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Abstract

This dissertation proposes a family of computational frameworks for fracture model-

ing in coupled field problems. Fracture mechanics has been a topic of considerable

interest for several decades due to the wide existence of fracture in different engineer-

ing structures and the important applications of fracture in multiple industries.

The present study first develops a continuum-discrete approach to model the fluid-

driven fracture of granular media. This approach avoids remeshing by representing

the particles as moving interfaces on a fixed background mesh. The effect of particle

movement on the flow is characterized by a non-slip boundary condition. A boundary

split scheme is proposed to ensure the coercivity of the method. The fluid-driven force

on particles is represented by a boundary integral of the viscous drag force around

the particles. The corresponding initial-boundary value problem is constructed for

the invading fluid and is spatially discretized with the finite element method. A

novel quadrature method is developed to handle partial elements that arise due to

the mismatch between the mesh and the physical domain. The conditioning issue of

partial elements is also addressed in the present study.

The present study also aims at developing a general and robust computational

approach for the fracture modeling of conventional materials within coupled field

problems. We follow the framework of a phase field regularization because of its

strength in handling complex fracture patterns. The first application we consider

is the fracture simulation of kidney stones during shock wave lithotripsy (SWL), an
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acoustic-solid-fracture coupling problem. The present study develops a novel com-

putational framework for simulating SWL. The propagation of acoustic pressure is

modeled by a wave equation and the deformation of the phantom stone is modeled

by the elasto-dynamics equations. The interactions between the acoustic wave and

kidney stone is enforced via the continuity condition. The initialization and propa-

gation of fracture within the stone is implicitly represented by the evolution of the

phase field.

Traditional phase field is designed to model the brittle fracture of homogeneous

materials. The present study develops a phase field framework to model fracture

propagation in anisotropic and heterogeneous solids. The present model is distin-

guished from the traditional phase field approach by the fact that it converges to a

cohesive type model instead of a Griffith model. A mathematically self-consistent

strain energy density functional is proposed that is valid for any anisotropic linear

elastic materials. Anisotropy in both the bulk moduli and the crack surface energy

are characterized. The model employs multiple phase fields to capture the fracture

behavior of the material with more than one preferential cleavage plane. The model

develops a novel degradation function which relaxes the strong constraint between the

regularization length l and the material properties. The convergence of the model

with reducing l and the energy conservation properties of the framework are demon-

strated through numerical examples. A robust adaptivity strategy is developed to

increase the efficiency of the model. The present framework is applied to model frac-

ture in heterogeneous and anisotropic materials. Coupled with a fine scale analysis,

the present model is also used to model the fracture of functionally graded materials.
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1

Introduction

Fracture concerns the propagation of one or multiple cracks in a solid body. Frac-

tures widely exist in different engineering structures and have important applications

in multiple industries. For example, nuclear fuel cladding suffers from significant de-

formation during the reaction process. When this deformation is sufficiently large,

the cladding fractures and the fuel rod breaks into fragments (c.f. Figure 3.1(a)). An-

other example concerns hydraulic fracture in the oil and gas industry. In hydraulic

fracture, high pressure water is injected underground to induce the fracture of rocks.

Then the gas trapped in the rocks can be accessed (c.f. Figure 3.1(b)). Fracture is

also widely used in the medical treatments. For instance, shock waves are applied to

break up the kidney stones into fragments. When the size of the fragments is below a

critical value, they can be passed out of the human body (c.f. Figure 3.1(c)). Because

of the wide existence and many applications of fracture, modeling crack initiation and

propagation is of great significance (Wilson and Landis, 2016; Heider and Markert,

2017; Xia et al., 2017).

However, developing computational strategies for the prediction of fracture propa-

gation and the analysis of fracture mechanisms is challenging, due to the displacement
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(a) (b) (c)

Figure 1.1: Examples of fracture problems in engineering structures: (a) fracture
of the cladding in nuclear fuel; (b) hydraulic fracture; (c) fracture of kidney stone in
the shock wave lithotripsy.

discontinuity and stress singularity at the crack tip. In terms of numerical methods,

a key difficulty lies in tracking sharp crack surfaces, remeshing due to the topology

change, and the need for explicit criteria for crack propagation. In the past a few

decades, considerable novel numerical methods have been developed to model the

initiation and propagation of fractures. Rice (1968) developed the J-integral as a

criteria to determine whether the fracture is going to propagate. Thanks to this cri-

teria, traditional finite element methods can explicitly track a crack tip and update

the mesh after the crack propagates. The solutions in the old mesh have to be pro-

jected to the updated mesh. Such methods require significant effort in remeshing

and may accumulate numerical errors. To overcome this problem, Moes et al. (1999)

developed a extended finite element method, which enriches the basis functions to

approximate the solution and avoids the remeshing procedure. But this method still

requires an explicit tracking of the crack tip, and is often restricted to simple crack

topologies. Considerable effort has gone into developing an numerical method that

does not need the explicit criteria for crack propagation, e.g., gradient damage models

(Marigo et al., 2016). This family of methods usually regularizes the sharp crack into

a smeared one and employs a damage field to represent the crack geometry. However

these methods cannot converge to a sharp crack representation when reducing the

2



bandwidth of the damage field. Several other methods have been developed as well

to model the fracture propagations, e.g., thick level set method (Moes et al., 2010),

and the peridynamics method (Macek and Siling, 2007). However, there are two

major problems that have yet to be addressed for the fracture modeling.

• Some materials have a unique fracture behavior, and require computational

frameworks that are specifically designed to characterize their nature.

• A general, accurate and robust framework has yet to be developed. Existing

numerical methods either suffer from an overly expensive computational cost

and complicated implementations, or are limited to simple crack topologies and

materials with relatively simple fracture behavior.

The present study focuses on developing novel computational frameworks for frac-

ture modeling in the coupled field phenomena. There are two goals for this work. The

first one is to develop ac modeling technique to model the fracture of non-conventional

materials. Particle rafts, representing a interplay between discrete and continuum

matter, is a good example. The second is to develop a general and robust computa-

tional strategy to characterize the fracture of conventional continuum matter. This

part of the work will build on one of the most popular approaches in computational

fracture mechanics, i.e., phase field method.

1.1 Discrete-Continuum Modeling of Fracture in Particle Rafts

Most fracture modeling approaches are designed for continuum matter, in which the

underlying fracture mechanisms are clear. Particle rafts represent an interplay of

continuum and discrete solids, and are beyond the capability of existing approaches

for fracture. A particle raft is a monolayer of hydrophobic particles that are trapped

on a fluid surface. The particles interact each other through capillary bridges. The
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macroscopic properties of the particle raft reflect an interplay between fluid and solid

mechanics (Blinks and Fletcher, 2001; Cicuta et al., 2003), most of which are novel

and unknown. This interplay has a wide range of applications, from the synthesis of

liquid marbles (Aussillous and Queue, 2001) to the design of drug delivery systems

(Tsapis et al., 2002) to the stabilization of drops (Subramaniam et al., 2005). Some

unique phenomena have been observed in the fracture of particle rafts. Vella et

al. (2006) and Bandi et al. (2011) introduced a surfactant into particle rafts and

observed that the spreading of the surfactant induced the movement of the particles

which eventually fractured the rafts. This study attracted considerable attention from

the colloidal physics and mechanics communities. However, the mechanism for the

formation of the fractures remained unclear. Because many properties of particulate

rafts are unknown and experimental techniques are limited, one path leading to a

detailed investigation of particulate rafts is model based simulation.

However, it is not straightforward to develop a simulation tool for the fracture

of particle rafts because the “fracture” here is just the gap between the particles

after movement. Moreover, the surfactant flow is best treated as a continuum matter

while the particle rafts represent a discrete multi-body system. This mixed system

requires a coupled approach. The present study will propose a novel continuum-

discrete approach to model the fracture of particle rafts. The driving force of the

fracture initiation and propagation is the surfactant flow which will be discretized

using a finite element method. The motion of the particles will be characterized

using discrete modeling approach. The interactions between the surfactant flow and

the particle motions are captured via interfacial conditions.

4
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Figure 1.2: (a) Sketch of a body, B, with an internal discontinuity Γ. (b) A regu-
larized representation of the internal discontinuity.

1.2 Phase Field Modeling of Shock Wave Lithotripsy

As discussed above, a outstanding issue for the computational fracture mechanics

community is that a general, accurate and robust framework has yet to be developed.

The phase field approach seems to be a promising candidate since it avoids the need

for an explicit tracking of the crack tip by regularizing sharp crack discontinuities

within a continuum formulation (c.f. Figure1.2). The initiation and propagation of

cracks are automatically represented by the evolution of a phase field. Therefore,

the family of phase field models have become one of the most popular approaches to

investigate the fracture mechanism of complicated structures and advanced materials.

Following the road map proposed by Miehe et al. (2010), a series of phase field based

works have been published to study brittle (Pham et al., 2011; Borden, 2012; Borden

et al., 2014; Verhoosel and de Borst, 2013; Hesch and Weinberg, 2014; Ambati et al.,

2015b) and ductile fracture (Alessi et al., 2014; Ambati et al., 2015a, 2016; Miehe

et al., 2015a, 2016; Borden et al., 2016, 2018).

The present study concerns modeling the fracture mechanism of kidney stones

during the medical treatment known as shock wave lithotripsy (SWL) with a phase

field approach. SWL has proven to be a highly effective treatment for the removal of

kidney stones. The shock waves break up kidney stones through a dynamic fatigue
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process involving the contribution of various stress waves propagating inside the stone

and cavitation produced in the surrounding liquid medium. However, the precise

mechanism behind kidney stone fracture is not completely clear. It is known that

the fracture is partially induced by the propagating stress wave inside the stone

and is partially induced by the cavitation produced by the surrounding fluid. To

improve SWL and develop the next generation of non-intrusive medical treatments

for kidney stones, we need a comprehensive understanding of this acoustic-fluid-solid-

fracture problem. However, designing and conducting well-controlled experiments to

mimic the SWL treatment is relatively challenging. Therefore, we consider numerical

simulation as a promising tool to handle this problem.

Although the phase field method is potentially capable of modeling the complex

fracture pattern within a kidney stone during SWL, there are other difficulties in

developing a robust computational framework to model the complete process. For

instance, SWL is an acoustic-solid-fracture problem, and the interactions between

the propagation of the acoustic wave and the kidney stone need to be explicitly

captured. Though a few numerical simulation results are reported in the literature

(Tham et al., 2007; Weinberg and Ortiz, 2009), a robust computational tool for SWL

has yet to be proposed. The present study develops a novel computational framework

for this problem.

1.3 Phase Field Modeling of Cohesive Fracture

The traditional phase field method has some important limitations. One of the

strongest limitations is induced by the crack surface density functional (Francfort

and Marigo, 1998; Bourdin et al., 2000, 2008). This functional follows the Ambrosio

and Tortorelli approximation (Ambrosio and Tortorelli, 1990), and adopts a quadratic

representation of damage, resulting in an exponentially decaying phase field (Borden
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Figure 1.3: Schematic representation of a fracture process zone (FZP).

et al., 2012). As a result, the damage does not fully accumulate near the crack ge-

ometry and initiates even for relatively small deformations. Researchers have tried

to introduced a threshold on the driving force below which no damage will appear.

However, such thresholds often rely on the regularization length and introduce arti-

ficial numerical effect (Miehe et al., 2015b; Nguyen et al., 2017a). Another issue for

the existing phase field approaches is that their applications are basically limited to

Griffith-type brittle fracture (Pham et al., 2011; Borden et al., 2012; Alessi et al.,

2014; Verhoosel and de Borst, 2013). A cohesive model of fracture is distinguished

from that of Griffith due to the existence of fracture process zone (FPZ) (c.f. Fig-

ure 1.3). The FPZ is located between the traction free zone and intact material in

which traction still exists and presents the further opening of crack. This is so-called

cohesive effect and is usually modeled by the traction separation law (Dugdale, 1960;

Barenblatt, 1962; Park and Paulino, 2013). Considerable effort has been put into

extending the phase field approach into cohesive fracture modeling (Borden, 2012;

Vignollet et al., 2014; Alessi et al., 2014; Miehe et al., 2015a). But a general and

robust approach has yet to be developed.

The third issue for the traditional phase field methods for fracture is the strong

sensitivity to the choice of regularization length l. In a traditional phase field ap-
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proach, the required regularization length l is tied to the material properties and the

model implies a higher tensile strength when reducing l. As a result, it is impossi-

ble for the force-displacement curve to converge as we reduce l to approach a sharp

crack. Moreover, the tight connection between material properties and the regular-

ization length introduces difficulties for the phase field approach to be applied to

heterogeneous materials since each phase requires a different value for l.

Following the gradient damage approach developed by Lorentz et al. (2011, 2012),

in this work we derive a novel phase field framework for cohesive fracture. A novel

crack surface density functional is used which naturally provides a threshold for the

crack driving force. A specific degradation function is designed to mimic the cohesive

effect at the crack tip. This degradation function not only provides the freedom to

choose a threshold, but also separates the regularization length l from the material

properties. Since the present framework relaxes the connection between l and mate-

rial properties, it can be more easily applied to model the fracture of heterogeneous

materials.

1.4 Phase Field Modeling of Cohesive Fracture in Anisotropic Solids

The traditional phase field approach is designed for the fracture modeling of homo-

geneous isotropic materials. The crack surface density functional in traditional phase

field methods cannot represent the anisotropy of the fracture behavior, especially

when there are more than one preferential cleavage plane (Li et al., 2015; Teichtmeis-

ter et al., 2017). Moreover, considering that the regularization length l is tied to

material properties that vary with directions in anisotropic materials, the required l

must also vary with directions. This could induce a large change in crack thickness

when the fracture direction changes orientation. The results reported in the literature

usually make some kind of compromise in the selection of of the regularization length.
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Moreover, the basic strain energy density functional used in traditional phase field

methods cannot be readily applied to anisotropic materials. Because initiation and

propagation of fracture is assumed to only be driven by tension, a split is needed

in the strain energy density functional to prevent compression induced fracture. For

isotropic materials, the eigen-directions of strain and stress align. Therefore, most

traditional phase field fracture models follow the strain based decomposition of the

strain energy density proposed by Miehe et al. (2010). However, this strategy is not

mathematically self-consistent because the calculated tensile stress does not equate

to the projection of stress tensor onto its positive spectral space. Moreover, if we

assume the crack driving force is the tensile stress instead of the tensile strain, the

strain based split may cause non-physical results. This strategy clearly cannot be

applied to anisotropic materials in which the principal stresses do not align with the

principal strains. Considerable effort has been made to try and resolve this issue

(Amor et al., 2009; Nguyen et al., 2017a; Teichtmeister et al., 2017). But to our

knowledge, a general strain energy density functional has yet to be proposed.

A more robust and general phase field framework is needed. Since the framework

presented in this work relaxes the connection between the regularization length and

the material properties, it can be applied to model anisotropic materials. We propose

a stress based decomposition for the strain energy density which could be applied

to any anisotropic linear elastic material. Moreover, a new crack surface density

functional with multiple phase fields is proposed to characterize crack surfaces for

materials with more than one preferential cleavage plane. A new adaptivity strategy

is also proposed to increase the computational efficiency. The present work includes

a comprehensive analysis of the properties of the proposed phase field framework and

validates it with several numerical examples.
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1.5 Summary

In summary, a family of computational frameworks are developed in this work to

model the fracture of solids within coupled field problems. These frameworks not only

resolve the fracture mechanisms of the materials studied here, but also can be applied

to other materials with complicated constitutive laws, complex microstructures and

non-conventional fracture behavior.
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2

Discrete-Continuum Modeling of Fluid-Driven
Fracture of Granular Media

2.1 Introduction

The fluid-driven fracture of granular media has been a difficult problem in the com-

munity of fracture mechanics because the “fracture” here is induced by the rear-

rangement of particles. Modeling the fracture of granular media is challenging for

the computational mechanics community, especially when the number of particles is

large and the equation governing fluid is complicated. The main difficulty in handling

this problem is in addressing the fluid/particle interactions at the particle boundaries

efficiently. Classical finite element methods have to align the mesh surfaces with the

particle boundaries. For moving particles, this requires remeshing every time step.

Moreover, robust enforcement of the boundary terms is also fairly difficult due to the

complicated interactions between the fluid and the particles. In the current work,

our purpose is to develop a general framework to model the fluid-driven motion of

particles and characterize the fluid-particle interactions. A family of novel numeri-

cal techniques are proposed to ensure the robustness and accuracy of this method.
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These techniques can be applied to any problems modeled discretized by extended

finite element method (XFFM) (Moes et al., 1999).

The geometric representation of particles is the first step to model the motion of

particles and their interactions with fluids. Traditional continuum-discrete coupling

approaches usually treat particles as mathematical points (Gu and Botto, 2015),

ignoring the effect of particle size and geometries. The particles needs to be modeled

as spheres with finite size to fully reflect its tight coupling with the fluids. We note the

fluid can only flow on the part of the space that is not occupied by particles. Therefore,

the jamming of particles brings significant challenges to constructing a high quality

mesh. Moreover, the movement of the particles will induce the geometric change of

the physical domain for fluid. Therefore, one has to keep updating the mesh if a

conforming mesh is adopted. All of these challenges lead us to pursue the methods

which do not need conforming mesh. One may think of immersed boundary method

(IBM) to model the particles in the fluid (Peskin, 1977, 2002; Mittal and Laccarino,

2005). However, fluids and solids are represented in different coordinates in the IBM

and one still needs to apply a stand-alone mesh for the boundaries of the immersed

bodies. When those bodies are close to each other, the numerical schemes at their

boundaries becomes extremely complicated.

Embedded interface methods are promising for this kind of problem, drawing from

the advantages of continuous Galerkin frameworks away from the discontinuity while

following a discontinuous Galerkin approach in the vicinity of the interface. In recent

years, the flexibility of the approach has resulted in a wide range of applications

for the method (Dolbow and Harari, 2009; Embar and Dolbow, 2010; Harari and

Dolbow, 2010; Annavarapu et al., 2012, 2013, 2014; Jiang et al., 2014). The main idea

behind this family of methods is to insert the inhomogeneities/particles as embedded

interfaces to the background mesh that does not need to conform to the geometries of
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inhomogeneities/particles. The boundaries of the particles are implicitly computed

using a level-set function (James, 1999; Stanley and Ronald, 2002) and no explicit

boundary mesh is needed. Thus the movement of the particles is similar to the

evolution of the level-set function. Therefore, an embedded interface method can

be more robust than an immersed boundary method in handling large numbers of

densely jammed particles interacting with a fluid.

In the embedded interface method, the elements cut by the boundary could have

very small intersections with the physical domain. This may lead to a poorly con-

ditioned system of equations. To address this issue, researchers have developed a

number of different techniques. The simplest approach is to remove the small partial

elements. Maximilien et al. (2013) proposed a fit to vertex principle which snaps the

intersection points to nodes when the partial element is small. The ghost penalty

method (Burman and Hansbo, 2010) is widely viewed as a robust approach to han-

dle the conditioning issue due to its easy implementation and generality. For the

problems considered in the present study, the number of embedded interfaces (i.e.,

particles) can be very large and some elements can intersect multiple particles. The

physical support of those elements can be extremely small. The edges on which the

ghost penalty terms are applied need to be carefully selected when an element inter-

sect with multiple particles. To our knowledge, this is the first time that the ghost

penalty technique has been applied to problems with millions of interfaces.

After an element is cut by the interfaces in a two-dimensional setting, each of its

partial elements becomes a polygon with three, four or five vertices. Thus, an effective

numerical integration scheme is needed to accurately integrate elemental quantities

over these polygons. A straightforward approach is to partition partial elements into

sub-elements (Sukumar et al., 2000), and then perform quadrature over each of them.

Though this so-called tessellation method works well for many problems, the time

13



required to split the partial element into integration cells can be very high. Other

choices to integrate over partial elements include adaptive quadrature (Strouboulis

et al., 2001) and Monte-Carlo methods (Wicke et al., 2007). However, the size of the

integration cells for the former method is required to be very small and thus results

in a large number of quadrature points in partial elements. For the latter one, a

means to generalize it to non-convex partial elements is remains unknown. Muller

et al. (2013) developed a promising new integration technique which predefines the

location of quadrature points and transforms the volume integral of basis functions to

surface integrals in order to efficiently calculate the left hand side of moment fitting

equations. However, this method still requires one to perform the integration of the

basis functions along the boundaries of the polygons.

None of the aforementioned work preserves the locations and number of quadra-

ture points in partial elements relative to an original parent element. Thus, any

internal variables stored at quadrature points need to be transformed from the par-

ent element to the child element. The transfer of internal variables is usually handled

by interpolation (Ortiz and Quigley, 1991) or remapping (Mota et al., 2013). How-

ever, those procedures increase the computational cost for XFEM. Thus, in this work

we propose to consistently use a set of fixed quadrature points for both parent and

child elements to avoid any special transfer of internal variables. However, in order

to accurately integrate the weak form over the partial element, the weights of the

quadrature points have to be adjusted. In this work, we adopt the idea of using

moment fitting equations to calculate the weights of pre-defined quadrature points

for partial elements. Compared to the work of Muller et al. (2013), the quadrature

rule proposed in the current work only requires the integration over simple triangles

and quadrilaterals and complicated polygons are handled without sub-partition.

We develop a continuum-discrete coupled computational framework to model the
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fluid-driven fracture of granular media. This framework can be applied to model gen-

eral fluid-particle interaction problems. In the present study, the proposed method

is particularly applied to model the surfactant-driven fracture of particle rafts. A

particle raft is a monolayer of non-Brownian particles trapped at an air-water inter-

face. The particles interact each other through capillary bridges. The macroscopic

properties of the particle raft reflect an interplay between fluid and solid mechanics

(Blinks and Fletcher, 2001; Cicuta et al., 2003). This interplay has a wide range of

applications, from the synthesis of liquid marbles (Aussillous and Queue, 2001), to

the design of drug delivery systems (Tsapis et al., 2002), to the stabilization of drops

(Subramaniam et al., 2005).

Understanding the mechanical properties of the particle rafts is the first step to

understand this non-conventional material system. Vella and his co-workers have

performed compressive and shear test on particle rafts, and observed that the parti-

cle rafts buckle in uniaxial compression and show a shear wave pattern under shear

loading (Vella et al., 2004; Cicuta and Vella, 2009). Vella et al. (2006) and Bandi

et al. (2011) introduced a surfactant into particle rafts to break the capillary bond

between particles and observed unique fracture pattern in the rafts (c.f. Figure 3.1).

Understanding the fracture mechanism of particle rafts is of great importance because

the fracture of drug particles coated bubble is an essential step in its drug delivery

application (Tsapis et al., 2002). However, many properties of particulate rafts are

unknown and experimental techniques are limited, which leaves the most promising

path leading to understand this problem is model based simulation. Our group pro-

posed a phase field based fracture model for the fracture of densely packed particle

rafts and matched the experiments qualitatively and quantitatively (Peco et al., 2017,

2018). In that work, the particulate monolayer was treated as an elastic sheet be-

cause the particles were assumed to be densely packed. The present study concerns
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Figure 2.1: Surfactant-driven Fracture of loosely packed particle rafts(Bandi et al.,
2011)

the fracture of loosely-packed particle rafts which behave more like a discrete particle

system.

The remainder of this chapter is organized as follows: Section 2.2 describes a for-

mulation to model the flow of fluid and the motion of particles. The fluid-particle

interactions are characterized via constraints enforced at the boundaries. A novel

boundary split scheme is proposed to ensure the stability of the constraint enforce-

ment. Some associated numerical techniques are provided in Section 2.3 to complete

the model. A novel quadrature rule is introduced in Section 2.4 to efficiently and

accurately handle the integration of elemental quantities over elements that intersect

with particles. This computational framework is applied to model the surfactant-

driven fracture of particle rafts in Section 2.6. Qualitative and quantitative analyzes

are conducted and validated against experiments. Some conclusions are provided in

Section 5.4.

2.2 Formulation

The collection of particles are represented as a discrete system while the fluid is

treated as a continuum matter. Different models are needed to characterize the fluid

and the particles. The flow of the fluid is characterized by differential equations. The
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Figure 2.2: Schematic illustration of the fluid-particles mixed system. The bound-
ary of the petri dish is Γd. The fluid domain is denoted Ωf while the Np particles are
denoted by Ω1,Ω2, . . . . The boundary of the particles are Γ˚1 ,Γ

˚
2 , . . . .

dynamics of the particles are modeled using an equation of motion. In the following,

we propose a novel continuum-discrete coupled approach to treat this fluid-particle

interaction problem. Figure 2.2 provides a schematic illustration of the fluid-particles

mixed system put in a petri dish. The boundary of the petri dish is Γd. The fluid

domain is denoted Ωf while the Np particles are denoted by Ω1,Ω2, . . . . The boundary

of the particles are Γ˚1 ,Γ
˚
2 , . . . .

2.2.1 Particle Representations

An important step to model the particle dynamics is to give an appropriate represen-

tation of the particles. In the present study, particles are modeled as rigid spheres

with a finite size.

Assuming that the fluid cannot penetrate into the particles, the physical domain

for the fluid flow is the domain outside of the particles. When the particles are closely-

packed, it is challenging to construct a high quality conforming mesh that can match
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Figure 2.3: The particles can be modeled as embedded circular interfaces, which
are moving relative to the background mesh.

the complicated geometry of the fluid domain. In this work, the geometries of the

particles are implicitly represented by an embedded interface method (c.f. Figure 2.3)

that inherits the nature of the XFEM (Dolbow and Harari, 2009; Annavarapu et al.,

2012). Thanks to this embedded interface method, the computational domain and

the physical domain for the fluid is completely separated. During the simulation, the

computational domain remains unchanged while the physical domain is continuously

updated. The particles are treated as embedded interfaces that are moving relative

to the background mesh.

2.2.2 Fluid Flow

The flow of the fluid is characterized using a continuum model. In the present model,

the concentration of the invading surfactant is represented by:

ct `∇ ¨ pvcq “ ∇ ¨ pD∇cq , in Ωf , (2.1)

where c is the concentration field, and ct denotes the temporal derivative of the con-

centration field. Here, v is the spreading velocity, and D is the diffusivity. Considering

the spreading of fluid is an advection dominated process, the diffusive part can be

neglected, leading to

ct `∇ ¨ pvcq “ 0. (2.2)
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A non-penetration boundary condition is assumed at the boundary of the fluid

container, i.e.,

v ¨ n “ 0, on Γd. (2.3)

When the fluid reaches a particle, a non-penetration boundary condition is en-

forced. Therefore, the following constraint is assumed to hold at the particle bound-

aries.

pv ´ viq ¨ ni “ 0, on Γ˚i ; i “ 1 : Np, (2.4)

where vi is the velocity of the particle i, ni is the unit inward normal vector at

the boundary Γ˚i of particle “i” pointing to the particle from the fluid, and Np is

the number of particles. Using the embedded interface method, the particle can be

treated as an embedded rigid body in the fluid and the boundary of the particles are

nothing more than embedded interfaces.

Multiplying (2.2) by a weight function w and integrating by parts yields the vari-

ational form: Find c P H1, such that

ˆ

Ωf

wctdΩ`

ˆ

Γ

wcv ¨ ndΓ´

ˆ

Ωf

∇w ¨ vcdΩ, for any w in H1
pΩf q. (2.5)

Substituting (2.3) and (2.4) into (2.5), we can rewrite the variational form as

follows:

ˆ

Ωf

wctdΩ`

Np
ÿ

i

ˆ

Γ˚
i

wcvi ¨ nidΓ´

ˆ

Ωf

∇w ¨ vcdΩ “ 0. (2.6)

We note that the fluid velocity v is assumed to be a function of the concentration.

In the present system, the flow is induced by the invading surfactant. The velocity v

is assumed to be proportional to the gradient of concentration, i.e., v9∇c. Therefore,

we can write the velocity as

v “ ´L∇c, (2.7)
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where L is could also depend on c but is required to be positive L ą 0. Substituting

(2.7) into (2.6) yields

ˆ

Ωf

wctdΩ`

Np
ÿ

i

ˆ

Γ˚
i

wcvi ¨ nidΓ`

ˆ

Ωf

∇w ¨ Lc∇cdΩ “ 0. (2.8)

Ignoring the boundary term, this is a nonlinear diffusion equation, in which the

effective diffusivity is Leff “ Lpcqc. Then we can recast equation (2.8) as

ˆ

Ωf

wctdΩ`

Np
ÿ

i

ˆ

Γ˚
i

wcvi ¨ nidΓ`

ˆ

Ωf

∇w ¨ Leff∇cdΩ “ 0. (2.9)

The precise form of Leff is problem-dependent and will be provided in each exam-

ple. For the simplicity of analysis, we take Leff “ L0 as a constant for now.

The bilinear form Bpw, cq is defined as

B pw, cq “

ˆ

Ωf

∇w ¨ L0∇cdΩ`

Np
ÿ

i

ˆ

Γ˚
i

wcvi ¨ nidΓ. (2.10)

At part of the boundary Γ˚i , vi ¨ ni could be negative. Thus the coercivity of

the bilinear form B pw,wq cannot be guaranteed. A stabilization strategy is needed

to ensure the coercivity. Inspired by the special treatments for outlet boundary

conditions (Hedstrom, 1979; Sani and Gresho, 1994; Hasan et al., 2005; Dong et al.,

2014), we propose to split the particle boundary Γ˚i into inflow and outflow boundaries

based on the sign of vi ¨ ni (as illustrated in Figure 3.11):

#

inflow boundary: Γ˚´i “ tx P Γ˚i |vi ¨ ni ă 0u,

outflow boundary: Γ˚`i “ tx P Γ˚i |vi ¨ ni ą 0u.
(2.11)

With this splitting strategy, (2.9) can be rewritten as

ˆ

Ωf

wctdΩ`

Np
ÿ

i

ˆ

Γ˚`
i

wcvi ¨ ndΓ`

Np
ÿ

i

ˆ

Γ˚´
i

wcvi ¨ ndΓ`

ˆ

Ωf

∇w ¨ L0∇cdΩ “ 0. (2.12)
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Figure 2.4: Particle boundaries are split into two parts: the inflow boundary Γ˚´i
and the outflow boundary Γ˚`i .

Boundary conditions are required on the inflow boundary Γ˚´i . This concept stems

from the boundary treatment of advection-diffusion equations, in which boundary

conditions are prescribed on the inflow boundary Γ´ but no boundary conditions are

prescribed on the outflow boundary Γ`. Thus we can move the known information

to the right side of the equation and rewrite (2.12) as

ˆ

Ωf

wctdΩ`

Np
ÿ

i

ˆ

Γ˚`
i

wcvi ¨ ndΓ`

ˆ

Ωf

∇w ¨ L0∇cdΩ “ ´

Np
ÿ

i

ˆ

Γ˚´
i

wgi, dΓ, (2.13)

where gi is the boundary condition for the inflow boundary. Considering that we

have no information about gi, a simple but reasonable approximation is gi « cmvi ¨n,

where cm is the concentration at the last time step. Then we can reformulate the

problem.

We discretize time r0, T s into Nglobal intervals r0, t1s, rt1, t2s . . . rtM´1, T s. Over

21



each interval rtm, tm`1s, we are seeking the solution cm`1 satisfying:

$

’

’

’

&

’

’

’

%

cm`1
t “ ∇ ¨ pL0∇cm`1q ; on Ωf ˆ rtm, tm`1s ,

´L0∇cm`1 ¨ n “ cm`1vi ¨ n; on Γ˚`i ,

´L0∇cm`1 ¨ n “ gi on Γ˚´i ,

´L0∇cm`1 ¨ n “ 0 on Γd.

(2.14)

The bilinear term corresponding to the proposed boundary split scheme is

B˚ pw, cq “

ˆ

Ωf

∇w ¨ L0∇cdΩ`

Np
ÿ

i

ˆ

Γ˚`
i

wcvi ¨ ndΓ. (2.15)

Then one can ensure that

B˚ pw,wq “

ˆ

Ωf

L0||∇w||2dΩ`

Np
ÿ

i

ˆ

Γ˚`
i

pwq2 vi ¨ ndΓ ě 0. (2.16)

Then we can conclude that the coercivity of the bilinear form is guaranteed with

the boundary split scheme. Moreover, it is clear that B pw,wq “ 0 if and only if

w “ 0. Therefore, (2.16) is indeed a norm.

Eventually, we obtain the final formulation of the variational form:

apw, cm`1
q “ lpwq, (2.17)

where

apw, cm`1
q “

1

∆t

ˆ

Ωf

wcm`1dΩ`

ˆ

Ωf

∇w ¨Leff∇cm`1dΩ`

Np
ÿ

i

ˆ

Γ˚`
i

wcm`1vi ¨ ndΓ, (2.18)

and

lpwq “
1

∆t

ˆ

Ωf

wcmdΩ´

Np
ÿ

i

ˆ

Γ˚´
i

wgidΓ. (2.19)

22



2.2.3 Particle Dynamics

In the above, we analyzed the effect of particles on the flow of fluid. At the same

time, the fluid flow will induce a motion of the particles. The effective drag force

exerted on a particle can be approximated by

Fq
i “ µ

ˆ

Γi

pvpcq ´ viq dΓ “ ´µ

ˆ

Γi

Lpcq∇cdΓ´ 2µπRivi, (2.20)

where Ri is the radius of particle “i”.

We follow the idea of Bandi et al. (2011) and assume that there exist a pair wise

interaction force between particles when they are close to each other. Let ri represent

the position of the center of particle i. Writing rij “ rj´ri, then the distance between

particle i and j is |rij|. The interaction force usually decays with the particle distance.

When |rij| is small, the particles can interact with each other. However, when |rij|

is large, the particle-particle interaction assumed to be negligible. Let the radius of

particle i is Ri. When rij is smaller than pRi`Rjq+δ, the particles interact with each

other. When rij is longer than pRi `Rjq+δ, the particle-particle interactions can be

ignored.

Therefore, the total attractive force applied on particle i should be the summation

of the forces caused by other particles:

Fk
i “

ÿ

j‰i

fij “
ÿ

j‰i

rij
|rij|

fij; for |rij| ă pRi `Rjq ` δ, (2.21)

where fij is the interaction force between particle i and j.

In most particle dynamics simulation, particles are just represented by mathe-

matical points, in which the contact and overlap between particles is allowed. In the

present study, the particles have finite size, and will repel each other when contact
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happens.

Fr
i “

ÿ

j‰i

pij “
ÿ

j‰i

´α
rij
|rij|

pRi `Rj ´ |rij|q ; for |rij| ă Ri `Rj (2.22)

where α is a constant representing the strength of the particle-particle contact force.

When a particle contacts the domain boundary, it should bounce back. For ex-

ample, if the domain is a circle with radius R, then a bounce back force is applied

when |ri| `Ri is greater than the dish radius R:

Fb
i “ ´β

ri
|ri|
p|ri| ´R `Riq, (2.23)

where β is a coefficient that modulates the bounce back force. Note that the bounce

back force is along the direction from the center of particle “i” to the center of the

circle.

Then the total force acting on one particle is:

Fi “ Fq
i ` Fk

i ` Fr
i ` Fb

i . (2.24)

At each time step, we can update the velocity and position of the particles by

integrating the equation of motion. The simplest integration scheme is given by

vi pt`∆tq “ viptq `∆tFiptq{mi, (2.25)

and

ri pt`∆tq “ riptq `∆tvipt`∆tq. (2.26)

In the present study, the Verlet algorithm is employed to achieve higher order

accuracy. The implementation of the integration strategy for the equations of motion

is provided as follows:

• Compute intermediate velocity: vi
`

t` 1
2
∆t

˘

“ viptq `
1
2
∆tFiptq{mi;
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• Update the positions of the particles: ri pt`∆tq “ riptq ` vi
`

t` 1
2
∆t

˘

∆t;

• Compute Fipt `∆tq from the updated position ript `∆tq and velocity vipt `

1{2∆tq;

• Update the velocities of the particles: vipt ` ∆tq “ vi
`

t` 1
2
∆t

˘

` 1
2
∆tFpt `

∆tq{mi.

In summary, we propose a continuum-discrete framework to model the fluid drive

fracture of granular media. The dynamics of the fluid and particles are fully coupled

together. The particles are represented by spheres with finite sizes. An embedded

interface method is applied here to avoid remeshing during the movement of particles.

The driving force generated by the fluid is applied to the particle by a boundary

integral while the influence of the particle on the fluid is enforced via a robin-type

boundary condition. A split scheme is presented to ensure the coercivity of the weak

form.

2.3 Spatial Discretization

We now derive the methods used for the spatial discretization. Due to the complexity

of problem, traditional numerical methods face great challenges. To enhance the

robustness of the method, a family of novel numerical techniques are presented here.

2.3.1 Extended Finite Element Method

The bulk domain Ω is partitioned into a mesh of elements. Due to the existence

of the particles, the computational domain is separated into two subdomains Ω` “

tx||x´ ri| ą Ri, for all1 ď i ď Nu and Ω´ “ ΩzΩ`. We note Ω` corresponds to the

domain of fluid Ωf . Using the embedded interface method, the mesh does not conform

to the geometry of the particles and particle boundaries Γ˚ “ tx||x´ ri| “ Riu (for
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Figure 2.5: An element that is being cut by a particle boundary. Only part of the
element has a physical domain, which is marked as blue. The nodes that fall into Ω`

and Ω´ are marked as solid and hollow circles.

any 1 ď i ď N) intersect some elements. Inheriting the nature of the XFEM, the

solution and weight function is approximated as

cpxq “
ÿ

iPI

Hpxqφipxqci; wpxq “
ÿ

iPI

Hpxqφipxqdi, (2.27)

where I is the set of nodes whose support overlap the domain Ω`, φipxq is the shape

function and Hpxq is a modified Heaviside Function that is defined as:

Hpxq “ min tHipxq for 1 ď i ď Nu , (2.28)

where

Hipxq “

#

1 when |x´ ri| ´Ri ě 0,

0 otherwise.
(2.29)

(2.28) implies that the cI “ 0 if the support of node I falls into Ω´ completely.

In other words, if the elements connected to a node are all completely inside a par-

ticle, we set a Dirichlet type boundary condition for that node. For simplicity, the

boundary of the particles in the present study are approximated using a piecewise

linear representation. An element intersecting with a particle boundary is illustrated

in Figure 2.5. The blue region indicates the domain outside the particle, i.e., the

physical domain for the fluid modeling.
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Inserting the approximation of the solution and weight functions into the varia-

tional form (2.17), one can obtain the discretized form as:

“

Km `K
1
b `K

2
b `Ks

‰

u “
“

fm ` fs
‰

(2.30)

The components of the element matrices in (2.30) are given by:

• Mass Matrix:

Km “
1

∆t

ˆ

Ω`

ΦTΦdΩe; (2.31)

• Bulk Stiffness Matrix:

K1
b “

ˆ

Ω`

BTLeffBdΩe; K
2
b “

ˆ

Ω`

BT dLeff

dc
∇cΦdΩe; (2.32)

• Flux Matrix:

Ks “

Np
ÿ

i

ˆ

Γ˚`
i

ΦTΦvi ¨ ndΓ; (2.33)

• History Value Vector:

fm “
1

∆t

ˆ

Ω`

ΦT cmdΩe; (2.34)

• History Flux Vector:

fs “ ´

Np
ÿ

i

ˆ

Γ˚´
i

ΦT cmvi ¨ ndΓ. (2.35)

2.3.2 Ghost Penalty

In the embedded interface method, some elements intersect with the particle bound-

aries and their physical region can be very small. For the Poission equation, Burman

27



and Hansbo (2010) proved that the condition number of the global system matrix is

bonded below by chε
´1{2, where ch is a mesh-dependent parameter while ε “ mintεeu.

Here ,εe is the percentage of the intersection zone of one element in the mesh with

the physical domain Ω`. Therefore, one can expect that partial elements with small

physical area will lead to a poorly conditioned system matrix. In the present study,

considering that the number of particles could be very large, some elements could in-

tersect with multiple particles in which case their physical support can be extremely

small. Moreover, the large number of particles demands sufficient by high resolu-

tion which can exceed the capability of a direct solver. An iterative solver is needed

to solve the global system of equations, and the accuracy will be affected by the

conditioning of the global matrix.

Burman and Hansbo (2010) and Burman et al. (2015) proposed a ghost penalty

method to address this type of conditioning issue with embedded interface methods.

They showed that under the effect of the ghost penalty, the condition number of

the system matrix could be bounded above by some mesh dependent parameter, but

independent of ε. But the effect of the ghost penalty term for problems with many

interfaces is unknown, especially when multiple interface intersect with one same

element. Here, we employed the idea of ghost penalty for the following problem:

In the time interval rtm, tm`1s, find c̃m`1, such that

A
`

w, c̃m`1
˘

“ L pwq , (2.36)

where

A
`

w, c̃m`1
˘

“ B˚
`

w, c̃m`1
˘

` j
`

w, c̃m`1
˘

, Lpwq “ fmpwq ` fspwq, (2.37)

where j pw, c̃m`1q is the ghost penalty term. In the present study, the ghost penalty

term is given by:

j
`

w, c̃m`1
˘

“
ÿ

FPFG

θ

ˆ

F

heLeff pc
m
q r|BnF

w|s
“

|BnF
c̃m`1

|
‰

dΓ, (2.38)
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Fluid
Particle
FG

Figure 2.6: The ghost penalty terms are applied on the element edges that belong
to FG, where edge set FG is marked as red.

where FG is the set of element faces in the interfacial zones: for each F P FG, there

exists elements K1 and K2 such that F “ K1 X K2, and at least one of them is

intersected by the interface. In (2.38), r|x|s “ u2 ´ u1 is the jump of the quantity

across the edge F , θ is the stabilizing parameter which is used to prevent spurious

jumps in the normal derivatives, and he is the element size. The element edges on

which the ghost penalty terms are applied are illustrated in Figure 2.6. No ghost

penalty terms are applied to edges that are completely inside a particle.

2.4 Partial Element Quadrature without Sub-partition

We employ a piecewise-linear representation for the particle geometry using the level-

set approximation over the element. When an element is intersecting by an embedded

interface, the physical portion of the element becomes a polygon. The conventional

integration method is to place quadrature points in the physical domain inside partial

elements. In fact, the geometry of the partial element can be fairly complex when

the element is cut by multiple interfaces. The most popular approach is to partition

the partial elements into sub-triangles, integrate over each sub-element and then sum

contributions (Sukumar et al., 2000). However, the high computational cost is the
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limitation.

Recently, one approach to construct novel quadrature rules is to solve moments

fitting equations. Muller et al. (2013) predefined the location of quadrature points

and transformed the moment fitting equations to a least squares problem. The main

difference among these works lies in the approach to transform the volume integral of

basis functions to surface integrals in order to efficiently calculate the moment fitting

equations. The present section proposes a method that does not need to solve the

moment fitting equations for the partial element with complicated strategy at all, and

therefore does not need to worry about the partition or integral transformation.

2.4.1 Quadrature Construction

The state of art for gauss quadrature rule is summing the function value of the

quadrature points multiplying the corresponding quadrature weights to approximate

the integration of basis function over entire domain. The quadrature points and

weights are unknown and determined by the requirement that the basic functions

should be exactly integrated over the domain. The key idea behind moment fitting

is to fix the quadrature points and adjust the quadrature weights such that the basic

functions could also be exactly integrated over partial elements. The general form of

the equation reads

$
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.

/
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-

, (2.39)

where Ω is the physical domain of the partial element, and xi is the physical coordinate

of the quadrature points, and tφipxqu are the basis functions. The summation of the

weights
ř

wi “ Ae, where Ae is the physical area of the partial element.
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We note that the highest order of the integration in (2.31) is 2 when bilinear

quadrilateral element is used. Therefore, we need to exactly integrate the basis func-

tions up to 2nd order, i.e., tφpxqu “ t1 x y x2 xy y2 x2y xy2 x2y2u. Referring to

(2.39), nine quadrature points are needed to exactly integrate those nine basic func-

tions. The quadrature points of the conventional Gaussian 9 point rule for a 2D

element are used. But the the quadrature weights will be different since the functions

are integrated over the physical portion of the partial elements.

In summary, we use nine quadrature points over the original element to perform

the integration over a partial element. The quadrature weights are obtained by solving

(2.39). Then the element stiffness matrix (2.32) can be calculated as

K1
b `K

2
b “

9
ÿ

i“1

wi

ˆ

BT
pxiqLeffBpxiq `BT

pxiq
dLeff

dc
∇cΦpxiq

˙

. (2.40)

2.4.2 Basis Functions Integration

Now the main challenge is to integrate the basis functions over the partial element,

which is the left side of (2.39). As illustrated in Figure 2.7, there are two cases when

a quadrilateral element is intersected by an interface: (a) both partial elements are

quadrilaterals (c.f. Figure 2.7(a)); (b) one partial element is a triangle and the other

is a pentagon (c.f. Figure 2.7(b)). The integration of the two quadrilateral partial

elements can be handled easily.

The advantage of the current method is highlighted when the quadrangle element

is split into a triangular and a pentagonal element. For the triangular partial ele-

ment, it is fairly easy to integrate both the current moment fitting method and the

traditional XFEM integration method. However, for the pentagonal element, in the

traditional integration method of XFEM, one need to partition it into triangles or

quadrilaterals. In the moment fitting technique, because the quadrature points are

fixed, the integration of the partial elements are represented by the same quadra-
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(a) (b)

Figure 2.7: The quadrature points used to integrate the partial element: (a) both
physical domains are quadrilaterals; (b) the physical domains of the two child elements
are a triangle and a pentagon, respectively. In the conventional way, to integrate the
pentagonal element, we need to partition the pentagon into triangular elements or
quadrilaterals

ture points multiplying different quadrature weights. Therefore, if we switch the

summation order in (2.41), one can find that the quadrature weights of the original

full element is equal to the summation of the quadrature weights for all the partial

elements:

ˆ

Ω

fpxqdx “
n
ÿ

e“1

ˆ

Ωe

fpxqdx “
n
ÿ

e“1

˜

9
ÿ

i“1

wei fpxiq

¸

“

9
ÿ

i

˜

n
ÿ

e“1

wei

¸

fpxiq. (2.41)

Then we have

ˆ

Ω

fpxqdx “
9
ÿ

i

w0
i fpxiq, where w0

i “

n
ÿ

e“1

wei . (2.42)

Considering that the weights for the full element can be obtained by directly

multiplying the Jacobian of the full element with the weights of the isoparametric

elements,

w0
i “ wgpi Jpξi, ηiq, (2.43)

and the weight wTi for the triangular partial element is easy to obtain. Therefore, the
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weight for the pentagonal element can be obtained by

wi “ w0
i ´ w

T
i . (2.44)

In fact, for the case when the element is cut into two quadrilateral elements,

one can also solve the moment fitting equation to obtain the weights for one partial

element, and use (2.44) to calculate the weights for the other one. In other words,

with our integration technique, one can obtain the weights for the two partial elements

simultaneously by just solving one moment fitting equation.

2.4.3 Elements Intersecting Multiple Particles

For an element cut by two interfaces, there are five different cases as illustrated in

Figure 2.8. The resulting partial elements can be triangles, quadrilaterals, pentagons

and even hexagons. The integration of triangles and quadrilaterals are straightfor-

ward. But the integration of pentagons and hexagons are difficult and one needs to

partition them into triangles and quadrilaterals in the conventional integration tech-

nique. With our approach, one just needs to integrate and determine the weights of

its siblings, which are triangles or quadrilaterals. Then its weight w is calculated as

wi “ w0
i ´ w

I
i ´ w

II
i , (2.45)

where wI and wII are the weights of the two siblings.

In general, when an element is cut by multiple interfaces, one just solves the

moment fitting equations to obtain the quadrature weights of the triangular and

quadrilateral partial elements. For the partial element with complicated geometry,

one just uses the quadrature weight of the full element minus the quadrature weight

of all its siblings, i.e.,

wi “ w0
i ´

ns
ÿ

e“1

wei , (2.46)

where ns denotes the number of siblings.
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(a)

(b) (c)

(d) (e)

Figure 2.8: The quadrature points used to integrate the partial element: (a) two
neighbored triangles and one hexagon; (b) two distinct triangles and one hexagon; (c)
one triangle, one quadrilateral and one pentagon, the triangle and pentagon are neigh-
bor; (d) one triangle, one quadrilateral one pentagon, the triangle and the quadrilat-
eral are neighbor; (e) three quadrilaterals.
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2.5 Algorithm

The complete numerical algorithm is given below.

2.6 Surfactant-driven Fracture of Particle Rafts

Hydrophobic particles form a stable monolayer on a fluid surface due to the capillary

bond induced by surface tension. This particulate monolayer is called a particle raft.

The macroscopic properties of particle rafts reflect an interplay between fluid and

solid mechanics (Blinks and Fletcher, 2001; Cicuta et al., 2003). One key property

of particle rafts is the packing fraction, defined as the ratio of the area covered by

particles, i.e.,

φ “

řNp

i πR2
i

A0

, (2.47)

where Ri is the radius of particle i while A0 is the total surface area.

When a drop of surfactant is introduced to a particle raft, the spreading of the

surfactant generates a moving front that drives the particles. The surfactant also

reduces the surface tension and weakens the capillary bond between particles. As a

result, the particle raft is fractured by the invade surfactant eventually. Long cracks

are observed in densely packed particle rafts (i.e. high φ) (Vella et al., 2006) while

periodic cracks are observed in loosely packed particle rafts (i.e. low φ) (Bandi et al.,

2011). At the same time, the presence of the particles influences the spreading of the

surfactant as well.

2.6.1 Formulation

When the surfactant is introduced at the origin of a petri dish, it begins to spread

on the surface of the underlying fluid. Jensen proposed a lubrication theory to model

the spreading of surfactant on fluid layers (Jensen and Grotberg, 1992; Jensen, 1995).

The spreading of surfactant is characterized using the advection-diffusion equation
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(2.1) where c is the surfactant concentration, v is the surface spreading velocity, and

D is the surface diffusivity of the surfactant. The diffusive process can usually be

neglected since it is slow compared to the spreading.

The driving force of the surfactant spreading is the Marangoni force. Therefore,

the spreading velocity is proportional to the gradient of surface tension γ, i.e., v9∇γ.

Since the surface tension of the surfactant γs is lower than that of the underlying fluid

γf , the surface tension decays with the concentration of surfactant. The relationship

between the surface tension γ and the surfactant concentration c has been studied

for decays in the literature (Jensen and Grotberg, 1992; Jensen, 1995; Matar and

Troian, 1999). Here we assume a linear relationship for simplicity γ “ γf ´cpγf ´γsq.

Then the velocity is proportional to the gradient of the surfactant concentration. As

discussed in Section 2.2, we assume v “ ´L∇c. Jensen (1995) showed that when

a drop of surfactant is introduced in a deep fluid layer, the spreading front Rs is

proportional to t3{4. To reproduce the correct scaling, Jensen (1995) emphasized that

L should scale like t1{2.

A simple choice like L “ L0t
1{2 can provide the correct temporal scaling for

the spreading front. However, in order to characterize the Blasius boundary-layer

structure at the leading edge of the surfactants, one needs to design a specific function

of L. Bandi et al. (2011) observed that the spreading front Rs can be written as follows

Rs “

ˆ

∆γ2

µρ

˙1{4

t3{4, (2.48)

where ∆γ “ γf ´ γs is the surface tension difference between the surfactant and the

underlying fluid layer, and µ and ρ are the viscosity and density of the underlying

fluid, respectively. A designed parabolic shape of L is proposed here

Lp “

$

’

&

’

%

d

Rs ´ r

9Rs

` η; for |x| ă Rs

η; otherwise

(2.49)
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Table 2.1: Material parameters of the particle rafts.
parameter unit value
∆γ N{m 23.58ˆ10´3

µ Pa ¨ s 1.0ˆ 10´3

ρ kg{m3 1.0ˆ 103

mi g 13
ri µm 40 „ 60
δ µm 10
α N 0.1
β N 0.5
k N 0.0786

where η is a small regularity parameter whose magnitude is around 1e´4 in this work.

Then we can just insert Leff “ Lpc into the algorithm in Section 4.2.6 to get the final

formulation for this specific problem.

Attractive forces exist between particles which make the particle rafts behave like

an elastic sheet. One well known attractive force is due to the deformation of the

underlying fluid that gives rise to capillary forces and induces a logarithmic attrac-

tion between neighbouring particles. Nikolaides et al. (2002) provided quantitative

measurements of particle-particle attractive interactions, which revealed that the cap-

illary force arising from a distortion of the interface is the origin of the attraction,

providing a relationship between attraction and the inter-particle distance. In the

present study, we assume a constant attractive force between particles. Therefore,

the total attractive force applied on particle i should be the summation of the forces

caused by all other particles.

fij “ k; for |rij| ă pRi `Rjq ` δ, (2.50)

where k is a positive coefficient.

The values of the parameters are provided in Table 2.1.
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2.6.2 Verification Problem

A simple problem is examined here to test the proposed approach. Two columns

of particles are initially located on a [0, 2mm] ˆ [0, 1.05mm] rectangular domain.

The first particle column is located at x “ 0.4mm while the second column is at

x “ 0.8mm. A constant surfactant source is placed at the left boundary of the domain,

i.e., cpx, y, tq “ 1 for x ă“ 0.1mm. The simulated spreading of the the surfactant and

motion of the particles are shown in Figure 2.9. The surfactant gradually spreads from

left to right and induces the movement of the particles. Driven by the surfactant front,

the first particle column gradually move towards right and then contacts the second

set of particles. The second particle column inhibits the first one from moving quickly

and obtains momentum from the first particle line simultaneously. The first particle

column is accelerated by the surfactant front and limited by the second particle line.

Eventually, the two particle columns jam and move together under the viscous drag

of the surfactant front.

2.6.3 Temporal Scaling Law

Experiments observed that when a surfactant front is spreading on a deep fluid layer,

the spreading front Rs scales with time like Rs „ t3{4. Jensen (1995) derived a

similarity solution that recovers this scaling law. Vella et al. (2006) and Bandi et

al. (2011) measured the spreading rate of surfactant in particle rafts and obtained

the same scaling law. The present model, as discussed in Section 2.2 is designed to

recover this scaling law. A simple numerical experiment is designed to verify the

correctness of the present model. Two rings of particles are located in a petri-dish

with radius 2 mm. The radius of the first ring is r1 “ 0.5 mm while that of the

second one is r2 “ 1mm. A constant surfactant source is introduced at the center

of the domain. The concentration cpx, y, tq “ 1 for
a

x2 ` y2 ă“ 0.1mm during the
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(a) t = 0.0 (b) t = 2.5 (c) t = 5.0

(d) t = 10.0 (e) t = 20.0 (f) t = 40.0

Figure 2.9: Surfactant-driven motion of two lines of particles. The particles are
initially located at x “ 0.4mm and x “ 0.8mm. A surfactant is spreading from the
left and drives the particles to move towards right. The particles contact each other
during the movement and prevent the spreading of the surfactant.

spreading process.

Figure 2.10 shows the spreading of the surfactant and the motion of the particles

in the simulation. The surfactant gradually spreads over the whole domain. Its

spreading drives the inner particle ring to move outward and then contact with the

outer particle ring. Simulating such a jammed particle band is a challenge for any

numerical method, particularly those using a conforming mesh.

We observe that the outer particle ring does not move until the surfactant front

arrives and the first ring contacts it. This indicates that the driving force for the

particle movement is certainly the viscous drag from the spreading surfactant.

The variation of the spreading front with respect to time is illustrated in Fig-

ure 2.11. The profile of surfactant concentration and particle position corresponding

to the data points are provided as well. One can observe that our spreading front

indeed scales as Rs „ t3{4. We conclude that this simplified model, characterizes the
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(a) t = 0 (b) t = 15 (c) t = 30 (d) t = 60

Figure 2.10: Benchmark problems of surfactant-driven particle motion. Two rings
of particles are located in a circular domain. The spreading of the surfactant drives
the particles to move outward and jam together.

R
s

1

10

 

t
1 10 100

Simulated Spreading Front
Reference Line: Rs ~ t3/4

Figure 2.11: Scaling law of surfactant spreading: the spreading front of surfactant
Rs is proportional to t3{4.

key features of the spreading process.

2.6.4 Full Scale Simulation

We now conduct a full scale simulation. We consider a circular domain of radius 200

nm and an initial packing fraction of φ “ 0.3. This corresponds to 12,000 particles

(i.e., 12,000 embedded interfaces) in the domain. The mesh size is he “ 0.2. A sur-
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(a) (b)

Figure 2.12: Surfactant-driven fracture of particulate rafts: (a) fracture pattern;
(b) surfactant concentration

factant drop with constant concentration is introduced at the center of the domain.

Figure 2.12(a) illustrates the fracture pattern at the end of the simulation. We ob-

serve that under surfactant flow, the particles move outward and the raft eventually

crack into sectors, which qualitatively matches the experiments in Figure 3.1. The

surfactant concentration is illustrated in Figure 2.12(b). One can observe the surfac-

tant concentration is a constant at the surfactant drop while gradually decaying from

the center along the radial direction. The front spreads into the particle rafts and

cracks the system. We note in the present study, Ri{he « 5. The approach produces

good results even with a relatively coarse mesh.

Under the surfactant flow, the particle rafts eventually crack into sectors (c.f.

Figure 3.1). Bandi et al. (2011) experimentally observed that the number of cracks

is sensitive to the initial packing fraction. To investigate the relationship between

the number of cracks Ncracks and the initial packing fraction φ, a series of simulations

are conducted. A drop of surfactant is introduced to the particle rafts with initial

packing fraction φ = [0.1, 0.15, 0.2, 0.25, 0.3, 0.35, 0.4, 0.45, 0.5, 0.55]. Similar to
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Figure 2.13: Variation of number of cracks with initial packing fraction φ

Figure 2.12(a), the spreading of the surfactant eventually cracks the particle rafts

into sectors. The number of cracks in the particle raft as a function of initial packing

fraction is illustrated in Figure 2.13. Our results show a fairly good match between

our numerical simulations and experiments (Bandi et al., 2011). This implies that

our method is able to both qualitatively reproduce experimental observations and

quantitatively capture the underlying physics of the problem.

2.7 Conclusions

We developed a novel continuum-discrete coupled framework to model the fluid-driven

fracture of granular media. The fluid is discretized using a finite element method and

the effect of particle motion on the fluid is enforced via a non-penetration boundary

condition. The particles are presented as moving interfaces on a fixed background

mesh. The particle motion is characterized by an equation of motion. The driving

force is induced by the fluid and the particle-particle interactions are characterized

using pairwise potentials. This novel approach is applied to simulate the surfactant-

driven fracture of particle rafts. The key contributions are summarized as:
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(1) A boundary split scheme was proposed to decompose particle boundaries into

inflow and outflow portions. This split strategy maintains the coercivity.

(2) A novel quadrature rule was proposed to handle the integration of the elements

intersecting with particles. This quadrature rule is applied to partial elements with

complicated geometry with no need to sub-partition. An interface regularization term

is imposed at the element edges that intersect with particle boundaries to reduce the

condition number of the global matrix.

(3) The proposed continuum-discrete coupled approach was applied to model the

surfactant-driven deformation and fracture of particle rafts. A reduced order model

is proposed to model the surfactant spreading which reproduces the correct temporal

scaling law. The correctness and robustness of the proposed method is demonstrated

by benchmark problems. The full scale simulations not only qualitatively reproduce

the fracture pattern observed in experiments, but also quantitatively reveals the re-

lationship between the number of fractures and the initial particle packing fraction.
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1. Initialization. Repeat adding particles to the domain until the total packing
fraction of particles reaches φinit. The size of particle is a random number that
has uniform distribution between [80µm, 120µm].

2. Relaxation. Apply the force Fi “ Fk
i ` Fr

i ` Fb
i to the particles and integrate

the equation of motion until the system reaches equilibrium. At equilibrium,
the velocities of the particles are small and the energy of the system is low.

3. Partition the time [0,T] to Nglobal time intervals. For time interval rtm, tm`1s:

• Compute the surfactant concentration field. With the historical value cm

and the particle positions riptmq and velocities viptmq for 1 ď i ď Np. Solve
B˚ pw, cm`1q ` j pw, cm`1q “ L pwq, where

B˚
`

w, cm`1
˘

“
1

∆t

ˆ

Ω

wcm`1dΩ`

ˆ

Ω

∇w¨Leff∇cm`1dΩ`

Np
ÿ

i

ˆ

Γ˚`
i

wcm`1vi¨ndΓ

j
`

w, cm`1
˘

“
ÿ

FPFG

θ

ˆ

F

heLeff pc
m
q r|BnF

w|s
“

|BnF
cm`1

|
‰

dΓ

L pwq “
1

∆t

ˆ

Ω

wcmdΩ´

Np
ÿ

i

ˆ

Γ˚´
i

wcmvi ¨ ndΓ

• Compute the velocity and position of every particle with the surfactant
concentration cm`1

Partition the interval rtm, tm`1s into Nsub sub-intervals with time step ∆t “
ptm`1 ´ tmq{Nsub. For j “ 1 : Nsub, tj “ tm ` j∆t

Compute the driving force for each particle i

Fq
i “ ´µ

ˆ

Γi

Lpcq∇cdΓ´ 2µπRivi

Solve the equations of motion and update the velocity and coordinates:

– Compute the force Fiptj´1q “ Fq
i ptj´1q`Fk

i ptj´1q`Fr
i ptj´1q`Fb

iptj´1q;

– Compute intermediate velocity: vi

´

tj´ 1
2

¯

“ viptj´1q `

1
2
∆tFiptj´1q{mi;

– Update the positions of the particles: ri ptjq “ riptj´1q`vi

´

tj´ 1
2

¯

∆t;

– Compute updated force Fiptjq;

– Update the velocities of the particles: viptjq “ vi

´

tj´ 1
2

¯

`

1
2
∆tFptjq{mi.

END
Box 2.1: Algorithm for the continuum-discrete coupled framework.
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3

Phase Field Modeling of Shock Wave Lithotripsy

3.1 Introduction

Renal calculi (kidney stones) occur in 12% of men and 5% of women by the age of

70 and that number is rising. Shock Wave Lithotripsy (SWL) (c.f. Figure 3.1) has

proven to be a highly effective treatment for the removal of kidney stones (Weizer et

al., 2007). The shock waves break up kidney stones through a dynamic fatigue process

involving the contribution of various stress-waves propagating inside the stone and

cavitation produced in the surrounding liquid medium. When the kidney stone breaks

into small fragments, they can be delivered out of the body. However, SWL still has

considerable limitations. The major limitations of the current SWL are:

• The precise fracture mechanism of the kidney stone is not completely clear.

It is known that the fracture is partially induced by propagating stress-waves

inside the stone and is partially induced by cavitation in the surrounding fluid.

However, we still lack a comprehensive understanding of this coupled acoustic-

fluid-solid-fracture problem.

• The size of the kidney stone fragments continues to decrease within the first
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couple of acoustic shots. However, the stone fragments cannot be continuously

broken after they reach a certain size. Therefore, some patients will still have

kidney stones after the SWL treatment and still require surgery.

• The cavitation contributes to the the fracture of kidney stone, and is essential

to the SWL treatment. However, the cavitation can also damage the healthy

tissue.

It is challenging to design and conduct well-controlled experiments to mimic the

SWL treatment. Esch et al. (2010) fabricated Begostone samples in the lab whose

mechanical properties are similar to those of human kidney stones. Yang (2018) and

Zhang et al. (2018) conducted a series of experiments which revealed some mech-

anisms. However, some experimental observations are relatively difficult to explain

with the existing theory. Therefore, numerical simulation could be a promising tool to

handle this problem. This chapter describes a comprehensive computational frame-

work to simulate shock wave lithotripsy.

There are some challenges to developing a robust computational framework to

simulate SWL. First of all, the SWL treatment is an acoustic-solid-fracture coupling

problem, and the interactions between the propagation of acoustic waves and the

deformation of the phantom stone need to be explicitly enforced. Moreover, fractures

form and propagate under the shock wave. The present chapter applies the phase

field formulation to model the fracture propagation during the SWL treatment.

3.2 Formulation

Yang (2018) and Zhang et al. (2018) conducted SWL experiments in an idealized

laboratory setting on Begostone and glass samples. Here, we denote the solid and

fluid domains as Ωs and Ωf . The acoustic pressure causes deformation of the solid

and eventually induces crack initiation and propagation.
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Figure 3.1: Medical treatment of shock wave lithotripsy: the kidney stone is broken
up into small fragments under the non-intrusive ultrasound treatment.

Figure 3.2: A coupled acoustic-structure-fracture problem: a solid object Ωs with
a sharp crack discontinuity Γptq is immersed in a fluid environment Ωf , and interacts
with the surrounding fluid through the fluid-solid interface Γfs.

3.2.1 Acoustic Equations

We assume that there is an acoustic source that is also immersed in the fluid envi-

ronment. The acoustic pressure induces the flow in the surrounding fluid. We denote

the velocity profile of the fluid by V and assumes the Navier-Stokes equation holds:

ρfVt ` ρfV ¨∇V “ ρfb`∇ ¨ τ, (3.1)
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where ρf is the density of the fluid, b is the body force, and τ is the stress tensor

given by

τ “ ´pI ` µ
`

∇V `∇V T
˘

, (3.2)

where p is the pressure, µ is the fluid viscosity, and I is the second order identity

tensor. Substituting the constitutive equation (3.2) into (3.1) yields

ρfVt ` ρfV ¨∇V “ ρfb´∇p` µ∆V ` µ∇ ¨ p∇V T
q. (3.3)

Neglecting the body force, viscosity and non-linear terms, we can simplify (3.3)

to

ρfVt “ ´∇p. (3.4)

Taking the divergence of both sides of (3.4) yields

∇ ¨ Vt “ ´∇ ¨
1

ρf
∇p. (3.5)

We denote apx, tq a time and space dependent acoustic source. We first consider

the continuity equation given by

1

ρfc2
pt “ ´p∇ ¨ V ´ aq. (3.6)

Taking another temporal derivative at both sides of (3.6), we obtain a wave equa-

tion for the acoustic pressure p:

1

ρfc2
ptt ´∇ ¨ 1

ρf
∇p “ at. (3.7)

In the present study, we consider a monopole source that can induce a shock wave

in the fluid environment. The expression for the acoustic source is given by

atpt,xq “ 4π{ρfS0ptqδpx´ xsq, (3.8)
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Table 3.1: Parameters of acoustic source.
Parameters Unit Value

c1 - 12.2189
c2 - 0.9404
d1 mm 9
t1 µs 0.07
tR µs 0.01
tL µs 0.8
fL µs´1 0.0833
p0 MPa 1.0

where δpx´xsq is the delta function centered at the position xs. S0ptq characterizes

the variation of the acoustic source with respect to time. In the present study, we

propose the following form for S0ptq to approximate the experimental acoustic source:

S0ptq “
c1

c2

p0d1

Bˆ

1` tanh

ˆ

t´ t1
tR

˙˙

exp

ˆ

´
t´ t1
tL

˙

cos
´

2πfL pt´ t1q `
π

3

¯

F

`

,

(3.9)

where xxy` “ maxpx, 0q and the parameters in (3.9) are provided in Table 3.1.

Figure 3.3 illustrates the profile of S0ptq. One can observe that S0ptq first increases

with time t rapidly and reaches the peak value, and then decays to zero over a short

period. The behavior of the acoustic source mimics the effect of the shock wave.

Eventually, we obtain the governing equation for the acoustic pressure:

1

ρfc2
ptt ´∇ ¨ 1

ρf
∇p “ 4π

ρf
S0ptqδpx´ xsq on Ωf . (3.10)

The evolution of the acoustic pressure is completed by the boundary condition on

the fluid boundary Γf

∇p ¨ n “ 0 on Γf , (3.11)

where n is the unit outward normal to the fluid domain.
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Figure 3.3: Variation of the acoustic source with time.

3.2.2 Solid Equations

For an elastic body without any cracks or discontinuities, its deformation can be

modeled the elastodynamics equation:

ρsutt “ ∇ ¨ σ on Ωs, (3.12)

where u is the displacement, σ is the stress tensor, and ρs denotes the density of the

solid. For a perfect material without any damage, the stress tensor is obtained by

the derivative of the strain energy density ψe with respect to the strain tensor ε, i.e.,

σ “ Bψe{Bε.

To obtain a formulation for dynamic fracture, we consider an elastic body Ωs with

a discontinuity boundary Γptq (c.f. Figure 3.2). The evolving internal discontinuity

boundary, Γptq, represents a set of discrete cracks. The Griffith theory of brittle

fracture assumes that the energy required to create a unit area of fracture surface is

equal to the critical fracture energy density. Therefore, the total potential energy of

the body is the sum of the elastic energy and the fracture energy

Ψpot “

ˆ

Ωs

ψe puq dV `

ˆ

Γ

GcdS, (3.13)
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where Gc denotes the critical energy release rate of the material.

We note that the kinetic energy of the body Ω is given by

Ψkinputq “
1

2

ˆ

Ωs

ρsut ¨ utdV, (3.14)

where ut “ Bu{Bt denotes the temporal derivative of the displacement. Combining

the potential and the kinetic energy, one can develop a Lagrangian for the fracture

problem as

L “
1

2

ˆ

Ωs

ρsut ¨ utdV ´

ˆ

Ωs

ψepuqdV ´

ˆ

Γ

GcdS. (3.15)

The motion of the body can be determined using the corresponding Euler-Lagrange

equations for this energy functional. Modeling the propagation of fracture is equiva-

lent to tracking the evolution of the discontinuity boundary Γ. However, an explicit

tracking of the discontinuity is not simple because the crack topology can be fairly

complex, especially in three-dimensional settings. Phase field regularizations are at-

tractive here because of their capability to handle complex fracture patterns (Miehe

et al., 2010; Borden et al., 2012).

Under a phase field framework, the sharp crack surface Γ is approximated by a

continuous field Γd, as illustrated in Figure 1.2. Then the crack surface energy func-

tional can be approximated as a volume integral following (Ambrosio and Tortorelli,

1990),
ˆ

Γ

GcdS «
ˆ

Ωs

Gc
„

d2

2l
`
l

2
∇d ¨∇d



dV, (3.16)

where d P r0, 1s is the phase field (or damage variable). A value of d “ 0 corresponds

to the undamaged material and d “ 1 denotes a fully damaged state where the

material has lost all load-carrying capability. In the above, l is the regularization

length that represents the thickness of the transition zone from d “ 0 to d “ 1.
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Assuming that the material strength is degraded by the crack, we introduce a

degradation function gpdq. It is clear that the choice of degradation function is not

unique. The most widely used degradation function is the quadratic gpdq “ p1´ dq2

(Borden et al., 2012). One can certainly propose other degradation functions. Sargado

et al. (2018) provides a comprehensive discussions on the relationship between the

degradation function and the method accuracy of phase field methods for fracture. A

complete analysis on the degradation function will be presented in Chapter 4.

Both tensile and compressive loading can induce the deformation of the solid.

However, we assume that only tensile loading can drive the crack to propagate. To

prevent compression induced fracture, we split the strain energy density into tensile

and compressive parts, i.e., ψ`e and ψ´e . Therefore, under the influence of a crack,

the strain energy density is recast as

ψe “ gpdqψ`e ` ψ
´
e . (3.17)

For isotropic materials, the eigen-directions of the stress and strain tensors are

identical. Therefore, the energy split can be performed based on an eigen-decomposition

of the strain. The strain tensor can be rewritten as

ε “
3
ÿ

a“1

εana b na, (3.18)

where εa and na are the principal values and principal directions, respectively. The

tensile and compressive parts of the strain tensor are defined as

ε˘ “
3
ÿ

a“1

xεay˘na b na, (3.19)

where xxy
`
“ p|x| ` xq{2 and xxy

´
“ px ´ |x|q{2. The precise forms of ψ`e and ψ´e
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are then given by

ψ`e “
1

2
λ xtrpεqy2

`
` µε` : ε`, (3.20a)

ψ´e “
1

2
λ xtrpεqy2

´
` µε´ : ε´, (3.20b)

where λ and µ are the Lame constants of the elastic body. The tensile and compressive

parts of the undegraded effective stress σ̃ are computed correspondingly (Miehe et al.,

2010):

σ̃` “
Bψ`e
Bε

“ λ xtrpεqy
`
` 2µε`, (3.21a)

σ̃´ “
Bψ´e
Bε

“ λ xtrpεqy
´
` 2µε´. (3.21b)

Then the Lagrangian can be recast as

L “
1

2

ˆ

Ωs

ρsut ¨ utdV ´

ˆ

Ωs

“

gpdqψ`e ` ψ
´
e

‰

dV ´

ˆ

Ωs

Gc
„

d2

2l
`
l

2
∇d ¨∇d



dV. (3.22)

Following Sliva et al. (2013), the evolution of the displacements u and the phase

field d can be modeled by the

macroforce balance:

ρsutt “ ∇ ¨
ˆ

gpdq
Bψ`e
Bε

`
Bψ´e
Bε

˙

on Ωs, (3.23)

and microforce balance:

g1pdqψ`e ` Gc
ˆ

d

l
´ l∆d

˙

“ 0. (3.24)

The degraded stress tensor σ is given by

σ “ gpdqσ̃` ` σ̃´, (3.25)
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The fracture process is irreversible. In other words, the crack set Γptq Ă Γpt`∆tq

for any positive ∆t. Under the framework of phase field modeling, this irreversibility

constraint is equivalent to a constraint 9d ě 0. This constraint can be explicitly en-

forced using several different numerical strategies. In the present study, we introduce

a historical variable H defined as

Hptq “ max
0ďτďt

`

ψ`e pτq
˘

. (3.26)

Then the microforce balance equation (3.23) is recast as

d

l
´ l∆d “ 2p1´ dq

Hptq
Gc

. (3.27)

This leads to an intuitive explanation for the propagation criterion of fracture in

phase field modeling. We note that the left-hand side of (3.27) is a standard elliptic

equation and the right-hand side acts as a source term. The value of the source term

is determined by the ratio of the degraded crack driving force D “ 2p1 ´ dqH and

the critical energy release rate Gc. Denote sd “ 2p1 ´ dqH{Gc. When the loading is

large or the material is weak, sd is large and the phase field tends to grow rapidly.

When the loading is small or the material is tough, sd is small and the growth of the

phase field is slow. When the material is fully broken, i.e, d “ 1, sd reduces to zero

and prevents the phase field from growing larger than 1.

3.2.3 Acoustic-structure Interaction

The Begostone deforms under the acoustic pressure and is interacting with the sur-

rounding fluid. The propagation of the acoustic waves and the deformation of the

Begostone is coupled through the fluid-solid interface Γfs. The interfacial condition

is determined gy enforcing continuity.

First of all, considering that the energy of the system must be finite, the stress at
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Γfs must be continuous, i.e,

σ ¨ ns “ τ ¨ ns on Γfs, (3.28)

where ns is the unit outward normal of Γfs pointing into fluid from the solid.

We have neglected the role of viscosity and the stress in the fluid simplifies to

τ “ ´pI. Then the stress continuity condition can be rewritten as

σ ¨ ns “ ´pns on Γfs. (3.29)

Then the acceleration at Γfs also needs to satisfy the continuity condition, i.e.,

Vt ¨ nf “ utt ¨ nf on Γfs, (3.30)

where nf “ ´ns is the outward normal of Γfs pointing into the solid from the fluid.

Substituting (3.4) into (3.30) yields

´
1

ρf
∇p ¨ nf “ utt ¨ nf on Γfs. (3.31)

A zero flux condition for the phase field d is provided to complete the model:

∇d ¨ ns “ 0 on Γfs. (3.32)

3.3 Numerical Implementation

3.3.1 Algorithm

A comprehensive framework is derived to model the shock wave lithotripsy as a fluid-

solid-fracture coupling problem. The governing equations are given by:

1

ρfc2
ptt ´∇ ¨ 1

ρf
∇p “ 4π

ρf
S0ptqδpx´ xsq on Ωf , (3.33a)

ρsutt “ ∇ ¨
`

p1´ dq2 σ` ` σ´
˘

on Ωs, (3.33b)

d

l
´ l∆d “ 2p1´ dq

Hptq
Gc

on Ωs; (3.33c)
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with the interfacial conditions

σ ¨ ns “ ´pns on Γfs, (3.34a)

´
1

ρf
∇p ¨ nf “ utt ¨ nf on Γfs, (3.34b)

∇d ¨ ns “ 0 on Γfs; (3.34c)

and the boundary condition

∇p ¨ n “ 0 on Γf . (3.35)

We define the weak form of the problem using the solution spaces Uh for the

displacement field, Ph for the pressure field and Dh for the phase field d:

Uh “
 

u P H1
DpΩsq

(

, Ph “
 

p P H1
pΩf q

(

, Dh “
 

d P H1
pΩsq

(

, (3.36)

where D is the dimension of the problem.

Taking an inner product of (3.33) with the appropriate test functions, integrating

by parts, and substituting the interfacial and boundary conditions yields the weak

form: find u P Uh, p P Ph and d P Dh, such that for @δp P Ph, @δu P Uh and @δd P Dh

we have

1

ρfc2
pptt, δpqΩf

`
1

ρf
p∇δp,∇pqΩf

´ pδp, atqΩf
`

ˆ

Γfs

δputt ¨ nfdS “ 0, (3.37a)

ρs pδu,uttqΩs
`
`

p1´ dq2 σ̃` ` σ̃´,∇δu
˘

Ωs
`

ˆ

Γfs

δupnsdS “ 0, (3.37b)

l p∇δd,∇dqΩs
`

ˆ

δd,
d

l
´ 2p1´ dq

H
Gc

˙

Ωs

“ 0, (3.37c)

where p¨, ¨qΩs and p¨, ¨qΩf
denote the inner product within the fluid and solid domain,

respectively.

56



Linear elements are used to spatially discretize the pressure p, displacement com-

ponents uX , uY , uZ and phase field d:

ph “
Nd
ÿ

m“1

φmpxqp
m; (3.38)

and

uhX “
Nd
ÿ

m“1

φmpxqu
m
X , u

h
Y “

Nd
ÿ

m“1

φmpxqu
m
Y , u

h
Z “

Nd
ÿ

m“1

φmpxqu
m
Z ; (3.39)

and

dh “
Nd
ÿ

m“1

φmpxqd
m, (3.40)

where Nd is the number of nodes and φmpxq is the basis function.

The temporal derivative of the variables are integrated using an explicit scheme.

We discretize the temporal domain r0, T s into Nt intervals and denote the solution

vector ppK ,uKX ,u
K
Y ,u

K
Z ,d

Kq as the solution of Kth time step. The solution vector is

updated using the following strategy:

pK`1 ´ 2pK ` pK´1

∆t2
“ Fppp

K ,uKX ,u
K
Y ,u

K
Z ,d

K
q, (3.41a)

uK`1
X ´ 2uKX ` u

K´1
X

∆t2
“ FXpp

K ,uKX ,u
K
Y ,u

K
Z ,d

K
q, (3.41b)

uK`1
Y ´ 2uKY ` u

K´1
Y

∆t2
“ FY pp

K ,uKX ,u
K
Y ,u

K
Z ,d

K
q, (3.41c)

uK`1
Z ´ 2uKZ ` u

K´1
Z

∆t2
“ FZpp

K ,uKX ,u
K
Y ,u

K
Z ,d

K
q, (3.41d)

Fdpp
K ,uKX ,u

K
Y ,u

K
Z ,d

K`1
q “ 0, (3.41e)

where Fp, FX , FY , FZ , Fd are the functions whose explicit expressions are provided in

(3.37).
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Table 3.2: Material parameters of Begostone and glass sample (Yang, 2018; Zhang et
al., 2018).

Properties Symbol (Unit) Begostone Glass
Lame Constants λpTPaq 0.01305 0.0162
Shear Modulus GpTPaq 0.01073 0.0262
Fluid Density ρf pg{mm

3q 1e-3 1e-3
Solid Density ρspg{mm

3q 1.995e-3 2.2e-3
Wave Speed within Fluid cpmm{µsq 1.5 1.5

Strength σcpTPaq 1e-5 5e-5
Mode I Fracture Toughness KICpTPa ¨

?
mmq 3.795e-6 3.162e-5

Young’s Modulus EpTPaq 0.02735 0.0625
Energy Release Rate GcpTPa ¨mmq 5.266e-10 1.60e-8

Length Scale l0pmmq 0.0076 0.0211

This is a coupled acoustic-solid-crack problem with D ` 2 fields. One method

to solve this problem is to adopt a monolithic approach that solves for all variables

simultaneously. Because the fully coupled system is not convex, it can be challenging

for a monolithic solver to reach convergence using a Newton-Raphson scheme. The

present study employs a staggered approach, i.e., we iteratively solve the evolution

equations for the acoustic pressure, displacements, and phase field.

The code is built under the multiphysics objected oriented simulation environment

developed at Idaho National Laboratory (Gaston et al., 2009). A practical algorithm

is provided in the following to obtain for the numerical solution.

3.3.2 Material Properties

Our collaborators at Duke University conducted experiments on glass and Begos-

tone samples. The solids are immersed in water in the experiments. The material

properties of the glass and Begostone are provided in Table 3.2.
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1. Initialization. The acoustic pressure, displacement, phase field and history fields
at time tK are known.

2. Compute the acoustic pressure PK`1 by solving the wave equation:

pK`1 ´ 2pK ` pK´1

∆t2
“ Fppp

K ,uKX ,u
K
Y ,u

K
Z ,d

K
q on Ωf .

3. Compute the history :

HK`1 “

#

ψ`e px, tK`1q if ψ`e px, tK`1q ą HK ,

HK otherwise .

4. Compute the displacement field uK`1
X ,uK`1

Y ,uK`1
Z with the updated pressure

field pK`1:

uK`1
X ´ 2uKX ` u

K´1
X

∆t2
“ FXpp

K`1,uKX ,u
K
Y ,u

K
Z ,d

K
q on Ωs,

uK`1
Y ´ 2uKY ` u

K´1
Y

∆t2
“ FY pp

K`1,uKX ,u
K
Y ,u

K
Z ,d

K
q on Ωs,

uK`1
Z ´ 2uKZ ` u

K´1
Z

∆t2
“ FZpp

K`1,uKX ,u
K
Y ,u

K
Z ,d

K
q on Ωs.

5. Compute the phase field dK`1 by solving

Fdpp
K`1,uK`1

X ,uK`1
Y ,uK`1

Z ,dK`1
q “ 0 on Ωs

6. K Ñ K+1

Box 3.1: Staggered scheme for the coupled acoustic-structure-fracture problem.

3.4 Numerical Simulations

3.4.1 Shock Wave Lithotripsy of Glass

We begin by considering shock wave lithotripsy on glass. We first conduct a two-

dimensional simulation. The geometric setup for the problem is shown in Figure 3.4.

A glass sample 13 mm long and 6.5 mm thick is immersed in a fluid environment. A

monopole acoustic source is located 0.75mm over the top surface of the glass. The

acoustic source induces a shock wave within the fluid domain. When the wave reaches
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R=7.5mm

r=6.5mm

L0=6.5mm

⌦f

⌦s

L2=1mm

d=0.75mm

monopole
p0 = 1MPa

L2=1mm

L1 = 4mm

Figure 3.4: Configuration for shock wave lithotripsy of glass problem.

the glass, the glass is excited. The pressure wave inside the glass is represented by

the hydrostatic stress σh:

σh “ σii. (3.43)

The hydrostatic stress σh is shown in Figure 3.5. Both p-waves (bulk wave) and

s-waves (surface wave) are observed in the domain. The s-wave is propagating from

the center of the top surface towards the two ends. One can observe that the position

of the s-wave peak value is also moving from the surface center to the two ends. The

front of the s-wave induces crack initiation at the surface. The p-wave is propagating

from the top surface towards the middle of the glass. A circular wave front is observed.

When the wave front hits the bottom surface, it reflects. Before the p-wave hits the

bottom surface, it is a compressive wave and does not induce any tensile deformation

and damage. However, after the p-wave reflects off the bottom surface, it becomes a

tensile wave that can damage the bottom surface.

The initiation and propagation of the damage is illustrated in Figure 3.6. Obser-

vations indicate that the shock wave induces some partial damage in the domain at

early times. Some fractures grow from the top surface with the propagation of the
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(a) time = 1.0 µs (b) time = 1.5 µs

(c) time = 2.0 µs (d) time = 2.6 µs
Figure 3.5: Variation of acoustic pressure p (TPa) and hydrostatic stress σh (TPa)
with time t.

s-wave. The fractures near the center are relatively short while the fractures that are

far way are longer. We denote the angle between the crack orientation and the normal

of the top surface as α. We find that α is small for the fractures near the center of the

top surface, and α gradually increases with the distance between the fracture and the

center. However, when the fracture is far away from the center, α begins decreasing

again. A comparison between experiments and numerical simulations are provided

in Figure 3.7. Observations show that the numerical simulations qualitatively match

the experimental observations.

In the actual experiments, the glass sample is a cylindrical shape and is immersed
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(a) time = 1.0 µs (b) time = 1.5 µs

(c) time = 2.0 µs (d) time = 2.6 µs

Figure 3.6: Variation of the phase field d with time t.

Figure 3.7: Fracture pattern comparison between the experiments (right) and the
numerical simulation (left).

in a larger cylinder of fluid. Observations show a multi-ring pattern for the fracture

on the top surface, as illustrated in Figure 3.8 (Zhang et al., 2018). A simulation is

set up to quantitatively analyze this case. The geometric set-up of the simulation is

shown in Figure 3.9. Since the fracture does not appear until the acoustic pressure

hits the top surface of the glass, the radii of the fracture Rf is sensitive to the distance

Ds between the acoustic source and the glass. The change of Rf with Ds for the first

three cracks are visualized in Figure 3.10. Obviously, the radii of the second and

third ring fractures are larger than that of the first one. One can also observe that

Rf increases with Ds for all three ring fractures. And the radius of the first fracture

R1
f is close to the distance Ds. This is expected because the longer Ds is, the longer
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Figure 3.8: Shock wave induced ring fracture on the top surface of glass (Zhang et
al., 2018).

time it takes the acoustic pressure to hit the glass. Then the position it hits the glass

is further from the center. Eventually, the induced tensile s-wave can propagate to a

further position before it can initiates the fracture. The distances between fractures

|R1
f ´R

2
f | and |R2

f ´R
3
f | also both increase with Ds.

3.4.2 Shock Wave Lithotripsy of Begostone

The coupled acoustic-solid-crack framework is now applied to simulate the fracture

of Begostone. A cylindrical Begostone sample is immersed in a fluid environment. A

monopole acoustic source is located near the top of the sample. The geometric set-up

for the problem is shown in Figure 3.11. Because the acoustic source is very close

to the solid, the strong acoustic pressure induces a relatively large deformation of

the Begostone. The material near the center of the top surface is almost completely

damaged. Observations show a circular hole near the top surface. Similar to the

shock wave lithotripsy of glass, the p-wave propagates within the sample and reflects

off the bottom surface. The reflected p-wave corresponds to a tensile stress and
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Figure 3.9: Simulation set-up for an asymmetric modeling of shock wave lithotripsy
on glass.

Figure 3.10: Radii of the different ring fractures of shock wave lithotripsy on glass.

induces radial cracks. The numerical simulations are compared with experimental

observations in Figure 3.12. We observe that the simulations qualitatively match the

experiments.
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Figure 3.11: Three dimensional configuration for shock wave lithotripsy simulation
of Begostone.

Figure 3.12: Three-dimensional shock wave lithotripsy simulation of Begostone.

3.5 Conclusions

The present chapter develops a comprehensive framework to simulate shock wave

lithotripsy. The phase field model is employed to characterize the initiation and

propagation of fracture. The interactions between the acoustic wave and the solid are

enforced by interfacial constraints. The numerical simulations qualitatively matches
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the experiments. The conclusions are summarized as follows:

• The shock wave excites the solid object and induces p-waves and s-waves. Both

p-waves and s-waves can induce fracture within the solid.

• When the acoustic source is not very close to the solid, the propagating s-wave

induces a multi-ring fracture on the top surface. The radii of the ring fractures

increase with the distance between the acoustic source and the solid.

• When the acoustic source is close to the solid, the acoustic pressure completely

damages the top surface. Then induced p-wave propagates within the solid and

then reflects off the bottom surface. The reflected wave induces radial fractures

on the bottom surface.

This computational framework helps to reveal the fundamental fracture mecha-

nisms of kidney stones during shock wave lithotripsy. It could help to improve and

optimize SWL to develop the next generation of treatments for kidney stones.
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4

A Multi-Phase Field Formulation For Cohesive
Fracture in Anisotropic and Heterogeneous Solids:

Formulation & Algorithm

4.1 Introduction

The phase field approach regularizes a sharp crack with a continuum formulation,

and models fracture nucleation and propagation through the evolution of a phase

field. But existing phase field approaches for fracture modeling have weaknesses in

some important aspects, which limit the applicability of this promising method. Some

issues for the traditional phase field mode are summarized as follows:

• The phase field is not compactly supported which causes the damage to begin

initiating under relatively small deformations. Damage does not fully accumu-

late near the cracks.

• The regularization length l is tied to the material properties. For cohesive

fracture with a long FPZ, the regularization length l could be comparable to

the specimen dimensions.
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• The model is not mathematically self-consistent because the tensile stress does

not equal the projection of the stress tensor on the positive space.

• The traditional phase field approach cannot be easily extended to model the

fracture of heterogeneous or anisotropic materials. The standard decomposi-

tion strategy for the strain energy density cannot be extended to anisotropic

materials. Moreover, because the regularization length l is fully tied to the ma-

terial properties, one will have to use a different l for different orientations and

different components of the materials to ensure mathematical consistency.

Some pioneering work has been performed to develop phase field models for

anisotropic Li et al. (2015); Teichtmeister et al. (2017); Nguyen et al. (2017a,b); Na

and Sun (2018) or heterogeneous materials Doan et al. (2016). When there is more

than one preferential cleavage plane in anisotropic materials, Li et al. (2015) and

Teichtmeister et al. (2017) developed models that use higher order terms in the crack

surface density functional, mandating the use of shape functions with increased reg-

ularity. To circumvent this issue, Nguyen et al. (2017a,b) used multiple phase fields,

each of which represents a preferential cleavage plane. However, all of these works

suffer from an inconsistent choice of a regularization length l. These approaches typi-

cally make a compromise and pick a single regularization length. This clearly violates

the underlying nature of the phase field model and limits their ability to examine the

true fracture mechanisms.

In this work, we propose a novel phase field formulation to model the cohesive

fracture in heterogeneous/anisotropic solids. The issues mentioned above are all ad-

dressed in this novel framework. The remainder of this chapter presents the formu-

lation for the approach. The analysis and numerical examples are given in the next

chapter.
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4.2 A Multi-Phase Field Framework for Cohesive Fracture in Anisotropic
Solids

Consider an arbitrary elastic body Ω with external boundary BΩ and internal crack

surface Γ. A schematic is provided in Figure 1.2. The total energy of the proposed

framework is composed of the elastic energy ΨElastpu, dq and the crack surface energy

ΨFracpdq:

Ψdpu, dq “ ΨElastpu, dq `ΨFracpdq “

ˆ

Ω

ψepu, dqdΩ`

ˆ

Ω

ψf pdqdΩ, (4.1)

where ψepu, dq and ψf pdq are the elastic energy density functional and the crack

surface energy density functional. u is the displacement field. d P r0, 1s is the scalar

phase field (or damage) variable, with d “ 0 corresponding to the undamaged material

and d “ 1 to a fully damaged state where the material has lost all load-carrying

capability.

We denote the total potential energy density functional as

ψdpu, dq “ ψepu, dq ` ψf pdq. (4.2)

Following Sliva et al. (2013) (but neglecting inertia), the governing equations of

the phase-field model consist of the macroforce balance

∇ ¨
ˆ

Bψd
Bε

˙

“ 0, (4.3)

and the microforce balance

∇ ¨
ˆ

Bψd
B∇d

˙

´
Bψd
Bd

“ 0. (4.4)

4.2.1 Crack Surface Energy Functional

The anisotropy of the fracture resistance is characterized by a material orientation

vector a. We assume that there exists a preferential cleavage plane corresponding to
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the material orientation. In the case of cleavage planes for multiple discrete orien-

tations, we introduce multiple phase fields to quantify the damage accumulation on

each plane. Assume there exists N preferential cleavage planes at each spatial point

of the domain Ω, then there are N corresponding phase fields d1, d2, . . . , dN . Thus

the total crack surface energy is given by the summation of all crack surface energies

corresponding to each phase field.

ΨFrac pd1, d2, . . . q “

ˆ

Ω

ψf pdqdΩ “
N
ÿ

i“1

ˆ

Ω

κicγipdi,∇diqdΩ, (4.5)

where γipdi,∇diq is the crack surface density functional, and κic is a function of the

critical energy release rate Gic (to be discussed in Section 4.2.3 ). The crack surface

density functional is assumed to take the form

γipdi,∇diq “
di
l
`
l

2
∇di ¨Ai ¨∇di, (4.6)

where l is a regularization length that characterizes the size of the transition region

between the fully damaged material and the undamaged material, and Ai is a second

order structural tensor. It is expressed in terms of the material orientation vector ai,

as

Ai :“ 1` αiai b ai, (4.7)

where 1 denotes the second order identity tensor, and αi is an anisotropy parameter

that characterizes the degree of anisotropy in the fracture response. The preferential

cleavage planes favors the orientation ai if αi ą 0. if αi " 0, αi will penalize the

cleavage plane to follow the orientation ai exactly. However, if αi ă 0, the preferential

cleavage plane favors the orthogonal orientation of ai. If αi “ 0, the crack surface

density functional recovers that of an isotropic material.
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The total crack surface energy density functional is given by

ψf pd1, d2, . . . q “
N
ÿ

i“1

κicγipdi,∇diq. (4.8)

4.2.2 Elastic Strain Energy Functional

Assuming that the initiation and propagation of fracture can only be driven by ten-

sion, the elastic strain energy of the phase field model is assumed to take the form

ΨElast pu, d1, d2, . . . q “

ˆ

Ω

g pd1, d2, . . . qψ
`
e puq ` ψ

´
e puqdΩ, (4.9)

where g pd1, d2, . . . q is the degradation function representing the stiffness loss due to

the existence of multiple phase fields. Considering that all of the phase fields are

independent, here we define the degradation function g pd1, d2, . . . q to be

g pd1, d2, . . . q “
N
ź

i“1

gpdiq. (4.10)

Experimental observations suggest that fracture occurs even for small values of

the (infinitesimal) strain tensor

ε “
1

2
p∇u` u∇q . (4.11)

Then the un-degraded effective stress tensor is

σ̃ “ C : ε, (4.12)

where C is a general anisotropic fourth order constitutive tensor in the reference

coordinates. Considering that the elastic moduli vary with orientation, the relative

rotation between the material orientation must be taken into account to determine

the global elastic stiffness tensor. This can be achieved using a reference transforma-

tion tensor between the global reference coordinates pX, Y, Zq and the local material
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coordinates px1, x2, x3q. Suppose that the components of the elastic stiffness tensor

C0 are given in local material coordinates, then the orientation-dependent elastic

stiffness tensor C with respect to the reference coordinate system is given by

C “ T : C0 : T1, (4.13)

where Tpx, a1, a2, . . . q is the rotation tensor depending on the position and material

orientations.

For isotropic materials, the eigen-directions of strain and stress are identical.

Therefore, in traditional phase field fracture models, one can perform an eigen-

decomposition on the strain and obtain tensile and compressive parts. Then the

tensile and compressive strain energy density functional are computed using the Lamé

constants and the decomposed strain. However, for an anisotropic material, the prin-

cipal stress does not point in the same direction as the principal strain. Here, we

present a novel strain energy density functional which mixes stress and strain. Con-

sidering that the elastic energy density is generally formulated as ψe “ σ̃ : ε{2, we

define the tensile and compressive elastic energy as follows:

ψ`e “
1

2
σ̃` : ε; ψ´e “

1

2
σ̃´ : ε, (4.14)

where σ̃` and σ̃´ are the tensile and compressive effective stress tensors. We note that

σ̃ “ σ̃` ` σ̃´. To calculate σ̃` and σ̃´, we start with the eigenvalue decomposition

of the effective stress tensor:

σ̃ “
3
ÿ

a“1

σ̃ana b na, (4.15)

where σ̃a are the principle stresses, i.e., the eigenvalues of the effective stress tensor.

Then σ̃` and σ̃´ are given by

σ̃˘ :“
3
ÿ

a“1

xσ̃ay˘ na b na (4.16)
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in terms of the bracket operators xxy
`

:“ px` |x|q {2 and xxy
´

:“ px´ |x|q {2. In

fact, we can bridge σ̃˘ and σ̃ as follows:

σ̃` “ P` : σ̃; σ̃´ “ P´ : σ̃, (4.17)

where P` and P´ are the projection operators for a second order tensor on its positive

and negative spectrum space, satisfying

P` ` P´ “ I, (4.18)

where I is the fourth order identity tensor. The precise expressions for P` and P´ of

stress tensor are given in Miehe (1998), as

P˘ “
3
ÿ

a“1

xσ̃ay˘
σ̃a

na b na b na b na

`
1

2

3
ÿ

a“1

3
ÿ

b‰a

xσ̃ay˘
σ̃a ´ σ̃b

pna b nb ` nb b naq b pna b nb ` nb b naq . (4.19)

We note that

Bψ`e
Bε

“
1

2
σ̃` `

1

2

Bσ̃`

Bε
: ε “

1

2
σ̃` `

1

2

Bσ̃`

Bσ̃

Bσ̃

Bε
: ε

“
1

2
σ̃` `

1

2
P` : C : ε “

1

2
σ̃` `

1

2
P` : σ̃ “ σ̃`, (4.20)

and

Bψ´e
Bε

“
1

2
σ̃´ `

1

2

Bσ̃´

Bε
: ε “

1

2
σ̃´ `

1

2

Bσ̃´

Bσ̃

Bσ̃

Bε
: ε

“
1

2
σ̃´ `

1

2
P´ : C : ε “

1

2
σ̃´ `

1

2
P´ : σ̃ “ σ̃´. (4.21)

We find that the proposed stress and strain energy density decompositions satisfy

σ̃` “ Bψ`e {Bε and σ̃´ “ Bψ´e {Bε. In other words, our definition is mathematically

self-consistent.
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Then we follow the general definition to calculate the total stress:

σ “
Bψe
Bε

“ g pd1, d2, . . . q
Bψ`e
Bε

`
Bψ´e
Bε

“ g pd1, d2, . . . q σ̃
`
` σ̃´. (4.22)

The corresponding degraded constitutive tensor is

Cd “
Bσ

Bε
“ g pd1, d2, . . . q

Bσ̃`

Bσ̃

Bσ̃

Bε
`
Bσ̃´

Bσ̃

Bσ̃

Bε

“
“

g pd1, d2, . . . qP` ` P´
‰

: C “ Pd : C, (4.23)

where Pd is the degradation projection tensor. The proposed definition for the strain

energy density functional has a number of strengths:

• It uses the tensile stress σ̃` to drive the crack to propagate, which is consistent

with the assumption that the crack can only grow when the stress near the

crack tip is tensile.

• The proposed strain energy density functional ψe and stress σ̃ are mathemati-

cally self-consistent. The strain energy density functional can be applied to any

linear elastic material, even those with an anisotropic constitutive relation.

• With the decomposition of the stress tensor, the degraded constitutive tensor

Cd is simply the inner product of the degradation projection tensor Pd and the

constitutive tensor C, which is straightforward to compute.

4.2.3 Degradation Function

Profile of Phase Field

The damage profile in traditional phase field model is exponential, i.e., dpxq “

exp p´|x|{lq (c.f. Figure 4.1(b)). The crack surface energy density functional of

the present model is linear in the damage field and the profile of the corresponding

phase field is different. To derive the profile of d, we start with a base case, i.e., a
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one-dimensional problem with a single phase field. For here and remainder of the

dissertation, we omit the subscript “i” of d and the other fracture related quantities

when there is only one phase field. Denoting the normal direction to the crack surface

as xη, the gradient of the phase field d can be approximated by ∇d « Bd{Bη. Then

the crack surface density functional in the one-dimensional setting is

γpd,∇dq “
˜

d

l
`
l˚

2

ˆ

Bd

Bη

˙2
¸

, (4.24)

where l˚pθ, φq is the effective regularization length which depends on the material

orientation θ and the crack orientation φ. Teichtmeister et al. (2017) derived the

form of l˚ as

l˚ “ l
“

1` α sin2
pθ ´ φq

‰

, (4.25)

where α is the parameter that characterizes the anisotropy of the fracture response

(4.7).

Following the procedure of Teichtmeister et al. (2017), the profile of the phase

field is derived as:

d “

ˆ

1´
|η|

η0

˙2

, (4.26)

where η0 “
?

2l
a

1` α sin2pθ ´ φq. For the isotropic case, equation (4.26) reduces to

d “

ˆ

1´
|x|
?

2l

˙2

. (4.27)

The analytical form (4.27) exactly recovers that which was derived for isotropic

analysis (Geelen et al., 2018b), and is illustrated in Figure 4.1c.

With the solution (4.26), we can calculate the crack surface energy ΨFrac:

ΨFrac “

η0ˆ

´η0

κc

˜

d

l
`
l˚

2

ˆ

Bd

Bη

˙2
¸

dη “
4
?

2

3
κc

b

1` α sin2pθ ´ φq. (4.28)
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dpxq
1

dpxq “ exp p´|x|{lq
1

dpxq “

ˆ

1´
|x|
?

2l

˙2

1

2
?

2l2l

Figure 4.1: Sharp and diffuse crack topologies for cracks at x “ 0. (a) Sharp crack.
(b) Traditional phase-field for brittle fracture. (c) Phase-field for brittle fracture using
a threshold function.

By definition, ΨFrac ““ Geff
c pθ, φq, where Geff

c is the critical energy release rate

along the orientation of the crack surface. The explicit form of Geff
c is

Geff
c “ Gc

b

1` α sin2pφ´ θq, (4.29)

where Gc is the reference critical energy release rate. Balancing (4.28) and (4.29)

yields

κc “ 3
?

2Gc{8. (4.30)

Then the total crack surface energy functional (4.5) can be rewritten as

ΨFracpd1, d2, . . . q “
N
ÿ

i“1

ˆ

Ω

3
?

2

8
Gic

ˆ

di
l
`
l

2
∇di ¨Ai ¨∇di

˙

dΩ. (4.31)

Novel Degradation Function

With the compactly supported closed form solution, we have made significant progress

in eliminating the existence of overly diffuse damage. Inserting the strain energy

density functional (4.14) and crack surface energy density functional (4.31) into (4.4)

yields the evolution equation for the phase filed di: For 1 ď i ď N ,

´ g1pdiqDi ´
3
?

2Gic
8l

`
3
?

2Gicl
8

∇ ¨ pAi ¨∇diq “ β 9di, (4.32)

where Di “
ź

j‰i

gpdjqψ
`
e is the crack driving force of phase field di, and β ě 0

represents the kinetic modulus that controls the rate at which cracks can propagate

through the material.
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At the initiation of damage, i.e., di “ 0, ∇di “ 0, 9di ě 0, equation (4.32) reduces

to

´ g1p0qDi ´
3
?

2Gic
8l

ě 0 Ñ Di ě ´
3
?

2Gic
8lg1p0q

. (4.33)

Denoting

ψc “ ´
3
?

2Gic
8lg1p0q

, (4.34)

then we have the condition that

Di ě ψc when damage is about to initiate. (4.35)

(4.35) implies that ψc is a critical value of the crack driving force, corresponding

to the initiation of damage. Damage is about to appear when Di “ ψc. In reality,

the cracks should not heal even if the loading is removed from the elastic body. This

requirement takes the form of the constraint 9di ě 0. The constraints 9di ě 0 and

di ě 0 imply that di “ 0 when Di ă ψc. In other words, no damage should appear

before the driving force Di reaches ψc. Thus we can treat ψc as a threshold to prevent

damage initiation from tiny deformation.

In fact, (4.34) brings a constraint on the product of g1p0q and ψc. In the follow-

ing, we will have a comprehensive discussion on this constraint. For the purpose of

simplicity, we will first consider the case when there is only one phase field d and the

subscript will be omitted.

Nguyen et al. (2017b) also tried to develop a threshold to prevent damage from tiny

deformations. However, they used the classical degradation function gpdq “ p1´ dq2

and a naive threshold ψc “ Gc{p2lq. Because their degradation function and threshold

violates the constraint (4.34), the model they presented is inconsistent and does not

generate good results (Nguyen et al., 2017b). Miehe et al. (2015a,b) and Teichtmeister

et al. (2017) also discussed gpdq “ p1 ´ dq2 but introduced a correct threshold that

77



satisfies the constraint (4.34), as

ψc “
3
?

2Gc
16l

. (4.36)

The combination of gpdq “ p1 ´ dq2 and ψc “ 3
?

2Gc{p16lq is self-consistent.

However, this threshold is regularization length dependent. One can expect the crack

nucleation becomes more and more difficult when reducing l, which is not ideal. An

elegant threshold should be a material property and free from any regularization.

Assume we already have an elegant threshold ψc, then equation (4.34) yields a

natural constraint on the degradation function

g1p0q “ ´
3
?

2Gc
8lψc

. (4.37)

This is a constraint on the slope of the degradation function when damage begins

to accumulate. Before discussing any specific for the degradation function, we present

a series of conditions for a qualified degradation function:

1. gpdq is monotonically decreasing, i.e., g1pdq ă 0 for d ‰ 1;

2. gp0q “ 1 and gp1q “ 0;

3. g1p1q “ 0;

4. g1pdq monotonically increases from a negative value to 0, i.e., g2pdq ě 0.

The first condition imposes that no recovery in the material stiffness is allowed

as the phase field d increases. The second condition follows from the convention

that gp0q and gp1q must correspond to fully intact and broken states, respectively.

Neglecting the temporal derivative, the phase field equation (4.32) can be written as

δψf
δd

“ ´g1pdqD. (4.38)
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where D is the crack driving force of phase field d. The right side of (4.38) is a

reaction term acting as a source for the evolution of the phase field. Therefore, we

require g1p0q ă 0 to ensure that the phase-field can evolve in cases where d is initially

zero everywhere. In our model, we have more specific constraints for g1p0q as (4.37).

We also need g1p1q “ 0 to make the reaction term vanish when d “ 1. The constraint

of g1p1q prevents “overshooting” of the damage and ensures that d converges to 1 as

the material becomes fully broken. The fourth property implies the speed of stiffness

loss decays with increasing damage. In other words, the larger the damage is, it is

more difficult for the material to continue losing stiffness. This property also ensures

the convexity of the degradation function since it requires that g2pdq ą 0.

It is easy to check that the classical degradation function gpdq “ p1´ dq2 satisfies

conditions (1-4). However, it is obvious that the slope of gpdq “ p1´dq2 at d “ 0 is -2

which does not satisfy the constraint (4.37). We note the cubic degradation function

proposed by Borden (2012) to model cohesive fracture using a traditional phase field

approach:

gpdq “ s
“

p1´ dq3 ´ p1´ dq2
‰

` 3 p1´ dq2 ´ 2 p1´ dq3 , (4.39)

where s is a shape parameter that controls the degree of cohesive effect. One can use

a small value s to characterize the cohesive effect at the crack tip (Borden, 2012).

However, the required regularization length lc corresponding to the cubic degradation

function is even larger when a small s is used. For instance, when sÑ 0, a threshold

appears to prevent any damage from appearing when the stress is below the ten-

sile strength σc (Borden, 2012). But the relationship between lc and the material

properties has a dramatic change:

lim
sÑ0

σc “

c

EGc
3lc

Ñ lim
sÑ0

lc “
EGc
3σ2

c

(4.40)

We recall that the required regularization length l0 for the classical degradation
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function gpdq “ p1 ´ dq2 is l0 “ 27EGc{256σ2
c , thus lc ą l0. Therefore, the phase

field is expected to be more diffusive when Borden’s cubic degradation function is

employed.

For a general cubic polynomial function,

gcpdq “ b3p1´ dq
3
` b2p1´ dq

2
` b1p1´ dq ` b0, (4.41)

condition (2) yields

gcp1q “ b0 “ 0, (4.42)

and

gcp0q “ b3 ` b2 ` b1 ` b0 “ 1. (4.43)

The derivative of the cubic function (4.41) is

g1cpdq “ ´3b3p1´ dq
2
´ 2b2p1´ dq ´ b1. (4.44)

Then the condition (3) and constraint (4.37) requires that

g1cp1q “ ´b1 “ 0, (4.45)

and

g1cp0q “ ´3b3 ´ 2b2 ´ b1 “ ´
3
?

2Gc
8lψc

. (4.46)

Combining Eqs. (4.42 - 4.46), we obtain the values of the coefficients tb0, b1, b2, b3u

b0 “ 0, b1 “ 0, b2 “ 3´
3
?

2Gc
8lψc

, b3 “
3
?

2Gc
8lψc

´ 2. (4.47)

Then the second derivative of gcpdq is given by

g2c pdq “ 6

ˆ

3
?

2Gc
8lψc

´ 2

˙

p1´ dq ` 2

ˆ

3´
3
?

2Gc
8lψc

˙

. (4.48)
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Note g2c pdq is a linear function, thus the condition (4) yields

g2c p1q “ 3´
3
?

2Gc
8lψc

ě 0, g2c p0q “
3
?

2Gc
2lψc

´ 6 ě 0. (4.49)

(4.49) brings a constraint on the following regularization length l:

?
2Gc

8ψc
ď l ď

?
2Gc

4ψc
. (4.50)

The existence of the lower bound for l prevents us from choosing an arbitrarily

small regularization length. In fact, this lower bound will always exist if a poly-

nomial degradation function is employed. The central point is that any polynomial

degradation function cannot fully separate the regularization length from the material

properties.

Inspired by Lorentz et al. (2011, 2012), we propose a novel degradation function

that satisfies all of the the constraints and (4.37):

gpdq “
p1´ dq2

p1´ dq2 ´ g1p0qdp1` pdq
“

p1´ dq2

p1´ dq2 ` rp3
?

2Gc{p8lψcqsdp1` pdq
, (4.51)

where p ě 1 is a shape parameter that controls the cohesive effect at the crack tip.

Larger p represents fracture with a strong cohesive effect while a smaller p corresponds

to brittle fracture. Therefore, a larger FPZ is expected for a larger p. The beauty of

the degradation function (4.51) is that the constraint on g1p0q enforced by construction

such that (4.37) is satisfied regardless of the choice for ψc. Therefore, it offers the

freedom to choose an arbitrary threshold ψc.

It is easy to check that the proposed degradation function (4.51) satisfies the

conditions (1-3). To ensure the fourth property, i,e., the convexity of the degradation

function, we need to compute the second derivative of the degradation function

g2pdq “ 2g1p0qMpdq{Npdq, (4.52)
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where Mpdq and Npdq are given as

Mpdq “ p` g1p0q ´ 3d´ 3pd2
` 2pd3

` d3
´ g1p0qpd3

` 3g1p0qp2d2

´ 2g1p0qp2d3
` 3g1p0qpd` 2, (4.53)

and

Npdq “ p1´ dq2 ´ g1p0qdp1` pdq. (4.54)

It is clear that Npdq ą 0, thus we require Mpdq ď 0 for d P r0, 1s to ensure

g2pdq ě 0. We finish by checking the two end points of the interval [0,1].

Mp1q “ 2g1p0qpp` p2
q ď 0; since g1p0q ă 0, (4.55a)

Mp0q “ p` g1p0q ` 2 ď 0; Ñ p` 2 ď ´g1p0q. (4.55b)

Substituting (4.37) into the inequality (4.55b) yields

l ď
3
?

2

8pp` 2q

Gc
ψc
. (4.56)

(4.56) is distinguished from the traditional phase field by the fact that the reg-

ularization length l only has a upper bound. Therefore, the regularization length is

freed from the material properties. For cohesive fracture, the FPZ « EGc{σ2
c is long

and the required regularization length l in traditional phase field could be as large

as the specimen dimensions. Using our approach, one can still choose a sufficiently

small regularization length to represent a sharp crack. In other words, the proposed

degradation function can be applied to characterize a cohesive effect at the crack tip.

With the constraint (4.56), we obtain the upper bound of g1p0q

g1p0q “ ´
3
?

2Gc
8lψc

ď ´pp` 2q. (4.57)

Since the shape parameter is required to be p ě 1, we notice that g1p0q ď ´3.

In fact, if we choose p “ 0, g1p0q “ ´2 which recovers the slope of the classical
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degradation function gpdq “ p1 ´ dq2. Since we explicitly employ the constraint

(4.37) in the degradation function, the model is now mathematically self-consistent.

Figure 4.2 illustrates the degradation function gpdq for different values of p. The

derivative g1p0q is set to equal the upper bound corresponding to p “ 5, i.e., g1p0q “ ´7

in Figure 4.2. The classical degradation is also shown for reference. Compared with

the classical one, the new degradation function decays much faster with the phase

field parameter d since the upper bound of g1p0q is ´pp` 2q ă ´2. We note that the

new degradation function is much flatter compared to the classical one when d is close

to 1. This property slows the growth of the damage at the nearly broken material

and leaves a tail with partial damage at the crack tip, because g1pdq acts as a scale

factor on the driving force in the reaction term of (4.38). Observations show that the

magnitude of the slope near d “ 1 becomes smaller with p increasing. Therefore, one

can expect a longer and longer partial damage tail as p increases. Also, it is easy to

check that the degradation function (4.51) approaches a delta function when pÑ 8,

i.e.,

lim
pÑ8

gpdq “ δp0q. (4.58)

Regularization Length Free Threshold for Crack Initiation

In the fracture mechanics point of view, a crack does not start to form until the

opening stress reaches the critical strength σc of the material. Then the critical strain

is εc “ σc{E where E is the Young’s modulus of the material. The corresponding

elastic energy of crack initiation is ψe “ σcεc{2 “ σ2
c{2E. Thus, a more elegant

candidate for the threshold of crack initiation is

ψc “
σ2
c

2E
. (4.59)

With the present threshold, the constraint (4.37) can be written in terms of pure

83



g
(d

)
0

0.2

0.4

0.6

0.8

1

 

d
0 0.2 0.4 0.6 0.8 1

 

g(d) = (1 � d)2

g(d) =
(1 � d)2

(1 � d)2 � g0(0)d(1 + pd)

Figure 4.2: Illustration of the proposed degradation function (4.51) with different
values of p parameter for g1p0q “ ´7. The classical degradation function gpdq “
p1´ dq2 is shown as a reference.

material properties

g1p0q “ ´
3
?

2Gc
8lψc

“ ´
3
?

2EGc
4lσ2

c

. (4.60)

With the above pair of threshold and degradation function, the threshold is con-

sistent with a physical fracture mechanism and the regularization length can be spec-

ified independent of the material properties. This is one of the key advantages of the

present framework.

For an anisotropic material, the effective Young’s modulus Eeff and the effective

tensile strength σeff
c vary with direction, yielding an orientation dependent threshold

ψeffpθ, ϕq “ σeff
c

2
{p2Eeffq. Here ϕ refers to the concerned orientation and θ is the

material orientation. Thus, the threshold for an anisotropic material is set to be the

minimum value of ψeff
c , i.e,

ψc “ min
ϕ

˜

σeff
c pθ, ϕq

2

2Eeffpθ, ϕq

¸

. (4.61)

The effective material properties depend on the orientation under consideration

and the material orientation. Consider the Voigt notation of the stress σ̃ and strain ε.
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They are connected by the compliance matrix S0 under the local material coordinate

(x1, x2, x3):

ε|1,2,3 “ S0σ̃|1,2,3. (4.62)

We denote the local coordinate of the orientation under consideration by pxm, xn, xqq.

Then the rotation matrix T between the material coordinate px1, x2, x3q and the local

coordinate pxn, xn, xpq is a function of the material orientation and the crack orien-

tation and satisfies

σ̃|m,n,p “ T´1σ̃|1,2,3, ε|m,n,p “ TT ε|1,2,3, (4.63)

where T´1 and TT denote the inverse and transpose of T. Combining the rotation of

stress and strain, one can obtain the constitutive law in the local crack coordinates

as

ε|m,n,p “ TTS0Tσ̃|m,n,p. (4.64)

The effective compliance tensor at the local crack coordinate is straightforward to

compute as

S|m,n,p “ TTS0T. (4.65)

Then the effective Young’s modulus at the orientation τ is Eeff “ 1{S11|m,n,p.

Denote the local material strength vector under Voigt representation as σ0
c , then

the strength vector under the crack coordinate is computed following the same pro-

cedure,i.e.,

σc|m,n,p “ T´1σ0
c . (4.66)

Then the effective tensile strength is just the first component of the strength vector

σeff
c “ σc1|m,n,p.

Considering that there are multiple phase fields in our model, we define an equiv-

alent phase field deq for the purpose of visualization. deq is defined through the
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degradation function as

g pdeqq “

N
ź

i“1

gpdiq; 1 ď i ď N, (4.67)

where

g pdiq “
p1´ diq

2

p1´ diq
2
` r3

?
2Gic{p8lψcqsdi p1` pdiq

, (4.68)

with

ψc “ min
ϕ

˜

σeff
c pθ, ϕq

2

2Eeffpθ, ϕq

¸

, (4.69)

where Gic is the reference critical energy release rate of phase field di.

An equivalent degradation function on the equivalent phase field deq is formulated

as

g pdeqq “
p1´ deqq

2

p1´ deqq
2
` r3

?
2Geq

c {p8lψcqsdeq p1` pdeqq
, (4.70)

where Geq
c “ Gkc such that dk “ max pd1, d2, . . . q. Then the equivalent phase field deq

can be computed by inverting the map as deqpd1, d2, . . . q “ g´1
”

śN
i“1 gpdiq

ı

. Without

explicitly giving the expression of g´1, there are some rules that need to be satisfied

for the inversion:

• 0 ď deq ď 1.

• deq “ 1 if any di “ 1 for 1 ď i ď N ; deq “ 0 if all di “ for 1 ď i ď N .

• If we fix the value of d1, d2, . . . , di´1, di`1, . . . , dN , deq increases monotonically

with di.
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4.2.4 Critical Energy Release Rate

Recall that we introduced the parameter αi to control the degree of anisotropy frac-

ture response. Most of the work in the literature just manipulates its value in the

simulation. In the following, we present a simple strategy to determine αi based on

experimental measurements.

Assume we only have one material orientation a and one cleavage plane. Therefore,

we only have one α to be determined. Then we measure the critical energy release rate

of the material in two orthogonal directions as Glc, and Goc . Glc represents the critical

energy release rate when the crack orientation is parallel to the material orientation

a while Goc corresponds to the critical energy release rate when the crack orientation

is orthogonal to the material orientation. We propose a simple problem to connect

the material parameters with the formulation.

Recall the expression linking the effective critical energy release rate to the ori-

entation (4.29). If the crack is propagating along the material orientation (φ “ θ),

(4.29) simplifies to

Geff
c “ Gc, (4.71)

where Gc is the reference critical energy release rate.

Clearly, now the effective critical energy release rate Geff
c corresponds to the one

parallel to the material orientation Glc, i.e.,

Gc “ Glc. (4.72)

Now let us assume the crack is propagating perpendicular to the material orien-

tation (i.e., φ “ θ ` π{2). Then the effective critical energy release rate is written

as

Geff
c “ Gc

c

1` α sin2
´π

2

¯

“ Gc
?

1` α. (4.73)
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It is clear that the above effective critical energy release rate corresponds to the

one when the crack is orthogonal to the material orientation Goc , i.e.,

Gc
?

1` α “ Goc . (4.74)

Combining (4.72) and (4.74), one can derive an expression for anisotropy penalty

parameter α as

α “

ˆGoc
Glc

˙2

´ 1. (4.75)

Denoting the ratio rG “ Goc {Glc we conclude that the effective critical energy release

rate can be rewritten as

Geff
c “ Glc

b

1`
`

r2
G ´ 1

˘

sin2pφ´ θq, (4.76)

where φ and θ are the crack and material orientations defined in Section 4.2.3.

Assume Glc = 1. Figure 4.3 illustrates the polar plot of the critical energy release

rate Geff
c and 1{Geff

c for different ratios Goc {Glc. The material orientation a “ r0, 1s which

corresponds to the angle θ “ π{2. When Goc {Glc “ 1.0, the critical energy release rate

surface is a perfect circle. When Goc {Glc is near 1.0, the critical energy release rate

surface is an ellipse and maintains convexity. However, if Goc {Glc " 1 or Goc {Glc ! 1, the

critical energy release rate is no longer convex. Figure 4.4 illustrates the polar plot

for the critical energy release rate Geff
c and 1{Geff

c of material orientations for a ratio

of Goc {Glc “ 2. These plots show how both Geff
c and 1{Geff

c rotate with the material

orientation.

The polar plot of the reciprocal critical energy release rate 1{Geff
c is usually applied

to predict the fracture propagation of the material with weak anisotropic crack surface

direction under tensile loading. Consider a vertical line x “ k0 swiping the domain

from `8 towards the left. When this vertical line is tangential to the surface of

1{Geff
c , the tangent point corresponds to the theoretically predicted crack propagation
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Figure 4.3: Polar plot of the critical energy release rate and reciprocal critical
energy release rate Geff

c and 1{Geff
c for different ratios Goc {Glc. The material orientation

is a “ r0, 1s, i.e., θ “ π{2. (a) Geff
c ; (b) 1{Geff

c
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Figure 4.4: Polar plot of the critical energy release rate and reciprocal critical
energy release rate Geff

c and 1{Geff
c for different material orientations. The ratio of

Goc {Glc equals 2.0. (a) Geff
c ; (b) 1{Geff

c

direction. In other words, the theoretical predicted direction is

φ0 “ arg max
φ

"

cosφ

Geff
c pθ, φq

*

“ arg max
φ

$

&

%

cosφ

Glc
b

1`
`

r2
G ´ 1

˘

sin2pφ´ θq

,

.

-

. (4.77)

This prediction can be used to verify the simulation for a standard benchmark

problem. For an elastic body with multiple cleavage planes, one just needs to deter-
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mine every αi for 1 ď i ď N following the same strategy.

4.2.5 Crack Driving Force & Irreversibility

In order to obtain a stress-based driving force for crack propagation, first recall the

stress decomposition in (4.16). These effective stresses are used in calculating the

strain energy density, as denoted in (4.14). Recall that we derived a constraint on

the crack driving force of phase field di, i.e., Di ě ψc when a crack starts to form.

We use the Macaulay bracket to enforce the constraint (4.35). The driving force

is changed to

Di “

C

ź

j‰i

gpdjqψ
`
e ´ ψc

G

`

` ψc. (4.78)

When
ź

j‰i

gpdjqψ
`
e ď ψc, Di “ ψc and di remains zero. Below the threshold, all of

the work done by the loading is converted to internal strain energy in the elastic body.

When
ź

j‰i

gpdjqψ
`
e ą ψc, Di “

ź

j‰i

gpdjqψ
`
e recovers the variational form. Therefore,

the constraint enforcement strategy (4.78) maintains variational consistency.

Substituting (4.78) into (4.32) yields

´ g1pdiq
´

D̃i ` ψc

¯

´
3
?

2Gic
8l

`
3
?

2Gicl
8

∇ ¨ pAi ¨∇diq “ β 9di, (4.79)

with

tildeDi “

C

ź

j‰i

gpdjqψ
`
e ´ ψc

G

`

. (4.80)

Recall the phase field equation is subject to the irreversibility constraint 9d ě 0. To

enforce this constraint, Miehe et al. (2010) introduced a Macauley bracket to (4.79)

β 9di “

B

´g1 pdiq
´

D̃i ` ψc

¯

´
3
?

2Gic
8l

`
3
?

2Gicl
8

∇ ¨ pAi ¨∇diq
F

`

. (4.81)
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For some specific applications, the underlying fracture propagation rate β is known

as a material property (Peco et al., 2018). However, in many fracture mechanics

problems, β is just chosen as a viscous regularization parameter so that irreversibility

can be enforced through (4.81). In fact, in order to enforce the irreversibility, we

believe that (4.81) is not a good strategy.

Discretizing the temporal term using an implicit Euler for (4.81), we obtain that

β

∆t

`

dn`1
i ´ dni

˘

´

B

´g1
`

dn`1
i

˘

´

D̃i ` ψc

¯

´
3
?

2Gic
8l

`
3
?

2Gicl
8

∇ ¨
`

Ai ¨∇dn`1
i

˘

F

`

“ 0.

(4.82)

Rewriting (4.82) as

dni ´ d
n`1
i `

∆t

β

B

´g1
`

dn`1
i

˘

´

D̃i ` ψc

¯

´
3
?

2Gic
8l

`
3
?

2Gicl
8

∇ ¨
`

Ai ¨∇dn`1
i

˘

F

`

“ 0,

(4.83)

since dni is known at the n ` 1 loading step, we can define two functions hpxq and

fpxq as follows:

hpxq “ dni ´ x, (4.84a)

fpxq “ ´g1 pxq
´

D̃i ` ψc

¯

´
3
?

2Gic
8l

`
3
?

2Gicl
8

∇ ¨ pAi ¨∇xq . (4.84b)

Then (4.83) can be rewritten as

hpxq ` λ xfpxqy
`
“ 0, (4.85)

where λ “ ∆t{β. From a mathematical point of view, λ acts as a penalty parameter

and (4.82) is equivalent to a penalty formulation of the following problem:

hpxq “ 0, subject to a constraint fpxq ď 0, (4.86)

which implies that the phase field cannot grow when fpdn`1
i q ď 0.
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It is well known that the penalty method suffers from convergence issues when

the penalty parameter λ is large. Thus a very small time step is needed to ensure

convergence of (4.81) using a Newton-Raphson solver. And one can expect that the

convergence becomes worse and worse when reducing β. What’s worse, the current

inequality constraint is a nonlinear equation, and very bad convergence of Newton-

Raphson solver can be expected. In fact, when β is just used as a viscous regularity

parameter, we can just choose β “ 0 and reformulate the phase field equation (4.79)

as

´ g1pdiq
´

D̃i ` ψc

¯

´
3
?

2Gic
8l

`
3
?

2Gicl
8

∇ ¨ pAi ¨∇diq “ 0, subject to 9d ě 0. (4.87)

Wheeler et al. (2016) developed an augmented-Lagrangian method to enforce the

inequality constraint 9d ě 0. This method uses a nested loop to update the Lagrange

multiplier which introduces some additional computational cost. In practice, we follow

the strategy of Borden et al. (2012) to enforce the crack irreversibility using the

maximum historical crack driving force

Hipx, tq “ max
sPr0,ts

D̃ipx, sq. (4.88)

Using this strategy, the evolution equation for phase field i is rewritten as

l2∇ ¨ pAi ¨∇diq ´
4
?

2g1pdiq pHi ` ψcq l

3Gic
“ 1. (4.89)

4.2.6 Governing Equations & Algorithm

Since every term and function in the energy functional (4.1) has been explicitly dis-

cussed, the macroforce balance (4.3) gives the explicit governing equation for the

displacement field as:

∇ ¨
`

g pdeqq σ̃
`
` σ̃´

˘

“ 0. (4.90)
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The microforce balance (4.89) yields the governing equation of all the phase fields:

for 1 ď i ď N ,

l2∇ ¨ pAi ¨∇diq ´
4
?

2g1pdiq pHi ` ψcq l

3Gic
“ 1. (4.91)

The phase field equation is subject to a zero flux condition at the external bound-

ary of the domain:

n ¨Ai ¨∇di “ 0 on BΩ, (4.92)

where n is the unit outward normal on the external boundaries.

We define the weak form of the problem using the following trial solution spaces

Uh for the displacement field, Di
h for the phase field di:

Uh “
 

u P H1
DpΩq

(

, Di
h “

 

di P H1
pΩq

(

for 1 ď i ď N, (4.93)

where D is the dimension of the problem.

Taking inner products of (5.1) and (5.3) with the appropriate test functions and

integrating by parts yields the weak form: find u P Uh and di P Di
h p1 ď i ď Nq, such

that
`

g pdeqq σ̃
`
` σ̃´,∇δu

˘

“ 0 @δu P Uh, (4.94a)

l2 p∇δdi,Ai ¨∇diq `
ˆ

δdi,
4
?

2g1pdiq pHi ` ψcq l

3Gic
` 1

˙

“ 0 @δdi P Di
h. (4.94b)

This is a coupled nonlinear problem with D`N fields. There are several options

to solve this problem. One can adopt the monolithic approach to solve for all the

variables simultaneously. Because the fully coupled system is not convex, it is very

challenging for a monolithic solver to reach convergence using a Newton-Raphson

method. The present study solve the equations employed a staggered approach, i.e.,

iteratively solving the equations for displacements and phase fields. Although there

are multiple phase fields in the present framework, they are independent and their

evolution equations could be solved at the same time.
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Linear elements are used to discretize the displacements uX , uY , uZ and phase

fields dip1 ď i ď Nq.

uhX “
Nd
ÿ

m“1

φmpxqu
m
X , u

h
Y “

Nd
ÿ

m“1

φmpxqu
m
Y , u

h
Z “

Nd
ÿ

m“1

φmpxqu
m
Z ; (4.95)

and

dhi “
Nd
ÿ

m“1

φmpxqd
m
i , for 1 ď i ď N, (4.96)

where Nd is the number of nodes and φmpxq are the basis functions.

A full Newton-Raphson scheme is used to solve the equations with the full Jacobian

as a pre-conditioner. The stress based decomposition of the strain energy density

brings quite a bit of convenience to the Jacobian calculation. We note the computation

of the Jacobian for the macro force balance is fairly complicated for the traditional

phase field method. In the proposed framework, one can just replace the constitutive

tensor with the degraded constitutive tensor computed in (4.23). The direct solver

super-LU is adopted to invert the matrix. The code is built on the framework of the

multiphysics objected oriented simulating environment developed by Idaho National

Laboratory (Gaston et al., 2009). An algorithm to obtain the numerical solution is

outlined in the following.
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1. Initialization.

(a) If there is no initial damage, the displacement, phase field parameters and
history fields are set to zero.

(b) If there is initial damage, set the displacement to be zero and provide
appropriate initial value for all the phase fields and the driving force history
to maintain the initial damage.

2. FOR all loading increments (current time tn`1).

Known: The displacement, fracture phase and history fields at time tn: uptnq,
diptnq, Hiptnq

Loading: the prescribed surface tractions t̄ and prescribed displacements ū at
current time tn`1

(a) Compute the history. for i “ 1 : N

Hipx, tn`1q “

#

D̃ipx, tn`1q if D̃ipx, tn`1q ą Hipx, tnq

Hipx, tnq otherwise

where

D̃i “

C

ź

j‰i

gpdjqψ
`
e ´ ψc

G

`

, ψc “ min
ϕ

#

σeff
c pθ, ϕq

2

2Eeffpθ, ϕq

+

, ψ`e “
1

2
σ̃` : ε

(b) Compute the phase field dhi p1 ď i ď Nq by solving the following nonlinear
problem:

l2
`

∇δdhi ,Ai ¨∇dhi
˘

`

˜

δdhi ,
4
?

2g1
`

dhi
˘

pHi ` ψcq l

3Gic
` 1

¸

“ 0 @δdhi P Di
h.

(c) Compute the displacement field. Compute the displacement uh for frozen
phase fields di p1 ď i ď Nq.

`

g pdeqq σ̃
`
` σ̃´,∇δuh

˘

“ 0 @δuh P Uh,

where g pdeqq “

N
ź

i“1

gpdiq.

(d) nÐ n` 1

END
Box 4.1: Staggered scheme for the cohesive phase field model for anisotropic and
heterogeneous solids.
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5

A Multi-Phase Formulation For Cohesive Fracture
in Anisotropic and Heterogeneous Solids: Analysis

& Results

5.1 Introduction

In this chapter, we provide an analysis of the properties of the proposed novel phase

field model and examine some representative numerical examples. For convenience,

we briefly summarize the formulation derived in the last chapter.

The governing equation for the displacement field is given by

∇ ¨
`

g pdeqq σ̃
`
` σ̃´

˘

“ 0. (5.1)

with the boundary condition

σ ¨ n “ τ on BΩg, (5.2a)

u “ u on BΩd, (5.2b)

where BΩg and BΩd are the Neumann and Dirichlet boundaries of the elastic body.

The governing equation for all the phase fields is: for 1 ď i ď N ,

l2∇ ¨ pAi ¨∇diq ´
4
?

2g1pdiq pHi ` ψcq l

3Gic
“ 1. (5.3)
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with a zero flux boundary condition at the external boundary of the elastic body:

n ¨Ai ¨∇di “ 0 on BΩ. (5.4)

5.2 Analysis

5.2.1 Phase Field Profile & Crack Surface Energy Density Functional

Distinct from the isotropic case, the damage field corresponding to the anisotropic

crack surface energy density functional can only be computed numerically (Nguyen

et al., 2017a,b). A finite element strategy is employed to approximate the solution to

the following minimization problem,

d̃i “ arg min
di

ˆ

Ω

κic

ˆ

di
l
`
l

2
∇di ¨Ai ¨∇di

˙

dΩ, (5.5)

with the constraint that d “ 1 on the sharp discontinuity Γ. Then we can compute

the corresponding crack surface energy density functional ψf by inserting d̃i into (4.8).

We start with a benchmark problem to characterize the crack surface energy

density functional. Consider a 1mm ˆ 1mm square domain with a r “ 0.05mm

circular hole at the center. The phase field variable d is assigned a unit value at the

boundary of the hole, as illustrated in Figure 5.1. We consider the case of a material

with two preferential directions a1 “ r1, 0s, and a2 “ r0, 1s, κ1
c “ κ2

c “ 1J{m2,

regularization length l set to 0.015mm, and α1 “ α2 “ α0 ranges between 0 and 10.

Neumann boundary conditions are applied for both phase fields, i.e.,

n ¨A1 ¨∇d1 “ 0; n ¨A2 ¨∇d2 “ 0. (5.6)

where n is the unit outward normal on the external boundaries.

Once the calculation of the multi-phase-field is performed through (5.5), the corre-

sponding crack surface energy density energy distribution is evaluated on the perime-

ter of the inner circle. Polar plots of the crack surface energy density functional ψf
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a2 = [0,1]

a1 = [1,0]

l = 0.015mm 1

0.1

d1 = d2 = 1

n · A1 · rd1 = 0
n · A2 · rd2 = 0

1
c = 2

c = 1

Figure 5.1: Schematic illustration of the benchmark problem for the crack energy
surface density representation.
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Figure 5.2: Crack surface energy density functional ψf pdq and reciprocal crack
surface energy density functional 1{ψf pdq for a material for various α0: (a) ψf pdq; (b)
1{ψf pdq. To highlight the shape of the fracture surface energy, the magnitudes of the
ψf pdq and 1{ψf pdq are scaled to ensure a maximum of 1.

and the reciprocal crack surface energy density functional 1{ψf are depicted in Fig-

ure 5.2. To highlight the shape of the crack surface energy density, both ψf pdq and

1{ψf pdq are rescaled to ensure the maximum magnitude equals 1. One can observe

that both ψf and 1{ψf are a circle when α0 “ 0 but become anisotropic once α0 ‰ 1.
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5.2.2 Strain Energy Density Functional

In this section, we compare our general anisotropic stress based strain energy density

functional to the one used in a traditional phase field method for fracture (Miehe

et al., 2010; Borden, 2012).

We begin by considering the isotropic case, for which the constitutive tensor C0

can be written as

C0
ijkl “ λδijδkl ` µ pδikδjl ` δilδjkq . (5.7)

The non-degraded effective stress tensor is

σ̃ “ C0 : ε “ λtrε1` 2µε. (5.8)

We note that the principal directions of the stress tensor coincide with those

of the strain for isotropic materials. In this case, we can perform an eigenvalue

decomposition as follows:

σ̃ “
3
ÿ

a“1

σ̃ana b na “
3
ÿ

a“1

pλtrε` 2µεaqna b na. (5.9)

Then, the tensile stress tensor σ̃` is given by

σ̃` “
3
ÿ

a“1

xλtrε` 2µεay` na b na. (5.10)

Recall that the tensile stress in the traditional phase field model is

σ̃`s “
3
ÿ

a“1

`

λ xtrεy
`
` 2µ xεay`

˘

na b na. (5.11)

As such, the tensile stress in the present framework (5.10) is close to the traditional

one (5.11). Differences exist between the two formulations since the sign of the

volumetric deformation plays an important role in the formulation of Miehe et al.

(2010).
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Figure 5.3: Schematic illustration of a plate with several holes under uniaxial com-
pression.

Within the confines of isotropic materials, the strain energy density is given by:

ψ`e “
1

2
σ̃` : ε “

1

2

3
ÿ

a“1

xλtrε` 2µεay` na b na :
3
ÿ

a“1

εana b na. (5.12)

Compare this to the strain energy density in the traditional phase field method,

ψ`s,e “
1

2
λ xtrεy2

`
` µ

3
ÿ

a“1

xεay
2
`
. (5.13)

The value of the strain energy density is essential to fracture modeling in a phase

field setting since its tensile component is the driving force for crack propagation.

Understanding the value of ψe is important to evaluate the present framework.

In fact, even for an isotropic material, it is questionable to apply a strain-based

elastic energy split. Figure 5.3 shows a schematic of a plate with several holes. This

plate is simply supported at the bottom and subjected to uniaxial compression. The

fracture patterns computed using a strain based energy split and a stress based energy
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(a) (b)
Figure 5.4: Compression induced fracture of a plate with several holes: (a) fracture
pattern using strain based split; (b) fracture pattern using stress based split.

split are visualized and compared in Figure 5.4. Observations show that the fracture

patterns using strain based decomposition are very complicated. On the contrary,

the fracture pattern using a stress based decomposition is much more realistic.

The reason why the two fracture patterns are so different is that the plate is under

compression in the vertical direction, and the cracks are induced by the Poisson’s ratio

caused tension in the horizontal direction. With a stress based decomposition, only

the principal stress along the horizontal direction is positive and contribute to the

crack driving force. However, with a strain decomposition, the principal strain along

the diagonal direction can also be positive and the fracture starts to initiate and

propagate along the diagonal direction.

5.2.3 Model Validation with Isotropic Homogeneous Materials

The proposed cohesive model can be applied to model the brittle fracture of an

isotropic material. Mode I and mode II fracture problems are usually adopted to

test and verify the accuracy and robustness of the model (Miehe et al., 2010; Borden
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Figure 5.5: Problem set up for the benchmark mode I and mode II fracture prob-
lems: (a) mode I problem; (b) mode II problem.

et al., 2012). Figure 5.5 illustrates the set up of the mode I and II fracture problem.

A 1mmˆ 1mm square domain is deformed under uniaxial tension and simple shear.

In the mode I problem, the bottom boundary of the domain is fully fixed and a tensile

displacement is applied to the top boundary. In the mode II problem, the bottom

boundary of the domain is fully fixed and a horizontal displacement is applied to the

top boundary. The vertical displacement is also fixed on the left and right boundaries

for the mode II problem. The Young’s modulus E “ 210GPa and the Poisson’s ratio

ν “ 0.3, the critical energy release rate Gc “ 2.7N{mm and the critical strength

σc “ 2.0GPa.

Figures 5.6 illustrates the fracture paths of mode I and mode II fracture problems

using different regularization lengths. These results indicate that our model provides

the same crack path as the traditional phase field model.

We recall that the analytical solution for the traditional phase field model and the

present model in one dimensional are dpxq “ exp p|x|{lq and dpxq “
`

1´ |x|{
?

2l
˘2

.

To compute the effective regularization lengths leff in a two-dimensional setting, we
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(a) (b) (c)

(d) (e) (f)

Figure 5.6: Benchmark mode I and mode II fracture problems: (a) mode I - l “
0.02 mm; (b) mode I - l “ 0.01 mm; (c) mode I - l “ 0.005 mm; (d) mode II -
l “ 0.02 mm; (e) mode II - l “ 0.01 mm; (f) mode II - l “ 0.005 mm.

extract the data from the phase field profile within the distance of the regularization

length, and then fit the data against the analytical solution, i.e.,

leff
“ arg min

l

$

&

%

«

dcpxq ´

ˆ

1´
|x|
?

2l

˙2
ff2
,

.

-

, (5.14a)

leff
“ arg min

l

#

„

dcpxq ´ exp

ˆ

´
|x|

l

˙2
+

. (5.14b)

The effective regularization length is evaluated by solving the regression problem

(5.14) and summarized in Table 5.1. We observe that the effective regularization

length leff for the traditional phase field method is much larger than the reference

regularization length which implies that the damage has a widening effect. The

effective length leff of the present phase field model is much closer to the reference

regularization length. This difference comes from the nature of the two phase field
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Table 5.1: Effective regularization lengths.
Fracture mode mode I mode II
reference 0.015 0.015
traditional phase field 0.025 0.022
present phase field 0.019 0.019

formulations.

5.2.4 Energy Conservation

When a solid body is deformed under applied loading, the external energy of the

system is the total work done by the loading at the boundary, i.e.,

ΨExtptq “

tˆ

0

ˆ

BΩ

F ¨ utdΓdt. (5.15)

We note that (5.15) is a path integral. Then the dissipated energy ΨDisp during

fracture propagation can be calculated as

ΨDispptq “ ΨExtptq ´ΨElastptq. (5.16)

We note that ΨElastptq and ΨFracptq are both state variables. In the phase field

approach, the dissipated energy is approximated by the fracture energy functional

ΨFrac. Up to this point, it has been unclear whether the fracture energy functional

is a good approximation of the dissipated energy ΨDisp. If not, the whole framework

may suffer from a lack of energy consistency.

To study this problem, we designed a mode II problem with cyclic loading, i.e.,

the displacement shear loading linearly increases with time until the crack is fully

developed and then linearly decreases to zero. The problem is illustrated in Figure 5.7

while the material properties are the same as those used in Figure 5.6. To allow the

healing of the crack, no irreversibility is enforced. A monolithic solution strategy is

adopted to avoid any error induced by a staggered approach.
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Figure 5.7: Problem set up for the cyclic shear problem. left: Schematic illustration
of the cyclic shear problem: the displacement shear loading linearly increases with
time until the crack is fully developed and then linearly decreases to zero. right: The
variation of displacement shear loading with pseudo-time

The variation of the dissipated energy ΨDisp, fracture energy ΨFrac and their differ-

ence |ΨDisp´ΨFrac| with pseudo-time is illustrated in Figure 5.8(a) for a regularization

length of l “ 0.035. Results indicate that ΨDisp, ΨFrac and |ΨDisp ´ ΨFrac| are close

to zero before the crack initiates. When the crack appears, the fracture energy and

the dissipated energy begins to increase. In other words, the degraded elastic energy

is dissipated during the crack propagation. The difference between the computed

dissipated energy ΨDisp and the approximated fracture energy ΨFrac also begins to

increase when the crack starts to form. An opposite process is observed during the

unloading period.

We conclude that ΨFrac does not always exactly match ΨDisp. In fact, the exis-

tence of numerical error is not a concern as long as the numerical approximation can

asymptotically converge to the true dissipated energy. The same mode II problem

under cyclic loading is simulated with different mesh sizes: he “ 0.06, 0.05, 0.04, 0.03.

The ratio of the regularization length to the mesh size l{he is fixed to be 7. Con-

sidering the error |ΨDisp ´ ΨFrac| is largest at the unloading point, we evaluate the
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Figure 5.8: Energy variation of mode II crack under cyclic loading: (a) variation of
different energy components with pseudo-time; (b) convergence results for mesh and
regularization length refinement.

variation in the relative energy error |ΨFrac ´ ΨDisp|{ΨDisp with mesh size he at the

unloading point (c.f. Figure 5.8(b)). The relative error indeed converges to zero with

mesh and regularization length refinement. The convergence rate is around 2.6.

Considering the total energy of the process is the difference between the external

and internal energy, i.e.,

ΨTotalptq “ ΨExtptq ´ΨElastptq ´ΨFracptq “ ΨDispptq ´ΨFracptq, (5.17)

we conclude that the proposed phase field framework is energetically consistent. This

is because the model is obtained in a variationally consistent manner. However, when

the maximum historical crack driving force H is used to enforce the irreversibility of

damage, the model no longer follows strictly as an energy minimization problem. The

same mode II cyclic loading simulations are conducted using H to enforce irreversibil-

ity and the relative error in the dissipated energy is illustrated in Figure 5.8(b). These

results indicate that the relative error in the dissipated energy no longer converges to

zero with mesh and regularization length refinement. The strategy of historical maxi-

mum crack driving force for irreversibility enforcement breaks the energy conservation

and induces an energy injection in the system.
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The augmented-Lagrangian method is widely used to enforce constraints in par-

tial differential equations. Wheeler et al. (2016) introduced this method to enforce

the irreversibility of the phase field when modeling hydraulic fracture. We follow

their approach and repeat the above mode II cyclic loading with an augmented-

Lagrangian method. The results indicate that the convergence of the relative error

in the dissipated energy with mesh and regularization length refinement is recovered

(c.f. Figure 5.8(b)).

5.2.5 Preexisting Cracks Reconstruction

In many problems, cracks exist in the domain before any loading is applied. For

problems with a simple geometry, a geometric notch can be “meshed in” to represent

a preexisting crack (c.f. Figure 5.9(a)). However, using a discontinuous mesh to

represent initial cracks can be cumbersome when the geometry is complicated or

many preexisting cracks are present.

Alternatively, preexisting cracks can be modeled using a regularized representa-

tion, i.e., an initial non-zero phase-field. This is not a hard task since the profile of

the phase field has been derived (4.26). However, an initial crack driving force history

H0 is also required (4.88). Otherwise the pregiven phase field will heal after the first

solve since the present deformation based crack driving force H is not sufficient to

maintain the cracks. To define the initial crack driving force history, we let x1 and x2

define a line segment l representing the center-line of a preexisting crack and spx, lq

be the closest distance from x to l. spx, lq is given by:

spx,x1,x2q “

$

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

%

|px1 ´ x0q ˆ px2 ´ x0q|

|x1 ´ x2|
, px0 ´ x1q ¨ px2 ´ x1q ě 0,

px0 ´ x2q ¨ px1 ´ x2q ě 0,

|x1 ´ x0|, px0 ´ x1q ¨ px2 ´ x1q ă 0,

|x2 ´ x0|, px0 ´ x2q ¨ px1 ´ x2q ă 0.

(5.18)

107



(a) (b)

(c) (d)

Figure 5.9: Reconstruction of the pre-existing cracks: (a) meshed crack; (b) refer-
enced phase field computed using (5.19); (c) reconstructed pre-existing cracks using
Borden’s formulation dH (Borden, 2012); (d) reconstructed pre-existing cracks using
L2 projection dL2 .

Once the initial crack driving force history field H0 is computed, one can solve

for a reconstructed initial phase field by inserting the approximated H0 into (4.89).

Therefore, the quality of the reconstructed phase field is determined by the quality of

the initial crack driving force history field H0. Borden (2012) proposed a linear initial

crack driving force history field to approximate H0. The reconstructed phase field, is

not sufficiently close to the pregiven phase field. In the present study, we start with

a reference phase field d0 to represent preexisting cracks:

d0 “

$

’

’

&

’

’

%

ˆ

1´
s
?

2l

˙2

, s ď
?

2l,

0, s ą
?

2l.

(5.19)

108



The reference phase field d0 is visualized in Figure 5.9(b). Following the idea of

Borden (2012), an equivalent linear initial crack driving force history field can be

solved analytically with sÑ 0 and ∆d0 “ 0:

H0 “

$

’

’

&

’

’

%

´
1

g1pdq

∣∣∣∣
d“d0

ˆ

3
?

2Gc
8l

` ψc

˙ˆ

1´
s
?

2l

˙

, s ď
?

2l,

0, s ą
?

2l.

(5.20)

Due to the nature of the cohesive phase-field model, the phase field produced dH

by a linear initial crack driving force history field is less optimal (c.f. Figure 5.9(c)).

Therefore, we propose an L2 projection to solve for the initial crack driving force

history field. The corresponding problem is given by: Find H0 P L2 such that

ˆ

Ω

„

3
?

2

8
Gcl∇w∇d0 ` w

ˆ

g1pd0qpψc `H0q `
3
?

2Gc
8l

˙

dΩ “ 0; @w P H1. (5.21)

The constructed phase field using the L2 projection is illustrated in Figure 5.9(d).

Compared to the one using a linear initial crack driving force history field, we observe

that the reconstructed phase field is much closer to the reference phase field. The

damage is localized and the shape of the phase field is closer to a sharp crack. The

profile of the phase field at the middle of the crack is extracted from the results

(indicated by the two arrow head white line in Figure 5.9). Figure 5.10 compares the

initial phase-fields constructed using the linear initial crack driving force history field

and the L2 projection. These results indicate that the phase field constructed using

the L2 projection is very close to the desired one. The one constructed by the linear

initial crack driving force history field is far different from the desired phase field.

5.2.6 Adaptivity Strategy

One issue for phase field method is that it suffers from a high computational cost.

This is because a fine mesh is needed near cracked regions to fully resolve the damage
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Figure 5.10: Comparison of the phase-fields constructed using a linear strain-history
field and an L2 projection.

field. This issue inspired us to develop a strategy to adaptively refine the mesh. The

most straightforward idea is to adaptively refine the region where the phase field

d ą 0 while maintaining a coarse mesh where d “ 0.

The phase field approach developed in the present study yields a compactly sup-

ported damage field and has a natural mesh adaptivity strategy. We note that the

phase field d remains zero in regions where the local strain energy density ψe is below

the threshold ψc. We can simply compare ψe to ψc, and only refine the region where

ψe ě ψc. Because such an indicator is valid on the condition that we have a suffi-

ciently accurate ψe, we also need to adaptively refine the mesh when solving for the

displacement field. In the present study, considering that the stress near the crack

has a large spatial variation, we use the jump of the stress field within the adjacent

elements as another mesh adaptivity indicator. In the present study, a self-similar

isotropic adaptivity algorithm is adopted based on the two mesh adaptivity indicator

discussed above. We employ two more parameters to guide adaptivity: the refining

fraction φR and the resolution factor level kr. The adaptive procedure is given by:

To test the proposed mesh adaptivity strategy, we revisit the mode II problem

from Figure 5.5(b). The propagation of the fracture and the corresponding mesh
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Algorithm 1 An unbiased robust mesh adaptivity algorithm.

1. Set all the adaptivity indicators 1de, 1u
e equal to zero.

2. For each element, the jump in the stress is calculated across the element edges
and recorded as the element error εe.

3. Element errors are sorted and summed to a global error εg.

4. Set the adaptivity indicator 1u
e “ 1 for the set of elements with the largest

errors and whose element errors sum to εgφR.

5. Set the indicator 1de “ 1 if the element variable ψe ě ψc for an element and its
size he ą l{kr.

6. The set of elements with 1u
e “ 1 or 1de “ 1 will be refined.

update with the shear loading is visualized in Figure 5.11. We observe that the mesh

is adaptively locally refined and the correct crack path is obtained. This benchmark

problem demonstrates the robustness of this strategy.

5.3 Representative Numerical Examples

In this section, a couple of representative and challenging numerical examples are

tested to examine the framework.

5.3.1 Fracture of Heterogeneous Media

Thanks to the degradation function (4.51), the regularization length l can be ar-

bitrarily chosen since it is independent of the material properties. This enables us

to pick a unique value for the regularization length when modeling the fracture of

heterogeneous materials.

Figure 5.12 illustrates a mode I fracture problem for a two layer material with a

notch at the left end. The left 2/3 is material A while the right 1/3 is material B. The

material properties are: EA “ EB “ 210GPa, νA “ νB “ 0.3, GAc “ GBc “ 2.7N{mm.

The critical strength of material A is σAc “ 2GPa while that of material B is σBc “

?
2GPa. Therefore, a simple calculation indicates that lA{lB “

`

σBc {σ
A
c

˘2
“ 1{2.
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(a) u = 0 (b) u = 0.01

(c) u = 0.0115 (d) u = 0.017

Figure 5.11: Illustration of the phase field and the updated mesh at different load-
ings.

However, using our cohesive phase field model, we can choose a unique regularization

length l satisfying

l ď min

"

3
?

2

4pp` 2q

EAGAc
σAc

2 ,
3
?

2

4pp` 2q

EBGBc
σBc

2

*

. (5.22)

Our results indicate that the proposed model produces much better results than

the traditional phase field model (c.f. Figure 5.13). The damage is more localized

and the thickness of the crack does not change. Borden (2012) proposed a cubic

degradation function (4.39) for cohesive fracture modeling under the framework of a

traditional phase field model. Figure 5.13(b) illustrates the result obtained using the
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Figure 5.12: Schematic illustration of a pure tension problem for a two-material
system. The left 2/3 is material A while the right 1/3 is material B.

cubic degradation function with shape parameter s “ 1e´ 4. The degree of damage

spreading increases with the cubic degradation function. This is because the required

regularization length lc becomes much larger when a small s parameter is used, see

(4.40). This is not surprising because the regularization lengths of the two regions

are still tied to the material properties using the cubic degradation function.

lB

lA
“

27f 2psqEBGBc {256σBc
2

27f 2psqEAGAc {256σAc
2 “

ˆ

σAc
σBc

˙2

“ 2. (5.23)

5.3.2 Fracture of Transversely Isotropic Material

The first problem we consider is a square 1mmˆ1mm brick masonry plate containing

a notch running from the left edge to the center of the body. The bottom of the

specimen is fully fixed in both horizontal and vertical directions whereas at the top a

linearly increasing displacement u in the vertical direction is applied. The geometric

setup is illustrated in Figure 5.5(a) which mimics the mode I fracture problem. The

edge length L is 1mm. The brick masonry is a transversely isotropic material. We

use x1 and x2 to denote the transverse and longitudinal directions. The material

properties of brick masonry are measured in the horizontal, vertical and 45o direction
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Figure 5.13: Fracture propagation in a two-material system: (a) traditional phase
field: the crack thickness changes when crossing the material interface; (b) traditional
phase field with cubic degradation function: the crack thickness changes when crossing
the material interface and the regularization length is larger for the same material
properties; (c) present model: the crack thickness remain unchanged crossing the
material interface and the damage is fully localized near the sharp crack.

Table 5.2: Material properties of brick masonry.
material proper-
ties

Horizontal Vertical 45o

E (GPa) 28 21 22
σc (MPa) 58 24 41

and listed in Table 5.2 (Reyes et al., 2011). The Poisson’s ratio from vertical to

horizontal is νV H “ 0.165. The properties in the material coordinate are calculated

inversely: the transverse and longitudinal Youngs moduli are E1 “ 28GPa, and

E2 “ 21GPa, and the shear modulus is µ “ 9.686GPa. The critical strength σ1
c “

58MPa, σ2
c “ 24MPa and τ 12

c “ 0. The effective Young’s modulus Eeff and the

effective tensile strength σeff
c are computed following the procedure in Section 4.2.3.

Based on the values for this specific material, the crack driving force threshold used

for the calculation is ψc “ mintψeff
c u “ 0.0137MPa.

The material orientation is inclined under 45o with respect to the horizontal axis

of reference coordinate X. The critical energy release rate parallel and orthogonal to

the material orientation characterizes the fracture resistance in the longitudinal and

transverse directions, i.e., Glc “ G2
c , Gtc “ G1

c . In the present simulation, we set G2
c “

114



x1

x2

X

Y

x⌘

x⇠

30

60

0

90
120

150

180

210

240
270

300

330

0o

(a)

x1

x2

X

Y

x⌘

x⇠

30

60

0

90
120

150

180

210

240
270

300

330

�21o

(b)

X

Y

x⌘

x⇠

x1

x2

30

60

0

90
120

150

180

210

240
270

300

330

21o

(c)

Figure 5.14: Fracture of a transversely isotropic material under pure tensile loading:
(a) G1

c {G2
c “ 1; (b) G1

c {G2
c “ 2{3; (c) G1

c {G2
c “ 3{2. The theoretically predicted

propagation direction is marked by the red point.

5.4ˆ 10´3N{mm but the ratio of rG “ G1
c {G2

c varies. The size of the fracture process

zone of this material varies with orientation and the range falls between (0.045rG,

0.197) mm. The regularization length l “ 0.02mm in the following simulations.

The path of the fracture is illustrated in Figure 5.14. We note that the fracture

does not propagate horizontally even when rG “ 1.0. This is because the symmetry of

the stress profile has been broken by the anisotropy and rotation of the constitutive

matrix. Then the fracture picks the direction correspondingly to the maximum driving

force. When rG “ 2{3 ă 1, the material along x2 is relatively tougher and the crack

more favors the direction x1. Therefore, the crack orientation angle φ is negative and

the angle of the propagation orientation φ is smaller than the angle corresponding to

the predicted orientation φ0. However, when rG “ 3{2 ą 1, the material is tougher
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along the x1 direction and the weakest direction is closer to the x2 direction. As a

result, the crack path favors the longitudinal orientation. The polar plot of pGeff
c q

´1 is

included at the bottom of Figure 5.14. Teichtmeister and Miehe (2015) introduced a

method to predict the crack propagation direction based on pGeff
c q

´1: the crack angle

is determined by the point on the pGeff
c q

´1 polar plot which is first tangentially touched

by a vertical line moving continuously from right to left during monotonous loading

of the specimen. The predicted crack propagation directions are indicated with red

lines.

Figure 5.15 illustrates the variation in the reaction loading force with the displace-

ment of the top boundary. One can observe that the reaction force monotonically

increases with displacement loading before the crack initiates. When the loading is

large enough, the crack starts to appear for the case rG “ 2{3 that has the smallest

effective toughness. The reaction force starts to decrease when the crack starts to

form. The other two cases do not fail at this loading since they have a larger critical

energy release rate. When the displacement loading continues increasing, the speci-

men with rG starts to fail. When the loading is sufficiently large, all three cases fail.

We denote the peak values of the force-displacement curve as the failure loading Fd.

Then it is clear that FdprG “ 2{3q ă FdprG “ 1q ă FddprG “ 3{2q.

5.3.3 Three Point Bending of a Composite Transversely Isotropic Beam

We now examine the three point bending problem of a three layered transversely

isotropic beam proposed by Teichtmeister and Miehe (2015). A simply supported

beam [0,100] ˆ [0.25] mm2 with a notch at its bottom side is loaded by a linear

increasing vertical displacement causing bending. The geometric setup is shown in

Figure 5.16. The beam consists of three layers made out of two different transversely

isotropic materials A and B with structural directors aA and aB, respectively. In

each layer of the beam, the local coordinate is defined as follows: x1 is parallel to the
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Figure 5.15: Variation of a loading force with the displacement for different rG “
G1
c {G2

c .

material orientation a while x2 is orthogonal to a. The material properties of materials

A and B are: E1 “ 210GPa, E2 “ 300GPa. The Poisson’s ratio charactering the

interaction between the two directions is: ν21 “ 0.3. The shear modulus is µ “

80.77GPa. The constitutive matrices are computed from (4.13). The critical energy

release rate along the longitudinal direction is Glc “ 2.7N{mm while the anisotropy

parameter α “ 130. The critical strength is assumed to be isotropic σ1
c “ σ2

c “ 500Pa

and τc “ 0. Although there are two material orientations in the present problem,

they live in different position of the domain. Therefore, only a single phase field d is

required to represent the fracture. The threshold ψc “ mintψeff
c u “ 0.4167MPa.

The fracture process zone varies with orientation and falls in the range (2.27mm,

37.085mm). The regularization length l is chosen as 0.7mm. Figure 5.17 illustrates

the fracture path for two beams with different values for aA and aB. In the left beam,

aA “ r´
?

2{2,
?

2{2s and aB “ r
?

2{2,
?

2{2s. In the right one, aA “ r´1{2,
?

3{2s

and aB “ r1{2,
?

3{2s. Since the problem is symmetric, one can expect a vertical crack

from the notch to the top surface if the materials were isotropic. But in this case, the

results indicate that the crack propagates exactly along the material orientation in
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Figure 5.16: Bending of a layered transversely isotropic beam. The beam consists
of three layers made out of two different transversely isotropic materials labelled A
and B with structural directors aA and aB.

(a) (b)

Figure 5.17: Fracture of layered beam under bending. The structural direc-
tors of the layers are chosen as aA , and aB. (a): aA “ r´

?
2{2,

?
2{2s and

aB “ r
?

2{2,
?

2{2s; (b) aA “ r´1{2,
?

3{2s, aB “ r1{2,
?

3{2s

each layer because of the large value of α. When the crack hits the material interface,

the crack switches direction and follows the material orientation in the next layer.

5.3.4 Multi-Phase Field Fracture

The idea of this example is to guide the crack in a direction that is forbidden for the

material as observed experimentally by Wu et al. (1995) and Nguyen et al. (2017a),

and modeled by Li et al. (2015) and Nguyen et al. (2017a). A square domain with a

0.1mm notch at the left boundary is considered. The length of the edge L “ 2mm.

The upper and lower bands are constrained to move vertically like rigid blocks. A

band of 0.8 mm remains free to deform. The geometric set-up of the problem is

shown in Figure 5.18. The bulk elastic behavior of the material is assumed to be
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Figure 5.18: Fracture of material with two preferential cleavage planes under tensile
loading. The top and bottom bands are constrained while the middle is free to deform.
There are two material orientations: a1 and a2. There are two preferential cleavage
planes correspondingly whose orientation with respect to the horizontal direction are
θ1 and θ2. The fracture anisotropy material parameters are assumed the same along
the two directions, i.e., α1 “ α2 “ α.

isotropic. The Young’s modulus is set to 10 GPa and the Poisson’s ratio to 0.2. The

critical energy release rate Gc is 0.25 kN{mm and the critical strength σc is assumed

to be isotropic and 200 MPa. The corresponding threshold is isotropic and ψc =

2MPa. The preferential cleavage planes are oriented at θ1 and θ2 with respect to the

horizontal axis. In the following simulation, we set α1 “ α2 “ α and θ1 “ ´θ2 “ θ.

The fracture process zone varies with orientation in the range p6.25, 6.25
?

1` αqmm.

The regularization length l “ 0.02mm.

We first investigate a material in which θ1 “ 45o and θ2 “ ´45o. The fracture

paths corresponding to different fracture anisotropy parameters α0 are illustrated in

Figure 5.19. Because the problem is symmetric, the fracture propagates horizontally

when a small value of α0 is chosen, e.g., α “ 1.0 (c.f. Figure 5.19(a)). As α increases,

the symmetry cannot be maintained since the microstructure of the material leads

the crack to favor the material orientation. In fact, there are three equilibrium states
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(a) (b)

Figure 5.19: Fracture patterns for two different anisotropy parameters α: (a) weak
anisotropy α “ 1; (b) strong anisotropy α “ 100. The angles of the preferential
cleavage planes are: θ1 “ 45o, θ2 “ ´45o.

under a certain loading: (1) damage initiates and propagates along material orienta-

tion 1; (2) damage initiates and propagates along material orientation 2; (3) damage

initiates and propagates along material orientation 1 and 2 simultaneously. When the

loading or α is small, state (3) is the stable equilibrium state due to the symmetry

of the problem. However, when the loading and α are sufficiently large, state (3)

becomes unstable and states (1) and (2) are the stable equilibrium states. Then the

crack just picks one from the two material orientations. When α is sufficiently large,

e.g., α “ 100, the crack is strongly penalized to propagate along the material orienta-

tion since the critical energy release rate of the direction orthogonal to the material

orientation is very large (c.f. Figure 5.19(b)).

The fracture in Figure 5.19(b) first picks one of the material orientations (´45o in

the present simulation) to propagate along since the system searches for the point cor-

responding to the minimum energy state. When the crack hits the interface between

the bottom and middle bands, the crack is forbidden to continue since the bottom

band is fully constrained. Then the crack has to switch its direction to follow the

other material orientation. The crack propagates along 45o until it hits the interface

120



between the top and middle bands. Another crack orientation switch is triggered by

a similar mechanism. The corresponding force-displacement curve is illustrated in

Figure 5.20. We note that there are two elbow points in the curve which represent a

crack orientation switch.

The fracture behavior inspires us to investigate the effect of the microstructure.

Fracture pattern corresponding to θ “ 10o, θ “ 30o and θ “ 45o are illustrated in

Figure 5.20. The anisotropy parameter α is chosen as 100 for all three simulations.

These results indicate that the crack can directly cut through the specimen when

θ “ 10o. However, when θ “ 30o, the crack is confined within the domain and has

to switch directions once it hits the band interface. Furthermore, two orientation

switches are observed before the crack can cut the specimen when θ “ 45o. The

variation in the dimensionless reaction force F {Gc with dimensionless displacement

u{L of the three material are shown in Figure 5.22. We observe that the peak value

of the force corresponding to the material with θ “ 45o is larger than those with

θ “ 30o or θ “ 10o. This observation could inform the design of fiber-reinforced

composite materials. The fiber-reinforced composites is an isotropic heterogeneous

material at the microscale but can be treated as an anisotropic homogeneous material

in macroscale. The crack usually follows the orientation of the fibers because the fiber

is much tougher than the matrix material. Our numerical simulations suggest that

to fully enhance the material toughness in both the X and Y directions, θ “ 45o is

an optimal design.

This computation driven material design can not only guide the structural design

of composites but also can also explain the microstructure of biological tissues. The

histology of biological tissues makes them ideally an orthotropic material due to

the presence of two identical fiber families with different directions inclined at a

certain angle 2θ, e.g., the human iliac artery. The mechanical properties of the
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Figure 5.20: Force-displacement curve for a strongly anisotropic material.

iliac artery have been measured experimentally by Holzapfel et al. (2004). Several

numerical simulations have been conducted to reveal the microstructure of the iliac

artery (Gasser et al., 2006; Raina and Miehe, 2016) and it was reported that the

results using θ “ 40o „ 50o could match the experiments which implies that θ « 45o.

10o

(a)

30o

�30o

(b)

�45o

45o

(c)

Figure 5.21: Fracture pattern of the specimens with different material orientations:
(a) θ “ 10o; (b) θ “ 30o; (c) θ “ 45o.
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Figure 5.22: Variation of force for displacement with different material orientations.

5.3.5 Functionally Graded Material

For the last numerical example, we perform a multiscale analysis on the fracture

behavior of a functionally graded material (FGM). FGM is a special kind of composite

in which the volume fraction of one component increases or decreases along a specific

direction. Figure 5.24 illustrates a specimen of FGM in which the volume fraction

of material A increases linearly with X, i.e., ΦApXq “ X. One can treat material B

as the matrix material and material A as the inclusion. At the microscale, the FGM

is composed of mixed fibers with an orientation of 45o. The geometric setup of the

problem is illustrated in Figure 5.23. The material properties of the two components

are: EA “ 210GPa and EB “ rEE
A where rE is the ratio of the Young’s moduli of

the two material components. The Poisson’s ratio is assumed to be the same for the

two materials, νA “ νB “ 0.3.

Due to the simplicity of the microstructure, the coarse scale homogenized mate-

rial properties at position pX, Y q have algebraic formulations. The effective Young’s

modulus E
1

along the x1 direction can be computed using the Reuss model (Reuss,

1929) while the effective Young’s modulus along the x2 direction can be predicted
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Figure 5.23: Fracture of a functionally graded material under pure tension.

using the Voigt model (Voigt, 1889).

E
1
“

1

ΦApXq{EA ` p1´ ΦApXqq{EB
; E

2
“ ΦA

pXqEA
` p1´ ΦA

pXqqEB. (5.24)

We normalize the effective Young’s modulus by diving by EA which gives

E
1

EA
“

1

ΦApXq ` p1´ ΦApXqq{rE
“

rE
prE ´ 1qΦApxq ` 1

, (5.25a)

E
2

EA
“ ΦA

pXq ` p1´ ΦA
pXqqrE “ ´prE ´ 1qΦA

pXq ` rE. (5.25b)

The homogenized Young’s moduli is illustrated in Figure 5.24(a). The homoge-

nized Young’s moduli of both directions monotonically decreases with ΦApxq when we

choose rE ą 1 while both increase with ΦApxq when rE ă 1. Also, the homogenized

moduli of x2 is higher than that of x1, i.e., E
2
ą E

1
. The difference between E

1
and

E
2

increases with ΦApxq at the beginning and then decreases with ΦApxq. This is

because one can switch the role of material A and B and treat A as matrix and B as

inclusions when ΦA ą 0.5. When ΦA “ 1, the FGM becomes a piece of pure material

A. Assume the Poisson’s ratio ν21pXq “ 0.3, the shear modulus µ “ µ0E
2
{EB where
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µ0 “ 80.77GPa. In summary, the specimen is now made of a graded anisotropic

material whose properties vary with both position X and orientation.

The critical strength σc is assumed to vary only with position X and satisfy

σcpXq “ σ0
cE

2
{EB with σ0

c “ 2GPa. Considering that E
2
ą E

1
, clearly the threshold

function should take the form

ψcpXq “
pσcpXqq

2

2E
2 “

pσ0
c q

2

2EB

„

1´

ˆ

1´
1

rE

˙

X



. (5.26)

At X “ 0, ψcpXq “ pσ0
c q

2
{
`

2EB
˘

corresponds to the threshold function for a

homogeneous material B. At X “ 1 ψcpXq “ pσ
0
c q

2
{
`

2EA
˘

recovers the threshold for

a homogeneous material A. The critical energy release rate of material A is assumed

to be much larger than material B. Although there is no clear theory on the com-

putation of the effective critical energy release rate, we can make an intuitive guess.

Considering that the critical energy release rate of material A is far larger than that

of material B, the crack is going to favor propagating along the orientation of A. With

the increase in the volume fraction of material A, the crack has to break more and

more material A fibers to propagate along the x1 direction. At the same time, the

toughness along the x2 almost remains unchanged since the crack will basically be

bounded within material B when the crack is propagating along the x2 direction. In

summary, we can make a rough estimate on the critical energy release rate along the

two directions:

G1

cpXq « ΦA
pXqGAc ` p1´ ΦA

pXqqGBc ; G2

cpXq « GBc . (5.27)

Then the corresponding anisotropy fracture parameter α is

αpXq “
´

G2

c{G
1

c

¯2

´ 1 «
“

ΦA
pXqGAc {GBc ` p1´ ΦA

pXqq
‰2
´ 1. (5.28)

Distinct from previous examples, the anisotropy fracture parameter α varies spa-

tially. It is clear that αpxq is a parabolic function of ΦApXq. Since we have assumed
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Figure 5.24: Variation of material properties with X axis: (a) Young’s modulus of
two material directions; (b) anisotropy parameter α.

that ΦApXq is a linear function of X, αpXq is a spatially quadratic function. Consider

a simple example in which GAc {GBc “ 10, the homogenized critical energy release rate

along the two directions is computed using (5.27). Denote reff
G “ G1

cpXq{G
2

cpXq. The

variation of 1{reff
G pXq and αpXq are visualized in Figure 5.24(b). The results indicate

a monotonic decrease of 1{reff
G and a monotonic increase of αpXq. In the following

simulation, we choose Gc “ 2.7N{mm and αpXq “ α0X
2 for simplicity. Therefore

αpXq is zero at X “ 0 which corresponds to an isotropic crack surface energy. Then

αpXq gradually increases with X. When X is around 1, αpXq “ α0 and represents a

crack surface energy with strong anisotropy.

We note that the fracture process zone in the present study also has a spatial and

orientation variation, and can be computed as

FPZpX, φq „
Eeff pX, φqGeff

c pX, φq

pσeff
c pX, φqq

2
. (5.29)

The regularization length l is chosen as 0.02mm. Figure 5.25 illustrates the frac-

ture path of the designed FGM under tensile loading. Due to the spatial variation of

the material properties, the fracture changes orientation continuously during propa-

gation. When rE “ 2.0 and α0 “ 5, the orientation of the fracture φ at the notch is
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Figure 5.25: Fracture pattern for a FGM specimen with different material prop-
erties: (a) rE “ 2.0 and α0 “ 5; (b) rE “ 2.0 and α0 “ 50; (c) rE “ 3.0 and
α0 “ 50.

nearly horizontal because of the small value of α0. When the fracture is propagating,

αpXq becomes larger and larger, and the angle φ between the fracture orientation and

the horizontal axis X becomes larger and larger (c.f. Figure 5.25(a)). We note that the

constitutive anisotropy also contributes to the change in the crack orientation since

the principal stress along the x2 direction is larger. When rE “ 2.0 and α0 “ 50, the

crack orientation φ at the notch is still not large since αpX “ 0.05q “ 0.125. However,

the angle φ increases very fast during propagation. When the fracture touches the

boundary, αpX “ 1q “ α0 and penalizes the crack orientation towards the material

orientation (c.f. Figure 5.25(b)). When rE “ 3.0 and α0 “ 50, we note that the crack

orientation φ is not close to the horizontal X axis even at the notch. Compared to

the crack path in Figure 5.25(b), we conclude that this is mainly induced by the large

difference between the elastic moduli of the two directions.

5.4 Conclusions

The present study develops a multi-phase field framework to model the cohesive

fracture in anisotropic solids. The primary conclusions are summarized as follows:

• The present framework frees the regularization length l from the material prop-

erties and therefore has the capability to model the fracture of anisotropic ma-
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terials using a unique regularization length.

• This method employs multiple phase fields to characterize the fracture of ma-

terials with multiple preferential cleavage planes. The model can be applied to

model materials with arbitrary microstructures and avoids the need for high

order crack surface energy density functionals, as in Li et al. (2015).

• This method offers the freedom to introduce a threshold the onset of damage.

The model develops a constraint on the product of the threshold and the degra-

dation function to ensure self-consistency. A novel degradation function was

presented that satisfies this constraint by construction.

• The proposed formulation provides a novel elastic and crack surface energy

density functional which can capture both constitutive and fracture anisotropy.

The new strain energy density functional can be applied to any linear elastic

material and brings convenience to the computation of the Jacobian matrix.

A strategy was proposed to determine the anisotropy parameter in the crack

surface energy density functional from experiments.

• When regularized cracks are used as an initial condition in the simulation of

fracture propagation, an initial crack driving force history H0 is needed to pre-

vent the initial damage from healing. An L2 projection technique is proposed

to compute H0.

In summary, the present work develops a novel framework that could be applied

to model the fracture of different materials using an arbitrarily small regularization

length. The model can help reveal the underlying physics behind the fracture of

non-conventional materials and contribute to the material and structural design in

different engineering applications.
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6

Conclusions

This work developed computational frameworks for simulating fracture in coupled

field problems. The frameworks developed offer the potential to reproduce and explain

fracture patterns in complicated problems, and reveal the fracture mechanisms of the

non-traditional materials. Some conclusions are summarized as follows:

(1) A discrete-continuum coupled approach was developed to model the fluid in-

duced fracture of granular media. The fluid was modeled using a finite element

method and the effect of particle motion on the fluid was enforced via a non-penetration

boundary condition. The particles were presented as moving interfaces on a fixed

background mesh. The particle motion was characterized by an equation of motion.

The driving force was induced by the fluid and the particle-particle interactions were

characterized using pairwise potentials. This work also has considerable novelties in

terms of numerical methods. A boundary split scheme was proposed to decompose the

particle boundaries into inflow and outflow boundaries and maintain the coercivity of

the weak form. A novel quadrature rule was proposed to handle the integration of el-

ements intersecting particles. An interface regularization term was added to element

edges that intersect particle boundaries to reduce the condition number of the global
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matrix. The proposed continuum-discrete coupled approach was used to simulate the

surfactant-driven deformation and fracture of particle rafts. A reduced order model

was proposed to model the surfactant spreading and reproduce the correct temporal

scaling law. Numerical simulations both qualitatively reproduced the fracture pat-

terns observed in experiments, and quantitatively revealed the relationship between

the number of fractures and the particle packing fraction.

(2) A comprehensive computational framework was developed to simulate shock

wave lithotripsy. A phase field model was employed to characterize the initiation

and propagation of cracks. The interaction between the acoustic wave and the solid

was enforced by interfacial constraints. The numerical simulations imply that the

shock wave excites the solid and induces both p-waves and s-waves, which can induce

fracture within the solid. When the acoustic source is not very close to the solid

object, the propagating s-wave will induce a multi-ring fracture on the top surface.

When the acoustic source is close to the solid object, the acoustic pressure fully

damages the top surface of the object and the reflected wave induces radial fractures

on the bottom surface. A qualitative match was observed between the numerical

simulations and experimental observations.

(3) A novel phase field framework was developed to model the cohesive fracture

in inhomogeneous and anisotropic solids. The novelties and contributions of the work

are summarized by

• The present framework frees the regularization length l from the material prop-

erties and allows it be arbitrarily small below a threshold. This achievement

also gives the framework the capability to model the fracture of heterogeneous

and anisotropic materials using a unique regularization length.

• The present model converges to a cohesive zone model as the regularization

length l goes to zero. Under the present framework, the simulated force-
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displacement curve and failure load converge as the regularization length is

decreased.

• The present formulation is energetically consistent and the total energy con-

verges to zero with mesh and regularization refinement.

• This model can be applied to materials with multiple preferred cleavage planes,

and arbitrary microstructures and avoids the need for higher order crack surface

energy density functionals.

• This new model naturally incorporates a threshold for damage.

• The proposed formulation provides a novel elastic and crack surface energy den-

sity functional which can repeat both bulk constitutive and fracture anisotropy.

The new strain energy density functional can be applied to any linear elastic

material and facilitates the computation of the Jacobian matrix. A strategy is

proposed to determine the anisotropy parameter for the crack surface energy

density functional from experiments.
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