
 

 

 

Nuclear Resonance Fluorescence: Studies on 240Pu for Nuclear Security and Light Nuclei 
for Medical Diagnostics Applications 

 
by 

Brent Alan Fallin 

Graduate Program in Medical Physics 
Duke University 

 

Date:_______________________ 
Approved: 

 
___________________________ 

Calvin Howell, Supervisor 
 

___________________________ 
Timothy Turkington, Chair 

 
___________________________ 

Anuj Kapadia 
 

___________________________ 
Robert Reiman 

 
___________________________ 

Werner Tornow 
 

Dissertation submitted in partial fulfillment of the requirements for the degree of  
Doctor of Philosophy in the Graduate Program in Medical Physics  

in the Graduate School of Duke University 
 

2018 
 

 

 

 



 

 

ABSTRACT 

Nuclear Resonance Fluorescence: Studies on 240Pu for Nuclear Security and Light Nuclei 
for Medical Diagnostics Applications 

 
by 

Brent Alan Fallin 

Graduate Program in Medical Physics 
Duke University 

 

Date:_______________________ 
Approved: 

 
___________________________ 

Calvin Howell, Supervisor 
 

___________________________ 
Timothy Turkington, Chair 

 
___________________________ 

Anuj Kapadia 
 

___________________________ 
Robert Reiman 

 
___________________________ 

Werner Tornow 
 

An abstract of a dissertation submitted in partial fulfillment of the requirements for  
the degree of Doctor of Philosophy in the Graduate Program in Medical Physics  

in the Graduate School of Duke University 
 

2018 



 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright by 
Brent Alan Fallin 

2018 
 



 

 

iv 

Abstract 

Nuclear resonance fluorescence (NRF) is a highly sensitive technique for measuring 

the energies and strengths of dipole excitations in nuclei. For incident photon energies 

below the particle separation threshold, excited nuclear states decay solely through 

gamma-ray emission, providing a unique de-excitation energy spectrum corresponding to 

the differences in energy between excited and final states. When excitation cross sections 

and transition energies are known, the presence (or absence) of a particular isotope within 

a sample can be determined and quantified. This dissertation describes the use of the 

NRF technique in two separate areas of active research: nuclear security and medical 

diagnostics.  

In recent years, the nuclear security community has been seeking to develop new 

photon-beam based technologies for screening cargo for contraband and special nuclear 

materials (SNM), especially weapons grade material. However, because the current 

knowledge of dipole excitations in the actinides is highly limited, much greater study of 

the energy and strengths of dipole excitations in these isotopes is required, with particular 

focus on isotopes of uranium and plutonium. Nuclear resonance fluorescence studies 

using mono-energetic gamma-ray beams have previously been conducted at the High 

Intensity Gamma-Ray Source (HIS) facility at Triangle Universities Nuclear Laboratory 

(TUNL) on 235U [Kwa11], 238U [Ham12], and 232Th [Ade11]. Additionally, 

bremsstrahlung surveys below 3 MeV have been conducted at the Massachusetts Institute 
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of Technology’s High Voltage Research Laboratory, examining dipole excited states in 

239Pu [Joh07, Ber08] and 240Pu [Qui12].  

The first portion of this dissertation provides details of our high-sensitivity 

measurements of the distribution of dipole excited states observed in 240Pu between 2–3 

MeV using the linearly-polarized, quasi-monoenergetic photon beam at the HIS. 

Measurements were taken at eleven mean beam energies ranging from 1.95 to 2.95 MeV 

(in 100-keV steps). The target material was powdered plutonium oxide containing 

4.65(8) g of 240Pu. Gamma rays corresponding to transitions between excited states in 

240Pu were observed using high-purity germanium (HPGe) detectors. The narrow energy 

resolution of the HIS beam (e.g., E/E ~4% FWHM achieved using a 0.75" lead 

collimator) greatly reduced background from Compton scattering off the high-Z target 

material compared to bremsstrahlung measurements, improving the signal-to-noise ratio 

(SNR) of observed transitions and allowing the observation of low-intensity transitions 

that would otherwise be below detection threshold. The linear polarization of the HIS 

beam also allowed the determination of the parity of excited states based on differences 

in the polar and azimuthal angular distribution of the gamma rays emitted by the target. 

For each observed transition, the transition energy, partial integrated cross section, partial 

level width, and reduced transition probability for de-excitation were determined. The 

excitation energy, spin, parity, total integrated cross section, total level width, reduced 

transition probability for excitation, and ratio of the reduced transition probabilities (Rexp) 

were determined for each excited state. A total of 27 discrete transitions were observed 
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from 14 excited states, of which 10 transitions were observed for the first time in the 

present experiments. Cross sections measured for ground-state decay were higher on 

average than those previously measured by Quiter et al., while those for 1st excited state 

decays were largely consistent with the prior measurements. All ground-state transitions 

were determined to be M1 in character.  

The second portion of this dissertation involves measurements made to determine the 

feasibility of applying the NRF technique to medical diagnostics. Nuclear resonance 

fluorescence is a potentially valuable new tool for aiding in the diagnosis of medical 

conditions which cause the natural abundances of elements in the body to be altered. 

Evidence has been found for statistically significant asymmetries in certain trace element 

concentrations between healthy (benign) and malignant (cancerous) breast tissue. One of 

the elements for which a strong (> factor 2) asymmetry has been found is calcium [Riz84, 

Ng97, Raj06, Sil12]. A likely source of this asymmetry is differences in the calcium 

concentrations between the two principle forms of calcium containing minerals that 

comprise breast calcifications, calcium oxalate and calcium phosphate [Hak02]. Calcium 

oxalate (Type 1) calcifications generally occur in the form of calcium oxalate dihydrate 

(CaC2O4·2(H2O)) (also called Weddellite) and have been found to always be associated 

with benign breast tissue. Calcium phosphate (Type 2) calcifications in breast tissue are 

primarily composed of hydroxylapatite (Ca5(PO4)3(OH)) and are highly associated with 

malignancy [Win93, Sco17]. While the density of hydroxyapatite containing lesions is 

typically greater than calcium oxalate, it is not always possible to distinguish them with 
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traditional mammography. A secondary procedure that could determine the isotopic 

composition of a calcification would be of benefit in reducing the number of biopsies to 

which patients are subjected.  

The experiment was designed to test the feasibility of using the NRF technique to 

distinguish between calcium oxalate and hydroxylapatite through examination of known 

strong dipole transitions in calcium and phosphorus. The first part of the experiment 

involved benchmark measurements of the cross sections of the strongest recorded NRF 

transitions from excited states in 40Ca (Ex = 10318.8(4) keV) and 31P (Ex = 7141.1(18) 

keV) using bulk samples of calcium oxide and red phosphorus, respectively. Cross 

sections for non-ground state transitions from these excited states as well as transitions 

from additional excited states populated during the experiment were also measured. The 

cross sections measured for ground-state transitions from the principally targeted states in 

calcium and phosphorus were consistent with previously published values, and the 

uncertainty in these cross sections was decreased. Other transition cross sections 

measured were mostly in agreement with the published values.  

For the second part of the experiment, three cylindrical PRESAGE® radiochromic 

dosimeters, containing either calcium oxide or calcium hydroxylapatite targets were 

irradiated with the photon beam at the HIS targeting the same transitions in calcium and 

phosphorus as during the bulk measurements. The goal of these measurements was to 

determine the ability to distinguish between calcium oxalate and hydroxylapatite 

calcifications contained in a tissue-simulating medium as well as to determine the 
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corresponding detection limits for calcium and phosphorus. PRESAGE® material was 

chosen due to its ability to provide 3D depth-dose information as well as effectively 

mimicking the photon scattering properties of human tissue. The dosimeters were 

irradiated for sufficient time so as obtain a dose of several grays (Gy) or higher in regions 

of interest in order to provide a strong signal for post-irradiation optical scanning. 

Experimentally measured depth-dose curves were then compared to simulated values. 

The two calcium compounds contained in the PRESAGE® material were able to be 

clearly distinguished via the strong counting asymmetry observed. The best detection 

limit for calcium achieved was 99.0(15)(49) mg/cm2 using a single HPGe detector and 

73.5(8)(36) mg/cm2 for two HPGe detectors.1 Likewise, a minimum detection limit 

(MDL) for phosphorus of 45.6(5)(20) mg/cm2 was achieved using a single HPGe detector 

and 34.8(3)(15) mg/cm2 for two HPGe detectors. These MDLs were determined to be 

sufficient for detection of 1 mm hydroxylapatite calcifications in tissue by both calcium 

and phosphorus detection. The corresponding doses to tissue for photon beams that will 

likely be available in the near future (e.g., 0.1% FWHM energy resolution) are too high 

for consideration of NRF-based breast screening in the near term. Minimum detection 

limits will have to be lowered further and detector system efficiencies increased 

substantially before in vivo diagnostics becomes viable. 

                                                 

1 Uncertainties in this work are given according to a common convention where the first number in parenthesis 
following a listed value should be taken to be the absolute statistical uncertainty (or the total uncertainty if indicated) 
and a second subsequent number in parenthesis as the absolute systematic uncertainty. Uncertainties should be taken to 
apply to the last significant digit of the listed value. As an example: 10(5) is equivalent to 10 ± 5, while 100.0(25) is 
equivalent to 100.0 ± 2.5. 
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1 Introduction  

Every isotope has a characteristic “fingerprint” in the form of a unique set of nuclear 

energy levels. By exciting these energy levels with particles (i.e., protons, neutrons, etc.) 

or electromagnetic radiation (i.e., photons) and observing the subsequent de-excitation 

processes, the abundances of specific isotopes in a sample can be determined using 

remote gamma-ray detection methods. Nuclear resonance fluorescence (NRF) is a 

technique for identifying isotopes using electromagnetic dipole excitations. This process 

can be viewed as the nuclear analog of conventional atomic fluorescence. In atomic 

fluorescence, a photon at or near optical wavelengths excites an atom by transitioning an 

electron to a higher energy orbital, which then typically de-excites through non-radiative 

vibrational modes followed by emission of a photon with longer wavelength (i.e., lower 

energy). Resonant fluorescence occurs when the excitation and de-excitation photons 

have the same wavelength. In the case of NRF, high energy photons (keV to MeV range) 

are used to excite dipole and quadrupole states in the nucleus. Below the particle 

separation threshold, excited states decay purely by resonant gamma-ray emission or by a 

gamma-ray cascade back to the ground state (see Fig. 1.1).  

1.1 National Security Applications 

Two key applications of the NRF process envisioned by national security 

communities are: (1) screening of cargo for contraband and special nuclear materials 

(SNM) (i.e., fissile material), and (2) geo-sourcing of materials (i.e., determining the 
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Figure 1.1: Jablonski diagram of traditional fluorescence (left) and a representation of the 
NRF process (right). In the figure on the left, S0 and S1 indicate the electronic ground and 
1st excited state, respectively, with the adjacent numbers representing atomic vibrational 

levels [Pri16]. In the figure on the right, 
iJ and 

xJ represent the spin and parity of the 

initial (i.e., ground) and excited states in the nucleus, respectively.  

 
geographic origin of a sample based on its isotopic composition) [War09]. Several NRF 

experiments on actinides and light nuclei were performed at the High Intensity Gamma-

Ray Source (HIS) operated by Triangle Universities Nuclear Laboratory (TUNL) 

between 2013 and 2015. The goal of these experiments was to determine the energy and 

strengths of NRF transitions in nuclei important to the efforts of the Department of 

Energy (DOE) National Nuclear Security Administration (NNSA) and the Department of 

Homeland Security (DHS) Domestic Nuclear Detection Office (DNDO) to develop 

photon beam-based technologies for cargo interrogation. Knowledge of NRF transitions 

with high excitation cross sections in light nuclei and actinides is vital for use of the NRF 
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technique for detection of conventional explosives (e.g., plastic explosives) and SNM, 

respectively.  

1.1.1 Contraband Detection 

National security interest in low-Z nuclei has generally focused on detection of 

elements found in conventional explosives (e.g., carbon, nitrogen, oxygen, sodium, 

magnesium, phosphorus, sulfur, chlorine, potassium, etc.) as well as those relevant to 

geo-sourcing of illicit drugs. Many light nuclei have strong dipole and quadrupole 

excitations with levels widths on the order of eV (indicative of level half-lives on the 

order of femtoseconds), making interrogation via NRF viable for isotopic analysis. 

Explosive material can be detected by using a photon beam to probe suspicious cargo for 

elements present in common explosives that should not be present in significant 

quantities in the cargo itself. Detection in this case would merit a closer examination of 

the cargo contents by inspectors. A particular area of active research in recent years has 

been the determination of the geographic origins of drugs such as cocaine and heroin 

based on differences in the ratios of stable isotopes of carbon, nitrogen, and oxygen 

[Ehl00, Cas05, Mal16]. The ratio of 15N/14N can be used as an indicator of the type of soil 

in which a plant was grown. Likewise, the 13C/12C ratio can reveal information about 

average relative humidity, while the 18O/16O ratio indicates rainfall patterns [Bra02]. 

1.1.2 Radiological Material Detection 

Radioactive materials being transported in cargo are likely to be shielded with a thick 

layer of lead or steel as well as the walls of the shipping container itself. Thus, the photon 
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beam energies (and the corresponding targeted NRF transitions) used for cargo 

interrogation must be sufficiently high in energy to be able to penetrate the container 

walls and surrounding materials (e.g., ~17 cm of steel each way for a total thickness of 

~34 cm). However, the nuclear level density generally increases with both increasing 

atomic mass and increasing excitation energy. For excitation energies above several 

MeV, the spacing between adjacent nuclear levels in heavy nuclei becomes smaller than 

the resolution of photon detectors currently available (e.g., HPGe). Additionally, above 

the particle separation threshold, the width of resonances increase sharply due to the 

opening of additional decay channels and de-excitation is generally dominated by 

inelastic processes involving particle emission (e.g., (,n), (,p), etc.). The combination of 

  

 

Figure 1.2: Diagram of a proposed active interrogation system utilizing NRF [Par06]. 
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these factors leads to the observation of a resonant “continuum” instead of discrete 

energy states (see Fig. 1.3). Given these considerations, our search for NRF transitions 

suitable for detection of SNM was conducted primarily in the region between 2 and 3 

MeV, which is near the peak value for photon transmission through lead and below the 

continuum region for isotopes of uranium and plutonium previously studied. Strong 

dipole excitations in 238U and 240Pu have also previously been observed in this region 

[Ber10, Ham12, Qui12]. The first part of this dissertation provides details of the results of 

NRF measurements conducted on 240Pu at the HIS at TUNL. These experiments were 

conducted in January and May 2013. 

 

 

Figure 1.3: Sketch of nuclear energy levels for a generic even-even nucleus (i.e., even 
number of proton and neutrons) [Pov15]. 
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1.2 240Pu Isotope Information and Experiment Overview  

Plutonium-240 (1/2 = 6561(1) y) is produced as a byproduct in nuclear reactors that 

use uranium as fuel. Thermal neutron capture on 238U creates 239U (1/2 = 23.45(2) min) 

that first beta decays to 239Np (1/2 = 2.356 d) and then again to 239Pu (1/2 = 24110(30) y). 

Neutron capture on 239Pu causes fission roughly two thirds of the time and produces 240Pu 

when fission fails to occur [You11, Kin96]. The “grade” of a plutonium sample is 

determined by the percent composition of 240Pu. So called “weapons grade” plutonium is 

comprised almost exclusively of 239Pu and must contain less than 6% 240Pu by mass, as 

the relatively high spontaneous fission rate of 240Pu (5.7×10−6/decay) can lead to 

premature detonation of plutonium-based nuclear weapons, resulting in suboptimal yield 

[Kin96, Bod04].  In contrast, the fractional composition of 240Pu (i.e., the ratio of 

240Pu/(total Pu)) in spent fuel from commercial reactors is typically around 24% [Bod04]. 

The 240Pu content cannot be separated from 239Pu by chemical means, and separation 

based on atomic weight differences is encumbered due to the small mass differential 

between the two isotopes. Additionally, spent fuel generally has a very high activity, 

making it a substantial safety hazard. Plutonium from spent fuel is thus not well suited for 

weapons production. Plutonium that is intended for weapons applications is generally 

produced in specialized reactors at low burnup (i.e., the fraction of fuel nuclei undergoing 

fission is low) since 239Pu content increases linearly with fuel burnup, while the 240Pu 

content increases quadratically [Bod04]. The 240Pu/239Pu ratio in a sample thus serves as 

an indicator of its likely production source and application. By selectively exciting low-
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lying dipole states in 239Pu and 240Pu with a high-intensity photon beam of appropriate 

energy and measuring the resultant resonant scatter, the 240Pu/239Pu ratio can be 

experimentally determined. Absolute isotopic quantification is also possible given 

knowledge of the excitation cross sections, incident photon flux, beam attenuation and 

scattering properties, and the detector system efficiency. 

To achieve the aims described above, dipole and quadrupole states in 240Pu were 

searched for between 2 and 3 MeV mean excitation energy using a quasi-monoenergetic, 

linearly polarized photon beam. Knowledge of the energy and strength of these states will 

allow the preferential targeting of high cross-section transitions by photon-beam based 

interrogation technologies as well as aid in the development of theoretical models to 

better understand the nuclear structure of the actinides. Gamma rays from de-excitations 

of the nuclear states populated by the incident photon beam were detected using high-

purity germanium (HPGe) detectors placed at scattering angles of 90° and 135° with 

respect to the incident photon beam axis. Plutonium-240 is an even-even nucleus (i.e., 

consisting of even numbers of protons and neutrons) and, as such, has a ground state with 

spin and parity (J) of 0+. For these nuclei, spin selection rules constrain the photons 

emitted in direct transitions to the ground state to carry the same angular momentum as 

the excited nuclear state, thereby making the determination of the angular distribution of 

the emitted gamma rays (and hence the total cross section) straightforward (see Sec. 2.1 

and 2.3). For heavy even-even nuclei, such as 240Pu, pairs of transitions are often 

observed corresponding to decays from an excited state to the ground and 1st excited 
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state, respectively. The measured energy separation of observed transition pairs in this 

case will equal the 1st excited state excitation energy (42.8 keV for 240Pu) and can be used 

to verify that the detected gamma rays originated from the targeted isotope. For each 

observed transition in 240Pu, the transition energy, partial integrated cross section, partial 

level width, and reduced transition probabilities for de-excitation (i.e.,  ),( ELB ) were 

determined. Also, the excitation energy, spin, parity, total integrated cross section, total 

level width, reduced transition probability for excitation (i.e.,  ),( xELB ), and ratio of 

the reduced transition probabilities (Rexp) were determined for each excited state. Details 

of the HIS facility and the 240Pu experiment setup are given in Chapter 4. 

1.3 Medical Applications 

Several of the light nuclei previously studied at TUNL in relation to national security 

applications are also found in high concentrations (100s of g to mg per gram of tissue) 

in the body, making these isotopes of interest to the medical community as well. Studies 

have been conducted suggesting the potential use of the NRF process for in vivo medical 

diagnostic procedures [Bel14, Lak14]. The feasibility of using NRF for in vivo studies 

critically depends on several factors, including the existence of dipole/quadrupole states 

with high NRF cross sections in the isotope(s) of the element(s) of interest, the isotopic 

abundances of the element(s) of interest, as well as considerations of signal-to-dose and 

signal-to-background ratios for the nuclear excitations being measured. Assuming a 

targeted transition with a large excitation cross section, the signal-to-dose and signal-to-
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background ratios achievable depend on the energy of the transition(s), the type and 

efficiency of the gamma-ray detector(s) used to measure the NRF signal, the detector 

configuration with respect to the incident photon beam, and the intrinsic properties of the 

photon beam (which in turn depends on the method used to produce the beam).  

The dose imparted during a measurement performed using a mono-energetic photon 

beam is given by:  

                                                     


 


E
E

ED
en 

)(
)( ,                                          (1.1) 

where D is the absorbed dose (i.e., the energy deposited per unit mass), (E) is the 

photon fluence (i.e., the total incident photons per unit area), 


  )(Een is the mass-energy 

absorption coefficient (in units of area per unit mass) for the material of dosimetric 

interest, and E is the energy of the incident photon beam. For a poly-energetic photon 

beam (i.e., having a distribution of photon energies), the dose is calculated using a 

weighted sum (or integral) of the above expression over all photon energies comprising 

the beam. Low-energy photons (i.e., keV range) tend to have poor transmission in tissue 

and deposit a high surface dose, owing to the roughly exponential increase of the mass-

energy absorption coefficients with decreasing energy [Hub04]. Photons suitable for 

medical NRF applications will generally be in the MeV range. Targeting of high energy 

transitions (i.e., those above several MeV) can be preferable for in vivo applications 

under certain conditions (e.g., a sufficiently high integrated cross section to compensate 
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for the increase in tissue dose per incident photon and decreasing detector system 

efficiency with increasing energy). In developing medical diagnostic techniques, one 

must take into consideration the incident photon flux that can be obtained within the 

resonance width of NRF transitions, the detector system efficiency as a function of 

photon energy, and the angular distribution of the emitted gamma rays (see Sec. 3.3). 

Because of the angular dependence of the cross sections for photon scattering processes, 

the signal-to-noise ratio (SNR) in the energy spectrum of the detected gamma rays can be 

improved by careful placement of the detectors. For example, the cross section for 

Compton scattering from the atomic electrons in a sample becomes increasingly forward 

peaked (in the direction of the incident beam) with increasing photon beam energy (see 

Fig. 3.1). For gamma-ray beam energies above 1 MeV, positioning the detectors at 

backward angles reduces the background in the NRF energy spectrum stemming from 

atomic Compton scattering substantially. 

Use of high efficiency detectors is desirable in order to maximize the signal that can 

be obtained for a given incident photon flux, which in turn minimizes irradiation times 

and lowers dosage to patients in a diagnostic setting. The signal-to-dose ratio can be 

further improved by increasing the number of detectors, thereby increasing the solid 

angle coverage, and hence, the total detection efficiency. Nuclear resonant fluorescence 

measurements typically require detectors with high energy resolution (e.g., HPGe) to 

clearly observe the characteristic NRF gamma-ray lines. When multiple transitions are 

present in the energy region of interest, the energy resolution of the detector(s) used must 
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be less than the energy difference between the transitions in order to clearly distinguish 

them. Scintillation-based detectors such as bismuth germinate (BGO), cesium iodide 

(CsI), sodium iodide (NaI), lanthanum bromide (LaBr3), and cerium bromide (CeBr3) 

have higher efficiency (relative to their crystal surface area and volume) and are often 

less expensive than semi-conductor detectors such as HPGe, but these advantages come 

with the compromise of much lower energy resolution. The typical energy resolutions 

achievable with BGO, CsI, and NaI for gamma-rays with energies of several MeV are 

generally greater than 6%, which is unsuitable for use in most NRF applications. 

However, because the energy resolution for scintillation detectors improves with 

increasing energy, use of some higher resolution scintillators, such as LaBr3 and CeBr3, 

becomes potentially more practical in applications that require detection of gamma rays 

with energies greater than about 5 MeV [SGC09]. 

1.3.1 Overview of Available Photon Beam Sources 

Signal-to-dose and signal-to-background ratios are both affected by the mechanism 

used to produce the incident photon beam. There are currently two main methods of 

producing photon beams with energy and flux suitable for NRF studies: bremsstrahlung 

and laser-Compton based sources. Bremsstrahlung x-ray sources utilize megavoltage 

electron beams incident on a thin (m scale) layer of a high-Z (e.g., high atomic number) 

material such as gold (as spectral intensity is proportional to Z2 [Eva55]), usually backed 

by a much thicker layer (cm scale) of a lower Z material such as copper. The thick 

backing acts as a beam stop for the incident electron beam as well as providing 
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conductive cooling for the high-Z target foil and some attenuation of the high intensity 

soft x-rays produced (i.e., hardening the bremsstrahlung energy spectrum). X-rays are 

emitted having a broad distribution of energies from ~100 eV up to the maximum energy 

of the electron beam. However, while bremsstrahlung sources allow for high photon 

fluxes, only a tiny fraction of the photons in the beam are emitted within the resonant 

width of excited nuclear states [Lud11]. The typical signal-to-background and signal-to-

dose ratios obtained with bremsstrahlung beams also make it very challenging to detect 

trace elements in tissue. Bremsstrahlung sources are thus not suitable for use in medical 

diagnostic applications where dose must be limited, as most photons will contribute to 

dose but not to a measureable NRF signal.  

By contrast, laser-Compton based photon beam sources, such as the High Intensity 

Gamma Ray Source (HIS) operated by TUNL, generate high-energy photons through 

Compton backscattering of optical and near-optical wavelength photons off of high-

energy (from a few hundred MeV to 1.2 GeV) electrons (see Sec. 4.1). With suitable 

collimation, photon beams with as low as 1% energy spread (FWHM) can be produced 

with fluxes of ~106 photons/s on target. A lower beam energy spread increases the 

fraction of photons on target capable of exciting NRF transition(s) of interest, thereby 

lowering the dose for a given detected signal. A lower beam spread also decreases the 

likelihood of inducing NRF transitions in non-targeted nuclei, which add to detector 

background and may interfere with observation of the targeted transition(s). Nuclear 

resonance fluorescence interactions may still occur in non-targeted isotopes if the 
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energies of their excited states fall within the energy envelope of the incident photon 

beam. However, any remaining non-targeted excitations can still potentially be used to 

monitor experiment systematics (e.g., potentially providing an independent measurement 

of the incident photon beam flux). The much higher fraction of “useful” photons (i.e., 

those capable of exciting targeted NRF transitions) with laser-Compton based photon 

sources compared to bremsstrahlung sources brings in vivo medical diagnostics using 

NRF techniques into the realm of possibility. Specific areas of application include 

determination of hepatic iron overload [Var79, Var82, Kap10] as well as breast cancer 

screening.  

1.3.2 Iron Overload 

Iron overload is generally diagnosed through liver biopsy which carries a risk of 

serious complications (e.g., internal hemorrhage), especially with repeated procedures, as 

well as being subject to substantial measurement errors [Kap08]. An in vivo diagnostic 

test for this condition has been envisioned, using either neutron or photon beams to 

populate excited nuclear states in iron which then subsequently decay though gamma-ray 

emission. The decay radiation can then be measured using conventional photon detectors. 

The natural iron content of the liver is about 0.6 mg/g dry weight with concentrations up 

to double this amount considered normal. Concentrations of 15 mg/g dry weight or higher 

are generally indicative of severe overload [IHA16]; this corresponds to a concentration 

of ~4.35 mg/g in wet tissue (assuming a liver mass of 1800 g). Natural iron is 91.7% 56Fe 

[Ber11], and the dipole state with the largest reported cross section has an excitation 
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energy of 8239.7 keV (I0 = 976(156) eV b,  = 5.75(92) eV, 1/2 = ~79(13) as) [Kin96, 

Jun11]. However, based on analytical and Monte-Carlo calculations, the expected signal 

from a sample with iron concentrations comparable to those found in cases of severe iron 

overload is still too weak to be easily detectable given the photon flux limitations of 

current laser-Compton photon beam technology. 

1.3.3 Breast Cancer Screening 

More promise exists for using nuclear resonance fluorescence as a secondary 

diagnostic tool to aid in breast cancer diagnosis. Breast cancer screening using NRF 

techniques is potentially viable on the basis of several studies which have found 

significant asymmetries in certain trace element concentrations between malignant (i.e., 

cancerous) and healthy breast tissue [Riz84, Gar94, Ng97, Raj06, Sil12]. While the 

results of individual studies to date have varied significantly due to limitations in the 

sensitivity of measurement techniques, limited sampling pool sizes, and focus on 

localized population groups, the aggregate results imply a statistically significant 

asymmetry (> factor 2) likely exists for several high-concentration trace elements in 

human breast tissue. Among the most promising elements for study for NRF diagnostic 

applications are sodium, chlorine, potassium, calcium, and zinc. One possible source of 

the higher calcium concentrations found in malignant breast tissue is the presence of 

calcium phosphate, which principally occurs in the form of hydroxylapatite. Traditional 

mammography is only sensitive to the effective atomic number and electron density of 

breast tissue and cannot identify the presence of specific elements. As a consequence, 
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calcium phosphate calcifications can not always be distinguished from calcium oxalate 

due to the similar density of the compounds. Alternately, NRF is ideally suited to 

determine the presence and concentration of specific isotopes (and thereby elements) in a 

sample. The second portion of this dissertation details the results of an experiment to test 

the feasibility of using the NRF technique to distinguish between calcium oxalate and 

calcium phosphate mock lesions in a tissue-equivalent medium though excitation of 

dipole states in calcium and phosphorous. 

1.4 Breast Cancer Diagnostics – Distinguishing Calcium 
Oxalate from Hydroxylapatite 

The two principal methods for distinguishing calcium oxalate from calcium 

phosphate (hydroxylapatite) lesions using NRF are: 1) detection of the higher calcium 

content in hydroxylapatite compared to calcium oxalate, and 2) detection of the presence 

of phosphorus (which is present in hydroxylapatite, but not in calcium oxalate). Both of 

these detection methods have advantages and disadvantages that may make one or the 

other technique more desirable depending on the measurement circumstances and 

equipment available.  

1.4.1 Calcium Detection  

Hydroxylapatite contains about 39.9% calcium by mass (22.7% by atom fraction), 

while calcium oxalate dihydrate (the form most often found in the presence of benign 

breast tissue) is only 27.4% calcium by mass (10.0% by atom fraction). The detector 

counting rate from NRF on calcium in hydroxylapatite is thus expected to be much higher 
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than for a comparable quantity of calcium oxalate. Of additional advantage, the calcium 

content of normal breast tissue is low (a few hundred g per gram of tissue) and is 

expected to contribute a very small amount to the observed NRF signal (e.g., < 5% for a 

calcium oxalate calcification that is only a few tenths of a millimeter in size, assuming 6 

cm of breast tissue in the photon beam path) [Raj06].  

Calcium exists naturally in five stable isotopes, of which 96.9% is 40Ca [Ber11]. The 

40Ca isotope is an even-even nucleus with a J = 0+ ground state. Several known excited 

states exist in 40Ca with level widths potentially suitable for medical NRF applications; 

among them are an electric dipole (J = 1-) state at 6950.48(7) keV with a reported 

ground-state decay cross section of 107.9(48) eV b ( = 0.452(20) eV, 1/2 = ~1.01(5) fs) 

and a magnetic dipole (J = 1+) state at 10318.8 keV with a reported ground-state decay 

cross section (for gamma-ray decay) of 125(14) eV b (0 = 5.5(8) eV, 1/2(0) = ~83(12) 

as,  = 26(7) eV, 1/2() = 17.5(47) as) [Kin96, Che17]. The latter state is above the 

proton separation threshold for 40Ca (Sp = 8328.17 keV), and most of the de-excitation 

strength ( = 26(7) eV) proceeds via the particle channel (p = 20(5) eV) [Che17]. 

However, since proton emission is highly suppressed by the Coulomb barrier, the charged 

particle dose from protons is negligible. Also, the (,p) reaction on 40Ca leads to 39K 

(which is stable) so activation is not a concern. Targeting of the 10318.8 keV excited 

state is desirable from the standpoint of minimizing the detector counting rates due to 

Compton scattering (for detectors placed at backward angles) as well as the greater level 
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width for excitation of this state compared to the one at 6950.48 keV and the higher beam 

fluxes generally achievable at higher energies from the HIS. 

1.4.2 Phosphorus Detection  

Detection of phosphorus initially appears to be a more straightforward method for the 

detection of hydroxylapatite lesions in breast tissues, as calcium oxalate, which is 

associated with benign breast tissue, does not contain this element. Phosphorus is 

naturally 100% 31P which is an odd-even nucleus (odd number of protons and even 

number of neutrons) with a J = 1/2+ ground state. The strongest excited state reported in 

nuclear-physics literature is at 7141.1(18) keV (J = 1/2+), which has a reported ground-

state decay cross section of 101(13) eV b and a partial width for de-excitation to the 

ground state, 0, of 1.6(2) eV (1/2(0) ~0.285(36) fs) [Oue13], which is in the range 

suitable for medical NRF applications. Also, while the angular distribution functions are 

generally complex for non even-even nuclei, the emitted NRF gamma-rays for the spin 

combination of (1/2 → 1/2 → 1/2) (i.e., excitation from a J = 1/2 ground state to a J = 1/2 

excited state, followed by decay back to the ground state) are isotropic, so detectors can 

be configured in such a way as to minimize background without concern for decreased 

NRF strength at any particular scattering angle. 

However, the natural density of phosphorus in breast tissue is on the order of several 

milligrams per gram of tissue [Gar94] and in a clinical setting would be expected to 

contribute a significant competing NRF signal, even for large calcifications (i.e., up to 

5.8% for a 1 cm thick calcification [Gar94]). The counting rate from phosphorus present 
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in the surrounding breast tissue could dominate the total observed NRF signal for 

calcifications less than 1 mm in size, which will comprise a large percentage of 

“suspicious” calcifications meriting further study. This problem could potentially be 

overcome with the use of newer highly segmented HPGe detectors and corresponding 

electronics, allowing the energy and position of the emitted gamma-rays to be determined 

[Vet04, Mil05, Ste17]. In this case, regions of higher phosphorus concentration (such as 

would be expected in calcium phosphate calcifications) could be distinguished from the 

constant “background” levels of phosphorus in normal tissue. 

1.5 Breast Cancer Diagnostics – Experiment Overview 

Given the preceding issues, calcium detection likely provides a better basis for a 

diagnostic test than phosphorus. However, the viability of diagnostic testing using both 

elements was investigated. Quantitative determination of the amount of a particular 

isotope in a given sample via NRF necessitates accurate knowledge of the relevant 

photonuclear cross sections or comparison of the counting rate from a specimen to the 

counting rate from a well-characterized reference sample measured under similar 

conditions. The cross sections for ground state de-excitation of the targeted levels of 

interest in 40Ca (I0 = 125(14) eV b) and 31P (I0 = 101(13) eV b) are comparable, but the 

present uncertainties are too large for precise quantification of calcium and phosphorus in 

a sample of unknown composition based on standalone measurements. To remedy this 

deficiency, NRF cross-section measurements were performed using bulk calcium oxide 

and red phosphorus samples in order to verify and decrease uncertainties in the existing 
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nuclear data. These measurements also serve as a benchmark for the NRF signal observed 

from a well characterized sample (i.e., known composition and density and no possible 

contamination of the NRF signal from other isotopes or external attenuating materials). 

As in the 240Pu measurements, HPGe detectors were used to detect the emitted NRF 

gamma rays. Also, a LaBr3 and a CeBr3 detector were used to evaluate the suitability of 

these high resolution scintillator detectors for medical NRF applications.  

In a clinical setting, it is desirable to be able to compare observed NRF intensities to 

those from a known reference sample and simply correct for differences in photon beam 

and NRF gamma-ray attenuation in the targeted medium. To this end, tests were 

conducted in which calcium oxalate or hydroxylapatite samples were encased in 

PRESAGE® radiochromic plastic dosimeters (with each dosimeter having a thickness 

comparable to compressed breast tissue) [McC10, Yaf09, Mig16]. PRESAGE® can 

provide 3D dose information and has similar photon scattering properties as human 

tissue. The material can also be molded and machined with relative ease (See Sec. 6.3.3). 

PRESAGE® samples containing mock lesions were irradiated in the photon beam at the 

HIS under the same conditions as the bulk calcium oxide and red phosphorus 

measurements. Hydroxylapatite could then be distinguished from calcium oxalate by two 

different techniques: 1) comparison of the relative counting rates of NRF-induced gamma 

rays between calcium oxalate and hydroxylapatite targets, and 2) detection of phosphorus 

content present in hydroxylapatite but not calcium oxalate. 

PRESAGE® cylinders used in the experiment were optically scanned prior and  
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subsequent to irradiation, and the optical density (OD) changes were compared to a 

calibrated reference sample to allow absolute determination of the dose imparted by the 

HIS photon beam. This experiment marked the first measurement of the response of 

PRESAGE® material to a high-energy photon beam produced by a laser-Compton based 

photon beam source. The mean energies of the HIS beam used in this experiment were 

much higher than those of bremsstrahlung-based commercial medical linacs typically 

used for PRESAGE® irradiations. Specific details of the experimental setup and 

irradiation conditions for the breast cancer diagnostics test experiment are given in 

Chapter 6. Special analysis techniques used during the experiment are given in Chapter 7. 

Final results are presented in Chapters 8 and 9.
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2 Nuclear Resonance Fluorescence Fundamentals 

2.1 Energy, Spin, and Parity 

The observable quantities that uniquely identify a nuclear state include the excitation 

energy, Ex, total angular momentum, J, and parity, . The total angular momentum is the 

vector sum of the orbital ( L


) and spin ( S


) angular momentum of the state (i.e., 

SLJ


 ). As total angular momentum must be conserved in all transitions between 

energy levels, only certain multipoles of electromagnetic radiation can be absorbed or 

emitted by the nucleus for a given transition. The allowed values of angular momentum, 

L, for the absorbed and emitted photons are determined by the following selection rule:  

                                                 fifi JJLJJJ  ,                                        (2.1) 

where Ji and Jf  are the initial and final total angular momentum of the nuclear states 

involved in the gamma-ray transition, respectively (with J henceforth referred to as the 

spin of the state by convention) [Alb60]. The magnitude of the angular momentum of the 

absorbed/emitted photons is in turn given by: 

                                                          


)1(  LLL ,                                                 (2.2) 

where  is the reduced Planck’s constant (i.e., 2/h ). Available magnetic substates, mj, 

are given by JmJ j   (with mj going from – J to J in steps of “1”) and represent the 

possible projections of the total angular momentum on the “z” axis (which is usually 

chosen to be the direction of an external magnetic field) in units   (see Fig. 2.1). 

 



 

 

22 

 

Figure 2.1: Projections of the angular momentum vector along the z-axis for l = 2 (i.e.,    

J = 2). The magnitude of the vector is given by 


)1(  llL [Nav17]. 

 
A radiative transition can be either electric or magnetic in character depending on 

whether it results from the oscillation of electric charges or electric currents/magnetic 

moments within the nucleus, respectively [Han01]. By convention, magnetic transitions 

with L units of angular momentum are defined as “ML” and the corresponding electric 

transitions as “EL.” The multipole order, in turn, is given by 2L with M1 representing a 

magnetic dipole transition, E2 an electric quadrupole transition, M3 a magnetic octopole 

transition, and so forth [Alb60]. Photons have spin quantum numbers equal to ±1 (i.e., S


 

= 1 with either positive or negative helicity) and typically possess no orbital angular 

momentum (OAM), resulting in preferential excitations involving dipole transitions (i.e., 

transitions where the change in total angular momentum, J, between the ground and 
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excited states is equal to 1). However, due to the Heisenberg uncertainty principle and the 

quantized nature of angular momentum, it is possible for the photon to acquire one or 

more units of OAM in its interaction with a nucleus. Thus, states that require quadrupole 

electromagnetic transitions from the ground state (J = 2) can also be excited, but with 

significantly reduced probability. Excited states with J > 2 relative to the ground state 

can generally not be excited by electromagnetic radiation [Dom13]. When either the 

initial (Ji) or final (Jf) spin in a given transition is equal to 0 (but not both) then only one 

multipole order is allowed and the transition will be “pure” dipole, quadrupole, etc. When 

multiple values of L are allowed, mixing between the two lowest order multipoles (e.g., 

M1+E2) can occur. In the singular case that Ji = Jf = 0, then the transition cannot proceed 

by absorption or emission of a single photon. Decay is still permitted in such a case 

through internal conversion (i.e., emission of atomic electrons), a combination of an 

internal conversion electron and a photon, or internal pair formation (see Sec. 3.3.3). The 

allowed modes of decay depend on the difference in energy between the initial and final 

states and whether or not there is a change in parity [Wil60].  

Like angular momentum, parity quantum number is also conserved in 

electromagnetic interactions. The parity of a nuclear energy level, , is +1 (even) or -1 

(odd) depending on whether the spatial wave function of the nuclear state is symmetric or 

anti-symmetric about the principle coordinate axes, respectively [Pat91]. For electric 

multipole transitions, the photon has parity 

                                                      L

fiEL )1()(                                                 (2.3) 
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while for magnetic transitions,  

                                                     1)1()(  L

fiML  .                                           (2.4) 

Here, i and f  represent the parity of the initial and final energy nuclear states, 

respectively. Parity remains the same for even electric and odd magnetic multipoles and 

changes for odd electric and even magnetic multipoles [Alb60]. Given this, when 

multipole mixing occurs in transitions between nuclear states, the electromagnetic 

radiation will always be a combination of electric and magnetic multipoles (e.g., M1+E2 

or E1+M2, but not E1+E2, etc.). 

2.2 Level Widths and Half-Lives 

In addition to energy, spin, and parity, each excited state in the nucleus is associated 

with a characteristic resonant width (). The resonant width (sometimes called the 

“natural” width) is a measure of the energy dispersion of the excited state that arises from 

quantum uncertainty. The most common formulation of the Heisenberg uncertainly 

principle states that we cannot know the product of the position and momentum of a 

particle to greater accuracy than  (reduced Planck’s constant) (i.e.,  px ). So, 

likewise, the same relation holds with respect to the product of energy and time 

(e.g., the energy and mean lifetime of an excited nuclear state)  tE .1 The resonant  

width of a state (typically expressed in eV) is then defined such that: 

                                                 

1 Many textbooks give the Heisenberg uncertainty principle such that xp or Et, respectively, is 
2/ . While this smaller value may be technically more accurate (e.g., when defining deltas as standard 

deviations), the convention in nuclear structure papers and databases is to define the relations as indicated 
in this work. 
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2/1

)2ln(




  ,                                                  (2.5) 

where is the reduced Planck constant (~0.658 eV fs),  is the mean lifetime, and 1/2 is 

the half-life of the excited state. As multiple decay routes are often open for an excited 

nucleus to return to the ground state (see Fig. 2.2), the resonant width in turn can be 

defined as the sum of the partial widths for individual modes of de-excitation such that:  

  
p

p

i

i ,                                         (2.6) 

where i represent the partial widths for de-excitation via gamma-ray emission (and 

internal conversion) to the ith excited state (with 0 representing decay to the ground 

state) and p are the partial widths for decay by particle channels (e.g., neutron, proton, 

and alpha emission). In cases where the excitation energy is less than the particle 

separation threshold for the nucleus in question then the particle channel width will be 

zero. It thus follows in light of Eq. 2.5 that each individual decay mode has its own 

characteristic decay constant with the lifetime of the state being proportional to the sum 

of the partial widths for each decay channel. For cases where multiple values of the 

photon angular momentum, L, is allowed for a given decay (see Eq. 2.1) and multipole 

mixing occurs, then the partial width for de-excitation is equal to the sum of the partial 

widths for decay by the two lowest allowed multipole orders, 

                                             )1()()(   LLL ii

L

ii ,                                      (2.7) 

where, i(L) and i(L+1) are given by: 
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Figure 2.2: Nuclear resonance florescence diagram showing population of an excited 
state (Ex) that can subsequently decay back to the ground state (with a partial width given 
by 0) or to a lower lying excited state (with partial width given by f ) [Rus06].                                                          
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1
)(


 ii L                                                  (2.8) 

and 

                                                      
2

2

1
)1(





 ii L                                                (2.9) 

[Fir99]. Here,  is the mixing ratio for the emitted radiation given by:                        

                                                         
if

if

L

L






1
 .                                               (2.10) 

The mixing ratio is expressed in Dirac (also called “bra-ket”) notation [Dir39] and can be 

interpreted as the ratio of the number of decays that have L+1 angular momentum 

compared to those that have L angular momentum (e.g., if there is mixing between M1 

and E2 and there is one E2 transition for every two M1 transitions then  = 0.5). 
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2.3 Gamma-ray Angular Distribution 

When gamma rays are emitted from the nucleus, the emission is always anisotropic 

and depends on the angular momentum of the initial, intermediate, and final nuclear 

states, and the multipolarity of the emitted photons [Ham40]. In spite of this, the 

observed angular distribution of gamma rays from radioactive decay is isotropic in the 

aggregate, because the angular momentum vectors of individual nuclei have no 

preferential initial spatial orientation. Angular asymmetry can still be observed in 

coincidence counting experiments as the first gamma ray emitted in a cascade will 

polarize the nucleus, causing its spin to be oriented in a particular direction; 

consequently, the emission angles of subsequent gamma rays emitted in the same decay 

will be correlated.  

Anisotropy is also observed in beam-induced nuclear reactions since the interaction 

of the particle or photon from the incident beam preferentially aligns the nuclear spins 

perpendicular to the beam direction. In this case, the angular distribution of emitted 

gamma rays depends on the angular momentum of the initial (usually the ground state), 

excited, and final nuclear states, the multipolarity of the emitted photons, and the 

polarization of the incident photon beam. The distribution is calculated in like manner as 

angular correlations for gamma-ray cascades occurring from nuclear decay [Ham40]. The 

angular distribution equations for gamma-ray emission from NRF are usually expressed 

in spherical scattering coordinates, where   is the scattering angle of the emitted photon 

with respect to the incident photon beam direction (0 ≤  ≤ ), and   is the angle 
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between the electric field vector of the photon beam and the scattering plane (- ≤  ≤ ). 

For the linearly polarized beam at the HIS, the electric field vector points in the 

“reaction plane” (horizontal detector plane) as shown in Fig. 2.3. Descriptions of the 

calculation of the gamma-ray angular distribution factor for point-geometry and the 

correction of this factor for finite-geometry (i.e., real-world measurement conditions) are 

presented in the sections that follow. 

2.3.1 Angular Distribution Factors for Point Geometry 

For an unpolarized incident photon beam, the emitted NRF gamma-ray distribution is 

axially symmetric (i.e., it has no  dependence). It thus carries information about the spin 

of the states from which the gamma-ray transitions originated, but not the parity. In this 

case, and neglecting the finite solid angle acceptance of a physical detector (i.e., point-

geometry), the angular distribution factor of the emitted NRF gamma rays, referred to as 

the “W-factor,” is given by:     
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Figure 2.3: Kinematics of gamma-ray scattering. E represents the direction of the electric 
field vector for a linearly polarized photon beam,  the scattering angle, and  the angle 
between the electric field vector and the scattering/reaction plane [Bos08]. 

 
[Kne96]. Here, W()p is the value of the angular distribution factor for point geometry for 

a gamma-ray scattering angle of ; )(cosvP are the Legendre polynomials of degree ; 

J0, J, and Jf are the angular momentum of the initial (i.e., ground), excited, and final 

nuclear states, respectively; Ln represent the lowest order multipolarity of the absorbed 

(L1) and emitted (L2) radiation with 1 nn LL ; n are the mixing ratios for the absorbed 

(1) and emitted (2) radiation; and Fv are the Ferentz-Rosenzweig angular distribution 

coefficients (aka “F coefficients”) which can be found in standard tabulations [Fer55]. 

Expanding on the unpolarized distribution, the W-factor for a linearly polarized 

photon beam is given by: 
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[Kne96]. Here,   is angle between the electric field of the incoming photon and the 

scattering plane, )2(
P are the associated Legendre polynomials of degree  and order 2,  

are polarization coefficients [Fag59], and
1

)( L is “+” when )1( 11  LL  is an electric 

transition and “–“ when it is a magnetic transition. Other terms are as previously defined. 

The numerical value of the angular distribution at a given   and  is equivalent to the 

ratio of the number of gamma rays emitted along the vector defined by (,) to the 

number expected if the distribution were isotropic. Values of  and F for calculating W-

factors for ground state transitions in even-even nuclei are given in Table 2.1 (Note: For 

these transitions 1 = 2 = 0). 

 
Table 2.1 : F and  coefficients for calculation of angular distribution factors for pure 
resonance fluorescence in even-even nuclei. 

2(11) = -1/2 2(22) = 1/2 4(22) = -1/12 

F0(1101) = 1 F2(1101) = 2/2  F4(1101) = 0 

F0(2202) = 1 F2(2202) = - 14/5  F4(2202) = - 7/8  
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For reference, the angular distribution equations (point geometry) for pure (i.e., n =0) 

dipole and quadrupole transitions for a select number of common spin sequences are 

provided. The cases of unpolarized and polarized incident photons are considered. For 

unpolarized incident photons, the angular distribution for spin sequences of                     

(0 →  1 →  0), (0 →  2 →  0), (0 →  1 →  2), and (0 →  2 →  2) are given by Eqs. 2.16 

through 2.19, respectively. These spin sequences represent transitions from the ground 

state in even-even nuclei (e.g., 40Ca and 240Pu) to a dipole or quadrupole excited state, 

followed by de-excitation either back to the ground state or a J = 2 1st excited state.2         

                                                     )(cos1
4

3
)( 2  pW                                           (2.16) 

                                          )(cos4)(cos31
4

5
)( 42  pW                                 (2.17) 

                                                   )(cos13
40

3
)( 2  pW                                         (2.18) 

                                                   )(cos37
8

1
)( 2  pW                                          (2.19) 

Even-odd and odd-even (e.g., 31P) nuclei have ground and excited states with half-

integer spins. Spins sequences of (1/2 →  1/2 →  1/2), (1/2 →  3/2 →  1/2), and           

(3/2 →  5/2 →  3/2) were observed in transitions analyzed for the present work. The spin 

sequence of (1/2 →  1/2 →  1/2) is isotropic for both unpolarized and polarized incident 

                                                 

2 The vast majority of even-even nuclei (all those with non-closed proton and neutron shells) have a J = 2+ 
1st excited state; most of the remainder have a J = 0+ 1st excited state (e.g., 40Ca). The only known 
exceptions are 14C (J = 1-), 146Gd (J = 3-), and 208Pb (J = 3-) [Ant86]. 
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photons; spin selection rules also dictate that only L = 1 is allowed (see Eq. 2.1) in this 

case so no multipole mixing is possible and W() = 1. Of note, spin sequences of        

(1/2 →  1/2 →  3/2) and (1/2 →  1/2 →  5/2) are also isotropic (i.e., W() = 1) for 

unpolarized and polarized incident photons regardless of the value of 2. A consequence 

of this fact is that NRF cannot be used to determine the parity of excited states from 

observation of such transitions, as there is no azimuthal asymmetry. The angular 

distribution for the spin sequence of (1/2 →  3/2 →  1/2) for unpolarized incident photons 

and n = 0 is the same as given in Eq. 2.19. For the spin sequence of (3/2 →  5/2 →  3/2) 

and n = 0, the distribution for unpolarized (or circularly polarized) incident photons is 

given by: 

                                                 )(cos731
100

3
)( 2  pW .                                    (2.20) 

For linearly polarized incident photons, the angular distribution for pure dipole 

transitions beginning and ending in the ground state in even-even nuclei is given by:  

                                     )2cos()(sin)(cos1
4

3
),( 22  pW ,                         (2.21) 

where ± is “+” for the (0+ →  1+ →  0+) M1 transition and “–”  for the (0+ →  1- →  0+) 

E1 transition. The corresponding distribution for pure quadrupole transitions in even-

even nuclei is given by: 

  )2cos()](sin)(cos4)([sin)(cos4)(cos31
4

5
),( 22242  pW , 

(2.22) 
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where ± is “+” for the (0+ →  2+ →  0+) E2 transition and “–” for the (0+ →  2- →  0+) M2 

transition. The distribution for pure magnetic and electric dipole transitions (n = 0) for 

the spin sequences of (0+ →  1+ →  2+) and (0+ →  1- →  2+) are in turn given by: 

                                   )2cos()(sin)(cos13
40

3
),( 22  pW ,                      (2.23) 

where ± is “+” for (0+ →  1+ →  2+) and “–” for (0+ →  1- →  2+). Finally, the angular 

distribution for a pure quadrupole excitation from a 0+ ground state to a J = 2 excited 

state followed by pure dipole de-excitation to a J = 2 excited state is given by: 

                                  )2cos()(sin3)(cos37
8

1
),( 22  pW ,                       (2.24) 

where ± is “+” for (0+ →  2+ →  2+) and “–”for (0+ →  2- →  2+). Plots are given for 

select unpolarized distributions in Fig. 2.4 and for polarized distributions in Fig. 2.5.  

2.3.2 Angular Distribution Factors for Finite Geometry 

 In practice, the values of W() and W(,) differ from nominal values due to the 

finite solid angle acceptance of physical detectors. Assuming a standard cylindrical 

detector crystal that is circularly symmetric, the correction factor for an unpolarized (or 

circularly polarized) beam (no  dependence) is given by: 
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where W()p is the angular distribution factor for point geometry,   is the gamma-ray 

scattering angle, and d  is the opening half-angle for the detector acceptance.



 

 

34 

 

Figure 2.4: Plots of angular distribution factors, W(), for unpolarized incident gamma 
rays for select spin sequences. The beam direction is from left to right along the 
horizontal axis. 
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Figure 2.5: Plots of angular distribution factors, W(,), for lineary polarized incident 
gamma rays for several spin sequences. For all plots n = 0. The red arrow indicates the 
beam direction, and the green arrow represents the axis of the electric field vector of the 
incident photon beam at the position of the target nucleus. 
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The opening half-angle, d, can be calculated as:                                         

                                                           





 

d
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d

1tan ,                                                 (2.26) 

where r is the detector crystal radius (for circularly symmetric detectors), and d is the 

distance between the target and the crystal face. The crystal face is generally recessed 

several millimeters inside the detector casing, and for small source-detector distances 

and/or angular distributions with values that vary strongly in the vicinity of the scattering 

angle of interest, this recess should be taken into account. For polarized incident photons, 

the corresponding correction factor is given by: 
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 ,                                   (2.27) 

where W(,)p is the angular distribution factor for point geometry for linearly polarized 

incident photons, and d is the half-angle acceptance of the detector with respect to the 

gamma-ray beam polarization plane. For circularly symmetric detectors, d = d. 

2.4 Excitation Cross Section 

For material analysis using NRF, it is desirable to target transitions that have large 

excitation strengths. The gamma-ray excitation strength of a nuclear state can be 

quantified in the form of the differential cross section for the gamma-ray interaction, 

which is given in the Breit-Wigner form [Bet37, Met59] by: 
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where g is a statistical factor equal to the ratio of quantum magnetic substates available 

for the excited state to the number available for the ground state (see Sec. 2.1),  is the 

reduced Planck’s constant, c is the speed of light, 0 is the partial width for de-excitation 

to the ground state, i is the partial width for de-excitation to the ith excited state (see Eq. 

2.6),  is the total resonant width, E is the incident photon energy, Ex is the excitation 

energy, and ),( W is the angular distribution factor (see Sec. 2.3). The statistical factor 

(also called the “spin factor”), g, is given by:  
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where J0 is the spin of the ground state, and Jx is the spin of the excited state.1 The cross 

section function is symmetric around the excitation energy with a FWHM given by . 

Summing Eq. 2.28 over all i and integrating over all scattering angles, then 
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is the total cross section for resonant absorption of photons [Rus06]. 

                                                 

1 The statistical factor, g, is defined as given by convention. It would be technically more correct to write it with an 
extra factor of 2 in the denominator given that the excitation photons have two different helicities (see Sec. 2.1). In that 
case, the formulas containing it would also be re-written so the extra factor of 2 cancels. Both forms are found in 
different texts, requiring caution on the part of the reader [Ots11, Lud11]. 
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Figure 2.6: Angle integrated cross section (in barns) for de-excitation of the excited state 
at 10318.8 keV in 40Ca to the ground state (i  = 0, 0 = 5.5(8) eV,  = 26(7) eV). 

 
Since the resonant width, , of NRF transitions is several orders of magnitude smaller 

than the energy resolution of photon beams achievable with current technology, what is 

measured in NRF experiments is actually the energy integrated differential cross section, 

Ii, which can be obtained by integrating Eq. 2.28 over the energy of the incident photons, 

E, from 0 → ∞. Pulling out constants and the angular distribution function, ),( pW , for 

simplicity, then: 
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The excitation energy of NRF states is generally several orders of magnitude larger than 

the resonant width. In the limit as x→ ∞, ArcTan(x) → /2. For large x, the expression 
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on the right in Eq. 2.31 simplifies to 2/.2 In cases where the resonant width is of 

similar order as the excitation energy (as sometimes occurs at energies above the particle 

separation threshold), the preceding approximation may not hold and the exact result of 

Eq. 2.31 should be used instead. However, NRF strengths for these large width states are 

generally negligible, making this issue of limited practical concern. Using the 

approximated solution to Eq. 2.31, the differential partial cross section for a given 

transition is then: 
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.             (2.32) 

Equation 2.32 is the quantity that is directly measured in experimental situations with 

detector positioned at fixed angles. The partial cross section (integrated over all scattering 

angles) is then: 
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When i = 0 , then the 

2

0 term is sometimes referred to as the “reduced ground-state 

width.” The branching ratio for any given de-excitation, bi, is simply 

i ; given this ratio, 

Eq. 2.33 can be rewritten to solve for the ground-state transition width, 0, with: 

                                                 

2 (/2)/ArcTan(x) < 1.001 for x > 637. 
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Likewise, when bi is known, the resonant width for any given transition can be 

determined simply as: 

                                                         
i

iiii bb .                                               (2.35) 

Calculation of the branching ratio from experimentally measured parameters is described 

in Sec. 3.4. As the ground-state transition width is often dominant, it is convenient to 

express Eq. 2.35 in like manner as Eq. 2.34 in terms of the ground state branching ratio: 
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In even-even actinide nuclei (e.g. 240Pu), it is common to observe only two decay 

channels, corresponding to decay to either the ground (J = 0+) or 1st excited state (J = 

2+) [Ham11]. In such a case (where  = 0 + 1), after the ground state transition width 

has been determined via Eq. 2.34, the 1st excited state decay width, 1, can be determined 

using relation that: 
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where b0 and b1 are the branching ratios for the transitions to the ground and 1st excited 

states transitions, respectively. 

It should be clear from the above discussion that large level widths do not always 

correspond to high excitation strengths, especially in cases where gamma-ray decay is 



 

 

41 

highly fragmented or particle channels are open. Complicating matters, standard nuclear 

databases (e.g., NuDat) and evaluated nuclear data (e.g., ENDF, Nuclear Data Sheets, 

etc.) generally do not report NRF cross sections. Therefore, these cross sections must be 

calculated from the information given in the standardized databases about the nuclear 

states (e.g., the excitation energy, spin, parity, resonant width, half-life, ground-state 

width, and branching ratios for observed gamma-ray decay). For sparsely studied nuclei 

(e.g., 240Pu) or energy regimes, this information is often not available and must be 

determined experimentally. Methods of determining spin (J ), parity (), cross sections 

(Ii), branching ratios (bi), and other derived nuclear parameters from experimental data 

are discussed in Chapter 3. 

2.5  Reduced Transition Probabilities 

The magnetic/electric decay strength of excited states are often expressed in terms of 

what is known as the reduced transition probability. The reduced transition probability, 

),( fi JJLB  , quantifies the probability for a particular electromagnetic transition 

between two nuclear states. It is related to the reduced matrix element of the multipole 

operator by: 
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  ,            (2.38) 

where  is E for an electric transition and M for a magnetic transition, L is the photon 

angular momentum, Ji is the spin of the initial excited state, Jf is the spin of the final state 

in the transition, E is the energy of the transition, and  indicates the transition is a de-
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excitation. The matrix element, if JLMJ )( , in turn carries information about the 

nuclear wavefunction [Ber07, Wol04]. The inverse transition, ),( if JJLB  , is related 

to ),( fi JJLB  by: 
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(2.39) 

where   indicates the transition is an excitation. When Ji = Jx and Jf = J0 (which is the 

case for a transition between an excited state and the ground state in a nucleus), then it 

follows from Eq. 2.39 that ),( 0 xJJLB  and ),( 0JJLB x   are related by the spin 

factor, g with: 

                                                 ),(),(  ELBgELB                                     (2.40) 

[Ber07, Wol04]. It also follows that when Ji = Jf  (e.g., 1/2 → 1/2) then: 

                                                   ),(),(  ELBELB  .                                     (2.41) 

The reduced transition probability then determines the transition probability, 

)( LT
fi JJ  , which is the inverse of the partial lifetime, )( L

fi JJ  , of an excited state 

with respect to a specific decay branch and mode of de-excitation (e.g., M1, E2, etc.). In 

terms of the reduced transition probability, the transition probability is given by: 
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[Ber07, Rin04]. The transition probabilities can be related to total lifetime through Eqs. 

2.6–2.10 given /1  T . In cases where particle channels are closed, then the total 

lifetime is directly proportional to the inverse of the sum of the partial decay widths or, 

alternately, the inverse of the sum of the transition probabilities over all allowed decay 

paths and photon multipolarities:  
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The reduced transition probability, ),( fi JJLB  , is then: 
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It should be noted that in many texts substitutions of variables are made for the sake of 

brevity in expressions for the transition probabilities and reduced transition probabilities. 

The most common substitutions made are 
E

c
  , 

c

E
k




1

, and 



E

kc   , 

where   is the reduced wavelength (i.e.,  2/ ), k is the wavenumber (occasionally 

called the angular wavenumber), and  is the angular frequency of a photon with energy 

E . Considering a transition from the ground state to an excited state in the nucleus (Ji = 

Jx and Jf = J0) and using the result of Eq. 2.40 along with the relation that 
iffi JJJJ    

(see Fig. 2.2) then: 
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In the absence of multipole mixing ( 0)(
0

  L
xJJ ) the reduced transition probably for 

excitation,  ),( ELB , can be solved for directly once the ground-state width is known 

from Eq. 2.34. The result of Eq. 2.45 is of particular interest since this quantity is 

frequently referenced in nuclear structure papers.  

The reduced transition probability is traditionally expressed in different units 

depending on the transition type (electric or magnetic). Electric transitions are generally 

expressed in units of e2 (fm)2L, where e is the elementary charge. Electric charge and 

force are related through Coulomb’s constant, ke, where )4/(1 0ek  and 0 is the 

vacuum permittivity. In SI units, ke = 8.988 x 109 (J m)/C2. Likewise e = 1.602 x 10-19 C. 

In more convenient units, e2 = 1.440 MeV fm = 1.440 x 106 eV fm. Likewise, magnetic 

transitions are typically expressed in units of N
2 (fm)2L-2, where N is the nuclear 

magneton. In terms of more basic units )2/( cme pN   (Gaussian CGS units), where e 

is the elementary charge, mp is the rest mass of the proton (mp = 938.272 MeV/c2), and c 

is the speed of light. Expressing this quantity in convenient units in terms of the units for 

electric transitions, then N = 0.105154 e fm, from which it follows that e2 fm2 = 90.4367 

2
N .3 For reference, using the result of Eq. 2.45, then  ),(),( 0 ELBJJLB x  for 

                                                 

3 When deriving electromagnetic equations, great care must be taken in regard to units in order to maintain consistency, 
since formulas are often defined differently in SI and Gaussian CGS units and both systems are in common use.  
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pure (  = 0) dipole (Jx = 1) and quadrupole (Jx = 2) excitations in even-even nuclei (J0 = 

0) are given by Eqs. 2.46–2.49 with 0 in units of eV and E in MeV. 
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Likewise, the reduced transition probabilities for (1/2 → 1/2) transitions are given in Eqs. 

2.50 and 2.51 (again with 0 in units of eV and E in MeV). 
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                      (2.51) 

Transition rates for electric and magnetic dipole and quadrupole transitions are given in 

Eqs. 2.52–2.55 (using Eq. 2.42 with E in units of MeV, ),( EELB  in units of e2 (fm)2L, 

and ),( EMLB  in units of N
2 (fm)2L-2). The rates are given in terms of 

 ),(),( ELBJJLB fi  (which does not depend on the spin factor) for the sake 

of generality. 
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                                       ),1(10 x 590.1)1( 315
 EEBEET

fi JJ                             (2.52) 
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 EEBEET

fi JJ                            (2.53) 

                                     ),1(10 x 758.1)1( 313
 EMBEMT

fi JJ                            (2.54) 

                                     ),2(10 x 355.1)2( 57
 EMBEMT

fi JJ                           (2.55) 

Measured transition probabilities and reduced transition probabilities are sometimes, for 

reference purposes, compared to predicted values based on a simple model in which the 

decay or excitation is considered to be induced by the transitioning of a single proton in 

the nucleus. The derived results are known as the single particle (s.p.) or Weisskopf 

estimates. Further discussion of this topic can be found in Appendix A. 

2.6 Rexp and K Quantum Number 

When multiple routes of decay are possible, information about the nature of the 

observed excitations as well as theoretical predictions of parity can be derived from the 

ratio of the reduced transition probabilities (sometimes called the “experimental 

branching ratio”), Rexp, which is given by: 
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where L is the type (electric or magnetic) and multipolarity (i.e., angular momentum) of 

the emitted photon, Ji is the spin of the initial excited state and Jf, and Jg are the spins of 

two lower lying states that are members of the same rotational family. Likewise, f,g  
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( int
,gfI ) are the partial widths (partial cross sections) for decay to the final states given by 

Jf,g  (see Fig. 2.2), and Ef and Eg are the energy of transitions corresponding to decay to 

states with spin Jf and Jg, respectively [Ala55, Rus06].   

Excited states can be characterized by single-particle (proton/neutron) excitations as 

well as collective excitations and vibrations of groups of protons and neutrons in the 

nuclear core. Single particle excitations tend to occur at lower excitation energies, while 

collective vibrational modes are principally observed at higher energies (near and above 

the particle separation threshold) and in neutron-rich highly-deformed nuclei such as the 

actinides. In deformed nuclei, where the internal structure of the nucleus differs 

substantially from spherical symmetry, rotational excitations can also occur that alter the 

spatial orientation, but not the internal structure of the nucleus. When a deformed nucleus 

is axially symmetric, the motion can be characterized by a set of quantum numbers I, K, 

and M, where I is the total angular momentum of the state, and K and M are its 

projections along the nuclear symmetry axis and a space fixed axis (e.g., Z-axis), 

respectively (see Fig. 2.7) [Ala55]. 

Analogous to the selection rule given in Eq. 2.1 for the photon multipolarity, L, a 

selection rule for K can also be given such that: 

                                                        LKKK fi  ,                                             (2.57) 

where Ki is the K quantum number of the initial state and Kf  is that of the final state in 

the transition.  However, unlike the rigid rules for L and , the rule for K does not always 
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Figure 2.7: Angular momentum quantum numbers for an axially deformed nucleus 
[Rus06, Ala55]. 

 
hold. Still transitions for which K > L are always inhibited. The theoretical branching 

ratio, Rtheo, can be calculated in terms of Clebsch-Gordan vector addition coefficients:4 
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with all terms as previously defined in Eqs. 2.56 and 2.57 [Ala55]. In some texts, Eq. 

2.58 is given a slightly different form which gives equivalent results: 

 

                                                 

4 Here, the Clebsch-Gordan coefficients are given according to the convention followed in many older texts of  

mjmmjj ,,,, 2121 . They are also commonly found in the order mjmjmj ,,,, 2211 . 
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[Rus06, Ham11]. The vector addition coefficients can be calculated algebraically in a 

straightforward manner, but the formulas differ depending on the spin of the initial and 

final states and the difference in K between the initial and final states. These formulas can 

be found in standard textbook references (e.g., Condon and Shortley [Con59]). 

For the case of even-even deformed nuclei with ground state spin  00


J  and 1st 

excited state spin  21


J  (e.g., 240Pu), the ground and 1st excited states have K = 0. 

From the Alaga rules [Ala55] it follow that for a dipole excitation in such nuclei followed 

by decay to either the ground or 1st excited state, K for the excited 1
iJ  state can 

equal 0 or 1, where K = 1 implies the parity, , of the excited state is positive +1) while 

K = 0 implies the parity is negative -1) [Rus06]. In terms of the theoretical branching 

ratios (and using Eq. 2.58): 
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and 

              0.2
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Measured Rexp values between 0.5 and 2 are possible and indicate K-mixing (i.e., mixing 

of the 1+ and 1- states) or a violation of the Alaga rules. 
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3 General Data Analysis 

To determine nuclear structure and gamma-ray transition properties such as spin, 

parity, level width, branching ratios, and transition probabilities, or to determine 

isotopic/elemental concentrations in a biological sample, these quantities must first be 

correlated to variables that are either directly measured experimentally, can be calculated 

analytically from theory, or can be determined from simulation. In most real-time nuclear 

physics measurements, the directly measured quantities are counts/counting rates and the 

energy of the incident (and emitted) electromagnetic radiation and/or particles. The time-

of-flight of the emitted particles (e.g., the counting rate as a function of time relative to 

the arrival of a beam bunch on target) is also sometimes measured when a pulsed incident 

beam is used. The measured counting rate as a function of the detected particle’s energy 

(typically displayed in the form of a 1D “pulse height” spectrum) is dependant on the 

efficiency response of the detection system for the source radiation, which in turn is 

dependant on the size, shape, type, and number of detectors, the dead time of the particle 

detection system (including the associated electronics), the detector distance from the 

emitting radiation source, any attenuating medium between the source and detector(s) 

(including the source itself), and the intrinsic efficiency of the detector(s) (which is 

usually highly energy dependant). For an experimental setup with detectors placed at 

different scattering and azimuthal angles, the angular distribution of the emitted gamma 

rays for non-isotropic emitting sources can be measured. All of these factors must be 
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considered when planning experiments to determine specific quantities (e.g., nuclear 

structure properties, reaction probabilities, isotopic/elemental concentrations, etc.). 

3.1 Gamma-Ray Transitions 

The energy of a gamma ray emitted by the nucleus is equal to the difference in energy 

between the initial (Ei) and final (Ef) nuclear states of the transition minus the energy loss 

due to nuclear recoil. Because of the Doppler effect, the energy measured by a detector is 

slightly different from that of the emitted gamma ray when the gamma ray is emitted 

while the nucleus is still in motion from the initial recoil caused by a beam-induced 

nuclear reaction (e.g., resonant photon absorption). In this case, gamma rays emitted in 

directions not perpendicular (i.e., 90°) to the direction of nuclear motion (which is 

generally the beam direction), will be shifted in energy. A shift in energy may also be 

observed at 90° if the nuclear velocity is relativistic, though this is rarely the case in 

NRF. If a detector is at a forward angle relative to the nuclear motion, the measured 

energy will be higher than the emitted energy; conversely, at a backward angle, the 

measured energy will be lower. This observation is analogous to the case of sound 

emitted from a moving source (e.g., an ambulance) being judged by a stationary observer 

to be higher pitched (i.e., shorter wavelength) than it actually is when the source is 

moving toward the observer and lower pitched (i.e., longer wavelength) when the source 

is moving away.  

Doppler shifting will not be observed in cases where the half-life of the induced 

excited state is significantly longer than the time it takes the nucleus to slow down to rest 
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in the target material. The average time for the nucleus to slow down in a structureless 

medium (i.e., neglecting the influence of crystal structure) is given by: 
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 ,                                       (3.1) 

where 
dx

dE
is the linear total stopping power (nuclear + electronic), M is the mass of the 

recoiling nucleus, E0 is the initial energy of the recoil nucleus (e.g. the energy imparted 

by resonant gamma-ray absorption), and Ef  is the final kinetic energy of the nucleus (0 

for “rest”) [Oen75]. Stopping power tables for heavy ions as a function of energy can be 

calculated using standard ion collision transport software such as SRIM (Stopping and 

Range of Ions in Matter) [Zie10]. The resulting data can then be fitted to an analytical 

function for input into Eq. 3.1 (a 3rd or 4th degree polynomial often gives a close fit). The 

effective mass of the nucleus (in units of MeV/c2) in turn is given by: 

                                             
20

494.931

c

MeV
AMM r   ,                                    (3.2) 

where  is the Lorentz factor of special relativity given by 
21

1





 , M0 is the 

nuclear rest mass, c is the speed of light, and Ar is the mass of the recoil nucleus in atomic 

mass units (i.e., u). In the Lorentz factor,  is the ratio of the velocity of the recoil 

nucleus () to the speed of light ( = /c). The velocity of the nucleus after photon 

absorption can be readily determined given conservation of momentum. For a massless 

particle (e.g., photon), E = pc, where p is the momentum and c is the speed of light. 
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Therefore, the momentum of the incident photon is given by E/c. The relativistic 

momentum of the recoil nucleus in turn is given by M0. Equating the initial and final 

momentum and solving for v/c we get: 

                                                    
22
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c
x

x




 ,                                          (3.3) 

where E is taken to be Ex, the energy of the incident absorbed photon. It should be noted, 

however, that for the transition energies typical of NRF (Ex < 15 MeV),  is small even 

for light nuclei, justifying a non-relativistic treatment. When  ≤ ~0.02, then   ≈ 1. 

Typical slowing down times for recoil nuclei in NRF experiments are on the order of 

hundreds or thousands of femtoseconds, while observed excited state half-lives are 

usually on the order of tens of femtoseconds at most. Thus, the vast majority of gamma 

rays are emitted “in flight.” Subsequently, Doppler corrections are usually applied to the 

measured data.  

The Doppler shifted gamma-ray energy measured by the detector (Elab) is given by: 

                                                     
)cos1( lab

lab

E
E





 ,                                             (3.4) 

where E is the energy of the emitted gamma ray, lab is the measured angle of the 

emitted gamma ray in the laboratory frame, and   and  are as previously defined 

[Doo12]. The measured angle, lab, is related to the center-of-mass angle, c.m., of the 

emitting nucleus by: 
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[Far13]. As  increases, the angular distribution of the emitted gamma rays (from the 

standpoint of an observer in the laboratory frame) will become increasingly peaked 

toward forward scattering angles, a phenomena known as relativistic beaming. But, for 

values of   typical of NRF ( < 0.0015), the difference between the emitted and 

measured angle of gamma-ray emission is < 0.15° and can be neglected. For  ≤ ~0.02 ( 

≈ 1), then Eq. 3.4 can be approximated by 

                                                     )cos1( lablab EE                                               (3.6) 

and Eq. 3.3 by 

                                                            
2

0cM

E

c

x
 .                                                  (3.7) 

The emitted gamma-ray energy can then be determined by solving Eq. 3.6 directly or, if  

 ≤ ~0.001 (as is still most often the case in NRF), then 

                                                     )cos1( lablabEE   .                                           (3.8) 

For an elastic transition (i.e., an excitation from the ground state to a higher energy level 

followed by decay back to the ground state) and assuming the conditions for use of Eq. 

3.8 hold, then the emitted gamma-ray energy can be closely approximated by: 
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  The emitted gamma-ray energy is always slightly lower than the transition energy due 

to energy loss from nuclear recoil. Since energy is conserved in all nuclear interactions, 

the transition energy (Ex) is given by: 

                                                    rfix EEEEE   ,                                          (3.10) 

where Ei is the energy of the initial excited level, Ef is the energy of the final level (e.g. 0 

for a ground-state transition), E is the energy of the emitted gamma ray and Er is the 

kinetic energy of the nuclear recoil. The emitted gamma ray and recoil nucleus will each 

have equal momentum (i.e. p = pr). Equating the incident and final momentum as done 

in the previously considered case of nuclear recoil from photon absorption, the ratio of 

the recoil nucleus velocity to the speed of light is given by Eq. 3.3 with Ex replaced by 

E. The kinetic energy of the recoil is then given by: 

                                                         )1(2
0  cMEr .                                               (3.11) 

Since the recoil energy is generally small, in the non-relativistic (i.e., classical) case: 
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The transition energy, Ex, is then given by: 
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For high-energy transitions in very light nuclei (e.g., Ex = 15110(3) keV, 0 = 38.5(8) eV, 

 = 43.6(1) in 12C [Kel17]) the conditions for using some of the aforementioned 

approximations may not hold (i.e.,  may be > 0.001). In such cases, provided  < 0.02, it 
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is preferable to calculate E by substituting Eq. 3.13 (which gives Ex in terms of E) into 

Eq. 3.7 and then numerically solving for E  using Eq. 3.6. The excitation energy, Ex, can 

then be determined using Eq. 3.13. 

3.2 Spin and Parity Determination 

In additional to the transition energy, two of the most basic nuclear structure 

quantities often determined from NRF experiments are spin and parity. As described in 

Sec. 2.3 and shown in Figs. 2.4 and 2.5, the gamma-ray distribution is highly dependent 

on the spin sequences and mixing ratios in the case of both polarized and unpolarized (or 

circularly polarized) incident photons. Because electromagnetic excitations normally 

transfer less than two units of angular momentum from the incident photon to the 

nucleus, the spin of the excited state relative to the ground state is highly constrained. 

Using the angular momentum selectivity of electromagnetic excitations, the spin of 

excited levels can be determined in most instances by placing detectors at several 

scattering and/or azimuthal angles to sample the angular anisotropy of the emitted 

electromagnetic radiation (e.g., NRF gamma rays). The ratios of the cross sections 

measured at several strategically selected angles then highly restrict the possible spin of 

the excited state. 

Using an unpolarized incident photon beam and considering the case of a measured 

ground-state transition in an even-even nucleus, the cross-section () asymmetry between 

possible spins sequences of  (0 →  1 →  0) (i.e., a J = 1 excited state) and (0 →  2 →  0) 

(i.e., a J = 2 excited state) is maximized for detectors placed at scattering angles of 90° 
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and ~128.5°. In this case, (90°)/(128.5°) is equal to 0.721 for (0 →  1 →  0) and 2.282 

for (0 →  2 →  0) for point geometry. In like manner, to distinguish between a 1/2 and a 

3/2 spin excited state in a 1/2 spin ground state nuclei (e.g., 31P), the asymmetry between 

spin sequences of (1/2 →  1/2 →  1/2) and (1/2 →  3/2 →  1/2) for pure dipole transitions 

(i.e., n = 0 – see Eq. 2.10) is maximized when one detector is at 90° and the other is at a 

far forward (or backward) scattering angle. With detectors placed at 90° (/2) and 135° 

(3/4) (measurement angles for which detector mount points exist in the standard HIS 

setup), (/2)/(3/4) = 0.824 for (1/2 →  3/2 →  1/2) (point geometry) and 1.000 for 

(1/2 →  1/2 →  1/2) (remembering that the angular distribution of the gamma rays 

emitted in the latter spin sequence is isotropic). However, since multipole mixing is 

allowed for the (1/2 →  3/2 →  1/2) transition, then, if the 2 branching ratio is unknown, 

the spin of the excited state may remain indeterminate since the range of possible values 

of (/2)/(3/4) = Wp(/2)/Wp(3/4) crosses 1 for 2 ≈ 0.268 (for which value the 

distribution also becomes isotropic for an unpolarized or polarized incident photon beam 

independent of the value of 1).  

For a linearly polarized incident photon beam ),(  
, the spin and parity of excited 

states can often be determined. The parity can be determined from the measured 

azimuthal asymmetry in the cross section, (, , E), which can be expressed as: 
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where   is the cross section for the NRF transition measured in detectors with their 

centers in a plane perpendicular to the electric field of the incident photons ( = /2), ||  

is the cross section measured in detectors with their centers in a plane parallel to the 

electric field of the incident photons ( = ), P(E) is the polarization fraction of the 

incident photons (~1 for linearly polarized photons at the HIS), and (,) is the 

analyzing power. Details on calculation of the cross section from experimentally 

measured variables are given in Sec. 3.3. In terms of those variables,  (as referred to in 

this section) should be equated with ),(),( int  WII ii   (see Eq. 2.32, 2.33, and 

3.16).  

The analyzing power in turn is given by: 
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For the case of an even-even nucleus (e.g., 240Pu or 40Ca), and for point geometry, the 

analyzing power is –1 for M1 (0+ →  1+ →  0+) and E2 (0+ →  2+ →  0+) transitions and 

+1 for E1 (0+ →  1- →  0+) and M2 (0+ →  2- →  0+) transitions, respectively. The spin of 

the excited state can be determined from the ratio of the cross sections measured at 

scattering angles of /2 and 3/4. The counting asymmetry between M1 and E2 

transitions is maximized with detectors at (/2, 0) and (3/4,0) with 

Wp(3/2,0)/Wp(/2,0) = 1 for M1 transitions and 0 for E2 transitions. Likewise, the 

asymmetry between E1 and M2 transitions is maximized for detectors at (/2, /2) and 
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(3/4,/2). In practice, however, while the strengths of M1 and E2 transitions are often 

comparable (and thus both probable), M2 transitions are rarely observed in NRF (see 

Appendix A). Returning to the spin sequences for odd nuclei, for excitation of a nucleus 

with a J = 1/2+ ground state to a state with J = 3/2 using a linearly polarized photon 

beam, the analyzing power is equal to -3/7 for (1/2+ →  3/2+ →  1/2+) and +3/7 for     

(1/2+ →  3/2- →  1/2+) for pure dipole transitions (n = 0). When n ≠ 0, the measured 

analyzing power may be very different (even the sign may change). It is possible, but 

often difficult in practice to determine parity in such cases, as the mixing ratios are 

generally unknown. To determine spin and parity in cases of non-zero multipole mixing, 

detectors must generally be placed at a large number of scattering and azimuthal angles 

for thorough measurements of the angular distribution to determine the mixing ratio. As 

in the unpolarized case, for certain spin sequences and/or mixing ratios, the angular 

distribution of the emitted gamma rays may be nearly isotropic. In these cases, spin and 

parity generally cannot be determined from NRF.  

3.3 Cross Section Determination 

To determine the presence and/or quantify the concentration of a specific isotope in 

nuclear material or a biological sample, the NRF cross section of the targeted transitions 

must first be accurately known. In terms of experimentally measured parameters, the 

integrated partial cross section for a particular transition, int
iI (in units of area x energy – 

e.g., eV barns), is given by: 
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Here, 

i represents the branching ratio for nuclear de-excitation, where i = 0 for de-

excitations back to the ground state (i.e., pure resonance fluorescence) and other values of 

i represent de-excitations to the ith excited state. Likewise, Ni (E) is the number of NRF 

gamma rays measured corresponding to de-excitation to the ith excited state, i is the 

internal conversion coefficient for the given transition, flive is a collective correction factor 

for the detector and data acquisition system dead time, pcorr is a correction factor 

accounting for full-energy peak counting losses due to pileup, i(E) is the detection 

efficiency for the emitted gamma ray, i(E) is the correction factor for self-attenuation of 

the NRF gamma ray exiting the target, N(Ex) is the number of photons of the mean 

excitation energy incident on the target per unit energy (i.e., photons/eV) during the 

measurement time (i.e., the “real” time – see Sec. 3.3.1), i(Ex) is the correction factor for 

attenuation of the incident photons of the resonant energy in the target, Nt is the areal 

density of the target isotope (e.g., nuclei/cm2), and ),( iW is the angular distribution 

factor for the observed de-excitation accounting for the non-isotropic distribution of the 

emitted NRF gamma rays (see Sec. 2.3). Each factor in Eq. 3.16 is discussed in the 

subsections that follow. 
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3.3.1 NRF Detected Counts and Detector Electronics  

  The number of emitted NRF gamma rays detected for a given transition is a function 

of the angular distribution of the gamma rays, the detector intrinsic efficiency, the solid 

angle subtended by the detector, the live-time of the detector/data acquisition system, and 

any losses due to pulse-pileup and gamma-ray attenuation in the target and air between 

the target and detector. In terms of Eq. 3.16, Ni (E), is taken to be the number of 

photopeak counts measured for the NRF gamma ray of interest in the full-energy peak. 

The data acquisition system takes a finite amount of time to process pulses from full or 

partial gamma-ray energy deposition in the detector. The collection of electron charge 

produced by the interactions of an incident gamma ray in a HPGe detector (from the 

photoelectric effect, Compton scattering, pair production, etc.) usually occurs on the 

order of hundreds of ns,1 after which raw detector pulses are shaped and amplified by a 

spectroscopy amplifier. Canberra 2026 spectroscopy amplifiers were used for all HPGe 

detectors used in the experiments for this dissertation. The analog pulses are digitized by 

an analog-to-digital converter (ADC) module, which processing takes several 

microseconds. A multi-channel analyzer (MCA) sorts the pulses from the ADC into 

separate channels based on their amplitude (which is proportional to the energy 

deposition in the detector), creating a pulse height spectrum. The MCA keeps a “real” 

time (i.e., standard clock time) and a “live” time clock, the latter of which is gated off 

                                                 

1 For electrons in LN2 cooled germanium, the saturation (maximum) drift velocity is 105 m/s so charge carriers travel a 
distance of ~ 1 cm per 100 ns. For large detectors several hundred nanoseconds may be required for charge collection. 
Pulse rise times are of similar magnitude [Kno00]. 
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during ADC conversion so that it increments only when the system is not “busy” (i.e., 

when it is available to accept new pulses) [Lin95]. When a pulsed beam is utilized, 

timing information may also be obtained from detectors using a time-to-amplitude 

converter (TAC) to produce a time-of-flight (TOF) spectrum (see Sec. 4.3.1). In the TOF 

spectra, detector counts (i.e., any energy deposition above set thresholds) are sorted into 

separate bins that are proportional to the time the count was registered between 

successive beam pulses (and inclusive of the beam pulse). The channel time resolution of 

the TOF spectrum is determined by the number of channels in the TOF spectrum divided 

by the total time the spectrum covers (i.e., the time between pulses, which is ~180 ns in 

the case of the HIS beam – see Sec. 4.1). The time resolution of the detector is generally 

much broader than the channel resolution of the TOF spectrum (see Fig. 4.7). 

 Two separate data acquisition (DAQ) systems were used for the 240Pu and breast 

cancer diagnostics NRF experiments. The NSCLDAQ/SpecTcl system developed by Ron 

Fox at the National Superconducting Cyclotron Laboratory located at Michigan State 

University was used for the 240Pu NRF measurements. The GENIE 2000 Gamma 

Acquisition and Analysis software (Canberra Industries, Inc.) was used to measure the 

flux and energy profile of the incident photon beam (see Sec. 3.3.5 and 3.3.6) in the 240Pu 

and breast-cancer diagnostics experiments. It was also used to acquire all NRF data in the 

breast-cancer diagnostics work. The SpecTcl system is much more versatile than GENIE, 

e.g., allowing acquisition and recording of multiple parameter event data, thereby 

enabling the accumulation of conditional histograms such as the gamma-ray energy gated 
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by a cut on the gamma-ray TOF spectrum. On the other hand, the GENIE system is much 

easier to use than the SpecTcl system for experiments using non-radioactive targets at 

energies above 3 MeV (i.e., energies higher than prominent natural background lines) 

where TOF techniques provide no significant advantage.  

Acquired pulse height spectra from both systems were converted to single column 

ASCII formatted data, with the value in each row corresponding to the counts registered 

in the respective MCA channel. The ASCII formatted spectra were analyzed with the 

software package TV, which was developed by Andreas Fitzler at the Institut für 

Kernphysik (Institute for Nuclear Physics) in Köln, Germany [Fit03]. The TV software 

has advanced functions built in for fitting gamma-ray photopeaks (including tailing 

effects) and backgrounds. Photopeak areas can be determined by standard integration, 

with or without background counts included. The base counting uncertainty, N, is 

proportional to the fitted or integrated counts, N, with NN  . Total uncertainties in 

the measured photopeak counts are produced by the software based on the combination 

of uncertainties stemming from peak counting statistics plus uncertainty in background 

subtraction (if any), the latter of which is proportional to the signal to background ratio 

and the variance in the background over the fitting region. The FWHM of photopeaks (in 

channel numbers or units of energy if spectra are calibrated) with associated uncertainties 

is also listed when fitting is used. Linear calibrations of the spectra are supported, 

allowing the ready conversion of MCA channel number to deposited energy. High purity 

germanium semiconductor detectors generally demonstrate high linearity (i.e., the charge 
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collected is directly proportional to the total energy deposited), while common scintillator 

detectors (e.g., NaI, LaBr3, CeBr3, etc.) have poor linearity by contrast (i.e., the light 

yield per unit energy deposited varies with respect to the total deposited energy, 

especially for low (< 100 keV) or high (> ~few MeV) pulse heights). Greater care must 

therefore be taken when analyzing spectra acquired with scintillation detectors. A non-

linear calibration must generally be applied using calibration peaks of known energy 

covering the entire energy range of interest in order to avoid potential misidentification of 

gamma-ray photopeaks. 

When computing NRF cross sections from the detector yields, the measured counts 

must be corrected for the combined detector and DAQ system dead time. This is done by 

dividing the yields by the live time fraction, flive (i.e., the live time divided by the real 

time), or, alternatively, only considering the incident photons, N(Ex), to be the number 

incident during the detector live time. The absolute photopeak counts, Ni(E), and number 

of incident photons of the resonant energy (photons/eV), N(Ex), can likewise both be 

converted to fluxes (i.e., photopeak counts and incident photons per second), to obtain 

comparable results. 

3.3.2 Pileup Correction  

In addition to counting losses due to dead time, counts can also be removed from (or 

in some cases added to) the full-energy peak due to pulse pileup. Since pulses from the 

detector arrive at variable time intervals and have a finite width, improper placement in 

the pulse height spectrum can occur when the time separation of successive pulses is too 
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small to be resolved by the signal processing electronics. Pileup increases with counting 

rate and generally becomes significant for HPGe detectors when total counting rates are 

greater than 1-2 kHz. Newer scintillation detectors such as LaBr3 and CeBr3 can 

generally handle higher counting rates than HPGe without pileup since pulse rise and 

decay times are generally much faster.2 Counting rates in the experiments detailed in this 

work were high, necessitating significant pileup correction to the measured peak counts. 

For reference, the maximum observed detector counting rate in the 240Pu measurements 

was 24.2 kHz (Ebeam =  2.55 MeV, Ethres = ~100 keV,3  = ~1.7 x 107 photons/s,  = 

90°). Likewise count rates up to 7.2 kHz (red phosphorus, Ethres = ~50 keV,  = 4.1 x 

107 photons/s) and 17.9 kHz (hydroxylapatite in PRESAGE®, Ethres = ~50 keV,  = 6.5 

x 107 photons/s,  = 135°) were measured during the medical NRF experiment at beam 

energies of 7.1 and 10.3 MeV, respectively. Counting rates were lower in the medical 

NRF experiment despite higher incident photon fluxes due to non-radioactive targets 

being used as well as the increasingly forward peaked nature of Compton scattering with 

increasing energy (see Fig. 3.1). 

For non-radioactive targets, the detector counting rate in NRF experiments is 

generally dominated by Compton scattered photons and 511-keV annihilation photons 

from pair-production events. The energy of Compton-scattered photons, E , is given by: 

                                                 

2 Typical pulse rise times for LaBr3 and CeBr3 are on the order of 1 ns or less, while decay times are on the order of 10s 
of ns [Sei12, Sch16]. 
3 Ethres here represents the software threshold for counts to be registered in the MCA. 
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Figure 3.1: Polar plots of the Klein-Nishina (KN) cross section (in barns) for a selection 
of energies for unpolarized and polarized incident photons. Top left: Unpolarized KN 
distribution (0 ≤  ≤ 2). Bottom Left: Polarized KN distribution for  = 0 (0 ≤  ≤ 2). 
Right: Polarized KN distribution for  = 90 (0 ≤  ≤ 2). The beam direction is from left 
to right along the horizontal axis.  
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where E is the energy of the incident photon, ),( EP is the ratio of the energy of the 

scattered photon to the energy of the incident photon, mec
2 is the rest energy of the 

electron (0.511 MeV), and   is the angle of the scattered photon. In the high-energy limit 

of E, E  approaches a maximum of 511 keV for scattering at 90° and ~299 keV for 

scattering at 135°. In practice, for the current set of experiments, the Compton maxima 
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were lower, 433 keV for 2.85 MeV photons at 90° (240Pu measurements), and 291 keV 

for 10.3 MeV photons at 135° (medical NRF experiment). The Compton scattering cross 

section depends on the energy of the incident photon, the scattering angle, and, in the 

case of polarized incident photons, the azimuthal angle. The differential scattering cross 

section is given by the Klein-Nishina formula, which for unpolarized incident photons 

can be expressed as: 
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where re is the classical electron radius (re = 2.818 fm, 2
er  = 79.408 mb), E is the energy 

of the incident photon, E the energy of the scattered photon, and   is the scattering 

angle. The cross section for linearly polarized incident photons is similarly given by: 
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where is the azimuthal angle (i.e., the angle between the electric field vector of the 

photon beam and the scattering plane) [Eva55]. Pair production, alternately, can occur in 

the target, detector, and shielding materials when the energy of incident photons is > 

1022 keV (two times the electron rest energy) and results in the production of back-to-

back 511-keV photons subsequent to electron-positron annihilation. Due to the detector 

geometries used in the present experiments, all single pulse height events from Compton 

scattering and pair production (in the absence of pileup) were ≤ 511 keV. 
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Pulse pileup can be divided into two principle types: tail pileup and peak pileup. Tail 

pileup occurs when a second pulse arrives in the detector system before the previous 

pulse has returned to baseline, resulting in a low or high energy tail for full-energy peak 

counts, which causes an effective worsening of the detector resolution. More serious for 

quantitative analysis is peak pileup which occurs when pulses are spaced together closely 

enough in time that they are treated by the detector system as a single pulse which is the 

sum of the two individual pulses. In this case, both incident pulses are placed at the 

wrong location in the pulse height spectrum and the total measured counting rate is 

reduced [Kno00]. Peak pileup comes in three basic types, known colloquially as low-low, 

low-high, and high-high pileup. Low-low pileup is the result of two events that would 

individually result in low pulse heights (usually ≤ 511 keV, or, alternatively simply “low” 

relative to gamma-ray peaks of interest) summing together to a higher pulse height. Low-

high pileup by contrast is the result of the pileup of a low pulse height event with a high 

pulse height event (e.g., a NRF gamma-ray full-energy deposition event), while high-high 

pileup results from the summing of two high pulse height events. All forms of pulse 

pileup can potentially lead to additional counts measured in a gamma-ray peak of interest 

if the sum of two low(er) pulse height events falls within the full-energy peak of the 

higher energy gamma ray, which effect is known as “summing in.” Likewise, peak counts 

are lost when pulse height events within the full-energy peak of a gamma ray of interest 

randomly sums with pulses from separate events, which effect is known as “summing 

out” and is usually of greater concern in NRF experiments. As all NRF gamma rays of 
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interest were above 2 MeV, no summing in was possible from pileup of two low pulse 

height events. However, loss of counts in NRF peaks from low-high and high-high pileup 

was significant and had to be accounted for. 

 There are multiple commonly used techniques employed to determine counting losses 

due to pileup. The most common technique is known as the “pulser method.” In this case, 

a fixed amplitude pulse of known frequency is input before the amplifier so that it is 

mixed with the normal event-related detector signals; the pulser amplitude is in turn set 

so as not to interfere with gamma-ray peaks of interest in the measured spectrum. 

Random pulse generators are preferred since the pulses more closely mimic the random 

summing of actual event-related detector pulses. Losses due to pileup can then be 

determined by observing the ratio of measured pulser counts to the known input, with the 

assumption made that the pileup fraction between event-related pulses is the same 

[Kno00]. One pitfall of the pulser method is that the shape of the pulser’s output signals 

differs substantially from that of pulses from actual gamma-ray energy deposition events.  

Another, potentially more accurate, method of pileup correction involves using a 

radioactive source of known, pileup-free counting rate as a “monitor” in place of the 

pulser. This second technique was used during all experiments in this work. An external 

source placed proximate to the target location, such as a standard low activity (Ci level) 

sealed source (e.g. 137Cs or 60Co), is frequently used as the monitor. Alternately, in the 

case of a radioactive target (e.g. 240Pu), the intrinsic activity itself can be used for the 

same purpose. It is important to choose a source whose gamma-ray emissions do not 
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interfere with NRF gamma rays of interest in the experiment. Also, ideally, the half-life 

of the radioisotope producing the monitor gamma ray(s) should be long with respect to 

the target irradiation/measurement time (i.e. the source activity during measurements 

should be ~constant); if it is not, then counting rates for measurements taken at different 

times must be scaled to compensate for radioactive decay of the source. To utilize the 

monitor source technique, the counting rate for monitor gamma rays is first measured 

without beam on target. It must be insured that the total detector counting rate in this 

measurement is low enough such that pileup is negligible. The counting rate of the 

monitor gamma-ray peak without beam on target is compared to the counting rate with 

beam on target, which is generally lower due to pileup losses. The pileup correction 

factor, pcorr, given previously is then equal to the pulser or monitor counting rate with 

beam on target divided by the counting rate without beam on target; both counting rates 

must first be corrected for deadtime so that the pileup correction will be independent of 

the dead time correction factor, flive. 

3.3.3 Internal Conversion 

The number of gamma rays emitted (and subsequently measured) in a given nuclear 

transition can be reduced substantially in some cases by the competing decay process of 

internal conversion. In internal conversion, the decay energy of the excited nucleus is 

transferred to an orbital electron, which is subsequently ejected from the atom with 

energy, Ece, given by:  

                                                       Bfice EEEE  )( ,                                            (3.20) 
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where Ei and Ef are the energies of the initial and final excited states of the nucleus, 

respectively, and EB is the binding energy of the emitted electron. Internal conversion is 

the primary means of decay for 0+ → 0+ transitions for which single photon 

electromagnetic decay is forbidden (see Sec. 2.1), but also has a non-zero probability for 

all other transitions. The internal conversion coefficient (ICC), i, is equal to the 

probability for internal conversion for a given transition, including internal pair formation 

(IPF), divided by the probability of gamma-ray emission. The ICC is generally low for 

transition energies > 1 MeV, but increases rapidly with increasing nuclear charge ( 

 Z3), increasing transition multipolarity, and decreasing transition energy [Hut08]. For 

high-energy transitions (i.e., > 1022 keV), while normal internal conversion (leading to 

emission of a single electron) will generally be negligible, the ICC may still be several 

tenths of a percent due to the IPF component (in which an electron and position are 

emitted from the nucleus simultaneously). For the transitions of interest in the present 

work, the ICC was negligible relative to experimental statistical and systematic errors and 

was considered to be zero. Of note, however, the unmeasured 42.8 keV transition from 

the 240Pu 1st excited state to the ground state decays almost entirely (~99.9%,  = 

905(13)) by internal conversion. The ICC for an arbitrary choice of element, transition 

energy, multipolarity, and mixing ratio can be calculated using the HSICC [Hag68] and 

BrIcc [Kib08] codes. 

http://www.nndc.bnl.gov/hsicc/
http://bricc.anu.edu.au/
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3.3.4 Detector Efficiency 

The detection efficiency, i (E), in the present experiments was determined using 

benchmarked simulations constructed in MCNP6 [Goo12] which were developed 

specifically for use in calculating efficiencies for NRF experiments conducted at the 

HIS. Simulations were constructed of five separate detectors, four 60% efficiency HPGe 

detectors (including those used for the 240Pu and medical NRF experiments) and a ~120% 

efficiency HPGe detector, the latter used to measure the photon beam shape and flux (see 

Sec. 3.3.5).4 Preliminary simulations were first made of the unshielded detectors using 

schematic information provided by the manufacturer (Canberra Industries, Inc.). The 

crystal curvature, dead layer(s), and recess distance inside the detector casing were 

adjusted until a good match was achieved to the experimentally measured efficiencies of 

gamma rays from a variety of sealed sources in the range from 88 keV (109Cd) to 3.2 

MeV (56Co) at source-to-detector distances comparable to those used under typical 

experimental conditions. Sample MCNP6 inputs for determining the detector efficiencies 

can be found in Appendix B. For non-monoenergetic radioisotopes, the measured source 

efficiencies were corrected for cascade summing effects using the LENASUM code 

developed by TUNL professor Richard Longland [Lon09]. The activities of the sealed 

sources used were determined by the manufacturer (Eckert & Ziegler Isotope Products) to 

a reported precision of 1.2% (1). The average deviation between measured and 

                                                 

4 The cited relative efficiencies are those warranted by the manufacturer at the time of purchase. The actual relative 
efficiency is generally several percent higher or lower and may be significantly lower if the detector has ever had to be 
annealed subsequent to damage. 
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simulated sealed source efficiencies over the measured range in the optimized MCNP 

simulations was on the order of ~0.5%. For the 60% HPGe detectors used for NRF 

gamma-ray detection, measurements were also taken with sealed sources placed at the 

target position in all measurement geometries (with detector shielding in place) during 

the NRF experiments at the HIS. The detector shielding thicknesses and source-to-

detector distances were carefully measured (to the level of ~0.05 mm and ~1 mm, 

respectively) and input into the simulation (along with the Lucite target pipe for 240Pu 

measurements, see Fig. 4.3). Distances and shielding thicknesses in the simulations were 

adjusted as needed (mm level for distances and sub-mm level for shielding) until a match 

was achieved between measured and simulated efficiencies under the experiment 

conditions. The sealed sources were then replaced in the simulations by the NRF target 

material and containment vessel (with corresponding measured dimensions, composition, 

density, etc.) and the total efficiency for NRF gamma rays was determined using a pulse 

height tally (F8 in MCNP). The simulated efficiencies were the convolution of the detector 

intrinsic efficiency and solid angle with the target self-attenuation (i.e., )()(   EE ii  ) 

in terms of the quantities listed in Eq. 3.16).5 It was assumed that in the absence of 

systematic biases in the measured vs. simulated efficiencies as a function of energy, the 

efficiencies simulated at higher energies than source measurements were available were 

accurate to a similar level as the difference between measured and simulated efficiencies 

                                                 

5 While simulation of self-attenuation effects is most accurate, the self-attenuation can be calculated analytically if 
desired. Formulas for self-attenuation for a variety of common shapes and geometries are available in several 
references [Cro, Par86]. 
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at lower energies. The tally was divided into 1 keV energy bins, with the tally results 

being the ratio of the pulses measured in the detector for a given energy bin (taking the 

detector intrinsic efficiency into account) to the total number of gamma rays emitted by 

the source of a given energy. The full-energy peak efficiency for a given gamma ray was 

then considered to be the result of the F8 tally integrated over the effective resolution of 

the detector at the measured energy. Gamma rays in the simulation were emitted 

isotropically from the active volume of the sample. The small solid angle effect to 

efficiency intrinsic to isotropic emission vis-à-vis the anisotropic emission of the physical 

target was negligible. When the beam width was larger than the target (e.g. 240Pu 

measurements), the active target volume was considered to be the entire target. When the 

target diameter was larger than the beam (e.g., the breast cancer diagnostics test 

experiment), the active volume was considered to be full length of the target material 

(with the target centered at the mean interaction depth), and the active area was 

considered to be the beam diameter at the target location. In most instances, the mean 

interaction depth was approximately the center of the sample (see Sec. 3.3.7). 

3.3.5 Total Incident Photon Beam Flux Determination 

Several different techniques were used to determine the incident photon flux on 

target. In all cases, calibration measurements were first taken using a 120% efficiency 

HPGe detector located downstream of the target position at 0° with respect to the incident 

beam (hereafter referred to as the “0-degree detector”). The full intensity photon beam 

flux for the present experiments was on the order of ~107 photons/s, which is several 
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orders of magnitude too high for direct measurement with the HPGe detector (as such an 

incident flux would damage the detector pre-amplifier). A set of copper attenuators of 

differing thickness (located ~26 m upstream of the UTR target area) was used to reduce 

the beam flux such that the total detector counting rate was no more than a few kHz. 

Reducing the flux to this level minimized detector dead time and pileup while still 

providing an acceptable counting rate relative to the rate from natural background 

radioactivity. The 0-degree detector background-subtracted counting rate (beam-induced 

counts divided by the detector live time) was corrected for the detector’s intrinsic 

efficiency to obtain the incident beam flux. A polyvinyltoluene plastic scintillation paddle 

(or set of paddles) was placed directly after the beam shaping collimator and before the 

target setup area (see Sec. 4.1 and Fig. 4.3) to serve as a relative flux monitor. The 

incident photon beam flux measured by the 0-degree detector was used in combination 

with the counting rate from the paddle system to determine the paddle efficiency, thus 

allowing the paddle system to be used to measure the unattenuated photon beam flux 

during target runs. 

In cases where a single paddle was used (e.g., during the 240Pu NRF measurements), 

two different approaches were considered for determining the paddle efficiency. In the 

first approach, the incident beam flux measured by the 0-degree detector during the 

paddle calibration run (corrected for efficiency) was divided by the background-

subtracted paddle counting rate during the same run; this ratio was called the “paddle 

factor” and gives the number of incident photons per paddle count (i.e., the inverse of the 
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paddle efficiency). The incident photon flux on target during production runs was then 

determined by multiplying the paddle factor by the paddle rate. Beam attenuation due to 

the single paddle (which was ~1 mm thick) was negligible so that the photon flux 

incident on the paddle system at the target position and at the 0-degree detector position 

were approximately the same. This approach to calibrating the paddle, however, has 

significant disadvantages. Since the single paddle is thin and has low density (~0.1032 

g/cm2), the average energy deposition by photons that interact is small, necessitating a 

low electronic discriminator threshold setting to register a “count.” At the same time, 

lower thresholds result in higher background counting rates, so a balance must be struck 

to achieve a reasonable sensitivity to beam-induced events, while minimizing triggering 

due to electronic noise. The amount of upstream attenuation necessary to achieve 

reasonably low incident flux for the 0-degree detector also causes a correspondingly low 

counting rate in the paddle system. In this case, the background counting rate for the 

single paddle is on the same order (often higher) than the beam-induced counting rate, 

adding substantial uncertainty to determination of the latter. By the same token, slight 

fluctuations in the discriminator threshold can also have a disproportionately large effect 

on counting rates. Both of these factors together complicate the determination of the 

paddle efficiency by this method substantially. 

 Another method for determining the single paddle efficiency was later devised which 

eliminated the need to subtract the paddle background rate from the total rate measured 

during the calibration run. For this approach, the attenuated photon beam flux incident on 
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the 0-degree detector during the calibration run was determined as before. The full flux in 

the absence of attenuation was then calculated by correcting the measured flux for the 

attenuation of the upstream copper attenuators using the mass attenuation coefficients for 

copper from the NIST XCOM database [Ber10]. The conditions for use of these 

coefficients hold since the attenuators are made of high-purity copper, are located far 

upstream of the 0-degree detector (~29.2 m from the end of the last attenuator), and 

scatter is further minimized by the secondary collimation in the collimator hut directly 

adjacent to the target room (see Sec. 4.2 and Fig. 4.3). Thus, the 0-degree detector 

measurement can be considered to be in narrow-beam geometry. Simulations of the 

attenuator system were also conducted in MCNP6 and found to be in agreement with the 

analytical calculations. The calculated full flux determined from the run with attenuators 

in place was compared to the unattenuated paddle counting rate in a separate run taken as 

near in time to the calibration run as possible. Under the assumption that the photon beam 

flux did not change appreciably in the time between the two runs, the paddle factor could 

then be determined as before by dividing the calculated full flux from the calibration run 

by the paddle counting rate in the absence of attenuation in an adjacent (prior or 

subsequent) run. The background counting rate of the paddle is generally negligible 

compared to the counting rate under full flux conditions. The assumption of constant 

photon flux between the two runs is generally valid assuming that the measurements are 

taken close together in time, and the electron beam energy, beam current, and cavity 

optical power are constant during the calibration runs (see Sec. 4.1). This second paddle 
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calibration method was that ultimately used to obtain the incident photon flux for the 

final 240Pu data analysis. While uncertainties are reduced in this second method over the 

first, there is still a critical dependence on the relative stability of the discriminator 

threshold. In particular, it is vital that the effective threshold between the calibration and 

production runs is stable in order for the calculated incident photon flux during the target 

runs to be accurate. 

During the medical NRF experiment a different multi-paddle system (called the “5-

paddle” system) was used. This system is comprised of five ~2.1 mm thick BC-400 

plastic scintillation paddles with a ~2.3 mm thick aluminum radiator placed between 

paddle 1 and paddle 2 (see Fig. 3.2). This system was designed by Rob Pywell and 

Octavian Mavrichi from the University of Saskatchewan for use in experiments at the 

 

 

Figure 3.2: Diagram of 5-paddle system setup [Pyw09]. 



 

 

79 

HIS requiring high accuracy absolute photon flux measurements at incident beam 

energies of > 5 MeV [Pyw09, Mav10]. In this case, incident photons mainly induce 

Compton and pair production reactions in the aluminum radiator which produce electrons 

and positrons that are subsequently “identified by a triple coincidence between the 

outputs of paddles 2, 3 and 4. An anti-coincidence with a veto paddle (paddle 1) is 

employed to remove charged particles generated upstream of the radiator” [Pyw09]. The 

first paddle (paddle 0) aids in determination of the absolute gain (and hence threshold) of 

subsequent paddles, which is necessary to know when modeling the paddle system by 

Monte-Carlo simulation to predict its efficiency.  

The 5-paddle system can only be used effectively with mean beam energies above 5 

MeV, since, for lower energies, the recoil electrons/positrons have too low energy to 

produce a suitable coincidence rate for thresholds set above the electronic noise level. A 

notable advantage of the 5-paddle system over a single paddle is a much lower 

dependence on the threshold of the individual paddles, and hence the system’s general 

robustness against small fluctuations in the threshold level. However, unlike in the case 

of a single paddle, the 5-paddle system attenuates the incident photon beam substantially. 

This attenuation was between 3.6-4.1% for the incident beam energies used during the 

medical NRF experiment. Thus, the incident photon flux seen by the 0-degree detector is 

lower than the flux seen by the paddle system, but still nearly equal to the flux incident 

on target (minus the small attenuation due to air between the target and detector). Since 

the photon flux on target is generally the quantity of interest in NRF experiments, the 
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attenuation of the paddle system generally does not need to be corrected for when 

comparing counting rates between the paddle and 0-degree detector so long as the paddle 

system is placed upstream of both the target and detector.6 To determine the effective 

efficiency of the 5-paddle system, three separate measurements were taken with different 

upstream copper attenuators inserted so as to give three different incident fluxes. The 

efficiency-corrected, background-subtracted 0-degree detector rate (y-axis) is then plotted 

against the background-subtracted paddle counting rate (x-axis) for each incident flux 

and the points fitted to a line. The slope of this line is the paddle factor discussed 

previously, which was then multiplied by the paddle counting rate during NRF 

measurements to get the unattenuated photon flux incident on target as in the single 

paddle case.  

3.3.6 Effective Photon Beam Flux for Inducing NRF 

Nuclear states can only be excited by photons with energies within the resonant width 

of the states. Thus, the effective incident flux for inducing NRF is only a small fraction of 

the total flux. The distribution of the beam flux from Compton sources is non-uniform 

and has a generally Gaussian shape with an enhanced low-energy tail that increases with 

increasing mean beam energy. The energy profile of the incident photon beam (i.e., the 

flux as a function of energy) must therefore be known in order to determine the effective 

incident number of photons in the near vicinity of NRF excitations, N(Ex). The beam 

                                                 

6 If the paddle system were downstream of the target, an attenuation correction would need to be made to detector rates 
to determine the number of photons incident on target since, in that case, the flux incident on target would be equal to 
that incident on the paddle system.   
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profile was determined using the 0-degree detector energy spectra that were taken during 

the paddle calibration measurements. The 0-degree spectra in all experiments were 

acquired using a Canberra Industries Multiport II MCA (16382 channel ADC) to obtain 

the best possible energy resolution. The measured spectra were corrected for the 

detector’s Compton response using a deconvolution program originally developed by 

former TUNL researcher Gencho Rusev (presently at LANL). The routine uses 

simulations of the detector constructed in GEANT3 (see Fig. 3.3). The deconvoluted 

spectra give the detector response for full-energy deposition events only. The 

deconvolution program typically gives high accuracy results for photon beam energies up 

to a few MeV with decreasing accuracy at higher energies.  

 

 

Figure 3.3: Raw and deconvoluted energy spectrum of the incident photon beam at 2.55 
MeV mean energy (0.75" collimator, May 2013) (not corrected for efficiency). 



 

 

82 

To obtain the shape of the incident photon beam from the deconvoluted spectrum, the 

distribution was corrected for the full-energy peak efficiency of the detector as a function 

of energy on a bin-by-bin basis. This efficiency was determined by simulations 

constructed in GEANT4 [Ago03] for the 240Pu measurements, and by the MCNP6 

simulation for the 0-degree detector detailed in Sec. 3.3.4 for the breast-cancer 

diagnostics NRF experiment.7 During the 240Pu measurements, the efficiency-corrected 

counting rate of the 0-degree detector (used to determine the paddle efficiency as detailed 

previously), was determined by integration of the efficiency-corrected, deconvoluted 

beam distribution and subsequent division by the live time of the measurement. For the 

breast-cancer diagnostics experiment, the deconvolution obtained with Dr. Rusev’s code 

was poor due to a combination of use of higher beam energies than the code was 

nominally suited for as well as substantially worse than normal low-energy tailing of the 

beam energy distribution stemming from misalignment of the upstream collimator. In this 

case, the energy distribution of the incident photon beam at 7.1 and 10.3 MeV had to be 

reconstructed through an iterative process. The deconvoluted energy spectra were taken 

as the first iteration and the low energy tailing of the beam distributions were 

subsequently manually adjusted and input into the benchmarked MCNP6 simulation of the 

0-degree detector until a good match was obtained between the measured and simulated 

spectra. The “best-match” distribution was then considered to represent the shape of the 

                                                 

7 The GEANT4 simulation was based on the benchmarked MCNP6 simulation of the 0-degree detector, so the detector 
construction for both simulations was the same, and simulated results were comparable.   
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incident beam as closely as could be determined. The efficiency-corrected detector counts 

for the purposes of the paddle calibrations were taken to be the total response of the 

detector to the incident beam (including the Compton continuum) integrated from the 

high energy tail of the primary photon beam down to an arbitrary low threshold (in this 

case, 2.000 MeV) divided by the total efficiency of the detector over this same interval as 

determined from the simulation results (79.2% for 7.1 MeV and 82.1% for 10.3 MeV). 

The counting rate for each measurement was then considered to be the total counts 

determined from the preceding calculation divided by the live time of the measurement. 

Once the total beam flux and profile were determined, the number of photons of the NRF 

excitation energy incident on the target per unit energy (e.g., photons/eV), N(Ex), was 

calculated as: 

                                                   realxx tEfEN  )()(  ,                                        (3.21) 

where  is the beam flux incident on target (e.g., photons/s), )( xEf is the fraction of the 

total incident beam in a ±0.5 eV width bin centered at the excitation energy (e.g., eV-1), 

and treal is the measured real time interval of the measurement. 

3.3.7 Incident Photon Beam Attenuation   

As thick targets were used in the present experiments and the target material was 

often further encased in attenuating media, some incident photons were absorbed or 

down-scattered in energy before having a chance to produce NRF interactions in the 

target, thereby reducing the effective incident flux on target. The attenuation of photons 
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in matter in narrow beam geometry (neglecting buildup and bremsstrahlung from 

secondary electrons) is given by: 

                                         )exp(exp 00 tItII 







 




,                               (3.22) 

where I0 is the incident photon flux, I is the transmitted flux, 



is the mass attenuation 

coefficient,  is the density of the material,  is the linear attenuation coefficient 

( 

  ), and t is the thickness (or effective thickness) of the attenuating material. The 

mass attenuation and linear attenuation coefficients are mean values in the case of a 

polyenergetic beam. Tables of the mass attenuation coefficient as a function of energy for 

pure elements and arbitrary mixtures/compounds can be obtained from NIST XCOM 

[Ber10]. The correction factor for attenuation of incident photons of NRF resonant 

energy,(Ex), was calculated as the product of two separate components. The first 

component was the transmission through attenuating materials between the point where 

the beam enters the target assembly and the surface of the target material. In this case the 

thickness, t, in Eq. 3.22 was taken to be the full thickness of the attenuating medium (e.g., 

container wall thickness or PRESAGE® material thickness between the entering beam 

and the enclosed target). The second component compensated for effective attenuation in 

the target material itself. For this component, the effective target thickness for attenuation 

was taken to be the average mean interaction depth for resonant photons leading to 
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population of excited states observed for the given photon beam energy. The mean 

interaction depth is given by: 
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where  is the linear attenuation coefficient for the target material at the resonant energy 

and t is the effective thickness of the material [Cam95]. The effective thickness can also 

be considered as the mean path length through the material in the absence of attenuation; 

this thickness is equal to the linear thickness (i.e., the standard thickness) for a beam 

passing through a slab or through a cylindrical target perpendicular to the flat face. In 

instances where the target is spherical (as was considered to be the case for the 240Pu 

target for purposes of attenuation and simulated efficiencies), the mean path length is 

equal to (4/3)r, where r is the radius of the sphere.8 The average value of z for different 

NRF resonances observed with a common incident photon beam energy varied only on 

the level of ~0.01 mm and thus was negligible compared to the extent of the targets. 

Combining the two components of attenuation, the transmission correction factor, i(Ex), 

can then be expressed as: 

                                         )exp()exp()( ztE tii
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   ,                              (3.24) 

                                                 

8 The average chord length through a convex body can be given generically by Rav = 4V/S, where V is the volume and 
S is the surface area of the solid [Dir43, Sjö03]. This equation assumes that particles are entering the solid from all 
angles and may not hold in cases where the particles enter with a common orientation (such as a parallel beam source) 
or are only passing through a limited section of the target. In this case, Monte Carlo simulations of the path length are 
recommended. However, for a parallel beam passing through a sphere (for a beam of radius at least as great as the 
sphere), the equation given still holds. 
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where i and ti are the linear attenuation coefficients at the resonant energy and thickness, 

respectively, for attenuating media between the surface of the target holder and the target; 

t is the linear attenuation coefficient for the target at the resonant energy; and z is the 

average value of the mean interaction depth of resonant photons in the target. 

3.3.8 Target Areal Density 

Finally, the areal density of a target isotope can be calculated as: 
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where m is the total mass of the target, NA is Avogadro’s number, A is the cross-sectional 

area of the target (e.g., 2
rA  , where r is the target radius for cylindrical/disk targets), 

Mm is the molar mass of the target element or compound,  is the target mass density, t is 

the target thickness, m is the element mass fraction (for mixed targets), a is the number 

of atoms of the target element per molecule (for compounds), and i is the isotopic 

abundance for the isotope of interest (e.g., 1 for monoisotopic elements). It may be easier 

to calculate the areal density using one equation or the other depending on the form, 

shape, and/or containment of the target material.  

 For the 240Pu experiment, which used a non-uniform target, the average areal density 

was determined by a separate method, utilizing planar imaging of the target with a CCD 

camera. Since the beam width was larger than the target, only a finite number of pixels in 

the transmission image contained target material (240Pu). In this case the average areal  
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density of the target can be written as: 
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where Apix is the area of a pixel, Npix is the number of pixels determined to contain target 

material, and all other terms are as defined previously. See Sec. 4.3.2 for further 

discussion of this topic. 

3.4 Level Width and Branching Ratio Determination 

 Once the partial cross section for a particular decay channel has been determined 

through experimentally measured parameters using Eq. 3.16 (whose value is equal to the 

result of Eq. 2.33), the ground-state level width can be determined via use of Eq. 2.34 and 

subsequent partial widths can be computed using Eq. 2.36. Equations 2.34 and 2.36 in 

turn require knowledge of the transition branching ratios, bi = i/. The branching ratio 

for a given transition is proportional to the measured counts in the corresponding gamma-

ray full-energy peak, Ni (E), the internal conversion coefficient, i, the detection 

efficiency including self-attenuation effects, )()(   EE ii  , and the angular distribution 

of the emitted gamma rays, ),( W . In terms of the measured and calculated parameters, 

the branching ratio for a given de-excitation, bi, can be expressed as: 
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where all terms are defined as in Eq. 3.16.  

In the simple case of observed de-excitations from an excited state level to only the 

ground and 1st excited states of a nucleus, then the ground state branching ratio is given 

by: 

                                            

),(

),(

1

1
1

1

1

0

11

00

0

1

0

1
0










W

W

N

N
b





 ,                                   (3.28) 

where the subscripts “0” and “1” represent the ground and 1st excited state decay paths, 

respectively. It then follows in this case that b1 = 1 – b0.  

3.5 Rexp Value Determination 

As discussed in Sec. 2.6, for deformed nuclei, once the partial cross sections or partial 

level widths for de-excitation to two different states within the same rotational family are 

known, the ratio of reduced transition probabilities can be calculated using Eq. 2.56. 

However, since the partial cross sections and level widths are directly proportional to the 

efficiency and angular-distribution corrected detector counts, this ratio can be calculated 

directly from experimentally measured parameters by the following relation: 
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where L is the type and multipole order of the emitted photon (e.g., E1, M1, E2, etc.), Ji 

is the spin of the initial excited state, Jf, and Jg are the respective spins of two lower lying 

states that are members of the same rotational family, and all other variables are as 
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previously defined in this chapter with subscripts indicating the transition to which they 

relate. For the previously cited example in Chapter 2 of decay from a dipole excited state 

to either the ground or first excited state in an even-even nucleus,  1
xi JJ , 

 21


JJ f
, and  00


JJ g

.  

3.6 Minimal Detection Limits and Statistical Significance 

The minimal detection limit (MDL), which gives the minimum measured photopeak 

counts for making the determination that a transition has been observed, was calculated 

for all transitions. The MDL is most often determined according to the “Curie equation” 

as given by:  

                                          22 222   zzzLMDL Bc  ,                               (3.30) 

where B is the standard deviation of the background counts in the photopeak integration 

region, z = 1.690 is the critical value of z on the standard normal curve (one-sided 

confidence interval) that provides a detection limit of 2  (95.45%), and
Bc zL   2  

is the critical level for ensuring a maximum false positive probability determined by z 

[Cur68, Kno00]. For z = 1.645 (the value for the standard 95% confidence interval), Lc 

will be the minimum number of counts to ensure a false-positive probability of no more 

than 5%, with a corresponding MDL that ensures a false-negative probability of no larger 

than 5% [Kno00]. Different values of z may be used if lesser or greater certainty is 

desired in peak determination. Photopeak yields were calculated in terms of number of 

standard deviations, n, above the MDL and these values tabulated to give a qualitative 
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measure of the degree of certainty of the presence of measured peaks (e.g., n = 1 implies 

3  when the detection limit is 2). As a general rule of thumb, even in the presence of 

variable background, n > 3 indicates high confidence in the presence of a photopeak 

corresponding to a gamma-ray transition. The p-value (statistical significance) for 

observed photopeaks can then by calculated in terms of n with 
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where erf is the error function given by: 
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[Dem07]. By convention, p-values less than 0.05 are considered indicative of strong 

evidence (albeit qualitative in nature) in favor of rejection of the null hypothesis that 

measured counts above the detection limit are coincidental. 
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4 HIS Facility Overview and 
240

Pu Experiment 

4.1 HIS Facility 

The High Intensity Gamma Ray Source (HIS) operated by TUNL, is capable of 

generating beams of nearly mono-energetic photons with mean energies of 1–100 MeV 

through Compton backscattering of photons inside the optical cavity of a free-electron 

laser (FEL) off of relativistic electrons circulating in a storage ring (107.46 m length). 

The FEL photons inside the optical cavity are generated with identical time structure to 

the electron bunches. The maximum electron current capacity of the storage ring is ~120 

mA with operating currents of 40–100 mA being typical. A schematic diagram of the 

HIS is shown in Fig. 4.1. Presently (2018), a maximum total photon beam flux of ~3 x 

1010 photons/s (4geometry) can be achieved for a 10 MeV mean energy photon beam. 

The collimated beam flux is typically in the range of 106–108 photons/s on target (with 

beam energy spread, E/E, of 2–5% FWHM) and depends on the diameter of the 

collimator, electron energy and current, and the laser photon energy and optical power. 

The photon beam is pulsed, with a repetition rate of 5.58 MHz (i.e., ~180 ns between 

pulses) and bunch width of 100 ps (FWHM). This structure is a function of the time 

width of the electron beam bunch circulating in the storage ring, the circumference of the 

storage ring, and the number of electron bunches in the ring (two in standard operation). 

To produce photon beams, an electron beam pulse is first injected by a 160 MeV 

linear accelerator (linac) into a booster synchrotron (31.9 m circumference) that ramps 
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the electrons to kinetic energies up to 1.2 GeV (tunable). At the end of the ramping 

period, the beam in the synchrotron is fed into the storage ring one “bunch” at time. The 

synchrotron can inject up to 19 beam bunches into the storage ring each fill cycle, while 

the storage ring can hold up to 64 beam bunches. For current photon beam production at 

the HIS, the accelerator is operated in a two-bunch mode (i.e., with only two electron 

beam bunches circulating in the storage ring at any given time). As an electron bunch 

travels through the storage ring, it passes through undulating magnets called “wigglers” 

that cause the electrons to oscillate spatially in such a way so as to produce coherent 

linearly or circularly polarized photons depending on the set of magnets used. The OK-4 

system at HIS is used to produce linearly polarized photons, while the OK-5 system is 

used to produce circularly polarized photons [Wel09]. The wavelength of the optical 

photons produced ranges from ~190–1060 nm depending on the energy of the electrons 

in the ring and the strength of the magnetic field of the wigglers. The emitted photons are 

subsequently trapped in an optical cavity defined by a set of high reflectivity mirrors that 

are separated by half the circumference of the storage ring. The length of the optical 

cavity is such that when an electron bunch travels completely around the storage ring, the 

light pulse generated during its previous trip through the wigglers will overlap with the 

electron bunch stimulating it to radiate coherently with the previously emitted light, thus 

creating a free-electron laser. To produce high-energy photons (> 1 MeV) by Compton 

backscattering, a second electron bunch is injected into the storage ring separated from 

the first bunch by half the circumference of the ring. With this configuration, each  
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Figure 4.1: Schematic diagram of the High Intensity Gamma-Ray Source (HIS) 
[Wel09]. 

 
electron bunch collides head-on with the FEL photons generated by the previous bunch. 

The collision point is a field-free region between the undulating magnets. The FEL 

photons gain substantial energy (1–100 MeV) in the collision with the relativistic 

electrons.  

In the simple case of a collision between monoenergetic electron and photon beams 

(and neglecting the electron beam emittance), the energy of the backscattered photons, 

E, at a distance d from the collision point along the beam axis and a distance r from the 

beam center perpendicular to the photon beam axis is given by: 
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where Eph is the FEL photon energy, Ee is the electron energy, and  is the ratio of the 

electron velocity to the speed of light. The photon beam axis coincides with the electron 

beam axis at the collision point. However, due to the non-zero energy spread/emittance of 

the actual electron beam, at any value of r, E will be spread over a range of values, with 

the highest-energy photons concentrated at small backscattering angles and lower-energy 

photons concentrated at larger scattering angles. The electron beam has an approximately 

Gaussian energy distribution with 1-3% root mean square (RMS) energy spread (E/E). 

The energy spread of the resultant photon beam is restricted by secondary collimation in 

a collimator hut ~52 m downstream of the electron and FEL-photon collision point. 

Typically, two copper collimators (each 11.46 cm thick) with circular apertures 

(dimensions determined by the need of the experiment) are used for initial collimation of 

the incident photon beam, followed by a secondary shaping collimator made of lead or 

aluminum centered ~52.96 m from the collision point, which determines the final 

dimensions of the beam on target. Two main target rooms are used for photon beam 

experiments at the HIS, the Upstream Target Room (UTR), which is adjacent to and 

downstream from the collimator hut, and the Gamma Vault (GV), which is adjacent to 

and downstream from the UTR. All experiments for the present dissertation research 

were conducted in the UTR. 
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4.2 240Pu Experimental Setup 

4.2.1 Photon Beam and Collimation Parameters 

Nuclear resonance fluorescence experiments on 240Pu at the HIS at TUNL were 

conducted using 100% linearly polarized photon beams (produced using the OK-4) at 

eleven mean energies ranging from 1.95 to 2.95 MeV (100 keV steps). A lead shaping 

collimator with a 0.75" (1.9 cm) circular aperture was used to restrict the cross-sectional 

area and energy spread of the photon beam. With this collimator, the photon beam 

diameter at the target position (55.67 m from the collision point) was ~2.0 cm and the 

beam energy spread (E/E) was ~4% (FWHM) (see Fig. 4.2). Several lead shielding 

walls (~16" thick each) were constructed downstream of the shaping collimator in both 

the collimator hut and target room to minimize small angle scatter incident on detectors 

from the collimator as well as scattered photons from further upstream. A diagram of the 

experiment setup is shown in Fig. 4.3. The total photon beam flux on the 240Pu target 

using this collimator varied between 1.2–4.3 x 107 photons/s, and the accumulated 

spectra corresponded to ~38.5 hours of beam time. 

4.2.2 240Pu Target Characterization 

The 240Pu target used in the experiment was in the form of a plutonium oxide powder 

( = 4.25(18) g/cm3) which was isotopically enriched to greater than 99% in 240Pu. This 

target was obtained on loan from Lawrence Berkley National Laboratory and was the 

same target as used in the previous bremsstrahlung study by Quiter et al. [Qui12]. The 

masses of the constitute components of the target material are given in Table 4.1. 
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Figure 4.2: Simulation of the energy distribution of the HIS beam with electron energy 
of 382(8) MeV and FEL wavelength of 1063 nm. The beam profile is given at the center 
of the 0.75" collimator [Sun11]. 

 

 

Figure 4.3: Diagram of the experimental setup area where the 240Pu NRF experiments 
were conducted (not to scale).  



 

 

97 

Table 4.1: Plutonium oxide target isotopic composition [Qui12]. 

m(240Pu) 
(g) 

m(239Pu) 
(10-2 g) 

m(241Pu) 
(10-2 g) 

m(241Am) 
(10-2 g) 

m(237U) 
(10-10 g) 

m(16O) 
(10-1 g) 

m(low-Z) 
(10-1 g) 

Total 
(g) 

4.65(8) 2.3(7) 1.22(11) 2.50(8) 3.73(19) 6.33(12) 8.5(15) 6.19(17) 

 

Spectroscopic analysis of the gamma-ray spectrum generated by the target revealed that 

the principle component of the low-Z contaminate material identified by Quiter was 

likely fluorine. Prompt gamma-ray lines corresponding to alpha-induced reactions on 19F 

were observed, stemming from the high intrinsic alpha activity of the target isotopes 

(1.188 alpha Curies); most of this activity comes from 240Pu (1.060 Ci) and 241Am (0.086 

Ci), both of which decay purely through alpha emission. The mean energy of alphas 

emitted by 240Pu (5.156 MeV), 241Am (5.487 MeV), and their daughter isotopes is high, 

allowing for (,'), (,n), and (,p) reactions on 19F and other low-Z contaminates. 

Discrete gamma-ray lines were observed at 1235.8 keV from 19F(,')19F, 890.87, 

1528.1, 1400.4, and 1554.4 keV from 19F(,n)22Na, and 2082.6 and 3181.4 keV from 

19F(,p)22Ne. As the 19F(,n) reaction creates 22Na (1/2 = 2.6018 y) and the oxide target 

material was produced several decades ago (exact age unknown), activity of this isotope 

in the target is maintained at saturation levels (i.e., secular equilibrium) due to the much 

longer half-life of the 240Pu main target component. A prominent 1274.547 keV decay 

gamma ray from 22Na dominated the target gamma-ray energy spectrum in the region > 1 

MeV. This gamma ray is also produced as a prompt emission by the 19F(,p)22Ne 

reaction (22Ne being the decay product of 22Na) with contamination from the nearby 
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1280.5 keV prompt gamma ray from the 22Na producing 19F(,n)22Na reaction itself, 

complicating determination of the exact 22Na activity. Gamma-ray lines were also 

observed indicative of possible contamination with sodium (1808.68 keV from 

23Na(,p)26Mg) and chlorine (2167.54 keV from 35Cl(,p)38Ar). Fluoride and chloride 

salts (e.g., NaCl) are common contaminates found in plutonium oxide samples [Nar09]. 

The natural background lines from 208Tl decay (e.g., 583.187 and 2614.511 keV) were 

enhanced since 208Tl is also one of the end products of the 240Pu decay chain.  Plots of the 

passive gamma-ray spectrum from the target in the range of 150–1350 keV and 1290–

2690 keV are shown in Figs. 4.4 and 4.5, respectively. The plots represent the sum of the 

spectra from four shielded HPGe detectors in a 90-135° configuration taken over a 

measurement time of ~9.36 hours in May 2013. Counting rates in the detectors varied 

between 481 Hz (90° average) and 967 Hz (135° average) with a 97 keV software 

threshold. 

The plutonium oxide powder was enclosed in 30 m thick Al foils and sealed in a 2.8 

cm diameter and ~1" length Al container with ~1 mm thick walls. Special care had to be 

taken in handling the target due to the substantial gamma-ray activity produced by decay 

of the actinides and their daughter products as well as neutron and gamma-ray activity 

produced by alpha induced reactions. The measured gamma-ray dose rate from the target 

was ~18 mrem/hr on contact (~0.4 mrem/hr at 30 cm), while the neutron activity was 2 

mrem/hr on contact (0.016 mrem/hr at 30 cm) [Ahm11]. The container walls were 

sufficiently thick to stop the alpha particles emitted by the target isotopes. The container  
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Figure 4.4: Passive low-energy gamma-ray spectrum from the 240Pu oxide target. 

 

Figure 4.5: Passive high-energy gamma-ray spectrum from the 240Pu oxide target. 
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was subsequently placed in an evacuated Lucite target pipe of 2" outer diameter and 1 

5/8" inner diameter for irradiation. Placing the target under vacuum aided in the 

minimization of air scattering from the incident photon beam. 

4.2.3 240Pu Experiment Geometry 

Measurements were taken in two separate experiments in the first half of 2013. 

During the first experiment in January 2013, dipole states in 240Pu were searched for 

using mean photon beam energies of 2.45, 2.65, 2.75, 2.85, and 2.95 MeV. The target 

was surrounded by four ORTEC HPGe detectors (three 60% and one 25% relative 

efficiency) at polar () and azimuthal () angles given by (, ) = (/2, ), (/2, ), (/2, 

/2), and (/2, -/2).1 This detector configuration was sufficient to distinguish between 

E1 and M1/E2 ground state de-excitations of populated dipole states in the target nucleus. 

The front faces (beryllium window) of the detectors positioned parallel to the photon 

polarization axis were a mean distance of 9.2 cm from the target center. The detectors 

perpendicular to the axis of polarization were positioned at a mean distance of 8.3 cm 

from the target center. Each detector was shielded with 6.2 mm of lead and 4.2 mm of 

copper covering the front face of the detectors. The detectors were also shielded with a 

2.3 cm thick lead annulus surrounding the detector casing to attenuate scatter of the 

incident photon beam off of the upstream collimator as well as to shield against multiple-

scatter of the beam off of materials and walls in the target room. Substantial detector face 

                                                 

1 Listed efficiencies are relative to the detection efficiency of a 3" x 3" NaI detector for 1332 keV gamma-rays from a 
60Co source positioned 25 cm from the front face of the detector. This efficiency is defined by convention as 1.2 x 10-3. 
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shielding was necessary to reduce the counting rate from annihilation photons, Compton 

scattering of the photon beam off the high-Z target, and the intrinsic gamma-ray activity 

of the target itself, and thereby minimize electronic dead time and pulse-pileup in the 

detectors. The attenuation coefficients of lead and copper increase sharply below 1 MeV, 

making these materials highly effective at attenuating low-energy photons below the 

region of interest for NRF (Fig. 4.6). Most of the intrinsic activity of the target was below 

this energy. However, adding sufficient shielding to eliminate the intrinsic target 

background entirely would also have resulted in an unacceptable loss in detection 

efficiency for NRF transitions from the 240Pu target. Given this consideration, the  

 
 

 

Figure 4.6: Total attenuation coefficient without coherent scattering for lead and copper. 
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shielding thickness chosen represented a compromise between maintenance of detection 

efficiency above 2 MeV and reduction of the counting rate from undesired lower-energy 

gamma rays incident on the detector. 

For the second experiment in May 2013, measurements were taken with four 60% 

efficient HPGe detectors in two separate configurations. The first set of measurements 

were taken at mean photon beam energies of 1.95, 2.05, 2.15, 2.25, 2.35, and 2.55 MeV 

using the same detector configuration as the first experiment in January 2013. In this 

configuration, the detectors were positioned at a mean distance of 9.3 cm from the center 

of the target. The front faces of the detectors were each shielded with 3.1 mm lead and 

4.2 mm copper, and the detector crystal casing was again surrounded by a lead annulus. 

For beam energies at which NRF transitions to the ground state were observed in 

detectors parallel to the axis of polarization, additional measurements were taken with 

detectors in a second configuration to distinguish between M1 and E2 transitions. In this 

case, detectors were positioned with (, ) = (/2, ), (/2, ), (3/4, ), and (3/4, ). 

The detectors at the first two listed angles were positioned with the detector faces at a 

mean distance of 19.5 cm from the target center. The second two detectors (135° 

backward angle) were positioned with the detector faces at a mean distance of 12.3 cm 

from the target center, the closest distance achievable given the geometric constraints of 

the detector shielding and target pipe. This configuration provided the maximum 

counting asymmetry between the two sets of detectors for distinguishing M1 from E2 
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transitions, since W(,) = Wp(135°,0°) = 0 for electric quadrupole transitions (see Eqs. 

2.21 and 2.22). 

4.3 240Pu Special Analysis Techniques 

Several special analysis techniques were used during the 240Pu measurements that are 

not routinely used in all NRF experiments. The gamma-ray activity of the radioactive 

target was substantial and some gamma-rays lines from the target and natural background 

(e.g., 2614.511 keV from the 240Pu decay chain and 208Tl natural background) were 

present in regions of interest for NRF. Time-of-flight (TOF) techniques were therefore 

utilized to remove detector counts not correlated with the photon beam pulse and improve 

the signal-to-noise ratio (SNR) for NRF transitions. The non-uniform distribution of the 

target material also required special attention be paid to the spatial-energy correlations 

intrinsic to the Compton-backscatter produced photon beam. 

4.3.1 Time-of-Flight Technique 

The NSCLDAQ/SpecTcl system used during the 240Pu NRF measurements was able 

to process pulse height and timing information from the HPGe detectors used for data 

acquisition. Taking advantage of the pulsed nature of the HIS photon beam, TOF cuts 

were applied to the data to distinguish between detector counts that were correlated in 

time with the prompt photon beam pulse and those uncorrelated in time (e.g., natural 

background radiation, room scatter, gamma-ray decay from activation, etc.) (see Fig. 

4.7). The beam-correlated counts (arising principally from Compton scattering, but also  
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Figure 4.7 : Time-of-flight spectrum (top) and pulse height spectrum (bottom) for a single 
HPGe detector. The spectra represent 5 hr 21 min of beam time on the 240Pu target with a 
mean photon beam energy of 2.55 MeV. Timing cuts for events correlated (prompt RF) 
and uncorrelated (accidental RF) with the incident photon beam pulse are shown. 

 
NRF events) are greater than the uncorrelated counts measured over a similar time 

interval, resulting in a clear peak in the TOF spectrum that can be gated on (i.e., the 

integral over the “prompt RF” shaded region in Fig. 4.7) to reduce uncorrelated counts 

substantially. Corresponding spectra can also be created containing only beam-

uncorrelated counts (i.e., “accidental RF”). The uncorrelated counts generally lack timing 

structure, and as such form a constant “background” which underlies the “prompt” counts 

of interest. Scaling a spectrum gated on the uncorrelated events to the same time interval 

as the prompt events and subtracting it from the latter can thus provide an additional 

increase in the SNR of photopeak counts of interest over gating on the beam-correlated 
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events alone.2 The resulting subtracted spectra also aids in minimization of the minimum 

detection limit (MDL) for identification of NRF transitions. 

4.3.2 Spatial-Energy Correlations 

The incident photon flux on target (including spatial-energy correlations – see Eq. 

4.1) and target areal density had to be treated with special concern during the 240Pu 

measurements as the oxide target was of irregular shape, non-uniform distribution and 

density, and had a cross-sectional area smaller than the photon beam diameter. Similar 

considerations apply to any non-uniform target from which a cross section must be 

derived or, alternately, spatially dependent isotopic composition data is desired. Planar 

imaging of the target was conducted during the May 2013 240Pu experiment using a 2.55 

MeV mean energy photon beam and a CCD camera with a resolution of 580x752 pixels 

(~0.088 mm/pixel with a resulting field of view (FOV) of ~5.1 x 6.6 cm) located 6024 cm 

from the collision point (~457 cm downstream from the target position). The raw imaging 

data was subsequently corrected for the spatial variance in the intensity of the incident 

photon beam. The intensity of the beam as a function of position was derived from an in-

house simulation code developed by former Duke graduate student Changchun Sun with 

results provided by Dr. Ying Wu of the Duke Free Electron Laser Lab (DFELL) [Sun11]. 

Using the known total 240Pu mass, the relative difference in the areal density (e.g., 

atoms/cm2) in different portions of the target was then determined on a pixel-by-pixel 

                                                 

2 It is generally desirable to produce beam-uncorrelated spectra from a longer-interval time gate than the beam-
correlated spectra covers in order to maximize counting statistics and achieve a better average of uncorrelated counts 
for the subsequent subtraction of the scaled spectra (see Fig. 4.7). 
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basis. This information was combined with the per-pixel flux of incident photons of the 

NRF excitation energy which was determined from the measured photon beam flux and 

energy distribution as well as simulations constructed in GEANT4 that took the spatial-

energy correlation of the photon beam into account (see Fig. 4.8). In this manner, a pixel-

by-pixel NRF cross section was then determined. The raw imaging data was cropped to 

include only the target area and the resolution was also reduced to 24x24 pixels (i.e., 

~0.088 cm per pixel) to shorten the running time required to obtain the needed statistics 

in the GEANT4 simulations. There was no loss of relevant information from this reduction 

affecting the published results to within the stated levels of precision. 

Analogous to Eq. 3.16, the integrated cross section for each measured transition can 

be rewritten considering Ni (E) (the number of emitted NRF gamma rays measured 

corresponding to de-excitation to the ith excited state), N(Ex) (the number of photons of 

 

 

Figure 4.8: Left: Raw CCD camera planar image of the plutonium target. Higher pixel 
values represent higher transmission. The aluminum container walls are clearly 
visualized on the periphery. Center: Simulation of the spatial intensity distribution of the 
incident photon beam (all energies) (relative intensity scale). The elliptical profile results 
from the use of linear polarization. Right: Example spatial intensity distribution (24x24 

pixels) for 2.433 keV ± 2.0 keV photons incident on the 240Pu target (from GEANT4).  
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the mean excitation energy incident on the target per unit energy), and Nt (the areal 

density of the target) on a pixel-by-pixel basis. In this case, the integrated cross section is 

given by:  
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where the ij superscripts represent the per-pixel values of the corresponding terms in Eq. 

3.16, with each “pixel” corresponding to separate slices through the target of varying 

thickness, each with a common cross-sectional area defined by the pixel area. 

Considering all counts originating from the target, Eq. 4.2 becomes: 
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 The spatial distribution of ij
N for each incident photon energy within the beam 

distribution (in steps of 1 keV) was first simulated in GEANT4 using Eq. 4.1. The mean 

electron energy, Ee, and energy spread,
eE , were deduced from the experimentally 

measured photon beam FWHM as determined from the deconvoluted 0-degree HPGe 

spectrum (see Sec. 3.3.6 and Fig. 3.3). The other relevant parameters (the optical photon 

energy, Eph, the distance from the collision point to target, d, and the radial distance from 

the beam center, r, with rmax being determined by the beam radius at the target position as 

set by the collimator) were obtained from directly measured and logged values. The 

simulated spatial distribution of photons for each observed 240Pu excitation energy was 
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then normalized by the experimentally determined total number of photons of the 

excitation energy incident on target, N(Ex), such that )( 
ij

x

ij
ENN  . 

To determine the corresponding values of ij

tN , the raw target image data in the 

reduced matrix was first corrected for the incident flux through different areas of the 

target using the simulated beam intensity distribution (as shown “center” in Fig. 4.8). The 

simulated intensity distribution was converted to a Cartesian matrix of the same 

dimensions as the 240Pu reduced target matrix in order to enable the scale. The correction 

to the raw pixel values was on the order of 5% or less for all but the outermost pixels in 

the image (which did not contain target material, regardless). As the aluminum container 

walls could be clearly visualized in the image distinct from the target material, the 

container pixels and pixels outside the container were zeroed out prior to subsequent 

analysis. The remaining pixels represented a combination of transmission though the end 

caps of the target container (which was uniform), the target material, and air. An average 

pixel value for “background” pixels was then determined. Pixels taken into account in the 

background average were a representative sampling of those visualized as being within 

the container walls, but clearly outside the target volume (see the bright yellow pixels in 

the “left” target image of Fig. 4.8). As the pixel values were proportional to the photon 

transmission through the target, a maximum pixel value for pixels determined to contain 

240Pu target material, Pmax(Pu), was then derived as follows: 

                                    ,1max )()()(  tPSDBGPPuP aveave                                   (4.4) 
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where Pave(BG) is the average value of “background” pixels, SD(Pave) is the standard 

deviation of the background pixel values, and t1-, is the critical value of the one-sided 

Student’s t-distribution for significance level of  and  degrees of freedom. For the 

present work,   = 0.05 was chosen (95% confidence interval) and   = 125 (the number 

of pixels used to obtain the average background value); given these values, t0.95,125 = 

1.657. The intensity-corrected, reduced target matrix values were then adjusted such that 

pixel values above Pmax(Pu) as well as previous “zeroed” pixels (container walls and 

outside area) were set to the average background value, Pave(BG). 

 A new matrix giving the relative values of ij

tN (akin to the relative values of ij
N  

derived from the GEANT4 simulations) was then constructed such that each pixel value 

was set equal to the natural log of the average background value, Pave(BG), divided by the 

pixel value from the previous matrix, Pij: 
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which results in background pixels again being set equal to 0 (since ln(1) = 0) and values 

greater than 0 being proportional to the target areal density in each pixel, with higher 

values indicating higher target density. The natural logarithm is used here to obtain the 

relative scale of the areal density per pixel since this is the inverse of the exponential 

function, recalling that each pixel count in the raw image ( ij

rawP ) is proportional to the 

transmission through the target with: 
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where N  is the number of incident beam photons, (E) is the CCD detection efficiency 

for incident photons, and i and ti are the linear attenuation coefficients and thicknesses, 

respectively, of intermediary attenuating materials (container walls, target material, and 

air), each taken on a pixel-by-pixel basis (see also Eqs. 3.22 and 3.24). The relative ij

tN  

values for each pixel were then normalized such that: 

                                                    pixt
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t NN
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N
N  ,                                           (4.7) 

where Npu is the total number of 240Pu atoms in the target (~1.167 x 1022), Apix is the area 

of a single pixel in the reduced 24x24 target image (~7.744 x 10-3 cm2), Nt is the average 

areal density of the target (8.1425 x 1021 240Pu atoms/cm2), and Npix is the number of 

pixels in the reduced target image determined to contain 240Pu (185 out of 576 in the 

reduced target image). The resultant ij
N and ij

tN matrices were multiplied element by 

element (Hadamard product) and the individual elements in the resultant matrix summed 

to get 
ij

ij

t

ij
NN in Eq. 4.3. The average areal density of the target (neglecting per pixel 

differences), Nt, is equal to the total number of 240Pu atoms divided by the effective cross-

sectional area of the target, pixpix NA  . Transition cross sections were calculated using 

both the product of Nt and N  as well as 
ij

ij

t

ij
NN for comparison purposes. The 

resulting cross sections were in good agreement with each other, in most cases differing 
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by only a few percent except for excitations far (relative to the energy resolution of the 

photon beam) from the beam’s centroid energy, in which case the spatial-energy 

correlation of the incident photons becomes significant. As a general rule, 


ij

ij

t

ij

t NNNN  for excitation energies greater than the photon beam mean energy, 

while 
ij

ij

t

ij

t NNNN  for excitation energies below the photon beam mean energy. 

Results given in Chapter 5 take the spatial-energy correlation of the photon beam and 

per-pixel differences in target areal density into account.
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5 
240

Pu Experiment Results 

The excitation energy, spin and parity, total cross section (summed over all gamma-

ray de-excitations), total width (), and magnetic strength for excitation for each excited 

state, along with the ratio of the reduced transition probabilities (Rexp) for each transition 

pair are given in Table 5.3. Likewise, the transition energy, partial integrated cross 

section, partial level width, magnetic de-excitation strength, and maximum peak yields in 

terms of the number of standard deviations, n, above the minimum detection limit (set as 

2 – see Sec. 3.6) for each individual measured transition are given in Table 5.4. The 

total cross section and total width were considered to be the sum of the partial cross 

sections and partial level widths, respectively, for de-excitation to the ground and first 

excited states in 240Pu. Since measurements were taken over two separate experiments 

and in several different detector configurations, many gamma-ray transitions were 

observed in multiple sets of detectors. The cross sections reported in this work represent 

the statistically weighted means of the measured cross sections derived from individual 

detector pairs in which a given transition was observed. All quantities derived from 

measured cross sections (such as level widths, transition probabilities, Rexp values, etc.) 

are in turn based on these mean values so that all reported data is internally consistent.  

Statistical uncertainties in the reported data include counting statistics and 

uncertainties associated with peak fitting only. A common systematic uncertainty applies 

to all measurements. The dominate sources of systematic uncertainty included 

uncertainties in the areal density of 240Pu in the target, the incident photon beam flux, the 



 

 

113 

correction factor for rate-induced pileup losses, and the HPGe detector efficiency. The 

magnitude of each component of the systematic uncertainty is given in Table 5.1. 

Uncertainties given in Tables 5.3 and 5.4 and Figs. 5.1–5.8 are statistical only, except 

were indicated. 

The angular distribution factors, ),( W , used to determine the reported integrated 

cross sections and related quantities are given in Table 5.2. The factors were first 

calculated for point detector geometry (Wp) using Eqs. 2.21 and 2.23 in Sec. 2.3.1 and 

then corrected for the finite solid angle acceptance of the detectors using Eq. 2.27 in Sec. 

2.3.2. The values reported are the average for each detector pair. The uncertainty in the 

W-factors was determined based on the effect on the calculated values from a ±0.5 mm 

difference in the detector crystal radius and a ±1 mm difference in the source-to-crystal 

distance. W-factors were calculated using a smaller radius and larger distance (minimum 

solid angle case) and also a larger radius and smaller distance (maximum solid angle 

case); the uncertainty in the reported values was then considered to be the average of the 

difference (absolute magnitude) between the nominal value and the minimum and 

maximum solid angles cases, respectively.  

 
Table 5.1: Sources of systematic uncertainty in the 240Pu measurements. 

Source of Uncertainty sys(%) 

240Pu Areal Density   5.8 

Incident Photon Flux   5.0 

Pileup Correction   5.0 

Detector Efficiency   2.0 

Total   9.4 
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Table 5.2: Angular distribution factors used in the analysis of the 240Pu results. 

Configuration (,) Wp   010
),( W

 

Wp   210
),( W

 /2 – /2 (/2, 0) & (/2, ) 1.5 1.4513(62) 1.05 1.0451(6) 

(Jan 2013) (/2, -/2) & (/2, /2) 0 0.1152(51) 0.9 0.9115(5) 

/2 – /2 (/2, 0) & (/2, ) 1.5 1.4501(85) 1.05 1.0450(9) 

(May 2013) (/2, -/2) & (/2, /2) 0 0.0986(73) 0.9 0.9099(7) 

/2 – 3/2 (/2, 0) & (/2, ) 1.5 1.4866(19) 1.05 1.0487(2) 

(May 2013) (3/4, 0) & (3/4, ) 1.5 1.4695(36) 1.05 1.0469(4) 

 
 

Table 5.3: Excitation energy, spin and parity, total integrated cross section, total width, 
magnetic excitation strength, and ratio of the reduced transition probability (Rexp) values 
for each observed excited state in 240Pu.  

   Ex (keV)  J int
totI (eV b)  (meV) ),1( EMB    Rexp 

2154.42(17)1 (1+)   32.5(24) 22.2(22)    0.339(36) 0.74(12) 

2263.16(16) 1+   58.9(36) 44.0(21)    0.585(31) 0.72(5) 

2464.12(11) 1+   50.6(32) 42.4(17)    0.462(19) 0.62(4) 

2443.73(25)2 1+   36.8(26) 27.1(11)    0.339(15) 0.44(4) 

2432.61(7) 1+   122(8) 97.5(22)    1.127(27) 0.59(2) 

2577.87(8) 1+   101(6) 92.9(29)    0.877(29) 0.63(3) 

2565.96(8) 1+   88.8(52) 86.9(29)    0.778(29) 0.75(4) 

2547.51(11) 1+   59.3(37) 54.2(22)    0.523(23) 0.66(4) 

2492.4(12)2,3 1+   56.9(26) 30.6(14)    0.513(24)  

2693.25(24)4 1+   35.9(25) 35.5(80)    0.300(56) 0.60(30) 

2668.50(30)2,4 1+   21.9(19) 21.4(28)    0.184(25) 0.61(14) 

2643.73(14) 1+   103(7) 92.1(24)    0.875(24) 0.50(2) 

2834.65(16)2 1+   70.9(45) 79.3(38)    0.563(28) 0.63(5) 

2815.25(30)2 1+   58.5(40) 64.1(44)    0.468(34) 0.62(7) 
 

1 No measurement was made with detectors at 135°. The transition was considered to be M1 in character 
for the purposes of determining the total cross section and level width. 
2 Excited state observed for the first time in the present work. 
3 No corresponding transition to the 1st excited state in 240Pu was observed. The transition was observed in 
horizontal and backward angle detectors, but not vertical detectors and was hence considered to be M1 in 
character. The total cross section and level width was determined assuming the branching ratio for the 
transition bi = b0 = 1. 
4 Possible multiplet analyzed as a single transition. 
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Table 5.4: Transition energy, partial integrated cross section, partial level width, 
magnetic de-excitation strength, and maximum observed standard deviations above the 
MDL for each observed transition in 240Pu.  

   E (keV)            int
iI (eV b) i (meV) ),1( EMB     n 

2154.41(17)1 19.2(16) 13.1(14)    0.113(12)           6.6(6) 

2112.01(21) 13.3(18) 9.1(18)    0.083(16)           2.8(4) 

2263.15(16) 35.0(15) 26.2(14)    0.195(10)           16.5(13) 

2220.70(25) 23.9(14) 17.9(16)    0.141(13)           6.6(8) 

2464.10(11) 31.8(10) 26.7(11)    0.154(6)           16.3(12) 

2421.06(24) 18.8(12) 15.7(13)    0.096(8)           6.5(7) 

2443.72(25)2 25.9(10) 19.1(8)    0.113(5)           13.9(11) 

2399.85(27)2 10.9(8) 8.0(7)    0.050(5)           4.3(6) 

2432.60(7) 78.3(16) 62.6(15)    0.376(9)           33.5(13) 

2389.84(14) 43.7(14) 34.9(16)    0.221(10)           16.8(12) 

2577.85(8) 62.7(17) 58.0(19)    0.292(10)           25.5(17) 

2535.00(18) 37.8(17) 34.9(21)    0.185(11)           12.3(11) 

2565.94(8) 51.8(16) 50.7(19)    0.259(10)           22.5(16) 

2523.13(27) 37.0(14) 36.2(22)    0.195(12)           12.0(11) 

2547.49(11) 36.5(13) 33.4(14)    0.174(8)           15.2(11) 

2504.36(11) 22.8(13) 20.8(16)    0.115(9)           7.1(11) 

2492.4(12)2,3 56.9(26) 30.6(14)    0.171(8)           6.2(7) 

2693.23(24)4 22.8(13) 22.6(42)    0.100(19)           10.4(8) 

2650.44(38)2 13.1(64) 12.9(68)    0.060(32)           1.5(8) 

2668.48(30)2,4 13.8(14) 13.5(18)    0.061(8)           6.6(8) 

2625.44(49)2 8.1(17) 7.9(21)    0.038(10)           1.8(4) 

2643.71(14) 69.6(17) 62.4(17)    0.292(8)           29.5(23) 

2600.56(13) 33.2(13) 29.8(16)    0.146(8)           11.6(10) 

2834.63(16)2 44.2(18) 49.4(25)    0.188(9)           15.2(11) 

2792.07(23)2 26.7(19) 29.8(29)    0.118(11)           5.8(7) 

2815.24(30)2 36.7(21) 40.2(29)    0.156(11)           9.7(9) 

2772.22(32)2 21.8(23) 23.9(34)    0.097(14)           2.5(4) 
 

1 No measurement was made with detectors at 135°. The transition was considered to be M1 in character 
for the purposes of determining the partial cross section and partial level width. 
2 Transition observed for the first time in the present work. 
3 No corresponding transition to the 1st excited state in 240Pu was observed. The transition was observed in 
horizontal and backward angle detectors, but not vertical detectors and was hence considered to be M1 in 
character. The level width in this case is the reduced ground-state width, which equals the level width when 
bi = b0 = 1. 
4 Possible multiplet analyzed as a single transition. 



 

 

116 

 

Figure 5.1: Ground and 1st excited state cross sections for observed transitions in 240Pu 
(present work).  

 

Figure 5.2: Ground-state decay cross sections for observed transitions in 240Pu compared 
to the previous measurements of Quiter et al. 
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Figure 5.3: 1st excited state decay cross sections for observed transitions in 240Pu 
compared to the previous measurements of Quiter et al.  

 

Figure 5.4: Total cross sections for observed transitions in 240Pu compared to the results 
of Quiter et al. Errors shown are statistical plus systematic errors (added in quadrature). 
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Figure 5.5: Measured Rexp values for observed transitions in 240Pu compared to the results 
of Quiter et al. Dashed lines indicate theoretical values for predicted M1 (0.5) and E1 
(2.0) transitions. Values between 0.5 and 2.0 are indicative of K mixing (see Sec. 2.6). 

 

Figure 5.6: Measured level widths for ground and 1st excited state transitions in 240Pu. 
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Figure 5.7: Magnetic excitation strengths for observed transitions in 240Pu. 

 

Figure 5.8: Magnetic de-excitation strengths for observed ground and 1st excited state 
transitions in 240Pu. 
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5.1 240Pu Results Discussion 

Most observed transitions took the form of pairs of gamma rays separated by ~42.8 

keV, representing de-excitations from the populated excited states to the ground and 1st 

excited states in 240Pu, respectively. Ground-state transitions were all confirmed to be M1 

in character, except where noted (see Table 5.3), indicating the excited states had spin 

and parity of 1+. This observation is in agreement with parity predictions based on the 

Rexp values determined from the measured branching ratios. The distribution of M1 

strength between 2–3 MeV observed in the present study was found to be similar to that 

reported by Hammond et al. in 238U [Ham12]. However, in contrast to observations in 

238U, there was a notable absence of detectable E1 strength in the 2–3 MeV region; an 

additional region of high M1 strength was also observed around 2.55 MeV in 240Pu. 

The observed transition at 2154.41 keV was tentatively set to M1, but could not be 

confirmed as such since measurements were not taken with detectors at 135° at 2.15 MeV 

beam energy. Evidence was observed, based on the widths of measured gamma-ray peaks 

(energy FWHM), of multiple, closely spaced states near 2668 and 2625 keV. The 

suspected multiplet was here analyzed as a single ground and 1st excited state transition 

pair since the counts in the smaller peaks individually were below the calculated 

minimum detection limit. There is also a potential multiplet near 2693 keV, but with less 

certainty in this case.  

The 240Pu ground-state transition reported by Quiter et al. at 2736.0(5) keV was not 

observed in the present study. However, a transition at 2693.23 keV was observed which 
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was very close in energy to the 2693.8(3) transition previously reported. In Quiter’s 

experiment, this transition was taken to be a de-excitation to the 1st excited state in 240Pu 

corresponding to the excited state reported at 2736.0 keV [Qui12]. However, while not 

observing the 2736 keV transition, we did find evidence of a transition at 2650.44 keV, 

42.8 keV below the transition mutually observed at 2693 keV. This result would indicate 

that the 2693 keV gamma-ray line represents a transition to the ground state in 240Pu. It 

should be noted that the 2736 keV gamma-ray line reported by Quiter is close in energy 

(within the HPGe detector resolution) to the 2734.7(8) keV ground state transition from 

decay of the 4th excited state of 27Al [Kin96]. The ground-state transition from the 3rd 

excited state of 27Al (2212.01 keV) was used by Quiter et al. for normalization of their 

reported cross section results [Qui12].  

A total of 27 discrete NRF transitions from 240Pu were observed for incident mean 

photon beam energies between 1.95 and 2.95 MeV. Of these transitions, 17 were repeat 

measurements of transitions previously reported by Quiter et al., while the remaining 10 

were observed for the first time in this study. All transitions reported in this work had 

corresponding p-values (see Sec. 3.6) below 0.05 except the 1st excited state transitions at 

2625.44 keV (p = 0.066) and 2650.44 keV (p = 0.130); 23 out of the 27 transitions had p 

< 0.001. The highest density of states as well as the highest excitation strength for a 

single transition was observed in the 2.4–2.7 MeV region. Given the strong possibility of 

additional dipole transitions existing in this region that were not fully resolved in the 

present study, further investigation is advised.
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6 Breast Cancer Diagnostics Experiment – Setup and 
Irradiation Conditions 

A proof-of-principle experiment was conducted at the HIS during May 2017 to test 

the potential for future use of the NRF process for breast cancer diagnostics based on 

detection of calcium and/or phosphorus content in breast calcifications. As discussed in 

the abstract of this work and Sec. 1.3.3, the two principle types of calcifications found in 

breast tissue are calcium oxalate dihydrate (CaC2O4·2H2O) and calcium phosphate, the 

latter principally in the form of hydroxylapatite (Ca5(PO4)3(OH)). Calcium oxalate 

lesions are frequently found in breast tissue (with causes including local injury and 

normal aging processes) and have been found to always be associated with benign (i.e., 

noncancerous) tissue; calcium phosphate lesions, alternately, are highly associated with 

malignancy [Win93]. While traditional mammography cannot be used to unambiguously 

identify the presence and concentration of specific elements, NRF is ideally suited for 

this task. Nuclear resonance fluorescence has thus been proposed as a secondary, non-

invasive screening procedure when suspicious lesions are detected from mammography, 

where biopsy would otherwise be indicated. 

Calcium phosphate lesions can be distinguished from calcium oxalate either by 

detection of the increased calcium content in calcium phosphate, or the presence of 

phosphorus (not present in calcium oxalate), as detailed in Sec. 1.4. The latter technique, 

while more straightforward, is complicated by the relatively high trace content of 

phosphorus in normal breast tissue (i.e., several mg/g) [Gar94]. The trace calcium content 
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of breast tissue is small by comparison (i.e., a few hundred g/g) [Raj06]. Both 

techniques offer potential for clinical use, however, as the use of newer highly segmented 

detectors could minimize the background signal from surrounding tissue substantially.  

The present experiment was divided into several parts. The first part involved 

measurement of the cross section of high-strength transitions in calcium and phosphorus 

targets. These measurements served to verify the excitation cross sections reported in 

nuclear-physics literature and improve on existing statistical and systematic errors. For 

the second part of the experiment, calcium oxalate and hydroxylapatite samples (i.e., 

mock lesions) were encased in PRESAGE® radiochromic plastic and the NRF technique 

was used to test the ability to distinguish the two materials, as well as the minimum 

thresholds for their detection. The PRESAGE® material modeled a tissue-equivalent 

medium while also enabling the determination of 3D dose information from irradiation. 

The exact experimental conditions, including details of the targets and detectors utilized, 

and irradiation conditions are detailed in Sec. 6.1–6.4. Special techniques used to analyze 

the breast cancer diagnostics NRF data are in turn given in Chapter 7. Final experimental 

results are reported in Chapters 8 and 9. 

6.1 Photon Beam Description and Collimation Parameters 

The breast cancer diagnostics test experiment at TUNL utilized a circularly polarized 

photon beam (produced using the OK-5), which is equivalent to an unpolarized photon 

source. A linearly polarized beam would have increased the NRF signal in the direction 

of detectors for transitions targeted in the present experiment and provided additional 
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nuclear structure information about target isotopes, but such a photon source would be 

unnecessary and cost-prohibitive for use in a clinical setting. Photon beam polarization 

also has a significant impact on the higher cross section scattering processes (e.g., 

Compton scattering – see Fig. 3.1). A circularly polarized photon source (which is 

equivalent to an unpolarized source) was therefore chosen to best approximate likely 

clinical conditions.  

Targets were irradiated at two separate peak beam energies, 7.14 MeV (Ee = 461 

MeV, Eph = 2.255 eV) and 10.36 MeV (Ee = 556 MeV, Eph = 2.264 eV). The total photon 

flux on target varied between 3.02–4.15 x 107 photons/s at 7.14 MeV and 6.09–6.49 x 107 

photons/s at 10.36 MeV (see Tables 9.3 and 9.4). The incident flux was determined using 

the 5-paddle system and associated techniques discussed in Sec. 3.3.5. The electron beam 

current in the FEL storage ring was 100 mA for all target runs (the present maximum 

sustainable current for production runs at the HIS). The photon flux achievable at 10.36 

MeV beam energy was roughly double that at 7.14 MeV due to the higher electron beam 

energy and optical power, both of which increase the efficiency for producing gamma 

rays. Photon flux variations for each given beam energy were due to variations in the 

optical power and general accelerator tuning.  

A 17.5" long aluminum shaping collimator with a 1.25 cm circular aperture was used 

to restrict the cross-sectional area and energy spread of the photon beam. The 

corresponding extent of the primary photon beam at the target position was ~1.31 cm. A 

smaller collimator was used in this experiment than in the 240Pu measurements in order to 
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decrease the energy spread of the beam and hence increase the fraction of NRF-inducing 

photons, which also concurrently decreases dose from non-resonant photons (given a 

constant incident flux) and increases the signal-to-dose achievable for detectors in a fixed 

geometry. However, decreasing collimator size also decreases the total flux (including 

photons capable of inducing NRF) achievable on target, requiring longer measurement 

times to achieve the same counting statistics in detectors. Hence, while a smaller 

collimator was available, a necessary compromise was made between the photon flux on 

target (in order to minimize beam hours) and the signal-to-dose ratio. Given the much 

higher mean beam energies involved compared to the 240Pu measurements, aluminum 

was used as opposed to lead for the collimator material to avoid the creation of 

photoneutrons, since the threshold for photoneutron production in lead is lower than the 

beam energies utilized. 

6.2 Irradiation Targets 

Four separate irradiation targets were constructed for use in the breast cancer 

diagnostics test experiment. For the first part of the experiment, calcium oxide and red 

phosphorus targets were used to measure the cross sections for the strongest reported 

NRF transitions in calcium and phosphorus, with the intent to verify and improve upon 

the existing nuclear data. For the diagnostics part of the experiment, calcium oxide and 

hydroxylapatite targets were constructed and encased in cylinders of PRESAGE® 

radiochromic plastic to simulate the environment of a lesion in human breast tissue. 
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Calcium oxide (50 g) and red phosphorus (100 g) were obtained from Beantown 

Chemical Corporation. The calcium oxide was 99.95% pure and in the form of a -20 

mesh (0.841 mm sieve) powder.1 The red phosphorus was 99.1% pure and in the form of 

a -100 mesh (0.149 mm sieve) amorphous powder. Calcium oxalate (5 g) and 

hydroxylapatite (5 g) were obtained from Sigma-Aldrich Corporation; the compounds 

were in the form of a mixture of course powder and crystalline chucks and were 

guaranteed 99.9% (oxalate) and 99.995% (hydroxylapatite) pure, respectively. All purity 

percentages reported are on a trace metal basis. The loose powdered form of the samples 

was undesirable for precision experimental measurements. Also, lesions of calcium 

oxalate or hydroxylapatite found in actual breast tissue are solid in form. To remedy this 

issue, compressed cylindrical targets were constructed out of all four materials. 

Two small target presses were machined out of aluminum to aid in constructing the 

calcium oxide, calcium oxalate, and hydroxylapatite targets. Each press consisted of a 

hollowed out cylinder with inner diameter equal to the desired target diameter situated on 

a detachable aluminum base. Plungers with diameter slightly less than the inner diameter 

of the cylinders were used to compress the loose powder placed within. Making solid 

targets from the loose powders required greater pressure than could be applied directly by 

hand. A commercial hydraulic press was utilized, allowing several thousand psi of 

pressure to be applied to the constructed aluminum presses. In this manner “solid” 
                                                 

1 The mesh scale is frequently used in industrial applications and can be readily converted to standard units. A “-” 
indicates that that most particles will pass through (i.e., are smaller than) a given sieve opening, while a “+” indicates 
the particles will be retained by (i.e., are larger than) the opening. The mesh number is the number of openings (holes) 
across 1" of sieve material. 
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cylinders of the three calcium compounds were produced that were able to withstand 

modest handling and were suitable for the needs of the experiment. For the red 

phosphorus target, the loose powder was placed in a plastic container (the standard vial 

used for “wipe tests” for radioactive contamination) of ~4.7 cm length and 2.68 cm 

diameter with ~0.9 mm thick walls. The powder was hand packed for safety since 

elemental phosphorus is combustible. Packing comparable to that of the highly 

compressed calcium targets was still achieved due to the very fine grain size of the 

phosphorus powder. A foam cap was placed inside the container to confine the 

phosphorus below the narrower diameter container lip, allowing a more accurate 

measurement to be made of the target volume (and hence density) based on the known 

mass of red phosphorus used. The mass, diameter, and length of the cylindrical targets 

produced are given in Table 6.1. The corresponding density, reference density, packing 

fraction,2 and areal density for each of the targets are given in Table 6.2. 

 
Table 6.1: Irradiation target mass and physical dimensions. 

      Target Mass (g) Diameter (cm) Length (cm) 

Calcium Oxide 8.979(90)      1.51(1)     2.72(2) 

Calcium Oxalate 4.348(43)      1.74(1)     1.67(1) 

Hydroxylapatite 4.693(47)      1.72(1)     1.30(1) 

Red Phosphorus 25.85(5)      2.50(1)     4.4(1) 

 

                                                 

2 While theoretical information about the packing fractions achievable for non-metallic powders is sparse, the observed 
packing fractions were all within the broad range of ~0.4–0.7 expected [Gua04].  
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Table 6.2: Irradiation target density, reference density, packing fraction, and areal 
density.  

      Target Density (g/cm3) Ref. (g/cm3) Packing Fraction  Atoms/cm2 (x 1022) 

Calcium Oxide    1.843(34)  3.34    0.552  5.220(87)     (40Ca) 

Calcium Oxalate    1.095(18)  2.12    0.516  0.8332(13)   (40Ca) 

Hydroxylapatite    1.554(27)  3.14–3.21    0.484–0.495   1.174(18)     (40Ca) 

     0.726(11)      (31P) 

Red Phosphorus    1.197(29)  2.2–2.34    0.511–0.544  10.24(8)        (31P) 

 

6.3 PRESAGE® Samples 

6.3.1 Overview 

Six solid PRESAGE® cylinders of 6 cm length and 6 cm diameter were requested 

from Dr. John Adamovics at Rider University in January 2017 for use in the breast cancer 

diagnostics experiment at the HIS. Dr. Adamovics has previously been the supplier of 

PRESAGE® samples for a variety of applications for irradiations conducted by Dr. Mark 

Oldham at Duke University Hospital. PRESAGE® is a translucent radiochromic plastic 

(polyurethane based) that contains a colorless triarylmethane leuco dye that oxidizes to an 

optically opaque form in response to ionizing radiation [Jua15]. The change in optical 

density induced is generally a linear function of dose imparted. Cylindrical samples were 

requested to optimize the geometry for optical scanning of the dosimeters and to simplify 

machining. The size of the samples was chosen to be comparable to the average thickness 

of compressed breast tissue as found in several studies [McC10, Yaf09, Mig16]. The 

cylinders were all created using specially constructed molds into which the liquid  
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Figure 6.1: Solid PRESAGE® cylinder. The slight curvature of the cylinder top and 
central dimple resulted from the mold used to create the samples. 

 
constituents of the PRESAGE® material were poured and solidified (see Fig. 6.1). Each 

cylinder had a slight dip of several millimeter depth and dimple on one of the bases from 

the mold (which side was subsequently considered the dosimeter “top” for the purposes 

of this work), while the opposite side (“bottom”) was flat. The received cylinders varied 

in length from 5.42–6.45 cm and 6.16–6.18 cm diameter.  The mean length was 5.77 cm 

with a standard deviation of 0.40 cm. The relatively high variance in the length of 

cylinders received was due to current insufficiencies in the manufacturing process that 
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makes length difficult to constrain precisely. The density of the PRESAGE® was found 

to be ~1.09 g/cm3. The elemental composition of the specific PRESAGE® formulation 

used is given in Table 6.3.  

 
Table 6.3: PRESAGE® element percent composition by weight and atom fraction 
[Ada17]. 

Fraction Hydrogen Carbon Nitrogen Oxygen Chlorine Bromine 

Weight 8.82 62.33 5.26 20.39 3.00 0.20 

Atom 55.815 33.109 2.391 8.129 0.540 0.016 

 

6.3.2 Zeff Characterization 

The effective atomic number, Zeff, which is a frequently cited quantity giving 

information about the radiological properties of compounds of dosimetric interest, was 

also calculated for the PRESAGE® material. The standard power law method was used 

for this calculation as well as the Auto-Zeff software package developed at the Royal 

Melbourne Institute of Technology (RMIT) that calculates values of Zeff taking into 

account the energy-dependent atomic cross section of the various material constitutes. 

The Zeff values for water and ICRU-44 breast tissue were also calculated for reference.  

The power law method gives a single value of Zeff derived with respect to a particular 

reference x-ray source and is frequently cited for historical reasons. Using this method, 

                                                       m

i

m

iieff ZfZ   )( ,                                               (6.1) 

where fi is the fraction of electrons contributed by the ith element within the material, Zi is 
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the atomic number of the ith element, and m (the power Zi is raised to) is an empirical 

constant derived from fits to the interaction cross section per atom of a reference set of 

elements under irradiation by a reference low-energy x-ray source. The value m = 2.94, 

derived by Mayneord in 1937, is the most frequently cited and was used in this work 

[May37]. The fraction of electrons contributed by the ith element in turn can be calculated 

as: 
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where
ia is the atom fraction of the ith element. The power law method has obvious 

deficiencies when information about the Zeff of a dosimeter is desired with respect to 

specific irradiation conditions, especially with MV x-ray sources or higher energy quasi-

monoenergetic photon beams such as those utilized at the HIS. The main barrier to more 

in-depth energy dependent determinations of Zeff has been the time-consuming nature of 

the calculation. The Auto-Zeff software was developed to remedy this problem. To 

calculate the effective atomic number of a mixed element compound, Auto-Zeff first 

calculates the atomic photon interaction cross section of the mixture as a function of 

energy: 
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where i)/(   is the mass attenuation coefficient of the ith element in the mixture,
im is 
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the mass fraction of ith element,
ir

A is the relative atomic mass of the ith element (in u), and 

NA is Avogadro’s number. The cross section obtained in this manner is then compared to 

a matrix of cross sections for pure elemental media spanning Z = 1–100 for photon 

energies from 10 keV–1 GeV and the Zeff is obtained at each energy through spline 

interpolation of adjacent cross section data [Tay12]. Using the power law method, the Zeff 

of the PRESAGE® formulation used in this experiment was found to be 6.409 compared 

to values of 6.927 and 7.417 for ICRU-44 breast tissue and water, respectively. Plots of 

Zeff as a function of energy obtained from Auto-Zeff are given in Fig. 6.2. For the mean 

photon beam energies utilized in the present experiment (see Sec. 7.1), comparing the 

 

Figure 6.2: Energy-dependent values of Zeff obtained from the Auto-Zeff software package 
for the PRESAGE® formulation used in the present experiment compared with water and 
ICRU-44 breast tissue. 
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energy-dependant Zeff values for PRESAGE® to that for water gives a difference of 2.4% 

at 7.014 MeV and 1.6% at 10.027 MeV. Comparing the PRESAGE® material to ICRU-

44 breast tissue gives a difference of 4.8% at 7.014 MeV and 4.5% at 10.027 MeV. The 

PRESAGE® material used thus served as a reasonable dosimetric proxy under the 

irradiation conditions specified for both water and breast tissue. 

6.3.3 Machining of PRESAGE® Dosimeters 

Friction, heat, and especially UV light can all trigger changes in optical density (OD) 

in the PRESAGE® material uncorrelated to the imparted dose from x-rays and gamma 

rays, diminishing its sensitivity. In consideration of this issue, the PRESAGE® cylinders 

were kept refrigerated in opaque black plastic bags when not in use. Three of the six 

PRESAGE® cylinders obtained (the ones having the most consistent lengths – labeled 

#4, #5, and #6) were irradiated with the HIS beam during the breast cancer diagnostics 

experiment. Each cylinder was carefully machined by experienced personnel at the Duke 

Physics Department machine shop. The cylinders were each cut in half perpendicular to 

their longitudinal axis and the centers drilled so as to create a cavity capable of 

accommodating the calcium oxide or hydroxylapatite targets, respectively (see Fig. 6.3). 

The drilled cavity was 23/32" (~1.826 cm) diameter in each case, while the total length 

(both halves together) of the cavity was 1.8 cm for the PRESAGE® cylinder designed to 

contain the calcium oxalate sample, and 1.4 cm for the cylinders designed to contain the 

hydroxylapatite sample. Each cylinder was machined with sharp blades at low cutting 

speed under red-filtered light so as to minimize undesired pre-irradiation changes in OD. 
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Figure 6.3: Machined PRESAGE® cylinder used for target irradiation. 

 
Care was also taken that no welding was being performed in the vicinity of the 

PRESAGE® cylinders while they were being machined due to the high-intensity UV 

light produced by this process. 

  The PRESAGE® cylinder used for the calcium oxalate irradiation at 10.36 MeV 

beam energy (PRESAGE® #6) was 6.18 cm diameter and 5.63 cm length prior to 

machining. After machining, the total length was 5.43 cm, with a top length of 2.85 cm 

and bottom length of 2.58 cm. Two separate PRESAGE® cylinders were used with the 

hydroxylapatite target since irradiations were conducted at photon beam energies 
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(centroid energies) of 7.14 and 10.36 MeV (targeting NRF states in 31P and 40Ca, 

respectively). The PRESAGE® cylinder irradiated at 7.14 MeV (PRESAGE® #4) was 

6.17 cm diameter and 5.58 cm length prior to machining. After machining, the total 

length was 5.29 cm, with a top length of 2.60 cm and bottom length of 2.69 cm. The 

cylinder irradiated at 10.36 MeV (PRESAGE® #5) was 6.17 cm diameter and 5.50 cm 

length prior to machining. After machining, the total length was 5.25 cm, with a top 

length of 2.42 cm and bottom length of 2.83 cm. The top lengths of the PRESAGE® 

cylinders were measured from the top lip (not taking into consideration the dip) to the 

machined face. The approximate length from the top lip of the dosimeters to the bottom 

of the recessed dimple (see Fig. 6.1) was ~2.5 mm. This length had to be taken into 

consideration when comparing the measured dose imparted to the dosimeters to 

simulated results (see Sec. 9.2). 

6.4 Breast Cancer Diagnostics Experiment Setup 

6.4.1 Target Holders 

Specially designed target holders were constructed for use in the breast cancer 

diagnostics experiment to hold the calcium oxide and phosphorus targets as well as the 

PRESAGE® cylinders containing the calcium oxalate and hydroxylapatite samples. All 

target holders were designed in Autodesk’s Inventor software and 3D printed from 

biodegradable polylactic acid (PLA) plastic using the Ultimaker 2 printers at the Duke 

Innovation Co-Lab Studio. The holders were printed in 0.2 mm thick layers with 5% fill 

and a 0.8 mm wall thickness. Despite being essentially hollow, the holders had excellent 
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mechanical robustness since the filling material takes the form of an interlocking lattice. 

The low effective density achieved was also very desirable for the purposes of the present 

experiment in minimizing photon attenuation and scattering. A photograph of the 

experimental setup in shown in Fig. 6.4.  

An elevated cradle was designed to serve as a stationary holder for all irradiation 

targets. The base of the cradle was 15 cm wide, 6 cm in length, and 5 mm thick. A  

 

 

Figure 6.4: Experiment setup for the breast cancer diagnostics test experiment. The 3D-
printed target cradle and cylinder (which contains a calcium oxide target) are shown. A 
137Cs source attached to the cradle was used as a monitor source for pileup corrections. 
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rectangular platform attached to this base was 8 cm wide, 6 cm in length (the nominal 

length of the PRESAGE® cylinders), and 6.64 cm tall. The top of the platform contained 

a circular bend of the same radius as the PRESAGE® cylinders to hold the targets 

securely at a height such that the center of the cylinder was 1 cm above the top lip of the 

platform. This design feature was implemented to prevent attenuation of emitted NRF 

gamma rays by the cradle itself. The effective density of the cradle was determined to be 

0.17 g/cm3. The printed cradle was then attached by small clamps to a 7 mm thick 

aluminum plate which was screwed into a stainless steel rod attached to a magnetic base 

(sitting on a thin piece of steel) to secure it during the experiment.  

Three 3D-printed cylinders were also constructed to hold the calcium oxide and red 

phosphorus targets and well as sealed sources used for detector efficiency measurements. 

These cylinders were made to be the same diameter as the PRESAGE® targets (6.17 cm) 

and were 5.99 ± 0.01 cm long. A centered hole ran though the length of the cylinders 

with diameter just slightly greater than the diameter of the respective targets placed 

inside. The effective density of the printed cylinders varied between 0.20–0.22 g/cm3. 

The principle benefit of the use of the target cradle with the PRESAGE® and printed 

cylinders was that it only required a single target to be aligned in the photon beam using 

the HIS CCD imager at the beginning of the experiment. Since all cylinders placed in 

the cradle were the same diameter and all targets were centered within the cylinders, 

alignment was guaranteed for successive targets. 
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6.4.2 Experiment Geometry and Irradiation Parameters 

During the breast cancer diagnostics experiment, red phosphorus and hydroxylapatite 

targets were irradiated with a photon beam with 7.14 MeV centroid energy, and calcium 

oxide, calcium oxalate, and hydroxylapatite targets were irradiated at a centroid energy of 

10.36 MeV. The red phosphorus and calcium oxide targets were contained in the 3D-

printed holders, while the calcium oxalate and hydroxylapatite targets were encased 

inside the machined PRESAGE® cylinders. Two shielded 60% HPGe detectors (HPGe1 

and HPGe2) placed at scattering angles of 135° (3/4) were used to acquire the NRF data 

used for subsequent analysis; these detectors and corresponding shielding annuli were 

also used in the 240Pu experiments. A shielded BrilLanCe™ 380 LaBr3 (5% Ce) detector 

with a 3" diameter x 3" length crystal (143% relative efficiency) (shown at right in Fig. 

6.4) and a Scionix CeBr3 detector with a 1.5" diameter x 1.5" length crystal (positioned 

opposite the LaBr3 detector) were placed at 90° (/2) scattering angles at the beam left 

and right positions, respectively. The scintillation detectors were used to acquire 

qualitative data to determine their potential suitability for future NRF applications.  

The position of the HPGe detectors was the same for all measurements. The first 

HPGe detector (HPGe1 – shown back right in Fig. 6.4) was positioned such that the front 

face (beryllium window) of the detector was 14.90 cm from the target center. A shielding 

cap was placed over the detector face containing 9.9 mm of lead and 3.0 mm of copper. 

The second HPGe detector (HPGe2 – shown back left in Fig. 6.4) was positioned with its 

front face 13.30 cm from the target center. The corresponding shielding cap contained 9.6 
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mm of lead and 3.0 mm of copper. The LaBr3 detector was moved back from its original 

position and additional shielding around the detector (i.e., a shielding wall) was added 

subsequent to irradiation of the calcium oxide target (the 1st target irradiated) due to an 

excessive counting rate, stemming from its high relative efficiency. After the move (and 

as shown in Fig. 6.4), the detector face was 25.55 cm from the target center. As with the 

HPGe detectors, a shielding cap was placed over the LaBr3 detector front face which 

contained ~9.8 mm lead and 3.0 mm copper. The CeBr3 detector by contrast initially had 

a very small counting rate during the calcium oxide irradiation and was subsequently 

moved forward after this target run. After the move, the detector face was positioned 11.7 

cm from the target center. The CeBr3 detector was initially shielded with 2 mm of lead on 

its front face and a 3.5 mm lead annulus around the detector crystal casing, both of which 

were removed subsequent to the detector position change. 

The irradiation parameters for each target are given in Table 6.4. The irradiation 

times of the calcium oxide and red phosphorus targets were determined by the time 

required to obtain suitable counting statistics for the NRF de-excitations of interest. For 

the target runs involving PRESAGE® dosimeters, care had to be taken to obtain a 

suitable minimum dosage (i.e., ~several grays for the PRESAGE® formulation used) in 

all regions of interest to enable effective post-irradiation optical scanning. Due to the high 

mean energy of the photon beams utilized in the present experiment compared to kV and 

MV bremsstrahlung sources, the lowest dose deposited was at the dosimeter entrance. For 

simplicity and to guarantee a sufficient change in optical density at several millimeters 
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depth within the dosimeter, it was decided to irradiate the samples such that the dose at 1 

cm depth was ~5–6 Gy. The estimated dose at 1 cm that was achieved, based on the 

experimental beam flux determined post-irradiation and the dose per incident photon 

determined from simulation, are provided for reference. The combined target runs 

comprised 22 hr 41 min of beam time. 

   
Table 6.4: Target irradiation time, average incident flux, effective flux for inducing NRF 
in principle targeted states, and estimated cumulative dose at 1 cm depth. 

      Target   Irrad. Time Ave. Flux (/s) (x 107) NRF Flux /(s ·  eV) Dose (Gy) 

Calcium Oxide   3 hr 19 min           6.10(21) 100(4) (10.319 MeV) N/A 

Calcium Oxalate   4 hr 14 min           6.42(22) 105(4) (10.319 MeV) 6.3 

Hydroxylapatite   4 hr 11 min           6.48(22) 106(4) (10.319 MeV)  6.4 

Hydroxylapatite   7 hr 56 min           3.05(12) 84(3) (7.141 MeV) 5.8 

Red Phosphorus   3 hr 1 min           4.10(16) 113(5) (7.141 MeV) N/A 
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7 Breast Cancer Diagnostics Experiment – Special 
Analysis Techniques 

7.1 Photon Beam Energy Distribution Determination 

The energy distribution (i.e., shape) and resolution of the photon beam at both 

incident beam energies was sub-optimal due to a misalignment of the secondary shaping 

collimator that was not detectable during the experiment as well as inadequate attenuation 

of the outer edges of the incident beam. The collimator is hand-aligned by DFELL staff 

and the quality of alignment is tested using the CCD imager previously discussed. 

Generally, only misalignments greater than 0.5 mm at the imager position can be 

visualized, which corresponds to an alignment tolerance of ±0.057° (±0.44 mm) at the 

collimator position for the 17.5" aluminum collimator. Even this small degree of 

misalignment can visibly distort the shape of the incident photon beam due to the spatial-

energy correlation intrinsic to the beam. Since the highest energy photons are 

concentrated near the center of the beam and the mean energy of photons decreases as the 

radius, r, from the beam center increases (see Eq. 4.1), any tilt to the collimator results in 

additional attenuation of the higher-energy photons and greater acceptance of low-energy 

photons (see Fig. 7.1). Additional low-energy photons are also introduced by portions of 

the beam that make it though the bulk of the aluminum shaping collimator, creating a 

“halo” of low-energy photons at radii greater than the secondary collimator radius.  

The incident photon beam at the HIS entering the collimator hut can be on the order 

of ~2" diameter (coarse estimate). The copper collimators upstream of the shaping  
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Figure 7.1: Partial deconvolution of a 0-degree detector spectrum taken at 7.14 MeV 
beam energy overlaid with the predicted photon distribution from a best-fit simulation 
(see Sec. 4.3.2). The lower intensity of photons in the high-energy tail region compared 
to simulation results is indicative of collimator misalignment.  

 
collimator provide primary attenuation as detailed in Sec. 4.1. For the breast cancer 

diagnostics experiment, these collimators (each 11.46 cm thick) had circular apertures of 

3.76 and 3.12 cm diameter (1.88 and 1.56 cm radius), respectively. The transmission of 

the primary photon beam through the first copper collimator (3.76 cm aperture) was 

~4.1–4.2% (i.e., for all photons entering with radius r from the beam center such that r > 

1.88 cm) at the photon beam energies utilized. The transmission of photons through the 

two primary collimators combined (r > 1.88 cm) was ~0.2%. Incident photons with 

radius, r, such that 0.625 cm < r < 1.56 cm were only subject to attenuation by the 
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secondary aluminum collimator, with transmission of ~4.8% at 7.14 MeV beam energy 

and ~6.2% at 10.36 MeV beam energy. For photons with radius, r, such that 1.56 cm < r 

< 1.88 cm, total transmission was ~0.2–0.3%, and for r > 1.88 cm total transmission was 

~0.01%. Assuming uniform photon areal density (i.e., that the incident photons/cm2 are 

independent of r), then this equates to ~79.5% of transmitted photons being within the 

aperture of the shaping collimator (i.e., r < 0.625 cm) at 7.14 MeV beam energy and 

75.1% at 10.36 MeV, with the remainder concentrated at radii 0.625 cm < r < 1.56 cm. 

Only ~0.5% of transmitted photons in this case correspond to r > 1.56. However, in 

actuality, the intensity of the incident photon beam decreases with increasing r for both 

polarized (see Fig. 4.8) and unpolarized incident photons, so the fraction of the 

transmitted beam within the aperture of the shaping collimator is larger than the uniform 

photon density prediction. A halo could still be visualized in the optical scans taken of the 

post-irradiation PRESAGE® samples that is likely from incident photons transmitted 

through the 3.12 cm diameter primary collimator (see Fig. 7.2). In this figure, 

misalignment of the shaping collimator with respect to the primary collimator is also 

evident from how the primary beam spot is slightly off-center.  

As detailed in Sec. 3.3.6, the incident beam shape for beam energies utilized during 

the 240Pu measurements was obtained using a deconvolution code to correct measured 0-

degree spectra for the response of the HPGe detector (see Figs. 3.3 and 7.1). This code 

was not sufficient to obtain the incident beam shape directly for the much higher beam 

energies utilized in the breast cancer diagnostics test experiment. Instead, an iterative 



 

 

144 

 

Figure 7.2: PRESAGE® dosimeter slice (visualized using IMAGEJ) showing the OD 
induced by the photon beam used during the hydroxylapatite target irradiation at 10.36 
MeV. Brighter areas correspond to greater OD. The inner halo surrounding the central 
beam spot is ~3.12 cm in diameter, likely corresponding to transmission of beam photons 
through the shaping collimator.  

 
process was used to determine the beam shape taking the deconvoluted spectra as the first 

input. The deconvoluted spectra were subsequently fit with a set of empirical functions 

previously found to correspond well to the observed shape of the HIS beam [Bos08]. 

The main bodies of the photon beam distributions were fit with modified asymmetric 

Voigt functions given by: 
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where x is photon beam energy,  is the centroid (peak) energy, A is the amplitude (i.e., 

photopeak height) of the centroid, 3,2,1 are the FWHM of the lineshapes (determined by 

the energy spread of the incident photon beam), m is an adjustable parameter that 

determines whether the lineshape is Gaussian (m = 0) or Lorentzian (m = 1), and a and b 

are adjustable parameters that determine the degree of low-energy tailing on the 

distribution. For the present work, 
10

300
600)(




a
ab (for beam energy, x, given in 

keV), m1 = 0, and m2 = 1 were found to be optimal for both incident beam energies. 

 Due to the collimation issues previously discussed, the photon beam distribution 

could not be fitted with the modified Voigt functions alone. Additional exponential 

functions of the form: 
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where c, d, e, and f are fitting parameters, were therefore used to fit the upper and lower 

tails of the beam distribution. After each fitting attempt, the resultant beam distribution 

was input into a benchmarked MCNP6 simulation of the 0-degree detector. The fitting 

parameters for all curves were adjusted until a close match was obtained between the 

measured and simulated detector response. The input corresponding to the “best match” 

distribution was then considered to represent the shape of the incident beam as closely as 

could be determined. The final fitting parameters and regions for each piecewise function 

used to fit the photon beam distribution at 7.14 and 10.36 MeV are given in Tables 7.1 

and 7.2. Corresponding plots comparing the incident beam distribution with the simulated 

and measured detector response are given in Figs. 7.3 and 7.4. With the increased low-

energy tailing taken into account, the mean energies of the incident photon beam for the 

two beam energies utilized were found to be 7.014 MeV (7.14 MeV) and 10.027 MeV 

(10.36 MeV), respectively. The corresponding photon beam energy resolutions (FWHM) 

were determined to be ~3.8% at 7.14 MeV and ~4.0% at 10.36 MeV. Without the 

additional low-energy tailing taken into consideration, the energy resolution would have 

been ~3.5% at 7.14 MeV and ~3.2% at 10.36 MeV assuming a symmetric beam energy 

distribution (i.e., if the energy spread below the beam centroid was equal to that above it).
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Table 7.1: Parameters for the Voigt and exponential functions used to fit the incident 
photon beam distribution for 7.14 MeV beam energy. 

  Function Region (keV) 1 (keV) 2 (keV) 3 (keV)  (keV) A a 

  GL1 7131–7296 250   7135 1360  

  GL2 6918–7130  170  7130 1360  

  T 6918–7130   200 7130  0.25 

  c d e f    

  E1 5756–6917 0.33 6470 84 4.4   

  E2 7297–7316 0.07 7330 3.5 5.4   

  E3 7317–7350 0.1 7340 3.5 5.0   

  E4 7351–7450 0.22 7360 5.0 4.3   

 

 

 

Table 7.2: Parameters for the Voigt and exponential functions used to fit the incident 
photon beam distribution for 10.36 MeV beam energy. 

  Function Region (keV) 1 (keV) 2 (keV) 3 (keV)  (keV) A a 

  GL1 10356–10600 320   10355 225  

  GL2 10100–10355  260  10355 225  

  T 10100–10355   0 10355  0 

  c d e f    

  E1 7600–9516 0.07 10820 60 4.7   

  E2 9517–10099 0.12 10010 45 4.5   

  E3 10601–10639 0.07 10520 3.5 5.4   

  E4 10640–10656 0.10 10570 3.5 5.0   

  E5 10657–10725 0.22 10618 4.8 4.3   
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Figure 7.3: “Best-match” distribution for the 7.14 MeV incident photon beam overlaid 
with the measured and simulated detector response (relative scale). 

 

Figure 7.4: “Best-match” distribution for the 10.36 MeV incident photon beam overlaid 
with the measured and simulated detector response (relative scale). 
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7.2 PRESAGE® Optical Scanning and Dose Determination 

7.2.1 Optical Scanner Parameters and Optical Density Determination 

All dosimeters were optically scanned, prior and subsequent to irradiation, using the 

Duke Mid-sized Optical-CT Scanner (DMOS) at the 3D Dosimetry and Optical Bio-

Imaging Lab. This scanner has a maximum FOV of 14.7 x 11.0 cm and corresponding 

camera FOV of 1392 x 1042 pixels (105.7 m/pixel). The basic operation principles of 

the scanner are as follows. Light from a 3 watt red LED first passes through an optical 

diffuser which increases its uniformity and minimizes sensitivity to imperfections in the 

dosimeter. The light then passes through a telecentric lens that collimates it into parallel 

rays before entering a glass tank containing the dosimeter to be scanned. The tank is 

filled with a mineral oil-based bath that is optically matched to the dosimeter refractive 

index by adding small amounts of two different chemicals to the mixture (one of which 

raises and the other of which lowers the refractive index); this technique minimizes 

reflection and refraction of incident light at the fluid-dosimeter interface. The dosimeter 

is positioned in the center of the tank where it is attached to a rotating platform via a 3D-

printed base coupled to the dosimeter. The base remains attached to the dosimeter during 

irradiation and aids in positioning it consistently for the second, post-irradiation scan. 

After passing through the target, light then enters a telecentric imaging lens with an 

acceptance angle of 0.1° followed by an optical band pass filter. The wavelength of the 

band pass filter (632.8 ± 5-10 nm) corresponds to the peak absorption wavelength of 

most PRESAGE® leuco dyes and aids in the minimization of spectral artifacts. The light 
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is then detected by a 12-bit CCD camera for projection readout. Sufficient projections are 

taken to achieve the desired final resolution [Jua15]. The doors of the scanning room are 

kept closed and fluorescent office lights are covered with a red-tinted plastic filter to 

prevent UV light-induced changes in OD in the PRESAGE® dosimeters during 

alignment, optical matching, and scanning in the tank. 

The 3D dosimeter image is reconstructed slice-by-slice using a custom-developed 

MATLAB code that uses filtered backprojection with the inverse radon transform and Ram-

Lak filter. In additional to the dosimeter scans, flood field and dark field measurements 

are also taken. The flood field image (i.e., light and no target) gives a measurement of the 

unattenuated incident light, which is then used to normalize the reconstructed images and 

yield the dosimeter optical density. A corresponding dark field measurement (i.e., no 

light or target) allows the reconstructed and flood field scans to be corrected for 

background and camera non-uniformity [Jua15]. The change in optical density (which is 

proportional to the deposited dose) in the dosimeter between the pre- and post-scans (i.e., 

pre- and post-irradiation) is given by: 
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where I0 is the incident light intensity as determined from the flood field image and I is 

the transmitted light intensity through the dosimeter for the pre- and post-irradiation 

dosimeter scans, respectively.  
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 Image files giving the change in OD were produced in this manner for four 

PRESAGE® dosimeters, the three irradiated during the breast cancer diagnostics 

experiment and one irradiated with a known dose distribution, the latter of which was 

used to determine the OD-to-dose conversion (see Sec. 7.2.2). Each of the image files 

were reconstructed with a resolution of 105.7 m/pixel and encoded in Nrrd (“nearly raw 

raster data”) format. The image files were subsequently analyzed slice-by-slice using FIJI 

(“Fiji Is Just ImageJ”) [Sch12] based on the IMAGEJ (v. 1.51) [Abr04] image processing 

program which is freely available from the National Institutes of Health (NIH). A second 

image processing program, 3D SLICER (v. 4.6.2) [Fed12], was also used to visualize the 

reconstructed images of the whole dosimeters from different cardinal planes.      

7.2.2 PRESAGE® Optical Density to Dose Calibration 

In order to equate measured changes in optical density to the doses imparted to 

dosimeters used during the breast cancer diagnostics experiment, a calibration irradiation 

had to be performed in which the dosimeter response to a known delivered dose was 

measured. Since all PRESAGE® dosimeters used in the present experiment were from 

the same production batch (and hence, were expected to share a common response 

function), a single dosimeter (PRESAGE® #3) was used to determine the dose 

calibration. This cylinder was 6.18 cm diameter and 6.05 cm length and was not subject 

to any machining. 

A Varian 21EX linear accelerator (called the “Green” machine) located at the Duke 

Cancer Center was used to irradiate the calibration sample with a 6 MV bremsstrahlung 



 

 

152 

photon beam. The PRESAGE® cylinder was placed on the linac couch in the upright 

position and irradiated with an isocentric technique at three different gantry positions 

with doses of 5 Gy, 2.5 Gy, and 0.5 Gy, respectively. The isocenter (i.e., depth at which 

the target dose was set to be delivered) in each case was placed at the center of the 

dosimeter, and a 2 x 2 cm square field was used for irradiation. The first irradiation (5 

Gy) was performed with an AP (anterior-posterior) beam passing directly through the top 

of the dosimeter. The second irradiation (2.5 Gy) was performed with the beam passing 

laterally through the body of the cylinder. The third irradiation (0.5 Gy) was also 

performed laterally with the gantry rotated 90° (same plane) with regard to the second 

irradiation. Thus, a total dose of 8 Gy was delivered to the target center (see Fig. 7.5). 

 

 

Figure 7.5: Images from 3D SLICER showing the OD induced from linac irradiation. The 
beam path is marked in yellow for reference. Left: AP (5 Gy) and lateral (2.5 Gy) 
irradiation (upright view). Right: Lateral 2.5 and 0.5 Gy irradiations (top down view). 
The slices shown were taken at the dosimeter center in each respective plane.  
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Commercial linacs are generally calibrated in terms of monitor units (MU) which are 

proportional to dose. The number of monitor units that correspond to a given dose 

delivered at a particular depth in tissue (or a tissue-equivalent dosimeter) will vary and be 

a function of the tissue depth, the irradiation field size, the distance between the radiation 

source and target surface/isocenter, and the type/brand of linac utilized. The monitor units 

required for each of the previously described irradiations were calculated using the 

following equation: 
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where ICD is the isocenter dose (e.g., dose in cGy), K is the calibration constant of the 

linac (e.g., cGy/MU), TMR is the tissue-maximum ratio for a given depth (d ) and field 

size at that depth (rd), Sc (rc ) is the collimator scatter fraction for a given collimator field 

size, Sp (rd ) is the phantom scatter fraction, SCD is the source-to-calibration point 

distance, and SAD is the source-to-axis distance. The TMR is defined as the ratio of the 

dose at a given point in a phantom (e.g., a dosimeter) to the dose at the same grid location 

but at the depth where the maximum dose occurs (dmax). The collimator scatter fraction, 

often called the “output factor” (OF), is the ratio of the output of the linac in air for a 

given irradiation field size compared to that of a 10 x 10 cm reference field. The phantom 

scatter fraction is the ratio of the dose rate at a given reference depth in a phantom for a 

given field size to the dose rate at the same depth for a 10 x 10 cm reference field. The 

source-to-calibration point distance is the distance at which a given machine was 
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calibrated at commissioning, while the source-to-axis distance is the distance from the 

radiation source to the phantom isocenter [Kha03]. For the previous described calibration 

irradiations K = 1 cGy/MU, TMR = 0.965 (0.962) for AP (lateral) irradiation, Sc(rc) = 

0.79 [Fol12], Sp (rd )  = ~1, SCD = 101.5 cm, and SAD = 100 cm. Given these parameters, 

5 Gy = 637 MU, 2.5 Gy = 319 MU, and 0.5 Gy = 64 MU. 

 Subsequent to irradiation, the optical density change (measured by the Optical-CT 

scan) in different portions of the dosimeter was compared against the predicted dose 

delivered to obtained an OD-to-dose calibration curve (see Fig. 7.6). The relationship 

 

 

Figure 7.6: Calibration curve used to determine the dose imparted to the PRESAGE® 
dosimeters used in the present experiment from the change in optical density induced by 
ionizing radiation.  
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between OD and dose is normally expected to be linear. In the present work, a quadratic 

fit proved to be more appropriate. The best fit equation was found to be: 

                                          )()()( 2
ODBODAGyDose  ,                                 (7.7) 

where OD is the measured change in optical density obtained from Eq. 7.5 and the 

fitting constants A and B were found to be equal to 949712(158882) and 1778(138), 

respectively. The discrepancy in the shape of the response function and the relatively 

high uncertainty in the calibration fit were likely due to the relatively long length of time 

between manufacture and use of the dosimeters (~14 weeks). PRESAGE® dosimeters are 

best used within several weeks of manufacture as the material degrades with time. The 

optical density also increases as the dosimeters age, making them less sensitive to 

incident radiation, though this aging can be slowed by refrigeration and avoiding 

unnecessary exposure to light. In the present experiment, prompt use of the dosimeters 

was prevented by an unplanned shutdown of the accelerator facility. 

The dose delivered at each point in the dosimeter was taken from a treatment plan 

generated in Varian’s Eclipse™ Treatment Planning System (TPS). The frequently cited 

“gamma criteria” was used to determine agreement between the predicted and measured 

distributions [Low98]. The gamma criteria is a pass/fail test that compares two dose 

distributions on a point-by-point basis with regard to dose difference (DD) and physical 

distance-to-agreement (DTA). In areas with low dose gradients, predicted and measured 

doses at each position are compared directly and a small percent dose difference 

threshold is set as a condition for passing the test. For areas with large dose gradients, a 
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distance-to-agreement test is used. Here, DTA is defined as the radial distance between a 

measured data point and the nearest point in the corresponding calculated distribution 

(such as that obtained from a TPS) that has the same dose. A low dose threshold (i.e., 

inclusion threshold) is also frequently set so that only points having a certain minimum 

percentage of the maximum dose are considered for analysis. For the calibration 

irradiation, a 3%/3mm (DD/DTA) passing criteria was used with a 10% dose threshold; 

this is the recommended criteria from the American Association of Physicists in 

Medicine (AAPM) Task Group 119 (TG-119) for intensity-modulated radiation therapy 

(IMRT) commissioning [Ezz09]. Under these conditions, the gamma passing rate was 

91.2%, which is within the acceptable limits suggested by TG-119 of > 90%. 

Care had to be taken in regard to the timing of post-irradiation optical scans (for both 

the calibration irradiation with the linac and production samples irradiated with the HIS 

beam), since the “signal” (i.e., the change in OD) induced by incident radiation decreases 

with time. Typically the signal becomes stable after a certain period of time, but the 

stabilization period differs for different PRESAGE® formulations and on a per batch 

basis. All dosimeters used in the breast cancer diagnostics experiments were optically 

scanned multiple times post-irradiation in order to accurately determine the dose 

imparted at the time of irradiation. 
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7.3 Determination of Optimal States for Excitation 

For any potential application of nuclear resonance fluorescence to in vivo medical 

diagnostics, it is important to minimize the imparted dose while maximizing the detected 

NRF signal. Very low energy photons (< ~40 keV) are undesirable for use in medical 

diagnostics as the dose rate increases rapidly with decreasing energy and penetration is 

also low, leading to a high surface (e.g., skin) dose (see Figs. 7.7 and 7.8). The dose 

imparted to tissue by photons is generally lowest between ~60–80 keV and increases with 

increasing energy; likewise, the unshielded efficiencies of common photon detectors 

(e.g., HPGe) tend to be high in the 60–80 keV region (since photoelectric absorption 

constitutes a large fraction of the total photon interaction cross section – see Fig. 7.9). 

However, the lowest lying excited states of light nuclei of biological interest tend to be at 

excitation energies of hundreds of keV to several MeV, and these states generally have 

excitation cross sections too low to be of practical use for medical applications. When 

deciding which isotopes and excited states of an element of interest to target for the in 

vivo NRF analysis of a biological sample, a multiplicity of factors must be considered 

and weighed against one another, including the NRF cross sections, elemental and 

isotopic abundances in the sample, detector efficiencies, spin-dependent angular 

correlations of the emitted gamma rays, and energy dependences in the flux produced for 

the interrogating photon beam. All the preceding factors contribute to the signal-to-dose 

achievable, which should be maximized in order to deliver the minimum dose to the 

patient while still obtaining the desired clinical information. 
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Figure 7.7: Dose rate (mGy/s) for ICRU-44 breast tissue as a function of energy (see Eq. 
1.1) for an incident photon fluence rate of 107 photons/(s cm2). 

 

 

Figure 7.8: Mean interaction depth (cm) as a function of energy for 6 cm thickness of 
ICRU-44 breast tissue. 
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Figure 7.9: Germanium photon interaction cross section (b/atom) for the four major 
contributing components. The total cross section is dominated by photoelectric 
absorption below 150 keV, followed by Compton scatter until ~8.3 MeV, and then pair 
production. 

 
The relative signal-to-dose ratio of two different transitions (in the same or different 

isotopes) considered for NRF analysis can be quantified as follows: 

 

 
)2(

)1(

)2(1

)1(1

)1)((

)2)((

)1)((

)2)((

)1)((

)2)((

)1)((

)2)((

)1(

)2(

)1(

)2(

)1(

)2(
int

int

D

D

E

E

E

E

E

E

EN

EN

N

N

W

W

I

I

i

i

i

i

xi

xi

i

i

x

x

t

t

i

i

i

i 



























, 

(7.8) 
 

where int
iI is the integrated cross section, Wi is angular distribution factor, Nt is the areal 

density of the target isotope, N(Ex) is the number of photons of the mean excitation 

energy incident on the target per unit energy (i.e., photons/eV) during the measurement 

time, i(E) is the detection efficiency for the emitted NRF gamma ray, i(Ex) is the 
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correction factor for attenuation of the incident photons of the resonant energy by the 

target, i(E) is the correction factor for self-attenuation of the NRF gamma ray exiting 

the target,i is the internal conversion coefficient, and D is the dose (or dose rate) 

imparted to tissue by the incident photon beam during the measurement time (see Eqs. 

2.33 and 3.16 for reference). Subscripts of (1) and (2) indicate the first and second 

targeted NRF transition under consideration, respectively; a value of this ratio > 1 

indicates that targeting the 2nd transition is preferable compared to the 1st (i.e., the signal-

to-dose ratio of the 2nd transition is higher). 

7.4 Calculation of Number of Atoms of an Isotope of Interest in 
an Unknown Sample 

As discussed in the introduction to this work in Sec. 1.5, there are two basic methods 

through which the number of atoms of an isotope of interest can be determined through 

NRF. The most straightforward method is to solve Eq. 3.16 (see Sec. 3.3) for Nt (the 

target areal density) directly, and then use Eq. 3.25 (see Sec. 3.3.8) to determine the 

number of target atoms. This method requires precise knowledge of the NRF cross 

section, the angular distribution of emitted gamma rays, the detector efficiencies for the 

targeted transition(s) of interest, and the incident photon flux, among other factors. Few 

isotopes have been comprehensively studied with the NRF technique and knowledge of 

the excitation strengths for discrete dipole and quadrupole states in light and heavy nuclei 

is presently limited. Even for strong excitations in common light nuclei (such as the 

excited states of 40Ca and 31P probed in this work), much of the existing nuclear data 
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comes from measurements made decades ago when the technology available limited the 

precision achievable compared to today. Calculation of angular distribution factors 

depends on knowledge of the spin (and parity, if using a polarized photon beam) of the 

excited state, which may not be known. Detector efficiencies can only be measured 

directly with common sealed sources up to ~3.5 MeV (e.g., with 56Co) and beyond this 

point must be determined with benchmarked simulations of each detector utilized (see 

Sec. 3.3.4). Flux determination for a high intensity photon beam is likewise non-trivial 

(see 3.3.5 and 3.3.6). Using a direct measurement technique, therefore, the precision of 

results will be intrinsically limited by the accuracy at which the aforementioned 

quantities are collectively known. 

An alternative technique, which would likely be more easily applied in a clinical 

situation, involves simply comparing measured counting rates for a NRF transition of 

interest in the unknown sample to that measured for a well-characterized reference 

sample. In this case, the NRF cross section and angular distribution factor do not need to 

be known. Similarly, detector efficiencies will only differ by solid angle factors which 

can be readily determined, and only a relative measure of the incident photon flux (such 

as from the scaler counts of a low-efficiency scintillation paddle) is needed. The relative 

areal density (e.g., atom density) of an unknown sample, )2(tN , compared to a reference 

sample, )1(tN , can be calculated as follows: 
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(7.9) 
 

where Ni (E) is the number of NRF gamma rays measured corresponding to de-excitation 

to the ith excited state, i is the internal conversion coefficient for the given transition, flive 

is a correction factor for the detector system dead time, pcorr is a correction factor 

accounting for full-energy peak counting losses due to pileup,  is the solid angle 

subtended by the detector relative to the target, i(E) is the correction factor for self-

attenuation of the NRF gamma ray exiting the target, )( xER is the relative number of 

photons of the mean excitation energy incident on the target per unit energy (i.e., 

photons/eV) during the measurement time, and i(Ex) is the correction factor for 

attenuation of the incident photons of the resonant energy in the target. Using the results 

from Eq. 3.25, the ratio expressed in Eq. 7.9 can also be expressed as: 
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where Niso is the number of atoms of the isotope of interest and A is the cross-sectional 

area of the target, in the reference (1) and unknown sample (2), respectively. It then 

follows that Niso(2) is given by: 
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8 Breast Cancer Diagnostics Experiment – Cross 
Section and Minimum Detection Limit Results 

Multiple dipole states in 40Ca and 31P were excited in the studied targets with the 

photon beams described in Sec. 7.1. Two excited states in 40Ca were populated during the 

experiment. Decay from the principally targeted 10318.8 keV level was observed during 

irradiation of the calcium oxide, calcium oxalate, and hydroxylapatite targets at 10.36 

MeV centroid beam energy, while decay from the 6950.48 keV level was observed 

during irradiation of the hydroxylapatite target at 7.14 MeV centroid beam energy. Four 

states in 31P were excited. Decay from the 7313.7, 7214.3, 7141.1 (principal target), and 

6909.6 keV levels were observed during irradiation of the red phosphorus target at 7.14 

MeV; decay from the three higher-energy states were also observed during the 

hydroxylapatite irradiation. In addition to the targeted isotopes, decay from two excited 

states in 16O were also observed (Ex = 7116.85 and 6917.1 keV) during the 

hydroxylapatite irradiation; hydroxylapatite is 41.4% oxygen by weight and the encasing 

PRESAGE® material used was 20.4% oxygen by weight. Evidence was also observed 

indicating population of excited states in 35Cl (Ex = 7234.0 and 7225.5 keV) and possibly 

37Cl (Ex = 7224.4 keV). The PRESAGE® formulation used was 3.00% chlorine by 

weight, and the natural isotopic abundance of chorine is 75.8% 35Cl and 24.2% 37Cl 

[Ber11, Ada17]. Strong dipole excitations have previously been observed in chorine 

(both 35Cl and 37Cl) at lower energies during previous NRF experiments conducted using 

the HIS. One transition of uncertain origin was observed above the MDL during the 
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hydroxylapatite irradiation at 7.14 MeV which possibly corresponded to excitation of the 

6926 keV level in 56Fe (see Sec. 8.4 for further discussion). Indications were also seen of 

possible excitation of other states in 56Fe, but below detection limits. A weak gamma ray 

was likewise observed at 6926 keV during the red phosphorus irradiation, but near 

background level.  

The excitation strengths (as defined by the partial and total level widths) for the levels 

in 40Ca, 31P, and 16O observed in the present experiment have previously been reported. 

The strengths of excitations in 35Cl tentatively observed have not been measured, while 

the excitation strength of the state in 37Cl referenced is reported to be high (1/2 < 7 fs,  > 

0.065 eV). Among excited states in 56Fe in the vicinity of NRF transitions of interest in 

31P, level widths have been reported corresponding to decay of the states located at 7135 

and 6926 keV [Jun11]. Reference data for observed and tentative transitions in calcium, 

phosphorus, oxygen, chlorine, and iron are given in Tables 8.1–8.3. The excitation 

energies (Ex), parities (J), gamma-ray energies (E), ground-state decay widths (0), and 

intensities (I) (i.e., branching ratios normalized to the strongest gamma ray observed) 

tabulated represent the values from the most recent evaluations based on published 

experimental data as reported in Chen [Che17] (40Ca), Ouellet and Singh [Oue13] (31P), 

Tilley et al. [Til93] (16O), Chen et al. [Che11] (35Cl), Cameron et al. (37Cl) [Cam12], and 

Junde et al. [Jun11] (56Fe) and cited in the NuDat database [Kin96]. Level width data for 

non-ground state decays (i) in 16O was also included in Tilley et al. [Til93]. Cross 

sections were not reported in literature, but have been derived, along with their associated 
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uncertainties, from the reported level width and branching ratio data through use of Eqs. 

2.33 and 2.35 in Sec. 2.4. Where upper limits are given for partial level widths (which are 

by definition inclusive of zero) or de-excitation strength is reported as missing, cross 

sections were calculated assuming the total width was equal to the sum of the known 

measured widths. The excitation and transition/gamma-ray energies from the current 

evaluations are used in the remainder of this chapter and the next when discussing results. 

All errors given for cross sections and level widths in Tables 8.1–8.3 are total errors 

(statistical + systematic) as given in the cited references. 

Measured excitation energies, gamma-ray energies, partial integrated cross sections, 

partial level widths, and intensities for observed transitions in all targets irradiated are 

given in Table 8.4. Since the HPGe detectors used for primary data acquisition were both 

placed at 135° degree scattering angles with respect to the targets, all measured gamma-

ray energies were corrected for Doppler shifting to obtain the energy of the emitted 

gamma rays. The ground-state transition energies were likewise corrected for nuclear 

recoil to obtain the level energies (see Sec. 3.1). Spins given are from reference values as 

they were not measured in the present experiment. In cases where the spin of excited 

states given is uncertain or multiple values are given, the associated cross sections and 

level widths are given in terms of their present assignment(s). Multipole mixing was also 

taken into consideration in cases where M1 and E2 mixing was possible, but not E1 and 

M2 (see Appendix A and footnotes on Table 8.4). All errors given in Table 8.4 are 

statistical only. 
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Systematic errors varied by beam energy and target. The principle sources of error 

included the uncertainties in the incident photon flux, detector efficiencies, target areal 

density (i.e., atom density), pileup corrections, and W-factors for transitions. The 

magnitudes of these uncertainties (except that for W-factors) are given in Table 8.5. The 

uncertainty in the W-factors is a function of the shape of the distributions, which is in 

turn dependant on the spin sequences that produced the transitions measured. As in the 

case of the 240Pu measurements (see discussion of systematic errors in Chapter 5), 

uncertainty in the W-factors was determined based on the effect on the calculated values 

of a ±0.5 mm difference in the detector crystal radius and a ±1 mm difference in the 

source-to-crystal distance. These uncertainties as a function of spin sequence are given in 

Table 8.6. There is no uncertainty in the W-factor for isotropic spin sequences, since 

W() = 1 for all angles. 

The results of the calcium oxalate and hydroxylapatite irradiations were subsequently 

used to determine the viability of distinguishing between the two calcium-containing 

compounds within a tissue-simulating medium (PRESAGE®) via NRF on the 10318.8 

keV excited state in 40Ca. This analysis is presented in Sec. 8.6. The final accepted cross 

sections determined for transitions measured in the present experiment (see Table 8.9) 

were also used to determine the MDLs for calcium and phosphorus within the calcium 

oxalate and phosphate targets. These values were then compared to the limits necessary 

for in vivo detection of calcium oxalate and hydroxylapatite calcifications. These results 

are given in Sec. 8.7.
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Table 8.1: Reference data for observed excitations in 40Ca [Che17]. 

  Isotope   Ex (keV) J 
E (keV) int

iI (eV b) i (eV)     I


     40Ca 10318.8(4) 1+ 10317.4    125(14) 5.5(8) 100.0(9) 

   6965.5    18.0(21) 0.79(12) 14.4(5) 

   6413.9    5.2(7) 0.23(4) 4.12(24) 

   5106.8    1.17(14) 0.051(8) 0.93(7) 

   4689.1    0.41(13) 0.018(6) 0.33(9) 

   3368.2    0.62(12) 0.027(6) 0.50(9) 

   2616.9    1.08(15) 0.047(8) 0.86(9) 

 6950.48(7) 1- 6949.7(8)    107.9(48) 0.452(20) 100 

 

 

Table 8.2: Reference data for observed excitations in 31P [Oue13]. 

  Isotope   Ex (keV) J 
E (keV) int

iI (eV b) (2J+1)i (eV)1
   I

       31P 7313.7(16) 1/2+, 3/2+ 7313.7    79(11)      2.2(3) 100 

 7214.3(20) 1/2- , 3/2- 7214.3    21.0(41)      0.57(11) 100(14) 

   5947.4? < 1.5   < 0.040(8) < 7 

   X2   ? 

 7141.1(18) 1/2+ 7141.1    101(13)      3.2(4) 100 

   5874.3    19.3(24)      0.61(8) 19 

 6909.6(16) (3/2)- 6909.6    13.8(29)      0.43(9) 100(6) 
   5642.9? < 1.7   < 0.052(11) < 12 

   4675.4    3.5(7)      0.11(3) 25(6) 
1 Level widths were reported in literature in terms of the spin, J, of the excited state which in some cases 
was uncertain. 
2 30% of the absolute -branching is listed as being unaccounted for [Oue13]. 
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Table 8.3: Reference data for confirmed and (possible) excitations in oxygen [Til93], 
chlorine [Che11, Cam12], and iron [Jun11]. 

  Isotope   Ex (keV) J 
 E (keV) int

iI (eV b) i (eV) 
       I



   16O 7116.9(1) 1- 7115.2(1)1    12.5(7)    0.055(3)    100 

   1067.5(10) < 6.8 x 10-5 < 3 x 10-7 ≤ 6 x 10-4 

   986.93(15)    9(2) x 10-3    4(1) x 10-5    0.070(14) 

 6917.1(6) 2+ 6915.5(6)1    39.0(12)    0.097(3)    100 

   867.7(12)    1.1(1) x 10-2    2.7(3) x 10-5    0.027(3) 

   787.2(6) ≤ 3.6 x 10-3 ≤ 9 x 10-6 ≤ 0.008 
     (35Cl) 7234.0(3) 5/2+ 7233.22         –          –    100(10) 

 7225.5(3) 5/2 7224.72         –          –    100(11) 

   (37Cl) 7224.4(5) – 7223.62 > 2.03  > 0.0423     100(27) 

   5497.4 > 1.13 > 0.0233    55(27) 

   X4      ? 

   (56Fe) 7312(15) –     –        –        –        – 

 7211.5(20) 1 7211        –               –       ? 

   6364    171(49)5    0.77(22)    100 

 7135(3) 1 7135(3)    12.7(23)5    0.056(10)    (100) 

 6926(2) 1- 6926(2)1    264(70)5    1.10(29)    (100) 

 6916(15) –     –        –        –        – 

 6889.98(22) – 3949.0(6)        –        –        – 
1 Discrete transitions corresponding to the energies of these states were observed. 
2 A broad transition was observed likely corresponding to the some or all of the indicated transitions.  
3 Listed level widths and associated cross sections are correlated and based on an estimated total width,  > 
0.065 eV. 
4 15% of the absolute -branching is listed as being unaccounted for [Cam12]. 
5 Cross section calculated assuming a 100% branching ratio for the listed transition.
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Table 8.4: Measured excitation energies, gamma-ray energies, cross sections, level 
widths, and gamma-ray intensities for observed transitions induced in each target. 

      Target    Ex (keV)  J   E (keV) int
iI (eV b) i (eV)      I

Calcium Oxide 10319.5(11) 1+ 10318.1(11) 124.0(41) 5.46(55)1 100.0(34) 

(40Ca)   6966.04(74) 18.4(17) 0.81(11)1 14.8(15) 

Calcium Oxalate 10318.66(87) 1+ 10317.2(9) 175(11) 7.70(87)1  

(40Ca)       

Hydroxylapatite 10318.0(11) 1+ 10316.5(11) 166.6(88) 7.33(80)1  

(40Ca)       

Red Phosphorus 7313.06(38) 1/2+ 7312.13(38) 180.3(51) 2.51(7) 100 

(31P)  3/2+  169.7(48)2 1.18(3)2  

  3/2+  193.9(55)3 1.35(4)3  

 7212.02(40) 1/2- 7211.13(40) 21.7(10) 0.294(14) 100 

  3/2-  20.4(10) 0.138(6)  

 7138.30(36) 1/2+ 7137.42(36) 116.1(20) 1.60(1) 100.0(18) 

   5874.3 < 4.3(3) < 0.059(4) < 3.7(3) 

   3632.25(57) 4.6(10) 0.064(13) 4.0(8) 
 6909.09(66) (3/2)- 6908.27(66) 16.2(30) 0.126(23) 100 

Hydroxylapatite 7312.47(30) 1/2+ 7311.54(30) 311(19) 4.33(26) 100 

(31P)  3/2+  293(18)2 2.04(12)2  

  3/2+  335(20)3 2.33(14)3  

 7212.04(50) 1/2- 7211.14(50) 39.5(40) 0.535(54) 100 

  3/2-  37.2(38) 0.252(26)  

 7137.45(22) 1/2 7136.57(22) 136.1(58) 1.88(8)4 100.0(18) 

(40Ca) 6949.46(27) 1- 6948.81(27) 100.3(76) 0.420(32) 100 

Hydroxylapatite 7115.88(25) 1- 7114.18(25) 13.1(6) 0.057(3) 100 

(16O) 6915.00(28) 2+ 6913.40(28) 41.6(30) 0.104(7) 100 

PRESAGE®5 7229.56(54) 5/2 7228.76(54) 191(19)2      – 100 

(35Cl, 37Cl)  5/2  203(20)3      –  

Unknown 6925.16(40) 1- 6924.70(40)     –      – (100) 

(56Fe)       
1 Partial level widths given are based on measured transition cross sections and branching ratios and using 
the total width ( = 26.2 eV) given in Moreh, et al. [Mor82] as cited in Chen [Che17]. 
2 Cross section and associated partial level width calculated based on the assumption that the excitation and 
de-excitation are pure dipole in character (i.e., 1 = 2 = 0). 
3 Cross section and associated partial level width calculated based on the assumption of a pure dipole 
excitation (1 = 0) followed by a mixed dipole-quadrupole de-excitation with W() determined by the 
average mixing ratio over the interval from 2 = [0,100]. 
4 Partial level width determined using the branching ratio measured during the red phosphorus irradiation. 
5 Energies and cross sections were calculated assuming the measured transitions originated from 35Cl. 
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Table 8.5: Sources of systematic uncertainty in the breast cancer diagnostics experiment 
measurements. 

Source of Uncertainty sys(%) 

Photon Flux 4.0 (7 MeV) 

 3.5 (10 MeV) 

Detector Efficiency 2.0 

Pileup Correction 0.7 

Areal Density 1.51 

Total 4.8 (7 MeV) 

 4.4 (10 MeV) 

                                                  1 Except 2.4% for 35Cl in PRESAGE® 

 
Table 8.6: Systematic error in W-factors as a function of spin sequence. 

     Spin Sequence sys(%) 

(0+ → 1± →0+)    0.6 

(0+ → 2± →0+)    1.5 

(1/2+ → 1/2± →1/2+)    0.0 

(1/2+ → 1/2± →3/2+)    0.0 

(1/2+ → 3/2+ →1/2+)    0.4 

(1/2+ → 3/2- →1/2+)    1.11 

(3/2+ → 3/2± →3/2+)     0.2 
1 The error introduced by a possible M2 admixture of 5% was included for this spin sequence. 

 
 

8.1 Calcium Oxide 

The partial integrated cross sections, partial level widths, and branching ratios 

measured during the calcium oxide target run for the two observed transitions stemming 

from decay of the 10318.8 keV excited state in 40Ca were found to be in excellent 

agreement with previously published values. The measurements agreed to within 1 

statistical error with the presently accepted values obtained and derived from Chen 

[Che17]. Only the two strongest transitions reported in nuclear-physics literature were 
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observed: the ground-state transition (E = 10317.4 keV) and the transition to the 1st 

excited state in 40Ca (E = 6965.5 keV). The total uncertainty in the measured cross 

sections was lower than that of the reference data, achieving the goal outlined earlier in 

this work of obtaining a higher precision measurement of the excitation strength of the 

10318.8 keV state in 40Ca for medical diagnostic applications. The measured branching 

ratio of the transition to the 1st excited state had a higher uncertainty than currently 

reported, but was in agreement with the present value and is a relatively low intensity 

transition. Since 40Ca has a J = 0+ 1st excited state, the spin sequences for both the 

ground and 1st excited state transitions were the same and no angular correlation 

correction had to be made in determining the branching ratio. The additional, lower-

intensity transitions to higher excited states reported in nuclear-physics literature were 

below the detection thresholds achieved in the present experiment.  

8.2 Calcium Oxalate 

The partial integrated cross section determined from the calcium oxalate irradiation 

data for the 10317.4 keV ground-state transition did not agree with the value obtained 

based on the calcium oxide data. However, the addition of the surrounding PRESAGE® 

material during the calcium oxalate irradiation (as well as during the hydroxylapatite 

irradiation) provided a potential source of contamination from overlapping NRF 

transitions in its constituent components. A list of potential interfering transitions is given 

in Table 8.7. The 10317.4 keV transition overlaps with a reported broad ( = 3.0(7)  
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Table 8.7: Possible sources of contamination of observed gamma-ray transitions from 
56Fe and components of the PRESAGE® material [Che11, Cam12]. 

Isotope E Observed Contam. Isotope  Ex (keV) J 
E (keV)   I



40Ca 10317.4      12C 10300(300) (0+)      –   – 

       35Cl 10319(5) 5/2+      –   – 

     37Cl 10318.3(4)  – 10316.8 100 

   10314.5(4) (1/2+,3/2, 5/2+) 10313.0 98 

   10312.3(4) 3/2+, 5/2+ 10310.8 100 

 6949.7(8)    35Cl 6947(4) 5/2+      –   – 
31P 7313.7    37Cl 7300(2) 5/2+ 7299.2 100 
    (56Fe) 7312(15)  –      –   – 

 7214.3      35Cl 7210(4)  –      –   – 

   7225.5(3) 5/2 7224.7 100 

    (56Fe) 7211.5(20)1 1 72112   – 

     37Cl 7224.4(5) (5/2,3/2+) 7223.6 100 

 7141.1      35Cl 7121(4)  –      –   – 

     37Cl 7150(2) (1/2:9/2-) 7149.3 100 

    (56Fe) 7135(3)1 1 7135(3)   – 

 6909.6      35Cl 6894(3)  –      –   – 

    (56Fe) 6926(2)1 1- 6926(2) (100) 

   6916(15) –      –   – 

   6889.98(22) – 3949.0(6)  
16O 7115.15(14)      35Cl 7121(4)  –      –   – 
   7103.3(3) 3/2 7102.5 16.4 
    (56Fe) 7124(15)  –      –   – 
   7102(15)  –      –   – 

1 Level has been observed in (,′) experiments. 
2 The ground-state transition strength from this level is unknown. Decay has been observed to the 1st 
excited state. 

 

MeV) excitation in 12C (PRESAGE® is 62.3% carbon by weight). At this energy the 

particle channels for proton and neutron emission are closed; alpha emission is allowed 

(Q() = -7366.59 keV), but suppressed by the Coulomb barrier. However, the tentative 

spin and parity assigned to this state is 0+ which if accurate would preclude excitation by 
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single photon absorption since J = 0 (see Sec. 2.1). Excitation of such a state would, 

regardless, produce a broad background that would be subtracted out in fitting and thus 

not be expected to be a source of contamination for the targeted transition in calcium. A 

stronger possibility for interference lies in several overlapping transitions of very similar 

energy in 35Cl and 37Cl. The 10319(5) keV level in the dominate isotope of chlorine (35Cl) 

directly overlaps the transition of interest and is a dipole state (J = 1) capable of being 

excited through NRF. This level is below the threshold for neutron emission, but above 

the threshold for decay by proton (S(p) = 6270.82 keV) and alpha (Q() = -6997.91 keV) 

emission. Proton emission is weakly suppressed by the Coulomb barrier, while alpha 

decay is strongly suppressed. Three excited states in 37Cl (Ex = 10318.3(4), 10314.5(4), 

and 10312.3(4)) are also within 6 keV of the transition of interest in 40Ca. For this 

isotope, S(p) = 8386.37 keV and Q() = -7849.1 keV, and proton and alpha decay are 

both strongly suppressed by the Coulomb barrier. However, these states are also a few 

keV above the neutron separation threshold for 37Cl (S(n) = 10310.82 keV). The half-

lives (level widths) of each of these states are unknown and hence no quantitative 

estimate can be made of the degree of possible contamination, though the results of the 

calcium oxalate irradiation were not anomalous (see Sec. 8.4). 

 Possible transitions (below the MDL) corresponding to ground state de-excitation 

from the excited states in 56Fe at 9737(5) (1/2 = 0.48(13) fs) and 9322(4) (1/2 = 0.70(15) 

fs) were also observed during the calcium oxalate target irradiation. If these transitions 

were present, ground state transitions from the excited states at 9311(4) (1/2 = 0.71(14) 
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fs) and 9287(3) (1/2 = 0.61(14) fs) should also have been observed. Each of the four 

preceding transitions has been observed in previous NRF measurements on 56Fe [Jun11]. 

However, the latter two transitions partially overlap with the 2nd escape peak from the 

10317.4 keV transition in 40Ca and thus could not be visualized. There was no clear 

indication of the 9737(5) and 9322(4) keV transitions from 56Fe in the calcium oxide 

target run at the same irradiation energy. However, it should be taken into consideration 

that the incident photon flux during the calcium oxalate irradiation was approximately 1/3 

greater than that during the calcium oxide target run. Possible sources of iron 

contamination are discussed further in Sec. 8.4. 

8.3 Red Phosphorus 

The partial integrated cross sections (and associated partial level widths) measured 

for ground-state decays from the excited states populated during the red phosphorus 

target run were consistent with the reference values given in Ouellet and Singh [Oue13], 

with the exception of that of the 7313.7 keV state, which cross section was found to be 

substantially higher than the reported value. All four ground-state transitions in 31P had 

potentially overlapping transitions in 56Fe (see Table 8.7). Three of these transitions 

(corresponding to ground-state de-excitation from excited states in 56Fe at 7211.5(20), 

7135(3), and 6926(2) keV) have previously been observed in NRF [Cha84, Jun11]. A 

gamma ray near 6926(2) keV was observed, but with low intensity (i.e., near 

background) and distinguishable from the adjacent 6909.6 keV transition from 31P (see 

Figs. 9.11 and 9.12). The cross section for the possible 7135(3) keV transition (which, if 
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present, would not be resolved from the 7141.1 keV transition in 31P) is only ~5% that of 

the weak 6926(2) keV transition and thus not sufficient to cause any significant 

contamination in measured photopeak yields. The 7211.5(20) keV transition in 56Fe is 

known to decay principally to the 1st excited state and its ground-state de-excitation 

strength is not known. As the cross sections measured for the 7214.3, 7141.1, and 6909.6 

keV ground-state transitions in 31P were in agreement with reference values, there was no 

indications of significant contamination.  

A possible source of the discrepancy in the value of the cross section for the 7313.7 

keV transition is an underestimation of the incident photon flux within the resonant width 

of the state. This state was in a low flux region near the high-energy edge of the photon 

beam distribution where the flux was dropping off rapidly. In this region, small shifts 

(e.g., < 0.3%) in the centroid energy of the beam, as sometimes occurs during accelerator 

tuning, can have a disproportionate effect on the local photon flux. All cross-section 

measurements (and related derived quantities) reported in this work assumed the centroid 

energy and shape of the beam was the same during all targets runs as during the 

corresponding photon flux calibration measurements. Assuming a constant shape, the 

measured cross-section value for the 7313.7 keV transition implies the photon beam may 

have been shifted to a higher mean energy during the red phosphorus irradiation 

compared to the photon flux calibration run (i.e., the photon flux in the vicinity of the 

excited state was higher). However, a shift of the magnitude necessary to bring the 

measured cross section for the 7313.7 keV transition into agreement with the reference 
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value would also change the values of other measured cross sections, which are currently 

in agreement, substantially. It should also be taken into consideration that the 

misalignment of the collimator previously discussed in Sec. 7.1 caused the relative flux 

of the highest-energy photons to be lower than normal and this effect, combined with a 

possible higher-energy mean photon beam (as from a tuning-related shift), could result in 

a change in the shape of the high-energy portion of the photon beam distribution. 

Conversely, there is a possibility that the currently reported strength for the 7313.7 keV 

transition listed in the nuclear-physics literature is incorrect and that the presently 

measured value is more accurate. Further investigation is warranted.  

The measured partial integrated cross sections for ground-state decays from the 

populated 7214.3, 7141.1, and 6909.6 keV excited states in 31P were within 1 statistical 

error of the previously reported values. The total uncertainties in the measured cross 

sections were also substantially lower than those of the reference values for the 7214.3 

and 7141.1 keV transitions, and slightly lower for the 6909.6 keV transition, again 

achieving the goal set of improving upon the existing nuclear data with a focus on 

possible future medical diagnostic applications. Information about non-ground state de-

excitations of excited states in 31P was also obtained during the irradiation.  

Four possible non-ground state decays were observed stemming from the 7313.7 keV 

excited state. A possible weak transition was observed around 4018.7 keV, indicative of 

decay of the 7313.7 keV level to the 3295.0 keV 4th excited state of 31P. The 3295.0 keV 

state itself decays principally by non-ground state decay transitions that were not 
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observed. Another potential transition was observed around 3807.6 keV, which would 

indicate decay to the 6th excited state at 3506.1 keV. The 3506.1 keV gamma ray in turn 

was clearly observed (above detection level), but this state was determined to be 

principally fed by the decay of the excited state at 7141.1 keV. Some evidence was seen 

of a gamma ray around 3122.8 keV indicative of decay to the 7th excited state of 31P at 

4190.9 keV. This state, like the 3295.0 keV 4th excited state, decays principally by non-

ground state transitions that were not observed. A weak gamma-ray transition was also 

observed at 4260.4 keV, corresponding to ground-state decay from the 8th excited state of 

31P. It is uncertain what higher-energy excited state populated this level, but the available 

evidence suggests the 7313.7 keV excited state as the most likely candidate. A possible 

weak transition was observed in one of the HPGe detectors at 3053.3 keV (7313.7 – 

4260.4 = 3053.3 keV); it was not observed in the other HPGe detector, but this second 

detector, while having higher efficiency, had slightly lower energy resolution (see Table 

9.2 in Chapter 9). The measured counts for each of these suspected transitions were 

below the 2 threshold set for formal peak detection. Future confirmation of any of these 

gamma-ray decay channels would contradict the pure ground-state decay for the 7313.7 

keV state reported by Shikazono and Kawarasaki [Shi72] and de Neijs et al. [Nei75].  

For the excited state at 7214.3 keV, no evidence was found of the previously reported 

tentative transition (E = 5947.4 keV) to the 1st excited state at 1266.13 keV; the upper 

bound of the partial cross section for this transition based on the reported intensity upper 

limit (see Table 8.2) was lower than the detection threshold achievable, hence the present 
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upper bound was not able to be reduced. However, indications were observed of two 

additional non-ground state decays from the 7214.3 keV level. Evidence was seen of a 

possible gamma-ray transition at 4980.7 keV, which would indicate decay to the 2nd 

excited state in 31P at 2233.6 keV. However, the transition was near noise level in both 

HPGe detectors. Ground state decay from the 2233.6 keV level was clearly observed, but 

this level is fed by multiple higher-energy excited states. Possible gamma-ray transitions 

were also observed at ~2199 keV and ~5015 keV, which would indicate decay of the 

7214.4 keV level to the 13th and/or 14th excited states in 31P located at 5014.9 and 5015.2 

keV, respectively. The detected gamma-ray photopeak counts in all cases were below the 

2 detection limit. 

One confirmed and two possible non-ground state de-excitations were observed from 

the principally targeted excited state at 7141.1 keV. The 7141.1 keV level is presently 

listed as decaying by two separate transitions: (1) a strong transition to the ground state 

and (2) a weaker transition (E = 5874.3 keV) to the 1st excited state with I = 19% 

relative to the ground-state transition. The source of the reported 5874.3 keV transition is 

the bremsstrahlung study by Shikazono and Kawarasaki [Shi72], which used a red 

phosphorus target. The existence of the transition was inferred from observation of a 

suspected second-escape gamma ray from the 5874.3 keV transition. The corresponding 

full-energy and first-escape gamma-rays stemming from the inferred transition were not 

observed. A subsequent study by de Neijs et al. [Nei75] populated excited states in 31P by 

proton capture on 30Si using an enriched (81% 30Si) silicon dioxide target. No evidence of 
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the inferred 5874.3 keV transition was observed in that experiment. In the present 

experiment, no discernable gamma ray was observed at 5874.3 keV, though there were 

some indications of broad increased counts in this region indicating a possible low-

intensity transition. Ground-state decay from the 1st excited state at 1266.13 keV was 

clearly observed, but this level, like the 2nd excited state at 2233.6 keV, is fed by the 

decay of several higher-energy excited states that were potentially populated. Based on 

the results of the present experiment, a new upper bound on the intensity of the 5874.3 

keV transition was derived based on the detection limit achieved of 4.3(3) eV b. In 

contradiction to the presently reported relative intensity of 19%, it was found that the 

intensity for this transition (if it exists) must be < 3.7(3)% relative to the strength of the 

ground state de-excitation. By contrast, decay of the 7141.1 keV level to the 3506.1 keV 

6th excited state (E = 3635.0) in 31P was observed for the first time during the present 

experiment. The intensity of this transition was estimated at 4.0(8)% relative to the 

corresponding ground-state transition. Another, possible transition was detected from the 

7141.1 keV level to the 3rd excited state in 31P at 3134.3 keV. The corresponding 4006.8 

keV decay gamma ray as well as the ground-state decay from the 3134.3 keV level 

appeared present in both detectors, but the SNR was low and the measured counts were 

below the 2 detection threshold.  

For the 6909.6 keV excited state, the 4675.4 keV transition to the 2nd excited state and 

the tentative 5642.9 keV transition to the 1st excited state (see Table 8.2) were not 

observed. However, the 6909.6 keV state was weakly excited due to being several 
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hundred keV below the photon beam centroid energy and the non-ground state transitions 

reported in the nuclear-physics literature were below the detection thresholds of the 

present experiment; as such, no new intensities or intensity upper limits were derived for 

these transitions. 

As previously discussed, ground-state decays from the 1st and 2nd excited states in 31P 

at 1266.13 and 2233.6 keV, respectively, were clearly observed during the red 

phosphorus irradiation. The 1266.13 1st excited state was populated in part by non-ground 

state decay of the 6th excited state of 31P at 3506.1 keV (E = 2239.8 keV, I = 75%), 

which in turn was populated from decay of the 7141.1 keV state to the 6th excited state. 

However, the 2nd, 3rd, 4th, 7th, and 8th excited states indicated previously as potentially 

populated by non-ground state decay of the 7313.7, 7214.3, and 7141.1 keV levels all 

decay, in part, through the 1st excited state to the ground state. Likewise, the 4th and 7th 

excited states have significant decay fractions to the 2nd excited state at 2233.6 keV. The 

populated 6th excited state is also listed as potentially decaying to the 2nd excited state 

with a small branching ratio (I < 7). The exact strength of the 1st and 2nd excited states 

was difficult to quantify in the present experiment due to extremely low signal-to-noise in 

the region of the peaks, leading to high uncertainty in the measured counts. Nonetheless, 

evidence suggests additional decay channels for the excited states at 7313.7, 7214.3, and 

7141.1 keV are likely that could not be confirmed in this experiment.  
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8.4 Hydroxylapatite 

As previously detailed, the hydroxylapatite target was irradiated at two different 

photon beam energies. The partial integrated cross section for ground-state decay of the 

10318.8 keV excited state in 40Ca determined from the 10.31 MeV irradiation data was 

consistent with the corresponding value determined from the calcium oxalate irradiation. 

This result is expected if the surrounding PRESAGE® material was providing a common 

source of contamination during both measurements. For the 7.14 MeV irradiation, all 

measured cross sections for transitions in 31P were also substantially higher than the 

corresponding values measured during the red phosphorus irradiation. However, the 

measured cross section for the 100% branching ratio ground-state decay of the 6950.48 

keV excited state in 40Ca was found to be in agreement to within 1 statistical error with 

the value derived from Chen [Che17]. Cross sections measured for transitions 

corresponding to ground-state de-excitations from the 3rd and 4th excited states in 16O at 

6917.7 keV and 7116.85 keV, respectively, were also found to be within 1 statistical 

error of values derived from the level widths reported in Tilley et al. [Til93]. 

The strong agreement of the three transitions from 40Ca and 16O with reference values 

make it unlikely that a potential shift in the photon beam centroid energy was solely 

responsible for the high cross sections measured for transitions in 31P. Nevertheless, the 

effect on measured cross sections of such a shift was tested under the assumption that the 

relative beam shape remained constant. Assuming an increase in the mean photon beam 

energy during the hydroxylapatite target irradiation of ~15-20 keV (compared to that 
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measured during the photon beam flux calibration), significantly better agreement with 

the measurements made during the red phosphorus irradiation was obtained for the two 

highest-energy transitions (i.e., the ground-state de-excitations from the 7313.7 keV and 

7214.3 keV excited states). The cross section measured for the 7141.1 keV ground-state 

de-excitation was relatively unaffected by the shift, and the disagreement (compared to 

reference values) was marginally increased for the measured transitions in 40Ca and 16O. 

However, the results of such a shift were still not of sufficient magnitude to bring the 31P 

transition cross sections measured during the hydroxylapatite target run into agreement 

with those measured during the red phosphorus irradiation. There are thus strong 

indications that contamination from NRF transitions from non-targeted isotopes (e.g., 

35Cl and 37Cl) were a factor in the discrepancy seen in measured results. Sources of 

contamination besides those given in Table 8.7 may have been present. The elemental 

composition of the PRESAGE® material given in Table 6.3 was not measured directly, 

but is based on information provided for its constituent compounds, some of which are 

proprietary. The ratio of cross sections measured during the hydroxylapatite irradiation 

compared to those measured during the red phosphorus irradiation are given in Table 8.8 

for shifts in the centroid photon beam energy of 0 (i.e., no shift), +15 keV, and +20 keV. 

For transitions not measured during the red phosphorus irradiation (e.g., from 40Ca and 

16O), the ratio given is relative to reference values taken from Chen [Che17] (40Ca) and 

Tilley et al. [Til93] (16O). Errors given are the quadrature sum of statistical errors for 

transitions in 31P and the quadrature sum of total errors for 40Ca and 16O. 
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Table 8.8: Ratio of cross sections measured during the hydroxylapatite target run to those 
measured during the red phosphorus irradiation (31P) or to reference values (40Ca, 16O), 
respectively. 

  Isotope   Ex (keV) J 
E (keV)   Ratio(+0) Ratio (+15) Ratio(+20)

       31P 7313.7(16) 1/2+, 3/2+ 7313.7    1.73(12)    1.28(9)   1.19(8) 

 7214.3(20) 1/2- , 3/2- 7214.3    1.82(20)    1.66(19)   1.61(18) 

 7141.1(18) 1/2+ 7141.1    1.17(5)    1.17(5)   1.18(5) 

    16O 7116.85(14) 1- 7115.15(14)    1.05(9)    1.08(9)   1.10(9) 

    40Ca 6950.48(7) 1- 6949.7(8)    0.93(9)    1.01(10)   1.04(10) 

    16O 6917.1(6) 2+     1.07(10)    1.13(10)   1.15(10) 

 

In addition to the transitions observed in 31P, 40Ca, and 16O, a transition was observed 

around 7227.62(54) keV (E measured at 135°) during the hydroxylapatite measurement 

that most likely corresponds to the excitation of two states in 35Cl at 7225.5(3) (J = 5/2+) 

and 7234.0(3) keV (J = 5/2), respectively; these would both be dipole excitations as the 

ground state of 35Cl has J = 3/2+. The gamma-ray decay of both states is fragmented, but 

the ground-state decay channel dominates for each. An excited state in 37Cl also exists at 

7224.4(5) keV that could have been populated during the experiment and contributed to 

measured gamma-ray photopeak counts, though the relative abundance of 37Cl is only a 

third that of the dominate 35Cl. Assuming 35Cl as the sole source, the Doppler corrected 

measured energy for the observed transition would correspond to 7228.76(54) keV and 

the excited state energy to 7229.56(54) keV, which is nearly equal to the mean energy of 

the two known potentially populated states in 35Cl (i.e., 7229.75 keV). The width for the 

measured gamma-ray was also significantly greater than for other measured transitions of 

similar energy, giving additional evidence that it was produced by multiple decay gamma 
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rays spaced closer than the energy resolution of the HPGe detectors. The partial 

integrated cross section for the transition reported in Table 8.4 thus represents that 

measured for the sum of the corresponding ground-state decays of the contributing 

transitions.  

Assuming the observed 7228.76 keV gamma ray originated from ground-state 

transitions from two distinct excited states in 35Cl with equal level widths and  = 0 for 

both states, estimates were made of the potential influence on the measured counting 

rates stemming from single transitions in 35Cl interfering with the 7313.7, 7214.3, and 

7141.1 keV transitions in 31P, respectively. The interfering transitions were considered to 

have a constant width defined as half the width inferred from the measured 7228.76 keV 

transition. As the cross section for a transition is proportional to the g-factor and the 

inverse of the square of the excitation energy (see Eq. 2.33) in addition to the level 

width(s), the influence of these factors were taken into account in the estimates. 

Corrections to count rate predictions based on differences in the detection efficiency as a 

function of energy and the angular distribution of emitted gamma rays for different spin 

factors (assuming pure dipole transitions) were also made. The estimated counting rate 

from the proposed interfering transitions were then subtracted from the measured 

counting rate for the transitions of interest in 31P and the effect on the measured cross 

section determined. Assuming the interfering excited states in 35Cl had J = 3/2 or 5/2, 

subtraction of the estimated counts from these transitions was sufficient to bring the 

corresponding cross sections for the 7214.3 and 7141.1 keV transitions down to a value 
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compatible with that measured during the red phosphorus irradiation. The effect on the 

cross section for the 7313.7 keV transition was not sufficient to bring it into agreement, 

indicating that others factors (such as a shift in the photon beam energy) were likely 

responsible in part for the measured discrepancies.  

A gamma-ray transition of uncertain origin and above the MDL was also observed 

during the hydroxylapatite target run around 6924.05(40) keV (E measured at 135°) in 

both HPGe detectors, which may be indicative of NRF on 56Fe (see Fig. 9.13). Assuming 

56Fe was the source of the observed transition for the purposes of Doppler and recoil 

corrections, the energy of the emitted gamma ray was calculated to be 6924.70(40) keV, 

with a corresponding excitation energy for the state of 6925.16(40) keV. This excitation 

energy agrees with that of the 6926(2) keV level reported in 56Fe. The stainless steel rod 

attached to the bottom of the 3D-printed target holder is principally composed of iron, but 

this source of the observed gamma ray seems unlikely due to the rod being over 9 cm 

below the target and thus not seen by the primary photon beam. Also, any single scatter 

of incident photons off of the PRESAGE® material and/or hydroxylapatite target that hit 

the stainless steel rod would have a large enough scattering angle to drop the energy of 

the scattered photon well below the excitation energy of the state in question (see Eq. 

3.17). Other, unknown sources of iron (which is a ubiquitous construction material) may 

have been in the beam path from a source downstream of the target. No other probable 

excited state in another isotope was found that could be the source of the observed 

gamma ray. As in the case for the red phosphorus irradiation, no significant 
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contamination (relative to the statistical errors given in Table 8.4) was indicated for the 

7141.1 keV transition in 31P from the possible 7135(3) keV transition in 56Fe. 

8.5 Summary of Cross Section Results 

The final accepted data for excitation and decay energies, cross sections, level widths, 

and gamma-ray intensities (i.e., normalized branching ratios) for observed transitions are 

given in Table 8.9. Excitation and gamma-ray energies given represent the average 

obtained from all measurements for which a given transition was observed. For cross 

sections and associated quantities that were measured from multiple targets, the values 

obtained from the bulk target measurements (i.e., calcium oxide for 40Ca and red 

phosphorus for 31P) were accepted as the nominal values. No level widths are given for 

the listed transition in chlorine since several excited states likely contributed to the 

observed counts. Likewise, cross section and level width data are not given for the 

unknown transition tentatively identified as from 56Fe since the source is not known (and 

hence the strength of the transition cannot be quantified). 

8.6 Distinction of Calcium Oxalate from Hydroxylapatite by 
Calcium Detection 

The problems encountered in the measurement of the cross section for the targeted 

transition in 40Ca (10318.8 keV) for the targets contained in PRESAGE® complicated the 

distinction of calcium oxide from hydroxylapatite through comparison to the counting 

rate from the reference sample of calcium oxide. However, since the cross section 

measured for this transition in the calcium oxalate and hydroxylapatite target runs 



 

 

187 

Table 8.9: Accepted measurements of excitation energy, gamma-ray energy, cross 
section, level width, and gamma-ray intensities by isotope. 

   Isotope    Ex (keV)  J   E (keV)1 int
iI (eV b) i (eV)      I

  40Ca 10319.00(73) 1+ 10317.57(73) 124.0(41) 5.46(55)1 100.0(34) 

   6966.04(74) 18.4(17) 0.81(11)1 14.8(15) 

 6949.46(27) 1- 6948.81(27) 100.3(76) 0.420(32) 100 

 31P 7312.94(31) 1/2+ 7312.02(31) 180.3(51) 2.51(7) 100 

  3/2+  169.7(48)2 1.18(3)2  

  3/2+  193.9(55)3 1.35(4)3  

 7212.03(33) 1/2- 7211.13(33) 21.7(10) 0.294(14) 100 

  3/2-  20.4(10) 0.138(6)  

 7138.18(31) 1/2+ 7137.30(31) 116.1(20) 1.60(1) 100.0(18) 

   3632.25(57) 4.6(10) 0.064(13) 4.0(8) 
 6909.09(66) (3/2)- 6908.27(66) 16.2(30) 0.126(23) 100 

(56Fe) 6925.16(40) 1- 6924.70(40)      –      – (100) 

(35Cl, 37Cl)4 7229.56(54) 5/2 7228.76(54) 191(19)2      – 100 

  5/2  203(20)3      –  

 16O 7115.88(25) 1- 7114.18(25) 13.1(6) 0.057(3) 100 

 6915.00(28) 2+ 6913.40(28) 41.6(30)5 0.140(7)5 100 
1 Partial level widths given are based on the measured transition cross sections and branching ratios and 
using the total width ( = 26.2 eV) given in Moreh, et al. [Mor82] as cited in Chen [Che17]. 
2 Cross section and associated partial level width calculated based on the assumption that the excitation and 
de-excitation are pure dipole in character (i.e., 1 = 2 = 0). 
3 Cross section and associated partial level width calculated based on the assumption of a pure dipole 
excitation (1 = 0) followed by a mixed dipole-quadrupole de-excitation with W() determined by the 
average mixing ratio over the interval from 2 = [0,100]. 
4 Energies and cross sections were calculated assuming the measured transitions originated from 35Cl. 
5 A fit was used to separate the 6913.40 keV gamma ray from the intersecting 6908.27 keV gamma ray 
from 31P. 

 
 
were both comparable (even if “high”), they could still be compared to one another in 

terms of the measured detector counting rates. Using the average cross section for the 

targeted state in 40Ca and the average incident photon flux (i.e., the averages of the cross 

sections and fluxes measured during the calcium oxide and hydroxylapatite target runs), 

the counting rates from the calcium oxalate and hydroxylapatite samples were compared 
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to one another in two ways: 1) the hydroxylapatite sample counting rate was scaled such 

that it had the same linear thickness (e.g., in mm or cm) and packing fraction as the 

calcium oxalate target (e.g., two solid crystalline calcifications would have packing 

fractions equal to “1”) and 2) the hydroxylapatite sample counting rate was scaled to the 

same thickness and mass density (e.g., g/cm3) as the calcium oxalate target (see Table 

6.2). By doing this, the dissimilar targets used in the present experiment could be 

compared against one another more directly in a way that would more closely resemble 

the kind of situation encountered in a diagnostic environment (i.e., where the calcification 

type cannot be unambiguously determined based on size/appearance and/or apparent 

density on a traditional mammogram). The scaling to similar density may be 

counterintuitive at first since it is known that the density of hydroxylapatite is greater 

than calcium oxalate as previously discussed. However, in the body, the compounds will 

not always be found in their “pure” crystalline forms and thus they may have densities 

that differ from the nominal values. The photopeak counting rates for the calcium oxalate 

and hydroxylapatite runs (with the relevant scalings) are given in Table 8.10 along with 

the ratio of the counting rates and associated uncertainties. These ratios give a measure of 

the relative difference in expected counting rates and thus how well the two samples can 

be distinguished. Also considered in the results of Table 8.10 are how the counting rates 

(and subsequently the ratios) would change assuming calcifications that were 50% 

hydroxylapatite/50% calcium oxalate and 10% hydroxylapatite/90% calcium oxalate, 

respectively. Here, percentages mixtures are according to atoms 40Ca/cm2 (i.e., areal  
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Table 8.10: Counting rates (sum of both HPGe detectors) for the calcium oxalate target 
compared to counting rates for the hydroxylapatite target which have been scaled to 
either the same linear thickness and packing fraction (P) or thickness and density (D) as 
the oxalate target. 

             Target Count Rate (min-1)   Ratio 

Calcium Oxalate        1.71(10)  

Hydroxylapatite (P)        3.25(17) 1.90(15) 

Hydroxylapatite (D)        2.18(12) 1.28(10) 

50% Hydroxylapatite (P)        2.48(13) 1.45(12) 

50% Hydroxylapatite (D)        1.95(10) 1.14(9)    

10% Hydroxylapatite (P)        1.87(10) 1.090(87) 

10% Hydroxylapatite (D)        1.76(9) 1.028(82) 

 

density) of the scaled counting rates. It can be seen from this table that, for the counting 

statistics achieved in the present experiment (i.e., several hundred full-energy peak counts 

for each sample), hydroxylapatite can easily be distinguished from calcium oxalate via its 

higher counting rate, even for relatively low admixtures of hydroxylapatite. Hence, 

distinction of hydroxylapatite from calcium oxalate via NRF on 40Ca can be readily 

achieved for calcifications contained within a tissue-simulating media (PRESAGE®) and 

would be expected to be possible for real-world calcifications contained within human 

tissue.    

8.7 Calcium and Phosphorus MDLs and Hydroxylapatite 
Distinction by Phosphorus Detection 

The detection limits achieved in the present experiment for calcium and phosphorus 

contained within PRESAGE®, which, as discussed in Sec. 6.3.2, served as a reasonable 

dosimetric proxy for human breast tissue, are given in Table 8.11. These limits are based  
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Table 8.11: Minimum detection limits (in isotope atoms/cm2 and element mg/cm2) 
achieved during the breast cancer diagnostics experiment for each detector and for the 
transitions listed. 

  E (keV)        Target Isotope Detector Atoms/cm2 (x 1021) Density (mg/cm2) 

   10317.4 Calcium Oxalate    40Ca  HPGe1       1.78(2)(9)  122(2)(6) 

    HPGe2       1.44(2)(7)  99.0(15)(49) 

  10317.4 Hydroxylapatite   40Ca   HPGe1       2.40(3)(12)  165(2)(8) 

    HPGe2       1.93(3)(10)  133(2)(7) 

  7313.7 Hydroxylapatite   31P  HPGe1       2.81(6)(12)  145(3)(6) 

        HPGe2       1.68(3)(7)  86.5(17)(38) 

  7214.3 Hydroxylapatite   31P  HPGe1       5.36(9)(24)  276(5)(12) 

    HPGe2       5.06(1)(22)  260(5)(11) 

  7141.1 Hydroxylapatite   31P  HPGe1       1.11(1)(5)  57.2(6)(25) 

    HPGe2       0.886(9)(38)  45.6(5)(20) 

  6949.7 Hydroxylapatite   40Ca  HPGe1       3.94(2)(34)  271(1)(23) 

    HPGe2       3.64(3)(31)  250(2)(22) 

 

Table 8.12: Detector absolute peak efficiencies (measured full-energy peak counts per 
NRF photon emitted by the irradiation target) for HPGe detectors used during the breast 
cancer diagnostics test experiment.  

  E (keV)        Target Isotope Detector   Efficiency (x 10-4) 

   10317.4 Calcium Oxalate    40Ca  HPGe1         0.790(16) 

    HPGe2         1.131(23) 

  10317.4 Hydroxylapatite   40Ca   HPGe1         0.773(16) 

    HPGe2         1.124(23) 

  7313.7 Hydroxylapatite   31P  HPGe1         1.432(30) 

        HPGe2         2.001(41) 

  7214.3 Hydroxylapatite   31P  HPGe1         1.460(30) 

    HPGe2         2.059(42) 

  7141.1 Hydroxylapatite   31P  HPGe1         1.481(31) 

    HPGe2         2.089(43) 

  6949.7 Hydroxylapatite   40Ca  HPGe1         1.548(32) 

    HPGe2         2.161(45) 
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on the 2 MDL determined from ground state de-excitations from the excited states 

populated during the experiment (see Sec. 3.6). Detection limits are given in atoms/cm2 

of the relevant isotope (i.e., 40Ca and 31P) as well as g/cm2 for the element (under the 

assumption of natural isotopic abundance). The corresponding detector absolute 

photopeak efficiencies (i.e., )()(   EE ii   – see Sec. 3.3.4) are given in Table 8.12. 

Detector efficiency uncertainties are given as the quadrature sum of the simulated 

statistical uncertainty (0.5%) and the systematic uncertainty (2.0%) (see Table 8.5). 

For a given transition, the detection limit is proportional to the measured photopeak 

counts for the NRF gamma ray and the standard deviation of the background counts, i.e.,        

                                                
P

B

P

B

NN

N
MDL


 ,                                              (8.1) 

where NP is the background-subtracted integrated photopeak counts for the transition and 

NB is the number of counts in the background under the photopeak [Bau00]. The MDL is 

most effectively reduced by increasing the peak-to-background ratio, which can be 

achieved by increasing the fraction of resonant photons in the incident beam (i.e. 

reducing the photon beam FWHM), reducing natural background (e.g., by using TOF 

techniques as discussed in Sec. 4.3.1), reducing pileup (see Sec. 3.3.2), and/or using 

sophisticated spectrum-stripping techniques to remove Compton contributions from 

higher-energy gamma rays (as was done to obtain the photon-beam distribution – see Sec. 

3.3.6). As discussed in Sec. 3.3.1, TOF in practice provides little background reduction at 

energies above the prominent natural background radiation (i.e. > ~3 MeV) when non-
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radioactive targets are utilized (as would be the case for medical diagnostic applications). 

Pileup reduction is more readily achievable, but requires careful optimization of the 

detector geometry and shielding. This optimization can be done experimentally or 

through comprehensive simulations, though in the latter case the complete experimental 

geometry (all sources of potential photon interactions/scattering) must be precisely 

modeled, and the response of the detectors used must also be well characterized. A 

balance must be struck between detection efficiency for the gamma rays of interest and 

shielding against undesired gamma rays from in-target pair production and Compton 

scattering. The counting rate detectors can handle is often a limiting factor as shorter 

detector-to-target distances (i.e., larger solid angle coverage) will increase the counting 

rate from the desired gamma rays of interest as well as undesired scatter, with the 

incident rate from the latter dominating the former.  

 Before one can consider attempting to distinguish between calcium oxalate and 

hydroxylapatite calcifications in vivo, a necessary starting point is to achieve detection 

limits for calcium and phosphorus below those corresponding to solid lesions of clinically 

typical size. The contribution to the signal from the natural calcium and phosphorus 

content in breast tissue must also be taken into account. A typical calcium phosphate 

calcification found in the breast has linear dimensions on the order of 0.3 mm [Sco17], 

while 1 mm calcifications would also not be out of the ordinary. The element areal 

density (i.e., mg/cm2) for 1 mm and 0.3 mm thick lesions are given in Table 8.13 and 

compared with the calcium and phosphorus content of benign breast tissue (i.e., in vivo  
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Table 8.13: Element areal density for lesions of 1 mm and 0.3 mm thickness in calcium 
oxalate and hydroxylapatite and the corresponding lesion contribution to the total 
measured signal for “standard” (S) and “high” (H) breast tissue concentrations of calcium 
and phosphorus. 

       Target Thickness Element Density (mg/cm2) Lesion (S) Lesion (H) 

Calcium Oxalate   1.00 mm     Ca          47.4     0.986        0.968 

Hydroxylapatite   1.00 mm     Ca          126.1     0.995     0.988 

Hydroxylapatite   1.00 mm     P               58.5     0.824     0.620 

Calcium Oxalate   0.30 mm     Ca          14.2     0.954     0.901 

Hydroxylapatite   0.30 mm     Ca          37.8     0.982     0.960 

Hydroxylapatite   0.30 mm     P          17.5     0.585     0.328 

 

“wet” tissue). For the purpose of these calculations (and subsequent calculations based on 

these results), calcium oxalate lesions are assumed to be in the form of calcium oxalate 

dihydrate (i.e., the form typically found in the body) and have a nominal density of 1.94 

g/cm3 and molecular weight of 164.126 g/mol. Calcium phosphate lesions are likewise 

assumed to be comprised entirely of hydroxylapatite and have a nominal density of 3.16 

g/cm3 and molecular weight of 502.31 g/mol.    

For each type of lesion and element considered, the fraction of the total signal 

originating from the lesion is given for “standard” (S) and “high” (H) natural 

concentrations of calcium and phosphorus content in benign breast tissue, respectively. 

The “standard” calcium and phosphorus content were derived from the nominal values 

listed in Raju et al. [Raj06] (for calcium) and Garg et al. [Gar94] (for phosphorus). The 

“high” value for calcium content was derived from the mean value obtained in a study by 

Rizk and Sky-Peck [Riz84], which measured a concentration more than double the value 

measured by Raju et al. The “high” value for phosphorus, alternately, was derived from 
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the highest measured normal tissue concentration seen in a patient in the study by Garg et 

al. Elemental concentrations in the stated papers are given per mass of “dry” tissue. These 

values were converted to “wet” tissue (i.e., in vivo conditions) percent by mass using the 

breast water composition for “mothers” (27.8% water by volume) from the work of Boyd 

et al. [Boy09] and assuming a density of water of 1.000 g/cm3, adipose tissue of 0.95 

g/cm3, and whole breast tissue of 1.02 g/cm3.1 The “standard” and “high” concentrations 

of calcium and phosphorus in terms of “dry” concentration (i.e., mass of element per 

mass of dry tissue), “wet” concentration (i.e., mass of element per mass of benign breast 

tissue), and “wet” areal density (i.e., mass of element per cm2 for 6 cm of benign breast 

tissue) are given in Tables 8.14 and 8.15, respectively. 

 
Table 8.14: Calcium “dry” and “wet” concentration and areal density (6 cm tissue) for 
benign breast tissue. 

Concentration Ca “Dry” (mg/g) Ca “Wet” (mg/g) Ca “Wet” (mg/cm2) 

 Standard (S)   0.15716(1181)     0.11183(840)         0.684(51) 

 High (H)   0.3575(857)     0.25439(610)         1.557(373) 

  

Table 8.15: Phosphorus “dry” and “wet” concentration and areal density (6 cm tissue) for 
benign breast tissue. 

Concentration P “Dry” (mg/g) P “Wet” (mg/g) P “Wet” (mg/cm2) 

 Standard (S)   2.86(160)     2.04(114)         12.5(70) 

 High (H)   8.24     5.86         35.9 

                                                 

1 Breast water content varies by age, but the studies of Raju and Garg both used middle aged women (mean ages of 
42.7 and 47.1 yr, respectively). The mean age of “mothers” in the study by Boyd et al. was 50.9 yr. Breast water 
content is expected to be similar for women in the 40-50 age group. The derived breast water content determined from 
Boyd et al.’s value was 28.8% water by mass. 
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As previously discussed, the two principal methods for distinguishing hydroxylapatite 

lesions associated with malignancy from benign calcium oxalate lesions are: 1) 

measurement of the higher relative calcium content present in hydroxylapatite and 2) 

phosphorus detection (present in hydroxylapatite, but not calcium oxalate). It can be seen 

from the results of Table 8.13 that the detected NRF signal from calcium content in 

calcifications dominates the total NRF signal (i.e., calcification + 6 cm tissue) even for 

small calcifications due to the low intrinsic calcium composition of breast tissue. By 

contrast, when measuring phosphorus content, the contribution to the NRF signal by 

tissue is high and can form the majority of the total signal for small lesions for 

individuals with high natural breast phosphorus concentration. However, this fact does 

not necessarily rule out phosphorus detection as a potentially viable mechanism for 

detection of hydroxylapatite.  

The best detection limits achieved for calcium and phosphorus within the mock 

lesions contained in PRESAGE® in the present experiment, for a single detector, were 

99.0(15)(49) mg/cm2 and 45.6(5)(20) mg/cm2, respectively (see Table 8.11). For both 

detectors together during the same irradiation, these limits were reduced to 73.5(8)(36) 

mg/cm2 and 34.8(3)(15) mg/cm2, respectively. In the case of calcium, the MDLs obtained 

were for 9.17 x 1011 total beam photons incident on target and 3.93 x 107 photons 

incident within the resonant width () of the 10318.8 keV excited state. For phosphorus, 

the MDLs obtained were for 8.03 x 1011 total beam photons incident on target and 3.69 x 

106 photons within the resonant width () of the 7141.1 keV excited state. In each case, 
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the incident photons are based on the effective flux (i.e., the incident flux corrected for 

target attenuation) within the real time of the measurement. These MDLs were below the 

level necessary for detection of 1 mm hydroxylapatite lesions in tissue (both via calcium 

and phosphorus detection – see Table 8.13), but not low enough for the detection of 1 

mm calcium oxalate lesions or any 0.3 mm lesions. For in vivo studies, the dose delivered 

to patients to achieve these detection limits must also be carefully considered. The dose 

to a patient from the photon beam utilized in the present experiment would clearly be 

unacceptable (on the order of grays). The doses to ICRU-44 breast tissue corresponding 

to the lowest MDLs obtained (i.e., the lowest MDL for a single detector as well as that 

for the sum of both detectors) was calculated via Eq. 1.1 (see Sec. 1.3) for an “ideal” 

photon beam with width equal to the natural linewidth () of the targeted transitions for 

both 1 mm and 0.3 mm calcifications. These results are presented in Table 8.16. 

The incident photon beam for the purposes of these calculations was assumed to be of 

the same cross-sectional area as the targeted calcifications. Care should be exercised in 

the interpretation of these doses since such an “ideal” beam would likely be accompanied   

 
Table 8.16: Doses to ICRU-44 breast tissue for 1 mm and 0.3 mm calcifications to obtain 
the MDL photopeak counts (and corresponding element detection limits) for a photon 
beam with width equal to the natural width () of the targeted transitions. 

E (keV) Detector  MDL Density (mg/cm2) 1mm Dose (mGy)1 0.3mm Dose (mGy)1 

10317.4  HPGE2 21.2(3)     99.0(15)(49)        21.1(20)          235(22) 

  Sum 29.1(3)     73.5(8)(36)        15.1(11)          168(12) 

7141.1  HPGe2 38.4(4)     45.6(5)(20)        1.8(1)          20.0(15) 

  Sum 52.2(4)     34.8(3)(15)        1.3(1)          14.0(9) 
1 Doses calculated assuming optimal counting in the absence of dead-time and pileup. 
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by a lower limit of detection than that obtained in this experiment. Doses are increased by 

a factor to “2” to obtain the MDL counts since only 50% of the cross section is contained 

within this width, which can be seen by taking Eq. 2.30 (see Sec. 2.4) and comparing the 

integral around the excitation energy (Ex) from Ex – /2 to Ex + /2 to the total cross 

section: 

                                       5.0)()(
0

2/

2/






dEEdEE

Ex

Ex

  .                                    (8.2) 

The error in the doses given is a combination of statistical error associated with the 

uncertainty in the measured photopeak counts and derived detection limits (i.e., MDL) 

and the systematic error in the incident photon flux (see Table 8.5) and mass-energy 

attenuation coefficient for ICRU-44 breast tissue (~2% [Hub82, Hub97]). 

For NRF to be practical for use as a secondary diagnostic procedure, the dose 

imparted to the patient should be comparable to existing procedures (e.g., conventional 

mammography or dedicated breast CT (DBCT)). A study by R. Edward Hendrick 

published in Radiology found that the mean glandular dose imposed by modern two-view 

digital mammography is 3.7 mGy, while the corresponding mean dose from screen-film 

mammography is 4.7 mGy [Hen10]. The dose achievable for a bilateral DBCT scan has 

been found to be comparable (i.e., < 4.5 mGy) [Kuz16]. Thus, a maximum dose on the 

order of 5 mGy for a commonly-used secondary diagnostic procedure is desirable. It can 

be seen from Table 8.16 that the dose from an ideal photon beam for the MDL achieved 

in the present experiment is below the 5 mGy guideline set for phosphorus detection in 1 
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mm calcifications. The MDL achieved for calcium also would allow for detection of 1 

mm hydroxylapatite lesions from NRF on 40Ca, but the dose is higher than desirable by a 

factor of 3 to 4. The detection limits achieved were too high for detection of 0.3 mm 

lesions by calcium or phosphorus detection as well as having unacceptable corresponding 

doses. For a more realistic beam source (e.g., one with an energy resolution of ≥ 0.1%), 

the doses would be much higher. It must also be considered that the MDL itself is the 

limit necessary for detection, not quantification. Thus, it is clear that detection limits 

would need to be decreased and detector system efficiencies increased substantially for 

NRF diagnostics to become viable for future in vivo medical diagnostic use.  
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9 Breast Cancer Diagnostics Experiment – Scintillation 
Detector and Dosimeter Results 

9.1 Scintillation Detector Test for NRF Diagnostics 

Detectors used for NRF in a diagnostic environment require high energy resolution 

and reasonable efficiency at energies greater than several MeV, and the ability to handle 

large total counting rates (stemming from target-related Compton scattering and pair 

production). High-purity germanium detectors are most commonly used in research-

related NRF applications due to their unparalleled energy resolution (< 0.1%). However, 

HPGe detectors have significantly higher cost than many scintillation-based detectors, 

require cryogenic cooling, have relatively low-Z (Z =35, which significantly inhibits their 

efficiency at higher energies where pair production becomes significant – see Fig. 7.9),1 

and have long charge collection times (~ hundred of ns, which significantly limits the 

counting rate they can handle). Most common scintillation detectors, conversely, have too 

low energy resolution to be useful in NRF-related applications and suffer from poor 

linearity (see Sec. 3.3.1). Some newer scintillation detectors, such as LaBr3 and CeBr3, 

have sufficiently high energy resolution to make them potential alternatives to HPGe.  

Two scintillation detectors were used to acquire data during the breast cancer 

diagnostics test experiment: (1) a BrilLanCe™ 380 LaBr3(5% Ce) detector with a 3" 

diameter x 3" length crystal and (2) a Scionix CeBr3 detector with a 1.5" diameter x 1.5" 

length crystal. Lanthanum bromide and cerium bromide based detectors demonstrate high 

                                                 

1 The interaction probability for pair production rises as ~ Zeff
2 [Eva55]. 
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light output (> 60,000 photons/MeV for LaBr3 and > 40,000 photon/MeV for CeBr3
2) 

[Qua13], fast pulse rise (< 1 ns) and decay (< 20 ns) times [Sei12, Sch16], relatively high 

energy resolution (1.8% for LaBr3 and 2.6% for CeBr3 at 1332 keV), and high effective 

atomic number (45.3 for LaBr3 and 45.9 for CeBr3) and density (5.07 g/cm3 for LaBr3 

and 5.18 g/cm3 for CeBr3) [Qua13]. The light output, pulse decay times, and energy 

resolution of these detectors are superior to many common scintillators in use today (e.g., 

NaI, CsI, BGO, etc.), and their effective atomic numbers and densities compare favorably 

to these scintillators, making them potentially viable for medical NRF applications.  

These detectors do have some drawbacks, however, as both are hygroscopic 

(requiring encapsulation of the detector crystal) and have a non-linear light yield relative 

to the energy deposited by incident gamma rays. Unlike HPGe detectors, which have a 

highly linear pulse-height response as a function of incident gamma ray energy over a 

broad energy range,3 LaBr3 and CeBr3 detectors have a non-linear response function and 

generally must be calibrated with a second-order polynomial function. Photoelectron 

yields tend to be lower for LaBr3 and CeBr3 detectors for incident gamma ray below 

~100 keV and higher than ~1000 keV [McG11, Dro08]. As a consequence, when using 

these detectors it is desirable that calibration points cover the entire energy range of 

interest in a given experiment in order to avoid potential misidentification of gamma rays 

                                                 

2 Referenced light output values are for encapsulated crystals.  
3 In the present experiment, deviation from linearity for the HPGe detectors was found to be less than 0.015% up to 
10.3 MeV. 
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of interest. Lanthanum bromide and cerium bromide detectors also have a background 

counting rate from self-activity due to radioisotope contamination.  

Natural lanthanum is comprised of 99.91% stable 139La and 0.09% radioactive 138La 

(1/2 = 1.03(1) x 1011 y); 138La decays by two different modes, electron capture 

(65.5(4)%) and beta decay (34.5(4)%) [Ber11, Kin96]. Electron capture on 138La 

produces 138Ba in the 1st excited state, which then decays to the ground state by emission 

of a 1435.795(10) keV gamma ray; K-alpha (K) x-rays with a mean energy of ~32 keV 

are emitted (and detected) in coincidence with this gamma ray, producing a photopeak at 

~1468 keV in the detector. K-beta (K) x-rays are also emitted with lower probability at a 

mean energy of ~36.5 keV as well as a single L-shell x-ray at 4.47 keV, the latter of 

which produces a photopeak at ~1440 keV. Together these gamma rays from intrinsic 

activity tend to obscure the normally prominent gamma ray from 40K natural background 

at 1460.820(5) keV [Kin96]. Beta decay of 138La, by contrast, produces 138Ce in the 1st 

excited state, which decays to the ground state by emission of a 788.742(8) keV gamma 

ray; this gamma ray is in coincidence with the emitted beta, which has an end-point 

energy of 263(4) keV, producing a broad continuum of measured counts in the region 

from 789–1052 keV (see Fig. 9.3) [Kin96]. Lanthanum bromide detectors also have a 

high-energy background in the region from roughly ~1650–2800 keV originating from 

alpha decay of the radioimpurity 227Ac and its daughter isotopes. Lanthanum and 

actinium are homologous elements (i.e., contained in the same group in the periodic table 

and thus sharing common chemical properties) that are in practice difficult to separate. 
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The detected alphas from 227Ac (and daughter isotope) decay appear at significantly 

lower energies than their emission energy due to the lower light yield of heavy charged 

particles relative to gamma rays in scintillation detectors.4 Cerium bromide detectors also 

have 227Ac contamination, but generally at lower levels than found in lanthanum bromide. 

Improvements in separation techniques have significantly reduced the 227Ac 

contamination in LaBr3 and CeBr3 detectors produced in recent years [SGC09]. 

Background counting rates from self-activity for newer LaBr3 detectors tend to be <1 

count/(s cm3) (see Table 9.1) while those for CeBr3 detectors tend to be more than order 

of magnitude lower than this [SGC09, Qua13]. Still, caution must be utilized when using 

these detectors at energies where gamma rays of interest may overlap with those resulting 

from intrinsic activity.   

Background spectra for each type of detector used are shown in Figs. 9.1–9.6. These 

spectra were acquired overnight after the calcium oxide target irradiation and each 

represent 10 hours of measurement time. The detectors were positioned and shielded as 

detailed in Sec. 6.4.2. The background counting rates measured for the LaBr3 detector for 

the major regions of self-activity are given in Table 9.1; these rates include the 

contribution of natural gamma-ray background radiation, though the self-activity 

dominates. The 661.66 keV gamma ray from decay of 137Cs appears in all detectors as a 

cesium source was used as a monitor for pileup corrections during the experiment (see 

                                                 

4 The alpha/gamma-ray light yield ratio for the alpha activity from 227Ac decay was taken to be ~0.357 for the LaBr3 
detector (based on the findings of Zeng et al. [Zen17]) and empirically determined to be ~0.27 for the CeBr3 detector. 
These values are in good agreement with the values reported in Quarati et al. [Qua13]. 
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Fig. 6.4). Spectra taken with the LaBr3 and CeBr3 detectors during target irradiation runs 

are given in Figs. 9.7–9.13. The scintillator detector spectra are plotted against the 

corresponding HPGe spectra (sum of both HPGe detectors) for ease of comparison. 

Unlabeled lower-energy gamma rays in Figs. 9.11–9.13 are 1st and 2nd escape peaks of 

the gamma rays from observed ground-state transitions. The scaling of the scintillator 

detector counts is relative, while the HPGe counts are absolute. The energy resolution 

measured for each detector for select energies of interest is given in Table 9.2. Counting 

rates and dead times for each detector are also given in Tables 9.3 and 9.4, respectively. 

9.1.1 HPGe, LaBr3, and CeBr3 Background Spectra 

 
 

 

Figure 9.1: HPGe single detector background (log scale) from natural (i.e., gamma-ray) 
activity from 538–2800 keV. A software threshold was set above 511 keV to reduce 
detector dead time from low-energy gamma rays during the experiment. 
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Figure 9.2: HPGe single detector background from natural radioactivity from 830–2800 
keV.  

 

 

Figure 9.3: LaBr3 background from intrinsic and natural radioactivity. Alpha peaks are 
labeled with the energy of the presumed principle source. A software threshold was set at 
~150 keV. 
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Figure 9.4: LaBr3 background from intrinsic and natural radioactivity from 1700–2900 
keV. All detected alphas were presumed to originate from the 227Ac decay chain. Alpha 
identification is based on the alpha energies listed in NuDat [Kin96] in combination with 
the listing given in Fig. 10 of Quarati et al. [Qua13]. 

 

Table 9.1: LaBr3 background counting rates measured during the breast cancer 
diagnostics test experiment. All rates include detector events from intrinsic and natural 
radioactivity. 

Region (keV) cps/cm3 (Int)1 cps/cm3 (BG Sub)2 

  All3      1.067           1.067 
  638–691      0.066           0.038 

 762–1068      0.244           0.152 

 1378–1534      0.184           0.181 

 1664–2832      0.105           0.101 
1 The counting rates given here represent the total integrated counts in the tabulated energy range. 
2 “Background” for the purpose of background subtracted (BG Sub) counting rates given here is taken to be 
the Compton contribution originating from partial energy deposition in the detector from higher-energy 
incident gamma-rays (i.e., those of greater energy than the upper bound of the region considered). 
3 The rate given corresponds to the full spectrum integrated down to the ~150 keV software threshold. This 
rate includes the contribution from the 137Cs monitor source (with full-energy photopeak at 638–691 keV).  
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Figure 9.5: CeBr3 background (log scale) from intrinsic and natural radioactivity. Alpha 
peaks are labeled with the energy of the presumed principle source. 

 

 

Figure 9.6: CeBr3 background from intrinsic and natural radioactivity from 850–2800 
keV. 
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9.1.2 HPGe, LaBr3, and CeBr3 Target Spectra 

 

 

Figure 9.7: HPGe and LaBr3 detector spectra for the calcium oxide irradiation at 10.36 
MeV. 

 

 

Figure 9.8: HPGe and CeBr3 detector spectra for the calcium oxide irradiation at 10.36 
MeV. 
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Figure 9.9: HPGe and LaBr3 detector spectra for the calcium oxalate irradiation at 10.36 
MeV. 

 

 

Figure 9.10: HPGe and LaBr3 detector spectra for the hydroxylapatite irradiation at 10.36 
MeV. 
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Figure 9.11: HPGe and LaBr3 detector spectra (log scale) for the red phosphorus 
irradiation at 7.14 MeV.  

 

 

Figure 9.12: HPGe and CeBr3 detector spectra (log scale) for the red phosphorus 
irradiation at 7.14 MeV. 
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Figure 9.13: HPGe and LaBr3 detector spectra (log scale) for the hydroxylapatite 
irradiation at 7.14 MeV. 

 
 

Table 9.2 : Energy resolution measured for select energies with the HPGe, LaBr3, and 
CeBr3 detectors. 

Energy (keV) HPGe1 HPGe2 LaBr3 CeBr3 

  661.657  0.38%  0.34%  2.8%   3.9% 

  1332.492  0.21%  0.20%  1.8%   2.6% 

  7313.7  0.08%  0.10%  1.1%1 ~1.4%1,2 

  10317.4  0.07%  0.08%  1.0%1   1.3%1,3 
                                                        1 Low counting statistics. 
                                                        2 Estimate based on qualitative determination from acquired spectra. 
                                     3 Inferred obtainable resolution. See discussion in Sec. 9.1.3. 
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Table 9.3: Integrated detector counting rates (down to ~538 keV software threshold, in 
kHz) and the corresponding incident photon beam flux for all spectra acquired during the 
breast cancer diagnostics test experiment. 

Target Run HPGe1 HPGe2 LaBr3 CeBr3 Flux (/s) (x 107)

Calcium Oxide 4278   2.20   1.65 11.39 19.71          6.085 

(10.36 MeV) 4279   2.29   1.69 11.95 20.21          6.165 

Calcium Oxalate 4281   2.01   1.57 10.28 65.92          6.427 

(10.36 MeV) 4282   1.96   1.57 10.25 66.18          6.398 

Hydroxylapatite 4284   2.31   1.82 11.77 74.37          6.488 

(10.36 MeV) 4285   2.49   1.86 12.24 76.54          6.462 

Red Phosphorus 4303   1.00   0.84 7.07 44.76          4.053 

(7.14 MeV) 4304   1.01   0.87 7.25 46.14          4.150 

Hydroxylapatite 4293   0.57   0.57 4.78 29.36          3.017 

(7.14 MeV) 4294   0.59   0.58 4.86 29.82          3.053 
 4295   0.60   0.59 4.92 30.12          3.061 

 4296   0.59   0.59 4.92 30.28          3.074 

 
 
 
Table 9.4: Measured detector percent dead times with the counting rates given in Table 
9.3. 

Target Run HPGe1 HPGe2 LaBr3 CeBr3 Flux (/s) (x 107)

Calcium Oxide 4278   7.21   8.78 66.87 4.27          6.085 

(10.36 MeV) 4279   7.35   8.94 67.62 4.34          6.165 

Calcium Oxalate 4281   6.80   8.19 12.12 13.09          6.427 

(10.36 MeV) 4282   6.75   8.12 12.23 13.12          6.398 

Hydroxylapatite 4284   7.75   9.38 14.03 14.54          6.488 

(10.36 MeV) 4285   8.11   9.82 14.32 14.92          6.462 

Red Phosphorus 4303   4.24   5.14 6.94 9.24          4.053 

(7.14 MeV) 4304   4.33   5.25 7.30 9.50          4.150 

Hydroxylapatite 4293   2.65   3.20 3.03 6.24          3.017 

(7.14 MeV) 4294   2.71   3.27 3.16 6.33          3.053 
 4295   2.75   3.31 3.22 6.39          3.061 

 4296   2.74   3.31 3.26 6.42          3.074 
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9.1.3 Scintillator Spectra Discussion 

Lanthanum bromide detectors have significant background up to ~2.8 MeV due to the 

intrinsic activity from 138La and 227Ac, but this is not generally problematic for NRF 

applications involving light nuclei since excited states of interest tend to be found at 

energies greater than 3 MeV. The energy resolution of this detector also improves 

substantially with increasing energy (see Table 9.2), with only a slight (~few percent) 

reduction in light yield (compared to the peak around 100 keV) for incident gamma-ray 

energies up to 10 MeV [McG11]. In CeBr3 detectors, intrinsic activity from 227Ac is 

confined to the region between ~1350–2100 keV due to the lower light yield for alpha 

radiation relative to LaBr3, with the remaining background counting rate being from 

natural gamma-ray activity. Both LaBr3 and CeBr3 detectors were found to be capable of 

distinguishing gamma-rays of interest in 40Ca and 31P at the excitation energies studied. 

The best energy resolution obtained for the LaBr3 detector was 1.0% (for E = 10317.4 

keV), and a resolution of 1.3% was estimated to be obtainable for the CeBr3 detector at 

the same energy. These resolutions are very high relative to those commonly achieved 

with scintillator detectors, but still a factor of ten lower than that of HPGe detectors, 

which remain the gold standard for NRF applications in regions where the density of 

excitable states is high.  

The ground-state decay gamma ray from the principally targeted 10318.8 keV excited 

state in 40Ca was clearly observed in the LaBr3 and CeBr3 detector spectra acquired 

during the calcium oxide irradiation as seen in Figs. 9.7 and 9.8. The corresponding 1st 
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and 2nd escape peaks were also visualized and well-separated from the full-energy 

photopeak. The LaBr3 detector shaping time was not optimally set during the calcium 

oxide irradiation, leading to high dead time (see Table 9.4) and a gain shift in the spectra, 

producing the poor peak shape observed in Fig. 9.7. After this target irradiation (the first 

production target run of the experiment), the LaBr3 detector shaping time was reduced 

and the detector moved back and greater shielding added (as detailed in Sec. 6.4.2). The 

counting rate of the CeBr3 detector was lower than considered optimal during the calcium 

oxide irradiation, and this detector was subsequently moved forward before irradiation of 

the next target. The quality of the LaBr3 spectra obtained during the calcium oxalate and 

calcium hydroxylapatite irradiations at 10.36 MeV was much improved compared to the 

calcium oxide irradiation (see Figs. 9.9 and 9.10) as demonstrated by the more optimal 

gain (> # of bins/keV) and better separation between the full-energy and 1st and 2nd 

escape peaks of the 10317.4 keV transition. None of the spectra from samples irradiated 

at 10.36 MeV showed any signs of transitions from other isotopes interfering with the 

transition of interest in 40Ca (but recall discussion of this topic in Chapter 8).   

Unfortunately, it was found that the targeted transitions could not be visualized in the 

CeBr3 spectra from the calcium oxalate and hydroxylapatite irradiations, likely due to 

excessive rate-dependant pileup from scatter off the PRESAGE® material. While the 

detector was capable of handling the high incident rates without excessive dead time (see 

Tables 9.3 and 9.4), the SNR was extremely low. Adding substantial front-face shielding 

(as was done for the LaBr3 detector) would have improved the SNR, but at the cost of 
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significant detection efficiency for the gamma rays of interest. Given the small counting 

rate from gamma rays of interest observed in the LaBr3 detector and the much smaller 

crystal size of the CeBr3 detector, it is unlikely an appreciable signal would have been 

measured in the CeBr3 detector with greater shielding. Large volume CeBr3 crystals (i.e., 

3" diameter x 3" length such as used in the LaBr3 detector) have become available in the 

last few years and would likely be required for use of these detectors for NRF 

applications.  

For the red phosphorus irradiation at 7.14 MeV, the 7313.7 keV transition is resolved 

separately from the lower energy ground-state transitions at 7214.3 and 7141.1 keV in the 

LaBr3 detector, the latter two of which are visualized as a single broad photopeak. This 

observation is expected as the difference in energy between the 7214.3 and 7141.1 keV 

transitions is less than the LaBr3 detector resolution. A low-intensity transition was 

observed in the HPGe detectors at 6926 keV which may originate from 56Fe (as discussed 

in Sec. 8.3), which transition was more clearly observed during the hydroxylapatite target 

irradiation at the same energy. The SNR in the CeBr3 detector was low, but the 7313.7 

keV transition could still be visualized separate from the broader photopeak resulting 

from the sum of the 7214.3 and 7141.1 keV transitions. While it was difficult to make a 

quantitative measure of the resolution of the CeBr3 detector for the 7313.7 keV transition 

due to poor statistics, it follows from qualitative considerations that the resolution must 

be ~1.4% due to the visualized separation of this ground-state transition from the lower-

energy ones. It should be noted that the resolution of the CeBr3 detector for the 10317.4 
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keV transition measured during the calcium oxide run was 2.0%, which is much higher 

than the 1.4% resolution inferred for the 7313.7 keV transition. Both the LaBr3 and CeBr3 

detectors were moved subsequent to the calcium oxide irradiation and it is possible there 

was some additional electronic noise present on the detectors during this target irradiation 

stemming from inadequate grounding that was not present during the irradiation of the 

latter targets. The resolution of the LaBr3 detector for the 10317.4 keV transition 

measured during the calcium oxide run was ~1.6%, which is substantially higher than the 

value reported in Table 9.2 of 1.0% (as determined from the calcium oxalate and 

hydroxylapatite target data). If the resolution of the CeBr3 detector measured during the 

calcium oxide irradiation was likewise high by roughly the same fraction as that of the 

LaBr3 detector, the actual obtainable resolution would be closer to ~1.3%, which is 

consistent with the 1.4% resolution measured for the 7313.7 keV transition. 

For the hydroxylapatite irradiation at 7.14 MeV, the 7313.7 keV transition was again 

clearly visualized distinct from the two other principle ground-state transitions from 

excited states in 31P contained within the beam envelope. The gamma-ray observed at 

7228.76 keV (presumed to originate from excited states in chlorine) was of nearly equal 

intensity as the 7214.3 keV transition in 31P, despite the low chlorine content of the 

PRESAGE® material, indicative of a high potential cross section. Scintillator detectors 

are not able to discern these closely separated transitions, but they are resolved with 

minimal overlap in the HPGe detectors. The 7115.15 keV ground-state transition from 

the 4th excited state in 16O is likewise of nearly equal intensity as the principally targeted 
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7141.1 keV transition from 31P, but the interaction cross section for the transition in 

oxygen is almost a factor of ten smaller (see Table 8.9). However, considering the high 

oxygen content of both the hydroxylapatite target itself (41.4% oxygen by weight) and 

the encasing PRESAGE® material (20.4% oxygen by weight), and the sample density 

and dimensions, the atomic density of 16O in the beam was 8.8 times that of 31P, which 

compensated for the lower cross section. The 6926 keV transition (speculated to be from 

56Fe) was seen with much greater intensity than in the red phosphorus irradiation due to 

the time-integrated incident beam flux (i.e., the flux multiplied by irradiation time) being 

almost a factor of two higher during the hydroxylapatite irradiation. The 6909.6 keV 

transition from 31P overlaps with the stronger 6915.5 keV ground-state transition from the 

3rd excited state in 16O, but its presence can still be discerned in the left tail of the 

combined photopeak in the HPGe spectra. The 6949.7 keV gamma ray from the second 

strongest dipole state in 40Ca is clearly observed and well separated from the 6909.6 and 

6915.5 keV gamma-rays in the HPGe detectors, but the three transitions are not able to be 

resolved separately in the LaBr3 detector. The SNR in the CeBr3 detector during the 7.14 

MeV hydroxylapatite irradiation was very low and distinct gamma-ray photopeaks could 

not be discerned clearly above the background. 

The results of the hydroxylapatite irradiation have a significant impact on diagnostic 

considerations. The oxygen content of tissue is high due to the body’s high water content 

(e.g., ICRU-44 breast tissue is 52.7% oxygen by weight). In an in vivo diagnostic 

situation, calcifications under investigation are likely to be small and breast tissue also 
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contains small amounts of phosphorus (e.g., 0.1% for ICRU-44 breast tissue). Thus, the 

NRF signal from oxygen at 7115.15 keV is likely to overwhelm that from the adjacent 

transition in phosphorus at 7141.1 keV when scintillation detectors are used, resulting in 

lower sensitivity for phosphorus detection in calcifications based on detected counts from 

the 7141.1 keV transition. Also, breast tissue, unlike the PRESAGE® material used 

(based on the composition information listed in Table 6.3) has low but measureable 

sodium content (e.g., 0.1% for ICRU-44 breast tissue); a strong NRF state exists in 23Na 

at an excitation energy of 7133.3(3) keV (1/2 = 200(23) as,  = 2.3(3) eV, 0 = 1.00(2) 

eV, I0 = 33.1 eV b), which would also add additional inference to the 7141.1 keV 

gamma-ray from 31P even when using HPGe detectors [Kin96]. The 7313.7 keV state in 

31P, by contrast, has no close interfering transitions in the dominate isotopes comprising 

human tissue except potentially with regard to transitions in isotopes of chlorine (as 

discussed in Chapter 8). Further study of the energy and strength of excitable dipole and 

quadrupole states in light nuclei contained within human tissue is therefore warranted. A 

future NRF experiment with a suitable tissue sample will be necessary to unambiguously 

determine relevant sources of interference with transitions of interest. 

9.2 PRESAGE® Dosimeter Results 

As discussed in Sec. 6.3.1, the dose imparted by ionizing radiation in PRESAGE® 

was determined by measuring changes in OD induced by ionization damage to the leuco 

dyes present within the material. In the case of irradiation by high-energy photons (i.e., 

indirectly ionizing radiation), photoelectric, Compton scattering, and pair production 
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interactions create energetic free electrons which subsequently break the chemical bonds 

in the leuco dye, leading to a localized increase in OD at the point of the interaction. The 

changes in OD measured were converted into the deposited dose using a calibration 

derived from exposure of the PRESAGE® to a radiation field (e.g., from a linac) 

producing a known depth-dose distribution in the material as detailed in Sec. 7.2.2.  

As discussed in Sec. 6.1, a 17.5" long aluminum shaping collimator with a 1.25 cm 

circular aperture was used to restrict the cross-sectional area and energy spread of the 

photon beam incident on target. The diameter of the beam at the center of the target 

position was ~1.31 cm. Most of the dose delivered to the PRESAGE® material was 

imparted within the cross-sectional area of the target defined by the shaping collimator, 

with dosage outside this area from scatter of the primary beam being an order of 

magnitude lower in intensity and near the detection threshold for the formulation of 

PRESAGE® used for the experiment. The OD within the area defined by the beam 

collimation was calculated on a slice-by-slice basis for each dosimeter. A rectangular 

region of interest (ROI) was used to determine the mean, median, minimum, and 

maximum OD for each slice. The mean OD was then converted into dose through use 

of Eq. 7.7. Due to the very fine resolution used for image reconstruction, the dose was 

computed in each case using 5-slice averages (5 x 105.74 m = 0.5287 mm) through the 

dosimeter to minimize the effect of small fluctuations in the measured OD from noise in 

the signal, while still maintaining sufficient resolution to visualize the depth-dose 

behavior in regions were the OD gradient was high. 
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The measured depth-dose distribution for each dosimeter was then compared against 

the results of the depth-dose distribution determined from simulations constructed in 

MCNP6. The simulations included the exact dimensions and densities of all PRESAGE® 

cylinders (including the air cavities and enclosed targets) as well as the 3D-printed target 

holder, aluminum base, and stainless steel securing rod (with dimensions and densities 

detailed in Sec. 6.3.3, Sec. 6.4.1, Table 6.1, and Table 6.2). The photon beam was 

simulated as incident perpendicular to and centered on the dosimeter face and having 

uniform photon density within a 1.32 cm diameter beam spot. The machined lengths of 

each PRESAGE® dosimeter used (given in Sec. 6.3.3) were based on measurements 

from the flat base to the top lip of the dosimeter. The linear dimensions of each simulated 

dosimeter were therefore decreased by 2.5 mm compared to the machined lengths to 

account for the actual length of the dosimeter with respect to the incident beam (taking 

the top recess into account). The energy distributions of the photon beams used in the 

simulation were taken to be the same as detailed in Sec. 7.1 and shown in Figs. 7.3 and 

7.4. The portions of the dosimeters within the area defined by the incident photon beam 

were divided into slices of 0.5287 mm nominal thickness within the simulations to match 

the resolution of the experimentally measured depth-dose distribution. A *F8 tally (i.e., 

energy deposition tally) was used in MCNP6 to determined the energy deposited in each 

slice of the dosimeter per incident beam photon, with the dose per photon calculated by 

dividing the deposited energy by the mass of the slice. Results were normalized by the 

total number of incident beam photons measured for each irradiation (see fluxes and 
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irradiation times given in Table 6.4). The dose imparted to the dosimeters during 

irradiation by the 137Cs monitor source attached to the target holder was also simulated 

and found to be negligible. Plots of the depth-dose distribution in PRESAGE® for the 

measured vs. simulated dosimeter results are given in Fig. 9.14–9.16. The gaps in the 

middle of the plots indicate the location of the air gap where the calcium 

oxalate/hydroxylapatite targets were held. 

 

 

 

Figure 9.14: Dose vs. depth for the PRESAGE® dosimeter used during the calcium 
oxalate irradiation (D6) at 10.36 MeV compared to MCNP6 simulations. 
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Figure 9.15: Dose vs. depth for the PRESAGE® dosimeter used during the 
hydroxylapatite irradiation at 10.36 MeV (D5) compared to MCNP6 simulations. 

 

 

Figure 9.16: Dose vs. depth for the PRESAGE® dosimeter used during the 
hydroxylapatite irradiation at 7.14 MeV (D4) compared to MCNP6 simulations. 
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Comparison of the simulated results for the entrance dose (i.e., the dose in the first 

few millimeters of the dosimeter) to the experimentally measured values provides a good 

secondary check on the incident photon flux determined through use of the 5-paddle 

system. The strong agreement between measured and simulated results in the low-dose 

buildup region suggests the incident photon fluxes given in Table 6.4 are accurate. 

However, the inferred doses deposited in the PRESAGE® material deviate increasingly 

from those predicted from the MCNP6 simulated results for depths greater than a few 

millimeters. As discussed in Sec. 6.3.3, in addition to high energy x-ray and gamma-ray 

photons, changes in OD can also be induced from low energy photons in the UV range as 

well as the higher frequency portion of the optical spectrum (e.g., blue light), to which 

the PRESAGE® material is very sensitive. For this reason, care must be taken to prevent 

unnecessary exposure of PRESAGE® dosimeters to UV, fluorescent, and natural light 

(i.e. sunlight) prior to irradiation [Ada06]. Modern Monte-Carlo software packages for 

modeling nuclear interaction processes (e.g., MCNP6 and GEANT4) simulate the principle 

photon and electron interactions in matter to a high degree of accuracy as the cross 

sections for these processes are well known. There is therefore no reason to suspect the 

simulated dose deposition curves produced are inaccurate. However, these simulations 

fail to account for the optical properties of the materials involved (e.g., PRESAGE®) and 

for processes like Cherenkov and transition radiation which can generate UV and short-

wavelength optical photons which induce changes in OD in the PRESAGE® that are not 
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proportional to the dose imparted by energetic photons. The doses measured when these 

processes are significant will therefore be overestimated. 

9.2.1 Cherenkov Radiation 

Cherenkov radiation is produced when the velocity of a charged particle traveling in a 

dielectric medium exceeds the local phase velocity of light [Ler16]. The speed of light in 

a translucent medium is given by: 
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Evph                                                     (9.1) 

where vph is the phase velocity of electromagnetic radiation in the medium, c is the speed 

of light in a vacuum, and n is the index of refraction of the material, which is a function 

of the wavelength () (or alternately, the energy) of the transversing photons. For the 

PRESAGE® dosimeters used in the present work, the nominal index of refraction is 1.5 

for 633 nm (1.959 eV) red light. For many materials, the index of refraction has a 

relatively small variation over the optical and near UV range, but displays complex 

behavior in the far UV and infrared range. For n = 1.5, cEvph 67.0)(   ( 67.0/  cv ), 

which corresponds to a minimum kinetic energy of 174.578 keV for electrons in order to 

produce Cherenkov photons. These photons are emitted at a forward angle relative to the 

charged particle motion, with the angle c, given by: 

                                          
2

2

)(2

1)(

)(

1
cos

c

c

pc

c

c

c
En

En

E

E

En 








                                    (9.2) 



 

 

224 

where   is the velocity of the charged particle relative to the speed of light in a vacuum, 

Ec is the energy of the Cherenkov photons, and Epc is charged particle momentum energy 

equivalent (i.e., pc) [Ler16]. The quantity pc for a charged particle can be calculated in a 

straightforward manner via the following relation: 

                                                 0
2 2 EEEpcE kkpc                                          (9.3) 

where Ek is the kinetic energy of the particle and E0 is the rest mass energy. In practice, 

the second term in Eq. 9.2 gives a negligible correction to the Cherenkov emission angle, 

since Ec is many orders of magnitude lower than Epc, so that:  
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It follows from Eq. 9.4 that c is not defined when cos c > 1. Thus, )( cEn must be ≥ 

1, defining a cutoff energy (frequency) for the production of Cherenkov light. The index 

of refraction is always less than 1 for x-rays, so that no Cherenkov light is produced at 

these wavelengths; the cutoff will thus be in the UV region. The minimum emission 

angle (i.e., c = 0) occurs at the Cherenkov threshold energy (i.e., where
)(

1

cEn
 ) 

while the maximum emission angle occurs when  ≈ 1; for 5.1)( cEn , 19.48max c . 

The highest-energy electrons produced in the breast cancer diagnostics experiment were a 

result of 180° degree backscattering of the primary beam photons off the PRESAGE® 

and target material. As detailed in Sec. 7.1, the mean energies of the incident photon 

beam for the two beam energies utilized were 7.014 MeV (7.14 MeV) and 10.027 MeV 
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(10.36 MeV), respectively. As the electrons produced from photon backscattering at these 

mean photon energies were highly relativistic, the Cherenkov emission angle was very 

close to max
c . The minimum photon scattering angle necessary to produce electrons of 

sufficient energy to produce Cherenkov photons given the aforementioned threshold of 

~175 keV was calculated to be ~2.44° for 10.027 MeV incident photons and ~3.50° for 

7.014 MeV incident photons. The vast majority (> 84%) of photons that Compton scatter 

at these energies will scatter with an angle greater than the minimum angles given. The 

Compton scattering process also dominates the total photon interaction cross section at 

both beam energies utilized (comprising ~86.7% of interactions at 7.014 MeV and 

~78.6% at 10.036 MeV). Thus, most primary-beam photon interactions in the 

PRESAGE® material result in electrons producing Cherenkov radiation.  

The intensity of the Cherenkov radiation, Ic, per unit thickness of the absorber and per 

unit wavelength (in vacuum) is given by: 
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where Nc is the number of Cherenkov photons emitted, z is the charge of the transversing 

particle (e.g., z = -1 for electrons),  is the fine structure constant, c is the wavelength of 

the Cherenkov photons, and other terms are as previously defined [Ler16]. Since the 

Cherenkov emission intensity is proportional to the inverse of the square of the photon 

wavelength, the shorter wavelength photons in the optical and near-optical portion of the 

electromagnetic spectrum (e.g., blue, violet, and UV light) dominate. Using the result of 
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Eq. 9.4 along with the Pythagorean identity that 1)(cos)(sin 22    and the relation 

that

hc

E  , Eq. 9.5 can be rewritten in terms of the Cherenkov photon energy (Ec) and 

emission angle (c). Given these substitutions: 
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The total number of photons emitted per unit absorber thickness is then given by either 

integrating Eq. 9.5 with respect to wavelength or Eq. 9.6 with respect to energy. For 

electrons,  is > 0.98 when their energy is >  ~2 MeV. For the mean incident photon 

beam energies previously considered, Compton scattering of these photons at the 

expectation angle (~14.42° for 7.014 MeV photons and ~12.86° for 10.027 MeV 

photons) produces electrons with energy > 2 MeV. Considering photons emitted between 

1 = 200 nm (E1 = 6.20 eV) and 2 = 500 nm (E2 = 2.48 eV), which covers the middle 

ultraviolet to the blue light portion of the electromagnetic spectrum, then for the highly 

relativistic electrons produced in the PRESAGE® by the Compton scattering process ( 

≈ 1 and  19.48max
cc  ), the Cherenkov emission is ~764 photons/cm per electron. 

With the high reported sensitivity of the PRESAGE® dosimeter to photons at these 

wavelengths [Ada06], there is thus reason to suspect Cherenkov radiation contributed 

significantly to the observed OD changes. Moreover, due to the much higher mean 

energies for the photon beams utilized in this experiment compared to standard linac 
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bremsstrahlung sources,5 more high energy electrons capable of producing Cherenkov 

radiation will be produced as well. Cherenkov light production is therefore of great 

concern when using high mean-energy photon beams with UV sensitive dosimeters. 

The corresponding energy loss per unit thickness of the absorber for Cherenkov 

photons emitted with energies between E1 and E2 is obtained by integrating the product of 

intensity and energy: 
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For photons emitted between 1 = 200 nm (E1 = 6.20 eV) and 2 = 700 nm (E2 = 1.77 

eV), covering the middle ultraviolet to the far end of the visible spectrum, and again 

taking  ≈ 1 and  19.48max
cc  , the energy loss of electrons due to Cherenkov 

radiation is ~2.5 keV/cm. This loss is on the order of ~0.1% of the total stopping power 

for electrons (collision + radiative) calculated for the PRESAGE® material at the 

electron energies relevant to Cherenkov photon production [Ber05]. Thus, while many 

UV and optical photons are produced, they are not a significant source of energy loss of 

charged particles in dielectric media. 

9.2.2 Transition Radiation 

In addition to Cherenkov radiation, another potential source of high frequency optical 

and UV photons capable of inducing changes in OD in the PRESAGE® dosimeters is 

                                                 

5 The mean photon energy of a 6MV commercial linac is about ~1.7 MeV, while for a 15MV linac it is ~3.6 MeV when 
operated in an open beam configuration [Che03]. 
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transition radiation. Transition radiation is emitted when an energetic charged particle 

crosses the boundary between two materials that have different dielectric constants (e.g., 

PRESAGE® and air). Radiation is emitted to compensate for the change in the electric 

field of the charged particle in the two different materials. Unlike Cherenkov radiation, 

there is no lower threshold for transition radiation to occur and radiation is emitted from 

radio frequencies up to the soft x-ray portion of the electromagnetic spectrum. The 

intensity of the emitted radiation as a function of energy depends on the charge of the 

emitting particle, the Lorentz factor () of the particle (see Sec. 3.1), and the plasma 

photon energies of the two materials (which are proportional to their electron densities). 

The plasma photon energy, Ep, is given by: 

                                                3
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where is the reduced Plank’s constant, p is the plasma frequency, mec
2 is the rest 

energy of the electron (0.511 keV),  is the fine structure constant, Ne is the material 

electron density (e.g., electrons/cm3), and re is the classical electron radius. For the 

PRESAGE® material used in this experiment (with  = 1.09 g/cm3), the plasma photon 

energy was determined to be 22.2 eV. The nominal value of the plasma photon energy for 

(dry) air ( = 1.205 x 10-3 g/cm3) was likewise determined to be 0.7 eV. Most of the 

energy released when a charged particle crosses a boundary is emitted in the forward 

direction ( < 90°) relative to the particle motion. The total energy released in the 

forward direction per boundary crossing is given by: 
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where z is the charge of the particle (e.g., -1 for an electron), Ep,1 and Ep,2 are the plasma 

photon energies of the medium that the charged particle is exiting and entering, 

respectively, and other terms are as previously defined[Ler16]. From Eq. 9.9 it can be 

seen that the energy released per boundary is directly proportional to , which is 

proportion to the kinetic energy of the charged particle. As mentioned in the discussion of 

Cherenkov radiation, the maximum electron energy is obtained for 180° backscattering of 

primary beam photons. Again considering the mean photon energy at each of the two 

beam energies utilized, the maximum electron energy in the case of 180° photon 

scattering is 6.767 MeV ( = 14.24) for 7.014 MeV photons and 9.778 MeV ( = 20.14) 

for 10.027 MeV photons, with corresponding values of Etot of ~0.7 eV and ~1.0 eV, 

respectively. For the much lower electron energies produced by small angle photon 

scattering, the energy released per boundary cross is more than an order of magnitude 

less (e.g., meV). The probability to emit photons in the visible, UV, and x-ray range per 

boundary crossing is thus small.  

In the case of transitions from a bulk material into air (of vice versa), the difference in 

plasma frequency is large and the influence of the lower plasma frequency material on 

calculated results can often be neglected. For a transition from a bulk material into 

vacuum (Ep = 0), the fraction of photons emitted with energy (E > E0) is given (within 

corrections of order 2
0 )/( pEE  ) by: 
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where Ep is the plasma photon energy of the bulk material (e.g., PRESAGE®), and other 

terms are as previously defined [Bic02]. It is apparent from the results of this equation 

that most of the transition radiation (>95% for the electron energies produced in the 

present experiment) is emitted in the radio, microwave, and infrared range, with only a 

small fraction in the visible, UV, and x-ray range capable of inducing changes in OD in 

the PRESAGE® material. Most of the energy released, by contrast, is due to photons in 

the latter region, with roughly half of the total energy being emitted by photons with 

energy, E, such that pp EEE  1.0  [Bic02]. As in the case of Cherenkov radiation, 

the energy loss from transition radiation is negligible compared to that of ionization 

interactions. Nonetheless, transition radiation will serve as a secondary source of photons 

inducing OD changes at the boundaries of the dosimeter. 

9.2.3 Recommended Future Experiments 

Figures 9.15–9.17 clearly show that the greatest dose difference between the 

simulated and measured results are found on the dosimeter boundaries past the dose 

buildup region (i.e., on both sides of the irradiation target and at the beam exit from the 

dosimeter). It is likely that a combination of Cherenkov and transition radiation is 

responsible for much of the measured discrepancy. However without knowing more 

about the exact response function of the PRESAGE® formulation used to UV and short-



 

 

231 

wavelength optical light, the discrepancies cannot be attributed unambiguously to these 

processes. It is also possible that the machining of the PRESAGE® dosimeters may have 

altered their response function in the region on either side of the target cavity, though this 

supposition does not explain the increased dose response at the unmachined base of the 

dosimeter. It is recommended that further study of the response of PRESAGE® 

dosimeters to high-energy photon beams be conducted with unmodified (i.e., uncut) 

samples along with a corresponding study of the response of the dosimeters to UV and 

optical light of various frequencies.
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10 Summary and Conclusions 

10.1 240Pu NRF Experiment 

Nuclear resonance fluorescence measurements were performed on 240Pu using 100% 

linearly polarized photons at eleven mean photon beam energies between 1.95 and 2.95 

MeV. The excitation energy, spin and parity, total cross section, total width, and 

magnetic strength for excitation were determined for each excited state. The transition 

energy, partial integrated cross section, partial level width, and magnetic de-excitation 

strength were determined for each individual measured transition. The ratio of the 

reduced transition probabilities (Rexp) in turn was determined for each transition pair 

decaying from a common excited state (i.e., for ground and 1st excited state decays). 

Ground-state decay cross sections from excited states in 240Pu measured in the present 

work were higher on average than those reported by Quiter et al., while cross sections for 

transitions to the 1st excited state were generally comparable. The total cross sections 

measured for decay from excited states were thus higher than those of Quiter, but 

generally within 2 total error (statistical + systematic), and in most cases within 1 total 

error, of Quiter’s values. Out of 27 total transitions in 240Pu measured, 10 were observed 

for the first time in the present work. All ground-state transitions observed were 

determined to be M1 in character. Improved branching ratios were also obtained 

compared to those previously reported by Quiter due to the superior signal-to-background 

achievable with the quasi-monoenergetic photon beam used at the HIS compared to 

bremsstrahlung sources. The Rexp values reported in this work are in much greater 
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agreement with the predicted theoretical values for M1 transitions than those previously 

reported by Quiter.  

Time-of-flight techniques were used to subtract both natural background and the 

intrinsic gamma-ray activity of the 240Pu target from the NRF signal of interest, 

improving sensitivity for detection of states with low excitation cross sections. A novel 

planar imaging analysis technique was also developed to obtain quantitative information 

from CCD images taken of the target, which images are typically used solely for initial 

target alignment purposes. This technique allowed the areal density (e.g., atoms/cm2) of 

the irregular 240Pu target to be determined on a pixel-by-pixel basis. Combined with 

detailed simulations of the incident HIS beam that included the spatial-energy 

correlations inherent to the Compton backscattering production process, pixel-by-pixel 

cross sections were able to be determined. The imaging technique used is of special 

importance for use of NRF for analysis of non-uniform organic (e.g., tissue) and non-

organic (e.g., actinide powder) targets. The NRF experiments conducted on 240Pu were 

thus crucial to developing the expertise and techniques necessary for quantitative ex and 

in vivo NRF measurements on soft tissue samples for medical diagnostic applications. 

10.2  Breast Cancer Diagnostics Test Experiment 

The cross sections measured during the calcium oxide bulk target irradiation for 

transitions originating from excited states in 40Ca were found to be in good agreement 

(i.e., 1 statistical error) with the reference values reported in the current evaluation (i.e., 

Chen [Che17]). The measurements made for transitions to the ground and 1st excited 
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states in 40Ca for the principally targeted excited state at 10.319 MeV are of higher 

precision (i.e., lower total error) than the published values. Likewise, cross sections 

measured during the red phosphorus irradiation for ground-state de-excitations in 31P 

from excited states at 7214.3(20), 7141.1(18), and 6909.6(16) keV were within 1 

statistical agreement with and had greater precision than those contained in the current 

evaluation for this isotope (i.e., Ouellet and Singh [Oue13]). The cross section measured 

for ground-state decay from the 7313.7(16) keV excited state in 31P was substantially 

higher than the published value. This state was near the edge of the photon beam 

envelope in a region where the incident flux was declining rapidly. Small shifts in the 

photon beam energy distribution can change the flux near the low and high energy tails of 

the distribution substantially. The discrepancy was therefore most likely caused by an 

underestimation of the incident photon flux within the resonant width of the state. Cross 

section values measured for transitions from excited states in 40Ca and 31P with the 

calcium oxalate and hydroxylapatite targets encased in PRESAGE® were found to be 

significantly higher than those measured during the bulk target irradiations. The increased 

values were likely a result of a combination of contaminating transitions in non-targeted 

isotopes along with a possible shift in the photon beam energy distribution as discussed in 

Chapter 8. 

The mock hydroxylapatite lesion contained in the tissue-simulating PRESAGE® 

material was easily able to be distinguished from an equivalent calcium oxalate lesion via 

the strong counting asymmetry observed. Hence, the distinction of hydroxylapatite from 
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calcium oxalate calcifications within tissue via NRF on 40Ca appears to be possible. The 

MDLs achieved in the present experiment were sufficient for detection of 1 mm 

calcifications in tissue by both calcium and phosphorus detection, but not more common 

0.3 mm calcifications. The doses achieved for the present detection limits, even with an 

ideal photon beam (i.e., one with a width equal to the natural width, , of the excited state 

of the targeted isotope) were on the whole too high for common use as a secondary 

diagnostic procedure. The MDLs will have to be lowered and detector system efficiencies 

increased substantially before in vivo NRF diagnostics becomes potentially viable.  

The experimentally determined depth-dose response for the PRESAGE® dosimeters 

irradiated were found to strongly agree with simulations in the low dose (< 3 Gy) and 

depth (< 5 mm) region, but disagree sharply at higher depths/doses. The most probable 

cause of the discrepancy is the production of Cherenkov radiation by high-energy 

secondary electrons, with a smaller contribution from transition radiation. Cherenkov 

radiation produces large numbers of short-wavelength optical and UV photons to which 

the PRESAGE® material is highly sensitive. The discrepancy increases with increasing 

depth as the charged particle density increases in the dose-buildup region prior to the 

establishment of charged-particle equilibrium. The dose as determined from the measured 

OD is therefore overestimated. Machining of the PRESAGE® dosimeters may also 

have adversely affected the OD response to incident radiation at the cut surfaces. Further 

study of the response of PRESAGE® dosimeters to high-energy photon beams is 

advised.
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Appendix A – Weisskopf and Moszkowski Units 

The Weisskopf units are frequently cited as an estimate of the transition strength of a 

particular radiative decay. These estimates are based on a model of nuclear excitation/de-

excitation in which “a single proton moves in an orbit of angular momentum L with total 

spin Ji = L + 1/2 within some featureless, chargeless, spinless, infinitely massive potential 

well, and then makes a transition to its final state of zero orbital angular momentum so 

that Jf = 1/2” [Wil60]. Likewise, the radial wavefunctions of the initial and final states in 

the transition is taken to be rectangles with extent equal to the sharp-surface nuclear 

radius, R. The sharp-surface radius is the standard nuclear charge radius often 

approximated as 3/1
0 ArR  , where r0 is an empirically-derived constant and A is the 

atomic mass number (# proton + # neutrons). For many nuclei r0 = 1.25 fm is a suitable 

value.1 Experimentally measured values of the nuclear charge radius can also be found 

tabulated in various references (e.g., Angeli and Marinova [Ang13]).2 Owing to the 

nature of the simplifications made in modeling the nuclear transitions, Weisskopf 

estimates are also sometimes referred to as the single particle (s.p.) transition rates. The 

ratio of measured level widths or transition probabilities can then be compared to the 

Weisskopf estimates (e.g., W  / ) with the resultant value being the transition strength 

in Weisskopf units (w.u.). 

                                                 

1 A higher value of r0 often gives more accurate results for light nuclei (e.g., 1.3 fm for A < ~50 and 1.35 fm for A < 
~35), while a lower value (e.g., 1.2 fm) may be more appropriate for heavy nuclei (A > ~130). 
2 Experimental papers often report the RMS charge radius, which is smaller than the sharp-surface radius by a factor of 
(3/5)1/2 [Bro84]. When the sharp-surface radius is desired, the RMS values should be divided by the preceding factor.  
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Remembering that the transition probability, /1  T , then analogous to Eq. 

2.42, the Weisskopf units, TW, for an electric transition are given by: 
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where )()( ELT
fi JJW   is the inverse of the partial lifetime, )()( EL

fi JJW  , of the excited 

state with respect to a specific decay branch defined by fi JJ  , E is the energy of the 

gamma ray emitted in the transition,  is the reduced Planck’s constant, c is the speed of 

light in a vacuum, e is the elementary charge, and R is the sharp-surface nuclear radius 

[Wil60]. Taking R to be in femtometers (fm), Eq. A.1 is given in the standard units for 

electric transition strength of e2 (fm)2L. Taking E to be in MeV and R in fm, the resulting 

values can easily be converted to the natural units for transition probability, s-1 (inverse 

seconds) using e2 = 1.440 MeV fm,   = 6.582 x 10-22 MeV s, and c =197.326 MeV fm. 

Likewise, using Eq. 2.44, along with the Weisskopf transition width derived from Eq. 

A.1 (   )()( )()( ELTEL
fifi JJWJJW

), it follows that the reduced transition probability 

for electric transitions, ),( fiW JJELB  , is given simply by:  
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For the case of magnetic transitions, the magnetic moment of the nucleons in the 

atom must be taken into account. By convention, the squares of the matrix elements of 
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magnetic and electric transitions are often related by a factor of 2)/(10 Rcmp , with mp 

being the rest mass of the proton (mp = 938.272 MeV/c2) [Wil60].3 Given this, then: 
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Simplifying this expression and placing it in terms of the nuclear magneton, N, given by 

)2/( cme pN   then: 
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Taking E to be in MeV and R in fm as before, Eq. A.4 can be expressed in natural units 

of s-1 using   = 6.582 x 10-22 MeV s, c =197.326 MeV fm, and 2
N  = 1.592 x 10-2 MeV 

fm3. Since ),()()( fiWJJW JJLBLT
fi

 , the corresponding reduced transition 

probability for magnetic transitions can then be obtained by multiplying Eq. A.2 by 

2)/(10 Rcmp , which reduces to: 
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In addition to the Weisskopf estimates, magnetic transition rates are sometimes discussed  

                                                 

3 Van Dommelen, in an enlightening and humorous diatribe, discusses at length the “nonsensical” nature of the 
Weisskopf magnetic unit as well as the various ways the Weisskopf and Moszkowski units are ballparked in different 
references [Dom13]. Standard conventions are used in this work. Some popular texts also contain errors, many of 
which Dommelen notes, so care must be taken with regard to sources.  
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in terms of the Moszkowski units. The Moszkowski units attempt to provide a more 

accurate estimate of magnetic transition rates by taking the multipolarity of the gamma 

ray into account (since the orbital magnetic moment of the radiating particle (e.g., proton) 

depends on L) [Wil60]. The Moszkowski transition probability and reduced transition 

probability for magnetic transitions are the same as the corresponding Weisskopf units, 

only with the factor of “10” in 2)/(10 Rcmp  replaced with: 
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where gi is “a nondimensional number that describes the relative efficiency of the particle 

spin in creating an electromagnetic response” [Dom13].4 For a free proton, gi = gp = 

5.586.5 Since gp/2 = 2.793 and is (non-coincidentally) the value of the magnetic moment 

of the proton (p) in units of the nuclear magneton N, Eq. A.6 is sometimes written as: 
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 where p = 2.793N in this case is treated as a unitless quantity (i.e., the unit of N is 

neglected) [Wil60]. The Moszkowski unit of transition probability is then given by: 

 

                                                 

4 The constant gi is commonly known as the g-factor or dimensionless magnetic moment. It should not be confused 
with the statistical (spin) factor, g, discussed elsewhere in this work.  
5 The 5.586 value of gi for a proton in the nucleus assumes that surrounding protons and neutrons can be ignored. This 
is not true in practice and the “real” value of gi will be somewhat less than this [Dom13]. Nonetheless, since the units 
are made to be a ballpark estimate, this simplification has no practical impact. 
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The corresponding Moszkowski unit for the reduced transition probability for magnetic 

transitions is then: 
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It should be noted that the Weisskopf and Moszkowski estimates are highly 

inaccurate for predicting the strength of gamma-ray transitions for a given multipole. The 

estimates are frequently off by several orders of magnitude, and, in general, should only 

be used to place measured transition strengths into Weisskopf and/or Moszkowski units, 

respectively. If one wishes to attempt to use these formulas to predict transition 

probabilities, it is recommended to keep the following rules of thumb in mind: 1) E1 

transition probabilities are commonly smaller than predictions by three orders of 

magnitude. 2) M1 and M2 transition probabilities are often smaller than predictions by 

one or two orders of magnitude. 3) E2 transition probabilities are usually higher (in many 

cases by one or two orders of magnitude) than predicted. Transition rate predictions for 

higher order multipoles (L > 2) tend to match experimental data reasonably well.  

Given these observations, it can be readily seen why there is often admixture between 

M1 and E2 transitions, but not generally between E1 and M2 transitions. Decreasing the 

M1 transition rates a factor of 10 and increasing the E2 rates by a factor of 100, the ratio 



 

 

241 

of E2 to M1 approaches unity. Likewise, decreasing the E1 rates by a factor of 1000 and 

the M2 rates a factor of 10 gives a ratio of M2 to E1 that is still several orders of 

magnitude lower than the ratio of E2 to M1 transitions. Even using the unmodified 

Weisskopf estimates, the M2 to E1 ratio is more than three orders of magnitude lower 

than the E2 to M1 ratio. Thus, E1+M2 mixing is rarely seen in practice. 

For convenience, the standard Weisskopf and Moszkowski estimates of transition 

probability (in s-1), level width (in eV), and reduced transition probabilities (in 

conventional units) are given for electric and magnetic dipole, quadrupole, and octopole 

transitions. In all cases, E is assumed to be in MeV and R in femtometers. The nuclear 

radius R is left as a variable in contrast to most references so that different values of r0 

(when using the 3/1
0 ArR  approximation) or experimentally measured values of R can 

be easily used. 
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Weisskopf Level Width (in eV) 
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Moszkowski Transition Probability (s
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Appendix B – MCNP6 Sample Inputs 

 

B.1 60% HPGe Detector Inputs 

HPGe1 Efficiency – 
240

Pu Experiment (May 2013 90-135) 

c 60 Percent Detector 1 w/ 10 mm Radius of Curvature 
c 1 mm Core and Side Dead Zones, Crystal 6.1 mm from Be Window 
c Matched Efficiency for 60Co #21 (Run 460) for Det 1 (SpecTcl 1) (May 2013) 
c Front Face of Detector 2.0 mm Inside Shield 
c Brent Fallin 7-27-15 
c Cells 
1      1      -2.6989           -10 20 30                                          $ Al Poptop 
2      2      -1.848             -20                                                    $ Be Entrance Window 
3      0                             -30 40 50                                          $ Inner Vacuum 
4      4      -0.999999       -40                                                    $ Aluminized Mylar 
5      1      -2.6989           -50 90 100 101 #6 #7 #10                $ Al Mount Cup 
6      5      -5.323             (-110:-61:-62) 70 71 100 101 #10   $ Ge Crystal 
7      0                             (-80 81 -82) 90 #6 #9 #10                $ Mount Cup Vacuum 
8      6      -8.960             -90                                                    $ Cu Cold Finger 
9      5      -5.323             (-100:-101) 70 71                             $ Core Dead Zone 
10    5      -5.323             -60 110                                             $ Side Dead Zone 
11    7      -1.18               -120 121                                           $ Beam Pipe   
12    3      -0.00120479   -121 122                                           $ Beam Pipe Inside 
13    6      -8.960             -130 83                                             $ Cu Shield Sleeve 
14    8      -11.35             -131 130                                           $ Pb Shield Sleeve 
15    6      -8.960             -132                                                  $ Cu Shield Face 
16    8      -11.35             -133                                                  $ Pb Shield Face 
17    3      -0.00120479   -83 10                                               $ Inner Air Gap 
18    1      -2.6989           -122 123                                           $ Al Source Holder    
19    3      -0.00120479   -123 124                                           $ Al Source Holder Inside 
20    10    -4.25               -124                                                  $ 240Pu Target 
90    3      -0.00120479   -200 120 83 130 131 132 133          $ World 
100  0                               200                                                  $ The Great Beyond 
 
c Surfaces 
10      rcc 0.0 0.0 0.0       0.0 0.0 10.95       4.1375      $ Al Poptop 
20      rcc 0.0 0.0 0.0       0.0 0.0 0.05         3.9875      $ Be Entrance Window 
30      rcc 0.0 0.0 0.05      0.0 0.0 10.90      3.9875      $ Inner Vacuum 
40      rcc 0.0 0.0 0.655    0.0 0.0 0.005      3.301        $ Aluminized Mylar 
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50      rcc 0.0 0.0 0.66      0.0 0.0 10.29      3.301         $ Al Mount Cup 
60      rcc 0.0 0.0 1.66      0.0 0.0 6.94        3.225         $ Ge Outer Cylinder 
61      tz  0.0 0.0 1.66       2.224449 1.0 1.0                  $ Ge Torus 
62      rcc 0.0 0.0 0.66      0.0 0.0 7.94        2.224449   $ Ge Inner Cylinder 
70      sph 0.0 0.0 1.890   0.560                                     $ Ge Hole - Circular Part  
71      rcc 0.0 0.0 1.890    0.0 0.0 6.710      0.560         $ Ge Hole - Cylindrical Part 
80      cz  3.225                                                             $ Inner Vacuum Radius 
81      pz  0.660                                                             $ Inner Vacuum Lower Bound 
82      pz  10.63                                                             $ Inner Vacuum Upper Bound 
83      rcc 0.0 0.0 -0.27    0.0 0.0 11.22      5.1375       $ Inner Air Gap 
90      rcc 0.0 0.0 1.43     0.0 0.0 9.20        0.200          $ Cu Cold Finger 
100    sph 0.0 0.0 1.890   0.660                                     $ Core Dead Zone - Circular Part 
101    rcc 0.0 0.0 1.890   0.0 0.0 6.710       0.660         $ Core Dead Zone - Cylin. Part 
110    rcc 0.0 0.0 1.66     0.0 0.0 6.94         3.125         $ Side Dead Zone 
120    rcc -20.0 0.0 -18.07  40.0 0.0 0.0     2.54           $ Beam Pipe Outside 
121    rcc -20.0 0.0 -18.07  40.0 0.0 0.0     2.06375     $ Beam Pipe Inside 
122    rcc -1.27 0.0 -18.07  2.540 0.0 0.0   1.0365       $ Al Source Holder  
123    rcc -1.17 0.0 -18.07  2.340 0.0 0.0   0.9365       $ Al Source Holder Inside 
124    sph 0.0 0.0 -18.07  0.703308                              $ 240Pu Target 
130    rcc 0.0 0.0 -0.27    0.0 0.0 11.22      5.3775       $ Cu Shield Sleeve 
131    rcc 0.0 0.0 -0.27    0.0 0.0 10.40      7.6775       $ Outer Pb Shield Sleeve 
132    rcc 0.0 0.0 -0.69    0.0 0.0  0.42       7.6775       $ Cu Shield Face 
133    rcc 0.0 0.0 -1.00    0.0 0.0  0.31       7.6775       $ Pb Shield Face 
200    so 40.0                                                                $ World 
 
c Material List 
c Material #1  (Aluminum) 
M1    13000   1.0 
c Material #2  (Beryllium) 
M2     4000    1.0 
c Material #3  (Air) 
M3     6000  -0.000124 & 
          7014  -0.752290 & 
          7015  -0.002977 & 
          8016  -0.231153 & 
          8017  -0.000094 & 
          8018  -0.000535 & 
        18000  -0.012827 GAS=1 
c Material #4 (Aluminized Mylar) 
M4     1000  -0.030220 & 
          6000  -0.450145 & 
          8000  -0.239842 & 
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        13000  -0.279793    
c Material #5  (Germanium) 
M5    32000   1.0 
c Material #6  (Copper) 
M6    29000   1.0 
c Material #7  (Lucite) 
M7     1000  -0.0805420 & 
          6000  -0.5998412 & 
          8000  -0.3196168 
c Material #8 (Lead) 
M8     82000   1.0 
c Material #9 (Polyethylene) 
M9     6000  -0.856285 & 
          1000   -0.143715 
c Material #10 (240Pu Target) 
M10    8000  -0.1022 & 
           9000  -0.1372 & 
         94239  -0.0037 & 
         94240  -0.7509 & 
         94241  -0.0020 & 
         95241  -0.0040 
c Mode and Importances 
MODE P E 
IMP:P 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 
IMP:E 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 1 1 1 0 1 0 
c Physics Options 
CUT:P 2j 0 0   $ Analog Capture for F8 Tally 
PHYS:P 4j 1    $ Photon Doppler Broadening Off 
c MCNP Options 
c Triple Default Random Number Stride MCNPX and Jenny 
c DBCN 8675309 11j 458751 
c Triple Default Random Number Stride MCNP5/6 and Jenny 
RAND STRIDE=458751 SEED=8675309  
c Source definition 
SDEF POS=0.0 0.0 -18.07 RAD=d1 PAR=2 ERG=d2 CEL=20 
SI1 0 0.703307 
SP1 -21 2 
SI2 L 2.38943 2.40045 2.42081 2.43268 2.44344 2.46427 
SP2 D 1 5r 
c SDEF POS=0.0 0.0 -18.07 RAD=d1 EXT=d2 AXS=1 0 0 PAR=2 ERG=1.173228 
c SI1 0 0.24999 
c SP1 -21 1 
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c SI2 -0.15899 0.15899  
c SP2 -21 0 
c Tallies 
FC8  Pulse Height Tally 
F8:P 6 
c Binning 
E8 0.0 1E-5 1E-3 3998I 4.0 
c Tally Fluctuation Chart for the Corresponding User and Energy Bins 
c TF8 6j 2266 j 
TF8 2j 7 3j 2467 j 
c Special Treatment for Tallies 
FT8 SCX 2 
c Source Events 
print 10 160 161 162 170 
c CTME 480 
c NPS 1000000 
c Stop simulation when the bin specified by the TF Card reaches the specified error 
STOP F8=0.002 
 
 

HPGe2 Efficiency – 
240

Pu Experiment (May 2013 90-135) 

c 60 Percent Detector 2 w/ 10 mm Radius of Curvature 
c 1 mm Core and Side Dead Zones, Crystal 10.2 mm from Be Window 
c Matched Efficiency for 60Co #21 (Run 460) for Det 2 (SpecTcl 2) (May 2013) 
c Front Face of Detector 2.0 mm Inside Shield 
c Brent Fallin 7-27-15 
c Cells 
1      1      -2.6989           -10 20 30                                         $ Al Poptop 
2      2      -1.848             -20                                                   $ Be Entrance Window 
3      0                             -30 40 50                                         $ Inner Vacuum 
4      4      -0.999999       -40                                                   $ Aluminized Mylar 
5      1      -2.6989           -50 90 100 101 #6 #7 #10               $ Al Mount Cup 
6      5      -5.323            (-110:-61:-62) 70 71 100 101 #10   $ Ge Crystal 
7      0                             (-80 81 -82) 90 #6 #9 #10               $ Mount Cup Vacuum 
8      6      -8.960             -90                                                   $ Cu Cold Finger 
9      5      -5.323             (-100:-101) 70 71                            $ Core Dead Zone 
10    5      -5.323             -60 110                                            $ Side Dead Zone 
11    7      -1.18               -120 121                                          $ Beam Pipe   
12    3      -0.00120479   -121 122                                          $ Beam Pipe Inside 
13    6      -8.960             -130 83                                            $ Cu Shield Sleeve 
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14    8      -11.35             -131 130                                          $ Pb Shield Sleeve 
15    6      -8.960             -132                                                 $ Cu Shield Face 
16    8      -11.35             -133                                                 $ Pb Shield Face 
17    3      -0.00120479   -83 10                                              $ Inner Air Gap 
18    1      -2.6989           -122 123                                          $ Al Source Holder    
19    3      -0.00120479   -123 124                                          $ Al Source Holder Inside 
20    10    -4.25               -124                                                 $ 240Pu Target 
90    3      -0.00120479   -200 120 83 130 131 132 133         $ World 
100  0                               200                                                 $ The Great Beyond 
 
c Surfaces 
10      rcc 0.0 0.0 12.60     0.0 0.0 10.95    4.1375     $ Al Poptop 
20      rcc 0.0 0.0 12.60     0.0 0.0 0.05      3.9875     $ Be Entrance Window 
30      rcc 0.0 0.0 12.65     0.0 0.0 10.90    3.9875     $ Inner Vacuum 
40      rcc 0.0 0.0 13.665   0.0 0.0 0.005    3.486       $ Aluminized Mylar 
50      rcc 0.0 0.0 13.67     0.0 0.0 9.880    3.486       $ Al Mount Cup 
60      rcc 0.0 0.0 14.67     0.0 0.0 6.75      3.410       $ Ge Outer Cylinder 
61      tz  0.0 0.0 14.67      2.40999 1.0 1.0                $ Ge Torus 
62      rcc 0.0 0.0 13.67     0.0 0.0 7.75      2.40999   $ Ge Inner Cylinder 
70      sph 0.0 0.0 14.915   0.585                               $ Ge Hole - Circular Part  
71      rcc 0.0 0.0 14.915   0.0 0.0 6.505    0.585       $ Ge Hole - Cylindrical Part 
80      cz  3.410                                                          $ Inner Vacuum Radius 
81      pz  13.67                                                          $ Inner Vacuum Lower Bound 
82      pz  23.23                                                          $ Inner Vacuum Upper Bound 
83      rcc 0.0 0.0 12.41     0.0 0.0 11.14    5.1375     $ Inner Air Gap 
90      rcc 0.0 0.0 14.43     0.0 0.0 8.80      0.200       $ Cu Cold Finger 
100    sph 0.0 0.0 14.915   0.685                               $ Core Dead Zone - Circular Part 
101    rcc 0.0 0.0 14.915   0.0 0.0 6.505    0.685       $ Core Dead Zone - Cylin. Part 
110    rcc 0.0 0.0 14.67     0.0 0.0 6.75      3.310       $ Side Dead Zone 
120 1 rcc -20.0 0.0 0.0  40.0 0.0 0.0          2.54         $ Beam Pipe Outside 
121 1 rcc -20.0 0.0 0.0  40.0 0.0 0.0          2.06375   $ Beam Pipe Inside 
122 1 rcc -1.27 0.0 0.0  2.540 0.0 0.0        1.0365    $ Al Source Holder  
123 1 rcc -1.17 0.0 0.0  2.340 0.0 0.0        0.9365    $ Al Source Holder Inside 
124    sph 0.0 0.0 0.0        0.703308                          $ 240Pu Target  
130    rcc 0.0 0.0 12.41     0.0 0.0 11.14    5.3775     $ Cu Shield Sleeve 
131    rcc 0.0 0.0 12.41     0.0 0.0 10.40    7.6775     $ Outer Pb Shield Sleeve 
132    rcc 0.0 0.0 11.99     0.0 0.0  0.42     7.6775     $ Cu Shield Face 
133    rcc 0.0 0.0 11.68     0.0 0.0  0.31     7.6775     $ Pb Shield Face 
200    so 40.0                                                             $ World 
 
TR1 0 0 0   0.70710678118655 0 0.70710678118655   0 1 0 & 
0.70710678118655 0 0.70710678118655 
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c Material List 
c Material #1  (Aluminum) 
M1    13000   1.0 
c Material #2  (Beryllium) 
M2     4000    1.0 
c Material #3  (Air) 
M3     6000  -0.000124 & 
          7014  -0.752290 & 
          7015  -0.002977 & 
          8016  -0.231153 & 
          8017  -0.000094 & 
          8018  -0.000535 & 
        18000  -0.012827 GAS=1 
c Material #4 (Aluminized Mylar) 
M4     1000  -0.030220 & 
          6000  -0.450145 & 
          8000  -0.239842 & 
        13000  -0.279793    
c Material #5  (Germanium) 
M5    32000   1.0 
c Material #6  (Copper) 
M6    29000   1.0 
c Material #7  (Lucite) 
M7     1000  -0.0805420 & 
          6000  -0.5998412 & 
          8000  -0.3196168 
c Material #8 (Lead) 
M8    82000   1.0 
c Material #9 (Polyethylene) 
M9     6000  -0.856285 & 
          1000  -0.143715 
c Material #10 (240Pu Target) 
M10    8000  -0.1022 & 
            9000  -0.1372 & 
          94239 -0.0037 & 
          94240 -0.7509 & 
          94241 -0.0020 & 
          95241 -0.0040 
c Mode and Importances 
MODE P E 
IMP:P 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 
IMP:E 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 1 1 1 0 1 0 
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c Physics Options 
CUT:P 2j 0 0   $ Analog Capture for F8 Tally 
PHYS:P 4j 1    $ Photon Doppler Broadening Off 
c MCNP Options 
c Triple Default Random Number Stride MCNPX and Jenny 
c DBCN 8675309 11j 458751 
c Triple Default Random Number Stride MCNP5/6 and Jenny 
RAND STRIDE=458751 SEED=8675309 
c Source definition 
SDEF POS=0.0 0.0 0.0 RAD=d1 PAR=2 ERG=d2 CEL=20 
SI1 0 0.703307 
SP1 -21 2 
SI2 L 2.38995 2.39966 2.42093 2.43249 2.44339 2.46415 
SP2 D 1 5r 
c SDEF POS=0.0 0.0 0.0 X=d1 Y=d2 Z=d3 PAR=2 CEL=19 ERG=1.173228 
c SI1 -0.3 0.3 
c SP1 0 1 
c SI2 -0.3 0.3  
c SP2 0 1 
c SI3 -0.3 0.3 
c SP3 0 1 
c SDEF POS=0.0 0.0 0.0 RAD=d1 EXT=d2 AXS=1 0 0 PAR=2 ERG=1.332492 
c SI1 0 0.24999 
c SP1 -21 1 
c SI2 -0.15899 0.15899  
c SP2 -21 0 
c Tallies 
FC8  Pulse Height Tally 
F8:P 6 
c Binning 
E8 0.0 1E-5 1E-3 3998I 4.0 
c Tally Fluctuation Chart for the Corresponding User and Energy Bins 
TF8 2j 7 3j 2467 j 
c Special Treatment for Tallies 
FT8 SCX 2 
c Source Events 
print 10 160 161 162 170 
c CTME 480 
c NPS 1000000 
c Stop simulation when the bin specified by the TF Card reaches the specified error 
STOP F8=0.002 
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HPGe3 Efficiency – 
240

Pu Experiment (May 2013 90-135) 

c 60 Percent Detector 3 w/ 10 mm Radius of Curvature 
c 1 mm Core and Side Dead Zones, Crystal 8.0 mm from Be Window 
c Matched Efficiency for 60Co #21 (Run 460) for Det 3 (SpecTcl 3) (May 2013) 
c Front Face of Detector 2.0 mm Inside Shield 
c Brent Fallin 7-27-15 
c Cells 
1      1      -2.6989           -10 20 30                                          $ Al Poptop 
2      2      -1.848             -20                                                    $ Be Entrance Window 
3      0                             -30 40 50                                          $ Inner Vacuum 
4      4      -0.999999       -40                                                    $ Aluminized Mylar 
5      1      -2.6989           -50 90 100 101 #6 #7 #10                $ Al Mount Cup 
6      5      -5.323             (-110:-61:-62) 70 71 100 101 #10   $ Ge Crystal 
7      0                             (-80 81 -82) 90 #6 #9 #10                $ Mount Cup Vacuum 
8      6      -8.960             -90                                                    $ Cu Cold Finger 
9      5      -5.323             (-100:-101) 70 71                             $ Core Dead Zone 
10    5      -5.323             -60 110                                             $ Side Dead Zone 
11    7      -1.18               -120 121                                           $ Beam Pipe   
12    3      -0.00120479   -121 122                                           $ Beam Pipe Inside 
13    6      -8.960             -130 83                                             $ Cu Shield Sleeve 
14    8      -11.35             -131 130                                           $ Pb Shield Sleeve 
15    6      -8.960             -132                                                  $ Cu Shield Face 
16    8      -11.35             -133                                                  $ Pb Shield Face 
17    3      -0.00120479   -83 10                                               $ Inner Air Gap 
18    1      -2.6989           -122 123                                           $ Al Source Holder    
19    3      -0.00120479   -123 124                                           $ Al Source Holder Inside 
20    10    -4.25               -124                                                  $ 240Pu Target 
90    3      -0.00120479   -200 120 83 130 131 132 133          $ World 
100  0                               200                                                  $ The Great Beyond 
 
c Surfaces 
10      rcc 0.0 0.0 0.0       0.0 0.0 10.95      4.1375      $ Al Poptop 
20      rcc 0.0 0.0 0.0       0.0 0.0 0.05        3.9875      $ Be Entrance Window 
30      rcc 0.0 0.0 0.05     0.0 0.0 10.90      3.9875      $ Inner Vacuum 
40      rcc 0.0 0.0 0.845   0.0 0.0 0.005      3.561        $ Aluminized Mylar 
50      rcc 0.0 0.0 0.85     0.0 0.0 10.10      3.561        $ Al Mount Cup 
60      rcc 0.0 0.0 1.85     0.0 0.0 5.83        3.485        $ Ge Outer Cylinder 
61      tz  0.0 0.0 1.85      2.48499 1.0 1.0                   $ Ge Torus 
62      rcc 0.0 0.0 0.85     0.0 0.0 6.83        2.48499    $ Ge Inner Cylinder 
70      sph 0.0 0.0 2.175   0.495                                  $ Ge Hole - Circular Part  
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71      rcc 0.0 0.0 2.175   0.0 0.0 5.505       0.495       $ Ge Hole - Cylindrical Part 
80      cz  3.485                                                           $ Inner Vacuum Radius 
81      pz  0.850                                                           $ Inner Vacuum Lower Bound 
82      pz  10.63                                                           $ Inner Vacuum Upper Bound 
83      rcc 0.0 0.0 -0.20    0.0 0.0 11.15      5.1375     $ Inner Air Gap 
90      rcc 0.0 0.0 1.78     0.0 0.0 8.85        0.200        $ Cu Cold Finger 
100    sph 0.0 0.0 2.175   0.595                                  $ Core Dead Zone - Circular Part 
101    rcc 0.0 0.0 2.175   0.0 0.0 5.505       0.595       $ Core Dead Zone - Cylin. Part 
110    rcc 0.0 0.0 1.85     0.0 0.0 5.83         3.385       $ Side Dead Zone 
120    rcc -20.0 0.0 -20.85  40.0 0.0 0.0     2.54         $ Beam Pipe Outside 
121    rcc -20.0 0.0 -20.85  40.0 0.0 0.0     2.06375   $ Beam Pipe Inside 
122    rcc -1.27 0.0 -20.85  2.540 0.0 0.0   1.0365     $ Al Source Holder  
123    rcc -1.17 0.0 -20.85  2.340 0.0 0.0   0.9365     $ Al Source Holder Inside 
124    sph 0.0 0.0 -20.85  0.703308                            $ 240Pu Target  
130    rcc 0.0 0.0 -0.20    0.0 0.0 11.15      5.3775      $ Cu Shield Sleeve 
131    rcc 0.0 0.0 -0.20    0.0 0.0 10.40      7.6775      $ Outer Pb Shield Sleeve 
132    rcc 0.0 0.0 -0.62    0.0 0.0  0.42       7.6775      $ Cu Shield Face 
133    rcc 0.0 0.0 -0.93    0.0 0.0  0.31       7.6775      $ Pb Shield Face 
200    so 40.0                                                               $ World 
 
c Material List 
c Material #1  (Aluminum) 
M1    13000   1.0 
c Material #2  (Beryllium) 
M2     4000    1.0 
c Material #3  (Air) 
M3     6000  -0.000124 & 
          7014  -0.752290 & 
          7015  -0.002977 & 
          8016  -0.231153 & 
          8017  -0.000094 & 
          8018  -0.000535 & 
        18000  -0.012827 GAS=1 
c Material #4 (Aluminized Mylar) 
M4     1000  -0.030220 & 
          6000  -0.450145 & 
          8000  -0.239842 & 
        13000  -0.279793    
c Material #5  (Germanium) 
M5    32000   1.0 
c Material #6  (Copper) 
M6    29000   1.0 
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c Material #7  (Lucite) 
M7     1000  -0.0805420 & 
          6000  -0.5998412 & 
          8000  -0.3196168 
c Material #8 (Lead) 
M8    82000   1.0 
c Material #9 (Polyethylene) 
M9     6000  -0.856285 & 
           1000  -0.143715 
c Material #10 (240Pu Target) 
M10    8000  -0.1022 & 
           9000  -0.1372 & 
         94239 -0.0037 & 
         94240 -0.7509 & 
         94241 -0.0020 & 
         95241 -0.0040 
c Mode and Importances 
MODE P E 
IMP:P 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 
IMP:E 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 1 1 1 0 1 0 
c Physics Options 
CUT:P 2j 0 0   $ Analog Capture for F8 Tally 
PHYS:P 4j 1    $ Photon Doppler Broadening Off 
c MCNP Options 
c Triple Default Random Number Stride MCNPX and Jenny 
c DBCN 8675309 11j 458751 
c Triple Default Random Number Stride MCNP5/6 and Jenny 
RAND STRIDE=458751 SEED=8675309 
c Source definition 
SDEF POS=0.0 0.0 -20.85 RAD=d1 PAR=2 ERG=d2 CEL=20 
SI1 0 0.703307 
SP1 -21 2 
SI2 L 2.38943 2.40045 2.42081 2.43268 2.44344 2.46427 
SP2 D 1 5r 
c SDEF POS=0.0 0.0 -20.85 RAD=d1 EXT=d2 AXS=1 0 0 PAR=2 ERG=1.173228 
c SI1 0 0.24999 
c SP1 -21 1 
c SI2 -0.15899 0.15899  
c SP2 -21 0 
c Tallies 
FC8  Pulse Height Tally 
F8:P 6 
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c Binning 
E8 0.0 1E-5 1E-3 3998I 4.0 
c Tally Fluctuation Chart for the Corresponding User and Energy Bins 
c TF8 6j 2266 j 
TF8 2j 7 3j 2467 j 
c Special Treatment for Tallies 
FT8 SCX 2 
c Source Events 
print 10 160 161 162 170 
c CTME 480 
c NPS 1000000 
c Stop simulation when the bin specified by the TF Card reaches the specified error 
STOP F8=0.002 
 
 

HPGe4 Efficiency – 
240

Pu Experiment (May 2013 90-135) 

c 60 Percent Detector 4 w/ 10 mm Radius of Curvature 
c 1 mm Core and Side Dead Zones, Crystal 9.0 mm from Be Window 
c Matched Efficiency for 60Co #21 (Run 460) for Det 4 (SpecTcl 4) (May 2013) 
c Front Face of Detector 2.0 mm Inside Shield 
c Brent Fallin 7-27-15 
c Cells 
1      1      -2.6989            -10 20 30                                        $ Al Poptop 
2      2      -1.848              -20                                                  $ Be Entrance Window 
3      0                              -30 40 50                                        $ Inner Vacuum 
4      4      -0.999999       -40                                                   $ Aluminized Mylar 
5      1      -2.6989           -50 90 100 101 #6 #7 #10               $ Al Mount Cup 
6      5      -5.323             (-110:-61:-62) 70 71 100 101 #10   $ Ge Crystal 
7      0                             (-80 81 -82) 90 #6 #9 #10                $ Mount Cup Vacuum 
8      6      -8.960             -90                                                   $ Cu Cold Finger 
9      5      -5.323             (-100:-101) 70 71                            $ Core Dead Zone 
10    5      -5.323             -60 110                                            $ Side Dead Zone 
11    7      -1.18               -120 121                                          $ Beam Pipe   
12    3      -0.00120479   -121 122                                          $ Beam Pipe Inside 
13    6      -8.960             -130 83                                            $ Cu Shield Sleeve 
14    8      -11.35             -131 130                                          $ Pb Shield Sleeve 
15    6      -8.960             -132                                                 $ Cu Shield Face 
16    8      -11.35             -133                                                 $ Pb Shield Face 
17    3      -0.00120479   -83 10                                              $ Inner Air Gap 
18    1      -2.6989           -122 123                                          $ Al Source Holder    
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19    3      -0.00120479   -123 124                                          $ Al Source Holder Inside 
20    10    -4.25               -124                                                 $ 240Pu Target 
90    3      -0.00120479   -200 120 83 130 131 132 133         $ World 
100  0                              200                                                  $ The Great Beyond 
 
c Surfaces 
10      rcc 0.0 0.0 11.94     0.0 0.0 10.95    4.1375     $ Al Poptop 
20      rcc 0.0 0.0 11.94     0.0 0.0 0.05      3.9875     $ Be Entrance Window 
30      rcc 0.0 0.0 11.99     0.0 0.0 10.90    3.9875     $ Inner Vacuum 
40      rcc 0.0 0.0 12.885   0.0 0.0 0.005    3.476       $ Aluminized Mylar 
50      rcc 0.0 0.0 12.89     0.0 0.0 10.00    3.476       $ Al Mount Cup 
60      rcc 0.0 0.0 13.89     0.0 0.0 7.05      3.400       $ Ge Outer Cylinder 
61      tz  0.0 0.0 13.89      2.39999 1.0 1.0                $ Ge Torus 
62      rcc 0.0 0.0 12.89     0.0 0.0 8.05      2.39999   $ Ge Inner Cylinder 
70      sph 0.0 0.0 14.095   0.465                                $ Ge Hole - Circular Part  
71      rcc 0.0 0.0 14.095   0.0 0.0 6.845    0.465       $ Ge Hole - Cylindrical Part 
80      cz  3.400                                                          $ Inner Vacuum Radius 
81      pz  12.89                                                          $ Inner Vacuum Lower Bound 
82      pz  22.57                                                          $ Inner Vacuum Upper Bound 
83      rcc 0.0 0.0 11.74     0.0 0.0 11.15    5.1375     $ Inner Air Gap 
90      rcc 0.0 0.0 13.73     0.0 0.0 8.84      0.200       $ Cu Cold Finger 
100    sph 0.0 0.0 14.095   0.565                               $ Core Dead Zone - Circular Part 
101    rcc 0.0 0.0 14.095   0.0 0.0 6.845    0.565       $ Core Dead Zone - Cylin. Part 
110    rcc 0.0 0.0 13.89     0.0 0.0 7.05      3.300       $ Side Dead Zone 
120 1 rcc -20.0 0.0 0.0  40.0 0.0 0.0 2.54                  $ Beam Pipe Outside 
121 1 rcc -20.0 0.0 0.0  40.0 0.0 0.0 2.06375            $ Beam Pipe Inside 
122 1 rcc -1.27 0.0 0.0  2.540 0.0 0.0 1.0365            $ Al Source Holder  
123 1 rcc -1.17 0.0 0.0  2.340 0.0 0.0 0.9365            $ Al Source Holder Inside 
124    sph 0.0 0.0 0.0        0.703308                           $ 240Pu Target  
130    rcc 0.0 0.0 11.74     0.0 0.0 11.15    5.3775     $ Cu Shield Sleeve 
131    rcc 0.0 0.0 11.74     0.0 0.0 10.40    7.3775     $ Outer Pb Shield Sleeve 
132    rcc 0.0 0.0 11.32     0.0 0.0  0.42     7.3775     $ Cu Shield Face 
133    rcc 0.0 0.0 11.01     0.0 0.0  0.31     7.3775     $ Pb Shield Face 
200    so 30.0                                                             $ World 
 
TR1 0 0 0   0.70710678118655 0 0.70710678118655   0 1 0 & 
0.70710678118655 0 0.70710678118655 
c Material List 
c Material #1  (Aluminum) 
M1    13000    1.0 
c Material #2  (Beryllium) 
M2     4000    1.0 
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c Material #3  (Air) 
M3     6000  -0.000124 & 
           7014  -0.752290 & 
           7015  -0.002977 & 
           8016  -0.231153 & 
           8017  -0.000094 & 
           8018  -0.000535 & 
         18000  -0.012827 GAS=1 
c Material #4 (Aluminized Mylar) 
M4     1000  -0.030220 & 
          6000  -0.450145 & 
          8000  -0.239842 & 
        13000  -0.279793    
c Material #5  (Germanium) 
M5    32000   1.0 
c Material #6  (Copper) 
M6    29000   1.0 
c Material #7  (Lucite) 
M7     1000  -0.0805420 & 
           6000  -0.5998412 & 
           8000  -0.3196168 
c Material #8 (Lead) 
M8    82000   1.0 
c Material #9 (Polyethylene) 
M9     6000  -0.856285 & 
          1000  -0.143715 
c Material #10 (240Pu Target) 
M10    8000  -0.1022 & 
           9000  -0.1372 & 
         94239 -0.0037 & 
         94240 -0.7509 & 
         94241 -0.0020 & 
         95241 -0.0040 
c Mode and Importances 
MODE P E 
IMP:P 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 
IMP:E 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 1 1 1 0 1 0 
c Physics Options 
CUT:P 2j 0 0   $ Analog Capture for F8 Tally 
PHYS:P 4j 1    $ Photon Doppler Broadening Off 
c MCNP Options 
c Triple Default Random Number Stride MCNPX and Jenny 
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c DBCN 8675309 11j 458751 
c Triple Default Random Number Stride MCNP5/6 and Jenny's Twin 
RAND STRIDE=458751 SEED=8675311 
c Source definition 
SDEF POS=0.0 0.0 0.0 RAD=d1 PAR=2 ERG=d2 CEL=20 
SI1 0 0.703307 
SP1 -21 2 
SI2 L 2.38995 2.39966 2.42093 2.43249 2.44339 2.46415 
SP2 D 1 5r 
c SDEF POS=0.0 0.0 0.0 X=d1 Y=d2 Z=d3 PAR=2 CEL=19 ERG=1.173228 
c SI1 -0.3 0.3 
c SP1 0 1 
c SI2 -0.3 0.3  
c SP2 0 1 
c SI3 -0.3 0.3 
c SP3 0 1 
c SDEF POS=0.0 0.0 0.0 RAD=d1 EXT=d2 AXS=1 0 0 PAR=2 ERG=1.173228 
c SI1 0 0.24999 
c SP1 -21 1 
c SI2 -0.15899 0.15899  
c SP2 -21 0 
c Tallies 
FC8  Pulse Height Tally 
F8:P 6 
c Binning 
E8 0.0 1E-5 1E-3 3998I 4.0 
c Tally Fluctuation Chart for the Corresponding User and Energy Bins 
TF8 2j 7 3j 2467 j 
c Special Treatment for Tallies 
FT8 SCX 2 
c Source Events 
print 10 160 161 162 170 
c CTME 480 
c NPS 1000000 
c Stop simulation when the bin specified by the TF Card reaches the specified error 
STOP F8=0.002 
 
 

HPGe1 Efficiency – Medical Diagnostics Experiment 

c 60 Percent Detector 1 w/ 10 mm Radius of Curvature 
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c 1 mm Core and Side Dead Zones, Crystal 6.1 mm from Be Window 
c P6 – Calcium Oxalate Target (10.3 MeV) 
c Brent Fallin 7-27-15 
c Cells 
1      1      -2.6989          -10 20 30                                           $ Al Poptop 
2      2      -1.848            -20                                                     $ Be Entrance Window 
3      0                            -30 40 50                                           $ Inner Vacuum 
4      4      -0.999999      -40                                                     $ Aluminized Mylar 
5      1      -2.6989          -50 90 100 101 #6 #7 #10                 $ Al Mount Cup 
6      5      -5.323             (-110:-61:-62) 70 71 100 101 #10   $ Ge Crystal 
7      0                             (-80 81 -82) 90 #6 #9 #10                $ Mount Cup Vacuum 
8      6      -8.960             -90                                                    $ Cu Cold Finger 
9      5      -5.323             (-100:-101) 70 71                             $ Core Dead Zone 
10    5      -5.323             -60 110                                             $ Side Dead Zone 
11    7      -1.09               -120 121                                           $ Presage Cylinder   
12    3      -0.00120479   -121 122                                           $ Presage Cylinder Inside 
13    6      -8.960             -130 83                                             $ Cu Shield Sleeve 
14    8      -11.35             -131 130                                           $ Pb Shield Sleeve 
15    6      -8.960             -132                                                  $ Cu Shield Face 
16    8      -11.35             -133                                                  $ Pb Shield Face 
17    3      -0.00120479   -83 10 132 133                                 $ Inner Air Gap 
18    10    -1.0948           -122 123                                           $ Calcium Oxalate Target 
19    10    -1.0948           -123                                                  $ Calcium Oxlate Inside    
90    3      -0.00120479   -200 120 83 130 131                        $ World 
100  0                               200                                                  $ The Great Beyond 
 
c Surfaces 
10      rcc 0.0 0.0 14.90     0.0 0.0 10.95     4.1375   $ Al Poptop 
20      rcc 0.0 0.0 14.90     0.0 0.0 0.05       3.9875   $ Be Entrance Window 
30      rcc 0.0 0.0 14.95     0.0 0.0 10.90     3.9875   $ Inner Vacuum 
40      rcc 0.0 0.0 15.555   0.0 0.0 0.005     3.301     $ Aluminized Mylar 
50      rcc 0.0 0.0 15.56     0.0 0.0 10.29     3.301     $ Al Mount Cup 
60      rcc 0.0 0.0 16.56     0.0 0.0 6.94       3.225     $ Ge Outer Cylinder 
61      tz  0.0 0.0 16.56      2.225 1.0 1.0                   $ Ge Torus 
62      rcc 0.0 0.0 15.56     0.0 0.0 7.94       2.225     $ Ge Inner Cylinder 
70      sph 0.0 0.0 16.79    0.560                               $ Ge Hole - Circular Part  
71      rcc 0.0 0.0 16.79     0.0 0.0 6.710     0.560     $ Ge Hole - Cylindrical Part 
80      cz  3.225                                                         $ Inner Vacuum Radius 
81      pz  15.56                                                         $ Inner Vacuum Lower Bound 
82      pz  25.53                                                         $ Inner Vacuum Upper Bound 
83      rcc 0.0 0.0 13.40     0.0 0.0 12.45     5.1375   $ Inner Air Gap 
90      rcc 0.0 0.0 16.33     0.0 0.0 9.20       0.200     $ Cu Cold Finger 
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100    sph 0.0 0.0 16.79    0.660                               $ Core Dead Zone - Circular Part 
101    rcc 0.0 0.0 16.79     0.0 0.0 6.710     0.660     $ Core Dead Zone - Cylin. Part 
110    rcc 0.0 0.0 16.56     0.0 0.0 6.94       3.125     $ Side Dead Zone 
120 1 rcc -2.33 0.0 0.0     5.18 0.0 0.0        3.090     $ Presage Cylinder 
121 1 rcc -0.90 0.0 0.0     1.80 0.0 0.0        0.913     $ Presage Cylinder Inside 
122 1 rcc -0.835 0.0 0.0   1.67 0.0 0.0       0.870      $ Oxalate Target 
123 1 rcc -0.835 0.0 0.0   1.67 0.0 0.0       0.650      $ Oxalate Inside 
130    rcc 0.0 0.0 13.40     0.0 0.0 12.45    5.3775    $ Cu Shield Sleeve 
131    rcc 0.0 0.0 13.40     0.0 0.0 10.40    7.6775    $ Outer Pb Shield Sleeve 
132    rcc 0.0 0.0 14.50     0.0 0.0  0.30     4.1375    $ Cu Shield Face 
133    rcc 0.0 0.0 13.514   0.0 0.0 0.986    4.1375    $ Pb Shield Face 
200    so 40.0                                                            $ World 
 
TR1 0 0 0   0.70710678118655 0 0.70710678118655   0 1 0 & 
0.70710678118655 0 0.70710678118655 
c Material List 
c Material #1 (Aluminum) 
M1    13000    1.0 
c Material #2 (Beryllium) 
M2     4000     1.0 
c Material #3 (Air) 
M3     6000  -0.000124 & 
           7014  -0.752290 & 
           7015  -0.002977 & 
           8016  -0.231153 & 
           8017  -0.000094 & 
           8018  -0.000535 & 
         18000  -0.012827 GAS=1 
c Material #4 (Aluminized Mylar) 
M4     1000  -0.030220 & 
           6000  -0.450145 & 
           8000  -0.239842 & 
         13000  -0.279793    
c Material #5 (Germanium) 
M5    32000    1.0 
c Material #6 (Copper) 
M6    29000    1.0 
c Material #7 (Presage Cylinder) 
M7     1000  -0.0882  & 
           6000  -0.6233  & 
           7000  -0.0526  & 
           8000  -0.2039  & 
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         17000  -0.0300  & 
         35000  -0.0020 
c Material #8 (Lead) 
M8    82000    1.0 
c Material #9 (Polyethylene) 
M9     6000  -0.856285 & 
           1000  -0.143715 
c Material #10 (Calcium Oxalate) 
M10    6000    2.0 &     
            8000    4.0 & 
          20000    1.0 
c Mode and Importances 
MODE P E 
IMP:P 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 
IMP:E 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 1 1 1 1 0 
c Physics Options 
CUT:P 2j 0 0   $ Analog Capture for F8 Tally 
PHYS:P 4j 1    $ Photon Doppler Broadening Off 
c MCNP Options 
c Triple Default Random Number Stride MCNPX 
c DBCN 12j 458751 
c Triple Default Random Number Stride MCNP5/6 
RAND STRIDE=458751 SEED=8675309  
c Source definition 
SDEF POS=0.0 0.0 0.0 X=d1 Y=d2 Z=d3 PAR=2 CEL=19 ERG=10.3174 
SI1 -1.06 1.06 
SP1 0 1 
SI2 -0.660 0.660  
SP2 0 1 
SI3 -1.06 1.06 
SP3 0 1 
c SDEF POS=0.0 0.0 0.0 RAD=d1 EXT=d2 AXS=1 0 0 PAR=2 ERG=1.332492 
c SI1 0 0.24999 
c SP1 -21 1 
c SI2 -0.15899 0.15899  
c SP2 -21 0 
c Tallies 
FC8  Pulse Height Tally 
F8:P 6 
c Make Tally Fluctuation Chart for the Full Energy Peak Bin 
TF8 6j 10320 
c Binning 
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E8 0.0 1E-5 1E-3 11998I 12.0 
c Source Events 
print 
c CTME 480 
c NPS 1000000 
c Stop simulation when the bin specified by the TF Card reaches the specified error 
STOP F8=0.005 
 
 

HPGe2 Efficiency – Medical Diagnostics Experiment 

c 60 Percent Detector 2 w/ 10 mm Radius of Curvature 
c 1 mm Core and Side Dead Zones, Crystal 10.2 mm from Be Window 
c P5 – Hydroxylapatite Target (10.3 MeV) 
c Brent Fallin 7-27-15 
c Cells 
1      1       -2.6989          -10 20 30                                          $ Al Poptop 
2      2       -1.848            -20                                                    $ Be Entrance Window 
3      0                             -30 40 50                                          $ Inner Vacuum 
4      4       -0.999999      -40                                                    $ Aluminized Mylar 
5      1       -2.6989          -50 90 100 101 #6 #7 #10                $ Al Mount Cup 
6      5       -5.323            (-110:-61:-62) 70 71 100 101 #10   $ Ge Crystal 
7      0                             (-80 81 -82) 90 #6 #9 #10                $ Mount Cup Vacuum 
8      6       -8.960            -90                                                    $ Cu Cold Finger 
9      5       -5.323            (-100:-101) 70 71                             $ Core Dead Zone 
10    5      -5.323              -60 110                                            $ Side Dead Zone 
11    7      -1.09               -120 121                                           $ Presage Cylinder   
12    3      -0.00120479   -121 122                                           $ Presage Cylinder Inside 
13    6      -8.960             -130 83                                             $ Cu Shield Sleeve 
14    8      -11.35             -131 130                                           $ Pb Shield Sleeve 
15    6      -8.960             -132                                                  $ Cu Shield Face 
16    8      -11.35             -133                                                  $ Pb Shield Face 
17    3      -0.00120479   -83 10 132 133                                 $ Inner Air Gap 
18    10    -1.5536           -122 123                                           $ Hydroxylapatite Target 
19    10    -1.5536           -123                                                  $ Hydroxylapatite Inside 
90    3      -0.00120479   -200 120 83 130 131 133                 $ World 
100  0                               200                                                  $ The Great Beyond 
 
c Surfaces 
10      rcc 0.0 0.0 13.30     0.0 0.0 10.95   4.1375     $ Al Poptop 
20      rcc 0.0 0.0 13.30     0.0 0.0 0.05     3.9875     $ Be Entrance Window 
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30      rcc 0.0 0.0 13.35     0.0 0.0 10.90   3.9875     $ Inner Vacuum 
40      rcc 0.0 0.0 14.365   0.0 0.0 0.005   3.486       $ Aluminized Mylar 
50      rcc 0.0 0.0 14.37     0.0 0.0 9.880   3.486       $ Al Mount Cup 
60      rcc 0.0 0.0 15.37     0.0 0.0 6.75     3.410       $ Ge Outer Cylinder 
61      tz  0.0 0.0 15.37      2.40999 1.0 1.0               $ Ge Torus 
62      rcc 0.0 0.0 14.37     0.0 0.0 7.75     2.40999   $ Ge Inner Cylinder 
70      sph 0.0 0.0 15.615   0.585                              $ Ge Hole - Circular Part  
71      rcc 0.0 0.0 15.615   0.0 0.0 6.505   0.585       $ Ge Hole - Cylindrical Part 
80      cz  3.410                                                         $ Inner Vacuum Radius 
81      pz  14.37                                                         $ Inner Vacuum Lower Bound 
82      pz  23.93                                                         $ Inner Vacuum Upper Bound 
83      rcc 0.0 0.0 12.00     0.0 0.0 12.25   5.1375     $ Inner Air Gap 
90      rcc 0.0 0.0 15.13     0.0 0.0 8.80     0.200       $ Cu Cold Finger 
100    sph 0.0 0.0 15.615   0.685                              $ Core Dead Zone - Circular Part 
101    rcc 0.0 0.0 15.615   0.0 0.0 6.505   0.685       $ Core Dead Zone - Cylindrical Part 
110    rcc 0.0 0.0 15.37     0.0 0.0 6.75     3.310       $ Side Dead Zone 
120 1 rcc -2.17 0.0 0.0     5.00 0.0 0.0      3.085       $ Presage Cylinder 
121 1 rcc -0.70 0.0 0.0     1.40 0.0 0.0      0.913       $ Presage Cylinder Inside 
122 1 rcc -0.650 0.0 0.0   1.30 0.0 0.0      0.860       $ Hydroxylapatite Target 
123 1 rcc -0.650 0.0 0.0   1.30 0.0 0.0      0.650       $ Hydroxylapatite Target Inside  
130    rcc 0.0 0.0 12.00     0.0 0.0 12.25   5.3775     $ Cu Shield Sleeve 
131    rcc 0.0 0.0 12.00     0.0 0.0 10.40   7.6775     $ Outer Pb Shield Sleeve 
132    rcc 0.0 0.0 12.90     0.0 0.0  0.30    4.1375     $ Cu Shield Face 
133    rcc 0.0 0.0 11.94     0.0 0.0  0.96    4.1375     $ Pb Shield Face 
200    so 40.0                                                            $ World 
 
TR1 0 0 0   0.70710678118655 0 0.70710678118655   0 1 0 & 
0.70710678118655 0 0.70710678118655 
c Material List 
c Material #1 (Aluminum) 
M1    13000    1.0 
c Material #2 (Beryllium) 
M2     4000    1.0 
c Material #3 (Air) 
M3     6000  -0.000124 & 
           7014  -0.752290 & 
           7015  -0.002977 & 
           8016  -0.231153 & 
           8017  -0.000094 & 
           8018  -0.000535 & 
         18000  -0.012827 GAS=1 
c Material #4 (Aluminized Mylar) 
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M4     1000  -0.030220 & 
           6000  -0.450145 & 
           8000  -0.239842 & 
         13000  -0.279793    
c Material #5 (Germanium) 
M5    32000    1.0 
c Material #6 (Copper) 
M6    29000    1.0 
c Material #7 (Presage Cylinder) 
M7     1000  -0.0882  & 
           6000  -0.6233  & 
           7000  -0.0526  & 
           8000  -0.2039  & 
         17000  -0.0300  & 
         35000  -0.0020 
c Material #8 (Lead) 
M8    82000    1.0 
c Material #9 (Polyethylene) 
M9     6000  -0.856285 & 
           1000  -0.143715 
c Material #10 (Hydroxylapatite) 
M10    1000    1.0 & 
           8000   13.0 & 
         15000    3.0 & 
         20000    5.0 
c Mode and Importances 
MODE P E 
IMP:P 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 
IMP:E 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 1 1 1 1 0 
c Physics Options 
CUT:P 2j 0 0   $ Analog Capture for F8 Tally 
PHYS:P 4j 1    $ Photon Doppler Broadening Off 
c MCNP Options 
c Triple Default Random Number Stride MCNPX 
c DBCN 12j 458751 
c Triple Default Random Number Stride MCNP5/6 
RAND STRIDE=458751 SEED=8675309 
c Source definition 
SDEF POS=0.0 0.0 0.0 X=d1 Y=d2 Z=d3 PAR=2 CEL=19 ERG=10.3174 
SI1 -0.92 0.92 
SP1 0 1 
SI2 -0.660 0.660  
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SP2 0 1 
SI3 -0.92 0.92 
SP3 0 1 
c SDEF POS=0.0 0.0 0.0 RAD=d1 EXT=d2 AXS=1 0 0 PAR=2 ERG=1.332492 
c SI1 0 0.24999 
c SP1 -21 1 
c SI2 -0.15899 0.15899  
c SP2 -21 0 
c Tallies 
FC8  Pulse Height Tally 
F8:P 6 
c Make Tally Fluctuation Chart for the Full Energy Peak Bin 
TF8 6j 10320 
c Binning 
E8 0.0 1E-5 1E-3 11998I 12.0 
c Source Events 
print 
c CTME 480 
c NPS 1000000 
c Stop simulation when the bin specified by the TF Card reaches the specified error 
STOP F8=0.005 
 
 

B.2 120% HPGe Detector Inputs 

0-Deg Detector – Medical Diagnostics Experiment (7.1 MeV Beam) 

c 120 Percent Detector 1 w/ 10 mm Radius of Curvature and 1.5 mm  
c Combined Front and Side Dead Zones, Crystal 15.5 mm from Al Window 
c Brent Fallin 10-7-15 
c Cells 
1      1      -2.6989           -10 20 30                               $ Al Poptop 
2      1      -2.6989           -20                                         $ Al Entrance Window 
3      0                             -30 40 50                               $ Inner Vacuum 
4      3      -0.999999       -40                                         $ Aluminized Mylar 
5      1      -2.6989           -50 90 #6 #7 #9                     $ Al Mount Cup 
6      4      -5.323             (-110:-111:-112) 70 71         $ Ge Crystal 
7      0                             (-80 81 -82) 90 #6 #9            $ Mount Cup Vacuum 
8      5      -8.960             -90                                         $ Cu Cold Finger 
9      4      -5.323             (-60:-61:-62) 70 71 110 #6   $ Ge Crystal Dead Zone 
90    2      -0.00120479   -200 10                                  $ World 
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100  0                               200                                       $ The Great Beyond 
 
c Surfaces 
10      rcc 0.0 0.0 0.0       0.0 0.0 13.50   4.7500         $ Al Poptop 
20      rcc 0.0 0.0 0.0       0.0 0.0 0.100   4.6500         $ Al Entrance Window 
30      rcc 0.0 0.0 0.10     0.0 0.0 13.40   4.6500         $ Inner Vacuum 
40      rcc 0.0 0.0 1.545   0.0 0.0 0.005   4.176           $ Aluminized Mylar 
50      rcc 0.0 0.0 1.550   0.0 0.0 11.95   4.176           $ Al Mount Cup 
60      rcc 0.0 0.0 2.55     0.0 0.0 9.87     4.100           $ Ge Outer Cylinder 
61      tz  0.0 0.0 2.55      3.0999997 1.0 1.0               $ Ge Torus 
62      rcc 0.0 0.0 1.55     0.0 0.0 10.87   3.0999997   $ Ge Inner Cylinder 
70      sph 0.0 0.0 3.355   0.545                                  $ Ge Hole - Circular Part  
71      rcc 0.0 0.0 3.355   0.0 0.0 9.065   0.545           $ Ge Hole - Cylindrical Part 
80      cz  4.100                                                           $ Inner Vacuum Radius 
81      pz  1.550                                                           $ Inner Vacuum Lower Bound 
82      pz  13.18                                                           $ Inner Vacuum Upper Bound 
90      rcc 0.0 0.0 2.91     0.0 0.0 10.27   0.200           $ Cu Cold Finger 
110    rcc 0.0 0.0 2.70     0.0 0.0 9.72     3.950           $ Ge Outer Cylinder 
111    tz  0.0 0.0 2.70      2.949999 1.0 1.0                 $ Ge Torus 
112    rcc 0.0 0.0 1.70     0.0 0.0 10.72   2.949999     $ Ge Inner Cylinder 
200    so 750.0                                                            $ World 
 
c Material List 
c Material #1  (Aluminum) 
M1    13000    1.0 
c Material #2  (Air) 
M2     6000  -0.000124 & 
           7014  -0.752290 & 
           7015  -0.002977 & 
           8016  -0.231153 & 
           8017  -0.000094 & 
           8018  -0.000535 & 
         18000  -0.012827 GAS=1 
c Material #3 (Aluminized Mylar) 
M3     1000  -0.030220 & 
           6000  -0.450145 & 
           8000  -0.239842 & 
         13000  -0.279793    
c Material #4  (Germanium) 
M4    32000    1.0 
c Material #5  (Copper) 
M5    29000    1.0 
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c Mode and Importances 
MODE P E 
IMP:P,E 1 1 1 1 1 1 1 1 1 1 0 
c Physics Options 
CUT:P 2j 0 0   $ Analog Capture for F8 Tally 
PHYS:P 4j 1    $ Photon Doppler Broadening Off 
c MCNP Options 
c Triple Default Random Number Stride MCNPX 
c DBCN 12j 458751 
c Triple Default Random Number Stride MCNP5/6 
c RAND STRIDE=458751 
c Better Random Number Generator and Jenny MCNP5/6 
RAND GEN=2 SEED=8675309 STRIDE=4587511  
c Source definition - 7.1 MeV Beam Best Fit 
SDEF POS=0.0 -2.0 -738.22 AXS=0 0 1 VEC=0 0 1 DIR=1 RAD=d1 EXT=0 PAR=2 
ERG=d2 
SI1 0 0.697472 
SP1 -21 1 
SI2 A 5.7555 5.7655 5.7755 5.7855 5.7955 5.8055 5.8155 5.8255 5.8355 5.8455 & 
5.8555 5.8655 5.8755 5.8855 5.8955 5.9055 5.9155 5.9255 5.9355 5.9455 5.9555 & 
5.9655 5.9755 5.9855 5.9955 6.0055 6.0155 6.0255 6.0355 6.0455 6.0555 6.0655 & 
6.0755 6.0855 6.0955 6.1055 6.1155 6.1255 6.1355 6.1455 6.1555 6.1655 6.1755 & 
6.1855 6.1955 6.2055 6.2155 6.2255 6.2355 6.2455 6.2555 6.2655 6.2755 6.2855 & 
6.2955 6.3055 6.3155 6.3255 6.3355 6.3455 6.3555 6.3655 6.3755 6.3855 6.3955 & 
6.4055 6.4155 6.4255 6.4355 6.4455 6.4555 6.4655 6.4755 6.4855 6.4955 6.5055 & 
6.5155 6.5255 6.5355 6.5455 6.5555 6.5655 6.5755 6.5855 6.5955 6.6055 6.6155 & 
6.6255 6.6355 6.6455 6.6555 6.6655 6.6755 6.6855 6.6955 6.7055 6.7155 6.7255 & 
6.7355 6.7455 6.7555 6.7655 6.7755 6.7855 6.7955 6.8055 6.8155 6.8255 6.8355 & 
6.8455 6.8555 6.8655 6.8755 6.8855 6.8955 6.9055 6.9155 6.9255 6.9355 6.9455 & 
6.9555 6.9655 6.9755 6.9855 6.9955 7.0055 7.0155 7.0255 7.0355 7.0455 7.0555 & 
7.0655 7.0755 7.0855 7.0955 7.1055 7.1155 7.1255 7.1355 7.1455 7.1555 7.1655 & 
7.1755 7.1855 7.1955 7.2055 7.2155 7.2255 7.2355 7.2455 7.2555 7.2655 7.2755 & 
7.2855 7.2955 7.3055 7.3155 7.3255 7.3355 7.3455 7.3555 7.3655 7.3755 7.3855 & 
7.3955 7.4055 7.4155 7.4255 
SP2 0 0.000104129 0.000108301 0.00011264 0.000117153 0.000121847 0.00012673 & 
0.000131807 0.000137088 0.000142581 0.000148294 0.000154236 0.000160416 & 
0.000166843 0.000173528 0.000180481 0.000187713 0.000195234 0.000203056 & 
0.000211192 0.000219654 0.000228455 0.000237609 0.000247129 0.000257031 & 
0.00026733 0.000278041 0.000289182 0.000300768 0.00031282 0.000325353 & 
0.00033839 0.000351948 0.00036605 0.000380717 0.000395971 0.000411837 & 
0.000428338 0.0004455 0.00046335 0.000481916 0.000501225 0.000521308 & 
0.000542195 0.00056392 0.000586515 0.000610015 0.000634457 0.000659878 & 
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0.000686318 0.000713817 0.000742418 0.000772165 0.000803104 0.000835282 & 
0.00086875 0.000903558 0.000939762 0.000977416 0.001016579 0.00105731 & 
0.001099674 0.001143736 0.001189562 0.001237225 0.001286798 0.001338357 & 
0.001391982 0.001447755 0.001505763 0.001566095 0.001628845 0.001694109 & 
0.001761988 0.001832587 0.001906014 0.001982383 0.002061813 0.002144425 & 
0.002230347 0.002319711 0.002412656 0.002509326 0.002609868 0.00271444 & 
0.002823201 0.00293632 0.003053971 0.003176336 0.003303604 0.003435972 & 
0.003573643 0.00371683 0.003865755 0.004020646 0.004181744 0.004349297 & 
0.004523562 0.004704811 0.004893321 0.005089385 0.005293304 0.005505394 & 
0.005725982 0.005955409 0.006194028 0.006442207 0.006700331 0.006968798 & 
0.007248021 0.007538431 0.007840478 0.008154627 0.008481364 0.008821192 & 
0.009174636 0.009512398 0.009888108 0.010407759 0.010980569 0.011612641 & 
0.012309787 0.013077139 0.013918662 0.014836573 0.015830663 0.016897546 & 
0.018029872 0.019215558 0.020437115 0.02167119 0.022888426 0.024053776 & 
0.025127379 0.026066043 0.026825336 0.02736218 0.02763779 0.027670009 & 
0.027535414 0.027159611 0.026552481 0.025729795 0.024712527 0.023525975 & 
0.022198711 0.020761441 0.01924584 0.017683405 0.0161044 0.014536935 & 
0.01300621 0.011533956 0.010138075 0.008835229 0.007367921 0.005997544 & 
0.00458659 0.003446719 0.002590131 0.001843119 0.001187036 0.000764494 & 
0.000492362 0.000317099 0.000204223 0.000131527 0 
c SDEF POS=0.0 0.0 -5.00 RAD=d1 EXT=0 AXS=0 0 1 PAR=2 ERG=d2 
c SI1 0 0.250 
c SP1 -21 1 
c SI2 L 0.0595409 0.088036 0.12206025 0.1658575 0.2791952 0.391698 & 
c 0.569331 0.661657 0.801953 0.898042 1.03861 1.173228 1.332492 1.365185 & 
c 1.836063 2.000000 2.200000 2.400000 2.600000 2.80000 3.000000 3.200000 
c SP2 D 1 21r 
c Tallies 
c FC1  Flux Tally 
F1:P 10.3 
C1 0 1 T 
FC8  Pulse Height Tally 
F8:P 6 
c Make Tally Fluctuation Chart for the Full Energy Peak Bin 
c TF8 6j 9402 
c Binning 
E1 0.0 1E-5 1E-3 11998I 12.0 
E8 0.0 1E-5 1E-3 11998I 12.0 
c Source Events 
CTME 42720 
print 
c NPS 1000000 
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c Stop simulation when the bin specified by the TF Card reaches the specified error 
c STOP F8=0.005 
 
 

0-Deg Detector – Medical Diagnostics Experiment (10.3 MeV Beam) 

c 120 Percent Detector 1 w/ 10 mm Radius of Curvature and 1.5 mm  
c Combined Front and Side Dead Zones, Crystal 15.5 mm from Al Window 
c Brent Fallin 4-9-15 
c Cells 
1      1      -2.6989           -10 20 30                               $ Al Poptop 
2      1      -2.6989           -20                                         $ Al Entrance Window 
3      0                             -30 40 50                               $ Inner Vacuum 
4      3      -0.999999       -40                                         $ Aluminized Mylar 
5      1      -2.6989           -50 90 #6 #7 #9                     $ Al Mount Cup 
6      4      -5.323             (-110:-111:-112) 70 71         $ Ge Crystal 
7      0                             (-80 81 -82) 90 #6 #9            $ Mount Cup Vacuum 
8      5      -8.960             -90                                         $ Cu Cold Finger 
9      4      -5.323             (-60:-61:-62) 70 71 110 #6   $ Ge Crystal Dead Zone 
90    2      -0.00120479   -200 10                                  $ World 
100  0                              200                                        $ The Great Beyond 
 
c Surfaces 
10      rcc 0.0 0.0 0.0       0.0 0.0 13.50   4.7500         $ Al Poptop 
20      rcc 0.0 0.0 0.0       0.0 0.0 0.100   4.6500         $ Al Entrance Window 
30      rcc 0.0 0.0 0.10     0.0 0.0 13.40   4.6500         $ Inner Vacuum 
40      rcc 0.0 0.0 1.545   0.0 0.0 0.005   4.176           $ Aluminized Mylar 
50      rcc 0.0 0.0 1.550   0.0 0.0 11.95   4.176           $ Al Mount Cup 
60      rcc 0.0 0.0 2.55     0.0 0.0 9.87     4.100           $ Ge Outer Cylinder 
61      tz  0.0 0.0 2.55      3.0999997 1.0 1.0               $ Ge Torus 
62      rcc 0.0 0.0 1.55     0.0 0.0 10.87   3.0999997   $ Ge Inner Cylinder 
70      sph 0.0 0.0 3.355   0.545                                  $ Ge Hole - Circular Part  
71      rcc 0.0 0.0 3.355   0.0 0.0 9.065   0.545           $ Ge Hole - Cylindrical Part 
80      cz  4.100                                                           $ Inner Vacuum Radius 
81      pz  1.550                                                           $ Inner Vacuum Lower Bound 
82      pz  13.18                                                           $ Inner Vacuum Upper Bound 
90      rcc 0.0 0.0 2.91     0.0 0.0 10.27   0.200           $ Cu Cold Finger 
110    rcc 0.0 0.0 2.70     0.0 0.0 9.72     3.950           $ Ge Outer Cylinder 
111    tz  0.0 0.0 2.70      2.949999 1.0 1.0                 $ Ge Torus 
112    rcc 0.0 0.0 1.70     0.0 0.0 10.72   2.949999     $ Ge Inner Cylinder 
200    so 750.0                                                            $ World 
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c Material List 
c Material #1  (Aluminum) 
M1    13000    1.0 
c Material #2  (Air) 
M2     6000  -0.000124 & 
          7014  -0.752290 & 
          7015  -0.002977 & 
          8016  -0.231153 & 
          8017  -0.000094 & 
          8018  -0.000535 & 
        18000  -0.012827 GAS=1 
c Material #3 (Aluminized Mylar) 
M3     1000  -0.030220 & 
          6000  -0.450145 & 
          8000  -0.239842 & 
        13000  -0.279793    
c Material #4  (Germanium) 
M4    32000    1.0 
c Material #5  (Copper) 
M5    29000    1.0 
c Mode and Importances 
MODE P E 
IMP:P,E 1 1 1 1 1 1 1 1 1 1 0 
c Physics Options 
CUT:P 2j 0 0   $ Analog Capture for F8 Tally 
PHYS:P 4j 1    $ Photon Doppler Broadening Off 
c MCNP Options 
c Triple Default Random Number Stride MCNPX 
c DBCN 12j 458751 
c Triple Default Random Number Stride MCNP5/6 
c RAND STRIDE=458751 
c Better Random Number Generator and Jenny MCNP5/6 
RAND GEN=2 SEED=8675309 STRIDE=4587511 
c Source definition - 10.3 MeV Beam Best Fit 
SDEF POS=0.0 -2.0 -738.22 AXS=0 0 1 VEC=0 0 1 DIR=1 RAD=d1 EXT=0 PAR=2 
ERG=d2 
SI1 0 0.697472 
SP1 -21 1 
SI2 A 7.5955 7.6055 7.6155 7.6255 7.6355 7.6455 7.6555 7.6655 7.6755 7.6855 & 
7.6955 7.7055 7.7155 7.7255 7.7355 7.7455 7.7555 7.7655 7.7755 7.7855 & 
7.7955 7.8055 7.8155 7.8255 7.8355 7.8455 7.8555 7.8655 & 
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7.8755 7.8855 7.8955 7.9055 7.9155 7.9255 7.9355 7.9455 7.9555 & 
7.9655 7.9755 7.9855 7.9955 8.0055 8.0155 8.0255 8.0355 8.0455 & 
8.0555 8.0655 8.0755 8.0855 8.0955 8.1055 8.1155 8.1255 &  
8.1355 8.1455 8.1555 8.1655 8.1755 8.1855 8.1955 8.2055 8.2155 8.2255 8.2355 &  
8.2455 8.2555 8.2655 8.2755 8.2855 8.2955 8.3055 8.3155 8.3255 8.3355 8.3455 & 
8.3555 8.3655 8.3755 8.3855 8.3955 8.4055 8.4155 8.4255 8.4355 8.4455 8.4555 & 
8.4655 8.4755 8.4855 8.4955 8.5055 8.5155 8.5255 8.5355 8.5455 8.5555 8.5655 & 
8.5755 8.5855 8.5955 8.6055 8.6155 8.6255 8.6355 8.6455 8.6555 8.6655 8.6755 & 
8.6855 8.6955 8.7055 8.7155 8.7255 8.7355 8.7455 8.7555 8.7655 8.7755 8.7855 & 
8.7955 8.8055 8.8155 8.8255 8.8355 8.8455 8.8555 8.8655 8.8755 8.8855 8.8955 & 
8.9055 8.9155 8.9255 8.9355 8.9455 8.9555 8.9655 8.9755 8.9855 8.9955 9.0055 & 
9.0155 9.0255 9.0355 9.0455 9.0555 9.0655 9.0755 9.0855 9.0955 9.1055 9.1155 & 
9.1255 9.1355 9.1455 9.1555 9.1655 9.1755 9.1855 9.1955 9.2055 9.2155 9.2255 & 
9.2355 9.2455 9.2555 9.2655 9.2755 9.2855 9.2955 9.3055 9.3155 9.3255 9.3355 & 
9.3455 9.3555 9.3655 9.3755 9.3855 9.3955 9.4055 9.4155 9.4255 9.4355 9.4455 & 
9.4555 9.4655 9.4755 9.4855 9.4955 9.5055 9.5155 9.5255 9.5355 9.5455 9.5555 & 
9.5655 9.5755 9.5855 9.5955 9.6055 9.6155 9.6255 9.6355 9.6455 9.6555 9.6655 & 
9.6755 9.6855 9.6955 9.7055 9.7155 9.7255 9.7355 9.7455 9.7555 9.7655 9.7755 & 
9.7855 9.7955 9.8055 9.8155 9.8255 9.8355 9.8455 9.8555 9.8655 9.8755 9.8855 & 
9.8955 9.9055 9.9155 9.9255 9.9355 9.9455 9.9555 9.9655 9.9755 9.9855 9.9955 & 
10.0055 10.0155 10.0255 10.0355 10.0455 10.0555 10.0655 10.0755 10.0855 & 
10.0955 10.1055 10.1155 10.1255 10.1355 10.1455 10.1555 10.1655 10.1755 & 
10.1855 10.1955 10.2055 10.2155 10.2255 10.2355 10.2455 10.2555 10.2655 & 
10.2755 10.2855 10.2955 10.3055 10.3155 10.3255 10.3355 10.3455 10.3555 & 
10.3655 10.3755 10.3855 10.3955 10.4055 10.4155 10.4255 10.4355 10.4455 & 
10.4555 10.4655 10.4755 10.4855 10.4955 10.5055 10.5155 10.5255 10.5355 & 
10.5455 10.5555 10.5655 10.5755 10.5855 10.5955 10.6055 10.6155 10.6255 & 
10.6355 10.6455 10.6555 10.6655 10.6755 10.6855 10.6955 10.7055  
SP2 0 0.00019156 0.000193808 0.000196083 0.000198384 0.000200712 0.000203067 & 
0.00020545 0.000207861 0.0002103 0.000212768 0.000215265 0.000217791 & 
0.000220347 0.000222933 0.000225549 0.000228196 0.000230873 0.000233583 & 
0.000236324 0.000239097 0.000241903 0.000244742 0.000247614 0.000250519 & 
0.000253459 0.000256434 0.000259443 0.000262487 0.000265568 0.000268684 & 
0.000271837 0.000275027 0.000278255 0.00028152 0.000284823 0.000288166 & 
0.000291547 0.000294969 0.00029843 0.000301932 0.000305475 0.00030906 & 
0.000312687 0.000316356 0.000320069 0.000323825 0.000327625 0.00033147 & 
0.000335359 0.000339295 0.000343276 0.000347305 0.00035138 0.000355504 & 
0.000359676 0.000363897 0.000368167 0.000372487 0.000376858 0.000381281 & 
0.000385755 0.000390282 0.000394862 0.000399496 0.000404184 0.000408927 & 
0.000413726 0.000418581 0.000423493 0.000428462 0.00043349 0.000438577 & 
0.000443724 0.000448931 0.000454199 0.000459529 0.000464922 0.000470378 & 
0.000475898 0.000481482 0.000487133 0.000492849 0.000498633 0.000504484 & 
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0.000510404 0.000516394 0.000522454 0.000528585 0.000534788 0.000541063 & 
0.000547413 0.000553837 0.000560336 0.000566911 0.000573564 0.000580295 & 
0.000587105 0.000593994 0.000600965 0.000608017 0.000615152 0.000622371 & 
0.000629674 0.000637064 0.00064454 0.000652103 0.000659756 0.000667498 & 
0.000675331 0.000683256 0.000691274 0.000699386 0.000707593 0.000715897 & 
0.000724298 0.000732798 0.000741397 0.000750097 0.0007589 0.000767805 & 
0.000776815 0.000785931 0.000795154 0.000804485 0.000813926 0.000823477 & 
0.000833141 0.000842918 0.00085281 0.000862817 0.000872942 0.000883186 & 
0.000893551 0.000904036 0.000914645 0.000925379 0.000936238 0.000947225 & 
0.00095834 0.000969586 0.000980964 0.000992476 0.001004123 0.001015906 & 
0.001027828 0.001039889 0.001052092 0.001064439 0.00107693 0.001089568 & 
0.001102354 0.00111529 0.001128378 0.001141619 0.001155016 0.00116857 & 
0.001182283 0.001196157 0.001210194 0.001224396 0.001238764 0.001253301 & 
0.001268009 0.001282889 0.001297943 0.001313175 0.001328585 0.001344176 & 
0.00135995 0.001375909 0.001392055 0.001408391 0.001424918 0.001441639 & 
0.001458557 0.001475673 0.00149299 0.00151051 0.001528236 0.00154617 & 
0.001564314 0.001582672 0.001601244 0.001620035 0.001639046 0.00165828 & 
0.00167774 0.001697428 0.001717347 0.0017375 0.00175789 0.001784076 & 
0.001832574 0.0018821 0.001932964 0.001985203 0.002038854 0.002093955 & 
0.002150545 0.002208664 0.002268354 0.002329658 0.002392618 0.002457279 & 
0.002523688 0.002591892 0.002661939 0.002733879 0.002807763 0.002883644 & 
0.002961575 0.003041613 0.003123814 0.003208236 0.00329494 0.003383987 & 
0.003475441 0.003569366 0.003665829 0.0037649 0.003866648 0.003971146 & 
0.004078467 0.00418869 0.004301891 0.004418151 0.004537553 0.004660183 & 
0.004786126 0.004915473 0.005048316 0.005184748 0.005324868 0.005468775 & 
0.005616571 0.005768361 0.005924253 0.006084359 0.006248791 0.006417667 & 
0.006591107 0.006769234 0.006952176 0.007140061 0.007333024 0.007531202 & 
0.007734736 0.00794377 0.008158454 0.008380792 0.00868048 0.00902014 & 
0.009371851 0.009735254 0.010109805 0.010494747 0.010889082 0.011291535 & 
0.011700534 0.012114177 0.012530216 0.012946039 0.013358668 0.013764765 & 
0.014160658 0.01454238 0.014905729 0.01524635 0.015559833 0.015841835 & 
0.016088202 0.016295118 0.016459234 0.016577801 0.016648781 0.016669807 & 
0.016619641 0.016480789 0.016254873 0.015945511 0.015557598 0.015097182 & 
0.014571307 0.013987831 0.013355234 0.012682412 0.011978474 0.011252535 & 
0.010513529 0.00977003 0.009030099 0.008301153 0.007589857 0.006902048 & 
0.006242688 0.005615837 0.00502466 0.004471447 0.003957662 0.003484004 & 
0.002972316 0.002433526 0.001992403 0.001631242 0.001276235 0.000949751 & 
0.000624539 0.000394919 0.000249722 0.000157908 0 
c SDEF POS=0.0 0.0 -5.00 RAD=d1 EXT=0 AXS=0 0 1 PAR=2 ERG=d2 
c SI1 0 0.250 
c SP1 -21 1 
c SI2 L 0.0595409 0.088036 0.12206025 0.1658575 0.2791952 0.391698 & 



 

 

272 

c 0.569331 0.661657 0.801953 0.898042 1.03861 1.173228 1.332492 1.365185 & 
c 1.836063 2.000000 2.200000 2.400000 2.600000 2.80000 3.000000 3.200000 
c SP2 D 1 21r 
c Tallies 
c FC1  Flux Tally 
F1:P 10.3 
C1 0 1 T 
FC8  Pulse Height Tally 
F8:P 6 
c Make Tally Fluctuation Chart for the Full Energy Peak Bin 
c TF8 6j 9402 
c Binning 
E1 0.0 1E-5 1E-3 11998I 12.0 
E8 0.0 1E-5 1E-3 11998I 12.0 
c Source Events 
CTME 48000 
print 
c NPS 1000000 
c Stop simulation when the bin specified by the TF Card reaches the specified error 
c STOP F8=0.005 
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