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Abstract 

Molecular dynamics (MD) simulations is an invaluable tool to investigate 

chemical and biological processes in atomic details. The accuracy of MD simulations 

strongly depends on underlying force fields. In conventional molecular mechanics (MM) 

force fields, the total energy is divided into bond energy, angle energy, dihedral energy, 

electrostatic interactions and van der Waals interactions. Each of these energy terms is 

parameterized by fitting to either experimental data or quantum mechanical (QM) 

calculations. In this dissertation, our aim is to develop accurate force fields for small 

molecules, water and proteins fully from QM calculations of small fragments. In the 

framework of conventional MM force fields, we calculated both transferable and 

molecule-specific atomic polarizabilities of small molecules by electrostatic potential 

fitting. Atomic polarizabilities are the key physical quantities in induced dipole 

polarization model. Molecular polarizabilities recovered from our atomic polarizabilities 

show good agreement with those obtained from QM calculations. We believe the main 

limitation of conventional MM force fields is the limited form of its Hamiltonian. Going 

beyond conventional MM force fields, we adopt the many-body expansion method and 

residue-based systematic molecular fragmentation (rSMF) method to start afresh 

building force fields for water and proteins, respectively. We used electrostatically 

embedded two-body expansion as the Hamiltonian of bulk water. QM reference of 
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electrostatically embedded water monomer and dimer at the level of CCSD/aug-cc-

pVDZ are parameterized by neural network (NN). Compared with experimental results, 

our water force fields show good structural and dynamical properties of bulk water. We 

developed rSMF to partition general proteins into twenty amino acid dipeptides and one 

peptide bond. The total energy of proteins is the combination of the energy of these 

small fragments. The QM reference energy of each fragment is parameterized by NN. 

Our protein force fields compare favorably with full QM calculations for both 

homogeneous and heterogeneous polypeptides in terms of energy and force errors. 
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“As far as the laws of mathematics refer to reality, they are not certain; and as far 

as they are certain, they do not refer to reality.” 

--Albert Einstein 
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1. Introduction 

1.1 Molecular dynamics simulations 

Molecular dynamics (MD) simulations is a powerful tool to investigate many 

chemical and biological processes at the atomic level. In MD simulations, systems evolve 

on the potential energy surface (or force fields) according to Newton’s equation of 

motion. Quantum mechanical (QM) effects are usually ignored, and each atom is treated 

as a point with mass. This approximation is justified as the Born-Oppenheimer 

approximation, in which the degrees of freedom of electron and nucleus are separated. 

The equation of motion for an atom 𝑖 of mass 𝑚𝑖 is given by 

𝑑𝒓𝑖

𝑑𝑡
=

𝒑𝑖

𝑚𝑖
, (1.1𝑎) 

𝑑𝒑𝑖

𝑑𝑡
= −

𝜕𝑉

𝜕𝒓𝑖
, (1.1𝑏) 

where 𝒓𝑖 is the position of atom 𝑖, 𝒑𝑖 is the momentum of atom 𝑖, and 𝑉 is the potential 

energy of the whole system. Many different algorithms are available in MD simulations 

to numerically solve the equation of motion. These algorithms should satisfy symplectic 

structure to guarantee the time-reversal symmetry. This means if the velocities of all 

atoms are reversed, the simulation would run in exactly the reverse direction. One 

commonly used algorithm is the leapfrog algorithm[1], in which atomic positions are 

updated at time 𝑡 and velocities are updated at time 𝑡 −
∆𝑡

2
, 

𝑟(𝑡 + ∆𝑡) = 𝑟(𝑡) +
𝑑𝑟(𝑡)

𝑑𝑡
(𝑡 +

∆𝑡

2
)∆𝑡, (1.2𝑎) 



 

2 

𝑑𝑟(𝑡)

𝑑𝑡
(𝑡 +

∆𝑡

2
) =

𝑑𝑟(𝑡)

𝑑𝑡
(𝑡 −

∆𝑡

2
) +

𝑑2𝑟(𝑡)

𝑑𝑡2
∆𝑡. (1.2𝑏) 

Periodic boundary conditions are usually used in MD simulations to correctly represent 

experimental environment. Atoms are paired based on the minimum image convention. 

Periodic boundary conditions are not limited to cubic systems. Other shapes are also 

available such as the rhombic dodecahedron [2] and the truncated octahedron [3]. These 

more complicated shapes can significantly reduce the number of solvent molecules 

required. Thus, they save the computational resources since most of the simulations time 

are spent on the evaluation of solvent-solvent interactions. Besides periodic boundary 

conditions, stochastic boundary conditions [4] are also developed, which is useful for 

studying only a small region such as the binding pocket and a sidechain. In stochastic 

boundary conditions, systems studied are divided into two regions by a shell. Atoms in 

the inner region run the normal MD simulations. Atoms in outer region are fixed to 

maintain the overall shape of inner region. Atoms in the shell evolve using the stochastic 

dynamics such as the Langevin equation to mimic the environment. This approach has 

been applied in the study of proteins [5], but the rigid boundary in the simplest model is 

known to introduce artificial density fluctuations [6]. 

The integration time step in leapfrog algorithm is usually limited by the fastest 

vibrational frequency of systems. The fastest vibrational frequency is typically caused by 

the vibrations of hydrogen atoms. Thus, it is common to restrain the length of bonds 

containing hydrogen atoms, 
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𝑟𝑖𝑗
2 − 𝑑𝑖𝑗

2 = 0. (1.3) 

Commonly used restraint algorithm include SHAKE [7, 8], RATTLE [9], and LINCS [10]. 

In most cases, proteins are surrounded by water molecules in the human body. A 

reasonable representation of the water environment is important to characterize the 

dynamics of proteins. Water is known to play an important role in stabilizing the local 

structure of proteins [11] and can mediate the transition between different protein 

structures [12]. There are two classes of methods for the representation of the solvent 

effect in MD simulations. One is the implicit solvent model [13], in which Poisson-

Boltzmann equations are numerically solved. The implicit solvent model can 

significantly reduce the computational costs. But the implicit solvent model fails to 

reproduce some microscopic solvent features [14]. The other is the explicit solvent 

model. The earliest explicit model dates back to TIP3P [15] and SPC [16]. Both models 

employ rigid three-site structure using fixed atomic charges to represent electrostatic 

interactions. Though simple, these two models successfully capture many properties of 

water [17], and are widely used in MD simulations. But they are unable to predict 

intermolecular interactions well. Going beyond these two models, more sophisticated 

models are developed including but not limited to TIP4P [18], TIP5P [19], SWM4-NDP 

[20] and AMOEBA [21, 22]. These models add more interaction sites or explicit 

polarization effects to improve the accuracy. They show a significant improvement over 

SPC and TIP3P for bulk properties and molecular interactions.  
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1.2 Conventional molecular mechanics force fields 

The accuracy of MD simulations strongly depends on the underlying force fields. 

The force field is the potential energy surface on which MD evolves according to 

Newton’s equation of motion. The most widely used force field is on the basis of 

molecular mechanics (MM). Based on whether polarization effects are explicitly 

accounted for, MM force fields are divided into two categories: non-polarizable force 

fields and polarizable force fields. 

1.2.1 Non-polarizable force fields 

Popular non-polarizable MM force fields share similar functional forms: 

𝑉(𝑅) = ∑ 𝑘𝑑(𝑑 − 𝑑0)
2

𝑏𝑜𝑛𝑑𝑠

+ ∑ 𝑘𝜃(𝜃 − 𝜃0)
2

𝑎𝑛𝑔𝑙𝑒

+ ∑ 𝑘𝜑(1 + cos(𝑛𝜑 − 𝛿))

𝑑𝑖ℎ𝑒𝑑𝑟𝑎𝑙𝑠

+

∑ 𝑘𝜙(𝜙 − 𝜙0)
2

𝑖𝑚𝑝𝑟𝑜𝑝𝑒𝑟𝑠

+ ∑ {𝜖𝑖𝑗 [(
𝑅𝑖𝑗

𝑚𝑖𝑛

𝑟𝑖𝑗
)

12

− (
𝑅𝑖𝑗

𝑚𝑖𝑛

𝑟𝑖𝑗
)

6

] +
𝑞𝑖𝑞𝑗

𝑟𝑖𝑗
}

𝑛𝑜𝑛𝑏𝑜𝑛𝑑

. (1.4)

 

The total energy is expressed as the sum of bond energy, angle energy, dihedral energy, 

improper dihedral energy and non-bonded energy. Non-bonded energy consists of van 

der Waals energy and electrostatic energy. The functional form of the Hamiltonian is 

empirical. Parameters in the Hamiltonian are fitted to either ab initio QM calculations or 

experimental results. For example, in the AMBER ff94 force field [23], “harmonic bond 

and angle terms were optimized to reproduce experimental normal-mode frequencies 

by fitting to structural and vibrational frequency data on small molecule fragments of 

amino acids and nucleic acids. The atom-centered point charges were fit using 
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Kollman’s RESP method, which aims to reproduce the electrostatic potential of a target 

molecule to calculations at the HF/6-31G* quantum level of theory. The Lennard-Jones 

parameters were fit in order to reproduce densities and enthalpies of vaporization in 

simulations of organic liquids (as was done for OPLS). The dihedral parameters were fit 

using relative energies of alanine and glycine dipeptide conformers calculated via 

quantum mechanical (QM) methods at the MP2/ 6-31G* level.” [24]. 

1.2.2 Polarizable force fields 

There are three most commonly used polarizable force fields: fluctuating charge 

model [25], induced dipole model [26] and Drude oscillator model [27, 28]. 

In the fluctuating charge model [25], atomic charges in a molecule are 

determined by chemical potential equilibrium. Using a neutral reference point, we write 

the atomic energy as 

𝐸𝐴(𝑄) = 𝐸𝐴0 + 𝑄𝐴 (
𝜕𝐸

𝜕𝑄
)
𝐴0

+
1

2
𝑄𝐴

2 (
𝜕2𝐸

𝜕𝑄2)
𝐴0

+ ⋯ . (1.5) 

Truncating at second order lead to 

𝐸𝐴(+1) = 𝐸𝐴0 + (
𝜕𝐸

𝜕𝑄
)
𝐴0

+
1

2
(
𝜕2𝐸

𝜕𝑄2)
𝐴0

, (1.6𝑎) 

𝐸𝐴(0) = 𝐸𝐴0, (1.6𝑏) 

𝐸𝐴(−1) = 𝐸𝐴0 − (
𝜕𝐸

𝜕𝑄
)
𝐴0

+
1

2
(
𝜕2𝐸

𝜕𝑄2)
𝐴0

. (1.6𝑐) 

From the Eq. (1.6), we can get 
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(
𝜕𝐸

𝜕𝑄
)
𝐴0

=
1

2
(𝐼𝑃 + 𝐸𝐴) = 𝜒𝐴

0, (1.7𝑎) 

(
𝜕2𝐸

𝜕𝑄2)
𝐴0

= 𝐼𝑃 − 𝐸𝐴 = 𝐽𝐴𝐴
0 , (1.7𝑏) 

where IP and EA denote the ionization potential and electron affinity and 𝜒𝐴 is referred 

to as the electronegativity. 

The total energy of a molecule of 𝑁 atoms is  

𝐸(𝑄1, ⋯ , 𝑄𝑁) = ∑(𝐸𝐴0 + 𝜒𝐴
0𝑄𝐴 +

1

2
𝐽𝐴𝐴
0 𝑄𝐴

2)

𝐴

+ ∑ 𝑄𝐴𝑄𝐵𝐽𝐴𝐵

𝐴<𝐵

. (1.8) 

By combining the last two terms, we can get 

𝐸(𝑄1, ⋯ , 𝑄𝑁) = ∑(𝐸𝐴0 + 𝜒𝐴
0𝑄𝐴)

𝐴

+
1

2
∑𝑄𝐴𝑄𝐵𝐽𝐴𝐵

𝐴,𝐵

. (1.9) 

Taking the derivative of 𝐸 with respect to 𝑄𝐴 leads to the chemical potential 

𝜒𝐴(𝑄1, ⋯ , 𝑄𝑁) =
𝜕𝐸

𝜕𝑄𝐴
= 𝜒𝐴

0 + ∑𝐽𝐴𝐵𝑄𝐵

𝐵

. (1.10) 

To determine the final atomic charges, we need to solve a set of N-1 equations: 

𝜒1 = 𝜒2 = ⋯ = 𝜒𝑁 , (1.11) 

under the constraint of total charge conservation 

𝑄𝑡𝑜𝑡 = ∑𝑄𝑖

𝑁

𝑖=1

. (1.12) 

The two classes of parameters need to be predetermined are {𝜒𝐴
0} and {𝐽𝐴𝐴

0 }. 
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One obvious shortcoming of the fluctuating charge model is that the polarization effect 

is limited by the geometry of molecules. For example, the fluctuating charge model 

cannot represent out-of-plane polarization effects in water molecule. 

In induced dipole model [26], a point dipole moment is attached to atomic sites which 

will fluctuate according to the change of dielectric environment. The key approximation 

is that the point dipole moment at atomic site 𝑖 is proportional to the electric field at the 

same atomic site: 

𝝁𝑖 = 𝛼𝑖𝑬𝑖 . (1.13) 

There are two contributions to 𝐸𝑖. One is external electric field, and the other is the 

contribution from other point dipole moments, 

𝝁𝑖 = 𝛼𝑖 (𝑬𝑖
𝑒𝑥𝑡 − ∑𝑻𝑖𝑗𝝁𝑗

𝑗≠𝑖

) , (1.14) 

where 𝑇𝑖𝑗 is the dipole field tensor, 

𝑇𝑖𝑗 =
𝑓𝑒

𝑟𝑖𝑗
3 𝐼 −

3𝑓𝑡

𝑟𝑖𝑗
5 [

𝑥2 𝑥𝑦 𝑥𝑧

𝑦𝑥 𝑦2 𝑦𝑧

𝑧𝑥 𝑧𝑦 𝑧2

] . (1.15) 

The coefficients  {𝛼𝑖} are atomic polarizabilities, which are the key parameters in the 

induced dipole model. 

Now we rearrange Eq. (1.14) and write it in matrix form, 

[

𝜶1
−1

𝑻21

𝑻12

𝜶2
−1

⋯ 𝑻1𝑁

⋯ 𝑻2𝑁

⋮ ⋮ ⋱ ⋮
𝑻𝑁1 𝑻𝑁2 ⋯ 𝜶𝑁

−1

] [

𝝁1

𝝁2

⋮
𝝁𝑁

] =

[
 
 
 
𝑬1

𝑒𝑥𝑡

𝑬2
𝑒𝑥𝑡

⋮
𝑬𝑁

𝑒𝑥𝑡]
 
 
 
. (1.16) 
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Once atomic polarizabilities {𝛼𝑖} are determined, point dipole moment is determined 

self-consistently. Some progresses in avoiding self-consistent calculations have been 

reported in the literature by using extended Lagrange method.  

In Drude oscillator model [27, 28], point charges are attached to atomic sites by springs 

instead of using point dipole moments. The position of point charges is calculated using 

force equilibrium condition: 

𝑘𝑖𝒅𝑖 = 𝑞𝑖𝑬𝑖, (1.17) 

where 𝑘𝑖 is spring constant, 𝒅𝑖 is the position vector of the point charge 𝑞𝑖, and 𝑬𝑖 is the 

electric fields at the point charge. The positions of point charges are then determined 

self-consistently. The Drude oscillator model is essentially equivalent to the induced 

dipole model: 

𝝁𝑖 = 𝛼𝑖𝒅𝑖 =
𝑞𝑖

2

𝑘𝑖
𝑬𝑖 = 𝛼𝑖𝑬𝑖 . (1.18) 

1.3 Neural network based force fields 

The limitation of conventional MM force fields is mainly due to its limited 

Hamiltonian form. We believe it is better to start afresh rather than modify the current 

MM force fields to build the next generation high-precision force fields. Our aim is to 

recover the ab initio high level QM calculations with parameterized potential energy 

surface. Neural network is drawing more attentions due to its accuracy and flexibility. It 

has been proven in mathematics that [29]: 
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“Standard multilayer feedforward networks with as few as one hidden layer 

using arbitrary squashing functions are capable of approximating any Borel measurable 

function from one finite dimensional space to another to any desired accuracy, provided 

that sufficiently many hidden units are available. In this sense, multilayer feedforward 

networks are a class of universal approximators”. 

To properly represent molecular chemical environment, various input features for NN 

have been designed in the literature. Input features are of vital importance for NN 

representation. Well-designed NN input features can reduce the complexity of NN 

structure. In principle, NN input features should satisfy translational, rotational and 

permutational invariance. In the following, we describe some widely used NN input 

features. 

1.3.1 Input features  

1.3.1.1 Symmetry functions 

Symmetry functions were developed by Behler and Parrinello [30]. Symmetry 

functions consist of radial terms and angular terms. Radial symmetry functions are 

constructed as a sum of Gaussians with the parameters 𝜂 and 𝑅𝑠, 

𝐺𝑖
1 = ∑𝑒−𝜂(𝑅𝑖𝑗−𝑅𝑠)

2

𝑓𝑐(𝑅𝑖𝑗)

𝑎𝑙𝑙

𝑗≠𝑖

, (1.19) 

where 𝑓𝑐(𝑅𝑖𝑗) is the radial cutoff function, 

𝑓𝑐(𝑅𝑖𝑗) = {
0.5 × [cos (

𝜋𝑅𝑖𝑗

𝑅𝑐
) + 1] ,   𝑓𝑜𝑟 𝑅𝑖𝑗 ≤ 𝑅𝑐

0, 𝑓𝑜𝑟 𝑅𝑖𝑗 > 𝑅𝑐  
. (1.20) 
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Angular terms are constructed by the sum of the cosine values of the angle 𝜃𝑖𝑗𝑘 =
𝑹𝑖𝑗∙𝑹𝑖𝑘

𝑅𝑖𝑗𝑅𝑖𝑘
 

centered at atom 𝑖, with 𝑹𝑖𝑗 = 𝑹𝑖 − 𝑹𝑗, 

𝐺𝑖
2 = 21−𝜁 ∑ (1 + 𝜆𝑐𝑜𝑠𝜃𝑖𝑗𝑘)𝜁𝑒

−𝜂(𝑅𝑖𝑗
2 +𝑅𝑖𝑘

2 +𝑅𝑗𝑘
2 )

𝑓𝑐(𝑅𝑖𝑗)𝑓𝑐(𝑅𝑖𝑘)𝑓𝑐(𝑅𝑗𝑘)

𝑎𝑙𝑙

𝑗,𝑘≠𝑖

, (1.21) 

with the parameters 𝜆(= +1,−1), 𝜂, and 𝜁. 

1.3.1.2 Power spectrum  

Power spectrum was developed by Csanyi and co-workers [31]. An arbitrary 

rotation operator �̂� acting on a spherical harmonic function 𝑌𝑙𝑚 transforms it into a 

linear combination of spherical harmonics under the same 𝑙: 

�̂�𝑌𝑙𝑚 = ∑ 𝐷𝑚𝑚′
𝑙 (�̂�)𝑌𝑙𝑚′

𝑙

𝑚′=−𝑙

, (1.22) 

where the 𝐷𝑙(�̂�) matrices are the Wigner matrices. The elements of the Wigner matrices 

are given by 

𝐷𝑚𝑚′
𝑙 (�̂�) = ⟨𝑌𝑙𝑚|�̂�|𝑌𝑙𝑚′⟩. (1.23) 

The rotation operator �̂� acts on a general function 𝑓 as 

�̂�𝑓 = �̂� ∑ ∑ 𝑐𝑙𝑚𝑌𝑙𝑚

𝑙

𝑚=−𝑙𝑙=0

= ∑ ∑ 𝑐𝑙𝑚�̂�𝑌𝑙𝑚

𝑙

𝑚=−𝑙𝑙=0

= ∑ ∑ ∑ 𝑐𝑙𝑚𝐷𝑚𝑚′
𝑙 (�̂�)𝑌𝑙𝑚′

𝑙

𝑚′=−𝑙

𝑙

𝑚=−𝑙𝑙=0

≡ ∑ ∑ 𝑐𝑙𝑚′𝑌𝑙𝑚′

𝑙

𝑚′=−𝑙𝑙=0

. (1.24)

 

Thus, the coefficient vector 𝑐𝑙 is transformed as 

𝒄𝑙 → 𝑫𝑙(�̂�)𝒄𝑙 . (1.25) 

Since 𝐷𝑙 is unitary, 
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𝑫𝑙†𝑫𝑙 = 𝐼, (1.26) 

And therefore 𝑐𝑙
†𝑐𝑙 transforms according to 

𝑝𝑙 ≡ 𝒄𝑙
†𝒄𝑙 → (𝒄𝑙

†𝑫𝑙†)(𝑫𝑙𝒄𝑙) = 𝒄𝑙
†𝒄𝑙 . (1.27) 

We call 𝑝𝑙 the power spectrum, which is invariant under rotation. 

1.3.1.3 Bispectrum 

Power spectrum is a subset of the more generalized bispectrum [31]. First 

consider the rotational transform of the direct product 𝑐𝑙1⨂𝑐𝑙2: 

𝑐𝑙1⨂𝑐𝑙2 → (𝐷(𝑙1)⨂𝐷(𝑙2))(𝑐𝑙1⨂𝑐𝑙2). (1.28) 

In case of the SO(3) group, the direct product of two Wigner-matrices can be 

decomposed into a direct sum of Wigner-matrices in the form: 

𝐷(𝑙1)⨂𝐷(𝑙2) = (𝐶𝑙1,𝑙2)
†
[

𝑙1 + 𝑙2
⨁

𝑙 = |𝑙1 − 𝑙2|
𝐷(𝑙)]𝐶𝑙1,𝑙2 , (1.29) 

where 𝐶𝑙1,𝑙2 are the Clebsch-Gordan coefficients. 

Since matrices of Clebsch-Gordan coefficients are unitary, it will transform as 

𝐶𝑙1,𝑙2(𝑐𝑙1⨂𝑐𝑙2) → [
𝑙1 + 𝑙2

⨁
𝑙 = |𝑙1 − 𝑙2|

𝐷(𝑙)] 𝐶𝑙1,𝑙2(𝑐𝑙1⨂𝑐𝑙2). (1.30) 

[
𝑙1 + 𝑙2

⨁
𝑙 = |𝑙1 − 𝑙2|

𝐷(𝑙)] can be written in the block diagonal matrix form  

[
𝑙1 + 𝑙2

⨁
𝑙 = |𝑙1 − 𝑙2|

𝐷(𝑙)] ≡ [

𝐷|𝑙1−𝑙2| 0 0 0
0 𝐷|𝑙1−𝑙2|+1 0 0
0
0

0
0

⋱ 0
0 𝐷𝑙1+𝑙2

] . (1.31) 

Now we define 𝑔𝑙1,𝑙2,𝑙 as 
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𝑙1 + 𝑙2
⨁

𝑙 = |𝑙1 − 𝑙2|
𝑔𝑙1,𝑙2,𝑙 ≡ 𝐶𝑙1,𝑙2(𝑐𝑙1⨂𝑐𝑙2). (1.32) 

The newly defined 𝑔𝑙1,𝑙2,𝑙 is transformed as 

𝑔𝑙1,𝑙2,𝑙 → 𝐷(𝑙)𝑔𝑙1,𝑙2,𝑙. (1.33) 

Analogous to the power spectrum, the bispectrum is written as 

𝑏𝑙1,𝑙2,𝑙 = 𝑐𝑙
†𝑔𝑙1,𝑙2,𝑙 . (1.34) 

The bispectrum is rotationally invariant, which can be seen from, 

𝑏𝑙1,𝑙2,𝑙 = 𝑐𝑙
†𝑔𝑙1,𝑙2,𝑙 → (𝑐𝑙𝐷

(𝑙))
†
𝐷(𝑙)𝑔𝑙1,𝑙2,𝑙 = 𝑐𝑙

†𝑔𝑙1,𝑙2,𝑙. (1.35) 

1.3.1.4 Coulomb matrix 

Coulomb matrix was developed by Lilienfeld and co-workers [32]. Given the set of 

Cartesian coordinates of atoms {𝑹𝐼} and nuclear charges {𝑍𝐼}, the Coulomb matrix 𝑴 is 

constructed as 

𝑀𝐼𝐽 = {

0.5𝑍𝐼
2.4,   𝑓𝑜𝑟 𝐼 = 𝐽

𝑍𝐼𝑍𝐽

|𝑅𝐼 − 𝑅𝐽|
,   𝑓𝑜𝑟 𝐼 ≠ 𝐽

. (1.36) 

To measure the similarity between two molecules, they used the Euclidean norm of the 

diagonalized Coulomb matrices: 

𝑑(𝑴,𝑴′) = 𝑑(𝝐, 𝝐′) = √∑|𝜖𝐼 − 𝜖𝐼
′|2

𝐼

, (1.37) 

where 𝝐 are the eigenvalues of M in order of decreasing absolute value. For matrices that 

differ in dimensionality, 𝝐 of the smaller system is extended by zeros. 



 

13 

1.3.2 Feedforward neural network 

There are various useful structures of neural network. We are particularly 

interested in the feedforward neural network (Figure 1).  

 

 

 

 

 

 

The output energy as a function of input features for a one-hidden layer feedforward 

neural network is expressed as: 

𝐸 = ∑𝑤𝑗𝑘
12 tanh(∑𝑤𝑖𝑗

01𝐺𝑖

𝑁0

𝑖=1

+ 𝑏𝑗
1)

𝑁1

𝑗=1

+ 𝑏2, (1.38) 

where 𝐺𝑖 is the input variable for node 𝑖, 𝑤𝑖𝑗
01 (𝑤𝑗𝑘

12) is the weight parameter that connects 

node 𝑖 (𝑗) in the previous layer and node 𝑗 (𝑘) in the current layer, 𝑏𝑗
1 is the bias weight 

parameter of hidden layer, 𝑏2 is the bias weight parameter of output layer, 𝑁0 is the 

number of nodes in the input layer, and 𝑁1 is the number of nodes in the hidden layer. 

 

Figure 1: Feedforward neural network structure 
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2. Polarizable force field for small molecules 

This chapter is mainly adapted from the following journal article, 

  Hao Wang, and Weitao Yang, Determining polarizable force fields with electrostatic 

potentials from quantum mechanical linear response theory, J. Chem. Phys. 144, 224107 

(2016). 

2.1 Introduction 

Molecular dynamics (MD) simulation is an important method for investigating 

biological systems [33, 34]. The accuracy of MD simulation depends on the force fields. 

Most empirical force fields use fixed partial charges on molecules (e.g., TIP3P [15] and 

SPC [16]). These force fields are nonpolarizable force fields. Though non-polarizable 

force fields have achieved much success in the past decades, many challenges still 

remain. For example, one significant drawback of nonpolarizable force fields is that they 

cannot respond to the change of dielectric environment. However, due to the 

conformational changes, dielectric environment in biological systems may change 

significantly in the process of an MD simulation. The polarization effects are also crucial, 

for example, for the folding of membrane proteins in the lipid environment or RNA 

folding in the environment of divalent ions [35]. In recent years, especially with the 

increasing power of computers, including polarization effects in MD simulations has 

been recognized as an effective method to further improve the accuracy of MD 
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simulation results. Reviews accounting for polarization effects in MD simulations have 

been presented by Yu and van Gunsteren [36], Rick and Stuart [37], and Gonzalez [38]. 

Three most widely used polarizable models are fluctuating charge model [25, 39], 

Drude model [27, 28, 40], and induced dipole model [26, 41]. The fluctuating charge 

model uses the chemical potential equalization principle [42-44] to calculate the flexible 

atomic partial charges, which vary with the electrostatic environment. Atomic 

electronegativity (𝜒0) and hardness (𝐽), two types of parameters in the fluctuating charge 

model, can be obtained via quantum mechanical (QM) calculations ( 𝜒0 =
1

2
(𝐼𝑃 + 𝐸𝐴) 

and 𝐽 = 𝐼𝑃 − 𝐸𝐴, where 𝐼𝑃 and 𝐸𝐴 denote the ionization potential and electron affinity) 

[25]. The disadvantage of this model is that the polarization effects are restricted by the 

molecular geometry. For example, for a planar molecule, the fluctuating charge model 

cannot represent the polarization out of the molecular plane, which needs additional 

fluctuating dipoles. The Drude model and induced dipole model are essentially 

equivalent [36, 45, 46]. Both use dipole moments to represent polarization effects. The 

difference is in the models of the dipole: the induced dipole model uses atom-centered 

point dipole moments, while for the Drude model, the Drude particles attached to the 

atom sites through a spring are used to represent the polarization effects. In practice, the 

Drude model is easier to implement than the induced dipole model. In the present work, 

the scheme of the induced dipole model is more convenient and was chosen for our 
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current implementation. However, the parameters obtained in the induced dipole model 

can be easily transformed into those in the Drude model [36]. 

Besides these three main polarizable models, many other types of models have 

been developed. Within the atomic charge framework, Morita and Kato developed the 

charge response kernel model in which atomic charges linearly respond to the external 

potential [47, 48]. Piquemal et al. developed the SIBFA method which includes non-

classical effects such as exchange-polarization [49-57]. In the induced dipole model, the 

induced point dipole at atom site i is proportional to the electric field at the same site 

(𝝁𝑖 = 𝛼𝑖𝑬𝑖, where 𝛼𝑖  is the atomic polarizability of atom i). The atomic polarizabilities are 

the key parameters in the induced dipole model. In previous studies, the atomic 

polarizabilities were calculated by fitting to the molecular polarizabilities [46, 58-61], 

which are obtained either from experimental results or from high-quality QM results. 

Soteras et al. calculated the atomic polarizabilities by fitting the induction energy 

computed in the perturbation theory [62]. Kaminski et al. calculated the atomic 

polarizabilities by fitting to the electrostatic potential (ESP) produced by dipolar probes 

which are surrounding the molecules [63]. Though fitting to molecular polarizabilities 

can also reproduce electrostatic interaction well, it is in an indirect way. Calculating 

atomic polarizabilities by direct fitting to electrostatic potential is what we desired in the 

present study. 



 

17 

However, the definition of atomic polarizabilities is not unique. Besides the 

“bare” atomic polarizabilities developed by Applequist [64], another type of distributed 

polarizabilities, which was first developed by Stone [65, 66], is also widely used. Stone’s 

method combines the susceptibility function of the charge density[67] and distributed 

multipole analysis[68] to calculate distributed polarizabilities of an isolated molecule 

under an external perturbation. For practical purpose, Stone et al. [69, 70] devised the 

constrained density-fitting algorithm. Celebi et al. [71] calculated the distributed 

polarizabilities by induction energy fitting. In the current work, we developed a new 

method for the development of polarizable force fields, based on the following rationale. 

All polarizable force fields describe the linear response of the charge distribution of a 

molecule to the change in the external electrostatic field. Since this linear response is 

well described by quantum mechanical theory at many levels, we believe that 

polarizable force fields should be designed to approximate the QM linear response. 

Instead of using the linear response electron density, the optimal target of 

approximation is the electrostatic potential generated from the linear response electron 

density because the electrostatic potential is what enters into the interaction energy of 

the molecule with its environment. This is similar to the use of electrostatic potential to 

fit atomic charges in non-polarizable force fields. Thus, our method calculates the atomic 

polarizabilities by ESP fitting within the quantum mechanical linear response theory. 

With the linear response function within density functional theory [72], QM calculations 
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are only needed once in the fitting process for each molecule. It also makes our ESP 

fitting results independent of the orientations and magnitudes of the uniform external 

electric fields applied. These features lead to more efficient ESP fitting and accurate 

atomic polarizabilities. Both transferable atomic polarizabilities for the purpose of force 

fields and nontransferable atomic polarizabilities for specific molecules are calculated 

here. Our development of atomic polarizabilities based on linear response parallels the 

conventional approach of fitting atomic charges based on electrostatic potentials from 

the electron density. Our method should be useful for building the next generation of 

polarizable force fields. 

2.2 Methods 

2.2.1 Induced dipole model 

We first review the induced dipole model here. Consider a molecule of 𝑁 atoms 

in a uniform external electric field. The induced dipoles are placed on each atom site and 

the induced dipole on atom 𝑝 is given by 

𝝁𝑝 = 𝛼𝑝 [𝑬𝑝 − ∑ 𝑻𝑝𝑞𝝁𝑞

𝑁

𝑞≠𝑝

] , (2.1) 

 

where 𝛼𝑝 is the atomic polarizability of atom 𝑝, 𝑬𝑝 is the external electric field at atom 𝑝, 

𝝁𝑞 is the dipole moment at atom 𝑞, and 𝑻𝑝𝑞 is the dipole field tensor, 



 

19 

𝑻𝑝𝑞 =
𝑓𝑒

𝑟𝑝𝑞
3 𝑰 −

3𝑓𝑡

𝑟𝑝𝑞
5 [

𝑥2 𝑥𝑦 𝑥𝑧

𝑦𝑥 𝑦2 𝑦𝑧

𝑧𝑥 𝑧𝑦 𝑧2

] , (2.2)  

where 𝑰 is a 3 × 3 unit matrix, 𝑓𝑒 and 𝑓𝑡 are screening functions, 𝑟𝑝𝑞 is the distance 

between atoms 𝑝 and 𝑞, and 𝑥, 𝑦, and 𝑧 are three components of 𝑟𝑝𝑞. In Applequist’s 

model, 𝑓𝑒 = 1 and 𝑓𝑡 = 1. 

It has been noted that Applequist’s model may cause “polarization catastrophe,” 

which refers to “the infinite polarization by the cooperative interactions between two 

nearby induced dipoles.” [58]. To solve this problem, Thole developed two forms of 

screening functions to damp the short distance inductions [73]. In the linear form, 

𝜐 =
𝑟𝑝𝑞

[𝑎(𝛼𝑝𝛼𝑞)
1
6]

, (2.3𝑎)
 

𝑖𝑓 (𝜈 ≥ 1)𝑓𝑒 = 1.0, 𝑓𝑡 = 1.0, (2.3𝑏) 

𝑖𝑓 (𝜐 < 1)𝑓𝑒 = 4𝜐3 − 3𝜐4, 𝑓𝑡 = 𝜈4. (2.3𝑐) 

In the exponential form, 

𝜈 =
𝑟𝑝𝑞

[𝑎(𝛼𝑝𝛼𝑞)
1
6]

, (2.4𝑎)
 

𝑓𝑒 = 1 − (
𝜈2

2
+ 𝜈 + 1) exp(−𝜈) , (2.4𝑏) 

𝑓𝑡 = 1 − (
1

6
𝜈3 +

1

2
𝜈2 + 𝜈 + 1) exp(−𝜈) . (2.4𝑐) 

Another form was used by Ren and Ponder [21, 74-81], which was simplified by 

Wang et al. [58], 
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𝜈 =
𝑟𝑝𝑞

[𝑎(𝛼𝑝𝛼𝑞)
1
6]

, (2.5𝑎)
 

𝑓𝑒 = 1 − exp(−𝜈3) , (2.5𝑏) 

𝑓𝑡 = 1 − (𝜈3 + 1) exp(−𝜈3) , (2.5𝑐) 

where 𝛼𝑝 and 𝛼𝑞 are the atomic polarizabilities of atoms 𝑝 and 𝑞, 𝑎 is the screening 

factor, and 𝑟𝑝𝑞 is the distance between atoms 𝑝 and 𝑞. 

Rearrange Eq. (2.1) to the matrix equation, 

[
 
 
 
 
𝜶1

−1

𝑻21

⋮

𝑻12

𝜶2
−1

⋮

⋯ ⋯ 𝑻1𝑁

⋯ ⋯ 𝑻2𝑁

⋯ ⋯ ⋮
⋮ ⋮ ⋯ ⋯ ⋮

𝑻𝑁1 𝑻𝑁2 ⋯ ⋯ 𝜶𝑁
−1]

 
 
 
 

[
 
 
 
 
𝝁1

𝝁2

⋮
⋮

𝝁𝑁]
 
 
 
 

=

[
 
 
 
 
𝑬1

𝑬2

⋮
⋮

𝑬𝑁]
 
 
 
 

, (2.6) 

which can be expressed in compact matrix notation as 

𝑨𝝁 = 𝑬. (2.7) 

Let 𝑩 = 𝑨−1, 

𝑩 =

[
 
 
 
 
𝑩11

𝑩21

⋮

𝑩12

𝑩22

⋮

⋯ ⋯ 𝑩1𝑁

⋯ ⋯ 𝑩2𝑁

⋯ ⋯ ⋮
⋮ ⋮ ⋯ ⋯ ⋮

𝑩𝑁1 𝑩𝑁2 ⋯ ⋯ 𝑩𝑁𝑁]
 
 
 
 

. (2.8) 

Note that each 𝐵𝑖𝑗 is a three by three matrix, associated with three special 

directions. Define a three by three matrix 𝐶 as 

𝑪 = ∑∑𝑩𝑖𝑗

𝑁

𝑗=1

𝑁

𝑖=1

. (2.9) 

Then isotropic molecular polarizability is given by 

𝛼𝑚𝑜𝑙 =
𝑪11 + 𝑪22 + 𝑪33

3
. (2.10) 
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 2.2.2 Linear response function 

The linear response function ( 𝜒(𝒓, 𝒓′)), defined as 𝜒(𝒓, 𝒓′) =
𝛿𝜌(𝒓)

𝛿𝑣(𝒓′)
 , represents the 

response of the electron density 𝜌(𝒓) to the change of external electric potential 𝑣(𝒓′). 

Within density functional theory, the analytic expression of 𝜒(𝒓, 𝒓′),  is given as [72] 

𝜒(𝒓, 𝒓′) = −2 ∑ (𝑀−1)𝑖𝑎𝜎,𝑗𝑏𝜏𝜙𝑗𝜏
∗ (𝒓′)𝜙𝑏𝜏(𝒓

′)𝜙𝑖𝜎(𝒓)𝜙𝑎𝜎
∗ (𝒓)

𝑖𝑎𝜎,𝑗𝑏𝜏

. (2.11) 

where 𝑀 is a matrix depending on the approximate density functional chosen, which is 

given by 

𝑀𝑖𝑎𝜎,𝑗𝑏𝜏 = 𝛿𝜎𝜏𝛿𝑖𝑗𝛿𝑎𝑏(𝜖𝑎𝜎 − 𝜖𝑖𝜎) + 𝐾𝑖𝑎𝜎,𝑗𝑏𝜏 + 𝐾𝑖𝑎𝜎,𝑏𝑗𝜏, (2.12) 

where 

𝐾𝑠𝑡𝜎,𝑢𝑣𝜏 =
𝜕⟨𝜙𝑠𝜎|𝑣𝐽|𝜙𝑡𝜏⟩

𝜕𝑃𝑣𝑢
𝜏 +

𝜕⟨𝜙𝑠𝜎|𝑣𝑥𝑐
𝜎 |𝜙𝑡𝜏⟩

𝜕𝑃𝑣𝑢
𝜏 , (2.13) 

𝜕⟨𝜙𝑠𝜎|𝑣𝐽|𝜙𝑡𝜏⟩

𝜕𝑃𝑣𝑢
𝜏 = ∫∫𝑑𝒓1𝑑𝒓2𝜙𝑠𝜎

∗ (𝒓1)𝜙𝑡𝜏(𝒓1)
1

𝑟12
𝜙𝑢𝜏

∗ (𝒓2)𝜙𝑣𝜏(𝒓2) = (𝜙𝑠𝜎
∗ 𝜙𝑡𝜏, 𝜙𝑢𝜏

∗ 𝜙𝑣𝜏). (2.14) 

For explicit functionals of the electron density, 

𝜕⟨𝜙𝑠𝜎|𝑣𝑥𝑐
𝜎 |𝜙𝑡𝜏⟩

𝜕𝑃𝑣𝑢
𝜏 = ∫∫𝑑𝒓1𝑑𝒓2𝜙𝑠𝜎

∗ (𝒓1)𝜙𝑡𝜏(𝒓1)
𝛿2𝐸𝑥𝑐[𝜌

𝜎(𝒓)]

𝛿𝜌𝜎(𝒓1)𝛿𝜌𝜏(𝒓2)
𝜙𝑢𝜏

∗ (𝒓2)𝜙𝑣𝜏(𝒓2). (2.15) 

For functionals of the density matrix, 

𝜕⟨𝜙𝑠𝜎|𝑣𝑥𝑐
𝜎 |𝜙𝑡𝜏⟩

𝜕𝑃𝑣𝑢
𝜏 = ∫∫𝑑𝒓1𝑑𝒓1

′ 𝑑𝒓2𝑑𝒓2
′ 𝜙𝑠𝜎

∗ (𝒓1)𝜙𝑡𝜏(𝒓1′)
𝛿2𝐸𝑥𝑐[𝜌𝑠

𝜎(𝒓𝟏
′ , 𝒓𝟏)]

𝛿𝜌𝜎(𝒓1
′ , 𝒓1)𝛿𝜌𝜏(𝒓2

′ , 𝒓2)
×

𝜙𝑢𝜏
∗ (𝒓2)𝜙𝑣𝜏(𝒓2′). (2.16)
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We use 𝑖, 𝑗, 𝑘,⋯ for occupied states, 𝑎, 𝑏, 𝑐,⋯ for unoccupied states, 𝑠, 𝑡, 𝑢, 𝑣 for general 

states, and Greek letters 𝜎, 𝜏 for spin labels. Details of the derivations of the above 

formula can be found in Yang’s paper [72]. The linear response function only depends on 

the ground state properties of the molecules. Under a given perturbation 𝛿𝑣(𝒓), the 

change of electron density to first order is then given by 

𝛿𝜌(𝒓) = ∫𝜒(𝒓, 𝒓′)𝛿𝑣(𝒓′)𝑑𝒓′ . (2.17) 

2.2.3 Electrostatic potential fitting 

We performed the ESP fitting in two different ways to obtain atomic 

polarizabilities for molecular specific force fields and for general force fields. In the first 

approach, we fit the ESP for specific molecules. The molecule-specific fitting ensures that 

the atomic polarizabilities obtained are specifically optimized for a particular molecule. 

In determining atomic polarizabilities {𝛼𝑝}, we use the object function 𝐿, defined as the 

weighted squared difference between 𝜙𝐸𝑆𝑃, the electrostatic potential from the 

polarizable force field and 𝜙𝑄𝑀, that from QM linear response calculations, namely, 

𝐿 = ∫𝑑Ω∫𝜔(𝒓)[𝜙𝐸𝑆𝑃 − 𝜙𝑄𝑀]
2
𝑑𝒓 , (2.18) 

where 𝜔(𝒓) is a weight function at grid point 𝒓. The details of 𝐿 are as follows: 
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𝐿 = ∫𝑑Ω∫𝜔(𝒓) [∑ ∇
1

|𝒓𝑎−𝒓|
∙ 𝝁𝑎𝑎 − ∫

𝛿𝜌(𝒓′)

|𝒓−𝒓′|
𝑑𝒓′]

2

𝑑𝒓

= ∫𝑑Ω∫𝜔(𝒓) [∑ ∇
1

|𝒓𝑎−𝒓|
∙ 𝝁𝑎𝑎 − ∫

1

|𝒓−𝒓′|

𝛿𝜌(𝒓′)

𝛿𝜐(𝒓′′)
𝛿𝜈(𝒓′′)𝑑𝒓′′𝑑𝒓′]

2

𝑑𝒓

= ∫𝑑Ω∫𝜔(𝒓) [∑ ∇
1

|𝒓𝑎−𝒓|
∙ (𝑨−1𝛿𝐸)𝑎𝑎 − ∫

1

|𝒓−𝒓′|
𝜒(𝒓′, 𝒓′′)𝒓′′ ∙ 𝛿𝑬𝑑𝒓′′𝑑𝒓′]

2
𝑑𝒓

= ∫𝑑Ω∫𝜔(𝒓) [∑ ∇
1

|𝒓𝑎−𝒓|
∙ (𝑨−1�̂�)𝑎𝑎 − ∫

1

|𝒓−𝒓′|
𝜒(𝒓′, 𝒓′′)𝒓′′ ∙ �̂�𝑑𝒓′′𝑑𝒓′]

2
𝑑𝒓𝜹𝐸𝟐, (2.19)

where 𝒓𝑎 is the position of atom 𝑎, 𝝁𝑎 is the induced dipole moment on atom 𝑎, �̂� is the 

unit direction vector of the uniform external electric field, 𝑨 is the matrix defined in Eq. 

(2.7), and 𝛿𝐸 is the magnitude of the uniform external electric field. The integration with 

respect to the solid angle (Ω) of the external perturbing field allows considering all the 

orientations of the perturbing field on equal footing. 

Since 

�̂� = 𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜙�̂�𝑥 + 𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜙�̂�𝑦 + 𝑐𝑜𝑠𝜃�̂�𝑧, (2.20) 

where �̂�𝑥, �̂�𝑦, �̂�𝑧 are unit vectors in 𝑥, 𝑦, 𝑧 directions, separately, we can define the 

following: 

𝐻𝑥(𝒓) = ∑∇
1

|𝒓𝑎 − 𝒓|
∙ (𝑨−1�̂�𝑥)𝑎

𝑎

− ∫
1

|𝒓 − 𝒓′|
𝜒(𝒓′, 𝒓′′)𝑥′′𝑑𝒓′′𝑑𝒓′ , (2.21𝑎) 

𝐻𝑦(𝒓) = ∑∇
1

|𝒓𝑎 − 𝒓|
∙ (𝑨−1�̂�𝑦)

𝑎
𝑎

− ∫
1

|𝒓 − 𝒓′|
𝜒(𝒓′, 𝒓′′)𝑦′′𝑑𝒓′′𝑑𝒓′ , (2.21𝑏) 

𝐻𝑧(𝒓) = ∑∇
1

|𝒓𝑎 − 𝒓|
∙ (𝑨−1�̂�𝑧)𝑎

𝑎

− ∫
1

|𝒓 − 𝒓′|
𝜒(𝒓′, 𝒓′′)𝑧′′𝑑𝒓′′𝑑𝒓′ , (2.21𝑐) 

where 𝑥′′, 𝑦′′, and 𝑧′′ are 𝑥, 𝑦, and 𝑧 components of 𝒓′′. Then 𝐿 can be transformed into 

𝐿 = ∫𝑑Ω∫𝜔(𝒓)[𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜙𝐻𝑥(𝒓) + 𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜙𝐻𝑦(𝒓) + 𝑐𝑜𝑠𝜃𝐻𝑧(𝒓)]2𝑑𝒓𝛿𝐸2 
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=
4𝜋

3
∫𝜔(𝒓)[𝐻𝑥

2(𝒓) + 𝐻𝑦
2(𝒓) + 𝐻𝑧

2(𝒓)]𝑑𝒓𝛿𝐸2 . (2.22) 

Since the magnitude of the uniform external electric field, 𝛿𝐸, can be taken out of 

the bracket, the ESP fitting results are independent of the magnitude of the uniform 

electric fields. The analytic gradient of 𝐿 with respect to atomic polarizabilities {𝛼𝑝} and 

screening factor 𝑎, used in the optimization process, is given by 

𝜕𝐿

𝜕𝛼𝑝
=

8𝜋

3
∫𝜔(𝒓) [𝐻𝑥(𝒓)

𝜕𝐻𝑥(𝒓)

𝜕𝛼𝑝
+ 𝐻𝑦(𝒓)

𝜕𝐻𝑦(𝒓)

𝜕𝛼𝑝
+ 𝐻𝑧(𝒓)

𝜕𝐻𝑧(𝒓)

𝜕𝛼𝑝
] 𝑑𝒓𝛿𝐸2 

= −
8𝜋

3
∫𝜔(𝒓) [𝐻𝑥(𝒓) ∙ (∑∇

1

|𝒓𝑎 − 𝒓|
∙ (𝑨−1

𝜕𝑨

𝜕𝛼𝑝
𝑨−1�̂�𝑥)

𝑎𝑎

) +

𝐻𝑦(𝒓) ∙ (∑∇
1

|𝒓𝑎 − 𝒓|
∙ (𝐴−1

𝜕𝑨

𝜕𝛼𝑝
𝐴−1�̂�𝑦)

𝑎𝑎

) +

𝐻𝑧(𝒓) ∙ (∑∇
1

|𝒓𝑎 − 𝒓|
∙ (𝐴−1

𝜕𝑨

𝜕𝛼𝑝
𝐴−1�̂�𝑧)

𝑎𝑎

)]𝑑𝑟𝛿𝐸2, (2.23𝑎)

 

𝜕𝐿

𝜕𝑎
=

8𝜋

3
∫𝜔(𝒓) [𝐻𝑥(𝒓)

𝜕𝐻𝑥(𝒓)

𝜕𝑎
+ 𝐻𝑦(𝒓)

𝜕𝐻𝑦(𝒓)

𝜕𝑎
+ 𝐻𝑧(𝒓)

𝜕𝐻𝑧(𝒓)

𝜕𝑎
] 𝑑𝒓𝛿𝐸2 

= −
8𝜋

3
∫𝜔(𝒓) [𝐻𝑥(𝒓) ∙ (∑∇

1

|𝒓𝑎 − 𝒓|
∙ (𝑨−1

𝜕𝑨

𝜕𝑎
𝑨−1�̂�𝑥)

𝑎
𝑎

) +

𝐻𝑦(𝒓) ∙ (∑∇
1

|𝒓𝑎 − 𝒓|
∙ (𝐴−1

𝜕𝑨

𝜕𝑎
𝐴−1�̂�𝑦)

𝑎
𝑎

) +

𝐻𝑧(𝒓) ∙ (∑∇
1

|𝒓𝑎 − 𝒓|
∙ (𝐴−1

𝜕𝑨

𝜕𝑎
𝐴−1�̂�𝑧)

𝑎
𝑎

)]𝑑𝑟𝛿𝐸2. (2.23𝑏)

 

In the second approach, we fit the ESP for general force fields, which means that 

we aim to obtain atomic polarizabilities that are transferable. In this case, the total object 

function 𝐿 is defined as 
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𝐿 = ∑
1

∫𝜔(𝒓𝑖)𝑑𝒓𝑖

𝐿𝑖

𝑛

𝑖=1

, (2.24) 

where 𝑛 is the number of molecules in the training set and 𝐿𝑖  is the object function for 

molecule 𝑖, as defined in Eq. (2.22). The denominator of the factor represents the sum of 

weights of all grid points belonging to molecule 𝑖. This factor ensures that each molecule 

has the same weight in the fitting process. 

 In the conventional approach for developing force fields, atomic charges are 

fitted to the electrostatic potential generated from the electron density. In complete 

parallel, within our approach, atomic polarizabilities are fitted to the linear change of the 

electrostatic potential due to the applied external electric field, which is calculated from 

the linear response theory. This is the key feature of our work. While we focus on 

polarizable dipole model presently, our idea of fitting to the linear change of the 

electrostatic potential due to the applied external electric field, which is calculated from 

the linear response theory, can be applied to other polarizable models. 

2.2.4 Computational details 

We used the weight function developed by Hu et al. for electrostatic potential 

fitting of atomic charges [82], which is given by 

𝜔(𝒓) = exp[−𝜎(𝑙𝑜𝑔�̃�(𝒓) − 𝑙𝑜𝑔𝜌𝑟𝑒𝑓)
2] , (2.25) 

where �̃�(𝒓) is the predefined electron density that is the sum of atomic electron 

densities, and 𝜌𝑟𝑒𝑓  and 𝜎 are two parameters.  By adjusting 𝜌𝑟𝑒𝑓  and 𝜎, a Gaussian-like 
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weight function 𝜔(𝒓) is generated which weighs heavily on the points in the desired 

range. We performed a scanning over a large range of 𝜎 and 𝜌𝑟𝑒𝑓  to look for the suitable 

parameters for dipole ESP fitting. It turns out that the ESP fitting quality is not 

significantly affected over a broad range of 𝜎 and 𝜌𝑟𝑒𝑓  . This conclusion is similar to that 

in the paper of Hu et al.[82]  In our work, we chose 𝜎 = 1.0 and 𝑙𝑛𝜌𝑟𝑒𝑓 = −11. In the 

spirit of Hu’s work [82], our object function is defined in the entire molecular volume 

space instead of discretely selected grid points surrounding the target molecule. The 

object function is thus rotationally invariant the to molecular orientation and 

continuously change with respect to the molecular geometry. We constructed an 

integration grid with standard 3D integration method used in density functional 

calculations and then computed electrostatic potentials on the grid points with the 

converged electron density. In the current work, the standard pruned (75 302) grid 

implemented in Gaussian was chosen. The small molecule set we used for ESP fitting 

and testing is the one developed by van Duijnen and Swart [59], which is a widely used 

molecule set for atomic polarizability parametrization. However, since the weight 

function of Hu et al. [82] was only developed for the elements in the first three periods, 

molecules containing 𝐵𝑟 and 𝐼 in the small molecule set are thus not used for fitting in 

current work. 

Besides introducing the screening functions, excluding 1-2 (bonded) and 1-3 

(separated by two bonds) induction can also reduce the risk of “polarization 
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catastrophe.” Thus, we use eight induced dipole models based on whether 1-2 and 1-3 

interactions are excluded and different screening functions are used.  

Table 1 summarizes the eight models we studied. 

Table 1: Eight induced dipole models studied in the current work. Class 1 

contains four models with 1-2 and 1-3 induction included. Class 2 contains four 

models with 1-2 and 1-3 induction excluded. 

Model Class Screening function 1-2 (bond) 1-3 (angle) 

NTL 1 Thole’s linear model On On 

NTE 1 Thole’s exponential 

model 

On On 

NRE 1 Ren and Ponder’s 

exponential model 

On On 

NAP 1 Applequist’s model On On 

FTL 2 Thole’s linear model Off Off 

FTE 2 Thole’s exponential 

model 

Off Off 

FRE 2 Ren and Ponder’s 

exponential model 

Off Off 

FAP 2 Applequist’s model Off Off 
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Figure 2 shows that the molecular polarizabilities vary with different basis sets. 

In the current work, the linear response function was calculated at the level of B3LYP/6-

31+G∗ [83, 84]. All the molecular geometries were optimized at the same level before ESP 

fitting. Gaussian03 [85] was used to analytically calculate the molecular polarizabilities 

at the level of B3LYP/6-31+G∗ for comparison. 

We used the quasi-Newton BFGS algorithm to optimize the object function, with 

analytic first order derivatives with respect to the parameters (atomic polarizabilities 

and screening factors). Though this algorithm cannot guarantee global minimal, we find 

that the convergence is satisfying after trying different initial guesses. 
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Figure 2: Dependence of molecular polarizabilities on the basis sets for nine 

molecules belonging to nine categories in the molecule set we used. 

2.3 Results and discussion 

The quality of the ESP fitting is assessed by the relative-root-mean-square-

deviation (RRMSD), which is defined as 

𝑉𝑅𝑅𝑀𝑆𝐷 = √
∑ (𝑉𝑄𝑀,𝑖 − 𝑉𝐸𝑆𝑃,𝑖)

23𝑁
𝑖=1

∑ 𝑉𝑄𝑀,𝑖
23𝑁

𝑖=1

, (2.26) 

where 𝑁 is the number of grid points, 𝑉𝐸𝑆𝑃,𝑖  is the electrostatic potential at grid 𝑖 

calculated from the induced dipoles, and 𝑉𝑄𝑀,𝑖  is the electrostatic potential calculated 

with the linear response function at grid 𝑖. As it is shown in the last section, after 

integrating the orientation in the 3-dimensional physical space, it is equivalent to 
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applying the uniform external electric fields from three different directions. Therefore, 

summation is over 3𝑁. Though we focus on fitting to the ESP, a physically reasonable 

set of atomic polarizabilities {αp} and screening factor a should also predict molecular 

polarizabilities well. Thus, we also calculated the average percentage error (APE) of the 

molecular polarizabilities, defined as 

𝛼𝐴𝑃𝐸 =

∑
|𝛼𝑖 − 𝛼𝑖

𝑄𝑀
|

𝛼𝑖
𝑄𝑀

𝑛
𝑖=1

𝑛
, (2.27)

 

where 𝛼𝑖  is the molecular polarizabilities recovered from the atomic 

polarizabilities for molecule 𝑖, 𝛼𝑖
𝑄𝑀

 is the molecular polarizability for molecule 𝑖 

calculated by QM, and 𝑛 is the number of molecules. 

2.3.1 Atomic polarizabilities for force fields 

Force fields are usually composed of bonded interaction (such as bond, angle, 

and dihedral) and nonbonded interaction (electrostatic and van der Waals interaction). 

In some force fields, contribution to polarization from 1-2 (bond) and 1-3 (separated by 

two bonds) is absorbed by long-range polarization [58]. 
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Table 2: Atomic polarizabilities and screening factors for eight models (atomic 

unit). aC1: 𝒔𝒑𝟏 carbon. bC2: 𝒔𝒑𝟐 carbon. cC3: 𝒔𝒑𝟑 carbon. dO2: 𝒔𝒑𝟐 oxygen. eO3: 𝒔𝒑𝟑 

oxygen. fS4: 𝑺 in sulfone. gS: nonsulfone 𝑺. 

Atom 

type 

NTL NTE NRE NAP FTL FTE FRE FAP 

C1a 9.3114 7.4259 7.7525 2.8741 6.2867 6.2827 6.2827 6.2834 

C2b 13.4049 10.3546 11.9081 4.5106 7.7322 7.7990 7.7990 7.8004 

C3c 9.1352 8.2343 6.8914 5.0019 7.6621 7.7545 7.7599 7.7579 

H 2.4456 1.4927 2.0576 1.0257 1.6972 1.6533 1.6547 1.6533 

NO 5.7577 6.4642 5.8198 4.8365 4.6469 4.7016 4.7171 4.7049 

N 6.9555 5.5249 6.3731 2.9754 5.2880 5.3217 5.3197  5.3217 

O2d 5.2833 5.2833 4.7974 2.4841 4.0699 4.0794 4.0740 4.0794 

O3e 5.2016 4.5349 4.2825 2.8890 3.7244 3.7548 3.7575 3.7561 

F 2.6487 2.1237 1.8571 1.9563 2.3127 2.3005 2.2985 2.2998 

Cl 11.8177 12.4075 11.7414 11.3601 11.5208 11.5376 11.5329 11.5356 

S4f 15.1662 14.5805 13.7126 10.9094 12.9811 12.9690 12.9797 12.9669 

Sg 16.8438 17.4161 15.2472 12.5357 15.0339 15.0522 15.0589 15.0488 

Screening 

factor 

1.7350 0.4130 1.1517 N/A 1.0000 0.1296 0.9959 N/A 

          When fitting for the purpose of force fields, transferable atomic polarizabilities 

were generated by fitting small molecules of different categories together as indicated in 

Eq. (2.22). The atomic polarizabilities and screening factors obtained for eight induced 

dipole models are listed in Table 2, in which the classification of atom types is the same 

as that used by Wang et al.[58]. For the convenience of comparison, we divide the eight 
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induced dipole models into two classes based on whether 1-2 and 1-3 interactions are 

included. In many polarizable force fields, “the short range 1-2 and 1-3 interactions are 

excluded to reduce the potential of polarization catastrophe.”[58]. Class 1 contains four 

models (NTL, NTE, NRE, and NAP) including 1-2 and 1-3 interactions. Class 2 contains 

the other four models (FTL, FTE, FRE, and FAP) excluding 1-2 and 1-3 interactions. The 

scatter plots of molecular polarizabilities obtained from QM versus ESP fitting for the 

training set of eight models are shown in Figure 3. Statistical results of the training set 

are shown in Table 3, and those for the testing set are shown in Table 4. 

Table 3: Statistical results of training set for eight models. 𝑽𝑹𝑹𝑴𝑺𝑫: relative root 

mean square deviation. 𝜶𝑨𝑷𝑬: average percentage error of molecular polarizabilities. 

 Class 1 Class 2 

Model NTL NTE  NRE NAP FTL FTE FRE FAP 

𝑉𝑅𝑅𝑀𝑆𝐷 0.2531 0.2334 0.2208 0.2397 0.3657 0.3655 0.3657 0.3656 

𝛼𝐴𝑃𝐸(%) 7.75 5.43 6.78 12.59 8.08 7.94 8.65 7.93 

 

Table 4: Statistical results of testing set for eight models. 𝑽𝑹𝑹𝑴𝑺𝑫: relative root 

mean square deviation. 𝜶𝑨𝑷𝑬: average percentage error of molecular polarizabilities. 

 Class 1 Class 2 

Model NTL NTE  NRE NAP FTL FTE FRE FAP 

𝑉𝑅𝑅𝑀𝑆𝐷 0.1960 0.1813 0.1678 0.1822 0.3859 0.3841 0.3645 0.3856 

𝛼𝐴𝑃𝐸(%) 4.61 2.93 4.17 8.93 9.87 9.69 8.79 9.74 
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Since many molecules in our molecule set are simple molecules, which only contain 1-2 

and 1-3 interactions, fitting these molecules with models in Class 2 can cause large error, 

leading to relatively overall large errors, which is reflected in Table 3 and Table 4. 

However, this phenomenon only means that models in Class 2 are not suitable for 

simple molecules. Actually, Wang et al.32 reported that models in Class 2 show lower 

𝛼𝐴𝑃𝐸  when fitted with another molecule set in which molecules are more complex. For 

this reason, in the following discussion, we will not compare models between Class 1 

and Class 2. For Class 1, as we can see from the results of both the training set (Table 3) 

and testing set (Table 4), the three models with screening functions (NTL, NTE, and 

NRE) have similar 𝛼𝐴𝑃𝐸 , which is smaller than that of NAP. This means that short 

distance induction without screening can indeed cause large errors. For Class 2, all four 

models show similar 𝛼𝐴𝑃𝐸 , which means these four models have similar accuracy in 

predicting molecular polarizabilities. It was reported by van Duijnen and Swart [59] that 

when fitting to ab initio molecular polarizabilities with NTL and NTE models using the 

same training set, 𝛼𝐴𝑃𝐸  is about 6%, which is of the same order as our results. 𝑉𝑅𝑅𝑀𝑆𝐷 is 

the quantity to assess the quality of ESP fitting. As it is shown in Table 3 and Table 4, 

RRMSD for all eight models is small and about the same order, which means ESP 

fittings for eight models are all satisfactory. The errors then could be taken as the 

intrinsic limitation of polarizable dipole models. It may be more meaningful to 

separately consider the 𝛼𝐴𝑃𝐸  for each category of molecules. As it is shown in Table 5 
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and Table 6, 𝛼𝐴𝑃𝐸  for different categories varies much. Categories of simple molecules 

(e.g., diatomics and sulfurs) have much larger 𝛼𝐴𝑃𝐸  than other categories. This is because 

simple molecules, even fitted with models in Class 1, have fewer degrees of freedom to 

fit the ESP. 

 

Figure 3: Scatter plots of QM versus calculated molecular polarizabilities for 

the training set of all eight models. (a) NTL model. (b) NTE model. (c) NRE model. (d) 

NAP model. (e) FTL model. (f) FTE model. (g) FRE model. (h) FAP model. 
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Table 5: Molecular polarizabilities and 𝑽𝑹𝑹𝑴𝑺𝑫 (relative root mean square 

deviation) for models in Class 1. 𝜶𝑴𝒐𝒍 denotes the molecular polarizabilities in atomic 

unit. Molecules in italics are not in the training set. 

Molecules QM NTL NTE NRE NAP 

 𝛼𝑀𝑜𝑙 𝛼𝑀𝑜𝑙 𝑉𝑅𝑅𝑀𝑆𝐷 𝛼𝑀𝑜𝑙 𝑉𝑅𝑅𝑀𝑆𝐷 𝛼𝑀𝑜𝑙 𝑉𝑅𝑅𝑀𝑆𝐷 𝛼𝑀𝑜𝑙 𝑉𝑅𝑅𝑀𝑆𝐷 

Alcohols 

2-propanol 42.08 40.50 0.1085 40.03 0.1192 40.32 0.0977 38.37 0.1070 

Ethanol 29.78 30.02 0.1574 29.59 0.1651 29.92 0.1514 28.70 0.1636 

Methanol 17.96 19.05 0.2189 18.57 0.2051 18.80 0.1905 18.08 0.1937 

Cyclohexanol 72.47 19.05 0.0897 68.28 0.1022 18.80 0.0812 63.13 0.0957 

Dev,%  3.91  3.67  3.73  3.73  

Alkanes 

Cyclohexane 67.66 63.98 0.0924 63.79 0.1113 63.84 0.0824 59.52 0.0834 

Cyclopentane 56.12 53.51 0.0944 53.42 0.1179 53.17 0.0788 49.98 0.0747 

Cyclopropane 33.58 31.73 0.0959 33.40 0.1551 33.15 0.1123 38.43 0.3192 

Ethane 25.06 25.33 0.1639 25.28 0.1900 25.43 0.1523 25.48 0.1791 

Hexane 72.51 70.82 0.1230 70.56 0.1386 71.48 0.1319 68.10 0.1187 

Methane 13.39 14.44 0.1230 14.34 0.2669 14.31 0.2146 15.31 0.3019 

Propane 37.00 36.22 0.1323 36.09 0.1518 36.37 0.1260 35.49 0.1275 

Dodecane 144.57 143.36  142.77  145.27  135.90  

Neopentane 61.51 57.37 0.0824 56.74 0.0914 56.77 0.0626 53.67 0.0723 

Dev,%  4.06  3.69  3.54  9.15  

Alkenes 

Benzene 66.08 67.89 0.2159 67.86 0.2110 67.68 0.2012 54.98 0.1973 

Chlorobenzen

e 

78.79 78.79 0.2042 79.82 0.1929 80.76 0.1888 67.90 0.1799 

Ethylene 24.50 26.62 0.3679 27.36 0.3518 26.80 0.3368 29.27 0.6549 



 

36 

Nitrobenzene 84.57 82.76 0.1915 82.87 0.1709 84.12 0.1677 71.77 0.1719 

Acetylene 19.19 18.12 0.3288 19.07 0.2334 18.05 0.2106 14.82 0.2832 

m-

dichlorobenz

ene 

92.34 91.17 0.1917 92.00 0.1763 94.23 0.1754 81.09 0.1726 

o-

dichlorobenz

ene 

91.09 90.22 0.1901 91.45 0.1732 93.04 0.1771 80.11 0.1739 

Dev,%  3.16  2.72  3.57  16.03  

Carbonyls 

N-

methylforma

mide 

36.60 36.59 0.2090 36.75 0.1828 38.24 0.2146 33.17 0.1384 

Acetaldehyde 27.79 28.53 0.2484 28.95 0.2412 29.47 0.2677 26.38 0.1698 

Acetamide 36.17 35.81 0.1872 36.01 0.1884 37.43 0.2292 32.11 0.1655 

Acetone 39.25 39.27 0.1865 39.91 0.2012 40.85 0.2344 36.67 0.1097 

Formaldehyd

e 

15.22 17.90 0.4763 17.80 0.3957 18.11 0.4387 14.67 0.2235 

Formamide 24.99 25.04 0.2554 25.00 0.2152 26.00 0.2570 21.66 0.2126 

N,N-

dimethylform

amide 

48.22 47.61 0.1776 47.40 0.1512 49.16 0.1734 42.63 0.1141 

N-

methylacetam

ide 

47.68 47.65 0.1673 47.74 0.1636 49.93 0.2137 43.04 0.1253 

Carbonyl 

chloride 

39.06 36.91 0.2245 39.12 0.2341 39.60 0.2092 38.34 0.2456 
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Dev,%  3.15  2.85  5.46  8.04  

Cyanides 

Ethyl cyanide 38.34 36.71 0.1959 37.95 0.1941 37.50 0.1650 35.64 0.1712 

Methyl 

cyanide 

26.42 25.60 0.2476 26.83 0.2389 26.19 0.1958 25.59 0.2380 

Methyl 

dicyanide 

39.73 37.24 0.2374 40.04 0.2469 38.77 0.2023 36.36 0.2364 

Tert-buty 

cyanide 

62.5 58.26 0.1219 59.06 0.1206 58.49 0.0921 54.26 0.1036 

 

Chloromethyl 

cyanide 

38.06 36.33 0.2132 37.63 0.2148 37.08 0.1760 35.82 0.2112 

Isopropyl 

cyanide 

50.46 47.63 0.1507 48.72 0.1508 48.29 0.1231 45.26 0.1259 

Trichlorometh

yl cyanide 

64.33 57.05 0.1550 58.81 0.1588 58.49 0.1341 56.92 0.1677 

Dev,%  5.98  3.14  3.98  8.51  

Diatomics 

Carbon 

monoxide 

11.93 11.92 0.3017 11.30 0.2285 10.86 0.1872 6.68 0.4007 

Chlorine 21.81 25.35 0.3826 24.61 0.4852 24.47 0.3786 25.14 0.3574 

Hydrogen 2.13 3.81 1.0352 2.85 0.7439 3.36 0.8808 3.65 0.5667 

Hydrogen 

chloride 

10.61 13.52 0.4729 14.02 0.5244 14.07 0.5204 14.29 0.5680 

Nitrogen 10.50 11.06 0.4110 10.48 0.2887 10.58 0.3239 8.71 0.3509 

Nitric oxide 10.37 9.32 0.2783 10.44 0.356 9.60 0.2553 10.83 0.5651 

Oxygen 8.84 9.24 0.3218 8.56 0.2649 9.19 0.2427 5.56 0.3769 

Dev,%  20.37  12.58  17.67  31.99  
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Halogens 

Chlorometha

ne 

23.12 24.92 0.2283 24.86 0.2623 24.84 0.2132 25.06 0.2536 

Fluoromethan

e 

14.34 15.71 0.2827 14.91 0.2562 14.64 0.2064 14.90 0.2476 

Tetrachlorom

ethane 

61.2 55.69 0.1206 56.49 0.1430 56.87 0.1146 57.14 0.1076 

Tetrafluorom

ethane 

17.66 18.34 0.2398 16.66 0.1885 15.83 0.1458 15.63 0.1112 

Trichloromet

hane 

48.33 45.56 0.1406 46.07 0.1825 46.37 0.1407 46.58 0.1407 

Trifluoromet

hane 

16.81 17.55 0.2431 16.07 0.2088 15.41 0.1666 15.2 0.1610 

Dichlorometh

ane 

35.25 35.31 0.187 35.49 0.2375 35.64 0.188 35.72 0.2015 

Difluorometh

ane 

15.52 16.71 0.2723 15.49 0.2388 15.02 0.1918 14.94 0.2156 

Trichlorofluor

omethane 

49.68 46.30 0.1281 46.70 0.1573 46.65 0.1298 47.03 0.1234 

Dev,%  6.11  4.53  5.53  6.00  

Sulfurs 

Carbon 

disulfide 

47.47 39.23 0.4059 45.23 0.3242 40.97 0.293 44.89 0.2038 

Sulfur 

dioxide 

23.7 22.18 0.1954 23.15 0.1678 23.03 0.122 21.78 0.1464 

Sulfur 

hexafluoride 

29.74 37.95 0.3745 31.19 0.1728 32.20 0.1923 32.45 0.1832 
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Dev,%  17.13  3.97  8.26  7.55  

Various 

Ammonia 10.71 10.93 0.2755 9.85 0.22 11.08 0.3048 8.51 0.286 

Carbon 

dioxide 

15.01 15.52 0.3683 16.48 0.2562 15.44 0.2271 13.45 0.2214 

Dimethyl 

ether 

29.93 30.27 0.1770 29.78 0.1651 30.22 0.1599 28.91 0.1279 

Ethylene 

oxide 

25.79 25.61 0.1390 26.66 0.1909 26.42 0.1519 29.50 0.4394 

p-dioxane 53.81 51.82 0.1186 51.48 0.1218 51.58 0.1046 47.85 0.1087 

Water 6.91 7.98 0.3359 7.35 0.2410 7.56 0.2974 7.34 0.4603 

Nitrous oxide 17.4 15.58 0.3818 15.88 0.2363 15.94 0.2714 17.92 0.4057 

Dev,%  5.28  5.88  4.52  9.86  
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Table 6 Molecular polarizabilities and 𝑽𝑹𝑹𝑴𝑺𝑫 (relative root mean square 

deviation) for models in Class 2. 𝜶𝑴𝒐𝒍 denotes the molecular polarizabilities in atomic 

unit. Molecules in italics are not in the training set. 

Molecules QM FTL FTE FRE FAP 

 𝛼𝑀𝑜𝑙 𝛼𝑀𝑜𝑙 𝑉𝑅𝑅𝑀𝑆𝐷 𝛼𝑀𝑜𝑙 𝑉𝑅𝑅𝑀𝑆𝐷 𝛼𝑀𝑜𝑙 𝑉𝑅𝑅𝑀𝑆𝐷 𝛼𝑀𝑜𝑙 𝑉𝑅𝑅𝑀𝑆𝐷 

Alcohols 

2-propanol 42.08 40.49 0.1952 40.44 0.1957 40.46 0.1961 40.45 0.1958 

Ethanol 29.78 29.28 0.2453 29.23 0.2451 29.25 0.2456 29.24 0.2453 

Methanol 17.96 18.18 0.3120 18.13 0.3103 18.14 0.3108 18.13 0.3104 

Cyclohexanol 72.47 82.19 0.569 81.19 0.5305 72.8 0.2355 81.8 0.5529 

Dev,%  5.02  4.68  1.77  4.88  

Alkanes 

Cyclohexane 67.66 67.17 0.1821 67.19 0.184 67.24 0.1846 67.21 0.1842 

Cyclopentane 56.12 55.59 0.2169 55.6 0.2197 55.64 0.2203 55.61 0.2200 

Cyclopropane 33.58 33.19 0.2814 33.2 0.2834 33.22 0.2839 33.21 0.2836 

Ethane 25.06 25.53 0.3016 25.45 0.3010 25.47 0.3016 25.45 0.3012 

Hexane 72.51 70.73 0.2078 70.64 0.2094 70.69 0.2099 70.66 0.2096 

Methane 13.39 14.45 0.4060 14.37 0.4016 14.38 0.4023 14.37 0.4018 

Propane 37.00 36.7 0.2394 36.62 0.2395 36.64 0.2401 36.63 0.2397 

Dodecane 144.57 140.34  140.23  140.33  140.27  

Neopentane 61.51 59.23 0.1759 59.15 0.1767 59.19 0.1771 59.16 0.1768 

Dev,%  2.50  2.45  2.42  2.43  

Alkenes 

Benzene 66.08 57.07 0.3439 57.21 0.3447 57.22 0.3447 57.22 0.3447 

Chlorobenzen

e 

78.79 67.04 0.3730 67.24 0.3739 67.24 0.3739 67.25 0.3739 

Ethylene 24.50 22.26 0.4298 22.22 0.4299 22.22 0.4300 22.22 0.4300 
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Nitrobenzene 84.57 68.53 0.3823 68.79 0.3825 68.8 0.3825 68.8 0.3825 

Acetylene 19.19 15.97 0.5453 15.87 0.5432 15.88 0.5432 15.87 0.5432 

m-

dichlorobenz

ene 

92.34 77.04 0.3956 77.31 0.3968 77.3 0.3968 77.31 0.3968 

o-

dichlorobenz

ene 

91.09 77.07 0.3896 77.34 0.3905 77.33 0.3905 77.34 

 

0.3905 

Dev,%  15.06  14.96  14.95  14.95  

Carbonyls 

N-

methylforma

mide 

36.60 33.37 0.3574 33.35 0.3579 33.35 0.3580 33.35 0.3580 

Acetaldehyde 27.79 26.27 0.3310 26.27 0.3317 26.27 0.3318 26.27 0.3318 

Acetamide 36.17 33.34 0.2965 33.32 0.2972 33.32 0.2973 33.32 0.2973 

Acetone 39.25 37.44 0.2744 37.43 0.2755 37.44 0.2757 37.44 0.2757 

Formaldehyd

e 

15.22 15.20 0.4736 15.19 0.4730 15.18 0.4729 15.19 0.4731 

Formamide 24.99 22.20 0.3774 22.17 0.3775 22.17 0.3774 22.18 0.3775 

N,N-

dimethylform

amide 

48.22 44.64 0.3091 44.62 0.3102 44.63 0.3103 44.63 0.3102 

N-

methylacetam

ide 

47.68 44.61 0.2878 

 

44.59 0.2886 44.60 0.2888 44.60 0.2887 

Carbonyl 

chloride 

39.06 34.84 0.4338 34.95 0.4356 34.94 0.4354 34.95 0.4356 
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Dev,%  6.97  6.98  6.98  6.97  

Cyanides 

Ethyl cyanide 38.34 35.47 0.3714 35.46 0.3718 35.47 0.3721 35.47 0.3719 

Methyl 

cyanide 

26.42 24.34 0.4703 24.33 0.4702 34.34 0.4705 24.33 0.4703 

Methyl 

dicyanide 

39.73 34.25 0.4645 34.32 0.4656 34.32 0.4657 34.32 0.4657 

Tert-buty 

cyanide 

62.5 57.94 0.2529 57.94 0.2539 57.97 0.2543 57.95 0.2541 

Chloromethyl 

cyanide 

38.06 34.18 0.4255 34.23 0.4264 34.23 0.4265 34.23 0.4265 

Isopropyl 

cyanide 

50.46 46.68 0.2979 46.67 0.2987 46.69 0.2990 46.68 0.2988 

Trichlorometh

yl cyanide 

64.33 53.87 0.3238 84.05 0.3248 54.04 0.3248 54.05 0.3249 

Dev,%  10.06  9.98  9.96  9.98  

Diatomics 

Carbon 

monoxide 

11.93 10.36 0.2708 10.36 0.2710 10.36 0.2708 10.36 0.2710 

Chlorine 21.81 23.04 0.5912 23.08 0.5923 23.07 0.592 23.07 0.5922 

Hydrogen 2.13 3.39 1.0817 3.31 1.064 3.31 1.0645 3.31 1.0639 

Hydrogen 

chloride 

10.61 13.22 0.5624 13.19 0.5585 13.19 0.5582 13.19 0.5583 

Nitrogen 10.50 10.58 0.49 10.64 0.4956 10.64 0.4953 10.64 0.4956 

Nitric oxide 10.37 8.72 0.4003 8.78 0.4037 8.79 0.4045 8.78 0.4039 

Oxygen 8.84 8.14 0.4697 8.16 0.4700 8.15 0.4698 8.16 0.4700 

Dev,%  18.16  18.16  17.58  17.57  
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Halogens 

Chlorometha

ne 

23.12 24.28 0.3954 24.25 0.3947 24.26 0.3950 24.25 0.3948 

Fluoromethan

e 

14.34 15.07 0.3865 15.02 0.3841 15.02 0.3846 15.02 0.3843 

Tetrachlorom

ethane 

61.2 53.75 0.2703 53.90 0.2716 53.89 0.2715 53.90 0.2716 

Tetrafluorom

ethane 

17.66 16.91 0.3005 16.96 0.3038 16.95 0.3037 16.96 0.3039 

Trichloromet

hane 

48.33 43.92 0.3263 44.02 0.3279 44.01 0.3278 44.02 0.3279 

Trifluoromet

hane 

16.81 16.3 0.3201 16.31 0.3215 16.31 0.3216 16.31 0.3216 

Dichlorometh

ane 

35.25 34.1 0.3826 34.14 0.3836 34.13 0.3837 34.14 0.3837 

Difluorometh

ane 

15.52 15.68 0.3577 15.66 0.3574 15.67 0.3577 15.66 0.3575 

Trichlorofluor

omethane 

49.68 44.54 0.2823 44.67 0.2841 44.66 0.2841 44.67 0.2841 

Dev,%  5.93  5.73  5.76  5.73  

Sulfurs 

Carbon 

disulfide 

47.47 36.35 0.6314 36.39 0.6315 36.40 0.6315 36.38 0.6315 

Sulfur 

dioxide 

23.70 21.12 0.3965 21.13 0.3965 21.13 0.3965 21.13 0.3965 

Sulfur 

hexafluoride 

29.74 28.91 0.1825 28.86 0.1816 28.85 0.1815 28.85 0.1814 
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Dev,%  12.37  12.38  12.39  12.40  

Various 

Ammonia 10.71 10.38 0.3042 10.28 0.2973 10.28 0.2974 10.28 0.2973 

Carbon 

dioxide 

15.01 14.43 0.5783 14.44 0.5786 14.43 0.5783 14.44 0.5787 

Dimethyl 

ether 

29.93 29.38 0.2601 28.33 0.2595 29.35 0.2599 29.33 0.2596 

Ethylene 

oxide 

25.79 25.84 0.3183 25.88 0.3198 25.90 0.3203 25.89 0.3200 

p-dioxane 53.81 52.28 0.1832 52.36 0.1846 52.39 0.1851 52.37 0.1848 

Water 6.91 7.12 0.3171 7.06 0.3094 7.07 0.3098 7.06 0.3094 

Nitrous oxide 17.4 14.65 0.6124 14.72 0.6141 14.71 0.6139 14.72 0.6141 

Dev,%  4.38  4.35  4.38  4.35  
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2.3.2 Molecule-specific atomic polarizabilities 

For the molecule-specific fitting, atomic polarizabilities and screening factors are 

optimized for individual molecules. There are nine categories of molecules in the 

molecule set. In order to compare the results of molecule-specific fitting with force field 

fitting, we chose nine molecules out, one from each category. Take the NTE model as an 

example. The fitting results are shown in Table 7. The nine molecules we used for 

comparison are originally in the training set of force field fitting. As it 1is shown in Table 

7, molecule-specific fitting can further improve the accuracy of ESP fitting (i.e., smaller 

𝑉𝑅𝑅𝑀𝑆𝐷). The relative percentage error of the eight molecules in Table 7 (except 

hydrogen) ranges from 0.7% to 4.8%. This shows comparable accuracy with that 

obtained in Celebi’s work60 for distributed polarizabilities, which are also calculated in 

the molecule-specific way. The large relative percentage error of hydrogen is mainly due 

to its simple structure. Furthermore, molecular polarizabilities obtained from the 

molecule-specific fitting are better approximations to the QM results. Molecule-specific 

fitting is particularly useful when the polarization effects of specific molecules need to 

be accurately evaluated. In the electrostatic potential fitting of atomic charge, due to 

insufficient number of grids on the ESP surface, atoms buried in molecules are usually 

not well fitted [86]. As our polarizable force field was developed as parallel to the 

electrostatic potential fitting of atomic charges, it should share this problem. However, 

the uncertainty of buried charges can be regularized. It was reported that to get around 
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the “buried” atom problem, “the most robust technique consisted of constraining the 

fitting procedure to reproduce a target charge on non-hydrogen atoms.”[86-88]. The 

molecule set we used for training and testing in our paper consisted of small molecules, 

the “buried” atom problem does not affect our results. For large molecules, similar 

regularization procedure can be adopted to deal with the “buried” atom problem. In this 

work, atomic polarizabilities were calculated by ESP fitting after applying uniform 

external electric fields. In the ideal situation, atomic polarizabilities calculated should 

not depend on the magnitudes and orientations of the uniform external electric fields. 

We took two steps to remove the dependence on the orientation of applied electric 

fields. First, we used the weight function developed by Hu et al. [82]. It has been shown 

that the object function defined in their way shows little molecule orientation 

dependence. Second, the orientation of the applied electric fields was integrated in the 3-

dimensional physical space. In order to be independent of the magnitude of the applied 

electric fields (𝛿𝐸), we fit the ESP within the linear response level. Thus, as indicated by 

Eq. (2.22), 𝛿𝐸 does not affect the optimization of the object function. Actually, there is a 

deeper reason that the linear response function can be combined with the induced 

dipole models in the ESP fitting process. The induced dipole model itself is essentially a 

linear response model (𝜇𝑖 = 𝛼𝑖𝐸𝑖), which is consistent with the linear response function. 

But we need to be aware of the limitation with the ESP fitting method. The fitting quality 

depends on the choice of the basis sets in the quantum mechanical linear response 
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function calculations, the choice of grid points, and the definition of the object function 𝐿 

itself. 

Table 7: Comparison between molecule-specific fitting and force field fitting 

for NTE model. The nine molecules are chosen from nine different categories in the 

molecule set and are from the training set of the force field fitting. 𝜶𝑴𝒐𝒍 denotes the 

molecular polarizabilities in atomic unit. 𝑽𝑹𝑹𝑴𝑺𝑫: relative root mean square deviation. 

  QM Molecule-specific 

fitting 

Force field fitting 

  𝛼𝑀𝑜𝑙 𝛼𝑀𝑜𝑙 𝑉𝑅𝑅𝑀𝑆𝐷 𝛼𝑀𝑜𝑙 𝑉𝑅𝑅𝑀𝑆𝐷 

Ethanol 𝐶2𝐻5𝑂𝐻 29.78 29.99 0.1373 29.59 0.1651 

Ethane 𝐶2𝐻6 25.06 24.83 0.1368 25.28 0.1900 

Ethylene 𝐶2𝐻4 24.50 24.26 0.3064 27.36 0.3518 

Acetaldehyde 𝐻𝐶𝑂𝐶𝐻3 27.79  27.59 0.1620 28.95 0.2412 

Ethyl cyanide 𝐶2𝐻5𝐶𝑁 38.34 37.72 0.1673 37.95 0.1941 

Hydrogen 𝐻2 2.13 2.94 0.4206 2.85 0.7439 

Chloromethane 𝐶𝐻3𝐶𝑙 23.12 22.46 0.2059 24.86 0.2623 

Sulfur dioxide 𝑆𝑂2 23.70 23.38 0.1617 23.15 0.1678 

Water 𝐻2𝑂 6.91 7.24 0.2185 7.35 0.2410 

2.4 Conclusion 

In summary, we developed a new method of calculating the atomic 

polarizabilities by ESP fitting with the linear response theory. The method was used for 

developing atomic polarizabilities for both force fields and specific molecules using 
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eight induced dipole models. Fitting for force fields can generate transferable atomic 

polarizabilities, which can be used for the construction of new force fields, while fitting 

for specific molecules can generate nontransferable atomic polarizabilities specifically 

optimized for individual molecules. With the introduction of the linear response 

function, atomic polarizabilities can be calculated accurately and efficiently, in parallel to 

obtaining atomic charges based on fitting electrostatic potentials.  

The present method for calculating atomic polarizabilities parallels the method 

for fitting atomic charges using ESP, which is widely used in force field development. 

Atomic polarizabilities obtained here can be directly combined with any existing ESP 

charges without the need to recalculate the ESP charges. We expect our development 

will provide a very useful tool for developing polarizable force fields. 
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3. Force field for water based on neural network 

This chapter is mainly adapted from the following journal article, 

  Hao Wang, and Weitao Yang, Force Field for Water Based on Neural Network, J. Phys. 

Chem. Lett., just accepted. 

3.1 Introduction 

Water is one of the most important solvents for many chemical and biological 

processes. Though water molecules have simple geometric structures, they show various 

interesting and peculiar phenomena, such as the density maximum at 4°𝐶. In the past 

few decades, much effort from the MD simulation community has been devoted to 

simulating water accurately and efficiently. The earliest water models are SPC[16] and 

TIP3P [15]. Both SPC and TIP3P adopt three-site structures and fixed atomic charges. 

Though simple, these two models achieve great success in recovering many bulk 

properties of water [17], and they are still widely used nowadays. However, they fail to 

predict inter-molecular interactions well. Going beyond these two models, various 

classical water models have been developed, including TIP4P [18], TIP4P-FQ [89], 

AMOEBA [21, 22], COS/D2 [90, 91] and SWM4-NDP [20]. These models add either more 

interaction sites or explicit polarization effects to further improve the accuracy, and 

show a significant improvement over SPC and TIP3P not only for bulk properties but for 

molecular interactions. However, conventional MM force fields fail to give the 

predictive quantitative accuracy needed for some of the questions of interest [92, 93]. To 
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a large extent, the inaccuracy is due to the limited form of the Hamiltonian in classical 

MM force fields.  

AIMD [94, 95] simulations can give highly accurate results but at high 

computational costs. Thus, AIMD is limited to relatively small systems and the majority 

of AIMD simulations of water in the literature is at the level of DFAs [96-103], which 

currently have certain limitations [104]. Various approximations have been developed to 

alleviate the highly demanding QM computational costs without losing much accuracy. 

Fragment-based methods have been designed for large systems, such as the divide-and-

conquer approach [105], the molecular fractionation with conjugate caps [106], the 

systematic molecular fragmentation [107-109], and generalized energy-based 

fragmentation approach [110, 111]. Another frequently used approximation is to expand 

the system energy as a sum of many-body expansions and truncate it after the first 

several terms [112-114]. The simplest expansion is to use only two-body interactions. 

The scheme of many-body expansion can systematically improve the accuracy by 

including more and more terms. However, the computational costs increase quickly as 

more terms are accounted in. In order to improve the accuracy and convergence of 

many-body expansions, electrostatic embedding from background atoms can be added 

into the Hamiltonian. Electrostatic interactions with background molecular charges may 

be added in different forms, such as pair interaction molecular orbital method [115] and 

the fragment molecular orbital method of Kitaura and co-workers [116-119]. However, 
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all these require direct QM calculations and none of these schemes are in the force field 

form.  

The conventional force field has its limited forms and associated limitation in 

accuracy. It is possible to go beyond the conventional force field with neural network 

(NN), because of its flexibility and low computational costs. It has been shown that NNs 

are able to approximate unknown functions to, in principle, any desired accuracy [120-

123]. NNs have many applications in chemistry, such as the analysis of spectra [124], 

quantitative structure-activity relationship studies [125] and free energy corrections of 

chemical reactions [126]. The development of NN-based potential energy surface has 

seen tremendous progress in the past few years. In early applications, NN-based 

potentials are restricted to low dimensional systems due to its rapidly increasing 

complexity with system size. Recently, high-dimensional NN-based potentials was 

developed by Behler and Parrinello [30]. They expressed the molecular energy as the 

sum of atomic energies, and each atomic energy is represented by a set of NN. It turns 

out this strategy simplifies the NN structure of molecular systems studied and can 

achieve very high accuracy [30, 120, 127]. However, their procedure of building NN-

based potentials for water can be expensive, since it requires QM calculations of large 

water clusters [127]. Parkhill and co-workers recently combined NNs with many-body 

expansion to predict energy of methanol clusters at the level of second-order Møller-

Plesset perturbation theory (MP2) [128]. But again, this was not developed for the force 
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field purpose. Paesani and co-workers built a high-precision water force field based on 

many-body expansion using carefully designed polynomial fitting without electrostatic 

embedding [129-131]. They truncated the expansion at three-body interactions. Some 

studies have shown that electrostatic embedding can accelerate the convergence of 

fragment-based method, especially for polarizable systems, such as water[108, 111, 112, 

132, 133]. Electrostatically embedded two-body expansion includes many-body effects 

beyond two-body interactions due to the electrostatic embedding. It has been 

demonstrated that electrostatically embedded two-body expansion show similar 

accuracy with three-body expansion in gas phase for water clusters [112, 134]. Since 

Paesani and co-workers successfully developed the high-precision water force field by 

truncating at three-body interaction at gas phase, we are particularly interested in 

modeling electrostatically embedded energy of water monomer and dimer with high 

level ab initio method as reference to predict bulk properties of water. The idea of 

modeling electrostatically embedded two-body expansion is appealing since it reduces 

the computational costs compared with three-body expansion. 

3.2 Methods 

In present work, our aim is to develop a general NN force field for water with 

high level QM accuracy and low computational costs. Inspired by QM/MM) approaches 

[135-138], our NN force field uses the many-body expansion up to binary interactions 

and NN representation of atomic energies, employing electrostatic embedding scheme. 
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For each electrostatically embedded one-body or two-body term, only water molecules 

in the QM regions use NN representation and water molecules in the MM regions only 

serve as background charges to provide the electrostatic embedding. To properly 

represent the atomic environment, many different descriptors have been developed 

including Coulomb matrix [32, 139, 140], symmetry functions [30, 120], bispectrum [31, 

141], permutation invariant polynomial [142, 143], metric fingerprint [144-146] and 

Fourier series of atomic radial distribution functions [147]. In this work, the atomic 

environment features we used is power spectrum, which is a subset of bispectrum 

developed by Csanyi and co-workers [31, 141]. Though power spectrum is not a one-to-

one mapping between geometric configurations of molecules and output value, we 

found it sufficient to represent atomic environment for our purpose. Molecular 

dynamics simulations were performed with our in house program QM4D [148]. 

We use the following form of potential energy of the whole system: 

 

𝐸 = ∑𝐸1[𝑖; 𝑄𝑖]

𝑁

𝑖=1

+ ∑ (𝐸2[𝑖, 𝑗; 𝑄𝑖 ∪ 𝑄𝑗] − 𝐸1[𝑖; 𝑗 ∪ 𝑄𝑖 ∪ 𝑄𝑗] − 𝐸1[𝑗; 𝑖 ∪ 𝑄𝑖 ∪ 𝑄𝑗])

𝑅𝑖𝑗<𝑅𝑄𝑀

𝑖>𝑗

−

∑
𝑞𝑖𝑞𝑗

𝑅𝑖𝑗

𝑅𝑄𝑀<𝑅𝑖𝑗<𝑅𝑆𝑅

𝑖>𝑗

+ ∑
𝑞𝑖𝑞𝑗

𝑅𝑖𝑗

𝑅𝑆𝑅<𝑅𝑖𝑗<𝑅𝐿𝑅

𝑖>𝑗

. (3.1)

 

 

Two-body interactions within 𝑅𝑄𝑀  are evaluated with NNs at QM level. 𝑅𝑆𝑅  is the 

short-range electrostatic interactions cutoff and 𝑅𝐿𝑅  is the long-range electrostatic 
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interactions cutoff. 𝑄𝑖  represents background charges within 𝑅𝑆𝑅  of QM atom 𝑖. 𝑞𝑖  in the 

last two terms is either TIP3P charges (for non-polarizable NN force field) or 

electrostatic potential (ESP) derived atomic charges (for polarizable NN force field). 𝐸1 

and 𝐸2  are electrostatically embedded one-body and two-body energies, respectively. 

This expansion scheme was used by Hirata and co-workers[149]. In their case, they ran 

AIMD for small water clusters at the level of MP2. In our work, instead of carrying out 

repeated ab initio electronic structure calculations for the small water clusters, we 

develop NNs to describe the electrostatically embedded one-body and two-body energy 

terms, using feed-forward NNs for atomic energies in the QM region. For both one-body 

and two-body terms, each chemical element shares one common set of NN (i.e. oxygen 

atoms use one set of NN and hydrogen atoms use another set of NN.). The atomic 

energy 𝑒𝑎  represented by two hidden layer NN is given as: 

 

𝑒𝑎 = ∑ 𝜔𝑘
23 tanh [∑𝜔𝑗𝑘

12 tanh(∑𝜔𝑖𝑗
01𝐺𝑖 + 𝑏𝑗

1

𝑁0

𝑖=1

) + 𝑏𝑘
2

𝑁1

𝑗=1

] + 𝑏0

𝑁2

𝑘=1

, (3.2) 

 

where 𝐺𝑖  is the input variable for node 𝑖, 𝜔𝑖𝑗
01

 (𝜔𝑗𝑘
12) is the weight parameter that connects 

node 𝑖 (𝑗) in the previous layer and node 𝑗 (𝑘) in the current layer, 𝜔𝑘
23

 is the weight 

parameter that connects node 𝑘 in the second hidden layer and output layer, 𝑏𝑗
1

 and 𝑏𝑗
2 

are bias weight parameters of two hidden layers, 𝑏0 is the bias weight parameter of 
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output layer, 𝑁0  is the number of nodes in input layer, 𝑁1  and 𝑁2  are the number of 

nodes in two hidden layers. Energy of electrostatically embedded one-body and two-

body terms is the sum of atomic energies in the QM region (Figure 4),  

 

 

Figure 4:    Schematic representation of neural network structure for 

electrostatically embedded water monomer and dimer. {𝑮𝒊} represents power 

spectrum of atom 𝒊 including both QM and MM environment. 𝑵𝑵𝒊 represents atomic 

neural network for atom 𝒊. 𝒆𝒊 represents atomic energy of atom 𝒊. 𝑬𝟏/𝟐 is the energy of 

electrostatically embedded water monomer or dimer. 

 

𝐸1/2 = ∑𝑒𝑎

𝑎

. (3.3) 

 

To construct power spectrum, we project the discrete charge density 𝜌(𝒓) =

∑ 𝛿(𝒓 − 𝒓𝑖)𝑞𝑖𝑖 , including both QM charges and MM charges, onto selected radial 

functions and spherical harmonic functions: 

𝜌(𝒓) = ∑∑ 𝑐𝑛𝑙𝑚𝑔𝑛(𝑟)𝑌𝑙𝑚(𝜃, 𝜙)
𝑙

𝑚=−𝑙
𝑙=0

. (3.4) 
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After obtaining the coefficients 𝑐𝑛𝑙𝑚, the corresponding power spectrum can then be 

calculated as 

𝑐𝑛𝑙
† 𝑐𝑛𝑙 = ∑∑ ∑ 𝑔𝑛(𝑟𝑖)𝑔𝑛(𝑟𝑗)𝑞𝑖𝑞𝑗𝑌𝑙𝑚

∗ (𝜃𝑖, 𝜙𝑖)𝑌𝑙𝑚(𝜃𝑗, 𝜙𝑗)

𝑙

𝑚=−𝑙𝑗𝑖

. (3.5) 

Due to large system size and high computational costs of ab initio methods, the 

majority of AIMD simulations of water in the literature is at the level of DFAs [96-103]. 

However, most DFAs suffer from delocalization and strong correlation error and lack 

accurate van der Waals interactions [150]. This leads to inaccurate simulations of water, 

in which van der Waals interactions are believed to play an important role. Though 

some van der Waals density functionals were adopted for AIMD simulations of water, 

they still cannot fully represent the van der Waals interactions in water [98, 103]. 

Therefore, we developed NNs for electrostatically embedded water monomer and dimer 

representing coupled cluster singles doubles (CCSD) results. The reference CCSD was 

calculated with the basis set aug-cc-pVDZ. Compared with using NNs to predict the 

whole system directly [127], NN combined with many-body expansions provide a 

possible way of simulating water with higher-level QM methods. This is because smaller 

size of water clusters is needed for training NN in the many-body scheme. 

The NN optimization object function, in weighted mean squared deviation (MSD), for 

one-body (𝐸1[𝑖; 𝑄𝑖]) and two-body terms (𝐸2[𝑖, 𝑗; 𝑄𝑖 ∪ 𝑄𝑗] − 𝐸1[𝑖; 𝑗 ∪ 𝑄𝑖] − 𝐸1[𝑗; 𝑖 ∪ 𝑄𝑗]) is 

defined as 
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𝐿 = ∑(|𝐸𝑟𝑒𝑓,𝑖 − 𝐸𝑖|
2
+

𝛼

3𝑁𝑞𝑚
|𝑭𝑟𝑒𝑓,𝑖 − 𝑭𝑖|

2
)

𝑖

+ 𝛽 ∑𝜔𝑖
2

𝑖

, (3.6) 

where 𝛼 is the relative weight of force with respect to energy and is set to be 0.1 in the 

current study. The last term is a regularization penalty added to prevent overfitting and  

{𝜔𝑖} are parameters of NN. 𝛽 is a small number and is set to be 1 × 10−6. 𝑁𝑞𝑚  is the 

number of atoms in the QM region. Only force components of atoms in the QM region 

are accounted in the object function. NNs are constructed in the following iterative 

way[151]. Firstly, several rough NN potentials were built based on snapshots taken from 

MD simulations. Then, one NN potential was used to run MD simulations and other NN 

potentials monitored configurations sampled in this process. When two sets of NN 

potentials deviate from each other by more than a predetermined value for some 

configuration, this configuration was then selected out and added into the training set. 

Iterate this process until one set of satisfying NN was generated. We used 1904 

configurations for training and 445 configurations for testing for water monomer, and 

1646 configurations for training and 948 configurations for testing for water dimer. The 

embedding cutoff is 12Å for both training and testing set. There are more than 200 

embedding MM water molecules for a typical configuration, which makes it very 

challenging to model for virial-related calculations. This will be discussed in more 

details later. The accuracy of our NNs is summarized in Table 8. The energy RMSE of 

monomer is 0.16𝑘𝑐𝑎𝑙/𝑚𝑜𝑙 for the training set and 0.22𝑘𝑐𝑎𝑙/𝑚𝑜𝑙 for the testing set, and 

the force RMSE of monomer is 0.77𝑘𝑐𝑎𝑙/𝑚𝑜𝑙/Å for the training set and  0.86𝑘𝑐𝑎𝑙/𝑚𝑜𝑙/Å  
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Table 8: Accuracy of neural networks for electrostatically embedded water 

monomer and dimer. Root mean squared deviation of energy and force for monomer 

(𝑬𝟏[𝒊; 𝑸𝒊]) and dimer (𝑬𝟐[𝒊, 𝒋; 𝑸𝒊 ∪ 𝑸𝒋] − 𝑬𝟏[𝒊; 𝒋 ∪ 𝑸𝒊 ∪ 𝑸𝒋] − 𝑬𝟏[𝒋; 𝒊 ∪ 𝑸𝒊 ∪ 𝑸𝒋]). 

NN Energy (𝑘𝑐𝑎𝑙/𝑚𝑜𝑙/𝐻2𝑂) Force (𝑘𝑐𝑎𝑙/𝑚𝑜𝑙/Å) 

 Training set Testing set Training set Testing set 

Monomer 0.16 0.22 0.77 0.86 

Dimer 0.06 0.05 0.66 0.54 

for the testing set. The energy RMSE of dimer is 0.06𝑘𝑐𝑎𝑙/𝑚𝑜𝑙/𝐻2𝑂 for the training set 

and 0.05𝑘𝑐𝑎𝑙/𝑚𝑜𝑙/𝐻2𝑂 for the testing set, and the force RMSE of dimer is 

0.66𝑘𝑐𝑎𝑙/𝑚𝑜𝑙/Å for the training set and 0.54𝑘𝑐𝑎𝑙/𝑚𝑜𝑙/Å. As we can see from Table 8, the 

error of testing sets is of comparable accuracy with the training sets.  

We developed two sets of NN force fields, one using non-polarizable TIP3P charges as 

the electrostatic embedding charges and the other using polarizable ESP charges as the 

electrostatic embedding charges. Accurate representation of electrostatic embedding is 

important for reliable energy prediction. As demonstrated in Truhlar's work [112], TIP3P 

background charges with electrostatically embedded two-body expansion show very 

low energy error for water clusters among different point-charge embedding scheme. 

Thus we used TIP3P embedding charges for our non-polarizable force fields. In the 

polarizable NN force field, a different set of NN was used to predict atomic ESP charges. 

Before the many-body expansion calculations, atomic ESP charges converge in a self-

consistent way. In order to satisfy neutral charge condition for each single water 
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molecule, only the hydrogen atomic charge was predicted by NN and the oxygen atomic 

charge was calculated by −𝑞(𝐻1) − 𝑞(𝐻2). The accuracy of NN charge prediction for 

hydrogen atom is 0.03 electron. Artrith et al. applied the idea of environment-dependent 

charges to the zinc oxide system [152]. But there are two major differences between their 

work and ours. First, in their method environment-dependent charges are predicted 

using a cutoff of 6Å, which only partially reflect the contribution of environment. This is 

fine since their total energy of the bulk system is the sum of atomic energy, and the 

energy remainder is absorbed into NN. However, in our case, our total energy is the 

sum of electrostatically embedded energy. To represent electrostatic interactions well, 

we have to take into account all the contribution from the MM embedding charges 

within 12Å. The chemical complexity in our case is higher. Second, direct application of 

symmetry functions to represent chemical environment of embedding charges within 

12Å (more than 200 water molecules for a typical configuration) is expensive. We come 

up with the idea of using embedding charge density to construct power spectrum to 

efficiently represent electrostatically embedded energy.  

3.3 Details of NN and simulations 

To obtain power spectrum as the atomic environment features, we used a set of 

functions as the radial basis: 

𝑔1(𝑟) =
1

𝑟
, (3.7𝑎) 

𝑔2(𝑟) = exp(−0.01 ∗ 𝑟2) , (3.7𝑏) 
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𝑔3(𝑟) = exp(−0.1 ∗ 𝑟2) , (3.7𝑐) 

𝑔4(𝑟) =
1

𝑟2
. (3.7𝑑) 

NN for one-body term: NN of oxygen and hydrogen atoms in the QM region 

have two hidden layers. Each hidden layer has 24 neurons. Twenty-four input nodes are 

used. We chose all the four radial functions (𝑔1(𝑟), 𝑔2(𝑟), 𝑔3(𝑟) and 𝑔4(𝑟)) and truncate 

spherical harmonic functions at 𝑙 = 3. The first 12 input nodes only represent power 

spectrum from MM charge density, and the last 12 nodes represent power spectrum 

from charge density of all the atoms except the current one. 

NN for two-body term: NN of oxygen and hydrogen atoms in the QM region 

have two hidden layers. Each hidden layer has 18 neurons. Eighteen input nodes are 

used. We chose three radial functions (𝑔1(𝑟), 𝑔2(𝑟) and 𝑔3(𝑟)) and truncate spherical 

harmonic functions at 𝑙 =  3. The first 9 input nodes represent power spectrum from 

charge density of QM atoms except the current one, and the last 9 nodes represent 

power spectrum from MM charge density.  

NN for ESP charge prediction: NN of hydrogen atom in the QM region has two 

hidden layers. Each hidden layer has 18 neurons. Eighteen input nodes are used. We 

chose three radial functions (𝑔1(𝑟), 𝑔2(𝑟) and 𝑔3(𝑟)) and truncate spherical harmonic 

functions at 𝑙 =  3. The first 9 input nodes represent power spectrum from charge 

density of MM atoms, and the last 9 nodes represent power spectrum from charge 

density of all the atoms except the current one. 
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In order to take full advantage of the activation function (e.g. 𝑡𝑎𝑛ℎ function in the 

current study), atomic environment features are rescaled by 

𝐺𝑖
𝑠𝑐𝑎𝑙𝑒𝑑 =

2(𝐺𝑖 − 𝐺𝑖,𝑚𝑖𝑛)

𝐺𝑖,𝑚𝑎𝑥 − 𝐺𝑖,𝑚𝑖𝑛
, (3.8) 

where 𝐺𝑖,𝑚𝑖𝑛  is the smallest value of feature function (power spectrum) 𝐺𝑖 and 𝐺𝑖, 𝑚𝑎𝑥 is the 

largest value. NN parameters and 𝐺𝑚𝑎𝑥/𝑚𝑖𝑛 for both non-polarizable and polarizable NN 

force fields are provided as separate appendix files (one-body energy: Omaxmin1.dat, 

Hmaxmin1.dat, weitb1.dat; two-body energy: Omaxmin2.dat, Hmaxmin2.dat, 

weitb2.dat; ESP charge prediction: Qmaxmin.dat, weitbq.dat) with short usage 

instructions in each file. 

RDF, self-diffusion coefficient, shear viscosity, dipole moment distribution, 

hydrogen bond analysis and dielectric constant simulations were run under constant 

NVT with 𝑅𝑄𝑀 =  7Å , 𝑅𝑆𝑅 =  9Å and no 𝑅𝐿𝑅. The size of the water box with periodic 

boundary conditions is 18.7 × 18.7 × 18.7Å3. Simulations used 220 water molecules. The 

integration time step was 1 𝑓𝑠. The temperature was maintained at 300K using the 

Berendsen temperature coupling algorithm with a relaxation time of 0.1 𝑝𝑠. The total 

simulation time is 1 𝑛𝑠. SHAKE algorithms [8] was used to constrain the geometry of 

water molecules in all simulations. For dipole moment distribution analysis, a 7 𝑝𝑠 

trajectory was extracted out for analysis. For hydrogen bond analysis, a 10 𝑝𝑠 trajectory 

was extracted out for analysis. 
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3.4 Results and discussions 

3.4.1 Water clusters 

To verify the accuracy of our force fields, we first test it for water clusters of 

different size (Figure 5). Geometric coordinates of these water clusters are obtained from 

Benchmark Energy and Geometry Database[153]. The corresponding absolute error of 

energy is shown in Figure 6, where we compared electrostatically embedded two-body 

expansion using TIP3P charges with NN force fields, electrostatically embedded two-

body expansion using TIP3P charges at the level of CCSD/aug-cc-pVDZ and full QM 

calculations at the level of CCSD/aug-cc-pVDZ. The absolute error of energy for our NN 

force field is stable as the size of water clusters increases. It is larger than our training 

accuracy for monomer and dimer but is still of chemical accuracy. The red bar conforms 

that electrostatically embedded two-body expansion provides an accurate reference for 

our force fields. 
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Figure 5: Geometric structure of water clusters used to test NN force field with 

TIP3P embedding charges. 
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Figure 6: Absolute error of energy for water clusters of different size. NN 

represents NN force field with TIP3P embedding charges. QM/TIP3P represents 

electrostatically embedded two-body expansion at the level of CCSD/aug-cc-pVDZ 

using TIP3P charges. QM represents full quantum mechanical calculations at the level 

of CCSD/aug-cc-pVDZ. 

3.4.2 Radial distribution function 

We now apply the NN force fields to determine bulk water properties using MD 

simulations. The radial distribution function (RDF) is one of the most important 

properties reflecting the local structure of water. Experimental data are available for 

comparison [154]. We calculated the oxygen-oxygen (OO), oxygen hydrogen (OH) and 

hydrogen-hydrogen (HH) RDF, which are shown in Figure 7. As we can see, our 

predicted OO RDF shows excellent agreement with experimental data for the whole 

range. Here we emphasize that our NN force fields are constructed only from QM 
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calculations of electrostatically embedded one and two water molecules, and are not 

fitted to any experimental results. We therefore conclude that our NN force fields 

provide an accurate description of structural features of liquid water. OO RDF obtained 

with MP2 using two-body expansion shows much higher first peak [149]. We believe 

this is because van der Waals interactions are not correctly accounted in MP2. Some 

studies pointed out that nuclear quantum effects are important for hydrogen atoms in 

water [155]. The subtle mismatch of the first peak in OO RDF may be due to the lack of 

consideration of nuclear quantum effects in the current NN force fields or the error of 

NN representation. We observed that OH and HH RDF do not match experimental 

results as exactly as OO RDF. This may affect the prediction of other water properties. 

Our OH and HH RDF show comparable accuracy with those of TIP3P (not shown here). 

Compared with TIP3P, our force fields do not improve OH and HH RDF much. 
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Figure 7: Radial distribution function of oxygen-oxygen, oxygen-hydrogen and 

hydrogen-hydrogen (from top to bottom) with nonpolarizable (NN) and polarizable 

NN (PNN) force fields are compared with experimental results. 
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3.4.3 Self-diffusion coefficient 

The self-diffusion coefficient (D) measures the dynamical properties of liquids. 

The self-diffusion coefficient was calculated by Einstein's formula [156]: 

𝐷𝑃𝐵𝐶 = lim
𝑡→∞

|𝒓(𝑡) − 𝒓(0)|2

6𝑡
. (3.9) 

 

The self-diffusion coefficient is related to the MSD of atomic positions. MSD as a 

function of time t is plotted in Figure 8, and our calculated self-diffusion coefficient is 

compared with experimental data and TIP3P results in Table 9. From Table 9 we can 

conclude that NN force fields compares favorably with experimental data and describe 

dynamical property of liquid water properly. 

 

Figure 8: Average mean squared deviation of atomic positions with non-

polarizable (NN) and polarizable (PNN) neural network force fields 
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Table 9: Self-diffusion coefficient. NN: non-polarizable neural network force 

field. PNN: polarizable neural network force field. 

 Experiment TIP3P NN PNN 

𝐷(Å2/𝑝𝑠) 0.23 0.52 0.23 0.16 

3.4.4 Shear viscosity 

The shear viscosity was calculated by the integration over the autocorrelation 

function (ACF) of stress tensor elements [157], 

𝜂 =
𝑉

𝑘𝐵𝑇
∫ 〈𝛿𝑃𝛼𝛽(𝑡)𝛿𝑃𝛼𝛽(0)〉𝑑𝑡

∞

0

, (3.10) 

 

where 𝛿𝑃𝛼𝛽(𝑡) = 𝑃𝛼𝛽(𝑡) − 〈𝑃𝛼𝛽(𝑡)〉 . There are totally five independent components . 

Simulation results are shown in Table 10 and Figure 9. Compared with ACF of TIP3P, 

both non-polarizable and polarizable NN force fields show longer correlation time and 

do not show negative correlation. These two factors together make the shear viscosity of 

NN force fields relatively large. The inaccurate prediction of shear viscosity, or more 

general virial-related properties, are likely due to two reasons. First, virial-related 

properties put a higher demanding on force accuracy between largely separated 

molecules. Second, in many-body expansion with electrostatic embedding, forces on one 

molecule consist of contributions from more terms, i.e. each MM embedding charge 

contributes to the forces on QM atoms. These two reasons together will amplify small 

force errors in virial-related calculations in the current scheme. Modeling 
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electrostatically embedded many-body expansion is challenging especially for virial-

related properties. Virial calculations are directly related to pressure estimation in MD 

simulations. Poor virial calculations will limit the ability of current force field to predict 

density, heat of vaporization, heat capacity, thermal expansion coefficient and 

isothermal compressibility. One possible solution to overcome this difficulty is to use 

shorter cutoff of embedding charges to construct input features for NN while keep QM 

calculations with original long embedding cutoff. For example, suppose all the QM 

calculations of snapshots in the training set are with 12Å cutoff of MM charges. When we 

construct power spectrum to represent MM environment, embedding charges are cut at 

5Å. This means embedding charges between 5Å and 12Å are treated in mean field. We 

call this method partial mean field for NN representation of MM environment. The 

partial mean field method will reduce both the number of pairwise interactions and the 

need to calculate forces between largely separated molecules. Thus, it may improve the 

virial calculations. 
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Figure 9:  Stress tensor autocorrelation function and shear viscosity. Top: the 

left one is the autocorrelation function of stress tensor element for non-polarizable 

NN force field; the right one is the shear viscosity changing with time for non-

polarizable NN force field. Middle: the left one is the autocorrelation function of 

stress tensor element for polarizable NN force field; the right one is the shear 

viscosity changing with time for polarizable NN force field. Bottom: the left one is the 

autocorrelation function of stress tensor element for TIP3P; the right one is the shear 

viscosity changing with time for TIP3P. 
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Table 10: Shear viscosity of TIP3P, non-polarizable NN and polarizable NN 

force fields. Five independent components and average results are shown. NN: non-

polarizable NN force fields. PNN: polarizable NN force fields. 

Shear viscosity 

𝑚𝑃𝑎 ∙ 𝑠 

TIP3P NN PNN Experiment 

    0.85 

Average 0.39 3.05 6.41  

0.5 ∗ (𝑥𝑥 − 𝑦𝑦) 0.23 2.30 6.10  

0.5 ∗ (𝑦𝑦 − 𝑧𝑧) 0.30 2.40 7.95  

𝑥𝑦 0.39 3.48 7.95  

𝑥𝑧 0.41 3.60 4.60  

𝑦𝑧 0.54 3.31 5.65  

 

3.4.5 Dipole moment distribution 

We analyzed the dipole moment distribution of a single water molecule using 

polarizable NN force field. Since we are using SHAKE algorithm to constrain the 

geometry of water molecules in all simulations, the dipole moment distribution of a 

single water molecule is not wide (Figure 10). Using SHAKE algorithm is mainly for the 

purpose of developing force fields, since bond vibrations of hydrogen atoms will limit 

the integration step size in MD simulations. Using SHAKE to constrain the geometry of 

water is a common strategy to increase the integration step size. Our predicted water 
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dipole moment is slightly below experimental value (2.95 𝐷𝑦𝑏𝑒), but it is better than 

water dipole moment of TIP3P (2.35 𝐷𝑦𝑏𝑒). 

 

Figure 10: Dipole moment distribution of a single water molecule. 

3.4.6 Hydrogen bond analysis 

Hydrogen bond structure is very important in determining many peculiar 

properties of water. Water molecules form complex water clusters through hydrogen 

bonds in liquid. Contour maps of 𝑟𝑂𝐻  and 𝛽 are shown in Figure 11. As we can see from 

Figure 11, hydrogen bond structures of non-polarizable NN force field are a little bit 

different from those of polarizable NN force field. In non-polarizable NN force field, 

fluctuations of hydrogen bond length (𝑟𝑂𝐻) are slightly larger than that in polarizable 

NN force field, while hydrogen bond angle (𝛽) fluctuations of our two NN force fields 

are about the same. 
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Figure 11: Hydrogen bond distribution. The top figure defines 𝒓𝑶𝑯 and 𝜷. Left 

bottom figures: contour map of non-polarizable NN force field. Right bottom figures: 

contour map of polarizable NN force field. 

 

3.4.7 Dielectric constant 

The dielectric constant was calculated using 

𝜖 =
1

3𝑘𝐵𝑇𝜖0𝑇𝑉
(〈𝑴2〉 − 〈𝑴〉2), (3.11) 
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where 𝑘𝐵  is the Boltzmann constant, 𝜖0 is the vacuum permittivity, 𝑉 is the box volume 

and 𝑴 is the total dipole moment of the simulation box. 𝜖∞ is set to be 1.8 [158]. It was 

found from classical force fields simulations using TIP3P that dielectric constant is 

extremely sensitive to long-range electrostatic interactions. Only when long-range 

electrostatic interactions are properly accounted (e.g. particle mesh Ewald (PME) 

method [159]) can correct dielectric constant be obtained. However, in NN force fields, 

van der Waals interactions and electrostatic interactions are coupled together, making it 

hard to directly apply PME. We tried adding PME corrections using ONIOM-like 

method [160]: 

𝐸(𝑁𝑁 𝑤𝑖𝑡ℎ 𝑃𝑀𝐸) = 𝐸(𝑇𝐼𝑃3𝑃 𝑤𝑖𝑡ℎ 𝑃𝑀𝐸) −
𝐸(𝑇𝐼𝑃3𝑃 𝑤𝑖𝑡ℎ𝑜𝑢𝑡 𝑃𝑀𝐸) + 𝐸(𝑁𝑁 𝑤𝑖𝑡ℎ𝑜𝑢𝑡 𝑃𝑀𝐸). (3.12)

 

 

In order to test the sensitivity of dielectric constant to long-range electrostatic 

interactions, we also ran a multistep MD simulation, where PME was updated every 10 

steps (the integration time step is 1 𝑓𝑠). Simulation results are shown in Table I. It shows 

that by adding PME to TIP3P simulations, dielectric constant is correctly recovered. 

However, the multistep PME simulation reduces the dielectric constant a lot compared 

to the normal TIP3P simulation. This illustrates that even a little mismatch of PME will 

affect the dielectric constant calculation a lot. Not too surprisingly, adding PME 

corrections in the ONIOM-like way to NN does not improve much. Though adding PME 

in the ONIOM-like way does not improve dielectric constant calculation, it does not 
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affect RDF simulation results either (Figure 3). It is still possible that PME can be 

properly incorporated into our current scheme by applying PME only to the long-range 

term (𝑅𝑖𝑗 >  𝑅𝑆𝑅). This needs more careful studies. 

Table 11: Dielectric constant from simulations of TIP3P and NN force fields. 

 TIP3P NN (non-

polarizable) 

Experiment 

   78 

No PME 4.7 2.9  

PME 93   

ONIOM-like PME  3.4  

    

Multistep PME 55   
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Figure 12:  Radial distribution function from simulations of non-polarizable 

NN force field with PME added in the ONIOM-like way. 

3.5 Conclusion 

In summary, a novel NN force field for water was built based on electrostatically 

embedded two-body expansion scheme. The new NN force field is not limited by the 

Hamiltonian form as classical force fields and is efficient for applications. It was 

developed at low costs using high level electronic structure calculations only for one and 

two water molecules embedded in MM water molecules and showed high accuracy 

compared with high level QM results. Our NN force fields show good structural and 

dynamical properties of water. Compared with the force field of Paesani and co-workers 
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[129-131], we provide an alternative way to build water force field. The idea of 

electrostatically embedded two-body expansion is appealing since it significantly 

reduces the computational costs compared with three-body expansion. We made 

progress in modeling electrostatically embedded two-body expansion for bulk systems 

with high level QM reference. However, challenges still exist for virial-related 

calculations in modeling electrostatic embedding. Our work provides a general way of 

building high accuracy force fields, based on only the high-level QM calculations for 

small electrostatically embedded clusters, which can be easily extended to the force field 

construction of other systems.
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4. Force field for protein based on neural network 

This chapter is mainly adapted from the following journal article, 

  Hao Wang, and Weitao Yang, Towards Building Protein Force Fields by Residue-Based 

Systematic Molecular Fragmentation and Neural Network, to be submitted. 

4.1 Introduction 

Molecular dynamics (MD) simulations strongly depend on the accuracy of 

underlying force fields. Accurate protein force fields play an important role in enzyme 

catalysis [34, 161], protein folding [162, 163] and protein-ligand binding [164]. The 

development of protein force fields has seen tremendous progress in the past few 

decades. Commonly used protein force fields include but not limited to CHARMM 

[165], AMBER [166], GROMOS [167] and OPLS [168]. Protein force fields can be built 

either from fitting to experimental data or from quantum mechanical (QM) calculations. 

Classical protein molecular mechanics (MM) force fields divide the total energy into 

bond energy, angle energy, dihedral energy, electrostatic interaction energy and van der 

Waals energy [161]. In conventional protein force field fitting, some of these energy 

terms are fitted to QM calculations and some are fitted to experimental data. For 

example, in AMBER ff94 force field the van der Waals energy is fitted to reproduce 

densities and enthalpies of vaporization of organic liquids while dihedral energy is 

fitted to relative energies of alanine and glycine dipeptide at the level of second order 

Møller-Plesset perturbation theory [23]. We believe the main problem of conventional 
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MM force fields is due to the limited form of MM Hamiltonian. Thus, we are particularly 

interested in starting afresh rather than modifying the conventional MM force fields. 

Our aim is to build an accurate protein force field fully from QM calculations, which 

makes the force field consistent. Building protein force fields fully from QM calculations 

is challenging due to the diversity of proteins and high computational costs of QM 

methods. Fragmentation-based methods provide a possible route to circumvent these 

two difficulties. Fragmentation-based methods partition large systems into small 

fragments, and the total energy of large systems is the combination of that of small 

fragments. QM calculations of small fragments can be easily handled. Thus, these 

fragmentation-based methods can reduce the computational costs without losing too 

much accuracy. Many fragmentation-based methods have been developed in the 

literature such as divide-and-conquer [105], many-body expansion [112, 114, 169, 170], 

systematic molecular fragmentation [107-109], electrostatically embedded generalized 

molecular fractionation with conjugate caps (EE-GMFCC) [106, 171-173], Xpol method 

[132, 133, 174, 175] and energy based fragmentation method [110, 111]. In order to 

construct force fields, we need to parameterize the energy of these small fragments. 

However, proteins are diverse and direct applications of available fragmentation-based 

methods will produce too many different types of fragments to easily parameterize. This 

motivates us to develop the residue-based systematic molecular fragmentation (rSMF) 

method in this work. rSMF generates only twenty-one types of small fragments for any 
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general proteins, which makes it easier to parameterize and transferable among different 

proteins. 

Recent development in neural network (NN) has made significant progress in 

diverse chemical applications, including determining NMR parameters in solid-state 

materials [176], building force field for water [177], simulations of infrared spectra [178], 

crystal structure prediction [179] and quantitative structure-activity relationship [125]. 

NN-based potentials are drawing more attentions in MD simulations due to its high 

accuracy and flexibility. Recently, high-dimensional NN potentials (HDNNP) were 

developed by Behler and Parrinello [30]. In their work, high-dimensional potentials are 

expressed as the sum of atomic energy with feedforward NN representation. This 

strategy simplifies the structure of NNs and has been successfully applied to many 

problems. Marquetand and Gastegger applied HDNNP for the prediction of organic 

reactions [180]. Parrinello et al. combined metadynamics and HDNNP for high pressure 

phases of silicon simulations [181]. Behler et al. applied HDNNP for simulations of 

solid-liquid interfaces [182]. Input features representing chemical environment for NN is 

of vital importance and should satisfy translational, rotational and permutational 

invariance. HDNNP adopts radial and angular symmetry functions to represent 

chemical environment [30, 120]. Many other features are developed in the literature 

including Coulomb matrix [32, 139, 140], bispectrum [31, 141], permutation invariant 

polynomial [142, 143], bag of bonds [183] and Fourier series of atomic radial distribution 
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functions [147]. In our work, NN is used to parameterize each type of small fragments 

generated by rSMF. 

4.2 Method 

In this work, we developed the rSMF method to partition proteins into small 

fragments, and used NN representation of fragment energies for protein force field 

development. We first describe how to decompose a protein into fragments using rSMF. 

Our rSMF method shares the same spirit of the original form of SMF [107-109]. For 

simplicity, we take a tripeptide as an example to show our decomposition method at 

Level 1. A given tripeptide 𝑃3 is represented as 

𝑃3 = 𝐴𝐶𝐸 − 𝐴1 − 𝐴2 − 𝑁𝑀𝐸, (4.1) 

where we capped protein termini with an acetyl group (ACE) and an N-methyl amide 

group (NME). This capping choice is mainly for symmetry consideration so that the 

boundary fragments are of the same form of inner fragments. Graphical representation 

of rSMF decomposition of a tripeptide 𝑃3
 at Level 1 is shown in Figure 13. The reason 

that this decomposition is called Level 1 is because there are at most two units in one 

fragment, which is in the same spirit as Level 1 in SMF. In our method, each amino acid 

residue and peptide bond is separately treated as one unit. Hydrogen atoms are used to 

replace broken bonds in the following way 

𝑋(𝐻) = 𝑋(𝑖) +
𝑟(𝑖) + 𝑟(𝐻)

𝑟(𝑖) + 𝑟(𝑗)
[𝑋(𝑗) − 𝑋(𝑖)], (4.2) 
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where 𝑋(𝐻) is the coordinates of capping hydrogen atoms, 𝑋(𝑖) is the coordinates of 

atom 𝑖, 𝑋(𝑗) is the coordinates of atom 𝑗, 𝑟 denotes a standard covalent radius for the 

element, 𝑖 is in the current atom, and 𝑖 ⋯ 𝑗 is the bond to be broken in forming the 

fragment. A tripeptide 𝑃3
 is decomposed into three fragments 𝐴1, 𝐴2 and 𝐴𝐶𝐸 − 𝑁𝑀𝐸 at 

Level 1, where fragment A1and A2 are amino acid dipeptides. Compared with the original 

form of SMF, there are two major differences. The first is how to group atoms. In our 

rSMF method, atoms are grouped based on residues rather than functional groups. The 

second is that we used MM force fields for non-bonded interactions instead of low level 

fragmentation. But calculating non-bonded interactions with low level fragmentation 

using QM methods may be important to further improve the accuracy, especially for 

closely separated fragments. This may be added in our future work. We compared our 

rSMF method at Level 2 (details in Supporting Information) with EE-GMFCC, which 

also decomposes proteins into fragments based on residues. The main difference is the 

choice of capping atoms to broken bonds and places of broken bonds. EE-GMFCC cuts 

peptide bonds and uses conjugate caps to replace broken bonds. Thus, each fragment 

generated in EE-GMFCC method has two side chains, i.e. each fragment is an amino 

acid tripeptide. However, only about half of fragments generated in rSMF at Level 2 

have two side chains (tripeptides) and the remaining fragments only have one side chain 

(dipeptides). Fragments with two side chains will have up to 400 types for protein 
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systems. Thus, it will be challenging to construct NN representation library for 

fragments with two side chains. 

 

Figure 13: Graphical representation of the residue-based systematic molecular 

fragmentation of a tripeptide at Level 1. Bonds with arrow marks are broken in 

fragmentation. 

The total energy of 𝑃3 (𝐸[𝑃3]) consists of bonded 𝐸𝑏[𝑃3] and non-bonded 𝐸𝑛𝑏[𝑃3] 

energy, expressed as 

𝐸[𝑃3] = 𝐸𝑏[𝑃
3] + 𝐸𝑛𝑏[𝑃

3]. (4.3) 

We evaluate bonded energies at QM level as 

𝐸𝑏[𝑃
3] = 𝐸𝑄𝑀[𝐴1] + 𝐸𝑄𝑀[𝐴2] − 𝐸𝑄𝑀[𝐴𝐶𝐸 − 𝑁𝑀𝐸], (4.4) 

where each fragment is evaluated at QM level. Non-bonded energies containing all 

interactions not included in any single fragment are evaluated at MM level. This scheme 

shows QM corrections in our work focus on the length scale of amino acid dipeptides. 

As is shown later, though focusing on amino acid dipeptides, our method compares 

favorably with full QM calculations of polypeptides. NN representation of bonded 
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energies is used for force field purpose. Each fragment energy calculated at QM level 

has two contributions 

𝐸𝑄𝑀[𝐴𝑖] = 𝐸𝑀𝑀[𝐴𝑖] + 𝐸𝑁𝑁[𝐴𝑖], (4.5) 

where 𝐸𝑄𝑀[𝐴𝑖] is the fragment energy evaluated at QM level, 𝐸𝑀𝑀[𝐴𝑖] is the fragment 

energy evaluated with MM force fields and 𝐸𝑁𝑁[𝐴𝑖] is the NN energy corrections. For a 

general protein consisting of 𝑛 amino acid residues, 𝑃𝑛 = 𝐴𝐶𝐸 − 𝐴1 − ⋯− 𝐴𝑛 − 𝑁𝑀𝐸, 

the total energy is calculated as 

𝐸[𝑃𝑛] = 𝐸𝑏[𝑃
𝑛] + 𝐸𝑛𝑏[𝑃

𝑛] = ∑𝐸𝑄𝑀[𝐴𝑖]

𝑛

𝑖=1

− ∑ 𝐸𝑄𝑀[(𝐴𝐶𝐸 − 𝑁𝑀𝐸)𝑖,𝑖+1]

𝑛−1

𝑖=1

+ 𝐸𝑛𝑏,𝑀𝑀[𝑃𝑛]

= ∑(𝐸𝑀𝑀[𝐴𝑖] + 𝐸𝑁𝑁[𝐴𝑖])

𝑛

𝑖=1

− ∑(𝐸𝑀𝑀[(𝐴𝐶𝐸 − 𝑁𝑀𝐸)𝑖,𝑖+1]) + 𝐸𝑁𝑁[(𝐴𝐶𝐸 − 𝑁𝑀𝐸)𝑖,𝑖+1])

𝑛−1

𝑖=1

+𝐸𝑛𝑏,𝑀𝑀[𝑃𝑛]

≈ ∑𝐸𝑁𝑁[𝐴𝑖]

𝑛

𝑖=1

− ∑ 𝐸𝑁𝑁[(𝐴𝐶𝐸 − 𝑁𝑀𝐸)𝑖,𝑖+1]

𝑛−1

𝑖=1

+ 𝐸𝑀𝑀[𝑃𝑛], (4.6)

 

where (𝐴𝐶𝐸 − 𝑁𝑀𝐸)𝑖,𝑖+1 is the 𝐴𝐶𝐸 − 𝑁𝑀𝐸 fragment between residue 𝑖 and residue  𝑗. 

At the last step above we made a key approximation that the bonded fragment energy 

evaluated at MM level (𝐸𝑀𝑀[𝐴𝑖] and 𝐸𝑀𝑀[(𝐴𝐶𝐸 − 𝑁𝑀𝐸)𝑖,𝑖+1]) and the non-bonded energy 

evaluated at MM level (𝐸𝑛𝑏,𝑀𝑀[𝑃𝑛]) are combined as the total energy of protein at MM 

level (𝐸𝑀𝑀[𝑃𝑛]). This approximation is justified since careful investigations show that 

bond, angle and dihedral energy terms in 𝐸𝑀𝑀[𝐴𝑖], 𝐸𝑀𝑀[𝐴𝑖+1] and 𝐸𝑀𝑀[(𝐴𝐶𝐸 −

𝑁𝑀𝐸)𝑖,𝑖+1] cancel each other exactly. Our later test results also confirm this. The most 

appealing feature of our method is that we only need to construct NNs for twenty-one 
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different types of fragments, including twenty amino acid dipeptides and one ACE  NME 

residue, to apply to any protein systems. 

 

Figure 14: Schematic representation of an N-atom fragment energy as the sum 

of atomic energy 𝒆𝒊. {𝑮𝒊} is the power spectrum for each atom. 

NN energy correction to each fragment (𝐸𝑁𝑁[𝐴𝑖] or𝐸𝑁𝑁[(𝐴𝐶𝐸 − 𝑁𝑀𝐸)𝑖,𝑖+1]) is 

expressed as sum of atomic energy 𝑒𝑎, 

𝐸𝑁𝑁[𝐴𝑖/(𝐴𝐶𝐸 − 𝑁𝑀𝐸)𝑖,𝑖+1] = ∑𝑒𝑎

𝑎

. (4.7) 

The schematic representation of NN energy corrections of fragments is shown in Figure 

14. The atomic energy 𝑒𝑎  represented by two hidden layer feedforward NN is given as 

𝑒𝑎 = ∑ 𝜔𝑘
23 tanh [∑𝜔𝑗𝑘

12 tanh(∑𝜔𝑖𝑗
01𝐺𝑖

𝑁0

𝑖=1

+ 𝑏𝑗
1)

𝑁1

𝑗=1

+ 𝑏𝑘
2]

𝑁2

𝑘=1

+ 𝑏0, (4.8) 

where 𝐺𝑖  is the input variable for node 𝑖, 𝜔𝑖𝑗
01(𝜔𝑗𝑘

12) is the weight parameter that connects 

node 𝑖 (𝑗) in the previous layer and node 𝑗 (𝑘) in the current layer, 𝜔𝑘
23

 is the weight 

parameter that connects node 𝑘 in the second hidden layer and output layer, 𝑏𝑗
1

 and 𝑏𝑘
2

 

are bias weight parameters of two hidden layers, b0 is the bias weight parameter of 

output layer, 𝑁0  is the number of nodes in input layer, 𝑁1  and 𝑁2  are the number of 

nodes in two hidden layers. To properly represent the atomic environment, many 
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different descriptors have been developed in the literature. In our previous study, we 

find power spectrum is efficient in representing atomic environment for water [177]. We 

apply it to protein systems in this work. Power spectrum is a subset of bispectrum, 

which was developed by Csányi and co-workers [31, 141]. To construct power spectrum, 

we project the nuclear charge density 𝜌(𝒓) = ∑ 𝛿(𝒓 − 𝒓𝑖)𝑍𝑖𝑖  onto screened evenly 

distributed Gaussian radial functions and spherical harmonic functions: 

𝜌(𝑟) = ∑ ∑ 𝑐𝑛𝑙𝑚𝑓𝑐(𝑟)𝑔𝑛(𝑟)𝑌𝑙𝑚(𝜃, 𝜙)

𝑙

𝑚=−𝑙𝑙=0

, (4.9) 

where 𝑓𝑐(𝑟) is radial screening function𝑔𝑛(𝑟) is radial basis functions and 𝑌𝑙𝑚(𝜃, 𝜙) is 

spherical harmonic functions. Then power spectrum of atom 𝑘 is calculated as 

𝑐𝑛𝑙
† 𝑐𝑛𝑙 = ∑ ∑ ∑ 𝑍𝑖𝑍𝑗𝑓𝑐(𝑟𝑖)𝑓𝑐(𝑟𝑗)𝑔𝑛(𝑟𝑖)𝑔𝑛(𝑟𝑗)𝑌𝑙𝑚

∗ (𝜃𝑖, 𝜙𝑖)𝑌𝑙𝑚(𝜃𝑖, 𝜙𝑖)

𝑙

𝑚=−𝑙𝑗≠𝑘𝑖≠𝑘

. (4.10) 

The NN optimization function, in weighted mean squared deviation, is defined as 

𝐿 = ∑(|𝐸𝑟𝑒𝑓,𝑖 − 𝐸𝑖|
2
+

𝛼

3𝑁𝑖
|𝑭𝑟𝑒𝑓,𝑖 − 𝑭𝑖|

2
)

𝑖

+
1

𝑁𝑝𝑎𝑟𝑎
∑𝜔𝑖

2

𝑖

, (4.11) 

where 𝛼 is the relative weight of forces with respect to energy and is set to 1 in this 

work. The last term is a regularization penalty added to prevent overfitting where {𝜔𝑖} 

are NN parameters. 𝑁𝑖  is the number of atoms for each configuration and 𝑁𝑝𝑎𝑟𝑎  is the 

number of NN parameters. In this work, we trained NNs for glycine dipeptide, alanine 

dipeptide and 𝐴𝐶𝐸 − 𝑁𝑀𝐸 residue, separately. In order to cover all representative 

configurations of glycine and alanine dipeptides in the training set of NNs. We used 
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two-dimensional umbrella sampling choosing backbone dihedral angle 𝜑 and 𝜓  as 

collective variables. For 𝐴𝐶𝐸 − 𝑁𝑀𝐸 residue, we used one dimensional umbrella 

sampling choosing the only dihedral angle in the backbone as the collective variable. In 

both cases, each sampling window is spaced 18 degrees apart with force constant of 

80𝑘𝑐𝑎𝑙/𝑚𝑜𝑙 ∙ 𝑟𝑎𝑑2. Thus, total 400 sampling windows are used for each dipeptide and 

20 sampling windows for𝐴𝐶𝐸 − 𝑁𝑀𝐸 residue. We used NN ensemble method of 

Marquetand and coworkers [178] to run MD simulations. Two sets of NNs are trained 

for each amino acid dipeptide and 𝐴𝐶𝐸 − 𝑁𝑀𝐸 residue. In the NN ensemble method, the 

energy and forces are computed as the average of the two sets of NN: 

�̅� =
1

2
(𝐸1 + 𝐸2), (4.12) 

�̅� =
1

2
(𝑭1 + 𝑭2). (4.13)

MD simulations are carried out using the average forces. The prediction uncertainty of 

NN ensemble is measured by 

𝜎𝐸 = √(𝐸1 − �̅�)2 + (𝐸2 − �̅�)2. (4.14) 

The NN ensemble method has been proven to effectively reduce the error of energy and 

force prediction [178]. The final NN is constructed in an iterative way. First, 

configuration snapshots are taken from MM simulations using umbrella sampling to 

construct initial NNs. Second, MD simulations are carried out using umbrella sampling. 

In this process, we set an energy threshold Et. When 𝐸𝑀𝑀  is less than 𝐸𝑡, MD simulations 

are carried out with NN ensemble corrections. Otherwise, MD simulations are carried 
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out with pure MM force fields. In this process, when 𝜎𝐸  is larger than 3𝑘𝑐𝑎𝑙/𝑚𝑜𝑙, the 

current snapshot is taken out and added into the training set. We iterate this step until 

𝜎𝐸  is always less than 3𝑘𝑐𝑎𝑙/𝑚𝑜𝑙. Then we increase 𝐸𝑡 and repeat. The final stopping Et 

depends on one's demanding. The flowchart is shown in Figure 15. The energy 

threshold 𝐸𝑡  is mainly used to avoid nonphysical configurations in the construction of 

the training set. In the production run, only when 𝐸𝑀𝑀  is less than 𝐸𝑡  NN corrections are 

applied to the corresponding dipeptide. Otherwise, pure MM force fields are applied to 

that dipeptide. The NN correction to (𝐴𝐶𝐸 − 𝑁𝑀𝐸)𝑖,𝑖+1 is added only when both its 

nearby residues 𝑖 and 𝑗 are corrected by NN. The final 𝐸𝑡  for both glycine and alanine 

dipeptides are increased to be 45𝑘𝑐𝑎𝑙/𝑚𝑜𝑙 so few configurations encountered are 

without NN corrections. 

4.3 Details of neural network 

The radial basis functions we used to construct power spectrum is evenly 

distributed Gaussian functions, 

𝑔𝑖(𝑟) = (
2𝐴𝑖

𝜋
)

1
4
exp[−𝐴𝑖(𝑟 − 𝑟𝑖)

2] , (4.15) 

which are selected by Hamilton and Light [184, 185], 

𝐴1 =
𝑐2

(𝑟2 − 𝑟1)
2
, (4.16) 

𝐴𝑖 =
4𝑐2

(𝑟𝑖+1 − 𝑟𝑖−1)
2
, (4.17) 
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𝐴𝑁 =
𝑐2

(𝑟𝑁 − 𝑟𝑁−1)
2
, (4.18) 

where 𝑟𝑐  is the cutoff distance. The radial and angular parameters we used for glycine 

dipeptide, alanine dipeptide and 𝐴𝐶𝐸 − 𝑁𝑀𝐸 residue are summarized in Table 12. 

Atomic energy is represented by NN according to atomic types, i.e. each atomic type 

uses a common set of NN. We used five atomic types (Table 14) and atomic NN 

structure is shown in Table 13. 

Table 12: Radial and angular parameters for glycine dipeptide, alanine 

dipeptide and 𝑨𝑪𝑬 − 𝑵𝑴𝑬 residue. 𝒄 is the parameter in Gaussian radial function. {𝒓𝒊} 

are evenly distributed Gaussian centers. 𝒓𝒄 is the cutoff distance. {𝒓𝒊} and 𝒓𝒄  are in 

unit angstrom. 𝒍 is the quantum number in spherical harmonic functions. 

 𝑐 {𝑟𝑖} 𝑟𝑐 𝑙 

Glycine 

Dipeptide 

1 {0,0.8,1.6,2.4,3.2} 5 {0,1,2,3,4} 

Alanine 

Dipeptide 

1 {0,0.8,1.6,2.4,3.2} 5 {0,1,2,3,4} 

𝐴𝐶𝐸 − 𝑁𝑀𝐸 1 {0,0.8,1.6,2.4,3.2} 5 {0,1,2,3,4} 
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Table 13: Neural network structures for glycine dipeptide, alanine dipeptide 

and 𝑨𝑪𝑬 − 𝑵𝑴𝑬 residue. 

 Number of Input 

Layer Nodes 

Number of Hidden 

Layer Nodes 

Number of Hidden 

Layer 

Glycine Dipeptide 25 10 2 

Alanine Dipeptide 25 14 2 

𝐴𝐶𝐸 − 𝑁𝑀𝐸 25 6 2 

 

Table 14: Atomic types for neural network representation of glycine dipeptide, 

alanine dipeptide and 𝑨𝑪𝑬 − 𝑵𝑴𝑬 residue. 

 Description 

𝐶1 All carbon atoms except those in carbonyl 

group 

𝐶2 Carbon atoms in carbonyl group 

𝐻 Hydrogen atoms 

𝑂 Oxygen atoms 

𝑁 Nitrogen atoms 
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4.4 Results and discussions 

The accuracy of NN for glycine dipeptide, alanine dipeptide and 𝐴𝐶𝐸 − 𝑁𝑀𝐸 

residue is shown in Table 15. We trained two sets of NN for each type of fragment. For 

glycine dipeptides, we used 889 configurations for training and 87 configurations for 

testing. The training accuracy of energy is about 0.7 𝑘𝑐𝑎𝑙/𝑚𝑜𝑙 and the training accuracy 

of force is about 2.6 𝑘𝑐𝑎𝑙/𝑚𝑜𝑙/Å. For alanine dipeptides, we used 1661 configurations for 

training and 188 configurations for testing. The training accuracy of energy is about 

0.9 𝑘𝑐𝑎𝑙/𝑚𝑜𝑙 and the training accuracy of force is about 2.9 𝑘𝑐𝑎𝑙/𝑚𝑜𝑙/Å. For 𝐴𝐶𝐸 − 𝑁𝑀𝐸 

residues, we used 596 configurations for training and 81 configurations for testing. The 

training accuracy of energy is about 0.4 𝑘𝑐𝑎𝑙/𝑚𝑜𝑙 and the training accuracy of force is 

about 1.6 𝑘𝑐𝑎𝑙/𝑚𝑜𝑙/Å. All the testing results for the three fragment show similar 

accuracy. We applied our method of NN-corrected MM forces fields to alanine 

polypeptides (𝐴𝐶𝐸 − (𝐴𝑙𝑎)𝑛 − 𝑁𝑀𝐸 with n from 2 to 9) and mixing alanine/glycine 

polypeptides (Figure 16). Alanine polypeptides represent homogeneous systems. Mixing 

alanine and glycine polypeptides represent heterogeneous systems. We compared our 

results with two references. One is full QM calculations for the polypeptides, and the 

other is QM calculations using rSMF with non-bonded interactions evaluated using MM 

force fields. The latter reference is our accuracy limit of NN corrections. All our QM 

calculations are done with B3LYP-GD3BJ/6-31+g* using Gaussian 09 [83, 84, 186, 187], in 

which D3 dispersion with Becke-Johnson damping corrections are added to B3LYP 
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functional [188]. For each polypeptide, we run NVT MD simulations for 10 ps at 300 K 

with the integration time step 1 fs using CHARMM 22 force fields [189] corrected by 

NNs. Berendsen temperature coupling algorithm with a relaxation time of 0.1𝑝𝑠 is used 

to control the temperature [190]. Though Berendsen thermostat cannot sample the 

correct canonical ensemble, this is not a big problem for our testing purpose. Our main 

purpose is to extract snapshots from MD simulations. MD simulations are performed 

with our in house program QM4D [148]. Configuration snapshots are saved every ten 

steps for analysis. Data for alanine polypeptides are shown in Table 16 and Figure 17. 

Data for mixing alanine and glycine polypeptides are shown in Table 17 and Figure 17. 

Errors of energy and forces are measured using relative mean squared deviation 

(RMSD) 

𝐸𝑅𝑀𝑆𝐷 = √
1

𝑁
∑(𝐸𝑖 − 𝐸𝑟𝑒𝑓,𝑖)

2

𝑖

, (4.15) 

𝐹𝑅𝑀𝑆𝐷 = √
1

𝑁𝑓
∑|𝑭𝑖 − 𝑭𝑟𝑒𝑓,𝑖|

2

𝑖

, (4.16) 

where 𝐸𝑟𝑒𝑓,𝑖  is the QM reference of energy for configuration 𝑖, 𝑭𝑟𝑒𝑓,𝑖  is the QM reference 

of force for configuration 𝑖, 𝑁 is the number of configurations and 𝑁𝑓  is the number of 

force components in all configurations. As we can see from Figure 17, both energy error 

per fragment and force error are stable with system size increasing. For alanine 

polypeptides, the energy error between our NN force field and full QM calculations is 

about1.2𝑘𝑐𝑎𝑙/𝑚𝑜𝑙/𝑓𝑟𝑎𝑔𝑚𝑒𝑛𝑡, and the energy error between fragmentation QM 
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calculations and full QM calculations is about 0.6 𝑘𝑐𝑎𝑙/𝑚𝑜𝑙/𝑓𝑟𝑎𝑔𝑚𝑒𝑛𝑡. The force error 

between our NN force field and full QM calculations is about 4 𝑘𝑐𝑎𝑙/𝑚𝑜𝑙/𝑓𝑟𝑎𝑔𝑚𝑒𝑛𝑡, 

and the force error between fragmentation QM calculations and full QM calculations is 

about2.5 𝑘𝑐𝑎𝑙/𝑚𝑜𝑙/Å. For mixing alanine and glycine polypeptides, the energy error 

between our NN force fields and full QM calculations is about 0.6 𝑘𝑐𝑎𝑙/𝑚𝑜𝑙/𝑓𝑟𝑎𝑔𝑚𝑒𝑛𝑡, 

and the energy error between fragmentation QM calculations and full QM calculations is 

about 0.6 𝑘𝑐𝑎𝑙/𝑚𝑜𝑙/𝑓𝑟𝑎𝑔𝑚𝑒𝑛𝑡. We observed that for large mixing alanine and glycine 

polypeptides our NN force field shows better accuracy than fragmentation QM 

calculations. Theoretically speaking, the latter is our accuracy limit. We believe this is 

mainly due to the error cancellation in the approximation we introduced in Eq. (4.6). The 

force error between our NN force field and full QM calculations is about 5 𝑘𝑐𝑎𝑙/𝑚𝑜𝑙/Å, 

and the force error between fragmentation QM calculations and full QM calculations is 

about 3 𝑘𝑐𝑎𝑙/𝑚𝑜𝑙/Å. Our testing results for both homogeneous polypeptides and 

heterogeneous polypeptides show high precision, considering the chemical complexity 

of polypeptides. The stable errors with system size increasing are desirable and 

necessary for the development of force fields. In the current implementation, nonbonded 

interactions are evaluated at the MM level. But QM corrections to the non-bonded 

interactions can be added in a similar way as corrections added to bonded energy. In the 

original form of SMF, short-range non-bonded interactions are evaluated with low level 

fragmentation method [108]. This can further improve the accuracy. 
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Figure 15: Flowchart of neural network (NN) update process for dipeptides. 𝑬𝒕  

is the energy threshold. US MD means molecular dynamics simulations with 

umbrella sampling. Only when the molecular energy is less than 𝑬𝒕   NN corrections 

are added. Otherwise MD run with molecular mechanics force fields. 𝝈𝑬 measures 

uncertainty of energy prediction. NN is updated unless 𝝈𝑬 is always less than 

𝟑 𝒌𝒄𝒂𝒍/𝒎𝒐𝒍 in the MD simulations. 
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Table 15: Energy and force accuracy of neural network for glycine dipeptide, 

alanine dipeptide and ACE-NME residue. For each type of fragment there are two 

neural networks, which will be averaged in molecular dynamics simulations. 

 Glycine dipeptide Alanine dipeptide ACE-NME residue 

 NN1 NN2 NN1 NN2 NN1 NN2 

 Trai

ning 

Test

ing 

Trai

ning 

Test

ing 

Trai

ning 

Test

ing 

Trai

ning 

Test

ing 

Trai

ning 

Test

ing 

Trai

ning 

Test

ing 

Energy(

𝑘𝑐𝑎𝑙/

𝑚𝑜𝑙) 

0.73 0.95 0.71 0.85 0.92 1.07 0.92 1.02 0.39 0.51 0.42 0.53 

Force 

(
𝑘𝑐𝑎𝑙

𝑚𝑜𝑙
/Å) 

2.59 3.06 2.58 3.10 2.88 3.12 2.88 3.14 1.66 1.81 1.66 1.84 

 

 

Figure 16: Structure of mixing alanine/glycine polypeptides, from tripeptide to 

decapeptide. 
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Table 16: Alanine polypeptides data. Results of fragmentation with neural 

network (NN) are compared with full QM calculations and QM calculations with 

fragmentation (non-bonded interactions evaluated using molecular mechanics force 

fields). 𝑬𝑹𝑴𝑺𝑫 is the relative root mean squared deviation (RMSD) of energy in unit 

𝒌𝒄𝒂𝒍/𝒎𝒐𝒍/𝒇𝒓𝒂𝒈𝒎𝒆𝒏𝒕. 𝑭𝑹𝑴𝑺𝑫  are the RMSD of forces in unit 𝒌𝒄𝒂𝒍/𝒎𝒐𝒍/Å. 

Alanine 

Polypeptides 

Number of 

Fragments 

NN – QM NN – Frag QM Frag QM - QM 

  𝐸𝑅𝑀𝑆𝐷 𝐹𝑅𝑀𝑆𝐷 𝐸𝑅𝑀𝑆𝐷 𝐹𝑅𝑀𝑆𝐷 𝐸𝑅𝑀𝑆𝐷 𝐹𝑅𝑀𝑆𝐷 

3 3 1.69 4.27 1.27 4.20 0.50 0.96 

4 5 1.14 3.80 0.87 3.76 0.45 1.62 

5 7 0.83 4.35 0.43 3.88 0.63 2.15 

6 9 1.36 4.51 0.72 3.89 0.70 2.73 

7 11 0.96 4.61 0.56 3.89 0.46 2.56 

8 13 1.34 4.74 0.95 4.29 0.42 2.36 

9 15 1.04 4.75 0.56 4.10 0.51 2.97 

10 17 1.27 4.41 0.68 3.98 0.63 2.54 
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Table 17: Mixing alanine/glycine polypeptides data. Results of fragmentation 

with neural network (NN) are compared with full QM calculations and QM 

calculations with fragmentation (non-bonded interactions evaluated using molecular 

mechanics force fields). 𝑬𝑹𝑴𝑺𝑫 is the relative root mean squared deviation (RMSD) of 

energy in unit 𝒌𝒄𝒂𝒍/𝒎𝒐𝒍/𝒇𝒓𝒂𝒈𝒎𝒆𝒏𝒕. 𝑭𝑹𝑴𝑺𝑫 are the RMSD of forces in unit 

𝒌𝒄𝒂𝒍/𝒎𝒐𝒍/Å. 

Mixing 

Alanine/Glycin

e Polypeptides 

Number of 

Fragments 

NN – QM NN – Frag QM Frag QM - QM 

  𝐸𝑅𝑀𝑆𝐷 𝐹𝑅𝑀𝑆𝐷 𝐸𝑅𝑀𝑆𝐷 𝐹𝑅𝑀𝑆𝐷 𝐸𝑅𝑀𝑆𝐷 𝐹𝑅𝑀𝑆𝐷 

3 3 0.93 3.38 0.64 3.32 0.38 1.19 

4 5 0.74 3.82 0.35 3.65 0.68 1.55 

5 7 0.86 4.04 0.41 3.86 0.61 1.63 

6 9 0.70 4.92 0.25 4.02 0.67 3.10 

7 11 0.54 5.00 0.29 4.11 0.60 3.33 

8 13 0.51 4.91 0.38 4.06 0.75 3.17 

9 15 0.61 4.92 0.39 4.13 0.77 3.41 

10 17 0.59 5.13 0.34 4.28 0.71 2.88 
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Figure 17: Energy and forces error of alanine polypeptides and mixing 

alanine/glycine polypeptides. X axis represents the size of polypeptides. Y axis 

represents root mean squared deviation of energy and force. 

 

4.5 Conclusion 

In summary, we have developed the rSMF-based NN correction method to MM 

force fields to build an accurate protein force field. Only QM calculations of small amino 

acid dipeptides and peptide bonds are needed to construct the protein force field, which 

makes the construction process at low computational costs. Our QM corrections focus on 

the length scale of amino acid dipeptides and non-bond interactions beyond dipeptides 
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are evaluated with MM force fields. Our method scales linearly with system size. We 

tested our protein force field with both homogeneous polypeptides and heterogeneous 

polypeptides. The accuracy of our method is comparable with full QM calculations, and 

it shows stable energy and force error with system size increasing. The most appealing 

feature of our method is that the parameterization of only twenty-one different types of 

fragments including twenty amino acid dipeptides and one 𝐴𝐶𝐸 − 𝑁𝑀𝐸 residue is 

needed for any protein systems. Our method provides a new way to build protein force 

fields, which circumvents the limited form of conventional MM force fields. 
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5. Conclusions 

In this dissertation we systematically developed force fields for small molecules, 

water and proteins. We developed the classical polarizable force fields for small 

molecules within the framework of conventional MM force fields. We calculated the 

atomic polarizabilities by doing ESP fitting to quantum mechanical linear response 

calculations. Atomic polarizabilities are the key parameters in the classical induced 

dipole polarizable model. We calculated both transferable atomic polarizabilities by 

fitting molecules in different categories together and molecule-specific atomic 

polarizabilities. By combining quantum mechanical linear response calculations and 

induced dipole model, our fitting results are independent of both magnitude and 

orientation of applied uniform electric fields. Molecular polarizabilities recovered from 

our calculated atomic polarizabilities show comparable accuracy with direct fitting to 

molecular polarizabilities. Going beyond conventional MM force fields, we developed 

the NN force fields for water using electrostatically embedded two-body expansion. 

Using CCSD/aug-cc-pVDZ as our QM reference, our NN force field for water show good 

agreement with experimental results in structural and dynamical properties. We 

developed rSMF to partition general proteins into twenty amino acid dipeptides and one 

peptide bond. The energy of each type of fragment is parameterized by NN representing 

QM reference. The total energy of proteins is the combination of the energy of these 
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small fragments. Our method shows good agreement with full QM calculations for both 

homogeneous and heterogeneous polypeptides in energy and force prediction. 
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