
Crainiceanu et al.: Rejoinder 803

Figure 1. Templates learned from images of animal faces by mod-
el-based clustering. Each template consists of a set of wavelet basis
elements, each of which is illustrated by a bar. Number of training
images, 320; image height and width, 120 × 120 pixels; number of
clusters, 4; number of selected wavelet elements, 60.

deformable. Different clusters are represented by different tem-
plates (Bxi,s,αi , i = 1, . . . ,n). We assume that the scale s is fixed.

We have done some preliminary experiments on finding such
clusters. Figure 1 displays four templates obtained from 320
images (120 × 120 pixels) of animal faces by model-based
clustering, where in each template (Bxi,s,αi , i = 1, . . . ,n = 60),
Bxi,s,αi is illustrated by a bar at the location xi, scale s, and ori-
entation αi.

It remains unclear whether or not the clustering experiments
could be scaled up to learn thousands of templates or partial
templates from image patches of natural scenes or various ob-
ject categories. The templates of those clusters may become the

“visual words” for representing images, leading to sparser rep-
resentations of natural images than wavelets.

I would also like to mention the recent work of Hinton and
Salakhutdinov (2006) on dimension reduction based on the so-
called “auto-encoder” network, which is a multilayer neural
network with a low-dimensional central layer for reconstructing
the high-dimensional observed signal. The connection weights
of this network are pretrained by learning a restricted Boltz-
mann machine layer by layer. This autoencoder network ap-
pears to be able to capture some structures that elude PCA.

The aforementioned dimension reduction methods might not
be applicable to the data that the authors deal with. I bring them
up mainly to expand the discussion of existing tools for un-
supervised learning. I would like to end my discussion by ap-
plauding what the authors have achieved in this interesting arti-
cle.
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Rejoinder
Ciprian M. CRAINICEANU, Brian S. CAFFO, Sheng LUO, Vadim M. ZIPUNNIKOV, and Naresh M. PUNJABI

We would like to thank our colleagues who have commented
on our proposed methodology. We found their comments ex-
tremely thoughtful, with many ideas that are both useful and
stimulating. The quality of these comments and the amount of
time spent writing them goes well beyond what one would ex-
pect for a standard discussion. Here we provide our reactions to
these comments.

1. RESPONSE TO COMMENTS BY N. LAZAR

1.1 Scaling-Down the Method

We agree with Lazar’s comments about the need for more
research to understand the properties of PVD in the context of
a small number of subjects. A good approach might be to think
about the problem in terms of signal-to-noise ratio and signal
complexity (effective size) rather than number of subjects (n)
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versus the number of parameters (apparent size) of the prob-
lem (p). Consider the following, arguably exotic, example. As-
sume that we compare a group of diseased subjects with a group
of healthy controls using brain imaging. Images are either 0
or 1 for all voxels of each subject-specific image; that is, ev-
ery subject’s information is perfectly well summarized by any
one of its voxels. In this case it would be easy to estimate the
one component, even with only 10–12 subjects per group, and
most asymptotic results would hold. However, in realistic set-
tings with 10 subjects per group, one could hope to estimate
two, maybe three, components for large signal-to-noise ratios.
For the specific case of fMRI studies with a small number of
subjects, we think that plots of subject-specific versus popu-
lation eigenvariates and eigenimages would provide valuable
insights into the overall variability and signal-to-noise ratio.
Comparisons of within-group versus between-group variability
of eigenvariates would be especially instructive and relatively
straightforward. For eigenimages, plotting would be more diffi-
cult, although we are currently working on better visualization
tools. In all these settings, honest visualization remains a key
component of the analysis, because misleading color plots are
still incredibly simple to make.

We also agree that the standard number of subjects in fMRI
studies is small. However, like several useful technologies with
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their roots in basic science and clinical research, fMRI stud-
ies are moving into public health and population-based stud-
ies. For example, we are involved in studies with roughly 200
subjects scanned on three occasions to study Alzheimer’s dis-
ease (Caffo et al. 2010). Moreover, the NITRC website http://
www.nitrc.org/ includes more than 1000 scans and basic covari-
ate data, whereas the NITRC ADHD 200 dataset contains more
than 700 scans. We are also aware of several large cohort studies
planning on, or in the process of, collecting functional imaging
data. Thus we explored PVD research with an eye toward us-
age in fMRI as it becomes increasingly popular in public health
research.

1.2 Within- and Between-Group Variability

Our second major comment is related to within- and between-
group variability. This very insightful comment by Lazar is
backed by a series of simulations that seem to indicate the ver-
satility of PVD. The suggestion of gleaning group differences
using a “combined PVD” approach in addition to the “group-
level ordinary PVD” is especially useful.

Our own research has been heavily focused on the statisti-
cally principled analysis of within- and between-subject vari-
ability when the observed data at the subject level are ultra-
high-dimensional. Whereas mixed one-way ANOVA models
are easy to understand and fit for scalar random variables, care-
ful treatment is required when data are random functions or
images. Indeed, for data of the type Yij(t), Di et al. (2009)
proposed multilevel functional principal component analysis
(MFPCA) to decompose variability. More precisely, the model
for demeaned data is Yij(t) = Xi(t) + Uij(t) + εij(t). The co-
variance operators of the subject-specific process, Xi(t), and
the subject/visit-specific process, Uij(·), are obtained directly
from covariance operators of the observed process, Yij(·), under
standard assumptions. However, when the dimension of the ob-
served process, Yij(t), is high, the covariance operators cannot
be stored, calculated, or diagonalized. This problem was solved
by Caffo et al. (2012) by using a singular value decomposition
(SVD) of the observed data matrix and by carefully identifying
the MFPCA model components from the SVD. In this article
we propose an alternative decomposition for the case where the
functional data is in matrix format. More precisely, if Yij is the
F × T-dimensional matrix, then we find a decomposition of the
type Yij = PVijD + Eij, where the dimensions of Vij is small.
We propose an MFPCA decomposition of Vij using ideas of Di
et al. (2009) and show that this implies a similar decomposition
on the original data.

1.3 Dimensionality

In response to the concerns about the choice of the number
of components expressed both by Lazar and by Lock, Nobel,
and Marron, we would like to discuss two important points.
Assume, for simplicity, that observed data is of the type Yi(t),
t = 1, . . . ,T , i = 1, . . . , I, that KY is the covariance operator of
the process Yi(t), and that φk(t), k ≥ 0, are the eigenfunctions
of KY . Then Yi(t) admits the following decomposition:

Yi(t) = μ(t) +
∑
k≥1

ξikφk(t) + εi(t),

where ξik are mutually uncorrelated mean 0, variance λk ran-
dom variables and εi(t) is white noise with variance σ 2

ε . Here
λ1 ≥ λ ≥ · · · are the eigenvalues of the covariance operator KY .
In this context, choosing the dimension of the covariance oper-
ator can be viewed as a model selection problem. Indeed, in the
nested sequence of models

MK : Yi(t) = μ(t) +
K∑

k=1

ξikφk(t) + εi(t),

testing MK versus MK+1 is equivalent to testing H0,K :λK+1 = 0
versus HA,K :λK+1 > 0. This is a test for a zero-variance com-
ponent that could be addressed using restricted likelihood ratio
tests for a zero variance component (Crainiceanu and Ruppert
2004; Greven et al. 2008).

Second, we consider another constructive approach that
avoids the problem of choosing the dimension. Consider the
case when we have two population-level matrices, P1 and
D1, and we are unsure whether they are sufficient to capture
the observed variability in the data matrices. The residuals
Ỹi = Yi − P1Vi,1D1 could then be analyzed to detect residual
structure not captured by P1 and D1. This may suggest another

duo, P2 and D2, that can be used to model Ỹi. Thus it would
be relatively easy to test the null model Yi = P1Vi,1D1 + Ei

against the alternative model Yi = P1Vi,1D1 + P2Vi,2D2 + Ei.
This approach also suggests a generalization of PVD to what
could be labeled “additive PVD”

Yi =
K∑

k=1

PkVi,kDk + Ei.

Even though this model is more complex, it should be rela-
tively easy to fit using back-fitting if the matrices Pk and Dk

are known.

2. RESPONSE TO COMMENTS BY K. SHEDDEN

We thank Shedden for raising two very important points.
Our first comment centers around the question of when PVD is
a good approach and when it might fail. One of the major points
is related to the fact that the PVD essentially uses a Kronecker
product of left and right population eigenvalues to represent
a population of images. Shedden is concerned that such a rep-
resentation might not be parsimonious, and that too many right
and left eigenvectors may be necessary to capture the variabil-
ity. We agree that capturing, say, a disk in a two-dimensional
image using Kronecker products of marginal bases indeed may
be wasteful.

However, for the analysis of two-dimensional images in
which both axes have the same interpretation, we proba-
bly would favor a different approach. Specifically, any two-
dimensional image can be unfolded in one long vector. A ba-
sic principal component analysis on the population of un-
folded vectors should have no problem recovering a disk, or
other structures that are difficult to approximate by Kronecker
products. In fact, in our fMRI application (Caffo et al. 2010),
subject-level data are represented as V ×T matrices, where V is
the number of voxels in the brain and T is the length of the time
series. Thus the three-dimensional brain image is unfolded into
a long vector, and the corresponding eigenimages can be very
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complex when folded back in the original three-dimensional
image.

Another very important idea discussed by Shedden is the pos-
sibility of an alternative model, Yi = PiVDi +Ei. In this model,
the left and right eigenvectors are subject-specific and the ma-
trix V is population-specific. We find this idea intriguing and
worth pursuing, given the proper type of application. We are
currently investigating alternative decompositions of the type
Yi = PiVD+Ei and Yi = PVDi +Ei, where only the left eigen-
vectors or the right eigenvectors are population-specific. This
would be especially useful in cases when the subject-specific
information in the right side of the equation is low-dimensional.

3. RESPONSE TO COMMENTS BY E. F. LOCK,
A. B. NOBEL, AND J. S. MARRON

3.1 Generalized Low-Rank Approximations of
Matrices (GLRAM)

LNM brought to our attention some recent developments
in the computer science literature that are directly related to
PVD. Specifically, Ye (2004) introduced generalized low-rank
approximations of matrices (GLRAM) as a method of com-
pressing a sample of two-dimensional F × T images Yi, i =
1, . . . , I. (Here we use our notation for consistency.) In particu-
lar, Ye (2004) was interested in finding an F × A matrix P and
a B × T matrix D such that P′P = IA and DD′ = IB, as well
as A × B-dimensional matrices VPD

i that minimize
∑I

i=1 ‖Yi −
PVAB

i D‖2. An important result is that the optimal VAB
i are given

by P′YiD′ and the problem is to find the optimal P and D. To the
best of our knowledge, there is no closed-form solution to this
problem. Therefore, Ye (2004) suggested an iterative algorithm
for calculating the GLRAM. However, the convergence proper-
ties of this algorithm are still under investigation, given that the
solution might depend on the starting value (Lu, Liu, and An
2006; Liu et al. 2010). Surprisingly, there seems to be little dis-
cussion regarding the fact that the GLRAM objective function
can be rewritten as maxP,D trace(PP′[∑I

i=1 YiD′DY′
i]). Thus if

a solution exists, then it could be unique only up to orthogonal
rotation of matrix P columns and matrix D rows.

It is fair to say that GLRAM is under intense methodologi-
cal research, with methods for obtaining optimal solutions still
under investigation. For example, Liang and Shi (2005) and
Liang, Zhang, and Shi (2007) proposed an analytical solution
to GLRAM, but Inoue and Urahama (2006) and Hu, Lv, and
Zhang (2008) showed, using counterexamples, that the solu-
tion is not optimal. In addition, Liu et al. (2010) studied theo-
retical properties of GLRAM that address and explain several
experimental phenomena, and established a close relationship
between the GLRAM of images and the SVD of vectorized im-
ages. In particular, they showed that the objective functions of
the two procedures are similar, but the former imposes addi-
tional orthogonal constraints, resulting in greater reconstruction
error.

LNM discuss an approximation proposed by Ding and Ye
(2005) termed 2DSVD, in which the matrix P is the matrix
of the first A eigenvectors of the row-by-row covariance ma-
trix 1

n

∑
i YiY′

i and D determined by the first B singular vectors
of the column-by-column covariance matrix 1

n

∑
i Y′

iYi. This is
a reasonable and fast approach that we also discuss in our arti-
cle, but it has serious problems with scalability. Indeed, if one of

the dimensions of the image is very large, then the correspond-
ing covariance operator cannot be calculated or diagonalized.
After we pointed out this problem, LNM offered a potential so-
lution and suggested calculating P as the first A left singular
vectors of the aggregated matrix [Y1, . . . ,Yn] and D as the first
B right singular vectors of [Y′

1, . . . ,Y′
n]′.

Although this is an important step forward from the proposed
2DSVD procedure, it still has problems in cases when one of
the dimensions is very large. Indeed, the method would require
calculation of the SVD of a F × (nT)-dimensional matrix and
a T ×(nF)-dimensional matrix. Assuming that one dimension is
large, say F, then calculating the SVD would require that nT be
of manageable size. This can hold in many applications, but it
is not scalable to cases where n is moderate. For example, in the
fMRI example (Caffo et al. 2010), F is approximately 50,000,
T = 500 and n = 300, making nT = 150,000. In general, cal-
culating the SVD of such a matrix poses a very serious com-
putational challenge. Our default PVD procedure avoids this
problem. The main differences between our PVD approach and
GLRAM can be summarized as follows:

1. The PVD model Yi = PViD + Ei provides a general
statistical framework for handling data stored in two-
dimensional matrices. In particular:

(a) Matrices P and D are not required to be orthonor-
mal and could contain wavelet, Fourier, or spline bases.

(b) The entries of Ei are not required to be iid N(0, σ 2
ε ).

Thus symmetric homoscedastic distributions, such as the
t or double exponential, and heteroscedastic distributions
also could be allowed.

(c) PVD is focused on estimating and modeling Vi

and analyzing its predictive properties with respect to out-
comes.

2. The GLRAM is an optimization procedure that minimizes
the criterion

∑I
i=1 ‖Yi − PVAB

i D‖2 conditional on or-
thonormality assumptions on P and D.

(a) There is currently no known closed-form solution
to the GLRAM optimization problem.

(b) The 2DSVD approximation provides an approxi-
mation to the GLRAM solution that seems to work well
in practice. The 2DSVD solution does not scale up well in
the case when one of the dimensions is high-dimensional
and there are a moderate number of subjects.

(c) Default PVD can be viewed as another approxima-
tion to the GLRAM problem in the case when the en-
tries of Ei are assumed to be independent, normal, and
homoscedastic.

3. The default PVD procedure produces a set of subject-
specific matrices Pi and Di. Here we provide two potential
uses of the subject-specific matrices of eigenvectors.

(a) Compare Pi and Di with the population-specific
eigenvectors P and D. This could provide important ad-
ditional insights or suggest potential modeling problems.

(b) Provide useful diagnostic and influence statistics
based on ‖Pi − P‖2 and ‖Di − D‖2.
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3.2 Three-Way Methods

We thank LNM for the insightful discussions of Cande-
comp/Parafac (Carroll and Chang 1970) and Tucker (Tucker
1966) decompositions. It is very valuable to bring these pow-
erful decompositions to the attention of the statistical commu-
nity exactly when the number of studies collecting multidimen-
sional arrays is increasing dramatically. We also found the ob-
servation that both of these decompositions can be viewed as
PVD very insightful.

3.3 Potential Issues

LNM also discuss several issues that must be carefully con-
sidered when using PVD: registration, scaling, dimension com-
patibility, and the choice of dimension. We agree with these
points and can attest to their importance. In particular, there
seems to be some empirical evidence that choosing A = B tends
to work better in practice. Some theoretical justification and
some relevant references have been given by Liu et al. (2010).
In addition, we would like to point out our discussion of choos-
ing the dimension of the projection space, as well as the “addi-
tive PVD” idea described in our response to Lazar’s comments.

4. RESPONSE TO COMMENTS BY Y. N. WU

Wu’s comments are in the context of clustering problems us-
ing natural images, where the application is to predict the ani-
mal type from images of animal faces. This is a very interesting
and hard problem, where a direct application of the default PVD
procedure to the two-dimensional image matrices likely would
not be competitive with the methods of Wu et al. (2010).

However, we think that principal component approaches and
PVD, applied to transformed image data, could provide a good
competitor. An initial idea would be to unfold the animal face
images into vectors and apply principal component analysis
clustering on these vectors. A second idea would be to construct
the subsequent new matrix of data from the original image data.
Each row corresponds to a pixel in the image, together with
all of its neighboring pixels in a particular fixed-size neighbor-
hood. This will form a matrix of size P×H, where P is the num-
ber of pixels in the original image and H is the size of the neigh-
borhood. In the example provided by Wu, P = 14,400. If only
nearest neighbors are considered, then H = 8; if only the near-
est neighbors and their neighbors are considered, then H = 24;
and so on. If Yi is the P × H-dimensional transformation of the
original image, we then can apply the PVD procedure and ob-
tain Yi = PViD + Ei. The image-specific Vi could be used to
train prediction algorithms, at least in principle. Whether this
would be competitive remains to be verified, but the PVD algo-
rithm would be easy to implement and extremely fast even on
this highly augmented dataset.

Wu also asked whether different, cluster-specific matrices P
and D could be derived. If clusters are known, then cluster-
specific matrices can be easily obtained by applying the PVD
algorithm to each individual cluster. However, the method has
been developed to represent populations of large data matrices
in a fixed basis obtained as the Kronecker product between left
and right marginal bases. Thus we would think about clustering
with respect to the subject-specific information encoded in the
matrix Vi, where the various entries of the P and D matrices
could be the various directions of clustering.
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