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Abstract 

The effectiveness of solar energy capture and conversion materials derives from 

their ability to absorb light and to transform the excitation energy into energy stored in 

free carriers or chemical bonds. The Thomas-Reiche-Kuhn sum rule mandates that the 

integrated (electronic) oscillator strength of an absorber equals the total number of 

electrons in the structure. Typical molecular chromophores place only about 1% of their 

oscillator strength in the UV/Vis window, so individual chromophores operate at about 1% 

of their theoretical limit. We explore the distribution of oscillator strength as a function of 

excitation energy to understand this circumstance. To this aim, we use familiar 

independent-electron model Hamiltonians as well as first-principles electronic structure 

methods. While model Hamiltonians capture the qualitative electronic spectra associated 

with π-electron chromophores, these Hamiltonians mistakenly focus the oscillator strength 

in the fewest low-energy transitions. Advanced electronic structure methods, in contrast, 

spread the oscillator strength over a very wide excitation energy range, including 

transitions to Rydberg and continuum states, consistent with experiment. Our analysis 

rationalizes the low oscillator strength in the UV/Vis spectral region in molecules, a step 

toward the goal of oscillator strength manipulation and focusing. 

Two types of oscillator strength focusing strategies are proposed. The first one is to 

borrow conclusions made in optics to build one-dimensional potential models through a 
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quantum-optical analogy. We prove that by using this analogy, oscillator strength 

associated with the HOMO→LUMO transition in the model can be maximized. However, 

using model potentials as a guide for the design of linear absorbers by simply matching the 

HOMO energy of each molecular building block to the potential in the model is not 

sufficient to design molecules.  

The second strategy for oscillator strength focusing is to perturb the electronic 

structure of molecules. Mechanical stress (stretching or compression) applied along the 

molecular axis of polyenes is simulated by placing an additional spring energy term with 

corresponding equilibrium lengths in ab initio calculations, with the hypothesis that σ 

bonds would be greatly disturbed and the σ–σ* energy gap would decrease. By stretching 

polyene molecules by 20%, the oscillator strength associated with the σ → σ* transition is 

significantly enhanced and becomes comparable to the π → π* value, while the excitation 

energy drops by up to 4 eV, closer to the UV/vis window. We also show that electrostatic 

fields can be used to alter the electronic structure of polyenes so as to enhance their 

absorption in the UV/Vis region. Our time-dependent density functional theory 

calculations on single molecules (either in gas phase or absorbed on gold) and on molecular 

stacks indicate that the oscillator strength integrated over the visible spectral range up to 

the near UV can be increased by an order of magnitude depending on the strength of the 

applied field. This enhancement and its oscillatory response to the field intensity are 
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rationalized using a shielded superlattice potential model and molecular orbital analysis. 

Our study motivates future experimental investigations of the use of electric fields to 

modulate the light absorption properties of materials based on linear conjugated molecules. 

Red fluorescent proteins are widely used for deep-tissue imaging and in super-

resolution imaging due to their low photo-sensitivity and minimized light-scattering by 

endogenous biomolecules. mCherry is one of the most photostable red fluorescent proteins, 

but not the brightest. Efforts have been made but failed to enhance the fluorescent 

intensity of mCherry in vitro by intuitive mutagenesis that aims to create local electric 

fields at the chromophore. In this study, we explore the optimal field orientations and 

intensities that maximize the fluorescence intensity. We find that electric fields applied in 

the +x or –x direction along the principle chromophore axis induces most notable changes. 

The enhancement of the absorption is up to 45% in the presence of +x electric field with a 

field strength of 1.5 V/nm. Specific residues are identified for mutagenesis to establish the 

designed fields. 

Finally, we elucidate basic side chain effect on the conductivity of self-assembled 

cyclic peptide nanotubes, an attractive bioinspired material for proton conducting devices. 

Experimental measurements find lysine-containing peptide nanotubes to be much better 

conductors than the arginine- and histidine-containing counterparts. Molecular dynamics 

simulations are carried out on hexamer model systems (with and without structural 



 

 

vii 

constraints). By analyzing four possible proton transfer configurations in the snapshots, 

effective proton transfer rates and mean-squared proton couplings are calculated for the 

three systems. Our results find that the flexibility of the lysine side chain enables a large 

contribution of cross-layer proton transfer to the overall proton transfer rate, although 

structure distortions are required for this cross-layer proton transfer configuration. A 

relatively large mean-square proton coupling for lysine-containing peptides is another key 

determinant of the high conductivity. Our study sheds lights on the rational designs of 

highly conductive synthetic peptide nanostructures, and motivates theoretical 

investigations to improve the accuracy of cyclic peptide nanotube modeling. 
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1 Introduction  

  

This dissertation includes two topics: oscillator strength focusing (Chapters 2—5) 

and “beyond” – proton transfer in synthetic cyclic peptide nanotubes (Chapter 6). In this 

chapter, background and motivation of the dissertation work will be given, followed by an 

outline and brief descriptions of the rest of the chapters. 

 

1.1 Light Harvesting and Oscillator Strength 

Solar energy is a clean and sustainable energy that can be converted to electricity 

or stored as fuel by photovoltaic or photoelectrochemical cells.1-6 In such devices, light-

harvesting materials (Figure 1.1) are the key elements to capture photons. A simplified 

operational principle for a working solar cell, for example, is illustrated in Figure 1.2. Upon 

photoexcitation, the electron is injected into the conduction band of the anode, leaving the 

dye molecule in its oxidized state. Electron transfer from the electrolyte (or hole transfer) 

then restores the dye to its ground state.7 The initial light absorbing process sets a 

fundamental limit to the overall solar energy conversion efficiency of the devices, and thus 

is the main focus of this dissertation work. 
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Figure 1.1: Schematic diagram of the basic architecture of solar cells. Light-
harvesting materials are the key elements to capture photons. 

 

  

(a) Light Absorbing     (b) Charge Separation 

Figure 1.2: A simplified illustration of (a) the light absorption process and (b) 
the following charge separation of the photoexcited electron and hole in a 
working dye-sensitized solar cell. The solid and hollow arrows represent 
electrons and holes, respectively. The dashed arrow shows the vertical 

excitation of electrons or electron transfer. Charge recombination processes are 
not shown. 
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Efforts have been made to develop new chromophores with enhanced light 

absorption,8-9 or use a tandem structure such that a broader part of the solar radiation 

spectrum is ultilized.10-11 An example of the typical absorption spectrum of a chromophore 

is shown in Figure 1.3. Electronic vertical excitations of molecules are discrete spectral 

lines, and are broadened into continuous absorption bands in experimental measurements. 

The absorption intensity at a given wave number ν  is usually described by molar 

absorption coefficient ε ν( )  carrying the unit M-1cm-1. This measurable quantity is directly 

related with a unitless calculated quantity – oscillator strength (OS, f ) by 

 
ε

ε ν ν= ∫0
0 2

4
( )d

3
e

k
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m c
f

N e
,  (1.1) 

where me is the electron mass, c is the speed of light, ε0 is the vacuum permittivity, NA is 

the Avogadro constant, and 0k
f represents the OS of a transition 0→k. 

By definition, OS is related with excitation energy and transition dipole moment 

by 
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where er0k is the transition dipole matrix element between the ground state Ψ0  and the 

kth excited state Ψk : 
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E0 and Ek are the corresponding electronic energies. Quantities in Equation 1.2 can be 

obtained from electronic structure calculations. OS is a useful measure of absorption 

intensity both in experimental and in theoretical studies. 

 

 

Figure 1.3: Typical light absorption spectrum with OS (vertical lines). 
Reprinted and modified from Ref 12. 

 

1.2 Oscillator Strength Focusing – Motivations from the 
Thomas-Reiche-Kuhn Sum Rule 

Effective use of solar energy requires matching the electronic transitions of light-

harvesting structures to the solar irradiance at the earth’s surface (Figure 1.4a).13 

Producing stronger absorbers would reduce the required thickness of light-absorbing 

materials, enhancing free charge carrier collection, optimizing voltage generation and fill 

factors, and lowering the cost of solar energy utilization.14 Despite its obvious benefits to 
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solar energy conversion, the development of better light absorbers in the UV/Vis spectral 

region has been at most incremental. Ultrathin films of 10 – 20 nm can be used in 

specialized light-harvesting systems, assisted by plasmonic enhancement effects.15-17 But 

how does electronic structure set fundamental limits on the characteristics of molecular 

light absorbers? 

 

 

Figure 1.4: (a) Solar radiation spectrum for direct light at both the top of the 
Earth’s atmosphere and at sea level. Adapted from Ref 18. (b) The idea of OS 

focusing.19 Note the spectral mismatch between the OS distribution in 
molecules and the solar radiation spectrum. 

 

The Thomas-Reiche-Kuhn (TRK) sum rule20 indicates that the integrated OS for a 

molecule is equal to its total number of electrons (Ne), i.e.,   

 
>

=∑ 0
0

k e
k

f N .  (1.4) 
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In principle, the OS of a single transition could be as large as Ne. Since “strong” molecular 

OSs in the UV/Vis spectral region are near unity,21 and absorbers like porphyrins have 

over 160 electrons, only 1% of their available OS is placed in the UV/Vis window. That is, 

individual chromophores operate at about 1% of their theoretical limit. The UV/Vis OS 

may be at least 100-fold larger by OS manipulation and focusing. However, little attention 

has been paid from an electronic structure perspective to analyze and utilize the 

excitations outside of the desired energy region of a molecule. Therefore, this dissertation 

research on OS focusing (Chapters 2—5) has a broad objective to improve the light-

absorbing efficiency of existing chromophores by exploring electronic structure-based 

strategies to focus their available absorptions in the spectra into the UV/Vis energy range. 

 

1.3 Proton Transfer in Synthetic Peptides 

This section is adapted from the initial proposal by Migliore, A., Beratan, D.N. 

and Ashkenasy, N.. Proton transfer (PT) phenomena have attracted substantial research 

interest because of their central role in biology22-28 and their importance in electrochemical 

devices, including fuel cells, batteries, sensors, electrolysers, and gas separation 

technologies.29-34 Stunning progress in understanding biological structure and function at 

the nanoscale has inspired scientists to transfer these principles to synthetic bioinspired 

functional systems that may help to address major technological challenges. Studies of 
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biological change transfer and transport in redox proteins and protein films have span 

many decades.35-38 Despite the central role of PT in biology, just a few examples of proton 

conducting protein-based materials have been reported.39-41 The potential for using 

polypeptides in proton-exchange membranes has been demonstrated,42-43 but understanding 

of the underlying molecular mechanisms of long-range proton transport and short-range 

PT in these structures is yet to be established. 

The diversity of protein structures presents a tremendous palette of motifs to 

consider for appropriation and applications to biomaterials design. The self-assembly of β-

sheet forming peptides into elongated nanofibrils44-46 and cyclic peptides47-49 is of particular 

potential for creating and studying membrane structures because of the wide range of 

accessible structures and the diversity of electronic properties available in structurally 

robust peptide assemblies. The demonstrated sensitivity of the proton conductivity to 

peptide sequence and fold indicates the variable and tunable nature of these structures. 

Tailored proton conduction properties should widen the utility of such conductors for 

applications in energy and charge storage, solar windows, artificial photosynthesis, and 

electrochromic devices.50-53 
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1.4 Outline 

 

 

Figure 1.5: A summary of the dissertation. 

 

Figure 1.5 shows a summary of the following chapters. Chapter 2 maps how the OS 

in popular molecular absorbers is distributed over transitions to valence excited states, 

Rydberg states, and continuum states. Using the findings in Chapter 2, Chapters 3 and 4 

explore strategies for OS focusing. To be specific, Chapter 3 borrows conclusions made in 

optics to build 1D potential models through a quantum-optical analogy, and assesses how 

the models may relate to molecules. Chapter 4 aims to improve polyene light absorption 

by perturbing their electronic structures via mechanical stress and external electric fields. 

Oscillator Strength Focusing       &       Beyond

Ch2: where is the OS?

Ch3: quantum-optical analogy 
→ potential models → molecules

Ch4: perturbing electronic 
structures of polyenes

Ch4.1: via mechanical stress Ch4.2: via electric field

Ch5: electric field effect on 
fluorescent protein chromophore

Ch6: PT in cyclic 
peptide nanotubes
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Significant field-induced enhancement in polyene light absorption inspires the study of 

electric field effect on the chromophore of the red fluorescent protein mCherry in Chapter 

5, which provides suggestions on targeted site mutagenesis on mCherry. Chapter 6 

switches gears to charge transfer in cyclic peptide nanotubes with basic side chains. 
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2 Taking Inventory of Electronic Oscillator Strengths 
in Molecules 

 

This chapter is adapted from Zheng, L.; Polizzi, N. F.; Dave, A. R.; Migliore, A.; 

Beratan, D. N., Where Is the Electronic Oscillator Strength? Mapping Oscillator Strength 

across Molecular Absorption Spectra. J. Phys. Chem. A 2016, 120 (11), 1933-1943. 

 

2.1 Introduction 

Section 1.2 shows that typical molecular chromophores place only about 1% of 

their OS in the UV/Vis window, so their UV/Vis OS may be at least 100-fold larger. Any 

rational strategy to “focus” this wasted OS to the UV/Vis region must derive from a 

detailed understanding of the nature of the OS distribution in molecules. However, limited 

attention has been devoted, so far, to analyzing the OS distribution as a function of 

excitation energy in molecules. The aim of this chapter is to learn how OS is distributed as 

a function of excitation energy in typical chromophores, using the TRK sum rule as a 

fundamental quantum mechanical constraint.  

OS distributions are known for hydrogenic atoms and for some of the noble gases.54-

57 44% of the OS for the H atom and 75% of the OS for the He atom are accounted for by 

transitions to continuum states.20, 55 In contrast, the continuum transitions of alkali atoms 

are weaker: the integrated OS associated with transitions to the continuum for Li and Na 
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are 2.4% and 0.21% respectively.55, 57-59 These results indicate a wide range of possible 

behaviors at the atomic level, and point to a potential richness that may be accessed to 

manipulate OS distributions in molecules as a part of chromophore design. Studies of 

organic chromophores have been limited mainly to the UV/Vis region, but lessons learned 

about the OS distributions of other atomic and molecular species may point toward 

strategies that could be transferred to organic chromophore design. K.Krishanet al.60 

studied some features of the continuum contribution to the total OS for a three-

dimensional square well of finite width and depth. The continuum contribution was found 

to be about 30% for well depths that support just two bound states. The percentage of the 

OS associated with the transitions to the continuum dropped as the excited state became 

more strongly bound. Our aim is to explore the dependence of the OS distribution on 

model Hamiltonian parameters and on molecular structure.  

The analysis described here maps how the OS in popular molecular absorbers is 

distributed over transitions to valence excited states, Rydberg states, and continuum 

states. We begin with Time-Dependent Density Functional Theory (TDDFT) calculations 

of OS distributions for polyenes and porphyrins (Section 2.2), and show that the UV/Vis 

OS only captures a small fraction of the Ne value promised by the TRK sum rule. Simple 

independent-electron models and Hückel methods explored in Section 2.3 predict that the 

OS associated with the low-energy transitions in polyenes and porphyrins could be as high 
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as 80%. In order to explore where the OS is lost, Section 2.4 analyzes the distribution of 

OS over excitation energies above the UV/Vis window, using electronic structure theory as 

well as piecewise constant potential independent-electron models. In addition to full-

electron calculations, we use TDDFT computations with frozen core electrons to determine 

the OS associated with core, σ and π electron excitations to bound and continuum states. 

 

2.2 Oscillator Strength Distributions from Time-Dependent 
Density Functional Theory 

In order to understand OS distributions in real molecules and to link them to 

molecular electronic structures, we performed extensive DFT and TDDFT computations 

on polyenes and porphyrins. Polyenes were chosen because they enable a straightforward 

comparison with the widely used infinitely-deep 1D particle-in-a-box (1DPIB) model. 

Porphyrins are among the most studied systems for light harvesting purposes.  

We used the NWChem61 computational chemistry package to calculate transition 

energies, OSs, and OS sums for polyenes (C2H4, C4H6, …, C14H16) and porphyrins (porphine 

and zinc-porphyrin). The B3LYP hybrid functional62-63 was used. This density functional 

has given accurate excitation energy estimates for low-lying electronic excitations in 

ethylene and porphine.64 TDDFT calculations of Rydberg state vertical excitation energies 

in organic molecules may suffer from large errors.65 The calculation of valence states 

dominated by ionic character66-67 and long-range charge-transfer transitions68-69 may also be 
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subject to relatively large errors. Such errors result from the poor asymptotic behavior of 

standard density functionals. In this study, we used the Casida-Salahub ’00 asymptotic 

correction65, 70 to the B3LYP exchange-correlation potential to obtain its correct 1/r long-

distance behavior. This correction reduces the average error in computed excitation 

energies for ethylene and for porphine Q, B, N, and L bands, because of its balanced 

description of electronic transitions that involve valence and Rydberg states.70 The cc-

pVDZ, cc-pVTZ, aug-cc-pVTZ and aug-cc-pVQZ basis sets were used for C2H4 and C4H6. 

The cc-pVDZ and cc-pVTZ basis sets were used for longer polyenes and for the 

porphyrins. It was shown that the OSs are not particularly sensitive to the basis set used: 

OSs of valance excitations are at convergence with the 6-31G basis set, and those of 

Rydberg transitions are at convergence with only one diffuse function added to the heavier 

atoms.71-72 Despite the errors in the values of the single excitation energies (up to 1 eV for 

large π systems with small basis sets66, 72), it is expected that the OS integrated over a 

relatively wide excitation energy range is not significantly affected by subtle changes in the 

excitation energies. Moreover, it was shown that the symmetries and ordering of the KS 

orbitals in small molecules are not influenced by the basis set size for basis sets such as 6-

31G* or larger (note that the smallest basis set used here, i.e., cc-pVDZ, is of better 

quality than 6-31G* for describing electronic correlation).73 A comparison of the accuracy 

of different methods for calculating OS distributions is provided in Appendix A. The 
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electronic structure methods employed capture the main features of the OS distributions 

and provide an acceptable tradeoff between accuracy and efficiency.  

 

2.2.1 Polyenes 

Figure 2.1a and Figure 2.1b show the integrated OS for ethylene as a function of 

the excitation energy obtained from TDDFT computations. The excitation energy-

dependent integrated OS74 is defined as the sum of the OSs associated with excitation 

energies below a given value ΔE, i.e., ( )− ≤∆∑
0

0
k

kE E E
f . This quantity is used to examine 

the convergence of the OS sum to Ne. The locally integrated OSs from our theoretical 

calculations (aug-cc-pVQZ basis set, Figure 2.1c) are in excellent agreement with the 

experiment-fitted results by A. Kumar et al.75  

The C2H4 integrated OS (for excitation energies up to 40 eV) is equal to 10.5 in the 

TDDFT/cc-pVTZ calculations (Figure 2.1a). The total OS predicted by the TRK sum rule 

is 16. The remaining 34% of the OS is therefore assigned to higher energy transitions that 

may involve core electron or valence state transitions to higher-energy states. Figure 2.1b 

shows that the OS is spread widely over the 40 eV range sampled, where the strongest 

single OS is 0.94 at 29.5 eV. The lowest-energy transition in Figure 2.1b occurs at 7.54 eV, 

with an OS of 0.33. As with ethylene, the integrated OS for butadiene (Figure 2.2) 
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increases approximately linearly and converges to Ne = 30 very slowly as a function of 

excitation energy. At 40 eV, the integrated OS is 17, i.e., 57% of the TRK total. 

 

 

Figure 2.1: Integrated OS and OS distribution of ethylene (C2H4) from 
TDDFT computation: (a) Integrated OS as a function of excitation energy 

calculated with the indicated basis sets. (b) OS distribution using the cc-pVTZ 
basis set. (c) Comparison of our results calculated by means of the aug-cc-
pVQZ and cc-pVDZ basis sets (solid lines) with empirical results from A. 
Kumar et al74 (dashed line). For each data point: the x -coordinate is the 

average energy of each excitation energy interval; the y -coordinate is the OS 
integrated in the corresponding energy windows. Note that the UV-Vis energy 

region is 1.6 – 12.4 eV, but solar radiation of energy higher than 4.5 eV is 
completely absorbed by the atmosphere. 

 

The butadiene OS is distributed over a wide range of excitation energies (Figure 

2.2b). Nevertheless, the lowest-energy transition is characterized by the largest OS value 

(0.66). This is consistent with the theoretical results of Boechat-Roberty, et al.76  
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Figure 2.2: OS distribution of trans-butadiene (C4H6) from TDDFT 
computations: (a) integrated OSs as a function of excitation energy calculated 
with varied basis sets; (b) OS distribution calculated with the cc-pVTZ basis 
set. Similarly to ethylene, the integrated OS converges to the TRK sum very 

slowly. 

 

Figure 2.3a summarizes the integrated OS distributions for C2nH2n+2 (n = 1, 7). The 

lowest-excitation energy drops, and its OS grows with chain length. Figure 2.3b highlights 

the linear growth of the OS associated with the ground-to-first excited state S0 → S1 

transition as a function of chain length. The fraction of OS in the S0 → S1 transition 

increases with n. The OS of the polyenes is spread over a large excitation energy window, 

and the integrated OS converges very slowly to the TRK limit. The OS associated with 

the lowest-energy electronic transition is less than 20% of the number of π electrons (Nπe). 

We use Nπe to facilitate comparison with the model Hamiltonians in Section 2.3, where 

only π electrons are described by the models. This lowest-energy OS grows approximately 

linearly with molecular size, similar to that found in the 1DPIB model (see Section 2.3.1). 
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Figure 2.3: (a) Integrated OS for polyenes based on TDDFT computations 
using the cc-pVDZ basis set. (b) The OS associated with the lowest-energy 

transition (
0 1S Sf → ) for each molecule and a linear fit of 

0 1S Sf →  vs. eNπ . The inset 

shows 
0 1

/S S ef Nπ→  vs. eNπ  for each molecule. The scale of the x-axis is the same 

as in (b). Note that the OSs for all polyenes are distributed over a large range 
of excitation energies. The

0 1S Sf → captures ≤ 20% of eNπ  (which is much less 

than is predicted by simple model Hamiltonians; see Section 2.3.1). 

 

2.2.2 Porphyrins 

Porphyrins are widely used for energy harvesting77 and charge separation.78 Figure 

2.4a shows the integrated OS of porphine and zinc porphyrin based on TDDFT analysis. 

McHugh et al. 33 calculated the OSs of porphine with the SCMO-PPP-CI (self-consistent 

molecular orbital-Pariser-Parr-Pople-confguration interaction) method, finding excellent 

agreement with the measured spectra. Our results are in good agreement with McHugh’s 

results. However, we explore a much wider excitation energy range with comparable 

accuracy, thus enabling the analysis of the OS distribution including transitions to the 

continuum. 
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Figure 2.4: Computed OS for porphyrins from TDDFT calculations with the 
cc-pVDZ basis set: (a) the integrated OSs of porphine (black solid line) 

compared with zinc-porphyrin (red solid line) and values from the literature 
(blue dashed line79); (b) OS vs. excitation energy for porphine. The values 
indicated with the blue dashed lines are double the original computational 

results of McHugh et al., which refer to one transition of a degenerate electron 
pair. The OSs associated with transitions between frontier orbitals are much 

larger than other transitions shown in (b). However, these OSs only represent 
13% of Nπe, which is even smaller than the fraction in polyenes. 

 

No significant difference is found between the integrated OS curves of porphine and 

zinc porphyrin (Figure 2.4a). Table 2.1 indicates the characteristics of the four major 

peaks in the OS distribution. The four largest OS transitions capture ～13% of Nπe (Nπe = 

18 for porphine), even less 0 1S S

e

f
Nπ

→  than found for polyenes (see Figure 2.3b). In 

porphyrins, the OS is spread over a dense set of Nπe electronic excited states, and spans a 

large range of values. 
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Table 2.1: Major components of the first four largest contributors to the OSs 
of porphine from TDDFT calculations 

ΔE 
(eV) 

Oscillator 
Strength 

Major transitions 
From To From To From To 

3.3285 0.42400 HOMO–3 LUMO+1 HOMO–1 LUMO   
3.5056 0.64469 HOMO–1 LUMO+1 HOMO LUMO HOMO–3 LUMO 
3.7699 0.49596 HOMO–3 LUMO     
3.8701 0.76937 HOMO–3 LUMO+1 HOMO–1 LUMO   

OSs are focused mostly in five transitions: HOMO−3 →LUMO/LUMO+1, HOMO−1 
→LUMO/LUMO+1, HOMO→LUMO. The related orbitals are depicted in Figure 2.5b – f. 

 

 

 

Figure 2.5: Chemical structure and molecular orbitals of porphine. (a) 
Chemical structure of porphine. The ring highlighted in yellow defines the 
conjugated network modeled in the Hückel calculations (see Section 2.3.2). 

(b)–(f) Molecular orbitals of porphine involved in strong electronic transitions 
as determined using TDDFT. Small energy differences exist between the 

HOMO and HOMO–1, as well as between the LUMO and LUMO+1. 
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In summary, the OS captured by low-energy transitions in polyenes and porphyrins 

is far less than Nπe, and the integrated OS converges to the full TRK sum very slowly. In 

the simple harmonic oscillator model, however, 100% of the OS for excitations from the 

ground state is focused in the HOMO→LUMO transition (see Appendix A.1). Is the slow 

convergence to the TRK sum a robust feature of such molecular systems? To explore this 

question, we employ the tools of model Hamiltonian analysis in the following section. 

 

2.3 Oscillator Strength in Model Potentials and Hückel 
Models  

In this section, we study the OS distributions computed using empirical 

independent-electron Hamiltonians, including Hückel calculations. Comparing simple 

model and TDDFT results, we identify specific OS spreading mechanisms (beyond the 

UV/Vis frequency region) in molecules (Section 2.4). This knowledge provides a starting 

point for future electronic structure-based OS focusing strategies. 

  

2.3.1 Independent-Electron Models 

The Infinitely Deep Well (Particle-in-a-Box):  

The 1DPIB model is often used to describe size quantization effects in molecules 

and nanoparticles.80-81 In modeling linear conjugated molecules, we assume that the width 

of the well (W) grows in proportion to the number of electrons (Z). With an average C-C 
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bond length of R = 1.4 Å, Z = 4 and W = 4 R, we use the 1DPIB model to describe the π 

electrons of butadiene. Similar modeling is used for longer polyenes. 

 

 

Figure 2.6: Results from the 1DPIB calculations.  (a) The integrated OS as a 
function of the excitation energy for Z = 2, 4, 6, 8 in the infinitely-deep well 
models for the C2H4 to C8H10 molecules. The horizontal dashed lines indicate 

the asymptotic value of the integrated OS according to the TRK sum rule. (b) 
The OSs of the HOMO→LUMO transitions (fH→L) for Z = 2,4,…,14 and a 

linear fitting of fH→L vs. Z. The inset shows the fraction of fH→L over the total 
OS (fH→L) vs. Z. The range of the x-axis is the same as in (b). Note that the 

OS is sharply focused in the first few Z transitions, especially the 
HOMO→LUMO transition. 

 

Figure 2.6a shows the integrated OS distributions for 1DPIB modeled polyenes 

with Z = 2 – 8 (C2H4 – C8H10). The integrated OS converges to Z very rapidly for the 

1DPIB model (Figure 2.6). The OS associated with the HOMO→LUMO transition (fH→L) 

depends linearly on the well width, but it represents a decreasing percentage of the total 

OS as the number of electrons grows (see inset in Figure 2.6b), while the opposite trend 
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was found for the TDDFT calculations (Figure 2.3). The percentage plateaus to ~ 80% as 

Z → 50 (see Figure A.2). The 1DPIB model predicts consider-ably stronger OS focusing 

than is observed in π-electron organic chromophores (~13%), and we explore the physical 

underpinnings of this behavior in Section 2.4. 

 

Constant Potential Particle-in-a-Ring:  

The constant (infinitely deep) particle-in-a-ring (PIR) potential is widely used to 

describe cyclic aromatic molecules. As in the case of the harmonic oscillator, OS is focused 

entirely in the HOMO→LUMO transitions for the PIR (see Appendix A.3). Subtleties 

associated with use of the TRK sum rule for this Hamiltonian were described by E. 

Hadjimichael et al.82 

 

2.3.2 Hückel Model Calculations 

 The characteristics of the OS distributions described in Section 2.3.1 are very 

different from those of real molecules. Does the strong OS focusing by the model 

Hamiltonians arise from the lack of atomistic “graininess” in the potential functions or 

from the absence of continuum states? We begin to address these questions by using the 

tight-binding π electron (i.e., Hückel) Hamiltonian.  
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Molecular orbitals nψ  and their energy eigenvalues nE  were computed. 2p-

orbitals were described with a STO-3G basis. For polyenes, carbon atoms were separated 

by 1.4 Å along the molecular axis. The (gas-phase) atomic coordinates of porphine (see 

Figure 2.5a) were taken from DFT energy minimization calculations (B3LYP/cc-pVDZ). 

Hückel-level OSs were calculated using Eq. 2.2a and Eq. 2.3 (see Appedix A.2 for details). 

 

 

Figure 2.7: Hückel analysis using one STO-3G p-orbital per C atom, without 
neglect of atomic orbital overlap.  (a) Integrated OS distributions of polyenes. 
(b) OSs of the HOMO→LUMO transition (fH→L) for the series of molecules and 
their linear fitting vs. Nπe. The inset shows the fraction of fH→L over the total 

OS (fH→L, here Σf does not converge to Nπe) vs. Nπe for each molecule. The 
scale of the x-axis is the same as in (b). Note that the OS is less focused 

compared to the analytical models described in Section 2.3.1. fH→L drops from 
nearly 100% to an asymptote of Σf ~ 30% as the length of the polyene grows. 

 

Polyenes: 

Figure 2.7a shows the integrated OS for polyenes as a function of excitation 

energy. Compared to the 1DPIB model (Figure 2.6a), the OS is somewhat less 
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concentrated in the HOMO→ LUMO transition, especially for longer chains. For example, 

40% of the total OS is associated with the HOMO→LUMO transitions for Nπe = 12 (i.e., 

for C12H14; see inset in Figure 2.7b). The absolute OS values depend on the choice of 

Hamiltonian parameters (e.g., the nearest-neighbor couplings and the site energies, see 

Appendix A.2). The OS sum rule is not strictly obeyed for this system (see Figure 2.7 and 

S2.1), as the Hückel Hamiltonian is not constructed to obey the commutation rules 

underpinning the sum rule. Nevertheless, the Hückel model provides us with valuable 

insights into OS distributions in real molecules.  

The slower convergence of the integrated OS to the total OS in the Hückel model 

(compared to the constant potential models) is explained by the extent of localization of 

the atomic basis functions { iφ }. In Figure A2.1, we use the approximation: 

r̂ Rp q pq qφ φ δ= , where R q is the position of atom q. With this approximation, the 

integrated OS is similar to that found in the 1DPIB model (Figure 2.6). The STO-3G 

basis causes spreading of the OS over more transitions, which more closely resembles the 

behavior of real molecules.  

 

Porphine: 

The OS associated with each porphine excitation (see blue vertical lines in Figure 

2.8b) has contributions from several orbital transitions. The HOMO→LUMO transition 
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(lowest energy transition in Figure 2.8b) contributes 70% of the total OS using the δ 

approximation above. 

 

 

Figure 2.8: (a) Energy levels, (b) OS distribution (solid blue lines with “×” 
scatters) and integrated OSs (red line) of porphine in the 0 – 10 eV energy 

range calculated by the Hückle method. The HOMO→LUMO transition (first 
blue vertical line) contains 70% of the total OS for the π-electron transitions 

included in this model. 

 

In summary, the OS computed using model piecewise constant potentials and 

Hückel models is highly focused. Where is the OS in real organic molecules? And why does 

the OS not appear in the low-energy transitions as suggested by the simple models? 
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2.4 Where Is the Oscillator Strength?  

2.4.1 Two Oscillator Strength Sinks: Excitations from σ and Core 
Electrons and Excitation to Rydberg and Continuum 

We found that the OS is spread over a much wider energy range in the TDDFT 

analysis than in the independent-electron models. To understand the nature of OS 

spreading as a function of excitation energy, we analyze the TDDFT results of Section 

2.2.1. Transitions are classified as occurring to bound, continuum, or “mixed” states 

(Figure 2.9). 

 

Figure 2.9: Integrated OS distributions of (a) ethylene and (b) butadiene from 
our TDDFT calculations using the cc-pVTZ basis set. Results are classified by 
the types of electronic transitions. TDDFT is a full-electron approach, where 
the ground and excited states wave functions can be written as an expansion 
of singly-excited configurations.83-84 The expansion coefficients can be assigned 
an “excitation character”. In the figure, “bound states” denote excitations that 

are mostly (>90%) composed of transitions to bound states (E < 0). 
“Continuum states” denote excitations that are mostly (>90%) composed of 

transitions to continuum states (E>0). “Mixed states” refer to excitations that 
consist of component transitions to both bound and continuum states, each 
portion being at least 10%. OSs are integrated over each of these excitation 
types as a function of the maximum excitation energy. The dot-dashed line 

indicates the ionization potential (IP) of ethylene and butadiene. 
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Figure 2.9a indicates that the integrated OSs of transitions to bound states and to 

mixed-character excited states converge to 1.85 and 1.95 for butadiene, respectively, when 

the excitation energy reaches 40 eV (exploring a wider excitation energy range does not 

substantially affect our main conclusions). This only accounts for about 10% of the total 

OS. The remainder of the OS (~ 80%) involves transitions to the continuum states (Table 

2.2).  

The above TDDFT results (Figure 2.9) indicate that the integrated OS associated 

with transitions to bound states continues to increase with energy for excitation energies 

above the ionization energy. This further increase arises from transitions of inner-shell 

electrons (e.g., electrons from σ-bonding orbitals and core electrons). To study the 

influence of core and σ transitions on OS, we used frozen-core TDDFT calculation 

methods (see Section 2.4.3). 

 

Table 2.2: Integrated OS for each type of transition defined in Figure 2.9 and 
its fraction over Σf for ethylene and butadiene 

 Bound states Mixed states Continuum states 
C2H4 1.59 (15.1%) 1.95 (18.6%) 6.95 (66.3%) 
C4H6 1.85 (9.8%) 1.95 (10.3%) 15.0 (79.9%) 

 

Table 2.2 indicates that most of the OS for ethylene and butadiene resides in 

transitions to the continuum. Indeed, none of the model Hamiltonians studied here include 
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continuum-like states. K. Krishan et al.60 has raised issues related to the use of free-particle 

states to calculate the continuum contribution to the OS distribution for a three 

dimensional square well: a pure plane wave does not properly describe the wave functions 

of low-lying continuum states near a potential well. Therefore, we next construct an 

embedded-well, piecewise-constant potential model to evaluate the influence of continuum-

like transitions on the OS distributions (see Section 2.4.2). Instead of using plane waves or 

the indirect evaluation of the total OS associated with transitions to the continuum states, 

we describe the continuum states explicitly, including the influence of the inner potential 

well on the continuum states. 

 

2.4.2 Exploring Transitions to Continuum States with a Model 
Hamiltonian. 

Motivated by the TDDFT finding of a large amount of OS in transitions to the 

continuum, we built an embedded-well model (Figure 2.10). Continuum-like states arise 

from the wide outer region of the potential (L ≫W, see Appendix A.4 for parameters). 

This model allows us to assess the fraction of OS in valence-to-valence and valence-to-

continuum transitions.  

 

The Width of the Continuum Region (L):  
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To evaluate the influence of L on the OS distribution, we set W = 4 R (with R = 

1.4 Å) to simulate butadiene, and ε = 10 eV to produce a HOMO energy equal to the 

ionization potential (IP) of butadiene. L was varied from 40 R to 200 R (Figure 2.11). 

 

 

Figure 2.10: Scheme for the embedded-well piecewise potential model. The 
potential in the region [ ]/ 2, / 2x W W∈ −  is V ε= − , and the potential in the 
region [ ]/ 2, / 2x L W∈ ± ±  is 0V = . States with energy 0E < are bound states, 
and states with energy 0E ≥ model continuum states (this approximation is 

allowed by parameter choices such that L ≫W). ε  is the depth of the internal 
well and determines the electron binding energy. W models the width of the 
molecular region. W is a dimensionless length in units of R, where R = 1.4 Å 

is a typical C-C bond length. 

 

The energy eigenvalues of the bound states (E < 0) vary weakly with L. In the 

“continuum” region (E > 0), the density of states grows with L. The five integrated OS 

curves in Figure 2.11b computed for different L values are nearly superimposable. 

Therefore, the influence of the continuum region width on the OS distribution is weak for 
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L much larger than W. This model can also be used with smaller L/W ratios to examine 

the effects of quasi-continuum states on the OS distributions (e.g., the delocalized bound 

states that are responsible for the blue tail in the optical absorption spectrum of the 

solvated electron85).  

 

The Embedded-Well vs. 1DPIB Model:  

For the embedded-well model, we choose ε = 13 eV so that the HOMO energies 

correspond to the IPs of typical polyenes. L is set to 100 R to model the continuum. W 

was varied from 2 R to 14 R to mimic C2H4 – C14H16 structures. The integrated OS 

distributions and the fH→L values for Z = 2 – 8 are shown in Figure 2.12.  

The OS becomes appreciable in the embedded-well model at excitation energies 

that are closer to those found in the TDDFT calculations (Figure 2.3) than to those found 

in the 1DPIB model (Figure 2.6). However, the integrated OS converges to Z quite rapidly 

in the embedded-well model, and the absolute values of fH→L are close to Z. Thus, the 

presence of transitions to continuum states has little influence on the OS distributions 

found in the simpler 1DPIB model. This similarity probably arises because the depth of 

the internal well (ε) in the embedded-well model is large enough to cause its optical 

properties to mimic those of the infinitely-deep well. 



 

31 

 

Figure 2.11: Results from the embedded-well model calculation with ε = 10 eV 
and W = 4 R: (a) energy levels and (b) integrated OS distributions for L = 40 

R, 80 R, … , 200 R. The similarities of energy levels and integrated OS 
distributions for different L values indicate that the influence of the width of 

the external well is negligible for / 10L W > . 

 

 

Figure 2.12: Results of the embedded-well model calculation with ε  = 13 eV, 
L = 100 R.  (a) Integrated OS as a function of the maximum excitation energy 
for Z = 2 – 8, which correspond to C2H4 – C8H10. The horizontal dashed lines 
are the asymptotic values of the integrated OSs for the different molecules 

based on the TRK sum rule. (b) OS of the HOMO→LUMO transition (fH→L) 
for Z = 2, 4, …, 14 with a linear fitting of fH→L vs. Z. The inset shows fH→L/Z 

vs. Z for Z = 2, 4,…, 14. Note that the OS distributions here are different from 
those of the TDDFT analysis. With the choice of internal well depth, the 

inclusion of the continuum states causes little change compared to the basic 
characteristics of the OS distributions from the 1DPIB model. 
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Figure 2.13: Results from the embedded-well model calculation with ε  = 5 eV 
and L = 100 R. The value of ε  was chosen much smaller than in Figure 2.12 

to avoid an infinitely-deep well limit. In this case, the LUMO is located 
slightly below 0 eV, and it is thus more delocalized than the deeply bounded 

LUMO for ε  = 13 eV. (a) Integrated OS as a function of the maximum 
excitation energy for Z = 2 – 8 which corresponds to C2H4 – C8H10. The 

horizontal dashed lines are the asymptotic values of the integrated OSs for the 
different molecules based on the TRK sum rule. (b) OS of the HOMO LUMO 

transitions (fH→L) for Z = 2, 4, …, 14 with a linear fitting of fH→L vs. Z. The 
inset shows the fraction of fH→L over the total OS (fH→L/Z) vs. Z for Z = 2, 4, 
…, 14. Note that the OS converges to the TRK sum much more slowly than 
those found with ε  = 13 eV. The inset curve is concave rather than convex 

(Figure 12), which is similar to the polyenes results calculated using TDDFT. 
However, the integrated OS still converges to Z much faster than in molecules. 

 

The Binding Energy (ε) — LUMO Energy:  

ε was reduced from 13 eV to 5 eV to produce shallow-well bound states (Figure 

2.13). This parameter choice generates greater similarity between the TDDFT results and 

the embedded-well results for polyenes. The OS in Figure 2.13a is much smaller at low 

energies compared to Figure 2.12a, and the OS sum converges to Z in the energy range 0 – 

10 eV. The reduced well depth yields smaller fH→L values, especially when 2 ≤ Z ≤ 8. For 
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example, fH→L (Z = 4, ε = 13 eV) = 3.89, while fH→L (Z = 4, ε = 5 eV) = 1.76. The linear 

relationship between fH→L and Z is maintained for the embedded-well model, as in the 

polyenes. The dependence of fH→L/Z on Z is also different for ε = 13 eV and ε = 5 eV: the 

former (inset, Figure 2.12b) is similar to the 1DPIB model (inset, Figure 2.6b), while the 

latter (inset, Figure 2.13b) is similar to the TDDFT results for polyenes (inset, Figure 

2.3b).  

To explain why smaller ε values decrease the OS focusing in the low-energy 

transitions, the energy levels for the two different values of ε are shown in Figure 2.14. For 

ε = 13 eV, several unoccupied states reside deeply in the bound-state energy regime. In 

contrast, for ε = 5 eV, the LUMO is the only bound unoccupied state. The energy of the 

LUMO is very close to 0 eV, leading to a large fraction of the wave function spreading 

outside the internal potential well. Thus, the wave function overlap between the HOMO 

and LUMO in Figure 14b is smaller than that in Figure 2.14a. As Z increases, the HOMO 

shifts to higher energies (toward the continuum region), and a larger portion of the wave 

function expands outside the inner well, thus leading to a larger overlap with the wave 

function of the quasi-continuum LUMO. Thus, the inset of Figure 2.13b shows an 

increasing fH→L/Z as a function of Z. This behavior explains the monotonic increase of 

π

→0 1S S

e

f
N

 as a function of the number of polyene C atoms in the TDDFT analysis (inset, 
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Figure 2.3b). The appearance of discrete excited states near the continuum may produce a 

relatively large continuum contribution to the total OS. 

 

 

Figure 2.14: Energy levels for Z = 4, 6, 8, 10, 12 (i.e., W = 4R – 12R) and a 
well depth of (a) 13 eV and (b) 5 eV, using the embedded-well model. The 
green line shows the HOMO of each system. Note that in (b) LUMOs lie in 
the bound region slightly below 0 eV, which may lead to a relatively large 

fraction of the wave function spreading outside the internal well. This explains 
why smaller ε  values lead to decreased OS focusing in the HOMO→LUMO 

transition. 

 

The results of the embedded-well model share many characteristics with the 

TDDFT results. However, the integrated OS still converges to Z much more rapidly than 

in the TDDFT analysis, despite adjusting the parameters to mimic the dimensions and 

energetics of the bound-state region. The difference in OS convergence properties likely 

arises from the fact that electrons other than π-electrons (i.e., σ and core electrons) are 

omitted from the embedded-well model. Thus, the OSs associated with transitions to the 
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continuum states for polyenes likely have strong contribution from core-to-continuum 

transitions.  

The results of Section 2.4.1 also indicate that ~20% of the OS associated with high 

excitation energy transitions arises from core-electron transitions to bound states. 

Therefore, we conclude that this fraction of the OS is lost mainly to σ and core electron 

transitions to the bound and continuum states for the polyenes. This hypothesis is 

explored in greater detail below. 

 

2.4.3 Frozen-Core TDDFT Analysis of Core, σ, and π Electron 
Transitions to Bound and Continuum States 

 

 

Figure 2.15: Results from the TDDFT frozen-core calculations of C4H6 using 
the cc-pVTZ basis set.  (a) Integrated OS distributions associated with 

transitions of the π electrons (blue), π and σ electrons (red), and all electrons 
(black). (b) Integrated OS distributions for excitations of the π electrons to all 

unoccupied orbitals (blue) and to the π∗ orbitals (pink). 
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We carried out frozen-core electron TDDFT calculations to further analyze the 

conclusions reached above (Sections 2.4.1 and 2.4.2), namely that transitions from states 

other than those of π symmetry contribute to OS spreading. These calculations were 

performed by selectively allowing excitations only from the occupied π orbitals, or from 

the occupied π and σ orbitals, in the TDDFT calculations via the NWChem program suite 

(keyword “freeze”61). Results are shown in Figure 2.15a. Since the excited states are 

combinations of π and σ orbitals, as well as diffuse functions, we further filtered out 

contributions of the π → π* transitions and plotted them in Figure 2.15b.  

Transitions from the core, σ, and π electrons contribute 5%, 69%, and 26%, 

respectively, of the total OS at a cut-off excitation energy of 40 eV (Figure 2.15). These 

transitions are further categorized into transitions to bound, continuum and “mixed” 

states and are summarized in Table 2.3. For simplicity, OS contributions from transitions 

to the “mixed” state are equally partitioned into the bound and continuum bins. 

 

Table 2.3: Integrated OS for each type of transition from core, σ and π 
electrons and its fraction over the total OS for butadiene 

 Bound states Mixed states Continuum states 
core electrons 0.6 (3%) 0.3 (2%) 0.9 (5%) 
σ electrons 0.8 (4%) 12.2 (65%) 13.0 (69%) 
π electrons 1.4 (7%) 3.5 (19%) 4.9 (26%) 
Total 1.85 (9.8%) 1.95 (10.3%) 15.0 (79.9%) 
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Figure 2.15a shows that about 70% of the total OS for transitions below the cut-off 

excitation energy of 40 eV is lost to σ-electron transitions, most of which are associated 

with transitions to continuum states. The OSs associated with π- and σ-electrons are 

comparable to their electron numbers (i.e., Nπe = 4 and Nσe = 12), so we conclude that the 

OS associated with excitation energies above 40 eV arises mostly from core-electron 

transitions.  

The pink line in Figure 15b can be compared to the Hückel results in Figure 2.7a, 

in the sense that both calculations capture only the π → π* transitions. The integrated OS 

calculated with these two methods is similar. The difference between the blue and pink 

lines in Figure 2.15b explains why the OS in molecules is not as focused as is found with 

the empirical model Hamiltonians: 55% of the OS resides in transitions to high-lying σ. 

orbitals and to diffuse functions, even when considering excitations only from π states. 

 

2.5 Conclusions  

Strongly absorbing organic and organometallic chromophores typically place ≤ 1% 

of their available OS in the UV/Vis window. Our analysis finds that most of the OS is 

associated with transitions to Rydberg and continuum states. Interestingly, the sharing of 

OS with transitions to the continuum is familiar in the atomic physics of the hydrogen 

atom.20 This feature of molecular OS distributions is not captured by simple independent 
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electron and empirical potential models, which focus the OS in the lowest-energy 

transitions to bound states. The transitions to Rydberg and continuum states in the OS is 

captured by the TDDFT analysis presented here. Indeed, the TDDFT analysis indicates 

that only ~13% of the porphyrin π-electron OS is focused in the transition to the lowest-

energy excited state, the so-called Q-band. The Hückel and particle-in-a-ring Hamiltonians 

predict convergence of the integrated OS to the TRK value (as a function of excitation 

energy) that is much faster than is predicted by the TDDFT analysis, and thus the 

independent electron models overestimate the OS of the lowest-energy transitions. 

 

 

Figure 2.16: OS distributions among different types of transitions in butadiene 
at the cut-off excitation energy of 40 eV from the analysis of TDDFT 
calculation results in Section 2.4. About 70% of the total OS is lost to 

transitions from σ electrons, most of which is to the continuum states. Among 
all transitions, the continuum contribution is 86%. 
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For polyenes, the TDDFT OSs are distributed over a wide range of excitation 

energies beyond the UV/Vis window, and the integrated OS converges slowly to the 

electron number. We find that the OS of the lowest-energy transition captures a small 

fraction of the total OS (< 3%), but this percentage increases linearly with the number of 

carbon atoms.  

Comparison of the results from TDDFT and model Hamiltonians allows us to 

understand and to describe quantitatively how OS is lost to excitations of core electrons or 

to continuum states. Our conclusions are summarized in Figure 2.16. A large portion 

(~70%) of the total OS is associated with the excitation of σ electrons, mostly to the 

continuum states. The remaining 26% of the OS is associated with π-electron transitions, 

and about 55% of this OS corresponds to transitions to σ* orbitals and diffuse functions 

embedded in the continuum.  

Understanding how molecular structure determines the OS distribution as a 

function of energy is a step toward developing purposeful strategies to redistribute and 

focus OS into specific excitation energy windows. Strategies that aim to increase OS in the 

UV/Vis spectral region have involved plasmonic15, 86-88 and cavity enhancement effects.89-92 

We find here that any electronic structure-based strategy for focusing OS into the UV/Vis 

region must effectively shut down core-to-bound and σ-to-continuum transitions. To 

perturb molecular electronic structure, such strategies might employ tailored 
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electromagnetic fields,93 structural redesign of chromophores and chromophore assemblies, 

and tailored molecule-nanostructure assemblies.94-95 Even a modest focusing of the UV/Vis 

OS, achieved via design, could dramatically increase the efficiency of current photovoltaic 

devices. Chapters 3 and 4 will explore OS focusing strategies for linear molecules.
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3 Design of Linear Absorbers using Model Potentials 
and a Quantum-Optical Analogy 

 

3.1 Introduction 

The analysis in Chapter 2 proposed that any electronic structure-based strategy for 

focusing OS into the UV/Vis region must effectively shut down core-to-bound and σ-to-

continuum transitions. Methods that perturb molecular electronic structures for OS 

focusing will be discussed in Chapter 4. In this chapter, instead, we will proceed in another 

direction aiming to design linear absorbers by using model potentials, inspired by the 

discussions on model Hamiltonians and real molecules in Chapter 2.  

In Section 2.3 and 2.4, we stated that the 1D potential model is often used to 

describe linear molecules and nanoparticles,80-81 where OS distributions in model 

Hamiltonians and in molecules calculated using TDDFT were compared. The link between 

potential models and linear conjugated molecules points out a possibility to design strong 

linear absorbers by matching molecular building blocks to a potential model where the 

HOMO→LUMO OS is maximized. The biggest advantage of this approach is that building 

potential models with desired optical properties is much more convenient and efficient 

than de novo molecular design. To this aim, we will first explore and validate a strategy to 

build piece-wise constant potential well models featuring maximized OS based on a 
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quantum-optical analogy. We will then examine whether the optimal potential models are 

able to correctly predict excited-state properties of real molecules. 

The strategy of using quantum-optical analogies to build potential models with 

enhanced HOMO→LUMO OS was inspired by Hägglund et al.’s work.86 They found an 

optimal relationship between the refractive indices and thicknesses of the sublayers such 

that the ultrathin film has maximized optical absorption. The analogy between 

electromagnetic waves and wave functions, known as the quantum-optical analogy,96-97 

builds a connection between their optical absorption layers and our potential wells. 

Whether and how the optimal condition for light capture in their layers can be employed 

in the design of our models is the main topic of this chapter. 

 

A brief and intuitive deviation of the optical analogy is as follows96 (see a 

comprehensive description in Ref 97). For electromagnetic waves in a medium whose 

refractive index n does not depend on position r or time, the electric field that is 

independent of the y and z directions is 

 ω= −( , ) ( )exp( )E t E x i tr e , (3.1) 

where e is a unit vector perpendicular to Ox, ω  is the frequency of the wave, and E(x) 

satisfies 

 ω 
+ = 

 

2 2 2

2 2 ( ) 0d n E x
dx c

. (3.2) 
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where c is the speed of light. This is an analogous form of 

 ( ) ψ 
+ − = 

 

2

2 2

2 ( ) 0d m E V x
dx

 (3.3) 

for eigenvalues E of the stationary states ψ( )x in a 1D time-independent square potential 

well with a constant potential V. m is the electron mass. Equations 3.2 and 3.3 are 

identical if we set 

  ( ) ω
− =



2 2

2 2

2m nE V
c

. (3.4) 

Equation 3.4 builds an analogy between wave functions and electromagnetic waves. 

For the light wave, a transparent medium whose refractive index n is real corresponds to a 

potential region where E >V. For regions where E <V, the analog refractive index n is 

pure imaginary and the medium is metallic. Optical absorption in a layer is analogous to 

the localization of wave function in a region of the potential. 

Knowing the refractive indices and thicknesses of the layers in the thin film that 

maximizes optical absorption (Ref 86), piecewise constant potential wells can be built 

where the potential of each well is determined by the refractive index of the corresponding 

layer; the size of each well is determined by corresponding layer thickness. Promised by 

the quantum-optical analogy, the wave function of this potential whose eigenvalue satisfies 

Equation 3.4 would be confined in the region where its analogous layer in the film traps 

light. 
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Confining wave functions to a region, however, does not necessarily enhance their 

transition dipole moment and OS. To fill this gap, we will first examine whether the 

HOMO→LUMO OS can be maximized in the piecewise constant potential well models 

built from Hägglund et al.’s optical absorption multi-layer films86 based on the quantum-

optical analogy (Sections 3.2 and 3.3). After validating the approach, we will design quasi-

linear molecules with enhanced lowest-energy transition by matching the HOMO energy of 

each moiety to the potential of each well in that model (Section 3.4). 

 

3.2 Model: 1D Piecewise Constant Potential Wells in 
Quantum-Optical Analogy to Multi-Layer Optical 
Absorption Films 

3.2.1 Review of Maximized Optical Absorption in Thin Films 

Before mapping the condition for maximized optical absorption presented in Ref 86 

(in terms of the refractive indices and thicknesses of the layers) into our model, we briefly 

review their work and its main conclusions.  

In Ref 86, a homogeneous thin film with a complex refractive index κ= +m n i is 

embedded between two dielectrics of refractive indices ni and ns (see Figure 3.1a). The 

thickness of the thin film is d, and we will use δ = q0d ≪ 1 as a dimensionless length, 

where 0q  is the wavenumber of a normal incident light in vacuum ( π λ=0 02 /q ). The 

wave vectors of the light in the three media are ,
i m s

q q ,q . 



 

45 

 

 

Figure 3.1: Maximized optical absorption in multi-layer thin films.  Reprinted 
from Ref 86. (a) Homogeneous thin film (orange, refractive index κ= +m n i ) 

embedded between two dielectrics ( ,i sn n ). The dimensionless thickness is 

represented by δ = 0q d . q represents the wave number in the medium. (b–e) 

Heat map of absorbance as a function of κ,n  for different ,i sn n . (f) Maximized 

absorption calculated using the exact expression (dashed lines) and using the 
leading order approximation (solid lines). The leading order approximation 

and Equation 3.7 is valid when δ < 0.3.  

 

The optical absorption A in the ultrathin film is related to the refractive indices m, 

ni, ns and the dimensionless layer thickness δ by 
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Maximizing A with respect to m yields 
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In the limit of δ → 0 , δm ≪ 1, and a large δ −1/2~m , Equation 3.6 is simplified 

using the second order Taylor series of δ2( )m  (the “leading order” approximation) into 
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which gives the maximum absorption Amax: 

 ( )δ δ= +
 
+ − +  

2 4
max 1 (3 )

6
i s

s i
i s

A O
n n

n n
n n

.  (3.8) 

In the limit of vanishing film thickness (δ → 0 ), local maxima of ~ 50% absorbance are 

found close to the line κ=n  (Figure 3.1b – e). Comparison between the maximized 

absorbance calculated numerically using the exact expression (Equation 3.5, dashed lines 

in Figure 3.1f) and Amax calculated using the leading order approximation (Equation 3.8, 

solid lines in Figure 3.1f) indicates that Equation 3.7 is valid when δ < 0.3 (d = 43 nm at 

λ = 900 nm). 
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The second part of Ref 86 experimentally validates the equations by using a 

nanocomposite (namely, an ellipsoidal core/shell nanoparticle) as the thin film material 

(middle layer). Within this nanoparticle, a high fraction of the absorption is typically 

localized to the semiconductor part, especially when low-damping metals (core) and high-

damping semiconductors (shell, e.g., CIS, a-Si) are combined. “Damping” here refers the 

imaginary part of the permittivity ( ε κ=Im 2n ). These observations are consistent with 

the prediction that the optical absorption of the thin film can be maximized by using 

material with a complex refractive index m that satisfies Equation 3.7 as the middle layer. 

 

3.2.2 Model Potentials in Analogy to the Multi-Layer Structure 

Piecewise constant potential models are built as an analogue of the multi-layer film 

shown in Figure 3.1a. The structure in Figure 3.1a is composed of three layers (referred to 

as i, m, and s, from top to bottom): two outer dielectric layers with real refractive indices 

ni and ns, and one middle layer with complex refractive index m. Correspondingly, the 

piecewise potential model to be built also consists three regions (namely, region i, region m 

and region s). According to Equation 3.4, the potentials of the three regions (Vi, Vm, and 

Vs) in analogy to the three layers are 

 
ω

− =
2 2

2
2 ,

2i iE V n
mc

 (3.9a)
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−  = + ⋅ 

2 2
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2 Re Im ,
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ω
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mc

 (3.9c) 

where Re(m2) and Im(m2) represent the real component and the imaginary component of 

the complex number m2 (see Equation 3.7), respectively. 

 

 

Figure 3.2: Two schemes of piecewise constant potential models in analogy of 
the three-layer optical absorption film structure.  di, d, and ds are the lengths 
of region i, region m, and region s. Vi and Vs are the potentials of region i and 
region s (see Equations 3.9a and 3.9c). Different strategies are used in the two 
schemes to eliminate the inclusion of a complex potential Vm for region m in 

the model (see Equation 3.9b). In Scheme 1 (a), region m is described by 
alternating potentials of Vre and Vim (both real, see Equation 3.10). In Scheme 
2 (b), the wave functions ψ  are represented as a linear combination of ψre and 
ψim, where ψre are eigen states of the square potential shown in black solid line, 
ψim are eigen states of the square potential shown in red dashed line. The “–O–

O–O–” symbols at the bottom illustrate how each scheme can be applied to 
the design of real molecules using different building blocks. 

(a) Scheme 1: Combination of potentials (b) Scheme 2: Combination of wave functions

region i region m region s region i region m region s
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Equation 3.9b contains an imaginary term, because the refractive index m is 

complex. To avoid the inclusion of a complex potential (Vm) in the model, two schemes are 

proposed to properly describe region m (Figure 3.2). 

The first scheme (Figure 3.2a) utilizes alternating potentials Vre and Vim (both real) 

instead of Vm (complex) for region m, which are defined as follows: 
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where ω π
λ

=
2 c , δ π

λ
=

2 d , λ = + +
+

2 ( )
# 1 i sd d d

nodes
 is the wave length of the 

stationary state ψ , di, d and ds are the lengths of region i, region m and region s, #nodes 

represents the number of nodes in the wave function ψ . Note that − < 0imE V  

corresponds to a pure imaginary refractive index (metallic medium) by analogy. 

In Ref 86, ellipsoidal core/shell nanoparticle arrays of Ag cores (Im[n] > Re[n]) 

with CuInSe2 shells (Im[n] < Re[n]) are used as the thin layer materials (region m). Their 

refractive indices are neither pure real nor pure imaginary. A combination of real and 

imaginary components is necessary for desired absorption distributions between cores and 
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shells.86 This supports our treatment in Scheme 1 that uses alternating potentials to 

describe the real and imaginary parts of Vm for region m (Figure 3.2a).  

Alternatively, Scheme 2 (Figure 3.2b) describes the wave functions ψ of the model 

potentials as a linear combination of ψ re and ψ im : ( )ψ ψ ψ= + / 2re im , where ψ re are 

eigen states of the square potential { }, ,i re sV V V , ψ im are eigen states in the square potential 

{ }, ,i im sV V V . The two sets of potentials will be mapped to linear molecules separately by 

employing different building blocks for region m, as shown in Figure 3.2b. 

We will focus on Scheme 1 in this chapter. For simplicity, we set =i sV V , =i sdd . 

Schrödinger equations for the model potentials were solved numerically using the Numerov 

method98-99 in Mathematica.100  

 

3.2.3 Choices of Parameters 

There are several constraints on the potentials ( , , ,i im re sV V V V ) and the lengths (di, 

d, ds) in Scheme 1 shown in Figure 3.2a: (1) Derivation of Equation 3.7 described in 

Section 3.2.1 assumes that the unitless length 
( )

δ
ππ

λ
=

+
= <

+ +

# 12 0.3
i s

d noded
d d d

. (2) 

Confining electrons in region m requires => >im i s reV V V V . (3) Considering typical 
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HOMO energies of small molecules, we choose ∈− (0.2,  5) eVim iV V  and 

∈− (0.2,  5) eVs reV V . 

 

 

Figure 3.3: Parameter search to determine a valid range for the choice of the 
middle layer length d.  (a) =, , ( )im re s iV V V V as a function of the refractive index 

= ( )i sn n  at = = = =4 nm, #nodes 4i sd d d . There are two regions in the figure 

where > = >im i s reV V V V , i.e., where the blue curve is above the orange curve. 

The first one is in the large in  regime; another one is in the ultra-small in

regime, which is zoomed-in in (c). (b) −im iV V  and −re iV V  as a function of the 

middle layer length d  calculated using optimized in values in regime I. (d) 

− max( )im iV V  and − max( )re iV V  as a function of d  in regime II. Yellow regions in 

(b) and (d) highlight that the searching constraints are met at < 0.25 nmd or 
> 15 nmd . 
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With these constraints, parameter searches are performed in the parameter space 

∈= (0,  50) nmi sd d , ∈= (0,  500)i sn n , ∈# (2,  12)nodes  to determine a valid range for 

the choice of the middle layer thickness d.  

First we plot the potentials =, , ( )im re s iV V V V  as a function of the refractive index 

= ( )i sn n  at given lengths di, d, ds (see Figure 3.3a). There are two regimes where the 

second constraint ( > = >im i s reV V V V ) is met: large in  (regime I) and ultra-small in  

(regime II, Figure 3.3c). In regime I, the third constraint can be met when > 15 nmd  (see 

Figure 3.3b). In regime II, the third constraint can be met when < 0.25 nmd  (see Figure 

3.3d). The results are not sensitive to the values of di, ds, and #nodes. In sum, the middle 

layer length d should satisfies < 0.25 nmd or > 15 nmd when the piecewise constant 

potential models are built in analogy to the maximized optical absorption layers for 

molecule design. 

 

3.3 Maximized Oscillator Strengths in Potential Models 
Built from the Quantum-Optical Analogy 

This section demonstrates that the HOMO→LUMO OS can be maximized in the 

piecewise constant potential well model where the parameters are determined by Equation 

3.10, derived from Hägglund et al’s prediction for maximized optical absorption in multi-

layer films86 based on the quantum-optical analogy. As stated in Section 3.1, the quantum-
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optical analogy only relates the localization of wave functions in potential models with the 

localization of electromagnetic waves in optics, but does not guarantee maximized OSs as 

a result of the wave function localization. It is the aim of this section to fill this gap. 

 

   

(a) Potential model     (b) HOMO→LUMO OS 

Figure 3.4: Maximized OS in models built from the quantum-optical analogy. 
(a) Piecewise constant potential model where reV and imV  are determined by 

Equation 3.10 based on the quantum-optical analogy. (b) Heat map of 
HOMO→LUMO OSs as a function of reV and imV . Other parameters are fixed  

( = 0.1 nmd , = = 4 nmi sd d , = = 2.5i sn n , = #nodes 2 ). The black square dot 

represents the HOMO→LUMO OS for the model shown in (a). It locates in 
the highest OS region among the heatmap, meaning the HOMO→LUMO OS 
can be maximized in the piecewise constant potential well model where the 
parameters are determined by Equation 3.10, derived from Hägglund et al’s 

prediction for maximized optical absorption in multi-layer films86 based on the 
quantum-optical analogy. 
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Figure 3.4a shows the piecewise constant potential model in analogy to the multi-

layer film with maximized optical absorption, where reV and imV  are obtained using 

Equation 3.10 and setting = 0.1 nmd , = = 4 nmi sd d , = = 2.5i sn n , = #nodes 2 . To 

validate whether the HOMO→LUMO OS is maximized in this model compared to other 

reV and imV choices, a heat map of OSs associated with the HOMO→LUMO transition as a 

function of reV and imV  is plotted (see Figure 3.4b). The black square dot in Figure 3.4b 

represents the OS of the model in Figure 3.4a. It locates among the highest OS regions in 

the heatmap, showing that Equation 3.10 is able to predict the reV and imV values for 

maximized HOMO→LUMO OS.  

The conclusion is independent of the choice of other parameters (see Appendix B). 

The HOMO→LUMO OS in the models predicted by Equation 3.10 locates in the largest 

OS region compared with the OSs in other potential models for any length of region m 

when d < 0.2 nm (Figure B.2) and for any LUMO wavelength (#nodes, Figure B.1). 

However, region m must consist of even numbers of reV and odd numbers of imV  

(regardless of how many sub-layers in total) for a safe prediction (Figure B.3). The 

number of sub-layers in region m is at least 3 (one imV  and two reV ).  

Another feature of the heat maps is that the HOMO→LUMO OS as a function of 

reV  and imV  has maxima along the diagonal line, instead of appearing as a single-point 
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maximum. The slope of this “maximum line” changes if region m has different energy 

landscapes. 

To summarize, we verified that Equation 3.10, derived from the quantum-optical 

analogy, predicts the reV  and imV values that maximize the HOMO→LUMO OS in 

piecewise constant potential models (Scheme 1, Figure 3.2a). Nevertheless, the length scale 

of the resulting potential wells is below 2 Å with the constraints discussed in Section 3.2.3, 

much less than the size of real molecules. In the next section, we will attempt to extend 

Scheme 1 to the nanometer length scale, and map the model to linear molecules. 

 

3.4 Making Connections between Models and Molecules 

In this section, linear molecules will be constructed using a variety of building 

blocks by matching the HOMO energy of each moiety to the potential of each well in the 

piecewise constant potential models developed in the previous sections. We will compare 

the OSs associated with the lowest-energy transition of the molecules and the 

HOMO→LUMO OSs of the corresponding potential models, and evaluate whether the 

model potentials can qualitatively predict the OSs of real molecules. 

Scheme 1 (Figure 3.2a) provides a guide to the design of linear molecules: each 

square well corresponds to one building block (or moiety) in the molecule; the potential 

and the length of each square well are matched with the HOMO energy and the length of 
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the corresponding moiety. Figure 3.5 shows a series of building blocks to choose from for 

the molecular design. The HOMO and LUMO energies of these moieties are calculated 

using DFT with B3LYP/cc-pVTZ in NWChem (see Figure 3.6). The length of each moiety 

is approximately 5 Å including the bridging C-C bond between neighboring moieties, so 

the length of region m (consisted of 3 sub-layers) of the corresponding potential model is d 

~ 1.5 nm. 

 

 

Figure 3.5: Moieties to be used in molecular designs. 

 

Figure 3.6: HOMO and LUMO energies of moieties in Figure 3.5. 
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Figure 3.7: HOMO→LUMO OSs of the piecewise potential models as a 
function of reV and imV . #nodes = 4, = = 0i sV V , d = 1.5 nm. di (= ds ) varies 

from 1.5 to 20 nm (a—f: 1.5, 3, 5, 10, 15, 20 nm). Maximum HOMO→LUMO 
OS is found when < 0.2 eVreV and < 1.0 eVimV  (red regions). 

 

Setting d = 1.5 nm, Figure 3.7 shows the HOMO→LUMO OSs of the piecewise 

potential models (Figure 3.2a), where reV and imV varies from 0 to 1.5 eV, id  and sd varies 

from 1.5 to 20 nm. Maximum HOMO→LUMO OS is found when < 0.2 eV
re

V and 

< 1.0 eV
im

V . The shape and position of the maximum OS region changes with id  and sd .  

In Figure 3.7a where = = = 1.5 nm
i s

d d d , HOMO→LUMO OS is maximized when 

both reV and imV are below 0.2 eV. Accordingly, molecules A, B, C, D (see Figure 3.8) are 

built where the HOMO energies of their building blocks differ by approximately 0.2 eV. 
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Based on the results from the potential models, these molecules are predicted to feature 

larger S0→S1 OSs than molecules built from other building blocks in Figure 3.5.  

    

   (a) Designed molecules                               (b) Moiety HOMO energy 

Figure 3.8: Designed molecule chains where the HOMO energies of the 
moieties in region m (the three numbered moieties in the middle of the chains) 

differ by ~0.2 eV, which corresponds to the maximized HOMO→LUMO OS 
region in Figure 3.7a. 

  

To validate the prediction, molecules A1, A2, and A3 (see Figure 3.9) were built 

to enable a comparison with molecule A. The HOMO energy difference between the center 

moieties (Vim −Vre) in these molecules has the order: A < A1 < A2 < A3. Figure 3.7a 

predicts that the S0→S1 OS of the four molecules would be A > A1 > A2 > A3. Table 

3.1 shows the excitation energies and OSs associated with the S0→S1 transition in these 

molecules from TDDFT calculations using B3LYP/CS00/cc-pVTZ. TDDFT computations 
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show a slightly different ordering than the model’s prediction in the S0→S1 OS: A2 > A > 

A1 > A3. More molecules need to be studied in order to make more comprehensive 

comparisons. 

The discrepancy between the relative OS values predicted by the model and the 

relative OS values from the TDDFT calculations indicates that other factors in real 

molecules, e.g., the total number of atoms and side chain types, might be a key 

determinant to the S0→S1 OS, apart from the HOMO energy of each moiety. Simply 

mapping the piecewise potential models into molecules by matching energy levels is not 

sufficient to reproduce the results from model potentials in real molecules. Using model 

potentials as a starting point to study and predict excited-state properties in molecules is 

intuitive and efficient, but oversimplification is an unavoidable drawback of this approach.  

 

   

             (a) Molecules to be compared with A                    (b) Moiety HOMO energy 

Figure 3.9: Molecules A1, A2 and A3 for comparison with molecule A. HOMO 
energy difference between the center moieties: A < A1 < A2 < A3. Figure 

3.7a predicts that the S0→S1 OS of the four molecules would have the 
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following order: A > A1 > A2 > A3. This order is partially reproduced in 
TDDFT calculations (Table 3.1). 

 

Moreover, the model predicts that polyenes would feature maximized S0→S1 OS 

among linear molecules of the same length (see Figure 3.7: = = 0im reV V  locates in the red 

region of all sub-figures). This is consistent with TDDFT calculations presented in Table 

3.1. In terms of linear absorbers, polyenes would be an optimal choice. 

 

Table 3.1: S0→S1 transition properties of polyene and molecules A, A1, A2, A3 
from TDDFT computations 

molecule Vim −Vi (eV) Vi −Vre (eV) ΔE (eV) oscillator strength 
polyene 0 0 1.674 6.627 

A 0.14 0.16 1.755 5.762 
A1 0.88 0.73 2.358 5.411 
A2 1.09 1.41 1.559 5.908 
A3 1.65 1.80 1.126 2.192 

 

3.5 Conclusions 

The relationship between potential models and linear conjugated molecules 

suggests a strategy to design strong linear absorbers by using model potentials. One 

approach for building 1D potential models with maximized HOMO→LUMO OS is to 

borrow strategies from optics through the quantum-optical analogy. Hägglund et al.86 

found an optimal relationship between the refractive indices and thicknesses of the sub-
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layers in a thin film that maximizes its optical absorption. Using the quantum-optical 

analogy, we proposed a scheme for analogous piecewise constant potential models, where 

the potential and the size of each well are determined by the refractive index and the 

thickness of the corresponding layer (Figure 3.2a, Equation 3.10). We further proved that 

OS associated with the HOMO→LUMO transition can be maximized in the piecewise 

constant potential models using this scheme. Finally, a few linear molecules were built 

using a variety of building blocks by matching the HOMO energy of each moiety to the 

potential of each well in the piecewise constant potential models. By comparing the S0→S1 

OSs of the molecules from TDDFT computations and the HOMO→LUMO OSs of the 

corresponding potential models, we found that while the model can predict a general trend 

of the ordering of S0→S1 OSs in different molecules, discrepancy exists between the models 

and molecules, which might be due to the overestimation of the potential models. 

Moreover, both the model and TDDFT calculations show that polyenes feature maximum 

S0→S1 OSs among liner molecules of the same length. Extensive calculations on linear 

molecules would be required to validate this statement. 
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4 Light Absorption Enhancement in Linear Molecules 
by Perturbing Electronic Structures 

 

Chapter 3 described the design of potential models and linear molecules to 

maximize OSs. In this chapter, we will explore electronic-structure-based strategies for OS 

focusing. Section 4.1 aims to perturb σ transitions by stretching polyene molecules. Section 

4.2 describes electric field effect on OS distributions in polyenes, which is adapted from the 

following manuscript: Zheng, L.; Migliore, A.; Beratan, D. N., Significant Enhancement of 

Polyene Light Absorption Induced by Electrostatic Fields. In preparation.  

 

4.1 Pulling down the σ → σ* Transition via Mechanical 
Stress 

Chapter 3 showed that a large portion (~70%) of the total OS in polyenes is 

associated with the excitation of σ electrons, mostly to the continuum states. To reduce 

the OS lost to transitions from σ electrons, we could either minimize the σ/continuum 

transitions, or decrease the excitation energies associated with the σ transitions so that the 

OS contributes to UV/Vis light absorption. Here we hypothesize that distorting σ bonds in 

molecules could effectively perturb the excitation of σ electrons; increasing σ bond 

strengths by distortion would reduce the energy gap between σ and σ* orbitals, thus pull 

the σ → σ * transition down into the UV/Vis spectral region. In Section 4.1.1, 
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computational methods to simulate distortion of polyene molecules by stretching or 

compressing will be described. Section 4.1.2 will show that stretching polyene molecules 

can significantly reduce the excitation energy and increase the OS associated with σ → σ * 

transitions. 

 

4.1.1 Methods 

The “spring bond” keyword in the constraints directive in the NWChem program 

suite61 was used for DFT geometry optimization under distortion for polyenes C4H6, C8H10, 

…, C20H22. The distances between the first and the last carbon atoms r0 are set to be 100%, 

(100 ± 10) % and (100 ± 20) % of the original C−C distances (see Figure 4.1). The spring 

bond method places a spring with a spring constant k (here we set k = 100 a.u.) and 

equilibrium length r0 between atoms i and j, and an additional term is added to the total 

energy expression: 

 ( )= + −
2

0
1
2total ijE E k r r . (4.1) 

This additional term forces the distance rij between atoms i and j to be in the vicinity of r0 

(not exactly r0). Using the optimized geometries, TDDFT calculations using the B3LYP 

functional + CS00 correction and the cc-pVTZ basis set were performed to calculate 

excitation energies and OSs. 
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      (a) −20%, ×        (b) −10%            (c) 0%             (d) +10%          (e) +20% 

Figure 4.1: Geometries of the stretched and compressed C8H10 molecule. 

 

4.1.2 Orbital Reordering and Oscillator Strength Redistribution 

Figure 4.1 shows that the C=C bond length in C8H10 has negligible changes, but 

the C−C bonds (especially the C−C bonds at the edges) are compressed or stretched with 

the molecule. The molecule structure is destroyed when the chain length is reduced by 

20%. Molecular orbitals (MOs) of C8H10 stretched by 20% are plotted in Figure 4.2. It 

shows that changes in bond length strongly disturb charge distributions in the conjugated 

π orbitals. Wave functions of HOMO and LUMO are pushed to the center, while wave 

functions of HOMO−3, HOMO−1 and LUMO+2 are distributed towards the edges. 

HOMO−2 and LUMO+1 feature σ character. Changes in MOs as a function of distortion 

percentage will be discussed in detail. 
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  (a) HOMO−3   (b) HOMO−2   (c) HOMO−1   (d) HOMO     (e) LUMO    (f) LUMO+1   (g) LUMO+2   (h) LUMO+3  

Figure 4.2: Molecular orbitals of C8H10 stretched by 20%. HOMO−2 and 
LUMO+1 are σ orbitals. 

 

Table 4.1: Major transitions in stretched polyene molecules 

molecule %length Egs (eV) ΔE (eV) OS Transition 
C4H6 0% −156.06 5.84 0.66 HOMO → LUMO (π) 

 +20% −155.87 5.48 0.46 HOMO → LUMO (π) 
   8.35 0.50 HOMO−2 → LUMO+1 (σ), 

HOMO−1 → LUMO+2 (σ) 
C8H10 0% −310.93 4.06 1.46 HOMO → LUMO (π) 

 +20% −310.55 4.91 0.96 HOMO → LUMO (π) 
   6.50 1.36 HOMO−2 → LUMO+1 (σ) 

C12H14 0% −465.80 3.21 2.28 HOMO → LUMO (π) 
+20% −465.47 3.79 1.47 HOMO → LUMO (π) 

  7.03 0.63 HOMO−4 → LUMO+3 (σ), 
HOMO → LUMO+6 (σ) 

  7.05 0.78 HOMO−4 → LUMO+3 (σ), 
HOMO → LUMO+6 (σ) 
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Figure 4.3: Integrated OS as a function of excitation energy for (a) C2H4, (b) 
C4H6, (c) C8H10, (d) C12H14, (e) C16H18, and (f) C20H22 with different C−C 
distances. Yellow regions highlight the enhancement of integrated OS by 
stretching the polyene chains by 20%. The structure of C16H18 and C20H22 

breaks when stretched by 20%, so the percentage is reduced to 18% and 10%. 
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Figure 4.3 shows that integrated OS below 10 eV is significantly enhanced by 

stretching the polyene molecules by 20% (highlighted in yellow). Other than the 

HOMO→LUMO transition, another strong transition at higher excitation energy also 

contributes to the integrated OS (see Table 4.1). For example, the HOMO−2 → LUMO+1 

transition for C8H10 (+20%) has an OS of 1.36 at the excitation energy of 6.50 eV. This 

transition is contributed by σ electrons (see the MOs in Figure 4.2b and f). The same 

holds true for C4H6 and C12H14. This enhancement can be attributed to the increasing σ-

bond strength as a result of the increasing σ-bond length. When the polyene chain is 

stretched, the wave function overlap between the “frontier” σ orbitals increases, and the 

energy gap between these orbitals is greatly reduced (becomes comparable to the HOMO-

LUMO gap), thus pulling the OSs associated with higher excitation energies from σ 

electrons down to a lower excitation energy region. 

Figure 4.4a shows that the excitation energy of the strongest σ → σ* transition 

decreases and the OS increases as the polyene is more stretched. The energy gap between 

the lowest-unoccupied σ* orbital (plotted in Figure 4.6) and the highest-occupied σ orbital 

(plotted in Figure 4.5) largely decreases (Figure 4.4b). Their wave function overlap grows 

due to the concentrated wave function distribution on the stretched C−C bonds in the 

highest-occupied σ orbital (see Figure 4.5). 
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Figure 4.4: Effects of mechanical stress on OS distributions of the σ → σ* 
transitions in C8H10. (a) OS associated with the strongest π → π* and σ → σ* 

transitions in 0%, 10%, 12%, 16%, 18% and 20%-stretched C8H10, and (b) the 
energy levels of their π, σ and “frontier” σ orbitals. 

 

 
(a) 0%-stretched   (b) 10%-stretched (c) 12%-stretched  (d) 16%-stretched (e) 18%-stretched (f) 20%-stretched 

Figure 4.5: Highest-occupied σ orbital of stretched C8H10. 

 

 
(a) 0%-stretched   (b) 10%-stretched (c) 12%-stretched  (d) 16%-stretched (e) 18%-stretched (f) 20%-stretched 

Figure 4.6: Lowest-unoccupied σ* orbital of stretched C8H10. 
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The excitation energy of the σ transition in the stretched C4H6 – C12H14 molecules 

is significantly reduced, but it is still above 6 eV (see Table 4.1), too high for light 

absorption in the UV/Vis region (solar radiation above 4.5 eV is completely absorbed by 

the atmosphere). The  σ → σ* excitation energy may drop below 4.5 eV in longer polyenes 

since the S0 → S1 excitation energy of polyenes decreases as the molecules grow in size. 

However, Figure 4.3c – e show that the excitation energy at which the integrated OS of 

20% (or 18%)-stretched polyene has a sharp increase becomes larger as the chain length 

grows. The strong σ → σ* transition fails to be pulled down below 5 eV. 

 

4.1.3 Conclusions 

We applied mechanical stress (stretch and compression) to polyene molecules using 

the spring bond method. The σ bond length changes notably upon stretching, resulting in 

reduced energy gap between σ and σ* orbitals. The excitation energy associated with the σ 

→ σ* transition drops to about 6 eV, while the OS is significantly enhanced and becomes 

comparable to the π → π* OS (Figure 4.4). This strategy focuses OS associated with the 

excitations of σ electrons to a lower excitation energy window by perturbing the σ bonds in 

polyenes. Future effort shall be made to move the σ → σ * excitation energy down into the 

UV/Vis spectral region for longer polyenes or other linear molecules. 
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4.2 Significant Enhancement of Polyene Light Absorption 
Induced by Electrostatic Fields 

 

4.2.1 Introduction 

Solar energy is a clean and sustainable energy that can be converted to electricity 

or stored as fuel by photovoltaic or photoelectrochemical cells.1-6 Light-harvesting materials 

are the key components of such devices. Extensive experimental and theoretical studies 

have proposed different strategies to enhance light harvesting efficiency based on 

developing new chromophores, employing combinations of sensitizers, or modifying the 

compositions and morphologies of the light-harvesting layers.7, 101-102 Our previous studies 

proposed an electronic structure perspective to analyze and utilize the electronic 

excitations of molecules outside the desired energy region.103 We rationalized the low 

electronic OS associated with electronic excitations of molecules in the UV-vis spectral 

region, thus highlighting the main types of electronic transitions that should be shut down 

to focus the OS into the UV-vis region. Electronic structure-based strategies able to focus 

even a modest fraction of the total molecular absorption into the UV-vis region would 

dramatically increase the efficiency of current photovoltaic devices. In this chapter we 

show that the absorption of polyene molecules in the UV-vis range can be significantly 

enhanced by perturbing their electronic structure through the application of external 

electrostatic fields of suitable intensity. 
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Previous studies have shown that the application of electrostatic fields to molecules 

can perturb their geometries, and produce more drastic effects on the dipole moments and 

the (chemically important) frontier molecular orbitals, which may also be reordered.104-107 

Classic theories for the electric field effect include the Franz-Keldysh effect108-110 and the 

Stark effect111-112 that explain the red shift of the absorption spectra of semiconductors and 

quantum wells, as well as the Wannier-Stark effect113 that rationalizes a blue shift and 

oscillatory absorption coefficients for superlattices. In these frameworks, electric field 

effects on the light absorption of molecules and semiconductors have been studied both 

computationally114-118 and experimentally.119-123 The influence of electric fields on the optical 

absorption properties of various dye molecules (and their interaction with the substrates) 

in dye-sensitized solar cells has been usually described in terms of Stark effect and has 

been extensively studied using first-principles calculations,114, 117, 124 as well as experimental 

methods.125 In particular, the study in Ref 124 suggests that electric fields of suitable 

strength and direction (parallel to the molecular dipole moment) can significantly increase 

the efficiency of a dye sensitized solar cell, although this is not generally the case for any 

intensity and direction of the applied electric field. However, these investigations did not 

find the desired significant increase in the OS associated with electronic transitions within 

the UV-vis spectral window.125 Here we explore the possibility of considerably increasing 
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this OS by applying electrostatic fields to polyenes, as a result of the induced changes in 

the molecular electronic structure and in the pertinent electronic transitions.  

The choice of polyenes was stimulated by the expectations that their conjugated 

structure is amenable to strong influence from applied electric fields (for example, field 

effects on the bond order alternation were described, for polyene compounds, in Ref 126) 

and that the molecular linearity, which essentially dictates the direction of induced dipole 

moments, may best capitalize the field effects (similarly to what was found by using 

electric fields parallel to the dipole moments of aromatic-structure dyes124). The linearity 

also helps the theoretical modeling. More generally, the electronic properties of conjugated 

polymers (including their response to electronic excitation) and their structural robustness 

foster their use as the active elements in electroluminescent devices, such as light-emitting 

diodes,127 and other molecular electronic applications.128 For example, polydiacetylenes 

have attract great interest for use in chemical and biological sensing (because of their 

calorimetric and fluorescent responses to different external perturbations), can often 

absorb light in the visible spectral range,128 and have been used as quantum wires to study 

the Stark and Franz-Keldysh effects.123  It was shown long ago129-130 that polyenes possess 

important analogies with polydiacetylenes concerning geometric and electronic (in 

particular, optical) properties. For example, the dependence of the π-electron delocalization 

on the conjugation-length is very similar in these two classes of conjugated polymers.129 
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Polyenes with more than 100 double bonds,131 and up to 1000 double bonds,132-133 

have been synthesized, and their conformational and optical properties have been studied. 

Absorption spectra indicate that long polyene segments are more frequently found at lower 

temperatures,131, 133 although the shortest polyene segments also prevailed in the low-

temperature samples in Ref 133. Yet, such shortest segments contained more 100 double 

bonds, namely, they were even longer than the largest simple polyenes considered in this 

study. Control of polymer orientations has been realized using aligned carbon nanotubes.134 

Spectroscopic analysis of linearly conjugated oligomers and related polymers synthesized in 

Ref 131 revealed significant similarities to the spectra of open-chain carotenoids and simple 

polyenes concerning the 1 1Ag
– → 1 1Bu

+ transition energies and vibronic intensities, despite 

significant structural differences among such systems. These results support the significant 

role for the number of conjugated double bonds for determining the electronic properties of 

these systems and thus indicate that “simple polyenes serve as good starting points for 

understanding the electronic properties of a range of conjugated polymers and their 

oligomers”.131 Indeed, this observation provides strong motivation for our decision to study 

simple polyenes. In addition, very interesting localization/delocalization properties of the 

valence electronic charge in polyenes have emerged in a recent study, which shows an 

increasing character of shifting 1,4-diradicaloid with increasing polyene length.135 In this 

intriguing scenario, very little is known about the ability of electrostatic fields to influence 



 

74 

the electronic structure of polyenes so as to increase the oscillator strength associated with 

electron transitions in the UV-vis spectral range. This point is the focus of our study, 

where we show that the absorption of simple polyenes in the UV-vis region can be 

significantly increased by electrostatic fields, and that the field strength required to 

achieve this goal decreases with the polyene chain length. However, further investigations 

are necessary to gain more complete understanding of the electric field effects highlighted 

in the present study. 

We begin our investigation with time-dependent density functional theory 

(TDDFT) calculations of the OS distributions for single polyene molecules in the absence 

and presence of electrostatic fields of different intensity. We find that the total OS for 

excitations in the UV-vis region (namely, the “usable” OS), as a function of the applied 

electric field strength, undergoes wide variations. The first peak is attained at feasible, 

albeit strong, field intensities for sufficiently long polyene chains (the longest polyene 

studied contains 80 double bonds) and can correspond to a usable OS larger than the OS 

in the absence of field by more than one order of magnitude. We further explore the 

electric fields effect on polyene assemblies and polyene molecules absorbed on a gold 

surface, in order to investigate the feasibility of the electrostatic field-induced absorption 

enhancement in polyene-based devices. Finally, through analysis of the TDDFT results 
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and use of model Hamiltonians, we explore the possible theoretical underpinnings of the 

electric field effects on the OS distribution. 

 

4.2.2 Methods 

We performed extensive TDDFT calculations of electronic excitation energies and 

associated OS values to study the influence of electrostatic fields on the light absorption of 

single polyene molecules (C4H6 to C160H162) (see Figure 4.7, Figure 4.8 and Appendix C), 

butadiene assemblies (see Figure 4.9a and Appendix C), and the C12H14 polyene on gold 

cluster (Figure 4.9b and Appendix C). We also studied the polydiacetylene molecules 

C10H8 and C14H10 (Figure C.2). The geometries of the molecules were optimized usingDFT 

calculations with the B3LYP136-139 hybrid functional and the cc-pVTZ basis set140. The 

TDDFT calculations were carried out using the Casida-Salahub '00 correction to the 

B3LYP functional to recover the correct −1/r long-distance behavior of the potential and 

thus improve effectively the TDDFT description of high-lying diffuse excited states and 

Rydberg excited states in particular.141-142 Calculating the electronic excitation energies and 

corresponding OSs with the 3-21G*, cc-pVDZ and cc-pVTZ basis sets, we observed that 

the main features of the molecular responses to the external field can be captured 

regardless of the basis set choice (see Appendix C.1.5.3). The use of the Tamm-Dancoff 

approximation (TDA)143 to TDDFT enabled accurate TDDFT computations (with reduced 
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triplet instability problems144-145) for long polyenes under strong electric fields. 

TDDFT/TDA can, indeed, outperform TDDFT in the calculation of electronic excitation 

energies for linear polyenes (as was shown for oligomers in Ref 146), although it is an 

approximation to TDDFT. More generally, the TDA combined with the B3LYP functional 

can reproduce the absorption band shapes of different conjugated molecules, including 

their absorption and emission peak positions.147 The use of the TDA can cause 

underestimation of relative intensities, but without affecting any other feature of the 

spectra and even producing better agreement with the experiments for the excitation 

energies of the electron transitions associated with the lowest vibrational states.147 

The TDDFT and TDDFT/TDA calculations were performed using the Gaussian 

09148 and NWChem149 computational chemistry packages, respectively. The uniform electric 

fields were simulated using the “field” keyword in Gaussian 09 and by placing point 

charges of opposite sign sufficiently far from the molecule, in the direction of the field, in 

NWChem. The electric fields were applied along the direction of the polyene chains. Initial 

tests with electric fields orthogonal to the polyenes showed negligible changes in the OS 

distributions, as we expected based on the symmetry properties of the molecules and the 

corresponding molecular orbitals and, more generally, on studies of other conjugated 

molecules (Ref 124, for example). The geometries used in the TDDFT/TDA calculations 

were only relaxed in the absence of the electrostatic field. This approximation allowed us 
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to compute a vast set of OS distributions without affecting any of our conclusions. In fact, 

by optimizing the molecular geometry for each applied electric field, rather than using the 

optimum molecular geometry in the absence of field, we found that the onset of 

appreciable changes in the OS distribution occurs at slightly smaller field intensities, but 

we do not see any qualitatively different feature in the molecular response (in terms of OS 

distribution) to the electric field. (see Appendix C.1.4). 

 

4.2.3 Individual Polyene Molecules 

In this section, we describe the effect of external electrostatic fields on the light 

absorption of single polyene molecules in technologically relevant excitation energy 

windows, which include the visible and near UV spectral range (that is, excitation energies 

up to 3-4 eV) or the middle UV at most (up to approximately 6 eV). The light absorption 

for excitation energies below a given threshold value ΔE (hereafter referred to as the cutoff 

excitation energy) is quantified using the integrated OS150, which is defined as the sum of 

the OSs 𝑓𝑓0𝑘𝑘 associated with electronic transitions from the ground state |Ψ0⟩ of energy 𝐸𝐸0 

to the excited states |Ψ𝑘𝑘⟩ of energies 𝐸𝐸𝑘𝑘 such that 𝐸𝐸𝑘𝑘 − 𝐸𝐸0 ≤ ∆𝐸𝐸. 
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Figure 4.7: Electric field effects on polyenes. (a–b) Integrated OS as a function 
of the applied field strength for polyenes C64H66, C96H98, C128H130, and C160H162 
from TDA calculations using B3LYP+CS00/3-21G* at different cut-off ΔE 

shown in the legends. (b) The first-peak electric field strength v.s. the length 
of the polyene molecule. The horizontal dotted line at 0.5 V/nm in (b) shows 
that polyene molecules containing more than 100 carbon atoms could have a 

dramatic increase in the integrated OS at a reasonably low electric field 
strength. 

 

Figure 4.7a shows the dependence of the integrated OS on the applied electrostatic 

field for selected polyenes (C64H66 to C160H162). We found the same kind of dependence for 

shorter polyenes (Figure C.1) and polydiacetylenes (as is shown in Figure C.2 for C10H8 

and C14H10,). The integrated OS of polyenes as a function of the field intensity shows an 

oscillatory behavior, and the number of oscillations over a given range of field strengths 

increases with the molecular length. The modeling and analysis below aim to gain some 
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understanding of this oscillatory behavior (and future studies are desirable to deepen such 

understanding in terms of molecular response to strong fields).  

For practical purposes, the main aspects of the field-induced OS redistribution 

described in Figure 4.7 and Figure C.1 are the following: (a) the first peak of the 

integrated OS as a function of the field strength occurs at decreasing field intensities for 

increasing polyene lengths. For the longest polyene considered, C160H162, such peak 

corresponds to ~ 0.25 V/nm. This field is within the range of electric fields that can be 

found, locally, in biomolecular systems (in fact, electric fields of ~ 1 V/nm can be achieved 

in peptides and protein cavities151) and that can be applied to molecular junctions (for 

example, electrostatic fields of similar magnitude have been applied to G4-DNA,152 while 

field strengths larger than 1 V/nm are easily deduced from the current-voltage 

characteristics of the small molecules used in Ref 153). Therefore, electrostatic fields of 

similar strength can be applied to polyene assemblies to produce OS enhancement in the 

UV-vis spectral region. (b) The relative difference between the first-peak value of the 

integrated OS (as a function of the electrostatic field strength) and its value at zero field 

increases with the length of the polyene (Figure 4.7a). 

The Thomas−Reiche−Kuhn (TRK) sum rule154 indicates that the integrated OS 

for a molecule is equal to its total number of electrons (Ne), i.e., ∑ 𝑓𝑓0𝑘𝑘𝑘𝑘>0 = 𝑁𝑁𝑒𝑒. An 

increase in the OSs integrated over the UV-vis region is a redistribution of the total 
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available OSs of a molecule where some high-lying OSs are focused to lower excitation 

energy window. Applying external electrostatic fields described here is one of the strategies 

to trigger such redistribution from an electronic-structure point of view. Figure 4.8 shows 

that the integrated OS associated with lower-energy transitions increases when a parallel 

electric field is applied, while the sum of OSs over a wide range of transitions remains 

unchanged as mandated by the TRK sum rule (a detailed check for convergence to the 

TRK sum rule can be found in Appendix C.1.3). Considerable OS focusing can be achieved 

for large linear polyene molecules upon strong external electrostatic fields. 

 

 

Figure 4.8: OS redistribution induced by external electric field for C48H50 from 
TDDFT calculations using the M06-2X functional and the cc-pVTZ basis set. 

The red arrow indicates that the field red-shifts OSs associated with high 
excitation energies and results in higher absorption in the visible spectral 

region for C48H50. 
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4.2.4 Polyene-Based Devices 

In order to examine whether the field-induced enhancement is retained when 

polyene or polydiacetylene molecules work in devices where multiple molecules form stacks 

or are attached to a substrate, TDA calculations were performed to simulate polyene 

assemblies and polyene molecule absorbed on Au(111) surface. C4H6 and C6H8 dimer and 

trimer were built by cofacially aligning the molecules at a van der Waals distance (3.7 Å). 

The initial geometries were then optimized via DFT using the B3LYP functional and the 

cc-pVTZ basis set. With the TDA setup described in the Methods section, an empirical 

van der Waals dispersion term155 was added through long-range contribution DFT-D for 

non-local dispersion forces. 
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Figure 4.9: Effect of electric field on the light absorption of polyene-based 
devices from TDA calculations. (a) Integrated OS per molecule of C4H6 
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assemblies as a function of the applied electric field strength. Geometries of 
the dimers and trimmers are shown as inset in each graph. (b) Integrated OS 
of the C12H14 molecule on the gold surface as a function of the applied electric 
field strength. The polyenes are attached to the (111) surface of a Au13 cluster 

via sulfur. 

 

Figure 4.9a shows the comparison between the responses of the integrated OS (per 

molecule) to external electric fields for C4H6 monomer, dimer, and trimer (see Figure C.3b 

for C6H8 assemblies). The vertical dotted line indicates that the integrated OSs of the 

three systems reach the first and the second peak at the same electric field strengths, 

meaning the oscillations and the first-peak field strength predicted for individual polyene 

molecules in Section 4.2.3 could be extended to polyene assemblies. One practical issue is 

that these molecules should be well aligned in parallel with the external electric fields to 

maximize the enhancement. 

The absorption of polyenes on the gold surface was modeled by attaching the 

molecule on the Au(111) surface via a thiol group (see the inset in Figure 4.9b). The 

Au(111) surface was modeled by a 13-atom cluster consisting of an upper and a bottom 

layer of 3 atoms and a middle layer of 7 atoms, with the bond lengths and bond angles 

fixed to that of a gold lattice. A small gold cluster composed of two atomic layers is 

considered to be sufficient for revealing the electronic structure of thiolates on gold.156-157 

High coverage of alkane thiolates on gold is generally believed to be oriented with an angle 
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(typically 30o) between the chain and the surface, where the sulfur atoms are positioned in 

the 3-fold hollow sites of the gold (111) lattice.158 We positioned the sulfur atom 2.50 Å 

above the hollow site on gold surface, as A. Johansson et al156 observed a minimum in the 

total energy for that distance. In geometry optimizations in DFT and TDA calculations, 

effective core potentials (ECP)159 were employed to gold atoms to replace the innermost 

core electrons, and the cc-pVDZ basis set was used for other atoms. The B3LYP hybrid 

functional was used with the Casida−Salahub ’00 asymptotic correction. 

The blue curve in Figure 4.9b shows how integrated OSs of the entire system 

change with applied electric fields, in comparison with that of the bare polyene molecule 

(black dashed line). Similar to isolated polyenes and polyene stacks, the integrated OS 

reaches a peak at 20 V/nm, but no clear periodic oscillation is observed at stronger fields. 

To remove the OS contributions from the gold cluster, we attempted to include solely the 

OSs associated with transitions involving carbon and hydrogen orbitals when summing 

over OSs, shown as red dots in Figure 4.9b. This is done only to the first three data points 

because the molecular orbitals become highly mixed when the electric field gets strong. 

The similarity between the blue and red line indicates that the electric field effect acts 

mostly on polyene molecules when attached to a substrate. 

In summary, the integrated OS of polyene or polydiacetylene molecules oscillates 

when the external parallel electric field becomes stronger. The enhancement at the first 
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peak could be as large as one order of magnitude for polyenes containing more than 100 

carbons with a feasible electric field strength below 0.5 V/nm. This also holds for polyene 

stacks or polyene molecules absorbed on the gold surface, making it a promising strategy 

to be employed in polyene- or polydiacetylene-based light-harvesting devices.  

4.2.5 Analysis and Models 

Having observed the oscillatory response of polyene light absorption to external 

fields and the significant enhancement at the first peak from ab initio calculations, the 

next question to address is: how does a strong electrostatic field promote OS redistribution 

in polyenes? To explore this question, in this section we decompose the OS to analyze the 

contribution from each term and build model Hamiltonians that reproduce such effect to 

help establish intuitive understandings. We do not explain it in the language of well-

established theories about the effect of electric fields on electron transitions, such as the 

Stark effect, the Franz-Keldysh effect and the Wannier-Stark effect, because the electric 

field used here is too strong to be treated as a perturbation, which makes it possible to 

make considerable changes to the OS distributions. 

The electronic OS is composed of two components – the excitation energy (∆𝐸𝐸 =

𝐸𝐸𝑘𝑘 − 𝐸𝐸0) and the transition dipole matrix element (𝑒𝑒𝐫𝐫0𝑘𝑘 = ⟨Ψ0|𝑒𝑒�̂�𝑟|Ψ𝑘𝑘⟩): 
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where me is the electron mass. Let fEF and f0 denote the OS associated with transitions 

with and without the presence of external electric fields, respectively (similar for ΔEEF and 

ΔE0, rEF
2 and r0

2). The enhancement in OS (ΔOS) can be defined as  
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where Δ[ΔE] ≡ ΔEEF – ΔE0, Δr2 ≡ rEF
2 – r0

2.  
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Figure 4.10: The contribution to the OS enhancement (ΔOS) from the changes 
in the excitation energies (Δ[ΔE]) and the changes in the transition dipole 

moments (Δr2) induced by electric fields for C24H26 based on 
TDA/B3LYP+CS00/cc-PVTZ calculation results.The similarity between (b) 
and (d) indicates that significant increase in the transition dipole moment 

induced by the electric field is mostly responsible for the absorption 
enhancement. 
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According to Equation 4.3, two quantities contribute to ΔOS: Δ[ΔE] and Δr2, 

namely, the difference in excitation energies and the difference in transition dipole 

moments, since ΔE0 and r0
2 (the excitation energy and the squared transition dipole 

moment at zero field) can be considered as constants. Figure 4.10b shows the OS increases 

(ΔOS) across the spectra when 6 V/nm electric field is applied compared to the OSs at 

zero field. Changes in excitation energies are negligible (see Figure 4.10c), whereas the 

transition dipole moment square modulus term exhibits the same enhancement as ΔOS 

(see Figure 4.10d). Figure C.23 also shows that changes in the ΔE0·Δr2
 term are the most 

significant among the three terms in Equation 4.3. Therefore, the external electrostatic 

field enhances the light absorption in polyenes by inducing a remarkable increase in the 

transition dipole moment. 

 

Table 4.2: Major transitions and related molecular orbitals of C24H26 with and 
without the presence of external electric field from TDA calculationsa 

Electric field strength Major transition(s) 

0 V/nm 
HOMO 

↓ 
LUMO 

 

 

6 V/nm 
HOMO 

↓ 
LUMO 
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HOMO – 1 
↓ 

LUMO + 2 

 

 
a: More detailed molecular orbital analysis can be found in Appendix C.2.1. 

 

The increase in the transition dipole moment can be rationalized in terms of 

molecular orbital distortions when an electrostatic field is applied. Illustrated by the 

arrows in Table 4.2, the HOMO–1 and LUMO+2, which compose another major transition 

besides the HOMO→LUMO transition at 6 V/nm, are polarized toward opposite 

directions by the parallel electric field. This creates much larger overlaps between |Ψ0⟩ and 

�̂�𝑟|Ψ𝑒𝑒⟩, thus leading to a dramatic increase in the transition dipole moment ⟨Ψ0|�̂�𝑟|Ψ𝑘𝑘⟩. The 

extended particle-in-a-box model in Appendix C.2.3 further proves that the 

HOMO→LUMO OS in that model is maximized when the wave functions are polarized 

towards the edge at a certain electric field strength. 

Next, we attempt to reproduce the oscillatory response of the integrated OS to the 

field intensity in simple model Hamiltonians, in which it is easier to extract the main 

features of the electric field effect compared to more precise but complicated descriptions. 

The simplest treatment for absorption spectra of polyenes is the one-dimensional (1D) 

particle-in-a-box model,47 or a slightly modified 1D embedded-well piecewise potential 

model with an extra larger box for continuum-like states.4 We added a term (eEx, where E 
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is the electric field strength) to the Hamiltonian to account for the uniform electric field, 

which effectively tilts the constant potential in these models. However, the integrated OS 

mono-decreases as the electric field intensity grows, i.e., neither an oscillation nor a 

maximum is found in the integrated OS as a function of the electric field strength (see 

Appendix C.2.2). Therefore, treating conjugated linear molecules as a flat potential might 

be an overestimation to describe electron transitions qualitatively when a strong electric 

field is applied. The alternation of single and double bonds might be essential to the 

oscillatory field response. 

 

 

Figure 4.11: The shielded superlattice potential model (a) at zero electric field 
and (b) simulating an electric field of 2 V/nm using C16H18 as an example. In 

(a), the repeating upper and lower flat regions represent C=C and C–C bonds, 
respectively, terminated by infinite potential barriers at both ends. The height 

of the wells corresponds to the difference in the double and single bond 
strengths.160 The shaded region is “shielded” by the C=C–C moieties at the 

edges and remains flat while the wells at the edges are tilted in the presence of 
electric fields. 
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Oscillatory electro-optical properties were found in semiconductor superlattices as 

well, which was rationalized by J. Bleuse et al using a tight-binding approach and a 

potential model consisting of N quantum wells embedded between thick barriers.113 

Inspired by their model, a 1D shielded superlattice potential model (Figure 4.11) was built 

to reflect the alternating single and double bonds in polyenes. The “shielded” region in the 

middle accounts for the fact that atoms at the edges may feel stronger fields and weaken 

the electric field effect on the inner atoms.161 It is shown in Appendix C.2.4 that the 

shielded region is necessary to reproduce the oscillatory integrated OS observed in the ab 

initio calculations. Eigenvalues and eigenstates of the model Hamiltonian were solved 

numerically using the classical Numerov method.  
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Figure 4.12: Results from the shielded superlattice model calculation. 
Integrated OS as a function of the applied field strength for polyenes C24H26, 

C32H34, C48H50, and C64H66 with a cut-off excitation energy at 5 eV. The 
oscillatory integrated OS is similar to that found in Figure 4.7a from 

TDDFT/TDA calculations. 

 

Similar to that found in TDDFT calculations, Figure 4.12 shows that the 

integrated OS oscillates periodically as the electric field strength increases in the shielded 

superlattice model. The frequency of such oscillations increases as the total length of the 

potential well grows. The position of the first peak is comparable to the peak position of 

the corresponding polyene molecule from the TDDFT calculations (see Figure C.33). 

Major discrepancy between the model results and the TDDFT results is that the increase 

in integrated OS in the model is not as huge as the enhancement in the TDDFT 

calculations. The difference likely arises from the fact that the potential model only 

contains π electrons, and that its integrated OS converges to the TRK sum rapidly within 

a few transitions.  

The shielded superlattice model can capture both the electric field induced OS 

increase and oscillation. Other models that we studied, either without the shielded region 

or using a flat potential, fail to exhibit both features, suggesting that the enhancement of 

light absorption (more precisely, the enhancement of transition dipole moments) induced 
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by strong electric fields is attributed to the single and double bond alternation in polyenes, 

and the shielding effect of the outer atoms on the edges. 

 

4.2.6 Conclusions 

Applying external electrostatic fields is a strategy for OS focusing – a 

redistribution of the total available OSs of a molecule where OSs associated with higher 

energy transitions are focused to the desired excitation energy window. Our TDDFT/TDA 

calculations shows that the integrated OS of polyenes and polydiacetylenes oscillates as the 

electric field strength increases, with increasing frequency and magnitude as the size of the 

molecule grows.  The absorption enhancement at the first peak is up to 10-fold’s larger 

than that in the absence of external fields for polyenes larger than C64H66. The field 

intensity required for a maximized integrated OS drops below 0.5 V/nm for polyenes 

containing more than 100 carbon atoms, which is a strong yet practically feasible electric 

field strength. The field-induced enhancement is retained in polyene assemblies and in 

polyene molecules absorbed on the gold surface, i.e., when polyenes or polydiacetylenes are 

employed in devices. 

Our analysis finds that changes in the transition dipole moment are responsible for 

the significant OS enhancement. This arises from the fact that the occupied and 

unoccupied molecular orbitals are strongly polarized in opposite directions in response to 
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the parallel electric field, which creates much larger overlaps between the ground state 

wave function (|Ψ0⟩) and the excited state wave function after the position operator is 

applied (�̂�𝑟|Ψ𝑒𝑒⟩).  

A shielded superlattice potential model is able to qualitatively reproduce the 

oscillatory integrated OSs from the TDDFT calculations. This model features explicit 

alternating single and double bonds, and a shielding effect where only the atoms at both 

ends experience the electrostatic fields. Models without these two considerations fail to 

capture the oscillatory characteristics of integrated OSs in the presence of electric fields, 

suggesting that bond alternation and the shielding effect make polyenes exhibit the unique 

OS response to external electrostatic fields. This provides a starting point for further 

studies on the effect of strong electric fields on linear conjugated molecules. 

There are practical issues to achieve such strong light absorption enhancement in 

polyene- or polydiacetylene-based devices using external electric fields. For example, there 

is a trade-off between gaining extra OSs from light and consuming power to continuously 

provide a strong electric field, assuming exerting such strong field will not affect the 

functioning of other components in the device under solar cell conditions. The linear 

molecules shall be well aligned in parallel with the direction of the electric field in order to 

maximize the enhancement, which requires special care when preparing the light-

harvesting layer. A strategy of aligning polymers uses carbon nanotubes.134 Upon resolving 
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the issues in experimental design described above, employing polyenes or polydiacetylenes 

as light absorbers and applying electrostatic fields with predicted field intensity would 

improve the light absorption efficiency of photovoltaic devices by several folds. 
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5 Electric Field Effects on the mCherry 
Chromophore: Towards Tuning the Spectra of Red 
Fluorescent Proteins 

 

This section is adapted from the manuscript: Zheng, L.; Migliore, A.; Beratan, D. 

N., Electric Field Effects on the mCherry Chromophore: Towards Tuning the Spectra of 

Red Fluorescent Proteins. In preparation.  

 

5.1 Introduction 

Fluorescent proteins (FPs) are commonly used as fluorescent tags to probe 

biological dynamics in live cell imaging and sensing.162-163 Red FPs (RFPs) are one family 

of the spectral FP variants that undergo an additional multistep oxidation during 

chromophore maturation164 compared to the initially discovered and engineered green FPs 

(GFPs).165-166 The red-shifted excitations and fluorescence dramatically decreases photo-

sensitivity at longer irradiation wavelengths,167 minimizes light-scattering by endogenous 

biomolecules and thus reduces autofluorescence,168-169 which makes RFPs a preferred choice 

for deep-issue imaging and for use with super-resolution methods.170 Among the monomeric 

RFPs, the widely-used mCherry exhibits one of the highest photostability, fast maturation 

and excellent pH resistance.171-173 However, mCherry is still dimmer than the brightest 

RFPs,172, 174 and the quantum yields of RFPs are generally much lower than those of 
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GFPs.175-176 Improving the extinction coefficient and quantum yield of mCherry by protein 

modifications is the aim of these studies. 

It has been shown that the absorption and emission of the central chromophores in 

FPs can be changed by mutations on the protein scaffold – either creating steric 

constraints or producing electrostatic fields that alter host structure,177 hydrogen 

bonding,178-179 stacking interaction,180-181 isomerization states,182 or photodynamics. 183-185 

Manna et al.186 have targeted outward-pointing mutations near the phenolate- and 

imidazolinone-end of the chromophore in mCherry (see Figure 5.1), hypothesizing that 

local electric fields generated by the mutations would increase the extinction coefficient 

and thus improve the radiative rate of mCherry. However, the absorption maxima of the 

mutants measured in vitro remained unchanged. Here, we aim to explore computationally 

how making mutations and creating electrostatic fields may change the fluorescent 

intensity of mCherry. 

The influence of external electric field on the chromophore’s charge distribution 

and absorption properties have been studied in FPs.187-188 Kang et al188 found that electric 

field parallel to the principle axis (1 – 5 V/nm) of the GFP chromophore HDBI has the 

strongest influence on the charge distribution and dipole moment in the ground state of 

neutral HDBI, and the field shifts the excitation energy and strength by moderate 

amounts. Topol et al187 calculated the field-induced HOMO-LUMO energy gap changes in 
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mCherry, and observed a noticeable change in the gap for electric field strengths of 4 – 5 

V/nm. Our previous theoretical studies found significant field-induced OS enhancement in 

polyenes. The results encourage us to explore optimal electric field directions and strengths 

that may produce significant increases in the light absorption of the mCherry 

chromophore. These studies may guide the design of future mCherry mutants, as the 

optimal field conditions may be generated by introducing charged residues at specific 

positions. Potential mutation sites are suggested in the last section.  

 

 

Figure 5.1: (a) Crystal structure of mCherry (PDB:2H5Q) and (b) chemical 
structure of the mCherry chromophore CH6 adapted from the crystal 

structure. The axis indicates the three orthogonal directions (x, y and z) of 
applied electric field used in the calculations. Carbon atoms are in black; 
nitrogen atoms are in blue; oxygen atoms are in red; sulfur atoms are in 

yellow; hydrogen atoms are in white. 
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We begin with a description of the computational methods used. Electric field-

induced changes to the absorption spectra of mCherry are described, followed by an 

analysis of the origin of the field-induced light absorption enhancement. Finally, we 

propose a list of residues for mutation that may generate the optimal electric fields of 

computations. 

 

5.2 Computational Methods 

Model compounds (e.g., HBDI: 4-hydroxybenzylidene-1,2-dimethylimidazolinone) 

for the wild-type GFP chromophore are widely used in experimental and theoretical 

studies of GFP due to the similarities between the properties of the protein chromophores 

and the model compound.189-193 In the case of RFPs, however, synthetic compounds 

HBMPI (4-hydroxybenzylidene-1-methyl-2-propenyl-imidazolinone) and HBMPDI (4-

hydroxybenzylidene-1-methyl-2-penta-1,3-dien-1-yl-imidazolinone) for DsRed show 

differences in their quantum yields and Raman spectra compared to those found in the 

protein, probably due to the ethylenic substitution of the sulfur-containing side chain in 

the chromophore.193-194 Another candidate for computational study is the ideal structure of 

the mCherry chromophore, referred to as the CH6 ligand in the protein data bank, but it 

has conformational difference from the chromophore in the mCherry crystal structure 

PDB:2H5Q (see Figure D.5 for structure comparison). Therefore, the molecule used in this 
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computational study is adapted from the mCherry crystal structure (PDB:2H5Q), shown 

in Figure 5.1. Coordinates of the heavy atoms from PDB:2H5Q were taken as the starting 

coordinates. Hydrogen atoms were added to produce a neutral species. With the positions 

of the heavy atoms on the conjugated rings being frozen, geometry was optimized using 

density functional theory (DFT) with the B3LYP functional and the cc-pVTZ basis set. 

All quantum computations were carried out with the Gaussian 09 package. The geometry 

optimization was performed in gas phase, as it was found that inclusion of solvent in 

geometry optimization has negligible effect (< 2%) on subsequent excited-state 

calculations for similar systems.193 

Time-dependent DFT (TDDFT) was employed to calculate vertical excitation 

energies and oscillator strengths (OSs) of the mCherry chromophore. B3LYP was found to 

have the best performance among selected exchange-correlation functionals in terms of 

describing vertical excitation energies and oscillator strengths of GFP model 

chromophores,195 and thus was used in this study. Compared to the B3LYP functional, 

inclusion of a correction for the 1/r long range behavior using the BNL functional did not 

bring notable changes to the transition dipole moment calculation results for GFP 

chromophores.196 More generally, hybrid functionals including approximately 25% of exact 

exchange (B3LYP, B3P86, and PBE0) were found to perform best with these highly 

conjugated molecules.197 Consistent with this finding, the PBE0 functional in our 
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calculations also provides values of similar quality as B3LYP (see Figure D.2). The cc-

pVDZ basis set was used in the TDDFT calculations, as the basis set dependence was 

found to be saturated fairly fast for similar systems.195-196 A comparison of the cc-pVDZ, cc-

pVTZ and aug-cc-pVTZ basis sets in Figure D.1 shows negligible discrepancy in describing 

excitations of the mCherry chromophore below 4.5 eV using the three basis sets. UV-vis 

spectra were simulated by a Gaussian distribution with a standard deviation of 5 nm. 

The application of external electric field with different strengths was simulated by 

using an added finite dipole field (the Field keyword in Gaussian 09). The field was 

applied in three orthogonal directions, namely the x, y and z directions, defined in Figure 

5.1. As a shorthand notation, we use F+x to denote an electric field applied along the +x 

direction, and use F–x to denote an electric field applied opposite to the +x direction (and 

similar for the y and z directions). The absolute field strength varies from 0 to 0.02 a.u. 

(10 V/nm), where we focus on the 0 – 5 V/nm range from a practical point of view. 

Results for stronger electric field strengths up to 0.04 a.u are available in Appendix D. The 

calculations presented here were carried out in gas phase. A discussion on the effect of 

protein environment will be given in the last section. 
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5.3 Electric Field Effects on the Absorption Spectra 

First we describe field-induced changes to the absorption spectra of the mCherry 

chromophore. The spectra obtained without the field are shown with black curve in Figure 

5.4. The excitation energy of maximum absorption (the S0→S1 excitation) is 3.37 eV with 

an OS of 0.49. The experimental absorption maximum of mCherry is observed at 587 

nm,172 1 eV less than our computation result. This discrepancy comes from three sources: 

typical error of TDDFT calculations for similar systems, differences between the neutral 

and anion forms of the chromophore, and the influence of the protein environment. 

Anionization of FP model chromophores typically brings a red shift of about 0.4 eV to the 

neutral form.194 The dielectric environment leads to a 0.1 eV decrease in the excitation 

energy compared to the result in vacuum195 (also see Figure D.3). Excitation energies of 

FP model chromophores calculated using TDDFT tend to deviate systematically from the 

experimental values by 0.5 eV.187, 195 One practice for the systematic errors is to shift the 

calculated value by the mean error from the reference values,197 or to add a linear 

coefficient to the shift depending on the extent of the electronic delocalization.193 Here, the 

relative changes produced by the application of an external electric field are the main 

focus, rather than absolute accuracy between the calculated absorption of the isolated 

chromophore and the experimental spectrum of the protein, and we choose not to 

systematically shift our computed excitation energies. 
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Figure 5.2: Electric field effect on the absorption of the mCherry chromophore 
from TDDFT computation. Integrated OS of the mCherry chromophore as a 

function of applied electric field strength in the (a) x-, (b) y-, and (c) z-
direction over different excitation energy ranges (cut-off ΔE) shown in the 
legend. About 15% enhancement of integrated OS below 3.5 eV is observed 

when F+x reaches 1.5 V/nm. 

 

The excitation energy-dependent integrated OS150 is used in Figure 5.2 to evaluate 

the intensity of absorption over different wavelength ranges. This term is defined as the 

sum of the OSs associated with excitation energies below a given value ΔE (referred to as 

the cut-off excitation energy), i.e., ∑ 𝑓𝑓0𝑘𝑘(𝐸𝐸𝑘𝑘−𝐸𝐸0)≤∆𝐸𝐸 , where 𝑓𝑓0𝑘𝑘 denotes the OS between the 

ground state |Ψ0⟩ and the kth excited state |Ψ𝑘𝑘⟩, 𝐸𝐸0 and 𝐸𝐸𝑘𝑘 are the corresponding 

electronic energies. Since the absorption maximum in zero field is 3.37 eV, a cut-off ΔE of 

3.5 eV (orange curves in Figure 5.2) corresponds to a typical wavelength range in mCherry 

absorption measurements. Enhancement of mCherry light absorption is expected if the 

integrated OS associated with the 3.5 eV cut-off ΔE grows. An increase in the integrated 

OS with a cut-off ΔE of 3.0 eV or below indicates a strong red shift, while an increase in 

the 3.5 – 4 eV cut-off ΔE range indicates a blue shift of major excitations.  
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Electric field applied in the +x or –x direction (F±x) induces most notable changes, 

while F±z has a negligible influence on OS distributions (see Figure 5.2). This is expected 

since the conjugated rings of the molecule lie in the x–y plane, and the dipole moment is 

aligned mainly with the –x direction (𝒓𝒓�⃗  = (–1.05, –0.37, –0.43) Å in the coordinate system 

shown in Figure 5.1), along which the delocalization extends between the phenol and 

imidazole rings. An electric field applied in the +x direction (F+x) polarizes of the molecule 

and intensifies its vertical excitations. The enhancement in the integrated OS with a cut-

off ΔE of 3.5 eV is more than 15% when the field strength in the +x direction is above 1.5 

V/nm (the orange curve in Figure 5.2a). The absorption maxima are red-shifted below 3 

eV when F+x reaches 7 V/nm, or when F–x is larger than 4 V/nm (the peaks of the blue 

curve in Figure 5.2a). The increasing gap between the orange and green curves in Figure 

5.2b indicates that F–y places more OS at higher excitation energies above 3.5 eV. 

Next, we examine how external electric fields change the absorption maximum of 

the mCherry chromophore. This absorption is attributed to the S0→S1 excitation in the 

absence of an external field. Figure 5.3 shows that F+x (the black curve on the right of the 

dashed vertical line) steadily red-shifts the maximum absorption, and significantly 

enhances the intensity by up to 45%. F+y (the red curve on the right of the dashed vertical 

line in Figure 5.3) also improves the absorption by up to 28% when the field strength is 

below 0.4 V/nm or above 1.0 V/nm without significantly changing the absorption 
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wavelength, but the funnel area in between (0.4 – 1.0 V/nm) where the OS drops abruptly 

should be avoided when one attempts to tune the chromophore absorption using F+y. 

There are two abrupt jumps at F–x = 1.5 V/nm and F–x = 3.5 V/nm in Figure 5.3, where 

higher-energy excitations become the strongest absorption across the spectra. In fact, the 

S0→S2 and S0→S3 excitations also surpass the S0→S1 excitation when F–x ≥ 1.5 V/nm, 

which will be discussed in the next section. Generally, any mutations in the mCherry 

protein scaffold that will create a local field in the –x, –y or –z direction (F–x, F–y and F–z) 

are discouraged in order not to reduce the OS. Site mutagenesis should produce F+x or F+y 

to enhance the fluorescence intensity, where F+x is more effective than F+y. 

 

Figure 5.3: Changes in (a) the excitation energy and (b) the OS associated 
with the absorption maximum of the mCherry chromophore (denoted as ΔEmax 
and OSmax, respectively) as a function of applied electric field strength in the x, 

y and z directions. The OS is 0.49 at zero field. The maximum absorption is 
steadily red-shifted and enhanced by up to 45% when electric field is applied 

in the +x direction (F+x). F+y increases OSmax by up to 28% without 
significantly shifting ΔEmax. 
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Figure 5.4: The calculated absorption spectra of the mCherry chromophore 
when the electric field is applied (a) in the +x direction and (b) in the –x 

direction at different field intensities. The major peak (S0→S1) red-shifts in all 
cases, and is enhanced by F+x. In (b), F–x weakens the major peak (S0→S1, 
shown in solid lines), and intensifies the second major absorption (S0→S3, 

shown in dashed lines) located at shorter wavelength. Note that the shoulder 
peak (the S0→S2 transition) at zero field (see the black curve) becomes 

negligible when F+x is applied, while it merges with and broadens the major 
peak (S0→S1) with the presence of F–x. See Figure 5.5 for detailed analysis. 

 

Figure 5.4 shows the changes in the spectra when the electric field is applied in the 

+x or –x direction. Figure 5.3 indicates that the absorption maximum is red-shifted and 

enhanced by F+x (Figure 5.4a). The enhancement is maximized at F+x = 2.5 – 3.0 V/nm. 

The major peak also narrows with increasing F+x intensity due to the vanishing of the 

shoulder peak (see the “S0→S2” arrow in Figure 5.4a). The small peak at 325 nm also 

becomes negligible (see the “S0→S3” arrow). In contrast, F–x broadens the major absorption 

peak, and increases the OS associated with the secondary absorption peak (the dashed line 

in Figure 5.4b, identified as the S0→S3 excitation), which becomes stronger than the initial 

absorption maximum at F–x = 1.5 V/nm. In sum, F+x focuses available OSs over the 



 

105 

excitation range to the desired S0→S1 transition, while F–x averages out the absorptions and 

reduces their total OS. These observations will further be discussed from an electronic-

structure point of view in the next section. 

 

5.4 Electric Field Effects on the Electronic Structure and 
Excitation Characteristics 

We now take a closer look at the S0→S1 and the S0→S2 excitations that are 

responsible for the large absorption bands and the characteristic shoulder peak in the 

mCherry chromophore absorption spectrum. Figure 5.5a shows the excitation energies and 

OSs for different field intensities along the x axis. The excitation energy of the S0→S2 

excitation is 0.12 eV below that of the S0→S1 excitation at zero field, resulting in a 

shoulder peak on the left of the maximum absorption peak (black curve in Figure 5.4). 

Their excitation energy difference is enlarged by F+x, and so is their OS difference, which 

makes the major absorption peak sharper in Figure 5.4a. The S0→S2 excitation is red-

shifted by F–x at a faster rate than the S0→S1 excitation, and the peaks become degenerate 

at F–x = 2.0 V/nm. The merging of the two excitations leads to a broadening of the major 

absorption peak in Figure 5.4b. The height of this absorption peak is decreased by half at 

F–x = 2.0 V/nm, as the OS drops quickly with increasing F–x. 
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Figure 5.5: Electric field effects on the electronic structure and excitation 
characteristics. (a) Excitation energy (ΔE, solid lines, left y-axis) and OS 

(dashed lines, right y-axis) associated with the S0→S1 (black) and S0→S2 (red) 
excitations as a function of the applied field strength in the x direction. (b, c) 
Contributions of the singly-excited transitions (e.g., HOMO→LUMO) to the 

S0→S1 and S0→S2 excitations, i.e., the expansion coefficients of the single-
excited configurations from the full-electron TDDFT calculations. 

 

The contribution of the HOMO→LUMO transition to the S0→S1 and the S0→S2 

excitations correlates with the OS of the S0→S1 and the S0→S2 excitations. Figure 5.5b 

shows an increasing HOMO→LUMO contribution to in the S0→S1 excitation when the 

field intensity grows along the x direction, which parallels the increase of the S0→S1 OS 

(black dashed line) in Figure 5.5a. On the other hand, the HOMO→LUMO transition does 

not contribute to the S0→S2 excitation when F+x > 2 V/nm (Figure 5.5c), and the S0→S2 

OSs becomes negligible in that range. The rise of the S0→S2 OS in the –1 V/nm < F+x < 2 

V/nm range (red dashed line in Figure 5.5a) corresponds to an increasing portion of the 

HOMO→LUMO transition in the S0→S2 excitation. This also holds true for the S0→S3 

excitation (see Figure D.8). 
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Figure 5.6: Molecular orbital shift of the mCherry chromophore by applied 
electric field in the x direction from DFT computations. 

 

The rise of the HOMO→LUMO contribution to the S0→S1 excitation parallels the 

decrease of the HOMO–1 → LUMO character in the S0→S1 excitation (the black and the 

blue curves in Figure 5.5b). This is attributed to the broken degeneracy of HOMO and 

HOMO–1. Figure 5.6 shows that F+x induces an energy-splitting between the HOMO and 

HOMO–1, which strengthens the HOMO→LUMO transition in the first excited state. The 

change in the HOMO energy is a convex function of Fx, while the LUMO energy is linear 

in Fx, leading to a red-shift of the S0→S1 excitation with Fx. The relatively large energy 

gap between LUMO and LUMO+1 determines that lower-energy excitations are mostly 

contributed from transitions to the LUMO. 

The strong enhancement of the S0→S1 excitation induced by F+x also comes from 

the increasing energy gap between the HOMO and HOMO–2 as F+x increases. The S0→S1 



 

108 

OS, as well as the integrated OS with a cut-off ΔE of 3.5 eV (Figure 5.2a), reaches a 

maximum at F+x = 2.5 V/nm. At this field intensity, the energy gap between the HOMO 

and HOMO – 2 is also maximized (1.22 eV, see Figure 5.6), and the HOMO – 2 → HOMO 

transition does not contribute to the S0→S1 excitation at all (the green curve in Figure 

5.5b). Overall, the S0→S1 excitation is enhanced by a growing HOMO→LUMO 

characteristic as a result of the increasing energy gap between the HOMO and the 

HOMO–1 and HOMO–2. 

 

5.5 Implications for Site Mutagenesis 

The observations and analysis on the enhancement of the mCherry chromophore 

absorption induced by the electric field in the +x direction suggests that mutations should 

be targeted to introduce positively charged residues at the sites near the –x axis and to 

introduce negatively charged residues at the sites near the +x axis in order to create a 

local electric field along the +x direction (see Figure 5.1 for the definition of the coordinate 

system). Alternative strategy is generate F+y (avoiding the funnel region of the red curve in 

Figure 5.3b), which is not expected to be as effective and may not produce a red-shift as 

large as F+x does.  

Table 5.1 lists residues in mCherry that would potentially create F+x and F+y upon 

mutation to charged residues (see also Figure 5.7). Ideally, the optimal field intensity for 
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F+x is 2.5 V/nm where the OS is expected to increase by 45%, but a lower field intensity 

(e.g., 0.5 V/nm) would still produce a 20% enhancement. The field strength (Fres) 

generated by oppositely charged residues can be approximated by Fres = 2q/r2, where q is 

charge of the oppositely charged residues (treated as point charges), r is the distance 

between the residues and the chromophore center, and all quantities are in atomic unit. In 

this approximation, the maximum field strengths that can be generated by the residues 

listed in Table 5.1 are 3.5 V/nm for F+x, and 5.5 V/nm for F+y, using the distances 

between the closest residues (see the last column in Table 5.1). The actual field strength at 

the chromophore would be much weaker than Fres due to the shielding of dielectric 

environment. Multiple site mutations might be required to strengthen the local field. 

 

Table 5.1: Residues Targeted to Enhance the Absorption of mCherry via Site 
Mutagenesisa  

 –x / –y sites (+ charge) +x / +y sites (– charge) max field strengthc 

x direction 
(primary) 

TRP143, GLU144, 
ALA145, SER146, 
GLN163 

GLN109, ASP110, 
SER111, SER112, 
GLN114, ILE119, 
TYP120 

~3.5 V/nm 
(SER146 – GLN109 
= 17 Å) 

y direction ARG95, GLU148, 
TYR151, GLU153, 
LYS158b, GLU160, 
THR179, TYR181 

THR43, ALA44, 
LYS45, GLU212b 

~5.5 V/nm 
(ARG95 – ALA44 
= 14 Å) 

a: Numbering is based on the mCherry crystal structure (PDB:2H5Q). 
b: Lysine and glutamic acid already possess desired charges, so they may be left unchanged. 
c: Simulated by treating the charged residues as point charges. 
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Figure 5.7: Residues targeted to enhance the absorption of mCherry via site 
mutagenesis. Red color indicates residues to be changed with positively 
charged amino acids. Blue color indicates residues to be changed with 

negatively charged amino acids. Numbering is based on mCherry crystal 
structure (PDB:2H5Q). See Table 5.1 for details. 

 

We now briefly discuss how the protein environment can be included in the 

computational studies on FP chromophores. Two kinds of strategies have been described 

in the literature to treat the influence of the protein environment on the 

absorption/emission spectra: (1) an implicit dielectric continuum model to account for the 

protein;193, 195-196 (2) explicitly including surrounding amino acids in the quantum 

mechanical (QM), molecular mechanical (MM) or QM/MM calculations.183, 198-200 In the 

spirit of the first strategy, we used the polarizable continuum model201 to explore 
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spectroscopic changes of our neutral chromophore in response to different dielectric 

constants. Figure D.3 shows a red shift of about 0.1 eV in the excitation energy of the 

maximum absorption when ε = 4 (mimicking the protein core) and ε = 10 (mimicking the 

protein surface). This value is consistent with the computation results for the GFP 

chromophore.195 The neutral GFP model chromophore has an absorption maximum of 3.51 

eV in vacuum by extrapolation using the multivariant Kamlet-Taft fit,202 or 3.6 eV from 

CASPET2 calculations.192 As stated by Filippi, et al.,192 these values found for the isolated 

chromophore are significantly larger than the 3.12 eV value found in the neutral-form 

wild-type GFP protein,203 which cannot be covered by the red-shift of implicit solvents.  

In terms of the second strategy to treat the influence of the protein environment on 

the absorption/emission spectra, several studies show that significantly large QM regions 

(with hundreds of atoms) are needed to obtain an acceptable description of excitation 

energies for solvated chromophores.199-200 Both the identity of the surrounding residues and 

the thermal motion of the protein environment can have a noticeable effect on the 

absorption spectra.200 The computational results presented in this study are for isolated 

chromophores in vacuo, which may not be able to quantitatively predict the spectral 

behavior of the protein. The proposed site mutations would provide a starting point for 

mutagenesis targeting improved fluorescence intensity of mCherry. 
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5.6 Conclusions 

Computational studies for electric field effects on the absorption properties of the 

mCherry chromophore were presented. We found that electric fields applied in the +x or –

x direction (F±x) induce the largest changes, while F±z has a negligible influence on the OS 

distribution. The enhancement of the strongest electronic transition induced by F+x is up 

to 45% when F+x reaches 1.5 V/nm. The enhancement is attributed to a growing 

HOMO→LUMO character in the S0→S1 excitation as a result of the increasing energy gap 

between the HOMO and HOMO–1/HOMO–2. F+y also slightly increases the absorption by 

up to 28% when the field intensity is above 1.0 V/nm, without noticeably shift in the 

absorption maximum.  

Based on this analysis, general suggestions for protein mutations in mCherry that 

target improved fluorescence intensity is to create a local electric field in the +x direction 

(or F+y, as a secondary choice). Potential sites for amino acid mutation are summarized in 

Figure 5.7. The optimal field intensity may be achieved by mutating the nearest residues 

in these sites, and multiple mutations might be needed to obtain the targets local fields. 

Mutation to the mCherry protein that would create a local field in the –x, –y or –z 

direction are discouraged in order not to reduce the OS. Explicit description of the protein 

environment in the analysis of optical properties would likely increase the quantitative 

accuracy of the predictions.  
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6 Proton Conduction in Self-Assembled Cyclic 
Peptide Nanotubes with Basic Side Chains 

 

This chapter describes a collaborative project with Dr. Subhasish Roy, Mr. Ohad 

Silberbush and Dr. Nurit Ashkenasy at Ben Gurion University of the Negev, Beer-Sheva, 

Israel. Ashkenasy’s group conducted the experiments (Section 6.2). Dr. Agostino Migliore 

edited the text of Section 6.3 considerably. The material described here is in preparation 

for publication with co-authors: Roy, S.; Silberbush, O.; Migliore, A.; Beratan, D. N.; 

Ashkenasy, N..  

 

6.1 Introduction 

Proton-conducting materials are key elements in electrochemical devices, including 

fuel cells, batteries, sensors, electrolysers, and gas separation technologies.29-34 The efficacy 

of proton transport in natural biological systems204-206 has inspired investigation on the 

proton conductivity of various biomaterials.207-209 Proteins are among the most natural 

candidates for proton-conducting biomaterials, due to their functioning in natural proton 

transfer reactions and in the large diversity of structure. The main drawback of utilizing 

proteins in bioelectronic devices is the difficulty to extract them from biological sources 

and to make structural modifications. Synthetic peptides are competitive alternatives as 

long-range proton conductors that allow facile synthesis and de novo design while retaining 
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the proton-conducting functionality and biocompatibility of proteins. The propensity of 

peptides to self-assemble into nanometric fibrils49, 210-211 or nanotubes212-213 has inspired their 

use as conducting wires.214-216 Apart from biocompatibility and structural versatility, their 

ability to promote proton conduction under hydrated conditions210, 212 is a large advantage 

over commercially available proton-exchange membranes.33 

Understanding the proton conducting mechanism and sequence design rules for 

synthetic peptides is key to develop highly conductive synthetic peptides for next 

generation proton conducting materials. Recently, the peptide side chains were found to 

significantly affect proton conduction in self-assembled peptide nanofibrils213 and cyclic 

peptide nanotubes.212 It has been shown that introduction of a single acidic, or basic, 

amino acid into the side chain of a heptameric self-assembling peptide, increases proton 

conduction in the resulting fibers by two orders of magnitude.213 The aim of this study is 

to understand how basic side chains govern short or long range proton transfer in cyclic 

peptide nanotubes. 

Lysine, arginine and histidine amino acids are basic in character and can accept 

protons from water molecules. In cellular systems, they participate in phosphorylation 

processes217 and play an important role in the methylation of proteins in cells.218 These 

amino acids play a crucial role in the stabilization of proteins through salt-bridge219 and 

cation-π220 interactions, as well as interactions with the phosphate groups of DNA. Their 
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ability to protonate and deprotonate also contributes to gating of membrane protein 

proton channels. The involvement of three basic canonical amino acids attests to the 

importance of their detailed chemical structure in dictating their interactions with other 

amino acids and biomolecules, and hence their behavior in biological systems.  

In this chapter, experimental observations from the Ashkenasy group on the 

conductivity of lysine, arginine and histidine containing cyclic octa-peptide nanotubes, 

namely c(KF)4, c(RF)4, and c(HF)4, will be described in Section 6.2. Detailed current-

voltage (I-V) and impedance spectroscopy (IS) characterizations and electrostatic force 

microscopy (EFM) studies of the cyclic peptide nanotubes’ electronic properties show that 

the conductivity of c(KF)4 is orders of magnitude larger than that of the other two systems 

due to the high charge mobility of c(KF)4. In Section 6.3, theoretical effective PT rates 

and average proton couplings for the three peptide nanotube model systems will be 

reported by analyzing possible PT pathways and by monitoring nuclear conformations 

that enable the PT in molecular dynamics (MD) simulations. We show that higher mean-

square proton couplings and more effective cross-layer PT for c(KF)4 contribute to its high 

conductivity over c(RF)4 and c(HF)4, probably resulting from the more flexible lysine side 

chain. Section 6.4 analyzes the dependence of cross-layer hydrogen bond (H-bond) 

formation on the rigidity of the modeling structures by carrying out MD simulations on 
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constrained peptide hexamers, and promotes further investigations on more accurate 

modeling of cyclic peptide nanotubes in computational studies. 

  

6.2 Experimental Observations: High Conductivity in 
Lysine-Containing Cyclic Peptide Nanotubes  

A D, L-α-cyclic octa-peptide design was chosen to study long range proton 

transport across a β-sheet assembly (Figure 6.1a). These cyclic peptides are known to 

self-assemble into anti parallel β-sheets forming bundles of nanotubes (Figure 6.1b). This 

cyclic design allows to alter the side chains without significant changes to the backbone 

assembly interactions, hence it provides a rigid platform to isolate side chain effects on 

proton conductivity. To study the influence of side chain chemistry on long range proton 

transfer, a C4 symmetry design was used, with the naturally occurring charged basic 

amino acids, lysine, arginine and histidine incorporated at the four alternating L-amino 

acid positions of each of the peptide monomers, and phenylalanine incorporated at the D-

position of the three cyclic peptides c(KF)4, c(RF)4, and c(HF)4, respectively (Figure 6.1a). 

This C4 symmetry induce the formation of chains of protonating side chains side along the 

nanotube periphery upon self-assembly, which can create proton transfer channels. The 

phenyl group are used to stabilize the self-assembly by π-π interactions222 (Figure 6.1b).  
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Figure 6.1: Structure and morphology of the cyclic peptide nanotubes. (a) 
Chemical structure of the studied molecules. The pKa of the basic side chains 
of each peptide is indicated. b) Top and side view of the c(KF)4 self-assembled 
peptide nanotube structure. This structure was used as the initial structure for 
molecular dynamic modelling. (c) Atomic force microscopy (AFM) topography 
images of self-assembled peptide nanotube samples from the Ashkenasy group. 

Scale bar in each panel is 1  m. The diameter of nanotube bundles was 
extracted from topography cross section. (d) Polarization modulation infrared 
reflection absorption spectroscopy (PM-IRRAS) Fourier-transform infrared 

spectroscopy (FTIR) spectra at the amide I/ II absorption range of the three 
self-assembled peptide nanotube samples on gold substrates from the 

Ashkenasy group. Peaks at 1627 cm-1 and 1693 cm-1 for the peptides indicate 
the formation of anti-parallel β-sheets (We note that the second peak may 
include some contribution from TFA absorption). A peak at 1743 cm-1 for 

c(HF)4 indicate imidazole hydration.  
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Figure 6.2: Electrical characterizations of self-assembled cyclic peptide 
nanotube devices using PdHx contacts from the Ashkenasy group. To be 

finalized. (a) Current voltage (I–V) curves of the three samples at 60% relative 
humidity. Data is an average of 4–6 measurements for each sample and the 

error is provided as the standard deviation of the measurements. (b) Nyquist 
plot representation of impedance spectroscopy (IS) measurements of the tree 

samples at 60% relative humidity. Experimental data is presented in dots. Line 
presents fitting of the data according to the equivalent circuit presented at the 
top inset. (c) Comparison of charge transport efficiency for the three samples: 
i. resistance extracted from the inverse of the I-V curves in (a); ii. Resistivity 
extracted from the slope of transfer line measurements (TLMs); iii. Resistance 

extracted from IS measurements; iv. Resistivity extracted from dielectric 
response analysis of the IS data. (d) Normalized electric force microscopy 

(EFM) phase shift signal for single self-assembled peptide nanotube bundles. 
EFM imaging collected in a glove box in nitrogen atmosphere under +/–9V 

(no signal was observed under 0 V). The Phase signal was obtained from cross 
section of the EFM signal over a bundle. 
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Self-assembly of the cyclic peptides in aqueous solution was achieved in the 

Ashkenasy group using acetonitrile as a co-solvent to tune the side chain interactions 

without affecting the β-sheet forming propensity,223 resulting in the formation of high 

aspect ratio, several microns long nanofibrillar structures (Figure 6.1c). The typical 

diameter of the fibers was found to be in the range of 4.6±2.5, 30.9±6.3 and 53.6±10.5 nm 

for c(KF)4, c(RF)4, and c(HF)4 fibers, respectively. Evidently, each of the fibers was 

formed from bundles of self-assembled peptide nanotubes, as indicated by high resolution 

transmission electron microscopy (HR-TEM) imaging (Figure E.2). Interestingly, fiber 

twisting was observed for the thinner c(KF)4 fibers, while c(RF)4, and c(HF)4 assembled 

into thicker rigid rod like structures. The anti-parallel β-sheet structure of the assemblies 

was manifested by the appearance a peak at a frequency of 1627 cm-1 and a corresponding 

peak at 1693 cm-1, at the amide I range, in FTIR spectra of each of the peptides (Figure 

6.1d).224 X-ray photoelectron spectroscopy (XPS) indicated that the amine side chains are 

largely protonated, presumably due to the incorporation of trifluoroacetic acid (TFA) in 

the assembly. 

First indication for long range proton transfer was obtained from current-voltage 

(I-V) measurements of networks of self-assembled peptide nanotubes performed in two 

electrodes configuration in the Ashkenasy group (Figure 6.2a). An Ohmic behavior was 

observed in the I-V curves in the range of –0.5 V to 0.5 V applied voltage for all samples. 
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The measurements were conducted under 60% relative humidity (RH) conditions, under 

which a water uptake of 4 water molecules per peptide was found for c(KF)4 and c(RF)4, 

and 8 water molecules per peptide for c(HF)4 (Figure E.4). These moderate humidity 

conditions were found to be sufficient to form a continuous water addlayer, above the 

percolation threshold, while small enough to highlight the direct involvement of peptide 

side chains in proton transport. Confirmation for proton conductivity was indicated by the 

demonstration of a kinetic isotope effect (KIE). These results demonstrate the dominance 

of proton transport over the possible transport of electrons and other ions. Significant 

differences in the current magnitude of the three devices were observed, with the highest 

currents obtained for c(KF)4 and lowest for c(HF)4.  

Impedance spectroscopy (IS) in the Ashkenasy group obtained under similar 

relative humidity conditions and PdH contacts revealed similar behavior. The Nyquist 

plots of the three devices present dual semispherical shape, indicative of volumetric as well 

as interfacial proton transfer processes. Notably the semispherical radii, which are 

proportional to the resistance of the samples were the smallest for c(KF)4 and larger for 

c(HF)4. These values were compared with the resistance values extracted from the inverse 

of slope of a linear fit of the I-V profiles (Figure 6.2i), indicating similar trends in the 

resistance of the three peptide samples; the resistivity of c(KF)4 peptide nanotubes was 

found to be about an order of magnitude larger than that of c(RF)4, and almost two orders 
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of magnitude larger than the conductance of c(HF)4 nanotubes. The lower resistance 

values obtained in the IS measurements are indicative of non-negligible contact resistance 

in the I-V measurements due to interface polarization. Transfer length measurements 

(TLMs) were used to isolate the contact and bulk resistance values (Figure E.5). These 

results further confirmed the differences in the resistivity of the three peptide nanotube 

assemblies, with the bulk resistivity of c(KF)4 peptide nanotubes being almost two order of 

magnitudes lower than that of the others two peptide’s nanotube samples, for which the 

resistivity was found to be similar.  

Overall, the IS and I-V measurements of the Ashkenasy group indicate that 

differences in the nature of the basic groups give rise to differences in conductivity, with 

~2 orders of magnitude larger conductivity for c(KF)4, and a somewhat smaller 

conductivity for c(HF)4 then c(RF)4. Assuming drift dependent charge transport, these 

differences may be related to differences in the density of the charge carriers or in their 

mobility (or both). The differences in the conductivity could not be assigned to differences 

in the pKa of the side chains, which are 12.48, 10.54 and 6.04 for c(RF)4 c(KF)4 c(HF)4, 

respectively. This negates a relation between the protonation capacity of the side chains 

and charge carrier concentration as dominating factors in the observed differences in the 

conductivity of the nanotubes. These differences could not be explained also by the water 
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uptake capacity of the networks (Figure E.4), which was found to be twice as larger for 

c(HF)4 that has the lowest conductivity.  

The observed differences in proton transfer rate were supported by electrostatic 

force microscopy (EFM) studies of the nanotubular assemblies in the Ashkenasy group 

(Figure 6.2d and Figure E.2).225-229 Dark contrast, indicating attractive electrostatic 

interactions, was observed in the EFM images of the three peptides regardless of the 

polarity of the voltage applied during imaging (Figure E.2a-c) suggesting a dominance of 

the capacitive term over the EFM signal. Significant differences in the magnitude of the 

EFM signal were observed for the three samples (Figure E.2d). The capacitive EFM signal 

is affected by both transverse and longitudinal polarizations,117 with the first being strongly 

affected mostly by the radius of the nanofiber and the second by conductivity of the 

nanofibers. To account for the transverse polarization, the EFM phase signal was 

normalized to the square radius of the nanotube bundles (Figure 6.2d).117 A significantly 

larger normalized signal was observed for c(KF)4 nanotube, while a comparable signal was 

observed for c(RF)4 and c(HF)4 nanotubes. These differences, which reflect differences in 

the longitudinal polarizability of the single peptide nanotube bundles, are indicative of 

differences in the conductivity of the nanotubes. Indeed, these values are in good 

agreement with the conductivity values measured for the networks. It should be noted that 

these proton densities were evaluated for isolated fibers under nitrogen atmosphere and 
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therefore do not account for the effects of humidity. According to our theoretical 

predictions these differences stem from differences in the mobility of the materials. The 

EFM capacitive signal is expected to depend on the longitudinal mobility,117, 230 hence the 

differences on the normalized EFM signal can be accounted to differences in the mobility. 

While an accurate quantitative assessment is beyond the scope of this work, the EFM data 

suggests orders of magnitude difference in the conductivity of c(KF)4 nanotubes with 

respect to the two other samples. 

 

6.3 Side Chain Flexibility is Key to the High Effective 
Proton Transfer Rate for c(KF)4 

To understand the origins of the different conductive properties of the c(KF)4, 

c(RF)4 and c(HF)4 nanotubes, we studied charge mobility in the three systems as a 

function of their local structure and dynamics, using the model systems shown in Figure 

6.3a–c and the kinetic model in Figure 6.3d. At the atomic level, charge mobility is 

described by the effective proton transfer (PT) rate through the (cyclic) peptide nanotube 

through H-bonds. We carried out molecular dynamics (MD) simulations on cyclic peptide 

hexamers (Appendix E.2) to assure the structural stability of the peptides in the middle of 

the assemblies, by mimicking their constraints in a real nanotube. We added an excess 

proton to one of the central peptide side chains; hence, we used these peptides to monitor 

the occurrence of nuclear conformations that enables the PT and to compute the average 
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effective PT rate over selected MD snapshots. With this procedure, we avoided edge 

effects on the chemical structure and thus on the rate. While the experiments were carried 

out at a relative humidity of 60%, the MD simulations were performed in vacuum or 

water. 

 

Figure 6.3: Model structures and single-step proton transfer pathways. (a-c) 
Initial structures (side views and top views) of the anti-parallel peptide 6-mers 

used in the MD simulations. One of the side chains on the third peptide is 
protonated. (d) Possible single-step proton transfer pathways.k1 and k2 
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represent the nearest-neighbor PT and the cross-layer PT rates, respectively. 
kd and kw represent the direct PT rate between the side chains and the water-
mediated PT rate, respectively. k0 and kN represent the PT rate between the 

electrode (or any proton source) and the peptide system. 

 

 

Figure 6.4: H-bonding configurations corresponding to the four PT passways 
described in Figure 6.3d: H-bond between side chains (a) on neighboring 

peptides and (c) on the next-nearest neighboring peptides; water-mediated H-
bonds (b) between neighboring peptides and (d) between the next-nearest 

neighboring peptides. 

 

Figure 4 shows four typical geometries found in the MD trajectories. PT can occur 

directly, or can be mediated by a water molecule between amino acid side chains on 

neighboring peptides or on second neighbor peptides (Figure 6.4a-d). The latter 
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circumstance, which was initially unexpected, depends on the local structural flexibility of 

the system (in particular, on the ability of the side chains to come into direct contact) and 

significantly influences the charge mobility (see below). Our kinetic model (Figure 6.3d) 

accounts for the four possible PT steps. The nonadiabatic regime is assumed for each PT 

step because of the typical distances between donor (D) and acceptor (A) nitrogen atoms 

in the systems and the relatively short-range nature of PT.231-232 In this regime, with the 

simplifying assumption that the Franck-Condon factors pertaining to the heavy-atom 

framework of the PT reaction (i.e., nuclear modes that involve D and A and possibly other 

heavy atoms nearby) are similar for the three side chains, one can neglect the dynamical 

coupling between such heavy-atom framework and the transferring proton, and that the 

PT processes between the different side chains are characterized by similar free energy 

parameters, the relative values of the PT rate constants in the three systems shown in 

Figure 6.3 are proportional to the respective mean-square proton couplings.231 

Furthermore, exploiting the WKB approximation, one finds that the proton coupling is 

proportional to the overlap DAS  between the wave functions of the transferring proton 

before (proton bound to D) and after (proton bound to A) the PT process.231, 233-234 

Therefore, we can use the 2
DAS  values, averaged over the MD snapshots, to compare the 

relative values of the effective PT rates in the three systems. The same physical reasons 

leading to the assumption of nonadiabatic PT suggest the reasonable further assumption 
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that, in the case of water mediation, the PT occurs by a two-step hopping mechanism. 

Then, because of the above approximations and the presence of an external voltage,235 the 

pertinent PT rate satisfies the relation (Appendix E.3) 

 
−

− −
− −
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where W denotes the intervening water molecule. The PT reactions between D and A 

nitrogen atoms in different amino acid side chains and those involving a water molecule 

are characterized by different Marcus-like free energy parameters. However, either in 

vacuum or in the water solvent, one expects similar reorganization energies for the 

different PT reactions because of the localized proton wave functions and the similar local 

environment. Moreover, first-principles calculations give small reaction free energies of the 

order of a kcal/mol for intramolecular PT reactions in alanine and phenylalanine.215 Thus, 

we make the reasonable simplifying approximation that the different PT reactions at play 

(either in vacuum or in the presence of the water solvent) are characterized by the same 

activation free energy. Then, for sufficiently long peptide nanotubes, and under the 

physical conditions detailed in Appendix E.2, the effective PT rate through a peptide 

nanotube (that is, the proton mobility per peptide nanotube), in the general case in which 

the system contains water molecules, is given by 

 = + + +1 1 1 1 2 2 2 22( )eff d d w w d d w wk f k f k f k f k . (6.2) 
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Here, 1 (2) denotes the PT between nearest (second-nearest) neighbor peptide sidechains. 

Thus, ∝ =2
1

 ( 1,2)
d DA i

k S i , with the average taken over the fraction fid of MD snapshots 

in which D and A are directly hydrogen-bonded; kiw is given by equation (1) with D and A 

belonging to adjacent (i = 1) or second neighbor (i = 2) cyclic peptides and averages 

taken over the respective fiw (i = 1, 2) of MD structure snapshots with D-W and W-A H-

bonds. In vacuum, the terms on the right side of Equation 6.2 that involve a water 

molecule are absent, while the remaining terms are characterized by smaller reorganization 

energies than in water. 

 

 

Figure 6.5: Effective PT rate, H-bonds occurrence and mean-square proton 
couplings. (a) Effective PT rates through a peptide nanotube (proton mobility 
per peptide nanotube) in vacuum and in water for c(KF)4, c(RF)4 and c(HF)4, 

normalized by the effective PT rate for c(KF)4 in vacuum (keff
0). (b) 

Occurrence of nearest-neighbor H-bonds (f1) and the next-nearest-neighbor H-
bonds (f2) for the three peptide systems. (c) Mean-square proton coupling for 
the three peptide systems in vacuum and in water when H-bonds are formed. 
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The above approximations enabled the analysis of a vast number of snapshots 

(taken each ps), and thus a statistically meaningful comparison with the experimental 

data. In addition, more refined theoretical modeling could not allow us to reduce 

appreciably, the degree of uncertainty in the comparison between the theoretical and 

experimental results, because of unavoidable theoretical approximations, on the one hand, 

and experimental sources of errors/uncertainty, on the other hand.  

The keff theoretical values for the three peptide systems in vacuum and in water are 

shown in Figure 6.5a. These values (Table E.1) are normalized to the value of keff for the 

c(KF)4 system in vacuum. The values in water should be scaled down because of a larger 

reorganization energy, as noted above. In fact, Figure 6.5c compares the mean-square 

proton couplings for the polypeptides in vacuum and in water, thus highlighting the 

decrease in proton mobility arising from the occurrence of hydrogen bonding patterns that 

can enable direct water-mediated PT between the amino acid side chains and from the 

proton coupling (or PT matrix element) values. The decrease can be ascribed to the 

occurrence of many configurations in which water enters the space between side chains, 

thus preventing type-1d H-bonding (Figure 6.4a) for all of the three systems (that is, 

leading to a drastic decrease of f1d, as shown in Figure E.7) and type-2d H-bonding (Figure 

6.4c) for the c(RF)4 and c(HF)4 nanotubes. Type-2d H-bonding increases, instead, for the 

c(KF)4 system in the presence of water (Figure E.7c). In fact, this H-bond type gives the 
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largest contribution to the total H-bond occurrence (Figure 6.5b). This circumstance, 

together with the factor of two that is associated with type-2 PT in Equation 6.2, is the 

main reason that the mean-square proton coupling in the solvated c(KF)4 system only 

shows a very slight decrease compared to its value in vacuum, differently from what occurs 

in the other two systems. A plausible rationale for this result, which warrants further 

investigation, is that the linear side chain of lysine is more flexible than the branched side 

chain of arginine and the imidazole ring of histidine, and thus it can enable more 

efficiently type-2d H-bond formation in the presence of water, while the length of the 

lysine side chain hampers type-1d H-bonding in the solvent. The water-mediated H-

bonding patterns of types 1w and 2w (Figure 6.4b and Figure 6.4d, respectively) are 

negligible in the solvated c(RF)4 and c(HF)4 systems (𝑓𝑓1𝑤𝑤,𝑓𝑓2𝑤𝑤 ≅ 0). 𝑓𝑓2𝑤𝑤 can be appreciated 

in the c(KF)4 system, but 𝑓𝑓2𝑤𝑤 ≪ 𝑓𝑓2𝑑𝑑 (see Figure E.8); moreover, generally the double step 

in Equation 6.1 is slower than the single step in the direct PT between side chains. In 

vacuum, instead, the branched side chain of arginine appears more able to form H-bond 

configurations between nearest neighbor peptides (Figure E.7), although the linear side 

chain of lysine may favor the directionality of the PT process, and thus a larger proton 

coupling once the H-bond is formed, as is supported (also in the presence of water) by the 

proton coupling values shown in Figure 6.5c. 



 

131 

Our theoretical analysis shows that, overall, the presence of water reduces the 

proton coupling between the peptide side chains and therefore it is expected to decrease 

the proton mobility through the peptide systems. However, the water molecules could 

contribute to carrying protons from the proton source at the injection electrode to the 

peptides, correspondingly enhancing the charge carrier density and thus the conductivity. 

This effect is not considered in the present study. The influence of water molecules on 

proton coupling might be overestimated due to the fluctuation of water density in our 

constant-volume MD simulations where pressure was not regulated. The type-2 H-bond 

configuration in c(KF)4 contributes to its higher keff than that of c(RF)4 and c(HF)4 both in 

vacuum and in water, regardless of the decreased proton coupling in water. 

Figure 6.5a also shows the mobility values for the three peptide systems derived 

from experimental data at a RH of 60%. Both sets of theoretical values clearly correlate 

with the experimental data. The relative values of proton mobility in vacuum show a more 

quantitative agreement with the experimental values, as we expect by considering that the 

amount of water around the system at a RH of 60% is considerably less than that in the 

fully solvated system (see Appendix E.4 and Figure E.4). 
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6.4 Rigidity in Constrained Cyclic Peptide Nanotube Model 
Systems Eliminates Cross-Layer Proton Transfer 

Our simulations in Section 6.3 highlight the contribution of the cross-layer PT to 

the high charge mobility in c(KF)4 due to its more flexible lysine side chain. In this 

section, we will show that the formation of cross-layer H-bonds is disabled when the 

peptides have much less freedom to move in highly-structured systems. 

In Section 6.3, hexamers were built to model the cyclic peptide nanotubes in MD 

simulations (Figure 6.3a-c), in which the occurrence of four H-bond configurations (Figure 

6.4) between the center peptides was monitored in the MD snapshots. During the 

simulation, while the stacking structure between the center peptides remains, the peptide 

chain experiences slight structural distortion (Figure 6.6a), and the peptides on the edge 

start to detach from the peptide chain (Figure 6.6b).  

To minimize structural flexibility in cyclic peptide nanotube model systems, MD 

simulations were performed on cyclic peptide hexamers using the same setup as described 

in Section 6.3, except that the position of the heavy atoms on the backbone of the edge 

peptides (on the top and on the bottom) was fixed during the simulation. The distance 

between the fixed peptides on the edge was determined based on the equilibrium distance 

between the two peptides in the center of the hexamer in MD simulations without 

constraints (3 – 4 Å larger than the initial distance). Highly ordered initial structures of 

the hexamers are well maintained during MD simulations in vacuum and in water when 
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constraints are applied (Figure 6.7). No notable changes are observed to the peptide chain 

(e.g., bending, detaching or horizontal shift) other than normal structural fluctuations.  

 

 

Figure 6.6: Structures of c(KF)4 “free” hexamer (a) in vacuum and (b) in 
water during MD simulations after equilibration. 
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Figure 6.7: Structures of c(KF)4 constrained hexamer (a) in vacuum and (b) in 
water during MD simulations after equilibration. 

 

Effective proton transfer rates (keff) for the c(KF)4, c(RF)4 and c(HF)4 model 

systems with fixed backbones of the edge peptides in vacuum and in water are reported in 

Figure 6.8b using the same analysis procedure presented in Section 6.3. Compared to the 

“free” hexamer systems (Figure 6.8a), keff for c(KF)4 in water decreases dramatically by 

more than one order of magnitude, while it is the contrary for c(RF)4. The drastic decrease 

in the c(KF)4 PT rate in water is attributed to the absence of cross-layer (type-2) H-bond 
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configurations in the MD snapshots for the constrained c(KF)4 hexamer, which contributes 

greatly to the high keff in c(KF)4 hexamer without constraints. Same observation is found 

in peptide decamers (Appendix E.5). Flexibility that facilitates the formation of cross-layer 

H-bonds is disabled in highly constrained cyclic peptide model systems. Which modeling 

(with or without constraint) better describes the real peptide nanotubes deserved further 

investigation. 

 

 

Figure 6.8: Effective PT rates through a peptide nanotube in vacuum and in 
water for c(KF)4, c(RF)4 and c(HF)4 (a) without and (b) with constraints. 

 

Regardless of the missing cross-layer PT, keff for c(KF)4 in vacuum, which better 

represents the experimental condition (a RH of 60%) than in the fully solvated system, is 

about one order of magnitude larger than that for c(RF)4 and c(HF)4, in excellent 

agreement with the experimental measurements. This is mainly attributed to the larger 
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proton coupling for c(KF)4 once the H-bond between neighboring side chains is formed (see 

Table 6.1), consistent with the results for hexamers without constraint (Figure 6.5c).  

 

Table 6.1: H-bond occurrence (between neighboring peptides), mean-squared 
average proton coupling and effective PT rate for constrained c(KF)4, c(RF)4 

and c(HF)4 hexamers in vacuum 

 c(KF)4 c(RF)4 c(HF)4 

H-bond occurrence 0.532 0.481 0.708 

−

2
DA H bond

S  2.14E-11 5.79E-12 6.16E-12 

keff 1.14E-11 2.79E-12 4.36E-12 

 

6.5 Conclusions  

Three D, L-α-cyclic octa-peptide nanotubes, namely c(KF)4, c(RF)4, and c(HF)4, 

were synthesized via self-assembly. About two orders of magnitude larger conductivity for 

c(KF)4 was found in IS and I-V measurements, together with a somewhat smaller 

conductivity for c(HF)4 then c(RF)4. Electrostatic force microscopic measurements show a 

significantly larger normalized signal or c(KF)4 and a comparable signal for c(RF)4 and 

c(HF)4 nanotubes. Lysine containing cyclic peptide nanotubes were found to be better 

proton conducting materials. 

Effective PT rates were computed to study charge mobility in the three peptide 

systems. MD simulations were carried out on hexamer model systems where the occurrence 

of nuclear conformations enabling the PT was monitored and analyzed. A larger mean-
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square proton coupling was found for c(KF)4 model system once H-bond was formed. PT 

occurs directly or is mediated by a water molecule, between amino acid side chains on 

neighboring peptides or on second-neighbor peptides. Among the four H-bonding 

configurations, H-bond between side chain on the next-nearest neighbors gives the largest 

contribution to the total H-bond occurrence for c(KF)4. The more efficient cross-layer PT 

in c(KF)4 may stem from the more flexible lysine side chain, which deserves further 

investigation. 

The formation of cross-layer H-bonds requires that the peptides have more freedom 

to fluctuate within the peptide chain. Cross-layer PT was not found in the hexamer model 

systems when the backbone atoms of the edge peptides are fixed during MD simulations, 

resulting in a drastic decrease in the effective PT rate for constrained c(KF)4 hexamer in 

water. Despite the absence of cross-layer H-bonding, the effective PT rate for constrained 

c(KF)4 in vacuum is about one order of magnitude larger than that for constrained c(RF)4, 

and c(HF)4 due to a larger mean-square proton coupling for c(KF)4, where lysine may 

favor the directionality of the PT process. These findings also suggest studies of improved 

accuracy in the modeling of cyclic peptide nanotubes. 
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7 Conclusions 

The effectiveness of solar energy capture and conversion materials derives from 

their ability to absorb light and to transform the excitation energy into energy stored in 

free carriers or chemical bonds. The TRK sum rule mandates that the integrated 

(electronic) OS of an absorber equals the total number of electrons in the structure. 

Typical molecular chromophores place only about 1% of their OS in the UV/Vis window, 

so individual chromophores operate at about 1% of their theoretical limit. Chapter 2 

explores the distribution of OS as a function of excitation energy to understand this 

circumstance using familiar independent-electron model Hamiltonians as well as first-

principles electronic structure methods. For polyenes, the TDDFT OSs are distributed 

over a wide range of excitation energies beyond the UV/Vis window, and the integrated 

OS converges slowly to the electron number. We find that the OS of the lowest-energy 

transition captures a small fraction of the total OS (< 3%), but this percentage increases 

linearly with the number of carbon atoms. A large portion (~70%) of the total OS is 

associated with the excitation of σ electrons, mostly to the continuum states. The 

remaining 26% of the OS is associated with π-electron transitions, and about 55% of this 

OS corresponds to transitions to σ* orbitals and diffuse functions embedded in the 

continuum.  
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The analysis in Chapter 2 indicates that even a modest focusing of the UV/Vis OS, 

achieved via design, could dramatically increase the efficiency of current photovoltaic 

devices. In this spirit, Chapter 3 and Chapter 4 propose two OS focusing strategies. In 

Chapter 3, 1D potential models with maximized HOMO→LUMO OS were built by 

borrowing strategies from optics through the quantum-optical analogy. A few linear 

molecules were designed using a variety of building blocks by matching the HOMO energy 

of each moiety to the potential of each well in the piecewise constant potential models. By 

comparing the S0→S1 OSs of the molecules from TDDFT computations and the 

HOMO→LUMO OSs of the corresponding potential models, however, we found that while 

the model can predict a general trend of the ordering of S0→S1 OSs in different molecules, 

discrepancy exists between the models and molecules. Both the model and TDDFT 

calculations show that polyenes feature maximum S0→S1 OSs among liner molecules of the 

same length. 

Chapter 4 explores electronic-structure-based strategies that can be used to 

enhance polyene light absorption in the UV/Vis region using TDDFT calculations. By 

stretching polyene molecules by 20%, the oscillator strength associated with the σ → σ* 

transition is significantly enhanced and becomes comparable to the π → π* value, while the 

excitation energy drops by up to 4 eV, closer to the UV/vis window. We also show that 

electrostatic fields can induce significant enhancement in polyene light absorption by an 
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order of magnitude, depending on the strength of the applied field. The integrated OS of 

polyenes and polydiacetylenes oscillates as the electric field strength increases, with 

increasing frequency and magnitude as the size of the molecule grows. The field-induced 

enhancement is retained in polyene assemblies and in polyene molecules absorbed on the 

gold surface, i.e., when polyenes or polydiacetylenes are employed in devices. Our analysis 

finds that changes in the transition dipole moment are responsible for the significant OS 

enhancement. A shielded superlattice potential model is able to qualitatively reproduce the 

oscillatory integrated OSs from the TDDFT calculations, suggesting that bond alternation 

and the shielding effect make polyenes exhibit the unique OS response to external 

electrostatic fields. These analyses provide a starting point for further studies on the effect 

of strong electric fields on vertical excitation properties of linear conjugated molecules. 

Inspired by the electric field effects on polyene light absorption, Chapter 5 explores 

the optimal field orientations and intensities that maximize the fluorescence intensity of 

red fluorescent proteins. We find that electric fields applied in the +x or –x direction along 

the principle chromophore axis induces most notable changes. The enhancement of the 

absorption is up to 45% in the presence of +x electric field with a field strength of 1.5 

V/nm, which is attributed to a growing HOMO→LUMO character in the S0→S1 excitation 

as a result of the increasing energy gap between the HOMO and HOMO–1/HOMO–2. 

Specific residues are identified for mutagenesis to establish the designed fields. The optimal 
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field intensity may be achieved by mutating the nearest residues in these sites, and 

multiple mutations might be needed to obtain the targets local fields. 

Chapter 6 investigates the origins of the different conductive properties of self-

assembled cyclic peptide nanotubes that have different basic side chains. MD simulations 

were carried out on hexamer model systems to calculate their effective PT rates, where the 

occurrence of nuclear conformations enabling the PT was monitored and analyzed. Our 

simulations highlight the contribution of the cross-layer PT to the high charge mobility in 

lysine-containing peptide hexamer due to its more flexible side chain. The formation of 

cross-layer H-bonds, however, can be disabled when the peptides have much less freedom 

to move in highly-structured systems. The high conductivity of lysine-containing peptide 

nanotubes also stems from their larger mean-square proton coupling, where lysine may 

favor the directionality of the PT process. 

This dissertation work motives further investigations on OS manipulation and 

focusing to improve light absorption efficiency of molecular chromophores, and on PT 

mechanisms in synthetic peptides to develop highly conductive peptide-based proton 

conducting materials. 
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Appendix A. Supporting Materials for Chapter 2 

 

This chapter is adapted from the Supporting Information of Zheng, L.; Polizzi, N. 

F.; Dave, A. R.; Migliore, A.; Beratan, D. N., Where Is the Electronic Oscillator Strength? 

Mapping Oscillator Strength across Molecular Absorption Spectra. J. Phys. Chem. A 

2016, 120 (11), 1933-1943. 

 

A.1 Computation of Oscillator Strength for Analytical 
Independent-Electron Models 

A.1.1 One-Dimensional Harmonic Oscillator 

The one-dimensional harmonic oscillator binds each non-interacting electron 

harmonically. The Hamiltonian for each electron is 

 ω= +
2

2 2
0

ˆ ˆ 1 ˆ
2 2 e

e

H p m x
m

 (A1.1) 

where ω0  is the angular frequency of the oscillator. The transition dipole moment matrix 

elements are 

 δ
ω +=


, 1
02nm m n

e

x m
m

, (A1.2) 

and the oscillator strengths (OSs) are 
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+ = +

= 


1,      1
0,           otherwisenm

n m n
f , (A1.3) 

where n and m denote the quantum numbers associated with the filled and empty orbitals 

for the ground state. 

 

 

Figure A.1: Allowed transitions (black arrows) of the harmonic oscillator 
model. n is the quantum number associated with the highest occupied non-

interacting electron eigenstate of the system. Z is the total number of 
electrons. Blue arrows indicate electrons and their spins. In case (a), 

+ −= + =∑ 0 , 1 1,k n n n nk
f f f Z ; for case (b), 

+= =∑ 0 , 12k n nk
f f Z . Thus, the TRK sum 

rule is obeyed and all OS is in the HOMO→LUMO transition with excitation 
energy of ω∆ =  0E . 

 

Transitions occur only between eigenstates with m = n + 1, as indicated in Figure 

A.1Figure . Thus, 100% of the OS for excitation from the ground state is focused in the 

HOMO→LUMO transition with an excitation energy of ω 0 . For both cases in Figure 

A.1, the TRK sum rule is satisfied and the OS is fully focused (there are two electrons in 
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each filled orbital). Thus, if many-electron quantum systems could be made to mimic 

independent-electron 1D harmonic potentials with excitation energy in the UV/Vis region 

of the spectrum, the OS would be fully focused into a single electronic transition, and our 

design goal would be met. 

 

A1.2 One-Dimensional Particle-in-a-Box (1DPIB) 

In the 1DPIB model, V(x) = 0 when ≤ ≤0 x W and infinite elsewhere. The OSs 

associated with 1DPIB transitions between states n and m are 

 ( )π


±= −


±

2 2

22 2 2

64 ,      odd 
,

0,                      even 
mnf

m n n m
n m

n m

 (A1.4) 

where m, n are the quantum numbers of the 1DPIB eigenstates. The transition dipole 

moment is 

 
( )

( )
ψ ψ

π
→ +

+
= =

+
1 22

8 1
ˆ .

2 1
H L g gx

Wg g
x

g
 (A1.5) 

The H→L OS (fH→L) and its fraction of the total OS (fH→L /Z) are: 

 
( )

( )π
→ +

+
= =

+

22

, 1 32
2

128 1
,

2 1
H L g gf f

g g

g
  (A1.6) 

 
( )
( )π

→
+

=
+

2

32

64 1
.

2 1
H L

g gf
Z g

  (A1.7) 
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The factor of 2 in Eq. A1.6 captures the double occupancy of orbitals. 

→H Lx  and 
→

/
H L
f Z  are plotted in Figure A.2 as a function of g, the quantum 

number of the HOMO. →H Lx  grows nearly linearly with the well width (W = Rg), while 

the energy of the transition drops. 97% of the OS is concentrated in the HOMO→LUMO 

transition if only one orbital (g = 1) is occupied. The percentage of OS focused in the 

HOMO→LUMO transition plateaus to ~80% as the number of electrons (and the box size) 

grows. 

 

 

Figure A.2: Relationships between the transition properties and the HOMO 
quantum number g (g = Z/2 = W/R) for the “HOMO→LUMO” transition in 
the 1DPIB model. (a) Transition dipole moment xH→L as a function of g. R is a 
unit length that gives W = Rg. (b) The percentage of fH→L in the total OS (Z). 

Note that more than 80% of the total OS is concentrated in the 
HOMO→LUMO transition for the 1DPIB model, irrespective of the Z value. 
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A.1.3 Constant Potential Particle-in-a-Ring (PIR) 

In the PIR model, the energy eigenvalues are two-fold degenerate for ≥ 1n  

(Figure A.3). The electric dipole selection rule requires ∆ = ±1n . Thus, the OS values are: 

 ( ) + = ± += 


0.5,  1

0,          otherwise
mnf

n m n
. (A1.8) 

Here m and n are the quantum numbers. That is, nonzero OSs are only associated 

with the HOMO→LUMO transition for Z = 4k + 2, ∈k  ℕ (Figure A.3b), or with the 

HOMO→LUMO and (HOMO–1)→HOMO transitions when Z = 4k, ∈k  ℕ (Figure A.3a). 

Both cases are desirable in terms of OS focusing, as OSs are concentrated in one or two 

transitions. 

 

Figure A.3: Allowed transitions (blue arrows) for the constant potential 
independent electron PIR model. n is the quantum number for each 

eigenstate. (a) OS is focused entirely in n = 0 to two-fold degenerate LUMO 
transitions (b) OS is focused entirely in the two-fold degenerate HOMO to 

two-fold degenerate LUMO transitions. 
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A.2 Hückel Method Calculations 

The Hamiltonian in the Hückel model is: 

 
α

φ φ β
 =
= = 



,  
ˆ ,  ,  nearest neighbor

0,   otherwise
ij i jH

i j
H i j  (A2.1) 

Here α and β are empirical constants fitted to capture the qualitative features of the 

observed electronic spectra (we take: α = –6.9 eV, β = –2.4 eV236). Molecular orbitals ψn  

and their energy eigenvalues nE  were computed. 

 

A.2.1 Molecular Orbitals and Energies 

For polyenes, the normalized molecular orbitals and their energies are 

 
ψ φ

α β
=

=

= +

∑
1

,

,

j

N

jp p
p

n j

c

E m
 j = 1, 2, …, N. (A2.2) 

where the eigenvalues are obtained by solving: 

 

α β
β α

α β
β α

−
−

=

−
−



  



0 0
0

0
0
0 0

E
E

E
E

. (A2.3) 

Porphine may be described in Hückel theory as an 18-atom cyclic polyene. The 

cyclic polyene eigenfunctions and eigenvalues are (for N even) 
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πψ φ

πα β

=

 
=  

 
 

= +  
 

∑
1

1 2exp  ,

22 cos .

N

j p
p

j

jpi
NN
jE

N

 j = 0, ±1, …, ±(N/2 – 1), N/2.  (A2.4) 

 

A.2.2 Basis Sets for Hückel Calculations 

We use two different approximations to the transition dipole moment matrix 

element. The first one is the Kronecker δ approximation: 

 φ φ δ= =ˆ
pq p q pq qr r R , (A2.5) 

where pqr is the position of atom q. Thus, the transition dipole moment matrix elements 

are 

 δ δ δ δψ ψ φ φ δ
= = =

= = =∑ ∑ ∑* * *

, 1 , 1 1

ˆ ˆ
N N N

i j ip jq p q ip jq pq q iq jq q
p q p q q

c c c c c cr r R R .  (A2.6) 

Results calculated using the Kronecker δ approximation are shown in Figure A.4. 

A different approximation to pqr  results from another basis set used in Chapter 2, 

i.e., a 2p carbon orbital in the STO-3G contraction:237 

 

( )
( )
( )

φ − = −

+ −

+ −

23
2

2

2

( ) 2.9414494 0.15591627,

0.6834831 0.60768372,

0.2222899 0.39195739,

p

z

z

z

STO G C
A p A

p A

p A

g

g

g

r r R

r R

r R

, (A2.7) 

where 
2 zp

g  is the normalized primitive Gaussian function of the 2p atomic orbital:238 
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 ( ) ( ) ( )α α π α= −
1/45 3 2

2 , 128 / exp
zp

g zr r . (A2.8) 

In this case, the transition dipole moments are 

 ψ ψ φ φ
−− − − −

−
=

= ∑ ∫2 2 2 2
max[ ]3 3 3 3*

min[ ]
, 1

ˆ ( ) ( )exp p p p

ex

N
STO G C STO G C STO G C STO G C
i j ip jq p q

p q
c c d

r r

r r
r r r r r . (A2.9) 

 

 

Figure A.4: Hückel results assuming zero overlap among basis functions. (a) 
Integrated OS distributions for polyenes. (b) OSs of the HOMO→LUMO 

transition (fH→L) for each molecule and their linear fits vs. Z. The inset shows 
the fraction of fH→L over the total OS (fH→L/Σf, here Σf does not converge to 
Nπe) vs. Z for each molecule. The scale of the x-axis is the same as in (b). The 
OS distributions are much more highly concentrated in the HOMO→LUMO 

transition compared to the corresponding distributions obtained using the non-
orthogonal (STO-3G) 2p-orbital basis. 

 

A.2.3 Coordinates 

We model polyenes as linear molecules oriented with their long-axis along the x–

axis, with average bond length R = 1.396 Å. The coordinates of a terminal carbon atom 
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are set to (0, 0, 0), and the Nth carbon atom is thus positioned at (R(N–1), 0, 0). The 

transition dipole moment and the total OS for C2H4 using the δ approximation are: 

 ( )δ δψ ψ= = −1,2 1 2 1 2
ˆ / 2r r R R , (A2.10) 

 ( ) β
= = × − = − =∑

 

22

1,2 2 1 1,2 2

2 22 2 1.22755m m Rf f E E r . (A2.11) 

 

Table A.1: Coordinates of the porphine atoms used in the Hückel analysis 

Atom # Atom x/Å y/Å z/Å 

1 C -4.2110 -4.4960 -9.6039 
2 C -5.5486 -4.0764 -9.8889 
3 C -5.6190 -2.7251 -9.6939 
4 C -4.3269 -2.2691 -9.2828 
5 C -3.9391 -0.9705 -8.9789 
6 C -2.6733 -0.5410 -8.5792 
7 N -1.5844 -1.3359 -8.4160 
8 C -0.5799 -0.5116 -8.0215 
9 C 0.7290 -0.9044 -7.7400 
10 C 1.2518 -2.1894 -7.8079 
11 C 2.5894 -2.609 -7.5228 
12 C 2.6597 -3.9602 -7.7178 
13 C 1.3677 -4.4163 -8.1290 
14 C 0.9799 -5.7148 -8.4329 
15 C -0.2859 -6.1443 -8.8326 
16 N -1.3748 -5.3494 -8.9959 
17 C -2.3794 -6.1737 -9.3904 
18 C -3.6882 -5.7809 -9.6719 
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Eq. A2.11 indicates that the sum of the OS does not necessarily converge to the 

number of electrons, in violation of the TRK sum rule. The value of β, effective mass m, 

and coordinates R influence the sum. 

For porphine, we use the coordinates of the 18 labeled atoms obtained from DFT 

geometry optimization in Table A.1. 

 

A.2.4 Hückel and DFT Framework 

The OS distributions computed with the Hückel and full-electron TDDFT methods 

can be more directly compared by using Slater determinants of molecular orbitals in the 

Hückel model and the frozen-core electron approximation in the DFT analysis. Four spin 

orbitals238 describe the π electrons in the Hückel method: 

 α β α βχ ψ α χ ψ β χ ψ α χ ψ β= = = =1 1 1 1 2 2 2 2, , , ,  (A2.12) 

where ψ ψ1 2,  are the spatial molecular orbitals obtained from the Hückel method, α  

and β  are spin up and down vectors that can be written in the matrix form: 

 α β
   

= =   
   

1 0,
0 1

. (A2.13) 

The two-electron Slater determinant is:238 
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( )

α β

α β

χ χ
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ψ ψ α β β α

−

−
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1 1

1/2
1 1

(1) (1)
2

(2) (2)

2 (1) (2) (1) (2) (1) (2)

 (A2.14) 

The two spin-singlet singly-excited states are 
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α β
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 (A2.15) 

and 
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 (A2.16) 

while the spin-singlet doubly excited state is 

 

( )

α β

α β

ψ ψ

χ χ

χ χ

α β β α

−

−

Ψ =

= −
2 2

2 222 1/2
11

2 2

1/2 (1) (2)

(1) (1)
2

(2) (2)

2 (1) (2) (1) (2)

 (A2.17) 

These states are depicted in Figure A.5. 

In this two-electron system, the operator R̂  is the sum of two one-electron 

operators, (̂1)r and (̂2)r : 

 = +ˆ ˆ ˆ(1) (2)R r r  (A2.18) 
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Figure A.5: The ground state ( )Ψ0 , the spin-singlet singly excited states 

( )Ψ Ψ2 2
1 1,  and the spin-singlet doubly excited state ( )Ψ22

11
 in a two-electron 

system (C2H4). 

 

Thus, the transition dipole moment matrix element between the ground state Ψ0 and the 

excited state Ψ2
1  is 

 ( ) ψ ψψ ψ ψ ψ−= =+
1 2

1
1,2 1 2 1 2

ˆ2 ˆ ˆ(1) (1) (1) (2) (2) (2)R rr r  (A2.19) 

and, similarly, 

 ψ ψ= =Ψ Ψ
1 2

2
1,2 0 1

ˆˆR rR , (A2.20) 

 = =Ψ Ψ22
11,22 0 11 0ˆR R , (A2.21) 

where i represents the spin-down configuration of the electron in state i (see Figure A.5). 

Eqs. A2.19 – A2.21 give the total OS 

 = + =1,2 1,2 1,22f f ff  (A2.22) 

which is the same as in Appendix A.2.3. The second equality in Eq. A2.22 is now 

rigorously established for the two-electron space, as needed for comparison with the 
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TDDFT results. Moreover, using the Pariser-Parr-Pople method239 and the assumption of 

zero differential overlap,240 the degenerate first-excitation energies with nonzero transition 

dipole moment are 

 β− = − =1,2 0 1,2 0 2E E E E  (A2.23) 

which are consistent with the energy differences in Appendix A.2.1. One may proceed 

similarly for the other systems. 

 

A.3 Robustness of the Computational Setup for the Ab 
Initio Excited State Calculations 

 

 

Figure A.6: Integrated OS of the hydrogen atom calculated using the TDHF 
and the TDDFT/B3LYP-CS00 approaches with the aug-cc-pV6Z basis set. 

This figure and related work were done by Dr. Agostino Migliore. 
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To determine the method of choice for excited state polyenes and porphyrins 

calculations, we compared the integrated OS of hydrogen and ethylene obtained at 

different levels of computational accuracy, using different software packages. 

Here, HF indicates the use of DFT with an exchange-correlation functional that 

has the form of the Hartree-Fork exchange (TDHF). B3LYP + CS00 refers to the B3LYP 

functional with the Casida-Salahub correction to obtain the correct –1/r long-distance 

behavior of the XC potential65, 70. CIS indicates the use of the Tamm-Dancoff 

approximation. The above calculations were performed using NWChem.61 

 

A.3.1 TDDFT Study of Unsaturated Molecules 

Due to the poor asymptotic behavior of standard density functionals, TDDFT 

calculations on unsaturated organic molecules can suffer from large errors for the vertical 

excitation energies of the Rydberg states,65 valence states dominated by ionic character 

(1La),66-67 and long-range charge-transfer transitions.68-69 Another drawback of TDDFT is 

the lack of double excitations.241 

Typical errors calculated by TDDFT/BP86 are within 0.2 –0.3 eV.64  For large 

aromatic molecules, such errors could be as large as 0.9 eV.66 However, the integrated OS 

over a relatively wide excitation energy range cannot be significantly affected by subtle 

changes in the excitation energies (see Figure 2.1c). Indeed, the sum of the transitions in 
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an energy window, rather than a specific transition, is our primary concern when taking 

the inventory of OSs. Furthermore, the future aim of our research is to focus OS into the 

UV/Vis spectral range, which also extends over several eVs, Therefore, minor errors from 

TDDFT calculations do not affect our main conclusions. Regardless of the tolerance to 

errors, an asymptotically corrected density functional (B3LYP + CS00) was used in our 

calculations to achieve improved accuracy in the calculation of transitions to Rydberg and 

continuum states. 

 

A.3.2 Basis Sets 

Validations of the computational methods used to compute OSs at the TDDFT 

level were provided by Matsuzawa et al. 71 and Ciofini et al.72 using different basis sets and 

multiple organic molecules as test cases. Mean absolute errors (MAEs) of the excitation 

energies for benzene are 0.49 eV (valence transitions) and 1.14 eV (Rydberg transitions) 

with the cc-pVTZ basis set. As a comparison, the MAEs are 0.19 eV (valence transitions) 

and 0.14 eV (Rydberg transitions) for the aug-cc-pVTZ basis set.72  

Stowasser et al.73 showed that the order of some unoccupied valence KS orbitals 

can be inverted (especially for higher energy virtual orbitals and for orbitals in some 

transition-metal complexes) when minimal basis sets are used. The different density 

functionals used in their study lead largely to consistent symmetries and orderings of the 
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KS orbitals of water, nitrogen and ethylene. The inversion issue is, indeed, a minor one as 

basis sets such as 6-31G* or larger are employed (and the smallest basis set used in 

Chapter 2, i.e., cc-pVDZ, is more appropriate than 6-31G* to describe electronic 

correlation). 

The OSs are not particularly sensitive to the basis set used, or, at least, are no 

more sensitive to bass than the vertical excitation energies. OSs of valance excitations 

converge with the 6-31G basis set, and those of Rydberg transitions converge with only 

one diffuse function added for the heavier atoms.71  The agreement with experimental data 

is good, especially considering the experimental spread of the data (i.e., comparing the sum 

of neighboring transition energies). For example, the sum of the experimental OSs for the 

π→π* and Rydberg transitions is 0.975 – 1.028, while the sum from the calculated results is 

1.071 from B3LYP with the cc-pVTZ + Rydberg basis set.71 Appendix A3.2 and A3.3 

compare the effects of different (augmented) correlation consistent basis sets. 

 

A.3.3 Comparisons with Experiments 

Our calculations do not address vibronic broadening effects. Pure electronic 

excitations are described in our study. The neglect of vibrational states may affect the 

comparison between the calculated results and specific experimental data, since the 

coupling between electronic and vibrational states leads to broadening of the optical 
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spectra. However, calculated vertical excitations and OSs are comparable to those obtained 

from the integrated vibronic absorption peaks for single electronic transitions (see Eq. 2.2, 

and the integrated OSs associated with multiple transitions are comparable to 

experimental OSs integrated over overlapping peaks.71 

Additional calculations on hydrogen and ethylene are available in the Supporting 

Information of Ref 19. 

 

A.4 The Embedded-Well Piecewise Constant Potential 
Model 

 

 

Figure A.7: Scheme of the embedded-well model. 

 

Figure A.7 shows the potential in the embedded-well model. We set x = 0 at the 

well center. The solutions are symmetric or anti-symmetric with respect to x = 0. ε is the 
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depth of the internal well and establishes the binding energy. The external well (V > 0) 

approximates the free space beyond the molecular system. W and L are the widths of the 

internal and the external wells, respectively. For L ≫W, a dense set of electronic states is 

generated as an approximation to the continuum of states. L was set to 100 R. W varied 

from 2 R to 14 R in increments of 2 R to model C4H6 to C14H16. R =1.4 Å is a typical 

length of the C-C bond. We treat polyenes as “linear” molecules and do not consider the 

bond angles. This treatment does not affect the accuracy of the OS calculations, as Section 

2.3 shows that R does not appear in the analytical form of the OS. As in the infinite-well 

model, Z = 4 – 14 electrons were allocated in the lowest energy occupied levels to describe 

the ground state of the system in this model. ε was initially chosen to be 13 eV, so that 

the resulting ionization potentials –– HOMO energy are close to those of polyenes (see 

Figure 2.14a). These parameters were further studied in Appendix A.4.2. 

Wave functions in the one-dimensional square well model (Figure A.7 in the large 

L limit) are: 

 ψ
−

−
=
 + ≤


+ >
' '

( )
' ,     
' ,  

kx kx
i i

ik x ik x
i i

x
Ae A e E V
Be B e E V

, (A4.1) 

where the coefficients are different in region i (i = I, II, and III). The value of k for each 

state is found using the wave function normalization and boundary conditions. Wave 

functions are calculated as described below. 
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A.4.1 Bound States 

The bound states wave functions are calculated using the boundary and continuity 

conditions: 
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 (A4.2) 

Table A.2 summarizes the wave functions and the equations that define k. The 

roots of these equations were found numerically by finding the intersections between the 

functions (see Figure A.8) using Mathematica.100 

 

Table A.2: Wave functions and transcendental equations for the bound states 
in the embedded-well model 

 Symmetric case Anti-symmetric case 
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Equations to 
be solved ( )ρ = tan / 2k kW  ( )ρ = − cot / 2k kW  

where ε= + 22 ( )/k m E , ρ = − 2( ) 2 /k mE , C determined by normalization. 
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A.4.2 “Continuum" States 

The wave function boundary and continuity conditions are: 
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Table A.3 summarizes the wave functions and the equations to be solved to 

determine the energy eigenvalues. 

Table A.3: Wave functions and transcendental equations for the “continuum" 
states in the embedded-well model 

 Symmetric case Anti-symmetric case 

Wave 
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Equations 
to be 
solved 

( ) ( )ρ ρ= −tan / 2 tan / 2k kW L W  ( ) ( )ρ ρ= − −cot / 2 tan / 2k kW L W  

where ε= + 22 ( )/k m E , ρ = 2( ) 2 /k mE , C determined by normalization. 

 

Figure A.8: Numerical strategy to solve the equation in terms of k for (a) the 
bound states, and (b) the continuum states for symmetric wave functions. 
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Appendix B. Supporting Materials for Chapter 3 

 

Section 3.3 demonstrated that the HOMO→LUMO OS can be maximized in the 

piecewise constant potential well model where the parameters (particularly 
reV and 

imV ) 

are determined by Equation 3.10, derived from Hägglund et al’s prediction for maximized 

optical absorption in multi-layer films86 based on the quantum-optical analogy. Here we 

examine the dependency of this conclusion on the choice of other parameters in the system 

(d, #nodes, arrangement of region m). 

 

Dependency on the Number of Nodes in LUMO (#nodes) 

  

Figure B.1: Dependency on #nodes: HOMO→LUMO OS for different number 
of nodes in LUMO. The black square dot represents the 

reV  and 
imV  values 

obtained from Equation 3.10. Parameters are indicated in the graphs. 
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The LUMO can be chosen to be any of the states that sit between /i sV V  and 

reV , and may have two or more nodes. The number of nodes in LUMO determines its 

wave length (λ). Figure show that λ does not influence the profiles of the heat maps. 

However, the percentage of HOMO→LUMO OS over the TRK sum decreases with 

increasing number of nodes in LUMO (smaller λ). This trend holds true for all choices of d 

(results for d = 0.05 nm and d = 0.15 nm are not shown here). 

 

Dependency on the Length of Region m (d) 

 
(a) d = 0.05 nm  (b) d = 0.10 nm  (c) d = 0.15 nm 

Figure B.2: Dependency on d: HOMO→LUMO OS for different lengths of 
region m. The black square dot represents the 

reV  and 
imV  values obtained 

from Equation 3.10. Parameters are indicated in the graphs. 

 

As described in Section 3.2.3, it is required that d < 0.2 nm. Figure  shows the 

HOMO→LUMO OS calculated using different 
reV  and 

imV values for d = 0.05 nm, 0.10 

nm and 0.15 nm. The profiles of the three heat maps are very similar, independent of d 
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values. HOMO→LUMO OS decreases as d grows. 

 

Dependency on the Length of Region m (d) 

 
 (a) Even number of layers     (b) Odd number of 

reV layers  (c) Odd number of 
imV layers  

 
(d) Even number of layers     (e) Odd number of 

reV layers  (f) Odd number of 
imV layers  

 
 (g) Even number of layers     (h) Odd number of 

reV layers  (i) Odd number of 
imV layers  

Figure B.3: Dependency on the number of sub-layers in region m. The black 
square dot represents the 

reV  and 
imV  values obtained from Equation 3.10. 

Parameters are indicated in the graphs. 
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Appendix C. Supporting Materials for Chapter 4 

 

C.1 Ab initio Calculations 

NWChem is the default program suite used in the 

calculations. In NWChem, the uniform electric field was 

simulated by placing a positive and a negative charge at ± 400 a.u. (211.671 Å) away from 

the center of the molecule. Three directions x, y, z were defined as the figure on the left, 

where the x-axis was the default direction unless explicitly specified. According to the 

equation (in atomic units): 

2
2qE E E
r+ −= + =

 

 

The charge of each point charges q was determined based on the electric field strength 

chosen, which was specified by adding “charge q” after its coordinates “bq1 x y z” in the 

geometry module.  

All the calculations without the Tamm-Dancoff approximation were done in 

Gaussian 09, due to the errors in NWChem where TDA was not used for higher applied 

electric field strengths. In Gaussian, the uniform electric field was included in the 

calculation by using the Field keyword. The Casida-Salahub '00 asymptotic correction to 

the B3LYP functional is not available in Gaussian.  
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C.1.1 Polyene and Polydiacetylenes Molecules 

 

Figure C.1: Integrated OS as a function of the applied field strength for 
polyenes from C4H6 to C160H162 using B3LYP+CS00/3-21G*/TDA. The cut-off 

excitation energy for each curve is indicated in the legends. 

 



 

167 

 

Figure C.2: Integrated OS as a function of the applied field strength for 
polydiacetylene C10H8 and C14H10 using B3LYP+CS00/cc-pVTZ/TDA.  

 

C.1.2 Polyene Assemblies and Polyene Molecules on a Gold 
Cluster 

 

Figure C.3: Integrated OS as a function of the applied field strength for (A) 
C4H6 and (B) C6H8 stacks.  
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For the dimer and trimer, geometries were optimized after placing the polyene 

molecules cofacially separated by 3.7 Å (the van de Waals distance). The excitation 

energies and OSs were calculated using TDDFT/B3LYP+CS00/cc-pVTZ with the Tamm-

Dancoff approximation. The van der Waals dispersion term was added through long-range 

contribution DFT-D by using the keyword “disp vdw 3” in NWChem. The OS was 

normalized by the number of molecules, so that the integrated OS shown in the figures is 

the OS per polyene molecule. 

 

 

Figure C.4: Integrated OS as a function of the applied field strength for (A) 
C4H6 and (B) C12H14 molecule on the gold surface. The polyenes are attached 

to the (111) surface of a Au13 cluster via sulfur. 
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Geometry was optimized by DFT using the B3LYP functional and the cc-pVDZ 

basis set, where the core electrons of Au were replaced by effective core potentials (ECPs). 

TDDFT calculations were carried out using B3LYP+CS00/cc-pVDZ+ECP/TDA. 

 

C.1.3 Convergence to the Sum Rule 

 

Figure C.5: Integrated OS distribution for C4H6 as a function of the cut-off 
excitation energies calculated by TDDFT with the Tamm-Dancoff 

approximation (TDA) using different basis sets. The black curves show the 
results with no external field. The red curves represent the results when an 

electric field was applied and the integrated OS was greatly enhanced. 

 

The TRK sum rule indicates that the integrated OS over all transitions is equal to 

its total number of electrons. Therefore, it is expected that the black and the red curves in 

Figure C.5 should converge to ~30. The disagreement between the results and the TRK 

sum rule could be explained as follows: TDDFT/TDA becomes less accurate when 

approaching the Rydberg threshold. Particularly, compared to full TDDFT, TDA was 
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found to introduce more mixing of the valance and the Rydberg state in some cases for 

polyenes, creating discrepancies from TDDFT and higher basis set dependence.146 Indeed, 

the difference between the black and the red curve shrinks as the basis set gets larger from 

3-21G* to cc-pVTZ. Moreover, it is notable that the two curves approach convergence at 

about 20 eV, then start to diverge as the cut-off excitation energy grows. It indicates that 

the discrepancies from the TRK sum rules appear at high-lying transitions close to the 

Rydberg threshold, and do not affect our main conclusions drawn from the UV-vis energy 

range. 

Figure C.6(B, D) and Figure C.9(B, D) show that the integrated OSs calculated 

with and without an external electric field, using the full TDDFT, converge at high 

excitation energies very well, while the integrated OS as a function of the electric field 

strength, shown in Figure C.6(A,C) and Figure C.7(A,C), has the same characteristic 

features as the trends calculated by TDDFT/TDA. Comparison between the results from 

the full TDDFT and TDDFT/TDA can be found in Appendix C.1.5. Therefore, we 

conclude that our calculation setup is reliable in terms of the TRK sum rule.   
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Figure C.6: B3LYP v.s. M06-2X for C4H6. Integrated OS distribution for C4H6 
as a function of (A, C) the applied electric field and (B, D) the cut-off 

excitation energies calculated by full TDDFT without the Tamm-Dancoff 
approximation using (A, B) the B3LYP and (C, D) the M06-2X functional and 

the cc-pVTZ basis set. The black curves in (B, D) show the results with no 
external field. The red curves in (B, D) represent the results when an electric 
field was applied and the integrated OS was greatly enhanced (pointed out by 

the dotted lines in figures A and C). The red and black curves converge at 
high excitation energies. 
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Figure C.7: B3LYP v.s. M06-2X for C6H8. Integrated OS distribution for C6H8 
as a function of (A, C) the applied electric field and (B, D) the cut-off 

excitation energies calculated by full TDDFT without the Tamm-Dancoff 
approximation using (A, B) the B3LYP and (C, D) the M06-2X functional and 

the cc-pVTZ basis set. The black curves in (B, D) show the results with no 
external field. The red curves in (B, D) represent the results when an electric 
field was applied and the integrated OS was greatly enhanced (pointed out by 

the dotted lines in figures A and C). The red and black curves converge at 
high excitation energies. 
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Figure C.8: Integrated OS distribution for (A) C24H26 and (B) C48H50 as a 
function of the cut-off excitation energies calculated by full TDDFT without 
the Tamm-Dancoff approximation using the M06-2X functional and the cc-

pVTZ basis set.The black curves show the results with no external field. The 
red curves represent the results when an electric field was applied and the 
integrated OS was greatly enhanced. The red and black curves converge at 

high excitation energies. 

 

C.1.4 Geometry Response to the Electric Field 

 

Figure C.9: Effect of the geometry responses to the electric field. Integrated 
OS distribution for C64H66 as a function of the applied electric field strength at 

a cut-off excitation energy of (A) 2 eV and (B) 3 eV using 
TDA/B3LYP/CS00/3-21G*. The solid curve was obtained by using the same 

geometry optimized at zero field for all the TDA calculations with electric field 
applied. The dotted line was obtained by relaxing the ground-state geometry 
with the presence of the corresponding electric field before performing the 

TDA calculations.  
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Figure C.10: The average bond length of the C=C bonds and the C-C bonds in 
C64H66 when an external electric field is applied. The geometries were used in 

the calculations shown in Figure C.9. The dashed line indicates the peak 
position. 

 

The geometries used in the TDDFT/TDA calculations in the paper were the 

geometries optimized in absence of the external electric field. Figure C.11 shows that using 

the geometry optimized with field applied in the TDDFT/TDA calculations only shifts (to 

the left) the peak positions of the integrated OS v.s. applied electric field strength curves, 

but does not change the shape and characteristics of the curves. Indeed, if the geometry 

has enough time to relax before vertical transitions when an electric field is applied, the 

“onset” electric field strength, i.e., the lowest electric field strength needed to significantly 

increase the integrated OS, can be even smaller than we predicted in the paper. 
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C.1.5 Robustness of the Computation Setup 

C.1.5.1 TDDFT v.s. TDA 

 

Figure C.11: Integrated OS distribution for (A) C24H26, (B) C32H34, and (C) 
C48H50 as a function of the applied electric field strength calculated by the full 
TDDFT using the M06-2x functional and the cc-pVTZ basis set.Results from 

the TDA calculations are shown in Figure C.1. 

 

 

Figure C.12: Comparison between the integrated OS distributions as a 
function of the applied electric field strength calculated by TDDFT/TDA and 
the full TDDFT for (A) C24H26 and (B) C48H50 using the M06-2X functional 

and the cc-pVTZ basis set.  
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Figures C.11 and C.12 show that whether the Tamm-Dancoff approximation is 

used in the TDDFT calculations does not affect the characteristic features in the 

integrated OS changes as a function of the applied electric field strength (e.g., the 

appearance of multiple peaks, and the position of each peak). 

 

 

Figure C.13: Integrated OS distribution for C4H6 as a function of the applied 
electric field strength calculated by TDA/B3LYP, TDA/HF, and the full 

TDDFT/B3LYP (from top to bottom) using the cc-pVTZ basis set. 
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C.1.5.2 Functional  

 

Figure C.14: Comparison of functionals in TDDFT/TDA calculations. 
Integrated OS distribution for C4H6 as a function of the applied electric field 
strength calculated by TDDFT/TDA using the (A) B3LYP, (B) M06-2X, (C) 

PBE0, (D) CAM-B3LYP functional and the cc-pVTZ basis set. 

 

Figure C.15: Comparison of functionals in full TDDFT calculations for C4H6. 
Integrated OS distribution for C4H6 as a function of the applied electric field 
strength calculated by full TDDFT using the (A) B3LYP, (B) M06-2X, (C) 

PBE0, (D) CAM-B3LYP functional and the cc-pVTZ basis set. 
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Figure C.16: Comparison of functionals in full TDDFT calculations for C24H26. 
Integrated OS distribution for C24H26 as a function of the applied electric field 
strength calculated by full TDDFT using the (A) B3LYP, (B) M06-2X, (C) 

PBE0, (D) Beckhandh functional and the cc-pVTZ basis set. 

 

 

Figure C.17: The effect of the hybrid functionals on molecule stacks: 
Integrated OS distribution for C4H6 dimer as a function of the applied electric 

field strength calculated by TDDFT/TDA using the B3LYP/CS00 and the 
PBE0 functional and the cc-pVTZ basis set. 
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Different functionals used in the TDDFT or TDA calculations do not affect the 

integrated OS distribution qualitatively for single polyenes (see Figure C.14 – Figure 

C.16). The discrepancy becomes significant for molecule stacks (see Figure C.17), but the 

multi-peak feature is qualitatively captured regardless of the functional. 

 

C.1.5.3 Basis Set 

 

Figure C.18: Integrated OS as a function of the applied field strength for 
polyenes from C4H6 to C48H50 using B3LYP+CS00/cc-pVTZ/TDA. The cut-off 

excitation energy for each curve is indicated in the legends. 
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Figure C.19: Comparison between the cc-pVDZ and the 3-21G* basis sets. 
Integrated OS as a function of the applied field strength for C64H66 and C96H98 
using B3LYP+CS00/TDA. The basis set and the cut-off excitation energy for 

each curve is indicated in the legends. 

 

 

Figure C.20: Comparison between the cc-pVTZ, the cc-pVDZ and the 3-21G* 
basis sets used to calculate the integrated OS as a function of the applied field 

strength for C4H6 using B3LYP+CS00/TDA. The basis set and the cut-off 
excitation energy for each curve is indicated in the legends. 
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The comparison between the cc-pVTZ, the cc-pVDZ and the 3-21G* basis sets in 

Figure C.19 and Figure C.20 show that the multiple-peak nature of the integrated OS as a 

function of the applied field strength can be captured regardless of the basis sets. 

The convergence to the TRK sum rule can be influenced by the size of the basis 

set, see Appendix C.1.3.  
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C.2 Analytical Explanation 

C.2.1 Molecular Orbitals Calculated using DFT 

   

 (a) Integrated OS vs electric field strength       (b) Integrated OS vs excitation energy 

                    
(c) HOMO-2  (d) HOMO-1    (e) HOMO      (f) LUMO   (g) LUMO+2   (h) LUMO+4 

Figure C.21: Transitions and the frontier orbitals attributed to the significant 
OS enhancement for C24H26. (a) Integrated OS at certain cut-off excitation 
energies as a function of applied field. (b) Integrated OS as a function of 

excitation energies under an external electric field of 0 and 6 V/nm, using 
TDA/B3LYP/CS00/cc-pVTZ. The texts indicate the major components 

involved in the two major transitions.  (c – h) Molecular orbitals of C24H26 
with an electric field strength of 6 V/nm (the 1st peak). 
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(a) Major transitions for the first peak (2 V/nm) in Figure C.18i, compared with 0 & 4 

V/nm. 

 

(b) HOMO-4      (c) HOMO-3  (d) HOMO-2  (e) HOMO-1  (f) HOMO  
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        (g) LUMO       (h) LUMO+1   (i) LUMO+2     (j) LUMO+3    (k) LUMO+4 

Figure C.22: Transitions and the frontier orbitals attributed to the significant 
OS enhancement for C48H50. (a) Integrated OS as a function of excitation 

energies under an external electric field of 0, 2 and 4 V/nm, using 
TDA/B3LYP/CS00/cc-pVTZ. The texts indicate the major components 

involved in the two major transitions.  (b – k) Molecular orbitals of C48H50 
with an electric field strength of 2 V/nm (the 1st peak). 

 

 

Figure C.23: Decomposition of the OS enhancement into three terms for C8H10, 
C24H26 and C48H50, see ΔOS in Figure C.18(c, g, i). 
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C.2.2 The Tilted 1D Particle-in-a-Box and the Tilted Embedded-
Well Model 

    

Figure C.24: (left) The Tilted 1D particle-in-a-box model and (right) the tilted 
1D embedded-well model to simulate the electric fields. 

 

We use the tilted 1D particle-in-a-box model and the embedded-well model to 

simulate the applied electric fields (see Figure C.24) based on the Hamiltonian: 

 
2 2

22
dH eEx

m dx
= − −


. 

However, as shown in Figure C.25 and Figure C.26, no oscillation is found in the 

integrated OS distributions as a function of the electric field strength. Instead, both 

models show a mono-decreasing OS when the potential is tilted. 
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Figure C.25: Results from the tilted 1D particle-in-a-box model. (left) 
Integrated OS distributions in different electric fields and (right) integrated 

OS at certain cutoff energies as a function of the applied field calculated using 
the tilted 1D particle-in-a-box model. 

 

 

Figure C.26: Results from the tilted 1D embedded-well model. (left) Integrated 
OS distributions in different electric fields and (right) integrated OS at certain 

cutoff energies as a function of the applied field calculated using the tilted 
embedded-well model. 
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C.2.3 The Extended Particle-in-a-Box Model 

 

Figure C.27: The extended particle-in-a-box model. (left) The scheme for the 
1D particle-in-a-box model for C8H10 with extended regions on both ends to 

accommodate the polarized wave functions. (right) The wave functions of the 
HOMO and the LUMO obtained in different electric field strengths.The three 
graphs correspond to the red, green and the purple dots in Figure C.28, and 

the green curves represent the conditions where the integrated OS is 
maximized. The yellow box points out the extended region.  

 

Figure C.28: Electric field effects on integrated OS for the extended particle-
in-a-box model. (left) The integrated OS as a function of the applied electric 
field strength for the extended particle-in-a-box model. (right) The “local” 

transition dipole moments integrated over the region between the nodes in the 
HOMO.For example, “node 1” indicates the transition dipole moment 

integrated from x = 0 to the first node in the HOMO, “node 2” indicates the 
transition dipole moment integrated from the first node to the second node in 

the HOMO, so on and so forth.  
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C.2.4 The Superlattice Model 

 

Figure C.29: One-dimensional piecewise potential that simulates the 
application of the electric field on the polyene molecules (the superlattice 

model113). Here it simulates C8H10 in an electric field of 1 V/Å, as an example. 
Electric field is simulated by a linear shift. The width of each small well equals 

the C-C bond length (1.266 Å) or the C=C bond length (1.200 Å). The 
potential difference between the C-C and the C=C regions is 2.757 eV160 –  the 
difference in their bond strengths. The dotted lines represent the HOMO and 

the LUMO energy, respectively. Here we assume the model is filled by π-
electrons. 

 

 

Figure C.30: Integrated OS at the cut-off excitation energy of 15 eV as a 
function of the electric field for (a) C8H10 and (b) C16H18 using the superlattice 

model. 
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The oscillatory response of the integrated OS to the electric field intensity is 

partially observed in the superlattice model (see Figure C.29 and Figure C.30), but no 

clear peaks as observed in the shielded superlattice potential model in Appendix C.2.5. 

Moreover, this model does not capture the drastic increase in the integrated OS from the 

TDDFT calculations. 

 

C.2.5 The Shielded Superlattice Model 

 

Figure C.31: The scheme of the shielded superlattice model for C16H18. See 
Figure 4.11 for details. 
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Figure C.32: The integrated OS as a function of the applied electric field for 
C8H10 to C64H66 obtained from the shielded superlattice model. 

 

 
Figure C.33: The comparison between the field-dependence of the integrated 

OS obtained from the TDDFT calculations (up) and from the shielded-
superlattice model (below).  
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Figure C.34: The field-dependence of the integrated OS for C16H18 and C32H34 
using the shielded-superlattice model with extended regions on both edges.  

 

C.2.6 The Shielded Flat-Potential Model 

 

Figure C.35: The scheme of the shielded flat-potential model for C16H18. The 
total width of the model equals the size of the molecule. The potential drop 
between both ends represents the applied electric field strength. Only the 

C=C on the edge experience the external electric field, while the carbon atoms 
in the middle are not affect by the field and represented as a flat potential. 
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Figure C.36: The integrated OS as a function of the applied electric field for 
C8H10 to C64H66 obtained from the shielded flat-potential model.  
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Appendix D. Supporting Materials for Chapter 5 

 

D.1 Robustness of Computation Method 
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Figure D.1: Comparison of basis sets. Integrates oscillator strength (OS) of the 
mCherry chromphore as a function of excitation energy at zero field calculated 

with cc-pVDZ, cc-pVTZ, and aug-cc-pVTZ using the B3LYP functional in 
TDDFT computations. 

 

 

Figure D.2: Comparison of functionals. Integrated OS of the mCherry 
chromophore as a function of applied electric field strength in the (a) x-, (b) y-
, and (c) z-direction over different excitation energy ranges (cut-off ΔE) shown 
in the legend, calculated using TDDFT/PBE0/cc-pVDZ. To be compared with 

Figure 2 where the B3LYP functional is used. 
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Figure D.3: Solvent effect on (a) the absorption spectra and (b) OS responses 
to external field of mCherry chromophore. Dielectric constants used in the 

CPCM model (COSMO) are shown in the legends. 

 

 

Figure D.4: Effect of the geometry responses to the electric field. Integrated 
OS of the mCherry chromophore as a function of applied electric field strength 
in the (a) x-, (b) y-, and (c) z-direction over different excitation energy ranges 
(cut-off ΔE) shown in the legend, calculated using TDDFT/B3LYP/cc-pVDZ. 
Geometries are optimized via DFT in the presence of corresponding electric 
field. To be compared with Figure 2 where the geometry optimized without 

the presence of field is used throughout all the calculations. 
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Figure D.5: Structure comparisons. (a) Ideal structure of the mCherry 
chromophore, 2-[(4Z)-2-[(1S)-1-amino-3-methylsulfanyl-propyl]-4-[(4-

hydroxyphenyl)methylidene]-5-oxo-imidazol-1-yl]ethanoic acid, referred to as 
CH6 ligand in the protein data bank. (b) Crystal structure of the mCherry 

chromphore taken from PDB: 2H5Q with added hydrogens. 

 

 

Figure D.6: Electric field effect on the excitations of the ideal structure of the 
mCherry chomophore. To be compared with Figure 2 for the structure taken 

from the crystal structure PDB: 2H5Q. Figure D.5 shows both structures. 
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D.2 Additional Results 

 

Figure D.7: Additional data for Figure 3. Changes in (a) the excitation energy 
and (b) the OS associated with the highest absorption peak of the mCherry 
chromophore as a function of applied electric field strength in the x, y and z 

directions. 

 

 

Figure D.8: Additional data for Figure 5. Contributions of the singly-excited 
transitions (e.g., HOMO→LUMO) to the S0→S3 excitation – their expansion 

coefficients from TDDFT calculations. 
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Appendix E. Supporting Materials for Chapter 6 

 

E.1 Supporting Experimental Data 

Data in this section is provided by the Ashkenasy group at Ben Gurion University. 

        

Figure E.1: Current-Voltage (I-V) profiles for the peptides-based nanotubes on 
PdHn electrode. 

 

 

Figure E.2: Electrostatic force microscopic images of the cyclic peptides 
nanotubes. Right lower profile represents the charge carrier concentrations 
after the diameter corrections on the phase. All the EFM experiments were 

performed inside the glove box (less than 1.4 ppm of water) to understand the 
charge carrier concentration near about 0 % relative humidity. 
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Figure E.3: Contact resistances of the three peptides nanotubes on PdHn 
devices as function of the relative humidity (RH). 

 

 

Figure E.4: Change in the amount of water molecules per peptide molecule in 
Sa NT fibril networks as function of the relative humidity. Data was obtained 
from QCM measurements. The weight of a dry peptide was first measured. 

The sample was then exposed to various RH conditions and the change in the 
sample weight was monitored. Molecular ration was obtained by considering 

the molecular weight of water and the peptide.  
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Figure E.5: Capacitance extracted for the SA networks of c(KF)4 as function of 
relative humidity. Data is extracted from equivalent circuit fitting of IS 

measurements. 

 

E.2 DFT Preparation and MD Simulation Details 

The c(KF)4, c(RF)4 and c(HF)4 dimers were built by placing two monomers anti-

parallelly separated by 4.5 Å, then the geometries were optimized using DFT/B3LYP/3-

21G* with van der Waals dispersion. Hexamers were built by stacking the three sets of 

dimers separated by 4.5 Å, which were used as initial structures in MD simulations after 

putting an excess proton on one of the side chains on the third peptide. 

For MD simulations in water, the hexamers (with an extra proton) were solvated 

in a water sphere (TIP3) with a radius of 30 Å, and were neutralized by adding a Cl- ion. 

MD simulations were carried out using the PVT ensemble (T = 298.15 K) and the 

spherical boundary condition (MCM), in order to simulate the low RH experimental 

condition. The production run was conducted using a step size of 1 fs after minimization 
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(in vacuum: 20,000 steps; in water: 10,000 steps for solvent only + 10,000 steps for the 

whole system) and 5 ns equilibration. As a comparison, we also performed MD simulations 

using the periodic boundary conditions where the hexamers were solvated in a water box 

with a padding of 12 Å (see results in Figure E.11). Other calculation setups were the 

same as the spherical boundary condition ones. 

 

E.3 Kinetic Model 

The master equations for the kinetic model shown in Figure 6.3d are 
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which are equivalent to 
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Equation E.4 to E.6 ( 3P  to 2NP − ) share the similar form: 2 1
2 1

1 2 1 2
i i i

k k
P P P

k k k k− −= +
+ +

, i.e., 

 1 1 2( )i i r i iP P f P P− − −− = − − , (E.9) 

where we define 

 2

1 2
r

k
f

k k
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+
, (E.10) 

The recursive equation can be solved iteratively and yields 

 2 2
1 2 1 1( ) ( ) ( )i i

i i r rP P f P P f P− −
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The solutions for the formula are 
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Using Equation E.12, we could obtain the probability of sites N-1 and N: 
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Let 
1

N
B ii

P P
=

= ∑  denotes the probability that the proton is associated with the 

peptides (not in the proton source), a steady charge flow could be represented by 

 0(1 )B N BP k P k= − , (E.15) 

which gives 
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The second term in the bracket in Equation E.17 might be neglected when N is 

sufficiently large (see Figure E.6). The third term is negligible if k1 or k2 is one the same 

order as kN. Assuming the PT rate between the peptides and the two proton sources are 

equal, i.e., 0 Nk k≈ , Equation E.17 can be simplified to 

 1 2
1

1 2

1 21
2 2

rf k k
P

N N k k
+ +

≈ =
+

, (E.18) 

(E.17) 
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and the charge flux would be 

 1 1 2 1 2
1( ) ( 2 )

2
J P k k k k

N
= + ≈ + . (E.19) 

 

 

Figure E.6: The second term in Equation E.17 as a function of fr and N 
(number of monomers). It is negligible when N is large (the blue region). 

 

E.4 Effective Rate Calculations and Supporting Figures 

The average proton overlap for H-bonds between side chains (type 1d and type 2d) 

was calculated by sampling snapshots in every 1 ps. The procedure is as follows: 

1. In a total of N snapshots, find the snapshots where there are H-bond 

configurations between ND and NA (see Figure 6.4) using the HBonds plugin in 

VMD (cut-off distance between D and A is 3.0 Å, angle cutoff = 30o). The 

total number of these snapshots is referred to as NH-bond.  
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2. Find the distance between the position when the proton is associated with the 

donor and the position when the proton is associated with the acceptor (RDA): 

 
A D D DDA N H N HR r r− −= − . (E.20) 

The proton overlap for this H-bond configuration is  

 2exp
4
p pp

if DA

m
S R

ω 
= −  

 
. (E.21) 

3. The overall mean-square proton overlap in the N snapshots is 

 
2

2 2
p

p pIF
IF IF H bonds

S
S f S

N −

∑
= =  (E.22) 

where H bondN
f

N
−=  is H-bond occurrence, 

2
2

p
p IF
IF H bonds

H bonds

S
S

N−
−

∑
=  is the average 

proton overlap when there are H-bond configurations. 

 

 

The average proton overlap for water-mediated H-bonds (type 1w and type 2w) 

was calculated by sampling snapshots in every 1 ps. The procedure is as follows: 

1. In a total of N snapshots, find the snapshots where there are H-bond 

configurations both between ND and OB and between OB and NA (see Figure 

6.4) using the HBonds plugin in VMD (cut-off distance between D and A is 3.0 
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Å, angle cutoff = 30o). The total number of these snapshots is referred to as 

NH-bond.  

2. Find the distance between the position when the proton is associated with the 

donor (ND or OB) and the position when the proton is associated with the 

acceptor (OB and NA): 

 
D B B D B BN O O H O HR r r− − −= − , 

B A A B D DO N N H N HR r r− − −= − . (E.23) 

The proton overlap (
D A

p
N NS −

) for this water-mediated H-bond network can be 

obtained by 

 
2 2 2

1 1 1

D A D B B A

p p p
N N N O O NS S S− − −

= + , (E.24) 

where 2exp
4
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m
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= −  

 
. 

3. The overall mean-square proton overlap in the N snapshots is 
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Table E.1: Numerical values of the data points in Figure 6.5a (keff)a 

  
nearest neighbor 

the next nearest 
neighbor 

sum 

    KF RF HF   KF RF HF   KF RF HF 

in 
vacuum 

k1d 8.33
E-12 

2.40
E-12 

7.73
E-12 

k2d 0 0 0 kd  8.33 
E-12 

2.40 
E-12 

7.73 
E-12 

k1w 0 0 0 k2w 0 0 0 kw 0 0 0 

k1 8.33
E-12 

2.40
E-12 

7.73
E-12 

k2  0 0 0 keff 8.33
E-12 

2.40
E-12 

7.73
E-12 

in 
water 

k1d 1.02
E-13 

2.07
E-15 

7.55
E-14 

k2d 2.10
E-12 

0 0 kd  4.30 
E-12 

2.07 
E-15 

7.55 
E-14 

k1w 1.31
E-14 

1.07
E-15 

1.23
E-16 

k2w 1.08
E-14 

0 0 kw  3.47 
E-14 

1.07 
E-15 

1.23 
E-16 

k1  1.16
E-13 

3.14
E-15 

7.57
E-14 

k2 2.11
E-12 

0 0 keff 4.33
E-12 

3.14
E-15 

7.57
E-14 

a: kd = k1d + 2k2d, kw = k1w + 2k2w. k1 = k1d + k1w, k2 = k2d + k2w. keff = k1d + k1w + 2(k2d + k2w). 

 

 

Figure E.7: Direct H-bond occurrence (a) in total (f1d + f2d), (b) between 
neighboring peptides (f1d), and (c) between the next-nearest neighboring 

peptides (f2d) for c(KF)4, c(RF)4 and c(HF)4.  
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Figure E.8: Water-mediated H-bond occurrence (a) in total (f1w + f2w), (b) 
between neighboring peptides (f1w), and (c) between the next-nearest 

neighboring peptides (f2w) for c(KF)4, c(RF)4 and c(HF)4. 

 

 

Figure E.9: RMSD of c(KF)4, c(RF)4 and c(HF)4 hexamers in the MD 
production run in vacuum and in water. 
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Figure E.10: Choice of MD simulation time. Effective PT rates through a 
peptide nanotube in vacuum and in water for (a) c(KF)4, (b) c(RF)4 and (c) 
c(HF)4 hexamers calculated using snapshots in different MD simulation time 

ranges shown in the legends.It shows that the calculation results are converged 
and not sensitive to the selection of snapshots. 

 

Figure E.11: Analogous figures with Figure 6.5 (obtained by using the 
spherical boundary condition in the MD simulations) using the periodic 

boundary condition in the MD simulations.  
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E.5 Additional Data for Constrained Hexamers and 
Decamers 

 

Figure E.12: RMSD of c(KF)4, c(RF)4 and c(HF)4 constrained hexamers in the 
MD production run in vacuum and in water. 

 

 

Figure E.13: Effective PT rates through a peptide nanotube in vacuum and in 
water for c(KF)4, c(RF)4 and c(HF)4 (a) hexamers and (b) decamers without 
constraints. No cross-layer H-bond conformation is found in the snapshots. 
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Figure E.14: RMSD of c(KF)4, c(RF)4 and c(HF)4 decamers in the MD 
production run in vacuum and in water. The time range of snapshots used for 

analysis are marked in the figures. 
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