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Abstract

Deformable image registration is fundamental and critical to both diagnostics and

therapeutics in precision and personalized medicine. Existing software packages

for deformable registrations either provide only a forward deformation vector field

(DVF), or render both forward and backward DVFs with time-intensive computa-

tion. The latter has multiple advantages in medical image analysis and processing.

However, its latency, which is substantially longer than clinical time windows, hinders

the transition of its benefits to clinical applications. This study aims at facilitating the

transition with algorithmic innovation. We introduce a novel registration approach,

which substantiates a significant shift of the conventionally perceived tradeoff bound-

ary between efficiency on the one side and functionality and accuracy on the other.

In the new approach, we utilize efficient existing methods for forward DVF estima-

tion. We complete symmetric registration with a backward DVF estimation, at high

computation speed comparable to the forward DVF generation, and at high accu-

racy in inverse consistency as well as in registration. The forward DVF is possibly

refined also in the symmetric augmentation or completion process. The efficacy of

our approach is supported by theoretical analysis and empirical results. The key con-

ceptual and algorithmic innovation is adaptive use of forward and backward inverse

consistency (IC) residuals as feedbacks to refining DVF estimation. The forward IC

residual was used heuristically in earlier work. We give theoretical explanation and

conditions on when non-adaptive feedback succeed or fail. We provide furthermore

a framework of algorithm design for DVF inversion with a simple adaptive feedback

control mechanism. The use of backward IC residuals is original. The iteration with

backward IC residuals as updates may be seen as an implicit Newton iteration, by

convergence rate analysis. It has great advantages in simplicity, efficiency and robust-
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ness over the explicit Newton iteration, for DVF inversion. The algorithm framework

is completed with convergence analysis, controllability condition, pre-evaluation of

the initial forward DVF data, and post-evaluation of DVF estimates. Experiment

results with our approach on synthetic data and real thoracic CT images show sig-

nificant improvements in both registration and inverse-consistency errors. They are

also in a remarkable agreement with the analysis-based predictions.

v



Contents

Abstract iv

List of Figures x

List of Tables xiii

Acknowledgements xiv

1 Introduction 1

1.1 Image registration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2 Diffeomorphism and inverse map . . . . . . . . . . . . . . . . . . . . 5

1.3 Registration methods . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.3.1 Rigid registration . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.3.2 Elastic registration . . . . . . . . . . . . . . . . . . . . . . . . 7

1.3.3 Demons method . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.3.4 Inverse-consistent registration . . . . . . . . . . . . . . . . . . 8

1.3.5 Diffeomorphic registration . . . . . . . . . . . . . . . . . . . . 10

1.3.6 Symmetric diffeomorphic registration . . . . . . . . . . . . . . 13

1.4 Medical applications . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

1.4.1 Motion modeling . . . . . . . . . . . . . . . . . . . . . . . . . 14

1.4.2 4DCT reconstruction . . . . . . . . . . . . . . . . . . . . . . . 14

1.4.3 Atlas construction . . . . . . . . . . . . . . . . . . . . . . . . 16

1.4.4 Medical image segmentation . . . . . . . . . . . . . . . . . . . 17

1.4.5 Medical image fusion . . . . . . . . . . . . . . . . . . . . . . . 19

1.5 Dissertation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2 DVF inversion 23

vi



2.1 Notation and preliminaries . . . . . . . . . . . . . . . . . . . . . . . . 25

2.1.1 Inversion error & inverse consistency residuals . . . . . . . . . 26

2.1.2 Non-translational displacement component (NTDC) . . . . . . 27

2.2 Related work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

2.3 DVF inversion with bi-residual feedback . . . . . . . . . . . . . . . . 29

2.3.1 Steering phase: adaptive to study residuals . . . . . . . . . . . 30

2.3.2 Accelerating phase : feedback with reference residuals . . . . . 31

2.3.3 Phase transition . . . . . . . . . . . . . . . . . . . . . . . . . . 31

2.4 Main results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

3 Iterative DVF inversion with feedback control 36

3.1 NTDC-adaptive feedback . . . . . . . . . . . . . . . . . . . . . . . . . 36

3.1.1 Alternative interpretation of feedback control . . . . . . . . . 38

3.2 Case study with analytical DVFs . . . . . . . . . . . . . . . . . . . . 38

3.3 Spectral analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

3.4 Maximal error suppression . . . . . . . . . . . . . . . . . . . . . . . . 45

3.5 Control parameter schemes . . . . . . . . . . . . . . . . . . . . . . . . 47

3.5.1 Mid-range parameter value . . . . . . . . . . . . . . . . . . . . 47

3.5.2 Alternating parameter values . . . . . . . . . . . . . . . . . . 48

3.5.3 Spatially variant parameter values . . . . . . . . . . . . . . . . 49

3.6 Spectral NTDC characterization . . . . . . . . . . . . . . . . . . . . . 50

3.7 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

3.7.1 Dataset description . . . . . . . . . . . . . . . . . . . . . . . . 51

3.7.2 Evaluation measures . . . . . . . . . . . . . . . . . . . . . . . 53

3.7.3 DVF characterization . . . . . . . . . . . . . . . . . . . . . . . 54

vii



3.8 Pre- and post-inversion evaluation . . . . . . . . . . . . . . . . . . . . 58

3.8.1 Contraction area & ratio . . . . . . . . . . . . . . . . . . . . . 59

3.8.2 Inverse consistency residuals . . . . . . . . . . . . . . . . . . . 62

3.9 Discussion and conclusion . . . . . . . . . . . . . . . . . . . . . . . . 66

3.10 Numerical inversion errors with analytical DVFs . . . . . . . . . . . . 67

4 Bi-residual DVF inversion 72

4.1 DVF inversion with bi-residual feedback . . . . . . . . . . . . . . . . 72

4.1.1 Steering phase: adaptive to study residuals . . . . . . . . . . . 72

4.1.2 Accelerating phase : feedback with reference residuals . . . . . 74

4.1.3 Phase transition . . . . . . . . . . . . . . . . . . . . . . . . . . 76

4.2 High-performance two-way DIR applications . . . . . . . . . . . . . . 77

4.2.1 Symmetric registration completion . . . . . . . . . . . . . . . 77

4.2.2 Two-way mappings with broad applications . . . . . . . . . . 81

4.3 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

4.3.1 Datasets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

4.3.2 Evaluation measures . . . . . . . . . . . . . . . . . . . . . . . 89

4.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

4.4.1 IC residuals with synthetic dataset . . . . . . . . . . . . . . . 90

4.4.2 IC residuals with patient data . . . . . . . . . . . . . . . . . . 90

5 Direct method for DVF inversion 95

5.1 Input DVFs in a periodic respiratory cycle . . . . . . . . . . . . . . . 97

5.1.1 Cyclic inversion consistency condition (CIC) . . . . . . . . . . 98

5.2 Precursor work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

5.2.1 Factorization approach . . . . . . . . . . . . . . . . . . . . . . 99

viii



5.3 Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

5.3.1 Cyclic inversion by factorization . . . . . . . . . . . . . . . . . 101

5.3.2 Interpolation effect . . . . . . . . . . . . . . . . . . . . . . . . 104

5.3.3 Restoration . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

5.4 Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

5.4.1 Prediction stage: perturbation analysis . . . . . . . . . . . . . 106

5.4.2 Error correction stage: convergence analysis . . . . . . . . . . 109

5.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

6 Conclusion 111

A Derivations with analytical DVFs of (3.5) 112

A.1 Error propagation equation . . . . . . . . . . . . . . . . . . . . . . . 112

A.2 Convergence condition . . . . . . . . . . . . . . . . . . . . . . . . . . 113

A.3 Optimal single-parameter control design . . . . . . . . . . . . . . . . 113

A.4 Spatial-variant control design . . . . . . . . . . . . . . . . . . . . . . 113

Bibliography 116

Biography 130

ix



List of Figures

3.1 Comparison in reference image restoration quality among four different
constant values of the control parameter 𝜇 for iteration (3.2). . . . . . 40

3.2 Geometric outline of (3.20a) and (3.20b). . . . . . . . . . . . . . . . . 47

3.3 The forward DVF with patient COPD4, visualized by quiver-plots in
axial, coronal, and sagittal slices, against an overlay of the reference
CT image (EE, magenta) and target image (EI, green). . . . . . . . . 53

3.4 Spatial variation of three spectral measures (Section 3.6) with the
COPD4 DVF, in volumetric, contoured heat-maps over the reference
domain: |Jf (x)| (top); 𝜌(Ju(x)) (middle); and 1 − 2𝛾(x) (bottom). . 56

3.5 Error contraction ratio percentiles over Ω for each of the 6 DVFs, with
4 feedback control parameter settings: constant 𝜇 = 0 and 𝜇 = 0.5,
alternating 𝜇oe, and spatially variant 𝜇*(x). . . . . . . . . . . . . . . 59

3.6 Volumetric heap-maps of the error contraction ratio 𝜌(Q(x;𝜇)) over
the reference domain, with the COPD4 DVF. . . . . . . . . . . . . . 60

3.7 Inverse consistency residuals 𝑠(x) and 𝑟(x+v(x)), reported in magni-
tude percentiles (4.18) in log-scale over the target domain, at the 10th
iteration step with each patient and feedback control setting. . . . . . 62

3.8 Volumetric quiver-plots of s(x) and r(x+ v(x)), with contoured heat-
maps of magnitude (in mm), at the 10th iteration step with the COPD4
DVF, overlaid on the target image. . . . . . . . . . . . . . . . . . . . 64

3.9 Pace of inverse consistency residual suppression during the first 15
iteration steps with the COPD4 DVF, reported in percentiles of 𝑠(x)
and 𝑟(x + v(x)) in log-scale. . . . . . . . . . . . . . . . . . . . . . . . 65

3.10 Image-space visualization of the analytical DVFs of (3.5). . . . . . . . 67

3.11 Spectral maps of three characterization measures (Section 3.6) of the
discretized DVF (3.5a). . . . . . . . . . . . . . . . . . . . . . . . . . . 68

x



3.12 Inversion error magnitudes in three percentiles (90th left, 95th middle,
and 98th right) during the first 15 steps of each iteration with the
discretized DVF, with two different initial guesses (top and bottom). 70

3.13 Inversion error map snapshots at three steps (𝑘 = 1, 8, 15) during
iterative inversion of the discretized DVF, with initial guess v

[a]
0 (left)

and v
[b]
0 (right). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

4.1 Inverse consistency error and local image similary score comparison
with and without the symmetric completion. . . . . . . . . . . . . . . 82

4.2 Inverse consistency error and local image similary score comparison
with and without the symmetric completion for a patient dataset. . . 83

4.3 Volumetric quiver-plots of inverse consistency residuals s(x) and r(x+
v(x)), with contoured heat-maps of the magnitude (in mm), at the
5 iteration step of symmetric completion with the COPD4 dataset,
overlaid on the target image domain. . . . . . . . . . . . . . . . . . . 84

4.4 Image overlay of provided reference (target) image and reconstructed
reference (target) image by deforming the target (reference) image us-
ing the forward DVF (inverse DVF) estimates. . . . . . . . . . . . . 85

4.5 Image similary scores after the back-and-forth mapping. . . . . . . . . 86

4.6 Spatial variation of three spectral measures over the reference domain. 88

4.7 The forward DVF with patient COPD4, visualized by quiver-plots in
axial, coronal, and sagittal slices, against an overlay of the reference
CT image (EE, magenta) and target image (EI, green). . . . . . . . . 88

4.8 Histograms (log-scale) of the magnitude of s(x) and r(x+v(x)) at the
5, 10 and 20 iteration steps with two inversion algorithms. . . . . . . 91

4.9 Pace of inverse consistency residual suppression during the first 20 it-
eration steps with the synthetic DVF, reported in percentiles of mag-
nitude of s(x) and r(x + v(x)) in pixel-length in log-scale. . . . . . . 91

4.10 Histograms of the magnitude of s(x) and r(x + v(x)) at 10 iteration
step with two inversion algorithms. . . . . . . . . . . . . . . . . . . . 93

xi



4.11 Volumetric quiver-plots of inverse consistency residuals s(x) and r(x+
v(x)), with contoured heat-maps of the magnitude (in mm), at the 10
iteration step with the COPD4 dataset, overlaid on the target image
domain. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

4.12 Pace of inverse consistency residual suppression during the first 20
iteration steps with the synthetic dataset, reported in percentiles of
magnitude of s(x) and r(x + v(x)) in pixel-length in log-scale. . . . . 94

5.1 Periodic sequence of images in a respiratory cycle of length (𝑃 ). . . . 96

5.2 Two different topology obtained as a result of different scheme for
choosing the reference phase. . . . . . . . . . . . . . . . . . . . . . . . 97

5.3 Flow diagram of periodic motion fields. . . . . . . . . . . . . . . . . 98

5.4 Flow diagram of periodic motion fields. . . . . . . . . . . . . . . . . 102

5.5 Stability definitions. . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

xii



List of Tables

3.1 Characterization summary of 6 patient DVFs by displacement lengths
(along LR, AP, and SI axes) and spectral measures (determinant of the
deformation Jacobian, spectral radius of the displacement Jacobian,
and algebraic control index (3.23)). . . . . . . . . . . . . . . . . . . . 55

3.2 Small relative area of regions where the control condition (3.17) is
violated, for each of the seven patient DVFs used in our experiments. 58

xiii



Acknowledgements

I would like to thank my advisor, Xiaobai Sun, for her guidance and support, which

have been intrumental in my thrive to become an excellent researcher. I would

like to thank my thesis committee members for their invaluable feedbacks. I’d like

to thank my collaborators, Prof. Lei Ren and Prof. Fang-Fang Yin, for sharing

their insights on medical image acquisition, post-processing and applications. I’d like

to thank my collaborator, Alexandros-Stavros Iliopoulos, for his contributions both

in computation and analysis throughout the collaboration. I’d like to thank fellow

graduate students and friends: Animesh Srivastav, Shalin Shah, Branka Lakic, Zilong

tan, Abhinandan Nath, Mayuresh Kunjir, Ilker Nadi Bozkurt, Ios Kotsogiannis, Ben

Stoddard, Reem Mukhtar, Aditi Dighe, Nisarg Raval, Hieu Bui, Tiancheng Liu, Ali

Razeen, Janardhan Kulkarni, Arjun Chaudhari, Keerti Anand, Akshay Gupta, Raul

and Neha, and others whom I may have missed, for your support and making my

stay at Duke memorable. I’d like to thank my siblings and father for their love and

support. Undoubtedly, I could not have done this without all of you. I am very

grateful to all of you. I would like to dedicate this dissertation to the memory of my

mother, Krishna Devi. She gave me life and love.

xiv



Chapter 1

Introduction

Dense registration (DR) is critical to many medical image processing and analysis

tasks. Provided with two 3D images, 𝐼𝐴 and 𝐼𝐵, a DR process typically renders

a spatial correspondence between the two images in terms of a forward deforma-

tion vector field (DVF). It may or may not provide a backward DVF. The package

VelocityAI [vel], which is a commercial software used widely in clinical therapy, pro-

vides a forward DVF only. The DIR package ANTs [ATS09], intended for broad and

basic research in medical imaging, provides both DVFs. In addition, the forward

and backward DVFs are inverse of each other, namely, they are inverse consistent

(IC). The IC property is highly desirable for certain important studies of basic re-

search and clinical applications, such as constructing anatomical atlas from image

corpora [JDJG04b], 4D CT reconstruction from multi-angle CT image scan with

motion compensation [VNDBV+17], contour propagation and dose accumulation in

adaptive radiotherapy [ZWS+18], to name a few. There are, however, a couple of

factors that limit the successful use of ANTs in clinical applications. The major one

is the registration latency, which is far longer than the brief time windows permitted

by clinical treatment.

We are concerned in particular with accurate DR of thoracic images for adaptive

radiation therapy. We introduce in this thesis a novel computational approach that

can close the existing gap in computational efficiency of symmetric (or simultaneous)

two-way DR approaches by augmenting the one-way DR with the symmetric com-

pletion procedure to obtain inverse consistent forward and backward DVF pair. We
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utilize the available commercial packages to obtain the initial estimates of forward

DVF and backward DVF by the registration in both direction, followed by a sym-

metric completion procedure to obtain inverse consistent estimates. To facilitate an

efficient and accurate symmetric completion, we have developed a novel symmetric

completion algorithm, which is based on a novel bi-residual inversion algorithm. We

augment, with ease, one-way DR software with inverse DVF, within clinical time win-

dows and on the same computing facility in common clinical use. More importantly,

by exploring and exploiting the additional properties in numerical estimates of the

forward and backward deformation mappings, we can provide a new pair of DVFs

with much-improved accuracy, in both registration and inverse consistency.

The rest of the chapter is organized as follows. In Section 1.1, we give a brief

introduction to image registration problem. In Section 1.3, we provide a review of

existing registration algorithms. In Section 1.4, we give a brief summary of applica-

tions of image registration in medicine. In Section 1.5, we highlight the gap in the

existing methods and introduce our approach.

1.1 Image registration

Deformable image registration is fundamental and critical to many medical im-

age processing and analysis tasks in personalized medicine and precision medicine.

Among the others, its most important applications include (i) medical image retrieval,

(ii) image-guided adaptive radiation therapy, (iii) motion modeling for motion com-

pensated treatment planning, (iv) iterative 4D CT reconstruction, (v) multi-modality

image fusion for diagnosis and treatment planning, (vi) dose accumulation calculation

in radiation therapy, (vii) construction of statistical atlases of anatomical structures

to study anatomical variability in population, and (viii) longitudinal study of the
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anatomical changes. In literature, image registration is categorized as rigid or non-

rigid. The computational complexity varies greatly, from a few parameters in rigid

registration model to millions of parameters in non-rigid registration. The former

is often extended to homography, which includes scaling, translation, rotation, and

shear. Organ development, intra- and inter-organ motions are mostly responsible

for non-rigid deformation between medical images. Recent developments in medical

image analysis account for the non-rigid deformations in organs to deliver precise and

personalize treatments.

Deformable image registration may be described as follows. Consider two im-

ages, a reference image 𝐼ref and a target image 𝐼tgt. A digital and dense registration

(DR) process typically renders a spatial correspondence between the two images. A

DR process assumes the target image as a non-linear, non-rigid deformation of the

reference image,

𝐼ref = 𝐼tgt ∘ f , (1.1)

where f is a forward spatial mapping from the reference domain to the target domain.

The goal of the DR process is to estimate the spatial mapping f . In computer

vision this mapping is interpreted as the optical flow [HS81]. Consider the number

of unknowns and number of equations in (1.1). Suppose each of the images has 𝑁

voxels. Then (1.1) has 𝑁 equations, but there are 3𝑁 unknowns in f to describe

the voxel-to-voxel mapping. The system of equations is under-determined. This

indicates that there may exist multiple feasible solutions for the spatial mapping.

This difficulty associated with the optical flow is known in particular as the aperture

problem [BB95]. In general, the DR problem is ill-posed, according to the Hadamard’s

definition of well-posed problem [Had14].
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The key approach to circumventing the ill-posedness of the DR problem is to use or

impose additional condition on the spatial mapping f . This may be expressed in two

ways: variational and non-variational. In the variational expression framework, non-

linear DR problem (1.1) is re-formulated as an optimization problem. The objective

function typically is composed two terms : a dissimilarity term and a regularization

term,

f = arg min
f ′

ℳ(𝐼ref, 𝐼tgt ∘ f ′) + 𝛾ℛ(f ′), (1.2)

where ℳ is an image dissimilarity function, ℛ is a regularization function and 𝛾 > 0

is a scalar parameter to balance or tradeoff between the two terms. The first term

penalizes the discrepancy between 𝐼ref, the reference image, and 𝐼tgt ∘ f , the warped

target image. The popular choices for the image registration cost include the sum

of squared difference (SSD), normalized cross-correlation (NCC), and mutual infor-

mation (MI). The regularization terms imposes additional conditions on f . Among

commonly used regularization schemes are spatial continuity, smoothness, and invert-

ibility. Such constraints on 𝑓 have physiological relevance for the medical images.

In the non-variational expression framework, there are two particular approaches

: (i) supplying additional equations for f to meet; (ii) using compressive representa-

tions of f . In the first approach, the additional constraints are provided in terms of

partial differential equations such as the Navier-stokes equation, diffusion equation,

the flow of diffeomorphism, and others. In the second approach, the feasible space

of deformation is constricted by representing the deformation vector field in different

basis functions such as b-spline, radial basis, PCA-based learned basis, among others.

The first approach has an additional property. It factors large non-rigid deformation

into intermediate ones via time evolution and fuse them via integration. There is a

rich reportoir for such deformation models [CRM96a, BMTY05, AEGG08]. There

4



are efforts to reformulate such model-based registration in variational form.

1.2 Diffeomorphism and inverse map

Diffeomorphism is of a great importance for biomedical applications. Diffeomorphism,

by definition, is differentiable and invertible and possess a differentiable inverse. It is

desirable as the topology of structures are preserved under diffeomorphic mapping;

consequently, a continueous region and contour in a reference domain are mapped

to another continuous region and contour in the target domain. A continuous and

smooth mapping is diffeomorphic if the determinant of the Jacobian of the mapping

is nonsingular,

det(Jf ) =
∏︁

𝑗=1,2,3

𝜆𝑗 ̸= 0, (1.3)

where 𝜆𝑗 are the eigenvalues of Jf . The condition (1.3) is assumed throughout in

the biomedical context. There exists an inverse map denoted by g for each forward

mapping in the context. The inverse g maps the target image back to the reference

image,

𝐼ref ∘ g = 𝐼tgt. (1.4)

The two maps f and g are inverse to each other, i.e., f ∘g = 1 and g ∘ f = 1, where 1

is an identity map. The corresponding displacement vector fields (DVFs) of forward

and inverse maps, denoted by,

u(x) = f(x) − x, and v(x′) = g(x′) − x′, (1.5)

5



satisfy the simultaneous inverse consistency (IC) condition,

v(x) + u(x + v(x)) = 0, (1.6a)

u(x′) + v(x′ + u(x′)) = 0. (1.6b)

We categorize the DR process in two groups based on whether it returns only

one mapping or both: (i) one-way registration, only provides the forward mapping

(ii) two-way registration, provides both forward and inverse mapping. In Section 1.3,

we give a brief review of existing registration methods.

1.3 Registration methods

1.3.1 Rigid registration

Rigid registration method, the simplest among all methods, is parameterized by a

projective transformation P with 12 parameters,

P =

⎡⎢⎢⎢⎢⎢⎢⎣
𝑎11 𝑎12 𝑎13 𝑡𝑥

𝑎21 𝑎22 𝑎23 𝑡𝑦

𝑎31 𝑎32 𝑎33 𝑡𝑧

0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎦ =

⎡⎣A t

0T 1

⎤⎦. (1.7)

where t = (𝑡𝑥, 𝑡𝑦, 𝑡𝑧)
𝑇 describe translation, A describe scaling, rotation and shear.

A projective map can be decomposed into a similarity, an affine, and a perspective

projection map. The decomposition provides a geometrical interpretation of the

mapping. This method assumes that deformation between the reference and target

image only include global rigid rotation, scaling, shear, and perspective projection.

The transformation P can be obtained as a solution of the following optimization
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problem,

P = arg min
P′

‖𝐼ref − 𝐼tgt ∘P′‖22. (1.8)

The formulation has only 12 global variables and can be can be estimated by a

gradient descent algorithm. This method is useful in particular for aligning the rigid

structures such as bone [ACL04, HPO+05, THC06].

1.3.2 Elastic registration

Early attempts of DR in medical imaging are elastic modeling strategy by [BLR83].

Under this modeling technique, the reference image under the deformation is mod-

eled as an elastic body. The Navier-Cauchy equation is used to parameterize the

deformation,

𝜇𝑓∇2u + (𝜇𝑓 + 𝜆𝑓 )∇(∇ ·u) + F = 0, (1.9)

where u denotes DVF and defined as in (1.5), F is the body force per unit volume

and set to the gradient of the image registration error
∑︀

𝑥 |𝐼ref(x)− 𝐼tgt ∘ (x+u(x))|.

The body force is zero when the warped target image by the DVF estimates (𝐼tgt ∘

(x+u(x))) matches with the reference image (𝐼ref), i.e., 𝐼ref(x) = 𝐼tgt∘(x+u(x)); the

computation is stopped under this condition as equilibrium is reached. A limitation

of this approach is that there are no explicit constraints that ensure the invertibility of

the mapping. Christensen et al. [Chr94] showed that the folding of the grid over itself

can occur when a regular grid is warped with DVF estimates of large deformations

by the elastic registration. The folding destroys the invertibility of the map. Since

then, this modeling is used only for the case with small deformation.
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1.3.3 Demons method

Demons method [Thi98] models the deformation by the diffusion equation,

∆u + F = 0, (1.10)

where F is the demon force driving the registration process. The force calculation

is inspired by the optical flow equations. Demons method do not explicitly enforce

the diffusion equation constraint. Instead, it uses the convolution with the Gaussian

kernel for smoothing, which is Green’s function of the diffusion equation under the

appropriate boundary conditions. Demons method consists of two steps. The first

step was initially heuristically developed. Pennec et al. [PCA99] showed that this

step was approximation of a second-order gradient descent on the image dissimilarity

cost
∑︀

𝑥 |𝐼ref(x) − 𝐼tgt ∘ (x + u(x))|. The second step is a smoothing step, that is

convolution with a Gaussian kernel. Fischer and Modersitzki [FM02] provided a fast

implementation of the demons algorithm by explicitly using the linearized diffusion

equations for the regularization. Vecauterren et al. symmetrized the demons method

by symmetrizing the forces by averaging the forward and backward forces and ex-

tended it enforce diffeomorphism by replacing the additive updates to a compositional

update by using the log-euclidean metric [VPPA07, VPPA08].

1.3.4 Inverse-consistent registration

Inverse consistent model (ICM) developed as an extension of the elastic model, has

proved a promising way to overcome the limitation of the elastic model. Inverse

consistency is first introduced by Thirion as an extension to his Demons algorithm

[Thi98]. However, it is largely later popularized by Christenson et al. [CJ01]. ICM is

developed in the context of large deformation registration under a variational frame-
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work. In variational setting, DR is posed as a symmetric minimization problem over

both forward and backward maps, with two additive parts of the objective function

e = e1 + e2,

e1 = 𝛼1‖𝐼ref − 𝐼tgt ∘ f)‖22 + 𝛽2ℛ(f) + 𝛾1‖f − g−1‖22, (1.11a)

e2 = 𝛼2‖𝐼ref ∘ g − 𝐼tgt‖22 + 𝛽2ℛ(g) + 𝛾2‖g − f−1‖22, (1.11b)

where 𝛼, 𝛽, 𝛾 are positive constants and ℛ is the regularization function.

The formulation (1.11) has twice degree of freedom to that of its asymmetric

counterpart. However, the objective function includes additional registration, regu-

larization and inverse consistency constraints. Consequently, this symmetric formu-

lation is considered to have lesser fraction of local minima, and thus the optimization

process is less susceptible to get trapped into one. Also, both forward and backward

maps are estimated at once and inverse consistency between them is enforced.

The objective function (1.11) consists of three terms: image dissimilarity cost,

map regularization penalty, and inverse inconsistency cost. The image dissimilarity

term was symmetrized by including both deformations of a target into a reference

image by forward map f and of a reference into a target by inverse map g. Chris-

tensen and Johnson [CJ01] used a linear elastic operator ‖𝑎∆u + 𝑏∇(∇ ·u) − 𝑐u‖22

as a regularization function. The last term in both objectives penalizes the inverse

inconsistency between f and g. The symmetrization of the objective function and the

addition of the inverse consistency condition is a major contribution of this model. An

alternating scheme was used to solve the coupled objective functions, which required

explicitly computing the inverse maps f−1 and g−1.

Leow et al. [LHG+05] proposed a minimization formulation similar to (1.11) and

however avoided the explicit computation of the inverse function by linear approx-
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imation of the consistency condition. A gradient descent based algorithm is used

to minimize the two objective functions simultaneously. The gradient descent direc-

tion involving the inverse mapping is converted to the corresponding gradient descent

direction in the forward direction, using a first-order Taylor approximation in the con-

sistency condition. Zhang et al. [ZJT06] used an inverse consistency term f ∘ g − 1

and g ∘ f − 1 to avoid the explicit computation of the inverses.

He and Christensen [HC03] extended the ICM method for the registration of large

deformation. To handle large deformations, they introduced intermediate images on

the forward and reverse path from the reference image to the target image. The

intermediate images are computed all at once with the unknown maps using a vari-

ational model. The objective function consists of multiple terms to ensure small

deformation between successive template images, smooth transformations, a symme-

try between the template images on the forward and backward paths and inverse

consistency between symmetric image pairs. Their method is experimentally shown

to handle large deformations. Despite the explicit inverse consistency enforcement,

inverse consistency errors are possible in the variational method because of the mul-

tiple terms in the objective functions. Some other related studies on ICM can be

found in [CR00, DGM98, JDJG04b].

1.3.5 Diffeomorphic registration

Diffeomorphic models are developed to provide not only invertible but also smooth

deformation vector fields. The early diffeomorphic models were greedy viscous fluid

models by Christensen et al. [CRM94, CRM96a]. The reference image is parameter-

ized as a viscous fluid governed by the Navier-Strokes equations with low Reynold’s
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number flow,

𝜇𝑓∇2u̇ + (𝜇𝑓 + 𝜆𝑓 )∇(∇ · u̇) + F = 0, (1.12)

where u̇ is the velocity field as defined in (1.13) and F is the body force per unit

volume and set to the gradient of the intensity matching cost |𝐼ref(x)−𝐼tgt∘(x+u(x))|.

The body force is zero when 𝐼ref(x) = 𝐼tgt ∘ (x + u(x)) and the system reaches an

equilibrium. The term ∇2u̇ term in (1.12) constraints the velocity field to be spatially

smooth. The term ∇(∇ · u̇) allows the image component to grow and shrink. The

regularization is put on the velocity field u̇ as,

u̇(x, 𝑡) :=
d

t
u(x, 𝑡) = 𝜕𝑡u(x, 𝑡) + ∇u(x, 𝑡)u̇(x, 𝑡). (1.13)

The viscous fluid models do not assume small deformations and it can model large

smooth deformations. Despite its practical use, existence and smoothness of its solu-

tion is still an open problem, known as Navier-Strokes existence and smoothness prob-

lem [Lad69]. Finite difference methods were used to solve the differential equations for

the velocity field. The final map is found by integrating over the velocity field. Suc-

cessive overrelaxation (SOR) iteration method is used in the earliest implementation

for solving PDE. The SOR method was later replaced by a direct solution by Discrete

Fourier transform (DFT) to obtain fast and accurate solutions [LRVMMS08, CNH07].

Recent diffeomorphic models are designed to find the smoothest possible solu-

tion. Large deformation diffeomorphic metric mapping (LDDMM) model by Beg et

al. [BMTY05] is one of the widely studied models in this category. The main contri-

bution of LDDMM is to estimate the smoothest possible solution via the variational

approach, which takes the form

arg min
u̇

∫︁ 1

0

‖u̇(x, 𝑡)‖2𝑉 d𝑡 + ‖𝐼ref − 𝐼tgt ∘ f‖2L2
. (1.14)
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where the u̇ is the velocity field parameterized with Euler-Langarange equation,

df(x, 𝑡)

d𝑡
= u̇(f(x, 𝑡), 𝑡), f(x, 0) = x. (1.15)

The geodesic path of evolution of diffeomorphism is regularized by regularization

term ℛ =
∫︀ 1

0
‖u̇(x, 𝑡)‖2𝑉 d𝑡 to find the smoothest solution, where ‖.‖𝑉 is Sobolev

norm on velocity field defined as ‖.‖𝑉 = ‖D( · )‖𝐿2 , where D is a differential operator

and ‖.‖𝐿2 is 𝐿2 norm of square integrable functions. The choice of D allows different

type of spatial smoothness. The Cauchy-Navier differential operator D = (−𝛼∆ +

𝛾I)𝛽, 𝛽 > 1.5 is in particular used. A higher value of the coefficient 𝛼 enforces a

higher degree of smoothness. A standard steepest descent scheme is used to optimize

the objective function (1.14) to find the velocity field. The final map is then obtained

via integration f = f0 +
∫︀ 1

0
u̇(f(x, 𝑡), 𝑡)d𝑡.

The rigor of the LDDMM framework comes at a computational cost. Ashburner

[Ash07] simplified the LDDMM to gain the computational efficiency by trading the

shorter geodesic path solutions by using a single initial velocity field, which stays

stationary over the unit time. The stationary velocity field is first estimated by min-

imizing the image dissimilarity and regularization term over the stationary velocity

field. Three regularization terms are proposed over the field: membrane, bending or

linear elastic. The optimization is carried out by the Levenberg-Marquart algorithm.

The final map is then efficiently estimated through time integration by composing

successive solutions.
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1.3.6 Symmetric diffeomorphic registration

Symmetric model proposed by Avants et al. [AEGG08] deforms both source and

target images simultaneously and match them in an intermediate image domain,

arg min

∫︁ 0.5

0

‖u̇(x, 𝑡)‖2𝑉 d𝑡 + ‖v̇(x, 𝑡)‖2𝑉 d𝑡 + ‖𝐼ref ∘ g0.5 − 𝐼tgt ∘ f0.5‖2L2
. (1.16)

The minimization is carried out with respect to f0.5 and g0.5. Both of the mid-way

mappings are subjected to diffeomorphic regularity,

df0.5(x, 𝑡)

d𝑡
= u̇(f0.5(x, 𝑡), 𝑡), f0.5(x, 0) = x, (1.17a)

dg0.5(y, 𝑡)

d𝑡
= v̇(g0.5(y, 𝑡), 𝑡), g0.5(y, 0) = y, (1.17b)

The final inverse consistent maps are then obtained by the composition operation,

f = g−10.5 ∘ f0.5 and g = f−10.5 ∘ g0.5. As noted by the authors, their method is distinct

from the inverse consistent models by Christensen and Johnson [CJ01]. The existence

of inverses is not guaranteed in latter, as the optimization is not done under the

diffeomorphic paradigm. A DVF inversion method with high-order accuracy and

computational efficiency is explicitly required in both methods.

1.4 Medical applications

Rigid registration is a widely established task in medical image pipelines and is widely

available in the clinical software. In comparison, dense registration is increasingly

being adopted and about to grow to become the next establishment. In this section,

we will discuss the application of dense registration in medical image pipelines.
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1.4.1 Motion modeling

Respiratory and cardiac motion pose a challenge to radiation therapy, including hy-

pofractionated radiotherapy such as stereotactic body radiotherapy, which requires

a precise delivery of high doses [MHSK13, KMB+06]. A (near) real-time CBCT re-

construction is often desired from the limited-angle projection to guide the therapy

[ZYSR13, RZY14]. CBCT reconstruction from limited-angle projection data is in

general ill-posed. Motion model-based reconstruction techniques have been previ-

ously developed by [RWvHS09, ZYZ+15] to use the prior CT images to model the

motion of the lung to overcome the ill-posedness of the problem. In this approach,

the CBCT images are considered as a deformation of the planning CT images and

the CBCT reconstruction problem is reduced into deformation estimation problem.

The ill-posedness of the problem is overcome by parameterizing the space of feasible

deformation field by the motion model. The respiratory motion modeling has been

previously studied in many other contexts. A brief review of the models can be found

in [MHSK13]. Typically, the motion models are based on the deformation fields es-

timated from the prior 4D CT images. A 4D CT image consists of 3D CT images

at different temporal phases. Deformable registration provides a mapping from all

other phases to a reference phase (end-of-the-expiration). A common approach in the

field of study is to use the principal component analysis of the deformation fields to

extract the patient-specific dictionary to represent the motion as a linear combination

[LLJ+11a, ZPH+07]. PCA-based model is limited by their degree of freedom to be

less than the number of respiratory phases in the training 4D CT data.

1.4.2 4DCT reconstruction

A 4DCT image is 3D volumetric CT image with multiple images over time. In ra-

diotherapy, 4DCT has been widely used for treatment planning [FMYL03, LNK+03].
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Retrospective slice sorting is a popular 4DCT acquisition method, in which the pro-

jection data are continuously acquired for full respiratory cycle either in cine or helical

mode. Multiple slices at each couch position are reconstructed and sorted into respi-

ratory phase bins. 4D CT images aim to capture the subject under investigation at

a sufficient temporal and spatial resolution, that allows the study of its temporal dy-

namics such as biomechanical properties of organs, the compression of polyurethane

(PU) foam [EWH+02, JLS+14].

Discrete inverse Randon transformation [LH98], also known as filtered back pro-

jection (FBP) algorithm, is often used to reconstruct each phase of 4DCT from the

acquired projections associated with it. This method, however, neglects the tempo-

ral correlation between the 4DCT images at successive phases. This method requires

wide angle (high dose) acquisition to independently reconstruct each phase of a 4DCT

image to avoid the streak artifact in the reconstruction. Thus, the FBP algorithm

suffers from the trade-off between the temporal resolution and streak artifacts in the

reconstruction.

Simultaneous iterative reconstruction technique (SIRT) [LL79] provides an al-

ternative framework for the reconstruction. Gregor and Benson [GB08] uses an

eigenvalue-based iteration relaxation technique to accelerate SIRT and show the con-

vergence of the iteration. Recent developments in the field of study attempt to ex-

ploit the temporal correlation between the 4DCT images to reduce the imaging dose

[BPO+12, IGN10, HXM+16, VNDBV+17]. The initial work by [BPO+12, IGN10,

HXM+16] assumes that deformation is a priori known. However, Nieuwenhove et al.

[VNDBV+17] proposes a novel method, where both 4DCT images and deformations

are to be estimated simultaneously. The optimization is carried out in an alternating

fashion. At first step, SIRT is used to find the 4DCT images. At subsequent step,

deformable registrations are done between the phases to estimate the deformation
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field between the phases. These fields are then used to correct and update the 4DCT

image estimates. Their method is a promising direction to exploit the temporal cor-

relation to overcoming the tradeoff between temporal resolution and artifacts, and is

an active field of research.

1.4.3 Atlas construction

Atlas is an important tool in the study of the variation of anatomical structure and

the relationship between the structure and function in the brain [TT88, CJW+98,

LWP+98]. Atlas consists of two image volumes: one intensity image and one labeled

image. Early attempts of atlas construction were single-subject atlases or determin-

istic atlases, which are often selected from a data set to be representative of average

size, shape, and intensity of typical cases. Talairach atlas [TT88] was one of the first

single-subject atlases by the Visible Human Project of National Library of Medicine,

included about 400 brain structures, that was proposed to identify brain structures

in stereotaxic coordinates. High-resolution multiple acquisitions were used later to

create a high-resolution deterministic atlas. Single-subject atlases, however, do not

capture the average size, shape, and intensity accurately. To better capture the vari-

ability of the anatomical structures, statistical atlases were constructed based on the

population dataset. Population atlas can be categorized into groups based on spe-

cific criteria such as age, sex, disease, etc. The particular challenge that was faced

when generating the population-based atlases was the population images vary in their

shape and structure.

Guimond et al. [GMT00] proposed the construction of a statistical atlas in 2000,

which was one of early development in the field of study. Their method involved 4

steps. First, a reference image is arbitrarily selected from the population images. A
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rigid registration between all population images and a reference image is used for

global shape alignment, followed by a deformable registration to find the residual

variations due to morphological differences. Second, residual variations are used

to warp the population images into the reference coordinate. The intensity of the

warped images is averaged to obtain an average intensity image, which is less noisy

than the individual population images. Third, the deformations from the reference

to population images are averaged and then inverted to find the deformation between

from the average shape image to the reference image. Finally, the inverted map is

used to warp the average intensity image to obtain the atlas with the average shape

and intensity.

One of the fundamental limitations of this approach is the arbitrary selection of the

reference image that creates a bias. The subsequent work puts the [GMT00] method

in an iterative framework to address the issue. Atlas obtained at the end of the

fourth step as described above is then used as a reference image for the next iteration.

Another criticism of their model is at the third step, the averaging the deformation

field lead to an illegitimate, non-diffeomorphic field. The more recent work by [AG04,

JDJG04a, ACPA06] puts the atlas construction under diffeomorphic model to account

for large variability among the population images by replacing euclidian averaging

with the geodesic averaging, which is achieved by averaging velocity fields, replacing

the euclidian averages with the Frechet means or log-euclidian means respectively.

1.4.4 Medical image segmentation

Image segmentation is one of the most critical tasks in many medical applications such

as surgical or radiation therapy planning, automatic labeling of anatomical structures

and is known to be one of the most challenging tasks as well in medical image analysis
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community. Image segmentation task aims at finding partitions of medical images

into contiguous anatomical regions, with homogeneity and inhomogeneity within and

across the region respectively. In many cases, segments are even difficult to delineate

manually. The problem is especially difficult for images with low contrast-to-Noise

ratio (CNR) and image artifacts such as intensity inhomogeneity.

Using prior knowledge can help in the segmentation task. Anatomical atlases are

a promising and widely used approach of using prior knowledge. Atlas-based segmen-

tation has been used in literature for segmenting brain into its internal structures or

segmenting the abdominal images into lung lobes, heart, aorta, and other abdominal

organs [HPMD99, RBMMJ04, CAD+05, MAS+14]. The atlas-based segmentation

methods can be broadly classified into single and multi atlas-guided segmentation.

Single atlas-guided approach registers the study image to an atlas. The spatial cor-

respondence between the two is then used to propagate the anatomical labels from

the atlas to the study image. Image registration is often done in two steps. A rigid

registration is first performed for the shape and boundary alignment, followed by a

local deformable registration. The final accuracy of the segmentation depends on the

quality of the deformable registration. The selection of the atlas is often done by

visual inspection. In contrast, the multi atlas-guided approach registers the study

image to more than one atlas. The multiple independent labels are obtained and

are fused to obtain better segmentation [WSD+13, LWK+10, AHH+09, IS15]. Pop-

ular strategies for the label fusion includes majority voting, majority rule, or label

voting, among the others. Active shape model, active appearance model, level-set

method and other deformable model based segmentations are other state-of-the-art

alternatives. A brief survey of these approaches can be found in [EGSEB11].
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1.4.5 Medical image fusion

Medical imaging has become a necessary diagnostic tool across the world. There are

several imaging modalities that exist today have complementary information across

the modalities. For instance, the CT image provides dense structures such as bones

with very little inaccuracy, but cannot provide very detailed physiological changes in

the soft tissues, whereas MRI provides a better view of the soft tissues, but does not

provide a good view of dense structures. The selection of the imaging modalities for

the diagnostic depends on the organs under the study In many cases, it is preferable

to look at multiple modalities to make a better assessment. Medical image fusion is

the process of combining the complementary information from multiple modalities in

a single image to improve diagnosis and have a better assessment. The major modal-

ities in the clinical practice include but not limited to: (i) Computer Tomography

(CT) (ii) Magnetic resonance imaging (MRI) (iii) Dynamic contrast-enhanced Mag-

netic resonance imaging DCE-MRI (iv) Dual-energy X-ray absorptiometry (DXA)

(v) Positron emission tomography (PET) (vi) Ultrasound. These imaging has proven

quite effective in particular in diagnosis and assessment of brain, breast, lungs, liver,

bones, intestines, among the others.

Medical image fusion primarily consists of two stages: deformable registration

and image fusion. The first stage, DR, is to correct for the misalignments in different

modalities and is in particular challenging in presence of detector noise and other

reconstruction artifacts. Role of image registration in fusion has been discussed

in [ZB01, Gos06]. The second stage, image fusion, requires feature identification,

extraction, and aggregation, all of which depends on and varies across the clinical

applications.

Image fusion methods can be categorized into two groups: spatial domain fusion
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and transform domain fusion. The spatial domain fusion category includes spatial

averaging, PCA-based method and Brovey method. They do not produce desirable

images and suffers from problems such as loss of contrast, spectral degrading and

others. The transform domain fusion category includes Pyramid transform based

methods such as Laplacian pyramid [LMM95], the gradient pyramid, contrast pyra-

mid, morphological pyramid [MMB94], or wavelet transform based such as discrete

wavelet transform (DWT) [QZY01, MBB06]. In these techniques, the input images

are first represented in the multi-resolution representations. The rule-based fusion

is then applied to obtain a new fused transform. An inverse transformed is finally

used to obtain the new fused image. Pyramid transform based and wavelet trans-

form based method suffers from the blocking artifacts such as undesirable edge and

other undesirable artifacts respectively [YZWB01]. Other methods use DWT along

with artificial neural networks [WM08, ZTL+04], independent component analysis

[CZW09], fuzzy logic [SRKM04]. A comprehensive survey of image fusion can be

found in [JD14].

1.5 Dissertation

Image registration is at the core of medical image analysis, with wide clinical and basic

research applications. Both forward and backward deformation are highly desirable

in these applications. The inverse consistency property between the forward and

backward deformation are of importance, especially for anatomical atlas construc-

tion [JDJG04b], 4D CT reconstruction with motion compensation [VNDBV+17], con-

tour propagation and dose accumulation in adaptive radiotherapy [ZWS+18]. There

are, however, a couple of factors that limit the successful estimation of the forward

and inverse mapping simultaneously. The major one is the registration latency, which
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is far longer for the existing two-way registration packages than the brief time win-

dows permitted by clinical therapy. The considerable gap is large.

This dissertation is a step forward to bridge the existing gap. We are concerned

in particular with accurate two-way DR of thoracic images for adaptive radiation

therapy. We introduce a two-way dense registration method via symmetric comple-

tion. Our method has 2 steps. First, we utilize the available commercial packages to

obtain initial estimate of the forward and backward DVF. Second, we use the sym-

metric completion procedure to obtain the inverse consistent backward DVF. We have

developed a symmetric completion algorithm, which converts the existing one-way

DR packages into a two-way DR procedure. The symmetric completion algorithm is

based on a novel, fast and highly accurate inversion algorithm.

We make the following key contributions. (i) We present a novel fast and highly

accurate DVF inversion algorithm. Our algorithm includes the two precursor algo-

rithms as a particular instance, in both format and analysis. (ii) The algorithm is

underpinned by a unified analysis of error propagation and convergence. The analysis

enables connections and comparisons among iteration algorithms for DVF inversion

and leads to the design of more effective ones. (iii) We characterize the critical role

of what we introduce as the non-translational displacement component (NTDC) in

error propagation, and provide quantitative NTDC measures. When the NTDC is

non-small, the precursor methods fail to guarantee convergence. This insight is new.

(iv) We present a symmetric completion algorithm via DVF inversion. Our method

augments any existing one-way packages and returns an improved forward and back-

ward DVF with respect to image registration error and inverse consistency error.

The rest of the dissertation is organized as follows. In Chapter 2, DVF inversion

problem is defined and extensive state-of-the-art methods of the DVF inversion is

provided. We also introduce a novel bi-residual DVF inversion method. The method
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consists of two phases: (i) a steering phase - a framework of non-translational dis-

placement component (NTDC) adaptive iteration method for global convergence,

(ii) an accelerating phase - an implicit newton method for local acceleration. We

introduce the two phases and highlight the main results. In Chapters 3 and 4, we

give theoretical convergence analyses and experimental validations of the two phases.

In Chapter 4, we also present the symmetric completion algorithm. In Chapter 5, we

present a non-iterative method for rapid and robust inversion of respiratory DVF. In

Chapter 6, we conclude the dissertation.
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Chapter 2

DVF inversion

We consider numerical inversion of a deformation vector field (DVF). Inverse DVFs

are needed, together with their respective forward DVFs, to map images, structure

contours, or doses back and forth in applications such as 4D image reconstruc-

tion [RZY14], dose accumulation calculations and multi-modality treatment planning

in adaptive radiotherapy [YZM+10, VDGO+13, RHDG+15, GNP+17], and cardiac

functional analysis [FCAT17]. DVF inversion is also a fundamental operation in si-

multaneous and symmetric registration methods [CJ01, LHG+05, AEGG08, SDP13,

HSP+16]. An important consideration is ensuring that the forward and reverse map-

pings are inverse-consistent [Chr99, SDP13]. Theoretical guarantees of convergence

and computational efficiency have been a long-standing open problem with DVF

inversion.

A consistent pair of forward and reverse mappings can be obtained via one-way de-

formable registration followed by a DVF inversion process [CLC+08, YZM+10], or via

simultaneous, symmetric two-way registration methods [CJ01, LHG+05, AEGG08,

HSP+16]. The former, asymmetric approach is often preferred in certain clinical

applications with a limited time window, in part because it is shown to be faster

empirically, and in part because of the non-negligible asymmetry in clinical image

quality. One of the images may be more adversely affected by noise or artifacts than

the other. Such asymmetry makes one-way registration better or worse depending

on the mapping direction, due to the high sensitivity of registration methods to noise

or variation in imaging conditions [SYVL+09, YZM+10, FCAT17]. We consider the
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asymmetric approach to be an effective means to counterbalancing the asymmetry in

image quality.

DVF inversion is often involved also in simultaneous registration, which results

in both forward and reverse mappings [CJ01, LHG+05, AEGG08, HSP+16]. Inverse

consistency (IC) between forward and reverse mappings for deformable registration

was addressed in the early work of [Thi98] and [Chr99]. The IC condition has since

been incorporated in various deformable registration models. It is either used as an

explicit constraint attached to an optimization model [CJ01], or employed implicitly

and approximately in numerical iterations [LHG+05]. The registration process may

involve multiple intermediate transformations and their composition. DVF inversion

is used to ensure that the transformations, intermediate as well as final, meet the IC

condition. Many studies on simultaneous estimation of forward-inverse DVF pairs

can be found in the survey by [SDP13] and references therein.

With a provided DVF as input, numerical inversion of the DVF can be governed

by the IC condition and carried out in displacement space, rather than in image

space. The inversion relationship is inherently nonlinear. One therefore resorts to

iterative solution methods, except in certain cases. There is a close relationship

between IC residuals (i.e., deviations from the IC condition) and inversion errors in

the iterative estimates. We will leverage this relationship to improve upon the inverse

DVF iterates by using the IC residuals as feedback into the iteration.

The rest of the chapter is organized as follows. In Section 2.1, we introduce the

notations and relevant concepts and define the DVF inversion problem. We also

introduce the non-translational displacement component (NTDC) of the DVF and

its role in the inversion. In Section 2.2, we discuss two precursor methods for the

inversion. In Section 2.3, we introduce a novel bi-residual DVF inversion method and

its two constituent phases. In Section 2.4, we summarize the main findings of the
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convergence analysis.

2.1 Notation and preliminaries

DVF inversion can be phrased as follows. A reference and a target image, denoted

by 𝐼ref and 𝐼tgt, respectively, can be related to one another by two non-linear trans-

formations. Denote by Ω the image domain, Ω ⊂ R3. The forward transformation,

f : Ω → Ω, maps the voxels of the reference image 𝐼ref onto those of the target image

𝐼tgt via f(x′) = x′ + u(x′), where u(x′) is the forward 3D displacement at x′ ∈ Ω.

Conversely, the inverse transformation, g : Ω → Ω, maps the voxels of 𝐼tgt back to

𝐼ref via g(x) = x + v(x), where v(x) is the inverse 3D displacement at x ∈ Ω. DVF

inversion means obtaining v given u. The two transformations are inverse to each

other: (f ∘ g)(x) = x, and (g ∘ f)(x′) = x′ for x,x′ ∈ Ω. Consequently, the forward

and inverse DVFs satisfy the simultaneous inverse consistency (IC) condition:

v(x) + u(x + v(x)) = 0, (2.1a)

u(x′) + v(x′ + u(x′)) = 0. (2.1b)

The IC condition governs iterative DVF inversion.

Assume the transform f is sufficiently smooth. Denote by Jf (x
′) the Jacobian of

the forward transform at x′. The Jacobian of the displacement is shifted by identity

I from that of the transform,

Jg(x) = I + Jv(x), Jf (x
′) = I + Ju(x′). (2.2)
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The inverse consistency conditions in terms of the Jacobians are

(I + Jv(x))(I + Ju(x + v(x))) = I, (I + Ju(x′))(I + Jv(x′ + u(x′))) = I. (2.3)

The condition for the inverse g to exist is that the Jacobian is non-singular,

det(Jf (y)) =
∏︁

𝑗=1,2,3

𝜆𝑗(y) ̸= 0, (2.4)

where 𝜆𝑗(y) are the eigenvalues of Jf at y, which we may denote simply by 𝜆𝑗.

Condition (2.4) is assumed throughout the analysis in this dissertation.

For any pair of numerical DVFs, u and v, the following inverse consistency (IC)

residuals can be computationally obtained

s(x) = v(x) + u(x + v(x)), x ∈ Ωtgt (2.5a)

r(x′) = u(x′) + v(x′ + u(x′)), x′ ∈ Ωref . (2.5b)

We may refer to s(x) and r(x′) as the study IC residual and reference IC residual,

respectively, by the spatial domain over which each is defined.

2.1.1 Inversion error & inverse consistency residuals

Denote by v̂ an estimate of the inverse DVF v*. The unknown error in the estimate

is give by,

e(x) = v̂(x) − v*(x). (2.6)

Qualitatively, the IC residuals (2.5) is zero if and only if the inversion error is zero.

In order to use the IC residual as feedback for improving the inverse DVF estimate,

we investigate the quantitative relationship between inversion error and IC residuals.
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Assume in analysis that the deformation transformation f is differentiable. By

the mean value theorem, the study IC residual (2.5a) and the inversion error can be

related by

s(x) = Jf (𝜉) e(x), (2.7)

where Jf (𝜉) is the forward transformation Jacobian evaluated at 𝜉, which lies between

x+v*(x) and x+ v̂(x). When e(x) is small, Jf (𝜉) can be numerically approximated

by Jf (x+v̂(x)). The reference residual (2.5b) is spatially related to the error through

the following mapping:

r(x + v̂(x)) = e(x + s(x)). (2.8)

Provided with a forward DVF u, we will rely on the IC residuals s(x) and r(x +

v̂(x)) and relationship (2.7) and (2.8) to improve upon the inverse estimate v̂ via an

iterative process. We will also use both s(x) and r(x+ v̂(x)) to quantitatively assess

inverse DVF estimates.

2.1.2 Non-translational displacement component (NTDC)

We introduce the decomposition of a DVF into translational and non-translational

components, to elucidate the relationship between inversion errors and IC residuals.

By (2.7), the estimate error is related to the IC residual via Jf . The transformation

Jacobian Jf is the displacement Jacobian Ju shifted by the identity:

Jf = I + Ju. (2.9)

When Ju = 0, then Jf = I and the residual rv is equal to the estimate error e. The

inverse displacement v can then be obtained immediately by adding the residual to

the current estimate, regardless of the direction and magnitude of displacement u.
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In this case, we consider the corresponding displacement u as translational. When

Ju ̸= 0, there is a non-translational component in the displacement. The non-

translational displacement component (NTDC) is responsible for the nontrivial, non-

transparent relationship between the estimate error and the IC residual.

The NTDC Jacobian is used in DVF characterization, pre-inversion convergence

analysis and prediction, and adaptive feedback control design. Conceptually, we de-

compose the displacement into translational ut and non-translational unt components:

u(x) = ut+unt(x). These components are identified by their respective contributions

to the Jacobian Ju. Only non-translational components contribute to the Jacobian,

i.e., Jut = 0 and Junt = Ju. We may therefore refer to the NTDC Jacobian as the

displacement Jacobian Ju, with the understanding that the translational component

plays no part in it. We will introduce in Section 3.6 spectral measures for charac-

terizing the NTDC, and provide an explicit criterion for considering the NTDC as

non-small.

2.2 Related work

Two particular and influential iteration algorithms for DVF inversion were developed

by Christensen and Johnson [CJ01] and Chen et al. [CLC+08]. We briefly review these

two influential iteration algorithms. No connection nor comparison between them

seems to have been previously made. Assume u is provided as input. At iteration

step 𝑘 = 0, 1, 2, . . ., the iteration algorithm by Chen et al. [CLC+08] proceeds as

v𝑘+1(x) = −u(x + v𝑘(x)). (2.10)
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The initial guess v0 is set to zero, which leads to v1(x) = −u(x). A sufficient

convergence condition for (2.10) is the Lipschitz condition on u: d(u(x′1),u(x′2)) ≤

𝛼 d(x′1,x
′
2) for all x′1,x

′
2 ∈ Ω, where d( · , · ) is a well-defined distance metric, and

𝛼 ∈ [0, 1) is a Lipschitz constant [CLC+08]. The convergence behavior of iteration

(2.10) depends passively on the Lipschitz condition. This condition is not necessarily

met by DVF data seen in practice, as we shall show later, in Table 3.1 and Fig. 3.5

in particular.

An earlier algorithm by Christensen and Johnson [CJ01] takes the following iter-

ation step,

v𝑘+1(x) = v𝑘(x) − 1

2

(︀
v𝑘(x) + u(x + v𝑘(x))

)︀⏟  ⏞  
r𝑘(x)

. (2.11)

This iteration scheme is often effective, and is perhaps the first algorithm to use

the IC residual explicitly as feedback into the new estimate. The iteration is closely

related to the residual method by [Thi98], which is based on a heuristic to enforce

that DVF estimates are bijective (invertible). The use of a half residual as feedback

is due to a heuristic introduced in the residual method by Thirion [Thi98]. This

iteration is often effective in practice, however it was hitherto lacking a complete

understanding of its convergence behavior.

2.3 DVF inversion with bi-residual feedback

We introduce a new iterative algorithm that is fast and highly accurate, utilizing both

the study and reference IC residual for DVF inversion. The algorithm consists of two

phases. In phase one, we use a simple and robust iterative inversion procedure with a

feedback to steer any initial guess onto a convergent course toward the inverse DVF.

In phase two, we accelerate the convergence at locally quadratic rate, exploiting the

29



reference IC residuals. It is critical to have an early and stable transition from phase

1 to phase 2. We use a two-scale scheme for the phase transition and integration.

We introduce next the three key algorithmic constitutes in detail.

2.3.1 Steering phase: adaptive to study residuals

We introduce a framework of iteration algorithms for DVF inversion, with a simple

mechanism for active feedback control. Assume that a DVF u and an intial guess for

inverse DVF v0 is provided. The iterative inversion process at step 𝑘, 𝑘 ≥ 0, consists

computing first the current study IC residual,

s𝑘(x) = v𝑘(x) + u(x + v𝑘(x)) (2.12)

and making the next estimate using the IC residual s𝑘 as the feedback,

v𝑘+1(x) = v𝑘(x) − (1 − 𝜇𝑘(x)) s𝑘(x), (2.13)

where 𝜇𝑘 is the control parameter, scalar valued in the range of (−1, 1). The design

of the control parameter values is critical to the convergence. We set the feedback

control parameter to the mid-range value of the feasibility interval of (2.19), i.e.,

𝜇𝑘(x) = 1 − min
x′∈𝒩 (x+v𝑘(x))

min
𝑗=1,2,3

Re
(︀
𝜆−1𝑗 (x′)

)︀
, (2.14)

where the neighborhood 𝒩 (x+v𝑘(x)) is centered at x+v𝑘(x), convex, and contains

x + v(x). One may let the neighborhood arbitrarily large within the image domain.

One may also make the neighborhood relatively small so that the feedback control

becomes spatially variant, automatically adaptive to the spatial variation in the DVF

data. In practice, the image domain is covered by a finite number of neighborhoods.
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In addition, the feedback control schema with mid-range values has the striking prop-

erty that it grants simple and stable change in the neighborhood range in adaptation

to the iteration dynamics. We describe in Section 2.3.3 how we exploit this property

in the integral design of the bi-residual DVF inversion.

2.3.2 Accelerating phase : feedback with reference residuals

The acceleration technique we used in phase 2 is original and simple. Continue with

an inverse estimate provided by the phase-1 iteration at some point 𝐾1, we compute

at step 𝑘 > 𝐾1 the reference IC residual r at x + v𝑘(x) with the current estimate

v𝑘(x), in lieu of the study residual at x. We use this residual as the feedback,

unmodulated, to obtain the next estimate

v𝑘+1(x) = v𝑘(x) − r𝑘(x + v𝑘(x)), x ∈ Ωtgt. (2.15)

This alternation is based on a remarkable relationship between the IC residuals and

the inverse errors, as in (2.8).

By (2.8), when the study IC residual s(x) is made sufficiently small, the inverse

error seems closely revealed by the reference residual at x + v̂(x). By a closer in-

vestingation, this reference residual actually gives an accurate estimate to the inverse

error. Assume the error in the initial guess is sufficiently small. By the iteration (4.4),

the inverse error e𝑘(x) decrease quadratically under the same condition for explicit

Newton’s iteration.

2.3.3 Phase transition

The transition from the steering phase to the acceleration phase is critical. A pre-

maturely transition to the accelerating phase risks the divergence of the iteration

31



sequences, whereas a belatedly transition loose the opportunity of early acceleration.

We avoid the premature transition by wating until the inversion error is below a

certain threshold. We use a two-scale integration method to make early and stable

phase transition.

In steering phase, we carry out the iteration (2.13) at a coarse voxel grid, followed

by at a finer grid. The benefits are twofold. The computational cost per iteration

step at the coarser grid is reduced by a factor 𝑚3. More importantly, the accelerating

phase is invoked when the inversion error is relatively smaller than the voxel size. The

down-sampling factor 𝑚 allows us to make early transition to accelerating phase at

the coarse grid, as voxel size is larger. The inverse estimate at a coarser grid is then

upsampled to get the initialization for the iterations at the fine grid. The accelerated

iteration at the fine grid takes only few steps to acheive high-order accuracy.

2.4 Main results

We summarize below the main findings of the analyses. See Chapters 3 and 4 for

detailed results.

(1) In steering phase, we introduced a framework of iterative algorithm with active

feedback control (2.13) for the DVF inversion. Based on rigorous analysis, we de-

signed control mechanisms for modulating the inverse consistency (IC) residual of the

current iterate, to be used as feedback into the next iterate. The control is designed

adaptively to the input DVF with the objective to enlarge the convergence area and

expedite convergence. We particularly advocate the use of mid-range control setting

among other settings for its simplicity and robustness. The iterative framework in-

cludes the two precursor algorithms [CJ01, CLC+08] as particular instances of the

framework, in both algorithgm and analysis. The framework is underpinned by a
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unified analysis of error propagation and convergence. The analysis enables connec-

tions and comparisons among iteration algorithms for DVF inversion, and leads to

the design of more effective ones.

(2) We also introduced spectral measures of the Jacobian for characterizing a DVF.

Moreover, we reveal the critical role of the non-translational displacement component

of the DVF in the inversion algorithm (2.13). Jacobian extract the non-translational

displacement component (NTDC) of the input DVF at x and exhibit local deforma-

tion of voxels. Jacobian is zero when the local displacement u(x) is translational;

otherwise it is nonzero. The size of the spectral radius, 𝜌(Ju(x)), is one of these

measures, which plays an important role in the convergence of the iteration (2.13)

with a scalar-valued control. We consider the NTDC non-small if

𝜌(Ju(x)) ≥ 1. (2.16)

When the NTDC is small, the iteration converges with the trivial control 𝜇 = 0. We

are more concerned with the case the DVF has non-small NTDC. When the NTDC is

non-small, adaptive residual feedback control is necessary to guarantee convergence.

This insight is new.

(3) We established the controllability condition under which one can exercise the

scalar-valued feedback control for DVF inversion,

𝛾(x) > 0, (2.17)

where

𝛾(x) = min
𝑗

Re(𝜆−1𝑗 (x)) = min
𝑗

Re(𝜆𝑗(x))

|𝜆𝑗(x)|2
, (2.18)

is the algebraic index, real-valued. The condition reflects the fact that the eigen-
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values of Jf , and hence that of Jg, are complex valued and appear in conjugate pairs

at many locations, see detailed analysis and experimental evidence in [DIS+18]. The

condition states simply that if all the eigenvalues are located to the right plane, the

iteration (2.13) can be made convergent. We found further that if 𝛾(x) < 1/2, the

NTDC is non-small and nontrivial feedback control is mandatory.

(4) We located the feasible parameter range and its spatial domain,

max

{︂
−1, 1 − 2 min

x∈𝒩 (x+v𝑘(x))
𝛾(x)

}︂
< 𝜇(x) < 1, (2.19)

where 𝒩 (x) denotes a spatial neighborhood of x, including x. The neighborhood may

be as large as the entire image domain so that the control parameter 𝜇 is spatially

invariant, or small when 𝜇(x) is spatially variant. The mid-range control parameter

advocated in the steering phase (Section 2.3.1) is the mid-range value of this feasible

parameter range.

(5) We introduced three particular types of feedback control schemes: (i) constant

parameter value over the global image domain and throughout the iteration, i.e.,

the control is spatially and temporally stationary; (ii) alternating values between

iteration steps, a special case of temporal variation, the spatial domain for the values

may be global or local; (iii) spatially and dynamically variant values. In this category,

we introduced two particular parameter value settings : the locally optimal values

and the mid-range values. The control schema with mid-range values plays a base

role in the new algorithm with bi-residual feedback for DVF inversion.

(6) Assuming that the controllability condition (2.17) holds for a deformation vector

field u and the iteration (2.13) for inverse DVF is equipped with the mid-range value

feedback control setting over a finite number of neighborhoods, we showed that as

𝑘 → ∞, the estimates v𝑘 converges to v, the inverse of u.
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(7) The principle for the algorithm design and analysis in the steering phase is

simple. The iteration (2.13) was designed to exploit the relationship between the

computationally available inverse-consistency (IC) residual and unknown inversion

error (2.7). The feedback control is to modulate the residual in order to offset the

ramification of the Jacobian Jf (𝜉) and suppress the inversion error in the current

estimate. That is, 𝜇(x) is designed so that the inversion error in the new estimate of

(2.13) is smaller than the previous estimate. At any location x, while the Jacobian

is a 3 × 3 matrix, our control parameter is scalar-valued.

(8) When the inversion error in the initial guess is suppressed to a sufficiently small

value, in the accelerating phase, by the iteration (4.4), the inverse error decrease

quadratically under the same condition for explicit Newton’s iteration.
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Chapter 3

Iterative DVF inversion with feedback

control

In Section 2.3, we introduce a new fast and highly accurate bi-residual DVF inversion

algorithm. In this chapter, we discuss in detail the first phase of the algorithm, i.e.,

the steering phase, and provide a detailed assessment with both analytical and patient

dataset. This chapter is organized as follows. In Section 3.1, we introduce a fixed-

point iteration framework with a feedback control and establish its relationship with

the precursor works. In Sections 3.3 and 3.4, we provide a spectral analysis of the

iterative framework and lay a theoretical ground for the control parameter design. In

Section 3.5, we introduce three control parameter schemes. In Section 3.6, we discuss

three spectral measures for NTDC characterization. In Section 3.7, we describe and

assess the patient DVF data used in our experiments. Pre-inversion assessment of

control schemes and post-inversion evaluation of results with the patient DVFs are

provided in Section 3.8. A direct evaluation using analytical DVF data is included in

Section 3.10. We conclude the chapter in Section 3.9 with additional discussion on

the clinical utility of our algorithms and analysis.

3.1 NTDC-adaptive feedback

We introduce a family of fixed-point iterations for DVF inversion, using the IC study

residual s as feedback. Feedback control is exercised to suppress the estimate error,

based on error propagation analysis and (2.7). Assume a forward DVF u is provided
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over Ω. At step 𝑘 = 0, 1, 2, . . ., we compute the residual s𝑘 associated with the current

estimate v𝑘 and get the next estimate by

v𝑘+1(x) = v𝑘(x) −B𝑘(x) s𝑘(x), (3.1)

where the term B𝑘(x) s𝑘(x) is the modulated residual, and B𝑘(x) is a 3× 3 feedback

control matrix associated with x ∈ Ω. In this paper, we consider the control mecha-

nism in its simplest form: B𝑘(x) is an isotropic scaling matrix, B𝑘(x) = (1−𝜇𝑘(x))I.

Iteration (3.1) then takes the form

v𝑘+1(x) = v𝑘(x) − (1 − 𝜇𝑘(x)) s𝑘(x). (3.2)

We refer to 𝜇𝑘(x) as the feedback control parameter. In what follows, we will intro-

duce three particular adaptive control schemes: constant parameter value over the

domain and throughout the iteration, alternating values between iteration steps, and

spatially variant values.

When the control parameter is spatially uniform, i.e., it does not vary with x,

iteration (3.2) becomes

v𝑘+1(x) = v𝑘(x) − (1 − 𝜇𝑘) s𝑘(x). (3.3)

Control is stationary if 𝜇𝑘 = 𝜇 for some constant 𝜇, and non-stationary otherwise.

The iterations with constant-value control can be further divided into non-adaptive

(pre-fixed constants) and adaptive ones. The two precursor algorithms for DVF

inversion [CJ01, CLC+08] mentioned in Section 2.2 both adhere to the form of itera-

tion (3.3) with constant non-adaptive (pre-fixed) control values. Specifically, 𝜇𝑘 = 0.5

yields the algorithm of Christensen and Johnson [CJ01], and 𝜇𝑘 = 0 yields the algo-

37



rithm of Chen et al. [CLC+08].

3.1.1 Alternative interpretation of feedback control

The iteration (3.1) can be mathematically equivalently described as a computational

process with two sub-steps per iteration,

v𝑘+ 1
2
(x) = −u(x + v𝑘(x))

v𝑘+1(x) = (I−𝐵) × v𝑘(x) + 𝐵 × v𝑘+ 1
2
(x).

(3.4)

The first sub-step (𝑘+ 1
2
) is the same as Chen’s iteration. The second sub-step makes

a modification by means of a combination of the estimates at step 𝑘 and sub-step

(𝑘 + 1
2
). This alternative computation procedure is mathematically equivalent to

iteration (3.1) with respect to convergence analysis, although the residual feedback

is not used explicitly.

3.2 Case study with analytical DVFs

We illustrate and study the feedback system in (3.3) with the analytical 2D DVFs

introduced by Chen et al. [CLC+08],

u(x) =

(︂
1

1 + 𝑏 cos(𝑚𝜃)
− 1

)︂
x, x ∈ Ω (3.5a)

v(x′) = 𝑏 cos(𝑚𝜃′)x′, x′ ∈ Ω (3.5b)

where the spatial domain is Ω = [−30, 30]2, 𝜃(x) is the angular coordinate of x

in polar representation, i.e., xT = ‖x‖(cos(𝜃), sin(𝜃)), and 𝑏 and 𝑚 are two scalar

parameters, 𝑏 ∈ (0, 1) and 𝑚 ∈ N. It is straightforward to verify that the analytical

DVFs meet the consistency condition (2.1). Fig. 3.10 illustrates a source image and
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two target images which are trasnformed by u at two different sets of parameter

values

When 𝑏 = 0, there is no deformation. When 𝑚 = 0 and 𝑏 > 0, the displacement

(forward or backward) at x is proportional to x. With 𝑚𝑏 ̸= 0, the deformation at

x remains in the radial direction, but its magnitude varies with 𝑏 and 𝑚𝜃; when 𝑏 is

close to or larger than 0.5, the deformation becomes large at and near angles where

cos(𝑚𝜃) = −1.

We take a closer look at how errors propagate through the iteration process.

The inversion errors in two successive iterates are related by the error propagation

equation:

e𝑘+1(x) = 𝑝(𝜇) · e𝑘(x), (3.6a)

𝑝(𝜇) = 1 − 1 − 𝜇

1 + 𝑏 cos(𝑚𝜃)
. (3.6b)

When the error propagation factor 𝑝(𝜇) is greater than 1 in magnitude, the inverse

error in v̂𝑘 is magnified instead of suppressed at each iteration.

We make a comparison among iterations with three constant control values: 𝜇 =

0, 𝜇 = 0.5, and 𝜇 = 𝑏2. The last one is adaptive to the particular forward DVF. We

will describe in the following sections how to determine and select adaptive parameter

values. We visualize in Fig. 3.1 a comparison among the three iterations in terms of

reference-image restoration quality by their respective inverse DVF estimates. The

iteration with 𝜇 = 𝑏2 renders satisfactory restoration of the reference image, whereas

the two non-adaptive algorithms fail, to different extents.

It is straightforward to verify the following facts. When 𝑏 ∈ (0, 0.5), all three

iterations converge to the inverse DVF v at every 𝜃(x). When 𝑏 ∈ [0.5, 0.75), the

iteration with 𝜇 = 0 fails to converge at any point on or near the radial ridge lines
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(a) 𝜇 = 0 (b) 𝜇 = 0.5 (c) 𝜇 = 𝑏2, 𝜇*(x)

Figure 3.1: Comparison in reference image restoration quality among four different constant values
of the control parameter 𝜇 for iteration (3.2). Each restoration of the reference image Fig. 3.10a
is obtained by transforming the target image in Fig. 3.10c with the corresponding inverse DVF
estimate, v15. The target image (Fig. 3.10c) was created by the forward DVF (3.5a) with parameters
𝑚 = 8 and 𝑏 = 0.75. The same initial guess, v0 = 0, is used for all three iteration schemes. With
𝜇 = 0, the iteration diverges at and around the 𝑚 radial ridge lines where 𝜃(x) = (2𝑗 + 1)𝜋/𝑚,
𝑗 ∈ {0, . . . ,𝑚− 1}. With 𝜇 = 0.5, the iteration fails to suppress the initial errors at and around the
𝑚 radial ridge lines. With 𝜇 = 𝑏2 and 𝜇*(x), the reference image is satisfactorily restored.

where the deformation is visibly stretched more than in other areas. Finally, the

DVF pair remains well-defined when 𝑏 ∈ [0.75, 1), but the iteration with either 𝜇 = 0

or 𝜇 = 0.5 fails to converge around the same locations; in contrast, the adaptive

iteration converges everywhere.

Our objective with active control feedback is to suppress the iterative error (3.6a)

at every step and make it vanish at a faster pace. With the analytical DVF, by a

further analysis ( provided in Appendix A.2), the single-parameter 𝜇 can be deter-

mined such that convergence is achieved over the entire image domain. We claim

specifically that, for any 𝑏 ∈ (0, 1), there exists 𝜇 ∈ (0.1) ,

𝜇 > 2𝑏− 1. (3.7)

such that |𝑝(𝜇)| < 1 and hence the iteration (3.3) converges everywhere over Ω, with

arbitrary initial guess. The condition (3.7) is both necessary and sufficient. The

iteration with the control parameter 𝜇 = 0 or 𝜇 = 0.5 fails to meet the condition

when 𝑏 ≥ 0.5 or 𝑏 ≥ 0.75, respectively.
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Among the feasible values of parameter 𝜇 by (3.7), one may find some suppresses

the error more aggressively than the others, by having a smaller value of 𝑝(𝜇). In

particular, the optimal value for the analytical DVF pair (3.5) is,

𝜇opt = 𝑏2. (3.8)

We provide the proofs of (3.7) and (3.8) in Appendices A.2 and A.3.

3.3 Spectral analysis

We provide analytical apparatus for designing residual feedback control in the simple

form of (3.2) in order to guarantee convergence and improve convergence speed. By

(2.7) and (3.2), inverse estimate errors (2.6) propagate throughout the iteration by

the equation

e𝑘+1(x) = P𝑘(x;𝜇) e𝑘(x), (3.9a)

P𝑘(x;𝜇) = I− (1 − 𝜇)Jf (𝜉𝑘), (3.9b)

where 𝜇 is short for 𝜇𝑘(x), and P𝑘(x;𝜇) is the one-step error propagation matrix at

𝜉𝑘, which lies between x+v*(x) and x+v𝑘(x). The propagation matrix depends on

the value of 𝜇 and varies during the iteration. If

𝜌(P𝑘(x;𝜇)) ≤ 𝜌sup, 𝑘 = 0, 1, 2, . . . , (3.10)

for some 𝜌sup ∈ [0, 1), then the iteration converges. Here, 𝜌(P) denotes the spec-

tral radius of the propagation matrix P, i.e., the ratio between successive errors in

magnitude.
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Consider the special case where the displacement is translational, i.e., Ju(x) = 0,

Jf (x) = I, and P𝑘(x;𝜇) = 𝜇I. The iteration converges with any 𝜇 ∈ (−1, 1), and

converges faster when 𝜇 is closer to 0. At the mid-range value, 𝜇 = 0, the iteration

renders the inverse DVF in one step. We focus our study on deformations with non-

translational components, without excluding the case of translational displacement.

Feedback control design based on convergence analysis is challenging. The point-

wise error sequences (3.9a), each associated with a voxel location x, cover the whole

domain Ω. Although the sequences depend on the initial guess, a sequence e𝑘(x), 𝑘 =

0, 1, 2, . . ., converges to zero if it can be guaranteed that the associated non-negative

scalar sequence 𝜌(P𝑘(x;𝜇)) at 𝜉𝑘(x), 𝑘 = 0, 1, 2, . . ., is bounded from above below

1; see (3.9b) and (3.10). Even with a fixed value of 𝜇, tracking every scalar se-

quence of 𝜌(P𝑘(x;𝜇)) at unknown and spatially varying mean-value locations 𝜉𝑘(x)

is implausible. We surmount this challenge by the following novel approach.

We take a covering-and-partitioning approach. Specifically, with any value of the

control parameter 𝜇, we consider the deformation Jacobian everywhere over Ω. We

define the infinitesimal contraction matrix at all x ∈ Ω:

Q(x;𝜇) = I− (1 − 𝜇)Jf (x) = 𝜇I− (1 − 𝜇)Ju(x). (3.11)

Any particular value of the control parameter 𝜇 partitions Ω into a contraction region,

Ωc(𝜇) = {x | 𝜌(Q(x;𝜇)) < 1, x ∈ Ω}, (3.12)

and its complement Ω − Ωc(𝜇), the non-contraction region. The error (3.9a) con-

verges to zero if all the mean-value locations 𝜉𝑘 fall within the contraction region.

If Ωc(𝜇) = Ω, i.e., the contraction region covers the entire domain (or, more strictly
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speaking, supx∈Ω 𝜌(Q(x;𝜇)) < 1), then the iteration converges. By the covering-

and-partitioning approach, we reduce feedback control design to finding the control

parameter values that yield the largest contraction region over Ω.

Consider the special value 𝜇 = 0, with which 𝜌(Q(x; 0)) = 𝜌(Ju(x)). If 𝜌(Ju(x)) <

1, then x lies in the contraction region. Otherwise, x is in the non-contraction region,

𝜌(Ju(x)) ≥ 1, (3.13)

and a positive feedback control value (𝜇 > 0) is warranted. Formally, we define

by (3.13) the concept of a non-small NTDC at x: the NTDCs are considered non-

small where the spectral radius of the displacement Jacobian is equal to or greater

than 1. Whenever the mean-value location 𝜉𝑘, at which Ju(𝜉𝑘) = P𝑘(x; 0), falls in a

non-small-NTDC region, the error in the next iterate is magnified if active feedback

control is not applied.

We describe in the rest of this section how to materialize the sufficient condi-

tion Ωc(𝜇) = Ω for guaranteed convergence of all iterative sequences. We translate

the condition into expressions that relate the parameter 𝜇 to the eigenvalues of the

transformation Jacobian, 𝜆𝑗(x) = 𝜆𝑗(Jf (x)), 𝑗 = 1, 2, 3.

Consider first the case where the eigenvalues are all real and positive over Ω. The

condition Ωc(𝜇) = Ω is achieved by any specific value of 𝜇 in the range

max

{︂
−1, 1 − 2 min

x∈Ω, 𝑗=1,2,3

1

𝜆𝑗(x)

}︂
< 𝜇 < 1. (3.14)

When 𝜇 is negative, (1 − 𝜇) > 1 and the impact of Ju on error contraction is over-

relaxed; see (3.11). When 𝜇 < −1, a small spectral radius of Q(x;𝜇) is the result

of algebraic cancellation. To avoid severe cancellation and subsequent instability in
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numerical computations, we bound the control parameter value from below by −1.

Consider next the presence of complex eigenvalues, which are prevalent in DVFs

associated with patient CT images (see Table 3.1 in Section 3.7.3). This should not

be a surprise; the eigenvalues of a plane rotation matrix are complex, for instance.

Complex eigenvalues of a real-valued matrix exist in conjugate pairs. For any fixed

value 𝜇 < 1, the error contraction condition 𝜌(Q(x;𝜇)) < 1 becomes

2 Re(𝜆𝑗(x)) > (1 − 𝜇)|𝜆𝑗(x)|2, 𝑗 = 1, 2, 3, (3.15)

for x ∈ Ω. This condition immediately rejects singular Jacobians, and gives rise to

the local feasible parameter range

max{−1, 1 − 2𝛾(x)} < 𝜇 < 1, (3.16)

where

𝛾(x) = min
𝑗

Re(𝜆𝑗(x))

|𝜆𝑗(x)|2
= min

𝑗
Re

(︀
𝜆−1𝑗 (x)

)︀
> 0. (3.17)

We refer to (3.17) as the controllability condition. It has two equivalent expressions:

one in terms of the eigenvalues, and one in terms of the reciprocal eigenvalues.

A few remarks about condition (3.17) are in order. The condition rejects any

Jacobian with eigenvalues on the imaginary axis or in the left half of the complex

plane, in which case the determinant of the Jacobian may be negative, zero, or even

positive. The condition is necessary and sufficient for the parameter range (3.16) to

be non-empty, and hence for feasible values of 𝜇 to exist. One can locate the few cases

where the condition is violated. Violations of the controllability condition anywhere

in the image domain most likely manifest as artifacts introduced by the forward DVF

generation process. In other words, this condition shall be recognized as a rule for
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local regularization, with respect to DVF inversion, not a limitation imposed by the

control mechanism (3.2).

3.4 Maximal error suppression

We consider now how to determine, over an infinitesimal neighborhood of x, the

control parameter value 𝜇*(x) such that estimate errors are suppressed as much

as possible. Specifically, we minimize the spectral radius of the local infinitesimal

contraction matrix, i.e., 𝜇*(x) = argmin𝜇 𝜌(Q(x;𝜇)). By (3.11), the spectrum of

Q(x;𝜇) is that of the displacement Jacobian Ju(x) scaled by (𝜇− 1) and shifted by

1. Since the analysis concerns the variation of 𝜌(Q(x;𝜇)) with parameter 𝜇 at any

fixed point x, we simplify the notation Q(x;𝜇) to Q(𝜇), and similarly with notation

for other related quantities, omitting x for the rest of this sub-section. To further

simplify the expressions below, we use the eigenvalues of Jf , which are the NTDC

eigenvalues shifted by 1; see (2.9).

Assume the controllability condition (3.17) holds, i.e., 𝛾 > 0; otherwise, there

exists no feasible parameter value. When the three eigenvalues of Jf are all real and

positive, it is straightforward to verify that

𝜇* = 1 − 2

𝜆max + 𝜆min

, (case R) (3.18a)

and

𝜌* = min
𝜇

𝜌(Q(𝜇)) =
𝜆max − 𝜆min

𝜆max + 𝜆min

< 1. (3.18b)

In contrast, in the presence of complex eigenvalues, which appear in a conjugate pair,
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𝜆c and 𝜆c, the geometric positions of the conjugate pair relative to the real eigenvalue

𝜆r are not maintained after scaling and shifting. Define

𝛾c =
Re(𝜆c)

|𝜆c|2
= Re(𝜆−1c ); (3.19)

then, 𝛾 = min{𝛾c, 𝜆
−1
r }. By our analysis, the geometric relationship between the

complex and real eigenvalues can be put into two mutually exclusive cases: case C1

if |1 − 𝛾c𝜆r| ≤ |1 − 𝛾c𝜆c|, and case C2 otherwise. The optimal control parameter

value for each case is

𝜇* =

⎧⎪⎪⎨⎪⎪⎩
1 − 𝛾c, (case C1)

1 − Re(𝜆c − 𝜆r)

|𝜆c| − 𝜆r

2

|𝜆c| + 𝜆r
. (case C2)

(3.20a)

The optimal spectral radius is, for both cases,

𝜌* = min
𝜇

𝜌(Q(𝜇)) = |1 − (1 − 𝜇*)𝜆c| < 1. (3.20b)

The proof of (3.20) could be lengthy and tedious in words. We provide instead a

geometric explanation with two drawings in Fig. 3.2; one for each case. The drawings

illustrate how the eigenvalues of Jf are scaled and shifted onto those of Q(𝜇) in the

complex plane, and how to locate the optimal scaling value. In each drawing, we

locate first the complex eigenvalues of Q(0) = −Ju. We connect them by straight

lines to (1, 0), where the multiple eigenvalues of Q(1) reside. For any 𝜇, the conjugate

pair 𝜆c(Q(𝜇)) lie on the two conjugate lines. In case C1, the optimal value 𝜇* maps

𝜆c onto the very point at which these lines meet the tangential circle centered at

the origin; this gives the minimal spectral radius 𝜌*, since the real eigenvalue by the

same scaling and shifting falls inside the circle. In case C2, the real eigenvalue is
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(b) case C2
Figure 3.2: Geometric outline of (3.20a) and (3.20b). See the explanation in Section 3.4. The
notation 𝜆(𝜇) is short for 𝜆(Q(𝜇)). Credit: Alexandros provided the elagant geometrical proof of
the simple, explicit expression (3.20).

outside the circle (dashed blue in Fig. 3.2b). We rescale the eigenvalues until all

three eigenvalues are on the same circle, which is of the minimal spectral radius.

3.5 Control parameter schemes

3.5.1 Mid-range parameter value

We present an adaptive scheme for determining a constant value, including its exis-

tence condition, for the control parameter such that uniform convergence is guaran-

teed over a sub-region or neighborhood 𝒩 ⊆ Ω. First, we extend point-wise quantities

to region-wise quantities. Specifically, let 𝛾(𝒩 ) = min
x∈𝒩

𝛾(x). Computationally, 𝛾(𝒩 )

can be obtained easily with a minimum filter. If 𝛾(𝒩 ) > 0, then the control param-

eter range, (max{−1, 1 − 2𝛾(𝒩 )}, 1), for uniform convergence over 𝒩 is non-empty.

Any value in this range can serve as a constant value for the control parameter,

guaranteeing convergence. We may use in particular the mid-range value. When
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1 − 2𝛾 > −1, the mid-range value over 𝒩 is simply

𝜇m(𝒩 ) = 1 − 𝛾(𝒩 ), (3.21)

and can be easily determined. If 𝛾(𝒩 ) = 1, then 𝜇m(𝒩 ) = 0; if 𝛾(𝒩 ) = 0.5, then

𝜇m(𝒩 ) = 0.5. The mid-range scheme (3.21) is adaptive to any DVF with 𝛾 > 0 over

𝒩 . It also leads to the next control scheme.

3.5.2 Alternating parameter values

Convergence can be made faster, within the parameter range for uniform convergence,

by a simple modification: allowing the control parameter to take two alternating

values. The idea is to exploit the non-uniform spectral structure of the DVF while

keeping the control spatially uniform. As we shall show in Section 4.3 with DVFs from

patient images, the local mid-range values, or locally optimal values, over the entire

image domain Ω may be grouped into two sub-ranges in the convergence parameter

range; one at the lower end, and one at the higher end. A simple alternating scheme

is to use a value 𝜇e at even steps and another value 𝜇o at odd steps. Convergence

can be analyzed via two-step error propagation,

e2(𝑘+1)(x) = P2𝑘+1(x;𝜇o)P2𝑘(x;𝜇e)⏟  ⏞  
Poe(x)

e2𝑘(x), (3.22)

where P𝑘′(x;𝜇) = I−(1−𝜇𝑘′)Jf (𝜉𝑘′) and 𝜉𝑘′ lies between x+v*(x) and x+v𝑘′(x), at

iteration step 𝑘′. The spectral radius 𝜌oe of the two-step propagation matrix can be

bounded from above by 𝜌o𝜌e, where 𝜌o and 𝜌e are the spectral radii of the odd- and

even-step propagation matrices (P2𝑘+1(x;𝜇o) and P2𝑘(x;𝜇e)), respectively. Thus,

the contraction condition is maintained. Improvement in convergence speed is due to
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the suppression of local errors, which are aggressively suppressed at odd (even) steps

without being enlarged at even (odd) steps.

3.5.3 Spatially variant parameter values

The non-uniform spectral structure of the transformation Jacobian can be better

exploited by letting the control parameter vary spatially with x over Ω. This can be

achieved by determining the parameter value at x ∈ Ω by a local neighborhood 𝒩 (x),

such that the entire image domain is covered,
⋃︀

x 𝒩 (x) = Ω. The neighborhood

size need not be greater than the maximal displacement length, which is known

in advance. The parameter value at x can be the mid-range value over 𝒩 (x), or

the locally optimal value when the neighborhood is small enough. The iteration

with spatially variant control is essentially non-stationary, because the value of 𝜇𝑘(x)

depends on the location of x + v𝑘(x).

Locally optimal control, as described in Section 3.4, assumes implicitly that the

remaining displacement refinement is small. This assumption is not a restriction, as

it can be met easily in practice by simply preceding the scheme by a few iterations

with another control scheme. In particular, we may use spatially variant mid-range

values over larger neighborhoods, which are not necessarily uniform in size nor shape.

Spatially variant schemes incur extra but modest cost in two parts. First, we

create a parameter map once for all iteration steps, by calculating the Jacobians,

eigenvalues, and control parameter values over Ω. This preprocessing step takes

about the same time in execution as a single iteration step. Then, the look-up of

parameter values over the domain at each iteration step takes no more than 5% of

the cost for 3D vector-field interpolation. The overall cost is outweighed by the gain

in practice; see Section 3.8.
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3.6 Spectral NTDC characterization

We discuss in this section how we characterize and evaluate non-translational dis-

placement components in a given DVF, with respect to DVF inversion. The NTDCs

over Ω can be fully described by the eigenvalues of the displacement Jacobians Ju(x)

in the complex plane. Rather, we employ the following three real-valued scalar func-

tions for their informative properties. (i) The determinant of Jf (x), which is com-

monly used for deformation characterization [CLC+08, CJ01]. The transformation

f is invertible if and only if |Jf (x)| ≠ 0. (ii) The spectral radius of Ju(x). Where

𝜌(Ju(x)) = 0, the DVF is locally translational; where 𝜌(Ju(x)) ≥ 1, the NTDC is

non-small. (iii) The algebraic control index

1 − 2𝛾(x), (3.23)

where 𝛾(x) is defined in (3.17).

The algebraic control index is informative in several ways. First, it offers an

equivalent criterion to (3.13) on whether the NTDC at x is non-small:

1 − 2𝛾(x) > 0 ⇐⇒ 𝜌(Ju(x)) ≥ 1. (3.24)

Second, the necessary and sufficient condition for the existence of feasible control

parameter values is

1 − 2𝛾(x) < 1 ⇐⇒ 𝛾(x) > 0. (3.25)

That is, the algebraic control index distinguishes non-small NTDCs from small ones

and furthermore tells whether or not a non-small NTDC can be put under control

by a single-parameter control mechanism (3.2). Third, the index is a lower bound
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to all feasible control values; see (3.16). It can be employed directly for locating the

mid-range parameter value (Section 3.5.1), as well as for selecting alternating values

(Section 3.5.2).

The algebraic control index (3.23) falls a little short of replacing entirely the roles

of the other two measures, in two particular circumstances. When |Jf (x)| = 0, the

transformation is locally singular; the controllability condition is violated in this case

and the index is not well-defined. When 𝜌(Ju(x)) = 0, the displacement at x is

locally translational; the algebraic control index is equal to −1 in this case, but the

converse is not necessarily true. We use all three measures for data assessment in

Section 3.7.3.

3.7 Experiments

We report experimental results on numerical DVF inversion, using clinical and analyt-

ical data. In this section, we describe the experimental set-up and present character-

ization measures of the clinical DVF data. Results with different inversion iteration

schemes are presented in Section 3.8 with the clinical DVF data, and in Section 3.10

with the analytical DVF data.

3.7.1 Dataset description

The experiments presented here are carried out with 6 pairs of thoracic CT images

at end of expiration (EE) and end of inspiration (EI). The image data are from the

CT image collection available through the website of the Deformable Image Regis-

tration Laboratory (DIR-Lab) at the University of Texas Medical Branch [CCF+13,

CCM+10]. The data collection includes two sets of patient images, with 10 pa-

tients in each set. One dataset contains 4DCT images acquired at the University
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of Texas MD Anderson Cancer Center as part of radiotherapy planning for thoracic

malignancy treatment [CCF+13]. In-slice spatial resolution is (0.96 mm)2 and slice

thickness is 2.5 mm. The other set contains EE and EI breath-hold CT images, taken

from the COPDGene study archive of the National Heart, Lung, and Blood Insti-

tute [CCM+10]. In-slice spatial resolution ranges from (0.586 mm)2 to (0.647 mm)2

and slice thickness is 2.5 mm. We refer to the data associated with each patient by

the assigned label in the DIR-Lab website collections. We have selected the images

of 1 patient from the 4DCT set and 5 patients from the COPD set.

Our selection was based on variations in displacement and spectral measures (Sec-

tion 3.6) of associated DVFs, such that we present the cases that pose a bigger chal-

lenge to DVF inversion. The forward DVF for each patient was obtained by one-way

deformable image registration with the Velocity software (Varian Medical Systems,

Palo Alto, CA, USA). The EE image is used as reference (primary) and the EI image

as target (secondary), since the EE image is less susceptible to respiratory phase

binning or motion artifacts. The 4DCT DVFs exhibit only small NTDCs, posing

little challenge to effective feedback control design, whereas the COPD DVFs exhibit

more diverse spatial and spectral measures. We select the five COPD DVFs with

the largest amplitudes and variation in displacements to test the inversion iterations

with the more challenging cases. We also select one DVF as representative of the

4DCT DVFs, using the same criterion. In what follows, we will provide measures and

results in summaries for each of the 6 DVFs. We will also provide in detail results for

COPD4 DVF, which is the most challenging case among the six DVFs with respect to

inversion, as indicated by the highest control index values in Table 3.1. The COPD4

DVF is displayed in Fig. 4.7 via displacement-vector quivers in axial, coronal, and

sagittal slices, over a magenta-green overlay of the reference and target images.
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axial coronal sagittal

Figure 3.3: The forward DVF with patient COPD4, visualized by quiver-plots in axial, coronal,
and sagittal slices, against an overlay of the reference CT image (EE, magenta) and target image
(EI, green). The displayed quiver is spatially down-sampled by a factor of 12 along the LR and AP
axes and a factor of 6 along the SI axis.

3.7.2 Evaluation measures

We assess feedback control parameter settings for the DVF inversion iteration with

pre- and post-inversion evaluation measures. For pre-inversion evaluation, we use the

spectral radii of the infinitesimal contraction matrix (3.11) over Ω to assess the error

contraction area and ratio by each control setting. For post-inversion evaluation, we

use the two IC residuals, s and r (Section 2.1.1), measured in point-wise magnitudes.

In addition to inversion evaluation measures, we report characterization measures of

the forward DVFs. All measures are scalar fields over the displacement domain.

We define the valid displacement domain Ω as follows. Given the image domain

Ω0 for an input DVF, we get

Ω = Ω0 − (Ω1 ∪ Ω2), (3.26)

where Ω1 = {x | x ∈ Ω0, f(x) ̸∈ Ω0} and Ω2 = Ω0 − {f(x) | x ∈ Ω0}. That is, we

exclude regions that are either mapped outside the original domain or not overlapping

with the transformed domain.

Regarding summaries of scalar-field measures, we address two issues at once.

First, a summary shall take into consideration the uncertainty in numerically pro-
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vided DVF data due to regional delineation, noise, artifacts, and outliers. Second,

it shall reflect spatial variation in the measure field and not obscure non-negligible

changes in relatively small regions. Taking into account these two concerns, we

summarize voxel-wise scalar measures over Ω via multiple percentiles (upper-bound

values). Specifically, let 𝜑 be a scalar field over Ω, bounded from below by 𝜑min. Let

Ω(𝜑 = 𝜏) = {x | 𝜑(x) = 𝜏, x ∈ Ω} be the level set or iso-contour set of 𝜑 at value 𝜏 ,

and 𝑝(𝜑 = 𝜏) = |Ω(𝜑 = 𝜏)|/|Ω| be the density of the level set. The 𝛽-th percentile

value of 𝜑 is defined as

𝜑[𝛽%] = inf
𝜏

{︂
𝜏

⃒⃒⃒⃒ ∫︁ 𝜏

𝜑min

𝑝(𝜑 = 𝜏 ′) d𝜏 ′ > 𝛽%

}︂
. (3.27)

In practical computation, we approximate 𝜑[𝛽%] via a discrete histogram of 𝜑. For

all six patient DVFs, we report evaluation summaries with box-and-whisker plots

showing 2nd, 10th, 50th, 90th, and 98th percentiles; and DVF characterization sum-

maries in a table with 50th, 90th, and 98th percentiles. For the COPD4 DVF, we

also display image slices of each volumetric measure field.

3.7.3 DVF characterization

Table 3.1 lists spatial and spectral measures of the six forward DVFs. The spatial

measures are displacement lengths along the LR, AP, and SI axes. The spectral

measures were described in Section 3.6.

The COPD DVFs have non-small NTDCs over 2% to 10% of the domain, by the

criterion 𝜌(Ju) ≥ 1 or the equivalent criterion on the control index, 1−2𝛾 ≥ 0. They

also have regions with zero or negative determinants. Regions with non-small NTDCs

seem to concentrate primarily, but not exclusively, around the diaphragm and chest

wall where there is substantial motion due to inspiration. In order to guarantee
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Table 3.1: Characterization summary of 6 patient DVFs by displacement lengths (along LR, AP,
and SI axes) and spectral measures (determinant of the deformation Jacobian, spectral radius of
the displacement Jacobian, and algebraic control index (3.23)). The rightmost column shows the
fraction of voxels associated with complex eigenvalues. Percentiles in the other columns are defined
as per (4.18).

Patient 𝛽 u(x) (mm) spectral measures Im(𝜆)
̸= 0LR AP SI |Jf |§ 𝜌(Ju) 1−2𝛾

4DCT7
50 0.7 0.9 1.3 1.0 0.1 −0.9

74%90 2.3 3.1 7.8 0.8 0.3 −0.7
98 4.3 5.3 13.3 0.6 0.4 −0.5

COPD1
50 3.0 12.1 7.7 0.9 0.3 −0.8

51%90 8.3 32.1 25.9 0.4 0.7 −0.3
98 14.0 37.4 33.6 0.1 1.0 0.0

COPD4
50 3.6 8.0 11.9 0.9 0.4 −0.7

44%90 10.2 23.9 34.6 0.3 0.9 −0.1
98 14.9 29.1 49.5 0.0 1.4 0.3

COPD5
50 2.3 8.7 10.1 1.0 0.3 −0.7

58%90 7.7 30.9 31.2 0.4 0.8 −0.2
98 12.5 39.2 43.0 0.1 1.2 0.1

COPD6
50 2.7 21.6 8.9 0.9 0.3 −0.7

69%90 7.9 26.0 21.6 0.4 0.7 −0.3
98 11.9 32.7 33.1 0.1 1.0 0.0

COPD8
50 1.8 6.2 6.7 0.9 0.3 −0.7

57%90 6.3 15.2 23.5 0.4 0.8 −0.3
98 10.0 20.3 38.2 0.0 1.3 0.3

§ (100− 𝛽)-th percentiles (50th, 10th, 2nd) shown in the case of |Jf |
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Figure 3.4: Spatial variation of three spectral measures (Section 3.6) with the COPD4 DVF,
in volumetric, contoured heat-maps over the reference domain: |Jf (x)| (top); 𝜌(Ju(x)) (middle);
and 1 − 2𝛾(x) (bottom). The display range for the determinant map is determined by its 90th
percentile value as per (4.18). Zero-valued (black) regions in the determinant show where the
deformation transformation is non-invertible. The maps of 𝜌(Ju) show that NTDCs are observed
almost everywhere. The orange spots in the bottom maps show where the control index is greater
than one; they coincide with the black and blue spots in the top maps, which indicate zero or
negative determinant values.

convergence of the inversion iteration over no less than 98% of Ω, it is necessary to

exercise adequate residual feedback control.

We present in Fig. 3.4 a detailed view of the spectral measures of the COPD4

DVF, via contoured heat-maps over image slices. As discussed in Section 3.6, the con-

trol index maps (bottom row) are indeed most informative. Regions with non-small

NTDCs (1− 2𝛾(x) ≥ 0) are in the gray-to-orange color range, and the salient orange

spots indicate where the controllability condition (3.17) is violated (1 − 2𝛾(x) ≥ 1).

The other two maps provide complementary or mutually confirming information.
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The determinant maps (top row) show negative and zero values in blue and black,

respectively; these are within the orange regions in the bottom maps. The maps in

the middle row show the spectral radii of NTDCs. Regions with non-small NTDCs

(𝜌(Ju(x)) ≥ 1) are highlighted in red.

The controllability condition (3.17), 𝛾 > 0, holds over more than 98% of Ω for the

patient DVF datasets. We suspect that the problematic spots where it is violated

were artifacts of the registration process. The condition is both necessary and suffi-

cient for the NTDC-adaptive to succeed. As long as all eigenvalues, real and complex,

reside in the right half of the complex plane, away from the imaginary axis, NTDC-

adaptive iteration succeed in obtaining the inverse DVF, regardless of variation in

displacement trajectory. The implication of the modest condition may be more than

modest. The condition can be easily checked and enforced in practice by deformable

registration algorithms and software. In detailed analysis, we have broken down all

cases where the condition fails: see the left-side columns of Table 3.2. The cases are

put into two groups. Regions with only real eigenvalues and regions with complex

eigenvalues each make up a large portion of the domain, for each dataset used in our

experiments. One may quickly discard cases (R1) and (R3), where the determinant

is negative, as implausible; and cases (R4) and (C4), where the determinant is zero.

Evidently, the remaining cases are closely related, but often overlooked because the

determinant is positive. We have studied all cases where the controllability condition

(3.17) is violated with each of the 6 DVFs used in our experiments. The condition

is met numerically by the 4DCT DVF; it is violated in less than 2% of the domain

in each of the five COPD DVFs, see Table 3.2. We took a closer look at the regions

where the condition is violated. We suspect that those problematic spots were ar-

tificially introduced by the deformable registration process. Such artifacts can be

reduced or removed by exercising local regularization, for example, by the spectral

57



Table 3.2: Small relative area of regions where the control condition (3.17) is violated, for each of
the seven patient DVFs used in our experiments. Violation of the condition can be described by 8
cases in terms of the deformation Jacobian eigenvalues: 4 cases when all eigenvalues are real (𝜆1,
𝜆2, 𝜆3), and 4 cases when they include a complex pair (𝜆c, 𝜆c, 𝜆r).

Type Control condition
violation cases

sgn
|Jf |

Percentage of voxels for each case (%)

4DCT7 COPD1 COPD4 COPD5 COPD6 COPD8

R
ea

l

(R1) 𝜆1 < 0 < 𝜆2 ≤ 𝜆3 − 6.9e−6 6.0e−1 1.2e+0 8.9e−1 6.4e−1 1.3e+0
(R2) 𝜆1 ≤ 𝜆2 < 0 < 𝜆3 + — — 8.0e−5 — 5.8e−4 4.9e−3
(R3) 𝜆1 ≤ 𝜆2 ≤ 𝜆3 < 0 − — — — — — —
(R4) 𝜆1𝜆2𝜆3 = 0 0 — 9.3e−6 1.8e−5 8.1e−6 — 1.0e−5

C
om

pl
ex (C1) 𝜆r < 0 < Re(𝜆c) − — 1.8e−1 5.1e−1 4.3e−1 3.1e−1 5.5e−1

(C2) Re(𝜆c) < 0 < 𝜆r + — — 2.6e−3 3.4e−4 4.6e−3 1.8e−3
(C3) Re(𝜆c) = 0 < 𝜆r + — — — — — —
(C4) 𝜆r = 0 ≤ Re(𝜆c) 0 — — 1.3e−5 — — 1.0e−5

Total 6.8e−6 0.78 1.72 1.32 0.96 1.85

condition (3.17).

3.8 Pre- and post-inversion evaluation

We present results for iterative DVF inversion by (3.2) with three types of feed-

back control schemes: (i) uniform, constant parameter 𝜇, with each of 4 values in

{0, 0.3, 0.5, 0.7}, which includes the two precursor algorithms [CLC+08, CJ01]; (ii) al-

ternating parameter values 𝜇oe = (𝜇o, 𝜇e), where 𝜇o and 𝜇e are adaptively set as the

mid-range values at the 50th and 98th percentiles, respectively (see Sections 3.5.1

and 3.5.2, and 1 − 2𝛾 in Table 3.1); and (iii) spatially variant control 𝜇*(x) with

locally optimal values by (3.18a) or (3.20a). All six control parameter settings are

applied to each of the six DVFs.

Adaptive feedback control with the mid-range parameter value (Section 3.5.1),

although not reported as another control scheme along the 6 schemes listed above,

is actually used in more than one way in the experiments. First, the 50th and

98th percentile mid-range values are employed in alternating-values control scheme.

Second, the initial guess for each DVF inversion iteration is set to v0(x) = (𝜇m[98%]−
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Figure 3.5: Error contraction ratio percentiles over Ω for each of the 6 DVFs, with 4 feedback
control parameter settings: constant 𝜇 = 0 and 𝜇 = 0.5, alternating 𝜇oe, and spatially variant
𝜇*(x). Box whiskers indicate the 2nd and 98th percentiles; the 10th and 90th percentiles are at
the low and high ends of each box; and the median (50th percentile) is marked by a horizontal bar
through each box.

1)u(x) with all 6 control schemes, where 𝜇m[98%] is the 98th percentile mid-range

value. This is equivalent to taking a single step with mid-range value control and

zero initial guess.

This data-adaptive initialization yields a better initial estimate, and mitigates an

out-of-boundary issue with small-magnitude control parameter values. Consider, for

instance, the iteration with 𝜇 = 0 and zero initial guess. Even within the contraction

region, it is likely that x− u(x) falls outside the image boundary, and the iteration

fails at the second step, v2(x) = −u(x − u(x)), over a large number of voxels, such

as those on or below the diaphragm, close to the inferior boundary.

We present in Section 3.8.1 pre-inversion evaluation of contraction area and ra-

tio with each control scheme, and in Section 3.8.2 post-inversion evaluation of IC

residuals with the inverse DVF estimates.

3.8.1 Contraction area & ratio

We provide in Fig. 3.5 a summary of error contraction ratios, i.e., the spectral radii

of the infinitesimal contraction matrices, for each of the 6 DVFs and with each of

the following 4 control settings: 𝜇 = 0, 𝜇 = 0.5, alternating values 𝜇oe, and spatially
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Figure 3.6: Volumetric heap-maps of the error contraction ratio 𝜌(Q(x;𝜇)) over the reference
domain, with the COPD4 DVF. Comparison between 4 different feedback control parameter settings:
𝜇 = 0; 𝜇 = 0.5; alternating values, 𝜇oe, with 𝜇o = 0.15 at odd steps and 𝜇e = 0.65 at even steps;
and spatially variant values, 𝜇*(x). Errors are suppressed more aggressively over the darker regions
where 𝜌(Q(x;𝜇)) is small, but are enlarged over the red regions, where 𝜌(Q(x;𝜇)) ≥ 1.
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variant values 𝜇*(x). The latter two are adaptive. Lower contraction ratios indi-

cate faster error suppression. With the 4DCT7 DVF, the contraction ratios indicate

convergence by all schemes, with the iteration with 𝜇 = 0.5 at a much slower pace.

With the COPD DVFs, except COPD4, the two constant, non-adaptive schemes are

comparable to each other at the 90th percentile. At the 95th (not shown) and 98th

percentiles, the scheme with 𝜇 = 0 fails to contract over non-small NTDC regions,

whereas the scheme with 𝜇 = 0.5 maintains contraction ratios under 1. The value

0.5 happens to be in the control parameter range of each COPD DVF. The adaptive

control scheme with alternating values for each DVF is better than the non-adaptive

schemes up to the 90th percentile and in fact up to the 95th percentile (not shown).

If it is desirable that the contraction region cover 98% or more of the domain, one

shall use the high-percentile mid-range value, which happens to be between 0.5 and

0.65 for each COPD DVF. The spatially variant scheme yields the lowest contraction

ratios at all percentiles and with each DVF.

We display in Fig. 3.6 a comparison between the 4 control parameter settings in

the spatial variation of error contraction ratios with the COPD4 DVF. The regions in

red are non-contraction regions. Failure to contract is either due to violation of the

controllability condition or due to inadequate feedback control (cf. Figs. 3.4 and 3.6).

The violation regions are common to all heat-maps, and correspond to the orange

spots in the control index maps in Fig. 3.4. The scheme with 𝜇 = 0 has the smallest

contraction area, indicating the failure of this non-adaptive control setting over the

controllable region. Spatially variant control 𝜇*(x) yields the largest contraction area

and lowest contraction ratios.
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Figure 3.7: Inverse consistency residuals 𝑠(x) and 𝑟(x+ v(x)), reported in magnitude percentiles
(4.18) in log-scale over the target domain, at the 10th iteration step with each patient and feedback
control setting. Box whiskers indicate the 2nd and 98th percentiles; the 10th and 90th percentiles
are at the low and high ends of each box; and the median (50th percentile) is marked by a horizontal
bar through each box. The 𝑦-axis range is truncated to [10−5, 2]mm for the 4DCT7 plot, and to
[0.001, 20]mm for the COPD plots; percentile values outside these ranges are not shown. The
horizontal dashed line in each plot indicates the in-slice resolution of the corresponding CT image.

3.8.2 Inverse consistency residuals

We summarize in Fig. 3.7 post-inversion evaluation of the iteration (3.2) by 6 different

feedback control schemes, for each of the 6 DVFs, in terms of the two IC residuals in

Section 2.1.1. The residuals are calculated at the 10th iteration step, measured by

magnitude and reported as percentile values in log-scale.

With the 4DCT7 DVF, IC residuals are below the in-slice resolution with every

scheme. They are larger with 𝜇 = 0.5 due to slower convergence, as expected by the

pre-inversion evaluation, and even larger with 𝜇 = 0.7.

With the COPD DVFs, we note first that substantial spatial variation of the

residuals is observed for each DVF. The residuals at the 50th and lower percentiles

are well below 1 mm with all control settings. How far below 1 mm is related to the
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convergence pace, since the contraction region for each control setting covers much

more than half of the domain. The iteration with constant 𝜇 = 0.7 is the slowest.

We observe the following among the 4 constant, non-adaptive control schemes. With

the same initialization, residual reduction does not correlate linearly with the values

of 𝜇: specifically for the 5 COPD DVFs, the 𝜇 = 0 and 𝜇 = 0.7 settings are inferior

to 𝜇 = 0.3 and 𝜇 = 0.5 at high percentiles. The latter two settings are comparable

at the 98th percentile, and the scheme with 𝜇 = 0.3 yields smaller residuals up to

the 90th. No single constant-value scheme is as good as the adaptive scheme with

alternating values. The residuals by the scheme with spatially variant values are

much smaller than by other schemes, by roughly an order of magnitude or more at

the 90th percentile. More remarkably, the 98th percentile residuals are reduced to

below 2 mm by only 10 iteration steps with spatially variant control.

We provide in Figs. 3.8 and 3.9 a detailed comparison between 4 feedback control

settings with the COPD4 DVF. Fig. 3.8 shows the spatial variation of the IC residuals

at the 10th iteration step, visualized as volumetric quiver-plot and magnitude heat-

map slices, overlaid on the target CT image. Fig. 3.9 shows the progression of residual

magnitudes in 90th, 95th, and 98th percentile values for the first 15 iteration steps.

Both figures highlight the advantage of NTDC-adaptive iterations over non-adaptive

ones. In particular, the spatially variant control scheme reduces the residuals more

rapidly and over the largest area. At the 10th step, by Fig. 3.8, it has removed or

substantially reduced the problematic spots visible in the other heat maps. In fact,

it renders residuals below the in-slice resolution (0.59 mm) by 7 steps at the 95th

percentile, and by 15 steps at the 98th; the non-adaptive schemes take twice as many

or more steps to reach the same range, or fail to reach it.
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Figure 3.8: Volumetric quiver-plots of s(x) and r(x+v(x)), with contoured heat-maps of magnitude
(in mm), at the 10th iteration step with the COPD4 DVF, overlaid on the target image. Comparison
between four feedback control schemes: constant 𝜇 = 0, constant 𝜇 = 0.5, alternating 𝜇 = 𝜇oe (with
𝜇o = 0.15 and 𝜇e = 0.65), and spatially variant 𝜇*(x). The heat-map display range is truncated at
10mm for visual inspection. White spots indicate regions where residual feedback entailed out-of-
bounds values during the iteration.
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Figure 3.9: Pace of inverse consistency residual suppression during the first 15 iteration steps
with the COPD4 DVF, reported in percentiles of 𝑠(x) and 𝑟(x + v(x)) in log-scale. Comparison
between four feedback control schemes: constant 𝜇 = 0, constant 𝜇 = 0.5, alternating 𝜇 = 𝜇oe (with
𝜇o = 0.15 and 𝜇e = 0.65), and spatially variant 𝜇*(x). The black horizontal dashed lines mark the
in-slice image resolution.
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3.9 Discussion and conclusion

We have elucidated and characterized the central role of non-translational displace-

ment components (NTDC) in iterative DVF inversion. We have developed a frame-

work of NTDC-adaptive algorithms for DVF inversion with a simple residual feedback

control mechanism, and completed the framework with rigorous convergence analysis.

Experimental results demonstrate the superior performance of our adaptive control

methodology, in both convergence area and speed. We have also found remarkable

agreement between pre-inversion assessment of control schemes, as arising from our

analysis, and post-evaluation of inversion results.

The clinical utility of our algorithms and analysis can be reflected in multiple

ways. (i) NTDC-adaptive iteration algorithms enable quick and accurate estimation

of an inverse DVF, which is valuable in a number of clinical applications, such as

4D image reconstruction and adaptive radiotherapy. (ii) The spectral measures in

Section 3.6 can be used, independently of any inversion task, for evaluating DVFs

generated with existing software under clinical application conditions. (iii) The inver-

sion algorithms, presented here as an asymmetric approach for generating the inverse

of a forward mapping, can be incorporated with ease into existing software for simul-

taneous deformable image registration, which may consist of multiple forward and

backward transformation stages [SDP13]. It is also plausible to employ the spectral

measures as local regularization terms at each transformation stage, complementary

to global ones. Additional, systematic studies are needed for such extensions. Poten-

tial benefits include rapid refinement in inverse consistency, increased robustness to

the asymmetry in image quality between registered images, and reduced registration

artifacts.

Lung deformations are of great clinical concern [RZY14, YZM+10]. DVFs ob-
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tained from thoracic CT images are used in turn to test our theory and algorithms.

Further testing, with similar as well as different types of deformations, will better

underscore the scope and impact of our theory and algorithms.

3.10 Numerical inversion errors with analytical DVFs

We provide comparisons in numerical inversion errors among several DVF inver-

sion algorithms in the framework of (3.2). The study of inversion errors, unlike IC

residuals, requires the ground-truth inverse DVF. We use the 2D analytical DVFs in-

troduced in (3.5). The DVFs were visualized in image space by Chen et al. [CLC+08]

via deforming a specific reference image of concentric rings; we re-create such images

in Fig. 3.10.

In numerical experiments, we discretize the analytical DVFs on a grid of finite res-

olution, apply each inversion algorithm to the discretized forward DVF, and compare

the numerical inverse estimate to the inverse DVF. Specifically, we set 𝑚 = 8 and

𝑏 = 0.8, and discretize u on a 2D grid over [−34, 34]2 with spatial resolution 0.05. We

let Ω be the sub-grid over [−17, 17]2, where both DVFs are valid in the sense of (4.17).

We assess the spectral properties of the numerical DVF and present in Fig. 3.11 its

(a) (b) (c)
Figure 3.10: Image-space visualization of the analytical DVFs of (3.5). (a) Reference image of
concentric rings over [−34, 34]2. (b) Target image obtained by deforming the reference image with
the forward DVF of (3.5a) with parameter values 𝑚 = 8 and 𝑏 = 0.5. (c) Target image by the
forward DVF with parameter values 𝑚 = 8 and 𝑏 = 0.8.
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Figure 3.11: Spectral maps of three characterization measures (Section 3.6) of the discretized DVF
(3.5a) over Ω = [−17, 17]2. (a) Determinant map. Small (black) and large (orange) values show
volume shrinkage and expansion, respectively. (b) Spectral NTDC radius map. Non-small NTDC
regions, per (3.13) and (3.24), are highlighted in red. (c) Algebraic control index map. The index
range shows that global convergence is feasible with adaptive feedback control; see (3.16) and (3.25).

spectral maps by the three characterization measures introduced in Section 3.6.

Four iterative inversion algorithms are examined. The same algorithms are com-

pared in IC residuals in Section 3.8.2. The first two are existing work [CLC+08, CJ01];

they are non-adaptive and globally constant, with the control parameter values 𝜇 = 0

and 𝜇 = 0.5. The next two are adaptive to the DVF. One is non-stationary, using

the alternating parameter values 𝜇𝑜 and 𝜇𝑒 (Section 3.5.2), adaptively set to 50th

and 98th percentile mid-range values over Ω. The other is spatially variant 𝜇*(x)

(Section 3.5.3), using locally optimal values (per (3.18a) and (3.20a), customized to

2D DVFs), except in a small neighborhood around x = 0 where the mid-range value

is used.

Inversion errors are calculated pixel-wise by e𝑘(x) = v𝑘(x) − v(x), with the

estimate at the 𝑘-th iteration step and x ∈ Ω; see (2.6). They are presented in two

complementary views. In the summary view (Fig. 3.12), we provide the sequence of

inversion error percentiles (4.18) over each iteration process up to the 15th step. We

show in Fig. 3.13 the spatial distribution of errors via snapshots of inversion error

maps at three iteration steps, 𝑘 = 1, 8, 15. In order to take into consideration also the

response of each algorithm to the initial guess, we present the error-map snapshots
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with two different initial guesses: v
[a]
0 (x) = 0 and v

[b]
0 (x) = 0.08 cos(8𝜃)[−𝑥2 𝑥1]

T.

The two non-adaptive iterations fail in reducing the errors over the 8 radial ridge

regions with 𝑏 = 0.8, as shown in Fig. 3.13. The divergence regions correspond

to, and can be predicted by, those with non-small NTDCs and high control index

values in Fig. 3.11. The two adaptive iterations successfully suppress and annihilate

the inverse errors. With the spatially variant adaptive control, inversion errors are

reduced to sub-pixel length in no more than 3 steps. If the analytical values of 𝜇*(x)

are used, the algorithm renders the inverse in a single step.
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Figure 3.12: Inversion error magnitudes in three percentiles (90th left, 95th middle, and 98th
right) during the first 15 steps of each iteration with the discretized DVF, with two different initial
guesses (top and bottom). Each plot shows the error sequence with each of the following four control
schemes: constant 𝜇 = 0, constant 𝜇 = 0.5, alternating 𝜇oe with 𝜇o = 0 and 𝜇e = 0.77, and spatially
variant 𝜇*(x). Error magnitudes, 𝑒(x) =

√︀
𝑒2LR + 𝑒2AP + 𝑒2SI, are measured in pixel-length unit and

plotted in log-scale.
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Figure 3.13: Inversion error map snapshots at three steps (𝑘 = 1, 8, 15) during iterative inversion
of the discretized DVF, with initial guess v

[a]
0 (left) and v

[b]
0 (right). Each row contains error maps

with one of the following four control schemes (from top to bottom): constant 𝜇 = 0, constant
𝜇 = 0.5, alternating 𝜇oe with 𝜇o = 0 and 𝜇e = 0.77, and spatially variant 𝜇*(x). Error magnitudes
are measured in pixel-length unit. Errors within a pixel are shown in white, and errors beyond 30
pixels are shown in red. The first two schemes fail in error suppression around the 8 radial ridge
lines; the next two successfully suppress the errors over the entire domain. The scheme with 𝜇*(x)
is robust to the change in the initial guess.
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Chapter 4

Bi-residual DVF inversion

4.1 DVF inversion with bi-residual feedback

We introduce a new DVF inversion algorithm that is fast and highly accurate, utilizing

both the study IC residual and reference IC residual. This algorithm exceeds the limit

of what is conventionaly done by trading off accuracy for efficiency or the other way

around. In operation, the algorithm consists of two phases. In phase one, we use a

simple and robust iterative inversion procedure, in the framework of (2.13), to steer

any initial guess onto a convergent course toward the inverse DVF. In phase two,

we accelerate the convergence at locally quadratic rate, exploiting the reference IC

residuals, which were not explored in previously existing work for DVF inversion. It

is critical to have an early and stable transition from phase 1 to phase 2. We use

a two-scale scheme for the phase transition and integration. We describe next the

three key algorithmic constitutes in detail.

4.1.1 Steering phase: adaptive to study residuals

In the steering phase, the iteration follows (2.13) with the feedback control parameter

set to the mid-range value of the feasibility interval of (2.19), i.e.,

𝜇𝑘(x) = 1 − min
x′∈𝒩 (x+v𝑘(x))

min
𝑗=1,2,3

Re
(︀
𝜆−1𝑗 (x′)

)︀
, (4.1)
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where the neighborhood 𝒩 (x+v𝑘(x)) is centered at x+v𝑘(x), convex, and contains

x + v(x). One may let the neighborhood arbitrarily large within the image domain.

One may also make the neighborhood relatively small so that the feedback control

becomes spatially variant, automatically adaptive to the spatial variation in the DVF

data. In practice, the image domain is covered by a finite number of neighborhoods.

The following theorem and proof are specific to the convergence analysis of it-

eration (2.13) with control schema (4.1). They are more straightforward than the

unifying convergence analysis of iteration (2.13) in [DIS+18].

Theorem 1. Assume that the controllability condition (2.17) holds for a deformation

vector field u. Assume that the iteration (2.13) for inverse DVF is equipped with the

mid-range value feedback control schema (4.1) over a finite number of neighborhoods.

Then, as 𝑘 → ∞, the estimates v𝑘 converges to v, the inverse of u.

Proof. By the relationship (2.13) between the IC residual and the inverse error, we

have the error propagation equation,

e𝑘+1(x) = ( I− (1 − 𝜇𝑘(x))Jf (x + 𝜂v̂𝑘 ) e𝑘(x), 𝜂 ∈ (0, 1). (4.2)

The inverse error goes to zero, i.e., the iteration converges, if the spectral radius of

the propagation matrix 𝜌(I− (1−𝜇𝑘(x))Jf (x+ 𝜂v̂𝑘) is bounded by some 𝛼 < 1. We

have by (4.1),

𝜌(I− (1 − 𝜇𝑘(x))Jf (x + 𝜂v̂𝑘)) = max
𝑖=1,2,3

⃒⃒⃒⃒
1 − 𝜆𝑖(𝜉𝑘) min

x′∈𝒩 (x+v𝑘(x))
min

𝑗=1,2,3
Re

(︀
𝜆−1𝑗 (x′)

)︀⃒⃒⃒⃒

= max
𝑖=1,2,3

⃒⃒⃒⃒
⃒⃒⃒⃒1 − 𝜆𝑖(x + 𝜂v̂𝑘)

max
x′∈𝒩 (x+v𝑘(x))

max
𝑗=1,2,3

|𝜆𝑗(x
′)|2

Re(𝜆𝑗(x′))

⃒⃒⃒⃒
⃒⃒⃒⃒. (4.3)
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By simple geometry, one can verify that the circle of radius max𝑗{|𝜆𝑗(x
′)|2/Re(𝜆𝑗(x

′))}

passes through the origin and encloses the eigenvales associated with x′. By the neigh-

borhood condition for (4.1), 𝒩 (x+ v𝑘(x)) contains all the points between x+ v𝑘(x)

and x + v(x). Thus, the largest circle over the points in the neighborhood encloses

also the eigenvalues associated with x + 𝜂v̂𝑘, and among all the spectral radius in

(4.3) is less than 1. As the number of neighborhoods is finite, there exists thereby

a constant 𝛼 < 1 that bounds the spectral radii across all locations and through all

iteration steps. �

In addition, the feedback control schema with mid-range values has the striking

property that it grants simple and stable change in the neighborhood range in adap-

tation to the iteration dynamics. We describe in Section 4.1.3 how we exploit this

property in the integral design of the bi-residual DVF inversion.

4.1.2 Accelerating phase : feedback with reference residuals

The acceleration technique we used in phase 2 is original and simple. Continue with

an inverse estimate provided by the phase-1 iteration at some point 𝐾1, we compute

at step 𝑘 > 𝐾1 the reference IC residual r at x + v𝑘(x) with the current estimate

v𝑘(x), in lieu of the study residual at x. We use this residual as the feedback,

unmodulated, to obtain the next estimate

v𝑘+1(x) = v𝑘(x) − r𝑘(x + v𝑘(x)), x ∈ Ωtgt. (4.4)

This alternation is based on a remarkable relationship between the IC residuals and

the inverse errors.

Lemma 2. Assume that a deformation vector field u is provided. Let v̂ be an estimate

to v, the inverse deformation vector field. The two IC residuals, r and s, and the
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unknown inverse errors e have the field relationship, via the estimate v̂,

r(x + v̂(x)) = e(x + s(x)), x ∈ Ωtgt. (4.5)

Proof. Let ŷ = x + v̂(x). Then, ŷ + u(ŷ) = x + s(x), by (2.12), and

r(ŷ) = u(ŷ) + v̂(ŷ + u(ŷ)) = −v(ŷ + u(ŷ)) + v̂(ŷ + u(ŷ)) = e(x + s(x))

�

Equation (2.7) relates study IC residuals to inverse errors point-wise, which is the

base for phase-1 iteration (2.13). Equation (4.5) relates two IC residuals to inverse

errors over the field. It indicates particularly that when the study IC residual s

becomes small, the reference IC residual r(x + v̂(x)) can serve as a close estimate

to the inverse error at x. The following theorem shows how close the estimate is

and states that the use of this connection in (4.4) accelerates the DVF inversion at

quadratic rate.

Theorem 3. Assume the inverse error e𝑘 is sufficiently small. By the iteration

(4.4), the inverse error e𝑘+1(x) decreases quadratically under the same condition for

multivariate Newton’s iteration,

e𝑘+1(x) = 𝒪(‖e𝑘(x)‖2). (4.6)

Proof. The inverse errors propagate in (4.4) as follows,

e𝑘+1(x) = e𝑘(x) − r𝑘(x + v𝑘(x)) = e𝑘(x) − e𝑘(x + s𝑘(x)), by Lemma 3

= [v𝑘(x) − v𝑘(x + s𝑘(x))] − [v(x) − v(x + s𝑘(x))],
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= −[J(v𝑘) − J(v)](x) s𝑘(x) + 𝒪(‖s𝑘(x)‖2),

= −[J(v𝑘) − J(v)](x)𝒪(e𝑘(x)) + 𝒪(‖e𝑘(x)‖2), by Lemma 1

We show next that [J(v𝑘)−J(v)] (x) = 𝒪(‖e𝑘(x)‖) element-wise. By vector calculus,

at any fixed location x, J(v𝑘)𝑖𝑗−J(v))𝑖𝑗 = [𝜕(J(v)𝑖𝑗)/𝜕(v)](v+𝜂(e𝑘))Te𝑘 = 𝒪(‖e𝑘‖),

under the same condition as the Newton’s iteration, where 𝜂 locates in (0, 1). �

We refer to the iteration (4.4) as an implicit newton iteration as the iteration (4.4)

exhibit the similar convergence behavior to that of Newton’s iteration. However, the

iteration does not require any explicit computation of the inverse of Jacobian Ju as a

Newton’s iteration would. The implicit newton iteration is computationally efficient

and numerically stable than its explicit counterpart in absence of explicit inversion.

4.1.3 Phase transition

The transition from the steering phase to the acceleration phase is central to the algo-

rithm performance in convergence, robustness and efficiency. A premature transition

risks the loss of convergence, whereas a belated transition constricts the acceleration

opportunity. By Theorem Theorem 1, the inverse error at the transition point 𝐾1

is expected sufficiently small. We note and exploit the addition factor in the phase

transition condition, namely, the scale unit against which the error is measured as

relatively small or not. In deformation analysis of image, one may relate the scale

unit to the image resolution. In order to make timely and stable phase transition,

We employ a two-scale integration method.

In the steering phase, we carry out the iteration (2.13) first at a coarse resolution,

with the voxel size 𝑚 larger than the original one, followed by the iteration at the

original resolution. The benefits are twofold. The computation cost per iteration
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at the coarser grid is reduced by a factor 𝑚𝑑, 𝑑 = 3 with volumetric images. More

importantly, the accelerating phase is invoked when the inversion error is relatively

smaller than the voxel size. The down-sampling enables us to make early transition

to the acceleration phase at the coarse grid. The inverse estimate on a coarser grid is

then up-sampled to get the initialization for the iterations on the fine grid. Thereafter,

the iteration (4.4) takes few steps to attain high-order accuracy because of quadratic

convergence guaranteed by Theorem 3.

4.2 High-performance two-way DIR applications

The impact of the accuracy of DVF inversion on the medical applications are not well

understood. In this section, we report the effect of DVF inversion on two applications.

To our knowledge, this is first such study.

4.2.1 Symmetric registration completion

The image registration errors are generally small for gradient-based one-way regis-

tration packages. However, the inverse consistency errors between the forward and

backward map estimates are large. We introduce a practical and effective symmet-

ric completion approach to reduce or eliminate the inverse consistency errors while

maintaining low the image registration errors or improving over it.

Provided with initial map estimates f0 and g0 by dense registration between the

reference and target images, that are inverse inconsistent: f0 ∘ g0 ̸= 1. We formulate

the symmetric registration completion problem is to obtain inverse-consistent DVF

pair f and g while maintaining low the image registration errors or improving over

it.

Thirion in his work [Thi98] suggested a simple heuristic way to enhance the inverse
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consistency between the map pair. They advocated splitting the IC residual into half

and incorporate it directly as a correction term,

f𝑘+1 = f𝑘 − 0.5(f𝑘 ∘ g𝑘 − 1) (4.7a)

g𝑘+1 = g𝑘 − 0.5(f𝑘 ∘ g𝑘 − 1), (4.7b)

where 1 is an identity map. The corrections (4.7) have been adapted in later works

for improving the inverse consistency. However, it is unknown whether the correction

steps (4.7) provide any guarantee of improving the inverse consistency errors.

We introduce an alternative approach, which provides a theoretical guarantee of

the inverse consistency error reduction,

f2𝑘+1 = f2𝑘 − 𝜖1 (f2𝑘 − g−12𝑘 ), (4.8a)

g2𝑘+1 = g2𝑘 − 𝜖2 (g2𝑘 − f−12𝑘+1), (4.8b)

where 𝜖1 and 𝜖2 are positive scalar constants. The algorithm (4.8) uses higher-

order inverse consistency error estimates than the previously proposed method to

guarantee the reduction. The inverse consistency error reduction guarantee follows

from Theorem 4.

Theorem 4. Considering the two maps f0 and g0 that have considerable inverse

consistent errors, i.e., ‖f0 ∘ g0 − 1‖ > 𝜏0 and ‖g0 ∘ f0 − 1‖ > 𝜏0. The IC residual

after the correction steps of (4.8a) and (4.8b) are smaller than before correction steps

when the controls 𝜖1 and 𝜖2 are set such that ‖𝜖2 Jf0(𝜉
′) (g0− f−10 )‖ < ‖𝜖1(f0 ∘g0−1)‖

and ‖𝜖1(1 − 𝜖2)Jg0(𝜉) (f0 − g−10 )‖ < ‖𝜖2(g0 ∘ f0 − 1)‖,

‖f1 ∘ g1 − 1‖ < ‖f0 ∘ g0 − 1‖, (4.9a)
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‖g1 ∘ f1 − 1‖ < ‖g0 ∘ f0 − 1‖. (4.9b)

Proof. The IC study residual f ∘ g− 1 after the correction steps (4.8a) and (4.8b) is,

f1 ∘ g1 − 1 = f1 ∘ (g0 − 𝜖2(g0 − f−11 )) − 1

= (f1 ∘ g0 − 1) − 𝜖2 Jf1(𝜉
′) (g0 − f−11 )

= (f0 − 𝜖1 (f0 − g−10 )) ∘ g0 − 1− 𝜖2 Jf1(𝜉
′) (g0 − f−11 )

= (1 − 𝜖1) f0 ∘ g0 + 𝜖1 g
−1
0 ∘ g0 − 1− 𝜖2 Jf1(𝜉

′) (g0 − f−11 )

= (1 − 𝜖1) (f0 ∘ g0 − 1) − 𝜖2 Jf1(𝜉
′) (g0 − f−11 ),

= (1 − 𝜖1) (f0 ∘ g0 − 1) − 𝜖2 Jf0(𝜉
′) (g0 − f−10 ) + 𝒪(𝜖1𝜖2), (4.10)

where 𝜉′ lies between g0(.) and g0(.) − 𝜖2(g0(.) − f−10 (.)). The condition for the

reduction in the study IC residual f ∘ g − 1 is,

‖𝜖2 Jf0(𝜉
′) (g0 − f−10 )‖ < ‖𝜖1(f0 ∘ g0 − 1)‖. (4.11)

The reduction in the other reference IC residual (4.9b) can also be proved in a similar

way. The IC reference residual g ∘ f − 1 after the correction steps is,

g1 ∘ f1 − 1 = (g0 − 𝜖2 (g0 − f−11 )) ∘ f1 − 1

= (1 − 𝜖2)g0 ∘ f1 + 𝜖2 f
−1
1 ∘ f1 − 1

= (1 − 𝜖2)(g0 ∘ f1 − 1)

= (1 − 𝜖2)(g0 ∘ (f0 − 𝜖1(f0 − g−10 )) − 1)

= (1 − 𝜖2)(g0 ∘ f0 − 1) − 𝜖1(1 − 𝜖2)Jg0(𝜉) (f0 − g−10 ), (4.12)

where 𝜉 lies between f0(.) and f0(.) − 𝜖1(f0(.) − g−10 (.)). The IC residual g ∘ f − 1
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reduces after the correction steps when,

‖𝜖1(1 − 𝜖2)Jg0(𝜉) (f0 − g−10 )‖ < 𝜖2(g0 ∘ f0 − 1). (4.13)

�

We alternate the IC error reduction step (4.8) with a simple field blending al-

gorithm (4.14) to improve image registration errors without increasing the inverse

consistency errors. We assume that the image registration errors in the initial DVF

estimates are small. Otherwise any gradient-based registration refinement scheme

such as two-scale equations [DIS+16] can be first used to reduce the image regis-

tration errors before the alternating scheme. The blending algorithm first computes

the inverses g−10 and f−10 by the bi-residual inversion, and then combine them with

f0 and g0 respectively by selecting the portions of each map that has smaller image

registration errors,

f2𝑘(y) = 𝑤(y)f2𝑘−1 + (1 − 𝑤(y))g−12𝑘−1(y), (4.14a)

𝑤(y) =

⎧⎪⎪⎨⎪⎪⎩
0, 𝑒f2𝑘−1

(y) ≥ 𝑒g−1
2𝑘−1

(y)

1, 𝑒f2𝑘−1
(y) < 𝑒g−1

2𝑘−1
(y).

, (4.14b)

g2𝑘(x) = 𝑤′(x)g2𝑘−1(x) + (1 − 𝑤′(x))f−1(x) (4.14c)

𝑤′(x) =

⎧⎪⎪⎨⎪⎪⎩
0, 𝑒g2𝑘−1

(x) > 𝑒f−1
2𝑘−1

(x)

1, 𝑒g2𝑘−1
(x) ≤ 𝑒f−1

2𝑘−1
(x).

(4.14d)

where the voxel-wise image registration errors are defined as follows: 𝑒f2𝑘−1
(y) =

|𝐼ref(y) − 𝐼tgt ∘ f2𝑘−1(y)|, 𝑒g−1
2𝑘−1

(y) = |𝐼ref(y) − 𝐼tgt ∘ g−12𝑘−1(y)|, 𝑒g2𝑘−1
(x) = |𝐼ref ∘
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g2𝑘−1(x) − 𝐼tgt(x)| and 𝑒𝑓−1
2𝑘−1

(x) = |𝐼ref ∘ f−12𝑘−1(x) − 𝐼tgt(x)|.

The image registration error reduction guarantees follow from the following The-

orem 5.

Theorem 5. The registration errors , 𝑒f2𝑘(y) = |𝐼ref(y)− 𝐼tgt ∘ f2𝑘(y))| and 𝑒g2𝑘
(x) =

|𝐼ref ∘ g2𝑘(x) − 𝐼tgt(x))|, after the correction by (4.14) are

𝑒f2𝑘 = min(𝑒f2𝑘−1
, 𝑒g−1

2𝑘−1
), (4.15a)

𝑒g2𝑘
= min(𝑒g2𝑘−1

, 𝑒f−1
2𝑘−1

), (4.15b)

Proof. Proof follows from the definition (4.14). �

In Figs. 4.1–4.4, we report the inverse consistency errors and image similarity

scores after the symmetric correction of a synthetic and a patient dataset. We showed

many order reduction in the inverse consistency errors for both dataset, while the

image registration errors are marginally and substantially reduced for synthetic and

patient dataset respectively.

4.2.2 Two-way mappings with broad applications

Forward and backward maps are often needed to map medical images, radiation

doses, contours and other structures between the reference and target image domains

in medical applications. For instance in the image-guided hypofractionated radiation

therapy, the treatment plans (contours) need to be mapped from planning CT image,

which is acquired on the planning day, to on-board CBCT image, acquired during

the treatment. Similarly after the radiation session, the delivered doses at the on-

board CBCT image is required to be mapped back to the planning CT image for

dose accumulation calculation. An inverse inconsistency between the forward and
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Figure 4.1: Inverse consistency error and local image similary score comparison with and without
the symmetric completion. The initial forward and backward DVFs are obtained by the ANTs
software [ATS09] by the image registration between the reference and target image, shown in (a)
and (b). The IC errors and image registration errors are reduced in the initial DVF estimates by the
symmetric completion algorithm introduced in Section 4.2.1. The IC errors and local normalized
cross-correlations are shown in (c)-(d) and (e)-(f) respectively without symmetric completion (in
blue) and with the completion (in red). The IC errors are binned into 3 bins: high-accuracy bin
(10−16, 10−7), mid-accuracy bin (10−7, 10−2) and low-accuracy bin (10−2, 101) and the fraction of
populations in each bins are displayed. The local normalized cross-correlation scores are also binned
into 3 bins as shown.
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Figure 4.2: Inverse consistency error and local image similary score comparison with and without
the symmetric completion for a patient dataset. The initial forward and backward DVFs are obtained
by the Velocity (Varian medical systems) [vel] by the image registration between the reference and
target image of patient COPD4. The IC errors and local normalized cross-correlation are reduced
in the initial DVF estimates by the symmetric completion algorithm introduced in Section 4.2.1.
The IC errors and local image similarity scores are shown in (a)-(b) and (c)-(d) respectively with-
out symmetric completion (in blue) and with the completion (in red). The IC errors are binned
into 3 bins: high-accuracy bin (10−16, 10−3), mid-accuracy bin (10−3, 10−0) and low-accuracy bin
(100, 102) and the fraction of populations in each bins are displayed in (a)-(b). The local normalized
cross-correlation scores are also binned into 3 bins: low-similarity bin (−1, 0.5), mid-similarity bin
(0.5, 0.8) and high-similarity (0.8, 1.0) and the fraction of populations in each bins are displayed in
(c)-(d).
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(a) Reference residual (𝑟)

axial coronal sagittal

(b) Study residual (𝑠)
Figure 4.3: Volumetric quiver-plots of inverse consistency residuals s(x) and r(x + v(x)), with
contoured heat-maps of the magnitude (in mm), at the 5 iteration step of symmetric completion
with the COPD4 dataset, overlaid on the target image domain. The IC errors before and after the
symmetric completion at top and bottom row respectively. The heat-map display range is truncated
at 10 mm for visual inspection. White spots indicate regions where interplotation method refers to
the out-of-bounds values during the iterations.

backward map between the planning CT and on-board CBCT image may introduce

inaccuracies in the dose accumulation calculation, especially in small organs, where

surface to volume ratio is large, or the organs that undergoes larger deformations due

to motion. In general, it may produce inconsistent views of the concerned structures

in the two domains, which may be hard to interpret. A highly accurate DVF inversion

procedure is required to prevent the adverse ramifications.

We have abstracted the two-way mapping task that many clinical pipelines includ-

ing the dose accumulation calculation incorporate. Consider a structure 𝑆 defined

on a reference image domain, and forward and backward map f and g between the

reference and target domain. We measure the structure reconstrunction error due

to back-and-forth mapping of the structure from the reference domain to the target

domain by the inverse map estimate (f−1 + e) and and then from the target domain

to reference domain by the forward map (f),

𝑒rest(x) = 𝑆 ∘ (f−1 + e) ∘ f(x) − 𝑆(x)
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axial coronal sagittal

(a) Reference domain

axial coronal sagittal

(b) Target domain
Figure 4.4: Image overlay of provided reference (target) image and reconstructed reference (target)
image by deforming the target (reference) image using the forward DVF (inverse DVF) estimates.
Reconstructed images are shown in magenta, whereas the provided images are shown in green. The
top and bottom row are image overlay before and after the symmetric completion, respectively.
The initial forward and backward DVFs are obtained by the Velocity (Varian medical systems) [vel]
by the image registration between the reference and target image of patient COPD4. The image
registration errors are reduced by the 5 iterations of alternating symmetric completion algorithm
introduced in Section 4.2.1.

= 𝒪(‖∆𝑆‖‖e‖) (4.16)

where e is the inaccuracy in the inverse map estimate. The reconstruction error is

higher when the image gradients are larger and uncertaintity in the inverse map e is

higher. In Fig. 4.5, we report the structure restoration error 𝑒rest(x) for a synthetic

structure. The results suggest that the accuracy of the back-and-forth mapping

improves with increase in the inversion accuracy.
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Figure 4.5: Structural mapping errors after back-and-forth mapping with forward and inverse
DVFs. The forward DVF is obtained by the ANTs software [ATS09] by the image registration
between the reference and target image, shown in (a) and (b). The inverse DVF is obtained by
our inversion algorithm. The reference image is first warped to target domain by the inverse DVF.
The reference image is then recreated by warping it back to reference image the forward DVF. The
average image restoration error 𝑒𝑟𝑒𝑠𝑡 is plotted against the inversion error ‖e‖ in (c). The image
restoration error 𝑒𝑟𝑒𝑠𝑡 is visualized in (d) for three inversion error levels.
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4.3 Experiments

We report experimental results on DVF inversion with clinical and synthetic data.

In this section, we describe datasets and experimental setup.

4.3.1 Datasets

The experiments are carried out with a synthetic and 6 clinical data.

The synthetic forward DVF is obtained using ANTs software [ATS09], by regis-

tering the images in Figs. 4.5a and 4.5b. The associated spectral maps are shown

in Fig. 4.6.

The clinical DVFs are obtained using Velocity software (Varian Medical Systems,

Palo Alto, CA, USA) by registering the six pairs of thoracic CT images at end of

expiration (EE) and end of inspiration (EI). The EE image is used as reference (pri-

mary) and the EI image as target (secondary). The patinet CT images are acquired

from the website of the Deformable Image Registration Laboratory (DIR-Lab) at

the University of Texas Medical Branch [CCF+13, CCM+10]. The data collection

includes two sets of patient images: 4DCT images and COPD images. Each set con-

tains 10 patients. The 4DCT images are acquired at the University of Texas MD

Anderson Cancer Center as part of radiotherapy planning for thoracic malignancy

treatment [CCF+13]. In-slice spatial resolution is (0.96 mm)2 and slice thickness is

2.5 mm. The COPD CT images are taken from the COPDGene study archive of

the National Heart, Lung, and Blood Institute [CCM+10]. In-slice spatial resolution

ranges from (0.586 mm)2 to (0.647 mm)2 and slice thickness is 2.5 mm. We refer to

the data by their assigned labels in the DIR-Lab repository.

We select the CT images with larger deformations, which poses bigger challenge

to DVF inversion algorithms. Experiments are conducted with 1 patient from the
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Figure 4.6: Spatial variation of three spectral measures over the reference domain. (a) Determi-
nant map |Jf (x)|. Determinant values are away from zero everywhere in the domain, that shows
invertibility of the DVF. (b) Spectral radius map 𝜌(Ju(x)). Non-small NTDC regions are highlighted
in red. An adequate feedback control is necessary for the iteration to converge. (c) Algebraic con-
trol index map 1− 2𝛾(x). The index values are bounded from above by 1, which shows the global
convergence of iteration of (2.13) with mid-range parameter setting.

axial coronal sagittal

Figure 4.7: The forward DVF with patient COPD4, visualized by quiver-plots in axial, coronal,
and sagittal slices, against an overlay of the reference CT image (EE, magenta) and target image
(EI, green). The displayed quiver is spatially down-sampled by a factor of 12 along the LR and AP
axes and a factor of 6 along the SI axis.

4DCT set and 5 patients from the COPD set. The 4DCT DVFs exhibit only small

deformation, whereas the COPD DVFs exhibit larger deformations and larger spatial

and spectral measures. We select the DVFs with the largest amplitudes and variation

in displacements to test the DVF inversion algorithms. COPD4 DVF is the most

challenging case among the six DVFs as indicated by the highest control index values

in Table 3.1. The COPD4 DVF is displayed in Fig. 4.7 via displacement-vector

quivers in axial, coronal, and sagittal slices, over a magenta-green overlay of the

reference and target images.
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4.3.2 Evaluation measures

We assess the DVF inversion algorithms with the IC residuals, s and r (Section 2.1.1),

measured in point-wise magnitudes, over the valid DVF domain. Given the DVF

domain Ω0 for an input DVF, the valid domain Ω is obtained by

Ω = Ω0 − (Ω1 ∪ Ω2), (4.17)

where Ω1 = {x | x ∈ Ω0, f(x) ̸∈ Ω0} and Ω2 = Ω0 − {f(x) | x ∈ Ω0}. We exclude

regions from the DVF domain that are either mapped outside the original domain

by the DVF or not overlapping with the mapped domain.

We measure the percentile values to summarize the voxel-wise scalar-field mea-

sures over Ω. By measuring the percentile values, we exclude the inaccuracy in the

inverse DVF estimates due to the the uncertainty in numerically provided DVF data

due to regional delineation, noise, artifacts, and outliers. Specifically, let 𝜑 be a scalar

field over Ω, bounded from below by 𝜑min. Let Ω(𝜑 = 𝜏) = {x | 𝜑(x) = 𝜏, x ∈ Ω} be

the level set or iso-contour set of 𝜑 at value 𝜏 , and 𝑝(𝜑 = 𝜏) = |Ω(𝜑 = 𝜏)|/|Ω| be the

density of the level set. The 𝛽-th percentile value of 𝜑 is defined as

𝜑[𝛽%] = inf
𝜏

{︂
𝜏

⃒⃒⃒⃒ ∫︁ 𝜏

𝜑min

𝑝(𝜑 = 𝜏 ′) d𝜏 ′ > 𝛽%

}︂
. (4.18)

In practical computation, we approximate 𝜑[𝛽%] via a discrete histogram of 𝜑. For

all six patient DVFs, we report evaluation summaries with box-and-whisker plots

showing 2nd, 10th, 50th, 90th, and 98th percentiles; and DVF characterization sum-

maries in a table with 50th, 90th, and 98th percentiles. We also display image slices

of each volumetric measure field for one patient.
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4.4 Results

We present DVF inversion results with two iterative algorithms: (i) Iteration algo-

rithm of (2.13) with the mid-range parameter control value (4.1), (ii) Bi-residual

iteration algorithm with 4 initial iterations at the coarse scale and the later itera-

tions at the finer scale. At the coarse scale, the IC residuals and the feedback control

parameters are calculated at the half of the resolution of the input DVF. The inverse

DVF estimate is upsampled to the input DVF resolution after initial 4 iterations, and

further iterations are carried out at the finer scale. The initial guess for the inverse

v0 is set to zero in the algorithms.

4.4.1 IC residuals with synthetic dataset

We present the DVF inversion results with the 2D synthetic dataset. In Fig. 4.8, we

report the IC residual histogram for the two methods for 5, 10 and 20 iterations. The

histogram for the two-stage method shifts to the left at a faster pace than to that

of the first method with increase in the number of iterations, indicating the faster

convergence speed. In Fig. 4.9, we display the percentile IC residuals at three different

percentile levels. The two-stage algorithm with multi-scale implementation acheives

significantly faster convergence on compared to the iteration (2.13) with mid-range

parameter value. The maximum IC residuals falls below 10−2 order in 7 iterations

for the first method, whereas the iteration (2.13) with mid-range parameter stays at

100 order at the end of 20 iteration steps.

4.4.2 IC residuals with patient data

We present the DVF inversion results with 6 patient DVFs.

90



5 steps 10 steps 20 steps

6E-15 6E-12 6E-09 6E-06 6E-03 6E+0
10 -3

10 -2

10 -1

10 0

N
or

m
al

iz
ed

 p
op

ul
at

io
n

6E-15 6E-12 6E-09 6E-06 6E-03 6E+0
10 -3

10 -2

10 -1

10 0

6E-15 6E-12 6E-09 6E-06 6E-03 6E+0
10 -3

10 -2

10 -1

10 0

6E-15 6E-12 6E-09 6E-06 6E-03 6E+0
10 -3

10 -2

10 -1

10 0

N
or

m
al

iz
ed

 p
op

ul
at

io
n

6E-15 6E-12 6E-09 6E-06 6E-03 6E+0
10 -3

10 -2

10 -1

10 0

6E-15 6E-12 6E-09 6E-06 6E-03 6E+0
10 -3

10 -2

10 -1

10 0

Figure 4.8: Histograms (log-scale) of the magnitude of s(x) and r(x + v(x)) at the 5, 10 and
20 iteration steps with two inversion algorithms. The IC residuals are bucketed into a logarithmic
scaled bins. X-label display the bin centers.

steps steps steps

Figure 4.9: Pace of inverse consistency residual suppression during the first 20 iteration steps with
the synthetic DVF, reported in percentiles of magnitude of s(x) and r(x + v(x)) in pixel-length
in log-scale. Comparision between three algorithms: iteration algorithm of (2b) with the mid-
range parameter control value, two-stage iteration algorithm with 4 initial iterations at the coarse
scale and the later iterations at the finer scale, and two-stage iteration algorithm with single-scale
implementation.
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We display the histograms of magnitude of the IC residuals s(x) and r(x+ v(x))

in Fig. 4.10 at the end of 10th iteration step for 6 patients. The histograms for the

two-stage algorithm are concentrated to the lower IC residual regions on compared

to the iteration with mid-range parameter control. With the 4DCT7 DVF, the IC

residuals are substantially smaller for both methods, with a marginal advantage for

the two-stage method. With the COPD DVFs, the IC residuals are substantially

lower for a significant fraction of voxels. The majority of voxels has IC residual of

order 100 mm, for the iteration with mid-range control, whereas the same is of order

10−5 for the two-stage method, indicating a significant improvement.

In Fig. 4.11, we display the a comparison of spatial variation of IC residuals with

COPD4 DVF at the end of 10th iterations, visualized as volumetric quiver-plot and

heat-map slices, overlaid on the target image domain. Fig. 4.12 shows the of IC

residuals in 90th, 95th and 98th percentile vales for the 20 iteration steps. Both

figures shows the advantage of the two-stage algorithm on compared to the single-

stage. In particular, the two-stage algorithm acheives 10−2 mm order accuracy in 17

iterations, whereas the single-stage algorithm stays at 1.5 mm level or higher.
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Figure 4.10: Histograms of the magnitude of s(x) and r(x+ v(x)) at the 10 iteration steps with
two inversion algorithms. The IC errors with the iteration of (2.13) with the mid-range parameter
control value (4.1) are shown in blue. The IC errors with the bi-residual algorithm are shown in
red. The IC errors are binned into 3 bins: high-accuracy bin mid-accuracy bin, and low-accuracy
bin, and the fraction of population in each bins are displayed.
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Figure 4.11: Volumetric quiver-plots of inverse consistency residuals s(x) and r(x + v(x)), with
contoured heat-maps of the magnitude (in mm), at the 10 iteration step with the COPD4 dataset,
overlaid on the target image domain. Comparison between two methods: iteration algorithm of (2b)
with the mid-range parameter control value, two-stage iteration algorithm with 4 initial iterations
at the coarse scale and the later iterations at the finer scale, and two-stage iteration algorithm
with single-scale implementation. The heat-map display range is truncated at 10 mm for visual
inspection. White spots indicate regions where interplotation method refers to a out-of-bounds
values during the iterations.
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Figure 4.12: Pace of inverse consistency residual suppression during the first 20 iteration steps with
the synthetic dataset, reported in percentiles of magnitude of s(x) and r(x+ v(x)) in pixel-length
in log-scale. Comparision between three algorithms: iteration algorithm of (2b) with the mid-
range parameter control value, two-stage iteration algorithm with 4 initial iterations at the coarse
scale and the later iterations at the finer scale, and two-stage iteration algorithm with single-scale
implementation. The black horizontal dashed lines mark the in-slice image resolution.
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Chapter 5

Direct method for DVF inversion

We present a non-iterative method, named IDVFp (inverse deformation vector field

estimation in periodic motion), for rapid inversion of forward (or backward) deforma-

tion vector fields (DVFs) extracted from a sequence of 𝑃 CT images in a respiratory

cycle. IDVFp method consists of two stages. At the first stage is a cyclic inversion

algorithm that exploits the cyclic (periodic) structure of respiratory motions and ren-

ders the theoretical inverse of the DVF between any two images in the respiratory

cycle in no more than 𝑃 steps. In practice, the cyclic inversion algorithm must use in-

terpolation due to finite voxel resolution of the images. Consequently, the computed

result is no long exact, and it is less accurate with a coarse-grained spatial resolution.

IDVFp method at the second stage takes a few correction steps, reducing or eliminat-

ing the numerical discrepancy. IDVFp remains efficient and effective while iterative

methods tend to converge slowly when the organs undergo large deformations.

The new method IDVFp relies on the periodic motion assumption. We assume

that the CT images in question are in a respiratory cycle. We use 𝑃 to denote

the number of phases in the cycle. Reportedly, 𝑃 is typically modest, rarely larger

than 10. Fig. 5.1 shows a periodic sequence of CT images (𝐼0, 𝐼1, . . . , 𝐼𝑃−1) in

a respiratory cycle. The arrows denote the transformations (f1, f2, . . . , f𝑃−1) so

that 𝐼𝑖 ∘ f𝑖 = 𝐼𝑖+1. The corresponding DVFs are denoted by u𝑖, where u𝑖(x) :=

f𝑖(x) − x. Consider first the DVF inversion between an arbitrary pair of images

𝐼𝑖 and 𝐼𝑗 in the respiratory cycle of CT images (𝐼0, 𝐼1, . . . , 𝐼𝑃−1) One may register

the consecutive images to obtain a sequence of forward DVFs in respiratory cycle
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Figure 5.1: Periodic sequence of images in a respiratory cycle of length (𝑃 ).

as (u1,u2, . . . ,u𝑃−1), shown in Fig. 5.1. The viability, accuracy and computational

complexity of this step in the clinical workflow is discussed in Section 5.1. The

periodic motion assumption entails that the input DVFs in the cycle must satisfy a

cyclic inverse consistency condition(CIC), which is introduced in Section 5.1.1 and is

an extension of SInC condition (2.1) from the pairwise DVFs to the DVFs in a cycle.

Moreover, the CIC condition can be used to estimate the inverse (IDVF) between

any arbitrary pair 𝐼𝑖 and 𝐼𝑗 in the cycle in no more than 𝑃 steps by factorizing

the IDVF into intermediate DVFs along the cyclic trajectory from phase 𝑗 to phase

𝑖. Section 5.2.1 gives an evolutionary account of previous works that used DVF

factorization for the registration and its origin in DVF embedding in spatio-temporal

space.

IDVFp is an exact method that renders the theoretical inverse of a DVF in at

most 𝑃 steps when not subject to a limitation in spatial resolution. In practice with

finite and limited spatial resolution, the computed solution is susceptible to the error

introduced by numerical interpolation or deviation from an ideal respiratory cycle.

We incorporate a self-correction scheme to effectively diminish the perturbation in a

couple of additional algorithmic steps.
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(a) Star Topology (b) Cyclic Topology
Figure 5.2: Two different topology obtained as a result of different scheme for choosing the reference
phase. (a) a fixed phase, e.g. phase-0, serves as reference phase (b) every phase serves as reference
phase for next phase.

5.1 Input DVFs in a periodic respiratory cycle

In this section, we comment on input cyclic DVFs required by the pairwise DVF

inversion, and further comment on how these requirements can be fulfilled in different

application pipelines without incurring additional computational costs. Fig. 5.2 shows

two particular topologies of DVFs extracted from a sequence of periodic images that

different applications might already require. The two representations are equivalent in

terms of that one can be obtained from another, when the input DVFs are available in

the spatial continuum. However, the interconversion requires regridding and therefore

it suffers interpolation errors in the discrete domain. Two representations differ from

one another by the reference selection criterion, when we want to extract the DVFs

from the periodic sequence of CT images. The first star-topology is a result of

selecting a single and fixed CT image 𝐼0 as the reference phase. Conventionally,

the DVFs are calculated with respect to a single and fixed reference phase, such as

the end-of-expiration phase in 4D CT images [RZY14]. This conventional approach

produces a star-shaped topology with the end-of-expiration phase at center. The

second topology is a result of moving the reference phase in a periodic cycle in tandem
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with the target phase in a juxtaposition. In particular, the reference phase is kept at

the predecessor phase of target phase while moving in the cycle. The new approach

produces a cyclic shaped topology of DVFs. Our algorithm requires the input DVFs in

the second topological representation as it exploits the cyclic consistency criterion of

the representation. The DVFs of cyclic shaped topology can be easily made available

through registering the consecutive images in a periodic sequence of images. It can be

obtained with a higher accuracy than that of star topology because the DVF between

two successive phases are smaller than DVF in the star topology.

5.1.1 Cyclic inversion consistency condition (CIC)

x0

u0

uq

uP−1

x1

xq

xq+1

xP−1

vq

u0→q v0←q

Figure 5.3: Flow diagram of periodic motion fields.

Our algorithm uses the CIC condition that the input DVFs in cyclic topology

must satisfy. The CIC is an extension of the SInC condition (2.1) from the pairwise

DVFs to a the DVFs in a cyclic topology. The CIC condition is based on the premise

that a typical voxel undergoes a cyclic trajectory in the periodic motion as shown

in Fig. 5.4. Aggregation of the DVFs in along the cyclic trajectory gives us the CIC

condition,

u0(x0) + u1(x1) + · · · + u𝑃−2(x𝑃−2) + u𝑃−1(x𝑃−1) = 0. (5.1)
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Given the input DVFs in cyclic topology (u1,u2, . . . ,u𝑃−1), the IDVF between an

arbitrary pair of images 𝐼𝑖 and 𝐼𝑗 can be obtained by factorizing the IDVF into

intermediate DVFs along the cyclic trajectory from 𝑥𝑗 to 𝑥𝑖.

5.2 Precursor work

Large deformation poses and remains a challenge to image registration in prac-

tice [SDP13, CRM96a]. Numerical methods for DVF estimation, and the inverse

(IDVF) are typically iterative, and many of them are limited to small deformation.

The challenge with large deformation is greater when the inverse consistency condi-

tion is to be satisfied [CJ01]. Several modeling and solution approaches have emerged

in recent years to tackle the problem of inverse consistent image registration (ICIR)

in the presence of large deformation.

5.2.1 Factorization approach

In their influential paper [CRM96b], Christensen, Rabbit, and Miller (CRM) used a

viscous fluid equation (VFE) to accommodate large deformation. They introduced

also the solution approach with propagating template images introduced on a tem-

poral or evolutional path from the reference image to the study one, which can be

seen from an algorithmic viewpoint as a time-parametrized factorization approach.

We describe briefly the algorithmic factorization in the CRM method [CRM96a].

Consider a large-deformation transformation f(x) = x + u(x) from a reference or

template image 𝐼ref to a target or study image 𝐼tgt and the backward transforma-

tion. With a PDE as the deformation model, the DVF is embedded into a time-

parametrized solution configuration u(x, 𝑡) with 𝑡 ∈ [0, 1]. The reference and study

images are associated respectively with the zero deformation at the initial time 𝑡 = 0
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and the deformation at 𝑡 = 1, the end of the time evolution interval. By the use of a

numerical time integration method, the solutions are obtained at a finite number 𝐾

of times steps 𝑡𝑗 ∈ [0, 1], 𝑗 = 0, 1, 2, · · · , 𝐾, 𝐾 > 1, 𝑡𝑗 < 𝑡𝑗+1, 𝑡0 = 0 and 𝑡𝐾 = 1. The

deformation u(x, 𝑡𝑗) at time 𝑡𝑗 gives rise to a propagating or intermediate image,

𝐼𝑗(x) = 𝐼ref(x) + u(x, 𝑡𝑗)), 𝑗 = 1, 2, · · · , 𝐾 − 1,

between 𝐼0 = 𝐼ref and 𝐼𝐾 = 𝐼tgt. The image sequence in turn gives rise to the sequence

of incremental transformations f𝑗,𝑗+1(x), and DVFs u𝑗,𝑗+1, from 𝐼𝑗 to 𝐼𝑗+1,

𝐼𝑗+1(x) = 𝐼𝑗(f𝑗,𝑗+1(x)) = 𝐼𝑗(x + u𝑗,𝑗+1(x)), 𝑗 = 0, 1, · · · , 𝐾 − 1,

The deformation u𝑗,𝑗+1 between the successive images is relatively small, compared

to u0,𝐾 from 𝐼0 to 𝐼𝑘. We may denote the incremental transformation f𝑗,𝑗+1 simply

by f𝑗. The forward transformation f0,𝐾 is numerically expressed as the composition

of a finite sequence of incremental transformations

f(x) = f0,𝐾(x) = f𝐾−1 ∘ · · · ∘ f1 ∘ f0, (5.2)

in the right-to-left composition order.

The CRM method has been extended in at least two ways. Neilsen and Gramkow

expedited the solution to a linear VFE at each time step via the use of convolution

filtering in space scale [BNG96]. He and Christensen extended the CRM method to

the IDCEIR method in [HC03] to obtain both the DVF and the IDVF in tandem

for symmetric and inverse-consistent image registration. The intermediate template

images are introduced on the forward path on the reverse path, 𝐾 of them in each

direction, They are obtained all at once, using a variational model and using the
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gradient descent for the numerical solution, instead of solving VFEs in forward and

reversal directions [HC03]. The objective function consists of multiple terms to ensure

small deformation between successive template images, smooth transformations, sym-

metry between the template images on the forward and backward paths and inverse

consistency between symmetric image pairs. Experimental comparisons between ID-

CEIR and a VFE-based image registration method named VFIR, provided in [HC03],

were inconclusive – the former has smaller inconsistency errors, the latter has smaller

registration errors.

5.3 Method

The new method named IDVFp proceeds in two stages. The first stage is a cyclic

inversion of a periodic motion field. Provided with 𝑃 images at 𝑃 successive phases

in a respiratory cycle, the exact inversion takes no more than 𝑃 steps to render

the inverse deformation vector field between any two phases. In practice, the cyclic

method is inevitably subject to the spatial resolution limitation (voxel size) and

introduces error. At the second stage, the numerical discrepancy in the computed

solution is then reduced or removed by a few correction steps.

5.3.1 Cyclic inversion by factorization

A respiratory cycle of DVFs at successive phases represents a periodic sequence of

motion fields. Provided with a cycle of forward DVFs, IDVFp exploits the periodicity

and expresses the IDVF between the images at any two phases as a finite composition

of the forward mappings in cyclic succession.

Fig. 5.4 depicts the periodic traversal or motion of a typical voxel with a cyclic

trajectory (x0, ...,x𝑝−1,x0) at 𝑃 successive phases. In the figure, u𝑖→𝑗 (in blue)
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Figure 5.4: Flow diagram of periodic motion fields.

denotes the forward DVF from phase 𝑖 to phase 𝑗. The corresponding IDVF is

denoted by v𝑖←𝑗 (in red). When phase 𝑗 follows phase 𝑖 immediately, i.e., 𝑗 = 𝑖 + 1,

we simply denote the forward DVF by u𝑖 (in green, and read as leaving from 𝑖) and

its inverse by v𝑖 (in red, and read as returning to 𝑖 ).

The underlying theorem for exact inversion is the following cyclic inverse consis-

tency (CIC) condition,

f𝑖−1 ∘ f𝑖−2 ∘ · · · ∘ fmod(𝑃 ) ∘ f𝑃−1 ∘ · · · ∘ f𝑗+1 ∘ f𝑗 ∘ f𝑖→𝑗 = I, (5.3)

where the composition of the mappings follows the left-to-right order. By this condi-

tion, the backward transformation 𝑔𝑖←𝑗 can be written as a composition of successive

forward transformations as follows,

g𝑖←𝑗 = f−1𝑖→𝑗 = f𝑖−1 ∘ f𝑖−2 ∘ . . . ∘ fmod(𝑃 ) ∘ f𝑃−1 ∘ . . . ∘ f𝑗+1 ∘ f𝑗. (5.4)

The composition on the right-hand side is carried out in right-to-left order. The

cyclic consistency condition can be equivalently expressed in terms of successive dis-
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placements. We have,
x1 = x0 + u0(x0)

...

x𝑝−1 = x𝑝−2 + u𝑝−2(x𝑝−2)

x0 = x𝑝−1 + u𝑝−1(x𝑝−1)

(5.5)

One may use Figure 5.4 as a pictorial reference. Put the equalities in (5.5) together,

we have

u0(x0) + u1(x1) + · · · + u𝑃−2(x𝑃−2) + u𝑃−1(x𝑃−1) = 0, (5.6)

an alternative expression of the CIC condition.

A pseudo code for the cyclic inversion is listed in Alg. 1.a. The algorithm accepts

two-phase indices, 𝑖 and 𝑗 as input, 𝑖 ̸= 𝑗, along with the successive DVFs u𝑞 for

𝑞 ∈ {0, . . . 𝑃 − 1} and returns the cyclic inverse.

Algorithm 1.a Cyclic inversion
Input: {u𝑞, 𝑞 = 0, 1, · · · , 𝑃−1} ◁ 𝑃 successive DVFs in a respiratory cycle

𝑖, 𝑗 ∈ {0, 1, . . . , 𝑃−1}, 𝑖 ̸= 𝑗 ◁ indices to reference and study phases
Ensure: v̂𝑖←𝑗 ◁ Estimation of u−1𝑖→𝑗

1 v̂ = u𝑗(𝒳 ) ◁ initialize the inverse DVF
2 𝒳𝑗+1 = 𝒳 + u𝑗(𝒳 )
3 for 𝑞 ∈ cyclic_path(𝑗 + 1, 𝑖− 1) ◁ see (5.4)
4 v̂ = v̂ + u𝑞(𝒳𝑞) ◁ estimate update
5 𝒳𝑞+1 = 𝒳𝑞 + u𝑞(𝒳𝑞) ◁ forward mapping to phase 𝑞 + 1
6 end for
7 v̂𝑖←𝑗 = v̂ ◁ output

The cyclic factorization of (5.4) can be extended from successive phase factors to

successive segment factors. A segment factor connects the images at two different

phases in the cycle, not necessarily next to each other. The number of steps for

inverting u𝑖→𝑗 by the cyclic method is the number of segments in the cyclic path

from phase 𝑗 to 𝑖.
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5.3.2 Interpolation effect

When the domain of DVFs is not resolution limited, Alg. 1.a renders the true inverse in

at most 𝑃 steps. In practice, DVFs are provided at a finite spaced grid, typically, voxel

centers of grid. The query point 𝒳𝑞 at line 4 of Alg. 1.a does not necessarily fall on a

grid point. Deformation at non-grid points is approximated by interpolation. Alg. 1.b

shows the practical version of the cyclic inversion algorithm that takes the successive

DVFs at a finite resolution as input, denoted by u#
𝑞 . The step 4 of Alg. 1.a is now split

into two steps, building an interpolant for the successive DVFs and interpolating the

DVFs at query locations 𝒳𝑞. With finite voxel size, the use of interpolation introduces

discrepancy at each step of the inverse composition. Furthermore, the introduced

errors propagate and accumulate in subsequent steps. The overall discrepancy of the

computed inverse from the exact inverse accumulated over multiple steps depends

on the resolution of the successive DVFs. A coarser spatial resolution of the voxels

tends to make the discrepancy larger. We show next how to analyze and reduce the

magnified and accumulated errors so that the final result is as good as the exact

inverse that is perturbed by only one interpolation due to spatial resolution limit.

Algorithm 1.b Finite-resolution cyclic inversion

Input: {u#
𝑞 , 𝑞 = 0, 1, · · · , 𝑃−1} ◁ successive DVFs in respiratory cycle defined on

Grid 𝒳
𝑖, 𝑗 ∈ {0, 1, . . . , 𝑃−1}, 𝑖 ̸= 𝑗 ◁ indices to reference and study phases

Ensure: v̂𝑖←𝑗 ◁ Estimation of u−1𝑖→𝑗

v̂ = u#
𝑗 (𝒳 ) ◁ initialize the inverse DVF

2 𝒳𝑗+1 = 𝒳 + u#
𝑗 (𝒳 )

for 𝑞 ∈ cyclic_path(𝑗 + 1, 𝑖− 1) ◁ see (5.4)
4 û𝑞 = interp(u#

𝑞 ) ◁ interpolation
v̂ = v̂ + û𝑞(𝒳𝑞) ◁ iterate update

6 𝒳𝑞+1 = 𝒳𝑞 + u𝑞(𝒳𝑞) ◁ forward to next phase
end for

8 v̂𝑖←𝑗 = v̂ ◁ output
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5.3.3 Restoration

We present in Alg. 2 a finite-step procedure for reducing the distortion in the in-

verse estimate by Alg. 1.b. The extent of the distortion depends primarily on the

spatial resolution and secondarily on the interpolation method employed. As we will

illustration in Section 5.4.1, the distortion is potentially much larger than the quan-

tization errors, because the distortion errors are not only introduced at every single

interpolation step but also propagated and accumulated through multiple factored

transformations. Alg. 2 reduces the errors to the minimal, i.e., to the level of quanti-

zation errors, which are the errors by simply quantizing the exact inverse according

to the given finite spatial resolution.

The restoration algorithm is a finite version of an iterative method with respect

to a specified accuracy. The number of restoration steps is remarkably small, by

two critical and closely related reasons. One is the quadratic convergence rate, the

other is the initial guess that is in the quadratic convergence region. The restoration

algorithm presented is based on the iteration (4.4), which is also utilized earlier in

the bi-residual inversion method in the acceleration phase. The initialization v̂
[0]
𝑖←𝑗 is

the output of Alg. 1.b. The output returned by Alg. 1.b is almost in the quadratic

convergence region. As a consequence, a few iterations of Alg. 2 is enough. We adopt

the term correction as it is conventionally used in numerical algorithm design to

denote the fact that the procedure follows a prediction procedure (Alg. 1.b) and the

fact that the correction delivers desirable results within a prescribed, small number

of steps.
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Algorithm 2 Error correction in finite steps

Input: v̂
[0]
𝑖←𝑗 ◁ output of cyclic inversion method; see Alg. 1.b

u𝑖→𝑗 ◁ Forward DVF to be reversed
Ensure: v̂𝑖←𝑗 ◁ Estimation of u−1𝑖→𝑗

1 for 𝑘 = 1 : 𝐾 ◁ correction step
2 r[𝑘−1](𝒳 ) = v̂

[𝑘−1]
𝑖←𝑗 (𝒳 ) + u𝑖→𝑗(𝒳 + v̂

[𝑘−1]
𝑖←𝑗 (𝒳 )) ◁ r: reference IC residual

3 v̂
[𝑘]
𝑖←𝑗(𝒳 ) = v̂

[𝑘−1]
𝑖←𝑗 (𝒳 ) − r[𝑘−1](𝒳 + v̂

[𝑘−1]
𝑖←𝑗 (𝒳 )) ◁ iterative improvement

4 end for
5 v̂𝑖→𝑗(𝒳 ) = v̂

[𝐾]
𝑖←𝑗(𝒳 ) ◁ output corrected inverse

5.4 Analysis

5.4.1 Prediction stage: perturbation analysis

Our perturbation analysis of Alg. 1.b shows that Alg. 1.b provides a good prediction

of inverse with a small and bounded error. In particular, we claim that the errors in

the result of Alg. 1.b remain small and bounded, even after accumulation in many

steps.

Theorem 6. Alg. 1.b is forward stable when Jacobian of input DVFs are small and

bounded, i.e.,

û𝑗→𝑖(x𝑗)+
𝑖−1∑︁

𝑘=𝑗+1

∆u𝑘 = u𝑗(x𝑗) + u𝑗+1(x𝑗+1) + . . . + u𝑖−1(x𝑖−1), (5.7)

where x𝑞+1 = x𝑞 + u𝑞(x𝑞) for some 𝑞, ∆u𝑘 = −𝐽u𝑘
(𝜉)(∆x𝑘), and ∆x𝑘 is bounded by

voxel size.

Proof. Consider the first step of the algorithm,

û𝑗→𝑗+1(x𝑗) = u#
𝑗 (x𝑗)

= u𝑗(x𝑗).
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The first step does not involve any interpolation, thus it does not have any interpo-

lation error. Consider the second step of the algorithm,

û𝑗→𝑗+2(x𝑗) = û𝑗→𝑗+1(x𝑗) + û𝑗+1(x̂𝑗+1)

= û𝑗→𝑗+1(x𝑗) + û𝑗+1(x𝑗 + û𝑗→𝑗+1(x𝑗))

= û𝑗→𝑗+1(x𝑗) + û𝑗+1(x𝑗 + u𝑗(x𝑗))

= û𝑗→𝑗+1(x𝑗) + u𝑗+1(x𝑗 + u𝑗(x𝑗) + ∆x𝑗+1)

= u𝑗(x𝑗) + u𝑗+1(x𝑗 + u𝑗(x𝑗)) + 𝐽u𝑗+1
(𝜉)(∆x𝑗+1)

û𝑗→𝑗+2(x𝑗) + ∆u𝑗+1 = u𝑗(x𝑗) + u𝑗+1(x𝑗+1)

where ∆u𝑗+1 = −𝐽u𝑗+1
(𝜉)(∆x𝑗+1) and ∆x ≤ ℎ. The second step requires an interpo-

lation and consequently incurs estimation error ∆u𝑗+1. Iterpolation is also required

in the subsequent steps and accumulates in every step. By using the similar steps as

in the step step for the other subsequent steps, we have the following result for the

final step.

û𝑗→𝑖(x𝑗) +
𝑖−1∑︁

𝑘=𝑗+1

∆u𝑘 = u𝑗(x𝑗) + u𝑗+1(x𝑗+1) + . . . + u𝑖−1(x𝑖−1)

where ∆u𝑘 = −𝐽u𝑘
(𝜉)(∆x𝑘), and ∆x𝑘 ≤ ℎ. �

Above expression shows that the forward error (see Fig. 5.5) depends on the

Jacobian of input DVFs (𝐽u𝑘
) and the voxel size of CT images. The Jacobian of

input DVFs is often small and bounded for real DVFs. Also, the voxel size can be

made smaller by using a higher resolution for the input DVFs. Furthermore, we claim

that the errors introduced in each step of the algorithm can be accounted for a small

well-bounded perturbation in the input DVF. In other words, the individual steps in
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Input space Output space

y = f(x)

ŷ

f(x + ∆x)

∆y

x

x + ∆x

Backward
error

Forward
error

(a) schematic diagram

x+∆x

ŷ = f(x+ ∆x)

x

∆x

f(x)∆y

Backward
error

Forward
error

(b) 1-D demonstration
Figure 5.5: Stability definitions. (a) The solid lines (undirected) in schematic diagram connect a
point x in input space to its image y = f(x) in output space, and also a perturbed point x + Δx
to its image f(x+Δx). The forward errors of an algorithm is discrepancy between the algorithmic
estimates on input values and the image of inputs in output space. A algorithm is forward stable
when forward errors are small for all inputs. The backward errors of an algorithm is the smallest
Δx such that f(x + Δx) = y. A algorithm is backward stable when backward errors are small for
all inputs. (b) 1-D demonstrate of schematic diagram.

the algorithm are backward stable (see Fig. 5.5) at each step 𝑞. where ℎ is voxel size.

The backward stability is a stronger claim, and it suggests that individual steps of

Alg. 1.b renders accurate result for nearly accurate input.

Theorem 7. Each of the intermediate steps of Alg. 1.b is backward stable,i.e.,

û𝑞(x𝑞) = u𝑞(x𝑞 + ∆x𝑞), ‖∆x𝑞‖ ≤ ℎ,

where ℎ is voxel size.

Proof.

û𝑞(x𝑞) = u#
𝑞 (x̂𝑞), x̂𝑞 is the nearest neighbor of x𝑞 on Grid 𝒳

= u𝑞(x𝑞 + ∆x𝑞), ‖∆x𝑞‖ ≤ ℎ.

�

108



5.4.2 Error correction stage: convergence analysis

Convergence analysis of the correction method Alg. 2 is described earlier in Theo-

rem 3.

5.5 Discussion

We have introduced a simple cyclic consistency condition for respiratory deformation

vector fields and presented IDVFp method based on this condition. By exploiting

the periodic nature of respiratory motion, forward/backward DVFs between any two

respiratory phases can be computed in no more than 𝑃 steps. The accuracy of inverse

deteriorates as the resolution of the DVF domain decreases, owing to accumulated

interpolation error. A few correction steps are sufficient to reduce or eliminate the

inversion error.

A few last remarks are also in order:(i) The cyclic consistency condition does not

necessarily hold in practice, as a voxel may not return exactly to its original location

at the end of a respiratory cycle [MHSK13]. Nevertheless, this discrepancy will, in

general, be small, and the direct method should return a reasonably close inverse

DVF estimate, which will, in turn, be amended in the correction steps. (ii) The

use of successive-phase rather than one-to-all DVFs does not disrupt established

clinical work-flows which entail respiratory DVF processing since the latter can be

straightforwardly recovered by the former. Moreover, computing successive-phase

DVFs by means of dense registration (DR) can be expected in practice to result

in smaller registration error due to the smaller motion between successive images.

(iii) The simultaneous inverse consistency conditions defined in Eq. 2.1 are equivalent

when the DVFs are defined on the continuum. However, in practice, for discrete

DVFs, they impose two separate constraints. Here, we have imposed only reference
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IC residual for correcting the error. If the inverse DVF estimate returned by the first

stage is large, then the iteration with study IC residual can be used first to bring the

initial value for Alg. 2 to the convergent region.
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Chapter 6

Conclusion

We have developed symmetric registration completion algorithm via bi-residual inver-

sion. Our algorithm augments the existing one-way registration packages and returns

improved forward and backward DVFs that are inverse consistent. This fills the ex-

isting gap in one-way registration packages. The symmetric completion algorithm is

built upon a novel bi-residual DVF inversion algorithm. This algorithm exceeds the

limit of what is conventionally done by trading off accuracy for efficiency or the other

way around. We use an iterative procedure that uses bi-residual feedback to achieve

global convergence and local acceleration. The algorithm exploits the relationship

between two inverse consistency residuals and inversion errors. We also introduced

new spectral measures for characterizing a DVF. In addition, we developed a non-

iterative method for rapid inversion of forward DVFs in a respiratory cycle. The

cyclic (periodic) motions are exploited to render the theoretical inverse of the DVF

between any two images in the respiratory cycle. The potential impact of symmetric

registration completion and DVF inversion algorithm in medical image analysis and

computer vision applications are yet to be fully explored.
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Appendix A

Derivations with analytical DVFs of (3.5)

A.1 Error propagation equation

We give the derivation of error propagation equations presented in (3.6a). Denote

the error in estimating the DVF inverse at iteration 𝑘 by e𝑘(x).

e𝑘+1(x) = v̂𝑘+1(x)− v(x)

= v̂𝑘(x)− v(x)− (1 − 𝜇𝑘(x))
(︁
v̂𝑘(x) + u(x + v̂𝑘(x))

)︁
= e𝑘(x)− (1 − 𝜇𝑘(x))(v̂𝑘(x) + u(x + v̂𝑘(x)))

= e𝑘(x)− (1 − 𝜇𝑘(x))(e𝑘(x) + v(x) + u(x + v̂𝑘(x)))

= e𝑘(x)− (1 − 𝜇𝑘(x))(e𝑘(x)− u(x + v(x)) + u(x + v̂𝑘(x)))

(A.1)

For the analytical DVFs of (3.5) with a zero or a radial initial guess v0(x),

u(x + v̂𝑘(x))− u(x + v(x)) =

(︂
1

1 + 𝑏 cos(𝑚𝜃)
− 1

)︂
(v̂𝑘(x)− v(x)), (A.2)

which gives the specific error propagation equation (3.6a),

e𝑘+1(x) =

(︂
1 − 1 − 𝜇𝑘(x)

1 + 𝑏 cos(𝑚𝜃)

)︂
e𝑘(x). (A.3)
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A.2 Convergence condition

The necessary and sufficient condition for the convergence of the iteration process

(3.3) is,

− 1 < 1 − (1 − 𝜇)
1

1 + 𝑏 cos(𝑚𝜃)
< 1, ∀𝜃

⇐⇒ −1 <
𝜇 + 𝑏 cos(𝑚𝜃)

1 + 𝑏 cos(𝑚𝜃)
< 1, ∀𝜃

⇐⇒ −(1 + 2𝑏 cos(𝑚𝜃)) < 𝜇 < 1, ∀𝜃

⇐⇒ 2𝑏− 1 < 𝜇 < 1. (A.4)

A.3 Optimal single-parameter control design

We derive the optimal 𝜇 for inversion convergence rate with the analytical DVF (3.5).

𝜇𝑜𝑝𝑡 = arg min
𝜇

max
𝜃∈[0,2𝜋]

(︂
1− (1− 𝜇)

1

1 + 𝑏 cos(𝑚𝜃)

)︂2

= arg min
𝜇

max
𝑦∈[−𝑏,𝑏]

(︂
1 − 1 − 𝜇

1 + 𝑦

)︂2

= arg min
𝜇

⎧⎪⎪⎨⎪⎪⎩
(︀
𝜇−𝑏
1−𝑏

)︀2
, 𝜇 ≤ 𝑏2(︀

𝜇+𝑏
1+𝑏

)︀2
, 𝜇 > 𝑏2

= 𝑏2. (A.5)

A.4 Spatial-variant control design

Result 8. The jacobian of forward DVF (3.5a) is given by,

𝐽u = 𝛼I + 𝛽uv𝑇 (A.6)
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where

u =
[︁
cos(𝜃) sin(𝜃)

]︁𝑇
, v =

[︁
− sin(𝜃) cos(𝜃)

]︁𝑇
,

𝛼 =
−𝑏 cos(𝑚𝜃)

1 + 𝑏 cos(𝑚𝜃)
, 𝛽 =

𝑚𝑏 sin(𝑚𝜃)

(1 + 𝑏 cos(𝑚𝜃))2
.

Proof.

u =

⎡⎣𝐹1

𝐹2

⎤⎦ = 𝑓(𝜃)

⎡⎣𝑥
𝑦

⎤⎦, where 𝑓(𝜃) = 1
1+𝑏𝑐𝑜𝑠(𝑚𝜃)

− 1, 𝑐𝑜𝑠(𝜃) = 𝑥√
𝑥2+𝑦2

𝐽u((𝑥, 𝑦)) = 𝑓 ′(𝜃)

⎡⎣𝑥
𝑦

⎤⎦[︁ 𝜕𝜃
𝜕𝑥

𝜕𝜃
𝜕𝑦

]︁
+ 𝑓(𝜃)𝐼

= 𝑚𝑏𝑠𝑖𝑛(𝑚𝜃)
(1+𝑏𝑐𝑜𝑠(𝑚𝜃))2

⎡⎣𝑥
𝑦

⎤⎦[︁ 𝜕𝜃
𝜕𝑥

𝜕𝜃
𝜕𝑦

]︁
+
(︁

1
1+𝑏𝑐𝑜𝑠(𝑚𝜃)

− 1
)︁
𝐼

= 𝑚𝑏𝑠𝑖𝑛(𝑚𝜃)
(1+𝑏𝑐𝑜𝑠(𝑚𝜃))2

⎡⎣𝑥
𝑦

⎤⎦[︂ −𝑠𝑖𝑛(𝜃)√
𝑥2+𝑦2

𝑐𝑜𝑠(𝜃)√
𝑥2+𝑦2

]︂
+
(︁

1
1+𝑏𝑐𝑜𝑠(𝑚𝜃)

− 1
)︁
𝐼

= 𝑚𝑏𝑠𝑖𝑛(𝑚𝜃)
(1+𝑏𝑐𝑜𝑠(𝑚𝜃))2

⎡⎣𝑐𝑜𝑠(𝜃)

𝑠𝑖𝑛(𝜃)

⎤⎦[︁−𝑠𝑖𝑛(𝜃) 𝑐𝑜𝑠(𝜃)
]︁

+
(︁

1
1+𝑏𝑐𝑜𝑠(𝑚𝜃)

− 1
)︁
𝐼

= 𝛼I + 𝛽uv𝑇

�

Result 9. Spectral of Jacobian of forward DVF (3.5a) is,

𝜆(𝐽u) = − 𝑏𝑐𝑜𝑠(𝑚𝜃)

1 + 𝑏𝑐𝑜𝑠(𝑚𝜃)
(A.7)

Result 10. Spatially variant parameter control for maximal error suppression of
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iteration (3.1) for the inversion of analytical DVF (3.5a) is given by,

B(x) = (1 + 𝑏 cos(𝑚𝜃))I−𝑚𝑏 sin(𝑚𝜃)

⎡⎣cos(𝜃)

sin(𝜃)

⎤⎦[︁− sin(𝜃) cos(𝜃)
]︁

(A.8)

Proof. By the relationship between the residual and error (2.7), the spatial variant

parameter control for maximal error suppression satisfy the following equation,

B−1(x) = I + 𝐽u(𝜉),

= (1 + 𝛼)I + 𝛽uv𝑇 , by Result 8

As single rank update to a matrix results into a single rank update to its inverse, B

can be expressed as,

B = (1 + 𝛼)−1I− 𝛾uv𝑇 (A.9)

We can estimate the parameter 𝛾 using the inverse relation B−1B = I,

(︀
(1 + 𝛼)I + 𝛽uv𝑇

)︀(︀
(1 + 𝛼)−1I− 𝛾uv𝑇

)︀
= I

I + (−(1 + 𝛼)𝛾 + 𝛽
1+𝛼

− 𝛽𝛾(v𝑇u))uv𝑇 = I

which gives, 𝛾 = 𝛽
(1+𝛼)2

= 𝑚𝑏 sin(𝑚𝜃), as v𝑇u = 0. By substituting 𝛾 in (A.9),

B = (1 + 𝑏 cos(𝑚𝜃))I−𝑚𝑏 sin(𝑚𝜃)

⎡⎣cos(𝜃)

sin(𝜃)

⎤⎦[︁− sin(𝜃) cos(𝜃)
]︁

(A.10)

�
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