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Abstract
Clinical prediction models offer the ability to help physicians make better data-driven
decisions that can improve patient outcomes. Given the wealth of data available with
the widespread adoption of electronic health records, more flexible statistical models
are required that can account for the messiness and complexity of this data. In
this dissertation we focus on developing models for clinical time series, as most data
within healthcare is collected longitudinally and it is important to take this structure
into account. Models built off of Gaussian processes are natural in this setting of
irregularly sampled, noisy time series with many missing values. In addition, they
have the added benefit of accounting for and quantifying uncertainty, which can
be extremely useful in medical decision making. In this dissertation, we develop
new Gaussian process-based models for medical time series along with associated
algorithms for efficient inference on large-scale electronic health records data. We
apply these models to several real healthcare applications, using local data obtained
from the Duke University healthcare system.
In Chapter 1 we give a brief overview of clinical prediction models, electronic
health records, and Gaussian processes. In Chapter 2, we develop several Gaussian
process models for clinical time series in the context of chronic kidney disease management. We show how our proposed joint model for longitudinal and time-to-event
data and model for multivariate time series can make accurate predictions about a
patient’s future disease trajectory. In Chapter 3, we combine multi-output Gaussian
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processes with a downstream black-box deep recurrent neural network model from
deep learning. We apply this modeling framework to clinical time series to improve
early detection of sepsis among patients in the hospital, and show that the Gaussian
process preprocessing layer both allows for uncertainty quantification and acts as a
form of data augmentation to reduce overfitting. In Chapter 4, we again use multioutput Gaussian processes as a preprocessing layer in model-free deep reinforcement
learning. Here the goal is to learn optimal treatments for sepsis given clinical time
series and historical treatment decisions taken by clinicians, and we show that the
Gaussian process preprocessing layer and use of a recurrent architecture offers improvements over standard deep reinforcement learning methods. We conclude in
Chapter 5 with a summary of future areas for work, and a discussion on practical
considerations and challenges involved in deploying machine learning models into
actual clinical practice.
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1
Introduction

It appears to me a most excellent thing for the physician to cultivate
Prognosis; for by foreseeing and foretelling, in the presence of the sick,
the present, the past, and the future, and explaining the omissions
which patients have been guilty of, he will be the more readily believed
to be acquainted with the circumstances of the sick; so that men will
have confidence to intrust themselves to such a physician.
Hippocrates, 400 BCE
The Book of Prognostics

1.1 Clinical Prediction Models
Prognosis is fundamental to the practice of medicine, and has been since the time
of Hippocrates. Physicians constantly make predictions when they treat patients,
and these predictions guide the decisions they make in order to improve prognosis.
They may predict things such as the likelihood that a high-risk patient has a disease,
whether this patient would benefit from an additional invasive diagnostic test, and
ultimately what treatments are most likely to improve the patient’s outcome. However, physicians tend to have difficulty in estimating risks of diseases and often err
towards overestimation (Friedmann et al., 1996). Historically medicine itself used to
1

be more subjective, and the underlying probabilities guiding clinical decision-making
were implicit, based off of a provider’s training and personal experiences treating a
limited number of patients. This has changed in the current era of “evidence-based
medicine”, where the goal is to integrate clinical expertise with the current best
external evidence (Sackett et al., 1996). Clinical prediction models offer to provide additional objective evidence to aid physicians in the decision-making process,
and might be integrated into workflows through clinical decision support systems
(Kawamoto et al., 2005).
There are many areas where prediction models can provide useful knowledge
to help inform clinical decisions (Steyerberg, 2009). A prediction model might aid
in screening for early signs of a disease. This would allow providers to allocate
more resources to patients deemed highest risk of developing the disease in the near
future, and ensure these patients receive any necessary preventative care. Prediction
models can also be created to improve diagnosis of diseases or early detection of
adverse events. Such a model might automatically alert a physician if a patient
appears to be at high risk of rapidly deteriorating, allowing for faster treatment
and potentially improving their outcome. A prediction model may also be used
in enhancing treatment and therapy decisions by predicting the efficacy of existing
treatments and helping the clinician weigh the estimated benefit of each treatment
alongside any side effects or other costs.
In this dissertation we focus on developing statistical models capable of making
personalized predictions to help solve clinical problems in all three of these areas,
with an emphasis on modeling medical time series. There are many other applications throughout healthcare where prediction models can also provide immense value,
especially in operational sectors of hospital management. Though we will not discuss
them in this dissertation, these include important problems such as forecasting bed
utilization (Barnes et al., 2015) and operating room case volume (Eijkemans et al.,
2

2010), and predicting which patients are at high risk of being readmitted (Futoma
et al., 2015) or of missing scheduled appointments (Huang and Hanauer, 2014).
Clinical prediction models are by no means a recent idea, and have appeared
under the name “clinical prediction rules” for some time (Wasson et al., 1985). Many
such prediction rules already exist and are in wide use throughout a variety of areas
in medicine. A few well known scores include the CHADS2 score for estimating
risk of stroke (Gage et al., 2001), the Framingham risk score for estimating risk of
developing cardiovascular disease in 10 years (Wilson et al., 1998), the APACHE II
score for measuring severity of disease for patients in the intensive care unit (ICU)
(Knaus et al., 1985), and the CURB-65 score for assessing severity of pneumonia
(Lim et al., 2003).
However, these scores typically suffer from several drawbacks. They are usually
based on only a few demographic, vital sign, or laboratory result variables, and assign
independent scores to each value using pre-specified thresholds. Although this makes
them easy to compute and reason with, it also makes them overly simple and can
limit their accuracy. Importantly, these scores generally ignore potentially complex
correlations between variables and also ignore their evolution in time, precluding
the ability to make dynamic and personalized predictions that can update as more
information is collected. Lastly, these prediction rules generally come without any
quantifiable notion of uncertainty. This motivates the need to develop more flexible
statistical models capable of alleviating these issues, along with efficient inference algorithms that will enable fitting these models to large-scale medical datasets. To this
end, we will turn to techniques from machine learning (ML), a subfield of computer
science closely related to artificial intelligence (AI) and computational statistics.
In the past decade, there has been a surge of interest in applying machine learning to problems in medicine and healthcare. Figure 1.1 shows the relative number
of papers indexed in PubMed on machine learning from 1996 to 2016, indicating
3
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Figure 1.1: The relative number of papers indexed in PubMed on “machine learning”. The absolute number rose from 30 in 1996 to 3745 in 2016.

this trend. Over the past few years, many articles have emphasized the crucial role
that ML and AI will play in medicine in the future (Obermeyer and Emanuel, 2016;
Darcy et al., 2016; Beam and Kohane, 2016). This is due in part to breakthroughs in
speech recognition, computer vision, and textual understanding in ML that are now
integrated into many products and services in widespread use. Recent prominent
successes in applying ML to healthcare largely center around the use of deep learning to solve challenging problems in medical imaging, such as classifying skin cancer
(Esteva et al., 2017), detecting lymph node metastases (Bejnordi et al., 2017), identifying diabetic retinopathy (Gulshan et al., 2016; Ting et al., 2017), and predicting
respiratory events and chronic obstructive pulmonary disease stage (González et al.,
2018).
However, perhaps the most important factor driving interest in machine learning
for healthcare is the massive amounts of medical data being automatically collected
4
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Figure 1.2: Percent of non-federal acute care US Hospitals with adoption of at
least a Basic EHR with notes system and 10 core functionalities deemed essential.

during routine clinical care, due to the widespread proliferation of electronic health
records (EHRs). Figure 1.2 shows the rapid increase in EHR adoption over the past
decade (Henry et al., 2016). In this era of “Big Data”, EHRs contain unprecedented
quantities of healthcare data that can generate actionable knowledge and value for
patients, clinicians, administrators, researchers, and health policy makers alike (Weil,
2014; Roski et al., 2014; Krumholz, 2014).

1.2 Electronic Health Records Data
In this section, we provide some background on EHRs; see Goldstein et al. (2017)
for a recent systematic review of many risk prediction models built from EHR data.
Throughout this dissertation, all of our datasets come directly from the Duke
University Health System’s EHR (Epic Systems, Verona, WI). In general, an EHR
stores nearly all available information captured about patients during their encoun5

ters within a health system. As such, it contains a large quantity of longitudinal
patient data. The vast majority of the data are unstructured, contained within
free-text notes and reports. Structured data include demographics, diagnosis and
procedural codes, medication orders, laboratory results, and other objective clinical
observations (such as vital signs and various nursing assessments).
The EHR stores granular information about medical diagnoses using structured,
hierarchical codes. In the US, prior to October 1, 2015 these codes conformed to ICD9-CM (International Classification of Diseases, 9th revision, Clinical Modification),
and afterwards conformed to ICD-10-CM (International Classification of Diseases,
10th revision, Clinical Modification). These are differing versions of a standardized
taxonomy of codes that are used principally for medical billing. For each medical encounter (such as a clinic or emergency department visit), a set of codes is assigned to
document the primary problems or diseases that were addressed. In total, there are
about 13,000 unique ICD-9 codes, and 68,000 ICD-10 codes. Each clinical diagnosis
may have multiple corresponding ICD diagnosis codes. The Agency for Healthcare
Research and Quality publishes the Clinical Classifications Software1 , a categorization tool that collapses the thousands of original codes into a few hundred clinically
meaningful concepts.
In contrast to diagnosis codes, which capture clinicians’ subjective diagnostic
impressions, laboratory tests provide objective clinical data. A single medical encounter may include dozens, hundreds or (in the case of hospitalizations) thousands
of discrete laboratory test results. Identifying and grouping relevant laboratory test
results can be difficult due to lack of standardization, changing conventions over
time, and idiosyncratic factors native to one health system. For example, serum
creatinine, which is a lab test often used to monitor kidney function, has more than
18 different names in the Duke EHR that refer to the same value (e.g. “CREA”,
1

http://www.hcup-us.ahrq.gov/toolssoftware/ccs/ccs.jsp
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Figure 1.3: Counts of different identifiers for serum creatinine each month from
1996 to 2015 in the Duke University health system EHR. Note the abrupt change in
2013, when a legacy EHR was replaced by one developed by Epic Systems.

“Creatinine”, “DUAP CREA”). Figure 1.3 shows how often each of the different
names appears over time in our EHR. Harmonizing and grouping these lab results
required an exhaustive review of laboratory metadata by a subject matter expert.
This type of manual data cleaning is common when beginning a new analysis on a
different dataset.
Despite the wealth of information contained in EHRs, there are numerous limitations that can cause practical challenges in implementing clinical prediction models
using them (Hersh et al., 2013; Amarasingham et al., 2014). Data quality is often poor, complicated by inaccurate, inconsistent or missing information. The EHR
at a single organization may fail to capture the full patient story and all relevant
outcomes of interest, as is the case when patients receive care from multiple, noninteroperable healthcare systems over time. Relevant patient reported outcomes,
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such as perceived quality of life, are rarely captured by EHRs. Events such as death
may not be registered, particularly when patients die outside of the hospital. Much
of the information about a patient may be buried in clinical notes (in the form of
free text), and may not be recoverable. Though this source of data can be rich in
information, it is significantly harder to automatically extract meaningful features
from medical text.
Even when all of the relevant data elements needed to build a predictive model
have been identified, extracted, and cleaned, there are still subtle issues to be wary
of. Many clinical data are collected for billing purposes rather than patient care or
research, distorting the relative importance of certain elements. Changes in coding
practices may imply clinical differences where they do not exist. Data may be biased, and are frequently missing not at random (Sterne et al., 2009; Weiskopf et al.,
2013). Certain laboratory tests may be performed only when a clinician suspects an
abnormality, and a diagnosis is only ever recorded when a disease is suspected. If a
patient has a test done and the result is negative, the mere fact that a test was even
performed contains valuable information. Finally, all data collected is observational,
so treatments given are not randomized. Treatments can be confounded by clinical
factors unrelated to the condition being treated, e.g. patients who are overall sicker
with other comorbidities. Analysis involving estimation of treatment effects requires
methods from causal inference to control for these biases (Holland, 1986; Imbens and
Rubin, 2015).
Despite these all of these potential issues, EHRs still offer a rich data source that
can be used to tackle meaningful problems in healthcare. However, in order to do so
we need to account for the structure we expect in the data, and make our assumptions
explicit. In this dissertation, we are primarily interested in modeling longitudinal
data and clinical time series, and the EHR contains a variety of longitudinal data
on many different time scales. Data collected at outpatient clinics for management
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of chronic diseases may span long periods of times, on the timescale on months to
years. Data collected from an inpatient setting during a single hospitalization will
be more granular, on a timescale of hours to minutes. Regardless of the particular
application, medical data is collected over time, and treatment decisions are made
in the context of a patient’s previous medical history. Models that account for this
temporal structure and use information about both a patient’s current physiological
state and history of past states tend to perform better on the types of tasks we are
interested in.
The models we develop in this dissertation all build off of Gaussian Processes
(GPs), a foundational class of Bayesian nonparametric statistical models well suited
to modeling irregularly sampled time series, among other things. GPs provide a
principled, practical, and probabilistic approach to building models, and inherit many
of the attractive properties of the Bayesian modeling framework, such as more precise
uncertainty quantification and the ability to combine prior information with data in
a solid decision theoretic framework (Berger, 2013).

1.3 Gaussian Processes
In this section we provide a short introduction to Gaussian processes. In Bayesian
modeling, GPs are commonly used as prior distributions for functions. In the context of irregularly sampled time series, a GP can serve as a prior distribution for a
latent function f defined over the real line, representing the unknown “true” value
of a quantity of interest over time (e.g. a biomarker indicative of disease severity).
Although we emphasize their use in time series modeling where typically the input
space is only a single dimension (R), they can also be defined on arbitrary input
spaces. A more complete background on GPs can be found in (Rasmussen and
Williams, 2005).
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1.3.1

Definition and Model

Let I denote an arbitrary index set which may be finite, countably infinite, or uncountably infinite (e.g. in time series applications, we typically have I “ R). We say
that the collection of random variables tfi uiPI form a Gaussian process if, for any
finite subset I 1 Ă I, the random variables tfi uiPI 1 have a joint Gaussian distribution.
That is, a Gaussian process is a collection of random variables, any finite number of
which have a joint multivariate normal distribution.
A Gaussian process is completely specified in terms of a mean function and a
covariance function. In this exposition, we assume that our input space is univariate
(i.e. that the GP is defined over R), but they can also be applied to more general
spaces. We define the mean function mptq and covariance function (also referred to
a kernel function) kpt, t1 q of the process f ptq as
mptq “ Erf ptqs
kpt, t1 q “ covpf ptq, f pt1 qq “ Erpf ptq ´ mptqqpf pt1 q ´ mpt1 qqs,

(1.1)
(1.2)

and denote the Gaussian process by
f ptq „ GPpmptq, kpt, t1 qq.

(1.3)

Given a finite collection of inputs t “ rt1 , . . . , tn sJ , then the associated set of function
values f ptq P Rn is jointly Gaussian distributed, with explicit form
f ptq „ N pmptq, Kpt, tqq.

(1.4)

Here mptq P Rn denotes the vector of values of the mean function evaluated at the
inputs t; Kpt, tq ” Kt,t P Rnˆn denotes the full covariance matrix of all function
values f ptq, as specified by evaluating the covariance function k between all input
pairs, rKpt, tqsij “ kpti , tj q; and N denotes the multivariate normal distribution. We
will use similar notation throughout the remainder of this dissertation. For now we
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make the common simplifying assumption that the prior mean is zero, i.e. mptq “ 0,
although this can easily be relaxed. Note that even though Gaussian processes
are fundamentally infinite-dimensional objects, in practice most manipulations with
them only involve computations with multivariate Gaussian densities, as seen here.
GPs are often used as a nonparametric regression model. In the context of time
series modeling, assume we have data D “ tt “ rt1 , . . . , tn sJ , y “ ry1 , . . . , yn sJ u generated by yi “ f pti q ` i , where i „ N p0, σ 2 q is independent Gaussian measurement
noise and f is an unknown regression function. We can consider f as a random
function, and infer a posterior distribution ppf |Dq over possible functions f from the
GP prior ppf q, the data D, and high-level assumptions about the smoothness of f
encoded in the covariance function.
1.3.2

Posterior Inference and Prediction

We use Bayesian inference in order to find a posterior distribution of the random
function f . In Bayesian inference, we fit a probability model to a set of data and
summarize our results in terms of a probability distribution on the unknown quantities of interest, in this case f (Gelman et al., 2013).
Having observed yi “ f pti q ` i , i “ 1, . . . , n, from Bayes’ Theorem we have that

ppf |t, y, θq “

ppy|f, t, θqppf |θq
,
ppy|t, θq

(1.5)

where θ is any hyperparameters associated with the covariance function k or the
mean function m. In assuming independent Gaussian measurement noise, we have
that the observations yi are conditionally independent given f . Thus, the likelihood
factorizes:

ppy|f, t, θq “

n
ź
i“1

ppyi |f pti qq “

n
ź
i“1

N pyi |f pti q, σ 2 q “ N py|f ptq, σ 2 Iq.
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(1.6)

Combining the likelihood in equation (1.6) and the GP prior in equation (1.3) results
in the posterior distribution in equation (1.5). Since both terms are Gaussian, it is
easy to show that the resulting posterior is also a GP, with mean and covariance
functions given by:
mpost ptq ” Erf ptq|t, y, θs “ kt,t pKt,t ` σ 2 Iq´1 y

(1.7)

kpost pt, t1 q ” covrf ptq, f pt1 q|t, y, θs “ kpt, t1 q ´ kt,t pKt,t ` σ 2 Iq´1 kt,t1 ,

(1.8)

where kt,t ” rkpt, t1 q, . . . , kpt, tn qs P Rn denotes a vector with covariances between a
test input t and all training times t, and kt,t “ kJ
t,t . More concretely, given a vector
of testing inputs t˚ , then the posterior predictive distribution for f pt˚ q is:
f pt˚ q|t, y, θ „ N pµ˚ , Σ˚ q

(1.9)

µ˚ “ Kt˚ ,t pKt,t ` σ 2 Iq´1 y

(1.10)

Σ˚ “ Kt˚ ,t˚ ´ Kt˚ ,t pKt,t ` σ 2 Iq´1 Kt,t˚ .

(1.11)

While µ˚ can be used as a point estimate, we have a full distribution for f pt˚ q,
allowing us to quantify the associated uncertainty in our predictions.
1.3.3

Examples of GP Regression

We give a brief example of a GP regression, using two common covariance functions.
The choice of covariance function is an important modeling decision, as different covariance functions will endow the resulting GP with different properties. We present
both functions in a normalized form, with kp0, 0q “ 1; we can multiply k by a positive constant σf2 to get any desired process variance. Both covariance functions we
consider are stationary and isotropic, meaning kpt, t1 q only depends on |t ´ t1 |. Informally, this means that the covariance structure of the resulting process only depends
on the distance between points and not on their actual location.
The first covariance function is the squared exponential (SE) covariance function
ˆ

pt ´ t1 q2
kSE pt, t q “ exp ´
l
1
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˙
,

(1.12)

where l is a length-scale parameter, informally describing how “wiggly” functions
should be. This covariance function is infinitely differentiable, meaning that a GP
with this covariance function has mean square derivatives of all orders and will be
very smooth.
The second covariance function we consider is the Ornstein-Uhlenbeck (OU) covariance function
ˆ

|t ´ t1 |
kOU pt, t q “ exp ´
l
1

˙
,

(1.13)

where again l is a length-scale. This covariance function is also a special case of
the more general Matérn family of covariance functions (with parameter ν = 1/2;
the SE is also a special case and arises in the limit ν Ñ 8). A resulting GP with
this covariance function will be mean square continuous but not differentiable. The
name arises as it is the covariance function of the OU process used to model the
velocity of a particle undergoing Brownian motion. Interestingly, the OU covariance
function gives rise to a particular type of continuous-time ARp1q autoregressive GP;
see Rasmussen and Williams (2005) for more details.
It is common practice to assume that the prior mean function is zero, i.e. mptq “
0, so we will do so in this example. In Figure 1.4 we show 4 draws each from a zeromean GP with SE and OU covariance functions, both with l “ 2 and unit variance
σf2 “ 1. Clearly the SE kernel yields very smooth functions, while the OU kernel
creates rough functions. Next, we sample 10 data points, and show the resulting
posterior distribution for f in a GP regression model, using each of these GPs (we
fix σ “ .05 so that there is very low noise). Figure 1.5 shows the data, resulting
mean function for both posterior GPs, and 3 draws from the resulting posterior for
each process. In areas far from the data, uncertainty increases substantially and the
process reverts to the mean of 0. Around the data, uncertainty on f is considerable
lower. And, again the GP with SE kernel is considerably smoother.
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Figure 1.4: Draws from a zero mean GP prior. Black line denotes zero mean
function, and shaded region denotes 95% credible interval. Top: 4 draws from a
GP with SE covariance function. Bottom: 4 draws from a GP with OU covariance
function.
1.3.4

Hyperparameter Learning

So far, we have assumed that any hyperparameters θ to the covariance function are
fixed and known. Sometimes there is strong prior knowledge about the function
shapes we expect, and this is reasonable. In many situations, however, we may want
to learn θ. This is straightforward to do in a fully Bayesian setup. We place a hyperprior ppθq on their values, and can write the marginal posterior on hyperparameters
after integrating out f as

ppθ|t, yq “

ppy|t, θqppθq
,
ppy|tq
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(1.14)
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Figure 1.5: Top: Posterior GP with SE covariance function. Bottom: Posterior
GP with OU covariance function. 10 data points are shown as red x’s. 3 draws from
the posterior are shown, along with the mean function in black and 95% point-wise
credible intervals in grey.
where the likelihood term for the hyperparemeters ppy|t, θq given the data, after
marginalizing out f , is the marginal likelihood, and also the normalizing constant
from Equation 1.5:
ż
ppy|t, θq “

ppy|t, f, θqppf |θqdf.

(1.15)

The marginal likelihood has a closed form in standard GP regression since the prior
and likelihood are both Gaussian, and is given by:
1
1
n
log ppy|t, θq “ ´ yJ pKt,t ` σ 2 Iq´1 y ´ log |Kt,t ` σ 2 I| ´ log 2π.
2
2
2

(1.16)

This is a complex function of θ (θ appears implicitly through the covariance matrix Kt,t ), meaning the hyperparameter posterior in Equation 1.14 will clearly not
be analytically tractable. Approximate computation of the hyperparameter poste15

rior would generally require some sort of computationally demanding Monte Carlo
method. In this dissertation, we will not follow this fully Bayesian path to the end,
and instead will find good point estimates θ̂ for the hyperparameters on which we
condition our inference. This can be done in this simple GP regression model by
finding a θ that maximizes Equation 1.14 to obtain a maximum a posteriori (MAP)
estimate. In the case where we choose a “flat” hyper-prior ppθq, assuming any values
for the hyperparameters are possible, then the MAP estimate for θ coincides with
the maximum (marginal) likelihood estimate, obtained by maximizing Equation 1.16.
Often this maximization is done using gradient-based methods. This problem can
be hard in some cases, as the optimization problem is nonlinear and non-convex.
1.3.5

Approximate Methods

There is a substantial computational overhead to working with GPs. The bottleneck
is generally computing pKt,t ` σ 2 Iq´1 and log |Kt,t ` σ 2 I| that appear in the predictive distributions and marginal likelihood, where Kt,t is the n ˆ n covariance matrix
between training inputs. Usually this is accomplished using the Cholesky decomposition of Kt,t , which incurs Opn3 q computations and Opn2 q storage, and afterwards
predictions cost Opn2 q per test point. For this reason, GPs are often limited to a
few thousand training points at most.
Many promising approaches to scalability have been explored to alleviate these
issues. A common strategy is to exploit low-rank approximations for the kernel
matrix; the resulting models are often referred to as sparse GPs. This was first done
in Silverman (1985), and was further improved upon in Snelson and Ghahramani
(2006); Quiñonero-Candela and Rasmussen (2005) provides a unifying view of this
line of work. The main idea is to augment the GP prior ppf , f ˚ q of the latent function
at the training data, f , and at the test data, f ˚ , with an additional set of latent
variables u “ ru1 , . . . , um s, referred to as inducing variables, where generally m ăă n.
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These are values of the GP at an additional set of input locations tu , called inducing
inputs. The original prior ppf , f ˚ q can be recovered by marginalizing u out of the
ş
joint GP prior, ppf , f ˚ q “ ppf , f ˚ |uqppuqdu. The approximation arises by assuming
f and f ˚ are conditionally independent given u, i.e.
ż
˚

˚

ppf , f q « qpf , f q “

qpf ˚ |uqqpf |uqppuqdu,

(1.17)

with different approaches making different assumptions on the conditional distributions q and on how the inducing variables are chosen. It is possible to treat the
inducing inputs tu as hyperparameters and optimize their location, although this can
lead to overfitting. The number of inducing variables directly determines how faithful
the approximation is, and the resulting model will have computational complexity
Opm2 nq.
More recent approaches turn to stochastic variational inference methods instead.
These techniques are significantly more scalable since they rely on stochastic gradient
descent, and only process the data in smaller subsamples. In variational inference, a
lower bound on the true log marginal likelihood is maximized, which is equivalent to
minimizing the Kullback-Leibler divergence between a variational approximation to
the posterior and the exact posterior distribution over latent function values. Titsias
(2009) presented the first variational approach to learning a sparse GP model, where
treating the inducing inputs as variational parameters reduced overfitting. This
approach was extended by Hensman et al. (2013), who derive a stochastic variational
GP posterior over the inducing variables that properly factorizes, so that stochastic
gradient descent can be applied. This is noteworthy, as normally the GP marginal
likelihood does not admit a factorization over individual data points, precluding the
use of stochastic optimization methods. The overall complexity of this approach is
now only Opm3 q, with no direct dependence on the data size, allowing scaling to
large n. However, m may still need to be large in some cases in order to increase the
17

accuracy of the approximation. This idea has since been further refined to handle
non-conjugate models, where sampling methods are used to compute non-conjugate
expectations (Dezfouli and Bonilla, 2015; Hensman et al., 2015a,b), allowing the use
of large-scale GPs in more sophisticated models. Development of GP models that
are both flexible and scalable is still a very active field of research.

1.4 Outline
Having provided some background on clinical prediction models, machine learning
in healthcare, EHRs, and GPs, we now outline the remainder of this dissertation.
In Chapter 2, we present several novel Gaussian process-based models for clinical
time series in the context of chronic disease management. We show how a flexible
GP-based model for univariate time series can be extended to also jointly model
time-to-event data, or to instead model multivariate time series. Work in this chapter
previously appeared in Futoma et al. (2016b) and Futoma et al. (2016a), and was in
collaboration with Mark Sendak, Blake Cameron, and Katherine Heller.
In Chapter 3, we present a novel methodology for tying together multi-output
Gaussian processes for multivariate time series to deep recurrent neural networks
from deep learning. We apply this model to early detection of sepsis, and show how
this approach offers improved predictive performance over standard deep learning
methods for time series data, as well as other baseline methods and clinical scores.
Work in this chapter previously appeared in Futoma et al. (2017b) and Futoma et al.
(2017a), and was in collaboration with Sanjay Hariharan, Mark Sendak, Nathan
Brajer, Armando Bedoya, Meredith Clement, Cara O’Brien, and Katherine Heller.
In Chapter 4, we present preliminary work in progress, and transition from predictive to prescriptive modeling. We apply the Gaussian Process adapter from Chapter
3 to a reinforcement learning (RL) framework, where the goal is to learn an optimal treatment regime for improving treatment of sepsis. We show that use of the
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GP adapter leads to a higher value policy with potentially lower mortality than the
physician policy used to generate the data. Exploratory analyses suggest that the
GP adapter acts as a data augmentation technique that helps stabilize the learning.
A preliminary version of this work appeared in Futoma et al. (2017c), and was in collaboration with Mark Sendak, Anthony Lin, Armando Bedoya, Meredith Clement,
Cara O’Brien, and Katherine Heller.
Finally, we conclude in Chapter 5 with a summary of contributions of this work,
along with some final considerations on areas for future research to aid in the deployment of machine learning into real clinical practice.

19

2
Gaussian Process Models for Chronic Kidney
Disease Management

2.1 Introduction
With the dawn of precision medicine, accountable care, and alternative payment
models it will become increasingly important for healthcare organizations to make
accurate predictions about individual patients’ future health risks to improve quality
and contain costs (Centers for Medicare and Medicaid Services, 2016). In particular,
managing patients with complex chronic diseases such as cardiovascular disease, diabetes, and chronic kidney disease is especially difficult, as selection of optimal therapy
may require integration of multiple conditions and risk factors that are considered in
isolation under current approaches to care. Further, patients with multiple chronic
conditions are among both the most expensive and highest utilizers of healthcare
services (Johnson et al., 2015).
Accountable care organizations (ACOs) are organizations that bear financial responsibility for the quality and total cost of healthcare services provided to a defined
population of patients. In order to deliver the right care at the right time in the right
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setting, ACOs need personalized prediction tools that identify individual patients in
their populations at greatest risk of having poor clinical outcomes (Parikh et al.,
2016; Bates et al., 2014). Most ACOs currently lack these capabilities (Leventhal,
2016). However, with the widespread adoption of electronic health records (EHRs),
much of the data necessary to build such tools are already being collected during
the course of routine medical care. In order to be clinically useful, such tools should
be flexible enough (1) to accommodate the limitations inherent to operational EHR
data (Hersh et al., 2013); (2) to update predictions dynamically as new information
becomes available; and (3) to scale to the massive size of modern health records.
We collaborated with Duke Connected Care, the ACO affiliated with the Duke
University health system, to develop predictive tools for chronic kidney disease
(CKD). CKD is characterized by a gradual and generally symptomless loss of kidney
function over time. CKD and its complications cause poor health, premature death,
increased health service utilization, and excess economic costs. CKD is defined and
staged by the degree to which a person’s estimated glomerular filtration rate (eGFR)
is impaired. eGFR is an approximation of overall kidney function and is calculated
using a routinely obtained clinical laboratory test (serum creatinine or cystatin C)
and demographic information (age, sex and race) (Levey et al., 2009; Kidney Disease: Improving Global Outcomes CKD-MBD Work Group, 2009). Most clinical
laboratories report eGFR automatically with every serum creatinine measurement.
In addition, a number of other routinely measured laboratory values may be used to
help detect abnormal or declining kidney function.
Healthcare providers struggle at many levels to provide optimal care for patients
with CKD. First, the majority of healthcare providers fail to recognize the presence of
CKD, despite the fact that CKD can be readily identified using simple, eGFR-based
laboratory criteria (Szczech et al., 2014; Tuot et al., 2011; Allen et al., 2011). Second,
among those patients with recognized CKD, both primary care providers and kidney
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specialists struggle to predict which patients will progress to kidney failure (requiring dialysis or kidney transplantation to survive) or suffer from other complications
caused by CKD, such as early death from heart attack or stroke (Mendelssohn et al.,
2011). Third, providers often fail to prescribe appropriate preventive treatment to
slow disease progression or address complications (Smart et al., 2008). Medications
such as RAAS drugs can slow progression of CKD if used early enough, while patient
counseling and advanced planning can reduce the physical and psychological trauma
when kidney failure is imminent.
These traits make CKD an ideal condition to develop disease progression models
that can be used in high-impact care management programs. The difficulties with
CKD care are best explained with a representative clinical case, illustrated in Figure
2.1. A 47 year-old man makes first contact with the health system for emergency
treatment of a stroke. Though he presents with normal kidney function, he possesses
several risk factors for developing CKD. Over the next few years, his kidney function rapidly deteriorates (normal annual rate of kidney function loss at his age is
only about 1-2 mL/min). However, his kidney disease goes unnoticed due to other
more pronounced medical conditions, and he does not receive any treatment to slow
progression to total kidney failure. At age 52 he is finally referred to a kidney specialist, more than a year after his kidney function has fallen below the recommended
threshold for such a referral. By now, it is too late to make advanced preparations
for kidney failure, such as pre-emptive kidney transplantation or at-home dialysis,
and kidney failure is inevitable. Within a few months of this first specialist appointment, he requires hospitalization for emergency dialysis initiation, a traumatic
procedure that also makes him among the most expensive type of patient to treat
(Johnson et al., 2015). While on dialysis over the next decade he suffers several
cardiovascular complications before ultimately dying at age 63. A care management
program utilizing individualized predictions from a disease progression model, like
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Figure 2.1: 15-year clinical course of an example patient who experienced both
a rapid progression of CKD and a number of other serious health events. Y-axis
indicates estimated glomerular filtration rate (eGFR), an estimate of overall kidney
function (60-100 is normal, ă60 indicates clinically significant kidney disease). Xaxis indicates patient age in years. Markers indicate health service use and adverse
events. The models we develop allow us to jointly model progression of CKD, as well
as the association between the disease progression and risk for adverse events.

the one developed in this work, might have been able to act upon the multiple missed
opportunities from this patient story.
However, predicting future disease trajectory is an extremely challenging problem. One difficulty is the many underlying sources of variability that can drive the
different potential manifestations of the disease. For instance, the underlying biological mechanisms of the disease can give rise to latent disease subtypes, or groups of
individuals with shared characteristics (Saria and Goldenberg, 2015). For most com-
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plicated diseases, there are no clear definitions of subtypes, so this must be inferred
from the data. In addition, there are individual-specific sources of variability that
may not be directly observed, such as behavioral and genetic factors, environmental
conditions, or temporary infections. Another challenge is the fact that observations
are irregularly sampled, asynchronous, and episodic, precluding the use of many
time series methods developed for data regularly sampled at discrete time intervals.
The large degree of missing data, especially when modeling multivariate longitudinal
data, also presents complications. The task is made even more difficult when the
primary data source is the EHR rather than a curated registry, as even selecting a
relevant cohort of patients to model can take extensive review by a clinical expert.
2.1.1

Overview of Models

Our aim in this chapter is to develop flexible and broadly applicable statistical models
for longitudinal clinical data, in order to provide individualized predictions about the
future trajectory of a disease. Two fundamental ideas motivate the development of
the two main models developed in this chapter.
The first is that accurate determination of the risk of developing serious complications associated with a disease or its comorbidities may be more clinically useful than
prediction of future disease trajectory in some cases. To this end, in the first part of
this chapter we propose statistical methods that model both the risks of future loss
of kidney function and the risks of future complications or adverse health events.
The predictions from these models can then be used by healthcare organizations to
connect high-risk patients to appropriately targeted interventions. Since the broad
aim is to predict which patients will worsen in the near future, we need to model
associations between CKD and the multitude of various health outcomes that could
occur. CKD frequently coexists with and contributes to cardiovascular disease. In
fact, most patients with advanced CKD pass away from cardiovascular complications
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before the onset of kidney failure. In this article, we choose to focus on two common
types of adverse cardiovascular events: heart attacks (acute myocardial infarctions
[AMIs]) and strokes (cerebrovascular accidents [CVAs]). We will present a Bayesian
joint model that flexibly captures the eGFR trajectory of CKD progression, while simultaneously learning the association between disease trajectory and cardiovascular
events.
The second idea underpinning the model developed in the second half of the
chapter is that for many complex chronic diseases with high heterogeneity, there is not
always a single readily available biomarker to quantify disease severity. Additionally,
even when such a clinical variable exists, there are often additional related biomarkers
that may help improve prediction of future disease state. To this end, in the second
half of this chapter we propose a statistical model for multivariate clinical time
series that not only accurately models related time-varying clinical variables, but also
leverage information between them to improve prediction of the disease trajectory
of interest. For instance, in our particular application to CKD, while eGFR is the
primary biomarker of interest, prediction of other labs can also be clinically useful.
Both methods we will present in this chapter utilize a hierarchical latent variable
model. Each patient is represented by a set of latent variables characterizing both
their disease trajectory, and either their risk of having adverse cardiac events (for
the joint model) or capturing dependencies between related multivariate longitudinal
trajectories of other biomarkers. Both models rely on a Gaussian process (GP)
with a highly structured mean function to model each longitudinal variable for each
individual. In the joint model, this GP will be tied to an inhomogeneous Poisson
process that characterizes the rate of (potentially recurrent) events, while in the
multivariate time series model, there will be a different GP for each variable, and the
mean functions for the GPs are made dependent through shared latent variables.
Using our models, we study a large cohort of patients with CKD from the Duke
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University health system EHR. We make predictions about the future trajectory of
their disease severity, as measured by eGFR, along with their risk of cardiovascular
events and predictions about five other commonly recorded laboratory values that
are known to be affected by CKD. We derive stochastic variational inference algorithms to fit the models that scale well to our large dataset, and both models make
accurate predictions that outperform competitive baselines. The model predictions
were eventually utilized by our local accountable care organization in a population
health rounding tool during chart reviews of high risk patients.

2.2 Related Work
2.2.1

Clinical Prediction Models for Kidney Disease

The vast majority of clinical prediction models developed in the medical literature
are cross-sectional, and only consider features at or up until the current time to
predict outcomes at a fixed point in the future. These models only attempt to
explain variability in the outcome of interest by conditioning on baseline covariates.
This precludes the ability to generate dynamic individualized predictions, making
them difficult to use for medical decision making in practice. Tangri et al. (2011) is
a widely cited Cox proportional hazards model for predicting time to kidney failure,
and was one of the first developed renal prediction models. Several review articles
provide a summary of clinical prediction models developed for kidney disease, and
all are cross-sectional and either logistic or Cox regressions (Tangri et al., 2013;
Echouffo-Tcheugui and Kengne, 2012).
2.2.2

Related Machine Learning Models in Healthcare

Within the statistics and machine learning communities, Markov models of many varieties are frequently used to generate dynamic predictions, e.g. autoregressive models, hidden Markov models (HMMs), and state space models (Murphy, 2012). How26

ever, these methods are generally only applicable in settings with discrete, regularlyspaced observation times, and in most applications the data consists of a single set
of multivariate time series (e.g. financial returns), not a large collection of irregularly sampled time series as in our setting with disease or lab trajectories. A notable
exception is Liu et al. (2015), which applies a continuous-time analogue of HMMs
to model disease progression in glaucoma. GPs are much more commonly used in
settings with continuous time observations; Roberts et al. (2013) presents a thorough overview. Since they are prior distributions over functions, they are a natural
modeling choice for disease trajectories, however, accurate forecasts for GPs require
careful specification of the mean functions (Shi et al., 2005).
There are many related works that tackle the problem of dynamic predictions for
medical applications. Rizopoulos (2011) construct models with a focus on updating
dynamic predictions about time to death as more values of a longitudinal biomarker
are observed. They also account for individual heterogeneity using random effects.
Related work in this area uses a mixture model to address heterogeneity (ProustLima and Taylor, 2009). Other work uses multitask GPs to model multivariate
longitudinal clinical data from the Intensive Care Unit (ICU) (Durichen et al., 2015;
Ghassemi et al., 2015). However, these works use independently trained models for
each patient and do not hierarchically share any information across patients. This
worked well in their examples, since in the ICU there is a relatively large number of
observations per subject, but would not work as well with our much sparser EHR data
for chronic disease patients. On a different note, Lian et al. (2015) use hierarchical
point processes to predict hospital admissions, and Ranganath et al. (2015) develop
a dynamic factor model to learn relationships between diseases and predict future
diagnosis codes. Most similar to our work is Schulam and Saria (2015), and we build
off of their model for a univariate marker of disease trajectory that uses a GP with
a highly structured mean function. Closest to our work in the application is Perotte
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et al. (2015), who explore using time-series models to predict progression from CKD
stage 3 to stage 4 in CKD patients. They use a standard Kalman filter to model
multivariate laboratory data, which will not be as flexible as our GP-based models.
2.2.3

Joint Models for Longitudinal and Survival Data

There is a rich literature in biostatistics on joint models for longitudinal data and
survival data, i.e. time-to-event data with right censoring. See Rizopoulos (2012)
for a thorough introduction to these types of joint models. These models are constructed by specifying conditionally independent submodels for the longitudinal and
time-to-event data; typically, some form of linear mixed effects model is used to
model the longitudinal data, and a Cox regression is used for the survival data. The
two submodels are then linked together in some fashion. The most common way this
is accomplished is by using the unknown latent mean of the longitudinal model as a
time-varying predictor in the Cox model. Other options also exist; Rizopoulos et al.
(2014) consider different links between the submodels, and combine the resulting
predictions using Bayesian model averaging. A slightly different class of joint models
is presented in Proust-Lima et al. (2014). These models differ in that instead of the
longitudinal value directly influencing the event rate, they consider latent subpopulations of individuals within which it is assumed there is a different average profile
of both the longitudinal value and risk of the event. Most directly relevant to our
joint modeling work in this chapter are methods for modeling longitudinal data and
recurrent event data (Han et al., 2007; Liu and Huang, 2009; Kim et al., 2012; Musoro et al., 2015; Mbogning et al., 2015). Unlike traditional joint modeling in which
an adverse event either never occurs or only occurs once, in this setting events may
occur multiple times. This more accurately reflects the clinical setting in which our
models will be used, since a patient who has a cardiovascular event is more likely to
have additional events in the future.
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However, all of these methods share several notable weaknesses. The specified
parametric forms for their longitudinal models are simplistic, all being mixed effects
models. Such models are inflexible and will fail to capture the types of trajectories
that our proposed model can, through its mixture model and both long and shortterm individual-specific deviations. In addition, these works as well as most of the
literature on joint models rely on computationally expensive inference algorithms,
thereby limiting their use to small datasets. Typically expectation-maximization
(EM) or gradient-based methods are employed for Maximum Likelihood Estimation,
or computationally expensive Markov Chain Monte Carlo (MCMC) in Bayesian settings. It is uncommon to find a published joint model applied to a dataset of more
than a few thousand patients; a rare exception is Soleimani et al. (2017), which
appeared after the initial development of the work in this chapter. The scalable
variational inference algorithm developed in this chapter is much more efficient, facilitating use in large-scale clinical applications using EHRs, where there may be tens
or hundreds of thousands of patients.

2.3 Proposed Joint Model
Our proposed hierarchical latent variable model jointly models longitudinal and point
process data by creating different submodels for each type of data, with shared latent variables for each patient inducing dependencies between their two data types.
i
Assume there are N patients, let yi “ tyij uN
j“1 denote the Ni observed readings of

Ki
i
eGFR for patient i at times ti “ ttij uN
j“1 , and let ui “ tuik uk“1 denote the Ki car-

diac events patient i experiences (note that Ki may be 0). Let xi denote a vector
of covariates measured at baseline (e.g. age, gender, race, other comorbidities). Let
Ti´ be the time patient i is first seen in our sample of their health record, and Ti`
the final time they are observed. Let zi , bi , fi and vi be a set of shared hierarchical
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latent variables for each patient i, to be defined subsequently. Conditioned on these
latent variables to be learned during inference, we make a common conditional independence assumption in joint modeling that the conditional likelihood for patient i
factorizes (we implicitly condition on xi throughout):
ppyi , ui |zi , bi , fi , vi , q “ ppyi |zi , bi , fi qppui |zi , bi , fi , vi q.
2.3.1

(2.1)

Longitudinal Submodel

We use a recently proposed model for disease trajectories for our longitudinal submodel that was shown to be extremely flexible and accurate at modeling continuous
functions of disease progression (Schulam and Saria, 2015). Given the set of latent
variables for patient i, the longitudinal variables are conditionally independent, i.e.
ś i
ppy|zi , bi , fi q “ N
j“1 ppyij |zi , bi , fi q. The model assumes each observed longitudinal
value is a normally distributed random variable containing a population component,
a subpopulation component, an individual component, and a structured noise component:
iid

yi ptq “ mi ptq ` i ptq, i ptq „ N p0, σ2 q
mi ptq “ Φp ptqJ Λxip ` Φz ptqJ βzi ` Φl ptqJ bi ` fi ptq.

(2.2)
(2.3)

The first term in Equation 2.3 is the population component, where Φp ptq P Rdp is a
fixed basis expansion of time, Λ P Rdp ˆqp is a coefficient matrix, and xip P Rqp is a
vector of baseline covariates.
The second term in Equation 2.3 is the subpopulation component, where it is
assumed person i belongs to latent subpopulation zi P t1, . . . , Gu. Each subpopulation is associated with a unique disease trajectory represented using B-splines, in
particular, Φz ptq P Rdz is a fixed B-spline basis expansion of time with βg P Rdz the
coefficient vector for group g, and B “ tβg uG
g“1 . We assign zi a multinomial logistic
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regression prior that depends on baseline covariates xiz P Rqz :
exptwgJ xiz u

ppzi “ gq “ řG

g 1 “1

exptwgJ1 xiz u

,

(2.4)

where W “ twg uG
g“1 are regression coefficients with w1 ” 0 for identifiability.
The third term in Equation 2.3 is the individual component, allowing for individualspecific long-term deviations in trajectory that are learned dynamically as more data
is available. Φl ptq P Rdl is a fixed basis expansion of time, and bi P Rdl is a random
effect for patient i, with prior bi „ N p0, Σb q.
Finally, fi ptq is the structured noise process that captures transient trends in disease trajectory. This is modeled using a zero-mean Gaussian process with OrnsteinUhlenbeck covariance function
KOU pt1 , t2 q “ σf2 expt´

|t1 ´ t2 |
u.
l

(2.5)

This kernel is well-suited for this task, as it is mean-reverting and has no long-range
dependence between deviations (Schulam and Saria, 2015). We could equivalently
formulate this model as a GP with a highly structured mean function given by the
first three terms in Equation 2.3.
2.3.2

Point Process Submodel

i
We choose to model the times ui “ tuik uK
k“1 that a person has an adverse event as

a Poisson process. A common choice for the rate function from related literature
in survival analysis corresponds to the hazard function from the Cox proportional
hazards model. We make this choice in this work, for reasons both of simplicity and
also computational efficiency as we discuss later. The conditional likelihood for the
i
Poisson process for patient i on the interval rTi´ , Ti` s, with events at times tuik uK
k“1 ,

31

is given by:
Ki
ź

ż Ti`
ri ptqdtu,

(2.6)

ri ptq “ r0 ptq exptγ J xir ` αmi ptq ` δm1i ptq ` vi u.

(2.7)

ppui |zi , bi , fi , vi q “

ri puik q expt´
Ti´

k“1

where we specify the rate function for patient i as:

We assume that r0 ptq is a piecewise constant function with jumps at fixed quantiles
qr
r
specifies the
of the event times, and heights a “ tal uN
l“1 . The parameter γ P R

association between baseline covariates xir P Rqr and the risk for an event, while
parameters α and δ specify the association between the risk for an event and the
expected mean and expected slope of the longitudinal variable at that time, respectively. Note since fi ptq with an OU kernel is not differentiable, we let m1i ptq ”

d
m ptq
dt i

be the sum of the slopes of the first three terms in Equation 2.3. Finally, the latent
variable vi , with prior vi „ N p0, σv2 q, represents an additional random effect (called
a frailty term in survival analysis), multiplicatively adjusting an individual’s overall
risk for events. In order to compute the likelihood, we must compute the definite
integral in Equation 2.6 numerically. We find that the trapezoid rule works fine,
although other options such as Gaussian quadrature are also possible. The full set
of model parameters to be learned are Θ “ tΛ, W , B, a, γ, α, δu

2.4 Variational Inference for Joint Models
As with most complex probabilistic generative models, the computational problem
associated with fitting the model is estimation of the posterior distribution of latent
variables and model parameters given the observed data. Exact computation of the
posterior is intractable, and requires approximation to compute. To this end, we
develop a mean field variational inference algorithm to approximate the posterior
distribution of interest (Jordan et al., 1999).
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Variational methods transform the task of posterior inference into an optimization problem. The optimization problem posed by variational inference is to find
a distribution q in some approximating family of distributions that is close in KL
divergence to the true posterior. The choice of approximating family aims to balance
tractability, allowing for efficient computation, with flexibility, allowing for expressive
approximations to the true posterior. Equivalently, the problem can be viewed as
maximizing what is known as the evidence lower bound (ELBO) Lpqq, which forms
a lower bound on the marginal likelihood ppy, uq of our model (Bishop, 2006):
log ppy, uq ě Lpqq

(2.8)

” Eq rlog ppy, u, z, b, f , v, Θq ´ log qpz, b, f , v, Θqs

(2.9)

“ Eq rlog qpy, u|z, b, f , v, Θqs ´ KLpqpz, b, f , v, Θq||ppz, b, f , v, Θqq.
(2.10)
Equation 2.10 expresses the ELBO in terms of the expected log-likelihood of the data
Eq rlog qpy, u|z, b, f , v, Θqs, and the KL divergence between the prior ppz, b, f , v, Θq
and the approximate posterior qpz, b, f , v, Θq. This variational objective mirrors the
usual balance between likelihood and prior, as this first term encourages densities
that place mass on settings of the latent variables and parameters that well explain
the data, while the second term regularizes by encourages densities close to the prior.
2.4.1

Variational Approximation

Recall for our model that the model parameters are Θ “ tΛ, W , B, a, γ, α, δu, and
the local latent variables specific to each person are their subpopulation assignment
zi , random effects bi and vi , and structured noise function fi . The joint distribution
for our model can be expressed as:

ppy, u, z, b, f , v, Θq “ ppΘq

N
ź

ppyi |zi , bi , fi , Θqppui |zi , bi , fi , vi , Θqppzi |Θqppbi qppfi qppvi q

i“1

(2.11)
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We make the mean field assumption for the variational distribution, which assumes
that in the approximate posterior q, all the latent variables are independent. This
ś
implies that qpz, b, f , v, Θq “ qpΘq N
i“1 qi pzi , bi , fi , vi q, where:
qi pzi , bi , fi , vi q “ qi pzi |νzi qqi pbi |µbi , Σbi qqi pvi |µvi , σv2i qqi pfi q.

(2.12)

The assumed variational distributions for zi , bi , and vi are the same family as their
prior distribution, i.e. multinomial, multivariate normal, and univariate normal. For
the variational form for fi , we adapt ideas from the variational learning for sparse
GPs literature to approximate the true posterior over fi (Lloyd et al., 2015; Titsias,
2009). In order to evaluate the ELBO in Equation 2.10, we will need to evaluate
Eqi rfi s at times ti for the longitudinal likelihood, as well as at ui and at a grid of times
tgrid
for the point process likelihood (for the numerical integration). We choose to
i
treat the observed observation times ti as pseudo-inputs; this helps reduce overfitting
and reduces the number of variational parameters to learn. In particular, we assume:
qi pfi pti q, fi pui q, fi ptgrid
qq “ ppfi pui q, fi ptgrid
q|fi pti qqqpfi pti q|µfi , Σfi q.
i
i

(2.13)

We allow a free-form multivariate Gaussian distribution for fi at the longitudinal
observation times ti , and use a so-called conditional Gaussian process for the dis, i.e. the true conditional distribution of the joint multivariate
tribution at ui , tgrid
i
normal:
fi |fi pti q „ GPpµptq, Σpt, t1 qq

(2.14)

µptq “ kt,ti K´1
ti ,ti fi pti q

(2.15)

Σpt, t1 q “ Kpt, t1 q ´ kt,ti K´1
ti ,ti kti ,t1

(2.16)

where Kti ,ti , kt,ti , Kpt, t1 q are matrices/vectors/scalars of covariances between relevant times, using the OU covariance kernel K defined in Equation 2.5.
Although priors on the model parameters Θ may be imposed, i.e. log-normal on
a and normal on the rest, in our work we learn their maximum likelihood estimate
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(MLE) instead, and let qpΘq be a delta function. Thus, the goal of our variational algorithm is to learn optimal variational parameters λi “ tνzi , µbi , Σbi , µvi , σv2i , µfi , Σfi u
for each individual i, as well as a point estimate Θ̂ for the model parameters. In practice, we optimize the Cholesky decompositions Lbi , Lfi for the covariance matrices
Σbi , Σfi .
2.4.2

Evidence Lower Bound

We briefly derive the ELBO for our joint model, which has an exact analytical form
(up to a numerical integration approximation for the integral in Equation 2.6). We
can rewrite the expression for the ELBO in Equation 2.10 as:
Lpqq “

N
ÿ
i“1

Lpqi q,

(2.17)

Lpqi q “ Eqi rlog ppyi |zi , bi , fi , Θq ` log ppui |zi , bi , fi , vi , Θqs
´ KLpqi pbi q||ppbi qq ´ KLpqi pvi q||ppvi qq

(2.18)

´ KLpqi pzi q||ppzi qq ´ KLpqi pfi pti qq||ppfi pti qqq.
Computation of the KL divergence terms are standard. We focus our attention on
the expected log-likelihood, i.e. the first two terms.
The first term in Equation 2.18 is the variational expectation of the log-likelihood
for the longitudinal submodel. To compute this, we need to calculate the variatonal
expectation Eqi rpyi ´ mi pti qqJ pyi ´ mi pti qqs with respect to qi pbi q, qi pzi q, and qi pfi q;
this is straightforward using standard results on the expectation of a quadratic form.
The second term in Equation 2.18 is the variational expectation of the loglikelihood for the point process submodel. We can easily compute Eqi rlog ri puik qs
for each term in the summation in Equation 2.6. In order to compute Eqi rm1i puik qs
we simply use the time derivatives of the bases Φ1p , Φ1z , Φ1l . The only nontrivial term
is Eqi rfi puik qs. However, due to conjugacy, we have an exact variational distribution
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for fi ptq, for arbitrary t:
ż
qi pfi ptqq “ ppfi ptq|fi pti qqqi pfi pti qq ” GPpfi ; µptq, Σpt, t1 qq

(2.19)

1
1
´1
´1
´1
µptq “ kt,ti K´1
ti ,ti µfi , Σpt, t q “ Kpt, t q ´ kt,ti Kti ,ti kti ,t1 ` kt,ti Kti ,ti Σfi Kti ,ti kti ,t1 .
(2.20)

The last term to compute is the variational expectation of the integral in Equation
2.6. Since we approximate it numerically, we need to evaluate Eqi rri ptqs for arbitrary
times t:
Eqi rri ptqs “ r0 ptqeγ

Jx
ir

1

Eqi reαmi ptq`δmi ptq`vi s.

(2.21)

Using the mean field independence assumption, the above expectation of products
factorizes. Some of the terms in the product involve taking expectations of Gaussian distributions; for instance, qi pvi q „ N pµvi , σv2i q, so evi is distributed according
2

to a log-normal, and thus Eqi revi s “ eµvi `σvi {2 . Likewise, expectations involving
exponentials of bi and fi involve multivariate log-normal distributions, since their
variational distributions are multivariate normals. These expectations have closed
forms, since Erys “ eµ`diagpΣq{2 , where y “ ex is multivariate log-normal distributed,
with x „ N pµ, Σq. Thus, the ELBO has an exact analytic form, which will make it
easy to use automatic differentiation to optimize it using gradient-based methods.
2.4.3

Solving the Optimization Problem

In traditional settings for variational inference, the objective function is iteratively
optimized by maximizing the variational parameters associated with each latent variable or parameter, holding the rest fixed. In models where the log complete conditional distributions (log of the conditional distribution of each latent variable given
everything else) have analytic expectations with respect to the variational approximation, closed form EM-style updates are available for the variational parameters.
This convenient property is typically observed in conditionally conjugate models,
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where each log complete conditional will be in the exponential family (Ghahramani
and Beal, 2001).
Recently there have been many approaches to apply variational methods to complex non-conjugate models. Usually, it is intractable to even evaluate the ELBO
analytically, since either the expected log-likelihood term or the KL divergence term
(or both) in Equation 2.10 do not have a closed form. In these cases, variational
algorithms have been developed that rely on sampling from the variational approximation (Ranganath et al., 2014; Rezende et al., 2014). However, because of the
particular form we chose for ri , it is possible to calculate a closed form approximation to the ELBO for our model, as we previously showed. As such, we can simply
apply an automatic differentiation package autograd

1

in Python to compute ana-

lytic gradients in order to optimize the bound. At each iteration of the algorithm,
we optimize the local variational parameters in parallel using exact gradients. To
optimize the global parameters, we turn to stochastic optimization.
Stochastic optimization has become a commonly used tool in variational inference. Rather than using every single observation to compute the gradient of the
ELBO with respect to Θ, we can compute a noisy gradient based on a sampled
batch of observations (Hoffman et al., 2013). As long as the noisy gradient is unbiased and the learning rate ρt at each iteration satisfies the Robbins-Monro conditions
ř
ř8 2
( 8
t“1 ρt “ 8,
t“1 ρt ă 8), the stochastic optimization procedure will converge to
a local maximum (Robbins and Monro, 1951). To set the learning rate we use the
AdaGrad algorithm, which adaptively allows for a different learning rate for each
parameter. The learning rate for each parameter is scaled by the square root of a
running sum of the squares of historical gradients (Duchi et al., 2011).
To compute noisy gradients of the ELBO with respect to Θ, we randomly sample
S observations tys , us uSs“1 at each iteration, and compute the gradient of the rescaled
1

https://github.com/HIPS/autograd
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L̂pqq ”

N
S

řS
s“1

Lpqs q, which equals Lpqq in expectation. Algorithm 1 summarizes

the procedure to learn an approximate posterior for the local latent variables and a
point estimate for the model parameters.
Data: data y, u; hyperparameters.
Result: point estimate Θ̂, approximate posteriors qi .
Initialize global parameters Θ.
repeat
Randomly sample data for S patients, tys , us uSs“1 . for s = 1:S in parallel
do
Optimize local variational parameters for qs via gradient ascent.
end
Compute the noisy gradient for Θ.
Update Θ using AdaGrad.
until convergence of the ELBO;
Algorithm 1: Overview of stochastic variational inference algorithm for the proposed joint model.

2.5 Joint Model Empirical Study
In this section we describe our experimental setup and results on our real dataset.
2.5.1

Chronic Kidney Disease Dataset

Our dataset comprises longitudinal and cardiac event data from 23,450 patients with
stage 3 CKD or higher within the Duke University health system. IRB approval
(#Pro00066690) was obtained for this work. We first created an initial cohort of
roughly 600,000 patients that had at least one encounter in the health system in the
year prior to Feb. 1, 2015. This includes all types of encounters within the health
system, including inpatient, outpatient, and emergency department visits over a span
of roughly 20 years. From this, we filtered to patients who had at least ten recorded
values for serum creatinine, the laboratory value required to calculate eGFR. We next
filtered to patients that had Stage 3 CKD or higher, indicative of moderate to severe
kidney damage, defined as two eGFR measurements less than 60 mL/min separated
by at least 90 days. Finally, since the recorded eGFR values are extremely noisy and
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eGFR is only a valid estimate of kidney function at steady state, we take the mean
of eGFR readings in monthly time bins for each patient. Rapid fluctuations in acute
illness are related to long term risk, but we have not yet explicitly incorporated this
into our modeling.
The adverse events of interest in our experiments are AMIs and CVAs, and these
were identified using ICD-9 codes, with the Clinical Classifications Software2 from
the Agency for Healthcare Research and Quality. After identifying codes for CVAs
and AMIs we aggregate them using the mean date among all relevant codes within
monthly bins, to account for multiple codes in a short time period that refer to
the same clinical event. There are numerous ongoing efforts to develop improved
algorithms to identify chronic medical conditions and incident clinical events using a
wide assortment of clinical data. Our model is agnostic to the particular algorithm
used to identify clinical events.
After cleaning and transforming the raw EHR data, we obtained a longitudinal
set of eGFRs for each patient, and dates of CVA and AMI diagnoses. On average
each patient has 22.9 eGFR readings (std dev 13.6; median 19.0). In order to align
the patients on a common time axis, for each patient we fix t “ 0 to be their first
recorded eGFR reading below 60 mL/min. 13.4% of patients had at least one code
for AMI (among those with at least one: mean 4.1, std dev 7.1, median 2.0), and
likewise 17.4% of patients had at least one code for CVA (mean 6.4, std dev 13.3,
median 3.0). We use the same set of baseline covariates for xip , xiz , xir : baseline age,
race and gender, and indicator variables for hypertension and diabetes. Note that
xip , xiz include an intercept while xir does not.
For the experiments, we used ten fold cross validation with training sets of 21,105
patient records and test sets of 2,345 records. We fit separate joint models for CVA
events and AMI events.
2

http://www.hcup-us.ahrq.gov/toolssoftware/ccs/ccs.jsp
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2.5.2

Evaluation Metrics

After learning a point estimate for the global model parameters during training,
they are held fixed. Then, an approximate posterior is fit to each patient in the test
set, where we allow the learning algorithm to see the first 60% of a patient’s eGFR
trajectory (and any events before then) and hold out the remaining 40% (and future
events). Predictions about future disease trajectory and adverse events are made by
drawing samples from the approximate posterior predictive distribution.
We evaluate our model on two tasks to asses predictive performance of each
submodel. For the longitudinal submodel, we compute the mean squared error (MSE)
and mean absolute error (MAE) for predictions about held-out eGFR values. For
the point process submodel, we view the problem of predicting whether any event
will occur in a given future time window (in our experiments, 1-5 years) as a binary
classification problem. We report the area under the ROC curve (AUROC) and
area under the precision-recall curve (AUPR) as evaluation metrics for each binary
classification task. Calculating the probability of an event in a future time window
şT `c
rTi , Ti ` cs for person i is easily computed as 1 ´ expt´ Tii ri ptqdtu.
2.5.3

Baselines

For the longitudinal submodel, we compare against the model in Schulam and Saria
(2015), since we use their model as our longitudinal submodel. However, because
our model was trained jointly with the point process submodel we do not in general
learn the same model parameters, since the parameters for the learned trajectories
are also influenced by the event data.
For the point process submodel, we compare against two standard baselines. The
first is a simple Cox proportional hazards model from survival analysis, where we use
the same set of time independent covariates xir as in our model. The likelihood is the
same as Equation 2.6, but now ri ptq “ r0 ptq exptγ J xir u. We also compare against a
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Cox model with time-dependent covariates, where ri ptq “ r0 ptq exptγ J xir ` αyi ptqu,
with yi ptq a step function denoting the most recent observed eGFR up until time
t. Due to the lack of scalable inference algorithms for related works from the joint
modeling literature, we were unable to compare against them on our large patient
cohort.
2.5.4

Hyperparameters

We learn point estimates for hyperparameters σ , Σb , σv , σf , l by maximizing the
ELBO with respect to them. Additional hyperparameters include G, Nr , and the
choice of basis expansions Φp , Φz , Φl in the longitudinal submodels. We let Φp and
Φl be linear basis functions of time, thus allowing for population covariates and
individual heterogeneity to shift the intercept and slope of eGFR trajectory. We
let Φz be a B-spline expansion of time with degree two and twelve knots at equally
spaced quantiles of eGFR observation times. We fix G “ 15 and Nr “ 9. Finally, we
set the global scale parameter for AdaGrad to 0.1, and subsample 250 observations at
a time. We experimented with other values for these fixed hyperparameters without
major changes in performance.
2.5.5

Results

Figure 2.2 highlights the results from the longitudinal submodel, where we present
the mean MSEs and MAEs across the test sets. The longitudinal submodel from our
joint model performs slightly better than the method of Schulam and Saria (2015)
fit independently to the eGFR values. Figure 2.3 highlight the results from the point
process submodel. Our proposed joint model performs substantially better than the
two baselines at predicting future events, in terms of both AUROC and AUPR.
In addition, in this dataset it appears that prediction of CVA events is slightly
easier than prediction of AMIs. For the CVA joint model, we estimate that α “
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Figure 2.2: Mean MSE and MAE from longitudinal submodels. Error bars are one
standard error.
´0.063 and δ “ ´0.061 while for the AMI joint model, α “ ´0.158 and δ “ ´0.069
(standard errors for all four estimates ă 0.01, from the cross validation). The signs of
these parameters agree with clinical intuition that patients with lower overall eGFR
values and more rapid eGFR declines should be at higher risk for adverse events. It
appears there is a slightly stronger association between eGFR trajectory and risk for
AMIs compared to CVAs.
Figure 2.4 shows an example of dynamic predictions over time for a test patient.
In the three rows of the figure, we make predictions about the test patient after
observing the first 25%, 50% and 75% of their disease trajectory and adverse events
(in this example, CVAs). For each row we relearn the patient’s parameters using
information to the left of the vertical light blue line. As we observe more data,
the longitudinal model updates its prediction about future disease trajectory and
provides a reasonable forecast for the steady decline of this patient’s eGFR. In the
second row, as the model sees that the patient’s trajectory is decreasing faster than
in the first row, it correspondingly increases the probability of a future event. In the
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Figure 2.3: Mean AUROC and AUPR for CVA and AMI events. Blue is proposed
Joint Model, red is Cox, green is time-varying Cox. Error bars are one standard
error.
third row, after the model sees the patient’s first CVA event, it further increases the
probability of a future event.

2.6 Proposed Multivariate Disease Trajectory Model
We now transition to the second model considered in this chapter. Our interest now
is in using the trajectories of other relevant labs to improve our predictions about
the future trajectory of a target clinical marker, in our case eGFR. Predictions about
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Figure 2.4: Dynamic predictions from our joint model. In each row, the parameters
for this individual are refit as more data is made available (information to the left
of the light blue lines is used to refit parameters). Blue circles and x’s correspond
to observed eGFR readings and CVA events, while green correspond to yet-unseen
data.
the future trajectories of the other clinical variables can also be useful on their own.
Figure 2.5 shows additional clinical data from the same patient in the beginning
of this chapter, in Figure 2.1. Although predicting decline in future eGFR is our
ultimate goal, information contained in the other five lab variables help paint a
better overall clinical portrait of this patient.
Our proposed hierarchical latent variable model jointly models each patient’s
multivariate longitudinal data by using a GP for each individual variable, with shared
latent variables inducing dependence between the mean functions. In the univariate
setting, our model reduces to the method in Schulam and Saria (2015) that we used
as our longitudinal submodel in the joint model presented earlier in this chapter.
The presentation of our model for multivariate clinical markers is similar to that
of the longitudinal submodel in Section 2.3.1. Let yi ptq “ pyi1 ptq, . . . , yiM ptqqJ P RM
denote the M ´dimensional trajectory of measurements obtained for individual i, let
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Figure 2.5: Clinical course of a patient who experienced a rapid progression of
CKD (the same patient from Figure 2.1). Top plot shows estimated glomerular filtration rate (eGFR), an estimate of kidney function (60-100 is normal, ă60 indicates
clinically significant kidney disease). The bottom plot shows the trajectory of five
other clinical labs relevant to kidney disease.
im
be the nim observations for variable m at times timj for this
yim “ tyim ptimj qunj“1

individual, and let yi “ tyim uM
m“1 . Let ci , zi “ pzi1 , . . . , ziM q, bi “ pbi1 , . . . , biM q,
and fi “ pfi1 , . . . , fiM q be latent variables specific to individual i, to be defined
shortly, and let xi P Rq denote baseline covariates. We will make a similar conditional
independence assumption for each person’s longitudinal variables that we did for the
joint model, and assume they factorize into submodels:

ppyi |ci , zi , bi , fi q “

M
ź

ppyim |ci , zim , bim , fim q.

m“1
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(2.22)

For each longitudinal variable, we propose the following generative model:
2
yim ptq „ N pµim ptq, σm
q

(2.23)
pmq

J pmq
J pmq
xi ` Φpmq
µim ptq “ Φpmq
z ptq βzim ` Φl
p ptq Λ

ptqJ bim ` fim ptq

(2.24)

´1
fim ptq „ GPp0, Km q, Km pt, t1 q “ a2m expt´lm
|t ´ t1 |u

(2.25)

zim |ci „ MultinomialpΨpmq
ci q

(2.26)

with priors on latent variables shared across all M submodels:
J

ewg xi

ci „ Multinomialpπi q, πig “ řG

g 1 “1 e

wgJ1 xi

bi “ pbi1 , . . . , biM qJ „ N p0, Σb q.

(2.27)
(2.28)

Overall, this model is extremely similar to the longitudinal submodel in Equations
2.2 and 2.3. Each variable has its own submodel of this form, with information being
shared across models through joint priors.
The first term in the mean in Equation 2.24 again admits population-level fixed
effects for each lab using observed baseline covariates xi P Rq , e.g. gender, race, age
(assume we use the same set of baseline covariates for each variable m). Analogous
pmq

to before, Λpmq P Rdpm ˆq is a coefficient matrix with Φp ptq P Rdpm a basis expansion
of time; in practice we use the same linear expansion of time with dpm “ 2 so this
term allows for a fixed intercept and slope for all labs.
Again as previously, the second term in Equation 2.24 is a subpopulation component, where it is assumed individual i’s trajectory for variable m belongs to a latent
subpopulation, denoted zim P t1, . . . , Gm u. Each subpopulation is associated with a
pmq

unique trajectory; in particular, Φz ptq P Rdzm is a fixed B-spline basis expansion
of time (for simplicity, assumed to be the same for each variable: degree two, with
pmq

the same eight interior knots evenly spaced in time) with βg
vector for subpopulation g and variable m.
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P Rdzm the coefficient

The prior for each zim in Equation 2.26 depends on the individual’s “global”
cluster ci P t1, . . . , Gu. Drawing on ideas from latent structure analysis for multivariate categorical data (Lazarsfeld and Henry, 1968), the ci induce dependence
among the M trajectory-specific clusters zim when marginalized, as they have condipmq

tionally independent multinomial priors. Each of the G columns Ψg

in the matrix

Ψpmq P RGm ˆG defines a distribution over the Gm values that zim can take. The ci
then has a multinomial logistic regression prior in Equation 2.27 that depends on
the baseline covariates xi , where twg uG
g“1 are regression coefficients with w1 ” 0 for
identifiability. It is possible to construct an even more complex model where the priors for zim also depend directly on covariates xi as well as on Ψpmq , but this greatly
increases the number of parameters and did not appear to improve performance.
The third term in Equation 2.24 is again a random effects component, allowing for
individual-specific long-term deviations in trajectory that are learned dynamically as
pmq

more data becomes available. In practice Φl

ptq P Rdlm is a linear expansion of time

with all dlm “ 2, so that bim P Rdlm is a random slope and intercept vector for patient
i. The only difference with the analogous random effect term in the univariate version
of the model is that the overall vector bi has a multivariate normal prior distribution
in Equation 2.28, making the random effects dependent across labs.
Finally, Km pt, t1 q in Equation 2.25 is again the OU covariance function for a GP
modeling short-term fluctuations for each variable, with parameters am , lm . Note that
as previously we can alternatively express our model as a GP with highly structured
pmq

pmq

pmq

pmq

mean function, µim ptq „ GPpΦp ptqJ Λpmq xi ` Φz ptqJ βzim ` Φl

ptqJ bim , Km q.

However, it will again be more convenient to explicitly represent the short-term
deviations fim from the GP in order to learn them directly during inference.
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2.6.1

Variational Inference

As for the joint model presented earlier in the chapter, we will fit our multivariate
GP model using stochastic variational inference. The setup is incredibly similar to
the presentation in Section 2.4, so we leave out most of the details.
(
The model parameters to be learned are Θ “ tΛpmq , B pmq , Ψpmq , ap , lp , σp2 uPp“1 , W , Σb ,
and the local latent variables specific to each person are their global cluster assignment ci , subpopulation assignments zip , random effects bi and structured noise
functions fip . The joint distribution for our model can be expressed as:
ppy, z, b, f , c, Θq “ ppΘq

N
ź

ppbi |Θqppci |Θq

M
ź

ppyim |zim , bim , fim , Θqppzim |ci , Θqppfim |Θq

m“1

i“1

(2.29)
We again make a mean field assumption for the variational distribution, so all latent
variables are independent in the approximate posterior. This implies qpz, b, f , c, Θq “
ś
qpΘq N
i“1 qi pci , zi , bi , fi q, where:

qi pci , zi , bi , fi q “ qi pci |νci qqi pbi |µbi , Σbi q

M
ź

qi pzim |νzim qqi pfim |µfim , Σfim q.

(2.30)

m“1

The assumed variational distributions for each latent variable are in the same family
as their prior distribution, i.e. ci and zim are multinomials, and bi is multivariate
normal. For fim we use a multivariate normal evaluated at all times at which variable
m is observed for patient i. To evaluate fim at additional times e.g. during model
evaluation we use the conditional GP framework and treat the observed values as
pseudo-inputs, from the sparse GP literature (Titsias, 2009), analogous to how fi
was treated for the joint model in Section 2.4. Finally, for all model parameters
Θ we learn a point estimate, so their variational distributions are delta functions.
We impose vague normal priors on Λpmq , B pmq , and W , a uniform prior on Ψpmq ,
and learn MLEs for other parameters. Thus, the goal of our variational algorithm is
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to learn optimal variational parameters λi “ tνci , µbi , Σbi , tνzim , µfim , Σfim uM
m“1 u for
each individual i, as well as a point estimate Θ̂ for model parameters. In practice,
we optimize Cholesky decompositions of covariance matrices.
We again use the automatic differentiation package autograd in Python to compute exact gradients in order to optimize the lower bound, since the lower bound has
an analytic closed-form expression. We again use stochastic variational inference, so
that at each iteration of the algorithm, we optimize the local variational parameters
for a mini-batch of patients using exact gradients, and then update global parameters
with a stochastic gradient (Hoffman et al., 2013). To set the learning rate we use
RMSProp, which adaptively allows for a different learning rate for each parameter
(Hinton et al., 2012).

2.7 Multivariate Trajectory Model Empirical Study
In this section we describe our experimental setup and results on our dataset.
2.7.1

Dataset

Our dataset contains laboratory values from 44,519 patients with stage 3 CKD
or higher extracted from the Duke University Health System EHR. IRB approval
(#Pro00066690) was obtained for this work. This data is a superset of the dataset
for the joint modeling in Section 2.5.1, the difference being that for this work we
only filtered to patients who had at least five recorded values for serum creatinine
(rather than ten).
We chpse to model five additional related lab values that have important clinical
significance for CKD. The first, serum albumin, is an overall marker of health and
nutrition. The second, serum bicarbonate, can indicate acid accumulation from
inadequate acid elimination by the kidney, and acidosis is a complication commonly
treated. The third, serum calcium, can indicate improperly functioning kidneys if
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levels are too high, and is monitored and treated. The fourth, serum phosphorus, can
indicate phosphorus accumulation due to inadequate elimination by the kidney, and
is associated with cardiovascular death and bone disorders. Finally, urine albumin
to creatinine ratio (ACR) is a risk factor and cause of kidney failure (we use a log
transform following common practice). While all 44,519 patients have at least five
eGFR measurements, there are 884, 242, 78, 16159, and 4321 patients who have no
recorded values for the other labs, and the median number of measurements for each
lab (among patients with at least one) is 14, 8, 11, 12, 3, and 4, respectively.
As a final preprocessing step, since the recorded eGFR values are extremely noisy
and eGFR is only a valid estimate of kidney function at steady state, we take the
mean of eGFR readings in monthly time bins for each patient. We also do this to the
other lab values, to reduce the overall noise in short time spans. Future work will
more explicitly model periods of rapid fluctuation and high variance as they may be
related to long term risk. In order to align the patients on a common time axis, for
each patient we fix t “ 0 to be their first recorded eGFR reading below 60 mL/min.
The baseline covariates used for xi were baseline age, race and gender, and indicator
variables for hypertension and diabetes, as well as an overall intercept.
2.7.2

Evaluation

After learning a point estimate for the global model parameters during training,
they are held fixed. Then, an approximate posterior over the local latent variables is
learned for each patient in the held-out test set. Predictions about future lab values
are made by drawing samples from the approximate posterior predictive. We compare
our method with the method of Schulam and Saria (2015), trained independently
to each of the 6 labs. For each test patient, we learn their parameters three times,
using data up until times t “ 1, t “ 2, and t “ 4 (years), each time recording the
mean absolute error (MAE) of predictions for each lab in future time windows (e.g.
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t P p1, 2s, t P p2, 4s, t P p4, 8s, etc). These values are then averaged over all patients
in the test set, and finally averaged over 10 cross validation folds to produce Table
2.1. We use the 10 fold cross validation with one-sided, paired t-tests to test for
statistically significant improvements in performance.
2.7.3

Results

Table 2.1: Mean absolute errors across all labs from 10 fold cross validation. Bold indicates p-value from one-sided, paired t-test comparing methods was ă .05. *,**,***
indicate p ă .01, ă .001, ă .0001, respectively.
Use data up to:
Lab
eGFR
Alb.
Bicarb.
Calc.
Phos.
ACR

Model
Schulam
Proposed
Schulam
Proposed
Schulam
Proposed
Schulam
Proposed
Schulam
Proposed
Schulam
Proposed

t“1
p1, 2s
8.84
8.76**
0.59
0.32***
1.91
1.85
0.71
0.36***
1.02
0.66***
1.15
0.84***

p2, 4s
10.36
10.18***
0.79
0.37***
2.02
1.98
1.02
0.41***
1.28
0.81**
1.30
0.96***

p4, 8s
12.04
11.79***
1.06
0.43***
2.13
2.09
1.56
0.49***
1.44
1.09
1.45
1.11**

t“2
p8, 19s
13.78
13.68
1.49
0.56***
2.27
2.29
2.78
0.61***
1.40
1.62
1.62
1.40

p2, 4s
8.82
8.67**
0.60
0.33***
1.89
1.88
0.72
0.38***
1.11
0.72***
1.14
0.89***

p4, 8s
11.10
10.99*
0.87
0.42***
2.04
2.06
1.21
0.47***
1.33
1.01
1.32
1.09*

t“4
p8, 19s
13.17
13.13
1.27
0.56***
2.20
2.29
2.28
0.61***
1.29
1.46
1.52
1.40

p4, 8s
9.33
9.34
0.62
0.38***
1.90
1.94
0.81
0.42 ***
1.12
0.84*
1.14
0.99*

p8, 19s
12.15
12.18
0.96
0.52***
2.12
2.26
1.55
0.57***
1.15
1.27
1.37
1.31

Table 2.1 displays the results of both methods. We set G “ Gp “ 10, but results were not sensitive to this choice. Our proposed method generally outperforms
Schulam and Saria (2015), especially when less data is used to make predictions
(e.g. t “ 1). This makes sense, as our method is able to learn correlations between
variables to improve predictions. Further, in cases where the methods had to predict future labs for a patient that did not yet have any observed values for that
lab, Schulam and Saria (2015) can only predict using baseline covariates, while our
multivariate approach could also leverage information from the other related labs.
Current clinical practice for managing care of CKD patients uses clinical judgment
alone to predict future disease status. Incorporation of a model such as ours to
predict eGFR trajectory and other labs would provide a useful tool for providers to
assess the risk of future decline in kidney function.
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2.8 Discussion
In this paper, we proposed several classes of Gaussian process-based models for predicting future disease trajectory. We developed a joint model for longitudinal and
recurrent event data, and applied it to modeling trajectories of kidney function with
prediction of adverse cardiac events in patients with CKD. We also proposed a similar model for multivariate clinical markers, with the end goal of improving predictions about a biomarker of interest by leveraging information from other longitudinal
variables. We derived scalable stochastic variational inference algorithms to fit our
proposed models, allowing us to apply them to large datasets of longitudinal patient
data. We showed that our joint model improves predictive performance compared to
competitive baselines for each of the longitudinal and survival submodels. Likewise,
we showed that our multivariate trajectory model improves significantly improved
performance over univariate modeling by sharing information across related longitudinal variables.
An important assumption made in this work is that observations of the disease
trajectories considered are missing at random, implying that we do not need to
incorporate information about the sampling model. In future work, we will explore
models where the data are missing not at random, where it is necessary to explicate
assumptions about the missing data mechanism and incorporate it into the trajectory
models.
There are many other directions in which we plan to extend this work as well. Future models will be multivariate in both longitudinal markers and in event processes.
Inclusion of additional longitudinal variables such as blood pressure, albuminuria,
and hemoglobin A1c will be important, since these are well known to be clinically
important for monitoring cardiovascular and kidney health. Incorporation of a larger
number of longitudinal variables will require care in order to ensure tractability, es52

pecially if we choose to model frequently recorded vitals. Jointly modeling multiple
event processes will allow us to learn correlations between different types of events.
More flexible models, particularly for the event processes, should improve model
performance, for instance using Gaussian Process modulated Poisson processes or
Hawkes processes instead of employing the proportional hazards assumption as we
do in this work. Given that much of the data recorded in the EHR is in the form of
administrative billing codes, future work should incorporate these into the models as
well, perhaps in an unsupervised fashion. We also plan to consider models for other
diseases, including diabetes and cardiovascular disease, which are frequently comorbid with CKD. Finally, models incorporating additional outcomes such as medical
costs, hospitalizations, and patient quality of life are of significant practical interest.
The screenshot in Figure 2.6 shows the rounding tool developed with Duke Connected Care, where our predictions helped flag high risk patients for chart review
during rounding sessions. By further refining and deploying a flexible, scalable model
such as ours, ACOs around the country can intervene on high-risk patients and realize
the potential benefits of precision medicine.
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Figure 2.6: Snapshots from our CKD rounding application (with synthetic data).
The top panel shows a pre-rounding table of patients to be rounded on, along with
risk scores and appropriate flags. The middle panel displays patient data and other
relevant information so that this patient’s care can be efficiently managed and an
appropriate intervention made, if applicable. The bottom panel shows a list of tasks
assigned to each group present at rounds.
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3
Combining Multi-output Gaussian Processes with
Deep Learning for Early Diagnosis of Sepsis

3.1 Introduction
Sepsis is a clinical condition involving a destructive host response to the invasion
of a microorganism and/or its toxin, and is associated with high morbidity and
mortality. Without early intervention, this inflammatory response can progress to
septic shock, organ failure and death (Bone et al., 1989). Identifying sepsis early
improves patient outcomes, as risk of mortality from septic shock increases by 7.6%
for every hour that treatment is delayed after the onset of hypotension (Kumar et al.,
2006). Actions such as early fluid resuscitation and administration of antibiotics
within hours of sepsis recognition have been shown to improve outcomes (Ferrer
et al., 2009). It was also recently shown that timely administration of a 3-hour
bundle of care across all patients with sepsis (i.e. blood culture ordered, broadspectrum antibiotics administered, and lactate measurement taken) was associated
with lower in-hospital mortality (Seymour et al., 2017), further emphasizing the
need for fast and aggressive treatment. Clearly, early detection of sepsis poses an
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important problem in medicine. Unfortunately, early and accurate identification of
sepsis remains elusive even for experienced clinicians, as the symptoms associated
with sepsis may be caused by many other clinical conditions (Jones et al., 2010).
Despite the difficulties associated with identifying sepsis, data that could be used
to inform such a prediction is already being routinely captured in the EHR. To this
end, data-driven early warning scores have great potential to identify early clinical
deterioration using live data from the EHR. As one example, the Royal College
of Physicians developed, validated, and implemented the National Early Warning
Score (NEWS) to identify patients who are acutely decompensating (Smith et al.,
2013). In particular, NEWS was developed to discriminate patients at high risk of
cardiac arrest, unplanned ICU admission, or death. Calculation of these sorts of
early warning scores involves comparing a small number of physiological variables
(NEWS uses seven) to normal ranges of values to generate a single composite score.
NEWS was previously implemented in our university health system’s EHR to
improve sepsis detection so that when the score reached a defined trigger, a patient’s
care nurse was alerted to potential clinical deterioration. However, a major problem
with NEWS and other related early warning scores is that they are typically broad
in scope and were not developed to target a specific condition such as sepsis, since
many unrelated disease states (e.g. trauma, pancreatitis, alcohol withdrawal) can
result in high scores. Previous measurements revealed 63.4% of the alerts triggered
by the NEWS score at Duke University Hospital were cancelled by the care nurse,
suggesting breakdowns in the training and education process, low specificity, and
high alarm fatigue. Despite the obvious limitation of using only a small fraction of
available information, these scores are also overly simplistic in assigning independent
scores to each variable, ignoring both the complex relationships between different
physiological variables and their evolution in time, as only the most recent value
is used. It should not be surprising that implementation of such scores in clinical
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practice results in high alarm fatigue.
3.1.1

Early Warning Scores and Machine Learning for Clinical Deterioration

There is a large body of work on the development and validation of early warning scores to predict clinical deterioration and other related outcomes. In addition
to NEWS, the MEWS score (Gardner-Thorpe et al., 2006) and APACHE II score
(Knaus et al., 1985) are frequently used to assess overall clinical deterioration. Some
specific scores do exist to target sepsis, but in practice these still have high numbers
of false alarms. These include the SIRS (systemic inflammatory response syndrome)
score, which was part of the original clinical definition of sepsis (Bone et al., 1992),
as well as other scores such as SOFA (sepsis-related organ failure assessment) (Vincent et al., 1996) and qSOFA (quickSOFA) (Singer et al., 2016). Despite the initial
promise that the newer qSOFA would replace other scores for sepsis detection due to
how easy it is to calculate (it only depends on three vital signs), recent work suggests
that it severely underperforms existing scores (Churpek et al., 2016; Haydar et al.,
2017; Askim et al., 2017).
Motivated in part by the poor performance of these early warning scores, there
has been considerable interest in clinical informatics and machine learning on developing more accurate clinical prediction models for predicting sepsis and other
types of deterioration. A logistic regression-based approach called the Rothman Index (Rothman et al., 2013) is in widespread use for detecting overall deterioration.
Calvert et al. (2016) and Desautels et al. (2016) present related logistic regressions
to predict sepsis, using a large number of hand-crafted features. Henry et al. (2015)
instead used a Cox regression to predict sepsis from a larger set of clinical time series,
although they do not well account for temporal structure, since they simply create
feature and event-time pairs from the raw data. Soleimani et al. (2017) improves
upon this by using a joint modeling approach similar to the work we presented in
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the previous chapter in Section 2.3. Other relevant recent works in machine learning
include Yoon et al. (2016) and Hoiles and van der Schaar (2016), as both developed models using clinical time series to predict general deterioration, as observed
by admission to the Intensive Care Unit.
3.1.2

Overview of Proposed Modeling Approach

The goal in the work we present in this chapter is to develop a more flexible statistical
model that leverages as much available data as possible from patient admissions in
order to provide earlier and more accurate detection of sepsis. However, this task is
complicated by a number of problems that arise working with real EHR data, some of
them particular to sepsis. Unlike other clinical adverse events such as cardiac arrests
or transfers to the Intensive Care Unit (ICU) with known event times, sepsis presents
a challenge as the exact time at which it starts is generally unknown. Instead,
suspicion of sepsis is typically observed indirectly through abnormal labs or vitals, the
administration of antibiotics, or the drawing of blood cultures to test for suspected
infection. This means the labels in our dataset for when sepsis occurred possess are
noisy and not perfectly reliable. Another challenging aspect of our data source is the
large degree of heterogeneity present across patient encounters, as we did not exclude
certain classes of admissions. More generally, clinical time series data presents its
own set of problems, as they are measured at irregularly spaced intervals and there
are many missing values, with the missingness frequently informative, as in many
cases some labs are taken only if there is suspected problem. Alignment of patient
time series also presents an issue, as patients admitted to the hospital may have very
different unknown clinical states, with some having sepsis already upon admission.
A crucial clinical consideration to be taken into account is the timeliness of alarms
raised by the model, as a clinician needs ample time to act on the prediction and
quickly intervene on patients flagged as high-risk of being septic. Thus in building a
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system to predict sepsis we must consider timeliness of the prediction in addition to
other metrics that quantify discrimination and accuracy.
Our proposed methodology for detecting sepsis from multivariate clinical time
series overcomes many of these limitations. Our approach hinges on constructing
an end-to-end classifier that takes in raw physiology time series data, transforms
it through a multi-output Gaussian process (MGP) to a more uniform representation on an evenly spaced grid, and feeds the latent function values through a deep
recurrent neural network (RNN) to predict the binary outcome of whether or not
the patient will become (or is already) septic. Setting up the problem in this way
allows us to leverage the powerful representational abilities of RNNs, which typically
requires standardized inputs at uniformly-spaced intervals, for our irregularly spaced
multivariate clinical time series. The MGP also serves to de-noise and impute the
noisy clinical time series, which have many missing values, while maintaining uncertainty estimates about their true values. As more information is made available
during an encounter, the model can dynamically update its prediction about how
likely it is that the patient will become septic. When the predicted probability of
sepsis exceeds a predefined threshold (chosen to maximize predefined metrics such
as sensitivity, positive predictive value, and timeliness), the model can be used to
trigger an alarm.
As a motivating example for our work, consider the patient data visualized in
Figure 3.1, along with the risk scores generated by our proposed model. This 37 year
old female was initially admitted to the hospital for chest pains, and required an
invasive cardiac surgery to clear a clot in her lungs. About six days passed between
the time when she was admitted and when the surgery was to begin, during which
she underwent many preoperative tests but was physiologically stable. However,
following surgery she quickly destabilized and was admitted to the Intensive Care
Unit (ICU). Shortly after her ICU admission, our model quickly predicted a high
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Figure 3.1: This patient developed sepsis during a period of rapid deterioration in
the ICU following an invasive cardiac surgery. However, our proposed model detected
sepsis 17 hours before the first antibiotics were given and 36 hours before a definition
for sepsis was met.

risk of sepsis due to her rapid deterioration, and after observing an abnormally high
lactate (a common symptom of severe infection), the model became near certain that
she was septic. However, it was 17 hours after the model would have detected sepsis
that her care team finally started treating her with antibiotics, and another 19 hours
until a blood culture was drawn to ascertain the source of the infection. Fortunately,
this patient fully recovered and was discharged a week later, although this is not the
case for all such missed opportunities. Nonetheless, her care could have been better
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managed if her care team was aware of her sepsis earlier and prioritized treating it,
which might have led to a faster recovery and shorter hospital stay.
We train our model with real patient data extracted from the Duke University
Health System EHR, using a large cohort of heterogeneous inpatient encounters spanning 15 months. We measure predictive performance using several metrics, with an
emphasis on obtaining good discrimination while maintaining high precision and low
numbers of false alarms. We also validate our model using a “real-time” validation
approach that simulates how our model would actually be used in clinical practice.
Our overall performance in detecting sepsis is substantially better than the most
common early warnings scores from the medical literature, and also offers improvements over competitive baselines. These large gains in performance will translate to
better patient outcomes and a lower burden on the overall health system when our
model is deployed on the wards in the near future, as our model’s predictions will be
displayed in a real-time analytics dashboard to be used by a sepsis rapid response
team to help detect and improve treatment of sepsis.

3.2 Multi-output Gaussian Processes for Multivariate Clinical Time
Series
As we have previously seen, GPs are a common choice for modeling irregularly spaced
time series as they are naturally able to handle the variable spacing and differing
number of observations per series. Their ability to maintain uncertainty about the
variance of the series at each point is important in our setting, since the irregularity
and missingness of clinical time series can lead to high uncertainty for variables that
are infrequently (or perhaps never) observed, as is often the case. Figure 3.2 provides
an example of the type of irregular sampling rates and missingness common in this
setting.
In this section we provide a short overview of multi-output Gaussian processes,
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where a single Gaussian process serves as a generative model for multivariate time
series. As the name suggests, in multi-output Gaussian processes (MGPs), the goal
is to learn a function that maps a single input (i.e a time) to multiple outputs (i.e.
physiological variables). Note that this approach is fundamentally different than
the multivariate disease trajectory model presented earlier in this dissertation in
Section 2.6. In that model, a collection of independent univariate GPs were tied
together via shared latent variables that characterized their mean functions. This
differs from MGPs, where we directly model correlations between the different time
series (i.e. between the outputs). See Alvarez et al. (2012) for a detailed overview of
multi-output Gaussian processes.
In this initial presentation we focus on multitask Gaussian Processes (MGPs)
(Bonilla et al., 2008), which are the simplest possible extension to GPs for handling
multiple outputs at each time (we overload abbreviations and also refer to multitask
GPs as MGPs; which MGP we refer to should be clear from the context). Let
fim ptq be a latent function representing the true values of physiological variable m
for patient i at time t. The MGP model places independent GP priors over the latent
functions, with a shared correlation function k t over time. We assume each function
has a prior mean of zero, so that the data has been centered. Then, we have:
M
1
covpfim ptq, fim1 pt1 qq “ Kmm
1 kpt, t q
2
yim ptq „ N pfim ptq, σm
q

(3.1)
(3.2)

where yim ptq is the actual observed value. Equivalently, the likelihood for Yi P RTi ˆM ,
a fully observed multivariate time series of M measurements at Ti unique times, is:
vecpYi q ” yi „ N p0, Σi q

(3.3)

Σi “ K M b K Ti ` D b I,

(3.4)

where yi is a stacked vector of all M longitudinal variables at the Ti observation times,
and b denotes the Kronecker product. K M is a full-rank M ˆ M covariance ma62

Figure 3.2: Data from the same patient encounter highlighted in Figure 3.1, showing when different lab and vital time series variables were measured to highlight their
irregular sampling rates. Note the large increase in sampling at about day 8-9; this
corresponds to when the patient was transferred to the ICU and was more carefully
monitored. Not pictured are the other physiological variables in our dataset that
were never measured during this encounter.

trix specifying the relationships among the variables, crucially allowing information
from more frequently sampled variables to help improve learning about the variables
infrequently (or perhaps never) measured. K Ti is a Ti ˆ Ti correlation matrix (the
variance can be fully explained by K M ) for the observation times ti as specified
by the correlation function k, with parameters η shared across all encounters. In
1

this work we use the Ornstein-Uhlenbeck (OU) kernel function, kpt, t1 q “ e´|t´t |{l ,
with a single length-scale parameter η “ l. The OU kernel is useful for modeling
noisy physiological data, as draws from the corresponding stochastic process are only
first-order continuous (Rasmussen and Williams, 2005), and we do not expect the
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underlying biological functions to be too smooth. Finally, D is a diagonal matrix
2 M
um“1 . In practice, only a subset of the M series are observed
of noise variances tσm

at each time, so the M Ti ˆ M Ti covariance matrix Σi only needs to be computed
at the observed values. This model is known in geostatistics as the intrinsic correlation model, since the covariance between different variables and between different
points in time is explicitly separated, and is a special case of the linear model of
coregionalization (Wackernagel, 1998).
The MGP can be used as a mechanism to handle the irregular spacing and missing
values in the raw data, and output a uniform representation to feed into a black box
classifier. To accomplish this, we define X to be a set of evenly spaced points in
time (e.g. every hour) that will be shared across all encounters. For each encounter,
we denote a subset of these points by xi “ pxi1 , xi2 , . . . , xiXi q, so that xij “ xi1 j if
both series are at least xij hours long. The MGP provides a posterior distribution
for the Xi ˆ M matrix Zi of latent time series values at the grid times xi within this
encounter, while also maintaining uncertainty over the values. If we let zi “ vecpZi q,
this posterior is also normally distributed with mean and covariance given by:
µzi “ pK M b K Xi Ti qΣ´1
i yi

(3.5)

M
Σzi “ pK M b K Xi q ´ pK M b K Xi Ti qΣ´1
b K Ti Xi q
i pK

(3.6)

where K Xi Ti and K Xi are correlation matrices between the grid times xi and observation times ti and between xi with itself, as specified by the correlation function
2 M
k. The set of MGP parameters to be learned are thus θ “ pK M , tσm
um“1 , ηq, and

in this work we assume that they are shared across all encounters. The structured
input Zi can then serve as a standardized input to a downstream black box classification model, where the raw time series data has been interpolated and missing
values imputed.
Many other related works have also utilized multi-output and multitask Gaussian
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processes in modeling multivariate physiological time series. For instance, Ghassemi et al. (2015) and Durichen et al. (2015) used a similar multitask GP model to
ours, but instead focused more on forecasting of vitals to predict clinical instability,
whereas our task is a binary classification to identify sepsis early. Cheng et al. (2017)
used a slightly more sophisticated form of multi-output GP, but again the focus was
on accurate forecasting of future time series values rather than predicting an event.

3.3 Recurrent Neural Networks
Recurrent neural networks (RNNs) are a class of models from deep learning that have
found widespread success in modeling sequential data. These methods first gained
popularity in applications such as speech recognition, handwriting recognition, machine translation, and language modeling, due to their state-of-the-art results. In
short, an RNN is a form of neural network with recurrent connections that makes
it well suited to modeling sequential data, where the sequences can be of variable
length. We provide a short introduction to RNNs in this section; see Lipton et al.
(2015) for a more thorough overview.
An RNN model typically considers a set of inputs xt at discrete times t, and
attempts to learn a mapping from inputs xt to outputs yt . This is accomplished
through the use of a neural network with weights that are shared across time steps.
In a simple RNN with a single layer, we have:
yt “ σy pWy ht ` by q

(3.7)

ht “ σh pWx xt ` Wh ht´1 ` bh q,

(3.8)

where ht are hidden units at time t, and W and b are weight matrices and bias offset
terms. The functions σy , σh are nonlinear activation functions, generally taken to be
hyperbolic tangents or sigmoids. This model can be made “deep” by stacking this
RNN module into multiple layers so that there are multiple sets of hidden units at
65

each time. This allows it to better model more complex functions and learn more
flexible representations of the input. The hidden units at a given layer serve as inputs
to the next layer, until the outputs are reached at the final layer. More explicitly:
yt “ σy pWy hLt ` by q
` WhL hLt´1 ` bLh q
hLt “ σh pWxL hL´1
t

(3.9)
(3.10)

...
h2t “ σh pWx2 h1t ` Wh2 h2t´1 ` b2h q

(3.11)

h1t “ σh pWx1 xt ` Wh1 h1t´1 ` b1h q,

(3.12)

where again W denotes weight matrices, b denotes bias vectors, h denotes hidden
units. The superscript refers to layer index; in this example there are L. A critical
shortcoming of simple RNNs such as this one is that they are notoriously hard to
train and have serious issues with vanishing and exploding gradients when trained
via gradient-based methods. As such, they have severe problems with learning longrange dependencies between variables that are many time steps apart.
Long Short-Term Memory (LSTM) cells are a more complex form of module that
can be used instead that were explicitly designed to alleviate these issues (Hochreiter
and Schmidhuber, 1997). Due to the severe problems associated with naive RNNs
(i.e. of the form described by Equations 3.9–3.12), LSTM RNNs are a standard
baseline as they tend to work well in practice and often give competitive performance compared with more sophisticated architectures. Unlike naive RNNs, RNNs
built using LSTM cells are able to capture long range dependencies and nonlinear
dynamics. The update equations to obtain the next layer of hidden units hlt given
the previous hidden layer hl´1
(or the input xt ) and the previous hidden unit hlt´1
t
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in the same layer are given by:
l
l
gtl “ φpWgx
hl´1
` Wgh
hlt´1 ` blg q
t

(3.13)

l l´1
l l
ilt “ σpWix
ht ` Wih
ht´1 ` bli q

(3.14)

ftl “ σpWfl x hl´1
` Wfl h hlt´1 ` blf q
t

(3.15)

l
l l´1
hlt´1 ` blo q
ht ` Woh
olt “ σpWox

(3.16)

slt “ gtl d ilt ` slt´1 d ftl

(3.17)

hlt “ φpslt q d olt .

(3.18)

In these equations σ denotes an element-wise application of the sigmoid function, φ is
the hyperbolic tangent function and d denotes Hadamard (element-wise) products.
The intermediary g, i, f, o variables are known as gates; i, f, o are input, forget, and
output gates. Informally, the gates limit how much information is passed onward. s
is an additional hidden unit that functions as a sort of “memory” to allow the model
to better retain information from the past.
Recently, RNNs of many varieties have become popular in modeling clinical time
series, as they are able to learn complex nonlinear functions of their input without
the need for extensive domain knowledge or feature engineering. This better allows
for learning expressive representations and discovering unforeseen structure than
methods that rely on hand-crafted features. Lipton et al. (2016a) was one of the
first applications of RNNs to medical time series, and they used them to predict
diagnosis codes given physiological time series from the ICU. There is a large and
quickly growing body of work on developing new RNN architectures and models, and
applying them to clinical tasks. Choi et al. (2016b) use Gated Recurrent Unit RNNs
to predict onset of heart failure using categorical time series of billing codes, and
Zhengping et al. (2016) and Lipton et al. (2016b) investigate patterns of informative
missingness in physiological ICU time series with RNNs.
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Figure 3.3: Schematic for the overall method. At each grid time, latent function
values from the MGP model for the clinical time series are fed into the RNN, along
with baseline covariates and indicators for medications. The RNN then outputs a
probability, which is interpreted as the risk that the patient currently has (or will
soon develop) sepsis. During learning we optimize an expected RNN loss rather than
the normal RNN loss, since these latent function values are unobserved.

3.4 Multitask Gaussian Process-Recurrent Neural Networks
We frame the problem of early detection of sepsis as a multivariate time series classification problem. Given a new patient encounter, the goal is to continuously update
the predicted probability that the encounter will result in sepsis, using all available information up until that time. Figure 3.3 shows an overview of our approach. We first
introduce some notation, before presenting the details of the modeling framework,
the learning algorithm, and the approximations to speed up learning and inference.
Though there is an extensive literature on classification of multivariate time series,
these approaches largely rely on clustering using some form of ad-hoc distance metric
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between series, and then to make a prediction about a new series it is compared to
observed clusters (Xing et al., 2012). Our approach is fundamentally different.
We suppose that our dataset D consists of N independent patient encounters,
tDi uN
i“1 . For each patient encounter i, we have a vector of baseline covariates available upon admission to the hospital, denoted bi P RB , such as gender, age, and
documented comorbidities. At times ti “ rti1 , ti2 , . . . , tiTi s during the encounter we
obtain information about M different types of vitals and laboratory tests that characterize the patient’s physiological state, where ti1 “ 0 is the time of admission. These
longitudinal values are denoted Yi “ ryi1 , yi2 , . . . , yiM s P RTi ˆM , with yim P RTi
the vector of recorded values for variable m at each time. In practice, only a small
fraction of this complete matrix is observed, since only a subset of the M variables
are recorded at each observation time. We make no assumption about how long each
encounter may last, so the length of the time series for each encounter is highly variable (Ti ‰ Ti1 ) and these times are irregularly spaced, with each encounter having
a unique set of observation times. Additionally, during the encounter, medications
of P different classes are administered at Ui different times (and it is possible for
Ui “ 0). We denote this information as Pi “ tpui1 , pi1 q, pui2 , pi2 q, . . . , puiUi , piUi u,
with pij P t0, 1uP a binary vector denoting which of the P medications were administered at time uij . This information is particularly valuable, because administration
of medications provides some insight into a physician’s subjective impression of a
patient’s health state by the type and quantity of medications ordered. Finally, each
encounter in the training set is associated with a binary label oi P t0, 1u denoting
whether or not the patient acquired sepsis; we go into detail about how this is defined
from the raw data later. Thus, the data for a single encounter can be summarized
as Di “ tbi , ti , Yi , Pi , oi u.
We build off the ideas in Cheng-Xian Li and Marlin (2016) to learn a classifier
that directly takes the latent function values zi at shared reference time points xi “
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i
txij uX
j“1 as inputs. The time series for each encounter i in our data can be represented

as an MGP posterior distribution zi „ N pµzi , Σzi ; θq at times xi . This information
will be fed into a downstream black box classifier to learn the label of the time series.
Since the lengths of each times series are variable, the classifier used must be
able to account for variable length inputs, as the size of zi and xi will differ across
encounters. To this end, we turn to deep recurrent neural networks, a natural choice
for learning flexible functions that map variable-length input sequences to a single
output. In particular, we used the LSTM architecture (Hochreiter and Schmidhuber,
1997), as these classes of RNNs have been shown to be very flexible and have obtained
excellent performance on a wide variety of problems.
J
J J
At each time xij , a new set of inputs dij “ rzJ
ij , bi , pij s will be fed into the

network, consisting of the M latent function values zij , the baseline covariates bi ,
and pij , a vector of counts of the S medications administered between xij and xi,j´1 .
Thus, the RNN is able to learn complicated time-varying interactions among the
static admission variables, the physiological labs and vitals, and administration of
medications.
If the function values zij were actually observed at each time xij , they could be
directly fed into the RNN classifier along with the rest of the observed portion of the
vector dij , and learning would be straightforward. Let f pDi ; wq denote the RNN classifier function, parameterized by w, that maps the pM `B `P qˆXi matrix of inputs
Di to an output probability. Learning the classifier given zi would involve learning the
parameters w of the RNN by optimizing a loss function lpf pDi ; wq, oi q that compares
the model’s prediction to the true label oi . However, since zi is a random variable,
this loss function to be optimized is itself a random variable. Thus, the loss function
that we will actually optimize is the expected loss Ezi „N pµzi ,Σzi ;θq rlpf pDi ; wq, oi qs,
with respect to the MGP posterior distribution of zi . Then the overall learning
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problem is to minimize this loss function over the full dataset:
˚

˚

w , θ “ argminw,θ

N
ÿ

Ezi „N pµzi ,Σzi ;θq rlpf pDi ; wq, oi qs.

(3.19)

i“1

Given fitted model parameters w˚ , θ ˚ , when we are given a new patient encounter
Di1 for which we wish to predict whether or not it will become septic, we simply take
Ezi1 „N pµzi1 ,Σzi1 ;θ˚ q rf pDi1 ; w˚ qs

(3.20)

as a risk score that can be updated continuously as more information is available.
This approach is “uncertainty-aware”, as the uncertainty in the MGP posterior for
zi is propagated all the way through to the loss function. Variations on this setup
exist by moving the expectation. For instance, moving the expectation inside the
classifier function f swaps the MGP mean vector µzi in place of zi in the RNN
input Di . This approach will be more computationally efficient but discards the
uncertainty information in the time series, which may be undesirable in our setting
of noisy clinical time series with high rates of missingness.
3.4.1

End-to-End Learning Framework

The learning problem is to learn optimal parameters that minimize the loss in Equation 3.19. Since the expected loss Ez„N pµz ,Σz ;θq rlpf pD; wq, oqs is intractable for our
problem setup, we approximate the loss with Monte Carlo samples:
S
1 ÿ
Ez„N pµz ,Σz ;θq rlpf pD; wq, oqs «
lpf pDs ; wq, oq,
S s“1
J
J J
Ds “ rZJ
s , B , P s , vecpZs q ” zs „ N pµz , Σz ; θq

(3.21)
(3.22)

where B and P are appropriately sized matrices of the baseline covariates and medication counts over time.
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The Reparameterization Trick
We need to compute gradients of this expression with respect to the RNN parameters
w and the MGP parameters θ. This can be achieved with the reparameterization
trick, using the fact that z “ µz `Rξ, where ξ „ N p0, Iq and R is a matrix such that
Σz “ RRJ (Kingma and Welling, 2014). This allows us to bring the gradients of
Equation 3.21 inside the expectation, where they can be computed efficiently. Rather
than choose R to be lower triangular so that it can only be computed in OpM 3 X 3 q
time with a Cholesky decomposition, we follow Cheng-Xian Li and Marlin (2016) and
let R be the symmetric matrix square root, as this leads to a scalable approximation
to be discussed shortly. Finally, we train our model discriminatively and end-to-end
by jointly learning θ with w, as opposed to a two-stage approach that would first
learn and fix θ before learning w.
3.4.2

Scaling Computation with the Lanczos Method

The computation to both learn the model parameters and make predictions for a
new patient encounter is dominated primarily by computing the parameters of the
MGP posterior in Equations 3.5 and 3.6 and then drawing samples for z from it,
as these are of dimension M X (where X is the number of reference time points).
To make this computation more amenable to large-scale datasets such as our large
cohort of inpatient admissions, we use the Lanczos method to obtain approximate
draws from large multivariate Gaussians.
Recall that to draw from a multivariate Gaussian requires taking the product
1{2

1{2

Σz ξ, where Σz is the symmetric matrix square root and ξ „ N p0, Iq. We can approximate this product using the Lanczos method, a Krylov subspace approximation
1{2

that bypasses the need to explicitly compute Σz

and only requires matrix-vector
1{2

products with Σz . The main idea is to find an optimal approximation of Σz

in the

Krylov subspace Kk pΣz , ξq “ spantξ, Σz ξ, . . . , Σk´1
ξu; this approximation is simply
z
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Input: covariance matrix Σ, random vector ξ, k
β1 “ 0 and d0 “ 0
d1 “ ξ{||ξ||
for j “ 1 to k do
d “ Σdj ´ βj dj´1
αj “ dJ
j d
d “ d ´ αj dj
βj`1 “ ||d||
dj`1 “ d{βj`1
end for
D “ rd1 , . . . , dk s
H “ tridiagonalpβ2:k , α1:k , β2:k q
Return: ||ξ||DH 1{2 e1
// e1 “ r1, 0, . . . , 0sJ
Algorithm 2: Lanczos Method to approximate Σ1{2 ξ
the orthogonal projection of Σz ξ into the subspace. See Chow and Saad (2014) for
more details on the use of Krylov methods for sampling multivariate Gaussians. In
practice, k is chosen to be a small constant, k ăă M X, so that the Opk 3 q operation
of computing the matrix square root of a k ˆ k tridiagonal matrix can effectively
be treated as Op1q. The most expensive step in the Lanczos method then becomes
computation of matrix-vector products Σz d. To compute these we use the conjugate gradient algorithm, another Krylov method, and it usually converges in only a
few iterations. We also use conjugate gradient when computing µz in Equation 3.5
to approximate Σ´1 y. Importantly, every operation in both the Lanczos method,
detailed in Algorithm 2, and the conjugate gradient algorithm are differentiable, so
that it is possible to backpropagate through the entire procedure during training
with automatic differentiation.

3.5 MGP-RNN Empirical Study
3.5.1

Data Description

Our dataset consists of 51,697 inpatient admissions from our university health system
spanning 18 months, extracted directly from our EHR. After extensive data cleaning,
there were M “ 36 physiological variables, of which 7 are vitals, and 29 are laboratory
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values, and they vary considerably in the number of encounters with at least one
recorded measurement. At least one value for each of the vital variables is measured
in over 99% of encounters, while some labs (e.g. Ammonia, ESR, D-Dimer) are very
rarely taken, being measured in only 2-4% of encounters, with most of the rest falling
somewhere in the middle. There were b “ 37 baseline covariates reliably measured
upon admission (e.g. age, race, gender, whether the admission was a transfer or
urgent, comorbidities upon admission). Finally, we have information on P “ 11
medication classes, where these classes were determined from a thorough review of
the raw medication names in the EHR. The patient encounters range from very short
admissions of only a few hours to extended stays lasting multiple months, with the
mean length of stay at 121.7 hours, with a standard deviation of 108.1 hours. As
there was no specific inclusion or exclusion criteria in the creation of this patient
cohort, the resulting population is very heterogeneous and can vary tremendously in
clinical status. This makes the dataset representative of the real clinical setting in
which our method will be used, across the entire inpatient wards. Before modeling
we log transform all M physiological time series variables to reduce the effect of
outliers, and then center and scale all continuous-valued inputs into the model. See
Table 3.1 for a full variable list of all inputs to our model.
For encounters that ultimately resulted in sepsis, we used a well-defined clinical
definition to assess the first time at which sepsis is suspected to have been present.
This criteria consisted of at least two consistently abnormal vitals signs, along with a
blood culture drawn for a suspected infection, and at least one abnormal laboratory
value indicating early signs of organ failure. This definition was carefully reviewed
and found to be sufficient by clinicians. Thus each encounter is associated with a binary label indicating whether or not that patient ever acquired sepsis; the prevalence
of sepsis in our full dataset was 21.4%.
For encounters that resulted in sepsis, we used a well-defined clinical definition
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Table 3.1: List of all input variables used in our experiments to predict early onset of
sepsis. Labs and Continuous Vitals are variables comprising the continuous-valued
time series that we model with multi-output GPs.
Variable Type

Labs

Continuous Vitals
Categorical Vitals
Medications

Baseline Comorbidities

Demographics, Other Info

Variables
Albumin, ALT, Ammonia, AST, Bandemia, Bicarbonate,
Bilirubin, BUN, CK-MB, Creatine Kinase, CRP, D-Dimer,
ESR, Fibrinogen, Glucose, Hematocrit, INR, Lactate,
LDH, Magnesium, PCO2, pH, Platelets, PO2,
Potassium, Serum Creatinine, Sodium, Troponin, WBC
Systolic, Diastolic, MAP, Pulse, Pulse Oximetry,
Respiratory Rate, Temperature
AVPU Score (binary: alert / other),
Supplemental Oxygen (binary: yes/no)
Blood Culture, Antibiotics, Benzodiazepines, Chemotherapy,
Heparins, Immunosuppressants, Insulins, IV Fluids,
Opioids, Steroids, Vasopressors
CHF, Valvular, PHTN, PVD, HTN, Paralysis. NeuroOther,
Pulmonary, DM, DMcx, Hypothyroid, Renal, Liver, PUD,
HIV, Lymphoma, Mets, Tumor, Rheumatic, Coagulopathy,
Obesity, WeightLoss, FluidsLytes, BloodLoss, Anemia,
Alcohol, Drugs, Psychoses, Depression
Age, Gender, Race, Transfer Status, Urgent Admission,
EmergencyAdmission, Weight at admission,
Prior # Sepsis Encounters

to assess the first time at which sepsis is suspected to have been present. The
criteria was: at least two persistently abnormal vitals signs (SIRS score of at least
2/4), a blood culture drawn for suspected infection, and at least one abnormal lab
indicating early signs of organ failure. Our criteria most closely matches the “Sepsis2” definition for severe sepsis (Levy et al., 2003). Although a “Sepsis-3” definition
was recently released (Singer et al., 2016), it tends to identify sicker patients with
higher mortality, compared with “Sepsis-2”, and its adoption is not yet standard.
In order to identify more patients potentially at risk of sepsis, we used the older
definition. However, our methodology is general and could easily be applied to a
similar dataset with a different definition for sepsis. The overall rate of sepsis in the
dataset was 21.4%, with each encounter associated with a binary label of whether
the patient acquired sepsis, along with a time our sepsis definition was met.
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3.5.2

Experimental Setup

We train our method to 80% of the full dataset, setting aside 10% as a validation set
to select hyperparameters and a final 10% for testing. For the encounters that result
in sepsis, we throw away data from after sepsis was acquired, as our clinical goal
is to be able to predict sepsis before it happens for a new patient. For non-septic
encounters we train on the full length of the encounter until discharge. We choose
the shared reference times X to be evenly spaced at every hour starting at admission,
as clinically the desire is for a risk score that will refresh only once an hour.
We compared our method (denoted “MGP-RNN”) against several baselines, including several common clinical scoring systems, as well as more complex methods.
In particular, we compared our model with the NEWS score currently in use at our
hospital, along with the MEWS score and the SIRS score. Each of these scores
are based off of a small subset of the total variables available to our methods. In
particular, MEWS uses five, NEWS uses seven, and SIRS uses four. These clinical benchmarks all assign independent scores to each variable under consideration,
with higher scores given for more abnormal values, although they each use different
thresholds and different values.
As a strong comparison to our end-to-end MGP-RNN classifier, we also trained
an LSTM recurrent neural network from the raw data alone (denoted “Raw RNN”),
with the same number of layers and hidden units as the network in our classifier (2
layers with 64 hidden units per layer). The mean value for each vital and lab was
taken in hourly windows, and windows with missing values carried the most recent
value forward. If there was no previously observed variable yet in that encounter,
we imputed the mean. In addition, we trained an L2 penalized logistic regression
baseline (“PLR”) using this imputation mechanism.
We also compare against a simplified version of the end-to-end MGP-RNN frame-
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Figure 3.4: Left: Area under the Receiver Operating Characteristic curve for each
method, as a function of the number of hours in advance of sepsis/discharge the
prediction is issued (0-12 hours). Middle: Area under the Precision Recall curve as
a function of time. Right: Precision as a function of time, for a fixed sensitivity of
0.85. Methods are all color coded according to middle legend; all GP/MGP-RNN
methods are solid lines.
work, (denoted “MGP-RNN-mean”) where we replace the latent MGP function values z with their expectation µz during both training and testing, to test the effect
of discarding the extra uncertainty information. Finally, to demonstrate the added
value of using an MGP instead of independent GPs for each physiological variable,
we trained two end-to-end GP-RNN baselines using Equation 3.19, the same loss
function as the MGP-RNN. The first, “GP-RNN-shared”, is equivalent to an MGP
with K M “ I, i.e. no covariances across variables, and all variables share the same
length-scale in the temporal OU kernel. The second, “GP-RNN-indep”, is considerably stronger as it also has no covariances across variables, but allows each GP prior
on the latent functions fm to have its own length scale in its OU kernel, i.e. lm ‰ lm1 .
To guard against overfitting we apply early stopping on the validation set, and
use mild L2 regularization for all RNN-based methods. We train all models using
stochastic gradient descent with the ADAM optimizer Kingma and Ba (2015) using
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minibatches of 100 encounters at a time and a learning rate of 0.001. To approximate
the expectation in Equation 3.21 we draw ten Monte Carlo samples. We implemented
our methods in Tensorflow. On a server with 63GB RAM and 12 Intel Xeon E5-2680
2.50GHz CPUs, the MGP-RNN method takes roughly 10 hours per epoch on the
training set, and takes on average 0.3 seconds to evaluate a test case and generate a
risk score. All methods converged in a small number of epochs.
3.5.3

Evaluation Metrics

We use several different metrics to evaluate performance. The area under the Receiver Operating Characteristic (ROC) curve (AU-ROC) is an overall measure of
discrimination, and can be interpreted as the probability that the classifier correctly
ranks a random sepsis encounter as higher risk than a random non-sepsis encounter.
We also report the area under the Precision Recall (PR) curve (AU-PR). Importantly, we examine how these metrics vary as we change the window in which we
make the prediction to see how far in advance we can reliably predict onset of sepsis.
3.5.4

Results

Our results show that the MGP-RNN classification framework yields clear performance gains when compared to the various baselines considered. It substantially outperforms the overly simplistic clinical scores, and demonstrates modest gains over the
RNN trained to raw data, the MGP-RNN-mean method that discards uncertainty
information, and the univariate GP baselines.
Figure 3.4 summarizes the results. The four MGP/GP-RNN methods are in solid
lines, and the other baselines are dashed. It is clear that these four methods perform
considerably better than the other methods, especially in the last four hours prior
to sepsis/discharge.
The left and middle panes of Figure 3.4 display the AU-ROC and AU-PR for
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each method as a function of the number of hours in advance the prediction is made.
Generally the MGP-RNN performs best, followed by the three other MGP/GP-RNN
baselines. This is likely because it retains uncertainty information about the noisy
time series (unlike MGP-RNN-mean), and can learn correlations among the different
physiological variables to improve the quality of the imputation (unlike the GPRNN methods). As expected, the GP-RNN-indep baseline consistently outperforms
the simpler GP-RNN-shared. In addition, the MGP-RNN method appeared to be
less prone to overfitting during the training of the RNN, due to the introduced
stochasticity in the loss function when compared to the normal RNN loss.
The right pane of Figure Figure 3.4 shows the tradeoff between precision and
timeliness for a fixed sensitivity of 0.85 across the methods. It is most useful to
evaluate with such a high sensitivity as this is the setting clinicians typically want
to use a risk score, in order not to miss many cases. The MGP-RNN performs
comparably to the MGP-RNN-mean within a few hours of sepsis, and demonstrates
the biggest performance gains from about 3 to 7 hours beforehand. Throughout,
it has much higher precision than NEWS, MEWS, and SIRS, especially so in the
few hours immediately preceding sepsis. This is a very important clinical point,
since clinicians want a method with very high precision and a low false alarm rate
to reduce the alarm fatigue experienced with current solutions. Furthermore, being
able to detect sepsis even a few hours early might substantially increase treatment
effectiveness and improve patient outcomes.

3.6 Extensions to the MGP-RNN
Having introduced the MGP-RNN model and seen its impressive ability to accurately
predict sepsis before it occurs, in this section we consider several different mechanisms
to improve this base model. We accomplish this in two main ways. The first is by
increasing the flexibility of the MGP component, so that it does an even better
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job at imputing values for the physiological time series variables. The second is by
improving the RNN classifier itself.
3.6.1

Increasing Flexibility of the Multitask Gaussian Process

We increase the flexibility of the original multitask GP in two ways. First, we
incorporate medication effects so that the mean of each physiological variable depends
on the administration of past drugs. Second, we relax the assumption that the kernel
function be separable, and consider a more general covariance function.
Incorporating Medication Effects
We relax the zero mean function assumption for the MGP, and let the mean depend
on previous administration of medications. In particular, we let the prior mean
function µm ptq for lab/vital m at time t be expressed as:
µm ptq “

P ÿ
ÿ

fpm pt ´ tp q

(3.23)

p“1 tp ăt

fpm ptq “

L
ÿ

αlpm e´βlpm t , βlpm ą 0,

(3.24)

l“1

where fpm is a function that specifies the effect medication p has on lab/vital m, and
ttp u is the times drug p was given. Our choice of fpm is a flexible family of curves
that allows for effects to occur on different length-scales. Each time a new drug is
given, the mean function spikes according to fpm . We set L “ 3, and this seemed to
work well in practice.
Sum of Separable Kernel Functions
We next relax the assumption of a separable covariance function (i.e. the covariance
function in a multitask GP). Instead, we consider a sum of Q separable covariance
functions, each with their own parameters, KqM and lq . The resulting covariance
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matrix can be written as

Σ“

Q
ÿ

KqM b KqT ` D b I.

(3.25)

q“1

This is a more flexible family of covariance functions, and no longer forces all output variables to share the same temporal correlation structure (Alvarez et al., 2012;
Nguyen and Bonilla, 2014). In this formulation, different types of correlation structure between variables can take place, depending on the time-scale in question. This
model is also equivalent to the well-known linear model of coregionalization from
geostatistics (Goovaerts, 1997). We found that Q “ 3 worked well in practice.
3.6.2

Improving the RNN Classifier

We improve the RNN classifier in two ways. First, we use target replication to
increase the signal at the end of the series and make learning easier. Second, we use
the pattern of missingness in the raw labs/vitals to improve predictions.
Target Replication
Instead of the loss function depending only on the output at the final time step,
following Lipton et al. (2016a) we use target replication so that the loss function
depends on the outputs of the RNN at multiple time points. This helps to alleviate
issues with our imprecise labels for the true time of sepsis, as we can simply label
multiple time points near a given time of sepsis. In practice, we use target replication
by labelling additional times from 2 hours prior to 6 hours after a sepsis event.
Utilizing Missingness Patterns
We increase the flexibility of our approach by directly modeling the patterns of
missing data in the physiological variables, similar to the ideas in Lipton et al.
(2016b). To each input vector into the RNN, containing latent physiological function
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values from the MGP, baseline covariates, and medications administered, we append
a binary vector denoting which labs have been sampled since the last prediction time.
This will allow the RNN to model complicated interactions between the missingness
patterns in the time series variables, along with the learned values of the variables
themselves, and the baseline covariates and meds. This additional information can
be very useful, as many labs are only ordered when there is a suspected problem.

3.7 Empirical Study: MGP-RNN Extensions
We use the same dataset as previously introduced in Section 3.5, with the same
patient cohort and same set of variables. However, we performed slightly different
preprocessing, as we will detail shortly.
We again trained our methods on 80% of the dataset, setting aside 10% for
validation to select hyperparameters and the remaining 10% for final evaluation. For
all RNNs we used a 2 layer LSTM with 64 hidden units per layer. We used L2
regularization on the weights and early stopping to guard against overfitting. We
train all models using stochastic gradient descent with minibatches of 100 encounters
and learning rate of 0.001. Our methods are implemented in Tensorflow.
3.7.1

Case Control Matching

There is an important subtlety to the manner in which we previously trained and
validated our methods in Section 3.5. We were comparing predictions about septic
encounters shortly before sepsis with predictions about non-septic encounters shortly
before discharge. Inclusion of all data for non-septic patients up to discharge is
actually not very clinically relevant, as this task would be too easy, since the controls
before discharge are likely to be clinically stable.
To make the learning problem more challenging and improve the generalizability
of the model, we use a form of case-control matching. The model will instead be
82

trained to label sepsis encounters around the time of sepsis, and to label control
encounters at some time mid-encounter. That is, we are changing the terminal time
at which we align patient encounters to be some other time besides discharge for
the control encounters. For septic patients we will retain data up until 6 hours after
sepsis was acquired, for target replication.
In particular, we first match each sepsis encounter to 4 non-sepsis encounters
(this roughly maintains the actual sepsis rate of around 20%) with similar lengths
of stay and baseline covariates. Then, we mark a “prediction time” for each control
encounter to be at the same fraction of its length of stay as sepsis was during its
matched sepsis encounter (e.g. if sepsis occurred at 25% through an encounter, for
each matched control we use the time point 25% through the encounter). To train
and evaluate our models, we now use data until the time of sepsis plus six additional
hours for sepsis cases, and this ”prediction time” plus six additional hours for the
controls. This is a more realistic problem, since the non-sepsis encounters may not
be near discharge now and will be less clinically stable, and the model will better
learn what differentiates them from sepsis cases.
3.7.2

Ablation Study and Baseline Methods

We compare a number of variants of our method against several simpler models and
clinical baselines. Our base method, denoted “Base MGP-RNN”, is our original
MGP-RNN with none of the extensions discussed previously. Then, we consider
methods where we sequentially add one additional extension at a time. The method
denoted “Target Replication” adds target replication to this from Section 3.6.2, using
labels from 2 hours prior to sepsis until 6 hours after sepsis. The method “SoS kernel”
adds to this by using a sum of Q “ 3 separable kernels as described in Section 3.6.1.
“Medication effect” further adds to this by learning a treatment-response curve for
the mean function of the MGP in each dimension, as in Section 3.6.1. Finally,
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Figure 3.5: Results from Matched Lookback validation scheme. Left: AU-ROC
as a function of number of hours before sepsis or the matched “prediction time”.
Middle: AU-PR as a function of hours before sepsis. Right: For a fixed sensitivity of
80%, the number of false alarms per true alarm as a function of hours before sepsis.

“Missingness Indicators” uses all the previous extensions and also feeds indicator
vectors for when each physiological variable is measured into the RNN, from Section
3.6.2.
Our strongest baseline method, “Raw RNN”, consists of the same network architecture as the MGP-RNN, but instead uses the mean value of each lab/vital in
hourly windows, and for periods with missing data the most recent value is carried
forward (we use the median for all values of that lab/vital across all encounters if
there was no value to carry forward). We also compare with a Lasso logistic regression (“PLR”) and random forest (“RF”) fit to the same data as the Raw RNN and
with the same imputation strategy. Finally, the NEWS and MEWS scores were used
as clinical baselines.
3.7.3

Results

We use the area under the ROC curve and the area under the Precision Recall
curve as evaluation metrics to compare how each method’s performance differs. We
also examine the number of false alarms per true alarm for each method, a metric
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directly related to precision. We first introduce what we call a “Matched Lookback
Validation” scheme and present results from using it.
In this validation strategy, we align matched encounters at either time of sepsis
or the “prediction time” for controls, and see how model performance degrades as
we make predictions a fixed number of hours in advance of this time. That is, we
compare how well the methods discriminate between sepsis and control using all data
up through the actual time of sepsis / “prediction time”, then up until 1 hour before,
and so on, up until 12 hours in advance. This will give a sense for how far in advance
we can reliably predict sepsis.
Figure 3.5 shows the results from this validation mechanism. It is clear that
the various MGP-RNN methods substantially outperform both the clinical baselines
and the other baseline models. The extensions presented to the Base MGP-RNN all
improve its performance by a modest margin. The most complete model with all
the extensions considered consistently outperformed all other methods for all of the
metrics we considered. The number of false alarms per true alarm (right pane of
Figure 3.5) is the most clinically useful metric. At 4 hours prior to sepsis, our best
model only had about 1.4 false alarms per true alarm, at a very high sensitivity of
80%; compare this to the 2.2 false alarms the base MGP-RNN has, and the 3.2 false
alarms that the NEWS score that was previously implemented at Duke Hospital had.

3.8 Realtime Model Validation to Assess Operating Characteristics
A criticism of the previous validation mechanism is that it requires alignment of
patients by when their sepsis or “prediction time” is, and this will not actually be
known in practice when actually used. In actual clinical practice, a patient encounter
begins at admission and the timing of a future outcome is unknown. To alleviate
this, we also develop a technique to validate our approach in a more “real-time”
setting. For each encounter, we first generate a “real-time” risk score at each hour
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Figure 3.6: Expected total number of alarms raised by each method, as a function
of expected number of sepsis cases captured every 24 hours. The most clinically
useful range is where we restrict the average total alarms per hour to be less than 5.

in time, i.e. using only data up until that point. Then, we bin the encounter into
12 hour long bins, and treat each of these as an independent event. The idea is
that in practice a sepsis alert for a patient should not fire more than once every 12
hours. For encounters not resulting in sepsis, every 12 hour window should be a
true negative event. For septic encounters, the last 12 hour window preceding sepsis
should be a true positive, but all preceding windows should also be true negatives.
The rationale is that sounding an alarm prematurely, even if sepsis eventually does
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result, is detrimental because in many cases the appropriate clinical response would
not be clear. By looking at the full set of risk scores during a full encounter rather
than the last few risk scores preceding a septic event, we get a more accurate picture
of the operational characteristics of the different methods, to approximate how they
might behave if deployed. Treating each 12-hour prediction window as independent
events, we can compute performance metrics for each method considered.
Importantly, we explicitly drop the final risk score, so that we are not including
any predictions after a clinical definition of sepsis is already met. The reasoning is
that in those cases, a prediction model would not provide added value, as the clinical
definition would have flagged the patient as septic anyways. In doing so, we have
set things up so that each method must make predictions and detect sepsis before it
actually occurs, and in a clinically meaningful time frame. Thus, sensitivity in this
framework refers to the proportion of sepsis cases an alert would correctly identify,
in advance of sepsis actually occurring. As might be expected, it will be considerably
harder to maintain high precision at high sensitivities now, since there are far more
non-septic 12-hour windows than sepsis windows.
We only used real-time validation to compare our best model, with all the MGPRNN extensions, to a set of baselines. We again use a random forest and penalized
logistic regression, and also include a Cox regression. We also compare against the
SIRS, NEWS, and qSOFA clinical scores. Figure 3.6 displays the results, showing
the average total alarms that would be raised each hour by each method, as a function of the average number of sepsis cases detected every 24 hours (i.e. sensitivity,
but rescaled to be more interpretable, as there are on average 17.9 sepsis cases per
day in our dataset). Across the board, all 4 machine learning models substantially
outperform the 3 clinical scores, which is not surprising. In the low sensitivity range
of 0-5 sepsis cases detected per 24 hours (i.e. less than 25%), all the models perform
comparably, and would have similar numbers of alerts. For medium sensitivities of
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around 10 sepsis cases per 24 hours (i.e. around 55%), the MGP-RNN performs best,
and would only raise about 3 total alerts per hour, vs around 4 for RF and Cox and
5 for PLR. Or equivalently, fixing total alerts per hour to 3, MGP-RNN can detect
10 sepsis cases per 24 hours, while RF can detect about 9, Cox about 8.5, and PLR
about 7.5. Strangely, at high sensitivities the MGP-RNN no longer performs best.
Though alarming, and cause for future investigation, at sensitivities this high it is
unlikely for any model to actually achieve a satisfactorily low number of total alerts.

3.9 Conclusions and Clinical Significance
We have presented a novel approach for early detection of sepsis that classifies multivariate clinical time series in a manner that is both flexible and takes into account
the uncertainty in the series. On a large dataset of inpatient encounters from our university health system, we find that our proposed method substantially outperforms
strong baselines and a number of widespread clinical benchmarks. In particular, our
methods tend to have much higher precision and lower rates of false alarm. Importantly, we validated our model and baselines in a real-time manner in order to
mimic the way that they would actually be operationalized and used in real clinical
practice.
In addition to the initial promise of our approach, there are a number of interesting directions to extend the proposed method. In particular, we could incorporate a
clustering component with different sets of MGPs for different latent subpopulations
of encounters, to address high heterogeneity across patients. One obvious direction
is to improve interpretability of the model so that it is possible to see which inputs
at which times contributed the most to the risk score. We are actively investigating
this by adding an attention mechanism to the RNN, e.g. along the lines of (Choi
et al., 2016a). Exploring other types of flexible black box classifiers such as recurrent
variational auto-encoders, e.g. (Chung et al., 2015), may also improve the model’s
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performance by better accounting for uncertainty in the classifier parameters. Finally, use of additional approximations from the GP literature may further decrease
the computational overhead and improve training times.
Due to the importance of this problem in medicine, our work has the potential to
have a high impact in improving clinical practice in the identification of sepsis, both
at our institution and elsewhere. The underlying biological mechanism is poorly
understood, and the problem has historically been very difficult for clinicians. Use of
a model such as ours to predict onset of sepsis would significantly reduce the alarm
fatigue associated with current clinical scores, and could both significantly improve
patient outcomes and reduce burden on the health system. In Figure 3.7 we present
a snapshot of an analytics dashboard that is currently being deployed at our hospital
system’s wards. The tool will be used to display the predictions of our model to
predict sepsis to clinicians and nurses on a rapid response team specifically designed
to facilitate early detection of sepsis. The application and our model’s risk scores will
help ensure that early interventions for treatment of sepsis can be started faster for
the highest risk patients. Although in this paper our emphasis was on early detection
of sepsis, the methods could be used with little modification to detect other clinical
adverse events, such as cardiac arrest, cardiogenic shock, or admission to the ICU.
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Figure 3.7: Screenshot of analytics dashboard (with fake data) that will be used
to visualize our model’s predictions, to be used by a sepsis rapid response team.
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4
Learning Optimal Sepsis Treatments with
Multi-output Gaussian Processes and Deep
Reinforcement Learning

4.1 Introduction
Sepsis is a poorly understood and life-threatening complication arising from infection, and is both a leading cause in patient mortality (Epstein et al., 2016) and in
associated healthcare costs (Torio and Moore, 2016). Early detection is imperative,
as earlier treatment is associated with better outcomes (Seymour et al., 2017; Kumar et al., 2006). However, even among patients with recognized sepsis, there is no
standard consensus on the best treatment, and exact treatment guidelines do not yet
exist. There is a pressing need for personalized treatment strategies tailored to the
unique physiology of individual patients.
Before the landmark publication on the use of early goal directed therapy (EGDT)
(Rivers et al., 2001), there was no standard management for severe sepsis and septic shock. EGDT consists of early identification of high-risk patients, appropriate
cultures, infection source control, antibiotics administration, and hemodynamic opti-
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mization. The study compared a 6-hour protocol of EGDT promoting use of central
venous catheterization to guide administration of fluids, vasopressors, inotropes, and
packed red-blood cell transfusions, and was found to significantly lower mortality.
Following the initial trial, EGDT became the cornerstone of the sepsis resuscitation
bundle for the Surviving Sepsis Campaign (SCC) and the Centers for Medicare and
Medicaid Services (CMS) (Dellinger et al., 2013).
Despite the promising results of EGDT, concerns arose. External validity outside
the single center study was unclear, it required significant resources for implementation, and the elements needed to achieve pre-specified hemodynamic targets held
potential risks. Between 2014–2017, a trio of trials reported an all-time low sepsis
mortality, and questioned the continued need for all elements of EGDT for patients
with severe and septic shock (ProCESS Investigators et al., 2014; ARISE Investigators and Anzics Clinical Trials Group, 2014; PRISM Investigators, 2017). The trial
authors concluded EGDT did not improve patient survival compared to usual care
but was associated with increased ICU admissions (Angus et al., 2015). As a result,
they did not recommend it be included in the updated SCC guidelines (Rhodes et al.,
2017).
Although the SSC guidelines provide an overarching framework for sepsis treatment, there is renewed interest in targeting treatment and disassembling the bundle
(Lewis, 2010b). A recent meta-analysis evaluated 12 randomized trials and 31 observational studies and found that time to first antibiotics explained 96-99% of the
survival benefit (Kalil et al., 2017). Likewise, a study of 50,000 patients across the
state of New York found mortality benefit for early antibiotic administration, but
not intravenous fluids (Seymour et al., 2017). Beyond narrowing the bundle, there is
emerging evidence that a patient’s baseline risk plays an important role in response
to treatment, as survival benefit was significantly reduced for patients with more
severe disease (Kalil et al., 2017).
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Taken together, the poor performance of EGDT compared to standard-of-care
and improved understanding of individual treatment effects calls for re-envisioning
sepsis treatment recommendations. Though general consensus in critical care is that
the individual elements of the sepsis bundle are typically useful, it is unclear exactly
when each element should be administered and in what quantity.
In this chapter, we aim to directly address this problem using deep reinforcement
learning. We develop a framework for combining multi-output GPs with deep reinforcement learning, and apply it to clinical data to learn optimal treatments for
sepsis. With the widespread adoption of EHRs, hospitals are already automatically
collecting the relevant data required to learn such models. However, real-world operational healthcare data present many unique challenges and motivate the need for
methodologies designed with their structure in mind. In particular, clinical time
series are typically irregularly sampled and exhibit large degrees of missing values
that are often informatively missing, necessitating careful modeling. The high degree
of heterogeneity presents an additional difficulty, as patients with similar symptoms
may respond very differently to treatments due to unmeasured sources of variation.
Alignment of patient time series can also be a potential issue, as patients admitted
to the hospital may have very different unknown clinical states and can develop sepsis at any time throughout their stay (with many already septic upon admission).
Finally, care must taken and assumptions must be made explicit if we hope to learn
optimal treatment strategies from observational traces, since we cannot feasibly test
the value of our learned strategies.
The main novelty in our approach hinges on the use of a multi-output Gaussian
process (MGP) as a preprocessing step that is jointly learned with the reinforcement
learning model. Similar to the MGP-RNN model used to predict onset of sepsis in the
last chapter, we use an MGP to interpolate and to impute missing physiological time
series values used by the downstream reinforcement learning algorithm. The MGP
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hyperparameters are learned end-to-end during training of the reinforcement learning
model by optimizing an expectation of the standard Q-learning loss. Additionally,
the MGP allows for estimation of uncertainty in the learned Q-values. For the model
architecture we use a deep recurrent Q-network, in order to account for the potential
for non-Markovian dynamics and allow the model to have memory of past states and
actions. In our initial experiments utilizing EHR data from septic patients spanning
15 months from the Duke University health system, we found that both the use of
the MGP and the deep recurrent Q-network appeared to improve performance over
simpler approaches.

4.2 Background on Reinforcement Learning
In this section we provide a brief background on reinforcement learning in the context
of healthcare, motivating the new methods we will introduce later in the chapter.
4.2.1

Markov Decision Processes

Reinforcement learning (RL) considers learning policies for agents interacting with
unknown environments, and are typically formulated as a Markov decision process
(MDP) (Sutton and Barto, 1998). At each time t, an agent observes the state of the
environment, st P S, takes an action at P A, and receives a reward rt P R, at which
time the environment transitions to a new state st`1 . An MDP is follows the Markov
assumption, where we assume the underlying dynamics governing the system are
Markov. That is, we assume that there is an unknown transition model of the form
ppst`1 , rt |st , at q so that the distribution describing the next state st`1 and the current
reward rt are completely determined by the present state st and present action at .
The state space S and action space A may be continuous or discrete. In a healthcare
setting, the agent might be a decision support tool making recommendations to a
provider, the actions are different treatment choices (or no treatment at all), and the
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state is some measure of a patient’s overall clinical status. The reward is substantially
harder to define, as it must numerically quantify precisely what constitutes good vs
bad outcomes.
The goal of an RL agent is to select actions in order to maximize its return, or
expected discounted future reward, defined as

Rt “

T
ÿ

1

γ t ´t rt1 ,

(4.1)

t1 “t

where γ captures tradeoff between immediate and future rewards, with γ “ 1 treating
all rewards equally and γ “ 0 being completely myopic. A policy π : S Ñ A is a
map from states to actions, and defines how an agent should act in each possible
state. Policies may be deterministic functions, i.e. πpsq “ a, in which case the same
action is always taken from the same state. They may also be stochastic, so that
each state maps to a probability distribution over possible actions, i.e. πpsq “ ppa|sq.
Ultimately, the goal is to learn a good policy that will generally yield high returns,
and there are many algorithms to try to accomplish this.
Q-Learning (Watkins and Dayan, 1992) is a model-free off-policy algorithm for
estimating the expected return from executing an action in a given state. In modelfree RL, we learn a policy directly from observed states, actions, and rewards, without
attempting to learn a model for the underlying system dynamics. This has the
advantage that it may be computationally cheaper since a model does not have to be
learned, and it may be challenging in some settings to learn a good model. However,
model-based RL algorithms that learn a model of the environment are more sampleefficient, but may be biased if the learned model is very inaccurate. Q-learning is also
an off-policy algorithm. This means that it attempts to learn an optimal policy, even
though the data used by the algorithm were generated by another mechanism. In a
healthcare setting, we are almost always exclusively limited to off-policy methods,
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since the data are generally observational and have already been collected according
to some (unknown) policy executed by physicians.
The optimal action value function is the maximum discounted expected reward
obtained by executing action a in state s and acting optimally afterwards, defined
as
Q˚ ps, aq “ maxπ ErRt |st “ s, at “ a, πs.

(4.2)

Given Q˚ , an optimal policy is to act by selecting argmaxa Q˚ ps, aq. In Q-learning,
the Bellman equation is used to iteratively update the current estimate of the optimal
action value function according to
.
Qps, aq “ Qps, aq ` αpr ` γmaxa1 Qps1 , a1 q ´ Qps, aqq,

(4.3)

where we adjust our current estimate of the action value function towards the observed reward plus the maximal Q-value at the next state s1 . It has been proven
that in finite MDPs with finite S and A, Q-learning will eventually find an optimal
policy, so that the expected return is the maximum achievable. However, in many
realistic applications, either the state space, action space, or both are infinite, so
that Q-learning cannot be directly applied.
4.2.2

Deep Q-Learning

In Deep Q-learning a deep neural network is used to approximate the Q-values (Mnih
et al., 2015), overcoming the issue that there may be infinitely many states if the
state space is continuous. Denoting the parameters of the neural network by θ,
Q-values Qps, a|θq are now estimated by performing a forward pass through the
network. Updates to the parameters can be obtained by minimizing a differentiable
loss function,
Lps, a|θi q “ pr ` γmaxa1 Qps1 , a1 |θi q ´ Qps, a|θi qq2 ,
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(4.4)

and training is usually accomplished with stochastic gradient descent. However,
deep RL models are notoriously difficult to train and often require delicate tuning of
hyperparameters to get them to converge.
4.2.3

Partial Observability and Deep Recurrent Q-Networks

A fundamental limiting assumption of Markov decision processes is the Markov property, which is rarely satisfied in real-world problems. In medical applications such
as our problem of learning optimal sepsis treatments, it is unlikely that a patient’s
full clinical state will be measured. A Partially Observable Markov Decision Process
(POMDP) better captures the dynamics of these types of real-world environments.
An extension of an MDP, a POMDP assumes that an agent does not receive the true
state of the system, instead receiving only observations o P Ω generated from the
underlying system state according to some unknown observation model o „ Opsq.
Deep Q-learning has no reliable way to learn the underlying state of the POMDP,
as in general Qpo, a|θq ‰ Qps, a|θq, and will only perform well if the observations
well reflect the underlying state. Returning to our medical application, the system
state might be the patient’s unknown clinical status or disease severity that cannot be directly measured, and our observations in the form of vitals or laboratory
measurements offer some insight into the state.
The Deep Recurrent Q-Network (DRQN) (Hausknecht and Stone, 2015) extends
vanilla Deep Q-networks (DQN) by using recurrent LSTM layers, which are well
known to be able to capture long-term dependencies. LSTM RNN models have
frequently been used in past applications to medical time series, as we saw in the
last chapter. In our experiments we investigate the effect of replacing fully connected
neural network layers with LSTM layers in our Q-network architecture in order to
test how realistic the Markov assumption is in our application. It is important to
note that using an LSTM or any form of RNN in a DRQN is only an attempt to
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circumvent the Markov property, but does not eliminate it. Rather, it allows us
to take input states st and learn a new representation ht that depends on the full
history of past states and actions, i.e. ht “ f pst , at´1 , st´1 , . . . , a1 , s1 q, and then use
this representation instead as our notion of state to use in learning an optimal policy.
4.2.4

Related Work on Reinforcement Learning in Healthcare

There has been substantial recent interest in development of machine learning methodologies motivated by healthcare data. However, most prior work in clinical machine
learning focuses on supervised tasks; this was the case in the earlier chapters of this
dissertation. However, supervised problems rely on known ground truth, and cannot
be applied to treatment recommendation unless the assumption is made that past
training examples of treatments represent optimal behavior. Especially for our task
of learning sepsis treatments, where there is no well established best practices for
treatment, this assumption is clearly invalid. Instead, it is preferable to frame the
problem using reinforcement learning in order to learn optimal treatment actions
from data collected from potentially suboptimal actions.
While deep reinforcement learning has seen huge success over the past few years,
only very recently have reinforcement learning methods been designed with healthcare applications in mind. Applying reinforcement learning methods to healthcare
data is difficult, as it requires careful consideration to set up the problem, especially
in the reward function. Furthermore, it is typically not possible to collect additional
data and so evaluating learned policies on retrospective data presents a challenge.
Most related to this paper are Raghu et al. (2016, 2017); Komorowski et al.
(2016), who also look at the problem of learning optimal sepsis treatments. We
build off of their work by using a more sophisticated network architecture that takes
into account both memory through the use of DRQNs and uncertainty in time series
imputation and interpolation using MGPs. Other relevant work includes Prasad
98

et al. (2017), who use a simpler learning algorithms to learn optimal strategies for
ventilator weaning, and Nemati et al. (2016), who also use a deep RL approach
for modeling ICU heparin dosing as a POMDP with discriminative hidden Markov
models and Q-networks. Lastly, Parbhoo et al. (2017) take a different approach and
combine model-based RL with kernel methods to learn optimal HIV therapies.
Fundamentally, reinforcement learning in healthcare settings where we are always
restricted to off-policy methods is at least as hard as causal inference, and we know
that causal inference is extremely challenging. In the simplest setting, causal inference deals with learning the effect a binary treatment at a single point in time. The
problem in RL is significantly more complex, as there can be a large number of possible treatments (actions), and there is also a temporal credit assignment problem,
where we must determine which actions contributed the most to future rewards or
outcomes. There exists a rich set of relevant work from the statistics and causal inference literature on learning so-called dynamic treatment regimes, e.g. Chakraborty
and Moodie (2013) and Murphy (2012).

4.3 Multi-Output Gaussian Process Deep Recurrent Q-Networks
We now introduce multi-output Gaussian process deep recurrent Q-networks (MGPDRQNs), a new reinforcement learning framework for learning optimal treatments
from noisy, sparsely sampled, and frequently missing clinical time series data. The
fundamental building block is the MGP-RNN model that we introduced in the last
chapter.
As we saw in chapter 3, multi-output Gaussian processes (MGPs) are commonly
used probabilistic models for irregularly sampled multivariate clinical time series, as
they can gracefully handle missing values while maintaining estimates of uncertainty.
As in Section 3.6.1, we will use an MGP with the linear model of coregionalization
1

covariance function with an Ornstein-Uhlenbeck base kernels k q pt, t1 q “ e´|t´t |{l to
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flexibly model temporal correlations in time, with KqM specifying the correlation
structure across physiological variables associated with kernel k q . In practice we used
Q “ 3 total kernels, allowing for learning flexible structure on multiple time scales.
Given all the MGP kernel hyperparameters η shared across all patients, imputation and interpolation at arbitrary times can be computed either using the posterior
mean or the full posterior distribution over unknown function values. The MGP can
then be combined with an RNN, as we saw in chapter 3. The resulting MGP-RNN
model can be learned end-to-end, where the MGP hyperparameters are learned discriminatively, in essence learning an imputation and interpolation mechanism tuned
for the supervised task at hand. The stochasticity in this learning procedure introduced from sampling from the MGP additionally acts as a form of regularization,
and helps prevent the RNN from overfitting. We can use this same framework, but
instead consider a reinforcement learning problem instead of a supervised learning
problem.
We will assume a discrete action space, a P A “ t1, . . . , Au. Let x denote
T regularly spaced grid times at which we would like to learn optimal treatment
decisions. Given a set of clinical physiological time series y that we assume to be
distributed according to an MGP, we can compute a posterior distribution for zt |y,
the latent unobserved clinical time series values at each grid time.
The loss function we optimize is similar to in normal deep Q-learning, with the
addition of the expectation due to the MGP and the fact that we compute the loss
over full patient trajectories. In particular, we learn optimal DRQN parameters θ ˚
and MGP hyperparameters η ˚ via:
«
θ ˚ , η ˚ “ argminθ,η E Eppz|y;ηq

#

T
1 ÿ ptq
pQ
´ Qprzt , st sJ , a; θqq2
T t“1 target
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+ff
,

(4.5)

where the t’th target value is
ptq

Qtarget “ rt ` γmaxa1 Qprzt`1 , st`1 s, a1 q,

(4.6)

the outer expectation is over training samples, and the inner one is with respect to
the MGP posterior for one patient. We concatenate the two separate types of model
inputs at time t, with zt denoting latent variables distributed according to an MGP
posterior from other relevant inputs to the model denoted st , such as static baseline
covariates. We go into detail in Section 4.4 on the particular variables included in
st . Figure 4.1 presents a high-level schematic outlining the overall approach of how
the MGP and DRQN are tied together.
Architecture
We now discuss in more detail the exact neural network architecture used in our
MGP-DRQN model. We base our approach off the Dueling Double-Deep Q-network
architecture (Raghu et al., 2017), which combines several modern deep RL architectures.
The Double-Deep Q-network architecture (van Hasselt et al., 2016) helps correct
overestimation of Q-values. This can arise in both Q-learning and DQN, since the
max operator uses the same set of Q-values to both select and evaluate an action. To
do so, we use a second DQN with a different set of parameters θ 1 to use to evaluate
the target values, and use the original Q-network to select the action. That is, we
actually use
ptq

Qtarget “ rt ` γQprzt`1 , st`1 s, arg maxa1 Qprzt`1 , st`1 s, a1 ; θq; θ 1 q,

(4.7)

rather than the target given in Equation 4.6.
The Dueling Q-network architecture (Wang et al., 2016) has separate value and
advantage streams to separate the effect of a patient being in a good underlying
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Figure 4.1: Schematic outlining the overall approach of the MGP-DRQN. The
input variables zt are latent clinical time series values distributed according to an
MGP posterior. The st consist of all other inputs to the model. The blue and
green dots in the top pane are simulated observations from a two-dimensional time
series, and are shown alongside the MGP posterior mean and 95% interval. Areas
with fewer observations have higher uncertainty. zt and st together are fed as inputs
to the DRQN, which then outputs predictions Qprzt , st s, aq for each possible action
a P A.
state from a good action being taken. More explicitly, we let V psq “ maxa Qps, aq be
the value function associated with state s, and let Aps, aq “ Qps, aq ´ V psq be the
advantage function, denoting the relative importance of each action. The main idea
of the Dueling Q-network is to directly model V and A rather than Q; this helps
separate the relative importance of an action from the underlying value of the state.
Then, in order to train via deep Q-learning, we can aggregate V and A via
Qps, a; θq “ V ps; θq ` Aps, a; θq.
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(4.8)

Note that in practice V and A will share some parameters in θ, and also have specific
parameters of their own.
Finally, we use Prioritized Experience Replay in order to speed learning, so that
patient encounters with higher training error will be resampled more frequently
(Schaul et al., 2016). That is, when sampling patients to train the RL model with
stochastic gradient descent, we do not sample uniformly at random, but instead
upweight patients who had high error the last time they were sampled.
For the actual architecture we use 2 LSTM layers with 128 hidden units each that
feed to a final fully connected layer with 128 hidden units, before splitting into equally
sized value and advantage streams that are finally then projected onto the action
space to obtain Q-value estimates. We implemented our methods in Tensorflow using
the Adam optimizer with minibatches of 100 encounters sampled at a time, a learning
rate of 0.001, L2 regularization on weights, and leaky ReLU activation functions. We
also add an additional regularization penalty to ensure that the learned Q-values do
not diverge by penalizing values outside r´Qmax , Qmax s. We use 25 Monte Carlo
samples from the MGP for each sampled encounter in order to approximate the
expected loss and compute approximate gradients, and these samples and other
inputs are fed in a forward pass through the DRQN to get predictions Qps, aq.

4.4 Empirical Study
In this section we first describe the details of our dataset of septic patients before
highlighting how the experiments were set up and how the algorithms were evaluated.
4.4.1

Dataset and Preprocessing

Our dataset consists of information collected during 9,255 patient encounters resulting in sepsis from Duke University Hospital, spanning a period of 15 months. We
define sepsis to be the first time at which a patient simultaneously had persistently
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abnormal vitals (as measured by a 2` SIRS score, (Bone et al., 1992)), a suspicion of
infection (as measured by an order for a blood culture), and an abnormal laboratory
value indicative of organ damage. This differs from the new Sepsis-3 definition (Seymour et al., 2016), which has since been largely criticized for its detection of sepsis
late in the clinical course (Cortes-Puch and Hartog, 2016). We break the full dataset
into 7867 training patient encounters and reserve the remaining 1388 for testing.
We discretize the data to learn actions in 4 hour windows, and limit the data
to within 24 hours prior to and 72 hours after the onset of sepsis. We emphasize
that the raw data itself is not down-sampled; rather, we use the MGP to learn a
posterior for the time series values every 4 hours. Actions for the RL setup consist
of 3 treatments commonly given to septic patients: antibiotics, vasopressors, and
IV fluids. Antibiotics and vasopressors are broken down into 3 categories, based on
whether 0, 1, or 2` were administered in each 4 hour window. For IV Fluids, we
consider 5 discrete categories: either 0, or one of 4 aggregate doses based on empirical
quartiles of total fluid volumes. This yields a discrete action space with 3ˆ3ˆ5 “ 45
distinct actions.
Our input data into the RL model is largely the same as in the last chapter for
predicting sepsis detection, summarized in Table 3.1. It again consists of 36 longitudinal physiological variables (e.g. blood pressure, pulse, white blood cell count),
2 longitudinal categorical variables, and 38 variables available at baseline (e.g. age,
previous medical conditions). 8 medications tangential to sepsis treatment are included as inputs to MGP-DRQN, as well as an indicator for which of the 45 actions
was administered at the last time. Additionally, 36 indicator variables for whether or
not each lab/vital was recently sampled allows the model to learn from informative
sampling due to non-random missingness, following along the lines of the work in
the previous chapter to model missing data in Section 3.6.2. In total, there are 165
input observation variables to each of the Q-network models at each time.
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Our outcome of interest is mortality within 30 days of onset of sepsis. We use a
sparse reward function in this initial work, so that the reward at every non-terminal
time point is 0, with a reward of ˘10 at the end of a trajectory based on patient
survival/death. Although this presents a challenging credit assignment problem, this
allows for data to inform what actions should be taken to reduce chance of death
without being overly prescriptive.
4.4.2

Baseline Methods

We use SARSA, an on-policy algorithm, to estimate state-action values for the physician policy. This algorithm is extremely similar to Q-learning, except the goal is to
learn the state-action values for the physician policy that actually generated the
data, rather than state-action values for an optimal policy. We can also use deep
neural networks for function approximation in SARSA, similar to in Q-learning. The
Bellman equation for updates in SARSA is almost identical to the Q-learning update
in Equation 4.3:
.
Qpst , at q “ Qpst , at q ` αprt ` γQpst`1 , at`1 q ´ Qpst , at qq,

(4.9)

the difference being that we use the next state and next action, instead of the next
state and optimal next action. After running the SARSA algorithm, we have an
estimate of the value of physician policy.
We compare a number of different architectures for learning optimal sepsis treatments. In addition to our proposed MGP-DRQN, we compare against MGP-meanDRQN, a variant where we move the posterior expectation inside the DRQN loss
function, meaning we use the posterior mean of the MGP rather than use Monte
Carlo samples from the MGP. We also compare against a DRQN with identical architecture, but replace the MGP with last-one-carried-forward imputation to fill in
any missing values, and use the mean if there are multiple measurements. We also
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compare against a vanilla DQN, a MGP-DQN, and a MGP-mean-DQN, with an
equivalent number of layers and parameters, to test the effect of the recurrence in
the DRQN models.
4.4.3

Off-Policy Value Evaluation

Since we only have retrospective data, how can we determine which learned policy
is best? In the data, different treatment decisions were made than those that the
learned policies would recommend. To estimate the value of each policy in this
off-policy setting, we use Doubly Robust Off-policy Value Evaluation (Jiang and
Li, 2016) to compute unbiased estimates of each learned optimal policy using our
observed off-policy data. In particular, for a given trajectory H, we can compute an
H
using the recursion
unbiased estimate of the value of the learned policy, VDR

H`1´t
VDR

´
¯
H´t
“ V̂ pst q ` ρt rt ` γVDR ´ Q̂pst , at q ,

(4.10)

where ρt “ π1 pat |st q{π0 pat |st q, with π1 the learned policy we wish to evaluate, and π0
is the physician policy that generated the data. This method combines importance
sampling with an approximate MDP model to provide an unbiased and low variance
H
estimate of the quantity VDR
.

For each patient trajectory in the test set we estimate its value using this method,
and then average the results. In order to apply this method we also need to estimate
the action probabilities of the physician policy, i.e. π0 pat |st q, how likely the treating
physician was to take each action given a particular state. We can use an MGP-RNN
model to estimate these probabilities.
An important caveat and limitation to note is that since our learned policies are
deterministic, we often rely only on the estimated reward V̂ pst q when estimating
values. This happens because the importance sampling ratio ρt will be 0 when the
learned deterministic policy π1 selects a different action than the one taken by the
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Figure 4.2: For the 1388 patients in the test set we show the expected returns
as computed by SARSA, against 30-day mortality among patients with similar Qvalues. Our model appears to be well calibrated, as higher returns are associated
with lower mortality.

clinician. Thus, we are somewhat limited in the accuracy of our value estimates by the
accuracy of this estimated reward, and it is hard to quantify our approximation error.
For this reason, our quantitative results that we now present are only preliminary,
and additional work to improve this evaluation methodology is needed.
4.4.4

Quantitative Results

In Figure 4.2 we show the results of using SARSA to estimate expected returns for
the physician policy on the test data. The Q-values appear to be well calibrated with
mortality, as patients who were estimated to have higher expected returns tended to
have lower mortality. Due to small sample sizes for very low expected returns, the
mortality rate does not always monotonically decrease.
We can estimate the potential reduction in mortality a learned policy might have
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Table 4.1: Expected returns for the various policies considered. For the 6 reinforcement learning algorithms considered, we estimate their expected returns using an
off-policy value evaluation algorithm. Using the results from Figure 4.2, we estimate
the potential expected mortality reduction associated with each policy.
Policy
Physician
MGP-DRQN
MGP-mean-DRQN
DRQN
MGP-DQN
MGP-mean-DQN
DQN

Expected Return
5.52
7.51
6.97
6.63
7.05
6.73
6.09

Estimated Mortality
13.3 ˘ 0.7%
5.1 ˘ 0.5%
6.6 ˘ 0.4%
8.4 ˘ 0.4%
6.6 ˘ 0.4%
7.5 ˘ 0.4%
10.6 ˘ 0.5%

by computing an unbiased estimate of the policy value, as described in Section 4.3,
and then use the results in Figure 4.2. Table 4.1 contains the policy value estimates
for each algorithm considered, along with estimated mortality rates. The physician
policy has an estimated value of 5.52 and corresponding mortality of 13.3%, matching
the observed mortality in the test set of 13.3%. Overall the MGP-DRQN performs
best and might reduce mortality by as much as 8%. The DRQN architectures tended
to yield higher expected returns, probably because they are able to retain some
memory of past clinical states and actions taken. The MGP consistently improved
results as well, and the additional uncertainty information contained in the full MGP
posterior appeared to do better than the policies that only used the posterior mean.
4.4.5

Qualitative Results

We also qualitatively evaluate the results of the policy from our best performing
learning algorithm, the MGP-DRQN, using the test data. In Figure 4.3 we compare
the number of times each type of action was actually taken by physicians, and how
many times the learned policy selected that action. That is, we break out the actions
into the three treatment types: antibiotics, vasopressors, and IV fluids. The MGPDRQN policy tended to recommend more use of antibiotics and more vasopressors
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Figure 4.3: Comparison of physician actions with the actions that would have been
taken by the MGP-DRQN policy, with actions separated according to the 3 types of
treatments considered.
than were actually used by physician, while recommending lower use of IV fluids. In
Figure 4.4 we again show how often actions are taken, now considering all 45 possible
actions.
In Figure 4.5, we show how mortality rates differ on the test set as a function of
how different the observed physician action was from what the MGP-DRQN would
have recommended. The goal here is to summarize what happens in cases where the
MGP-DRQN recommendation and what the physician actually did, vs what happens
in scenarios where they differ. For all 3 types of treatments, there appears to be a
local minimum at 0 and we observe a V shape, indicating that empirically, mortality
tended to be lowest when the clinicians took the same actions that the MGP-DRQN
would have. Uncertainty tends to be higher due to smaller sample sizes for situations
where there is larger disparity (i.e. there are relatively fewer instances with large
disagreement).
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Figure 4.4: Comparison of physician actions with the actions that would have been
taken by the MGP-DRQN policy. All 45 possible actions are shown.

Figure 4.5: Empirical mortality rates as a function of how much the MGP-DRQN
policy’s actions differed from the observed physician actions. Minimal mortality
is observed for all 3 treatment types at 0, where the physicians and MGP-DRQN
agreed.
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Finally, in Figure 4.6 we show clinical data from a sample patient case. In the
top pane of the figure we show five representative vital signs and lab measurements
to illustrate the patient’s clinical status, while the bottom shows both what actions
physicians actually took and what actions the model recommended. The patient was
admitted to the Emergency Department for altered mental status, and the MGPDRQN quickly recognizes the need for antibiotics and IV fluids. The patient is
admitted to the hospital and around hour 6 the clinical team becomes aware of sepsis. However, antibiotics are not first administered until hour 18, about 16 hours
after the model recommended treating with them. After the patient is transferred
to the Intensive Care Unit, their white blood cell count continues to rise (a sign
of worsening infection) and their blood pressure continues to fall (a sign of worsening shock). By hour 14, the RL model starts and continues to recommend use of
vasopressors to attempt to increase blood pressure, but they are not actually administered for about another 16 hours at hour 30. Ultimately, by hour 45 care was
withdrawn and the patient passed away at hour 50. Cases such as this one illustrate
the potential benefits of using our learned treatment policy in a decision support tool
to recommend treatments to providers. If such a tool were used in this situation,
it is possible that earlier treatments and more aggressive interventions might have
resulted in a different outcome.

4.5 Conclusion
In this paper we presented a new framework combining multi-output Gaussian processes and deep reinforcement learning for clinical problems, and found that our
approach performed well in estimating optimal treatment strategies for septic patients. The use of recurrent structure in the Q-network architecture yielded higher
expected returns than a standard Q-network, accounting for the non-Markovian nature of real-world medical data. The multi-output Gaussian process also improved
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Figure 4.6: Top: clinical data from a patient who acquired sepsis, decompensated
in the Intensive Care Unit while progressing to septic shock, and ultimately did not
survive. Bottom: shaded symbols denote treatments that the learned MGP-DRQN
policy would have recommended, while open symbols denote the treatment actions
actually taken by physicians caring for this patient.
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performance by offering a more principled method for interpolation and imputation,
and use of the full MGP posterior improved upon the results from just using the
posterior mean.
There are many potential avenues for future work. One promising direction is
to investigate the use of more complex reward functions, rather than the sparse
rewards used in this work. More sophisticated rewards might take into account
clinical targets for maintaining hemodynamic stability, or penalize an overzealous
model that recommends too many unnecessary actions. Another important direction
is to develop better evaluation methodologies for estimating the value of policies in
the off-policy setting, as we discussed in Section 4.4.3. Finally, it would be interesting
to extend the MGP preprocessing layer to model-based RL settings. An important
advantage of model-based methods, in addition to increased data efficiency, is that
we are actually able to simulate counterfactuals since we have learned a model of the
underlying dynamics, a feat which is impossible in model-free settings.
In the future, we could include treatment recommendations from our learned
policies into our dashboard application we have developed for early detection of
sepsis. The treatment recommendations might help providers better care for septic
patients after sepsis has been properly identified, and start treatments faster. Our
modeling framework is also fairly generalizable, and can easily be applied to other
medical applications where there is a need for data-driven decision support tools. In
future work we plan to use similar methods to learn optimal treatment strategies for
treating patients with cardiogenic shock, and to learn effective insulin dosing regimes
for patients on high-dose steroids.
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5
Conclusion

In this dissertation, we used Gaussian processes as building blocks in constructing
more complex probabilistic models for clinical time series, and applied them to a
number of different impactful problems in healthcare. In Chapter 2, we proposed
several Gaussian process-based models for predicting future disease trajectory in
the context of chronic disease management. We show how a flexible GP model
for univariate time series can be extended to jointly model time-to-event data, or
to model multivariate time series. In Chapter 3, we presented the MGP-RNN, a
method for tying multi-output Gaussian processes for multivariate time series to deep
recurrent neural networks. We apply this framework to early detection of sepsis, and
show how this approach offers improved predictive performance over a standard deep
learning method and other baseline methods. In Chapter 4, we presented preliminary
work in progress, and transitioned from predictive to prescriptive modeling. We
applied the MGP-RNN to a reinforcement learning problem, where the goal was
to learn an optimal treatment regime for sepsis. We showed that the MGP-RNN
improves on existing techniques from deep reinforcement learning, and led to higher
value policies with potentially lower mortality than the actions taken by physicians.
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Despite the large size of modern healthcare datasets in terms of overall sample
sizes (i.e. number of patient medical records), there may be considerably less data at
an individual level, and so properly accounting for our uncertainty remains important
if we intend to use our models to inform decision-making. GPs are especially useful in
this regard, as they are probabilistic models that can naturally quantify uncertainty,
and we have seen that they perform well in practical settings. In addition, they can
act as a form of data augmentation to reduce overfitting in deep learning models,
which is especially useful in smaller problems with less data. Future research around
ways to build both more flexible and scalable models using GPs remains an active
field of research.

5.1 Considerations for Deploying Machine Learning in Healthcare
We conclude this dissertation with a brief discussion around future research directions that will be important in the deployment of machine learning models into real
healthcare settings.
5.1.1

Reproducibility, Data Sharing, and Generalizability

Reproducibility in science is a serious problem; in a Nature survey of 1,576 researchers
across fields, 70% of researchers had tried and failed to reproduce another scientist’s
experiments, and 52% asserted that there is a “significant crisis” in reproducibility
(Baker, 2016). Machine learning is no exception, and many recent papers have
addressed some of these issues. Henderson et al. (2017) focus lack of reproducibility
in reinforcement learning, while Melis et al. (2017) and Olorisade et al. (2017) address
issues in language modeling and text mining, respectively. In a startling number of
cases in these papers, simple but well-tuned baseline methods can perform as well or
better than more recent complex methods.
Within the machine learning in healthcare community the problem is even more
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pronounced due to lack of standardized benchmark datasets. Overwhelmingly, the
most commonly used dataset is MIMIC-III, a freely accessible EHR database from
ICU patients (Johnson et al., 2016). However, researchers will use different subsets
of this database to address distinct questions, and it is not always easy to reproduce
their results, even when the source data is publicly available. In Johnson et al.
(2017), the authors try to reproduce the results of 28 published studies predicting
mortality using MIMIC. Disturbingly, they had significant trouble even building out
the same cohort of patients as the published studies, and in half of the experiments
the sample size they reproduced was more than 25% off the reported size of the
cohort. To alleviate these issues, some work has been done on building benchmark
prediction problems from MIMIC to provide a standard comparison (Harutyunyan
et al., 2017), but this is not yet widely adopted.
The problem is often even worse in medicine more broadly, as sharing data is
not always possible and most healthcare systems are extremely resistant to share or
open-source anonymized versions of their data. The one exception to this general rule
is in clinical trials, where this is slowly changing due to a federal mandate that data
from publicly funded clinical trials be made public. Without the ability to acquire
data from other locations, how do we know if a developed model will generalize to
a new site? How do we know if a particular method is useful in general prediction
tasks, or only in a specific setting? Transfer learning methods may be one promising
area of future research, as they offer the ability to learn more generalizable models
that can better share relevant information between different sites (Pan and Yang,
2010).
5.1.2

Impactibility: Targeting Highest Impact Patients

A different important problem in deploying machine learning and other forms of clinical prediction models concerns the notion of “impactibility” (Lewis, 2010a). Often
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times the information gained from a predictive model is not actionable, especially in
settings with limited resources. Given e.g. a patient’s risk of acquiring a disease or
experiencing an adverse event, what do we do with this knowledge? How do we identify a subset of patients such that collectively we are able to maximize improvement
in outcomes across the entire population? In general, our goal should not necessarily
be to target the highest-risk patients, but rather the patients who are most likely
to benefit from treatment. In some cases, the highest risk patients identified by the
model may already be known to providers and receiving adequate treatment that just
isn’t working, or these patients may be too sick to benefit from treatment. Developing methods to tackle this problem will likely draw from related work in supervised
learning, reinforcement learning, causal inference, and counterfactual modeling.
5.1.3

Dataset Drift

An important practical issue not specific to healthcare associated with deploying
any predictive model “in the wild” is dataset drift and covariate shift. Although not
specific to prediction models in healthcare, healthcare is an application area where
these types of problems may have serious consequences. The problem arises when our
future test data looks substantially different than the data used to train the model,
causing the model to generalize poorly. This can be a huge problem in practice, since
the model performance on the training data may be overly optimistic and we may
expect it to perform better than it actually does. There are many potential causes,
and many variations on the problem. In some cases, the distribution of model inputs
x may be different in the test data, while in other cases both inputs x and outputs
y may differ in future data. The situation can be even more complex in cases where
the model starts to influence human behavior, significantly changing the distribution
of new data being generated.
Though some work has been done in this area, e.g. (Quionero-Candela et al.,
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2009; Bickel et al., 2009; Lipton et al., 2017), practical questions remain. From an
operational perspective, what is the best way to alleviate these potential issues?
How frequently should we be retraining our production models? Should more recent
data be weighted more heavily? These are all largely open problems. Substantial
engineering and automated preprocessing tools may prove necessary to help detect
and avert these types of issues in practice.
5.1.4

Interpretability

A final issue we highlight relates to model interpretability, and related notions of
explainability and transparency. Problems in these area have recently received a lot
of attention, in large part because of the opaqueness and black-box nature of modern deep learning methods. This has motivated many new methods that attempt to
explain the predictions of a black-box model. One popular approach, LIME (Local
Interpretable Model-Agnostic Explanations) uses a local linear model to craft explanations (Ribeiro et al., 2016). Other methods for post-hoc model interpretation use
influence functions (Koh and Liang, 2017) and input gradients (Sundararajan et al.,
2017). In other cases, the model itself is constructed in such a way that its predictions are more naturally explainable or interpretable in some sense, e.g. (Lei et al.,
2016; Ross et al., 2017; Al-Shedivat et al., 2017; Li et al., 2017). A key problem in
general in research in interpretability is the lack of formal definitions for what it even
means for a model to be interpretable. To this end, Lipton (2016) and Doshi-Velez
and Kim (2017) argue for the need for more rigor in the definition of interpretability.
On a more practical level, interpretability should ultimately be guided by how
it relates to overall utility and usability of a model. There may be some situations
where black-box predictions without explanation are acceptable; in other cases, explanations about how the model generated its prediction may help increase trust in
the system and improve adoption. This also ties in to potential problems in user
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interfaces and human computer interaction, around defining the most useful ways
to visualize and consume the information that a model produces. There is still
substantial work to be done in this overall area.

5.2 Final Thoughts
Machine learning applied to healthcare is a rapidly growing area of research. Many
papers are being published very quickly, but often without clinical guidance or input
from actual physicians. As a field, it is critical to ensure that clinicians are in the
loop during the modeling process, to make sure that we are even solving the right
problems. Without understanding the problem domain and the problems clinicians
actually face, we cannot begin to solve them.
Clinical decision support systems have been around for some time, and can improve clinical practice in many cases, such as improving prescribing practices and
reducing serious medication errors. However, there are few clinical decision support
tools in use that directly integrate predictive modeling to improve decision making.
It takes careful planning to integrate models into such software tools in a way that
is useful to the end users. We need comparative user studies to demonstrate what
clinical workflows are most effective to engage end users of a prediction model, rather
than overwhelm them. It is our responsibility as those developing new methods to
educate the end users, and be explicit about critical modeling assumptions. If we
oversell machine learning and do not provide sobering reminders about what our
models can and cannot do, we wind up with overhyped systems that suffer from
unintended consequences (Cabitza et al., 2017; Chen and Asch, 2017).
Ultimately, the only way to achieve meaningful progress in this space and actually use machine learning to improve healthcare and medicine is through close
partnerships between quantitative researchers and practicing physicians. We conclude with thoughts from a recent New England Journal of Medicine perspectives
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piece (Obermeyer and Lee, 2017):
“Algorithms that learn from human decisions will also learn from human mistakes, such as overtesting and overdiagnosis, failing to notice
people who lack access to care, undertesting those who cannot pay, and
mirroring race or gender biases. Ignoring these facts will result in automating and even magnifying existing problems in our current health
system. Noticing and undoing these problems requires a deep familiarity
with clinical decisions and the data they produce – a reality that highlights the importance of viewing algorithms as thinking partners, rather
than replacements, for doctors. Ultimately, machine learning in medicine
will be a team sport, like medicine itself.”
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Appendix A
Software

A.1 CKD-JM
Code for the disease trajectory models described in Chapter 2 is publicly available
on Github at: https://github.com/jfutoma/CKD-GP.

A.2 MGP-RNN
Code for the MGP-RNN models described in Chapters 3 and 4 is publicly available
on Github at: https://github.com/jfutoma/MGP-RNN.
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