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Abstract

Complex artificial materials (metamaterials) strongly interact with light and can be

used to fabricate structures which mimic a material response that has no natural

equivalent. Classical tools for the design of optical or radio frequency devices are

often ill-suited to utilize such media or have shortcomings in their ability to cap-

ture important physics in the device behavior. Recently it has been demonstrated

that the structure of Maxwell’s equations can be used to exploit this newly available

freedom. By leveraging the ‘form-invariance’ of Maxwell’s equations under coordi-

nate transforms, it is possible to develop material distributions in which light will

behave as though flowing through warped coordinates. This design process is termed

‘transformation optics’ and has inspired the creation of many novel electromagnetic

structures such as the invisibility cloak.

In this dissertation the tools used in the field of transformation optics will be

explored and expanded. Several new designs are discussed, each of which expands

upon the ideas that have previously been employed in the field. To begin, I show

that the explicit use of a transformation which extends throughout all space may

be used to reduce the overall size of an optical device without changing its optical

properties. A lens is chosen as a canonical device to demonstrate this behavior. For

this work I provided the original idea for a compressing transformation as well as

its dielectric-only implementation. I then mentored Dan Roberts as he confirmed

the device properties through simulation. I further demonstrate that currents may
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be succesfully employed within the framework of transformation optics—resulting

in novel antenna designs. For this work I suggested handling the sheet currents as

the limit of a volumetric current density. I also demonstrated how an intermediate

coordinate system could be used to easily handle the types of transformatios which

were being explored.

For a particular functionality the choice of transformation is, in general, not

unique. It is natural, then, to seek optimized transformations which reduce the com-

plexity of the final structure. It was recently demonstrated that for some transforma-

tions a numerical scheme could be employed to find quasi-conformal transformations

for which the requisite complex material distribution could be well approximated

by an isotropic, inhomogeneous media. This process was previously used to demon-

strate a carpet cloak—a device which masks a bump in a mirror surface. Unlike

the more common transformation optical media, which exhibit strong losses at high

frequencies, isotropic designs can be readily made to function at infrared or even

optical frequencies.

The prospect of leveraging transformation optics in devices which operate at

high frequencies, into the infrared and visible, motivates the use of quasi-conformal

transformations in lens design. I demonstrate how transformation optics can be

used to take a classical lens design based on spherical symmetry, such as a Luneburg

lens, and warp it to suit the requirements of a planar imaging array. I report on the

experimental demonstration of this lens at microwave frequencies. In the final design

a lens is demonstrated in a two-dimensional field mapping waveguide to have a field

of view of ∼ 140◦ and a bandwidth exceeding a full decade. In this work I proposed

the idea of using the inverse of the quasi-conformal transform to arrive at the lens

index profile. I performed all necessary simulations and wrote ray tracing code to

confirm the properties of the lens. I proposed the metamaterial realization of the lens

and performed the necessary retrievals for material design. I wrote code which would
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create the layout for an arbitrary gradient index structure in a standard computer

aided drafting format. I fabricated three lenses—two of which are described in this

thesis—and took all of the data shown in the thesis.

The most well known example of a transformation optical device is the invisibil-

ity cloak. Despite the great deal of attention paid to the cloak in the literature, the

most natural way in which to quantify the efficacy of the cloak—its cross-section—

has never been experimentally determined. This measurement is of practical interest

because the cloak provides a useful canonical example of a medium which relies on

the unique properties of metamaterials—strong anisotropy, inhomogeneity and both

magnetic and electric response. Thus, a cloaking cross-section measurement provides

a useful way to quantify advancements in the effective medium theories which form

the basis for metamaterials. I report on the first such measurements, performed

on the original microwave cloaking design. The experiments were carried out in a

two-dimensional TE waveguide. Explicit field maps are used to determine the Bessel

decomposition of the scattered wave. It is found that the cloak indeed reduces the

scattering cross-section of a concealed metal cylinder in a frequency band from 9.91

to 10.14 GHz. The maximum cross-section reduction was determined to be 24%.

The total cross-section and the Bessel decomposition of the scattered wave are com-

pared to an analytical model for the cloaking design which assumes a discrete number

of loss-less, homogenized cylinders. While the qualitative features of the cloak—a

reduced cross-section at the cloaking frequency—are realized, there is significant de-

viation from the homogenized calculation. These deviations are associated with loss

and inaccuracies of the effective-medium-model for metamaterials. In this work I

proposed of direct integration of the fields to perform cross-section measurements. I

worked out the necessary formulas to determine the coefficients in the Bessel expan-

sion and the resulting scattering cross-section. I mentored an undergraduate student,

Dan Gaultney, who scripted the application of the cross-section analysis and took
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the necessary data. All of the data in this thesis, however, is based on my own

implementation of the data analysis.
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1

Introduction

The emerging field of metamaterials has garnered a great deal of interest over the last

ten years. With roots in the foundations of optics, much of the underlying physics in

what is now called metamaterials has been heavily explored by researchers for over

a century. The convergence of numerical tools, fabrication technologies and a need

for additional flexibility from optical devices accross the spectrum has lead to the

discovery of novel optical phenomena.

Underlying much of the interest in metamaterials is the apparent ability to specify

the optical properties of materials at will. In the second chapter the fundamentals of

metamaterials and the assignment of bulk optical properties to them are discussed.

The basics of effective medium theory are outlined with particular attention paid to

some of the pitfalls of using homogenized material parameters to model metamaterial

systems.

If one assumes that researchers are able to arbitrarily specify the optical properties

of materials, novel device design techniques can be employed which harness this

potential. One promissing tool, refered to as transformation optics, is based on

the form invariance of Maxwell’s equations under coordinate transforms. In this

1



framework the behavior of light in certain classes of materials can be understood

as a warping of space. The concepts underlying this framework are formulated in

chapter 3 along with two examples of the application of transformation optics: the

design of an invisibility cloak and a beam-shifter.

In the fourth chapter, based on the work in reference [3], a novel application

of transformation optics is presented; the ability to extend coordinate transforms

throughout all space is leveraged to bring the two halves of a volume closer together.

The region which separates the two halves is compressed in the process. This prop-

erty is used to reduce the overall size of an optical device. Although the device is

not unique, for the purposes of this work a lens was compressed.

The fifth chapter is based on reference [4] and discusses the use of currents within

the framework of transformation optics. The potential of transforming optical sources

along with free-space has been largely neglected in the field of transformation optics.

In this chapter their inclusion is demonstrated through analytical calculation and

numerical simulations.

The actual realization of the material properties specified by transformation op-

tics can be difficult. Because a transformation designed for a particular application

is in general not unique, one naturally asks whether there exists an optimum trans-

formation which will make the realization of the prescribed device easier. Confor-

mal transformations provide such a tool, but can be difficult to find analytically. In

chapter six it is demonstrated how numerical techniques can be used to find so-called

quasi-conformal transforms, and how these can be used in the design of transforma-

tion optical structures.

In the seventh chapter the conformal techniques outlined in chapter six are lever-

aged in the design of a novel gradient index lens. This lens is based on the Luneburg

lens—a spherical lens which perfectly focusses light from any direction to the back

of the sphere. The lens I propose has all of the advantages of the Luneburg lens,
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but with a focal plane which is flat rather than spherical—an important difference

for many optical applications. The derivation of the original Luneburg lens is also

performed with comments on how alternative index profiles with different focusing

properties can be found.

In the eighth chapter a careful experimental evaluation of a metamaterial cloak

is performed. The natural metric by which to determine the efficacy of a cloak is the

extent to which the cross-section of the cloaked element is reduced. This is found

directly from the experimentally mapped fieldings from cloaking data. The experi-

mental cross-section is compared to an analytical model for the expected behavior

of the cloak at an effective medium level.

Care has been taken in the whole of this dissertation to ensure that it is self-

contained. Whenever possible the use of concepts not generally known to the physics

and applied physics community has been avoided. In particular, in discussions re-

lating to transformation optics, the use of differential geometry has been avoided.

Absent the introduction of curvature, all of the freedom of transformation optics can

be leveraged without the invocation of a manifold or a metric. When the properties

of a curved space (i.e. focusing) are desired, a separate optical element is introduced.

In all of the applications of interest in this dissertation this process is sufficient.
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2

What is a metamaterial?

This chapter is aimed at introducing the reader to the field of metamaterials. It

begins with a discussion of some of the compelling results to have come out of the

field. What follows is a brief historical overview and discussion of effective medium

theory. These topics naturally arise when working with artificial media and are ever-

present as considerations in metamaterial design and experimental demonstration.

The recently coined term ‘metamaterials’ covers a large distribution of topics

with a rich history of scientific exploration. Most broadly defined, a metamaterial

is a microstructured1 material that is patterned in order to achieve a desired inter-

action with some wave-type phenomena—usually either acoustic or electromagnetic.

Electromagnetic metamaterials, which are the emphasis of this dissertation, include

a number of useful techniques which have been extensively studied such as frequency

selective surfaces, artificial dielectrics and electronic bandgap materials. The unify-

ing thread in these techniques is that the microstructured patterning in these devices

plays a more important role in the device behavior than the bulk properties of the

constituent materials.

1 Microstructured refers to patterning on length scales less than or equal to a wavelength.

4



Figure 2.1: While the term ‘metamaterials’ is incredibly broad, two manifestations
of the emerging techniques used in this field which have captured the attention of
researchers and the imagination of the public are negative index materials and the
cloaking.

The recent surge in interest in metamaterials, however, has been fueled by ex-

perimental and theoretical demonstrations of physical phenomena—resulting from

this patterning—which mimic materials that are not available in nature. The two

results which have, perhaps, been most successful in attracting the attention and

imagination of researchers and the public are negative index materials and cloaking.

Figure 2.1 shows cover art in from the popular physics magazine Physics Today 2

which highlights each of these phenomena.

Natural materials can be found which exhibit either a negative electric response

or a negative magnetic response. The homogenization of a plasma, for instance,

2 Reprinted with permission from Physics Today. Copyright 2004(a) and 2007(b), American
Institute of Physics.
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results in a negative effective permittivity. Magnetically resonant crystals also can

exhibit a band of negative permeability. Electromagnetic waves cannot propagate

in a material when either the permittivity, ε, or the permeability, µ are negative

because the effective refractive index, n =
√
εµ is imaginary. If both ε and µ are

negative, the index will again be real valued and light can propagate, however, a

negative index must be chosen! This behavior from materials with simultaneously

negative ε and µ was first predicted by Veselago [5]. These materials - often reffered

to as ‘left-handed’ materials. ‘Left-Handed’ materials are so-called because the wave

vector is antiparallel to the Poynting vector—seemingly violating the right-hand rule.

The dramatic result was that it is possible to produce materials with a negative

effective index of refraction was first reported by Smith et al. [6]. In these mate-

rials the phase-velocity is negative and simple Snell’s law experiments demonstrate

that refraction occurs in the opposite direction [7]. What makes this phenomenon

particularly interesting is that the constitutive materials can be as simple as copper

traces on circuit board. Figure 2.2 shows experimental field mappings of a beam

being diffracted by a negative index material [1].

It was furthermore demonstrated that this phenomenon can be leveraged in the

design of potentially useful devices such as the superlens [8, 9]. The resolution of

a standard lens is limited by the maximum transverse wave-vector able to prop-

agate through free space, kmax = ω/c. In a positive index medium waves with

a larger wave-vector are evanescent: rather than oscillate in free space they decay

exponentially. In a negative index medium, however, the amplitudes of these evanes-

cent waves grow exponentially—allowing for the transmission of information about

features on a much finer scale than is available using conventional optical elements.

The prospect of using left-handed media in lensing applications is a compelling

one and has brought about a great deal of innovative research directed toward push-

ing the operating frequencies of these materials to shorter and shorter wavelengths;
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Figure 2.2: An experimental demonstration of a negative index of refraction
through Snell’s law [1]. (a) In a positive index material light is refracted to the right of
the surface normal of the lens. (b) In a negative index or left-handed medium light is
refracted in the other direction. (c) In this experiment the negative index is achieved
through the use of wires, which behave as a plasma at microwave frequencies—
resulting in a negative permittivity—and subwavelength resonators called split-ring
resonators which give rise to a negative permeability at frequencies just past their
resonance.

however, materials with an isotropic, homogeneous negative refractive index, sac-

rifice some of the potentially valuable possibilities that arise in artificial materials.

Metamaterials are, in particular, naturally anisotropic. This means that almost any

material dyadic can, in principle, be achieved. The most general material dyadic can

be written as

D = εE + σemH, and

B = µH + τmeE.
(2.1)

Metamaterials have demonstrated not only tensorial control over ε and µ, but also

over the bianisotropic coupling tensors, σem and τme. In principal complete control

over all 36 possible degrees of freedom in equation 2.1 is possible with metamaterials

(including those choices which violate reciprocity). The particular choice of having

negative ε and µ in one direction and positive in the other directions, for instance, re-

sults in what is called an indefinite medium—a material with a hyperbolic dispersion
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relation [10].

A further significant advantage of the manual patterning of a material is that it

can be made to be inhomogeneous—the properties of the material can change as a

function of position. This allows for the curving of light ray trajectories throughout

the bulk of a material and can lead to a significantly increased phase space in which

to design optical devices.

Seeking to exploit the possibility of designing materials which are both anisotropic

and inhomogeneous led researchers to ask how devices could be designed in such a

seemingly large and intractable phase space. A novel solution proposed by Pendry

[2] was to use the properties of Maxwell’s equations under coordinate transforms.

In particular it can be shown—and had previously been known [11, 12]—that all of

the information about a coordinate transformation can be carried in the material

parameters, ε and µ. Following this logic, if the proper materials can be found, one

coordinate system can be made to look like another.

Pendry demonstrated that a fortuitous choice of coordinate systems can be used

to design a cloak. In particular it is possible to make the natural choice of lab

coordinates behave as though everything inside of a certain region actually had zero

extent. Since the region which behaves as though it were point-like cannot scatter

light, it is effectively cloaked. Light ray trajectories in such a medium bend around

the inner region, exiting the cloak as though they had only passed through free

space. The properties of the cloak, in-fact, extend to the full-wave limit. No phase

aberrations occur when passing through a perfect cloak. This result was initially

met with skepticism due to concerns about the uniqueness of the scattering solution

[13]. However such proofs were limited to the consideration of isotropic materials

[14]—highlighting the fact that anisotropy, rather than being a simple extension of

the material dyadic, can lead to novel physical phenomena which would be otherwise

unachievable.
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Figure 2.3: Ray tracing results from the cloaking transformation taken from [2] for
(a) a two-dimensional cloak and (b) a three-dimensional cloak. The metamaterial
layer surrounding the inner region makes that region appear to be electromagnetically
infinitesimal - with vanishing cross-section. This occurs by guiding the paths of light
rays around the cloaked object. An ideal realization of such a cloak is not limited to
ray paths, but maintains the phase of the fields as well.

A metamaterial implementation of the cloaking design was demonstrated in 2D

at microwave frequencies shortly after the original design was suggested [15]. What

made this result particularly important is that, in this implementation, good agree-

ment is found between full-wave simulations which assumed a continuous material

distribution with a well defined dyadic and a metamaterial consisting of discrete

particles with periodic structure that is smaller than, but still on the same order as,

a wavelength.

Negative index materials and the metamaterial cloak both rely on the use of sub-

wavelength particle resonances to achieve their desired behavior. The initial experi-

mental works of both relied in particular on the use of a so-called split-ring resonator.

A split-ring resonator’s lowest resonance is magnetic—the microscopic magnetic sus-

ceptibility undergoes a resonance. If the lattice spacing is small this resonance will
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Figure 2.4: In many metamaterial devices the subwavelength particles used are
resonant near the operating frequency of the device. Two examples of such struc-
tures, (a) an Electric Ring Resonator (ELC) and (b) a Split Ring Resonator (SRR)
are shown. These particles are used to achieve an electric and magnetic response
respectively. The resonance allows for a broad range of responses that would be
otherwise unattainable using the constitutive materials—for instance negative per-
mittivity/permeability and a paramagnetic response from metals.

only affect the effective permeability of the material. While the resonant particles

often used in metamaterials are generally grouped as being either electric or mag-

netic in character, they can, in principle, exhibit bianisotropic coupling even at the

molecular level.

The freedom to choose the desired type of response for a metamaterial particle

and to tune the frequency of the resonance greatly increases the available phase space

in the design of artificial electromagnetic media. Without the use of a resonance,

metallic inclusions are naturally polarizable and diamagnetic; which results in per-

mittivities greater than one and permeabilities somewhat less then one and always

greater than zero. Near a resonance these possibilities are expanded to almost any

choice, positive, near-zero and negative, of ε and µ.

The potential for this additional freedom in the creation of electromagnetic ma-
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terials is compelling. However, one has to be careful in the treatment of these

collections of particles as a material. The metamaterial inclusions are smaller than

the wavelength, but the magnitude of the free-space wave vector is often only slightly

smaller than the inverse lattice spacing with ka / 1; where k is the magnitude of the

free-space wave vector and a is the spacing of the lattice cells. Under these condi-

tions the non-local interactions of particles in the lattice result in spatial dispersion

[16]—an explicit dependence of ε and µ on k. This problem is compounded when

the inclusions are themselves resonant, often significantly shortening the wavelength

in the medium. Moreover, it seems that many of the assumptions which go into the

microscopic theory of electromagnetic media are violated. Because these issues play

an important role in designing these nascent materials any discussion about meta-

materials is incomplete without some consideration being given to effective medium

theory.

The remainder of this chapter is devoted to developing the basics of effective

medium theory so that the important differences between metamaterials and stan-

dard materials can be appreciated.

2.1 What is a material?

A brief review of classical techniques for arriving at Maxwell’s equations in a medium

from microscopic considerations is useful before proceeding on to the homogenization

of metamaterials. A discussion limited to dipole interactions, while possibly insuffi-

cient for characterizing metamaterials, is enough to highlight some of the pitfalls in

homogenization.

2.1.1 Lorentz averaging in the static limit

Canonical texts [17, 18] generally present the Lorentz averaging model for determin-

ing effective material parameters from a collection of polarizable particles [19]. In
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this approach one considers a lattice of dipoles.3 The lattice causes rapid variations

in the field. In order to avoid this, the electric field is averaged over the volume of

each unit cell. This running average of the field is often referred to as the ‘macro-

scopic field’ [17]. Gauss’s law is written for this averaged electric field, Ê, with a

distinction made between free charges and bound charge associated with molecular

polarizability.

∇ · ε0Ê = ρ = ρf + ρb

−∇ ·P ≡ ρb

∇ ·
(
ε0Ê + P

)
= ρf

P ≡ ε0χeÊ

εr ≡ 1 + χe

(2.2)

The vector field P is the bulk polarization of the medium, P = Np, where N

is the density of particles and p is the individual particle polarization. Determining

the relationship between Ê and P, then, is the essence of material homogenization.

The microscopic polarization of a particle is found by the local field at the position

of the particle, Eloc and its polarizability, αe.

p = αeEloc (2.3)

If there was no difference between the local electric field and the averaged field

in a unit cell, this problem would be trivial with χe = Nαe

ε0
. In reality, however, the

fluctuations in the field due to the particles give rise to what is called the Lorentz

difference,

Ê− Eloc. (2.4)

3 Electric dipoles are generally assumed, but the arguments for a lattice of magnetic dipoles follow
similarly.
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Finding the Lorentz difference under various approximations, and in different

geometries—particularly when the wavelength is comparable to the lattice spacing—

is the basic problem in determining the effective medium properties of a material from

microscopic considerations.

The classical steps from this point [17, 19] are to consider a small, spherical, vol-

ume around a particle located at the origin. Inside this volume all of the interactions

between dipoles are taken into account. Outside of this volume a bulk average po-

larization is assumed. The famous result is that the interactions of nearby particles

cancel in a simple cubic lattice and only the field due to the polarization outside

contributes to the Lorentz difference. The problem with this line of reasoning is that

the spherical shell can apparently be made arbitrarily large, and thus the overall

shape of the material volume appears to play an important role in determining the

material parameters.

A preferable approach is to break the Lorentz difference for particle i into several

parts [20, 21],

(
Ê− Eloc

)
i
=
(
Ê0 − E0

)
i
+

N∑
j 6=i

(
Êij − Eij

)
− Êii (2.5)

The terms with a hat are understood to be averaged over a unit cell of the

medium. E0 is the electric field due to external sources. So long as these sources

are sufficiently far away and, in the case of a harmonically varying field, the unit

cell spacing is small compared to the free-space wavelength of light, we expect little

difference between the field due to external sources at the center of a unit cell and

averaged over a unit cell,
(
Ê0 − E0

)
i
= 0. The next term,

∑N
j 6=i

(
Êij − Eij

)
, can be

shown to be identically zero for an infinite cubic lattice in a static field. For periodic,

non-cubic lattices this difference will approach a constant in the bulk of the material

with only a small correction due to the geometry of the whole sample which scales
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as (a/Rmax)2, where a is the unit cell size and Rmax is the characteristic length of

the sample [21].

For the case of a particle buried deep in the bulk of a cubic lattice (and to a

reasonable approximation for other cases), only the average field of the particle in

question contributes significantly to the Lorentz difference. Explicit calculation of

this average for a particle with polarization p located in the center of a cubic unit

cell yields

Ê− Eloc = − 1

3ε0V
p = − P

3ε0

(2.6)

Using this and NV = 1, the bulk polarizability, and therefore the refractive index

of the medium can be easily determined:

Ê− Eloc = − N

3ε0

p = −Nαe
3ε0

Eloc

Eloc =
1

1− αe

3ε0V

Ê

P = ε0χeÊ = Np = NαeEloc

χe =
Nαe/ε0

1−Nαe/3ε0

εr = 1 +
Nαe/ε0

1−Nαe/3ε0

.

(2.7)

Rearranging to find the particle polarizability results in the well-known Clausius-

Mossotti formula,

εr − 1

εr + 2
=
Nαe
3ε0

. (2.8)

When the cell in question is not in the bulk of the medium, the Lorentz difference

is perturbed. The relation 2.6 can be written more generically as

Ê− Eloc = − C

ε0V
p (2.9)
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The extent to which C varies from the bulk value of 1/3 under various conditions

is a useful measure of the homogenized material approximation accuracy. In the

static limit even the unit cells on the very surface of a material have C ≈ 1/3. For

surface dipoles polarized parallel to the surface plane, for instance, C = 0.346 while

for dipoles polarized perpendicular to the plane C = 0.307. In the second layer the

error in C from the bulk value of 1/3 is less than 0.05% [22]. This apparently small

change in the Lorentz difference at the surface of a material is nonetheless responsible

for the observation of surface wave polaritons [22, 23].

2.1.2 Homogenization at finite frequencies

In the case of time varying fields, this picture of material homogenization is more

complicated. The finite frequency introduces a new length scale into the problem—

the wavelength of light—which affects the Lorentz difference. The second term in

the Lorentz difference,
∑N

j 6=i

(
Êij − Eij

)
, was approximately zero for static fields.

At finite frequencies, however, the contributions to the difference Êij −Eij decay as

eikR/R. In an infinite, lossless medium the sum does not converge and the Lorentz

difference possesses an explicit dependence on the sample size and geometry. This

problem can be somewhat alleviated through the inclusion of loss in the background

material, but this results in at least one other length scale entering the system—

associated with the long range interactions of particles.

Another interesting problem is that the polarizability can no longer be treated as

purely real for a passive system. Radiation damping leads to a necessarily complex

polarizability of the form [17]

Im

{
1

αe

}
= − k3

6πε0

. (2.10)

Naively inserting this result into the Clausius-Mossitti relation yields a complex
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permittivity for a lossless medium, a clearly unphysical result [21]. Conservation of

energy dictates that the Lorentz difference must instead be of the form

Ê− Eloc = − 1

3ε0V
p + i

k3

6πε0

p. (2.11)

The original work in addressing these apparent problems can be found in [24,

25]. An insightful review with useful comments relating to some issues specific to

metamaterials can be found in reference [21].

An alternative to determining the Lorentz difference in the presence of time vary-

ing fields is to directly solve for the Bloch modes of a crystal. The dispersion relation

for these modes defines an effective index [22, 26]. To uniquely determine ε and µ,

a wave impedance must also be defined. In some cases, there is some ambiguity in

how this process should be carried out. A discussion of the various ways in which

the wave impedance can be defined and the validity of these definitions can be found

in work by Simovski [27].

One of the interesting results which follows from this homogenization procedure

is that crystals with both magnetically and electrically active particles are shown to

exhibit inherent bianisotropy, even if the unit cells themselves are not bianisotropic

[28, 27]. This result calls into question the assignment of both ε and µ for such

lattices without the additional definition of a bianisotropic parameter.

2.2 Determining homogenized material parameters for metamaterials

The basic question regarding homogenization which is posed in the metamaterials

community is: given some crystal of micro-resonators, what effective medium param-

eters best approximate the response of this medium? For the case of metamaterial

inclusions, the approximation of coupling only through the retarded dipole interac-

tion often is an oversimplification. Metamaterial unit cells are both of the same order
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as the wavelength and the inclusions generally are of the same size as the unit cell.

The addition of higher order modes, as has been done with spheres [29], can help to

address this problem; however it is difficult to carry out this expansion for inclusions

composed of real materials with arbitrary geometric complexity.

In practice, alternative methods are needed. One approach, which was used by

Pendry in the analysis of magnetic inclusions [30], is field averaging. This approach

is powerful in the context of simple systems which can be described analytically,

or extracted from finite element simulations. Numerical tools for homogenization

through field averaging for metamaterials with arbitrary effective parameters (all 36

possible tensor elements) are discussed in [31].

The problem with this approach is that it is difficult to connect the parameters

retrieved in this way to experiments. An alternative approach based on the so-

called Nicholson-Ross-Weir (NRW) algorithm [32, 33] for experimental parameter

extraction of metamaterials was proposed by Smith et al.[34, 35]. This procedure

is based on the transfer matrix formalism. The transfer matrix, T, can be used

to relate the fields on one side of a slab of material to those on the other. In this

one-dimensional formalism only a scalar electric and magnetic field (E and H) are

used.

F′ = TF

F =

(
E

Hred

)
Hred = iωµ0H

(2.12)

For a homogeneous, 1D slab of material with refractive index, n, and impedance,

z, the transfer matrix is

T =

 cos(nkd) − z
k

sin(nkd)

k
z
sin(nkd) cos(nkd)

 (2.13)
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The fields, E and H, are difficult to measure simultaneously. It is often easier

to work directly with the scattering matrix of a system. Fortunately the scattering

matrix can be simply related to the transfer matrix.

S21 =
2

T11 + T22 + ikT12 + T21

ik

,

S12 =
2det(T)

T11 + T22 + ikT12 + T21

ik

,

S11 =
T11 − T22 + ikT12 − T21

ik

T11 + T + 22 + ikT12 + T21

ik

, and

S11 =
T22 − T11 + ikT12 − T21

ik

T11 + T + 22 + ikT12 + T21

ik

(2.14)

For a reciprocal material, det(T) = 1 and S12 = S21. Furthermore, if the material

is homogeneous, T11 = T22. With these simplifications and using equation 2.13 it is

easy to show that

S12 = S21 =
1

cos(nkd)− i
2

(
z + 1

z

)
sin(nkd)

, and

S11 = S22 =
i

2

(
1

z
− z

)
sin(nkd).

(2.15)

Inverting these equations to find n and z we arrive at

n =
1

kd
cos−1

[
1

2S21

(
1− S2

11 + S2
21

)]
, and

z =

√
(1 + S11)2 − S2

21

(1− S11)2 − S2
21

.

(2.16)

The parameters n and z are related to the material parameters, ε and µ, through

ε =
n

z
and µ = nz. (2.17)

Scattering parameters can be easily determined both experimentally and in full-

wave simulations. This makes the approach outlined here a powerful one that does
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not rely on the microscopic structure of the particular material. Instead the approach

is somewhat heuristic leaning heavily on the fact that “If an inhomogeneous structure

can be replaced conceptually by a continuous material, there should be no difference

in the scattering characteristics between the two” [35]. This conceptually simple

approach to retrieving homogenized material parameters is powerful and has met

with broad use. In particular, it is a useful method by which to determine when a

material exhibits a negative index of refraction. Furthermore, parameters retrieved

in this way agree with those retrieved through field averaging techniques in a number

of important cases [36].

While this technique has demonstrated its usefulness, there is considerable debate

as to whether or not material parameters defined in this way are suitable in the

frequency range in which metamaterials are often used [37, 38, 39].

Foremost among the concerns raised about the NRW retrieval method is that

the retrieved parameters often appear to be non-local. One manifestation of this is

that they exhibit anomalous imaginary components in ε and µ of the wrong sign–

which suggest that passive structures exhibit gain. Figure 2.5 demonstrates how in a

band containing an electric resonance there is a magnetic anti-resonance. This anti-

resonance appears in the retrieved parameters despite the lack of any true magnetic

response from the medium in this frequency range—there is no non-trivial magnetic

susceptibility in this range. The anti-resonance also appears to have a negative value

of Im{µ}; for the harmonic timedependence e−iwt this indicates an active material.

The material parameters also appear to violate the Kramer’s-Kronig relation: the

condition that for materials with small losses ∂(ε)/∂ω > 0 and ∂(µ)/∂ω > 0 is

broken.

In addition to this non-local response, the overall lineshape is apparently much

more complex then one might expect. In particular, simple charge on a spring models

of the microscopic polarizabilities suggest that the polarizability and dielectric take
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Figure 2.5: The retrieved material parameters of µ (a) and ε (b) are shown from the
simulation of a metamaterial unit cell with both electric and magnetic resonances (c).
The electric resonance is shaded in blue while the magnetic resonance is shaded in red.
There are several notable features in these graphs. (1) The resonant lineshapes do
not appear to be Lorentzian. (2) When either µ or ε are resonant an anti-resonance
appears in the other parameter. (3) In the anti-resonant regions the imaginary
components of µ, ε are negative—apparently exhibiting gain from a passive structure.

the form,

αe(ω) =
f

ω2
0 − ω2 − iωγ

. (2.18)

Inserting this polarizability into the Clausius-Mossotti relation and defining ω2
1 =

ω2
0 −Nf/3ε0, we arrive at the familiar Drude-Lorentz dispersion curve,

εr(ω) = 1 +
fN

ε0

1

ω2
1 − ω2 − iωγ

, (2.19)

This suggests that the retrieved material parameters for the unit cell shown in
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figure 2.5 should have looked like those in figure 2.6. The complex structure in

the actual retrieved parameters suggests that there is more going on than what is

captured by the Clausius-Mossotti model.

Figure 2.6: Typical anomalous dispersion curves are shown. This is the behavior
of ε and µ that we expect from simple microscopic considerations and the Clausius-
Mossotti model.

These apparent discrepancies have been shown to be associated with the finite

size of the lattice spacing in the material—often collectively attributed to the effects

of spatial dispersion.

To compound these issues, the use of transfer matrices to describe the behavior of

crystals containing both electrically and magnetically responsive particles has been

called into question in reference [27]. It is worth highlighting the arguments made

in this paper. Consider any collection of material which can be characterized by

a transfer matrix T. If this unit cell of material is repeated then we should be

able to find Bloch modes in the lattice with wave vector q. This leads to a simple

eigenproblem.

F′ = TF = eiqdF(
T11 T12

T21 T22

)
F = eiqdF

(2.20)
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Non-trivial solutions to this equation require that

det(T− Ieiqd) = T11T22 − (T11 + T22)e
iqd + e2iqd − T12T21 = 0. (2.21)

Using det(T) = 1 we arrive at

2 cos(qd) = T11 + T22. (2.22)

In general T11 and T22 can be arbitrary functions of the wave-vector k. They

cannot, however, be functions of q. No information about the surrounding region of

a block of material is needed to determine the transfer matrix. The use of q implies

the presence of a lattice.

It is worthwhile to compare equation 2.22 with an explicit calculation for the dis-

persion of a lattice of electric and magnetic dipoles. This has been done in reference

[28] and all but the final result will be omitted here. The dispersion relation for a

lattice of both magnetic and electric dipoles reads,

cos(qd) = cos(kd)−sin

(
kd

(
G

4
+
X

4

))
±

√√√√sin2

(
kd

(
G

4
− X

4

)2
)

+
GX

4
sin2(qd),

(2.23)

where G and X are functions of k, the polarizibilities and the lattice constants

only (not q) and are related to the strength of the electric and magnetic particles

respectively. In particular they obey

lim
αe→0

G→ 0 and lim
αm→0

X → 0. (2.24)

The notable feature of the dispersion relation in equation 2.23 is the q dependence

of the right hand side. This is the manifestation of the seemingly inexorable non-local

interactions between electric and magnetic particles. This feature of the dispersion

relation cannot be arrived at through the use of transfer matrices, which assume

22



a local response to the media. When either the electric or the magnetic response

dominates, the dispersion relation appears to be local. However, this result seems

to call into question the very use of ε and µ as local parameters to describe media

which contain particles with electric and magnetic response in the same frequency

range such as those used in reference [40].

Comparison of the NRW method to other homogenization techniques applied to

systems of particles with known interactions suggests that these apparent discrepan-

cies are the manifestations of important approximations that can be missed in the

homogenization procedure [37, 41]. Some additional information can be obtained

by simulating or measuring scattering parameters from multiple metamaterial layers

[42] or by attempting to characterize the response of a metamaterial as a function of

angle [43].

These problems can, at times, be avoided through careful design of metamaterial

cells. However they highlight a serious shortcoming of using the NRW approach to

retrieve homogenized material parameters. Without more information about the mi-

croscopic interactions between metamaterial elements, it is very difficult to determine

how and when the model of a homogeneous medium breaks down.

This, in turn, motivates the careful testing of metamaterial devices such as the

cloak. It is clear that the assumptions which go into metamaterial design may be

flawed, but it is often unknown if the resulting device will still function as expected

or in what ways its behavior will deviate.
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3

Transformation optics

One of the most powerful conceptual techniques for the design of devices which

leverage complex materials is transformation optics. Transformation Optics allows a

designer to choose material parameters which cause light to ‘behave’ as if it were in

a non-trivial set of coordinates [44, 45] and has been the focus of a quickly growing

body of research into novel applications (see references [46] and [47] for example). In

order to provide the reader with the background information necessary to understand

the rest of the dissertation, I provide a full introduction to the topic. Transformation

optics relies on what is termed the ‘form-invariance’ of Maxwell’s equations [11]. This

chapter begins with a derivation of this property beginning with the familiar form

of Maxwell’s equations. This is followed by a description of a consistent manner in

which transformation optical calculations may be performed for arbitrary geometries.

Finally two pertinent examples—a beam shifter and a cloak—are carried out to

elucidate the manner in which these calculations can be done.
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3.1 Coordinate transforms and Maxwell’s equations

Transformation optics relies on the fact that Maxwell’s equations can be written such

that the differential form of the equations is invariant under coordinate transforms.

Instead the effect of the coordinate transform is carried in a re-definition of the

constituent material parameters. This property of Maxwell’s equations has been

long known [11, 12]. In fact this property extends to any change in the metric and

is not restricted to coordinate changes. However, the conceptual step of actually

realizing these materials as a means of design for optical elements was introduced

more recently [2].

In what follows the derivation of this formulation of Maxwell’s equations is pro-

vided, following the path of the proof in reference [48]. While there are a number

of ways to arrive at the same or similar expressions this is, I believe, the simplest

conceptually.

To begin with we write Maxwell’s equations as we are familiar with them:

∇×H = ε
∂E

∂t
+ J,

∇× E = −µ∂H
∂t

,

∇ · εE = ρ,

∇ · µH = 0.

(3.1)

It is straightforward to rewrite these equations in covariant notation in Cartesian

coordinates. Note that what follows is not a statement of the Lorentz invariance of

Maxwell’s equations. In fact, the techniques used for transformation optics extend

to other physical systems altogether—for instance, acoustics [49]. Form invariance

is purely a property of the differential equations. Covariant notation is used for

25



compactness.

εijk∂jHk = εij
∂Ej
∂t

+ J i (3.2a)

εijk∂jEk = −µij ∂Hj

∂t
(3.2b)

∂iε
ijEj = ρ (3.2c)

∂iµ
ijHj = 0 (3.2d)

The indices (ijk) each run from 1 to 3. Here xi identifies a particular coordinate

(i.e. x, y and z), ∂i is shorthand for ∂/∂xi and εijk is the completely anti-symmetric

Levi-Cevita tensor. Repeated indices are understood to be summed over.

The properties of these equations will be considered under a coordinate transform

x 7→ x′. In all that follows the convention of primed indices will be used to identify

those entities specified in the transformed coordinates. The first thing which is

required is that E and H be vector fields, transforming as

Ei′ = Aii′Ei,

Ei = Ai
′

i Ei′ ,
(3.3)

where the jacobian, Ai
′
i , is given by,

Ai
′

i =
∂xi

′

∂xi
. (3.4)

Furthermore, it is clear from the chain rule that partial derivatives must transform

in the same way: ∂i′ = ∂/∂xi
′
= (∂xi/∂xi

′
)∂/∂xi = Aii′∂i.

Inserting (3.3) into (3.2a) results in

εijk∂j

(
Ak

′

k Hk′

)
= εij

∂
(
Aj

′

j Ej′
)

∂t
+ J i. (3.5)

The left hand side of the equation can be written as

εijkAk
′

k ∂jHk′ + εijkHk′∂jA
k′

k . (3.6)

26



Note that εijk∂jA
k′

k = εijk∂j∂kx
k′ . The Levi-Cevita tensor is fully anti-symmetric

by construction while the two partials commute and are necessarily symmetric. The

summation over j, k, therefore, yields zero. Inserting this and the change of the

partials into (3.5) results in

εijkAk
′

k A
j′

j ∂j′Hk′ = εijAj
′

j

∂Ej′

∂t
+ J i. (3.7)

From the definition of the determinant,

εi
′j′k′|An′

n | = Ai
′

i A
j′

j A
k′

k ε
ijk. (3.8)

The indicies on |An′
n | will be suppressed from this point on. Inserting (3.8) into (3.7)

results in

εi
′j′k′∂j′Hk′ =

Ai
′
i A

j′

j

|A|
εij
∂Ej′

∂t
+
Ai

′
i

|A|
J i. (3.9)

The same steps can be followed to re-write (3.2b) as

εi
′j′k′∂j′Ek′ = −

Ai
′
i A

j′

j

|A|
µij

∂Hj′

∂t
(3.10)

Gauss’s law (3.2c) transforms in the following way:

∂iε
ijEj = ρ

Ai
′

i ∂i′ε
ijAj

′

j Ej′ = ρ

∂i′
Ai

′
i ε

ijAj
′

j

|A|
Ej′ − Ai

′

i ε
ijEj′∂i′

Ai
′
i

|A|
=

ρ

|A|

(3.11)

The second term on the left hand side can be shown to be zero. The co-factor formula

for the matrix inverse gives,

Ai
′
i

|Ak′k |
= εi

′m′n′
εimnA

m
m′Ann′/2. (3.12)

27



Taking the partial derivative results in,

∂i′A
m
m′εi

′m′n′
εimnA

n
n′/2. (3.13)

This term is zero by the same logic used to show that (3.6) was zero. The partials

commute, while the exchange of i′ and m′ is anti-summetric. The contraction of a

symmetric tensor with an anti-symmetric one is zero.

Rewriting equation (3.11) results in

∂i′
Ai

′
i A

j′

j ε
ij

|A|
Ej′ =

ρ

|A|
. (3.14)

Equation (3.2d) can be similarly rewritten

∂i′
Ai

′
i A

j′

j µ
ij

|A|
Hj′ = 0. (3.15)

Original Equations Transformed Equations

εijk∂jHk = εij
∂Ej

∂t
+ J i εi

′j′k′∂j′Hk′ =
Ai′

i A
j′
j

|A| ε
ij ∂Ej′

∂t
+

Ai′
i

|A|J
i

εijk∂jEk = −µij ∂Hj

∂t
εi

′j′k′∂j′Ek′ = −Ai′
i A

j′
j

|A| µ
ij ∂Hj′

∂t

∂iε
ijEj = ρ ∂i′

Ai′
i A

j′
j

|A| ε
ijEj′ = ρ

|A|

∂iµ
ijHj = 0 ∂i′

Ai′
i A

j′
j

|Ak′
k |
µijHj′ = 0

Table 3.1: Maxwell’s equations before and after a coordinate transform. These have
been written in a way which highlights their form invariance.

In all of the transformed equations, (3.9), (3.10), (3.15) and (3.14), a suitable

choice for the transformation rules of the material parameters, current and charge,

will allow these equations to be identical in form to equations (3.2).

With these definitions in place, the central idea behind transformation optics

becomes clear. With a proper choice of materials and sources one can arrive at an
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Transformation Rules Transformed Equations

εi
′j′ =

Ai′
i A

j′
j

|A| ε
ij εi

′j′k′∂j′Hk′ = εi
′j′ ∂Ej′

∂t
+ J i

′

µi
′j′ =

Ai′
i A

j′
j

|A| µ
ij εi

′j′k′∂j′Ek′ = µi
′j′ ∂Hj′

∂t

J i
′
=

Ai′
i

|A|J ∂i′ε
i′j′Ej′ = ρ′

ρ′ = ρ
|A| ∂i′µ

i′j′Hj′ = 0

Table 3.2: The transformation rules for ε, µ, J and ρ

identical set of equations to those which are found under an arbitrary coordinate

transformation. In the next section we will see how to leverage this property in the

design of unconventional electromagnetic devices.

The above proof for transformation optics is valid under generic coordinate trans-

forms. In fact, this result holds under an arbitrary change in the metric, g[11, 12, 50].

In this case the material parameters transform as

εij = µij =

√
|g|gij

g00

(3.16)

This connection with the metric is interesting and has been invoked in the meta-

material implementation of systems which mimic celestial objects [51]. At first glance

this form suggests that, in order to explore all of the relevant phase space allowable

through transformation optics, we should consider spaces with non-zero curvature.

These are unachievable through the coordinate transforms described in this section

(scalar curvature is necessarily coordinate independent) [52]. However, for the cases

of interest in this dissertation, the presence of such curvature can just as easily be

handled through the introduction of some material in the initial space. This, in fact,

allows for even more flexibility than the introduction of a metric. For this reason,

further discussion of transformation optics and metrics with non-zero curvature will

be curtailed.
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3.2 Using transformation optics

In this section the use of the form invariance of Maxwell’s equations as a design tool

is explored. Two instructive examples of devices which have been designed using this

method are included.

3.2.1 Beam Shifter

First introduced by Rahm et al. [53], the beam shifter is, perhaps, the simplest

example of a device that can be designed through a coordinate transformation. In

this device light is translated in one direction as it propagates through a medium.

The first step in the design process is to find a set of coordinates in which light

appears to shift as desired. Such a coordinate system is shown in figure 3.1. Note

the difference between 3.1(a) and 3.1(b). In 3.1(a) the coordinates used for the figure

are Cartesian (x,y). In these coordinates light paths follow straight trajectories. In

3.1(b) the axes have changed and the light path appears to shift. This apparent shift

is only due to the use of strange coordinates. However, as indicated by figure 3.1(c),

this behavior can be realized through the introduction of the material specified by

the equations in table 3.2.

It is straightforward to write down the coordinate transform which results in this

behavior. We begin by breaking the space into three regions. Region I is to the left

of the shift, region II is the region in which the shift takes place and region III is

to the right of the shift. In all three sections the x coordinate remains unchanged,

x′ = x. In region I the y-coordinate has remains the same, y′ = y. In section III

the y-coordinate has been shifted by some constant distance, y′ = y+ ∆. Finally, in

region II, y′ has a linear dependance on x, y′ = αx′ + C. By inserting x = x′ and

forcing continuity at the boundary between sections I and II (x = x′ = 0) we arrive

at y′ = αx+ y.
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Figure 3.1: Coordinates and a ray path are shown for the beam shifting transfor-
mation. In (a) lines of constant x′ and y′ are drawn on an x, y axis. The path of a
light ray does not appear to change. In (b) lines of constant x and y are drawn on
an x′, y′ axis. Because these new coordinates have been used the path of the photon
‘appears’ to change. In reality the ray is still following a path defined by y = 0.5.(c)
This behavior can be realized with the introduction of an appropriate material.

In regions I and III the Jacobian is just the identity matrix. No material is

introduced into these regions. In region II the Jacobian and its determinant are

A =

1 0 0
α 1 0
0 0 1

 , |A| = 1. (3.17)

The requisite material parameters can also be found:

ε = µ =
Ai

′
i A

j′

j

|A|
δij = AAT =

1 α 0
α 1 + α2 0
0 0 1

 . (3.18)

For this particular application the material parameters are constant in the region

of the transformation. The specified parameters are what might be found from a

very specific crystal cut along a particular plane.

This transformation does not have any obvious practical applications, but it can

be used to highlight some of the useful features of device design using transformation

optics. In particular, the solutions are exact in the full wave limit. They do not rely
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Figure 3.2: Simulation results for a beam shifting device are shown. A snapshot
of the amplitude of the electric field is shown—the coloring red, blue indicate that
the fields is positive, negative respectively. The scale is arbitrary. Simulations were
performed using the COMSOL Multiphysics platform. In (a)-(c) there is no material
present. In (d)-(f) the beam shifting medium is introduced. The behavior of the
medium is shown for a Gaussian beam which is (d)normal to the surface, (e)diverging
and (f)incident at an angle. For all cases of incident radiation the effect of this
material is to shift the fields up by some amount. No further aberrations or reflections
are introduced.

on slowly varying fields or background material parameters. The prescribed materials

provide an exact solution to Maxwell’s equations. An added benefit of this property

is that devices designed in this way are inherently reflectionless. This has been used

in the past as a numerical tool to design perfectly matched layers for finite difference

time domain electromagnetic solvers [54].

Simulation results for the beam shifting transformation are shown in figure 3.2.
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For all cases the effect of the media is to translate the fields upwards. No additional

aberrations or reflections are introduced.

3.2.2 Cloak

The canonical example of a device designed using the tools of transformation optics is

the electromagnetic cloak. First proposed by Pendry et al.[2] and later demonstrated

experimentally by Shurig et al.[15], the prospects of cloaking garnished a great deal

of attention from the scientific (and the science fiction) community.

The full derivation of the material parameters for cloaking are included here for

two reasons. The first is that the conceptual process which is outlined here is, to

my knowledge, not widely used in the literature. This process, which allows one

to perform transformations between two non-Cartesian sets of coordinates, was an

important contribution in forwarding other work involving current transformations

[4] and [55]. The second is that this is a useful exercise for those wishing to better

understand how the techniques of transformation optics are utilized.

The concept behind the cloak is to find a coordinate transform which will take

all space smaller than a given radius and shrink it to a point. In order to handle this

transformation, it is useful to introduce a third set of coordinates as an intermediate

step between Cartesian and cloaking coordinates. If one desires to cloak a cylindrical

area, then cylindrical coordinates are the most natural choice for this third coordinate

system. This process was carried out in the design of structures used in [4] and is

detailed here.

This cloaking process is outlined schematically in figure 3.3. The first step is

to transform from Cartesian to cylindrical coordinates. Cylindrical coordinates are

then transformed to cloaking coordinates in which all of the area inside a cylinder

of some radius is shrunk to a point. It is recognized that one can ‘choose’ to use

cylindrical coordinates, but retain the material parameters. The effect of this is to
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Figure 3.3: The steps in arriving at the cloaking transform are shown schematically.
In (a)-(c) only coordinate transformations are taking place. This re-parameterization
of free-space does not introduce any change in the path of light rays. In (d) cylindri-
cal coordinates are used while retaining the material parameters from the cloaking
coordinates. The effect of this is that material is introduced to the system and
light will now bend around the concealed region. (e)To finish the transform these
material parameters must be found in Cartesian coordinates—connecting with the
familiar form of Maxwell’s equations.

introduce material to the system. Light rays curve around the concealed object. In

the final step the material parameters are found for a Cartesian coordinate system—

connecting with the familiar form of Maxwell’s equations.

The coordinate transform from Cartesian to cylindrical coordinates is defined by:

ρ =
√
x2 + y2,

θ = arctan(y/x), and

z = z

(3.19)
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The Jacobian is

A =

cos(θ) sin(θ) 0

− sin(θ)
ρ

cos(θ)
ρ

0

0 0 1

 , |A| = 1

ρ
(3.20)

From the equations in table 3.2 one arrives at the material parameters

εi
′j′ = µi

′j′ =
Ai

′
i A

j′

j

|A|
εij =

ρ 0 0
0 1

ρ
0

0 0 ρ

 (3.21)

In order to arrive at cloaking coordinates a new radius is sought, ρ′, that will

obey the following relations. (1) For all ρ′ less than some inner radius, R1, ρ will be

less then some smaller radius, α < R1. (2) At some radius, R2, which is larger than

R1, ρ = ρ′. (3) For all radii ρ > R2, ρ
′ = ρ.

The easiest, but by no means only, way to achieve these conditions is to interpolate

linearly between the points indicated. This results in the following relations

ρ′ =


ρ ρ > R2

(ρ−α)(R2−R1)
R2−α +R1 α < ρ < R2

R1

α
ρ ρ < α

θ′ = θ

(3.22)

When the free parameter α → 0 all ρ < R1 will be mapped to the origin. This

is the limit of the perfect cloak. In this limit, the Jacobian is only non-trivial in the

region R1 < ρ′ < R2, in which it is given by

A =

 (R2−R1)
R2

0 0

0 1 0
0 0 1

 , |A| = R2 −R1

R2

. (3.23)

This results in the material parameters

εi
′j′ = µi

′j′ =
Ai

′
i A

j′

j

|A|
εij =

1

|A|
AεAT =


ρ(R2−R1)

R2
0 0

0 R2

ρ(R2−R1)
0

0 0 ρR2

(R2−R1)

 . (3.24)
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Substituting in with ρ = (ρ′ −R1)R2/(R2 −R1) one arrives at

εi
′j′ = µi

′j′ =

ρ
′ −R1 0 0

0 1
ρ′−R1

0

0 0
R2

2(ρ′−R1)

(R2−R1)2

 (3.25)

To this point only pure coordinate transforms have been performed. Nothing

has changed in the physics of the problem. If the inverse of these transforms were

performed one would arrive at Cartesian coordinates with empty space. Instead

of doing this one can make the observation that Maxwell’s equations are identical

in both cylindrical and cloaking coordinates so long as the material parameters in

equation (3.25) are maintained. With this in mind the choice to use cylindrical coor-

dinates while maintaining the material parameters in equation (3.25) is made. Since

the coordinate system has changed without changing ε and µ these material param-

eters no longer represent a reparameterization of free space. Material is necessarily

introduced into the system. In practice what this means is that in order to arrive

at material parameters in the familiar Cartesian coordinates, only the inverse of the

cylindrical transformation is used.

Inverting the relations in (3.21) gives,

x = ρ cos(θ),

y = ρ sin(θ), and

z = z.

(3.26)

The Jacobian for the inverse transformation is

A =

cos(θ) −ρ sin(θ) 0
sin(θ) ρ cos(θ) 0

0 0 1

 , |A| = ρ. (3.27)
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Applying this transform to (3.25) one arrives at

εi
′j′ = µi

′j′ =


(ρ−R1)∗cos2(θ)

ρ
+ ρ sin2(θ)

ρ−R1

R1(R1−2ρ) cos(θ) sin(θ)
ρ(ρ−R1)

0
R1(R1−2ρ) cos(θ) sin(θ)

ρ(ρ−R1)
ρ cos2(θ)
ρ−R1

+ (ρ−R1) sin2(θ)
ρ

0

0 0
R2

2(ρ−R1)

ρ(R2−R1)2

 (3.28)

Substituting for ρ =
√
x2 + y2, θ = arctan(y/x) one finally arrives at an expres-

sion for the material parameters in Cartesian coordinates. However, the cylindrical

symmetry of the problem allows the material parameters to be expressed in a more

convenient way. Consider the line y = 0(θ = 0). Here, the material parameters can

be written as

εi
′j′ = µi

′j′ =


y

y−R1
0 0

0 y−R1

y
0

0 0
R2

2(y−R1)

y(R2−R1)2

 (3.29)

Along this line one can identify x = ρ, y = θ and express the material parameters

as

ερ = µρ =
ρ−R1

ρ
, εθ = µθ =

ρ

ρ−R1

, εz = µz =
R2

2(ρ−R1)

ρ(R2 −R1)2
. (3.30)

In this way the familiar formulas found in the literature are recovered [15][2].

These are often confused with the material parameters as expressed before trans-

forming to Cartesian coordinates as in (3.25). Note that, in equation (3.30), µρ, µθ

are just a compact way to write inhomogeneous and anisotropic material parameters

for a system which is cylindrically symmetric.

Full wave simulations of the cloak can be found in figure 3.4. The waves in 3.4(c)

and 3.4(f) are guided around the inner cylinder. The careful reader will notice that

there is still some scattering visible in 3.4(c). This is due to small numerical errors in

the simulations. The errors are reduced with finer and finer meshing; the very slow

convergence of such simulations is well understood and has implications with regard

to the realization of cloaks using discrete layers [56].
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Figure 3.4: COMSOL Multiphysics simulations demonstrate the behavior of the
cloak. In (a),(d) there is no material present - the waves are unperturbed. In (b),(e)
a PEC cylinder is introduced and significant scattering results. In (c),(f) a cloak is
used and the scattering is mitigated.
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4

Lens compression

Transformation optics is widely associated with the design of unconventional elec-

tromagnetic devices, such as invisibility cloaks or concentrators. However, a wide

range of conventional optical devices with potentially advantageous properties can

be designed by the transformation optical approach. In this chapter just such a de-

vice will be explored. In particular a coordinate transformation will be introduced

that compresses a region of space, resulting in an overall decrease in the thickness of

an optical instrument such as a lens. The optical properties of a transformed lens,

such as Fresnel reflections or aberration profile, are equivalent to those of the original

lens, while the transformed lens and the bounding transformation optical material

are thinner than the original lens.

This approach to flattening the profile of a lens represents an advantage over the

use of a higher dielectric material because it does not introduce greater Fresnel reflec-

tions or require a redesign of the basic optic. Though transformation optical media

are generally anisotropic, with both electric and magnetic response, it is possible to

arrive at a dielectric-only transformation optical distribution for a lens interacting

with transverse-magnetic (TM) polarized light. The dielectric-only distribution can
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be implemented using broad-band, low-loss metamaterials. Lens designs for both a

full transformation and a dielectric-only implementation are discussed and confirmed

via finite-element simulations. These results have been published in [3]1.

4.1 Full solution

To achieve lens flattening, transformations that compress space in the direction nor-

mal to the lens (along the optical axis) are considered. Space is broken into three

regions, defined by the differential ratios

I.
∂x′

∂x
= 1

II.0 <
∂x′

∂x
< 1

III.
∂x′

∂x
= 1

(4.1)

With a transformation of this form region II will be squeezed. However, regions

I and III do not undergo any compression and the material parameters will remain

those of vacuum. The compression can be writen as,

∂x′

∂x
=


1 x ≤ l1

a l1 < x < l2

1 x ≥ l2

(4.2)

Integrating through equation 4.2 results in a general form for the coordinate

map. The integration constants may be chosen by properly defining the bounds of

the space to be compressed. A natural set of boundaries for the purposes of lens

compression are x′|x=l2 = l2 = 0. This choice and a compression factor, a = 1/2,

results in the coordinate map in equation 4.3 - depicted graphically in figure 4.1.

1 For this work I provided the original idea for a compressing transformation as well as its dielectric-
only implementation. I then mentored Dan Roberts as he confirmed the device properties through
simulation.
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Figure 4.1: (a) Plot of the space compression transformation expressed by equation
4.3. The shaded region in the left plot is compressed by a factor of two in the right
plot. In both plots, the lines are of constant x and constant y. The integration
constant was chosen so that x = 0 maps to x′ = 0. (b) Plot of x′ versus x, illustrating
the compression that occurs in the primed coordinate system.

x′ =


x+ al1 x ≤ l1

ax l1 < x < l2

x x ≥ l2

(4.3)

Following the equations developed in chapter 3 and itemized in table 3.2 a set of

material parameters which corresponds to this coordinate map are obtained. In this

case, rather than begin with free space, the initial permittivity profile will be that of

a dielectric lens. Nothing in this process is unique to this choice of initial permitivity

profile, however. In principle any optical device could be compressed following the

same procedure. The material parameters in region II are given by

εij = µij =

a 0 0
0 1/a 0
0 0 1/a

 ε(x, y) (4.4)

To illustrate the lens-flattening procedure, a transformation that compresses a

planar-convex lens to half its original thickness is applied. The uncompressed lens

has a refractive index of 1.5, a thickness of 50cm and a focal length of 200cm.

To compress the lens to half its thickness requires that a = 1/2. The integration
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constant is chosen so that x = 0 is mapped to x′ = 0. This position corresponds to

the planar side of the lens. The spherical surface of the lens extends to −d = −0.05m.

Following the transformation it is mapped to −d/2 = 0.025m.

Figure 4.2: Plot of the z-component of the electric field for a lens with a focal length
of 0.2 m: (a) Original planar-convex lens. (b) Transformation optically compressed
lens. (c) Plot of intensity across the focal plane for the original planar-convex lens
and the transformation optically compressed lens. (d) Material parameters: Non-zero
permittivity and permeability components of the original lens and the transformed
lens.

Equation 4.3 shows explicitly that for x < −0.05, the transformation is not unity,
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but has a uniform shift. Since this shift will not change the derivatives in the Jacobian

matrix, no change to the (free space) material is required. Following equation 4.4,

the material parameters of the transformed lens are calculated. Figure 4.2d shows

the non-zero material tensor components for the normal lens and the transformed

lens.

To verify the performance of this lens design simulations were performed using

the two dimensional finite-element solver of the COMSOL Multiphysics software

package. In these simulations, a plane wave at 20 GHz was incident from the left

and focused by the lens. The lens is apertured by an absorbing material. Both the

original lens and the transformed lens were simulated. The results of the simulations

are shown in 4.2a and 4.2b, respectively. As evidenced by the field plot and the ray

trace of the power flow, both lenses focus the incident plane wave at the same focal

point. While the profile of the transformed lens has been reduced, it exhibits the same

optical path length as the original lens. Moreover, all properties of the original lens—

including the aberration profile, field-of-view and numerical aperture—are expected

to be unchanged. Note that, in keeping with 4.2 the entire left hand region (Region I)

has been shifted inwards by 0.025m. Plots of the intensity along the focal plane were

taken for each lens and are shown in 4.2c. The intensity distributions are identical,

validating the success of this transformation.

4.2 Dieletric only

The lens design simulated above is compelling because of the ability to re-shape the

lens without the introduction of additional Fresnel reflections or otherwise changing

the lens properties. However, the use of permeability components greater than unity

introduces the need for resonant elements in a metamaterial implementation. The

use of resonant elements implies bandwidth limitations and is often associated with

larger absorption in the material.
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Therefore, it is advantageous to search for implementations in which only dielec-

tric response is needed and nonresonant metamaterial elements can be employed. For

waves restricted to the transverse magnetic (TM) polarization, a dielectric implemen-

tation may be found by considering the eikonal approximation for the propagation

of light in anisotropic materials. This is demonstrated explicitly here.

To find a reduced form for the lens material parameters, the behavior of the

lensing medium in the limit of ray optics is considered. The general wave equation

for TM waves with magnetic field polarized along the z-direction can be written as:

1

µz(x)

∂

∂x

[
1

εy(x)

∂Hz

∂x

]
+

1

µz(x)

∂

∂y

[
1

εx(x)

∂Hz

∂y

]
=
∂2Hz

∂t2
, (4.5)

where the constitutive parameters are written as explicitly dependent on the coordi-

nate along the optical axis. The first term in 4.5 may be written as

− 1

µxε2
y

∂εy
∂x

∂Hz

∂x
+

1

µxεy
=
∂2Hz

∂t2
(4.6)

Since the permittivity tensor does not vary spatially throughout either the com-

pressed lens or the background medium, the first term is zero everywhere except at

the lens interfaces. Thus, for most of the domain, a simplified wave equation applies:

1

n2
x

∂2Hz

∂x2
+

1

n2
y

∂2Hz

∂y2
=
∂2Hz

∂t2
, (4.7)

where,

nx =
√
µzεy

ny =
√
µzεx.

(4.8)

In the ray approximation the index values parallel to and perpendicular to the

optical axis determine the wave propagation properties. Redefining the material
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parameters as

ε′x = µzεx,

ε′y = µzεy, and

µ′z = 1.

(4.9)

In the limit of ray optics the direction of the refraction at the lens boundary

is solely dependent upon the index (Snell’s law). Therefore, for sufficiently short

wavelengths, this approximation is justified. The effect of making this adjustment is

that the Fresnel reflection coefficients will change, resulting in increased scattering

at the boundaries of the medium. In the case of the material described here, the

reduced material properties become

εij =

1 0 0
0 1/a2 0
0 0 1

 ε(x, y)

µ = 1

(4.10)

Note that all the permittivity components are greater than unity (since a is

between 0 and 1). Fig. 4.3 shows a COMSOL simulation of the resulting dielectric-

only compressed lens. This transformation is no longer reflectionless, as evidenced

by the power flow lines shown in the figure.

One way to limit reflections is by adjusting the original transformation so that

the final material profile is a smooth gradient from and to the free space regions.

For a given range of permittivity, the implementation of a gradient will result in

a smaller overall compression factor (a choice that will depend on the properties

required for the lens). The following transformation yields a gradient index profile

and compresses the lens via a parabolic transformation (as opposed to the jump
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Figure 4.3: (a) Plot of the z-component of the magnetic field for the dielectric-only
compressed lens with a focal length of 0.2 m. (b) Plot of the z-component of the
magnetic field for the dielectric-only gradient transformation compressed lens with
a focal length of 0.2 m.

transformation expressed in Eq. 4.1),

∂x′

∂x
=


1 x ≤ l1

(1− a)
(

2x−l1−l2
l1−l2

)2

+ a l1 < x < l2

1 x ≥ l2

(4.11)

Again l1 and l2 are the bounds of the transformation in the unprimed space, and

a is a real number (0,1). In this formulation a is still a free parameter (related to the

minimum permittivity value), but is no longer equal to the full compression ratio.

The overall compression is given by,

l′2 − l′1
l2 − l1

=
2

3
a+

1

3
(4.12)

When the resultant anisotropic index profile is realized using dielectric-only ma-

terials Eq. 4.2 created a step barrier for the wave to scatter off. Eq. 4.11 grades this

impedance mismatch resulting in significantly lower scattering. A direct comparison
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Figure 4.4: (a) Plot of the space compression transformation expressed by Eq.
4.11. The shaded region shows the compressed region. As opposed to the jump
compression, the parabolic compression is graded in. The lines are of constant x and
constant y. The integration constant was chosen so that x = 0 maps to x = 0. (b)
Plot of x versus x for the parabolic transformation expressed by Eq. 4.11 illustrating
the compression that occurs in the primed coordinate system. (c) Plot of dx/dx
versus x for the parabolic transformation.

of the terms in Eq. 4.6 indicates that the ray approximation is still appropriate. Fig.

4.3b shows the resulting COMSOL simulation. It is clear from the power flow lines

that the reflections are mitigated. The result is a dielectric-only spatially compressed

lens.

4.3 Conclusion

We have successfully used a space compression transformation to reduce the profile

of a lens. In this transformation we effectively transform all of space, while only

requiring a transformation optical material in a small region, resulting in an overall

reduction in the volume of a lens. The transformation introduces a simple form of

anisotropy to the requisite material. The compression factor can be scaled as desired

at the expense of a larger range of material parameters. For a given polarization, the

lens can be engineered to be dielectric-only, making it broad band and essentially

lossless. By introducing a gradient into the transformation, Fresnel reflections can be

minimized. The transformation optical approach thus fuses the concepts of refrac-
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tive and gradient index optics, providing a systematic means of designing improved

optical devices starting with conventional paradigms.
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5

Source transformations

The transformation optical technique involves the use of coordinate transformations

applied to some region of space, providing a conceptual means to redirect the flow

of waves. The vast majority of devices designed using this technique have made use

of transformations acting on passive space only; however, the technique can also be

applied when source distributions (e.g., currents and charges) are included within the

space being transformed. The first work to explore this topic [57] lacked clarity on the

process which should be used to carry out these transformations and, furthermore

contains an incorrect expression for the transformation of sheet currents. In this

case, sheet current transformations are of particular interest because two dimensional

simulations are often used to explore the behavior of the transformation media. In

reference [4] this process was clarified and applied for arbitrary sources1.

A simple way to handle sheet current is to take the limit of a volume current

1 For this work I suggested handling the sheet currents as the limit of a volumetric current density.
I also demonstrated how an intermediate coordinate system could be used to easily handle the types
of transformatios which were being explored.
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which has the following form,

j =

 0
1√
δ∗πe

− (x)2

δ

0

 (5.1)

where the limit δ → 0 can be taken to arrive at a sheet current density.

In reference [4] the use of source transformations was demonstrated in the restora-

tion of dipole radiation patterns from both a distorted ‘pin-wheel’ antenna and a bent

dipole partially occluded by a cylindrical scatterer. Each of these transforms are most

naturally handled with the framework described in chapter 3, in which cylindrical

coordinates are used as an intermediate system.

Following the transformation rules in table 3.2 the current in cylindrical coordi-

nates becomes

j1 =
1√
δ ∗ π

exp

(
−(ρ ∗ cos(θ))2

δ

)
∗

 ρ sin(θ)
cos(θ)

0

 (5.2)

5.1 Pinwheel transformation

In the ‘pinwheel’ transformation the coordinates are rotated by some angle, ∆θ,

between the origin and r = R1. Current sources that remain in the region r < R1

were chosen. The following calculations are specific to this region.

r′ = r

θ′ =

{
θ ρ > R1

θ + ∆θ
(
1− ρ

R1

)
ρ < R1

(5.3)

The Jacobian for this transformation, A2, is

A2 =

 1 0 0
−∆θ
R1

1 0
0 0 1

 (5.4)
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Figure 5.1: The process for the ‘pinwheel’ transformation is shown schematically.
(a) The current is defined in Cartesian coordinates. (b) The current is transformed
into cylindrical coordinates. (c) The current is transformed into pinwheel coordi-
nates. Note that to this point, when shown on a cartesian axis, the current has not
changed; it is simply expressed differently. (d) The expression for the current from
(c) is used, but θ′ → θ and ρ′ → ρ. (e) The current distribution is expressed in a
Cartesian basis. In (d) and (e) there is material introduced in the shaded region.

Beginning with the current in Eq. 5.2 and material parameters in Eq. 3.21, each

expressed for a cylindrical coordinate system one can transform these into ‘pinwheel’

coordinates

εi
′j′ = µi

′j′ =

 ρ′ −ρ′∆θ
R1

0

−ρ′∆θ
R1

1
ρ′

+ ρ′∆θ2

R2
1

0

0 0 1

 (5.5)
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j2 = 1
R1

√
δ∗π exp

(
− (r′ cos(u′))2

δ

) −R1ρ
′ sin(u′)

R1 cos(u′ + θ′)− ρ′∆θ sin(u′)

0


u′ = ∆θ

(
1− ρ′

R1

)
− θ′

(5.6)

Similarly to the case in the cloaking transform these material parameters and

currents are now associated with standard cylindrical coordinates—introducing ma-

terial into the system and ‘bending’ the antenna. This process is shown in figure 5.1.

In the final step the inverse of the cylindrical transformation is used to retrieve the

current and material parameters expressed in Cartesian coordinates.

εij = µij =

 1 +
y∗∆θ( 2R1x

ρ
+y∆θ)

R2
1

−∆θ(xy∆θ+R1ρ cos(2θ))

R2
1

0

−∆θ(xy∆θ+R1ρ cos(2θ))

R2
1

1 +
x∗∆θ(− 2R1x

ρ
+x∆θ)

R2
1

0

0 0 1



j3 = 1
R1

√
δ∗π exp

(
− (ρ∗cos(u))2

δ

)
−R1 sin(u+ θ) + r∆θ sin(θ) sin

(
∆θ
(

r
R1
− 1
)

+ θ
)

−R1 cos(u+ θ) + r∆θ cos(θ) sin(u)

0


u = ∆θ

(
1− r

R1

)
− θ

ρ =
√
x2 + y2

θ = arctan
(
y
x

)
(5.7)

The current distributions for the original dipole, the ‘Pinwheel’ transformation

and a ‘Cloak’ transformation are shown in figure 5.1.

5.2 Cloaking transformation

One potential use of this technique is to design an antenna very close to an object

while limiting the interference of the object. To demonstrate this possibility an
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(a) (b) (c)
Figure 5.2: Vector field plots of transformed currents are shown. (a) Original cur-
rent (b) Current after ‘pinwheel’ transformation with a rotation of ∆θ = π (c) Cur-
rent after a cloaking transform NOTE: The initial current used was shifted slightly
to the left to avoid current in a region with diverging material parameters.

antenna is embedded into a standard cloaking transform, defined below.

r′ =


r r > R2

(r−α)(R2−R1)
R2−α +R1 α < r < R2

R1

α
r r < α

θ′ = θ

(5.8)

The cloaked region is the area r < R1. The cloaking material extends to r = R2.

While the parameter α is generally set to 0 for cloaking, resulting in a topology change

in the system, here it has been included so that the limit may be taken analytically.

Note that it is preferable to move the source away from r = R1. If the current is

left on the boundary, any physical cloaking transform (α > 0) will result in current

everywhere in the space r < R1. Neglecting this will lead to inaccuracies in simulation

and experiment. Furthermore, in the (α→ 0) limit, embedding the current directly

on the boundary requires the use of sources in a region with diverging material

parameters. Beginning with a dipole slightly offset from the center is sufficient to

retrieve good agreement with the fields expected outside of the transformed media,

even in the α→ 0 limit.
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5.3 Simulation results

To demonstrate the success of this transform, simulations were performed in com-

mercially available finite-element simulation software (COMSOL). A two-dimensional

TM mode wave was used. Taking the analytic expression for the current to the limit

δ → 0 allows the current distribution calculated, such as was claculated in eq. 5.7,

to be replaced by a discontinuity in the magnetic field using the Biot-Savart Law.

This discontinuity can be implemented as a source in simulations.

It is clear that current must be conserved under these transformations. To demon-

strate this explicitly for the ‘Pinwheel’ transformation a line cut of the current in

the y direction was taken along the y=0 axis. Numerical integrals were performed

as shown in figure 5.3. The total current carried throught each segment is exactly

1. While total current will always be conserved, it should be noted that the current

density can fluctuate in general. For instance, if the current had been chosen to be

in the z-direction initially the current distribution would not be constant. However,

this process of using an analytic form to perform the transformation and then inte-

grating to find the total current in a sheet or line source, can be used for any source

transformation.

Simulation results from a dipole with a length of one free-space wavelength are

shown in Fig. 5.4(a). If the dipole is twisted without compensation from the correct

material parameters a distinctly different field pattern is found (Fig. 5.4(b)). When

the correct material is in place the field pattern of a dipole is retrieved in the region

outside of the transformation media (Fig. 5.4(c)).

The cloaking transformation showed similarly good agreement. The results of

this transformation with and without compensating materials are shown in figures

5.4(d) and 5.4(e) respectively.
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Figure 5.3: A line cut along y=0 of the current in the y direction is shown. De-
spite the stretching induced by the transformation, each region still carries a total
current of exactly one Amp −m−1. This property will always be true under these
transformations and allows the analytic current expression shown in eq. 10 to be
replaced by a simple discontinuity in the magnetic field in the limit δ → 0.

5.4 Conclusions

By successfully demonstrating the inclusion of sources in the tool-box of transfor-

mation optics we believe we have opened up the door for many potentially useful

applications. These include embedding antennas into transformed regions to avoid

interference, such as the cloak. Antennas designed in this way may also make use

of the inherent properties of metamaterials to meet unique design parameters. For

instance, a transformation designed antenna may have less overall metal than a stan-

dard antenna. The natural dispersion of metamaterials may then result in an antenna

that interferes only very weakly at frequencies away from its frequency of operation.

Under certain circumstances the over-all weight of the antenna may also be reduced.

Finally, we expect that this tool will be particularly useful in the design of antennas

with arbitrary geometry that may be used as conformal elements in larger devices,

structures or even vehicles.
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Since the publication of [4] the ideas presented therein have been used in [58],

[59] and [55]—which was featured on the front cover of Applied Physics Letters.
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(a)

(b) (c)

(d) (e)
Figure 5.4: The z-component of the magnetic field is plotted for (a) a pure dipole
of lenth L=λ (b) A dipole that has undergone a pinwheel rotation of π without
material compensation. (c) A dipole that has undergone a pinwheel rotation of
π with proper material compensation (d) A dipole that has been bent around a
PEC scatterer (e) A dipole that has been bent around a PEC scatterer with proper
‘cloaking’ compensation. In each image there is a circle around the region in which
the transformation has taken place. The current is carried on the wire inside of this
region.
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6

Conformal methods in transformation optics

The devices produced through the use of transformation optics (TO) are interesting

and can provide novel solutions to problems. The prescribed material parameters,

however, can be very difficult to realize. In particular, all TO designs have the

property ε = µ. This is evident from the transformation equations and ensures

that the resulting dispersion relation is single valued in the presence of anisotropy.

A magnetic response, however, can be difficult to find in natural materials. To

realize such a response with metamaterials, resonant structures are generally used.

Unfortunately, these materials are highly lossy, which can limit their value in real

applications. These problems become particularly glaring as these devices are scaled

to optical and infrared frequencies. Furthermore, the use of particles with both

magnetic susceptibility and electric polarizibility leads to inherent non-locality in

the dispersion relation–as discussed in chapter 2 [27]. These concerns compel the

search for tools which will simplify the requirements for creating TO devices.

When designing a TO device many different transformations can lead to the same

result. In the cloaking transformation, for instance, linear interpolation between the
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inner and outer radii was chosen. This choice was arbitrary, however; any mapping

satisfying the requisite boundary conditions would have sufficed. This freedom nat-

urally leads one to ask whether or not a transformation can be chosen in such a way

as to optimize a particular feature of the design.

Conformal mappings provide an interesting possibility for finding particularly

well optimized choices for transformation optics. A conformal map is angle preserv-

ing. Formally, the metric takes the form gij = δijf(x, y, z) in three dimensions or

gij = δijf(x, y) in two dimensions. From equation 3.16 it is clear that the required

material parameters will then be isotropic. Conceptually this can be understood in

the following way. The angle preserving character of a conformal map ensures that,

if in the original space the Poynting vector of a wave was perpendicular to the wave-

fronts, this quality will be retained. If the material parameters were anisotropic,

however, inhomogeneous waves would necessarily be introduced.

For a three dimensional structure a conformal map results in material parameters

of the following form,

εi
′j′ = µi

′j′ =

f(x, y, z) 0 0
0 f(x, y, z) 0
0 0 f(x, y, z)

 (6.1)

The fact that the requisite material parameters are isotropic means that in the ray

limit they may be replaced with a dielectric-only, isotropic, gradient index material.

This looks promising, but there are significant drawbacks. One of these is that the

dielectric-only material will potentially reflect rays much more strongly than the

ideally realized material. A more important drawback is that in 3 dimensions such

transformations are impossible to find in most cases [60, 61].

In two dimensions the job is much easier. As will be shown, it is possible to find

coordinate transformations for which the material parameters will take the following
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form:

εi
′j′ = µi

′j′ =

1 0 0
0 1 0
0 0 f(x, y)−2

 (6.2)

Only the material properties in the ẑ direction are affected. In a two dimensional

system one must choose to use either a TE or TM wave, in which case only ε or

µ respectively will be needed to realize the material. It is important to point out

that no ray-optic limit has been assumed—this is a full-wave solution for the neces-

sary material parameters. This is an important point because it indicates that this

technique may be useful in any number of applications for which the size of a device

is comparable to the wavelength of the radiation—such as microwave lenses, and

waveguide applications. Although it is somewhat of a misnomer, devices designed

using this technique are often referred to as ‘isotropic’ or ‘index-only’. The material

parameters as designed are neither. However, if the polarization is restricted to say a

TE wave, light will only interact with the z-component of any dielectric. This allows

such devices to be realized using isotropic dielectric materials, as demonstrated in

[62].

Clearly life is much better for designs in two dimensions. The requirements to

reach such a solution will now be considered.

The first requirement will be that the transformation is purely two-dimensional,

∂z′

∂z
= 1, ∂z′

∂x
= ∂z′

∂y
= 0. It is furthermore required that there are no off-diagonal

terms in the resulting material parameters,

εxy = εyx =
1

|A|

(
∂x′

∂x

∂y′

∂x
+
∂x′

∂y

∂y′

∂y

)
= 0 (6.3)

or

∂x′

∂x

∂y′

∂x
= −∂x

′

∂y

∂y′

∂y
. (6.4)
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At this point a scalar f , which can in general be a function of position, f(x, y),

is defined by,

f
∂x′

∂x
=
∂y′

∂y
, and

− 1

f

∂y′

∂x
=
∂x′

∂y
.

(6.5)

By taking another derivative and using the fact that partials commute the fol-

lowing can be written

∂

∂x
f
∂x′

∂x
=

∂

∂x

∂y′

∂y
=

∂

∂y

∂y′

∂x
= − ∂

∂y
f
∂x′

∂y
(6.6a)

∂

∂x
f
∂x′

∂x
+

∂

∂y
f
∂x′

∂y
= 0 (6.6b)

and similarly,

− ∂

∂x

1

f

∂y′

∂x
=

∂

∂x

∂x′

∂y
=

∂

∂y

∂x′

∂x
=

∂

∂y

1

f

∂y′

∂y
(6.7a)

∂

∂x

1

f

∂y′

∂x
+

∂

∂y

1

f

∂y′

∂y
= 0 (6.7b)

with

f =

√√√√√√
(
∂y′

∂y

)2

+
(
∂y′

∂x

)2

(
∂x′

∂y

)2

+
(
∂x′

∂x

)2 . (6.8)

Equations 6.6b, 6.7b and 6.8 form a set of non-linear PDEs for x′(x, y) and

y′(x, y). These form the basis for orthogonal meshing techniques in two dimensions

[61]. In the context of transformation optics this would be sufficient to ensure that

the principal axis of every unit cell was the same. In the language of anisotropic

optics the director would be constant in such a system. While this alone may be

useful, a system in which the anisotropy will also be limited is now sought.
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To find a system with no anisotropy the material parameters must be further

restricted to obey

εxx = εyy

1

|A|

((
∂x′

∂x

)2

+

(
∂x′

∂y

)2
)

=
1

|A|

((
∂y′

∂x

)2

+

(
∂y′

∂y

)2
)
.

(6.9)

Comparing with equation 6.8 one finds that in order to arrive at a solution in

which εxx = εyy f must be equalt to unity. Rewriting 6.7b and 6.6b with this

simplification it is found that both x′(x, y) and y′(x, y) must obey Laplace’s equation,

∂2x′

∂x2
+
∂2x′

∂y2
= 0, and (6.10a)

∂2y′

∂x2
+
∂2y′

∂y2
= 0. (6.10b)

There are many numerical techniques for solving this equation. In fact it is easy

to show that any coordinate transform which obeys

x′ = Re {g(x+ iy)} , and

y′ = Im {g(x+ iy)} ,
(6.11)

where g(x + iy) is an analytic function, will satisfy our requirements. For general

boundaries a numerical relaxation scheme is useful [61]. The scheme employed here

and in other work in this dissertation was taken from the electromagnetics literature

[17].

In this relaxation method an initial guess is made as to the solution x′(x, y),
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y′(x, y). These values are then iteratively relaxed using the following equation,

x′i+1(x, y) = 〈〈x′i〉〉 =
4

5
〈x′i(x, y)〉c +

1

5
〈x′i(x, y)〉s

where,

〈x′i(x, y)〉c =
1

4
(x′i(x+ δ, y) + x′i(x− δ, y) + x′i(x, y + δ) + x′i(x, y − δ))

and

〈x′i(x, y)〉s =
1

4
(x′i(x+ δ, y + δ) + x′i(x− δ, y + δ)

+ x′i(x− δ, y + δ) + x′i(x− δ, y − δ)).

(6.12)

The application of boundary conditions are critically important in this process.

Ultimately, it is the boundary conditions which define the manner in which the trans-

formation will take place. Furthermore, it is only through the boundary conditions

that the seemingly separate equations 6.10a and 6.10b are connected.

There are two types of boundary conditions that generally show up in these

problems. The first is a Dirichlet condition in which the values x′(x, y) and y′(x, y)

are fixed along some border. This type of boundary condition is particularly useful

when defining the boundary between free space and the device in question. To ensure

that this transition is smooth, the points along this border should not move during

the relaxation.

The second type of boundary condition employed is a Neumann-Dirichlet or ‘slip-

ping’ boundary condition. Along such a boundary, a solution for which grid lines

(lines of constant x′ or y′) are orthogonal to a boundary (the Neumann part of the

boundary condition) is sought. The end points of these grid lines must also remain

on a surface (the Dirichlet part of the boundary condition). However, the particular

position of the point along that surface is not fixed.

To illustrate the procedure of applying slipping boundary conditions consider the
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Figure 6.1: An illustration of the procedure for applying Neumann-Dirichlet
boundary conditions is depicted. The position of the grid point at y0 must slide
along the boundary until the orthogonality condition is met.

end-point along a grid line x = xi shown in figure 6.1. Keeping the position of the

grid point at y1 fixed, the grid point at y0 must slide along the curve parameterized

by (f(λ), g(λ)) until the orthogonality condition is met. An expression for λi,t+1

which will meet this criterion is needed. The orthogonality condition is

ξ̂ · η̂ = 0

ξ̂ =
1

|ξ|

(
x′t(xi, y1)− f

∣∣
λi,t+1

, y′t(xi, y1)− g
∣∣
λi,t+1

)

η̂ =
1

|η|

(
∂f

∂λ

∣∣∣∣
λi,t+1

,
∂g

∂λ

∣∣∣∣
λi,t+1

) (6.13)

plugging in the values of ψ and ξ directly gives

(
x′t(xi, y1)− f

∣∣
λi,t+1

) ∂f
∂λ

∣∣∣∣
λi,t+1

+
(
y′t(xi, y1)− g

∣∣
λi,t+1

) ∂g
∂λ

∣∣∣∣
λi,t+1

= 0 (6.14)

In principle this transcendental equation for λi,t+1 is sufficient. However, the

search time for a solution can be greatly reduced by assuming that the new position
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won’t be far from the original point, λi,t+1 = λi,t+∆λ. Rewriting 6.14 and dropping

all terms of O(∆λ2) results in

∆λ = (
x′t(xi, y1)− f

∣∣
λi,t

)
∂f
∂λ

∣∣
λi,t

+
(
y′t(xi, y1)− g

∣∣
λi,t

)
∂g
∂λ

∣∣
λi,t(

∂f
∂λ

∣∣
λi,t

)2

+
(
∂g
∂λ

∣∣
λi,t

)2

−
(
y′t(xi, y1)− g

∣∣
λi,t

)
∂2g
∂λ2

∣∣
λi,t
−
(
x′t(xi, y1)− f

∣∣
λi,t

)
∂2f
∂λ2

∣∣
λi,t

(6.15)

The second two terms in the denominator of equation 6.15 contain a factor like(
x′t(xi, y1)− f

∣∣
λi,t

)
. This difference is on the order of the grid spacing in the system,

which should be small. For this reason, and to avoid calculating the second derivative

in an iterative scheme, the last two terms of the denominator in this equation are

generally dropped. This results in a form equivalent to what is found in [61],

∆λ =

(
x′t(xi, y1)− f

∣∣
λi,t

)
∂f
∂λ

∣∣
λi,t

+
(
y′t(xi, y1)− g

∣∣
λi,t

)
∂g
∂λ

∣∣
λi,t(

∂f
∂λ

∣∣
λi,t

)2

+
(
∂g
∂λ

∣∣
λi,t

)2 (6.16)

The use of xi, y1 makes this equation specific to the bottom, y = 0, boundary.

Trivial manipulations of 6.16 can be used to apply Neumann-Dirichlet boundary

conditions on any other boundary.

With equations 6.12 and 6.16 in hand, a full numerical scheme for finding devices

based on transformation optics which can be realized using index-only media may

be outlined. Schematically the process looks like this

1. Make an initial guess as to x′(x, y), y′(x, y).

2. Apply equation 6.16 to each boundary that should obey a slipping boundary

condition.

3. Apply equation 6.12 to the bulk of the device.
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4. Repeat steps 2 and 3 until the grid reaches some convergence criteria—for

instance that the movement between steps falls below some value.

6.1 Quasi-conformal transformations

The process outlined above will provide a conformal transformation between any two

two-dimensional volumes so long as they have the same module [60]. The module

is a measure of the extent to which a volume is taller than it is wide. It should be

clear qualitatively why the module must be maintained; no amount of computational

power will allow one to conformally map a square to a rectangle! For volumes which

have a similar module, however, a good approximation to a conformal mapping can

still be made.

For transformations between geometries with different modules orthogonality (eq.

6.4) may still be maintained. The effect of the change in the module is that f is no

longer equal to one. However, an f which is constant throughout the volume may

still be chosen. In this case, it can be shown that the error due to the change in

module is evenly weighted across the entire area of the map [63]. This is ultimately

because equations 6.6b, 6.7b and 6.8 do not change for any constant f . Because

of this, there is no need to adjust the relaxation scheme discussed in the previous

section for transformations between spaces with different modules.

The end result of a conformal transform is shown in figure 6.2. In this example

Neumann-Dirichlet boundary conditions have been used on the bottom (along the

yellow line). Dirichlet boundary conditions have been used on both the left and

right sides as well as along the top (red line). There are several qualitative features

in this image that are worth commenting on. The first is the the grid lines (lines of

x, y =const) remain orthogonal. In the original space a wave traveling along a grid

line would have lines of constant phase in the transverse direction. The orthogonality

of these grid lines ensures that this will still be the case after the transformation. If it

66



Figure 6.2: The result of a numerical quasi-conformal transform with arbitrary
boundaries.

were not, one would be left with inhomogeneous waves; an indication of an anisotropic

medium. In addition to the grid orthogonality each grid ‘square’ maintains its aspect

ratio. This indicates that the module has not been altered too extensively.

6.2 Carpet cloak

The first transformation optical device to be proposed based on the use of the nu-

merical transformation scheme discussed here was the carpet cloak [63]. In this

transformation a rectangular region of space is mapped to a space with a bump in

the bottom. The idea behind this transformation is that any item under the bump

will be ‘invisible’ to an observer, who will think that the plane is flat. The efficacy

of this process can be determined by shining a beam of light at the bump. Without

any transformation optical material the presence of the bump will cause the light to

scatter. If this is corrected for, however, the beam will reflect without perturbation

from the bump—as though the surface were entirely flat.

The un-optimized transformation is shown in figure 6.3. To realize this device

metamaterials with magnetic components will be required. In addition to this the
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Figure 6.3: (a) An un-optimized map from a rectangle to a geometry with a bump.
Line of constant x and y are shown on axis x′ and y′.(b) The resulting off-diagonal
material properties required to realize this device. These indicate the need for a large
magnetic component to the material parameters.

principal axis of the unit cells will be different at different positions in the device

(this is indicated by the non-orthogonality of the grid), which poses a significant

fabrication challenge. However, this map may be used as an initial guess in the

conformal optimization scheme. The map resulting from a converged optimization

is shown in figure 6.4.

The differences between the maps in 6.3 and 6.4 are subtle. The effects of the

optimization on the interaction with light, however, are dramatic. Figure 6.5 shows

these results. Note that, while the maps look similar, if the magnetic components

of the un-optimized material are neglected the result is completely different from

the optimized case. In fact, without the optimization the beam is not qualitatively

improved over the case with no material.

Perhaps the most compelling reason to pursue these optimized design techniques

is that the resulting devices can be fabricated with relative ease. In fact, within

months of the publication of the theoretical work [63] the experiment was carried

out at microwave frequencies [46]. Shortly after this the concept was extended to

68



Figure 6.4: (a) An optimized map for a carpet cloak is shown. (b) The required off-
diagonal terms have been reduced by approximately a factor of 10. This is sufficient
to allow them to be neglected.

visible wavelengths [62]!
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Figure 6.5: The results of two dimensional simulations on a carpet cloak. (a) No
material used. (b) The unoptimized material is used, but the magnetic components
are neglected. (c) The optimized material parameters are used with the magnetic
components neglected.
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7

Flattened Luneburg lens

The prospect of realizing the features of transformation optical devices at optical

frequencies motivates the use of these techniques in lensing technologies. For cen-

turies, the conventional approach to lens design has been to grind the surfaces of a

uniform material in such a manner as to sculpt the paths that rays of light follow as

they transit through the surfaces. Lenses formed by this procedure of ‘bending’ the

surfaces can be of extremely high quality, but are nevertheless limited by geometrical

and wave aberrations that are inherent to the manner in which light refracts at the

interface between two materials1.

Because the trajectory of light is only altered at the input and the output surfaces

of a conventional lens—and left to travel in a straight line within the volume of

the lens—it is difficult to create as ideal an optical device as one would desire.

Monochromatic aberrations, such as spherical or coma, are generally unavoidable and

1 In this work I proposed the idea of using the inverse of the quasi-conformal transform to arrive at
the lens index profile. I performed all necessary simulations and wrote ray tracing code to confirm
the properties of the lens. I proposed the metamaterial realization of the lens and performed
the necessary retrievals for material design. I wrote code which would create the layout for an
arbitrary gradient index structure in a standard computer aided drafting format. I fabricated three
lenses—two of which are described in this thesis—and took all of the data shown in the thesis.
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can at best be minimized through the use of systems of many lenses with refractive

optics. The aberration profiles of lenses place an ultimate limit on certain high-

performance imaging applications. Wide-angle imaging systems, for example, make

use of stacks of lenses; yet often exhibit significant distortion even after optimization.

Gradient index (GRIN) lenses represent an alternative approach to lens design.

Rather than relying on the interfaces of a uniform material to manipulate light,

the index of refraction is varied throughout the body of the lens. Rays are no

longer abandoned once entering the medium, but instead can be guided with far

greater control to their ultimate destination. Although GRIN lenses have significant

potential advantages over conventional lenses, they are far less prevalent in practical

applications because the process of achieving large index gradients in a controlled

manner poses a difficult fabrication challenge. The advent of metamaterials coupled

with nanoscale lithographies, however, suggests that GRIN optical elements may

be much more feasible using artificially structured media [62][64]. Moreover, since

metamaterials offer a significantly broader range of material properties, including

both electric and magnetic response and anisotropy, a correspondingly broader range

of potential lens designs is expected.

Indeed, the large phase space associated with metamaterials does provide greater

opportunities for lens design, but brings with it the need for tools that can efficiently

provide a design once a given functionality is specified. Transformation optics (TO)

provides just such a tool.

In this manner, far greater control can be achieved over the ray trajectories. In

reference[65] we demonstrated how the powerful emerging techniques in the field of

transformation optics, described in chapter 6, can be used to harness the flexibil-

ity of gradient index materials for imaging applications. In particular we designed

and experimentally demonstrated a lens which is broadband (over a full decade of

bandwidth), has a field of view approaching 180 degrees and zero f -number. Furher-
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more, a metamaterial implementation of the lens demonstrated the practicality of

transformation optics to achieve a new class of optical devices.

7.1 Original Luneburg

It has long been known that it is possible to create a spherical lens with no aber-

rations whose locus of focal points resides on a sphere [66]. Such a lens is called a

Luneburg lens after the inventor. In fact, the name Luneburg lens does not specify a

specific lens, but rather a class of lenses for which the radial dependence of the index

of refraction can be found by solving the inverse scattering problem under certain

constraints. It has been shown that even for a given set of focal lengths, for instance,

there exist a continuum of solutions to the inverse scattering problem [67].

In this section the original formulation of the Luneburg lens is presented from

first principles. This is done for two reasons. The first is simply to elucidate the

process of designing the lens we propose without losing sight of the work that has

been done before. The second it that the modification technique demonstrated in

this chapter is not specific to a particular solution of the Luneburg problem, and

thus it is worthwhile to show how one might find a different starting point.

7.1.1 Hamiltonian ray optics

The Luneburg design is based on solving the inverse problem for light scattering off of

a spherically symmetric gradient-index optic in the ray limit. The formulation of the

problem follows closely to that of similar inverse problems for particles scattering off

of a spherically symmetric potential. The first step in posing this problem properly

is to show how light in a gradient index optic can be connected to particles under

the influence of a potential.

To begin with Maxwell’s equations are written for a source-free, isotropic medium2.

2 Extending the derivation shown here to anisotropic media is straightforward.
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εijk∂jHk = ε
∂Ei
∂t

(7.1a)

εijk∂jEk = −µ∂Hi

∂t
(7.1b)

∂iεEi = 0 (7.1c)

∂iµHi = 0. (7.1d)

Next it is assumed that the electric field is very similar to a plane wave; giving

it the form, E(r, t) = Ẽ(r)eikψ(r)e−iωt, with the understanding that the variation in

the phase of the field is rapid compared to other length scales. Furthermore, it is

assumed that the magnetic field has the same time dependence, H(r, t) = H̃(r)e−iωt.

Inserting this into 7.1a,b. results in

ωεẼie
ikψ(r) = iεijk∂jH̃k, and

H̃i = − i

ω
µ−1εijk∂j

(
Ẽk(r)e

ikψ(r)
)
.

(7.2)

Combining these equations to eliminate H̃ results in

ω2εẼie
ikψ(r) = εijk∂jµ

−1εklm∂l

(
Ẽm(r)eikψ(r)

)
. (7.3)

If µ−1 is slowly varying it may be brought outside of the partial derivative. Rewrit-

ing and rearranging the order of the indicies on the Levi-Cevita symbols results in

ω2µεẼie
ikψ(r) = εkijεklm∂j∂l

(
Ẽm(r)eikψ(r)

)
. (7.4)

The identity εkijεklm = δilδjm − δimδjl allows the right hand side of 7.4 to be

written as

∂i∂j

(
Ẽj(r)e

ikψ(r)
)
− ∂j∂j

(
Ẽi(r)e

ikψ(r)
)

(7.5)

A solution in which both Ẽi(r) and ∂iψ(r) are slowly varying compared to the

function eikψ(r) is now considered. This process of dropping all terms except for those
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with leading order in k is called the eikonal approximation. In this approximation

the right hand side of 7.4 becomes

− k2Ẽj(r)e
ikψ(r)∂iψ(r)∂jψ(r) + k2Ẽi(r)e

ikψ(r) (∂jψ(r))2 . (7.6)

Inserting into 7.4 gives

ω2µεẼi = −k2Ẽj(r)∂iψ(r)∂jψ(r) + k2Ẽi(r) (∂jψ(r))2 . (7.7)

At this point it is common to define ε = ε0εr, µ = µ0µr, n
2 = µrεr and pi =

k2

µ0ε0ω2∂iψ(r), which results in the familiar eikonal equation

n2Ẽi + Ẽj(r)pipj − Ẽi(r)p
2 = 0 (7.8)

This equation can be written in a leading way as

(
δijn

2 + pipj − p2δij
)
Ẽi = 0. (7.9)

For this equation to be satisfied the determinant of the matrix being multiplied

into Ẽ must be zero, that is

∣∣∣∣∣∣
n2 + p2

x − p2 pxpy pxpz
pypx n2 + p2

y − p2 pypz
pzpx pzpy n2 + p2

z − p2

∣∣∣∣∣∣ = 0. (7.10)

Taking α = n2 − p2 and writing out the determinant gives

0 =
(
α+ p2

x

) ((
α+ p2

y

) (
α+ p2

z

)
− p2

yp
2
z

)
+ (pxpy)

(
pxpyp

2
z − pxpy

(
α+ p2

z

))
+ (pxpz)

(
pxpzp

2
y − pxpz

(
α+ p2

y

))
= α3 + α2p2

= α2n2.

(7.11)

75



Assuming the index n is non-zero, the dispersion relation is written as

H = p2 − n2 = 0. (7.12)

Consider the paramaterization of a curve which a ray traces along some path-

length, ξ. H is considered to be a function of both p and x which are, in turn are

both functions of ξ:

H(p,x; ξ) = p(ξ)2 − n(x(ξ))2. (7.13)

In order to ensure that the dispersion relation is always satisfied the total deriva-

tive dH/dξ must be zero along the entire path of the ray.

dH
dξ

=
∂H
∂pi

∂pi
∂ξ

+
∂H
∂xi

∂xi
∂ξ

= 0

∂H
∂pi

dpi
dξ

= −∂H
∂xi

dxi
dξ

(7.14)

Up to an arbitrary re-scaling of ξ this can be broken up into two equations,

dxi
dξ

=
∂H
∂pi

, and

dpi
dξ

= −∂H
∂xi

.

(7.15)

In this way the PDE in equation 7.1 has been reduced to an ODE which can

be readilly integrated (numerically if necessary). This reduction is the basis behind

gradient index ray tracing techniques. A careful discussion of the actual energy flow

in arriving at the equations in 7.15 can be found in reference [68].

Equation 7.15 should look very familiar as these are nothing more than Hamilton’s

equations of motion. In fact it is clear that the path that a light ray will follow is

identical to that of a particle with kinetic energy E = p2, moving in a potential

V = −n2.
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7.1.2 The inverse problem

The connection between light rays and a classical particle moving in a potential allows

the perfect focusing problem to be posed as a familiar inverse scattering problem.

What follows is largely from references [66] and [67]. Systems in which the index

of refraction is a function of the radius only are considered. In this case, for a

particular ray path, coordinates can be chosen which allow one of the dimensions

to be immediately dropped from the problem (i.e. z = 0, pz = 0). Rewriting the

Hamiltonian for cylindrical coordinates results in 3

H = p2
r +

p2
θ

r2
− n(r)2. (7.16)

In this coordinate system the equations of motion are

dr

dξ
=
∂H
∂pr

= 2pr, (7.17a)

dθ

dξ
=
∂H
∂pθ

=
2pθ
r2
, (7.17b)

dpr
dξ

= −∂H
∂r

= 2
p2
θ

r3
+
∂ (n(r)2)

∂r
, and (7.17c)

dpθ
dξ

= −∂H
∂θ

= 0. (7.17d)

Since pθ is a constant a second derivative with respect to ξ of 7.17a can be taken

3 This form for the Hamiltonian in cylindrical coordinates can be arrived at in any number of ways
including finding the associated Lagrangian and carrying out a pure coordinate transform, treating
the coordinate transformation as a canonical transformation and finding the conjugate momenta
which satisfy {p, q} = 1, or by using the fact that p is a vector in the tangent space to the spatial
coordinates, qi, and will transform like a covariant vector, pi.
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to find a second order differential equation for r(ξ).

d2r

dξ2
= −2

∂

∂r

(
p2
θ

r2
− n(r)2

)
1

2

(
dr

dξ

)2

= 2

(
n(r)2 − p2

θ

r2

)
dr

dξ
= ±2

√
n(r)2 − p2

θ

r2

(7.18)

Using 7.17b results in

dξ

dr
= ± 1

2

√
n(r)2 − p2θ

r2

,

dθ

dr
= ±dξ

dr

dθ

dξ
=

pθ

r
√
r2n(r)2 − p2

θ

, and

θ − θ0 = ±
∫ r

r0

pθ dr

r
√
r2n(r)2 − p2

θ

.

(7.19)

For the lensing problem under considereration, n(r) = 1 in all space except for

the region where r is smaller than some lens radius. Without loss of generality, the

lens radius may be set to 1. In this case the path of a light ray follows a trajectory

shown in figure 7.1.

The sign ambiguity in equation 7.19 may be removed by breaking the integral

into two parts, before and after r reaches the turning point r∗. The turning point is

the radius of closest approach; at which dr/dξ = 0. Putting this into equation 7.18

provides the simple result r∗n(r∗) = pθ.

With this in mind, the constraint for perfect imaging from a sphere of radius r0

to a sphere of radius r1 can be imposed: For all pθ, n(r) must satisfy the equation

π−0 = −
∫ 1

r0

pθ dr

r
√
r2 − p2

θ

−
∫ r∗

1

pθ dr

r
√
r2n(r)2 − p2

θ

+

∫ 1

r∗

pθ dr

r
√
r2n(r)2 − p2

θ

+

∫ r1

1

pθ dr

r
√
r2 − p2

θ

.

(7.20)
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Figure 7.1: The path of a ray through a spherically symmetric gradient index lens.

The integration of the first and last terms in equation 7.20 can be carried out

directly. The first term, for instance is

I =

∫ 1

r0

pθ dr

r
√
r2 − p2

θ

u =
r

pθ

I =

∫ 1/pθ

r0/pθ

du

u
√
u2 − 1

= sec−1(u)

∣∣∣∣1/pθ

r0/pθ

= cos−1(pθ)− cos−1(pθ/r0).

(7.21)

Combining this with the similar result for the last term in equation 7.20 and

rearranging results in∫ 1

r∗

pθ dr

r
√
r2n(r)2 − p2

θ

=
1

2

(
2 cos−1(pθ)− cos−1(pθ/r0)− cos−1(pθ/r1) + π

)
=

1

2

(
2 cos−1(pθ) + sin−1(pθ/r0) + sin−1(pθ/r1)

) (7.22)

Assuming that n(r) is invertible, two functions may be defined which will help to

simplify the integral in equation 7.22. The first is ρ = rn(r). A seperate function g(ρ)
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is also introduced as log(r) = −g(ρ), dr/r = −g′(ρ)dρ. Using this and remembering

the result that ρ
∣∣
r=r∗

= pθ the left hand side of 7.22 can be rewritten as∫ pθ

1

pθg
′(ρ) dρ√
ρ2 − p2

θ

, (7.23)

where ρ is just a variable of integration and can be replaced with another. Following

reference [67] σ will be used. To solve this integral both sides of equation 7.22 are

multiplied by dpθ/
√
p2
θ − ρ2 and integrated from ρ to 1. The left hand side of 7.22

becomes ∫ 1

ρ

dpθ

∫ pθ

1

dσ
pθg

′(σ)√
(σ2 − p2

θ)(p
2
θ − ρ2)

(7.24)

The order of integration can be changed to result in

I =

∫ ρ

1

g′(σ)dσ

∫ σ

ρ

dpθ
pθ√

(σ2 − p2
θ)(p

2
θ − ρ2)

u =
√
p2
θ − ρ2

du =
pθ√
p2
θ − ρ2

dpθ

I =

∫ ρ

1

g′(σ)dσ

∫ √σ2−ρ2

0

du√
σ2 − ρ2 − u2

β =
u√

σ2 − ρ2

I =

∫ ρ

1

g′(σ)dσ

∫ 1

0

dβ√
1− β2

=
π

2
(g(ρ)− g(1))

(7.25)

At this point the solutions in which n(r) is equal to 1 at r = 1, and n(r) is a

continuous, increasing function or r are considered. Under these conditions the only

place ρ = n(r)r = 1 is at the boundary of the lens (r = 1). From the definition of g,

then g(ρ = 1) = − log(r = 1) = 0.
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Using this the final result for 7.25 may be written as

I =
π

2
log

(
1

r

)
(7.26)

The integral on the right hand side of equation 7.22 must also be performed ,

1

2

∫ 1

ρ

dpθ
1√

p2
θ − ρ2

(
2 cos−1(pθ) + sin−1(pθ/r0) + sin−1(pθ/r1)

)
. (7.27)

This is nothing more than a function of ρ, r0 and r1. If it can be evalutated

analytically then one arrives at an analytic expression for ρ, and therefore, for n(r).

If an analytic integration is not possible, it is a straightforward exercise to evaluate

this integral numerically for various values of ρ to find n(r).

One case of particluar interest is that of a lens which focuses light from infinity

to a point on the back of the lens (r0 = ∞, r1 = 1). For these values equation 7.27

can be solved analytically. Making use of the deffinite integral identities,∫ 1

ρ

dpθ
cos−1(pθ)√
p2
θ − ρ2

= −π
2

log(ρ) (7.28)

and ∫ 1

ρ

dpθ
sin−1(pθ)√
p2
θ − ρ2

=
π

2
log
(
1 +

√
1− ρ2

)
, (7.29)

the integral 7.27 can be written as

1

2

(
−π log(ρ) +

π

2
log
(
1 +

√
1− ρ2

))
. (7.30)

The equation for ρ then reads

log

(
1

r

)
= log

(
1

ρ

)
+

1

2
log
(
1 +

√
1− ρ2

)
ρ

r
= n =

√
1 +

√
1− n2r2

n =
√

2− r2.

(7.31)

81



This is Luneburg’s famous result for a spherical gradient index lens which per-

fectly focuses rays from r = ∞ to a point on the back of the lens. While, in principle,

the term Luneburg lens refers to any solution to the inverse problem posed (i.e. arbi-

trary r0 and r1) the simple result for perfect imaging from r = ∞ is the most famous

solution.

7.2 Flattened design

While the Luneburg result has been known for many years, these lenses have found

only limited use in practical applications. This is primarily for two reasons. The

first is that they are manifestly gradient index devices, resulting in manufacturing

difficulties which are only now being overcome. The second is that the locus of focal

points is spherical, while detector/receiver arrays are generally planar.

The gradient index requirement can be addressed by the use of patterned metallic

inclusions common in the field of metamaterials. The more fundamental problem

with a Luneburg lens, however, is that its focal locus is inherently spherical—making

standard CCD or antenna arrays unsuitable for use with such a lens. Transformation

optics is uniquely suited to changing the shape of the lens without affecting its

imaging properties.

The application of transformation optics in this approach to lens design leverages

the fact that transformations are not restricted to free space. Instead they can be

applied to manipulate the shape of a region which contains an arbitrary distribution

of material. In the resulting medium, waves behave exactly as though a different

set of coordinates was used. This ensures that a transformation does not introduce

errors into a device. D. Shurig proposed such an approach to the warping of a

Luneburg lens and reported on theoretical ray tracing results [69]. The idea behind

this transformation is to take a region with a spherical protrusion and flatten it using

transformation optics. The transformation does not change the nature of the original
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lens as a perfect imaging system; only the shape of the focal plane changes.

Figure 7.2: The material used to realize our lens was designed with a numeri-
cally generated quasi-conformal spatial transformation. The resulting map and its
inverse are shown in (a) and (b) respectively. Materials designed in this way are
inherently broadband making them natural candidates for use at infrared and visible
wavelengths.

In both reference [69] and here, the transformation is not extended past the focal

plane of the lens. The focal plane is assumed to be a caustic surface. Because of

this the effect of the transformation is not invisible to an observer, as is normally

the case with such media. It is assumed that the lens is terminated with an imaging

array or impedance matched antenna array.

A critical drawback of the transformations studied in reference [69] is the strongly

anisotropic materials it requires. This leads to the necessary inclusion of resonant

particles in its implementation and their inherent bandwidth limitations and loss.

The approach outlined in chapter 7 is a natural way to avoid these limitations.

In the present case, however, we do not want to make a curved plane look as though
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Figure 7.3: The index profile prescribed by the quasi-conformal map shown in
7.2 is shown. In order to make the device broad-band, the regions of n < 1 will
ultimately have to be neglected. An index from 1 to 4, however, is achievable with
broadband metamaterials.

it were flat. Instead we seek to use a flat plane, the image plane, and have it behave

as though it were curved around the back of a Luneburg lens. A useful observation

in finding this transformation is that, if a map from one 2d volume to another is

conformal, its inverse will be conformal too.

With this in mind the optimization approach outlined in chapter 7 is performed

using the geometry shown in figure 7.2a. Instead of interpreting the result as a

map of x′(x, y) and y′(x, y) we treated our results as x(x′, y′) and y(x′, y′) and used

these functions to find the necessary material parameters. The inverse map can be

found explicitly through the interpolation of the coordinates, although this is an

unnecessary step in the actual realization of the device. The inverse map is shown

in 7.2b. The index profile required to produce this lens is shown in figure 7.3.

To verify the performance of this design, ray tracing was done through numerical

integration of the differential equations 7.15 in MATLAB. This ray tracing software

was used to generate the figures 7.4, 7.12 and 7.13. Full-field simulations were also

performed using the commercial finite-element solver, COMSOL. The results of this
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Figure 7.4: Ray tracing results for the original Luneburg and conformally mapped
designs. In the original design (e)-(h) rays are focused to positions on the back of a
spherical lens. In the flattened design, (a)-(d), all rays are focused to the back plane.
The index profile of each lens is overlayed. Regions of n < 1 are shown in blue.

analysis are shown in figures 7.4 and 7.5.

In both figures 7.4 and 7.5, strong focusing is demonstrated across a broad angular

distribution of incident radiation. This indicates that the quasi-conformal approxi-

mation is reasonable for this transformation; we are able to ignore the fact that 7.2a

and 7.2b have different modules.
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Figure 7.5: Full field simulations of the light entering a lens with the index profile
in figure 7.3 at an extreme angle are shown. Strong focusing to the image plane is
found even at these large angles. (a)The real part of the complex electric field and
(b)the time averaged magnitude of the power flow (〈|S|〉t) are shown.

7.3 Experimental results

The experimental realization of the conformally mapped lens was done in two steps.

In order to address initial concerns that a refractive index of 4.1 would be unachiev-

able with broad-band metamaterials, a less extreme transformation was done in

which only ±45◦ of the lens was mapped to a plane. This transform and the result-

ing material parameters are shown in figure 7.6.

Some approximations were nonetheless necessary in the experimental realization

of the lens. In particular the index profile had to be adjusted to remove regions of

n < 1. While an index less than 1 is achievable using metamaterials, such a device

would be strongly dispersive as the phase velocity is faster than c; this dispersion

would clearly limit the bandwidth of the lens. To side-step this problem, the index
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Figure 7.6: To make the index profile easier to realize using standard metamaterial
structures a transformation in which a reduced section of the lens is flattened was
used. (a)The quasi-conformal transformation and (b) the resulting index profile are
shown.

was set to 1 in any region where it had previously been less than 1. While this

approximation is crude, its effect is relatively benign. Full wave simulations and

ray tracing results of devices containing the n < 1 regions showed similar results to

those which did not. This result is qualitatively attributed to the fact that the light

is strongly focused to the high index regions of the lens, largely avoiding the low

index regions for all but the highest incidence angles.

The index requirements for this structure were achievable using an I-beam unit

cell design similar to that used in the carpet cloak [46]. The advantage of this

geometry over a simpler design (such as metallic patches) is that the reduced metal

thickness results in less diamagnetic response. A diamagnetic response leads to

anisotropic behavior and resistive dissipation both of which are undesirable in this

design.

A simple model for the polarizibility of these particles may be introduced for

further insight into their response. To do so a model of the I-beam as a wire with an

infinitesimally small load impedance in the center of a wire of length l is considered.
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Figure 7.7: The Ibeam structure is a simple way to achieve a polarizable metama-
terial particle with a broadband response. (a)The geometry of the particle and (b)
a simple effective circuit model are shown.

If it is assumed that there is a uniform electric field of amplitude E0 incident on

this structure the current through the wire will be I = V/Zload = E0l/Zload. The

polarizibility is

p =
1

E0

∫ l/2

−l/2
q(x)xdx. (7.32)

Current conservation relates the current to the charge through∇·j = ∂q
∂t

. For time

dependence e−iωt and in one dimension this can be written as 1
iω

∂I
∂x

= q. Plugging

into equation 7.32 results in

p =
1

E0

1

iω

∫ l/2

−l/2

∂I

∂x
xdx = − 1

E0

1

iω

∫ l/2

−l/2

∂I

∂x
dx

= − l2

2iωZload
.

(7.33)

For a gap such as the one found in the I-beam structure, it is reasonable to assume

that the dominant contribution to the load impedance is capacitive. For the time

convention e−iωt the complex impedance of a capacitor is Zload = −1/iωC. In this
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simple model the polarizibility is

p =
1

2
Cl2. (7.34)

This simple calculation illustrates why inductances are avoided in unit cells for

materials which are intended for broadband use. In addition to the obvious magnetic

polarizibility introduced, an inductive load component would result in a frequency

dependence in the electric polarizibility and resulting dispersive material properties.

There is, of course, always some inductive loading. Minimizing this ensures that the

resonant frequency of the polarizibility (∼
√

1
LC

) is large.

The lens fabricated to demonstrate the flattened Luneburg design was built to

work in a parallel plate waveguide that restricts the electromagnetic fields to two-

dimensional TE-polarized waves. Two dimensional systems allow for the experimen-

tal mapping of the fields within the lenses using sensitive near-field probes and a

phase-sensitive network analyzer. This measurement apparatus has been described

in reference [70]. In the final design, finite element simulations were done in the

commercial software package CST - Microwave studio. Material properties were pa-

rameterized as a function of the element geometry using the Nicholson-Ross-Weir

retrieval discussed in chapter 2. AutoCAD drawings of the complete layout were

made by extrapolating the required unit cell geometry at each position within the

lens, using a script to create the final design. Using the completed CAD drawings,

standard printed circuit board fabrication techniques were used to create the final

structure out of copper on an FR4 substrate.

The lens was tested using a dielectric waveguide to apply a source to different

positions along the back surface of the lens. This setup allowed the effects of the

impedance mismatch on the back of the lens to be minimized. The lens produces

approximate plane waves propagating in different directions as the position of the

source is varied. These fields can be mapped in our 2d field mapping chamber
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Figure 7.8: Experimental field profiles for the flattened Luneburg lens are shown.
The lens is tested by using a dielectric waveguide to apply a point-like excitation to
the back of the lens. This excitation is converted into a high-gain wave traveling in a
direction determined by the position of the excitation. In (a) the excitation is offset
to the left resulting in a wave traveling at approximately 30◦ from normal. In (b)
the excitation is in the center of the lens, resulting in a plane wave traveling normal
to the image plane. These mappings are produced using our 2d mapping capabilities
described in chapter 8.

described in chapter 2. The resulting field profiles are shown in figure 7.8 for a

source in the center of the lens and one which is offset to the left. As expected, these

sources produce high-gain field patterns propagating in different directions.

The next challenge was to design the fully flattened lens, shown in figure 7.3.

The effects of spatial dispersion and the large index distribution required to produce

this lens make it a considerable challenge, particularly if broad-band performance

is required. An index of 4.1 is need in this design. Even if a unit cell spacing of

λ0/10 were used (where λ0 is a free space wavelength), the regions of the device

with the highest index would have a lattice spacing of λ/2.5 (where λ is the effective

wavelength in the medium). This is well past the point that the effects of spatial

dispersion play an important role in the device behavior.

The obvious solution to this problem is to pack the inclusions as close together

as possible. The problem with this approach is that the design also requires that
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Figure 7.9: The fully flattened lens was made by patterning copper on 1cm tall
strips of FR4. The device is divided into two regions of high and low index. In the
high index region the polarizible particles are stacked tightly together to increase the
overall polarizibility without introducing dispersion when the effective wavelength
becomes comparable to the lattice spacing.

the index fall to 1 at the outer boundary. Unfortunately the index of the substrate

material is close to 2. If the unit cells are tightly packed, this is the lowest achievable

index without using resonances.

To overcome these problems the device was divided into two regions. The first

contained the region with a index between 1 and 2, and was fabricated in a similar

manner to previous metamaterial GRIN devices [46]. The second region had an

index range from 2-4.1 and was composed of 220µm thick FR4 and copper strips laid

directly on top of one another. This compact design allows the index to be brought to

over 4 without using resonant particles or introducing excessive spatial dispersion—

and the associated bandwidth limitations. The completed device is shown in figure

7.9. The final device was tested in the same manner as the ±45◦ lens. The resulting

field mappings are shown in figure 7.10.

One of the important motivations for this work was that the resulting device
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Figure 7.10: Experimental Field maps of the 140 degree FOV lens. The electric
field is shown on an arbitrary scale. Beams are directed at 0(a), 35(b), 50(c) and
75(d) degrees from normal. A dielectric wave-guide was used to simulate a point
source excitation at different positions along the back of the lens. The lens turns
these sources into high-gain beams traveling in different directions.

would have a large bandwidth. To demonstrate this feature, field mappings from

7GHz to 15GHz, the working range of our test capabilities, are compared. These

mappings are shown in figure 7.11. There is no qualitative change in the fields

mappings over this range of frequencies.

To conclude a single element wide-angle lens with a field of view approaching 180◦

was designed and demonstrated. The lens has a flat focal locus, making it usable with

standard imaging arrays. Furthermore, no resonant particles were required in the

fabrication of the lens, resulting in a broad-band device which exhibits limited loss.
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Figure 7.11: Two dimensional field mappings of the flattened Luneburg lens are
shown at frequencies from 7GHz to 15GHz. The behavior of the lens does not change
qualitatively in this range, indicating that the lens has a bandwidth over 100%.
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Experiments were carried out in the X-band microwave regime and showed identical

behavior from 7-15Ghz, the full spectrum of our measurement system. Such a lens

may be useful in telecommunications or radar applications where a wide field of view

and high gain are needed. The lack of resonant particles, however, makes scaling to

infrared or even optical frequencies possible.

These results are particularly compelling given the relative simplicity of the ex-

periment. This particular design may be of practical importance, but it also serves to

underscore the fundamentally new devices that can be produced when control of the

volume of a material is used. The techniques used in the design of this lens will be of

importance in many areas of electromagnetic design. At short wavelengths, they may

be used to design replacement optical devices that have previously required the use

of complex systems of many lenses. At longer wavelengths systems of many lenses

are impractical because of size and weight limitations; making this a fundamentally

new tool. At microwave frequencies, for example, a wide field of view can only be

achieved using moving parts or complex systems such as phased-array antennas or

a-planar antenna arrays-devices with significant bandwidth limitations.

7.4 The three dimensional problem

The use of conformal mapping in transformation optics is restricted to two dimen-

sional transforms. This is an unfortunate limitation for a lens. While there are a

handful of applications for two dimensional lenses, most imaging applications require

a three dimensional solution. While an exact solution may not be achievable purely

through the implementation of transformation optics, the two dimensional design

may be useful as a first step in an optimization process. A first attempt at a three

dimensional solution might be found by using the expected rotational symmetry of

the lens—rotating the two dimensional index profile about the z axis.

Ray tracing results for the resulting index profile show strong focusing for rays
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which are normal to the image plane. However, as the angle of incidence grows

significant aberrations appear. This is indicated most clearly by plotting the positions

at which rays cross the image plane. Figure 7.12 shows that for angles close to normal

the lens focuses. However, as the angle grows the scatter plots become more and

more de-focused.

A fully three dimensional transformation would have resulted in perfect focussing

from all angles. It is useful to see what approximations are being made by rotating

the two dimensional solution about its axis.

Consider a transformation in cylindrical coordinates of the form, ρ′(ρ, z), z′(ρ, z).

The initial transformation from Cartesian to cylindrical coordinates was considered

in chapter 3 and resulted in

ε =

ρ 0 0
0 1

ρ
0

0 0 ρ

 (7.35)

Carrying out an arbitrary transformation between the ρ and z coordinates results in

the material parameters
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To simplify this β(ρ′) = ρ(ρ′) and α(ρ′, z′) =

[(
∂ρ′

∂ρ

)2

+
(
∂ρ′

∂z

)2
]

are defined. As

shown in chapter 6, the constraint that this transformation be conformal can be

written as
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(7.37)
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Figure 7.12: Ray traces are shown for rays incident on a three-dimensional approx-
imation of the flattened Luneburg lens from different angles. The 3d index profile
used was found by rotating the 2d profile around the z axis. Scatter plots of the ray
intersections with the image plane are also shown. A small spot-size in the scatter
plot indicates good focusing.
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Figure 7.13: Scatter plots of ray intersections with the image plane are shown for
rays incident from 30◦ on a (a) Standard Luneburg Lens and (b) 3d approximation of
the flattened Luneburg lens. Even though it is easy to show that the 3d index profile
of the flattened lens is not the proper solution in the framework of transformation
optics, it shows better focusing to the image plane than the original Luneburg lens
and may be useful as a starting point for further optimization schemes.

Using this, the definitions of β and α and associating the material parameters

with cylindrical coordinates (in the same way as was demonstrated with the cloak)

results in

ε =
1

|A1|

α(ρ, z)β(ρ) 0 0
0 1

β(ρ)
0

0 0 α(ρ, z)β(ρ)

 . (7.38)

The Jacobian to transform from cylindrical coordinates to Cartesian coordinates

is

A =

cos(φ) −ρ sin(φ) 0
sin(φ) ρ cos(φ) 0

0 0 1

 . (7.39)

Using this the final material parameters in Cartesian coordinates are

ε =
1

ρ|A1|


cos2(φ)βα + sin2(φ)ρ

2

β
cos(φ) sin(φ)

(
βα− ρ2

β

)
0

cos(φ) sin(φ)
(
βα− ρ2

β

)
cos2(φ)βα + sin2(φ)ρ

2

β
0

0 0 βα

 . (7.40)
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The result is not conformal, or even orthogonal. To eliminate off-diagonal terms

a solution must be found in which β2α = ρ2. However, these functions have already

been uniquely determined by the original transformation.

This illustrates the difficulty in using a two dimensional conformal mapping in

a three dimensional design. In some cases, however, even the naive approach of

rotating a result about the z-axis may lead to an approximate solution from which

other optimization schemes can be applied. For instance, a comparison of the scatter

plots of rays crossing the image plane for the standard Luneburg and approximate

flattened lenses shows that at an incidence angle of 30◦ the Luneburg lens is already

providing very little focusing to a planar imaging array. Meanwhile, the spot size of

the approximate flattened lens is relatively small.
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8

Cloaking Measurements

The prospect of cloaking via the transformation optics approach was introduced in

20061 by Pendry et al. [2], at which point a simple radial transform was suggested as

a means of producing a spherically symmetric medium that could render an interior

volume invisible. Since that time, the electromagnetic cloak has become one of the

best known examples of a transformation optical material.

Both the introduction of transformation optics and the experimental demonstra-

tion of a metamaterial cloak [15], have stimulated fervent interest in all aspects trans-

formation optics and cloaking. The original experimental work on a metamaterial

cloak at microwave frequencies has been cited over 491 times since 2007 according to

ISI Web of Science; with almost 1200 first and second generation citations. Further-

more, the interest appears to be growing as indicated by figure 8.1. A vanishingly

small amount of this work, however, is comprised of experimental investigations into

the possibilities of cloaking. As new techniques in the design of artificial materials

emerge, the cloak will likely serve as a useful and compelling canonical example for

the application of these nascent tools. It is thus useful to seek one or more figures-of-

1 A similar idea was proposed at the same time [13], which is not the focus of this discussion

99



Figure 8.1: Cloaking Publications since 2007

merit by which the progress in the implementation of transformation optical designs

can be assessed.2

8.1 Cloaking in two dimensions

In this work a quantitative experimental analysis of an electromagnetic, metamate-

rial cloaking structure is presented in which the scattering cross-section (SCS) of a

cloaked object is measured as a function of frequency. The SCS is the sum of the

scattering and absorption cross-sections and, in the ray limit, a large opaque obstacle

will have a SCS of twice its geometric cross-section [18]. The SCS of a 50 mm wide

metal cylinder with and without the cloak are measured and compared. Despite

more than doubling the overall size of the scattering object, the cloak (which is 117

mm wide) reduces the total SCS of the cylinder by as much as 24%. The SCS of the

cloaked cylinder was found to be below that of the uncloaked cylinder from 9.91GHz

to 10.14GHz, a frequency range of 230MHz and a 2.3% bandwidth. These results

2 In this work I proposed of direct integration of the fields to perform cross-section measurements.
I worked out the necessary formulas to determine the coefficients in the Bessel expansion and
the resulting scattering cross-section. I mentored an undergraduate student, Dan Gaultney, who
scripted the application of the cross-section analysis and took the necessary data. All of the data
in this thesis, however, is based on my own implementation of the data analysis.
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are compared with an analytic model of a perfectly homogenized realization of the

cloaking material that was used.

In practice it is significantly easier to fabricate a cloak for use in a two dimen-

sions, in which the polarization of the fields can be restricted. Shortly after the

original work of Pendry a two-dimensional, cylindrically symmetric cloaking struc-

ture fashioned from ten metamaterial layers was designed and tested at microwave

frequencies [15]. To facilitate the rapid demonstration of the cloaking mechanism,

the final device was a relatively crude approximation to the ideal transformation;

this ‘reduced parameter’ cloak was thus expected to reduce the scattering width of

an object, but not render it entirely invisible.

There are several approximations made in the realization of this cloak. The first

of these is that this cloak was designed using the ‘reduced parameter set’ [15]. This

design leverages the fact that in the ray limit the behavior of light will be governed

by an anisotropic index, nr =
√
εzµθ and nθ =

√
εzµr, to remove the need for a

magnetic response in one direction. The design of a cylindrical cloak was discussed

in chapter 3. The resulting required material parameters for a TE wave were found

to be

µρ =
ρ−R1

ρ
, µθ =

ρ

ρ−R1

, εz =
R2

2(ρ−R1)

ρ(R2 −R1)2
(8.1)

To arrive at the reduced-parameter solution, nr and nθ are held constant while

µθ is set to one. The resulting material parameters are

µredρ = µρ/µθ =

(
ρ−R1

ρ

)2

, µredθ = 1, εredz = εzµθ =

(
R2

R2 −R1

)2

(8.2)

This approximation clearly results in an impedance mismatch at the boundary

of the cloak. Furthermore, the size of the cloak is on the order of a wavelength,

and so errors are expected from the eikonal approximation due to the material in-

homogeneity. Another important approximation in the realization of a cloak is that

101



the material parameters are realized in discrete layers. In this case, rather than

have a continuous medium 10 metamaterial layers are used. The reduced structure

was expected to exhibit both reflection and shadowing. Though not necessarily a

quantitative measure, field maps of the discrete metamaterial cloak revealed simi-

lar agreement with simulations of the continuous continuous design, indicating the

success of transformation optics as a design tool.

Although the field plots provided a strong confirmation of the transformation

optical design, they fall short of yielding a quantitative measure of the cloaking

effect. In contrast, the SCS of a cloak provides a natural, quantitative metric by

which improvements in metamaterial designs can be judged.

An ideal electromagnetic cloak reduces the SCS of an object contained within to

zero [71]. An imperfect cloak is expected to yield a reduced SCS. The same type of

field mapping data used in prior experiments can also be used to obtain the SCS of

a cloaked object. In this way, it is possible to obtain a quantitative measure of the

performance of the metamaterial cloak.

In two dimensions electromagnetic scattering measurements are somewhat easier

than in three because the polarization is restricted; thus cross-polarization concerns

can be ignored and the problem becomes scalar in character. In all of what follows

only the electric field E will be referred to. This is understood to be Ez in the planar

waveguide. For these considerations the two-dimensional SCS is

σ = lim
R→∞

R

∫
dθ

∣∣∣∣ Es(x)

Einc(x)

∣∣∣∣2 (8.3)

To make a SCS measurement both the incoming and scattered fields must be

measured separately, as indicated in equation 8.3. The incoming field can be de-

termined by performing a measurement without introducing any scatterer into the

wave guide. A second measurement with a scattering object provides Etot, defined
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Figure 8.2: A 3D cutaway model of the waveguide apparatus with a cloak inside.

by Etot = Es + Einc. These two measurements are subtracted from one another to

find the scattered field, Es.

In this work, the same cloak design that was fabricated and initially character-

ized in [15] has been used. The cloak consists of ten concentric rings of patterned

circuit board materials, held together by circuit board spokes. The metamaterial

elements patterned on the circuit board are designed to achieve a gradient in the

radial permeability from roughly zero to a value of 0.25, with the permittivity held

constant at a value of 3.6. The distribution of material parameters is designed to

approximate the reduced parameter cloak, described in more detail in [56].

In order to experimentally determine the SCS of various structures, we make use

of a planar waveguide, field-mapping chamber that has been previously reported [70].

The planar waveguide supports a single transverse electromagnetic (TEM) mode over

the X-band range of frequencies (8-12 GHz). Antennas in the upper plate are used

to acquire phase-sensitive, two-dimensional field maps over the region interior to and

exterior to the cloak structure. These antennas are weakly coupled to the waveguide.

An Agilent N5230A phase network analyzer is used to measure the coupling between

the waves launched into the waveguide and the antennas as scattering parameters
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Figure 8.3: The snapshot of the electric field mapping is shown for (a) an empty
mapping chamber and (b) a cloak and metal cylinder. Each image is taken at 8GHz—
far from the cloaking frequency. Only the fields in a ring around the scattering object
are needed to find its SCS. The scale is arbitrary with red indicating the most positive
electric field and blue the most negative.

(shown schematically in figure 8.2). The bottom plate is moved as measurements

are taken. The amplitude and phase of the transmitted scattering parameter (S12)

are associated with the electric field in that location. All of the measurements are

relative. However, this is all that is required for cloaking measurements. The weakly

coupled antennas are significantly subwavelength; providing a true near-field map-

ping of the fields inside of the waveguide. Linear steppers attached to the lower plate

enable the measurement process to be automated.

An example of the mapping of the electric field for an empty mapping chamber

as well as a metal cylinder within the metamaterial cloak is shown in figure 8.3. A

direct integration over the mapped fields at a finite radius will provide reasonable

accuracy for a SCS measurement. There is an approximation being made, however,

in the fact that this integration must be taken at a finite distance from the center

of the scattering object—not in the ρ → ∞ limit as indicated by equation 8.3. An

alternative to direct integration is to write the scattered field as the sum of Bessel
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functions.

Es(ρ, θ) =
∞∑
m=0

H(1)
m (k0ρ) (Am sin(mθ) +Bm cos(mθ)) (8.4)

The amplitudes of each term in this expansion, Am and Bm, can be easily found

using the orthogonality of the sin and cos functions. If the measurements are taken

at a radius ρ0, for instance, the amplitudes are

Am =
1

π (1 + δm0)H
(1)
m (k0ρ0)

∫ 2π

0

Es(ρ0, θ) sin(mθ)dθ

Bm =
1

π (1 + δm0)H
(1)
m (k0ρ0)

∫ 2π

0

Es(ρ0, θ) cos(mθ)dθ

(8.5)

Once the amplitudes are known the SCS, σ, can be found through

σ =
2

k0 |E0|2
∞∑
m=0

(
|Am|2 + |Bm|2

)
(1 + δm0) (8.6)

To verify the accuracy of this process for obtaining the SCS, experimental re-

sults for the SCS of a polycarbonate dielectric cylinder were compared to analytic

calculations (described in section 8.2.1). The dielectric constant of the cylinder was

determined through an experimental waveguide retrieval process. The resulting com-

parisons show good agreement, as can be seen in figure 8.4.

The SCS versus frequency of a bare metallic cylinder and the cylinder surrounded

by the cloak are shown in Figure 8.5. The SCS of the cloaked cylinder drops below

the uncloaked value, reaching a minimum at 10.06 GHz, indicating that cloaking

occurs in this frequency range. The cloak, which is 117 mm in diameter, actually

reduces the scattering width of the metal cylinder, which is 50 mm in diameter.

At the maximum cloaking frequency the cloak reduces the scattering width of this

cylinder from 110 mm without the cloak to 84 mm; a reduction in σ of 24%.

A comparison of the expected SCS for a cylinder (treated as a perfect electric

conductor, or PEC) with our experimental result shows significant deviation. This
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Figure 8.4: Measurements of the scattering cross-section (SCS) for a dielectric
cylinder 76mm in diameter are compared to an analytic calculation. The cylinder
has a dielectric constant of 2.45, which was determined experimentally by retrieval
in a closed waveguide.

disagreement is associated with the fact that the cylinder does not make electrical

contact with both the top and bottom plates of the waveguide used in these mea-

surements. This is a necessity in the experimental setup as the plates must be free

to move relative to one another. A simple PEC model for this boundary is thus

insufficient to characterize its scattering behavior. The measured SCS is nonetheless

expected to be an accurate characterization of the scatterer employed under these

experimental conditions.

While a reduction in the SCS—from a device which more than doubles the size

of the initial scattering body—is a dramatic result, a perfect cloak would reduce the

SCS to zero. A reasonable starting point in understanding the errors introduced

in the implementation of this device is a simple boundary matching model of the
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Figure 8.5: SCS measurements for a cloak 117mm in diameter and an aluminium
cylinder 50mm in diameter are shown. The cross-section of the cloaked cylinder
drops below that of the inner ring near 10 GHz.

employed cloak [72]. As previously mentioned there are several approximations made

in the realization of this cloak which can be taken into account using this model.

These include the ‘reduced parameter’ design and the discrete number of layers used

to realize it. At the lossless, effective medium level the extent to which these will

perturb the cloaking properties from a perfect cloak can be analyzed and compared

to the experimental result. This comparison can be performed for the SCS as well

as each term in the Bessel decomposition for the scattered wave. This calculation is

described in detail in sections 8.2.1 and 8.2.2.
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Figure 8.6: Bessel Decomposition of the measurement of the cloak at 10.06 GHz,
the modeled PEC at 10.06 GHz and the modeled cloak at 10.06 GHz.

Figure 8.6 shows the Bessel decomposition at the maximal cloaking frequency

of 10.06 GHz of the scattered wave which was experimentally found for the cloak

and the metal cylinder. These are compared to the calculated decomposition of the

lossless, homogenous, layered cloak described in sections 8.2.1 and 8.2.2. This model

predicts a scattering width of 25mm for the cloak. This compares with a minimum

measured SCS of 84.4mm. The error in the measurement is associated with the loss

in our metamaterial cloak and errors in assuming that the metamaterial realization

of the cloak may be treated as homogenized rings. In addition to this, our incident

fields show some curvature over the width of the cloak, whereas our the calculation

assumes an incoming plane wave.

The data presented in Figure 8.6 suggests that the coefficients of the scattered

waves from the physical and analytical cloak drop below those of the cylinder in the

lower order terms while they are greater in the higher order terms; this is attributed
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to the overall increase in size of the device.

In conclusion the natural metric by which to determine the efficacy of a cloak,

its total scattering cross-section (SCS), was determined experimentally. The SCS

of a metal cylinder was found to be reduced by the presence of a cloak which more

than doubled the size of the cylinder. A quantitative comparison of the SCS and the

Bessel decomposition of the scattered wave with an anlytical model for the cloak,

however, show important deviations. These deviations are attributed to loss and

inaccuracies in the effective medium model for the cloak. Advancements in effective

medium theory and metamaterial design may lead to better agreement and improved

cloaking performance.

8.2 Scattering in 2d

8.2.1 Fields in two-dimensional cylindrically symmetric media

In this section I will show how to arrive at a simple analytical model for the scattering

off of a cloak with a discrete number of layers. A Bessel expansion of the fields fol-

lowed by boundary mathcing is a standard approach, but this is not usually handled

with anisotropic materials. In order to accomodate this additional complexity it is

worthwhile to revisit the Bessel expansion. The starting point for this is Maxwell’s

equations for a TE polarized wave and a source-free system with cylindrical symme-

try, which can be written can be written as

εzω
2Ez = (∇×H)z

∇× Ez = µH
(8.7)

In these equations Ez and εz are scalars. Hz is a vector with components in x

and y (or ρ and θ), and µ is a 2x2 matrix. In cylindrical coordinates µ takes the

following form.

µ =

(
µρ 0
0 µθ

)
(8.8)
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Substituting the second equation into the first to eliminate Hz results in

εzω
2Ez = ∇× µ−1∇× Ez

= ∇× µ−1

(
1

ρ

∂Ez
∂θ

ρ̂− ∂Ez
∂ρ

θ̂

)

= ∇×
(

1

µρρ

∂Ez
∂θ

ρ̂− 1

µθ

∂Ez
∂ρ

θ̂

)

= −1

ρ

[
1

µθ

∂Ez
∂ρ

+
ρ

µθ

∂2Ez
∂ρ2

+
1

ρµρ

∂2Ez
∂θ2

]
(8.9)

Rearranging and defining r = ρω
√
εzµθ results in the expression

r2∂
2Ez
∂r2

+ r
∂Ez
∂r

+ r2Ez +
µθ
µρ

∂2Ez
∂θ2

= 0 (8.10)

The standard separation of variables is now performed—seeking solutions to this

differential equation of the form Ez(r, θ) = R(r)Θ(θ). Inserting this into equation

8.10 results in

µρ
µθ

(
r2 1

R

∂2R

∂r2
+ r

1

R

∂R

∂r
+ r2

)
+

1

Θ

∂2Θ

∂θ2
= 0. (8.11)

Since the first term depends only on r and the second term depends only on θ,

it follows that both must be constant. The arbitrary constant is chosen to have the

value, m2. Using this property equation 8.11 can be written in two parts,

∂2Θ

∂θ2
= −m2Θ, and (8.12a)

r2∂
2R

∂r2
+ r

∂R

∂r
+R

(
r2 −m2µθ

µρ

)
= 0. (8.12b)

Solutions to 8.12a are of the form

Θ(θ) = Am sin(mθ) +Bm cos(mθ), (8.13)
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Θ(θ) must be periodic, Θ(θ) = Θ(θ + 2π), therefore m must be an integer. Further-

more, m can be restricted to the region [0,∞) without loss of generality. Am and

Bm are constants which can be complex. Solutions to 8.12b are of the form

R(r) = CmJν(r) +DmYν(r),

r = ρω
√
εzµθ, and

ν = m

√
µθ
µρ
,

(8.14)

where Jν and Yν are familiar Bessel functions. Note that the subscript, ν, is no longer

an integer for integer m in the presence of general anisotropy.

Putting everything together and noting that linear combinations of solutions will

also be solutions results in the most general expression for the fields in a region with

cylindrical symmetry,

Ez =
∞∑
m=0

(Am sin(mθ) +Bm cos(mθ)) (CmJν(r) +DmYν(r)) . (8.15)

8.2.2 Cross-section calculations

The scattering cross-section (SCS) of an object is the ratio between the rate at which

energy is removed from the incident plane wave by the process of scattering and the

rate at which energy is incident on a unit cross-sectional area of the scatterer[18]. In

a two dimensional system one dimension is understood to have been integrated out,

and the total scattering cross-section will have units of length. The scalar electric

field in a two dimensional TE-polarized system, Etot, may be written as the sum of

an incident field and a scattered field, Etot = Einc + Es. It is easy to show that in

two dimensions this ratio may be calculated by,

σtot = lim
ρ→∞

ρ

∫
dθ

∣∣∣∣ EsEinc

∣∣∣∣2 (8.16)
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where the total field scattered from an object is Etot(x) = Einc(x) + Es(x) and

Einc(x) = E0e
ik·x is a plane wave. In general the SCS is a function of the wave-

vector, k. Experimentally, Es(x) can be found by measuring the electric field with

and without a scatterer present.

The scattering cross-section is found analytically by satisfying the appropriate

boundary conditions arising from fields of the form given in equation 8.15. The

first boundary condition applied is that outside of the scattering object there can be

no incoming fields in the scattered wave. Outside of the medium ν = m and this

requirement can be written as

lim
ρ→∞

(CmJm(r) +DmYm(r)) → Fm
eik0ρ
√
ρ

(8.17)

where k0 = ω
√
ε0µ0. The limiting forms of Jm(k0ρ) and Ym(k0ρ) are

lim
ρ→∞

Jm(k0ρ) →
√

2

π

cos
(
k0ρ− mπ

2
− π

4

)
√
k0ρ

lim
ρ→∞

Ym(k0ρ) →
√

2

π

sin
(
k0ρ− mπ

2
− π

4

)
√
k0ρ

(8.18)

To satisfy equation 8.17 Cm and Dm must be related by iCm = Dm. A function

of this form is often called a Hankel function of type 1, defined by:

H(1)
m (k0ρ) = Jm(k0ρ) + iYm(k0ρ)

lim
ρ→∞

H(1)
m (k0ρ) =

√
2

π

eik0ρ−
nπ
2
−π

4

√
k0ρ

(8.19)

The scattered field may now be written as

Es =
∞∑
m=0

H(1)
m (k0ρ)(Am sin(mθ) +Bm cos(mθ)). (8.20)

From this expansion of the scattered fields the SCS can be found in terms of the
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Bessel coefficients, Am and Bm.

σtot = lim
ρ→∞

ρ

∫
dθ

∣∣∣∣ EsEinc

∣∣∣∣2

= lim
ρ→∞

ρ

|E0|2
∫
dθ

∣∣∣∣∣
∞∑
m=0

H(1)
m (k0ρ)(Am sin(mθ) +Bm cos(mθ))

∣∣∣∣∣
2

= lim
ρ→∞

ρ

|E0|2
∞∑
n=0

∞∑
m=0

H(1)
m (k0ρ)H

(1)∗
n (k0ρ)

∫
dθ

{
AmA

∗
n sin(mθ) sin(nθ) + AmB

∗
n sin(mθ) cos(nθ)

+BmA
∗
n sin(nθ) cos(mθ) +BmB

∗
n cos(nθ) cos(mθ)

}

(8.21)

the orthogonality of the sin and cos functions greatly simplifies this expression,

σtot = lim
ρ→∞

πρ

|E0|2
∞∑
n=0

∞∑
m=0

H(1)
m (k0ρ)H

(1)∗
n (k0ρ) (AmA

∗
n +BmB

∗
n) δnm (1 + δm0)

=
πρ

|E0|2
∞∑
m=0

(
|Am|2 + |Bm|2

)
(1 + δm0)) lim

ρ→∞

∣∣H(1)
m (k0ρ)

∣∣2
σtot =

2

k0 |E0|2
∞∑
m=0

(
|Am|2 + |Bm|2

)
(1 + δm0)

(8.22)

If the coefficients, Am and Bm, can be found, equation 8.22 can be used to find

the total cross-section. The following identities are helpful in applying boundary

conditions:

dJν(x)

dx
=

1

2
(Jν−1(x)− Jν+1(x)) ,

dYν(x)

dx
=

1

2
(Yν−1(x)− Yν+1(x)) , and

dH
(1)
m (x)

dx
=

1

2

(
H

(1)
m−1(x)−H

(1)
m+1(x)

)
.

(8.23)

A further simplification can be introduced if the incoming wave is of the form

Einc = E0e
ik0x = E0

(
J0(k0ρ) + 2

∞∑
m=1

(−i)mJm(k0ρ) cos(mθ)

)
. (8.24)
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and the scattering object is cylindrically symmetric; in which case Am = 0 in equation

8.15 for all m.

An arbitrary collection of concentric rings, each with different material parame-

ters and potentially different thicknesses is considered to model the cloak. In each

of these rings the fields will be of the form in equation 8.15. At each ring boundary

both Ez and Hθ = − 1
µθ

∂Ez

∂ρ
must be continuous. Furthermore, the fact that Yν(k0ρ)

diverges as ρ → 0 can be used to set the prefactor for that term to zero for the

innermost cylinder. For the case of the cloak this will be unnecessary because a

PEC boundary will be used on the inside of the innermost cylinder. The fields must

vanish at the PEC boundary. Finally, note that the θ dependence of each term of

the field expansion is different; therefore, for the expansion to satisfy the boundary

conditions each term must satisfy them individually.

The material parameters used in the initial experimental report on cloaking[15]

can be used to estimate the expected cross-section of an object cloaked using this

material. The outer radius of each layer and the material parameters for that layer

are shown in table 8.1. Note that the outer radius is the radius at which the boundary

conditions should be applied, not the radius at which the material parameters are

calculated from equation 8.2. The material parameters for a particular layer are

calculated from the mean radius of that layer.

The application of boundary conditions in the analysis of this device results in a

set of 21 linear equations with 21 unknowns for each term in the Bessel expansion.

Rather than solve for these coefficients analytically, a simple matrix inversion can be

done. The relatively small size of the cylinder with respect to wavelength causes the

SCS sum (equation 8.22) to converge rapidly, with only 15-20 terms being required.

The values of each term in the Bessel expansion of the scattered wave (Bm in equation

8.20) are shown in figure 8.6.
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ρ(cm) εz µθ µρ
2.71 PEC
3.03 3.423 1 0.003
3.34 3.423 1 0.023
3.66 3.423 1 0.052
3.98 3.423 1 0.085
4.30 3.423 1 0.120
4.62 3.423 1 0.154
4.94 3.423 1 0.188
5.25 3.423 1 0.220
5.57 3.423 1 0.250
5.89 3.423 1 0.279

Table 8.1: The material parameters used in the original experimental findings of
the cloak are tabulated against the outer radius of the layer. These parameters are
used in a model calculation for a discrete, homogenized, loss-less cloak and compared
with experimental measurements. Ez is set to zero at the perfect electrical conductor
(PEC) boundary.
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9

Conclusion

Complex artificial materials (metamaterials) strongly interact with light and can be

used to fabricate structures which mimic a material response that has no natural

equivalent. This newly demonstrated capability has led to an explosion of interest

in the optical properties of these materials and the ways in which they can be used.

One of the most powerful tools to be leveraged in this pursuit is the nascent field

of transformation optics—in which the form-invariance of Maxwell’s equations is

exploited to design complex electromagnetic media with properties that have never

before been demonstrated.

In this dissertation several novel avenues of research in the field of transformation

optics have been explored. In the third chapter a framework in which transformation

optical calculations can be made was presented. This began with a derivation of the

form-invariance of Maxwell’s equations which emphasised that this property held

between any two sets of coordinates; one set is not required to be Cartesian. This

property was used to demonstrate that many calculations in the field of transforma-

tion optics can make use of the introduction of an intermediate coordinate system.

The familiar cloaking calculation was carried out in this way.
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In the fourth chapter a transformation which compresses a portion of space is

developed. It was shown that this can be used to reduce the overall size of an optical

device without changing its optical properties. A lens is chosen as a canonical device

to demonstrate this behavior. The concept of using an anisotropic index approxima-

tion to reduce the complexity of a device was presented. This approximation leads

to inherent impedance mismatches, and the idea of grading a transformation in was

introduced as a method for mitigating these.

In the fifth chapter the use of sources in transformation optics is discussed. It was

demonstrated that a simple form for the current can be used to arrive at transfor-

mation optical devices that warps antennas. The possible value of this methodology

was discussed in the context of the cloaking transformation.

In the sixth chapter the use of conformal transformations was discussed. In

particular it was shown that if the desired transformation is conformal the requisite

material parameters can be realized using isotropic materials. A numerical relaxation

method was introduced to find approximations to conformal transformations, called

quasi-conformal, which may be used in situations in which the conformal module

is different in original and transformed space. This procedure was discussed in the

context of the ‘carpet-cloak’—a device which makes a bump in a reflective surface

appear to be flat.

In the seventh chapter the quasi-conformal methodology discussed in chapter

six was used in the design of a useful optical device. It was shown that well known

devices whose designs are based on the maximal symmetry of a system can be warped

using transformation optics into geometries which may be useful in other contexts.

The example used is that of the Luneburg lens. The derivation of the Luneburg

lens index profile which images one sphere onto another was carried out. The choice

of one sphere at r → ∞ and another with the same radius as the lens results in a

perfect imaging system with the unfortunate property that the focal locus resides on
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a sphere—making it incompatible with most imaging arrays.

A quasi-conformal transformation was demonstrated which could warp the spher-

ical lens into a flat one without sacrificing bandwidth or introducing significant loss.

This device was fabricated and it was shown that these properties were indeed real-

ized. The resulting lens succesfully focused light to a plane for angles of incidence as

large as ±70◦.

The problems associated with extending quasi-conformal transformations to three

dimensional devices were discussed at the end of the seventh chapter. Ray tracing

was performed to demonstrate the degredation of performance for lens designed by

the naive process of rotating a two-dimensional solution about its axis.

In the final chapter a careful experimental investigation into the behavior of a

microwave cloak was presented. This work represents the first time that the cross-

section of a cloak has been determined experimentally. A technique for determining

the cross-section of objects from field mappings at a finite distance was developed.

The accuracy of this technique was demonstrated through the experimental deter-

mination of the cross-section of a known dielectric cylinder. Measurements showed

that a cloak, which nearly doubled the size of a metal cylinder, reduced the cross-

section of the cylinder by a maximum of 24% over a narrow frequency band of about

2.3% bandwidth. Both the total experimental cross-section and its Bessel decom-

position were compared to an analytic model of the cloak which assumed lossless,

homogenized, concentric rings. While the cloak behaved qualitiatively as expected—

there was a reduction in the cross-section at the cloaking frequency—it disagreed

quantitatively with the analytic calculation. This suggests that there are possible

improvements which can be made in metamaterial design.

As a device which inherently relies on the flexibility of metamaterials a cloak

provides a particularly nice experimental test bed for improvements to the effective

medium theories of complex media. As the first quantitative analysis of cloaking
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data, this experimental work lays the foundation for future exploration of cloaks as

metamaterials improve.
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