
2628 Oberwolfach Report 47/2005

where n is the sample size, h is the bandwidth of the spectral cut-off estimator

f̂n, β ≥ 0 is such Φψ(t)tβ → C, t → ∞ for the characteristic function Φψ of ψ
and some constant C ∈ C, and g = f ∗ ψ. We derive the asymptotic distribution
of Yn(t) and use it to construct asymptotic confidence bands for f (Bissantz, et
al., 2005). Moreover, we establish a bootstrap version of the confidence bands,
and give an application to measurements of the metallicity of local F and G dwarf
stars where we confirm the “G dwarf problem”.
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Bayesian Nonparametric Function Estimation Using Overcomplete
Representations and Lévy Random Field Priors

Merlise A. Clyde

(joint work with Leanna House, Chong Tu, Robert L. Wolpert)

We consider the problem of nonparametric function estimation using overcom-
plete representations. The canonical setup for nonparametric regression problem
consists of having n noisy measurements {Y1, . . . Yn} of an unknown real valued
function f : X → R on some space X,

(1) Yi = f(xi) + ei ei
iid∼ N(0, σ2)

observed at points xi ∈ X. The function f(·) is often regarded as an element of
some separable Hilbert space H of real-valued functions on X, and is expressed as
a linear combination of basis functions φj ∈ H:

(2) f(xi) =
J∑

j=1

φj(xi)βj
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with unique coefficients {βj}. Of interest are bases that lead to sparse represen-
tations, where only a few of the coefficients βj in the expansion are nonzero. In
applications where functions exhibit non-stationarity, no single (especially ortho-
normal) basis will necessarily lead to a sparse representation (4; 13). Overcomplete
dictionaries and frames (3; 10) provide a larger collection of generating elements
{φω}ω∈Ω than with a single basis for H, potentially allowing for more effective
signal extraction and data compression for functions. Because of the redundancy
inherent in the overcomplete representation, coefficients for expansions using the
complete dictionary are no longer unique. This lack of uniqueness is advantageous,
as it is possible to find a more parsimonious representation (by shrinking or forcing
coefficients to zero) than those obtained using any single basis.

We consider dictionaries created from rescaling and translating a single gener-
ating function g, such as a mother wavelet or kernel function,

(3) φω(x) ≡ g(x,ω) ω ∈ Ω

where Ω is a complete separable metric space and g is a Borel measurable function
g : X × Ω → R, such as a kernel function,

(4) g(x,ω) = exp{−ω1||x − ω2||p} where ωT = (ω1,ω
T
2 )

or a wavelet function. The expansion in (2) may be generalized to the overcomplete
representation

(5) f(x) =

J∑

j=1

g(x,ωj)βj ≡
∫

Ω

g(x,ω)L(dω)

where L(dω) =
∑
βjδωj

(dω) is a (possibly signed) Borel measure on Ω.
We describe a Bayesian method for inference regarding the unknown f in the

sparse regression problem using overcomplete dictionaries. To make posterior in-
ference about the unknown function f ∈ H in (1), we must first propose a prior
distribution on H for f . With the representation of f(x) in (5), this is equiv-
alent to specifying a random signed Borel measure L(dω) on Ω. An intuitive
construction of such random measures begins by choosing any positive number
ν+ > 0 and assigning J a Poisson distribution, J ∼ Poisson(ν+). Then, condi-
tionally on J , accord the (βj , ωj) ∈ R × Ω independent identical distributions,

(βj ,ωj)
iid∼ π(dβ, dω), where π is a probability distribution on R × Ω. In that

case, L will assign independent infinitely-divisible random variables L(Ai) to dis-
joint Borel sets Ai ⊂ Ω. Such a random measure L determines naturally a Lévy
random field L[g], a continuous (in probability) linear mapping g → L[g] from
Borel measurable functions g : X × Ω → R to random elements in H,

L[g] ≡
∫

Ω

g(·,ω)L(dω) =

J∑

j=1

g(·,ωj)βj(6)

with Lévy measure ν(dβ, dω) = ν+π(dβ, dω), the product of the Poisson rate ν+
for J and the distribution π(dβ, dω) for {(βj ,ωj)}. Here ν(R × Ω) is finite (by
construction), and L[g] is equivalent to a compound Poisson random field.
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The stochastic expansions in terms of wavelets of (1), which utilize a compound
Poisson random field with normal prior distributions for βj , may be viewed as a
special case of a Lévy random field prior.

More generally, the Lévy measure ν(dβ, dω) need not be finite for the random
field L[g]) to be finite and well-defined with infinite J ; it is sufficient for ν to satisfy
the bound

(7)

∫∫

R×K

(
1 ∧ |β|2

)
ν(dβ, dω) <∞

for every compact K ⊂ Ω. Examples of Lévy random fields with infinite Lévy
measures include the Gamma random field, with Lévy measure

(8) ν(dβ, dω) = λγ(dω)β−1e−ϕβ1{β>0} dβ

for λ > 0 and for some σ-finite measure γ(dω) on Ω, giving

L[A] ∼ Gamma(λγ(A), ϕ)

for A ⊂ Ω of finite γ measure, and the symmetric α-stable (SαS) for 0 < α < 2
(including the Cauchy process with α = 1), with Lévy measure

(9) ν(dβ, dω) = cαλγ(dω)|β|−1−α dβ

for some constant cα > 0, giving L[A] ∼ Stable(α, 0, λγ(A), 0). While such
measures lead to an infinite number of support points J a priori, finite mea-
sures which permit tractable computation may be obtained by the approximation
νǫ(dβ, dω) ≡ ν(dβ, dω)1|β|>ǫ. The Lévy random fields based on such an approx-
imation converge in distribution to L[g] as ǫ → 0. Although we are interested in
sparse representations, and hence finite J (a posteriori), the representation using
infinite measures provides robustness to miss-specification due to a perhaps poor
choice of generating function. For more background on Lévy random fields and
approximations, see (9; 11; 7; 12; 2; 14).

The model may be restated in hierarchical fashion as

Yi | f(xi)
ind∼ N(f(xi), σ

2)

f(xi) =

J∑

j=1

g(xi,ωj)βj

(βj ,ωj) | J iid∼ π(dβj , dωj) ≡
νǫ(dβj , dωj)

νǫ(R,Ω)
for j = 1, . . . , J

J ∼ Poisson(ν+) where ν+ ≡ νǫ(R,Ω)

where J is the random number of terms in the stochastic expansion, (β1, . . . , βJ)
represents the unknown coefficients and (ω1, . . . ,ωJ) represents the collection of
generator specific parameters. We also place a prior distribution on parameters in
the Lévy measure. A Gamma for λ in the ǫ approximation to the Lévy measure for
the Gamma (8) or Stable (9) random field leads to J having a Negative Binomial
distribution, which leads to robustness to a fixed choice of λ. A prior distribution
on σ2 completes the model specification.
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Given observations Y ≡ (Y1, . . . , Yn)T , the log of the (conditional) posterior
distribution is

log π
(
{βj,ωj}Jj=1, J | σ2,Y

)
= constant −





1

2σ2

n∑

i=1

(Yi − f(xi))
2

+ log(J !) −
J∑

j=1

νǫ(dβj , dωj)




(10)

which takes the form of a penalized or regularized likelihood. Model complexity
is penalized directly through the log(J !) term as in a ℓ0 penalty which penalizes
the number of coefficients in the expansion. Model complexity is also indirectly
penalized through the choice of Lévy measure ν.

While expressions for posterior modes or posterior distributions of quantities
of interest do not exist in closed form, the prior construction using Lévy random
fields permits tractable posterior simulation via a reversible jump Markov chain
Monte Carlo algorithm (6). Efficient computation is possible because updates to f
based on adding/deleting or updating single dictionary elements bypass the need
to invert large matrices. Furthermore, because dictionary elements g(x,ω) are
only computed as needed, memory requirements scale linearly with the sample
size.

We compare the performance of estimators using the Levy random field priors
to estimators based on translational invariant wavelets (8) on simulated data us-
ing standard wavelet test functions Blocks, Bumps, Doppler and Heavysine (5).
For the test functions Blocks, Bumps, and Heavisine, we achieve a gain in mean
squared error efficiency of 13.7%− 56.3%.

We explore Lévy random field priors in several challenging applications. In
the first, we use Gamma random field priors to construct models for the latent
relative abundance of proteins as a function of their mass/charge (or equivalently
time of flight) using data from Matrix Assisted Laser Desorption/Ionization Time
of Flight mass spectroscopy. Normalized Gaussian kernels with time varying scale
parameters provide a natural choice of generating functions to capture the varia-
tion in time of flight of proteins of a given mass/charge. Unlike wavelets or spline
models, the parameters in the adaptive kernel model have interesting biological
interpretations: J is the number of unknown proteins in the sample, and βj is the
unknown concentration for a protein with expected time of flight τj and resolution
ρj , here we take ωj ≡ (τj , ρj). This interpretability is a key feature of the Lévy
random field models, as it allows us to incorporate subjective prior information
regarding resolution and time of flight (a transformation of the mass/charge).

The second area of application concerns development of non-stationary tempo-
ral, spatial and spatial-temporal models for concentrations of one or more criteria
pollutants. As expected pollution concentrations are inherently non-negative, the
Lévy random field priors based on a Gamma random field ensure that the expected
functions are non-negative, and are a natural alternative to the commonly adopted
Gaussian random field priors in Bayesian nonparametrics. The spatial-temporal
locations of jumps in the Lévy random field may be interpreted as point sources of
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pollution, with dispersal over time and space controlled by additional parameters
in the kernels. Hierarchical models for parameters in the Lévy measure allow incor-
poration of meteorological variables which influence both the dispersal parameters
and expected concentrations. An interesting extension with the multivariate pol-
lution models is the use of marked random fields that allow common jumps (shared
impulses) between two or more pollutants. In comparison with standard methods,
the Lévy random field priors provide excellent performance in terms of both mean
squared error and coverage for out-of-sample model predictions.

Papers describing the Lévy random field priors and these applications will be
available from the authors’ websites; please visit http://www.isds.duke.edu.
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Empirical process techniques for locally stationary processes

Rainer Dahlhaus

(joint work with Wolfgang Polonik)

We consider inference for locally stationary processes (cf. Dahlhaus, 1997, 2000),
that is for processesXt,n (t = 1, . . . , n) which have a slowly-varying moving average
representation

(1) Xt,n =

∞∑

j=−∞
at,n(j) εt−j .

We assume that the coefficient functions at,n(j) are uniformly decaying to zero

with rate |j|−1 log−(1+κ) |j| and can approximately be rescaled to the unit interval,
that is at,n(j) can be approximated by a( tn , j) with a function a(u, j) of bounded
variation in u. The εt are assumed to be independent and identically distributed
with Eεt ≡ 0, Eε2t ≡ 1 and κ4 := cum4(εt) (for more details on these assumptions
see Dahlhaus and Polonik, 2005). In addition we assume for some results that the
sequence εt and therefore also the process Xt,n is Gaussian. A simple example of a
process which fulfills these assumptions is Xt,n = φ( tn )Yt where Yt = Σj a(j)εt−j
is stationary and φ is of bounded variation. Furthermore time varying ARMA
models whose coefficient functions are of bounded variation are locally stationary
in the above sense.

The function

f(u, λ) =
1

2π
|A(u, λ)|2

with

A(u, λ) =
∞∑

j=−∞
a(u, j) exp(−iλj)

is the time varying spectral density, and

c(u, k) =

∫ π

−π
f(u, λ) exp(iλk)dλ =

∞∑

j=−∞
a(u, k + j)a(u, j)

is the time varying covariance of lag k at rescaled time u.
The goal now is to make statistical inference about the process - for example

to estimate the coefficient functions of a time varying AR-process

Xt,n + a(
t

n
)Xt−1,n = σ(

t

n
) ǫt


