of the synapse and subsequent

capture by extra-synaptic pits (Tardin et al., 2003; Zhou et al., 2001).

While in the extrasynaptic membrane AMPARs are inserted by exocytosis (Makino

and Malinow, 2009), surface AMPARs can diffuse laterally at a high rate and explore

vast dendritic areas by random movements. They are randomly captured by interac-

tions with scaffold elements in the PSD, where they show confined diffusion process

(Newpher and Ehlers, 2008; Borgdorff and Choquet, 2002a). The diffusion and traf-

ficking process of receptors directly affect their insertion and transmission within

synaptic compartments, thereby altering synapse strength in response to synaptic

plasticity(MacGillavry et al., 2011).

The bulk movements of surface AMPAR receptors using FRAP showed that „

50% of surface GluR2 in spines is exchangeable with a recovery phase last within

10-15 min (Ashby et al., 2006). The fluorescence recovery of SEP-GluR2 in splines is

likely a result of surface lateral diffusion rather than plasma membrane insertion since

the fluorescence recovery of SEP-GluR2 is slowed down in spines. Moreover, AMPAR

lateral diffusion study, observed in both intact hippocampi and cultured neurons,

found that 30% of spine and 60% of shaft-localized SEP-GluR2 is exchangeable

(Heine et al., 2008). It means AMPAR lateral diffusion allows fast exchange within
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or near the postsynaptic density. Such rapid exchange of glutamate receptors could

provide the basis for acute changes in synaptic strength.

1.3 Physical Constraints of Receptor Diffusion

Diffusion processes are in the regulation of receptor numbers at synapses. The phys-

ical constraints of diffusion of membrane dynamics have been studied best in non-

neuronal cell types.

In the model proposed by Singer and Nicolson (Singer et al., 1972), the mem-

brane was considered as a two-dimensional solution of integral membrane proteins

embedded in a viscous phospholipid bilayer solvent. The integral membrane proteins

undergo free diffusion within the membrane. However, this model cannot explain

the later experimental data, as the measured diffusion coefficients in biological mem-

branes were found to be more than one order of magnitude lower than those predicted

from theory or from measurements in reconstituted lipid bilayers (Saxton and Ja-

cobson, 1997).

Figure 1.7: Conceptual models for receptor mobility within synapses. The slot
model postulates that receptors within synapses are strongly bound to slot proteins
(PSD-95). In the corral model, receptors diffuse within the synapse, can bind to
scaffolds and have narrow escapes frequently. In the crowded model, receptors are
doing confined diffusion due to obstacles and also bind to scaffolds. (yellow) trapped
receptors, (blue) free receptors, (orange) PSD crowders.

Single particle tracking technique, which allows real-time monitoring of the move-
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ment of individual proteins, disclosed a complex membrane structure (Saxton and

Jacobson, 1997). The moving of proteins on the membrane shows great variability

and depends on the cell type and receptor that was being studies. It can be clas-

sified to five main categories: stationery, free diffusion, directed diffusion, confined

and corralled diffusion. This had led to the idea that plasma membrane is composed

to form micro-domains (Jacobson et al., 1995; Simson et al., 1998; Edidin et al.,

1991). Extensive studies of glutamate receptor dynamics in the PSD have inspired

several conceptual models 1.7. One class of models take scaffolding proteins as slots

for receptors by binding to them (Opazo et al., 2012a). Observations that receptor

undergo diffusion and trapping at synapses led to the corral model which treats the

PSD as a disk-shaped trap and permits receptor escape through a narrow channel

of size (Simson et al., 1998; Sako and Kusumi, 1995). A second class of models

treats the synapse as a corral with a gate that probabilistically opens and closes and

scaffold proteins act as traps (Fujiwara et al., 2002; Sheets et al., 1997).

AMPAR lateral diffusion is shown to allow fast exchange of desensitized recep-

tors and preventing AMPAR surface motion results in slow recovery from depres-

sion(Heine et al., 2008). However, single particle tracking was used to demonstrate

that receptors explored only a small area in the synapses (Fig. 1.8). Synaptic activity

locally reduces diffusional exchange of receptors between synaptic and extrasynap-

tic regions, resulting in the accumulation of AMPA receptors at the postsynpatic

membrane (Ehlers et al., 2007). Moreover, a recent FRAP study finds that most

AMPARs do not freely diffuse within the synapse and exchange minimally within

the nanometer sized PSD (Kerr and Blanpied, 2012). The prevailing model of how

this happens suggests a more complex picture of receptor trapped in the synapse

by interactions with scaffold proteins and perhaps reflecting the underlying spatial

organization of the PSD.
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Figure 1.8: GluR1 explores only small subregions within active synapses. scale
bar, 0.2µm (Ehlers et al., 2007).

1.3.1 Surface geometry

The underlying reasons for this departures might be the heterogeneity of cell mem-

brane, membrane curvature and structural proteins that sit below the membrane

and impede the motion as barriers (Jacobson et al., 1995). Biological membranes

are typically not flat, which leads to ambiguity in assigning the diffusion coefficient

for a molecule on a surface- intrinsic curvilinear diffusion coefficient D0 or effective

diffusion coefficient D, reflecting projected motion of the particle onto a reference

plane. This geometric effect has been renewed interest in the context of diffusion

over lipid layers and biomembranes (Reister and Seifert, 2005; Gambin et al., 2006).

1.3.2 Macro-molecular crowding

The arrangement and composition of the postsyanptic membrane directly control the

establishment of diffusion barriers and receptor binding sites. PSDs have a disc-like

shape and the variability in PSD surface area is an important factor to consider

when analyzing single molecule trajectories or interpreting FRAP data. About 42%
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of the PSD mass is composed of proteins that do not necessarily bind to AMPAR

(Sheng and Hoogenraad, 2007). A simple calculation derived from estimates of PSD

composition and known molecular weight data of PSD proteins suggests that a large

fraction of the PSD volume is excluded for diffusion (Santamaria et al., 2010). In

support of this view, Electron microscopic and homographic imaging of synapses

indicates that PSDs are likely highly crowded 1.9. The retention time was steeply

dependent on the extent of crowding and small changes in crowding levels can result

in net escape of receptors from the PSD.

The presence large numbers of high molecular weight proteins significantly re-

stricts protein diffusion within cells, known as molecular crowding (Saxton, 1994;

Ryan et al., 1988; Minton, 2006). In term of diffusion, the crowder provides barriers

to particle movement and cause a breakdown of the laws of mass transport by giving

rise to anomalous diffusion (which will be discussed in in Chapter 2), i.e. The mean

square displacement MSD of the molecule is no longer linear over time.

Interactions between Glutamate receptors and PSD scaffold proteins

There are several mechanisms that prevent lateral diffusion of receptors. One is

the assembly of molecular scaffolds through protein-protein interactions that link

membrane proteins to the cytoskeleton. Another is interactions with extracellular

elements that have been immobilized by the presynaptic element. Third, the exis-

tence of specific domains of the membrane in which receptors are concentrated by

specific insertion (Kusumi and Sako, 1996).

PSD size and stability are controlled by scaffolding proteins that assemble into

complex structure (Sheng and Hoogenraad, 2007; Okabe, 2007). In PSD, scaffold

proteins are abundant that tether glutamate receptors to the PSD through reversible

chemical interactions. The number of glutamate receptors per synapse appears to be

less than PSD scaffold proteins. EM experiments estimates AMPA receptor numbers
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in the range of „ 5´200 (Nusser et al., 1998; Peng et al., 2004; Esteban et al., 2003).

Synaptic activity locally reduces diffusional exchange of receptors between synap-

tic and extrasynaptic regions, resulting in the accumulation of AMPA receptors at

the postsynpatic membrane (Ehlers et al., 2007). Moreover, a recent FRAP study

finds that most AMPARs do not freely diffuse within the synapse and exchange min-

imally within the nanometer sized PSD (Kerr and Blanpied, 2012). On the other

hand, single particle tracking studies show that individual receptors pause at puta-

Figure 1.9: Receptors trapping is highly sensitive to molecular crowding. (A)
Section through a PSD in an EM tomogram (top) and reconstructed en face view
showing NMDAR (cyan), AMPAR (blue) and PSD-95 (red). Vertical lines mark a
patch with low PSD-95 and protein density and low receptor numbers Chen et al.
(2011). (B) Simulations showing that small changes in crowding levels can result in
net escape of receptors from the PSD (500 nm width) (Santamaria et al., 2010).
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tive synaptic regions with a mean dwell time as low as a few seconds. The prevailing

model of how this happens suggests a more complex picture of receptors trapped

in the synapse by reversible interactions with multi-domain scaffold proteins of the

PSD. Among the most abundant scaffolding molecules include proteins of PSD-95.

This confined diffusion perhaps reflecting the underlying spatial organization of the

PSD.

The advent of high resolution imaging techniques have made it possible to visual-

ize protein distribution within the PSD with nanometer level precision (Opazo et al.,

2012a; Ehlers et al., 2007; MacGillavry et al., 2013). These studies have revealed a

heterogeneous and nonuniform distribution of scaffold proteins and receptors within

PSDs. While optical methods reveal the overall organization of PSDs, tomographic

EM studies further make it possible to discern the specific orientations of scaffold

proteins within PSDs (Chen et al., 2011). Together, these ”spatial maps” of the PSD

now make it possible to investigate the dynamics of receptors within the PSDs and

how these are affected by manipulations of scaffold organization that affect synaptic

function.

Motived by these observations, we assume that macromolecular crowding in PSDs

act in concert with the receptor-scaffold interactions to determine the number of

synaptic receptors. A key goal here is to construct models by integrating key aspects

of PSD organization derived from experimental data and test how receptor diffusion

are affected.

1.4 Techniques to Measure Receptor Diffusion

As a result of thermal agitation, all receptors are naturally mobile within a lipid

membrane and undergo random Brownian motion. However, in a typical cell mem-

brane, receptor mobility is strongly influenced by physical obstacles and reversible

biochemical interactions (Kusumi et al., 2005a,b). To better understand what factors
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affect receptor diffusion, many techniques have been developed to measure membrane

protein diffusion (Triller and Choquet, 2005; Groc et al., 2007), including as single

particle tracking (SPT) and fluorescence recovery after photobleaching (FRAP).

1.4.1 Fluorescence recovery after photobleaching

Fluorescence recovery after photobleaching (FRAP) (Axelrod et al., 1976b) has been

used for measuring two-dimensional lateral mobility of fluorescent particles. By

measuring FRAP, it is possible to quantify the proportion of receptors that are

exchangeable in a given area based on the extent of fluorescence recovery. The

molecules to be studied are tagged with a fluorophore (a fluorescent antibody or

green fluorescent protein, GFP) (Ashby et al., 2004, 2006; Kopec et al., 2006; Park

et al., 2006; Heine et al., 2008). A small region of a surface containing mobile

fluorescent molecules is exposed to a brief intense pulse of light, thereby causing

irreversible photochemical bleaching of the fluorophore in that region (Fig. 1.10)

(Reits and Neefjes, 2001; Chen et al., 2006). Transport coefficients are determined

by measuring the rate of recovery of fluorescence, which results from transport of

fluorophore into the bleached region from unirradiated parts of the system.

FRAP provides information on the average behavior of protein diffusion. It gives

bulk estimates of protein mobility, as the movements of thousands of molecules are

averaged. Furthermore, this technique makes it possible to calculate the apparent

diffusion coefficient of the mobile and exchangeable receptor population. A slow rate

of fluorescence recovery of a labeled receptor can indicate the presence of many differ-

ent physical barriers, such as reversible chemical interactions or restricted membrane

geometry (Kusumi et al., 1993; Choquet and Triller, 2003).
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Figure 1.10: Schematic of FRAP experiment. First, the fluorescence F pt ă 0q in a
small region of interest is measured. Second, an intense pulse is applied on the same
region to bleach fluorescence in that region. Then, the fluorescence F p0q in the same
region is measured again and this is defined as time zero. Last, the recovery of the
fluorescence within the bleached area is recorded as a function of time. The small
circles represent intact fluorophores while the crosses represent bleached fluorophores
(Chen et al., 2006).

1.4.2 Single particle tracking

Single particle tracking (SPT) is a powerful tool to track the movement of individual

receptors in real time with high temporal and spatial resolution. Unlike FRAP,

which measures the bulk exchange of a population of molecules, SPT can be used

the measure the diffusion of individual receptors or at least that of individual probes

bound to diffusing receptors.

In single particle tracking (SPT) (Saxton and Jacobson, 1997), submicrometre-

sized probe particles are bound to the protein or lipid of interest through ligands

that recognize the extracellular domain of the object to be followed. The ligands

can be made of latex (0.1 to 1 µm in diameter) (Meier et al., 2001; Borgdorff and

Choquet, 2002b), gold (40 nm at the smallest) or fluorescent particles. Colloidal

gold is a strong light scatterer that acts as a light sink rather than a light source.
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So after background subtraction and contrast enhancement, the label appears darker

than the surrounding image. Particles are deposited onto cells by passive incubation

or are directly placed onto specific cell areas with laser tweezers. Practical diffusion,

and therefore receptors’ diffusion, is then imaged by video-enhanced differential in-

terference microscopy or fluorescence imaging.

Figure 1.11: AMPA receptor trajectories within synaptic and extra-synaptic area.
Examples 2-5 are trajectories from tracking of single Cy5-anti-GluR2 bound to
AMPA receptors on living dendrites. The trajectories within synaptic domain are
labelled as green and those in extra-synaptic area are red. 2 and 3 remained within
synaptic sites, example 4 remained in the extra-synaptic sites, and example 5 began
in extra-synaptic area and entered into synaptic region (Newpher and Ehlers, 2008).

SPT allows direct measurement of the movements of individual receptors with

nanometer resolution. The use of SPT in neurons has been limited to the study of

extra synaptic receptors, as the size of the particles prevents access to receptors in

the synaptic cleft. An improvement of latex bead tracking was the use of antibodies

conjugated to organic dyes (e.g., Cy3, Cy5). The smaller size of organic dyes allows

for optical tracking of receptor diffusion in more restricted regions, e.g. synaptic
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cleft. Fig. 1.11 shows an example AMPA receptor trajectories within synaptic and

extra-synaptic compartments. The experimental results have demonstrated that

extra-synaptic AMPA receptors exchange laterally in and out of the PSD and are

mobile within the PSD (Tardin et al., 2003). The major limitation of using organic

dyes is their fast photobleaching, which prevents recording particle trajectories longer

than a few seconds.

The introduction of semiconductor quantum dots has circumvented many of the

these limitations (Dahan et al., 2003). Quantum dots are nanometre-sized semicon-

ductor fluorescent particles that do not photobleach (Michalet et al., 2005; Triller

and Choquet, 2005). The characteristic blinking of individual quantum dots enables

the identification of single molecules. Besides, the high signal-to-noise ration allow

one to fit the fluorescent signal to a two-dimensional Gaussian function with point-

ing accuracy typically between 5 nm and 50 nm. This pointing accuracy is below

the diffraction limited resolution of the light microscope, which makes possible high

resolution nanometer-scale tracking of receptors in the membrane.

The goal of SPT data analysis is to sort trajectories into various modes of mo-

tion and to find the distribution of quantities characterizing the motion, such as the

diffusion coefficient, velocity, anomalous diffusion exponent and escape probability

(Saxton and Jacobson, 1997; Qian et al., 1991; Kusumi et al., 1993). Diffusion coeffi-

cients can be derived by plotting the receptor mean square displacement (MSD) over

time. In the case of Brownian or free diffusion, the MSD plot over time appears lin-

ear, Fig. 1.12. A major result of the technique is that motion in the membrane is not

limited to pure diffusion. Several modes of motion have been observed: immobile,

directed, confined, tethered, normal diffusion, and anomalous diffusion Eq. 1.4. To

reduce the noise in an experimental trajectory, the data points within a single tra-

jectory are averaged, yielding the time dependence of the mean square displacement
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Figure 1.12: The mean square displacement (MSD) as a function of time t. The
motion can be classified to diffusion and flow, pure diffusion, diffusion in the presence
of obstacles, and confined motion. (Saxton and Jacobson, 1997).

(MSD) .

xr2
y “ 4Dt normal diffusion (1.1)

xr2
y “ 4Dtα anomalous diffusion (1.2)

xr2
y “ 4Dtα ` pV tq2 directed motion with diffusion (1.3)

xr2
y » xr2

Cyr1´ A1expp´4A2Dt{xr
2
Cyqs corralled motion (1.4)

1.5 Summary of Work

In this thesis, I develope computational models to interpret the key physical and

molecular mechanisms of synapse organization that regulate the number of synaptic

receptors. When combined with experiments, these models can be used to test the

effect of the synaptic geometry and the resulting complexity of receptor diffusion and

anchoring mechanisms.

In Chapter 2, the effect of surface topography to protein diffusion is investigated.

I use a position Langevin equation for diffusion, which incorporates curvature and
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gradient effects of surfaces. Numeric simulation of the equation allows for the pre-

diction of effective diffusion coefficients over corrugated surfaces.

In Chapter 3, the structure of scaffold proteins in PSD is analyzed using pair

correlation function analysis. The simulation of three-dimensional rotation and mor-

phing of membrane surfaces can be used to determine measurement accuracy.

In Chapter 4, a model of percolation diagram is introduced to determine how

receptors move through PSD given the distribution of scaffold proteins. This model

provides a quick way of using computational geometry to predict receptor mobility

within PSD.

In Chapter 5, a biologically based model is developed to solve receptor/scaffold

binding problem. This model allows for easily adjusting kinetic rates and appropriate

for fitting single particle tracking and fluorescence recovery after photobleaching

measurements.
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2

Protein Diffusion on Ruffled Surfaces

All higher order cells (e.g. not bacteria or yeast) are characterized by a lipid (fat) bi-

layer enclosing cellular material (proteins, DNA and other chemicals)(Uzman, 2003).

Many proteins are embedded in this lipid bilayer. Cells also have internal mem-

branes, the two most extensive systems being the endoplasmic reticulum, a network

of tubules that spans the entire cell, and a more amorphous structure called the Golgi.

These two structures are the sites of synthesis and processing of many proteins and

are also studded with proteins, which diffuse as well.

Since the lipid and protein dimensions are in the nanometer range, they are sub-

ject to thermal agitation by water molecules and show characteristic diffusive mo-

tion when observed under a microscope(Poo and Cone, 1973; Saffman and Delbrück,

1975a). Diffusion plays a key role in many of the process of life at the cellular and

subcelluar levels. In particle, diffusion of proteins on membrane surfaces has re-

ceived widespread attention (Berg and Purcell, 1977; Jacobson et al., 1995), due to

the importance of this motion for cellular functioning as well as the availability of

experimental techniques to make quantitative measurements.

The conventional models consider the lipid bilayer as a continuum fluid (Singer
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Figure 2.1: The fluid mosaic model with a lipid matrix. Schematic three-
dimensional and cross-sectional views. The solid bodies with stippled surfaces rep-
resent the globular integral proteins, which at long range are randomly distributed
in the plane of the membrane. At short range, some may form specific aggregates
(Singer et al., 1972).

et al., 1972). In the fluid mosaic model, the membrane was considered as a two-

dimensional solution of integral membrane proteins embedded in a viscous phospho-

lipid bilayer solvent. The integral membrane proteins undergo free diffusion within

the membrane.

From a theoretical point of view, diffusion in two-dimensional fluids is different

from that in three dimensions, as the diffusion of an object in a two-dimensional space

is relatively insensitive to size. For a sphere of radius R, in a medium of viscosity µ,

the diffusion coefficient is D “ kBT {6πµR (Stokes-Einstein’s relation Eq. A.14).

By contrast, the diffusion coefficient of a circular object embedded in a two-

dimensional fluid diverges. In a real lipid membrane, the diffusion coefficient may be

affected by the finite size of the membrane, the mass of the membrane and the effect

of the outer liquid. Membrane proteins diffuse in a two-dimensional space and this

equation can therefore not be applied. For a model (Saffman and Delbrück, 1975a)

in which the protein is a cylinder of radius R and height h, embedded in a viscous
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lipid layer of thickness h and viscosity µ, with both surfaces in contact with a less

viscous phase with viscosity µ1, the lateral diffusion coefficient is D~kBT logp1{Rq

(Eq. A.17).

However, this model was soon regarded as incomplete since the measured diffu-

sion coefficients were found to be more than one order lower than the theory. The

underlying reasons for this departures might be the heterogeneity of cell membrane

and membrane curvature. Single particle tracking experiments disclosed a complex

membrane structure with great variability in the modes of protein diffusion, depend-

ing on the cell type and protein that was being studied.

2.1 Effect of Membrane Topology

Biological membranes are typically not flat, in which case the intrinsic curvilinear

diffusion coefficient, D0, is different from effective diffusion coefficient, D, reflecting

projected motion of the particle onto a reference plane. Most experiment technique

such as single particle tracking, nuclear magnetic resonance (NMR) directly measure

D while traditional theories gives estimation of D0. It has been shown that observing

three-dimensional particle on a two-dimensional surface has the effect of lowering

the effective diffusion coefficient D relative to curvilinear one D0 (Gustafsson and

Halle, 1997). In particular, the membrane itself can have three-dimensional structure

(being folded and ridged), which means that the actual path length of diffusion can

be different from a projected path length (see Fig. 2.3).

Recently, the effect of membrane topology on diffusion has received widespread

attention. Aizenbud and Gershon (Aizenbud and Gershon, 1982) considered the dif-

fusion of molecules on membranes of non-planar form and obtained a deterministic

numeric solution to the diffusion equation. King (King, 2004) used a two-dimensional

crested cycloid as a parameterized surface to simulate diffusion within a ruffled mem-

brane. They showed that the diffusivity decreases as a function of the membrane area
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to the -1.4 powers. Sbalzarini (Sbalzarini et al., 2006) present a numerical method

for the simulation of isotropic and anisotropic diffusion on curved biological surfaces.

Gustafsson and Halle (Gustafsson and Halle, 1997) suggested a number of plausible

approximations and rigorous bounds for the behavior of diffusion coefficients. How-

ever, they do not provide direct evidence to support theoretical interpretation and

conclusion.

In this chapter, we will examine the effect of membrane roughness or local cur-

vature on diffusion. We will use a position Langevin equation for diffusion, which

incorporates curvature and gradient effects of surfaces and discuss how the membrane

surface complexity influences this diffusion. Numeric simulation of the equation al-

lows for the prediction of effective diffusion coefficients over corrugated surfaces.

2.2 Model: Membrane Representation

Commonly, biomembrane surfaces are described in the Monge Gauge (Fig. 2.2)

(Safran, 1994). The shape of the membrane is described by function

z “ hpx, yq, (2.1)

of lateral coordinates, x and y, which uniquely represents the membrane height from

the x-y plane. It is convenient to define

φprq “ z ´ hpx, yq (2.2)

to yield the surface equation in 3D: φprq “ 0 where r “ px, y, zq. The gradient vector,

∇rφ “ p´Bxh,´Byh, 1q , points normal to the surface with magnitude equal to the

determinant of the surface metric

g “| ∇rφ |
2
“ 1` pBxhq

2
` pByhq

2. (2.3)
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The surface metric determines the area rescaling of an infinitesimal surface element

upon projection onto the x´ y plane, shown in below:

dA “
?
gdAK “

?
gdxdy (2.4)

where A is the curvilinear area of the surface and AK is the projected area to x´ y

plane.

Figure 2.2: A typical configuration of membrane described in Monge Gauge(Naji
and Brown, 2007). Because the projected path in the x-y plane is equal or smaller
than path on the surface, projected diffusion coefficient D in the x-y plane is reduced
to the curvilinear diffusion coefficient D0.

Using a condensed notation xi “ x, y for i “ 1, 2, the metric tensor elements are

gij “ δij ` BihBjh. (2.5)

where, δij is the Kronecker delta and Bi ” B{Bxi. And the curvature tensor is

Kij “
BiBjh
?
g
. (2.6)

The mean curvature (Safran, 1994) is

H “
1

2
pg´1

qijKij. (2.7)
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2.3 Brownian Dynamics on Complex Surfaces

To describe the Brownian motion on surface z “ hpx, yq, we consider the Brownian

jump to be broken down into two consecutive steps (Fig. 2.3):

i. a random jump ∆ξ to a new position r1 “ r0 ` ∆ξ; this displacement is

restricted to local tangent plane. A plane tangent at r0 to the surface is given

by the equation

pr´ r0q ¨∇φpr0q “ 0, (2.8)

where the nabla operator acting on a scalar function φprq is taken at point r0.

ii. an instantaneous normal projection of r1 back onto the membrane surface. The

length of the jump, L “ |r1 ´ r0|, is drawn from the distribution,

ppLq “
L

2D0τ0

expp´
L2

4D0τ0

q, (2.9)

where D0 is local diffuse coefficient, and τ0 is the duration of the time step. The

normalization of D0 is such that the typical size of a jump is equal to
?

4D0τ0.

Next we project the point r1 onto the surface along the direction given by

∇φpr1q.

The net displacement of the particle may be written as

∆r “ ∆ξ `∆n. (2.10)

where the second term is the normal projection (step ii) of

∆n ” rp∆tq ´ r1 » ´
φpr1q∇r1φpr1q

| ∇r1φpr1q |
2
. (2.11)

This follows from the fact that ∇φpr1q « ∇φpr2q, φpr2q “ 0, and the expansion of

φpr2q in r2 ´ r1.
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Figure 2.3: Representation of brownian jump on surface of Eq. 2.10. Every discrete
random walk on a surface can be broken down into two steps. First a random jump
∆ξ in the tangent plane from initial position r0 to r1. Second, an instantaneous
normal projection back to the surface of size ∆n to the final position rp∆tq on the
surface (Naji and Brown, 2007).

Consider the surface described by single-value function hpx, yq, the equations can

be simplified in such way that 3D algorithm is reduced to 2D equation of motion

with surface constraint. For sufficiently small ∆t, we can expand φpr1q around r0

since the length of jump ξ is small enough.

∆n » ´
1

2
rp∆ξ ¨∇r0q

2φpr0qs
∇r0φpr0q

|∇r0φpr0q|
2
`Op∆ξ3

q (2.12)

∆ξ ¨∇r0φpr0q “ 0. (2.13)

Using the notation x,y,z, the above equation can be rewritten as

∆xi “ ´
1

2
p∆ξj∆ξkBjBkhq

Bih

g

ˇ

ˇ

ˇ

ˇ

0

`∆ξi `Op∆ξ3
q, (2.14)

for i, j, k “ 1, 2 only the projected x´ y directions.
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∆x “ ´
1

2
p∆ξj∆ξkBjBkhq

Bxh

g

ˇ

ˇ

ˇ

ˇ

0

`∆ξx `Op∆ξ3
q

“ ´
“

p∆ξxq
2
pBxq

2h` 2∆ξx∆ξyBxByh` p∆ξyq
2
pByq

2h
‰ Bxh

g

ˇ

ˇ

ˇ

ˇ

0

`∆ξx `Op∆ξ3
q

∆y “ ´
“

p∆ξxq
2
pBxq

2h` 2∆ξx∆ξyBxByh` p∆ξyq
2
pByq

2h
‰ Byh

g

ˇ

ˇ

ˇ

ˇ

0

`∆ξy `Op∆ξ3
q

∆z “
1

2
p∆ξj∆ξkBjBkhq

1

g

ˇ

ˇ

ˇ

ˇ

0

`∆ξz `Op∆ξ3
q

“ ´
“

p∆ξxq
2
pBxq

2h` 2∆ξx∆ξyBxByh` p∆ξyq
2
pByq

2h
‰ 1

g

ˇ

ˇ

ˇ

ˇ

0

`∆ξz `Op∆ξ3
q

(2.15)

From Eq. 2.13, it follows that the z component of the random jump is not an

independent variable since

∆ξ ¨∇r0pz ´ hpx, yqq “ 0 (2.16)

∆ξx
Bφ

Bx
`∆ξy

Bφ

By
`∆ξz

Bφ

Bz
“ 0 (2.17)

´∆ξx
Bh

Bx
´∆ξy

Bh

By
`∆ξz “ 0 (2.18)

∆ξz “ ∆ξiBih (2.19)

Consider the limit of infinitesimal time steps, ∆tÑ dt and ∆ξi Ñ dξi. Rewriting

Eq. 2.14 with an infinitesimal random jump with

dξidξj “ 2D0pg
´1
qijdt, (2.20)

one can obtain

dxi “ ´D0

“

pg´1
qjkBjBkhq

‰ Bih

g
dt` dξi. (2.21)

9xiptq “ ´D0

“

pg´1
qjkBjBkhq

‰ Bih

g
` dξi{dt. (2.22)
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Define τijηjptq “ dξi{dt, where ηiptq is Gaussian random noise satisfying

〈ηiptq〉 “ 0 (2.23)

〈ηiptqηjpt1q〉 “ 2D0δijδpt´ t
1
q (2.24)

where, based on Eq. 2.20, τij is the square root of inverse metric tensor pg´1qij. (Note

that τ “ pg´1q1{2 can be written in a symmetric fashion as τ “ SΛ1{2ST , where S

is the eigenvector matrix of the positive-definite inverse metric tensor g´1 and Λ is

diagonal eigenvalue matrix.) The noise term can be calculated by diagonalization of

the inverse metric tensor as

τij “ δij ´
BihBjh

g `
?
g

(2.25)

Thus, the corresponding Langevin equation immediately follows as

9xiptq “ vi ` τijηjptq (2.26)

where the drift term vi is

vi “ ´D0

“

pg´1
qjkBjBkhq

‰ Bih

g
“ ´2D0H

Bih
?
g
. (2.27)

where H is the mean curvature of the surface H “ 1
2
pg´1qjk

BjBkh
?
g

. The second-order

term comes from expansion of random jumps to second order, which leads to drift

of the motion.

The projected motion of a particle confined to a Monge-gauge surface may be

regarded as formally equivalent to the motion of a particle in 2D complex inhomoge-

neous environment characterized by an effective potential Upxiq “ ´
1
2

ln g (Gustafs-

son and Halle, 1997).
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2.4 Simulations

For simulation, we apply a standard iterative algorithm by discretizing the Langevin

equation,

xipn` 1q “ xipnq ` vi rxkpnqs δt`
a

2D0δtτij rxkpnqswjpnq, (2.28)

where wi are Gaussian-distributed white noise with mean 0 and unit variance 〈wipnqwjpmq〉 “

δijδnm.

2.4.1 Diffusion on an one-dimensional curve

For one dimension, exact expression for the projected diffusion coefficient along an

arbitrary periodic curve (Appendix B) is (Halle and Gustafsson, 1997b; Jackson and

Coriell, 1963)

D

D0

“

ˆ

1

L

ż L

0

dx
?
g

˙´2

“

〈
1
?
g

〉2

“

ˆ

L

Lc

˙2

, (2.29)

where Lc is the contour length of the curve over a single projected period L.

Based on the theoretical result Eq. 2.29, let’s consider a quenched periodic curve

defined as

hpxq “ Acos
2πx

L
`Bcos

4πx

L
(2.30)
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The relation between D and D0 is given as

D

D0

“

〈
1
?
g

〉2

(2.31)

“

˜

şL

0
dx

şL

0
dx
?
g

¸2

(2.32)

“

¨

˝

L
şL

0

b

1`
`

2π
L

˘2 `
Asin2πx

L
` 2Bsin4πx

L

˘2
dx

˛

‚

2

(2.33)

“

¨

˝

2π
ş2π

0

b

1`
`

2π
L

˘2
pAsinx` 2Bsin2xq2dx

˛

‚

2

(2.34)

In Fig. 2.4, we plot the simulation results for the periodic curve defined as Eq.

2.29 for different values of B “ 0 and B “ A. As seen, the numerical results exactly

coincide with the analytical curve Eq. 2.34.

2.4.2 Diffusion on rough two-dimensional membrane

Unlike 1D problem, a rigorous result for the projected coefficient is not known for

2D surface. Nonetheless, several approximately results have been presented in the

past(Safran, 1994; Jackson and Coriell, 1963; Halle and Gustafsson, 1997b).

Variational method:
2
〈
1{
?
g
〉2

1` 〈1{g〉
ď

D

D0

ď
1

2

ˆ

1`

〈
1

g

〉˙
(2.35)

Effective medium approximation (EMA):
D

D0

ˇ

ˇ

ˇ

ˇ

EMA

“
1〈?
g
〉 (2.36)

Area scaling law:
D

D0

|area scaling “

〈
1
?
g

〉
“
AK
A

(2.37)

To examine to analytic approximations, we consider a randomly undulated quenched

membrane of size L ˆ L with periodic boundary condition. First, we use the Hel-

frich membrane model to produce random surface(Safran, 1994).This model is the
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Figure 2.4: Simulation of diffusion on 1D periodic surface. Results of a simulation
with a time step of D0δt{L

2 „ 10´6´10´5 for 106´107steps and averaged over 3000
trajectories. The dots show simulation data on surface by Eq. 2.41 for two values
B “ 0 and B “ A and solid curves show the exact result, Eq. 2.29. It is found that
the apparent diffusion coefficient is smaller than the bare diffusion coefficient.

most successful physical theory for description of equilibrium membranes shape. It

distinguished different types of strain: stretching and curvature. The Helfrich En-

ergy consists of two parts: One term proportional to the surface, which represents

the surface tension and one part which is proportional to surface and the square

of the mean curvature of the surface, which represents the bending stiffness of the

membrane. The corresponding Hamiltonian is

H “
1

2

ż

AK

dρ
“

Kp∆2
ρhq

2
` σp∆ρhq

2
‰

“
1

2L2

ÿ

q

Ωq |hq|
2 , (2.38)

where ρ “ px, yq, K is the bending rigidity,σ the surface tension and Ωq “ Kq4`σq2.

At equilibrium, any configuration may be viewed as a linear combination of several

Fourier modes, hq distributed according to the Boltzmann weight „ expp´Hq{kBT q.
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The height profile is a superposition of the modes as

hpρq “
1

L2

ÿ

q

hqe
iq¨ρ (2.39)

q “ pqx, qyq “ p2πn, 2πmq{L, ´M{2 ă n,m ďM{2. (2.40)

In Fig. 2.5, we can see that a particle takes much longer time to escape the

valleys than the peaks of the surface. The results for projected diffusion coefficient

and theoretical predictions are also plotted in Fig. 2.5. For large bending rigidity,

the membrane is close to a flat surface and D{D0 is close to one. The difference

between them is obvious when bending rigidity is small. In FRAP experiment, for a

small bending membrane surface, the measured diffusion coefficient is actually very

different from the intrinsic diffusion coefficient.

2.4.3 Simulation of FRAP experiments

Using the same Langevin method mentioned above, we simulate fluorescence recovery

on the periodic surface:

hpxq “ Acos
2πx

L
cos

2πy

L
, (2.41)

The simulations employed around 1,000-5,000 particles concentrated in a 10 x 10 µ

m neighborhood around the ROI with time step of 1x10´6s. All fluorescent particles

are initially randomly distributed on the surface and then allowed to diffusion in

order to reach a steady state distribution. The initial condition consists of a uniform

concentration on the surface with the exception of the bleached region (central circle

with radius R), where the concentration is set to zero. Take this moment as t=0,

the beginning of recovery phase (Fig. 2.6(a) gives the initial distribution of particles

in x-y plane). We then record the number of fluorescent particles in the circle as

a function of time in order to simulate a FRAP experiment. We choose a circular

profile of the center area because for this case the fluorescence recovery is independent
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Figure 2.5: Simulation of diffusion on random surface. (Upper) A random mem-
brane surface with bending rigidity K{kBT “ 0.01, L “ 1,M “ 32. An example
trajectory is shown superimposed on the surface. (Lower) Projected diffusion co-
efficient on the ruffled membrane as a function of K{kBT for M “ 32 and surface
tension σ “ 0. The dashed black and blue line is upper bound, Eq. 2.35. The dashed
purple line gives effective medium result, Eq. 2.36. The solid red line is area scaling
law, Eq. 2.37. The dots are simulation data. Here, kBT is only a parameter for the
membrane and doesnt affect the diffusion coefficient.
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of the bleaching parameter.

Fig. 2.6 shows the simulated FRAP curves on the periodic surface. Unlike on a flat

surface28 on which fluorescence recovery curve is exponential, FRAP on the periodic

surface seems to obey the power law (more clear in the log plot of Fig. 2.6(c)). I

expect that FRAP recovery times may be power law of square of spot radius.

In summary, we have analyzed the projected diffusion coefficient on 1D and ran-

dom surface by applying the Langevin equation numerically. This method incor-

porates curvature and gradient effects that hinder the diffusion of the particle as

observed in the laboratory frame of reference. We find that the simulation data can

be best described by the area-scaling result. Using the Langevin equation simula-

tion method, we also simulated fluorescence recovery curve on periodic surface and

we find the curve is closer to a power law rather than an exponential approach to

diffusion equilibrium. This work is important for understanding observations that

cannot be explained by classical membrane model and know how protein actually

diffuse on plasma membrane surface.

2.5 Simulations of Errors in Single Particle Tracking (SPT) on Sur-
face

The use of video microscopy to track single micron-sized colloids and individual

molecules has attracted great interest in recent years. The resolution of a visible light

microscope is commonly taken to be about λ{2 „ 250nm (James, 1976), with any

sparse objects smaller than this dimension appearing in the microscope as diffraction-

limit spots. Although the details within a spot are not resolvable, the center of the

spot can be determined to a much greater precision given a sufficient number of

photons in the spot.

The spatial resolution of particle tracking video microscopy has been thoroughly,

both qualitatively and quantitatively, studied by observing immobile particles (Thomp-
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Figure 2.6: Simulation of FRAP on periodic surface. (upper) The particle distri-
bution at the start of recovery t=0, the red circle shows the bleached region, a 10
10µm neighborhood around the ROI. (lower left) simulated FRAP curve on periodic
surface with different initial densities and bleached region radius R=1 with time step
10´6s. (lower right) log plot with same condition. The green and blue curves show
different densities. The green one represents density of 50 µm´2 while the blue line
shows density of 10 µm´2.
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son et al., 2002). The two important categories of noise are the shot noise of the

photons in the spot and the background noise created by out-of-focus fluorescence,

charge coupled device (CCD) readout noise, dark current and other factors. For

one-dimensional localization, the error on the mean is given by

xp∆xq2y “
s2 ` a2{12

N
`

4
?
πs3b2

aN2
. (2.42)

For the two-dimensional localization, the result is

xp∆xq2y “
s2 ` a2{12

N
`

8πs4b2

a2N2
. (2.43)

In another study (Savin and Doyle, 2005), this contribution of the spatial res-

olution as the ’static error’ in particle localization. Due to the finite video frame

acquisition time or called shutter time, another sort of localization error arises when

moving particles are observed. This contribution to the spatial resolution depends

on the dynamics of the imaged particles and thus will be referred to as ’dynamic

errors’. For all experimental setups, a single measurement requires a given acquisi-

tion time σ during which the particle is continually moving. Thus the position that

is acquired at time t containing the history of the successive positions occupied by

the particle during the time interval rt ´ σ, ts. To model the is dynamic error the

measured position is calculated as the average x̄pt, σq of all positions the particle

takes while the shutter is open.

x̄pt, σq “
1

σ

ż σ

0

xpt´ ξqdξ (2.44)

After combing static error with dynamic error and written it in the frequency

domain, the measured power spectrum density is

x
ˇ

ˇˆ̄x˚
ˇ

ˇ

2
pω, σqy “ |H˚

σ pωq|
2
ˆ
〈
|x˚|2 pωq

〉
`
〈
|χ̄˚|2 pω, σq

〉
(2.45)
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and the measured mean-squared displacement is

x∆ˆ̄x2
pτ, σqy “

“

hσ ˚
〈
∆x2

〉‰
pτq ´

“

hσ ˚
〈
∆x2

〉‰
p0q ` 2ε̄2

´ 2Cχ̄pτ, σq (2.46)

where σ is acquisition time, χ is stationary random offset with zero mean and con-

stant variance 〈χ2ptq〉 “ ε2 that defines the spatial resolution ε of the setup. The

autocorrelation function of the position CXpτq “ 〈xpt` τqxptq〉´ 〈xptq〉2 (where τ is

the lag time). Cχpτq is the autocorrelation function of the error. hσpτq is the inverse

Fourier transform of |H˚
σ pωq|

2, that is hσpτq “ pσ´ |τ |q{σ
2 for |τ | ď σ and hσpτq “ 0

elsewhere.

However, biological membrane is typically not flat, which may cause noise when

imaging particle on a curved surface. To consider the surface effect to the errors, we

use Brownian dynamics simulation on surfaces to create trajectories that are sampled

with a finite shutter time. First, base on the algorithm in Sec. 2.3, trajectories are

generated on random surfaces with a large number of time steps 106. Then each

trajectory was transformed in the following manner:

r̄ptq “
1

n

n´1
ÿ

i“0

rpt´ i∆tq, (2.47)

where σ “ n∆t defines the shutter time. We varied n between 10 and 100 and set

the time step to ∆t “ 1{6000s. Positions every 50 time steps are retained. On the

walks, a Gaussian distributed random effect offset with different standard deviations

ε̄ ranging from 0.01 to 0.05 µm was added to each position. Fig. 2.7 illustrate the

different steps of the simulation. The trajectories provide statistics to estimate the

mean squared displacement at small lag times, and the intercept
〈
∆ˆ̄x2p0, σq

〉
and

the slope 2D were evaluated by linear fit of the mean-squared displacement for lag

times.

Fig. 2.8 shows the variation of the intercept with the scaled shutter time Dσ.

Compared to previous paper’s result (Savin and Doyle, 2005) that the apparent
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mean-squared displacement with τ “ 0 of a particle in a fluid is with slope of -2/3,

we found that the slope of the slope of the intercept (mean-squared displacement for

τ “ 0) do not change for a given shutter time. This indicates that measurements in

single particle tracking on surface dynamics do not introduce extra errors. Curvature

of surfaces is not that significant for localization errors.

(a) (b)

(c) (d)

Figure 2.7: Illustration of the dynamic simulation process to create trajectories of
a Brownian particle that are samples with a finite shutter time. (a) a trajectory on
the random surface with a large number of time steps is created. (b) Positions every
50 time steps are retained. (c) a position is recalculated by averaging the position
of the particle at the previous 20 time steps. (d) Finally Gaussian random noise is
added to each position.
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is evaluated from a

linear fit. The simulation results lie on the lines with corresponding input value of ε̄
(see text ’std’).
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3

Nanoscale Scaffolding Domains within PSD

A first step to understand how postsynaptic density (PSD) structure controls synap-

tic function is to obtain a structural characterization of the PSD. Postsynaptic

scaffolding molecules establish the internal organization of the postsynaptic density

(PSD), critically determining the characteristics of excitatory synaptic transmission.

However, although extensive genetic, biochemical, and molecular analysis has pro-

vided a lot of information as to the characteristics of individual constituents of the

PSD (Okabe, 2007), it is still unclear how these constituents are arranged in the

individual PSDs and whether this organization is dynamically regulated in living

synapses.

Directly determining the structural organization of the PSD in living neurons has

been technically challenging because the small dimensions of the synapses essentially

lie beyond the resolution of conventional optical imaging. As a result, our current un-

derstanding of the structural organization of the PSD is mainly derived from studies

on biochemically isolated PSDs or fixed-tissue microscopy, assuming that the PSD

is a homogeneous and static structure. However, high-resolution live-cell microscopy
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revealed that the PSD is a very dynamic structure with individual components con-

tinuously being repositioned (Blanpied et al., 2008). To overcome these difficulties,

Dr. Blanpied has developed a live-cell approach using PALM (photo activated lo-

calization microscopy) to map the spatial distribution of molecular families within

single PSDs at nanometer resolution and resolve the dynamic interior organization

of living synapses.

We started by identifying structures containing PSD-95, which have many known

binding partners and large number of copies in PSDs (Sheng and Hoogenraad, 2007).

A typical PSD contains 200-300 PSD-95 molecules, a number exceeding the number

of glutamate receptors (Chen et al., 2005). PSD-95 can directly binds to NMDARs

and interact with AMPAR complexes via stargazin/TARP (Nicoll et al., 2006). PSD-

95 has an important role in the molecular organization of the PSD and it is one of the

most stable proteins in the PSDs at excitatory synapses (Gray et al., 2006a).PSD-95

is also a potent regulator of synaptic strength through its dominant role in controlling

AMPA receptor numbers at synapses.

3.1 Super-Resolution Imaging of the Postsynaptic Density

To study the sub-synaptic distribution of PSD-95 using live-cell PALM, rat hip-

pocampal neurons are transfected and tagged with monomeric Eos2 (a photoactivat-

able fluorescent protein). Individual molecules were stochastically activated using

week 405-nm illumination, and excited with oblique illumination at 561 nm (Frost

et al., 2010). Compared to wide-field images, PALM revealed shaper images of PSDs

(Fig. 3.1). We estimated the effective map resolution to be „25 nm using Eq. 3.1

(Thompson et al., 2002), based on the localization precision (ă15 nm) and the den-

sity of localizations within individual PSDs.

xp∆xq2y “
s2 ` a2{12

N
`

4
?
πs3b2

aN2
(3.1)
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Figure 3.1: Supper-resolution Imaging of the Postsynaptic Density. (A and B)
Comparison of summed oblique illumination (top) and PALM image (bottom) of
PSD-95-mEos. Pixel size is 25 nm (left) and 12 nm (right). Scale bar represents 2.5
µm (left) and 200 nm (right). Histograms of number of detected photons per molecule
(C) and localization precision (D). Histogram of effective resolution calculated from
the localization precision and density of PSD-95-mEos molecules in individual PSDs
(E).

where a is the pixel size, b is the background noise, s is the standard deviation of

the point-spread function and N is the number of photons collected. The first term

represents photon-counting noise and pixelation noise, while the second term gives

background noise.
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3.2 Background of PSD-95

As mentioned in chapter 1, the postsynaptic density (PSD) contains receptors, scaf-

fold molecules, and cytoskeletal elements. PSD-95 is the most abundant scaffolding

proteins in PSDs. A typical PSD contains 200 ´ 300 PSD-95 molecules, a number

far exceeding the number of glutamate receptors (Chen et al., 2005; Cheng et al.,

2006). The organization of the scaffolding proteins concentrated near the postsy-

naptic membrane. The configuration of PSD-95 molecules in the PSD is shown in

Fig.3.2.

Figure 3.2: Conformation of PSD-95 in PSDs. (up) Virtual section derived from to-
mographic reconstruction of synapse. Green dots highlight centers of silver-enhanced
immunogold particles associated with vertical filaments (PSD-95) in the PSD. The
vertical filaments „ 17 nm long. (down) Surface rendering of the PSD (Chen et al.,
2011).

PSD-95 potentially binds many key constituent PSD proteins such as NMDA

receptors, AMPA receptor complexes via Stargazin and adhesion molecules. The

diversity of proteins binding to PSD-95 suggests that it has an important role in the

molecular organization of the PSD (Elias and Nicoll, 2007; Sheng and Hoogenraad,

2007). PSD-95 is also one of the most stable proteins in PSDs at excitatory synapses

(Gray et al., 2006b). Thus, PSD-95 is a potent regulator in controlling AMPA

receptor numbers at synapses.
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3.3 Inhomogenous Subsynaptic Pattern of Scaffold Molecules

3.3.1 Heterogeneous distribution of scaffold molecules

To visualize the distribution of individual scaffold molecules within the PSD, we

plotted measured locations and color coded them according to their local density.

We calculated the local density DL around each molecule, defined as the number

of molecules within a radius of 5 times the mean nearest neighbor distance of all

molecules in that PSD. This strategy accounts for variation in the copy number of

scaffolds in each synapse and the number of localizations achieved per PSD. This

measure is high if a molecule has many neighboring molecules within a close dis-

tance, and is thus indicative of local clustering of molecules. Typically, the scaling

radius was „30 nm. This analysis resulted in fine-scale maps of the local molecu-

lar density of individual synapses and revealed a highly nonuniform distribution of

PSD-95 molecules in single PSDs (Fig. 3.3).

Figure 3.3: Distribution of Scaffold Molecules within the Postsynaptic Density.
(A and B) Single-molecule localization of PSD-95. Individual molecules were color
coded according to their local density (B), and the number of molecules within a
radius five times the average nearest neighbor distance within the PSD (blue and
red circles). Scale bar represents 100 nm.
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3.3.2 Paired correlation function analysis

To test whether the observed distributions exhibited structure beyond that expected

to occur in random distributions of points, we used pair-correlation functions (PCFs).

The paired correlation function gprq is a measure of density correlations, which re-

ports the probability of finding a second particle at a distance r away from a given

localized signal. For a homogenous distribution with no correlations, gprq “ 1.

gprq “
1

4πr2ρ0N

N
ÿ

i“1

N
ÿ

j “i

δ pr ´ rijq (3.2)

However, for particles localized by PALM, the finite resolution and blinking of flu-

orophores, gprq can be greater than 1 for small distances because of over-counting

(Veatch et al., 2012).

Over-counting can occur, for example, when target proteins are labeled with

primary and secondary antibodies or when antibodies are conjugated to multiple

fluorophores. It can also occur then the same fluorophore is counted two or more

times because it cycles reversibly between activated and dark states. In all of these

cases, over-counting can lead to the artifactual appearance of self-clustering over

distances.

In order to correct for this, we used a bootstrap approach by building an ensemble

of PSDs by resampling the centers from a Gaussian distribution (representing the

point spread function of the localization). For each localized particle, the number of

blinks, m, is drawn from the empirical blinking frequency distribution(Fig. 3.4) re-

ported in (Veatch et al., 2012). For each particle, m neighbors within the localization

precision were removed without replacement.

PCFs were computed from the ensemble positions by calculating the number of

particles in a shell of radius r ` δr around each particle, normalized by the area of

the shell, corrected for edge effects. The measure was averaged over all the particles
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Figure 3.4: Histogram of the number of times an mEos2 molecule undergoes pho-
toblinking before definitive photobleaching. Experimental values and single expo-
nential best fits are shown and xnblinksy “ 1.05˘ 0.11 (Veatch et al., 2012).

in the PSD to obtain the final PCF. A homogeneous distribution was generated by

fist drawing a convex hull (marking the boundary of the PSD) around the measured

positions and particles were randomly placed within the resulting polygon. Marking

the PSD boundaries by discarding the positions in the low density regions at the

edge of the PSD and repeating the PCF calculations (for measured and randomly

generated PSDs) yielded similar results.

The measured PCF showed significant inhomogeneity compared to randomly gen-

erated ensembles (Fig. 3.5) for 65% of all PSDs. Futhermore, the median distance

over which the distribution was significantly more dense than random was „ 70nm,

suggestive of clustering of scaffold molecules over this length scale within the PSD.
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Figure 3.5: Distribution of Scaffold Molecules within the Postsynaptic Density. (A)
Homogeneous distribution (right) generated by randomly sampling equal numbers
of localizations as observed (left). Scale bar represents 100 nm. (B) Mean pair-
correlation function of the PSD in (A) for the measured particle locations (blue)
and for the simulated locations (red). Shaded areas represent 99% confidence inter-
vals calculated from the randomized ensembles, showing significant departures from
homogeneity.

3.4 3D Influence on Measured 2D Scaffold Clustering

We use the Helfrich membrane model to produce random surface(Safran, 1994) as

mentioned in Chapter III. The Helfrich Energy consists of two parts: One term

proportional to the surface, which represents the surface tension and one part which

is proportional to surface and the square of the mean curvature of the surface, which
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represents the bending stiffness of the membrane.The corresponding Hamiltonian is

H “
1

2

ż

AK

dρ
“

Kp∆2
ρhq

2
` σp∆ρhq

2
‰

“
1

2L2

ÿ

q

Ωq |hq|
2 , (3.3)

where ρ “ px, yq, K is the bending rigidity,σ the surface tension and Ωq “ Kq4`σq2.

At equilibrium, any configuration may be viewed as a linear combination of several

Fourier modes, hq distributed according to the Boltzmann weight „ expp´Hq{kBT q.

The height profile is a superposition of the modes as

hpρq “
1

L2

ÿ

q

hqe
iq¨ρ (3.4)

q “ pqx, qyq “ p2πn, 2πmq{L, ´M{2 ă n,m ďM{2. (3.5)

Large values of K resulted in gently undulating surfaces while small values re-

sulted in rougher surfaces. The peak amplitudes were fixed to be 25 or 50 nm. Par-

ticles are homogeneously distributed on the random height surface using the above

equation and the 2D image of the corrugated PSDs were generated by projecting the

3D coordinates of the particles onto the x-y plane.

Fig. 3.6 A-C shows example distributions of simulated point patterns on random

surfaces with different values of surface roughness parameter K, 0.5,0.1,0.01 ranging

from smooth to very rough generated using the algorithm described. The PSD

boundaries are the same. The PCF analysis was performed on these projected PSDs

as above. The calculated PCF in Fig. 3.6 D (thick red line) is after blinking correction

for an ensemble of 500 random realizations of surfaces. Shaded regions denote the

99th percentile confidence intervals estimated from the bootstrap ensemble.
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Figure 3.6: Example distributions of simulated point patterns on random surfaces
and 2D projections with different value of the roughness parameter K. (A) 0.5 (B)
0.1 and (C) 0.01 ranging from smooth to very rough. (D) The calculated PCF for
an ensemble of 500 random realizations of surfaces and point locations for PSD in
C. Shaded regions denote the 99th percentile confidence intervals estimated from the
bootstrap ensemble.

To simulate random orientations of the spine with respect to the optical axis

the entire PSD was subjected to random Euler rotations about 3 orthogonal axes.

Angles that resulted in a projected PSD area that was 10% different were discarded.

We then performed a virtual PALM experiment by sampling the x-y locations of the

3D distribution of the molecules (as would occur in a PALM image). Each molecule

was assigned a blink number from the known blinking distribution of mEos2 and a

map of localizations was built up. For each of the simulated PSDs, we computed the

local density value of each of the localizations (number of neighbors that were closer

than 5X the mean nearest neighbor distance). The cumulative distribution of these

local density scores was computed for 100 random PSDs.
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(a) (b)

(c)

Figure 3.7: Example distributions of simulated point patterns after rotating sur-
faces. (a) Local density map of an example PSD. (b) Example distribution of a
simulated point pattern with the same mean density as in Fig. 3.6 on a random
surface with the roughness parameter set to 0.1 and randomly oriented with respect
to the optical axis (shown as the green axis below). The density map from the sim-
ulated x-y locations are shown below, with the color scale set to match the one in a.
(c) Cumulative distribution for the number of the local density score (localizations
closer than 5x the mean nearest neighbor distance) for 100 realizations of randomly
distributed particles on the surface in b, rotated by random angles (blue curves). The
red curve is the observed cumulative distribution. All the simulated distributions are
significantly different from the measured one.
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Fig. 3.7b shows that a weakly clustered pattern can be seen but the cluster

extends the entire length of the PSD. Morphing or three-dimensional rotation of the

PSD probably influenced our measured cluster dynamics as well. The magnitude

of this influence is difficult to test experimentally but appears low. However, our

simulations Fig. 3.7 suggest that only extreme deformation of overall PSD structure

could alter the measured PSD-95 distribution to an extent approaching what we

observed in live cells.
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4

Two-Dimensional Percolation for Receptors within
PSD

4.1 AMPAR Dynamics at Synapses

Synapses are the site of functional apposition between neurons, where neurotransmit-

ter receptors in the postsynaptic cell membrane respond to neurotransmitter release

and thereby process information. AMPA receptors(AMPARs) are present in high

densities at post-synaptic density(PSD) (Sheng and Hoogenraad, 2007), a macro-

molecular signaling assembly of receptors, scaffold proteins and cytoskeletal elements.

Controlling the number of AMPA receptors at excitatory synapses is central to the

strength of transmission at synapses (Usui et al., 2003).

The general mechanisms underlying local changes in the number of AMPARs in-

volve two major mechanisms: endocytosis/exocytosis and surface diffusion (Scheif-

fele et al., 2000). While in the extrasynaptic membrane AMPARs are inserted by

exocytosis (Makino and Malinow, 2009), surface AMPARs can diffuse laterally at a

high rate and explore vast dendritic areas by random movements. They are randomly

captured by interactions with scaffold elements in the PSD, where they show confined
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diffusion process (Newpher and Ehlers, 2008; Borgdorff and Choquet, 2002a).

The diffusion and trafficking process of receptors directly affect their insertion

and transmission within synaptic compartments, thereby altering synapse strength

in response to synaptic plasticity(MacGillavry et al., 2011). Within the PSD, the

presence of large numbers of high-molecular weight proteins slow down the diffu-

sion process. Molecular crowding effect (Santamaria et al., 2010) may significantly

restrict protein diffusion. Besides, it is shown that AMPAR can interact with post-

synaptic density-95 (PSD-95) through stargazin (Chetkovich et al., 2002).

4.2 Two-Dimensional Percolation for Receptors within PSD

The size dependence of the diffusion coefficient in the plasma membrane is of great

biophysical importance since the sizes of species in the membrane differ considerably.

The classical Saffman-Delbruck model (shown in Chapter 2) indicates that the size

effect is small since the diffusion coefficient is proportional to logarithm of particle

size (Eq.A.17). However, the overall size dependence of diffusion coefficient is af-

fected by several factors. One is diffusion across membrane skeleton barriers and

this mechanism is likely to be highly sensitive to tracer size.

The most important parameter describing diffusion in the presence of immobile

obstacles is the percolation threshold, the obstacle concentration at which long-

range conducting paths disappear. To investigate the effects of PSD molecular

crowding and receptor-scaffolding binding on AMPAR concentration, we consider

two-dimensional diffusion of a tracer particle in the presence of a set of immobile

molecules, such as PSD-95, NMDA receptors, Adhesion molecules. The goal is to

find the tracer size at which the particle can cross a given configuration of immobile

obstacles.
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4.2.1 The voronoi diagram and bond percolation

The size dependence of the diffusion coefficient of receptors is affected by immobile

species in the membrane and membrane skeleton(Saxton, 2010), such as scaffold

molecules PSD95. The typical size of PSD-95 is about 5 nm in diameter. The latest

single particle cryo-EM structures of AMPARs show „5-7nm cytoplasmic domain.

So the exclusion radius of receptor/PSD95 is „5-7 nm.

The other receptors strictly act as obstacles with exclusion radii of 10nm. So

the effect is large and perhaps nonlinear as a function of receptors. Also, there

are a finite number of other transmembrane molecules (adhesion molecules, NMDA

receptors etc.) also within the synapse which are essentially immobile.

Voronoi methods were used recently to study percolation (Saxton, 2010). The

Voronoi diagram is a mathematic method to divide space into a number of regions,

1

2

A

B

3

4

Figure 4.1: A small part of a Voronoi diagram. (Black dots) Obstacles. (Blue)
Voronoi bonds. Bond AB is equidistant from 1 and 2, so the largest tracer that can
move long bond AB is of diameter d12. If d(tracer)ă d12, bond AB is conducting,
and if d(tracer)ą d12,bond AB is nonconducting. Voronoi point A is equidistant
from obstacles 1, 2 and 3. Voronoi point B is equidistant from obstacles 1, 2 and 4.
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with widely construction from physics to ecology. Given some set of points on a

plane, the Voronoi diagram divides the plane into polygons, each containing one

point. Each point’s polygon is the region of the plane closer to its central point

than any other points, as shown in Fig. 4.1. The Voronoi diagram is dual to the

Delaunay triangulation. Each Voronoi bond edge is labeled by the distance dij of

the corresponding obstacle pair defining the bond. If a tracer’s diameter is smaller

than the distance dij, the tracer can move along the bond and bond is conducting;

otherwise, the bond is nonconducting (Fig. 4.2).

Figure 4.2: An example of percolation path on a Voronoi diagram. (Gray dots)
Obstacles. (Dashed blue lines) Nonconducting voronoi bonds. (Solid blue lines)
Conducting voronoi bonds. (Red lines) An example percolation path.

We consider two-dimensional diffusion of a tracer particle in the presence of s set

of PSD95, whose coordinates are given from the PALM experiments. And we placed

a prescribed number of other transmemberane proteins, such as NMDA-receptors,

Adhersion Molecules based on the actual density. The voronoi diagram is computed

in MATLAB (Mathworks) and bond percolation path is found based on each bond

distance dij.
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(a)

(b)

Figure 4.3: Voronoi Diagram for Poisson Distribution and Measured PSD-95 Dis-
tribution With An Example of Diffusion Path. (blue dots) Distribution of PSD-95.
(grey lines) Voronoi bonds. (red lines) Conducting voronoi bonds. (cyan lines) An
example diffusion path with time scale 20 seconds, D= 0.2µm2/s. (a) Voronoi dia-
gram and a diffusion path of tracer in a set of poisson-distributed obstacles within
the convex hull. (b) Voronoi diagram of PSD-95 using PALM. About 500 PSD-95 in
the convex hull.
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Fig. 4.3(a) shows percolation path for a Poisson distribution of PSD-95. The

homogenous distribution was generated by first drawing a convex hull (marking the

boundary of the PSD) around the measured positions and particles were randomly

placed within the resulting polygon. Compared to poisson distribution, the diffu-

sion path for receptors is trapped inside PSD for a non-uniform distributed PSD-95,

Fig. 4.3(b).

4.2.2 Percolation with different diameters

We find the percolation diagrams for a prescribed number of independent obstacle

configurations which are given by experiments at different tracer sizes. The obstacles

are of prescribed diameter and are reduced to immobile point obstacles. Fig. 4.4

shows that effect of different tracer diameter on percolated area. As the tracer size

increases, more area inside PSD becomes unavailable. When the tracer size increase

to 13 nm, there is no percolation path from left to right. In this case, if we do FRAP

experiment and photobleach the half part of PSD, there should be no recovery from

inna PSD since there is no percolation from one inner part to another. This result

coincides with the findings in (Kerr and Blanpied, 2012). We simulated percolation

for hundreds of different PSDs. Fig. 4.5 shows another two examples of PSDs. They

give the similar result as the first PSD. In these two smaller PSDs, as tracer size

increases, the accessible area become decreasing. For large enough tracer size, there

is no percolated area available at all.

4.2.3 Area fractions

We evaluated the excluded area numerically for different PSD configurations used

in the percolation calculations. From this we can obtain the cumulative distribution
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(a)

(b)

Figure 4.4: Percolation diagrams inside PSD of four different tracer sizes in the
presence of a set of obstacles. (Blue) PSD-95 molecules as obstacles, whose positions
are got from PALM experiments, with radius 2.5nm. (gray area) percolation area.
(pink) Adhesion molecules of three different sizes, with radius 3nm, 5nm, 8nm. (cyan)
NMDA-receptors as immobile obstacles, with radius 8nm. Tracer size is the diameter
of diffusion molecules. (a) one PSD configuration, the scale bar represents 100nm.
(b) The percolation diagram and threshold on a Voronoi diagram for the given PSD
in a.
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tracer size = 6nm tracer size = 10nm

tracer size = 13nm tracer size = 15nm

(a)

tracer size = 6nm tracer size = 10nm

tracer size = 13nm tracer size = 15nm

(b)

Figure 4.5: Percolation inside PSD with different tracer sizes in the presence of
a set of obstacles. (Blue) PSD-95 molecules as obstacles. (gray area) percolation
area. (pink) Adhesion molecules of three different sizes. (cyan) NMDA-receptors
as immobile obstacles. Tracer size is the diameter of diffusion molecules. The scale
represents 100nm. (a) one PSD configuration. (b) another larger PSD configuration.
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of percolated area (or excluded area) divided by total area as a function of tracer

diameter. We calculated the ratio of percolation area divided by total PSD area at

different tracer sizes, as shown in Fig. 4.6(a),4.6(b) for two representations of PSDs

and in Fig. 4.6(c) for cumulative distribution of percolation area ratio. The area

fractions are related to tracer size. As the tracer size increases, the cumulative curve

of area ratio shifts to the left and the percolation area is reduced.
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Figure 4.6: Cumulative distribution of the ratio of percolated area divided by total
area. (a) (b) two examples of PSD. The scale bar represents 100 nm. (c) Cumulative
distribution of percolated area divided by total area,which is averaged over 100 PSDs.
There are four sizes of tracer, 6nm, 10nm, 13nm and 15nm. The larger the tracer
size is, the smaller this percolated area ratio.
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5

Receptor Confined Diffusion with Binding

The mechanism controlling AMPAR trafficking at synapse is lateral diffusion. Flu-

orescence recovery after photobleaching (FRAP) and single particle tracking (SPT)

experiments have shown that AMPARs diffuse freely in the extrasynaptic space and

are confined at the synapse (Sharma et al., 2006; Carroll et al., 1999).Surface-diffusion

AMPARs can be captured at PSDs by scaffold proteins, including PSD-95 via AM-

PAR auxiliary subunits. AMPAR diffusion and trapping at the synapse are bidirec-

tionally regulated by synaptic activity (Jaskolski et al., 2009).

Despite a crucial role of AMPAR trafficking in synaptic function, a general model

describing the kinetic interplay between AMPAR diffusion and scaffold proteins as

well as the existence of other transmembrane obstacles is still lacking. To account

for the Brownian motion of receptors and binding to PSD-95, we used Monte Carlo

simulation incorporating different steps of diffusion, binding and dissociation.

To investigate the distribution of postsynaptic receptors, receptor trafficking and

interaction with other transmembrane proteins, such as interaction with PSD-95,

we develop here a computational model to simulate the different steps of AMPAR

trafficking inside PSD: surface diffusion, binding to PSD-95 or collision with other
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scaffold or skeleton proteins. Our approach allows simulating receptor lateral dif-

fusion on the molecular properties of receptors and the geometrical organization of

real scaffolding molecules positions within PSDs. We take the real data of PSD-95

coordinates from PALM experiment and use PSD area as the same scale as in the

reality. In this way, we can fit simulation results to synaptic confinement of AMPARs

observed in the SPT experiments.

5.1 Model representation of the synaptic dynamics

5.1.1 Synapse geometry

We approximate the PSD as one convex hull whose boundary is extracted from

PSD-95 experimental data, shown in Fig. 5.1. AMPARs are distributed on the PSD

and in a bigger domain (circle R) surrounding the PSD. The circle radius is 400

nm. The PSD area measured from PALM ranged from 0.02´0.53µm2 (MacGillavry

et al., 2013). The density of PSD-95 inside PSD is kept to about 3ˆ 103{µm2 (Chen

et al., 2011). PSD-95 acts as obstacles to receptor diffusion. To make a more realistic

synapse, some adhesion molecules, NMDA-Receptor and other immobile proteins are

also added to the system, shown in Fig. 5.2. Inside PSD, the positions of adhesion

molecules and NMDARs are randomly generated and uniformly distributed inside

PSD. All particles are considered to have sizes and we take PSD-95 radius as 2.5nm,

adhesion molecules’ radius as 3nm, 5nm, 8nm, NMDARs as 8nm.

5.1.2 Simulation of receptors diffusion and binding

At the PSD, surface diffusion AMPARs are allowed to bind reversibly. Although the

PSD is a complex network of scaffold proteins, we pooled these interactions into two

first-order kinetic rates, kon and koff, (see Fig.5.4(a)). We try different values of kon

and koff to fit experimental FRAP recovery curves such that we can choose the best

ones that fits experimental data well. Given that scaffold molecules at synapse are in
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Figure 5.1: Experimental measurement of PSD95 distribution. The color is based
on local density. Scale bar is based on the number of neighbors within close distance.

Figure 5.2: A realistic PSD representation. The blue dots are PSD95 from exper-
iment. The red dots are receptors which can diffuse. Pink dots represent adhesion
molecules of PSD of three different sizes, 3nm, 5nm, 8nm. Black dots represent
NMDA receptors. Cyan dots represent other immobile proteins on the surface.

excess compared with AMPARs (Jaskolski et al., 2009), we kept kon constant. The

dissociation rate koff was taken as the inverse of the mean dwell time of AMPARs

within postsynapses. Receptors can move by free diffusion and can be reflected back

when they hitting the outside boundary circle R (computer algorithm is in Table

5.2).

For FRAP simulation, there is a probability kflip to reset photo-bleached receptors

when they hit the boundary circle R. We consider two size effects of AMPARs of

67



(a)

(b) (c)

Figure 5.3: Schematic diagram of the model definition. (a) Sketch of an exci-
tatory synapse consisting of PSD-95 (blue), AMPAR (red point),NMDAR (black),
Adhesion molecules (light pink). The PSD is represented by a convex hull and the
synapse is surrounded by a larger area, which gives the reflecting boundary condition.
AMPARs diffuse within PSD, where they can bind to PSD-95 or collide with other
proteins, or they can do free diffusion in the extra-synaptic regions. The trajectory
of an AMPAR as illustrated by red line. (b) Schematic diagram of the model with
kinetic parameters. These parameters include kon (AMPAR/scaffold binding rate),
koff (AMPAR/scaffold dissociation rate). (c) An example of simulated trajectory of
AMPARs with size r=5nm in 2s with kon=0.1s´1.

68



5nm and 8nm. AMPARs can do simple random walk but when they are close enough

to PSD-95, they have a probability kon to bind to them and koff to dissociate from

them afterwards. Altogether, this model accounts for:

1. Binding to scaffolding molecules.

2. Dissociation from scaffolding molecules.

3. Collision with obstacles when diffusion.

4. Free diffusion outside PSD.

Classically, AMPAR can be in one of four states, free diffusion, collision with other

obstacles, collision with PSD-95 and binding and dissociation from PSD-95. Fig.5.3(c)

shows a simulated trajectory of 2s of AMPARs. Simulations mimicked qualitatively

well extra synaptic diffusion and escape from PSD.

5.1.3 Simulation parameters

Table 5.1: Simulation parameters.

PSD-95 radius size 2.5 nm
NMDAR radius size 8 nm
Adhesion molecular radius size 3, 5, 8 nm
Diameter of PSD 140´ 400 nm
AMPARs within PSD 100
AMPAR diffusion constant 0.2µm2{s
Time step size ∆t 2ˆ 10´6s

AMPA-Receptors are placed in two ares: within PSD and extrasynapses. In the

extra-synaptic area, we use reflecting boundary condition, which means the AMPAR

is reflected at the outer boundary of extrasynapse. The AMPAR diffusion coefficient

outside synapses Dout was chosen to be in the range of 0.2µm2{s, based on SPT data
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(Lu et al., 2007). AMPAR trajectories were simulated by Brownian dynamics and

Monte Carlo simulations with a discretization time step of 2µs.

The initial positions of AMPAR are uniformly distributed and they are not con-

sidered to be linked to the PSD-95 initially. At each time step, a trial position px, yq

coordinates of the AMPAR position were incremented by the distances p∆x,∆yq.

But whether a receptor can move to the new position depends on several rules; one

is whether it can bind to nearby PSD-95 or it collides with nearby immobile obsta-

cles. Once they bind to PSD-95, they will stop lateral diffusion and can do rotational

diffusion which determines their later dissociation position. Binding receptors also

have probability koff to dissociate from PSD-95. After dissociation, they can continue

free random walk inside PSD. If receptors move out of PSD, they do freely random

walking (detailed algorithm shown in Table 5.2).

5.2 AMPAR dynamics at synapses compared with FRAP

The simulated fluorescence recovery curves are fitted to experimental data with two

different AMPAR sizes, 5 nm and 8nm. The mean square displacement (MSD) was

fitted by linear regression (by the function 2dt, where d is the dimension) to yield a

global diffusion coefficient, eq. 5.1.

D “ lim
tÑ8

1

2dt

d
ÿ

i“1

rxiptq ´ xip0qs2 (5.1)

The cumulative distribution of diffusion coefficients was shifted to the right as dis-

sociation rate increases (Fig.5.4). Overall the diffusion coefficient increased as dis-

sociation rate koff increased while increasing kon to enhance AMPAR trapping at

post-synapses had the opposite effect, thus leading to several combinations that can

equally fit SPT data.
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	  Initial	  parameters:	  
D0,	  rrecetpor,	  rpsd95,	  radhersion,	  rNMDAR,	  
kon,	  koff,	  Δt,	  	  (xpsd-‐95,	  ypsd-‐95),	  Time	  

Initial	  conditions	  
t=0,	  (x,y)=x0,	  y0	  

While	  t<Time	  

Generate	  trial	  displacement	  

	  

	  

Move	  

	  

	   	  

No	  Move	  

If	  not	  
to	  
Bind	  

Choose	  1	  
Randomly	  

Move	  

Generate	  trial	  rotation	  Generate	  trial	  dissociation	  

	  

If	  to	  
Dissociate	  

If	  no	  
Collision	  

If	  no	  
Collision	  

No	  Move	  

	   Collide	  w/	  
multiple	  
PSD-‐95	  

Collide	  w/	  
one	  

PSD-‐95	  

Collide	  w/	  
Receptor(s)	  

True	   True	  

True	  

True	  

True	  

False	  

False	  

False:	  Collide	  w/	  others	  

False:	  not	  to	  dissociate	  False:	  was	  bind	  If	  not	  
Binded	  

Table 5.2: Flow chart depicting diffusion and binding algorithm. The initial positions
of receptors are uniformly distributed. At each time step, a trial position is generated
based on brownian motion. Whether the trial position can be accepted depends on
several rules, binding, dissociation or collision with other obstacles.
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To refine the valuation of kinetic parameters, we compared model predictions

to FRAP experiments on real synaptic glutamate receptors and transmembrane

molecule with the stargazin tail attached (smaller size) so that it can combined

to PSD-95. The simulated FRAP using the parameter set kon = 5 s-1 and koff = 1

s-1 matched the two experimental data for different receptor sizes (Fig. 5.5). The

smaller receptors (SEP-TM-Stg as in the figure) recover quicker and to a larger ex-

tent than larger receptors (Glutamate receptors as in the figure). The only thing we
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Figure 5.4: Comparing global AMPAR diffusion in simulations with different dis-
sociation rates koff. (a) Typical MSD function vs. time for simulated trajectories
for different dissociation rate koff (b) Cumulative distribution of diffusion coefficients
obtained from 8000 simulated trajectories for different koff.
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changed when fitting the data is the receptor size but not the receptor-PSD dissoci-

ation rate koff (kept at 1/sec). The steady state density of receptors inside PSD is

2-3X compared to the immediate extra-synaptic space.

Fig. 5.6(b) and 5.6(a) show FRAP curves of different dissociation rate koff and

there is only small variations for FRAP curves by changing koff. However, changing

the size of receptors does make things change a lot.

Figure 5.5: Comparison of the model with FRAP experiment. Simulated recovery
curves plotted against experimental FRAP data obtained for SEP-GluA2 and SEP-
TM-Stg (black and red dots, respectively). The pink curve represents recovery for
small receptors of size 5nm with kon “ 1s´1. The blue curve is for large receptors of
size 8nm with kon “ 1s´1. The right shows PSD configurations with two different-size
AMPARs, 5 nm and 8 nm .

We also compared simulated recovery curves generated using different probability

kflip to reset photo-bleached receptors back to fluorescence when they hit the outside

boundary, where kflip has 100-fold change (0.1/s - 10/s). Fig. 5.6(c) and 5.6(c) show

that kflip leads to a small change in the measured quantities while about 50% change

in receptor size (5 nm to 8 nm) leads to a large change in these quantities. Overall,

different combinations of koff and kflip could alter the experimental data fit, however,
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changing these parameters has only small effects in the model. The size variation

plays an important role in explaining FRAP experiments for both artificial small

proteins and synaptic glutamate receptors.

5.2.1 Synapse-synapse variability for simulating FRAP

To investigate how much synapse to synapse variability contributes to the fluores-

cence recovery rate, we do a large scale simulation over 15 PSDs. For different PSDs,

the initial densities of AMPA receptors inside and outside PSD are kept the same

while the numbers of NMDA receptors and Adhesion molecules are weakly related to

PSD area based on (Racca et al., 2000; Nusser et al., 1998). Parameters kflip and koff

are the same as simulations fitting above. Fig. 5.7 shows that there are not much

variabilities across difference synapses. The effect of synapse-synapse variability is

less than chaining the size of receptors.

5.3 Receptor-scaffold Binding Effect at Synapses

To mimic the effect of AMPAR/scaffold interactions, we set kon to zero after steady

state is achieved. Fig. 5.8 shows about 25% reduction in synaptic AMPAR level,

which is similar to (Opazo et al., 2012b). A larger number reduction is caused for

small-size receptor. Blocking PDZ interactions do not empty out the PSD.

The experimental SPT trajectories and CDF of diffusion coefficients after block-

ing the AMPAR/scaffold binding is shown in Fig. 5.9. After blocking the interac-

tions domain, the diffusion process is being fasten compared to binding case (the

CDF curve shifts to the right). Simulated curves are obtained after setting kon to

zero after steady state is reached (Fig.5.10). In binding case, a large portion of re-

ceptors are trapped inside PSD within 2s (Fig.5.10(b)) compared to no binding case

(Fig.5.10(a)). The cumulative distribution curve of D (diffusion coefficient) of no

binding case shifts to the right compared to binding case. The mobility of receptors

74



is being fasten after turing off the binding effect.

5.4 Comparing Partial Photobleach with Full Photobleach

An important consideration is whether receptors ca move freely within the confines

of the synapse or remain immobilized. By photobleaching receptors in synapses

subdomains (Kerr and Blanpied, 2012), it has been shown that most AMPARs do

not freely diffuse within the synapse.

When compared recovery in synapses that were entirely photo bleached to those

in which only a subdomain (approximately half) was bleached, the approach refer

to as partial synapse photobleaching Fig.5.11(a). The experiment curve shows that

following partial synapses photobleaching recovery was no different after 10 s than

in fully bleached synapse Fig.5.11(b).It indicates that most synaptic AMPARs were

not free to diffuse across the PSD but rather were restricted to subdomains.

To mimic the experimental results using our model, we do partial photo-bleaching

in our simulation. Fig.5.11(c) gives full bleach recovery curve and half bleach recov-

ery curve for two different sizes of molecules. The smaller size molecule is corre-

sponding to the artificial transmembrane molecules (SEP-TM-Stg) while larger-size

proteins are the synaptic glutamate receptors (the same as used in the experiment

Fig.5.11(b).) The simulation results show that the partial synapse recovery curve is

similar to fully bleached recovery curve for bigger molecules, indicating that diffusion

within PSD is restricted. For smaller molecules, recovery is slightly different but not

large than 10% for up to 40 seconds.

75



0 25 50 75 100 125
0

0.25

0.5

0.75

1

Time (sec)

fr
a

c
ti

o
n

r=8nm

 

 

k
off

=0.1/s

k
off

=1/s

k
off

=5/s

k
off

=10/s

SEP−GluA2

(a)

0 25 50 75 100 125
0

0.25

0.5

0.75

1

Time (sec)

fr
a

c
ti

o
n

 

 

r=5nm

k
off

=0.1/s

k
off

=1/s

k
off

=5/s

k
off

=10/s

SEP−TM−Stg

(b)

0 25 50 75 100 125
0

0.25

0.5

0.75

1

Time (sec)

fr
a
c
ti

o
n

 

 

r=8nm

k
flip

=10/s

k
flip

=1/s

k
flip

=0.5/s

k
flip

=0.1/s

SEP−GluA2

(c)

0 25 50 75 100 125
0

0.25

0.5

0.75

1

Time (sec)

fr
a

c
ti

o
n

 

 

r=5nm

k
flip

=10/s

k
flip

=1/s

k
flip

=0.5/s

k
flip

=0.1/s

SEP−TM−Stg

(d)

Figure 5.6: Comparing model parameters in simulations with FRAP data. (a)
Simulated recovery curves generated using different koff and same radius 8 nm plot-
ted against experimental FRAP data obtained from synaptic Glutamate receptors.
(b) Simulated recovery curves generated using different koff and same radius 5 nm
plotted against experimental FRAP data obtained from SEP-TM-Stg molecules. koff

variations impose small effects on recovery curves while changing size matters a lot.
(c) (d) Simulated recovery curves for different probability kflip and same radius 8 nm
and 5nm.
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Figure 5.7: Synapse-synapse variability for fluorescence recovery after photobleach-
ing. Recovery curves of 11 PSDs are plotted along with experimental data (dots).
Pan-synapse measurements do not give a large variability, but changing receptor size
make recovery rate change a lot.
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Figure 5.8: Reduction of receptor numbers after blocking AMPAR/scaffold bind-
ing. kon was set to zero at steady state is reached, resulting in AMPAR loss from
the synapse.Different receptor size causes different reduction rate.
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Figure 5.9: Comparison of SPT experiments with binding and after blocking bind-
ing. (left) AMPAR trajectories are shown for blue curves. (left top) after blocking
AMPAR/scaffold binding domain. (left bottom) with binding. (right) Cumula-
tive distribution of diffusion coefficients in two cases, binding(light blue curve) and
no binding (blue curve). The curve for diffusion with binding is shift to the left,
representing that binding reduce the receptor moblitiy (Tuo Peter Li, Thomas A.
Blanpied, manuscript in process).
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Figure 5.10: Comparison of the model to SPT experiments. (a) (b) Simulated
trajectories (20s). The scaffold molecules (blue dots) and NMDARs, other adhesion
molecules (black and pink dots) are immobile and AMPARs can bind to scaffold
proteins. In the no-binding case, AMPARs can quickly escape from PSD while a
large portion are trapped inside PSD in binding case within 2s. (c) Simulation results
of cumulative distribution of diffusion coefficients for two cases for 5nm receptors.
After turning off the binding, the CDF of D shifts to the right and the mobility is
quicker than normal binding case.
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Figure 5.11: Fluorescence recovery after full or partial synapse photobleaching.
(a) Experimental design for comparing partial and full synapse photobleaching to
measure AMPAR intrasynaptic mobility. Fully photo bleached synapse (top) will
only recover fluorescent receptors via exchange of extra synaptic receptors. Partially
photobleached synapse (bottom) have an additional unbleached population of re-
ceptors that will speed recovery in the bleached subregion if they are mobile. (b)
Example synapses expressing SEP-GluA1 and PSD-95-mCh where all or part of the
synaptic SEP-GluA1 was photobleached. Brackets represent the region targeted for
photobleaching just before t=0. Scale bar, 1 µm. (c) Simulation results for full and
partial photobleaching of size 5nm and 8nm.
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6

Conclusions and Perspectives

6.1 Conclusions

In this work, I present computational models for receptor trafficking and molecular

interactions within PSD. These models can be directly combined with experimental

data and used to test factors that resulting receptor concentration within PSD. With

explicit consideration the synaptic geometry and include scaffold positioning data in

my models, the simulation results give good fits for both single particle tracking

and fluorescence recovery after photobleaching measurements. Another key aspect

of this work is to expand the conceptual model by integrating key aspects of PSD

organization derived from experimental data and drive testable predictions.

Specifically, I summarize the main sources of how the PSD governs the concen-

tration of receptors which contribute to synapse strength: 1) synaptic geometry,

2) crowded environment in synapse, 3) receptor-scaffold binding. In this work, I

proposed

We have analyzed the projected diffusion coefficient on 1D and random surface

by applying the Langevin equation numerically. This method incorporates curvature
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and gradient effects that hinder the diffusion of the particle as observed in the labo-

ratory frame of reference. We find that the simulation data can be best described by

the area-scaling result. Using the Langevin equation simulation method, we also sim-

ulated fluorescence recovery curve on periodic surface and we find the curve is closer

to a power law rather than an exponential approach to diffusion equilibrium. This

work is important for understanding observations that cannot be explained by clas-

sical membrane model and know how protein actually diffuse on plasma membrane

surface.

To test the effect of synaptic crowding and receptor-scaffold binding on receptor

mobility and enrichment, we developed a computational model for AMPA-receptor

diffusion in the synaptic and extrasynaptic space, which contains immobile obstacles,

representing scaffolding, receptor and adhesion molecules in the PSD. The model

predicts the recovery curves are influenced mostly by size changes while variation of

kinetic rates did not significantly alter receptor residence time or mobility.

In order to verify model predictions, we collaborated with people of lab who

used single-molecule tracking and bulk imaging techniques such as fluorescence re-

covery after photobleaching to quantify the diffusion dynamics of AMPARs and a set

of uniquely designed transmembrane (TM) proteins that mimic receptors on living

synapses. We found that adding a single synaptic binding motif to a small TM pro-

tein slows its diffusion within the synapse, which is consistent with the experimental

results.

We also examined the effect of acutely increasing the protein bulk of the TM

intracellular domain on its diffusion and exchange within dendritic spines. These

results suggest that both protein size and binding play important roles in retaining

surface-diffusing TM proteins within the excitatory synapse and could be the bio-

physical foundation of the high information that lead to high density of AMPARs at

synapses.
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6.2 Perspectives

Synaptic steric hindrance has the potential to be a major determinant of receptor

retention, but this has yet to be further experimentally tested in a systematic fashion.

We want to understand whether biochemical binding alone or steric hindrance alone

sufficient to slow the diffusion. In Chapter. 5, we study the effects of receptor size

variation and scaffold/receptor binding.

We also evaluated simulated fluorescence recovery in synapses that were entirely

photobleached and in which only a subdomain (approximately half) was bleached.

The modeling shows that for synaptic AMPA receptors the recoveries were simi-

lar following partial and full photobleaching. Photobleaching of synapse subregions

demonstrated that most synaptic AMPA receptors were not free to diffuse across the

PSD and intra-synaptic mobility of synaptic AMPA receptors is minimal. However,

recovery for transmembrane protein with smaller size does show a small difference

and these can be further tested experimentally by employing single molecule tracking

and bulk imaging techniques such as fluorescence recovery after photobleaching on

uniquely designed protein receptor-mimicking probes.
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Appendix A

Brownian Motion and Diffusion Theory

Diffusion is the net movement of a substance from a region of high concentration to

a region of a low concentration. A gradient is the change in the value of a quantity

(e.g., concentration, pressure, temperature) with the change in another variable (e.g,

distance). The concept of diffusion is widely used in physics, biology, chemistry and

so on.

A.1 Diffusion: Microscopic Theory

Diffusion is the random migration of molecules or small particles arising from motions

due to thermal energy. A particle of mass m and velocity vx on the x axis has a kinetic

energy mv2
x{2. The quantity fluctuates, but on average xmv2

xy “ kT {2, where k is

Boltzmann constant and T is the temperature. From this relationship we compute

the mean-square velocity, xv2
xy “ kT {m. We can use the relationship to estimate the

instantaneous velocity of a small particle.
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A.1.1 One-dimensional random walk

Consider the motion of particles along one axis only, say the x axis, as shown in

Fig. A.1. The particle starts at the origin x “ 0 and random walk according to the

following rule:

1. Each particle go to the left or the right side every τ seconds, moving at velocity

˘vx, so the distance δ “ ˘vxτ . We treat τ and δ as constants.

2. The probability to go to the left is 1{2 and probability to the right is also 1{2.

The increment of steps are statistically independent.

3. There is no interaction between each other. Each particle moves independently

of all the other particles.

Figure A.1: One-dimensional random walk. It starts at the origin, 0, and move in
steps of length δ, occupying positions 0,˘δ,˘2δ.....

Based on these rules, the position of a particle after the nth step differs from its

position after the (n-1)th step is:

xipnq “ xipn´ 1q ˘ δ. (A.1)

The mean square displacement of the particles after the nth step can be found by

summing over the particle positions and dividing by the total number of particles,
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N:

xxpnqy “
1

N

N
ÿ

i“1

xipnq (A.2)

“
1

N

N
ÿ

i“1

rxipn´ 1q ˘ δs (A.3)

“
1

N

N
ÿ

i“1

xipn´ 1q (A.4)

“ xxpn´ 1qy (A.5)

This tells us that the mean position of the particles does not change as time goes on.

The particles go nowhere on average.

To find their mean square displacement, we express xipnq in terms of xipn´ 1q,

x2
i pnq “ x2

i pn´ 1q ˘ 2δxipn´ 1q ` δ2 (A.6)

Then the mean of square displacements is,

xx2
pnqy “

1

N

N
ÿ

i“1

x2
i pnq (A.7)

“
1

N

N
ÿ

i“1

rx2
i pn´ 1q ˘ 2δxipn´ 1q ` δ2

s (A.8)

“ xx2
pn´ 1qy ` δ2 (A.9)

Thus, xx2p1qy “ δ2, x2p2qy “ 2δ2, ..., x2pnqy “ nδ2. The mean square displacement

increases with the step number n, i.e. the mean square displacement is proportional

to time t.

xx2
ptqy “ nδ2

“ t{τδ2. (A.10)

If we define the diffusion coefficient, D “ δ2{2τ , the above equation becomes

xx2
y “ 2Dt. (A.11)
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The diffusion coefficient describes the migration of particles at a given medium and in

a given temperature. In general, it depends on the size of the particle, the structure

of the medium, and the absolute temperature.

A.1.2 Two-and three-dimensional random walks

In two dimensions, the square of the distance from the origin is r2 “ x2`y2. Therefore

xr2
y “ 4Dt (A.12)

In three dimensions, the square distance is r2 “ x2 ` y2 ` z2, and

xr2
y “ 6Dt (A.13)

The rule A.11 is still followed by each dimension. The validity of Eq. A.12, A.13

for solute diffusion in fluid phases has been demonstrated many times over the past

100 years (Haw, 2002). Fig. A.2 shows random walk in two dimensions with two

million steps. In each step, there is an equal probability of going to any point in the

grid centered on its present position. The particle tends to explore a given region of

space rather thoroughly.

A.1.3 Einstein-Smoluchowski theory of the Brownian motion

The term ”Brownian motion” derives its name from the the botanist Robert Brown

who in 1827 made careful observations on the pollen grains in water through a

microscope. He noted that the particles move through the water but was not able

to determine the mechanisms that caused this motion. It was Einstein (Hornyak

et al., 2009) who first provided a sound theoretical analysis of the Brownian motion

on the basis of the so called random walk problem and theoretically established the

relationship between this phenomenon and the mechanism of molecular fluctuations.

A particle at absolute temperature T has an average kinetic energy with movement

of kT {2, where k is Boltzmann’s constant. Einstein (Einstein, 1956) showed in 1905
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Figure A.2: Random walk in two dimensions. An x,y plot of a two-dimensional
random walk with two million steps. In each step, there is an equal probability of
going into any point in the 3x3 grid centered on its present position.

that this is true regardless of the size of the particle, even for particles large enough

to be seen under a microscope, i.e, particles that exhibit Brownian movement. For

a spherical particle of radius r, in a medium of viscosity η, the diffusion coefficient

(Stokes- Einstein’s relation) is

D “
kBT

6πηr
, (A.14)

The more general form of the equation is

D “ µkBT (A.15)

where µ is the ”mobility”, or the ratio of the particle’s terminal drift velocity to an

applied force, µ “ vd{F .

A.1.4 Diffusion in membranes

Proteins, whether soluble or embedded in membranes, move passively owing to dif-

fusion. They are pushed in different directions due to the thermal agitation of sur-
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rounding molecules.They continuously change both direction and speed. At molec-

ular scale, it is the viscous force which dominates movements. Mass and inertia can

be neglected. The diffusion process can be viewed as thermally driven random walks

with equal probability to move in any direction.

We can predict the probability that receptors will be at a given position at certain

time. The average number or concentration obeys the Fick’s law mentioned later.

In two diminutional space, the mean square displacement (MSD) is proportional to

time given by Eq. A.12:

MSD “ 4Dt (A.16)

where D conforms to Einstein’s relation Eq. A.14 for a sphere particle.

Figure A.3: The hydrodynamic model. The protein molecule is regarded as a
cylinder, with axis perpendicular to the plane of the sheet, moving about in the
sheet under the action of Brownian motion. The viscosity µ of the fluid represents
the membrane and the viscosity of the exterior liquid is µ1. It is supposed that
µ1 ! µ. The particle is permitted to move laterally in the x-y plane. (Saffman and
Delbrück, 1975b)

However, membrane proteins diffuse in a two-dimensional space and Einstein’s

relation may not be applied. The diffusion coefficient of a circular object embedded

in a two-dimensional fluid diverges. In a real lipid membrane, the diffusion coefficient

may be affected by the finite size of the membrane, the mass of the membrane and

the effect of the outer liquid. But membrane viscosity and protein size are still
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the important parameters to describe the diffusion coefficient. In Saffman’s model

(Saffman and Delbrück, 1975b), a cylindrical particle embedded in a lipid bilayer

membrane bounded by aqueous phases on both sides. The protein is viewed as a

cylinder of radius R and height h, embedded in a viscous lipid layer of thickness h

and viscosity µ, with both surfaces in contact with a less viscous phase with viscosity

µ1 (Fig.A.3), the lateral diffusion coefficient of the cylindrical particle in the layer is:

D “
kBT

4πµh
plog

µh

µ1R
´ γq (A.17)

where γ is Euler’s constant (0.5772). This relation shows a weak dependence of

diffusion coefficient on particle size, which has been experimentally shown (Kucik

et al., 1999). This also explains why clusters of receptors can diffuse at the same

rate as individual receptors.

Anomalous diffusion

A central assumption in describing normal solute diffusion is that the solute diffuses

in a continuous hydrodynamic fluid. Clearly, this assumption may not be applied

to most biological systems since cell cytoplasm contains many different solutes with

a large distribution of sizes (Luby-Phelps, 1999). This implies that diffusion of any

one type of solute in the cytoplasm would not occur in a hydrodynamic fluid. We

define solute diffusion that cannot be described by Einstein’s equations for Brownian

motion (Eq. A.13 A.14) as anomalous diffusion (Bouchaud and Georges, 1990). The

non-Brownian behavior is usually described by the equation:

xr2
y “ 6Dtα. (A.18)

If α ă 1, the diffusion is called anomalous sub diffusion, and if α ą 1, the diffusion

is called anomalous superdiffusion Fig.1.12.
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Crowding is the reduction of the available solvent volume by a crowder (volume

exclusion). The consequence of volume exclusion is that the effective solute concen-

tration increases thereby increasing the chemical potential of the solute. In terms

of diffusion, the crowder provides barriers to solute movement. Even if a particle

undergoes normal diffusion, the MSDs may not be linear with time for all time and

distances (Berne and Pecora, 2000).

Anomalous diffusion in membranes

The conventional models consider the lipid bilayer as a continuum fluid (Singer et al.,

1972). In the fluid mosaic model, the membrane is considered as a two-dimensional

solution of integral membrane proteins embedded in a viscous phospholipid bilayer

solvent. The integral membrane proteins undergo free diffusion within the membrane.

However, diffusion of lipids and proteins in plasma membrane of cells can show

anomalous diffusion as well as normal diffusion. The measured diffusion properties

in the plasma membrane experimentally may relate to the timescales over which the

measurements are made (Kusumi et al., 2005a). The finding of anomalous diffusion

lead to an updated model (Vereb et al., 2003) to fluid mosaic model, in which clusters

of proteins or lipids contribute to biological function. The updated model views the

plasma membrane as a dynamic mosaic composed of clumps consisting of lipids,

proteins, and lipids/protein complexes.These clumps are dynamic, rearranging often

in response to the biological needs of the cell.

A.2 Diffusion: Macroscopic Theory

A.2.1 Fick’s equations

Suppose we know the number of particles Npx, tq at each point along the x axis at

time t. Consider a collection of particles conforming a random walk in one dimension

with length scale δ and time scale τ , as shown in Fig. A.4. At a given time step,
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half of the particles would move left and half would move right. Since half of the

particles at point x move right and half of the particles at points x` δ move left, the

net number crossing to the right will be

´
1

2
rNpx` δq ´Npxqs. (A.19)

Figure A.4: Net flux along the x axis at time t. At time t, there are Npxq particles
at position x, Npx ` δq particles at position x ` δ. At time t ` τ , half of each set
will have stepped to the right and half to the left.

To obtain the net flux, we divide by the area normal to the x axis,and by the

time interval, τ

Jx “ ´
1

2
rNpx` δq ´Npxqs{Aτ. (A.20)

Multiplying the top and bottom of the righthand side by δ2 and rewriting, we obtain

Jx “ ´
δ2

2τ

1

δ
r
Npx` δq

Aδ
´
Npxq

Aδ
s. (A.21)

We note that concentration Cpxq is defined as Npxq{Aδ. Therefore,

Jx “ ´D
1

δ
rCpx` δq ´ cpxqs. (A.22)

In the limit where δ is infinitesimal, the righthand side becomes a space derivative:

Jx “ ´D
BC

Bx
(A.23)
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This is Fick’s first equation (Crank, 1979). It states that the net flux is proportional

to the slope of the concentration function; the constant of proportionality is ´D.

A.2.2 Diffusion equation

We denote the number density of the brownian particles in the fluid by the symbol

npr, tq and their current density by jpr, tqt“ npr, tqvpr, tqu. According to Fick’s law:

the diffusion flux is proportional to the negative of the concentration gradient:

jpr, tq “ ´D∇npr, tq, (A.24)

We also have the equation of continuity,

∇ ¨ jpr, tq ` Bnpr, tq
Bt

“ 0. (A.25)

Combining these two equations, the corresponding diffusion equation is

∇2npr, tq ´
1

D

Bnpr, tq

Bt
“ 0. (A.26)

Of the various possible solutions of this equation,assuming that all the particles

start from the origin at the initial time t=0, the diffusion equation has the solution

npr, tq “
N

p4πDtq3{2
expp´

r2

4Dt
q. (A.27)

which is spherically symmetric solution and is already normalized:

ż 8

0

npr, tq4πr2dr “ N. (A.28)

N being the total number of particles immersed in the fluid. The concentration is

shown in Fig. A.5. The distribution begins as a Dirac delta function, indicating that

all the particles are originally located at the origin at time t=0. For increasing time,
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Figure A.5: Concentration curves of the diffusion of the Brownian particles. All
particles are located at the origin at time t=0, for increasing time, they concentration
curves become flatter until they reach uniform distribution in asymptotic time limit.

the density function relaxes until the distribution becomes uniform in the asymptotic

time limit.

The average of various physical quantities will be in the nature of ensemble aver-

ages. By the virtue of the distribution Eq. A.27, the first moment is seen to vanish,

meaning that Brownian particle is equally likely to move to the left as it it move to

the right. The second moment is being given by

xrptqy “ 0; (A.29)

xr2ptqy “
1

N

ż 8

0

npr, tq4πr4dr “ 6Dt. (A.30)

A.3 the Langevin Theory of the Brownian Motion

Consider a Brownian particle which is surrounded by a fluid environment of much

smaller particles. The radius of the Brownian particle is typically 10´9m ă a ă

5x10´7m. The agitated motion of the large particle is much slower than that of the
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atoms and is the result of random and rapid collisions due to density fluctuations in

the fluid. In classical mechanics, the particle is assumed to be free if it is not acted

upon by any other force except the one arising from the molecular bombardment.

Newtons equation of motion for the particle

m
dv

dt
“ F ptq (A.31)

where F ptq is the total force acting on the particle at time t and m is the particle

mass. Langevin suggested that the force F ptq is written as two parts: one is an

averaged part which represents the viscous drag, ´λv (viscous force proportional

to the particle’s velocity); another part is fluctuation ηptq representing the effect of

the collisions with the molecules of the fluid, whose long-time average is zero. The

equation becomes,

m
dv

dt
“ ´λv ` ηptq. (A.32)

This is the Langevin equation of motion for a Brownian particle. The force ηptq has

a Gaussian probability distribution with correlation function

xηiptqηjpt
1
qy “ 2λkBTδi,jδpt´ t

1
q, (A.33)

The delta function in time indicates that there is no correlation between impacts in

any distinct time intervals dt1 and dt2. This loss of correlation is a consequence of

the separation of time scales discussed above. During a short time interval dt on

scale τB “ 10´3s, say dt=10´5 s, there are still roughly dt{τs « 107 collisions with

the atoms in the liquid. Therefore any memory between forces at different times will

be lost due to these frequent collisions.

The random force ηptq is a stochastic variable giving the effect of the background

noise due to the fluid on the Brownian particle. Taking the ensemble average of Eq.
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A.32, we obtain

d

dt
xvy “ ´

λ

m
xvy, (A.34)

which has the familiar solution

xvptqy “ vp0qe´t{τB , τB “
m

λ
(A.35)

According to this, the mean drift velocity of the Brownian particle is predicted to

decay to the ultimate value zero at a rate determined by the relaxation time τB.

This result is typical of the phenomena governed by dissipative properties such as

the viscosity of the fluid.

To construct the scalar product of A.32, we make use of the facts that r ¨ v “

1
2
pdr2{dtq and r ¨ pdv{dtq “ 1

2
pd2r2{dt2q ´ v2. We obtain

d2

dt2
xr2
y `

λ

m

d

dt
xr2
y “ 2xv2

y. (A.36)

If the Brownian particle has already attained thermal equilibrium with the molecules

of the fluid, then the quantity xv2y in this equation may be replaced by its equipar-

tition value 3kT {m. The equation is then readily integrated, with the result

xr2
y “

6kTτ 2

m
t
t

τ
´ p1´ et{τ qu, (A.37)

where τ “ m{λ, the constants of integration have been chosen so that at t “ 0 both

xr2y and its first time-derivative vanish. For t ! τ ,

xr2
y »

3kT

m
t2 “ xv2

yt2, (A.38)

which is consistent with the reversible equations of motion which is r “ vt. On the

other hand, for t " τ ,

xr2
y »

6kTτ

m
t “ p6kT {λqt, (A.39)
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which is essentially the same as the Einstein-Smoluchowski result A.14; The ultimate

source of the viscosity of the medium as well as of diffusion lies in the random,

fluctuating forces arising from the incessant motion of the fluid molecules.

A.4 the Fokker-Planck Equation

The Fokker-Planck equation is a partial differential equation that describes the time

evolution of the probability density function of the velocity of a particle under the

influence of drag forces and random forces, as in Brownian motion. Consider the

displacement xptq of the given set of particles along the x-axis. At any time t, let

fpt, xqdx be the probability that an arbitrary particle in the ensemble may have a

displacement between x and x` dx. The normalization of fpt, xq gives

ż 8

´8

fpx, tqdx “ 1. (A.40)

Then the Master Equation is:

Bfpx, tq

Bt
“

ż 8

´8

r´fpx, tqW px, x1q ` fpx1, tqW px1, xqsdx1, (A.41)

where W px, x1qdx1δt is the transition probability from state x1 to state x1 ` dx1 in a

short interval of time δt. The first part of the integral represents the transitions from

the state x to all other positions, which causes a net loss to the function fpx, tq; The

second part of the integral corresponds to all other transitions that bring particles

to the state x at time t, which represents a net gain to the function fpx, tq.

By denoting the interval x1´x by ξ and assuming there is only transitions between

closely neighboring x and x1, we can rewrite W px, x1q as W px, ξq and W px1, xq to

W px1,´ξq. We expand the right hand side of A.41 around ξ “ 0 to get

Bfpx, tq

Bt
“ ´

B

Bx
µ1pxqfpx, tq `

1

2

B2

Bx2
rµ2pxqfpx, tqs, (A.42)
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where

µ1pxq “

ż 8

´8

ξW px, ξqdξ (A.43)

and

µ2pxq “

ż 8

´8

ξ2W px, ξqdξ. (A.44)

Equation A.42 is the Fokker-Planck equation.
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Appendix B

Summary of Surface Notation

Surfaces are described by either the parametric form x “ fpu, vq, y “ gpu, vq, and

z “ hpu, vq, which determine a vector ~rpu, vq, or by the implicit form F px, y, zq “ 0.

A simple example of the parametric form is where u and v are equal to x and y

respectively, which is the Monge parameterization of a surface, and the height is

defined as, shown in Fig. B.1

z “ hpx, yq (B.1)

Consider in 3D space, we define

φprq “ z ´ hpx, yq. (B.2)

where r “ px, y, zq. For the surface, the above equation is φprq “ 0 if the implicit

form of the surface is used.

On the surface we defines the two tangent vectors ~ru “ B~r{Bu and ~rv “ B~r{Bv.

The two vectors define a tangent plane. The equation of the plane is given by ~r¨n̂ “ 0,

where n̂ is the normal to the surface. The normal is given by the cross product:

n̂ “
~ru ˆ ~rv
|~ru ˆ ~rv|

. (B.3)
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Figure B.1: A surface above the x, y plane, the z-coordinate of the surface is given
by hpx, yq.

If the implicit form of the surface is used, φpx, y, zq “ 0, one obtains the normal

by realizing that on the surface the total derivative of φ is zero:

dφ “ d~r ¨∇φ “ 0 (B.4)

Since d~r is a vector that is tangent to a certain direction in the surface, the above

equation indicates that ∇φ is orthogonal to this tangent; the normal vector is thus

parallel to ∇φ. The unit normal is thus given by

n̂ “
∇rφ

|∇φ|
(B.5)

and ∇rφ “ p´Bxh,´Byh, 1q, which point to the normal direction to the surface.

B.1 Metric of a surface

Consider a surface defined by ~rpu, vq. The distance in space, ds, between two points

at u and udu and v and v ` dv is given by

pdsq2 “ pd~rq2 “ p~rudu` ~rvdvq
2 (B.6)

We can write this as

pdsq2 “ Epduq2 ` 2Fdudv `Gpdvq2 (B.7)
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where

E “ ~r2
u;F “ ~ru ¨ ~rv;G “ ~r2

v (B.8)

The metric g is defined by

g “ EG´ F 2 (B.9)

g “ p~ru ˆ ~rvq
2 (B.10)

The area dA of parallelogram with sides d~ru and d~rv is given by

dA “ |~ru ˆ ~rv| dudv “
?
gdudv (B.11)

For the Monge gauge we write ~ru “ ~rx “ p1, 0, Bxhq, ~rv “ ~ry “ p0, 1, Byhq, then the

area element

dA “ dxdy
b

1` B2
x ` B

2
y (B.12)

The unit normal is given by

n̂ “
ẑ ´ hxx̂´ hyŷ
a

1` h2
x ` h

2
y

(B.13)

where hx “ Bh{Bx.

Then the surface metric is

g “ |∇rφ|
2
“ 1` pBxhq

2
` pByhq

2 (B.14)

The metric tensor is given

g “

ˆ

1` pBxhq
2 BxhByh

BxhByh 1` pByhq
2

˙

(B.15)

Using the condensed notation xi “ x, y for i “ 1, 2, the metric tensor of the surface

is

gij “ δij ` BihBjh (B.16)

and the inverse tensor

pg´1
qij “ δij ´

BihBjh

g
. (B.17)
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B.2 Surface Curvatures

In general, the normal curvature has a maximum value and a minimum value and

that the corresponding directions are orthogonal. The normal curvature of a curve,

defined by

κ “ ~r2 ¨ n̂ (B.18)

where the prime denotes a derivative with respect to s, i.e. ~r1 “ d~r{ds.

~r2 “ u2~ru ` v
2~rv ` pu

1
q
2~ruu ` pv

1
q
2~rvv ` 2pu1v1q~rvu. (B.19)

Thus, the curvature is

κ “
Ldu2 ` 2Mdudv `Ndv2

Epduq2 ` 2Fdudv `Gpdvq2
(B.20)

where E,F,G is defined in Eq. B.8 and

L “ n̂ ¨ ~ruu;M “ n̂ ¨ ~ruv;N “ n̂ ¨ ~rvv (B.21)

The Gaussian curvature is the product of two principal curvatures of the given

point. The mean curvature H is the average of the principal curvatures. After finding

the extremal values of the curvature κ, κa and κb, we can get the mean curvature,

H “ 1{2pκa ` κbq, and the Gaussian curvature, K “ κaκb, through

H “
EN `GL´ 2FM

2pEG´ F 2q
(B.22)

K “
LN ´M2

EG´ F 2
(B.23)

In the Monge representation, a surface is represented by z “ hpx, yq and ~r “

xx̂ ` yŷ ` hpx, yqẑ. Thus, E “ r2
x “ 1 ` h2

x, G “ 1 ` h2
y, and F “ hxhy. Similarly,
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L “ hxx{
?
g, M “ hxy{

?
g, and N “ hyy{

?
g. The curvatures are thus written:

H “
p1` h2

xqhyy ` p1` h
2
yqhxx ´ 2hxhyhxy

2
b

`

1` h2
x ` h

2
y

˘3
(B.24)

K “
hxxhyy ´ h

2
xy

`

1` h2
x ` h

2
y

˘2 (B.25)

They can be expressed by curvature tensor Kij

Kij “
BiBjh
?
g
“ ´

BiBjφ
?
g

(B.26)

H “
1

2
pg´1

qijKij (B.27)

B.3 Analytical results for one dimensional diffusion on a curve

Define the measured laboratory-frame diffusion coefficient as Dx and the curvilin-

ear diffusion coefficient as Ds, which describes the diffusional motion of the mobile

species in the curvilinear space. In general, the measured Dx relates the mean-

square displacement 〈x2ptq〉 measured in macroscopic self-diffusion experiment, such

as NMR or fluorescence recovery after photobleaching.

Dx “ lim
tÑ8

〈
x2
ptq

〉
{2t. (B.28)

In addition, the relation between Dx and Ds is of interest in the study of diffusion

in biological environments.

Consider a molecular species that diffuses freely along an unbounded, continuous

space curve (Halle and Gustafsson, 1997a). The geometry of a curve can be described

by parameter equation r “ rpsq, where s is the arc length. The orientation of the unit

tangent vector is upsq “ dr{ds. The projection of upsq along the laboratory-fixed x

axis is ξpsq “ upsq ¨ x̂.
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The net displacement xpsq along the x axis related to the arc length s is (Goetz,

1970)

xpsq “

ż s

0

ds1ξps1q, (B.29)

and 〈
x2
psq

〉
“

ż s

0

ds1
ż s

0

ds2 〈ξps1qξps2q〉 (B.30)

where the brackets represent a statistical average over an ensemble and the mean

square displacements need be averaged over a large sample of particles. Assume the

curve is homogenous, i.e. its statistical properties are translationally invariant in the

curvilinear space. Thus,

〈ξps1qξps2q〉 “ 〈ξp0qξps2 ´ s1q〉 , (B.31)

Then Eq. B.30 can be rewritten as

〈
x2
psq

〉
“ 〈ξ〉2 s2

` 2

ż s

0

ds1ps´ s1qgps1q, (B.32)

where gpsq is the spatial orientational correlation function

gpsq “ 〈ξp0qξpsq〉´ 〈ξ〉2 . (B.33)

To get the particle curvilinear self-diffusion coefficient Ds, consider the mean

square displacement after a time t

〈
x2
ptq

〉
“

ż 8

´8

dsfsps, tq
〈
x2
psq

〉
, (B.34)

where fsps, tq is the one-dimensional diffusion propagator

fsps, tq “ p4πDstq
´1{2exp

“

´s2
{p4Dstq

‰

. (B.35)

104



Combining Eq. B.28, B.30, B.32, B.35, we can get

Dx “ lim
tÑ8

〈
x2
ptq

〉
{2t (B.36)

“ lim
tÑ8

ż 8

´8

dsfsps, tq
〈
x2
psq

〉L
2t (B.37)

“ lim
tÑ8

ż 8

´8

dsfsps, tq

„

〈ξ〉2 s2
` 2

ż s

0

ds1ps´ s1qgps1q

N

2t (B.38)

“ lim
tÑ8

ż 8

´8

dsp4πDstq
´1{2exp

“

´s2
{p4Dstq

‰

„

〈ξ〉2 s2
` 2

ż s

0

ds1ps´ s1qgps1q

N

2t

(B.39)

Consider the integrand in Eq. B.34 is an even function of s, the above equation

is simplified as

Dx{Ds “ 〈ξ〉2 ` π´1{2 lim
tÑ8

pDstq
´3{2

ż 8

0

dsˆ exp
“

´s2
{p4Dstq

‰

ż s

0

ds1 ps´ s1q g ps1q .

(B.40)

As long as gpsq decays with s, the integral over s1 in above equation grows more

slowly than s2, which implies that the integral over s grows more slowly than t3{2.

Therefore, the spatial orientational correlations of finite range have no effect on the

macroscopic diffusion behavior. Thus, we can get

Dx{Ds “ 〈ξ〉2 . (B.41)

where the ξ is the projection to x axis of the unit tangent vector. Since the unit

tangent vector of a curve y “ hpxq is given by p1{
?
g, h1x{

?
gq, we can get ξ “ 1{

?
g,

where g “ 1` ph1xq
2.

Thus, the exact one dimensional solution for the projected diffusion coefficient

along an arbitrary periodic curve may be written as

Dx

Ds

“

〈
1
?
g

〉2

. (B.42)
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where brackets denote a contour average as 〈...〉 “
şL

0
dx
?
gp...q{

şL

0
dx
?
g over a single

projected period L. This projected solution leads to Gaussian behavior in the long

time limit with a simple rescaling by the square of the projected length to contour

length ratio.
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