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Abstract

Synthetic biology is an emerging technology field whose goal is to use biology as a sub-

strate for engineering. Self-assembly is one of the many methods for fabricating such

synthetic biosystems. Self-assembly is a process where components spontaneously

arrange themselves into organized aggregates by the selective affinity of substruc-

tures. DNA is an excellent candidate for making synthetic biological systems using

self-assembly because of its modular structure and simple chemistry. This thesis

describes several techniques which use DNA as a nano-construction material and

explores the computational capabilities of DNA self-assembly.

For this dissertation, I set out to build a biomolecular computing device with

several useful properties, including compactness, robustness, high degrees of com-

plexity, flexibility, scalability and easily characterized yields and convergence rates.

However, a unified device that satisfies all these properties is still many years away.

Instead, this thesis presents designs, simulations, and experimental results for several

distinct DNA nano-systems, as well as experimental protocols, each of which satis-

fies a subset of the above-mentioned properties. The hope is that the lessons learned

from building all these biomolecular computational devices would bring us closer to

our ultimate goal and would eventually pave the path for a computing device that

satisfies all the properties. We experimentally demonstrate how we can reduce errors

in tiling assembly using an optimized set of physical parameters. We propose a novel

DNA tile design which enforces directionality of growth, reducing assembly errors.
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We build simulation models to characterize damage in fragile nanostructures under

the impact of various external forces. Furthermore, we investigate reversible com-

putation as a means to provide self-repairability to such damaged structures. We

suggest two modifications of an existing DNA computing device, called Whiplash

PCR machine, which allow it to operate robustly outside of controlled laboratory

conditions and allow it to implement a simple form of inter-device communication.

We present analysis techniques which characterize the yields and time convergence of

self-assembled DNA nanostructures. We also present an experimental demonstration

of a novel DNA nanostructure which is capable of tiling the plane and could prove

to be a way of building 3D DNA assemblies.
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In the chapters that follow, we have introduced a number of abbreviations. Although
we explain what each acronym means the first time it is introduced, the following
list provides a quick reference to all the abbreviations used later in the thesis.

DNA DeoxyriboNucleic Acid.

WC Watson-Crick

ss-DNA single stranded Deoxyribonucleic Acid.

ds-DNA double stranded Deoxyribonucleic Acid.

RNA Ribonucleic Acid.

1D One-dimension.

2D Two-dimensions.

3D Three-dimensions.

DX Double crossover tile.

TX Triple-crossover tile.

4× 4 4-arm branched junction tile, also known as the cross tile.

BC Binary Counter.

ST Sierpinski Triangle.

AFM Atomic Force Microscopy.

TAM Tile Assembly model.

aTAM abstract Tile Assembly Model.

kTAM kinetic Tile Assemble Model.

ATAM Activatable Tile Assembly model.

xxii



aATAM abstract Activatable Tile Assembly Model.

kATAM kinetic Activatable Tile Assemble Model.

DD Double-decker tile.

SEQUIN A Program to Assign Nucleic Acid SEQUences INteractively.

FORTRAN The IBM Mathematical FORmula TRANslating System (a pro-
gramming language).

MC Markov Chain.

rmMC rapidly mixing Markov Chain.

CA Cellular Automaton.

PCA Partitioned Cellular Automaton.

BCA Block Cellular Automaton.

RCA Reversible Cellular Automaton.

FSA Finite State Automaton.

FSM Finite State Machine.

WLC Worm Like Chain Model.

ODE Open Dynamics Engine.

PCR Polymerase Chain Reaction.

WPCR Whiplash Polymerase Chain Reaction.

IR-WPCR Isothermal Reactivating Whiplash Polymerase Chain Reaction.

GUI Graphical User Interface.

PAGE Poly-Acrylamide Gel Electrophoresis.

D-PAGE Denaturing Poly-Acrylamide Gel Electrophoresis.

ND-PAGE Non-Denaturing Poly-Acrylamide Gel Electrophoresis.

TM Turing Machine.

BP Branching Program.

NBP Non-deterministic Branching Program.

xxiii



HPP Hamiltonian Path Problem.

CTMC Continuous Time Markov Chain.

FRET Fluorescence Resonance Energy Transfer.

π-WPCR π Whiplash Polymerase Chain Reaction.

XOR Exclusive OR.

RXOR Reversible Exclusive OR.

xxiv



Acknowledgements

I would like first to thank my advisers, Professor John H. Reif and Professor Thomas

H. LaBean for their constant support and encouragement throughout the last four

years. I truly admire John’s ingenuity as a researcher and I have been greatly in-

fluenced by his infectious energy. When I came to Duke with no laboratory experi-

ence, it was Thom who guided me through all the basics. Both John and Thom’s

far-sighted guidance and extensive knowledge have often helped me make the right

decision in both research and writing as well as overcome many technical difficulties

along the way. I have enjoyed both of their mentorship and availability at all times.

I would like to extend my gratitude towards the other members of my committee,

Professor Bruce Donald and Professor Chris Dwyer for their valuable advice as well

as insightful comments and suggestions. Special thanks to Sudheer Sahu with whom I

coauthored a several papers.I also feel grateful to be part of Duke Computer Science,

a place where academic excellence coexists with an open and friendly environment.

In particular, Diane Riggs deserves special mention for her help with the day to day

details of being a graduate student. I would also like to thank all of my past and

current laboratory mates in the DNA Nanotech group, including Sung Ha Park, who

taught a computer scientist everything from how to hold a pipette to how to image

a DNA lattice on mica with an Atomic Force Microscope, Abhijit Rangnekar with

whom I spent hours trying to analyze and justify completely unexpected experimental

data, Nikhil Gopalkrishnan and Harish Chandran, to whom I tried to pass down the

xxv



lessons I learned in graduate school and most importantly, Hanying Li, who has been

a constant companion through my learning years and beyond. I would also like to

thank all the girls in the ACM-W group in Duke with whom I spent a non-serious

hour every fortnight in The Loop or The Refractory Cafe and get recharged for the

next two weeks.

Special thanks to my parents, brother and in-laws who have shown an extraordi-

nary interest in my research, particularly my mother Sujata ,who has always helped

me remain focused on my career since my school years and my mother-in-law Donna,

who has always eagerly explained the gist of my research to other people. There is

another very special person from whom I received immense emotional support from

day one of graduate school: Joyee Ghosh, who graduated from Duke last year. Fi-

nally, the person without whom I cannot be where I am right now is my husband

Erik Halvorson. Emotional support apart, Erik has done several rounds of paper

proofreading, listened to my practice talks for conferences, helped me with debug-

ging impossible simulation code, take apart confusing papers and entertained me

while I waited in the AFM room for images to show up in the computer screen. The

bottom-line is that he has been a true partner in all these years of joy and hardship,

both in the professional world as well as at the personal front. I dedicate this thesis

to him and my parents.

xxvi



1

Introduction

1.1 Synthetic Biology

Synthetic biology [13] is an emerging technology field whose goal is to use biology

as a substrate for engineering. It uses both synthetic and natural biological com-

ponents, such as DNA and enzymes along with standard biochemistry techniques

for manipulating these components. Synthetic biology uses computational tools and

methodologies for modeling and analyzing the behavior of such systems. The rich-

ness of biology and biochemistry, when aided with these engineering foundations

allow us to face new and critical challenges, such as, production of energy and food,

maintenance and enhancement of human health and the environment. In essence,

synthetic biology is a highly interdisciplinary field that combines knowledge from

various disciplines, including molecular biology, engineering, mathematics, computer

science and physics, to design and build new biological systems that behave in a

predictable, programmable and reliable fashion to address previously unassailable

engineering problems.1

1 Some other goals of synthetic biology include control, metabiology and artificial life.
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1.2 Self-Assembly

Self-assembly is one of the many methods for fabricating such synthetic biosystems.

Self-assembly is a process where small components spontaneously arrange themselves

into organized aggregates by the selective affinity of substructures. Examples in

nature are numerous: atoms self-assemble into molecules, molecules into cells, cells

into tissues, and so on. A self-assembling system comprises of four key components:

particles that self-assemble, a binding force that holds the particles together, a driving

force that drives the assembly process and a medium in which the assembly takes

place. The primary challenges involved in using self-assembly for fabrication are: 1)

to understand how to design or choose the different components of a self-assembling

system such that the desired final system is formed and 2) to predict, given the

components of a self-assembling system, what would be the final shape and size of

the self-assembled structure. The true beauty of self-assembly lies in its simplicity;

once the components of the system are in place, the assembly process is completely

autonomous. Figure 1.1 depicts a cartoon of the self-assembly process.

Self-assembly has been demonstrated in all scales from macro to nano [22, 166],

using a variety of binding forces including chemical [172], magnetic [54], capillary

[158] and many more, in a horde of different kinds of medium that include air [55],

water [121] and other liquids and using many more kinds of driving force beyond just

agitation. George Whitesides’ group in Harvard University has demonstrated several

self-assembling systems using many of the components mentioned above [158, 22, 21,

54, ?].

1.3 DNA Self-Assembly

Given the challenges involved in building a self-assembled synthetic bio-system, DNA

makes an excellent choice for building such structures. In fact, DNA is increasingly
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glue

agitate

self-assembling  unit

self-assembled 
structure

Figure 1.1: The process of self-assembly: the square units (particles) when agitated
by the driving force self-assemble into the structure on the right. Red and black
regions around the squares indicate glue, providing the binding force. The glue-
matching rule is that red matches with red and black matches with black. Hence,
when the individual units are agitated, the correct glues will find each other and
they all assemble into a single unit.

being used by the synthetic biology community as a building block for nanoscale

materials and devices. Its unique and programmable molecular recognition properties

have been used to build nanoscale motors and actuators, biosensors with built-in

information-processing capability, simple pure and parallel special purpose computers

and more [128, 96, 119, 30, 60]. With today’s technology, we have the infrastructure

necessary to synthesize, manipulate and analyze DNA easily and accurately, further

increasing the utility of DNA as a medium for synthetic biology.

1.4 Thesis Contributions

Evidently self-assembly is a powerful technique for constructing nano-scale objects.

However, due to its great complexity, the immense engineering potential of self-

assembly has been inadequately harnessed (Section 1.2). In order to address this
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challenge, my thesis work asks the following question: How can self-assembly be

used to build nanoscale objects and perform robust computation? I approach this

question by studying both the basic mathematical properties of self-assembly and by

designing, simulating and fabricating self-assembled systems using DNA as a nano-

construction material. In particular, for this thesis I set out to build a biomolecular

computing device with several useful properties, including compactness (meaning a

small number of assembly primitives used), robustness (meaning assembly is error-

resilient and self-healing), high degrees of complexity (meaning distinct devices are

capable of computation through communication), flexibility (meaning device can be

used outside controlled laboratory environment), scalability (meaning assembly prim-

itive can be easily programmed to build structures in two as well as three dimensions)

and easily characterized yields and convergence rates.

1.4.1 Specific Research Questions

Despite the fact that computational DNA self-assembly has been shown to be theo-

retically capable of forming complex patterns, experimental demonstrations of these

patterns have been plagued by significant assembly errors. I personally verified this

fact with my first wet laboratory demonstration of a DNA self-assembled binary

counter. Although several redundancy based error-correction techniques exist to ad-

dress this problem, in practice they are quite difficult and expensive to implement.

Hence, my first and foremost question was: Can we build a biomolecular computa-

tional device that is robust to assembly errors simply by using an optimized set of

physical parameters? In other words can we achieve error-resilience in practice with-

out using sophisticated error-correction protocols? My next question was: What is

the gap between theoretical and experimental self-assembly, and how can we reduce

it? In the context of autonomous biomolecular computation, I asked two related

questions. The first one was: Is it possible to build biomolecular machines that can
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be operated outside a controlled laboratory environment? While the second one was:

Can we design biomolecular devices that can simulate other powerful formal systems

of computation such as process algebra, an approach for formally modeling concur-

rent systems. While implementing my DNA based binary counter, I observed that

the nano-structures are very fragile and prone to mechanical damage. Thus, my next

question was: How do we model such damage and consequently design self-healing

computational units made out of DNA? It should also be remembered that DNA-

based nano-devices have several potential applications, ranging from nano-electronics

to programmable medicines. If DNA nano-devices are to be ubiquitous, they need to

be mass produced and we need to understand the yields of our devices and the rate

of production. Hence, the next question I asked was: How can we compute conver-

gence rates and equilibrium concentrations of self-assembled nano-structures? It is

important to note in this context that ensuring the compactness of the assembly de-

sign has been a recurring theme in my work since experiments can be very expensive

in terms of both time and money. Periodic three-dimensional DNA self-assembled

lattices are expected to revolutionize the field of protein structure determination.2

Hence another question is whether we can build a simple DNA motif capable of

self-assembling into regular structures in three dimensions.

1.4.2 Approach

For the practical robustness question, we attempted to minimize errors by careful

choice of annealing temperature of the self-assembling system as well the relative

stoichiometry of the component tiles. For the theoretical robustness question, on

the other hand, we realized that theoretical models of self-assembly make an unre-

alistic assumption of directional growth and this assumption leads to a gap between

2 One long-standing goal of DNA nanotechnology has been the rational design and assembly
of three-dimensional (3D) DNA lattices for use as molecular scaffolds, in molecular electronics
assembly, and as molecular sieves for selectively adsorbing proteins based on size.
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theory and reality. Hence, we proposed a new kind of tile (composed of multiple

DNA single strands and considered to be the basic unit of self-assembly) called an

activatable tile, that should enforce the direction of assembly growth using two very

common biochemistry techniques. We took this concept of tile activation and ap-

plied it to another form of computation called Whiplash PCR, enabling us to build an

isothermal and autonomous DNA-based finite state machines capable of executing

distinct programs in parallel. This technique answered the question related to the

flexibility and robustness in autonomous biomolecular computing devices since such

a device could be used to perform biological sensing outside a controlled laboratory

environment. For the molecular design of process algebra we took the general design

methodology of Whiplash PCR systems and added capabilities that would allow us

to simulate the powerful primitives of process algebra at the molecular scale. For

the compact self-repair question, we not only modeled the extent of damage from

mechanical force (for instance, imparted by an AFM tip) but we explored the com-

pact self-healing capability of tile set performing reversible computation. We also

investigated methods for transforming tile sets performing irreversible computation

to their reversible counterparts. However, it is still an open question whether such a

compact, self-healing transformation is possible for every tile set. Nevertheless, we

note that activatable tiles do make computation with DNA tiles robust to damage

and hence improve the self-repairability of the computational pattern. The assembly

characterization question was addressed by building a stochastic model for reversible

assemblies that allowed us to estimate several thermodynamic properties of the as-

semblies. For the 3D nanostructures question, we designed a new DNA motif and

demonstrated the successful assembly of lattices in two dimensions.
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1.4.3 Impact

Since the previously-mentioned error-correction techniques for robust DNA-based

computation increase the tile set size by a multiplicative factor, both my theoreti-

cal and experimental efforts are a significant milestone towards compact yet robust

DNA-based computing. In fact, our biochemical design of finite state machines that

can run in parallel is the first ever isothermal, robust and fully autocatalytic pro-

posal of the system that can be used outside controlled laboratories in a variety of

scenarios. Similarly, to the best of our knowledge there has not been a biochemical

simulation of process algebra that enforces co-localization of processes before our

proposed model. Furthermore, to the best of our knowledge, we were the first to

propose a probabilistic model for mechanical damage in DNA nanostructures that

can be used to design better sticky ends which in turn, would allow the lattices to

withstand such damage. Furthermore, previous work on self-healing tile sets also

increases the effective lattice size, thus making the resultant design impractical. Al-

though compact self-repair for tile sets encoding any type of computation cannot

be guaranteed, we can always make minimal changes to the original tile design and

change them into their activatable counterparts and, hence, improve self-repairability

of the computational pattern. Although our compact, self-healing tile set makes as-

sumptions about the growth process and is not applicable to arbitrary tile sets, it

can still repair damaged lattices in many cases. Moreover, our stochastic model is

the first ever attempt to characterize the equilibria of 2D and 3D self-assembly pro-

cesses. We also provide a direct derivation of convergence rates, as opposed to the

ones derived in the context of Markov algorithms for planar lattices. Additionally,

if the new motif for self-assembling 3D nanostructures can make a regular 3D lat-

tice in reality, as predicted in theory and modeling, it would prove to be one of the

important milestones in the field of DNA nanotechnology.
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In summary, my thesis explores the question: Can we harness the immense com-

putational power of DNA self-assembly to provide robust engineering techniques at

the molecular scale? The answer is that, although the theory behind self-assembly

is well understood, the practical implementation of DNA self-assembly has far too

many errors to be practical. Hence, the primary theme of my work is to develop

techniques to provide techniques which greatly increase the robustness of the under-

lying computation. A secondary goal of my work is to extend existing techniques for

DNA self-assembly to new models of computation and engineering. In particular,

recall from the start of this section that we set out to build a biomolecular com-

puting device with several useful properties, such as compactness, robustness, high

degrees of complexity, flexibility, scalability and easily characterized yields and con-

vergence rates. Although realization of a unified device with all these properties is

still many years away, what this thesis achieved is a number of distinct systems that

satisfies a subset of these properties. For instance, we experimentally demonstrate

how we can reduce errors in tiling assembly simply using an optimized set of physi-

cal parameters and thus satisfying both compactness and robustness properties. We

propose a novel DNA tile design which enforces directionality of growth, reducing

assembly errors. This tile satisfies compactness and robustness properties as well.

We build simulation models to characterize damage in fragile nanostructures under

the impact of various external forces, thus imparting robustness to these nanostruc-

tures. Furthermore, we investigate reversible computation as a means to provide

self-repairability to such damaged structures, and, hence improve their robustness

while remaining compact. We suggest two modifications of an existing DNA com-

puting device, called a Whiplash PCR machine, which allow it to operate robustly

outside of controlled laboratory conditions (meaning it is flexible) and allow it to

implement a simple form of inter-device communication (meaning it is complex).

We present analysis techniques which characterize the yields and time convergence
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of DNA nanostructures, thus satisfying the easily characterized property. We also

present an experimental demonstration of a novel DNA nanostructure which is ca-

pable of tiling the plane and could prove to be a way of building 3D DNA assemblies

and, hence, satisfy the scalability property.

1.5 Organization of the Document

Chapter 1 introduced DNA self-assembly as a branch of synthetic biology and presents

the main thesis contributions. Chapter 2 reviews the biochemical techniques used to

build and characterize the self-assembled DNA nanostructures mentioned in this the-

sis. Chapter 3 establishes the connection between computation and self-assembly.

Chapter 4 describes an experimental demonstration of algorithmic assembly with

DNA, specifically a binary counting lattice and also shows how assembly errors can

be minimized using an optimized set of physical parameters. Chapter 5 proposes

a new tile design that uses strand displacement and polymerization to enforce the

directionality of assembly growth, minimizing errors. We call this new kind of tile:

activatable tiles. Chapter 6 extends the concept of activation to a DNA implemen-

tation of a finite state automata. Chapter 7 adapts the general design methodology

developed for simulating finite state machines in Chapter 6 to design a process alge-

braic system in the molecular scale. Chapter 9 focuses on recurrent robustness rather

than one-time error-resilience in the form of a compact, self-healing tile design by

exploiting tiles capable of reversible computation. However, Chapter 8 first presents

various probabilistic models for damage and self-repair. Chapter 10 focuses on an

abstract, reversible, stochastic tile assembly model which, unlike the irreversible ab-

stract tile assembly model used thus far, allows us to estimate equilibrium yields and

convergence times. Chapter 11 describes assemblies in one higher dimension (3D),

specifically the design of a tile that can potentially self-assemble into 3D periodic

lattice. Stable periodic DNA lattices have to precede robust and stable aperiodic
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computational lattices. Note that in each of the following chapters, a section has

been devoted to describing the organization of that particular chapter for ease of

reading. Finally, Chapter 12 summarizes all the work in the thesis and describes

future directions.
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2

Engineering DNA for Synthetic Biology

In this chapter we introduce deoxyribonucleic acid or DNA whose unique molecular

recognition properties we use in this thesis to create novel, controllable structures out

of DNA. In particular, DNA nanotechnology makes use of self-assembly of branched

DNA structures to create DNA complexes with useful properties. Thus in this chap-

ter we present an overview of how DNA can be engineered for synthetic biology.

Organization of the Chapter: We present some background knowledge on DNA in

Section 2.1 relevant to DNA nanotechnology, followed by a discussion on how we

can engineer DNA for synthetic biology (Section 2.2). Next we introduce various

self-assembled DNA nanostructures: the basic motifs and the superstructures that

can be built from them (Section 2.3). We briefly review the computational tools

that have been developed till date for modeling DNA nanostructures (Section 2.4)

and for designing sequences for the same synthetic devices (Section 2.5). Finally, we

present some characterization techniques that allow us to analyze the self-assembled

structures (Section 2.6). We conclude the chapter with a discussion on the various

application domains of self-assembled DNA nanostructures (Section 2.7) and some
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open challenges in the field (Section 2.8).

2.1 DNA Overview

Single-stranded DNA (denoted as ss-DNA) [141] is a linear polymer consisting of

chemical moieties (called bases) each about 0.33 nm apart along a backbone with

chemical directionality meaning that each strand has distinct 5
′

and 3′ ends. These

numbers correspond to the particular carbon atoms on the deoxyribose sugar units of

its sugar-phosphate backbone (that comprises of sugar and phosphate units joined by

ester bonds). By convention we read the base sequence from the 5
′
end to the 3′ end .

The consecutive monomers are held together by covalent bonds. Naturally occurring

DNA is primarily double stranded (ds-DNA), i.e. it consists of two polymers [Figure

2.1] running in opposite directions to each other (one from 5
′

to 3′ while the other

from 3
′

to 5′).

DNA Base Pairing Attached to each sugar on the DNA strand is one of four types

of bases. It is the sequence of these four bases along the backbone that encodes

information.1 The four different bases occurring in DNA are adenine (denoted as

A), guanine (denoted as G), thymine (denoted as T) and cytosine (denoted as C). A

pairs with T and G pairs with C using two and three hydrogen bonds respectively.

These pairings, also known as Watson-Crick complementarity, forms the basis of the

DNA double-helix structure.

Hydrophobic Base Stacking Hydrogen bonds provide specificity but base stacking in-

teractions between the pi orbitals of the base’s aromatic rings contribute to stability.

In particular, GC stacking interactions with adjacent bases tend to be more favor-

able. Base stacking effects are especially important in the secondary structure of

1 This information is used by the process of transcription and eventually used in translation for
the synthesis of proteins.
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DNA tile complexes.

Major and Minor Grooves The double helix is a right-handed spiral. As the DNA

strands wrap around each other, they leave gaps between each set of phosphate

backbones, revealing the sides of the bases inside. There are two of these grooves

twisting around the surface of the double helix: one groove, the major groove, is 2.2

nm wide and the other, the minor groove, is 1.2 nm wide [Figure 2.1]. Locations

of major and minor grooves are an important consideration in the design of DNA

nanostructures.

DNA Conformation DNA exists in many possible conformations (differing primarily

in their geometry and dimensions). However, A-DNA, B-DNA, and Z-DNA are

the most common ones. Among these three, B-DNA is the most common form

occurring most frequently in nature, under physiological solution conditions and the

most commonly used in designing and modeling DNA self-assembled nanostructures.

Which conformation a ds-DNA will adopt depends on the sequence of the DNA, the

amount and direction of super-coiling, chemical modifications of the bases and also

solution conditions, such as the concentration of metal ions and polyamines [141].

2.2 Engineering DNA for Synthetic Biology

DNA engineering, originally referred to the use of laboratory techniques to modify

the DNA of living organisms for the purpose of changing the behavior of the cell

or the proteins expressed by the cell. Molecular biologists have discovered many

techniques and enzymes which can change the structure of DNA and help build new,

customized DNA motifs. With the advent of nanotechnology, scientists and engineers

have begun to view DNA as physical tools and building blocks for nano-assembly as

well. Some of the processes by which DNA can be manipulated for nanotechnology
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Figure 2.1: Structure of a DNA double helix. Created by Michael Strock and
released under the GFDL.

are discussed below.

2.2.1 Hybridization

DNA Hybridization is the process of combining two complementary, single-stranded

DNA molecules into double-stranded molecule [Figure 2.2]. DNA strands can bind

to their complements under certain conditions (e.g. temperature, solution condi-

tions); two perfectly complementary strands will bind to each other readily, while a

single inconsistency between the two strands will destabilize their binding. This pro-

cess of modifying the physical characteristics of the medium (e.g. heating/cooling)

specifically to cause two complementary strands to bind is called “annealing” or “re-

naturation”. Simple hybridization has been used to make a large variety of structures

and also allows directed self-assembly of some more complex DNA nanostructures

[172, 73, 166].

The binding energy of a A-T pair is less than that of a G-C pair due to the fact

that G-C binding has 3 hydrogen bonds while A-T binding involves only 2 hydrogen
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Figure 2.2: Hybridization through Watson-Crick complementarity. The aligned
bases are held together by hydrogen bonding.

bonds. This predictable binding energy allows the sequence dependent association

strength of hybridization to be easily computed using available software packages. If

the hybridization process is modeled as a biased random walk,2 standard techniques

can be used to simulate the hybridization process and give useful properties of the

system such as the melting temperature. The melting temperature of a DNA double

helix is the temperature at which half of the single strands are fully hybridized and

half are fully unpaired.

Dehybridization or melting is the opposite of hybridization where a ds-DNA dis-

sociates to form two single strands of DNA, usually by application of heat.

2.2.2 DNA Polymerization

DNA polymerization is a process where monomer nucleotides are appended to a

growing DNA polymer chain, one base at a time by the action of a class of enzymes

(called DNA polymerases) that catalyze the polymerization process. Polymerase

enzymes use an intact DNA strand as a template and construct a complementary

strand when complete; consequently, the newly-polymerized strand is complementary

to the template strand and identical to the template’s original partner strand [Figure

2.3]. Besides processing, these enzymes may have strand displacing power as well

as shown in Figure 2.4. We use a strand-displacing polymerase in Chapter 6 and a

2 A random walk, is a mathematical formalization of a trajectory that consists of taking successive
random steps. In other words, the subject chooses the next step from among all possible steps with
equal probability. A biased random walk is a random walk that is biased in one direction, leading
to a net drift on average in one specific direction.
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Figure 2.3: Extension of primer strand bound to the template by DNA polymerase.

non-strand-displacing polymerase in Chapter 7.

Polymerase Chain Reaction (PCR) is a common method for amplifying a target

DNA molecule, which can be any arbitrary piece of DNA. Through PCR, a small

amount of DNA can be amplified many fold with high product fidelity thus facili-

tating many applications, such as detecting hereditary diseases, identifying bacterial

species, cloning genes, DNA computing and many others.

2.2.3 Branch Migration

Branch migration or strand displacement is the process by which a single, invading

DNA strand extends its partial pairing with its complementary strand as it displaces

a resident strand from a DNA duplex [Figure 2.5]. This process is usually modeled

as a random walk. Furthermore, if the invading strand has a stronger base pairing

with the complement strand that the latter’s original partner via some extra bases

on the complement strand (also known as the toehold), the process is modeled as a

biased random walk.

2.2.4 Miscellaneous Modification of DNA

Ligation Joining the backbone of linear DNA fragments together with covalent

bonds is called ligation. More specifically, DNA ligation involves creating a phos-
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Figure 2.4: Extension of primer strand bound to the template by a strand displac-
ing polymerase. A resident strand bound to the template is displaced in the process
of polymerization.
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phodiester bond between the 3
′

hydroxyl of one nucleotide and the 5
′

phosphate of

another. This process (usually catalyzed by DNA ligase enzyme) can be used to link

single-stranded DNA or double-stranded DNA fragments having overhanging cohe-

sive, or even blunt ends. The ligation reaction requires three ingredients (in addition

to water): 1)Two or more fragments of DNA that have either blunt or compatible

cohesive ends (also known as sticky ends); 2)A buffer which contains ATP and most

importantly, 3)a DNA ligase enzyme. The most commonly used ligase is called T4

ligase, which is derived from T4 bacteriophage.

Restriction digestion This is the process of cutting DNA molecules into smaller pieces

with special enzymes called restriction endonucleases. This special enzyme recognizes

a specific sequence in the DNA molecule and breaks a phosphodiester bond in the

backbone near this sequence meaning it leaves a phosphate group on the 5
′

end of

one of the broken strands and a hydroxyl on the 3
′

end of the other broken strand.

It should be remembered that every restriction enzyme has a specific sequence it rec-

ognizes and the location of the cut is also specific to the enzyme. Most, but certainly

not all, recognition sites for commonly-used restriction enzymes are palindromes. A

palindrome is a sequence which reads the same forward (5
′

to 3
′

on the top strand)

and backward (5
′

to 3
′

on the bottom strand). For instance, ACAATTGT is a

palindrome.

While most restriction enzymes catalyze double-stranded cleavage on DNA sub-

strates, there exists some other enzymes called nicking enzymes that cleave only one

DNA strand in a double-stranded DNA based on a particular recognition sequence.

An example of nicking enzyme is N.BstNBI [93]. It recognizes a nonpalindromic

sequence,5-GAGTC- 3, and cleaves only on the top strand 4 base pairs away from

its recognition sequence (5-GAGTCNNNNN-3).
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Thiol Modification Thiolation can be used to introduce a sulfhydryl-containing ligand

through a disulfide bridge. The terminal thiol group allows attachment of a DNA

strand to various ligands, such as biotin, alkaline phosphatase or fluorescent dyes,

via maleimide, iodide, bromide, or sulphonyl derivatives. Additionally, the terminal

thiol group allows attachment of a DNA strand to solid surfaces via an iodoacetamide

or maleimide linkage. Thiol modification can be placed at either end of the strand.

Phosphorylation This is the addition of a phosphate (PO4) group to an organic

molecule. The DNA sequence can be phosphorylated during the synthesis cycle on

either the 3
′

or 5
′

end. This is often preferable to enzymatic phosphorylation.

Biotinylation This is the process of covalently attaching a biotin tag to a molecule or

surface. There are a variety of biotinylation reagents available for the biotinylation

of a DNA strand during synthesis. For example, Biotin Phosphoramidite is capable

of branching to allow multiple biotins at the 3
′

or 5
′

terminus, whereas Biotin-dT

can replace dT-residues within the DNA sequence. This modification is frequently

used as a marker in one of our commonly used DNA nanostructure (cross tile) (see

Section 2.3.3).

Fluorescein label Fluorescein is a fluorophore commonly used in spectroscopy. Fluo-

rescein has an absorption maximum at 494 nm and emission maximum of 521 nm (in

water). Fluorescein labeled DNA strands have many applications in DNA nanotech-

nology and can be appended to either the 3
′

or 5
′

terminus of the strand. Internal

(meaning not at 3
′

or 5
′

terminus) fluorescent labeling of DNA strands is also pos-

sible, although it tends to be more expensive. When using multiple labels in one

system (that is, including fluorophores in addition to fluorescein), care should be

taken to leave sufficient distance between their emission wavelengths.
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2.3 Self-Assembled DNA Nanostructures

2.3.1 Why Use DNA for Self-Assembly

From the design perspective, the thermodynamic properties of ds-DNA are well un-

derstood and software packages can easily predict them based on the sequence com-

position, buffer conditions and temperature of the solution. There are also software

packages that can suggest sequences for specific nanostructures, usually by using

heuristic searches optimizing for the stability of the resultant structure. Further,

the folding rules that dictate the three-dimensional, secondary structure of DNA in

solution are well understood compared to other biological macromolecules e.g. RNA

and proteins. From an experimental perspective, DNA synthesis is quite inexpensive.

Strands comprising of less than 150 bases are available for as little as 50 cents per

base. Even though the synthesis process can be erroneous, the desired strands can

be purified using gel electrophoresis (See Section 2.6.1). DNA self-assembly is quite

simple as well; once the strands are mixed, a simple annealing process causes the

desired nanostructure to spontaneously hybridize. The process requires heating the

tube to just over the melting temperature of the structure, then slowly cooling.

2.3.2 Branched Junctions and Other Motifs

A Holliday junction [Figure 2.6(Left and Middle)] is a mobile junction between four

strands of DNA (homologous pairs of ds-DNA). Holliday junctions are an intermedi-

ate in genetic recombination and are also important in maintaining genomic integrity.

Because these junctions are between homologous sequences they are capable of sliding

up and down the DNA.

Another basic motif which we will commonly use in the forthcoming chapters is

called a hairpin loop (Figure 2.6(Right)). This occurs when two regions of the same

DNA strand (usually reverse complement), base-pair to form a double helix that
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Figure 2.6: (Left and Middle) The two most commonly used conformations of a
Holliday Junction (crossover), (Right) Structure of a stem loop or a hairpin loop.
The image shows a single strand partially base paired with itself. Figures created in
Nanoengineer-1 [140].

ends in an unpaired loop.

2.3.3 Tiles and Lattices in One and Two Dimensions

Since the simple double-helix lacks the complexity needed for forming tightly con-

trolled two- and three-dimensional structures, Seeman et al. [137] first sought to

design more complex building blocks with DNA that could form rigid 2D and 3D

structures. They succeeded in making branched junction motifs with four double-

helical arms, which resemble Holliday junctions. In theory, these branched junction

units could assemble into a quadrilateral lattice by sticky end hybridization, yet in

solution, the junctions did not assemble into a two-dimensional lattice because the

structure is not rigid enough to hold the helical domains in the same plane, instead

allowing them to twist by about 60◦. However, the four-arm branch motif can be

stiffened by combining in pairs and larger constructs. Based on this idea, a large

number of distinct DNA building blocks have been designed and experimentally

demonstrated. We will refer to these building blocks as tiles from now onwards.

Some examples of DNA tiles include the double-crossover (DX) complexes [166]

and several of its variants, paranemic crossover complexes [136], triple crossover (TX)

complexes [73], cross motif [172] and many others. Each motif has its own benefits

and drawbacks. We will however, only describe the cross motif as this motif has been
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the primary motif used in the experiments detailed in this document.

Cross Tile

The cross tile [Figure 2.7] has four four-arm junctions and is hence sometimes re-

ferred to as 4×4 tile. It has a square aspect ratio and performs helix stacking at tile

association points in all four directions in the plane. Hence, these tiles can assemble

into very large two-dimensional lattices [172]. It has nine unique strands, with one

strand holding all four arms together, while four strands hold adjacent arms together

and the remaining four hold the two helices of each arm together.

Lattices

If a tile is going to be used for making superstructures, such as computational lattices,

it is designed such that it has single stranded DNA exposed at the ends [Figure 2.7].

These ends are known as sticky ends (we will also refer to them as pads) since

they can stick to (hybridize with) other tiles’ sticky ends. By careful design of the

sticky ends, tiles can be made to attach with only specific tiles. Given a set of tiles

with appropriate sticky ends, any arbitrary patterns of tiles can be formed. See

Figure 2.9 for an example of a periodic lattice and Figure 4.7 for an example of an

aperiodic lattice. Both periodic and aperiodic patterns comprising of more than tens

of thousands of tiles have been experimentally demonstrated [84].

Corrugation

There can be some inherent curvature in tiles that leads to the formation of tubes

rather than flat 2D lattices [Figure 2.9] as observed in cross tile assemblies. Thus a

new technique called corrugation [172] was used to minimize the built up of curvature.

For that, we first fix a cross-tile. Corrugation involves flipping the adjacent cross

tile so that it can hybridize with the fixed tile. In essence, by flipping the second

tile, the curvature introduced by the first tile, is canceled out. The flipping can be
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Figure 2.7: A schematic design of a cross tile with sticky ends (5 bases at the end
of each arm). Paired bases are aligned. The sticky ends are represented as NNNNN
(a place holder for actual bases).

achieved through programming of the sticky ends. For instance, in a periodic lattice

comprising of a single cross tile in its original form (meaning without corrugation),

the top sticky end on the right arm has to match with the top sticky end on the left

arm. However, using corrugation, the top sticky end on the right arm matches with

the bottom sticky end on the left arm. Similarly, the bottom sticky end on the right

arm matches with the top one in the left arm. The top and bottom arms can also

be reprogrammed in a similar fashion to accommodate corrugation. Consequently,
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Figure 2.8: (Left) Example AFM image of a lattice made of DNA cross tiles,
(Right) Patterning of DNA nano-arrays with Streptavidin.

Figure 2.9: A nanotube (instead of a flat lattice) formed by the self-assembly of
cross tiles due to inherent curvature in the tiles. Scan size: 1µm× 4µm.

a cross tile has to flip in order to hybridize with another cross tile [Figure 2.10].

The corrugation technique allows cross tile to assemble into large flat lattices [Figure

2.8](Left).

Annealing Tiles and Lattices

High and low temperature Annealing for forming tiles and lattices: High temperature

annealing is the process of slowly cooling a strand mixture from very high tempera-

ture, above the melting temperature of the tile (usually 90◦C) to below the melting

temperature of the tile (usually to room temperature) or 4◦C. This process can be

carried on in a PCR machine where one can program the starting and the ending

temperature and how long the sample should be held at any intermediate tempera-

ture during the cooling process. In our laboratory, however, we often cool the sample
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oriented in four directions in the lattice plane. [6] developed a method for further
programming the assembly of these DNA tiles to form large extents of highly
regular lattices which cancels out imperfections in individual tiles by a “corruga-
tion” technique[Figure 4]. The sticky ends implementation is also given in figure
4. Two RXOR tiles, RXOR3 and RXOR4 were modified by incorporating a
biotin group into a T4 loop at the center of the tile structure for visualizing an
output of 1 bit. Streptavidin was then added to the solution of the self-assembled
RXOR lattice. Consequently, the interaction of streptavidin-biotin led to binary
streptavidin patterns that can be readily imaged. Details of the experimental
protocols is included in the appendix.
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4.2 AFM Imaging of our Self-Repairing Lattices

Our immediate goal was to verify the correct formation of the original lattice.
We observed some micron sized lattices but they are probably formed by the
self-association of either all zero tiles or all one tiles(both are without unary
markers and are capable of forming nanogrids)[Figure 5](a+b). Although both
patterns are valid in our computational lattice, as is evident from figure1c(v), we
would prefer to observe some more interesting structures such as crisscrossing
bands. This can be ensured through the use of a pre-assembled boundary for the
computation[Figure 5c].

We also observed single tile mismatches. Our model assumes that tiles will
attach with respect to at least two adjacent binding sites. Although in theory
this can be achieved by manipulating the physical conditions, in reality, tiles still
bind with respect to one matching binding site. One possible mechanism to deal
with this will be the compact error-resilient design in [9], although it is likely to
introduce new ambiguities.

4.3 Completely Addressable Nucleating Structure for Algorithmic
Assembly

The ultimate goal of boundary formation in programmable assembly is to pro-
vide input for subsequent two dimensional growth. Until now we have been able

Figure 2.10: (Left) Complete cross tile sequence along with sticky ends, (Right)
The sticky ends shown on the Left allow a corrugated lattice to be formed. Figure
created by Dr. Sung Ha Park. Used with permission.

in 1 L of water in a Styrofoam box from 90◦C to 25◦C for a day and then incubate

the sample in 4◦C refrigerator overnight before any analysis is done on the sample.

Low temperature annealing is the process of slowly cooling the tile mixture from just

below the lowest melting temperature of the participating tiles to room tempera-

ture to assist formation of lattices. This process can again be carried on in either

a PCR machine or a Styrofoam box. For the latter, annealing for 4 to 6 hours is

often sufficient for forming lattices. However, incubating the sample in 4◦C refrig-

erator overnight is necessary in this step for stabilizing the on and off kinetic rates

corresponding to the association and dissociation of tiles respectively.

One-pot Annealing and Step-wise Annealing for forming Tiles and Lattices: While form-

ing lattices from tiles, we may either transition from strands to lattices directly

in one-pot annealing or form substructures first and assemble increasingly complex

superstructures from the former in several annealing steps. One pot annealing is

suitable in cases where either periodic lattices are formed so that only one tile type
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is needed or where tiles or other intermediate structures do not have any strands in

common and each tile can be uniquely formed first before they all come together to

form a lattice. Since lattices are formed directly from strands in one annealing step,

this cooling process is called one-pot annealing. Step-wise annealing, on the other

hand, is suitable in cases where tiles share strands. For instance, in an aperiodic

lattice, the double-stranded region of the tiles, most often is identical across tile

types and only the sticky ends are different in these tiles. Hence, the tiles need to be

individually annealed before they can all be mixed together to form lattices. Forma-

tion of such a lattice takes multiple steps and hence this process is called step-wise

annealing. This process can be extended indefinitely to obtain increasingly large and

complex structures although yields of multi-step annealing are often quite low [96].

2.3.4 Patterned DNA Nanostructures

Two dimensional lattices (formed by the self-assembly of tiles) can be thought of as

a molecular fabric or tapestry containing a large number of individually addressable

“pixels”. Individual arrays can carry one or more pixels depending upon the place-

ment of observable features or binding sites. We commonly use biotin-avidin (partic-

ularly biotin-streptavidin) association to decorate observable patterns on nano-arrays

as shown in Figure 2.8(Right).

Researchers have also developed a variety of strategies for immobilizing metal

nano-particles, peptides, proteins, other nucleic acids, carbon nanotubes onto DNA

arrays via thiols, amino groups, biotin-avidin association, and annealing of pre-bound

DNA [119, 171].

An interesting strategy for immobilizing metallic nano-particles on DNA is the

use of thiol to bind nano-gold to filamentous DNA for the fabrication of nanowires.

This paves the path for the self-assembly of nano-scale electronic components and

circuits. Some researchers believe that nano-scientists will soon be able to use DNA
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self-assembly to generate nano-circuits, possibly extending Moore’s law.

2.3.5 Periodic, Aperiodic and Fully Addressable DNA Nanostructures

DNA lattices range from being periodic (where one or more tiles repeat in a peri-

odic fashion in the lattice)[172] to completely addressable (where each unit can be

uniquely addressed)[96]. For the former one or only a few tile types are required,

whereas for the latter, the tile set size is equal to the size of the lattice. In between

these two extremes lie aperiodic structures, complex structures that can be built

using only a few tile types. The first example along this lines is the DNA barcode

lattice by Yan et al. [171].

2.3.6 Three-dimensional DNA Nanostructures

Three-dimensional DNA lattices have been recognized as a promising path towards a

variety of nanotechnological applications. These include scaffolds for structure deter-

mination of guest molecules [134] as well as positioning other materials at uniquely

defined locations; a molecular sieve [111] and the assembly of molecular electronic

components [113]. Cubes are one of the most important 3D DNA structures that

have been constructed from double helical struts and linked by flexible joints like

branched junctions [31]. Additional structures include truncated octahedrons [174],

DNA tetrahedrons [49] and regular octahedrons built from a single strand [105]. Re-

cently, Douglas et. al demonstrated how to use DNA nanotubes to align membrane

proteins for their structure determination [39]. One major open question we address

in this thesis is whether it is possible to use our knowledge of 2D DNA lattices to

build similar structures in three dimensions.

2.3.7 DNA Origami

A discussion about DNA nanostructures is incomplete without mentioning DNA

origami. DNA origami is a simple but elegant method for folding long, single-
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stranded DNA molecules into arbitrary two-dimensional shapes. The design for a

desired shape is made by raster-filling the shape with a long single-stranded scaffold

and by choosing several short DNA “staple strands” to hold the scaffold in place.

Furthermore, the structures can be programmed to create complex patterns, such

as words and images, on their surfaces. Finally, individual DNA origami structures

can be programmed to form larger assemblies [120]. Origami is another method for

generating completely addressable lattices.

2.3.8 DNA-based Computer Architecture

In 1969, Gordon Moore made the now famous observation that the number of tran-

sistors doubles every 18 months. Moore’s law has remained true since, but is now

approaching physical limits; maintaining Moore’s law for the coming years will re-

quire techniques borrowed from nature, such as self-assembly. Since the construction

tools can never be made small enough, nano-electronic device fabrication must even-

tually use self-assembly.

Thus, based on the successes, nano-scientists have achieved in building DNA

nanostructures, a new computer architecture was proposed: a machine fabricated by

the DNA-guided self-assembly of silicon nano-rods [42]. Further work proposed an

oracle architecture [98] which functions like a memory, the primary difference being

that this content-addressable architecture self-assembles both itself and its contents.

2.4 Computational Tools for Structural DNA Nanotechnology

Very few general-purpose computational tools have been developed for structural

DNA nanotechnology since the field’s inception in the 1980s. However, the re-

cently released software system NanoEngineer-1[140] deserves special mention. Nano-

engineer-1 is a 3D multi-scale modeling and simulation program for nano-composites

with special support for structural DNA nanotechnology. It features an easy-to-use
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Figure 2.11: Nanoengineer: a 3D modeling tool for DNA nanotechnology.

interactive 3D graphical user interface for designing and modeling large, yet precise

composite systems. A snapshot of the GUI interface of NanoEngineer-1 is shown in

Figure 2.11.

Another program called Tiamat [159], was recently developed for modeling DNA

nanostructures. However, while Nanoengineer can model carbon nanotubes and

protein as well as DNA, Tiamat only focuses on the three dimensional modeling of

DNA. It also has a random sequence generator.

2.5 DNA Sequence Design

The design of strand sequence, particularly the sticky ends is of critical importance

to the yield and accuracy of self-assembled DNA nanostructures. Since the sticky
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ends are composed of a sequence of bases and the alphabet size for DNA is four, the

set of distinct possible sticky ends is very large. However, there are many constraints

[135] on the chosen sequences such as:

• Sticky ends (and their complements) should be sufficiently different from one

another to prevent undesired hybridization. Subsequences repeats cannot be

avoided but should be minimized.

• The chosen sequences should avoid palindromes.

• Since G-C pairings are stronger than A-T bonds, the number of G-C pairs in

a ds-DNA should also be considered while designing the sequences.

• One important heuristic rule for DNA sequence design is avoiding GGGG sub-

sequence.

These rules apply to the design of the sequences of the actual tile as well. These

rules are just a few examples of optimization guidelines. The earliest program de-

veloped to design such sequences was called SEQUIN (SEQUences INteractively),

a tool that still is very much in use. This program aims to generate DNA se-

quences which will preferentially associate to form migrationally immobile junctions

(crossover points), rather than standard linear duplexes. These structures are pred-

icated on the maximization of Watson-Crick base-pairing and the lack of sequence

symmetry. The above mentioned criteria set is also included in the program and

the DNA sequences must fulfill these rules in order to yield the junction structures.

Several programs, such as Tilesoft [173], Uniquimer [154] and many others, have also

been developed since the origin of SEQUIN [102, 139, 58, 44]. However, each of them

can only design sequences for a limited number of structures. For a good survey on

DNA sequence design see Ref [24].
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2.6 DNA Nanostructure Characterization

2.6.1 Gel Electrophoresis

Gel electrophoresis [Figure 2.12(Left)] is a technique used for the separation of DNA

(or other biomolecules) using an electric current applied to a gel matrix [14]. Usually,

the gel is composed of different concentrations of acrylamide and a cross-linker,

producing different sized mesh networks of polyacrylamide. For larger DNA, purified

agarose is used as the matrix. The macromolecules are placed in wells in the gel

and when an electric current is applied, the molecules move through the matrix

at different rates, determined by their mass to charge ratio, toward the anode if

negatively charged or toward the cathode if positively charged. This process is called

electrophoresis. After the electrophoresis is complete, the molecules in the gel can be

stained with ethidium bromide, for instance, to make them visible. Since ethidium

bromide intercalated with DNA fluoresces under ultraviolet light, a photograph can

be taken of the gel under ultraviolet lighting conditions. This photograph is then

interpreted in the following manner: Bands in different lanes that end up at the same

depth contain molecules that passed through the gel with the same speed (usually

meaning they are approximately the same molecular weight). One can also use

molecular weight size markers that contain a mixture of molecules of known sizes.

If such a marker was run on one lane in the gel parallel to the unknown samples,

the bands observed can be compared to those of the unknown in order to determine

their size. The distance a band travels is inversely proportional (approximately) to

the logarithm of the size of the molecule.

We use denaturing polyacrylamide gel electrophoresis (PAGE) to purify single

strands of synthetic DNA before using them to build the nanostructures. Formamide

or sodium hydroxide can disrupt hydrogen bonds and are used as denaturing agents

in the gel matrix. We use native PAGE to analyze fully formed DNA nanostructures
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Figure 2.12: (Left) Strand purification by Denaturing Poly-acrylamide Gel Elec-
trophoresis. Direction of strand migration is downwards. Strand migration begins
at the wells at the top. The DNA in the gel when illuminated with UV appears
to be white. In this case purified DNA appears as the white bands in all the 12
lanes, (Right) Fluorescence Microscopy of DNA self-assembled nanostructures. The
lattices appear to be blue since DAPI has been used as the fluorescent stain and that
appears to be blue under a fluorescent microscope.

since DNA is not denatured in native gel conditions. Therefore, the structures are

separated based on their charge-to-mass ratio as well as the compactness of their

3D structures, allowing us to determine the size of the nanostructures. Agarose gel

eletrophoresis is generally used for larger structures.

2.6.2 AFM Imaging

Atomic force microscopy (AFM) is an imaging technique with a scanning probe mi-

croscope that has the ability to resolve nanometer-scale features. The AFM consists

of a micro-scale cantilever with a sharp nano-scale tip (also called a probe) that is

used to scan the specimen surface. When the tip is brought into proximity of a sam-

ple surface, forces between the tip and the sample deflect the cantilever according

to Hooke’s law. Typically, this deflection is measured using a laser spot reflected

from the top surface of the cantilever onto an array of photo-diodes. For imaging

DNA nanostructures, we use the AFM in what is called the tapping mode. In this

mode, an image is produced by imaging the height above the surface at which the

oscillating tip contacts the sample. Figure 2.8 (Left) shows an example of an AFM
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image taken in the tapping mode.

2.6.3 Fluorescence Microscopy

Fluorescence microscopy is an imaging technique that uses the phenomenon of fluo-

rescence to image substances. Typically, the substance of interest in the specimen is

specifically labeled with a fluorescent molecule called a fluorophore. The sample is

illuminated with light of a specific wavelength which is absorbed by the fluorophores,

causing them to emit longer wavelengths of light (of a different color than the ab-

sorbed light). The illumination light is separated from the much weaker emitted

fluorescence through the use of an emission filter.

DAPI or 4
′
,6-diamidino-2-phenylindole is a fluorescent stain that binds strongly

to DNA. For fluorescence microscopy, DAPI is excited with ultraviolet light. When

bound to double-stranded DNA, its absorption maximum is at 358 nm and its emis-

sion maximum is at 461 nm. This emission is fairly broad, and appears blue.

Typically, we mix a 5 µl of 0.5µM tile solution (to be imaged) with 5 µl of

30ng per µl DAPI solution. First some gold antifade reagent is spotted on to a

clean glass slide to minimize photo-bleaching of fluorescently labeled sample. Next

5µl of the DNA sample mixed with the DAPI solution is spotted onto the same

clean glass slide and left for 5 min to allow DNA arrays to adsorb onto the glass

surface. The sample is then immediately protected with a cover-slip and imaged with

a fluorescence microscope. Finally, when the sample is placed under a fluorescent

microscope it appears to be like the image shown in Figure 2.12(Right).

2.6.4 Fluorescence Spectroscopy

Fluorescence spectroscopy is a type of electromagnetic spectroscopy which analyzes

fluorescence from a sample. This technique involves using a beam of light, that ex-

cites the electrons in certain compounds and causes them to emit light of a lower
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energy. At low concentrations, the fluorescence intensity is generally proportional to

the concentration of the fluorophore. In order to verify whether a desired structure

self-assembles or not, we typically attach a fluorophore to one of the self-assembling

components and a quencher3 to another. Once self-assembled, the fluorophore and

quencher are designed to be close enough, so as to quench the signal from the fluo-

rophore. If a system works by disassembly, then an increase in signal is noticed once

the fluorophore and the quencher separate. This process is also sometimes referred

to as fluorescence resonance energy transfer (FRET) as it is a mechanism describing

energy transfer between two chromophores. Typically, a donor chromophore, initially

in its electronic excited state, transfers energy to an acceptor chromophore (in close

proximity, typically ¡10nm) through nonradiative dipole-dipole coupling. Although

both chromophores in this case are fluorescent, the energy is not actually transferred

by fluorescence.

2.7 Application Domains of DNA Self-Assembled Nanostructures

The techniques for building and analyzing DNA nanostructures have been used to

experimentally demonstrate a variety of DNA self-assembled nanostructures with po-

tential applications in the areas of the fabrication of high-density electronic circuit

components, information storage, biomedical devices and others [148, 8, 52, 151, 86,

18, 26]. Although techniques like optical lithography and individual atomic place-

ment already exist to create nanoscale devices, they suffer from the drawbacks of

cost, time or limited feature size. With DNA self-assembly, on the other hand, one

can store an arbitrary pattern in a 1D or 2D lattice that can be read by an AFM

once it self-assembles. DNA nanostructures can also be used as a base for circuit

fabrication; Once a lattice self-assembles, one can deposit metal to form nanowires.

3 Quenching refers to the process of decreasing the fluorescence intensity of a fluorophore. A variety
of processes can result in quenching, such as excited state reactions, energy transfer, complex-
formation and collisional quenching.
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DNA has also been used as a scaffold for the fabrication of nanoscale devices (like

gold nano-particles) that may serve as a single electron storage devices for a single bit

[170]. The bottom line is that DNA self-assembly has been utilized to build various

prototyped devices and there are many more to come.

2.8 Challenges of DNA Self-Assembly

It is quite evident from Section 2.7 that DNA nanotechnology can impact our lives in

near future in many different contexts. Nevertheless, the field is still at a very nascent

stage where we are still building and testing the prototypes. In that context, it should

be remembered that while DNA reactions themselves offer staggering parallelism, it

is quite time-consuming and expensive to set-up the experiment and finally to read

out the output. Moreover, the process is not error-free. Sources of error include

errors during synthesis of sequences, physical, chemical and enzymatic destruction,

partial mismatch during hybridization and many others. Nevertheless, because of

ongoing research in DNA self-assembly, our understanding of the workings of the

natural biomolecular machines has improved over the last few years and some of

the prototyped devices have already been commercialized. In fact, moving beyond

laboratory demonstrations, modifications of DNA backbone have been proposed so

as to prevent enzymatic destruction inside a living cell for use in biomedical devices.

There is also a rising interest in hybrid systems, composed of both biological and

non-biological components, with a wide variety of applications including bio-sensing,

measurement and others.

Since the focus of this thesis is computing with DNA self-assembly, we introduce

DNA-based computational patterns in the next chapter (Chapter 3).
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3

Mathematical Models and Implementations of
DNA Self-Assembly

In this chapter we introduce some models of computation and their experimental

implementation using DNA self-assembly.

Organization of the Chapter: We briefly review the history of computing with DNA

in Section 3.1, followed by a presentation of the formal models of self-assembly used

in this thesis in Section 3.2. In Section 3.3, we discuss some of the experimental

demonstrations of computational self-assembly. These demonstrations are found to

be very error-prone and, hence, we discuss some proofreading techniques in Section

3.4. These structures are prone to damage as well and, consequently, we discuss

some self-repairing techniques proposed to date in Section 3.5. Finally another pro-

grammable molecular computing machine composed of enzymes and DNA instead of

simply DNA is discussed in Section 3.6.
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3.1 Predecessors of Algorithmic DNA Self-Assembly

3.1.1 First Experimental Demonstration of DNA Computation

The field of molecular computing was put into limelight by Richard Feynman’s fa-

mous lecture “There’s Plenty of Room at the Bottom” in 1959 [45]. Feynman sug-

gested that molecular computation would be greatly beneficial both in terms of cost

as well as energy efficiency. Biomoleculer computing, for example, could store 1021

bits per gram (about a billion times more dense than magnetic tape) and require

a mere 10−19 joules per operation as compared to silicon’s 10−9 joules per opera-

tion [1]. The predictable biochemistry and simple physical structure of DNA make

it an appropriate choice for biomolecular computation. Len Adleman was the first

to use DNA to solve an NP-complete problem, in particular the Hamiltonian Path

Problem [1]. Adleman’s technique used strands which self-assembled to form poten-

tial solutions, then extracted the correct solution using elaborate molecular biology

processes. In particular, Adleman used sequence directed polymerization of oligonu-

cleotides to generate a combinatorial set of DNA strands representing path through

a graph G with n vertices and a series of PCR reactions, gel electrophoresis and

affinity separations to get rid off strands in the combinatorial library that certainly

did not represent the correct answer.1

Adleman’s approach was quickly generalized by Lipton who proved that it is al-

ways sufficient to start with the maximally diverse combinatorial library representing

all 2n binary bit strings and to filter only those that set down to the desired solution.

In theory, this technique allows us to solve f−1(x) where f is an instance of a hard

combinatorial problem (NP complete problem). In fact, Lipton showed that if f can

be represented as a formula of size L, then we can invert f using 2L molecular steps

1 It should be mentioned here that before Adleman explored the topic experimentally, Eric Drexler
explored the theory of molecular computation in the 1970s and 1980s. Drexler established the
fundamental principles of molecular design, protein engineering, and productive nano-systems [40,
41].
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using affinity purification only [79]. However, as individual steps can take on the

order of 15 minutes to one hour, small differences in complexity make the difference

between feasible and infeasible experiments. These experimental observations led to

the precise characterization of these models discussed in Section 3.1.2.

3.1.2 Primitives for DNA Computation

Adleman [2] proposed two models of DNA computation the restricted model and the

the unrestricted model. A test tube is a set of molecules of DNA encoding assign-

ments of values to variables x1, x2, . . . , xn and the allowed operations on test tubes

are Separate, Merge and Detect. The Unrestricted model supports an additional

operation called Amplify. Winfree showed [160] that the class of functions that the

restricted model can invert in a given time is essentially the one that can be com-

puted by the branching program2 (BP) of the same size while unrestricted model of

molecular computation is equivalent to the language of a nondeterministic branching

program (NBP). In other words there is a NBP G which computes f and is of size k

iff the unrestricted model program P solves f in k steps. Now branching programs

can be related to log-space non uniform Turing Machine3 (TM) and poly size cir-

cuits and log depth circuits.4 Thus branching programs provide us with more exact

bounds on the complexity of implementing specific functions using the DNA models

of computation.

2 A branching program is a data structure that is used to represent a Boolean function.
3 A nonuniform s(n)-space bounded Turing machine is a machine with finite control, two-way

read-only input tape, two-way s(n) bounded storage tape and one-way read-only program tape and
whose program depends on the length of the input only.

4 The circuit-size of a boolean function f is the minimal size of any circuit computing f while the
circuit-depth of f is the minimal depth of any circuit computing f .
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3.1.3 DNA Computation via Annealing and Ligation

In Ref [161], Winfree proposed an improved model of DNA computation that uses

only annealing and ligation as the basic primitives. For this purpose Winfree first

introduced the concept of Blocked Cellular Automata.5 Winfree showed a detailed

design of how a BCA can be simulated using DNA molecules by first converting

any program into its BCA counterpart and then encoding the BCA using DNA

complexes. The initial complex is created by the self assembly of H-shaped and

linear complexes. A double crossover molecule [78] encoded each rule in the rule

table of the program. The created molecules were then mixed in a test-tube and

kept under precise physical conditions as the DNA lattice forms. When the solution

changed color, ligation was formed and finally the strand with the halting symbol is

extracted and sequenced. Though in Ref [161] Winfree did not actually conduct any

laboratory experiments but he questioned the feasibility of the proposed model for

a laboratory implementation.

Winfree’s approach is undoubtedly better than several attempts that were made

in the past for universal computation via DNA using well understood laboratory

techniques [1, 138]. The main problem with them is that though small scale com-

putations could be attempted with reasonable chances of success, scalability of the

method could not be guaranteed due to the weakness of single stranded DNA. Nev-

ertheless the most striking feature of simulating a BCA with DNA is that it is a

“one pot” computation. Secondly, the available parallelism is fully exploited in this

methodology because apart from running a massive number of computations in par-

allel, each cellular automaton performs its own computation in parallel as well.

5 Like a Turing Machine, in a Blocked Cellular Automata, information is stored in an infinite
one dimensional tape, where each cell contains one of the finite set of symbols. In each step of
computation, the entire tape is translated, according to a given rule table into a new tape. The
reading frame strictly alternates from step to step. A computation is considered to be done when
a special symbol called the halting symbol is written for the first time anywhere on the tape.
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3.1.4 Computation by DNA Self-Assembly: Graph-theoretic Models of Computation

Since Adleman’s original paper [1], there were many proposals of DNA based com-

putation [20, 79]. Yet the most sophisticated use of self-assembly in these proposals

was still the Adleman’s original technique for creating duplex for representing path

through a graph. However, Erik Winfree observed that at this time many elaborate

DNA constructs such as hairpins, n-arm junctions [104], double crossover molecules

[78] have already been experimentally demonstrated by Ned Seeman’s group at New

York University. This made him wonder whether it is possible to use this expanded

vocabulary to perform computation by just self-assembly and this eventually led to

his proposal of graph theoretic models of computation [167].

In this model, a DNA complex is a connected directed graph with vertices labeled

from {backbone,basepair}, with at most one incoming and one outgoing edge of each

type at each node. Also for every Watson-Crick (WC) base pair x −→ y , there is

a reciprocal edge y −→ x. Modeling basic operations like hybridization, ligation,

denaturing etc and specifying all allowable hybridizations in the model and most

importantly, defining a prefix free codebook that established the correspondence

between the each symbol in any language and {A,G,C, T}, Winfree not only proved

the equivalence of linear self assembly (using linear DNA complexes) and regular

languages6 but also that of dendrimer self assembly (using hairpin DNA structures)

and context free grammar.7 He also showed that self-assembly of DX DNA complexes

[78] into 2D sheets or 3D solids is Turing Universal.8 by first showing that BCA is

capable of universal computation by directly simulating Turing Machines and second

6 A regular language is a formal language that can be accepted by a finite automaton.
7 A context-free grammar (CFG) is a grammar in which every production rule is of the form
V → w where V is a single nonterminal symbol, and w is a string of terminals and/or nonterminals
(possibly empty).

8 A computational system that can compute every Turing-computable function is called Tur-
ing Universal. An alternate definition states that such a system can simulate a universal Turing
machine.
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showing how BCA can be simulated with DNA (See Section 3.1.3). As a concrete

example of the computational power of 2D self assembly Winfree solved Hamiltonian

Path Problem (HPP) with it. His methodology is definitely better than Adleman in

the sense that Adleman used roughly N +E oligonucleotides and N laboratory steps

to solve HPP for a graph with N nodes and E edges while Winfree used roughly

E2

N
+N2 +N DX units and constant number of laboratory steps.

3.1.5 Computation by DNA Self-Assembly vs Computation by Tiling

Exploiting the computational power of self-assembly some more, Winfree proved the

equivalence of the computational model by DNA self-assembly and the well-known

Tiling Problem [153]. Mathematical studies of tiling in fact, date back to 1960s,

when Wang introduced his tiling problem. He proposed and studied a seemingly

simple tiling problem [153]. The input to this problem is a finite set of unit size

square unit (that we will refer to as tiles hence forth), each with a labeled side. The

labels are symbols from a finite alphabet. Assuming an arbitrarily large supply of

each tile, the problem is to place the tiles, without rotation, to completely fill a

given region such that each pair of adjacent sides have identical symbols. In 1961,

Wang presented an algorithm to take any finite set of tiles and decide whether they

tiled the plane. In the proof of correctness of his algorithm, however, he assumed

that any set that could tile the plane would be able to tile the plane periodically.

In 1966, Berger proved Wang’s algorithm wrong by showing that aperiodic sets of

tile can cover an area [15]. This meant it could fill the plane without holes, but

the tiling was not a simple repetition of a finite pattern. In fact, not only Wang’s

algorithm for determining whether a given set of tiles can tile the plane was not

correct, no such algorithm exists at all. The tiling problem (essentially, the decision

version which states that the problem is to decide whether or not it is possible to tile

the infinite plane, assuming an unlimited supply of each tile, without rotating the
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tile) was shown to be undecidable9 [114] in 1971. This undecidability result relies

on constructions wherein tiling patterns simulate single-tape Turing Machines. In

particular, it is possible to translate any Turing machine into a set of Wang tiles,

such that the Wang tiles can tile the plane if and only if the Turing machine does not

halt. Since the halting problem is undecidable, therefore the Wang tiling problem is

also uncomputable.

The undecidability result is relevant to establishing the connection between tiling

and self-assembly since the simulation is performed in the following manner: first, a

set of nondeterministic tiles generate a combinatorial library (which is the basic re-

quirement for performing a massively parallel computation), second, a deterministic

set of rule tiles evaluates each input assembly to determine whether it represents the

desired answer. Computation by DNA self-assembly is equivalent to the mathemati-

cal tiling problem in the sense that in the former we design synthetic molecular units

corresponding to the Wang tiles, such that they can self-assemble into a lattice that

obeys the matching rules. Furthermore, just as the binding domains for Wang tiles

specify the matching rules, sequence specific hybridization of single stranded DNA

into double helical DNA ensure binding specificity. Additionally, Wang tiles require

four binding domains which are equivalent to the four sticky ends in the DNA tile

and can be created by the use of DNA double crossover molecules [78].

Researchers have also considered the complexity of various restricted versions of

Wang’s original tiling problem; for example, Lewis and Papadimitriou proved that

the tiling problem for a bounded n × n region is NP-Complete. A comprehensive

study of tiling can be found in the text by Grunbaum et al. [53]. Winfree instigated a

revival in the study of tiling in 1996 when he [162, 167] proposed using self-assembling

DNA tiles to simulate computation. In the following section, we present some of the

9 A decision problem is called undecidable if no algorithm can decide it, such as Turing’s halting
problem.
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formal models of self-assembly developed by Winfree based on Wang tiling that would

be used in this thesis.

3.2 Mathematical Theory of Self-Assembly

3.2.1 Abstract Tile Assembly Model

In 2000, Rothemund and Winfree [124] proposed an abstract Tile Assembly Model

(aTAM), which provides a mathematical model for theoretical studies of self-assembly.

In this irreversible (meaning tiles when bound, cannot come apart) assembly model,

the sides of the tiles are assumed to have the same selective binding constraints

(pads) as Wang tiles, meaning they function as programmable bonds between tiles.

The self-assembly process is initiated by a “seed” tile and proceeds to form aggre-

gates when tiles bind together at these pads. In particular, the key features of this

model are [Figure 3.1a]: (i) The unit of assembly is a square which is also called a

tile, (ii) Each side of a tile is labeled by a bond-type, each of which is associated with

a strength function. Our bond strengths are null, weak and strong, with an associ-

ated strength of 0, 1 and 2 respectively. (iii) A tile set is a finite set of tile types. A

tile type can be used an arbitrary number of times during the self-assembly process.

(iv) Assembly begins with the seed tile. (v) A tile may be added to the assembly

if it can be placed to match one or more sides with a total bond strength greater

than or equal to 2 (also called a τ = 2 system). (vi) Input sides of a tile t are the

sides of t with which the tiles initially bind in the assembly, while propagation sides

(output sides) are the sides which propagate information by binding to subsequent

neighboring tiles. (vii) Tile additions in the aTAM are non-deterministic, but, in

many cases, the assembly occurs in a locally deterministic assembly fashion [146].

For instance, the Sierpinski Triangle tile set10 has a locally deterministic assembly

10 The Sierpinski Triangle is a fractal described by Sierpinski in 1915 and is given by Pascal’s
triangle (mod 2), giving the sequence 1; 1, 1; 1, 0, 1; 1, 1, 1, 1; 1, 0, 0, 0, 1; . . . . In other words, coloring
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sequence.11

Figures 3.1b and 3.1c show the tile set and the aTAM growth of Sierpinski Tri-

angle formation by self-assembly respectively. The rule tiles correspond to the com-

putational tiles, while the boundary tiles provide input in the two dimensions and

the seed is responsible for nucleating the assembly. Some examples of complex com-

putational patterns that can be simulated in the aTAM are shown in Figure 3.2.

This model was later extended by Adleman et al. to include the time complexity

of generating specified assemblies [3]. Later work in this area also includes combina-

torial optimization, complexity problems, fault tolerance, and topology changes in

the abstract Tile Assembly Model as well as in some of its variants [7, 168, 4, 6, 7,

28, 32, 33, 37, 47, 69, 70, 74, 109, 110, 122, 125, 132, 133, 146, 146].

3.2.2 Kinetic Tile Assembly Model

The aTAM provides an elegant framework for describing how to form computational

assemblies from programmable tiles. The resulting assembly, however, is error-free

only because the model assumes perfect growth. To model various types of errors,

Winfree proposed the kinetic Tile Assembly Model (kTAM) [163] which is based on

the physical chemistry of DNA tiles in solution.

kTAM essentially models the self-assembly process as a continuous-time Markov

chain. In this chain, tiles are added to a location at a rate rf (proportional to their

concentration) but tiles fall off at a rate rr,b, where rr,b is determined by the total

strength b of bonds holding them to the neighbors. The model assumes that the

concentration of each tile type is held constant throughout the whole self-assembly

all odd numbers black and even numbers white in Pascal’s triangle produces a Sierpinski Triangle
[169].
11 An assembly sequence is locally deterministic if two conditions are satisfied if: (1) each tile added
in this sequence binds with the minimum strength required for binding and (2) there is a tile of
type t at location m in the result of this assembly sequence, and if t and its immediate neighbors
at the output ends are deleted from the result of assembly sequence, then no other tile type in tile
set can legally bind at this location.
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Figure 3.1: (a)Abstract Tile (b)The Sierpinski Triangle Tiling (c) aTAM growth
(d) A kTAM growth.

process and the concentrations of all tiles are equal [163]. Based on these assumptions

and letting Gmc be the logarithm of any tile concentration (Gmc can also be viewed

as the entropic cost of fixing the location of a monomer unit),

rf = pe−Gmc (3.1)

where, p gives the time-scale constant. Further, letting Gse be the unit bond free

energy (or the free energy cost of breaking a single sticky end bond),

rr,b = pe−bGse (3.2)

In terms of the actual aggregate, if there are m empty sites adjacent to the
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(a) (b)

(c)

(d) (e)
Figure 3.2: Examples of Complex Assemblies formed in the aTAM: (a) Unary
Square, (b) Binary Tree, (c) Binary Counter, (d) Beaver Square, (e) Spiral, made
with XGROW [163].

aggregate, then the net “on rate” is given as:

kon = mk̂e−Gmc (3.3)

where k̂ = 20kf , kf is the forward rate constant. For all occupied sites (i, j) within

the aggregate, the net “off rate” is

koff =
∑
b

koff,b , where koff,b =
∑

ij s.t bij=b

k̂fe
−bijGse (3.4)

Here bij is the total strength for matching labels and Gse = (4000K
T
− 11)s, with s

being the sticky end length of the oligonucleotide and T being the temperature. In
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general,

rf
rr,b

= ebGse−Gmc (3.5)

Winfree demonstrated that the optimal operating environment is when rf = rr,2

for a τ = 2 system. Hence rr,1 � rf , implying that tiles added to the assembly

with a strength of 1 fall off very quickly. A kTAM growth of Sierpinski Triangle

Assembly is shown in Figure 3.1d. Winfree also suggested that if the growth of the

tiling assembly is faster than the time required to locally establish equilibrium at

the growth sites, tiles (irrespective of whether they are correctly matched or not)

will become embedded and frozen in the interior of the aggregate with an out-of-

equilibrium distribution. This is known as the kinetic trapping model and provides

a way to relate the net growth rate r∗ and the error rate ε.

3.2.3 Computer Simulation of Tile Assembly Model

It is often useful to study the behavior of theoretical models using computer simula-

tion. XGROW [163] developed by Erik Winfree is such a simulator for tile assembly

models, aTAM as well as kTAM. XGROW follows the growth of a single assembly

by the addition of a single tile at a time. This lattice is referred to as a “flake” in

the simulator. For a successful simulation, the program needs the definition of the

participating tiles (namely the glue types and their corresponding strengths) and

growth parameters like Gmc and Gse. Depending on the parameters, a tile set may

simply not grow (since off-rates are too high), grow slowly and perfectly(because of

the right balance between the Gmc and Gse parameters), or grow fast with errors

(since on-rates are too high).

The basic aTAM and kTAM models assume that monomer tiles are present at a

fixed concentration throughout the assembly. However, in an extension of the model

that allows only finite concentration of each tile type, flake concentration needs to
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Figure 3.3: XGROW Simulator showing growth of a Sierpinski Triangle in kTAM.

be specified ([flake] = e−Gfc) and thus every time a monomer accretes to the flake,

[flake] is subtracted from the concentration of the monomer in solution. This feature

is used in the computer simulations described in Chapter 5.

XGROW has many features that can be controlled both through the command

line as well as interactively. A snapshot of the program is shown in Figure 3.3.

3.2.4 Thermodynamic Linear Tile Assembly Model

Rothemund and Winfree’s abstract model [124] is extremely powerful for calculat-

ing the complexity of computation using self-assembly. However, it is irreversible,

making it not very useful for calculating the various thermodynamic properties of

the assembly. An abstract model, that accounts for reversible tile assembly, how-

ever, would allow for the computation of these properties. These thermodynamic

properties, such as equilibrium concentration and convergence rates, can be used

to predict the yields of different computational self-assembling systems. Note that

while equilibrium concentration informs us about the amount of substrate required
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to guarantee a certain yield, convergence rates directly measure the time complexity

of the computation.

Adleman et al. [5] initiated the study of these properties with his analysis of

reversible linear assemblies. They assumed that there are n types of tiles arranged

on a doubly infinite line. Each tile type is assigned a probability function and these

density functions sum to 1. Some of the tiles may be bonded to their neighbors. At

every time step, all the tiles and aggregates are scrambled so that they fall at random

positions on the infinite line, without overlap. Next either an existing bond is broken

with an “off” probability or two free ends of adjacent tiles bond with a given “on”

probability. Adleman et al. [5] investigated whether such linear assemblies can attain

an equilibrium. They characterized the equilibria for linear self-assembling systems

and discussed the convergence rates of these assemblies to equilibria. The character-

ization of equilibria and convergence rates for arbitrary reversible 2D tiling systems,

however, remains an open question [155]. In Chapter 10, we solve a restricted version

of this problem.

3.3 Fabricating Computational Patterns with DNA Self-Assembly

The mathematical theory of self-assembly proposed by Winfree is very attractive.

However, it is only useful if it can be successfully applied to real systems. In this

section, we present some experimental progress in computational DNA self-assembly.

Recall the parallel between Wang tiles with colored glues and DNA tiles with sticky

ends: the sticky ends are so designed that they will bond only to complementary

sticky ends on other tiles, just as Wang tiles must be aligned by color of edge.

Hence in DNA self-assembly based computation, if a set of tiles are provided as

input, computational and output tiles fall into position based on the input. In the

first demonstration of computation (Cumulative XOR calculation) using DNA self-

assembly, input tiles represent the Boolean values of four inputs while output tiles,
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designed such that a tile representing the value 0 would connect to two identical

inputs, and a tile representing the value of 1 would connect to two dissimilar inputs,

formed alongside the input tiles. The reporter strand is then ligated, extracted and

amplified to read out the answer [85].

In two dimensions, the first demonstration of algorithmic lattices, wherein molec-

ularly encoded information directs the growth process to create a complex pattern,

was by Rothemund et al. [123]. The DNA lattices are, at the molecular level, a

two-dimensional woven fabric of short DNA strands. Because this programmable

growth could be considered a super-simplified model of organism development, and

because DNA is also the central information molecule in biology, Rothemund et al.

referred to this result as “weaving the tapestry of life” [9]. The second demonstra-

tion, also by Barish et al., where they demonstrated lattices that count and tubes

that copy. Counting is a useful primitive for bottom-up fabrication tasks such as

constructing a memory chip with address demultiplexers. Copying is a useful prim-

itive for evolution and computation. The error rates in this work (See Section 3.4),

however, strongly motivated research into methods for fault-tolerant self-assembly.

Further work combined several concepts and techniques such as proofreading tiles

[168] (discussed more in Section 3.4), origami [120] and zig-zag tiles for minimizing

facet nucleation errors (discussed in Section 3.4) [30] to self-assemble a fixed-width

cellular automaton pattern related to Sierpinski triangles [46].

3.4 Errors in Computational DNA Nanostructures

Errors in DNA self-assembly could occur due to a variety of reasons but in this

section we will only focus on the errors that occur as a result of deviation from

the tile assembly model mentioned in Section 3.2.1. In fact, the main barrier for

a practical implementation of TAM based assembly is that tile additions are very

error-prone. Experiments show that error rates can range from 1% to 8% [9, 123].
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Figure 3.4: Error by insufficient attachment in kTAM.

The primary kind of error encountered in DNA tile assembly experiments is known

as the error by insufficient attachment [29], which occurs when a tile violates the

TAM rule stating that a tile may only be added if it binds strongly12 enough [Figure

3.4]. This mismatch between theoretical models of DNA tiles and reality provides

major challenges in applying this model to real experiments.

There have been several designs of error-resilient tile sets [109, 168, 29, 127]

that perform “proofreading” on redundantly encoded information [168] to decrease

assembly errors. Winfree et al. [168] and Reif et al. [109, 127] both developed

techniques for decreasing growth errors (this error happens when a tile with one

weak bond attaches at a location where a tile with two weak bonds should have been

placed) in assembly, Chen et al. [29] addressed both growth and facet-nucleation

errors (this error happens when weakly binding tile attaches to a site where no tiles

should attach at the moment) by investigating errors by insufficient attachment.

Schulman et al. [133] addressed spontaneous nucleation errors (these errors occur

when a large assembly grows in the absence of a seed tile) with their zig-zag tile set.

Each of these works, however, addresses only certain types of errors and proposes

a construction that works with limited classes of tile sets. Additionally, most of the

techniques result in a greatly increased tile set size, hindering practical implementa-

tion. Because of the complexity of the designs, there has been only a small number

12 In the TAM for temperature τ = 2, a tile binds strongly either using at least one strong bond
or two weak bonds.
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of demonstrations of computational patterns with error correction [30, 46]. Thus one

of the major open questions in DNA self-assembly is how to design a tile set which

is both compact and error-resilient.

Recently, Jang et al. [64] proposed controlling monomer concentration as a

method to reduce error rates in DNA self-assembly. Although the technique does

not increase the tile-set size or decrease the assembly growth rate, it only yields error

reduction comparable to that of assemblies using snaked proofreading tiles. Their

model additionally made some strong assumptions about the assembly process, such

as that the concentration of each tile is controllable during the assembly.

Another compact error suppression mechanism has been proposed by Fujibayashi

et al. [48]. Even with the tiles floating all over the reaction tube, the authors restrict

self-assembly to just the desired active attachment sites by locking their binding sites,

and designing the active attachment sites (and no others) to serve as a key. They

observed that locking both the input and output sides of tiles provides substantially

greater error suppression than just locking one side. This idea is similar to the one

explored in Chapter 5.

3.5 Damage and Self-repair in DNA Self-Assembled Nanostructures

DNA nanostructures can be very fragile and damage prone. How can we know what

is the extent and likelihood of damage to our structures? How can such a structure

be repaired when it is damaged?

These questions lead us to realize that nature’s capability to self-repair still far

exceeds the self-healing capability of synthetic biochemical systems. In fact, DNA

in our cells is constantly damaged by both normal metabolic activities and environ-

mental factors, such as ultra-violet light and radiation. However, the strands are

successfully repaired. For instance, when one of the two strands of a double helix

has a defect, the other strand can be used as a template to guide the correction of
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the damaged strand. Rather than focus on natural self-healing processes, we instead

consider self-healing in synthetic systems.

As nano-scientists build more complex systems at the molecular scale each day,

this challenge of self-repairing biomolecular systems will become increasingly im-

portant. In fact, an interdisciplinary team at the University of Illinois at Urbana-

Champaign has already developed a polymer composite that has the ability to self

heal micro-cracks [157]. In the context of self-assembled nano-structures, however,

such a system will provide a transition from the existing simple one-time assem-

blies to self-repairing systems, yielding capabilities that have broad impact on nano-

engineering and provide numerous feasible practical applications.

Although no models have been proposed to date to model damage in DNA nanos-

tructures, Winfree [165] recently proposed an ingenious scheme that makes use of

modified DNA tiles that force the repair reassembly to occur only in a forward man-

ner. Winfree converted an original tile set into a new set of self-healing tiles that

perform the same construction at a much larger scale (5-fold larger scale in each

direction). Although the design is quite impressive, the much larger scale appears

to make his construction more of theoretical interest than of practical use. The

challenge is to limit the number of new tiles required, allowing the procedure to be

applied in practice.

3.6 DNA Self-Assembled Finite State Automata using DNA Manip-
ulating Enzymes

DNA self-assembly alone has been proved to be Turing Universal [162]. Using DNA

along with certain enzymes, has also been shown to be theoretically equivalent to

a Universal computer [138]. However, this computation has not yet been demon-

strated experimentally. Nevertheless Benenson et al. [12] proposed and experimen-

tally demonstrated a programmable, finite-state automaton, comprising of DNA and
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DNA manipulating enzymes where the device’s hardware is composed of restriction

enzymes, while the software and the input were encoded in ds-DNA. The automa-

ton processed the input molecule through a cascade of restriction, hybridization and

ligation cycles, eventually producing detectable output. Interestingly, this type of

computation can also be viewed as computation by disassembly, since the original

input complex is processed and cleaved in steps during the computation.

Yet another significant finite state automata implementation using DNA is called

the Whiplash PCR machine [128]. The beauty of this machine is that both the

program and the data are stored in the same single strand of DNA and, hence, several

distinct programs can run simultaneously in the same reaction tube. This machine

generally requires alternate heating and cooling cycles to drive a state transition

and, hence, does not have much flexibility in its applications. Chapter 6 describes

an isothermal and autocatalytic version of the same Whiplash PCR machine that

can operate outside the controlled laboratory environment.

With this background in the theory (Chapter 3) and practice (Chapter 2) of

DNA nanotechnology, we are now ready to ask questions about the theoretical basis

of the devices and discuss their specific design, programmability, accuracy and most

importantly, their experimental implementation in the next few chapters (Chapter 4

to Chapter 11).
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4

Error Minimization in a DNA-based Binary
Counting Lattice through an Optimized Set of

Physical Parameters

As described in Chapter 1, the connection between computation and construction

using DNA was first demonstrated by Winfree [162]. Winfree suggested that 2D DNA

tiles could be used to encode assembly instructions and hence this technique could be

used to form specific computational patterns. Recently 2D algorithmic patterns, such

as the Sierpinski Triangle [123] and a binary counter [9], both built from using DX

tiles [166], have been constructed with one-pot annealing by members of Winfree’s

group. Refer to Section 3.3 for more details on these experiments. In this chapter,

we present an experimental demonstration of a binary counting lattice assembly

using four DNA cross-tiles [172], constructed without a nucleating structure via a

multi-step annealing procedure, and derived error rates based on experimental data.

With this experiment we demonstrate how one can minimize errors in computational

assemblies using only an optimized set of physical parameters, specifically annealing
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temperature and relative stoichiometry of the tiles.1 Furthermore, we compare and

contrast our counter with the previously reported DNA self-assembled binary counter

[9], both in terms of the experimental protocol and the data.

Organization of the Chapter: Section 4.1 describes background knowledge on binary

counting. Section 4.2 describes the abstract design of the counting lattice according

to aTAM followed by a DNA-design for the corresponding cross tiles in Section 4.3.

Section 4.4 presents the experimental protocols involved, while Section 4.5 describes

the results of the experiments. Section 4.6 compares our results with that of Barish

et. al [9]. Section 4.7 compares our experimental demonstration with recent work on

experimental algorithmic assembly. Section 4.8 concludes the chapter.

4.1 Background on Binary Counters

A counter is a device which stores and displays the number of times a particular

event or process has occurred. A counter may count up (increment) or down (decre-

ment). This section considers the assembly of counters that count up. A binary

counter is a counter that stores the count in binary. This means that instead of stor-

ing 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10 . . ., it instead stores 0, 1, 10, 11, 100, 101, 110, 111, 1000,

1001, 1010, . . .. Most digital systems can only process binary information (i.e. en-

coded as a string of zeros and ones) and hence would count only in binary. Counting

is the most primitive instruction in a computing device and hence successful assem-

bly of a binary counter at the molecular level is an important milestone in the field

of nanoelectronics. Most often a binary counter is comprised of inverters, NAND

gates, and D flip-flops. Counters are of great importance in complexity theory as

well, often as a memory. For instance, a finite state automaton plus two counters is

1 This is a joint project with Dr. Sung Ha Park, Assistant Professor, Sungkyunkwan University,
South Korea.
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computationally equivalent to a Turing machine.

4.2 An Abstract Design of a Counting Lattice

The binary counter pattern consists of a 2D array in which each row represents an

integer in binary. The rows in the array have the property that the row above repre-

sents the next integer while the row below represents the previous. Thus this array,

counts from a to b where a is represented in the lowermost row while b corresponds

to the uppermost row. A classic implementation of this numeric array is comprised of

two binary operations: AND and XOR. For each row, the rightmost cell is provided

with a 1 bit. Each position in the row is then computed, from right to left, based

on the bit received from the right neighbor (also called the carry bit) and the cell

directly below it. If bi(n) represents the ith bit in the nth row and ci(n) is the carry

bit that this cell propagates to its left neighbor then bi(n + 1) and ci(n + 1) can be

computed as follows:

bi+1(n+ 1) = bi(n) XOR ci(n+ 1) (4.1)

ci+1(n+ 1) = bi(n) AND ci(n+ 1) (4.2)

The abstract design of the binary counter according to aTAM (Section 3.2.1) is

given in Figure 4.1. Figure 3.2c is an XGROW simulation of a binary counter in the

aTAM while Figure 4.2 shows a kTAM simulation of the same counter.

4.3 DNA Design of a Counting Lattice

We designed a binary counting lattice using DNA cross tiles [172]. Figure 4.3a shows

a tile with the logical implementation of a binary counter. The tile receives two

inputs, [X] and [Y], through east and south cross-tile arms, and gives two outputs [X]

XOR [Y] and [X] AND [Y] from north and west. Cartoons of the four rule cross-tiles

required to implement the lattice are shown in Figure 4.3b. In Fig. 4.3b (Bottom),
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Figure 4.1: Assembly of a Binary Counting Lattice with Abstract Tiles. The
boundary tiles first attach to the seed tile and then the computational tiles attach
to the growing lattice in a temperature τ = 2 model.

Figure 4.2: Assembly of a Binary Counting Lattice in XGROW (Gmc = 17 and
Gse = 8.6). The green stripes on the left correspond to errors in the kTAM simula-
tion.
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Watson-Crick complementary sticky-ends are shown as matching geometric shapes.

Tiles cannot rotate or flip over due to the geometric constraints of the cross-tiles.

Visual outputs of 1 bit for decoration of a binary counting pattern are indicated as

black dots in unit cross-tiles (Binary Counter 1 (BC1) and BC3 in Fig. 4.3b). A

schematic diagram of a 10× 10 binary counting nano-array shown in Figure 4.3c.

4.4 Experimental Protocol

4.4.1 Sequence Design, Synthesis and Purification

The design of cross-tiles was based on the structure of immobile 4-arm branched junc-

tions (See Section 2.3.3 for more details on the structure of a cross-tile.). Sequences

were designed to minimize the chance of undesired complementary association and

sequence symmetry. (See Section 2.5 on details of the program SEQUIN used to

design these sequences.) The sequences of the main cross tile are shown in Figure

4.4 while the sticky ends are shown in Figure 4.5. Synthetic oligonucleotides were

purchased from Integrated DNA Technologies (Coralville, IA) and purified by poly-

acrylamide gel electrophoresis (PAGE) (Refer to Section 2.6.1 for a background on

PAGE).

4.4.2 Tile and Lattice Design, Preparation and Annealing

Complexes were formed by mixing a stoichiometric quantity of each strand in physi-

ological buffer, 1×TAE Mg2+ (40 mM Tri-acetate (pH 8.0), 2 mM EDTA, and 12.5

mM magnesium acetate). The final concentration of DNA was between 0.125 and

1.0 µM . For the high-temperature annealing of unit tiles, equi-molar mixtures of

strands were cooled slowly from 95◦C to 20◦C by placing the eppendorf-tubes in 1 L

of boiled water in a Styrofoam box for about 24 hours to facilitate hybridization. For

the second step (low-temperature annealing), DNA tile mixtures were cooled slowly

from 42◦C to 20◦C by placing the eppendorf-tubes in 1 L of 42◦C water at room
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Figure 4.3: (a) Logic implementation of binary counter lattice assembly using DNA
cross-tiles. (b) (Top) Cartoons of self-assembled four rule cross-tiles for constructing
a binary counting pattern. Each tile is composed of nine strands, with one of the
strands participating in every arm junction. Strands n and n

′
are composed of com-

plementary bases. (Bottom) Watson-Crick complementary sticky-ends are shown as
matching geometric shapes. Visual outputs of 1s for decoration of a binary counting
pattern are indicated as black dots in BC1 and BC3 tiles. (c) Schematic diagram of
a 10× 10 binary counting nano-array.
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Figure 4.4: Detailed cross-tile DNA strand structures and base sequences. The
cross-tile consists of nine strands, S1 through S9, indicated by different colors. Num-
bers n and n

′
indicate complementary sequences. The red dot on the S9 loop strand

indicates the site of biotin modification for Streptavidin attachment. Biotin function-
alization was incorporated during oligonucleotide synthesis as an internal biotin-dT
monomer.

temperature for about 4 hours. After each step of annealing, samples were incubated

overnight at 4◦C before AFM imaging. (See Section 2.6.2 for a background on AFM

imaging.)

Streptavidin Attachment

After the second step of DNA binary counter assembly, Streptavidin purchased from

Rockland (www.rockland-inc.com, code no: S000-01, Lot no: 12088) is added to the

formed lattices in the same concentration of biotin in the annealed DNA sample. The

sample is left for an hour at room temperature, and then incubated at 4◦C overnight

before AFM imaging.
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GC pair

Concentration

(%)

sticky-end

name

5’ to 3’ sticky-end

name

5’ to 3’

30 11 (EW) ATGCT 11’ (EW) AGCAT

12 (EW) TTACA 12’ (EW) TGTAA

30 21 (NS) AAGTC 21’ (NS) GACTT

22 (NS) CTAAT 22’ (NS) ATTAG

30 31 (NS) GTTGA 31’ (NS) TCAAC

32 (NS) ATTGT 32’ (NS) ACAAT

30 41 (EW) CTGAT 41’ (EW) ATCAG

42 (EW) TATAC 42’ (EW) GTATA

Figure 4.5: Sets of the complementary sticky-ends for constructing a binary count-
ing pattern. The sticky-ends are designed such that the complementary sticky-end
pairs are shown as n and n

′
. NS and EW in the figure indicate the directions of

arm-strands, “north or south” for NS and “east or west” for EW.

4.4.3 AFM Imaging

AFM imaging was performed in tapping mode under 1×TAE Mg2+ buffer. A 5 µL

annealed-sample was dropped on freshly cleaved mica and left there for 3 minutes.

30 µL of 1× TAE Mg2+ buffer was then placed on the mica and another 30 µL of

1×TAE Mg2+ buffer was placed on the AFM tip. AFM images were obtained under

buffer in a Digital Instruments Nanoscope IIIa with a multimode fluid cell head in

the tapping mode using NP-S oxide-sharpened silicon-nitride tips (Vecco).

4.5 Experimental Results

4.5.1 Formation of Tiles

Figure 4.6a and Figure 4.6b show AFM images of 2D nano-grids formed from the

self-assembly of BC3 tiles and 1D lattices or ribbons from assembling BC4 tiles

after first step annealing of individual tiles. In tiles BC2 and BC3, the distance

between adjacent tiles is an even number of helical half-turns (4 full turns) so that

the identical face of each tile points toward the same lattice face. The sticky end

design of BC4 tiles are such that the self-assembly of this design resulted in micron-

long ribbon-like lattices of uniform width. On the other hand, both BC2 and BC3
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Figure 4.6: (a) AFM image of a BC3 cross-tile after first step annealing. 2-
dimensional grids which come from opened BC3 cross-tile ribbons or 1D lattice are
shown in (a) Because a BC3 has north-south as well as east-west self-complementary
sticky-ends, 2-dimensional grids are self-assembled as shown in (a). (b) AFM image
of unit BC4 cross-tile. Because a BC4 has east-west self-complementary sticky-ends,
1-dimensional barbwires are self-assembled as shown in (b). Scan sizes of (a) and (b)
are 1 µm × 1 µm.

tiles have self-complementary sticky ends both in the east-west as well as north-

south orientations. This configuration assisted in the formation of 2D grids. BC3

cross-tile grids are shown in 4.6a while BC4 cross-tile ribbons or 1D lattice are

shown in Figure 4.6b. Based on the relative absorption spectra in optical density at

260 nm as a function of temperature, we determined that the melting temperature

(corresponding to the transition from lattice to tile) ranges from 36◦C up to 40◦C

and annealing temperature (corresponding to the transition from tile to lattice),

varies between 35◦C and 37◦C. With the 10-base sticky-ends (with an average 30%

CG content) in all four directions, and their melting temperatures up to ∼ 40◦C,

reheating the mixture of tiles to 42◦C provided sufficient thermal energy to facilitate

further hybridization to the desired algorithmic lattice structures in the second step

of the two-step annealing process.
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4.5.2 Formation of Lattices

Counting Patterns without Relative Stoichiometry Control of Rule Tiles

Two counter tiles, BC1 and BC3 are modified by incorporating a biotin group into

a T4 loop at the center of the tile structure for visualizing an output of 1-bit. When

streptavidin is added to the solution of the self-assembled counter, the interaction of

streptavidin and biotin led to the development of binary counter patterns (meaning

the tiles representing one interacted with streptavidin and they appeared higher in

the AFM image than their zero counterparts). Figure 4.7 shows AFM images of

self-assembly binary counters without ratio-control of each rule tile. This means

that the sample containing the mixture of all the tiles has equal amounts of all four

participating tiles. Cartoons of binary patterns corresponding to real data are also

shown along side the AFM images. Red crosses indicate error positions caused by

mismatches during the lattice assembly process. Data interpretation is done in a

manner similar to that described in the experimental demonstration of a DNA self-

assembled binary counter by Barish et al. [9] For instance, in many images, higher

order bit have been ignored. Additionally, areas with missing tiles are not interpreted.

Finally, we say that an error has occurred when there is a mismatch in the sticky-end

hybridization on the east or south or both sides of a tile. Since these are the input

ends, if a tile binds to a growth site without the correct sticky ends for these sides,

it results in an error. We further define the error rate as the number of erroneous

tiles per 100 tiles in a given assembly. In other words, it is the total percentage of

incorrect tiles incorporated into the grid. The error rates for assemblies depicted in

Figure 4.7(a) and (b) are 22% and 11%, respectively. In summary, despite the errors,

we observed some counting that we achieved by simply controlling the second-step

annealing temperature (based on the melting temperature of the grids and ribbons

self-assembled from the individual tiles).
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Counting Patterns with Relative Stoichiometry Control of Rule Tiles

Apart from minimizing random aggregation of computational tiles by controlling the

annealing schedule, we optimized the relative stoichiometry of the component tiles for

a fixed size binary counting pattern and hence control error-rates. We observed that,

in general, our binary counting patterns are not too large. Hence we chose a 20× 5

counting pattern for the ratio control experiment. It should be remembered that each

row in the counting array can have indefinite number of BC2 tiles that represents 0

on the left. However, BC2 can also self-assemble into undesirable periodic 2D nano-

grid. Hence it is important to control the concentration of BC2. Limiting ourselves

to a counting pattern from 1 to 20, we thus obtained a target concentration for BC2.

Figure 4.9 shows AFM images of two-step self-assembly binary counters with ratio-

control of each rule tile based on the 20× 5 nano-crystal shown in Figure 4.8. Based

on Figure 4.8, the ratio of BC1, BC2, BC3 and BC4 counter tiles is 10:20:11:9, so

we incorporate tiles into the mixture in this ratio during our 2nd-step annealing.

Error rates in Figure 4.9(a) through 4.9(d) are 0%, 4%, 3%, and 10% respectively.

Average error rate is about 4%, which is about an order of magnitude smaller than

the average error rate without ratio-control. Thus, we observed almost 70% decrease

in error rates when we included relative stoichiometry control of the tiles in our

annealing protocol compared to the times when we did not.

4.6 Comparison with DX Tile based Binary Counting Lattice

Recall that Barish et al. [9] demonstrated a binary counter pattern that was formed

by the self-assembly of DAE tiles. In this chapter we presented a design using cross

tiles [172] to self-assemble the same computational pattern. Apart from the different

tiles we differ from Barish et al. in terms of both experimental protocol and the data.

For instance, Barish et al. use a scaffold strand to nucleate the binary counting
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Figure 4.7: (a) and (b) Two AFM images, scan sizes 400 nm × 400 nm of two-
step self-assembly binary counters without ratio-control of each rule tile. Inside area
of cyan boundary is analyzed and schematic interpretation is shown beside of it.
Magenta crosses indicate errors during assembly of the pattern. Blue/red numbers
in schematics indicate correctly/wrongly assembled subsequent rows. Error rates
(ER) of (a) and (b) are 22% and 11% respectively.

20 x 5 nanoarray

Tile # of tiles Ratio

BC4 20 10

BC4 40 20

BC4 22 11

BC4 18 9

Figure 4.8: A schematic drawing of 20× 5 nano-array binary counter on the right
and stoichiometry determination for the same array.
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Figure 4.9: AFM images of two-step self-assembly binary counters with ratio-
control of each rule tile for the 20× 5 nano-array. Error rates of (a) through (d) are
0%, 4%, 3%, and 10% respectively. Each scan is 300 nm × 300 nm.

assembly, whereas our design uses no nucleating structure. Another difference is

that Barish et al. use one-pot annealing for their assembly, whereas our binary

counter resulted from a two-step assembly; first the tiles are formed and then the

computational lattice is formed from the tiles. Furthermore, Barish et al. attribute

some errors in their assembly to mis-folded or incomplete tiles and hypothesize that

this error could be reduced by annealing each tile separately, then purifying each tile

type. Our two-step process minimizes this source of error.

The analysis of our results benefits from the use of cross tiles instead of DAE-

tiles. Barish et al. reported that many of their scaffold-nucleated assemblies were

imaged at such a low resolution that it was not possible to identify the individual

tiles. Cross-tiles, on the other hand, self-assemble into rectangular grids with about

20 nm tile center-to-center distance, making it simple to identify individual tiles
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under an AFM. The use of streptavidin to represent the bit one in our protocol

(as opposed to hairpin loops) also permits easy interpretation of the AFM images.

However, using biotin-streptavidin interaction for representing tiles corresponding to

a one has its own problem as well. Due to low concentration of streptavidin, not

every biotinylated tile may attach a streptavidin. Without such attachment, this tile

would incorrectly represent a zero. Additionally, during AFM imaging, streptavidin

may be knocked off the tile, misleading the interpretation of the corresponding tile.

Examining their data, Barish et al. concluded that the majority of their assem-

blies were in the form of tubes, amorphous aggregates and illegal growths from the

scaffold strands. We attempted to minimize such occurrences by controlling the GC

content of the sticky ends of the participating tiles as well as basing the second an-

nealing schedule on the melting data of the individual tiles. And finally, the most

important feature in our protocol is to control stoichiometry of the component tiles

to generate more robust computational pattern.

In theory, it is possible to reduce assembly errors to any desired level [168, 29, 109],

but these approaches are not fully verified experimentally. Our protocol shows that

it is possible to reduce error rates without modifying the design, through careful

control of the assembly conditions.

4.7 Comparison with Recent Work on Experimental Demonstration
of Algorithmic Assembly

Our counter self-assembled without a nucleating structure and, hence, the assembly

starts at a random number but counts thereafter. Error rates ranged between 0%

and 20%. We examined several assembled structures under an atomic force micro-

scope and found many DNA fragments with high error rate(> 1%). Furthermore,

the yield (defined as the ratio between the initial amount of DNA and assembled

DNA) was also low. Improper algorithmic patterns (as previously reported in ex-
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perimental data [123, 9]) were common in our experiments as well. Therefore it is

highly important that we control the direction of lattice growth either through use

of a boundary or through other mechanisms for controlling nucleation to minimize

assembly errors. These errors would inhibit construction of useful devices, such as a

de-multiplexer and other electronic devices [37] using self-assembly. Another method

of error-correction would be improved tile designs e.g. reprogramming the binding

logic to incorporate error-correcting codes [168, 29, 109]. In fact, recent experiments

demonstrated reduced nucleation errors during algorithmic assembly [30]; however,

this design results in an increased number of tile types required to implement the de-

sired pattern. Other results demonstrated that DNA origami [120] seeds can be used

to nucleate a Sierpinski assembly [46], giving both higher yields and lower error rates

than the previously demonstrated Sierpinski pattern [123]. This protocol, however,

greatly increased the number of strands in the assembly; additionally the protocol

made it difficult to control the concentration and relative stoichiometry of the tiles

as well as the nucleating structure. Hence, the experimental demonstration of robust

algorithmic assemblies comprising of only a few tile types remains a challenge.

4.8 Chapter Summary

In summary, we have presented an aperiodic binary counting pattern implemented

by the self-assembly of four cross tiles. As mentioned earlier, theory predicts that it

is possible to minimize errors in computational assembly to any required level. How-

ever, until these approaches are experimentally verified, our experimental demonstra-

tion of reducing error rates in computational assembly by controlling the physical

conditions remains to be an important contribution.

While practical demonstration of computational assembly remains plagued with

errors, recent theoretical advances make robust computation more promising. The

next chapter discusses our theoretical contribution to self-assembling an error-resilient
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computational pattern without increasing the tile set complexity.
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5

Compact Error Resilience with Activatable tiles

As we observed in last chapter that computational DNA assembly is quite error-

prone and even simply controlling physical parameters like relative stoichiometry

of tiles can improve fabricated patterns. However, it is not enough. In fact, since

2003 there have been several designs of error-resilient tile sets [109, 168, 29, 127] but

all of the existing error-resilient tile sets assume directional growth. This is a very

strong assumption because experiments show that real tiles do not behave in such

a fashion. The assumption, however, underlies the growth model in TAM. Thus,

a potential solution to minimizing assembly errors is to enforce this directionality

constraint. Observe that if we start with a set of “deactivated” tiles which activate

in a desired order, we can enforce a directional assembly at the same scale as the

original one. Such a system can be built with minimal modifications of existing DNA

nanostructures (Section 2.3). Thus this chapter describes a new type of tiles called

activatable tiles and its role in compact proofreading.

Organization of the Chapter: Section 5.1 introduces the notion of deprotection and

discussed the need for activatable tiles in computational assemblies. In Section 5.2,
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we provide abstract and kinetic models for activatable tiles that build on Winfree’s

original TAMs, with the primary difference being that each tile now has an asso-

ciated finite state machine. We analyze potential sources of error in activatable

TAM and compare both error rate and growth speed with that of the original TAM.

In Section 5.3 we observe that since activatable tiling assembly growth happens at

the original scale of the assembly with low error rates, activatable tiles can provide

compact error-resilience. In Section 5.3 we also prove that activatable tiles can pro-

vide compact self-healing by repairing a hole of certain size with high probability

before backward assembly growth can start, assuming suitable values of kinetic pa-

rameters. Section 5.4 describes a simple simulation model for activatable tiles. In

Section 5.5.1 we first describe an experiment to test the displacing and processing

power of our chosen polymerase followed by Section 5.5.2, where we describe the

DNA design of an example one dimensional activatable tile and its deprotection us-

ing strand displacement and DNA polymerization. In Section 5.5.3 we extend this

design to the two dimensional case. In Section 5.6 we observe that the applications

of activatable tiles are not limited to computational assemblies and discuss a novel

concentration/sensing system based on activatable tiles. We also briefly describe

how activatable tiles can be used for catalyzing chemical reactions. In Section 5.7

we conclude the chapter with some open questions and future directions.

5.1 Previous Approaches to Direct Tiling Assembly Procedures

The main inspiration for the idea of activatable tiles has been snaked-proofreading

technique of Chen et al. [29], which replaces each original tile by a k×k block of tiles.

The assembly process for a block doubles back on itself such that nucleation error

cannot propagate without locally forcing another insufficient attachment. Can such

a growth order be enforced at the original scale of the assembly? Other motivating

work has been from Dirks et al. [38], who designed a system where monomer DNA

72



nanostructures, when mixed together, do not hybridize until an initiator strand is

added. Can the idea of triggered self-assembly be used in the context of computa-

tional DNA tiling?

The answers to both questions are yes. The basic schemes in one and two dimen-

sions are shown in Figure 5.1 and Figure 5.2 respectively. The key idea is to start

with a set of “protected” DNA tiles, which we call activatable tiles ; these tiles do not

assemble until an initiator nanostructure is introduced to the solution. The initiator

utilizes strand displacement (Section 2.2.3) to “strip” off the protective coating on

the input sticky end(s) of the appropriate neighbors. When the input sticky ends

are completely hybridized, the output sticky ends are exposed. The newly exposed

output sticky ends, in turn, strip the protective layer off the next tile along the grow-

ing face of the assembly. DNA polymerase enzyme (Section 2.2.2) can perform this

deprotection, since it can act over long distances (e.g: across tile core) unlike strand

displacement. The use of polymerase as a long range effector is justified because

of its successful use in PCR, a biochemistry technique often used for exponentially

amplifying DNA. Many repeated rounds of primer polymerization are required in

conventional PCR. In contrast, we are using only a single round of primer polymer-

ization (similar to a single round of PCR) to expose the desired sticky ends in our

activatable tiles.

Enzyme-free Activated Tiles: The most relevant previous work that is probably that

of Fujibayashi et al. [47, 48]: the Protected Tile Mechanism (PTM) and the Lay-

ered Tile Mechanism (LTM) which utilize DNA protecting molecules to form kinetic

barriers against spurious assembly. Although this is an enzyme-free circuit, in the

PTM, the output sticky ends are not protected and thus they can bind to a growing

assembly before the inputs are deprotected and hence cause an error. In the LTM,

the output sticky ends are protected only by 3 nucleotides each and can be easily
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Figure 3.1: Our basic scheme of deprotection for one and two dimensional assem-
bly. Here we have used the standard TAM notation for tiles and input and output
pads. The oval padding over the input and output pads denotes protetcion from
hybridization.

Thus only if we can ensure a deprotection from input to output end, error resilience

can be guaranteed. Our activatable tiles is a small step towards this goal.

3.2 The Activatable Tile Assembly Models

An abstract model is a theoretical abstraction from reality that is often easier to work

with conceptually as well as mathematically. Thus developing an abstract activatable

tile assembly model will help us describe the mechanism of tiling assembly growth

with activatable tiles as well as analyze potential sources of error in the process.

Since Winfree has already established the framework for tiling assembly models with

his TAMs, we build our abstract Activatable Tile Assembly Model (aATAM) and

the kinetic Activatable Tile Assembly Model (kATAM) discussed in this section on

Winfree’s abstract and kinetic TAMs respectively [64] [See Section 1.3].
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Figure 5.1: Our basic scheme of deprotection for one dimensional assembly. Here
we have used the standard TAM notation for tiles and input and output pads. The
oval padding over the input and output pads denotes protection from hybridization.
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Thus only if we can ensure a deprotection from input to output end, error resilience

can be guaranteed. Our activatable tiles is a small step towards this goal.

3.2 The Activatable Tile Assembly Models

An abstract model is a theoretical abstraction from reality that is often easier to work

with conceptually as well as mathematically. Thus developing an abstract activatable

tile assembly model will help us describe the mechanism of tiling assembly growth

with activatable tiles as well as analyze potential sources of error in the process.

Since Winfree has already established the framework for tiling assembly models with

his TAMs, we build our abstract Activatable Tile Assembly Model (aATAM) and

the kinetic Activatable Tile Assembly Model (kATAM) discussed in this section on

Winfree’s abstract and kinetic TAMs respectively [64] [See Section 1.3].
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Figure 5.2: Our basic scheme of deprotection for two dimensional assembly. Here
we have used the standard TAM notation for tiles and input and output pads. The
oval padding over the input and output pads denotes protection from hybridization.
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displaced causing the above-mentioned error. Thus only if we can ensure a deprotec-

tion from input to output end, error resilience can be guaranteed. Our activatable

tiles is a small step towards this goal.

5.2 The Activatable Tile Assembly Models

An abstract model is a theoretical abstraction from reality that is often easier to work

with conceptually as well as mathematically. Thus developing an abstract activatable

tile assembly model will help us describe the mechanism of tiling assembly growth

with activatable tiles as well as analyze potential sources of error in the process.

Since Winfree has already established the framework for tiling assembly models with

his TAMs, we build our abstract Activatable Tile Assembly Model (aATAM) and

the kinetic Activatable Tile Assembly Model (kATAM) discussed in this section on

Winfree’s abstract and kinetic TAMs respectively [162] [See Section 3.2].

5.2.1 The abstract Activatable Tile Assembly Model (aATAM)

In the simplest version of activatable tiles, the idea is to start with a set of “protected”

rule tiles so that the tiles do not assemble until the pre-assembled initiator assembly

consisting of a seed tile and multiple boundary tiles is introduced in the mixture. In

the more complex version, the initiator is the seed tile alone and the boundary tiles

have a protection-deprotection scheme similar to that of the rule tiles.

The aATAM is similar to the original abstract TAM (aTAM) due to Winfree [162]

except that each tile type t has an associated finite state machine (FSM) Mt and

hence, each tile has a state. Refer to Figure 5.3 for the rest of this discussion. The

new abstract rule tile is shown in Figure 5.3(a-ii). Unlike the original tile [Figure

5.3(a-i)], it has all of its sides protected. The states in the FSM Mt arise from the

presence or absence of protection on the four sides of the tile type t (as shown in

Figure 5.3(b)). The state transition diagram is shown in Figure 5.3(c). The idea is
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Figure 5.3: (a-i)Original Abstract Rule Tile, (a-ii)Protected Abstract Tile,
(b)Different states associated with the activatable rule tile, (c)State Transition Dia-
gram for Activatable Rule Tile, (d-i)Original Abstract Boundary Tile along x axis,
(d-ii)Protected Abstract Boundary Tile along x-axis, (e)Different states associated
with the Activatable Boundary Tile along x-axis, (f)State Transition Diagram for
Activatable Boundary Tile along x-axis, (g-i)Original Abstract Boundary Tile along
y axis, (g-ii)Protected Abstract Boundary Tile along y-axis, (h)Different states asso-
ciated with the Activatable Boundary Tile along y-axis, (i)State Transition Diagram
for Activatable Boundary Tile along y-axis. The oval padding on the sides of certain
tiles in the Figure is used to denote protection of tile pads from hybridization. Sides
of tiles without labels indicate absence of sticky ends.

to start with a completely protected rule tile and at the end have a tile similar to one

described in Winfree’s aTAM once its input ends are properly bound to appropriate

“neighbors” in a growing assembly. A tile of type t is inert in state S1t until it is

activated on its input pad In1t or In2t by the tiling assembly surface (corresponding

states S2t and S3t). The bound input pad in turn activates the remaining input

which can bind to an appropriate adjacent tile on the growing face of the crystal

(S4t). In case there is no such neighbor available, the protection (P1t or P2t), which
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Figure 5.4: The different states associated with the transition diagram for the
kATAM.

Figure 5.5: Continuous time Markov Chain associated with the kATAM (Specifi-
cally the Kinetic Trapping Model).
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is part of the tile until the outputs are deprotected, covers the inputs again and the

tile leaves the assembly (S1t). With at most one of the input pads bound, (recall

that outputs are not available for binding until both input pads are matched) there

can be at most one weak bond between the tile and the assembly. A tile in aATAM

abides by the temperature τ = 2 rule just as in aTAM and hence this tile dissociates.

When both inputs are matched, the long range effector (LRE) deprotects the output

pads (S4t).
1

5.2.2 The kinetic Activatable Tile Assembly Model (kATAM)

The kATAM is based on Winfree’s original model kTAM, but due to the the stochas-

tic nature of the protection on all sides of the tile, additional errors need to be mod-

eled. Therefore we need more free parameters than just rf and rr,b for tiling assembly

growth. Figure 5.4 shows the different states possible in the finite state machine for

the kATAM and Figure 5.5 shows the state transition diagram. In addition to the

assumptions of kTAM, the main assumptions of kATAM are: (i)The input protection

is only reversible while the output pads are still protected, (ii)Output protection is

irreversible, meaning once a tile is completely deprotected, it cannot return to the

stage where every side of the tile has a protective cover. Monomers in solution are,

thus, either entirely protected or entirely deprotected.

We start with an empty growth site(S1). Completely protected tiles can be added

to it at a rate rf , proportional to their concentration (recall Gmc is the logarithm

of the concentration). This event corresponds to state S6, S8 and S2, depending

on whether the tile has 0, 1 or 2 input matches at its growth site. In kATAM,

1 In the more complex version of activatable tile set, the seed is the initiator tile in the assembly
experiments and consequently does not have any protection on any of its sides. Boundary tiles still
need to be protected [Figure 5.3(d-ii) and 5.3(g-ii)]. The corresponding states are shown in Figures
5.3(e) and 5.3(h). Deprotection is simpler for boundary tiles. Since the bonds on the east side of
the x-axis boundary tiles (Bx) and that on the south side of the y-axis boundary tiles (By) are
strong bonds, matches on those pads can trigger the deprotection of the north and west pads for
Bx as well as By [Figures 5.3(f) and 5.3(i)].
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tiles binding at the growth site come in another flavor too: They may be completely

deprotected (i.e. as the tiles in the original kTAM). The reason for modeling these de-

protected tiles is that even a tile with both inputs correctly matched can be knocked

off the growth site after output deprotection. These tiles, however, are added to the

growth site, at a different rate r
′
f that will be shown later to be much smaller than

rf . This is the transition probability to states S10, S7 and S5 from S1. Later in this

section we will discuss how we can derive r
′
f from the free parameters. Further, tiles

in states S2, S6 and S8 fall off at a rate rr,0 since they are completely protected and

still not bound to the tiling assembly. The rate of dissociation rr,b from states S7,

S10 or S5 depends only on the extent of input matches (just as in original kTAM)

and hence are rr,0, rr,1 and rr,2 respectively.

With one input match, the tile in S8 (S2) transitions to S9 (S3) at the rate of rdp

(deprotection) and returns to S8 (S2) at the rate of rp(protection). This tile state

corresponds with monomers with one deprotected input and one protected input; if

the second input is also matched, then it is deprotected at the rate of rdp (S4). If,

however, there is a mismatch for the second input, either the protective cover2 falls

back on the inputs at the rate rp (S9 → S8) or the tiles come off the growth site at

the rate rr,1. Note that rdp and rp are free parameters whose value depends on the

experimental situation.

When both inputs are matched, the output pads(S5) are deprotected at the rate

rdp out. Just as with rdp and rp, rdp out is a free parameter that depends on the

experimental situation. Tiles can, however, fall off from the growth site, while in

any state at a rate that depends on the extent of binding. Tiles with more than two

bindings (three or four) can fall off the growth site, too, but at a considerably lower

rate of rr,3 or rr,4. Thus we do not show these transitions in Figure 5.4.

2 The design of these tiles are such that the protection is part of the nanostructure until the
outputs are deprotected.
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Figure 5.6: Kinetic Parameters for an example deprotection system.

5.2.3 Kinetic Parameters for an Example Deprotection System

The chain of equations in Figure 5.6 shows how to derive the various parameters for

a certain implementation of deprotection using a DNA polymerase enzyme (modeled

as a irreversible process) and strand displacement technique (modeled as a reversible

process).3 Consider the growth site GS in an assembly A and suppose tile T1 can

bind at GS. T1Prot, the protected version of T1, arrives at GS at a rate rf (corre-

sponding rate constant kf ). Since all its pads are protected, it can leave the growth

site at a rate rr,0 (corresponding rate constant kr,0). Without loss of generality, sup-

pose the south end input (e.g. input 1) binds, and triggers a signal making the east

end input ( input 2) available for binding and, if this hybridization is successful, the

outputs become uncovered. Input 1 has an exposed toehold, facilitating displace-

ment of the protection strand P1. Input 1 of T1Prot hybridizes with A via strand

displacement of P1, to form AT1In1Bnd (forward and backward rate constants are

ksd1 and k−sd1 respectively). P1 is now free to displace P2, the protection of input 2,

using a toehold region forming AT1In2ToeExp (forward and backward rate constants

are ksd2 and k−sd2 respectively). Once input 2 is exposed by strand displacement,

it hybridizes with A, forming AT1In2Bnd (forward and backward rate constants are

ksd3 and k−sd3 respectively); the complement P
′
of the primer P , which was held in a

hairpin loop on the output protection strand P3, is now made available. The primer

3 For the subsequent discussion, note that the backward rate is denoted by the negation of forward
rate. For instance, if kpoly be the forward rate of association of the DNA polymerase enzyme to
the primer, k−poly denotes the rate of dissociation of the polymerase enzyme.
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binds to P3, forming AT1InBndP at the rate rf (It can dehybridize at the rate rr,1);

DNA polymerase enzyme E next binds at the 3
′
end of P forming AT1InBndPE (for-

ward and backward rate constants are kpoly and k−poly respectively) and extends it to

the output ends with a rate constant kext.
4 In the next step when PextP3 dissociates,

the outputs of tile T1 in the assembly AT1OutExp are exposed. Completely depro-

tected tiles (T1UnProt) can fall off GS at a rate rb,2 dictated by their concentration

(rate constant kb,2; these tiles are the only source of errors in assembly. They can

cause an error by attaching to a growth site in another assembly A
′

with a single

match (A
′
T1UnProt).

We derive the rates of the different reactions. ksd1, ksd2 and ksd3 are the forward

rate constants of strand displacement while k−sd1, k−sd2 and k−sd3 are the correspond-

ing backward rate constants. In general,

ksdi
k−sdi

= e∆G/kT (5.1)

for i = 1, 2, 3, where ∆G is the free energy change in the duplex formation for the

toehold region and is calculated in a similar manner as Gse. Further, Thompson et al.

[149] estimated from empirical data the average time taken per base-pair migration

to be of the order of 100 µ seconds. Thus ksdi and k−sdi, for i = 1, 2, 3 can be

estimated from the corresponding toehold length.

Once at least one of the inputs are hybridized, the tile can dissociate with a rate

constant kr,i, where i = 1, 2 depending on how many inputs are currently bound.

Recall that, at this stage, we assume that T1 returns to its original protected state

(T1Prot) when it falls off the assembly. This corresponds to rate

rr,i = kfe
−iGse (5.2)

4 The polymerase extension of the primer hybridized to the protection strand, is modeled as an
irreversible atomic process for simplicity. If the exonuclease activity during polymerization occurs
at a reasonably low rate, then the assumption is quite justified.

81



The primer hybridizes at a rate

rf = kf [P ] = kfe
−Gmc (5.3)

We assume that the polymerase enzyme initially binds with a rate constant of

kpoly and dissociates with k−poly, but the subsequent polymerization after binding is

irreversible. The polymerization once begun occurs with a rate constant of kext. In

general, kpoly and k−poly are experimentally obtained depending on the polymerase.

However, if we do not have that data at our disposal, it can also be derived ana-

lytically. Since mathematical treatment of pre-steady state kinetics is quite difficult

when exonuclease activity is included, eukaryotic DNA polymerization is often stud-

ied in only steady state. In general, let kcat and kexo be the catalytic rate of DNA

polymerization and exonuclease reactions, k1 and k−1 represent the association and

dissociation rates, respectively of nucleotide binding and n be the number of consec-

utive nucleotide incorporation allowed, then using steady state kinetic analysis [131],

the concentration of the tiles whose both outputs are exposed due to the polymeriza-

tion of the protection strand ([AT1OutExp]) can be evaluated given the concentration

of the tiles with primers bound to P3, ([AT1InBndP ]). Specifically,

kext =
1

1 + (1 + Km
N

)Σn−1
i=0 (kexo

kcat
)n−i(Km

N
)n−i−1

(5.4)

Here N is the nucleotide concentration and Km = k−1+kcat
k1

. The derivation of kext is

as follows: if Di and D
′
i represent the concentration of the polymerized primer, i bases

long and the complex polymerized i-mer with the next nucleotide to be incorporated

bound in its position but not yet catalyzed respectively (both are complexes with

DNA polymerase), then
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dDi

dt
= kcatD

′
i−1 + k−1D

′
i + kexoDi+1 − kexoDi − k1DiN (5.5)

and

dD
′
i

dt
= k1DiN − (k−1 + kcat)D

′
i (5.6)

for i = 0, . . . , n − 1 and dDn
dt

= kcatD
′
n−1 − kexoDn. The last equation ensures that

the polymerization stops at the end of n bases. Further D−1 = 0. Hence solving for

these equations in steady state where each dDi
dt

and
dD
′
i

dt
is zero, we can obtain the

equation for kext.

5.2.4 The Kinetic Trapping Model

In the context of the abstract tile system, the kinetic trapping model monitors a

particular growth site. As tiles attach to the neighboring growth sites, the tile

currently in the monitored growth site “freezes” there permanently at the effective

growth rate r∗ (even if it has one or more mismatches among its four binding sides).

The kinetic trap model can be used to find the probability that the correct tile is in

the growth site when the site freezes. In addition to the states described in Figure

5.4, the model has the sink states Frozen Correct(FC) and Frozen Incorrect(FI)5

[Figure 5.5]. n this model, the probability of an error-less step in the assembly is the

probability of a tile transitioning to FC at t → ∞. We compare the growth speed

and the error rate with that of the original Winfree model.

Since there are many free parameters in the kinetic model, such as rf , rr,b, rp

etc we decrease the dimensionality of the parameter space by combining some of

the parameters together e.g. rp, rdp and rdp out. This is done by computing the

5 A growth site can only be frozen if the output pads of the tile sitting in that growth site are
available for binding. Hence the transitions to FC and FI are only from S5, S7 and S10 and not
from S6 or S9.
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rate at which tiles become completely deprotected after reaching a growth site, thus

neglecting the intermediate states in Figure 5.5. This corresponds to the rate at

which a tile reaches state S5 if it is in S1. We call this rate reff and assume that

reff is a function of Gse such that

reff = kfe
(−2+ε1)Gse (5.7)

where ε1 is a constant and 0 < ε1 < 1. Note that reff is similar to rf in the original

kTAM. Based on the continuous time Markov Chain (CTMC) in Figure 5.5, we can

evaluate reff as

reff = rf
rdp

(rdp + rr,0)

rdp
(rp + rdp + rr,1)

rdp out
(rdp out + rr,2 + rp)

(5.8)

This formulation is derived as follows: the rate of moving from S1 to S3 is

rf
rdp

(rdp+rr,0)
. Similarly, the rate at which tiles transition from S3 to S4, given the rate

of transfer from S1 to S3 is rf
rdp

(rdp+rr,0)

rdp
(rp+rdp+rr,1)

. Similarly one can obtain the rate

of transitioning from S4 to S5 given the effective rate of transition from S1 to S4.

One primary assumption in kATAM is that

rr,1 > rf > reff > rr,2 (5.9)

Further, we assume

rr,1 = e−Gse (5.10)

rr,2 = e−2Gse (5.11)

reff = e(−2+ε1)Gse (5.12)

rf = e(−2+ε1+ε2)Gse (5.13)

for

0 < ε1 (5.14)

ε2 < 1 (5.15)
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Observe that rf = e−Gmc as well. Observe that all the equations mentioned above

are missing the time constant p (See Section 3.2.2). This has been done purposefully

for a simple representation since it will not be relevant in the analysis described in

the following few paragraphs.

For simplicity of the model, we can ensure that

ε2 � ε1 (5.16)

by adjusting the kinetic parameters in the deprotection system (e.g. toehold length

in the strand displacement events, nucleotide concentration and template length for

polymerization etc). Hence

reff � rr,2 (5.17)

Another important assumption we make is that DNA polymerization has been

modeled as irreversible and, hence, at equilibrium every tile is completely depro-

tected. Based on these assumptions we conclude the following claim:

Claim 5.2.1. With respect to the original kTAM, the error rate in kATAM can be

significantly decreased without a considerable decrease in the speed of the growth of

the assembly since ε
εold

= e−ε1Gse and r∗
r∗old

> e−ε2Gse.

Proof. In order to prove this claim, we first need to estimate r
′
f , the rate at which

completely deprotected tiles bind to a growth site. Observe that in Figure 5.5, there

is a transition from state S5 to state S1 when the tile after output deprotection leaves

the growth site. The state of the tile however, has changed as indicated in Figure 5.6

(from T1Prot to T1UnProt). Thus, the transition from S4 to S5 is irreversible. This

implies that at t→∞ (steady state), all protected monomers will pass through state

S5. Hence e−Gmc is an upper bound on the fraction of tiles in state S5 at t→∞. 6

6 This is a loose upper bound because at t → ∞, most growth sites are frozen and the tiles in
those growth sites cannot leave and contribute to the expected number of tiles leaving S5. The
concentration of completely deprotected tiles, however, is maximum at steady state.
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Based on the CTMC in Figure 5.5, the probability of a tile leaving state S5 is

pout S5 =
rr,2

r∗ + rr,2
(5.18)

where r∗, the effective growth rate, is given by

r∗ = reff + r
′
f − rr,2 (5.19)

Hence, the expected portion of completely deprotected tiles Tdeprot that leaves S5 is

E[Tdeprot] =
rr,2

r∗ + rr,2
e−Gmc (5.20)

by linearity of expectation.

Recall that the rate of tile addition is solely dependent on the concentration of

the tiles. Hence the rate at which a completely deprotected tile binds to a growth

site is

r
′
f = kf

rr,2
r∗ + rr,2

e−Gmc (5.21)

Observe that we have

r
′
f = rf

rr,2
reff + r

′
f

< rf
rr,2
reff

(5.22)

since r
′
f > 0. For simplicity, we will use rf

rr,2
reff

as an estimate of r
′
f since the bound

can be made tighter using the assumption ε2 � ε1. 7 Thus

r
′
f = e(−2+ε2)Gse (5.23)

7 ε2 � ε1 implies reff � rr,2. Thus out of reff tiles reaching state S5 in unit time, only rr,2
leave. Only these tiles which leave the growth site after complete deprotection can come back to
any growth site with a rate constant of kf . Hence if reff � rr,2 then r

′
f should be much less

than reff and we can safely neglect the contribution from r
′
f in the denominator r∗ + rr,2 while

computing the value of r
′
f .
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We now analyze the probability of an error-less assembly step based on the kinetic

trapping model in Figure 5.5. Let pi(t) be the probability that i is the state t seconds

after the growth site has appeared, assuming the site has not yet been frozen. Thus

if we start with unit concentration of tile in S1, it accumulates differentially in FC

and FI. Based on the continuous time Markov Chain (CTMC) in Figure 5.5, we

compute the probability of an error-less step for an assembly as

pFC(∞) =

reff+r
′
f

r∗+rr,2

reff+r
′
f

r∗+rr,2
+

2r
′
f

r∗+rr,1
+

4r
′
f

r∗+rr,0

∼ 1

1 + 2
( r

′
f

r
′
f+reff

)( r∗+rr,2
r∗+rr,1

) (5.24)

since (i) there is only one correct tile for any growth site (this tile ends up in FC), two

tiles with one binding site match and the remaining four tile types have no matching

binding sites (these tiles end up in FI) and (ii) rr,1 > rf > reff > rr,2. Hence error

rate is

ε = 1− pFC(∞)

∼ 2
( r

′
f

r
′
f + reff

)(r∗ + rr,2
r∗ + rr,1

)
(5.25)

for small ε. Simplifying,

ε = 2
e−(ε1−ε2)Gse

1 + e−(ε1−ε2)Gse

e−(1−ε1)Gse(1 + e−(ε1−ε2)Gse)

1 + e−(1−ε1)Gse + e−(1−ε2)Gse − e−Gse ∼ 2e−(1−ε2)Gse (5.26)

neglecting e−Gse(eε1Gse + eε2Gse − 1). Recall that error in Winfree’s model [163] is

εold = 2eGmc−Gse = 2e−(1−ε1−ε2)Gse (5.27)

Thus,

ε

εold
= e−ε1Gse (5.28)
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The growth speed in kATAM,

r∗ = kfe
(−2+ε1)Gse(1 + e−(ε1−ε2)Gse − e−ε1Gse) (5.29)

and growth speed in kTAM,

r∗old = rf − rr,2 = kfe
(−2+ε1+ε2)Gse(1− e−(ε1+ε2)Gse) (5.30)

Thus we have

r∗

r∗old
=
e−ε2Gse(1 + e−(ε1−ε2)Gse − e−ε1Gse)

(1− e−(ε1+ε2)Gse)
> e−ε2Gse (5.31)

Since ε2 � ε1, we conclude that the assembly error rate can be significantly decreased

with slight decrease in the growth speed. Note that there is a lot of slack in our

analysis. Further, since there are multiple free parameters in addition to Gmc and

Gse in kATAM, the exact correlation between error rate and growth speed is still an

open question.

5.3 Compact Proofreading with Activatable Tiles

Activatable tiles provide error-resilience to a growing assembly by enforcing direc-

tional growth. Ideally the output ends are never available until the corresponding

input ends are completely hybridized, thus preventing both errors by insufficient

attachment as well as nucleation errors. There is a small probability, however, of

errors by insufficient attachment caused by tiles that leave a growth site after out-

put deprotection. Furthermore, the computation still occurs at the original scale,

unlike Chen’s snaked proofreading technique [29] which increases the lattice size by

a multiplicative factor of k2. Hence, activatable tiles indeed provide compact error-

resilience. Since the seed is the only completely unprotected tile when the assembly

begins and the concentration of completely unprotected rule or boundary tiles ex-
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isting in solution at any given time is very low, activatable tiles can also prevent

spontaneous nucleation and enforce “controlled growth”.8

We can formally prove that activatable tiles are indeed an instance of compact

proofreading. Soloveichik et al. [146] gave a concise definition of compact proofread-

ing in and we adapt it to our ATAM:

Definition 5.3.1. Given a small constant 0 < q < 1, a sequence of deterministic

tile systems {T1, T2, T3, . . .} is a compact proofreading scheme for pattern P if (i) TN

produces the full infinite pattern P under the aATAM, (ii) TN has poly(logN) tile

types (poly(n) denotes nO(1)) and (iii) TN produces the correct N ×N initial portion

of the pattern P with probability at least q in time O(Npoly(logN)) in the kATAM

for some value of the free parameters in the model.

Theorem 5.3.1. An activatable Tile System AN is a compact proofreading scheme.

Proof. Let the tile system in aTAM be TN and the activatable tile system be AN .

AN is same as TN except that each tile type has an associated finite state automata.

Since in aATAM activatable tiles can bind to a growth site only if they can bind

strongly enough (just as in aTAM), AN can produce the whole system correctly

under aATAM so the first condition is satisfied.

Moreover, |AN | = |TN |, the only difference being that we start the assembly with

“protected” version of TN . Since this work is concerned with only deterministic tile

systems, the argument of Soloveichik et al. [146] applies and we need only constant

number of tile types so long the tile set has a locally deterministic assembly sequence

(Section 3.2.1).

8 Controlled growth is defined to be the growth occurring for parameter values in a certain part
of the kinetic parameter space, such that (i) growth does occur, (ii) errors are rare and (iii) growth
not seeded by the seed tile is rare [163].
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The argument for the third condition is similar to that of Chen et al. [29]. In this

model, errors are only caused by insufficient attachments; these errors are caused by

tiles dissociating from growth sites after their output protection has been stripped

off. In an insufficient attachment event, first an unprotected monomer (with a single

binding site match) attaches at the rate of r
′
f . However, before this tile is knocked

off at the rate of rr,1, a second tile (protected/unprotected) can attach to the first

tile at the rate r
′
f + reff . Thus, based on the corresponding CTMC [Figure 5.7] we

can say that the rate of an insufficient attachment is

rinsuf =
r
′
f (r

′
f + reff )

rr,1 + r
′
f + reff

= e(−3+ε1+ε2)Gse
1 + e−(ε1−ε2)Gse

1 + e−(1−ε1)Gse + e−(1−ε2)Gse
(5.32)

since an insufficient attachment happens as soon as the growth site transitions to

either state 2 or 3.

Our goal with respect to a particular growth site is to bury the correct tile k

levels deep before an insufficient attachment event occurs.9 In other words, if we

have a k × k square whose left bottom corner location is occupied by this tile, then

the k×k square completes before an insufficient attachment event occurs. This puts

the tile under consideration into a “k-frozen” state. The process of tile attaching or

detaching in a 2D assembly can be modeled as a random walk. 10 Note that the

forward growth (tile association at the output ends of the current tile) happens at

the rate of reff + r
′
f while the backward growth (dissociation of the current tile) has

a rate of rr,2. Thus, the average rate of growth (the mean of forward and backward

rates) is

r =
1

2
(reff + r

′
f + rr,2) (5.33)

9 The time taken for single tile attachment is O( 1
reff

) which is less than 1
rinsuf

.

10 The stochastic process of tile attachment and detachment in self -assembly has often been
modeled as a random walk [29]. Further this is similar to the lattice gas model where modeling
interactions as random walks is quite well established.
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Figure 5.7: Continuous Time Markov Chain for error due to insufficient attachment
in kATAM.

and the expected time taken for this k × k square to grow is O(k
4

r
) since in a 2D

random walk, we have to take k4 steps in expectation in order to cover k2 locations.

Thus, for any small εinsuf , we can find a constant cinsuf such that, with probability

1− εinsuf , no insufficient attachment happens at this specific location but a correct

tile becomes k-frozen within time O(k
4

r
). In other words,

k4

r
<
cinsuf
rinsuf

(5.34)

Hence, for a given k, such that with high probability a given growth site is filled

correctly and buried k levels deep in O(k
4

r
) time. For constant kinetic parameters

and k, this time is also constant. Hence we can use the same argument as Adleman

et al. [3] that the N ×N square is completed in expected O(N) time.

Compact Self-healing with Activatable Tiles: The impact of activatable tiles goes be-

yond the compact error-resilience which is a primary concern for fault tolerant self-

assembly. In case of gross external damage, e.g. a hole is created in a growing tiling

assembly, activatable tiles can repair the damage with minimal error by enforcing di-

rectional growth. Since the original, self-assembled lattice was formed by algorithmic

accretion in the forward direction, only forward re-growth is capable of rebuilding
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the correct structure. The protected monomers in the solution ensure a forward

directional accretion. There is a small probability, however, of backward growth

from the unprotected monomers that were once part of the original tiling assembly

and dissociated after outputs are deprotected. The likelihood is comparatively small

since the forward reaction rate depends on concentration of the monomers and the

protected tiles are much more abundant than their unprotected counterparts.

Theorem 5.3.2. A damaged hole of size S (where S is small compared to the size of

the desired pattern) is repaired before backward growth can occur in the kATAM with

high probability in time O(S2) for appropriately set values of the free parameters in

the model.

Proof Sketch Observe that the maximum rate of error due to backward growth is

bounded by r
′
f while the forward rate of growth is reff + r

′
f . We will now show how

to estimate the value of Gse required to repair a hole of size S, where size is defined

to be the number of tiles. Observe that

r > r
′
f (5.35)

where r, as previously defined is the average rate of growth. Using the same technique

as in the previous theorem, the hole can be repaired in O(S
2

r
) (where r is the average

rate of growth as previously defined) by a 2D random walk on the set of S tile

positions on the 2D plane. Next, we need to guarantee no backward growth happens

during this interval. We can argue that for any small εheal (0 < εheal < 1), we can

find a constant cheal such that with probability 1− εheal,

S2

r
<
cheal
r
′
f

(5.36)

For a given S, we can compute Gse so that there is no backward growth when a

hole of size at most S is repaired in O(S2) time assuming constant kinetic parameters.
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Figure 5.8: (From left to right) Sierpinski Triangle (ST) growth in aTAM with
τ = 2, ST growth in kTAM with Gmc = 17 and Gse = 9 (Error rate=0.0014), ST
growth in kTAM with Gmc = 17 and Gse = 9 and with 2× 2 proofreading tiles [168]
(Error rate=0.0003).

5.4 Computer Simulations

Winfree’s original simulator, XGROW [163] was modified to estimate error rates

in assemblies with activatable tiles. For simplified analysis, we assumed an overall

probability for a tile to be deprotected. Recall that single tile mismatches are only

caused by deprotected tiles which fall off from the growth site. Figure 5.8 and Figure

5.9 respectively show some snapshots of a Sierpinski Triangle lattice grown in the

aTAM model, kTAM model, with proofreading tiles [168] and with activatable tiles

for the same kinetic parameters. Error rate which is defined as the ratio of the

number of single tile mismatches and the number of tiles in the assembly is also

mentioned in each case.

We also analyzed growth speed vs error rate for tile assembly in the kATAM model

[Figure 5.10] and observed that for a small decrease in speed one can minimize error

rates to a large extent. The decrease in speed is attributed to the biochemical pro-

cesses we are using to ensure directional growth (viz. strand displacement and DNA

polymerization). We further verified that error rate increases as the concentration

of the deprotected tiles increases in the assembly [Figure 5.11].
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Figure 5.9: (From left to right) ST growth in kTAM with Gmc = 17, Gse =
9, Gfc = 28 and with activatable tiles. Error rate=0.0002. Gfc determines the
concentration of the deprotected tiles. In a simplified simulation model, we treat
the whole deprotection process as a single step and use Gfc to determine effective
forward rate (Error rate=0.0002), in the middle figure the red tiles indicate the
concentration of deprotected tiles, in the rightmost figure the red lines indicates a
mismatch in sticky ends.
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Figure 5.10: Error rate vs Growth Speed graph for Gmc = 17 and Gfc = 28.
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Gfc = 28.

5.5 DNA Design of Activatable Tiles

5.5.1 Testing Processing and Displacing Power of φ29

Even before we can incorporate the concept of activation in real system, we need

to verify the process of deprotection via the use of suitable polymerase. Our chosen

polymerase is polymerase φ29. Researchers have studied the structure of φ29 poly-

merase and have provided useful insights into its exceptional strand displacement and

processing power, and have deduced its translocation mechanism [16, 65, 66, 115].

We start with a DNA origami structure which is the upper left quadrant of the

origami rectangle described in Ref [120]. Note that it has a pair of fluorophores and

quenchers, placed close enough that no signal in the fluorescence spectrometer can be

observed (Section 2.6.4). However, when the primer P is introduced in the solution,

in presence of φ29 it transforms the origami structure into a mere double-stranded

DNA, thus releasing the fluorophore bearing staples. As the latter is no longer in

close proximity of staples bearing quenchers, an increase in signal can be detected

in the spectrometer. However, there is one difficult step in this process. Since an-

nealing of origami involves excess of staple strands (most commonly in 10 : 1 ratio
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SEQUENCES

FIRST STAPLE PAIR WITH MODIFICATION:

TGAGTTTCAAAGGAACAACTAAAGATCTCCAAT BLACK-HOLE QUENCHER

6-CARBOXYFLUORESCEIN  TAAAAAAGGCTTTTGCGGGATCGTCGGGTAGCA

SECOND STAPLE PAIR WITH MODIFICATION:

AAGAGGAACGAGCTTCAAAGCGAAAGTTTCATT IOWA BLACK RQ

TEXAS RED-X NHS ESTER TTCCATATATTTAGTTTGACCATTAAGCATAAA

PRIMER:

GCGGGGTTTTGCTCAGTACCAGGCGGATAAGTGCCG

Figure 5.12: DNA sequences for staples with modifications and primer or testing
processing and displacement ability of polymerase φ29. The other staple sequences
are taken directly from Ref [120].

[120]), in order to obtain the change in signal from the staples that are incorporated

in the origami and not from the excess ones in the solution, the origami needs to be

purified using Microcon centrifugal filter devices ((100,000 MWCO, 300 × g speed,

10 min)) [68] before introducing the primer or the polymerase. The origami uses the

commercially available M13mp18 viral genome as the scaffold and the sequences of

the fluorophore and quencher bearing strands and the primer are shown in Figure

5.12.

5.5.2 DNA Design of One Dimensional Activatable Tiles

The DNA design of one dimensional (1D) activatable tiles is very helpful in under-

standing the more complex DNA design of two dimensional (2D) activatable tiles.

It is also motivated by the need for a protection strategy for tiles that self-assemble

into a 1D lattice, such as the boundary of the computational tiling. Hence we first

describe the DNA design of 1D activatable tile. To ease understanding, we make use

of three levels of abstraction to describe the DNA tile design: at the highest level of

abstraction, we describe the deprotection strategy using a finite state machine; in the
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next level, we explain the same mechanism with an example; in the lowest level, the

design description involves actual DNA sequences. The 1D abstract tile is a square

with a single input and single output. Every tile has a tile core (which is common

to all tiles) and a unique pair of sticky ends encoding the input and the output

respectively. An unprotected tile is the same as the original tile while its protected

counterpart has a layer covering its sticky ends. The toehold, an exposed part of the

input sticky end, facilitates strand displacement and consequently deprotection.

Consider a simple example system comprising of five tiles. There are two start

tiles, S1 and S2, two intermediate tiles, I1 and I2 and one output tile O [Figure

5.13](a). Ideally in the presence of S1, the desired assembly order is S1→ I1→ O,

while in the presence of S2, the desired assembly order is S2 → I2 → O [Figure

5.13](b). In the absence of protection, however, such directional growth cannot be

guaranteed [Figure 5.13](c). The goal is to prevent erroneous growth by starting

with protected tiles and deprotecting them only after they have been attached to the

growing assembly. The following subsections discuss how such sequential assembly

is ensured.11

High Level Description of the Design: The key idea is first presented in the form of a

finite state machine [Figure 5.14]. Since the input/output sticky ends are protected

by a protection strand, an “inactive” set of tiles co-exist in the solution and do

not self-assemble into one dimensional lattices (S1). When an the initiator strand

(which may be part of a larger nanostructure) is introduced in the mixture, the

former displaces the protection strand at the input end of the tile with matching

sticky ends at any growth site, resulting in a “partially active” tile with a correctly

bound input sticky end and protected output sticky end (S3). In presence of a

11 Errors in 1D and 2D are very different. Single tile mismatches, a major source of error in 2D
tile assemblies, do not happen in 1D systems. Instead, errors are introduced when assembly does
not occur in the desired fashion due to ambiguous binding sites as shown in Figure 5.13(c).
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Figure 5.13: (a) 1D Abstract Tile System for testing sequential assembly. In the
protected system, unlike the unprotected counterpart where none of the tiles have
any protection, I1, I2 and O have protection layers, (b) The desired assembly with
initiator tile S1 and S2 respectively, (c) Possible erroneous assemblies if the assembly
is not forced to go from the initiator tile to the output tile.

suitable primer, the protection strand (now free at the input end but still hybridized

to the output sticky end) can act as the template for DNA polymerization (S4-S6).

When the polymerization completes, the protection strand is stripped off the output

sticky end leaving it to initiate another deprotection. Thus the assembly proceeds

from input to output end at all times (“active” state (S7)).

Figure 5.14: A Finite State Automata for the deprotection of the output sticky
end of a 1D tile only when its input sticky end is correctly matched.
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Figure 5.15: A high-level reaction pathway for deprotection of a 1D protected tile.

We further explain the deprotection strategy using the example system from

above; Figure 5.15 shows the corresponding reaction pathway. Initially, all the tiles

(I1, I2 and O) in the solution are protected (Stage 0) and they do not interact until

the start tile S1 is introduced. S1 next displaces the protection layer at the input

end of the intermediate tile I1 (Stage 1). Once the protection layer at the input end

of I1 is freed, the primer in the solution can hybridize with it and DNA polymerase

enzyme can extend it all the way up to the output end, thus exposing the output

sticky end (Stage 2 and 3). Tile O is deprotected and hybridized to I1 in the next

cycle.

Experimental Design: The simplest DNA sequence designs are shown in Figure 5.16.

The tile core can be simply a double-stranded DNA with the sticky ends being the

single stranded overhang extending out of the double stranded portion. The sticky

ends are protected by the protection strand M .

For adjacent tiles, the protection strand needs to be arranged in a different manner

so as to satisfy both constraints on the direction for sticky end matching as well as

template for polymerization [Figure 5.16], resulting in two kinds of tile types. Some

of the key features of this tile design are (i) The 3 base portion (E) at the 3′ end of the

protection strand prevents polymerization of the toehold H1, (ii) The portion of the
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Figure 5.16: ((Top)Protection Strategy for Tile 1, (Bottom)Protection Strategy
for its neighbor Tile 2. The number of bases for each section is shown in pink.

protection strand which hybridizes to the primer P is held tightly in a hairpin loop

of six bases between two subportions of the input sticky end, (iii) The fluorophore

and the quencher for detection purposes, are positioned such that the fluorophore is

quenched only when correct tiles hybridize.

Now suppose, Tile 2 is already deprotected and part of an assembly. How is Tile

1 deprotected by Tile 2? Figure 5.17 describes a reaction pathway.

One can verify whether the tile system is assembling as desired by observing the

pattern in the fluorescence data (Section 2.6.4). Native gel electrophoresis (Section

2.6.1) can be used to find whether the dominant assembly in presence of the initiator

tile is the one desired.
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Figure 5.17: Reaction Pathway for deprotection of Tile 1 by Tile 2 at the experi-
mental level.
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Figure 5.18: (a)Rule Abstract DX Tiles for XOR computation, (b)Desired Tiling
Assembly starting with the input strand (c)Erroneous Growth when directionality
constraint is not enforced.

5.5.3 DNA Design of Two Dimensional Activatable Tiles

Our DNA design for 2D activatable tiles is a direct extension of our 1D activatable

tiles. Before giving a sequence design for activatable tiles, just as we did in the 1D

description, we first describe the protection/deprotection strategy using an abstract

version of DX tiles [166]. The 2D abstract DX tile is a square with two inputs and

two outputs; every tile has a tile core (common to all tiles) and unique sticky ends

encoding the input and the output. An unprotected tile is the same as the original tile

whereas its protected counterpart has a layer covering its sticky ends. One of the tile

inputs (input 1) has a few bases exposed at the end, facilitating strand displacement

and, consequently, deprotection. This exposed portion is referred to as a toehold.

The other input (input 2), however, is completely hybridized to a protection strand

which is separate from the output protection strand. The idea is that the input 2

sticky end cannot hybridize until the input 1 is correctly hybridized. The toehold

of input 2 is exposed only when its protection strand is displaced by the protection

strand from input 1. When input 2 hybridizes completely, it frees the protection

strand covering the outputs from the input end. DNA polymerase enzyme then

exposes the output sticky ends.
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Figure 5.19: High Level reaction pathway for deprotection in two dimensions

Example computational system in 2D: XOR computation: For this computation, the

output is 1 only when exactly one of the inputs is 1. Figure 5.18a shows DX rule

tiles implementing the computation and Figure 5.18b shows an example growth. In

absence of protection, however, such directional growth of tiling assembly cannot be

guaranteed. An instance of an erroneous system is shown in Figure 5.18c. The goal

is to enforce a sequential assembly to avoid ambiguities shown in Figure 5.18c by

using the novel protection-deprotection scheme.

High Level Description of the Design: We describe a high level version of deprotection

using XOR computation as an example system (Figure 5.19). Assuming tiles T2

and T3 are part of a growing tiling assembly, ideally another T3 should bind, at

their output ends. This results in the output sticky end 0b′ of bound tile T3 (part

of a tiling assembly) displacing the protection strand over input sticky end 0b of the
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protected monomer T3. The protection strand from the input 0b of tile T3 next

displaces the toehold protection of the 0a input for tile T3. In the following step

the output sticky end 0a′ of bound tile T2 displaces the protection on 0a input of

protected tile T3. Once the protection layer at this input end is freed, the primer in

the solution can hybridize with it and DNA polymerase enzyme can extend it to the

output ends, thus exposing the output sticky ends one by one (output 2 followed by

output 1).

Experimental Design: A sequence design of such an activatable tile is not difficult.

Figure 5.20(Right) shows the details of the protection strategy for an experimental

validation. Here, one can use a DX or a TX tile [73, 166] as the tile core, since they are

very compact; a compact tile will improve the likelihood of the strand displacement

and polymerization events that ultimately deprotect the tile and make it available

for hybridization. Figure 5.20 also gives the protection strategy for the input and

output sticky ends. The toehold of input 1 hybridizes with the correct sticky end

(part of a larger nanostructure) and eventually displaces the input 1 protector. The

Y portion of the input 1 protector strand then hybridizes with the input 2 toehold

protector. Eventually, the input 2 toehold HIn2 is exposed by strand displacement,

thus facilitating another strand displacement by the output sticky end (part of a

larger nanostructure) that binds with input 2 sticky end. Once the protection strand

2 is freed from the input side, it hybridizes with the primer P . Next, DNA polymerase

enzyme present in the solution extends the primer and eventually pulls the protection

strand(template) first out of output 2, SOut2, and next out of output 1, SOut1.

5.6 Other Applications of Activatable Tiles

Beyond their applications to computational tiling, activatable tiles can be used for

building sensing and concentration systems [Figure 5.21]. For instance, a type of
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Figure 5.20: Details of a protected DNA tile for two dimensional tiling (Number
of bases in each strand is shown in pink.).

Figure 5.21: A concentration and sensing system with activatable tiles.

modified activatable tile that has a docking site (e.g. a DNA or RNA aptamer

binding site) specific to this target molecule can be designed. Initially, the tiles

are in the inactive state; neither they are bound to a target molecule nor they are

assembled together. When a target molecule binds to the tile’s docking site, the tile

transitions from an inactive to an active state. Tiles in the active state can assemble.

As the activated tiles assemble, the target molecules are concentrated making an

excellent concentration system. For added functionality, one can attach metallic

nanoparticles (NP) to the tiles or target molecules. With the NP, the assembly of

activatable tiles detects the presence of a target molecule in solution (based on the

colorimetric output) and behaves as a nano-scale sensor.

Activatable tiles can also be used for reaction catalyzation. Suppose that for
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some small k, the goal is to place in close proximity, k distinct types of small, target

molecules to initiate or catalyze a chemical reaction. k distinct modified activatable

tiles can be designed with a docking location that provides a binding site for one of

the distinct target molecules. The tiles undergo a state transition from inactive to

active only when they are carrying their target molecules. Once activated, these k

distinct tiles assemble into a small tiling lattice, putting the target molecules in close

proximity, and allowing them to react. In addition, some of the reaction products

can be used to make the tiles disassemble and return to the inactive state, allowing

the tiles to be reused. Observe that the location of the binding site has a major

role to play in this catalyzation process. The binding site on the same face of each

tile type is so designed that after assembly, the molecules, bound to the tiles will

be close to each other. They are never bound inside the lattice and therefore, the

reaction can never become slower. Figure 5.22 shows such a reaction catalyzation

for k = 4. Reaction catalyzation is quite an established subfield of chemistry where

either the catalyst either holds the reactant molecules in close proximity to each

other and thus increases the reaction rate (heterogeneous catalyst) or it can react

with the reactants to form the products and is eventually released from the products

(homogeneous catalyst). An example of a heterogeneous catalyst is finely divided

iron in the Haber process of manufacturing ammonia while that of a homogeneous

catalyst is chlorine free radicals in the breakdown of ozone. Observe that in our case,

activatable tiles behave both as homogeneous and heterogeneous catalysts since not

only they participate in the reaction, but also the reaction takes place on their

surfaces. Although this is quite a novel idea, the concept of DNA directed chemistry

has been explored quite extensively in the recent years (See [119]).
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5.7 Chapter Summary

The reduction of errors in computational tiling assemblies will eliminate a major

roadblock in the development of applications of patterned DNA lattices, allowing,

for example, the construction of complex nano-electronic circuits. In this chapter,

we have described a novel tile design which uses strand displacement and DNA poly-

merization to improve the robustness in computational assembly without increasing

the scale of the assembly. One of the key features of our design is that although

deprotection enforces sequentiality, the massive parallel advantage of self-assembly

continues to be there. We developed abstract and kinetic models for activatable

tiles that allow us to compare error rates and growth speed with that of Winfree’s

original kinetic model. We showed that activatable tiles can provide robust assembly

growth in the same scale as the original assembly and can even repair small amounts

of damage assuming suitable values of the model’s kinetic parameters. These results

show that an activatable tile set is indeed a compact error-resilient and self-healing

tile set. We further described a DNA design for activatable tiles based on these

models. Additionally, we observed that activatable tiles not only reduce errors in

computational tiling assembly, they can be used for tasks including molecular sensing

and reaction catalyzation.
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Although it may be impossible to eliminate errors completely from the assembly

process, the design for activatable tiles appears to be quite promising. Thus, as a part

of future work, we intend to evaluate our deprotection strategy with a more detailed

computer simulation where we simulate each of the deprotection steps. This would

enable us to compare the empirical performance of our system with the existing

error-correction techniques [64, 47, 48, 28], particularly Fujibayashi et al.’s enzyme-

free activated tile model [47, 48]. Our hope is that our proof of concept system will

make self-assembly experiments significantly more robust to assembly errors. We

would also like to investigate one interesting open question: Can combining overlay

redundancy techniques [127] with the idea of activatable tiles further improve the

error-resilience of self-assembly experiments in the original scale?

In the following chapter, we will examine how we can take the concept of acti-

vation using polymerization and strand displacement events and apply it to another

implementation of a molecular computing machine called Whiplash PCR machine.
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6

Isothermal Reactivating Whiplash PCR Machines
for Autonomous Molecular Computing

The principles used in Chapter 5 can be applied to another molecular computing

technique called Whiplash PCR (WPCR) [128]. This is a novel technique for au-

tonomous molecular computation where a state machine is implemented with a single

stranded DNA molecule and state transition is driven by polymerase and thermal

cycles. The primary difference between WPCR computation and other forms of

molecular computing is that the former is based on local, rather than global rules.

This allows many (potentially distinct) WPCR machines to run in parallel. However,

since each state transition requires a thermal cycle, multi-step WPCR machines are

laborious and time-consuming, effectively limiting program execution to only a few

steps. To date, no WPCR protocol has been developed which is both autocatalytic

(self-executing) and isothermal (with no change in temperature). In this chapter,

we describe some isothermal and autocatalytic protocols that use a combination of

strand displacement and DNA polymerization events. Our designs include (1) a pro-

tocol where transition rules cannot be reused in subsequent computing (2) a protocol
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where rules can be reused using an auxiliary strand displacement event but does not

prevent back-hybridization (an event responsible for limiting the program execution

to only a few state transitions before the machine stalls), (3) a reusable rule protocol

that prevents back-hybridization. Furthermore, we show that the third machine which

eliminates thermal cycles and still prevents back-hybridization, is computationally

equivalent to the original WPCR machine. We also compute the state transition

likelihood and the corresponding rate in this protocol as well as the likelihood of pre-

venting back-hybridization. Finally we present a DNA sequence design of a 3-state

isothermal and reactivating WPCR machine along with an experimental verification

plan.

Organization of the Chapter: In Section 6.1 we briefly describe a WPCR machine

and its role as a autonomous and programmable molecular device. In particular,

we discuss the advantages of the ability of a WPCR device to hold programs in the

device itself. Furthermore we discuss some of the previous approaches for realizing

the concept of a WPCR machine and their shortcomings. In Section 6.2, we briefly

describe the original Whiplash PCR machine and subsequently in Section 6.3 we

present an isothermal and reactivating (meaning autocatalytic) WPCR (IR-WPCR)

system. However, the protocol presented in Section 6.3 does not allow transition rules

to take part in computation once the next state is copied from that site. Hence in

Section 6.4 we discuss another protocol where we can make a transition rule reusable

using an additional strand displacement operation. Yet this protocol is not suitable

for preventing back-hybridization. Thus, in Section 6.5 we describe a protocol for

handling back-hybridization without change in temperature. Next, in Section 6.6

we prove how an IR-WPCR machine capable of preventing back-hybridization can

simulate a restricted class of finite state automata. In Section 6.7 we present a

continuous time Markov Chain model for the working of an IR-WPCR machine
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and estimated the rate of state transition and the likelihood of preventing back-

hybridization in each computational step. In Section 6.8 we propose a DNA design

of a 3 state machine and an IR-WPCR encoding of the same. Finally, in Section 6.9

we conclude the chapter with a summary of our contributions and future directions.

6.1 Background

6.1.1 Need for an Autocatalytic and Isothermal WPCR Protocol

A primary challenge in nano-science is the design of synthetic molecular devices

that run autonomously (meaning that the program executes without any external

mediation over multiple work cycles) and programmable (meaning that the machine’s

behavior can be modified without completely redesigning the system). In the last few

years, the idea of constructing complex devices at the molecular scale using synthetic

materials, such as synthetic DNA, has gone from theoretical concept to experimental

reality. One such autonomous molecular computing device is called a Whiplash PCR

(WPCR) machine [128], equivalent to a restricted class of finite automata (namely

those that can be represented as a directed acyclic graph). In this machine, the

current state is encoded at the 3
′

end of a DNA single strand while the remainder of

the strand encodes the state transition rules. The original machine works as follows:

using appropriate thermal cycles, the current state anneals to the correct transition

rule and, next, a polymerase extends the 3
′

end of the strand to copy the next

state from the encoded transition rule. The only limitation of this system is that it

can execute only a single step before it requires significant environmental changes

(thermal cycles) to continue the computation. This chapter presents a protocol that

converts a WPCR machine into an autonomous computing device, thus eliminating

the need for external mediation to enable further steps. This capability is important

if we wish to use these machines outside fully equipped laboratories.

111



6.1.2 Importance of Locally Programmable Molecular Computation

Although existing autonomous molecular computing devices e.g. DNA based tiling

assembly (Section 3.2.1) [166] and restriction enzyme based automata (Section 3.6)

[12] are computationally quite powerful [145], they are not capable of executing dis-

tinct programs in parallel. In contrast, many complex molecular mechanisms found

in the cell are more flexible and can perform a diverse set of tasks simultaneously.

Whiplash PCR [89, 95, 118, 128] allows parallel execution because each machine

holds its own program and thus multiple, distinct molecular programs can run si-

multaneously in the same reaction tube.

6.1.3 Previous Methods for WPCR Computing Devices and their Limitations

Hagiya et al. first proposed and experimentally demonstrated (only for a limited

number of steps) a WPCR machine [128]. It was not easy to increase the num-

ber of steps because of a phenomenon called back-annealing (also known as back-

hybridization), where a hairpin with a longer double stranded (ds) DNA region is

preferentially formed over one with a shorter ds-DNA region. Sakamoto et al. sug-

gested a modified protocol [129] where successive transitions were carried on at the

same temperature, thus preventing back-hybridization. They also proposed a pro-

tocol for preventing out-of-frame annealing which happens because portions of two

adjacent sequences constitute the sequences complimentary to a third state sequence.

However, this work did not significantly increase the number of steps the WPCR

machine could execute before stalling at an intermediate step. Later, Rose et al.

proposed a scheme using targeted PNA2/DNA triplex formation [118]. This triplex

region destabilized the hairpin structure, thus preventing back-hybridization. Al-

though this protocol can be isothermal, it is not autocatalytic. Further, it has been

not yet been implemented and its role in increasing the number of steps a WPCR

machine can execute before stalling is not clear. Two recent papers by Rose et al.
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Figure 6.1: Schematic of the protocol for the original Whiplash PCR machine: (S1)
Initial state of the WPCR strand W with current state being a∗i . (S2) Polymerase
binds to the 3

′
end of W (bearing the current state). (S3) Next state b∗i is copied at

the head of W by primer extension. (S4) The mixture is heated so that W loses its
hairpin structure. (S5) The solution is cooled so that the head of W can bind to the
new current state b∗i = a∗j encoded at the 3

′
end of the strand and the whole state

transition repeats again beginning with State S2.

[117, 72] proposed and experimentally demonstrated isothermal (no thermal cycling

required) conditions for the functioning of a WPCR machine using strand displace-

ment techniques. However, one still needs to add a rule protection strand after each

polymerization step to drive the computation forward. Hence if we wish to over-

come this problem and also allow flexibility of applications, we need to design an

autocatalytic (a system that reactivates itself) and isothermal (no thermal cycles

required) protocol for WPCR that would allow the machine to compute for a reason-

able number of steps before succumbing to back-hybridization in places other than
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a laboratory.

6.1.4 An Isothermal and Reactivating WPCR System

We designed a WPCR machine that eliminates the need for any other external me-

diation and, thus, the resultant machine is isothermal, autocatalytic and capable of

preventing back-hybridization. By isothermal we mean that the temperature of the

reaction mixture is constant throughout computation. However, our design requires

an additional preparation stage which precedes the computation stage and this step

is not isothermal. This protocol is also in contrast with the definition of isothermal

by Sakamoto et al. [129] who defined isothermal as a design where the denaturation

of the previous state and annealing of the next state occur at the same temperature.

This design still needs external thermal control for multiple state transitions. By

autocatalytic, we mean that, once the protein enzyme is introduced in the solution,

it drives computing on its own. This protocol can again be contrasted against the

protocol for PNA-mediated WPCR [118] where, after each polymerization step, the

mixture needs to be washed by bis-PNA. Recall that back-hybridization is an event

where the WPCR machine stalls because the 3
′

end of the strand binds to the pre-

vious transition rule in preference to the new transition rule (also the correct one)

since the former is energetically more stable. Several protocols have been proposed

[129, 118, 117, 72] to prevent back-hybridization. However, to the best of our knowl-

edge, there exists no WPCR protocol that is both isothermal and autocatalytic and

capable of preventing back-hybridization simultaneously.

The key idea in our design of an isothermal, reactivating WPCR (IR-WPCR)

machine is to use primer extension of a secondary strand to dehybridize the 3
′

end of

the WPCR strand after the next state is copied to it. Thus, the 3
′
end of the WPCR

strand is now free to bind to the complement of the new current state. This action

essentially eliminates the thermal cycling required by the original WPCR machine to
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execute a state transition. We give three versions of IR-WPCR: (1) a protocol where

a state transition rule is no longer available for computation after the next state is

copied (Section 6.3), (2) a protocol in which a rule can be made “reusable” by using

an auxiliary strand that restores the original state of the secondary primer (Section

6.4) and finally (3) a protocol that allows reuse of transition rules while preventing

back-hybridization (Section 6.5). The protocol presented in Section 6.5 is the most

significant protocol in this chapter: isothermal reactivating WPCR where the states

are reusable and yet it is capable of preventing back-hybridization using a type of

WPCR that we call folding WPCR. A primary assumption in all the above-mentioned

protocols is that the concentration of the WPCR strand is such that two or more

copies of WPCR strands do not interact among each other. We also prove that

this machine is computationally equivalent to the original WPCR machine (Section

6.6). We further compute the state transition rate for an IR-WPCR machine and

the probability of preventing back-hybridization at every step (Section 6.7). We also

estimate the rate at which states are made reusable in the reusable rule protocol.

Additionally, we present a DNA sequence design of a 3 state IR-WPCR machine and

an experimental verification plan (Section 6.8). It should be remembered, however,

that this example is meant to demonstrate the isothermal and autocatalytic aspects

of the protocol and not the computational power of a WPCR device.

6.2 Original Whiplash PCR system

We briefly mentioned WPCR machines in Section 3.6. Here we describe the original

machine in details. In the original WPCR machine, the transition table is encoded

on a single stranded DNA, W as S − a1− b1− S − a2− b2− . . .− S − an− bn where

each pair ai − bi represents the transition from state ai to state bi. Here and in the

rest of the chapter, any symbol s encodes for a DNA sequence and s∗ encodes for

its complementary sequence. The stopper sequence S isolates one state transition

115



ei+1*
e2*

di-1* d2*

xi yi qi zi ai        bi yixi+1yi+1qi+1zi+1ai+1bi+1yi+1
x1y1q1z1a1b1y1

ai*
x1* y1

p1*

xi+1* yi+1*

pi+1*

znanbnynan-1bn-1yn-1 xnynqn
xn-1yn-1qn-1zn-1

xn-1* yn-1*

pn-1*

xn*
yn*

pn*

xi yi*

pi*

e1*

e1e3ei
ei+1ei+2

ei*ei+2*ej-1*

ej-1
z

d1d2di-1
didi+1di+1dj-2dj-1

W

f
f

f ff
ff

ffff
d1*di*di+1*di+1*dj-2*dj-1*

Figure 4.2: Complete WPCR Strand for isothermal and autocatalytic program
execution (Rule Ri on focus).

4.3 IR-WPCR machine with non-Reusable Rules

In IR-WPCR with non-reusable rules, computation comprises of the following steps

after the 3
!

end of W binds to current state in rule Ri: (a) as with the original

WPCR protocol, copying the next state at the 3
!
end of the WPCR strand W, (b)

dislodging a secondary primer sequence Pi, which is specific to the transition rule

Ri from its initial position triggered by the primer extension on W, (c) subsequent

hybridization of Pi to its final position in rule Ri and (d) dislodging of 3
!
end of W by

primer extension of Pi, allowing the 3
!
end of W to bind to the new transition rule.

Observe that (b) and (d) act like a logical toggle switch allowing for an isothermal,

autocatalytic reaction.

In this version of WPCR, each rule is encoded as a 7-tuple < xi, yi, zi, ai, bi, wi, yi >

where ai still represents the current state and biwiyi represents the next state where

the bi in IR-WPCR is not the same as bi in the original WPCR strand. Rather, the

original bi is now divided into 3 subsequences bi, wi and yi. The other regions in this

tuple are required for destabilizing the 3
!

end of the strand once the next state is

copied at the end of it. In this machine, the transition table with n rules is encoded

97

Figure 6.2: Complete WPCR Strand for isothermal and autocatalytic program
execution (Rule Ri on focus) with supporting nanostructure.

rule from another. The 3
′

end of the same strand encodes the current state. For the

description of the rest of the protocol, refer to Figure 7.2. We represent the stopper

sequence S as a black square in the figure. Without loss of generality (w.l.o.g.),

let us assume that the current state of the machine is a∗i . Following the transition

table, ai can transition to bi. Once a∗i hybridizes with ai (Figure 7.2: State S1) in W ,

polymerase extends the 3
′
end ofW to copy bi (Figure 7.2: State S3). The polymerase

halts after transcribing the bases complementary to bi because of S which is generally

implemented by omitting one of the bases in the solution. Using appropriate thermal

cycling, W is then denatured. Consequently, it loses the hairpin structure (Figure

7.2: State S4). Once the mixture is cooled, the 3
′

end of newly extended W (now

bearing b∗i as the current state) hybridizes with another section of itself which encodes

the appropriate transition rule (in this rule aj = bi is the current state and bj is the

next state) (Figure 7.2: State S5). Although input is not part of the description of

the WPCR machine, it has been suggested that input be provided as part of the

initial state and the encoding of the transition table updated to include inputs in the

manner S − ai − Ii − bi for the ith transition rule.
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6.3 IR-WPCR machine with non-Reusable Rules

In IR-WPCR with non-reusable rules, computation comprises of the following steps

after the 3
′

end of W binds to current state in rule Ri: (a) as with the original

WPCR protocol, copying the next state at the 3
′

end of the WPCR strand W, (b)

dislodging a secondary primer sequence Pi, which is specific to the transition rule

Ri from its initial position triggered by the primer extension on W, (c) subsequent

hybridization of Pi to its final position in rule Ri and (d) dislodging of 3
′
end of W by

primer extension of Pi, allowing the 3
′

end of W to bind to the new transition rule.

Observe that (b) and (d) act like a logical toggle switch allowing for an isothermal,

autocatalytic reaction.

In this version of WPCR, each rule is encoded as a 7-tuple< xi, yi, zi, ai, bi, wi, yi >

where ai still represents the current state and biwiyi represents the next state where

the bi in IR-WPCR is not the same as bi in the original WPCR strand. Rather, the

original bi is now divided into 3 subsequences bi, wi and yi. The other regions in this

tuple are required for destabilizing the 3
′

end of the strand once the next state is

copied at the end of it. In this machine, the transition table with n rules is encoded

on a single stranded DNA as S−x1− y1− z1− a1− b1−w1− y1− . . .−S−xi− yi−

zi− ai− bi−wi− yi− . . .− S − xn− yn− zn− an− bn−wn− yn. The 3
′

end of the

single strand still encodes the current state as in original WPCR. We also tether the

transition table portion of W to another stable nanostructure to prevent formation

of any undesired secondary structure and also interaction with other WPCR strands

(Figure 6.2). The latter is mostly a double stranded DNA intercepted by sections of

DNA that is bound to each transition rule. Since the rigidity of a double-stranded

DNA is well known we use this particular nanostructure as a support in our designs.
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6.3.1 Computing with a non-Reusable Rule IR-WPCR Strand

Suppose we have the single strand in the form shown in Figure 6.2 prior to the

addition of polymerase. In Section 6.3.2, we will discuss how we can obtain this

particular secondary structure. W.l.o.g we will assume that the 3
′

end of the single

strand encodes for the complement of the current state ai in rule Ri. For clarity, we

will refer to a figure that focuses only on the events at Ri (Figure 6.3).

Once a∗i binds to ai in Ri (Figure 6.3: State S1) in presence of a strand displacing

polymerase (Figure 6.3: State S2), the next state biwiyi is copied at the 3
′

end of

W , thus dehybridizing the (wiyi)
∗ portion of the protection strand Pi encoded as

(xipiwiyi)
∗ (Figure 6.3: State S3). The y∗i portion of Pi is now free to hybridize

with the yi portion on the rule Ri that is closer to xi (Figure 6.3: State S4). The 3
′

end of Pi, in presence of the same strand displacing polymerase (Figure 6.3: State

S5), then extends up to the stopper sequence S (shown in black filled squares in

the figure), thus displacing and, consequently, freeing the 3
′

end of W (Figure 6.3:

State S6). This rule site is now completely unavailable for further hybridization and

hence this protocol is called non-reusable rules IR-WPCR. The new current state

a∗j = (biwiyi)
∗ at the 3

′
end of W then binds to aj which is the current state for

transition rule Rj (Figure 6.3: State S7). At this stage, the next state transition

begins with the polymerase binding to the head (3
′

end) of W , encoding the current

state a∗j (Figure 6.3: State S2). Hence the state machine operates without thermal

cycles and uses only strand displacing polymerase to facilitate denaturation of the

3
′

of W from the old rule. Moreover, each rule allows copying of next state exactly

once and hence we call this machine non-reusable rule IR-WPCR machine.

6.3.2 Preparing a non-Reusable Rule IR-WPCR Strand for Computation

This section will describe how to obtain the secondary structure of the WPCR strand

W as shown in Figure 6.2. In order to ensure that the hairpin structure is stable, we
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Figure 6.3: Evaluation Stage for non-reusable rules IR-WPCR protocol with the
focus being only on the transition rule Ri to which the current state is hybridized:
(S1) WPCR strand W with protection strand Pi encoded as (xipiwiyi)

∗ partially
hybridized with rule Ri. Also the 3

′
end of W , bearing the current state a∗i is

hybridized to ai of Ri, (S2) Polymerase binds to the 3
′

end of W , (S3) Polymerase
extends a∗i to copy biwiyi, thus displacing w∗i y

∗
i of Pi from wiyi of rule Ri located

further away from xi in Ri, (S4) y∗i of Pi binds to yi located next to xi in Ri,
(S5) Polymerase binds with the 3

′
end of Pi, (S6) 3

′
end of Pi is extended by the

polymerase to copy ziaibiwiyi, thus displacing 3
′
end of W which has the new current

state aj = biwiyi, (S7) 3
′

end of W bearing a∗j binds to the aj in rule Rj and the

process repeats starting with the polymerase binding to the 3
′

end of W as shown in
State S2.

tether the single strand with another nanostructure which has extended ds-DNA re-

gions. For clarity, we again focus only on rule Ri for the description of the preparation

stage (Figure 6.4). We can use either a simple single-step or a complex multi-step

preparation protocol to ensure that each rule in W is properly “protected”.

In the simple single-step preparation protocol, once we have guaranteed that the

secondary structure of W is that of a hairpin, we directly introduce the protection

strands Pi for each rule Ri into the solution. Since the wiyi section is longer than
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Figure 6.4: Complex preparation protocol with respect to only rule Ri: (S1)
WPCR strand W tethered to support (not shown in the Figure), (S2) (yizici)

∗ is
added to the solution. One copy binds to the yi near xi and another binds to yi
further away from it, (S3) The copy of (yizici)

∗ that binds to the yi in Ri further
away from xi is removed by the addition of yizi. The duplex thus formed is then
removed from the solution using magnetic beads (not shown here), (S4) Protection
strand Pi encoded as (xipiwiyi)

∗ is introduced and it hybridizes with the xi and free
wiyi of rule Ri, (S5) The copy of (yizici)

∗ that is bound to the yi in Ri nearer to
xi is removed by the addition of yiqizi. Here too, the duplex is later removed using
magnetic beads (not shown here).

the yi region near xi for each Ri the protection strand for Ri acquires the config-

uration shown in Figure 6.3: State S1 with high probability. For more guaranteed

hybridization of the protection strand with its corresponding transition rules, one

may adhere to the complex multi-step preparation protocol which is presented in the

following paragraph.

The complex multi-step preparation protocol (Figure 6.4) comprises of the fol-

lowing steps: once W is tethered to the supporting nanostructure, strand (yizici)
∗

for each rule Ri is added to the solution and the resultant nanostructure is shown

in Figure 6.4 (State S2). However, in order to attain the state shown in Figure 6.3:

State S1, we need to remove the copy of (yizici)
∗ that is bound to yi further away
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from xi for each rule Ri. Hence, we add strand yizi for each rule Ri and the toehold zi

in yizi facilitates the displacement of (yizici)
∗ (Figure 6.4: State S3). If yizi is biotin

labeled, then we can easily remove it from the solution using streptavidin coated

magnetic beads. This protocol ensures that (yizici)
∗ that is bound to yi further away

from xi is permanently removed from the solution and would not interfere with the

final desired secondary structure of W . In the second last step of this protocol we add

the protection strand Pi encoded as (xipiwiyi)
∗ and when it is partially hybridized

to W , the latter looks like the one shown in Figure 6.4 (State S4). Once Pi is in the

desired location we add yizici to remove (yizici)
∗ hybridized with the yi region near

xi by strand displacement using ci as the toehold (Figure 6.4: State S5). By includ-

ing a biotin in yizici the double stranded complex can be easily removed from the

solution using streptavidin coated magnetic beads. It is important to add yizici after

Pi so that the latter does not hybridize with yi closer to xi. If it does so then as soon

as polymerase is added, Pi will be extended, making that particular rule completely

unavailable even before it can take part in the computation. Consequently we have

W in the desired state (Figure 6.2), ready to start computing as soon as polymerase

is added.

Benefits and limitations: The non-reusable rule IR-WPCR machine works very well

for reducing back-hybridization since each rule can only be used once and is con-

cealed thereafter. Consequently the 3
′

end of the WPCR machine cannot hybridize

with the old rule and is forced to bind with the correct transition rule, thus pre-

venting back-hybridization. However, inability to reuse a transition rule restricts

the computational power of the machine. One way to avoid this problem is to have

several redundant copies of each transition rule encoded in W . However, we propose

a more elegant solution to address this problem of a rule reusability using strand

displacement in Section 6.4.
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6.4 IR-WPCR Machine with Reusable Rules

To address the limitation of a non-reusable rule IR-WPCR machine, this section

describes a protocol that uses an additional strand Ai to displace Pi after primer

extension. Refer to figure 6.5 for the description of the protocol with respect to

transition rule Ri. This protocol comprises of the same steps: (a) to (d) as the

non-reusable rule IR-WPCR protocol (See Section 6.3). Additionally it has a final

step (e) where an auxiliary strand Ai (present in the reaction mixture) changes the

secondary structure of Pi. This strand Ai can partially hybridize with the extended

section of Pi and force Pi to return to its original “protection” state, permitting

further computation using this transition rule. In a manner, the rule is “reset” after

the state transition takes place. Hence this protocol is called reusable rule IR-WPCR.

In the following section we describe how a state transition occurs in this new protocol.

The preparation stage for this protocol is basically the same as that of non-reusable

rules IR-WPCR (See Section 6.3.2). The only addition is that the auxiliary strands

are present in the solution before the polymerase is introduced.

Computing with a reusable rule IR-WPCR strand The first part of evaluation is the

same as that in non-reusable rules IR-WPCR protocol (Figure 6.5: State S1-State

S6). However, unlike the other protocol, in this method, the solution additionally

contains a large concentration of Ai (for each rule Ri), which is encoded as wiyiziaibi.

Once Pi is extended, its w∗i region is used as a toehold by Ai to displace the former.

However, the (wiyi)
∗ portion at the end of extended Pi is still free to hybridize

with its complementary region on Ri (Figure 6.5: State S7). This step ensures that

secondary structure of Pi is “reset” enabling Ri to participate in computation again.

The last stage of evaluation is the same as in non-reusable rule IR-WPCR where the

new state of the machine, aj corresponds to biwiyi for some j and hence the 3
′

end
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of the WPCR strand W binds to rule Rj (Figure 6.5: State S8).

This additional step of resetting the transition rule adds a number of new be-

haviors to the computation. For example, after each state transition, the portion on

Pi between the ends hybridized with Ri has an additional ds-DNA region encoded

as wiyiziaibi. In other words, Pi becomes longer each time Ri is used. Moreover,

note that a copy of Ai is consumed each time Ri is used so the solution must have

an excess of Ai. However, at the beginning of the program execution, each Pi binds

with Ri in W in preference to Ai since xi as well as wiyi hybridization in PiRi com-

plex is much more favorable than just wiyi hybridization in PiAi complex. Pi must

also contain a stopper sequence to prevent Pi from being extended in an undesired

direction.

Benefits and limitations A reusable rule IR-WPCR machine is computationally equiv-

alent to the original WPCR machine. Consequently, reusable rules IR-WPCR ma-

chines suffers from all the limitations of the original WPCR, such as back-hybridization

and out-of-frame annealing. Consequently, previously mentioned protocols [129, 118]

to avoid these problems (e.g: PNA mediation for back-hybridization) can be incor-

porated into our system at the expense of losing full autonomy. However, in the

following section we describe a relatively more complex IR-WPCR machine that can

reuse its rules and still prevent back-hybridization.

6.5 Reusable Rule IR-WPCR Machine that Prevents Back-annealing
using Folding WPCR

6.5.1 Folding Whiplash PCR Machine

Folding WPCR using thermal cycling is a novel technique for preventing back-

annealing while computing with a WPCR machine. It also serves as an important

step for understanding the relatively complicated IR-WPCR machine with reusable
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Figure 6.5: Evaluation Stage in reusable rule IR-WPCR with the focus being only
on the transition rule to which the current state is hybridized: (S1) WPCR strand
W with protection strand Pi encoded as (xipiwiyi)

∗ partially hybridized with rule
Ri. Also the 3

′
end of W , bearing the current state a∗i is hybridized to ai of Ri, (S2)

Polymerase binds to the 3
′

end of W , (S3) Polymerase extends a∗i to copy biwiyi,
thus displacing (wiyi)

∗ of Pi from wiyi of rule Ri located further away from xi in
Ri, (S4) y∗i of Pi binds to yi located next to xi in Ri. (S5) Polymerase binds with
the 3

′
end of Pi, (S6) 3

′
end of Pi is extended by the polymerase to copy ziaibiwiyi,

thus displacing 3
′

end of W which has the new current state aj = biwiyi, (S7) Ai
encoded as (wiyiziaibi) present in the solution displaces (wiyiziaibi)

∗ region of the
protection strand Pi so that the configuration of the latter can be reset, (S8) 3

′
end

of W bearing a∗j binds to the aj in rule Rj and the process repeats again starting

with the polymerase binding at the 3
′

end of W as shown in State S2.
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states that prevents back-hybridization using folding WPCR.

Refer to Figure 6.6 for the rest of the discussion about folding WPCR. This

protocol uses thermal cycling as well as strand-displacing polymerase to drive state

transition. The current state for the ith transition is still ai and the next state is

bi. However, the encoding of a transition rule in this protocol is aix(ai)
∗biS(bi)

∗aiS.

When cooled, in each transition rule, the (ai)
∗biS(bi)

∗ai section forms a hairpin loop.

Thus only the current state of each transition rule is available for binding with the 3
′

end of the machine. This is the primary technique used to prevent back-hybridization.

Since the rest of the transition is always hidden in a tight hairpin loop, the machine

cannot preferentially form longer step loops over shorter ones as is the case with the

original protocol. The detailed protocol for folding WPCR is as follows: i) without

loss of generality, let us assume that the 3
′

end of the machine encodes a∗i . When

the system is cooled, it binds to the current state of rule Ri. ii) Polymerase next

binds to this end. With high strand displacement capability, it opens up the stem

loop and copies the encoding on the rule until the first stopper sequence S. iii)

When heated, the strand denatures and 3
′

end of the strand bears (ai)
∗x∗ai(bi)

∗.

iv) When cooled, (ai)
∗x∗ai part of it, forms a stem loop and 3

′
end now has only

(bi)
∗ available for binding. This encodes for the next current state of the machine,

aj which preferentially binds to rule Rj and not Ri as in the original protocol where

the 3
′

end bore (aibi)
∗ and hybridized with rule Ri, since longer the hybridization,

the more stable is the secondary structure. On the contrary, in the folding WPCR

protocol, neither (ai)
∗ is available at the 3

′
end of WPCR strand nor bi in rule Ri,

since each is hidden in a stable hairpin loop as soon as the system is cooled. It should

be remembered that the next state bi, in each rule Ri is available only when it is

copied to the 3
′

end of the WPCR strand by a strand-displacing polymerase. During

the cooling cycle it remains hidden in a stem loop. Hence, neither bi from Ri nor

a∗i from the 3
′

end of the strand is available to facilitate the hybridization of rule Ri
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with two successive encodings of the current states (a∗i and a∗j) at the 3
′

end of the

WPCR strand W . Consequently this technique prevents back-hybridization.

6.5.2 Reusable Rule IR-WPCR Machine that Prevents Back-hybridization using
Folding WPCR

Refer to Figure 6.7 for the reusable rule IR-WPCR machine that uses folding WPCR

to prevent back-hybridization. In the previously mentioned reusable rule IR-WPCR

machine, recall that for rule Ri, the current state is ai while the next state is biwiyi.

However, in the reusable rule IR-WPCR machine that also uses folding WPCR to

prevent back-hybridization, the state encoding is xiyiziaix(ai)
∗biwiyiS(bi)

∗ai. Under

suitable temperature, (ai)
∗biwiyiS(bi)

∗ai forms a stem loop and the protection strand

Pi hybridizes with xi and wiyi. W.l.o.g., assume that the current state is ai and thus

the 3
′

end of the WPCR strand binds to rule Ri. When the polymerase binds to

the 3
′

end of the WPCR strand, it opens up the stem loop hiding part of the next

state encoding in this rule. The 3
′

end of the WPCR strand is extended as far as

the first stopper sequence in rule Ri. This event, in turn, displaces the 3
′

end of

the protection strand Pi. The latter now binds to its second best match in rule Ri

namely yi. Polymerase next binds to the 3
′
end of Pi and extends it to displace the 3

′

end of the WPCR strand (this end has the new current state of the machine, biwiyi

encoded in it). This event marks the completion of a state transition. An auxiliary

strand already in solution, then resets rule Ri to its original configuration. However,

the only difference between this protocol and the reusable rule IR-WPCR machine

that cannot prevent back-hybridization is that the former uses folding WPCR to

minimize back-annealing. In other words, at the end of any state transition (say Ri

for instance), the 3
′
end of the WPCR strand not only has (biwiyi)

∗ encoded in it, but

also has (ai)
∗xai preceding the (biwiyi)

∗ encoding. This (ai)
∗xai encoding folds into a

loop and hides the previous current state (ai)
∗. Similarly, in rule Ri, bi portion of the
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Folding WPCR
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Figure 6.6: Schematic of the protocol for the folding Whiplash PCR machine:
(S1)Initial state of the WPCR strand W , (S2) The solution is heated such that the
next state in each rule hidden in a hairpin loop with current state of the machine
being a∗i , (S3) Polymerase binds to the 3

′
end of W (bearing the current state), (S4)

Next state b∗i is copied at the 3
′

end of W by primer extension by a strand displacing
polymerase and, thus opening the hairpin loop, (S5) The mixture is heated so that W
loses its hairpin structure (It may even open up the individual hairpin loops in each
rule, not shown here), (S6) The solution is cooled so that the 3

′
end of W can bind to

the new current state b∗i = a∗j in rule Rj and the whole state transition repeats again
beginning with State S2. Note that the next state in each rule is hidden in a stem
loop as is the old current state encoded at the 3

′
end of the WPCR strand. These

two stem loop formations are key to preventing back-hybridization in this protocol.
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next state biwiyi is hidden in a loop after being copied at the 3
′

end of the WPCR

strand and wiyi of the same next state biwiyi is bound to Pi. The simultaneous

unavailability of previous current state at the 3
′

end of W and the next state in the

previously copied rule Ri prevents longer stem loop formation (between the 3
′

end of

the WPCR strand and the previous rule Ri) and encourages the 3
′
end of the WPCR

strand to bind with rule Rj instead, thus minimizing back-hybridization.

6.6 Simulation of a Finite State Automaton by a Reusable Rule IR-
WPCR that Prevents Back-hybridization using Folding WPCR

In this section we first present a proof by induction on the computational capa-

bility of the original WPCR machine since it is the simplest case. Next we show

that the isothermal reactivating WPCR machine with reusable states that prevents

back-hybridization using folding WPCR is computationally equivalent to the original

WPCR machine. Combining these two results we can show that isothermal reacti-

vating WPCR machine with reusable states that prevents back-hybridization using

folding WPCR can simulate a restricted class of finite state machine.

Lemma 6.6.1. A WPCR machine with n transition rules can simulate a finite

state machine M = (Q,Σ, δ, q0) where Q = {a1, b1, . . . , ai, bj, . . . , aj, bj, . . . , an, bn}

is the set of states, Σ = {ε} is the input set, q0 = {a1} is the start state and

δ = {(a1, b1), . . . , (ai, bi), . . . , (aj, bj), . . . , (an, bn)} is the set of transition functions

and |δ| = n 1.

Proof. Since computation takes place by DNA hybridization, x∗ is the complement

of x and they indicate the same state. The transition table is encoded in a single

1 To be consistent with the description of the original WPCR machine we we use only empty input
string for the simulation of this finite state machine. It should be remembered, if the original finite
state machine can be represented as a directed acyclic graph, we can incorporate input as part of
the transition rules and the initial input symbol as part of the current state at the beginning of
program execution as described in Section 6.2.
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Folding WPCR as applied to Isothermal WhipPCR, 
the second protocol
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Figure 6.7: Evaluation Stage for reusable rule IR-WPCR protocol that prevents
back-hybridization using folding WPCR with the focus being only on the transition
rule Ri to which the current state is hybridized: (S1) WPCR strand W with protec-
tion strand Pi encoded as (xipiwiyi)

∗ partially hybridized with rule Ri. Also the 3
′

end of W , bearing the current state a∗i is hybridized to ai of Ri, (S2) The tempera-
ture of the solution is such that the bi part of the next state biwiyi forms part of a
stem loop, (S3) Polymerase binds to the 3

′
end of W , (S4) Polymerase extends a∗i to

copy biwiyi, thus displacing w∗i y
∗
i of Pi from wiyi of rule Ri located further away from

xi in Ri. Furthermore it opens the stem loop in which part of the next state was
hidden, (S5) y∗i of Pi binds to yi located next to xi in Ri. Polymerase binds with the
3
′

end of Pi, (S6) 3
′

end of Pi is extended by the polymerase to copy ziaix(ai)
∗biwiyi,

thus displacing 3
′

end of W which has the new current state aj = biwiyi, (S7) Ai
encoded (wiyiziaixa

∗
i bi) present in the solution displaces (wiyiziaixa

∗
i bi)

∗ region of
the extended protection strand Pi so that the configuration of the latter can be re-
set. Furthermore, at the 3

′
end of the WPCR strand the old state ai forms part of

a hairpin loop (ai)
∗x∗ai because of the solution temperature, (S8) The next state of

Ri is reset to its stem loop configuration as well. Additionally, 3
′

end of W bearing
a∗j binds to the aj in rule Rj. At this stage, the process repeats starting with the

polymerase binding to the 3
′

end of W as shown in State S2.
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strand of DNA as a1b1Sa2b2S . . . Sanbn, where S indicates the separator between two

states. Since the only input is the empty string ε, we neither have included it in the

encoding of the transition rules or at the 3
′

end of the WPCR strand that encodes

the current state of the machine. We will do induction on the number of transitions,

k, the machine has undergone.

Base case: k = 1. a∗1 is encoded at the 3
′

end of the WPCR strand which represents

the current state of the machine. Recall that the machine has n transitions: (a1, b1),

(a2, b2) . . . (an, bn) encoded as a1b1Sa2b2S . . . anbnS at the 5
′
end of the WPCR strand.

S is a stopper sequence that is essential for the biochemical implementation of a state

transition using polymerase. It is also a separator for two adjacent state transition

encodings as we have mentioned before. The solution is cooled and since (a1)∗ is

complement to the current state a1 of the transition rule (a1, b1), it hybridizes with

it, thus forming a stem loop. A polymerase present in solution next extends (a1)∗ to

copy the next state b1 from the transition rule and stops because of the presence of S,

the stopper sequence. The solution is then heated, so that the strand is denatured.

This marks the end of the state transition (a1, b1) since the 3
′

end of the WPCR

strand now bear (b1)∗, the new current state.

Hypothesis: Assume that the machine has undergone k = m transitions. At the

end of it, the current state of the machine is ai. We will now show how it can simu-

late the (m+ 1)st transition.

Induction: Let us suppose that the 3
′

end of the WPCR strand encodes for the

current state ai in the form of (ai)
∗ after m transitions. When the solution is cooled,

it binds to the current state ai of transition rule (ai, bi) encoded as aibiS. Next, in

presence of polymerase, it is extended to copy only the next state bi and none of
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the encoding beyond it because of S. When the solution is heated, the hairpin is

converted into a single strand without any secondary structure. This marks the end

of the (m+ 1)st state transition with the new current state bi encoded at the 3
′

end

of the WPCR strand as (bi)
∗.

Lemma 6.6.2. A reusable rule IR-WPCR machine that prevents back-hybridization

using folding WPCR is computationally equivalent to the original WPCR machine

that uses thermal cycling to execute a state transition.

Proof. The approach for this proof involves showing that a state transition in a

reusable rule IR-WPCR machine that prevents back-hybridization using folding

WPCR, say machine M1 can be simulated by the original WPCR machine, say

M2 and vice versa. In other words, we prove that when M2 with current state encod-

ing (ai)
∗ undergoes state transition ai to bi (rule Ri), M1 undergoes the transition

ai (current state in rule Ri) to biwiyi (next state in rule Ri). The other direction

holds as well. Recall that in machine M2 rule Ri is encoded as aibiS while in M1, it

is xiyiziaix(ai)
∗biwiyiS(bi)

∗ai. The difference in next state encoding arises from the

fact that M1 and M2 use two very different protocols for executing a state transition.

While in M2, the main driving force is polymerase and thermal cycling, M1 is

mostly driven by strand displacement along with polymerization. Hence, when we

cool the solution with M2 in it, the 3
′

end of the WPCR strand binds to ai in rule

Ri. However, there is no external mediation involved in the running of M1, once

the polymerase is introduced in the solution containing M1. In fact, we maintain

the temperature of this solution such that 3
′

end of M1 bearing a∗i can bind to ai

in rule Ri. The next step is the same in the program execution with both machines

when polymerase binds to the 3
′

end of each machine. However, in the extension

phase, while in M2, bi is copied directly at the 3
′

end of the strand, in M1, the next
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state is hidden in a hairpin loop and a polymerase with good strand displacement

capability is needed in order to open the stem loop and copy the next state biwiyi.

Some additional sequences are copied too, such as x∗ai. These sequences near the 3
′

end of M1 are essential for preventing back-hybridization that is a major drawback

with M2. We will discuss this difference shortly.

Elaborating on further differences between the two protocols, once the next state

is copied, M2 depends on external energy such as heating to denature the strand so

that the automaton can execute the next computational step (next state transition).

On the other hand, in M1, the protection strand Pi of Ri is displaced from its wiyi

binding with Ri when the next state biwiyi is copied and it binds to the second best

complementary sequences yi adjacent to xi in the same rule. Polymerase next binds

to Pi’s 3
′

end and extends it to the first stopper sequence S, thus displacing the 3
′

end of M1. Hence the 3
′
end of the WPCR strand is now free to take part in the next

state transition. Additionally to ensure that the transition rule Ri is reusable, the

extended protection strand Pi is reset to its original configuration using an auxiliary

strand Ai encoded as wiyiziaix(ai)
∗bi.

At this time, bi of the next state biwiyi can be concealed in a stem loop to prevent

back-hybridization. The next state biwiyi remains hidden at all times except for when

it is copied. Now recall that there was some additional sequences at the 3
′

end of

the strand namely, x∗ai from the state transition involving Ri. This along with the

previous current state (ai)
∗ forms a tight loop, thus hiding a∗i and preventing back-

annealing in M1. Back-hybridization, however, is very a common occurrence in the

running of M2 since after state transition involving Ri, (aibi)
∗ encoded at the 3

′
end

of M2, and, consequently, hybridizing with transition rule Ri, is energetically much

more favorable than simply (bi)
∗ binding with aj = bi, the current state of transition

rule Rj (this is also the expected transition). With M1, on the other hand, (ai)
∗

at the 3
′

end of the strand is hidden in a hairpin loop while bi in rule Ri is also
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concealed in a distinct stem loop. Additionally wiyi that encodes for the rest of the

next state of rule Ri is bound to the protection strand Pi and hence the probability

of a back-hybridization event is almost negligible.

Theorem 6.6.1. A reusable rule IR-WPCR machine that prevents back-hybridization

using folding WPCR can simulate any finite state automata that is implementable by

the original machine.

Proof. Combining the above two lemmas we can show that a reusable rule IR-WPCR

machine that prevents back-hybridization using folding WPCR can simulate the same

restricted class of finite state machines as the original WPCR machine.

6.7 Probabilistic Analysis of IR-WPCR Protocol

For the analysis of the stochastic behavior of a IR-WPCR machine, we describe the

steps involved in a rate transition diagram. Based on this continuous time Markov

Chain in Figure 6.8, we can then compute the state transition probability and rate.

We can also compute the probability and rate of “reseting” a state. We first need to

explain all the rates shown in the Markov Chain.

Rate of polymerization: In Figure 6.8, rpoly corresponds to the rate at which the next

state of length l1 bases is copied and r
′
poly corresponds to the effective rate at which

Pi (l2 bases) is extended. If the polymerase can extend Nbases bases/sec, then

rpoly =
Nbases

l1
(6.1)

while

r
′
poly =

Nbases

l2
. (6.2)

rwait is the mean DNA polymerase and strand encounter rate, given by

rwait =
Npoly

Nstrands

vt (6.3)
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where Npoly is the number of units of polymerase in the solution and Nstrands corre-

sponds to the total number of strands (each Pi (corresponding to Ri) in a W and each

Ai (corresponding to Ri) in the solution count for a separate strand). Additionally

vt =
1

1
rpoly

+ 1

r
′
poly

(6.4)

denotes the mean number of distinct extensions/sec by 1 unit of polymerase under

optimal conditions using excess target and primer [118]. Furthermore, rexo (or r
′
exo

for Pi) is the effective rate of exonuclease activity. It is generally very small and is

given by

rexo =
kexo
l1

Npoly

V
(6.5)

and

r
′
exo =

kexo
l2

Npoly

V
(6.6)

where kexo for φ29 (our chosen polymerase) can be calculated from primer extension

experiments [131]. Here, V is the total volume of the solution. Since target/primer

(in our case, both belongs to the WPCR strand) is in excess, the exonuclease activity

is limited by the concentration of the polymerase.

Rate of hybridization: For hybridization events, the rates r1f , r2f , r3f , r4f and r5f are

not concentration dependent since all the components are part of the same nanos-

tructure. Hence rif ∝
√
hli where hli is the length of the hybridization segment [57]

for i = 1, 2, 3, 4, 5 under optimal conditions, thus neglecting effect of temperature

and salt concentration. The rate of dehybridization rib (r1b, r2b, r3b, r4b, r5b) is given

by

kfe
−Gsei (6.7)
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where

Gsei = (
4000

T
− 11)hli (6.8)

Here T is the temperature of the solution in K and kf is the forward rate constant

[163].

Rate of strand displacement: Finally, for estimating rfdispl and rbdispl we model strand

displacement as a 1D random walk. After the toehold hybridization, let G denote the

free energy of the 3 strand complex, Gl the free energy after one base pair migration

to the left and Gr, the same for migration to the right. Moreover, let

∆Gr = Gr −G (6.9)

and

∆Gl = Gl −G (6.10)

where the change in free energy can be computed from the nearest neighbor model.

If pr and pl are the probability for right and left directional migration, then

pr ∝ e(
−∆Gr

RT
) (6.11)

and

pl ∝ e(
−∆Gl

RT
) (6.12)

Further, the mean time for a single base migration is about 100 µ sec [149]. Hence,

rfdispl =
10000∑lfdispl

i=1
pri

pri+pli

(6.13)

and

rbdispl =
10000∑lbdispl

i=1

pli
pri+pli

(6.14)
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where lfdispl and lbdispl denote the number of bases displaced in the forward and

backward direction respectively. Observe that Ai displaces Pi to the right at this

rate and thus rfdispl corresponds to the forward rate of displacement.

Likelihood and rate of a state transition: Suppose we assume that the polymerase

binding at the 3
′

end of the WPCR strand hybridized with a transition rule R marks

the beginning of a state transition while the 3
′

end of the WPCR strand binding

to another transition rule R
′

whose current state is identical to the next state of

R marks the end of a single state transition. Then based on the Markov Chain in

Figure 6.8, the probability of a state transition is given by

ptrans =

(
rpoly

rpoly + rwait

)
·
(

r1f

r1f + rexo

)
·
(

r
′
poly

rwait + r1b

)

·
(

r2f

r2f + r′exo

)
·
(

r5f

r5f + r2b

)
(6.15)

and the rate of state transition, given that 3
′

end of W is bound to ai in Ri and the

polymerase is bound at the end of it, is given by

rtrans = rpoly

(
r1f

r1f + rexo

)
·
(

r
′
poly

rwait + r1b

)

·
(

r2f

r2f + r′exo

)
·
(

r5f

r5f + r2b

)
(6.16)

On the other hand, a rule is “reset” only if the protected strand is set back to its

old configuration after the next state is copied from the rule. The probability that a

state will be reset or made reusable after participating in the computation is given
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Figure 6.8: Continuous time Markov Chain for rule Ri in the reusable rules IR-
WPCR protocol that prevents back-hybridization using folding WPCR.

by

preset =

(
rpoly

rpoly + rwait

)
·
(

r1f

r1f + rexo

)
·
(

r
′
poly

rwait + r1b

)

·
(

r3f

r3f + r′exo

)
·
(

rfdispl
rfdispl + r3b

)
(6.17)

while the corresponding rate is

rreset = rpoly

(
r1f

r1f + rexo

)
·
(

r
′
poly

rwait + r1b

)

·
(

r3f

r3f + r′exo

)
·
(

rfdispl
rfdispl + r3b

)
(6.18)

Likelihood of preventing back-hybridization Recall that a back-hybridization is an event

where the old current state, say a at the 3
′

end of the WPCR strand paired with

the next state b copied from the rule R (with a as the current state and b as the

next state) binds to R in preference to rule R
′

which has b as the new current
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E2:
 W: CAAGACCGGAGGCGC  ACGCGCGGCACACGAGGACGACCA (T)30 GCGCCTCCGGTCTTG

a1 b1 w1 y1 a1
*S’

B2: Flourescein GCGAGC  TGGTCGTCCTCGTGTGCCGCGCGT GCTCGC Dabcyl 

h1
* (y1 w1 b1)* h1

QuencherFluorophore

E1:
 W: GTA CGA CA CAAGACCGGAGGCGC  ACGCGCGGC ACA  CGA  TTTTTT 

       ACGCGCGGCACACGA   GGAGAAACCGGCGAGCACGAGGAA (T)60 GCGCCTCCGGTCTTG

B1: Flourescein GCGAGC  TTCCTCGTGCTCGCCGGTTTCTCC GCTCGC Dabcyl 

h1
* (y2 w2 b2)* h1

QuencherFluorophore

P1:  TCG TGT (T)30 TAC

y1
* w1

* p1
* x1

*

A1:  ACA CGA CA CAAGACCGGAGGCGC ACGCGCGGC

w1 y1 z1 a1 b1

a1
*S’b2 w2 y2a2

Sy1 z1 w1 y1x1 a1 b1

Figure 6.9: DNA Sequences for experiments E1 and E2.

state since the first hybridization is energetically more favorable than the second

hybridization. The probability of preventing back-hybridization in a reusable rule

IR-WPCR machine that uses folding WPCR to prevent back-hybridization, is a

function of two independent events: i) the old current state (a) forming a stem loop

at the 3
′

end of the WPCR strand at the conclusion of a state transition and 2) the

next state (b) in the rule R that was just executed, hiding in another hairpin loop at

the same time. The probability of the old current state forming a stem loop at the

3
′

end of the WPCR strand at the end of a state transition is

p1 =

(
rpoly

rpoly + rwait

)
·
(

r1f

r1f + rexo

)
·
(

r
′
poly

rwait + r1b

)
·
(

r2f

r2f + r′exo

)
(6.19)
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while the probability of the next state in the rule that was just executed to also hide

in another hairpin loop at the end of the state transition is

p2 =

(
rpoly

rpoly + rwait

)
·
(

r1f

r1f + rexo

)
·
(

r
′
poly

rwait + r1b

)
·
(

r3f

r3f + r′exo

)

·
(

rfdispl
rfdispl + r3b

)
·
(

r4f

rbdispl + r4f

)
(6.20)

Hence the probability of preventing back-hybridization after a state transition is

p = p1 · p2 (6.21)

6.8 DNA Design of IR-WPCR Computing on a 3 State Machine

In this section we provide a concrete example of the execution of the IR-WPCR

protocol on a 3 state machine to illustrate the concept of a IR-WPCR machine

further. We also describe how one can verify computation on this machine using

gel electrophoresis and Fluorescence Resonance Energy Transfer (FRET) method

(Section 2.6.4). For clarity and simplicity, we will describe the protocol for only

reusable rule IR-WPCR but has no capability to prevent back-hybridization. We

have also not included the supporting nanostructure for the machine in the following

description.

Encoding of the WPCR strand Suppose we have a 3 state machine: s1 −→ s2 −→ s3.

Thus we have to encode only two transition rules: s1 −→ s2 and s2 −→ s3 in the

WPCR strand W (x1 − y1 − z1 − a1 − b1 − w1 − y1 − S − x2 − y2 − z2 − a2 − b2 −

w2 − y2 − S − S ′ − a∗1) Here S (6 bases) is the stopper sequence and S
′

is the spacer

sequence that allows W to form a hairpin structure easily. Observe that a1 is the

encoding for state s1, while b1 − w1 − y1 (or a2) is the encoding for s2 and finally

b2 − w2 − y2 is the encoding for s3. Two (s2 and s3) out of three states are used for

priming and, hence, each state comprises of at least 15 bases.
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We use polymerase φ29 to drive the computing, because of its excellent strand

displacement capability [126]. However, it has to be used in very low concentration

because of its high fidelity in higher concentrations. Further, if any state is used as a

molecular beacon [152] for FRET experiments (e.g: b2w2y2) the length has to be at

least 24 bases. Besides W , we need to consider P1’s DNA design. P1 binds to the x1

and w1y1 of rule R1 (s1 −→ s2) before extension and, hence, at least three bases are

necessary for each section to ensure stable hybridization. It should be remembered

that, since R2 (s2 −→ s3) is the last transition rule visited by the hairpin, it is not

necessary to include P2 or A2 for R2. The resultant compact hairpin structure of W

is more suitable for gel analysis.

We can perform two distinct experiments E1 and E2 to verify whether both state

transitions are executed. This is essential because, in IR-WPCR protocols, once

the polymerase is added to the solution, in theory, the reaction goes to completion.

Thus, it is not easy to probe the state of W after every state transition. Hence, E1

corresponds to the experiment when W encodes s1 −→ s2 as well as s2 −→ s3 while,

in E2, W encodes only s1 −→ s2. Since we have only a three state machine these

experiments together allow us to study the secondary structure of W in solution. It

should be noted that for E2 we do not need either P1 or A1 since s2 is the final state

for this experiment. Sequences designed using sequence symmetry minimization [135]

for E1 and E2 are shown in Figure 6.9.

Preparing the WPCR strand for computation: For experiment E1, in order to ensure

that W attains the secondary structure appropriate for IR-WPCR computing, we

adopt the simple preparation protocol. We add P1 to W and anneal the mixture

to 30◦C so that W can attain the hairpin structure and P1 can bind to rule R1.

Auxiliary strand A1 is added in the next step. W is now ready to compute as soon

as φ29 is added to the solution. For experiment E2 we only need to cool the sample
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containing W to 30◦C and add the polymerase to initiate computation.

Verification of computation with gel electrophoresis: Once very low concentration (about

0.05 µM) of φ29 is added to the solution at 30◦C (optimum temperature for poly-

merization by φ29 [126]), the resultant mixture is ready to be analyzed in about 30

minutes. A 10% native PAGE (Section 2.6.1) can be used to determine the size of

the final product (W ). For experiment E1, the auxiliary strand A1 forms a separate

band. We can compare it with the sizes of the WPCR strand prior to both state

transitions. Ideally we should see a heavier band because at the end of computation,

we have an extended P1 hybridized to A1 while still being hybridized to s1 −→ s2

in W . For experiment E2, the distinction may be less prominent since this exper-

iment neither involves A1 or P1. Hence, gel analysis may not be quite conclusive.

Information obtained from FRET analysis for both experiments may be more useful.

Verification of computation with FRET analysis: To perform FRET analysis (Section

2.6.4), we use the molecular beacon [152] technique. For E1 we use an extended

b2w2y2 region (about 24 bases in length) that is bound to a single strand B1 encoded

as h(b2w2y2)∗h∗. There is a fluorophore and a quencher at the two ends of B1. h and

h∗ are complementary to each other and each is about 6 bases long. The idea of this

molecular beacon is that, when W copies the next state in R2, it will displace B1.

Consequently, B1 is released and the h portion of B1 binds to its h∗ portion, resulting

in a hairpin. As a result, there is a detectable drop in fluorescence signal. Similarly

for E2, the molecular beacon B2 (h(b1w1y1)∗h∗) is hybridized to b1w1y1 region of R1

in W . Here too, as soon as the next state in R1 is copied by φ29, B2 is released,

forms a hairpin and the existing fluorescence in the system is quenched.
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6.9 Chapter Summary

In summary, WPCR is an useful model of computation for running distinct programs

in parallel. In other words, the significance of WPCR computation lies in the fact

that while other forms of autonomous molecular computing such as tiling assem-

bly [166] or Benenson automata [12] operate based on global rules, it is possible to

execute multiple WPCR machines, each holding its own distinct program, in par-

allel. However, existing protocols are not isothermal and autocatalytic at the same

time, thus limiting the number of steps a WPCR machine can execute as well as its

flexibility. In this chapter, we presented three distinct isothermal and autocatalytic

protocols for computing with WPCR. The key idea is to use strand displacement

and polymerization of a secondary priming sequence to dehybridize the 3
′

of the

WPCR strand once the next state is copied eliminating the need for a thermal cy-

cle. Another important aspect of one of our protocols (reusable rule IR-WPCR that

can prevent back-hybridization) is that it is capable of minimizing back-annealing

events. This is a major problem with the original WPCR machine since it limits

the program execution to only a few steps. However, folding WPCR protocol that is

part of this reusable rule IR-WPCR protocol, in theory, can eliminate back-annealing

completely, thus enabling uninterrupted program execution on a IR-WPCR machine.

Furthermore, the rules in this machine are reusable after next states are copied from

them, thus making it computationally equivalent to the original WPCR machine.

Additionally, the protocol is isothermal and autocatalytic, making it readily usable

in a wide variety of applications in diverse environments. One immediate future

direction is to verify with laboratory experiments and computer simulation the pro-

posed design of the 3 state machine (Section 6.8) and compare the yields with that

of the original WPCR implementation [129, 128].

In the following chapter we exploit the capability of WPCR machines to compute
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locally to implement a biomolecular system that computes via communication.
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7

Design of a Biomolecular Device that Executes
Process Algebra

Process algebras are widely used for defining the formal semantics of concurrent com-

municating processes. In process algebra, concurrent processes can be specified to

execute distinct programs. Processes can also communicate repeatedly with other

processes via handshake communication protocols that requires acknowledgment of

message reception. Furthermore, processes can branch into multiple processes. This

chapter considers stochastic π-calculus which is a particularly expressive kind of

process algebra providing a specification of probabilities of process behavior such

as stochastic delays, communication and branching, as well as rates of execution.

Previously, stochastic π-calculus has been used to specify a wide variety of chemi-

cal and biological processes. In this chapter, we implement stochastic π-calculus at

the molecular scale, providing a design for a DNA-based biomolecular device that

executes the stochastic π-calculus. Designing this device is challenging due to the re-

quirement that a specific pair of processes must be able to communicate repeatedly;

this appears to rule out the use of many of the usual classes of DNA computation
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(e.g., tiling self-assembly or hybridization chair reactions) that allow computational

rule molecules to float freely in solution within a test tube, making it difficult to in-

sure that the exactly same two processes communicate repeatedly. Our design of the

molecular stochastic π-calculus system makes use of a modified form of Whiplash-

PCR (WPCR) machines.1 In our design of a biomolecular stochastic π-calculus

machine which we call π-WPCR machine, we connect (via a tethering DNA nanos-

tructure) a number of DNA strands, each of which corresponds to a π-WPCR ma-

chines. These collection of π-WPCR machines are used to execute distinct concurrent

processes, each with its own distinct program. To implement process communication

protocols, our modifications to the original design of WPCR machines include the

incorporation of additional secondary structure in the single strand (stem-loop) as

well as multiple-temperature thermal cycling. The enforced locality of the collection

of π-WPCR machines insures that the same pair (or any subset of the entire collec-

tion) of processes be able to repeatedly communicate with each other. Additionally,

our design of the devices include implementation of sequential execution of multiple

process and limited process branching through use of restriction enzymes.

Organization of the Chapter In Section 7.1 we discuss the need for a biochemical im-

plementation of process algebra. In Section 7.2 we present an overview of the basic

constructs in process algebra. Section 7.3 introduces the WPCR implementation of

molecular process algebra. Sections 7.4, 7.5, 7.6, 7.7, 7.8, 7.9 and 7.10 present the

molecular implementation of the stochastic delay operation, parallel composition,

process communication, nil process, sequential composition, summation and replica-

1 Recall from Chapter 6 that Whiplash PCR machines are DNA devices composed of a single
strand of DNA containing a distinct program (via segments of the DNA that encode computational
rewrite rules) and a current state (via a short DNA segment at the 3

′
end of the strand) and

whose computational steps are executed by repeated rounds of thermal-cycling (cooling to facilitate
hybridization of the 3

′
end of the machine with an interior segment that encodes a computational

rewrite rule, polymerase extension to copy the new current state from the rewrite rule, followed by
heating to release the 3

′
end encoding the new current state of the machine)
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tion constructs respectively. In Section 7.11 we present some of the issues related to

the WPCR implementation of process algebra constructs and conclude the chapter

with some open questions.

7.1 Motivation

7.1.1 Process Algebra

Process algebra has been popularly used to design concurrent, distributed and mobile

systems [92]. process algebra has also traditionally been seen as a paradigm for prac-

tical concurrent languages and as a specification language for software and hardware

systems that are encoded in more pragmatic ways. The main idea in process algebra

is to model processes as communicating systems with decentralized control. In other

words, in this model of computation, concurrent processes can be specified to execute

distinct programs as well as communicate repeatedly with another process or set of

processes. Process communication can be enforced to be synchronous via handshake

communication protocols that require acknowledgment of message reception. Also,

processes can replicate and generate new processes. This chapter considers stochastic

π-calculus, a particularly expressive form of process algebra developed by Cardelli

[27] that provides a clear specification of probabilities of process behavior such as

stochastic delays, branching, sequentialization of processes, communication as well

as rates of execution.

Stochastic π-calculus has been shown to be particularly useful for modeling bi-

ological systems. Here, biological components are modeled as concurrent processes

and their interaction is treated as process communication. A precise connection be-

tween process algebra and chemical reactions was established by Cardelli [27]. These

modeling techniques provide researchers with better models and simulations of living

matter. Consequently, they provide a better understanding of how nature works and,

sometimes, a tool to predict unknown behavior of living systems.
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Biology already has several sophisticated example of inter-cellular communica-

tion. For instance, bacteria use such communication for gene regulation [10]. Yet

another fascinating example is the interaction that takes place during the devel-

opmental transition of fertilization which initiates a rapid series of changes that

restructures the egg into the zygote. There are several signaling agents that mediate

several of these rapid modifications in cell structure. Studies indicate that elements

from several of the key signaling pathways, co-localize on molecular scaffolds in the

egg and provide a means for these pathways to interact [71].

7.1.2 The Need for a Molecular Process Algebraic System

The central question considered in this chapter is how to implement process alge-

braic systems with biomolecules. This direction of research would allow us to use

biological matter as flexible information and material processing devices. The most

important feature of process algebra is that this model allows computation to pro-

ceed via interprocess communication. At the molecular scale, adding the capability

to interact with each other will allow us to build far more complex and powerful

molecular computing devices than those that have been proposed to date. In fact,

communicating nano machines can spur the creation of entirely new applications

such as nano-scale distributed computing systems or nano-scale sensing systems.

7.1.3 The Challenges of a Molecular Implementation of Process Algebra

One of the primary challenges of molecular process algebra is local execution of dis-

tinct programs meaning parallel execution of such programs in several machines with-

out interference. For this, we need to design a biomolecular device, where multiple

copies of the same or distinct devices can simultaneously compute without interfering

with each other. These needs can be satisfied by a number of known biomolecular

computing device designs including tiling assemblies (Section 3.2.1) [163], Whiplash
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Figure 7.1: (Left)Supporting nanostructure holding two processes, represented by
single stranded DNA, in close proximity (via hybridization) that facilitates inter-
process communication, (Right) Shorthand representation of the modified WPCR
strand simply showing its current state and the rule with which it is going to bind
with next. The current state of the machine and rule Ri is indicated (with current
state ai1ai2xa

∗
i2ai3 and next state bi). The ai2xa

∗
i2 encoding in the current state of

each Ri can form a stem-loop. A similar stem-loop encoding is hidden in bi as well. It
is not shown for clarity of representation. It is this loop that contributes to the loop
at the 3

′
end of the machine after a state transition. The stem-loop near the 3

′
end

of the machine is essential for process communication. The other rules are not shown
for clarity and their presence is indicated by the dotted portion of the strand. Every
adjacent pair of rules on the transition table are separated by a stopper sequence
indicated by a dark square.

PCR machines (Section 6.2) [128] and hybridization chain reactions (Section 5.1)

[38].

One considerably more challenging design requirement is the requirement for

handshaking communication between two (or more) processes, where one of the in-

teracting processes might send data to the other and wait to resume its own program

execution until it receives acknowledgment from the other process. To implement

synchronous process communication at the molecular scale, carrier molecules going

from process A to process B are insufficient; rather process B must be able to send

an acknowledgment back to A that allows A to resume its execution.

7.1.4 Need for Locality in a Molecular Process Algebraic System

Designing a biomolecular device to execute process algebra is made particularly chal-

lenging due to the requirement that communication among the same processes might

be repeated any number of times (for example, a pair of processes repeatedly com-
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municate). This requirement appears to rule out the use of many of the usual classes

of DNA computation (e.g., tiling self-assembly [163] or hybridization chair reactions

[38]) that allow computational rule molecules to float freely in solution within a test

tube, making it difficult to insure, for example, that the exactly same two processes

communicate repeatedly. In other words, in these models, computation proceeds

globally by the assembly of pre-programmed components. These components need

to first locate each other before computation can proceed. Furthermore, commu-

nication in these computational models can only be implementing by the emission

and capture of carrier molecules. Synchronous communication, on the other hand,

requires that the processes be co-located in some way (we use DNA nanostructure

tethering for this).

7.1.5 Implementation of a Molecular Process Algebraic System via Modified Whiplash
PCR Machines

Whiplash PCR (WPCR) machines [128] appear to be an ideal candidate for a molec-

ular implementation of process algebra. Recall that WPCR machines are DNA

devices composed of a single strand of DNA containing a distinct program (via seg-

ments of the DNA that encode computational rewrite rules) and a current state (via

a short segment at the 3
′

end of the strand). Its computational steps are executed

by repeated rounds of thermal-cycling that comprises of cooling (that facilitates hy-

bridization of the 3
′
end with an interior segment that encodes a computational rule),

polymerase extension (to copy the new current state of the machine from the rewrite

rule) and heating (to release the extended the 3
′
end encoding the new current state).

Hence, these machines can hold both programs and their inputs in close proximity,

allowing parallel computation. WPCR machines can also be connected (via a tether-

ing DNA nanostructure) as shown in Figure 7.1(Left). This particular set up would

allow the same two copies of process P1 and process P2 to communicate not only the
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first time but as many times needed thereafter. Consequently, a collection of WPCR

machines can be used to execute distinct concurrent processes, each with their own

distinct program that can communicate when required.

7.1.6 Previous Work on Molecular Computers Capable of Executing Programs Lo-
cally

Recall from Chapter 6 that the concept of WPCR machines was introduced by Hagiya

et al. [128] in 1997. Winfree was the first to coin the name of Whiplash PCR

machines for these biomolecular state transitioning systems and adopt it to a wider

range of problems [164]. Most of the work in the field of WPCR machines is devoted

to addressing the problem of back-hybridization and, consequently, improving its

success rate (Section 6.1) [118, 117]. Another shortcoming of the machine is that

it is not isothermal and auto-catalytic which limits its range of applications. We

addressed that issue in chapter 6 which provided an isothermal design, but this

involved a rather complicated construction. Hence, in this chapter, for simplicity,

we adapt the design methodology of the original WPCR machines (Section 6.2)

[128] for the molecular implementation of process algebra. Moreover, we introduce

additional capabilities in the original WPCR machine so that we can implement the

basic primitives of process algebra at the nano-scale.

7.1.7 Biochemical Techniques used in the Molecular Implementation of Process Al-
gebra

The various biochemical techniques that allow us to implement the various primi-

tives of process algebra are hybridization, polymerization and restriction (Section

2.2) [14]. Additionally, we modify the original WPCR machine to support the process

communication construct. These modifications include incorporation of additional

secondary structure such as a stem-loop in each computational rewrite rule as well as

in the current state of the machine and use of a multi-temperature thermal cycle that
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Figure 7.2: Stochastic Delay Operation with π-WPCR machines: (State 1) Orig-
inal π-WPCR strand just after completion of the last state transition (system tem-
perature T0), (State 2) When cooled to T1 below the melting temperature of the 3

′

end of the machine but above the melting temperature of all the local stem loops in
the rules and the stem-loop at the 3

′
end, the former binds to the current state of rule

Ri , (State 3) Polymerase binds to the 3
′

end of the machine, (State 4) Polymerase
extends the 3

′
end of the machine to copy the next state in Ri (bi), (State 5) Strand

is denatured by the application of heat (system temperature raised to T0), (State 9)
The 3

′
end of the machine now encodes b∗i = a∗j1a

∗
j2x
∗aj2a

∗
j3 and it can bind to the

current state of Rj which is encoded as aj1aj2xa
∗
j2aj3.

starts in a very high temperature T0 where all the DNA strands (each representing a

process) are denatured, followed by a lower temperature T1 (T0 > T1) that facilitates

hybridization, polymerization and restriction and back to the higher temperature T0.

Intermittently, the temperature is cooled to T2 (T1 > T2) so that secondary struc-

ture such as stem-loop formation is facilitated. The stem loops allow for successful

process communication (discussed in Section 7.6). The selective hybridization at

T1 and T2 can be controlled through careful design of the secondary structure (e.g.

hybridization length and sequence composition). In our design, polymerization uses

a non-strand-displacing polymerase (such as Taq) as opposed to a strand-displacing

polymerase (such as φ29) used in Chapter 6. The use of a non-strand-displacing

enzyme is the key to a successful process communication. Restriction used for im-
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plementing replication and sequential composition utilizes two types of enzymes:

nicking enzymes that creates only one nick in a double-stranded DNA (used to cre-

ate an output strand from the first process and this in turn, can initiate the second

process in sequential composition) and restriction enzymes that creates nicks in both

the strands in a double stranded region (used to create child processes from a parent

process).

7.1.8 Contributions

In this chapter we present a molecular design of process algebra using design tech-

niques similar to that of the original WPCR machines. We implement the basic

primitives of process algebra in this new biomolecular device (which we call π-

Whiplash PCR (π-WPCR)) machine including stochastic delay operation, parallel

and sequential composition, replication and process interaction. We call the new

machine π-WPCR machine since we implement the stochastic π-calculus version of

process algebra at the molecular scale.

7.2 Process Algebra Overview

Till date several variants of process algebra have been proposed. The variant of

process algebra that we use in this chapter is called stochastic π calculus [100, 92, 101].

π calculus can describe concurrent processes whose configuration may change during

interaction. stochastic π-calculus is a type of π calculus where stochastic rates are

imposed on the processes.

7.2.1 The Basic Operators in Process Algebra

The main constructs of stochastic π-calculus that are used are in this chapter are: (1)

Parallel Composition, (also known as concurrency), defined as two processes P and

Q executing concurrently and denoted as P |Q, (2) Process interactions (also known
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as communication), defined as two processes interacting through channels, shared by

the interacting processes. The possible process interactions π are (i) delays at a rate

r, (ii) input on channel a at a rate r (denoted as ?a(r)) and (iii) output on channel a

at a rate r (denoted as !a(r)). Stochastic delay operation is the event of reordering a

process at a rate r (denoted as τ(r)) while in complementary synchronous interactions

processes can interact by performing complementary input and output on a common

channel at a rate r (denoted by a(r)), (3) Sequential composition, defined as ordering

of processes and denoted by a(x).P . This means that P will wait for an input on

channel a and P is only activated when data is received through a and substituted for

identifier x, (4) Summation, defined as a choice between zero or more output a < y >

or input a(x) actions that a process can perform and denoted as Σ, (5) Nil process,

defined as a process whose execution is complete and has stopped and denoted as 0

and finally (6) Replication, defined as a process which can always create a new copy

of P and denoted as !P . In other words, replication is a compact representation of

the parallel composition of a countably infinite number of processes i.e. !P = P |!P .

Algebraic laws for the basic operators (such as parallel composition of processes,

specifying which channel to use for sending and receiving data, sequentialization of

interactions and process replication) allow process expressions to be manipulated.

The most important rule, however, is the reduction rule: x < y > .P |x(v).Q →

P |Qy/v. This rule contains the computational essence of process algebra and can

be expressed solely in terms of parallel composition, sequential composition, input

and output. The equation can be interpreted in the following manner: the process

x < y > .P sends a message y along channel x. The process x(v).Q receives this

message on the same channel. Once the message has been sent, x < y > .P becomes

P while x(v).Q becomes Qy/v.
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7.2.2 Process Algebra as Interacting Automata

In this chapter, we use the interacting stochastic automata version of stochastic π

calculus. In other words, in this model of computation, each automata represents a

process. These processes do not split up dynamically into more processes.2 These

automata can be either executing a stochastic delay transition or multiple automata

can be interacting. For instance, an automaton in state A can move to state A
′

at a

specified rate r by a spontaneous delay transition τ@r. There can also be two other

kinds of automata: the ones in state A can perform an input ?a on a channel a,

and move to state A
′
, provided that each can coordinate its transition with another

automaton in state B that at the same time performs an output !a on the same

channel a, to move to state B
′
. Each channel a has an associated rate r represented

as a@r. We could even restrict our operations to only one kind of automata. For

instance, it could be the case that an automaton in state A can choose to either

perform an input ?a and move to A
′

or an output !a and move to A
′′
. With two such

automata, interaction is possible since one automaton can move to state A
′

while

the other can move to state A
′′

after the interaction.

Before reading the next section it may be useful to review the working principle

of the original WPCR machine from Section 6.2.

7.3 A Whiplash PCR Machine Representation of Process Algebra

7.3.1 Process Representation

The π-WPCR machine is encoded as a11a12xa
∗
12a13b1S . . . an1an2xa

∗
n2an3bnS (in a

single strand) where each rule Ri is encoded as ai1ai2xa
∗
i2ai3bi (with ai1ai2xa

∗
i2ai3 as

the current state and bi as the next state) and the current state of the machine

encoded at the 3
′

end of the strand as a∗i1a
∗
i2x
∗ai2a

∗
i3 (let us assume that the current

2 In this chapter, we present a molecular design of “restricted” replication meaning a process
cannot create new processes that are identical copies of the original one.
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state of the machine corresponds to the current state of rule Ri). In the current

state encoded as ai1ai2xa
∗
i2ai3 in each rule Ri, the most important segment is the

encoding of a stem-loop ai2xa
∗
i2. The encoding ai3 is used for information exchange

in case of process interaction. Furthermore, the next state bi is also the current state

of a different rule Rj and is represented as bi = aj1aj2xa
∗
j2aj3. We use a shorthand

notation for clarity in the figures. A compact representation of a rule is shown in

Figure 7.1.

7.3.2 π-WPCR Machine vs Original WPCR Machine

Unlike the original WPCR machine (Section 6.2), the π-WPCR machine encodes for

stem loops (ai2x(ai2)∗ in each Ri) both in the rules as well as in the 3
′

end of the

machine. Stem loops are crucial in the correct simulation of the process commu-

nication operator in process algebra. Hence to facilitate their formation, we use a

multi-temperature thermal cycling in π-WPCR machine instead of the dual temper-

ature thermal cycling protocol used in the original WPCR machine. In the former,

the system is periodically cooled to a temperature T2 below the melting tempera-

ture of the stem loops to facilitate process communication. However, this is done

at a much lower frequency than the cooling to T1 that facilitates all other operator

simulations. With only a dual-temperature thermal cycle, stem-loop formation in

the bi (encoded as aj1aj2xa
∗
j2aj3) region of each Ri, would prevent copying of the

complete next state bi from Ri (supposing Ri corresponds to the current transition

of the machine). Moreover, recall that the original WPCR protocol does not use

a strand-displacing polymerase. Consequently, only the encoding just before the

stem-loop would be copied (meaning only aj1 will be copied). Without a stem-loop

encoding at the new 3
′

end of the machine, a stem-loop cannot form there. As a

result, undesired symbols are copied at the 3
′
end during process interaction (Section

7.6), thus affecting correct program execution in each machine thereafter. Hence, use
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of a multi-temperature thermal cycle is critical to the success of the protocol.3

7.4 Biochemical Simulation of Stochastic Delay Operation

A stochastic delay operation in π-WPCR machine is the same as the state transition

event in the original WPCR machine and is simulated in exactly the same manner.

However, its success rate is crucially dependent on the multi-temperature thermal

cycle (Section 7.3.2). Refer to Figure 7.2 for pictorial reference on the complete

process. In spite of the stem-loop encodings ai2xa
∗
i2 in each rule Ri and a∗i2x

∗ai2 at

the 3
′

end of the strand, the loops are not preferentially formed when the system

is cooled to T1 above their melting temperature. Instead, the 3
′

end (encoded as

a∗i1a
∗
i2x
∗ai2a

∗
i3) of the machine binds with the current state of Ri (ai1ai2x(ai2)∗ai3).

As usual, the polymerase can attach to the 3
′

end of the machine and copy the next

state from Ri. Next the strand is denatured by applying heat (meaning that the

temperature of the solution is raised to T0). The 3
′

end of the π-WPCR strand

has b∗i encoded in it. b∗i is equivalent to a∗j1a
∗
j2x
∗aj2a

∗
j3 which can now bind to the

current state of rule Rj which is encoded as aj1aj2x(aj2)∗aj3 and the chain of events

described above repeats to execute another state transition. Such a state transition

is referred to as a stochastic delay operation in interacting stochastic automata.

7.5 Biochemical Simulation of Parallel Composition of Processes

Parallel composition is the simplest of all operators to implement with π-WPCR

machines. π-WPCR machines run in isolation by virtue of its design. Hence, simu-

3 We cannot completely eliminate the formation of local stem loops at T1 since it is a probabilistic
event. Nevertheless, we can argue that polymerization (with non-strand-displacing polymerases,
such as Taq, that can replicate a 1000 base pair strand of DNA in less than 10 seconds at 72◦C
[77]) is a faster activity than hybridization (whose rate is proportional to the square root of the
length of the segment to be hybridized [57]) at high temperatures. Consequently, if a∗i3 at the 3

′

end of the machine binds to ai3 in Ri, polymerase can copy the bases from bi, before aj2xa
∗
j2 can

form a loop in bi. Furthermore, careful choice of length and sequence composition of the various
segments of the rewrite rules can decrease the error rate in the multi-temperature thermal cycle.
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lation of parallel composition with π-WPCR machines, do not need any biochemical

techniques other than the ones already being used. We have already mentioned that

in WPCR machines both program and its input are internal to the machine, thus al-

lowing parallel execution of distinct programs. Hence, it is possible for two processes

P1 and P2 to have the same transition table but different current states and yet run

in parallel without interfering with the smooth execution of the other process.

7.6 Biochemical Simulation of Process Communication

7.6.1 Overall Strategy

In this chapter, the type of process interaction or communication we implement is

complementary synchronous interaction. Suppose we have two π-WPCR machines

that are executing state transitions independent of one another, until at one point

one machine, say M1 (corresponding to process P1) cannot bind to any of the current

state of the rules in its transition table. It can, however, resume its normal stochastic

delay operation after it copies at the 3
′

end an encoding that matches the current

state of one of its rewrite rules from another machine (corresponding to process P2)

M2’s 3
′

end. Additionally, for complementary synchronous interaction, we have to

implement M2 as a machine where it has to provide the information that M1 needed

before it can proceed with its own state transitions.4 Consequently, M2 needs to

wait for M1 to finish receiving the desired information. As mentioned earlier, by the

rules of communication in process algebra, M2 not only modifies M1 but is modified

in the process as well. Hence, we implement M2 waiting for M1, by encoding in

M1’s 3
′

end, an encoding that matches the current state of a rule in M2 and that is

missing from the next state of all the rules in M2. Thus, after a certain number of

state transitions (need not be the same number as M1’s), M2’s encoding in its 3
′

end

4 In case of asynchronous interaction M2 could have proceeded on its own or choose to wait until
its current state encoded at its 3

′
end is modified while communicating with M1.
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does not correspond to any of the current states in its rules. On the contrary, it is

the same encoding that M1 has at its 3
′

end when it needs to copy the current state

encoding from M2’s 3
′

end. Consequently, the machines cannot proceed without

interacting

7.6.2 Complete Protocol

Suppose after several state transitions, the 3
′

end of M1 encodes d1c1c2 (just before

the last stem-loop from the 3
′

end)(Figure 7.3(P1, P2: State 1)). The stem-loop is

formed when the system is cooled to T2 which is below the melting temperature of

all the stem loops in the strand. Observe that this is lower than the temperature

the system was being cooled for stochastic delay operations and simulations of other

constructs. Though we cannot monitor each process individually, the frequency of

cooling to the lower temperature T2 is much lower than that to the higher temperature

T1 where all operations other than interprocess communication are favored. The

reason for doing so is that one of the basic underlying assumption in this design

is that process communication is a rarer event that stochastic delay operation. d1

encodes for part of the current state in R
′
m in P2 since it is represented as xa

′∗
m2a

′
m3.

Similarly d2 region in machine M2’s 3
′
end (encoded as d2c

∗
2c
∗
1) corresponds to part of

the current state in Rm in P1 since it is represented as xa∗m2am3. Thus each machine

cannot proceed with its own state transition. The only way normal execution can be

restored if the two machines interact and copy the required current state from the

others 3
′
end. This is possible since c1c2 portion at the 3

′
end of M1 is complementary

to c∗1c
∗
2 portion at the 3

′
end of M2 and the melting temperature of the c1c2 duplex is

higher than T2. Once hybridized (Figure 7.3(P1,P2: State 1)), a polymerase attaches

to the 3
′

end for both the machines and it extends to copy the encoding until the

first stem-loop on the strand (Figure 7.3(P1,P2: State 2)). Hence, the 3
′

end of

M1 copies d2 from M2 and the 3
′

end of M2 copies d1 from M1 (Figure 7.3(P1,P2:
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Figure 7.3: π-WPCR simulation of interprocess communication: (P1: State 1)
Initial state of process P1, (P2: State 1) Initial state of process P2, (P1:State N)
State of P1 after N transitions. The 3

′
end of P1 encodes d1c1c2. d1 encodes for

part of the current state in (Rm)
′

in P2 since it is represented as xa
′∗
m2a

′
m3. The

dashed arrow between States P1:State 1 and P1:State N is used to denote multiple
state transitions, (P2:State M) State of P2 after M transitions. Its 3

′
end encoded

as d2c
∗
2c
∗
1 Now d2 encodes for part of the current state in Rm in P1 represented

as xa∗m2am3, (P1,P2: State 1) The 3
′

ends of P1 and P2 hybridize when cooled to
T2 below the melting temperature of not only c1c2 but also the local stem loops.
Consequently, stem loops are formed near the 3

′
ends of the machines as well as the

rules. The lower temperature is indicated by representing this particular “COOL”
operation in blue, (P1,P2: State 2) A polymerase attaches to the 3

′
end in each of

the machines, (P1,P2: State 3) In presence of the polymerase, the 3
′
end of P1 copies

d2 from P2 and the 3
′

end of P2 copies d1 from P1, (P1: State N+1) Once heated to
T0, the interacting processes can separate and P1’s 3

′
end d∗2 now partly encodes for

the current state of Rm, (P2: State M+1) Similar to P1, after dehybridizing from
the P1P2 complex, P2’s 3

′
end encoded as d∗1 can partly bind to the current state

of R
′
m, (P1:State N+2) P1’s 3

′
end binds to Rm as a first step to a stochastic delay

operation, (P2:State M+2) P2’s 3
′

end binds to R
′
m as a first step to a stochastic

delay operation.
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State 3)). The solution can now be heated to T0 to dehybridize the two machines

and each being equipped with a 3
′

end that corresponds to the current state in

one of its rules (Figure 7.3(P1: State N+1) and Figure 7.3(P2: State M+1)), the

machines can proceed with their respective stochastic delay operations, until a need

for interprocess communication arises again (Figure 7.3(P1: State N+2) and Figure

7.3(P2: State M+2)).

The hybridization of P1’s and P2’s 3
′
ends can be viewed as a channel and its rate

of hybridization and subsequent copying of the next state as its stochastic rate. Our

design of process communication simulates the reduction rule as well, since P1 sends

the message d1 across the channel c1c2. The process P2 receives this message on the

same channel. Once the message has been sent, P1’s state changes (from copying d2)

so that it can bind to one of its own rules and P2’s state changes (from copying d1)

such that it can proceed with its own program execution as well.

7.6.3 Observations

One may wonder why we used two separate symbols c1 and c2 at the 3
′

end of P1

for describing interprocess communication when only one symbol may have sufficed.

It is used merely for consistency reasons and is only used in the description of the

summation protocol (Section 7.9) where we need to represent two distinct reaction

pathways possible with the same 3
′

end encoding.

A major issue with this simulation of process communication is that after the

next states are copied from the 3
′

end of the other process, in the next cooling

cycle when the system is cooled to T1 above the melting temperature of the local

hairpins and the complementary segment at the 3
′

ends of both the machines, the

current states of the machines can still bind with each other. If that happens, in

absence of any stem-loop at the 3
′

ends of the machines, polymerase can copy the

symbols encoded in those segments of the machine until the first stopper sequence
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and may completely jeopardize correct program execution in the subsequent thermal

cycles. However, it is possible to engineer proximity of processes (in other words tie

them to the same nanostructure) in a manner such that processes can still interact

but internal interaction (interaction with itself) is preferred to external interaction

(interaction with other processes).

7.7 Nil Process

One can implement a nil process by encoding a next state bn encoded as ak1ak2xa
∗
k2ak3

in one of the rules Rk in a π-WPCR machine such that it does not have a corre-

sponding current state in another rule from R1 to Rn for the same machine (k > n).

Thus the program execution halts once bn is copied at the 3
′

end of machine.

7.8 Sequential Composition of Processes

7.8.1 Overall Strategy

Sequential composition of processes in process algebra can be implemented by cascad-

ing WPCR machines [89], each corresponding to one of the participating processes.

Cascading WPCR machines were first proposed by Matsuda et. al. It is a scheme to

cascade results of WPCR from molecules to molecules by using a nicking enzyme.

The basic idea is as follows: Suppose we are composing only two processes P1 and

P2 in sequence, then the π-WPCR machine M1, corresponding to the first process

P1 executes as usual. However, the second machine M2, corresponding to process

P2, cannot start until M1 is finished. Essentially, M2 does not have a 3
′

end whose

encoding matches with that of the current state in any of the rules in its transition

table. Now M1 does not run forever. Eventually, after polymerase copies the next

state bj in a particular rule Rj, nicking enzyme EN that recognizes a particular

sequence aj3 in Rj nicks M1 at the 3
′
end to release the strand B (B = za

′
i1a
′
i2xa

′∗
i2a
′
i3).

Now B can bind partially with the 3
′

end of M2 using only z in the next cooling
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Figure 7.4: π-WPCR simulation of composing two processes in sequence: (P1:
State 1) Initial state of process P1. Current state of the machine is bound to rule
Ri, (P1: State N) State of P1 after N steps, where the current state of the machine
is bound to Rj, (P1: State N+1) Nicking enzyme EN uses the recognition sequence
aj3 to create a nick between a∗j3 and b∗j in the 3

′
end of P1. P1 ultimately becomes

a nil process when EN nicks between aj3 and bj in Rj, (P2: State 1) Initial state
of process P2. The encoding of its 3

′
end is such that it cannot bind to the current

state of any of the rules in its transition table until it receives the missing encoding
from P1, (P2: State 2) The small nicked strand B (encoded as b∗j) floats from P1 to

P2 and binds with the 3
′

end of P2 since B is encoded as za
′
i1a
′
i2xa

′∗
i3a
′
i3, (P2: State

3) Polymerase binds at the 3
′

end of P2 and copies a
′
i1a
′
i2xa

′∗
i3a
′
i3 from B, (P2: State

4) P2’s 3
′

end binds with the current state of R
′
i.

cycle (to T1). The polymerase can then use B to copy a
′
i1a
′
i2x
′
a
′∗
i2a
′
i3 at the 3

′
end of

M . This corresponds to the current state of rule (Ri)
′

in M2 and hence M2 can start

transitioning from one state to another. Refer to Figure 7.4 on details of the design.

7.8.2 Observations

It is important to note that since P2 does not undergo any state transitions until

receiving the current state encoding from P1, its 3
′

end encoding remains the same

as the one at the beginning of computation for the whole test tube. In other words,
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at the time when P2 is waiting for information from P1, its 3
′

end does not change

dynamically from copying new symbols during stochastic delay operations. Conse-

quently, it is possible to encode any appropriate symbol at its 3
′

end and we encode

z∗ that allows it to receive data from P1. This is essentially input prefixing where

the input a
′
i1a
′
i2xa

′∗
i2a
′
i3 is received over the channel z before P2 can start operating.5

Another observation is that after the nick is created, in the next cooling cycle, B

may prefer to bind to Rj in P1 instead, because of stronger hybridization. However,

it is free floating (not tied to any nanostructure). Consequently, there is a non-

zero likelihood that it would collide with the correct region of P2 since a copy of

P1 and a copy of P2 share a supporting nanostructure. It may also happen that B

hybridizes with the 3
′

end of P2 after the current state is copied at this end. This

would prevent stochastic delay operations in P2. However, as mentioned in Section

7.6.3 it is possible to engineer π-WPCR machines such that internal hybridization

in a process is more favored that external hybridization. In other words, because of

the locality of the rules and the current state in P2, they are much more likely to

bind than B hybridizing with the 3
′

end of P2.

If B does not bind with Rj, in the next cooling cycle P1 binds to the current state

of Rj and polymerase extends the 3
′

end to copy bj. As a result, the nicking enzyme

EN using the recognition sequence aj3 releases b∗j . This is quite a favorable situation

since B being a free floating strand, increase in its concentration implies that this

strand is more likely to collide with the right complementary region of P2. However,

recall that the nicking enzyme cuts the top strand preferentially in a duplex region.

Since the transition rules are bound to the supporting nanostructure, the 3
′

end of

the machine automatically plays the role of a top strand. Consequently, at some

point of time, a nick is created in the rule Rj instead of P1’s 3
′

end and with none of

5 Input prefixing (denoted as a(x).P ) is a process waiting for a message that was sent on a
communication channel named a before proceeding as P , binding the name received to the name
x.
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Figure 7.5: π-WPCR simulation of summation: (P1: State 1) Initial state of pro-
cess P1, (P2: State 1) Initial state of process P2, (P1:State N) State of P1 after N
transitions. The 3

′
end of P1 encodes d1c1c2. c2 is complementary to an2 part of the

current state of rule Rn in P1. However, it is only complementary to an2 and cannot
open the an2xa

∗
n2 loop by strand displacement at the lower cooling temperature T2.

At higher system temperature T1, in absence of the stem loops, the 3
′

end of P1 can
partially bind to Rn and copy its next state and hence perform a stochastic delay
operation. d1 as in Section 7.6 encodes for the xa

′∗
m2a

′
m3 of R

′
m in P2. This encod-

ing allows P1 to interact with P2 as previously described (Section 7.6). (P2:State
M) State of P2 after M transitions. Its 3

′
end is encoded as d2c

∗
2c
∗
1 of which c∗1 is

complementary to a
′
n2 in R

′
n encoded as a

′
n1a

′
n2xa

′∗
n2a

′
n3b

′
n. However, the binding is

not strong enough to facilitate strand displacement at lower cooling temperature
T2. Nevertheless at higher temperature T1, this encoding allows the 3

′
end of P2 to

partially bind to R
′
n and copy its next state and hence perform a stochastic delay

operation. On the other hand, similar to P1, d2 encodes for xa∗m2am3 of Rm in P1 and
this encoding allows P2 to communicate with P1. (P1,P2: State 1) The 3

′
ends of P1

and P2 hybridize when the system is cooled to T2 below the melting temperature of
the local stem loops. Next in presence of the polymerase, the 3

′
end of P1 copies d2

from P2 and the 3
′

end of P2 copies d1 from P1, thus performing a process communi-
cation operation, (P1: State N+1) P1 can also choose to perform a stochastic delay
operation by copying the next state of Rn. This path is favored at a higher system
temperature T1 above the melting temperature of the local stem loops because other-
wise the matching encoding an2 remains hidden in the loop, (P2:State M+1) P2’s 3

′

end can similarly bind to R
′
n as a first step to stochastic delay operation as opposed

to choosing the interprocess communication path at a higher temperature T1.
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Figure 7.6: π-WPCR simulation of replicating a process in a restricted manner:
(P: State 1) Initial state of process P that redundantly encodes two copies of the
transition table and an additional rule Rk and a current state encoding by, encoded
as a∗i1a

∗
i2x
∗ai2a

∗
i3 between them, (P: State N) After N stochastic delay operations,

P reaches a state where the 3
′

end encoding matches the current state of rule Rk,
(P:State N+1) Polymerase binds to the 3

′
end of the machine bound to rule Rk and

copies the next state bk, (P:State N+2) Based on the recognition sequence ak3 in rule
Rk, EM creates a nick between a∗k3 and b∗k in the machine’s 3

′
end as well as a nick

after the stopper sequence in rule Rk. (P2:State 1) The new strand P2 created by
introduction of the nick after the stopper sequence in rule Rk contains not only the
full transition table but also the current state by at the 3

′
end, which can bind to

rule Rj in its transition table, (P1:State 1) The remainder of P (now P1), can bind
to Rk that cannot be nicked since there are no DNA segments left after the stopper
sequence. Consequently, for every thermal cycle neither any new process is generated
nor the state of the machine changes. Hence P1 becomes a nil process, (P1:State 2)
Instead of binding to Rk, P1 hybridizes with Rx where ax (not a recognition sequence
for EM) is partially matched with a∗k3. This allows P1 to resume its normal stochastic
delay operations.

the rules matching the 3
′

end of P1, it turns into a nil process. Until that happens,

P1 continues to copy only bj in every cooling cycle. Hence for all intended purposes,

we assume that P1’s program execution has come to a halt.
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7.9 Biochemical Simulation of Summation

If we combine interprocess communication with stochastic delay operations then it is

an instance of summation operation. For instance, in the interprocess communication

(Section 7.6), it may be possible that the encoding of the 3
′

end of M1 (say d1c1c2 as

in interprocess communication encoding), corresponding to process P1 is such that it

can continue to execute state transitions in an isolated fashion (meaning that it can

bind to the current state of Rn in case of P1 since c2 encodes for an2). Similarly, P2’s

3
′

end encoded as d2c
∗
2c
∗
1 can bind to R

′
n (since c∗1 encodes for a

′
n2). As before, P1

and P2 can also communicate via c1c2 hybridization of their respective 3
′

ends and,

consequently, modify themselves to encode part of their respective current states at

their respective 3
′

ends (d∗2 = x∗am2a
∗
m3 in Rm in P1 and d∗1 = x

′∗a
′
m2a

′∗
m3 in R

′
m in

P2) to continue program execution (bind to current state of Rm (for P1) and R
′
m

(for P2). These two possible pathways is an instance of summation operation. One

observation that should be made here is that one pathway would be favored over the

other depending on the system temperature. For instance, when the system is cooled

above the melting temperature of the stem loops, the stochastic delay operation

is favored while when it is cooled below the same, interprocess communication is

favored. At the lower temperature T2, part of the current state encoding of the

desired rule tile is hidden in a stem-loop and the 3
′

end fails to bind with it, hence

favoring interprocess communication. Refer to Figure 7.5 for details on the simulation

of summation with π-WPCR machines.

7.10 Restricted Replication

7.10.1 Overall Strategy

We implement a restricted version of replication: an operation that leads to not

quite identical child processes. Although the replication construct may be hard to
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simulate with π-WPCR machine following the exact definition of the construct, one

may imagine a situation where two copies of the transition table are encoded in

the π-WPCR machine intercepted by a rule that has a recognition sequence for a

restriction enzyme EM and a current state, by for one of the child processes. The

intermediate region has an additional lag region that would allow the child process,

once created, to perform stochastic delay operations. When the π-WPCR machine

copies the next state in the rule, the restriction enzyme EM nicks the machine using

this recognition sequence and when heated two machines are generated each with a

copy of the transition table. Refer to Figure 7.6 on the details of the simulation of

replication.

7.10.2 Issues

The molecular design described above is a restricted version of replication since the

original process P is lost in generating processes P1 and P2. We can argue that P

redundantly encoded two copies of the same transition table. Nevertheless, it should

be remembered that after the restricted replication operation P1 has an additional

rule Rk. Hence neither P1 or P2 are identical to P nor they are identical to each

other. Simulating the unrestricted version of replication with π-WPCR machines is

still an open problem.

7.11 Chapter Summary

The design of π-WPCR machine described in this chapter are based on the original

WPCR machine and hence, particularly suffers from all its drawbacks. Furthermore,

some of the constructs have their own limitations as well (as discussed in Sections

7.6, 7.8 and 7.10). Nevertheless, the design is quite powerful in the sense that it

is easy to extend the design for two processes to that for multiple processes. For

instance, extending parallel composition to multiple processes does not involve any
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modification in the encoding of the π-WPCR machines. Sequential composition can

also extend to multiple processes if each currently executing process has a rule with

a recognition sequence for the nicking enzyme to generate an output strand that

initiates the next process. Extension of replication similarly involves having a rule

in each replicating process possess a recognition sequence for the restriction enzyme.

However, all interacting processes have to be physically close in order to communicate

and hence should share a supporting nanostructure.

An implicit assumption in the simulations of all the constructs is that simulation

of each operator is irreversible. This is because we assume that all the enzymatic

reactions are irreversible. Consequently, even though each design involves reversible

hybridization/dehybridization reactions, each one involves enzymatic reactions as

well and hence the overall simulation is an irreversible one. Another important

observation that should be made here is that we do not monitor each individual

process. We can only control the external factors such as thermal cycling. In terms

of interacting processes, this implies that a process P1 that needs input from another

process P2 before it can proceed with its own program needs to wait for P2 to attain

an appropriate state in which it can provide P1 with its desired input. The delay in

such process interaction is given by the maximum of the time taken by each process

to attain the appropriate state in which they can communicate.

In summary, in this chapter we presented a design for biochemical simulations

of the key primitives in process algebra using modified WPCR machines. The main

constructs in this model of computation are sending data along a channel, receiv-

ing data along a channel, creating channels and running processes in parallel. Since

input and program are local to a WPCR machine, multiple processes can be exe-

cuted concurrently in the original WPCR machines. Our simulation of interprocess

communication using π-WPCR machines simulates rest of the constructs mentioned

in Section 7.2.1. One challenging open question is whether we can use isothermal
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protocols since the former has evidently more flexibility of operations. The biggest

hindrance to using an isothermal WPCR machine for implementing process algebra

is that the isothermal protocol uses a strand displacing polymerase and this is not

suitable for our simulation of process communication.

Until now our efforts have mostly been directed towards one-time assemblies.

What happens when the nanostructure get damaged though? Does it self-repair?

The following chapter answers both questions.
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8

Probabilistic models for damage and self-repair in
self-assembled DNA Lattices

As discussed in the previous chapters, research on DNA self-assembly based nanos-

tructures has mostly been on one-time assembly. However, DNA nanostructures are

very fragile and prone to damage. Knowing the extent of damage that can occur

under various physical conditions can be useful in designing robust self-assembled

nanostructures. This chapter presents simple models for estimating the extent of

damage in DNA nanostructures due to various external forces, with emphasis on

mechanical and thermal forces. We note that these models have not been validated

against experimental data. As such, they are only meant to serve as a basis for

designing DNA nanostructures that are robust to external damage. We conclude

with a discussion on computing the probability of repair of a damaged nanostructure

assuming no change in the design of the self-assembling components.

Organization of the Chapter: Section 8.1 presents some background on damage and

repair in cellular DNA and synthetic DNA nanostructures and the need for damage

models for DNA lattices. Section 8.2 presents a mechanical damage model for DNA

170



lattices on rigid surfaces. Section 8.3 elaborates on a mechanical damage model

when the DNA lattices are flexible. Section 8.4 presents a model for damage in DNA

lattices due to intense radiation. Section 8.5 discusses the extent of self-repair in

damaged lattices as a function of several physical parameters. Finally, Section 8.6

concludes the chapter.

8.1 Background

8.1.1 Damage and Repair of DNA in Nature

Damage in cellular DNA can occur as a result of a large number of normal metabolic

activities, such as from free radicals produced during cellular respiration, as well as

a variety of environmental factors, such as UV radiation and carcinogenic chemicals

[81, 25]. This damage can result in lesions that may prevent the cell from being

able to transcribe its genes (resulting in a loss of functionality of the cell) or affect

the daughter cells that are produced following mitosis. With respect to its struc-

ture, DNA damage can be in the form of 1) covalent modification of its bases (for

instance, deamination of a nucleotide), 2) base mismatches, 3) nicks in the back-

bone (primarily caused by ionizing radiation) 4) crosslinks (covalent links between

bases on same strand or different strands. Fortunately cells possess a number of

DNA repair processes that are capable of limiting the extent of such damage. At the

base level, damaged or inappropriate bases can be repaired by several mechanisms

including 1) direct chemical reversal of the damage and 2) excision repair (where

incorrect bases are locally removed and resynthesized). Nicks in the backbone can

be healed using various DNA repair enzymes. At the cellular level, DNA repair pro-

cesses include 1) apoptosis, a process by which the cell destroys itself, 2) senescence,

a process whereby the cell becomes irreversibly dormant and 3) uncontrolled cellular

division, often resulting in the growth of tumors. Failure to repair DNA produces

a mutation. In fact, the effectiveness of the DNA repair mechanisms in a species is
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directly related to the average and maximum life expectancy of that species.

8.1.2 Fragility of DNA Nanostructures

Synthetic DNA is vulnerable to the same damaging forces as natural DNA. Syn-

thetic DNA is frequently exposed to damaging forces during synthesis, resulting in

improperly synthesized strands. These strands are typically removed using purifica-

tion techniques such as PAGE before strands are mixed. Any damage that happens

at the base level after the purification process (e.g. during the formation and char-

acterization of superstructures) is beyond our control. In fact, this chapter does not

focus on mitigating damage at the DNA base level, but rather at the self-assembled

superstructure level.

The end goal of DNA self-assembly is to have a “good” yield of a desired nanos-

tructure. Most DNA self-assembled superstructures (e.g. lattices) are composed of

substructures (e.g. tiles), held together by sticky ends that are only a few bases

long. Under the influence of external forces, such as mechanical and thermal, the

lattices can easily dissociate into smaller lattices. This chapter attempts to estimate

the extent of such damage as a function of the applied force. The analysis will help

to characterize sticky ends that can withstand the applied force and, consequently,

guarantee higher yields of desired nanostructures. However, DNA nanostructures are

inherently fragile, due to the nature of DNA. If damage cannot be completely elim-

inated, then it is useful to estimate the extent of a structure’s ability to self-repair

under the same physical conditions.

8.1.3 External Forces that Can Affect a DNA Nanostructure

A variety of forces can affect DNA nanostructures. One such force is the force from a

cantilever tip while imaging with AFM. We typically use the AFM in tapping mode in

fluid to characterize most DNA nanostructures [Figure 8.1(Left)]. AFM provides two
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Figure 8.1: (Left) Cartoon of the AFM cantilever in Tapping Mode. Repeated
tapping on the sample surface can eventually destroy lattices, (Middle) Holes in DNA
lattices. These holes may have been caused by shear forces on the lattices during
pipetting, (Right)Radiation induced damage in DNA double-helix.

modes. In contact mode, the AFM drags the tip across the surface as it images. This

mode can greatly damage fragile nanostructures such as DNA lattices. The other

mode, called tapping mode, images nanostructures by driving the tip to oscillate with

an amplitude of 100-200 nm using a piezoelectric-oscillator. As the tip strikes the

surface, the AFM infers the height. Repeated tapping, however, can greatly damage

the nanostructures being imaged. Using suitable scanning parameters, however, it is

possible to leave the nanostructures unaffected for several hours of scanning. When

the tip comes close to the surface different kinds of forces act on the tip including Van

der Waals forces, dipole-dipole interaction, electrostatic forces and others, causing

the amplitude of this oscillation to decrease. Nevertheless, the sample eventually

disintegrates from repeated scanning as is shown in Figure 8.2.

Mechanical damage is also possible, even when the sample is not on a rigid surface.

For instance, in solution large lattices are often destroyed during sample preparation

by actions such as pipetting. In general, the larger the size of the nanostructure, the

more susceptible it is to denaturation due to shear forces applied while the pipetting

sample for characterization. It is possible to avoid such damage to a large extent

by mixing or transferring the sample slowly, but it is not possible to mitigate this
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Figure 8.2: A series of AFM images captured by repeatedly imaging and zooming
in on the same DNA nanotube, which appears mostly tube-like in a, with increasing
wear-and-tear through b and c until a section of unfolded tube becomes a single-layer
at lattice in (d) Used with permission from Ref [80].

damage completely. The holes in the lattice shown in Figure 8.1 (Middle) may have

resulted from the application of local mechanical forces during sample preparation;

on the other hand, they could be the result of a growth defect.

We have already discussed how radiation can damage DNA at the base level

[Figure 8.1(Right)]. At the superstructure level however, intense radiation may create

nicks in the backbone of the hybridized sticky ends, breaking the lattice into two or

more smaller lattices. Radiation can also increase the temperature of part of the

lattice, possibly denaturing the sticky ends that hold the tiles together. If the whole

sample is exposed to radiation, there can be global temperature increases as well.

This can lead to global denaturation.

8.1.4 Robust Design of a DNA Nanostructure

One of the goals of this chapter is to improve the robustness of DNA nanostructure

designs. By robust designs we are not referring to changes in tile design or the tile
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set to improve its self-repairability. Since we are interested primarily in lattices,

one of our goals is to quantify the relationship between the bond strength resistance

to damage. The hope is that better designed sticky ends, both in terms of base

sequences and length, would allow much higher yields. Given the importance of

sequence design to DNA self-assembly in general, there already exists many tools

for this purpose (Section 2.5). In particular, Pistol et al. [102] proposed a new

thermodynamic-optimization tool, specifically for designing tile arm and sticky ends

sequences, based on the tile design. The tool performs an exhaustive parallel thermo-

dynamic search algorithm that reduces non-specific interactions during the assembly

process. Furthermore, this algorithm evaluates each possible tile arm and sticky-end

sequence against all other candidate sequences and already chosen tile sequences,

computing their mutual interaction. Empowered with such sequence design tools,

we believe that a better understanding of the extent of damage would allow us to

design better sticky-ends.

8.1.5 Need for a Damage and Self-repair Model for DNA Nanostructures

As observed in Sections 3.5, 8.1.2 and 8.1.3, DNA nanostructures can be very fragile.

Thus, a model for estimating the extent of damage due to external forces would be

very useful in improving both the designs of the overall nanostructures and total

yields. Existing work in this area is very sparse. Winfree et al. [168] applied a

kinetic simulation model to investigate if a hole in a DNA lattice will repair correctly

(Section 8.1.7). However, to the best of our knowledge, there has been no work

modeling either the extent of damage in DNA nanostructures or in characterization

of damage. Short of an experimental demonstration, we felt that a realistic model for

lattice damage and self-repair would enable us to better evaluate the current designs

for self-repairing tile sets. We study the extent of damage due to external mechanical

and radiation forces. We further compute the probability of self-repair at equilibrium.
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Specifically, we study the effects of a mechanical force on a DNA lattice when it is on

a rigid surface (for instance, when the sample is being imaged with an AFM). We also

study damage caused by mechanical forces on large DNA nanostructures in solution.

We, moreover, consider damage caused by thermal forces, such as when part of the

lattice is irradiated leading to local rise in temperature. Once we have estimated the

extent of damage due to external forces, we attempt to calculate the extent of repair

without any change in tile design or physical parameters. This calculation is useful

for a more accurate estimate of the final yields of desired products. Note that in

each of above-mentioned the cases, the force may also denature the individual tiles.

However, we are interested only in the size of the lattices and, hence, we ignore such

destruction.

8.1.6 Correlation between the Model and Real Damage and Self-repair in DNA
nanostructures

Correlation between the mechanical damage model and damage in reality

For our model of damage caused by a mechanical impact on a DNA lattice (both

rigid and flexible), we assume that only one tile receives the initial impact. This

assumption is not unreasonable since the size of a substructure or a tile can vary

widely from one self-assembly experiment to another. Tile design can be controlled

precisely and, hence, we can safely assume that it is possible to design a tile with

dimensions such that the initial impact is received by one tile. Nevertheless, the key

difference between the rigid lattice model and the flexible lattice model, is that in the

rigid model, the lattice cannot move and, hence, the impact received by tiles in the

lattice drops off pseudo-geometrically from the tile that receives the initial impulse.

In the flexible lattice model, however, since the sample is in solution, when a tile is

hit, it can bend downwards. In other words, in this model, the lattice behaves like a

mass-spring system, where the tiles are the masses and the interconnections between
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them represent the springs.

Rigid damage model vs damage in reality: Our rigid damage model uses the example

of an AFM tip hitting the sample adsorbed on a mica surface. Since our DNA

lattices assemble in a buffer containing Mg2+ cations, once adsorbed onto mica, the

interactions between the cations (Mg2+) and counter-ions effectively bind the DNA

to the mica surface, making it rigid. This phenomenon occurs at a fixed fractional

surface density of the cations, which is the operating conditions for our experiments.1

However, at higher ionic strength, the binding is weakened by the screening effect of

the ions [97]. Since the lattice is rigid and the AFM tip is small, it is reasonable to

assume that a single tile is struck.

Flexible damage model vs damage in reality: For a flexible lattice, the assumption that

the force hits only a single tile is much more non-obvious. However, we contend that

large lattices are nearly stationary in solution, thus making it much more plausible

to hit a single tile. The free-solution mobility of DNA in TAE buffer has been found

to be (3.75± 0.04)× 10−4 cm2V −1s−1 at 25◦C, independent of DNA concentration,

sample size, electric field strength and capillary coating. The free-solution mobility

was found to be independent of DNA molecular weight from approximately 400 base

pairs to 48.5 kilo-base pairs [147]. A single cross tile contains around 200 base pairs

and hence falls in this range. However, cross tiles have been shown capable of forming

micron sized lattices. Supposing the typical size of such a lattice is 5µm× 5µm and

each cross tile is about 20nm× 20nm, then there are 6.25× 104 cross tiles in such a

lattice which amounts to about 13×106 kilo-base pairs. To the best of our knowledge

there is no study on the solution mobility of DNA complexes of that size. However,

performing everyday experiments (such as a 5% native PAGE) on such a lattice

1 In our laboratory we typically use a Mg2+ concentration of 12.5mM in our TAE buffers.
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shows that the lattice does not move quickly through the gel. When observed with

fluorescence microscopy, researchers often observe that the lattices move quite slowly.

These observations lead us to believe that it is possible for a localized area to receive

the initial impulse. Intuitively, it seems reasonable for large lattices to have a low

free-solution mobility. In our model, this localized area corresponds to a single tile.

Another simplifying assumption we make is that the lattice is initially planar and

only assumes a three-dimensional shape after the impact.

Correlation between the thermal damage model, self-repair model and damage and
self-repair in reality

DNA damage induced by exposure to radiation is very well studied [116, 23]. In fact

the major kinds of heat-induced damage (e.g. UV exposure during gel analysis) to

DNA has been shown to depend in their extent of oxygen content in solution [34].

These works primarily consider bases and backbone damage, whereas, our focus is

on the superstructure level. We model the effect of the increased temperature as

an increased probability of dissociation of the interconnections among the affected

tiles. Because of the increased temperature in the affected region, the binding energy

of the sticky ends decreases, increasing the dissociation rate. The thermal-damage

model uses the same parameters as Winfree’s kTAM. The model for self-repair also

uses the same Gse and Gmc parameters from Winfree’s kTAM.

8.1.7 Previous Work on Damage of DNA Nanostructures and their Self-Repair

As mentioned previously, Winfree et al. [168] briefly investigated if a hole in a DNA

lattice will repair correctly in kTAM. In XGROW (Section 3.2.3), it is possible to

puncture a hole in a growing pattern and observe whether the pattern would regrow

correctly. Figure 8.3 shows the growth of a Sierpinski pattern using 2×2 proofreading

tiles [168] and Gmc = 17 and Gse = 8.6. Because of the choice of kinetic parameters,

the initial growth of the lattice is error-free. However, when we puncture a hole, the
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pattern grows back with 36 mismatches. Puncturing again causes it to grow back

with 10 mismatches in the kTAM.

8.1.8 Overview of the Models

In this section we present a brief overview of the models before describing the details

in the next few sections. Suppose an AFM tip strikes a tile on a lattice composed

of several DNA tiles. Before AFM imaging DNA nanostructures are bound to mica.

Hence, we can safely assume that our lattice is a rigid surface. Since the lattice is

rigid, the effect of the hitting force on a neighboring tile can be modeled as a function

of its distance from the source of the impact [61]. In this model which we call rigid

lattice model, the probability that a tile will dissociate is given by the probability

that a shock wave from the tile that receives the initial impact propagates to this

tile along any path (Section 8.2). However, if we assume that the lattice is flexible

(i.e. the lattice is in solution), we can model the lattice as a mass spring system

and, hence, directly calculate the effect of the hitting force on the lattice [103]. This

model is called the flexible lattice model (Section 8.3). Finally the thermal damage

model and the self-repair model based on kTAM is presented in Sections 8.4 and 8.5

respectively. One important observation that we should make here is that we are yet

to verify these models against experimental data.

In the following sections we describe the detailed models of damage and self-

repair.

8.2 Model for Mechanical Impact on a Rigid DNA Lattice

8.2.1 The Model

In the rigid lattice model we assume that the force F1(t) on a tile t located at a

distance of r from the impacted tile t∗ is proportional to 1√
r

[61]. In our model, r is

the Manhattan distance between t and t∗. F2(t) is the resistive force from the sticky
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a.

b. c.

d.
e.

Figure 8.3: Study of Damage and Self-Repair in XGROW: a) Growth of a Sierpinski
pattern using 2 × 2 proofreading tiles and Gmc = 17 and Gse = 8.6, b)Punctured
Pattern c)Healed pattern with same kinetic parameters (36 mismatches), d)Pattern
punctured a second time, e)Healed pattern with 10 mismatches.

end connections of the tile t. For simplicity, we assume F2(t) to be the same for all

the tiles t. One open question how can we model damage when F2(t) 6= F2(t
′
) for

two tiles t and t
′
. For any tile t with F1(t) > F2(t), the probability that t is knocked

off the lattice is greater than zero so long as the shock wave has propagated from t∗

to t. One of the primary assumptions in this model that we only consider non-cyclic

paths for the shock waves.

To estimate the fraction of the lattice damaged, we first compute the probability

of a damage path of length i. A damage path is defined as a path that originates in t∗

[Figure 8.4(Left)] and meanders outwards through its successors < t1, t2, t3, . . . ti−1 >

and stops at ti. In the damage path, each tile t∗, t1, t2, . . . ti−1 is knocked off the lattice

except for ti. Let us denote the probability of the damage path that stops at ti by

P (i). Observe that ti is located at a Manhattan distance of i from t∗ since i tiles are

in the path. Since F1(ti) is proportional to 1√
i
, the probability that ti will fall off,
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given that at least one of its neighbors is already knocked off, is given by p√
i

where

p (0 < p < 1) is a normalization factor and can be evaluated from the probability

distribution for a damage path. Then,

P (i) =
pi√

(i− 1)!
(1− p√

i
) (8.1)

This is because each tile tj on this path falls with a probability p√
j

where j =

1, 2, . . . , i− 1 and the shock wave stops at ti with probability (1− p√
i
). Furthermore,

P (i) is a probability mass function and hence, if the maximum length of our damage

paths is restricted to l (assuming l < n and l < m, where m × n is the number of

tiles in the original rectangular lattice) we have

l∑
i=1

P (i) = 1 (8.2)

We will discuss in Section 8.2.3 how to obtain the value of l. We can now estimate

the expected, fractional damage size D(n, l) for a lattice L with n tiles, by summing

the probabilities of a damage path from t∗ to each Sti (maximum damage path

length being l) in the lattice. For ease of computation, we achieve this by calculating

the expected number of tiles knocked off at a Manhattan distance of i from t∗,

∀i, 1 . . . l, 1 ≤ i ≤ l.

D(n, l) =
(1− p) +

∑l
i=1 4i× P (i)

n
(8.3)

The first term accounts for the event when the damage path probabilistically stops

at t∗ and 4i is the number of tiles located at a Manhattan distance i from O.2

2 We assume in this equation that none of the boundary tiles receive the initial impact.
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Fig. 6. (a)Instance of shock wave propagation and creation of damage path,
(b)Estimation of p

Damage of a Lattice with Rigid Support due to a Mechanical Impulse

Simulation Results. Based on equation 1 and 2, we can solve for p and as the
plot in figure6(b) reveals that the value of p stabilizes to 0.7316 beyond a relative
hitting force of 10. Even the drop from an initial value of 0.87 to 0.75 occurs
before the relative hitting force even reach a value of 5. So for all practical
purposes we consider the value of p to be 0.73. Note that l is determined by the
distance where F1 and F2 equalize. In essence, if F1 = c"

r
, where c is a constant,

(a) (b) (c)

Fig. 7. a)Snapshot of a computer simulation of a damage(red region) by an AFM tip in
a rectangular lattice(white region), b)Plot of Actual Damage vs relative hitting force of
the AFM. The plot reveals the pseudo-geometric nature of the probability distribution
of damage, c)Plot of percentage damage as a function of lattice size and relative hitting
force.

Figure 8.4: (Left)Instance of shock wave propagation and creation of damage path,
(Right)Estimation of p

8.2.2 Simulation Algorithm

We evaluated our rigid lattice model using a simulation algorithm. The general

idea of the algorithm is as follows: (1) We first initialize an array that contains

the information whether a tile exists in location (i, j) in the lattice, (2) we apply the

impulse to a randomly chosen tile, (3) tiles dissociate with probability P (k) where k is

the Manhattan distance from the origin of damage, (4) if we succeed in knocking off a

tile, we recursively knock off its neighbors based on the same probability distribution.

The pseudo-code of this simulation algorithm is described below.3 Assume that

we are given the size of the rectangular lattice X[1 . . .m][1 . . . n] and probability p

of damage (obtained empirically from the value of relative hitting force, as discussed

in the next section):

3 In the computer simulation of the rigid lattice model we allow both tiles on the boundary to be
hit as well as cyclic shock-wave propagation paths.
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Rigid-Lattice-Mechanical-Damage(X[][], p)

∀i, j X[i][j] = 1.
Randomly choose tile t receiving initial impact.
Compute neighbor set N of t.
Knock-Off(X, t,N, p, 0).
Output X

Below is the pseudo code for recursively knocking tiles off the lattice given the lattice

X[m][n], tile t, its neighbor set N , initial probability of knock off p and the tile’s

distance from the origin of damage d.

Knock-Off(X[][], t, N(), p, d)

if d > l
return
q = a random number between 0 and 1.
Compute r = P (d, p).
if q < r

then
(i, j) = index of t
X[i][j] = 0
∀n ∈ N , compute neighbor set N

′
of n

Knock-Off(X,n,N
′
, p, d+ 1)

else
return

8.2.3 Simulation Results

When we convert the pseudocode in the previous section into actual code in C and

OpenGL, the output from the simulation looks like the lattice in Figure 8.5. We

started our simulation with a rectangular lattice of size m × n and p = .87. The

white region indicates what remains of the lattice after a randomly chosen tile is

struck while the red region indicates the extent of the damage.

Based on equation 8.1 and 8.2, we can solve for p analytically. However, for

large systems, the problem is too hard and hence we use Monte Carlo simulation to
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Figure 8.5: Snapshots of damaged lattice comprising of 100 tiles when hit by a
mechanical force (initial probability p of damage = 0.87).

evaluate p [Figure8.4(b)]. Note that our l is determined by the Manhattan distance

where F1(tl) = F2(tl). Thus if F1(tl) = F1(t∗)√
l

, where F1(t∗) is the initial impact on

tile t∗, then

l =

(
F1(t∗)

F2(tl)

)2

(8.4)

We call l the relative hitting force in our simulation plot [Figure 8.6] since it approx-

imately measures the ratio between the original impulse (F1(t∗)) and the resistive

binding force for any tile t (F2(t)) in the lattice. We study the effect of relative

hitting force on the lattice in isolation. Given l, it is possible to compute p, the

normalization factor in the probability distribution of the damage. We calculate p

via computer simulation. As the plot in Figure 8.4(Right) reveals, the value of p

asymptotically approaches 0.7316 beyond a relative hitting force of 10. The value of

p drops from an initial value of 0.87 to 0.75 before l even reaches 5. Hence, for all

practical purposes, we consider the value of p to be 0.73. Furthermore, the plot in

Figure 8.6 verifies the pseudo-geometric probability distribution of a damage path

described in equation 8.3.
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Figure 8.6: Plot of percentage damage vs relative hitting force of the AFM and
lattice size both calculated analytically as well as via simulation. The plot reveals
the pseudo-geometric nature of the probability distribution of damage. Furthermore,
the analytical and simulation value seem to be in good agreement.

8.3 Model for Damage due to Mechanical Impact on a Flexible Lattice

8.3.1 The Model

This section considers a different model which views the rectangular DNA lattice

of size m × n as a simple mass spring system similar to cloth dynamics model in

computer graphics [103]. We refer to this model as the flexible damage model. It is

particularly applicable when the lattice is floating in solution. In this model, each

tile is positioned at grid point (i, j), i = 1, 2, . . . ,m and j = 1, 2, . . . n. For simplicity,

we assume that the external mechanical impulse F hits the lattice at a single tile

location. The internal tension of the spring linking tile Ti,j with each of its neighbor

Tk,l is given by

F inti,j = −
∑

(k,l)∈R

Ki,j,k,l

[
li,j,k,l − l0i,j,k,l

li,j,k,l
||li,j,k,l||

]
(8.5)
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where R is the set of neighbors of Ti,j. li,j,k,l =
−−−−→
Ti,jTk,l, l

0
i,j,k,l is the natural length of

the spring linking tiles at (i, j) to tiles at (k, l) and Ki,j,k,l is the spring constant of

that spring. This has been illustrated in Figure 8.8. With DNA the actual value of

Ki,j,k,l is highly dependent on the specific bases in the sticky ends binding the pair

of tiles. We make some further simplifying assumptions: The stiffness K and the

unextended spring length l0 are the same for every pair of adjacent tiles and known

to us a priori.

8.3.2 Simulation Algorithm

As with the rigid lattice model, we evaluated our flexible lattice model in simulation.

Our simulation uses Open Dynamics Engine [142], a free industrial quality library

for simulating articulated, rigid body dynamics in virtual reality environments. An

articulated structure is created when rigid bodies are connected together with joints

of various kinds. Our simulation uses various features of ODE including built-in

collision detection features, stable integrator (so that simulation errors do not grow

out of control) and hard contacts (meaning that when two bodies collide they do

not penetrate). The equations of motion are derived from a Lagrange-multiplier4

velocity based model. ODE uses a first order integrator to compute positions and

velocities and the standard “big matrix method” for stepping. In our case, we model

our tiles as rectangular shaped rigid bodies connected by slider joints. A slider joint

allows one object to slide (relative to another object). This joint is modeled as a

spring connecting two objects and the library provides methods to model the spring

joint.

The general idea of the algorithm is as follows: (1)We create tiles as rigid bodies

and sticky end connections as slider joints and initialize their positions. (2)Next,

4 The method of Lagrange multipliers provides a strategy for finding the maximum/minimum of
a function subject to constraints.
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30 CHAPTER 7. JOINT TYPES AND JOINT FUNCTIONS

Figure 7.3: A slider joint.

Figure 7.4: A universal joint.

dReal dJointGetSliderPosition (dJointID);

dReal dJointGetSliderPositionRate (dJointID);

Get the slider linear position (i.e. the slider’s “extension”) and the time derivative of this value.

When the axis is set, the current position of the attached bodies is examined and that position will be

the zero position.

7.3.4 Universal

A universal joint is shown in Figure 7.4.

A universal joint is like a ball and socket joint that constrains an extra degree of rotational freedom.

Given axis 1 on body 1, and axis 2 on body 2 that is perpendicular to axis 1, it keeps them perpendicular. In

other words, rotation of the two bodies about the direction perpendicular to the two axes will be equal.

In the picture, the two bodies are joined together by a cross. Axis 1 is attached to body 1, and axis 2 is

attached to body 2. The cross keeps these axes at 90 degrees, so if you grab body 1 and twist it, body 2 will

twist as well.

Figure 8.7: An example of a slider joint in ODE [142]

we apply the external impulse on a randomly chosen tile (3)We simulate the system

for a fixed amount of time applying a water-damping force and spring force on each

tile. Whenever the extension between a tile and its neighbor is beyond a predefined

threshold value we destroy the slider joint between them (in other words the tiles

dissociate). (4)Finally, we output the extent of damage.

Below is the simulation algorithm described in the form of pseudocode. We

assume that several values are given to us, such as ext force, the value of the external

force that is applied to the lattice, threshold dist, the fixed distance for tiles to

remain associated, size lattice, the size of the lattice, sim time, the total simulation

time and time step, the length of each time step. Furthermore, we define a neighbor

of a tile as a tile bound to the former through sticky-end hybridization.
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(a)

F

(b)

Figure 8.8: Cartoon for mechanical damage in a flexible lattice: (a)Original lattice
in solution, (b)Damaged lattice due to an external force. The tile that received
the immediate impact F (not shown in the figure) is knocked off since the springs
that connect it to its four neighbors extended beyond the threshold value. Some of
the neighbors are displaced in the process as well. The affected tiles have smaller
size to indicate that they are below the rest of the tiles in the lattice. However, in
this example the magnitude of the force is relatively low and the shock wave from
the original impact dies long before it reaches the boundary as is evident from the
relatively unchanged configuration of the tiles on the boundary.

Flexible-Lattice-Mechanical-Damage()

//initialization step
for i← 1 to size lattice

do
create tile[i] as a rigid body
initialize position of tile[i]

for i← 1 to size lattice
do

N [i] = indices of neighbors of tile[i]
for each n ∈ N [i]

do
create binding as slider joint s(i, n) between tile[i] and tile[n]
initialize position of s(i, n)

//impact step
choose a random tile index r
apply ext force to tile[r]
steps = 0
while steps · time step ≤ sim time

do
Simulate-Lattice(tile, N, s)
steps = steps+ 1

damage = Calculate-Damage(tile, N)
output damage
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Next we describe the Simulate-Lattice and Calculate-Damage routines, which simu-

late the lattice dynamics for a time step and compute the final amount of damage

respectively.

Simulate-Lattice(tile[], N [], s())

for i← 1 to size lattice
do

apply water damping force to tile[i] based on its velocity
Apply-Spring-Force(tile, N [i], s)

The next pseudocode is the most crucial part of the algorithm, since it is here we

determine the extent of the damage based on the extension of the hybridized sticky

ends between a tile and its neighbor.

Apply-Spring-Force(tile[], N [i], s())

for each n ∈ N
do

if extension(s(i, n)) > threshold dist
then

remove s(i,n)
update N[i]

else
apply spring force to tile[i]

The following pseudocode utilizes a depth first strategy to find the largest set of

connected tiles. In general, this corresponds to the largest part of the remaining

lattice and the damage can be easily computed from this value.
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Calculate-Damage(tile[], N
′
)

for i← 1 to size lattice
do

rt[i]= count the number of tiles
reachable from tile[i]

max rem lat = max{ rt[1], . . . , rt[size lattice]}
damage = size lattice−max rem lat
return damage

8.3.3 Choice of Simulation Parameters

The lattice that we simulated originated from the self-assembly of DNA cross tiles

(see Section 2.3.3). Typically, a cross tile is about 20× 20× 0.34 nm3 and comprises

of around 400 nucleotides, with a mass of around 132×103 D = 2.19×10−22 kg. This

provides us with the dimension and the mass of each rigid body in the simulation.

Cross tiles have been used to create a wide variety of DNA nanostructures over a

wide length scale from small completely addressable lattices (in nanometer scale)

[96] to large periodic structures in the millimeter scale [60]. However, most of the

lattices observed under an atomic force microscopy lie in the micron range. Hence,

we simulate lattices ranging in sizes from 200 to 4000 tiles. Force spectroscopy and

other methods that can manipulate objects at sub micron scale tells us that the

range of force these structures experience lie are very small, generally in the 100s of

pN [130]. On the other hand, the threshold distance is a function of the length of

sticky end, given that we use the WLC model [87]. This model depicts that we can

extend a double-stranded DNA to 1.7 times its contour length before it unwinds [75].

Assuming a sticky end length of 4 bases, this threshold distance evaluates to 0.95 nm.

Furthermore, since a pair of adjacent tiles is held by only four base pairs, we exert a

force in the femto Newton range. Additionally, assuming the stretch modulus S of

double stranded DNA to be 650 pN [143] and the unextended sticky end length L
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Figure 8.9: ODE simulation of mechanical damage in flexible lattice: three screen-
shots showing the intact lattice that subsequently falls apart. This figure is best
viewed in color.

to be 1.36 nm, the spring constant K = S/L = 0.365N/m. The damping constant,

C, of water can be obtained from Stokes’ law [11]. Hence, C = 6πηr for small

objects with radius in the micron range. Our lattice falls in that category and,

hence, we can use this equation. Assuming the dynamic viscosity η of water to be

10−3Pa− s and diameter 2r of a typical DNA lattice made of cross tiles to be 5 µm,

C = 47.1× 10−9Nsm−1.

8.3.4 Simulation Results

A snapshot of the ODE simulation with 25 tiles is shown in Figure 8.9. This figure

shows the initial lattice as well as its gradual disintegration. Moreover, we run the

simulation over a force range of 0.1 fN to 250 fN, for lattice sizes ranging between

200 and 4000. We observe a linear increase in the extent of damage as we increase

the force and lattice size until we reach a critical force value for every lattice size

when the whole lattice disintegrates [Figure 8.10].
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8.4 Thermal Damage Model

8.4.1 The Model

Mechanical force is hardly the only force capable of destroying a DNA nanostructure.

Suppose, for example, a lattice is irradiated by a powerful electron beam that raises

the local temperature of a part of the lattice beyond the melting temperature of the

tiles. The increased temperature will alter the dissociation rate of tiles in the region,

since the rate is highly temperature dependent. This section develops a model for

computing the number of tiles removed due to this local temperature increase.

In Winfree’s kTAM (Section 3.2.2) [163], recall that if there are m empty sites

adjacent to the aggregate, then the net “on rate” is given as:

kon = mk̂e−Gmc (8.6)

where Gmc is the entropic cost of fixing the location of a monomer unit while k̂ =

20kf , and kf is the forward rate constant. For all occupied sites (i, j) within the

aggregate, the net “off rate” is

koff =
∑
b

koff,b and koff,b =
∑

ij s.t bij=b

k̂fe
−bijGse (8.7)

where bij is the total strength for matching labels and Gse = (4000K
T
− 11)s is the

free energy cost of breaking a single sticky end bond, with s being the sticky end

length of the oligonucleotide and T being the temperature. In general, for a tile

with b matches at a site with the forward rate of association as rf and the rate of

dissociation of a tile with b matches as rr,b, we have

rf
rr,b

= ebGse−Gmc (8.8)

Since Gse is inversely proportional to T , if T increases such that
rf
rr,b

< 1, a hole will

gradually form. As an example of how temperature changes lead to reduced lattices,
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Damage size as a function of lattice size and force exerted in (fN/10)

Threshold value = 1 nm

Damage size
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Figure 8.10: Damage vs Flexible Lattice Size and Exerted External Force.

Figure 8.11 shows a simulation of globally increasing the temperature by 1.9◦C after

the lattice is fully formed.5 Here, starting with a Sierpinski Triangle patterned

lattice with 62992 tiles assembled at a temperature of 35.969◦C with Gmc = 19 and

Gse = 9.7, heating to 37.892◦C (Gmc = 19, Gse = 9.3) for 2 × 105 sec reduces the

lattice to 34585 tiles. The above simulation has been performed with XGROW (See

Section 3.2.3 [163]).

5 We assume no net force from the electron beam.
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Although
rf
rr,b

< 1 gives us a condition for damage from temperature changes,

we are primarily interested in designing a concrete model to compute the extent of

damage. Hence, if we increase the temperature of a n×n completely internal region

within a m × m sized lattice (n < m) from T to T
′
, then the new binding energy

parameter G
′
se is (4000K

T ′
− 11)s for the n × n region. Suppose all the tiles in the

lattice have equal binding strength. Binding sites for affected region are internal by

assumption (i.e. not on the lattice boundary). Hence, each tile belonging to this

region has four neighbors and there are n2 such tiles. The number of tiles in the non

affected region is 2(m2 − n2), with 2(m + n)− 4 tiles with 3 binding sites, 4 corner

tiles with 2 binding sites and while the remaining with 4 binding sites. Consequently,

the off rate in the affected region is

koffaff = k̂fn
2e−4G

′
se (8.9)

and the off rate in the unaffected region is

koffunaff = k̂f
(
(m2 − n2 − 2m− 2n− 4)e−4Gse

+4e−2Gse + (2m+ 2n− 4)e−3Gse
)

(8.10)

Next we compute the net rate of both binding and dissociation events kany as

kany = kon + koffunaff + koffaff . (8.11)

In equilibrium, all the rates stabilize and the probability of any event E occurring

is given by a Poisson distribution. Hence the probability of a total of i on and off

events from both affected and unaffected regions happening is

P (E = i) =
kianye

−kany

i!
(8.12)

Furthermore, the probability of an off event O from the affected region happening

(given that some event has happened), is given by O ∼Multinomial(i, kon, koffunaff ,
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koffaff ) where N is the total number of events. Hence the probability that n (n ≤ i)

tiles dissociate from the affected site (given that i events have occurred) is given by

P (O = n|E = i) = P ,

P =
i−n∑
j=0

i!

n!j!(i− n− j)!(x)n(y)j(z)i−n−j (8.13)

where x =
koffaff
kany

, y =
koffunaff
kany

and z = kon
kany

Then, the probability of n tiles dissociating is P (O = n) where

P (O = n) =
∞∑
i=n

P (O = n|E = i)P (E = i) (8.14)

and the expected size of the damage is given by

E(O) =
M∑
j=0

jP (O = j) (8.15)

where M = n × n is the size of the affected region. This equation is not easy to

solve analytically but we can obtain an estimate for E(O) by using Monte Carlo

integration.

8.4.2 Simulation Algorithm

We first describe the basic algorithm in words. For every damage size ranging from

1 to the size of the affected region, we generate a random number between 0 and 1

and decide if any of the two off events or an on event will take place at this moment.

If it does say that an off event will take place, then we generate another random

number between 0 and 1 and decide whether that event will be knocking off a tile

from the affected region. If it is then we keep track of how many such events occur

for each damage size. Finally we compute the average size of the damage given those

frequency values.
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The simulation algorithm used to calculate the extent of damage is described

in the form of pseudocode below. We assume we are given the size of lattice M ,

size of irradiated region X, the increased temperature T
′
, Gse, Gmc, total number of

simulation steps sim steps and a very large number (which we call INFTY ) that we

use to simulate a very large number of events. Furthermore, assume that the rand()

function computes a random number between 0 and 1, dam is an array that stores

the frequency for each irradiated region length and p(j, i) denotes the probability

P (O = j|E = i).

Simulate-Thermal-Damage(M,X, T )

∀i initialize dam[i] = 0
Calculate kon, koffaff , kofunaff and kany.
for j ← 1 to X

do for i← j to INFTY
do for steps← 1 to sim steps

do q = rand()
if q ≤ P (E = i)

then
r = rand()
if r ≤ p(j, i)

then
dam[j] = dam[j] + 1

compute av dam =
PX
i=0 i·dam[i]PX
i=0 dam[i]

output av dam

8.4.3 Simulation Results

We computed the average damage for a lattice comprised of 2500 tiles where the

intense radiation affected only a central region of 100 tiles. The radiation locally

increased the temperature of that region to 65 C from 33 C. For the various parame-
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(a) (b)

Figure 8.11: a) Original Lattice, (b) Damaged Lattice due to increased temperature
(Simulations performed with XGROW, a tile assembly simulator [163]).

ters, we used Gmc = 19, number of simulation steps sim steps = 1000, total number

of events = 1000, sticky end length = 5, k̂f = 600000, we obtained kon = 0.672336,

koffaff = 7.583902 , koffunaff = 0.009040 and kany = 8.265278. Hence the on proba-

bility pon, off probability for affected region poffaff and off probability for unaffected

region poffunaff are pon = 0.081345, poffaff = 0.917562 and poffunaff = 0.001094

respectively. The expected damage was 5 out of 100 affected tiles. We can also

calculate damage as a function of the size of the affected region and increased tem-

perature. A more accurate estimate can be obtained if we do not assume that the

rates kon or koff are constant. In reality, these rates vary based on the number of

empty sites, concentration and total number of bonds, all of which change as events

occur.

8.5 Self-repair Model

As mentioned earlier, Winfree et al. [168] investigated if a hole in a lattice would

repair correctly in the kinetic simulation model. There is also some work by the same
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group on how to convert a given tile-set into a self-healing tile set. Essentially, with a

new redundancy based tile design, if the remaining tiles in a damaged lattice remain

connected then the lattice will self-heal [165]. Unfortunately, this technique increases

the tile set size by a multiplicative factor. Chapter 9 proposes a compact self-healing

tile set capable of repairing any damage to computations which are reversible. In this

chapter, however, we are concerned with the extent of repair without any change in

design. In other words, given a damage model, we would like to estimate the likeli-

hood of the lattice reconstructing itself. This can also be modeled probabilistically.

We estimate the probability of self-repair using the kTAM just as we did with the

thermal damage model [163]. Hence, we use the same notation as in Section 8.4;

thus, the free parameters in the model are the size of the lattice (number of tiles),

binding strength of individual tile type, the tile concentration parameter (Gmc) and

the free energy of binding parameter (Gse).

Suppose an error-free lattice has a hole of size n to repair. Then, using the

principles of detailed balance, it has been shown in Ref. [163] that, at equilibrium,

an aggregate A formed by the addition of any sequence of n tiles T1, T2, . . . , Tn with

a total strength bA =
∑n

i=1 bi. will obey the following equation:

[A]

[T ]
= e−((n−1)Gmc−bAGse) (8.16)

where T denotes one of T1, T2, . . . , Tn. Furthermore, we will use the notation Am to

denote a lattice with m errors (and A0 is the error-free self-healed lattice). For small

m, there can be
(

2n
m

)
suboptimal aggregates for each perfect aggregate of size n and,

hence, the probability of an error-less aggregate A0 of size n, P (A0 = n), can be

derived as :

P (A0 = n) ∼ [A0]∑
m

(
2n
m

)
[Am]

∼ 1− 2ne−Gse (8.17)

Hence, the probability that a damage of size n will correctly self-heal is 1− 2ne−Gse .
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8.6 Chapter Summary

This chapter presents damage and self-repair models for self-assembled DNA nanos-

tructures. These models will help to characterize damage as well as design robust

nanostructures in the future. These models apply when a DNA lattice is hit by

either mechanical force or exposed to intense radiation. For mechanical damage we

proposed models for when the lattice is rigid (e.g. when the lattice is bound to mica)

and when the lattice is flexible (e.g. in solution). In both cases, we observed that

damage increases with force, until a critical value of force is reached when the whole

lattice dissociates. Furthermore, we showed how to calculate the extent of damage

(in a kinetic setting) due to local increases in temperature. Finally, we also estimated

the extent of repair that may take place in the damaged lattice without any change

in tile design, assuming that assembly follows the kinetic tile assembly model. As

a part of future work, we intend to validate our models with experimental data.

Nevertheless, in the following chapter we investigate compact self-repairing designs

for DNA lattices. Specifically, the next chapter considers the question: how can we

impart self-repairing capabilities to the nanostructures while remaining at the same

scale as the original assembly?
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9

Compact Self-healing of DNA Lattices with
Reversible Computation

Recall that Chapter 8 explored simple models for damage and self-repair. In particu-

lar, we studied the question: How much self-repair can a self-assembled DNA nanos-

tructure perform when damaged? One specific challenge in the area of self-repair (to

be addressed in this chapter) is to develop a molecular architecture for self-repairing

memory. A self-repairing memory would have the capability of restoring its contents

even if it were partially destroyed. In addition, a self-healing assembly could act as

a scaffold for other elements, such as proteins and would ensure self-healing of the

scaffolded substance.

Chapter 8 mentioned that Winfree et al. [168] briefly investigated if a hole in a

DNA lattice will repair correctly according to kTAM. In the last chapter, we explic-

itly calculated the probability of a damaged nanostructure repairing itself without

any change in the design of the self-assembling components. Other works have ex-

plored changes to the tile set as a means of adding self-repair. Winfree [165], for

example, proposed an ingenious scheme that uses modified DNA tiles to force the
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repair reassembly to occur only in a forward manner. This technique converts the

original tile set into a new set of self-healing tiles that perform the same construction

at a much larger scale (5-fold larger scale in each direction, hence requiring 25 times

more area). However, the much larger scale appears to make his construction more

of theoretical interest than of practical use. The challenge considered in this chapter

is to limit the number of new tiles required, allowing the procedure to be applied

in practice. Additionally, we should mention a study that intentionally induces a

hole and characterizes the hole in the context of self-repair. In fact it shows that

puncturing can be a very effective process for error tolerance [59].

The goal of this chapter is to study the self-repairing capability of a class of DNA

tile sets with a property which we call reversibility. We will show that reversibility

allows the reassembly of DNA tiles within a damaged lattice to occur in all possible

directions without error, at least with respect to two adjacent binding sites.

Organization of the Chapter: Section 9.1 of this chapter discusses how carefully-

designed reversible computations can improve the self-repairing capability of the

tiling, using a specific example called Reversible XOR. We observe that this lat-

tice provides the first known molecular architecture for a self-repairing memory.

We further introduce a new measure for computing the self-repairability of a tile

set. Section 9.2 discusses the DNA design and preliminary implementation of a

self-healing memory. Section 9.3 discusses techniques from computational theory to

transform irreversible assemblies to reversible assemblies, theoretically improving the

self-repairability of the corresponding computation. We also observe that performing

the transformation with minimum number of tiles is still an unsolved problem. How-

ever, we discuss how we can improve the self-repairability of a lattice by changing

the tile design without increasing the tile set size. Finally in Section 9.4 we conclude

the chapter.
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Fig. 1. (a)RXOR template, (b)Four Rule Tiles for RXOR, (c)Assembly of rule tiles
within a frame defining the boundary of lattice growth according to aTAM:Rule
tiles(left)+ resultant lattice(right):(i) propagation of the input y, (ii) propagation of
the input x, (iii) propagation of input y but coloring of the tile based on the xor value
in the tile, (iv) propagation of input x but coloring of the tile based on the xor value in
the tile, (v)propagation of both inputs but coloring of the tile based on the xor value
in the tile, (vi)Assembly of only the rule tiles, portion of error-free lattice(inset)

with band structure(figure 1(c):(i)+(iii)+(v)) are interesting since they can re-
dundantly store bits in one/two dimension (by this we mean a bit is propagated
through the linear lattice). In general such a n!n lattice can store n bits (by this
we mean n bits are propagated through the n!n lattice)(figure 1(c):(i)+(iii)) and
2n bits as in figure 1(c):(v). Note that although figure 1(c):(ii)+(iv), demonstrate
reversible computation they are not self-repairing. However, in figure 1(c):(i)+(iii)
+(v) if some of the lattice tiles are removed, the self-repair will restore the lattice
and preserve the bits. Error in the lattices from figure 1(c):(i)+(iii) occurs when-
ever there is a discontinuity in the horizontal bands. Error analysis of the lattice in
figure 1(c):(v) is also quite simple(except when two blue bands intersect and the
color reverses, any discontinuity in the band structure corresponds to a mismatch
error).

Various RXOR Tiling Lattices with Errors. Although all the tiling lattices
shown in figure 1 are reversible, we will use the tiling lattice given in Figure
1(figure 1(c):(v)) as the example RXOR lattice in our further discussions below
of self-repair and experimental demonstrations.

As the AFM images of lattices in preliminary lab experiments did not have
a frame, and self-assembly is error-prone, the lattice formed is not ideal. Hence,
to estimate error rates, one can observe the largest portions of the lattice which
are error-free[Figure 1(figure 1(c):(vi))].

Figure 9.1: (a)RXOR template, (b)Four Rule Tiles for RXOR, (c)Assembly of rule
tiles within a frame defining the boundary of lattice growth according to aTAM:Rule
tiles(left)+ resultant lattice(right), tiles are colored if the XOR value of the inputs is
one:(i) propagation of the input y, (ii) propagation of the input x, (iii) propagation
of input y but coloring of the tile based on the xor value in the tile, (iv) propagation
of input x but coloring of the tile based on the xor value in the tile, (v) propagation
of both inputs but coloring of the tile based on the xor value in the tile, (vi) assembly
of only the rule tiles shown in (v) and portion of error-free lattice(inset).

9.1 Reversible Tiling Lattices and their Self-Repairing Properties

9.1.1 Reversible Computations and Reversible Tiling Lattices

A computation is said to be reversible if each step of the computation can be reversed,

allowing the computation to proceed in both forward or reverse manner. Reversible

computations have some unique properties, since they allow a partial computation

to complete in a unique manner. Recall that in molecular self-assembly each tile

can be seen as a step of computation, taking as its inputs the matching pads of

adjacent tiles and providing the available free pads as output. Essentially, each tile

computes an individual step, mapping the values of its attached pads to the values
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of its still unattached pads. In general, forward-only tilings assume tiles are added to

a growing aggregate that started from within a concavity, and that further tiles only

attach to the lattice within the concavity. In contrast, some of the reversible tilings

discussed here are also able to grow via tiles added to convex edges of the growing

lattice. A carefully designed reversible tiling allows a partially-destroyed lattice to

easily self-repair, so long as the repair proceeds through tiles added with at least

two adjacent matching binding sites. The reversible XOR tile set described in this

chapter is an interesting example of reversible self-assembly. This tile set realizes

a complex pattern capable of self-healing without an increase in assembly time or

the number of tile types. We now formally define self-repair in the context of the

self-assembly of square abstract tiles with four pads or sticky ends on four sides,

before discussing how reversibility can improve self-repairability.

Definition 9.1.1. We call a tile set self-repairing, if any number of tiles are removed

from a self-assembled aggregate to generate convex hole(s) such that all the remaining

tiles still form a connected lattice1, then subsequent growth is guaranteed to restore

every removed tile without error so long as repair reassembly happens with respect to

at least two adjacent binding sites.

Note that this is a more restricted definition of self-repairing tile set. Other

work uses more general definitions [165]. Throughout the chapter, we will use this

definition of a self-repairing tile set and we will also use the terms self-healing and

self-repairing interchangeably.

9.1.2 The Reversible XOR Operation

We will now consider an interesting example of a reversible operation known as

Reversible XOR(RXOR). The XOR operation takes two Boolean arguments (each

1 In the context of tile assembly, each tile is a vertex and the sticky end connections among the
tiles denote the edges. An aggregate is connected if every tile can be reached from every other tile
in the aggregate following the sticky end connections.
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can be true(T) or false (F)) as input and returns true if one, and only one, of

the two inputs is true. The XOR operation can be combined with an additional

Boolean operation (that does not alter values between input and output) to make

the unit reversible. This Reversible XOR operation is known to provide a logical

basis sufficient to perform any Boolean computation.

9.1.3 RXOR: A Family of Reversible Tiling Lattices

We describe a family of lattices (called RXOR lattices) that uses the RXOR operation

at each tile to form an interesting patterned lattice with reversible tiles. Figure

9.1(a+b) gives the template and the set of rule tiles for one instance of RXOR.

Periodic and Nonperiodic Patterns RXOR Tiling Lattices

The Figures in 9.1(c) illustrate some of the great variety of patterns (both periodic

and nonperiodic) that can be generated via RXOR operations at each tile. The rule

tiles, the coloring scheme and the ideal lattice formed (when there are no errors)

in each case is given in Figure 9.1(c). The lattices with triangular patterns(Figure

9.1(c):(ii)+(iv)) are interesting and complex, but are difficult to evaluate. The lat-

tices with band structure (Figure 9.1(c):(i)+(iii)+(v)) are interesting since they can

redundantly store bits in one/two dimensions (by this we mean a bit is propagated

through the linear lattice). In general, such a n × n lattice can store n bits (by

this we mean n bits are propagated through the n×n lattice)(Figure 9.1(c):(i)+(iii))

and 2n bits as in figure 9.1(c):(v). Note that although Figure 9.1(c):(ii)+(iv) demon-

strate reversible computation, they are not capable of self-repair as per our definition.

However, in Figure 9.1(c):(i)+(iii)+(v), if some of the lattice tiles are removed, the

self-repair process will restore the lattice and preserve the bits. Errors in the lattices

from Figure 9.1(c):(i)+(iii) occur whenever there is a discontinuity in the horizontal

bands. Error analysis of the lattice in Figure 9.1(c):(v) is also quite simple(except
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when two blue bands intersect and the color reverses and vice versa, any discontinuity

in the band structure corresponds to a mismatch error).

RXOR Tiling Lattices with Errors

Although all the tiling lattices shown in Figure 9.1 are reversible, we will use the

tiling lattice given in Figure 9.1(c):(v) as the example RXOR lattice in our further

discussions of self-repair. Without a nucleating structure (formed by the assembly

of seed and boundary tiles), self-assembly is intrinsically error-prone and the lattice

formed is not ideal. One way to estimate error rates is to observe the largest portions

of the lattice which are error-free [Figure 9.1(c):(vi)]. See Section 9.2 for further

discussion of errors in a DNA implementation of RXOR lattices.

RXOR Tiling Lattices as an Example of Self-Healing Patterned Lattices

Previous work suggested that reversible self assembly can perform ”proofreading”

on redundantly encoded information [168]. RXOR is an interesting example of re-

versible self-assembly that achieves self-healing without an increased assembly time

or number of tile types. Note that many other self-healing tile sets require increased

number of tiles, such as Winfree’s self-healing construction [165]. For instance, con-

sider the original 10× 10 lattice in Figure 9.2(a(i)). Suppose this lattice is damaged

and the resulting structure looks like the one in Figure 9.2(a(ii)). Since the tile set

is self-healing, the original lattice can recover gradually. Ideally, in the first step, all

the tiles in the damaged lattice with at least two free binding site are available to

be attached to new tiles [Figure 9.2(b(i))]. In the subsequent steps, the lattice grows

further based on the newly incorporated tiles [Figure 9.2(b):(ii)+(iii)] and finally

one obtains the original lattice [Figure 9.2(b):(iv)]. Tiles in the assembly that are of

same type are shown in increasingly darker shades of the original color scheme from

Figure 9.2(b):(i) to Figure 9.2(b):(iv).
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Fig. 2. a: Original self-assembled lattice(i) and damaged lattice(ii) b: A possible Self
Healing Lattice Growth from (i) to (iv)

RXOR Tiling Lattices as an Example of Self-Healing Patterned Lat-
tices. Previous work suggested that reversible self assembly can perform ”proof-
reading” on redundantly encoded information[7]. Carefully designed RXOR is an
interesting example of reversible self-assembly that achieves self-healing, with-
out increasing assembly time or number of tile types as required by Winfree’s
Self-Healing construction [8]. For instance, consider the original 10! 10 lattice
in figure 2(a(i)). Suppose this lattice is damaged and the resulting structure
looks like the one in figure 2(a(ii)). Since the tile set is self-healing, so one can
recover the original lattice gradually. Ideally in the first step, all the tiles in the
damaged lattice with at least two free binding site are available for attaching
new tiles which are shown in di!erent shades of the original color scheme[Figure
2(b(i))]. In the subsequent steps, the lattice grows further based on the newly
incorporated tiles[Figure 2(b):(ii)+(iii)] and finally one obtains the original lat-
tice[Figure 2(b):(iv)].

Use of RXOR Tiling Lattices to Redundantly Store/Copy Bits. Note
that a row or a column in any rectangular window of the lattice in figure 1c(v)
is entirely determined by a single cell. For instance, if a tile propagates 0 in the
north-south direction and 1 in the east-west direction, then the corresponding
column will have tiles with 0 in the north-south direction and the corresponding
row will have tiles with 1 in the east-west direction. Thus a m ! n lattice can
store a total of m + n bits and can be used as a self-healing memory because
if damaged the m ! n memory is capable of recovering all the m + n bits as is
shown in figure 2.

Figure 9.2: (a) Original self-assembled lattice(i) and damaged lattice(ii), (b): A
possible Self Healing Lattice Growth from (i) to (iv). Note that the same four tile
types are used in each stage of the repair. However, they are shown in increasingly
darker shades from stage (i) to stage (iv) to indicate the different stages at which
they are allowed to be incorporated in the final assembly.

Use of RXOR Tiling Lattices to Redundantly Store/Copy Bits

Note that a row or a column in any rectangular window of the lattice in Figure

9.1c(v) is entirely determined by a single cell. For instance, if a tile propagates 0 in

the north-south direction and 1 in the east-west direction, then the corresponding

column will have tiles with 0 in the north-south direction and the corresponding row

will have tiles with 1 in the east-west direction. Thus, a m × n lattice can store a

total of m + n bits and can be used as a self-healing memory because, if damaged,

the m× n memory is capable of recovering all the m+ n bits as is shown in Figure

9.2.
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9.1.4 Reversibility Improves Self-repairability

In Figure 9.3b, we present three examples of computation with increasing degrees

of reversibility. While computations for RXOR and Sierpinski Triangle pattern gen-

eration(ST) are self-explanatory, the Binary Counter(BC) computation is reversible

50% of the time, since out of the four possible combinations of the two inputs, we

can retrieve them from the output sum and output carry only in two cases(when

sum is zero and carry is either zero or one). However, in terms of self-repairability,

only the RXOR tiling lattice completely self-heals, since for every possible open site

in the lattice, there is a unique tile that can be bound to it, given the constraints on

assembly growth. Both BC and ST tiling lattices, on the other hand, have ambiguous

tile attachments in a convex lattice site [Figure 9.3a].

Based on the work by Sahu et al. [127], we conclude that, in general, a tile set

is self-healing, so long as the following constraints are satisfied. Let the inputs be x

and y and the corresponding outputs be f(x, y) and g(x, y), with the input and the

output ends arranged around an abstract square (starting from the north end in a

clockwise direction) as g(x, y), x, y, f(x, y). The tile set is self-repairing if and only

if:

• f(x, y) is input sensitive to x if y is held constant and g(x, y) is input sensitive

to y if x is held constant and

• at least one of f(x, y) or g(x, y) changes if both change

the tile set is self-repairing

9.1.5 A Measure for Error-Resilience and Self-Repairability

In general, when we design a tile set for algorithmic self-assembly it would be very

useful to estimate the computation’s robustness against mismatch errors if assembly

growth occurs with respect to at least two adjacent binding sites. This also applies
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Fig. 3. (a)Concrete Self-healing comparison during lattice growth for completely re-
versible assembly and completely irreversible assembly, (b) Degree of reversibility com-
parison based on ambiguity of adjacent binding sites for the rule tiles of traditional
assemblies

Corner Site Ambiguity and Self-Repairability. A tile set is self-repairing
if and only if,

C(T ) = !T, min{C(T )}
In other words, if all of the 4w corner sites are distinct, then exactly one tile can
bind to it and hence C(T ) = 1. In terms of concrete examples, the RXOR tile
set has C(T ) = 1 while each of ST and BC tile set has C(T ) = 1.25. Obviously,
the higher the value of C(T ), the more error-prone is the resultant assembly and
re-assembly after lattice damage.

3 Models for Lattice Damage and Self-repair

Since we are yet to estimate the extent of damage that can happen in reality
through concrete experiments, we developed a damage model to bridge the gap.
Two di!erent situations are considered: first when the lattice has a rigid support
and second when its free floating in aqueous solution. Further we present a
probabilistic model for self-repair given a damaged lattice.

3.1 Models for Lattice Damage

Probabilistic Model for Mechanical Damage on a Rigid Surface. Here
we are concerned with the problem of estimating the extent of damage when the
lattice with a rigid support is acted upon by an external impulse, for e.g damage
created when the AFM tip hits the DNA lattice lying on mica during imaging .
We model the lattice as a crystal as in [12]. Thus the force F1 in a tile located
at a distance of r from the tile receiving the impulse is proportional to 1!

r
. F2

is the resistive force from the sticky end connections of the tiles. So long for any
tile F1 > F2, the probability that a tile gets knocked o! the lattice is greater

Figure 9.3: (a) Concrete Self-healing comparison during lattice growth for com-
pletely reversible assembly and completely irreversible assembly, (b) Degree of re-
versibility comparison based on ambiguity of adjacent binding sites for the rule tiles
of traditional assemblies.

to the self-healing of a damaged lattice. Thus, we introduce a new measure for self-

repairability of a tile set which we call ”corner site ambiguity”. This measure is

inspired by Hönberg et al. [62], where the authors address the question of how some

properties of a tile system are related to the periodicity of the resultant self-assembled

nanostructures. We now define a corner site and corner site ambiguity.

Definition 9.1.2. A corner site is a pair of adjacent binding sites in a growing

aggregate or in a convex hole within a damaged lattice.

Since our abstract tiles are squares, the total number of distinct corner sites is

4w, where w is the number of tiles in the tile set T .

Definition 9.1.3. We define corner site ambiguity C(T ) as the average number of

tiles in a tile set T that can bind to an available corner site.

To measure C(T ), we first compute the number of tiles that can bind to each

corner site and then compute the average.
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Figure 5: (a) Corrugated cross tile and the resultant lattice, (b) Abstract corrugated computational tiles
used for reversible XOR lattice, x

!
is the Watson Crick complement of x.

(a) (b)

Figure 6: (a)Computational Lattice, 5µm!2.5µm formed by the association of zero tiles, (b)Computational
Lattice, 2µm!2µm formed again by the association of zero tiles. (c) Computational lattice, 800nm!800nm
that includes some RXO2umR3 AND RXOR4 tiles. However, the rows bearing tiles that correspond to an
output of 1 stopped abruptly, (d) A computational lattice, 1µm ! 0.5µm that includes computational tiles
that started propagating the one bit. However, it did not continue all the way to the other end of the lattice.

in Figure 5b. Two RXOR tiles, RXOR3 and RXOR4 were modified by incorporating a biotin group
into a T4 loop at the center of the tile structure for visualizing an output of 1 bit. Streptavidin
was then added to the solution of the self-assembled RXOR lattice. Consequently, the interaction
of streptavidin-biotin led to binary streptavidin patterns that can be readily imaged.

This reveals the beneficial e!ect of corrugation but the computational lattice lacks the desired
band structure useful for detecting extent of self-healing in damaged lattices. Most of the lattices
we observed are of this form and they grow very large.

We first verified the correct formation of the original lattice. We observed some micron sized lat-
tices but they are probably formed by the self-association of either all zero tiles or all one tiles(both
are without unary markers and are capable of forming nanogrids)[Figure 6](a+b). Although both
patterns are valid in our computational lattice, as is evident from figure2c(v), the damage and the
self-healing of the crisscrossing patterns as in Figure 2c(vi)[inset] are easier to observe under the
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Figure 1: New Sequence Design for the core of the corrugated tile

Table 1: Table of sticky ends and their corresponding DNA sequences

Sticky End Sequence
a1 GTGCA

a
!
1 TGCAC

a2 CGCAC

a
!
2 GTGCG

a3 GAGTC

a
!
3 GACTC

a4 CTCAC

a
!
4 GTGAG

b1 CGAGT

b
!
1 ACTCG

b2 GTTCC

b
!
2 GGAAC

b3 GCTCT

b
!
3 AGAGC

b4 AGACC

b
!
4 GGTCT

1

Figure 9.4: (Left) Abstract DNA rule tiles for RXOR computational pattern. x
′

indicates Watson Crick complement of x, (Right) Sticky ends sequence design for
the rule tiles on the left.

Corner Site Ambiguity and Self-Repairability

A tile set is fully self-repairing if and only if C(T ) = 1. In other words, if all of the

4w corner sites are distinct, then exactly one tile can bind to it and hence C(T ) = 1.

For example, the RXOR tile set has C(T ) = 1 while each of ST and BC tile set has

C(T ) = 1.25. Obviously, the higher the value of C(T ), the more error-prone is the

resultant assembly and re-assembly after lattice damage.

9.2 DNA Design and Preliminary Implementation of a Self-Repairing
Memory

9.2.1 Overview of Results

In this section we present the DNA design and preliminary experimental demonstra-

tion of DNA lattices representing RXOR computation and, consequently, serves as

an instance of self-repairing memories. We first experimented with only the com-

putational tiles. However, the resultant lattices were quite error-prone. Hence we

designed a pre-assembled nucleating structure to favor accretion of tiles over spon-

taneous nucleation. We succeeded in separately implementing various portions of
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the final system: 1) assembly of simply the computational tiles, 2) a fixed size seed

with easily identifiable component tiles and 3) a nanotrack boundary for providing

inputs to the computation. Due to technical difficulties, however, we did not succeed

in assembling the system in its entirety. Hence, the obvious next step would be to

assemble the seed and the boundary first and allow the computational tiles to accrete

to this nucleating structure.

9.2.2 DNA Design of a RXOR Computational Lattice

We encoded reversible XOR computation in corrugated DNA cross tiles (See Section

2.3.3 [172]). The sequences shown in Figure 2.7 are also the sequences that have been

used for this experiment. The abstract sticky ends design for this computational

lattice is given in Figure 9.4(Left) and the sticky ends sequences shown in Figure 9.4

(Right). Two RXOR tiles, RXOR3 and RXOR4 were modified by incorporating a

biotin group into a T4 loop at the center of the tile structure for visualizing an output

of 1 bit. Streptavidin was then added to the solution of the self-assembled RXOR

lattice. Consequently, the interaction of streptavidin-biotin led to binary streptavidin

patterns that can be readily imaged by AFM. The details of the experimental protocol

is not repeated here since, apart from the specifics mentioned above it is the same

as described in Section 4.4.2

9.2.3 Results

As mentioned in Section 9.1, we first annealed the computational tiles without any

nucleating structure. We observed largish lattices, since the corrugated architecture

(See Section 2.3.3) we used in this design allows the growth of large lattices (Figure

9.5). It appears that tubes are still formed even though they have a bigger diameter

than the nanotubes formed from the assembly of cross-tile without using corrugation

2 Sudheer Sahu, currently with Microsoft Live Search designed the sticky ends for this experiment.
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RXOR lattice. Consequently, the interaction of streptavidin-biotin led to binary
streptavidin patterns that can be readily imaged. Details of the experimental
protocols is included in the appendix.
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Fig. 4. (a)Corrugated cross Sequence Design and Lattice, (b)Corrugated RXOR Tiles

with sticky ends. x
!
is the Watson Crick complement of x.

4.2 AFM Imaging of our Self-repairing Lattices

Our immediate goal was to verify the correct formation of the original lattice.
We observed some micron sized lattices but they are probably formed by the
self-association of either all zero tiles or all one tiles(both are without unary
markers and are capable of forming nanogrids)[Figure 5](a+b). Although both
patterns are valid in our computational lattice, as is evident from figure1c(v), we
would prefer to observe some more interesting structures such as crisscrossing
bands. This can be ensured through the use of a pre-assembled boundary for the
computation[Figure 5c].

We also observed single tile mismatches. Our model assumes that tiles will
attach with respect to at least two adjacent binding sites. Although in theory
this can be achieved by manipulating the physical conditions, in reality, tiles still
bind with respect to one matching binding site. One possible mechanism to deal
with this will be the compact error-resilient design in [9], although it is likely to
introduce new ambiguities.

4.3 Completely Addressable Nucleating Structure for Algorithmic
Assembly

The ultimate goal of boundary formation in programmable assembly is to pro-
vide input for subsequent two dimensional growth. Until now we have been able
to form specific structures but we have not been able to control their poly-
merization. Schulman, et al. demonstrated in [11] it is di!cult to create large
uniformly sized ”V” and ”X” boundaries with their DX tile[29] set. However,
Pistol, et al. recently demonstrated [25,20] a 140nm!140nm fully synthetic and
programmable 64-motif DNA nanostructure using cross tile. In the light of these
findings, our current research focus involves meeting halfway between algorith-
mic assembly and addressable assembly with a fully programmable multi-tile
seed and algorithmic rule tiles. Full addressability in a multi-tile system will

Figure 5: (a) Corrugated cross tile and the resultant lattice, (b) Abstract corrugated computational tiles
used for reversible XOR lattice, x

!
is the Watson Crick complement of x.
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guarantee it forms correctly and would also make our search for correct struc-
tures easier during AFM imaging. Using hierarchical assembly, a nanotrack of
AB tile system[26] can further assemble onto the seed and provide an arbitrary
combination of zero-one inputs to the computational tiles.

(a) (b)
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Fig. 5. a)Computational Lattice, 5µm! 2.5µm formed by the association of zero tiles,
b)Computational Lattice, 2µm ! 2µm formed again by the association of zero tiles.
This reveals the beneficial e!ect of corrugation but the computational lattice lacks
interesting band structure, c)Pre-assembled Nucleating Structure Design:Use of fully
addressable lattice design

5 Self-repairing Transformation for any Tile Set

One of the major goals of algorithmic self-assembly is to provide compact de-
signs for self-repairing error-resilient tile set. In this paper we demonstrated
that a carefully designed tile set performing reversible computation can be self-
repairing. Unfortunately, not all reversible tile sets are self-repairing. However,
since reversibility ensures uniqueness for the adjacent pair of outputs, it definitely
does improve the self-repairability of the tile set. So transforming an irreversible
tile set into a reversible tile set improves its error-resilience. In fact we can show
that reversible tiling is Turing Universal and thus any tile set will benefit from
such a transformation.

It was shown by Winfree[14] that a two dimensional tiling lattice can be used
to simulate any 1 dimensional Cellular Automata(CA). We can similarly prove
that if the given CA is reversible, then the resulting tiling lattice is reversible.

Theorem 1. A two dimensional DNA lattice with reversible tiles and size n!T
can be used to simulate a one dimensional reversible CA with n cells running in
time T .

The proof of this theorem is given in the appendix.

Morita in [21], outlines a transformation technique for converting a 1D 3
neighbor CA to a 1D 3 neighbor partitioned CA. We can directly map this
technique to DNA self-assembly.

Figure 6: (a)Computational Lattice, 5µm!2.5µm formed by the association of zero tiles, (b)Computational
Lattice, 2µm!2µm formed again by the association of zero tiles. (c) Computational lattice, 800nm!800nm
that includes some RXO2umR3 AND RXOR4 tiles. However, the rows bearing tiles that correspond to an
output of 1 stopped abruptly, (d) A computational lattice, 1µm ! 0.5µm that includes computational tiles
that started propagating the one bit. However, it did not continue all the way to the other end of the lattice.

in Figure 5b. Two RXOR tiles, RXOR3 and RXOR4 were modified by incorporating a biotin group
into a T4 loop at the center of the tile structure for visualizing an output of 1 bit. Streptavidin
was then added to the solution of the self-assembled RXOR lattice. Consequently, the interaction
of streptavidin-biotin led to binary streptavidin patterns that can be readily imaged.

This reveals the beneficial e!ect of corrugation but the computational lattice lacks the desired
band structure useful for detecting extent of self-healing in damaged lattices. Most of the lattices
we observed are of this form and they grow very large.

We first verified the correct formation of the original lattice. We observed some micron sized lat-
tices but they are probably formed by the self-association of either all zero tiles or all one tiles(both
are without unary markers and are capable of forming nanogrids)[Figure 6](a+b). Although both
patterns are valid in our computational lattice, as is evident from figure2c(v), the damage and the
self-healing of the crisscrossing patterns as in Figure 2c(vi)[inset] are easier to observe under the

Figure 9.5: Three RXOR DNA lattices are shown with scan sizes from left to right:
2.5× 5.0µm2, 5.0× 2.5µm2 and 5.0× 5.0µm2. Due to corrugation the lattices grow
large. However, curvature still builds up, resulting in wider DNA nanotubes.

Original Scan Size:  800 nm x 800 nm

Original Scan Size:  5000 nm x 5000 nm

Original Scan Size:  500 nm x 500 nm

Original Scan Size:  2000 nm x 2000 nm

Figure 9.6: (Left) A 2×5 µm2 RXOR DNA Lattice is scanned at a higher resolution
(800×800 nm2), (Right) Another 1.2×2.0 µm2 RXOR DNA Lattice is scanned at a
higher resolution (300× 500 nm2). In both sets of images, we observe the beginning
of several columns of one that erroneously do not run through the entire width of
the lattice.
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Original Scan Size:  300 nm x 300 nm

Original Scan Size:  1000 nm x 1000 nm

Original Scan Size:  2000 nm x 2000nm

Figure 9.7: A 0.5× 1.0 µm2 RXOR DNA Lattice is scanned at a higher resolution
(0.5× 1.0 µm2 and 170× 300 nm2). We observe the beginning of a column of one at
the top end of the lattice that erroneously does not run through the entire width of
the lattice.

(Figure 2.9). However, the tubular structure may indicate that tile curvatures issues

still need to be dealt with. We also examined the lattices at a higher resolution

and observed columns of one [Figure 9.6 and 9.7]. We expected to see the pattern

described in Figure 9.1(v), instead we observed that often rows of one (represented

by a tile bound to streptavidin) would start but would not continue to the other end

of the lattice.

9.2.4 Analysis of Experimental Results

Errors may occur because the streptavidin may not have attached to the biotin

containing cross tile or the protein may have been knocked off during imaging. Errors

may also be caused by pad mismatch [9, 123]. To determine if the errors stem

from the streptavidin, we can easily replace the biotin-streptavidin complex with a

hairpin loop [162]. However, pad mismatch errors are not that easily fixed; fixing
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these errors generally requires either using error-correcting codes [109, 29, 168] or, at

the very least, an optimized set of physical parameters such as solution conditions,

temperature, concentration (similar to what we did in Chapter 4). However, the

most important lesson we took from these experiments is that it is very challenging

to locate the largest subset of correctly self-assembled tiles in a micron sized lattice.

Instead, we should use a pre-assembled nucleating structure (as shown in Figure 9.8)

and examine only the lattices nucleated by this nanostructure.

9.2.5 Use of a Pre-assembled Nucleating Structure to Minimize Nucleation Errors

One example of a nucleating structure is comprised of a uniquely identifiable “seed”

(meaning that it is made up of 12 unique tiles) and nanotracks. The reason for using

multi-tile seed as opposed to single tile ones (as mentioned in the Tile Assembly

Model, see Section 3.2.1) is because a multi-tile seed can be designed to be beyond

a critical size and is more likely to nucleate the computational lattice. Moreover,

nanotrack boundaries are more rigid than single-tile boundaries. The nanotrack

along the x axis would provide inputs to the computational lattice in the y direction

while the track along the y axis would provide inputs to the computational lattice in

the x direction. Each nanotrack is primarily composed of two types of tiles. However,

half of each tile type is biotinylated such that in presence of streptavidin, it would

bind to the protein and appear higher under an AFM (thus representing a one).

When these four different tile types are annealed together, they will assemble into

a random sequence of zeros and ones that can be used to nucleate an interesting

computational pattern such as in Figure 9.1(c)(v) [Figure 9.8].

9.3 Self-Repairing Transformation for any Tile Set

One of the major goals of algorithmic self-assembly is to provide compact designs for

self-repairing error-resilient tile sets. In this paper, we demonstrated that a carefully
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Figure 9.8: The nucleating structure comprises of a completely addressable 12 tile
seed and nanotracks (each comprising of only a pair of tile types) at right angles to
each other that nucleate the computational lattice.

designed tile set performing reversible computation can be self-repairing. Unfortu-

nately, not all reversible tile sets are self-repairing such as Figure 9.1(c)(ii)+(iv).

However, since reversibility ensures uniqueness for the adjacent pair of outputs, it

will always improve the self-repairability of the tile set. As such, transforming an

irreversible tile set into a reversible tile set will improve its error-resilience. In fact,

we will show that reversible tiling is Turing Universal and, thus, any tile set will

benefit from such a transformation.

9.3.1 Transforming Irreversible Computational Lattices into Reversible Tiling Sys-
tems

1D Cellular Automata

We first define some of the concepts involved in discussing the methods that would

transform an irreversible computational lattice into its reversible counterpart.

Definition 9.3.1. A 1D cellular automaton is a discrete model of computation that
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comprises of a regular grid (of arbitrary finite dimension) of finite state automata

known as cells, where each cell can be in one of a finite number of states. The state

of a cell at discrete time t, is a function of the state of a finite number of cells (called

the neighborhood) at time t − 1. At each time step, the state transition rules are

applied to the whole grid and a new generation is produced. This assignment of cells

to states results in a new configuration.

In other words, the dynamics of a cellular automaton is entirely determined by

its local map, which each cell uses at every time step to determine its new state.

Formally, the local map is the composition of two operators, specifically, a) the

neighborhood, which enumerates the cells affecting a given cell and b) the table which

specifies how those cells affect it.

In order to be able to simulate reality, cellular automata should abide by a number

of laws of physics, such as locality and reversibility. By locality, we mean that the

smaller the computational elements, the more densely they can be packed in a given

volume, allowing computation to proceed faster. The other feature is reversibility,

which implies that information can neither be created or destroyed and, thus, the

second law of thermodynamics is valid in this case. 1D Cellular Automata (CA) are

known to be Turing universal, which implies they are capable of any computation

that any other Turing-complete model of computation (such as a Turing machine or

a conventional random access computer) is capable of performing [169].

Definition 9.3.2. A cellular automaton is reversible if and only if, for every current

configuration of the CA, there is exactly one immediately prior configuration. In

other words, by applying the local next step mapping to every cell of the array, from

any configuration q one can obtain a distinct new configuration q
′

and this mapping

is one-to-one. This transformation is called the global next state map on the set of

configurations. A cellular automaton is reversible if the global map is invertible.
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Reversible Cellular Automaton from Irreversible Cellular Automaton The main observa-

tion in creating a reversible cellular automaton (CA) is that the rule for the system

remains unchanged if all its elements have inputs and outputs reversed. There are

known algorithms for finding pre-images for one dimensional (1D) CA. In fact, any

1D rule can be proved to be reversible or irreversible. However, determining re-

versibility of a CA in higher dimensions is an undecidable problem and as such no

finite algorithm exists.

Several heuristic methods for transforming an irreversible CA into a reversible

CA have been proposed. However, the most useful ones for constructing reversible

CA with a useful set of properties are called Second order techniques and Partitioning

schemes . The literature (e.g., see Wolfram [169]) gives several examples of reversible

CA. See Toffoli and Margolus[150] for a list of applications of reversible CA.

Simulation of 1D Cellular Automaton by 2D DNA Lattices

It was shown by Winfree [162] that a 2D tiling lattice can be used to simulate any

1D CA. In particular, each horizontal row of n tiles in the tiling lattice can simulate

a given step of the 1D CA, and the values from each automata configuration are

communicated from a prior row of tiles to the next row of tiles above it. We can

use a similar argument to prove that if the given CA is reversible, then the resulting

tiling lattice is reversible.

Theorem 9.3.1. A two dimensional DNA lattice with reversible tiles and size n×T

can be used to simulate a one dimensional reversible CA with n cells running in time

T .

Proof. Following Winfree[162] we use a special kind of CA called Blocked Cellular

Automaton (BCA). In a BCA, each row of cells is read in pairs and two symbols are

written to the next row by the rule table. For each rule, (x, y) −→ (u, v), we create
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a tile whose sticky ends on the input side(south and east sides of a cross tile) are x

and y and that at the output ends(west and north sides of a cross tile) are u and v.

We also have an initial assembly of tiles simulating the initial BCA tape. We add the

rule tiles to the solution containing the initial tape. As Figure 9.9 demonstrates, rule

tiles anneal into position if and only if both sticky ends match (according to TAM,

see Section 3.2.1). Thus, we can simulate forward computation with DNA assembly.

As described by Winfree [162], we access the output using a special “halting” tile

that is incorporated in the lattice.

For a reversible CA, by definition, there’s exactly one prior configuration for every

current configuration. In terms of the equivalent DNA assembly, this implies that if

we treat u and v as our inputs (north and west ends of a cross tile) and x and y as

our outputs (south and east ends of the cross tile), then also all the rule tiles for any

particular row will anneal into position abiding by the sticky ends match constraint.

Thus the lattice can simulate backward computation with reversible DNA assembly.

For instance, if we remove the tiles which are crossed in Figure 9.9, since the two

functions (that map x and y to outputs u and v) are invertible, the correct rule tiles

will reassemble, thus demonstrating reversible computation.

In particular, each horizontal row of n tiles of the tiling lattice simulates a given

step of the CA, and the values from each automata step to step are communicated

from a prior row of tiles to the next row of tiles above it. Thus, a two dimensional

DNA lattice with reversible tiles and size n × T can be used to simulate a one

dimensional reversible CA with n cells running for T steps.

The above-mentioned proof technique can easily be extended and applied to the

2D reversible DNA self-assembly in τ = 3 model simulating a 1D CA, as well as a

1D partitioned CA (PCA).3 Recall that in a 1D CA, a cell cell(i, T ) at time T has

3 Partitioning is a technique useful for designing reversible cellular automata which exhibit par-
ticular classes of behavior. In a partitioned CA, reversibility of the local map within each partition
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three inputs from 3 cells, cell(i − 1, T − 1), cell(i, T − 1) and cell(i + 1, T − 1) 4

directly below it (at time T −1) and it computes exactly one function (unlike BCA).

Specifically, the three inputs denote the values of the cell cell(i, T − 1) and its left

and right neighbors (cell(i − 1, T − 1) and cell(i + 1, T − 1) respectively) at time

T − 1 while the three outputs contain the same output value which serve as inputs

to the triplet directly above (cell(i− 1, T + 1), cell(i, T + 1) and cell(i+ 1, T + 1)).

An abstract tile version, denoted as tile(i, T ) (since it is located in the ith row and

T th column) of this 1D CA cell has six sticky ends, three for inputs and three for

outputs. The three inputs bind with the outputs of the three tiles (tile(i− 1, T − 1),

tile(i, T−1) and tile(i+1, T−1)) directly below this tile while the three outputs bind

with the inputs of the three tiles directly above it as shown in Figure 9.10(a). Such

a tile can bind to a growth site using three input sticky ends in a τ = 3 abstract Tile

Assembly Model. It is possible to implement this abstract tile using DNA strands.

In fact, six helix bundle [88] proposed by Mathieu et al. can be used to build this

tile in practice since it has a hexagonal symmetry. However, the left and right sticky

ends for both input and output have to be longer than the corresponding central

sticky end to prevent steric hindrance and facilitate assembly growth.

In case of a PCA, the inputs to a cell cell(i, T ) are right output of the left cell

cell(i−1, T −1), center output of the middle cell cell(i, T −1) and the left output of

the right cell cell(i+1, T−1) directly below (corresponds to the previous computation

step T − 1) and the three outputs are respectively the left, center and right outputs

of the cell. The latter serve as the right input of the left cell cell(i − 1, T + 1),

the center input of the middle cell cell(i, T + 1) and the left input of the right cell

cell(i + 1, T + 1) directly above (corresponds to the next computation step T + 1)

translates directly into reversibility of the whole automata.
4 We use the notation cell(x, y) to denote the cell in row x at computational step y in 1D CA and

PCA.
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Design and Simulation of Self-repairing DNA Lattices 213

A.3 Self-repairing Transformation for Any Tile Set

Proof of Theorem 1

Proof. Following Winfree[14]. we use a special kind of CA : Blocked Cellular
Automaton where for each row, cells are read in pair and two symbols are written
guided by the rule table. For each rule, (x, y) !" (u, v), we create a tile whose
sticky ends on the input side(south and east sides of a cross tile) are x and y and
that at the output ends(west and north sides of a cross tile) are u and v. We also
have an initial assembly of tiles simulating the initial BCA tape. We add the
rule tiles to the solution containing the initial tape. As figure 8 demonstrates,
rule tiles anneal into position if and only if both sticky ends match. Thus we
can simulate forward computation with DNA assembly. As described in [14]
we access the output using a special ”halting” tile gets incorporated in the
lattice.
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Fig. 8. (a)BCA rule in an abstract DNA tile,(b)DNA Rule Tiles for RXOR Computa-
tion, (c)Both forward and backward computation takes place starting from the initial
tape

For a reversible CA, by definition, there’s exactly one prior configuration for
every current configuration. In terms of DNA assembly this implies that if we
treat u and v as our inputs(north and west ends of a cross tile) and x and y as
our outputs(south and east ends of the cross tile), then also the rule tiles will
anneal into position abiding by the sticky ends match constraint. Thus we can
simulate backward computation with reversible DNA assembly. For instance, if
we remove the tiles which are crossed in Figure 8, since the two functions are
invertible, so the correct rule tiles will reassemble, thus demonstrating reversible
computation.

In particular, each horizontal row of n tiles of the tiling lattice simulates
a given step of the CA, and the values from each automata step to step are
communicated from a prior row of tiles to the next row of tiles above it. Thus,
a two dimensional DNA lattice with reversible tiles and size n# T can be used
to simulate a one dimensional reversible CA with n cells running in time T .

Figure 9.9: ((a)BCA rule in an abstract DNA tile, (b)DNA Rule Tiles for RXOR
Computation, (c)Both forward and backward computation takes place starting from
the initial tape.

[Figure 9.10b]. In the tile implementation of a 1D PCA cell, the tile tile(i, T ) has

six sticky ends similar to the CA implementation and binds in a similar fashion as

well. The only difference is that the three output sticky ends do not encode the same

information. With three input sticky ends, this tile binds to a growing assembly in

a τ = 3 Abstract Tile Assembly Model.

Theorem 9.3.2. A 2D DNA lattice performing reversible computation and of size

(2n + 7)T can simulate a DNA lattice performing irreversible computation and size

nT .

Proof. Morita [94] outlined a transformation technique for converting a 1D three

neighbor CA to a 1D three neighbor PCA. We can directly map this technique to

DNA self-assembly. Morita [94] further showed that the number of steps T (n) to

simulate one step of an ordinary 1D 3 neighbor CA A by a partitioned D 3 neighbor

CA P is 2n+ 7 in the worst case.

We already noted that Winfree proposed the simulation of an irreversible 1D
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CA by 2D irreversible DNA assembly (Section 3.1.5). Now using Morita’s results,

it can be shown that a 1D irreversible CA can be simulated by a reversible 1D

PCA [94]. In the previous theorem we discussed how a 1D reversible CA can be

simulated by a 2D reversible DNA assembly. The sequential composition of these

three transformations implies the result. In other words, any irreversible 2D DNA

assembly can be converted into 1D CA using Winfree’s technique while Morita’s

construction converts the resultant CA into a PCA and finally, using the previous

theorem we can transform the PCA into a 2D reversible DNA assembly.

One observation here is that, although the size of the transformed tile set is still

asymptotically the same as before(A CA with alphabet C and |C|3 rules will have

O(|C|3) (specifically |C|3 + 4|C|2 + 8|C| + 1 states) for its reversible counterpart

assembly growth in a τ = 3 model), the increase in tile set size is fairly high in

practice. For instance, if we consider a binary alphabet (meaning inputs and outputs

can be either zero or one) then a tile set with 8 tiles yields a set of 58 tiles in its

reversible counterpart. This calculation is based on the local function that Morita

outlined [94] to perform the transformation. Refer to Ref [94] for an enumeration of

the rules. Accommodating this seven fold increase in a biomolecular implementation

is not very practical.

This impracticality motivates us to investigate redundancy-based self-repairing

schemes where redundancy is encoded in the pads of the tiles with no scale-up of the

assembly. Unfortunately this direction is no more promising.

Definition 9.3.3. A redundancy-based compact error resilient scheme is an error

reduction scheme where redundancy is encoded in the pads with absolutely no scale-

up of the assembly. Hence, the computation at position (i, j) is still performed at the

same position. However, there is an increase in the number of type of pads for tiles.

Whether there is a compact reversible transformation to generate a self-healing
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Figure for the reversible transformation according to [21]
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Fig. 9. a)Abstract Tile for original CA and its tiling simulation, b)Abstract Tile for
corresponding PCA and its tiling simulation

Figure for Theorem 3
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Fig. 10. a)Original Abstract Tile according to [27], b)Transformed Abstract Tile ca-
pable of reversible computation, c)A single computational unit in the transformed tile
corresponds to four sets of computation in the original tile

Figure 9.10: (a)Abstract Tile for original CA and its tiling simulation, (b)Abstract
Tile for corresponding PCA and its tiling simulation.

tile set for any irreversible computation using redundancy based scheme is still an

open question. We believe that it is not possible to do such a transformation.

Thus it still remains to be answered whether an irreversible tile set can be trans-

formed to its reversible counterpart using a minimal tile set. However, reversible

computation has its own merits in quantum computing, optical computing, nan-

otechnology and low power CMOS design.

9.3.2 Modified DNA Tiles that Force Only Forward Reassembly

Although improving self-repairability using reversible computation is only limited

to some kinds of computation (namely those which are naturally reversible), we

can, however, make minimal changes to the tile design and improve the self-healing

capability of the damaged lattice. Recall that self-repair of a damaged lattice is

erroneous because of backward assembly of tiles that encode forward computation.

In other words, the input pair of any such tile is unique. However, that may not be the

case with output pair or any other combination of binding sites on this tile. Hence, if
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we could somehow force repair regrowth to occur only using the input pads, it cannot

result in an erroneous reassembly. One method that can be used to implement this

idea, is to hide the outputs until the input pads are correctly bound. Consider a tile

which has its both input and output pads “protected”. When introduced in solution,

the input pads are “deprotected” by correctly matching neighbors. Consequently

either via a signal transmitted from the input to output end or by some other means,

the output pads are informed to reveal themselves. We call such a tile a “protected”

tile and the mechanism a protected tile mechanism. This is the same idea as that of

an activatable tile described in Chapter 5.

In essence, if we have a growth site and a protected tile binds to it, the former has

to be completely deprotected (i.e. correctly matched) before another protected tile

can bind to it. Hence, a wrong tile cannot be “frozen” in an assembly. This process

has been explained in Figure 9.11. Consequently after a hole has been punctured in

the lattice, re-growth takes place using mostly forward accretion. There is, however,

a small probability of backward growth from the unprotected tiles that was once

part of the original tiling assembly and dissociated after outputs are deprotected.

The likelihood is comparatively small since the forward reaction rate depends on the

concentration of the monomers and the protected tiles are much more abundant than

their unprotected counterparts.

9.4 Chapter Summary

Although molecular self-assembly appears to be a promising route to bottom-up fab-

rication of complex objects, assuming an error-free assembly, particularly recurrent

error-free assembly, is unrealistic. Thus, this chapter presented a compact design for

self-repairing tile sets, addressing the basic issue of recurring fault tolerant molec-

ular computation by self-assembly. Our design exploited a reversibility property to

provide inherent self-repairing capabilities while imposing a few constraints on as-
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Figure 9.11: (Top) Markov Chain representation of a tile with no protection bind-
ing to a growth site. The Markov Chain shows how a tile with single binding site
match can bind to the growth site and before it can leave since one binding site
matching is not as favorable as two binding site matching, another tile with two
binding site matching comes and “freezes” the former in its growth site, (Bottom)
With protected tiles such freezing cannot happen since the output protection (de-
picted in yellow) are not removed until both inputs correctly match. Hence the second
tile cannot bind with enough binding energy and both tiles will fall off eventually.
This would ensure correct forward accretion of tiles in the damaged growth area of
the lattice. Here rf and rr,1 correspond to the original TAM while reff correspond
to the rate of deprotection.

sembly growth. We observed that this design will allow the first known molecular

architecture for a self-repairing memory. Finally, we observed that, in theory, we can

construct 2D reversible computational DNA lattices for 1D irreversible CAs and,

hence, improve the self-healing capability of resultant computational lattice. It still

remains to be seen whether this transformation can be performed without greatly

increasing the tile set size. Nevertheless, for every computation (reversible or irre-
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versible) we can encode the information in DNA tiles and transform these DNA tiles

to their protected counterparts (or some other form that can force forward reassem-

bly ). These tiles can be used instead to improve self-repairability of damaged DNA

lattices.

In the next chapter, we will shift our focus from assembly models (specific to

DNA) for one-time and recurrent assemblies to an abstract thermodynamic model

for general self-assembly.
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10

Stochastic Analysis of Reversible Assembly

The aTAM provides an elegant framework for programming tiles to form compu-

tational assemblies. The resulting assemblies, however, are error-free only because

the model assumes a perfect growth. To model various types of errors, Winfree pro-

posed the kinetic Tile Assembly Model (kTAM) [163] which is based on the physical

chemistry of DNA tiles in solution.

Unfortunately one cannot study yields or convergence rates in a kinetic setting.

We are not aware of any work giving a thermodynamic characterization of two dimen-

sional (2D) assembly, in the context of a reversible tiling assembly. We attempt to

characterize chemical equilibrium in the context of two and three dimensional tiling

assemblies as an extension of Adleman et al.’s stochastic analysis linear assemblies

(See Section 3.2.4 [5]) in this chapter.1 Since the general problem is intractable [155],

we address an important subclass of the 2D system in this chapter.

Organization of the Chapter: In Section 10.1 we discuss the background of this work.

Next we characterize equilibrium in two dimensions (2D) in Section 10.2. This sec-

1 Sudheer Sahu, currently with Microsoft Live Search built the general 2D model.
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tion builds on Adleman et al.’s work [5] on linear assemblies (discussed in Section

3.2.4) but also relies on the concept of bond pair equilibrium. Section 10.2 proves

that every 2D assembly eventually goes to equilibrium. In Section 10.3 we draw the

correlation between Markov Chains and self-assembling systems. In particular, we

prove that certain instances of self-assembly processes with significant importance

in nano-assembly, can be viewed as a rapidly mixing Markov Chain2 with appro-

priate parameter setting. In Section 10.4 we characterize equilibrium of a n × n

completely addressable square and prove that the corresponding convergence rate

decays exponentially in time. In Sections 10.5 and 10.6 we extend the equilibrium

characterization and derivation of convergence rate of a n×n completely addressable

square to periodic assemblies in two dimensions and 2D algorithmic assemblies re-

spectively. Since perfect equilibrium is only attained in infinite time, we also derive

the probability distribution of error for a small linear perturbation from the thermo-

dynamic equilibrium for computational assemblies in Section 10.6. In Section 10.7,

we further extend the stochastic analysis to a simple three-dimensional n × n × n

cube. In Section 10.8 we shift our attention to erroneous assemblies where the error

is due to partial mismatch. We observe that, even in the 1D case, approximate equi-

librium is reached in time polynomial in the number of tiles. We prove that similar

behavior can be observed for two and three dimensions as well. In Section 10.9 we

conclude the chapter with some open questions.

10.1 Background

10.1.1 Study of Chemical Kinetics and Equilibrium in the context of Self-Assembly

The study of chemical equilibrium has a long history. In deterministic chemical ki-

netics based on the law of mass action, chemical equilibrium is defined as a limiting

2 Rapidly Mixing Markov Chain is a Markov Chain with a polytime (polynomial in the number
of tiles.) convergence to its stationary distribution
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state which a system approaches asymptotically. The stochastic theory of chem-

ical reactions alternately defines equilibrium as a stationary distribution over the

concentration of reactant and product particles. There is also a mathematical char-

acterization of system composition that gives a sufficiently sharp indication of the

attainment of equilibrium [144]. Another major theoretical work in this field is the

proof for Turing Universality of chemical kinetics [83]. A good summary of the vari-

ous stochastic approaches and applications to chemical reaction kinetics can be found

in Ref [90].

In the context of protein self-assembly, researchers have studied the various mech-

anisms by which a linear or helical polymer could assemble [35]. Beyond linear assem-

blies, Israelachvili proposed general thermodynamic constraints regarding the growth

of multidimensional assemblies [63]. In two dimensions, macroscopic aggregates grow

abruptly once the concentration reaches a critical level (nucleation). Scientists have

concluded that nucleation is usually associated with phase transitions and hence can

be described with familiar thermodynamic models [99]. Besides protein assembly,

examples of more general models include the model proposed by Ecrolani [43] where

the growth of desired complexes in competition with non-linear random polymeriza-

tion was studied. There was, however, no work on tiling assemblies until Adleman

et al proposed a stochastic model for linear tiling assemblies as discussed in Section

3.2.4.

10.1.2 Rapidly Mixing Markov Chains for Physical Models

A Rapidly Mixing Markov Chain is a Markov Chain that converges to its stationary

distribution in time polynomial in the length of the state space. One of the main

goals of this chapter is to investigate if self-assembly can be modeled as rapidly

mixing Markov Chains (rmMC). Self-assembly processes have often been described as

continuous time Markov Chains (See Section 5.3 and Section 6.7 as well as Ref [163]).
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Researchers have studied other physical processes as rmMC. Some example systems

which have been widely studied are monomer-dimer systems (e.g. theory of mixtures

of molecules of different sizes) [56], cell cluster theory of the liquid state [36] and the

model for the adsorption of diatomic molecules on a crystal surface [112]. Some other

models for which there exist interesting mixing time results are the hard core model

[67], the Ising Model [156], six-point ice model [91] and the self-avoiding walk model

for linear polymers [17, 108]. Randall and others [106, 107, 19] have extensively

studied several rapidly mixing Markov Chains for random tiling with applications in

both physics and computer science and have proved that in many interesting cases, a

small number of random moves suffice to generate a uniform distribution over tilings

[106, 107, 19]. They, however, used indirect proof techniques for limited parameter

settings rather than direct proof techniques for general parameter settings.

10.1.3 Prior Work on Convergence Rate Analysis of Two and Three Dimensional
Assemblies

In 1995, Luby et al. proposed several Markov Chain algorithms for planar lattice

structures [82]. They presented techniques which proved that a small number of

random moves suffice to obtain a uniform distribution over the configuration space

of lozenge tiling and domino tiling. A domino tiling is a covering of a finite region of

the Cartesian lattice with dominoes, where each domino covers two adjacent squares

of the region. A lozenge tiling is the analogue of a domino in the Cartesian lattice;

each lozenge covers two adjacent triangles in the triangular lattice, and has three

possible orientations. It can be easily seen that lozenge tiling and 3D self-assembled

lattices are equivalent. The rapid mixing for the Markov chain for lozenge tiling can

be proved using a coupling argument on the lozenge routing, a set of non-intersecting

shortest paths on the Cartesian lattice. Further it can be easily proved that the case

of single path routing can be applied to show that 2D self-assembly is rapidly mixing.
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In this chapter, not only we present a more direct derivation of the convergence

rates of two and three dimensional assemblies to equilibrium but also characterize

chemical equilibrium in the context of self-assembly process and present a formulation

for the equilibrium concentration of various assemblies. Since perfect equilibrium can

only be reached in infinite time, we further derive the distribution of error around

equilibrium. Finally we observe that even when errors are allowed in the self-assembly

model, the distribution over assemblies converge to uniform distribution with only a

small number of random association/dissociation events.

10.2 Reversible 2D Assemblies by Monomer Addition

10.2.1 The Model

The main assumptions in our model of 2D assembly processes are as follows: (1) As-

sembly starts with a pre-assembled nucleating assembly which we call the boundary

3, (2) We allow only monomer association and dissociation from a super-tile 4, (3) A

tile can attach to a growing face of a supertile only where it has at least two correct

neighbors. Thus this is an error-free model, (4) A tile can dissociate from a growing

face of an assembly only where it has at most two neighbors. This assumption im-

plies that the assembly is always concave. Further, the pre-assembled boundary does

not dissociate at any time during the whole process, (5) All bonds apart from those

in the pre-assembled boundary are of the same strength, (6) All tiles have the same

probability of association (on probability) and dissociation (off probability), (7) The

tiles are not allowed to be rotated.

3 It is the assembly of the seed and boundary tiles as mentioned in aTAM.
4 A supertile is maximal contiguous set of tiles that are bonded together.
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10.2.2 Equilibrium Characterization

We assume that there are n types of tiles T1, . . . Tn arranged in a fixed sized region

of a two-dimensional plane, with αi being the relative fraction of tiles of type i.

αi > 0 (10.1)∑
i

αi = 1 (10.2)

Let aij denote the fraction of Ti tiles that are bonded to a Tj tile on the right.

Let bik be the fraction of Ti tiles that are bonded to a Tk tile on the top. Let pij be

the fraction of Tj tiles that are bonded to a Ti tile on left, and let qik be the fraction

of tiles of type Tk that are bonded to a Ti type of tile at the bottom. Define ai to

be fraction of Ti that is free at right, bi as a fraction of Ti that is free at top, pj as a

fraction of Tj free at left, qk as fraction of Tk free at bottom. Thus,

∑
j

aij + ai = 1 (10.3)

∑
k

bik + bi = 1 (10.4)

∑
i

pij + pj = 1 (10.5)

∑
i

qik + qk = 1 (10.6)

Define

Aij = αiaij (10.7)

Bik = αibik (10.8)

Pij = αjpij (10.9)

Qik = αkqik (10.10)
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Similarly, Define

Ai = αiai (10.11)

Bi = αibi (10.12)

Pj = αjpj (10.13)

Qk = αkqk (10.14)

Clearly,

∑
j

Aij + Ai = αi (10.15)

∑
k

Bik +Bi = αi (10.16)

∑
i

Pij + Pj = αj (10.17)

∑
i

Qik +Qk = αk (10.18)

Aij can be interpreted as the fraction of neighboring pairs of tiles such that the

left tile is of type Ti, and right tile be of type Tj, and there is bond between the two.

Ai is the fraction of tiles of type Ti and free to the right. Clearly,

Aij = Pij (10.19)∑
i

Ai =
∑
j

Pj (10.20)

Similarly,

Bik = Qik (10.21)∑
i

Bi =
∑
k

Qk. (10.22)
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Further define

FR =
∑
i

Ai (10.23)

FT =
∑
i

Bi (10.24)

We define bond-pair equilibrium as an equilibrium when for every tile of type Tj,

the total number (Cijk) of (Aij, Bkj) in the assembly is invariant over time steps.

Informally independence means bond forming on one side of the tile cannot affect

what bonds can form on the other three sides and strong equilibrium means chemical

equilibrium (meaning there is no net change in the concentrations of individual tiles

or assemblies over time).

Theorem 10.2.1. Bond pair equilibrium and independence implies strong equilib-

rium.

Proof. In our model, we consider monomeric addition and dissociation at the growing

face of the assembly. During a step of the assembly, a tile Tj having only two

neighbors (left Ti and bottom Tk) breaks the two bonds with probability τij and τ ′kj.

Thus the probability that Tj leaves this growth site by breaking the bonds with Ti

and Tk is
∑

k(Aij ·Bkj · Aj ·Bj · τij · τ ′kj) =Aij · Aj ·Bj · τij ·
∑

k(Bkj · τ ′kj).

A tile Tj can come and attach at a location on growing face where it will form

bonds with Ti to left and Tk to south. On probabilities for these bonds will be σij

and σ′kj. Hence, the probability that Tj attaches to this growth site by binding with

Ti and Tk is
∑

k(Ai ·Bk · PjFR ·
Qj
FT
σijσ

′
kj)= Ai · PjFR ·

Qj
FT
σij
∑

k(Bk · σ′kj)

Therefore, the overall update rule is,
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∆Aij = −Aij · Aj ·Bj · τij ·
∑
k

Bkj · τ ′kj

+Ai ·
Pj
FR
· Qj

FT
σij
∑
k

Bk · σ′kj (10.25)

For bond equilibrium,

∆Aij = 0 (10.26)

Thus,

σij
∑

k Bk · σ′kj
τij ·

∑
k Bkj · τ ′kj

=
AijAjBjFRFT
Ai · Pj ·Qj

(10.27)

Recall that in case of bond-pair equilibrium,

∆Cijk = 0 (10.28)

Observe that,

∆Cijk = −Aij · Aj ·Bj · τij ·Bkj · τ ′kj + Ai ·
Pj
FR
· Qj

FT
σijBk · σ′kj (10.29)

Combining equations 10.28 and 10.29 we have,

σijBk · σ′kj
τij ·Bkj · τ ′kj

=
AijAjBjFRFT
Ai · Pj ·Qj

(10.30)

Recall that a supertile is a maximal contiguous set of tiles that are bonded

together. Further in our model we assume that the boundary row and column
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are pre-assembled. Let us assume that the fraction of pre-assembled boundary is

{Boundary}. Now, consider a supertile Γ, as shown in Figure 10.1(Left). Assume

that {Γ} denotes the fraction of super-tiles that are of type Γ. Assuming indepen-

dence, {Γ} = {Boundary} ·aBoundary(r1)i1 · bBoundary(c1)i1 ·aBoundary(r2)i2 · bi1i2 · · · · ·ai′i ·

ai · bk.

Now consider the addition of monomer tile Tj (or call it supertile of type Tj) to

{Γ} to form another supertile Γ·Tj as shown in Figure 10.1. Assuming independence,

{Γ · Tj} = {Boundary} · aBoundary(r1)i1 · bBoundary(c1)i1 · aBoundary(r2)i2 · bi1i2

· · · · · ai′i · aij · bkj · aj · bj (10.31)

Since Tj is a monomer, it is unbounded from all sides, we get the following

assuming independence:

{Tj} =
pj
FR
· qj
FT
· aj · bj (10.32)

Hence,

{Γ · Tj}
{Γ}{Tj}

=
aij · bkj · aj · bj · FR · FT
ai · bk · pj · qj · aj · bj

=
aij · FR · FT
ai · pj · qj

· bkj
bk

(10.33)

Assuming bond-equilibrium,

{Γ · Tj}
{Γ}{Tj}

=
σij
∑

k Bk · σ′kj
τij ·

∑
k Bkj · τ ′kj

· Bkj

Bk

(10.34)

However, if we assume bond-pair equilibrium, then we have

{Γ · Tj}
{Γ}{Tj}

=
σijBk · σ′kj
τij ·Bkj · τ ′kj

· Bkj

Bk

=
σij · σ′kj
τij · τ ′kj

(10.35)
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which implies strong equilibrium.

10.2.3 Properties

In this section we prove that every 2D assembly which grows by monomer addition

reaches equilibrium. The uniqueness of the equilibrium depends on the particular

instance of the problem.

Similar to Adleman et al., [5] we will demonstrate in this section that equilibrium

in two dimensions is reached when the entropy density of the 2D assembly is max-

imized. Now entropy density is defined as the sum of the internal entropy density

and external entropy density.

Theorem 10.2.2. Every 2D assembly goes to equilibrium, defined by the maximum

entropy density.

Proof. Internal entropy density SI of a 2D assembly is defined to be the information

theoretic entropy of the triple (T (x, y), Bx(x), By(y)) where T (x, y) denotes the tile

at location T (x, y) while Cx(x) = 1 denotes that T (x, y) is bonded to its left neighbor

T (x − 1, y) and Cy(y) = 1 denotes that T (x, y) is bonded to its bottom neighbor

T (x, y − 1). By the independence assumption,

SI = H[T (x, y), Cx(x), Cy(y)|T (x, y − 1), T (x− 1, y)]

=
∑
i

αi
∑
j

αjH[T (x, y), Cx(x), Cy(y)|T (x, y − 1)

Tj, T (x− 1, y) = Ti] (10.36)

where H is the information-theoretic entropy of the discrete random variable

(T (x, y), Cx(x), Cy(y)).

Suppose that the tile at position (x− 1, y) is a Ti, the tile at position (x, y − 1)

is a Tj and the tile at position (x, y) is Tk. Now we have four cases to consider:
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1. there can be a bond between Ti and Tk as well as Tj and Tk

2. there is no bond between either Ti and Tk or Tj and Tk

3. there is a bond between Ti and Tk but there is no bond between Tj and Tk

4. there is a bond between Tj and Tk but there is no bond between Ti and Tk

Consequently,

H[T (x, y), Cx(x), Cy(y)|

T (x, y − 1) = Tj, T (x− 1, y) = Ti] = −
(∑

k

aikbjk ln aikbjk

+
∑
k

aibj
Pk
FR

Qk

FT
ln aibj

Pk
FR

Qk

FT

+
∑
k

aikbj
Qk

FT
ln aikbj

Qk

FT

+
∑
k

bjkai
Pk
FR

ln bjkai
Pk
FR

)
(10.37)

Thus,

SI = −
∑
i

αi
∑
j

αj

(∑
k

aikbjk ln aikbjk +
∑
k

aibj
Pk
FR

Qk

FT
ln aibj

Pk
FR

Qk

FT
+

∑
k

aikbj
Qk

FT
ln aikbj

Qk

FT
+
∑
k

bjkai
Pk
FR

ln bjkai
Pk
FR

)
(10.38)

.

Simplifying this expression, we obtain

SI =
∑
i

∑
j

αiαj lnαiαj +
∑
i

∑
j

AiBj ln
1

AiBj

+
∑
k

∑
k

PkQk ln
1

PkQk

+

FRFT lnFRFT +
∑
ik

∑
jk

AikBjk lnAikBjk. (10.39)
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Define the external entropy as

SX =
∑
ik

∑
jk

AikBjk ln
σik
τik

σjk
τjk

(10.40)

and entropy density as

S = SI + SX . (10.41)

Observe that

∂2S

∂Aik∂Bjk

= 0 iff
AikBikAkBkFRFT

AiBjPkQk

=
σikσjk

τikτjk
(10.42)

Further for any vector ((v12, u12), . . . (vn−1,n, un−1,n))

∑
vik,vxy

∑
ujk,uyz

∂4S

∂Aik∂Axy∂Bjk∂Byz

vikvxyujkuyz ≤ 0 (10.43)

and the equality holds only when ((v12, u12), . . . (vn−1,n, un−1,n)) is a zero vector.

Moreover, for some bond (i, k) along the x axis and (j, k) along the y axis

∑ ∂2S

∂Aik∂Bjk

∂Aik∂Bjk

∂2t
> 0 for

∂Aik∂Bjk

∂2t
6= 0 (10.44)

and for all i, j, k.

∑ ∂2S

∂Aik∂Bjk

∂Aik∂Bjk

∂2t
= 0 when

∂Aik∂Bjk

∂2t
= 0 (10.45)

Recall that bond pair equilibrium and independence imply strong equilibrium. Hence,

based on the above derivation we can conclude that strong equilibrium is reached

when total entropy density is maximized and total entropy density of a 2D assembly

increases until bond pair equilibrium.
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10.3 Self-Assembly Processes as Rapidly Mixing
Markov Chains

Observe that we can define a discrete time Markov Chain (MC) for some finite as-

semblies such as those modeled in this chapter with an exponential state space. If we

represent individual tiles as nodes in a graph, where edges represent bonding, then

we can represent all possible sub-assemblies of an assembly of size n by the pres-

ence/absence of edge between appropriate vertices, yielding O(2n
2
) possible states.

We define a transition as either a single instance of one subassembly combining with

another (possibly different) instance of subassembly to form a larger assembly or the

dissociation of an assembly into two subassemblies.

10.3.1 Existence of Stationary Distribution

Theorem 10.3.1. The MC for a finite reversible self-assembly process has a sta-

tionary distribution.

Proof. For a MC to have a stationary distribution it must satisfy the properties of

finiteness, irreducibility, aperiodicity and positive recurrence. Observe that the chain

is finite since we have finite number of tiles. Hence the number of possible configu-

rations is also finite. The chain is also irreducible (or connected) since any state can

be reached from any other state by a series of transitions. It is also aperiodic, since

every state has a non-zero probability of remaining in the same state. The property

of positive recurrence follows from the finite state space.

10.3.2 Correlation between Chemical Equilibrium and Stationary States

Theorem 10.3.2. An assembly in chemical equilibrium implies that the correspond-

ing Markov Chain has reached its ergodic limit, but the reverse is not always true.
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Proof. An assembly in chemical equilibrium has equal forward and backward reac-

tion rates. Hence the net concentration change of reactants and products is zero.

Thus, the concentration of each component remains constant, corresponding with

the steady state. However, when the MC has a stationary distribution, the rate of

change of all the components in the reaction system may be zero but that does not

imply that forward and backward reaction rates are equal.

10.3.3 Rapidly Mixing Markov Chain Interpretation of Self-Assembly Processes

Definition 10.3.1. The time required for a Markov Chain to converge to its station-

ary distribution is known as the mixing time of the chain. It is measured in terms

of the total variation distance between the distribution at time t and the stationary

distribution. Thus if Ω denotes the state space and if P t(x, y) is the probability for

going from state x to state y in t steps, the total variation distance at time t is defined

as

||P t, π|| = maxx∈Ω
1

2

∑
y∈Ω

|P t(x, y)− π(y)| (10.46)

This is just the L1 norm with the 1
2

introduced so that the distance is always at

most 1. For ε > 0, the mixing time τ(ε) is given as τ(ε) = min{t : ||P t′ , π|| ≤ ε,∀t′ ≥

t}. A Markov Chain for a tiling self-assembly is rapidly mixing if the mixing time is

bounded by a polynomial in n and log ε−1 where n is the length of each tiling in the

state space.

Importance

In the context of self-assembly processes, proving that a particular assembly process

can be represented as a rapidly mixing Markov Chain has far reaching consequences.

First it gives a better understanding of the thermodynamics of the assembly process,
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in particular, whether the equilibrium can be attained in polynomial time. In the

context of self-healing assemblies, this information is useful in estimating the repair

speed of a damaged lattice. We will use the example of a reversible n-linear poly-

merization in one dimension [5] to demonstrate how we can correlate self-assembly

processes and rapidly mixing Markov Chains. In the following sections we will see

some 2D and 3D examples of self-assemblies for which the corresponding Markov

Chain is rapidly mixing.5

n-linear Polymerization

In n-linear polymerization, there are unlimited copies of the tiles T1, T2, . . . , Tn and

the assembly rule is that the right end of Ti is attached to the left end of Ti+1,

∀i = 1, . . . , n− 1 and no other attachment is possible.

For reversible polymerization, Adleman et al. [5] analyzed the time at which the

fraction of free glue-able surfaces, goes to a fixed point. Specifically he showed that

the fraction is guaranteed to be within ε distance from the equilibrium value β if

time is at least max{3, 1
r
}(ln 1

ε
) where r is the off probability. They also showed that

a unique equilibrium is reached irrespective of the initial state.

Theorem 10.3.3. The Markov Chain for reversible n-linear polymerization is rapidly

mixing.

Proof. By the results of Adleman et al. [5] the chemical equilibrium for reversible, n-

linear polymerization is attained in O(log 1
ε
). Further, using the first theorem proved

in Section 10.2, we can show that the corresponding Markov Chain reaches a unique

steady state in time which is a function of just log 1
ε
. Hence, it is rapidly mixing.

5 One important observation is that although rapidly mixing Markov Chains are fundamentally
important to understand self-assembly computations, our goal is not to solve NP-Complete search
problem that require exponential volume, to try all possibilities. Hence this is not considered in
this chapter.
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10.4 Assembly of n× n Completely Addressable Square

In n×n completely addressable square there are “sufficient” copies 6 of tiles T (1, 1), . . . ,

T (1, n), T (2, 1), . . ., T (2, n), . . . , T (n, 1), . . . , T (n, n) and the assembly rule is that

the right side of tile T (i, j) attaches with the left side of T (i+1, j) while the top pad

of T (ij) binds to the bottom pad of tile T (i, j + 1) for all i, js in {1, 2, . . . , n − 1}.

Further the bottom pad of tile T (i, 1) binds to top pad of boundary tile ci for all

i ∈ {1, 2, . . . , n} while the left pad of T (1, j) binds to the right pad of boundary tile

rj for all i ∈ {1, 2, . . . , n} as shown in Figure 10.1(Right). We study the behavior

of self-assembling a completely addressable n×n square under the reversible model.

Our system comprises of n2 different tile types, a set of their corresponding fractions

and a pair of on/off probabilities, assumed to be equal for every binding/dissociation

of two tiles. Thus all allowable bonds have the same on-rate σ ∈ [0, 1] and off-rate

τ ∈ [0, 1].

Recall that we assume that all boundary tiles have already assembled and the

temperature of the system is 2 [162]. Thus as discussed earlier, if we assume that the

glue strengths between any two pads is 1, a tile will attach only to the site where it

will have 2 neighbors. Hence the size of the assembled structure is (n+ 1)× (n+ 1).

The portion of interest is of size n× n.

10.4.1 Equilibrium Characterization

For the sake of simplicity we assume that a tile will bond to a position where it

will have a bottom and a left neighbor. We also assume that an already attached

tile can dissociate only from a position, where it has not more two neighbors. For

example, in the Figure 10.1(Left) the shown aggregate has one of its binding sites at

the marked position. In general, the assembly grows in the north-east direction.

6 Thus for the assembly, we will have enough monomers yet state space of the corresponding
Markov Chain will still be finite.
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Let Tj denote the tile type that can attach at a position in the aggregate, such

that Ti is its left neighbor and Tk is its bottom neighbor. We assume that tiles of

type Tj can attach only to locations where it will have a left neighbor and a bottom

neighbor.

Theorem 10.4.1. The assembly of an n× n completely addressable square achieves

strong equilibrium when each Tj is free on both left and bottom pads with probability

1− σ
τn2 .

Proof. Suppose that aj(t) be the fraction of tiles of type Tj that are free at the

bottom and left (with respect to tiles Tk and Ti) Assume for now that aj assumes a

common value that is approximately a, for all j’s. We will show later that aj for all

growth sites converges to a common value a exponentially fast.

We estimate the values of a after 1 step. The update rule in this case would be

similar to that in equation 10.29 7

a
′ − a = (1− a) · a · a · τ · (1− a) · τ − a · a

n2a
· a

n2a
· σ · a · σ (10.47)

Observe that this transformation has a unique fixed point in the interval [0, 1]

given by β = 1− σ
τn2 . In other words when a = β, the system is in bond pair equilib-

rium and each Tj is free on its bottom and left with an independent probability β.

Hence, by Theorem 10.2.1, this implies that the tile system has a strong equilibrium.

10.4.2 Derivation of Convergence Rates

Let ∆(t) denote the distance of a(t) from β i.e. a(t)− β = ∆(t).

Theorem 10.4.2. In the reversible assembly of an n × n completely addressable

square, ∆(t) decays exponentially in t for n ≥ 3.

7 Note that we are computing the complement of the variable whose update rule was determined
in equation 10.29.
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Figure 10.1: (Left)A supertile Γ during an assembly, (Right) Log likelihood distri-
bution of error at near equilibrium (for reasonable values of aggregate size (N), Gse

at equilibrium (mu) and the spread of Gse around equilibrium (var).

Proof. Recall that from the fixed point derivation (equation 10.47),

σ

τn2
≤ 1 (10.48)

and by assumption

σ, τ ≥ 0

σ, τ ≤ 1 (10.49)

Observe that ∆(t) changes in the following manner:
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(−∆(t+ 1)−∆(t)) = a(t)− a(t+ 1)

= a2(t)

(
σ2

n4
− (1− a(t))2τ 2

)

= ∆(t)τ

(
2
σ

n2
−∆(t)τ

)(
∆(t) + 1− σ

τn2

)2

replacing a(t) with δ(t) + β

= ∆(t)τ

(
−∆3(t)τ + ∆2(t)

(
4
σ

n2
− 2τ

)
+

∆(t)

(
6
σ

n2
− 5

σ2

τn4
− τ
)

+

(
2
σ

n2
+

2
σ3

τ 2n6
− 4

σ2

τn4

))
(10.50)

Observe that by equation 10.49,

−∆3(t)τ ≤ 0 since ∆(t) ≥ 0 ∀t (10.51)

Further,

∆2(t)

(
4
σ

n2
− 2τ

)
≤ ∆2(t)4

σ

n2

≤ 4
σ

n2
since 0 ≤ ∆(t) ≤ σ

τn2 ≤ 1 (10.52)

Moreover,

∆(t)

(
6
σ

n2
− 5

σ2

τn4
− τ
)
≤ 0 by equation 10.48 and 10.49 (10.53)

However, by the same equations,

(
2
σ

n2
+ 2

σ3

τn6
− 4

σ2

τ 2n4

)
≥ 0 (10.54)
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Hence, using equations 10.51, 10.52, 10.53 and 10.54 in equation 10.50, we have

(−∆(t+ 1)−∆(t)) ≤ ∆(t)τ

((
2
σ

n2
+ 2

σ3

τ 2n6
− 4

σ2

τn4

)
+ 4

σ

n2

)

= ∆(t)τ(6
σ

n2
+ 2

σ3

τ 2n6
− 4

σ2

τn4
)

≤ ∆(t) for n ≥ 3 (10.55)

For computing the lower bound on (−∆(t+ 1)−∆(t)) observe the following:

−∆3(t)τ ≥ − σ3

τ 2n6
since 0 ≤ ∆(t) ≤ σ3

τ2n6 (10.56)

Further,

∆2(t)

(
4
σ

n2
− 2τ

)
≥ ∆2(t)

(
4
σ

n2
− 2

)
for τ = 1

= −2∆2(t)

(
1− 2

σ

n2

)

≥ −2
σ2

τ 2n4

(
1− 2

σ

n2

)
(10.57)

Recall from equation 10.53, ∆(t)

(
6 σ
n2 − 5 σ2

τn4 − τ
)
≤ 0. Thus,

∆(t)

(
6
σ

n2
− 5

σ2

τn4
− τ
)
≥ σ

τn2

(
6
σ

n2
− 5

σ2

τn4
− τ
)

since ∆(t) ≤ σ
τn2(10.58)

Substituting equations 10.56, 10.57 and 10.58 in equation 10.50 we have,

(−∆(t+ 1)−∆(t)) ≥ ∆(t)τ

(−σ3

τ 2n6
+

σ2

n4τ 2
(4
σ

n2
− 2) +

σ

τn2
(6
σ

n2
− 5

σ2

τn4
− τ) +

(2
σ

n2
+ 2

σ3

τ 2n6
− 4

σ2

τ 2n4
)

)
= ∆(t)τ

σ

n2

≤ ∆(t) (10.59)
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Hence −(∆(t+1)−∆(t)), the amount subtracted from ∆(t) in the next time step, is

between τ σ
n2 ∆(t) and τ

(
6 σ
n2 + 2 σ3

τ2n6 − 4 σ2

τ2n4

)
∆(t), indicating a stepwise contraction

in the value of −(∆(t+ 1)−∆(t)). This implies that ∆(t) decays exponentially in t.

Corollary 10.4.1. The Markov Chain corresponding to reversible n× n completely

addressable square assembly is rapidly mixing.

Proof. Follows from Theorem 10.4.2 and Theorem 10.3.2.

10.4.3 Uniqueness of Equilibrium

Theorem 10.4.3. The reversible assembly of an addressable square reaches a unique

equilibrium for n ≥ 2.

Proof. Let ak(t) denote the fraction of Tk that are free on the left and bottom at time

step t. Further let a
′
i,j = ak(t+ 1) and ai,j = ak(t) (The two subscripts correspond to

the x, y coordinates of the tile Tk). Moreover, as before a is the common value of ai,j

and ak,l and amin denotes the minimum value of a and amax denotes the maximum

value of a. Moreover,

1− σ

τn2
≤ ai,j, a

′
i,j, ak,l, a

′
k,l ≤ 1 (10.60)

Then for any two tiles by substituting equation 10.47 in a
′
i,j and a

′
k,l we have

a
′
i,j − a

′
k,l = (ai,j − ak,l)(1−

σ2

n4
(ai,j + ak,l) + τ 2(ai,j + ak,l) + τ 2(a2

i,j + a2
k,l)(ai,j + ak,l)

−2τ 2(a2
i,j + ai,jak,l + a2

k,l)) (10.61)

Observe that, in equation 10.61,

τ 2(ai,j + ak,l) + τ 2(a2
i,j + a2

k,l)(ai,j + ak,l)− 2τ 2(a2
i,j + ai,jak,l + a2

k,l)) ≤ 0

since amax = 1 (10.62)
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Further,

τ 2(ai,j + ak,l) + τ 2(a2
i,j + a2

k,l)(ai,j + ak,l)

−2τ 2(a2
i,j + ai,jak,l + a2

k,l)) ≥ −2
στ

n2

(
1− σ

τn2

)(
1− 2

σ

τn2

)
since amin = 1− σ

τn2 (10.63)

Using equation 10.63 in equation 10.61,

a
′
i,j − a

′
k,l ≤ (ai,j − ak,l)

(
1− σ2

n4
(a
′
i,j + a

′
k,l)

)

≤ (ai,j − ak,l)
(

1− σ2

n4
(2− σ2

n4
)

)
since amin = 1− σ

τn2 (10.64)

Using equation 10.63 again in equation 10.61,

a
′
i,j − a

′
k,l ≥ (ai,j − ak,l)

(
1− σ2

n4
(a
′
i,j + a

′
k,l)− 2

στ

n2
(1− σ

τn2
)(1− 2

σ

τn2
)

)

≥ (ai,j − ak,l)
(

1− 2σ2

n4
− 2

στ

n2
(1− σ

τn2
)(1− 2

σ

τn2
)

)
(10.65)

Thus |a′i,j − a
′
k,l| is multiplied by a constant factor less than 1 in each time step.

This property is true for all i, j, k, l ∈ {1, 2, . . . , n} since we have chosen two arbitrary

tiles. Thus the concentrations of all tiles will go to nearly a “rapidly”. Furthermore,

we have already shown that a evolves to a unique equilibrium value. Moreover, the

system eventually attains bond pair independence. Hence, the system achieves a

unique equilibrium.

10.5 2D Periodic Assembly

The class of periodic assemblies lies between the classes of completely addressable and

algorithmic assembly (See Section 2.3.5). Consider the simple example of a finite-

sized, periodic assembly where the largest unique block is a n×n addressable square

247



(the finite size constraint is enforced by the size of the preassembled boundary). Note

that the only difference between the assembly described in Section 10.4 and this one

is that the largest assembly in the former is simply a n× n square while the size of

the largest assembly in the latter case can potentially be infinite (e.g. an assembly of

repeated blocks of n×n square). Despite this difference, this assembly has the same

unique equilibrium and update rule as the n× n completely addressable square.

Theorem 10.5.1. The periodic assembly where the largest unique block is a n × n

completely addressable square goes to a unique equilibrium. Additionally let ∆(t)

denote the distance of a(t) (the fraction of tiles that are free to the bottom and left)

from the equilibrium value of a: aeq i.e. a(t) − aeq = ∆a(t). Then ∆(t) decays

exponentially in t.

Proof. Using the same notation as in Section 10.4 we observe that the update rule

for periodic assembly is exactly the same as 10.47. Hence the equilibrium value of a

is β = 1− σ
τn2 Using similar techniques as used in Section 10.4 we can further prove

that the system achieves strong equilibrium. Moreover, theorems 10.4.2 and 10.4.3

directly apply to the periodic assembly.

10.6 2D Algorithmic Assembly

10.6.1 Equilibrium Characterization and Convergence Rates

Unlike completely addressable assembly, algorithmic assembly tile types allow to be

reused. By allowing reuse, even a small number of tile types can form complex pat-

terns or perform computations. In other words, in algorithmic assembly tiles of same

type might belong to more than one locations. We can handle this mathematically by

distinguishing between the tiles of same type that get mapped to different locations

in the assembly. Using this mapping we can use the equations from the completely
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addressable assembly to model algorithmic assembly. We can then add the fractions

of these pseudo types to find the fraction of the original tile type.8

10.6.2 Error at Near Equilibrium for 2D DNA Self-Assemblies

The kinetic DNA tile assembly model (kTAM) by Winfree [163] states that if al-

gorithmic DNA self-assembly 9 achieves equilibrium, the probability of observing a

particular assembly A is given by the Boltzmann distribution

P (A) =
1

Z
e−G(A) (10.66)

where Z = ΣA′e
−G(A

′
) and G(A) = nGmc − bGse is the free energy of the assembly.

Gmc describes the entropic cost associated with tile binding while Gse involves both

entropic and enthalpic factors related to the formation of double-helices. Further, if

η denotes the intrinsic error rate, then

η = 2Ne−Gse (10.67)

where N is the size of the assembly [163].

Let ε be the distance from equilibrium; in the previous sections we saw that the

concentration of various subassemblies can be within ε distance from equilibrium in

O(ln 1
ε
) time steps. Thus the actual equilibrium (ε = 0) is attained in infinite time

steps. As the system can only be “close” to equilibrium in finite time, it is interesting

to analyze how the error rates vary at near equilibrium. For small ε, we define ε

distance from equilibrium as the regime in which the perturbation is sufficiently slow

and hence the free energy is Gaussian [51]. At ε distance from the equilibrium, we

assume that there is one perfect assembly of size n among 2N + 1 possible choices.

Hence the equation for error at equilibrium holds but Gse has changed. Note that

8 Since infinite assemblies are difficult to analyze, we focus our attention to finite sized assemblies.
9 We consider only Boolean functions, as in the original aTAM.
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Gmc, being dependent on the concentration of monomers is also different but does

not affect the equation for error. Gse, representing the free energy, however, has a

Gaussian distribution near equilibrium. Hence, using the equation 10.67, we can find

the distribution of error η for small linear perturbations from equilibrium.

We can view the above relation as follows: Gse is a random variable with pdf pGse

and if g is a differentiable monotonic invertible function with η = g(Gse) then the

probability density function (pdf) of η is

pη(t) = pGse(g
−1(t))|dg

−1

dt
| (10.68)

where t is a free variable [76]. Here g(Gse) = 2Ne−Gse . Hence g−1(η) : Gse = ln(2N
η

).

Further |dg−1(η)
dη
| = η−1. Hence

pη ∝
1√
2πα

η−1e−
(ln( 2N

η )−µ)2

2α (10.69)

where µ is the mean of Gse while α = V ar(Gse) is the variance. Simplifying

pη ∝
e−

µ2

2α√
2πα

η−1(2Nη−1)µα
−1

(0.5N−1η)(ln(2Nη−1))(2α)−1

(10.70)

The probability distribution is very sensitive to the spread of Gse around its

mean value (equilibrium value). The log-likelihood of this pdf, however, shows that

it is approximately uniform. Hence the probability density function of error around

equilibrium is approximately uniform for reasonable values of mean and variance of

Gse [Figure 10.1(Right)]. This is acceptable because of the Chebyshev’s inequality.

Thus for most practical purposes, we can use the error obtained from the Boltzmann

distribution at equilibrium as error in near equilibrium.
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10.7 Assembly in Three Dimensions

10.7.1 3D Assembly of n× n× n Completely Addressable Cube

One obvious extension of our 2D analysis is an example three dimensional system.

The layout of future electronics is predicted to be in three dimensions. For this

completely addressable 3D lattices would be very useful.

Theorem 10.7.1. The assembly of a n× n× n completely addressable cube goes to

a unique equilibrium. Additionally let ∆(t) denote the distance of a(t) (the fraction

of tiles that are free in the x, y and z direction) from the equilibrium value of a: aeq

i.e. a(t)− aeq = ∆a(t). Then ∆(t) decays exponentially in t.

Proof. This proof here is very similar to the one in Section 10.4. Suppose that aj(t)

be the fraction of tiles of type Tj that are free in the x, y and z directions. Further

assume bond triple equilibrium which is defined similar to bond pair equilibrium in

Section 10.2. Assume for now that aijk assumes a common value that is approxi-

mately a, for all coordinate locations i, j, k’s (in 3-space). We will show later that

ai,j,k for all i, j, k’s converge to a common value a exponentially fast.

We estimate the values of a after 1 step. a
′

denotes the value in the next step.

The update rule here is again similar to equation 10.25.

a
′ − a = a3(1− a)3τ 3 − a3 a3

a3n9
σ3 (10.71)

Observe that this transformation has a unique fixed point in the interval [0, 1]

given by β = 1 − σ
τn3 . In other words when a = β, the system is in bond pair

equilibrium and each Tijk is free in the x, y and z direction with an independent

probability β. Hence, by Theorem 10.2.1, this implies that the tile system has a

strong equilibrium.

Further as stated in the theorem, ∆(t) denotes the distance of a(t) from β i.e.

a(t) = ∆(t)+β. We now prove that ∆(t) decays exponentially in t. For the following
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derivation it is useful to remember that

0 ≤ σ

n3
≤ τ ≤ 1

n ≥ 2 (10.72)

Observe that,

− (∆(t+ 1)−∆(t)) = a3

(
σ3

n9
− (1− a)3τ 3

)

=

(
∆(t) + 1− σ

τn3

)3(
σ3

n9
− (

σ

τn3
−∆(t))3τ 3

)

= ∆(t)τ

(
∆(t) + 1− σ

τn3

)3(
∆(t)2 −

3∆(t)
σ

τn3
+ 3

σ2

τ 2n6

)
(10.73)

Observe that in equation 10.73

− (∆(t+ 1)−∆(t)) ≥ ∆(t)τ

(
1− σ

τn3

)3(
σ2

τ 2n6

)

= ∆(t)

(
1− σ

τn3

)3(
σ2

τn6

)
≤ ∆(t) from equation 10.72 (10.74)

Further observe that in equation 10.73

− (∆(t+ 1)−∆(t)) ≤ ∆(t)τ
3σ2

τ 2n6

= ∆(t)
3σ2

τn6

≤ ∆(t) from equation 10.72 (10.75)
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Thus the stepwise contraction in ∆(t) is max{1 − 3σ2

τn6 , 1 − (1 − σ
τn3 )3( σ2

τn6 )}. Hence

∆(t) decays exponentially in t.

Now we show that all ajs for all Tjs converge to a common value. Let aj(t)

denote the fraction of Tj that are free on the positive x direction (same variable for

free along the positive y direction and positive z direction) at time step t. Further

let a
′
i,j,k = aj(t + 1) and al,m,n = am(t) (the three subscripts are with respect to the

x, y, z coordinates of the tile). Moreover, as before a is the common value of ai,j,k

and al,m,n and amin denotes the minimum value of a and amax denotes the maximum

value of a. Further recall that

1− σ

τn3
≤ ai,k,j, a

′
i,j,k, al,m,n, a

′
l,m,n ≤ 1 (10.76)

Then for two tiles by substituting equation 10.71 in a
′
i,j,k and a

′
k,l,m we have

a
′
i,j,k − a

′
l,m,n = (ai,j,k − al,m,n)− σ3

n9
((ai,j,k)

3 − (al,m,n)3)

+τ 3((ai,j,k)
3(1− (ai,j,k))

3 − (al,m,n)3(1− (al,m,n))3)

= (ai,j,k − al,m,n)

(
1− σ3

n9
((ai,j,k)

2 + (ai,j,k)(al,m,n) + (al,m,n)2)

+τ 3(1− ai,j,k − al,m,n)((ai,j,k)
2(1− (ai,j,k))

2 + (al,m,n)2(1− (al,m,n))2

+(ai,j,k)(1− (ai,j,k))(al,m,n)(1− (al,m,n)))

)
(10.77)

Observe that in equation 10.77,

τ 3(1− ai,j,k − al,m,n)((ai,j,k)
2(1− (ai,j,k))

2 + (al,m,n)2(1− (al,m,n))2

+(ai,j,k)(1− (ai,j,k))(al,m,n)(1− (al,m,n))) ≤ 0

since amax = 1 (10.78)
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Further, observe that in equation 10.77,

τ 3(1− ai,j,k − al,m,n)((ai,j,k)
2(1−

(ai,j,k))
2 + (al,m,n)2(1− (al,m,n))2

+(ai,j,k)(1− (ai,j,k))(al,m,n)(1− (al,m,n))) ≥ −τ 3

(
1− 2

σ

τn3

)
3

(
1− σ

τn3

)2(
σ2

τ 2n6

)

= −3
τσ2

n6
(1− σ

τn3
)2(1− 2

σ

τn3
) since

amin = 1− σ
τn3 (10.79)

Using equation 10.78 in equation 10.77,

a
′
i,j,k − a

′
l,m,n ≤ (ai,j,k − al,m,n)

(
1− σ3

n9
((ai,j,k)

2 + (ai,j,k)(al,m,n) + (al,m,n)2)

)

≤ (ai,j,k − al,m,n)

(
1− 3(1− σ

n3
)2σ

3

n9

)
≤ (ai,j,k − al,m,n) from equation 10.72 (10.80)

Using equation 10.79 in equation 10.77,

a
′
i,j,k − a

′
l,m,n ≥

(
ai,j,k − al,m,n(1− σ3

n9
((ai,j,k)

2 + (ai,j,k)(al,m,n) + (al,m,n)2))

−3
τσ2

n6
(1− σ

τn3
)2(1− 2

σ

τn3
)

)

≥ (ai,j,k − al,m,n)

(
1− 3

σ3

n9
− 3

τσ2

n6
(1− σ

τn3
)2(1− 2

σ

τn3
)

)
≤ (ai,j,k − al,m,n) from equation 10.72 (10.81)

Thus for all i, j, k (ai,j,k−al,m,n) converge to a common value a in logarithmic number

of steps. The theorem as stated then readily follows.

254



10.8 Erroneous Assemblies

Our analysis thus far does not consider assembly errors (e.g: a tile binding at a

growth location where it is not supposed to bind); one might reasonably wonder how

the analysis would change if they were considered. The main type of error we are

interested here is known as error by partial mismatches. This error occurs when a tile

binds at a growth site where it is not intended to bind. An interesting observation is

that even with errors the reversible assemblies converge to equilibrium exponentially

fast for certain assembly instances. Since the convergence rates depend on the type

of assembly and the assembly model, we cannot make any general claim, but we

prove this fact for the cases discussed below. In general, the update rule is more or

less the same as before, except for the terms that account for the partial matches

with on probability σ
′

and off probability τ
′
.10

10.8.1 n-linear Polymerization with Partial Mismatches

Consider a reversible n-linear polymerization, as described in Section 10.3 except

allowing partial mismatch errors. We assume that the probability of a TiTi+1 bond

is σ if they are adjacent; for all other n− 1 tiles it is σ
′
, where σ > σ

′
. Similarly, we

define the off probabilities τ and τ
′

for perfect and partial matches respectively. In

particular the main assumptions are

0 ≤ σ
′
(n− 1) ≤ σ ≤ 1

0 ≤ τ ≤ τ
′
(n− 1) ≤ 1 (10.82)

Hence, following a similar analysis as in Section 10.4, the new update rule for

vi(t) where vi(t) is the portion of tile Ti which are free to the right is as follows (We

will drop the subscript i to denote a common v value for all tiles.)

10 Note that all the assumptions of the original model holds except for the absence of errors part.
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v(t+ 1)− v(t) =
−v2(t)σ

v(t)(n− 1) + 1
− (n− 1)

v2(t)σ
′

v(t)(n− 1) + 1

+(1− v(t))τ + (n− 1)(1− v(t))τ
′

(10.83)

This relation comes from the observation that for every tile Ti, the probability

of a perfect match with a Ti+1 (which is free on the right) is v2(t)σ
v(t)(n−1)+1

. There are,

however, n− 1 possible ways for a partial match with other tiles. The corresponding

total probability is (n− 1) v2(t)σ
′

v(t)(n−1)+1
. The (1− v)τ and (n− 1)(1− v)τ

′
components

are derived from the dissociation probabilities.

Observe that for v on the domain [0, 1], this transformation has a unique fixed

point β which is the positive root of the quadratic equation

−v2(t)σ

v(t)(n− 1) + 1
− (n− 1)

v2(t)σ
′

v(t)(n− 1) + 1
+

(1− v(t))τ + (n− 1)(1− v(t))τ
′

= 0 (10.84)

At this point the system is in bond equilibrium (Section 10.2) and each Ti is

free to the right with independent probability β. Hence the tile system is in strong

equilibrium by the first theorem proved in Section 10.2. It can also be shown that each

vi converge to a common value and hence the system goes to a unique equilibrium.

Furthermore we can prove that the convergence happens exponentially fast using

techniques from Section 10.4. We extend this update rule to higher dimensions

in the following section. Equilibrium values and convergence rates can be readily

derived from the update rule. We sum up our results in the form of the following

theorem:

Theorem 10.8.1. The n linear polymerization with partial mismatches goes to a

unique equilibrium. Additionally let ∆(t) denote the distance of v(t) (the fraction of
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tiles that are free to the right) from the equilibrium value of v: veq i.e. v(t) − veq =

∆(t). Then ∆(t) decays exponentially in t.

Proof. This proof is again similar to ones in the previous sections. Observe that the

fixed point for v(t) is

veq =
−(n− 2) +

√
n2 + 4ρ

2(ρ+ n− 1)
(10.85)

where ρ = σ+σ
′
(n−1)

τ+τ ′ (n−1)
. Further observe that the update rule and hence the fixed point

is basically the same as that for error-free linear polymerization as considered by

Adleman et al. [5] with the only difference being that the new on and off probabilities

are σ
′′

= σ + σ
′
(n− 1) and τ

′′
= τ + τ

′
(n− 1) respectively. Note that

0 ≤ σ
′′ ≤ 1

0 ≤ τ
′′ ≤ 1 (10.86)

Using the same technique for computing the upper and lower bounds of distance

from equilibrium as Adleman et al. [5], it can be shown that

τ
′′
∆(t) ≤ ∆(t+ 1)−∆(t) ≤ 1

2
(τ
′′

+ σ
′′

+
√
τ ′′2 + τ ′′σ′′)∆(t) (10.87)

Thus the amount subtracted from ∆(t) in the next time step lies between τ
′′
∆(t)

and 1
2
(τ
′′

+ σ
′′

+
√
τ ′′2 + τ ′′σ′′)∆(t).

Further, we can show that starting with a different ai for each tile Ti, all ai’s

rapidly squeeze towards a common value since for n ≥ 3

(1− τ ′′)|ai(t)− aj(t)| ≥ |ai(t+ 1)− aj(t+ 1)| ≥ 2

n
|ai(t)− aj(t)| (10.88)

Further the system goes to independence as shown in the previous sections. The

theorem thus stated readily follows.
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10.8.2 Higher dimensional Assemblies with Partial Mismatches

Using the same notation as in Section 10.4, for equilibrium characterization and

convergence rates derivation of a n× n completely addressable square and σ
′

and τ
′

as on and off probabilities for partial mismatches respectively, we state the update

rule for a completely addressable square where partial mismatches are allowed11:

a′ − a = a2(1− a)2τ 2 + a2(1− a)2(τ
′
)2(n2 − 1)2 − a2σ2

n4
− a2(σ

′
)2(n2 − 1)2

n4
(10.89)

The main assumptions in this model are

0 ≤ τ ≤ τ
′
(n2 − 1) ≤ 1√

2

0 ≤ σ
′
(n2 − 1) ≤ σ ≤ 1√

2
(10.90)

Theorem 10.8.2. The assembly of a n×n completely addressable square with partial

mismatches goes to a unique equilibrium. Additionally let ∆(t) denote the distance

of a(t) (the fraction of tiles that are free to the left and bottom) from the equilibrium

value of a: aeq i.e. a(t)− aeq = ∆a(t). Then ∆(t) decays exponentially in t.

Proof. Observe that if we make the following substitutions

τ
′′2 = τ 2 + τ

′2(n2 − 1)2

σ
′′2 = σ2 + σ′

2
(n2 − 1)2 (10.91)

then equation 10.90 is same as equation 10.25 with τ and σ replaced with τ
′′

and σ
′′
.

Hence the fixed point in this case is

aeq = 1− σ
′′

τ ′′n2
(10.92)

11 A strong assumption in this update rule is that both bonds are partially matched in case of
an error. This assumption can be easily relaxed. The primary motivation for this derivation is to
demonstrate that the results obtained from the error-free case is easily extendable to the erroneous
case, both in 2D as well as in 3D.
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Even the equations for computing bounds on ∆(t) apply and so does Theorem

10.4.3. Further note that

0 ≤ σ
′′ ≤ 1

0 ≤ τ
′′ ≤ 1

0 ≤ σ
′′

τ ′′n2
≤ 1 (10.93)

Hence we simply state the results here without the derivation details.

(τ
′′ σ
′′

n2
)∆(t) ≤ −(∆(t+ 1)−∆(t)) ≤ τ

′′
(6
σ
′′

n2
+ 2

σ
′′3

τ ′′2n6
− 4

σ
′′2

τ ′′2n4
)∆(t) (10.94)

Thus ∆(t) decays exponentially in t. Moreover, all ai,js for all lattice sites (i, j)s

squeeze towards a common value in logarithmic number of steps since

|ai,j − ak,l|(1−
σ
′′2

n4
(2− σ

′′2

n4
)) ≥ |a′i,j − a

′
k,l|

|ai,j − ak,l|(1−
2σ
′′2

n4
− 2

σ
′′
τ
′′

n2
(1− σ

′′

τ ′′n2
)(1− 2

σ
′′

τ ′′n2
)) ≤ |a′i,j − a

′
k,l| (10.95)

The theorem as stated then readily follows.

We now shift our attention to 3D assemblies with partial mismatches.

Theorem 10.8.3. The assembly of a n × n × n completely addressable cube with

partial mismatches goes to a unique equilibrium. Additionally let ∆(t) denote the

distance of a(t) (the fraction of tiles that are free in the x, y and z direction) from

the equilibrium value of a: aeq i.e. a(t)−aeq = ∆a(t). Then ∆(t) decays exponentially

in t.

Proof. The update rule for three dimensional erroneous assemblies is

a′ − a = a3(1− a)3τ 3 + a3(1− a)3(τ
′
)3(n3 − 1)3 − a3σ3

n9
− a3(σ

′
)3(n3 − 1)3

n9
(10.96)
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The main assumptions for this model are:

0 ≤ τ ≤ τ
′
(n3 − 1) ≤ 1

21/3

0 ≤ σ
′
(n3 − 1) ≤ σ ≤ 1

21/3
(10.97)

If we make the following substitutions,

τ
′′3 = τ 3 + τ

′3(n3 − 1)3

σ
′′3 = σ3 + σ′

3
(n3 − 1)3 (10.98)

equation 10.96 basically becomes the same as equation 10.71, with τ replaced by τ
′′

and σ replaced by σ
′′
. Hence the fixed point of this equation,

aeq = 1− σ
′′

τ ′′n3
(10.99)

Further we reuse the upper and lower bounds for the contraction of ∆(t) from

Section 10.7. From equations 10.97 and 10.99 we have

0 ≤ σ
′′ ≤ 1

0 ≤ τ
′′ ≤ 1

0 ≤ σ
′′

τ ′′n3
≤ 1 (10.100)

Following the same lines of reasoning as in the proof of theorem 10.7.1, we obtain,

∆(t)(1− σ
′′

τ ′′n3
)3(

σ
′′2

τ ′′n6
) ≤ −(∆(t+ 1)−∆(t)) ≤ ∆(t)

3σ
′′2

τ ′′n6

(ai,j,k − al,m,n)(1− 3
σ3

n9
− 3

τσ2

n6
(1− σ

τn3
)2(1− 2

σ

τn3
)) ≤ a

′
i,j,k − a

′
l,m,n

(ai,j,k − al,m,n)(1− 3(1− σ

n3
)2σ

3

n9
) ≥ a

′
i,j,k − a

′
l,m,n (10.101)

Thus a(t) converges to a unique equilibrium exponentially fast.
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10.9 Chapter Summary with Open Questions

Inspired by Adleman et al.’s (Section 3.2.4) [5] work on modeling reversible linear

assemblies, we investigated a natural extension of this model to higher dimensions.

Since the general problem is difficult [155], we focused on an important subclass of 2D

assembly where assembly occurs only by monomer addition. We studied equilibrium

characterization and convergence rates of various 2D assemblies, such as completely

addressable structures, fixed sized periodic assemblies and computational assemblies.

Further, we relaxed our model to allow error due to partial mismatches and hence

study equilibrium properties of a more realistic model. Besides error due to partial

mismatches, we studied the probability of error in assembled (DNA-based) algorith-

mic structures near equilibrium. We further discussed a simple extension of our

model to three dimensions.

Although in this chapter we viewed equilibrium as a fixed point, there can be

stochastic fluctuations around equilibrium. For instance, the temperature may not

be constant at equilibrium due to fluid flow. One open question is how to characterize

equilibrium in this situation.

A major limitation of our model is the assumption of monomer addition. We

also assume a constant temperature of 2 and a pre-assembled seed and boundary.

Although these are reasonable in many cases and the model is quite powerful (can

be shown to be Turing Universal using a similar technique as Winfree’s [162]), it

is not the only way by which supertiles form or dissociate. A model that allows

for addition and dissociation of larger structures would be ideal. A major concern,

however, with allowing supertile addition in the model is that the assumption of

independent bond association and dissociation may not hold when two supertiles

interact/fall apart. Our hypothesis is that this independence will likely depend on

their respective conformation (degrees of freedom).
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Allowing supertile addition has other drawbacks as well. There are an exponential

number of supertiles (exponential in the size of the final assembly) and hence, we

have an exponential number of cases to consider while deriving the update rule.

An intermediate model is a model we call hierarchical supertile addition where at

the lowermost level, only monomers can associate/dissociate. In the next level our

smallest unit of addition/dissociation is a dimer, followed by a tetramer, etc. Thus

one major open question is how can one characterize the equilibrium and rate of

convergence of individual subassemblies to equilibrium in the hierarchical supertile

model?

Last but not the least important is the constraint that assembly face always need

to be concave. In other words for the ease of analysis we assumed a staircase model

which may not be very realistic for several assemblies. Hence one important future

direction could be to relax this assumption from the model by estimating equilib-

rium concentration and convergence rates for a non-monotone assembly growth using

conventional techniques for analyzing rapidly mixing Markov Chains (for instance,

coupling and conductance).

Recall that we mentioned in Chapter 1 that one of the main goals of DNA nan-

otechnology is to build prototypes of complex three dimensional DNA nanostruc-

tures. However, long before we can realize that dream, we have to solve the problem

of reliably building simple structures in three dimensions. The following chapter is

an effort in that direction.
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11

Double-decker Tiles: a Route to Three-dimensional
DNA Lattices

Three-dimensional DNA lattices have long been recognized as a promising path to-

wards a variety of nanotechnological applications (since the 1980s). However, 3D

self-assembled DNA lattice has never been successfully demonstrated, although some

limited success of individual, small structures has been demonstrated (See Section

2.3.6). This chapter proposes a radical new tile design, based on cross tiles, which

has been experimentally demonstrated to be capable of producing large (100µm)

lattices. This design is theoretically capable of extending existing techniques for 2D

self-assembly into 3D.

Till Chapter 9, our focus in this thesis has been exclusively on 2D DNA nanos-

tructures. In Chapter 10 we built a stochastic assembly model for various types of

lattices in 2D and 3D. The need for a theoretical framework for analyzing the yields

of 3D lattices can never be underestimated. However, our ultimate goal is to verify

our proposition with real experiments. In fact, even before we attempt to engineer

a complex DNA device in three dimensions, we need to be able to reliably build pe-

riodic or addressable 3D lattices. Thus in this chapter we extend the concept of 2D
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tiling to its 3D counterpart. Recall that in 2D, individual tiles are first self-assembled

individually and are then mixed to build a 2D lattice. This chapter considers how

the same process can be extended to 3D. We design a new kind of tiles which we call

double-decker tiles whose sticky ends are programmed such that they can either tile

a plane or form a 3D lattice. In this chapter we focus on the design of the double-

decker tile and the experiments demonstrating that this particular nanostructure can

tile a plane.

Organization of the Chapter Section 11.1 describes the basic design of a double-decker

tile and how its sticky ends can be programmed to generate lattices in two and three

dimensions. Section 11.2 describes the experimental protocols and results from gel

analysis, AFM imaging and fluorescence microscopy. Finally Section 11.3 concludes

the chapter.

11.1 Design of Double-decker Tiles and Lattices

11.1.1 Structure Design of a Double-decker Tile

Overall Design

Since we have had such tremendous success using the cross tile as the basic self-

assembling unit in our nanostructures, we decided to extend the design of a cross tile

such that it would be capable of self-assembling into three dimensional structures as

well. The double-decker tile comprises of two cross tiles [172] (Section 2.3.3) lying

on top of one another, linked by Holliday junctions (Section 2.3.2). Consequently,

a double decker tile has four arms, where each arm has two branched junctions

in the same plane, and another two perpendicular to the plane. Thus, a double-

decker tile has a total of sixteen crossover regions. Each participating cross tile

has four branched junctions. The corresponding arms of the two cross tiles are

each held together by another two junctions, making a total of sixteen junctions.
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Figure 11.1: Overall structure of a Double-decker Tile. Each cylinder corresponds
to a continuous stretch of ds-DNA. Each arm is comprised of four such cylinders,
each shown in a different color. Cylinders in the same set stack up against each
other. Strands that jut out of the cylinder in each arm correspond to sticky ends.
Figure has been drawn with Nanoengineer-1 [140].

Figure 11.1 represents an illustration of the tile geometry. In Figure 11.1, each

cylinder corresponds to a double stranded region. The intermediate discontinuities

in cylinders arise from either the crossover points or presence of a break in the

backbone (nick). See Figure 11.2 for the location of the crossover points in each arm.

Location of the crossover points

The perpendicular crossover points in each arm cannot be placed arbitrarily, since

one of the most important criteria for designing DNA nanostructures is to optimize

the affinity of the target structure by minimizing energy and strain. For the purpose

of determining the location of these crossover points, we assume that there are 10.5

bases per turn of a double helix. Suppose our point of origin is the center of the tile.

As is the case with the original cross-tile, a full turn is completed at the crossover
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Figure 11.2: Overall Strand Trace for a Double Decker Tile in isometric view.
Figure has been drawn with Nanoengineer-1 [140].

point in the plane in each arm. In other words, there is an angular displacement of

34.28◦ per base in the plane perpendicular to the helix axis. Thus the helix takes 270◦

turn after 7.88 nucleotides. Since the number of nucleotides has to be an integral

value, we round this up to 8 nucleotides. This is the ideal place for creating the

crossover link between the upper arm and the lower arm of a double-decker tile.

Experiments, however, have shown that this results in a very strained design that

cannot self-assemble properly. Hence, we allow an additional full turn between the

planar and the perpendicular crossover points. In other words, instead of 8 bases,

we use 18 bases between the planar and perpendicular crossover regions in each arm.

In addition, for creating 2D and 3D lattices, each arm has four sticky ends, each

comprising of 4 bases. Two of them belong to the upper cross tile and the other two

belong to the lower cross tile. The center-to-center distance between 2 adjacent tiles

held together by the sticky ends is about 15 half turns.
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Strand Design

We optimized the strand design for double-decker tile using a technique called sym-

metrical tile design, which was first experimentally demonstrated by He et al.. Cross

tiles designed with this technique are capable of assembling into millimeter sized

lattices [60]. These cross tiles were composed of only three strands (instead of nine

as in the original cross tile) Our previous experiments in Chapters 4 and 9) use the

nine strand cross tile. In a symmetric cross tile the sequence composition of each

arm is exactly the same. Similarly, using symmetrical tile design, to design a double-

decker tile, we need only eight strands for each arm. Refer to Figure 11.2 for an

overall strand trace of the tile and Figures 11.3 and 11.4 for a detailed strand trace

as viewed from the top, bottom and side respectively .1 As with the cross tile de-

signed by He et al., each arm of a double-decker tile is identical in terms of the strand

composition to other three arms. Strand S5 holds four arms of the upper cross tile

together while strand S6 plays the same role for the lower cross tile. Strands S1 and

S2 hold the two cross tiles together. Strands S3 and S4 each hold adjacent arms

of each cross tile before participating in the branched junction that holds the two

cross tiles together. Strands S7 and S8 belong exclusively to the upper and lower

cross tiles respectively and are used for the strain minimization of strands S3 and

S4. If the strands S7 and S8 were not used, S3 and S4 would have been longer,

possibly leading to a more stable secondary structure but perhaps more strained

tertiary structure.

11.1.2 Sequence Design of a Double-decker Tile

Sequences for the double-decker tile were designed using Uniquimer [154], a software

tool for generating de-novo DNA sequences for DNA self-assembly. The algorithm

1 Figures 11.3 and 11.4 are based on an original model made by Abhijit Rangnekar, a graduate
student in the Department of Chemistry, Aarhus University, Denmark in Nanoengineer-1.
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Figure 11.3: Detailed strand trace for a double-decker tile from the front (left) and
back (right). Strand labels are shown in the same color as the strand. Figure has
been drawn with Nano-engineer-1.

Figure 11.4: Detailed strand trace for a double-decker tile from the side. Strand
labels are shown in the same color as the strand. Figure has been drawn with Nano-
engineer-1.

for this software is based on the previous FORTRAN program SEQUIN (Section

2.5), originally developed by Seeman [135]. Both programs assign DNA sequences

based on sequence symmetry minimization. Uniquimer adds a nice graphical user

interface to the underlying algorithm. However, the sequence optimization is based

on heuristics and, hence, is not quite perfect. Consequently, we developed a simple

Perl program to find subsequence repeats in a given set of sequences of user defined

length and used this information to eliminate excessive repeats before assigning the

final DNA sequences.
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S1: GTCAACTAC TTACTCCAG GACT

S2: CGGAGATGA CCTTAGCAT CAGT

S3: ATGCTAAGG AAGTGACGGT CAGACACC TGCTGGCAAG 

CCTACGATTGG ACGCGGTA TGGAACGTAC ACGTGCCG

S4: ACCGTCACTT CGCTTCTG TATTCGATCC GGTTCGTCTC 

GCCAATCTAGT ATCGCGCAGT CGGCACGT GTAGTTGAC AGTC

S5: AGCA CCAATCGTAGG TTTT CTTGCCAGCA CCAATCGTAGG TTTT 

CTTGCCAGCA CCAATCGTAGG TTTT CTTGCCAGCA CCAATCGTAGG 

TTTT CTTGCC

S6: AACC ACTAGATTGGC TTTT GAGACGAACC ACTAGATTGGC TTTT 

GAGACGAACC ACTAGATTGGC TTTT GAGACGAACC ACTAGATTGGC 

TTTT GAGACG

S7: CTGGAGTAA GTACGTTCCA TACCGCGT GGTGTCTG

S8: ACTGCGCGAT GGATCGAATA CAGAAGCG TCATCTCCG ACTG

Figure 11.5: Complete DNA Sequences for all the Strands of a Double-decker Tile.

We also wrote another program which performed second-order analysis and found

substring repeats with single mismatches. We changed all such repeats by altering a

single base in the sequence. However, experiments have shown that unless there are

too many repeats of a particular substring or the length of the repeating substring

is exceptionally high, we can usually ignore such repetitions for the purpose of a

successful experiment.

Since each arm is identical to the other three arms, the sequence composition for

each arm is the same as well. The sequences for each strand is shown in Figure 11.5.

11.1.3 Programming a Double-decker Tile to create 2D and 3D Lattices

2D Programming

Based on the sticky end affinities, a double-decker tile can be programmed to self-

assemble either into two-dimensional lattices or three-dimensional lattices. We know

that the original design of a cross tile introduces some inherent curvature that can
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Figure 11.6: (Left) Sticky end programming for forming 2D lattices with double-
decker tiles. Original tile and a version that has been flipped along the x or y axis.
Dotted line corresponds to bottom layer of the tile while a

′
is the Watson Crick

complement of a, (Right) An example 2D lattice with the double-decker tile shown
on the left.

be eliminated using the corrugation technique mentioned in Section 2.3.3. Even

He et al. [60] used this technique for building their millimeter sized lattices out of

symmetric cross tiles. In order to tile a plane using corrugated double-decker tiles,

the sticky ends on the upper and lower cross tile must be complementary (abiding

by the directionality constraint of the phosphate backbone). Since each arm of a

double-decker tile is identical, there is no notion of east, west, north or south arms.

However, each tile has a distinct upper and lower layer. Hence for forming lattices,

if we assume the position of one double-decker tile is fixed, another copy of the same

has to flip such that the sticky ends on the bottom cross tile can hybridize with the

sticky ends from the top layer of the fixed tile. Suppose for the purpose of a 2D

tiling, we represent the fixed tile with an upward arrow [Figure 11.6] (Left), other

tiles must flip in order to hybridize with it (as indicated in Figure 11.6(Left) with

downward arrow). The resultant 2D lattice is shown in Figure 11.6 (Right).

3D Programming

To extend the assembly to three dimensions, the sticky ends sequences have to be

designed in a manner such that adjacent double-decker tiles are perpendicular to
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Figure 11.7: An example 3D lattice made with double-decker tiles. Each cross
structure represents a double-decker tile. Figure has been drawn with Google Sketch-
Up [50].

each other. Again, if we fix the position of one tile, four other double-decker tiles

hybridize with its four arms as shown in Figure 11.7. The plane parallel to both the

cross tiles of the first double-decker tile is perpendicular to that of the remaining

four double-decker tiles. This results in a three dimensional structure as shown in

Figure 11.7.

11.1.4 Four versions of the Double-decker tile

We experimented with four versions of the tile before we found one that could suc-

cessfully tile a plane and grow large lattices. The first version of the tile, called

version-1 double-decker tile, had eight bases between the planar and perpendicular

cross-over points in each arm. Although, this version of the tile was successful in

forming a tile (as is evident from the gel electrophoresis data in Figure 11.8), we

did not observe any lattices under AFM. Observing this data, we concluded that the

distance between the planar and perpendicular crossover points may be too short to

allow the formation of planar tiles and, consequently, not allow them to associate

with each other and form lattices. Hence, in the next version, we increased the dis-

tance between the planar and perpendicular crossover points in each arm to 18 bases.

We called this tile design version-2 double-decker tile. This allowed tiles to bind, but
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Figure 11.8: (Left) 5% PAGE analysis of double-decker tile, (Right) 2% Agarose
gel electrophoresis analysis of double-decker tile. Lane descriptions are shown below
the bands.

the resultant lattices observed in AFM were not very big (Figure 11.10a, b, c, d, f

and g). This version of the tile had eight sticky ends instead of four sticky ends at

the end of each arm. The distance between one tile center and the adjacent one is 76

and 78 bases in an alternating manner. The version-3 double-decker tile decreased

the number of sticky ends from eight to four in each arm, but increased their length

from 4 to 6 bases. However, this redesign led to the formation of non-grid complexes

(Figure 11.10e and h). The final version version-4 double-decker tile increased the

double stranded region of an arm after the perpendicular crossover point from 8

to 9 bases, but decreased the length of sticky ends to 4 bases thus resulting in an

alternating 78 and 80 bases between two adjacent tile centers, similar to version-

3 double-decker tile. This design successfully self-assembled into enormous lattices

(100µm ). However, when examined closely in AFM, banding was much stronger in

one direction than the other (Figure 11.13). We are currently investigating the cause

of this banding.
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Figure 11.9: (Left) 4% agarose gel electrophoresis analysis of version-4 double-
decker tile. Lane descriptions are shown below the bands. The band corresponding
to the correct tile is encircled in red. A fainter, unresolved band appears as S3 and
S4 are added in higher concentration in Lane 5 and Lane 9, (Right) 0.8% agarose
gel electrophoresis analysis of version-4 double-decker tile. Being lower in resolution
than 4% gel, the splitting of band in Lane 6 might not have appeared. The purpose
of this gel is to verify the size of the tile and the correct band (encircled in red)
corresponds correctly with the 1000 base marker.

11.2 Experimental Results

11.2.1 Formation of Tiles

Purification of Strands

Strands were purchased from Integrated DNA Technologies (Coralville, IA) and pu-

rified by polyacrylamide gel electrophoresis (PAGE) (Refer to Section 2.6.1 for a

background on PAGE).

Annealing of Tiles

Since the 2D lattice involves only one kind of tiles, we removed all the 4 sticky ends

from each arm of the tile to facilitate formation of an isolated tile. Tiles are formed

via one-pot annealing of the eight participating strands which were mixed in the

stoichiometric ratio of 4 : 4 : 4 : 4 : 1 : 1 : 4 : 4 for strands S1 through S8. This

is because except for S5 and S6 (that hold all the four arms together) all strands
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a. b. c. d.

e.

f.

g. h.

Figure 11.10: 2D Lattices formed with double-decker tiles. Scan sizes for the
various subfigures: a)0.25µm × 0.25µm, b) 200nm × 180nm, c)200nm × 450nm,
d) 0.25µm × 1.0µm, e)0.25µm × 0.4µm, f)300nm × 400nm, g)0.25µm × 0.25µm,
h)0.25µm× 0.5µm. All images other than e. and h. correspond to version-2 double-
decker tiles. e. and h. correspond to version-3 double-decker tile.

occur once in each of the four arms, thus requiring a total of four copies of each of

S1, S2, S3, S4, S7 and S8 for every copy of S5 and S6. Tile complexes were formed

by mixing all the strands (in the above ratio) in the physiological buffer, 1 × TAE

Mg2+ (40 mM Tri-acetate (pH 8.0), 2 mM EDTA, and 12.5 mM magnesium acetate).

The final concentration of any individual strand type in this mixture was between

0.5 and 2.0 µM . The annealing schedule of individual double-decker tiles involved

slowly cooling this mixture of strands from 95◦C to 20◦C by placing the eppendorf-

tube containing the sample in 1 L of boiled water in a Styrofoam box for at least

24 hours to facilitate hybridization. The sample was incubated overnight in a 4◦C

refrigerator before analysis with gel electrophoresis.
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b. c. d.

e. f.

Figure 11.11: 2D lattices formed with version-4 double-decker tiles: smaller lattices
on the left and bigger lattices on the right. This figure may be best viewed in color
to clearly see the banding in e.

Gel Electrophoresis Analysis of Individual Double-decker Tiles

Gel Electrophoresis of version-1 double-decker tile: We analyzed using gel electrophore-

sis an earlier version of the double-decker tile, a tile that lacked strands S7 and S8

since the distance between the perpendicular and parallel crossovers in an arm was

only 8 bases. Although the gel-electrophoresis data on this tile looked promising,

AFM images indicated that the tiles are too strained and did not have enough flexi-

bility to form 2D lattices.

Tile complexes (version-1 double-decker tile) annealed from the six participating

strands [Figure 11.1] were analyzed using 5% native PAGE at 10◦C and using 150 V

with a DNA concentration 0.5µM in the tile complex mixture. Each tile was about

800 bases and did not come out of the well even after 6.5 hours as is evident from

the Figure 11.8(Left). Next 2% agarose gels were used to analyze the tile complex.

The band for the correct complex was quite distinct [Figure 11.8(Right)]. Although
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this gel result encouraged us to anneal double-decker tiles with sticky ends in hopes

of forming 2D lattices, we did not observe any lattices under AFM in spite of our

repeated imaging efforts.

Gel Electrophoresis of version-4 double-decker tile: Fortunately for us, three designs

later, we found a tile, that could tile a plane. Figure 11.9 corresponds to the version-

4 double-decker tile. Instead of ordering strands with blunt ends, we simply left out

two of the smaller strands (S1 and S2) that bear sticky ends while annealing this

tile (cooling a mixture of the other 6 strands from 90◦C to 25◦C). Consequently,

tile was formed instead of a lattice when all the strands were mixed in the correct

stoichiometry (meaning S3 : S4 : S5 : S6 : S7 : S8 = 4 : 4 : 1 : 1 : 4 : 4) as is

evident from the band marked in red in Figure 11.9(Left). When mixed in any other

ratio, other structures were formed as well as is evident from the absence of any

clear band in lanes 3, 5 and 7. Nevertheless, another band appears in lane 5 and 9

with increasing concentration of S3, S4, S7 and S8. We hypothesize that secondary

association of these strands may have occurred from overnight incubation in 4◦C or

from stoichiometry poisoning (meaning that strands may not be in the exact ratio

as expected in the strand mixture). Nevertheless, a lower resolution gel (like 0.8%

agarose gel electrophoresis with 3 KB DNA base markers) demonstrates formation

of the correct tile. A correct tile without S1 and S2 strands should have about 1000

bases and the band in lane 6 correctly corresponds to the 500 base pairs marker in

lane 2 in Figure 11.9(Right). Hence, we are convinced that a correct tile forms before

it assembles into 2D lattices.
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a. b. c.

d.e.f.

DNA concentration: 0.5uM

Figure 11.12: 2D lattices formed with version-4 double-decker tiles annealed at
0.5µM . With zoomed on the same lattice from a. to f. bands appear predominantly
in one direction.

11.2.2 Formation of 2D Lattices

Annealing of 2D Lattices

Encouraged by the gel results, we attempted to build 2D lattices with double-decker

tiles. Strands whose sequences are shown in Figure 11.5 when annealed resulted in

version-4 double-decker tiles. The only difference is that the strands used in Section

11.2.1 lacked sticky ends and resulted in an isolated tile. Because of sticky ends,

when the strand mixture was cooled from 90◦ to 25◦ after tiles are formed, the sticky

ends of these tiles hybridize with each other, forming 2D lattices.

Imaging of 2D Lattices

AFM Imaging of version-2 and version-3 double-decker tiles: Unfortunately, AFM im-

ages of the annealed 2D lattices formed from version-2 and version-3 double-decker

tiles were not very promising. Several DNA nano-grids were observed under the
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a. b. c.

d.e.f.

g. h.

Primarily 

unidirectional:

Why?

DNA concentration:  1 uM

a. b.

c. d.

Fluorescence 

microscopy

Using DAPI or 4',6-

diamidino-2-phenylindole as

a stain, hence appears blue

Image Modification with ImageJ

DNA concentration: 0.5uM

Figure 11.13: Atomic Force and Fluorescence Microscopy of double-decker lat-
tices: (Left) 2D lattices formed with version-4 double-decker tiles annealed at 1 µM .
Similar to Figure 11.12, bands appear predominantly in one direction when zoomed
from a. to h. (Right) Fluorescence microscopy of double-decker lattices with a 0.5
µM tile concentration. Folding of lattices is observed in all the subfigures. Lattices
grow to hundreds of microns in length. This image is best viewed in color.

AFM but none of them grew very large [Figure 11.10]. The protocol for imaging is

the same as that mentioned in Section 4.4.3 except that the concentration of DNA in

the imaging sample was 0.1µM . While the correct placement of the crossover points

may be important in creating planar lattices, it appears that other factors may be

involved. For instance, the lattices shown in Figure 11.10e and Figure 11.10h are

made of double-decker tiles with sticky ends, each of which were of length 6.2 As

is evident from the figures, the tiles seem to associate in a non-grid fashion as well

as the usual grid like structure. Since we did not have extensive growth in two di-

2 Credit for design of 6 bases long sticky ends and imaging the corresponding double-decker lattices
goes to Abhijit Rangnekar, a graduate student in the Department of Chemistry, Aarhus University,
Denmark.
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mensions with this version of double-decker tile, we decided to analyze our design

and experimental data in an iterative manner rather than extend our experimental

efforts to three dimensions.

Imaging of version-4 double-decker tiles: Eventually, we designed, annealed and char-

acterized the version-4 double-decker tile. This version of the tile proved capable

of forming enormous lattices. In fact, when characterized with AFM, we hardly

observed any smaller lattices. Lattices shown in Figure 11.12(Left) are some of

the smallest lattices that were observed under AFM. No loose strands (as observed

with version-1 double-decker tile) were observed. Some typical lattices as imaged

with AFM and a fluorescence microscope3 (Refer to Section 2.6.3 for details on flu-

orescence imaging.) are shown in Figure 11.12 and Figure 11.13. Because of the

limitations in imaging capabilities of a Nanoscope III, we could only observe lattices

of length measured in tens of microns while the fluorescence microscopy generated

images of lattices whose dimensions are in the hundreds of microns. Wherever the

lattices fold, they appear to be lighter in color in the AFM image while in the fluores-

cence microscopy image folded lattices appear to be opaque. The lattices observed at

a lower resolution appear to be more rigid and have sharp edges (Figure 11.13(Left)c)

unlike cross tiles which bears a striking resemblance to fabric (Figure 2.8).

Analysis of 2D lattices formed from version-4 double-decker tiles: If a lattice is correctly

formed, then it should have crisscrossing bands of double-decker arms. Four double-

decker tiles surround a hole (bare mica on the AFM) of 30 nm. Instead, when lattices

were examined at increased resolution, we observed a distinctive banding pattern,

predominantly in one direction (Figure 11.14 (Left) and Figure 11.14(Right)). How-

ever, the center of one yellow band to an adjacent band measures out to be 30 nm,

3 I sincerely thank Hanying Li, a postdoctoral fellow in Leong Lab, Biomedical Engineering, Duke
University, for her assistance with imaging with a fluorescence microscope.
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which is equal to tile center-to-center distance (sum of 15 half turns and two adja-

cent helices). We hypothesize the darkest region in the height profile of the lattices

shown in Figure 11.14(Left) corresponds to bare mica. The distance between two

such mica regions, both parallel and perpendicular to the band direction, also mea-

sures out to be 30 nm. This result is consistent with the lattices imaged at 0.5µM

(Figure 11.14(Right)).4 This leads us to believe that the bands certainly represent

arms associating in one direction.

We are, however, completely not entirely certain about the brown regions between

the dark mica holes. These regions have a confusing height profile. In a normal

double-decker tile, the height of an arm should be 3.2nm (1.2nm from the lower

arm bound to the mica and 2nm from the free upper arm). In Figure 11.14(Left),

however, the difference in height from the top of a yellow band and the mica is

more than three helix high and the difference in height between the yellow band and

unidentified brown region is less than two helix high. In Figure 11.14(Right), on the

other hand, the height difference between the top of yellow band and the mica is one

helix high.

One possible explanation is that the lattices are forming correctly and the banding

stems from an imaging artifact. This may occur since the upper layer of each tile in

the lattice is free and may be dragged during imaging. Alternatively, the banding

may be due to severe strain in the tile. For example, both arms can bind in one

direction but only one arm can bind in the other direction. We are continuing to

study this phenomenon.

4 Figure 11.14(Left) corresponds to a sample concentration of 1 µM .
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Two helix high More than three 

helix high

80 nm scan

Binding with 

mica weird?

One helix high

200 nm scan

Figure 11.14: Analysis of 2D lattices formed with version-4 double-decker tiles.
(Left) Analysis on 80 nm scan: the distance between two yellow bands is about 30
nm which is the calculated distance between two tile centers. However, the height
of the highest region (yellow bands) as measured from the mica (black squares) is
more than 2 DNA helices high (theoretical) while the difference in height between
the yellow bands and the brown squares measures out to be equal to two helices high
as measured on mica (Right) Analysis on 200 nm scan: While the distance from one
center of a hole to another center of a hole is consistent with the profile on the left
(meaning it is equal to the theoretical distance between two connecting arms), the
height of the yellow band from mica (black region) is about one helix high on mica.

11.2.3 Further Analysis of Corrugated Double-decker lattices

Use of non-corrugated design

To investigate whether the structures are non-planar at the tile level, we repro-

grammed the sticky ends on the shortest two strands (Figure 11.15(Top Left)) such

that the resultant lattice have all the tiles facing up (Figure 11.15(Top Right)). If

the tile is non-planar this redesign would lead to the formation of nanotubes because

of the inherent curvature in the tiles. Unfortunately, even though we were unable to

see any lattice in the AFM, we observed large lattices in the fluorescence microscopy

(Figure 11.15(Bottom)). These lattices do not appear to possess a tubular structure.

We, however, need to corroborate this data with AFM imaging. Another observation

is that this redesign corrects the alternating tile center-to-center distance although

we believe a distance of 15 turns may not have a significant effect on the overall lat-
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tice structure. In the samples we observed with the fluorescence microscope, there

were not many small lattices and larger lattices were far apart. This may explain

the difficulty in observing them in AFM. Nevertheless, observing lattices at higher

resolution under AFM would help us infer whether the unidirectional bands that we

observe in the corrugated lattices are an imaging artifact or a characteristic of the

lattice.

Gel electrophoresis analysis

To eliminate the chances of incorrect strand association from extended incubation of

the tiles at 4◦C overnight or longer, it would be useful to run a comparative agarose

gel on the strand mixture cooled to room temperature, the same sample incubated

at 4◦C overnight and at 4◦C for a week. If the faint band we observed, in Figure

11.9(Left) is absent in the first sample but more prominent in the third sample, it

could give us some insight into the unidentified brown regions observed in Figures

11.13(Left)g, 11.13(Left)h, 11.12e and 11.12f.

AFM Imaging

To verify whether the mica is affecting the images of the double-decker lattices, we

can decrease the Mg2+ ion concentration in the TAE buffer.5. In theory, this should

decrease the extent of the binding of DNA to the mica and experiments with cross

tiles have shown that the resultant image is lower-quality. However, if the mica is

responsible for the predominantly unidirectional bands in the lattices, then reduced

binding would allow us to image the crisscrossing banding pattern of a correctly

formed lattice. Additionally, if the tile is intrinsically non-planar, we could verify

that by imaging over a folded region of a lattice. If the bands are not an imaging

artifact, we should see banding patterns in direction perpendicular to the pattern of

5 We typically use a 12.5mM Mg2+ ion concentration in our TAE buffers.
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an unfolded region.

Breaking tile symmetry using streptavidin

Another method to verify whether there is a preferred direction of lattice formation

(although this is a very unlikely event given that double-decker is a symmetric tile)

is to attach a biotin in the central strand (S5 or S6) that can bind a streptavidin

when the biotinylated strand is added to a fully formed lattice. When the lattice is

imaged, if we observe streptavidin attachment primarily in one direction that would

mean that the tile formed is not symmetric. This observation could explain the

unidirectional banding pattern in the lattice.

Cryo-EM imaging

If none of these ideas help us resolve the banding pattern, we could possibly charac-

terize our lattices using other imaging techniques such as cryo-EM. Cryo-EM is an

imaging technique with an electron microscope where the sample is studied at cryo-

genic temperatures (usually temperature of liquid nitrogen). Using cryo-EM imaging

not only allows us to avoid the effects of mica on the lattice but also to observe the

lattices in their native environment (e.g. in buffer). It is also possible to reconstruct

the 3D geometry of the lattices using cryo-EM images.

11.3 Chapter Summary

In summary, this chapter presents the design of a novel tile called the double-decker

tile that holds two cross tile together using a pair of branch junctions for each

arm. We used double-decker tiles to self-assemble planar structures and describe

sticky end programming of double-decker tiles to allow it to self-assemble 3D nano-

structures. If these sticky ends allow double-decker tiles to assemble in 3D periodic

DNA nanostructures, it would be a major victory in the field of molecular self-
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Figure 11.15: Non-corrugated programming of 2D double-decker lattice and the
resultant lattice in fluorescence microscopy. (Top Left) Sticky end programming of
double-decker tiles to form non-corrugated lattice, (Top Right) Expected Lattice
formed from the tile shown on the left, (Bottom) Lattices as viewed in Fluorescence
microscopy. Although, b. may not be a lattice, it is evident from a. and c. lattices
grow to hundreds of micron sizes. This figure is best viewed in color.

assembly.
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12

Summary

This chapter summarizes all the work that has been presented in the earlier chap-

ters of this thesis. We started with an experimental demonstration of computational

assembly with DNA tiles, specifically binary counter. Although we minimized as-

sembly errors using an optimized set of physical parameters, we observed that it is

not easy to get an error-free computational lattice with DNA tiles whose design and

assembly rules are strictly guided by the aTAM (Chapter 4). Hence we have explored

the possibility of minimizing errors by altering tile design (Chapter 5). We designed

a new type of tile which we call activatable tiles that initially have all the sticky

ends protected by a protected strand. The input sticky ends are deprotected only

by the correct neighbors while the output sticky ends are deprotected only when all

the inputs are correctly bound. In the 2D version, this process comprises of three

strand displacements and a DNA polymerization event. The protection strategy en-

sures that binding always happens from input to output end and the temperature

equals to 2 rule, which is essential for correct computational growth is enforced.

In the corresponding kinetic model we showed that this technique improved error-

resilience significantly without increasing the tile set size. Furthermore XGROW, a
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self-assembly simulator, has been modified to handle activatable tiles in a high level

fashion. Recall that errors in the activatable tile model occurs only when tiles fall off

growth site after binding to its correct neighbors (hence they are deprotected). For

ease of verification, this simple version of the simulator views deprotection as a single

step (instead of multiple steps) and estimates the rate of single tile mismatches. An

experimental demonstration of this compact error-correction system should be an

immediate first step to prove the usefulness of the technique in real experiments.

An extension of the protection/deprotection strategy outlined above is a similar

strategy for eliminating the thermal cycle in computing by Whiplash PCR that we

presented in Chapter 6. The latter is a molecular state transitioning mechanism

where the state machine is implemented by a ssDNA whose 3
′

end sequence encodes

the current state of the machine and successive state transitioning are performed by

thermal cycles. The thermal cycles are performed in such a manner that the current

state is annealed onto an appropriate portion of DNA encoding the transition table

of the state machine and the next state is copied to the 3
′

end by extension with

polymerase [128]. Utilizing the isothermal and autocatalytic protocols of Whiplash

PCR systems to simulate computational models other than finite state machines can

be a useful direction in the future.

The design methodology of Whiplash PCR machines was also used in Chapter 7 to

implement process algebra, a formal system for describing communicating processes

at the molecular scale. Apart from polymerization, sophisticated thermal cycles and

restriction were used as the primary biochemical techniques to implement the various

primitives of process algebra at the molecular scale. One important open question

that remains to be answered is whether it is possible to implement molecular process

algebraic machines using isothermal and autocatalytic protocols of Whiplash PCR

systems described in Chapter 6.

We next shifted our attention from one time error-resilience to recurrent error-
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resilience since our nanostructures are fragile and prone to damage. To model this

damage we proposed models for both rigid and flexible lattices (depending on the

environment) in Chapter 8. Although we have not compared against real data, our

simulation results can assist a nano-engineer design better DNA tiles. It would

be ideal to compare the simulation results with the experimental data and use the

experimentally obtained parameters for building a better, more realistic model. We

also investigated whether compact self-healing is possible with tile sets capable of

reversible computation. We experimentally demonstrated reversible computational

patterns with DNA tiles in Chapter 9. In terms of theoretical results, we showed

that, although reversible tiling has inherent self-healing capabilities, it is not possible

to generate a compact reversible counterpart for every irreversible tile set. In other

words, a mechanism for compact redundancy based self-repair still remains an open

question.

One important observation to make is that the analysis for both activatable and

reversible self-healing tiles has been done in aTAM. aTAM, however, does not allow

us to study time to convergence (e.g. runtime) or equilibrium yields both of which are

essential to any computational problem. Studying these properties instead requires

stochastic analysis. Thus in Chapter 10 we developed an abstract stochastic tiling

model and computed both time to convergence and equilibrium yields for specific

problem instances in two and three dimensions. It is interesting to note that, for all

these instances, the corresponding Markov Chain is rapidly mixing even when single

tile mismatches were introduced, allowing bounds on convergence time. We also

analyzed the error distribution at near-equilibrium. The model however, makes the

unrealistic assumption of monotone assembly growth (step-like shape of the growing

face of the lattice). Models for time to convergence and equilibrium yields in a

non-monotone model could be important future directions.

We mentioned in the introductory chapter that our ultimate goal is to be able
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to do error-free computation in three dimensions (3D). However, long before we can

achieve this goal we will need to be able to build periodic lattices in 3D. To facilitate

this assembly in Chapter 11 we designed a new kind of tile, called double-decker tiles,

based on our experience with two dimensional (2D) tiles. Ideally, the sticky ends at

the end of the arms of the double-decker tiles are such that they can be programmed

to self-assemble either into 2D or 3D lattices. Although we had tremendous success

demonstrating that double-decker tiles can tile a plane, we did not experiment with

the three-dimensional growth and that could be an important future direction.
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