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ABSTRACT
The multiple longitudinal outcomes collected in many clinical trials are
often analyzed by multilevel item response theory (MLIRT) models. The
normality assumption for the continuous outcomes in the MLIRT mod-
els can be violated due to skewness and/or outliers. Moreover, patients’
follow-up may be stopped by some terminal events (e.g., death or
dropout), which are dependent on the multiple longitudinal outcomes.
We proposed a joint modeling framework based on theMLIRTmodel to
account for three data features: skewness, outliers, and dependent cen-
soring. Our method development was motivated by a clinical study for
Parkinson’s disease.

1. Introduction

Many clinical trials collect information on multiple longitudinal outcomes. Due to the char-
acteristics of the disease and symptoms, the outcome measurements can be of mixed types,
for example, binary, ordinal, and continuous. Clinical studies on Parkinson’s disease (PD), for
example, are a good representation of the case. PD is a chronic progressive neurodegenera-
tive disease. Symptoms such as tremors, rigidity, slow movements, and loss of cognitive func-
tion can often be observed (Fahn et al., 2004). The multidimensional nature of the disease
excludes the method of using a single outcome to summarize or represent the overall disease
severity (Huang et al., 2005; Luo et al., 2016). Therefore, clinical trials searching for neuropro-
tective treatments to slow down the progression of PD symptoms usually measure multiple
outcomes at different visits. Examples of such PD studies include the Deprenyl And Toco-
pherol Antioxidative Therapy of Parkinsonism (DATATOP) study (Parkinson Study Group,
1989), Tolvaptan Efficacy and Safety in Management of Autosomal Dominant Polycystic
Kidney Disease and its Outcomes (TEMPO) study (Parkinson Study Group, 2002), Earlier
versus Later Levodopa Therapy in Parkinson Disease (ELLDOPA) study (Fahn et al., 2004),
andNeuroprotection Exploratory Trials in Parkinson’sDisease (NET-PD) study (Elm andThe
NINDS NET-PD Investigators, 2012).

This kind ofmultivariate longitudinal data structure has three sources of correlationwithin
and between outcomes of the same patient, that is, inter-source (different measures at the
same visit), longitudinal (same measure at different visits), and cross-correlation (different
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2 G. CHEN AND S. LUO

measures at different visits). Many approaches has been developed to analyze data with mul-
tiple outcomes. For example, a linear combination of all outcomes, choosing one outcome
as primary and other outcomes as secondary, and global statistical tests (GST). Among those
methods, the implementation of the linear combination of all outcomes is relatively easy.How-
ever, it reduces the information substantially and the interpretation maybe difficult (Bandy-
opadhyay et al., 2011). The method of choosing one outcome as primary and other outcomes
as secondary may encounter problems when the conclusions from the primary analysis and
secondary analysis are quite different. The GSTmethod has some attractive properties such as
maintaining high power while controlling the overall Type I error (Huang et al., 2005, 2009).
However, unless certain assumptions regarding the variances and covariance structure are
met, the GST can neither adjust for covariates of interest nor utilize the full longitudinal data
information.

An alternative approach is the latent variable approach that assumes all outcomes are the
clinicalmanifestation of the unobservable latent variables (Mungas andReed, 2000). Themul-
tilevel item response theory (MLIRT) models, which is based on the latent variable approach,
have been increasingly used (Douglas, 1999; Glas et al., 2009; He and Luo, 2016). TheMLIRT
model consists of two levels of models. The first level of the MLIRT model describes the
outcome measurements as functions of the subject-specific disease severity (the latent vari-
able) and measurement-specific parameters. In the second level model, the latent variable is
regressed on the covariates of interest and the subject-specific random effects. Some of the
advantages of the MLIRT model include: (1) it uses the full longitudinal information; and
(2) it explicitly accounts for all three sources of correlations via the subject-specific random
effects; (3) it has a better reflection of the multilevel data structure; and (4) it simultaneously
estimates the measurement-specific parameters, the covariate effects, as well as the subject-
specific disease progression characteristics (Kamata, 2001).

A normal distribution is usually assumed for the continuous outcomes in the MLIRT
models. However, the parameter estimations may be biased due to the violation of normal-
ity assumptions. The departure from normality may be due to skewness, outliers, or both
(Lachos et al., 2011). Common approaches of handling non-normal data include elimination
of outliers (or influential data points) and data transformation. Elimination of outliers may
not be appropriate in many efficacy assessments in clinical trial studies in order to follow the
intent-to-treat (ITT) principle (Little and Yau, 1996). Data transformation may reduce infor-
mation and the transformation may vary with different datasets (Bandyopadhyay et al., 2010;
Lachos et al., 2011). Therefore, it is essential to replace the normality assumption with a more
flexible distribution that accounts for the skewness and outliers in the continuous outcomes
and produces robust parameter estimates. The skew-normal/independent (SNI) distribution
is an attractive class of asymmetric heavy-tailed distributions. There has been a consider-
able size of literature using the SNI distributions in the mixed model framework (Azzalini
and Capitanio, 2003; Bandyopadhyay et al., 2010, 2012; Lachos et al., 2009, 2010; Sahu et al.,
2003). However, there is no literature discussing the SNI distribution in theMLIRTmodeling
framework.

The follow-up in longitudinal clinical studies may be stopped by terminal events, which
are either noninformative (administrative censoring such as study termination) or infor-
mative (e.g., death or dropout due to disease progression). When the terminal events are
related to patients’ disease conditions, the unobserved outcomes are non-ignorable. The
dependent terminal event time is commonly termed as informative censoring or dependent
censoring. It has been shown that ignoring dependent censoring leads to biased estimates
(Henderson et al., 2000). Joint modeling of the dependent terminal event time and the longi-
tudinal outcomes provide consistent estimates (Henderson et al., 2000). In the current context,
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COMMUNICATIONS IN STATISTICS—SIMULATION AND COMPUTATION® 3

the joint modeling is essential not only to correct the bias in the parameter estimates in the
MLIRT model, but also to answer the research question such as “do patients with worse PD
severity and/or faster disease progression rate tend to have a terminal event earlier?” There-
fore, in this article, we propose a robust Bayesian parametric jointMLIRTmodel that accounts
for both dependent censoring and the violation of the normality assumption due to skewness
and outliers. The modeling framework consists of an MLIRT sub-model with an SNI distri-
bution for the multivariate longitudinal data and a Cox proportional hazard sub-model for
the dependent censoring event. Two sub-models are linked by a shared random effects vector.

The rest of the article proceeds as follow. In Section 2, we describe a clinical trial that moti-
vated the method development. In Sections 3, we discuss the MLIRT models, the SNI dis-
tributions, the Bayesian inference, as well as various model selection criteria. In Section 4,
we present an extensive simulation study comparing the performance of various models. In
Section 5, we apply our proposed method to the DATATOP study dataset. Section 6 summa-
rizes the main findings and discusses our future research.

2. Amotivating example

The method development was motivated by the Deprenyl And Tocopherol Antioxidative
Therapy of Parkinsonism (DATATOP) study. The DATATOP study was a double-blind,
placebo-controlled, multi-center clinical trial with 2 × 2 factorial design to determine if
deprenyl 10 mg/d and/or tocopherol (vitamin E) 2000 IU/d administered to patients with
early PD will delay the time until the initiation of levodopa therapy. Thus, the terminal event
was the initiation of levodopa therapy. A total of 800 eligible patients were enrolled and ran-
domized to one of the four treatment arms: active deprenyl alone, active tocopherol alone,
both active deprenyl and tocopherol, and double placebo.Only deprenylwas found to be effec-
tive in delaying the time to use the levodopa therapy (Parkinson Study Group, 1993). In this
article, we investigate the effect of deprenyl and define the treatment group as the patients who
received deprenyl (active deprenyl alone and both active deprenyl and tocopherol), and define
the placebo group as the patients who did not receive deprenyl (active tocopherol alone and
double placebo). The longitudinal outcomes are the Unified Parkinson’s Disease Rating Scale
(UPDRS), the Hoehn and Yahr scale (HY), and the Schwab and England activities of daily
living (SEADL). Data were collected at baseline, month 1, every three months from month
3 to month 24. The UPDRS total score is approximated by a continuous variable with inte-
ger value from 0 (not affected) to 176 (most severely affected) that evaluates patients’ menta-
tion, behavior, and activities of daily life (Bushnell and Martin, 1999). The HY variable is an
ordinal outcome that measures the disability level in daily activities, the score ranging from
1 to 5with higher values indicatingworse conditions (Müller et al., 2000). The SEADLvariable
assesses patients’ daily activities and it is an ordinal variable with integer values ranging from
0 to 100 incrementing by 5, with larger values indicating better clinical conditions (McRae
et al., 2000).

In the DATATOP study, there were 153 and 223 patients in treatment and placebo groups,
respectively, initiated the levodopa therapy during the follow-up. The levodopa therapy pro-
vided temporary relief of PD symptoms and may significantly change the outcomes for a
short period. For this reason, only the outcomes before the initiation of levodopa therapy
can be used to evaluate the treatment efficacy. Figure 1 shows the mean UPDRS values for
DATATOP patients with follow-up time less than 9month (solid line), 9 to 15month (dashed
line), andmore than 15month (dotted line), respectively. Patients with shorter follow-up time
have higher (worse) UPDRS values, suggesting strong association between the longitudinal
outcomes and time to the initiation of levodopa therapy.
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4 G. CHEN AND S. LUO

Figure . Mean UPDRS values for patients with follow-up time less than months (solid line),  to months
(dashed line), and more than  months (dotted line).

Figure 2 displays the histograms and the Q-Q plots of the residuals of the continuous out-
come UPDRS by fitting the MLIRT model (6) (with normal assumption for the continuous
outcomeUPDRS) to theDATATOPdataset. Figure 2 suggests the presence of skewness, heavy
tails, outliers in the outcome UPDRS. So in the following sections, we will develop a joint
modeling framework that accounts for all three data features, that is, skewness, outliers, and
dependent censoring.

3. Themodel and estimation

3.1. Themultilevel item response theory (MLIRT)model

Let yi jk be outcome k (k = 1, . . . ,K) for patient i (i = 1, . . . ,N) at visit j ( j = 1, . . . , Ji),
where j = 1 is baseline. Outcome yi jk can be binary, ordinal, or continuous and it is recoded

Figure . Histogram and Q-Q plot of residuals of the continuous outcome UPDRS obtained by fitting a joint
MLIRT model () (with normal assumption for outcome UPDRS).
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COMMUNICATIONS IN STATISTICS—SIMULATION AND COMPUTATION® 5

such that larger values indicate worse medical conditions. Let yi j = (yi j1, . . . , yi jk, . . . , yi jK )′

be the vector of observations for patient i at visit j and let yi = (yi1, . . . , yiJi )
′ be the outcome

matrix across visits. Let θi j be the continuous latent variable denoting the underlining disease
severity for patient i at visit j with higher value indicating more severe status. The multilevel
item response theory (MLIRT) model consists of two levels. In the first level measurement
model, wemodel the outcomes as functions of θi j and subject-specific parameters. Specifically,
we model the binary outcomes using a two-parameter sub-model (Fox, 2010), the cumulative
probabilities of ordinal outcomes using graded response sub-model (Samejima, 1997), and
the continuous outcomes using common factor sub-model (Lord et al., 1968) as follows.

logit{p(yi jk = 1|θi j)} = ak + bkθi j, (1)
logit{p(yi jk ≤ l|θi j)} = akl − bkθi j, with l = 1, 2, . . . , nk − 1, (2)

yi jk = ak + bkθi j + εi jk, (3)

where random error εi jk ∼ N(0, σ 2
k ) with σ 2

k being variance of continuous outcome k, ak is
the outcome-specific “difficulty” parameter, and bk is the “discriminating” parameter that
is always positive and describes the intensity to which outcome k discriminates between
patients with latent disease severity θi j. Suppose the ordinal outcome k in model (2) has
nk categories and nk − 1 thresholds ak1, . . . , akl, . . . , aknk−1 that satisfy the order constraint
ak1 < · · · < akl < · · · < aknk−1 . The probability that patient i being in category l on outcome
k at visit j is defined as p(Yi jk = l|θi j) = p(Yi jk ≤ l|θi j) − p(Yi jk ≤ l − 1|θi j).

In the second level structuralmodel, the latent disease severity θi j is regressed on covariates
of interest (e.g., treatment, disease duration, and time) and subject-specific random effects.

θi j = X i0β0 + ui0 + (X i1β1 + ui1)ti j, (4)

where X i0 and X i1 are the covariate vectors and they may share all or part of the covariates, ui0
is the random intercept that represents the subject-specific disease severity and ui1 is the ran-
dom slope that represents the subject-specific disease progression rate. Let ui = (ui0, ui1)′ and
we assume ui0 ∼ N(0, 1), ui1 ∼ N(0, σ 2

u ), and corr(ui0, ui1) = ρ. It is widely known that the
item-response models are over-parameterized (Samejima, 1997) and additional constraints
need to be imposed to make the models identifiable. To this end, we impose the constraint
Var(ui0) = 1. Let ti denote the time to a terminal event for patient i, ζi (1 if the terminal event
is observed and 0 if not) denote the censoring indicator for ti. Let X i denote the vector of
potential risk factors. Then the Cox proportional hazard model for ti, conditional on ui, can
be written as

h(ti|ui) = h0(ti) exp(X iγ + η0ui0 + η1ui1), (5)

where γ is the unknown parameter vector for the potential risk factors X i, η0 and η1 measure
the strength of the association between the Cox proportional hazard model and the MLIRT
model. Shared random effects ui0 and ui1 are used to account for the correlation between the
survival time and longitudinal outcomes.When the parameters η0 and η1 are not equal to zero,
the correlation between the survival time and longitudinal outcomes is incorporated. Specifi-
cally, positive parameters η0 and η1 indicate that the patients withmore severe disease severity
and faster disease progression rate tend to have higher risk of initiating levodopa therapy, and
vice versa. We adopt a piecewise constant function to approximate the baseline hazard func-
tion h0(t ) and assume the hazard rate is constant within a given time period (Lawless and
Zhan, 1998). Given a set of time points 0 = τ0 < τ1 < · · · < τm and the baseline hazard vec-
tor g = (g0, g1, · · · , gm−1)

′, the piecewise constant hazard function can be approximated by
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6 G. CHEN AND S. LUO

h0(t ) = ∑m−1
l=0 glIl(t ), where Il(t ) is an indicator function with Il(t ) = 1 if τl ≤ t < τl+1 and

0 otherwise.
Under the local independence assumption (i.e., conditional on the random effects vector

ui, all outcome measures for each patient are independent) (Fox, 2010), the full likelihood of
patient i across all visits is

L(yi, ui) =
⎡⎣ Ji∏

j=1

K∏
k=1

p(yi jk|ui)

⎤⎦ · h(ti|ui)
ζi S(ti|ui) · p(ui), (6)

where the survival function S(ti|ui) = exp[− ∫ ti
0 h(s|ui)ds] and p(ui) is the density func-

tion for random effects vector ui. For notational ease, we let the difficulty parameter vec-
tor be a = (a′

1, . . . , a′
k, . . . , a

′
K ), with a′

k = (ak1, . . . , aknk−1)
′ for ordinal outcomes. Let the

discrimination vector be b = (b1, . . . , bK )′ and let β = (β0
′, β1

′)′. Because we assume nor-
mal random errors for the continuous outcomes in model (3), we refer to this joint modeling
framework asmodel JMNwith the parameter vector� = (a′, b′, β′, ρ, σu, σk, γ

′, η0, η1, g′)′.
We refer to as reduced model RMN, the model assuming that the survival time is indepen-
dent to the longitudinal outcomes (i.e., η0 = η1 = 0). The parameter vector of model RMN is
� = (a′, b′, β′, ρ, σu, σk, γ

′, g′)′.

3.2. The skew-normal/independent (SNI) distributions

The skew-normal/independent (SNI) distribution is an attractive class of asymmetric heavy-
tailed distributions that includes skew-t (ST), skew-slash, and skew-contaminated normal dis-
tributions. In this article, we adopt the ST distribution, while the application of other SNI dis-
tributions is straightforward. It is of note that the ST distribution reduces to the skew-normal
distribution (SN, asymmetric but not heavy-tailed) when degree of freedom is large. We con-
sider the ST and SN distributions introduced by Sahu et al. (2003), which have the stochastic
representation and are suitable for a Bayesian computation and briefly discussed below.

For simplicity, we illustrate the implementation of the univariate ST distribution in one
continuous outcome k in model (3). Let δ be the skewness parameter for continuous outcome
yi jk, and ν be the degree of freedom for the ST distribution, then following Sahu et al. (2003),
the stochastic representation of the ST distribution for yi jk is given by

yi jk|ak, bk, θi j, σ 2
k , ωi jk, zik, δ, ν ∼ N(ak + bkθi j + δzik, σ 2

k /ωi jk),

zik ∼ N(0, 1)I(zik > 0),
δ ∼ N(0, �),

ωi jk ∼ Gamma(ν/2, ν/2),

where the weight variable ωi jk is a positive random variable with density p(ωi jk|ν), where the
parameter ν > 0 represents degree of freedom, zik is a subject-specific variable for outcome
k that follows a truncated standard normal distribution. The skewness parameter δ indicates
the skewness of outcome k, with positive δ representing a right skewed distribution and nega-
tive δ representing a left skewed distribution. The parameter � determines the prior variance
information for δ. It is of note that when the degree of freedom ν → ∞, the distribution
Gamma(ν/2, ν/2) degenerates to 1, that is, ωi jk ≡ 1. In this case, the ST distribution reduces
to the SN distribution. Moreover, when the skewness parameter δ = 0, the ST distribution
reduces to the symmetric and heavy-tailed student-t distribution. In practice, the parameters
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COMMUNICATIONS IN STATISTICS—SIMULATION AND COMPUTATION® 7

ν and δ can be estimated from the data and small ν and large δ in absolute value are indications
of heavy tails (outliers) and skewness, respectively.

Incorporating the ST distribution, the full likelihood in (6) becomes

L(yi, ui, ωi jk, zik, δ) =
Ji∏
j=1

[
K∏

k=1

p(yi jk|ui, ωi jk, zik, δ)p(ωi jk)p(zik)

]
h(ti|ui)

ζi S(ti|ui)p(ui).

(7)
We denote it as model JMST with the parameter vector � = (a′, b′, β′, ρ, σu, σk, γ

′,
η0, η1, g′, ν, δ)′. When we assume that the longitudinal outcomes and survival time are inde-
pendent (η0 = η1 = 0), we denote the corresponding reducedmodel as model RMST with the
parameter vector � = (a′, b′, β′, ρ, σu, σk, γ

′, g′, ν, δ)′. In addition, we denote the models
using either t or SN distributions under either joint or reduced model frameworks as models
JMT, JMSN, and RMN, respectively.

In summary, we consider the following models that account for various combinations of
the three data features, that is, skewness, outliers, and dependent censoring.

JMST: accounts for all three features;
JMSN: accounts for skewness and dependent censoring, but not outliers;
JMT: accounts for outliers and dependent censoring, but not skewness;
JMN: accounts for dependent censoring, but not skewness and outliers;
RMST: accounts for skewness and outliers, but not dependent censoring;
RMT: accounts for outliers, but not skewness and dependent censoring;
RMN: does not account for any of the three features.

3.3. Bayesian inference andmodel selection criteria

To infer the unknown parameter vector�, we use Bayesian inference based onMarkov chain
Monte Carlo (MCMC) posterior simulations. The model fitting is performed using the JAGS
language (JAGS version 3.4.0). We assume vague priors on all parameters in �. Specifically,
the prior distribution of all parameters in β, γ and η0, η1 are N(0, 100). We use the prior
distribution Gamma(0.001, 0.001) for all components in b and σu to ensure positivity, and
use Uniform[−1, 1] for ρ. The prior distribution for the difficulty parameter ak of the con-
tinuous outcomes is ak ∼ N(0, 100). For the ordinal outcomes, we let ak1 ∼ N(0, 100), and
akl = ak,l−1 + δl for l = 2, nk − 1 with δl ∼ N(0, 100)I(0,) (normal distribution left trun-
cated at 0). For the parameters related to the ST distributions, we use Gamma(0.001, 0.001)
for ν and δ. We have investigated other selections of vague prior distributions with different
hyper-parameters and have obtained very similar results in both the simulation study and
data application. Multiple chains with dispersed initial values are run. We use the history
plots and view the absence of apparent trend in the plots as evidence of convergence. We also
use Gelman–Rubin diagnostic statistics to ensure the scale reduction R̂ of all parameters are
smaller than 1.1 (Gelman et al., 2013). To facilitate easy reading and implementation of the
proposed models, a sample JAGS code for fitting model JMST has been posted in the web
supplement.

Among the various model selection methods available in Bayesian inference, we select
the following six: the log pseudo-marginal likelihood (LPML), deviance information cri-
terion (DIC), expected Akaike information criterion (EAIC), expected Bayesian informa-
tion criterion (EBIC), Watanabe-Akaike information criterion (WAIC), and Bayes factor
(BF).
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8 G. CHEN AND S. LUO

Conditional predictive ordinate (CPO) (Carlin and Louis, 2011) is a cross-validation pre-
dictivemethod that evaluates the predictive distribution of themodel conditioning on the data
but with one subject deleted. Let y be the full observed data and y(i) be the data with subject i
deleted. Then the CPO for subject i is defined as CPOi = p(yi|y(i)) = ∫

p(yi|�)p(�|y(i))d�.
Large CPO suggests that the data for subject i can be well predicted by the model based
on the data from all other subjects. Thus, lager CPO indicates a better model fit. Because
there is no close form for CPOi for our proposed models, we adopt a Monte Carlo estimation
obtained from the posterior distribution p(�|y). Because the function of CPOi can be further
derived as CPOi = p(yi|y(i)) = p(y)/p(y(i)) = 1/

∫
p(�|y)/p(yi|y(i), �)d�, a harmonic-

mean approximation of CPOi is ̂CPOi = ( 1
M

∑M
t=1

1
p(yi|y(i),�

(t ) )
)−1 = ( 1

M

∑M
t=1

1
p(yi|�(t ) )

)−1,
whereM is the total number of post burn-in samples (Dey et al., 1997). A summary statistics
of CPOi is log pseudo-marginal likelihood (LPML), defined as LPML = ∑N

i=1 log(̂CPOi). A
larger value of LPML suggests a better model fit.

The deviance information criterion (DIC) assesses model fit based on the posterior mean
of the deviance and a penalty on the model complexity (Spiegelhalter et al., 2002). A smaller
value of DIC indicates better model fit. In addition, the expected Akaike information cri-
terion (EAIC) and the expected Bayesian information criterion (EBIC) (Carlin and Louis,
2011), which add penalty on the total number of parameters in the model and the sample
size, respectively, were also used to evaluate the model performance. Smaller values of EAIC
and EBIC suggest better model fit. Moreover, WAIC is an approximation of cross-validation
using full Bayesian method. WAIC is computed based on the pointwise posterior predictive
density and adjusted for the effective number of parameters (Gelman et al., 2014). Smaller
values of WAIC suggest better model fit.

Furthermore, Bayes factor (BF) is a standard Bayesian solution (an alternative to p value in
the frequentist framework) to the hypothesis testing for competingmodels. The BF quantifies
the degree to which the observed data support a hypothesis (Lewis and Raftery, 1997):

BF(M1;M2) = f (y|M1)

f (y|M2)
=

∫
f (y|�1,M1) f (�1|M1)d�1∫
f (y|�2,M2) f (�2|M2)d�2

,

where �l is the parameter vectors for modelMl for l = 1, 2; f (y|�l,Ml ) is the likelihood of
modelMl ; and f (�l |Ml ) is the posterior density of�l for modelMl . The direct computation
of the integration involved in the BF is not straightforward, so the Laplace–Metropolis esti-
mator based on normal distribution is used to approximate the marginal likelihood f (y|Ml ).
Specifically, the f (y|Ml ) ≈ (2π)dl/2|�l |1/2 f (y|�̄l,Ml ) · f (�̄l |Ml ), where dl is the number of
parameters in �l , �l is the posterior covariance matrix of �l , �̄l is the posterior mean of �l ,
f (�̄l |Ml ) is the prior probability of parameters evaluated at �̄l , and f (y|�̄l,Ml ) is the likeli-
hood evaluated at the posterior mean �̄l . The interpretation of the BF is summarized by Kass
and Raftery (1995). In particular, when BF is greater than 100, decisive evidence is shown in
favor of ModelM1 overM2.

4. Simulation studies

In this section, we conducted an extensive simulation study with two settings to compare the
performance of the following models: JMST, JMSN, JMT, JMN, RMST, RMT, and RMN. Note
that the method proposed by Chen and Luo (2016) considers outliers problem but ignored
two data features, that is, skewness and dependent censoring, and it is essentially model RMT

as illustrated in Section 3.2 In both settings, we generated 400 datasets with a sample size of
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COMMUNICATIONS IN STATISTICS—SIMULATION AND COMPUTATION® 9

400 patients (200 in both treatment and placebo groups). The data structure was similar to
the motivating dataset, and it had one continuous outcomes and two ordinal outcomes (both
with seven categories) at five visits (months 0, 1, 3, 9, 15).

We generated data based on the following model θi j = X i0β0 + ui0 + (X i1β1 + ui1)ti j, and
h(ti|ui) = h0(ti) exp(X iγ + η0ui0 + η1ui1). We set X i0 = 0 and X i1 = xi, where the covari-
ate xi took value 0 or 1 each with probability 0.5 to mimic treatment assignment. We set
the coefficients to be β = (β10, β11)

′ = (0.4, −0.5)′ and γ = −1. The parameters for the
continuous outcomes were set to be a1 = 25, b1 = 10, and σ1 = 5. The parameters for
the ordinal outcomes were set to be a2 = (−2.7, −0.6, 2, 2.8, 5, 6), b2 = 2, a3 = (−0.1,
1, 1.8, 2.6, 3.3, 4), b3 = 0.4. We assumed that the subject-specific random effects vector
ui = (ui0, ui1)′ ∼ N2(0, �u), where �u = {(1, ρσu), (ρσu, σ

2
u )} with ρ = 0.4 and σu = 1.3.

The baseline hazard h0 was set to 0.5 and η0 = 0.4 and η1 = 1. The independent cen-
soring time was sampled from uniform(10, 20). We applied the Bayesian framework in
Section 3.2 and we ran two MCMC chains with dispersed initial values. Each MCMC
chain was run for 20,000 iterations with the first 10,000 iterations discarded as burn-
in. We computed the average of the posterior mean minus the true values (Bias), the
square root of the average of the posterior variance (SE), the standard deviation of the
posterior means (SD), and coverage probabilities of the 95% equal-tail credible intervals
(CP).

In setting I, we evaluated the model performance when both skewness and outliers exist
in the continuous outcome. To generate the skewness, we first generated one continuous out-
come from a skew-normal distribution with mean μi j = a1 + b1θi j, σ1 = 5, and skewness
parameter δ = 7. Then, to generate outliers, we randomly selected 5% of the data points
from the continuous outcome and replaced them with noise from either uniform[−μ − 4σ1,
μ − 2σ1] or uniform[μ + 2σ1, μ + 4σ1] with equal probabilities.

Due to the space restriction, in Table 1, we only presented the results from the four joint
models, that is, JMN, JMT, JMSN, and JMST, while the results from the reduced models RMN,
RMT, and RMST can be found in the Web Table 1. Among all the models, JMST provided the
best parameter estimates with smallest bias, SE close to SD, and the CPs reasonably close to
nominal level of 0.95. The models that ignore skewness and/or outliers (models JMN, JMT,
and JMSN) overestimated the difficulty parameter a1 and the discriminating parameter b1,
and the CPs were markedly away from the nominal value of 0.95. However, model RMST pro-
vided more reasonable estimates (smaller bias and CPs closer to 95%) to the parameters a1
and b1. All models except model JMST gave biased estimates and poor CPs to the parameters
β10 (disease progression rate for the patients in the placebo group), β11 (the change in dis-
ease progression rate by the treatment). Comparing to their joint model counterparts (mod-
els JMN, JMT, and JMST), the reduced models RMN, RMT, and RMST provided larger bias on
the parameters β10, β11, and γ (treatment effect on the survival time). This is because that by
ignoring the dependent censoring (the subjects with more severe disease severity and faster
disease progression tend to have a terminal event earlier), the reduced models tend to reduce
the difference between two groups and therefore underestimate the treatment effects in both
the longitudinal and survival models. The poor estimates of σ1 from all models are not sur-
prising because the variance of the continuous outcome was artificially inflated by replacing
5% of data by large noise. The results in this simulation setting indicated that it was essen-
tial to account for the skewness and outliers in the continuous outcome as well as dependent
censoring within theMLIRT joint modeling framework to obtain correct estimates in disease
progression and treatment effects, in addition to the parameters specific to the continuous
outcome.

D
ow

nl
oa

de
d 

by
 [

D
uk

e 
U

ni
ve

rs
ity

 M
ed

ic
al

 C
en

te
r]

 a
t 1

5:
05

 0
7 

Se
pt

em
be

r 
20

17
 



10
G
.CH

EN
A
N
D
S.LU

O

Table . Setting I: simulation results frommodels JMN, JMT, JMSN, and JMST when there were skewness and % outliers in the continuous outcome.

JMN JMT JMSN JMST

True Bias SD SE CP Bias SD SE CP Bias SD SE CP Bias SD SE CP

a1 . 4.203 . . 0.000 5.829 . . 0.000 1.469 . . 0.928 . . . .
b1 . 0.298 . . 0.871 0.708 . . 0.628 0.240 . . 0.897 − . . . .
σ1 . . . . . − . . . . . . . . − . . . .
a21 − . . . . . . . . . . . . . − . . . .
a22 − . . . . . . . . . . . . . − . . . .
a23 . − . . . . − . . . . − . . . . . . . .
a24 . − . . . . − . . . . − . . . . . . . .
a25 . . . . . − . . . . . . . . . . . .
a26 . . . . . . . . . . . . . . . . .
b2 . − . . . . − . . . . − . . . . . . . .
a31 − . . . . . . . . . . . . . . . . .
a32 . . . . . . . . . . . . . . . . .
a33 . . . . . . . . . . . . . . . . .
a34 . . . . . . . . . . . . . . . . .
a35 . . . . . . . . . . . . . . . . .
a36 . . . . . . . . . . . . . . . . .
b3 . . . . . − . . . . . . . . − . . . .
β10 . −0.150 . . 0.897 −0.056 . . −0.930 −0.142 . . 0.902 − . . . .
β11 − . 0.064 . . 0.929 0.034 . . 0.941 0.054 . . 0.934 . . . .
ρ . − . . . . − . . . . − . . . . − . . . .
σu . − . . . . − . . . . − . . . . − . . . .
γ − . − . . . . − . . . . − . . . . − . . . .
η1 . − . . . . − . . . . − . . . . . . . .
η2 . . . . . . . . . . . . . . . . .

Note: Large bias and poor CP are highlighted in bold.

Downloaded by [Duke University Medical Center] at 15:05 07 September 2017 
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In setting II, we generated data from model JMN with no skewness and outliers in the
continuous outcome and presented the results from models RMT, RMST, JMN, and JMST
in Table 2. Due to space constraint, we did not present the outcome-specific parameters
a and b, but the estimation of all these parameters were reasonably good. Table 2 suggests that
in comparison to the results from the true model JMN, the proposed model JMST produced
comparable and satisfactory results, that is, the bias was negligible, SE was close to SD, and the
overage probabilities were reasonably close to nominal level of 0.95. The over-parameterized
model JMST is still a reasonable choice. However, models RMT and RMST produced mislead-
ing results with large bias on all parameters due to the ignorance of dependent censoring.

From the simulation study, when both skewness and outliers existed in the continuous
outcome,model JMST produced accurate parameter estimates while all othermodels provided
severely biased estimates for some parameters. In the absence of skewness and outliers in
the continuous outcome, the overparameterized model JMST provided results comparable to
model JMN. Due to the ignorance to skewness and dependent censoring, model RMT, that is,
the method proposed by Chen and Luo (2016), produced larger bias on the treatment effect
related parameters β10, β11, and γ under both simulation settings I and II.

5. Application to the DATATOP study

In this section, we applied our proposedmethod to themotivatingDATATOP study.We com-
pared the results of four jointmodels JMN, JMT, JMSN, and JMST, as well as the reducedmodels
RMN, RMT, and RMST. The longitudinal outcomes under consideration are UPDRS (contin-
uous), HY (ordinal with five categories), and SEADL (ordinal with six categories). We also
reverse-coded the SEADL variable so that all three outcomes have higher value indicating
worse clinical condition.We removed one patient that has noUPDRSmeasurements across all
visits. Therefore, there were 398 and 401 patients in the treatment and placebo groups, respec-
tively. And there were 153 and 222 patients in treatment and placebo groups, respectively,
experienced the terminal event, that is, initiation of levodopa therapy.We letX i0 = 0 and con-
sidered the treatment assignment as the only covariate in X i1. So the second level model (4)
became θi j = ui0 + (β10 + β11xi + ui1)ti j. The Cox model for the time to levodopa therapy
became h(ti|ui) = h0(ti) exp(γ xi + η0ui0 + η1ui1). To specify the baseline hazard h0(ti), we
divided the survival time into K = 3 intervals by every 1/Kth quantiles. Other specification
of K were also explored, the results were very similar. We used two parallel MCMC chains
with over-dispersed initial values, and ran each chain for 20,000 iterations. The first 10,000
iterations were discarded as burn-in and the inferencewas based on the remaining 10,000 iter-
ations. Goodmixing properties of the MCMC chains for all model parameters were observed
in the trace plots. The scale reduction R̂ of all parameter were smaller than 1.1.

Table 3 displays various model comparison criteria obtained from the models under con-
sideration. The proposed model JMST performed significantly better than all other models
with largest LPML value and smallest DIC, EAIC, EBIC, andWAIC values. Hence, we selected
model JMST as the final model. As introduced in Section 3.3, BF is a Bayesian alternative to p
value for hypothesis testing for competing models. In our model settings, when η0 = η1 = 0,
model JMST reduces to model RMST; when ν → ∞ or equivalently ωi jk = 1, model JMST
reduces tomodel JMSN; when δ = 0, model JMST reduces tomodel JMT; when both δ = 0 and
ν → ∞, model JMST reduces to model JMN; when δ = η0 = η1 = 0, model JMST reduces to
model RMT; and when δ = η0 = η1 = 0 and ν → ∞, model JMST reduces to model RMN.
We computed the BFs to compare all the models stated above to our proposed model JMST.
The BF results were summarized in Table 3. Decisive evidence (BF >> 100) was shown in
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Table . Setting II: simulation results frommodels RMT, RMST, JMN, and JMST when there were no skewness and outliers in the continuous outcome.

RMT RMST JMN JMST

True Bias SD SE CP Bias SD SE CP Bias SD SE CP Bias SD SE CP

β10 . − 1.226 . . 0.000 − 1.229 . . 0.000 − . . . . − . . . .
β11 − . 0.365 . . 0.496 0.367 . . 0.532 − . . . . − . . . .
γ − . 0.293 . . 0.338 0.300 . . 0.327 − . . . . − . . . .
η1 . — — — — — — — — . . . . . . . .
η2 . — — — — — — — — . . . . . . . .

Note: Large bias and poor CP are highlighted in bold.

Downloaded by [Duke University Medical Center] at 15:05 07 September 2017 
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Table . Model comparison statistics from various models for the DATATOP dataset. LPML: log pseudo-
marginal likelihood; DIC: deviance information criterion; EAIC: expected Akaike information criterion; EBIC:
expected Bayesian information criterion; BF: Bayes factor. The best fitting model is highlighted in bold.

LPML DIC EAIC EBIC WAIC BF

JMST − 24832.28 51079.95 48319.02 48431.42 56359.83 Ref
RMST − . . . . . >>
JMSN − . . . . . >>
JMT − . . . . . >>
RMT − . . . . . >>
JMN − . . . . . >>
RMN − . . . . . >>

favor of JMST over all other models, suggesting that it was essential to account for all three
data features (skewness, outliers, and dependent censoring) in the DATATOP study.

Table 4 displays the posterior means and standard deviation (SD) of all parameters from
all six models. The skewness parameter δ was significantly positive in both models JMSN and
JMST, suggesting the existence of right skewness in the outcome UPDRS. To visualize this,
Fig. 3 displays the posterior density distribution of δ frommodels JMSN (left panel) and JMST
(right panel). It suggests that the UPDRS variable followed a right skewed distribution with
a statistically significant skewness parameter (̂δ = 11.958 with 95% CI [11.179, 12.805] in
model JMSN; δ̂ = 12.159 with 95% CI [11.424, 12.982] in model JMST). Figure 4 displays the
posterior density distributions of the degree of freedom ν from models JMT (left panel) and
JMST (right panel). For bothmodels, the densities of ν concentrated around small value (mean:
4.250, 95%CI [3.594, 5.010] inmodel JMT;mean: 3.668, 95%CI [3.200, 4.232] inmodel JMST),
providing some evidence for the existence of heavy tails (outliers) in the UPDRS variable.

Table . Results of fitting various models in the DATATOP dataset. Parameters a1 and b1 are for the outcome
UPDRS. Parameters a21, . . . , a24 and b2 are for the outcome HY. Parameters a31, . . . , a35 and b3 are for the
outcome SEADL. Parameters ν and δ are the tuning parameter and skewness parameter, respectively, for
the outcome UPDRS.

RMN RMT RMST JMN JMT JMSN JMST
Mean(SD) Mean(SD) Mean(SD) Mean(SD) Mean(SD) Mean(SD) Mean(SD)

a1 .(.) .(.) .(.) .(.) .(.) .(.) .(.)
b1 .(.) .(.) .(.) .(.) .(.) .(.) .(.)
σ1 .(.) .(.) .(.) .(.) .(.) .(.) .(.)
ν — .(.) .(.) — .(.) — .(.)
δ — — .(.) — — .(.) .(.)
a21 − .(.) − .(.) − .(.) − .(.) − .(.) − .(.) − .(.)
a22 .(.) .(.) .(.) .(.) .(.) .(.) .(.)
a23 .(.) .(.) .(.) .(.) .(.) .(.) .(.)
a24 .(.) .(.) .(.) .(.) .(.) .(.) .(.)
b2 .(.) .(.) .(.) .(.) .(.) .(.) .(.)
a31 − .(.) − .(.) − .(.) − .(.) − .(.) − .(.) − .(.)
a32 − .(.) − .(.) − .(.) − .(.) − .(.) − .(.) − .(.)
a33 .(.) .(.) .(.) .(.) .(.) .(.) .(.)
a34 .(.) .(.) .(.) .(.) .(.) .(.) .(.)
a35 .(.) .(.) .(.) .(.) .(.) .(.) .(.)
b3 .(.) .(.) .(.) .(.) .(.) .(.) .(.)
β10 .(.) .(.) .(.) .(.) .(.) .(.) .(.)
β11 − .(.) − .(.) − .(.) − .(.) − .(.) − .(.) − .(.)
ρ .(.) .(.) .(.) .(.) .(.) .(.) .(.)
σu .(.) .(.) .(.) .(.) .(.) .(.) .(.)
γ − .(.) − .(.) − .(.) − .(.) − .(.) − .(.) − .(.)
η1 — — — .(.) .(.) .(.) .(.)
η2 — — — .(.) .(.) .(.) .(.)
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14 G. CHEN AND S. LUO

Figure . Posterior density functions of the skewness parameter δ frommodels JMSN (left panel) and JMST
(right panel).

Comparing to model JMST, the models that ignore skewness and/or outliers (models RMN,
RMT, JMN, JMT, and JMSN) provided larger estimates to outcomeUPDRS’ difficulty parameter
a1 and discriminating parameter b1, a phenomenon also observed in simulation setting I.
Moreover, comparing to their joint model counterparts (models JMN, JMT, and JMST), the
reduced models (models RMN, RMT, and RMST) provided markedly different estimates to
the parameters β10, β11, and γ , which was also reported in the simulation setting I.

Table 4 suggests that all six models demonstrated significant disease progression rate for
placebo patients (β10) and significant deprenyl effects in delaying the progression of PD symp-
toms (β11). The results were consistent with the findings from the DATATOP study analy-
sis (Parkinson Study Group, 1993). In model JMST, the disease progression rate for placebo
patients (β10) was 1.415 units per month (95% Cl: [1.302, 1.536]) and the changes in disease
progression rate by deprenyl (β11) was −0.655 units per month (95% Cl: [−0.792, −0.534]).
Furthermore, deprenyl significantly decreased the risk of initiating levodopa therapy by 65.6%
(γ = −1.066, 1 − exp(−1.066) = 0.656, 95% CI: [0.549, 0.739]). In addition, the significant
positive estimates of parameters η0 (mean: 0.448, 95%CI: [0.302, 0.586]) and η1 (mean: 1.418,

Figure . Posterior density functions of the degree of freedom ν from models JMT (left panel) and JMST
(right panel).

D
ow

nl
oa

de
d 

by
 [

D
uk

e 
U

ni
ve

rs
ity

 M
ed

ic
al

 C
en

te
r]

 a
t 1

5:
05

 0
7 

Se
pt

em
be

r 
20

17
 



COMMUNICATIONS IN STATISTICS—SIMULATION AND COMPUTATION® 15

Figure . Bayesian posterior estimates of the subject-specific disease severity θi j at each visit and the lowess
smooth curves for treatment and placebo groups frommodel JMST.

95% CI: [1.195, 1.646]) suggested that patients with worse disease severity (larger ui0) and
faster disease progression rate (larger ui1) had higher risk of initiating levodopa therapy.

To provide insight into the latent disease progression at each visit, Fig. 5 displays the poste-
rior estimates of the subject-specific latent disease severity θi j for all patients at all visits. The
estimates of θi j of the patients in the treatment and placebo groups were denoted by black
dots and circles, respectively. The solid and dashed lines were the lowess smooth curves for

Figure . The ranking of the Bayesian posterior estimates of the subject-specific disease severity ui0 (upper
panel) and disease progression rate ui1 (lower panel) with % CI, obtained frommodel JMST. The numbers
in the figures are patient numbers.
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16 G. CHEN AND S. LUO

the treatment and placebo groups, respectively. Figure 5 suggests that the placebo patients
had a faster disease progression rate before 9 month and slowed down thereafter, while the
treatment patients maintained a relative stable slower progression rate overtime. Overall, the
treatment patients had lower disease severity across all visits than the placebo patients. In
addition, from Table 4, we also observed a significant positive correlation ρ = 0.350 (95%
CI: [0.268, 0.424]) between the subject-specific disease severity ui0 and disease progression
rate ui1. This suggests that patients with worse disease severity (higher ui0) tend to have a
faster disease progression rate (higher ui1) and vice versa. To gain further insight into ui0, ui1,
and ρ, we ranked the patients so that the patients with mild disease severity and slow disease
progression rates had low ranks; while patients with more severe disease and faster disease
progression rate had high ranks. Figure 6 displays the ranked ui0 (upper panel) and ranked
ui1 (lower panel) for each patient. To visualize the effect of positive correlation coefficient ρ,
we have selected two patients. Patient 785 who ranked No. 792 for disease severity (upper
panel) had the same rank No. 792 in disease progression rate (lower panel) while patient 451
who ranked No. 3 in disease severity ranked No. 21 in disease progression rate.

6. Conclusions

In this article, we developed a joint modeling framework that consisted of an MLIRT sub-
model for multivariate longitudinal outcomes and a Cox proportional hazard sub-model for
the dependent terminal event while accounting for the skewness and outliers in the contin-
uous outcomes by using the asymmetric and heavy-tailed skew-normal/independent (SNI)
distributions. Simulation studies demonstrated that when both skewness and outliers existed
in the continuous outcome, the proposedmodel JMST produced accurate parameter estimates
with small bias and CPs close to the nominal level. Additionally, in the absence of outliers and
skewness in the continuous outcomes, our proposed model JMST model still produced satis-
factory results under model overparameterization. We applied our method to the motivating
DATATOP study and discovered positive skewness and heavy tails (outliers) in the contin-
uous outcome UPDRS. And we demonstrated that model JMST was the best-fitting model
to the DATATOP dataset based on six model selection criteria. Specifically, the Bayes factor
results indicated decisive evidences in favor of model JMST over all other models. We pro-
vided visualization of the subject-specific disease severity for each visit to gain insight into
the different disease progression rates for the treatment and placebo groups. The figure on the
subject-specific disease severity and subject-specific disease progression rate provides visual-
ization of their correlations. The Bayesian hierarchical implementation of SNI distributions to
the MLIRT model is relatively straightforward. The easy access of publicly available software
JAGS or BUGS provides a practical and feasible platform for practitioner and researchers to
perform analysis using our proposed method.

There are some limitations in our proposed model that we will address in our future study.
In addition to the DATATOP patients who were stopped due to the initiation of levodopa
therapy, there were 24 additional patients (12 in each group) who dropped out due to adverse
clinical effects of drugs, adverse lab tests due to drugs, andworsening of disease. In this article,
these dropouts have been treated as independent censoring.However, there are two important
reasons for carefully modeling these dropout events. First, they can be viewed as dependent
censoring for the initiation of levodopa because both events are related to the overall patient
disease condition. Second, disease-related dropout events generate non-ignorable missing
values in the outcomes. To handle them,wemay treat disease-related dropout events as a com-
peting risk for the initiation of levodopa and generalize the proposed modeling framework
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COMMUNICATIONS IN STATISTICS—SIMULATION AND COMPUTATION® 17

to account for multiple competing dependent censoring events. Moreover, we have modeled
the covariate effects as linear. Although this assumption simplifies the models, it may not be
supported by the data. In our future research, we would like investigate a class of varying-
coefficient models (Sun andWu, 2005) that incorporate the time-dependent covariate effects
via penalized splines with a truncated polynomial basis and a fixed number of knots (Rup-
pert, 2002). Moreover, some researchers (Song et al., 2002; Zeng and Cai, 2005) have reported
that the statistical inference of joint models is generally robust to the departure from the nor-
mality assumption of the random effects. It is of interest to investigate our joint model’s per-
formance when the underlying random effects distribution is symmetric non-normal or even
asymmetric.
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