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Abstract 

Cardiac arrhythmias such as atrial fibrillation and ventricular tachycardia are 

closely associated with microscopic fibrotic changes in cardiac structure that result in a 

heterogeneous myocardium.  While the incidence of fibrosis is correlated with 

arrhythmia burden and recurrence, the mechanisms linking the two remain poorly 

understood. Previous experimental and simulation studies have identified changes in 

local conduction due to micron-scale structural heterogeneities. However, because of the 

limited ability to simultaneously study conduction over a range of spatial scales, it 

remains unclear how numerous microheterogeneities act in aggregate to alter 

conduction on the macroscopic scale. The overall objective of this dissertation is to 

elucidate and characterize the effect of microfibrosis on cardiac conduction, through the 

use of computational models and directly paired experimental studies. 

The impact of fibrotic collagen deposition on reentrant conduction was first 

examined in a model of cardiac tissue. The presence of collagenous septa was shown to 

prolong the cycle length of reentry; the magnitude of reentry prolongation is correlated 

with the overall degree of fibrosis and the length of individual collagenous septa. 

Mechanistically, cycle length prolongation is caused by lengthening of the reentrant tip 

trajectory and alteration of restitution properties. An equivalent homogenized model of 

fibrosis is unable to recapitulate the observed cycle length prolongation, suggesting that 
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the details of the microstructure greatly impact the observed macroscale behavior. A 

hybrid model generated by adding discrete heterogeneities to the coarse, homogenized 

model is able to partially reproduce cycle length prolongation by replicating the 

lengthened tip trajectory. 

In order to examine the mechanisms by which cardiac microstructure influences 

global conduction, a new framework for paired computational and experimental studies 

using the engineered-excitable Ex293 cell line was developed. The Ex293 mathematical  

model incorporates several measures of variation in cellular and tissue 

electrophysiological properties, and is novel in its use of stochastic variation in a 

multidimensional model of tissue. Replicating the range of experimentally observed 

single-cell and macro-scale behavior requires introducing ionic conductance variation 

between individual cells and between tissues, as well as conductivity variation between 

tissues. 

This framework was then utilized for paired studies in a geometry of idealized 

fibrosis to examine fibrosis-induced changes in micro- and macro-scale behavior. The 

presence of microscopic heterogeneities slows conduction and alters the curvature of the 

macroscopic wavefront. On the microscale, branching of tissue around heterogeneities 

leads to conduction slowing due to imbalances of electrical source and load, while 

wavefront collisions at sites of tissue convergence lead to acceleration of propagation. 

The observed macroscopic behavior is directly attributable to the combination of these 
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microscopic effects and the tortuosity of propagation around heterogeneities. Under 

diseased conditions involving reduced excitability, alteration of these microscale 

behaviors leads to reversal of changes in wavefront curvature.  

These findings advance our knowledge of the role of myocardial micro-

heterogeneities in conduction. Further application of these techniques to examine how 

the effects of microstructure are dynamically modulated may help improve our 

understanding of the factors giving rise to cardiac arrhythmia. 
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1 Introduction  

Cardiac arrhythmias are a major cause of morbidity and mortality around the 

world. In recent years, advances in pharmacological and electrophysiological therapies 

have helped reduce the burden and impacts of arrhythmia, and basic research has 

identified cellular sources implicated in arrhythmogenesis. In addition, numerous 

studies have demonstrated that changes in the microscopic structure of the heart are 

associated with arrhythmia burden. Despite these advances, significant gaps remain in 

our understanding of how microscopic heterogeneities in the heart are involved in the 

initiation and maintenance of irregular and dangerous rhythms.  

The work presented in this dissertation is motivated by 1) an incomplete 

understanding of the impact and role of microscopic heterogeneities in macroscopic 

conduction across the diseased myocardium and 2) the inability to conduct directly 

paired experimental and computational studies of excitable tissue. This dissertation 

examines how microstructural heterogeneity in the heart, such as fibrosis, collagen 

deposition or cell death, affects macroscopic conduction behavior and facilitates 

arrhythmogenesis, and explores how best to capture these effects in computational 

models of the myocardium. A central contribution of the dissertation is the development 

of a novel experimental and computational platform that uses in vitro monolayers 

comprised of genetically engineered excitable cells, and computational models of those 

cells, which incorporate experimentally-consistent measures of variability. This 
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methodology is used to examine the effect of structured, idealized microscopic 

heterogeneities on macroscopic conduction. 

The dissertation is presented in the following manner: Chapter 2 of this 

dissertation provides background on the mechanisms of cardiac excitability and 

conduction, from the single ion channel to the organ level. Included is a review of 

mechanisms of arrhythmogenesis and previous studies on the impact of microscopic 

heterogeneity on local conduction behavior. Lastly, existing methods of studying 

arrhythmogenesis in vitro and in silico are discussed and their limitations highlighted. 

Chapter 3 provides a background and overview of the modeling and simulation 

methodology used throughout this dissertation. Various types of ionic and structural 

tissue models are presented and their mechanics discussed. In addition, the numerical 

methods used in the subsequent three chapters are summarized.  

Chapter 4 uses a realistic model of cardiac fibrosis to examine whether the effects 

of microscopic heterogeneity impact macroscopic reentrant behavior. Homogenized 

continuous models with equivalent planar conduction properties are used to identify 

key non-linear consequences of microscopic heterogeneity that affect spiral wave 

conduction. Elements of this chapter were previously published and presented in a 

conference paper at Computing in Cardiology [1] and have been submitted for publication. 

Chapter 5 presents the development of a mathematical model of the engineered-

excitable human endothelial kidney cell. A thorough examination of modes of 
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experimental variability results in a model that is able to accurately replicate both the 

mean and distribution of experimental behavior, which is necessary to facilitate paired 

experimental and computational studies. The work in this chapter was recently 

published in the journal PLoS Computational Biology [2].  

Chapter 6 examines the impact of microscopic heterogeneities on conduction 

through a combination of in vitro and in silico studies of excitable monolayers with 

acellular, non-conductive obstacles. Variation in the size and spacing of obstacles is 

observed to affect macroscopic conduction velocity and curvature anisotropy. 

Microscale computational models are then employed to examine the mechanisms 

behind these changes, and the summative impact of path tortuosity, conduction slowing 

due to source-load mismatches, and conduction speeding due to microscale wavefront 

collisions is found to drive the experimental findings.  

Finally, Chapter 7 summarizes the findings and presents overall conclusions and 

directions for future research.  
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2 Background 

This chapter provides a broad overview of the mechanisms of cardiac 

conduction, starting at the cellular level with action potentials initiation. Impulse 

conduction at the tissue level is then discussed, followed by conduction in the intact 

heart. The physiology of clinical arrhythmias and the electrical and structural conditions 

that lead to their genesis and maintenance are presented. Previous studies seeking to 

understand the effects of microscopic heterogeneities are then described. Finally, in vitro 

and in silico methods of studying arrhythmogenesis and their limitations are discussed. 

2.1 Cellular Cardiac Electrophysiology 

All animal cells are lined by a lipid plasma membrane that separates the inside of 

the cell from its surroundings. The lipid bilayer plasma membrane functions as an 

electrical capacitor, creating a potential difference by separating charge. The plasma 

membrane is spanned by numerous proteins that serve a variety of functions, including 

signaling, adhesion, and transport across the membrane.  One class of transport 

proteins, the ion channels, play a key role in cell-to-cell communication and excitability. 

By serving as a conduit for the flow of charged ions across the membrane, ion channels 

can affect transmembrane potential, triggering a variety of behaviors including muscle 

contraction, neuronal communication and pancreatic secretion. Most ion channels are 

selectively permeable to a single species of ion, and external factors such as the 

transmembrane potential across the plasma membrane, or the binding of ligands to the 
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channel protein regulate the channel’s conductance to ion flow. Thus, the impact of the 

ion channel on transmembrane potential is determined by the charge of the transported 

ion, the direction of ion flux, and the amount of flux, as controlled by transmembrane 

voltage.  

While all cells contain some transmembrane ion channels, some cells, such as 

those of the heart, muscles, brain, nerves and specialized secretory organs, contains a 

combination of ion channels that allows for “excitability”, that is, the ability to fire action 

potentials (APs). Excitable cells typically exhibit a strongly hyperpolarized (negative 

relative to outside of cell) resting membrane potential when in a quiescent state. When 

triggered, these cells experience ion fluxes that results in a rapid depolarization (rise of 

transmembrane potential), followed by a relatively gradual repolarization to the resting 

membrane potential; this process is termed an action potential. (Figure 2.1A, top panel) 

Once the membrane has returned to the resting membrane potential, the cell can again 

fire another action potential. 

In atrial and ventricular cardiac cells, the upstroke of the action potential (“phase 

0”) is due to the rapid influx of sodium ions through a voltage gated sodium channel 

(Figure 2.1A, solid box). The sodium current, INa, is controlled by both voltage-

dependent activation and voltage-dependent inactivation; while the activation gating 

process favors increased flux at higher voltages, the inactivation gating process only 
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permits flow at lower voltages.  

 

Figure 2.1: Key Properties of the Cardiac Action Potential. (A) The action potential 
waveform (upper) and the underlying currents (lower). The sodium current (solid box) 
is the key driver of the action potential upstroke (phase 0) while calcium and potassium 
(dashed boxes) currents are involved in the plateau phase (phase 2). The absolute 
refractory period (ARP) and relative refractory period (RRP) are periods of no or limited 
excitability. From Nerbonne and Kass [3], with permission. (B-C) Action potentials 
exhibit restitution of the action potential duration where in application of a second (S2) 
stimulus at shorter diastolic intervals (DI) leads to shortened duration of the second 
action potential. At extremely short diastolic intervals, a second action potential cannot 
be elicited. From Qu et al. [4], with permission.  

 

ARP RRP A 

B 
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Because the activation process occurs faster than the inactivation process, 

activation of the sodium channel result in a short, rapid influx of sodium ions that 

depolarizes the membrane before the channel becomes inactivated.  Following a brief 

interval of partial repolarization, cardiac cells exhibit a plateau phase (“phase 2”), 

during which no net charge is moved across the membrane. During this phase, the efflux 

of potassium ions through the delayed rectifier potassium channels (IKr and IKs currents; 

Figure 2.1A, dashed boxes) is equally matched by the influx of calcium ions through the 

L-type calcium channel (ICa,L current). The duration of the plateau is a key determinant of 

the cardiac cell’s action potential duration (APD). As the calcium channels that maintain 

the plateau phase close, potassium efflux results in the repolarization of the membrane 

towards the resting membrane potential (“phase 3”). The inward rectifying potassium 

channels (the IK1 current) play a key role in determining and maintaining the resting 

membrane potential of the cell during rest (“phase 4”) of the action potential.  

Because the voltage-gated sodium current that drives the action potential 

upstroke is not activated at the resting membrane potential, an external force, such as an 

externally applied stimulus or current flow from a neighboring cell, must initially 

depolarize the membrane to a level sufficient to activate the sodium current; this 

minimum depolarization to trigger an action potential is termed the threshold voltage. 

Excitable cells exhibit all-or-none behavior, meaning that they fire no action potential in 

response to sub-threshold stimuli, and fire one action potential in response to supra-



 

8 

threshold stimulation. In addition, after firing an action potential, cells are in a brief 

refractory state during which they are unable to fire a second action potential. This 

refractoriness is due to the inactivation of the sodium channel that terminated the 

previous upstroke (phase 0); de-inactivation of the inactivation gate is a slow process 

that does not start until the cell is returned to a strongly negative potential. As a result, 

there is a period of time following each action potential during which no stimulus is able 

to elicit a second action potential (the “absolute refractory period” or ARP), followed by 

a period during which a larger stimulus is required to elicit a second action potential 

(the “relative refractory period” or RRP) (Figure 2.1A) 

When two action potentials are elicited in succession, the duration of the second 

action potential is dependent on the delay between the repolarization of the first action 

potential and the application of the second stimulus (Figure 2.1BC). This dynamic 

relationship between the diastolic interval (or alternatively, the pacing interval) and 

action potential duration is known as restitution and is caused by the slow 

deinactivation of the sodium and calcium channels after the membrane potential returns 

to rest [5]. At long diastolic intervals, the duration of the second action potential is 

relatively constant. However, as the diastolic interval is reduced, action potential 

duration decreases until the cell no longer fires a second action potential in response to 

the second stimulus. The restitution relationship is primarily due to the inactivation of 
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the sodium and calcium currents, but is also dependent on the behavior of numerous 

other cardiac currents [6].  

2.2 Cardiac Impulse Conduction 

A key feature of the heart is its ability to behave as a functional syncytium, 

rapidly propagating a wave of electrical activity in order to allow each chamber to 

contract in unison. To facilitate rapid action potential propagation, individual 

cardiomyocytes are coupled together by connexin proteins that aggregate to form gap 

junctions, creating a pore between the cytoplasm of neighboring cells. Each 

cardiomyocyte is coupled to an average of 11 neighbors; however, gap junctional 

connections are not evenly distributed around the cell, but are concentrated at the ends 

of the rod-like cells in structures called intercalated disks [7].  

Despite this discrete nature of cardiac tissue, conduction on the macroscopic 

scale has been observed to be relatively continuous in the normal heart, and the effect of 

cell-cell junctions is seemingly not observed on the macroscale. However, in 1981, Spach 

et al. were the first to show that the discrete nature of cardiomyocytes and their gap 

junctional connections played a vital role in affecting conduction on the microscale [8]. 

On the cellular scale, the time for an action potential to propagate across a single cell (~ 

100 µm) is approximately equivalent to the time to propagate across the gap junction (~ 

0.2 µm) to the neighboring cell [9]. However, this discrete saltatory nature of conduction 
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does not become apparent on the macroscopic level except in cases of extremely high 

junctional resistances [10], [11]. 

Conduction in cardiac tissue is anisotropic on both the microscopic and 

macroscopic scale, meaning that conduction velocity is dependent on the direction of 

measurement [12], [13]. This directional difference in conduction is due to: 1) the 

preferential alignment of rod-shaped cells along their longitudinal axis and 2) the higher 

concentration of gap junctions along the longitudinal junctions of cardiomyocytes at the 

intercalated disk and 3) the arrangement of cells into fibers on the macroscale [14], [15].  

In addition, restitution behavior, previously described in the context of the action 

potential duration of a single cell, also impacts conduction velocity of propagation. 

When a cardiac tissue is paced with a premature stimulus at a shortened diastolic 

interval, the conduction velocity of the resulting propagating wave decreases.   

2.3 Arrhythmia Initiation and Maintenance  

In the intact heart, conduction is initiated and coordinated by a specialized 

conduction system (Figure 2.2). Pacemaker cells in the sinoatrial node, located in the 

right atrium of the heart, exhibit automaticity and fire action potentials at regular 

intervals. Each action potential propagates through the atria, triggering atrial 

contraction, and then arrive at the atrioventricular (AV) node, located in the atrial 

septum. After a brief conduction delay to allow for atrial contraction and ventricular 

filling, the action potential travels down the Bundle of His to the apex of the heart, from  
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Figure 2.2: Cardiac Conduction System. In normal conditions, electrical activity in the 
heart arises from the sinoatrial (SA) node, which exhibits automaticity, and then proceeds 
through the atria to the atrioventricular (AV) node. From the AV node, electrical activity 
is rapidly transmitted to the apex of the heart via the His bundle and left and right bundle 
branches, from where it activates the ventricles via the Purkinje fibers. (Figure from 
Wikimedia Commons under CC BY-SA) 

 

where it travels through a network of Purkinje fibers and activates the left and right 

ventricles, creating bottom-up contraction that ejects blood out of the heart.  

Any disturbance in the normal electrical activation pattern of the heart is 

identified as an arrhythmia. Clinically, arrhythmias range from the benign to those that 

are nearly instantly fatal. As seen in figure 2.3, arrhythmia has classically been thought 

of as resulting from the occurrence of an abnormal electrical trigger, occurring in a 

substrate that supports the propagation of the arrhythmic activity [16]. Triggers that can 

lead to irregular activity include abnormal depolarizations (“after-depolarizations”) of 
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cardiomyocytes that occur during phase 2, 3 or 4 of the action potential. These 

depolarizations can be caused by mutations in the ion channels involved in the cardiac 

plateau and repolarization [17], [18] and are only able to propagate through the heart 

under significantly diseased conditions [19]. Arrhythmias can also be triggered by 

altered automaticity, wherein cells that do not typically display automatic firing 

behavior begin to fire at rates faster than the sinoatrial node rate [20]. Other arrhythmias 

are caused by alterations in the cardiac substrate that allow cyclic propagation of cardiac 

activation. This type of “re-entrant” behavior can occur on the macroscale between 

chambers of the heart, such as in Wolff-Parkinson-White syndrome or AV nodal reentry, 

or on the microscale within a single chamber, such as in atrial and ventricular fibrillation 

[18]. The key requirement for reentry arrhythmia is that a circular conduction pathway 

exists where the wavelength of the propagating wavefront is shorter than the length of 

the pathway; these pathways can be created by anatomical features (“anatomical 

reentry”), or by variation in the electrophysiological properties of contiguous regions of 

tissue that allow for “functional reentry”. 

One particular reentrant arrhythmia of interest is atrial fibrillation (AF), which 

affects over 5 million people in the United States [21] and over 33 million people around 

the world [22]. In atrial fibrillation, irregular electrical activity of the atria leads to 

fibrillation, or an irregular quivering, of the atria, resulting in palpitations, ineffective 

contraction, and local stagnation of blood. The mechanisms leading to atrial fibrillation  
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Figure 2.3: Mechanisms of atrial fibrillation initiation. Initiation of atrial fibrillation 
requires an electrical trigger and a vulnerable substrate to initiate reentry. The 
mechanisms of sustained reentry (single vs multiple circuits) remain the subject of 
controversy. From Nishida et al. [23] with permission. 

 

are incompletely understood and likely vary from individual to individual, but AF is 

generally believed to occur when ectopic beats encounter a complex substrate and initiate  

reentrant activity [24] (Figure 2.3). In 1998, Haissaguerre et al. showed that the ectopic 

beats responsible for initiation of AF arose from the sleeves of the pulmonary veins in the 

left atrium [25], and further studies demonstrated cellular and structural properties that 
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make the cardiomyocytes of the pulmonary veins susceptible to rapid local activation [26]. 

Following these findings, electrical isolation of the pulmonary veins (PVI) using ablation 

became standard treatment for patients with AF. While PVI has been largely successful in 

patients with paroxysmal AF [27], recent work has suggested that other regions of the 

atria are implicated in persistent AF. These regions can be sites of ectopic triggers [28] or 

can harbor the core reentrant circuit (called a “driver” or “rotor”) that drives fibrillatory 

activity across the atria [29]–[31]. The exact nature of the mechanisms that perpetuate AF 

(stable rotors [29], [30]; multiple wavelets [32], [33]; or drivers anchored to regions of 

fibrosis [34], [35]) remains poorly understood and subject to significant controversy [36]–

[38]. However, because the normal heart has protective mechanisms against reentrant 

propagation of ectopic beats, significant electrical and structural remodeling is necessary 

for the maintenance of persistent AF [39] regardless of the mechanisms of perpetuation.  

The normal adult human heart is composed of cardiomyocutes and other cells 

embedded in a scaffold of collagen and elastin fibers, collectively called the extracellular 

matrix (ECM), that provides physical and mechanical support. While cardiomyocytes are 

the predominant cell in the heart by volume, fibroblasts form the majority of the cell 

population [40], [41]. Collagen fibers, which are deposited and maintained by resident 

fibroblasts, comprise about 1% of the volume of the young human heart, and remain 

relatively thin to allow for cell-cell contact between cardiomyocytes [42]; however, aging 

and disease can lead to significant alterations in the properties and distribution of  
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Figure 2.4: Histology of fibrosis in chronic atrial fibrillation. The myocardium of 
patients with chronic AF (A-B) exhibited substantially more fibrosis and collagenous 
deposition, compared to patients without history of AF (C-D). (Masson’s trichome stain: 
red: muscle; blue: collagen; brown: nuclei). From Zhang et al. [43] (under CC BY) 
 

cardiomyocytes, fibroblasts and collagen that can cause aberrancies in cardiac electrical 

activity. 

During normal aging, the collagen content of the heart increases substantially to 

6% or more, and collagen fibers become thicker, in a process called fibrosis [44], [45].  

Aging-related fibrosis is primarily microscopic (collagen strands < 1 mm) and interstitial 

in nature, meaning that collagen is deposited between strands of cell, rather than replacing 

cells. Cardiovascular disease can lead to further cardiac microfibrosis; tissue injury from 

hypertrophy, infarction, cardiomyopathy, or other diseases leads to activation and 
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proliferation of fibroblasts into the myofibroblast phenotype and enhanced collagen 

deposition [46]. The amount and type of fibrosis varies based on the etiology of disease, 

but in the diseased myocardium, the density of fibrosis can be 20-40% (Figure 2.4) [47]–

[50]. In histological studies, the atria of patients with persistent AF were found to have 

significant structural abnormalities [51], [52] (Figure 2.4), and recently, strong correlations 

have been identified between fibrosis and recurrence of atrial fibrillation [50], [53]. In 

addition to fibrotic infiltration, downregulation and lateralization of gap junctional 

proteins (which are typically located at the intercalated disks on the ends of 

cardiomyocytes) and alterations of ionic currents are observed in response to cardiac 

injury [54], [55]. These structural changes act in concert with dynamic factors such changes 

in restitution and calcium handling to promote arrhythmogenesis [56]. In addition, the 

changes that render the atria susceptible to AF are reinforced and exacerbated by AF itself 

[57], [58], resulting in the adage “AF begets AF”. 

Another region where fibrotic changes are critical to the initiation of arrhythmia is 

in the ventricular peri-infarct border zone following myocardial infarction. Infarction, 

resulting from occlusion of the cardiac blood supply, results in a region of unexcitable 

scar, surrounded by a border zone that contains both surviving cardiomyocytes and 

extensive fibrotic tissue [59].  Because of the extent of fibrosis, conduction in the border 

zone is highly tortuous and significantly slowed compared to the surrounding viable 

myocardium [60]–[62], creating a substrate for reentry, and animal models have 
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demonstrated that the infarct border zone serves as the critical “slow isthmus” of the 

reentry pathway in post-infarction ventricular tachycardia [63].  Unlike atrial fibrillation, 

which is a chronic disease, ventricular tachycardia is a fatal arrhythmia that significantly 

disrupts contraction such that effective cardiac pump function cannot be sustained, 

resulting in sudden cardiac death [64]. 

2.4 Effects of structural heterogeneity 

 Because fibrosis-related microstructural heterogeneity is believed to play a 

critical role in altering conduction and supporting the initiation and maintenance of 

arrhythmia, several groups have examined how discontinuities caused by changes in 

tissue microstructure affect local conduction. These studies have focused on the 

microscale effects of altered tissue geometry, the local effects of regions of marked 

heterogeneity, and the global effects of microscale changes.  

2.4.1 Simple isolated tissue discontinuity 

Discontinuities as simple as a linear connective tissue structure with a sharp end 

have been shown to slow conduction on the microscale by forcing the propagating 

wavefront to “pivot” and travel around the tip of the obstruction [65]. As the wavefront 

reaches the tip, there is significant slowing as the wavefront rotates around the pivot 

point fulcrum [66]. Under normal conditions, the wavefront completes the pivot around 

the obstacle and propagation continues; however, under conditions of extremely 

reduced excitability, the wavefront may rotate around the obstacle tip more slowly and 
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the pivoting radius can be sufficiently large such that the wavefront becomes detached 

from the obstacle [67] and forms a spiral wave in a process termed vortex shedding [68].  

These studies demonstrate that even a single isolated non-conductive obstacle 

can significantly alter local conduction. However, the degree of reduced excitability 

necessary for spiral wave formation with a single obstacle is unrealistic of diseased 

conduction; in diseased human hearts, it is more likely that multiple nearby 

discontinuous act in concert to affect tissue geometry and modulate conduction.  

2.4.2 Discontinuities due to tissue geometry 

Fibrosis-induced changes in tissue geometry play an important role in affecting 

micro-scale conduction. Mendez et al. first proposed in 1970 that the asymmetric 

conduction delays they observed at the Purkinje-myocardial junction were due to 

changes in the “functional geometry” of the tissues from the cable-like Purkinje fibers to 

a 3D myocardial mass  [69]. This finding prompted further work examining conduction 

across 2D sub-millimeter scale “tissue expansions” from a narrow strand (the electrical 

source) into a large area (the electrical load) (Figure 2.5A). Using patterned cell culture 

techniques and optical recording of transmembrane voltage, Rohr and Salzberg studied 

microscopic conduction across tissue expansions, and found that the degree of 

conduction delay was dependent on the geometry of the expansion [70]. In addition, 

Fast and Kleber found that as the width of the narrow strand was altered, conduction 

across the tissue expansion would fail below a critical strand width [71], [72]. They also 
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showed that conduction failure was unidirectional, meaning that propagation in the 

reverse direction (from the large area into the small strand) succeeded even when 

conduction in the opposite direction failed. Taken together, these findings demonstrated 

that the impact on conduction depends on the relationship between the electrical source 

and electrical load of the tissue expansion geometry. When the source is insufficient to 

excite the distal load, conduction failure (also referred to as conduction block) can occur.  

 Further examination of conduction in this geometry revealed that partial 

decoupling of cell-to-cell gap junctions rescued conduction across a tissue expansion 

with unidirectional conduction block [73]; this was shown to occur because while gap 

junctional uncoupling reduced both the source and the load, it asymmetrically affected 

the large region over the narrow strand, reducing the load more than the source. In 

addition, partial blockade of sodium and calcium currents in the narrow strand region 

were both able to induce conduction block across a previously conducting tissue 

expansion by decreasing the net source current available to excite the large load [74]. 

These studies are of particular interest because the occurrence of unidirectional 

conduction block is key step necessary to create a circular pathway for reentry. If 

complex tissue heterogeneity can unidirectionally block conduction along one pathway 

and permit conduction along a parallel pathway, a reentrant circuit could be formed that 

allow sustained cyclical propagation. 
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Figure 2.5: Tissue geometry alters propagation. (A-B) Across a tissue expansion from a 
narrow strand into a large area, conduction is slowed in the anterograde direction, but 
not in the retrograde direction, due to source-load mismatch at the expansion site. From 
Rohr and Kucera [74], with permission. (C-D) In a complex geometry with multiple 
branches emanating from a central axis, the branches behave as both a load and a 
source, first “pulling” the wavefront into the branches and then ”pushing” it into the 
distal strand. The net slowing at the branching point is best seen under conditions of 
increased potassium concentration. From Kucera et al. [75], with permission. 
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Kucera, Kleber and Rohr later extended these findings to complex cultures with 

multiple changes in geometry (Figure 2.5CD). In a linear strand with multiple 

perpendicular branches, they demonstrated that the branches function as both electrical 

loads and sources [75]. As the wavefront in the linear strand falls within the electrotonic  

reach of an unactivated branch, they showed that the branches exert a “pull”-ing load 

effect and result in a slowing of conduction, as seen in tissue expansions. However, 

because each branch is excited before the distal strand, the branches then serve as a 

source and “push” conduction into the distal strand. In further analysis, they postulated 

that complex branching structures created by fibrosis may be implicated in conduction 

slowing and reentrant excitation in the diseased heart [76]. 

2.4.3 Local effects of regions of discontinuity 

de Bakker and colleagues first showed that conduction in the diseased 

myocardium follows a convoluted, “zig-zag”-like course due to the decoupling effects of 

microfibrosis following infarction [62]. Several studies have demonstrated that gap 

junctional decoupling caused by fibrosis can lead to these complex, tortuous conduction 

patterns [77], [78]. Rapid pacing across a region with an idealized geometry of slow zig-

zag conduction was shown to induce reentry because of conduction block at the border 

of the slow and normal conduction zones [79]. 

As a result, there has been significant interest in studying the impact of regions 

of marked local decoupling and discontinuity on conduction in the surrounding 
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myocardium. Hubbard and Henriquez examined conduction across the border between 

a poorly-coupled region surrounded by well-coupled myocardium, and found that this 

transition zone exhibited large gap junctional conduction delays with significant 

variability [80]. In addition, under conditions of severely reduced coupling, electrical 

activity from within the poorly coupled region was able to “break through” into the 

surrounding myocardium at a limited number of cell-to-cell junctions and initiate 

reentry [81]. Further work suggested that the induction of reentry due to escape from 

the poorly coupled region was facilitated not only by the structural fibrotic properties of 

the tissue but also by dynamic changes in the electrical properties of cardiac cells, caused 

by rapid pacing at shortened diastolic intervals [82].  These studies demonstrated that 

dynamic electrical changes and fibrosis acted in concert to allow reentry at the interface 

of regions of significant heterogeneity.  

Alonso and Bar then demonstrated that structural changes alone were sufficient 

to induce reentry at extreme degrees of discontinuity near the percolation threshold [83]. 

In this range, conduction was blocked in some areas and sufficient slow in others in 

order to allow the formation of a reentry circuit triggered by a single stimulus. This type 

of micro-reentrant circuit could potentially create structurally-induced ectopic 

pacemakers in regions of high discontinuity [84], [85], such as the pulmonary vein 

sleeves. 
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2.4.4 Macroscopic effects of heterogeneity 

Because structural heterogeneity has been shown to affect local conduction 

through source-load mismatch and complexity of conduction, the impact of microscopic 

structural heterogeneities on macroscopic conduction is a question of significant interest. 

Several groups have examined the role of distinct heterogeneity in large-scale 

computational models of conduction. 

Among the first, ten Tusscher et al. examined the effect of diffuse fibrosis in 2D 

monolayers and in a 3D ventricular geometry and found that diffuse fibrosis with 

density of 10% or more increases vulnerability to wave break and reentry, and increases 

the period of reentrant tachycardia [86]. Similarly, in a 3D atrial model, Zhao et al. 

showed that the presence of non-conducting fibrotic regions can lead to local block and 

the potential for reentry [87]. Conversely, McDowell et al. studied the impact of fibrotic 

collagen deposition, gap junctional remodeling, and myofibroblast coupling on 

conduction in a 3D atrial model and found that collagen deposition was not necessary 

for the induction of block or reentry [88]. 10% collagen deposition was shown not 

sufficient to induce block or reentry alone; however, gap junctional remodeling was 

necessary and sufficient to induce block, and the combination of gap junctional 

remodeling and myofibroblast coupling was necessary and sufficient to induce reentry. 

Several factors could explain the discrepancy between these studies. First, the degree of 

fibrosis in McDowell et al. [88] may have simply been insufficient to induce block, as 
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10% fibrosis was the minimum degree necessary in ten Tusscher et al. [86]. Second, the 

coarse discretization of these models (approximately 500 µm in ten Tusscher et al. [86], 

650 µm in Zhao et al. [87] and 400 µm in McDowell et al. [88]) makes modeling the effect 

of discrete fibrotic obstacles challenging. When the spatial scale of discontinuity is 

equivalent to the length of a domain node edge, complex effects due to the discrete 

nature of discontinuity may be ignored or poorly interpreted. Third, each group 

incorporated fibrosis into their model in different ways. Because of the coarse 

discretization, Ten Tusscher et al. introduced single node non-conductive regions; 

McDowell et al. performed decoupling of finite elements based on the work of Costa et 

al. [89], [90]; and Zhao et al. incorporated large millimeter-scale non-conductive regions, 

and it is unclear which, if any, of these methods truly capture the effects of discrete 

discontinuities.  

To address some of these issues, Engelman et al. utilized a 2D model (50 µm 

discretization) of a patch of tissue with a central region of realistic fibrosis, and found 

that patchy, non-uniformly distributed fibrosis slows conduction and alters APD 

restitution, and can give rise to wave block and reentry [91]. However, because this 

study utilized a realistic geometry of fibrosis, it remains difficult to interpret and 

understand the microscale mechanisms that lead to the observed macroscopic behavior.  
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2.5 Methods of Studying Microheterogenous Conduction 

In order to methodically study the impacts of microheterogeneity on conduction, 

we must be able to 1) manipulate tissue microstructure, and 2) examine the effects of the 

manipulations simultaneously on both the microscopic and macroscopic scale. While 

examining conduction in isolated tissue blocks or in Langendorff-perfused isolated 

hearts has allowed for great insight into patterns of arrhythmia, these preparations do 

not allow for the manipulation of tissue structure or the study of microscopic 

conduction. 

Tissue cultured monolayer models allow for the examination of conduction in a 

controlled 2-D environment. Rohr and colleagues first demonstrated the ability to create 

custom microscale patterns of cells using lithographic fabrication [92] and further work 

by Bursac, Tung, and colleagues allowed for customization of tissue anisotropy [93] as 

well as simple and complex discontinuity [94], [95]. While micro-electrode 

measurements systems allowed for voltage recording from only a few sites with poor 

spatial resolution, the advent of voltage sensitive dyes allowed for simultaneous 

recording of transmembrane potentials from several [96] and many [97] sites on the 

microscale. Further work using an array of optical fibers allowed for recording of 

macroscopic conduction behavior [98].  Because of the ability to observe both micro- and 

macro-scale conduction in desired tissue geometries, tissue cultured monolayers are an 

important tool for the study of tissue microheterogeneity. Unfortunately, current tissue 
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culture techniques are limited to preparations of neonatal cardiac cells, as adult cardiac 

cells cannot be readily passaged or cultured. In addition, because of practical limitations 

in recording ability, it is not possible to continuously record both voltage and individual 

current traces at many locations across tissue. Finally, the distinctly two dimensional 

nature of monolayer culture limits the study of complex behaviors in the three 

dimensional heart.  

Computational simulations provide a valuable, complementary tool in the study 

of microheterogeneity. As described further in Chapter 3, computational models have 

been developed for a variety of cell types and disease states. Simulations can be 

performed on a wide range of spatial and temporal scales, though numerical 

requirements make extremely large models computationally taxing. In addition, because 

each current, concentration and transmembrane potential change is directly calculated at 

each time step, these values can be recorded at any desired spatial and temporal 

resolution. Unfortunately, in most cases, computational membrane models are derived 

from experimental data obtained using various patch clamp techniques, often performed 

in different labs, under different conditions and in cells from different species [99], and 

seemingly similar models behave in drastically different ways when pressed beyond 

their original scope of validation [100]. In addition, neonatal cardiomyocytes have 

proven challenging to model because of developmental changes in current densities 

over several days of experimental culture [101]–[103]. Finally, the necessity to discretize 
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the tissue results in a tradeoff between microscale accuracy and computational 

efficiency.  

The prospect of paired experimental-computational studies shows great promise 

in addressing many of these concerns and allowing for the thorough examination of 

microscopic heterogeneity. Unfortunately, the inability to culture adult cells and the 

difficulty in modeling neonatal cardiac behavior have proven challenging, leaving no 

available methodology for deriving mechanistic insight from direct comparison of 

computational predictions with biologically analogous experimental measurements. 

Genetically engineered cells with the minimal ionic machinery for excitability provide a 

promising platform for performing paired computational and experimental studies. 

Kirkton and Bursac first demonstrated the ability to transform non-excitable human 

endothelial kidney cells into an excitable cell line that can fire and propagate action 

potentials [104]. The resulting cell line was able to conduct at cardiac-like conduction 

velocities and synchronize conduction between populations of cardiomyocytes. These 

cells derive their excitability from only two ion channels – a fast voltage gated sodium 

channel and an inward rectifying potassium channel – and this relatively simplicity 

makes the engineered excitable cell line suitable for computational modeling. In 

addition, the minimalist nature of this cell line will allow for focused examination of the 

effect of changes in tissue structure on conduction.  A mathematical model of Kirkton’s 

engineered excitable cell line is developed in Chapter 5 of this dissertation, which allows 
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for paired computational and experimental studies examining the effects of microscale 

heterogeneity in Chapter 6.  
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3 Computational Modeling Methodology 

Computational modeling techniques allow for the study of cardiac conduction 

on scales and in situations that are not possible via experimental techniques. All 2-D 

simulations in Chapters 4-6 of this dissertation were performed using CardioWave 

[105], a locally developed, modular simulation system capable of performing 

simulations in parallel.  Several components are necessary to simulate cardiac activity, 

including a tissue model, an excitable membrane model, and appropriately selected 

numerical techniques that allow for rapid and accurate simulation. This chapter 

provides brief background on membrane and tissue models, and an overview of the 

techniques employed in the simulations in the Chapters 4-6 of this dissertation. 

3.1 Membrane Models 

The dynamics of the action potential were first described by Hodgkin and 

Huxley in their 1952 model of the squid giant axon [106]. Unlike previous approaches 

that used purely electrical elements to represent the excitable membrane, Hodgkin and 

Huxley’s model described the kinetics of gating and current flow by three distinct ionic 

currents [107]. The methodologies that Hodgkin and Huxley described were later 

translated to model cardiac Purkinje cells by Noble [108] and cardiac ventricular cells by 

Beeler and Reuter [109], and since that time, numerous models have been developed to 

explain and simulate action potential behavior in different cardiac cell types from 

several species [107].  
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3.1.1 Ionic Currents 

Hodgkin and Huxley divide the total membrane current into a capacitive current 

and an ionic current: 

 !" = 	%"
&'"
&(

+ !*+,*- (3.1) 

where !" is the membrane current density,  %" is the membrane capacitance per unit 

area, '" is the transmembrane voltage, and !*+,*- is the current density across the 

membrane due to ion flux, further subdivided into the ionic current into sodium, 

potassium and “other” components: 

 !*+,*- = 	 !./ + 	!0 + 	!1 (3.2) 

The individual ionic currents were then defined in terms of their conductance 

and their driving forces; for example: 

 !./ = 	2./	('" −	5./) (3.3) 

where 2./ is the sodium ionic conductance, and 5./ is the equilibrium potential of the  

sodium ion.  Hodgkin and Huxley then described the ionic conductances as controlled 

by gating parameters that behaved in voltage and time dependent manners. Based on 

voltage clamp data, they described independent “activation gates” which open as the 

membrane voltage is increased, and “inactivation gates” which close at higher voltages. 

Each gate was defined to have two possible states and operated independently under 

first-order kinetics:  
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7	
8"
⇄
:"

	(1 − 7) (3.4) 

where 7 is the open-probability of the gate, 8" is the transition rate from the open to the 

closed state, and :" is the transition rate from the closed to the open state, such that 

 &7
&(

= 	:" '" ∗ 1 − 7 −	8" '" ∗ 7 (3.5) 

The behavior of the gate can be equivalently described in terms of a voltage-dependent 

time constant =" '" = 1/	(:" + 8") and a voltage-dependent steady state value 

7? '" = :"	/	(:" + 8") to yield: 

 &7
&(

= 	
7? − 7
="

 (3.6) 

Hodgkin and Huxley found that in order to explain the kinetics of the sodium current, 

three independent but identical activation gates (m3) and one inactivation gate (h) were 

required such that for a maximum conductance	@./ : 

 !./ = 	2./	 '" −	5./ = 	@./	7A	ℎ	('" −	5./) (3.7) 

They also modeled the potassium current with four identical activation gates (n4): 

 !0 = 	@0	CD	('" −	50) (3.8) 

Hodgkin and Huxley’s model was developed without any biophysical understanding of 

the ion channel. Though the kinetic gating mechanisms they proposed cannot be 

interpreted literally or physical [110], Hodgkin-Huxley style formulations of ionic 

currents remain predominant in most membrane models because they easily and 

elegantly fit and reproduce most experimentally observed behaviors.  
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 As the biophysical details of ion channel gating were studied, it became apparent 

that the Hodgkin-Huxley formulations did not capture the true nature of gating. While 

the Hodgkin-Huxley model assumed independent behavior of each gate, experimental 

work suggested that activation and inactivation process were not independent, but 

coupled [111]. This issue can be address by using Markov chain models to describe 

channel gating. Markov model are comprised of different states, loosely corresponding 

to channel protein conformations [112], with voltage-dependent transition rates between 

states. The Markov model removes the requirement for independence of gating by, for 

example, allowing the inactivation gate to close more easily in a channel with three open 

activation gates than in a channel with no open activation gates; however, the Markov 

model still requires that the rate constant for leaving a state be independent of how the 

channel reached that state. Markov models have been developed for cardiac sodium, L-

type calcium, and potassium currents, but are not always used in membrane models.  

Because of their numerous state variables and equations, Markov models increase the 

computational load of each computational time step. In addition, Markov models of the 

same ion channel from different groups can differ radically in their number and 

connectivity of states [112], and incomplete or noisy experimental data can lead to 

difficulty in parameter estimation, resulting in complex models that add little value 

[113]. 
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3.1.2 Modern Cardiac Membrane Models 

Since the work of Hodgkin, Huxley and Noble, the identification of numerous 

new ionic currents in cardiomyocytes has led to the development and refinement of 

membrane models [107]. Several models which are used in whole or in part in the 

remainder of this dissertation are highlighted here.  

 

Figure 3.1: Schematic representation of the Bondarenko et al. mouse ventricular 
model. Courtesy of CellML 

Bondarenko et al. were the first to develop a mouse ventricular model that could 

allow for exploration of observations from transgenic mice with genetic 

electrophysiological defects [114]. The Bondarenko model described 15 currents, 

including 7 distinct potassium currents. While Hodgkin-Huxley formulations were used 

for the majority of these currents, Markov models were used for the sodium current INa, 
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the L-type calcium current ICa,L and the rapid delayed rectifier potassium current IKr. 

Wang and Sobie later adapted the Bondarenko model to reproduce neonatal mouse 

ventricular behavior [115], and this model is used in Chapter 4 of this dissertation.  

The ten Tusscher-Noble-Noble-Panfilov (TNNP) model [116] and Iyer-Mazhari-

Winslow (IMW) model [117], both human ventricular action potential models, were 

published in 2004 and serve as the gold-standard human models. Both models are 

derived primarily from human data, and in fact have nearly half of their experimental 

data sources in common [99]. While the TNNP model uses all Hodgkin-Huxley style 

formulations for ionic currents, the IMW model uses Markov models for seven of its 

ionic currents.  Several individual currents definitions from the TNNP model are used in 

the work in Chapter 5 of this dissertation. 

While significant progress has been made in developing accurate membrane 

models that reproduce experimental observations, several areas of concern still remain. 

First, because most models are developed post-hoc based on previously published 

experimental data obtained using specific recording protocols, the models are only truly 

capable of recreating the ionic currents under the conditions of recording. Most models 

are only validated through quantitative comparison of action potential duration and 

upstroke velocity with mean experimental values, and qualitative comparison of action 

potential shape. When models are used to simulate conduction in differing conditions 

(such as shortened diastolic intervals in the single cell, or reentry in 2-D), the behavior of 
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models derived from similar experimental data can greatly diverge [99], [118], [119]. 

Second, because of their biophysical complexity, some membrane models become 

extremely numerical complex and computational expensive. While some simplified 

membrane models have only two ordinary differential equations, others incorporate 

over 80 differential equations [107]. These complex models make simulations 

computational expensive and slow, and the sheer number of ionic currents could 

confound our ability to tease out the purest effects of structural changes in conduction. 

3.2 Tissue Models 

3.2.1 Discrete and Continuous Models 

Because cardiac conduction appears to be syncytial and continuous on the 

macroscopic scale, initial models of cardiac tissue utilized a continuum approach to 

simulating propagation. In continuous models, computation of currents and 

transmembrane potential is typically performed by discretizing the domain into a coarse 

grid of nodes that bear no connection to the underlying cellular architecture. The 

electrical properties of the continuous model effectively represent averaged properties 

over many cells [120], [121] that are determined through homogenization of intracellular 

and junctional resistances [122]–[124]. While these averaged electrical properties can be 

measured in tissues [125], they are most often simply adjusted to provide desired 

anisotropy and macroscopic conduction velocities. Continuous models permit coarse 

discretization of the tissue, allowing for relatively rapid simulation of propagation 
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across large tissue domains. However, the homogenized nature of electrical 

conductivities may result in unrealistic behavior under diseased conditions because it 

allows for arbitrarily ultra-slow conduction in low coupling states that would 

realistically exhibit conduction block [126]. 

Discrete tissue models instead use a fine spatial discretization on the subcellular 

level that allows the discrimination of node-to-node junctions as either intracellular or 

gap junctional (Figure 3.2).  These models allow for the study of microscale changes such 

as changes in cell size [14], gap junctional distribution [77] and fibrosis [127]. Properties 

such as anisotropy that are artificially specified in the continuous model arise naturally 

from the configuration of cellular alignment and coupling in the discrete model. Because 

of their finer spatial discretization, however, discrete models are significantly more 

computationally expensive than continuous models of an equivalent tissue size. As a 

result, continuous models continue to be used in most simulations of large-scale 2D and 

3D propagation. 

The work in Chapter 4 of this dissertation utilizes a discrete model developed by 

Spach and Heidlage [128] and refined by Jacquemet and Henriquez [129] in order to 

explore differences between continuous and discrete representations of tissue. Based on 

observed differences between discrete and continuous tissue representations, it then 

develops a hybrid model that incorporates distinct, discrete-like heterogeneities into the 

coarse continuous model; a version of this type of hybrid model (continuous with 
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discrete heterogeneities) is employed in Chapter 6.  

 

 

Figure 3.2: Discrete Tissue Models. (A-B) The adult discrete model consists of 
individual cells, with gap junctions preferentially at the longitudinal ends, coupled in a 
2D domain. From Hubbard and Henriquez [80] and Hubbard [130], with permission. (C) 
Discrete tissue models can also be defined on irregular grids, allowing for greater 
variation in cellular shape, orientation and spacing. In this model developed using the 
tissue generator from Kim et al. [131], gap junctions are initially placed uniformly 
around the cell (neonatal phenotype); lateral gap junctions can be removed to achieve an 
adult phenotype. Scale bar = 50 µm. 

  

A B 
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3.2.2 Bidomain and Monodomain Formulation 

Simulations of propagating action potentials were first performed in a fiber using 

classical cable theory (derived from Ohm’s law and Kirchoff’s current law) to explain 

electrical activation in a 1-D conductor. The cable theory formulation was extended to 

two and three dimensions by Tung, who formalized the bidomain model for cardiac 

tissue [132]: 

 ∇ ∙ 2*	∇	G* = 	8	(%"
&'"
&(

+ !HI*" + !*+,*-) (3.9) 

 ∇ ∙ 2J	∇	GJ = 	−8	(%"
&'"
&(

+ !HI*" + !*+,*-) (3.10) 

 '" = 	G* − 	GJ	 (3.11) 

 In the bidomain model, two domains – an intracellular space and an interstitial 

space – overlap across the tissue domain and are linked everywhere by the excitable 

membrane (Figure 3.3B). The intracellular and extracellular spaces are permitted to have 

different degrees of anisotropy, which can significant affect the distribution of potentials 

following current injection [133].  While the bidomain model was initially devised under 

the assumption of homogenized continuous domains [121], it was later adapted to 

include discrete cells with gap junctions in the intracellular space [134].  

The bidomain system can be significantly simplified under the assumption of 

equal intracellular and interstitial anisotropy ratios [120] to yield the monodomain 

equation:  
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 ∇ ∙ 2	∇	'" = 	8	(%"
&'"
&(

+ !HI*" + !*+,*-) (3.12) 

While the underlying assumption of the monodomain system (equal anisotropy ratios) 

is patently false [13], the monodomain formulation has been shown to be reasonably 

accurate in simulating conduction behavior under a range of conditions, except during 

the application of extracellular stimulation, which cannot be captured in the 

monodomain. [135]. The monodomain formulation is employed in all simulations in 

Chapters 4-6 of this dissertation. 

 

 

 

 
 
Figure 3.3: Monodomain and bidomain models. Circuit representation of two-
dimensional continuous monodomain (A) and bidomain (B) models. From Henriquez 
[136], with permission. 

3.3 Numerical Methods 

In order to simulate conduction using the monodomain equation and a selected 

membrane model, a number of numerical methods must be employed. Both the spatial 

and temporal partial derivatives of the monodomain equation must be discretized, and 

the resulting system of linear equations must be solved for each time step of the 

simulation. 
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3.3.1 Discretization of space 

Spatial discretization techniques are used to convert the Laplacian spatial 

diffusion operator on voltage (∇ ∙ ∇	'") in the bidomain or monodomain equations into a 

set of linear equations. Several different spatial discretization techniques, including the 

finite difference method (FDM), finite volume method (FVM) and finite element method 

(FEM), have been applied to the problem of cardiac conduction [137]. The work in 

Chapters 4-6 of this dissertation uses the finite difference method for spatial 

discretization. Under this scheme, the elliptical diffusion operator at point (i,j) in a 

regular grid is discretized as : 

 
∇ ∙ ∇	'" *,L = 	

'"*MN,L − 2'"*,L + 	'"*PN,L

∆R S + 	
'"*,LMN − 2'"*,L + 	'"*,LPN

∆T S  (3.13) 

The finite difference method is best suited for use on problems with simple 

geometries that can be discretized using a structure grid, as is employed in this 

dissertation. Kim compared conduction in a 2D discrete monolayer using FEM on a 

structured grid, to work by Hubbard et al. using FDM on the same domain and grid, 

and found minimal difference in conduction velocity and maximum upstroke velocity 

under both normal and reduced coupling conditions [77], [138].  

3.3.2 Discretization of time  

The parabolic time partial derivative must be discretized to simulate progression 

from one time step of the simulation to the next. Several methods are available for this 

process [139]; of these, the forward Euler (fully explicit) method is the simplest as the 
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value of membrane potential at time t+1 is defined explicit in terms of known quantities 

at time t: 

 %"
'",IMN − 	'"

∆(
= 	
1
8
∇ ∙ 2	∇	'",I − !HI*" − !*+,*-	 (3.14) 

The explicit method can be solved directly with no matrix inversions, but is only stable 

for relatively small time steps (∆( ∆RS must be on the order of one), which is of 

significant concern when using a fine spatial resolution. Fully implicit methods like 

backward Euler define membrane potential at time t+1 in terms of the diffusion operator 

evaluated at time t+1: 

 %"
'",IMN − 	'"

∆(
= 	
1
8
∇ ∙ 2	∇	'",IMN − !HI*" − !*+,*-	 (3.15) 

While implicit methods allow for large time steps, the resulting system is highly non-

linear and computationally expensive to solve. Semi-implicit methods are a compromise 

method that allow for larger time steps than the explicit method but maintain some of 

the computational efficiency of explicit methods. In these methods, for ζ ∈ (0,1),  

 %"
'",IMN − 	'"

∆(
= 	
1
8
ζ	∇ ∙ 2	∇	'",IMN + 1 − X ∇ ∙ 2	∇	'",I  

−!HI*" − !*+,*- 

(3.16) 

The Crank-Nicholson method [140] is a specific implicit method that is utilized in 

the remainder of this dissertation for time derivative of potential. Under Crank-

Nicholson, the time derivative is discretized with equal dependence on the current and 

future state of the system: 
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−!HI*" − !*+,*- 

(3.17) 

The Crank-Nicholson method has been demonstrated to be highly efficient and accurate 

for cardiac simulations, allowing for simulation with larger time steps without loss of 

accuracy [139]. 

Of note, while the Crank-Nicholson semi-implicit scheme is used for the time 

partial derivative of voltage, the ordinary differential equations describing the time 

derivatives of each membrane model state variable are discretized and solved using the 

forward Euler (explicit) method at each time step. 

3.3.3 Solvers and Preconditioners 

After discretization, the scale of the resulting system of linear equations is so 

large that the system of equations cannot be reasonably directly solved; instead, a solver 

is necessary to iteratively approximate the solution to the sparse linear system. A 

preconditioned biconjugate gradient stabilized solver (BiCGSTAB) with tridiagonal 

preconditioner used for the majority of the work in this dissertation. The biconjugate 

gradient stabilized method [141] is a variant of the biconjugate gradient method, which 

is itself adapted from the conjugate gradient method [142] by applying tridiagonal 

biorthogonalization to allow for solving non-Hermitian matrices [143], [144]. BiCGSTAB 

has been used by others in simulating cardiac conduction [135], [138]. 
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3.4 Automata Models 

While the preceding sections of this chapter described computational methods 

that simulate conduction by modeling the biophysical behavior of excitable cells, 

automata models provide an alternative approach for simulating propagation in an 

excitable medium. Automata models are discrete, dynamical systems that consist of a 

grid of sites existing in one of a finite number of states (for example, rest, activated, and 

refractory). Instead of recapitulating the biological behavior of transmembrane and 

spatial current flow, automata models use a rule-based approach where a site transitions 

states based on the state of its neighboring sites. Three-state rule-based approaches (with 

rest, active and refractory states) were first proposed as a means for modeling cardiac 

behavior by Wiener and Rosenblueth [145], and Greenberg and Hastings [146]. Later 

refinements of this model added additional refractory states [147], incorporated effects 

of dispersion and curvature [148], and incorporated weighted influence of non-direct-

neighbor sites [149]. 

There are several inherent limitations to this type of model. First, because 

electrical activation of a site is based only on whether its neighbors are activated, the 

model considers source effects but not the effect of electrical loads. Because of this, 

automata models permit propagation at sites of tissue expansion where biophysical 

models and in vitro experiments exhibit unidirectional conduction block [150]. Second, 

because nodes in an automata model are activated based on the behavior of their local 
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“neighborhood”, the models do not accurately model the effects of heterogeneities that 

are smaller in size than the simulation neighborhood, allowing a wavefront to “jump” 

over small heterogeneities that would realistically alter conduction.  

In Chapter 6, we utilize a cellular automata model in a way that takes advantage 

of this first limitation. Because the automata model does not consider source-load 

effects, it allows us to separate the impact of path tortuosity due to heterogeneities from 

that of source-load mismatch due to heterogeneities. By using a relatively small spatial 

discretization, we are able to overcome the second limitation due to the (relatively) large 

size of heterogeneities.  In this way, we can compare conduction in a complex geometry 

between the automata model and the biophysical model to identify differences caused 

by source-load imbalances.  

The automata model employed in Chapter 6 is defined using three states and a 

pseudo-voltage variable [148]. Included states and their state values are rest (0), 

activated (1) and refractory (-1, -2, -3, -4 and -5). The tissue domain is defined using 10 

µm grid spacing, such that the smallest non-conductive regions used are 15 nodes in 

width. A Gaussian (distance-weighted) neighborhood definition [149] is used, as shown 

in Figure 3.4. This weighting kernel allows each grid point in the automata to be most 

influenced by its closest neighbors, but maintains the influence of more distant 

neighbors, and allows for propagation of a circular wavefront from a point stimulus in 

an isotropic domain.  Convolution of the weighing kernel with the matrix of pseudo-
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voltage values is used simulate to propagation of the activation wavefront [151]. 

Pseudocode for the automata model is shown in Figure 3.5.  

 

 

  

  

 	 	 	 	 	 	 	
 

 1.11 2.64 4.43 5.27 4.43 2.64 1.11  

 2.64 6.26 10.53 12.51 10.53 6.26 2.64  

 4.43 10.53 17.69 21.03 17.69 10.53 4.43  

 5.27 12.51 21.03 0 21.03 12.51 5.27  

 4.43 10.53 17.69 21.03 17.69 10.53 4.43  

 2.64 6.26 10.53 12.51 10.53 6.26 2.64  

 1.11 2.64 4.43 5.27 4.43 2.64 1.11  

 

 

 

  W =              * 0.01   

 

 

Figure 3.4: Neighborhood weight kernel for automata model simulations 
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Define weight kernel 
Define 2000x2000 matrix of state, initialized at zero 
Define 2000x2000 matrix of pseudo-voltage, initialized at zero 
Initialize simulation with pseudo-voltage of 100 at stimulus site 
 
For each time step: 
 For each grid point:  

If pseudo-voltage = 100, set state to one (activated) and record activation time as the 
current step number 

If node state < -5 (final refractory state), set state to 0 
If node state < 0 (refractory states), decrement node state by 1 
If node state = 1 (activated) and pseudo-voltage < 0.5, set state to -1 (refractory) 
 (representing transition from repolarization to refractory) 
  

 Update pseudo-voltage as 2-D convolution of pseudo-voltage and weight kernel 
 
 For each grid point: 

If new pseudo-voltage ³ 100, set to 100 (cap to max of 100) 
If new pseudo-voltage  < 5, set pseudo-voltage to 0 (resistance to small depolarizations) 
If node state < 0 (refractory states), ignore change in pseudo-voltage 
If node state = 1 (activated), set pseudo-voltage to 85% of its pre-updating value  
 (gradual repolarization) 

 
Figure 3.5: Pseudo-code for automata model 
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4 Dynamics in Diseased Cardiac Tissue: Impact of 
Microscale Tissue Heterogeneity 

The work presented in this chapter was presented at the 2016 Computing in 

Cardiology Conference in Vancouver, British Columbia, and is described in the 

conference paper “Continuous Models Fail to Capture Details of Reentry in Fibrotic 

Myocardium” [1]. 

4.1 Objectives 

Cardiac fibrosis is well known to be correlated with arrhythmogenesis and 

arrhythmia burden, but the mechanistic relationship between fibrosis and arrhythmia 

remains poorly understood. Many studies on the microscale have identified local 

conduction changes due to isolated microheterogeneities; however macroscopic studies, 

limited in their spatial resolution, have shown divergent results, and the effects of 

fibrotic heterogeneity are considered by many to be primarily a slowing of conduction 

velocity. In this chapter, we examine reentry in a discrete model of microfibrosis and in 

an equivalent (conduction velocity-matched) continuous model to examine whether the 

effects of microheterogeneity can be condensed into a reduced velocity. We show that 

the presence of discrete microheterogeneity has distinct effects on conduction that 

cannot be captured by the equivalent continuous model, and further demonstrate that 

hybrid models that incorporate spatial decoupling in a coarse discretization can provide 

an improved model of microheterogenous conduction. The work in this chapter is under 
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review for publication as “Modeling Dynamics in Diseased Cardiac Tissue: Impact of 

Model Choice”.  

4.2 Introduction 

Understanding the mechanisms of cardiac arrhythmia initiation and 

perpetuation has proven to be a challenging problem because of the difficulties of 

studying the dynamics of abnormal cardiac activity in vivo and of recapitulating critical 

features on interest in vitro. Computational modeling of cardiac electrophysiology 

provides a useful framework for understanding the mechanisms of and developing 

treatments for arrhythmia because of the ability to carefully control parameters of 

interest. However, in order to accurately draw conclusions about the nature of 

pathological conduction, models must be constructed with sufficient fidelity to 

reproduce the structural components underlying human disease. 

Because cardiac tissue is a discontinuous network of highly connected individual 

cells, and because conduction is affected by the discrete cellular structure of the tissue 

[8], cardiac electrical activity has often been modeled using microstructural model 

systems that can incorporate variation in cell shape, size and orientation as well as 

distinct gap junctions between neighboring cells. This type of detailed structural model 

allows for the study of the effects of alterations in tissue structure on conduction, 

including alterations in source-load balance [80], [81], [152], gap junctional distribution 

[14], [77], and fibrosis [78], [127], [153]. However, because these discrete models require 
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subcellular resolution, they are extremely computationally expensive. In order to speed 

computation and simulate larger regions of conduction, continuous models with spatial 

resolutions at the cell scale and larger are typically used [136], [154], [155]. These models 

provide an idealized representation of the tissue, with homogenized electrical properties 

that aggregate the effects of tissue structure, connectivity and cellular orientation [121], 

[122], [124].  Continuous models have proven capable of replicating the dynamics of 

conduction under models of healthy tissue [156], [157]; however, recent evidence 

suggests that these models may be less predictive under diseased conditions such as 

ischemia [156]  and reduced coupling [126], or at the interfaces of regional heterogeneity 

[81]. 

Recently, the effects of fibrosis on arrhythmogenesis and arrhythmia dynamics 

has been of growing interest. Cardiac fibrosis is an injury response that involves 

downregulation and remodeling of gap junctions that couple neighboring cells and 

deposition of excess collagen that separates and replaces functional cardiac tissue, 

asymmetrically decoupling the syncytium that is necessary for normal cardiac 

conduction. Marrouche et al. have found that the degree of fibrosis (estimated via 

delayed enhancement MRI) can be predictive of the likelihood of recurrent arrhythmia 

after atrial fibrillation ablation [50]. As such, fibrosis may be an important target for new 

biological therapies for arrhythmia.  
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The best way to represent fibrosis in tissue models is still an open question. 

Spach et al. introduced fibrosis in discrete models by representing non-conductive 

collagenous septa as the decoupling of transverse cellular connections [153], which 

maintains the electrical effects of fibrosis without occupying space in the tissue domain. 

In continuous computational models, fibrosis is traditionally incorporated by decreasing 

conductivity values to reproduce experimentally observed conduction slowing and 

conduction anisotropy. While this approach reproduces the macroscopic conduction 

behavior, it may not capture the microscopic effects of fibrosis that could be crucial in 

arrhythmogenesis. The more recent approach by Costa et al. [89], [90] of decoupling 

elements in a coarse mesh to reproduce the effects of fibrosis is analogous to the 

approach of Spach et al. in the discrete model, and has shown promise in reproducing 

microscale conduction. However, it remains unclear how any of these approaches 

perform in the setting of complex behavior such as reentrant spiral waves. 

In this study, we compare spiral wave behavior in discrete and two equivalent 

continuous models of fibrosis to understand whether continuous computational models 

are sufficient to capture the details of reentry. We explore potential sources of 

divergence between discrete and uniform continuous models, and consider the use of 

hybrid models that incorporate distinct decoupling septa into a coarse continuous 

model.  
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4.3 Methods 

4.3.1 Tissue Models 

Two dimensional monodomain microstructural models of anisotropic cardiac 

monolayers that incorporate discrete, uniformly distributed gap junctions were 

randomly generated using previously described methods [129].  Tissues were 2cm x 

2cm, with a spatial discretization of 20 µm. Individual myocytes were an average of 100 

µm in length and 20 µm in width, arranged in a brick-wall formation and aligned along 

their length. An intracellular resistivity of 150 W·cm and a gap junction conductance of 

2.5 µS were used. Collagen septa of variable length (selected from a Poisson distribution 

with a mean length of 800 µm) were inserted, parallel to cellular orientation, to occupy 

between 0% and 30% of the transverse interfaces between myocytes [78] (Figure 1A). All 

transverse junctions between cells separated by collagenous septa were removed to 

simulate the decoupling effect of collagen deposition. 70% of the remaining combined 

plicate transverse junctions were decoupled to replicate the adult tissue phenotype of 

junctions concentrated in the intercalated disks  [77]. Ten distinct microstructural models 

with random septa placement and transverse decoupling were constructed for each level 

of fibrosis (0%, 10%, 20%, and 30%).  

An equivalent homogenous continuous model with a spatial discretization of 100 

µm was produced for each discrete model by adjusting the tissue conductivities to 

match the conduction velocities (CVs) of transverse and longitudinal conduction 
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measured in the corresponding discrete model. Hybrid continuous models were created 

by inserting longitudinally-oriented decoupling septa of mean length 800 micron into a 

homogenous continuous model to disrupt between 10% and 50% of transverse coupling 

between nodes. The electrical conductivities between the tissue nodes were then 

adjusted such that the combination of decoupling septa and tissue conductivity resulted 

in conduction velocities equivalent to each discrete model. 

4.3.2 Simulation of Conduction 

In each tissue model, longitudinal and transverse conduction velocities were 

measured following 2Hz pacing with a line electrode along the left or top boundary of 

the tissue. Activation time (time to half-maximal voltage) and action potential duration 

(APD80, to 80% repolarization) were measured. Conduction velocities were calculated by 

performing linear regression on activation times.  

Reentry was induced by application of cross-field S1-S2 stimulation. A planar 

wave was initiated by a line stimulus along the left boundary of the tissue (S1). A 

premature second stimulus (S2) was applied in the top left region of the tissue. A stable 

spiral wave was allowed to form for at least three full revolutions before the cycle length 

was measured at several points on the tissue. Tip trajectories were tracked by generating 

a phase map at 2.5 ms intervals and identifying phase singularities. 

Transverse and longitudinal restitution was measured by pacing the tissues in 

the selected direction at 2 Hz for 5 pulses, followed by application of a premature 
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stimulus of the same amplitude. The conduction velocity and action potential duration 

resulting from the premature stimulus were recorded, and the interval between the final 

pacing stimulus and the premature stimulus was decreased until the premature 

stimulus no longer elicited a propagating wave front.  

4.3.3 Numerical Methods 

Cardiac conduction was simulated using the monodomain formulation of 

electrical propagation. The Wang-Sobie membrane model of the neonatal mouse 

myocyte [115] was used in all simulations because of its relatively short action potential 

duration and its ability to replicate the activity seen using engineered monolayers in 

vitro. The governing equations were discretized using finite differences, and propagation 

was simulated using a semi-implicit Crank-Nicholson scheme with adaptive time steps 

between 5 µs and 25 µs. A biconjugate gradient stabilized solver with tridiagonal 

preconditioner was used at each time-step. Transmembrane potentials and extracellular 

point electrograms were recorded at intervals of 50 µs at selected points in the domain, 

as previously described [78]. In addition, potentials were recorded at all nodes at 

intervals of 2.5 ms for tracking of tip trajectory and visualization. All simulations were 

performed across 33 CPUs using the Cardiowave software package [105]. 

4.3.4 Analytical Methods 

All discrete model studies were conducted with 10 discrete realizations at each 

degree of fibrosis. All continuous and hybrid model studies were conducted in 10 
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models per degree of fibrosis, with each model tuned to match the behavior of the target 

discrete model.  

All data is presented as mean ± standard deviation unless otherwise specified. A 

two-way ANOVA with post-hoc pairwise Tukey HSD was used to identify significant 

differences between model behavior at different fibrosis densities. A two-way ANOVA 

with repeated measures and post-hoc pairwise Tukey HSD was used to identify 

significant differences between discrete and continuous model restitution curves. 

4.4 Results 

4.4.1 Propagation in Microstructural Models and Equivalent 
Continuous Models 

The degree of fibrosis, characterized by the density of collagenous septa, is 

expected to have an effect on the conduction velocity of wavefronts. Conduction velocity 

was measured in the discrete microstructural model after applying 2Hz planar 

stimulation. As the degree of fibrosis was increased, conduction velocity in the 

longitudinal direction decreased slightly from 50.39 ± 0.01 cm/s with no fibrosis to 48.65 

± 0.01 cm/s with 30% fibrosis (p < 0.01, n = 10 for each case).  Transverse conduction 

velocity slowed substantially with increased fibrosis, from 19.23 ± 0.004 cm/s to 6.83 ± 

0.90 cm/s as fibrosis was increased from 0% to 30% (p < 0.01) (Figure 1B, blue), resulting 

in an increase in anisotropy ratio from 2.62:1 to 7.26:1 (Figure 1B, dashed).  
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Figure 4.1: Discrete model of fibrosis. (A) Fibrosis was modeled in the discrete tissue by 
inserting non-conductive collagen septa (solid) parallel to and between individual 
cardiac cells (gray). (B) Increasing the percent of transverse cell-to-cell boundaries 
interrupted by collagenous septa leads to a substantial decrease in transverse conduction 
velocity (solid) and an increase in anisotropy of conduction (dashed) 
 

The introduction of septa should affect the trajectory of spiral waves in the 

discrete tissue. Spiral waves were induced via cross-field stimulation; increasing fibrosis  

lead to a prolongation of mean cycle length from 76.27 ± 0.04 ms in non-fibrotic tissue to 

90.27 ± 3.13 ms in 30% fibrosis, an increase of 18.4 percent (p < 0.01) (Figure 2A, solid). In 

addition, the variability in cycle length was also observed to increase with increasing 

fibrosis, with minimal variability between non-fibrotic models, and substantial 

variability between 30% fibrosis models. Unipolar electrograms recorded from point 

electrodes exhibited increasing complexity and fractionation in discrete tissues with 30% 

fibrosis. Representative electrograms are shown in Figure 2C (left column). 
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Figure 4.2: Continuous model fails to capture details of reentry. Reentry was induced 
in discrete models and their equivalent continuous representations by cross-field 
stimulation. (A) The discrete model exhibits a substantial increase in cycle length of 
reentry (solid), up to 18.4% in 30% fibrosis, that is not capture by the equivalent 
continuous models (dashed). Cycle lengths are shown as mean ± standard error.  
(B) Transmembrane potential traces show a clear difference in cycle length between the 
discrete model (solid) and the homogenous continuous model (dashed) at high degrees 
of fibrosis (lower panel) that is not seen in the absence of fibrosis (upper panel). Scale bar 
represents 50 ms. Note that traces were time-shifted to align the first action potential.  
(C) Electrograms in discrete models simulations exhibit complexity and fractionation in 
the presence of fibrosis, which is incompletely captured in the equivalent continuous 
models. 

An equivalent continuous model was created for each discrete microstructural 

model by matching the microstructural model’s transverse and longitudinal conduction 
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velocity following 2Hz pacing, and spiral waves were induced in each continuous 

model. The non-fibrotic continuous model exhibited cycle lengths similar to those of the 

discrete non-fibrotic tissue (CL = 74.73 ms vs 76.27 ms). However, at higher degrees of 

fibrosis, the continuous tissues showed only modest increase in cycle length, with a 

maximal increase to 82.24 ± 2.63 ms (10% increase) in 30%-fibrosis-equivalent tissue. As 

a result, the equivalent continuous model has an 8.9% error in projected cycle length at 

30% fibrosis, which is apparent from transmembrane potential traces from discrete and 

equivalent continuous simulations (Figure 2B).  In addition, while unipolar electrograms 

from the equivalent continuous model are qualitatively similar to those of the discrete 

model in the absence of fibrosis, they fail to exhibit the fractionation seen in 

electrograms from fibrotic microstructural models (Figure 2C, right column). 

4.4.2 Factors Affecting Cycle Length 

To understand what factors tjat lead to the longer cycle length in the discrete 

model are not fully captured in the continuous models, the impact of tip trajectory and 

restitution behaviour were explored. Analysis of tip trajectory in the control (non-

fibrotic) case showed that non-fibrotic discrete and continuous models exhibited similar 

tip trajectories that were hypotrochoid-like in shape, with a mean span of 3.4 mm in 

length and 0.96 mm in width (Figure 3A, left). In the presence of 30% fibrosis, the tip 

trajectory in the continuous model remained unchanged in shape, but was significantly 

flattened, with a mean span of only 0.36 mm in width. (Figure 3A, right). However, in 
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the discrete model, the tip trajectory was much longer and thinner (mean span of 8.2 

mm in length and 0.42 mm in width) (Figure 3A, center), suggesting an anatomical 

rather than functional form of reentry.  

Restitution behavior in the discrete and continuous models with 0% and 20% 

fibrosis was examined using a standard S1-S2 pacing protocol, in both the longitudinal 

and transverse direction. In all cases, because the homogenous continuous models were 

constructed to replicate discrete model CVs at 2 Hz pacing, the CVs are equivalent at 

longer diastolic intervals (of 500 ms or greater). As the diastolic interval is decreased 

during longitudinal pacing, the continuous model behavior closely matches that of the 

discrete model (Figure 3B, top row). Restitution in the continuous model deviates 

significantly from the discrete model only at intervals under 100 ms (p < 0.05). During 

transverse pacing of non-fibrotic tissue, the restitution of the continuous model deviates 

from the discrete model at intervals below 140 ms, with a maximum error of 14.0% at an 

S1-S2 interval of 90 ms (Figure 3B, bottom left). Larger deviation is noted in the case of 

fibrotic tissue (Figure 3B, bottom right), where the continuous model significantly 

underestimates CV slowing at S1-S2 intervals of 180 ms or below, with an error of 43.4% 

at an interval of 90 ms.  As a result, the discrete model CV restitution curve has a 

maximum slope that is 1.58 times greater than that of the continuous model.  
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Figure 4.3: Factors contributing to continuous model cycle length error. (A) In the 
absence of fibrosis, both the discrete (left panel) and continuous (not shown) models 
exhibit a hypotrochoid-like spiral wave tip trajectory. In the presence of fibrosis, the 
discrete mode (center panel) transitions from functional to anatomical reentry with a 
long, linear tip trajectory while the equivalent continuous model (right panel) continues 
to exhibit hypotrochoid-lie tip trajectory, albeit significantly flattened due to slowed 
transverse conduction. Note that all figures show only a part of the domain. Scale bar = 
2.5 mm (B) Restitution behavior during longitudinal pacing is nearly equivalent in the 
discrete (solid) and homogenous continuous (dashed) models, both in the presence and 
absence of fibrosis. In the transverse direction, the continuous model restitution curve 
closely match the discrete model in non-fibrotic tissues, with slight deviation (up to 
14.0%) at intervals below 100 ms. In contrast, in fibrotic tissues, the continuous model 
exhibits significantly faster conduction (up to 43.4% faster) at intervals below 180 ms 
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In order to understand how the character of fibrosis affects continuous model 

estimations of cycle length, the mean length of collagenous septa in the discrete model 

was adjusted between 0 µm and 800 µm, and cycle length was examined in discrete and 

in equivalent continuous models. Because the total amount of fibrosis was maintained at 

30% of transverse node-to-node junctions, tissues with shorter fibrosis lengths contained 

more individual septa. In the absence of fibrosis, the continuous model underestimates 

cycle length by 2.1% (1.53 ms). At a mean fibrosis length of 200 µm, there is minimal 

error between the discrete and equivalent continuous models (0.14% error); however, as 

fibrosis length is increased further, the continuous model predicts cycle lengths that are 

significantly shorter than that observed in the discrete model. (Figure 4) 

 

Figure 4.4: Effect of collagen septa size. Error between the discrete model (solid) and 
equivalent continuous models (dashed) is dependent on the size of collagenous septa. 
Small collagenous septa result in minimal difference between the discrete and 
continuous models. In all cases, total septa density was fixed at 30%. 
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4.4.3 Propagation of Hybrid Models 

In order to capture the complexity of discrete fibrosis and maintain the 

computational efficiency of continuous models, we considered the development of 

hybrid models that incorporate coarse spatial discretization and distinct decoupling 

septa. Hybrid models were generated to replicate the behavior of 30% fibrotic discrete 

tissue. The continuous model was modified by disrupting 30% of transverse node-to-

node connections with non-conductive septa (mean length 800 µm), and tissue 

conductivities were adjusted such that the combined effect of septa and conductivity 

tuning matched the longitudinal and transverse CVs observed in each discrete model. 

The resulting models exhibited spiral wave behavior with mean cycle length of 83.9 ms, 

1.6 ms longer than that in the homogenous continuous model but still 6.37 ms shorter 

than the cycle length of reentry in the discrete model. (Figure 5). The amount of 

connection-disrupting collagen in the hybrid models was then increased and each 

model’s conductivities were re-tuned to match discrete planer conduction velocities. 

Increasing the fibrosis density above 30% in the hybrid model resulted in prolongation 

of cycle lengths, and models with 50% transverse decoupling closely matched the cycle 

lengths of the discrete model (mean cycle length 90.27 ms in discrete vs 89.88 in 50% 

fibrotic hybrid model). Simulation of 1.5 s of spiral wave activity required substantially 

less computational time in the hybrid model than in the discrete model, and there was 

no difference in simulation time between the continuous and hybrid models. (Figure  
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Figure 4.5: Hybrid models improve continuous model accuracy. The introduction of 
discrete heterogeneities (in the form of decoupling septa) in the continuous model 
allows for accurately replicating discrete model behavior. (A) The degree of fibrosis in 
the hybrid model was tuned to match discrete model cycle length. For each level of 
fibrosis, tissue conductivities were first adjusted to match discrete planar conduction 
velocities. The hybrid model with 50% fibrosis was selected for further use. (B) The 
hybrid model maintains the 18x computational efficiency of the continuous model when 
each is run with equal computing resources. (C) The selected hybrid model produces 
electrograms that qualitatively display complexity and fractionation similar to the 
discrete model. (D) The tip trajectory in the hybrid model is similar to that of the discrete 
model with a long and narrow path. Note that this panel show only a part of the 
domain. Scale bar = 2.5 mm  (E) The transverse restitution behavior of the hybrid tissue 
(dotted) remains the same as that of the continuous model (dashed) rather than that of 
the discrete model (solid) 
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5B). Three representative unipolar electrograms from the hybrid model are shown in 

Figure 5C. Electrograms from the hybrid tissues appear to be qualitatively similar in 

fractionation and complexity to those obtained from discrete tissues. 

In order to understand how the hybrid model recreates discrete model behavior, 

we examined hybrid model restitution and tip trajectory. The tip trajectory profile of the 

spiral wave in the hybrid model follows a path very similar to the discrete model. The 

trajectory is thin and long (span of 7.3 mm in length and 0.35 mm in width) and appears 

to be anatomical in nature rather than functional (Figure 5E). However, the transverse 

restitution profile of the hybrid model closely matches that of the homogenous 

continuous model rather than the discrete model (Figure 5D), indicating that the hybrid 

model’s ability to replicate discrete cycle lengths is due primarily to tip trajectory rather 

than dynamic variation in conduction velocity.  

4.5 Discussion 

In this study, we examined simulated reentry in continuous models of cardiac 

propagation and considered whether continuous models of cardiac propagation are able 

to accurately capture the details of reentry in fibrotic myocardium. We showed that (i) 

continuous models fail to fully capture increases in cycle length of reentry observed in 

microstructural discrete models, (ii) differences between discrete and continuous models 

are due to differences in tip trajectory and restitution behavior, and (iii) hybrid models 

that incorporate distinct edge-decoupling on a coarse discretization are able, to some 
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degree, to recapitulate discrete model behavior without compromising computational 

efficiency.  

Using a discrete model of cardiac tissue, we first showed that increasing fibrosis 

density in discrete, microstructural models of cardiac tissue causes transverse 

conduction velocity to decrease at a decreasing rate, and longitudinal velocity to be 

minimally decreased, as previously described [78]. The resulting anisotropy ratios falls 

within that range previously described experimentally [153], [158]. When spiral waves 

are induced in these tissues, we observed that as the degree of fibrosis is increased, the 

cycle length of reentry increases, similar to previous findings in models of diffuse 

fibrosis [86]. In addition, as the degree of fibrosis was increased, the variability in the 

planar conduction velocity and in the cycle length increased as well, suggesting that the 

spatial arrangement of fibrosis grows in importance at higher fibrosis densities. 

Because several groups have modeled fibrosis in large tissue or organ models as 

a homogenous decrease in conductivity to match experimental CVs (for example, [159], 

[160]), we used the same approach in developing equivalent continuous models for each 

discrete tissue model. Despite the fact that the continuous models each closely match the 

conduction behavior of discrete models during 2Hz linear pacing, when reentry was 

induced at higher densities of fibrosis, the resulting cycle lengths were significantly 

shorter than those in the discrete models (Figure 2A). This finding suggests that 

homogenized models are inadequate to fully capture the details of cardiac reentry in 
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diseased tissue. The impact of this discrepancy in the context of whole atrial or 

ventricular models remains unclear. While the absolute error in cycle length is relatively 

modest (8.9% of the discrete cycle length), an error on this magnitude could significantly 

impact determinations of spiral wave stability or instability [155]. 

In order to understand this difference between continuous and discrete cycle 

lengths, we examined differences in restitution behavior in these models. Even though 

the discrete fibrotic model and equivalent continuous model have been calibrated to 

have equal conduction velocity in response to 2Hz planar pacing, propagation at 

different rates or of a premature stimulus may draw out differences between the models. 

Because spiral waves in the discrete tissues do not cycle at exactly 2Hz, differences in 

restitution could affect cycle length of reentry. Comparison of non-fibrotic discrete and 

continuous tissues revealed a small difference in restitution behavior at very short 

coupling intervals (Figure 3B, left column). These difference, possibly caused by source-

load mismatches at cell-to-cell gap junctions due to decreased sodium excitability, may 

result in the small difference in cycle length between discrete and continuous models in 

the absence of fibrosis.  In contrast to non-fibrotic tissues, fibrotic tissues exhibited a 

larger difference in transverse restitution between discrete and continuous models 

(Figure 3B, bottom right). The additional slowing seen in the discrete model is likely due 

to source-load mismatches at regions where multiple nearby septa result in tissue 

expansions, which have been shown to lead to local conduction slowing [70].  The 
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resulting difference in restitution, previously described in models of diffuse fibrosis [91], 

contributes to the prolongation of cycle length in highly fibrotic tissues that is not 

captured by the continuous model.  Restitution behavior plays a critical role in the 

initiation and maintenance of arrhythmia  [5], [161], [162]. As such, it is vital for 

computational models to accurately capture the effects of heterogeneity beyond just the 

effects on cycle length. Variation in the slope of CV restitution curve has specifically 

been linked to the formation of alternans, a precursor to reentry [163], and in the 

presence of fibrosis, the steepness of the discrete model’s transverse CV restitution curve 

is poorly recapitulated by the continuous model. Taken together, these differences 

represent significant deficiencies in the continuous model under conditions where cycle 

length is not constant, such as during alternans and the initiation of reentry.  

We also studied the path of the spiral wave tip during reentry in continuous and 

discrete models and found a substantial prolongation in path length of reentry in fibrotic 

tissue in the discrete model but not in the continuous model. This near doubling of 

longitudinal tip path length plays a critical role in the prolongation of the spiral wave 

cycle length.  The transition from functional to anatomical reentry around distinct 

collagenous septa in the discrete model highlights the importance of modeling distinct 

heterogeneities. While adjusting conductivities in a continuous model may capture the 

impact of gap junctional remodeling during fibrosis, the effects of collagen deposition 

cannot be easily homogenized. 
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In recognition of potential limitations of using continuous models to replicate the 

effects of fibrosis, Costa et al. recently described a hybrid method for inserting non-

conductive septa into a coarse finite element mesh [89], [90], analogous to the insertion 

of septa into our discrete model [78]; this method has been recently used in several 

studies of atrial fibrosis [88], [164]. However, the fidelity of these methods, in 

comparison to discrete cardiac models, remains unclear. To investigate this, we 

developed a hybrid model by inserting non-conductive septa into a finite difference 

mesh. The prevalence of septa was varied and each model was tuned to match planar 

conduction velocities of the 30%-fibrosis discrete models. We found that 30% transverse 

decoupling by septa was insufficient to match discrete cycle lengths, likely because the 

coarse discretization of the hybrid model meant that the total length of inserted septa 

was substantially smaller than in the discrete model. By increasing the number of septa 

such that they decouple 50% of transverse node-node connections, we were able to 

closely match the cycle lengths of reentry observed in discrete tissue simulations.  

The hybrid model appears to recreate the behavior of the discrete model 

primarily by capturing the prolonged tip trajectory of the discrete model (Figure 5D). 

The presence of discrete heterogeneities in the hybrid model allows for a transition to 

anatomical reentry. However, the hybrid model fails to capture the restitution effects of 

fibrosis in the discrete model. This is potentially because the source-load imbalance that 

leads to discrete CV slowing at shorter coupling intervals is lost at the hybrid models’ 
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coarser spatial discretization. Despite this observed difference in restitution behavior, 

hybrid models show promise in reproducing aspects of the complex behaviors of the 

discrete model with substantially reduced computational load, and may prove to be a 

valuable tool when carefully tuned for their intended purpose. 

4.5.1 Limitations 

Because of the computational limitations of discrete models, this work was 

performed in two dimensional monolayer-like tissues with idealized cell geometries. In 

addition, the Wang-Sobie membrane model used in this study has a relatively short 

action potential duration. However, while the specific degrees of error between discrete 

and continuous models may not scale directly to human simulations, we believe that the 

general conclusions highlighting differences between these model types is broadly 

applicable. The hybrid model was developed using equal discretization in the 

longitudinal and transverse direction because this type of discretization is commonly 

used in three dimensional cardiac models. However, use of a coarse longitudinal 

discretization and a finer transverse discretization may improve the ability of the hybrid 

model to reproduce discrete model behavior while retaining some of the increased 

computational efficiency over the discrete model. 

4.6 Conclusions 

In this study, we examined the ability of continuous cardiac models to capture 

complex conduction behaviour such as reentry. Our results indicate that differences in 
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restitution behaviour and spiral tip trajectory lead to modest error in continuous model 

estimations of cycle length. However, we demonstrate that hybrid models that 

incorporate non-conductive septa in a coarsely discretizated mesh are able to 

recapitulate some aspects of complex reentry while providing significant computational 

efficiency. We suggest that it is critical to carefully consider and validate methodologies 

of incorporating fibrosis in computational tissue models before these models can be used 

to gain mechanistic understanding of and devise treatments for clinical arrhythmia.  
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5 Modeling an Excitable Biosynthetic Tissue with 
Inherent Variability for Paired Computational-
Experimental Studies 

5.1 Objectives 

To understand how excitable tissues give rise to arrhythmias, it is crucially 

necessary to understand the electrical dynamics of cells in the context of their 

surroundings. Multicellular monolayer cultures have proven useful for investigating 

arrhythmias and other conduction anomalies, and because of their relatively simple 

structure, these constructs lend themselves to paired computational studies that often 

help elucidate mechanisms of the observed behavior. However, tissue cultures of 

cardiomyocyte monolayers currently require the use of neonatal cells with ionic 

properties that change rapidly during development and have thus been poorly 

characterized and modeled to date. Recently, Kirkton and Bursac [104] demonstrated the 

ability to create biosynthetic excitable tissues from genetically engineered and 

immortalized HEK293 cells with well-characterized electrical properties and the ability 

to propagate action potentials. In this chapter, we developed and validated a 

computational model of these excitable HEK293 cells (called “Ex293” cells) using 

existing electrophysiological data and a genetic algorithm optimization technique. In 

order to reproduce not only the mean but also the variability of experimental 

observations, we examined what sources of variation were required in the 

computational model. Random cell-to-cell and inter-monolayer variation in both ionic 
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conductances and tissue conductivity was necessary to explain the experimentally 

observed variability in action potential shape and macroscopic conduction, and the 

spatial organization of cell-to-cell conductance variation was found to not impact 

macroscopic behavior; the resulting model accurately reproduces both normal and drug-

modified conduction behavior. The development of a computational Ex293 cell and 

tissue model provides a novel framework for performing paired computational-

experimental studies to study normal and abnormal conduction in multidimensional 

excitable tissue, and the methodology of modeling variation can be applied to models of 

any excitable cell. The work presented in this chapter was recently published in PLoS 

Computational Biology [2] 

5.2 Introduction 

One of the major challenges in the field of cardiac electrophysiology is 

quantifying the electrical dynamics of myocytes in the context of their environment. The 

electrical activity of cardiomyocytes in vivo is modulated by the other excitable and 

unexcitable cells to which they are coupled, as well as the complex interstitial space in 

which they are embedded. Making multisite measurements of the transmembrane 

potential is technically difficult to perform in situ and hence limited information is 

available to characterize the cells’ complex response to stimuli and drugs. One approach 

to studying excitable cells in context is to develop detailed in silico computational 

models of isolated excitable cells and tissues, and to use these models to infer the 
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behavior of the real cells on which they are based. In most cases, computational 

membrane models are derived from experimental data obtained using various patch 

clamp techniques, often performed in different labs, under different conditions and 

often in cells from different species [99]. Moreover, because the details of the complex 

native tissue environment are poorly understood, most computational tissue models 

make use of significantly simplified representations of the native 3D tissue structure. 

An alternative approach for studying cells’ electrical dynamics in context with 

other cells is to use in vitro cell cultures. While typically limited to two dimensions and 

lacking a defined interstitial space, cultured cell monolayers can reproduce many 

features of the natural tissue through the manipulation of cell orientation, spacing and 

shape [92], [93], [95], [165]; engineered monolayers have previously been used to study 

complex phenomenon such as conduction block, re-entry and spiral wave formation in 

2D [166]. At present, these methods are limited to the use of neonatal cells as culturing 

of adult cardiac cells into confluent, electrically coupled monolayers has proven difficult. 

Unfortunately, the intrinsic currents of neonatal cells have been difficult to model as 

they change rapidly through development. As a result, there is currently no robust and 

tractable framework for the careful comparison of computational predictions with 

biologically analogous experimental measurements in multidimensional tissue. 

Kirkton and Bursac recently demonstrated the ability to genetically engineer a 

synthetic excitable cell line through the addition of only two ion channels (Nav1.5 and 
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Kir2.1) into the immortalized and non-excitable HEK293 cell line. They further were able 

to electrically enhance the intercellular connectivity of these excitable HEK293 cells 

(named Excitable-293 or Ex293 cells) by overexpressing connexin-43 gap junctions to 

form an excitable, engineered monolayer capable of propagating action potentials [104]. 

These excitable monolayers were subsequently used to study a wide range of 

electrophysiological behaviors such as reentry and conduction failure [167], [168]. The 

limited number of ionic currents in these novel biological constructs as well as their 

relative stability over time (compared to maturing neonatal cells) suggest the strong 

potential to be modeled computationally with high fidelity.  

Despite their monoclonal origin and relatively simple electrophysiology 

compared to adult cardiomyocytes, Ex293 cells and tissues exhibit moderate variability 

in their action potential characteristics (e.g. action potential duration, maximum 

upstroke velocity, etc) and conduction properties [104], [168]. This observed variability 

results from a combination of beat-to-beat variability in single cells, cell-to-cell 

variability within a monolayer, and variability between different tissue-cultured 

monolayers. While biological variability has a relatively moderate impact on 

macroscopic conduction under well-coupled normal conditions [169]–[171], it will likely 

play a more significant role in experimental scenarios replicating disease states such as 

fibrosis, cellular uncoupling, reduced excitability, and premature stimuli [172]. As such, 

it is important to consider intrinsic variability when developing computational 
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membrane models that are intended for the study of complex conduction behavior. In 

general, most computational models are constructed using mean experimental-derived 

properties, and efforts at modeling variability have been focused on regional differences 

(epicardial vs endocardial, or apex vs base) or on variability between isolated cells [173], 

[174]; the concept of simulating tissues with variable membrane properties has only 

recently been explored [171]. 

In this study, we expanded on the work of Kirkton and Bursac [104] by using 

published experimental single cell and monolayer data to develop a computational 

model of the Ex293 cell that can be used for future paired experimental-computational 

studies. In doing so, we examined what sources of variability were required in the 

model of this highly-simplified excitable cell in order to reproduce experimental 

behavior. Our results show that the incorporation of cell-to-cell and inter-monolayer 

ionic conductance variation as well as inter-monolayer conductivity variation was 

necessary to reproduce the behavior of propagating action potentials in Ex293 

monolayers over a range of experimental conditions. Moreover, we demonstrate that 

non-random spatial organization of cell-to-cell variation does not significantly affect 

macroscopic conduction, indicating that random spatial distribution of cell-to-cell ionic 

variation can adequately capture the impact of experimental ionic variability.  
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5.3 Methods 

5.3.1 Model Development 

The excitable cell membrane of a single cell is modeled by the following 

differential equation: 

 %"
&'"
&(

= 	−(!HI*" + !*+,*-) (5.1) 

where %" is the membrane capacitance, '" is the transmembrane voltage, !HI*" is 

the externally applied stimulus current, and !*+,*- is the sum of the individual ionic 

currents (whose dynamics are described by a system of ordinary differential equations) 

that contribute to the action potential: 

 !*+,*- = 	 !./ + 	!0 + 	!./,YI + 	 !0,YI (5.2) 

 

5.3.1.1 Transfected Inward Rectifying Potassium Current (IK1). 

 The IK1 current was modeled with a single activation gate, n, with fast and slow 

components (n1 and n2, respectively), and a dependence on extracellular potassium 

concentration: 

 
!0N = 	@0	

[[J\I]
5.4

	(a ∗ CN + 1 − a ∗ CS)	('" −	50) (5.3) 

where f is a constant that describes the relative contribution of the fast activation 

component, and [Kext] is the extracellular concentration of potassium. The steady state 

values of the activation gate (n¥) was described as a function of membrane potential by a 
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Boltzmann sigmoid curve, C? = 1 − CbJH /	(1 + 	c
(dPde/f)/g) 		+ CbJH,  where V is the 

membrane potential, V1/2 is the voltage at which n¥ = 0.5, k is the slope factor, and nres is 

the residual value of the gating parameter, independent of membrane potential. 

Parameters for the Boltzmann equation were determined by fitting experimental data 

from Kirkton and Bursac [104], obtained as described therein, corrected by subtracting 

currents measured in wild-type HEK293 cells using the same protocols. The mean 

currents were then divided by the driving force (Vtest – EK), where EK is the potassium 

reversal potential, and normalized before fitting to the Boltzmann curve. 

Time constants of activation as well as the relative contribution of the fast and 

slow activation components were determine by fitting experimental voltage traces 

following step voltage change from a holding potential of -40 mV. Voltage traces were 

converted to conductance traces by dividing by the driving force ('" −	50) and then 

normalized across all traces. Each resulting conductance trace for test potential v was 

then fit to the equation: 

 
2 h, ( = 	 C?(h)	 a ∗ 1 − c

P
I

ije(k) + 1 − a 1 − c
P

I
ijf(k)  (5.4) 

where, n¥ is the previously determined value of the activation gate at the test potential, 

tn1 and tn2 are the unknown fast and slow activation time constants, respectively. Fitted 

values of tn1 and tn2 were then used to formulate a functional definition of the time 

constants as a function of membrane potential. 
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A Q10 value of 1.419 was used to adjust model time constants to account for 

dynamic differences between behavior at 23°C and 35°C, based on temperature 

dependence studies in guinea pigs from Martin et al. [175]. In addition, a 8.25 mV left 

shift in the  V1/2 of the potassium steady state activation curves was determined by using 

data from Martin and by assuming linearity in temperature dependence, as previously 

done by others [116].  

5.3.1.2 Transfected Fast Voltage-Gated Sodium Current (INa) 

 The INa current was modeled with three identical activation gates, and one 

inactivation gate with fast and slow components, similar to the work of Lindbald et al. 

[176]:  

 !./ = 	@./7A	(&ℎN + 1 − & ℎS)	('" −	5./) (5.5) 

where m is the sodium activation gate, h1 and h2 are the fast and slow components of the 

inactivation gate, respectively, and d is a constant that describes the relative contribution 

of the faster inactivation component. While both h1 and h2 have the same steady-state 

value (h∞), they differ in their rate of inactivation, =lN and =lS. The steady state 

inactivation curve (h¥) was described by a Boltzmann sigmoid curve, fit to data from 

Kirkton and Bursac [104], obtained by applying a 20 ms test pulse at -20 mV after a 500 

ms inactivating pre-pulse at voltages ranging from -130 mV to -40 mV. As explained in 

the Supplementary Text 1, the steady state activation curve, as well as activation and 

inactivation time constants were determined by fitting of experimental sodium current 
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recordings following depolarization from a holding potential of -100 mV. The recordings 

were converted to conductance traces and normalized to the overall maximum 

conductance across all test potentials; the resulting traces were then each fitted to the 

equation  

 
2 h, ( = 	7?(h)A	c

P
I

im(k) ∗ 	ℎ?(h)

∗ & ∗ 1 − c
P

I
ine(k) + 1 − & 1 − c

P
I

inf(k)  
(5.6) 

where h¥ is the value of the previously defined sodium inactivation gate, and m¥ was 

allowed to be a fitted parameter along with the time constants of activation (tm) and 

inactivation (th1 and th2) as well as the relative contribution of the two inactivation 

components (d). The resulting steady state activation curve was normalized across 

voltages and based on its shape, fitted to the form of the sum of two Boltzmann sigmoid 

curves. The inactivation time constants measured for test potentials above -45 mV were 

combined with time constants from recovery from inactivation to define the functional 

definitions of the inactivation time constant.   

Time constants were temperature-adjusted using a Q10 = 2.79, as calculated by 

Ten Tusscher et al. [116] using data from Nagatoma et al. [177]. Rightward shifts of 5.16 

mV and 5.64 mV in the V1/2 of the sodium steady state activation and inactivation curves, 

respectively, were determined using data from Nagatoma and by assuming linearity in 

temperature dependence.  
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5.3.1.3 Endogenous Sodium Current (INa,wt) 

The INa,wt current was modeled based on the Hodgkin and Huxley formulation 

with three identical activation gates and one inactivation gate.  

 !./,YI = 	@./,YIoAp	('" −	5./) (5.7) 

Because of limited experimental data on the endogenous channel in Kirkton and Bursac 

[104], the steady-state activation and inactivation curves as well as the relevant time 

constants for the endogenous sodium current were derived from the findings of He and 

Soderlund [178]. The inactivation curves was right-shifted by 5.76 mV to account for 

difference in temperature, and time constants were scaled with a Q10 of approximately 3 

based on temperature dependence data of Nav1.7 channels from Han et al. [179], 

5.3.1.4 Endogenous Potassium Current (IK, wt) 

The IK, wt current was modeled using the form of a slow delayed rectifier current 

from Ten Tusscher et al. [116], with two identical activation gates: 

 !0,YI = 	@0,YIqS	('" −	50) (5.8) 

The steady state activation curve and activation time constant were determined by 

fitting to activation data at 22°C from Yu and Kerchner [180].  Because the molecular 

identity of the endogenous potassium current is unknown [181], temperature-dependent 

changes in the activation curve and the time constant were used as free parameters 

during the fitting process.  
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5.3.2 Model Fitting 

A multi-objective genetic search algorithm was used to identify the optimal ion 

channel conductances, tissue conductivity and other free parameters necessary to 

reproduce the experimental action potential waveform and CVs in Ex293 monolayers. 

An initial population of 600 “parent” parameter sets was generated by randomly 

choosing values from the physiologically reasonable search range for each parameter 

(Table 1). A custom MATLAB script ran the 2-D tissue simulation for each trial 

parameter set (see Numerical Methods), and computed the values of the two error 

functions: the root mean squared error (RMSE) between an experimental AP recording 

and the simulated AP, and the absolute difference between the experimental and 

simulated CV. 2-D simulation was performed in a 140 node x 140 node monolayer (dx = 

dy = 50 micron) with no-flux boundary conditions. The tissue domain was paced at 1Hz 

at one corner and the action potential tracing of the third action potential from a node 

0.6 cm diagonally from the stimulus site was recorded. CV was determined from 

activation times (50% AP amplitude) at nodes 0.2 cm and 0.8 cm from the stimulus site. 

RMSE was calculated by aligning the experimental action potential (recorded via sharp 

electrode in [104]) and simulated action potentials at the upstroke crossing of -40 mV. 

The multi-objective genetic algorithm was configured to run in parallel across 32 

cores using MATLAB’s Parallel Computing Toolbox and Global Optimization Toolbox 

[182], with heuristic crossover, tournament selection and a small Pareto fraction, and 
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terminated when the average change in the spread of the Pareto front was less than 

0.001 over 50 generations. The genetic algorithm was run 9 times to examine diversity of 

results; the parameter set that minimized the RMSE was selected from each Pareto front.  

5.3.3 Data Analysis 

In order to compare macroscopic conduction properties of simulation results 

with those obtained experimentally using a voltage sensitive dye and an optical fiber 

recording array, averaging of local simulated membrane potentials in small circular 

regions was performed to simulate optical recording of model results. While the 

experimental optical fiber array has fibers with diameter of 750 µm arranged in a 20-mm 

diameter hexagonal bundle, spacing between the optical fiber array and the tissue 

sample results in a wider effective field of view for each fiber. As a result, while our 

simulated optical sensors were spaced with 750 µm center-to-center spacing, each sensor 

averaged potentials over a circular region of diameter 1100 µm.  The resulting voltage 

traces for each of the 504 simulated optical sensors was analyzed using custom 

MATLAB software developed for analysis of experimental optical mapping recordings, 

and the CV and APD80 (action potential duration at 80% repolarization) were calculated, 

as previously described [95], [104]. 

5.3.4 Incorporation of Variation and Sensitivity Analysis 

Inter-monolayer variation of conductances and conductivity was generated by 

selecting scaling factors for each monolayer from random normal distributions with 
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mean 1 and specified standard deviation. Base model parameters were then scaled by 

these factors and the new monolayer-specific mean parameters were provided to the 

Cardiowave simulator. Cell-to-cell variability was incorporated directly into the 

membrane model. Each node’s channel conductance is randomly selected at the start of 

the simulation from a random normal distribution with the selected mean monolayer 

channel conductance and a specified standard deviation (see Figure 4B). Simulated 

variability was compared to experimentally variability measured in [104] including 

macroscopic CV recorded via optical mapping in n=39 independent monolayers, and 

single cell APD and maximum upstroke velocity recorded via sharp electrode recording 

in 6 different (biological replicate) monolayers (n = 4-5 cells per monolayer; 27 total 

recordings).  

The sensitivity of the membrane model to perturbation was assessed by 

independently altering the conductance of each current in a range from 50% to 150%, 

and measuring the impact on conduction properties. Sensitivity was measured in a 

simulated strand of tissue (600 x 10 nodes; dx = dy = 20 micron, no-flux boundary 

conditions). In addition to the macroscopic conduction properties measured using 

simulated optical sensors, several addition properties were measured using the action 

potential traces from the center-point of the strand, analogous to experimental sharp 

electrode recording. These properties included the maximum upstroke velocity (dVm dt-

1), resting membrane potential, APD and action potential amplitude.  
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5.3.5 Validation Studies using the Membrane Model 

Restitution of APD and CV was measured in a 2D strand continuous 

monodomain model (600 x 10 nodes; dx = dy = 20 micron). The standard (S1-S2) protocol 

was used wherein the strand was stimulated from one end at 2 Hz for 10 pulses (S1) 

followed by a premature stimulus of the same amplitude (S2), and the CV and APD 

resulting from the S2 stimulus were recorded. The S1-S2 interval was decreased until the 

S2 pulse no longer elicited an action potential.  

Pharmacological channel blockade due to tetrodotoxin (TTX) was simulated by 

simultaneously altering the conductance of both the INa and INa,wt currents. Blockade of 

the IK1 channel due to BaCl2 was simulated by scaling the IK1 conductance based on the 

degree of block at -100 mV and the membrane potential (Fig S4).  The effect of varied 

extracellular potassium concentration was simulated by scaling the sodium conductance 

proportional to the square root of extracellular potassium, as included above in equation 

3, and by altering the reversal potential of potassium, as predicted by the Nernst 

equation. The physiological intracellular potassium concentration was estimated by 

assuming that the resting potential during sharp electrode recordings of HEK cells 

transfected with only the Kir2.1 channel (with control extracellular potassium 

concentration of 5.4 mM) is equivalent to the potassium Nernst potential [104]. The 

reversal potential as a function of extracellular potassium is then calculated using this 

estimate of intracellular potassium concentration.  
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5.3.6 Impact of Spatial Organization of Variation 

Conduction was simulated in a 2D continuous monodomain model (600 x 200 

nodes; dx = dy = 10 micron). Non-conductive fibrosis-like obstacles were added to the 

tissue domain, with each obstacle 100 µm x 100 µm in size and with 100 µm spacing 

between obstacles. Obstacles were decoupled from neighboring tissue nodes to establish 

no-flux boundary conditions. A central region of homogeneity with a diameter of 140 

µm (70% of strand width) was established. Within this region, the mean potassium 

conductance was one standard deviation (12.5%) below the monolayer mean, and the 

standard deviation of cell-to-cell variation was narrowed to 0.0625 for all ionic 

properties to create relative homogeneity with preserved but reduced cell-to-cell 

variability. Cell-to-cell ionic variation in the remainder of the tissue was resampled in 

order to preserve the distribution of cell-to-cell variation across the full tissue. The 

central region remained fully coupled to the surrounding tissue. The previously 

described standard S1-S2 protocol was used to assess restitution behavior.  

5.3.7 Numerical Methods 

All simulations were performed using the Cardiowave software package [105],  a 

cardiac simulation system that incorporates numerous modules for various membrane 

models, time integration methods and linear solvers (available online at 

cardiowave.duke.edu). The governing equations were discretized using finite 

differences and propagation was simulated using a semi-implicit Crank-Nicholson 
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scheme with adaptive time steps between 5 µs and 100 µs. A biconjugate gradient 

stabilized method solver with tridiagonal preconditioner was used to simulate each 

time-step. Potentials were recorded at intervals of 10 µs at selected individual points and 

across the domain using spatial averaging across simulated optical sensors, as described 

earlier. 

5.3.8 Statistical Methods 

All data is presented as mean +/- standard deviation unless otherwise specified. 

Comparison of model and experimental variability was performed using Levene’s test 

for equality of variances with an alpha value of 0.05. Comparison of macroscopic CV, 

APD and failure behavior in the presence of fibrosis and spatial organization of 

variability was performed using a two-way ANOVA with two between-subjects 

measures (fibrosis and organization). Comparison of restitution behavior was performed 

using three-way ANOVA with one within-subjects measure (S1-S2 interval) and two 

between-subjects measures (fibrosis and organization), and post-hoc pairwise 

comparison was performed using Fisher’s LSD. 
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5.4 Results 

5.4.1 Development of the base membrane model 

The Ex293 membrane model includes four constitutive currents: the inward 

rectifying potassium current (IK1, carried by the Kir2.1 channel) and the fast voltage-

gated sodium current (INa, carried by the Nav1.5 channel), both of which are transfected 

into HEK293 cells to create the Ex293 line; as well as two endogenous HEK293 currents,  

a voltage gated sodium current [178] and a delayed-rectifier potassium current [180], 

[183], [181]. As described in Methods, mathematical descriptions of each current were 

formulated directly from previously reported mean experimental data from Kirkton and 

Bursac [104] and others [178], [180]. The inward rectifying potassium current was 

modeled using a single activation gate and the resulting model is able to reproduce the 

current-voltage curve for the peak K+ current (Figure 5.1A, dotted line) as well as the 

time courses of potassium current elicited by a step change in membrane potential at 

room temperature (Figure 5.1B). The transfected voltage gated sodium current was 

modeled with three identical activation gates, and one inactivation gate with fast and 

slow components. At room temperature (23°C), the model is able to recapitulate the 

experimentally observed current-voltage curve for the peak Na+ current (Figure 5.1C, 

dotted line) as well as the dynamics of the sodium current in response to step changes in 

membrane potential (Figure 5.1D).  
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Figure 5.1: Model recapitulates experimental current properties. (A,C) The Ex293 
membrane model replicates (dotted line) the experimentally observed peak current-
voltage relationships (closed circles) of the transfected potassium and sodium channels 
at 23°C. An increase in current density and shift in voltage dependence is seen in the 
model at physiological temperature (dashed line) (B,D) The model (left panel) also 
replicates the dynamics of channel activity (right panel). Note that the model 
conductances in panels B and D were selected to match the experimental traces; these 
are not the same as the mean model conductances. 

5.4.2 Fitting of the membrane model 

Because the published electrophysiological data provides insufficient 

information to fully specify the Ex293 membrane model at 35°C, a multiobjective genetic 

search algorithm was used to determine optimal values for several free parameters in 
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order to match experimentally observed conduction properties. Eight free parameters 

were fit using the genetic search technique, including the maximal current densities for 

each of the four currents and the bulk tissue conductivity (see Table 1 for all fitted 

parameters). For each trial parameter set, conduction was simulated in a two 

dimensional continuous monodomain (Figure 5.2A) using the Cardiowave system [105], 

and two error functions: (1) the root mean square error of the simulated action potential 

compared to a representative experimental action potential, and (2) the absolute error in 

simulated conduction velocity (CV) were calculated. The genetic algorithm was 

executed nine times, yielding different solutions, and the parameter set from each Pareto 

front that minimized the mean square action potential error was selected.  

Each run of the genetic algorithm required an average of 112 generations to 

converge; the mean parameter values identified by the genetic algorithm across multiple 

runs are shown in Table 5.1. While the genetic algorithm searched a large parameter 

space, multiple runs resulted in parameter estimates with relatively little variability, 

indicating a strong likelihood that the fit results recreate the biological behavior. The 

parameter set that provided the lowest mean square error of action potential fit was 

used in the 35° C model.  Figure 2B shows that action potential generated by these 

parameter values reproduces the representative experimentally recorded action 

potential with a high degree of accuracy, with a root-mean-square error of 1.109 mV and 

a CV error of 0.0001 cm/s.  In addition, the simulated action potential replicates several 
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other metrics characterizing experimental action potentials obtained from multiple cells 

(Table 5.2, Columns 1 and 2).  

 

 

 

 

 

Figure 5.2: Model action potential replicates experimental action potential. (A) Model 
fitting was performed by simulating conduction in a 2-D monolayer and recording an 
action potential 6 mm from the stimulus site (asterisk). Dashed lines are isochrones of 
activation at intervals of 5 ms. (B) The action potential generated by the fitted Ex293 
membrane model (solid black line) replicates the morphology of the experimentally-
recorded Ex293 action potential from [7] (dashed gray line). 
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Figure 5.3: Comparison of Membrane Currents. (A) Experimentally recorded currents 
during “AP-clamp”. Note that the duration of the experimental action potential used to 

generate this recording is longer than the mean duration which was matched by the 
model  (B) Action potential trace used for simulated AP clamp (C) Model currents at 23C 
qualitatively matches experimental currents. (D,E) Model currents at 35C. Temperature 
induced variation in conductances and activation/inactivation properties lead to a much 

larger inward sodium current. 

  



 

91 

 

 

Table 5.1: Model optimization via genetic search algorithm (n=9 runs) 

Model parameter Mean (SD) Units 
GNa 90.76  (0.77) mS/cm2 
GK 6.623 (0.11) mS/cm2 
GNa, wt 0.645 (0.052) mS/cm2 
GK, wt 0.147 (0.022) mS/cm2 
V1/2 for b∞ (IK,wt activation) 16.29 (7.14) mV 
k for b∞ (IK,wt activation) 34.80 (4.44) mV 
tb (IK,wt time constant) 0.56 (0.04) msec 
 s (Bulk tissue conductivity) 1.143 (0.014) mS/cm 
Root mean square error 1.11 (0.211) mV 
Absolute CV error 0.068 (0.060) cm/sec 
Results using mean parameter estimates  Units 
Root mean square error 1.66 mV 
Absolute CV error 0.116 cm/sec 
Results using selected parameter estimates  Units 
Root mean square error 1.109 mV 
Absolute CV error 0.0001 cm/sec 

 

Table 5.2: Comparison of model and experimental Ex293 cells 

 Property Experimental 
Mean (SD) 

Base Model 
Value 

Variable Model 
Mean (SD) 

Si
ng

le
 C

el
l Resting potential (mV) -74.2 (3.64) -74.2 -74.2 (0.19) 

AP amplitude (mV) 93.3 (5.72) 97.6 97.3 (4.19) 
APD80 (msec) 20.9 (5.72) 19.74 21.0 (5.78) 
(dVm/dt)max (V/s) 150.6 (31.7) 166.07 154.67 (25.8) 
AP peak (mV) 19.0 (5.20) 22.43 23.0 (4.33) 

 Conduction velocity (cm/s) 23.3 (3.75) 23.3 23.5 (3.62) 
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Based on the genetic algorithm fits, the change in temperature from 23° C to 35° 

C resulted in an approximately 3-fold increase in the INa maximum conductance, and a 

50% increase in the IK1 maximum conductance, which is in line with previous studies 

[177], [175], [184]. The total temperature-induced changes in the current-voltage 

relationships  

of the INa and IK1 currents, due to both temperature-dependent conductance changes (as 

determined by the genetic algorithm fits) and temperature-dependent shifts in activation 

and inactivation (as determined based on previous studies), are shown in Figure 5.1A 

and 5.1C (dashed lines). The model qualitatively matches the net ionic current recorded 

experimentally during single-cell action potential (AP) clamp recordings at 23° C (Figure 

5.3A and 5.3C). At 35° C, the model shows temperature induced changes in ionic 

currents (Figure 5.3D) including a substantial increase in inward sodium current. 

Examination of the role of the individual currents shows that the INa current is 

responsible for rapid depolarization while the IK1 current resists depolarization and is 

responsible for rapid repolarization. In addition, the model suggests that an endogenous 

HEK293 potassium current plays an important role in the repolarization of the Ex293 cell 

as its low outward current gives the plateau phase of the action potential its shape, and 

lowers the membrane potential from peak voltage (~ 20 mV) to a voltage where the 

transfected IK1 current activates and initiates the rapid depolarization phase.  In contrast, 
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a relatively small endogenous sodium current within HEK293 cells appears to only play 

a minor role in the Ex293 action potential.
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Table 5.3: Model Equations 

Property Model @ 23C Model @ 35C 
ENa 59.2 mV 61.6 mV 
EK -72.4 mV -75.3 mV 
GNa 32.64 mS/cm2 90.34 mS/cm2 
mss 1.653

1 + '()*+,.-.) 01.23.
− 	 0.9225
1 + ' )*9-.+:

0::...
+ 0.0971 

1.653
1 + '()*+:.+3) 01.23.

− 	 0.9225
1 + ' )*9<.:-

0::...
+ 0.0971	 

tm 0.9685	'0()*-+.31)
>
::+, + 0.0924 0.2827	'0()*-+.31)

>
::+, + 0.0270 

hss 1
1 + '()*3,.<,) -.,2:

 
1

1 + '()*3<..9) -.3::
 

th1 29.40	'0 )*3+.:1 >
13,., + 0.0922

1 + ' )02.:2-
9.239

+ 0.6461 8.582	'0 )*3+.:1 >
13,., + 0.0269

1 + ' )02.:2-
9.239

+ 0.1886		 

th2 1097	'0 )*31.11 >
+11.. + 2.987 320.3	'0 )*31.11 >

+11.. + 0.872 
GK 4.664 mS/cm2 6.609 mS/cm2 
nss 1

1 + '()*1:.33) :..+9
 

1
1 + '()*3<.:+) :..+9

 

tn1 0.1927	'0 )*:<,.3 >
+2<.- + 1.588

1 + ' )02.3,:
23+.:

− 0.6923 0.1181	'0 )*:<,.3 >
+2<.- + 0.9782

1 + ' )02.3,:
23+.:

− 0.4241 

tn2 1.628	'0 )*2,.1- >
+22., + 2.057

1 + ' )*29.2.
+9.<2

+ 0.0521 0.9973	'0 )*2,.1- >
+22., + 1.260

1 + ' )*29.2.
+9.<2

+ 0.0319 
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GNa, wt 0.22 mS/cm2
 * 0.6976 mS/cm2 

oss 1
1 + '()*.,.9-) 0:<.-2

 
1

1 + '()*.,.9-) 0:<.-2
 

to 0.2980 0.0797 
pss 0.9292

1 + '()*,..,1) 3.1+3
+ 0.0708 

0.9292
1 + '()*-3.2:) 3.1+3

+ 0.0708 

tp 0.9953 0.2663 
GK, wt 0.1313 mS/cm2 * 0.1332 mS/cm2 

bss 1
1 + '()*2.<--) 09+.12

 
1

1 + '()*9..2,) 0+,.-3
 

tb 1.60 0.5840 
 
* Starred current density values taken from literature, not from experimental Ex293 cultures; therefore, change in current density of wild type 
currents between 23C and 35C not indicative of true temperature-dependent current density change 
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5.4.3 Addition of Variation to the Base Model 

To replicate the observed experimental variability in action potential and conduction 

properties, variation of ionic conductances and of tissue conductivity was incorporated 

into the model by scaling model parameters by a factor randomly selected from a 

normal distribution with a mean of one and a specified standard deviation. Action 

potential shape properties were measured from a single location in the monolayer (i.e. a 

single node in the computational grid), to compare to experimental data from sharp 

intracellular electrode recordings; conduction properties were measured by simulated 

optical mapping (see Methods) of 2-D computational monolayers. Experimentally 

observed variability in [104] was attributed either entirely to cell-to-cell variation (each 

cell has slightly different properties), entirely to inter-monolayer variation (each 

monolayer has slightly different properties), or to a combination of both types of 

variation. The addition of cell-to-cell ionic conductance variation to the model with 

standard deviations of variation as high as 0.50 led to a small degree of variability in 

single cell maximum upstroke velocity that was insufficient to match that seen 

experimentally (variances unequal by Levene’s test, p < 0.01) and almost no variability in 

either single cell action potential duration (APD) or macroscopic monolayer CV (Figure 

5.4, Column 2). Cell-to-cell variation was then eliminated and all experimentally 

observed variability was instead modeled as due to inter-monolayer current variation. 

Random normal variation of the ionic conductances for each monolayer with a standard 
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deviation of 0.125 approximately replicated variability in single cell APD; however, 

insufficient variability was seen in mean monolayer CV (p < 0.01), and the lack of cell-to-

cell variation resulted in insufficient variability in maximum upstroke velocity 

compared to experimental observations (p < 0.05) (Figure 5.4, Column 3). 

 

Figure 5.4: Comparison of methods of modeling variability. Modeling of cell-to-cell 
conductance variation and inter-monolayer conductance variation alone, or in 
combination (“dual variation”) is not sufficient to match all experimental variability. The 
addition of inter-monolayer bulk conductivity variation (“triple variation”) allowed for 
the replication of experimentally observed variability in single cells (A and B), as well as 
in macroscopic conduction velocity (C). Box plots to the left of each histogram indicate 
mean +/- one standard deviation. Asterisks indicate that variances are significantly 
different (p < 0.05) from experimental variability, using Levene’s test for equal variances 
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Figure 5.5: Modeling variability. (A) Types of variation and their relative impacts on 
measured properties. Significant linkages are shown with solid lines while weak effects 
are shown with dashed lines. Types of variation marked with an asterisk are not 
described in depth but are included for completeness (B) In order to model both cell-to-
cell and inter-monolayer conductance variability, a mean monolayer conductance (black 
dashed line) is selected from a random normal distribution (blue distribution). The 
conductance of each node within the monolayer is then selected from a random normal 
distribution around the mean monolayer conductance (red distribution)   
 

A combination of inter-monolayer conductance variation and cell-to-cell 

conductance variation (termed “dual variation”) was explored. Random normal  

variation with standard deviation of 0.125 was used to select each monolayer’s mean 

conductances, and within each monolayer, further random normal variation with 

standard deviation of 0.125 was used to select ion channel conductances of individual 
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tissue nodes (Figure 5.5B). The resulting conductances, when pooled across multiple 

monolayers, were normally distributed a coefficient of variation of 0.177, comparable to 

that reported for current density in isolated cells (0.22 for IK in Ex293 [104], 0.13 for the 

endogenous potassium current in HEK293 [180]), and well within the range of 

intraclonal protein expression variation seen in monoclonal cell lines [185]. This 

formulation was found to result in simulated variability that approximately matched 

experimentally observed single cell upstroke velocity variability, as well as experimental 

APD variability; however, dual variation failed to capture the degree of variability seen 

in the mean monolayer CV (p < 0.05) (Figure 5.4, Column 4).  Inter-monolayer 

conductivity variation (i.e., variation of bulk tissue conductivity for each monolayer) 

was then added to the dual variation model to yield “triple variation”. Each monolayer’s 

tissue conductivity was perturbed with random normal variation with standard 

deviation of 0.25. Ultimately, this combination of model parameter variation was able to 

faithfully replicate the degree of variability observed experimentally in macroscopic 

conduction properties (mean CV and APD) as well as the variability in experimental 

single cell action potential properties (APD and maximum upstroke velocity) (Figure 5.4, 

Column 5; and Table 5.2). The effects of each type of variation on measured variability 

are summarized on Figure 5.5A. While cell-to-cell variability is likely to remain constant 

between experimental studies, the degree of experimental inter-monolayer variability, 

which depends on culture conditions, initial cell seeding and monolayer confluence, will 
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vary between experimental preparations. Indeed, a moderate decrease in mean 

monolayer APD and CV variability during 2Hz pacing was noted between experimental 

results in [104] and later studies in [168].  A 50% reduction in the inter-monolayer 

variability of ionic conductances and tissue conductivity was necessary to match the 

experimental variability noted observed in [168].  

 

Figure 5.6: Sensitivity analysis. Current densities of each of the four constitutive 
currents were independently varied from 50% to 150% and the effect of on conduction 
and action potential shape properties was measured. Variation in INa and IK led to 
changes in both CV and APD while variation of the endogenous currents affected APD 
without affecting CV. INa and IK,wt variation also led to changes in action potential 
amplitude, while only INa variation affected the maximal upstroke velocity. 
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A sensitivity analysis was performed to understand how variation in each of the 

Ex293 conductances (see Equations 3,5,7,8 and Table 5.3) affect macroscopic conduction 

properties, and to ensure that small perturbations in model parameters led to 

physiologically reasonable behavior. Maximum channel conductances in monolayers 

with no variability were scaled from 0.5 to 1.5-fold, individually. Perturbations in the 

exogenous sodium current (INa) had a substantial, non-linear effect on CV and APD 

(Figure 5.6), with a 40% decrease in conductance leading to a 35% decrease in CV and 

24% decrease in APD, while a 40% increase in conductance led to 17% conduction 

speeding and a minimal increase (6%) in APD. The effect of perturbations in the 

exogenous potassium current (IK) on CV was nearly linear (R2 = 0.995) with a slope of -

0.17 (% change in CV / % change in conductance), while the effects on APD were 

drastically non-linear (40% increase and decrease in conductance lead to 25% decrease 

and 79% increase in APD, respectively). The effect on APD is consistent with the 

dominant role of the INa and IK1 currents in the upstroke and downstroke of the action 

potential, respectively. In addition, during the action potential upstroke, the inward INa 

current that causes depolarization is opposed by the outward IK1 current, which drives 

the membrane potential towards rest; the effects of perturbations in INa and IK1 on CV are 

consistent with the roles of these currents during the action potential upstroke. In 

contrast with the effects of perturbation of the exogenous currents, perturbations in 

endogenous currents (IK,wt and INa,wt) substantially affected APD without significantly 
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altering CV. This is consistent with the activity of the IK,wt and INa,wt currents in the 

plateau and early repolarization of the action potential and the lack of activity during 

the depolarization and late repolarization.  

5.4.4 Evaluation of Dynamic Properties 

The Ex293 model was validated over a range of experimental conditions that had 

been studied previously [104], [167], [168]. For example, Kirkton and Bursac measured 

the CV and APD restitution by examining the response of a monolayer to a premature 

stimulus delivered following pacing of the monolayer at a constant rate. The restitution 

properties were obtained in the model by stimulating a strip of tissue at 2Hz (S1) and 

applying a premature stimulus (S2) at incrementally earlier times. Figure 5.7 shows that 

baseline mean Ex293 model is able to reasonably reproduce the experimentally observed 

CV restitution (Figure 5.7A) and APD restitution (Figure 5.7B) curves, with R2 values of 

0.97 and 0.82, respectively. The significant variability noted in experimental APD 

restitution curves [168] is approximately replicated by the inclusion of cell-to-cell and 

inter-monolayer variability in the Ex293 model (Figure 5.7, dashed lines represent one 

SD above and below the mean).  

Kirkton and Bursac also explored the effects of the ion channel blockers 

tetrodotoxin (TTX) and barium chloride (BaCl2) on the Ex293 cells. Because both the 

exogenous and endogenous sodium currents are sensitive to TTX [104], [178], 
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Figure 5.7: Ex293 Restitution Behavior. The base model (solid line) is able to closely 
mimic the experimentally observed (open circles) conduction velocity (A) and action 
potential duration (B) restitution profiles (R2 = 0.97 and 0.82, respectively). Model 
variability (dashed lines represent +/- 1 SD) approximates the degree of experimental 
variability. Note that experimental data from [9] is plotted as mean ± s.d. 
 

simulaneous perturbation of both sodium channels is analogous to application of TTX in 

an experimental preparation. TTX blocks sodium current in a dose dependent but not 

voltage sensitive manner [186]. While suppression of the sodium currents in the model 

cannot be correlated with a specific TTX dose in the absence of an Ex293 TTX dose-

response curve, the effect of simulated sodium channel blockade (Figure 5.8B) is 

qualitatively similar to the response of Ex293 monolayers to TTX in Kirkton and Bursac 

(Figure 5.8A) [104], with increasing sodium block leading to accelerating decreases in 

CV and APD until conduction failed when sodium conductance was reduced by more 

than 45% (Figure 5.8B).  
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Figure 5.8: Comparison of simulated channel blockade with experimental findings. 

Simulated blockade of the sodium currents via TTX (B) and of IK1 current via barium 
chloride (D) qualitatively replicates the effects of experimental blockade (A: 
experimental TTX; C: experimental BaCl2). Note that there is a sigmoidal relationship 
between drug dose and degree of block, and that the x-axis of panels B and D has been 
inverse-sigmoidally transformed to allow for direct comparison of simulated response 
and experimental results. Panels A and C from [104], used with permission. 

 

Barium chloride acts as a blocker of some potassium channels: while the 

transfected Kir2.1 potassium channels are sensitive to barium chloride [104], the 

endogenous potassium currents in HEK-293 cells are not affected [187]; therefore, 
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reductions in the transfected potassium conductance are analogous to treatment of 

Ex293 cells with BaCl2. However, barium chloride blocks potassium current not only in a 

dose-dependent manner, but also in a voltage-sensitive manner [188]–[190]. Based on 

data from published figures from [188]–[190], a description of barium chloride block was 

incorporated that reflects the variation in block as a function of membrane potential. 

Using this model, our simulated Ex293 monolayers behave similarly to experimental 

monolayers when exposed to barium chloride (Figure 5.8C,D). As the potassium current 

is blocked, there is an increase in CV up to 27.1 cm/s due to decreased outward current 

(i.e., that opposes depolarizing inward sodium current) during the upstroke of the 

action potential. When the potassium current at low membrane potentials is decreased 

by more than 75% (corresponding to a decrease by 26% at 0 mV), conduction slowing 

occurs, due to sodium channel inactivation as the resting potential rises. Simulated 

barium chloride-induced reduction in potassium current also results in a up to 20-fold 

monotonic, exponential increase in APD, as shown by Kirkton and Bursac [104].  

Finally, because the IK1 conductance is dependent on extracellular potassium 

concentration ([Ko]), the effect of varying this concentration was also examined. While 

neonatal rat ventricular myocytes require a 12 mM increase in extracellular potassium  
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Figure 5.9: Conduction slowing due to increased extracellular potassium. An increase 
in extracellular potassium concentration in experimental Ex293 monolayers leads to 
conduction slowing, and conduction failure for concentrations greater than 7.4 mM 
(closed circles). The model shows similar behavior, but conduction failure occurs at a 
lower concentration (open diamonds). When the model is modified to reflect non-
Nernstian changes in potassium reversal potential, conduction slowing more closely 
replicates experimental observations (open squares). 

 

before conduction fails, experimental Ex293 monolayers experience conduction block 

when extracellular potassium is increased by as little as 2 mM from 5.4 mM to 7.4 mM 

[191]. In our simulated Ex293 monolayers, increases in extracellular potassium result in 

conduction slowing by up to 35.2% with a 1.6 mM increase in [Ko]; any further increase 

in extracellular potassium results in a failure to fire and propagate action potentials 

(Figure 5.9). This effect is due to a combination of increased IK1 conductance [192], [193]; 

changes in the IK1 driving force due to an raised potassium reversal potential; and 
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sodium channel inactivation due to elevation of the resting membrane potential. The 

threshold for causing conduction failure is lower than that observed experimentally. 

However, when the model is adjusted such that the change in resting membrane 

potential due to changes in extracellular potassium are not perfectly Nernstian (based on 

data from Bailly et al. [193], using a change in reversal potential of 51 mV per decade 

change in [K+]o, rather than 58 mV as predicted by the Nernst equation), the extracellular 

potassium concentration must be increased by at least 2.2 mM to trigger conduction 

failure, comparable to the threshold observed experimentally. 

5.4.5 Examining Spatial Organization of Variation 

Because monolayers and in vivo tissues arise from a smaller number of parent 

cells that divide and grow to confluence, it is possible that cell-to-cell level variability is 

spatially organized rather than randomly distributed. The impact of this spatial 

organization of variation on macroscopic conduction was examined using an idealized 

scenario with a central region of prolonged APD (due to reduced mean IK1 conductance) 

and reduced cell-to-cell variation. The distribution of ionic properties in the remainder 

of the monolayer was adjusted such that the overall distribution of IK1 conductance was 

not altered.  

The addition of the central region of prolonged APD and reduced variance does 

not significantly affect APD or CV during 1Hz pacing (Figure 5.10B). In addition, no 

statistically significant change in restitution behavior or in minimum viable S1-S2 
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interval were observed (Figure 5.10C-E). Because it is well established that cell-to-cell 

variation is masked by strong coupling of the tissue, we examined how spatial 

organization of variation affected macroscopic conduction in tissue with functional 

decoupling via simulated, idealized fibrosis. 

Fibrosis was simulated via the addition of a regular field of non-conductive 

obstacles (Figure 5.10A), which results in a 18.1% reduction of mean CV and 6.0% 

reduction in mean APD during 1 Hz pacing (Figure 5.10B), as well as exaggerated 

conduction slowing at shortened diastolic intervals below 300 ms when compared to 

non-fibrotic tissues (normalized to 1Hz CV) (Figure 5.10D).  In addition, the tissue with 

regular fibrosis-like obstacles exhibits increased variability in conduction failure 

behavior compared to the control tissue: only 2.5% monolayers fail to conduct at an S1-

S2 interval longer than 100 ms in the control case, while in the fibrotic monolayer, 25% 

fail at S1-S2 intervals greater than 100 ms (p < 0.05). 

The addition of the central region with reduced variation and prolonged APD to 

the fibrotic tissue results in no significant change in macroscopic conduction behavior at 

1Hz or in behavior at shortened diastolic intervals, beyond those observed in the fibrotic 

tissue alone (Figure 5.10B-D). Further, the addition of a central region of prolonged APD 

and reduced variance does not further increase failure variability (30% failure rate at S1-

S2 interval greater than 100 ms vs 25% in fibrotic tissue without central region). 
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Figure 5.10: Spatial organization of ionic variation does not affect macroscopic 

conduction. The introduction of a central region with reduced variance and prolonged 
APD (A, red) into a tissue model with and without non-conductive fibrosis-like 
obstacles (A. yellow) does not cause additional conduction slowing and APD shortening 
at 1 Hz pacing beyond the effect of fibrosis alone (B). A fibrosis induced exaggeration of 
CV slowing (D), but not APD shortening (C), at short diastolic (S1-S2) intervals (plotted 
as mean +/- standard error) is also unaffected by the spatial organization of variation. In 
addition, spatial organization maintains but does not enhance premature failure, as 
characterized by minimum S1-S2 intervals able to fully conduct across the domain (E). (* 
p < 0.05 main effect of fibrosis) 
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5.5 Discussion 

The goal of this work was the develop a mathematical model that allows for 

paired computational-experimental studies using a simple, synthetic excitable Ex293 

cell, and to examine what types of variability were necessary in the model to replicate 

experimentally observed behaviors in both normal and abnormal conduction conditions. 

We modeled individual ionic currents using Hodgkin-Huxley formulations and used a 

parallelized multiobjective genetic search algorithm to identify unknown model 

parameters to recreate experimental action potential traces. To capture the variability in 

the electrical properties of the cultured Ex293 cells, we added random variation to 

current and tissue properties to replicate the degree of electrical variability observed 

experimentally, and we validated the resulting model across a series of test conditions. 

Our model captures both the mean behavior and the experimental variability of the 

engineered cells in vitro over a range of conditions, opening the possibility of using this 

novel computational/experimental framework to explore mechanisms of conduction 

failure under a variety of conditions.  

5.5.1 Developing Ex293 membrane model 

Various groups have reported extensively on the presence of endogenous 

potassium ([180], [183], [181], [194]–[196]), sodium ([178], [197]), calcium ([198], [199]) 

and chloride ([195]) currents in HEK293 cells [200]. In our model, we chose to include 

two of these currents: the endogenous potassium current, which has been implicated in 
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allowing spiking behavior in HEK293 cells expressing exogenous sodium channels [201]; 

and the endogenous sodium currents of relatively large magnitude whose presence 

would affect plateau behavior of the action potential.  

The two transfected currents and two endogenous currents were modeled using 

Hodgkin-Huxley type formulations. While more complex Markovian models are 

convenient for describing specific states and state-transitions of each ion channel [111], 

insufficient experimental data can lead to non-unique models with unidentifiable 

parameters that increase computational complexity without significant gain in 

understanding. Consequently, it is preferable to use Hodgkin-Huxley type models in 

cases of limited experimental data [113]. Model currents were constructed to simulate 

behavior at near-physiological temperature (35°C), for direct comparison with 2-D and 

3-D cell culture studies. Because most patch clamping is performed at room 

temperature, the temperature dependence of channel properties had to be considered; in 

some cases, sufficient literature data was available to adjust for the effect of temperature, 

while in others, literature data was lacking, and the temperature dependence was left as 

a free parameter for the fitting process  

The IK1 current, carried by the Kir2.1 channel, controls the rapid stage of 

repolarization and has traditionally been described as a time-independent background 

current [202], because of its rapid activation dynamics. However, given the relatively 

short action potential duration of the Ex293 cell, and in order to match the activation 
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dynamics observe experimentally, the IK1 current was modeled as time-dependent, with 

a single activation gate. In describing the time-course of activation, we found that the 

activation kinetics at low voltages could not be adequately described by a single time 

constant; instead our model uses a fast time constant responsible for 75% of activation, 

and a slow time constant responsible for the remaining 25% of activation. While the two 

time constants are equivalent at high voltages ( > 0 mV), they differ by up to an order of 

magnitude at some lower voltages (-100 mV to -80 mV). We were unable to find any 

previous studies describing the temperature dependence of human IK1 currents; 

however, Martin et al [175] previously studied the effects of temperature on IK1 currents 

in guinea pig and cat ventricular myocytes. Because several previous models have used 

guinea pig data to adjust human currents, we chose to use this data to temperature-

adjust our model.  

The transfected Nav1.5 protein codes for the alpha subunit of the voltage gated 

sodium channel which carries the INa current. This fast voltage-gated sodium current is 

responsible for the action potential upstroke in cardiac cells, and it plays the same role in 

the Ex293 cell. The INa current was modeled based on previous work of Lindblad et al 

[176], with three identical activation gating particles (m3) and one inactivation gate with 

a fast and a slow component. This form of the inactivation gate is likely a simplified but 

effective approximation of a more complex inactivation gating process that involves 

multiple closed states. Based on fitting to experimental traces, the fast component was 
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determined to be responsible for 90% of inactivation while the slow component was 

responsible for the remaining 10%. The slow component of inactivation is approximately 

6x slower than the fast component at high potentials, while at low potentials (< -70mV), 

the slow component is 20x slower. These results are in-line with previous studies of 

native cardiomyocytes ([186], [203]), and expression of the sodium channel alpha submit 

in HEK293 cells [204], [205]. While slow inactivation plays a relatively minor overall 

role, its inclusion in our model is crucial in order to recapitulate the dynamic restitution 

properties observed experimentally.  

Time constants for sodium activation and inactivation, as well as the steady state 

activation curve, were obtained from fitting current traces elicited by depolarizing 

pulses. It was noted that the fast inactivation of the sodium current in Ex293 cells occurs 

at same time scale as the activation of the sodium current. The conventional method for 

determining the steady state activation curve of the sodium current - a comparison of 

the maximal currents elicited by stepped depolarization under patch clamp - relies on 

the assumption that even fast inactivation occurs an order of magnitude or more slower 

than activation. If this assumption holds, the peak current measured following 

depolarization to a specific test potential is affected only by the degree of activation at 

this test potential. However, in the Ex293 cells, the rapid rate of inactivation would mean 

that the peak current measured following a depolarizing step is affected not only by 

current activation but also by the onset of inactivation. While the rate of fast inactivation 
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is two orders of magnitude slower than the rate of activation at low voltages (below 

resting voltage), in the range from -45 mV to 20 mV rates of fast inactivation are less 

than an order of magnitude slower than rates of activation. The difference is smallest at 

approximately -25 mV where the activation occurs only twice as fast as inactivation, 

meaning that the conventional method for determining steady state activation would be 

grossly inaccurate in this range of potentials. Similar ratios of activation and inactivation 

time constant have been observed by others when Nav1.5 channels were expressed in 

HEK293 cells [206]. The method of fitting current traces to determine activation and 

inactivation properties, which was used by Hodgkin and Huxley [106], allows for the 

accurate estimation of steady state activation despite the unusually fast inactivation seen 

in Ex293 cells. The steady state activation values obtained by current trace fitting were 

described by the sum of two Boltzmann functions, and the resulting model allows for 

reproduction of the sodium I-V curve (Figure 5.1A, dotted line), which is not possible in 

a model using the conventionally-determined steady state activation function.  

The HEK293’s endogenous potassium current exhibits the properties of a slow 

delayed rectifier current, with activation at high potentials and minimal inactivation, so 

this endogenous current was modeled using the mathematical description of the IKs 

current from Ten Tusscher et al. [116]. The steady state activation curve for the 

endogenous potassium channel, as well as the time constant of activation were 

determined based on data from Yu and Kerchner [180].  Several groups have studied the 
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HEK293 endogenous potassium current, but none have reported on its temperature 

dependence. Further, Jiang et al. [183] found that HEK293 cells expressed genes from 

several voltage gated potassium channels and therefore, the endogenous potassium 

current did not have a single molecular identity, making it difficult to extrapolate 

temperature dependence from known channel data. As a result, the shift in the V1/2 and 

slope factor of the steady state activation curve as well as the time constant of activation 

were allowed to be free parameters in the later fitting process. By doing so, the fitting 

routine is allowed to identify the values for these parameters to replicate the action 

potential recorded experimentally at 35° C. Finally, the steady state activation and 

inactivation curves for the endogenous sodium current were modeled based on data 

from He and Soderlund [178]. In addition, the time constants of activation and 

inactivation were also estimated based on data presented therein. He and Soderlund 

showed that Nav1.7 channels were responsible for carrying a substantial portion of the 

endogenous sodium current. Based on these findings, the effect of temperature on the 

endogenous sodium current was incorporated into the model using temperature 

dependence data in Nav1.7 channels from Han et al. [179] 

We have shown that Hodgkin-Huxley style currents definitions, as built using 

published literature current descriptions and adapted to physiological temperatures, are 

sufficient to faithfully reproduce both the single-current (Fig 1) and whole-cell 

properties (Fig S1) seen in experimental recordings.  
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In our studies, the membrane model’s free parameters (including current 

densities of each current and temperature-dependent effects on the endogenous 

potassium currents) were fitted to match a representative action potential recorded in a 

tissue cultured monolayer using a microelectrode, by coupling a multiobjective genetic 

search algorithm [207]–[209] with 2-D continuous model simulations.  While membrane 

models have traditionally been constructed in the context of a single isolated cell, several 

groups have recently attempted to fit a propagating action potential rather than one 

obtained from an isolated cell in order to account for the electrotonic coupling of 

neighboring cells [210], [211]. Kaur et al. demonstrated that two sets of parameters that 

generate nearly identical action potentials in an isolated cell model can generate 

drastically different action potentials in a model of 2-D propagation [208]. In this work, 

we utilized an approach of fitting both the action potential morphology and the tissue 

CV simultaneously by searching for the optimal membrane free parameters and the 

tissue bulk conductivity. Recently, Johnstone et al. showed that fitting with a single 

action potential was sufficient to accurately estimate up to 6 channel conductances [212], 

and as such, we believe that our methodology that faithfully reconstructed the Ex293 

action potential shape and CV (Figure 5.2, Table 5.2) also allowed us to accurately 

estimate true channel conductances.      
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5.5.2 Introduction of Variation to Replicate Experimental Variability 

Variability in ionic currents can lead to changes in steady state macroscopic 

conduction properties, as well changes in dynamic behaviors such as restitution [213], 

making its incorporation into computational models critical to accurately predict 

behavior under arrhythmogenic conditions. Variability in cardiac electrophysiological 

models has typically been considered on a regional basis (i.e. atria vs ventricles, 

epicardial vs endocardial [155]); more recent work has recognized the important of 

modeling other sources of variability including beat-to-beat variation, cell-to-cell 

variation, and inter-subject variation, as each of these impact measured electrical 

variability (Figure 5.5A). Several studies have developed populations of cell models 

with cell-to-cell variability where model parameters are distributed in a range around 

the original model parameter values [173], [214]. However, the majority of these efforts 

have focused on modeling and studying isolated single cells, and studies that have 

developed models of tissues with cell-to-cell variability have generally introduced 

variability to only a single current [169], [215]. Recently, Walmsley et al. conducted a 

more comprehensive examination of the effects of beat-to-beat variability and cell-to-cell 

variability in two dimensional tissue simulations and found that while the effects of both 

are muted in well-coupled tissues, the effect of cell-to-cell variability predominates as 

tissue coupling is reduced [171]. Finally, it is well-known that electrophysiological 

properties vary between subjects, and models have been developed to capture this 
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variability by recreating experimental action potentials from different subjects [172], 

[209], [216], but no models known to us have used the combination of inter-subject and 

within-subject variation to explain experimentally recorded variability. 

In order to recreate previously reported experimental variability in Ex293 

behavior, we sought to identify the type and degree of variation that was required in the 

Ex293 model [104], [168]. We chose to model only cell-to-cell variation and inter-subject 

variation because the effect of beat-to-beat variation is largely masked by that of cell-to-

cell variation [171], [217]. Inter-subject (with monolayers being considered as different 

subjects) variation of ionic currents could result from small differences in culture 

conditions, as well as from variability in the properties of cells used to initially seed each 

monolayer. In addition to inter-monolayer ionic conductance variation, we also 

considered inter-monolayer conductivity variation, which would result from variability 

in monolayer confluence and degree of coupling at the time of experimental recordings. 

We found that only combined “triple variation” in cell-cell conductance, inter-

monolayer conductance, and inter-monolayer conductivity was necessary and sufficient 

to replicate experimental variability in single cell properties, and mean monolayer APD 

and CV (Figure 5.3), as well as several other properties including resting membrane 

potential and action potential amplitude (Table 5.3, Figure 5.11).  

The need for multifactorial variation is congruent with analysis of experimental 

intra-monolayer variability (Figure 5.12). Experimental variability in APD within a  



 

119 

 

Figure 5.11: Simulated variability in single cell properties. The model is able to 
replicate experimental variability in several isolated single cell properties other than 
those used to set levels of conductance variation. 
 

single monolayer is substantially smaller than the variability between monolayers, 

indicating that the strong coupling within each monolayer masks any inherent cell-to-

cell APD variability. However, the degree of cell-to-cell upstroke velocity variability 

within a single monolayer is comparable in magnitude to inter-monolayer upstroke 

velocity variability, indicating that both forms of variation are essential in recreating 

overall experimental variability. While a model that only considered inter-monolayer  
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Figure 5.12: Intra-monolayer variability. Standard deviations of measured single cell 
APD and upstroke velocity were obtained for each experimental monolayer (n = 6). 
Monolayers exhibit relatively little APD variability but substantially more maximal 
upstroke velocity variability within each monolayer. The standard deviation of each 
parameter across monolayers is indicated by the dashed red line. The degree of cell-to-
cell upstroke velocity variation within individual monolayers is comparable to the 
variation seen between different monolayers, while cell-to-cell variation of action 
potential duration within individual monolayers is 3-5x smaller than that seen between 
different monolayers. Models that include only inter-monolayer variability and not cell-
to-cell variability fail to reproduce the experimentally observed variability of upstroke 
velocity within individual monolayers. 
 

variability could feasibly reproduce the range of macroscopically observed conduction 

behavior under normal conditions, small differences in local upstroke velocity could be 
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crucially vital to determining macroscopic behavior (i.e. whether conduction block 

occurs) under critical regimes of conduction such as reduced excitability and poor 

coupling. 

While we incorporated variation as a normal distribution around the baseline 

model parameters, others have previously used uniform variation on the range of [-

100%,+100%] and performed a post-hoc screening to identify those models whose action 

potential properties fall within predefined, experimentally-based inclusion criteria [174]. 

This approach is useful for studying the relative contributions of each current and the 

interactions between currents, but the post-hoc screening step makes it challenging to 

use this approach for the generation of numerous tissue models with randomly 

generated cell-to-cell variability. Instead, we chose to vary each model parameter 

around a baseline value determined using a representative action potential recording, as 

described above, with a degree of variation selected to match the distribution, rather 

than the range, of output properties. Both this method, and the uniform distribution 

method with post-hoc selection resulted in a normal-like distribution of output 

properties (Figure 5.11, and Fig 3 of [174]). While our method of normally distributed 

variation might be less suited for mechanistic or sensitivity analysis, it allows for the 

simulation of tissues where the properties of each node are randomized and determined 

at the time of simulation initiation without the need for calibration or screening.  
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5.5.3 Model Validation in Diverse Conditions 

In order to use computational simulations and derive meaningful conclusions 

from their results, the underlying model must be validated under conditions beyond a 

single action potential measured at a regular pacing rate. It has previously been noted 

that variation in channel conductance can lead to significant variation in restitution 

behavior [213] and this effect is clearly seen in experimental restitution behavior. The 

Ex293 membrane model with triple variation was able to closely match both the mean 

degree and the variability of experimental restitution behavior (Figure 5.7) with CV 

restitution being recapitulated more closely than APD restitution. We note that the 

model CV restitution curve is steeper than that of APD restitution, a behavior that is 

seen across other experimental and computational studies; however, the Ex293 

experimental APD restitution curve is much steeper than the CV restitution curve, 

suggesting that additional study of this anomalous relationship is warranted.  

In addition to modeling restitution properties, we examined how tetrodotoxin 

(TTX), barium chloride (BaCl2), and the extracellular potassium concentration ([K+]o) 

affect conduction in simulated Ex293 monolayers compared to experimental 

observations. The simulated response of the Ex293 model to TTX and BaCl2 was 

qualitatively similar to that in experimental monolayers (Figure 5.8). Under BaCl2 

treatment, however, the minimum achieved CV before failure was lower experimentally 

than in the model, and consequently, the experimental results exhibited longer APD 



 

123 

than the model. This is likely because the discrete nature of experimental monolayers 

leads to local variation in conductivity that allows for propagation of a slow, non-planar 

wavefront that cannot occur in a continuous representation of tissue. We also note that 

direct comparison of experimental and simulated results is not possible in the absence of 

a dose-response relationship; as such differences in the shape of the BaCl2 response 

curves may be due to scaling of figure axes, or to uncertainty in voltage-dependent 

model of BaCl2 block. Furthermore, the Ex293 model and experimental monolayers 

behave similarly when subject to increased [K+]o, although the model failed to conduct at 

lower [K+]o than experimental monolayers. This may be because the changes in reversal 

potential due to changing [K+]o are slightly less than predicted by the Nernst formula 

[193], which would lead to less sodium inactivation and facilitate conduction in cases 

where the model predicted failure. Such modification of the model resulted in a [K+]o 

failure threshold comparable to that observed experimentally, suggesting that 

modification of biophysical models to include “real-world” behavior is necessary in 

order to faithfully simulate the complexity of  experimental preparations.  

5.5.4 Impact of Spatial Organization of Variation 

The importance of cell-to-cell ionic conductance variation in reproducing 

experimental variability raises the question of whether ionic properties should be varied 

randomly across a tissue or whether a more complex spatial organization of variation is 

needed. Because in vitro and in vivo tissues develop through the repeated growth and 
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division of an initial population of cells, it is conceivable that each tissue contains 

regions of reduced variance due to common cellular lineage, paracrine effects, and local 

metabolic conditions. We thus analyzed an extreme case of spatial organization, where 

the central region of the tissue exhibits reduced IK1 conductance and reduced ionic 

conductance variance (Figure 5.10A) and found that the presence of a spatial 

organization of variation did not significantly impact conduction behavior in well-

coupled monolayers (Figure 5.10B-D). Because the strong coupling can mask effects of 

cell-to-cell variation, the impact of functional decoupling of the monolayer through 

simulated fibrosis was examined. Simulated conduction in fibrotic tissue with random 

cell-to-cell variation showed conduction slowing at basal pacing rates, a further 

exaggerated slowing at shorter diastolic intervals, and an increase in variability in the 

minimum diastolic interval able to sustain conduction across the tissue (Figure 5.10B-E), 

compared to control well-coupled tissue, in line with previous studies [91], [218]. The 

addition of spatial organization of variation to fibrotic tissue had no significant impact 

on macroscopic conduction at 1 Hz pacing (Figure 5.10B), or at shortened diastolic 

intervals (Figure 5.10C,D). In addition, conduction failure behavior in these tissues was 

similar to fibrotic tissues without a central region (Figure 5.10E).  

These results suggest that cell-to-cell variation can be incorporated randomly 

into a tissue model without the consideration of the spatial distribution of that variation. 

In addition, while it is clear that fibrosis increases arrhythmogenic potential by slowing 
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conduction and inducing premature conduction failure, it appears unlikely that the 

presence of fibrosis unmasks any additional pro-arrhythmogenic effect from the 

variability of cellular properties of the underlying tissue.  

5.5.5 Limitations  

The computational model of Ex293 cell was developed under the assumption 

that the tissue is a continuum rather than discrete structure with individual cells and 

sub-cellular regions. Such a formulation may fail to capture the effects of changes in 

tissue properties or electrical behavior that occur on the spatial scale of individual cells 

(for example, [81]). However, the validation studies were performed in well-coupled 

tissue and most tissue structural changes either occur on larger spatial scales (e.g. 

collagen deposition) or can be simulated via alteration of local properties in the 

continuous model (e.g. tissue decoupling, cell death etc). In addition, the Ex293 model 

can easily be incorporated into a discrete model of tissue structure, as previously 

described by our group [131], if necessary for further replication of experimental 

observations.  

Our model incorporates only two of the endogenous currents that have been 

identified in HEK293 cells – the endogenous potassium and sodium currents. Chloride 

currents were excluded from the model because they are poorly characterized under 

physiological conditions, and there remains significant uncertainty as to their 

rectification behavior, calcium dependence, and peak density. In addition, we chose not 
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to include endogenous calcium currents because of their relatively small magnitude 

compared to the other currents [196]. The voltage dependence of the described 

endogenous calcium currents appears qualitatively similar to that of the endogenous 

and transfected sodium currents [198], and given the transfected sodium current 

conductance in our model is approximately 100x the literature-reported conductance of 

the endogenous calcium current, exclusion of the calcium current from the model likely 

had minimal effect, even in cases of partial sodium channel blockade. 

 While the degree of channel conductance variation is likely different for 

each channel type, we considered a single degree of variation for all channels because of 

limited information into each channel’s variability. In addition, our model does not 

incorporate cell-to-cell variability in tissue conductivity. While the variations used in 

this work were able to reproduce the variability seen in experimental results, the degrees 

of inter-monolayer variation in different experimental set will need to be modified to 

match specific experimental variability due different culture conditions, monolayer 

seeding and handling. 

5.6 Conclusions 

This study describes a new computational model of the engineered excitable 

Ex293 cell that reproduces experimentally observed behavior in a range of normal and 

abnormal conduction conditions. We have identified the key components of 

experimental variability that are necessary to include in the model – namely, inter-
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monolayer conductivity variation, and cell-to-cell and intra-monolayer ionic 

conductance variation – and implemented a simple yet novel method of stochastic 

normal random variation to allow for the simulation of the full range of experimental 

outcomes rather than simply the mean. While experimental approaches are limited in 

their ability to simultaneously gather data at high spatial and temporal resolution, 

computational simulations can provide tissue-wide high resolution recordings that can 

help elucidate the subcellular electrophysiological mechanisms behind observed 

macroscopic behavior. As such, we believe that this paired experimental-computational 

platform will enable unique future insights into the effects of microstructural variation 

on microscopic and macroscopic impulse conduction 
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6 Microheterogeneity-induced conduction slowing and 
wavefront collisions influence macroscopic 
conduction behavior 

The work presented in this chapter was presented at the 2017 Gordon Research 

Conference on Cardiac Arrhythmia Mechanisms in Ventura, California and was 

awarded Best Student Poster.  The experimental studies in this chapter were performed 

by Huda Asfour. 

6.1 Introduction 

Many clinically observed cardiac arrhythmias are caused by anatomical and 

structural differences in the underlying myocardial tissue that lead to self-perpetuating 

patterns of cyclical activation. Both experimental [219] and clinical [50] studies have 

shown that the presence of non-conducting tissue in the myocardium can facilitate the 

generation and perpetuation of  arrhythmic activity.  These tissue heterogeneities vary 

greatly in size, shape and distribution. Macroscopic heterogeneities in cardiac tissue, 

such as the ostia of the pulmonary veins, the heart valves, and infarct scar, have been 

studied extensively and have been found to be responsible for the generation and 

maintenance of arrhythmia. Mines first described anatomic reentry in cardiac tissue 

[220] in 1914, and more recent work in animal and tissue culture models has examined 

the role of macroscopic heterogeneities as attachments points for anatomical reentry 

[94], [221], [222]. In contrast, the role and impact of microscopic heterogeneities, such as 

localized fibrosis and non-conductive cell populations, is incompletely understood due 
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to the lack of experimental and computational tools to investigate electrical conduction 

simultaneously on both the microscopic and macroscopic spatial scales.  

The importance of cardiac microstructure on propagation and arrhythmogenesis 

was first described by Spach and colleagues [8], [127], [128], [223], who showed that 

while conduction appears continuous on the macroscopic level, it is inherently 

discontinuous on a microscopic level. They found, using both experimental and 

computational models, that the distribution of gap junctions in the longitudinal and 

transverse directions can not only affect features of the time course of the action 

potential but also the safety of propagation. Several groups have studied how individual 

microscopic heterogeneities affect local, microscopic conduction. Rohr, Fast, and others 

examined the impact of alternations in the microstructure through the use of tissue 

expansions [70]–[73] and showed that local mismatches between electrical source and 

load can lead to conduction slowing and unidirectional conduction block. Similar effects 

were noted at pivot points, where heterogeneities lead to tissue expansion around an 

unexcitable obstacle [65], and in complex zig-zag tissue networks that exhibit frequent 

tissue expansions [79].  

While these studies make clear that microscopic tissue heterogeneities affect 

conduction on the microscale, it remains unclear how the aggregate behavior of 

numerous micro-heterogeneities affects macroscopic conduction, especially in the 

context of the reduced excitability present in diseased tissues [224]. In this work, we 
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develop a combined experimental and computational framework to study how regular 

acellular microheterogeneities of varying size affect macroscopic behavior under normal 

and reduced excitability states. Utilizing photolithography techniques and a previously 

developed excitable cell line, the excitable HEK293 line or “Ex293” line [104] with two 

primary ionic currents, tissues were engineered with regular patterns of microscopic, 

square holes with controlled sizes and spacing, and electrical propagation was measured 

using optical mapping techniques. The experimental tissues and conditions were 

computationally reconstructed using a previously developed and validated model of the 

Ex293 cell line [2] to develop a mechanistic explanation of the observed macroscopic 

behavior. Our findings demonstrate the important impact of micro-scale conduction 

slowing and speeding caused by source-load imbalances on macroscopic conduction 

behavior in normal and reduced excitability conditions.  

6.2 Methods 

6.2.1 Micropatterning of Engineered Monolayers 

Microcontact printing of fibronectin was used, as previous described [93], [225], 

to generate monolayers with regularly arranged acellular regions of variable size and 

density. Briefly, the negatives of the desired patterns were fabricated onto silicon wafers 

in a 10-µm thick layer of photoresist (SU8-10) using standard soft photolithography 

techniques. Desired patterns included 150 µm x 150 µm obstacles with variably sized 

separating strands to achieve 0%, 5%, 15% and 35% acellular region density, and larger 
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obstacle regions (300 µm x 300 µm, 500 µm x 500 µm, and 700 µm x 700 µm) with fixed 

100 µm strands to achieve higher heterogeneity densities. Patterns were characterized 

and are identified by their obstacle width to strand width ratio (Table 1). Poly-

dimethylsiloxane (PDMS) stamps were cast against the wafers, coated with a 50 µg/mL 

fibronectin solution and pressed onto 22 mm diameter PDMS-coated Aclar coverslips to 

transfer the fibronectic protein pattern. The engineered excitable Ex293 cell lines were 

derived as previously described [104] via stable transfection of Nav1.5, Kir2.1 and Cx43 

proteins in HEK293 cells. Ex293 cells were used rather than neonatal cardiac cells 

because of their simplified ionic mechanisms that facilitate modeling for paired 

computational-experimental studies, as described in Discussion. On day 3, patterned 

monolayers were assessed for confluence in the patterned regions before conduction 

behavior was observed. 

 

Table 6.1: Properties of micro-patterned monolayers with acellular heterogenities 

Obstacle to Strand 
Ratio 

Obstacle Width Strand Width Obstacle Density 

0 ⎯⎯ ⎯⎯ 0% 
0.3 150 µm 520 µm 5% 
0.6 150 µm 240 µm 15% 
1.5 150 µm 100 µm 35% 
3 300 µm 100 µm 56% 
5 500 µm 100 µm 69% 
7 700 µm 100 µm 77% 
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6.2.2 Optical Mapping of Impulse Propagation 

Conduction behavior in engineered monolayers was optically mapped with an 

array of 504 optical fibers (Redshirt Imaging), as previously described [104], [166]. 

Monolayers were incubated in 10 µM Di-4-ANEPPS, a voltage sensitive dye, for 5 

minutes before transfer to the recording chamber with perfused 37 ºC Tyrode’s solution. 

Propagation was trigged by stimulus with a bipolar point electrode (10 ms stimulus at 

2Hz unless otherwise specified) and fluorescence signals were acquired at a 2.4 kHz 

sampling frequency. The resulting recordings were analyzed using a custom MATLAB 

software [166]. Recorded signals were detrended, filtered, and normalized within each 

optical channel. Activation time was defined as the time of maximal action potential 

upstroke velocity; CV and APD80 (AP duration at 80% repolarization) were calculated 

and normalized to the mean values from date-matched homogenous monolayers. 

Relative curvature anisotropy of activation isochrones was calculated by dividing the 

radius of the isochrones along a 45° angle by the radius along the perpendicular axes of 

strand orientation, such that a ratio of 1.0 indicates isotropic curvature, while a ratio of 

0.707 indicates diamond-like isochrones shape. 

6.2.3 Construction of Equivalent Computational Models 

Computational tissue models were developed using the geometries of the 

photomasks used for lithography (as described above). Simulated tissues were 2 cm x 2 

cm, with a spatial discretization of 10 "#. Distinct non-conductive obstacles were added 
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by applying no-flux boundary conditions at the interface of cellular and acellular regions 

to recreate experimental obstacle configurations. The tissue was assumed to be locally 

homogenous (continuum model) rather than discrete with individual cells. The Ex293 

membrane model with inherent variability, previously described by our group [2], was 

used to describe membrane excitability, and the model current densities were modified 

via action potential fitting and genetic algorithm search, to reflect a global increase in 

Ex293 action potential durations. In addition, coefficients of variation of cell-cell 

conductance variation, inter-monolayer conductance variation, and inter-monolayer 

conductivity variation were adjusted to 0.125, 0.08 and 0.25, respectively, to match 

variability observed in experimental control monolayers. Conduction was simulated in 

n=10 monolayers for each obstacle-to-strand ratio. The effective conductivity of the 

tissue models was measured as previously described [131].   

Microscopic changes in conduction were examined in 0.4 cm x 0.4 cm simulated 

tissues with a spatial discretion of 2 µm with no variability to allow for visualization of 

local changes in conduction. Safety factor of conduction was calculated as previously 

described [226], [227]: 

 

$% = 	
1
) ∇ ∙ ,-∇.-	/0	

1
2345 01

 (6.1) 

where 6 is the interval of duration 01 from 1% 7- takeoff to zero 7-, and 2345 is the 

minimum charge required to reach threshold and elicit an action potential for a stimulus 
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of duration 01. 2345 was calculated over a range of 01 in an model of an isolated single 

cell. 

6.2.4 Pharmacological Studies 

Conduction in the context of reduced excitability was examined using drug 

treatment. 5 µM tetrodotoxin (TTX) (Sigma) were added to the extracellular bath 

solution, and optical mapping under 2Hz stimulation was performed 5 minutes after 

drug treatment. To simulate the effect of TTX in silico, sodium current density was 

decreased in the no-obstacle simulation until the conduction velocity matched that 

measured experimentally in the presence of TTX. This effective reduction in INa and INa, wt 

was then applied to each degree of heterogeneity.  

6.2.5 Numerical Methods 

All simulations were performed using the Cardiowave software package [105],  a 

numerical simulation system that incorporates numerous modules for various 

membrane models, time integration methods and linear solvers. Governing equations 

were discretized using finite differences with no-flux boundary conditions on the 

domain boundary and around each obstacle. Propagation was simulated using a semi-

implicit Crank-Nicholson scheme with adaptive time steps between 100 µs and 2 ms. A 

biconjugate gradient stabilized method solver with tridiagonal preconditioner was used 

to simulate each time-step. Potentials were recorded at intervals of 100 µs at selected 

individual nodes, and also recorded across the domain using spatial averaging by 
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simulated optical sensors, as described previously [2]. Briefly, in order to replicate 

experimental measurements using optical mapping [95], [104], membrane potentials 

were averaged over circular regions of diameter 1100 µm, arranged in a hexagonal 

pattern with 750 µm center-to-center spacing. The resulting signals were analyzed using 

the same software used for experimental recording analysis. 

6.2.6 Automata Model 

The modified version of an automata model [147] with obstacle-to-strand ratios 

of 0 and 5.0 was constructed using the geometry of the photomasks used for lithography 

and a spatial discretization of 10 micron. Propagation was simulated by convolution 

with a 7x7 Gaussian kernel (sigma = 1.7). Each node in the automata model is 

represented by a single pseudo-voltage integer value that begins at 0 (rest state), rises up 

to 100 when activated by neighboring nodes (activation), exponentially decays towards 

rest (repolarization) and exhibits a fixed-duration refractory state (see Section 3.4 for a 

detailed description of automata models).  Because the steps of the automata model are 

not directly related to time, activation “time” for each node in the homogenous 

automata model was linearly regressed with true activation times from the homogenous 

biophysical model, and these regression coefficients were used to determine activation 

times for the automata model with obstacle-to-strand ratio of 5.0.  
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6.2.7 Statistical Methods 

Results are presented as mean +/- standard error of the mean unless otherwise 

specified. Evaluation of statistical significance of APD, CV and curvature anisotropy was 

performed using one-way analysis of variance in the absence of pharmacological 

intervention, and two-way analysis of variance in the presence of TTX, with an alpha 

value of 0.05 in all cases. When significance was found, a Tukey post-hoc test for 

multiple comparisons was performed for pairwise comparisons.  Evaluation of the 

linearity between conduction velocity and the root of conductivity was determined by 

calculation of the R2 correlation coefficient. Significance was defined as p < 0.05.   

6.3 Results 

6.3.1 Conduction in Microheterogenous Monolayers 

Culturing Ex293 cells on micropatterned coverslips resulted in monolayers with 

acellular heterogeneities of controlled shapes, sizes and separation. After 4 days of 

culture, non-conductive obstacles patterned as 150 µm x 150 µm ranged in size from 

151.7 µm to 162.6 µm. Ex293 cells were round in shape and were isotropically arranged 

at lower obstacle-to-strand ratios; some elongation and alignment along the axis of intra-

obstacle strands was observed in conditions with large acellular regions (Figure 6.1). 

Monolayers were stimulated via point stimulus and conduction velocity (CV), as 

measured by optical mapping, was inversely correlated with obstacle-to-strand ratio, 

decreasing by up to 20.6% in the large obstacle-to-strand ratio condition (Figure 6.2a).  
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Figure 6.1: Micropatterned Ex293 monolayers. (a) Homogenous monolayer; obstacle-to-
strand ratio: 0; (b) 150 µm x 150 µm obstacles, separated by 1	100 µm strands; obstacle-

to-strand ratio: 1.5; (c) 700 µm x 700 µm obstacles, separated by 100 µm strands; 
obstacle-to-strand ratio: 7.0; (d) Schematic depiction of tissue obstacle structure 

 

Pronounced CV slowing was observed as the obstacle-to-strand ratio increased from 0 to 

1.5 (9.7% slowing per unit increase in ratio); further increase in obstacle-to-strand ratio 

resulted in more modest CV slowing (1.4% slowing per unit increase in ratio). A modest 

decrease in mean action potential duration (APD) was noted at higher obstacle-to-strand 

ratios (Figure 6.2b). Conduction was observed to be isotropic in the absence of non-

conductive obstacles (Figure 6.2d) and became increasingly anisotropic at higher 

obstacle-strand ratios, (Figure 6.2e-f), with fastest macroscopic conduction observed  

a b 

d c 

Strand 
Width 

Obstacle 
Width 

Strand 
Width 



 

138 

 

Figure 6.2: Effects of microscopic heterogeneity on macroscopic conduction. (a) 
Increasing degree of heterogeneity, as characterized by the obstacle width to strand 
width ratio, leads to slowing of macroscopic conduction (mean ± se; n = 13-68 
monolayers; p < 0.0001; Asterisk indicates significant difference from homogenous case, 
p < 0.05). (b). Shortening of action potential duration is observed at high obstacle-to-
strand ratios (mean ±  se; p < 0.001). (c) Macroscopic conduction becomes increasing 
anisotropic at higher obstacle-to-strand ratios. (mean ± sd; n = 10-15 monolayers; p < 
0.001; * and # indicate significant difference from all lower obstacle-to-strand ratios, p < 
0.05). (d-f) Representative activation maps from monolayers with obstacle-to-strand 
ratios of 0 (d), 1.5 (e) and 7.0 (f). 
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along the perpendicular axes of strand orientation and relatively slower conduction at 

intermediate angles. Curvature anisotropy was altered significant at obstacle-to-strand 

ratios above 3.0 (Figure 6.2c), with a change from 1.00 (no anisotropy) in the absence of 

obstacles to 0.85 at an obstacle-to-strand ratio of 7.0, resulting in a flattening of activation 

isochrones towards a diamond-like shape (Figure 6.2d vs 6.2f) 

6.3.2 Mechanisms of Conduction Slowing 

Computational models of conduction in microheterogenous Ex293 monolayers 

were employed to examine mechanisms of conduction slowing observed in vitro. A 

biophysical monodomain model using Hodgkin-Huxley-style ionic behavior was 

applied to the heterogeneous tissue geometry [2]. Multiple simulations were performed 

for each degree of heterogeneity, with cell-to-cell and monolayer-to-monolayer 

electrophysiological variation as described in Methods, to replicate the variability of 

experimental observations (n = 10 simulations per case). The biophysical model 

replicates experimentally observed macroscopic conduction changes due to the presence 

of heterogeneity (Figure 6.3a).  In addition, activation isochrones from simulated 

conduction qualitatively and quantitatively match those observed experimentally 

(Figure 6.3b,e-f). However, the model is unable to replicate a substantial 26.1% reduction 

in APD observed experimentally at the largest obstacle-to-strand ratios (Figure 6.3c). In 

order to examine whether changes in the macroscopic bulk conductivity are able to 

explain conduction showing, the relationship between effective electrical conductivity  



 

140 

 

 

Figure 6.3: Simulated conduction in microheterogeneous tissues. (a-c) The 
monodomain biophysical model is able to replicate experimentally observed conduction 
slowing (a; mean ± se) and conduction anisotropy (b; mean ± sd), but not reduced action 
potential duration (c: mean ± se) at increasing obstacle-to-strand ratios. (d) Changes in 
conduction velocity are not completely by the classical square-root relationship between 
effective electrical conductivity and velocity (R2 = 0.86). (e-f) The model activation maps 
for obstacle-to-strand ratios of 0 (e) and 7.0 (f) are qualitatively similar to those seen 
experimentally (Figure 2). 
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and conduction velocity of each simulated monolayer was examined. Conductivity and 

velocity failed to follow the classical cable-theory-derived square root relationship; 

increasing obstacle-to-strand ratio led to larger decreases in velocity than predicted by 

bulk conductivity, until velocity asymptotically reached an effective floor (Figure 6.3d).  

Changes in macroscopic conduction velocity must inherently be either from an 

alteration of conduction path (path tortuosity) or from a variation in microscale 

conduction velocity.  To determine whether path tortuosity caused by the presence of 

non-conductive obstacles is sufficient to explain the slowing seen in microheterogeneous 

monolayers, a cellular automata model with uniform microscopic velocity was 

employed. For the case of no obstacles, the calibrated homogenous automata model 

exhibited a mean absolute activation time error of 0.3 ms compared to the biophysical 

model, replicating the isotropic pattern (Figure 6.4B, left). In the presence of acellular 

heterogeneities with an obstacle-to-strand ratio of 5.0, the automata model exhibited 

comparable macroscopic conduction slowing relative to homogenous tissue (Figure 6.4a; 

20.9% slowing in automata, compared to 23.6 ± 3.9% slowing in equivalent experimental 

monolayers and 24.2 ± 3.1% slowing in the biophysical model). However, the automata 

model displayed substantially more curvature anisotropy of the activation wavefront 

(Figure 6.4b; curvature anisotropy ratio of 0.77 compared to mean anisotropy of 0.87 ± 

0.05 in experimental preparation and 0.87 ± 0.02 in the biophysical model). As such, 
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activation isochrones in the automata model were substantially flatter than in the 

biophysical model (Figure 6.4c). Error between the automata and biophysical model was 

largest along the principle axes of conduction, and smaller along the diagonal (Figure 

6.4d), suggesting local variation in conduction behavior across the domain. These  

 

Figure 6.4: Path tortuosity does not fully explain heterogeneity-induced conduction 

slowing. (a-b) The automata model, which considers only conduction path length and 
does not reflect microscopic conduction variation, approximately captures macroscopic 
conduction velocity (a; mean ± se) but exhibits substantially more curvature anisotropy 
compared to experimental monolayers and the biophysical model (b; mean ± sd). (c) 
Activation isochrones are overlaid to highlight the difference in shape between the 
biophysical model (red) and the automata model (blue). Note that the bolded isochrones 
are not time-matched. (d). Error in the automata model, compared to the biophysical 
model, is highest along the principle axes of conductions (black arrows), and lowest 
along the bisecting diagonal (red arrow). 
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findings indicate that the effect of path tortuosity alone is insufficient to explain 

experimentally observed conduction patterns, and that microscale variation in 

conduction velocity may play a critical role in affecting macroscopic conduction.   

Micro-scale conduction behavior was examined at several key regions of the 

simulated heterogeneous monolayers.  Activation patterns directly along the principal  

 

Figure 6.5: Conduction slowing at branching points. (a) As the wavefront travels from 
right to left (direction of arrow) along the principle axis of conduction (obstacle-to-
strand ratio: 5), activation isochrones reveal significant slowing at each branching point 
(top panel). An up to 36.6% decrease in local conduction velocity leads to a conduction 
delay across the branch point (middle panel) and a net 11.8% reduction in mean CV 
along the strand (bottom panel, dashed). (b) The magnitude of the conduction delay at 
each branching point is correlated with the obstacle-to-strand ratio of the tissue. (c). A 
significant decrease in safety factor of conduction is observed at each branch point, 
indicating that a mismatch of electrical source and load is responsible for the conduction 
delay. 
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Figure 6.6: Behavior at branching sites .Conduction slowing at branching points (a; 
obstacle-to-strand ratio: 5.0) is associated with a decrease in upstroke velocity, from a 
mean of 174.3 V/s in the middle third of the strand to a minimum of 53.7 V/s (b), as well 
as a decrease in safety factor of conduction (d). Peak Sodium (INa) current increases a 
mid-strand mean of -374.6 µA/cm2 to -405.7 µA/cm2 as the wavefront reaches the 
branching site (c). Within the branching site, peak sodium current decreases to a 
minimum of -281.4 µA/cm2.  

 

axes (strands emanating from the stimulus site) revealed significant conduction slowing 

at each branching point where the wavefront exits from between two neighboring 

obstacles (Figure 6.5a, top). In the tissue with an obstacle-to-strand ratio of 5.0, the local 

CV decreased from a mean of 19.7 cm/s in the middle third of each intra-obstacle strand 

to a minimum of 7.20 cm/s at the strand intersection, resulting in an overall mean CV of 

17.5 cm/s along the length of the strand (Figure 6.5a, bottom). Slowing at each branching 

point led to an activation delay across the intersection; the magnitude of this delay 

increased with increasing obstacle-to-strand ratio, from 0.15 ms per branching point in 

tissues with a ratio of 0.3, to 0.63 ms per branching point at a ratio of 3.0 (Figure 6.5b). 
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Further increases in obstacle-to-strand ratio resulted in minimal increases in activation 

delay. The safety factor of conduction also sharply decreased at each branching point, 

with a mean 21.9% reduction in safety factor for obstacle-to-strand ratios of 3.0 or 

greater (Figure 6.5c), though safety factor remained above 1.6 in all cases and did not 

approach unity, the point of conduction block. Further examination of electrical 

properties at a site of branching revealed a decreased upstroke velocity at the entrance to 

and throughout the branching site (Figure 6.6b). However, peak sodium current was 

found to increase in magnitude immediately prior to the branching site before 

decreasing as the wavefront propagated distally through the intersection (Figure 6.6c).   

Away from the principal axes, the model shows that that two wavefronts arrive 

simultaneously at strand intersection points located along a diagonal from the stimulus 

site. In the tissue with an obstacle-to-strand ratio of 5.0, the collision of these wavefronts 

results in a local increase in conduction velocity (Figure 6.7a) from a mean velocity of 

19.8 cm/s within each intra-obstacle strand to a peak of 33.13 cm/s. Collisions of 

simultaneously arriving wavefronts result in a net acceleration of the wavefront by 

approximately 0.1 ms per intersection point (Figure 6.7b). Within an intersection points, 

the location where the arriving wavefronts first collide is associated with rapid local 

conduction, elevated action potential upstroke velocities and increased safety of 

conduction (Figure 6.8). However, peak sodium current is counterintuitively observed to 

be smallest in the regions of rapid conduction and largest in magnitude at the areas of 
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reduced conduction velocity (Figure 6.8c). At all intersection points away from the 

diagonal and principle strands, the arrival of one wavefront precedes the second 

wavefront; the difference in arrival time is minimal near the diagonal (where a small 

degree of wavefront acceleration is observed) and substantial near the primary axis 

(where wavefront slowing is observed). Thus, microscopic conduction changes at branch 

points and strand intersections play a significant role in altering macroscopic conduction 

velocity in the presence of acellular heterogeneities. 

 

 

Figure 6.7: Conduction acceleration due to wavefront collision. (a) At intersection 
points along the diagonal axes, the simultaneous arrival of two wavefronts leads to a 
non-annihilating wavefront collision that causes a local increase in conduction velocity. 
This local speeding, up to 67.3% In tissues with an obstacle-to-strand ratio of 5, leads to 
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an acceleration of activation across the intersection site. (b) The magnitude of 
acceleration is approximately 0.15 ms for all obstacle-to-strand ratios above 1.5.  

 

 

 

Figure 6.8: Behavior at collision sites. During the collision of two simultaneously 
arriving wavefront, regions with high micro-velocity (red in panel a) exhibit rapid action 
potential upstrokes (b) and elevated safety of conduction (d), but reduced peak sodium 
current (c). Conversely, regions of conduction slowing where the arriving wavefronts 
‘pivot’ around the corners of an obstacle (blue in panel a), are associated with reduced 

upstroke velocity and reduced safety factory, but increased peak sodium current.  
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Figure 6.9: Conduction during reduced excitability. (a) Reduction of excitability via 
sodium channel blockade with TTX in experimental monolayer results in a significant 
reduction in conduction velocity (n = 3-6 monolayers; mean ± se; main effect of TTX: p < 
0.001; main effect of ratio: p = 0.007; interaction effect: p > 0.1). Conduction could not be 
reliably sustained at an obstacle-to-strand ratio of 7 and was meandering and irregular 
with numerous wavebreaks at an obstacle-to-strand ratio of 5. Simulated conduction 
with reduced excitability replicates experimental behavior at obstacle-to-strand ratios of 
up to 1.5, but exhibits conduction block at a ratio of 3.0 (n = 10 simulated monolayers per 
case; mean ± se)  (b) Reduced excitability resulted in a reversal of the isochrones 
flattening observed at large obstacle-to-strand ratios. (n = 3-10 monolayers; mean ± sd; 
interaction effect: p < 0.002; * indicates significant difference between control and TTX, p 

Obstacle-to-Strand Ratio
0 0.3 0.6 1.5 3

Re
la

tiv
e 

Cu
rv

at
ur

e

0.7

0.8

0.9

1

Obstacle-to-Strand Ratio
0 0.3 0.6 1.5 3

Re
la

tiv
e 

CV

0

0.2

0.4

0.6

0.8

1

Obstacle-to-Strand Ratio
0.3 0.6 1.5Ac
tiv

at
io

n 
De

la
y 

at
 B

ra
nc

h 
(m

s)

0

0.2

0.4

0.6

0.8

1

Obstacle-to-Strand Ratio
0.3 0.6 1.5

M
ea

n 
St

ra
nd

 C
V 

(c
m

/s
)

0

5

10

15

20

25

30

Obstacle-to-Strand Ratio
0.29 0.63 1.45Ac

ce
le

ra
tio

n 
at

 C
ol

lis
io

ns
 (m

s)

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

0

a 

c 

d e f 

b 

0 0.3 0.6 1.5 3 5 7

R
el

at
iv

e 
AP

D

0

0.2

0.4

0.6

0.8

1 *

0 0.3 0.6 1.5 3 5 7

R
el

at
iv

e 
AP

D

0

0.2

0.4

0.6

0.8

1 *

Exp. Control
Exp. TTX
Model Control
Model TTX

Obstacle-to-Strand Ratio
0.3

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

0.55

0.6

Exp. Control
Exp. TTX
Model Control
Model TTX

Obstacle-to-Strand Ratio
0.3

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

0.55

0.6



 

149 

< 0.05). (c) The activation delay due to reduced excitability in simulated monolayers is 
anisotropic, with larger activation delays along the principle axes and shorter delays 
along the diagonal. (d-f). This directional difference can be attributed to globally 
reduced strand conduction velocity (d) in the presence of reduced excitability (blue), in 
conjunction with increased activation delay at branch points along the principle axes (e) 
and minimal change in collision-induced acceleration along the diagonal (f). 

 

6.3.3 Reduced Excitability: A Regime of Critical Conduction 

Previous studies have shown that the effects of the microstructure become more 

critical when excitability is reduced.  Reduction in excitability was produced 

experimentally by treating the tissue with tetrodotoxin (TTX). A 5 µM solution led to a 

significant 33.6% decrease in conduction velocity (Figure 6.9a) for obstacle to strand 

ratios from 0 to 3. Conduction could not be sustained at an obstacle-to-strand ratio of 7 

in the presence of TTX, and was irregular and meandering with numerous wave breaks 

at an obstacle-to-strand ratio of 5.0. The degree of conduction slowing across obstacle-to-

strand ratios was relatively consistent (no interaction effect). Reduced excitability led to 

a significant change in activation isochrones anisotropy and shape at higher obstacle-to-

strand ratios (Figure 6.9b), attenuating the previously observed increase in anisotropy 

with increasing obstacle-to-strand ratio, and reversing the transition from round to 

diamond-like isochrones at the highest ratios. 

Conduction was simulated in the biophysical model with reduced excitability in 

order to understand mechanisms of TTX-induced conduction changes. TTX treatment 

was modeled by reducing the conductance of both sodium currents.  The model 
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reproduced experimental effects of reduced excitability on conduction velocity at 

obstacle-to-strand ratios up to 1.5 (Figure 6.9a), but failed to conduct at higher ratios. 

When simulated activation times were compared in the presence and absence of TTX at 

an obstacle-to-strand ratio of 1.5, the activation delay caused by TTX treatment was 

observed to be anisotropic (Figure 6.9c), with greatest delay along the principle strands, 

and 30.0% shorter delay at an equivalent distance along the diagonal. Examination of 

microscopic conduction revealed a 23.8% reduction in conduction velocity within intra-

obstacle strands (Figure 6.9d), as well as enhancement of conduction slowing at branch 

points along the principle axis; at an obstacle-to-strand ratio of 1.5, microscopic CV 

decreased to as low as 2.6 cm/s resulting in a mean conduction delay of 0.78 ms at each 

branch point, compared to a delay of 0.35 ms in the absence of TTX (Figure 6.9e). In 

contrast, no significant change in the degree of wavefront acceleration at sites of 

wavefront collision was noted (Figure 6.9f). These results suggest that the change in 

activation isochrones curvature represent an exaggerated effect of wavefront collisions 

along the diagonal in the context of substantial global as well as branch point 

conduction slowing.  

6.4 Discussion 

In this study, we examined how microscopic changes in conduction caused by 

the presence of microheterogeneities in excitable tissue influence conduction behavior 

on the macroscopic scale While the effect of single acellular heterogeneities in isolation 
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has been extensively studied in vitro and in silico, how microfibrosis and other 

heterogeneities act in aggregrate to affect tissue conduction remains poorly understood. 

Through a combination of experimental studies in micropatterened monolayers and 

simulation studies using an experimentally-matched model, we examined the effects of 

acellular heterogeneities on macroscopic conduction as well as the macroscopic effects 

that lead to this microscopic behavior. This integrated approach allowed for the 

examination of conduction mechanisms on a scale not previously possible. 

It has been well established for several decades that alteration and variability of 

tissue microstructure plays a vital role in slowing macroscopic conduction [223] in ways 

conducive to arrhythmia formation. Structured analysis of foci of heterogeneity using 

photolithography techniques has revealed important insights into how individual 

features affect local conduction. Tissue expansions were shown to lead to conduction 

slowing and intermittent conduction block [70], [71], [97] while tissue contractions led to 

localized conduction speeding [74]; the magnitude of both slowing and speeding was 

defendant on the size and geometry of the changes in tissue structure. Further work 

examining the impact of several tissue “branches” in series revealed that the branches 

had a dual effect, serving to both “pull” and “pull” conduction [75]. More recently, the 

advent of contact-transfer techniques for creating patterns of extracellular matrix protein 

on culture surfaces has allowed for highly reproducible generation of both simple and 

complex cultured monolayers [93], [95], [228].  Studies using complex cultured 
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monolayers have revealed that numerous heterogeneities in aggregate can lead to 

conduction block [166] or reentry [79]; however, a mechanistic understanding of how 

regions of microheterogeneities affect conduction has remained elusive due to the 

inability to simultaneously examine conduction on the microscopic (µm) and 

macroscopic (cm) scale.  

In silico studies provide an avenue to examine conduction at a variety of spatial 

and temporal scales. Several groups have used computational models to study the 

effects of microfibrosis on both the macroscopic [81], [86], [91], [229] and microscopic 

[71], [72] level. Recently, Ten Tusscher et al. examined the effects of diffuse fibrosis on 

conduction and found macroscopic conduction slowing with increased fibrosis, as well 

as increased vulnerability to spiral wave formation and slowed spiral wave rotation [86]. 

However, the large spatial discretization of the tissue model prevented a mechanistic 

understanding of the effects of fibrosis, and may have inadequately captured the impact 

on conduction. In addition, most simulation studies have been conducted without 

directly comparable experimental comparison. By using a simplified excitable cell line 

[104] and a membrane model based directly on that cell line [2], we sought to 

understand the macroscopic effects of and the microscopic mechanisms behind the 

effects of numerous heterogeneities on conduction. The Ex293 cell line replicates key 

components of the cardiac action potential including the rapid upstroke velocity, and its 
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relatively simplicity allows for direct modeling and head-to-head comparison, with a 

focus on the effect of tissue structure on conduction. 

In this work, micropatterning techniques were utilized to generate monolayers 

with regular patterns of acellular heterogeneities that could be exactly reproduced in 

computational simulations.  While this tissue configuration is highly idealized, it allows 

for the structured study of the effects of heterogeneity in a highly-controlled geometry.  

Monolayers were found to have well-preserved obstacle shape and size after several 

days of culture. Increasing complexity of heterogeneity from an obstacle-to-strand ratio 

of 0 to 1.5 was shown to lead to significant conduction slowing, but further increases in 

heterogeneity lead to more modest CV changes. Spatial variability in micro-conduction 

slowing led to a substantial flattening in the rounded shape of activation isochrones. The 

effective asymptote of conduction velocity with increasing obstacle-to-strand ratio is 

likely due to regular spacing of non-conductive obstacles. 

Using computational models of equivalent tissue geometry, we sought to explain 

these findings. Biophysical computational models exhibited conduction slowing 

matching experimental results, but the changes in macroscopic CV were not directly 

correlated with bulk tissue conductivity. We first examined whether prolongation of 

conduction path length due to the presence of acellular obstacles explained the observed 

changes in activation isochrones shape by using a cellular automata model [147], [148]. 

The cellular automata model considers the effects of electrical sources on propagation, 
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but does not incorporate any effects of electrical load, effectively removing any complex 

source-load mismatch effects of complex tissue geometry on conduction behavior; in the 

setting of an obstacle-to-strand ratio of 5, the automata model predicted isochrone 

flattening far greater than that observed experimentally or in simulations, and the error 

between the automata and biophysical models was spatially anisotropic. These findings 

suggested that the impact of conduction path distance is insufficient to explain the effect 

of heterogeneity and prompted an examination of local variation in microscopic 

conduction velocity and its role in determining macroscopic conduction behavior.  

Microscopic examination of conduction directly in line of the stimulus site 

revealed patterns of conduction slowing at each branching point. These branch points 

are functionally analogous to the “brush” pattern examined by Kucera et al. [75]. 

Although all branches are connected away from the principle axis of the monolayers, 

rapid conduction along this principle axis means that the branches are always at rest 

when the wavefront approaches each branch point, presenting an unexcited load to the 

approaching wavefront. Conduction slowing approaching the branch point followed by 

mild conduction speeding entering the distal strand follows the “pull-push” pattern 

Kucera et al. described. 

We then examined conduction along the radial line equidistant from the two 

perpendicular principle axes. At each intersection point along this line, we observed that 

two perpendicular wavefronts approach simultaneously and collide at the entry to the 
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intersection site. Despite the increased electrical load of the strands distal to the 

intersection site, localized conduction speeding was observed at each intersection point. 

Wavefront collisions have been previously described in the context of multiple reentrant 

spiral waves [230], or annihilating collisions resulting in complex fractionation of 

electrograms [81]. However, the timing and location of wavefront collision at these 

intersection points has an accelerating rather than annihilating effect on propagation. 

The combination of slowing along the primary axes and speeding due to wavefront 

collisions leads to activation isochrones that are less anisotropic than predicted by the 

effect of conduction path length alone.  

In the branching site, reduced conduction velocity is associated with reduced 

action potential upstroke velocity and reduced peak sodium current, following the 

classical relationship of sodium current driving the upstroke velocity [231]. However, 

proximal to the branching site, as the wavefront approaches the branches, reduced 

conduction velocity and slowed action potential upstroke are associated with seemingly 

incongruous increase in peak sodium current. Spach and Kootsey described a similar 

inverse relationship between sodium current and upstroke during initial activation of a 

1-D strand, and postulated that when propagation was initiated, the sodium current 

must discharge both local and downstream capacitance, resulting in an increased 

sodium current despite reduced upstroke velocity [232]. Because the distal branching 

site represents an increased electrical load and thus increased downstream capacitance, 
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a comparable mechanism is likely in play at sites of tissue branching. A similar inverse 

relationship is noted at sites of wavefront collision: rapid conduction and a faster 

upstroke are associated with reduced peak sodium current at the location of initial 

collision (red in Figure 6.8b), analogous to the observations of Spach and Kootsey at sites 

near annihilating wavefront collisions. The non-classical relationship between 

conduction and upstroke velocity and peak sodium current at sites of branching and 

collision suggests that sodium current may play a critical role in modulating conduction 

around microscale structural heterogeneities.  

Both conduction slowing at branching points and conduction speeding at 

intersection points are due to imbalance between electrical source and load. While this 

imbalance leads to slowing in the setting of overwhelming load at branching points, 

examination of the safety factor of conduction suggests that the balance is tipped in the 

opposite direction at intersection points; the high safety factor in this region suggests 

that the large sources overpower the effect of the load and results in overall conduction 

acceleration.  The impact of activation acceleration due to wavefront collisions extends 

beyond the idealized geometry used in this study. Collision-driven acceleration may 

play an important role in maintaining conduction in regions of complex fibrosis and 

heterogeneity. In these regions, wave-front collisions may lead to the preservation of 

slow tortious conduction in regions that would have otherwise experienced conduction 

block due to local source-load mismatch.   
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Because fibrosis typically occurs in the context of disease-driven remodeling, it is 

often accompanied by reduced excitability [224]; these factors are majors sources of 

conduction slowing, a key factor in arrhythmogenesis [219], and we therefore sought to 

examine how reduced excitability acts in concert with non-conductive heterogeneity. 

Application of TTX in experimental monolayers resulted in gross slowing and 

conduction failure in the highest obstacle density. In addition, at obstacle-to-strand ratio 

of 1.5 and higher, reduced excitability attenuated the heterogeneity-induced anisotropic 

fattening of isochrone curvature. Examination of simulated conduction revealed that the 

activation delay caused by reduced excitability was greatest along the primary axes and 

smallest along the diagonal. Conduction was shown to be significantly slowed at branch 

points along the primary axes as well as within all conductive strands; however, the 

degree of wavefront acceleration due to wavefront collisions at intersection points along 

the diagonal appeared to be unaffected. As a result, the change in activation isochrones 

shape was due to an exaggerated effect of wavefront collisions in the context of slowed 

conduction throughout the tissue.  This differential modulation of conduction may have 

important implications in diseased conduction, especially in heterogeneous regions like 

the peri-infarct border zone [59]. Sodium excitability is a key determinant of propagation 

at sites of complex microstructure [9], [233], and sodium excitability is drastically 

reduced in the post-infarct setting [234]. In this context, the preservation of wavefront 

collision may allow for maintained conduction despite the effects of reduced excitability. 
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6.4.1 Limitations 

There are several limitations inherent to this study and the model utilized. First, 

the use of an engineered excitable cell line cultured in an idealized geometry is not a 

direct correlate of human disease; however, as described above, this technique allows for 

the development of a mechanistic understanding of the effects of heterogeneity that can 

be further studied under conditions analogous to human disease. Second, in 

experimental preparations, we observed a shortening of action potential duration at the 

highest obstacle-to-strand ratios that persisted despite date-matched normalization of 

APD and CV, and that could not be replicated in the computational model. 

Computational studies confirmed that filtering of recorded optical signals, or spatial 

averaging of data cross optical sensors could not reproduce this reduction in APD, 

suggesting that the reduction in APD is a biological behavior rather than a technical 

anomaly. Cell morphology has been previously demonstrated to affect ion channel 

expression and current density [235], and alignment of cells in the narrow strands may 

induce this type of effect, resulting in altered action potential duration; further 

examination is necessary to determine mechanisms  of this finding; however, this 

discrepancy of repolarization in the model will likely have no impact on the primary 

findings of this study related to activation and conduction velocity. Finally, in 

experimental studies with reduced excitability, conduction was meandering with 

numerous wave breaks at an obstacle-to-strand ratio of 5 and failed at a ratio of 7; 
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however, in our model, conduction fails at obstacle-to-strand ratios of 3 and above. This 

discrepancy is likely due to the heterogeneous nature of cell-to-cell junctions in cultured 

monolayers. While our model incorporated cell-to-cell variation in ionic conductances, 

and monolayer-to-monolayer variation in conductance and conductivity, it does not 

consider cell-to-cell conductivity variation, which has little impact during normal 

conduction. However, in the context of critically reduced excitability, variation in 

coupling may allow breakthrough of conduction in limited regions.  

6.5 Conclusions 

In this work, we studied conduction in monolayers with increasing degrees of 

acellular heterogeneities, and used computational models to examine and explain 

experimental findings. We showed that conduction slows and becomes anisotropic in 

the presence of non-conducting heterogeneities, and that microscale branching and non-

annihilating wavefront collisions play a critical role in determining macroscopic 

conduction. We further showed that the role of wavefront collisions is substantially 

exaggerated in the context of reduced excitability. While wavefront collisions in 

excitable media have previously been described, we believe this work presents a novel 

role for collisions in accelerating propagation in heterogeneous tissue.  
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7 Conclusions 

7.1 Major Findings 

The goal of this dissertation was to examine how heterogeneities in cardiac 

structure on the microscopic scale influence conduction on the macroscopic scale. To 

that end, the preceding three chapters are a systematic examination of the magnitude of 

this impact and the microscale mechanisms that drive it. The use of detailed 

computational models in conjunction with in vitro experiments allowed for the study of 

conduction and membrane dynamics across a range of spatial and temporal scales, 

facilitating mechanistic understanding of conduction behavior.  The key conclusions and 

scientific contributions of this work are outlined here. 

In Chapter 4, we sought to understand the significance and magnitude of the 

impact of microscale heterogeneity by examining whether the effects of heterogeneity 

could be adequately replicated in a simple, homogenized continuous model. We found 

that the presence of microfibrosis significantly prolonged cycle length of reentry in a 

manner that was not reproduced in the equivalent continuous model. The degree of 

cycle length prolongation was directly correlated with both the total amount of fibrosis 

and the length of individual collagenous septa. Microheterogeneous tissue exhibited 

both lengthened spiral wave tip trajectory and significantly altered restitution behavior; 

these properties were implicated in cycle length prolongation. These findings suggested 

that the micro-scale effects of heterogeneity significantly influence macroscopic 
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conduction in complex ways that cannot easily be homogenized, and prompted further 

inquiry into the mechanisms behind these effects. 

In Chapter 5, we developed a model of the engineered-excitable Ex293 cell line to 

facilitate paired computational and experimental studies of conduction in 

microheterogeneous tissue. In doing so, we demonstrated the critical importance of 

cellular-scale variation in altering macroscopic behavior, and found that the variation of 

cell-cell conductance, inter-monolayer ionic conductance, and inter-monolayer 

conductivity was necessary to reproduce observed experimental variability. The model 

was validated across a range of normal and abnormal conduction conditions, and is the 

first to apply stochastic variation to multiple currents in a multidimensional model of 

excitable tissue.  In addition, this model provides a novel framework for directly paired 

computational and experimental studies, which allows for the examination of 

conduction in nearly identical in vitro and in silico conditions.   

In Chapter 6, we utilized this framework to examine the mechanisms by which 

microscopic structural changes alter macroscale behavior. In an idealized tissue 

geometry resembling diffuse cardiac fibrosis, we demonstrated that the presence of 

heterogeneities leads to decreased conduction velocity and increased curvature 

anisotropy. These findings cannot be explained by changes in bulk electrical 

conductivity or increases in wavefront propagation tortuosity alone.  Instead, electrical 

source-load mismatches, which have previously been studied in isolated in vitro and in 
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silico cardiac tissue expansions, were shown to slow conduction at branching sites. In 

addition, wavefront collisions at sites with two simultaneously arriving wavefronts were 

found to accelerate propagation. Conduction branching and collisions act in concert with 

path tortuosity around heterogeneities, and lead to increased curvature anisotropy at the 

highest degrees of heterogeneity. Under conditions of reduced excitability as in the 

chronically diseased myocardium, this increase in curvature anisotropy is attenuated. 

This can be attributed to differential modulation of branching and collision behavior in 

response to reduction in sodium current availability.  

The findings of this dissertation improve our understanding of conduction and 

arrhythmogenesis in diffusely fibrotic regions of the heart such as the atria in atrial 

fibrillation or the post-infarction ventricular border zone. We have demonstrated that 

conduction in these structurally heterogeneous regions of the heart is intricately 

complex, and that the changes in conduction conditions affects macroscale behavior in a 

non-linear manner because of dynamic alteration of conduction on the microscale. The 

implications of this work are two-fold: First, microscale variation in conduction may 

directly contribute to the susceptibility and maintenance of arrhythmia in heterogeneous 

tissue, and second, computational models seeking to study arrhythmogenesis must 

include accurate depiction of microstructural heterogeneity in order to accurately 

identify mechanisms of arrhythmia initiation and maintenance.  
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7.2 Limitations and Future Work 

 The studies in this dissertation were all conducted in two-dimensional models of 

excitable tissue using either mouse or engineered-excitable cells models. While these 

models do not directly recapitulate behavior in the adult human myocardium, they do 

replicate key features of human conduction including the rapid sodium-drive upstroke, 

and CV and APD restitution properties. As such, we expect that the results of this 

dissertation are broadly generalizable and that equivalent studies in other experimental 

or computational cell types would show similar results.   

Based on the results presented here, an interesting direction for future work 

would be extend simulated studies into more realistic geometries of fibrosis. In vivo 

fibrosis consists of a complex array of structural changes including interstitial, patchy 

and diffuse fibrosis, as well as proliferation of fibroblasts and myofibroblasts. More 

realistic models could incorporate variety in the shape and nature of non-conductive 

heterogeneities, and include non-excitable fibroblasts that are suspected of influencing 

cardiac conduction by altering resting potential, repolarization and ectopic activity [129], 

[236], [237]. The structure, idealized fibrosis used in this dissertation allowed for a 

systematic examination of microscale conduction; extension to histologically-inspired 

models would help us understanding how the mechanisms we identified interact in a 

realistic substrate. In addition, future work could extend simulation studies into three 

dimensions and examine how to microscale source-load relationships in realistic 3D 
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fibrotic tissues alters conduction. While the 2D monolayer model is a reasonable 

estimate of behavior in the thin (~2 mm) atrial wall, conduction in the thicker ventricle is 

likely substantially affected by the three dimensional nature of the substrate and the 

associated complex anisotropy resulting from the changes in fiber orientation through 

the depth. 

Finally, future work can examine the initiation and maintenance of re-entrant 

circuits in the physiologically realistic model of heterogeneous myocardium. The work 

in this dissertation has laid the groundwork for these future studies by identifying the 

microscale mechanisms that modulate conduction and are altered under abnormal 

conduction conditions; future work to identify the set of conditions that alters 

conduction sufficiently to initiate reentry would provide great insight into the causes of 

and potential therapies for human arrhythmia.  
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