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Abstract
The Duke Free-electron laser (FEL) system, driven by the Duke electron storage ring,
has been at the forefront of developing new light source capabilities over the past two
decades. In 1999, the Duke FEL demonstrated the first lasing of a storage ring FEL
in the vacuum ultraviolet (VUV) region at 194 nm using two planar OK-4 undulators.
With two helical undulators added to the outboard sides of the planar undulators,
in 2005 the highest FEL gain (47.8%) of a storage ring FEL was achieved using the
Duke FEL system with a four-undulator configuration. In addition, the Duke FEL
has been used as the photon source to drive the High Intensity γ-ray Source (HIGS)
via Compton scattering of the FEL beam and electron beam inside the FEL cavity.
Taking advantage of FEL’s wavelength tunability as well as the adjustability of the
energy of the electron beam in the storage ring, the nearly monochromatic γ-ray
beam has been produced in a wide energy range from 1 to 100 MeV at the HIGS.
To further push the FEL short wavelength limit and enhance the FEL gain in the
VUV regime for high energy γ-ray production, two additional helical undulators were
installed in 2012 using an undulator switchyard system to allow switching between
the two planar and two helical undulators in the middle section of the FEL system.
Using different undulator configurations made possible by the switchyard, a number
of novel capabilities of the storage ring FEL have been developed and exploited for a
wide FEL wavelength range from infrared (IR) to VUV. These new capabilities will
eventually be made available to the γ-ray operation, which will greatly enhance the
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γ-ray user research program, creating new opportunities for certain types of nuclear
physics research.
With the wide wavelength tuning range, the FEL is an intrinsically well-suited device to produce lasing with multiple colors. Taking advantage of the availability of an
undulator system with multiple undulators, we have demonstrated the first two-color
lasing of a storage ring FEL. Using either a three- or four-undulator configuration
with a pair of dual-band high reflectivity mirrors, we have achieved simultaneous
lasing in the IR and UV spectral regions. With the low-gain feature of the storage
ring FEL, the power generated at the two wavelengths can be equally built up and
precisely balanced to reach FEL saturation. A systematic experimental program to
characterize this two-color FEL has been carried out, including precise power control, a study of the power stability of two-color lasing, wavelength tuning, and the
impact of the FEL mirror degradation. Using this two-color laser, we have started
to develop a new two-color γ-ray beam for scientific research at the HIGS.
Using the undulator switchyard, four helical undulators installed in the beamline
can be configured to not only enhance the FEL gain in the VUV regime, but also
allow for the full polarization control of the FEL beams. For the accelerator operation, the use of helical undulators is essential to extend the FEL mirror lifetime
by reducing radiation damage from harmonic undulator radiation. Using a pair of
helical undulators with opposite helicities, we have realized (1) fast helicity switching
between left- and right-circular polarizations, and (2) the generation of fully controllable linear polarization. In order to extend these new capabilities of polarization
control to the γ-ray operation in a wide energy range at the HIGS, a set of FEL
polarization diagnostic systems need to be developed to cover the entire FEL wavelength range. The preliminary development of the polarization diagnostics for the
wavelength range from IR to UV has been carried out.
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1
Introduction

1.1 History of Synchrotron Light Sources
The electromagnetic wave emitted by accelerated charged particles moving at relativistic speed is referred to as synchrotron radiation. The first laboratory observation
of synchrotron radiation was made on a 70 MeV electron synchrotron at General Electric (GE) Research Laboratory in 1947, where it was observed accidentally by GE
technicians when they were checking electric arcing in the transparent electron tube
[4]. Since the first use of synchrotron radiation for research purposes in the 1960s,
interest from the scientific community has dramatically increased, which stimulated
the rapid development of synchrotron light sources over the past five decades. With
their wide tunability and much higher brightness compared to conventional x-ray
tubes, synchrotron light sources, mainly operated in the spectral range from VUV
to x-ray, have become a unique tool for researchers to understand the structure of
matter scaled from large biological molecules to atoms [5]. The development of synchrotron light sources can be categorized into four generations in chronological order
[6].
The first-generation light sources were operated parasitically off electron accel1

erators used for high energy physics (HEP) research, such as the Cambridge Electron Accelerator (CEA, 6 GeV) in the US [7] and Deutsches Elektronen-Synchrotron
(DESY, 6 GeV) in Germany [8]. Initially, the operation priority of the accelerator was
always given to the HEP experiments. However, with the demand for synchrotron
radiation increased over time and the accelerators becoming obsolete for specific HEP
experiments, these accelerators were operated more for the light source users.
With the dramatic increase of user needs for synchrotron radiation, in the early
1980s some dedicated synchrotron light sources were designed and developed using
electron storage rings, which are referred to as the second-generation light sources.
As indicated by its name, a storage ring stores electrons, which circulate in the
storage ring with a fixed energy. A typical storage ring is composed of a number
of dipole magnets which are used to bend electrons (also called bending magnets)
and quadrupole magnets to focus electron beams. With the use of these two types
of magnets as well as some other magnetic elements, the electrons can be confined
around a well-defined orbit with small beam size and small angular divergence. In
addition to bending electrons, a dipole magnet causes electrons to emit synchrotron
radiation due to their acceleration, which can be extracted through a beamline to a
user station. Since there are many bending magnets installed, a storage ring can serve
a number of (typically tens of) user experiments simultaneously. Two examples of the
second-generation light sources are the National Synchrotron Light Source (NSLS)
with two rings, a low energy UV ring at 0.7 GeV and the other higher energy x-ray
ring at 2.5 GeV, at Brookhaven National Laboratory, and BESSY with a 0.8 GeV ring
in Germany [9]. In addition, some first-generation machines were upgraded to the
second generation, such as the Stanford Synchrotron Radiation Lightsource (SSRL,
3 GeV) at SLAC national accelerator laboratory.
To further increase photon beam brightness at shorter wavelengths, the thirdgeneration light sources were developed using the storage rings with more straight
2

sections to host multiple insertion devices (undulator magnets in most cases and
wiggler magnets in some cases) and much lower emittance (the transverse phase
space area of the electron beam) compared to the second-generation sources. As the
first third-generation light source, the Advanced Light Source (ALS) at Lawrence
Berkeley National Lab was built in 1993 to provide soft x-ray radiation using a 1.9
GeV storage ring. Later on, a few third-generation hard x-ray sources were built
around the world, including the European Synchrotron Radiation Facility (ESRF,
6 GeV) in France, Advanced Photon Source (APS, 7 GeV) at Argonne National
Laboratory, and Super Photon Ring-8 (Spring-8, 8 GeV) in Japan. More recently,
to balance the cost and capabilities, some medium energy rings have been built
as versatile x-ray sources, including the NSLS-II (3 GeV) at Brookhaven National
Laboratory and Shanghai Synchrotron Radiation Facility (SSRF, 3.5 GeV) in China.
At present, the peak brightness of the third-generation light sources can reach up to
1024 photons/s/mm2 /mrad2 /(0.1% Bandwidth) [10], about six orders of magnitude
higher than that of the second-generation light sources.
For all three generations of light sources, the relativistic electrons in the accelerator emit radiation in dipoles or insertion devices incoherently. A new idea to produce
coherent emission by an electron beam in an undulator was proposed by Madey in
1971 [11]. Because the gain medium used for coherent emission in this device is free
electrons instead of bound electrons in atoms, such a device, named a free-electron
laser (FEL), is in principle capable of continuous tuning of the lasing wavelength in a
wide range. Since then FELs have been successfully operated on both electron linacs
and storage rings. Later on, scientists realized that the FEL driven by advanced
linacs could be used to produce coherent radiation at wavelengths down to the hard
x-ray regime via self-amplified spontaneous emission (SASE) [12, 13]. Such a hard
x-ray FEL, with the extremely high peak brightness due to the electron beam coherent emission, is commonly referred to as the fourth-generation light source. The
3

mechanism of SASE was first experimentally demonstrated at longer wavelengths
[14, 15, 16]. The first lasing of a hard x-ray FEL was achieved on the Linac Coherent
Light Source (LCLS, 15 GeV) at SLAC in 2009 with the lowest lasing wavelength
down to 1.2 Å and the peak brightness up to 2 ˆ 1033 photons/s/mm2 /mrad2 /(0.1%
Bandwidth) (at λ “ 1.5 Å) [17].

1.2 Motivation
FELs have been developed on both linacs and storage rings. The storage ring FEL,
due to its relatively low gain, needs an optical cavity to build up lasing. Before the
recent realization of linac based single-pass FELs, the storage ring FELs were at the
forefront of pushing the short wavelength limit of the FEL. For example, in the late
1980s, the VEPP3 FEL at Novosibirsk, Russia established the shortest wavelength
lasing at 240 nm [18]. In 1999, the first lasing in the VUV region was achieved at
194 nm at the Duke FEL laboratory [19]. Later on, the ELETTRA FEL at Trieste,
Italy demonstrated lasing at 176 nm [20], which was the shortest wavelength reached
by a storage ring FEL. However, the lack of high reflectivity mirrors in the spectral
regions of VUV and x-ray limits the development of the storage ring FEL towards
even shorter wavelengths.
Regardless the wavelength limitation, compared to the linac based single-pass
FEL, the storage ring FEL has many advantages. For example, due to the repetitive
use of the circulating electron beam in a storage ring, the repetition rate of the storage
ring FEL is much higher (a few to hundreds of MHz) than that of the single-pass
FEL driven by a conventional warm-temperature linac (a few to hundreds of Hz).
In addition, the storage ring FEL has good temporal coherence and can be operated
to produce Fourier-limited laser beams, while the spectra of SASE FEL is spiky and
the improvement of temporal coherence typically requires the use of certain seeding
technologies. The storage ring FEL also has excellent stability, including pointing
4

stability and pulse energy stability in the pulsed mode operation. Furthermore, the
electron beam in the storage ring participates in the FEL interaction repeatedly over
a large number of passes, and the ionizing radiation produced by the storage ring
FEL is much lower than that of the linac based single-pass FEL, which dumped the
electron beam after each pass. Therefore, the storage ring FEL has been competitive
in its workable spectral range (near IR to VUV), especially in the longer-wavelength
region of VUV.
The FEL is an extremely versatile radiation source which has been developed to
operate from far IR to x-ray in the last four decades. The wavelength flexibility of
the FEL over the conventional lasers, recognized very early on as the most important
feature of the FEL, has been extensively explored over the time. However, much less
effort has been devoted to exploring novel capabilities of the FEL, such as multi-color
lasing and polarization control. Like the wavelength tunability, these new capabilities
have the potential to become a set of additional paramount advantages of the FEL
over the conventional lasers.
Over the past few decades, unusual laser capabilities such as multi-color lasing
and polarization control have been proposed and developed for the conventional
lasers. To realize these capabilities, the conventional lasers face certain limitations.
For example, multi-color lasing is limited by the available spectral range of the gain
medium for lasing. Polarization control typically requires the use of the polarizing
optics to manipulate the polarization of light. With the wide wavelength tuning
range and intrinsically variable polarization without the need of using polarizing
optics, the FEL is well-suited to realize these new capabilities in a much broader
spectral range.
In recent years, with a considerable number of linac based single-pass FELs
brought into service, the two aforementioned capabilities have been developed and
studied on a few single-pass FELs. The typical approach to realize these capabili5

ties is to use multiple undulators with different settings. For both cases, the gain
balancing between different undulators is critical. However, this cannot be easily
done on the single-pass FEL, as the electron beam quality is not easily controllable
among the different undulators. On the other hand, the intrinsic advantage of a
low-gain device such as the storage ring FEL can meet the stringent requirements to
realize these novel capabilities. In the storage ring FEL with multiple undulators,
the FEL power developed in different undulators is built up over many passes. Such
an incremental gain process allows the much improved control of the relative gains
of different undulators. The research work in this dissertation aims at developing,
exploring and studying these novel capabilities on the storage ring FEL. We report
the first realization of a two-color storage ring FEL and the first demonstration of
the storage ring FEL with fully controllable polarization.

1.3 The Duke FEL Facility
The Duke FEL facility was designed as a storage ring based FEL oscillator. The
electron beam used at the Duke FEL facility is generated in a microwave electron
gun with a photoinjector driven by a 337.1 nm nitrogen laser. The generated photoelectrons are first accelerated to 160 MeV in an S-band linac, followed by injection
into an energy boosting synchrotron with a circumference of 31.9 m. The booster
rapidly ramps up the electron beam energy (see Fig. 1.1). In the booster, the electron beam energy can be raised from an injection energy of 160 MeV to any energy
below 1.2 GeV (the maximum operational beam energy for the Duke storage ring).
Once reaching the extraction energy, the electron beam is injected into a 107.46 m
circumference storage ring, in which the circulating electron beam has a typical life
time of several hours, depending on the beam current and energy, and other operational parameters. Some important parameters of the storage ring are given in Table
1.1.
6

Figure 1.1: The layout of the Duke FEL facility.
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The FEL system [21] is comprised of an optical cavity and an undulator system,
located in the south straight section of the Duke storage ring. The optical cavity
is a two-mirror, near-concentric optical resonator. The cavity length is 53.7 m,
which allows the round-trip time of the trapped optical beam to be matched to the
revolution time of the relativistic electron beam circulating in the storage ring (at 2.79
MHz). Regarding the undulator system, two identical OK-4 planar undulators (OK4A and OK-4B) were first installed in the middle of the FEL straight section in 1995.
With the OK-4 undulators, the first lasing on the Duke FEL facility was achieved in
the near UV regime in 1996 [22]. To push the short wavelength limit of VUV lasing
and add the capability of polarization control, two identical OK-5 helical undulators
(OK-5A and OK-5D) were added to the outboard sides of the OK-4 undulators (Fig.
1.1) in the early 2000s. The first lasing with the OK-5 undulators was achieved in
2005. Furthermore, with all four undulators used for lasing, the Duke FEL system
realized the highest FEL gain (47.8% at 450 nm) among all storage ring FELs around
the world [21]. The Duke FEL system has demonstrated lasing from 2 µm to 190 nm.
Some parameters of the undulators used in the Duke FEL system are summarized
in Table 1.1.
To increase the FEL gain for the VUV operation, in 2012 a storage ring upgrade
was carried out [23], in which an undulator switchyard with two additional OK-5
undulators was installed in the FEL straight section, as shown in Fig. 1.2. Using the
undulator switchyard, the use of OK-4 or OK-5 undulators in the middle of the FEL
straight section can be switched within a few days. Since then, the undulator system
has allowed two main FEL configurations: (1) two OK-4 undulators in the middle
and two OK-5 undulators outboard, and (2) four OK-5 undulators. With these two
configurations, some novel capabilities of the storage ring FELs can be developed
and studied.
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Table 1.1: Parameters of the Duke FEL facility
Storage Ring Parameters
Electron Beam Energy (GeV)
0.24–1.2
Circumference (m)
107.46
Maximum Beam Current, Single Bunch (mA)
100
Revolution Frequency (MHz)
2.79
rf Frequency (MHz)
178.56
Undulator Parameters
OK-4
OK-5
Magnet Type
Electromagnet Electromagnet
Polarization
Horizontal
Circular
Undulator Period Length (cm)
10
12
Number of Periods
33
30
Undulator Length (m)
3.5
4
Peak Field (kG at 3kA )
5.36
2.86
FEL Wavelength (nm)
190–2000
190–2000

1.4 Overview of the Dissertation
This dissertation is composed of eight chapters, and the contents are summarized in
Table 1.2 which separates the review work from the new work, and the latter makes
up the core components of this PhD research.
Table 1.2: Summary of the review work and new work in this dissertation
Review Work

New Work

Theory of undulator radiation
(Most of Chapter 2);

Main Work #1: A storage ring two-color FEL
(Chapter 5);

Theory of storage ring FEL
(Chapter 3);

Main Work #2: A storage ring FEL with
controllable polarization (Chapter 7);

Electron beam bunch length
measurement (part of Chapter 4);

Experimental approach to determine total phase
delay in optical klystron (Section 2.6);

Polarization of light
(Chapter 6).

FEL power calibration using measured
bunch length (part of Chapter 4).

Chapter 2 reviews the fundamentals of undulator radiation. The review starts
from the case of the planar undulator with an infinite number of periods. The electron
9

Figure 1.2: A picture of the undulator switchyard with two OK-4 undulators (blue)
and two OK-5 undulators (purple). The OK-5 undulators are in line with the south
straight section vacuum pipe in the photo.

motion is first described, followed by a discussion of the features of the undulator
radiation from the planar undulator. The discussion is then generalized to the case
of helical undulator by adding the magnetic field in the orthogonal direction. The
spectral features of undulator radiation are then discussed for a case of an undulator
with a finite length. At the end of this chapter, the electron radiation in a pair of
closely placed undulators (an optical klystron) is introduced. As an illustration, we
present a newly developed experimental approach to determine the total phase delay
in an optical klystron.
Chapter 3 reviews the FEL theory. First, based on the slow-varying amplitude
10

assumption, the phase space motion of an electron moving in the combined field
of the undulator and laser is analytically described, and the phase space evolution
of the electron beam is illustrated using an FEL simulation. Knowing the electron
motion, the FEL gain in the small signal, small gain regime is derived. Next, the
evolution of the laser field due to the FEL interaction between the laser beam and
electron beam is presented. Finally, the saturation mechanisms of the storage ring
FEL are discussed.
In Chapter 4, the principle of electron beam bunch length measurements is reviewed, and an FEL power calibration technique based on the measured electron
beam bunch length is presented.
As the first main research accomplishment, in Chapter 5, a systematic experimental study of a storage ring two-color FEL is presented. We report the realization
of simultaneous lasing at two wavelengths (one in the infrared and the other in UV),
and the study of the precise power control and power stability of two-color lasing.
This chapter also shows the investigation of the wavelength tunability and spectral
characteristics of two-color lasing, the temporal structure of two-color FEL beams,
and the impacts of FEL mirror degradation on this two-color FEL system.
In Chapter 6, we review the physics of polarization of light, and mathematical formalisms to describe the polarization of light are presented. The polarization ellipse
and the Poincaré sphere are introduced to describe completely polarized light. The
Stokes parameters, which can be experimentally obtained from measurable quantities, are then introduced to describe an arbitrary polarization state of a light beam,
including the partially polarized light and unpolarized light. In addition, using the
Mueller matrices, the effects of polarizing optical elements on varying polarization
of light are described. Finally, an experimental approach to measure the Stokes
parameters used in our study is presented.
Chapter 7 reports the second major experimental investigation, a storage ring
11

FEL with controllable polarization. Two types of polarization control operated using two helical undulators are presented: (1) the fast helicity switch of circularly
polarized radiation, and (2) the generation of linearly polarized radiation with controllable directions. For the work of the fast helicity switch, the results of the FEL
power stability during the switch (both the dc measurements and fast oscilloscope
measurements) are shown, and the frequency limitation of the fast helicity switch is
discussed. For the study of controllable linear polarization using helical undulators,
the principle of controlling the direction of linear polarization is described in detail.
In addition, a new optical setup developed to make precision measurements of the degree of linear polarization is described, followed by a report of the first experimental
results using this device.
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2
Undulator Radiation

2.1 Introduction
An undulator is a specialized magnetic device for producing synchrotron radiation,
and is comprised of a periodic array of dipole magnets with an alternating static
magnetic field [24, 3]. Compared to broadband synchrotron radiation from bending magnets, the brightness of spontaneous radiation from an undulator is greatly
enhanced due to a high degree of transverse coherence and significantly improved
longitudinal coherence. Therefore, undulators have been widely used in accelerator
based light source facilities to generate high-brightness UV-VUV and x-ray radiation.
An undulator with the mid-plane symmetry is called a planar (or linear) undulator,
which can be used to produce linearly polarized radiation. The planar undulator employs one magnet array with alternating fields. An undulator with a helical magnetic
field is called a helical undulator, which can produce circularly polarized radiation.
The helical undulator uses two magnet arrays with two orthogonal sets of alternating
magnetic fields, where one set is shifted by a quarter undulator period with respect
to the other.
In this chapter, both the planar and helical undulators are discussed in terms
13

of the electron motion in these undulators and the characteristics of electron spontaneous radiation. Most undulators which are currently in use around the world
have a large number of periods. Taking advantage of this feature, the results for
infinitely long undulators will be presented first by expanding electron spontaneous
radiation in the undulator in terms of radiation harmonics with line spectra. Next,
more realistic undulators with a finite length will be discussed to take into account
the spectral power distribution, which is the result of a finite coherence length for
the radiation. Using this treatment, in-depth understanding can be gained about
the spectral characteristics of undulator radiation.
In addition to the planar and helical undulators, we will introduce a few interesting features of spontaneous radiation from an optical klystron, a paired undulator
device widely used for linac and storage ring FELs. As an example, we will also show
a spectral analysis technique to characterize optical klystrons.

2.2 Spontaneous Radiation From Planar Undulator
2.2.1

Electron Motion in a Planar Undulator

The motion of a relativistic electron passing through an undulator (Fig. 2.1) in the
lab frame is determined by Lorentz force

γme

d2~r
~
“ ´ecβ~ ˆ B,
dt2

(2.1)

where me is the electron rest mass, γ “ Ee {pme c2 q is the Lorentz parameter for
an electron with energy Ee , and β~ “ d~r{pcdtq is the dimensionless velocity of the
~ » 1´1{p2γ 2 q.
electron in the lab frame. For a relativistic electron, γ " 1 and β “ |β|

The magnetic field of a planar undulator which is symmetric relative to the y “ 0
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Figure 2.1: Layout of a planar undulator with period length λu . A relativistic
electron with γ " 1 is passing through the undulator.

plane and with very wide magnet poles in the x-direction can be expressed as
~ “ ´B0 coshpku yq cospku zqŷ ` B0 sinhpku yq sinpku zqẑ,
B

(2.2)

where B0 is the amplitude of the magnetic fields, and ku “ 2π{λu with λu being the
undulator period length. In the mid-plane (y “ 0), the magnetic field can be reduced
to
~
Bpzq
“ ´B0 cospku zqŷ.

(2.3)

In this chapter, we will limit our discussions to the electron motion in this symmetry
plane i.e. the mid-plane of the undulator (y “ 0).
By integrating Eq. (2.1) for the transverse motion with the assumption that the
electron enters the undulator (z|t“0 “ 0) with zero transverse velocity components
(vx |t“0 “ vy |t“0 “ 0), the transverse velocity of the electron in the undulator can be
obtained,
dx
cK
“ ´
sinpku zq,
dt
γ

(2.4)

dy
“ 0,
dt

(2.5)
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where
K“

eB0
« 0.934B0 pTeslaqλu pcmq,
me cku

(2.6)

is called the undulator parameter, a dimensionless parameter with a typical value on
the order of unity. Using the lowest-order approximation (dz « cdt), Eq. (2.4) can
be rewritten as
dx
K
« ´ sinpku zq,
dz
γ
which represents the electron’s deflection angle at the longitudinal location z in the
undulator with K{γ ! 1.
Since the electron has a constant speed v “ βc when passing through a static
magnetic field, the longitudinal speed can be expressed as
d
dz a 2
“ v ´ vx2 “ βc
dt

“
‰
K2
K2
2
2
sin
pk
zq
«
βc
1
´
sin
pk
zq
.
1´
u
u
pγβq2
2γ 2

(2.7)

To obtain the electron’s trajectory in the undulator, it is more convenient to write
the electron’s velocity as a function of time t. Integrating Eq. (2.7) and neglecting
the terms of order higher than K 2 {γ 2 , dz{dt can be written as
dz
cK 2
“ β̄c `
cosp2Ωu tq.
dt
4γ 2

(2.8)

“
K2 ‰
β̄ “ β 1 ´ 2 ,
4γ

(2.9)

where,

Ωu “ ku β̄c.

(2.10)

Eq. (2.8) shows that the electron moves along the undulator with an average longitudinal speed β̄c modulated by a small-amplitude sinusoidal oscillation with frequency
2Ωu .
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Furthermore, by solving Eqs. (2.4), (2.5) and (2.8), and retaining the terms up
to order K 2 {γ 2 , the electron’s trajectory in the lab frame can be written as
xptq “

K
cospΩu tq,
γku

(2.11)

yptq “ 0,

(2.12)

zptq “ β̄ct `

K2
sinp2Ωu tq.
8γ 2 ku

(2.13)

Eqs. (2.11) and (2.13) show that in addition to a drift with an average speed
β̄c along the undulator axis, the electron oscillates in both x- and z-directions with
the oscillation frequency in the z-direction twice that of the x-direction. Interesting
observations can be made by studying the electron motion after subtracting the
average longitudinal motion (z0 ), The electron’s longitudinal motion can be described
by
z “ z0 ` z 1 , z0 “ β̄ct, z 1 ptq “

K2
sinp2Ωu tq.
8γ 2 ku

(2.14)

Using Eqs. (2.11) and (2.14), the electron’s trajectory after subtracting z0 can be
written as
„

` z 1 ˘2 ` x ˘2
` x ˘2
1´
,
“
2Az
Ax
Ax

(2.15)

where Ax “ K{pγku q and Az “ K 2 {p8γ 2 ku q are the amplitudes of the transverse and
longitudinal oscillations, respectively.
Figure 2.2 shows the electron’s normalized trajectory in the x–z plane. The
motion shows a “figure-8” pattern with the amplitude of oscillation in the z-direction
much smaller than in the x-direction [Az {Ax “ K{p8γq]. In the following sections,
the electron’s “figure-8” motion will be shown to be responsible for the generation of
higher harmonics of undulator radiation.
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Figure 2.2: Electron’s “figure-8” motion in the x–z plane, describing the rapid
oscillatory motion by plotting x vs z 1 , where z 1 “ z ´ β̄ct which describes the fast
longitudinal motion after subtracting the average motion. x and z 1 are normalized
to their respective amplitude of oscillation.
2.2.2

Wavelength of Undulator Radiation

The motion of a relativistic electron passing through a planar undulator has been described in Section 2.2.1. The electron oscillates in x- and z-directions simultaneously,
with the z-oscillation twice as fast as the x-oscillation. The electron’s acceleration
related to these oscillations causes the electron to emit radiation during its pass
through the undulator. Since the radiation emitted by different electrons is random
in phase, to distinguish it from the coherent radiation in an FEL, it is typically
called spontaneous undulator radiation. Next, the characteristics of undulator radiation will be described.
An observer is assumed to be located at ~r 1 from the origin of the coordinate
system, as shown in Fig. 2.3,
~r 1 “ r1 psin θ cos φx̂ ` sin θ sin φŷ ` cos θẑq,

(2.16)

where r1 " Lu (far field approximation) with Lu “ Nu λu representing the undulator
length and Nu representing the number of undulator periods, and θ ! 1 (near axis).
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r

Figure 2.3: The coordinate system used to describe the electron motion in the
undulator. The z-axis is the undulator axis, and ~r and ~r 1 denote the displacement
~ “ ~r 1 ´ ~r.
vectors of the electron and observer, respectively. R

At time t, the electron is located at ~rptq. The relation between the observation time
(t1 ) and the radiation emission time (t) can be written as

t1 “ t `

Rptq
,
c

(2.17)

~
where Rptq “ |Rptq|
“ |~r 1 ´ ~rptq| represents the distance between the electron and
the observer. Using Eq. (2.16) and the trajectories obtained in Section 2.2.1 [Eqs.
(2.11–2.13)],

Rptq « r1 ´ β̄ct cos θ ´

K
K2
sin θ cos φ cospΩu tq ´ 2 cos θ sinp2Ωu tq.
γku
8γ ku

(2.18)

Plugging Eq. (2.18) into Eq. (2.17) and recalling γ " 1 and θ ! 1, the observation
time (t1 ) can be expressed as a function of the radiation emission time (tq,

t1 ptq “ tp1 ´ β̄ cos θq ´
«

K sin θ cos φ cospΩu tq K 2 cos θ sinp2Ωu tq
´
γcku
8γ 2 cku

1
rΩu t ´ Bu cospΩu tq ´ Au sinp2Ωu tqs,
ω1
19

(2.19)

where
ω1 “

2γ 2
Ωu ,
1 ` K 2 {2 ` pγθq2

(2.20)

Au “

K2
,
4r1 ` K 2 {2 ` pγθq2 s

(2.21)

Bu “

2Kγθ cos φ
,
1 ` K 2 {2 ` pγθq2

(2.22)

and the term r1 {c is neglected on the right-hand side of Eq. (2.19), as it contributes
to the radiation field only as a constant phase term. As indicated by Eq. (2.19), for
a weak undulator (K » 0 so that Au » 0 and Bu » 0) the frequency of the electron
motion Ωu is Doppler shifted to ω1 as seen by the observer, which is also the observed
resonance frequency of the fundamental radiation. Eq. (2.20) can be rewritten as
λ1 “ λu

1 ` K 2 {2 ` pγθq2
,
2γ 2

(2.23)

where λ1 is the fundamental resonance wavelength of undulator radiation. Eqs.
(2.20) and (2.23) are also called the FEL resonant condition for a planar undulator.
2.2.3

Radiation Field and Angular Power Distribution from a Planar Undulator

Based upon two assumptions: (1) the undulator has an infinite number of periods
(Nu " 1), (2) the observer is far from the undulator (r1 " Lu ), the electron can be
considered to undergo a localized periodic motion, and the observed electric field of
the emitted radiation can be expressed as the summation of Fourier series [24]
8
ÿ

~ 1q “
Ept

~ m eimω1 t1 ,
E

(2.24)

m“´8

with
2
~ m “ imeω1
E
8π 2 0 cr1

ż T0

~ ´imω1 t1 dt,
n̂ ˆ pn̂ ˆ βqe

0
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(2.25)

where the integration variable has been changed from the observation time (t1 ) to
the emission time (t); ω1 is the undulator fundamental frequency; T0 “ 2π{Ωu is the
period of the electron’s velocity; n̂ is the unit vector pointing from the electron to
the observer, and under the far-field approximation (r1 " Lu ),
n̂ « θ cos φx̂ ` θ sin φŷ ` p1 ´ θ2 {2qẑ.
Applying Eq. (2.19) and keeping the terms up to order 1{γ or θ, Eq. (2.25) can be
used to calculate the field of the mth harmonic,
imeω12
“
8π 2 0 cr1

~m
E

ż T0
0

(
1
rγθ cos φ ` K sinpΩu tqsx̂ ` γθ sin φŷ
γ

ˆe´imrΩu t´Bu cospΩu tq´Au sinp2Ωu tqs dt.

(2.26)

Using the features of Bessel function of the first kind,

iz sin Θ

e

8
ÿ

“

Jn pzqe

inΘ

,

e

iz cos Θ

8
ÿ

“

in Jn pzqeinΘ ,

n“´8

n“´8

Eq. (2.26) can be further developed and decomposed into
~ m “ Em,x x̂ ` Em,y ŷ,
E

(2.27)

where Em,x and Em,y are the horizontally and vertically polarized components of the
mth harmonic, respectively,

Em,x “

8
ÿ
im`1 meku γ 3
Jl pmAu q γθ cos φJm`2l pmBu q
π0 r1 r1 ` K 2 {2 ` pγθq2 s2 l“´8

´
Em,y “

‰(
K“
Jm`2l`1 pmBu q ` Jm`2l´1 pmBu q ,
2

(2.28)

8
ÿ
im`1 meku γ 3
γθ sin φJl pmAu qJm`2l pmBu q. (2.29)
π0 r1 r1 ` K 2 {2 ` pγθq2 s2 l“´8
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The observed electric field from a planar undulator in the time domain is then obtained,
~ 1q “
Ept

8
ÿ

1

pEm,x x̂ ` Em,y ŷqeiωm t ,

(2.30)

m“´8

where ωm “ mω1 is the frequency of the mth harmonic.
The angular distribution of radiation power for a particular harmonic (m ą 0)
can be related to the electric field as [Jackson]
dPm
dPm
~ m |2 ` | E
~ ´m |2 q “ 2c0 r12 |E
~ m |2 ,
“
“ c0 r12 p|E
12
dΩ
dS{r

(2.31)

~ m |2 “ | E
~ ´m |2 is used. The angular power distribution for the
where the relation |E
two orthogonal linear polarizations for the first four harmonics are shown in Fig.
2.4. Since the electron’s transverse motion is primarily horizontal oscillation, the
maximum intensity of undulator radiation with the horizontal polarization is much
stronger, by one order of magnitude or more, than that of vertical polarization (Fig.
2.4). It can also be observed that for the distribution of the mth harmonic, the
horizontal polarization and vertical polarization components have m´1 and m nodes
in the x-direction, respectively. In addition, the radiation with vertical polarization
has a single node in the y-direction for all harmonics.
It is particularly interesting to investigate the on-axis radiation with θ “ 0. Using
Eqs. (2.21–2.22) and (2.28–2.29), the on-axis field can be written as

Em,x |θ“0 “

8
‰
´im`1 meku Kγ 3 ÿ
mK 2 “
J
p
q Jm`2l`1 p0q ` Jm`2l´1 p0q
l
1
2
2
2
2π0 r p1 ` K {2q l“´8 4 ` 2K

#
“

meku Kγ 3
mK 2
rJpm´1q{2 p 4`2K
2q
2π0 r1 p1`K 2 {2q2

0

2

mK
´ Jpm`1q{2 p 4`2K
2 qs

for odd m
for even m

Em,y |θ“0 “ 0.
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Figure 2.4: Relative angular power distributions of the undulator radiation for the
horizontal polarization dPmx {dΩ (left column) and vertical polarization dPmy {dΩ
(right column). The angular distributions for the first four harmonics are shown,
and the distributions have been normalized to the peak value of the fundamental
with the horizontal polarization (dP1x {dΩ). K “ 2.
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This means that the on-axis radiation from a planar undulator includes only the odd
harmonics with 100% horizontal linear polarization, as shown in Fig. 2.4. Figure 2.5
shows the on-axis power ratios of the 3rd, 5th and 7th harmonics to the fundamental
as a function of K. The on-axis power of these higher harmonics starts to exceed that
of the fundamental when K is increased to about 1.5, and continues growing with
more power into higher harmonics as K is further increased. The existence of higher
harmonic radiation on axis has its benefits and problems in applications of the planar
undulator. For example, the planar undulators installed on the third-generation
synchrotron light sources with high-energy storage rings may generate high-intensity,
high-order harmonics on axis, which not only creates high heat load to damage the
optical elements on the beamline, but also can cause spectral contamination, as
these harmonics cannot be easily eliminated by conventional monochromators. On
the other hand, the high-order harmonics, if they have good beam quality, can be
used for synchrotron radiation research with special beamline arrangements, and
they are widely used for linac based single-pass FELs to reach high photon energy.

2.3 Helical Undulator
Planar undulators discussed in the previous section are commonly used on highenergy storage rings to produce high-intensity radiation with linear polarization. To
deliver circularly polarized optical beams, another type of insertion device, called
helical undulator, has also been developed [25]. A helical undulator has periodic
transverse magnetic fields in both horizontal and vertical directions with the same
amplitude but a phase difference of a quarter period. The magnetic field close to the
undulator axis (z-axis) of an ideal helical undulator can be written as [24]
~
Bpzq
“ B0 rsinpku zqx̂ ´ cospku zqŷs.

(2.32)

By solving Eq. (2.1), the velocity of a relativistic electron passing through a
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Figure 2.5: The on-axis power ratios of the 3rd, 5th and 7th harmonics to the
fundamental as a function of K.
helical undulator can be expressed in terms of z as
dx
cK
“ ´
sinpku zq,
dt
γ

(2.33)

dy
cK
“
cospku zq,
dt
γ

(2.34)

dz
“ β̄h c,
dt

(2.35)

where ku “ 2π{λu and K “ eB0 {pme cku q are defined in the same way as for the
planar undulator, and
d
β̄h “ β

1´

K2
,
pβγq2

(2.36)

is the dimentionless longitudinal component of the electron’s velocity. Furthermore,
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using Eqs. (2.33–2.35), the electron’s trajectory as a function of time can be obtained,
xptq “

K
cospΩh tq,
β̄h γku

(2.37)

yptq “

K
sinpΩh tq,
β̄h γku

(2.38)

zptq “ β̄h ct,

(2.39)

where
Ωh “ ku β̄h c,

(2.40)

is the frequency of the electron’s transverse oscillations. Eqs. (2.37–2.39) give a
special solution to the electron motion with the initial conditions vx pz “ 0q “ 0,
vy pz “ 0q “ cK{γ, xpt “ 0q “ K{pβ̄h γku q, and ypt “ 0q “ 0. The calculation
of the undulator radiation can be done using this special solution without losing
generality, as the radiation depends on the electron’s acceleration. Eqs. (2.37) and
(2.38) show that the electron undergoes a left-handed circular motion transversely
with amplitude K{pβ̄h γku q and frequency Ωh . In addition, different from the case
of a planar undulator where the electron undergoes a longitudinal oscillation with
a frequency twice that of its transverse oscillation [Eq. (2.13)], the electron in this
case moves with a constant longitudinal speed all the way through the undulator
due to its uniform transverse circular motion as it interacts with the magnetic fields
in both x- and y- directions. Overall, the electron follows a helical trajectory in a
helical undulator.
For an observer whose location is given by Eq. (2.16) (see Fig. 2.3), using Eqs.
(2.37–2.39) the distance between the electron and the observer can be written as
Rptq « r1 ´ β̄h ct cos θ ´

K
sin θ cospΩh t ´ φq.
β̄h γku

(2.41)

Furthermore, using Eq. (2.17), the relation between the observation time (t1 ) and
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radiation emission time (t) can be obtained,
1
rΩh t ´ Cu cospΩh t ´ φqs,
ω1

(2.42)

ω1 “

2γ 2
Ωh ,
1 ` K 2 ` pγθq2

(2.43)

Cu “

2Kγθ
,
1 ` K 2 ` pγθq2

(2.44)

t1 ptq “
where

and θ, φ are the observation angles defined in Fig. (2.3). Eq. (2.43) gives the FEL
resonant condition for a helical undulator. Regarding the resonant condition, the
magnetic field of a helical undulator contributes a factor of K 2 in the denominator
instead of K 2 {2 for a planar undulator [see Eq. (2.20)]. The additional K 2 {2 can
be attributed to the additional undulating motion in the x-direction in the helical
undulator. Eq. (2.43) can be rewritten to give the fundamental (1st harmonic)
wavelength,
λ1 “ λu

1 ` K 2 ` pγθq2
.
2γ 2

(2.45)

Knowing the relation between the observation time (t1 ) and radiation emission
time (t), the radiation field from a helical undulator observed by a far-field observer
can also be obtained using Eqs. (2.24) and (2.25). Additionally, in this case it is
more convenient to express the radiation field in terms of the natural spin states of
photons i.e. the circular polarization states. Starting from Eqs. (2.24) and (2.25),
and omitting intermediate steps, the radiation field in the time (t1 ) domain can be
written as
~ 1q “
Ept

8
ÿ

1

pEm,´ n̂´ ` Em,` n̂` qeiωm t ,

m“´8
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(2.46)

with

Em,´

Em,`

? m`1
2i
meku γ 3
rγθJm pmCu q ´ KJm´1 pmCu qse´ipm´1qφ(2.47)
“
2π0 r1 r1 ` K 2 ` pγθq2 s2
? m`1
2i
meku γ 3
“
rγθJm pmCu q ´ KJm`1 pmCu qse´ipm`1qφ(2.48)
1
2
2
2
2π0 r r1 ` K ` pγθq s

?
where ωm “ mω1 is the frequency of the mth harmonic; n̂´ “ px̂ ´ iŷq{ 2 and
?
n̂` “ px̂ ` iŷq{ 2 are the unit vectors to describe left- and right-handed circular
polarizations, respectively. Figure 2.6 shows the spatial power distribution of these
two polarization states for the first three harmonics. It can be seen that the angular
power distribution of all the harmonics is azimuthally symmetric, independent of
polarization states. Similar to planar undulator, in this case the maximum intensity
of the radiation polarized in the same handedness (n̂´ , left-handed) as the helicity
of electron’s transverse motion is much higher than that of the radiation polarized
in the other handedness (n̂` , right-handed).
It is also worth investigating the features of on-axis radiation. Evaluating Eqs.
(2.47) and (2.48) with θ “ 0, it can be found that only the fundamental harmonic
with left-handed circular polarization (E1,´ ) has a non-zero on-axis field. This can
be confirmed from Fig. 2.6, where only dP1´ {dΩ is peaked on axis, following a
Gaussian-like distribution, while all the other distributions share a common node
at θ “ 0. The off-axis distribution of higher harmonics is good for the practical
use of helical undulators because it eliminates the issues of on-axis heat load and
spectral contamination. To produce linearly polarized light with low on-axis heat
load, some ideas have been proposed or implemented [26, 27, 28] to use two sets
of helical undulators with opposite helicities by coherently summing their radiation
(typically using a monochromator).
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Figure 2.6: Relative angular power distribution of the left-handed circular polarization dPm´ {dΩ (left column) and right-handed circular polarization dPm` {dΩ (right
column) components for the first three harmonics of spontaneous radiation from a
helical undulator. The angular powers have been normalized to the peak power of
dP1´ {dΩ. K “ 2.
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2.4 Spectral Distribution of Radiation Power
In the previous sections, undulators are assumed to have infinite number of periods,
which leads to the infinitely long wave packets in the time domain and discrete
spectral lines shown as harmonics in the frequency domain. In reality, undulators
have a finite number of periods Nu . However, for Nu " 1, the radiation field in the
time domain can still be approximated by Eq. (2.24) except for being given a time
window,
~ 1q “
Ept

8
ÿ

~ m eiωm t1 ,
E

m“´8

´

πNu
πNu
ď t1 ď
ω1
ω1

(2.49)

~ m is described by Eqs. (2.28) (2.29) for planar undulator and Eqs. (2.47)
where E
(2.48) for helical undulator. The time window ∆t1 “ 2πNu {ω1 corresponds to the
time span of radiation emission ∆t “ Nu T0 , where T0 “ 2π{Ωu for planar undulator
and T0 “ 2π{Ωh for helical undulator. The radiation field in the frequency domain
can be described as
1
~
Epωq
“ ?
2π

ż πNu {ω1

~ 1 qe´iωt1 dt1
Ept

´πNu {ω1

ż πNu {ω1
8
ÿ
1
1
~m
E
eipωm ´ωqt dt1
“ ?
2π m“´8
´πNu {ω1
8
ÿ
2
~ m πmNu sinrπmNu pω ´ ωm q{ωm s ,
E
“ ?
ωm
πmNu pω ´ ωm q{ωm
2π m“´8

(2.50)

based on which, the spectral power distribution can be written as
8
ÿ
d2 P pω, θ, φq
d2 Pm pω, θ, φq
12 ~
2
2
~
“ c0 r p|Epωq| ` |Ep´ωq| q “
,
dωdΩ
dωdΩ
m“1
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(2.51)

where
$ ω2 e2 L2
m
u
’
& 16π3 0 c3 γ 2 prjjsm,x ` rjjsm,y qfm pωq

d2 Pm pω, θ, φq
“
’
dωdΩ
%

2 e2 L2
ωm
u
prjjsm,´
32π 3 0 c3 γ 2

` rjjsm,` qfm pωq

for planar undulators,
for helical undulators,
(2.52)

"
fm pωq “

sinrπmNu pω ´ ωm q{ωm s
πmNu pω ´ ωm q{ωm

*2
.

(2.53)

For planar undulators, using Eqs. (2.28) and (2.29),

rjjsm,x

8
ˇ ÿ
ˇ
“
Jl pmAu q γθ cos φJm`2l pmBu q
l“´8

´

rjjsm,y

‰(ˇ2
K“
Jm`2l`1 pmBu q ` Jm`2l´1 pmBu q ˇ ,
2

8
ˇ ÿ
ˇ2
ˇ
“
γθ sin φJl pmAu qJm`2l pmBu qˇ .

(2.54)

(2.55)

l“´8

For helical undulators, using Eqs. (2.47) and (2.48),
ˇ
ˇ2
rjjsm,´ “ ˇγθJm pmCu q ´ KJm´1 pmCu qˇ ,

(2.56)

ˇ
ˇ2
rjjsm,` “ ˇγθJm pmCu q ´ KJm`1 pmCu qˇ .

(2.57)

As shown by Eqs. (2.51–2.57), the spectral line of each harmonic is expanded to
a narrow-band distribution with a relative spectral width pω ´ ωm q{ωm „ 1{pmNu q
(see Fig. 2.8).

2.5 Optical Klystron
Operated in the small-signal, small-gain region, storage ring based oscillator FELs
are mainly used in the spectral region spanning from IR to UV. Since late 1970’s,
paired undulator devices, called optical klystrons (OKs) [29], have been developed
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Figure 2.7: Layout of an optical klystron.
to enhance FEL gain, especially for the FEL operations in the shorter wavelength
region from visible to vacuum UV [21, 20] where a single undulator cannot provide
gain large enough to support lasing. The optical klystron consists of three main
components: (1) a modulator (the first undulator); (2) a buncher (also called a
dispersive section, a magnetic chicane consisting of three or four bending magnets);
and (3) a radiator (the second undulator identical to the modulator), as shown in Fig.
2.7. In the modulator, a laser beam copropagates and interacts with the electron
beam, producing energy modulation inside the electron beam. The energy modulated
electron beam enters the buncher, which converts the energy modulation into the
longitudinal density modulation of the electron beam so that the electron beam is
microbunched on the length scale of the laser wavelength. Finally, the microbunched
electron beam passes through the radiator producing coherent radiation, which is
greatly enhanced compared to the radiation from a single undulator.
It is important to investigate the spectral characteristics of the optical klystron
radiation because FEL gain can be related to the spontaneous radiation spectrum of
an optical klystron according to the Madey Theorem [30], which has been experimentally demonstrated and confirmed for optical klystron based FELs [1]. The spectrum
of the optical klystron radiation can be considered as the result of the interference
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between the wave packets emitted from the two undulators [1, 3]. For simplicity,
in this section only the fundamental radiation (m “ 1) from planar undulators is
discussed. Since the two undulators are identical, the radiation field from an optical
klystron can be written as
~ OK “ E|
~ un p1 ` ei∆φ q,
E|

(2.58)

~ un is the radiation field of a single undulator described by Eq. (2.50), and
where E|
∆φ “ 2πpNu ` NB q

λcen πpLu ` LB q 2
`
θ ,
λ
λ

(2.59)

is the phase delay of the wave packet from the second undulator with respect to that
from the first undulator, λcen “ λu p1`K 2 {2`γ 2 θ2 q{p2γ 2 q is the center wavelength of
undulator radiation, λ is the actual radiation wavelength under consideration, and Lu
and LB are the lengths of undulator and buncher, respectively. The first term on the
right-hand side of Eq. (2.59) (the Nu -term) is contributed by the time delay of the
electron with respect to the laser beam in the first undulator, where the electron is
behind the laser beam by one wavelength (λcen ) for every pass through an undulator
period. The second term is the contribution from the buncher, and NB “ ∆LB {λcen
is the path length difference ∆LB (measured in terms of λcen ) between the electron
and laser beams in the buncher. The third term is attributed to the off-axis emission
of the radiation. Using Eqs. (2.51–2.59), the spectral angular distribution of the
optical klystron radiation power in the fundamental harmonic can be expressed as
ˇ
ˇ
d2 P1 ˇˇ
d2 P1 ˇˇ
λcen πpLu ` LB q 2 (
“
2
1
`
cosr2πpN
`
N
q
`
θ s ,
u
B
dωdΩ ˇOK
dωdΩ ˇun
λ
λ

(2.60)

where d2 P1 {pdωdΩq|un is described by Eq. (2.52) with m “ 1.
Figure 2.8 shows the on-axis spectral angular distribution of the fundamental
harmonic from three different undulator configurations. Two of three curves showing
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Figure 2.8: On-axis spectral angular distribution of the fundamental radiation from
various undulator configurations (θ “ 0). The curves are normalized using the peak
value of the dashed black curve. The electron’s energy and the undulator strength
K are the same for all three cases.
the single-undulator radiation (Nu “ 30, and Nu “ 60) are “sinc” functions centered
around the fundamental frequency ω1 , and the spectral width of the undulator with
Nu “ 60 is halved compared to that of the undulator with Nu “ 30. The curve for
the optical klystron displays a fine structure enveloped by the “sinc” function of the
single undulator with Nu “ 30. It can be seen that the central spike in the radiation
spectrum of the optical klystron is even narrower than that of the undulator with
Nu “ 60. To be discussed in the next chapter, the spectral narrowing of the optical
klystron is critical for the FEL gain enhancement.
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2.6 Experimental Approach to Determine Total Phase Delay in Optical
Klystron
Optical klystron radiation can be described by the interference between the wave
packets radiated from two undulators with one delayed by an optical phase ∆φ [Eq.
(2.59)] with respect to the other. The phase delay ∆φ is of great importance because
it determines the spectral features of optical klystron radiation, as shown in Fig. 2.8.
However, Eq. (2.59) only gives the overall delay caused by the undulators and the
buncher, and the undulators are assumed to be ideal. In reality, the precise value
of the total phase delay (Nu ` NB ) is not known, as many factors can contribute to
its value. To experimentally determine the total phase delay, we have developed an
approach by analyzing a series of optical klystron spectra produced by scanning the
buncher setting.
Some measured spectra of the OK-4 optical klystron radiation with the continuous
tuning of the buncher setting are shown in Fig. 2.9, which can also be revisualized
using the contour plot, as shown in Fig. 2.10. In these two figures, NB1 represents
the buncher field setting, computed using the magnet setting of the buncher for a
fixed center wavelength λcen without taking into account the adjacent drift space and
other effects. It can be seen from the two figures that for a particular wavelength the
spectral intensity, when projected onto the horizontal (NB1 ) axis, shows a periodic
modulation (see the upper subplot of Fig. 2.10). This modulation is caused by the
alternation of the constructive and destructive interferences between the two wave
packets emitted from two undulators during the tuning of NB1 . Aligning the intensity
modulations for all wavelengths, the areas for the constructive interferences in Fig.
2.10 display a pattern of tilted “ellipse”s. For a particular “ellipse” [e.g. “Ellipse”
(4)], the values of NB1 at the intensity maxima are found to be linearly associated
with their wavelengths (see the upper subplot of Fig. 2.10). This relation can be
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Figure 2.9: The spectra of the OK-4 optical klystron radiation with NB1 tuned from
0 to 7.5. The optical klystron is operated at λcen » 360 nm with KOK-4 “ 3.41. The
electron beam energy Eb “ 500 MeV; The beam current Ib » 3.6 mA.
expressed as
λ “ aNB1 ` b.

(2.61)

In the previous section, it is pointed out that the spectral properties of optical
klystron radiation are determined by the total phase delay ∆φ described by Eq.
(2.59). Therefore, it is more natural to view the spectra in the λ ´ ∆φ plane, which
can be done by relating NB1 in Eq. (2.61) to ∆φ. Using Eq. (2.59) and considering
only the on-axis emission (θ “ 0) for simplicity, we have

∆φ “ 2πpNu ` NB q
NB “ NB1 ` N 1 ,

λcen
,
λ

(2.62)
(2.63)

where NB represents all possible phase delay effects associated with the buncher.
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Figure 2.10: The contour plot of Fig. 2.9. “Ellipse” (4) is taken as an example
to illustrate the approach to obtain the fitting equation Eq. (2.61). The intensity
projections onto the horizontal axis for three particular wavelengths are plotted in the
upper subplot, and the intensity maxima of “Ellipse” (4) for these three wavelengths
are also marked and linearly fitted in the upper subplot for illustration purposes.
Specifically, NB1 describes the phase delay produced by the magnetic field of the
buncher, and N 1 describes the contributions from the adjacent drift spaces and all
the other unknown sources. The transformation (NB1 Ñ ∆φ) using Eqs. (2.62–2.63)
will allow us to view the spectral patterns in the λ ´ ∆φ plane, where the tilted
line (the linear fitting curve) in Fig. 2.10 is expected to become vertical because
the total phase delay ∆φ causing constructive interference should be a constant for
all wavelengths. Substituting ∆φ for NB1 using Eqs. (2.62–2.63), Eq. (2.61) can be
rewritten as
λ“

a λ
∆φ ` pb ´ aN0 q,
2π λcen
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(2.64)

λ (nm)

λ = aN’B + b

λ = a(λ/λcen)∆φ/(2π) + (b−aN0)

∆φ = 2π(N0 + NB’)λcen/λ

NB’

∆φ

Figure 2.11: Model for transforming spectra from the λ ´ NB1 plane to the λ ´ ∆φ
plane. This procedure transforms the tilted lines (e.g. a fitted line of maximum
intensity) in the λ ´ NB1 plane to become vertical lines in the λ ´ ∆φ plane.
where N0 “ Nu ` N 1 , describes the overall phase delay excluding the amount contributed by the magnetic field of the buncher (NB1 ) which we can actively tune. The
transformation process is illustrated in Fig. 2.11. To let Eq. (2.64) represent a
vertical line, the only solution is
b
N0 “ ,
a

∆φ “ 2π

λcen
.
a

(2.65)

Therefore, by measuring the radiation spectra of an optical klystron while tuning
the buncher, followed by linearly fitting the wavelength versus NB1 at the spectral
intensity maxima in the λ ´ NB1 plane, N0 and ∆φ can be obtained using Eqs. (2.61–
2.65). Figure 2.12 shows the values of N0 calculated from the numbered “ellipse”s in
Fig. 2.10 [“Ellipse”s (1)–(7)]. The insets of Fig. 2.12 also show the fitting coefficients
a and b, both of which decrease with the increased “ellipse” index, while their ratio
38

39
38.5
38
37.5

9.5
9
8.5

37

N0

Intercept, b (nm)

Slope, a (nm)

10

2

36.5

340
320
300

4
6
Ellipse #

2

4
6
Ellipse #

36
35.5
35
34.5
34

1

2

3

4

5

6

7

Ellipse #

Figure 2.12: Calculated N0 of “Ellipse”s (1)–(7) in Fig. (2.10). The fitted slope a
and intercept b of the linear fitting are shown in the insets.

N0 “ b{a is found to be nearly constant at 35.28 ˘ 0.39. Since for OK-4 undulators,
the theoretical value of Nu is 33, there exists an additional phase delay N 1 “ 2.28,
which captures the contributions from the drift spaces between the undulators and
the buncher (the main effect) as well as from other sources. Using Eqs. (2.62–2.63)
with N0 “ Nu ` N 1 “ 35.28 ˘ 0.39, the spectra are replotted in the λ ´ ∆φ plane, as
shown in Fig. (2.13), where the major axis of the “ellipse”s is vertical as expected.
This technique allows us to find the total phase delay between light and electron
beams for an optical klystron, which is important for the study of the optical klystron
FELs. Compared to the conventional technique of directly fitting the measured
optical klystron spectra [Eq. (2.60)] [1, 31], this new technique has the advantage
of being much less sensitive to the spectral broadening effect caused by the finite
electron beam energy spread.
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Figure 2.13: The spectra in Fig. 2.10 replotted using the total phase delay ∆φ.
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3
Theory of Storage Ring FEL

3.1 Introduction
Since the theoretical prediction [11] and the first experimental demonstration [32] of
the FEL by Madey in the 1970s, there has been great development over the past few
decades, and FELs have become increasingly attractive light sources in a number
of research areas. A common low-gain oscillator FEL uses an optical cavity to trap
and amplify electron beam radiation. The oscillator FEL can be driven either by
an electron storage ring or a linac. Oscillator FELs mainly operate in the spectral
region from IR to vacuum UV. Another FEL configuration, the high-gain single-pass
FEL, is mainly driven by linacs and does not use an optical cavity. In these FELs,
the amplification of the FEL beam is realized in a single pass via the interaction
between the electron beam and its radiation in a long undulator array [12, 17] or
with an external laser [33, 34]. Single-pass FELs are now used as high-performance
coherent light sources in the extreme UV and x-ray regimes.
The high repetition rate makes the storage ring a well-suited driver for an FEL.
Since its electron beam quality is more suitable for long-wavelength lasing, storage
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FEL Mirror

Electron Storage Ring

Cring = 2nLcavity

e- Bunch

FEL Pulse

Lcavity
Figure 3.1: Layout of storage ring FEL. Lcavity and Cring are the FEL cavity length
and the circumference of storage ring respectively, which satisfy the synchronization
condition Cring “ 2nLcavity with n “ 1, 2, ... so that the relativistic electron bunch
and FEL pulse can copropagate inside the undulator for interaction.

ring FELs mostly use the oscillator configuration. Analogous to optical lasers, a
storage ring FEL consists of a gain medium (the relativistic electron beam revolving
in an electron storage ring), an optical pump (produced by either the electron beam
itself or an external laser source), and an optical resonator (the volume enclosed
by two high-reflectivity mirrors), as shown in Fig. 3.1. The interaction between
the electron and optical beams in the undulator induces the electron beam to emit
radiation to amplify the FEL beam inside the optical resonator.
In a storage ring FEL, the FEL process is initiated by an optical pumping, which
in most cases is the spontaneous undulator radiation emitted by the electron beam
within the cone of 1/γ along the propagation direction of the beam. The optical
resonator is used to capture the optical beam, with its length designed such that
the electron beam copropagates with the optical beam inside the undulator in each
revolution of the electron beam in the ring. Once the intracavity optical power is
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established to a certain level, the interaction between the electron and optical beams
develops microbunching of the electron beam. The microbunching process occurs
during each pass, where the electron beam is first energy modulated by the copropagating optical beam, and through a longitudinal phase space rotation transforms
the energy modulation into longitudinal density modulation, such that the electron
beam is bunched at the scale of the optical wavelength. Such a microbunched electron beam will emit coherent radiation in the same phase as that of the existing
optical beam, resulting in the FEL gain process. Using a simple model with a constant FEL gain, the pass-by-pass evolution of the intracavity optical power can be
described by [35]
P1 “ Pun ,

(3.1)

Pn “ Pn´1 p1 ` GqR ` Pun ,

(3.2)

where Pn is the intracavity power after the nth pass, Pun is the power of spontaneous
radiation, R is the round-trip mirror reflectivity, and G is the FEL gain defined as
the relative power increment due to the FEL interaction in each pass. From Eqs.
(3.1) and (3.2), we can have

Pn “

pGnet qn ´ 1
Pun ,
Gnet ´ 1

(3.3)

where Gnet “ p1 ` GqR is the net gain per pass. Eq. (3.3) shows that the intracavity
power can be built up only if Gnet ą 1. In reality, the FEL gain is a function of
intracavity power. With the intracavity power increased, the FEL gain is accordingly
reduced due to the FEL induced energy spread in the electron beam, which will be
discussed in detail in Section 3.5. Once reaching a point where the FEL gain is
balanced against the round-trip cavity loss (Gnet “ 1), the intracavity power stops
growing. This point is referred to as FEL saturation.
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In this chapter, the electron motion in the combined field of a magnetic undulator and an optical field is described first. Next, the mechanism of FEL lasing
is introduced, which is separated into three processes: (1) Small-signal, small-gain
regime; (2) High-gain regime; (3) Saturation. In the discussion of Process (1), the
small-signal gain is obtained based upon the assumption that the amplitude of the
optical field is small and slow-varying in time. In the discussion of Process (2), the
time dependence of optical field is found by solving the wave equation. Finally, in
Section 3.5, the FEL power limitation upon saturation is given.

3.2 Electron Motion in Laser Fields
As shown in Section 2.2.1, an electron passing through a planar undulator with
vertical magnetic field undergoes a horizontal oscillation as well as a longitudinal
oscillation, with twice the frequency and much smaller amplitude compared to the
horizontal oscillation. In this section, with the addition of a laser beam, the energy
transfer between the electron and laser field in the planar undulator is discussed, and
the electron motion in one-dimensional phase space is derived.
The electromagnetic field of a laser beam propagating colinearly with the electron
(in the z-direction) can be written as
~ l “ ´El0 cospωl t ´ kl z ` φl qx̂,
E

(3.4)

~ l “ ´ El0 cospωl t ´ kl z ` φl qŷ,
B
c

(3.5)

where El0 , ωl , kl and φl are the amplitude, frequency, wave number and initial phase
of the laser field, respectively. In this case, the electron’s motion is determined by

γme

d2~r
~ l ´ ecβ~ ˆ pB
~u ` B
~ l q,
“ ´eE
dt2

(3.6)

~ u is the magnetic field of undulator given by Eq. (2.3). Integrating Eq.
where B
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(3.6), the x-component of the velocity can be expressed as
cK
cKl
dx
“´
sinpku zq `
sinpωl t ´ kl z ` φl q,
dt
γ
γ

(3.7)

where the first (second) term on the right-hand side describes the electron transverse
motion caused by the undulator (laser) field, and K “ eB0 {pme cku q and Kl “
eEl0 {pme cωl q. Typically Kl ! K, and the second term on the right-hand side of Eq.
(3.7) can be neglected. As a result, the electron’s motion can still be described by
Eqs. (2.4), (2.5) and (2.7).
The energy change of the electron via its interaction with the laser field is given
by
dpγme c2 q
~ l “ ´evx Ex .
“ ´ecβ~ ¨ E
dt

(3.8)

Using Eqs. (2.4) and (3.4), Eq. (3.8) can be rewritten as
me c2

dγ
eEl0 cK
“ ´
sinpku zq cospωl t ´ kl z ` φl q
dt
γ
“

(
eEl0 cK
sinrωl t ´ pkl ` ku qz ` φl s ´ sinrωl t ´ pkl ´ ku qz ` φl s (3.9)
.
2γ

Here, we define the phase advance of the electron oscillation relative to the laser field
as
ψ “ pkl ` ku qz ´ ωl t ´ φl .

(3.10)

In a planar undulator the z-component of electron’s trajectory can be decomposed
into a drift z̄ with constant speed and a fast oscillation zr [Eq. (2.13)] i.e.
z “ z̄ ` zr,

(3.11)

with
z̄ “ β̄ct,
zr “

(3.12)

K2
sinp2Ωu tq.
8pγβq2 ku
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(3.13)

Accordingly, ψ can be decomposed into a mean phase and a fast phase oscillation,
r
ψ “ ψ̄ ` ψ,

(3.14)

ψ̄ “ pkl ` ku qz̄ ´ ωl t ´ φl ,

(3.15)

ψr “ pkl ` ku qr
z.

(3.16)

with

To sustain a continuous energy transfer between the electron and laser field, a stationary mean phase (dψ̄{dt “ 0) is required. Using Eq. (3.12) with ku ! kl , the
change of the mean phase can be written as
1 ` K 2 {2
dψ̄
“ cku ´
ckl ,
dt
2γ 2

(3.17)

1 ` K 2 {2
λl “ λu
,
2γ 2

(3.18)

and dψ̄{dt “ 0 gives

where λl is the laser wavelength for FEL resonance. From the view point of energy
transfer, the same resonant condition as Eq. (2.23) is obtained in here.
Further, using Eqs. (3.12„3.18), Eq. (3.9) can be rewritten as
eEl0 K
K2
K2
dγ
“ ´
sin ψ̄ cosr
sinp2k
z̄qs
`
cos
ψ̄
sinr
sinp2ku z̄qs
u
dt
2γme c
4 ` 2K 2
4 ` 2K 2
´ sin ψ̄ cosr

K2
sinp2ku z̄q ´ 2ku z̄s
4 ` 2K 2

´ cos ψ̄ sinr

(
K2
sinp2k
z̄q
´
2k
z̄s
.
u
u
4 ` 2K 2

(3.19)

We assume that El0 , γ and ψ̄ vary slowly within one undulator period, and the
time derivative in Eq. (3.19) is much longer than one undulator period. Using the
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identities
1
2π

ż 2π

1
2π

ż 2π

sinpz sin Θ ´ nΘqdΘ “ 0,
0

cospz sin Θ ´ nΘqdΘ “ Jn pzq,
0

where Jn pzq is the nth-order Bessel function of the first kind, Eq. (3.19) can be
averaged over one undulator period, leading to
dγ
eEl0 K
“´
rJJs sin ψ̄,
dt
2γme c

(3.20)

where
rJJs “ J0 p

K2
K2
q
´
J
p
q.
1
4 ` 2K 2
4 ` 2K 2

(3.21)

Since γ varies with time, it is common to use the normalized energy deviation
η“

γ ´ γr
,
γr

(3.22)

where γr is the resonant energy satisfying Eq. (3.18) for a given undulator and
laser wavelength. FEL resonance typically starts up from undulator spontaneous
radiation, and thus the initial spectral bandwidth of FEL beam is limited by that of
spontaneous radiation spectrum i.e. ∆λl {λl “ Op1{Nu q ! 1. On the other hand, Eq.
(3.18) gives ∆γ{γ “ ´ 12 p∆λl {λl q. Therefore, to have an effective and sustainable
FEL resonance, the normalized energy deviation should satisfy η ! 1. In addition,
the phase change [Eq. (3.17)] and energy change [Eq. (3.20)] can be rewritten in
terms of η as
dψ̄
“ 2cku η,
dt

(3.23)

dη
eEl0 KrJJs
“ ´
sin ψ̄,
dt
2γr2 me c

(3.24)
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which describe the electron motion in the longitudinal phase space.
It is interesting to observe that the electron dynamics given by Eqs. (3.23) and
(3.24) is analogous to that of a pendulum whose Hamiltonian is given by

H“

L2
` mglp1 ´ cos θq,
2ml2

where L and θ are the angular momentum (canonical momentum) and pendulum
angle (canonical coordinate), respectively. m, g and l are the pendulum mass, acceleration of gravity and pendulum length, respectively. Therefore, Eqs. (3.23) and
(3.24) are often referred to as FEL pendulum equations. Making an analogy between
pL, θq and pη, ψ̄q, the Hamiltonian of the electron can be expressed as
Hpψ̄, ηq “ Aη 2 ` Bp1 ´ cos ψ̄q,

(3.25)

where A “ cku , and B “ eEl0 KrJJs{p2γr2 me cq. Eqs. (3.23) and (3.24) can also be
obtained from Hamilton’s equations using the Hamiltonian given by Eq. (3.25). The
electron’s trajectory in the longitudinal phase space can be determined by giving an
initial ψ̄ “ ψ̄0 and η “ η0 with a constant H “ Hpψ̄0 , η0 q. Like a pendulum, the
possible phase for a bounded motion is constrained between ´π and π, and the phase
space trajectory passing the points pη “ 0, ψ̄ “ ˘πq is given by
c
η“˘

2B
ψ̄
cos ,
A
2

´π ď ψ̄ ď π.

This trajectory is referred to as the FEL separatrix, which separates the regions of
bounded and unbounded phase space motions. The region enclosed by the separatrix
is called the FEL bucket, which corresponds to one laser wavelength in length. Figure
3.2 shows a few bounded phase space trajectories within an FEL bucket. All the
electrons whose Hamiltonian is less than that of the separatrix circulate in the FEL
bucket, except for the one with ψ̄0 “ 0 and η0 “ 0, which is fixed at the origin all
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Figure 3.2: Bounded trajectories (solid blue) in the longitudinal phase space. The
FEL separatrix is shown as the dashed curve. The amplitude of laser field is assumed
to be constant, and B{A “ 0.5 ˆ 10´4 [A and B are the parameters in Eq. (3.25)].

the time. An electron transfers its energy to the optical beam when it rotates into
the region with η ă 0, and grabs energy from the optical beam for η ą 0.
Based upon the single electron dynamics, the phase space evolution of an electron beam in a laser field is also studied by performing three-dimensional simulation, as shown in Fig. 3.3. In the simulation, the six-dimensional phase space
px, y, px , py , ψ̄, ηq of all electrons, which interact with a laser beam represented as a
plane wave, is tracked along the undulator. The left and right columns show the
electron beam distributions in the η ´ ψ̄ plane and y ´ ψ̄ plane, respectively. The
simulation was performed for one FEL bucket, which is reduplicated to form three
consecutive FEL buckets in the y ´ ψ̄ plane to make the illustration of microbunching more visible. As shown in Fig. 3.3(c), due to the interaction with the laser
field, the energy of the electron beam is modulated in the first stage. Further in-
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teraction with the laser field transfers the electron beam energy modulation to the
spatial density modulation [see Fig. 3.3(e)]. This process is referred to as electron
beam microbunching. The subplots in the right column of Fig. 3.3 illustrate the
evolution of the electron beam spatial distribution in the y ´ ψ̄ plane, which clearly
shows the microbunching process. It will be seen in Section 3.4 that the degree of
microbunching is essential to the FEL gain.

3.3 Small-Signal FEL Gain
Without being seeded by an external laser, an FEL starts building up the optical
power from undulator spontaneous radiation. During this stage of FEL start-up,
since the laser power is relatively low, the energy transfer rate, i.e. the FEL gain, is
also very small [Eq. (3.24)]. Therefore, this stage is referred to as the small-signal,
small-gain regime where the laser field is considered to be small and vary slowly. In
this section, the electron motion in the small-signal, small-gain regime is illustrated
by solving the equations of motion [Eqs. (3.23) and (3.24)] using perturbation theory.
The FEL gain in a single pass is also derived.
To apply the perturbation theory, it is helpful to rewrite Eqs. (3.23) and (3.24)
in terms of dimensionless variables:
τ “

ct
,
Lu

(3.26)

µ “ 4πNu η,
 “

2πeEl0 KLu Nu rJJs
,
γr2 me c2

(3.27)
(3.28)

where Lu and Nu are the undulator length and number of undulator periods, respec-

50

−4

0.05

x 10
(a)

(b)

Nu = 0

N =0
u

2

y (m)

η, (γ − γ r )/γ r

4

0

0
−2
−4

−0.05
−1

−0.5

0

0.5

1

−3

−2

−1

ψ̄ (π)

0

1

2

3

ψ̄ (π)
−4

0.05

x 10
(c)

(d)

Nu = 5

N =5
u

2

y (m)

η, (γ − γ r )/γ r

4

0

0
−2
−4

−0.05
−1

−0.5

0

0.5

1

−3

−2

−1

ψ̄ (π)

0

1

2

3

ψ̄ (π)
−4

0.05

x 10
(e)

(f)

Nu = 15

N = 15
u

2

y (m)

η, (γ − γ r )/γ r

4

0

0
−2
−4

−0.05
−1

−0.5

0

0.5

1

−3

ψ̄ (π)

−2

−1

0

1

2

3

ψ̄ (π)

Figure 3.3: Electron beam phase space evolution as the electron beam passes
through the undulator. Electron beam parameters: no. of electrons Ne “ 20000; The
initial mean energy γ0 “ 1000; The initial rms relative energy spread p∆γ{γ0 qrms “
1.5 ˆ 10´3 ; The initial rms beam size rx “ ry “ 0.1 mm; The initial rms angular
spread θx “ θy “ 20 µrad. Laser parameters: wavelength λl “ 360 nm, and intensity
Il “ 2.78 ˆ 1013 W/cm2 . Undulator parameters: B0 “ 0.38 Tesla, and λu “ 10 cm.
51

tively. As a result, the dimensionless equations of motion are given,
dψ̄
“ µ,
dτ

(3.29)

dµ
“ ´ sin ψ̄,
dτ

(3.30)

where  is a small parameter. The smallness of  can be seen by rewriting Eq. (3.28)
as
 “ 2πrJJs

eEl0 pcK{γr qpLu {cq
,
γr me c2 {Nu

where, aside from the coefficient 2πrJJs, the numerator describes the energy loss of
electron throughout the undulator, while the denominator is the maximum energy
loss of the electron per undulator period assuming that the electron completely loses
its energy after passing through the undulator. In the small-signal, small-gain regime,
since the numerator is much smaller than the denominator, we have  ! 1 which
allows us to expand ψ̄ and µ in terms of the power series of :
ψ̄ “ ψ̄0 ` ψ̄1 ` 2 ψ̄2 ` . . . ,

(3.31)

µ “ µ0 ` µ1 ` 2 µ2 ` . . . .

(3.32)

Using Eqs. (3.31) and (3.32), the dimensionless equations of motion can be written
(up to the order of 2 ) as
dψ̄i
“ µi ,
dτ

i “ 0, 1, 2

dµ0
dµ1
dµ2
`
` 2
“ ´psin ψ̄0 ` ψ̄1 cos ψ̄0 q
dτ
dτ
dτ
The zeroth order of Eqs. (3.33) and (3.34) gives
dψ̄0
“ µ0 ,
dτ
dµ0
“ 0,
dτ
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(3.33)
(3.34)

the solutions to which are
ψ̄0 “ µ0 τ ` φ0 ,

(3.35)

µ0 “ constant,

(3.36)

where φ0 is the initial phase of the electron. Eq. (3.36) indicates that in the zeroth
order, the electron energy is unchanged all the way through the undulator. Therefore,
no energy exchange between the electron and laser field occurs in this order.
The first order equations can be written as
dψ̄1
“ µ1 ,
dτ
dµ1
“ ´ sin ψ̄0 .
dτ
Based upon the solutions to the zeroth-order equations, the solutions to the firstorder ones can be written as
ψ̄1 “

‰
1 “ sinpµ0 τ ` φ0 q ´ sin φ0
´ τ cos φ0 ,
µ0
µ0

(3.37)

µ1 “

1
rcospµ0 τ ` φ0 q ´ cos φ0 s.
µ0

(3.38)

Eq. (3.38) shows that energy exchange between a particular electron and laser field
occurs in the first order. However, it is found that ă µ1 ąφ0 “ 0 for any τ , where
ăąφ0 is the averaging over φ0 . Since the electrons in an electron bunch are assumed
to have random initial phases at the entrance of undulator, ăąφ0 is equivalent to
averaging over all electrons. Therefore, the net energy transfer from the electron
beam to laser field is also zero throughout the undulator in this order.
To find out the non-zero net energy exchange between electron and laser beams,
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the second-order equations are investigated, which read
dψ̄2
“ µ2 ,
dτ
dµ2
“ ´ψ̄1 cos ψ̄0 .
dτ
Using Eqs. (3.35) and (3.37) and taking the average over φ0 , the second-order energy
at the exit of the undulator is obtained,
ă µ2 pτ “ 1q ąφ0 “

1 d “ sinpµ0 {2q ‰2
.
4 dµ0
µ0 {2

(3.39)

Therefore, the averaged energy change of uniformly distributed electrons in a single
pass is
ă ∆µ ąφ0 “ă 2 µ2 pτ “ 1q ąφ0 “

2 d “ sinpµ0 {2q ‰2
.
4 dµ0
µ0 {2

(3.40)

Further, assuming that the longitudinal current density of the electron beam is Je “
´ene vz « ´ene c where ne is the electron density, the energy density change of the
electron beam in a single pass can be written as
∆ue “

Je
Je γr me c2
ă ∆γ ąφ0 me c2 “ ´
ă ∆µ ąφ0 ,
´ec
ec 4πNu

(3.41)

where Eq. (3.27) has been used to replace ∆γ with ∆µ. On the other hand, the
energy density of the laser beam can be expressed as
ul “

0 2
E .
2 l0

(3.42)

Let us assume that the energy lost by the electrons is completely transferred to the
laser beam. As a result, using Eqs. (3.28) and (3.40–3.42), the gain in a single pass
can be written as
Gpµ0 q “

´∆ue
ul

“ ´

2πeJe K 2 Nu L2u rJJs2
gpµ0 q,
0 γr3 me c3
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(3.43)
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Figure 3.4: Gain function gpµ0 q given by Eq.
rsinpµ0 {2q{pµ0 {2qs2 is also plotted for comparison.

(3.44).

sinc2 pµ0 {2q “

where
„
2
1 d sinpµ0 {2q
gpµ0 q “ ´
,
4 dµ0
µ0 {2

(3.44)

is the gain function, as shown in Fig. 3.4. It can be noticed that gpµ0 q is proportional
to the derivative of ´sinc2 pµ0 {2q. In particular, gpµ0 “ 0q “ 0, indicating that there
is no net energy transfer between the laser field and those electrons whose energy is
exactly equal to the resonant energy γr . The maximum gain gmax « 0.0675 occurs
at µ0 « 2.6, which corresponds to γ0 « γr p1 ` 0.21{Nu q where γ0 is the electron’s
initial energy.
In the previous derivations, we have considered a situation with fixed laser frequency (ωr ) and electrons at different energies (γ). The same analysis can be carried
out for the case with a fixed energy of the electrons (γr ) but different laser frequencies
(ω). Using the FEL resonant condition [Eq. (3.18)], we have

55

γ´γr
γr

r
“ ´ 12 ω´ω
, and
ωr

µ0 can be rewritten as
µ0 “ 2πNu

ωr ´ ω
,
ωr

(3.45)

where ω and ωr are the radiation frequencies corresponding to γ0 and γr , respectively.
Using Eq. (3.45), the FEL gain can also be rewritten as

Gpωq “ ´

2πeJe K 2 Nu L2u rJJs2
gpωq
0 γr3 me c3

(3.46)

with
"
*2
ωr d sinrπmNu pω ´ ωr q{ωr s
.
gpωq “
8πNu dω
πmNu pω ´ ωr q{ωr

(3.47)

Comparing Eqs. (3.46) and (3.47) with the spectral power distribution of the on-axis
spontaneous radiation [Eqs. (2.52) and (2.53) with m “ 1, θ “ 0], it is found that

Gpωq9

d d2 P1 pω, θ “ 0, φq
.
dω
dωdΩ

This relation is referred to as the Madey Theorem [11], which states that the smallsignal FEL gain is proportional to the derivative of the corresponding spontaneous
radiation spectrum. Although the Madey Theorem is analytically obtained for singleundulator configuration, it has been experimentally found to be useful for optical
klystron based FELs as well, as shown in Fig. 3.5. This theorem plays a significant
role in the FEL development and is a very useful tool to study the FEL gain using
known spontaneous radiation spectra.

3.4 Evolution of the Laser Field
In the small-signal, small-gain regime, the laser power is slow-varying, therefore can
be considered to be constant during a particular FEL interaction due to a relatively
low FEL gain. However, once the optical power is substantially built up, the FEL
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Figure 3.5: Experimental demonstration of the Madey Theorem on an optical
klystron FEL (Fig. 6.11 in Ref [1]). The measurements were taken on the Duke FEL
system. OK-4 optical klystron were used with KOK-4 “ 3.62. The electron beam
energy was 580 MeV, and the beam current was 3.67 mA. The spontaneous radiation
spectrum was measured right after the lasing spectrum by inserting an intracavity
reflective mirror to stop lasing and guide the radiation out.

gain will also be significantly increased so that the intensity change of the laser
field must be taken into account. In this section, the evolution of the laser field
is obtained by solving the one-dimensional wave equation under the slow-varying
amplitude approximation.
The laser field is assumed to be a plane wave given by Eq. (3.4). The scalar wave
equation for the laser field can be written as
∇2 El ´

1 B 2 El
BJx
“ µ0
,
2
2
c Bt
Bt

(3.48)

where El “ ´El0 cospωl t ´ kl z ` φ0 q, Jx “ ´ene vx is the electron beam transverse
current density formed by the electrons’ transverse oscillation, ne is the electron
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density, and vx is the electron’s transverse velocity in the planar undulator described
by Eq. (2.4). Under the slow-varying amplitude approximation, El0 , as a function
of t or z, is assumed to vary little within one undulator period. Using the expression
of El , Eq. (3.48) can be rewritten as
2kl

BJx
DEl0
sinpωl t ´ kl z ` φ0 q “ ´µ0 c
,
Dt
Bt

(3.49)

where
D
B
B
“c ` .
Dt
Bz Bt
Multiplying both sides of Eq. (3.49) by sinpωl t ´ kl z ` φ0 q, we have
DEl0 DEl0
µ0 c BJx
´
cosr2pωl t ´ kl z ` φ0 qs “ ´
sinpωl t ´ kl z ` φ0 q.
Dt
Dt
kl Bt

(3.50)

Next, at a particular longitudinal position zp , taking the time average over a time
interval ∆t “ λl {c on both sides, Eq. (3.50) becomes
DEl0
µ0 c 1
“ ´
Dt
kl ∆t
µ0 c ωl
“
kl ∆t

ż t0 `∆t
t0

BJx
sinpωl t ´ kl zp ` φ0 qdt
Bt

ż t0 `∆t
Jx cospωl t ´ kl zp ` φ0 qdt,

(3.51)

t0

where the change of El0 within ∆t is considered to be negligible. Ignoring the dependence on the transverse coordinates, the electron density can be written as
Ne
ÿ

N
1 ÿe
ne “
δpz ´ zj q “
δpt ´ tj q,
β̄c j“1
j“1

where Ne “

şt0 `∆t
t0

(3.52)

ne β̄cdt is the number of electrons within the slice from zp ´ ∆z to

zp , and ∆z “ β̄c∆t. Using Eqs. (2.4) and (3.52), the transverse current density can
be expressed as
Jx “ ecK sinpku zp q

N
1 ÿe 1
δpt ´ tj q.
β̄c j“1 γj
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(3.53)

Plugging the equation above into Eq. (3.51), we obtain
N
DEl0
ecK 1 ÿe
“
sinpku zp q cospωl tj ´ kl zp ` φ0 q,
Dt
0 γr ∆z j“1

(3.54)

where the energy of electrons are assumed to be close to the FEL resonant energy
with γj « γr for all j’s. Using the same approach as for Eq. (3.9) (taking an average
over one undulator period), the evolution of laser field is given by
N
DEl0
ecKrJJs 1 ÿe
“
sin ψ̄j ,
Dt
20 γr ∆z j“1

(3.55)

where the phase ψ̄ is given by Eq. (3.15), and rJJs is defined as Eq. (3.21). Eq.
(3.55) can be further rewritten as
DEl0
Je KrJJs
“´
ă sin ψ̄ ą∆z ,
Dt
20 γr

(3.56)

where Je “ ´en̄e c is the averaged longitudinal current density with n̄e “ Ne {∆z
defined as the averaged electron density in the slice ∆z;
N
1 ÿe
sin ψ̄j ,
ă sin ψ̄ ą∆z “
Ne j“1

(3.57)

is called the bunching factor, which is more commonly written in terms of the complex
representation as ă eiψ̄ ą∆z , describing the degree of electron beam microbunching
in the length scale of the lasing wavelength with its magnitude between 0 and 1. For a
uniformly distributed electron beam, since ψ̄ is random, | ă eiψ̄ ą∆z | “ 0. While for
a fully microbunched beam, the identical ψ̄ for all electrons leads to | ă eiψ̄ ą∆z | “ 1.
Figure 3.6 shows the evolution of the bunching factor in the simulation shown in Fig.
3.3. It can be seen that the bunching factor keeps increasing as the electron beam
passes through the undulator, which in turn makes the laser intensity grow faster. It
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Figure 3.6: Evolution of the bunching factor in the same simulation shown in Fig.
3.3 (A constant laser power is used.).

should be noticed that in this simulation, the laser power is assumed to be constant.
Taking into account the increase of laser power, the bunching factor is expected to
increase more rapidly.
Knowing the evolution of the laser field [Eq. (3.56)], the evolution of the FEL
gain can also be obtained,
2
1 DEl0
Je KrJJs
DG
“ 2
“´
ă sin ψ̄ ą∆z .
Dt
El0 Dt
0 γr El0

(3.58)

In the previous section, energy conservation is used for the calculation of the
small-signal gain, which can be examined at this point. The total energy density in
the slice ∆z can be written as
1
2
u “ ue ` ul “ n̄e ă γ ą∆z me c2 ` 0 El0
,
2
where ue and ul are the energy density of the electron and laser beams respectively,
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and ă γ ą∆z “ p

řNe
j“1

γj q{Ne is the averaged electron energy within ∆z. Using Eqs.

(3.24) and (3.56), we have
du
dγ
DEl0
“ n̄e ă
ą∆z me c2 ` 0 El0
“ 0,
dt
dt
Dt
which confirms the energy conservation in the FEL process.

3.5 FEL Saturation
The FEL interaction induces the electron beam phase space rotation (Fig. 3.3),
which eventually brings the majority of the electrons into the phase space region
where they absorb energy from the laser beam. This is the mechanism of FEL
saturation for a single-pass FEL with a sufficiently long undulator. In a storage ring,
the electron beam circulates, building up the optical power pass by pass. In each
revolution, after interacting with the FEL beam inside the undulator, the electron
beam passes through some other magnetic elements (dipoles and quadrupoles) in
the rest of the storage ring. The path lengths of individual electrons depend on
their energy, which cause the microbunching inside the electron beam to be smeared
out after every pass of the storage ring. Therefore, the electron beam entering the
undulator in each pass is considered to be uniformly distributed in the longitudinal
direction without residual bunching, with its energy spread increased pass by pass.
On the other hand, the undulator of a storage ring FEL is typically not long enough
for a “fresh” electron beam to undergo substantial phase space rotation to reach FEL
saturation. Therefore, with the FEL interaction in the low-gain regime, the FEL
saturation for a storage ring FEL occurs due to other mechanisms [1].
First, the FEL interaction induces the increase of the electron beam energy
spread. The electron beam in a storage ring undergoes synchrotron oscillation, a
longitudinal phase space oscillation due to electron’s interaction with the longitudinal electric field in the rf cavity. The phase space area for the bounded synchrotron
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oscillation is called an rf bucket. Analogous to the FEL buckets, the adjacent rf
buckets are separated by one rf wavelength (on the order of a meter), which is much
longer than the length scale of an FEL bucket. The phase space rotation in the
rf bucket converts the FEL induced energy spread increase to the electron bunch
lengthening, which results in a decrease of the electron beam peak current and thus
the decrease of the FEL gain [Eq. (3.58)]. Second, like the gain reduction due to
the inhomogeneous spectrum broadening in the conventional lasers, the FEL induced
energy spread also has a direct impact on the FEL gain. This can be seen using the
Madey Theorem: the FEL induced energy spread increase leads to the broadening
of the undulator radiation spectrum, the slope of which is reduced. As a result, the
FEL gain is accordingly reduced [Eq. (3.47)].
With the contribution from the two mechanisms above, once the FEL gain decreases to a point where the gain is equal to the round-trip loss, the system reaches
saturation. The FEL power PFEL at saturation can be written as [36, 37, 38, 39, 3]
PFEL “ αPsyn

2
´ σ02
σFEL
,
σFEL

(3.59)

where α is a numerical factor, Psyn is the total synchrotron radiation power emitted
by the electron bunch in the entire storage ring, σ0 is the initial relative electron
beam energy spread (rms) with no FEL lasing, and σFEL is the relative electron
beam energy spread when the FEL reaches saturation.
A storage ring FEL at saturation is not a steady state of the FEL operation. In
fact, this FEL at saturation does not work as an ideal continuous-wave radiation
source with a constant intensity. Instead, the dynamics of the electron beam in
the storage ring at a slow time scale and its interactions with the FEL beam at a
fast time scale results in an FEL operation with a quasi-continuous-wave temporal
structure. Typically, when the FEL reaches saturation, the intracavity power starts
to decay, which causes the damping of the electron beam energy spread. As the
62

energy spread is damped to a level such that the FEL gain is greater than the loss,
the laser power can start to grow up again. Such a competition between the rapid
FEL induced energy spread increase and the slow energy spread damping leads to the
quasi-continuous-wave temporal structure of the storage ring FEL. To distinguish the
FEL micropulses which are the pulsing structure associated with the electron beam
revolution (at a few MHz), the slower time variations of the FEL beam intensity are
commonly referred to as FEL macropulses (at tens or hundreds of Hz). The repetition
frequency of the macropulses is associated with the intrinsic time constants of the
storage ring FEL [40],
1
,
fmacro 9 ?
τFEL τd

(3.60)

where τFEL is the FEL rise time and τd is the electron beam energy damping time.

63

4
Experimental Techniques

4.1 Electron Beam Bunch Length Measurements
On the Duke storage ring, the electron bunch length can be experimentally determined by fitting the longitudinal charge distribution of the electron beam, which is
measured using an image dissector tube [3, 2]. By measuring the longitudinal profile
of the synchrotron radiation pulses emitted by the electron beam in a bending magnet, the image dissector tube allows us to determine the temporal structure of the
electron beam.
An image dissector tube is composed of two parts (see Fig. 4.1), an image section
and a multiplier section, separated by a narrow slit. In the image section, synchrotron
radiation pulses are incident on a transmissive photocathode with a focused beam
spot. The excited photoelectrons are accelerated toward the narrow slit by a high
voltage applied between the photocathode and the slit plane, and also focused along
the way to the slit plane by a transverse focusing field. A pair of deflecting plates are
placed between the photocathode and the slit plane to produce a sinusoidal deflecting
field with a high voltage (typically „10 kV) and high frequency. The deflecting signal
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is set to be a sub-harmonic of the storage ring rf frequency with a particularly locked
phase between the deflecting voltage and the electron bunches. For the dissector
used on the Duke storage ring, the deflecting signal is set to be the one-eighth
harmonic of the rf frequency, but also the eighth harmonic of the revolution frequency
(frf {frev “ 64). As shown in Fig. 4.2, a stationary pattern of electron bunches is
projected onto the slit plane due to the phase locking, transforming the longitudinal
distribution of electrons to a transverse distribution at the slit plane. In addition, a
linear scan voltage with a much slower rate is applied between the deflecting plates so
that the stable longitudinal charge distribution of an electron bunch can be measured
with the slit letting pass through only a small portion of photoelectrons, which
belong to a longitudinal slice of the photoelectron pulse. In the multiplier section,
the intensity of the electrons passing through the slit is multiplied by several orders
of magnitude by using a chain of dynodes, and the amplified signal generates an
output at the anode (see Fig. 4.1). Specifically developed for the Duke storage
ring operation, this dissector is implemented for the bunch length measurement of
not only a single electron bunch, but also a multi-bunch beam with a particular

Image Section
Synchrotron
Radiation
Pulse

Photo
Cathode

Multiplier Section
Slit

e−

Focus Deflector

Dynodes

Figure 4.1: Internal structure of an image dissector tube [2].
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Anode

Figure 4.2: Phase locking between the deflecting voltage and the electron bunches
[2]. The deflecting voltage is a sub harmonic of the storage ring rf. A stationary
pattern of electron bunches is shown on the slit plane.

bunch selected at a given time with the use of an rf switch to reject signals from the
unwanted bunches. Since the linear scan is much slower compared to the deflecting
signal, this device cannot capture the fast variations of the temporal structure of the
electron beam and thus can only be used as a bunch length measurement device for
longitudinally stable electron beams. The operation of a dissector is similar to that
of a sampling oscilloscope, for which a repetitive electric signal, rather than a pulsed
optical signal, is measured.
The uncertainty of the electron bunch length measurement is determined by the
dissector resolution, which depends on several factors. First, the dissector resolution
is limited by the finite size of the slit, through which the deflected electrons pass
from the image section to the multiplier section. Second, the photoelectrons at the
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Figure 4.3: Measurements of the dissector resolution. (a) The measured dissector
resolution is small, σb, res “ 48 ps, when the dissector setup is optimized with wellaligned incident synchrotron radiation beam. (b) The dissector resolution degrades
to σb, res “ 69 ps, in some cases, typically caused by a misaligned optical beam due
to electron beam orbit changes. In both cases, the electron beam energy Eb “ 500
MeV, and the electron beam current Ib » 1.3 mA.
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photocathode with different energies spend different amounts of transit time to arrive
at the slit plane. The resultant transit time spread also contributes to the dissector
resolution. Third, the dissector resolution is also affected by the finite transverse
beam size of the synchrotron light pulses. The effective transverse beam size may
be further increased by poor focusing due to the misalignment of optics to transport
the incident synchrotron radiation beam. Collectively, these uncertainties can be
lumped together to be treated as the technique resolution of the dissector. The
dissector resolution contributes to the measured bunch length in the following way:

σb,2 meas “ σb,2 real ` σb,2 res ,

(4.1)

where σb, meas and σb, real are the measured and real bunch length, respectively, and
σb, res is the dissector resolution. To determine this resolution, a beam based rf-scan
technology can be utilized. For a quasi-stable electron bunch with its peak current
beyond the microwave instability threshold, its longitudinal distribution is approximately Gaussian and its bunch length can be related to the rf voltage (assuming a
small synchrotron radiation loss compared to the energy gain in the rf cavity):
1
σb, real 9 a ,
Vrf

(4.2)

where Vrf is the magnitude of the rf voltage [3]. Therefore, using
σb,2 meas “

A
` σb,2 res ,
Vrf

(4.3)

where A is a constant, the dissector resolution can be measured by varying Vrf and
linearly fitting σb,2 meas versus 1{Vrf . Two measurements are shown with Vrf varied
from 700 kV to 100 kV in Fig. 4.3(a) and that tuned from 600 kV to 100 kV in
Fig. 4.3(b). When the dissector setup is optimized with a well-aligned incident
synchrotron radiation beam, as in Fig. 4.3(a), the fitted dissector resolution σb, res “
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48 ps, which is close to the optimal values (40–45 ps) of this dissector used on the
Duke storage ring system. While in Fig. 4.3(b), the measured dissector resolution
is 69 ps, indicating this measurement was taken under somewhat non-optimal setup
conditions. This typically happens as the result of a change in the storage ring
operation conditions. When the storage ring lattice is changed or the FEL wiggler
settings are significantly changed, the change of the electron beam orbit in bending
magnets causes a noticeable change in the direction of synchrotron radiation beams
emitted from bending magnets. Although the dissector resolution varies with the
accelerator setup, we will see that it has very limited impact on the use of the
measured bunch length in calibrating the FEL power, which will be shown in Section
4.3.

4.2 Determine Electron Beam Energy Spread Using Measured Bunch
Length
It is important to know the electron beam energy spread for the operation of a
storage ring, in particular, for the storage ring FEL. A technique based upon the
measured bunch length can be used to determine the electron beam energy spread
under certain operation conditions. In the microwave instability region with large
enough bunch current (the microwave instability threshold has been demonstrated to
be 40 µA at the beam energy of 280 MeV for the Duke storage ring [41]) and/or with
FEL lasing to increase the electron beam energy spread, the electron beam energy
spread and bunch length are found to be related in a simple manner due to the
longitudinal phase space rotation (synchrotron oscillation). In this case, the energy
spread is found to be proportional to the bunch length of the electron beam:
σE » kσb ,
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(4.4)

Figure 4.4: The relationship between the measured energy spread and the measured
bunch length with FEL operation (Reproduced from the dissertation of B. Jia [3].).
The FEL power is tuned to maximum. The beam energy is 400 MeV. The theoretical
slope is 0.0188 at Vrf “ 500 kV and 0.0238 at Vrf “ 800 kV.

where σE and σb are the relative energy spread (rms) and the bunch length (rms)
of the electron beam, respectively; k “ ωs {pαc cq is a numerical factor related to
the frequency of synchrotron oscillation ωs and the momentum compaction factor
αc . To take into account a finite energy spread at very low beam current below
the microwave instability limit, a modified fitting model can be used to describe the
relationship between σE and σb by introducing a residual energy spread σR at the
limit of σb Ñ 0:
b
σE “

σR2 ` pkσb q2 .

(4.5)

This relation has been validated using experimental results. Figure 4.4 shows
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the dependence of the measured energy spread (σE ) on the measured bunch length
(σb ). The fitted slope k (σE » kσb ) is very close to its theoretical values for two
different settings of rf voltages. This simple relation (σE » kσb ) works well for a
wide range of bunch length values, with a small uncertainty of about 3.2% (rms) for
109 ps ď σb ď 323 ps (see Fig. 4.4), and a larger uncertainty of about 8.7% (rms)
when σb is short (56 ps ď σb ď 89 ps, Fig. 4.4).
The bunch length measurements are particularly useful in the FEL operation to
estimate the FEL power (see Section 4.3). Figure 4.5 shows the measured bunch
lengths in an FEL operation with FEL lasing turned on and off, respectively. The
measured dissector resolution in Fig. 4.3(b) (σb, res “ 69 ps) is used to correct the
bunch length. As shown in Fig. 4.5, compared to the case when the FEL is turned
off with σb “ 65 ps, the bunch is significantly lengthened to σb “ 154 ps due to the
FEL induced energy spread when FEL is turned on.

4.3 FEL Power Calibration Using Measured Bunch Length
In an oscillator FEL, there are three different power parameters which are important
to describe the FEL operation. The first one is the direct FEL power (PFEL ), the
coherent power emitted by the electron beam in the FEL interaction (see Fig. 4.6).
The second power parameter is the intracavity power (Pintra ), the amount of the
laser power trapped inside the laser cavity. The third one is the extracted FEL
power Pextract (from one of the FEL mirrors), as shown in Fig. 4.6. In FEL research,
typically only the extracted laser power can be directly measured. However, the
transmission factor of the FEL mirrors cannot be known precisely as all FEL mirrors
are produced with very high reflectivity (typically R ą 99.9%). In addition, the
transmission factor of the FEL mirrors changes overtime due to their exposure to
the undulator radiation along the way the mirrors are used. Therefore, the extracted
FEL power cannot be used directly to predict either the direct FEL power nor the
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Figure 4.5: Electron bunch length measurements with FEL operation using a
single-bunch beam. The data points marked by “˚” and “+” represent the measured longitudinal profiles of the electron bunch with the lasing turned on and off,
respectively. The data are fitted using Gaussian distribution (solid curves). The rms
bunch length (σb ) is calculated using Eq. (4.1) with a measured σb, res of 69 ps (Fig.
4.3(b)). Two OK-4 undulators are operated to lase at 367.08 nm. The beam energy
Ee “ 500 MeV, and the beam current Ib » 12 mA.
intracavity power.
The direct FEL power is very important in the study of FEL physics. By measuring the electron beam bunch length with and without FEL lasing, we have developed
a new technique to relate the extracted FEL power to the direct FEL power. Using
this relation, the measured extracted FEL power is then calibrated to represent the
direct FEL power. This technique is particularly useful for the cross calibration of
the photodiodes measuring the extracted FEL power of more than one lasing states
or processes, where these lasing processes can involve lasing at different wavelengths
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Electron Storage Ring

Pextract
e- Beam

PFEL
Pintra

FEL Mirror

Figure 4.6: A typical storage ring based FEL oscillator. PFEL is the direct FEL
power, representing the power of coherent radiation produced in the FEL interaction;
Pintra is the total FEL power trapped in the FEL cavity; Pextract represents the
extracted FEL power.

or orthogonal polarization states. The direct FEL power PFEL can be written as
[36, 37, 38, 39, 31, 3]
PFEL « α Psyn

2
σFEL
´ σ02
,
σFEL

(4.6)

where α is a numerical factor depending on the undulator configuration and FEL
operation conditions; Psyn is the total synchrotron radiation power emitted by the
electron bunch in the entire storage ring; σFEL and σ0 are the rms relative electron
beam energy spread with FEL turned on and off, respectively. The electron beam
energy spreads (σFEL and σ0 ) can be experimentally determined by measuring the
electron beam bunch length and then using Eq. (4.4) (The beam current used in a
typical FEL operation at the Duke storage ring is significantly beyond the microwave
instability threshold.). As a result, the direct FEL power can be rewritten in terms
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of the measured bunch length:

PFEL « α1 Psyn

σb,2 FEL ´ σb,2 0
,
σb, FEL

(4.7)

where σb, FEL and σb, 0 are the measured bunch lengths with FEL turned on and off,
respectively, and α1 is a numerical factor.
To represent the direct FEL power using the measurable extracted laser power,
the extracted laser power (Pextract ) can be first related to the intracavity power (Pintra )
as
Pextract ´ P0 “ Tmirror Pintra ,

(4.8)

where Tmirror is the transmission factor of the FEL mirror (west); P0 is the residual
extracted power when the lasing is turned off, which represents the trapped broadband spontaneous undulator radiation inside the FEL cavity. This power offset P0
can be experimentally determined by turning the FEL off with a large rf detune. In
the steady-state FEL operation, the direct FEL power (PFEL ) balances the roundtrip cavity loss and thus the intracavity power can be written in terms of the direct
FEL power as
Pintra “

PFEL
,
lcavity

(4.9)

where lcavity is the relative round-trip cavity loss. Consequently, the corrected extracted laser power (after correcting the power offset of spontaneous radiation) and
the direct FEL power can be related as
1
Pextract
“ APFEL ,

(4.10)

1
where Pextract
“ Pextract ´ P0 , and A “ Tmirror {lcavity .

For the FEL operations at Duke, the extracted FEL power through the FEL
mirror on either side can be directly measured using photodiodes, while the direct
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FEL power is determined using the measured bunch length (see Eq. (4.7)). As a
result, the measured extracted FEL power by a photodiode (i) can be written as

PPD, i “ Ci ¨ B ¨

σb,2 FEL ´ σb,2 0
, i “ 1, 2, ...
σb, FEL

(4.11)

where Ci , representing the overall effects of the sensitivity of the photodiode and the
transmission factor of the optics used, varies for different photodiodes; B “ α1 Psyn A,
is a common numerical factor for all the photodiodes used. For each photodiode (i),
the slope (ki ) of the linear relation PPD, i „ pσb,2 FEL ´ σb,2 0 q{σb, FEL can be determined
by fitting the measured extracted FEL power at different bunch lengths. Therefore,
the cross calibration, for example, for two photodiodes (i “ 1, 2), can be achieved:
C2
k2
“ .
C1
k1

(4.12)

Using the calibrated photodiodes, the measured extracted FEL power by different
photodiodes can be used to compare the direct FEL power. In particular, for the
FEL operation with multiple lasing processes such as two-color lasing or simultaneous
lasing at left and right circular polarizations, this cross calibration technique allows
us to study the relative power partitioning of the different lasing processes.
The dissector resolution is a main source of uncertainty for the bunch length
measurements. It is particularly true for a measurement with the FEL lasing turned
off, where the dissector resolution is sometimes comparable with the measured bunch
length (see Fig. 4.5 where σb, res “ 69 ps vs. σb, real “ 65 ps). However, in the
calculation of PFEL [Eq. (4.7)], the resolution of the dissector is cancelled out for
2 (meas)

2 (meas)

the numerator i.e. σb, FEL ´ σb, 0

2 (real)

2 (real)

“ σb, FEL ´ σb, 0

[see Eq. (4.1)]. While in

the denominator, the dissector resolution is relatively small compared to the bunch
length with the FEL lasing turned on (σb, FEL ). This helps limit the contribution of
error from the dissector resolution to the calculation of PFEL .
75

5
A Storage Ring Two-Color FEL

5.1 Introduction
Lasers operated with multiple colors have been developed over the last half century with a number of applications in physics research. For example, two optical
pulses with different wavelengths but controllable time delay can be used in pumpprobe spectroscopy to measure the fast dynamics of the system under investigation
[42, 43, 44]. Two spatially and temporally overlapped laser beams with two colors can
be employed in coherent anti-Stokes Raman spectroscopy to study molecular vibrations through nonlinear interactions with samples [45, 46]. Some other applications
of multi-color lasers include excited-state spectroscopy [47, 48] and photomixing processes for terahertz radiation generation [49, 50]. The multi-color lasers with good
colinearity are particularly important in research since the laser beams of different
colors can be co-propagated over a long distance, collimated and focused simultaneously. The typical approach to realize simultaneous multi-color lasing is using a
dispersive or diffractive wavelength filter such as a prism or grating, either intracavity or in an external feedback cavity. Such a technology has been implemented
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in conventional lasers with different gain media such as dye [51, 52, 53, 54], solidstate [55, 56, 57, 58], semiconductor [59, 60], and fiber [61, 62, 63]. However, the
wavelength tunability of these lasers is limited by the bandwidth of the gain medium.
The natural advantages of an FEL such as its broadband gain medium (an electron beam) and the co-propagation of electron and light beams make an FEL an
excellent device for multi-color lasing with good wavelength tunability and colinearity. The first multi-color FEL lasing was observed experimentally on a storage ring
based oscillator FEL with the optical klystron configuration [29, 18]. With this FEL
configuration, the wavelength separations between the multiple wavelengths are limited by the bandwidth of undulator spontaneous radiation. In the last two decades,
multi-color FEL operations have been widely developed and realized with several
linac based FELs. In a typical linac based single-pass two-color FEL, a shared electron beam is employed to drive FEL lasing at two different wavelengths using two
sets of undulators with different magnetic field strengths [64, 65, 66]. In a linac based
oscillator FEL, two-color lasing also requires the FEL mirrors to have high reflectivity at these lasing wavelengths. For example, an IR oscillator FEL [67, 68, 69] with
a relatively high gain can take advantage of the availability of broadband mirrors in
the mid-infrared region.
Two-color lasing is more challenging for a storage ring FEL with a relatively
low gain in the spectral region from near IR to vacuum UV. This difficulty can
be overcome by using mirrors with very high reflectivity in multiple wavelength
bands. In addition, unlike in a linac, the electron beam in a storage ring is recycled
so that it participates in the FEL interaction repeatedly over a large number of
passes. Therefore, the physics challenges for the two-color operation of a storagering FEL include the control and management of two competing lasing processes and
maintenance of simultaneous lasing at two wavelengths in multiple passes. In this
paper, we report a systematic experimental study of a storage ring two-color FEL at
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the Duke FEL facility. Simultaneous lasing of two FEL wavelengths (IR and UV) has
been realized with the use of a pair of dual-band high-reflectivity mirrors developed
using a new coating technology. The research has been conducted with two different
undulator configurations, showing good performance of the two-color operations in
terms of wavelength tunability, power control and power stability. The degradation
of FEL mirrors has also been studied in terms of its impact on the wavelength tuning
and power stability. In addition, we have confirmed the simultaneousness of two-color
lasing at the time scale of FEL micropulses with power modulation at a larger time
scale, displaying a temporal structure of macropulses in the two-color laser beams.

5.2 FEL Configurations and Dual-band Mirrors
The Duke FEL system can be operated with multiple undulators. Using the undulator switchyard, the use of two OK-4 planar undulators and two OK-5 helical
undulators in the middle section can be changed over. For this research, the OK4 undulators are set in the beamline, and two undulator configurations have been
used, with either three or four undulators. In the three-undulator configuration [see
Fig. 5.1(a)], three upstream undulators are energized using two independent power
supplies with the helical OK-5A undulator tuned to produce radiation at the first
wavelength λ1 and the planar OK-4 optical klystron (undulators OK-4B and OK-4C)
at the second wavelength λ2 , while the downstream OK-5D undulator is turned off.
In the four-undulator configuration [see Fig. 5.1(b)], all four undulators are energized using three power supplies so that the OK-5A and OK-5D undulators (with
two power supplies to provide the same current) can be tuned to radiate at λ1 and
OK-4 optical klystron at λ2 .
By changing either the electron beam energy or undulator field strength, the
FEL lasing wavelength can be tuned around the center wavelength of the undulator
radiation, λcen ,
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Figure 5.1: Two different undulator configurations for the two-color operation. (a)
Three-undulator configuration with the helical OK-5A undulator lasing in IR and
the OK-4 optical klystron lasing in UV; (b) Four-undulator configuration with two
OK-5 undulators (OK-5A and OK-5D) working as an optical klystron to replace the
single OK-5A undulator in (a).

λcen

K2
λu
q,
“ 2 p1 ` p
2γ
2

(5.1)

where λu is the undulator period, γ is the electron’s Lorentz parameter , K is the
undulator parameter, and the polarization parameter p “ 1 (or 2) for a planar
(or helical) undulator, respectively. The primary wavelength control is realized by
changing the OK-4 and OK-5 currents.
The FEL mirrors are produced using oxide-based multilayer dielectric coatings to
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Figure 5.2: Measured round-trip cavity losses around two high-reflectivity bands of
the FEL mirrors over a 25-month period. Loss curves L1 present the cavity losses after initial conditioning of the FEL mirrors. Loss curves L2 and L3 show the continued
degradation of the mirrors’ reflectivity after they have been exposed to substantial
accumulated radiation, estimated to be 9.1 and 11.2 ampere-hours respectively with
electron beam energy between 280 and 560 MeV. The ranges enclosed by the dashed
lines represent the ranges of single wavelength tuning, and the shaded regions on the
curves represent the tuning ranges of the harmonic lasing. (see Section 5.4)
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achieve very high reflectivity in a particular wavelength band. Recent development in
coating technology allows production of mirrors with more than one high-reflectivity
band in the wavelength range from near IR to near UV. A set of dual-band FEL mirrors were specially developed for the two-color FEL research with one high-reflectivity
band in the IR region around 720 nm and the other in the UV region around 360
nm [70]. These wavelength bands were chosen to explore harmonic FEL lasing with
λ1 “ 2λ2 .
The reflectivity performance of the FEL mirrors degrades when they are subjected to synchrotron radiation. For the storage ring based FEL, the mirrors suffer
from a number of degradation mechanisms, including two most important ones: (1)
radiation induced color center formation in the coating layers [71], and (2) carbon
deposition onto the top coating layer [72]. A specific set of conditioning procedures
have been developed to “season” new mirrors by conditioning the mirror surface using
visible undulator radiation, gradually increasing the intensity over a period of several
hours. This practice helps to remove surface contaminants while reducing creation
of defects in the top coating layers. Consequently, it improves mirror durability and
extends useful mirror lifetime.
Figure 5.2 shows the measured round-trip losses in the IR and UV bands for
the pair of FEL mirrors used in the study after they were subjected to different
amounts of radiation exposure over a period of 25 months. The round-trip cavity
loss was measured using a pass-by-pass optical cavity ring-down technique [73]. After
the initial conditioning, the minimum round-trip cavity loss (loss curves L1 in Fig.
5.2, where 5.2(a) and 5.2(b) show two separated segments in IR and UV) was 0.15%
around 704 nm in the IR region and 1.2% around 365 nm in the UV region. This set of
mirrors was used occasionally for a short duration in the two-color experiments during
a 24-month period, followed by the second set of cavity loss measurements (loss curves
L2). These measurements showed that the minimum IR loss was increased to 0.25%
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and blueshifted to 695 nm while the minimum UV loss was decreased slightly to
0.98% and redshifted to 368 nm. The widths of high-reflectivity regions in both IR
and UV were narrowed as the result of radiation exposure. This trend continued as
the mirrors were used for further study. After some additional exposure in the last
month of the study, the location of the minimum IR loss was further blueshifted to
689 nm with the round-trip loss increased to 0.32%, and the location of the minimum
UV loss was redshifted to 370 nm with a loss of 1.2%. In all cases, the cavity loss
was dominated by radiation absorption in the dielectric coating layers, with carbon
deposition onto the top layer being the major cause. The mirror transmission was
very low, estimated to be 1 ˆ 10´4 around 720 nm and 4 ˆ 10´5 around 360 nm per
mirror when the mirrors were relatively new, corresponding to loss curves L1 in Fig.
5.2.
In the experiments, the lasing processes of two colors were found to compete
with each other due to the sharing of the gain medium, a single electron beam.
Therefore, to obtain simultaneous lasing of two colors, it is critical to pair a set
of undulators with a high (or low) FEL gain with a large (or small) loss band of
the FEL mirrors. In our study of two-color lasing, the OK-5 system with either
one or two undulators has a relatively low gain because its undulators are located
either upstream or downstream of the optical cavity with a poor transverse overlap
between optical and electron beams in the undulators. The lower gain of OK-5 is
compensated by operating OK-5 at λ1 in the IR region where the optical cavity
has smaller losses (see Fig. 5.2). Located in the middle of the FEL cavity, two
OK-4 undulators with an optical klystron configuration have a higher gain and thus
they are chosen to be operated at λ2 in the UV region where the cavity losses are
also larger. To provide a better gain matching, the OK-4 gain at λ2 needs to be
further reduced by tuning buncher B2 [see Fig. 5.1(a)] to force OK-4 to lase in the
low-gain region of its gain spectrum. With the four-undulator configuration, the
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OK-5 gain at λ1 can be increased by tuning up the OK-5 optical klystron [see Fig.
5.1(b)]. In addition, for both undulator configurations the relative gain at the two
wavelengths can be further controlled by tuning bunchers (B1 and B2 for the threeundulator configuration; all the three bunchers for the four-undulator configuration)
with small phase slippages (a few lasing wavelengths), by adjusting the FEL cavity
detune i.e. the time synchronization between electron and optical beams, by changing
the electron orbit in the respective undulators, and/or by tilting the cavity optical
axis.
All the two-color FEL experiments reported in this paper were conducted with
a single-bunch, 500 MeV electron beam in the Duke storage ring. For the dc power
measurements, the FEL was operated in the quasi continuous-wave mode with a
small rf detune.
Two-color lasing has been studied using either three-undulator or four-undulator
configuration with different levels of cavity loss. The time-consuming measurements
of cavity loss were only carried out occasionally (Fig. 5.2), typically just before or
after a major experimental run. Therefore, each run can only be matched roughly
with a particular set of loss curves. Table 5.1 summarizes five main experimental
runs, showing the undulator configuration used and the corresponding cavity loss
curves around the time of the study.

5.3 Optical Diagnostics for Two-color FEL Operations
Optical diagnostics, including measurements of the FEL beam average power, spectra, transverse profiles and temporal structures, have been developed with incremental improvements over the course of two-color lasing study. Figure 5.3 shows
the most commonly used version, a compact FEL diagnostic system installed on an
optical bench in the west optics room, with the functionality of FEL average power
measurements, spectral measurements and FEL beam transverse profile monitoring.
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Table 5.1: The study of two-color FEL lasing is conducted using five experimental
runs with various undulator configurations and different levels of cavity loss in a
period of 25 months.
Exp.
Run 0
Run 1
Run 2

Loss
FEL
Curve
Con fig.
L1
3-undulator
L1
3-undulator
L1
3-undulator

Run 3

L2

Run 4

L3

Comment
2-color FEL exploration.
Results reported in Ref [74].
dc power stability
and temporal structure.
wavelength tuning.

4-undulator
3-undulator
4-undulator
3-undulator

power control
and dc power stability.

For the average power measurements (relative), two photodiodes with the integration time of 0.3 s, much longer than the FEL macropulse time constant (a few to
tens of milliseconds) of a typical FEL operation on the Duke storage ring, are used
as photon detectors with each measuring the power of one color. To filter out the
optical beam of the other color, a low-pass filter (passing IR) and a narrow bandFEL Mirror

BS1

FEL Beam

Exit Window

BS2

BS3

Screen

Aperture
IR Filter
Attenuator

Photodiode
λ1 (IR)
UV Filter

Photodiode
λ 2 (UV)
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IR
Spectrometer

UV
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CCD

Figure 5.3: A schematic layout of a set of typical optical diagnostics for the twocolor FEL operation. The three optical beam splitters are labeled as BS1, BS2 and
BS3.
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Figure 5.4: A picture of an FEL diagnostic system corresponding to the layout in
Fig. 5.3.

pass filter (passing UV) are used in the arms of IR and UV power measurements,
respectively. The absolute power, such as the total extracted FEL power from one
mirror, is measured using a thermal power meter. The thermal power meter is also
used to calibrate two photodiodes so that the extracted power of each color could be
determined absolutely (in mW).
The FEL spectra at two wavelengths are measured using two spectrometers from
Ocean Optics, a USB4000 spectrometer with a wavelength range of 477–1146 nm,
and a HR4000 spectrometer with a wavelength range of 220–447 nm.
The screen located at the upper right corner in Fig. 5.3 is used to show the
FEL beam transverse profile, captured by the CCD camera. The third photodiode

85

located in the reflection arm of beam splitter BS2 is used to determine the degree
of time synchronization between electron and FEL beams by monitoring FEL beam
temporal structures. The same two photodiodes used for the average FEL power
measurements can also be employed to measure FEL beam temporal structures of
each color by directly connecting them with a fast oscilloscope with the sampling
rate up to 1 giga samples per second.

5.4 Wavelength Tuning for Two-color Lasing
With this two-color FEL, the lasing wavelengths can be tuned in multiple ways.
For example, tuning one wavelength while keeping the other fixed can be achieved
by varying the current(s) of the respective undulator(s) and simultaneously tuning
bunchers for wavelength fine adjustments. Also, the two harmonically related highreflectivity bands of the FEL mirrors allow the wavelength tuning of harmonic lasing
where the two wavelengths are tuned simultaneously with the UV lasing locked to
the second harmonic of the IR lasing (λ1 » 2λ2 ). During the tuning process, the
FEL gains of both colors have to be large enough to overcome their respective cavity
losses and to keep the net gains (FEL gains minus losses) reasonably matched at
two lasing wavelengths. Consequently, the wavelength tuning ranges of two-color
lasing are determined by two main factors: (1) the available FEL gains and (2) the
high-reflectivity bands of the FEL mirrors. The FEL gain of each color depends on
the number of undulators used, the level of the electron beam current and the tuning
of various knobs for gain control. For a given FEL gain, the wavelength tuning range
for each color is limited by the width of the high-reflectivity spectral region around
the minimum round-trip cavity loss. Especially for the harmonic two-color lasing,
the tuning range is determined by the amount of overlap of the two high-reflectivity
wavelength bands.
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5.4.1

Single Wavelength Tuning

For many important research applications using a two-color laser, it is essential to
have the flexibility to independently adjust the lasing wavelength of one color without
changing the other lasing wavelength. Experiments were carried out to tune either
λ1 or λ2 in a relatively large range with two different undulator configurations and
different levels of FEL cavity losses, as shown in Fig. 5.5. Figures 5.5(a) and (b)
show the tuning using the three-undulator configuration in Run 1 (loss curves L1).
In Fig. 5.5(a), while fixing the UV lasing wavelength λ2 at 360.05 ˘ 0.04 nm, the IR
lasing wavelength λ1 is tuned from 734.88 to 674.92 nm with a step size of about 5
nm by varying the magnetic field of OK-5A undulator, realizing a wavelength tuning
range ∆λ1 “ 60.0 nm. During the tuning, bunchers B1 and B2 and cavity detune
are used to maintain simultaneous two-color lasing and to provide fine adjustments
of lasing wavelengths. Figure 5.5(b) presents the tuning of UV wavelength, where λ2
is tuned from 374.09 nm to 349.98 nm by adjusting OK-4 magnetic field strength,
while λ1 is fixed at 720.00 ˘ 0.09 nm. The resultant tuning range of UV lasing is
∆λ2 “ 24.1 nm.
Using the four-undulator configuration with a reduced beam current, the same
tuning range (∆λ1 “ 60.0 nm) was achieved for λ1 tuning in Run 3 (loss curves L2).
While for λ2 tuning, the tuning range was reduced to ∆λ2 “ 15.9 nm due to the
drastical increase of FEL cavity losses below 360 nm [see Fig. 5.2(b)].
5.4.2

Wavelength Tuning of Harmonic Two-color Lasing

This two-color FEL can also produce simultaneous lasing with two harmonically
related wavelengths, λ1 “ 2λ2 . To demonstrate the wavelength tuning of harmonic
two-color lasing, the magnetic field strengths of OK-4 and OK-5 undulators as well
as bunchers were varied simultaneously so that the UV lasing was locked to the
second harmonic of the IR lasing. Figure 5.6 shows ten harmonically related pairs
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Figure 5.5: Tuning of the (a) IR and (b) UV wavelength with the three-undulator
configuration and loss curves L1 (Run 1), and (c) IR and (d) UV wavelength with
the four-undulator configuration and loss curves L2 (Run 3). The tuning ranges are
summarized in Table 5.2. The beam currents were maintained between 15.81 mA
and 16.53 mA in (a) and (b), and between 12.03 mA and 12.78 mA in (c) and (d).

of spectra (normalized to their respective peak intensity) measured using the threeundulator configuration with loss curves L1. In Fig. 5.6, the OK-5 lasing wavelength
is increased from 704 to 740 nm by increasing KOK-5 from 3.179 to 3.279. For
each wavelength, KOK-4 is increased accordingly (from 3.325 to 3.430) to shift the
OK-4 lasing wavelength from 352 to 370 nm. The measured frequency difference,
δλ “ λ1 {2 ´ λ2 , varied from ´0.09 to 0.08 nm, is much smaller than the average rms
spectral widths σλ1 “ 1.34 nm and σλ2 “ 0.31 nm. Compared to single wavelength
adjustments, the tuning ranges of harmonic lasing (∆λ1 » 36 nm and ∆λ2 » 18 nm)
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Figure 5.6: Wavelength tuning of harmonic two-color lasing (λ2 « λ1 {2) in the
three-undulator configuration (Run 1). The center wavelengths (circles) and rms
widths (horizontal bars) of ten pairs of measured spectra are shown as a function
of the undulator strength KOK-5 or KOK-4 . These spectra with substantial lasing
intensities of both colors are selected from 72 pairs of lasing spectra measured while
keeping the electron beam current between 19.59 and 20.75 mA. The measured spectra with their maximum intensity scaled to unity are displayed in the insets for IR
(λ1 ) and UV (λ2 ) lasing.

are narrower.
Using the four-undulator configuration with loss curves L2, the wavelength tuning
of harmonic lasing was also realized with tuning ranges reduced to ∆λ1 » 28 nm and
∆λ2 » 14 nm due to the drastically increased cavity losses below 360 nm.
These measurements demonstrate that this two-color FEL is capable of producing
harmonic lasing in a wide wavelength range, limited by the overlap of the high89

reflectivity bands of the FEL mirrors.
5.4.3

Summary of Wavelength Tuning Ranges

Table 5.2 summarizes the demonstrated wavelength tuning ranges in two experimental runs, Run 1 and Run 3. The same tuning range (∆λ1 » 60 nm) of the IR single
wavelength tuning was achieved in both runs. The increased cavity loss in the IR
band of the degraded FEL mirrors [L2 in Fig. 5.2(a)] was compensated by a substantial increase of the IR FEL gain in Run 3 by using the OK-5 optical klystron with
both OK-5A and OK-5D undulators. In addition, the beam current was lowered
to about 12 mA in Run 3 (compared to 16 mA in Run 1) to reduce OK-5 gain so
that the same IR tuning range (∆λ1 » 60 nm) as in Run 1 could be reproduced.
On the other hand, the tuning range of the UV single wavelength tuning in Run 3
(∆λ2 » 16 nm) was narrowed compared to that in Run 1 (∆λ2 » 24 nm). Especially,
the short wavelength limit of the tuning range was redshifted by about 8 nm. This
redshift and the shrinkage of the tuning range were consistent with the measured
bandwidth narrowing of the UV loss curve shown in Fig. 5.2(b). Further, the tuning
range of harmonic two-color lasing is determined by the amount of overlap of the
low-loss regions of the high-reflectivity wavelength bands in IR and UV. In fact, the
tuning range of the harmonic lasing was narrowed due to a dramatic increase of the
loss in the UV band below 360 nm [Fig. 5.2(b)].
5.4.4

Spectral Widths of Two-color Lasing

Interesting observations can be made by studying the lasing spectral widths. For the
storage ring FEL lasing at a single wavelength, the lasing spectral width depends
on a number of accelerator setup and operational conditions, as well as the electron
beam parameters. A few important ones include the FEL undulator configuration,
the cavity loss, tuning of the optical klystron, setting of the rf detune, alignment of
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Table 5.2: Summary and comparison of wavelength tuning ranges in two experimental runs with different undulator configurations, loss curves and beam currents. In
Run 1, the three-undulator configuration and the relatively fresh FEL mirrors (loss
curves L1) were used with the beam current „ 16 mA for the single wavelength
tuning and „ 20 mA for the harmonic lasing tuning. In Run 3, four undulators
were employed with the usage of the degraded FEL mirrors (loss curves L2) and the
beam current „ 12 mA for all the three sets of wavelength tuning measurements.
The tuning ranges are shown in Fig. 5.2 with those of the single wavelength tuning
enclosed by the dashed lines and those of the harmonic lasing represented by the
shaded regions.
Wavelength
Run 1
Tuning
3-undulator, L1
IR (λ1 ) (nm)
674.92´734.88
∆λ1 (nm)
59.96
Fixed λ2 (nm)
360.05
UV (λ2 ) (nm) 349.93´373.96
∆λ2 (nm)
24.03
Fixed λ1 (nm)
720.00
IR and UV
λ1 (nm)
703.88´740.03
λ2 (nm)
351.98´370.02
∆λ1 (nm)
36.15
∆λ2 (nm)
18.04

Run 3
4-undulator, L2
674.93´734.97
60.04
360.69
358.10´374.02
15.92
720.06
716.15´744.08
358.25´371.99
27.93
13.74

the optical axis and the electron beam orbit in the undulators, as well as the electron
beam energy and current. For a single-color FEL operated in the small-signal, smallgain region, under certain operational conditions, the relative spectral width of FEL
lasing is proportional to that of the spontaneous radiation spectrum [75, 76] i.e.
σλ {λ91{Nun for a single undulator and σλ {λ91{r2pNun `NB qs for an optical klystron,
where Nun is the number of periods of one undulator, and NB representing the relative
phase delay between the laser and electron beams, is much smaller than Nun in our
case. In our study of two-color lasing, the FEL is operated in the quasi-continuouswave mode, in which the spontaneous radiation spectra are substantially broadened
due to the relatively large electron beam energy spread induced by FEL interactions.
However, for this two-color FEL, the relative spectral width (σλ {λ) is still found to
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Figure 5.7: Relative spectral widths (rms) in the wavelength tuning of the harmonic
lasing in two runs, Run 1 and Run 3. Run 1 curves (starred and circled) represent the
relative spectral widths in the measurement shown in Fig. 5.6. In this measurement,
the three-undulator configuration was used with loss curves L1 and beam current
about 20 mA. Run 3 curves (squared and triangled) show the relative spectral widths
in the tuning of the harmonic lasing using four undulators with loss curves L2 (The
tuning ranges are shown in Table 5.2). The beam current for Run 3 curves is set to
about 12 mA.
be related to the number of undulator periods used.
The spectral widths of harmonic two-color lasing with wavelength tuning have
been analyzed for Run 1 and Run 3, and the results are shown in Fig. 5.7. In Run
1 with the three-undulator configuration (OK-5A undulator with about 30 periods
and OK-4 optical klystron with about 66 periods), σλ1 {λ1 (starred) was larger than
σλ2 {λ2 (circled) roughly by a factor of 2. In Run 3, OK-5D undulator was turned on to
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form the OK-5 optical klystron. Because OK-5D undulator was located about 20 m
downstream from OK-5A undulator, separated by a number of quadrupoles and the
pair of OK-4 undulators [see Fig. 5.1(b)], the OK-5 optical klystron was not expected
to perform as effectively as the OK-4 optical klystron with two adjacent undulators.
Nevertheless, we found a significant reduction of the IR spectral bandwidth using
the OK-5 optical klystron in Run 3, reducing σλ1 {λ1 from p1.9 ˘ 0.1q ˆ 10´3 (Run
1) to p5.5 ˘ 0.5q ˆ 10´4 (Run 3). Comparing the UV lasing in these two runs for the
common wavelength tuning range from about 358 to about 370 nm, σλ2 {λ2 (circled)
in Run 1 were slightly larger than that (triangled) in Run 3. This may be the result
of having a higher net gain in Run 1 due to a larger beam current (about 20 mA in
Run 1 vs about 12 mA in Run 3) and lower cavity loss in this wavelength range [loss
curves L1 vs L2 in Fig. 5.2(b)].

5.5 Power Control for Two-color Lasing
The results of the spectral measurements in the previous section showing two-color
lasing with wavelength tunability have demonstrated the capability of providing effective gain balance for two lasing processes. In this section, the precise power control
of two-color lasing as well as the stability of the lasing power are presented.
5.5.1

Power Tuning Using Bunchers

For a storage ring FEL with optical klystron configuration, the FEL power can
be manipulated by adjusting the buncher setting NB , the relative optical phase
slippage between the laser and electron beams. In the four-undulator configuration
in which OK-5A and OK-5D undulators form an optical klystron sandwiching two
OK-4 undulators, buncher B1 or B3 can be used as a knob to control the FEL
power partitioning of two colors without causing a significant shift of the OK-4
lasing wavelength (λ2 ). An experimental demonstration of two-color power control
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Figure 5.8: Two-color FEL power control by tuning buncher B3 with the fourundulator configuration and loss curves L2. The beam current is kept between 12.01
mA and 12.79 mA.
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by tuning B3 is shown in Fig. 5.8, where the measured extracted power at two
wavelengths are first linearly scaled to 12 mA and then cross-calibrated using Eq.
(4.12). As shown in Fig. 5.8, power modulation close to 100% for IR and UV
was achieved, while the total FEL power was maintained relatively constant within
6.5% (rms). In the inset of Fig. 5.8(b), NB3 at the IR power minimums is linearly
fitted versus the count of the IR power minimums. A modulation periodicity is
clearly revealed by the fitted slope of 0.998. The periodic power modulation in
this measurement can be attributed to the gain modulation mechanism of an optical
klystron, where, by tuning NB3 , the IR beams emitted in OK-5A and OK-5D produce
constructive and destructive interference alternately for electrons of a certain energy.
As shown in the previous sections, the bunchers are used not only to balance the gains
of two colors but as an auxiliary knob for wavelength fine adjustments. Therefore,
accompanying the power modulation, the wavelength of IR lasing was observed to
shift periodically around the mean value (709.29 nm) by about 6.43 nm (0.9%), while
the wavelength of UV lasing was maintained rather constant at 367.02 ˘ 0.03 nm.
In the three-undulator configuration, buncher B1 is also found to be useful to
control the partitioning of the two-color FEL power. This indicates that there exists
one or more radiation sources downstream the OK-5A undulator, which together
with OK-5A and buncher B1, form a virtual OK-5 optical klystron. Periodic power
modulation similar to the one shown in Fig. 5.8 was realized by tuning buncher B1
in two runs of experiments with the same undulator configuration but different levels
of cavity loss. Using the periodicity [the slope 0.990 for Fig. 5.9(a) and 0.995 for
Fig. 5.9(b)], all the power data can be projected into the first period. In Fig. 5.9(a)
(with loss curves L1), NB1 is tuned from 0 to 11.3, producing repeated power modulation about eleven times. The power modulation indicates a good reproducibility
throughout the eleven periods. The tuning of NB1 also results in a minor repetitive
IR wavelength shift between 714.78 nm and 720.58 nm around the mean value 717.55
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Figure 5.9: Two-color FEL power control at two levels of cavity loss by tuning
buncher B1 with the three-undulator configuration. (a) With fresh FEL mirrors
(loss curves L1, Run 1). NB1 is tuned from 0 to 11.3. All data points are projected
into ∆NB1 „ r0, 1s. λ1 varies between 714.78 nm and 720.58 nm, while λ2 is fixed
at 360.13 ˘ 0.05 nm. The beam current is maintained between 15.60 mA and 16.41
mA. (b) With degraded FEL mirrors (loss curves L3, Run 4). NB1 is varied from
0 to 11.2. λ2 is fixed at 368.03 ˘ 0.02 nm and λ1 is shifted between 692.11 nm and
698.08 nm. The beam current is kept between 20.01 mA and 20.93 mA.
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nm, while λ2 is held steady at 360.13 ˘ 0.05 nm. Figure 5.9(b) shows the power tuning using buncher B1 with larger cavity losses (L3). Comparing two cases, the cavity
loss at the UV lasing wavelengths [around 360 nm for Fig. 5.9(a) and around 368
nm for Fig. 5.9(b)] is similar, whereas the cavity loss at the IR lasing wavelengths
[around 718 nm for Fig. 5.9(a) and around 695 nm for Fig. 5.9(b)] is twice higher
in Fig. 5.9(b) than in Fig. 5.9(a) (see Fig. 5.2). It is also found the ratio of the IR
maximum power to the UV maximum power is similar in both cases [about 1.06 and
1.07 for Fig. 5.9(a) and Fig. 5.9(b) respectively], showing a good power balance of
two-color lasing has been achieved in both cases.
5.5.2

Two-color FEL Power Stability

The power stability of a storage ring FEL is related to many factors, including the
stability of the optical axis due to the movement of FEL mirrors and the variation of
the FEL cavity detune due to the temperature change. The power stability of the twocolor FEL operation was examined by tracking the FEL powers at two wavelengths
for a relatively long period of time. In order to maintain the power stability to a high
degree, bunchers, FEL mirrors and rf detune were adjusted as needed. Figure 5.10
shows a selected 20-minute measurement where the powers are maintained such that
the UV power is roughly three times IR power with 5.2% and 11% rms variations
for UV and IR, respectively (calculated after removing the data points taken during
injections). In this measurement, NB2 was tuned as the only knob by 1.9%. It can be
seen from Fig. 5.10(b) that the power variation of one color was always compensated
by that of the other color so that the total FEL power remained steady to a higher
degree (2.3% rms).
Figure 5.11 shows six 20-minute measurements with the three-undulator configuration but different levels of cavity loss. Measurements #1 and #2 were taken with
loss curves L1 while all the others were taken with loss curves L3. As shown in Fig.
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Figure 5.10: Long-term FEL power measurements with the three-undulator configuration and loss curves L1 (Run 2). (a) Spectra and (b) FEL powers of two-color
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Figure 5.11: Long-term FEL power measurements with the three-undulator configuration but different cavity losses. The data points and error bars represent the
mean values and the rms variations of FEL power for the six 20-min measurements.
The powers of each measurement are normalized to its sum of IR and UV power.
Measurements #1 and #2 were taken with loss curves L1 and measurements #3 to
#6 were taken with loss curves L3.

5.11, the larger IR and UV power variations (shown by the rms error bars) of the
measurements with the degraded FEL mirrors (measurements #3 to #6) compared
to those with fresher FEL mirrors (measurements #1 and #2) indicates an increased
power instability of the two-color lasing. In addition to an observed positive correlation between the mirror degradation and the instability of lasing power, temperature
change may also contribute to power instability. Measurements #1 and #2 were
taken with a relatively stable temperature as permitted by the weather conditions,
while the rest of the measurements were taken during hot weather with more rapid
temperature changes. On the other hand, the stability of the total FEL power is
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kept at a similar stability level for all the measurements due to the mutual coupling
of two lasing processes.

5.6 Two-color Lasing Phase Space with Multiple Tuning Knobs
In this work, we focus on the investigation of the quasi-continuous-wave operation
of the multi-pass storage ring oscillator FEL. The FEL beam is developed over a
large number of interactions between the photon and electron beams inside the optical cavity, which in turn allows several means to control and manipulate the FEL
processes. During each interaction, the level of electron beam microbunching can
be manipulated using the buncher magnets by delaying the electrons relative to the
photon beam by tens of attoseconds to a few femtoseconds, corresponding to a length
scale of a fraction of the lasing wavelength to several wavelengths. Over many interactions, the synchronization condition between the FEL and electron beams can
be controlled using the rf detune in a much larger time scale of a few to hundreds
of femtoseconds, corresponding to a few to hundreds of lasing wavelengths. Controlling these two drastically different time/length scales can provide new insights
into the two-color lasing processes. In this section, we describe a study of the twocolor lasing powers as a function of the buncher setting (NBi , i “ 1, 2, 3; short time
scale) and rf detune (∆frf ; long time scale) by visualizing the two-color lasing using
two-dimensional phase space plots (see Fig. 5.12 and Fig. 5.13).
It is found that for a particular buncher setting, there exists a region of ∆frf
centered at the full synchronization (∆frf “ 0), with the simultaneous two-color
lasing forming a boundary separating IR single-color lasing (inside) and UV singlecolor lasing (outside). The width of this region is determined by the settings of other
tuning knobs as well as the beam current. Figure 5.12 shows the power dependence
of two-color lasing on the rf detune and setting of buncher B1 and B3 in the fourundulator configuration, where the rf detune (y-axis) is converted to a relative length
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Figure 5.12: Two-color lasing power in phase space with the four-undulator configuration and loss curves L3. Nrf (y-axis) is the rf detune expressed in length normalized
to λ1 “ 695 nm. (a) Nrf vs NB1 , while fixing B3 setting (NB3 “ 0.60 for 695 nm).
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wavelength of IR and UV lasing are 694.32 nm and 367.97 nm, respectively. In both
cases, the rf detune is scanned from -0.5 Hz (Nrf “ ´27.69) to 0.5 Hz (Nrf “ 27.69).
KOK-4 “ 3.45, KOK-5 “ 3.26 and NB2 “ 0.77 for 368 nm. The beam current is
maintained between 12.3 mA and 13.0 mA.

101

scale in terms of the lasing wavelength (Nrf “ C ¨ p∆frf {frev q{λFEL , where C is
the circumference of the storage ring, frev is the revolution frequency, and λFEL
is the lasing wavelength.). Neglecting a small shift in Nrf with the scanning NB1
(NB3 ) over a long period of time, the phase space pattern is nearly symmetric about
NB1,cen » 1.30 in Fig. 5.12(a) and NB3,cen » 0.65 in Fig. 5.12(b). The slow shift in Nrf
is attributed to the change of FEL cavity length caused by the temperature change
during these 20-minute measurements. Additionally, by properly setting the other
knobs, phase space patterns with tuning bunchers B1 and B3 are similar, indicating
B1 and B3 play similar roles in the OK-5 optical klystron. Further, the total phase
slippage between two undulators in OK-5 optical klystron can be examined by adding
up the contribution from all the magnetic devices and drift spaces between them.
Since the settings of the other magnetic devices are the same (see the caption of Fig.
5.12), by adding NB1,cen and the NB3 value used in Fig. 5.12(a) (NB3,cen and the
NB1 value used in Fig. 5.12(b)), it is found the total phase slippage in Fig. 5.12(a)
is larger than that in Fig. 5.12(b) by unity, consistent with the periodic power
modulation by tuning bunchers shown in the previous section. Also, it indicates the
power control of two-color lasing is determined by the total phase slippage in the
optical klystrons instead of that produced by any single buncher.
Buncher B2 can also be used to achieve the periodic power modulation. However,
since it is a shared buncher by the OK-4 and OK-5 optical klystrons, the tuning of
buncher B2 causes wavelength shifts in both lasing colors. Therefore, buncher B2 is
mainly used as an auxiliary knob for the precise power control of two-color lasing.
Especially, in the three-undulator configuration, by properly setting buncher B2 the
OK-4 FEL can lase at the edge of the gain spectrum of the OK-4 optical klystron
so that the gain of the OK-4 FEL (UV lasing) is reduced to match that of the OK-5
FEL. Two sets of phase space plots of the two-color lasing with different NB2 values
are shown in Fig. 5.13. Compared to that in Fig. 5.13(a), NB2 in Fig. 5.13(b) is
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set so that the gain of the UV lasing is further reduced, as shown by the enlarged
phase space area of IR lasing. Figures 5.13(c) and 5.13(d) show the phase spaces
of two-color lasing with finer tuning of the rf detune and the same buncher settings
as in Fig. 5.13(b) but different optical axis alignments by tuning the FEL mirrors,
which are set more preferable for the IR lasing in Fig. 5.13(c). It demonstrates that
the manipulation of optical axis is also essential for the control of two-color lasing.

5.7 Temporal Structure
The study of the dc power stability of two-color lasing shows that the FEL powers
at two lasing wavelengths can be maintained stable over an extended period of time
with active tuning of the operational parameters. In particular, the lasing powers
of two colors are mutually coupled so that the total FEL power is more stable than
the power of either color (see Fig. 5.10). However, the laser beams produced by a
storage ring oscillator FEL are not pure dc. Instead, they have two natural temporal
structures (Section 3.5): (1) micropulse structure with the pulse separation equal
to the electron revolution period for a single-bunch electron beam; (2) macropulse
structure caused by the competition between the electron beam energy damping
and FEL induced energy spread increase. The macropulses are typically separated
by a few to tens of milliseconds for the Duke FEL, much longer than the electron
revolution period. These two temporal structures of two-color lasing are studied
using two cross-calibrated photodiodes and a fast digital oscilloscope.
The micropulse structure of FEL beams can be studied by measuring the FEL
power at a rate of 1 giga samples per second (GS/s). Figure 5.15 shows such a
measurement during a well-tuned two-color FEL operation with the FEL micropulses
shown in the inset. The temporally overlapped micropulses provide a direct proof
that the lasings of two colors occur at the same time. It should be noticed that the
duration of the micropulses shown in the figure is determined by the response time of
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Figure 5.13: Two-color lasing phase spaces with the three-undulator configuration
and loss curves L3. (a) NB2 “ 0.47 for 368 nm. (b) NB2 “ 0.45 for 368 nm. (c) Fine
tuning of Nrf with NB2 “ 0.45 for 368 nm and more preferable optical axis alignment
for IR lasing. (d) Fine tuning of Nrf with NB2 “ 0.45 for 368 nm and less preferable
optical axis alignment for IR lasing. In (a) and (b), the rf detune is scanned from -0.5
Hz (Nrf “ ´27.69) to 0.5 Hz (Nrf “ 27.69). In (c) and (d), the rf detune is scanned
from -0.29 Hz (Nrf “ ´16.06) to -0.09 Hz (Nrf “ ´4.98). In all cases, the IR and UV
lasing wavelengths are about 695 nm and 368 nm, respectively, and NB3 “ 0. The
beam current is maintained between 19.99 mA and 21.13 mA.
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Figure 5.14: Two-color lasing phase spaces with the three-undulator configuration
and loss curves L3. (a) NB2 “ 0.47 for 368 nm. (b) NB2 “ 0.45 for 368 nm. (c) Fine
tuning of Nrf with NB2 “ 0.45 for 368 nm and more preferable optical axis alignment
for IR lasing. (d) Fine tuning of Nrf with NB2 “ 0.45 for 368 nm and less preferable
optical axis alignment for IR lasing. In (a) and (b), the rf detune is scanned from -0.5
Hz (Nrf “ ´27.69) to 0.5 Hz (Nrf “ 27.69). In (c) and (d), the rf detune is scanned
from -0.29 Hz (Nrf “ ´16.06) to -0.09 Hz (Nrf “ ´4.98). In all cases, the IR and UV
lasing wavelengths are about 695 nm and 368 nm, respectively, and NB3 “ 0. The
beam current is maintained between 19.99 mA and 21.13 mA.
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Figure 5.15: Short-term (16 milliseconds) power data of the two-color FEL beams
in the three-undulator configuration (Run 2). The sampling rate is 1 GS/s. Two
micropulses with the separation of about 358 ns (equal to the electron revolution
period) are shown in the inset. In the main figure, the macropulse structure is
shown by plotting the peaks of all the micropulses. The horizontal dashed lines show
the mean power of each color. The rf detune is -0.4 Hz, and the beam current is
about 16 mA.
the photodiodes and thus, cannot be directly used to represent the actual duration
of FEL micropulses, which is about tens of picoseconds in our case. The peaks of
all the micropulses are selected and plotted in the main figure of Fig. 5.15, showing
the FEL macropulse structure. The macropulses of two colors are also synchronized
well with roughly simultaneous power rises and decays (with a common repetition
time constant of about 5.3 ms). In addition to the macropulse structure, there is a
substantial dc component in the power signals. For the IR lasing, the variation of
power level is small with Pmax {Pmin » 2.1; While the UV lasing sees a larger power
variation with Pmax {Pmin » 6.9 during the same 16-millisecond measurement period.
Figure 5.16 shows the power data of a 50-second power measurement with a
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Figure 5.16: Longer-term (50 seconds) power data of two-color lasing in the threeundulator configuration (Run 2). (a) Raw power data with a sampling rate of 100
kS/s. The inset is a zoom-in plot showing the details of FEL macropulses. (b)
Amplitude of the Fourier transform of the same data plotted for the low-frequency
range from 0 to 305 Hz. The rf detune is -0.4 Hz, and the beam current is about 16
mA.
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Figure 5.17: Filtered 60-Hz ac component of the power data shown in Fig. 5.16(a)
after applying a numerical bandpass filter (59.54 Hz–60.54 Hz). The slopes in the
inset represent the period of the ac components (0.01666 s, corresponding to 60.01
Hz), and the intercept difference between two linear fittings (4.7 milliseconds) represents the phase difference (0.56π rad) between this ac component in the two-color
power signals.

sampling rate of 100 kilo samples per second (kS/s). By investigating the power
data in the frequency domain [Fig. 5.16(b)], it is found that the FEL macropulse
structures are modulated by the ac line power at 60 Hz and a few of its harmonics
such as 120, 180 and 300 Hz. Using a narrow band-pass filter, the exact frequency
and phase of these modulation signals can be determined by analyzing a set of time
instants when the modulation is peaked (see the inset of Fig. 5.17, which shows the
60-Hz component as an example). The relative phase between the 60-Hz components
of two colors is about 0.56π rad for the selected time window in Fig. 5.17, and is
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locked around 0.57π rad with the rms variation of 0.02π rad throughout the entire
measurement duration (50 seconds). Regarding the power variations, the power
variance (σP2 FEL ) of the 60-Hz ac component is found to be about 20% that of the
total IR power variance, while for the UV lasing, about 55% of the power variance is
contributed by its 60-Hz ac component. However, the mismatched phase of the 60-Hz
ac components between two lasing processes (0.57π ˘ 0.02π rad) helps decrease the
variation of the total lasing power. The other frequency components also contribute
to the overall FEL power variations.

5.8 Summary
In this chapter, a systematic experimental study of a storage ring two-color FEL is
reported. Using the Duke storage ring undulator system with multiple undulators
(two OK-4 planar undulators and two OK-5 helical undulators) and a pair of FEL
mirrors with two highly reflective wavelength bands, simultaneous two-color lasing
with one color in IR and the other in UV has been realized using a common optical
cavity. To achieve this two-FEL scheme, two undulator configurations have been
utilized and investigated. The first one uses two OK-4 undulators forming an optical
klystron FEL to lase at a UV wavelength and one OK-5 undulator, cooperating with
one or more downstream radiation sources as a virtual optical klystron, to lase at an
IR wavelength. With an additional OK-5 undulator, the second configuration uses a
real OK-5 optical klystron sandwiching the OK-4 optical klystron. With the degraded
FEL mirrors causing increasing cavity loss, the second undulator configuration with
a higher IR gain is more capable of sustaining two-color operation.
For both undulator configurations, wavelength tuning is achieved in multiple
ways: (1) tuning the wavelength of one color while keeping the other fixed; (2)
tuning both wavelengths simultaneously while keeping them in a second harmonic
relation. The wavelength tuning ranges (see Table 5.2) are found to be mainly
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limited by the high-reflectivity bands of the FEL mirrors, which, in our work, are
centered around 360 nm (UV) and 720 nm (IR). However, we expect that a larger
wavelength tuning range can be achieved by using ultra-broadband mirrors with high
reflectivity covering the entire visible region. In addition, the power control of twocolor lasing has been accomplished using multiple tuning knobs. Among these knobs,
the bunchers controlling the phase delay between the optical beams and electron
beam (the short time scale), and the rf detune manipulating the synchronization
between these beams (the long time scale) are studied using two-dimensional phase
space plots. The two-color power stability has been investigated, showing that the
FEL powers can be maintained stable for a long period of time with active fine tuning
to compensate the change of the accelerator operational conditions. Furthermore,
the power change of one color is mostly compensated by that of the other color, and
consequently, the total FEL power shows a higher degree of stability.
In addition to dc power measurements, the temporal structures of the FEL beams
have been investigated. This study shows that the two-color lasing occurs at the
same time with simultaneous IR and UV laser beam micropulses synchronized with
the common electron beam circulating in the storage ring. Similar to single-color
operation, the two-color lasing displays a quasi-continuous-wave temporal structure
with a dc component and a macropulse time structure with pulse separations from
a few to tens of milliseconds. The study also shows that the lasing powers of two
colors are periodically modulated with a locked phase by the ac line power at 60 Hz
and by its harmonics (120, 180 and 300 Hz).
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6
Polarization of Light

6.1 Introduction
In wave theory, the polarization of light is defined as the orientation of the electric
field of the light beam. As indicated by Maxwell’s equations, an electromagnetic
wave propagating in free space only has transverse fields. Therefore, the polarization
of light can only have two independent states, either two orthogonal linear polarization states or two orthogonal circular polarization states with opposite handedness.
Quantum mechanically, the polarization of light is associated with the spin angular
momentum of photons. The relation between the polarization and spin angular momentum of light was first experimentally confirmed by Beth in the 1930s [77]. In
his experiment, a circularly polarized light beam hit a birefringent plate which was
hung by a fiber. By measuring the torque exerted by the light beam on the plate,
the left-handed (right-handed) circularly polarized light in free space were found
to carry a spin angular momentum of ~ (´~) per photon. This quantum effect of
polarization is important for atomic electron transitions involving photon emission
or absorption, where the selection rules associated with the conservation of angular
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momentum must be met.
In this chapter, completely polarized light is first introduced with the concept of
the polarization ellipse and Poincaré sphere [78]. The Stokes parameters, also used to
describe the polarization of light, are then determined in relation to the polarization
ellipse for the case of completely polarized light. The Stokes parameters are discussed
in detail in terms of their physical meanings and applications to unpolarized light
and partially polarized light. In addition to the discussion of polarization itself, the
effects of a few commonly used polarizing optical elements on changing polarization
states of light are described with the use of Mueller matrices. Finally, an experimental
approach to measure the Stokes parameters, which has been used in our experiments,
is illustrated.

6.2 Polarization Ellipse
The transverse electric fields of a monochromatic electromagnetic wave propagating
in the z-direction can be written as
Ex “ Ex0 cospωt ´ kzq,

(6.1)

Ey “ Ey0 cospωt ´ kz ` δq,

(6.2)

where Ex0 and Ey0 are the field amplitudes and δ is the phase difference between
the vertical and horizontal fields. Using the field representation above, these two
orthogonal fields can be related by
` Ex ˘2
Ex0

`

` Ey ˘2
Ey0

´ 2 cos δ

Ex Ey
“ sin2 δ.
E0x E0y

(6.3)

In the x–y plane, the equation above represents an ellipse, and the oscillation of
the electric fields can be visualized as the circulation of the tip of the field vector
on this ellipse. Figure 6.1 shows such an ellipse, where a and b are the lengths of
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y
y’

tanχ = b / a
x’

ψ
x

Figure 6.1: A general polarization ellipse. For this plot, Ex0 {Ey0 “ 2; δ “ π{4.
semi-major and semi-minor axes, respectively; ψ P r0 πs is the ellipse tilt angle with
respect to the x-direction; χ P r´π{4 π{4s, defined as tan χ “ ˘b{a, is referred to as
the angle of ellipticity. The sign of χ is related to the handedness of the ellipse. The
right (left) handedness is defined as the clockwise (counterclockwise) rotation when
viewing the light beam against the direction of its propagation.
Eq. (6.3) can be rewritten in the matrix form as
ˆ

`

Ex Ey

˘

Ex
A
Ey

˙
“ 1,

(6.4)

where
1
A“
sin2 δ

ˆ

˙
2
1{Ex0
´ cos δ{pEx0 Ey0 q
,
2
´ cos δ{pEx0 Ey0 q
1{Ey0

(6.5)

is the coefficient matrix of the ellipse. In the x1 –y 1 plane which is rotated by ψ
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with respect to the x–y plane, the polarization ellipse can also be expressed in the
canonical form as

ˆ
`

Ex1

Ey1

˘

1

A

Ex1
Ey1

˙
“ 1,

(6.6)

where
ˆ
1

A “

˙
1{a2 0
.
0
1{b2

(6.7)

The coefficient matrices in two coordinate systems can be related by
A1 “ R´1 AR,

(6.8)

where
ˆ
R“

˙
cos ψ ´ sin ψ
,
sin ψ cos ψ

(6.9)

is the transformation matrix. Using Eqs. (6.5), (6.7), (6.8) and (6.9), the ellipse
coefficients in the x1 –y 1 plane can be related to those in the x–y plane,
2
2
a2 ` b2 “ Ex0
` Ey0
,

(6.10)

tanp2ψq “

2Ex0 Ey0 cos δ
,
2
2
Ex0
´ Ey0

(6.11)

sinp2χq “

2Ex0 Ey0 sin δ
.
2
2
Ex0
` Ey0

(6.12)

A polarization ellipse can be determined by three parameters in either coordinate
system i.e. Ex0 , Ey0 and δ for the x–y plane and a, ψ and χ for the the x1 –y 1 plane.
Figure 6.2 shows the polarization ellipses of a few special cases. It can be found
that χ is zero for any linear polarization, and the positive (negative) value of χ
corresponds to the right-handed (left-handed) oscillation. It should also be noticed
that for circular polarizations (Ex0 “ Ey0 ), ψ is not well defined by Eq. (6.11), and
thus can be any value between 0 and π.
114

(a)
1

a = 1.00
tanχ = 0.00
ψ = 0.00π

E0x = 1.00
E0y = 0.00
δ = 0.00π

(b)
1

δ = 0.00π
0.5

Ey (arb. units)

Ey (arb. units)

0.5

ψ

0

−0.5

−1

1

S1 = 1.00
S2 = 0.00
S3 = 0.00

−1

−0.5

0

0.5

Ex (arb. units)

1

a = 1.41
tanχ = 0.00
ψ = 0.25π

E0x = 0.71
E0y = 0.71

(d)
1

−0.5

0.5

Ex (arb. units)

1

a = 1.41
tanχ = 0.00
ψ = 0.75π

E0x = 0.71
E0y = 0.71

ψ

0

−0.5
S1 = 0.00
S2 = 1.00
S3 = 0.00
−1

−1

Handedness: NaN

−0.5

0

0.5

Ex (arb. units)

1

S1 = 0.00
S2 = −1.00
S3 = 0.00
−1

a = 1.00
tanχ = 1.00
ψ = 0.25π

E0x = 0.71
E0y = 0.71
δ = 0.50π

(f)
1

Handedness: NaN

−0.5

0

Ey (arb. units)

ψ

−0.5

1

a = 1.00
tanχ = −1.00
ψ = 0.75π

E0x = 0.71
E0y = 0.71

0.5

0

0.5

Ex (arb. units)

δ = 1.50π

0.5

Ey (arb. units)

0

δ = 1.00π

Ey (arb. units)

Ey (arb. units)

ψ

−1

Handedness: NaN

−0.5

0.5

0

1

S1 = −1.00
S2 = 0.00
S3 = 0.00
−1

0.5

(e)

0

Handedness: NaN

δ = 0.00π

−1

ψ

−0.5

−1
(c)

a = 1.00
tanχ = 0.00
ψ = 0.50π

E0x = 0.00
E0y = 1.00

ψ

0

−0.5

S1 = 0.00
S2 = 0.00
S3 = 1.00
−1

Handedness: Right

−0.5

0

0.5

Ex (arb. units)

1

−1

S1 = 0.00
S2 = −0.00
S3 = −1.00
−1

Handedness: Left

−0.5

0

0.5

Ex (arb. units)

1

Figure 6.2: Polarization ellipses of the (a) linear horizontal, (b) linear vertical,
(c) linear 45˝ , (d) linear 135˝ , (e) right-handed circular and (f) left-handed circular
polarizations. The Stokes parameters are also given for all the cases.
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6.3 Stokes Parameters
As introduced in the previous section, the polarization ellipse is a useful representation for the polarization state of light. However, this representation can only be
applied to characterize monochromatic light which is completely polarized. In addition, since the oscillation period of the polarization ellipse for visible light is in
the time scale of a few femtoseconds, it was impossible to directly measure the polarization ellipse in previous centuries. In 1852, George Gabriel Stokes proposed
another mathematical definition, which was composed of four observable quantities,
to describe the polarization of light. These four parameters were named after their
inventor, called Stokes parameters. Using this definition, light with any polarization
state, including unpolarized light and partially polarized light, can be well characterized. Recall that a polarization ellipse is determined by three parameters. Therefore,
the extra one in Stokes parameters allows us to describe the unpolarized part of polarization. In this section, the Stokes parameters will be first introduced for the
completely polarized light, followed by the discussion of their physical meanings.
6.3.1

Stokes Parameters for Completely Polarized Light

The polarization of a monochromatic optical beam can be described by Eq. (6.3).
To be related to observable quantities, Eq. (6.3) can be averaged over a period of
2
2
time equal to an optical oscillation period. Further, multiplied by 4Ex0
Ey0
, the time

averaged equation can be written as
2
2
4Ey0
ă Ex2 ptq ą `4Ex0
ă Ey2 ptq ą ´8Ex0 Ey0 ă Ex ptqEy ptq ą cos δ “ p2Ex0 Ey0 sin δq2 .

(6.13)
2
2
Using the time averaged quantities ă Ex2 ptq ą“ Ex0
{2, ă Ey2 ptq ą“ Ey0
{2 and

ă Ex ptqEy ptq ą“ pEx0 Ey0 cos δq{2, Eq. (6.13) can be rewritten as
2
2 2
2
2 2
pEx0
` Ey0
q ´ pEx0
´ Ey0
q ´ p2Ex0 Ey0 cos δq2 “ p2Ex0 Ey0 sin δq2 .
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(6.14)

The four squared terms in the equation above can be defined as
2
2
,
` Ey0
S0 “ Ex0

(6.15)

2
2
S1 “ Ex0
´ Ey0
,

(6.16)

S2 “ 2Ex0 Ey0 cos δ,

(6.17)

S3 “ 2Ex0 Ey0 sin δ.

(6.18)

These four quantities are the so-called Stokes parameters, and Eq. (6.14) gives
S02 “ S12 ` S22 ` S32 .

(6.19)

As shown by Eq. (6.15), S0 is the intensity of the optical field. It will also be seen
later on that S1 , S2 and S3 represent the degree of linear horizontal{vertical, linear
45˝ {135˝ and circular polarizations, respectively. The Stokes parameters of some
special cases are shown in Fig. 6.2.
6.3.2

The Poincaré Sphere

The Stokes parameters are commonly written in the vector form as
¨ ˛
S0
˚S1 ‹
~ “ ˚ ‹.
S
˝S2 ‚
S3

(6.20)

Using Eqs. (6.10–6.12), the Stokes vector can be expressed as
¨

˛
1
˚
‹
~ “ S0 ˚cosp2χq cosp2ψq‹ .
S
˝ cosp2χq sinp2ψq ‚
sinp2χq

(6.21)

It is observed that each polarization state described by Eq. (6.21) can be mapped to a
vector pointing from the origin to the surface of a sphere with the radius S0 , latitude
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Figure 6.3: The Poincaré sphere.
2χ and azimuthal angle 2ψ. This sphere is called the Poincaré sphere. As shown
in Fig. 6.3, for a particular polarization state, S0 is represented by the magnitude
of the vector, while S1 , S2 and S3 are represented by the vector projections on the
corresponding axes (x Ñ S1 ; y Ñ S2 ; z Ñ S3 ). In addition, the six special cases
shown in Fig. 6.2 can be mapped to the six points of intersection between the sphere
and three axes with two on the same axis being a pair of orthogonal states. The
Poincaré sphere provides us a straightforward way to visualize the polarization states.
Therefore, it is a very useful tool in the study of polarization.
6.3.3

Meaning of the Stokes Parameters

The physical meaning of the Stokes parameters can be found from a classical measurement i.e. using a wave plate and a polarizer, as shown in Fig. 6.4.
The optical field of a monochromatic wave can be written in the complex form
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Figure 6.4: A classical method to measure the Stokes parameters. Both the wave
plate and the polarizer are assumed to be ideal: The wave plate has a 100% transmission, and the polarizer has a 100% transmission along its polarizing axis. For the
piq
piq
piq
measurements of S0 , S1 and S2 , the wave plate needs to be removed.
as
Ex “ Ex0 eipωt´kzq ,

(6.22)

Ey “ Ey0 eipωt´kz`δq .

(6.23)

Accordingly, the Stokes parameters can also be written as
S0 “ Ex Ex˚ ` Ey Ey˚ ,

(6.24)

S1 “ Ex Ex˚ ´ Ey Ey˚ ,

(6.25)

S2 “ Ex Ey˚ ` Ey Ex˚ ,

(6.26)

S3 “ ipEx Ey˚ ´ Ey Ex˚ q.

(6.27)

In Fig. 6.4, the wave plate, whose fast axis is set as the x-axis, can produce a phase
retardance of φ between the field components along the fast and slow axes. The
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optical fields after passing through the wave plate can be expressed as

piq

Ex1 “ Expiq eiφ{2 ,

(6.28)

Ey1 “ Eypiq e´iφ{2 ,

(6.29)

piq

where Ex and Ey are the fields of the incoming beam. Next, the optical beam
passes through a polarizer with its polarizing axis rotated by θ with respect to the
x-axis. As a result, only the projection of the optical fields along the polarizer’s
polarizing axis can go through it, and the field of the outgoing beam can be written
as
E poq “ Expiq eiφ{2 cos θ ` Eypiq e´iφ{2 sin θ.

(6.30)

Using Eqs. (6.24–6.27), the intensity of the outgoing beam can be expressed as a
function of φ and θ,
1 piq
piq
piq
piq
I poq pθ, φq “ E poq E poq˚ “ rS0 ` S1 cosp2θq ` S2 cos φ sinp2θq ` S3 sin φ sinp2θqs,
2
(6.31)
piq

where Sj“0,1,2,3 are the Stokes parameters of the incoming beam. Therefore, by
setting different values of θ and φ, and measuring the intensity of the outgoing
beam, the Stokes parameters of the incoming beam can be determined:
piq

S0

piq

S1

piq

S2

piq

S3

π
“ I poq p0, 0q ` I poq p , 0q,
2

(6.32)

π
“ I poq p0, 0q ´ I poq p , 0q,
2

(6.33)

π
3π
“ I poq p , 0q ´ I poq p , 0q,
4
4

(6.34)

π π
3π π
“ I poq p , q ´ I poq p , q.
4 2
4 2

(6.35)

piq

piq

piq

In real measurements, for measuring S0 , S1 and S2 , since the required retardance of the phase plate is zero, only the polarizer is needed. By measuring the
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piq

piq

intensity of the outgoing beam with the polarizer angle set to 0 and π{2, S0 and S1
piq

can be obtained. It is straightforward to find that S0 represents the intensity of the
piq

incoming beam, while S1 represents the contents of the linear horizontal and linear
piq

vertical polarizations. Next, S2 can be determined by only measuring I poq pπ{4, 0q,
which represents the linear 45˝ polarization component. It should be noticed that
I poq p3π{4, 0q, corresponding to the linear 135˝ polarization, does not need to be meapiq

sured since it can be obtained by subtracting I poq pπ{4, 0q from S0 . To measure
piq

S3 , a quarter-wave plate (φ “ π{2) needs to be used, which converts the incoming
right-handed (left-handed) circular polarization to the linear 45˝ (135˝ ) polarization.
Therefore, in Eq. (6.35), I poq pπ{4, π{2q and I poq p3π{4, π{2q represent the contents
of the right- and left-handed circular polarizations, respectively. With the polarizer
piq

angle set to π{4, I poq pπ{4, π{2q can be measured. Similar to the measurement of S2 ,
piq

I poq p3π{4, π{2q can be obtained by subtracting I poq pπ{4, π{2q from S0 . As a consequence, the Stokes parameters of the incoming beam can be determined by four
intensity measurements.
6.3.4

Stokes Parameters for Unpolarized and Partially Polarized Light

For an unpolarized light beam passing through the optical system composed of a
quarter-wave plate and a polarizer (Fig. 6.4), the output intensity described by Eq.
(6.31) should be independent of θ and φ. To satisfy this condition, it requires that
S1 “ S2 “ S3 “ 0. Therefore, the Stokes vector of unpolarized light can be written
as
¨ ˛
S0
˚0‹
~ “ ˚ ‹.
S
˝0‚
0

(6.36)

It is interesting to see that for completely polarized light S12 ` S22 ` S32 “ S02 , while for
unpolarized light S12 ` S22 ` S32 “ 0. Therefore, it is natural to define an intermediate
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polarization state with 0 ă S12 ` S22 ` S32 ă S02 , which is known as the partially
polarized light. In the following discussion, it will be seen that any polarization state
can be decomposed into a completely polarized portion and an unpolarized one.
Let us consider two incoherent optical beams at different wavelengths copropagating in the z-direction. The total optical fields can be written as
Ex “ Exp1q ` Exp2q ,

(6.37)

Ey “ Eyp1q ` Eyp2q .

(6.38)

Using the complex representation, taking the time average yields
ă Expiq Expjq˚ ą“ă Eypiq Eypjq˚ ą“ă Expiq Eypjq˚ ą“ 0

for i ‰ j.

After plugging Eqs. (6.37–6.38) into Eqs. (6.24–6.27), it can be proved that
~“S
~ p1q ` S
~ p2q ,
S

(6.39)

~ piq is the Stokes vector of each optical beam. Eq. (6.39) shows that the total
where S
Stokes vector of a light beam, which is composed of multiple incoherent beams, can
be written as the superposition of the Stokes vectors of all the beams.
As an example, an unpolarized beam represented by Eq. (6.36) can be written
as
¨

˛
¨
˛
1
1
˚
‹
˚
‹
~ “ S0 ˚cosp2χ0 q cosp2ψ0 q‹ ` S0 ˚´ cosp2χ0 q cosp2ψ0 q‹ ,
S
2 ˝ cosp2χ0 q sinp2ψ0 q ‚ 2 ˝ ´ cosp2χ0 q sinp2ψ0 q ‚
sinp2χ0 q
´ sinp2χ0 q
where the first term on the right-hand side represents a polarization ellipse with
tilt angle ψ0 and angle of ellipticity χ0 , and the second term on the right-hand
side represents another polarization ellipse with tilt angle ψ 1 “ ψ0 ˘ π{2 and angle
of ellipticity χ1 “ ´χ0 . The polarization states represented by these two ellipses
are called orthogonal polarization states. Therefore, an unpolarized beam can be
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considered as the incoherent superposition of two orthogonally polarized beams with
the same intensity.
More generally, any polarization state can be represented by
¨
˛
¨ ˛
P S0
S0
˚ S1 ‹
˚0‹
~“˚
‹
˚ ‹
S
˝ S2 ‚` p1 ´ P q ˝ 0 ‚,
S3
0

(6.40)

a
S12 ` S22 ` S32
P “
,
S0

(6.41)

where

is referred to as the degree of polarization. Eq. (6.40) shows that a light beam with
any polarization can be decomposed into a completely polarized part (the first term
on the right-hand side) and an unpolarized part (the second term on the right-hand
side). In particular, for P “ 1, the second term on the right-hand side vanishes and
Eq. (6.40) represents a completely polarized beam, and for P “ 0, this corresponds
to an unpolarized beam.
The partially polarized light can also be visualized using the Poincaré sphere. In
Fig. 6.3, a partially polarized beam with the intensity S0 and degree of polarization
P (P ă 1) can be mapped to a vector with the magnitude P S0 , which is inside the
Poincaré sphere of the radius S0 . In particular, the unpolarized light (P “ 0) is
represented by the origin.

6.4 Mueller Matrices for Polarizing Optics
In physical research, the manipulation of polarization of light has proven to be of
great interest. Linear polarizers (simply referred to as polarizers) are commonly used
to polarize the incident light beam along the polarizer’s transmission axis (commonly
referred to as the polarizing axis), and quarter-wave plates are useful tools to convert
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polarization states between linear and circular polarizations. Therefore, in addition
to characterizing the polarization state of the light beam itself, it is essential to understand the effects of these polarizing optics on the light beam. With the polarization
states represented by the Stokes parameters, in the early 1940’s Hans Mueller developed a matrix representation for the polarizing optics [78]. Based upon this method,
the lowest-order effect on the light beam caused by a polarizing optical element can
be described by
~ poq “ M S
~ piq ,
S

(6.42)

~ piq and S
~ poq are
where M is a 4 ˆ 4 matrix, referred to as the Mueller matrix; S
the Stokes vectors of the incoming and outgoing light beams, respectively. In the
following subsections, the Mueller matrices of two most commonly used types of
polarizing optical elements (i.e. polarizers and wave plates) are introduced.
6.4.1

Mueller Matrix of a Polarizer

An ideal polarizer is an optical element which transmits only the optical fields along
its polarizing axis. However, a real polarizer used in the lab lets through a small
amount of the light polarized in the direction orthogonal to the polarizing axis as well.
The fields of the incoming and outgoing beams from a polarizer with its polarizing
axis being horizontal can be written as
Expoq “ tx Expiq ,

(6.43)

Eypoq “ ty Eypiq ,

0 ď ty ! tx ď 1,

(6.44)

where tx and ty are the horizontal and vertical transmittance of the polarizer, respectively. The ratio of the desired transmission to the undesirable one t2x {t2y is referred
to as the extinction ratio, which is commonly used to judge the quality of a polarizer.
Using the complex representation of the Stokes parameters [Eqs. (6.24–6.27)], the
formulation of Eq. (6.42) can be obtained for the polarizer with its Mueller matrix
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written as
¨2
˛
tx ` t2y t2x ´ t2y
0
0
1 ˚t2x ´ t2y t2x ` t2y
0
0 ‹
‹.
MP “ ˚
˝
0
0
2tx ty
0 ‚
2
0
0
0
2tx ty

(6.45)

In particular, for an ideal polarizer with tx “ 1 and ty “ 0, Eq. (6.45) becomes
¨

1
1˚
1
MP “ ˚
˝
2 0
0

1
1
0
0

0
0
0
0

˛
0
0‹
‹.
0‚
0

(6.46)

The effects of the ideal polarizer on light beams can be examined by applying the
matrix above onto the Stokes vectors of a few special cases. For example, for a
linearly polarized incident beam with the intensity I0 and polarization angle θ0 with
respect to the polarizing axis of the polarizer (the x-direction), its polarization can
be represented by
¨

~ piq
S

˛
1
˚cosp2θ0 q‹
‹
“ I0 ˚
˝ sinp2θ0 q ‚.
0

(6.47)

Multiplying the vector above by Eq. (6.46), the Stokes vector of the outgoing beam
can be written as
~ poq
S

¨ ˛
1
˚
1‹
‹
“ I0 cos2 θ ˚
˝0‚.
0

(6.48)

The equation above shows that the outgoing beam carries horizontal polarization.
Also, the beam intensity is reduced to I0 cos2 θ, which is known as Malus’ law [78].
`
˘
~ piq “ S0 1 0 0 0 T , the polarWhile for an unpolarized incident beam with S
`
˘
~ poq “ S0 {2 1 1 0 0 T , inization of the outgoing beam can be represented by S
dicating that after passing through the polarizer, the unpolarized beam is linearly
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polarized in the horizontal direction, but with its intensity halved.
6.4.2

Mueller Matrix of a Wave Plate

As shown in Section 6.3.3, the changes of the optical field passing through a wave
plate with its phase retardance being φ and fast axis being horizontal are given by
Eqs. (6.28) and (6.29). As a result, the Mueller matrix of such an ideal wave plate
can then be written as

MWP

¨
1
˚0
“˚
˝0
0

˛
0
0
0
1
0
0 ‹
‹,
0 cos φ sin φ ‚
0 ´ sin φ cos φ

(6.49)

where the loss of beam intensity inside the wave plate is neglected. In the Mueller
matrix above, the 2 ˆ 2 identity matrix on the upper left corner shows that a wave
plate does not change the beam intensity and the content of horizontal{vertical polarizations. The most commonly used wave plates are quarter-wave plates and half-wave
plates, which will be discussed in detail here.
(1) Quarter-Wave Plate
Substituting φ “ π{2 into Eq. (6.49), the Mueller matrix of a quarter-wave plate is
obtained:

MQWP

¨
1
˚0
“˚
˝0
0

0 0
1 0
0 0
0 ´1

˛
0
0‹
‹.
1‚
0

(6.50)

`
˘
`
˘
~ piq “ I0 1 0 ˘1 0 T to S
~ poq “ I0 1 0 0 ¯1 T ,
It can be found that this matrix converts S
which means that a quarter-wave plate converts the input linear 45˝ (135˝ ) polarization into the left-handed (right-handed) circular polarization. In turn, using a
quarter-wave plate, the right-handed (left-handed) circular polarization can be converted into the linear 45˝ (135˝ ) polarization.
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(2) Half-Wave Plate
For a half-wave plate (φ “ π), Eq. (6.49) becomes:

MHWP

¨
1
˚0
“˚
˝0
0

˛
0 0
0
1 0
0‹
‹.
0 ´1 0 ‚
0 0 ´1

(6.51)

`
˘
~ piq “ I0 S1 S2 S3 T
Multiplied by the matrix above, a generic Stokes vector S
`
˘
~ poq “ I0 S1 ´S2 ´S3 T . Expressing these two Stokes vectors
is converted to S
in the form of Eq. (6.21), the polarization ellipse parameters of the incoming and
outgoing beams can be related by
ψ poq “ π ´ ψ piq ,

(6.52)

χpoq “ ´χpiq .

(6.53)

Two polarization ellipses satisfying Eqs. (6.52) and (6.53) can be viewed as the mirror
reflections about the slow axis of the half-wave plate. As a special case, the linear 45˝
polarization is converted to linear 135˝ polarization, and vice versa. Similarly, any
circular polarization can be converted to the other orthogonal circular polarization
using a half-wave plate.
6.4.3

Rotated Polarizing Optics

So far the Mueller matrices for polarizers and wave plates have been obtained. The
derivations are based upon a particular orientation of these optical elements, either
the polarizing axis of the polarizer being horizontal or the fast axis of the wave
plate being horizontal. However, polarizing optics are often rotated to different
angles. Therefore, we now derive the Mueller matrices for these optical elements
with arbitrary orientations.
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First, let us consider the effect of the rotation of the coordinate system on the
Stokes parameters. In a coordinate system (O1 ) obtained by rotating the original
one (O) counterclockwise by an angle θ, the optical fields can be written in terms of
those in the original coordinate system as
Ex1 “ Ex cos θ ` Ey sin θ,

(6.54)

Ey1 “ ´Ex sin θ ` Ey cos θ.

(6.55)

Using Eqs. (6.24–6.27), the Stokes vectors in two coordinate systems can be related
by
~ 1 “ MR pθqS,
~
S
where
¨
˛
1
0
0
0
˚0 cosp2θq sinp2θq 0‹
‹
MR pθq “ ˚
˝0 ´ sinp2θq cosp2θq 0‚,
0
0
0
1

(6.56)

is the transformation matrix for the Stokes vector.
Using Eq. (6.56), the Mueller matrix for a rotated optical element with the
rotation angle θ is obtained:
M pθq “ MR p´θqM MR pθq,

(6.57)

where M is the original Mueller matrix.
For an ideal polarizer with the polarizer angle θ, plugging Eq. (6.46) into Eq.
(6.57), its Mueller matrix can be expressed as
¨

1
cosp2θq
sinp2θq
2
1˚
cosp2θq
cos
p2θq
sinp2θq
cosp2θq
MP pθq “ ˚
2
˝
sin p2θq
2 sinp2θq sinp2θq cosp2θq
0
0
0
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˛
0
0‹
‹.
0‚
0

(6.58)

`
˘
~ piq “ I0 S1 S2 S3 T ,
Applying the Mueller matrix above onto an incident beam with S
the Stokes vector of the outgoing beam can be written as
¨

~ poq
S

˛
1
˚cosp2θq‹
‹
“ rI0 ` S1 cosp2θq ` S2 sinp2θqs ˚
˝ sinp2θq ‚,
0

(6.59)

which shows that the beam is linearly polarized with the polarization angle θ by the
polarizer, whatever the initial polarization of the beam is.
Substituting Eq. (6.50) into Eq. (6.57), the Mueller matrix of a rotated quarterwave plate can be written as
¨
˛
1
0
0
0
˚0
cos2 p2θq
sinp2θq cosp2θq ´ sinp2θq‹
‹.
MQWP pθq “ ˚
˝0 sinp2θq cosp2θq
sin2 p2θq
cosp2θq ‚
0
sinp2θq
´ cosp2θq
0

(6.60)

`
˘
~ piq “ I0 1 0 0 ˘1 T , the
If the incident beam carries circular polarization i.e. S
polarization of the outgoing beam can be described by
¨

~ poq
S

˛
1
˚ ¯ sinp2θq ‹
‹
“ I0 ˚
˝˘ cosp2θq‚,
0

(6.61)

which represents a linearly polarized beam. Eq. (6.61) indicates that by rotating the
quarter-wave plate, a circularly polarized beam can be linearly polarized with any
polarization direction of choice.

6.5 Measuring Stokes Parameters Using a Rotating Quarter-Wave Plate
Since the Stokes parameters were first proposed, a number of methods have been
developed to measure them. In this section, one of these methods, which is commonly
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Figure 6.5: Optical setup for measuring the Stokes parameters using the combination of a rotating quarter-wave plate and a horizontal polarizer. The quarter-wave
plate is rotated with a constant angular speed ω.

used for commercial devices to measure polarization of light, is introduced. In this
method, as shown in Fig. 6.5, a continuously rotating quarter-wave plate is employed,
followed by a fixed horizontal polarizer. Using this method, all the four Stokes
parameters can be measured.
In Fig. 6.5, the Stokes vector of the outgoing beam from the polarizer can be
written as
~ poq “ MP MQWP pθqS
~ piq ,
S

(6.62)

where MQWP pθq is the Mueller matrix of the rotating quarter-wave plate, given by
~ piq “
Eq. (6.60); MP is the Mueller matrix of the polarizer, given by Eq. (6.46); S
`
˘T
S0 S1 S2 S3 is the Stokes vector of the incoming beam. Performing the matrix
multiplication on the right-hand side of Eq. (6.62), the intensity of the outgoing beam
is obtained:
poq

I poq pθq “ S0 “

S1 ˘
S1
S2
1 “`
S0 `
´ S3 sinp2θq `
cosp4θq `
sinp4θqs.
2
2
2
2

(6.63)

Let us assume that the quarter-wave plate is being rotated with a constant angular
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speed ω. Using θ “ ωt, Eq. (6.63) can be rewritten as
I poq ptq “

1“
A ` B sinp2ωtq ` C cosp4ωtq ` D sinp4ωtqs,
2

(6.64)

S1
S2
S1
, B “ ´S3 , C “ , D “ .
2
2
2

(6.65)

where
A “ S0 `

These four coefficients can be obtained by the Fourier transformation of the measured
intensity of the outgoing beam. In reality, the intensity measurements can only be
taken discretely at θn “ nδθ with n “ 0, 1, ..., N ´ 1, where N is the number of steps
per revolution and δθ “ 2π{N is the step size. As a result, Eq. (6.64) can be further
rewritten as
I poq pnq “

1“
A ` B sinp2nδθq ` C cosp4nδθq ` D sinp4nδθqs.
2

(6.66)

Accordingly, the four Fourier coefficients can be obtained:
N ´1
2 ÿ poq
I pnq,
A “
N n“0

(6.67)

N ´1
4 ÿ poq
B “
I pnq sinp2nδθq,
N n“0

(6.68)

C “

N ´1
4 ÿ poq
I pnq cosp4nδθq,
N n“0

(6.69)

D “

N ´1
4 ÿ poq
I pnq sinp4nδθq.
N n“0

(6.70)

Finally, solving Eqs. (6.65), the Stokes vector of the incoming beam is given by
¨

~ piq
S

˛
A´C
˚ 2C ‹
‹
“˚
˝ 2D ‚.
´B
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(6.71)

With the rotation of the quarter-wave plate motorized and timed with the intensity
detector, this method can be used for live monitoring of the polarization state of light
beams. As an example, a polarimeter using this method has been used to characterize
the polarization of FEL beams at Duke, which will be discussed in detail in Chapter
7.
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7
A Storage Ring FEL with Controllable Polarization

7.1 Introduction
Control of the polarization of light is of great importance to certain types of experiments. For example, in the optical regime, a circularly polarized radiation source
with switchable handedness can be used for magnetic dichroism experiments [79, 80].
In addition, some polarization dependent spectroscopy techniques require the radiation sources to have switchable linear polarizations (typically two orthogonal linear
polarizations). At the HIGS [81, 82], using Compton backscattering of the FEL
beam and electron beam, the energy of the FEL beam can be boosted by six to
seven orders of magnitude (e.g. „ 106 with a collision with a 500 MeV electron
beam), and the FEL beam can be partially converted to a γ-ray beam. Therefore,
the capabilities of polarization control of the FEL beam can be extended to the
γ-ray regime. Controlling γ-ray beam polarization is also very useful for certain
types of user experiments. For example, the circularly polarized γ-ray beam with
switchable helicity can be used for the experimental verification of the GerasimovDrell-Hearn (GDH) sum rule [83, 84]. Taking advantage of the wide tuning range of
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the FEL wavelength and electron beam energy, the helicity-switchable γ-ray beam
at the HIGS can be produced over a wide energy range to cover the low-energy GDH
integral from the photodisintegration threshold (2.25 MeV) to 100 MeV. In addition,
γ-ray beams with switchable horizontal and vertical polarizations have some important applications in proton polarizability experiments [85, 82]—the asymmetry of
the photon-polarization dependent cross sections can be measured in a much simpler
way, i.e. by switching the polarization of the γ-ray beam instead of realigning the
detectors (which is required for a γ-ray source with a fixed linear polarization).
Polarization of light can be manipulated using a number of polarizing optics in the
visible regime. However, for the spectral regions such as VUV where polarizing optics are either not available or have very limited capabilities, controlling polarization
without the need of using polarizing optics is critical. In fact, the non-optical polarization control of the accelerator based light sources has been developed for nearly
30 years, mainly for the third-generation storage ring based synchrotron sources.
A common approach to realize polarization control is to employ an undulator with
multiple arrays of mechanically movable permanent magnets [86, 87, 88]. A specific
polarization state can be obtained by translating one or more arrays of the magnets
to a specific configuration. However, the manufacturing of such an undulator is typically very complicated and costly. Another method to obtain variable polarization
is based upon the coherent superposition of two orthogonal polarization states. This
idea (referred to as the crossed undulator configuration) was first proposed for planar
undulators [89], where two identical planar undulators are used with the first one
aligned to produce horizontally polarized radiation and the second one rotated by
90˝ to produce the vertically polarized radiation. The phase delay between the two
orthogonally polarized radiation beams is varied using a phase retarder positioned
between the two undulators, and elliptical polarization with arbitrary ellipticity can
be obtained after a monochromator.
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Polarization control is also a critical feature for FELs. Since the idea of the crossed
undulator configuration was first introduced to the FEL field in the early 2000s [90],
the development of polarization control using crossed undulators have been proposed
for several linac based FEL projects [91, 92]. In the past three years, some have
experimentally realized polarization control using crossed planar undulators [93, 94,
95]. In Ref [90], Kim also proposed to use crossed helical undulators to produce
linearly polarized radiation with controllable direction of the linear polarization. Its
feasibility was theoretically confirmed by Dattoli et al. soon after [96, 97]. However,
since most FELs do not have the configuration of crossed helical undulators, no
experimental demonstration was done until the recent work at FERMI, a linac based
high-gain FEL, in 2015 [94].
The storage ring FEL at Duke University achieved polarization control using two
planar undulators and two helical undulators for the first time in 2005 [21]. By
mixing the linearly polarized radiation from the OK-4 undulators and circularly polarized radiation from the OK-5 undulators with their relative FEL gains controlled
by a buncher magnet, the polarization of the FEL beams can be continuously tuned
between linear and elliptical. However, using this approach, the orientation of the
polarization ellipse cannot be independently adjusted. In addition, at that time only
two outboard helical undulators (OK-5A and OK-5D) could be used, which unfortunately, were too far apart, and they could not form an effective crossed undulator
configuration. Since 2012, with the installation of two additional helical undulators
(OK-5B and OK-5C) and an undulator switchyard system in the middle of the FEL
straight section [23], up to four helical OK-5 undulators can be used simultaneously
for FEL and gamma-ray operations. This opens up opportunities for the FEL to
operate in some novel configurations with variable polarization. To realize control of
the FEL beam polarization, two downstream undulators (OK-5C and OK-5D) have
been configured with switchable helicity (using a solid-state based dc current switch
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Figure 7.1: Undulator configuration for the polarization control of FEL beams. The
two helical undulators in the middle of the FEL straight section are turned on with
OK-5B and OK-5C operated in normal helicity and reversed helicity, respectively.

system to switch the polarity of current in the vertical undulator coils while keeping
that in the horizontal coils unchanged) so that they can produce circularly polarized radiation with either handedness. The two upstream undulators (OK-5A and
OK-5B) have a fixed helicity, producing right-handed circularly polarized radiation.
Crossed helical undulators can be realized using either two undulators (OK-5B in
normal helicity and OK-5C in reversed helicity) or four undulators (OK-5A, OK-5B
in normal helicity, and OK-5C, OK-5D in reversed helicity). Using these undulator
configurations, we have achieved the first experimental demonstration of a storage
ring FEL with fully controllable polarization, including (1) a fast helicity switch of
circularly polarized radiation, and (2) generation of linearly polarized radiation with
arbitrarily controllable polarization direction. In addition, we developed an optical
diagnostic system to precisely measure the degree of linear polarization. Using this
polarization diagnostic system, the measured degree of linear polarization of the FEL
beam (linearly polarized using crossed helical undulators) is demonstrated to be as
high as 0.94–0.98. In this chapter, we mainly report the experimental results for the
two-undulator configuration (Fig. 7.1).
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7.2 Helicity Switch of the Circularly Polarized Radiation
7.2.1

FEL Configuration

For the helicity switch using the two-undulator configuration, OK-5B (normal helicity) and OK-5C (reversed helicity) undulators, powered by independent power
supplies, are used to produce right- and left-handed circularly polarized FEL beams,
respectively, at the same wavelength (Fig. 7.1), by independently setting the undulator currents. The lasing wavelength is typically set to the wavelength which has
the minimum round-trip loss of the FEL cavity. The helicity switch is realized by
alternately producing lasing of one undulator while preventing the other undulator
from lasing. To stop the lasing of a particular undulator (let us call it Undulator I),
its current is changed (typically lowered to minimize the hysteresis effect) so that the
center wavelength of the undulator is tuned away from the lasing wavelength by a few
percent. By moving its radiation wavelength to a spectral region where the cavity
loss is higher, this undulator cannot lase at the shifted wavelength. Meanwhile, the
current of the other undulator (Undulator II), which was parked at a lower current,
is ramped to reach the lasing wavelength. This simultaneous current ramping of
two undulators leads to the lasing of Undulator II as well as the suppression of the
lasing of Undulator I. With this approach, the helicity switch can be realized at a
reasonably fast rate, as high as 5–10 Hz depending on operational parameters.
Using a 600 MeV electron beam, the helicity switch of circular polarization was
experimentally studied with the FEL lasing around 458 nm.
7.2.2

Optical Setup for Measuring the Power of Circularly Polarized FEL Beams

An optical measurement system, as shown in Fig. 7.2, was developed to characterize
FEL beams. A beam splitter (BS1) was used to split the FEL beam into two arms,
with the regular FEL diagnostics lying in its transmission arm and the individual
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Figure 7.2: Optical diagnostics developed to study helicity switch.
power measurements of the two beams with different circular polarizations located
in its reflection arm.
The regular FEL diagnostics included the following functions: (1) the dc measurement of the total extracted FEL power using a thermal powermeter in the reflection
arm of beam splitter BS3, (2) the tracking of the FEL power waveform to monitor
the stability of the FEL operation using photodiode PD1 in the reflection arm of
beam splitter BS4, and (3) the lasing spectrum measurement using a spectrometer
in the transmission arm of beam splitter BS4. The FEL spectra were measured using
a HR4000 spectrometer with a wavelength range of 400–612 nm from Ocean Optics.
As indicated by the Fresnel equations [98], light passing through the boundary
of two media with different refractive indices has different reflectivity and transmissivity for the p polarization (parallel to the plane of incidence) and s polarization
(perpendicular to the plane of incidence), except for normal incidence. The beam
splitters used in this research are the plate beam splitters, which do not maintain
the polarization state of the incident beams. Therefore, to minimize the polarization
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change of the incident FEL beams due to the beam splitter, the first beam splitter
BS1 was aligned in a way to minimize the angle of reflection on its surface so that
the situation was close enough to the normal incidence. In our case, the angle of
reflection on BS1 was set to about 7.5˝ (Fig. 7.2), which was the minimum angle
permitted by the available space on the optical table. In the reflection arm of BS1,
a narrow bandpass filter with a central wavelength of 457.9 ˘ 2 nm and a full width
at half maximum of 10 ˘ 2 nm was used. After the color filter, a quarter-wave plate
with its fast axis aligned horizontally was employed to transform the incoming circularly polarized FEL beams into the linearly polarized ones, with the left-handed
(right-handed) circular polarization converted into the 135˝ (45˝ ) linear polarization.
A polarizer on each arm of beam splitter BS2 was then used to pass a particular polarization state. Arm A and arm B were chosen to measure the FEL power produced
by OK-5C and OK-5B undulators, respectively. The polarizing axis of each polarizer
was aligned to minimize intensity leakage when the other undulator was used for
lasing.
7.2.3

Slow Helicity Switch

The helicity switch of the circularly polarized FEL beams was first characterized
with a low switch frequency (5 mHz). Figure 7.3 shows a dc power measurement in a
total duration of 20.6 minutes, during which time the helicity is switched five times.
The powers produced by two undulators are cross-calibrated using the measured
electron beam bunch lengthening [Eqs. (4.7–4.12)]. As shown in Fig. 7.3(a), the
powers are stable without tuning any knobs between two adjacent switches with
a relative rms variation of 0.8% for the right-handed circular beams (OK-5B) and
that of 0.9% for the left-handed circular beams (OK-5C). In addition, the average
power of the left-handed circular beams is 6.8% lower than that of their right-handed
counterparts. This may be attributed to the less optimal alignment between the
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Figure 7.3: Slow helicity switch. The beam current is kept between 29.49 mA and
30.90 mA with top-off injection. The injection occurred once (around t “ 12 min)
during the entire measurement. (a) The FEL power (linearly scaled for a 30 mA
beam) for the alternate lasings of OK-5B and OK-5C undulators. The inset shows
the undulator currents as functions of time. (b) The measured spectra.

140

electron beam trajectory and the optical path in OK-5C undulator, compared to
that in OK-5B undulator. Figure 7.3(b) displays the measured lasing spectra, which
also shows a good spectral stability with the central wavelength kept nearly constant
at 458.06 ˘ 0.13 nm and the rms spectral width at 0.93 ˘ 0.03 nm. Furthermore,
as shown in the inset of Fig. 7.3(a), for the helicity switch, an 8% tuning of the
undulator current is sufficient to alternately stop lasing for the two undulators.
7.2.4

Fast Helicity Switch

For the helicity switch with a relatively low rate (a few mHz), a high degree of
power stability has been demonstrated for both circularly polarized beams using dc
power measurements. In fact, it is more interesting to investigate the lasing processes
with fast helicity switch. To turn on/off the lasing of a particular undulator, only
a small amount of undulator current change is needed [see the inset of Fig. 7.3(a)],
which allows the action of the helicity switch to be completed in a very short period
of time. With this capability (fast switch of the undulator currents), the lasing
processes during the fast helicity switch have been investigated for the FEL operated
in the quasi-continuous-wave mode.
When operated in the quasi-continuous-wave mode, the temporal oscillation of
the FEL beam (due to the FEL instability) is determined by the competition between
the electron beam energy damping and the FEL induced energy spread increase. The
build-up of good FEL lasing requires an electron beam with an adequately damped
energy spread. This can be realized by cooling the electron beam for two to three
damping times (2–3τd ), where τd is the time constant of the electron beam energy
damping (τd « 40 ms for a 600 MeV electron beam). Taking into account two lasing
build-up processes and the need to keep lasing for sufficient amount of time in each
cycle, the helicity switch is expected to be able to establish substantial lasing power
with its switch rate no higher than 1{p10τd q, roughly 2.5 Hz in our case. Figure 7.4
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Figure 7.4: Measured FEL power for the helicity switch with a frequency of (a) 1
Hz, (b) 3 Hz, (c) 5 Hz, and (d) 10 Hz. The insets of (a) and (b) are their zoom-in
plots to display the temporal structure of the FEL beams in detail. The rf detune is
0.8 Hz, the beam energy is 600 MeV, and the beam current is around 30 mA.
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shows four helicity switch measurements with different switch rates using a 600 MeV
single bunch electron beam with a beam current of 30 mA. The FEL power of two
alternate circularly polarized beams was measured using an oscilloscope at a rate
of 2 mega samples per second (MS/s). The rf detune was set to 0.8 Hz, which was
typically sufficient to tune a normal FEL operation away from the instability region
with a beam current of 30 mA. As shown in Fig. 7.4, relatively stable lasings of the
OK-5B FEL have been realized for the 1-Hz switch, and less so for the 3-Hz switch,
which is consistent with our expectation. For the switches with higher rates, the
OK-5B lasing only occurred as some irregular pulses. Compared to the OK-5B FEL,
the OK-5C lasing was found to be much less stable, which might be caused by the
less optimal electron beam orbit in the OK-5C undulator and/or larger alignment
discrepancies with respect to the preferable optical axis of the OK-5 FEL determined
by the alignment of the FEL mirrors.

7.3 Generation and Study of Linearly Polarized Radiation Using Helical
Undulators with Opposite Helicities
7.3.1

FEL Configuration

For the generation of linearly polarized radiation, independently powered OK-5B
(normal helicity) and OK-5C (reversed helicity) undulators are used to lase simultaneously in an optical klystron-like configuration (Fig. 7.1). The FEL beams produced
by these two undulators are in orthogonal circular polarization states. In this case
the spectrum of the resultant undulator radiation is not modulated like that of an
optical klystron (see Section 2.5), because the orthogonally polarized photon beams
do not coherently interact with each other. If the lasings in the two undulators occur
at the same (or close enough) wavelength and with the same intensity as well, the
two circularly polarized laser beams with opposite handednesses can be superposed
to result in a linearly polarized beam. As usual, the lasing wavelength of each un143

dulator is mainly tuned by varying the respective undulator magnetic field strength,
with the fine adjustments of the wavelength realized by tuning buncher B2. On the
other hand, the requirement of equal intensity for the two circularly polarized beams
to generate linearly polarized radiation can be met by balancing the FEL gains of
the two undulators. The gain balancing is also achieved by tuning the undulator
strengths and buncher B2. Furthermore, the direction of the generated linear polarization is determined by the phase difference between the two circularly polarized
beams. This phase difference can also be controlled by tuning the field strengths of
the two undulators and buncher B2, and any direction of the linear polarization can
be obtained by tuning these three knobs properly. Therefore, in this experiment the
strengths of OK-5B and OK-5C undulators and the setting of buncher B2 are three
key knobs, which can be used not only to adjust the lasing wavelength, but also to
balance the gain between two undulators as well as to manipulate the direction of
linear polarization.
The experimental results reported in this section were produced using a 550 MeV
electron beam and the FEL lasing around 548 nm.
7.3.2

Optical Setup for the Polarization Diagnostics

As shown in Fig. 7.5, the optical diagnostics in this work was similar to that shown
in Fig. 7.2 for helicity switch, except for the setup in the reflection arm of beam
splitter BS1, which was modified to measure the polarization of the FEL beams. In
addition, the narrow bandpass filter used in this work had a central wavelength of
550 ˘ 2 nm and a full width at half maximum of 10 ˘ 2 nm, and was repositioned to
filter the FEL beam presented to all detectors.
The FEL polarization is characterized by measuring Stokes parameters in the
reflection arm of beam splitter BS1, where a second beam splitter (BS2) is used to
split FEL beam so that one beam is sent to a polarimeter in arm A and the other
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Figure 7.5: Optical setup for the regular FEL diagnostics and polarization measurements.
beam to a polarizer (P3) followed by a photodiode (PD3) in arm B. The polarimeter
used is Model PA510 from Thorlabs, a device to measure Stokes parameters using
the technique of a rotating quarter-wave plate as described in Section 6.5. However,
the workable wavelength range of this polarimeter is limited to 450–700 nm. The
precision of the polarimeter measurements highly depends on the intensity stability
of the incident optical beam. Because the intrinsic power fluctuations of the FEL
beam are at a time scale comparable to the rotation period of the quarter-wave
plate in the polarimeter, the polarimeter without modification was not suitable for
measuring the polarization of the FEL beam. Therefore, an optical setup to precisely
measure the degree of linear polarization has been developed using a combination of
a polarizer (P3) and a photodiode (PD3). This measurement setup is installed in arm
B. The degree of linear polarization can be experimentally obtained by measuring
the maximum and minimum intensities of the incoming FEL beam with the rotation
of the polarizer. This measurement can be used for a wide spectral range with a
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Figure 7.6: Bench laser system used for the calibration of the polarization diagnostics (Fig. 7.5). The optics in the reflection and transmission arms of beam splitter
BS1 are omitted.
properly chosen polarizer.
As pointed out in Section 7.2.2, plate beam splitters do not fully preserve the
polarization state of the incident light beam. In experiments, we found that the
impact of the plate beam splitters on the polarization state of light was substantial.
Therefore, for a precision polarization measurement using such types of beam splitter,
a set of systematic calibrations need to be carried out.
7.3.3

System Calibration

To characterize the impact of the beam splitters on the polarization of the incident
laser beam, the polarization diagnostic system (Fig. 7.5) was calibrated using a
bench laser system placed between the FEL exit window and beam splitter BS1.
As shown in Fig. 7.6, this system was composed of a bench laser lasing at 543.3
nm, a combination of a polarizer and a quarter-wave plate, and a second polarizer.
The combination of polarizer P1 and the quarter-wave plate, whose fast axis was 45˝
with respect to the polarizing axis of P1, was used to produce circularly polarized
beams so that the second polarizer P2 could linearly polarize the beams with nearly
constant intensity for all polarization directions. As a result, this bench laser system
produced linearly polarized light with the relative rms intensity variation of 1.5% for
all polarization directions.
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Calibration of Measured Direction of Linear Polarization
The electric fields of the reflected or transmitted light from a plate beam splitter can
be written as
E2x “ px E1x ,

(7.1)

E2y “ py E1y ,

(7.2)

where E1x and E1y are the horizontal and vertical electric fields of the incident
beams, respectively, and p2x and p2y represent the intensity attenuation (the reflectivity
for the reflected light or transmissivity for the transmitted light) in the x- and ydirections, respectively. For Eqs. (7.1) and (7.2) to be valid, the beam splitter is
considered to be a piece of passive polarizing optics, which does not produce relative
phase delay between the horizontal and vertical electric fields. For linearly polarized
light, the polarization angle (with respect to the x-direction) satisfies the relation
tan θ “ Ey {Ex . Using Eqs. (7.1) and (7.2), the polarization directions of the outgoing
beam and the incoming beam can be related by
tan θ2 “

py
tan θ1 .
px

(7.3)

The equation above indicates that a beam splitter with px ‰ py does change the
polarization direction of linearly polarized incident light.
To relate the measured polarization directions of the split beam in arm B to the
polarization directions of the main beam before splitter BS1 (see Fig. 7.7), polarizer
P2 was rotated to produce an incident beam with variable polarization directions.
These directions were called real polarization directions (θ1 ) in this case. For each
θ1 , polarizer P3 was rotated accordingly to find the measured polarization direction
(θ2 ), which is the direction corresponding to the maximum intensity. tan θ2 and
tan θ1 were then linearly fitted based upon Eq. (7.3) with px and py representing
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Figure 7.7: Optical setup to calibrate the measured polarization direction and
measured Stokes parameters in arm B.

the combined effects of two reflections from BS1 and BS2. From the slope of the
linear fitting (py {px “ 1.33) shown in Fig. 7.8, it can be found that the ratio of the
attenuations in the x- and y-directions p2y {p2x « 1.76, and the maximum difference
between the two angles ∆θmax “ |θ2 ´ θ1 |max « 8.5˝ . Therefore, the change of the
polarization direction caused by the unequal attenuations in the x- and y-directions
of the beam splitters is substantial, and needs to be taken into account properly.
Calibration of Measured Stokes Parameters
Since the beam splitters change the polarization state of the incident light, the Stokes
parameters measured in arm B also need to be corrected to retrieve the original ones
at the FEL exit window. To investigate the change of Stokes parameters caused by
the optical elements on the beam propagation, the Mueller matrix formalism can be
used.
The split light beam in arm B undergoes two reflections by beam splitters BS1
and BS2 , respectively (see Fig. 7.7). The beam splitters attenuate the incident light
with different attenuation coefficients in the x- and y-directions. Based upon Eqs.
(7.1) and (7.2), the Mueller matrix representing the overall effect of BS1 and BS2
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can be written as
˛
p2x ` p2y p2x ´ p2y
0
0
1 ˚p2x ´ p2y p2x ` p2y
0
0 ‹
‹,
“ ˚
0
2px py
0 ‚
2˝ 0
0
0
0
2px py
¨

MBS

(7.4)

which is similar to the Mueller matrix of a generic polarizer [Eq. (6.45)]. It should
be noticed that for a single reflection by a beam splitter, in order to satisfy the righthand rule, a coordinate system is specifically chosen such that the direction of the
horizontal electric field needs to be flipped, i.e., on the right-hand side of Eq. (7.4)
px needs to be replaced with ´px . For the case of two reflections, the overall effect
is equivalent to a transmission.
Regarding the polarization measurements in arm B, by rotating polarizer P3,
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the maximum intensity Imax and its corresponding direction θ2 (with respect to the
horizontal axis), and the minimum intensity Imin can be measured. θ2 can also
be considered as the major axis of the measured polarization ellipse. Using these
three measured quantities, three of the four Stokes parameters (normalized) can be
determined in the coordinate system with the x-axis chosen to be the direction of
the maximum intensity,
p2q

S0

p2q

S1

p2q

S2

“ 1,
“

Imax ´ Imin
,
Imax ` Imin

“ 0.

In general, the degree of linear polarization is written as Plin “
p2q

in this case S2

(7.5)
(7.6)
(7.7)
a
S12 ` S22 {S0 . Since

“ 0, the degree of linear polarization measured in arm B can be
p2q

p2q

p2q

p2q

simply written as Plin “ S1 {S0 . Furthermore, the last Stokes parameter S3

(circular components) cannot be measured without using a quarter-wave plate and
thus is undetermined.
Using the rotation matrix [Eqs. (6.56)] and the Mueller matrix of the beam
splitters [Eq. (7.4)], the Stokes vector of the FEL beam in arm B can be related to
that of the main beam at the FEL exit window by
~ p2q “ Mtot S
~ p1q
S

(7.8)

with
Mtot “ MR pθ2 qMBS
¨
˛
p2x ` p2y
p2x ´ p2y
0
0
2
2
2
2
1˚
0 ‹
˚ ppx 2´ py q2 cosp2θ2 q ppx 2` py q2 cosp2θ2 q 2px py sinp2θ2 q
‹,
“
0 ‚
2 ˝´ppx ´ py q sinp2θ2 q ´ppx ` py q sinp2θ2 q 2px py cosp2θ2 q
0
0
0
2px py
(7.9)
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~ p1q is the Stokes vector of the main beam. Therefore, by measuring S
~ p2q in
where S
~ p1q can be obtained,
arm B, S
´1 ~ p2q
~ p1q “ Mtot
S
S ,

(7.10)

where
¨1
´1
Mtot

p2x
˚1
˚ p2x

1
“
˚
2˝

`
´
0
0

1
p2y
1
p2y

p p12 ´
x
p p12 `
x

1
q cosp2θ2 q
p2y
1
q cosp2θ2 q
p2

2
px py

y

sinp2θ2 q
0

´p p12 ´
x
´p p12 `
x

2
px py

1
q sinp2θ2 q
p2y
1
q sinp2θ2 q
p2
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cosp2θ2 q
0

0
0
0

˛
‹
‹
‹.
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2
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(7.11)
Calibration of Measured FEL Power
The extracted FEL power is measured in the reflection arm of beam splitter BS4
(see Fig. 7.5). Using Eqs. (7.1) and (7.2), the optical power entering photodiode
PD2 can be written as
P2 “ P1 pp2x cos2 θ1 ` p2y sin2 θ1 q,

(7.12)

where P1 is the optical power of the main beam before beam splitter BS1, θ1 is
the real polarization direction set by polarizer P2, and p2x and p2y are the combined
attenuations caused by beam splitters BS1, BS3 and BS4 in the x- and y-directions,
respectively. As shown by Eq. (7.12), for px “ py , P2 is proportional to P1 and
independent of θ1 . While for px ‰ py , P2 is dependent on the polarization direction
θ1 .
To determine the values of px and py , using the bench laser system as the radiation
source (see Fig. 7.9), P2 was measured using photodiode PD2 for a range of θ1 from
0˝ to 220˝ with a step size of 10˝ . PD2 was then relocated to measure the incident
power P1 for the same set of polarization directions. px and py could be obtained by
fitting the power ratio P2 {P1 versus θ1 using Eq. (7.12), as shown in Fig. 7.10.
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For the radiation source to be the FEL beams under investigation, having the
knowledge of px and py , as well as the polarization direction θ1 which can be obtained
by measuring θ2 in arm B and by using the fitting equation in Fig. 7.8, the extracted
FEL power can be measured using the power measurements of photodiode PD2 with
a correction by a factor of 1{pp2x cos2 θ1 ` p2y sin2 θ1 q.
7.3.4

Tuning of the Linear Polarization

The generation of linearly polarized light beams can be realized by the coherent
superposition of two circularly polarized beams with opposite handednesses and equal
intensity, whose electric fields can be written as
` iŷ
~ ` “ E0 eipωt´kzq x̂ ?
E
,
2

(7.13)

´ iŷ
~ ´ “ eiφ0 E0 eipωt´kzq x̂ ?
E
,
2

(7.14)
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Figure 7.10: Measured power ratio as a function of polarization direction.
where E0 is the field amplitude, φ0 is the phase difference between the two beams,
and x̂ and ŷ are the unit vectors in the x- and y-directions, respectively. By summing
these two fields, we have
~ tot “ E
~` ` E
~´ “
E

? iφ {2
φ0
φ0
2e 0 E0 eipωt´kzq rcos x̂ ` sin ŷs.
2
2

(7.15)

The equation above represents a linearly polarized beam with its polarization direction given by
θlin “

φ0
.
2

(7.16)

Eq. (7.16) shows that the polarization direction θlin is determined by the phase
difference φ0 , and a full rotation of θlin is 180˝ instead of 360˝ . In our experiments,
φ0 can be varied by tuning the magnetic field strength of buncher B2 (Fig. 7.1). To
equalize the intensity of two circularly polarized beams, two closely placed undulators
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in the middle of the FEL cavity with similar gains (when operated separately) are
employed. However, if the two undulators are tuned to lase simultaneously at the
same wavelength, the second one will have somewhat larger FEL gain because in each
pass the FEL interaction in the second undulator benefits from the electron beam
microbunching established in the first one. However, in the small-signal, small-gain
regime, the electron beam microbunching in a single pass is typically very weak so
that the gain difference between the two undulators is expected to be small. Such
a small gain difference can be compensated by tuning buncher B2 or the magnetic
fields of the two undulators. Since buncher B2 is primarily used to control the
polarization direction, the magnetic fields of the two undulators become the main
knobs to balance the gain of the two undulators.
To judge the goodness of the generated linear polarization, the polarimeter in
arm A (Fig. 7.5) is used to monitor the Stokes parameters using the technique of
rotating a quarter-wave plate (introduced in Section 6.5). The polarimeter used in
our experiments has 32 equally spaced angles in each revolution with the intensity
measured at each angle. This technique requires stable intensity for the incident
beam. However, the rotation period of the quarter-wave plate in the polarimeter is
10–30 milliseconds, which overlaps with the time scale of instabilities of FEL pulsing
(a few to tens of milliseconds). To resolve the problem of incident power fluctuations,
a normalization method has been developed. The voltages representing the optical
intensities, measured by the polarimeter, are normalized using those measured by
photodiode PD1 (Fig. 7.5), which is timed with the intensity data acquisition of
the polarimeter. With this approach the stability of the intensity measurement
of the polarimeter has been greatly improved. However, using this normalization
approach also introduces a voltage offset [A in Eq. (6.66), which determines the
unpolarized part of the incident light, and thus the degree of polarization]. The value
of this voltage offset depends on the polarization direction because the laser beam
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Figure 7.11: Measured voltages (normalized) from the polarimeter in arm A for
the generated linearly polarized FEL beams with the tuning of buncher B2, which
is tuned over a full rotation of the polarization direction. Each waveform (32 data
points) is averaged over 50 revolutions.

passes through two beam splitters before entering photodiode PD1. Therefore, the
polarimeter, with the use of this normalization method, cannot be used to measure
the degree of polarization. However, it can be used to monitor the polarization ellipse
for the polarized part of the incident light, as this part is independent of the voltage
offset.
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Figure 7.12: Polarization ellipses calculated using the voltage data shown in Fig.
7.11.

Figure 7.11 shows nine sets of intensity measurements of the polarimeter for a
full rotation (180˝ ) of the linear polarization by tuning buncher B2. The four-cycle
waveform patterns (whose amplitudes are associated with coefficients C and D in Eq.
(6.66)) indicate that the incident light is linearly polarized, which can be confirmed
by the polarization ellipses calculated from these measured voltages, as shown in Fig.
7.12.
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7.3.5

Precision Measurements of the Degree of Linear Polarization

The polarimeter is mainly used to monitor the tuning of the linear polarization
during the experiments, while it cannot be used to measure the degree of polarization.
Instead, a combination of a polarizer and a photodiode in arm B (Fig. 7.5) is used
to precisely measure the degree of linear polarization and the polarization direction.

Figure 7.13 shows the rotation of the linear polarization by scanning the setting
of buncher B2. θ1 represents the polarization direction of the laser beam at the exit
window of the FEL, converted from the measured θ2 using the fitting equation shown
in Fig. 7.8. As shown in Fig. 7.13(a), θ1 is rotated for about 360˝ (projected into
the range of 0–180˝ in the figure) with NB2 varied from 0.33 to 2.33. It is interesting
to notice that the rotation of the linear polarization shown in Figs. 7.12 and 7.13
has the opposite senses (counterclockwise in Fig. 7.12 and clockwise in Fig. 7.13),
which is consistent with the reflection symmetry of the chosen coordinate systems in
arm A and arm B.
Figure 7.13(b) shows the measured degree of linear polarization of the FEL beam
b
p1q
p1q
p1q
p1q
at the FEL exit window, Plin “ pS1 q2 ` pS2 q2 {S0 , where the Stokes parameters
p1q

Si

p2q

(i “ 0, 1, 2) are transformed from Si

(i “ 0, 1, 2) described by Eqs. (7.5–7.7),

using Eqs. (7.10–7.11). As discussed in Section 7.3.3, the measurements in arm B
p2q

p2q

cannot determine S3

(the degree of circular polarization). Therefore, S3 can be
b
p2q
p2q
p2q
any value between 0 and pS0 q2 ´ pS1 q2 ´ pS2 q2 , depending on the amount of

the unpolarized component of the beam. However, the structure of the transformation matrix [Eq. (7.11)] indicates that the transformation of the first three Stokes
p2q

p2q

p2q

p1q

p1q

p1q

parameters (S0 , S1 , S2 Ñ S0 , S1 , S2 ) are decoupled from that of the last one
p2q

(S3

p1q

p1q

p2q

Ñ S3 ). Therefore, Plin is independent of S3 . As shown in Fig. 7.13(b),
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Figure 7.13: Rotation of the linear polarization by continuously varying buncher
B2. (a) The dependency of the polarization direction θ1 on NB2 . All directions (θ1 )
have been projected into the range of 0–180˝ . (b) The measured degree of linear
p1q
polarization of the FEL beam at the FEL exit window, Plin .
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Figure 7.14: Extracted FEL power and lasing wavelengths during the rotation of
the linear polarization. The power shown in the upper plot is calibrated using Eq.
(7.12). The rms spectral widths are shown as the error bars in the lower plot.

a high degree of linear polarization has been achieved for all measured polarization
directions within the range of Plin “ 0.94–0.98.
In addition to controlling the polarization direction, the tuning of buncher B2
leads to changes of the relative gains of two undulators as well as minor shifts in
lasing wavelength. Therefore, the undulators are slightly tuned to compensate for
these unwanted changes. As shown in Fig. 7.14, during the rotation of the linear
polarization, the FEL power is maintained reasonably stable with a relative power
variation of 6.8% (rms). The lasing spectra is also steady with the central wavelength
kept at 547.81 ˘ 0.10 nm. Throughout the process of rotating the direction of the
linear polarization, the undulator strength K of both OK-5B and OK-5C undulators
were tuned within 0.2%.
The relation between the polarization direction and the buncher phase (φB2 “
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Figure 7.15: Dependency of the polarization direction (θ1 ) on the buncher phase
pφB2 ). Unlike in Fig. 7.13 where θ1 is projected into r0 180˝ s, θ1 in this figure is
shown to be varied monotonically. The inset shows the phase changes contributed
from the tuning of two undulators for data set #3.
NB2 ˆ360˝ ) has also been investigated. Figure 7.15 shows three sets of measurements
for the rotation of the linear polarization by adjusting buncher B2, where the measured polarization direction is linearly fitted versus the buncher phase. Compared
with the analytical relation given by Eq. (7.16), the experimental results (the slopes
of the linear fittings) are reasonably close to theoretical value (1{2) within 1%.
As mentioned above, the undulator strengths were also slightly varied, not only to
balance the FEL gains of two undulators, but also to compensate for the wavelength
shifts caused by the tuning of buncher B2. The variation of the undulator strengths
also contributes to the phase difference φ0 in Eq. (7.16). The inset of Fig. 7.15
shows the phase changes contributed from tuning the undulators for a particular
set of measurements (data set #3). Additional phase change due to the changes of
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both undulator settings have been calculated using the change of the electron beam
path length between the centers of two undulators. It is found that the total optical
phase change (the black curve in the inset) caused by tuning OK-5B and OK-5C
undulators is no greater than 20˝ , which is much smaller than the tuning range of
φB2 (727˝ ) and thus negligible.

7.4 Polarization Control of γ-ray
At the HIGS, the FEL is used as a laser driver to produce γ-ray beams. Since the onaxis backscattered γ photons inherit the polarization of the optical beam (in our case
the FEL beam), the new capabilities to control the polarization of the FEL beam such
as fast helicity switch and controllable linear polarization can be readily transferred
to the γ-ray beam. The ability to produce γ-ray beams with full polarization control
and flexibility will open up a variety of opportunities for experimental nuclear physics
research. Among the capabilities of γ-ray polarization control, the switch between
horizontal and vertical polarizations is particularly useful.
To produce γ-ray beams with switchable horizontal and vertical polarizations
in a wide energy range, FEL polarization diagnostics in a wide FEL wavelength
range need to be developed. Since no optics are available to cover our entire FEL
wavelength range (2 µm–190 nm), as a first step, we are developing a common optics
based polarization diagnostic system (the IR-VIS-UV polarization diagnostic system)
to cover the FEL wavelength from 1060 nm down to 350 nm. This diagnostic system
will be used to characterize the polarization of the extracted FEL beams from the
upstream FEL mirror.
Figure 7.16 shows such a system, where using a non-polarizing beam-splitting
cube the incident FEL beam is split into two beams with roughly equal intensity,
one for the measurement of the linear polarization component, and the other for
the circular polarization component. In the transmission arm of the cube, a Glan
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Figure 7.16: Layout of the IR-VIS-UV polarization diagnostics to measure the
degree of linear polarization and degree of circular polarization of an FEL beam in
the wavelength range of 1060 – 350 nm.

Thompson beam splitter (GTBS) is employed to measure the Stokes parameter S1
(representing the contents of the linear horizontal and vertical polarizations). The
GTBS, when properly aligned, splits the incident beam into two beams, with the
horizontal component transmitted and the vertical component reflected. The intensity of these two beams are measured using photodiodes with one in each arm. In
the reflection arm of the non-polarizing cube, the FEL beam is used to measure the
Stokes parameter S3 (representing the contents of the right- and left-circular polarizations) with the use of the combination of a Babinet Soleil compensator (BSC, a
wave retarder with variable phase retardance) and a second GTBS.
The IR-VIS-UV polarization diagnostic system, after being fully commissioned,
will be used for the γ-ray operation with switchable horizontal and vertical polarizations from 1 to 30 MeV.
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7.5 Summary
Using two closely placed helical undulators with opposite helicities and independent
power supplies, we have developed the new capability of full polarization control for
the storage ring FEL. By simultaneously ramping the currents of the two undulators
in opposite directions between a lower parking setting and the operational setting, a
fast switch (up to 10 Hz) of the circular polarization helicity has been realized using
the Duke FEL system. The switch rate of such a system is limited by the energy
damping time of the electron beam circulating in the storage ring.
We have also experimentally demonstrated the first generation of the fully controllable linearly polarized FEL beams using two helical undulators on a storage ring
FEL. The FEL configuration used in this demonstration is basically the same as
that used for the fast helicity switch, but with two undulators with nearly identical current settings. In this configuration, each undulator can produce FEL lasing
as an individual device due to the orthogonality of their helicities. When operated
together, by carefully tuning the electron beam orbit in the two undulators as well
as the optical axis of the separately generated laser beams, a linearly polarized FEL
beam can be produced. Using the tuning of the buncher to change the optical phase
delay between two undulators, the direction of this linear polarization can be fully
rotated. A carefully calibrated polarization diagnostic system was developed, and
the degree of linear polarization of the FEL beam was shown to be 0.94–0.98.
To make the HIGS a more versatile γ-ray source, we propose to add the capabilities of polarization control to the γ-ray operation at the HIGS. The availability of
both left- and right-circular polarizations, together with switchable linear horizontal
and vertical polarizations will be essential for a number of important nuclear physics
experiments by allowing the experimental setups to be significantly simplified and
providing a new means to calibrate detectors. As the first stage of this work, a new
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polarization diagnostic system is being developed to cover the FEL wavelength from
IR to UV (1060–350 nm). Using this system, the linear and circular polarization
components can be simultaneously determined. When fully developed, this system
will be used as the polarization diagnostics for low-energy γ-ray operation (1–30
MeV).
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8
Summary and Conclusions

8.1 Theoretical Basis of the Dissertation
This dissertation mainly reports two major experimental research accomplishments
of the storage ring FEL. Before presenting our experimental study, we have first
reviewed the theoretical basis of the research, starting with an introduction of the
spontaneous electron radiation from undulators and optical klystron. In the review
of this topic, a newly developed approach to experimentally determine the total
phase delay in an optical klystron was presented as a minor research finding of this
dissertation. Based upon the fundamentals of undulator radiation, we reviewed the
theory of the storage ring FEL, including the physics of the electron motion and
optical field evolution due to the FEL interaction. We also discussed the saturation
mechanisms of the storage ring FEL. Before showing the second major experimental
research (polarization control of the storage ring FEL), we reviewed the theory of
the polarization of light, and introduced an experimental approach to measure the
polarization of light which has been used in our work.
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8.2 Two-Color Lasing of Storage Ring FEL
For this research project, we report a systematic experimental study of the first
storage ring two-color FEL. Simultaneous FEL lasing has been realized in the IR
and UV wavelength regions using a pair of dual-band high-reflectivity FEL mirrors
with two different undulator configurations. We have demonstrated independent
wavelength tuning in a wide range for each lasing color, as well as harmonically
locked wavelength tuning when the UV lasing occurs at the second harmonic of the
IR lasing. Precise power control of two-color lasing with good power stability has
also been achieved. In addition, the impact of the degradation of FEL mirrors on
the two-color FEL operation is reported. Furthermore, we have investigated the
temporal structures of the two-color FEL beams, showing simultaneous two-color
micropulses with their intensity modulations displayed as FEL macropulses.

8.3 Polarization Control of Storage Ring FEL
In this dissertation, we report our realization and study of the first storage ring
FEL with fully controllable polarization. Using two helical undulators with opposite
helicities, a fast switch up to 10 Hz between the right- and left-circularly polarized
radiation has been realized with similar levels of the FEL power for the two circular
polarization states. It has been found that the frequency of such a fast helicity switch
is constrained by the time constant of the electron beam energy damping. In addition,
using the same two-undulator configuration with both undulators simultaneously
lasing at the same wavelength but opposite helicities, we have produced linearly
polarized radiation whose polarization direction can be fully controlled by varying
the optical phase delay between the two undulators. With a properly calibrated
polarization measurement system, the measured degree of linear polarization has
been demonstrated to be as high as 0.97. In addition, we present a new polarization
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diagnostic system (the IR-VIS-UV polarization diagnostics), which is currently under
development. Covering a wide wavelength range (1060–350 nm), this diagnostic
system will eventually be used for the γ-ray operation with controllable polarization
on the low-energy side (1-30 MeV) at the HIGS.

8.4 Future Research
For the two-color lasing, we plan to continue to study and develop this two-color
storage ring FEL. One future study will investigate the optical phase relation between
two laser beams of different colors. Another area of development is to use this laser
to produce a two-color γ-ray beam at the HIGS. Using the two-color γ-ray beam, we
will be able to explore new applications in nuclear physics research. While we have
recently demonstrated the first two-color γ-ray beam generation, our focus is now
turned to increase the γ-ray intensity and improve the control of the relative intensity
of the two colors. This future development is outside the scope of this dissertaion.
We also plan to make the capabilities of polarization control fully available to the
γ-ray operation in a wide range of energies at the HIGS. While outside of the scope of
this dissertation, both new capabilities (helicity switch and linear polarization control) have been demonstrated with the Compton γ-ray beams at low energies, and our
next step is to make these capabilities available in the higher energy range. We will
continue developing the IR-VIS-UV polarization diagnostics for the low-energy γ-ray
operation (1-30 MeV). Meanwhile, to extend the capabilities of polarization control
into the high-energy γ-ray operation (30–100 MeV), a new undulator configuration
using four OK-5 undulators for FEL lasing in the short-wavelength region (240 nm
and 190 nm) will be developed and studied. For this γ-ray operation, we also plan
to design and develop a UV-VUV polarization diagnostic system using VUV optics
and photomultiplier tubes (PMTs) to cover the FEL wavelength range of 260–170
nm.
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