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Abstract

Phase transitions represent a fascinating condensed matter physics phenomenon;

however, the study of phase transitions at the microscopic level is challenging because

of the difficulty in tracking individual atoms, which cannot be resolved in an optical

microscope. To solve this problem, colloidal particles are often used to model these

phase transitions because of the ease in tracking individual particles with optical

microscopy and their ability to equilibriate at room temperature on experimentally

accessible time scales (i.e., minutes to hours). However, most of the existing colloidal

systems are not easily tunable, which makes it difficult to control and study phase

transitions.

The goal of my thesis is to develop a magnetically tunable system for study-

ing phase transitions using a monolayer of magnetic colloidal particles, which self-

assemble under the influence of an external time-varying magnetic field. In this

dissertation, I have both an engineering goal of developing experimental techniques

that can grow sufficiently large colloidal crystals, and a scientific goal of studying

the kinetics of phase transitions, paying particularly close attention to the early

crystallization dynamics which my system is uniquely poised to probe. I have used

this experimental apparatus to study the phase transitions in densely packed mono-

component and bi-component colloidal monolayers. In both of these systems I have

used magnetic fields to adjust the interactions between colloidal particles and image

tracking algorithms to follow the system dynamics.
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In the following chapters, I will describe the methods I have used to character-

ize crystal growth rates, and the mechanisms for how crystals heal, with the key

points are summarized as follows. First, the ability to form large single crystals is

fundamentally limited by impurities, such as the presence of random large or small

particle contaminants, particle doublets, and particles that are randomly pinned to

the substrate. When these impurities or defects are present even at concentrations

as low as a few percent, it dramatically reduces the size of the attainable crystals.

Second, I have showed that long-range magnetic interactions can produce complex

phase diagrams that have both critical points and triple points, and that it is pos-

sible to move between the different phases on the fly by adjusting the strength of

the magnetic field. This ability can be used to study the early dynamics of melting

and solidification processes. Finally, I have used the system to find unique pathways

that occur during the healing of colloidal crystal. One of these mechanisms involves

both lattice slip and rotation, which does not appear to have been reported previ-

ously. This colloidal system thus has many potential applications both as a method

to fabricate new materials and as a fundamental model for materials science.
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1

Introduction

Phase transitions are ubiquitous in nature and are routinely exploited by scientists

and engineers in fields such as distillation, steam power generation, metal work-

ing, glass blowing, and in the synthesis of advanced solid state electronic materials.

Future technological improvements may come by better understanding these phase

transitions at the microscopic scale, such as the nucleation kinetics and the types of

atomic ordering processes that are involved in the formation of various solid mate-

rials. However, the study of phase transitions at the atomic scale has been difficult

due to our lack of ability to track individual atoms at the appropriate time scales,

and has prevented us from understanding the microscopic kinetic pathways that lead

to macroscopic equilibrium configurations.

Experiments on colloidal self-assembly have emerged over the last few decades as

proxy systems to study phase transitions, due to their more experimentally accessi-

ble length, time, and energy scales, which are ∼ 1 µm, ∼ 1 s, and ∼ kBT , respectively.

These systems enable the individual particles to be tracked using an optical micro-

scope, and to equilibriate at room temperature. The ability to tune both the strength

and the type of inter-particle interactions makes them possible to observe and probe
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collective ensemble behaviors analogous to processes that occur at the atomic scale.

Thus, colloidal systems have the potential to advance both our fundamental under-

standing of materials and provide pathways to improve the fabrication of advanced

materials.

In this thesis, I have developed a highly tunable colloidal system that has ca-

pabilities to control the strength and shape of particle-particle interactions. This

system has allowed me to access different types of colloidal phases and explore the

transitions between them. I have paid close attention to investigating three funda-

mental questions, which include: (i) how to grow crystals that are large enough to

be interesting models for materials science; (ii) how to develop experimental phase

diagrams that match theoretical predictions and lead to precise calibration of the

system properties, and (iii) how to use this model to study the kinetic pathways in-

volved in the healing of crystalline materials. The experimental system I developed

to address these questions are described in the paragraphs below.

My first goal is to develop an experimental system that would allow large single

crystals to be grown inside dense colloidal monolayers. In Chapters 4 and 5, I will

discuss the use of this system to form large crystals in mono-component colloidal

suspensions, and in Chapter 6 I will extend this to bi-component suspensions as a

model for colloidal alloys. From these studies, it has become clear that the crystal

size is controlled by the percentage of impurities; thus, as long as the number of

impurities is kept below a few percent, I am able to form crystals consisting more

than a thousand of particles.

Based on this highly controlled system for growing colloidal crystals, my next

goal is to study the system phase behavior. In Chapter 4, I am able to produce

an experimental phase diagram, that is in well agreement with theoretical predic-

tions based on Monte Carlo simulations conducted by the Charbonneau group. The

comparison of theory and experiment allows us to precisely calibrate the magnetic
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susceptibility of the colloidal particles. I am also able to characterize the growth

rate of large colloidal crystals in a binary suspension, which is consistent with the

Brownian dynamic simulations of Fried’s group, described in Chapter 6.

Having established the utility of the experimental model, I next use the system

to study the early stages of solidification. Here, I pay particularly close attention to

non-classical crystal healing pathways, and I provide results showing an interesting

healing process in Chapter 5.

The work presented in this dissertation shows the great utility of time-varying

magnetic field in controlling the interactions in mixtures of colloidal particles. My

techniques for assembling these large crystals and studying their healing pathways

have potential applications in other disciplines in condensed matter physics, as well

as a novel method for manufacturing advanced materials. In the rest of this chapter,

I will provide a historical background of colloids and the types of interactions that

are ever present in colloidal systems.

1.1 Colloids

The beauty of monodisperse colloidal particles is that they can form highly complex

materials without having to individually place them one by one, and thus are ideally

suited for both building new materials and for studying self-ordering processes com-

monly observed in phase transitions. Colloidal materials have thousands of years of

history, and one of the first examples can be found in the gold and silver particles

embedded in the dichroic glass of the Roman glass cage cups [1]. The presence of

these highly conductive sub-micron sized particles inside the glass matrix causes the

cup to appear as different colors due to the wavelength dependent surface plasmon

resonance effect that occurs in different metals. Other naturally occurring materials,

such as opals, reflect different colors based on a Bragg scattering process that origi-

nates from size of the colloids, which controls the lattice dimensions of crystal. The
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Figure 1.1: Gold colloidal particles with various size and shape [2].

study of colloids has a long history, starting with Robert Brown who first described

the random motion of pollens suspended in a fluid, which is now called Brownian mo-

tion, and which results from the random collisions of microscopic particles with the

fast-moving molecules in the fluid [3]. Einstein and Perrin then provided theoretical

explanations of this phenomenon, and convinced the reality of atoms and molecules

[4]. The evolution of optical microscopy, transmission electron microscopy, and X-ray

crystallography technique also have revolutionized our comprehension of materials

structures from atomic level.

Colloidal particles exist in the size range of 10 nm to 10 µm, and are thermally

suspended in a solvent whose molecules are much smaller in size. Colloidal particles
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can also be synthesized at bulk scale from diverse shapes, such as spheres [5], rods

[6], ellipsoids [7], plates [8], core/shell [9], and dumbbells [10]. These particles self-

assemble into highly ordered structures by particle-particle interactions that involve

a variety of forces. These forces vary in their strength and distance dependence,

and can be tuned by many experimental techniques. The ability to control and tune

the lattice dimensions and crystal packing of colloidal materials has a multitude of

applications in photonic bandgaps [11, 12], biosensors [13, 14], templates for advanced

manufacturing [15].

In the last few decades, there has been great interest in colloidal self-assembly,

not just for its applications in building novel materials, but also for its unique ability

to mimic condensed matter phenomena that often occur in atomic scale materials.

The origin of this similarity is because the cohesion energy per particle can easily

be adjusted to be commensurate with room temperature thermal energy, kBT , and

because the length and time scales associated with the particle dynamics (microm-

eters and seconds, respectively) allow for easy tracking of individual particles with

an optical microscope. Studies of colloidal suspensions have yielded insights into the

microscopic dynamics of phase transitions such as spinodal decomposition [16], glass

formation [17], crystallization [18] and martensitic transformations [19, 20]. In addi-

tion, colloidal systems can be more easily confined than atomic systems, with some

examples including particles confined in narrow cylinders [21], transport through

narrow pores [22], and assembly near a hard wall [23], which allows it to be used

as model for low-dimensional materials, such as topological insulator, layered semi-

conductors. The behavior of a monolayer of particles confined between two plates

separated by a distance close to the particle diameter is of particular interest both for

theoretical reasons, such as the stabilization of topological defects, and for engineer-

ing materials with optimized electronic, optical, or elastic properties. Although such

systems have been studied extensively in computer simulations [24–31], analogous

5



experimental systems have been more difficult to realize.

In my experiments, I use spherical superparamagnetic particles with the mean

diameter of 2.8 µm for mono-component system, and a mixture of these particles with

nonmagnetic particles suspended in ferrofluid for bi-component system. The non-

magnetic particles has the mean diameter of 3.1 µm, while the ferromagnetic particles

in ferrofluid has the mean diameter of 10 nm. All materials used in my experiments

will be discussed more details in Chapter 3. Experimental sample is prepared by

confining a dense fluid suspension between a coverslip and a glass slide. The fluid

thickness is adjusted to be slightly larger than a particle diameter in order to create

a quasi-two-dimensional colloidal monolayer. This geometrical confinement enables

me not only to obtain a low-dimensional colloidal system for scientific interest, but

also to achieve isotropic interaction between particles with time-varying field on the

fly or static vertical field.

The mono-component system of paramagnetic particles with in-plane rotating

field usually features classical phases, such as gas, liquid, crystal, and coexistences

of those phases at specific particle concentration and field strength. This system is

expected to closely mimic the behavior of simple liquids. Moreover, the formation of

microphase is anticipated with conical fields near the magic angle. In binary system,

the existence of ferrofluid allows me to tune the attraction between magnetic and

nonmagnetic particles similar to particles bearing with opposite and equal charges.

The liquid-like binary colloidal suspension is expected to solidify and grow continu-

ously when the magnetic field is turned on, mimicking a rapidly cooling process in

conventional materials.

1.2 Colloidal Interactions

The forces acting on colloidal particles are essential for stabilizing them in suspension

and for determining the structures formed at high volume fractions. These forces af-
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fect not only the stability, but also the mechanical, electrical, and thermal properties

of colloidal structures. In this section, I will describe the major classes of inter-

particle interactions, and develop estimates for their strength, distance dependence,

and method of controlling these forces by changing the experimental parameters. I

will also use this section to justify why some of these interactions are neglected in

my magnetic particle interaction models.

1.2.1 Isotropic Repulsion Interactions

1.2.1.1 Hard Sphere Interaction

The simplest colloidal model is hard sphere system, in which particles are non-

interacting until they experience an infinitely stiff barrier at contact. The hard

sphere interaction approximates the behavior of atoms or spherical molecules that

cannot overlap in space. The pairwise interaction between two hard-sphere particles

i and j is given by

Uij(r) =

{
0 (r > σ)

∞ (r < σ)
, (1.1)

where r is the particles separation, and σ is the diameter of particles. Particle

volume fraction is the only tuning parameter that gives rise to different phases,

including fluid, fluid-crystal coexistence, crystal, and glassy phase. Solidification

and aggregation is driven by entropic effects [32]. The hard sphere model has been

widely used to describe crystal nucleation and glass transitions by controlling the

particle packing fraction [33–35].

1.2.1.2 Electrostatic Interaction

When particles have charge and are surrounded by a fluid with electrolytes, they ex-

perience another type of repulsion, but which acts over longer distances and provides

a soft repulsive interaction. This force originates from the presence of an electrical
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Figure 1.2: (a) Illustration of the double layer formation around particles [36]. (b)
Electrostatic interaction as a function of particle pair surface to surface distance at
different electrolyte concentrations.

double layer surrounding suspended particles in electrolyte solution (See Fig.1.2(a)).

Colloids typically carry a net charge due to the presence of charged groups on their

surfaces (e.g. OH, COOH, SO4Na), which either are adsorbed from solution or are

chemically grafted. A diffuse layer of counter-ions is attracted to the charged col-

loidal surface due to the Coulomb attractive force. When two particles approach one

another, the electric double layers overlap, and lead to a repulsive force associated

with the increased concentration of electrolytes in the gap between the particles. The

length scale of the double layer depends on the ionic strength of the solution and the

dielectric properties of the medium, and is called the Debye length

κ−1 =

(
εrε0kBT

2ρ∞z2e2

)1/2

, (1.2)

where εr is the relative permittivity, ε0 is the permittivity of free space, kB is Boltz-

mann constant, T is the absolute temperature, e is the electronic charge, z is the

valence of the ion, and ρ∞ is the number density of ions in the bulk solution. The De-

bye length is typically a few nanometers to several hundred nanometers, and dictates

the range of particle repulsion.
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The electrostatic potential between two spherical particles is given by

Uel(D) =
(64πkBTRρ∞γ

2

κ2
)

exp (−κD) , (1.3)

where R is the radius of the spheres, D is the surface to surface distance between

the particles, and γ = tanh (zeψ0/4kBT ) is the reduced potential where ψ0 is the

surface potential and e is the unit charge. As shown in Fig. 1.2 (b), the interaction

between two spherical particles decays exponentially with the separation distance.

The range of the interaction can be controlled by adjusting the electrolyte concen-

tration, and can be tuned from long-range to short-range, which in the limit of very

high electrolyte concentration becomes analogous to a hard-sphere system.

In my experiments, particles carry net negative surface charge and are suspended

in aqueous solutions. For the typical conditions that I use in my experiments, the

Debye length is 10 − 100nm, which is very small in comparison to the size of my

colloidal particles. However, when particles become close to one another, the repul-

sive energy barrier becomes large (several tens kBT ) which is helpful in preventing

particles from reaching a primary irreversible energy minimum.

1.2.1.3 Steric Interaction

Steric interaction is another soft repulsion that is often used to improve particle sta-

bility in solution. Steric stabilization is achieved by grafting polymer chains onto

the particle surface. The overlapping polymeric brushes between neighboring par-

ticles induces a net repulsive force when two particles approach each other, which

originates from osmotic pressure and entropy-driven effects [37]. The former occurs

before interpenetration of two surfaces as an increase of local polymer concentration

in a small region, leading to a rise of osmotic pressure. The free energy induced by

osmotic pressure can carry either positive or negative sign (e.i. attractive or neg-

ative force), depending on the quality of solvent. The latter occurs as overlapping

9



Figure 1.3: (a) Illustration of the end-grafted polymer brushed particles [36]. (b)
Steric interaction between two particles as a function of particle surface distance at
different length and graft density.

of polymer brushes, introducing a repulsive force between two surfaces due to the

unfavorable entropy of this confinement. The combination of two effects determines

the steric free energy of interaction.

I used the steric repulsion effect in several different ways to improve my exper-

imental results. First, I coated polymeric brushes on the top of glass slide and

coverslip, which prevented particles from non-specifically adhering to the confining

boundaries. The ferrofluid was also stabilized by steric repulsion, preventing the

magnetic nanoparticles from aggregating. However, the micro-particles used in all of

my experiments do not have a coated polymeric brushes, and thus I do not specifically

model these steric forces in the pairwise interaction models. Nonetheless, we do use

a potential model in simulations, which approximates the effects of both electrostatic

and steric repulsion.

1.2.2 Isotropic Attractive Interactions

1.2.2.1 Van der Waals Interaction

The van der Waals interaction is caused by induced electromagnetic fluctuations be-

tween materials and has been described by several models from the microscopic scale

[38] to the macroscopic scale [39]. The origin of this interaction is an instantaneous
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electronic cloud fluctuation, which causes particles to polarize and induce attractive

dipole moments in neighboring particles. This attraction occurs even in nonpolar

atoms. This model was first derived by London in 1930, which can be expressed as

UvdW (r) = −CvdW/r6, (1.4)

where r is the distance between atoms/molecules, CvdW is constant characterizing the

interaction strength, which depends on the materials and the surrounding medium.

This constant originates from the sum of three distinct types of forces: dipole-

dipole (Keesom) [40], dipole-induced dipole (Debye) [41] and London dispersion [42].

Derivation of these three interactions can be found in a recent book by Israelachvili

[43]. By integrating the pairwise interaction between all atoms/molecules over the

volumes of two bodies, it is possible to obtain the net interaction energy, which for

two spherical particles is

UvdW (D) = −A
6

[
2R2

D2 + 4RD
+

2R2

(D + 2R)2
+ ln

(
1− 4R2

(D + 2R)2

)]
, (1.5)

where R is particle radius, D is surface separation distance, A is Hamaker’s constant,

which is given by

A = Cπ2ρ2, (1.6)

where C is van der Waals constant, and ρ is number density of atoms. When the

separation distant between two particles surfaces are much smaller than particle’s

radius (D � R), Eq. 1.5 can be simplified as

UvdW (D) = − AR
12D

. (1.7)

Lifshitz developed an extension of this theory, which includes many-body effects,

and is derived in term of bulk electromagnetic properties of the interacting materials
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Figure 1.4: Illustration of self-assembly process with DLVO potential, where the
assembly configurations can be defined as a function of electrolyte concentration [47].

[39]. The calculation of Hamaker’s constant based on the Lifshitz theory and other

additional details can be found in the literatures [43–46].

The van der Waals attractive interaction is one of the main forces causing par-

ticles to aggregate and self-assemble into ordered structures [48, 49]. However, if

left unchecked, this ever-present interaction can lead to a permanent aggregation of

particles, which makes it difficult to use this interaction to study melting and cooling

cycles that occur during solidification processes.

In my system, I expected that the magnetic interaction would be of longer range

and stronger than the van der Waals interaction, except when two particles come

extremely close together, which is prevented by the soft repulsion effects described

in the previous section. To test this prediction, I evaluated the strength of the van

der Waals interaction from Eq. 1.7 between two polystyrene spherical particles in

my experimental system. Assuming the particle has a radius of R = 1.5µm, and the
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Hamaker constant for polystyrene/water/polystyrene interface has a typical value

of A = 1.3 × 10−10J, the attraction energy between two particles is approximately

UvdW = 6.5 × 10−20J, which is equivalent to ∼ 15kBT at a separation distance of

D = 25nm. Thus, it is extremely apparent that repulsive forces are needed to prevent

these particles from contact and irreversible aggregation

The DLVO model, which is named after Boris Derjaguin, Lev Landau, Evert

Verwey and Theodoor Overbeek, is simply the linear combination of electrostatic

repulsion and van der Waals attraction, and has provided one of the most com-

mon frameworks for explaining colloidal stability. The interplay between long-range

electrostatic repulsion and short-range van der Waals attraction leads to a complex

distance dependent interaction potential that can be controlled with the electrolyte

concentration and surface charge density. The types of structures formed as a func-

tion of the electrolyte concentration is outlined in Fig. 1.4, and further details can

be found in the literature [43, 47, 50]. At low electrolyte concentrations, the long

range repulsive force dominates and causes the particles to form highly ordered and

non-closed-packed structures [51, 52].

In my experimental system, I never observed irreversibly aggregate when the

external field was off. This implies that although the separation distance between

the particles is smaller than that which can be resolved in the optical microscope

(i.e. 100nm), the DLVO potential is enough to prevent the particles from reaching a

primary irreversible energy minimum. Thus, I do not explicitly model the van der

Waals interaction in my system.

1.2.2.2 Depletion Interaction

Depletion interaction is another type of attractive force acting on large colloidal

particles due to an entropic effect caused by the presence of smaller particles (called

depletants) coexisting in a solution with larger particles. The depletants can consist
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Figure 1.5: (a) Illustration of large colloidal particle immersed in a solution of
smaller depletants. (b) The exclusion of small particles out of the middle space be-
tween two large particles arises an osmotic pressure that induces particle attraction.

of polymers, colloidal spheres, rods and plates that are much smaller in size compared

to large colloidal particles. The origin of depletion forces arises when two particle

approach close enough such that the depletant can no longer fit in between the

two particles. This local decrease in depletant concentration induces an osmotic

pressure, which pushes the large particles close together. This interaction was firstly

characterized by Asakura-Oosawa using a suspension of large spherical particles in a

dilute solution of smaller hard-spheres [53].

Here it is assumed that the large particle has radius of R, and small hard-sphere

diameter is σ, which defines an effective depletion radius of Rd = R+σ/2 surrounding

the large particles (See dash circles in Fig 1.5). The total force imposed onto large
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particle can be calculated by integrating of pressures applied on particle’s surface,

which is characterized by the overlapping region of the effective depletion layer as two

particles approach closely together (shaded area in Fig. 1.5(b)). The surface area,

on which pressures acting on particle between θ and θ + dθ, is ∆S = 2πR2
d sin θdθ.

The osmotic pressure imposed on large particles is given by P = nbkBT where nb is

the bulk number density of the depletant. Thus, the total force acting on colloidal

spheres is obtained by

F (r) = −nbkBT
∫ θ0

0

∆SP cos θdθ

= −nbkBT2π(R + σ/2)2
∫ θ0

0

sin θ cos θdθ.

(1.8)

Solving the above integration gives us a result of

F (r) =

{
0 r > 2Rd

−nbkBTπR2
d

(
1− (r/2Rd)

2
)

2R < r < 2Rd

. (1.9)

The depletion potential can be expressed by integrating the forces in a distance of

2R < r < 2Rd

Udep(r) =

∫ 2Rd

r

F (r)dr

= −nbkBT
4πR3

d

3

[
1− 3r

4Rd

+
r3

16R3
d

]

= −nbkBT
π

12

[
2(2R + σ)3 − 3r(2R + σ)2 + r3

]
.

(1.10)

The above equation shows that the depletion interaction strength can be tuned by

changing the volume concentration of the depletants as well as the relative size

between large and small particles in solution. The length scale of this potential is
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clearly dependent on the size of small particle σ. Beyond this distance, depletion

interaction is negligible.

The depletion forces are used to establish short-range attraction between the

colloidal particles, in which the spatial extent of the inter-particle interaction is

smaller than one-quarter of a particle diameter [54, 55]. This effect has previously

been used to form ordered colloidal structures and the kinetics of their formation,

such as metastable phases [56], glass transition [57], and protein aggregation [58].

Recently, a combination of depletion and electrostatic interaction has been used

to control the short-range attraction and long-range repulsion forces [59–62]. This

complex potential landscape induces the formation of colloidal clusters, which are

stable at equilibrium.

I provide this discussion because the depletion effect should be present in a sus-

pension of ferrofluid that also contains micron-sized colloidal particles. The ferrofluid

particles has size of approximately 10nm in diameter, which indicates that the deple-

tion interaction will be very short range. The presence of electrostatic stabilization is

longer range and prevents this force from having a significant influence in my system.

Thus, I do not explicitly model this interaction.

1.2.2.3 Other Colloidal Isotropic Interactions

Several other approaches that have been used to establish isotropic attractive or re-

pulsive interactions in colloids, however; I cannot review all of them in detail. As

an alternative route, I merely highlight the fundamental concepts and the significant

contributions of each technique to the field of colloidal self-assembly and their appli-

cation in the study of phase transitions and crystallization, which is relevant to my

subject matter of interest.

For examples, colloidal particles trapped at the interface of two liquids (i.e. oil-

water interface, air-water interface, etc.) is another system that can be used for
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studying self-assembly and phase transitions. This trapping mechanism was firstly

explained by Ramsden [63] and Pickering [64]. In particular, particles prefer to come

in contact with the interface of two media, where they are strongly binding with the

interface in order to minimize interfacial energy. In case of micron sized spherical

particle and equal wetting by two liquids at the interface, this trapping energy is on

order of 107kBT [65], remaining the stability of particles at the interface. Moreover,

the particle-particle interactions involved colloidal assembly processes are governed

by either repulsive electrostatic forces or attractive electrostatic capillary forces. The

former is associated with the dipole-dipole interaction, which is original from the

formation of the double-layer charge on the surface of particles in water side [66].

This long-range repulsive forces can be tuned by controlling salt concentration. The

latter is original from the distortion of interface shape, inducing by the electric fields

of the charged particles. The deformations of interfaces arise a capillary attraction

force between neighboring particles [67]. However, the theoretical background of

electrostatic capillary interaction is still controversial. Several opening questions

still remain with either the magnitude or length-scale of these forces [68, 69].

Recently, a novel method has been developed to control colloidal phases transi-

tions based on the critical Casimir forces [70, 71]. In this method, colloidal particles

are commonly suspended in binary liquid mixture (i.e. water and 2,6-lutidine), where

particles are favorable to be adsorbed by one soluble solvent, leading to the develop-

ment of adsorbed films on their surface. The thickness of adsorption film is sensitive

with thermodynamics state of the solvent that arises an effective interaction between

two colloidal particles. The strength and length-scale of this interaction depend

on correlation length of the solvent, which is diverse at critical temperature [72].

Therefore, colloidal aggregation can be controlled in situ by adjusting the system

temperature, while colloidal phase space is limited at the colloid-preferred species

during the solvent demixing process. By using this method, Nguyen et al. [71] can
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directly measure temperature dependence of pairwise interaction, observe gas-liquid

coexistence phase, and establish a colloidal gas–liquid phase diagram.

Other temperature sensitive attraction colloidal system is reported in the study of

Li et al. [73, 74]. Particle interaction is tunable by changing system temperature, in

which diameters of microgel spheres are thermally sensitive. The linear dependence

of particle diameter on temperature provides a capability to control volume-fraction

change that induces crystal melting and recrystallization process. This colloidal

system has been intensively used to study nucleation mechanisms [20, 75], solid–solid

phase transformations [76], melting of colloidal crystals [77, 78], and premelting

process at crystal defects [79].

Molecular contact forces, such as colloids coated with DNA, is another method for

programming the assembly of diverse colloidal architectures. The binding strength

from specific molecular forces is several order of magnitude larger than thermal en-

ergy, and thus can quickly lead to nucleation and crystallization of suspended par-

ticles. The length scale of this interaction is controlled by tuning the length of the

grafted DNA, and the strength can be tuned by adjusting the specific binding energy,

such as by inducing mismatches in the case of complementary DNA binding. These

types of systems have been previously used to study various types of condensed mat-

ter physical phenomena, such as kinetic arrested of gel-like structures [80], phase

transitions [81], nucleation and crystal growth [82].

1.2.3 Electric Field Assisted Colloidal Assembly

Electric field has been frequently used to control the assembly of colloidal particles

in a manner similar to my experiments. Electric field driven colloidal assembly can

occur by the attraction of opposite charges, which is similar to the binary magnetic

system that I investigated in Chatper 6. Electric fields also induce dipole-dipole force
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interaction that can be modeled as [83]

Fd−d =
3

4
πσmR

2E2
( σp − σm
σp + 2σm

)2(2R

r

)4[
(3 cos2 θ − 1)r̂ + sin(2θ)θ̂

]
, (1.11)

where r is particle-particle separation distance, θ is the angle between the particles-

particle center line and the direction of the electric field, E is the root mean-squared

magnitude of AC electric field. At high field strength, inter-particle interaction

overcomes the thermal energy, leading to the assembly of particles into elongated

chains that align with the field direction at short timescale after the field is on.

For longer time, 2D crystal is formed due to lateral interaction between chains [84].

Since the inter-particle interactions depend on the relative angle between external

field and particle-particle separation distance direction (θ), this interaction can be

tuned isotropically with highly rotating electric fields in the particle plane. The long-

range isotropic interaction originates from time-averaged of dipole-dipole interactions

at sufficiently high frequency of rotating fields [85, 86].

Electric fields have several advantages for controlling self-assembly processes in-

cluding: (i) the ability to tune interaction forces that directly impose onto each

particle and (ii) the ability to create both anisotropic and isotropic inter-particle

interactions [87, 88]. However, electric field based assembly methods also have sev-

eral disadvantages. First, there are electrokinetic effects and hydrodynamic motion

caused by electric fields, which can disturb the colloidal assembly processes. It is

also more experimentally difficult to place electrodes inside the experimental appa-

ratus, and is more difficult to create bi-axial and tri-axial fields. These drawbacks

have motivated the use of magnetic fields to achieve a more well controlled colloidal

assembly system.
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1.2.4 Magnetic Field Assisted Colloidal Assembly

Magnetic field are commonly used to control the assembly of colloidal particles.

These particles assemble into ordered structures due to magnetic dipole-dipole in-

teractions, which are similar to the electrical interactions described in the previous

section. Magnetic dipoles can interact by either attraction or repulsion, depending on

the field direction relative to the positions of the particles. The interaction strength

can also be tuned with the strength of external field, which is typically up to several

orders of magnitude greater than kBT . The spatial decay of the magnetic interaction

is long-range, decreasing with the inverse cube of the inter-particle distance. This

long range interaction makes magnetic colloids an excellent model to study diverse

phase transitions both in equilibrium or the pathways to equilibrium. Moreover, it

is possible to assemble particles into diverse ordered structures, which have applica-

tions in the fabrication of photonic crystals [89], biosensors [90], and templates for

fabricating other materials [91]. Unlike Van der Waals or depletion forces, which

cannot be tuned in real-time, magnetic field allow for the interaction potential to be

adjusted on the fly. This feature allows us to assemble and disassemble particles in

a single experiment and study the kinetics of transitions between different phases.

Finally, magnetic interaction can be induced with external coils, which are easier to

build, and do not heat the fluid or induce hydrodynaic flows.

The ability to control the direction of dipole-dipole interactions provides access

to forming many types of lattices, including linear chains [92], rings [93], superstruc-

tures [94], gel-like network [95], sheet [96]. More importantly, these inter-particle

interaction can be rendered isotropical by using a rapidly rotating magnetic field,

which is possible to achieve with electric field, but is much more complicated due to

the need for fabricating electrodes on the experimental sample. Because of all these

advantages, my thesis has focused exclusively on tuning particle interactions with
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static and dynamic magnetic fields.

The rest of this dissertation is organized as follows. Chapter 2 presents essential

background of phase transition, crystal nucleation and growth, and crystal defects.

Chapter 3 introduces fundamental of magnetic colloids and magnetic fields controlled

colloidal interactions. The mathematical frameworks of magnetic point dipole in-

teraction with static field, and rapidly rotating field are also described in details.

Chapter 4 presents my first study with the system of time-varying fields and single

component paramagnetic particles. This chapter will discuss about different phase

formations using in-plane field and conical field, as well as the agreement and dis-

agreement between theoretical predictions and experimental observations. Chapter 5

presents my second study with in-plane rotating magnetic field, where I introduce for

the first time an experimental observation of crystal healing process by crystal frac-

ture and rotation. Chapter 6 presents my study on the formation of binary crystal

using a mixture of magnetic and nonmagnetic particles suspended in ferrofluid. This

chapter will focus on tuning experimental parameters such as applied field strengths,

particle concentrations, and impurities effects for obtaining the largest possible crys-

tal size. Finally, Chapter 7 provides a summary of the original work done, and

presents possible future directions.
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2

Background of Phase Transitions, Crystallization,
and Crystal Defects

The Van der Waals equation of state is considered to be a universal model for a

simple liquid, which can be used to predict phase boundaries as well as the critical

temperature where phase separation occurs. Thus, I will begin this chapter with a

brief derivation of the van der Waals equation, where I will show how the critical

point, the binodal and spinodal curves can be theoretically determined. I will then

show how different phase diagrams can be obtained by adjusting the strength and

shape of the particle interactions. Finally, I will present a brief review of crystal

nucleation and growth processes, and discuss the types of crystal defects that are

observed in my experiments. These discussions provide a contextual background for

Chapters 4 - 6, which describe my experimental investigations on crystal growth in

mono-component and bi-component colloidal systems.
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2.1 Fundamental of Phase Transition with van der Waals Model

The equation of state of a dilute ideal gas is characterized by the relationship between

pressure P , volume V , and temperature T as

PV = nRT, (2.1)

where n is the number of moles, and R is universal gas constant. Though this

equation is a good approximation for ideal gases, corrections are needed to account

for molecular size and the attractive forces between molecules in a real system. Thus,

a modification of the ideal gas law was proposed by van der Waals, which is given

by [97] (
P +

a

V 2

)(
V − b

)
= RT. (2.2)

The pressure of an ideal gas system is due to the collisions of the gas molecules on the

vessel container. However, in a real gas the pressure is smaller than that predicted by

the ideal gas law because of the attractive interactions between gas molecules within

the vessel. To account for this attraction, van der Waals replaced the pressure term

P in the ideal gas equation by
(
P + a

V 2

)
, where a is a constant proportional to

the system size. The hard core repulsive force is taken into account by assuming an

excluded volume around a molecule that prevents other from approaching closer than

a distance of one molecule diameter. The effective volume of the system therefore

becomes a smaller value of
(
V − b

)
, where b ≈ Nπr3/6 is the total exclusive volume

of the system of N molecules with particle radius r. Alternatively, parameters a and

b can be derived from a statistical physics point of view [98].

The van der Waals equation of state accurately describes gas-liquid phase tran-

sitions, and is often expressed in a different form as

PV 3 −
(
bP +RT

)
V 2 + a

(
V − b

)
= 0. (2.3)
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Figure 2.1: Isothermal curves of van der Waals equation of state around the critical
temperature.

At a fixed temperature, the pressure P is now determined as a polynomial expansion

of the volume, and is no longer monotonic like the ideal gas equation. Fig. 2.1

shows a typical isothermal plot of the van der Waals equation of state at different

temperatures. This equation has 1 or 3 real roots as the temperature is reduced (See

black dots in Fig. 2.1), and the transition between these classes of solutions allows us

to define the critical point, along with its corresponding three parameters of state:

Tc, Pc, Vc as

Tc =
8a

27bR
, Pc =

a

27b2
, Vc = 3b. (2.4)

We can rewrite the van der Waals equation using reduced units V = νVc = 3bν,

T = τTc = τ(8a/27bR), and P = ρPc = ρ(a/27b2) as

ρ =
8τν2 − 9ν + 3

ν2(3ν − 1)
. (2.5)

Figure 2.2 shows ρ − ν diagram of the reduced equation of state at different tem-

peratures above and below the critical temperature (τc). At τ < τc, the isothermal
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Figure 2.2: Isothermal curve at above and below critical temperature. The binodal
and spinodal curves can be established using Maxwell construction.

curve is non-monotonic as a function of ν, which gives rise to the liquid-gas phase

transition. The Maxwell construction establishes a horizontal line that divides the

unstable region into two equal areas (See gray shaded regions) at a fixed tempera-

ture [99]. By repeating this calculation over a range of temperature smaller than the

critical temperature, a liquid-gas transition curve (See dash-dot-dot line) is charac-

terized by connecting a set of starting and ending points (See black opened circles)

located on the horizontal segment lines. This is so-called the binodal curve, while

the line connecting the minimum and maximum points (See red opened circles) is

called the spinodal curve (See dash-dot line). Outside of the binodal curve represents

an isotropic fluid phase. Nucleation process arises phase transition as the system is

quenched into the metastable region that is enclosed by the binodal and the spinodal

curves. The region bounded by the spinodal curve indicates liquid-gas coexistence

phase.
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2.2 Colloidal Phase Diagrams

The Van der Waals equation becomes invalid at very high pressure and low temper-

ature [100], limiting its ability to describe the formation coexisting gas-solid, liquid-

solid, or gas-liquid-solid near the triple point. Colloidal suspension, in this case, is

an excellent model to examine the van der Waals equation state. More important,

the capacity to achieve a dense particles suspension allows this model to access a

broad region on phase diagram that is beyond the limitation of the van der Waals

equation of state. In Chapter 4, determinations of phase diagram, the critical point,

and the triple point will be discussed more details with my colloidal experiments.

In experimental studies, colloidal suspensions have emerged as a useful model to

characterize many features observed in phase diagrams. Colloidal particles suspended

in fluid can behave like a gas, liquid, or crystal analogous to the phases observed in

real materials. The interaction strength between colloidal particles can be tuned

easily using many t methods, such as electric or magnetic field, surface adhesion, as

well as short-range depletion or Casimir forces. The ability to tune magnetic fields

and thereby control the particle-particle interactions strength, serves as a proxy

for controlling the system temperature, and thereby provide the ability to more

efficiently explore the phase space.

The various types of colloidal interaction models are shown in Fig. 2.3. Fig. 2.3(a)

represents the hard-sphere repulsive interaction which is infinitely repulsive when

particles become in contact. Particle volume fraction is the only parameter to control

phase transition as shown in Fig. 2.3(b). Figure 2.3(c) presents a colloidal system

with short-range attraction, in which different phase behaviors can be observed at

specific temperature and volume fraction (See Fig. 2.3(d)). This colloidal system has

been widely used to study protein aggregation, liquid-liquid coexistence, and glass

transitions. In Fig. 2.3(e) shows a colloidal system with long-range attraction, which
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Figure 2.3: Different potential models can establish different phase diagrams using
colloidal models, including hard-core repulsion (a), short-range attraction (c), long-
range attraction (e). The corresponding phase diagrams of each potential are showed
in (b), (d), and (e), respectively [56].

is a better model for a simple liquid system that have more complex phase behaviors,

including the critical point, the triple point, as well as several coexisting phases (see

Fig. 2.3(f)). This phase diagram also describes other features of simple fluid system

that are excluded by the van der Waals equation of state.

2.3 Crystal Nucleation and Growth

Classical nucleation theory describes the condensation from a liquid to a solid as

being driven by the competition between interfacial surface tension and the volume

energy of a growing nucleus. The change in free energy as a particle is added from

the liquid to the solid phase can be modeled as: [101]

∆G = 4πr2γ +
4

3
πr3ρ∆µ, (2.6)
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Figure 2.4: Illustration of nucleation process with a crystal formation at radius rc
surrounding by fluid phase on the left-hand side panel. The free energy barrier of
nuclei as a function of r on the right hand side panel.

where γ is surface tension, ∆µ is the difference in chemical potential of solid and

liquid (∆µ<0), and ρ is the number density of bulk solid. The first term on right-hand

side represents surface energy, while the second term represents the volume energy of

the growing nucleus. The condensation of particles in metastable phase increases the

surface energy faster than the volume energy of pre-nucleation cluster at a small size

of r, causing positive increase of the free energy ∆G. As cluster grows, the volume

energy dominates over the surface tension, leading to energetically favorable growth

of large crystals over small ones. As can be seen in Fig. 2.4, there is an energy barrier

at a critical size of rc, which must overcome to initiate crystal growth process. The

height of energy barrier is given by

∆Gc =
16π

3

γ3

(ρ|∆µ|)2
, (2.7)

which yields a critical nucleus size of rc = 2γ/(ρ|∆µ|). The nucleation rate is pro-

portional to the probability that the critical nuclei forms under thermal fluctuation,

given by:

I = κ exp(−∆Gc/kBT ), (2.8)
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Figure 2.5: (a) Coarsening of crystals by Ostwald ripening mechanism. (b) Crystal
grows as a function time. (c) Probability distribution of crystal size as a function of
time [106].

where I is the nucleation rate, and κ is pre-factor.

Classical nucleation theory was developed in the early 20th century [102–104].

While this theory explains the general features of the nucleation process, it has been

difficult to experimentally observe the critical nuclei size and resulting kinetics due

to the small size of atoms. The first direct visualization of the critical nuclei was

firstly reported in a system of weakly charged colloidal particles in 2001 [105]. In this

study, three dimensional images of the growing colloidal crystals were constructed

by confocal microscope, providing high resolution spatial-temporal measurements of

the nucleation process. Thus colloidal systems have a history of being used to verify

classical nucleation theory.

Once a crystal nuclei above the critical size is formed, it can grow via various

kinetic pathways. Controlling the kinetics of crystal growth is necessary to tailor the

crystal sizes and shapes, which are important features for various applications [107].

Figure 2.5(a) shows the Ostwald ripening process, where small and unstable crystals

dissolve and redeposit onto larger crystals, and the system coarsens in time according

to a dynamic power law, as shown in Fig. 2.5(b). The mean crystal size slowly

increases during the nucleation process and then coarsens according to a power law

function with an exponent of 1/3. Figure. 2.5(c) reveals the crystal sizes distributions

as a function of time, in which there is a high probability to find small crystal
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size at the early time points, which decreases precipitiously at later stage of the

experiment in favor of coarsening the larger crystal domains. Another crystal growth

mechanism occurs by rotating previously formed crystals to heal domain boundaries.

This growth mechanism is associated with the motion of dislocation to eliminate

small angle orientational differences between two near neighboring grains. There

have been many studies that show crystal growth by this rotation mechanism or

Ostwald ripening in nanomaterials [108, 109].

2.4 Crystal Defects

I have observed many types of healing mechanisms in my colloidal assembly experi-

ments. The most common mechanism is based on the migration of grain boundaries,

which occurs in many material systems. However, I have also observed that many

crystals heal through rotation of grains, and this is frequently coupled to lattice slip

caused by the movement of dislocations along a glide line. Thus, it is necessary to

introduce the various types of crystallographic defects that exist in my experiments

and the dynamics of how they move in time.

Figure 2.6: A schematic represents different point defects in a crystal. (1) vacancy;
(2) Substitution impurity; (3) interstitial impurity; (4) self-interstitial impurity.
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Figure 2.7: An edge dislocation glides across crystal under shear stress in 2-D
system. The crystal is permanent deformation but lattice configuration is unchanged
as shown in the upper panels. A dislocation screw is shown in 3-D system in the
lower panels [110].

Crystalline materials have defects that occur at a point, along a line, or in a

plane, as shown in Fig. 2.6 and Fig. 2.7. Point defects commonly appear in crystals

as vacancies or interstitial additions or substitutions. The diffusion of vacancies in

crystal is easily observed at high temperatures, when the diffusion of particle in solid

crystal leaves behind an empty lattice site, and a particle next to a vacancy must

overcome a barrier energy to fill in the empty lattice site. The interstitial defect

is another type of point defects, which is an additional particle trapped at an off

lattice site in a perfect lattice. Unlike the vacancy, the existence of interstitial defect

introduce lattice distortion and requires greater energy to remove.

Line defects are a group of particles that insert in between a perfect lattice as an
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extra-half plane. There are two basic types of dislocations, including edge disloca-

tions and screw dislocations. The edge dislocation is easy to visualize, especially in

two-dimensional crystal. The motion of the dislocation can be seen under shear as

shown in Fig. 2.7. This movement permanently deforms lattice crystal by shifting

the extra-half plane along the glide line. On the other hand, the edge dislocation

moves by climbing up along the extra-half plane. The motion of screw dislocations

can be difficult to visualize when the defect line moves perpendicular to the direction

of particle displacement in a three dimensional crystal.

Plane defects include grain boundary and stacking fault. The grain boundary

represent the most common planar defects, which separates two local crystals with

different lattice orientations. In 2D polycrystalline structure, the grain boundary can

be seen as an array of edge dislocations between two slightly mis-aligned crystals.

Crystals grow and heal through the migration of grain boundaries and the motion

of dislocations, as confirmed in both conventional and colloidal materials.

As my experimental systems are a 2-D colloidal monolayer, I mainly observe point

defects such as vacancies, edge dislocations, substitution and interstitial particles, as

well as line defects of grain boundaries. In mono-component system, I specifically

focus on studying the glide of an edge dislocation, which is frequently observed in

my experiments and is associated with the crystal healing process. In bi-component

system, I occasionally found some particles that are slightly larger or smaller than

regular particles. These particles are located inside crystals as point defects of sub-

stitution and interstitial impurities. Other types of impurities include some giant

particles and irreversible binding between particles, which are unusual contaminants

from the particle stock provided by the vendors. The presence of point defects and

impurities hinder crystal growth dynamics, and limit the size of the attainable crys-

tals.
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3

Fundamentals of Magnetic Colloids and Their
Interactions

3.1 Background of Magnetic Colloids

Magnetic materials have a long history. Ancient humans first utilized lodestone, a

naturally magnetized mineral, as a compass more than a thousand years ago. The

theoretical underpinnings of magnetism advanced in the 19th century, when Hans-

Christian Oersted discovered the connection between electricity and magnetism.

Thereafter, James Clerk Maxwell formulated a set of equations that unified electric-

ity, magnetism, and light into the foundation of classical electromagnetism. Nowa-

days, magnetic materials have many applications, such as magnetic levitation [111],

data storage [112], medical diagnostics and imaging [113].

All materials carry magnetic moments, which are produced as a result of electron

motion surrounding each atom’s nucleus. While some materials significantly react to

an external magnetic field, others are less responsive. The response of materials in

the presence of an external magnetic field can be simply defined by a net magnetic

dipole moment, m, which is the product of the magnetization density M and the
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Figure 3.1: Magnetization curves for different magnetic materials. (a) Magnetiza-
tion of paramagnetic material is proportional to the external field; (b) Ferromagnetic
material retains their magnetization even in the absence of external magnetic field;
(c) Magnetization of diamagnetic material is opposed to the external field.

volume of the material. Magnetic materials can be classified into three different

types: paramagnetic, ferromagnetic, and diamagnetic materials, which are briefly

described below.

Paramagnetic materials are represented by a collection of disordered dipoles that

have a non-zero dipole moment only in the presence of a magnetic field. The net

dipole moment is proportional to the external field strength. Some examples of

paramagnetic materials include magnesium, molybdenum, lithium, and tantalum.

Ferromagnetic materials are those than retain a magnetic moment in the absence

of the field, and are thus described as having hysteresis. The magnetic moment

of ferromagnetic materials is dependent on temperature. Above a critical point,

known as the Curie temperature, ferromagnetic materials are unable to retain their

net dipole moments, and behave more like paramagnetic materials with disordered

dipole moments. Some examples of ferromagnetic materials include iron, cobalt, and

nickel.

Diamagnetic material are similar to paramagnetic materials, except that the

dipole moment opposes the external magnetic field. Like paramagnetic materials,

the dipole moment is only present in an external field, but is typically a weak ef-
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Figure 3.2: Superparamagnetic particles with the mean diameter of 2.8µm
Dynabeads®, Life Technologies™. Scale bar is 1.5µm.

fect. Some examples of diamagnetic materials include gold, silver, copper, and most

organic compounds.

In all of these materials, the so-called magnetic susceptibility χ describes the

ability of a material to magnetize in an external field. This parameter is defined as

a ratio of the magnetization M and the external field strength H0 as χ = M/H0.

A material is diamagnetic if χ < 0, whereas it is paramagnetic or ferromagnetic if

χ > 0.

My experiments focus on two types of micron-size spherical particles, which be-

have like paramagnetic or diamagnetic materials but which have a "super" large

response. The superparamagnetic particles are composed of magnetic nanoparti-

cles (i.e. iron oxide) embedded in a highly cross-linked spherical polystyrene matrix.

These superparamagnetic beads are highly monodisperse and have a mean diameter

of 2.8µm as shown in Fig. 3.2. They are purchased from Life Technologies™.The par-

ticle surfaces are covered by carboxylic acid group, which impart colloidal stability

due to electrostatic repulsion. This type of particle responds to an external magnetic

field, leading to the formation of colloidal crystals. However, they quickly melt when
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the external field is turned off. Another type of particle used in my experiment are

non-magnetic particles, which are also highly monodisperse and have a mean diam-

eter of 3.1 µm (Fluro-Max R0300, Thermo Fischer™). These spherical particles are

also made from a dense polystyrene matrix.

In some experiments, I also use a suspension of magnetic nanoparticles called fer-

rofluid, which act like paramagnetic materials. The ferrofluid particles are composed

of iron oxide with a mean diameter of ∼ 10nm and are coated by a thin polymer

brushes that induces steric repulsion in order to prevent them aggregation. The

small size of these nanoparticles causes them to behave like a single ferromagnetic

domains, but which randomize through Brownian motion in a bulk liquid suspen-

sion [114], which makes ferrofluid behave like a paramagnetic continuum with bulk

magnetic permeability of µf . This parameter is tunable with the nanoparticle con-

centrations, as discussed previously [115]

µf = µ0 (1 + ϕχb) , (3.1)

where ϕ and χb are the volume concentration and magnetic susceptibility of the

nanoparticles, respectively. In Chapter 6, I use ferrofluid to tune the magnetic inter-

action between micron-sized paramagnetic and nonmagnetic particles.

3.2 Colloidal Interaction with Static Magnetic Field

The colloidal crystals formed in my experiments are based on magnetic dipole-dipole

interactions. In order to model these systems, I derive the magnetic moment of

a spherical particle exposed to a constant uniform magnetic field H0 as shown in

Fig. 3.3(a). The particle has a radius of R and magnetic permeability of µp, locating

in a free space with magnetic permeability of µ0. The interaction of the particle with

external magnetic field can be described by a basic set of equations [116]

∇ ·B0 = 0, (3.2)
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Figure 3.3: (a) A magnetized particle under an uniform external magnetic field
H0. (b) The vector fields inside and outside of particle induced by the external
magnetic field.

∇×H0 = µ0

(
J + ε0

∂D

∂t

)
, (3.3)

where B0 is the external magnetic field, J and D is current density and current

displacement of electric field, respectively. There are no electric current and electric

displacement in the system, so that I can rewrite the above equation as

∇×H0 = 0. (3.4)

This implies that I can introduce a magnetic scalar potential, φ, such that

H0 = −∇φ. (3.5)

A combination of Eq. 3.2 and Eq. 3.5 leads to the Laplace equation for the magnetic

scalar potential φ, which can be described as

∇ ·H0 = −∇2φ = 0. (3.6)
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General solution of the Laplace equation can be split into two scalar potential equa-

tions, corresponding to inner and outer solutions as [117]

φin(r, θ) =
∞∑
l=0

Alr
lPl(cos θ), (3.7)

φout(r, θ) =
∞∑
l=0

Blr
−(l+1)Pl(cos θ)−H0r cos θ, (3.8)

where Pl(cos θ) is Legendre polynomial of order l. Al, Bl are parameters that can be

solved with boundary conditions in spherical coordinates as

φout

∣∣∣∣∣
r=R

= φin

∣∣∣∣∣
r=R

, (3.9)

µf
∂φout
∂r

∣∣∣∣∣
r=R

= µp
∂φin
∂r

∣∣∣∣∣
r=R

. (3.10)

The scalar potentials inside and outside the particle thus becomes:

φin =
3µfH0r cos θ

µp + 2µ0

, (3.11)

φout =
µp − µ0

µp + 2µf

H0R
3 cos θ

r2
−H0r cos θ. (3.12)

Thus, the magnetic scalar inside particle is linearly dependent on r cos θ, while the

magnetic scalar outside particle is a combination of two terms. One term is magnetic

potential associated with dipole moment (m), and another is from the external

magnetic potential. The magnetic dipole moment m is thus given by

m = 3

(
µp − µ0

µp + 2µ0

)
VH0 = χVH0, (3.13)

where V is volume of particle.

As shown in Eq. 3.13, the particles’ magnetic dipole moment is a function of its

volume, external field strength, and the magnetic contrast factor between particle
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Figure 3.4: (a) Magnetic field distribution outside of a paramagnetic particle un-
der an external field. The dipole moment is in the same direction with the field.
Dipole-dipole attractive (b), and repulsive (c) interaction, corresponding to particles
configurations. (d) Particles assembled into chain phase along the field direction,
chains repulse each other due to the repulsive force described in (c). (e) Magnetic
field distribution outside of a nonmagnetic particle suspended in ferrofluid. Dipole
moment of nonmagnetic particle is on opposite direction with the external field. (f)
Nonmagnetic particles interaction with each other in respect with attractive and
repulsive forces under the external field [118].

and the surrounding medium. The above equation also allows us to define magnetic

susceptibility of material, χ = 3
(
µp−µ0
µp+2µ0

)
, which characterizes the degree of magne-

tization of material in response to the external magnetic field. The sign of magnetic

susceptibility indicates the direction of dipole moment is either parallel (χ > 0) or

anti-parallel (χ < 0) with the external field.

The magnetic field inside and outside of particle can be defined by taking the gra-

dient of the scalar potential in Eq. 3.11 and Eq. 3.12, which are shown in Fig. 3.3(b).

This result indicates that the spherical particle in a uniform field behaves exactly as

a point dipole. The scalar potential of a point dipole can be written as

φdipole =
m · r
4πr3

. (3.14)

and the magnetic field produced by the particle is determined from the gradient of
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scalar potential as

H = −∇φdipole =
3(m · r̂)r̂ −m

4πr3
, (3.15)

where r̂ is unit vector of r. This dipole moment experiences a magnetic energy of

Udipole = −m ·H , and a force of F = ∇(m ·H), respectively. The potential energy

needs to bring two dipolesmi andmj from infinity to a finite separation rij is given

by [116]

Udd(rij) =
mi ·mj − 3(mi · r̂ij)(mj · r̂ij)

4πµ0r3ij
. (3.16)

The above equation shows a pair-wise interaction between two individual particles,

which is either attractive or repulsive based on the directions of two dipole mo-

ments (See Fig. 3.4). The intensity of the interaction can be tuned with external

field strength, providing a flexible method for controlling the particle interactions in

my system.

Up to this point, I have considered the magnetic properties of paramagnetic par-

ticles surrounded by vacuum; however in my experiments the particles are sometimes

less magnetic than the the surrounding medium. For example, a mixture of magnetic

and nonmagnetic particles in ferrofluid gives a rise to a condition of µn < µf < µm,

where µn, µm, and µf represent the permeability of nonmagnetic particles, magnetic

particles, and fluid, respectively. In this condition, the nonmagnetic particle behaves

like diamagnetic particles, in which its dipole moment is in opposite direction with

the external field (See Fig. 3.4 (e)). By controlling volume fraction of ferrofluid, it

is possible to tune an equal dipole moment strengths of magnetic and nonmagnetic

particles but in opposite direction as χmVm = −χnVn, leading to the formation of

checkerboard lattice in a two-dimensional confinement system [119]. This experi-

mental technique will be discussed more details in Chapter 6.
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3.3 Pairwise and Higher Order Interactions with Rotating Magnetic
Fields

In this section, I present the analytical solutions of particles interactions in a rotating

magnetic field, including both two-body and three-body approximations 1. Unlike

static magnetic field which lead to anisotropic interactions, rotating magnetic fields

can induce isotropic interaction in colloidal particles, and thus have intensively been

studied during the past several years. As the key points of this chapter, the sys-

tem allows the interactions to be tuned from repulsion to attraction by tilting the

conical angle away from vertical direction. For an in-plane field, θ = 90°, particles

interaction is long-range attractive, which is expected to be a good model for the

simple liquids. For tilt angles 50° . θ . 55°, the two-body interaction consists of a

short-range attraction and long-range repulsion (SALR), which can be used to study

the formation of equilibrium microphases.

Figure 3.5: An experimental apparatus for 3D rotating magnetic field.

1 This work was a collaboration with Yuan Zhang, Dr. Patrick Charbonneau and Dr. Joshua
Socolar. The analytical solution was originally derived by Dr. Joshua Socolar. Some passages have
been quoted verbatim from original paper published in Phys. Rev. E 95, 052607, 2017 [120]
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The universally rotating magnetic field is described as

H(θ, φ) = H
(

sin θ cosφ, sin θ sinφ, cos θ
)
, (3.17)

where H is the magnetic field strength, θ is the tilt angle of the field with respect to

the vertical axis, which is taken to be normal to the monolayer plane, and φ(t) = Ω(t)t

with

Ω(t) =

{
+ω for bωt/(2π)c even
−ω for bωt/(2π)c odd

. (3.18)

The instantaneous dipole moment of particle i induced by the external magnetic field

and the field of neighboring particles is then

mi(t) = χV

(
H +

N∑
j=1,j 6=i

3 (mj · r̂ij) r̂ij −mj

4π |rij|3

)
, (3.19)

where χ and V are the susceptibility and volume of particle i, respectively, rij is the

distance between particles i and j, and r̂ij is the unit vector pointing from i to j.

This linear set of equation can be condensed as

M = χV (H̃ + α0D ·M) , (3.20)

where

M ≡ [mx
1 ,m

y
1,m

z
1, . . . ,m

x
N ,m

y
N ,m

z
N ]ᵀ (3.21)

is a vector having the 3N associated with the N particle dipole moments,

H̃ ≡ [Hx, Hy, Hz, . . . , Hx, Hy, Hz]ᵀ (3.22)

is a vector having the 3N components of the external field acting on each particle,

and α0D is the 3N × 3N matrix representing the contribution at each dipole of the

field due to the other dipoles. Taking α0 = 1/(4πσ3), the portion of D representing
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the field of particle 2 at the position of particle 1 is the 3×3 block with dimensionless

elements:

D
(12)
ij =

(
3r̂12,ir̂12,j − δij
|r12/σ|3

)
. (3.23)

The solution for the dipole moments is then

M = χV [I − αD]−1 · H̃ , (3.24)

where I is the identity matrix and α ≡ χV α0 is a dimensionless coupling strength,

which for χ ≈ 1.0 is of order 1/24.

The instantaneous interaction energy of the system can be written as [121–123]

U(θ, t) = −µ0

2
[M · H̃(θ, t)−NχV H2]

= −µ0

2

N∑
i=1

[mi(t) ·H(θ, t)− χV H2],

(3.25)

where µ0 is the vacuum permeability and the H2 terms remove the constant contri-

butions associated with infinitely separated particles.

For a system of N particles, calculating the full N -body energy requires inverting

a 3N × 3N matrix in Eq. (3.24), which is an operation that becomes prohibitively

time consuming if done repeatedly for large N . The result, however, can be ap-

proximated by a series of sums over subsets of n particles. Let un(1, . . . , n) be the

energy calculated from Eqs. (3.24) and (3.25) for n particles at positions r1, . . . rn,

considered in isolation, and let Un be the total energy obtained by summing un over

all combinations of n particles. The sum over two-body contributions alone,

U2 =
∑
i<j

u2(i, j), (3.26)

gives a result correct to order α, and the correct result to order α2 is

U3 =

( ∑
i<j<k

u3(i, j, k)

)
− (N − 3)U2. (3.27)
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Figure 3.6: Pair interaction potential as a function of particle-particle distance at
fixed field strength, H = 1 Oe, particle magnetic susceptibility, χ = 1, and T exp ≈
298 K, for various tilt angles θ. The inset zooms in on the angular regime 52° . θ <
θc ≈ 54.7°, over which a SALR interaction is observed at this level of approximation
[120].

Subtracting the U2 term in the latter expression is required because a given pairwise

interaction is counted N − 2 times in the sum over triplets of particles. A useful

alternative expression is

U3 =

(∑
i<j

u2(i, j)

)
+

( ∑
i<j<k

u′3(i, j, k)

)
, (3.28)

where

u′3(i, j, k) ≡ u3(i, j, k)− u2(i, j)− u2(j, k)− u2(k, i). (3.29)

Because for my system α ≈ 1/24, it suffices to consider at most terms to order α2.

For greater accuracy, straightforward combinatorics gives

U4 =

( ∑
i<j<k<`

u4

)
− (N − 4)U3 −

(N − 4)(N − 3)

2
U2, (3.30)

correct to order α3, and similar expressions can be obtained for higher orders.
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In the experimental system, effective isotropic interactions between particles are

achieved by rotating the magnetic field about the vertical axis with a period much

shorter than the timescale for particles to diffuse their own diameter, σ. In this

regime, the effective interaction energy for a given tilt angle θ is given by

〈U(θ)〉 =
1

2π

∫ 2π

0

U(θ, φ) dφ , (3.31)

where 〈·〉 indicates a time average, or equivalently, an azimuthal average.

The 6 × 6 matrix of Eq. (3.24) with n = 2 can be inverted analytically, and its

time average yields

〈u2(i, j; θ)〉 =
µ0βijχV H

2

1 + βij

(
1 +

3
(

cos(2θ)− 1
)

4(1− 2βij)

)
, (3.32)

where βij = ασ3/r3ij.

Three-body (order α2) contributions to the energy are expected to be important

when unbinding particles produces a very small change to U2. A rough approximation

for when this happens is obtained by assuming a uniform distribution of particles

beyond σ, and finding θ0 such that∫ ∞
σ

〈u2(r; θ0)〉 r dr = 0. (3.33)

A numerical evaluation yields θ0 ' 53.9°. Figures 3.7a and 3.7b compare the two-

body to the three-body interaction energy for a single set of three particles in an

in-plane rotating field. In each of these three cases, the energy is plotted as one

of the particles is moved away while the other two are held fixed, and r denotes

the distance between the moving particle and the nearer of the other two particles.

Figure 3.7a compares the self-consistent two-body, 〈U2〉, and three-body, 〈U3〉, energy

for a linear chain (L), a bent chain (B), and an isosceles triangle (T). Figure 3.7b

shows the difference (∆U) between the corresponding energies.
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Figure 3.7: (a) Interaction energies for linear chain (L), triangular (T), and bent
chain (B) configurations with the two particles marked by white dots held fixed.
Energies are obtained by two-body (solid lines) and three-body (dotted lines) calcu-
lations at fixed field strength, H ≈ 1 Oe, and particle magnetic susceptibility, χ = 1,
for θ = 90°. (b) Ratio of the energy discrepancy between the two- and three-body
calculations, normalized by the two-body r = σ contact energy, U0,2. (c,d) Interac-
tion energy for isosceles and linear chain configurations from two- (solid lines) and
three-body (dotted lines) calculations for H ≈ 3 Oe and tilt angles in the SALR
range. The field is chosen such that the interaction energies are on the order of
kBT

exp at σ < r < 2σ. Note the sign difference between the three-body corrections
in (c) and (d) [120].

For an in-plane rotating magnetic field, θ = 90°, the energy difference between

two- and three-body calculations is 10-20% for compact configurations (r/σ = 1

in Fig. 3.7b), which is comparable to the experimental measurement error. The

minimum energy configuration is the equilateral triangle, as shown in Fig. 3.7a, and

the three-body correction is positive. For the linear and bent chains, the three-body

correction has the opposite sign, as is clear in Fig. 3.7b. In both cases, the minimal

energy configuration is the close-packed one, which is indeed the local arrangement
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that is most commonly observed in experiments (see Fig. 4.3 below).

In the SALR regime, 52° . θ < θc, the situation is more complex. For the isosceles

configuration shown in Fig. 3.7c, the two-body approximation underestimates the

energy, whereas for straight chains (Fig. 3.7d) it overestimates it. (See also Ref. [124])

In this regime the three-body contribution is therefore qualitatively significant.
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4

Colloidal Phase Transitions with Rotating
Magnetic Fields

The materials in this chapter published in Phys. Rev. E 95, 052607, 2017

[120]. Co-authors include Yuan Zhang, Paige Detwiler, Dr. Patrick Charbonneau,

Dr. Joshua E. S. Socolar, and Dr. Benjamin B. Yellen.

In this chapter, I will describe my experiments on the phase behavior of a mono-

layer of colloidal particles in the presence of a time-varying conical magnetic field,

which consists of a static vertical field component and a rapidly rotating in-plane

field component, allowing for an adjustable cone angle (θ). I focus on two different

cases in which the field angle is θ = 90° and is purely attractive, and 50° . θ . 55°

which has both a short-range attraction and a long-range repulsion. In the first case,

I present an experimental phase diagram for the system behavior as a function of the

external field strength and the area fraction of particles. This phase diagram was

used to calibrate the system and provide a reasonably accurate estimate of the mag-

netic susceptibility of the colloidal particles. Next, I present results in a field that is

tilted near the magic angle, where I expected to observe microphases. While I never
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was able to observe these phases, instead I discovered that the particles assembled

into discrete clusters that grow through an Ostwald ripening process.

4.1 Introduction

The strength and spatial extent of particle interactions are key determinants of the

phase diagram and equilibration dynamics in colloidal assembly. Tuning the inter-

action strength (at fixed temperature) serves as a proxy for tuning the (inverse)

effective temperature. Meanwhile, tuning the spatial extent of the interactions can

completely change the phase diagram and the nature of the phase transitions [125].

Much attention has been paid to colloidal systems with short-ranged attractive in-

teractions, in which the extent of the interparticle potential is smaller than roughly

one quarter of a particle diameter [126]. Examples include colloidal-polymer mix-

tures [127–129] and DNA-mediated binding [80, 82, 130]. These systems have been

especially useful for elucidating the role of metastable critical points and spinodal de-

composition in physical gelation [131, 132] and in discovering higher-order glass tran-

sitions [133]. By contrast, systems with attractive interactions spanning distances

greater than the particle radius have potential to more closely mimic the behavior

of simple liquids [134], which display both a stable gas–liquid critical point and a

gas–liquid–crystal triple point. Prior attempts to model these long range interac-

tions have been based on colloidal-polymer mixtures with a large size ratio [135–137]

and also systems that exploit the critical Casimir effect [71, 72, 138, 139]. However,

the development of a colloidal model with more easily tunable long-range attraction

has potential to improve the control over particle assembly and thereby identify the

equilibrium phases formed from more complicated interaction potentials.

Colloidal particles with electric or magnetic dipole moments induced by an ap-

plied field exhibit interactions that decay with the inverse cube of the interparticle

distance, r−3 and can be tuned dynamically. The inherent anisotropy of these in-
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teractions, however, presents challenges for observing bulk condensation. Although

isotropic repulsive interactions can be obtained with a static external field applied

perpendicularly to the monolayer [140–142], net isotropic cohesion requires either a

binary mixture of oppositely aligned dipoles [19], or the addition of a high-frequency

in-plane rotating field to a monodisperse suspension [143–145]. The latter has the

advantage that both the interaction type and its strength can be be controlled in situ

(See Fig. 4.1). Hence, a single experiment can not only explore the system behav-

ior at different effective temperatures, but also change the shape of the interaction

potential on the fly.

The formation of condensed phases composed of paramagnetic colloids in time-

dependent applied fields has been extensively studied. A variety of structures have

been observed, including open-cell foams, sheets, and molecule-like clusters [96, 124]

in three dimensions, where the special features of conical magnetic fields with the

magic opening angle of 54.7°have been emphasized. Complex non-equilibrium struc-

tures, including membranes, gel-like networks, and crystallites, have also been ob-

served in two-dimensional confined systems at high field strength [146–151]. These

studies suggest a need for a thorough understanding of the equilibrium phases and

the dynamics of relaxation to the equilibrium state. The present work shows that

a quantitative match between theory and experiment can be obtained over a broad

portion of the phase diagram for a 2D system, but also reveals unexplained discrep-

ancies near the liquid-gas phase transition for conical fields near the magic opening

angle.

Here, we combine experiment and theory to calibrate and investigate the phase

behavior of a two dimenstionally confined monolayer of monodisperse paramagnetic

particles subjected to time-varying conical magnetic field, consisting of a rotating

in-plane field and a static vertical field. By tuning the field strength and cone angle,

we adjust the cohesion energy between neighboring particles from zero to a few kBT .
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Our experimental preparation protocol further also allows us to prepare samples with

a range of area fractions, φ = 0.1− 0.68. This broad parameter space gives us access

to the core features of the phase diagram, including the gas–liquid–crystal triple point

and the gas–liquid spinodal regime. This carefully calibrated system is then used to

study the effects of interactions obtained close to the magic tilt angle (54.7°), which

predicts that particles should experience pair interactions that involve both short-

range attraction and long-range repulsion (SALR). Such interactions are expected to

produce equilibrium microphases, but have yet to be fully controlled in colloids [152–

154]. Experimentally, however, we observe a behavior more akin to Ostwald ripening

than equilibrium mirophase formation. Including three-body contributions in Monte

Carlo (MC) simulations also fails to capture the observed phenomenology, and we

do not observe any significant buckling of the monolayer or other macroscopic effect

that is not represented in our model. Explaining the experimental behavior therefore

remains an open question.

4.2 Experimental method

As introduced in chapter 3, the experimental system consists of magnetic spherical

particles of diameter, σ =2.8 µm (M-270 Dynabeads®, Life Technologies™), with

size dispersity of less than 3%. The fluid film was prepared by placing a 2.7 µL

aliquot of the particle suspension between glass and cover slide, which was then

sealed with Loctite® marine epoxy. The flexibility of the coverslip induces a variation

of the thickness of the fluid film. We limit our experimental observations to the

thinnest regions of the sample, where particles cannot form a vertical chain, even

under strong vertical fields. Although we do observe a small number of particle pairs

with overlapping images, we estimate the fluid thickness to be less than 1.5σ in all

of the reported experiments. We note also that the magnetic interaction energy is

commensurate with the thermal energy, but is an order magnitude lower than the
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(a)

(b)

(c)

(d)

Figure 4.1: Experimental apparatus. (a) A colloidal suspension confined in a thin
fluid film was placed at the center of a 3D printed microscopy platform that includes a
pair of bi-axial solenoids for applying an in-plane magnetic rotating fields. (b) Tilted
magnetic fields were achieved by adding a third solenoid on top of the microscopy
platform. Illustrations of self-assembled configurations for the cases of an in-plane
rotating field (c) and a conical rotating field (d) are provided [120].

gravitational energy associated with raising a bead a distance σ. Thus the monolayer

is also maintained by gravitational confinement. The particle area fraction was kept

within a range of φ ≈ 0.1 − 0.68. To reduce the non-specific adhesion between

particles and substrates, we grew a 40 nm thick poly(oligo(ethylene glycol) methyl

ether methacrylate) (POEGMA) polymer brush on both the glass slide and the

coverslip using the surface-initiated atom-transfer radical polymerization (SI-ATRP)

approach reported previously [155].

The sample was placed on a 3D printed platform that has orthogonal pairs of

solenoids oriented to produce a uniform rotating magnetic field (see Fig. 4.1a). To

obtain a conical magnetic field, a third solenoid was placed on top of the sample (see

Fig. 4.1b) thus generating a static magnetic field along the z-direction. The magnetic

52



field strength in each direction was calibrated using a Lakeshore™ 410 hand-held

Gaussmeter with a resolution of 0.1 Oe. Geomagnetic fluctuations in our laboratory

have mean square variation of less than H ≈ 0.05 Oe during experimental time

frames, which is more than an order of magnitude smaller than the weakest magnetic

field that we applied. We calibrated the applied field at frequencies in the range

of 50–1000 Hz by measuring the induced voltages in an oscilloscope. We obtained

optimal results for an applied frequency of f = 200 Hz, which was used for the

remainder of our experiments. The strength and frequency of the rotating field

were controlled with Labview software (National Instruments™, Version 2014, Austin,

Texas).

Previous studies of individual Dynabeads M-270 have reported the existence of

permanent magnetic moments in addition to the paramagnetic response [156]. Such

moments would be expected to lead to chain formation in weak fields [157]. We note,

however, that we do not observe any indication of chain formation in our apparatus

in this regime, suggesting that the permanent moments of the particles are rather

small. It has also been shown that the magnetic moment of a bead in a rotating field

lags the field by a small amount at high frequencies. Were this effect significant, we

would expect a macroscopic anisotropy to develop because the reversal of the angular

velocity of the field every cycle would not allow for a full azimuthal average of the

induced moments. Yet no such anisotropy was observed.

An inverted Leica™ DMI6000B microscope (LEICA, Bannockburn, IL) was used

to record the self-assembly process through a 40x air-immersion objective. The

microscope was capable of automated focusing, and images were captured at a rate

of two frames per minute with a Qimaging Micropublisher™ 5.0 RTV Camera with

resolution of 2560 x 1920 pixels (Qimaging, Surrey, Canada). A custom code was

written in MATLAB (Mathworks©, Version 2014, Natick, MA) for image processing

and centroid identification of particles in every frame. The details of this procedure
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can be found in a prior study [158].

The flexibility of the experimental system allows us to generate a wide range of

system conditions, enabling the assembly of various colloidal phases. Particles were

initially suspended homogeneously, then the external magnetic fields were suddenly

increased to H ≈ 0.6–1.4 Oe and held constant for the rest of the experiment. This

protocol mimics a rapid cooling of the system. Because the apparatus was maintained

at room temperature, T exp ≈ 298 K, experiments only changed the magnetic field

strength, i.e., the effective temperature, of the system.

4.3 Simulation and phase diagram determination

The colloidal experiments are done at fixed (room) temperature, T exp = 298K, with

different applied field strengths. Because the interaction energy is proportional to the

square of the external field strength (see Eq. (3.25)), we can also define an effective

temperature

T =
kBT

exp

µ0V H2
, (4.1)

and then rescale the interaction energy such that µ0V H
2 = 1 in Eqs. (3.25) and (3.32),

as is standard in simulations [159]. The two-body approximation to the energy used

in simulations is then a reduced form of Eq. (3.32) and truncated at 10σ for compu-

tational efficiency. Because the truncation error is less than 1% of the total system

energy tail corrections are not performed [159]. For MC simulations with α ≈ 1/24,

this treatment gives a reasonable approximation of the full energy for tilt angles far

from the SALR regime.

In the SALR regime the two-body contribution is small, hence three-body con-

tributions are relatively more important [124]. Because U3 is prohibitively expensive

to calculate, we implement a cutoff on the range of the three-body term by includ-

ing in Eq. (3.28) only those triplets for which the maximum distance between two
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particles is 3 particle diameters, 3σ. As analytic expressions are not available for u3,

we generate a look-up table for u′3 (Eq. (3.29)) for configurations of three particles in

which no particle pair is beyond the distance cutoff. Algorithmically, u′3 is initially

computed in distance increments of 0.01σ, and then interpolated for a specific con-

figuration from the look-up table. Contributions from this term are then added to

U2.

Phase diagrams for the simulation model are obtained using Monte Carlo-based

free energy methods. These approaches rely on thermodynamic integration (TI)

schemes varying either pressure P and temperature, or the spring constant of an

Einstein crystal for the Frenkel-Ladd approach [159].

In the gas and liquid regimes, constant NPT MC simulations are performed for

different pressures P along an isotherm above the critical temperature Tc. An approx-

imation of the liquid equation of state is then obtained by interpolating the simulation

results with cubic splines. Isothermal TI of this equation from the low-density ideal

gas provides the fluid free energy as a function of density at that temperature. The

results are then used as starting points for different isobaric TIs, which give the free

energy of lower-temperature systems, near the gas–liquid coexistence regime. The

gas–liquid phase boundary for a given temperature is then determined by a common

tangent construction from the free energy results on both side of the coexistence

regime. The critical point is extracted by fitting the coexistence curve to the 2D

Ising universality scaling

ρ± = ρc + 2C2

∣∣∣∣1− T

Tc

∣∣∣∣± 1

2
B0

∣∣∣∣1− T

Tc

∣∣∣∣βc , (4.2)

with the corresponding critical exponent βc = 1/8. Note that the Gibbs ensemble

Monte Carlo scheme, which often provides a computationally more direct way of de-

limiting gas–liquid coexistence [159], is here inefficient. The very low surface tension

55



between the two disordered phases indeed leads to facile interface formation within

a single simulation box, even for T well below Tc.

For the crystal phase, an Einstein crystal of non-interacting particles tightly

pinned by an ideal spring to a perfect lattice was used as reference. During the sub-

sequent Frenkel–Ladd TI, the spring constant is gradually reduced to zero. These

simulations were done at an area fraction, φ = 0.63–0.86, chosen such that the

triangular crystal is stable for the given χ and finite system size. From these refer-

ence points, integration over P and T provided the free energy of crystals at nearby

state points. Note that because of the relatively strong attraction between parti-

cles much larger systems would be needed for the quasi-long-range nature of the

two-dimensional order to play a quantitatively noticeable role and no hint of an in-

termediate hexatic phase was detected in simulations. Hence, the contribution of

these effects to the liquid stability regime, which is here our main interest, would be

small.

Each simulated state point ran for 106 MC steps, each step consisting of N

local particle displacements, tuned so the acceptance ratios are between 40% and

60%. For the constant NPT simulations of the gas and liquid regimes, N = 1000

and one logarithmic volume change per MC step was included on average. For

the constant NV T simulations of the crystal phase, N = 864 was used and the

Frenkel–Ladd integration was done using 20-point Gaussian–Lobatto quadratures

over logarithmically spread spring constants, from λmax = 1000 down to λ = 0.

4.4 Dynamics of Phase Transitions and Growth

To gain insight into the structure and dynamics of the gas–liquid phase separation,

experimental systems were quenched to fields above the critical field, while simulated

systems were instantaneously quenched to temperatures below the critical point. The

former are obtained under the same conditions as in Section. 4.2, while the latter
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were initially prepared for N = 8000 equilibrated at T = 5.0 � Tc and instan-

taneously quenched using constant NV T MC simulations with only local particle

displacements. Comparing the two approaches at a same state point provides a con-

version factor for matching simulation to experiment dynamics. We find that 100

MC steps correspond to roughly 1 minute in experiment. At different time points

of both the experiment and simulation trajectories, we calculate the structure factor

as:

S(|k|) =
1

N


[∑

i

cos(k · ri)

]2
+

[∑
i

sin(k · ri)

]2 , (4.3)

where ri is coordinate of particle i, k =
(

2πm
lx
, 2πn
ly

)
with integers m and n. The

position km and intensity S(km) of the low-wavevector peak of the structure factor

are obtained by performing a local Gaussian fit to the S(k) results. Simulation

results are averaged over 20 independent trajectories, while experimental results are

averaged over three independent realizations.

For experiments in tilted fields, we also consider the mean radius size of the coars-

ening clusters undergoing crystal nucleation and growth. Particles within crystal-like

structures can be identified based on local bond-order parameters. This requires first

identifying the set of nearest-neighbors for each particle from a Voronoi tessellation

of the system. As in Ref. [158], we then evaluate the 6-fold bond-order parameter

for each particle

Φi
6 ≡


0, nn < 3

1

nn

nn∑
j=1

exp(6iϕji), nn ≥ 3
, (4.4)

where ϕji is the angle between the x axis and the vector from particle i to particle

j. Particles with fewer than three nearest-neighbors, i.e., nn < 3, are removed from

the calculation in order to prevent chain-like structures to bias the cluster analysis.
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Particle i and its nearest-neighbors are then classified as being part of a same cluster

if the real part of their bond-orientational order correlation, Φi
6Φ
∗j
6 , exceeds 0.1. Such

a low threshold is chosen in order to accurately identify all particles within clusters,

including less ordered ones at the cluster surface. The process completes when each

particle in the field of view is either associated with a cluster or labeled as chain-like.

Defining the center of mass of each cluster m

Cm =

∑Nm

i=1 ri
Nm

, (4.5)

where Nm is the number of particles in m and ri denotes particle i position, we can

determine the cluster radius

Rm
C =

√∑Nm

i=1(ri −Cm)2

Nm

. (4.6)

Averaging over all clusters m ∈M gives the average cluster radius

〈RC〉 =
1

M

M∑
m=1

Rm
C . (4.7)

4.5 Results

Our study consists of two sets of experiments and simulations. First, we consider

the coarsening and phase behavior under an in-plane rotating field (θ = 90°), for

which the interparticle forces are attractive at all distances beyond contact. In

this case, we obtain a quantitative match between experiment and simulation. We

construct a complete experimental phase diagram and show that both the critical

and the triple point can be identified. By fitting the location of these two points, we

determine the particle magnetic susceptibility, χ, and find good agreement between

the resulting simulation phase diagram and experiments. We also find a good match
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between observed experimental and simulated dynamics following quenches into the

gas-liquid coexistence regime after identifying the experimental timescale associated

with a MC step.

Second, we consider the coarsening and phase behavior under magnetic fields

tilted at various angles away from the vertical. Here, we observe a rich set of behaviors

that includes surprising structural features for 50° . θ . 55°, which is near the regime

in which the two-body interparticle potential is SALR. In this regime, straightforward

extension of the simulated potential produces qualitatively different configurations

from the experimental data. To characterize this regime more fully, we present

additional experimental analysis of cluster formation and growth.

4.5.1 In-plane rotating field

Particles exposed to an in-plane rotating magnetic field (θ = 90°) experience isotropic

interactions that are purely attractive within the plane of the monolayer and penalize

out-of-plane motion. In order to determine the magnetic susceptibility of the parti-

cles, χ, we first experimentally identify the critical and triple points. The former is

the lowest field strength at which the gas and liquid phases coexist, and the latter is

the lowest field strength at which crystallites appear. Because both are here visually

identified, their determination is achieved with the same precision as that used for

experimentally selecting state points, i.e., ±0.1 Oe for the field strength and ±2.5%

for the particle density. By comparing these two characteristic fields and densities

to the simulation results for the two-body approximation at various χ (Fig. 4.2a),

we find that χ = 1.0(1) provides the best fit. Interestingly, this result is consistent

with the vendor-provided value, χ ≈ 0.96 [160], as well as with a value independently

determined in prior work, χ ≈ 1.2(2) [161]. We thus have a reasonably high degree of

confidence in our characterization of this material property. We note, however, that

reported values for the same particles range from χ ≈ 0.17 to χ ≈ 1.45 [162–164].
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Figure 4.2: (a) The critical (◦) and triple (�) point temperatures from MC phase
diagrams as a function of magnetic susceptibility, χ, compared with the observed
experimental values denoted by a solid dot (•) and a solid square (�), respectively.
The agreement between experiments and simulations identifies the particle suscep-
tibility, χ ≈ 1.0(1). (b) The simulation phase diagram for the two-body interaction
potential with χ = 1.0 is compared with the experimental results. Solid dots (•)
denote the experimental phase boundaries with the error bars on the applied field
strength and area fraction. Triangles (M) denote the homogeneous fluid region; circles
(◦) the gas-liquid coexistence region; squares (�) the gas-crystal coexistence region;
and diamond (�) the liquid-crystal coexistence region. MC coexistence results at
different temperatures are interpolated in order to obtain the solid black lines. Note
that in this system the critical temperature Tc ≈ 0.092(2) corresponds to a critical
magnetic field strength Hc ≈ 0.7(1)Oe at φ ≈ 0.35, while the triple point Tt ≈ 0.039
corresponds to a magnetic field strength Ht ≈ 1.1(1)Oe at φ ≈ 0.64(3) [120].

Setting χ = 1, we align the experimental field strength to the simulated tem-

perature in the two-body model (See Eq. (4.1)) Figure 4.2b shows the experimen-

tal phase behavior superimposed on the gas–liquid, gas–crystal and liquid–crystal

phase boundaries from MC simulations. The experimental error bars encompass

these boundaries, indicating that the model accurately reproduces the experimental

behavior. Because the experimental error is comparable to that of the pairwise ap-

proximation at this θ (which is roughly 10%, see Fig. 3.7b), this agreement further

suggests that no systematic error was made in determining the experimental coexis-

tence line. We note, however, that reliably obtaining high-density configurations is

experimentally challenging, hence the liquid–crystal coexistence boundary could not

be precisely determined.

The snapshots in Fig. 4.3 illustrate the correspondence between the behavior of
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Figure 4.3: Particle configurations at φ ≈ 0.12 − 0.64 under magnetic strengths
fields in the range of H ≈ 0.6–1.3 Oe (T ≈ 0.12− 0.03). These snapshots are taken
60 minutes after quenching to the desired field in experiments (left column), which
roughly corresponds to 6000 MC steps in simulations (right column), as determined
in Section 4.4. Each image covers 235 µm× 235 µm, and the scale bar is 50 µm long.
Insets detail the local liquid and crystalline order on either side of the triple point
temperature. Note that in experiments the space between nearly touching particles
appears filled due to optical effects [120].

the pairwise model and experiments. Observed particle configurations (left) are quite

similar to those obtained in simulations (right). In weak magnetic fields (H ≈ 0.6 Oe,

T ≈ 0.12), particles are uniformly distributed for all densities (φ ≈ 0.12−0.64), as is

expected in a homogeneous fluid (see the top row of Fig. 4.3). As the field strength

increases (or temperature is lowered), the system phase separates into colloid-rich

(liquid phase) and colloid-poor (gas phase) regions that coexist for a range of field

strengths (H ≈ 0.8–1.0 Oe , T ≈ 0.05−0.07) and area fractions (φ ≈ 0.35−0.48). For

densities below or above this regime the system remains homogeneous (second row of

Fig. 4.3). Finally, as the magnetic field is increased beyond H ≈ 1.1 Oe (T ≈ 0.04),

gas–crystal coexistence can be observed (see bottom two row of Fig. 4.3).

The remarkable agreement between experiment and theory for the equilibrium

behavior suggests that our colloidal system offers a high degree of control. Such

control is fairly common for colloidal suspensions with short-range attractive inter-
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actions, but in that case the gas–liquid–crystal triple point does not exist and the

gas–liquid critical point is metastable [165]. Studies of the few other systems in

which reasonably long-range attraction have been obtained have encountered other

difficulties. First, although critical Casimir forces can be used to control gas-liquid

and liquid-solid coexistence [71], the colloid densities needed to reach the critical and

triple points have thus far remained inaccessible. Second, although polymer-colloid

mixtures with size ratios close to unity have provided a well-characterized critical

point [135, 137, 166], unambiguously identifying their triple point has remained chal-

lenging [135, 167]. The display of both stable critical and triple points coupled with

the ability to dynamically adjust the effective temperature by tuning the external

magnetic field and thereby observe a large portion of the full phase diagram in a

single experiment makes our system especially promising.

To further validate the theoretical description, we consider the dynamics of gas–

liquid phase separation. More precisely, we investigate how a homogeneous system

coarsens upon turning on the rotating in-plane magnetic field. Because we expect

this process to be akin to spinodal decomposition, the structure factor, defined in

Eq. (4.3), is used to quantify its time course in both experiment (Fig. 4.4a) and

simulation (Fig. 4.4b). Once again, the two approaches give remarkably similar

results. At early times, a single peak is observed at a spatial frequency slightly

below k ≈ 2π/σ, which is consistent with the mean particle separation distance

of the homogeneous initial configuration. Gradually with time, this peak shifts to

slightly higher wave-vectors, which signals that particles gradually become more

densely packed.

Although no low wavelength peak is initially present in the homogeneous fluid,

one quickly develops as phase separation begins. Physically, the low-k peak cap-

tures the typical separation between colloid-rich regions as the system coarsens. As

expected for a system undergoing spinodal decomposition, the time evolution of
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Figure 4.4: Structure factor, S(k), at different times (t = 0, 5, 10, 20, 40, 60 minutes
after quenching in black, green, blue, cyan, magenta, and dark red lines, respectively)
in (a) experiments and (b) MC simulations at corresponding state points, H ≈ 0.8 Oe
(T ≈ 0.07), and area fraction, φ ≈ 0.35. (c) Dynamical scaling of the low wave-
vector peak positions, km (filled circle), averaged over three different experimental
runs. Error bars denote 95% confidence interval on the mean. Simulation results (red
line) are averaged over 20 different trials. The power laws indicate diffusion-limited
kinetics in the coarsening of the colloid-rich domains with scaling exponents of γ =
0.33 (dot) and γ = 0.25 (dash-dot), respectively. (d) Time evolution of S(km) in
experiments (filled circle) and simulations (red line). The dotted and dash-dotted
line are power laws with exponents ζ = 0.6 and ζ = 0.8, respectively [120].

the wavenumber of this peak (see Fig. 4.4c) is consistent with a power-law scal-

ing, km ∝ t−γ, at least over the time decade accessible in experiment. The resulting

exponent, 0.25 < γ < 0.33, lies within a range consistent with the kinetic coars-

ening described by the Cahn-Hilliard equation [168], and is consistent with other

simulation and experimental results for 2D systems [169–172]. The peak magnitude,

S(km), also seems to increase as a power law (Fig. 4.4d) with coarsening exponent,

ζ = 0.7(1). Interestingly, this observation is consistent with the diffusion-limited

mechanism for spinodal decomposition, which predicts ζ > 2γ [173].
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4.5.2 Conical rotating field

Having calibrated the system as described in Section 4.5.1, we now consider its

behavior in a conical field. Figure 4.5 provides snapshots at different tilt angles

(rows) and times (columns). The experimental (left) and MC simulation results

for the two-body model (middle) qualitatively agree at high and low θ, outside of

the SALR regime at 52° . θ < θc. Within the putative SALR regime, however,

marked differences are observed. Simulations suggest that a stable bicontinuous

morphology consistent with a disordered microphase regime should develop [153],

while experiments present a network of clusters connected by thin filaments.

Because in the SALR regime two-particle interactions are particularly weak com-

pared to kBT , one might expect the rich morphology observed in this regime to

emerge when three-body or higher order contributions are included in the simulation

model. As seen in Fig. 3.7, three-body interactions are indeed proportionally much

stronger in the SALR range than at larger or smaller tilt angles. Furthermore, in this

regime the three-body interactions favor short linear chains over small close-packed

clusters [146]. Large clusters remain favored over linear chains, however, suggesting

the possibility of a complex balance between cluster and chain formation in equilib-

rium in the temperature (or field strength) regime of interest here. For α ≈ 1/24,

explicit computations of the approximate energy U3 and the fully self-consistent en-

ergy U for chains and clusters of up to 24 particles show discrepancies of less than

1%.

To assess whether three-body interactions are sufficient to explain the experimen-

tal observations, we performed simulations that include them. As expected, at high

and low fields the three-body contribution has but a limited impact. In the SALR

regime, by contrast, three-body effects suppress the formation of large clusters and

lead to the formation of elongated clusters a few particles in width, as seen in the
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Figure 4.5: Evolution of particle assembly in experiments and simulations at differ-
ent field tilt angles (rows). The magnetic field strength is held constant at H ≈ 3 Oe
(T ≈ 0.005) for both experiments (left column) and simulations with χ = 1 (middle
and right columns) at 45° ≤ θ ≤ 55°, while the in-plane field strength is kept at
H ≈ 0.8 Oe (T ≈ 0.07). Simulations are taken at similar tilt angles, field strength
and particle area fraction (φ ≈ 0.35) for both two- (middle) and three-body (right)
models. Each experiment frame covers 150 µm× 150 µm, and the scale bar is 30 µm
long. The dynamical scaling factor determined in Section 4.5.1 is used to establish
a correspondence between time and MC steps.

U3 column of Fig. 4.5 at θ = 55°. Nevertheless, the match between the resulting

structures and the experimental observations is not as strong as outside the SALR

regime.

The experimental dynamics in the SALR regime is quite distinct from what is

seen in simulations or in the spinodal regime (Section 4.5.1). We observe a process

of classical nucleation and growth at early stages. At longer times, however, several

long-lived clusters are seen to evaporate and subsequently redeposit their particles

on larger clusters. Based on this observation and results showed in Fig. 4.6, we inter-
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Figure 4.6: (a) Droplet morphology in experiments at φ ≈ 0.35, θ ≈ 53°, and
H ≈ 3 Oe after 200 min. The highlighted domain shows one cluster identified as
described in Section 4.4. (b) The cluster size distribution at different experimental
times. (c-e) Time dependence of the number of clusters, the mean cluster radius, and
the low-k peak position. Results are averaged over three different trials at fixed field
strength and particle area fraction. Dashed blue lines are guides to the eye showing
power laws with exponents −0.5, 0.33, and −0.33, respectively [120].

pret this coarsening mechanism as Ostwald ripening [174]. Although this dynamical

process has been observed in a variety of systems, such as unbalanced binary liq-

uid mixtures [175, 176] and late diffusion-limited spinodal decomposition [177], its

physical origin in the current system remains unclear.

To quantitatively characterize cluster growth, we consider the time evolution of

various structural observables Section 4.4. Fig. 4.6b shows the changing experimental

cluster size distribution as time goes. The most probable peak shifts to larger radii
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and broadens, consistent with theoretical and experimental studies of Ostwald ripen-

ing [172, 178]. Further validations of the mechanism are provided by the decrease in

the number of clusters and the growth of the mean cluster size, as shown in Fig. 4.6c

and Fig. 4.6d, respectively. The growth of the mean cluster size is consistent with a

power-law scaling with an exponent 0.33, as predicted for Ostwald ripening, and the

low-wave-vector peak at km decays with a similar form, consistent with the classical

Lifshitz-Slyozov theory [179].

4.6 Conclusions

We have developed a system for studying the phase behavior of colloidal particles

with long-range attraction that allows us to straightforwardly tune the interaction

strength, thus enabling the direct observation of the critical and triple points. The

latter, in particular, is rarely, if ever, detected in colloidal experiments.

The ability to change the form of the interaction form from attractive to repulsive

by changing the cone angle of the rotating magnetic field further gives access to a

rich set of other phases, including a SALR regime that is not fully understood. Our

theoretical predictions based on a system of interacting, inducible point dipoles sug-

gest the possible formation of microphases for fields near the magic angle, when the

pairwise interaction is SALR. Experiments, however, display a completely different

behavior in this regime (θ ≈ 50 − 55°). A mix of clusters and filaments forms and

the assembly mechanism is akin to Ostwald ripening.

In attempting to identify the physical origin of this unexpected behavior, we were

able to rule out several possible sources. We believe that many-body interactions

with n > 3 are unlikely to be important because the coupling strength α is small

for our system. This effect is also unlikely to be caused by irreversible aggregations,

such as particles getting pinned to the glass slide or to each other. Though we

observe particles buckling at 45°, this rarely occurred in the SALR regime. One

67



possibility is that the effect is caused by a breakdown of the point dipole model. The

error introduced by the point dipole approximation, though not large, is indeed most

significant near the magic angle [121]. It is also possible that other interactions not

explicitly considered here, such as DLVO and steric effects, may play a role. Finally,

we cannot rule out the possibility that permanent dipole moments of the particles or

complex susceptibilities at high frequencies are responsible for observed clustering in

the SALR regime. Incorporating these effects into the Monte Carlo simulations is a

possible yet challenging direction for further investigation. In any case, for now the

question remains open for consideration by the broader soft matter community.
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5

Healing of Domain Boundaries Through The
Fracture and Rotation of Crystalline Grains

Based on the well-calibrated colloidal assembly model in the in-plane rotating field,

I next used this experiment system to study the crystal healing process, which is the

main topic of this chapter. In particular, my colloidal system reveals a new type

of healing mechanism that is associated with the connection between the motion of

dislocations and the rotation of entire grants. By tracking individual particle over

the course of experiment, I am able to highlight stress hot spots in the crystal via

local lattice strain observations that particles experience during the healing process.

However, I have not yet been able to accurately calculate the stress response as

the crystal heals. The quantitative stress measurement requires the inclusion of

other contact forces between neighboring particles that are difficult to measure in

my system. Hence, this chapter consists mostly of a set of qualitative observations.
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5.1 Introduction

The phase transition from a disordered liquid to an ordered crystalline solid involves

a complex interplay of crystallographic defects and their collective organization and

healing at grain boundaries. During the early stages of solidification, crystals sponta-

neously form in the disordered liquid and grow by incorporating nearby atoms at the

solid/liquid interface. Due to randomness in the initial orientations, grain boundaries

are established at the intersection of neighboring crystals, which evolve continuously

over long time scales. In the classical Von Neumann-Mullins theory [180, 181], grain

boundaries are re-shaped through the competition between neighboring domains to

incorporate atoms in the domain wall, causing some domains to grow and others to

shrink and disappear over time. Another mechanism for healing grain boundaries

is through rotation of whole grains, which is energetically favorable when there is a

small difference between the orientations of adjacent grains [182, 183]. Although sev-

eral theoretical mechanisms have been proposed to describe this process [184, 185], it

is challenging (though not impossible) to study this phenomenon at the atomic scale.

For example, one study has shown that grain rotation is linked to the nucleation and

motion of lattice dislocations [186], while another study has shown that this process

involves the coordinated rotation of multiple grains [187].

Colloidal suspensions are frequently used as an experimental model to probe crys-

tallization processes analogous to those occurring at the atomic scale. The growth

and healing of colloidal crystals have been studied extensively in 2-D and 3-D [188–

190]; however, in most systems it is difficult to directly quantify the forces on each

particle in the crystal. Compared with other colloidal crystallization models, mag-

netic colloids offer a convenient ability to tune the interparticle forces, and by proxy

the effective system temperature, with an external magnetic field. Since magnetic

particles can be simply modeled as interacting point dipoles[191], the forces on each
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particle can be calculated with high precision by only knowing the strength and

direction of the external field and the locations of the other particles in the sys-

tem. These advantages make magnetic colloids an ideal platform for quantifying

the changes in stress and strain fields of polycrystalline materials during thermal

annealing processes.

Building on our well-calibrated experimental model comprising a monolayer of

magnetic particles in a rapidly rotating magnetic field, here I show experimental ob-

servations of individual point dislocations moving along a glide line of a 2-D colloidal

crystal. I also reveal a fundamentally different grain boundary healing mechanism

that involves fracturing one grain through the passage of a dislocation along a glide

line. The resulting two sub-grains then rotate independently and heal with the neigh-

boring unfractured grain. This new crystal healing process has relevance for more

deeply understanding the dynamics of recrystallization in diverse materials systems

[182, 186, 187].

5.2 Materials and Experimental Method

The material used and experimental sample preparation in this study are adapted

from Chapter 4. Since a dense particles suspension is preferable for observing domain

walls healing process, I use a high particle area fraction that is nearly constant at

φ ≈ 0.7 across different experimental samples. Experimental images are recorded

at a frequency of 5Hz. A custom image process code is written in Matlab (Version

2014; National Instruments, Natick, MA), in which the circular Hough-transform

algorithm [192] is used to identify the centroid coordinates of particles. Particles

are tracked for entire duration of dislocation glide, adapting from image analysis

algorithm developed by Crocker et al [193].

The bond orientation parameter ψi6 for each particle i is calculated based on the
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Figure 5.1: (a) The experimental setup consists of a hermetically sealed colloidal
sample located between two pairs of orthogonal solenoid coils. (b) The pair-wise
potential energy is shown as a function of the particle-particle separation distance
for a field strength of H = 2Oe. (c) The bright-field image provides an example of
a colloidal crystal with a dislocation located several particle diameters away from
a grain boundary, occurring at the intersection of two insertion lines (black lines),
while the red arrow shows the glide direction. Scale bar is 15µm long. (d) Voronoi
tessellation diagrams can be used to visualize the dislocation as the pair particles
having five and seven nearest-neighbors, which are colored by yellow and green,
respectively. The blue/red colors are used to indicate the local crystal orientations
according to the presented color bar.

6-fold symmetry of hexagonal close-packed structure

ψi
6 =

1

nn

nn∑
j=1

exp(6iθij), (5.1)

where j represents a particle within a set of the nearest nn neighbors of particle i, θij

is the angle between the horizontal reference axis and the vector from particle i to par-

ticle j, and i is an imaginary number equal to the square root of negative one. By av-

eraging the contributions from all nearest-neighbors, the complex bond-orientational

72



Figure 5.2: Bright field images show a dislocation moving along a glide line at
different time points. The dashed lines depicts the glide line, while the arrows denote
the shear directions on the upper and lower part of the crystal. The field strength is
H = 2.4Oe. Scale bar is 12µm.

order parameter of particle i can be written in a form of ψi
6 = |ψi

6|exp(iθi), where

the magnitude |ψi
6| denotes the degree of hexagonal ordering, while θi is the phase

angle representing the local alignment of the hexagonal lattice for each particle i.

The purpose of this classification scheme is to visualize small differences in grain

orientation with the color scheme shown in Fig. 5.1(d).

We also calculate the absolute orientation of each grain by averaging the orien-

tations of their corresponding particles:

Θ =
1

N

N∑
i=1

θi, (5.2)

where N is the total number of particles comprising the grain. To characterize the

grain rotation process, we track the orientations of each grain in the field of view as

a function of time and then plot ∆Θ = Θh − Θ(t), where Θ(t) is the instantaneous

grain orientation at time t, and Θh is the grain’s orientation angle after healing.

73



5.3 Results

We prepared monolayers of magnetic colloids using methods reported elsewhere [120],

and applied a rapidly rotating field to induce a time-averaged isotropic attraction

between particle pairs as shown in Fig. 5.1(b), which leads to the formation of close-

packed structures that grow in time. In a 2-D hexagonal crystal, dislocations can

be identified at the intersection of two half-row insertions, as shown in Fig. 5.1(c).

Dislocations can also be visualized with Voronoi tessellation patterns as pairs of

particles with five and seven nearest neighbors, which are colored by yellow and

green in Fig. 5.1(d), respectively. Other particles have six nearest neighbors are

colored based on their individual lattice orientations θi.

Figure 5.2(a) shows bright-field images as a dislocation moves across crystal. To

assist the eye, we use a green dot to depict one specific particle as a dislocation

passes through it. Initially, the particle is several lattice positions away from the

dislocation, and exists in an unstrained state. As the dislocation moves along the

glide line and reaches the particle at t = 400s, the particle experiences large strain

and undergoes plastic deformation, shifting to an adjacent lattice position relative

to the neighbors along the glide line. Thereafter, the dislocation continues to move

towards the domain boundary, and by t = 800s the particle is again in an unstrained

state in its new lattice position.

Across many experimental datasets, we consistently observed a strong correlation

between dislocation motion along a glide line and rotation-induced healing of grain

boundaries. One such example is shown in Figure 5.3(a-c), which provides a series of

bright-field images at different time points during the grain boundary healing process.

In Fig. 5.3(a), the upper and lower grains have an initial difference in orientation

around 12° at the t = 0s time point. At t = 240s, a dislocation glides across the lower

grain and initiates the process of grain rotation (See fig. 5.3(b)). This event causes the
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Figure 5.3: (a)-(c) The healing of crystals due to grain rotation is shown at different
time points. (a) The difference in angle between two adjacent grains at initial time
point of t = 0s is around 12 degrees. The dashed lines indicate lattice orientation
of grains. Scale bar is 15µm long. (b) The motion of a dislocation along the glide
line at time t = 240s induces rotation of grain I and II and initiates the healing
process. The centers of rotations are indicated by cross markers with rotating arrow
vectors denoting the directions of rotation. The displacement fields of particles are
superimposed on the original image with blue arrows. Black dots indicate the particle
positions at the initial t = 0s time point. (c) Three grains collectively heal at time
t = 400s by individually rotating. (d) The angle variation is shown as a function of
time, corresponding to each grain. The dash-dot line highlights the staring point of
healing process at t = 240s, when grains I and II start to rotate.

lower grain to fracture into smaller grains I and II, which both rotate in clockwise

directions. Grain III remains whole throughout the process and responds several

seconds later by rotating in the counterclockwise direction to resolve the orientational

difference between the grains. At time t = 400s, these grains finally merge into a

single crystal, healing the grain boundary between them (See Fig. 5.3(c)). Other

nearby grains are stationary during the healing process, confirming that there is no
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global rotation of the system. Figure. 5.3(d) shows time evolution of the orientations

of each grain during this process.

5.4 Conclusions

In conclusion, I provide some experimental observations of the dynamics of disloca-

tions and how they are connected to grain rotation in a 2D colloidal monolayer. I also

show for the first time that the orientation difference between two neighboring grains

can be eliminated by fracturing one of the grains to allow the sub-grains to rotate

independently. This mechanism is different from theoretical predictions [182, 183]

and experimental observations [187], which have shown that whole grain is rotated

by grain boundary sliding, or through dislocation climb and annihilation.

If it were possible to also directly measure the local stresses, such as using the

SALSA technique reported previously [194], it would allow me to analyze how the

motion of dislocations and the rotation of grains relieves stress in a healing crystal.

This could even be used to predict healing pathways and may serve as a unique

model for fracture mechanics.
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6

Kinetic Growth of Binary Colloidal Crystal

The study presented in this chapter was published in Soft Matter 12 (37), 7735-

7746, 2016 [119]. This work was collaborated with Dr. Ryohei Seto, Dr. Johannes

Schoenke, Daniel Y. Joh, Dr. Ashutosh Chilkoti, and Dr. Eliot Fried.

In this chapter, I study the formation of colloidal alloys with an experimental

system that includes a mixture of magnetic and non-magnetic particles suspended

in ferrofluid. Those particles are also confined in a monolayer, which is subjected in

a static vertical magnetic field. The presence of ferrofluid allows me to control an

attractive interaction between paramagnetic and non-magnetic particles, featuring

checkerboard lattice formation. The goal of this study is to investigate time evolution

of crystal growth as a function of different field strengths and particle concentrations.

Thereby, optimal conditions of experimental parameters are found for obtaining sin-

gle large crystals. In this study, I found that the crystal size is very sensitive with

the presence of impurities particles, but large enough to become a model for alloying

processes and other exciting topics of condensed matter physics.
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6.1 Introduction

The vast majority of prior investigations of colloidal self-assembly have focused on

mono-component colloidal suspensions, in which both short-range and long-range

interactions combine to form large, close-packed single crystals [195–197]. More re-

cently, interest in studying multi-component colloidal crystals has developed. These

systems exhibit a greater diversity of phases and allow for the study of a more di-

verse spectrum of phase transitions and condensed matter phenomena. For example,

recent experimental work on the three-dimensional (3D) self-assembly of binary col-

loidal suspensions points to rich phase behavior and various types of diffusionless

phase transformations [198–201]. Processes involving the self-assembly of multi-

component suspensions have also been explored in two-dimensional (2D) settings,

which are simpler to study due to the ease of particle tracking and the ability to

simulate large-scale phenomena. Moreover, 2D systems are interesting in their own

right since they incorporate physics and scaling laws that differ from those arising

in 3D systems. For example, the long-range translational and orientational ordering

that favors crystal formation in 3D systems is absent in 2D systems, where it hinders

the growth of large crystals due to the dominance of long wavelength fluctuations

[202, 203]. Improved understanding of 2D crystallization processes will therefore

have an impact in various applications, such as protein crystallization processes oc-

curring in lipid membranes [204], the formation of self-assembled monolayers (SAMs)

[205, 206], and the construction of novel 2D materials[207].

To date, there have been very few examples of large single crystals formed in 2D

systems of binary colloidal suspensions. One example, involving electrostatically re-

pulsive particles [208], exhibits long-range hexagonal ordering in the absence of close

packing. The structures that form in this setting resemble those typically observed

in mono-component colloidal systems [195, 196]. Binary crystals assembled under
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long-range magnetic repulsion have previously been studied [209]. As a consequence

of polydispersity, these systems tend to form small crystals that coexist with the

glassy phase. On the other hand, it has been shown that large single crystals are

difficult to form in close-packed binary colloidal suspensions, which provide more

relevant models for condensed matter physics. Recently, our group has assembled

binary colloidal crystals in a uniform magnetic field [19]; however, the crystals we

obtained were limited in size due to our limited understanding of the mechanisms

underlying the kinetics of the assembly process and, thus, a lack of viable strategies

for controlling the rate of growth.

Here we study the kinetics of crystal growth in a binary colloidal suspension of

magnetic and nonmagnetic particles immersed in ferrofluid. In a uniform magnetic

field aligned normal to the 2D suspension, like particles repel and unlike particles

attract in a manner similar to particles bearing equal and opposite charges, which

favor the formation of a self-assembled checkerboard lattice. The strength of these

interactions can be controlled by the external magnetic field. Since the effective

temperature of this system is inversely proportional to the square of the strength of

that field, the annealing conditions can easily be tuned with the external magnetic

field. Due to the absence of shielding or other external effects, experimental system

can be adequately represented by a model of interacting point dipoles.

Our goal here is to carefully analyze the time evolution of crystal growth as a

function of effective temperature and density, with the objective of determining the

ideal range of conditions to form the largest possible single crystals. Our idealized

simulations suggest that it is possible to form single crystals containing in excess of

several thousand particles; however, our experiments rarely achieve such sizes due

to the presence of particle impurities in concentrations even as small as ∼ 1–2 %.

When we include similar impurity concentrations in simulations, we find excellent

agreement with experimental behavior.
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Figure 6.1: The experimental setup consists of a vertical solenoid with an ex-
perimental sample mounted above. The magnified view on the right provides an
illustration of the experimental sample with magnetic particles shown in blue and
nonmagnetic particles shown in red. A magnetic field H(arrow) is applied in the
vertical direction [119].

6.2 Experiment methods and data analysis

The experimental system involves a binary mixture of magnetic and nonmagnetic

spherical particles. Specifically, the magnetic particles (M-270 Dynabeads®, Life

Technologies™) are of mean diameter 2.8 µm and the nonmagnetic particles (Fluro-

Max R0300, Thermo Fischer™) are of mean diameter 3.1 µm. These particles are

mixed with a ferrofluid (EMG 705, Ferrotec™, Bedford, NH) which is adjusted so

that the volume fraction of magnetic nanoparticles is fixed at ∼ 1 % in all experi-

ments. To reduce nonspecific adhesion of particles to substrates, we grow a 50 nm

thick poly(oligo(ethylene glycol) methyl ether methacrylate) (POEGMA) polymer

brush on the glass slides using a surface-initiated, atom-transfer radical polymer-

ization technique (SI-ATRP) [155]. Though this polymer brush layer significantly

reduces the percentage of particles that are randomly immobilized on the substrate,

we still occasionally observe a few particles stuck to the substrate (typically around

∼ 0.1 %). In addition to random binding to the surface, we occasionally observe
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irreversible binding between nonmagnetic particles, which represents another type

of particle impurity in the experimental system. We also observe some rare, giant

particle contaminants in the magnetic and nonmagnetic particle stock concentrations

provided by the vendors. Due to the compression forces applied when preparing ex-

perimental samples, these giant particles deform plastically into shapes that resemble

oblate spheroids. These constitute a third type of impurity. Due to our inability to

perfectly control the mixing ratio of the two particle types, our experimental samples

often have a slight excess of one particle type which impedes the growth of single

crystals in a manner similar to the effect of the other mentioned impurities.

Fig. 6.1 provides a schematic of the experimental apparatus. A 2.7 µL aliquot

of particle mixture is confined between the glass surface and a coverslip are sealed

using Loctite® marine epoxy. Given the dimensions of a typical coverslip, this leads

to fluid film of thickness slightly larger than the diameter of a nonmagnetic particle.

Although we are not able to accurately measure that thickness, we can estimate it by

evaluating the center-center distance of a stacked pair of particles, which sometimes

forms within the suspension [19, 23]. Based on this measured distance and knowledge

of the actual diameter of the particles, we estimated that the film thickness is in the

range of 1.1–1.3 magnetic particle diameters (i.e., 3.1–3.6 µm).

The sample is placed on top of a 3D printed platform stage, which includes an

air-core solenoid that can produce a uniform magnetic field throughout the sample.

Field strength is adjusted by applying current to the solenoid, and is controlled

with Labview (National Instruments™, Version 2014, Austin, Texas). An inverted

Leica™ DMI6000B microscope (LEICA, Bannockburn, IL), is used to image the self-

assembly process with a 40× objective. The microscope is capable of automated

focusing, and images are captured at the rate of two frames per minute with a

Qimaging Micropublisher™ 5.0 RTV Camera with resolution of 2560×1920 pixels

(Qimaging, Surrey, Canada).
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Figure 6.2: Particles are colored according to the absolute value of the bond order
parameter |Φi

4|. Disks with and without holes represent the magnetic and nonmag-
netic particles, respectively. Correlation bonds are shown in yellow or red. Bonds
that form crystal domains and that satisfy the criteria described in the text are
shown in yellow [119].

A custom code is written in MATLAB (Mathworks©, Version 2014, Natick, MA)

for image processing and data analysis. The circular Hough-transform algorithm is

used to identify the coordinates of particle centers [210]. This particle identification

algorithm is based on the assumption that particles have a spherical shape, are of a

specific size range, and have a different intensity from that of the background. Since

the magnetic and nonmagnetic particles are respectively darker and lighter than

the ferrofluid, particle types are distinguished by their average intensity. Based on

particle coordinates extracted in each frame, we then generate Voronoi diagrams to

ascertain local symmetries, from which we identify nearest-neighbor bonds for each

particle.

We use two quantitative measures to characterize the time dependence of the

crystallization process, including the average bond order parameter and the mean

crystal domain size. Only particles with nearest neighbor bonds nn greater than three

are included in the bond-order analysis. We choose this cutoff because it accounts
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for particles at the edge of a growing crystallite but excludes particles at the corners

or particles not associated with the crystal. The 4-fold bond order parameter of the

i-th particle is given by

Φi
4 ≡


0, nn < 3,

1

nn

nn∑
j=1

exp(4iθji), nn ≥ 3,
(6.1)

where θji is the angle between the reference axis and the vector directed from the

particle i to the particle j, and i is an imaginary number equal to the square root

of negative one. Since we observe checkerboard lattices, we use an order parameter

with 4-fold symmetry instead of the 6-fold symmetry germane to hexagonally packed

crystals [211]. The absolute value of the bond order parameter of a generic particle

i in the field of view is averaged according to

〈Φ4〉 ≡
〈
|Φi

4|
〉
, (6.2)

which quantifies the degree of 4-fold symmetry in the entire system. Large regular

crystals generate higher order parameter values, with 〈Φ4〉 = 1 representing an ideal

single crystal.

In addition to the bond-order analysis, we measure the mean domain size of grow-

ing crystals based on a modified cluster aggregation parameter originally developed

by Vicsek and Family [212]. The algorithm first evaluates the real part of the bond

order parameter of the nearest unlike particles, i and j. If, for given i and j, the real

part of the product Φi
4Φ
∗j
4 exceeds a threshold value (0.6 is chosen in this work) and

the particle shares the same two correlating neighbors with another particle, then

all four particles are considered associated with the crystal domain. This process is

repeated so that each particle is assigned to a specific crystal for the entire field of

view. An example resulting from the crystal identification algorithm is shown in Fig.
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6.2, where particles connected by yellow line segments are included in the crystal but

those connected by red line segments are excluded.

We find that the criterion described above robustly identifies polycrystalline do-

mains similar to those identified by visual inspection of the sample when viewed

through the eyepiece of the microscope. Based on the number of particles included

in each domain, we then evaluate the mean domain size parameter

〈
S
〉
≡

∑
s

s2n(s)∑
s

sn(s)
, (6.3)

where s is the size of domain and n(s) is the number of domains having size s.

This calculation averages out size fluctuations between different crystals, allowing

the determination of an average domain size within each field of view.

The correlation function

g(r) =
1

2πr∆rρ(N − 1)

∑
i 6=j

δ(r −
∣∣~rij∣∣), (6.4)

which represents the ratio of the ensemble average of particles within the region

between r and r + ∆r and the average number density of the system ρ = N/LxLy

can be used to ascertain whether some kinds of impurities are present. Here, N is

the number of particles in the image size of Lx × Ly. In a perfect single crystal,

the centers of like particles are separated by a distance of
√

2 particle diameters,

which is the diagonal length in a square lattice. Accordingly, peaks of g(r) at smaller

separation distances (i.e., 1.0–1.1 particle diameters) between like particles indicate

the presence of aggregated particles.
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6.3 Simulation model

6.3.1 Colloid-colloid interactions

A colloidal particle suspension confined in a thin fluid film, having a thickness slightly

greater than the typical particle diameter, can be considered as quasi-2D since par-

ticle translation is limited to in-plane motion. In our experiments, colloidal particles

are suspended in a fluid containing iron oxide nanoparticles, called ferrofluid, which

we model as a uniform continuum with magnetic permeability µf . We assume that µf

is closely approximated in terms of the bulk magnetic susceptibility χb and volume

fraction ϕ of the nanoparticles as described in Eq. 3.1. The magnetic momentmi of

a spherical particle i exposed to a weakly inhomogeneous external magnetic field H

can be approximated as a magnetic point dipole

mi ≈ χ̄iνiH , (6.5)

where χ̄i is the shape-corrected effective magnetic susceptibility of the particle mea-

sured relative to that of the surrounding ferrofluid, given by

χ̄i = 3

(
µi − µf

µi + 2µf

)
, (6.6)

and νi is the volume of the particle. Thus, a magnetic particle effectively behaves as

paramagnetic when its magnetic permeability is larger than that of the ferrofluid and

has an effective magnetic susceptibility χ̄i > 0. A nonmagnetic particle effectively

behaves as diamagnetic, with susceptibility χ̄i < 0, since its magnetic permeability

is smaller than that of the ferrofluid. The binary suspensions of interest in this work

involve two kinds of particles: magnetic particles, with χ̄m and νm, and nonmagnetic

particles, with χ̄n and νn. The volume fraction ϕ of the nanoparticles is controlled to

ensure that the effective magnetic moments of the two particle types are equal and

opposite, namely to ensure that χ̄mνm = −χ̄nνn is satisfied. In our prior analyses,
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Figure 6.3: The mean square displacement (solid line) averaged for 10 particles in
the absence of an external magnetic field is shown as a function of time. The diffusion
coefficient D0 ≈ 0.0565 µm2 s−1 is obtained through a best fit to experimental data
by
〈
∆d2

〉
= 4D0t ≈ 0.226t [119].

we have shown that self-consistent magnetic moment calculations lead only to small

corrections and can be ignored for computational efficiency [19]. Consistent with

these studies, we do not account for these effects here.

Recall Eq. 3.16, the dipole-dipole interaction energy between two colloidal parti-

cles i and j, at positions ri and rj, is written as

U
(ij)
M = − µf

4πr3ij
(3(mi · r̂ij)(mj · r̂ij)−mi ·mj) , (6.7)

where r̂ij ≡ (rj − ri)/rij and rij ≡ |rj − ri| respectively represent the unit vector

and distance between the centers of particles i and j. Since the external field H

is applied along the z-direction (i.e., perpendicular to the monolayer), Eq. 6.7 is a

function only of rij. This leads to the following magnetic force:

F ij
M = − 3µf

4πr4ij
χ̄iχ̄jνiνjH

2r̂ij. (6.8)

Thus, whereas the magnetic force between like particles (χ̄iχ̄j > 0) is repulsive, the
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magnetic force between unlike particles (χ̄iχ̄j < 0) is attractive.

Since the colloidal particles are nearly rigid spherical balls, steric effects prevent

them from physically overlapping. To simulate this behavior, we employ a soft-sphere

model with sufficiently large stiffness k, in which the following contact force F (ij)
C

arises between overlapping two particles of radii ai and aj:

F ij
C =

{
0, rij > ai + aj,

k(rij − ai − aj)r̂ij, rij ≤ ai + aj.
(6.9)

The colloid-colloid interactions encoded in Eq. 6.8 and Eq. 6.9 govern the ba-

sic features of the system, the net interaction energy of which is minimized when

particles form a checkerboard lattice [19]. However, to investigate the kinetics of

crystallization, it is also necessary to account for the solvent’s influence on particle

dynamics; that influence is discussed next.

6.3.2 Solvent-colloid interactions

The suspended colloidal particles also interact with the solvent molecules of the host

fluid, and we employ a Brownian dynamics approach to capture the dominant in-

fluences of the solvent. Since solvent molecules are many orders of magnitude less

massive than colloidal particles, it is reasonable to assume that they equilibrate in-

stantaneously. Accordingly, we can model their influence with forces that induce

viscous dissipation (i.e., hydrodynamic forces) and thermal fluctuations (i.e., Brow-

nian forces). With this approach, solvent molecules are not explicitly tracked for the

sake of computational efficiency.

The hydrodynamic forces acting on a system of N suspended particles can be rep-

resented as a 2N -dimensional vector FH ≡ (F 1
H, . . . ,F

N
H ) of N two-dimensional hy-

drodynamic force vectors. In terms of the 2N -dimensional vector U ≡ (U 1, . . . ,UN)
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of two-dimensional particle velocity vectors, FH has the form

FH = −RU , (6.10)

where R is a 2N×2N resistance matrix. Note that all force and velocity vectors in

this section are 2N dimensional, which represent in-plane components of N particles.

Since the Brownian forces FB ≡ (F 1
B, . . . ,F

N
B ) are random, their ensemble average

must vanish: 〈FB〉 = 0. To ensure that the average kinetic energy of each colloidal

particle attains kBT , the correlations must satisfy [213, 214]

〈FB(0)FB(t)〉 = 2kBTRδ(t), (6.11)

where δ is the delta function.

Since R is generally a dense matrix, it is advantageous to introduce an approx-

imation. In a dilute suspension, resistance forces acting on particles are oppositely

proportional to their own velocities. Thus R can be approximated by a diagonal

matrix Rsd:

R ≈ Rsd = ζI. (6.12)

Here, due to the small difference in size between the two species of particles, the sus-

pension is assumed to be monodisperse for simplicity; thus, the resistance coefficient

ζ is the same for all particles. Due to the presence of confining glass boundaries in

our system, a better match with experiment requires ζ to be determined from exper-

imental measurements of the diffusion coefficient D0 ≡ kBT/ζ of isolated particles.

The average value 〈D0〉 ≈ 0.0565 µm2 s−1 is evaluated from experimental observa-

tions (Fig. 6.3), leading to an effective Stokes’ drag coefficient ζ about 2.5 times

larger than that expected for water.

In dense suspensions, the hydrodynamic resistance is influenced by the presence

of other nearby particles, which leads to non-negligible off-diagonal terms in the re-

sistance matrix R. Strong hydrodynamic resistances, called lubrication forces, arise
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Figure 6.4: Simulation without lubrication forces (blue) compared to a simulation
with lubrication forces (black) using (a) the average order parameter 〈Φ4〉 and (b)
the average crystal domain size 〈S〉. The simulation neglecting lubrication forces
with an adjusted resistance coefficient ζ ′ ≈ 1.9ζ (red) can capture the features of the
simulation with lubrication forces [119].

from the presence of viscous fluid in the narrow gaps between nearby particles.[215]

Under these circumstances, R may be approximated by an expression that includes

the lubrication terms, namely R ≈ Rsd+Rlub, where the particular form of Rlub can

be found elsewhere.[216] If this resistance matrix is used instead of the diagonal alter-

native Eq. 6.12, the computational cost of the simulations is obviously much higher.

Fortunately, when we compare simulations with and without lubrication (Fig. 6.4),

we find that it affects only the time scale of the considered processes. Therefore, we

can rescale the resistance matrix Eq. 6.12 in our simulation with an adjusted resis-

tance coefficient ζ ′. The adjustment factor ζ ′/ζ ≈ 1.9 is found at φarea = 0.68 for a

certain range of field strengths; specifically, the range of the effective (dimensionless)

temperature defined later is 0.05 . T̃ . 0.15.

6.3.3 Equation of motion for colloidal particles

Since particle inertia is neglected, the particles obey a set of quasi-static equations

of motion, in which the individual particle trajectories are obtained through a force

balance:

FH + FB + FM + FC = 0, (6.13)
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where FM ≡ (F 1
M, . . . ,F

N
M ) and FC ≡ (F 1

C, . . . ,F
N
C ) respectively represent the 2N -

dimensional vectors of the magnetic and contact forces. At each time step, the

magnetic and contact forces, FM and FC, and the resistance matrix,R, are calculated

from the particle configuration, and the random Brownian forces, FB, satisfying

Eq. 6.10 are numerically generated. Eliminating FH between Eq. 6.10 and Eq. 6.13,

we obtain

U = R−1 · (FB + FM + FC), (6.14)

from which we determine the trajectories X of the colloidal particles by integrating

with respect to time.[217]

The dependence on external field strength H ≡ |H| is of essential importance in

this work. On writing d = am + an, the characteristic force scale F ∗M of the system is

given by the magnetic force between magnetic and nonmagnetic particles in contact

under the field:

F ∗M ≡
3µf χ̄m|χ̄n|νmνn

4πd4
H2. (6.15)

Each term entering the equation of motion Eq. 6.13 is nondimensionalized based

on this force scale: for example, FH becomes F̃H ≡ FH/F
∗
M. In the dynamics, the

characteristic time scale τM related to the magnetic force scale is given by

τM ≡
ζd

2F ∗M
. (6.16)

With force and time scales Eq. 6.15 and Eq. 6.16, the relation Eq. 6.11 determining

the strength of Brownian forces is nondimensionalized in accord with

〈
F̃B(0)F̃B(t̃)

〉
= 2T̃ R̃δ(t̃), (6.17)

where t̃ ≡ t/τM and R̃ ≡ R/ζ. The dimensionless number

T̃ ≡ 2kBT

dF ∗M
=

8πd3kBT

3µf χ̄m|χ̄n|νmνnH2
, (6.18)
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Table 6.1: Simulation Parameters
magnetic particle diameter dm 2.95 µm
nonmagnetic particle diameter dn 2.95 µm
magnetic particle’s effective susceptibility χ̄m 0.36
nonmagnetic particle’s effective susceptibility χ̄n −0.36
magnetic permeability of ferrofluid µf 1.47µ0

temperature T 298 K

therefore serves as an effective temperature. From Eq. 6.18, we can decrease T̃ by

increasing the strength H of the external field.

6.3.4 Boundary conditions

In the experimental system, particles assemble within a fluid film of approximately

20 mm (in lateral dimensions). The observed field of view is distant enough from

any boundaries of the sample to ensure that boundary effects are practically negli-

gible. In simulations, on the other hand, computational limitations require that we

consider only a small fraction of the system, which can lead to undesirable bound-

ary effects. To avoid this potential problem, we use square simulation boxes with

periodic boundary conditions. Additionally, to avoid finite system size effects, which

can lead to correlations between a crystal and its periodic images from the system

boundaries, we restrict our simulations to systems of greater than 10000 particles.

6.4 Results and Discussion

6.4.1 Order parameter and domain size

To explore the kinetics of crystal growth, we developed an experimental system

that permits dense monolayers of particles to be studied in a static uniform vertical

magnetic field. Fig. 6.5 shows typical snapshots of the liquid-solid transition obtained

from experiments (a–c) and simulations (d–f). The experimental field of view is a

rectangle with a length and width of 85 and 114 particle diameters, respectively, with
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Figure 6.5: Time evolution of crystal growth during the rapid quenching process
at an effective temperature of T̃ ≈ 0.081 (H = 7.0 Oe) in experiment (a–c) and
T̃ ≈ 0.076 in simulation (d–f). Magnetic (red) and nonmagnetic (white) particles in
the experiment (a–c) are assigned gray and red colors in the simulation (d–f). Images
have a size of 250 µm× 250 µm. Scale bars on images show 25 µm [119].

each field of view containing approximately 8000 particles. In this figure, the particle

concentration is fixed at φarea = 0.66, while the magnetic field strength H is held

constant at 7 Oe (corresponding to an effective temperature of T̃ ≈ 0.081 in Eq. 6.18).

In simulations, we model a system commensurate in size to the experimental field of

view with N = 10000 particles (see Section 6.3.4). Prior to the quenching process,

the Brownian simulation with H = 0 (i.e., at T̃ = ∞) is run for 10 minutes to

ensure that the initial configuration is a thermal equilibrium state in which magnetic

forces are absent. Simulation conditions are calibrated to approximate experimental

conditions (see Table 1).

The time evolution of crystal growth is shown for a situation in which the system is

suddenly exposed to a constant vertical magnetic field at t = 0, which mimics a rapid
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Figure 6.6: Polycrystalline domains formed in experiments (a) and simulations (b)
at different temperatures. Crystal domains are colored according to local orienta-
tions of particles. Black coloration depicts the regions where particles do not form
crystalline structures. The scale bars are 50 µm [119].

quenching process initiated at infinite temperature. Applied magnetic fields induce

the initial liquid phase to rapidly solidify, nucleating small crystals within the first 20

minutes of experiments. In this early stage of the nucleation process, the dominant

effect of interfacial energy causes nuclei containing 4–30 particles to spontaneously

appear and disappear with time. Over the next phase of crystal growth, which occurs

from 20–60 min, larger crystals survive at the expense of the smaller crystals and the

system continues to coarsen until most particles are incorporated into crystals. At

low values of H (close to the solidification temperature), the liquid phase coexists

with small crystallites that continue to grow until the end of the experiment. At

higher values of H, the system coarsens until the crystals merge and form domain

boundaries, such as those shown in experiment (Fig. 6.5c) and simulation (Fig. 6.5f).

Some examples of polycrystalline structures are provided in Fig. 6.6a (experi-

ments) and Fig. 6.6b (simulations), which depict typical domain structures after 225

minutes of elapsed time for different values of the effective temperature T̃ . For ease

of visualization, the domains are presented as color coded Voronoi cells to highlight
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Figure 6.7: The average bond order parameter 〈Φ4〉 in experiments (a) and sim-
ulations (b) are provided as a function of time for different effective temperatures.
In each experiment, the external magnetic field was held constant for 225 min. The
average order parameters are calculated by taking the ensemble average of local order
parameters within a given field of view as a function of time, captured at a rate of
two frames per minute [119].

different crystal orientations (i.e., arg Φi
4). Disordered regions are indicated with

black. The clear dependence of mean crystal size on T̃ , or, equivalently, the ap-

plied magnetic field strength H, is evident in both experiments and simulations. In

a weak magnetic field of H = 5.5 Oe, corresponding to the solidification tempera-

ture T̃ ≈ 0.13, small crystal domains containing 4–100 particles are surrounded by

the disordered phase. On the other hand, in a strong magnetic field of H = 13.5 Oe

(T̃ ≈ 0.022), the mean crystal size is equally small but are caused instead by the slow

annealing kinetics, which impede crystal growth during the experimental time inter-

val. Maximum crystal sizes are observed in the medium range of H = 8.5–10.5 Oe

(T̃ ≈ 0.036–0.055), which is slightly below the solidification temperature. This strong

dependence of crystal size on quenching conditions indicates the existence of an ideal

field strength H for promoting the growth of large single crystals. The value of H

should be high enough to maintain strong particle association with the crystal but

weak enough to allow defects to diffuse out of the crystal interior, as well as to allow

domain boundaries to merge and reform.

We use several order parameters to monitor the crystal growth process in time.
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Fig. 6.7 depicts the average bond order parameter Φ4 as a function of time for

various values of T̃ in experiments (a) and simulations (b). The plot shows that Φ4

rapidly intensifies and reaches almost 90 % of the maximum value within the first

20 minutes in experiments, and within the first 30 minutes in simulations. After

the first 30 minutes, Φ4 gradually increases for the remaining time in experiments

and simulations. Though simulation and experiment do not match perfectly, they

are reasonably consistent. The maximum average value of Φ4 in experiments is 6 %

smaller than values found in simulations, which is most likely due to the presence of

particle impurities that hinder crystal growth. We do not continue our experiments

past 300 minutes, due to the onset of fluid evaporation and bubble formation, which

perturb the fluid and damage the growing crystals.

The crystal growth process can also be analyzed by plotting the mean domain

size as a function of time on a log-log scale, where the linear slope indicates a power

law growth process. Fig. 6.8 exhibits the time evolution of the average domain size

during rapid quenching for different values of the applied magnetic field H. Since

the domain sizes in simulations (∼ 5000 particles) tend to be significantly larger than

in experiments (∼ 600 particles), Fig. 6.8a and Fig. 6.8b are plotted on different

logarithmic scales. The discrepancy between experiment and simulation is thought

to arise from the influence of impurities which are present in experiments, but not

in simulations. Similar to the results presented in Fig. 6.7, the largest crystals form

in the range of 8.5 Oe . H . 10.5 Oe (0.036 . T̃ . 0.055), which corresponds to

the global maximum in the bond order parameter. When the sample is quenched at

a low temperature around T̃ ≈ 0.022, the average domain size is limited to around

∼ 100 particles. These observations highlight the importance of finding an optimal

condition for obtaining large single crystals.

In most simulations and experiments, we observe several distinct power laws,

which are thought to be associated with different crystal growth regimes rang-
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Figure 6.8: The average domain size 〈S〉 depicted as a function of time at different
effective temperatures in the range 0.022 . T̃ . 0.130 in experiments (a) and the
range 0.034 . T̃ . 0.151 in simulations (b). The system size is displayed as a log-log
scale for easier visualization of the power law fitting functions shown with the dashed
lines. Domain sizes obtained in simulations are significantly larger than experiments
because they do not include impurities [119].

ing from diffusion-limited to interface-limited growth kinetics.[218–220] These two

growth regimes are clearly visible at low temperatures (T̃ . 0.034) in both exper-

iments and simulations. The power law associated with the first growth regime is

significantly larger than that of the second growth regime. To grow larger single

crystals, it is important both to increase the magnitude of the power law as well as

the dwell time in this first growth regime. At low temperatures, the crossover time

between the two growth regimes typically occurs in the first 10–80 minutes. How-

ever, at optimal temperatures in the range of 0.036 . T̃ . 0.081, we only observe

one regime of growth kinetics. Again, we note that the best fitting power laws in

experiments are always smaller than those arising in simulations due to the presence

of impurities.

To check the effect of the cooling rate, we conduct a series of simulations with

the ramping temperature defined in accord with

T̃ (t) =

{
1/γt, 0 < t < (γT̃s)

−1,

T̃s, t ≥ (γT̃s)
−1,

(6.19)

where T̃s is the setting point of effective temperature chosen to be T̃s ≈ 0.048, and

96



γ is the linear temperature ramp ranging between 0.18 min−1 and 1.8 min−1. Sur-

prisingly, the average order parameters are indistinguishable from those obtained by

rapid quenching to the same final temperature (Fig. 6.9b) for all values of γ. The

polycrystal domains shown in Fig. 6.9c also show negligible differences, which indi-

cates that the growth kinetics are not influenced by the cooling rates. Nonetheless,

these simulations cover only the short time intervals accessible in experiment and

are limited to only a specific temperature setting. More exhaustive simulations of

different cooling rates and final temperatures may lead to even larger crystals than

those observed in our experiments.
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Figure 6.9: The temperature ramp rates used in simulations (a) all converge to a
similar value at long times (b). Snapshots of the domain structures at the end of
the simulated 350 minute time interval are shown for the different temperature ramp
rates (c) . The polycrystals are plotted at t = 350 min with the same scale and color
scheme shown in Fig. 6.6 [119].

6.4.2 Effect of impurities

In contrast to experiments, simulations allow for the consideration of systems in

which all particles are identical in size, perfectly dispersed, at equal population frac-

tions, and free of other types of interactions. Under such conditions domains grow
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Figure 6.10: Irreversible binding between non-magnetic particles (a) and the ver-
tical stacking of particles (b), respectively. The pair correlation g(r) of magnetic-
nonmagnetic (m-n), magnetic-magnetic (m-m), nonmagnetic-nonmagnetic (n-n) are
shown for a typical experiment H = 7.5 Oe (T̃ ≈ 0.07) after 225 min of rapid quench-
ing (c). A log scale is applied to the vertical axis to compress the data and better
visualize the peaks [119].

continuously up to several thousand particles on average, which is much larger than

in experiments, where the presence of small particle clumps and occasional giant

particles (1.3–1.8 times larger than the normal particles), as well as a slight imbal-

ance between the number ratio of particles restricts the maximum domain size. As

previously discussed, the nonmagnetic particles often have pre-existing clumps that

frustrate crystal growth (Fig. 6.10a). Fig. 6.10c shows an abnormal peak in the pair

correlation Eq. 6.4 between nonmagnetic particles (n-n), which is found at a distance

of 1.04 particle diameters and is indicative of doublets formed from nonmagnetic par-

ticles within the sample. Since direct contact between like particles is energetically

unfavorable, we use the pair correlation function g(r) as a qualitative indicator of

irreversible binding between nonmagnetic particles.
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Figure 6.11: The average bond order parameter 〈Φ4〉 and mean domain size 〈S〉 (in-
sets) are shown as a function of time in simulations that include up to 4 % impurities
of either pinned particles (a) or giant particles (b). In all simulations, the particle
area fraction is fixed at φarea = 0.68 and the temperature is kept at T̃ ≈ 0.056.
The black line shows the experimental data obtained in similar conditions. The
best match between experiment and simulations is found when simulations include
approximately 2 % impurities, regardless of its specific type [119].

Another source of discrepancy between simulation and experiment is the pos-

sibility that particles may rise out of the monolayer plane (Fig. 6.10b). Although

this occurs in our experiments, it is not permitted in our simulations. Our image

processing algorithms are not optimized to recognize stacked particles; thus, we do

not observe any unusual correlation peak of the magnetic particles. However, we can

sometimes see this effect in experimental images such as those shown in Fig. 6.10b.

Although we do not develop an algorithm to precisely quantify the concentration

of impurities in our experimental system, we are able to estimate the impurity con-

centration to be in the range of 1–3 % of particles, including ∼ 0.1 % large particles,

∼ 0.1 % pinned particles, ∼ 1 % doublets formed between nonmagnetic particles, and

a typical number ratio of 51:49 between the magnetic and nonmagnetic particles,

which vary from sample to sample.

In an attempt to better understand the effect of impurities in experiments, we

include two types of impurities in our simulation: (i) particles pinned to substrates,

and (ii) giant particles. For the sake of simplicity, we ignore particle clumps to avoid

issues with trajectory analysis of rigidly linked bodies. As in our experiments, we per-
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Figure 6.12: The average bond order parameter 〈Φ4〉 (a) and mean domain size
〈S〉 (b) of the system are presented as a function of temperature after 225 minute
of elapsed time. Simulations include different amounts of pinned particles ranging
from 0 % to 6 %, and are compared with experimental data (red) with similar growth
conditions. In all simulations the particle concentrations are held at φarea = 0.68,
whereas in experiments the particle concentrations were kept at φarea ≈ 0.66± 0.02.
The impurity-free simulations are shown in black, whereas the simulations that in-
clude impurities are colored from dark to light blue. The best match with experiment
across all temperatures is obtained for simulations that include approximately 2 %
pinned particles [119].

form simulations in which the particle concentration is kept constant at φarea = 0.68,

while the percentage of impurities is varied in the range of 0–6 % and is assumed to

be initially randomly distributed in the simulation box. Giant particles are assumed

to have diameters 1.5 times that of other particles. On the other hand, pinned parti-

cles are assumed to be the same diameter as other particles, but are spatially fixed.

The impact of impurities on the average bond order parameter and the mean domain

size in the case of T̃ ≈ 0.055 are shown in Fig. 6.11. As expected, these quantities

both decay significantly as the number of impurities is increased. The best match

with experiment is achieved when simulations employs a impurity concentration of

2 %, which is consistent with the level observed in experiments.

Fig. 6.12 shows the average bond order parameter 〈Φ4〉 and the mean domain size

〈S〉 as a function of the quenching temperature after 225 minutes of elapsed time.

Simulation results are obtained by varying the concentrations of pinned particles

in the range of 0–6 %. Similar to what is shown in Fig. 6.11, the best match with
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experimental results is obtained when simulations include an impurity concentration

of approximately 2 %. Near the effective solidification temperature, the slight mis-

match between experiment and simulation is not unexpected due to the influence

of unknown short-range particle interactions (namely surface charge repulsive forces

and other surface forces), which are not included in our simulations. These inter-

actions should be negligible when the magnitude H of the applied magnetic field is

sufficiently large, where an improved quantitative agreement between experiments

and simulations is observed.

Matching the experimental curve to simulations leads to a best fitting parameter

for the magnetic permeability of the ferrofluid determined from Eq. 6.6 with χ̄n ≈

−0.36, which yields µf ≈ 1.47µ0. According to Eq. 3.1, this best fitting estimate

of the ferrofluid permeability implies that the bulk susceptibility of the material

constituting the nanoparticles is χb ≈ 47. The permeability of the magnetic bead can

be estimated similarly from Eq. 3.1 with χ̄m ≈ 0.36, which yields µm ≈ 2.07µ0. This

value suggests that the magnetic susceptibility of the magnetic particles in vacuum

is χ̄m ≈ 1.07, which is larger than the typically reported values of these bead types

in water falling in the range of 0.17–0.96 [221–223]. To facilitate comparisons with

our prior paper,[19] in which a correction factor α = 2.4±0.3 was used, that acted as

multiplier in the particle susceptibilities, we estimate the best fitting parameters for

the magnetic permeabilities of the magnetic particles and ferrofluid to be µm ≈ 2.56µ0

and µf ≈ 1.66µ0, respectively. Thus, the magnetic parameters of the present study

provide a slightly better approximation of the expected values in vacuum.

Despite our best effort to balance the relative particle concentrations, the numbers

Nm and Nn of magnetic and nonmagnetic particles differ in experiments. To examine

the influence of this impurity type, we simulate particle concentration differences ξ

ranging from 0 to 0.1, where ξ ≡ (Nm−Nn)/(Nm+Nn). The effects of the population

imbalance on the average bond order parameter 〈Φ4〉 (Fig. 6.13a) and the mean
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Figure 6.13: The average bond order parameter 〈Φ4〉, and mean domain size 〈S〉
are plotted as a function of the relative particle concentration ratio in the range of
ξ = 0–0.1. The simulations were averaged over ten independent runs in order to
obtain the mean and standard deviations. All simulations were conducted for 225
minutes and at a temperature of T̃ ≈ 0.048. The vertical blue lines show the average
population imbalance of the typical experiments: ξex ≈ 0.035. The red dashed curves
are provided as a guide to the eye [119].

domain size 〈S〉 (Fig. 6.13b) are depicted after a 225 minute elapsed time interval in

a constant temperature of T̃ ≈ 0.048. As expected, both 〈Φ4〉 and 〈S〉 are observed to

decrease with increasing population imbalance. This effect is not surprising, because

an excess of one particle type leads to a non-zero net dipole moment of the crystal,

which induces stress and hinders crystal growth.[224] At the ratios typically observed

in experiments, ξex = 0.035 ± 0.018, the values of 〈Φ4〉 and 〈S〉 are slightly smaller

than those obtained under ideal simulation conditions (ξ = 0). This value of ξ

corresponds to one particle type being present at an excess of approximately 3 %,

which is in a similar range to the other types of considered impurities.

The influence of population imbalance on the growth kinetics is shown in Fig.

6.14, which depicts 〈S〉 as a function of time. Two crystal growth regimes can be

distinguished in both the perfectly balanced system and in the system containing an

excess of one particle type with ξ = 0.08. Comparing these corresponding growth

curves, we find several features demonstrating how the perfectly balanced system

attains larger crystalline domain sizes than the system containing a particle imbal-
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Figure 6.14: The two regimes of growth kinetics are shown for a perfectly balanced
system (ξ = 0) and for a system that contains an excess of one particle type corre-
sponding to ξ = 0.08, with the effective temperature fixed at T̃ ≈ 0.048. Simulations
(black lines) were averaged for ten independent runs, whereas the result from one
experiment with growth conditions similar to simulations is shown in orange. The
best fitting power laws for the first and second growth regimes are shown with the
blue dotted and red dotted lines, respectively [119].

ance. First, in the perfectly balanced system the power law of the first growth regime

attains a higher value (1.26) than that found in the system including an excess (0.81)

of one particle type. This more rapid initial growth process allows the perfectly bal-

anced system to reach larger crystal sizes before entering into the ripening phase of

the second growth regime. Second, in the perfectly balanced system the cross-over

time between the different growth regimes is delayed in comparison to what occurs

for the system containing a particle imbalance. Thus, the perfectly balanced sys-

tem has more time to grow domains prior to entering the second regime with slower

growth kinetics. For comparison, we also provide one experimental plot for a system

with similar growth conditions as the simulation with an assumed population balance

ξ = 0.08. The data from this single experiment contains more noise than the data

arising from simulations, which is averaged over 10 individual trials.

Based on our simulations, we conclude that the number rather than the specific

type of impurities is the determining factor for matching with experiment. Thus, in-
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stead of developing a complex model, which incorporates multiple kinds of impurities

in one simulation, we instead focus on a single impurity type. In Fig. 6.11 and 6.12,

we show that including a small percentage of pinned or giant particles can provide a

match with experiments. In Fig. 6.14, we also show that an imbalance in the particle

number ratio can also match experiments at the effective temperature (T̃ ≈ 0.049)

and timescale (t = 225 min), with an assumed population imbalance ξ = 0.08. It is

thus clear that a small percentage of defects can dramatically influence the domain

sizes of 2D crystals.

6.5 Conclusions

We developed an experimental system for forming two-dimensional, close-packed, col-

loidal crystal alloys with more than ∼ 1000 particles in a single domain. Potentially

optimal annealing kinetics were achieved by simultaneously controlling the density

and particle interactions within a 2D monolayer of magnetic and nonmagnetic par-

ticles immersed in a ferrofluid. Specifically, the best crystals were obtained for area

fractions of 65–70 %, which are small enough to avoid glass or jamming transitions

occurring near the ideal packing fraction of a square lattice (∼78 %) while being large

enough to prevent voids, which are common below an area fraction of 60 %. We also

found that the largest crystals were obtained for magnetic fields with strengths in

the range of 8.5 Oe . H . 10.5 Oe, which are high enough to overcome thermal fluc-

tuations while being low enough to allow efficient annealing of domain boundaries

and to remove impurities from crystal interiors.

Brownian dynamics simulations based on a point dipole model were found able

to reproduce the main features of the assembly process; however, they predict much

larger crystals than are obtained in experiments. Results obtained from simulations

of an idealized, impurity-free system agreed qualitatively but deviate quantitatively

from experiment, where a small percentage of particles that form clumps and adhere
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to the substrate are generally present. An imbalance in the particle number ratio

also led to smaller crystals, mimicking the effect of the other experimental impurities.

We found that including a similar percentage of impurities in simulations (1–2 %)

yields better quantitative agreement between theory and experiment. Additionally,

we achieved a more precise characterization of the magnetic susceptibility of the

magnetic bead χ̄m = 1.07, which is 30 % smaller than in our prior analyses.[19]

While the mean domain size we were able to experimentally obtain is on the order

of ∼ 600 particles, future improvements of the experimental conditions through the

use of better passivated surfaces, the reduction of particle aggregation and imbalance

in particle concentration should enable us to approach crystal sizes of∼ 5000 particles

predicted in the idealized simulations. The ability to obtain sufficiently large colloidal

crystal alloys will facilitate future scientific investigations on grain boundary motions

[225], dynamics of vacancies and defects [226], jamming transitions [227], and various

types of phase transitions that are difficult or impossible to observe in atomic systems.
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7

Conclusion and Outlook

In summary, I developed tunable colloidal models which used both time-varying and

static magnetic fields to study different problems in condensed matter physics, in-

cluding phase transitions, crystal growth and healing process, and formation of large

mono-component and bi-component colloidal crystals. To analyze these experiments,

I used particle tracking techniques to probe the system responses at the individual

particle level.

In Chapter 4, I showed that the time-varying magnetic fields is a highly tunable

system for the control of isotropic long-range interaction in a monolayer of colloidal

particles, thus enabling the systematical characterization of experimental phase dia-

gram and the calibration of magnetic susceptibility of the particles. Then, I used this

system to study the early dynamics of crystal growth process in Chapter 5, where I

experimentally observed an unique pathway of crystal healing. This healing mecha-

nism involves both lattice slip and crystalline rotation that has not been previously

reported. Finally, I found the optimal conditions for forming single large crystals

in binary colloidal system with static vertical magnetic field in Chapter 6. The al-

loying process was very sensitive with the presence of impurities, which limited the
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obtainable crystal sizes by very small amount of concentrations.

For each study presented, there remain unanswered questions. For example, in

Chapter 4, though I expected to observe microphases in the SALR regime, instead

I observed discrete colloidal clusters that grow according to the Ostwald ripening

process. It is still not completely clear why microphases were never observed, and it

raises questions of whether we have correctly taken into account all of the potential

forces or if the explanation arises from other effects, such as hydrodynamics. I

speculate that the high fluctuation of filament-like structures may cause a long-

range hydrodynamic attraction, leading to the preferential growth direction between

nearest-neighboring clusters [228–230]. Future study of microphase formation with

conical rotating magnetic field may carefully consider this effect in order to achieve

a fully quantitative agreement between experiments and simulations.

In Chapter 5, I showed an interesting crystal healing pathway that is based on a

combination of lattice slip and grain rotation. It is unclear whether this is a universal

healing mechanism or is something that only occurs in 2D systems. It is also unclear

whether this mechanism only occurs for small crystals or if this effect can also be

observed at later stages in the crystal evolution process. I mostly observed grain

rotation in crystals that are smaller than ten particles in diameter. The ability to

answer this question will require additional experiments with larger crystals, which

are required to better quantify this healing mechanism. It is conceivable that a large

crystal can also rotate when multiple dislocations sequentially glide across crystal.

It is also unclear whether grain rotation via lattice slip also occurs in 3D systems,

in which grain boundary rotation has been found to be associated with dislocation

climb. However, a careful investigation of this point is beyond the scope of this

thesis.

For my work on binary colloidal alloys in Chapter 6, I was mainly focused on

determining the optimal experimental conditions to form large crystals, and to find
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and eliminate the factors that constrain crystal growth. If I were to continue with

this work, I would attempt to analyze the motion of dislocations and vacancies in the

binary system, which is more difficult than tracking them in the mono-component

suspensions of Chapter 5. I would also like to determine whether crystals grow and

heal by grain boundary migration or grain rotation, similar to what I observed in

mono-component suspensions.

Overall, experimental techniques developed in this thesis demonstrate capabilities

for forming significantly large crystals and collective phase behaviors using external

magnetic fields and a monolayer of colloidal particles. The experimental observations

and data analysis that I have presented in this thesis provide unique insights into

how materials form, grow, and heal, particularly at the early stages of crystallization

which are inaccessible in real materials.

108



Bibliography

[1] Ian Freestone, Nigel Meeks, Margaret Sax, and Catherine Higgitt. The lycurgus
cup—a roman nanotechnology. Gold bulletin, 40(4):270–277, 2007.

[2] Erik C Dreaden, Alaaldin M Alkilany, Xiaohua Huang, Catherine J Murphy,
and Mostafa A El-Sayed. The golden age: gold nanoparticles for biomedicine.
Chemical Society Reviews, 41(7):2740–2779, 2012.

[3] Robert Brown. Xxvii. a brief account of microscopical observations made in
the months of june, july and august 1827, on the particles contained in the
pollen of plants; and on the general existence of active molecules in organic
and inorganic bodies. The Philosophical Magazine, 4(21):161–173, 1828.

[4] Mick Nott. Molecular reality: the contributions of brown, einstein and perrin.
School science review, 86(317):39–46, 2005.

[5] Jongnam Park, Jin Joo, Soon Gu Kwon, Youngjin Jang, and Taeghwan Hyeon.
Synthesis of monodisperse spherical nanocrystals. Angewandte Chemie Inter-
national Edition, 46(25):4630–4660, 2007.

[6] Babak Nikoobakht and Mostafa A El-Sayed. Preparation and growth mecha-
nism of gold nanorods (nrs) using seed-mediated growth method. Chemistry
of Materials, 15(10):1957–1962, 2003.

[7] CC Ho, A Keller, JA Odell, and RH Ottewill. Preparation of monodisperse
ellipsoidal polystyrene particles. Colloid and Polymer Science, 271(5):469–479,
1993.

[8] Jill E Millstone, Gabriella S Métraux, and Chad A Mirkin. Controlling the edge
length of gold nanoprisms via a seed-mediated approach. Advanced Functional
Materials, 16(9):1209–1214, 2006.

[9] Marie-Christine Daniel and Didier Astruc. Gold nanoparticles: assembly,
supramolecular chemistry, quantum-size-related properties, and applications
toward biology, catalysis, and nanotechnology. Chemical reviews, 104(1):293–
346, 2004.

109



[10] Patrick M Johnson, Carlos M van Kats, and Alfons van Blaaderen. Synthesis
of colloidal silica dumbbells. Langmuir, 21(24):11510–11517, 2005.

[11] Shin-Hyun Kim, Su Yeon Lee, Seung-Man Yang, and Gi-Ra Yi. Self-assembled
colloidal structures for photonics. NPG Asia Mater., 3:25–33, 01 2011.

[12] R. Biswas, M. M. Sigalas, G. Subramania, and K.-M. Ho. Photonic band gaps
in colloidal systems. Phys. Rev. B, 57:3701–3705, Feb 1998.

[13] Q. A. Pankhurst, J. Connolly, S. K. Jones, and J. Dobson. Applications of
magnetic nanoparticles in biomedicine. J. Phys. D: Appl. Phys., 36(13):R167–
R181, 2003.

[14] Jered B. Haun, Tae-Jong Yoon, Hakho Lee, and Ralph Weissleder. Magnetic
nanoparticle biosensors. Wiley Interdiscip. Rev. Nanomed. Nanobiotechnol., 2
(3):291–304, 2010.

[15] Hans Fredriksson, Yury Alaverdyan, Alexandre Dmitriev, Christoph Langham-
mer, Duncan S Sutherland, Michael Zäch, and Bengt Kasemo. Advanced Ma-
terials, 19(23):4297–4302, 2007.

[16] AE Bailey, WCK Poon, Rebecca J Christianson, AB Schofield, U Gasser,
V Prasad, Suliana Manley, PN Segre, Luca Cipelletti, WV Meyer, et al. Spin-
odal decomposition in a model colloid-polymer mixture in microgravity. Phys.
Rev. Lett., 99(20):205701, 2007.

[17] Eric R Weeks, John C Crocker, Andrew C Levitt, Andrew Schofield, and
David A Weitz. Three-dimensional direct imaging of structural relaxation near
the colloidal glass transition. Science, 287(5453):627–631, 2000.

[18] Alfons Van Blaaderen, Rene Ruel, Pierre Wiltzius, et al. Template-directed
colloidal crystallization. Nature, 385(6614):321–324, 1997.

[19] Ye Yang, Lin Fu, Catherine Marcoux, Joshua ES Socolar, Patrick Charbon-
neau, and Benjamin B Yellen. Soft matter, 11(12):2404–2415, 2015.

[20] Yi Peng, Feng Wang, Ziren Wang, Ahmed M Alsayed, Zexin Zhang, Arjun G
Yodh, and Yilong Han. Two-step nucleation mechanism in solid–solid phase
transitions. Nat. Mater., 14(1):101–108, 2015.

[21] Lin Fu, Ce Bian, C Wyatt Shields, Daniela F Cruz, Gabriel P López, and
Patrick Charbonneau. Assembly of hard spheres in a cylinder: a computational
and experimental study. Soft matter, 13(18):3296–3306, 2017.

[22] Patrick Huber. Soft matter in hard confinement: phase transition thermody-
namics, structure, texture, diffusion and flow in nanoporous media. J. Phys.
Condens. Matter., 27(10):103102, 2015.

110



[23] Ye Yang, An T Pham, Daniela Cruz, Christopher Reyes, Benjamin J Wiley,
Gabriel P Lopez, and Benjamin B Yellen. Adv. Mater., 27(32):4725–4731, 2015.

[24] Lev D Gelb, KE Gubbins, R Radhakrishnan, and M Sliwinska-Bartkowiak.
Phase separation in confined systems. Rep. Prog. Phys, 62(12):1573, 1999.

[25] Matthias Schmidt and Hartmut Löwen. Phase diagram of hard spheres confined
between two parallel plates. Phys. Rev. E, 55(6):7228, 1997.

[26] Søren Toxvaerd. Molecular dynamics simulations of spinodal decomposition in
films of binary mixtures. Phys. Rev. Lett., 83(25):5318, 1999.

[27] K Lichtner, Andrew J Archer, and SHL Klapp. Phase separation dynamics in
a two-dimensional magnetic mixture. J. Chem. Phys., 136(2):024502, 2012.

[28] Ken Lichtner and Sabine HL Klapp. Spinodal decomposition of a binary mag-
netic fluid confined to a surface. Phys. Rev. E, 88(3):032301, 2013.

[29] R Evans. Fluids adsorbed in narrow pores: phase equilibria and structure. J.
Phys. Condens. Matter, 2(46):8989, 1990.

[30] Hugo K Christenson. Confinement effects on freezing and melting. J. Phys.
Condens. Matter, 13(11):R95, 2001.

[31] C Alba-Simionesco, Benoit Coasne, G Dosseh, G Dudziak, KE Gubbins,
R Radhakrishnan, and MJPCM Sliwinska-Bartkowiak. Effects of confinement
on freezing and melting. J. Phys. Condens. Matter, 18(6):R15, 2006.

[32] Peter N Pusey andWVan Megen. Phase behaviour of concentrated suspensions
of nearly hard colloidal spheres. Nature, 320(6060):340, 1986.

[33] PN Pusey, E Zaccarelli, C Valeriani, E Sanz, Wilson CK Poon, and Michael E
Cates. Hard spheres: crystallization and glass formation. Philosophical Trans-
actions of the Royal Society of London A: Mathematical, Physical and Engi-
neering Sciences, 367(1909):4993–5011, 2009.

[34] Stefan Auer and Daan Frenkel. Prediction of absolute crystal-nucleation rate
in hard-sphere colloids. Nature, 409(6823):1020, 2001.

[35] MD Rintoul and S Torquato. Metastability and crystallization in hard-sphere
systems. Physical review letters, 77(20):4198, 1996.

[36] PARTICLE INTERACTION ENERGY. Physical stability of disperse systems.
2009.

[37] Tharwat Tadros. General principles of colloid stability and the role of surface
forces. Colloid stability: The role of surface forces, (Part I):1–22, 2007.

111



[38] HC Hamaker. The london—van der waals attraction between spherical parti-
cles. physica, 4(10):1058–1072, 1937.

[39] EM Lifshitz. Em lifshitz, sov. phys. jetp 2, 73 (1956). Sov. Phys. JETP, 2:73,
1956.

[40] WH Keesom. The second viral coefficient for rigid spherical molecules, whose
mutual attraction is equivalent to that of a quadruplet placed at their centre.
Proc. R. Acad. Sci, 18:636–646, 1915.

[41] JK Roberts and WJC Orr. Induced dipoles and the heat of adsorption of argon
on ionic crystals. Transactions of the Faraday Society, 34:1346–1349, 1938.

[42] Fritz London. The general theory of molecular forces. Transactions of the
Faraday Society, 33:8b–26, 1937.

[43] Jacob N Israelachvili. Intermolecular and surface forces. Academic press, 2011.

[44] John Gregory. The calculation of hamaker constants. Advances in Colloid and
Interface Science, 2(4):396–417, 1970.

[45] J Mahanty and Barry W Ninham. Dispersion forces, volume 5. Academic Press
London, 1976.

[46] J-N_ Israelachvili. The calculation of van der waals dispersion forces between
macroscopic bodies. In Proc. R. Soc. Lond. A, volume 331, pages 39–55. The
Royal Society, 1972.

[47] Jan Mewis and Norman J Wagner. Colloidal suspension rheology. Cambridge
University Press, 2012.

[48] Steven A Harfenist, ZL Wang, Marcos M Alvarez, Igor Vezmar, and Robert L
Whetten. Highly oriented molecular ag nanocrystal arrays. The Journal of
Physical Chemistry, 100(33):13904–13910, 1996.

[49] CB Murray, CR Kagan, and MG Bawendi. Self-organization of cdse nanocrys-
tallites into three-dimensional quantum dot superlattices. Science, 270(5240):
1335–1338, 1995.

[50] Yuncheng Liang, Nidal Hilal, Paul Langston, and Victor Starov. Interaction
forces between colloidal particles in liquid: Theory and experiment. Advances
in colloid and interface science, 134:151–166, 2007.

[51] Justin J Bohn, Matti Ben-Moshe, Alexander Tikhonov, Dan Qu, Daniel N La-
mont, and Sanford A Asher. Charge stabilized crystalline colloidal arrays as
templates for fabrication of non-close-packed inverted photonic crystals. Jour-
nal of colloid and interface science, 344(2):298–307, 2010.

112



[52] Vyom Sharma, Deying Xia, Chee C Wong, W Craig Carter, and Yet-Ming
Chiang. Templated self-assembly of non-close-packed colloidal crystals: Toward
diamond cubic and novel heterostructures. Journal of Materials Research, 26
(2):247–253, 2011.

[53] Sho Asakura and Fumio Oosawa. On interaction between two bodies immersed
in a solution of macromolecules. The Journal of Chemical Physics, 22(7):1255–
1256, 1954.

[54] Keng-hui Lin, John C Crocker, Vikram Prasad, Andrew Schofield, David A
Weitz, TC Lubensky, and AG Yodh. Entropically driven colloidal crystalliza-
tion on patterned surfaces. Physical Review Letters, 85(8):1770, 2000.

[55] HNW Lekkerkerker, WC-K Poon, PN Pusey, A Stroobants, and PB 0 Warren.
Phase behaviour of colloid+ polymer mixtures. EPL (Europhysics Letters), 20
(6):559, 1992.

[56] Valerie J Anderson and Henk NW Lekkerkerker. Insights into phase transition
kinetics from colloid science. Nature, 416(6883):811–815, 2002.

[57] Peter J Lu and David A Weitz. Colloidal particles: crystals, glasses, and gels.
Annu. Rev. Condens. Matter Phys., 4(1):217–233, 2013.

[58] Davide Marenduzzo, Kieran Finan, and Peter R Cook. The depletion attrac-
tion: an underappreciated force driving cellular organization. J Cell Biol, 175
(5):681–686, 2006.

[59] Tian Hui Zhang, Jan Klok, R Hans Tromp, Jan Groenewold, and Willem K
Kegel. Non-equilibrium cluster states in colloids with competing interactions.
Soft Matter, 8(3):667–672, 2012.

[60] Anna Stradner, Helen Sedgwick, Frédéric Cardinaux, Wilson CK Poon, Ste-
fan U Egelhaaf, and Peter Schurtenberger. Nature, 432(7016):492–495, 2004.

[61] Andrew I Campbell, Valerie J Anderson, Jeroen S van Duijneveldt, and Paul
Bartlett. Dynamical arrest in attractive colloids: The effect of long-range
repulsion. Physical review letters, 94(20):208301, 2005.

[62] Christian L Klix, C Patrick Royall, and Hajime Tanaka. Structural and dy-
namical features of multiple metastable glassy states in a colloidal system with
competing interactions. Physical review letters, 104(16):165702, 2010.

[63] W Ramsden et al. Separation of solids in the surface-layers of solutions and
‘suspensions’(observations on surface-membranes, bubbles, emulsions, and me-
chanical coagulation).—preliminary account. Proceedings of the royal Society
of London, 72(477-486):156–164, 1904.

113



[64] Spencer Umfreville Pickering. Cxcvi.—emulsions. Journal of the Chemical
Society, Transactions, 91:2001–2021, 1907.

[65] Nicolas Vogel, Markus Retsch, Charles-Andre Fustin, Aranzazu del Campo,
and Ulrich Jonas. Advances in colloidal assembly: the design of structure and
hierarchy in two and three dimensions. Chemical reviews, 115(13):6265–6311,
2015.

[66] Pawel Pieranski. Two-dimensional interfacial colloidal crystals. Physical Review
Letters, 45(7):569, 1980.

[67] MG Nikolaides, AR Bausch, MF Hsu, AD Dinsmore, MP Brenner, Cyprien
Gay, and DA Weitz. Electric-field-induced capillary attraction between like-
charged particles at liquid interfaces. Nature, 420(6913):299, 2002.

[68] Ryan McGorty, Jerome Fung, David Kaz, and Vinothan N Manoharan. Col-
loidal self-assembly at an interface. Materials Today, 13(6):34–42, 2010.

[69] Mariana P Boneva, Nikolay C Christov, Krassimir D Danov, and Peter A
Kralchevsky. Effect of electric-field-induced capillary attraction on the motion
of particles at an oil–water interface. Physical Chemistry Chemical Physics, 9
(48):6371–6384, 2007.

[70] Ursula Nellen, Laurent Helden, and Clemens Bechinger. Tunability of critical
casimir interactions by boundary conditions. EPL (Europhysics Letters), 88
(2):26001, 2009.

[71] Suzanne Faber, Zhibing Hu, Gerard H Wegdam, Peter Schall, et al. Controlling
colloidal phase transitions with critical casimir forces. Nat. Commun., 4:1584,
2013.

[72] Christopher Hertlein, L Helden, A Gambassi, S Dietrich, and C Bechinger.
Direct measurement of critical casimir forces. Nature, 451(7175):172–175, 2008.

[73] Yilong Han, NY Ha, AM Alsayed, and AG Yodh. Melting of two-dimensional
tunable-diameter colloidal crystals. Physical Review E, 77(4):041406, 2008.

[74] Bo Li, FengWang, Di Zhou, Yi Peng, Ran Ni, and Yilong Han. Modes of surface
premelting in colloidal crystals composed of attractive particles. Nature, 531
(7595):485, 2016.

[75] Ziren Wang, Feng Wang, Yi Peng, Zhongyu Zheng, and Yilong Han. Imag-
ing the homogeneous nucleation during the melting of superheated colloidal
crystals. Science, 338(6103):87–90, 2012.

114



[76] Yi Peng, Wei Li, Feng Wang, Tim Still, Arjun G Yodh, and Yilong Han. Dif-
fusive and martensitic nucleation kinetics in solid-solid transitions of colloidal
crystals. Nature communications, 8:14978, 2017.

[77] Yi Peng, Ziren Wang, Ahmed M Alsayed, Arjun G Yodh, and Yilong Han.
Melting of colloidal crystal films. Physical review letters, 104(20):205703, 2010.

[78] Feng Wang, Di Zhou, and Yilong Han. Melting of colloidal crystals. Advanced
Functional Materials, 26(48):8903–8919, 2016.

[79] Ahmed M Alsayed, Mohammad F Islam, Jian Zhang, Peter J Collings, and
Arjun G Yodh. Premelting at defects within bulk colloidal crystals. Science,
309(5738):1207–1210, 2005.

[80] Francesco Varrato, Lorenzo Di Michele, Maxim Belushkin, Nicolas Dorsaz,
Simon H Nathan, Erika Eiser, and Giuseppe Foffi. Arrested demixing opens
route to bigels. Proc. Natl. Acad. Sci. U.S.A., 109(47):19155–19160, 2012.

[81] W Benjamin Rogers and Vinothan N Manoharan. Programming colloidal phase
transitions with dna strand displacement. Science, 347(6222):639–642, 2015.

[82] Yu Wang, Yufeng Wang, Xiaolong Zheng, Étienne Ducrot, Jeremy S Yodh,
Marcus Weck, and David J Pine. Crystallization of dna-coated colloids. Nat.
Commun., 6(7253):1–8, 2015.

[83] Manish Mittal, Pushkar P Lele, Eric W Kaler, and Eric M Furst. Polariza-
tion and interactions of colloidal particles in ac electric fields. The Journal of
chemical physics, 129(6):064513, 2008.

[84] Simon O Lumsdon, Eric W Kaler, and Orlin D Velev. Two-dimensional crys-
tallization of microspheres by a coplanar ac electric field. Langmuir, 20(6):
2108–2116, 2004.

[85] Nils Elsner, C Patrick Royall, Brian Vincent, and David RE Snoswell. Simple
models for two-dimensional tunable colloidal crystals in rotating ac electric
fields. The Journal of chemical physics, 130(15):154901, 2009.

[86] Egor V Yakovlev, Kirill A Komarov, Kirill I Zaytsev, Nikita P Kryuchkov,
Kirill I Koshelev, Arsen K Zotov, Dmitry A Shelestov, Victor L Tolstoguzov,
Vladimir N Kurlov, Alexei V Ivlev, et al. Tunable two-dimensional assembly
of colloidal particles in rotating electric fields. Scientific reports, 7(1):13727,
2017.

[87] Tara D Edwards and Michael A Bevan. Controlling colloidal particles with
electric fields. Langmuir, 30(36):10793–10803, 2014.

115



[88] Jingjing Gong and Ning Wu. Electric-field assisted assembly of colloidal par-
ticles into ordered nonclose-packed arrays. Langmuir, 33(23):5769–5776, 2017.

[89] Alfons Van Blaaderen, Krassimir P Velikov, Jacob P Hoogenboom, Dirk LJ
Vossen, Anand Yethiraj, Roel Dullens, Teun Van Dillen, and Albert Pol-
man. Manipulating colloidal crystallization for photonic applications: from
self-organization to do-it-yourself organization. In Photonic crystals and light
localization in the 21st century, pages 239–251. Springer, 2001.

[90] OD Velev and EW Kaler. In situ assembly of colloidal particles into miniatur-
ized biosensors. Langmuir, 15(11):3693–3698, 1999.

[91] Marie-Paule Pileni. The role of soft colloidal templates in controlling the size
and shape of inorganic nanocrystals. Nature materials, 2(3):145, 2003.

[92] Monica Tanase, Laura Ann Bauer, Anne Hultgren, Daniel M Silevitch, Li Sun,
Daniel H Reich, Peter C Searson, and Gerald J Meyer. Magnetic alignment of
fluorescent nanowires. Nano Letters, 1(3):155–158, 2001.

[93] Steven L Tripp, Rafal E Dunin-Borkowski, and Alexander Wei. Flux closure
in self-assembled cobalt nanoparticle rings. Angewandte Chemie International
Edition, 42(45):5591–5593, 2003.

[94] Randall M Erb, Hui S Son, Bappaditya Samanta, Vincent M Rotello, and
Benjamin B Yellen. Nature, 457(7232):999–1002, 2009.

[95] T Tlusty and SA Safran. Defect-induced phase separation in dipolar fluids.
Science, 290(5495):1328–1331, 2000.

[96] James E Martin and Alexey Snezhko. Driving self-assembly and emergent
dynamics in colloidal suspensions by time-dependent magnetic fields. Reports
on Progress in Physics, 76(12):126601, 2013.

[97] Johannes Diderik Van Der Waals and John Shipley Rowlinson. On the conti-
nuity of the gaseous and liquid states. Courier Corporation, 2004.

[98] Terrell L Hill. Derivation of the complete van der waals’ equation from statis-
tical mechanics. J. Chem. Educ, 25(6):347, 1948.

[99] J Clerk-Maxwell. On the dynamical evidence of the molecular constitution of
bodies. Nature, 11(279):357–359, 1875.

[100] M Rigby. The van der waals fluid: a renaissance. Quarterly Reviews, Chemical
Society, 24(3):416–432, 1970.

[101] Farid Abraham. Homogeneous nucleation theory: the pretransition theory of
vapor condensation, volume 1. Elsevier, 2012.

116



[102] A Volmer, M; Weber. Germ-formation in oversaturated figures. Z. Phys.
Chem., 119:277–301, 1926.

[103] Richard Becker and Werner Döring. Kinetische behandlung der keimbildung
in übersättigten dämpfen. Annalen der Physik, 416(8):719–752, 1935.

[104] D Turnbull and J Co Fisher. Rate of nucleation in condensed systems. The
Journal of chemical physics, 17(1):71–73, 1949.

[105] Urs Gasser, Eric R Weeks, Andrew Schofield, PN Pusey, and DA Weitz. Real-
space imaging of nucleation and growth in colloidal crystallization. Science,
292(5515):258–262, 2001.

[106] Masafumi Harada and Etsuko Katagiri. Mechanism of silver particle formation
during photoreduction using in situ time-resolved saxs analysis. Langmuir, 26
(23):17896–17905, 2010.

[107] Nguyen TK Thanh, N Maclean, and S Mahiddine. Mechanisms of nucleation
and growth of nanoparticles in solution. Chemical reviews, 114(15):7610–7630,
2014.

[108] Jing Zhang, Feng Huang, and Zhang Lin. Progress of nanocrystalline growth
kinetics based on oriented attachment. Nanoscale, 2(1):18–34, 2010.

[109] Xiaogang Xue, R Lee Penn, Edson Roberto Leite, Feng Huang, and Zhang Lin.
Crystal growth by oriented attachment: kinetic models and control factors.
CrystEngComm, 16(8):1419–1429, 2014.

[110] Cees W Passchier and Rudolph AJ Trouw. Microtectonics, volume 1. Springer
Science & Business Media, 2005.

[111] BP Mann and ND Sims. Energy harvesting from the nonlinear oscillations of
magnetic levitation. Journal of Sound and Vibration, 319(1-2):515–530, 2009.

[112] Shouheng Sun, Christopher B Murray, Dieter Weller, Liesl Folks, and Andreas
Moser. Monodisperse fept nanoparticles and ferromagnetic fept nanocrystal
superlattices. science, 287(5460):1989–1992, 2000.

[113] Günter Reiss and Andreas Hütten. Magnetic nanoparticles: applications be-
yond data storage. Nature materials, 4(10):725, 2005.

[114] Kyle JM Bishop, Christopher E Wilmer, Siowling Soh, and Bartosz A Grzy-
bowski. Nanoscale forces and their uses in self-assembly. small, 5(14):1600–
1630, 2009.

[115] R. M. Erb, H. S. Son, B. Samanta, V. M. Rotello, and B. B. Yellen. Magnetic
assembly of colloidal superstructures with multipole symmetry. Nature, 457:
999–1002, 2009.

117



[116] Wolfgang KH Panofsky and Melba Phillips. Classical electricity and mag-
netism. Courier Corporation, 2005.

[117] Richard Fitzpatrick. Classical electromagnetism. The University of Texas at
Austin, Austin, 2006.

[118] Le He, Mingsheng Wang, Jianping Ge, and Yadong Yin. Magnetic assembly
route to colloidal responsive photonic nanostructures. Accounts of chemical
research, 45(9):1431–1440, 2012.

[119] An T Pham, Ryohei Seto, Johannes Schönke, Daniel Y Joh, Ashutosh Chilkoti,
Eliot Fried, and Benjamin B Yellen. Crystallization kinetics of binary colloidal
monolayers. Soft matter, 12(37):7735–7746, 2016.

[120] An T Pham, Yuan Zhuang, Paige Detwiler, Joshua ES Socolar, Patrick Char-
bonneau, and Benjamin B Yellen. Phase diagram and aggregation dynamics of
a monolayer of paramagnetic colloids. Physical Review E, 95(5):052607, 2017.

[121] Bas W Kwaadgras, René Van Roij, and Marjolein Dijkstra. Self-consistent
electric field-induced dipole interaction of colloidal spheres, cubes, rods, and
dumbbells. J. Chem. Phys., 140(15):154901, 2014.

[122] Bas W Kwaadgras, Thijs H Besseling, Tim J Coopmans, Anke Kuijk, Arnout
Imhof, Alfons van Blaaderen, Marjolein Dijkstra, and René van Roij. Orienta-
tion of a dielectric rod near a planar electrode. Phys. Chem. Chem. Phys., 16
(41):22575–22582, 2014.

[123] Thomas Troppenz, Anke Kuijk, Arnout Imhof, Alfons Van Blaaderen, Mar-
jolein Dijkstra, and René Van Roij. Nematic ordering of polarizable colloidal
rods in an external electric field: theory and experiment. Phys. Chem. Chem.
Phys., 17(34):22423–22430, 2015.

[124] James E Martin, Robert A Anderson, and Rodney L Williamson. Generating
strange magnetic and dielectric interactions: Classical molecules and particle
foams. J. Chem. Phys., 118(3):1557–1570, 2003.

[125] Pieter Rein ten Wolde and Daan Frenkel. Enhancement of protein crystal
nucleation by critical density fluctuations. Science, 277(5334):1975–1978, 1997.

[126] M. G. Noro and D. Frenkel. Extended corresponding-states behavior for par-
ticles with variable range attractions. J. Chem. Phys. ., 113(8):2941–2944,
2000.

[127] R Tuinier, J Rieger, and CG De Kruif. Depletion-induced phase separation in
colloid–polymer mixtures. Adv. Colloid Interface Sci., 103(1):1–31, 2003.

118



[128] Y Mao, ME Cates, and HNW Lekkerkerker. Depletion force in colloidal sys-
tems. Physica A, 222(1):10–24, 1995.

[129] Giuseppe Foffi, Gavin D McCullagh, Aonghus Lawlor, Emanuela Zaccarelli,
Kenneth A Dawson, Francesco Sciortino, Piero Tartaglia, Davide Pini, and
George Stell. Phase equilibria and glass transition in colloidal systems with
short-ranged attractive interactions: application to protein crystallization.
Phys. Rev. E, 65(3):031407, 2002.

[130] W Benjamin Rogers, William M Shih, and Vinothan N Manoharan. Using
dna to program the self-assembly of colloidal nanoparticles and microparticles.
Nat. Rev. Mater., 1:16008, 2016.

[131] Peter J Lu, Emanuela Zaccarelli, Fabio Ciulla, Andrew B Schofield, Francesco
Sciortino, and David AWeitz. Gelation of particles with short-range attraction.
Nature, 453(7194):499–503, 2008.

[132] C Patrick Royall and Stephen R Williams. The role of local structure in dy-
namical arrest. Phys. Rep., 560:1–75, 2015.

[133] Khoa N Pham, Antonio M Puertas, Johan Bergenholtz, Stefan Ulrich Egelhaaf,
A Moussaıd, Peter N Pusey, Andrew B Schofield, Michael E Cates, Matthias
Fuchs, and Wilson CK Poon. Multiple glassy states in a simple model system.
Science, 296(5565):104–106, 2002.

[134] Jean-Pierre Hansen and Ian R McDonald. Theory of Simple Liquids. 1990.

[135] Lisa J Teece, Malcolm A Faers, and Paul Bartlett. Ageing and collapse in gels
with long-range attractions. Soft Matter, 7(4):1341–1351, 2011.

[136] Isla Zhang, C Patrick Royall, Malcolm A Faers, and Paul Bartlett. Phase sep-
aration dynamics in colloid–polymer mixtures: the effect of interaction range.
Soft Matter, 9(6):2076–2084, 2013.

[137] Juan Sabin, Arthur E Bailey, and Barbara J Frisken. Exploring the dynamics
of phase separation in colloid–polymer mixtures with long range attraction.
Soft matter, 2016.

[138] John R Edison, Nikos Tasios, Simone Belli, Robert Evans, René van Roij, and
Marjolein Dijkstra. Critical casimir forces and colloidal phase transitions in a
near-critical solvent: A simple model reveals a rich phase diagram. Phys. Rev.
Lett., 114(3):038301, 2015.

[139] Minh Triet Dang, Ana Vila Verde, Peter G Bolhuis, Peter Schall, et al.
Temperature-sensitive colloidal phase behavior induced by critical casimir
forces. J. Chem. Phys., 139(9):094903, 2013.

119



[140] Christoph Eisenmann, Urs Gasser, Peter Keim, and Georg Maret. Anisotropic
defect-mediated melting of two-dimensional colloidal crystals. Phys. Rev. Lett.,
93(10):105702, 2004.

[141] Norman Hoffmann, Florian Ebert, Christos N Likos, Hartmut Löwen, and
Georg Maret. Partial clustering in binary two-dimensional colloidal suspen-
sions. Phys. Rev. Lett., 97(7):078301, 2006.

[142] Julia Fornleitner, Federica Lo Verso, Gerhard Kahl, and Christos N Likos.
Genetic algorithms predict formation of exotic ordered configurations for two-
component dipolar monolayers. Soft Matter, 4(3):480–484, 2008.

[143] Pietro Tierno, Ramanathan Muruganathan, and Thomas M Fischer. Viscoelas-
ticity of dynamically self-assembled paramagnetic colloidal clusters. Phys. Rev.
Lett., 98(2):028301, 2007.

[144] Di Du, Dichuan Li, Madhuri Thakur, and Sibani Lisa Biswal. Soft Matter, 9
(29):6867–6875, 2013.

[145] Tomaz Mohoric, Gasper Kokot, Natan Osterman, Alexey Snezhko, Andrej Vil-
fan, Dusan Babic, and Jure Dobnikar. Dynamic assembly of magnetic colloidal
vortices. Langmuir, 32(20):5094–5101, 2016.

[146] Natan Osterman, Igor Poberaj, Jure Dobnikar, Daan Frenkel, Primož Ziherl,
and D Babić. Phys. Rev. Lett., 103(22):228301, 2009.

[147] Kathrin Müller, Natan Osterman, Dušan Babič, Christos N Likos, Jure Dob-
nikar, and Arash Nikoubashman. Pattern formation and coarse-graining in
two-dimensional colloids driven by multiaxial magnetic fields. Langmuir, 30
(18):5088–5096, 2014.

[148] Sebastian Jäger, Heiko Schmidle, and Sabine HL Klapp. Nonequilibrium con-
densation and coarsening of field-driven dipolar colloids. Phys. Rev. E, 86(1):
011402, 2012.

[149] Nils Elsner, C Patrick Royall, Brian Vincent, and David RE Snoswell. Simple
models for two-dimensional tunable colloidal crystals in rotating ac electric
fields. The Journal of chemical physics, 130(15):154901, 2009.

[150] Florian Johannes Maier and Thomas Martin Fischer. Critical nucleation mesh-
size of coarsening transient colloidal networks. Soft matter, 12(2):614–618,
2016.

[151] Di Du, Manolis Doxastakis, Elaa Hilou, and Sibani Lisa Biswal. Two-
dimensional melting of paramagnetic colloids with long-range attractive in-
teractions. Soft Matter, pages –, 2017.

120



[152] A Ciach, J Pękalski, and WT Góźdź. Origin of similarity of phase diagrams in
amphiphilic and colloidal systems with competing interactions. Soft Matter, 9
(27):6301–6308, 2013.

[153] Yuan Zhuang and Patrick Charbonneau. Equilibrium phase behavior of the
square-well linear microphase-forming model. J. Phys. Chem. B, 2016.

[154] Yuan Zhuang, Kai Zhang, and Patrick Charbonneau. Equilibrium phase behav-
ior of a continuous-space microphase former. Phys. Rev. Lett., 116(9):098301,
2016.

[155] Angus Hucknall, Dong-Hwan Kim, Srinath Rangarajan, Ryan T Hill,
William M Reichert, and Ashutosh Chilkoti. Simple fabrication of antibody
microarrays on nonfouling polymer brushes with femtomolar sensitivity for
protein analytes in serum and blood. Adv. Mater., 21(19):1968–1971, 2009.

[156] XJA Janssen, AJ Schellekens, K Van Ommering, LJ Van Ijzendoorn, and MWJ
Prins. Controlled torque on superparamagnetic beads for functional biosensors.
Biosensors and Bioelectronics, 24(7):1937–1941, 2009.

[157] Sebastian Jäger and Sabine HL Klapp. Pattern formation of dipolar colloids
in rotating fields: layering and synchronization. Soft Matter, 7(14):6606–6616,
2011.

[158] An T. Pham, Ryohei Seto, Johannes Schonke, Daniel Y. Joh, Ashutosh
Chilkoti, Eliot Fried, and Benjamin B. Yellen. Crystallization kinetics of binary
colloidal monolayers. Soft Matter, 12:7735–7746, 2016.

[159] D. Frenkel and B. Smit. Understanding Molecular Simulation. Academic Press,
London, 2002.

[160] Julie Byrom and Sibani Lisa Biswal. Magnetic field directed assembly of two-
dimensional fractal colloidal aggregates. Soft Matter, 9(38):9167–9173, 2013.

[161] Alexander van Reenen, Yang Gao, Arjen H Bos, Arthur M de Jong, Martien A
Hulsen, Jaap MJ den Toonder, and Menno WJ Prins. Accurate quantification
of magnetic particle properties by intra-pair magnetophoresis for nanobiotech-
nology. Appl. Phys. Lett., 103(4):043704, 2013.

[162] LE Helseth, TM Fischer, RW Hansen, and TH Johansen. Microscopic magnetic
squeezer. Appl. Phys. Lett., 85(13):2556–2558, 2004.

[163] Maarten M van Oene, Laura E Dickinson, Francesco Pedaci, Mariana Köber,
David Dulin, Jan Lipfert, and Nynke H Dekker. Biological magnetometry:
Torque on superparamagnetic beads in magnetic fields. Phys. Rev. Lett., 114
(21):218301, 2015.

121



[164] LE Helseth. Paramagnetic particles as sensitive force detectors in liquids. J.
Phys. D: Appl. Phys., 40(10):3030, 2007.

[165] Kurt Binder, Peter Virnau, and Antonia Statt. Perspective: The asakura
oosawa model: A colloid prototype for bulk and interfacial phase behavior. J.
Chem. Phys., 141(14):140901, 2014.

[166] Zexin Zhang and Jeroen S van Duijneveldt. Experimental phase diagram of
a model colloid-polymer mixture in the protein limit. Langmuir, 22(1):63–66,
2006.

[167] R Tuinier, PA Smith, WCK Poon, SU Egelhaaf, Dirk GAL Aarts, HNW
Lekkerkerker, and Gerard J Fleer. Phase diagram for a mixture of colloids
and polymers with equal size. EPL-Europhys. Lett., 82(6):68002, 2008.

[168] Jean-Louis Barrat and Jean-Pierre Hansen. Basic concepts for simple and
complex liquids. Cambridge University Press, 2003.

[169] Jacques G Amar, Francis E Sullivan, and Raymond D Mountain. Monte carlo
study of growth in the two-dimensional spin-exchange kinetic ising model.
Phys. Rev. B, 37(1):196, 1988.

[170] TM Rogers and Rashmi C Desai. Numerical study of late-stage coarsening for
off-critical quenches in the cahn-hilliard equation of phase separation. Phys.
Rev. B, 39(16):11956, 1989.

[171] P Fratzl and O Penrose. Kinetics of spinodal decomposition in the ising model
with vacancy diffusion. Phys. Rev. B, 50(5):3477, 1994.

[172] MO Blunt, CP Martin, M Ahola-Tuomi, E Pauliac-Vaujour, P Sharp, P Nativo,
M Brust, and PJ Moriarty. Coerced mechanical coarsening of nanoparticle
assemblies. Nat. Nanotechnol., 2(3):167–170, 2007.

[173] Hiroshi Furukawa. Dynamics-scaling theory for phase-separating unmixing
mixtures: Growth rates of droplets and scaling properties of autocorrelation
functions. Physica A, 123(2):497–515, 1984.

[174] A Baldan. Review progress in ostwald ripening theories and their applications
to nickel-base superalloys part i: Ostwald ripening theories. J. Mater. Sci., 37
(11):2171–2202, 2002.

[175] YC Li, RP Shi, CP Wang, XJ Liu, and Y Wang. Phase-field simulation of
thermally induced spinodal decomposition in polymer blends. Model. Simul.
Mater. Sci. Eng., 20(7):075002, 2012.

122



[176] Michael JA Hore and Mohamed Laradji. Dissipative particle dynamics simula-
tion of the interplay between spinodal decomposition and wetting in thin film
binary fluids. J. Chem. Phys., 132(2):024908, 2010.

[177] David A Huse. Corrections to late-stage behavior in spinodal decomposition:
Lifshitz-slyozov scaling and monte carlo simulations. Phys. Rev. B, 34(11):
7845, 1986.

[178] Massimo Conti, Baruch Meerson, Avner Peleg, and Pavel V Sasorov. Phase
ordering with a global conservation law: Ostwald ripening and coalescence.
Phys. Rev. E, 65(4):046117, 2002.

[179] Shigehiro Komura. Dynamics of ordering processes in condensed matter.
Springer Science & Business Media, 2012.

[180] John Von Neumann. Metal interfaces. American Society for Metals, Cleveland,
108, 1952.

[181] William W Mullins. Two-dimensional motion of idealized grain boundaries.
Journal of Applied Physics, 27(8):900–904, 1956.

[182] James CM Li. Possibility of subgrain rotation during recrystallization. Journal
of Applied Physics, 33(10):2958–2965, 1962.

[183] R_C Gifkins. Grain-boundary sliding and its accommodation during creep and
superplasticity. Metallurgical and Materials Transactions A, 7(8):1225–1232,
1976.

[184] AJ Haslam, SR Phillpot, D Wolf, D Moldovan, and H Gleiter. Mechanisms of
grain growth in nanocrystalline fcc metals by molecular-dynamics simulation.
Materials Science and Engineering: A, 318(1):293–312, 2001.

[185] M Yu Gutkin, IA Ovid’ko, and NV Skiba. Crossover from grain boundary
sliding to rotational deformation in nanocrystalline materials. Acta Materialia,
51(14):4059–4071, 2003.

[186] Zhiwei Shan, EA Stach, JMK Wiezorek, JA Knapp, DM Follstaedt, and
SX Mao. Grain boundary-mediated plasticity in nanocrystalline nickel. Sci-
ence, 305(5684):654–657, 2004.

[187] Lihua Wang, Jiao Teng, Pan Liu, Akihiko Hirata, En Ma, Ze Zhang, Ming-
wei Chen, and Xiaodong Han. Grain rotation mediated by grain boundary
dislocations in nanocrystalline platinum. Nature communications, 5, 2014.

[188] William TM Irvine, Mark J Bowick, and Paul M Chaikin. Fractionalization
of interstitials in curved colloidal crystals. Nature materials, 11(11):948–951,
2012.

123



[189] William TM Irvine, Andrew D Hollingsworth, David G Grier, and Paul M
Chaikin. Dislocation reactions, grain boundaries, and irreversibility in two-
dimensional lattices using topological tweezers. Proceedings of the National
Academy of Sciences, 110(39):15544–15548, 2013.

[190] Berend Van Der Meer, Weikai Qi, Remco G Fokkink, Jasper Van Der Gucht,
Marjolein Dijkstra, and Joris Sprakel. Highly cooperative stress relaxation in
two-dimensional soft colloidal crystals. Proceedings of the National Academy
of Sciences, 111(43):15356–15361, 2014.

[191] Mingsheng Wang, Le He, and Yadong Yin. Materials Today, 16(4):110–116,
2013.

[192] HK Yuen, John Princen, John Illingworth, and Josef Kittler. Comparative
study of hough transform methods for circle finding. Image and vision com-
puting, 8(1):71–77, 1990.

[193] John C Crocker and David G Grier. Methods of digital video microscopy for
colloidal studies. Journal of colloid and interface science, 179(1):298–310, 1996.

[194] Neil YC Lin, Matthew Bierbaum, Peter Schall, James P Sethna, and Itai Co-
hen. Measuring nonlinear stresses generated by defects in 3d colloidal crystals.
Nature Materials, 2016.

[195] Pawel Pieranski. Two-dimensional interfacial colloidal crystals. Phys. Rev.
Lett., 45:569–572, Aug 1980.

[196] Pawel Pieranski. Colloidal crystals. Contemp. Phys., 24(1):25–73, 1983.

[197] Stephanie A. Bosse and Nikolaus M. Loening. Using two-dimensional colloidal
crystals to understand crystallography. J. Chem. Educ., 85(1):93, 01 2008.

[198] Mirjam E. Leunissen, Christina G. Christova, Antti-Pekka Hynninen,
C. Patrick Royall, Andrew I. Campbell, Arnout Imhof, Marjolein Dijkstra,
Rene van Roij, and Alfons van Blaaderen. Ionic colloidal crystals of oppositely
charged particles. Nature, 437(7056):235–240, 09 2005.

[199] Elena V. Shevchenko, Dmitri V. Talapin, Nicholas A. Kotov, Stephen O’Brien,
and Christopher B. Murray. Structural diversity in binary nanoparticle super-
lattices. Nature, 439(7072):55–59, 01 2006.

[200] Anand Yethiraj and Alfons van Blaaderen. A colloidal model system with an
interaction tunable from hard sphere to soft and dipolar. Nature, 421(6922):
513–517, 01 2003.

124



[201] Marie T. Casey, Raynaldo T. Scarlett, W. Benjamin Rogers, Ian Jenkins, Talid
Sinno, and John C. Crocker. Driving diffusionless transformations in colloidal
crystals using dna handshaking. Nat. Commun., 3:1209, 11 2012.

[202] U Gasser. Crystallization in three- and two-dimensional colloidal suspensions.
J. Phys.: Condens. Matter, 21(20):203101, 2009.

[203] A. T. Gray, E. Mould, C. P. Royall, and I. Williams. Structural chracterisation
of polycrystalline colloidal monolayers in the presence of aspherical impurities.
J. Phys: Condens. Matter, 27:194108, 2015.

[204] Ralf P. Richter, Joséphine Lai Kee Him, Béatrice Tessier, Céline Tessier, and
Alain R. Brisson. On the kinetics of adsorption and two-dimensional self-
assembly of annexin a5 on supported lipid bilayers. Biophys. J., 89(5):3372–
3385, 11 2005.

[205] Matthias Ballauff. Science, 352(6286):656–657, 2016.

[206] Eran Sharon and Hillel Aharoni. Chiral bundles: Frustrated shapes. Nat.
Mater., 15(7):707–709, 07 2016.

[207] Huibin Qiu, Yang Gao, Charlotte E Boott, Oliver EC Gould, Robert L Harni-
man, Mervyn J Miles, Stephen EDWebb, Mitchell AWinnik, and Ian Manners.
Science, 352(6286):697–701, 2016.

[208] Adam D. Law, D. Martin A. Buzza, and Tommy S. Horozov. Two-dimensional
colloidal alloys. Phys. Rev. Lett., 106:128302, Mar 2011.

[209] F. Ebert, P. Keim, and G. Maret. Local crystalline order in a 2d colloidal glass
former. Eur. Phys. J. E, 26(1-2):161–168, 2008.

[210] H. K. Yuen, J. Princen, J. Illingworth, and J. Kittler. Comparative study of
hough transform methods for circle finding. Image Vision Comput., 8(1):71–77,
1990.

[211] Katherine J. Strandburg. Two-dimensional melting. Rev. Mod. Phys., 60:161–
207, Jan 1988.

[212] Tamás Vicsek and Fereydoon Family. Phys. Rev. Lett., 52(19):1669, 1984.

[213] J. M. Deutch and Irwin Oppenheim. Molecular theory of brownian motion for
several particles. J. Chem. Phys., 54(8):3547–3555, 1971.

[214] Masao Doi. Soft Matter Physics. Oxford University Press, Oxford, 2013.

[215] R. C. Ball and J. R. Melrose. A simulation technique for many spheres in quasi-
static motion under frame-invariant pair drag and brownian forces. Phys. A,
247(1–4):444–472, 1997.

125



[216] Romain Mari, Ryohei Seto, Jeffrey F. Morris, and Morton M. Denn. Shear
thickening, frictionless and frictional rheologies in non-brownian suspensions.
J. Rheol., 58(6):1693–1724, 2014.

[217] Romain Mari, Ryohei Seto, Jeffrey F. Morris, and Morton M. Denn. Discontin-
uous shear thickening in brownian suspensions by dynamic simulation. Proc.
Natl. Acad. Sci. USA, 112(50):15326–15330, 2015.

[218] Yueming He, B Olivier, and Bruce J Ackerson. Morphology of crystals made
of hard spheres. Langmuir, 13(6):1408–1412, 1997.

[219] Bruce J. Ackerson and Klaus Schätzel. Classical growth of hard-sphere colloidal
crystals. Phys. Rev. E, 52:6448–6460, Dec 1995.

[220] Justin J. Bohn, Alexander Tikhonov, and Sanford A. Asher. Colloidal crystal
growth monitored by bragg diffraction interference fringes. J. Colloid Interface
Sci., 350(2):381–386, 2010.

[221] Pietro Tierno, Ramanathan Muruganathan, and Thomas M. Fischer. Vis-
coelasticity of dynamically self-assembled paramagnetic colloidal clusters.
Phys. Rev. Lett., 98:028301, Jan 2007.

[222] Di Du, Dichuan Li, Madhuri Thakur, and Sibani Lisa Biswal. Generating an
in situ tunable interaction potential for probing 2-d colloidal phase behavior.
Soft Matter, 9:6867–6875, 2013.

[223] Pietro Tierno. Geometric frustration of colloidal dimers on a honeycomb mag-
netic lattice. Phys. Rev. Lett., 116:038303, Jan 2016.

[224] Ye Yang, Lu Gao, Gabriel P Lopez, and Benjamin B Yellen. Tunable assembly
of colloidal crystal alloys using magnetic nanoparticle fluids. ACS nano, 7(3):
2705–2716, 2013.

[225] Tara D. Edwards, Yuguang Yang, Daniel J. Beltran-Villegas, and Michael A.
Bevan. Colloidal crystal grain boundary formation and motion. Sci. Rep., 4:
6132, 08 2014.

[226] Alexandros Pertsinidis and X. S. Ling. Diffusion of point defects in two-
dimensional colloidal crystals. Nature, 413(6852):147–150, 09 2001.

[227] Kevin Stratford, Ronojoy Adhikari, Ignacio Pagonabarraga, J-C Desplat, and
Michael E Cates. Colloidal jamming at interfaces: A route to fluid-bicontinuous
gels. Science, 309(5744):2198–2201, 2005.

[228] Yun Liu. Colloidal systems with both a short-range attraction and a long-range
repulsion. Chemical Engineering & Process Techniques, 1(2):1010, 2013.

126



[229] Zsigmond Varga, Gang Wang, and James Swan. The hydrodynamics of col-
loidal gelation. Soft Matter, 11(46):9009–9019, 2015.

[230] Zsigmond Varga and James Swan. Hydrodynamic interactions enhance gela-
tion in dispersions of colloids with short-ranged attraction and long-ranged
repulsion. Soft matter, 12(36):7670–7681, 2016.

127



Biography

An Truong Pham was born in Quang Nam, Vietnam, on April 18th, 1988. In 2006,

he joined Vietnam National University (University of Technology), where he received

a Bachelor Degree in Mechanical Engineering five years later. During his undergrad-

uate study, he learnt about controls of dynamics systems, and performed research

for the first time as an undergraduate research assistant under the advice of Prof.

Tan Tien Nguyen. He was co-authored in several international conferences and one

domestic peer-reviewed journal.

After college, he got an admission as a master student from the Department of

Mechanical and Automotive Engineering at University of Ulsan, South Korea in 2012

for continuing his research in the field of nanoscale heat and mass transfer. During

his master study, he performed non-equilibrium molecular dynamics simulations to

investigate thermal resistance at solid/liquid interfaces. He gained his additional

training on scientific research under the instruction of Prof. Bohung Kim, and devel-

oped a strong interest in materials science and nanotechnology. He was co-authored

in three papers during his time in South Korea.

He then came to Duke University as a PhD student in 2014 for continuing his

research career in the field of magnetic fields guided colloidal self-assembly. At Duke

University, he got an excellent opportunity to work with Prof. Benjamin Yellen under

the support of Triangle Materials Research Science and Engineering Center. During

his doctoral time, he was in highly collaborative and multidisciplinary teams, includ-

128



ing internationally and nationally talented researchers with different backgrounds

in mechanical engineering, biomedical engineering, materials science, chemistry, and

physics. He was co-authored in three peer-reviewed journals. Another manuscript of

his study on crystal healing process is under preparation.

Publications:

1. Pham, A.T., Socolar, J.E.S. and Yellen, B.B., 2018. Healing of domain
boundaries through the fracture and rotation of crystalline grains. In prepara-
tion.

2. Pham, A.T., Zhuang, Y., Detwiler, P., Socolar, J.E.S., Charbonneau, P. and
Yellen, B.B., 2017. Phase diagram and aggregation dynamics of a monolayer
of paramagnetic colloids. Physical Review E, 95(5), p.052607.

3. Pham, A.T., Seto, R., Schönke, J., Joh, D.Y., Chilkoti, A., Fried, E. and
Yellen, B.B., 2016. Crystallization kinetics of binary colloidal monolayers. Soft
matter, 12(37), pp.7735-7746.

4. Yang, Y., Pham, A.T., Cruz, D., Reyes, C., Wiley, B.J., Lopez, G.P. and
Yellen, B.B., 2015. Assembly of colloidal molecules, polymers, and crystals in
acoustic and magnetic fields. Advanced materials, 27(32), pp.4725-4731.

5. Pham, A.T., Barisik, M. and Kim, B., 2016. Interfacial thermal resistance
between the graphene-coated copper and liquid water. International Journal
of Heat and Mass Transfer, 97, pp.422-431.

6. Pham, A.T., Barisik, M. and Kim, B., 2014. Molecular dynamics simulations
of Kapitza length for argon-silicon and water-silicon interfaces. International
journal of precision engineering and manufacturing, 15(2), pp.323-329.

7. Pham, A.T., Barisik, M. and Kim, B., 2013. Pressure dependence of Kapitza
resistance at gold/water and silicon/water interfaces. The Journal of chemical
physics, 139(24), p.244702.

129


	Abstract
	List of Tables
	List of Figures
	Acknowledgements
	1 Introduction
	1.1 Colloids
	1.2 Colloidal Interactions
	1.2.1 Isotropic Repulsion Interactions
	1.2.2 Isotropic Attractive Interactions
	1.2.3 Electric Field Assisted Colloidal Assembly
	1.2.4 Magnetic Field Assisted Colloidal Assembly


	2 Background of Phase Transitions, Crystallization, and Crystal Defects
	2.1 Fundamental of Phase Transition with van der Waals Model
	2.2 Colloidal Phase Diagrams
	2.3 Crystal Nucleation and Growth
	2.4 Crystal Defects

	3 Fundamentals of Magnetic Colloids and Their Interactions
	3.1 Background of Magnetic Colloids
	3.2 Colloidal Interaction with Static Magnetic Field
	3.3 Pairwise and Higher Order Interactions with Rotating Magnetic Fields

	4 Colloidal Phase Transitions with Rotating Magnetic Fields
	4.1 Introduction
	4.2 Experimental method
	4.3 Simulation and phase diagram determination
	4.4 Dynamics of Phase Transitions and Growth
	4.5 Results
	4.5.1 In-plane rotating field
	4.5.2 Conical rotating field

	4.6 Conclusions

	5 Healing of Domain Boundaries Through The Fracture and Rotation of Crystalline Grains
	5.1 Introduction
	5.2 Materials and Experimental Method
	5.3 Results
	5.4 Conclusions

	6 Kinetic Growth of Binary Colloidal Crystal
	6.1 Introduction
	6.2 Experiment methods and data analysis
	6.3 Simulation model
	6.3.1 Colloid-colloid interactions
	6.3.2 Solvent-colloid interactions
	6.3.3 Equation of motion for colloidal particles
	6.3.4 Boundary conditions

	6.4 Results and Discussion
	6.4.1 Order parameter and domain size
	6.4.2 Effect of impurities

	6.5 Conclusions

	7 Conclusion and Outlook
	Biography

