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Abstract

Waveguide quantum electrodynamics (QED) studies multi-level systems (or qubits)

strongly interacting with one-dimensional (1D) light fields confined in a waveguide.

This rapidly growing research field attracts much attention because it provides a fas-

cinating platform for many-body physics, quantum nonlinear optics, as well as open

quantum systems (OQS). On this platform, researchers are able to control single

qubit using single photons and vice versa, based on which many potential appli-

cations in quantum information processing and quantum computing are proposed.

Due to the reduced dimensionality, the coupling between light and matter is greatly

enhanced and so is the light interference. This, together with the strong nonlinearity

provided by the qubits, results in striking quantum-optical effects at the few-photon

level, which have been demonstrated experimentally in the past few years on vari-

ous systems such as superconducting circuits thanks to the explosive experimental

progress.

While much has been known with regard to a single qubit in an infinite waveguide,

it is less understood how multiple qubits would reshape the properties of 1D light.

For instance, there can be effective interaction between a pair of qubits in a waveguide

even in the absence of dipole-dipole interaction, which in turn causes a splitting in the

power spectra and interesting bunching and anti-bunching effects for the photons.

Moreover, from the OQS point of view, the systems (qubits) and its environment

(photons) are highly correlated, so it is natural to question and test the validity of
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Markovian dynamics in a waveguide-QED setup.

In this thesis, I consider two or more distant qubits present in a waveguide under

weak driving. The role of inelastic scattering and its connection to dark states and

photon correlations are emphasized. I report two-photon scattering wavefunction

for multiple qubits (N > 2) in an infinite or semi-infinite waveguide. The latter

has a perfect mirror at the end that reflects all of the incident photons. I find that

by tuning the separation between each qubit it is possible to have stronger (anti-

)correlations compared to the single-qubit case, and that the correlation can last

over hundreds of the lifetime of a single qubit. The inelastic scattering is highly

sensitive to the qubit-qubit (or qubit-mirror) separation and the incident frequency

due to the narrow widths caused by the dark states. I also investigate the differences

in scattering due to the level structure of the qubits, including two-level systems

(2LS), three-level systems (3LS), and their mixture. For example, I find that a “2-

3-2” setup — two distant 2LS sandwiching a 3LS — can either rectify photons or

induce correlation among elastically transmitted photons.

I further propose a simple waveguide-QED system as a model system for OQS

studies owing to its complex yet exactly solvable nature. To this end, a time-

dependent scattering is considered, from which a dynamical map describing the

system evolution can be obtained. In combination with OQS tools, I present de-

tailed analysis for the non-Markovian properties of the system, and point out that

the scattering setup generally gives rise to a different class of dynamical maps that

are largely unexplored in conventional OQS studies. The parameters considered

throughout this thesis are fully accessible with existing experimental technology, so

realistic tests of my work are within reach.
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1

Introduction

In this chapter, I provide an overview for the field of waveguide quantum electrody-

namics (wQED), which concerns one-dimensional (1D) photons strongly interacting

with local atoms. I will present several important theoretical and experimental re-

sults in wQED, as well as the key concepts of open quantum systems relevant for

the subsequent chapters.

1.1 Motivation

Since the advent of the quantum electrodynamics (QED) in the last century, physi-

cists have made enormous endeavors to understanding the light-matter interaction at

the quantum level. With decades of phenomenal advances in atom cooling and trap-

ping, confining a few atoms or ions in three-dimensional (3D) free space has become

a lab routine, and their quantum states can be easily manipulated by single-photon

pulses or continuous drives. Since they are well-isolated from the environment, such

trapped atom/ion experiments realize a practically closed1 quantum system, which

is one of the most remarkable achievements in fundamental physics. As far as this

1“Closed” as opposed to “open” which I will discuss shortly.
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thesis is concerned, I consider atoms, ions, spins, quantum emitters, etc., as quantum

objects with discrete energy levels, and hereafter they are all interchangeable and

often referred to as qubits for simplicity.

Suppose a single qubit (assuming a two-level system, 2LS) in the 3D free space

is irradiated by an incident light. Since the dipole moment is coupled to the electric

field, if the incident frequency k is brought into resonance with the qubit, meaning

k = ω0 with ω0 being the transition frequency of the qubit, then it is predicted that

the maximum reflectance would range from 85% to 100% [1], depending on the type

of incident field. In other words, it is possible that all incident photons are reflected

by the qubit, see Fig. 1.1. However, so far the highest reported value is only about

10% [2, 3], and it is believed that the interference effect in 3D is not perfect enough

(due to, e.g., mode mismatch, loosely focused beam, thermal motion of the qubit,

weak coupling, etc.) to reflect the majority of the photons. Therefore, reducing

the (effective) spatial dimension becomes an important direction for the study of

light-matter interaction in free space.

Most importantly, strong light-matter interaction can induce effective photon-

photon interaction, which typically does not exist for free photons.2 While such an

effective interaction is extensively studied in nonlinear optics, the nonlinear effects

there are usually “weak”: They are manifest only when a macroscopic number of

photons is used. The reason is that while conventional nonlinear media support

nonzero higher-order susceptibilities,

Pi = χ
(1)
ij Ej + χ

(2)
ijkEjEk + χ

(3)
ijklEjEkEl + · · · ,

where P is the polarization, E is the electric field, χ(n) is the n-th susceptibility

tensor, and Einstein summation convention is used, typically the nonlinear terms are

2From the theoretical point of view, free photons originate from the quantized Maxwell’s equa-
tions in vacuum. Since the equations are linear, there is no crosstalk between free photons.

2



Figure 1.1: A sketch for the interference between incident field and scattering field
in 3D free space. (Top left) an incident light propagates along the direction of the
white arrow. The qubit’s dipole moment (red) points up. (Top right) The far field
of the radiation emitted by the qubit. The intensity is maximized (minimized) in
the horizontal (vertical) direction. (Bottom) The overall intensity after interference.
The transmitted intensity (on the right hand side of the qubit) is much lower than
the reflected one (on the left) due to destructive interference. Figure adapted from
Ref. [4].

much smaller, |χ(1)| ≫ |χ(2)| ≫ |χ(3)| ≫ · · · , so a very strong field is necessary for a

nonlinear polarization. Since the number of photons per unit volume is proportional

to |E|2, this corresponds to many photons.

Beginning in 2005,3 it was suggested by various groups [12–16] that if a qubit is

strongly coupled to a 1D electromagnetic continuum, then nonlinear effects could be

produced at the few-photon level, as the qubit is an intrinsically nonlinear element

— it cannot absorb or emit two or more photons at the same time. The choice of 1D

continuum brings in two benefits compared to 3D free space: (i) it further increases

3While the dramatic increase in interest started in the period 2005-2008 due to rapid experimen-
tal progress toward achieving strong coupling between the 1D continuum and the local quantum
system, there were already a few early papers focusing on 1D light-matter interaction [5–11].
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Figure 1.2: (a) The transmittance (blue) and reflectance (red) due to a single 2LS
in 1D free space driven by a weak coherent beam. The detuning is defined as the
difference between the incident frequency k and qubit frequency ω0. (b) A schematic
for wQED systems. One may couple an array of distant qubits to a 1D waveguide.
For each qubit, the spontaneous decay rate to the waveguide is Γ = 2V 2/c.

the coupling [17], since the mode volume is effectively decreased4 [18]; (ii) it enhances

the interference effects [12, 19], because light can only propagate to either the left or

the right. As a result, if a weak coherent beam (weak in the sense that the average

number of photons n̄ ≲ 1) is resonantly driving the qubit, which is strongly coupled

to a 1D continuum, due to destructive interference the reflectance will be 100%; that

is, the transmittance is extinct, see Fig. 1.2(a). Such an extinction of transmittance

has indeed been observed experimentally in superconducting circuits [20, 21] and

thus justifies the necessity of dimension reduction.

Let us first consider at the theoretical level how a 1D free space can be imple-

mented. From classical electrodynamics [22] we know that if we make an elongated

metal pipe, then due to the boundary conditions the electromagnetic waves will prop-

agate along the direction of the pipe, referred to as a waveguide. If one quantizes

these modes and works in a frequency range far above the cutoff frequency of the

waveguide, then effectively we have a continuum spectrum, i.e., 1D photons. In anal-

ogy with “cavity QED” [23, 24], the study of 1D photons interacting with quantum

4A hand-waiving explanation: The quantized electromagnetic field has an averaged field
strength ¯|E| ∝ 1/

√
V , where V is the mode volume. But the “volume of a 1D box” is L as

opposed to L3 for 3D, so the mode volume decreases and field strength ¯|E| increases (so is the
dipole coupling g ∝ ¯|E|).
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objects (qubits) is now known to as waveguide quantum electrodynamics (wQED).

For recent wQED reviews see Refs. [25–28]. Note that while there are also studies of

chiral waveguide QED that involves either 1D unidirectional photons, or asymmetric

couplings to the left- and right-going modes [29–39], they are beyond the scope of

this thesis and hereafter I focus on qubits symmetrically and strongly coupled to

bidirectional photons in 1D.

In the context of wQED, “strong coupling” signifies that the spontaneous decay

rate due to the coupling to the waveguide, Γ, is much larger than the decay rate

to all other channels, Γ′, as well as the dephasing rate. The observation of the

transmittance extinction is a demonstration for strong coupling, as a non-negligible

loss rate Γ′ would compromise the perfect interference leading to the extinction.

In fact, 1D strongly coupled systems have been a central subject to the quantum

transport community, and the many similarities between optical phenomenon (prop-

agation of EM radiation) and quantum transport of electrons (conduction) have been

used over the years to enrich both fields. For example, the Landauer-Büttiker formal-

ism [40–44] was developed to describe linear electronic conductance in terms of the

transmission probabilities. This approach was then used, for instance, to develop

parallels in mesoscopic physics between electronic and photonic phenomena, such

as coherent backscattering of electrons or photons from disordered media [45, 46],

and semiclassical (or eikonal) approximations to quantum chaotic phenomena and

the inclusion of diffractive effects [47]. While these parallels were developed mainly

in the non-interacting-particle or linear-optics regime, interacting particles and the

corresponding nonlinear regime are, of course, of key interest in both photonic and

electronic transport, as we will see shortly. One particular setting that has received

a great deal of attention in the quantum transport community is 1D electrons inter-

acting with local quantum impurities, a setting that includes for instance the Kondo

problem, Anderson impurity model, and Bethe-Ansatz solutions [48–50]. The wQED
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system can be thought of as a photonic parallel of such systems.

In the strong-coupling regime,5 the physics in a wQED system typically happens

in a narrow range of frequencies, of the order of the decay rate Γ ≪ ω0. Therefore,

within the window of interest it is often reasonable to assume that the dispersion

relation is linear and that the coupling strength is frequency-independent. Fur-

thermore, the narrow window also allows the rotating-wave approximation (RWA),

which neglects the counter-rotating terms ∼ (a†σ+ + σ−a) in the electric dipole cou-

pling. With these assumptions, a position-space representation of the general wQED

Hamiltonian immediately follows (cf. Refs. [12, 14, 18]):

H = HQS − iℏc
∞∫

−∞

dx

[
a†R(x)

d

dx
aR(x)− a†L(x)

d

dx
aL(x)

]

+
N∑
i=1

∑
α=L,R

ℏVi

∞∫
−∞

dx δ(x− xi)
[
a†α(x)σ

(i)
ge + σ(i)

eg aα(x)
]
,

(1.1)

where HQS is a sum of all qubit Hamiltonians (the total number of qubits denoted

N ; see Secs. 1.2, 1.3 and the later chapters for various examples), aR,L(x) denote the

annihilation operators of right- or left- going photons at position x, and σ(i)
eg = |e⟩i⟨g|

denotes the Pauli raising operator of the i-th qubit with position xi and dipole

coupling strength Vi (so the corresponding decay rate into the waveguide is Γi =

2V 2
i /c). For simplicity, hereafter we take ℏ = c = 1, and assume a lossless wQED

system (Γ′ = 0), but the loss can be simply added by introducing additional channels

coupled to each qubit. For a schematic for an infinite waveguide, see Fig. 1.2(b). The

qubits under consideration can be 2LS, three-level systems (3LS), or systems with

more complicated level structures. I will discuss a few simple cases shortly, and

several other examples will be encountered along the way.
5Entering the so-called ultrastrong-coupling regime in wQED is also possible, both theoretically

and experimentally. In this regime, the RWA completely breaks down, and one has to include the
counter-rotating terms. However, I will not address this issue until Chapter 7.
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Experimentally, a wQED system can be built in several ways. First of all, it

can be made using superconducting circuits [17, 51], in which a superconducting

qubit is capacitively or inductively (depending on the type of the qubit) coupled to a

microwave transmission line [20, 21, 52–64]. The superconducting circuits have made

tremendous progress in the last decade (for a recent extensive review see Ref. [65])

and been considered as one of the best candidates for implementing a quantum

computer owing to its easy fabrication, control and extensibility [66, 67]. Other

possibilities include a superconducting qubit coupled to surface acoustic waves [68],

semiconductor quantum dots coupled to a photonic crystal waveguide [25, 69–71],

photonic nanowire [72, 73] or metallic nanowire [74], cold atoms coupled to an optical

fiber [75, 76] or a photonic crystal waveguide [77, 78], vacancy centers in a diamond

nanowire [79] or waveguide [80], single molecules doped in an organic crystal filled in

a glass capillary [81], etc. In several of the above platforms, the coupling of the local

emitter to the waveguide dominates by far all other emission or dephasing processes.

Moreover, in systems such as superconducting qubits and quantum dots, instead

of real atoms we have artificial atoms coupled to the photons. Given their wide

tunability, it is easier to control and manipulate the quantum state of the atoms,

and it opens the possibilities to realize “quantum optics on a chip” [66, 82] and to

study quantum nonlinear optics [83].

Two aspects of waveguide QED have attracted particular attention theoretically:

the manipulation of single photons and the production of non-classical light. In the

single-photon arena, a variety of devices have been proposed in order to manipulate,

control or probe the quantum state of single photons, such as single-photon gener-

ators [84], routers [21], detectors [63, 85], diodes [86], memory [87, 88], and gates

[89–93]; see also Refs. [25, 56, 83] and references therein for more discussions along

this direction. With regard to non-classical light, the main characteristics studied

are the photon-photon correlation function (also called the second-order coherence
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[94]) and the photon statistics. The majority of work on these topics to date has

treated a single quantum system coupled to the waveguide, [13, 14, 19, 95–135], and

there is a growing literature on the case of two or more qubits [86, 136–174], which

is an important direction for both fundamental effects and possible applications.

Furthermore, in addition to an infinite waveguide, it is also possible to make a

semi-infinite waveguide, one end of which is terminated by a perfect mirror. A single

qubit in a semi-infinite waveguide is a more complex problem than for an infinite

waveguide because of the delay in the reflection from the end and has therefore re-

ceived considerable attention [7, 61, 127, 155, 175–186]. Although an atom placed

in front of a mirror in 3D open space has been studied both theoretically [9] and

experimentally [187–190], the unconfined light in 3D makes the interference effect

weak, and one therefore expects a much stronger effect in 1D. An exact solution for

the spontaneous emission problem can be derived by solving the delay differential

equation [cf. Eq. (2.136)] [7, 9, 181–183]. This solution demonstrates the complicated

interference effects caused by the mirror; if the distance to the mirror is large, non-

Markovian effects arising from non-negligible delay time come into play even for a

single excitation (qubit or photon) [181–183]. Under the Markovian approximation

(neglecting delay time), the problem reduces to solving an ordinary differential equa-

tion [9, 183] which is far easier. In this case, the presence of the boundary (i.e. the

mirror) causes a modification of the qubit frequency and decay rate by modulating

the structure of the photonic environment, thus playing a key role in shaping the

qubit state [9, 61, 179]. In addition, the mirror also creates a feedback path that

offers a way for delayed quantum feedback control [184, 191–195]. I note that the

delayed feedback can also be obtained with a “giant atom” coupled to a waveguide

[68, 196, 197], in which the (artificial) atom size is comparable to or even larger than

the wavelength so the propagation between the contact points needs to be considered.

More discussions on the Markovian approximation and (non-)Markovian physics are
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deferred until Sec. 1.5.

Therefore, in this thesis I will consider multiple qubits coupled to an infinite or

semi-infinite waveguide, and address the following important questions

• How does the physics be different as the number of qubits increases?

• How does the multi-level structure reshape the scattered photons?

• How does the presence of a mirror change the inelastic scattering?

• What is the key ingredient for designing a quantum-network and/or quantum-

optical device?

• What are the non-Markovian sources in a wQED system?

In the following sections, I discuss several important optical phenomena in wQED

systems, followed by an introduction to open quantum systems and non-Markovian

physics.

1.2 Elastic and inelastic scattering

As the simplest example, we continue the earlier discussion on a single 2LS strongly

coupled to an infinite waveguide, HQS = ω0σ+σ−, which leads to the transmittance

extinction for a weak coherent beam. As will be discussed in Sec. 2.1, the extinction is

a consequence of path interference, and it shows that resonant photons are elastically

backward-scattered. In other words, a single 2LS behaves like a mirror for single

photons at the resonant frequency.

It is worth noting that while the transmittance extinction is a proof for strong

coupling, it is not sufficient to conclude that the quantum system coupled to the

waveguide is nonlinear, since a single photon (corresponding to a weak drive) cannot

distinguish whether it is scattered by a linear or nonlinear element. For example, one
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may replace the 2LS by a harmonic oscillator (say a resonator) and still obtain zero

transmittance at the resonant frequency. Therefore, true nonlinear effects become

evident with increasing number of incident photons.

Since the 2LS is nonlinear, when the driving amplitude, or equivalently n̄, is

increased, the 2LS will be saturated, leading to incoherent/inelastic scattering. (On

the other hand, a harmonic oscillator will always cause elastic scattering regardless of

n̄.) Therefore, the decisive signature for a 2LS is the inelastic power spectrum, which

describes the distribution of outgoing photons as a function of their frequency ω and

can be obtained simply by removing the delta function at the driving frequency (it

corresponds to the elastic counterpart) in the total power spectrum

S(ω) =
∑

α=R,L

∫ ∞
−∞

dt′ eiωt
′⟨a†α(x0, T )aα(x0, T + t′)⟩, (1.2)

where x0 is the detector position placed far away from the scatterers, T is large

enough for recording the stationary state of light, and the expectation value is evalu-

ated in the Heisenberg picture; see Chapter 2 for detail of the calculation. As shown

Figure 1.3: (A) The inelastic power spectrum due to a flux qubit under a strong,
resonant drive (microwave power W0 = −112 dBm). Red curve is from standard
quantum-optical theory with no fitting parameter, and the black circles are experi-
mental results. The detuning is δω = ω−ω0. The inset explains the origin of the two
side peaks in terms of the AC Stark shift. (B) Power dependence of S(ω). As the
incident power increases, the Mollow triplet appears. Figure taken from Ref. [20].
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in Fig. 1.3, it is clear that when the incident power is very low, most of the outgoing

photons are elastically scattered. On the other hand, when the power is very high,

two side peaks at ω0±Ω emerge, where Ω is the Rabi frequency of the driving. This

is nothing but the well-known Mollow triplet [94].

Furthermore, as the qubit can only interact with one photon coherently at a

time, a significant fraction of the incident flux, F =
∫
dω S(ω), will be incoherently

transmitted or reflected,

F = Fc + Fi, (1.3)

with subscript c (i) denoting coherent (incoherent). In Fig. 1.4(a), the resonant driv-

ing case is considered, and it can be seen that with a very weak or strong driving,

most of the incident photons are coherently scattered; inelastic scattering is maxi-

mized with n̄ ∼ 1. Note that the total photon flux is conserved. Also, the elastic

transmittance will no longer be extinct when the power is increased (not shown).

100
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10010-110-210-4 10-3 101 102

(a) (b)

Figure 1.4: (a) Photon flux F as a function of number of incident photons (per unit
decay time) n̄ = A2 for a single 2LS coupled to an infinite waveguide. The qubit is
driven resonantly by a coherent state with amplitude A. The flux is normalized to n̄
so that F/n̄ is always 1. The calculation is performed using the Heisenberg-Langevin
equation (Sec. 2.3.2). (b) Inelastic flux Fi as a function of incident frequency k in
the weak driving limit. For comparison, the semi-infinite waveguide case is also
shown with two different qubit-mirror separations a; see Sec. 1.4 on the role of the
mirror. The calculation is performed using the Green’s function method (Sec. 2.2).
Parameter: ω0 = 100Γ.
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For further discussion see Sec. 2.3.2.

In wQED systems, especially for those solid-state implementations, the inelas-

tic scattering necessarily involves momentum redistribution as shown above, because

the stationary (motionless) qubits break the translational symmetry while the time-

reversal symmetry is still preserved. As a result, the total momentum is in general

not conserved, but the total energy is. However, for the special case with linear

dispersion, this happens to make the total momentum conserved as well since en-

ergy is proportional to momentum, but individual photons need not preserve their

momenta and such a momentum exchange/redistribution is indeed allowed. We will

see in later chapters the momentum redistribution due to inelastic scattering leads

to several striking quantum-optical effects.

An important consequence of inelastic scattering is the generation of photon

correlation. A commonly used quantity is the second-order correlation function: for

Figure 1.5: The two-photon correlation function for the transmitted field (left) and
the reflected field (right). Without any practical limitations, the former is bunched
(g2(0) > 1) and the latter is anti-bunched (g2(0) = 0 < 1). Other curves include
the possible experimental limitations such as thermal fluctuations, bandwidth of the
measurement equipment, loss, etc. Figure taken from Ref. [56].
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right- or left- going photons (α = R, L),

g2(τ) =

⟨
a†α(x0, T )a

†
α(x0, T + τ)aα(x0, T + τ)aα(x0, T )

⟩⟨
a†α(x0, T )aα(x0, T )

⟩2 , (1.4)

which is defined such that if g2 > 1, photons are bunched, and if g2 < 1, photons

are anti-bunched. The g2 correlation function suggests the changes in the photon

statistics. For the case of two-photon scattering, it is known that a two-photon

“bound state” would emerge,6 which corresponds to the T-matrix in the scattering

theory. As a result of interference, therefore, in this case the transmitted photons are

bunched, and the reflected photons are anti-bunched, see Fig. 1.5. In other words,

one can generate photon correlations by driving a 2LS in an infinite waveguide. More

detail for the calculation of g2(τ) are presented in Chapter 2.

1.3 Electromagnetically induced transparency

Let us turn to the case with a 3LS. I will first introduce its general properties un-

der coherent driving, then discuss the situation when it is coupled to an infinite

waveguide.

In atomic physics, using selection rules one can easily limit the evolution of the

quantum state of the atoms or ions within a subspace consisting of a few particu-

lar energy levels by driving close-to-resonance. There are three possible three-level

schemes: Λ-type, V -type, and ladder-type [198], see Fig. 1.6. As the third level in the

V -type and ladder-type 3LS is generally an excited state, it is not long-lived enough

for the purpose of later discussion, so below I focus on the Λ-type 3LS, assuming

that the level |1⟩ is the ground state, |2⟩ the excited state, and |3⟩ a metastable state

6In the literature of wQED, the two-photon bound state has confusing meanings. Here it refers
to the fact that the scattered photons are propagating outward (not localized) and decaying in the
relative coordinate, ψBS(x1, x2) ∝ exp (−Γ|x1 − x2|/2).

8See https://en.wikipedia.org/wiki/Electromagnetically_induced_transparency.
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Figure 1.6: Three possible level schemes for 3LS: vee, ladder, and lambda. In
all cases, the dipole-forbidden transitions are marked with a red cross, and ωc (ωp)
denotes the frequency of the control (probe) beam. Figure taken from Wikipedia.8

(much less lossy than |2⟩) or just another ground state, and that the |1⟩–|2⟩ (|2⟩–|3⟩)

transition is driven by the probe (control) beam of frequency ωp (ωc).

In this case, the interference due to all possible paths within the 3LS (e.g., |1⟩ →

|2⟩ and |1⟩ → |2⟩ → |3⟩ → |2⟩) will cause a resonant incident beam to be fully

transmitted [198]. This phenomenon is referred to as electromagnetically induced

transparency (EIT) [198, 199], and was particularly surprising for a dense 3LS gas,

as one would naively expect that the gas medium is too opaque (optically thick) to

let light pass. The signatures of EIT are a narrow peak in the transmission spectrum

and a dip in the absorption profile, both tunable by the control beam, see Fig. 1.7.

For instance, if the control beam is turned off, then the third level is decoupled, and

the response is reduced to that of 2LS, i.e., zero transmittance and a Lorentzian

absorption at the resonant frequency ω21 ≡ ω2 − ω1, as the pathways needed for the

EIT interference are diminished. On the other hand, if the control beam is turned

on, then the widths of both the transmission peak and the absorption dip increase

with Ωc, the Rabi frequency of the control beam. The EIT effects are most apparent

when the EIT condition is satisfied: δ = ω31 + ωc − ωp = 0, i.e., at two-photon
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Figure 1.7: The EIT signatures: (a) transmission probability T , and (b) absorption
profile − Im

[
χ(1)
]

as a function of the detuning between the frequencies of the |1⟩–
|2⟩ transition and the probe beam. At the EIT point, a perfect transmission peak
appears, and the absorption is zero. If the control beam is turned off, then the
transmission spectrum reduces to that of a 2LS [cf. Fig. 1.2(a)]. Figure reproduced
from Ref. [198], assuming no loss (Γ′2 = Γ′3 = 0).

resonance.

Associated with the EIT peak is the slow light effect. For a 3LS atom interacting

with classical beams (such as lasers), the dipole interaction Hint = −µ · E can be

represented by a 3× 3 matrix, and one of its eigenstate, denoted |D⟩ = α|1⟩ − β|3⟩,

has no matrix element in the excited state |2⟩ and thus can trap the population for a

long time without decay (unless the level |3⟩ has a large loss rate and/or dephasing

rate). This state is called the dark state, and is responsible for the slowdown of

transmitted light: for the case of atomic gases at the EIT point, in the weak-probe

limit the group velocity is reduced to

vg =
dω

dk

∣∣∣∣
δ=0

=
c

n+ ωp
dn
dωp

=
c

1 + N
L

Γ
Ω2

c
c
, (1.5)

where N is the number of 3LS, L is the length of the gas medium and Γ is the total

decay rate of the excited state |2⟩, and thus the corresponding time delay (the time

that photons spend within the 3LS atoms) is

τ = L/vg − L/c = N
Γ

Ω2
c

(1.6)
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which can be shown to be inversely proportional to the width of the EIT peak.

Interestingly, the EIT peak is robust against the loss in the excited state |2⟩, precisely

because of the zero overlap between the excited state |2⟩ and the dark state |D⟩. In

short, a sharp transmission peak is closely connected to a dark state associated with

small decay rate and large time delay. This concept will be useful for the discussion

of multi-qubit wQED systems in the later chapters.

In the wQED systems with artificial atoms such as superconducting qubits, by

design one can still obtain selection rules between different energy levels (although

sometimes the selection rules are just very good approximations and occasionally

“forbidden” transitions can happen), so the above discussion should in principle

hold for artificial light-matter interaction as well. One disadvantage, though, is that

designing a Λ-type artificial 3LS is not a trivial task. Taking again the supercon-

ducting qubits as example, building a ladder-type 3LS with a very lossy third level

is possible, and an EIT-like transmission was reported using a single flux qubit [53].

However, it was shown later based on information-theory techniques [200] that the

reported data were not sufficient for conclusively discerning EIT from the Autler-

Townes splitting, a phenomenon that arises due to the application of strong fields

and also produces two transmission dips [201]. Subsequent efforts toward building

an effective Λ-type 3LS on superconducting circuits and its applications have been

reported in Refs. [60, 63, 180].

Theoretically, it is of great interest to explore the consequences of multiple levels

interacting with 1D photons, since the increase of the number of degrees of freedom

usually provides more ways of controlling the system. As a result, a single driven

Λ-type 3LS in an infinite waveguide has been studied [101, 103, 109, 118, 122, 137],

with the |1⟩–|2⟩ transition coupled to the waveguide while the |2⟩–|3⟩ transition is
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driven classically,

HQS = ω2|2⟩⟨2|+ ω3|3⟩⟨3|+
Ω

2
(|2⟩⟨3|+ |3⟩⟨2|) . (1.7)

Here I again assume the lossless limit. The single-photon transmission coefficient is

then given by

t(k) =
(k − ω3) (k − ω2)− Ω2

4

(k − ω3)
(
k − ω2 +

iΓ
2

)
− Ω2

4

, (1.8)

which shows an EIT peak at k = ω3 as depicted in Fig. 1.7.

1.4 Shaping the quantum vacuum

In this section, I discuss a single 2LS coupled to a semi-infinite waveguide. Without

loss of generality, the qubit (mirror) position can be taken at x = −a (x = 0), and

so the upper limit of the integrals in the Hamiltonian Eq. (1.1) is replaced by x = 0.

Detailed treatments will be discussed in later chapters.

As mentioned earlier, the interference due to the extra feedback path between

the qubit and the mirror shapes the qubit state. Assuming that the qubit-mirror

separation a is small such that Γa ≲ 1 (corresponding to the Markovian regime), the

phase picked up by the incident field during the round trip can be approximated as

θ ≈ 2× 2πa

λ0
+ π, (1.9)

where λ0 is the wavelength corresponding to the qubit frequency ω0, and the π phase

is due to the reflection by the mirror. Then, the interference effect leads to the

modulated qubit frequency and decay rate [9, 61, 179],

ω̃ = ω0 −
Γ

2
sin(2k0a), Γ̃ = Γ(1− cos(2k0a)) (1.10)
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(a) (b)

Figure 1.8: Circuit-QED implementation of a single 2LS in a semi-infinite waveg-
uide. (a) A transmon qubit is capacitively coupled to a microwave transmission line.
The line end is grounded so that the microwave signal can be reflected. (b) The
measured effective qubit decay rate Γ̃ as a function of normalized qubit-mirror sep-
aration. The red, solid line is given by Eq. (1.10). The response in the shaded blue
region is too weak to measure. Figure taken from Ref. [61].

with k0 = 2π/λ0. The derivation will be discussed in Chapter 2. Therefore, the qubit

response can be controlled by tuning either the separation a or the atomic frequency

ω0.

On a superconducting circuit, obviously the qubit cannot be physically moved in

situ, but the transition frequency can be tuned by changing the external magnetic

flux, so such an experiment is feasible. The experimental observation for the effective

decay rate is shown in Fig. 1.8, which is in good agreement with the theory. Since

the decay rate Γ̃ can be related to the spectral density of the vacuum fluctuation at

the (bare) frequency S(ω0) as [61]

Γ̃ = g2S(ω0), (1.11)

where g is the coupling, this experiment can be used to probe the quantum vacuum.

Moreover, the interference effects due to the presence of the mirror generally

enhance inelastic scattering. As shown in Fig. 1.4(b) it can be seen that the maximum

inelastic flux Fi for a semi-infinite waveguide is generally larger than that for an

infinite waveguide, and that the peak position and width are given by k = ω̃ and Γ̃,
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respectively.

1.5 Open quantum systems and non-Markovianity in a nutshell

Perhaps it is fair to say that most of the quantum systems in the real world are

unfortunately not closed in the strict sense — even the classic textbook example of

a hydrogen atom is inevitably coupled to the electromagnetic fields in vacuum, or

the phenomenon of spontaneous emission cannot be explained. Therefore, a great

amount of work is dedicated to the study of open quantum systems (OQS), which

concerns the evolution of the quantum state under the influence of the environment.

In this section, I present a quick and “modern” overview of OQS studies, and put em-

phasis on the role of non-Markovianity — whether or not a process is non-Markovian

(NM). For a general discussion on OQS, I refer to specialized books [202, 203] and

recent reviews [204–206].

Loosely speaking, the NM dynamics refers to physical processes that have mem-

ory effects: A quantum system can regain something from its environment, such as

energy, coherence, correlation, entanglement, etc. On the contrary, Markovian dy-

namics is said to be memoryless so that those quantities irreversibly decay due to the

coupling to infinite number of modes, i.e., a bath or a reservoir. This is referred to

as the monotonicity of Markovian dynamics [205]. In other words, the quantum sys-

tem described by Markovian dynamics does not retain its past history. While many

phenomena in nuclear magnetic resonance, quantum optics, chemical reactions, etc.,

can be well described in a memoryless fashion [207], in strong-coupling systems, for

example, the monotonicity is in general not guaranteed, which I will discuss later.

For a wQED system, if one regards the waveguide photons as an environment

of the qubits, the OQS tools can be applied immediately, as will be demonstrated

in Chapter 6. Since wQED experiments offer full controllability over the qubits as

well as the photons, and in principle full information on the photon correlation and
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dynamics is measurable (which is generally unavailable in OQS since the environment

is traced out), the wQED systems not only can serve as a testbed for OQS studies, but

also complement them by treating the quantum system (qubits) and its environment

(photons) on equal footing.

The theoretical difficulty of multi-qubit wQED lies in the fact that the waveguide

photons are bidirectional while the qubits have arbitrary positions in the waveguide.9

When the qubit emits into the waveguide, the information of its quantum state is

transferred to and kept in the waveguide accordingly, until absorbed by another

qubit. Because the propagation of the waveguide photons is not instantaneous, the

inclusion of retardation effects will generally lead to NM dynamics, which calls for

the study of non-Markovianity in wQED.

However, if the time of flight τ from one qubit to another is short, meaning Γτ ≲ 1,

the time delay can be safely neglected and only a phase shift needs to be taken into

account. In other words, the Markovian approximation can be made, resulting in a

great simplification [86, 138–141, 144, 145, 149, 156, 157, 162, 163, 165, 166]. There

are, however, a few non-Markovian results [146, 147, 150–152, 155, 164] which have

been used to delineate the range of validity of the Markovian approximation. The

same reasoning also applies to qubits in a semi-infinite waveguide.

1.5.1 Dynamical map and Lindblad master equation

Instead of the wavefunction description, the core of OQS theories is the reduced

density matrix ρ of the quantum system of interest, meaning that the environment

degrees of freedom are traced out,

ρ = Trenv [σ] , (1.12)

9To be more precise, the multi-photon scattering is a hard problem; single-photon scattering
with arbitrary number of distant qubits is exactly solvable as will be shown in Chapter 2.

20



where σ is the joint density matrix for the quantum system and its environment

(which does obey unitary dynamics σ(t) = Utσ(0)U
†
t ). Only with this choice can the

description of decoherence and mixed states become natural. The evolution of the

quantum state is then formulated using the concept of dynamical map,

ρ(t) = Φt [ρ(0)] , (1.13)

where Φt is a linear map that brings the initial density matrix (taken at t = 0 without

loss of generality) to a future moment t > 0. Therefore, in a sense the study of OQS

reduces to the study of the dynamical maps.

In order to generate a meaningful physical state, the dynamical map must be

a linear map that is completely positive and trace-preserving (CPTP). The linear-

ity is required for superpositions of quantum states (i.e., convexity), the positivity

and trace-preserving are required for the probability interpretation, and “completely

positive” means that for an ancilla qubit with arbitrary dimension n coupled to the

quantum system, the map In ⊗ Φt, where In is the n-dimensional identity operator

acting on the ancilla, must also be positive for any n ≥ 0. As we will see below,

there is a class of dynamical maps that in addition satisfy the semigroup property,

which will be referred to as Markovian dynamical maps.

There are a few simpler routes toward the evolved system state ρ(t) if some

assumptions and approximations are allowed, and eventually one arrives at a time-

local differential equation for ρ, widely known as the Lindblad master equation (ME).

Below I list the common assumptions for deriving a Lindblad ME, and for the detailed

discussion I refer the interested readers to the well-established literature [202, 206,

208]. Beginning from a microscopic system-environment Hamiltonian, denoted H =

HQS +Henv +Hint, and the von Neumann equation σ̇ = −i [H, σ], one assumes —

i) Initially the joint density matrix is uncorrelated, σ(0) = ρ(0)⊗ ρenv(0);
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ii) The system-environment interaction Hint is bilinear: Hint =
∑

α gαSαBα, where

Sα (Bα) is a system (bath) operator, and gα denotes the coupling;

iii) The initial state of the environment, ρenv(0), is prepared such that

Trenv[Bαρenv(0)] = 0. (1.14)

iv) The system-environment coupling gα is “weak” in the sense that at any time t

the joint state remains in a product state with the bath remaining unchanged,

σ(t) ≈ ρ(t)⊗ρenv(0). The weak-coupling assumption implies that the timescale

of the environment correlation τb is much shorter than the timescale of the

system-environment interaction τr, τb ≪ τr, and is referred to as the Born

approximation;

v) The quantum state ρ(t − τ) is replaced by ρ(t) in order to obtain a time-

local equation. The underlying assumption is again based on the separation of

timescales, τb ≪ τ ≪ τr, and is referred to as the Markovian approximation

(in Chapter 2 I will discuss how to make the Markovian approximation in other

approaches);

vi) The intrinsic timescale of the system τs is much shorter than τr, so that fast

oscillating terms are averaged to zero. This is known as the secular approxi-

mation, which is similar but not exactly the same as the RWA.

With these assumptions and tracing out the environment, the desired differential

equation for ρ in the interaction picture with respect to Henv is given by:

ρ̇ = −i [HQS, ρ] +
d2−1∑
ν=1

γνDν [ρ] , with Dν [ρ] ≡ LνρL
†
ν −

1

2

(
L†νLνρ+ ρL†νLν

)
(1.15)

where d is the dimension of the Hilbert space of the quantum system, Lν is a linear

combination of the system operators Sα and is referred to as a Lindblad (jump) op-
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erator, and γν are positive constant rates for each channel ν (to be discussed later).

The superoperator Dν is usually called a dissipator, because it governs the non-

unitary dynamics that the quantum system undergoes. Since the Lindblad ME is

time-local, i.e., the equation only depends on the current state, it describes (memo-

ryless) Markovian dynamics as expected. One simple example that can be described

by a Lindblad ME is a driven 2LS in a zero-temperature vacuum, which is relevant

for the later discussion (cf. Sec. 2.3.2),

ρ̇ = −i
[
ω0σ+σ− +

Ω

2
(σ+ + σ−), ρ

]
+ Γ

[
σ−ρσ+ −

1

2
(σ+σ−ρ+ ρσ+σ−)

]
, (1.16)

When the drive is turned off (Ω = 0), it then describes the spontaneous emission.

As discussed earlier, generally all quantities in Markovian dynamics have the

property of monotonicity: at any time t > 0 those quantities will always be smaller

than (or at most equal to) those at an infinitesimally earlier moment t − ε. This

attribute can then be utilized to quantify non-Markovianity as we shall see later.

Formally, the Lindblad ME (1.15) can be written in a compact way as

ρ̇ = L[ρ], (1.17)

which can be regarded as the definition of the Liouville superoperator L. Then, the

solution to Eq. (1.15) is given compactly by

ρ(t) = etL [ρ(0)] (1.18)

(assuming Hint is time-independent10). By comparing Eq. (1.18) with Eq. (1.13), we

see that the dynamical map for the corresponding Lindblad ME can be expressed in

terms of the Liouville superoperator,

Φt = etL, (1.19)
10If Hint is time-dependent, then the natural generalization of Eq. (1.17) is ρ̇(t) = L(t)[ρ(t)],

and the corresponding dynamical map is given by Φt = T exp
(∫ t

0
dsL(s)

)
, where the Liouville

superoperator becomes time-dependent and the symbol T means time ordering [202].
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which apparently satisfies the property of a semigroup

ΦtΦs = Φt+s, (1.20)

so the Liouville superoperator L is called the generator of a dynamical semigroup.

Note that by construction L is CPTP.

1.5.2 Non-Markovianity

The Markovian dynamics has been thought as the physical processes governed by

the dynamical maps that satisfy the semigroup property (i.e., give a Lindblad ME).

However, one can easily imagine or even actually craft a case which cannot be de-

scribed by a Lindblad ME. For example, in strongly correlated systems it may not

be feasible to prepare an initially factorized state [cf. item (i) above], and it was

pointed out [209] that the complete positivity is not satisfied for some correlated

initial states, let alone a Lindblad description. Moreover, it is equally possible that

the Born-Markov approximation [items (iv) and (v)] is not satisfied in such systems,

since strong couplings typically generate fast processes that may lead to the failure of

the separation of timescales. Mathematically, it simply means that there is another

class of dynamical maps that are not semigroups, and a few important questions

immediately arise: Do these maps always give non-Markovian dynamics under any

circumstance? Can non-Markovianity be rigorously defined?

As a result, there is a resurgence of particular interests in NM physics since 2008,

with ideas of quantum information theory brought into the field of OQS. Several NM

measures based on the mathematical properties of the dynamical map, such as distin-

guishability [210], divisibility [211], volume of accessible states [212], negative decay

rates [213], etc., are proposed in order to signal the existence of non-Markovianity,

or even answer “how NM a system is” [204]; that is, how deviant the dynamics is

from a Markovian one.
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Such quantification attempts are necessary as many heuristic ways of identify-

ing NM dynamics have been proven inaccurate. For example, from the previous

discussion one may be under the impression that a dynamical map which is not a

semigroup is always NM, or that a time-local equation will always be memoryless,

i.e., Markovian. However, based on the concept of divisibility to be discussed in

detail, neither is correct. In particular, a time-local ME in the Lindblad form,

ρ̇(t) = −i [H(t), ρ(t)] +
∑
ν

γν(t)

{
Lν(t)ρ(t)L

†
ν(t)−

1

2

[
L†ν(t)Lν(t)ρ(t) + H.c.

]}
,

(1.21)

is not a semigroup but could describe either Markovian or NM dynamics under cer-

tain conditions. Note that in Eq. (1.21) the Hermitian operator H(t), the Lindblad

operators Lν(t), and the rates γν(t) are in general time-dependent, and that the Lind-

blad operators form an orthonormal basis, Tr
[
L†µ(t)Lν(t)

]
= δµν , and are traceless,

TrLν(t) = 0.

Assuming that the inverse of the map, Φ−1t , exists for t ≥ 0, we can define a

two-parameter family of maps

Φt,s ≡ ΦtΦ
−1
s , t ≥ s ≥ 0. (1.22)

Since Φ0 = Φ−10 = 1 (identity map), we have

Φt,0 = Φt = Φt,sΦs,0. (1.23)

The divisibility of a dynamical map is then defined as follows [205]: If Φt,s is positive,

it is called P divisible, and if Φt,s is completely positive for all t ≥ s ≥ 0, it is called

CP divisible. For example, the dynamical semigroup Φt = etL is trivially CP divisible.

Importantly, the existence of Φ−1t guarantees at least two things:

1. A unique time-local Lindblad ME (1.21) can always be derived, which is how-

ever not a semigroup in general [205, 213];
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Figure 1.9: The relation between the Markovianity and the divisibility of Φt. Left
to the zigzag line is where Markovian dynamics belongs to, and to its right is the
NM dynamics. In the blue region, the inverse of the dynamical map Φ−1t exists, and
in the red region it does not. Figure taken from Ref. [205].

2. A quantum process is Markovian if and only if Φt is P divisible [205].

The relations between the Markovianity and the divisibility of Φt are summarized

in Fig. 1.9. It is clear from this “phase diagram” that if Φt is P divisible (or even

CP divisible), the dynamics is always Markovian. Conversely, any map that is not

P divisible gives NM dynamics. Therefore, a dynamical map that does not belong

to a semigroup can still be Markovian, but a time-local ME (1.21) is not necessary

Markovian.

Interestingly, there can also exist moments t at which the dynamical map Φt is

not invertible (red region in Fig. 1.9). A important result to bear in mind is that

even with a non-invertible Φt the dynamics can be either Markovian or NM, and the

general criterion for such a distinction is given by the negativity of the rates γν(t)

in Eq. (1.21): If any of these rates becomes negative, it gives rise to NM dynamics

[213]. Accordingly, several quantities can be defined to witness and quantify the
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non-Markovianity [213]:

fν(t) ≡ max [0,−γν(t)] ≥ 0, Fν(t, t
′) ≡

∫ t′

t

ds fν(s), (1.24)

where fν(t) can be used as a NM measure for channel ν at time t, and fν(t) for

interval [t, t′]. Furthermore, the total amount of non-Markovianity for the moment t

and the interval [t, t′], respectively, can be given by

f(t) ≡
d2−1∑
ν=1

fν(t), F (t, t′) ≡
d2−1∑
ν=1

Fν(t, t
′). (1.25)

The negative-rate requirement is quite general, since most of the proposed NM mea-

sures, if not all, can be shown either as special cases of the negative-rate requirement,

or to be inferior to it [213]. For example, the RHP measure, one of the pioneering

work on NM measures proposed by Rivas, Huelga and Plenio [211], is simply given

by NRHP = 2F (0,∞)/d. Note that any of these quantities give a positive value only

when the rates γν(t) become negative, and I will present a case study in Chapter 6

for such a scenario.

Figure 1.10: An illustration for the volume of accessible states for (a) Markovian
dynamics and (b) NM dynamics. In the former, the volume decreases monotonically,
while in the latter it can increase at some time, thus captured by the geometric
measure Eq. (1.27). Figure adapted from Ref. [212].
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For the purpose of Chapter 6, I close this section by discussing briefly the geo-

metric measure proposed by Lorenzo, Plastina, and Paternostro [212]. Starting from

a dynamical map Φt, the generalized Bloch vector of a d-level system can be written

as an affine transformation,

r(t) =Mt · r(0) + v(t), (1.26)

where r(t) is the Bloch vector corresponding to ρ(t), Mt is an (d2 − 1) × (d2 − 1)

time-dependent matrix, and v(t) is a vector. Then, the geometric measure NLPP is

defined as (note the absolute value)

NLPP ≡
∫

∂t|detMt|>0

dt
d

dt
|detMt| , (1.27)

where the integration over time t is performed whenever the time derivative of the

determinant of Mt is positive. Since detMt determines the Jacobian of the Bloch

vector r(t), it provides a nice geometric interpretation: when the volume of phys-

ically accessible states is increased, non-Markovian dynamics happens, because for

Markovian dynamics it would decrease monotonically, see Fig. 1.10. If one instead

expresses the time evolution of the Bloch vector as

ṙ(t) = Dt · r(t) + u(t), (1.28)

where Dt is referred to as a damping matrix and u a drift vector, respectively, then

it can be shown that Ṁt = Dt ·Mt and thus ∂t detMt = trDt detMt. Consequently,

NLPP can detect NM dynamics when trDt > 0, and the trace can be expressed in

terms of the rates γν(t) as [213]

trDt = −d
∑
ν

γν(t). (1.29)

As a result, NLPP is nonzero when the sum of all rates are negative, a weaker condition

than the examination of individual rates [cf. Eq. (1.24)] [213].
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1.6 Conclusion and plan of thesis

I have introduced the motivation and simple examples of wQED, discussed several

quantum-optical phenomena due to a single qubit coupled to a 1D waveguide, such

as the Mollow triplet and EIT, and presented the OQS and NM studies. However,

I have not discussed any technical detail for the wQED calculation. Therefore, in

Chapter 2 I first give a comprehensive discussion on various analytical and numerical

methods that I have applied to wQED studies. This chapter will lay the groundwork

for later chapters, and readers interested in the technical details of my work may find

this chapter mostly useful. In Chapter 3, I consider photon correlations and power

spectra generated by multiple 2LS (up to 10), either without or with the presence of

a mirror, and discuss interesting non-classical light behavior. In particular, I show

that the complex behavior of a multi-qubit wQED system is highly sensitive to qubit-

qubit (or qubit-mirror) separations and incident frequencies. Next, in Chapter 4 I

discuss cases with a few driven Λ-type 3LS coupled to a waveguide, in which the

probe field is replaced by waveguide photons. I will show that the inelastic flux of a

3LS in a waveguide bears a resemblance to the absorption profile of an atomic 3LS

gas, and suggest that the total inelastic flux can serve as a figure of merit to select

working points. With this in mind, I discuss the possibility of using two detuned 2LS

as a photon rectifier in Chapter 5, point out that the origin of the non-reciprocity

is the inelastic scattering caused by driving at the dark state, and propose a way to

generate correlated EIT photons. In Chapter 6, I discuss the non-Markovianity in

wQED systems, propose that the system with single 2LS in front of a mirror can

serve as a model system for NM studies, and apply one of the NM measures to it.

Finally, I conclude and suggest several possible future directions in Chapter 7.
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2

Theoretical approaches to 1D light-matter
interaction

In this chapter, I review comprehensively various approaches for investigating multi-

photon scattering in 1D that are applied in later chapters, including a Green’s func-

tion method based on the Lippmann-Schwinger equation, a few different ways to

derive a Lindblad ME, and solving the time-dependent Schrödinger equation both an-

alytically and numerically. I also discuss briefly other methods applicable to wQED

in the end. These approaches are motivated by the fact, as sketched out below, that

the idea of summing over all possible interference paths is practically impossible in

the arena of many-body physics, since the number of paths grows polynomially in

the number of scattering events. Therefore, it is necessary to explore alternatives

that by construction encode the large possibilities in a relatively manageable way.

The approaches introduced in this chapter have their pros and cons. To begin

with, the Green’s function method can provide post-scattering information in each

individual number sectors, but it cannot be generalized to more than 2 photons. The

ME-like approaches can describe the dynamics of the system, but the Markovian

approximation is a must, and only a coherent driving can be considered. Finally, the
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time-dependent Schrödinger equation can be used to study the dynamics subject to

either a weak driving or a well-defined wavepacket, but for the cases with delay it

is heavily computation demanding. Therefore, a combination of these approaches is

necessary for giving a complete picture of the underlying physics.

2.1 Summation of interference paths

To investigate the physics of few photon scattering, let us begin with the Lippmann-

Schwinger equation [214]

|ψ⟩ = |ϕ⟩+GR(E)Hint|ψ⟩, (2.1)

where |ψ⟩ is the “out”-state, |ϕ⟩ is the unperturbed (non-interacting) eigenstate sat-

isfying H0|ϕ⟩ = E|ϕ⟩, GR(E) = 1/(E − H0 + iε) is the retarded Green’s function

at energy E, and H0 and Hint are the bare and the interaction Hamiltonians, re-

spectively. For the wQED Hamiltonian Eq. (1.1), one may define H0 as the sum of

photon and qubit Hamiltonians, and Hint as their coherent interaction.

Consider the simplest case with one 2LS at x = 0 coupled to an infinite waveguide.

In the scattering context, in the single-excitation sector the qubit is initially in the

ground state and one photon with momentum k is injected (assumed from the left

without loss of generality), it immediately follows that H0|ϕ⟩R = k|ϕ⟩R with the

eigenstate

|ϕ(k)⟩R =

∫
dx

[
eikx√
2π
a†R(x)

]
|0⟩ (2.2)

where the subscript “R” for |ϕ⟩ indicates the propagation direction of the injected

photon.

As is standard [214], one can perturbatively expand Eq. (2.1) with respect to

Hint,

|ψ⟩ = |ϕ⟩+GRHint|ϕ⟩+GRHintG
RHint|ϕ⟩+GRHintG

RHintG
RHint|ϕ⟩+ · · · (2.3)
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so that the scattering eigenstate |ψ⟩ can be constructed solely by the unperturbed

eigenstate |ϕ⟩. Since for this particular case the pattern for the summation emerges

rather quickly, I give the terms up to the sixth order below:

GRHint|ϕ⟩ =
V /
√
2π

E − ω0 + iε
σ+|0⟩ (2.4a)

(GRHint)
2|ϕ⟩ = −iV

2/
√
2π

E − ω0 + iε

∫
dx
[
eiExθ(x)a†R(x) + e−iExθ(−x)a†L(x)

]
|0⟩ (2.4b)

(GRHint)
3|ϕ⟩ = −iV 3/

√
2π

(E − ω0 + iε)2
σ+|0⟩ (2.4c)

(GRHint)
4|ϕ⟩ = −V 4/

√
2π

(E − ω0 + iε)2

∫
dx
[
eiExθ(x)a†R(x) + e−iExθ(−x)a†L(x)

]
|0⟩ (2.4d)

(GRHint)
5|ϕ⟩ = −V 5/

√
2π

(E − ω0 + iε)3
σ+|0⟩ (2.4e)

(GRHint)
6|ϕ⟩ = iV 6/

√
2π

(E − ω0 + iε)3

∫
dx
[
eiExθ(x)a†R(x) + e−iExθ(−x)a†L(x)

]
|0⟩ (2.4f)

where the following relation is used:

1

E −H0 + iε

∫
dx δ(x)a†R(x)|0⟩ =

∫
dx

1

E −H0 + iε

(∫
dk′

eik
′x

2π

)
a†R(x)|0⟩

=

∫
dx

(∫
dk′

1

E − k′ + iε

eik
′x

2π

)
a†R(x)|0⟩

=

∫
dx
[
−ieiExθ(x)

]
a†R(x)|0⟩,

and a similar relation can be derived for a†R ↔ a†L. Collecting the coefficients for each

component on the basis {a†R|0⟩, a
†
L|0⟩, σ+|0⟩} in the summation, and upon identifying

the energy E in the Green’s function GR(E) with the incident photon energy k, we

arrive at a compact result

|ψ(E = k)⟩R =

∫ ∞
−∞

[
ϕR(x)a

†
R(x) + ϕL(x)a

†
L(x)

]
|0⟩+ e(k)σ+|0⟩ (2.5)
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ϕR(x) =
eikx√
2π

[θ(−x) + tkθ(x)] (2.6)

ϕL(x) =
e−ikx√
2π
rkθ(−x) (2.7)

where |ψ(k)⟩R satisfies H|ψ(k)⟩R = k|ψ(k)⟩R, and

tk = 1 +
−iV 2

k − ω0 + iε
+

−V 4

(k − ω0 + iε)2
+

iV 6

(k − ω0 + iε)3
+ · · · = (k − ω0)

k − ω0 + iV 2
,

(2.8a)

rk =
−iV 2

k − ω0 + iε
+

−V 4

(k − ω0 + iε)2
+

iV 6

(k − ω0 + iε)3
+ · · · = −iV 2

k − ω0 + iV 2
,

(2.8b)

e(k) =
V /
√
2π

k − ω0 + iε
+
−iV 3/

√
2π

(k − ω0 + iε)2
+
−V 5/

√
2π

(k − ω0 + iε)3
+ · · · = V /

√
2π

k − ω0 + iV 2
(2.8c)

(ε can be safely taken as zero after summation). With hindsight, tk and rk are

nothing but the transmission and reflection coefficients, respectively, and e(k) is the

ratio of the qubit amplitude to the driving amplitude [cf. Eq. (2.66)]. Physically,

the summation in Eqs. (2.8) shows that the forward (or backword) scattering results

from the interference between all possible forward (or backward) paths; see Fig. 2.1.

As already emphasized in the previous chapter, a single 2LS in a 1D channel

behaves like a mirror at the resonant frequency, so |rk=ω0| = 1, which is indeed

observed experimentally. Most importantly, this is a non-perturbative consequence;

a perturbative calculation up to any order in V would not converge at k = ω0. As

a result, for close-to-resonance scattering in which we are mainly interested (V ≫

|k − ω0|), it is critical that we use non-perturbative approaches.

While the discussion above may sound like a purely academic exercise, the gen-

eralization to more than one photon and one qubit is not at all obvious. To begin

with, for the problem of a single photon scattered off multiple qubits, by examining

the expansion it should be obvious that the number of terms at a given expansion

33



= + + + +…

= + + +…

V 2 V 4 V 6

V 2 V 4 V 6

!0

V tk

rk

1

tk

rk

Figure 2.1: Evaluating single-photon propagators by path re-summation. Based on
Eqs. (2.8), the dressed propagators for single-photon transmission (top) and reflection
(bottom) consist of all possible forward (backward) paths, each has a bare forward
(backward) propagator and a particular vertex order due to the interaction with the
2LS.

order k increases linearly with respect to N , the number of qubits. Therefore, the

number of scattering paths up to order k scales polynomially ∼ O(Nk), and it is

less straightforward to observe the pattern for re-summation. Instead of based on

the order of perturbation expansion, the infinite series has to be expanded based on

the number of turnarounds, so one attaches each node along the path a transmission

or reflection coefficient. For example, for two qubit with separation L in an infinite

waveguide, the overall single-photon transmission coefficient t(k) is

t(k) = t1e
ikLt2 + t1e

ikLr2e
ikLr1e

ikLt2 + t1e
ikLr2e

ikLr1e
ikLr2e

ikLr1e
ikLt2 + . . .

=
t1t2e

ikL

1− r1r2e2ikL
, (2.9)

where ti (ri) is the single-photon transmission (reflection) amplitude for the i-th qubit

alone. [For identical 2LS, Eq. (2.9) reduces to Eq. (E.1).] This is equivalent to the
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so-called transfer matrix approach [12, 136], which scales only O(N) (for N matrix

multiplications) and is the standard approach for, e.g., calculating the transmittance

of electrons through a double barrier in the context of quantum transport [215].

A much severer problem arises when there are arbitrary numbers of photons

and qubits, for which the re-summation is extremely difficult. Therefore, alterna-

tive, preferably non-perturbative routes have to be explored and fortunately we have

several as discussed below.

2.2 Green’s function method1

Consider the class of problems with two photons and arbitrary number of qubits

(denoted N). In the Green’s function method, the number of terms in constructing

the scattering eigenstate |ψ⟩ grows linearly with N , as we will show below, which

renders the problem much more tractable. This approach was first proposed by

Zheng & Baranger [146] for N = 2 and we later generalized it to arbitrary N [216,

217] and to mixture of 2LS and 3LS [219], with the introduction of the Markovian

approximation [216, 217]. This method not only allows us to extract the two-photon

wavefunction in real-space [146], but also the power spectrum of outgoing photons

[217].

2.2.1 Infinite waveguide

To begin with, let us consider the case with N 2LS coupled to an infinite waveguide.

In the single-excitation sector, the single-photon eigenstate |ϕ1(k)⟩α (satisfying the

Schrödinger equation H|ϕ1(k)⟩α = k|ϕ1(k)⟩α) can be easily obtained via standard

1Part of the text in this section is adapted from Y.-L. L. Fang, H. Zheng and H. U. Baranger,
EPJ Quantum Technology 1, 3 (2014), Y.-L. L. Fang and H. U. Baranger, Phys. Rev. A 91, 053845
(2015), and Y.-L. L. Fang and H. U. Baranger, Physica E 78, 92 (2016).
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approach (see, e.g., Ref. [136]). By construction we have

|ϕ1(k)⟩α =

[∫
dx
(
ϕα

R(k, x)a
†
R(x) + ϕα

L(k, x)a
†
L(x)

)
+

N∑
i=1

eαi (k)σi+

]
|0⟩ (2.10)

with α = R, L and wavevector k, and α⟨ϕ1(k)|ϕ1(k
′)⟩α′ = δαα′δ(k − k′). For right-

going incident photon (α = R),

ϕR
R(k, x) =

eikx√
2π

(
θ(x1 − x) +

N−1∑
i=1

ti(k)θ(x− xi)θ(xi+1 − x) + tN(k)θ(x− xN)

)
,

(2.11a)

ϕR
L (k, x) =

e−ikx√
2π

(
r1(k)θ(x1 − x) +

N∑
i=2

ri(k)θ(x− xi−1)θ(xi − x)

)
; (2.11b)

for left-going incident photon (α = L),

ϕL
R(k, x) =

eikx√
2π

(
r1(k)θ(xN − x) +

N∑
i=2

ri(k)θ(x− xN−i+1)θ(xN−i+2 − x)

)
,

(2.12a)

ϕL
L(k, x) =

e−ikx√
2π

(
θ(x− xN) +

N−1∑
i=1

ti(k)θ(x− xN−i)θ(xN−i+1 − x) + tN(k)θ(x1 − x)
)
.

(2.12b)

The single-photon transmission amplitude is given by tN(k) and the reflection am-

plitude by r1(k). For N = 1 the result is the same as Eqs. (2.8).

With a given configuration, there are 3N variables in the above expressions to

be solved: {ei(k), ti(k), ri(k) | i = 1, 2, · · · , N}. Using the Schrödinger equation, we

obtain N + 2 equations from the basis {a†R|0⟩, a
†
L|0⟩, σi+|0⟩}. Two of the equations

from the photonic part then give 2N equations if we regularize the discontinuities

at the qubit positions {x1, x2, · · · , xN} by ϕβ
α(k, xi) =

[
ϕβ
α(k, x

−
i ) + ϕβ

α(k, x
+
i )
]
/2.

Therefore, we have exactly 3N equations in total, and a unique solution for the 3N

variables is guaranteed. In the later chapters and Appendix E, we will see some

representative results.
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Next, we replace all the Pauli raising (lowering) operators σi+ (σi−) by bosonic

creation (annihilation) operators d†i (di) that satisfy [di, d
†
j] = δij. Such a replacement

is equivalent to the original physics in the hard-core boson limit, but with the benefit

that a simplified expression can be obtained. This approach has been also used, for

example, in the context of electron transport [220, 221]. It is obvious that the

structure of the eigenstate |ϕ1⟩ remains unchanged from that of spin operators’,

as in the linear-response regime a harmonic and an anharmonic oscillator make no

difference.

Proceeding to the double-excitation sector, we refer to the Hamiltonian Eq. (1.1)

(with spins replaced by bosons) as H0, and add a repulsive on-site interaction for

each boson,

Hint =
N∑
i=1

U

2
d†idi

(
d†idi − 1

)
, (2.13)

the purpose of which is to exclude the possibility of having any of them multiply

occupied in the U → ∞ limit (i.e., hard-core bosons). Then, according to the

Lippmann-Schwinger equation (2.1), the two-photon scattering eigenstate |ψ2⟩ can

be constructed using the non-interacting eigenstate |ϕ2⟩:

|ϕ2(k1, k2)⟩α1,α2 ≡
1√
2
|ϕ1(k1)⟩α1 ⊗ |ϕ1(k2)⟩α2 (2.14)

|ψ2(k1, k2)⟩α1,α2 = |ϕ2(k1, k2)⟩α1,α2 +GR(E)Hint|ψ2(k1, k2)⟩α1,α2

= |ϕ2(k1, k2)⟩α1,α2 + U
∑
j

GR(E)|djdj⟩⟨djdj|ψ2(k1, k2)⟩α1,α2 .

(2.15)

where in the second equality an identity operator

I2 = |0⟩⟨0| ⊗
∑
i≤j

|didj⟩⟨didj|+
∑
α

∫
dx |x⟩α⟨x| ⊗

∑
i

|di⟩⟨di|

+
∑
α1,α2

∫
dx1dx2 |x1, x2⟩α1,α2⟨x1, x2| ⊗ |0⟩⟨0| (2.16)
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(|di⟩ ≡ d†i |0⟩, |didj⟩ ≡ d†id
†
j|0⟩ for i ̸= j and (d†i )

2/
√
2|0⟩ for i = j) is inserted in-

between Hint and |ψ2⟩. Projecting the expression onto {|didi⟩}, we then obtain a

closed set of N linear equations with component

⟨didi|ψ2(k1, k2)⟩α1,α2 = ⟨didi|ϕ2(k1, k2)⟩α1,α2 +U
∑
j

Gij⟨djdj|ψ2(k1, k2)⟩α1,α2 , (2.17)

where

Gij ≡ ⟨didi|GR(E)|djdj⟩ (2.18)

=
∑
α1,α2

∫
dk1dk2

⟨didi|ϕ2(k1, k2)⟩α1,α2⟨ϕ2(k1, k2)|djdj⟩
E − (k1 + k2) + iε

. (2.19)

Therefore, if the inverse of the matrix G exists, we can formally solve the equation

to obtain (omit the arguments and subscripts for clarity)

⟨didi|ψ2⟩ =
∑
j

(1− UG)−1i,j ⟨djdj|ϕ2⟩. (2.20)

Plugging the solution back to Eq. (2.15), we then have

|ψ2⟩ = |ϕ2⟩+ U
∑
i,j

GR(E)|didi⟩ (1− UG)−1i,j ⟨djdj|ϕ2⟩ (2.21)

U→∞===⇒ |ϕ2⟩ −
∑
i,j

GR(E)|didi⟩(G−1)i,j⟨djdj|ϕ2⟩, (2.22)

where

G−1 =


G11 G12 · · · G1N

G21 G22 · · · G2N
... ... . . . ...

GN1 GN2 · · · GNN


−1

. (2.23)

Thus, without any hassle of re-summation we have successfully expressed the un-

known |ψ2⟩ in terms of the elements of |ϕ2⟩, which are known, and recovered the

spin limit by taking U →∞. Equation (2.22) is the starting point for later chapters.
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A few remarks: (i) the second term in Eq. (2.22) contains all the nonlinearity

and is often referred to as the two-photon “bound state” [95, 102, 104]; (ii) after

unpacking the sum, there are only N terms in the expression of |ψ2⟩, and one may

think of it as the result of partial re-summation; (iii) as the first consistency check,

it is easy to see that the 2LS are indeed forbidden from being doubly-occupied:

⟨didi|ψ2⟩ = ⟨didi|ϕ2⟩ −
∑
j,k

Gij(G
−1)jk⟨dkdk|ϕ2⟩ = ⟨didi|ϕ2⟩ −

∑
k

δik⟨dkdk|ϕ2⟩ = 0.

(2.24)

As mentioned earlier, Eq. (2.22) can give us any physical observables in the two-

photon scattering process. For instance, one can express the two-photon scattering

wavefunction in the coordinate representation

α′
1,α

′
2
⟨x1, x2|ψ2(k1, k2)⟩α1,α2 = α′

1,α
′
2
⟨x1, x2|ϕ2(k1, k2)⟩α1,α2

−
N∑

i,j=1

G
α′
1α

′
2

i (x1, x2)
(
G−1

)
ij
⟨djdj|ϕ2(k1, k2)⟩α1,α2 , (2.25)

where

Gα1α2
i (x1, x2) ≡ α1,α2⟨x1, x2|GR(E)|didi⟩

=
∑
α′
1,α

′
2

∫
dk1dk2

α1,α2⟨x1, x2|ϕ2(k1, k2)⟩α′
1,α

′
2
⟨ϕ2(k1, k2)|didi⟩

E − (k1 + k2) + iε
(2.26)

Note that x1 and x2 here refer to the positions of the photons, not of the qubits.

Similarly, one can calculate the power spectrum (or resonance fluorescence), which

is simply the Fourier transform of the first-order coherence,

Sα(ω) =

∫
dt e−iωt⟨ψ2|a†α(x0)aα(x0 + t)|ψ2⟩, (2.27)

where x0 denotes the detector position (or equivalently, time) far away from the

scattering region. In other words, Sα(ω) is simply the spectral decomposition of the
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photons in the wavefunction |ψ2⟩. Since the Hamiltonian H preserves the number

of excitations (photon plus qubit), one can insert a one-particle identity operator,

I1 =
∑

α

∫
dk|ϕ1(k)⟩α⟨ϕ1(k)|, between the photon operators:

Sα(ω) =
∑

α′=R,L

∫
dk

∫
dt e−iωt⟨ψ2|a†α(x0)|ϕ1(k)⟩α′⟨ϕ1(k)|aα(x0 + t)|ψ2⟩. (2.28)

In practice, we use a slightly modified expression for the power spectrum,

SR(ω) =2Re
∑
α′

∫
dk

∫ ∞
0

dt e−iωt⟨ψ2|a†α(x0)|ϕ1(k)⟩α′⟨ϕ1(k)|aα(x0 + t)|ψ2⟩, (2.29a)

SL(ω) =2Re
∑
α′

∫
dk

∫ 0

−∞
dt eiωt⟨ψ2|a†α(x0)|ϕ1(k)⟩α′⟨ϕ1(k)|aα(x0 − t)|ψ2⟩, (2.29b)

and the power spectrum follows by computing the matrix elements α′⟨ϕ1(k)|aα(x)|ψ2⟩,

which can be evaluated by inserting two-particle identity operators I2 in the second

term of Eq. (2.22), and performing the double momentum integral thereby intro-

duced. In later chapters, we will focus on the inelastic (incoherent) power spectrum,

which does not contain any delta function (they represent coherent scattering as

discussed below). It tells us how the momenta of incident photons are redistributed.

Explicitly, the two-particle identity operator reads

I2 =
∑
α1,α2

∫
dk1dk2|ϕ2(k1, k2)⟩α1,α2⟨ϕ2(k1, k2)|. (2.30)

By inserting I2 into Eq. (2.22), one observes that the entire two-photon wavefunction

|ψ2⟩ can be expressed using |ϕ2⟩, so the problem is reduced to calculating the matrix

element α′⟨ϕ1(k)|aα(x)|ϕ2⟩. By employing the definition of |ϕ1⟩, one observes that

aR(x)|ϕ2(k1, k2)⟩α1,α2 =
ϕα1

R (k1, x)√
2
|ϕ1(k2)⟩α2 + (1↔ 2), (2.31)
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and hence

R⟨ϕ1(k)|aR(x)|ϕ2(k1, k2)⟩R,R =
1√
2

(
ϕR

R(k1, x)δ(k − k2) + (1↔ 2)

)
(2.32a)

R⟨ϕ1(k)|aR(x)|ϕ2(k1, k2)⟩L,R =
1√
2
ϕL

R(k1, x)δ(k − k2) (2.32b)

R⟨ϕ1(k)|aR(x)|ϕ2(k1, k2)⟩R,L =
1√
2
ϕL

R(k2, x)δ(k − k1) (2.32c)

R⟨ϕ1(k)|aR(x)|ϕ2(k1, k2)⟩L,L = 0 (2.32d)

L⟨ϕ1(k)|aR(x)|ϕ2(k1, k2)⟩R,R = 0 (2.32e)

L⟨ϕ1(k)|aR(x)|ϕ2(k1, k2)⟩L,R =
1√
2
ϕR

R(k2, x)δ(k − k1) (2.32f)

L⟨ϕ1(k)|aR(x)|ϕ2(k1, k2)⟩R,L =
1√
2
ϕR

R(k1, x)δ(k − k2) (2.32g)

L⟨ϕ1(k)|aR(x)|ϕ2(k1, k2)⟩L,L =
1√
2

(
ϕL

R(k1, x)δ(k − k2) + (1↔ 2)

)
. (2.32h)

One can compute α⟨ϕ1(k)|aL(x)|ϕ2⟩α1,α2 in a similar way. Before giving the final

result, we find that the following definition for αβ ∈ {RR,RL,LR,LL} is useful:

Gαβ
i (k, x) ≡ α⟨ϕ1(k)|aβ(x)GR(E)|didi⟩ (2.33)

=
∑
α1,α2

∫
dk′1dk

′
2
α⟨ϕ1(k)|aβ(x)|ϕ2(k

′
1, k
′
2)⟩α1,α2⟨ϕ2(k

′
1, k
′
2)|didi⟩

E − (k′1 + k′2) + iε
. (2.34)

Collecting all the pieces together, the target matrix element is given by

α⟨ϕ1(k)|aβ(x)|ψ2(k1, k2)⟩RR =α⟨ϕ1(k)|aβ(x)|ϕ2(k1, k2)⟩RR

−
N∑

i,j=1

Gαβ
i (k, x)

(
G−1

)
i,j
⟨djdj|ϕ2(k1, k2)⟩RR. (2.35)

From Eqs. (2.32) and (2.35), it is clear that any term multiplying the first term above

will carry a Dirac delta function, and so it will not contribute to the inelastic power
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spectrum. Only the product appearing in the second term can contribute. In evaluat-

ing that contribution, we find that the following triple integrals (TRR, TLR, TRL, TLL)

simplify the final result:

TαR
i,j (E, ω) =

∫ ∞
0

dt e−iωt
∫
dk
[
GαR

i (k, x0)
]∗
GαR

j (k, x0 + t),

TαL
i,j (E, ω) =

∫ 0

−∞
dt eiωt

∫
dk
[
GαL

i (k, x0)
]∗
GαL

j (k, x0 − t)

(2.36)

for α = R,L. We note two things here: First, we call the objects Tαβ
i,j triple integrals

because there are three momentum integrals to be done (the time integration can be

evaluated trivially and is thus not counted). Second, although formally the function

Gαβ
i (k, x) carries an x dependence, as shown later in Sec. 2.2.3 requiring the position

x0 of the detector to be away from the qubit array (x0 ≫ 0 for transmission and

x0 ≪ 0 for reflection) will remove this dependence.

Finally, substituting Eq. (2.35) into Eq. (2.29) and removing all terms propor-

tional to delta functions after integration, we obtain the incoherent power spectrum

Sβ(ω) = 2
∑
i,j,k,l

Re
[

RR⟨ϕ2(k1, k2)|didi⟩(G−1)∗i,j
(
TRβ + TLβ

)
j,k

(G−1)k,l⟨dldl|ϕ2(k1, k2)⟩RR

]
,

(2.37)

where β = R is for the transmission fluorescence and β = L for the reflection

fluorescence. In the derivation we use the property that the transpose of the matrix

G is itself.

By inspecting the structure of these Green functions, one realizes that given all

of the amplitudes {eαi (k), ϕα
β(k, x)} present in the single-photon eigenstate |ϕ1⟩, the

whole prescription is complete. For example, the following two pieces
⟨didi|ϕ2(k1, k2)⟩α1,α2 = eα1

i (k1)e
α2
i (k2) (2.38)

α′
1,α

′
2
⟨x1x2|ϕ2(k1, k2)⟩α1,α2 =

1

2

(
ϕα1

α′
1
(k1, x1)ϕ

α2

α′
2
(k2, x2) + ϕα2

α′
1
(k2, x1)ϕ

α1

α′
2
(k1, x2)

)
,

(2.39)
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are constructed in terms of those amplitudes. Therefore, in principle one may nu-

merically compute the two-photon wavefunction Eq. (2.22) for any N . In particular,

for single qubit (N = 1) coupled to an infinite waveguide, the calculation can be

done exactly. For example, the power spectrum is given in Eq. (3.6).

For more than one qubit (N > 1), the multi-dimensional integrals can be done

either numerically by using importance sampling algorithms such as Vegas [222,

223],2 or analytically by making the Markovian approximation. In this context, the

Markovian approximation consists in replacing all factors of exp(ikL) that occur in

the Green functions in Eq. (2.22) by exp(ik0L), where k0 = ω0/c is the wavevector

associated with ω0 and L = xi+1−xi is the qubit-qubit separation. This prescription

will then lead to the same result as that from a Lindblad ME as we will show later.

The rationale behind this approximation is that the qubits are close enough such that

the time of flight between the adjacent qubits is negligible compared with the decay

time of the qubits, ΓL/c ≪ 1. Since mathematically the Markovian approximation

reduces the number of poles3 from infinity to 2N , N being the number of 2LS,

the double/triple integrals can be performed simply by standard contour integral

techniques. Fortunately, all these poles are simple poles and thus some simplifications

can be made, which are described in detail in Appendix A. In later chapters, explicit

results will be given, and the importance of these poles will be discussed in Chapters

3 and 5.

Finally, for including 3LS (cf. Sec. 1.3), in particular driven Λ-type 3LS with

ground state |g⟩, excited state |s⟩ and metastable state |s⟩, two changes need to be

made. Taking a single 3LS as example, in the single-excitation sector the eigenstate

2In our work we use GSL’s Vegas routine, see https://www.gnu.org/software/gsl/manual/
html_node/VEGAS.html.

3The poles come from the zeros, and their complex conjugate, of the denominator of the trans-
mission coefficient tN (k)
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|ϕ1⟩ should be constructed as

|ϕ1(k)⟩α =

∫
dx
[
ϕα

R(k, x)a
†
R(x) + ϕα

L(k, x)a
†
L(x)

]
|0⟩+ ϕα

e (k)|e⟩+ ϕα
s (k)|s⟩, (2.40)

and the amplitudes ϕα
R(k, x), ϕα

L(k, x), ϕα
e (k) and ϕα

s (k) can be solved by the same

recipe. Second, in addition to repulsion for each upper level, an extra term has to

be added so that the double occupancy can be fully ruled out, and the resulting

interaction Hamiltonian Hint is

Hint =
U

2

(
d†ed
†
edede + d†sd

†
sdsds + 2d†eded

†
sds
)
. (2.41)

(The coefficient of the last term is chosen for convenience; any coefficient would be

canceled out after taking U →∞.) Therefore, we need to consider the G matrix in

the basis {|α⟩ = (d†e)
2/
√
2|0⟩, |β⟩ = d†ed

†
s|0⟩, |γ⟩ = (d†s)

2/
√
2|0⟩}, so it becomes a 3×3

matrix instead of a scalar matrix, but otherwise the calculation of the two-photon

wavefunction |ψ2⟩ and the generalization to multiple 3LS can be done straightfor-

wardly.

2.2.2 Semi-infinite waveguide

For the semi-infinite waveguide, one end of which is terminated by a perfect mirror,

the calculation is actually simpler because all the incident light can only propagate

to the right, be reflected, and then collected at the exit. As the first consequence, in

contrast to Eq. (2.10), the single-particle eigenstate |ϕ1⟩ no longer carries a directional

index α:

|ϕ1(k)⟩ =

[∫ 0

−∞
dx
(
ϕR(k, x)a

†
R(x) + ϕL(k, x)a

†
L(x)

)
+

N∑
i=1

ei(k)σi+

]
|0⟩, (2.42)

where x = 0 is the mirror position. Similar to the infinite waveguide cases, to solve

for the photon and qubit wavefunctions, ϕR(k, x), ϕL(k, x), and {ei(k)}, the following
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ansatz is used:

ϕR(k, x) =
eikx√
2π

(
θ(x1 − x) +

N−1∑
i=1

ti(k)θ(x− xi)θ(xi+1 − x) + tN(k)θ(x− xN)

)
,

(2.43a)

ϕL(k, x) =
e−ikx√
2π

(
r(k)θ(x1 − x) +

N−1∑
i=1

ri(k)θ(x− xi)θ(xi+1 − x) + rN(k)θ(x− xN)

)
,

(2.43b)

where r(k) is the single-photon reflection amplitude and |r(k)|2 = 1 could serve as

a check of the calculation. Since the number of equations given by the Schrödinger

equation does not match the number of unknowns, we need one more equation to

close the set, which is the boundary condition at the mirror (x = 0). In this work,

we use the hard-wall boundary condition,

ϕR(k, 0) + ϕL(k, 0) = 0 ⇒ tN(k) + rN(k) = 0. (2.44)

Following the standard procedure one is then able to compute the wavefunctions. As

a concrete example, the single-excitation amplitudes r(k) and e(k) for a single qubit

in a semi-infinite waveguide are given in Appendix E.3.

For the two-photon scattering wavefunction the generalization is straightforward.

The only change is that the single- and double-particle identity operators, I1 and I2,

carry no directional indexes. In contrast to Eq. (2.32), in this case the only matrix

element needed is ⟨ϕ1(k)|aL(x)|ϕ2(k1, k2)⟩. Therefore, actually one only needs to

calculate the TRL matrix for the power spectra. This again shows the simplicity of

the semi-infinite waveguide cases. However, for even only a single qubit coupled to

a semi-infinite waveguide, unlike the infinite case the Markovian approximation is

already necessary if one wants to analytically evaluate the integrals, which can be

proceeded similarly by replacing all phase factors eika by eik0a so that the number of
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poles is reduced to one: z = ω̃ − iΓ̃/2, where ω̃ and Γ̃ are given in Eq. (1.10)

ω̃ = ω0 −
Γ

2
sin(2k0a), Γ̃ = Γ(1− cos(2k0a)), (2.45)

Therefore, the atom-mirror separation a modulates the qubit behavior. Further

discussions on this point is deferred to Chapter 3.

2.2.3 Two-photon Transmission Probability

In this section we consider the transmission and reflection probabilities using the

Green’s function method. Specifically, we calculate the expectation values ⟨ψ2|a†RaR|ψ2⟩

and ⟨ψ2|a†LaL|ψ2⟩. This calculation serves as a consistency check, and it can also be

compared with the Heisenberg-Langevin approach discussed in the next section. Here

we focus on two illustrative examples: a single qubit coupled to either an infinite or

a semi-infinite waveguide.

We start from the transmission probability for the infinite waveguide case. One

first inserts the one-particle identity operator I1 and employs Eq. (2.35),

⟨ψ2|a†R(x0)aR(x0)|ψ2⟩

=

∫
dk

(
|R⟨ϕ1(k)|aR(x0)|ψ2(k1, k2)⟩|2 + |L⟨ϕ1(k)|aR(x0)|ψ2(k1, k2)⟩|2

)

=

∫
dk

∣∣∣∣(eik1x0

√
4π

t(k1)δ(k − k2) + k1 ↔ k2

)
−RR(k, x0)G−1e(k1)e(k2)

∣∣∣∣2

+

∫
dk

∣∣∣∣LR(k, x0)G−1e(k1)e(k2)∣∣∣∣2. (2.46)

One can see that the above expression contains three parts: the plane waves, the

bound state, and their interference. The integration over the plane waves is

∫
dk

∣∣∣∣eik1x0

√
4π

t(k1)δ(k−k2)+k1 ↔ k2

∣∣∣∣2 = ( |t(k1)|24π
δ(0) +

t(k1)
∗t(k2)

4π
δ(k1 − k2)

)
+(k1 ↔ k2),

(2.47)
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and the interference term is

−
∫
dk

[(
eik1x0

√
4π

t(k1)δ(k − k2) + k1 ↔ k2

)∗
×RR(k, x0)G−1e(k1)e(k2)

]
− h.c. = 0.

(2.48)

Finally, the bound state term is∫
dk
[∣∣RR(k, x0)G−1e(k1)e(k2)∣∣2 + ∣∣LR(k, x0)G−1e(k1)e(k2)∣∣2] = 2Γ3/π2

[(E − 2ω0)2 + Γ2]2
,

(2.49)

which could also be derived by integrating Eq. (3.6) over ω and dividing by 2π.

Combining the three pieces together and taking k1 = k2 = E/2, we have

⟨ψ2|a†RaR|ψ2⟩ = |t(E/2)|2
δ(0)

π
+

2Γ3/π2

[(E − 2ω0)2 + Γ2]2
, (2.50)

which is indeed independent of x0 as it should.

The presence of the infinity δ(k = 0), proportional to the “volume” of the system,

in Eq. (2.50) seems rather awkward and needs interpretation. Our one-photon input

state is defined as [cf. Eq. (2.2)]

|k⟩ =
∫
dx

eikx√
2π
a†R(x)|0⟩, (2.51)

which gives ⟨k|k′⟩ = δ(k − k′) and ⟨k|a†RaR|k⟩ = 1/2π. Using this to construct the

two-photon input state, |k1, k2⟩ = |k1⟩ ⊗ |k2⟩/
√
2, one obtains

⟨k1, k2|a†RaR|k1, k2⟩ = 2× δ(0)

2π
(2.52)

for k1 = k2. This is dimensionally correct and tells us that the “number of photons”

injected into the system is δ(0)/π. Therefore, dividing Eq. (2.50) by δ(0)/π gives the

two-photon transmission probability

T2 =
⟨ψ2|a†RaR|ψ2⟩

δ(0)/π
= |t(E/2)|2 + 4Γ3

[(E − 2ω0)2 + Γ2]2
1

2πδ(0)
. (2.53)
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This dimensionless expression is transparent: the first term is the single-photon

transmission probability T = |t(k)|2, and the second term is the two-photon cor-

rection. Compare this expression with that calculated from the H-L equation (cf.

Sec. 2.3.2); in the weak driving limit, the results agree upon requiring A2 = 1/2πδ(0).

Therefore, if the driving is weak enough (A2 ≪ Γ), the two-photon correction to the

transmission probability is negligible and we do not have to consider the transmission

g2 when driving resonantly (so T = 0).

One could do the calculation of ⟨ψ2|a†LaL|ψ2⟩ in a similar way. The three pieces

(plane wave, interference, bound state) are

|r(E/2)|2 δ(0)
π
,

−4Γ3/π2

[(E − 2ω0)2 + Γ2]2
,

2Γ3/π2

[(E − 2ω0)2 + Γ2]2
, (2.54)

respectively. We note that in contrast to the transmission, the interference term in

reflection is not zero and that the last term (bound state) is the same as that for

transmission. Therefore, the two-photon reflection probability is given by

R2 =
⟨ψ2|a†LaL|ψ2⟩

δ(0)/π
= |r(E/2)|2 − 4Γ3

[(E − 2ω0)2 + Γ2]2
1

2πδ(0)
. (2.55)

One can see that indeed T2 + R2 = T + R = 1 holds, which relies on the precise

interference between the plane wave and bound state parts.

This precise interference can also be seen in the semi-infinite waveguide case.

Without transmission, one only needs to compute ⟨ψ2|a†LaL|ψ2⟩ and the three terms

are given by (in the Markovian regime)

|r(E/2)|2 δ(0)
π
,

−16Γ̃3/π2[
(E − 2ω̃)2 + Γ̃2

]2 , 16Γ̃3/π2[
(E − 2ω̃)2 + Γ̃2

]2 . (2.56)

As a result, the last two terms cancel exactly, leaving R2 = 1. This completes another

consistency check of our approach.
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2.3 Master equation-like approaches4

As discussed in Sec. 1.5.1, there are several similar methods in quantum optics and

OQS that eventually lead to the same time-local differential equation, i.e., a Lind-

blad ME, describing the qubit degrees of freedom. For simplicity, in the following we

just refer it as a ME. Such approaches include input-output theory [23], Heisenberg-

Langevin equation [208] and the SLH framework [194], and share several common

assumptions such as a coherent input state, Markovian approximation, an uncor-

related initial bath-qubit state, etc. In this section I focus on the application of

Heisenberg-Langevin equation and the SLH framework to wQED problems, and es-

tablish a connection to the Green’s function method discussed earlier.

2.3.1 Heisenberg-Langevin equation: overview

The Heisenberg-Langevin (H-L) equation is useful for studying a system under arbi-

trarily large coherent driving. The Langevin (“noise”) term enters the equation by

integrating out the field degree of freedom and carries the information of the driving

strength via the initial state. In this sense, the H-L equations is formally equivalent

to input-output theory and gives the same set of differential equations [23, 208].

Specifically, to calculate the measurables using the H-L equation, the strategy

is to write down the equations of motion for both atomic and photonic operators,

and then to integrate out the photonic degree of freedom, leaving a set of first-order

differential equations for qubits only. Then one solves the dynamics of the qubits.

Substituting the solution back into the formal solution of the field gives the photon

dynamics. The calculation is explained in detail in Ref. [179], which we follow closely

below. We focus on one- and two-qubits coupled to an infinite waveguide as examples;

the generalization to multiple qubits is straightforward [149, 156] but cumbersome.

4Part of the text in this section is adapted from Y.-L. L. Fang and H. U. Baranger, Phys. Rev.
A 91, 053845 (2015).
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The first step is to get the formal solutions of the photonic operators in position

space from the Hamiltonian Eq. (1.1). By writing the right-going photon operator

in momentum space,

aR(x, t) =
1√
2π

∫ ∞
0

dk aR(k, t)e
ikx, (2.57)

the Heisenberg equation of motion for aR(k, t) can be formally solved using operator

algebra. However, since we work with positive momenta far above k = 0, under the

RWA it is safe to extend the lower limit of Eq. (2.57) to −∞. Then, the Fourier

transform is properly defined, and we can transform the equation for aR(k, t) back

to position space. The same logic applies to the left-going photon operator as well,

and the result is

aR(x, t) = aR(x− t, 0)− iV
N∑
i=1

σi−(t− x+ xi)Θ(xi < x < t+ xi),

aL(x, t) = aL(x+ t, 0)− iV
N∑
i=1

σi−(t+ x− xi)Θ(−t+ xi < x < xi),

(2.58)

where the generalized step function is defined by

Θ(a < x < b) =


1, a < x < b

1/2, x = a or x = b

0, otherwise,
(2.59)

and we have chosen the initial time to be t = 0. For simplicity, we assume the system

is driven from the left with amplitude A and frequency k, and at t = 0 the wavefront

of the driving is at the leftmost qubit,

|ψi⟩ = Ψ exp
[∫

dxAin(x)a
†
R(x)

]
|0⟩, (2.60)

where Ψ is a normalization factor such that ⟨ψi|ψi⟩ = 1, and Ain(x) = Aeikxθ(x1−x).
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2.3.2 Heisenberg-Langevin equation for infinite waveguide

One qubit

As a concrete example, let us first consider a single 2LS in an infinite waveguide.

The next step is to substitute these formal solutions into the qubits’ equations of

motion. For a single qubit the calculation is straightforward:

d

dt

s1s∗1
s2

 =

−Γ/2 + iδω 0 iΩ
0 −Γ/2− iδω −iΩ

iΩ/2 −iΩ/2 −Γ

 ·
s1s∗1
s2

+

−iΩ/2iΩ/2
0

 , (2.61)

where s1(t) = ⟨σ−(t)⟩ exp(ikt), s2(t) = ⟨σ+(t)σ−(t)⟩, δω = k−ω0, ⟨O(t)⟩ = ⟨ψi|O(t)|ψi⟩,

and Ω =
√
2ΓA. We emphasize that the equations above can be cast into a compact

form: ∂tS = DS + F with matrix D and vector F being constant in time. This

D-matrix is of great importance because it allows one to calculate all higher-order

correlation functions using the quantum regression theorem (making the Markovian

approximation) [208].

Assuming that the qubit is initially in the ground state, one finds s1(0) = s2(0) =

0, and so the steady state given by Eq. (2.61) is

s1(∞) = − i
2

Γ(Γ/2 + iδω)Ω

Γ(Γ2/4 + δω2) + ΓΩ2/2
,

s2(∞) =
1

2

ΓΩ2/2

Γ(Γ2/4 + δω2) + ΓΩ2/2
.

(2.62)

Given the qubit steady states, one can compute the transmission and reflection am-

plitudes for arbitrary driving amplitude A. In the weak driving limit A→ 0, for the

transmitted part we take the observation time T ≫ x0 > 0 and use Eq. (2.58) to

look at the right-going photons:
⟨aR(x0, T )⟩ = ⟨aR(x0 − T, 0)⟩ − iV ⟨σ−(T − x0)⟩Θ(0 < x0 < T )

=

(
1− 1

2

√
Γ

2

Γ(Γ/2 + iδω)2
√

Γ/2

Γ(Γ2/4 + δω2) + Γ2A2

)
Aeik(x0−T ). (2.63)
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The transmission amplitude for weak coherent driving can be defined as

t(k) ≡ ⟨aR(x0, T )⟩
Aeik(x0−T )

A→0−−−→ k − ω0

k − ω0 + iΓ/2
. (2.64)

Similarly, the reflection amplitude for weak coherent driving is (x0 < 0, T ≫ |x0|)

r(k) ≡ ⟨aL(x0, T )⟩
Ae−ik(x0+T )

A→0−−−→ −iΓ/2
k − ω0 + iΓ/2

, (2.65)

and the qubit steady state is

e(k) ≡ s1(∞)

A

A→0−−−→
√
2π
√

Γ/4π

k − ω0 + iΓ/2
. (2.66)

These results agree with Eqs. (2.8) since Γ is defined as Γ = 2V 2 (the factor
√
2π in

e(k) comes from the different definition of input state for the two formalisms). We

emphasize that the definitions (2.64)-(2.66) are valid only for weak coherent driving;

for arbitrary A, in general |⟨aR⟩|2 + |⟨aL⟩|2 ̸= A2, and one needs to examine the

transmitted and reflected fluxes, ⟨a†R(x)aR(x)⟩ and ⟨a†L(x)aL(x)⟩, respectively.

Let us now turn to the calculation of the power spectrum. While for a sin-

gle qubit this calculation is straightforward, we sketch how to employ the quantum

regression theorem to simplify the calculation for more complicated cases. The trans-

mitted/reflected power spectrum is defined as

Sα(ω) = Re
∫ ∞
0

dt′

π
eiωt

′⟨a†α(x0, T )aα(x0, T + t′)⟩. (2.67)

Note that the sign of ω flips compared to Eq. (2.27) because here the calculation is

performed in the Heisenberg picture. For transmission, using Eq. (2.58) the integrand
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is given by

⟨a†R(x0, T )aR(x0, T + t′)⟩

= A∗in(x0 − T )Ain(x0 − T − t′)− i
√

Γ

2
⟨σ−(T − x0 + t′)⟩A∗in(x0 − T )

+ i

√
Γ

2
⟨σ+(T − x0)⟩Ain(x0 − T − t′) +

Γ

2
⟨σ+(T − x0)σ−(T − x0 + t′)⟩, (2.68)

Similarly, for reflection it is given by

⟨a†L(x0, T )aL(x0, T + t′)⟩ = Γ

2
⟨σ+(T + x0)σ−(T + x0 + t′)⟩. (2.69)

As a result, the problem of calculating power spectra reduces to calculating the

quadratic correlations ⟨σ+(T )σ−(T + t′)⟩.

Suppose we define

s3(t
′) = ⟨σ+(T )σ−(T + t′)⟩eikt′ , (2.70)

s4(t
′) = ⟨σ+(T )σ+(T + t′)⟩e−ik(2T+t′), (2.71)

s5(t
′) = ⟨σ+(T )σ+(T + t′)σ−(T + t′)⟩e−ikT , (2.72)

then the quantum regression theorem states that the vectors

S(t′) =

s3s4
s5

 , F =

−iΩs∗1(∞)/2
iΩs∗1(∞)/2

0

 (2.73)

also satisfy ∂t′S = DS + F. As a result, the matrix D is a sort of the characteristic

of the system: it gives a closed set of first-order differential equations by properly

defining the vectors S and F.

Furthermore, in this compact notation we can separate the vector S(t) into two

parts: S(t) = δS(t) + S(∞), where the former represents the transient dynamics

that decays to zero and the latter represents the steady state. One can immediately
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see that the former instead satisfies a homogeneous first-order differential equation:

∂tδS = DδS. If we define a new vector I by

I(ω) =
∫ ∞
0

dt′ ei(ω−k)t
′
δS(t′), (2.74)

then, after integration by parts, the vector I is given by

I(ω) = − (D + i(ω − k)I)−1 δS(0), (2.75)

where I is the identity matrix and δS(0) = S(0)− S(∞). This shows that by com-

puting the vector I one can obtain the Fourier-transform of the two-time correlations.

Proceeding from Eq. (2.68), after some algebra we arrive at the transmission

power spectrum

SR(ω) =

[
A2 + 2A

√
Γ

2
Re (is∗1(∞)) +

Γ

2
|s1(∞)|2

]
δ(ω − k) + Γ

2π
Re I3(ω), (2.76)

where the first term proportional to the delta function represents the coherent scat-

tering, and the second term represents the incoherent scattering, with I3(ω) being

the component of the vector I corresponding to s3,

I3(ω) =
|s1(∞)|2 − s2(∞)

µ1

+
Ω2s∗1(∞)2 − Ω2 [|s1(∞)|2 − s2(∞)]µ2/µ1 − 2iΩs∗1(∞)s2(∞)µ2

2µ1µ2µ3 + Ω2(µ1 + µ2)
, (2.77)

where µ1 = i(ω − ω0)− Γ/2, µ2 = i(ω + ω0 − 2k)− Γ/2, and µ3 = i(ω − k)− Γ, so

knowing I3(ω) alone is enough to determine the incoherent power spectra. Similarly,

from Eq. (2.69) the reflection power spectrum is simply given by

SL(ω) =
Γ

2
|s1(∞)|2δ(ω − k) + Γ

2π
Re I3(ω). (2.78)
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Note that with
∫
dω Re I3(ω) = π [s2(∞)− |s1(∞)|2] as given by the definition of the

vector I(ω) [cf. Eq. (2.74)], it can be immediately checked that the flux conservation

is indeed guaranteed for arbitrary A,

⟨a†RaR⟩+ ⟨a†LaL⟩ =
∫
dω (SR(ω) + SL(ω)) = A2. (2.79)

One important remark: If one Taylor-expands the incoherent power spectrum in

terms of the driving amplitude A, the lowest-order term is O(A4), and it would be

the one calculated from Eq. (2.28) multiplying by A4 for dimensional reasons; that

is,

SH-L(ω) ∼ SG-F(ω)A4 +O(A6) + · · · . (2.80)

Therefore, the two approaches, the H-L equation and the Green’s function method,

give a consistent result in the weak driving limit. In other words, in the weak driv-

ing limit the inelastic power spectrum is solely contributed by two-photon scattering

processes [113, 142].

Two distant qubits

For two qubits the Markovian approximation is needed for deriving a set of time-local

differential equations. In this context, the approximation ignores the time delay, and

approximates the accumulated phase θ due to free propagation by θ ≈ k0L,

σi±(t− L) ≈ σi±e
∓ik0L, (2.81)

aα(±L/2− αt, 0) ≈ aα(−αt, 0)e±iαk0L/2, (2.82)
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with α = R = +1, α = L = −1, and k0 = ω0/c the resonant wavevector. Based on

the single-qubit case, here we list the matrix D derived using the same recipe:

D =



iδω − Γ
2

0 −Γ
2
eik0L 0 2iN 0 0 0 0 0 Γeik0L 0 0 0 0

0 −iδω − Γ
2

0 −Γ
2
e−ik0L −2iN∗ 0 0 0 0 0 0 Γe−ik0L 0 0 0

−Γ
2
eik0L 0 iδω − Γ

2
0 0 2iN∗ 0 0 0 0 0 0 Γeik0L 0 0

0 −Γ
2
e−ik0L 0 −iδω − Γ

2
0 −2iN 0 0 0 0 0 0 0 Γe−ik0L 0

iN∗ −iN 0 0 −Γ 0 −Γ
2
eik0L −Γ

2
e−ik0L 0 0 0 0 0 0 0

0 0 iN −iN∗ 0 −Γ −Γ
2
e−ik0L −Γ

2
eik0L 0 0 0 0 0 0 0

0 −iN∗ iN∗ 0 −Γ
2
eik0L −Γ

2
e−ik0L −Γ 0 0 0 −2iN∗ 0 0 2iN∗ 2Γ cos k0L

iN 0 0 −iN −Γ
2
e−ik0L −Γ

2
eik0L 0 −Γ 0 0 0 2iN −2iN 0 2Γ cos k0L

−iN∗ 0 −iN 0 0 0 0 0 2iδω − Γ 0 2iN 0 2iN∗ 0 0
0 iN 0 iN∗ 0 0 0 0 0 −2iδω − Γ 0 −2iN∗ 0 −2iN 0
0 0 0 0 −iN∗ 0 −iN 0 iN∗ 0 iδω − 3Γ

2
0 −Γ

2
e−ik0L 0 2iN∗

0 0 0 0 iN 0 0 iN∗ 0 −iN 0 −iδω − 3Γ
2

0 −Γ
2
eik0L −2iN

0 0 0 0 0 −iN 0 −iN∗ iN 0 −Γ
2
e−ik0L 0 iδω − 3Γ

2
0 2iN

0 0 0 0 0 iN∗ iN 0 0 −iN∗ 0 −Γ
2
eik0L 0 −iδω − 3Γ

2
−2iN∗

0 0 0 0 0 0 0 0 0 0 iN −iN∗ iN∗ −iN −2Γ



,

(2.83)

where N =
√

Γ/2Ae−ik0L/2. For equal-time correlations, the vectors S and F are

given by

S(t) =



s1(t)
s1(t)

∗

s2(t)
s2(t)

∗

s3(t)
s4(t)
s5(t)
s5(t)

∗

s6(t)
s6(t)

∗

s7(t)
s7(t)

∗

s8(t)
s8(t)

∗

s9(t)



=



⟨σ1−(t)⟩eikt
⟨σ1+(t)⟩e−ikt
⟨σ2−(t)⟩eikt
⟨σ2+(t)⟩e−ikt
⟨σ1+(t)σ1−(t)⟩
⟨σ2+(t)σ2−(t)⟩
⟨σ1+(t)σ2−(t)⟩
⟨σ2+(t)σ1−(t)⟩
⟨σ1−(t)σ2−(t)⟩e2ikt
⟨σ1+(t)σ2+(t)⟩e−2ikt
⟨σ1+(t)σ1−(t)σ2−(t)⟩eikt
⟨σ1+(t)σ1−(t)σ2+(t)⟩e−ikt
⟨σ2+(t)σ2−(t)σ1−(t)⟩eikt
⟨σ2+(t)σ2−(t)σ1+(t)⟩e−ikt
⟨σ1+(t)σ1−(t)σ2+(t)σ2−(t)⟩



, F =



−iN
iN∗

−iN∗
iN
0
0
0
0
0
0
0
0
0
0
0



. (2.84)

Following the same procedure, one can construct the two- and multiple-time corre-

lations using the same matrix D.

We checked that the results agree with those of Ref. [149], as well as those ob-

tained from the Green’s function method. As a representative example, in Fig. 2.2

we compare the transmission power spectra for two identical 2LS calculated using

the two approaches, and show that if the driving amplitude is as low as A2 ∼ 10−4Γ,

56



Figure 2.2: Transmission power spectra, SR(ω), for two identical 2LS with separa-
tions k0L = π/2 (left) and k0L = π/4 (right). The black solid curve is obtained by
the Green’s function method (Sec. 2.2), and others are from the Heisenberg-Langevin
equation rescaled by A4 for fair comparison (see the discussion in the previous sec-
tion). For both panels, the incident frequency is ω0 = 100Γ. It is clear that A2/Γ
needs to be as low as 10−4 in order to have perfect agreement.

a perfect agreement can be found. This information will be useful in Chapter 5.

Finally, we note that for N qubits in the Markovian regime, the size of the

matrix D grows as (4N − 1)2, where the factor of 4 arises because each qubit can

be represented by σx,y,z or 1 and subtracting one means not to consider the trivial

correlation ⟨1N⟩.

2.3.3 Heisenberg-Langevin equation for semi-infinite waveguide

Similar to the case with two distant qubits, for a single qubit in a semi-infinite

waveguide the Markovian approximation is also necessary due to the delay time

introduced by the mirror. It results in “renormalized” qubit frequency and decay

rate as given by Eq. (2.45). For example, one can calculate s1(∞) and s2(∞),

and find that the result is simply the one for single qubit in an infinite waveguide,

Eq. (2.62), with ω0 and Γ replaced by ω̃ and Γ̃, respectively. For further details of

the calculation, we refer to Ref. [179], and simply note that we have also confirmed

the consistency between the H-L equation and the Green’s function method for this

case.
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2.3.4 The SLH formalism: overview

This section provides a self-contained description of the SLH framework. Interested

readers may refer to Ref. [196, 224–227] for its mathematical formulation as well

as physical applications; see also Ref. [194] for a general review. We focus on the

application of its machinery and use it to quickly construct the master equation for

our waveguide QED system, without and with external driving and/or a mirror.

The idea of the SLH framework is to assign each component of a quantum network

a triple of operators, G = (S, L,H), referred to as system parameters, where S is

its S-matrix, L is called a “coupling vector” (or coupler for short) indicating how

this object talks to the environment (whose physical meaning will be clear later),

and finally H means the Hamiltonian. Through some defined operations, mainly the

concatenation product ⊞ and the series product ◁, one can construct the SLH triple

for the entire network by using these components as building blocks.

Roughly speaking, the concatenation product A ⊞ B is a sort of parallel con-

nection: one combines two objects A and B in parallel to form a larger object.

Mathematically this operation enlarges the size of the Hilbert space (the number of

quantum “channels”) to dim(A) + dim(B). On the other hand, the series product

A ◁ B is a sort of serial connection: one feeds the output of the component B into

the input port of A. For self-completeness, I give the two product operations below:

G2 ⊞G1 =

((
S2 0
0 S1

)
,

(
L2

L1

)
, H2 +H1

)
, (2.85)

G2 ◁ G1 =

(
S2S1, S2L1 + L2, H1 +H2 +

1

2i
(L†2S2L1 − L†1S

†
2L2)

)
. (2.86)

In addition, there is also a rule for the feedback operation [(S, L,H)]k→l =

(S̃, L̃, H̃), which indicates feeding the output of the k-th channel into the l-th chan-

nel of itself. Assuming the system has n channels, the resulting expressions for S̃, L̃,
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and H̃ are given by

S̃ = S��[k,l] +



S1,l
...

Sk−1,l
Sk+1,l

...
Sn,l


(1− Sk,l)

−1 (Sk,1 · · · Sk,l−1 Sk,l+1 · · · Sk,n

)
, (2.87a)

L̃ = L
��[k]

+



S1,l
...

Sk−1,l
Sk+1,l

...
Sn,l


(1− Sk,l)

−1Lk, (2.87b)

H̃ = H +
1

2i

[(
n∑

j=1

L†jSj,l

)
(1− Sk,l)

−1Lk − h.c.

]
, (2.87c)

where S��[k,l] and L
��[k]

are the original S-matrix and coupler with its k-th row and l-th

column removed. Mathematically, this feedback operation reduces the dimension of

the system from n to n−1 (one may think of this operation as a “contraction” of two

channels), which will become manifest later when we compare the results for infinite

and semi-infinite waveguides.

The crucial point of this formalism is that once one derives the SLH triple G for

the full system, one can immediately write down the corresponding Lindblad master

equation [194, 224]

ρ̇ = −i [H, ρ] +
n∑

i=1

D[Li]ρ, (2.88)

where D[X]ρ = XρX† − (X†Xρ + ρX†X)/2 is the dissipator.5 This explains the

origin of “coupling vector”: the entries in L are nothing but the jump operators that

5Note that the notation of the dissipator is chosen to emphasize the couplers Li [cf. Eq. (1.15)],
and that the decay rates are absorbed into the definition of Li.
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capture the dissipative dynamics due to the system-environment interaction. The

SLH framework not only provides a fast and convenient way to derive the master

equation without going through the tedious procedure of eliminating the field degree

of freedom, but also enables us to consider a huge quantum network consisting of a

great number of quantum components. An automatic procedure is even developed

to calculate the dynamics numerically without deriving the equation by hand [228].

Note that the mathematical construction leading to Eq. (2.88) utilizes the Markovian

approximation; that is, the time delay between components is negligible.

2.3.5 The SLH formalism for infinite waveguide

In this section we consider N 2LS coupled to an infinite waveguide, without and with

external driving.

No External Driving

wQED system

GR,1

GL,1

…
GL,2 GL,N

GR,NGR,2G�1

G�1

G�2

G�2

x = x1 x = x2 x = xN

Figure 2.3: (Top) Schematic of a two-channel black-box object describing a waveg-
uide QED system. (Bottom) Multiple 2LS coupled to an infinite waveguide in the
SLH framework. Gϕi

attaches a phase factor ϕi = k0(xi+1 − xi) to photons propa-
gating between the i-th and (i+1)-th qubit (see the text).

In our waveguide QED system we have 1D right- and left-going photons interact-

ing with the qubits. In terms of the SLH framework, it means we need to construct

a two-channel object (two in, two out) to describe our system. For each 2LS its
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(S, L,H) is given by

GR = GL = (1,
√

Γ/2σ−, ω0σ+σ−/2). (2.89)

For N identical, lossless 2LS coupled to an infinite waveguide (see Fig. 2.3), it is

therefore natural to write the total right-going channel as

GR,total = GR,N ◁ GϕN−1
◁ GR,N-1 ◁ GϕN−2

◁ · · · ◁ GR,2 ◁ Gϕ1 ◁ GR,1, (2.90)

where Gϕi
= (exp(iϕi), 0, 0) attaches a phase factor to photons propagating between

the i-th and (i+1)-th qubit. For the left-going channel, one needs to read the figure

reversely:

GL,total = GL,1 ◁ Gϕ1 ◁ GL,2 ◁ Gϕ2 ◁ · · · ◁ GL,N-1 ◁ GϕN−1
◁ GL,N. (2.91)

Finally the (S, L,H) of the full system is obtained by taking the concatenation

product of right- and left-going channels,

Gtotal = GR,total ⊞GL,total. (2.92)

For the single-qubit case (N = 1), it is clear that

Gtotal =

(1 0
0 1

)
,

√Γ
2
σ−√

Γ
2
σ−

 , ω0σ+σ−

 . (2.93)

For the two-qubit case (N = 2), with a bit manipulation one can easily get Gtotal =

(S, L,H) with

S =

(
eiϕ 0
0 eiϕ

)
, L =

√Γ
2

(
eiϕσ1− + σ2−

)√
Γ
2

(
σ1− + eiϕσ2−

)
 ,

H = ω0(σ1+σ1− + σ2+σ2−) +
Γ

2
sinϕ (σ1+σ2− + σ2+σ1−) .

(2.94)
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One can go further for higher N and quickly realize that by induction for arbitrary

N we have

S =

exp
(
i
N−1∑
k=1

ϕk

)
0

0 exp
(
i
N−1∑
k=1

ϕk

)
 , L =


√

Γ
2

N∑
i=1

exp
(
i
N−1∑
j=i

ϕj

)
σi−√

Γ
2

N∑
i=1

exp
(
i
i−1∑
j=1

ϕj

)
σi−

 ,

H = ω0

N∑
i=1

σi+σi− +Hint, (2.95)

where the interaction Hamiltonian Hint is explicitly given by

Hint =
Γ

2

[
N−1∑
i=1

sinϕi (σi+σi+1,−) +
N−2∑
i=1

sin(ϕi + ϕi+1) (σi+σi+2,−) (2.96)

+
N−3∑
i=1

sin(ϕi + ϕi+1 + ϕi+2) (σi+σi+3,−) + · · ·+ sin
(

N−1∑
i=1

ϕi

)
(σ1+σN−)

]
+H.c.

As a result, from Eq. (2.88) we have

ρ̇ = i[ρ,H] +D

[√
Γ

2

N∑
i=1

exp
(
i
N−1∑
j=i

ϕj

)
σi−

]
ρ+D

[√
Γ

2

N∑
i=1

exp
(
i
i−1∑
j=1

ϕj

)
σi−

]
ρ.

(2.97)

These results agree with the well-known Markovian results upon identifying ϕi =

k0(xi+1− xi). In particular, Eq. (2.96) agrees with Eq. (2) in Ref. [144]. It describes

the effective, instantaneous spin-spin interaction between any two sites, which is a

long-range interaction.

The dissipators in Eq. (2.97) are too obscure to see its physical meaning. To

“unpack” it, let us define a generalized dissipator

D[X,Y ]ρ ≡ XρY † − 1

2
X†Y ρ− 1

2
ρX†Y. (2.98)
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It is then clear that

D

[
N∑
i=1

Xi

]
ρ =

N∑
i,j=1

D [Xi, Xj] ρ. (2.99)

Therefore, the first dissipator becomes

D

[√
Γ

2

N∑
i=1

exp
(
i
N−1∑
j=i

ϕj

)
σi−

]
ρ

=
N∑

i,j=1

D

[√
Γ

2
exp

(
i
N−1∑
α=i

ϕα

)
σi−,

√
Γ

2
exp

(
i
N−1∑
β=j

ϕβ

)
σj−

]
ρ

=
Γ

2

N∑
i,j=1

[
eiθijσi−ρσj+ −

1

2
e−iθijσi+σj−ρ−

1

2
e−iθijρσi+σj−

]
,

(2.100)

and similarly the second dissipator becomes

D

[√
Γ

2

N∑
i=1

exp
(
i
i−1∑
j=1

ϕj

)
σi−

]
ρ

=
Γ

2

N∑
i,j=1

[
e−iθijσi−ρσj+ −

1

2
eiθijσi+σj−ρ−

1

2
eiθijρσi+σj−

]
,

(2.101)

where θij is explicitly defined as

θij =


ϕi + ϕi+1 + · · ·+ ϕj−1, j > i
−(ϕj + ϕj+1 + · · ·+ ϕi−1), j < i
0, j = i.

(2.102)

Therefore, the sum of two dissipators in Eq. (2.97) gives

Γ
N∑

i,j=1

cos θij
(
σi−ρσj+ −

1

2
σi+σj−ρ−

1

2
ρσi+σj−

)
, (2.103)

which agrees with Eq. (3) in Ref. [144]. This term characterizes the cooperative

emission of any two spins. Note that the two-channel nature of this system arises
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from the fact that we have right- and left-going photons. As a result, we have a two-

component couplers [cf. Eq. (2.97)], and if one diagonalizes the N -by-N matrix cos θij

above, one would obtain only two non-zero eigenvalues, revealing the same fact. This

should be contrasted with the semi-infinite waveguide case discussed below.

Drive the System

Let us now turn to the driven waveguide QED system in order to make connection

to the Heisenberg-Langevin equations (or equivalently, input-output theory). In the

SLH framework it is quite straightforward: we simply feed a coherent state into the

system, so

Gdriven
total = Gtotal ◁ Gdriving, Gdriving =

((
1 0
0 1

)
,

(
α
0

)
, 0

)
, (2.104)

where α is the complex amplitude of a coherent state sent from the left. From now

on we take ϕi = ϕ = k0L for an equally spaced qubit array.

For N = 1 a simple algebraic manipulation yields

Gdriven
total =

(1 0
0 1

)
,

α +
√

Γ
2
σ−√

Γ
2
σ−

 , ω0σ+σ− +
1

2i

√
Γ

2
(ασ+ − α∗σ−)

 . (2.105)

Note that at the first glance it is strange: a coherent drive α should not contribute

to the dissipative dynamics (the L term)! To see this fact, let us again unpack the

dissipator by noting that α is just a c-number,

D

[
α +

√
Γ

2
σ−

]
ρ = D

[√
Γ

2
σ−

]
ρ+

α

2

[
ρ,

√
Γ

2
σ+

]
− α∗

2

[
ρ,

√
Γ

2
σ−

]
, (2.106)

so it is evident that the α-dependent terms (last two commutators) are not dissipative

and can be combined with H to give an effective Hamiltonian

Heff = H +
α

2i

√
Γ

2
σ+ −

α∗

2i

√
Γ

2
σ− = ω0σ+σ− +

1

i

√
Γ

2
(ασ+ − α∗σ−) (2.107)
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which indeed describes a coherently driven 2LS because Heff is Hermitian. Gdriven
total

then gives identical differential equations as obtained from other approaches [cf.

Eq. (1.16) and Sec. 2.3.2] upon identifying

α = iA. (2.108)

Note that the coupler L of Gdriven
total also agrees with the quantum jump operators [174].

For arbitraryN , one can always unpack the dissipator and absorb the α-dependent

terms into the Hamiltonian H as demonstrated above. The resulting Gdriven
total is then

given by Eq. (2.95) with H being replaced by

Heff = H +
1

i

√
Γ

2

N∑
k=1

(
αei(k−1)ϕσk+ − α∗e−i(k−1)ϕσk−

)
. (2.109)

However the main difference is that α must acquire an N -dependent phase factor.

For example for N = 2,

α = iAe−iϕ/2, (2.110)

and for general N ,

α = iAe−i(N−1)ϕ/2 (2.111)

since the incoming photon hits the leftmost qubit first, whose position is−(N−1)L/2.

2.3.6 The SLH formalism for semi-infinite waveguide

For a semi-infinite waveguide, a mirror is added at the right end of the waveguide,

turning the field Rout into Lin in Fig. 2.3(a) which forms a feedback path and can

be described using the SLH framework as well. Following the procedure described in

the Appendix of Ref. [196], in the Markovian regime, suppose the photon picks up

a total phase ϕM = 2θ + π by going back and forth between the (rightmost) N -th

qubit and the mirror, then essentially what we need to compute is the object

[(GϕM
⊞ I1) ◁ Gtotal]1→2 =

[((
eiϕM 0
0 1

)
, 0, 0

)
◁ Gtotal

]
1→2

, (2.112)
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where we feed the “channel 1” output (right-going photon) into the “channel 2” (left-

going photon) and, in the mean time, attach a phase ϕM to it. GϕM
= (eiϕM , 0, 0)

does the phase attaching job (on channel 1) as discussed above, and I1 = (1, 0, 0)

is the “wire connection” which does nothing (to channel 2); it’s there to match

the dimension of the Hilbert space of Gtotal, which is computed in the previous

section. Therefore, using Eqs. (2.87) one can see that this procedure would reduce

the dimension (or number of channels) from two to one, matching the requirement

that everything can only escape via the left-going photons.

For single-qubit (N = 1), the target object is

(
eiϕM ,

√
Γ

2
(1 + eiϕM )σ−,

(
ω0 +

Γ

2
sinϕM

)
σ+σ−

)
, (2.113)

so a master equation based on this set of parameters will have the renormalized

transition frequency and decay rate as

ω̃ = ω0 −
Γ

2
sin 2θ, Γ̃ = Γ(1− cos 2θ), (2.114)

respectively, as expected [cf. Eq. (2.45)]. This also in turn provides the reason of

parametrizing ϕM in such a particular way: θ = k0a is the phase difference between

the mirror and the qubit and the π phase is simply due to reflection. Note that if one

is not comfortable thinking in terms of the feedback, this object can also be derived

by computing the following series:

G2LS ◁ Gθ ◁ Gπ ◁ Gθ ◁ G2LS (2.115)

with Gθ and Gπ being the phase adders (so GϕM
= Gθ ◁ Gπ ◁ Gθ) and G2LS =

(1,
√

Γ/2σ−, ω0σ+σ−/2). This indicates that photon transport in a semi-infinite

waveguide is essentially a one-channel problem.
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For two-qubit (N = 2), the target object is

S = ei(ϕM+2ϕ), (2.116)

L =

√
Γ

2

[(
1 + ei(ϕM+2ϕ)

)
σ1− + eiϕ

(
1 + eiϕM

)
σ2−
]
, (2.117)

H =

(
ω0 +

Γ

2
sin(ϕM + 2ϕ)

)
σ1+σ1− +

(
ω0 +

Γ

2
sin(ϕM)

)
σ2+σ2−

+
Γ

2
[sinϕ+ sin(ϕM + ϕ)] (σ1+σ2− + σ2+σ1−) . (2.118)

Each term in the coupler L or the Hamiltonian H has a very clear physical meaning.

Taking the σ1− term in L as example: 1 means direct decay, and exp[i(ϕM + 2ϕ)]

means the mirror-assisted decay, which interferes with the direct decay term depend-

ing on the phase difference. Similarly, one can see from the expression of H that the

mirror renormalizes the qubit transition frequencies, and adds an additional path for

the interaction between two qubits. Again, this set of (S, L,H) can be also derived

by considering the one-channel series connections:

G
(1)
2LS ◁ Gϕ ◁ G

(2)
2LS ◁ Gθ ◁ Gπ ◁ Gθ ◁ G

(2)
2LS ◁ Gϕ ◁ G

(1)
2LS, (2.119)

where the superscript (i) indicates the i-th qubit.

The generalization to arbitrary N -qubit is straightforward, but the resulting ex-

pression is much more complicated than the infinite waveguide case due to the pres-

ence of the mirror. Even if one has such a master equation, it is also difficult to

tackle and contributes little value to the study. Therefore, I choose to stop here and

stress that the wQED problems can be equally described by the SLH framework if

they are in the Markovian regime.
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2.4 Time-dependent Schrödinger equation6

In order to understand the non-Markovianity of the scattering processes in the wQED

systems as discussed in Chapter 6, it is necessary to access the transient dynamics

of the system, so that the explicit calculation of the dynamical map is possible. In

this section, therefore, we focus on the case study of single qubit coupled to either

an infinite- or a semi-infinite waveguide, and present details of the calculation of all

of the time-dependent wavefunctions in both one- and two-excitation sectors.

Throughout this section, we refer to φ(x) as an exponential wavepacket with

arbitrary central frequency k,

φ(x) = i
√
αΓ exp [(ik + αΓ/2)(x− x0)]θ(−x+ x0). (2.120)

Further technical details are given in the Mathematica notebook accompanying Ref. [229].

2.4.1 Infinite waveguide: one-excitation sector

The ansatz for the time-dependent wavefunction reads

|Ψ1(t)⟩ =
∫
dx
[
ϕR(x, t)â

†
R(x) + ϕL(x, t)â

†
L(x)

]
|0⟩+ e(t)σ̂+|0⟩, (2.121)

where ϕR/L(x, t) is the wavefunction of the right-/left-going photon.

Imposing the Schrödinger equation, i∂t|Ψ1(t)⟩ = Ĥ|Ψ1(t)⟩, yields the three cou-

pled equations

i∂tϕR(x, t) = −i∂xϕR(x, t) + V e(t)δ(x) (2.122a)

i∂tϕL(x, t) = i∂xϕL(x, t) + V e(t)δ(x) (2.122b)

i
d

dt
e(t) = ω0e(t) + V [ϕR(0, t) + ϕL(0, t)] . (2.122c)

6Part of the text in this section is adapted from Y.-L. L. Fang, F. Ciccarello and H. U. Baranger,
arXiv:1707.05946 (2017), and Y.-L. L. Fang, arXiv:1707.05943 (2017).
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The equations for ϕR/L(x, t) can be formally integrated by Fourier transform, yielding

ϕR(x, t) = ϕR(x− t, 0)− iV e(t− x)θ(x)θ(t− x), (2.123a)

ϕL(x, t) = ϕL(x+ t, 0)− iV e(t+ x)θ(−x)θ(t+ x), (2.123b)

where we set θ(0) ≡ 1/2. The first term on each righthand side describes the free-

field behavior, while the second one can be interpreted as a source term originating

from qubit emission at an earlier time. Note that causality is preserved as it should

be. Eqs. (2.123) immediately entail ϕR(0, t)+ϕL(0, t) = ϕR(−t, 0)+ϕL(t, 0)− iV e(t),

which once substituted in Eq. (2.122c) yields a time-local first-order differential equa-

tion for e(t)

d

dt
e(t) = −

(
iω0 +

Γ

2

)
e(t)− iV [ϕR(−t, 0) + ϕL(t, 0)] . (2.124)

In order to investigate the scattering process corresponding to Eq. (6.3) in the infinite-

waveguide case, we impose the initial conditions ϕR(x, 0) = φ(x), ϕL(x, 0) = e(0) = 0,

and obtain,

e(t) =
i
√
αΓ2/2

(
e−(ik+αΓ/2)t − e−(iω0+Γ/2)t

)
k − ω0 + iΓ(1− α)/2

(2.125)

By plugging Eq. (2.125) back into Eqs. (2.123), one then obtains the photon wave-

functions ϕR/L(x, t).

2.4.2 Infinite waveguide: two-excitation sector

The ansatz for the time-dependent wavefunction reads

|Ψ2(t)⟩ =
∫
dx
[
ψR(x, t)â

†
R(x) + ψL(x, t)â

†
L(x)

]
σ̂+|0⟩+

∫∫
dx1dx2

[
χRR(x1, x2, t)

× â†R(x1)â
†
R(x2)√
2

+ χRL(x1, x2, t)â
†
R(x1)â

†
L(x2) + χLL(x1, x2, t)

â†L(x1)â
†
L(x2)√
2

]
|0⟩

(2.126)
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where ψR/L(x, t) is the probability amplitude to have a right-/left-propagating photon

at position x with the qubit in the excited state, while χαβ(x1, x2, t) is the probabil-

ity amplitude to have an α-propagating photon at position x1 and a β-propagating

photon at position x2 (with the qubit unexcited). Terms ∝ χLR have been incor-

porated in those ∝ χRL by exploiting the symmetrization property χLR(x1, x2, t) =

χRL(x2, x1, t). The Schrödinger equation then yields five coupled differential equa-

tions that read

∂tψR(x, t) = −∂xψR(x, t)− iω0ψR(x, t)− iV
[
χRR(0, x, t) + χRR(x, 0, t)√

2
+ χRL(x, 0, t)

]
,

(2.127a)

∂tψL(x, t) = ∂xψL(x, t)− iω0ψL(x, t)− iV
[
χLL(0, x, t) + χLL(x, 0, t)√

2
+ χRL(0, x, t)

]
,

(2.127b)

∂tχRR(x1, x2, t) = − (∂x1 + ∂x2)χRR(x1, x2, t)−
iV√
2
[ψR(x1, t)δ(x2) + ψR(x2, t)δ(x1)] ,

(2.127c)

∂tχRL(x1, x2, t) = − (∂x1 − ∂x2)χRL(x1, x2, t)− iV [ψR(x1, t)δ(x2) + ψL(x2, t)δ(x1)] ,
(2.127d)

∂tχLL(x1, x2, t) = (∂x1 + ∂x2)χLL(x1, x2, t)−
iV√
2
[ψL(x1, t)δ(x2) + ψL(x2, t)δ(x1)] .

(2.127e)

Note that the equations for χRR and χLL are symmetrized because of the bosonic

statistics. Similarly to the previous section, we first formally solve for the purely

photonic wavefunctions and find

χRR(x1, x2, t) = χRR(x1 − t, x2 − t, 0)−
iV√
2

[
ψR(x1 − x2, t− x2)θ(x2)θ(t− x2)

+ ψR(x2 − x1, t− x1)θ(x1)θ(t− x1)
]
, (2.128a)

χRL(x1, x2, t) = χRL(x1 − t, x2 + t, 0)− iV
[
ψR(x1 + x2, t+ x2)θ(−x2)θ(t+ x2)

+ ψL(x2 + x1, t− x1)θ(x1)θ(t− x1)
]
, (2.128b)
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χLL(x1, x2, t) = χLL(x1 + t, x2 + t, 0)− iV√
2

[
ψL(x1 − x2, t+ x2)θ(−x2)θ(t+ x2)

+ ψL(x2 − x1, t+ x1)θ(−x1)θ(t+ x1)
]
. (2.128c)

Next, we plug these solutions back into Eqs. (2.127a) and (2.127b), which are those

featuring the qubit degree of freedom, under the initial condition that χαβ(x1, x2, 0) =

0 for any α, β = L,R [so it describes the process Eq. (6.4)]. The resulting pair of

equations read

∂tψR(x, t) = −∂xψR(x, t)−
(
iω0 +

Γ

2

)
ψR(x, t)

− Γ

2
[ψR(−x, t− x) + ψL(x, t− x)] θ(x)θ(t− x), (2.129a)

∂tψL(x, t) = ∂xψL(x, t)−
(
iω0 +

Γ

2

)
ψL(x, t)

− Γ

2
[ψR(x, t+ x) + ψL(−x, t+ x)] θ(−x)θ(t+ x). (2.129b)

These coupled differential equations are non-local with respect to both x and t, the

non-locality being due to the rightmost “source terms” that feature the double step

functions. Based on the arguments of the step functions, it is natural to partition

spacetime into the three regions x < 0 (R1), 0 < x < t (R2), x > t (R3) in the

case of Eq. (2.129a) and x < −t (L3), −t < x < 0 (L2), x > 0 (L1) in the case of

Eq. (2.129b), as shown in Fig. 2.4. Then, the differential equations (2.129) can be

analytically solved essentially in four steps as follows:

(i) Solve Eq. (2.129a) for ψR(x, t) in region R1 under the initial condition ψR(x, 0) =

φ(x). In this region, the source term is identically zero.

(ii) Solve Eq. (2.129b) for ψL(x, t) in region L1 under the initial condition ψL(x, 0) =

0. As the source term is also identically zero in this region, we trivially get

ψL(x > 0, t) = 0.
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Figure 2.4: Partitions of spacetime in the case of Eqs. (2.129a) and Eq. (2.129b)
(left and right panels, respectively).

(iii) Solve Eq. (2.129a) for ψR(x, t) in region R2 under the boundary condition

ψR(0, t) [this being fully specified by the solution found at step (i)]. In this

region, the source term is non-zero but is fully specified by the solutions

ψR(x < 0, t) and ψL(x > 0, t) worked out at the previous steps (i) and (ii),

respectively. Note that the boundary condition automatically guarantees that

the wavefunction is continuous at x = 0.

(iv) Solve Eq. (2.129b) analogously for ψL(x, t) in region L2 under the boundary

condition ψL(0, t) = 0. In this region, the source term is again fully specified

by the solutions ψR(x < 0, t) and ψL(x > 0, t) obtained in the previous steps.

Finally, ψR(x, t) vanishes identically in region R3 and, likewise, so does ψL(x, t) in

region L3. This is because causality prevents the wavefunction outside the light cone

from being affected by whatever inside. Since initially the wavefunction is zero in

this region, it shall remain so at all times. Hence, the wavefunctions are non-zero

only in regions R1, R2 and L2.

With the help of Mathematica, the above procedure straightforwardly yields ana-

lytical expressions for the wavefunctions. We checked that, in the steady-state limit

t→∞, the above solution for the wavefunctions in the stimulated-emission problem

yields results in full agreement with those obtained via a time-independent approach
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[110]. In particular, the two-photon scattering outcome probabilities PRR, PRL and

PLL of Ref. [110] are recovered as

Pαβ = lim
t→∞

∫∫
dx1dx2 |χαβ(x1, x2, t)|2, (2.130)

with α, β ∈ {R, L}.

We finally mention that, in the case of an incoming two-photon wavepacket, one

or more terms χαβ(x1, x2, 0) are non-zero and Eqs. (2.129) feature additional terms.

For instance, in the case of a left-incoming two-photon wavepacket, the additional

term −i
√

Γ/4
[
χRR(x− t,−t, 0)+χRR(−t, x− t, 0)

]
must be added to the right-hand

side of Eq. (2.129a). In this case, in the steady-state limit t → ∞ known results

for two-photon scattering (in particular second-order correlation functions) [13, 102,

217] are recovered, which confirms the effectiveness of our real-space time-dependent

approach.

2.4.3 Semi-infinite waveguide: one-excitation sector

In the semi-infinite-waveguide case, it is convenient to “unfold” the waveguide semi-

axis at the mirror (x = 0) by introducing a chiral field defined on the entire real axis

by â(x) = âR(x)θ(−x)− âL(x)θ(x) (the minus sign encodes the π-phase shift due to

reflection from the mirror); see Fig. 2.5. By expressing âR/L(x) in terms of â(x), the

Hamiltonian (6.1) is then written as

Ĥ = −i
∫ ∞
−∞

dx â†(x)∂xâ(x) + ω0σ̂+σ̂−

− iV
∫ ∞
−∞

dx [δ(x+ a)− δ(x− a)]
[
â†(x)σ̂− − σ̂+â(x)

]
. (2.131)

Compared to Eq. (6.1), the form of the free-field term shows that only one propaga-

tion direction is allowed (chirality) while the term ∝ V shows the bi-local coupling

of the field to the qubit at points x = ±a (these can be seen as the locations of the

real qubit and its mirror image, respectively).

73



!0V V

�a 0 a

!0

0a

V

!0V V

�a 0 a

!0

0a

V

=
Figure 2.5: A qubit coupled to a semi-infinite waveguide with qubit-mirror dis-
tance a (left) and its equivalent model featuring a qubit coupled to a chiral infinite
waveguide at the two points x = ±a (right).

The wavefunction ansatz in the one-excitation sector is

|Ψ1(t)⟩ =
∫
dxϕ(x, t)â†(x)|0⟩+ e(t)σ̂+|0⟩, (2.132)

which once inserted into the Schrödinger equation yields the pair of coupled differ-

ential equations

i∂tϕ(x, t) = −i∂xϕ(x, t)− iV e(t) [δ(x+ a)− δ(x− a)] (2.133)

i
d

dt
e(t) = ω0e(t) + iV [ϕ(−a, t)− ϕ(a, t)] . (2.134)

Integration of the photonic part yields the formal solution

ϕ(x, t) = ϕ(x−t, 0)−V [e(t− x− a)θ(x+ a)θ(t− x− a)− e(t− x+ a)θ(x− a)θ(t− x+ a)] ,

(2.135)

which once plugged back into Eq. (2.134) yields the delay (ordinary) differential

equation (DDE)

de(t)

dt
= −

(
iω0 +

Γ

2

)
e(t) +

Γ

2
e(t− 2a)θ(t− 2a) +

√
Γ

2
[ϕ(−a− t, 0)− ϕ(a− t, 0)] .

(2.136)

If initially the qubit is excited, e(0) = 1, and the wavepacket is absent, ϕ(x, 0) = 0,

Eq. (2.136) reduces to the well-known DDE describing the spontaneous emission

process [7, 9, 181], and the solution is

e(t) = e−(iω0+
Γ
2
)t

∞∑
n=0

1

n!

[
Γ

2
e(iω0+

Γ
2
)2a(t− 2na)

]n
θ(t− 2na). (2.137)
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However, with the presence of the extra source term ∝
√

Γ/2 due to the incoming

photon wavepacket, the initial conditions are given by e(0) = 0 and ϕ(x, 0) = φ(x)

[cf. Eq. (6.3)], and the solution for e(t) obtained by Laplace transform reads

e(t) =

√
αΓ2/2(e−(iω0+Γ/2)t − e−(ik+αΓ/2)t)

p
− i
√
αΓ

∞∑
n=1

(
Γ
2

)n−1/2
n!

[
(t− 2na)ne−(iω0+Γ/2)(t−2na)

+
in(k − ω0 − iαΓ/2)

pn+1
γ(n+ 1,−ip(t− 2na))e−(ik+αΓ/2)(t−2na)

]
θ(t− 2na)

(2.138)

where p = k − ω0 + iΓ/2(1 − α) and γ(n, z) is the incomplete Gamma function

[231]. In any case, the corresponding solution for the photon field ϕ(x, t) follows

straightforwardly by using Eq. (2.138) in Eq. (2.135).

2.4.4 Semi-infinite waveguide: two-excitation sector

The ansatz for the time-dependent wavefunction reads

|Ψ2(t)⟩ =
∫
dxψ(x, t)â†(x)σ̂+|0⟩+

∫∫
dx1dx2 χ(x1, x2, t)

â†(x1)â
†(x2)√
2

|0⟩. (2.139)

The Schrödinger equation then yields the system of coupled differential equations

i∂tψ(x, t) = −i∂xψ(x, t) + ω0ψ(x, t) +
iV√
2
[χ(x,−a, t) + χ(−a, x, t)− χ(x, a, t)− χ(a, x, t)] ,

(2.140a)

i∂tχ(x1, x2, t) = −i (∂x1 + ∂x2)χ(x1, x2, t)−
iV√
2
[ψ(x1, t) (δ(x2 + a)− δ(x2 − a)) + x2 ↔ x1] .

(2.140b)

The formal solution for χ(x1, x2, t) is thus

χ(x1, x2, t) = χ(x1 − t, x2 − t, 0)−
V√
2

[
ψ(x1 − x2 − a, t− x2 − a)θ(x2 + a)θ(t− x2 − a)

− ψ(x1 − x2 + a, t− x2 + a)θ(x2 − a)θ(t− x2 + a) +
(
x2 ↔ x1

)]
,

(2.141)
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Figure 2.6: Spacetime diagram for Eq. (2.142). The dashed lines represent the
propagation direction of the initial condition (thick red line). The brown dotted line
shows the time after which the delay term appears. The blue and green regions are
the light cones of the qubit and its mirror image, respectively.

where note that χ is symmetrized under the exchange x1 ↔ x2. By replacing

Eq. (2.141) into Eq. (2.140a) we find a spatially non-local delay partial differential

equation (PDE) for ψ(x, t)

∂

∂t
ψ(x, t) = − ∂

∂x
ψ(x, t)−

(
iω0 +

Γ

2

)
ψ(x, t) +

Γ

2
ψ(x− 2a, t− 2a)θ(t− 2a)

− Γ

2

{[
ψ(−x− 2a, t− x− a)− ψ(−x, t− x− a)

]
θ(x+ a)θ(t− x− a)

+
[
ψ(2a− x, t− x+ a)− ψ(−x, t− x+ a)

]
θ(x− a)θ(t− x+ a)

}

+

√
Γ

4

[
χ(x− t,−a− t, 0) + χ(−a− t, x− t, 0)− χ(x− t, a− t, 0)− χ(a− t, x− t, 0)

]
,

(2.142)

Equation (2.142) is the two-excitation-sector counterpart of the DDE (2.136). Math-

ematically, such a spatially non-local delay PDE is far more involved than the DDE

(2.136) or conventional delay PDEs [232] that are local in space. A spacetime dia-

gram is shown in Fig. 2.6.

In fact, Eq. (2.142) can be equally represented as an integral equation. The trick

is to perform a Fourier-Laplace transform to space x and time t, respectively, and
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the result is a Fredholm equation of the second kind,[
s+ i(k + ω0) +

Γ

2

(
1− e−2a(s+ik)

)]
ψ̄(k, s) +

Γ sin(ka)
π

∫
dk′

sin(k′a)
s+ i(k + k′)

ψ̄(k′, s)

= F [ψ(x, t = 0)] +
√
ΓF
{
L
[
χ(x− t,−a− t, 0)− χ(x− t, a− t, 0)

]}
, (2.143)

where ψ̄(k, s) is the transformed field, and F (L) means Fourier (Laplace) transform

with respect to x (t). However, we are not aware of any techniques to solve this

equation analytically. In principle one could resort to numerical solutions, and in this

case it takes two steps: (i) solving the integral equation for ψ̄(k, s), and (ii) taking

the inverse Fourier-Laplace transform numerically. However, since both steps are

nontrivial (for example, numerical inverse Laplace transform has a divergent kernel

for any t > 0), below we stick to the spatially non-local delay PDE, Eq. (2.142).

In the case considered in Chapter 6 [cf. Eq. (6.4)], the initial conditions are

ψ(x, 0) = φ(x) and χ(x1, x2, 0) = 0. Due to the latter condition, the terms on the

last line of Eq. (2.142) are identically zero. Hence, overall, the differential equation

features four source terms that are non-local in x and t and are non-zero for x > −a;

in the region x ≤ −a, the equation takes the simple form

∂tψ(x, t) = −∂xψ(x, t)−
(
iω0 +

Γ

2

)
ψ(x, t) +

Γ

2
ψ(x− 2a, t− 2a)θ(t− 2a) . (2.144)

By taking the Fourier (Laplace) transform with respect to variable x (t), this equa-

tion is turned into an algebraic equation whose solution is given by

ψ̄(q, s) =
φ̃(q)

s+ iq + (iω0 +
Γ
2
)− Γ

2
e−2a(s+iq)

=
φ̃(q)

s+ i(q + ω0) +
Γ
2

∞∑
n=0

[
Γ
2
e−2a(s+iq)

s+ i(q + ω0) +
Γ
2

]n
,

(2.145)

where φ̃(q) =
√

αΓ
2π
eiqa/(k − q − iαΓ

2
) is the Fourier transform of φ(x). Performing
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the inverse Fourier transform with respect to q then yields

ψ̃(x, s) =

√
αΓ

2π

∫
dq

eiq[x−(2n−1)a]
∞∑
n=0

[
Γ
2
e−2as

s+i(q+ω0)+
Γ
2

]n
(k − q − iαΓ

2
)
[
s+ i(q + ω0) +

Γ
2

]
=

i
√
αΓe(ik+αΓ/2)(x+a)

s+ i(k + ω0) +
Γ
2
(1 + α)

∞∑
n=0

[
Γ
2
e−2a(s+ik+αΓ/2)

s+ i(k + ω0) +
Γ
2
(1 + α)

]n
, (2.146)

where we used that, since x < −a, only the pole q = k − iαΓ/2 contributes to the

integral. Upon inverse Laplace transform with respect to s term by term, we finally

find the solution for x < −a, which can be expressed compactly as

ψ(x, t) = φ(x− t)e1(t), (2.147)

where e1(t) is given by Eq. (2.137), the qubit excited-state amplitude in the spon-

taneous emission process. This is physically clear: since the qubit starts in the

excited state [cf. Eq. (6.4)] so long as the photon has not reached its location x = −a

the system’s evolution consists of the free propagation of the input single-photon

wavepacket and the spontaneous emission as if the field were initially in the vacuum

state.

The next natural step would be solving the wavefunction for −a ≤ x ≤ a. How-

ever, a look at Eq. (2.142) shows that such a task requires care. Specifically, two of

the source terms, ψ(−x− 2a, t− x− a) and −ψ(−x, t− x− a), enter the differential

equation which forces one to work out the solution “tile by tile” as discussed in the

Mathematica notebook, a challenging and in the end impractical task. We choose

instead to solve the delay PDE numerically by adapting the finite-difference-time-

domain (FDTD) method [233, 234], which we discuss in the next section. Note that

the effectiveness of our code is crucially underpinned by the knowledge of the exact

solution for x < −a discussed above.
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2.4.5 Finite-difference time-domain

The finite-difference time-domain (FDTD) method is widely used by engineers, es-

pecially those designing antennas, doing computational electrodynamics, studying

plasmonics, etc. Below we briefly discuss how FDTD works, and refer interested

readers to Refs. [233, 234] for the details.

Like most of differential-equation solving methods, FDTD discretizes the space-

time, and different discretizations have different pros and cons. For simplicity we

choose a square lattice, and note in passing that in real FDTD applications the Yee

lattice is more common, as the conservation laws of EM fields are trivially true on

the Yee lattice. Let’s set the ratio of the spatial step ∆x to the temporal step ∆t

equal to the speed of light c = 1 so that ∆t = ∆x = ∆. (In FDTD, ∆x/∆t ≥ c is

called the Courant condition and is held when the algorithm is stable. See Appendix

B for a simplified discussion on stability.)

We next express every term in Eq. (2.142) using finite differences. We use the

“leapfrog” prescription that has O(∆2) accuracy [223]:

∂f(x+∆/2, t+∆/2)

∂t
≈ 1

∆

(
f(x, t+∆) + f(x+∆, t+∆)

2
− f(x, t) + f(x+∆, t)

2

)
(2.148)

∂f(x+∆/2, t+∆/2)

∂x
≈ 1

∆

(
f(x+∆, t+∆) + f(x+∆, t)

2
− f(x, t) + f(x, t+∆)

2

)
(2.149)

f(x+∆/2, t+∆/2) ≈ 1

4

(
f(x+∆, t+∆) + f(x+∆, t) + f(x, t+∆) + f(x, t)

)
(2.150)

In the code we call Eq. (2.150) a “square,” because the value at the center of a square

is approximated using the values at its four corners. These discretization rules apply

to the terms in the first line of Eq. (2.142) so that given the values at three corners,

the value at the top right corner of a square can be solved. As for those terms in the
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Figure 2.7: The schematic of the spacetime layout used in FDTD. Note that the
lines x = ±a = ±(nx/2)∆ locate in the blue region if nx ≤ 2Nx, and that x = −a is
at the center of the grid.

second and the third lines of Eq. (2.142), hereafter referred to as the source terms

[229], we need a different representation:

f(x+∆/2, t) ≈ 1

2

(
f(x, t) + f(x+∆, t)

)
, (2.151)

which is referred to as a “bar” in the code. The reason for using bars over squares

will become clear shortly.

Now we have everything we need to discretize Eq. (2.142). For putting the prob-

lem on a computer, we also need to draw a “box” as we cannot indefinitely walk

through the entire spacetime. As a result, we need to specify 4 parameters to define

the box geometry: Nx, Ny, nx, and Delta. The corresponding layout is shown in

Fig. 2.7. Note that (a) the initial condition is given on the line t = 0 (the purple

strip); (b) the boundary condition is given for not just one line, as needed for solving
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Figure 2.8: An example of calculating ψ(x, t) for the circled point on the square
lattice. The slant lines represent light cones extended from the coupling points at
x = ±a. nx is chosen to be 4 for illustrative purposes, and the black cross denotes
the Taylor-expansion point. The other colored points contribute to the point to be
solved [each color corresponds to a term in Eq. (2.142)].

ordinary (space-local and time-local) PDEs, but for a wide area (the green region)

because of the delay and source terms; (c) to reach x ≥ +a and to make the layout

well-defined, we need nx to be an integer multiple of 2 and nx ≤ 2Nx; (d) the step

size ∆ can be given arbitrarily, as the wave equation is scale invariant [235] and thus

what matters is the ration ∆/λ, not ∆ alone.

It is illustrative to see how the FDTD solves Eq. (2.142). Fig. 2.8 shows a snapshot

of the space-then-time marching strategy. Each term in Eq. (2.142) has a different

color for easy identification, and we use all previously solved values to solve for the

top-right corner of the blue square, which is circled in red. Note that there are four

colors that each has only two points (the “bars”), because when we Taylor-expand

at the black cross, those terms are expanded at the center of the two points.

Furthermore, from Fig. 2.8 one can appreciate the fact that in general the system

is highly non-Markovian, since solving the wavefunction at certain time needs to
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look up the system’s memory (solved values at earlier times); that is, the quantum

system has a dependence on its past history. In terms of programming, this brings

in a heavy burden because one can no longer discard values at earlier times, as

typically done in solving ordinary PDEs. Instead, one needs to keep all grid points

in the memory, so the hardware constraints are an important factor. For example,

as we are solving a complex wavefunction, depending on the grid size it can be very

memory-consuming (each grid point stores a complex double number and thus takes

16 bytes) and storage-consuming (the wavefunction is written to a plain txt when

the calculation is done).

Currently the FDTD program can solve three classes of problems, and for each

class the boundary condition (green in Fig. 2.7) is given by known analytical expres-

sions.

(a) Stimulated emission: a single-photon exponential wavepacket is sent in, with

the 2LS initially excited, so ψ(x, 0) = φ(x) and χ(x1, x2, 0) = 0. This class of

problems is discussed in the previous section [cf. the discussion for Eq. (2.147)].

Therefore, we need to supply four more parameters that are physics-related:

k, w0, gamma, and alpha, and for this case the program needs 8 mandatory

parameters in total.

(b) Weak coherent driving: the incoming photons are described by continuous plane

wave, χ(x1, x2, 0) = A2 exp[ik(x1 + x2)]θ(−a − x1)θ(−a − x2), and the initial

condition for ψ is simply ψ(x, 0) = 0 (the 2LS is initially in its ground state).

Same as the Green’s function method, this setup corresponds a weak coherent

driving. In x < −a, the solution to Eq. (2.142) is

ψ(x, t) =
√
2Aeik(x−t)e0(t), (2.152)

where e0(t) is the 2LS wavefunction, solved in the one-excitation sector assum-
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ing e0(0) = 0 and ϕ(x, 0) = Aeik(x+a)θ(−a− x),

e0(t) =
i
√

Γ
2
A(e−ikt − e−(iω0+Γ/2)t)

k − ω0 + iΓ/2

− A
∞∑
n=1

(
Γ
2

)n−1/2
n!pn+1

[
pn+1(t− 2na)ne−(iω0+Γ/2)(t−2na)

+ in(k − ω0)γ(n+ 1,−ip(t− 2na))e−ik(t−2na)
]
θ(t− 2na), (2.153)

where p = k − ω0 + iΓ/2.7 We note that evaluating the incomplete Gamma

function γ(n, z) on the complex plane is in general a non-trivial task; see the

discussion in Appendix C. Finally, we note that A = 1 is set in the program

for convenience, and its physical meaning is discussed in Appendix D.

(c) Two-photon wavepacket: The photon-atom bound state in principle can happen

when more than two photons are sent into the system, and result in significant

portion of the photons trapped around the qubit. To explore the existence

of such a bound state, it is necessary to solve the wavefunctions in the two-

excitation sector. The corresponding initial conditions are ψ(x, 0) = 0 and

χ(x1, x2, 0) =
A√
2
[φ1(x1)φ2(x2) + φ1(x2)φ2(x1)] , (2.154)

where A is the normalization constant such that
∫∫

dx1dx2|χ(x1, x2, 0)|2 = 1

and φi(x) is the i-th wavepacket. We assume both φ1 and φ2 are exponential

wavepackets,

φi(x) = i
√
αiΓe

i(ki−iαiΓ/2)(x+a)θ(−x− a), (2.155)

and the normalization constant can be chosen to be positive without loss of

7To translate to Eq. (2.138), the dictionary is A→ i
√
αΓ and k → k − iαΓ/2. In other words,

the solution e0(t) here corresponds to the zero-width limit.
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generality:

A =

√
4(k1 − k2)2 + (α1 + α2)2Γ2

4(k1 − k2)2 + (α1 + α2)2Γ2 + 4α1α2Γ2
. (2.156)

Following our standard procedure, we first solve for ψ(x < −a, t) and then plug

it into the FDTD code to solve in the region x > −a. We find that the solution

is given by

ψ(x < −a, t) = A
[
φ1(x− t)e(2)0 (t) + φ2(x− t)e(1)0 (t)

]
, (2.157)

where e(i)0 (t) is given by Eq. (2.138); that is, it is the qubit wavefunction in

the one-excitation sector, solved subject to e(0) = 0 and ϕ(x, 0) = φi(x). Note

that when the two photons are identical, φ1 = φ2 = φ, the expression above

reduces to the known form: ψ(x < −a, t) =
√
2φ(x− t)e0(t).

One could easily tweak the code to accept other kinds of initial conditions, but

the strategy for solving Eq. (2.142) remains the same for all possible scenarios. It

is important to note that if we cannot provide analytical solutions in x < −a as

the boundary condition, we cannot solve Eq. (2.142) numerically. But we do not

need to know more either — the constraint nx ≤ 2Nx guarantees that knowing the

wavefunction in x < −a is sufficient, as it makes the line x = −a lie outside of the

green region in Fig. 2.7 so that the boundary condition is completely determined.

To show the validity of the FDTD calculation, we may construct the two-photon

wavefunction χ using the calculated ψ according to the formal solution of χ(x1, x2, t),

Eq. (2.141), and compare with the (steady-state) result from the Green’s function

method. The coordinates x1 and x2 should be chosen as x1,2 ≥ +a for capturing

the outgoing fields. In the program, χ is calculated by setting x1 = a + ∆ and

x2 = a + ∆ + τ, with τ = x2 − x1 being the separation of the two detectors. The

results are shown in Fig. 2.9. The agreement is quite well even in the non-Markovian
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Figure 2.9: Comparison of calculated two-photon wavefunction |χ|2 (red dots) as
a function of photon separation τ in the long-time limit for k = ω0 and k0a =
10.5π (left), k0a = 20.5π (right). The blue dots are from the numerical Green’s
function method (Sec. 2.2), and the vertical lines indicate t = 2a, the time at which
a discontinuity appears due to the mirror. Input parameters: Nx = 104, Ny =
5× 104,∆ = 10−2, k = ω0 = 2π,Γ = π/50.

regime (Γa/c > 1). Because evaluating Eq. (2.141) requires the full history of ψ, it is

clear the program is valid for all regions in the spacetime. More validations for our

FDTD program are discussed in Ref. [230], and the results generated by the program

are presented in Chapters 3 and 6.

2.5 Other approaches

To conclude this chapter, here I briefly review a few other approaches that can

be applied to study the wQED systems. Limited by space and time, I certainly

cannot provide an exhaustive list, and interested readers are encouraged to trace the

literature of this thesis and the wQED reviews [27, 28, 65].

- Wavefunction matching — It is possible to construct the scattering wavefunc-

tion for arbitrary photons (denoted M) plus single quantum system (such as

2LS [102], 3LS [109], etc.) by requiring the incident wave to be plane wave and

imposing the boundary conditions. It is particularly clear from this approach

that the scattered state consists of 2-, 3-, . . . ,M -photon bound states, which

is a generalization of Eq. (2.22). However, it is not clear how to include more
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than one emitter if the emitters are spatially separated.

- Field theory — The re-summation discussed in Sec. 2.2 can be performed al-

ternatively using standard Feynman-diagram techniques. An exact solution

for two photons plus two 2LS was reported in Ref. [150]. Two interesting

points are worth noting: (i) the Markovian approximation for this particular

case corresponds to the non-crossing approximation (NCA) in the field-theory

language; (ii) an inhomogeneous Fredholm integral equation emerges as well.

This technique is later applied to arbitrary photons and one 2LS, and an exact

calculation is performed to obtain the power spectrum, full counting statistics,

etc [125]. However, the calculation is way too involved to be useful in general

cases. Recently, similar diagrammatic expansions have also been applied to

waveguides with nonlinear dispersion, but only perturbatively for multi-photon

scattering [169, 170].

- Input-output formalism for a few photons — As discussed earlier, the input-

output theory usually requires the environment to be initialized in the vacuum

state, a coherent state, or a thermal state. In 2015, two groups independently

pointed out [126, 156] that it can also start in the few-photon state, and that

in this context the input-output relation can be employed to construct the S-

matrix. Later, Shi and his collaborators generalized this formalism [155] so

that the Markovian approximation is not needed, and the result is a time non-

local action, which was used to solve for the scattering eigenstate for a single

2LS in a semi-infinite waveguide as well as two 2LS in an infinite waveguide,

with non-negligible atom-mirror (or atom-atom) separation.

- Quantum jumps — The quantum-jump approach [236] is very useful for numer-

ically studying quantum-optical systems governed by a Lindblad ME (1.15).
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At each time step, the system state |ψ(t)⟩ either randomly jumps to a new

state ∝ Lν |ψ(t)⟩, or evolves according to the effective Hamiltonian Heff =

HQS− i
∑

ν γνL
†
νLν/2. Averaging over all trajectories, the reduced density ma-

trix ρ and thus all physical observables for every time step can be obtained.

Very recently, the quantum-jump approach has been applied to multi-qubit

wQED systems in the Markovian regime, and interesting photon statistics is

explored [174].

- DMRG/MPS — Finally, the density matrix renormalization group (DMRG)

method in the matrix-product-state (MPS) representation is by far the most

powerful numerical method for studying 1D physics [237, 238]. In this ap-

proach, the entire system is partitioned into two parts, and one of them is

regarded as the environment of another. Then, the reduced density matrix ρ

is obtained, from which the relevant low-energy physics can be extracted by

projecting the Hamiltonian onto the most important eigenstates of ρ, hence the

name. This procedure is iterated for each site of the system until the conver-

gence is reached. DMRG and its time-dependent extensions have been applied

to wQED systems to study ultrastrong coupling physics [117, 124, 151] and

non-Markovian dynamics [35, 184, 185].
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3

Waveguide QED: Power Spectra and Correlations
of Two Photons Scattered Off Multiple Distant

Qubits and a Mirror

Summary1 — We study two-level systems (2LS) coupled at different points to a

one-dimensional waveguide in which one end is open and the other is either open

(infinite waveguide) or closed by a mirror (semi-infinite). Upon injection of two

photons (corresponding to weak coherent driving), the resonance fluorescence and

photon correlations are shaped by the effective qubit transition frequencies and decay

rates, which are substantially modified by interference effects. In contrast to the well-

known result in an infinite waveguide, photons reflected by a single 2LS coupled to a

semi-infinite waveguide are initially bunched, a result that can be simply explained by

stimulated emission. As the number of 2LS increases (up to 10 are considered here),

rapid oscillations build up in the correlations that persist for a very long time. For

instance, when the incoming photons are slightly detuned, the transmitted photons

1Part of the text in this chapter is adapted from Y.-L. L. Fang, H. Zheng and H. U. Baranger,
EPJ Quantum Technology 1, 3 (2014), and Y.-L. L. Fang and H. U. Baranger, Phys. Rev. A 91,
053845 (2015); ibid. 96, 059904(E) (2017).
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in the infinite waveguide are highly antibunched. On the other hand, upon resonant

driving, incoherently reflected photons are mostly distributed within the photonic

band gap and several sharp side peaks. These features depend sensitively on the

frequency and qubit-qubit separation L, and can be explained by considering the

poles of the single particle Green function in the Markovian regime combined with

the time delay. Our calculation is not restricted to the Markovian regime, though,

and we obtain several fully non-Markovian results. We show that a single 2LS in a

semi-infinite waveguide is decoupled by placing it at the node of the photonic field

such that g2 reaches to 1 asymptotically. Our results illustrate the complexities that

ensue when several qubits are strongly coupled to a bus (the waveguide) as might

happen in quantum information processing, and the non-classical properties of light

that we discussed can be readily explored in several experimental systems.

3.1 Introduction

x1 x2 xN
aL

0

V

!0

V

!0

V

!0

Figure 3.1: Schematic of the waveguide-QED system, in which equally separated,
identical 2LS are coupled to a semi-infinite waveguide with one open end and another
closed at x = 0. For an infinite waveguide with two open ends, the 2LS are instead
placed symmetrically with respect to x = 0 to simplify the calculation.

In this chapter, we consider N identical, equally-separated two-level systems

(2LS) strongly coupled to an infinite or semi-infinite waveguide, as sketched in

Fig. 3.1 (the infinite waveguide has two open ends while the semi-infinite is closed by

a perfect reflector on one end). Most of the results are obtained using the Markovian
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approximation, which is checked by a full non-Markovian calculation in a few cases.

It has been known since the introduction of the Dicke model [239] that interaction

among the multiple 2LS can be induced through their coupling to bosonic modes,

leading to sub- and super-readiance. In 1D waveguides in particular, recent theoret-

ical [149] and experimental [58] studies of the power spectrum of two qubits coupled

to an infinite waveguide clearly show that the qubit-qubit separation L modulates the

effective resonant frequencies and decay rates, resulting in sub- and super-radiance.

While it seems natural, then, to explore situations with many qubits, in fact discus-

sion beyond two-qubit systems is limited in the literature [136, 144, 148, 151, 154].

Using the Lippmann-Schwinger equation, we show analytically that in the Markovian

regime the collective behavior is encoded in the simple poles of the Green function.

These poles reveal themselves in various measurable quantities such as the trans-

mission spectrum, time delay τ, power spectrum S(ω) (resonance fluorescence), and

two-photon correlation functions g2(t) (second-order coherence). The Markovian ap-

proximation reduces the number of poles from infinity to N [146] and so renders

the problem tractable. Throughout the chapter, we highlight a number of common

features of our results, such as rapidly oscillating two-photon correlations that per-

sist for a long time, and the concentration of the reflected fluorescence within the

photonic band gap along with sharp side peaks.

We point out an intriguing difference between the infinite and semi-infinite waveg-

uides: while a single qubit coupled to the former can only reflect one photon at a

time, giving rise to initial anti-bunching [14, 95, 208], when coupled to the latter it

instead bunches the reflected photons. This can be explained simply by the stim-

ulated emission. Another effect in a semi-infinite waveguide is the possibility of

decoupling the waveguide from the 2LS by placing it at a node of the single-photon

wavefunction, as studied theoretically [179] and experimentally verified using super-

conducting qubits [61] (both in the Markovian regime). Using the finite-difference
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time-domain method (FDTD, see Sec. 2.4.5), we show that this decoupling effect

also exists in the non-Markovian regime (large qubit-mirror separation), which gives

g2(t) = 1 for all time t at the post-scattering stage. These two-photon features,

to the best of our knowledge not addressed by previous 1D studies [175–179, 181–

183] which mainly concern single-excitation properties, should be readily measurable

using existing experimental technology.

With the technical details given in Chapter 2, the rest of this chapter is organized

as follows: We first devote Sec. 3.2 to discussing the power spectrum of two photons

scattering off multiple distant qubits coupled to an infinite waveguide using the

Green’s function method. Since the power spectrum is a “first-order” quantity, one

expects it to be easier to calculate and measure. In Sec. 3.3 we then move on to results

for the second-order photon correlation g2(t). To explain the long-time behavior of

g2, we introduce the concept of time delay in Sec. 3.4. In Sec. 3.5 and 3.6, we turn

to the discussion of power spectra and correlations for the semi-infinite waveguide,

and discuss the non-Markovian features in this system.

3.2 Multiple Qubits in an Infinite Waveguide: Power Spectra

Our starting point is the standard Hamiltonian for wQED systems [cf. Eq. (1.1)],

H = ω0

N∑
i=1

σi+σi− − i
∞∫

−∞

dx

[
a†R(x)

d

dx
aR(x)− a†L(x)

d

dx
aL(x)

]

+
N∑
i=1

∑
α=L,R

V

∞∫
−∞

dx δ(x− xi)
[
a†α(x)σi− + σi+aα(x)

]
. (3.1)

The decay rate for each qubit (to the waveguide) is Γ ≡ 2V 2. Throughout this

chapter we focus on the lossless limit, Γ′ = 0, but loss could be simply introduced

by tracing out an auxiliary waveguide or modifying the S-matrix elements [119, 179,

240].
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We calculate physical quantities by using the two-photon scattering wavefunction

|ψ2⟩ ≡ |ψ2(k1, k2)⟩RR for two incoming right-going photons (RR) with momenta

k1 and k2, which can be obtained with the Green’s function method as explained

in Sec. 2.2. Throughout this work we focus solely on identical incident photons:

k1 = k2 = E/2 where E is the total input energy.

The first physical quantity we consider is the power spectrum or resonance fluo-

rescence, which is simply the Fourier transform of the first-order coherence,

Sα(ω) =

∫
dt e−iωt⟨ψ2|a†α(x0)aα(x0 + t)|ψ2⟩, (3.2)

where x0 denotes the detector position (or equivalently, time) far away from the

scattering region. As discussed in Chapter 1, after combining all pieces together the

resulting power spectrum can be divided into two parts,

Sα(ω) = Scoherent
α (ω) + Sincoherent

α (ω), (3.3)

where the former contains terms proportional to δ(0)δ(ω − E/2) because delta-

normalized plane waves are used, and the latter is finite (but becomes zero if the

two-photon bound state were absent; for more discussion see Chapter 2). Since the

total incoherent/inelastic power spectrum is the sum of right- and left-going inco-

herent power spectra,

Sincoherent(ω) = Sincoherent
R (ω) + Sincoherent

L (ω), (3.4)

one can normalize Sincoherent
α (ω) in terms of the incoherently scattered photon “flux”

F incoherent(k) =

∫
dω Sincoherent(ω), (3.5)

where the appearance of the argument k = E/2 is to remind ourselves that the

flux depends on the incident frequency. In this chapter we omit the superscript
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Figure 3.2: Single-photon transmission spectra near the qubit resonant frequency
(ω0=100Γ) for N = 1, 2 and 3 qubits in an infinite waveguide.

“incoherent” for simplicity and focus on the inelastic power spectra normalized by

F so that shapes and features can be readily compared. Furthermore, both on- and

off-resonance cases are studied. In the off-resonant case, for a fair comparison of

systems in which the number of qubits is different, we choose the incident frequency

such that (i) the single-photon transmission probability T is fixed to 50% in each

case (but the frequencies can be different for different N), and (ii) it is the closest

such frequency to the bare qubit frequency ω0, so that g2(0) is the largest. Because

we mostly focus on cases with small separation, k0L ≤ π/2 (so L ≤ λ0/4 with the

wavelength λ0 = 2πc/ω0), this choice leads to red-detuned incident frequencies, as

can be seen in Fig. 3.2 for the cases with one, two, and three qubits.

In interpreting the results, it will be useful to refer to the poles of the system,

by which we mean the zeros of the denominator of the single-photon transmission

or reflection amplitudes t(k) or r(k).2 Denote the poles by z̃i = ω̃i − iΓ̃i/2 with

2In contrast to Ref. [136], we find that it is not always true that the denominator of ei(k) gives
N poles for all i = 1, · · · , N . For instance, with N = 5 the wavefunction of the central qubit e3(k)
has only 3 poles. Therefore, it is safer to look at the transmission or reflection amplitudes, t(k) or
r(k)
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i = 1, 2, · · · , N (the factor of one half is in accordance with the definition of the

decay rate Γ); then, the denominator of t(k) and r(k) can be written as a polynomial

of degree N , (k − z̃1)(k − z̃2) · · · (k − z̃N). We will see that this indeed gives us the

effective qubit frequency and decay rate, as implied by the notation. In special cases

the poles may be symmetrically arranged with respect to the ω = ω0 line. This

happens when k0L = π/2 because a wavefunction that is even about the middle

of the interval between two adjacent qubits has the same magnitude at the site of

those qubits as a wavefunction that is odd. For other values of k0L, the amplitude

in these two cases is different, leading to an asymmetrical situation in which there

are superradiant and subradiant modes.

The power spectra with qubit-qubit separation k0L = π/2 are presented in

Fig. 3.3. As the point of comparison, the result for the N = 1 case can be de-

rived exactly and is given by

SR(ω) = SL(ω) =
Γ4/(4π2)

[(E − ω0 − ω)2 + Γ2/4] [(E/2− ω0)2 + Γ2/4] [(ω − ω0)2 + Γ2/4]
.

(3.6)

Furthermore, the total inelastic flux F (k) =
∑

α

∫
dω Sα(ω) is shown in Fig. 1.4(b),

which has a double-Lorentzian shape peaked at k = ω0 with width Γ. In general,

when the system is driven resonantly (E/2 = ω0) and the pole distribution is symmet-

ric with respect to ω0 (see Fig. 3.10 for a representative plot), both the transmitted

and reflected power spectra are symmetric. In contrast, when the system is driven

off-resonantly, neither the transmission nor the reflection fluorescence is symmetric.

However, the total fluorescence (transmission + reflection) is still symmetric with

respect to the incident frequency, indicating the conservation of energy and serving

as a validity check on our calculation. In addition, thanks to the symmetric pole dis-

tribution for k0L = π/2, the fluorescence when the incident photons are blue-detuned

can be simply obtained by mirroring the red-detuned fluorescence with respect to ω0
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Figure 3.3: Normalized power spectra (resonance fluorescence) of multiple qubits
(from top to bottom: N = 1, 2, 3, 5, 10) coupled to the infinite waveguide with k0L =
π/2 (separation L = λ0/4). For the first column, the incoming photons are on
resonance, E/2 = ω0 = 100Γ; for the second column the frequency is chosen such
that the single photon transmission is 50% in each case. The total fluorescence
(black solid line) is broken down into the reflected (blue dashed) and transmitted
(red dotted) components. The vertical lines indicate the real part of the poles. For
N = 10 in the off-resonant case [panel (j)], the height of the central peak goes up
to ∼ 60, which is not shown for better visibility. The frequencies used in the second
column are E/2Γ = {99.5, 99.29, 99.34, 99.43, 99.48} (from top to bottom).4
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(data not shown).

With regard to the dependence on the number of qubits, the main feature of

the power spectra with resonant driving is that the photonic band gap develops,

resulting in the decrease (increase) of transmission (reflection) fluorescence within

the photonic band gap. In addition, many sharp side peaks appear around the

photonic band gap, whose positions are roughly labeled by the real parts of the poles

{ω̃i}. Since in general for large N the poles closer to ω0 have smaller decay rates, we

find that both the peak position and peak width could be explained by inspecting the

poles’ real parts {ω̃i} and imaginary parts {Γ̃i}, respectively. Finally, our two-qubit

S(ω) agrees with the result obtained from input-output theory with weak coherent

driving,5 revealing the fact that two-photon scattering is the dominant process for

weak driving (see the discussion in Sec. 2.3.2).

Furthermore, with slightly off-resonant driving the power spectra become sharply

peaked. These sharp peaks reveal the existence of sub-radiant poles (with Γ̃ < Γ).

Taking the N = 10 case as example [Fig. 3.3(j)], since the driving frequency is

very close to the pole with the smallest Γ̃, that pole is highly excited and gives rise

to the central peak with a very small width. The smaller peak on the right has

the same Γ̃ as the central peak and hence is visible too. Energy conservation then

requires the smaller peak on the left to pop up as well. Thus, the fact that the poles

largely determine the peak position and width is more transparent in the off-resonant

cases, at least for those sub-radiant poles. We note that in any case transmission

fluorescence is suppressed within the photonic band gap as expected.

Next, we consider a smaller separation between the qubits, k0L = π/4, see

Fig. 3.4. For the resonant cases, the main difference from the previous geometry
4Though we give the incoming photon frequencies with an accuracy of 0.01Γ in Figs. 3.3 and

3.4, considerably greater precision is needed in doing the calculation because of extreme sensitivity
to the driving frequency as N increases.

5See Ref. [149]; in making a comparison, note that our definition of total fluorescence is different
from theirs (private communication with K. Lalumière and A. Blais).
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Figure 3.4: Normalized power spectra (resonance fluorescence) of multiple qubits
(from top to bottom: N = 2, 3, 5, 10) coupled to the infinite waveguide with separa-
tion k0L = π/4 (L = λ0/8). The incoming photon frequency is E/2 = ω0 = 100Γ
for the first column (on resonance) and is chosen such that T = 50% for the second
column. The total fluorescence (black solid line) is broken down into the reflected
(blue dashed) and transmitted (red dotted) components. The vertical lines indi-
cate the real part of the poles. The frequencies used in the second column are
E/2Γ = {99.66, 99.73, 99.77, 99.78} (from top to bottom).4

k0L = π/2 is that the large reflection fluorescence around ω0 is reduced. Although

it is still true that the reflection fluorescence is higher than the transmission fluores-

cence, the shape of the photonic band gap is different (red-detuned side is sharper

than the blue-detuned side, connected to the asymmetric distribution of poles) mak-

ing distinct peaks around {ω̃i} more visible. Energy conservation implies, as before,

that the total power spectrum is symmetric with respect to ω0. The off-resonant
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sequence shows similar behavior to the k0L = π/2 case, with one minor difference

that the blue-detuned power spectra are different from the red-detuned spectra. In

general the blue-detuned ones are much smoother because poles on the blue-detuned

side (ω̃i > ω0) have larger decay rate Γ̃ (not shown).

3.3 Multiple Qubits in an Infinite Waveguide: Photon Correlations

We now use the two-photon wavefunction |ψ2⟩ to calculate the second-order photon

correlation function g2(t) (second order coherence). Such a construction is possible

because in the Schrödinger picture g2(t) can be written as

g2(t) =
⟨ψ|a†α(x)a

†
α′(x+ ct)aα′(x+ ct)aα(x)|ψ⟩

⟨ψ|a†α(x)aα(x)|ψ⟩⟨ψ|a†α′(x+ ct)aα′(x+ ct)|ψ⟩

≈ |αα′⟨x, x+ ct|ψ2(k1, k2)⟩R,R|2

|α⟨x|ϕ1(k1)⟩R|2 |α′⟨x+ ct|ϕ1(k2)⟩R|2
, (3.7)

where |ψ⟩ is the asymptotic output state and α = α′ = R for transmitted pho-

tons or α = α′ = L for reflected photons. The first equality is based on the fact

that for a non-dispersive photonic field operator in the Heisenberg picture, it sat-

isfies a†(x, t) = a†(x − ct). The second equality holds if a weak incident coherent

state (mean photon number n̄ ≪ 1) with right-going photons is assumed—as is ap-

propriate for comparison with an eventual experiment—such that we consider only

two-photon states in the numerator and one-photon states in the denominator. The

justification for the latter is twofold: (i) In the numerator, the 0- and 1- photon states

are eliminated by the annihilation operators, leaving the 2-photon sector untouched

which, then, can be described by α,α′⟨x, x+ct|ψ2(k1, k2)⟩R,R. (ii) In the denominator,

the probability of having only one photon is much larger then having two, so that

the factors |R,R⟨ψ2(k1, k2)|a†α(x)aα(x)|ψ2(k1, k2)⟩R,R|2 can be replaced by the single

photon eigenstate |α⟨x|ϕ1(k1)⟩R|2 given that k1=k2=E/2 (i.e. two identical incident

photons). We are thus lead to an explicit expression for the photon-photon correla-
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tions in terms of the 1- and 2- photon states found using the Green’s function method

discussed in Section 2.2. In general, with the Markovian approximation the analytic

expressions are lengthy, so we just give a few representative results in Appendix E.
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Figure 3.5: Reflection g2 of multiple qubits (from left to right: N = 1, 2, 3, 5, 10)
coupled to an infinite waveguide with separation k0L = π/2 (first row) and π/4
(second row). The two incoming photons are on resonance (E/2 = ω0 = 100Γ). This
comparison shows that the limitation g2(0) = 0 for single 2LS is removed by adding
more 2LS, and that a chain of few 2LS can cause long-time beating.

We first investigate the cases with resonant driving and k0L = π/2 or π/4 in

Fig. 3.5. Although the emergence of the two-photon bound state increases the prob-

ability for two photons to be transmitted [102], the Green’s function method in which

an incoming plane-wave state is used gives an infinitesimally small correction from

the two-photon transmission at the resonant frequency (see Sec. 2.2.3). Therefore,

for simplicity we can ignore the transmission g2 and focus on reflection g2 for the

resonant cases.

It is well-known that a single 2LS cannot emit two photons at once because it can

absorb only one photon at a time, so in the reflection channel g2(0) = 0 for N = 1

[14, 95, 208]. In contrast, we can see from Fig. 3.5 that adding more 2LS lifts this

limitation and allows g2(0) to be non-zero. The reason is that when one photon is
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trapped within the first 2LS, the other has a small chance to propagate to and be

reflected by the next 2LS, which in turn can cause the stimulated emission of the

first photon. Thus, the probability of two photons coming out together is not fully

suppressed, a scenario that is even more dramatic for the semi-infinite waveguide

treated below.

Secondly, note how oscillations build up and persist for a long time as N increases.

We find that the frequency of long-time oscillations matches the difference between

the incoming photon frequency E/2 = ω0 (the resonant frequency) and ω̃i, the real

part of the pole with the smallest decay rate Γ̃i. Since the pole with the smallest

decay rate occurs near the edge of the photonic band gap while the resonant frequency

is near the middle of the gap, this low frequency scale should be ω ∼ 0.5Γ which is

indeed what we observe. This makes sense since poles with larger decay rates have

much less contribution to g2 at long time. In other words, we see the beating between

the most sub-radiant pole and the driving frequency.

We next discuss g2 in the off-resonant cases, and compare first the one, two, and

three qubit cases (N=1, 2, or 3), followed by the many-qubit cases (N = 5 and 10).

The results for a single qubit, shown in Fig. 3.6 panels (a) and (d), provide a point

of comparison for the two and three qubit cases discussed below. Again, we focus

on k0L= π/4 and π/2, and choose T = 50%. We see that for our chosen detuning

such that T =50%, the transmitted field shows bunching while the reflected field is

anti-bunched. The correlation decays to its classical value (namely, 1) quickly and

with little structure. For this reason the single value g2(0) is a good indication of

the nature of the correlations overall. Note that in panel (d), g2(0) = 0 due to the

inability of a single excited qubit to release two photons at the same time.

For N = 2 or 3, we start by considering the case k0L = π/2, in which case the

qubits are separated by λ0/4; the results are shown in Fig. 3.6. The presence of

quantum beats coming from interference among the partial waves scattered by the
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Figure 3.6: Second-order correlation function, g2(t), calculated with a weak in-
cident coherent state for spacing k0L= π/2. First row is for transmitted photons,
second row for reflected photons. The columns correspond to N =1, 2, or 3 qubits
coupled to the waveguide. The photon frequency is chosen so that T = 50%. The
result for uncorrelated photons, g2 =1, is marked (dashed line) for comparison. In
the three qubit case, note the strong bunching in transmission [panel (c)] and striking
quantum beats in reflection [panel (f)].

qubits is clear, especially for three qubits. In the transmitted wave, photon bunching

is considerably enhanced in magnitude and extends for a longer time (compared to

a single qubit). In reflection, g2(t) develops a striking oscillation between strongly

bunched and anti-bunched [panel (f)]. Such behavior in g2 suggests that the photons

become organized periodically in time and space.

Turning now to the case k0L=π/4, we see in Fig. 3.7 that the behavior is com-

pletely different. First, the quantum beats largely disappear in both transmission

and reflection. Instead, for N = 3 we see that both the reflected and transmitted

photons are initially bunched, in the reflected case quite strongly bunched. The

initial bunching is followed in both cases by anti-bunching. This anti-bunching is

dramatic for the transmitted photons: strong anti-bunching persists for a time inter-
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Figure 3.7: Second-order correlation function, g2(t), calculated with a weak in-
cident coherent state for spacing k0L= π/4. First row is for transmitted photons,
second row for reflected photons. The columns correspond to N =1, 2, or 3 qubits
coupled to the waveguide. The photon frequency is chosen so that T = 50%. The
result for uncorrelated photons, g2 =1, is marked (dashed line) for comparison. In
the three qubit case, note the strong bunching in reflection [panel (f)] and long anti-
bunching interval after the initial bunching in transmission [panel (c)].

val of several tens of Γ−1 (the natural unit of time in our problem). Initial bunching

followed by a long interval of anti-bunching suggests that the photons are organized

into bursts.

The different behavior for k0L = π/4 compared to k0L = π/2 can be traced to

a difference in the structure of the poles of the single photon Green function. For

instance in the N=2 cases, in the Markovian regime the poles are [cf. Eq. (E.1)]

z̃1,2 = ω̃1,2 − i
Γ̃1,2

2
=

(
ω0 ±

Γ

2
sin(k0L)

)
− iΓ

2
(1± cos(k0L)) . (3.8)

Therefore, for k0L=π/2 there are two dominant poles that have the same decay rate

but different real frequencies, leading to maximum interference effects between those

two processes. In contrast, for k0L=π/4, the poles have very different decay rates;
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the one decaying most rapidly yields the sharp initial bunching, while the one with

the slowest decay produces the long time anti-bunching.
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Figure 3.8: In the off-resonant case, g2 of multiple qubits (left: N = 5; right:
N = 10) coupled to an infinite waveguide with separation k0L = π/2. The first
row is for two transmitted photons and the second for two reflected ones. The gray,
dashed line is the N = 1 result serving as a reference. The solid curve is calculated
using the Markovian approximation while the full non-Markovian result is given by
the dots. The frequency of the incoming photons is chosen such that T = 50%, and
the qubit frequency is ω0 = 100Γ.

Now, we proceed further to N = 5 and 10. For k0L = π/2, they are shown in

Fig. 3.8. As shown earlier, for k0L = π/2 and N = 3 the transmission g2 has a large

initial bunching (g2 > 1), while the reflection g2 oscillates around the uncorrelated

value 1. It is striking that as N increases, the transmission correlations show anti-

bunching (g2 < 1) over a very long time, and the initial bunching is even diminished

in the N = 10 case. The reflection g2 continues to show a great deal of oscillation

but in addition becomes highly bunched (g2 > 1). The oscillation can be explained,

as in the resonant case, by the beating between the most sub-radiant poles and the

driving.

We checked these results that use the Markovian approximation against fully

non-Markovian numerical results in a few cases. One of them is shown in Fig. 3.8(d).

The agreement between the two calculations (compare dots and solid line) is very
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good, showing that the Markovian approximation is reasonable even for a qubit chain

of moderate size.
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Figure 3.9: In the off-resonant case, g2 of multiple qubits (left: N = 5; right:
N = 10) coupled to an infinite waveguide with separation k0L = π/4. The first
row is for two transmitted photons and the second for two reflected ones. The gray,
dashed line is the N = 1 result serving as a reference. The frequency of the incoming
photons is chosen such that T=50%, and the qubit frequency is ω0 = 100Γ.

For k0L = π/4 and off-resonant photons, the g2 correlation is shown in Fig. 3.9.

As in the N = 3 case, there is sharp initial bunching for both reflection and transmis-

sion. At non-zero t, the reflection g2 shows bunching with irregular oscillation while

the transmission photons become strongly antibunched for a long time with little

oscillation visible. The reason that g2 of k0L = π/4 is very different from k0L = π/2

can be attributed to the highly asymmetric pole distribution. Take the N = 10 case

as an example for which the poles are shown in Fig. 3.10: there are two very close,

sub-radiant poles that can contribute to the beating, and the beating frequency is

small (one order of magnitude smaller than the π/2 case) since we choose the in-

coming frequency to be red-detuned. The complicated interference effects result in

highly nontrivial oscillations. We note that the oscillation is gradually washed out

beyond Γt = 100 (data not shown).

From the above results, g2 is clearly very sensitive to the qubit-qubit separation
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Figure 3.10: Time delay τ (top), single-photon transmission spectrum T = |t(k)|2
(middle), and poles of the transmission amplitude t(k) (bottom) as a function of
frequency. The system consists of 10 qubits coupled to an infinite waveguide with
k0L = π/4 (left column) and k0L = π/2 (right column). For the sake of clarity we
show only the red-detuned side; for k0L = π/2 the poles are symmetric with respect
to the qubit frequency ω0 = 100Γ, while for k0L = π/4 five poles are not shown. The
vertical lines indicate the real parts of the poles. In panel (d) the black squares give
the incident frequencies used in Fig. 3.11, the red dots give those used in Fig. 3.12,
and the dashed line labels T = 50%. The dashed-dotted lines in panels (e) and (f)
label the origin (Γ̃ = 0).

L and the driving frequency (frequency of incoming photons). One may notice,

however, that the resonant cases with π/2 and π/4 (Fig. 3.5) are somewhat more

similar to each other and distinct from the off-resonant cases. Upon inspecting

the polynomials giving rise to the poles for various system configurations, we find

empirically that there is a general relation between the N poles,

1

N

N∑
i=1

z̃i = ω0 −
iΓ

2
; (3.9)

that is, the average or “center of mass” of the poles coincides with the 2LS fre-
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Figure 3.11: g2 of 10 qubits coupled to an infinite waveguide with separation
k0L = π/2. The first (second) row is for two transmitted (reflected) photons. The
driving frequencies are chosen such that T = 50% and are labeled as black squares
on the single-photon transmission spectrum in Fig. 3.10(d). The qubit frequency is
ω0 = 100Γ.

quency and decay rate. This relation is independent of L and therefore provides a

hand-waving explanation: upon resonant driving (E/2 = ω0), the incoming photon

frequency always matches the typical, average frequency of the excitations, leading

to considerable absorption and reemission and and hence correlation.

For the off-resonant case, we have chosen a particular value of the frequency for

which T, the transmission, is 50%. There are, potentially, many such frequencies

for a given system, and so we turn to comparing the behavior at these different

points. As an example, we take the N = 10, k0L = π/2 case. The chosen frequencies

are labeled in Fig. 3.10(d); note that they are progressively further away from the

resonance ω0. The result is shown in Fig. 3.11. It is clear that the behavior is indeed

somewhat different for the five chosen frequencies. We first note that they all oscillate

at roughly the same frequency due to the beating with the most sub-radiant poles.

Secondly, the long-time structure of g2 increases as the detuning becomes smaller,

meaning that when driving very close to the frequency of the most sub-radiant pole
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[about 99.48Γ in this case; see Fig. 3.10(f)], a large time-scale sets in, leading to the

long-time structure in g2. As we shall see below, this is attributed to the large time

delay associated with the most sub-radiant pole.
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Figure 3.12: Transmission g2 of 10 qubits in an infinite waveguide with separation
k0L = π/2. The driving frequencies are chosen such that the single particle trans-
mission is (a) 20%, (b) 50%, and (c) 80% [labeled by red dots in Fig. 3.10(d)], close
to the most sub-radiant pole. The qubit frequency is ω0 = 100Γ.

In fact, if one drives very close to the most sub-radiant pole, the long-time struc-

ture is dramatic. We calculate three such frequencies [labeled in Fig. 3.10(d)] giving

rise to T =20%, 50% (previously used), and 80%, respectively, and present the re-

sult in Fig. 3.12. One can see that the long-time structure with off-resonant driving

persists for more than Γt = 800 (much larger than the time of flight from one end

of the array to the other without any obstacle, which is 9π/200Γ); in contrast, the

time scale of the beating is almost invisible. Moreover, as one goes from T = 20%

to T = 80% (approaching the sub-radiant pole), this long-time scale becomes larger,

as if one “stretches” the g2 curve. In the next section we employ the concept of time

delay to explain this observation.
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3.4 Time Delay

The time delay (also known as the group delay) is a way to measure the time a

wavepacket spends in passing through a scattering potential [241]. For a symmetric

potential both transmitted and reflected wavepackets are characterized by a single

time delay given by τ(k) = dθk/dk in the general case and by

τ(k) =
d

dk

(
θk

∣∣∣∣
eikL→eik0L

)
(3.10)

in the Markovian regime, where θk is the phase of the transmission amplitude t(k).

A typical plot of the frequency dependence of the time delay is shown in Fig. 3.10

for N = 10 with k0L = π/2 and π/4. It is clear that the position and width of the

peaks in the time delay are precisely captured by, respectively, the real part {ω̃i} and

imaginary part {Γ̃i} of the poles. This means that as one approaches the sub-radiant

poles, the time delay is greatly increased. In particular, for the most sub-radiant pole

we find that the time delay τ scales as N3 (fitting not shown), consistent with the

finding by Tsoi & Law that the corresponding Γ̃ scales as N−3 [136]. Therefore, this

feature explains the long-time structure of g2 discussed in the previous section: the

“large time-scale” is contributed by the effective decay rate of the most sub-radiant

pole.

The flat structure of the time delay around ω0 can also be explained. Within the

photonic band gap, single photons are mostly reflected and hence spend much less

time in the qubit array. Remarkably, we find empirically that the time delay at the

resonant frequency is universal,

τ(k = ω0) =
2

Γ
, (3.11)

independent of N or L. This is consistent with the photon simply being reflected by

the first qubit encountered.
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In short, the time delay is responsible for the long-time envelope of g2 and it is

directly connected to the simple poles of the system. In fact, for the off-resonant

behavior in previous sections, our choosing to work at the frequency closest to ω0

that satisfies T = 50% allowed us to take advantage of the associated long time-delay

to examine nontrivial g2 behavior.

3.5 Multiple Qubits in a Semi-Infinite Waveguide: Power Spectra

We now turn to the case of a semi-infinite waveguide and study how the presence

of a mirror (the boundary) changes the response of the system. As in the infinite

waveguide case above, we first focus on the power spectra (fluorescence). Two changes

in the calculation must be made for the semi-infinite case (see Sec. 2.2.2 for details).

First, formally the Hamiltonian Eq. (3.1) remains the same, but the integration

range is modified to be from negative infinity to zero. Accordingly, when solving

for the single-particle eigenstate |ϕ1(k)⟩, a boundary condition tN(k) + rN(k) = 0

has to be imposed. We stress that in contrast to Koshino & Nakamura’s approach

[179], here the boundary condition is imposed at the wavefunction level rather than

the Hamiltonian level, but the results agree exactly. Secondly, as there is only one

incoming and outgoing channel, the summation over the incident direction α =

{R, L} must be dropped. As a result, adding a mirror actually reduces the number

of matrix elements to be calculated. With the qubit-mirror separation defined to

be |xN | = a, the Markovian approximation can be employed straightforwardly by

replacing exp(ika) by exp(ik0a), as done in the infinite waveguide case.

In light of the discussion of the infinite waveguide case, we consider the case

where the qubit-qubit separation (for N > 1) is fixed at k0L = π/2, allowing the

distribution of poles to be symmetric for certain values of a, and the qubit-mirror

separation is varied to see how the mirror modifies the fluorescence. We focus mostly

on the case of one and two qubits, commenting on the N = 10 results only at the end
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of this section. For one or two qubits and k0a = π/2 or π/4, results are presented

in Fig. 3.13 and Fig. 3.14. First, note that since the reflection fluorescence is the

total fluorescence, the spectrum is always symmetric with respect to the incident

frequency E/2. Second, since the single-photon reflection probability is always one,

the way we chose the off-resonant driving frequency for the infinite case is no longer

possible; instead, we have studied properties at fixed detunings.

N=1, k0 a=Π�2HaL

0.0

0.2

0.4

0.6

N=1, k0 a=Π�4HbL

0.0

0.2

0.4

0.6

S
HΩ

L�F

N=2

k0 a=k0 L=Π�2
HcL

0.0

0.2

0.4

0.6

92 94 96 98 100 102 104 106

Ω�G

E�2=100G

E�2=97.5G

E�2=100G

E�2=97.5G E�2=102.5G

E�2=100G

E�2=97.5G

Figure 3.13: Normalized power spectra of one or two qubits coupled to a semi-
infinite waveguide with qubit-qubit separation k0L = π/2 (for N = 2). The qubit-
mirror separation is k0a = π/2 in (a) and (c), and π/4 in (b). The qubit frequency
is ω0 = 100Γ.

The N = 1 case has been analyzed by Koshino & Nakamura using the Heisenberg-

Langevin equation (equivalent to the input-output theory) at both weak and strong

coherent driving [179]. We find that our approach gives the same result as theirs in

the weak driving limit (see Sec. 2.3.2), which hence validates our calculation. For
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example, the reflection coefficient r(k) and the qubit wavefunction e(k), given in

Appendix E.3, can also be obtained by calculating ⟨aL⟩ and s1(∞) and then taking

A → 0, and the power spectrum S(ω) is the same as Eq. (3.6) (up to a factor

of 8 gone after normalization), except that the qubit frequency and decay rate are

replaced by Eq. (3.12) as discussed below. Therefore, for N = 1 the results are

similar to those of the infinite waveguide (cf. Fig. 3.3): Resonant driving gives a

Lorentzian-like fluorescence, and off-resonant driving splits the Lorentzian peak into

two. The condition for resonance is, of course, controlled by the single pole in this

case. The main difference here compared to the infinite waveguide case is that the

pole is modulated by the qubit-mirror separation a:

ω̃ = ω0 −
Γ

2
sin(2k0a), Γ̃ = Γ [1− cos(2k0a)] . (3.12)

Thus, the effective frequency and decay rate of the qubit can be changed. These

relations agree with those of Ref. [179] for a hard-wall boundary condition (θb = π/2

therein), and are responsible for the shift in the peak in the k0a = π/4 case shown in

Fig. 3.13(b). Again, the total inelastic flux F (k) =
∫
dω S(ω) is shown in Fig. 1.4(b)

for k0a = π/4 and π/2, which also has a Lorentzian profile but now peaked at k = ω̃

with width Γ̃. It is clear that compared to an infinite waveguide, the presence of the

mirror enhances the inelastic scattering.

The spectrum changes dramatically compared with the infinite waveguide case

when N ≥ 2. For N = 2, the expressions for the poles are much more complicated

than in the infinite waveguide case, Eq. (3.8), and we do not reproduce them here.

However, for the special case k0L = π/2 we find that the poles can be simplified to

z̃1,2(a) = ω0 −
iΓ

2
± Γ

2

√
1− 2e2ik0a. (3.13)

From this expression one can see that the “center of mass” is ω0 − iΓ/2 —it is not

affected by the mirror. The two poles circulate this center in an elliptical trajectory
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on the complex plane as a changes, in contrast to the infinite waveguide case where

the two poles circulate in a perfect circle as L changes.

For the case k0a = π/2, the two poles have the same decay rate and the spectra

are symmetric between red and blue detuning, so only the red-detuned case is shown

in Fig. 3.13(c). When the driving frequency is far detuned, there are four peaks, with

the inner two higher and the outer two lower, similar to that of the (total) power

spectrum in the infinite case (not shown). The main difference is that here there are

nodes (at which S = 0) between the inner and the outer peaks, one of which is fixed

at the bare qubit frequency ω0. As the driving frequency approaches either of the

poles, the two inner peaks merge into one (a process similar to that seen in Fig. 3.3).

Next, when the driving frequency is tuned between the poles, both nodes start to

be shifted and lifted, and do not touch down to zero again until the driving is on

resonance (E/2 = ω0).

On the other hand, for the k0a = π/4 case the decay rates of the two poles

are different, resulting in a sharper (flatter) spectrum on the red- (blue-) detuned

side. To illustrate the drastically varying structure of the fluorescence, we show in

Fig. 3.14 results for five incoming photon frequencies: substantially red-detuned,

slightly red-detuned, likewise for blue-detuned, and finally on resonance. Starting

from substantially red-detuned driving (E/2 = 96.5Γ), the four peaks and two nodes

are still visible, but the right node is red-shifted away from ω0, presumably due to

the asymmetric poles. As the frequency of the incoming photons is increased, the

merging process happens but with one difference from the k0a = π/2 case: the outer

peaks disappear completely. For driving in between the poles, the main peak splits.

In contrast to the k0a = π/2 case, when the driving approaches the blue-detuned

pole, instead of merging the two peaks actually shrink, and a single larger peak

emerges between them. Finally, as the driving becomes substantially blue-detuned,

the larger peak again splits into two, with the outer peaks and the nodes appearing.
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Figure 3.14: Normalized power spectra of two qubits coupled to a semi-infinite
waveguide with qubit-qubit separation k0L = π/2 and qubit-mirror separation k0a =
π/4. The driving frequencies for each plot are E/2Γ = 96.5, 99, 100, 101, and 103.5
(from bottom to top). The black ticks label the position of the two poles (and the
qubit frequency ω0 = 100Γ is at the center), and the blue arrow indicates the incident
frequency.

We note a special case in this progression: at E/2 = 99.5Γ, the entire spectrum of

inelastic scattering disappears and both photons are reflected elastically. The reason

is that in the steady state the wavefunctions for the two qubits differ by a phase

π. Together with the phases picked up during propagation, it results in a precise

destructive interference killing the photon-photon bound state.

In Fig. 3.15(a) we show the power spectrum for a representative N = 10 case.

Compared to the infinite waveguide case (cf. Fig. 3.3), note the better defined pho-

tonic band gap behavior around the 2LS resonant frequency and the sharper mod-

ulation on the sides. This comes about because the mirror effectively doubles the

number of qubits that the photons see, leading to finer and stronger interference

effects.

In short, adding a mirror changes drastically the spectrum of inelastic scattering
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Figure 3.15: A representative case of (a) S(ω) and (b) g2 for 10 qubits coupled to
the semi-infinite waveguide with k0L = k0a = π/2. The system is driven resonantly
(E/2 = ω0 = 100Γ). The vertical lines indicate the real parts of the poles.

by two qubits and brings in another way to modulate the distribution of the poles.

More generally, this will be the case for changing the boundary condition on the semi-

infinite waveguide. For superconducting qubits coupled to a microwave transmission

line, while physically moving the qubit in situ is normally not feasible, changing the

boundary condition continuously with a magnetic field is readily accomplished by

adding a SQUID to the end of the waveguide [179, 242].

3.6 Multiple Qubits in a Semi-Infinite Waveguide: Photon Correla-
tions

Finally, let us turn to results for photon correlations in a semi-infinite waveguide.

We first concentrate on the single-2LS case. Because properties are controlled by a

single pole [with frequency and decay rate given in Eq. (3.12)], g2 will be the same

for driving frequencies equally detuned (either blue- or red-) from ω̃. The result is
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shown in Fig. 3.16 for both k0a = π/2 and π/4 (a = λ0/4 or λ0/8, respectively).
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Figure 3.16: g2 of a single qubit coupled to a semi-infinite waveguide. The qubit-
mirror separation is (a),(c) k0a = π/2 and (b),(d) π/4. The frequency of the incoming
photons is (a),(b) resonant with the 2LS (E/2 = ω0) and (c),(d) detuned by +1Γ.
Due to the modulated effective qubit frequency [Eq. (3.12)], for π/4 the g2 with
detuning −1Γ is same as the resonant case; for π/2 the g2 with detuning −1Γ is
same as the +1Γ detuned case. The dots in panel (d) are the results of the full non-
Markovian numerical calculation, and the solid curves are based on the Markovian
approximation. The qubit frequency is ω0 = 100Γ.

A striking difference from the infinite waveguide case is that g2(0) is no longer

zero; instead, it indicates bunching in all four cases shown. This can be explained

by stimulated emission: since the first photon is captured by the 2LS, the second

photon passes through to the wall and is reflected back. Because of the short distance

(time-of-flight = 2a/c ∼ π/ω0 ≪ 1/Γ), when the second photon revisits the 2LS, the

first photon has not been released, and the former can stimulate the emission of the

latter, producing two photons coming out together.

An additional difference comes from the nodes present in the wavefunciton in the

semi-infinite case. We find that Γ̃ = 0 when k0a = 0, π, 2π, · · · , and hence no bound

state is present, yielding g2 = 1. The qubit, being placed at a node of the photonic

field, is fully decoupled from the waveguide [61, 179].

In comparing the k0a = π/2 results to those for π/4, it is clear that the timescale

for features in g2 is larger for the smaller value of a. That this should be the case
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is evident from the pole structure: they are symmetric in the π/2 case and rotated

from that symmetry point for π/4. Thus the lifetime for one of the poles in the π/4

case is longer than for the π/2 poles, causing the timescale for the structure to be

larger.

To assess the quality of the Markovian approximation, this is one of the cases we

have investigated (for other results, see Fig. 3.8 above). In Fig. 3.16(d) we compare

our analytical Markovian results with the full non-Markovian numerical calculation

(blue dots) when the 2LS is very near the end of the waveguide, k0a = π/4. The

agreement between the two calculations is excellent.

Figure 3.17: Photon correlations, g2(t), of a single qubit coupled to a semi-infinite
waveguide with resonant incoming photons (k = ω0) in the non-Markovian regime
(k0a = 20π & 20.5π). For k0a = 20.5π, the full non-Markovian result calculated from
scattering theory (blue points) or FDTD (black curve) differs substantially from the
Markovian result (red curve). For k0a = 20π, we check that the FDTD approach
(magenta dashed) yields the exact result g2(t) = 1, which is obtained because the
qubit decouples. [Parameters: The qubit frequency is ω0 = 100Γ, and the FDTD
step size is ∆ = λ0/240.]

However, as k0a becomes larger, the Markovian approximation breaks down, as

demonstrated in Fig. 3.17 for k0a = 41π/2 and 20π (corresponding to a = 101
4
λ0 and

10λ0, respectively). This seems to happen when a is larger than a few wavelengths,
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which for our choice of parameters means that a is of order the time of flight of

a photon during the decay time of the 2LS, a ∼ c/2Γ. For k0a = 41π/2, the full

non-Markovian numerical calculation (blue points in Fig. 3.17) is correct, as can

be independently checked by comparing with the steady-state solution of the time-

dependent Schrödinger equation solved by the FDTD method (cf. Sec. 2.4.5). This

check in turn enhances our faith in the correctness of the FDTD code. For k0a = 20π,

as the qubit is placed at the node of the incoming photon field, there is no coupling to

the qubit, resulting in g2(t) = 1 for all time t. Therefore, this decoupling effect also

exists in the non-Markovian regime. Though the parameters considered in Fig. 3.17

fit the discussion of non-Markovianity in Ref. [183] in terms of the qubit excitation,

we leave the problem of a quantitative characterization of the non-Markovianity in

this system to Chapter 6.
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Figure 3.18: g2 of two qubits coupled to a semi-infinite waveguide with qubit-qubit
separation k0L = π/2. The qubit-mirror separation in the first column is k0a = π/2
and in the second π/4. The first row has resonant driving (E/2 = ω0 = 100Γ) and
the second is detuned by −1Γ.

Results for a two-qubit case are shown in Fig. 3.18. We again use k0L = π/2,

giving rise to a symmetric pole distribution in an infinite waveguide, and focus on the

effect of the mirror. As expected, the oscillation when k0a = π/4 lasts longer than

that with π/2 due to the existence of the sub-radiant pole. This result is consistent
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with the finding from the calculation of power spectra (Figs. 3.13 and 3.14). As N

increases, we find that the behavior of g2 can be explained in much the same way as

in the infinite waveguide situation by examining the pole distribution.

We show one representative example of g2 for 10 qubits and resonant driving in

Fig. 3.15(b). While qualitatively similar to the result for an infinite waveguide (cf.

Fig. 3.5), g2 here shows a more complex interference pattern and stronger modulation,

as for the power spectrum.

3.7 Conclusion

In this work we have surveyed a wide variety of multi-qubit waveguide-QED struc-

tures, focusing on their two-photon nonlinearities as manifested in the power spec-

trum [resonance fluorescence, S(ω)] and photon correlation function [second-order

coherence, g2(t)]. It is clear that in the multi-qubit case (we studied from one to ten

qubits), these two functions show a great deal of structure caused by the interference

of the partial waves scattering from different combinations of qubits. Given that

oscillations are ubiquitous in g2(t) here, the initial correlation g2(t = 0) certainly

cannot be used as an indication of whether the system generally causes bunching or

anti-bunching of photons.

The structure in g2(t) and S(ω) generally becomes sharper as the number qubits,

N , increases—an effect particularly noticeable in the resonance fluorescence, see

Figs. 3.3 and 3.4. This is natural as the interference effects become more complicated

and the photonic band gap builds up. The interference among the partial waves

scattered from the qubits leads to a variety of behavior in g2 that is sensitive to both

the spatial separation (either between the qubits, L, or between qubit and mirror,

a) and the frequency of the incoming photons. Moreover, the deviations from semi-

classics (g2 = 1) persist for a much longer time than one might initially expect, and

this time increases upon increasing the number of qubits. For N = 10 the decay of
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correlation in time is very slow indeed (see Fig. 3.8).

Many of the features and trends in our results can be roughly explained by re-

ferring to the poles of the transmission amplitude. These poles (see Fig. 3.10 for an

example) also appear in the single particle Green function used in calculating the

correlation or “bound state” effects. We have seen that the most sub-radiant pole is

especially important. The ubiquitous oscillations seen come from beating between

the frequency of the incoming photons (driving frequency) and the real part of the

most sub-radiant pole. Other oscillations no doubt come from beating among the

different poles and between them and the driving frequency. The long decay time,

seen especially for large N , comes from the small decay rate of the most sub-radiant

pole; we saw that this scale also appears as the time delay.

Some notable features in our results include: The total power spectrum is sym-

metric about the driving frequency, but note that the spectrum of only the transmit-

ted or reflected photons (in the infinite waveguide case) are not. We have seen that

there is often either bunching or anti-bunching in both transmission and reflection—

because the photons can spend a significant amount of time traveling among the

different qubits, it is not the case that if one is bunched the other should be anti-

bunched. It is unfortunate that there are very few trends as the number of qubits

increases. One exception is the interesting case in which there is strong anti-bunching

in transmission and bunching in reflection that lasts for a long time (Fig. 3.9); this

is enhanced as N increases due to the increasingly sub-radiant pole produced by the

multiple interference.

The infinite and semi-infinite waveguide cases show a number of differences. Per-

haps the most important is that a single 2LS can cause bunching of two photons

in the semi-infinite case (Fig. 3.16) while in the infinite waveguide case there must

be complete anti-bunching [g2(0) = 0]. The mirror in the semi-infinite case acts to

effectively double the number of qubits, and so there is more sharp structure in the
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presence of a mirror for the same number of qubits.

The effects of loss and dephasing have been entirely neglected in the present study;

what effect would they have? Let Γ′ denote the rate of decay of one of the qubits to

modes other than the waveguide. Then, one expects that any structure on a timescale

larger than (Γ′)−1 will be smoothed out. In particular, phenomena related to the

most sub-radiant pole will disappear first, when Γ′ > Γ̃. Pure dephasing causes a

similar smoothing of interference effects without, of course, relaxing the excited state

population. In addition to smoothing, dephasing can cause the power spectrum to

be asymmetric about the input frequency [179]. One may think, then, that most

of the structure in our calculated curves would disappear. However, there has been

tremendous experimental progress recently toward making systems whose loss rate is

very low and whose dephasing is even smaller. Purcell factors, defined by P ≡ Γ/Γ′,

greater than ten have been demonstrated in more than one experimental platform:

for superconducting qubits coupled to a microwave transmission line [56, 58, 59, 61],

for instance, as well as quantum dots coupled to plasmonic nanostructures [243] and

to a photonic waveguide [69, 70]. Given the rapid pace at which the experimental

systems are advancing, we think considering a system in which P ∼ 100 is reasonable;

for such a Purcell factor, the large majority of the effects presented here will survive.

The large majority of our results were obtained in the Markovian approximation,

as this is the case relevant to most current experiments. We have compared to a

full non-Markovian calculation in a few cases [for example, see Figs. 3.8(d), 3.16(d),

and 3.17]. If the spacing of the qubits is small, then the agreement between the two

is very good. However, for large separation, we see a substantial difference between

the two results (e.g., k0a = 20.5π in Fig. 3.17). The criterion for when these effects

set in is that the separation L should be larger than the distance a photon can

travel in the decay time of a qubit: if L > c/Γ, a non-Markovian calculation is

required. Experimentally the non-Markovian regime may be reached by connecting
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superconducting circuits using a coaxial cable [244]. Interestingly, we also see that

dynamical decoupling can happen in the non-Markovian regime, but in my opinion

such study is viable only when equipped by time-dependent approaches.

We end by simply noting the richness of the correlation phenomena in these

waveguide-QED systems and the bright future for further investigations because of

rapid experimental progress. The methods that we use here to study small ensembles

of two-level systems could be extended in a straightforward way to more complex

systems, such as three- or N -level systems and photons of different frequency.
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4

Photon Correlations Generated by Inelastic
Scattering in a One-Dimensional Waveguide

Coupled to Three-Level Systems

Summary1 — We study photon correlations generated by scattering from three-level

systems (3LS) in one dimension. The two systems studied are a 3LS in a semi-infinite

waveguide (3LS plus a mirror) and two 3LS in an infinite waveguide (double 3LS).

Our two-photon scattering approach naturally connects photon correlation effects

with inelastically scattered photons; it corresponds to input-output theory in the

weak-probe limit. At the resonance where electromagnetically induced transparency

(EIT) occurs, we find that no photons are scattered inelastically and hence there

are no induced correlations. Slightly away from EIT, the total inelastically scattered

flux is large, being substantially enhanced due to the additional interference paths.

This enhancement carries over to the two-photon correlation function, which exhibits

non-classical behavior such as strong bunching with a very long time-scale. The long

time scale originates from the slow-light effect associated with EIT.

1Part of the text in this chapter is adapted from Y.-L. L. Fang and H. U. Baranger, Physica E
78, 92 (2016).
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4.1 Introduction

Having the slow-light effect and EIT in mind (cf. Sec. 1.3), here we extend the

discussion of Chapter 3 on multiple 2LS waveguide QED to the case in which driven

3LS are used in order to understand how these effects affect the photon scattering

process. We calculate the two-photon wavefunction and focus on photon-photon

correlations. We find that these correlations are substantially enhanced in systems

containing 3LS, making them better experimental candidates for further study of

the non-classical light produced. Furthermore, we find that the complexity of the

structure enhances the photon-photon correlations—they are enhanced by adding

additional nonlinear elements (qubits) as well as by simply adding a mirror. The

photons can be either bunched or anti-bunched depending on the situation, and we

find cases of both strong bunching and anti-bunching.

This chapter is organized as follows. In Sec. 4.2, we first recap the standard

model of waveguide QED and a 3LS and summarize our approach to finding the two-

photon wavefunction. Then we present the physical quantities that are calculated,

emphasizing the total inelastic scattering as a measure of the correlated part of

the wavefunction. Results for a single 3LS are presented in Sec. 4.3 as a basis for

comparison to the more complex structures studied later. In Sec. 4.4 we add a mirror

to the system, thus studying a single 3LS in a semi-infinite waveguide. Section 4.5

covers results for two 3LS in an infinite waveguide. In the results of both Secs. 4.4

and 4.5, inelastic scattering is enhanced, suggesting more visible correlation effects.

Finally, in Sec. 4.6 we discuss implications of the results and conclude.
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Figure 4.1: Schematic of waveguide QED. (a) Single 3LS coupled to a semi-
infinite waveguide with qubit-mirror separation a, ωe = ω0 and ωs = ω0 − ∆; (b)
Two identical 3LS, separated by distance L, coupled to an infinite waveguide.

4.2 Model and Observables

4.2.1 Waveguide QED model with multiple three-level systems

The standard Hamiltonian of waveguide QED consists of a one-dimensional bosonic

field that can travel to the left or right coupled to N local quantum systems, often

called simply qubits. For a schematic see Fig. 4.1. Following the discussion in

Chapter 1, for an array of qubits coupled to an infinite waveguide we have [cf.

Eq. (1.1)]

H = HQS − i
∞∫

−∞

dx

[
a†R(x)

d

dx
aR(x)− a†L(x)

d

dx
aL(x)

]

+
N∑
i=1

∑
α=L,R

Vi

∞∫
−∞

dx δ(x− xi)
[
a†α(x)σ

(i)
ge + σ(i)

eg aα(x)
]
, (4.1)

Throughout this chapter, the coupling of all of the qubits is the same, V . In order

to assess the maximum possible non-classical light effects that could be present, we

focus on the lossless limit.

The local quantum systems that we consider here are identical 3LS, HQS =
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∑
iH

(i)
3LS. The Hamiltonian for a Λ-type 3LS is

H3LS = ω0|e⟩⟨e|+ ωs|s⟩⟨s|+
Ω

2
(|e⟩⟨s|+ |s⟩⟨e|) , (4.2)

in which Ω is the Rabi frequency of the classical driving and ωs = ωe − ∆ with

∆ being the detuning between the driving frequency and the frequency of the |s⟩

to |e⟩ transition. (The frequency corresponding to the ground state is taken to be

zero.) Finally, we note that a mirror can be introduced as a boundary condition

when solving for the single-photon wavefunction, see Sec. 2.2.2.

To construct the two-photon scattering wavefunction, we use the Lippmann-

Schwinger equation discussed in Sec. 2.2, in which the Pauli raising and lowering

operators, σeg and σge, are replaced by bosonic creation and annihilation operators,

b† and b. (A similar approach has been used in the case of two-electron scattering

[220, 221].) As the levels |e⟩ and |s⟩ cannot be simultaneously occupied, it is nec-

essary to introduce an additional on-site repulsion U to be taken as infinite at the

end; see Sec. 2.2 for the detail of the calculation.

The two-photon scattering wavefunctions that emerge have a common structure

(see, for instance, Refs. [102, 120] and references therein): an incoming multi-particle

plane wave and two contributions to the outgoing part— (i) an outgoing multi-

particle plane wave in which the momenta of the photons are just rearranged and

(ii) a part that involves a continuum of momenta that cannot be written as a simple

plane wave. The first part is elastic scattering, and the second is inelastic (for

each individual particle). It is this latter part of the wavefunction that encodes

the correlation between the two photons; it has been called the “bound state part”

[13, 102, 104, 245, 246] because as the distance between the particles grows, the

wavefunction decays exponentially. In scattering theory, it corresponds to the two-

particle irreducible T-matrix [120].

Having defined the model, we now turn to the observables that we study.
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4.2.2 Power spectrum (resonance fluorescence), S(ω)

The power spectrum is defined as the Fourier transform of the amplitude correlation

function (also called the first-order coherence),

Sα(ω) =

∫
dt e−iωt⟨ψ2|a†α(x0)aα(x0 + t)|ψ2⟩, (4.3)

for α =R or L, corresponding to right-going or left-going photons. Sα(ω) gives

simply the intensity of outgoing photons as a function of their frequency. The elastic

scattering gives a δ-function contribution which we drop; thus, in this chapter Sα(ω)

refers to the inelastic power spectrum.

4.2.3 Total inelastically scattered component, F (kin)

Since in the two-photon wavefunction, the inelastically scattered component is neces-

sarily the correlated “bound state” part of the wavefunction and vice versa, the total

inelastically scattered power provides a measure of the overall strength of correlations

in the situation studied. This, then, can be used as a figure of merit to compare dif-

ferent systems or optimize parameters in order to find the largest non-classical-light

effects. Thus, we define a function of the incoming momenta,

F (kin,1, kin,2) ≡
∫
dω [SR(ω) + SL(ω)] . (4.4)

In our study, we take the two incoming photons to have the same energy, and so we

consider a function of one variable, F (kin). We shall refer to the maximum value of

F (k), denoted Fpeak, and the value of k at which this maximum is reached, kpeak.

4.2.4 Photon-photon correlation (second-order coherence), g2(t)

A key signature of non-classical light is that the photons can be bunched or anti-

bunched in space or time. This is revealed through the photon-photon correlation

126



function, g2(t) [94]. Physically, g2(t) is proportional to the joint detection probability

of two photons far from the scattering region that are separated by distance ct. It is

customarily normalized by taking the ratio of the joint detection probability to the

probability of measuring single photons independently; thus, g2(t) = 1 signifies no

correlation. As the photons should be uncorrelated at very large separations in the

systems we study, we have the property g2(t→∞) = 1 [94].

For a weak coherent state, the correlation comes from the two-particle wavefunc-

tion while the normalization is given by the single-photon wavefunction [cf. Eq. (3.7)],

yielding

g2(t) =
⟨ψ2|a†α(x0)a†α(x0 + t)aα(x0 + t)aα(x0)|ψ2⟩

|⟨ψ1|a†α(x0)aα(x0)|ψ1⟩|2
. (4.5)

We now turn to presenting results for these observables in three cases.

4.3 Single 3LS

We start from a single 3LS coupled to an infinite waveguide, a system previously

investigated in Refs. [59, 88, 101, 103, 109, 118, 122, 137, 247, 248]. For this sim-

ple case, the Schrödinger equation in real space can be solved directly [109], with

which our two-photon scattering wavefunction ⟨x1, x2|ψ2⟩ is in perfect agreement

(not shown).

For two identical photons injected from the left, the results are shown in Fig. 4.2.

When each photon is resonant with the 3LS, k = ωs = ωe−∆, electromagnetically in-

duced transparency (EIT) occurs—an interference effect between different processes

within the 3LS that leads to decoupling of the 3LS from the waveguide [198]. The

width of the resulting peak in transmission is ∼ Ω2/Γ [88, 198]. EIT is clearly seen in

the single-photon transmitted intensity as a function of input wavevector k in panels

(a) and (f) of Fig. 4.2.

For illustrative purposes, below we give the expressions for S(ω) and F (k), and
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Figure 4.2: Single 3LS coupled to an infinite waveguide: single-photon
transmission probability T , total inelastically scattered flux F , normalized power
spectrum S, and correlation functions g2 of the transmitted (fourth row) and reflected
(fifth row) intensity. The classical Rabi frequency for the first column is Ω = Γ/4
and for the second column is Γ. T and F are functions of the incident frequency k,
while the power spectrum S and the correlation function g2 are calculated by fixing
k = kpeak, the incident frequency giving rise to maximum F . Note that for a single
3LS, SR = SL = S. A horizontal line indicating the uncorrelated value g2 = 1 is
plotted. The transmittance at k = kpeak for Ω/Γ = 1/4 is T (kpeak) = 39.3% and for
Ω/Γ = 1 is 1.8%. (Parameters used: ω0 = ωs = 100Γ and ∆ = 0.)
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plot them in panels (b), (c), (g), and (h) of Fig. 4.2. We find that in this case the

power spectrum has a simple form when ∆ = 0 (i.e. the classical driving field is not

detuned):2

S(ω) =
64(γ+ + γ−)

4(E − 2ω0)
2 [γ+γ− + 8(ω − ω0)(E − ω − ω0)]

2

π2
∏
µ=±

(
γ2µ + 2(E − 2ω0)2

) (
γ2µ + 8(ω − ω0)2

) (
γ2µ + 8(E − ω − ω0)2

) (4.6)

with E = 2kin and γ± =
√

Γ2 − 2Ω2 ± Γ
√
Γ2 − 4Ω2. We emphasize that this is the

power spectrum for both left- and right-going photons. When Ω = 0, this expression

for the power spectrum reduces to that of a single 2LS, Eq. (3.6). In addition, at

two-photon resonance (E = 2ω0), S(ω) = 0 regardless of Ω.

By integrating over the frequency ω, we then obtain the total inelastically scat-

tered component F (kin)

F (kin) = 2

∫
S(ω)dω =

16
√
2(γ+ + γ−)

3(E − 2ω0)
2 (γ+γ− + 2(E − 2ω0)

2)

π (γ2+ + 2(E − 2ω0)2)
2
(γ2− + 2(E − 2ω0)2)

2 . (4.7)

We find that F (k) has a zero at the EIT peak (when k = ωs) and two sharp peaks

nearby. The fact that F (kin = ωs) = 0 at perfect transparency is, in fact, true when

any number of identical 3LS are coupled to the waveguide. This means that at this

resonance, all of the photons are scattered elastically, and that, therefore, there is

no “bound state” part of the wavefunction. This is consistent with the fact that

there are no correlations in these cases—the correlation function of the transmitted

photons is g2(t) = 1 [109, 122]. This phenomenon has been called “fluorescence

quenching” [130, 142, 249].

The surprisingly large peak value of F in panel (b) suggests that there will be large

correlation effects because of the necessary connection between inelastic processes

2We have also derived a general result for ∆ ̸= 0, but it is too lengthy to be reproduced here.
Likewise, expressions for S(ω) and F (kin) have been obtained for the other two system configurations
considered later, but they are also too lengthy. Mathematica notebooks are available upon request.
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and photon-photon correlation. For comparison, Fpeak for a single 2LS is 8/πΓ: this

can be derived either by setting Ω to zero in Eq. (4.7) or by multiplying Eq.(2.49)

by 4π; see also Fig. 1.4(b). Thus, when Ω/Γ = 1/4, Fpeak is about five times larger

in the 3LS case than for a 2LS. We infer that a 3LS is much more effective than a

2LS in creating photon correlations.

To explore the effect of the correlated part of the wavefunction, we consider

the most favorable case: photons injected at the energy at which F is maximized,

k = kpeak. In the EIT regime (weak driving, Ω/Γ ≪ 1), panel (c) shows that the

power spectrum has a sharp peak centered at kpeak, and panels (d) and (e) show that

the time scale of the correlation function is long, ∼ 40/Γ. The slow decay time is

associated with the time delay τ (see Sec. 3.4), which is itself associated with the

inverse of the width of the EIT peak. At k = ωs, the time delay is simply τ = 2Γ/Ω2.

An alternative route to obtaining a large Fpeak and strong correlations with a

long decay time is to use multiple 2LS. We note that in order to obtain the large

value of Fpeak and slow decay obtained here for a single 3LS, one has to use of order

ten 2LS—a considerably more complicated structure (but one that does not require

classical driving).

On the other hand, features typical for a single qubit, regardless of its level

structure, coupled to an infinite waveguide are present. For example, the reflected

g2(t = 0) is always zero because a single atom cannot reflect two photons at the same

time. Moreover, the transmitted and reflected power spectra are identical [Eq. (4.6)].

The magnitude of the field driving the 3LS has a large effect on the correlation

properties—compare the first and second columns of Fig. 4.2. First, the magnitude

of F clearly decreases, implying less correlation. In fact, for Ω ̸= 0, Fpeak is a

monotonically decreasing function of Ω [see Eq. (4.7)]. It can be very large in the EIT

regime (Ω/Γ ≪ 1) and then decreases to 16/πΓ as Ω/Γ approaches one; curiously,

Fpeak at Ω = 0—that is, in the 2LS case—is half this large Ω value. Second, the
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spectrum of outgoing photons is broadened into a Lorentzian form. Finally, the

timescale for decay of g2(t) is considerably shortened. The nature of the correlations

at Ω/Γ ∼ 1 is such that there are few special features. Thus, using a 3LS with strong

driving provides a route to relatively simple, less structured correlation effects, a

feature that may be desirable in some situations.

We close this section by commenting on the behavior of F (k) at large k. Upon

inspecting the expression for F (k) in Eq. (4.7), we find that it decays as 1/k4 for

incident frequency k far away from ωs, |kin − ω0| ≫ Γ. This form of decay is also

true for a single 2LS (Ω = 0).

4.4 3LS plus mirror

To construct the second system that we study, we add a mirror to the right of

the waveguide so that photons can enter or leave only from the left—see Fig. 4.1(a)

for a schematic—thus, the system consists of a single 3LS coupled to a semi-infinite

waveguide. As a result, the amplitude of the single-photon reflection is unity, |r(k)| =

1. The calculation of the single- and two- photon eigenstates is explained in detail

in Sec. 2.2. Here we suppose the 3LS is placed close to the end of the waveguide,

k0a ≲ 2π where k0 = ω0/c = 2π/λ0 is the wavevector associated with the qubit

frequency ω0. We use, therefore, the Markovian approximation.

Results are shown in Fig. 4.3 for two values of the separation between the 3LS

and the mirror: k0a = π/2 and π/4 which correspond to a = λ0/4 and λ0/8. As

for a single 2LS coupled to a semi-infinite waveguide (see Chapter 3 and Refs. [61,

179, 181, 182] and references therein), interference effects associated with the qubit-

mirror separation a have a large effect on all measurable quantities. These effects

can be connected to the complicated response of the poles of the reflection amplitude

to the placement of the 3LS. For a discussion of the role of poles in the 2LS case see

Chapter 3; the present 3LS case is similar.
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Figure 4.3: Single 3LS coupled to a semi-infinite waveguide [cf. Fig. 4.1(a)]:
total inelastically scattered flux F , normalized power spectrum S, and reflected cor-
relation function g2. Qubit-mirror separation a and classical Rabi frequency Ω used
for each column are labeled on the top. F is a function of the incident frequency k,
while the power spectrum S and the correlation function g2 are calculated by fixing
k = kpeak, the incident frequency giving rise to maximum F . A horizontal line indi-
cating the uncorrelated value g2 = 1 is plotted. (Parameters used: ω0 = ωs = 100Γ
and ∆ = 0.)

We highlight several features of the results in Fig. 4.3:

1. The magnitude of inelastic scattering increases substantially upon adding a

mirror: compare the first row of Fig. 4.3 to the second row of Fig. 4.2. In the

EIT regime, Fpeak is roughly an order of magnitude larger when a mirror is

present. Note in addition that for both values of a, F = 0 when the injected

photons are on resonance with the 3LS.

2. F (k) is symmetric for k0a = π/2 but is highly asymmetric for k0a = π/4. The

latter is connected to the asymmetric pole structure.

132



3. S(ω) is narrow and largely structureless, centered at and symmetric with re-

spect to kin (see the second row in Fig. 4.3).

4. Strong initial bunching is found (third row), g2(t = 0) ≳ 5, in contrast to

the initial anti-bunching found for reflection in an infinite waveguide—because

a photon reflected by the mirror can stimulate emission from the 3LS, the

reflected g2(0) need not be zero. The bunching is followed by anti-bunching

characterized by a long time-scale.

5. Increasing the classical driving field Ω causes a shift in kpeak away from the

resonant frequency—which is natural as the EIT feature becomes broader—as

well as a sharp decrease in the magnitude F (kpeak). The magnitude of the

secondary peak in the case k0a = π/4 is less sensitive to Ω than the primary

peak. The long time anti-bunching is cut-off for increasing Ω.

One can derive the time delay τ for a semi-infinite waveguide by differentiating

the phase ϕk of the reflection amplitude r(k) with respect to k [cf. Eq. (3.10)].

Surprisingly, on resonance (k = ωs), the time delay has a very simple expression

τ = 2 × 2Γ̃/Ω2, where Γ̃ = Γ [1− cos(2k0a)] is the effective decay rate of the 2LS

in front of the mirror [cf. Eq. (3.12)] This suggests that this system can be seen,

roughly speaking, as a double 3LS (a real one and its mirror image) coupled to an

infinite waveguide, a system to which we turn in the next section.

4.5 Two 3LS

The last example that we consider is that of two 3LS coupled to an infinite waveguide.

A schematic is shown in Fig. 4.1(b), and the results are in Fig. 4.4.

Many of the properties of a two-3LS system are similar to either those of a single

3LS or those of a 3LS plus a mirror. In the first row of Fig. 4.4, we recognize, for
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Figure 4.4: Two 3LS coupled to an infinite waveguide [cf. Fig. 4.1(b)]: single-
photon transmission T , total inelastically scattered flux F , normalized power spec-
trum S, and the correlation functions g2 for the transmitted (fourth row) and reflected
(fifth row) intensity. Qubit-qubit separation L and classical Rabi frequency Ω used
for each column are labeled on the top. T and F are functions of the incident fre-
quency k, while the power spectrum S and the correlation function g2 are calculated
by fixing k = kpeak, the incident frequency giving rise to maximum F . The trans-
mitted, reflected, and total power spectra are shown in red dotted, blue dashed, and
black solid curves, respectively. A horizontal line indicating the uncorrelated value
g2 = 1 is plotted. The transmittance at k = kpeak for the four columns are (from
left to right) 37%, 16.9%, 67.4%, and 54.9%. (Parameters used: ω0 = ωs = 100Γ and
∆ = 0.)
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instance, the EIT peak in T (k). F (k) goes to zero at the EIT peak—at perfect

transmission there are no correlation effects. We find that the widths of the EIT

peaks in both cases are smaller than that of a single 3LS in an infinite waveguide,

which qualitatively agrees with the previous studies [88, 198]. (Note that in our

study the inter-3LS scattering is included.) T and F are symmetric for k0L = π/2

(L = λ0/4) and distinctly asymmetric for k0L = π/4 (L = λ0/8). The peak value

of F is large, comparable to that for a 3LS plus mirror. The fact that a more

complicated structure, providing more interference paths, produces a larger Fpeak, as

in these two examples, suggests that it may be a general rule.

The power spectrum of inelastically scattered radiation upon excitation at kpeak

is slightly broader than in the other two cases and appears to be formed from over-

lapping peaks. An important difference with respect to the single 3LS case is that

S(ω) is not the same for the reflected and transmitted radiation, though they are of

the same order of magnitude. This, then, is the same as was seen for 2LS systems,

see Chapter 3. In the 2LS case where a photonic band gap builds up as the number of

2LS increases, SL (reflection) is always larger than SR (transmission) around the 2LS

transition frequency. However, Fig. 4.4(r) shows this need not be true for multiple

3LS.

Turning to the correlation functions (rows 5 and 6), we see that both transmitted

and reflected photons are bunched at t = 0 in all cases shown. There is clearly

a long time-scale present, in addition to a short one of order 1/Γ. The long time

scale is naturally explained in terms of the time delay. Upon inspecting the single-

photon transmission coefficient of N identical 3LS (see for example Ref. [88]), one

finds that the time delay caused by N 3LS is simply N times the single 3LS time

delay, τ = 2NΓ/Ω2. Therefore, by increasing the number of 3LS, the time scale of

g2 is proportionally lengthened.

The effect of increasing the classical driving Ω is very similar to that for a single

135



3LS: the peaks in F become smaller and shift in frequency, and the correlation

functions g2 become more normal with strong bunching or anti-bunching followed by

a decay to g2 = 1.

4.6 Conclusions

We have studied non-classical light produced in two 3LS systems—a 3LS in a semi-

infinite waveguide and two 3LS in an infinite waveguide—by extending the formalism

that was previously applied to multiple 2LS. Sharp peaks in the inelastic flux and

the power spectrum appear near the two-photon resonance at which EIT exists. By

tuning the classical driving or the qubit-mirror or qubit-qubit separation, these peaks

can be made narrower and higher, indicating stronger correlations or “bound state”

effects. The photon-photon correlation function is studied at the frequency at which

the inelastic flux is maximized; it shows complicated bunching and anti-bunching

with a very long time-scale. Our study reveals how the slow-light effect associated

with EIT is expressed in higher-order quantities such as the correlation function.

Our results show that a 3LS is much more effective than a 2LS in creating pho-

ton correlations, making them better candidates for experimental study of the non-

classical light produced. Furthermore, we find that the complexity of the structure

enhances the photon-photon correlations—they are enhanced by adding additional

nonlinear elements (qubits) as well as by simply adding a mirror.
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5

Nonreciprocity and correlated photons at perfect
elastic transmission

Summary1 — We investigate interference and correlation effects when several de-

tuned emitters are placed along a one-dimensional photonic waveguide. Such a

setup allows multiple interactions between the photons and the strongly coupled

emitters, and underlies proposed devices for quantum information processing. We

show, first, that a pair of detuned 2LS separated by a half wavelength mimic a driven

Λ-type three-level system (3LS) in both the single- and two- photon sectors. There

is an interference-induced transparency peak at which the fluorescence is quenched,

leaving the transmitted photons completely uncorrelated. Slightly away from this

separation, we find that the inelastic scattering (fluorescence) is large, leading to non-

linear effects such as non-reciprocity (rectification). We connect this non-reciprocity

to inelastic scattering caused by driving a dark pole and so derive a condition for

maximum rectification. Finally, by placing a true 3LS midway between the two 2LS,

we show that elastic scattering produces only transmission, but inelastic scattering

1Part of the text in this chapter is adapted from Y.-L. L. Fang and H. U. Baranger, Phys. Rev.
A 96, 013842 (2017).
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nevertheless occurs (the fluorescence is not quenched) causing substantial photon

correlations.

5.1 Introduction

An important advantage of the 1D waveguide geometry is the ability to attach several

local emitters to the waveguide such that each photon strongly interacts with all of

the emitters. Indeed, this feature is behind many of the building blocks for quantum

information processing as mentioned in Chapter 1. The simplest such system consists

of two 2LS attached to the waveguide. Recent work has shown that when the two

2LS are detuned from each other, rectification of incoming photonic pulses is possible

[86, 157, 162, 163].

In this chapter, we present two dramatic effects of detuned emitters in waveguide

QED. First, we show that two 2LS coupled to the waveguide can act like a driven

Λ-type three-level system (3LS), a highly desirable structure, not only for a single

photon but also in the two-photon sector. At certain qubit separations L, full trans-

mission of photons within a narrow frequency range is achieved via interference, as

in electromagnetically induced transparency (EIT) in a Λ-3LS [198]. Similar to such

a 3LS [109, 122, 218], at this transmission peak, the photons are not correlated. In-

deed, there is no inelastic scattering (the fluorescence is quenched) and no bunching

or anti-bunching.

Strong inelastic scattering can however be produced by slightly changing the qubit

separation around the “EIT point.” This occurs because the dark state associated

with EIT acquires a small decay width, producing inelastic scattering. We show that

this is intimately connected to the non-reciprocity discussed in Refs. [157, 162, 163].

In particular, the linear relation between parameters that maximize rectification

reported in Ref. [157] can be explained assuming the dark state is driven. Our

finding provides useful guidance in designing photonic rectifiers.
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The second multiple-emitter effect presented here is that the behavior is strikingly

different when a genuine driven Λ-3LS is inserted between the two 2LS, hereafter

referred to as the “2-3-2” structure shown in Fig. 5.1. In the combined structure,

there continues to be perfect transmission in the elastic channel, but now inelastic

scattering produces photons that are strongly correlated. The resulting resonance

fluorescence and bunching in the photon-photon correlations, g2(0) > 1, are both

large.

All of our results are obtained using a scattering approach developed in Sec. 2.2,

which is equivalent to the weak-pumping limit in input-output theory (cf. Sec. 2.3.2).

An important tool is the use of the total inelastic photon flux as a figure of merit to

find situations and parameters where the photon correlations are strongest (Ch. 4).

The rest of this chapter is organized as follows: In Sec. 5.2 we describe the

Hamiltonian of the systems under consideration. Next, we discuss in Sec. 5.3 the

mapping between a pair of detuned 2LS and a driven Λ-3LS under the Markovian

approximation, and then move on to results in first- and second-order quantities

such as single-photon transmittance T (k), two-photon inelastic-scattering flux F (k),

two-photon correlation function g2(t), and time delay τ. The recent proposal on

rectification effects [86, 157, 162, 163] is revisited in Sec. 5.4. In Sec. 5.5, we discuss

how to suppress the fluorescence quench by interrupting the 2LS pair with a genuine

driven Λ-3LS, and show that the transmitted photons have nontrivial correlations.

We close in Sec. 5.6 with a brief discussion of the validity of Markovian approximation

and the robustness of this mapping with nonzero dissipation.

5.2 The model

We consider a 1D continuum with linear dispersion and bi-directional photons de-

noted by “R” and “L” for right-moving and left-moving, respectively. The Hamilto-
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nian in position space is, then, [cf. Eq. (1.1)]

Hph = −i
∫
dx

[
a†R(x)

d

dx
aR(x)− a†L(x)

d

dx
aL(x)

]
. (5.1)

Each of the two detuned 2LS is characterized by a transition frequency ωi, decay

rate Γi, position xi, and raising/lowering operator σi±. The Hamiltonian of the 2LS

is, then, H0
2LS =

∑
i ωiσi+σi−. We take (without loss of generality) ω1,2 = ω0 ± δ/2

and x1,2 = ±L/2.

When a pair of distant 2LS is coupled to the waveguide, the full Hamiltonian is

H2-2LS = Hph +H0
2LS +Hint

2-2LS, where

Hint
2-2LS =

∑
α=R,L
i=1,2

√
Γi

2

∫
dx δ(x− xi)

[
a†α(x)σi− + h.c.

]
(5.2)

in the rotating wave approximation.

Figure 5.1: Schematic for the “2-3-2” structure: a pair of 2LS, separated by dis-
tance L and detuned by δ, coupled to a 1D waveguide, with an additional driven
Λ-type 3LS placed in the middle. In the rotating frame, ωs = ωe − ∆ where ∆ is
the detuning of the classical beam. Throughout this chapter, we assume that two
identical photons with momentum k are incident.

For the 2-3-2 structure, a single driven Λ-type 3LS is added at x = 0 (the middle

element in Fig. 5.1). Its Hamiltonian is H0
3LS =

∑
β=e,s(ωβσβ+σβ−) + Ω/2(σe+σs− +

h.c.), where “e” and “s” refer to the excited and metastable states of the 3LS, ωs =

ωe − ∆ in the rotating frame, and Ω (∆) is the Rabi frequency (detuning) of the
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classical beam driving the e-s transition. The coupling of the 3LS to the waveguide

is given by

Hint
3LS =

∑
α=R,L

√
Γe

2

∫
dx δ(x)

[
a†α(x)σe− + h.c.

]
. (5.3)

Thus, the full Hamiltonian of the 2-3-2 structure is given by H2-3-2 = Hph +H0
2LS +

H0
3LS +Hint

2-2LS +Hint
3LS.

5.3 Two 2LS vs. a Λ-3LS: Similarities and differences

In this section we compare two 2LS with a single driven Λ-3LS in both the single and

two photon sectors. We present the transmission, inelastic scattering, and photon-

photon correlation. When the separation between the two 2LS is a multiple of λ0/2,

there is a clear mapping in the single-photon sector between the two systems. Here

the detuning of the two 2LS plays the role of the classical driving field in the Λ-3LS.

The main result of this section is that, surprisingly, this mapping carries over

to the two-photon sector as well. For resonant photons in particular, interference

produces a peak of perfect transmission at which there is no inelastic scattering nor

photon correlation.

5.3.1 Single-photon sector

Using standard methods, the single-photon transmission amplitude t(k) can be ob-

tained for all these systems. For a pair of 2LS, it is (see, for example, [87, 146])

t(k) =
(k − ω1)(k − ω2)

(k − ω1 + iΓ1

2
)(k − ω2 + iΓ2

2
) + Γ1Γ2

4
e2ikL

, (5.4)

while for a driven Λ-type 3LS, it is [101, 109]

t(k) =
(k − ωs) (k − ωe)− Ω2

4

(k − ωs)
(
k − ωe +

iΓe

2

)
− Ω2

4

. (5.5)
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Unless otherwise stated, we assume the incoming photon with momentum k is in-

jected from the left, as depicted in Fig. 5.1. With regard to non-reciprocity, because

Eq. (5.4) is invariant upon exchanging subscripts 1 and 2, it is evident that a pair of

2LS cannot rectify single photons for any separation L [157, 162, 163].

We now apply the Markovian approximation to Eq. (5.4) by replacing the propa-

gation factor exp(2ikL) by exp(2ik0L) where k0 is the average wavevector (ω1+ω2)/2.

This implementation of the Markovian approximation in a scattering theory ap-

proach is equivalent to those made in master equation approaches. Its validity is

ensured when ΓL/c≪ 1 and |k − k0| ≲ Γ as then the phase difference is very small.

The Markovian approximation is discussed further in Sec. 5.6.

We introduce a set of “mapping rules” to clarify the relation between transmission

through two 2LS and that through a driven Λ-3LS:

ωe = ω0 +
δ(Γ1 − Γ2)

2(Γ1 + Γ2)
, ωs = ω0 −

δ(Γ1 − Γ2)

2(Γ1 + Γ2)
,

Ω =
2δ
√
Γ1Γ2

Γ1 + Γ2

, Γe = Γ1 + Γ2.

(5.6)

Using these rules while making the particular choice k0L = nπ with n an integer, we

find that the two amplitudes (5.4) and (5.5) are identical. Notice that the colocated

case n = 0 is included and that the separation between the two 2LS is a multiple of

half wavelengths, L = nλ0/2. For simplicity in interpreting this result, we assume

hereafter that the two 2LS have the same decay rate, Γ1,2 = Γ. When mimicking a

driven Λ-3LS using a pair of 2LS, then, the frequency of the “excited state” is the

average frequency ω0 = (ω1+ω2)/2, and the “Rabi frequency” Ω is controlled by the

2LS detuning δ. Ref. [87] has a similar discussion in the L≪ λ0 limit.

The mapping is made more transparent by rewriting H0
2LS in the symmetric-

antisymmetric (S-A) basis. Defining σS− = (σ1− + σ2−)/
√
2 and σA− = (σ1− −

σ2−)/
√
2, one finds H0

2LS = ω0

∑
i=S,A σi+σi− + δ/2(σS+σA− + h.c.). Moreover, when
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Figure 5.2: Schematic of the level structure of two detuned 2LS with k0L = 2nπ
in the symmetric-antisymmetric basis. The effective Λ-type 3LS is formed from the
three states |gg⟩, |S⟩, and |A⟩. In the case of two incident photons at the resonant
frequency ω0, the doubly excited state |ee⟩ is not populated because of interference
similar to that causing EIT.

k0L = nπ, by transforming to the momentum basis, we find that either the symmetric

or the antisymmetric operator couples to the photons (depending on whether n is

even or odd) but not both. Consequently, the operator structure for the pair in the

S-A basis is precisely in the form of a driven Λ-3LS—see Fig. 5.2 for an illustration.

However, an important difference remains: a pair of 2LS can hold up to two photons,

σS+σS+ = −σA+σA+ = σ1+σ2+ ̸= 0, while a driven 3LS can absorb only one photon

at a time. As we discuss below, this difference impacts higher-order quantities.

The single-photon transmission T (k)= |t(k)|2 using Eq. (5.4) is shown in Fig. 5.3

for several detunings δ. For zero detuning, one obtains a broad transmission mini-

mum as expected based on the characteristics of a single 2LS. However, for non-zero

detuning, a clear T = 1 EIT-like peak appears at the resonant frequency ω0, even

though no external pumping is present. The transmission does still reach zero at

certain frequencies—the T =0 dips are at ω1,2 = ω0 ± δ/2 since each individual 2LS

is perfectly reflecting at its resonant frequency.
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Figure 5.3: Pair of detuned 2LS: Single-photon transmission spectrum T (k) (left
column) and two-photon inelastic flux F (k) (right column) as a function of incident
momentum k for a separation of λ0/2 (so k0L = π). The detuning δ/Γ is set to 0 (top
row), 0.35 (middle row, EIT regime), and 1.5 (bottom row). In the right column,
red dotted curves represent transmitted flux FR, and brown solid curves represent
total flux F = FR + FL. Note that (i) F = 0 at k = ω0, (ii) T = 0 at k = ω0 ± δ/2,
and (iii) T (ω0) = 1 when δ ̸= 0. The inset in panel (d) magnifies the peaks around
ω0 = 100Γ.

5.3.2 Two-photon sector

We now turn from the single-photon to the two-photon sector. We find the response

in this sector by computing the two-photon scattering wavefunction |ψ2(k)⟩, where

k is the wavevector of both incoming photons, and then extracting experimental

observables (see the discussion in previous chapters). Two important observables

are the two-photon correlation function (second-order coherence) g2(t) in the trans-

mission channel, and the inelastic power spectrum (resonance fluorescence) Sα(ω),

with α = R or L and the elastic scattering delta-function removed. The total in-
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elastic scattering, F (k) = FR(k) + FL(k) for incoming photons of momentum k, is

a valuable figure of merit for the strength of photon-photon interaction since energy

exchange between the photons is a hallmark of such interaction. F (k) can then be

used to compare different structures with the aim of maximizing interaction and

correlation effects (Ch. 4).

It is known that due to interference effects, a 3LS has a fluorescence quench

(F = 0, cf. Fig. 4.2) at the EIT resonance ω0 regardless of the driving Rabi frequency

Ω [130, 198, 218, 249]. The lack of inelastic scattering implies that the “bound

state” part of the wavefunction is absent [13, 97, 102, 104]. Therefore, at the EIT

transmission resonance (k = ω0), there is no photon correlation and g2(t) = 1 for all

times [109, 122, 218].

For a pair of detuned 2LS, Fig. 5.3 shows that F (k) behaves similarly. In principle,

the system can absorb two photons and enter the doubly excited state |ee⟩ (see

Fig. 5.2). However, the coherent interaction between the states |S⟩ ≡ σS+|gg⟩ and

|A⟩ ≡ σA+|gg⟩, where |gg⟩ is the ground state, blocks the occupation of |ee⟩ in the

steady state (for a time-dependent problem, there is transient occupation of |ee⟩). To

see this, consider the case in which |S⟩ couples to the waveguide while |A⟩ does not.

In the steady state, because the system is Λ-3LS-like in the single photon sector, |A⟩

is populated while the population of |S⟩ is zero. A second photon cannot excite |ee⟩

because σS+σA+ = 0. Alternatively, one can consider the different paths to reach

|ee⟩; then, the interference among them leads to zero occupation. Indeed, we find

⟨ee|ψ2⟩ = 0 at k = k0: in the steady state, the system is Λ-3LS-like in the two-photon

sector as well.

In Figs. 5.3(d,f), notice in this regard (i) the dip to F =0 on resonance; (ii) the

similarity between F in this few emitters, few photons scenario and the well-known

absorption profile of a dense gas of Λ-3LS probed by laser beams [198]; and (iii) the

symmetry of F with respect to ω0. If the coupling of the qubits were not symmetric,
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the resonant frequency and the corresponding fluorescence quench would be offset

from ω0 as given by Eq. (5.6).

Figure 5.4: The two-photon correlation function g2(t) in the transmission channel
for (a-c) a pair of detuned 2LS and (d) a 2-3-2 structure. The detunings are (a)
δ/Γ = 0, (b) δ/Γ = 0.35, (c) δ/Γ = 1.5, and (d) δ/Γ = 0.35, in which Ω/Γ = 3 as
well. The incident frequency k is chosen for each case so that T = 50% and k is
on the red-detuned side of the ω0 = 100Γ resonance. [The resonance itself, k = ω0

is not used because for case (a) g2(t) is ill-defined because in the elastic channel all
photons are reflected, T (k) = 0, while for cases (b) and (c), g2(t) = 1 (gray line).]
The characteristic time delay τ for each case is labeled. For panel (a), we use the
fact that τ = 2/Γ for an array of identical 2LS [Eq. (3.11)]. The separation between
the two 2LS in all cases is L = λ0/2.

The correlation function g2(t) for two detuned 2LS is also similar to that of a
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driven Λ-3LS (cf. Fig. 4.2). Our results are shown in Fig. 5.4. When δ is small but

not zero, the time delay τ = d arg[t(k)]/dk associated with the narrow resonance

is large,2 so g2 decays slowly. At the resonance k = ω0, because the scattering is

entirely elastic (F = 0), the photons cannot be correlated. Indeed, our calculation

yields g2(t) ≡ 1 identically for all time.

The equivalence between a pair of detuned 2LS separated by L = nλ0/2 and a

driven Λ-3LS is, then, established in both the single- and two-photon sectors. (As

this result depends upon the Markovian approximation, ΓL/c≪ 1, the value of n is

limited.) Thus, using weak coherent states, one could experimentally obtain EIT-like

properties in situations where driving is inconvenient.

5.3.3 Identical 2LS

The special case δ = 0, Figs. 5.3(a,b) and 5.4(a), requires additional interpretation.

Note that in this case one of the states |A⟩ or |S⟩ is completely decoupled, suggesting

that there must be a change in properties. The mapping rules Eq. (5.6) imply

that the zero-detuning case behaves like a single 2LS with the decay rate doubled.

This is indeed true in the single-photon sector: in Fig. 5.3(a), T (k) has an inverse

Lorentzian dip with width 2Γ, agreeing with the fact that a 2LS behaves like a mirror

at resonance [27, 28].

In contrast, this is not true in the two-photon sector — as we already saw in

Fig. 1.4(b), a single 2LS does not exhibit the fluorescence quench shown in Fig. 5.3(b).

This can be understood by first noting that the Markovian approximation causes

the system to be periodic in L such that the behavior for k0L = π is exactly the

same as for k0L = 0, corresponding to two colocated 2LS. It is known that the

fluorescence is quenched on resonance for two colocated, identical 2LS [142], thereby

2For a driven Λ-3LS, τ = 2Γe/Ω
2 at k = k0. Thus, using the mapping rules Eq. (5.6), one finds

that τ is 4Γ/δ2 for the case of a 2LS pair.
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explaining the F = 0 dip in Fig. 5.3(b). Similarly, no correlation between the photons

is generated on resonance, g2(t) = 1 for the reflected photons [155] (since T =0 and

F = 0, everything is elastically reflected), a result that we reproduce (not shown).

These effects result from interference [155] involving the fourth level |ee⟩ (though see

discussion of the effect of loss below): there is an EIT-like three level interference in

the two-photon sector.

As a result, the mapping works only when δ ̸= 0; when δ = 0, the two-photon

behavior of a pair of 2LS and a Λ-3LS are different.

5.4 Rectification Linked to Inelastic Scattering

We now turn to discussing rectification produced by two detuned 2LS. We have

seen that non-reciprocity does not occur in the one-photon sector [Eq. (5.4)], and so

we naturally turn to the two-photon sector, asking under what circumstances does

substantial rectification occur.

We first note that in the colocated case (L = 0) there can be no rectification

for any number of photons—a point-like system cannot break left-right symmetry.

Since for k0L = nπ within the Markovian approximation, the properties of the

system are the same as for the colocated case, for these spacings there likewise

cannot be any rectification for any number of photons. Indeed, we checked that our

two-photon results are symmetric upon interchanging qubits 1 and 2 (not shown).

This is consistent with calculations using other approaches [157, 162, 163]3 for these

conditions, and reinforces the conclusion of Sec. 5.3.2 that two detuned 2LS with

this separation behave like a driven Λ-3LS.

If the separation between the two 2LS deviates slightly from k0L = nπ, it is

known, however, that non-reciprocal effects do occur [157, 162, 163]. To study these

3In contrast, note the disagreement with Ref. [86]: our calculation implies that the rectifying
factor R should be zero along the line cut L = 1 in Fig. 3(a) of [86].
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cases, we begin by reiterating that our scattering theory approach is completely

equivalent to input-output theory when a small coherent state amplitude A is used

(cf. Sec. 2.3.2). For the purpose of comparing with previous work, therefore, we focus

on Fig. 2(d) of Ref. [157], as from Fig. 2.2 we learn that a fair comparison can only be

made when the driving amplitude is A2/Γ ≲ 10−4.4 It can be seen that rectification

is maximized roughly along a straight line in the δ-L plane, given through fitting by

δ/Γ ≈ 3.18
( L

λ0/2
− 1
)
. (5.7)

Therefore, we consider the situation slightly away from L = λ0/2 (choosing n = 1

here for simplicity).

Under the Markovian approximation, the transmission amplitude (5.4) has two

poles:

ω± = ω0 −
iΓ

2
± 1

2

√
δ2 − Γ2e2ik0L. (5.8)

In the EIT regime (k0L ≈ π and δ/Γ≪ 1), we can expand the poles ω± to first order

in δ and L, obtaining

ω± =

{
ω0 − Γ

2
(k0L− π), (dark)

ω0 +
Γ
2
(k0L− π)− iΓ. (bright)

(5.9)

In addition, both poles have a O(δ2) contribution to the imaginary part (omitted)

so that the dark pole is not fully decoupled and can be driven. Recall that in the

rectification setup usually considered [86] the incident frequency k is on resonance

with the second qubit, k = ω0 − δ/2. In order to drive the dark pole, L and δ must

then satisfy

δopt/Γ ≈ π
( L

λ0/2
− 1
)
, (5.10)

4Dictionary: to compare with Ref. [157], the translation to our notation is γ → Γ/2, θ → 2k0L,
∆→ −δ, and α→ A.
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which is very close to the fitted line (5.7). The fact that the (nearly) dark pole has a

very small imaginary part has two immediate implications. First, since the response

time scale of the system is long, the system should be extraordinarily sensitive to

the incident power, i.e. the number of photons arriving in that long time scale.

Second, to get the maximum rectification one should tune very close to the dark

pole.5 Therefore, rectification is maximized when the driving frequency matches the

real part of the dark pole.

This is an example demonstrating how the single-particle poles affect higher-order

quantities: one-photon transport, corresponding to the linear response, is not sensi-

tive to the slight shift of one-photon poles, but two- and multiple-photon transport

are. Therefore, higher-order quantities such as F (k) are suitable tools for diagnosing

the cause of non-reciprocity.

Non-reciprocity is often quantified in terms of a rectification factor which is sim-

ply the difference in transmission from the left and right divided by their sum. From

our two-photon scattering wavefunction, for a system driven from the left, the trans-

mitted photon intensity for x≫ 0 is (cf. Sec. 2.2.3)

RR⟨ψ2(k)|a†R(x)aR(x)|ψ2(k)⟩RR = |t(k)|2 δ(0)
π

+X→(k), (5.11)

where the subscript “→” denotes the driving direction and X(k) is the sum of F (k)

and an interference term as described in Appendix F. It is clear that the first (second)

term represents the linear (nonlinear) transport. Similarly, if the system is driven

from the right, the transmitted intensity for x≪ 0 is

LL⟨ψ2(k)|a†L(x)aL(x)|ψ2(k)⟩LL = |t(k)|2 δ(0)
π

+X←(k). (5.12)

5From this point of view, the necessity for “extreme fine-tuning to select those working points”
noted in [157] is natural.
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Figure 5.5: Non-reciprocal effects for a pair of 2LS as a function of incident fre-
quency k. (a) Transmitted inelastic flux F (k) for several qubit detunings δ. The
peak position is at ω0 − δopt/2 ≈ 100.031Γ. The inset magnifies the peaks. (b)
Difference of transmitted flux due to left- (→) and right-driving (←) for two L and
two δ. (k0L, δ/Γ) = (0.98π,−0.06) (solid green), (0.98π,−0.12) (dashed yellow),
(1.02π,+0.06) (dot-dashed black), and (1.02π,+0.12) (dotted magenta). (c) Unnor-
malized rectification factor given by the difference in transmitted intensity. The
color scheme and parameters are the same as in (b). ω0/Γ = 100 in all panels.

The rectification factor R is therefore proportional to the difference in X,

R ∝ |X→(k)−X←(k)|, (5.13)

which can be calculated in our scattering theory approach. Note that we can only

obtain an unnormalized rectification factor because the scattering states are delta-

normalized and so the infinity δ(0), representing the “volume” of the system, appears

in the expressions (cf. Sec. 2.2.3).

In Fig. 5.5, we present results for F (k) and |X→(k) − X←(k)| for parameters

chosen both on and off the optimal straight line (5.10). Fig. 5.5(a) shows clearly

the substantial inelastic scattering for δopt: δopt/Γ = −0.06 for k0L = 0.98π. F

peaks at a very large value when the driving frequency matches the second qubit,

k = ω0 − δopt/2 (see Chapter 4 for values of F in other systems).

These conclusions carry over directly to the left-driving/right-driving difference

in both F and X shown in Figs. 5.5(b,c). These non-reciprocity measures do indeed

peak at the detuning given by (5.10) when the energy of the incident photon matches
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the second qubit. For non-optimal δ, there are peaks as a function of driving fre-

quency but they are considerably smaller (note the logarithmic scale) than those at

δopt. Note that in these non-optimal cases, the peak is near the frequency of the dark

pole not at the frequency of the second qubit—further indication that it is the dark

pole that controls rectification.

We note in passing that the region of large rectification is, strictly speaking, not

an extended line on the δ-L plane, but rather a collection of segments. The reason

is three-fold: (i) under the Markovian approximation, the system has periodicity L,

so such a segment would appear around L = nλ0/2; (ii) when δ is large, neither pole

is dark and so only small rectification is expected, following the trend in Fig. 5.5;

(iii) for large L, where the Markovian approximation no longer holds, an infinite

number of poles will appear in Eq. (5.4), making the analysis difficult. This is an

interesting regime which remains largely unexplored (see, however, [150]). Because

of the proliferation of poles, there is the possibility to achieve strong rectification at

multiple frequencies.

The main conclusions of this section are, then, that inelastic scattering is an

inevitable ingredient for designing network components such as a photonic rectifier

that rely on nonlinear transport of photons, that working at maximized F (k) is often

the optimal choice (Ch. 4), and that rectification results from driving a dark pole.

5.5 Recovering the fluorescence: 2-3-2

We now turn to discussing our second structure, namely the 2-3-2 structure shown in

Fig. 5.1. We show that by combining in this way the two elements discussed above,

one can achieve both perfect elastic transmission and strong inelastic scattering with

photon correlations.

The transmission T and total inelastic flux F for the 2-3-2 structure, calculated

as described above, are shown in Fig. 5.6. The insertion of an undriven Λ-3LS (Ω=

152



Figure 5.6: For the 2-3-2 Structure: Single-photon transmission spectrum T (k) (left
column) and two-photon inelastic flux F (k) (right column) as a function of incident
momentum k for 2LS-3LS-2LS separated by λ0/4 (so k0L = π). The detuning is
δ/Γ = 0.35, and the Rabi frequency of the classical beam Ω/Γ is 0 (top row) and
3 (bottom row). In the right column, red dotted curves represent transmitted flux
FR, and brown solid curves represent total flux F = FR + FL. Note that (i) F ̸= 0
at k = ω0, (ii) T = 0 at both k = ω0 ± δ/2 and ω0 ± Ω/2, and (iii) T (ω0) = 1 when
Ω ̸= 0. The inset in panel (d) magnifies the peaks around ω0 = 100Γ.

0) midway between the two 2LS disrupts the interference effect causing the EIT-

like transmission peak [panel (a)]. Thus in this case there is a broad transmission

minimum, which is a precursor to a photonic bandgap (Ch. 3). On the other hand,

the classical driving of the 3LS causes an EIT-like feature to appear in transmission,

T = 1 at k = ω0 [panel (c)], which is natural since the EIT peak of the driven Λ-3LS

and the EIT-like interference peak of the two 2LS coincide.

In sharp contrast to the previous cases, however, at the EIT-like resonance the

fluorescence is not quenched, F ≈ 3.75 ̸= 0 in Fig. 5.6(d). The corresponding power

spectrum at resonance is plotted in Fig. 5.7(a): a sharp peak at ω0 and two side

peaks around ω0±Ω/2 are seen. The fact that the non-trivial “bound state” part of

the wavefunction (or equivalently the two-photon irreducible T-matrix) is nonzero

at resonance is key to causing these effects, a feature which is not present in either
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Figure 5.7: For the 2-3-2 structure excited at resonance, (a) the two-photon nor-
malized power spectrum S(ω)/F as a function of output frequency ω, and (b) the two-
photon correlation function g2(t) in the transmission channel. In (a), both the trans-
mitted fluorescence SR/F (red dotted line) and the total fluorescence SR/F + SL/F
(brown solid line) are shown. In panel (b), the uncorrelated value g2 = 1 is labeled
by a gray horizontal line, and the characteristic time delay τ is also labeled (see
main text). The inset magnifies Γt ∈ [0, 20]. Parameters used are k = ω0 = 100Γ,
L = λ0/2, δ/Γ = 0.35, and Ω/Γ = 3 such that T = 100%.

the isolated Λ-3LS or pair of detuned 2LS.

Likewise, the photon correlation function g2(t) is not identically one: it is shown

for k = ω0 in Fig. 5.7(b). There is clear bunching at short times, g2(0) ≈ 3.47,

followed by a slow decay of (oscillating) anti-bunching. The time delay,

τ = (4Γ/δ2) + (2Γ/Ω2) + Γ(4Γ/δ2)(2Γ/Ω2), (5.14)

is indicated in Fig. 5.7(b), as in the double 2LS case. The last term signals the

importance of interference: the time delay is not simply accumulated component by
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Figure 5.8: Non-reciprocal transmitted inelastic flux F and intensity X as a func-
tion of incident frequency k for the 2-3-2 structure. (a) Difference of transmitted
flux due to left- (→) and right-driving (←). (b) Unnormalized rectification factor
given by the difference in transmitted intensity. Note that the value at k = 100Γ in
both panels is zero. Parameters used are the same as those used in Fig. 5.6(d).

Several off-resonant features of the 2-3-2 results are interesting. First, F is asym-

metric about k = ω0 [Fig. 5.6(b,d)]: while in the previous cases T and F are both

symmetric with respect to ω0 (see Fig. 5.3), here only T is symmetric. We find that

interchanging the two 2LS causes F (k) to reflect about k = ω0. The lack of left-right

symmetry suggests non-reciprocity effects; indeed, Fig. 5.8 shows that significant

non-reciprocity and rectification occurs in this case for a range of input frequencies.

The non-reciprocity effects have not been optimized here—we leave that for future

study as there are many parameters for the 2-3-2 case. Nevertheless, as one point of

comparison, if the separation between the emitters is doubled (separation between

emitters of λ0/2 so k0L = 2π), then F (k) is symmetric about k = ω0, there is no

inelastic scattering at that symmetry point, and there are no non-reciprocity effects.

The off-resonant photon correlations for the 2-3-2 are shown in Fig. 5.4(d), where

T = 50%. g2(t) in this case has many similarities to that for a pair of detuned

2LS shown in panel (b). Note, however, several differences as well: oscillations are

present due to interference between the three qubits, and the bunching at t = 0 is

substantially larger.
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These results suggest that structures that are slightly more complicated than the

double 2LS, like the 2-3-2 structure considered here, may show enhanced rectification.

Because there can be several dark poles in such more complicated structures even in

the Markovian regime, this rectification may occur for a wider range of frequencies.

5.6 Loss and Relaxing the Markovian Approximation

We now briefly comment on two issues that have been neglected above. Both arise

from the fact that the interference-induced transmission peaks here are “composite”

in the sense that the transparency is due to scattering between qubits, not within

the level structure of a single qubit as in EIT. This may in principle lead to different

properties for certain structures, even if the nominal scattering characteristics are

identical. In our double 2LS system, much as in the case of a lossy 2LS placed in a

cavity [98, 250], the effect of decay to non-waveguide modes is quite different from

that in EIT.

In Fig. 5.9 we plot the transmission for a pair of 2LS separated by λ0/2, with and

without a loss rate of Γ′ to other channels (taken to be the same for both 2LS).6

We use a large Purcell factor, Γ/Γ′ = 50, since it is known that loss is small in

superconducting circuits [28]. The transmission peak here is apparently not robust

against loss, in sharp contrast to conventional setups where EIT is insensitive to loss

in the excited state [198].

This sensitivity to Γ′ can be understood using the S-A level structure discussed

above (Sec. 5.3.2 and Fig. 5.2). In the lossless case, the asymmetric state |A⟩ plays

the role of the excited state with decay rate 2Γ (for L=λ0/2), while the symmetric

state |S⟩ is metastable (zero decay rate). Loss Γ′ is added to both states when the

mapping conditions Eq. (5.6) are satisfied. As a result, the “metastable state” is not

6Formally, every lossy level coupled to the 1D continuum requires an independent fictitious
chiral channel modeling the dissipative environment, but in the single-photon sector it is equivalent
to a simple replacement ω → ω − iΓ′/2.
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Figure 5.9: Assessing the lossless and Markovian approximations: the single-
photon transmission T (k) as a function of incident frequency k for a pair of detuned
2LS with δ/Γ=0.35. Loss: the difference between the exact lossless (orange dashed,
L=λ0/2) and lossy (purple dotted) curves shows that modest loss has a significant
effect on the EIT-like resonance—the peak transmission (at k0 = 100Γ) decreases
from 100% to T ≈ 56.9% for Γ′/Γ=0.02. Markovianity: For L=λ0/2 (and lossless),
the Markovian result (green solid) is nearly indistinguishable from the exact result.
In contrast, for L = 20λ0, the exact result (magenta dot-dashed) is significantly
different from the Markovian curve (which is the same for the two cases).

more stable than the excited state with regard to the non-waveguide modes, causing

the transmission peak to shrink.

Finite loss affects not only the transmission peak but also the fluorescence quench

and the correlations g2(t), as they are also caused by precise interference. It is

known, for instance, that for identical colocated 2LS with loss (δ = 0, L = 0, and

Γ′ ̸= 0), inelastic scattering produces a “Lorentzian-squared” spectrum [149]7 and

causes correlation of the reflected photons, yielding g2(0) ≈ 0 instead of 1 [146].

Finally, we briefly assess the importance of the Markovian approximation: Fig. 5.9

also shows the single-photon transmission in the lossless case calculated without

using the Markovian approximation, Eq. (5.4). There is, as expected, no discernible

7Note that S(ω) for two identical qubits given in Eq. (36) of Ref. [149] was derived assuming
k0L = π and Γ′ ̸= 0. It had a dependence A4 (A is the driving amplitude), meaning two-photon
processes are enough to cause inelastic scattering. However, using the Heisenberg-Langevin equation
(Sec. 2.3.2), we found that when Γ′ = 0 the lowest-order term should be A6, indicating that inelastic
scattering can be induced only by using at least a three-photon input.
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difference for L=λ0/2: the Markovian approximation works very well when the time

for a round trip between the qubits is small enough compared to the inverse decay

rates, 2L/c ≪ 1/Γ [146, 149, 150, 217]. However, when the qubits are separated

by L = 20λ0, corresponding to 2LΓ/c ≈ 2.5, the exact curve and the Markovian

approximation clearly differ. Curiously, the effect of non-Markovianity is most clearly

seen in the width of the resonant peak and the shape of the tails rather than the

peak height.

There is increasing interest in quantifying and understanding general features of

quantum non-Markovianity [204–206]. Recent developments in “slow-light” systems

in which the group velocity is rather low, such as photonic crystal waveguides [69,

77] or surface acoustic waves [68, 251], suggest that waveguide QED provides a

concrete arena in which non-Markovianity will play a role. Indeed, non-Markovianity

measures have started being applied in waveguide QED [35, 183], and it would be

interesting to see further discussions in the present contexts. In this regard, we

emphasize that our approach can handle the non-Markovian regime [146, 217, 218]

in the one- and two-photon sectors.

5.7 Conclusions

The results presented here concern rectification, inelastic scattering, and photon

correlations in two simple multiple-emitter quantum systems—a pair of detuned 2LS

and the 2-3-2 structure. Our approach is to find scattering state solutions with either

one or two incident photons, thereby connecting to weak coherent state excitation.

We have shown that the response of a pair of 2LS separated by L=nλ0/2 is identi-

cal to that of a driven Λ-3LS in both the single- and two-photon sectors. In particular,

there is an EIT-like transmission peak at which the fluorescence is quenched and the

photons are uncorrelated. No rectification occurs.

Tuning the separation slightly away from nλ0/2, we showed that the ensuing
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rectification (which is solely in the two-photon sector) is caused by inelastic scattering

associated with driving the dark pole of the two-2LS system. The location of this

pole establishes a connection between the separation between the 2LS and detuning

of their frequencies for which the non-reciprocity will be maximum.

Finally, we showed that when a genuine driven Λ-3LS is inserted between the

pair, inelastic scattering accompanied by photon correlation does occur. In this

2-3-2 system, then, one can create strongly correlated photons at perfect elastic

transmission.
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6

Non-Markovian Dynamics of a Qubit Due to
Single-Photon Scattering in a Waveguide

Summary1 — We investigate the open dynamics of a qubit due to scattering of a

single photon in an infinite or semi-infinite waveguide. Through an exact solution

of the time-dependent multi-photon scattering problem, we find the qubit’s dynam-

ical map. Tools of open quantum systems theory allow us then to show the general

features of this map, find the corresponding non-Linbladian master equation, and as-

sess in a rigorous way its non-Markovian nature. The qubit dynamics has distinctive

features that, in particular, do not occur in emission processes. Two fundamental

sources of non-Markovianity are present: the finite width of the photon wavepacket

and the time delay for propagation between the qubit and the end of the semi-infinite

waveguide.

1Part of the text in this chapter is adapted from Y.-L. L. Fang, F. Ciccarello and H. U. Baranger,
arXiv:1707.05946 (2017).
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6.1 Introduction

So far, the majority of wQED systems studied in this thesis involves neglecting delay

times: the time taken by photons to travel between qubits is far shorter than all

other characteristic times. However, an important goal for photonic waveguides is to

carry out long-distance quantum information tasks such as quantum state transfer

between remote quantum memories [252, 253]. Recent experiments have also started

entering the regime of non-negligible delay times [68, 244, 254–256], which lead to

different kinds of photon correlation and interference effects through the NM nature

of the system. Clarifying the importance of NM effects and the mechanisms behind

their onset is thus pivotal in waveguide QED.

At the same time, the theory of OQS [202, 203] is currently making major

advances, yielding a more accurate understanding of NM effects [204–206, 257].

Through an approach often inspired by quantum information concepts [258], a num-

ber of physical properties such as information back-flow [210] and divisibility [211]

have been spotlighted as distinctive manifestations of quantum NM behavior and

then used to formulate corresponding quantum non-Markovianity measures. These

tools have been effectively applied to dynamics in various scenarios [204, 205], in-

cluding in waveguide QED with regard to emission processes2 [35, 183] such as a

single atom emitting into a semi-infinite waveguide [183].

Motivated by the need to quantify NM effects in photon scattering from qubits,

we present a case study of a qubit undergoing single-photon scattering in an infinite

or semi-infinite waveguide (see Fig. 6.1), the latter of which introduces a delay time.

We aim at answering two main questions: What are the essential features of the

qubit open dynamics during scattering? Is such dynamics NM? The key task is to

find the dynamical map (DM) of the qubit in the scattering process, which fully

2By “spontaneous emission” or “emission” in short, we refer to the process in which initially the
qubit is excited and the waveguide is in the vacuum state. Such a process can be non-Markovian.
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Figure 6.1: A qubit coupled to a waveguide scatters a single-photon wavepacket
injected from the left. The qubit may start in an arbitrary state. The semi-infinite
waveguide sketched here is terminated by an effective mirror, thus introducing a
delay time.

describes the open dynamics and is needed in order to apply OQS tools [205]. A

distinctive feature of our open dynamics is that the bath (the waveguide field) is

initially in a well-defined single-photon state [165, 259]. Toward this task, we tackle

in full the time evolution of multiple excitations (in contrast to those limited in the

one-excitation sector [160, 161, 165, 176, 260]).

Intuitively, one may expect that the dynamics is fully Markovian in the infinite-

waveguide case and NM in the semi-infinite case due to the atom-mirror delay time.

We show that this expectation is inaccurate in general, mostly because it does not

account for a fundamental source of NM behavior namely the wavepacket bandwidth.

This NM mechanism is present even in an infinite waveguide, while in a semi-infinite

waveguide it augments the natural NM behavior coming from the photon delay time.

Recently, NM effects in infinite-waveguide scattering were addressed in Ref. [259].

There, however, the qubit is always initially in the ground state, while a fair applica-

tion of non-Markovianity measures should be based on the entire DM thus requiring

consideration of an arbitrary initial state of the qubit.

This chapter is organized as follows. We first define the system under consider-

ation in Sec. 6.2. Next, in Sec. 6.3, we find the general form of the the qubit’s DM

in a single-photon scattering process and discuss its main features. In Sec. 6.4, we

present the time-dependent master equation (ME), which is fulfilled exactly by the

qubit state at any time. In Sec. 6.5, we discuss the explicit computation of the dy-
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namical map in the infinite- and semi-infinite-waveguide case. Since this task requires

the time evolution of the scattering process, we in particular find a closed delay par-

tial differential equation that holds in the two-excitation sector of the Hilbert space

for a semi-infinite waveguide (cf. Sec. 2.4). In Sec. 6.6, we assess the non-Markovian

nature of the scattering DM by making use of non-Markovianity measures. In this

way, we identify two fundamental sources of NM behavior: the finiteness of the

wavepacket width and the time-delayed feedback due to the mirror. We finally draw

our conclusions in Sec. 6.7. Some technical details are given in Appendix G.

6.2 System

Consider a qubit with ground (excited) state |g⟩ (|e⟩) and frequency ω0, which is

coupled at x = x0 to a photonic waveguide (along the x-axis) with linear disper-

sion. Following the discussion in Chapter 1, the Hamiltonian can be written as [cf.

Eq. (1.1)]

Ĥ = −i
ξ∫

−∞

dx
[
â†R(x)∂xâR(x)− â†L(x)∂xâL(x)

]
+ ω0σ̂+σ̂−

+ V

ξ∫
−∞

dx δ(x− x0)
[(
â†R(x) + â†L(x)

)
σ̂− + h.c.

]
. (6.1)

For an infinite waveguide, the upper integration limit is ξ = +∞ and x0 = 0, while

for a semi-infinite waveguide ξ = 0+ and x0 = −a (see Fig. 6.1).

6.3 Dynamical map

We now find the DM for a single-photon wavepacket. Let Ût = e−iĤt be the uni-

tary evolution operator of the joint qubit-field system. The initial state for single-

photon scattering is σ0 = ρ0 |φ⟩⟨φ| (tensor product symbols are omitted), where
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ρ0 = ρgg|g⟩⟨g| + ρee|e⟩⟨e| + (ρge|g⟩⟨e|+ h.c.) and |φ⟩ =
∫

dxφ(x) â†R(x)|0⟩ is the in-

coming single-photon (normalized) wavepacket (|0⟩ is the waveguide vacuum state).

At time t, the atom-field state is σ(t) = Ût σ0Û
†
t = Ûtρ0 |φ⟩⟨φ|Û †t . By plugging ρ0

into σ(t), we get

σ(t) = ρggÛt|gφ⟩⟨gφ|Û †t + ρeeÛt|eφ⟩⟨eφ|Û †t +
[
ρgeÛt|gφ⟩⟨eφ|Û †t + H.c.

]
, (6.2)

hence for any ρ0 the knowledge of the pair of elementary unitary processes Ût|gφ⟩

and Ût|eφ⟩ fully specifies the time evolution of σ(t). Due to the conservation of the

total number of excitations [see (6.1)], the joint evolved state in the two processes

has the form

|Ψ1(t)⟩ = Ût|g⟩|φ⟩ = |g⟩ |ϕ1(t)⟩+ e(t) |e⟩|0⟩, (6.3)

|Ψ2(t)⟩ = Ût|e⟩|φ⟩ = |g⟩ |χ2(t)⟩+ |e⟩ |ψ1(t)⟩, (6.4)

where |Ψn(t)⟩ is the joint wavefunction at time t for n excitations. Here, |ϕ1(t)⟩

and |ψ1(t)⟩ are unnormalized single-photon states, and |χ2(t)⟩ is an unnormalized

two-photon state. Note that (6.3) [(6.4)] describes the joint dynamics of a single

photon scattering off a qubit initially in the ground [excited] state, which takes

place entirely in the one-excitation [two-excitation] sector of the Hilbert space. In

particular, Eq. (6.4) is a stimulated emission process [110].

The qubit state at time t is the marginal ρ(t) = Trfield σ(t). This partial trace

can be performed by placing Eqs. (6.3) and (6.4) into Eq. (6.2), which yields

ρ(t) =
[
ρgg∥ϕ1(t)∥2 + ρee∥χ2(t)∥2

]
|g⟩⟨g|+

[
ρgg|e(t)|2 + ρee∥ψ1(t)∥2

]
|e⟩⟨e|

+ [ρge⟨ψ1(t)|ϕ1(t)⟩|g⟩⟨e|+ H.c.] , (6.5)

where we took advantage of orthogonality between one-photon and two-photon states.

Since {|gφ⟩, |eφ⟩} are normalized, so are (6.3) and (6.4) due to unitarity of Ût. Thus,

∥ϕ1(t)∥2 + |e(t)|2 = ∥χ2(t)∥2 + ∥ψ1(t)∥2 = 1. By defining three time functions

pg(t) ≡ |e(t)|2, pe(t) ≡ ∥ψ1(t)∥2, c(t) ≡ ⟨ϕ1(t)|ψ1(t)⟩, (6.6)
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we have ∥ϕ1(t)∥2 = 1 − pg(t) and ∥χ2(t)∥2 = 1 − pe(t). Therefore, changing to the

matrix representation, Eq. (6.5) takes the form (with ρee = 1− ρgg)

Φt[ρ0] =

(
pe(t)−∆(t)ρgg c(t)ρeg

c∗(t)ρ∗eg 1− pe(t) + ∆(t)ρgg

)
, (6.7)

where we defined

∆(t) ≡ pe(t)− pg(t). (6.8)

Note that both pg(t) and pe(t) are the qubit excited-state populations but in the two

different processes (6.3) and (6.4), respectively.

We refer to the qubit DM (6.7) as the “scattering DM.” Since the atom-field initial

state σ0 is a product state and Ût is unitary, the map Φt is necessarily completely

positive (CP) and trace preserving [258]. In contrast to pure emission processes at

zero temperature [202], however, here both the one- and two-excitation sectors are

involved. We stress that the DM is fully independent of the qubit’s initial state

ρ0, being dependent solely on the Hamiltonian (6.1) and the field initial state |φ⟩.

This dependance occurs through the functions of time pg/e(t) and c(t) in (6.7), where

pg/e(t) determine the qubit populations while c(t) governs the coherence.

The DM’s form is best understood in the Bloch-sphere picture [258] in which a

qubit state ρ is represented by the Bloch vector r = (2Re ρge, 2 Im ρge, ρgg−ρee) with

∥r∥≤1. In this picture, the map Φt is defined by the vector identity

r(t) = Mt r0 + v(t) , (6.9)

where v(t) = (0, 0, 1−pe(t)−pg(t))T and Mt is the 3× 3 matrix

Mt =

(
|c(t)|Rθ(t) 0T

0 ∆(t)

)
. (6.10)

Here, 0 = (0, 0) while Rθ(t) is a standard 2×2 rotation matrix of angle θ(t) = arg[c(t)].

Thus, apart from the rigid displacement v(t) and rotation around the Z-axis, the
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scattering process shrinks the magnitude of the XY - and Z-components of r(t) by the

factors |c(t)|2 and |∆(t)|, respectively. Since these two factors are generally unequal,

the DM transforms the Bloch sphere into an ellipsoid. Such a lack of spherical

symmetry does not occur in emission processes [212], thus providing a hallmark of

scattering open dynamics. In addition, a careful look at Eqs. (6.9) and (6.10) shows

that the Bloch vector undergoes a reflection across the XY -plane whenever ∆(t) < 0.

This is a further distinctive trait of scattering dynamics, not occurring in emission

processes [212], which is shown below to be relevant to the onset of NM behavior.

6.4 Non-Linbladian Master Equation

The most paradigmatic Markovian dynamics is the one described by the celebrated

Lindblad ME [cf. Sec. 1.5.1],

ρ̇ = −i[Ĥ, ρ] +
∑
ν

γνLν [ρ], with Lν [ρ] = L̂νρL̂
†
ν − (L̂†νL̂νρ+ ρL̂†νL̂ν)/2, (6.11)

where Ĥ is self-adjoint, and all the rates γν ’s are positive constants. In our case, the

DM (6.7) is not described by a Lindblad ME; instead, we show that it is described

by a time-dependent ME3:

ρ̇ = −i[Ĥ(t), ρ] + γ+(t)L+[ρ] + γ−(t)L−[ρ] + γz(t)Lz[ρ] (6.12)

where Ĥ(t) = − Im[ċ/c]σ̂+σ̂−, and the jump operators L̂ν = σ̂ν describe three non-

unitary channels with the time-dependent rates γ+(t) for absorption, γ−(t) for emis-

sion, and γz(t) for pure dephasing [explicit forms are given below in Eqs. (6.15)]. We

note that the dephasing term, which reflects the lack of spherical symmetry of the

evolved Bloch sphere discussed above, does not occur in spontaneous emission.

3Absorption and dephasing terms like those in ME (6.12) are absent in Ref. [259]. This is
because [259] treats only ρ0 = |g⟩⟨g|.

166



The general form for a time-dependent ME is

ρ̇ = Lt[ρ], (6.13)

where Lt is a time-dependent linear (and traceless) map, which is fulfilled by ρ(t) as

given by Eq. (6.7). The standard recipe for carrying this out starting from the DM

is to first take the derivative of Eq. (1.13), which yields ρ̇ = Φ̇t[ρ0]. Introducing next

the inverse of map Φt, Φ−1t , we can replace ρ0 = Φ−1t [ρ(t)]. Hence,

Lt = Φ̇t[Φt]
−1. (6.14)

The task now reduces to explicitly calculating Lt and expressing it in a Lindblad

form so as to end up with Eq. (6.12).

This task is efficiently accomplished in the generalized 4-dimensional Bloch space.

Recall that the set of four Hermitian operators {Ĝi} = {1/
√
2, σ̂x/

√
2, σ̂y/

√
2, σ̂z/

√
2}

— where i = 0, 1, 2, 3, respectively — is a basis in the qubit operators’s space and

fulfills Tr{ĜiĜj} = δij. We express both Eqs. (6.12) and (6.14) in this basis and

equate them; some details are presented in Appendix G.1. The resulting expressions

for the three time-dependent rates are

γ+(t) =
pe(t)ṗg(t)− pg(t)ṗe(t)

pe(t)− pg(t)
, (6.15a)

γ−(t) = −
ṗe(t)− ṗg(t)
pe(t)− pg(t)

− γ+(t), (6.15b)

γz(t) = −
γ+(t) + γ−(t)

4
− Re ċ(t)

2c(t)
. (6.15c)

It can be checked that when these rates are placed in it, ME (6.12) is exactly fulfilled

by Eq. (6.7) at all times t.

6.5 Explicit computation of DM

We consider (as is standard [110]) an exponential incoming wavepacket of the form

φ(x) = i
√
αΓ exp

[
(iω0 +

αΓ
2
)(x− x0)

]
θ(x0−x), where θ(x) is the step function, and
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α ≡ δk/Γ is the wavepacket bandwidth in units of Γ. Note that we set the carrier

frequency in resonance with the qubit, k = ω0.

Our general approach is to plug the ansatz for |Ψn(t)⟩, Eqs. (6.3) and (6.4), into

the Schrödinger equation i∂t|Ψn(t)⟩ = Ĥ|Ψn(t)⟩ to obtain a system of differential

equations for the amplitudes that we solve for the three functions pg(t), pe(t) and

c(t) in (6.6) and hence for the DM (6.7). For an infinite waveguide, this task can be

accomplished analytically in both the one- and two-excitation sectors, see Sec. 2.4

and Appendix G.2. Here, we thus focus on the far more involved case of a semi-

infinite waveguide.

As discussed in Sec. 2.4.3, it is convenient to “unfold” the waveguide semi-axis

at the mirror (x = 0) by introducing a chiral field defined on the entire real axis

by â(x) = âR(x)θ(−x)− âL(x)θ(x) (the minus sign encodes the π-phase shift due to

reflection from the mirror). In the one-excitation sector, the ansatz reads

|Ψ1(t)⟩ =
[∫ ∞
−∞

dxϕ(x, t)â†(x) + e(t)σ̂+

]
|g⟩|0⟩, (6.16)

and the Schrödinger equation yields two coupled differential equations for e(t) and

ϕ(x, t). For the initial conditions e(0) = 0 and ϕ(x, 0) = φ(x), the solutions for e(t)

and ϕ(x, t) are obtained as a series.

In the two-excitation sector, the ansatz is

|Ψ2(t)⟩ =
[∫∫

dx1dx2 χ(x1, x2, t)â
†(x1)â

†(x2) +

∫
dxψ(x, t)â†(x)σ̂+

]
|g⟩|0⟩.

(6.17)

We use the formal solution for the two-photon wavefunction χ(x1, x2, t) to obtain a

closed equation for ψ(x, t), the one-photon wavefunction with the qubit excited (cf.

Sec. 2.4.4). This equation is a spatially non-local delay PDE; for the initial condition
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χ(x1, x2, 0) = 0 of relevance here, it reads

∂

∂t
ψ(x, t) = − ∂

∂x
ψ(x, t)−

(
iω0 +

Γ

2

)
ψ(x, t) +

Γ

2
ψ(x− 2a, t− 2a)θ(t− 2a)

− Γ

2

{[
ψ(−x− 2a, t− x− a)− ψ(−x, t− x− a)

]
θ(x+ a)θ(t− x− a)

+
[
ψ(2a− x, t− x+ a)− ψ(−x, t− x+ a)

]
θ(x− a)θ(t− x+ a)

}
(6.18)

[for the general case see Eq. (2.142)]. We solved Eq. (6.18) numerically by adapting

a finite-difference time-domain (FDTD) method, see Sec. 2.4.5.

Finally, once the solutions in both number sectors are found, the three functions

pe/g(t) and c(t) for the semi-infinite waveguide can be obtained explicitly as

pg(t) = |e(t)|2, pe(t) =

∫
dx |ψ(x, t)|2, c(t) =

∫
dxϕ∗(x, t)ψ(x, t), (6.19)

where e(t) is given by Eq. (2.138), ϕ(x, t) is given by Eq. (2.135), and ψ(x, t) is

obtained from FDTD. For the infinite waveguide, see Appendix G.2.

6.6 Non-Markovianity

Despite having a Lindblad structure, the time-dependent ME (6.12) does not in

general generate Lindbladian dynamics since the rates {γν(t)} are not necessarily

all positive at all times, which is the key requisite for Lindbladian dynamics [202,

203, 205, 213]. This condition is certainly violated if ∆(t) < 0 at some time t [recall

the definition of ∆(t) in Eq. (6.8)]. Indeed, since ∆(0) = 1, if ∆ becomes negative

during the time evolution then there exists an instant at which both ∆̇ < 0 and

∆ < 0. Then, since γ+ + γ− = −∆̇/∆ [see Eq. (6.12) and related text], at least

one of the rates {γ±(t)} must be negative at some time. When this happens, the

DM is not “CP-divisible”: the dynamics cannot be decomposed into a sequence of
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infinitesimal CP maps [202] each associated with a time 0 ≤ t′ ≤ t and fulfilling

(6.12) with positive rates {γν(t′)}. Equivalently, it is not governed by a Lindblad

ME even locally in time.4 Thus, according to the criteria in Refs. [211, 213], the

dynamics is NM.
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Figure 6.2: Density plot of the negativity of ∆ as a function of both time t (in
units of Γ−1) and the wavepacket width α for an infinite waveguide. Panel (b) is a
small-α zoom of (a). (k = ω0 = 20Γ.)

Negativity of ∆ can occur already for an infinite waveguide if the wavepacket

width is in an optimal range. Indeed, from the analytic expressions for pe/g(t) in the

infinite-waveguide case (cf. Appendix G.2) we get (time in units of Γ−1 and k = ω0)

∆(t) = e−(α+1)t 8αe
(α+1)t

2 + (α− 5)(α + 1)eαt + 4(1− α)
α2 − 1

. (6.20)

Based on elementary calculus, two behaviors are possible: for α > 5, ∆(t) ≥ 0 always,

while for 0 < α ≤ 5, ∆(t) has a negative minimum at some time. To illustrate this,

we plot ∆’s negativity, N∆(t) ≡ −min[0,∆(t)], in Fig. 6.2. For 0 < α ≤ 5, N∆(t) is

initially zero, then exhibits a maximum at a time of the order of Γ−1 and eventually
4Any infinitesimal quantum map M(dt) that is completely positive can always be expressed

as M(dt) = 1 + L̃dt with L̃ being a superoperator in Lindblad form with positive rates [202]. A
CP-divisible dynamics is described by a Lindblad ME, where the superoperator in Lindblad form
with positive rates and the Hamiltonian are in general time-dependent [202, 213]
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decays to zero. For α ≲ 10−2, this maximum is in fact negligible reaching at most

N∆ ∼ 10−6 [Fig. 6.2(b)]. For practical purposes, then, ∆(t) becomes negative for

an optimal range of wavepacket widths around α ≃ 1, i.e., δk ≃ Γ, which excludes

small α and hence in particular quasi-plane waves.

Further light on the onset of NM effects can be shed by studying a non-Markovianity

measure, which by definition is a function of the entire DM (i.e., at all times) [205].

Out of the many proposed [205], we select the geometric measure (GM) [212] for its

ease of computation and because it facilitates a comparison with the spontaneous

emission dynamics in the semi-infinite waveguide where the GM was already used

[183]. The GM is defined in terms of the DM’s determinant as (cf. Sec. 1.5.2)

N =

∫
∂t| det Mt|>0

dt d
dt
∣∣ det Mt

∣∣, (6.21)

where the integral is over all the time intervals in which | det Mt| grows in time, and

det Mt = |c(t)|2∆(t) (6.22)

[cf. Eq. (6.7)]. Note that N depends on the modulus of the determinant, which is

the volume of the ellipsoid into which the Bloch sphere is transformed by the DM

[see Eq. (6.9)]. Hence, a non-zero N means this volume increases at some time, in

contrast to Lindbladian dynamics in which such an increase cannot occur [212].

Figure 6.3(a) shows N for the infinite-waveguide case for a wavepacket carrier

frequency resonant with the qubit (solid line). Similarly to the negativity of ∆,

N takes significant values only around α ≃ 1 (i.e., δk ≃ Γ), being negligible in

particular for quasi-monochromatic wavepackets. The values of α yielding N ̸= 0

are also such that the dynamics is NM according to the BLP measure [210] and even

the RHP measure [211], the latter meaning that rates γ±,z(t) in the ME (6.12) break

the condition of being positive at all time.
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(a)

(b)

Figure 6.3: The geometric non-Markovianity measure N as a function of the di-
mensionless wavepacket bandwidth α on a linear-log scale. (a) Infinite waveguide
(solid line) and semi-infinite waveguide for non-integer values of k0a/π. (b) Semi-
infinite waveguide for integer values of k0a/π. Note the different vertical axis scale
in the two panels. Non-markovianity is larger for the semi-infinite-waveguide case,
especially for integer k0a/π, because of the time delay in reflecting from the (distant)
mirror. (k = k0 = ω0 = 20Γ.)

The behavior of N changes substantially for a semi-infinite waveguide, as shown

in Fig. 6.3 for several values of the qubit-mirror distance a. First, non-Markovianity

is generally larger, even by an order of magnitude in some cases [note the differ-

ence in scale between panels (a) and (b)]. Second, N can be significant even at

α ≃ 0 (the plane-wave limit), in which case it matches its value in the corre-

sponding spontaneous-emission process [183]. For our parameters, the maximum

non-Markovianity in this limit occurs near k0a = 4π. Third, N exhibits a more

structured behavior as a function of α, the shape of N (α) being dependent on k0a

(recall k0 = ω0).

The feedback due to the mirror, evident in Eqs. (2.136) and (2.142), generally in-

troduces memory effects in the qubit dynamics that are expected to cause NM behav-

ior. These add to the finite-wavepacket effect already occurring with no mirror, lead-

ing generally to enhanced non-Markovianity—note that the semi-infinite-waveguide

curves in Fig. 6.3 typically lie above the mirrorless one. The non-Markovianity can
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be especially large when either 2k0a, the phase corresponding to a qubit-mirror round

trip, is an integer multiple of 2π and/or the corresponding photon delay time τ = 2a

is large compared to the atom decay time Γ−1. In the former case, enhanced NM

behavior occurs because a standing wave can form between the mirror and the qubit

under these conditions; indeed, it has been shown that a bound state in the contin-

uum exists in this system [181]. In the latter case, the fact that the qubit decays

completely before the photon returns causes a periodic re-excitation of the qubit—a

kind of revival.

We found numerically that the scattering DM (6.7) reduces to that for sponta-

neous emission [183] in the limits of very large and very small α, thus in particular

explaining the behavior of N at α ≃ 0. In the infinite-waveguide case, this can be

shown analytically, see Appendix G.2. Physically, these limits can be viewed as fol-

lows. When α ≃ 0, the wavepacket is so spread out spatially that the photon density

at the qubit is negligible: the qubit effectively sees a vacuum, hence behaving as

in spontaneous emission. This clarifies why NM effects cannot occur without the

mirror for a quasi-plane-wave (the emission DM in an infinite waveguide is clearly

Markovian; see Appendix G.2). When α ≫ 1 in contrast, the photon is very local-

ized at the qubit position. The energy-time uncertainly principle then implies that

the photon passes too fast for the qubit to sense, hence the qubit again behaves as

if the field were in the vacuum state.

6.7 Conclusion

We studied the open dynamics of a qubit coupled to a 1D waveguide during single-

photon scattering, presenting results for its DM, the corresponding time-dependent

ME, and rigorous non-Markovianity measures developed in OQS theory. The qubit

dynamics was shown to have distinctive features that, in particular, do not occur

in emission processes. To compute the DM for a semi-infinite waveguide, we solved
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the scattering time evolution by deriving a spatially non-local delay PDE for the

one-photon wavefunction when the qubit is excited. For an infinite waveguide, NM

behavior occurs when the photon-wavepacket bandwidth δk is of order the qubit

decay rate Γ. For a semi-infinite waveguide (mirror), time delay effects are an addi-

tional source of non-Markovianity, resulting in generally stronger NM effects.

The system we studied here, a semi-infinite waveguide plus a qubit, is the simplest

waveguide QED system with a time delay. Yet the nature and effects of the time

delay should be completely generic as there is no fine tuning in our system. We thus

expect the main conclusions found here to also hold in, for instance, the case of two

distant qubits coupled to a waveguide which is relevant for long-distance quantum

information.

It is interesting to note [see Eq. (6.22)] that ∆(t) has the same sign as det Mt,

hence times can exist at which det Mt < 0. Among qubit CP maps, those with

negative determinant are the only ones that break the property of being “infinites-

imally divisible” [261]. This class does not include spontaneous-emission DMs—in

particular vacuum Rabi oscillations—where the determinant is always non-negative

[212]. In sharp contrast, the scattering DMs studied here do belong to this class.

Finally, we note that some results here rely solely on the DM structure (6.7) that

in turn stems from having an initial Fock state instead of a vacuum or thermal one.

Further investigation of this class of open dynamics is under way.5

5S. Lorenzo et al., in preparation.
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7

Conclusion and Outlook

In this thesis, I have thoroughly investigated the multi-qubit wQED system un-

der few-photon scattering. Both infinite and semi-infinite waveguides are analyzed.

Below I first summarize the main results in each chapter, then I discuss possible

directions in this field.

In Chapter 2, I introduced several theoretical methods for calculating physical

quantities in wQED, including the Green’s function method, Heisenberg-Langevin

equation, the SLH framework, and time-dependent Schrödinger equation, and dis-

cussed how to perform the Markovian approximation for each approach. Gener-

ally, however, for non-Markovian systems only the Green’s function method and the

Schrödinger equation are applicable, and a numerical calculation is necessary for

either approach (numerical integration for the former, FDTD for the latter).

In Chapter 3, I considered up to ten identical, equally separated 2LS coupled to

an infinite or a semi-infinite waveguide. As the number of qubits increases, a photonic

band gap gradually forms, and in the inelastic channel this causes most of the photons

within the gap to be reflected. Due to the effective qubit-qubit interaction mediated

by the photons, dark (subradiant) poles with decay rates Γ̃ ≪ Γ appear, resulting
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in sharp side peaks in the inelastic power spectrum and long tails in the two-photon

correlation function. Moreover, the beating between the darkest pole and the driving

leads to the oscillation in the correlation function that persists for a long time. The

pole structure is determined by qubit-qubit separation L and qubit-mirror separation

a, and the Markovian approximation is valid even for a moderate chain of qubits of

several wavelengths long. I also showed a few cases with a on the order of ten

wavelengths, for which a fully non-Markovian calculation is unavoidable.

In Chapter 4, I studied a few driven Λ-type 3LS in an infinite or a semi-infinite

waveguide. While the resonant EIT photons are not correlated, photons slightly

away from the two-photon resonance are. Furthermore, in comparison with the

case of multiple 2LS, both the inelastic photon flux F and the decay time of g2

are large even with a single 3LS. These can be attributed to the large time delay

associated with EIT. As a result, F can be used as a figure of merit for determining

the working frequency such that F is maximized, corresponding to the strongest

inelastic scattering.

In Chapter 5, I studied a pair of detuned and distant 2LS, as well as the “2-3-

2” structure. For the former, I identified the reason that it can work as a photon

rectifier: in the rectification setup (k0L close to nπ), the inelastic scattering is greatly

enhanced since the dark pole is driven. On the other hand, for k0L = nπ I showed

that the pair behaves like a driven 3LS for one and two incident photons. For the

latter, I showed that unlike the EIT photons, the perfectly elastically transmitted

photons are correlated, thus this structure offers a better tunability for rectification.

It suggests that to build nonlinear photonic devices, the effects of inelastic scattering

must be carefully considered.

Finally, in Chapter 6, I proposed that a simple wQED system like a single 2LS

coupled to a semi-infinite waveguide can serve as a model system for the study of

non-Markovianity. By solving the exact, time-dependent scattering dynamics in both
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one- and two-excitation sectors, I constructed the scattering dynamical map subject

to a single-photon wavepacket, from which various NM measures can be calculated.

As an example, I studied the geometric measure, and identified two NM sources:

wavepacket structure and time delay due to the qubit-mirror separation.

Based on the above results, I believe there are still several directions along which

we can explore in the future. Let me briefly discuss each of them:

• Bound state in the continuum (BIC) — Recently, the study of BIC has at-

tracted considerable attention [262]. The BIC is different from quantum-

mechanical bound states (potential confinement), few-photon bound sates (prop-

agating eigenstate for few-photon scattering), or photon-atom bound states due

to zero group velocity at the photonic band edge, in that the localized state

lies in a continuous spectrum. In the wQED context, it has been shown that

a pair of distant 2LS in a rectangular waveguide can produce a long-lived BIC

when the separation satisfies kL = nπ [168]. Such finding rings a bell for NM

physics, as it suggests that the introduction of delay time might give rise to

BIC in general. Therefore, it is interesting to explore the possibility of BIC in

other delayed systems, such as a single 2LS in a semi-infinite waveguide, and

a decisive signature can be given by photon capturing processes [100]: If the

BIC exists, the 2LS would hold a significant portion of injected photons in the

steady state. Using FDTD, I have collected preliminary results that confirm

this guess, and further investigation in collaboration with F. Ciccarello and G.

Calajó is under way.

• Non-Markovianity for two distant qubits in an infinite waveguide — Since this

system is the minimal building block for an extended quantum network, it is

of great interest to thoroughly investigate its physics in addition to the BIC

as discussed above. For example, one may ask how NM the system is without
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or with the presence of a single-photon wavepacket. In order to construct

the dynamical map, for the former it requires the exact solution for the joint

spontaneous emission process, Ut|ee⟩|0⟩, which has been studied [152] but not

completely solved. As an extension of Chapter 6, the latter appears to be much

more theoretically difficult, as in this case it needs to take the dynamics in the

one-, two-, and three-excitation sectors into account. For example, we need to

calculate the time evolution of stimulated emission process, Ut|ee⟩|φ⟩, in which

the incoming photon can in principle stimulate the emission of either 2LS. In

either case, I believe this is certainly an exciting direction for both OQS and

wQED communities.

• Waveguide QED in the ultrastrong-coupling regime — Furthermore, when en-

tering the ultrastrong-coupling regime where the rotating-wave approxima-

tion completely fails [263, 264], analytical treatments seem impossible be-

cause the Hamiltonian no longer commutes with the number of excitations

N =
∫
dk a†(k)a(k) +

∑
i σi+σi−, and one has to use numerical approaches

such as matrix product states [117, 124, 132, 134, 151, 184–186] or the multi-

polaron ansatz [128, 129, 134, 135, 265, 266] to explore the many-body physics

of light . Since an ultrastrong wQED experiment was recently carried out using

a superconducting flux qubit coupled to a microwave transmission line [62], the

consideration of this regime is no longer a purely imaginary exercise.

For a single qubit ultrastrongly coupled to an infinite waveguide with linear

dispersion, the system is nothing but the celebrated spin-boson model with

an ohmic environment, so plenty of conclusions about its ground state and

equilibrium properties1 can be drawn from the literature [267]. For example,

the ground state consists of a macroscopic number of low-energy photons sur-
1Note in passing: the non-equilibrium physics of the spin-boson model remains largely unknown,

which could thus be readily investigated within the framework of ultrastrong wQED.
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rounding the qubit (“Kondo cloud”). However, in combination with the above

possibilities, a natural question one may ask is: what is the effect of propaga-

tion time for two distant 2LS ultrastrongly coupled to an infinite waveguide,

or a single 2LS ultrastrongly coupled to a semi-infinite waveguide? How would

the spectrum of the Kondo clouds be changed, and how NM an ultrastrong-

coupling system can be? As discussed in Chapter 1, the last question is most

appealing to the OQS community, because typically the system-environment

interaction is considered weak or at most strong, not ultrastrong.
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Appendix A

Perform double and triple integrals

While in the Markovian cases in which the double integrals emerging in the calcula-

tions can be performed analytically, they are still too complicated to be conquered

by Mathematica’s Integrate command (within a reasonable amount of time). As a

result, the formulae given below are used to correctly sum up all residues contributing

to the integral.

k0
1

k0
2k0

N−1

k0
N

k0
N+1

k0
N+2k0

2N−1

k0
2N

k

1Figure A.1: The schematic of contour integrals we need to consider in this work.
{k0i }i=1−2N are simple poles and (k01)

∗ = k0N+1, (k02)∗ = k0N+2, · · · , (k0N)∗ = k02N . In
the cases with multiple 2LS, N represents the number of 2LS.
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Let us first consider the following double integral

∫∫
dk1dk2

f(k1, k2)

(E − k1 − k2 + iε)
2N∏
i=1

(k1 − k0i )
2N∏
j=1

(k2 − k0j )
(A.1)

with simple poles {k0i }i=1−2N shown in Fig. A.1, where (k01)
∗ = k0N+1, (k02)∗ = k0N+2,

· · · , (k0N)∗ = k02N , and a well-behaved complex function f(k1, k2) (e.g., converging at

infinity, having no poles or branch cuts, etc). Equation (A.1) captures the general

structure of {Gij} and {GRR
i (x1, x2)}. Since Eq. (A.1) has only simple poles, its

residues can be summed up easily. Let us do the k1 integration first, and then the

k2 integration:

∮
dk2

∮ dk1
f(k1, k2)

(E − k1 − k2 + iε)
2N∏
i=1

(k1 − k0i )

 1
2N∏
j=1

(k2 − k0j )

= 2πi

∮
dk2

 N∑
i=1

f(k0i , k2)

(E − k0i − k2 + iε)
∏
m̸=i

(k0i − k0m)
− f(E − k2 + iε, k2)∏

m

(E − k0m − k2 + iε)

 1
2N∏
j=1

(k2 − k0j )

= (2πi)2

 N∑
i,j=1

f(k0i , k
0
j )

(E − k0i − k0j + iε)
∏
m̸=i

(k0i − k0m)
∏
n ̸=j

(k0j − k0n)

−
N∑
i=1

f(E − k0i + iε, k0i )∏
m

(E − k0i − k0m + iε)
∏
n̸=i

(k0i − k0n)
+

2N∑
i=N+1

f(k0i , E − k0i + iε)∏
m

(E − k0i − k0m + iε)
∏
n̸=i

(k0i − k0n)

 ,

(A.2)

where f(k1, k2) is assumed to converge in the upper-half complex plane. With

Eq. (A.2) one can then sort and label the poles and sum them up automatically in

Mathematica with arbitrary numerical precision by manipulating the Root objects.

Note that it is safe to take ε = 0 after the summation.
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One can use the same strategy to compute the triple integrals in the Si(ω) cal-

culations, which is of the following form

Tij(ω) ≡
∫∫∫

dkdpdq f ∗i (p)fj(q)gij(k)

(q − ω + iε)(E − k − p− iε)(E − k − q + iε)
N∏
l=1

(p− k0l )
2N∏

m=N+1

(q − k0m)
2N∏
n=1

(k − k0n)

(A.3)

with poles {k0i }2Ni=1 same as in Fig. A.1. The final result of Eq. (A.3) is

Tij(ω) = 2(2πi)2

 N∑
r=1

f ∗i (E − k0r)fj(E − k0r)gij(k0r)
(E − k0r − ω)

∏
l ̸=r

(k0r − k0l )
∏
m

(E − k0r − k0m)

−
2N∑

r=N+1

f ∗i (k
0
r)fj(k

0
r)gij(E − k0r)

(k0r − ω)
∏
l ̸=r

(k0r − k0l )
∏
m

(E − k0r − k0m)
− f ∗i (ω)fj(ω)gij(E − ω)∏

l

(E − ω − k0l )(ω − k0l )

 .

(A.4)
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Appendix B

Stability analysis

Following Ref. [223], we can perform a simple von Neumann stability analysis to check

that our regularization scheme for discretizing the delay PDE (2.142) introduced in

Sec. 2.4.5 does not lead to amplitude divergence. First, let us consider the simplest

ordinary PDE ∂xf + ∂tf +Wf(x, t) = 0 which has no non-local terms. If we write

ψ(m∆, n∆) = ξneik(m∆), where ξ is called the amplification factor, then we have

ξ(k) =

(
1
∆
− W

4

)
− W

4
eik∆(

1
∆
+ W

4

)
+ W

4
e−ik∆

e−ik∆. (B.1)

It can be shown that |ξ(k)| ≤ 1 as long as Re(W ) > 0, so our approach for solving

this simple PDE is stable.

For Eq. (2.142) in x < −a, we can again insert the ansatz and obtain (assuming

χ = 0 for simplicity)(
1

∆
+
W

4

)
ξneikm∆ =

(
1

∆
− W

4

)
ξn−1eik(m−1)∆ − W

4

(
ξn−1eikm∆ + ξneik(m−1)∆

)
+

Γ

8
ξn−nx−1eik(m−nx−1)∆

(
1 + eik∆ + ξ + ξeik∆

)
. (B.2)
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Note that the parameter nx enters because of the delay term. Now this is a polyno-

mial in ξ of order nx, so there is no general solution for its roots. But empirically (i.e.

by plotting) we still find that |ξ(k)| ≤ 1; that is, our algorithm is stable in x < −a.

A more general stability analysis for Eq. (2.142) is challenging. However, we

hope the above reasoning together with the validations discussed earlier are enough

to convince the interested users that our FDTD program is stable.
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Appendix C

Evaluating incomplete Gamma functions on the
complex plane

In the time-dependent calculation, the incomplete Gamma function γ(n, z) naturally

emerges from our equations. While there are several open-sourced math libraries

such as GSL and Boost that implement the real-valued version, evaluating γ(n, z)

for complex-valued argument z is a very tricky task and to our knowledge no open-

sourced code provides such an implementation. Commercial softwares like Mathe-

matica does provide a routine for arbitrary arguments, but its efficiency is nonideal

for simulation purposes. As a by-product, therefore, we provide an implementation

of the incomplete Gamma function for nonzero positive integers n = 1, 2, · · · , and

complex-valued z.

Specifically, we implement the normalized lower incomplete Gamma function [231]

P (n, z) =
γ(n, z)

Γ(n)
=

γ(n, z)

(n− 1)!
. (C.1)

Other members in the incomplete-Gamma family can be easily obtained if P (n, z) is

known. The most challenging part is when z is on the negative real axis. Fortunately,
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z

-50 n+1

(a)

(b)

(c)(d)

Figure C.1: Evaluating P (n, z) for complex-valued z. Depending on |z|, we use
different formulae, labeled from (a) to (d), to achieve fast and accurate convergence.
Note that (c) and (d) are employed when Re(z) < 0 and | Im(z)| ≲ 10−16.

this problem is recently tackled in Ref. [268], and we incorporate their findings into

our implementation, which works well even when z has a tiny, nonzero imaginary

part. Our implementation is summarized in Fig. C.1. We evaluate P (n, z) according

to four different expressions for z in different regions on the complex plane:

(a) Continuous fraction; see Eq. (6.2.7) in Ref. [223]:

Q(n, z) = 1− P (n, z) = e−zzn

Γ(n)

(
1

z + 1− n−
1 · (1− n)
z + 3− n−

2 · (2− n)
z + 5− n−

· · ·
)
;

(C.2)

(b) Series expansion; see Eq. (6.2.5) in Ref. [223]:

P (n, z) = e−zzn
∞∑
i=0

zi

Γ(n+ i+ 1)
; (C.3)

(c) Series expansion for γ∗; see Eq. (6) in Ref. [268]:

P (n,−z) = (−z)nγ∗(n,−z) ∼ (−1)nez

Γ(n)

∞∑
i=0

(1− n)izn−i−1; (C.4)
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(d) Poincaré-type expansion; see Eq. (29) in Ref. [268]:

P (n, z) = znγ∗(n, z) =
zn

Γ(n)

∞∑
i=0

(−z)i

i!(i+ n)
. (C.5)

We note that combining (a) and (b) gives the standard approach to real-valued z

[223], and that for very large |z| the computation may not converge [268], but the

convergence range is large enough for our purposes.
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Appendix D

The role of A

This Appendix serves as a side note for those who are concerned with the interpre-

tation of the prefactor A appearing whenever a continues driving is used.

For example, if f(x) = Aeikxθ(−x) (see top of Fig. D.1), it is not normalized to

1 if we require it to have a probability interpretation:

∫ ∞
−∞
|f(x)|2dx =

∫ 0

−∞
A2dx ̸= 1 (D.1)

In fact it is delta-normalized. In scattering theory it is fine to have a delta-normalized

state, but strictly speaking quantum-mechanical wavefunctions should have a prob-

ability interpretation, and thus should be 1-normalized.

The solution is to recognize that the probability interpretation requires a well-

defined wavepacket, so actually what we have been doing all along is using a long

square pulse (bottom of Fig. D.1) and then taking the infinite-length limit (L →

∞). So formally f(x) = Aeikxθ(x + L)θ(−x) with A = 1/
√
L. It is obvious that∫

|f |2dx = 1 now.

This should be borne in mind when interpreting the results. For example, the
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L

to 

infinity

Figure D.1: (Top) a continuous wave with a sharply defined wavefront; (bottom)
a square pulse with length L.

infinite sum such as Eq. (2.153) is still a valid solution, under the condition that

no matter what termination time T we use in the simulation, L is always much

larger than T so that the solution does not know there is a “wave-end.” But |e(t)|2

calculated in such scenarios can no longer be interpreted as the population of the

2LS. Same as e(k) from scattering theory (cf. Sec. 2.2), e(t) is the slope of ⟨σ−(t)⟩

to the driving amplitude A in the weak-driving limit. The consequence of taking the

L → ∞ limit is that the 2LS is just weakly excited at all time (weak in the sense

that the population is proportional to driving amplitude squared). In this aspect,

one can regard what we have calculated as a “time-dependent scattering theory.”
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Appendix E

Representative results for Green’s function
calculations

In this Appendix, we collect the results for several systems considered above, as they

are too lengthy (or tedious) to be presented in the main text.

E.1 Two identical qubits in an infinite waveguide

The various amplitudes in the single-excitation sector are given by (L is the qubit-

qubit separation)

t2(k) =
4(k − ω0)

2

(iΓ + 2k − 2ω0)2 + Γ2e2ikL
(E.1)

r1(k) =
Γ
(
Γ− e2ikL(Γ + 2ik − 2iω0)− 2ik + 2iω0

)
Γ2e3ikL + eikL(iΓ + 2k − 2ω0)2

(E.2)

eR
1 (k) = −

i
√
Γe−

1
2
ikL
(
Γ
(
−1 + e2ikL

)
+ 2ik − 2iω0

)
√
π ((iΓ + 2k − 2ω0)2 + Γ2e2ikL)

(E.3)

eR
2 (k) =

2
√
Γe

ikL
2 (k − ω0)√

π ((iΓ + 2k − 2ω0)2 + Γ2e2ikL)
. (E.4)

Proceeding to the double-excitation sector, this case could serve as an illustrative
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example owing to its relatively simple polynomial structure: For k0L = Aπ with

0 ≤ A ≤ 1/2, we have

G11 =
e2iπAΓ2 + 2η2

2 (e2iπAΓ2η + η3)
(E.5)

G12 = −
e2iπAΓ2

2η ((−1 + e2iπA) Γ2 − 4iΓω0 + E2 + 2iE(Γ + 2iω0) + 4ω2
0)

(E.6)

GR,R
1 (x1, x2) = −

{
Γ
[
β+ (−iβ−Γ + E − 2ω0) (2E − 2ω0 + iγ)

+ β−e
eiπAΓt (−iβ−Γ + 2E − 4ω0) (E + iγ)

]
× exp

(
iE(t+ x1)−

1

2
γt

)}/
8
(
e2iπAΓ2η + η3

)
(E.7)

GR,R
2 (x1, x2) = i

{
Γ
[
β+ (−iβ−Γ + E − 2ω0)

((
−2 + eiπA

)
β+Γ + 2iE − 4iω0

)
+ β−e

eiπAΓt
(
−
(
eiπA + e2iπA − 2

)
Γ− 2iE + 4iω0

)
(E + iγ)

]
× exp

(
−1

2
γt− iπA+ iE(t+ x1)

)}/
8
(
e2iπAΓ2η + η3

)
, (E.8)

where η ≡ E − 2ω0 + iΓ, γ ≡ (eiπA + 1)Γ + 2iω0, are β± ≡ eiπA ± 1. Note that

x1 and x2 in the arguments are photons’ positions, not qubit, and during the two

contour integrations x1 >L/2 and x2 = x1 + t (with t > 0) are used. Due to parity

symmetry (assuming qubit 1 at −L/2 and qubit 2 at L/2), G21 = G12, G22 = G11,

GL,L
1 (−x1,−x2) = GR,R

2 (x1, x2) and GL,L
2 (−x1,−x2) = GR,R

1 (x1, x2).

E.2 Three identical qubits in an infinite waveguide

The various amplitudes in the single-excitation sector are given by

t3(k) =
8(k − ω0)

3

η3+ + 2Γ2η+e2ikL + Γ2η−e4ikL
(E.9)
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r1(k) =
Γ
(
η2+ + 2e2ikL (Γ2 + 2(k − ω0)

2) + η2−e
4ikL
)

2iΓ2η+e4ikL + iΓ2η−e6ikL + iη3+e
2ikL

(E.10)

eR
1 (k) =

√
Γe−ikL

(
iη2+ + 2Γe2ikL(iΓ + k − ω0) + Γη−e

4ikL
)

√
π (iη3+ + 2iΓ2η+e2ikL + iΓ2η−e4ikL)

(E.11)

eR
2 (k) =

2
√
Γ(k − ω0)√

π (η2+ + iΓη−e2ikL)
(E.12)

eR
3 (k) =

4
√
ΓeikL(k − ω0)

2

√
π (η3+ + 2Γ2η+e2ikL + Γ2η−e4ikL)

, (E.13)

with η± ≡ 2k − 2ω0 ± iΓ. For double-excitation sector, the expressions are unfor-

tunately too lengthy even for an Appendix, as the poles are the roots of a cubic

polynomial and thus quite complicated.

E.3 Single qubit in a semi-infinite waveguide

The reflection amplitude is given by

r(k) = −
k − ω0 − iΓ

(
1− e−2ika

)
/2

k − ω0 + iΓ (1− e2ika) /2
(E.14)

and the qubit amplitude is

e(k) = −i
√

Γ

π

sin(ka)
k − ω0 + iΓ (1− e2ika) /2

. (E.15)

Note that while they have well-defined values in the limit k0a → nπ (qubit placed

at the node of the photon field) and k → ω0 (on resonance), the limiting procedure

cannot be handled correctly numerically (for the purpose of numerical integration),

thus causing a problem as mentioned in Chapter 3.
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Appendix F

Transmission photon intensity for two detuned 2LS

In this section we give explicit expressions for X→(k) of the two-qubit system dis-

cussed in Chapter 5. Following the recipe of constructing the two-photon scattering

wavefunction in Sec. 2.2, we have

X→(k) =
F→(k)

2π
+ (interference term), (F.1)

where F→(k) =
∫
dωSR(ω) is the transmitted inelastic flux for left-driving, and the

interference term is

− 2× e−ikx√
4π
t(k)∗

∑
i,j

RRi(k, x)(G
−1)ije

→
j (k)2 + h.c., (F.2)

where the matrix elements Gij are defined in Refs. [146, 216], e→i (k) is the wavefunc-

tion of qubit i [146]:

e→1 (k) =

√
Γe−ikL/2

[
i(2k − 2ω0 + δ)− Γ

(
1− e2ikL

)]
i
√
π [(2k − 2ω0 + iΓ)2 + Γ2e2ikL − δ2]

, (F.3)

e→2 (k) =

√
ΓeikL/2(2k − 2ω0 − δ)√

π [(2k − 2ω0 + iΓ)2 + Γ2e2ikL − δ2]
, (F.4)
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and the function RRi(k, x) is defined as [217]

RRi(k, x) =
e→i (k)∗√

π

∫
dq
eiqx [t(q)e→i (q)∗ + r←(q)e←i (q)∗]

k − q + i0+
(F.5)

with r(k) the reflection amplitude [146]

r→(k) = −iΓ4(k − ω0) cos(kL) + 2 (Γ− iδ) sin(kL)
(2k − 2ω0 + iΓ)2 + Γ2e2ikL − δ2

. (F.6)

The calculation of X←(k) follows in a similar way.

We close by three remarks: (i) the reflection amplitude r(k) is not invariant upon

exchanging qubit 1 and 2, as which qubit is hit first matters; (ii) the amplitudes r←(k)

and {e←i (k)} for right-driving can be simply obtained by taking r←(k) = r→(k)|δ→−δ,

e←1 (k) = e→2 (k)|δ→−δ and e←2 (k) = e→1 (k)|δ→−δ, which exploits the mirror symmetry;

(iii) all contour integrals, after the Markovian approximation is made, can be solved

symbolically using Mathematica. However, we are unable to write down a concise

closed form for the results for arbitrary δ and L; a limiting case (δ = 0) is given in

Appendix E.
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Appendix G

Derivations for constructing the scattering
dynamical map

This Appendix1 provides the derivations for the equations presented in Chapter 6,

including the time-dependent ME, (6.12), and the three functions, Eqs. (6.6), for the

infinite waveguide case which has the exact solution.

G.1 Derivation of the time-dependent ME

In this section, we present some details of the derivation of the time-dependent ME,

Eq. (6.12). In particular, we express both Eqs. (6.12) and (6.14) using as a basis the

four Hermitian operators {Ĝi} = {1/
√
2, σ̂x/

√
2, σ̂y/

√
2, σ̂z/

√
2} with i = 0, 1, 2, 3,

respectively; recall that Tr{ĜiĜj} = δij. An operator ρ (and so in particular a

density operator) can be decomposed as ρ =
∑3

i=0 riĜi with ri = Tr{Ĝiρ}, hence

the 4-dimensional real vector r is a representation of the density operator ρ. A map

is analogously represented by a 4×4 transformation matrix.

1Text in this appendix is adapted from Y.-L. L. Fang, F. Ciccarello and H. U. Baranger,
arXiv:1707.05946 (2017).
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For Lt we start by noting that the dynamical map can be expressed as

Φt[ρ] =
∑
j

Φt(rjĜj) =
∑
j

rjΦtĜj =
∑
j

rj
∑
k

Tr
{
ĜkΦtĜj

}
Ĝk

=
∑
k

(∑
j

Tr{ĜkΦtĜj}rj

)
Ĝk =

∑
k

(F r)k Ĝk, (G.1)

where we used the linearity of Φt and defined the entries of the 4×4 matrix F as

Fkj = Tr
{
ĜkΦtĜj

}
. (G.2)

The matrix F thus represents the map Φt (we drop the time dependance for sim-

plicity). The composition of two maps is correspondingly turned into the matrix

product of the associated matrices [each defined analogously to Eq. (G.2)]. Hence,

if L is the 4×4 matrix associated with map Lt [see Eq. (6.14)], it is given by

L = Ḟ F−1. (G.3)

We are thus led to compute the (time-dependent) matrix F, calculate its derivative

Ḟ and inverse F−1, and finally take the matrix product (G.3). To calculate F we

use Eqs. (6.7) and (G.2), where the matrix elements ρij entering Eq. (6.7) are now

the matrix entries of operators {Ĝj} (for instance, Ĝ1 = σ̂x/
√
2 has entries (G1)ee =

(G1)gg = 0 and (G1)eg = (G1)ge = 1/
√
2). By proceeding in this way, matrix F reads

F =


1 0 0 0
0 Re[c(t)] Im[c(t)] 0
0 − Im[c(t)] Re[c(t)] 0

pe(t) + pg(t)− 1 0 0 pe(t)− pg(t)

 . (G.4)
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Using this and Eq. (G.3), we find that matrix L is

L =


0 0 0 0

0 Re
[
ċ(t)
c(t)

]
Im
[
ċ(t)
c(t)

]
0

0 − Im
[
ċ(t)
c(t)

]
Re
[
ċ(t)
c(t)

]
0

ṗe(t)+ṗe(t)
pg(t)+pe(t)−1 + 2 [1−pg(t)]ṗe(t)+pe(t)ṗg(t)

1−pg(t)−pe(t) 0 0 ṗg(t)+ṗe(t)

pg(t)+pe(t)−1

 .

(G.5)

This shows that Eq. (6.13) holds with the generator Lt whose 4×4-matrix represen-

tation is given by Eq. (G.5).

The remaining step is to show that the generator can indeed be expressed as the

right-hand side of (6.12). To this aim, we consider Eq. (6.12) without specifying

Ĥ(t), γ±(t) and γz(t), work out its 4×4-matrix representation, impose that it yields

ṙ = Lr with L given by Eq. (G.5) and solve for Ĥ(t), γ±(t) and γz(t). Thus let us

define

L̃t[ρ] =−i
[
S(t)

2
σ̂+σ̂− + µ(t)σ̂+ + µ∗(t)σ̂−, ρ

]
+γ−(t)L−[ρ] +γ+(t)L+[ρ] +γz(t)Lz[ρ]

(G.6)

and call L̃ the associated 4×4 matrix. To compute L̃, in Eq. (G.6) we replace

ρ =
∑

i riĜi and calculate Tr{Â Ĝi B̂} with Â, B̂ = Ĝ0, ..., Ĝ3, obtaining

L̃ =


0 0 0 0

0 −γ+(t)+γ−(t)
2

− 2γz(t) −S(t)
2

−2 Im[µ(t)]

0 S(t)
2

−γ+(t)+γ−(t)
2

− 2γz(t) −2 Re[µ(t)]
γ+(t)− γ−(t) 2 Im[µ(t)] 2 Re[µ(t)] − [γ+(t) + γ−(t)]

 .

(G.7)

We next require that Eq. (G.7) equals Eq. (G.5). Upon comparison of these two

equations, we immediately get µ(t) = 0, while S(t) = −2 Im [ċ(t)/c(t)]. Moreover,

by requiring the entries L22, L44 and L41 of matrix (G.7) to match the corresponding

ones of (G.5), we find the three rates given in Eqs. (6.15).
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G.2 DM in the infinite-waveguide case

The three functions (6.6), which fully specify the scattering DM (6.7), in the infinite-

waveguide case are worked out based on Eqs. (2.121), (2.126), (6.3), and (6.4), as

pg(t) = |e(t)|2,

pe(t) = ∥ψ1(t)∥2 =
∫
dx
[
|ψR(x, t)|2 + |ψL(x, t)|2

]
, (G.8)

c(t) = ⟨ϕ1(t)|ψ1(t)⟩ =
∫
dx [ϕ∗R(x, t)ψR(x, t) + ϕ∗L(x, t)ψL(x, t)] , (G.9)

which with the help of Eqs. (2.123) and (2.125) take the explicit form (time is rescaled

in units of Γ−1 and k = ω0)

pg(t) = 2αe−t

[
e−

1
2
(α−1)t − 1

α− 1

]2
, (G.10)

pe(t) = e−(α+1)t
−4(α− 1)2 + (α3 − 3α2 + α + 5) eαt + 4(α− 3)αe

1
2
(α+1)t + 2α(α + 1)et

(α− 1)2(α + 1)
,

(G.11)

c(t) = e−(α+1+iω0)t
(α− 1)2e(α+

1
2)t + 4αe

αt
2 − 2(α + 1)et/2

α2 − 1
. (G.12)

From Eqs. (G.10) and (G.11), the quantity ∆(t) in the infinite-waveguide case is

easily obtained as given in Eq. (6.20).

In the two limits α→ 0 and α→∞, we get

lim
α→0

pg(t) = lim
α→∞

pg(t) = 0,

lim
α→0

pe(t) = lim
α→∞

pe(t) = e−Γt,

lim
α→0

c(t) = lim
α→∞

c(t) = e−iω0te−
Γ
2
t,

(G.13)

with Eq. (6.7) thereby reducing to

Φt[ρ0]=

(
e−Γtρee e−iω0te−

Γ
2
t ρeg

eiω0te−
Γ
2
tρ∗eg ρgg + (1− e−Γt)ρee .

)
, (G.14)
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This is the DM of spontaneous emission into an infinite waveguide with flat spec-

tral density [202] obeying the time-independent Lindblad ME ρ̇ = −i[ω0σ̂+σ̂−, ρ] +

(Γ/2)L−[ρ], which is thus apparently Markovian since the decay rate is positive for

all time.
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