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In this paper we present a new multiple-pathway stochastic model of carcinogenesis with potential of
predicting individual incidence risks on the basis of biomedical measurements. The model incorporates
the concept of intracellular barrier mechanisms in which cell malignization occurs due to an inefficient
operation of barrier cell mechanisms, such as antioxidant defense, repair systems, and apoptosis. Math-
ematical formalism combines methodological innovations of mechanistic carcinogenesis models and sto-
chastic process models widely used in studying biodemography of aging and longevity. An advantage of
the modeling approach is in the natural combining of two types of measures expressed in terms of model
parameters: age-specific hazard rate and means of barrier states. Results of simulation studies allow us to
conclude that the model parameters can be estimated in joint analyses of epidemiological data and newly
collected data on individual biomolecular measurements of barrier states. Respective experimental
designs for such measurements are suggested and discussed. An analytical solution is obtained for the
simplest design when only age-specific incidence rates are observed. Detailed comparison with TSCE
model reveals advantages of the approach such as the possibility to describe decline in risk at advanced
ages, possibilities to describe heterogeneous system of intermediate cells, and perspectives for individual
prognoses of cancer risks. Application of the results to fit the SEER data on cancer risks demonstrates a
strong predictive power of the model. Further generalizations of the model, opportunities to measure
barrier systems, biomedical and mathematical aspects of the new model are discussed.

� 2012 Published by Elsevier Inc.
1. Introduction

The development of new research technologies has resulted in
accumulation of large sets of information reflecting some specific
features of carcinogenesis at different levels of vital organization.
Currently, measurements of dozens, hundreds, and even thousands
of indices characterizing the state of biological processes at a
molecular level are possible. At the same time, there are currently
no reliable methodological ways to apply the knowledge on indi-
vidual state of an organism to epidemiologic data nor, conse-
quently, to propose a quantitative description of carcinogenesis
to the extent of predicting individual risks. In this paper we present
a new methodological approach for creating specific models of car-
cinogenesis which is expected to become one of the first steps in
developing carcinogenesis models capable of combining informa-
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tion from individual measurements with many years of broad
experience in epidemiologic research. Methodological and sub-
stantive backgrounds for the model include: (i) classical multistage
mechanistic models of carcinogenesis, (ii) population models of
aging and mortality, and (iii) knowledge about specific molecular
pathways, both promoting and preventing carcinogenesis at its dif-
ferent stages.

Carcinogenesis modeling has a long history that started with
papers of Nordling [1] and Armitage–Doll [2]. These models were
suggested to explain the observation that age-specific rates of
many common carcinomas increased roughly with the power of
age. Then many interesting biological ideas and advanced mathe-
matical methods were developed to understand spontaneous and
radiation carcinogenesis. Comprehensive reviews can be found in
Refs. [3–7]. A set of these models is a primary methodological
background for our approach.

Further progress in modeling carcinogenesis can be achieved by
the development of a new formalism capable of including addi-
tional information, e.g., measurements of respective risk factors
at an individual level or auxiliary information from other sources.

http://dx.doi.org/10.1016/j.mbs.2011.12.002
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Models with the required properties are known in demography
and population studies as stochastic process models (SPM), or life
tables with covariates. Versions of the models most closely related
to the needs of the approach being developed in this paper are de-
scribed in Refs. [8,9]. Such models allow for inclusion of measure-
ments of covariates (risk factors) and the combined description of
their dynamics and survival. Moreover, these models have very
useful and well-established mathematical properties. Such popula-
tion models constitute the secondary part of the methodological
background of our approach. The linkage between population
and mechanistic – i.e., models of carcinogenesis discussed above
– formalisms is provided by the diffusion approximation of the
birth–death process described by Tan [10].

The biological background of the approach to carcinogenesis
modeling is based on the consideration of carcinogenesis as the dy-
namic trade-off between two antagonistic forces or processes, pro-
moting or hindering carcinogenesis at its different stages
(initiation, promotion, and progression) [11]. Processes promoting
the cell malignization are represented by mutations or adverse epi-
genetic events. Antagonistic processes preventing the neoplastic
transformation of the cell and its consequent fixation in the next
cell generations are represented by intracellular barrier mecha-
nisms. According to Hanahan and Wienberg [12] there exist up
to six intracellular barrier mechanisms (or ‘hallmarks of cancer’),
which play a determinative role in carcinogenesis from initiation
to promotion and progression. These intracellular barrier mecha-
nisms could include self-sufficiency in growth signals, insensitivity
to anti-growth signals, evasion of apoptosis, limitless replicative
potential, sustained angiogenesis, and tissue invasion and metasta-
sis. One more factor, the genetic instability, facilitates the acquisi-
tion of other mutations due to defects in DNA repair.

The paper is structured as follows. After a description of meth-
odological background in Sections 2.1 and 2.2, we present the bar-
rier breaking mechanism (BBM) model in Sections 2.3–2.5. The
discussion in these sections includes a description of the concept
of barrier mechanisms and a mathematical description of the con-
cept from the exact formulation of the model to the parameter esti-
mation procedure for different experimental designs. Several
illustrative examples are considered in Section 3 such as the devel-
opment of the simplest version of the model, its application to the
Surveillance, Epidemiology and End Results (SEER) Registry data
[13] on solid cancer and leukemia risks, and simulation studies de-
signed to investigate the predictive powers of the model for differ-
ent experimental designs. Technical details of mathematical
development of the model are presented in Appendix A. Discussion
of different aspects of the models, including ways for its further
generalizations and possible applications, is given in Section 4.
2. Breaking barrier mechanisms (BBM) model

2.1. General population model of carcinogenesis with covariates

A population model capable of describing the dynamics of
covariates in connection with the risks of cancer incidence is based
on the stochastic process model of human mortality and aging
[8,9,14]. This model and its extensions [15–18] employed the Mar-
kov property of stochastic process satisfying the diffusion type sto-
chastic differential equation.

Let Yt be the multidimensional stochastic process with continu-
ous components representing covariates. The following properties
are critical for the modeling approach developed in this paper.
First, the stochastic process is stopped at a random time associated
with the onset of individual’s cancer. The current value of Yt deter-
mines the risk of the cancer onset. Second, there are measurements
of Yt for individuals during their follow-up periods. Different ap-
proaches to the measurements define different experimental study
designs. Third, the dynamics of Yt is defined by the stochastic dif-
ferential equation

dYt ¼ AðYt; tÞdt þ bðtÞdWt ; Yt0 ð1Þ

Here, A(Yt, t) is a vector function, b(t) is a matrix of the respective
dimension, Yt0 is a random vector of the initial conditions, and Wt

is a vector Wiener process with independent components which
is independent of the initial value Yt0 . The first term in R.H.S. of
Eq. (1) is the deterministic component of this equation that de-
scribes the dynamic balance of covariates represented by Yt, e.g.,
birth–death dynamics of carcinogenic cells under risk. The stochas-
tic component of the equation describes the effects of an unobserv-
able heterogeneity of cohort members with respect to carcinogenic
processes.

Because of random stopping of Yt associated with cancer inci-
dence, the distribution of Yt at any time t represents the distribu-
tion conditional on surviving, i.e., the distribution of covariates of
healthy individuals at any time. Therefore, the hazard rate k(Yt, t)
of random stopping (i.e., cancer onset) at any time is the hazard
rate for healthy individuals, and thus, exactly corresponds to the
definition of incidence rate. Additional corrections to exclude can-
cer cases from denominators describing the population under risk
typically performed in carcinogenesis modeling, are not required
for this approach.

In the general case, the density function for the distribution of Yt

conditional on surviving satisfies the generalized Kolmogorov
equations derived by Yashin et al. [8]. If the function A(Yt, t) is lin-
ear with respect to Yt, and if the order of the dependence of k(Yt, t)
on Yt is not higher than quadratic, the solution can be obtained in
the form of the Gaussian process and the Gaussian property of con-
ditional distribution of the covariate values is guaranteed for any
given point in time. This allows a description of carcinogenesis in
terms of the two first moments of the multidimensional Gaussian
distribution. One advantage of the approach is the existence of the
efficient statistical procedure of parameter estimation using data
involved with cancer incidence and longitudinally measured
covariates.

The described features of the SPM, as well as several other,
made this model unavoidable in biodemography, making it useful
in modeling of carcinogenesis. These features are worth summariz-
ing. First, covariates are naturally incorporated into the model in
addition to the information on individual survival; adding a new
covariate does not change the structure of the model. The distribu-
tion of covariates conditional on survival is normal if the dynamic
stochastic differential equation is linear over covariates and mor-
tality is a quadratic (or linear) function of covariates. Second, the
dynamics of covariates is described by the Gaussian stochastic pro-
cess, characteristics of which (i.e., the vector of means and the var-
iance–covariance matrix) are defined by a system of ordinary
differential equations analytically or numerically solvable. Such
description is possible due to the conditional Gaussian property
of the covariate distribution at any given time which was rigor-
ously proved by Yashin [19]. Third, since the time between surveys
may be flexible and the model automatically generates the values
of risk factors to fill in missing data, the SPM is the appropriate
model for analysis of longitudinal data with irregular measure-
ments. Fourth, there exist versions of the model for different exper-
imental designs, e.g., (i) when only the time of event is measured,
(ii) when covariates for individuals are measured, (iii) when covar-
iate dynamics is assigned but they are not measured nor partially
measured, and (iv) whole trajectories of covariates are observed.
Fifth, there exists an exact procedure of parameter estimation for
all experimental designs. Parameter estimates are consistent
and identifiable under mild conditions. Finally, there are
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straightforward possibilities to include the characteristics of expo-
sure (e.g., dose or dose rate) into the model [20].

Functions A(Yt, t), b(t), and k(Yt, t) require further specifications
that depend on the type of covariates used. In this paper we as-
sume that the covariates represent some measurable cellular char-
acteristics in the critical tissue (e.g., apoptosis in peripheral blood).
We also assume that the respective specifications can be found by
considering a mechanistic model of susceptible cell dynamics. Sub-
stantive basis for this modeling approach is based on consideration
of the concept of barrier breaking as the underlying force of carci-
nogenesis described recently in details by Veremeyeva et al. [11].
However, before developing the model that is based on the concept
of barrier systems and that utilizes the SPM methodology, it is use-
ful to investigate how the described techniques differ from the ap-
proaches widely used in multistage carcinogenesis modeling.

2.2. Application of SPM to two-stage carcinogenesis model

Current state of the art of modeling efforts in tumorigenesis re-
lies on a multi-stage hypothesis which is implemented in multi-
stage models of carcinogenesis [21]. The most popular version of
the multi-stage models is the Two Stage Clonal Expansion (TSCE)
model (Fig. 1). The simplest version of the model, where the num-
ber of susceptible normal cells is either constant or described by a
deterministic function and where all rates are time-independent,
predicts a hazard rate,

hðtÞ ¼ Xðeðcþ2qÞt � 1Þ
qðeðcþ2qÞt þ 1Þ þ c

; ð2Þ

in terms of only three parameters [22]:

X ¼ Nll1; c ¼ a� b� l; q ¼ 1
2
�cþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 þ 4al

q� �
:

This is an attractive property of the model. Not all biological param-
eters (i.e., the number of stem cells N, first l1 and second l muta-
tion rates, and proliferation a and death/differentiation b rates)
can be identified using the data on age-specific incidence rates. Re-
cent development of the TSCE model and its applications to individ-
ual and population data (including likelihood-based approaches
using the TSCE model with time dependent covariates) are de-
scribed in Section 4.

The sequence within mathematical modeling resulting in Eq. (2)
includes the following steps. The starting point is Kolmogorov’s
equations for probabilities Pjk(t) to find exactly j intermediate
and k malignant cells at time t (see Ref. [23] Section 3). Then this
equation transforms into the partial differential equation for prob-
ability generating function Wðy; z; tÞ ¼

P
jkyjzkPjkðtÞ. The function

determined for y = 1 and z = 0 has a meaning of survival function
of cancer risk. The equation for this function in terms of parameters
defined in Fig. 1 is

W0t ¼ ðy� 1ÞNl1Wþ ðlyzþ ay2 þ b� ðaþ bþ lÞyÞW0y: ð3Þ

The equation admits an analytical solution (third step, see for exam-
ple, Refs. [23–25]). The fourth is to calculate the hazard function as
hðtÞ ¼ �W0tð1; 0; tÞ=Wð1;0; tÞ resulting in Eq (2).
Fig. 1. Two stage clona
The approach described in Section 2.1 can also be applied to the
TSCE model. The stochastic equations for the Wiener-TCSE are
dIt = (m + (a � b)It)dt + bdWt and h(t) = lIt, where It is the stochastic
variable described by the number of intermediate cells in an organ-
ism with no malignant cells. Respective ordinary differential equa-
tions for the first and second central moments conditional on
survival, read

m0ðtÞ ¼ mþ ða� bÞmðtÞ � lcðtÞ;
c0ðtÞ ¼ 2ða� bÞcðtÞ þ b2

:
ð4Þ

Initial conditions for these equations are m(0) = m0 and c(0) = 0.
These equations can be solved resulting in

mðtÞ ¼ m0e�at þ m
�a
ðe�at � 1Þ � lb2

2�a2 ðe
�at � 1Þ2cðtÞ ¼ b2

2�a2 ðe
2�at � 1Þ;

where �a ¼ a� b. For b = 0 and m0 = 0 the model reproduces the pre-
dictions of a pure deterministic model (Eq. (13) of Ref. [25]).

The equations for the first and second central moments for TSCE
can be obtained directly within classic formalism based on the
birth–death process involving the p.g.f W(y,z; t). The moments con-
ditional on the absence of malignant cells (i.e., k = 0) are obtained
by differentiation of W(y,z; t) on y, e.g., mðtÞ ¼ W0yð1;0; tÞ=
Wð1;0; tÞ. Therefore, the differentiation of Eq. (3) and subsequent
algebraic manipulation results in

m0ðtÞ ¼ mþ ða� bÞmðtÞ � lcðtÞ;
c0ðtÞ ¼ mþ 2ða� bÞcðtÞ þ ðaþ bÞmðtÞ � lsðtÞ;

ð5Þ

where s(t) is the third order central moment conditional on survival
(i.e., k = 0). Eqs. (4) and (5) for the first moment obtained within two
formalisms coincide with each other. Furthermore, they coincide
exactly with the differential Eq. (14) for E[Y(t)jZ(t) = 0] of Moolgav-
kar et al. [23] (Y(t) and Z(t) are birth–death processes of the num-
bers of intermediate and malignant cells). Indeed, the first
moment m(t) and the second central moments c(t) are interpreted
as the mean and variance of the number of injured cells for survi-
vors (i.e., individuals without a malignant cell), i.e., m(t) and c(t)
are conditional moments, given the number of malignant cells
equals zero. Thus, the quantities m(t) and c(t) exactly correspond
to E[Y(t)jZ(t) = 0] and V[Y(t)jZ(t) = 0] used by Moolgavkar et al. [23].

Comparison of the formulae for the second central moments re-
veals two distinctions: (i) appearance of the term with s(t) in (5)
and (ii) difference in some terms which vanishes if b2 ? m +
(a + b)m(t).

The approach described in Section 2.1 resulting in (4) suggests
the Gaussian approximation for the stochastic process Yt. In this
approximation all central moments of odd order equal zero, there-
fore, the term ls(t) does not appear in (5). The properties of the
moments of the Gaussian distribution allow for a closed system
of differential equations for moments that can easily be solved ana-
lytically or numerically.

The substitution for b2, required for concurrence of the formulae
for the second central moment, is b2 ? m + (a + b)m(t). This result is
in exact accord with the diffusion approximation of the birth–
death process developed by Tan [10]. He has formulated his results
l expansion model.
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in the form of a theorem about the diffusion approximation to the
birth–death process defined as Xt ¼ It=N. He has demonstrated that
the p.d.f. of Xt conditional on its prior value satisfies the Kolmogo-
rov forward equation of a diffusion process with drift and diffusion
coefficients equaling m=N þ ða� bÞ�x and ðaþ bÞ�x=N, respectively.
Note, that Tan [10] kept only the terms of order O(N�2), therefore
the term m appeared in (5), which is of order N�2, and did not ap-
pear in his formula for the diffusion coefficient.

At a first glance, the Wiener-TSCE model is the Gaussian
approximation of the exact two-stage carcinogenesis. However,
this is not accurate because of at least two reasons. The first is
the occurrence of dependence on Yt appeared in the expression
for the diffusion coefficient. In the SPM model, the parameter b
(and therefore diffusion b2) is independent of Yt and this property
is important for the SPM model. For example, this property, to-
gether with the linear drift and the linear hazard in respect to Yt,
guarantees the Gaussian dynamics for Yt over time.

Another reason is in the interpretation of the parameter b. In the
SPM model the parameter is not simply expressed in terms of the
model parameters but reflects the population heterogeneity.
Parameters governing the dynamics of Yt could be distributed in
the population. This distribution can be approximated by adding
a stochastic variable (sometimes referred to as noise or white noise
[26]) which is normally distributed. Because of linearity in respect
to these parameters, the stochastic equations described the
dynamics of Yt, and the contributions of the stochastic components
that originated from different parameters can be included in the
term b(t)dWt.

Thus, the main distinction between classic TSCE and Wiener-
TSCE, as well as generally between the two respective formalisms,
is in the approach to stochastic components and interpretation of
their estimates. The model developed in this paper is based on
the Gaussian dynamics. It is specified so that its parameters
A(Yt, t) and k(Yt, t) are linear over Yt, and b(t) is independent of Yt.
Therefore, we deal with the linear system of stochastic equations
describing the dynamics of Yt, which is subject to random stopping.
Such systems can be solved analytically in many cases, the proce-
dure of maximum likelihood parameter estimation is well-defined
for these, and such systems can be easily generalized for describing
systems of higher dimensions.

2.3. The concept of barrier-breaking mechanisms of carcinogenesis

The concepts of barrier mechanisms as a foundation for the ap-
proach to the mathematical model of carcinogenesis are formu-
lated on the basis of numerous observations collected in multiple
studies of intracellular processes, occurring in the norm and in
the pathology, including malignant tumors [27]. This concept is
based on the following principles. Carcinogenesis represents a set
of structural and functional changes in susceptible cells ultimately
expressed at a higher level of hierarchy in the tissue of a human
body. Detrimental changes at the cell level are caused by an insuf-
ficient quality of operation of a complex of mutually interacting
barrier mechanisms (e.g., antioxidant defense (AOD), repair sys-
tems, apoptosis). The intracellular barrier mechanisms represent
the complex of cell responses to events negative for the cell and/
or the whole organism. They are combined in a system of cell de-
fense protection from occurrences of genetic damages and their
further fixation as mutations, potentially promoting the cell to car-
cinogenesis. Cell malignization may occur due to an inefficient
operation of a part of or of all barrier mechanisms. Hierarchy and
complex interaction of barrier mechanisms can compensate for
the inefficiency of operation of certain mechanisms by reinforcing
others, resulting in a decreased risk of pathology development. Dis-
orders in the barrier mechanism functioning occur as a result of
one or more mutations/aberrations or adverse epigenetic events,
and there exists a conceptual possibility of measuring the effi-
ciency of each barrier functioning in sensitive cells of an individual.

By adopting the understanding of the barrier mechanisms as
dynamic processes hindering carcinogenesis at its different stages
(initiation, promotion, conversion), we realize that in each cell
there simultaneously exist processes promoting cell malignization
(e.g., mutations, epigenetic events) and antagonistic processes pre-
venting the neoplastic transformation of the cell. The latter can in-
clude: (i) removal of superfluous free radicals that induce damages
in biomolecules, (ii) repair of DNA-damages that occurred through
the free radical mechanism or due to other causes, and (iii) apop-
tosis (in the case if repair is not effective and/or the damage is
not compatible with cell functions). What was considered in tradi-
tional multi-stage carcinogenesis models as events (i.e., mutational
or of combined origin) transferring the cell over stages of initiation,
promotion, and conversion, can be considered as results of ineffi-
ciency of cell barrier mechanisms within the concept of barrier-
breaking mechanisms. A critical conjunction of failure in several
mechanisms (e.g., combinations of inefficient repair, violations in
apoptosis, activation of telomerase resulting in immortality of
the cell) and further appearance of two daughter cells can be con-
sidered as its conversion to cancer phenotype.

Thus, the concept of the cell barrier mechanisms of initiation
and promotion of carcinogenesis and the model based on this con-
cept naturally generalizes the idea of a multistage model of carci-
nogenesis. The transfer of a cell from a state to a state might be
understood as a failure, or a break, of a certain barrier mechanism
in a given cell. Such transfer can occur due to a mutation as in the
standard multistage model, due to several mutations, due to ad-
verse epigenetic events or their combinations. A distinguished
property of the approach based on this concept is that variables
describing the cell state are measurable at the individual level.

As it was discussed in Section 2.1, two components have to be
modeled to quantitatively describe time (age)-dependent cancer
risk in terms of barrier mechanisms. The first is the dynamics of
health states (i.e., the state with different types of intermediate
cells and their different amounts) represented by stochastic pro-
cesses reflecting each of the barrier mechanism and the interaction
between them. The second is the model of the risk of solid cancer
or leukemia as a function of the health state. If the health state rep-
resented by a state of barrier systems is described by a vector of
stochastic processes Yt, then the model is represented by the
respective stochastic differential equations and the specific hazard
function of risk h(t,Yt).

The choice of a specific barrier mechanism to be included in the
carcinogenesis model depends on the type of the considered can-
cer, on their rate limiting properties, and also on the possibility
of their measurements at an individual level. The methodology
developed in this paper is quite universal and can be generalized
for a model with a dozen barrier mechanisms, e.g., for all ‘hall-
marks of cancer’ [12]. For simplicity and specificity, we consider
a three-component model in which two barriers, say barrier A
and barrier B, are considered to be the key components of intracel-
lular barrier mechanisms, and one barrier C plays a promotional
role. For example, barriers A and B can be associated with apopto-
sis and repair systems, respectively, and barrier C can be associated
with an antioxidant defense. An important argument for the choice
of these mechanisms is the possibilities of barrier-related mea-
surements, e.g., in this example, using cytometry for apoptosis,
the comet assay method to measure DNA repair, and methods of
analyses of contents of respective proteins for AOD [28].

2.4. Three-component dynamic model of states of barrier mechanisms

The scheme of a compartmental model implementing the se-
quence of barrier breaking when a cell undergoes changes from a



Fig. 2. Scheme of the compartmental model of sequential breaking of barrier mechanisms. Transfers correspond to the failure of a specific barrier.
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normal (N or ABC) to a malignant (M) state, is presented in Fig. 2.
Different blocks correspond to different cell states, and each cell
can be in one, and only one, state. It is assumed in the model, that
a cell becomes malignant if barrier mechanisms A and B are bro-
ken. Barrier C plays the role of a promoter of the process of malig-
nization, therefore its contribution is non-symmetric in respect to
other barrier mechanisms. Letters on the blocks denote which bar-
riers are effective in a certain state. Transfers from a state to a state
occur with rates marked by m or l at the corresponding arrow. The
subscript of m and the first subscript of l denote a barrier breaking
at the corresponding transfer. The remaining subscripts of l show
the barriers broken before the time of transfer.

Deterministic dynamics of the mean numbers of cells can be de-
scribed by a system of ordinary differential equations,

m0NðtÞ ¼ uðtÞmNðtÞ;
m0BCðtÞ ¼ ðaBC � dBCÞmBCðtÞ þ mAmNðtÞ;
m0ACðtÞ ¼ ðaAC � dACÞmACðtÞ þ mBmNðtÞ;
m0ABðtÞ ¼ ðaAB � dABÞmABðtÞ þ mCmNðtÞ;
m0BðtÞ ¼ ðaB � dBÞmBðtÞ þ lACmABðtÞ þ lCAmBCðtÞ;
m0AðtÞ ¼ ðaA � dAÞmAðtÞ þ lCBmACðtÞ þ lBCmABðtÞ;
m0MðtÞ ¼ lABmACðtÞ þ lBAmBCðtÞ þ lABCmAðtÞ þ lBACmBðtÞ:

ð6Þ

Here, u(t) is the rate of change in the number of normal stem cells
often assumed to be zero, e.g., in modeling carcinogenesis in adults.
State C is absent in this scheme because this state, i.e., the state with
broken barrier A and B, is considered malignant. Therefore, the
scheme in Fig. 2, as well as the system of differential equations, is
not symmetrical over A, B, and C. Initial values of the system are de-
fined by measurements made at the initial time, or they can be ta-
ken from other studies. Note, that we make a usual assumption that
the transfer between compartments associated with barrier break-
ing due to accumulated mutations or adverse epigenetic events, oc-
curs during the cell division. Only the newborn cells become
modified, so the number of cells in the original compartment does
not change.

The stochastic model is formulated as follows. The state of a
healthy individual is modeled by the five-dimensional stochastic
process Yt whose components YBC(t), YAC(t), YAB(t), YB(t), and YA(t),
are associated with the numbers of cells in the intermediate states
in Fig. 2. Means of the components satisfy the corresponding equa-
tions of system (6). The rates of the newly appearing cells with pri-
mary damages m�mN(t) are considered time-independent. This is
the only way for the number of stem cells mN(t) to appear in the
model. The rates of secondary damages and malignant transforma-
tion events, l�, are also time-independent. Note, assumption on
time independence of rates is not essential. The probability of dis-
ease development is described by the hazard function, which can
be written on the basis of the last equation of the system (6):

hðtÞ ¼ lABYACðt � t0Þ þ lBAYBCðt � t0Þ þ lABCYAðt � t0Þ
þ lBACYBðt � t0Þ; ð7Þ

where t0 is the time period between the first appearing malignant
cell and the time of clinical manifestation, i.e., the time of the onset
of diagnosis. In what follows we assume that t0 = 0, but its contribu-
tion can be easily reconstructed by adding to the list of model
parameters and estimating using likelihood (11). How the likeli-
hood function changes for the cases of constant and gamma-distrib-
uted t0 was shown by Meza et al. [29]. Estimates for t0 for breast
cancer and analysis of the correlation effects of this parameter with
other model parameters was recently performed by Kravchenko
et al. [30].

The system for these five stochastic processes and the hazard
function can be written in a matrix form:

dYt ¼ ½a0 þ a1Yt �dt þ b � dWt;

hðtÞ ¼ Y�t ~l1;
ð8Þ

where dWt is the 5-dimensional Wiener process, a0 and ~l1 are 5-
dimensional vectors, and a1 and b are 5 � 5 matrices. The explicit
form for Yt, a0, a1, and ~l1, follows from the system (1):

Yt ¼

YBCðtÞ
YACðtÞ
YABðtÞ
YBðtÞ
YAðtÞ

0BBBBBB@

1CCCCCCA; a0 ¼

mAN

mBN

mCN

0
0

0BBBBBB@

1CCCCCCA;

a1 ¼

DBC 0 0 0 0
0 DAC 0 0 0
0 0 DAB 0 0

lCA 0 lAC DB 0
0 lCB lBC 0 DA

0BBBBBB@

1CCCCCCA; ~l1 ¼

lBA

lAB

0
lBAC

lABC

0BBBBBB@

1CCCCCCA;

where D� = a� � d� for all states. To solve the system means to find
deterministic vector function of time for the mean (m(t)) and matrix
function for the variance (c (t)) of the Gaussian stochastic process Yt.
The system of ordinary differential equations for m(t) and c(t) in the
matrix form read

dmðtÞ=dt ¼ a0 þ a1mðtÞ � cðtÞ~l1;

dcðtÞ=dt ¼ a1c�ðtÞ þ cðtÞa�1 þ bb�
ð9Þ

with initial conditions m(0) = m0 (last measurements) and c(0) = 0.
The hazard rate conditional to survival �hðtÞ (i.e., among the surviv-
ing population) is
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�hðtÞ ¼ mðtÞ� ~l1; ð10Þ

As one can see, the solution is formulated in terms of time depen-
dence of quantities potentially observed in a dataset, i.e., the mean
and variances of barrier states, which are modeled by a vector m(t)
and a matrix c(t). Solutions of the system (9) model the individual
trajectories in the state space until the next measurement.

2.5. Experimental designs and parameter estimation

Five experimental designs might be considered:

Design I. Only the age at onset is observed for individuals of the
study cohort.
Design II. The age at onset is detected and auxiliary informa-
tion, helping to model initial conditions of barrier mechanisms
and their dynamics, is used.
Design III. The age at onset is detected and several or all barrier
states are measured at regular time intervals.
Design IV. The age at onset is detected and several or all barrier
states are measured at irregular time intervals.
Design V. Epidemiological information on the age-specific inci-
dence rate is used in addition to rare measurements of barriers
in a randomly selected sub-cohort of a small size.

For any experimental design, the dynamic Eqs. (8) or (9) and
(10) define the underlying biological model that is responsible
for generating data. In the case of Design I, where only data on
age-specific incidence are available, only certain combinations of
parameters, but not all biological parameters, are identifiable.
However, even in this case the model is capable of evaluating cer-
tain features of the underlying carcinogenesis mechanisms. Data
collected using Design I are vast and the identifiable combinations
of parameters can be assessed with high accuracy. Furthermore, in
this case the model admits an analytical solution and, therefore, it
can be analytically investigated and compared to the most popular
carcinogenesis models such as TSCE.

Designs III and IV represent the typical scenarios when the date
at onset is measured in addition to the longitudinal measurements
of covariates. If the covariates are measured in regular time inter-
vals (e.g., in surveys), then we are talking about Design III; if they
are measured irregularly (e.g., extracted from administrative data)
and/or contain missing information (a more realistic situation),
then that is Design IV. Since all biological parameters can be esti-
mated using data of such designs, these designs are ideal for appli-
cation of the model. Currently, the measurements which can be
used to inform the model appear episodically (though could be-
come available in the near future as discussed in Section 4), there-
fore, the approaches capable of linking the information from
different types of measurements could be extremely helpful.

Designs II and V provide possibilities for joining data. Design II
represents the typical situation in the modeling of biological pro-
cesses when the information about parameter measurements col-
lected from different human and animal studies are used for
partial or complete model estimation (e.g., this type of model esti-
mation was used for hematopoiesis modeling by Colijn and Mac-
key [31]). Design V combines the information collected in the
style of Design I (i.e., large datasets and good accuracy of certain
identifiable combinations of parameters) to rare longitudinal mea-
surements of covariates (i.e., collected using Design III and IV). Pre-
dictive powers of Design V and Design III are investigated in
simulation studies in Section 3.4. The simulation studies proved
that only a small part of the data needs to contain information
about barrier measurements. This possibility occurs because of
assumptions about the same dynamics underlying data on cancer
onset and data containing longitudinal measurements of barrier
states. It means that if the model parameters are known, the data
can be simulated for any of the considered designs or for any com-
binations of them. In practice, however, smaller and more detailed
studies tend to focus on special populations, or may impose eligi-
bility criteria introducing biases. In this case, the respective correc-
tions to model parameters have to be made (e.g., incorporation of
radiation dose if cohorts under chronic exposure are considered) or
it should be taken into account while developing the biological
interpretation of the estimated parameters.

For each design, the model parameters that have to be esti-
mated or modeled are: (i) initiation rates mA,B,C and rates of second-
ary barrier breaking l’s; (ii) all death/differentiation d’s and
proliferation a’s rates; only their differences contribute; and (iii)
initial distribution (means and variances) and the stochastic com-
ponents b’s.

The procedure of parameter estimation is design-specific. For
Design I, it is sufficient to calculate age patterns of the incidence
rate and fit the model using the least squares. In this case, however,
not all model parameters can be identified. We demonstrate it in
the next section using a simplified version of the model. In the
most general case (i.e., Design IV), parameters can be estimated
using the maximum likelihood method [9]:

L ¼
Y

i

�h si; bY iðsiÞ
� �di

exp �
Z si

0
du�h u; bY iðuÞ

� �� �

�
Yki

j¼1

f YiðtjÞjbY iðtj�1Þ
� �

; ð11Þ

where i runs over all individuals in the study cohort; for each indi-
vidual, the age at onset si is measured (it can be censored; di is the
censoring indicator), in addition to each individual ki measurements

of barrier mechanisms bY iðtjÞ performed at times tj, j = 1, . . . ,ki;

f YiðtjÞjbY iðtj�1Þ
� �

is the density of the multivariate normal distribu-

tion of the states of barrier mechanisms conditional on their last
measured values. The vector of means m(t) and the variance–
covariance matrix c(t) are the solutions of the systems of ordinary
differential equations (9). Such a system has to be solved for each
measurement, for each individual, and for each step of the optimi-
zation algorithm. The calculation is feasible, though computation-
ally extensive.
3. Illustrative examples

Below, we present four illustrative examples. The first three are
devoted to the development of the explicit calculation of the model
for Design I, analytical comparison to the TSCE model, and applica-
tion of the obtained models to a series of data on cancer incidence in
the US. The fourth includes simulation studies of Designs III and V.

3.1. A version of the BBM model for Design I

A series of reasonable assumptions can be made to essentially
reduce the number of model parameters if the model is applied
to data collected using Design I. First, assume that all rates of bar-
rier breaking in normal cells are equal, i.e., mA = mB = mC = m0, since
genetic and epigenetic events in genes regulating these systems
are similar. Second, assume that the proliferation-apoptosis bal-
ance is described by the differences (e.g., DBC = aBC � dBC) and bar-
rier C does not essentially impact this balance, so it can be
neglected and therefore, DAB = 0, DAC = DA, and DBC = DB. Also, make
an additional simplifying assumption that DA = DB = D P 0. Finally,
assume that the rates of barrier breaking are proportional to the
initiation rate with an amplifying coefficient dependent on the
state, i.e., lCA = lBA = m0CA, lCB = lAB = m0CB, lAC = lBC = m0CC,
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lABC = m0CBCC, lBAC = m0CACC. In addition, assume that CA = CB = C.
Four free parameters (m0,D,C,CC) for the description of transition
rates remain in the model after these assumptions.

The system (9) and (10) for m(t) and c(t) can be solved analyt-
ically in the general case, however, in such a four-parameter
approximation, each step in the solution can be illustrated by com-
pact intermediate solutions. Details of this calculation are given in
Appendix A. The explicit expression for the conditional hazard ob-
tained without any additional assumptions reads

�hðtÞ ¼ �h0ðtÞ þ �hNðtÞ þ �hbðtÞ; ð12Þ

where
�h0ðtÞ ¼D e1Eð1þ esÞðm10þm20Þþ eEðm40þm50Þþ2ee2ðE�1Þm30ð Þ;

�h/ðtÞ ¼ 2/ðe1ðE� 1Þ þ esðe1E� e2Þ � eðe1 � e2ÞðE� 1ÞÞ;

�hbðtÞ ¼ �
1
2
e2

1ðE� 1þ eðsE� Eþ 1ÞÞ2ðb1 þ b2Þ

� 1
2
e2ðE� 1Þ2ðb4 þ b5Þ � 2e2e2

2ðs� Eþ 1Þ2b3:

The following notation is used to simplify the expressions:

/ ¼ m0XN ; s ¼ tD; e ¼ m0CCc

D
; e1 ¼

m0C
D
¼ e

Cc
;

e2 ¼
m0Cc

D
¼ e

C
; E ¼ expðtDÞ: ð13Þ

Since m0 represents the rate of mutations, which are rare events, the
dimensionless parameters e, e1, and e2 are small quantities and can
be used for the expansion of �hðtÞ into a respective series. As in many
other mechanistic models, / is interpreted as the rate of creating
the intermediate cells, and because of factor XN this parameter is
not considered small.

The first term in Eq. (12), �h0ðtÞ, describes the contribution of the
initial state: each term contributed to �h0ðtÞ is proportional to one of
the barrier state means taken at the initial time. If one assumes
that initial risk is zero, then this term does not contribute to the to-
tal hazard. The leading term in expansion over e’s can be repre-
sented as
�h0ðtÞ ¼ �h0ð0Þ þ ðE� 1Þ�h0ð0Þ þ oðeÞ;

where �h0ð0Þ ¼ Dðe1ðm10 þm20Þ þ eðm40 þm50ÞÞ.
The second term, �h/ðtÞ, is the main contribution which is an

analog of the TSCE model given by Eq. (2). If only to keep the lead-
ing contributions of the hazard rate (2) and �h/ðtÞ in the limit of
small mutation rate, we will have the exact same results:

hTSCEðtÞ ¼
XNll1

a� b
ðeða�bÞt � 1Þ þ oðlÞ;

�h/ðtÞ ¼ 2/e1ðE� 1Þ þ oðeÞ ¼ D�1ðmA þ mBÞXN ~lðeDt � 1Þ þ oð~lÞ;

where ~l ¼ lAB ¼ lBA ¼ De1. Since D � a � b and l1 = mA + mB, both
expressions are identical. Note that there are only two pathways
from normal to malignant cells given in Fig. 2, which do not include
the events of breaking barrier C, and contribute to �h/ðtÞ in this
approximation.

The third term in (12) reflects population heterogeneity in the
change of the barrier states. This term contains only contributions
proportional to constants b’s, which can be not small. The leading
term in expansion over e’s is of the second order and negative for
all t:

�hbðtÞ � �
e2

1

2
ðE� 1Þ2 b1 þ b2 þ C2

c ðb4 þ b5Þ
� �

:

Thus, the minimal model included only the leading terms from all
three terms in (12) is
�hmðtÞ ¼ p0 þ p1ðetD � 1Þ � p2ðetD � 1Þ2: ð14Þ

This model has four parameters for fitting, i.e., D and p0, p1, p2. First
term p0 characterizes the hazard rate in the time of cohort forming.
Each of the model parameters is restricted to being positive. The
model with all possible contributions has six positively-definite
coefficients

�hðtÞ ¼ p1etD þ p2DtetD � p3Dt þ p4ðetD � 1Þ � p5ðetD � 1Þ2:

In practical data analysis, several parameters can be correlated
(especially at small D). That is why we use another reduced form
of the model:

�hrðtÞ ¼ p0 þ p2DtðetD � 1Þ þ p3Dt � p5ðetD � 1Þ2: ð15Þ
3.2. TSCE and BBM models

Typical plots of the shape provided by TSCE and the two ver-
sions of BBM model given by Eqs. (14) and (15) are presented in
Fig. 3. At small values of time after the age of the cohort forming,
the TSCE predicts a slow but accelerated increase of the risk with
age. Then the speed of this increase slows down, the curve under-
goes the inflection and leveling off. The inflection is given for age

af ¼
1

cþ 2q
log

c� q
q
¼ 1

c
log

c2

al
þ oðlÞ:

The plateau appears at the level of

hmax ¼
X
q
¼ Nl1c

a
þ oðlÞ:

The TSCE curve was calculated for X = 10�7 year�2, q = 0.625 � 10�5

year�1, and c = 0.447 year�1. For these values af = 25 years and
hmax = 1.6 � 10�2 years�1. Note that the inflection point is essentially
defined by c, the parameter reflecting proliferation/apoptosis bal-
ance in the intermediate cells, and the parameter has to be large
(e.g., in comparison to respective prediction given by the BBM mod-
el as discussed below) to predict the inflection point at the reason-
able age.

The BBM model has three contributions, one of them, �h/ðtÞ,
is analogous to hTSCE, and two others reflect the new features
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captured by the model. They are a non-zero initial hazard and the
noted stochastic component allowing for description of decelera-
tion of the hazard rate occurred for different cancer age patterns.
Fig. 3 shows two curves of the BBM model presented by Eqs. (14)
and (15). These two models differ by the type of approximation
of �h/ðtÞ, while the initial hazard represented by p0 and the term
with p5, which is responsible for deceleration of the hazard rate
at advanced ages, are identical in both models. The hazard rate of
the minimal model can be rewritten in terms of parameters
characterizing the geometry of the shape, initial hazard p0 and
the point of maximum ðtmax;

�hmaxÞ:

�hmðtÞ ¼ �hmax � ð�hmax � p0Þ
eDtmax � eDt

eDtmax � 1

� �2

:

The curve corresponding to the minimal model in Fig. 3 is calcu-
lated for p0 ¼ 0:001 year�1; tmax ¼ 40 years; �hmax ¼ 0:0155 year�1,
and D = 0.05 year�1. The curve for reduced model is calculated with
the same p0 and D as well as for p2 = 0.005 year�1 and p5 =
0.00125 year�1.

3.3. Application to the SEER Registry data

This model can be used for analyses of age-specific incidence
rates as observed in the SEER Registry data, which has been in exis-
tence since 1973 and currently covers 26% of the US population
[13]. Fifteen cancers were selected for analyses of their age pat-
terns using the model. The non-linear least squares implemented
in SAS Proc NLP were used for parameter estimation. The results
of the fits are presented in Table 1 and Fig. 4. Two models were
used for analyses of each age pattern. The first is the 4-parameter
minimal model given by Eq. (14), and the second is the 5-parame-
ter reduced model given by Eq. (15) (Table 1 provides the informa-
tion on parameter estimation and model selection). Fig. 4
demonstrates the results of the fits of age-specific cancer rates
(per 10000 of population). Rates and model predictions for differ-
ent cancers are rescaled to use the same scale on all plots and to
compare them for different cancers. The real rate for a specific can-
cer is calculated by division of values obtained from the plot to cor-
Table 1
Parameter estimates of minimal and reduced models of SEER incidence rates.

Cancer Sex p1 p2

Lung M 0.000117 0.00490
Lung F 0.000091 0.00530
Breast F 0.000997
Prostate M 0.000045 0.00450
Esophagus M 0.000013 0.01950
Esophagus F 0.000003 0.00530
Stomach M 0.000028 0.00030
Stomach F 0.000020 0.00000
Colon M 0.000071 0.00070
Colon F 0.000064 0.00030
Rectum M 0.000029 0.00320
Rectum F 0.000022 0.00110
Ovary F 0.000076
Corpus uteri F 0.000073 0.06540
Pancreas M 0.000020 0.00040
Pancreas F 0.000014 0.00020
Liver M 0.000017
Liver F 0.000005
Brain M 0.000045
Brain F 0.000030
Kidney M 0.000040
Kidney F 0.000028
CLL M 0.000007 0.00450
CLL F 0.000003 0.00040
Myeloid leuk. M 0.000026
Myeloid leuk. F 0.000023

All parameters are in 1/year.
responding rescaled factor referred at each plot. Quality of the fit
(v2/d.o.f � 1) is good for the majority of age patterns. Exceptions
include lung and breast cancers (for which the description is still
satisfactory), and cancers of prostate and corpus uteri (for which
the description is poor).

The age pattern of the lymphoid leukemia incidence rate (the
ICD-9-CM code 204, excluding 204.1) has a sharp peak at ages 2–
5 years old. The description of the whole age region of the inci-
dence pattern, including this peak, within the same model is chal-
lenging. Using the BBM model, such a description is possible by
introducing a mixture of two sub-cohorts with different distribu-
tions of initial (e.g., genetic) damage. The sub-cohort with a strong
genetic predisposition to the disease is responsible for this peak.
The mixture model is constructed as

�hðtÞ ¼wS1ðtÞ
SðtÞ

�h1ðtÞþ
ð1�wÞS2ðtÞ

SðtÞ
�h2ðtÞ; SðtÞ ¼wS1ðtÞþ ð1�wÞS2ðtÞ;

where �h1ðtÞ and �h2ðtÞ are hazard functions (12), S1(t) and S2(t) are
corresponding survival functions, and w is the parameter describing
the initial proportion between the two cohorts. Altogether, the mix-
ture model includes 13 parameters, i.e., 6 for each hazard and w. Re-
sults of the fits are presented in Fig. 5. v2/d.o.f for men and women
are 1.89 and 1.63, respectively. For males, the estimated D’s for two
sub-cohorts are D1 = 0.0425 years�1 (sub-cohort with genetic pre-
disposition), D2 = 0.0041 years�1 (sub-cohort without genetic pre-
disposition) and weight of the first sub-cohort is w = 0.0001. The
results are similar for females: D1 = 0.0621 years�1,
D2 = 0.0041 years�1, and w = 0.0001. Further improvement in
description of this age pattern is possible by modeling the distribu-
tion of initial damages by a continuous distribution rather than by a
mixture of two sub-cohorts.

There are two principal reasons why the quality of fit for several
cancers is not ideal. The first is the hidden heterogeneity in data
due to different stages at cancer diagnosis, histotypes, genetic
predisposition, contributions of environmental risk factors, and
period-cohort effects. Second, the considered model has a series
of simplifying assumptions, and several of them are strong. One
such assumption is the equality DA = DB = D P 0. If barrier A is
p3 p4 p5 D

0.000040 0.0016376 0.038
0.000193 0.0023564 0.030

0.00447 0.0014786 0.024
�0.000632 0.0011051 0.047

0.000045 0.0142575 0.011
0.000008 0.0037852 0.010
0.000059 0.0000750 0.040
0.000025 0.0000044 0.050
0.000076 0.0001196 0.049
0.000164 0.0000453 0.051
0.000122 0.0016440 0.021
0.000156 0.0004753 0.021

0.00053 0.0001424 0.027
0.002077 0.0531417 0.010
0.000069 0.0001232 0.038
0.000033 0.0000379 0.044

0.00012 0.0000105 0.046
0.00002 0.0000004 0.073
0.00006 0.0000041 0.056
0.00003 0.0000019 0.061
0.00021 0.0000175 0.050
0.00008 0.0000055 0.055

0.000054 0.0023555 0.011
0.000012 0.0001280 0.022

0.00001 0.0000001 0.100
0.00001 0.0000002 0.075
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interpreted as apoptosis, then DA is positive but it can differ if
barrier B is interpreted as repair (for which death/differentiation
rate can be even larger than proliferation). The potential for further
improvement includes: (i) the use of a model with non-equal
parameters for barriers A and B with restrictions (e.g., DA > DB) to
make this model identifiable, (ii) the use of additional information
on age-specific distribution of barrier mechanisms, i.e., employing
Design II, and (iii) performing prospective measurements of indi-
vidual barrier states, i.e., employing Design III or Design IV.

3.4. Simulation studies

Two scenarios are considered in simulation studies. The first deals
with Design III, and the second deals with Design V. In both cases,
the model parameters to be estimated are (i) initiation rates (mA,mB,mC),
(ii) rates of promotion and conversion (lAB,BA,AC,CA,BC,CB,ABC,BAC), and
(iii) differences between proliferation and apoptosis/differentiation
rates (DA,B,C,AB,AC,CA). True values are taken as in the simplified
model described in Section 3.1. The results of simulation studies are
presented in Table 2: one hundred datasets with 100000 person
years each are simulated assuming that covariates Yt are annually
measured.

In the first study (that corresponds to Design III), all simulated
data were used for parameter estimation maximizing the likeli-
hood (11). Then parameters estimated for each simulated dataset
were averaged over all simulated datasets resulting in the values
of the mean and standard errors (SE) and compared with true val-
ues. The quantity RAT estimated as RAT ¼ ðmean-trueÞ=SE is the
characteristic of the quality of reconstruction of corresponding
variables and related to the p-value of the acceptance of the
hypothesis that the mean obtained by averaging over parameter
estimates from all simulated databases coincides with the true val-
ues used for simulations.

Design V, in which data are combined from epidemiological
measurements (as in Design I) and physiological (i.e., barrier state)
measurements would be the most promising and beneficial for
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Table 2
Results of simulation studies for Designs III and V (marked by asterisk).

mA 10�6 mB 10�6 mC 10�6 DBC 10�3 DAC 10�3 DAB 10�7 DB 10�3 DA 10�3 lCA 10�5 lBA 10�5 lCB 10�5 lAB 10�5 lAC 10�6 lBC 10�6 lABC 10�4 lBAC 10�4

True 1.0 1.0 1.0 1.0 1.0 0 1.0 1.0 2.0 2.0 2.0 2.0 5.0 5.0 1.0 1.0
Mean 1.0 1.0 1.0 1.0 1.0 �1.1 0.9 0.9 2.0 2.0 2.1 2.0 5.2 4.0 2.0 �0.6
SE <0.1 <0.1 <0.1 <0.1 <0.1 2.2 0.1 <0.1 0.1 0.1 0.2 0.1 0.8 2.3 0.8 0.6
RAT �0.4 0.9 1.1 �0.4 �1.4 �0.5 �1.3 �1.3 0.1 0.1 0.6 0.2 0.2 �0.5 1.2 �2.7
RAT⁄ �1.3 0.4 2.3 0.8 �0.5 �2.2 �3 �2.5 �1.5 0.1 0.7 0.2 2.0 �0.6 1.2 �2.7
SE⁄/SE 10 10.3 10.6 10.7 9.9 11.1 11.9 11.0 9.8 1.0 10.8 1.0 10.1 10.8 1.0 1.0

Initial true values of the parameters are taken for the 4-parameter model; all rates are in 1/year.
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efficient data collection and parameter estimation. To illustrate
that fact, we estimated the parameters assuming that information
on dynamics of barrier state variables was available only for 1% of
randomly selected individuals. The likelihood (11) is generalized as

L ¼
Y

i

�h si; bY iðsiÞ
� �di

exp �
Z 0

si

du�h u; bY iðuÞ
� � !

�
Yki

j¼1

f YiðtjÞjbY iðtj�1Þ
� �" #�di

;

The novelty in this formula comparing to (11) is the indicator �di that
shows that the measurements of Xt are available for the individual i.
There are parameters (lAB,BA,ABC,BAC) which are not involved in

f YiðtjÞjbY iðtj�1Þ
� �

, therefore they will be equally estimated for Designs

III and V. This fact is illustrated by the ratio of statistical errors in the
last row of Table 2: the ratios for the parameters are equal to one.

The conclusion from the simulation studies are that the model
parameters are identifiable if dynamics is measured for all or a part
of individuals. Dynamic parameters (e.g., all m’s and all D’s) are
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defined quite well; while identification of hazard parameters, i.e.,
lBA, lAB, lBAC, lABC, requires large statistics, especially for rare
events. However, since these hazard parameters are not involved
in the part of likelihood which is responsible for description of
dynamics, Design V would be beneficial. Thus, the results of the
simulation studies show that Design V for the model estimation
is the most perspective because model parameters for hazard
require much more data for their estimation but respective data-
sets are extensive (e.g., SEER data), while parameters for dynamics
are rarely measured, but they are relatively well-estimable. The
approach opens broad possibilities for combining data sets. The
only underlying assumption is the same underlying model gener-
ating data of different designs.
4. Discussion

Biologically-motivated mathematical models of carcinogenesis
constitute a complementary approach to empirical analyses and
standard statistical models capable of enriching empirical findings
by new modeling-associated results and, therefore, are important
for understanding carcinogenesis mechanisms. The two-stage car-
cinogenesis model [32] and its extensions have been used for anal-
ysis of experimental data obtained from the rodent models [33–36]
and from epidemiologic datasets of lung and breast cancers [37–
39], colon [40], and solid cancers and leukemia in the Life Span
Study (LSS) cohort [41]. In the recent decade, the approaches to
carcinogenesis modeling have been applied to the analyses of the
SEER registry data such as the incidence data on colon/colorectal
cancer [42–44], colon and pancreatic cancers [45], pleural and per-
itoneal mesothelioma [46], acute lymphoblastic leukemia in chil-
dren [47], breast ductal and lobular carcinomas [30], and
multiple pathways of colon cancer [48]. In this study, we extended
the possibilities of such analyses by introducing the potentially
measurable covariates into the model. This approach creates a
‘bridge’ between the analyses of population-based datasets linked
to individual longitudinal measurements of specific cancer-related
characteristics such as apoptosis and oxidative stress. The BBM
model relies on the biological concept of barrier mechanisms in a
cell by playing a key role in preventing the cell malignant transfor-
mation. The dynamics of covariates is induced by the dynamics of
the intracellular barrier breaking, thus, the model connects three
levels: (i) a cellular level at which the dynamics of the processes
is determined, (ii) an overall organism level at which covariates
are measured, (iii) a population level at which such characteristics
as disease incidence and mortality are predicted. An advantage of
the BBM model is that cell dynamics is described in terms of quan-
tities which are not only important characteristics of carcinogene-
sis but potentially measurable at the cellular level. The model
simultaneously describes the stochastic dynamics of covariates
and hazard function. Incorporation of covariate dynamics requires
neither new model parameters nor additional assumptions, but is
defined by the structure of the BBM model. The covariate dynamics
is predicted by the model and parameters describing the dynamics
are estimated in addition to the parameters describing hazard
function. Since both groups of parameters are related (e.g., assum-
ing the same rate of barrier breaking in all states in Fig. 2), this ap-
proach allows to improve the parameter estimates. This property
distinguishes our model from other approaches where hazard
function is related to covariate measurements [29,49].

Formally, the model is presented by a stochastic process with
random stopping associated with the onset of cancer. Since the
process satisfies the system of stochastic differential equations
which is linear in respect to covariates (i.e., variables describing
the numbers of cells in states) and initial values are described by
a normally distributed random vector, then the solution of the sys-
tem is a multivariate Gaussian Markov process. Using a normal
multivariate stochastic process for description of cell dynamic al-
lows us to apply all attractive features of the well-developed for-
malism of Markov processes, providing a great flexibility in
specification and further generalizations of the model. At a first
glance, the stochastic process models (and BBM model in particu-
lar) are models with a philosophy different than the multistage
carcinogenesis models and TSCE, in particular. However, in spite
of the TSCE dealing with a Poisson process driving a birth–death
process and the dynamics of the BBM model being Gaussian, there
are many common features in both types of approaches. We dem-
onstrated in Section 2.2 that dynamics for first two moments gen-
erated by the two models formally coincide under mild conditions.
Background for the similarity of both approaches is the diffusion
approximation of the birth–death process [50,51], specified by
Tan [10] for the two-stage carcinogenesis model. However, the
accordance is not complete, and this can be used for modeling fur-
ther model development for multidimensional systems. One
opportunity is to involve higher order approximations based on
evaluating third and higher order moments or cumulants. Further
extension might require the use the rich mathematical formalism
of non-linear differential equation in Ito and/or Stratonovich ver-
sions to further specify properties of the base stochastic process
[51].

The approach developed in this paper allowed to reflect on sev-
eral important properties of carcinogenesis. The first is the descrip-
tion of the different types of intermediate cells. One key quantity in
carcinogenesis models is the difference between proliferation and
apoptosis rates, and this quantity has to have different estimates
(and, maybe, even different signs) for intermediate cells with bro-
ken apoptosis and broken repair. Another feature of the approach
based on BBM model is that it is capable of taking into account
population heterogeneity and describing the decline in incidence
rates observed at advanced ages for many cancers. One more
advantage is in the BBM model providing cancer risk estimates
conditional on individual health history. This approaches us to pos-
sibility of individualized medicine.

Thus, the suggested approach combines recent methodological
and substantive developments in modeling cancer risk (including
the multiple pathway models, the concept of cancer hallmarks)
and provides new techniques for description of multistage and
multiple pathways models of carcinogenesis with the measured
covariates. The multi-pathway nature of our model is not new it-
self, however the biological content allowing us to define the mod-
el in terms of cancer-hallmark measures and the mathematical
structure allowing for consistent parameter estimates for several
experimental designs involving measures of cancer hallmarks,
and relating them to cancer risk, is innovative. The BBM is a com-
plex model involving more than twenty parameters. This number
of parameters is large, but this does not result in problems because
the parameters have clear biological sense and can be identified gi-
ven the longitudinal measurements of covariates represented the
states of barrier systems.

4.1. Biomedical aspects of BBM model

The concept of barrier mechanisms could potentially serve as a
bridge between epidemiologic and mechanistic description of car-
cinogenesis through inclusion of molecular biology findings
[52,53]. The approach based on this concept could allow for inclu-
sion into the model not only of a single gene alteration (which re-
flects only a small component of each tumor’s mutational
composition), but also of combined contributions of multiple genes
to carcinogenesis (which could represent the same barrier and/or
be functionally equivalent – i.e., affecting net cell growth through
the same molecular pathway) [54]. Since barrier breaking just
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represents such combined events, this approach provides with
opportunity to focus on cancer pathways rather than on individual
genes when studying carcinogenesis [55]. This consideration is in
agreement with the results obtained from molecular studies, e.g.,
the common features of the general genomic ‘landscapes’ de-
scribed for both breast and colorectal tumors [56].

Recent studies demonstrated that the barriers and, therefore,
the models of barrier statuses, may have clinical implications: can-
cers of different histotypes originated from the same organ – such
as adenocarcinomas and squamous cell carcinomas – could differ
with the involvement of barriers in their carcinogenesis. For exam-
ple, while the inhibition of apoptosis plays a more important role
in adenocarcinomas of cervix uteri, for cervical squamous cell car-
cinomas the tumor-invasion related factors could be more impor-
tant [57]. Therefore, the choice of barriers to be included in the
carcinogenesis model could be cancer-site and/or histology spe-
cific. Thus, known properties of a considered cancer can be used
for model specification, which is advantageous when experimental
information is limited. Similarly, the different roles various barriers
could play in carcinogenesis could also be risk factor specific. That
could allow for speculations about the associations with specific
cancer risk factors, which potentially could ‘act’ through different
barriers thus affecting the susceptible populations.

4.2. Possibility to measure the state of barrier systems

However, to be able to incorporate barrier mechanisms in hu-
man carcinogenesis model, the critical question is the possibility
to measure barrier systems at an individual level. The modern state
of science opens the broad possibilities for individual measure-
ments of states of barrier mechanisms. For estimating the probabil-
ity of BBM, the standard loading tests (e.g., experiments with
additional exposure and measurements of barrier mechanism re-
sponse to newly created damages) are useful. A genotoxic exposure
entails an additional damage to the genome which should either be
repaired or eliminated. A comparison of the values studied in the
sample, tested before and after loading, will enable us to draw a
conclusion of the effective functioning of the protective mecha-
nisms. A realizable scheme of using loading tests for estimating
fractions of failure of specific barrier mechanisms are sufficiently
simple and accessible for implementation. The state of barrier sys-
tems can be sensitive to the past medical history and/or exposure
to risk factors. For example, among exposed to IR individuals, those
who manifested leucopenia and/or had chronic radiation syn-
drome (CRS) during the early after-exposure period had lower
Cu/Zn-SOD concentration, a significantly increased concentration
of nitric oxide, and a greater apoptotic frequency in peripheral
blood lymphocytes compared to exposed individuals without leu-
copenia and CRS. The persistence of chromosome aberrations and
somatic mutations in the CRS cohort is indicative of an exhaustion
of the anti-oxidative stress mechanisms responding for so many
years after the exposure, leading to genomic instability [53].

Other promising approaches of measurements and modeling
barrier states are based on actively developing technologies of bio-
chips providing estimation of gene expression and SNPs analysis.
Probability of barrier breaking is associated with the fraction of
mutations in gene comprising respective genetic pathways.
Expression of allele genes could be affected in genes involved in
barrier mechanisms: analysis of such damages in different clusters
of functionally related genes could allow not only to estimate how
effective the current barrier function is, but, probably, to make a
prognosis on the probability of its dysfunction with time (which
is important for modeling). Application of modern technologies
would allow us to extend the number of measured model param-
eters with simultaneous broad coverage of the possible mecha-
nisms underlying carcinogenesis. The developed model can be
specified to deal with gene expression data by (i) extending the
dimensionality of Yt in the base model to include all (or the most
essential part) of gene expression scores, (ii) creating scores
describing specific genetic pathways and considering these scores
as covariates Yt, and (iii) categorizing the measured values of gene
expression and applying the methods of latent structure analyses
(e.g., linear latent structure analysis [58,59]) to identify scores
which could serve covariates Yt.

4.3. BBM approach and Markov models

The covariates in BBM model reflect the health state of an indi-
vidual (i.e., the states with different types of intermediate cells and
their different amounts) and define the probability of stopping
time of the stochastic process associated with cancer onset. The
made assumptions about susceptible cell dynamics and the proba-
bility of stopping time result in the linear system of equations that
admits solution in the form of a multivariate Gaussian process.
Thus, the BBM model is based on the Gaussian approximation of
the general Markov model. The dynamics of covariates and covar-
iate-dependent hazard functions are linked and described in the
general Markov model using the Kolmogorov–Fokker–Planck
equation for probability distributions of the covariates. Examples
of such models are given by Yashin et al. [8,60]. Boundary condi-
tions in such models can be used to define the absorbing states
and to avoid the appearance of non-negative values of covariates.

As demonstrated by Tan [10], the diffusion approximation to
the classic multistage cancer model based on the birth–death pro-
cess can be developed under the mild assumptions resulting in a
version of the Markov model in which the fraction of injured cells
plays the role of a covariate. Therefore, the model corresponds well
to our approach. In the general Markov model, the diffusion coeffi-
cient b can depend on a covariate and it is proportional to

ffiffiffiffiffiffiffiffiffi
XðtÞ

p
in

Tan’s model. The stochastic differential equation defines the con-
tinuous stochastic process, therefore X(t) cannot become negative
for positive drift.

The general BBM model (without the Gaussian approximation)
is complicated and requires extensive calculations (involving the
solution of the partial differential equations for each step of the
optimization procedure). Tan’s model can be solved using the La-
guerre polynomials, however, such solution is also complicated
for practical tasks. For example, it is not clear (i) how to implement
information about covariates measured longitudinally, (ii) how to
develop a likelihood-based scheme for parameter estimation
involving covariate measurements and risks of cancer simulta-
neously, and (iii) how to visualize the relation (i.e., common fea-
tures and distinctions) to the classic cancer models, e.g., TSCE.
The present paper was focused on these issues. The approximate
solution in the form of Gaussian process used in the present paper
is a reasonable compromise allowing for simplifying the calcula-
tion and making results analytical and transparent for further
interpretation. The Gaussian process is defined completely by its
first and second central moments. The price for the simplification
of the model and for the possibility to have an analytical solution
is a non-zero probability to have the negative values for a covari-
ate. Thus, the BBM model in the form of the Gaussian process does
not accurately represent the system with a small amount of inter-
mediate cells, and this is a limitation of the BBM model. In practice
it does not create the problems due to the following reasons.

First, the covariates used in our model (also known as cancer
hallmarks) represent the fractions of cells with broken (or maybe
activated) cellular processes preventing (or maybe promoting) car-
cinogenesis. Occurrence of new mutations or adverse epigenetic
events in the pool of susceptible cells and their forthcoming elim-
ination is not a rare event. There processes can be in a dynamic
equilibrium resulting in a unimodal distribution of cells with
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detectable barrier failure. There exist both theoretical analyses [61]
and experimental results [53] supporting it. Therefore, we can
speculate about the norm of cells with a broken barrier mechanism
in a population. Thus, we may expect the Gaussian distribution of
covariate (or approximate them by the Gaussian distribution) de-
fined in this way in a population. The norm is the mode of such
a distribution. Note, that the models based on Gaussian approxi-
mation incorporated the notion of the norm are successfully used
in biodemography and aging research [15–18,60,62]. Different
modifications of SPM with age-dependent parameters (such as
age-dependent norms) were extensively analyzed in simulation
studies which showed identifiability and feasibility of the models
[15–18,60,62] and were used in analyses of real data [62–67].

Second, the BBM model is designed to deal with the longitudi-
nal data; therefore, it describes the covariate dynamics by a condi-
tional Gaussian distribution, i.e., the Gaussian distribution
conditional on previous covariate measurements. At the time of a
measurement, the variance of a covariate is set to zero, and only
during a long period without additional measurements could it re-
sult in a covariate distribution with non-vanishing fractions of
covariates with negative values. The model for incidence rate only
deals with first and second central moments which are integration
characteristics, and possible situations in data analysis when the
first moment is negative, may manifest problems in parameter
estimates (e.g., limited statistical power or too large a time period
between measurements).

4.4. Further model generalization

In this paper, we restricted ourselves to standard assumptions
prevailing in currently adapted theories of carcinogenesis consid-
ering cell initiation, promotion, and conversion to be the major
events in cancer development. The detailed specification of a mod-
el could result in over-parameterization (such as that the newly
introduced parameters could be non-identifiable). Moreover, fur-
ther detailing requires a new, more sophisticated, mathematical
formalism, often associated with technical difficulties. The model
developed in this paper is capable of overcoming these problems.
First, our approach allows the use of traditional sets of epidemio-
logical data together with series of biologically motivated mea-
surements that help in covering a deficit in amount and diversity
of available experimental information. Second, the suggested
methodology is based on the well-developed theory of the diffu-
sion type stochastic differential equations, which creates a good
background for further extensions of this model. Among the pro-
spective methodological generalizations of the model is the use
of age-dependent model parameters representing aging/ontog-
eny-related processes in an organism that could modulate the tu-
mor development at all stages (from the appearance of a
transformed cell to a clinical manifestation of cancer): while the
inefficiency of barrier mechanisms can be a plausible explanation
for an initial cell transformation, the probability of survival of a
malignant cell and/or latent tumors in constantly changing tissues
of an aging body is likely to be influenced by additional factors,
such as cell microenvironment, adaptation of tissues to a specific
treatment/disease and, of course, background aging/ontogeny-re-
lated changes in the body per se.

Several specific directions for further generalizations of the
model are concerned with an improvement of the predictive power
of the model and analyses of possible uncertainties and biases. One
important step is to develop a more individualized model of devel-
opment of leukemia and solid cancers. Technically, this means that
the risk of solid cancer or leukemia has to be predicted at a certain
degree based on specific individual measurements and knowledge
of population characteristics. An important component of such
prognoses is the estimations of statistical uncertainties and sys-
tematic biases. The second step (e.g., necessary for the leukemia
model) is to include the model of different stages of differentiation
of blood cells, i.e., to describe the process from red-bone stem cells
to cells of peripheral blood. This study is necessary because the
conclusions about red bone stem cells made by measuring barrier
states of peripheral leukocytes can be biased despite the same
genetics and maybe epigenetics. The first step in constructing such
a joint model was done by Akushevich et al. [52,68]. Another pos-
sible generalization step is to extend the set of the mechanisms
considered as barriers, which also play an important role in pre-
venting carcinogenesis, e.g., lack of telomerase production, cells’
growth arrest, etc. Finally, while using and generalizing the con-
cept of barrier mechanisms, it is possible to develop the model of
IR-induced genomic instability, a promising mechanism of carcino-
genesis [42,43,69,70]. The effects of genomic instability are natu-
rally incorporated into the BBM model because the states of the
barrier mechanisms are simultaneously the biomarkers of genomic
instability. All these generalizations have to and will be supported
by the corresponding methodological development.
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Appendix A

The hazard rate �hðtÞ for the reduced set of parameters m0, D, C,
CC has to be obtained as a solution of the system (9) and (10). Since
the hazard rate is simply �hðtÞ ¼ mðtÞ� ~l1, where the 5-dimensional
vector m(t) is the solution of the vector differential equations
dmðtÞ=dt ¼ a0 þ a1mðtÞ � cðtÞ~l1 (m(0) = l0), which in turn depends
on the c(t) being the solution of the matrix system of equations
dcðtÞ=dt ¼ a1c�ðtÞ þ cðtÞa�1ðtÞ þ bb�ðcð0Þ ¼ 0Þ, we start with an
analysis of the latter matrix system. An analytical solution of all
these differential equations is possible, and the first step is the
solution to 15 independent equations for symmetric matrix c(t).
To simplify the matrix element notation, we use numerical indices
for barrier states: 1-BC, 2-AC, 3-AB, 4-B, 5-A. Note, first, that 5
matrix elements c12(t), c13(t), c15(t), c23(t), and c24(t) (and the
elements symmetrical to them) are expressed in terms of
themselves, and therefore they are equal to zero for whole time
period because of initial condition c(0) = 0. For example equation
for c12(t) is c012ðtÞ ¼ 2Dc12ðtÞ, and equation for c24(t) is
c024ðtÞ ¼ 2Dc24ðtÞ þ m0Cc12ðtÞ þ m0Ccc23ðtÞ. The equations for the
remaining 10 matrix elements are

c011ðtÞ ¼ 2Dc11ðtÞ þ b1;

c014ðtÞ ¼ 2Dc14ðtÞ þ m0Cc11ðtÞ;

c022ðtÞ ¼ 2Dc22ðtÞ þ b2;

c025ðtÞ ¼ 2Dc25ðtÞ þ m0Cc22ðtÞ;

c033ðtÞ ¼ b3;

c034ðtÞ ¼ Dc34ðtÞ þ m0Ccc33ðtÞ;

c035ðtÞ ¼ Dc35ðtÞ þ m0Ccc33ðtÞ;

c044ðtÞ ¼ 2Dc44ðtÞ þ 2m0Cc14ðtÞ þ 2m0Ccc34ðtÞ þ b4;

c045ðtÞ ¼ 2Dc45ðtÞ þ m0Ccðc35ðtÞ þ c34ðtÞÞ;

c055ðtÞ ¼ 2Dc55ðtÞ þ 2m0Cc25ðtÞ þ 2m0Ccc35ðtÞ þ b5:
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These equations can be solved one by one. Evidently, the solutions
accounting for the initial conditions c(0) = 0 can be obtained in ana-
lytical form. They are

c11ðtÞ ¼
b1

2D
ðe2Dt � 1Þ;

c14ðtÞ ¼
m0Cb1

4D2 ðð2Dt � 1Þe2Dt þ 1Þ;

c22ðtÞ ¼
b2

2D
ðe2Dt � 1Þ;

c25ðtÞ ¼
m0Cb2

4D2 ðð2Dt � 1Þe2Dt þ 1Þ;

c33ðtÞ ¼ b3t;

c34ðtÞ ¼ c35ðtÞ ¼
m0Ccb1

D2 ðeDt � Dt � 1Þ;

c44ðtÞ ¼
b4

2D
ðe2Dt � 1Þ þ m2

0C2b1

4D3 ðð2D2t2 � 2Dt þ 1Þe2Dt � 1Þ

þ m2
0C2

c b3

2D3 ðe
2Dt � 4eDt þ 2Dt þ 3Þ;

c45ðtÞ ¼
m2

0C2
c b3

2D3 ðe
2Dt � 4eDt þ 2Dt þ 3Þ;

c55ðtÞ ¼
b5

2D
ðe2Dt � 1Þ þ m2

0C2b2

4D3 ðð2D2t2 � 2Dt þ 1Þe2Dt � 1Þ

þ m2
0C2

c b3

2D3 ðe
2Dt � 4eDt þ 2Dt þ 3Þ:

These results are used in the R.H.S of equations for m(t), which can
also be solved analytically. The results are presented using a simpli-
fied notation (13):

m1ðtÞ¼Em10þ
/
D
ðE�1Þ�e1b1

4D
ð2ðE�1Þ2þeð�ðE�1Þð3E�1Þþ2sE2ÞÞ;

m3ðtÞ ¼ m30 þ t/þ ee2b3

D
ð1� 2Eþ ð1þ sÞ2Þ;

m4ðtÞ ¼ Em40 þ e1sEm10 þ e2ðE� 1Þm30 þ
/
D
ððe2 � e1ÞðE� 1Þ

þ sðe1E� e2ÞÞ �
e2

1b1

4D
ð�ðE� 1ÞðE� 3Þ þ 2sEðE� 2Þ þ 2eð1

� Eð1� sÞÞ2Þ � ee2
2b3

D
ðE� 1� sÞ2 � eb4

2D
ðE� 1Þ2;

Solution m2(t) is obtained from m1(t) by substitution b1 ? b2 and
m10 ? m20 and m5(t) is obtained from m4(t) by substitution
b1 ? b2, b4 ? b5, m10 ? m20 and m40 ? m50.

Finally, the obtained expressions for m(t) are combined accord-
ing to

�hðtÞ ¼ lBAm1ðtÞ þ lABm2ðtÞ þ lBACm4ðtÞ þ lABCm5ðtÞ;

to obtain the result for the conditional hazard in the form of (12).
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