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Joint analysis of stochastic processes
with application to smoking patterns
and insomnia
Sheng Luo*†

This article proposes a joint modeling framework for longitudinal insomnia measurements and a stochastic
smoking cessation process in the presence of a latent permanent quitting state (i.e., ‘cure’). We use a generalized
linear mixed-effects model and a stochastic mixed-effects model for the longitudinal measurements of insomnia
symptom and for the smoking cessation process, respectively. We link these two models together via the latent
random effects. We develop a Bayesian framework and Markov Chain Monte Carlo algorithm to obtain the
parameter estimates. We formulate and compute the likelihood functions involving time-dependent covariates.
We explore the within-subject correlation between insomnia and smoking processes. We apply the proposed
methodology to simulation studies and the motivating dataset, that is, the Alpha-Tocopherol, Beta-Carotene
Lung Cancer Prevention study, a large longitudinal cohort study of smokers from Finland. Copyright © 2013
John Wiley & Sons, Ltd.
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1. Introduction

Insomnia is the most commonly reported sleep problem, which affects millions of individuals world-
wide, giving rise to emotional distress, daytime fatigue, and loss of productivity. With the reported
prevalence of insomnia ranging anywhere from 10% to 50% in the general population [1–3], the number
of affected individuals could be quite large. The association between cigarette smoking and insomnia
has been reported [4–7]. First of all, the stimulant effects of nicotine in cigarette contribute to insomnia.
Conversely, if smoking cessation is initiated, insomnia is one of the common cigarette withdrawal symp-
toms. In addition, insomnia could play a role in the motivation to smoke. The clear understanding of
the relationship between cigarette smoking and insomnia has important clinical and public health impli-
cations. If smoking is causally related to insomnia, smoking cessation interventions have the potential
to significantly reduce the occurrence of insomnia and the associated decrement in functioning [5]. The
objectives of this article are to characterize the feedback of insomnia upon smoking while accounting for
other covariates [8] and to give insight into the potential correlation between the probability of having
insomnia and the smoking transition probabilities.

This article is motivated by the Alpha-Tocopherol, Beta-Carotene (ATBC) Lung Cancer Prevention
study, a large longitudinal study with 26; 215 current smokers sponsored by National Cancer Institute.
Each individual was followed 5 to 8 years and had a clinic visit every 4 months. At each visit, each indi-
vidual was asked about their smoking status and health status since the last visit. Specifically, smoking
status and insomnia status were defined by the questions ‘Have you smoked since your last visit?’ and
‘Have you had the symptom or trouble of insomnia since your last visit?’, respectively. The details of
this study can be found in ATBC Study Group [9]. The smoking patterns alternate between smoking
and nonsmoking states with sojourn time in each state differs within and across individuals. The pres-
ence of long trailing nonsmoking intervals before censoring in some individuals indicates the potential
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existence of permanent quitting. To fully model the stochastic nature of the complex smoking patterns,
Luo et al. [10] proposed a discrete-time mixed-effects model with three states: smoking, transient cessa-
tion (temporarily nonsmoking with subsequent relapse), and permanent cessation (lifelong smoke-free,
latent state due to censoring). Random subject-specific transition probabilities among these three states
were used to account for the between-subject variability. Luo et al. [10] developed a computationally
fast method of maximizing the marginal likelihood obtained by integrating over the Beta distribution
of the transition probabilities among three states. Luo et al. [11] used a different modeling framework
to provide subject-specific prediction and correlation among the transition probabilities that cannot be
obtained in Luo et al. [10].

While the previous works [10,11] provided important model development and inference and presented
interesting scientific findings, the transition probabilities among smoking states were assumed time-
independent by including only the baseline covariates, and the modeling frameworks did not account
for the dynamic correlation structure of the smoking and insomnia processes. This article proposes
a modeling framework for the joint analysis of the longitudinal insomnia process and the stochastic
smoking cessation process with a latent cured state (permanent quitting). We use a generalized linear
mixed-effects model for the insomnia process and a stochastic mixed-effects model for the smoking pro-
cess. The correlation between these two processes is modeled via latent random effects. We develop a
Bayesian framework and Markov Chain Monte Carlo (MCMC) simulations for parameter estimation.
The inclusion of time-dependent covariates allows the smoking transition probabilities, and the proba-
bility of insomnia varies at different visits and hence extends the functionality of the models proposed in
the previous works [10,11]. This model enhancement is important and useful in assisting policy making
and intervention assessment. For example, we expect the smoking transition probabilities to change after
an effective smoking cessation program. We can evaluate the effects of this program via the parameter
corresponding to the indicator variable of attending the program. In addition, we can characterize the
feedback of one process upon another by including the response of one process in modeling another
process while accounting for other covariates. We have posted the R codes to simulate and analyze data
at the Web Supplement‡.

We organize the rest of the article as follows. Section 2 describes the joint model and the Bayesian
inference procedure. Section 3 includes simulation studies to evaluate the performance of the joint
model under various inter-process correlations. We apply the joint model to the ATBC study dataset
in Section 4. Section 5 provides some concluding remarks.

2. The joint modeling framework

2.1. Exploring the correlation between two response variables

We can display the smoking and insomnia patterns in time plots as Figure 1, in which S and N denote
smoking and nonsmoking intervals, respectively, and D and D denote insomnia and non-insomnia,
respectively. We define a quit attempt as the nonsmoking interval immediately after smoking intervals,
for example, the first, third, and sixth nonsmoking intervals in Figure 1. The second nonsmoking interval
is not a new quit attempt because it does not follow a smoking interval. Similarly, we define a relapse
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Figure 1. The smoking and insomnia patterns of one individual with S and N denoting smoking and nonsmok-
ing, respectively, andD andD denoting insomnia and non-insomnia, respectively. The symbols before V0 denote

the baseline smoking and insomnia statuses.

‡Supporting information may be found in the online version of this article.
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Table I. The log odds ratios and the p-values
under different time lag values.

Lag log OR p

�4 �0:049 0:025

�3 �0:093 1:26e � 05

�2 �0:138 2:91e � 11

�1 �0:178 1:50e � 18

0 �0:163 1:42e � 16

1 �0:181 1:83e � 18

2 �0:115 8:22e � 08

3 �0:069 0:002

4 �0:052 0:003

OR, odds ratio.

to smoking as the smoking interval immediately after nonsmoking intervals, for example, the third and
fifth smoking intervals in Figure 1.

Next, we explore the correlation between two time-varying variables smoking and insomnia. Let yi1;t
(1 if smoke, 0 otherwise) and yi2;t (1 if insomnia, 0 otherwise) be the smoking and insomnia statuses
of individual i (i D 1; : : : ; m, m is the total number of individuals) at visit t (t D 0; : : : ; vi , where 0
is baseline visit and vi is individual i’s total number of follow-up visits), respectively. Let yi denote
individual i’s outcome variable vector including both smoking and insomnia processes across all vis-
its. We compute the correlation at each time lag k by using logarithm of odds ratio (OR) defined as
OR.k/ D n

.k/
00 n

.k/
11 =.n

.k/
01 n

.k/
10 /, where n.k/

ab
D
Pm
iD1 n

.k/

iab
with a; b D 0 or 1, n.k/

iab
is the total number

of occurrences of yi1;t�k D a and yi2;t D b of individual i for t D 0; : : : ; vi C k if k < 0 and for

t D k; : : : ; vi if k > 0. For example, the individual displayed in Figure 1 has vi D 15, n.�1/i00 D 5,

n
.�1/
i01 D 4, n.�1/i10 D 3, n.�1/i11 D 3, for time lag �1, and n.1/i00 D 4, n.1/i01 D 4, n.1/i10 D 4, n.1/i11 D 3, for time

lag 1.
Table I displays the log OR and the p-values under different time lags k computed from 2849 individ-

uals in the ATBC dataset who made at least one quit attempt and had at least one interval with insomnia
symptom. It suggests that the correlation peaks at small lags, that is, �1, 0, and 1, and decreases as the
time lag increases. The negative sign in log OR at negative lags indicates that insomnia at the previous
visits is associated with nonsmoking at the current visit, while the negative sign at positive lags indi-
cates that smoking at the previous visits is associated with non-insomnia at the current visit. Smoking
and insomnia are strongly correlated under small lags as indicated by the extremely small p-values; for
example, p D 1:50e�18 at lag �1 and p D 1:83e�18 at lag 1. Therefore, it is essential to consider the
association between smoking and insomnia.

2.2. The joint model

This section first illustrates a three-state discrete-time stochastic process with Pij;t , j D 1; 2; 3, denot-
ing individual i’s transition probabilities at visit t , as in Figure 2. This process distinguishes transient
quitting state (temporarily nonsmoking with subsequent relapse) from permanent quitting state (lifelong
smoke-free, latent state due to censoring) because the processes describing them are different and the
identification and quantification of the risk factors associated with permanent quitting are more relevant
to smoking cessation and public health. Because all individuals in the ATBC study were smokers at base-
line, let the stochastic process start from the smoking state. When individual i is in the smoking state,
he makes quit attempts at visit t with probability Pi1;t . Conditional on making a quit attempt at visit t ,
the individual may become a permanent quitter with probability Pi3;tC1 at visit t C 1. With probability
1�Pi3;tC1, the individual enters the transient quitting state at visit t C 1, from which he has probability
Pi2;tC1 to relapse back to the smoking state at visit tC1. For example, the individual in Figure 1 makes
a quit attempt at visit 2 (t D 2) with probability Pi1;2. With probability 1 � Pi3;3, he enters transient
quitting state at visit 3, from which he sustains at visit 3 with probability 1�Pi2;3, and relapses back to
smoking at visit 4 with probability Pi2;4. Conditional on the transition probability Pij;t , the transition to
the next state is determined only by the current state and the previous state.

Copyright © 2013 John Wiley & Sons, Ltd. Statist. Med. 2013, 32 5133–5144
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Figure 2. Transition among three states.
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Figure 3. The partitioned smoking and insomnia patterns with I and II denoting type I and II geometric processes,
respectively, and B denoting unsuccessful quit attempt.

We can describe this modeling structure by using two types of geometric processes corresponding to
the sojourn time distributions in the smoking and nonsmoking states. The first type (Type I) of geometric
process describes the number of smoking intervals before the next quit attempt. After a quit attempt is
made, the individual becomes permanent quitter with probability Pi3;tC1. The second type (Type II) of
geometric process models the number of nonsmoking intervals before the next relapse, conditional on
being in a transient quitting state. Figure 3 displays the partition of the stochastic smoking pattern and
the longitudinal insomnia pattern of the individual in Figure 1. Visits 1 to 3 are modeled as a Type I
geometric processes (denoted by I). The individual has an unsuccessful quit attempt (denoted by B) at
visit 3 and enters the transient quitting state, which lasts until visit 5 (denoted by II). Conditional on
having a relapse at visit 4, the individual transitions again into a Type I process at visit 5. The modeling
continues using the same rules.

We construct the likelihood of the smoking pattern for individual i (denoted by Li1) by multiplying
the likelihood contribution of both types of processes. For example, the likelihood of the smoking pattern
for the individual in Figure 3 is

Li1 D .1�Pi1;0/.1�Pi1;1/Pi1;2 � .1�Pi3;3/.1�Pi2;3/Pi2;4 � .1�Pi1;5/Pi1;6

� .1�Pi3;7/.1�Pi2;7/.1�Pi2;8/Pi2;9 � .1�Pi1;10/Pi1;11

� f.1�Pi3;12/.1�Pi2;12/.1�Pi2;13/.1�Pi2;14/CPi3;12g:

The term Pi3;12 at the end accounts for the probability of being a permanent quitter at visit 12.
Let Pi4;t be the probability of individual i having insomnia at visit t (referred to as the insomnia

probability). Under conditional independence assumption (conditional on the random effect, ui4, Pi4;t1 ,
and Pi4;t2 are independent for t1 ¤ t2), we obtain the likelihood of the insomnia pattern for individual
i (denoted by Li2) by multiplying the insomnia probabilities at all visits. For example, the likelihood of
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the insomnia pattern for the individual in Figure 3 is

Li2 D .1�Pi4;0/.1�Pi4;1/Pi4;2 � .1�Pi4;3/Pi4;4 �Pi4;5.1�Pi4;6/

� .1�Pi4;7/Pi4;8.1�Pi4;9/ �Pi4;10.1�Pi4;11/

� .1�Pi4;12/Pi4;13Pi4;14:

For notational ease, the probability vector is denoted by Pi D .P0i1;P
0
i2;P

0
i3;P

0
i4/
0, where Pij D

.Pij;1; : : : ; Pij;vi /
0. The joint model for the smoking and insomnia processes has two sub-models.

gj .Pij;t jxij;t ; yi2;t�1; uij /D xij;tˇj0C ˇj1yi2;t�1C uij for j D 1; 2; 3I
g4.Pi4;t jxi4;t ; yi1;t�1; ui4/D xi4;tˇ40C ˇ41yi1;t�1C ui4;

(1)

where the vectors xij;t and xi4;t are covariate vectors that may include time-dependent covariates and
can share part of or all the covariates, yi1;t�1 and yi2;t�1 are the smoking and insomnia statuses at
visit t � 1, respectively, uij and ui4 are random effects, and g.�/ are link functions. Let g1.�/ and g2.�/
be the complementary log–log link function and g3.�/ and g4.�/ be the logit link function. We use the
complementary log–log link function to make the transition probabilities between smoking and transient
quitting states analogous to hazard functions in a discrete-time proportional hazards model [12].

To model the feedback effect, we include a single lagged covariate with the lag value being one [13].
Specifically, ˇj1 denotes the feedback effect of the insomnia symptom at visit t � 1 (yi2;t�1) on the
smoking transition probability Pij;t at visit t conditional on the covariate vector xij;t and the random
effect uij . Similarly, ˇ41 represents the feedback effect of smoking at visit t�1 (yi1;t�1) on the insomnia
probability at visit t conditional on the covariate vector xi4;t and the random effect ui4. For notational
ease, the coefficient vector is denoted by ˇ D .ˇ01;ˇ

0
2;ˇ
0
3;ˇ
0
4/
0, where ˇ0j D .ˇ

0
j0; ˇj1/ for j D 1; 2; 3,

and ˇ04 D .ˇ040; ˇ41/. For individual i , let xi denote the covariate information, and let the multivariate
random effect vector be ui D .ui1; ui2; ui3; ui4/0.

We link the two sub-models in (1) via the random effect vector ui , which is assumed to be independent
and identically distributed with normal probability density function ui j† � N4.0;†/, where† is a 4�4
covariance matrix with the (l, m)th entry denoted by ¢lm. As pointed out by Molenberghs and Verbeke
[14, Chap. 25.2], a special case of this model specification for random effects is the shared parameter
model, which assumes the same set of random effects for both smoking and insomnia outcomes in this
context. While the shared parameter model has relatively lower dimension of the random effects dis-
tribution when compared to the previous model, it is based on much stronger assumptions about the
association between outcomes, which is difficult to validate in this application.

The joint modeling framework has accounted for three sources of correlation, that is, intra-process
correlation (measurements from the same process at different visits), inter-process correlation (mea-
surements from different processes at the same visit), and cross-process correlation (measurement from
different processes at different visits). The intra-process correlation is modeled by the process-specific
random effect ui . The inter-process correlation is modeled by the association between ui1, ui2, ui3, and
ui4 through three covariance parameters ¢41, ¢42, and ¢43. If the covariance parameters are significantly
different from zero, it indicates the existence of the inter-process correlation. Finally, the cross-process
correlation is modeled by the single lagged covariates yi1;t�1 and yi2;t�1, as well as three covariance
parameters ¢41, ¢42, and ¢43.

It is assumed that the smoking process is independent of the insomnia process, conditional on the
covariates and the random effect vector ui . The observed likelihood conditional on ui for individual i is
L.ˆIui ; yi / D Li1Li2, where the parameter vector of interests ˆ D fˇ;†g. The marginal likelihood
is L.ˆI yi / D

R
L.ˆIui ; yi /h.ui I†/dui , where h.ui I†/ is N4.0;†/. Because this integral cannot

be evaluated analytically, we can obtain the samples of the parameter vector ˆ by using the Bayesian
inference framework via MCMC simulations introduced in Section 2.3.

2.3. Bayesian inference

This section proposes a Bayesian approach for the model inference. We use noninformative priors
for the parameter vectors. Each component in the coefficient vector ˇ is independently assigned nor-
mal N.0; 100/ prior distribution. For the ease of sampling for †, we use an approach based on the
Cholesky decomposition [15]. Let † D��0, where � is a lower triangular matrix with !lm being the
.l;m/th entry for 1 6 m 6 l 6 4 and zero entries above the main diagonal. Consider a latent vector
zi D .´i1; : : : ; ´i4/0 with N.0; 1/ independent components. The linear reparameterization of ui D �zi

Copyright © 2013 John Wiley & Sons, Ltd. Statist. Med. 2013, 32 5133–5144
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(with element being uij D
Pj

lD1
!jl´il , e.g., ui2 D !21´i1 C !22´i2) has mean zero and variance

†, whose entries are ¢jk D
Pj^k

lD1
!jl!kl , 1 6 j; k 6 4, where j ^ k D min.j; k/. We impose

uniform(0, 10) prior distribution on !l l to ensure non-negativity and N(0, 100) prior distribution on
!lm when l ¤ m to allow for possible negative correlation. For notational ease, let vectors ¢ and !
denote the entries in the lower triangular part of the matrices † and �, respectively, and let vector
� D .�21; �31; �32; �41; �42; �43/ denote the pairwise correlation coefficients among the components of
the random effects vector ui .

The joint distribution of the data and parameters is

P.ˇ;†/ D

mY
iD1

�
Li1Li2

� 4Y
jD1

p.Pij Iˇj ;!; zi /P.zi /
��
P.ˇ/P.!/; (2)

where P.ˇ/, and P.!/ are the prior distributions of ˇ and !, respectively. The full conditional
distributions are derived and the parameters are sampled component-wise using a random walk
Metropolis–Hastings algorithm in the following order .ˇ1; !11/, .ˇ2; !21; !22/, .ˇ3; !31; !32; !33/,
.ˇ4; !41; !42; !43; !44/, and zi . We compute the posterior distributions of ¢ and � from the pos-
terior samples of !. For statistical inference, we compute the posterior means, standard deviations,
and 95% equal-tail credible intervals (i.e., the intervals from 2:5 and 97:5 percentiles of the posterior
distributions).

To assess the convergence of the MCMC chains, we use the trace plots and view the absence of appar-
ent trend in the plots as evidence of convergence. In addition, we run multiple chains with overdispersed
initial values and compute the Gelman–Rubin scale reduction statistics bR ensure bR of all parameters
are smaller than 1:1 [16]. We assess the length of the burn-in by trace plots and autocorrelation for
each parameter.

3. Simulation studies

In this section, we conduct two simulation studies to compare the performance of the proposed joint
model and a separate model, that is, separately fitting a three-state stochastic process model for the
smoking pattern and a generalized linear mixed model (GLMM) for the longitudinal insomnia process.
In the first simulation study, there is no inter-process correlation (i.e., �41; �42; �43 D 0), while in the
second simulation study, there exists large inter-process correlation. In both simulation studies, we gen-
erate 500 datasets with sample sizemD 10; 000 and with data structure similar to the ATBC dataset. We
consider the case where the smoking transition probabilities only depend on the insomnia status at the
last visit and the insomnia probability only depends on the smoking status at the last visit. We generate
no missing data. We generate the smoking and insomnia processes by using the following algorithm.

(1) For individual i , simulate the total visit number from a normal distribution with mean 14:2 and
standard deviation 6:3 because it resembles the distribution of the number of follow-up visits in
the ATBC study. Round the total visit number to the closest integer if it is larger than 1 and round
it to 1 if it is smaller than 1.

(2) Simulate the random effects vector ui from multivariate normal distribution with mean 0 and
covariance matrix

† D

0
B@

0:09 -0.01 -0.12 0

-0.01 0.16 0.05 0

-0.12 0.05 0.25 0

0 0 0 0.36

1
CA :

for the first simulation study. The correlation coefficients among the components of ui are
.�21; �31; �32; �41; �42; �43/ D .�0:083;�0:8; 0:25; 0; 0; 0/. In the second simulation study,
let .�41; �42; �43/ D .�0:05;�0:04; 0:05/, which gives inter-process correlation coefficients
.�41; �42; �43/D .�0:28;�0:17; 0:17/.

(3) Simulate the baseline insomnia status from a Bernoulli distribution with probability 0:2 because
the prevalence of baseline insomnia symptom is around 20%. We compute the probability
Pij for j D 1; 2; 3 and Pi4 at the first visit from model (1) with ˇ1 D .0:186;�1:217/0,
ˇ2 D .�1:031; 1:217/0, ˇ3 D .0:405;�2:603/0, and ˇ4 D .�2; 1/0. Let yi1;0 D 1 because
every individual is a smoker at baseline in the ATBC study.
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(4) Conditional on smoking at visit t � 1, simulate the insomnia status at visit t from a Bernoulli
distribution with probability Pi4;t , and simulate the smoking status at visit t from a Bernoulli
distribution with probability Pi1;t .

(5) Conditional on making a quit attempt at visit t , simulate the quitting status as follows.
(a) With probability Pi3;tC1, the individual becomes a permanent quitter, and all the remaining

visits are nonsmoking. Simulate the insomnia status at the remaining visits with probability
Pi4;tC1.

(b) With probability 1 � Pi3;tC1, the individual becomes a transient quitter. The smoking
and insomnia statuses at visit t C 1 are simulated with probability Pi2;tC1 and Pi4;tC1,
respectively.

(6) ComputePij;tC1 for j D 1; 2; 3 andPi4;tC1 at visit tC1 conditional on the smoking and insomnia
statuses at visit t .

(7) Repeat Steps 4, 5, and 6 until a smoking pattern and an insomnia pattern are generated for each
individual.

We apply the Bayesian framework in Section 2.3 to obtain samples from the posterior distributions
of the parameters of interest. For each dataset in both simulation studies, we run three parallel chains
with overdispersed initial values. We run each chain for 50; 000 iterations, discard the first 20; 000 iter-
ations as a burn-in, and use the next 30; 000 samples to calculate the joint posterior distribution of the
parameters of interest.

We compare the results of the separate model and the joint model of the first simulation study with no
inter-process correlation in Table II. In this table, we label the average of the posterior means minus the
true values as bias, the square root of the average of the variances as SE, the standard deviation of the
posterior means as SD, the coverage probabilities of 95% equal-tail credible intervals (CI) as CP, and
the square root of the average of the squares of the bias as root mean square error (RMSE). The results
suggest that two methods generate comparable results; that is, the bias is negligible, SE is close to SD,
the credible interval coverage probabilities are reasonably close to 95%, and RMSE is comparable. The
estimates of �41, �42, and �43 from the joint model are correctly close to zero although the standard
errors of �42 and �43 are slightly underestimated, which leads to conservative credible intervals and the
coverage probability being smaller than the nominal value.

Table III displays the results of the second simulation study with large inter-process correlation. The
results from the joint model indicate that the estimates of all parameters, including the inter-process

Table II. Bias, standard error (SE), standard deviation (SD), and coverage probabilities (CP) of 95% credible
intervals, for the separate model and the joint model, when there is no inter-process correlation.

Separate model Joint model

Parameter Bias SE SD CP RMSE Bias SE SD CP RMSE

ˇ10 D 0:186 �0.001 0.010 0.010 0.958 0.011 �0.003 0.010 0.011 0.940 0.011
ˇ11 D�1:217 0.000 0.024 0.023 0.970 0.023 0.001 0.024 0.023 0.968 0.023
ˇ20 D�1:031 0.001 0.026 0.025 0.946 0.025 �0.002 0.027 0.028 0.928 0.028
ˇ21 D 1:217 �0.002 0.024 0.026 0.920 0.026 �0.002 0.026 0.026 0.944 0.026
ˇ30 D 0:405 0.006 0.026 0.025 0.976 0.025 �0.001 0.025 0.024 0.970 0.024
ˇ31 D�2:603 �0.013 0.063 0.069 0.922 0.070 0.006 0.068 0.070 0.914 0.070
ˇ40 D�2:000 �0.001 0.012 0.013 0.930 0.013 �0.001 0.012 0.013 0.922 0.013
ˇ41 D 1:000 0.000 0.016 0.015 0.960 0.015 0.000 0.017 0.016 0.938 0.016
�11 D 0:090 0.000 0.010 0.009 0.940 0.009 �0.002 0.009 0.010 0.916 0.011
�21 D�0:010 0.000 0.011 0.012 0.906 0.012 0.000 0.011 0.013 0.910 0.013
�22 D 0:160 0.003 0.023 0.022 0.944 0.023 �0.002 0.024 0.026 0.924 0.026
�31 D�0:120 0.001 0.015 0.016 0.924 0.016 �0.004 0.016 0.017 0.924 0.018
�32 D 0:050 0.002 0.033 0.031 0.948 0.031 �0.006 0.034 0.036 0.922 0.036
�33 D 0:250 0.024 0.063 0.067 0.944 0.071 �0.014 0.062 0.063 0.928 0.065
�44 D 0:360 0.002 0.014 0.013 0.960 0.013 0.002 0.014 0.013 0.950 0.013
�41 D 0:000 �0.001 0.008 0.008 0.914 0.008
�42 D 0:000 �0.001 0.013 0.015 0.880 0.015
�43 D 0:000 0.001 0.016 0.019 0.880 0.019

RMSE, root mean square error.

Copyright © 2013 John Wiley & Sons, Ltd. Statist. Med. 2013, 32 5133–5144
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Table III. Bias, standard error (SE), standard deviation (SD), and coverage probabilities (CP) of 95% credible
intervals, for the separate model and the joint model, when there is sizeable inter-process correlation.

Separate model Joint model

Parameter Bias SE SD CP RMSE Bias SE SD CP RMSE

ˇ10 D 0:186 �0.002 0.010 0.009 0.948 0.010 �0.001 0.010 0.010 0.958 0.010
ˇ11 D�1:217 �0.030 0.024 0.025 0.766 0.039 �0.006 0.025 0.026 0.926 0.027
ˇ20 D�1:031 �0.002 0.026 0.024 0.950 0.024 �0.006 0.031 0.033 0.922 0.034
ˇ21 D 1:217 �0.028 0.024 0.022 0.848 0.036 �0.004 0.026 0.027 0.926 0.027
ˇ30 D 0:405 �0.007 0.026 0.026 0.948 0.027 �0.004 0.025 0.026 0.934 0.027
ˇ31 D�2:603 0.032 0.063 0.063 0.886 0.070 0.002 0.064 0.066 0.938 0.066
ˇ40 D�2:000 �0.001 0.011 0.012 0.930 0.012 0.000 0.012 0.012 0.922 0.012
ˇ41 D 1:000 0.006 0.016 0.016 0.910 0.017 0.000 0.017 0.017 0.952 0.017
�11 D 0:090 �0.002 0.009 0.010 0.924 0.010 �0.003 0.010 0.011 0.922 0.011
�21 D�0:010 �0.003 0.011 0.011 0.908 0.012 0.002 0.020 0.022 0.932 0.023
�22 D 0:160 0.005 0.023 0.024 0.950 0.024 �0.009 0.040 0.044 0.942 0.044
�31 D�0:120 0.002 0.015 0.016 0.904 0.016 0.003 0.017 0.019 0.924 0.019
�32 D 0:050 �0.003 0.032 0.035 0.920 0.035 �0.007 0.044 0.045 0.924 0.046
�33 D 0:250 0.010 0.060 0.059 0.960 0.059 �0.013 0.061 0.063 0.944 0.064
�44 D 0:360 0.001 0.014 0.015 0.910 0.015 0.002 0.014 0.015 0.916 0.015
�41 D�0:050 0.001 0.008 0.010 0.930 0.010
�42 D�0:040 0.006 0.016 0.019 0.918 0.020
�43 D 0:050 0.003 0.017 0.019 0.944 0.019

Note: We highlight large bias and poor CP in boldface.

correlation coefficients, have negligible bias, SE being close to SD. The coverage probabilities of 95%
credible intervals are all reasonably around the nominal value. In contrast, the separate model gives
biased estimates, low coverage probabilities, and larger RMSE for the insomnia effect in modeling the
smoking transition probabilities (ˇ11, ˇ21, and ˇ31, shown in boldface), due to ignoring the inter-process
correlation, and the consequent information loss. There is no apparent difference in the estimation of the
longitudinal insomnia process comparing the separate model to the joint model.

From the simulation studies, the conclusion is that the joint model provides results comparable to the
separate model when there is no inter-process correlation, while it provides more accurate estimates for
the smoking process than the separate model when the inter-process correlation is large.

4. Application to the Alpha-Tocopherol, Beta-Carotene study

In this section, we apply the proposed joint model and the Bayesian inference framework to the moti-
vating ATBC dataset. For all the results in this section, we use three parallel chains with overdispersed
initial values, and we run each chain for 150; 000 iterations. We discard the first 50; 000 iterations as
burn-in, and the inference is based on the remaining 100; 000 iterations. We compare the results from
the separate model and from the joint model.

We fit models with the following covariates: smoking or insomnia status at the last visit, and baseline
covariates including age, years of smoking, cigarettes per day, alcohol consumption (g/day), and inhala-
tion (yes/no). Table IV shows the estimation results with a negative sign indicating a smaller probability
of having a certain event. It is observed that the joint model and the separate model give different esti-
mates (highlighted in boldface) for the insomnia effect in modeling the smoking transition probabilities,
although the same set of parameters are identified for significance by both models. For example, condi-
tional on the random effect ui1, both models indicate that individuals with insomnia at the last visit have
higher probability to make quit attempts than those without insomnia. In addition, conditional on ui2
and ui3, the joint model results suggest that insomnia at the last visit is associated with higher probabil-
ity of relapse and permanent quitting given the quit attempts, while the separate model results suggest
the association in opposite direction. The differences between the results from the joint model and the
separate model might be explained by the significant high negative inter-process correlation coefficients
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Table IV. Results of fitting the separate model and the joint model with six covariates in the
Alpha-Tocopherol, Beta-Carotene dataset.

Separate model Joint model

Models Parameters MeanSD 95% CI MeanSD 95% CI

P i1

Intercept �4:4090:026 �4.463 �4.359 �4:4250:027 �4.479 �4.372
Insomnia� 0:2100:036 0.138 0.281 0:2810:043 0.198 0.362
Age� 0:1950:017 0.162 0.228 0:1950:016 0.163 0.228
Years smoked� �0:2710:015 �0.301 �0.242 �0:2740:015 �0.303 �0.246
Cigarette/day� �0:2950:016 �0.326 �0.264 �0:2950:016 �0.329 �0.266
Alcohol� �0:1990:018 �0.234 �0.162 �0:2020:018 �0.238 �0.165
Inhale 0:0060:029 �0.050 0.062 0:0080:030 �0.047 0.067

P i2

Intercept �0:5500:214 �0.958 �0.121 �0:4400:235 �0.866 0.018
Insomnia �0:0140:091 �0.192 0.163 0:1230:094 �0.061 0.305
Age 0:0080:058 �0.102 0.124 �0:0070:058 �0.120 0.105
Years smoked �0:0300:050 �0.128 0.069 �0:0140:051 �0.108 0.087
Cigarette/day� �0:1440:054 �0.250 �0.040 �0:1400:051 �0.239 �0.035
Alcohol 0:1320:068 �0.006 0.265 0:1000:067 �0.032 0.240
Inhale 0:0500:097 �0.141 0.241 0:0250:095 �0.165 0.211

P i3

Intercept 2:6110:214 2.214 3.048 2:7190:244 2.284 3.224
Insomnia �0:2620:146 �0.549 0.022 0:0610:189 �0.317 0.431
Age 0:0710:066 �0.059 0.200 0:0530:071 �0.085 0.193
Years smoked� 0:1320:058 0.022 0.248 0:1500:062 0.026 0.275
Cigarette/day 0:0330:065 �0.095 0.159 0:0330:063 �0.091 0.160
Alcohol 0:0030:073 �0.141 0.147 �0:0260:077 �0.176 0.133
Inhale �0:0240:115 �0.251 0.204 �0:0540:124 �0.300 0.185

P i4

Intercept �3:7980:040 �3.871 �3.713 �3:7720:044 �3.856 �3.685
Smoking� �0:3530:028 �0.410 �0.300 �0:3900:032 �0.455 �0.335
Age� 0:1910:027 0.131 0.252 0:1790:031 0.123 0.251
Years smoked 0:0190:030 �0.042 0.076 0:0350:034 �0.034 0.113
Cigarette/day� 0:1250:024 0.087 0.180 0:1190:025 0.073 0.176
Alcohol� 0:3440:021 0.304 0.393 0:3600:028 0.306 0.408
Inhale� 0:1250:058 0.009 0.253 0:1320:048 0.039 0.225

�

�21 �0:1250:112 �0.340 0.109 �0:1480:124 �0.380 0.111
�31 �0:9620:022 �0.994 �0.909 �0:9200:026 �0.963 �0.863
�32 0:3540:141 0.067 0.607 0:4590:135 0.181 0.690
�41 �0:0510:019 �0.081 �0.015
�42 �0:2740:028 �0.339 �0.231
�43 �0:1410:032 �0.205 �0.077

Note: Entries in boldface indicate different results from the two models.
�Represents statistical significance.

(b�41 D �0:051,b�42 D �0:274, andb�43 D �0:141). With the help of jointly modeling the correlated
stochastic smoking process and the longitudinal insomnia process, we expect the joint model to improve
the estimation of the parameters of insomnia effects, as demonstrated in Section 3.

The joint model and the separate model produce similar results for other parameters in terms of means,
standard deviations, and 95% CIs and identified similar set of significant covariates. The rows labeled
P i1 in Table IV display the results of modeling the probability of making quit attempts at a given visit.
We conclude that conditional on the random effect ui1, individuals with insomnia at the last visit or
older individuals are more likely to make quit attempts, while years of smoking, cigarettes per day, and
alcohol consumption are negatively associated with the probability of making quit attempts. The rows
labeled P i2 in Table IV display the results of modeling the probability of relapsing at a given visit for
individuals in the transient quitting stage. It suggests that conditional on the random effect ui2, individ-
uals who smoke more cigarettes per day are less likely to relapse once they make quit attempts. This
unexpected results have been identified and reported in the previous works [10, 11]. The rows labeled
P i3 in Table IV display the results of modeling the probability of permanent quitting at a certain visit.
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Conditional on the random effect ui3, individuals with longer smoking history are more likely to be
permanent quitter once quit attempt are made; that is, the OR of permanent quitting for an increase of
8:4 years of smoking history (i.e., one standard deviation) is 1.162 (95% CI: Œ1:026; 1:317�), holding
other covariates fixed. The rows labeled P i4 in Table IV display the results of modeling the probability
of insomnia at a certain visit. Conditional on the random effect ui4, smoking at the last visit is nega-
tively associated with the insomnia probability, while age, years of smoking, cigarettes per day, alcohol
consumption, and inhalation show positive association.

The data analysis results suggest the existence of a feedback system. First, conditional on the ran-
dom effect ui1, the complement probability of making quit attempts for individuals with insomnia at the
last visit is the complement probability for those without insomnia raised to the power 1:324 (95% CI:
Œ1:219; 1:436�). Moreover, conditional on the random effect ui4, the OR of having insomnia for indi-
viduals who did not smoke at the last visit is 1:477 (95% CI: Œ1:398; 1:576�), compared with those who
smoked. Hence, insomnia increases the likelihood of making quit attempts, which further increases the
risk of future insomnia in a feedback cycle. These results of the feedback system are consistent with the
negative smoking and insomnia correlations displayed in Table I.

Our model identifies a high negative correlation between P i1 and P i3 (�31), and a relative high posi-
tive correlation between P i2 and P i3 (�32). We now provide some insight about these high correlations.
Considerb�31 first. There are 1501 long-term sustainers (individuals who sustained at least 40 months
until censoring) who are more likely to be permanent quitters and hence have high P i3. Among them,
1453 (96.8%) made only one quit attempt. The association of high P i3 (long trailing nonsmoking inter-
vals) with small P i1 (only one quit attempt) leads to high negative �31. Considerb�32 next. The 1115
relapsers (individuals who made at least one quit attempt but did not sustain until censoring) had an
average smoke-free interval of 2:56 visits (10:2 months) before next relapse. The association of small
P i3 (relapse frequently with not trailing nonsmoking interval) and small P i2 (long smoke-free interval)
leads to high positive �32.

Table IV displays strong correlation between the stochastic smoking process and the longitudinal
insomnia process, for example, high negative correlation between P i1 and P i4 (�41), between P i2 and
P i4 (�42), and between P i3 and P i4 (�43). Here, we provide some insight into this interesting phe-
nomenon. Let us first considerb�41. There are 6034 ever quitters (individuals who made at least one quit
attempt) and 20; 181 never quitters (individuals who never made any quit attempts). In our model, the
ever quitters are more likely to have larger probabilities of making quit attempts. The empirical esti-
mate of probability of insomnia is smaller among ever quitters than among never quitters (i.e., mean:
0:131 vs. 0:144; p < 0:001). The association of larger probabilities of making quit attempts and smaller
probabilities of insomnia indicates negative correlation of �41. Next, we considerb�42. There are 15; 757
non-insomnia individuals (individuals who never had insomnia) and 10; 458 insomnia individuals (indi-
viduals who had insomnia at least one visit). In our model, non-insomnia individuals are more likely
to have smaller probabilities of insomnia than the insomnia individuals. Among them, there are 3495
and 2539 individuals who made at least one quit attempt, respectively. The non-insomnia individuals
have shorter smoke-free intervals before relapse than the insomnia individuals (i.e., 0:6 vs. 2:2 months;
p < 0:001). The association of smaller probabilities of insomnia and higher relapse probabilities P i2
(shorter smoke-free intervals) indicates negative correlation of �42. At last, we considerb�43. There are
1501 long-term sustainers and 1115 relapsers. In our model, the long-term sustainers are more likely
to have higher permanent quitting probabilities than the relapsers. The empirical estimate of proba-
bility of insomnia is smaller among long-term sustainers than relapsers (i.e., mean: 0:124 vs. 0:140;
p D 0:10). The association of higher permanent quitting probabilities with smaller probabilities of
insomnia indicates negative correlation.

5. Discussion

In this article, we propose a joint model and a Bayesian approach to analyze the longitudinal insom-
nia process and the stochastic smoking process with a latent cure state. By combining the information
from the longitudinal data, the joint model improves the accuracy of the parameter estimates compared
with the separate model and provides similar precision, when strong inter-process correlation exists. On
the other hand, the joint model produces comparable results to the separate model when there is no
inter-process correlation. Our joint model extends the functionality of the modeling framework in Luo
et al. [11] by including time-dependent covariates and by accounting for the correlation between the
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subject-specific smoking transition probabilities and the insomnia probability. Consequently, we iden-
tify significant negative correlation between the smoking and insomnia processes. An important but
previously unknown finding is the existence of a feedback system between insomnia and smoking; for
example, insomnia at the last visit increases the likelihood of making quit attempts at the current visit,
which further increases the risk of future insomnia in a feedback cycle. In addition, insomnia at the
last visit has shown significant positive association with the probability of making quit attempts but
insignificant positive association with the probabilities of relapse and permanent quitting given the quit
attempts.

The proposed joint modeling framework is attractive in several respects. First, the joint model pro-
vides correction of potential biases in the separate model when the insomnia and smoking processes are
strongly correlated. Second, the joint model accounts for and provides insight into the within-subject
correlation between the insomnia and the smoking processes. Third, we develop a method to formulate
and calculate the likelihood function involving time-dependent covariates. To the best of our knowledge,
this article is the first one to propose a joint model for a stochastic process and a longitudinal outcome
with time-dependent covariates. Computationally, the proposed Bayesian inference method can account
for high-dimensional random effects, and it also allows incorporation of prior information.

The proposed joint model is flexible enough to address many questions of scientific interest. For
example, if it is of interest to jointly model more longitudinal measurements of diseases with the smok-
ing process, we could expand Pi4;t in model (1) to a vector of probabilities with each component
representing the probability of the presence of each disease. Additionally, we can incorporate more time-
dependent covariates (e.g., the participation of a smoking cessation program or the increase of cigarette
tax) into the model to estimate the effects of these covariates.

The smoking and insomnia information in the ATBC dataset is based on 4-month interval, and visit-
to-visit transitions of smoking status are modeled while some recent articles on the analysis of smoking
cessation data modeled the smoking transition in a more continuous manner [17, 18]. One limitation
of the proposed model is that the cross-process correlation is modeled by the single lagged covariates
and the covariance parameters �41, �42, and �43. It is difficult to distinguish the contribution of each
source. We will address this issue in our future research. Another issue is the normality assumption of
random effects in our joint model. Some researchers [19, 20] have reported that the statistical inference
is generally robust to the departure from the normality assumption. It is of interest to investigate our
joint model’s performance when the underlying random effects distribution is symmetric non-normal or
even asymmetric. Moreover, we assume the random effects covariance matrix to be homogeneous (same
for all individuals). However, the covariance matrix may depend on subject-specific characteristics and
is thus heterogeneous. Ignoring the heterogeneity can result in biased estimates [21, 22]. As a future
direction, we would address the issue of accounting for heterogeneity in the covariance matrix in the
proposed joint modeling framework.
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