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Bidder coalitions at English auctions frequently distribute collusive gains among 
members via a secondary auction or "knockout." When coalition members are 
sufficiently heterogeneous, nested coalition structures are observed in which a 
knockout is conducted at each level of nesting. The nested knockout's characteris- 
tics are investigated. Within many settings we find that the expected payments to 
coalition members via the nested knockout equal the Shapley value. Incentive 
compatibility problems of the nested knockout are also analyzed. 

Our understanding of auction schemes has 
progressed significantly since William Vick- 
rey's (1961) seminal work. Recent research 
has focused on the optimal design of auc- 
tions as well as the strategic behavior of 
bidders and auctioneers within specific envi- 
ronments. A rich set of results has emerged 
from these investigations. However, one fre- 
quently observed characteristic of strategic 
behavior remains relatively unexplored to 
date-bidder collusion. 

Within the independent private values 
model (IPV) it is well known that the domi- 
nant noncooperative strategy for each bidder 
at an oral ascending bid (English) auction is 
to remain active until the bid reaches his or 
her personal valuation for the item being 
auctioned. Similarly, at a second price auc- 
tion it is a dominant noncooperative strategy 
for each bidder to submit a bid equal to his 
personal valuation. Restricting attention to 
the English and second price auctions, it is 
also well known that outcomes attainable 
through collusive behavior strictly dominate 

those associated with noncooperative play. 
Intuitively, a bidder coalition or ring, which 
consists of k of the n bidders attending an 
auction, can expect to gain, relative to non- 
cooperative behavior, by suppressing k -1 
of the competitive bids at the main auction. 
Daniel A. Graham and Robert C. Marshall 
(1987), hereafter GM, show that when the 
members of a bidder coalition are homoge- 
neous it is possible for them to organize 
themselves in such a way that participation 
is mutually advantageous and yet there is no 
advantage to cheating. These facts corre- 
spond well to many of the " stylized facts" of 
ring behavior summarized in Section I. In 
practice, rings allocate items won at a main 
auction through a secondary auction called a 
knockout. If member types are considered to 
be relatively homogeneous, then only a sin- 
gle knockout is observed. In this situation 
the difference between the price paid for the 
item at the knockout and the price paid for 
the item by the coalition at the main auction 
is equally divided among all coalition partici- 
pants. Within the IPV model where bidders 
draw their valuations from the same distri- 
bution, GM have proposed a mechanism 
through which the gains from coalition for- 
mation are equally distributed among all ring 
members. 

In practice, when ring members are het- 
erogeneous, it is common to observe a nest- 
ed coalition structure. This structure facili- 
tates differential payments to ring members. 
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Specifically, a knockout is conducted at each 
level of nesting-the details of the procedure 
are described in Section I. 

The goal of this research is to investigate 
the characteristics of the nested knockout 
and the factors underlying its use by practic- 
ing bidder coalitions. Attention is devoted to 
a single-object English (or second price) auc- 
tion. To facilitate an initial understanding of 
the nested knockout, in Section II we assume 
that the valuations of bidders are commonly 
known by all bidders and that the levels of 
nesting equal the number of bidders within a 
ring. Representing this complete information 
game in characteristic function form yields 
a remarkable result-the nested knockout 
produces an imputation that not only be- 
longs to the core of the cooperative game but 
also is identical to the Shapley value of the 
game. This particular distribution of ring 
benefits is also explained in terms of Roger 
B. Myerson's (1980) "cooperation structures" 
as the result of cooperative agreements in 
which the parties to the agreement share 
equally the benefits derived from the agree- 
ment. 

In Section III we not only adopt a more 
realistic setting in which valuations are pri- 
vate information but we assume, as observed 
in practice, that the knockout is conducted 
after the main auction (i.e., an ex post 
knockout) and without the use of the budget 
breaking ring "center" employed by GM. To 
simplify the analysis it is assumed that the 
ring members draw their valuations from the 
same distribution or, in other words, that 
they are ex ante homogeneous. The knock- 
out is modeled as one in which the low bid is 
divided among all members, the difference 
between the second lowest and the lowest is 
divided among all members save the one 
who submitted the lowest bid, and so forth. 
Obvious incentive compatibility problems 
arise in this context. Specifically, low-valued 
bidders have an incentive to bid in excess of 
their true valuations at the post-auction 
knockout in hopes of enlarging their share of 
the "pie." We investigate the stategic behav- 
ior of ring participants when side payments 
are determined by the nested knockout in 
both a simultaneous and sequential game 
framework. Surprisingly, in both the simul- 
taneous and sequential versions of the nested 

knockout, a ring member with valuation v 
receives equal ex ante expected payoffs (for 
any value of v). This result thus extends the 
GM "equal shares" result to mechanisms 
that are far more descriptive of the nested 
knockouts used in practice. 

Some initial results are presented in Sec- 
tion IV regarding the unequal sharing of 
expected ring benefits among ex ante het- 
erogenous bidders, that is, bidders who draw 
their valuations from different, but com- 
monly known, distributions. These ring 
members adopt an incentive efficient and 
durable mechanism, in the sense of Bengt 
Holmstr6m and Roger B. Myerson (1983), in 
which payments differ among the ring mem- 
bers- the payment to a particular ring mem- 
ber depends upon the distribution from 
which he draws his valuation. It is demon- 
strated that these payments yield an imputa- 
tion that is once again identical to the Shap- 
ley value of the characteristic function game 
based upon expectations of payoffs, pro- 
vided that cooperation by ring members en- 
tails agreements to share equally the gains 
resulting from their cooperation. This result 
is also related to that obtained by Myerson 
(1980). 

I. The Stylized Facts of Bidder Collusion 

The character of a bidder coalition de- 
pends upon the type of object being sold. 
Ralph Cassady, Jr. (1967, ch. 13), discusses 
the many types of rings found throughout 
the world. Below we provide the stylized 
facts of cooperative behavior at an English 
auction where a nondivisible item is being 
sold. This account is not conjecture but is 
based, in fact, upon information provided by 
both auctioneers and ring members. For fur- 
ther details we refer the interested reader to 
Graham and Marshall (1985). GM explains 
Facts 1-6 within the context of a single 
object English auction where bidders' valua- 
tions are independently and privately drawn 
from the same distribution. The present re- 
search focuses on Fact 7. 

1. Rings exist and have a stable form of 
organization over time. 

2. Rings adopt strategies that eliminate 
meaningful competition among members 
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at the main auction and yet ensure that 
no item will be sold to a non-ring bidder 
or be retained by the auctioneer at a price 
below the maximum of the individual ring 
members' personal valuations. 

3. Rings have open membership policies in 
the sense that bidders who are expected 
to be competitive at the main auction are 
invited to join. 

4. The auctioneer responds strategically to 
the existence of a ring. 

5. Rings attempt to conceal their existence 
from the auctioneer. 

6. The benefits of ring formation are shared 
among the members rather than, for ex- 
ample, accruing entirely to the ring mem- 
ber who ultimately obtains possession of 
the item. 

7. Since the expected benefits to the ring of 
a particular bidder's membership often 
varies across bidders, the ring frequently 
adopts a procedure by which the benefits 
of ring formation are shared unequally 
among its members. A nested coalition 
structure is frequently observed in which 
the individuals expected to make the 
greatest contribution, ex ante, are typi- 
cally found in the innermost ring, and 
those expected to make the smallest con- 
tribution are found in the outermost ring. 

The details of the nested knockout are 
best described with an example. Suppose 
that a coalition of ten bidders has formed 
and appointed a sole bidder to bid on their 
behalf at the main auction. Suppose further 
that the sole bidder has won the item at the 
main auction for po. These ten bidders be- 
come the members of an initial or outer ring. 
Four levels of nesting develop: within the 
initial ring with ten members there is a ring 
of size eight, within the ring of size eight 
there is a ring of size six, and within the ring 
of size six there is a ring of size four. Ignore 
for the moment the decisions of individuals 
to participate in these rings-this will be 
addressed in Sections II and 111-and call 
these rings R1, R2, R3, and R4, respec- 
tively. Note that the rings are nested in the 
sense that Ri+1 c Ri. Finally, let Ri\RR+1 
denote those bidders who are members of 
ring Ri but not members of ring Ri+1. 

The nested coalition structure makes pos- 
sible a series of knockouts in which English 
auctions are used to determine the ultimate 
ownership of the item. In the first knockout 
the members of R2 bid collusively against 
those in R1\R2. In practice the members of 
R2 would appoint a sole bidder who would 
remain active in the bidding up to the high- 
est valuation within the members of R2. The 
members of R1\R2 would bid competitively. 
Let Pi denote the winning bid. The individ- 
ual (or sole bidder) who bid Pi wins the 
item in the first knockout and pays Pi for it. 
The "surplus" Pi - Po is then equally di- 
vided among all members of R1. (po is paid 
to the sole bidder of the original coalition 
who paid this amount to the auctioneer at 
the main auction for the item.) If the win- 
ning bid came from a member of R1\R2, 
then the knockouts are finished. On the other 
hand, if P1 were submitted by the sole bid- 
der of R2, then the item becomes the prop- 
erty of R2 and another knockout takes place. 
In the second knockout only members of R2 
participate-bidders in R1\R2 have left with 
their side payments by the time this knock- 
out occurs. Now the sole bidder for R3 wil 
bid against the members of R2\R3. If P2 
denotes the winning bid then P2-P1 iS 

equally divided among all members of R2. If 
P2 came from a member of R2/R3, then all 
is done-if not, the item becomes the prop- 
erty of R3 and another knockout will be 
conducted. It is possible for the knockouts 
and side payments to continue in this man- 
ner until the members of R4 have acquired 
the item. Should this happen, the members 
of R4 would then conduct the final knock- 
out, bidding competitively among themselves 
to determine ultimate individual ownership 
of the item. 

Table 1 illustrates the side payments pro- 
duced by the nested knockout for the case in 
which the item reaches the final knockout by 
R4. These payments sum to p4- po In addi- 
tion, the ultimate winner of the item receives 
the usual surplus: the winner's valuation, vi, 
minus p4. Consequently, the winner in ring 4 
receives 

Ring 4 Winner: X4W = x4 + ( v-p4). 

This illustrates the nested knockout. A gen- 
eral definition will be provided in Section II. 
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TABLE 1-SIDE PAYMENTS IN THE NESTED KNOCKOUTS 

Knockout R1\R2 R2\ R3 R3\ R4 R4 

1st Pi 
- Po Pi-Po Pi-Po Pi-Po 
10 10 10 10 

2nd P2-P1 P2-P1 P2-P 
8 8 8 

3rd P3-P2 P3-P2 

6 6 

4th "4 
4 

Pi-Po P2-P1 P3-P2 P4-P3 
Total xl = x2 Xl + 8 X3 =X2 + 6 x4 =x3 + 4 Total 

~~~10 X21? 8 64 

The use of the nested knockout by practic- 
ing bidder coalitions leads to a number of 
questions. Does the nested knockout possess 
unique properties that recommend its use 
relative to other surplus sharing mecha- 
nisms? What type of bidding behavior would 
be induced by a nested knockout given that 
high losing bids are advantageous to low-val- 
ued ring members? If incentive compatibility 
cannot be obtained within the nested knock- 
out as described above, then is it possible to 
construct an incentive compatible and effi- 
cient mechanism for the allocation of the 
collusive gain? In the following sections these 
questions are addressed. First, in Section II 
we characterize the payments of the nested 
knockout in an environment that allows us 
to suppress incentive compatibility concerns. 
In Section III we move to an IPV framework 
and investigate bidding behavior for two 
variants of the nested knockout. Finally, in 
Section IV we pose a variant of the nested 
knockout where payments are made ex ante 
by a ring "center" instead of being deter- 
mined ex post via ring members' bids. This 
mechanism is both incentive efficient and 
durable. 

11. The Complete Information Auction Game 

We initially consider a highly simplified 
knockout game in which all of the ring mem- 
bers at an English auction have valuations 
that are known to one another. This "public 
values" model is extremely unrealistic but (i) 
illustrates an important feature of the nested 
knockout procedure and (ii) will be relaxed 

in the next section to allow for valuations to 
be private information. For notational con- 
venience we assume that the no initial ring 
members are ordered by their valuations so 
that 

(1) Vl >V22 *- .. 
Vno- 

Suppose that the ring has acquired the 
item at a price equal to po. Given the com- 
plete information of members valuations we 
may suppose that po < v1 and let n denote 
the number of ring members whose valua- 
tions exceed po: 

n max{ klVk 2 PO }. 

These n bidders will be the only active 
participants of the ring in the complete in- 
formation auction game. The nested knock- 
out imputation for this game is easily de- 
fined. Since valuations are public knowledge, 
perfectly fine nesting is possible. By perfectly 
fine we mean that ring R1 will contain 
{1,...,n}, R2 will contain {l,...,n-1}, 
etcetera. The k th knockout then pits the 
members of Rk+l== {1,...,n-k} against 
Rk\ Rk+ 1 = { k }. The imputation resulting 
from the nested knockout procedure gives 
bidder i 

n 
vj u j + i +Vn PO x= ', 11 + for i <n, 

j=i Jn 

Vn - Po 
Xn n 
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so that 

vi - Vi+? 
XI Xi+l+ i for i<n. 

Note that the conventional specification of 
the characteristic function would assign the 
maximin value to a coalition S in the game 
played between S and the complementary 
coalition N -S. However, since the max- 
imin value is zero for any ring that is not 
all-inclusive this approach would yield the 
rather uninteresting characteristic function 
that assigns zero to all coalitions other than 
N. Our specification of the characteristic 
function, on the other hand, is based upon 
the fact that it is a dominant strategy in the 
game between S and N - S for S to remain 
active until the bidding reaches 

max v, 
ies 

and for N - S to remain active until the 
bidding reaches 

max v.. 
js tS 

Since the payoff to S under these domi- 
nant strategies is 

(2) w(S) max max vi - max vj, O} 

VS c N, 

we take this to be the relevant characteristic 
function for the complete information game. 
Given the indexing convention (1), the char- 
acteristic function can also be expressed as 

(3) w(S) 

{0 if 1%S 
= - vI if 1,2,...,i-lES 
\1l and iOS 

Recall that an imputation, X, is in the 
core of w if 

L xi > w(S) VS c N. 
i G s 

It follows that 

THEOREM 1: The nested knockout imputa- 
tion is in the core of the complete information 
auction game. 

PROOF: 
See Appendix, Part A. 

The nested knockout imputation, which 
gives larger payments to bidders with larger 
valuations, belongs to the core. An equal 
division of w(N) among the members of the 
ring, on the other hand, does not generally 
belong to the core. Suppose, for example 
that n = 3, the valuations are 

(V1, V2, V3) = (12,7,3) 

and p0 = 0. Then the characteristic function 
for this game is 

w( { 1)}) = 5 w( { 2} ) = 0 

w({ 1,2}) = 9 w({ 1,3}) = 5 

w({ 1,2,3}) =12 

w({ 3}) = 0 

w({2,3}) =0 

and the nested knockout imputation is 

(X1, X2, X3) = (8,3,1). 

An equal division of w({1,2,3}) would 
give each bidder a payoff of 4. That this is 
not in the core follows from the fact that 
w({1,2)) = 9 > 4+4. On the other hand, the 
".winner take all" imputation, (12,0,0) in 
this example, is in the core.' The nested 
knockout imputation has additional proper- 
ties which distinguish it from this and other 
core imputations. 

1The set of imputations in the core is defined by the 
inequalities xl 2 5, x2 ? 0 and 12 2 xl + x2 2 9 together 
with the identity X1 + X2 + X3 = 12. It follows, in partic- 
ular, that we can have x2 2 xl or X3 2 x2 but not both. 
When the valuations are not too far apart, the core 
includes "decreasing" imputations, for example, if 
(V1, V2, V3) -(12,9,7) then the imputation (3.5,4,4.5) is 
in the core. 
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It is also useful to compare the nested 
knockout imputation to the Shapley value 
for this game. Let ij denote the payoff of 
bidder i in the Shapley value of game w. 
Surprisingly, perfect nesting under complete 
information yields the Shapley value for the 
game: 

THEOREM 2: {i = xi Vi 

PROOF: 
See Appendix, Part A. 

Two interesting consequences of this theo- 
rem are worth noting. Characteristic func- 
tion games with "conference structures" have 
been examined by Myerson (1980).2 A con- 
ference is any set of two or more players 
who might meet together to discuss their 
cooperative plans. A conference structure, 
Q, then is any collection of conferences. Two 
players are connected in a given conference 
structure if they can be coordinated either 
by meeting together in some conference or 
by meeting in separate conferences that have 
one or more members in common to serve as 
intermediaries or by some longer sequence 
of overlapping conferences in the given con- 
ference structure. An allocation rule is a map 
that sends each possible conference struc- 
ture, Q, into a feasible allocation of payoffs 
to players, xi(Q), i: 1 -- n. An allocation 
rule is fair if any two players always share 
equally the gain associated with their form- 
ing a conference. An allocation rule is stable 
if no player is ever harmed by the formation 
of a conference that includes him. Myerson's 
principal result is that there is a unique fair 
allocation rule and that this fair allocation 
rule for any given conference structure coin- 
cides with the Shapley value for the game, 
which is altered by requiring that players can 
only coordinate through the conferences in 
the given conference structure.3 Myerson also 

TABLE 2-THE FAIR ALLOCATION RuLE 

Q x1(Q) X2(Q) X3(Q) 

o 5 0 0 
(1,2} 7 2 0 
(1,3} 5 0 0 
(2,3} 5 0 0 
(1,2}(1,3} 8 3 1 
(1,2}(2,3} 8 3 1 
(1,3}(2,3} 7.33 2.33 2.33 
(1,2,3} 8 3 1 

shows that the fair allocation rule is stable if 
the game is superadditive. 

The connection of Myerson's results to 
our own is immediate. Since the nested 
knockout imputation and the Shapley value 
of the complete information auction game 
coincide (Theorem 2) and since the charac- 
teristic function of this game is superaddi- 
tive, we may conclude that the nested knock- 
out imputation is consistent with the unique 
fair and stable allocation rule for the com- 
plete information auction game. This unique 
fair allocation rule is illustrated in Table 2 
for the example given earlier.4 

A fair allocation rule gives equal benefits 
to the members of each conference-all 
members of any given conference would gain 
equally from its formation or, equivalently, 
would lose equally from its dissolution. The 
gain, for instance, to forming {1, 2} if no 
other conference exists is 4 in the example, 
and this is shared equally by players 1 and 2. 
Note that the allocation rule is stable-add- 
ing {1,2}, for example, to {1,3} and (2,3) 
helps both 1 and 2 (but hurts 3). 

Overall, although there are other imputa- 
tions in the core, the nested knockout impu- 

2See also Myerson (1977). This paper examines "co- 
operation structures" in characteristic function games 
with transferable utilities. A cooperation structure is a 
special case of a conference structure in which every 
conference has exactly two members. 

3Let S/Q denote the partition of S defined by the 
requirement that the subsets are the maximal connected 

coalitions that can be coordinated if the players meet 
only in the conferences of Q. Then the altered game is 
defined by 

w(S/Q) e E W(Si) VS cN. 
Si le S/Q 

4The last conference structure listed, (1,2,3}, is 
equivalent to ((1,2},(1,3},(2,3}} in the sense that 
S/((1,2},(1,3},(2,3}} = S/(1,2,3} VS c N, where 

N/Qe {jli and j are connected by Q}i E N}. 
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tation is the unique fair and stable allocation 
rule and, consequently, the Shapley value as 
well. 

III. The Post-Auction Knockout 

Now suppose that we relax the assump- 
tion that the valuations of members are pub- 
lic knowledge within the coalition and adopt 
instead the IPV framework in which vp is 
private information to the pth bidder and 
modeled as an independent observation from 
the distribution function F(v). It proves no- 
tationally convenient to assume that F(v) 
can be characterized by a density function 
f(v). We shall consider successively a si- 
multaneous (single bid) and a sequential 
(multiple bid) version of the knockout. The 
equilibrium bids from these versions will be 
denoted, respectively, with superscripts "s" 
and "im." Throughout the discussion it is 
assumed that the ring initially acquires the 
item at price po, which is assumed to be less 
than v1, the highest valuation among ring 
members.5 

It will be shown below that ring members 
with valuations less than po may neverthe- 
less find it (ex ante) profitable to participate 
in the knockout as long as their valuations 
exceed a reservation value v. < po to be 
determined. 

Following the seminal equivalence results 
in Myerson (1981), Milton Harris and Artur 
Raviv (1981) and, in particular, John Riley 
and William Samuelson (1981, Proposition 
1), revenue comparisons between auction 
schemes essentially require the evaluation of 
the corresponding reservation values, which 
are defined as the valuations below which it 
is unprofitable to submit a bid. In particular, 
equality of the reservation values associated 
with two distinct auction schemes entails 
their revenue equivalence. Hence, the com- 

parison below of the simultaneous and se- 
quential knockouts are based entirely upon a 
comparison of the reservation values associ- 
ated with each. Determining the relationship 
between these values is (nontrivially) estab- 
lished through a recursion argument. The 
bid functions that emerge from these deriva- 
tions are of significant interest in their own 
rights. 

A. The Single Bid Knockout 

In this version of the knockout, members 
of the coalition are required to report a 
single bid to a "ring center." The ring mem- 
bers are then ordered by decreasing bids so 
that 

(4) b1 2b2 2-* ?>bn. 

The bidder with the largest report wins the 
item, and the total payoff to the ring of 
v, - po is allocated as follows. The winner 
receives 

(5) xl = v1-b2 + , -b 
p=2 P 

and the rank 1 losing bidder, 1I 1, receives 
n b - bp (6) x,= E p 1: 2n, 

where bn + = Po for notational convenience. 
As in Section I, we shall assume that ring 

members who find it unprofitable to partici- 
pate in the ex post knockout abstain from 
submitting bids. Hence, after these members 
have left the room, the n remaining active 
participants share the information that their 
n valuation are bounded below by v*(n, po), 
the reservation value associated with n and 
po' and for which we use the shorthand 
notation v*. Let 

FI(vIv*)= 

[1- F(v)] I[F(v)-F(v*)]-' 

[1-F(v*)]' 
p < l < n 

5This assumption will be justified in Section IV where 
a mechanism will be identified that assures that ring will 
only acquire items at prices that do not exceed the 
highest valuation among its members. Here we focus 
upon the behavior of ring members within the ring-the 
behavior of the ring (and its members) within the larger 
auction is the subject of Section IV. 
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denote the distribution of the pth largest 
valuation among 1 valuations drawn inde- 
pendently from the distribution F(.), condi- 
tionally on them all being larger than the 
constant v*. Let 

fpl(vlv*) =1 p(p 

X [1-F( v)] P 1[F( v)-F( v*)] Z P 

[1-F(v*)]' 

xf(v) 

denote the corresponding density. Under 
these circumstances 

THEOREM 3: The (symmetric) Nash equi- 
librium bidding strategy for a bidder with valu- 
ation v in a ring with n active members is to 
submit a bid Dn(v; v*) satisfying: 

00 

| tn( tlv*) dt 
(7) Ds(v; v*) = 

v ? v*, 

where the reservation value v* is zero if po < 

O(; 0) and is otherwise given by the unique6 
solution of the identity 

00 
( p =X n (c v, v* ,n( t.,)d 

where po is the price at which the ring ac- 
quired the item. Hence v* < po. The corre- 
sponding ex ante expected payoff to the bidder 
is 

Js(VIV*)* (9) 17n n 

v 
+ f(v - t)f1n-(tlv*) dt, 

where bs = Ds(v*, v*), so that bs = Po if 
v*2 ?0. 

The proof of this proposition is available 
on request from the authors. An example is 
provided in the Appendix, Part B. 

In words, the optimal bid for a player with 
valuation v is the expected value of the 
second highest valuation among n indepen- 
dent drawings from the distribution F(-) 
conditionally on (i) the n valuations being 
all larger than v* and (ii) the second highest 
being larger than v. If the ring has acquired 
the item at a price po ns(0, 0), then the 
ex ante expected payoff to a ring member 
with valuation v is given by the expectation 
of the function max{0, v - t }, where t is the 
highest valuation among n -1 independent 
drawings from F(.), conditionally on them 
all being larger than v*. If instead po < 
s0, 0), then participating ring members 

share an additional expected payoff given by 
b*s-Po 

The Nash strategy (7) is monotone in v so 
that the ordering of the bids corresponds 
to that of the valuations and, in particular, 
the ring member with the largest valuation 
always wins the item. Furthermore, if 
F2n(vIv*) < 1, then 

(10) s(v; v*) > v, 

so that it is optimal for the ring members to 
overbid relative to their own valuations.7 The 

6The uniqueness of v. follows from the fact that the 
partial derivative of f2"(tlv*) w.r.t v* is negative for 
t < t* and positive for t > t*, where t* 2 v* is such that 
nF(t*)=(n-2)+2F(v*). Since the integral of the 
derivative from v* to oo is zero, it follows that the 
right-hand term in (8) is an increasing function of v*. If, 
for example, valuations are uniformly distributed on 
[0,1], then 

l ~~~~~n-1 

J? if Po <n+1 V n + 1 n-i1 
PO 2< Po otherwise. 

7At a first price auction (IPV with homogeneous, risk 
neutral bidders), the symmetric Nash equilibrium bid 
strategy for a bidder with valuation v is equal to the 
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reason for doing so is obvious. A (mono- 
tone) strategy of underbidding cannot possi- 
bly be a Nash equilibrium since it implies 
that each term in the payoff functions (5) 
and (6) is nonnegative, including the term 
vl- b2. Hence it would pay for a ring mem- 
ber to raise his bid at least up to his own 
valuation since by doing so he would in- 
crease his share of the ring total payoff even 
if he turned out to be the winner. Given this 
overbidding, ring members face the possibil- 
ity that v1 - b2 might be negative. This re- 
strains them from raising their bids arbitrar- 
ily since doing so would increase their chance 
of winning the item and, beyond a certain 
level, would only reduce their expected pay- 
off. 

Similar considerations will play an essen- 
tial role in our analysis of the multiple bids 
knockout, where it will be shown that the 
sequential nature of the game makes it more 
attractive to risk higher bids during the ear- 
lier stages of the game-given the possibility 
of backing out at later stages-but at the 
same time raises the possibility that "loss- 
bidding" might occur at every stage of the 
game. 

Note finally that decreasing n shifts the 
distribution function F2n(tI v.) to the left and, 
therefore, increases v. as defined in (8). It 
follows that no ring member who has de- 
cided not to participate would change his 
mind on the basis of the corresponding deci- 
sions of the other bidders. 

B. The Multiple Bid Knockout 

We now consider a sequential game con- 
sisting of n -1 successive knockouts, each of 
which results in the elimination of one player 
from further contention. At each stage mem- 
bers submit bids with the difference between 

the smallest bid in the current stage and the 
smallest bid in the immediately preceding 
stage being divided equally among the mem- 
bers participating at the current stage. In 
addition, all except for the member submit- 
ting the smallest bid advance to the next 
stage. As usual within the context of sequen- 
tial games, solutions are obtained by means 
of backward recursions. It proves notation- 
ally convenient to index the successive 
knockouts in reverse order and, more specif- 
ically, to use as index the number of players 
remaining in contention at the given stage of 
the game so that at stage 1, the 1 remaining 
players are invited to submit bids and the 
one submitting the lowest bid is eliminated. 
During play of the game I runs backward 
from n to 1 and the last stage's winner gains 
possession of the item.8 Given this indexing 
convention, the payoff functions to the play- 
ers are still given by expressions (5) and (6) 
on the basis of the sequence of bids bm 
1: n -- 2, where bm denotes the lowest bid 
observed during round 1. An important issue 
concerns the information made available to 
the remaining participants at the end of each 
round of the knockout. We adopt a stylized 
version of the actual bidding process in which 
inner ring bids are handled by a sole bidder 
and bm is the only round I bid that is 
revealed to the participants.9 

Let t7m(v) denote the round I (symmetric) 
Nash equilibrium strategy for the 1 players 
still in contention. Conceptually at least, 7'n 
depends on the sequence of previously ob- 
served bids bm'1..., b,,. It will be shown, 
however, that g,m depends only upon v, is 
monotonically increasing, and thus can be 

expected value of the second highest valuation from n 
given that the highest valuation equals v. The difference 
between this strategy and the one for the simultaneous 
knockout lies in the conditioning set. For the first price 
auction bidders attempt to win the item in order to 
obtain a positive surplus while at the simultaneous 
knockout it is advantageous to be the highest bidding 
loser. 

8The bidders are also effectively indexed by I since, 
as we shall demonstrate below, by playing their sequen- 
tial Nash equilibrium strategy, they are eliminated in 
increasing order of their valuations. Note, however, that 
the bids that are generated by the Nash strategies in the 
course of the game need no longer increase from one 
stage to the next. This is the relevance of "loss-bidding" 
in the present context. 

9This assumption could be implemented by means of 
a thermometer device, such as that described in GM, 
which stops as soon as the lowest bidder withdraws and 
is reset at zero for each new round of the knockout. 
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inverted. Let X7(b) denote the inverse func- 
tion. 

An important distinction emerges now that 
the bidding strategy changes at every round 
of the game. On one hand, the round 1 
losing bid is given by 

(11) b, D (, 1: 2 -*n. 

On the other hand, the I-1 players remain- 
ing in contention at the end of round 1 
observe bm and thus can base their next 
round decision on the information that their 
valuations (vj,...,v1_ ) are bounded below 
by vp, which they can retrieve from the in- 
verse function X7(br). Furthermore, since 
the Nash strategies are monotone increasing, 
it follows that the players' optimal bids at 
round I-1 are bounded below by b*, where 

(12) b *= v1(v2) 1:2-*n. 

Note that (12) also applies for I = n + 1 with 
vn+ = v* since at the opening of the knock- 
out the n players have the information that 
the valuations are bounded below by the 
appropriate reservation value. Under these 
circumstances: 

THEOREM 4: The recursive symmetric Nash 
equilibrium bidding strategy for a bidder with 
valuation v who is active in round 1 is to 
submit a bid Djm(v) given by 

(13) Dm(V) = | '(t Iv) dt, 

v2 v+19 1: 2 ),n, 

with a reservation value vn?i+ v* as defined 
in (8). The corresponding expected payoff for 
the rest of the game (including round 1) is 

b 1 -bm~ 
(14) Vm(vIv+) 1 

+ J (v - t)ff- (tlv1?1) dt, 
VI+1 

where 

bm+ zlv+) 1: 2 n- 1 
bl+1=t ~+(VI+J1) :2 - 

bn+1= Po 

with bs as defined in Theorem 3. 

The proof of this proposition is available 
on request from the authors. An example is 
provided in the Appendix, Part B. The criti- 
cal fact that the two versions of the knock- 
out share a common reservation value stems 
from the identity 

(15) tN(V) =-g(V; V). 

In words, the optimal bid for a player with 
valuation v who is active at round I is the 
expected value of the second highest valua- 
tion among I independent drawings from the 
distribution F(.) conditionally on these I 
valuations all being larger than v. The ex- 
pected payoff yet to accrue to the player is 
the expectation of the function max{O, v - 
t}, where t is the largest valuation among 
I-1 independent drawings from F(.), con- 
ditionally on them all being larger than v,+1, 
corrected by an equal share of the difference 
between the round I lower bound b* 1 and 
the previous round lowest effective bid bm+1. 

The interpretation of ,m in expression 
(13) indicates that 

(16) dim(V) ? D'2!(v) 

for all v and, in particular, for v = v, so that 

(17) bn >b* 1: 2-*n. 

Furthermore, since m 1 is monotone increas- 
ing, we also have 

(18) bm, > b* 1: 2 --- n. 

However, as the example provided in the 
Appendix, Part B, illustrates, it is no longer 
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the case that bm 1 is necessarily larger than 
by , hence the possibility of "loss-bidding." 

The comparison between the sequential 
game and the single bid game is now 
straightforward. 

COROLLARY 5: Under the conditions of 
Theorems 3 and 4 

(19) 17s(VIV*) = V n(*l*), Vv 2 v* 

(20) F2n(vlv*) > ?= ~nm(v) > ~n(v) 

(21) V7s(vivi+l) 2 171M(vlvl+,) 

1: 2 -n-1 

PROOF: 
(19) follows from Riley-Samuelson (1981, 

Proposition 1) given that the corresponding 
reservation values are equal; compare (7) 
with (14) for 1=n. (20) follows from our 
interpretation of the results in expressions 
(7) and (13). (21) follows from the inequality 
in expression (17). El 

The revenue equivalence (19) implies, but 
is stronger than, the obvious result that un- 
conditionally on v, the ex ante payoffs are 
the same in both versions-a necessary con- 
sequence of the homogeneity of the players. 
Trivially, the latter imputation also corre- 
sponds to the Shapley value for the game 
with characteristic function: 

(22) w(S) 

=E max{ maxvp -maxvq,O}] 

VS c N, 

where E denotes the expectation operator 
with respect to all valuations. 

Expression (20) demonstrates that the se- 
quential version of the game generates addi- 
tional overbidding compared to the single 
bid version in the opening round. Essen- 
tially, the possibility of revising one's bid 
during the later rounds makes it more attrac- 
tive to gamble for a larger first-round payoff. 

Expression (21) indicates, however, that after 
the first round the multiple bid game be- 
comes less attractive to the remaining play- 
ers since they are now confronted at every 
round with the possibility of loss bidding. It 
is this second effect that prevents a player 
from arbitrarily raising his opening bid in 
the sequential game. Our equivalence result 
(19) indicates that the two effects exactly 
offset each other ex ante relative to the sin- 
gle bid version of the game. Graphs of the 
bid functions for specific examples are found 
in the Appendix, Part B. 

IV. The Private Information Auction Game 

To this point we have demonstrated that 
the nested knockout has unique properties in 
a complete information environment (Sec- 
tion II), but that with incomplete informa- 
tion there is systematic overbidding (Section 
III). The latter result was derived under the 
assumption of ex ante bidder homogeneity 
-ring members draw their valuations from 
the same distribution. Given that nesting is 
used in practice when ring members differ 
from one another ex ante -draw valuations 
from different distributions-this leaves an 
important question unanswered. What re- 
sults hold for heterogeneous bidders under 
incomplete information? In this section we 
propose a mechanism that a coalition of 
ex ante heterogeneous bidders at a second 
price auction can employ that induces ring 
members to report truthfully their valuations 
to the ring, assures that the highest reporting 
ring member will win an item obtained by 
the ring, pays members the Shapley imputa- 
tion, and creates no incentives for cheating. 

Suppose now that we extend the IPV 
model to allow for heterogeneous bidders by 
modeling the valuation of the ith bidder to 
be an observation from Fi(v) for i = 

1,2,..., n. These distribution functions are 
assumed to be common knowledge to all 
bidders. For expositional convenience we re- 
tain the assumption that the auctioneer sets 
a reserve price of zero. 

As noted in Section III the post-auction 
knockout does not provide incentives for 
ring members to report their valuations 
truthfully. This represents no difficulty for 



504 THE AMERICAN ECONOMIC REVIEW JUNE 1990 

the case of homogeneous bidders since the 
monotonically increasing and symmetric bid 
strategy identified there assures that the bid- 
der with the highest valuation will ultimately 
win the item. Under heterogeneity, however, 
such a knockout gives rise to asymmetric bid 
strategies and positive probabilities of the 
item not being won by the bidder with the 
highest valuation. Such potential inefficien- 
cies reduce the expected payoff to ring for- 
mation and motivate the search for more 
efficient mechanisms. 

Consider a mechanism that requires the 
individual members of the ring to make prior, 
not necessarily truthful, reports regarding 
their private valuations to the ring-center. 
Then for any given vector of reports of pri- 
vate valuations from ring memb-ers, the 
mechanism must determine, perhaps ran- 
domly: (1) the recommended bid for each 
member to submit at the main auction, (2) 
the ring member that will ultimately receive 
an item that is won by the ring at the main 
auction, (3) the payments to collect from 
(make to) each member of the ring. 

Such a mechanism is called incentive com- 
patible if and only if it is a Nash equilibrium 
in the resulting game for each member to 
participate (the expected payoff to each 
member in this equilibrium is at least as 
great as the payoff that member could expect 
by not participating), to report his private 
valuation truthfully, and to submit the rec- 
ommended bid at the main auction. A given 
mechanism dominates another if the ex- 
pected payoff to each and every ring member 
is at least as great in the former mechanism 
as in the latter one, regardless of the ring 
members' private valuations. An incentive 
compatible mechanism is called durable if 
the members of the ring would never unani- 
mously approve a change to another mech- 
anism even if they knew more than just 
their own valuations, that is, communication 
had occurred-see Holmstrom and Myerson 
(1983). 

With these preliminaries in mind consider 
the following mechanism, which we call the 
second price pre-auction knockout or PAKT: 

The "ring center" makes a fixed pay- 
ment, Pi, to each of the ring members 

prior to the main auction. (The magni- 
tude of these payments will be identi- 
fied shortly). Each of the n members of 
the ring submits a sealed " reported 
bid" to the ring center at this time. The 
member submitting the highest bid is 
selected by the ring center as the sole 
bidder and advised to bid on his own 
behalf at the main auction. Ring mem- 
bers other than the sole bidder are 
advised not to submit bids at the main 
auction. Should the sole bidder win the 
item at the main auction, he would pay 
the auctioneer the contracted price and, 
additionally, would pay the ring center 
the difference between the second high- 
est reported bid from the ring and the 
contracted price provided that this dif- 
ference is positive. 

This scheme assures the winning bidder of 
receiving a guaranteed fixed payment and 
paying a price equal to the second highest of 
all bids and reported bids for the item. Part 
of this price goes to the auctioneer and part 
to the ring center-one requirement for 
identifying the fixed payments will be that 
their sum equals the expected value of that 
portion of the price paid to the ring cen- 
ter. The ring center serves in this context as 
both "mediator" and "budget-breaker"; see 
Holmstrom (1982). Our interest in the sec- 
ond price PAKT stems from the following 
proposition. 

THEOREM 6: Truthful reporting is a domi- 
nant strategy for participants in the second 
price PAKT. 

PROOF: 
See Appendix, Part C. 

One obvious implication of this result is 
that the bidder with the highest valuation 
from the ring will report this valuation to the 
ring center and subsequently submit this val- 
uation as a bid. Thus no bidder, ring or 
non-ring, will ever pay more for the item 
than his or her valuation. 

Given the dominant strategies of truthful 
reporting to the ring-center by members of S 
and to the auctioneer by members of N -S, 
we can again reasonably employ the defini- 
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tion of the characteristic function given by 
equation (3) with the understanding that the 
expectations operator now accounts for the 
heterogeneous distributions across bidders. 
Let yi equal the expected value of the dif- 
ference between the highest valuation and 
the second highest valuation from the ring 
given that the highest valuation belongs to 
the ith bidder. As before, let {i be the 
Shapley imputation to the ith bidder. Then 
define the fixed payments for the second 
price PAKT as follows: 

(23) Pi - i - Yi- 

With these fixed payments the second price 
PAKT yields an imputation identical to the 
Shapley value. We also note 

THEOREM 7: With fixed payments corre- 
sponding to (23), the second price PAKT is an 
incentive efficient and durable mechanism. 

PROOF: 
See Appendix, Part C. 

Note also that the results of Myerson dis- 
cussed in Section III again imply that the 
allocation resulting from the second price 
PAKT is consistent with the requirements 
for both fair and stable allocation rules.10 

V. Conclusion and Future Research 

Within the independent private values 
model the total amount available to a bidder 
coalition to divide among its members at 
either a second price or English auction is 
equal to the difference between the maximal 
valuation within the ring and the price paid 
for the item at the main auction, given that 
the difference is positive. The central issue of 
this paper has been to determine the charac- 
teristics of the mechanism used by practicing 
bidder coalitions to disperse this difference 
among its members. 

In order to obtain an initial understanding 
of the nested knockout, several special cases 
have been studied. The decomposition of the 
problem involves three main issues. First, 
payments to ring members could be made 
ex ante (before valuations are drawn by 
members) or ex post. Second, the bidders 
could be homogeneous or heterogeneous in 
terms of their distributional identity. Third, 
with respect to valuations drawn within the 
ring, the auction could be modeled as a 
game of complete or incomplete informa- 
tion. 

Graham and Marshall (1987) have already 
studied the ex ante, homogeneous, incom- 
plete information environment. In this study 
we find that the payments to ring members 
described by Graham and Marshall (1987) 
are the ex ante Shapley values of the bid- 
ders. 

In an ex post, heterogeneous, complete 
information auction game, it has been 
demonstrated that the nested knockout re- 
sults in side payments to ring members that 
are not only in the core but exactly equal to 
their Shapley values. Within a more realistic 
setting, the incomplete information auction 
game, it has been shown that homogeneous 
ring members overbid in both the simultane- 
ous and sequential versions of the ex post 
nested knockout. These results demonstrate 
the incentive compatibility problems of the 
nested knockout. Finally, in the incomplete 
information auction game with heteroge- 
neous bidders, an ex ante nested knockout 
allocation mechanism that awards ring mem- 
bers their ex ante Shapley values has been 
proposed. This mechanism also has the de- 
sirable characteristic of being both incentive 
efficient and durable (in the sense of Holm- 
strom and Myerson, 1983). 

Although we have posed an ex ante mech- 
anism in Section IV that achieves efficien- 
cy subject to incentive compatibility con- 
straints, the most pressing issue for future 
research concerns the ex post use of a nested 
knockout by heterogeneous ring members in 
the incomplete information auction game. 
The main problem is to determine whether 
potential inefficiencies within the ring are 
unavoidable. Specifically, does there exist 
Nash equilibrium behavior that precludes the 

loThe susceptibility of both second price and English 
auctions to stable collusive behavior has been studied in 
GM. 
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possibility of a ring member withdut maxi- 
mal valuation from winning the object? If 
this possibility is not eliminated, then not 
only will the Shapley value be unattainable 
as a characterization of the resulting side 
payments to ring members but the coalition 
will not be maximizig its total payoff. This 
case is of particular interest since it most 
closely parallels the reality of practicing bid- 
der coalitions. 

Another issue for future research involves 
the characterization of the nested knockout 
within a common values or general symmet- 
ric model setting. Bidder coalitions may not 
make use of ex ante payment schemes be- 
cause of the value of the information that is 
transmitted to members during the bidding 
at the main auction. Specifically, ex ante 
bidding commuitments (i.e., no one bids but 
the highest valued ring member) may not be 
self-enforcing within such a setting. 

APPENDIX 

A. Results for the Complete Information Auction Game 

PROOF OF THEOREM 1:11 
Recall that the valuations are ordered: 

vl 2 v2 2 ... > v, 

and the nested knockout imputation for the ring is 

Vi - vi+i 
Xi=Xi+1 +- 

where ri denotes the number of bidders with a valuation 
at least as great as the ith bidder. We need to show 

E xi> w(S) VS 5 N. 
i4ES 

Since xi 2 0 Vi and 

(0 if 1 S 
w(S)= vl-vk if 1,2,...,k-lS, 

and kit S 

we are done if 1 t S. Suppose then that 1, 2,..., k - I E S 

and k ? S. Then 

k-1 

Xi= E Xi + E, Xi 
i ES i-1 i ES 

i>k 

- 
V1k-V + *> Xi 

i rE S 
i>k 

> Vl -Vk 

PROOF OF THEOREM 2: 
Let 4fj denote the Shapley imputation to player i in 

the all inclusive, complete information auction game 
among players { 1,2,. ..,p with valuations v1 ? v2> 

> vp, where p = 1,2,. .., n. We consider the addition 
of bidders to this all inclusive game. Consider now the 
recursion from p -1 to p. Bidder p comes in with the 
lowest valuation among the p players. He can enter in 
p different positions in each permutation of the p -1 
other bidders. Only if he is last is his marginal contribu- 
tion to the coalition positive. This occurs (p -1)! times, 
of which ( p - 2)! are against bidder i, i = 1,2,. . ., p -1, 
in which case player i's marginal contribution is re- 
duced by v.. Hence 

'iPI=41'1l (P-2)!v 

i=1,2,.,p -1 

(p -1) 

VP p vp 

It follows from recursion that 

Vi Vi+i Vi+2 VP 

i (i + 1)i (i +2)(i + 1) p(p -1) 

Vi vi+1 vi+V -Vi 2 VP 
= + + . . . + _ 

i+l p 

and thus that 

P1 
E + i=1,2, . p- 

i-i I P 

This is precisely the knockout imputation when evalu- 
ated at p = n. 

B. The Post Auction Knockout: An Example 

The proofs of the propositions of Section III are some- 
what lengthy and have been omitted. They are, of 

"It could, alternatively, be shown that the game w is 
convex. Theorem 1 would then follow from this fact and 
Theorem 2. 
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TABLE 3-CONDITIONAL DENSITY FUNCTION 

Pr(E,) Pr(Ei Iv) f(vlE,) f(v. Iv, Ej) f(Vb IV, Ei) 

El 1/3 V2 3v2I(0,1) 2va(V 2(v Vb) 1/3 V ~ ~ ~~~~~v2i(,V)v I(o, V) 

1 1 

E2 1/3 2V(l1-V) 6V(l1-V)I(0.1 1l I(v,l) V I(O,V) 

E3 1/3 (1- V)2 3(1- v)2I(o,) 2(I I(V,) (2 2 I(-v ) 3 1) (I _ V)2 I(v(1- ) (I1-u)2Ivl 

course, available upon request from the authors. These 
results can be illustrated, however, by means of a simple 
example where our focal player with valuation v faces 
two other players with ordered valuations Vj > Vb. The 
three valuations are drawn independently from the uni- 
form distribution on [0,11. It is further assumed that 
Po = V4 = 0. 

Since the expectation of the highest of the three 
valuations is 3/4, it follows that the ex ante Shapley 
value for each of the three players is 1/4. 

Three events are considered in the discussion that 
follows. Let E, denote the event that the focal player is 
ith in the ranking, where i: 1-. 3. Conditionally on Ei, 
the density of V and those of Va and Vb given that 
V= v are given in Table 3, where Ia b) denotes the 
indicator function for the interval ]a, b[. 

We will now discuss in turn the (sequential) multiple- 
bid and the single-bid versions of the three-player 
knockout. 

The Multiple Bid Game. The first (1=3) and second 
(1 = 2) Nash equilibrium bid functions (13) are respec- 
tively given by 

(24) m(V) = V), 

tm (V) =-3 (I +2v). 

Their graphs are given by the two lines in Figure 1. 
For comparison, the curve illustrates the Nash equilib- 
rium strategy for the single bid game. 

Let x = 4 (v, Va, Vb) denote the (random) payoff to 
our focal player with valuation v. Conditionally on E1, 
i: 1 - 3, x is given by 

(25) E1: x=v- 
6(Va)-(V), 

E2: x = 
N02(V-1D3m(Vb)' 

E3: X=73m(V). 

On the basis of the density functions of Va and Vb, as 
given in Table 3, we can evaluate the expectation of x, 
conditional on Ei and v or conditional on E, only, and 

find that 

(26) E(xjE1, v) = 1(3v-1) 

E(xIEi) = 5 - 0.313 

E(xlE2, v) =# j(7v +2) 

E(xlE2) = 1 0.229 

E(xlE3,v) =I(v +1) 

E(xjE3) =5 j0.208. 

Unconditionally on Ei, we find that 

(27) E(xlv) =4Vmm(vl0) 

=1. (I + 2v3 ) 

The expectation of the latter expression over V obvi- 
ously coincides with the ex ante Shapley value of 1/4. 

The graphs of the expectations of x conditionally 
and unconditionally on Ei are given in Figure 2. The 
unconditional expectations of the 1st, 2nd, and 3rd 
highest valuations are respectively 0.75, 0.50, and 0.25. 
Note that the ordering between the conditional expecta- 
tions E(xIEi, v) critically depends on v and reflects the 
importance of loss-bidding in the second round. A 
player, for example, with valuation v < 2/3 would bene- 
fit from being eliminated in the first round since he can 
only lose in expected payoff by surviving the round.'2 

The Single Bid Game. The single bid Nash equilibrium 
strategy (7) is given by 

1 1+2v+3v2 
'(v; 0) ~3 2 1+2v 

12At v-2/3, E(xIE2,v)=E(xIE3,v). 
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bids 

round of 3 

. 0 p /round of 2 

1/2 

1/3 

valuations 
vv v 

3 2 1 

* First round low bid divided among all three bidders 
* Second round winning bid 
A Second round low bid 

FIGURE 1. EQUILIBRIUM STRATEGIES IN THE 
SINGLE- AND MULTIPLE-BID GAMES 

The graph of 3(-) is illustrated in Figure 1. Note 
that 

(28) t3-(v;0) >3(v;0) >72n(v;0) Vv E (0,1), 

which nicely illustrates our earlier discussion of the two 
games. 

The conditional payoffs are still given by equation 
(25) except that the bid functions ?2 and t3 are now 
replaced by 3. A conceptually straightforward though 
somewhat tedious derivation leads to the following ex- 
pressions for the conditional payoffs. 

1 6 
l1-]v E(xl El, v)=' 34v -4- - +3 2 ln(l +2v) 

1 1+2v+3v2 
E(xIE2, v)= 1+ 2v 

1 r 3 
-9 6v+2+-ln(1+2v)I, 96 J 

1 1+2v+3v2 
E(xIE3, v) = - 

7 27 
E(xlE1) = -6 + -j- ln3 =0.305, 

91 81 
E(xl E2) = 6- - - ln3 = 0.253, ExE) 

96 128 

13 27 
E(xIE3) =--- + - ln3 O 0.193. 

48 64 
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E 

.50 

E(xIE3 ,v) 

.17 E(xlv) 

.08 E(xIE2,v) 

2/3 . i-V 

E(xIE1 ,v) 

-.25 

FIGURE 2. EXPECTED PAYOFF IN THE 
MULTIPLE-BID GAME 

E 

.50 

E(xiEv) E(xIE3v) 

.17 E(xlv) 

-.33 

FIGURE 3. EXPECTED PAYOFFS IN THE 
SINGLE-BID GAME 

Note also that E(xlv) coincides with the expression 
in (27) as established in Corollary 5. The graphs of the 
expectations of x, conditionally and unconditionally on 
E, are found in Figure 3. 

C. Results for the Private Information Auction Game 

PROOF OF THEOREM 6: 
In the event that the ring wins the item, the member 

submitting the highest reported bid is awarded the item 
and pays a total price equal to the second highest 
bid/reported bid of the N + 1 bids (N- K non-ring 
bids at the main auction, K reported bids from the ring 
members and the reserve price bid of the auctioneer). 
The payment to each ring member is a fixed non-contin- 
gent constant and therefore cannot affect incentives. 
Since the second price PAKT requires the winning 
bidder to pay the second price of all bidders and 
payments to ring members do not affect incentives, it 
follows from the logic of Vickrey's (1961) seminal paper 
that it is a Nash equilibrium strategy for each member 
of the ring to report his or her valuation truthfully to 
the ring-center and to follow his bidding recommenda- 
tions at the main auction. In fact, truthful revelation 
and compliance is not only a Nash strategy, it is a 
dominant strategy as well. 

PROOF OF THEOREM 7: 
Voluntary participation is also advantageous. Ring 

membership entails three possible outcomes for a given 
ring member. First, if the ring does not acquire the item, 
membership is advantageous since the ring member 
receives Pi and would have obtained nothing acting 
individually. Second, if the ring wins the item but the 
item is awarded to another member, membership is still 
advantageous since once again the member receives Pi 
and would have obtained nothing acting individually. 
Third, if the ring wins the item and it is awarded to the 
ring member then membership is still advantageous 
since the number pays precisely the same price as would 
have been necessary acting individually but again re- 
ceives P,. Consequently, voluntary participation is also 
a dominant strategy. 

The equilibrium strategies assure that the ring will 
win the item in every circumstance in which some 
member has a valuation exceeding the cost of acquiring 
the item. Further, in every case in which the ring wins 
the item it is awarded to that member with highest 
valuation. The mechanism, in short, assures the ring 
members of the greatest possible joint payoff in each 
contingency. Consequently, there exists no other "bal- 
anced budget" mechanism, whether incentive compati- 
ble or not, that dominates the second price PAKT. 
Therefore, the second price PAKT is incentive efficient. 

Since the second price PAKT is incentive efficient 
and since participation and truthful revelation of valua- 
tions in the second price PAKT is a dominant strategy 
it follows that the second price PAKT is a durable 
mechanism (by Theorem 2 of Holmstrom and Myerson, 
1983). 
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