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Abstract

Analytical models are developed for the structural-acoustic response of flexible pan-

els to obliquely incident, planar harmonic acoustic waves. These models provide

a detailed understanding of the complex effects of structural discontinuities on the

reflection and transmission from both isolated and periodically connected panels

bounded by two fluid half-spaces. This investigation demonstrates that boundaries

and spatial discontinuities redirect part of the structural energy into reverberant

structural waves having flexural wavenumbers different from the oblique wave forc-

ing, creating deviations from specular reflection. The dominant mechanisms that

characterize the acoustic scattering from the vibrating panels depend on the Mach

regime of the structure-to-fluid in vacuo wave speed ratio. Super-critical reverber-

ant flexural waves act as surface radiators that result in pronounced radiation lobes

centered at the Mach Angles with localized spreading. The scattering from baf-

fled sub-critical panels exhibit directivities that can be predicted by distributions of

acoustic edge radiators, with significant energy redistribution occurring at structural

resonances. These insights are both derived from and used to refine the analytical

models developed for membranes and 2-D plates.

The periodically connected panels interfaced with discrete discontinuities, and mod-

eled by various boundary conditions, are analyzed with the method of Analytical

Numerical Matching (ANM). The method is advanced to more efficiently model the
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influence of the structural discontinues and it is demonstrated that it improves the

numerical accuracy and convergence rate of the structural-acoustic response. The

ANM approach includes a novel way to handle difficulties associated with coincidence

frequencies. The periodic configuration exhibits acoustic cut-off and a finite set of

radiation angles dependent on structural and fluid properties.

In the pursuit of models suitable for broadband energy intensity based methods,

radiation models for the baffled finite panels are developed by approximate means.

The dominant effects of the fluid loading are characterized and introduced as modi-

fications to the in vacuo flexural wavenumber of the structures. Simple, closed-form,

far-field acoustic intensity directivity patterns and the corresponding power spec-

trums are analytically expressed for high frequencies. These approximate models

are compared to the periodic configuration, and exhibit considerable agreement for

limited fluid loadings and boundary conditions that eliminate structural coupling

across bays. The approximate sub-critical models are refined using insight from the

radiation mechanisms to improve the agreement to the periodic panels.

An exact benchmark solution for the structural-acoustic response of the acousti-

cally driven baffled finite structure over a full range of parameters is developed and

interpreted utilizing a new approach which is largely analytical. This hybrid modal-

analytical solution is developed for homogeneous Dirichlet boundary conditions, and

then generalized to arbitrary impedance conditions by isolating the influence of the

boundaries. In addition to their availability for quantitative use, the benchmark

solution offers a high degree of physical insight, and is used for verification and re-

finement of the approximate high frequency methods developed. Remarkable agree-

ment between the approximate high frequency models and the benchmark solutions

is demonstrated for both light and heavy fluid loading cases.
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1

Introduction

1.1 Motivation

Sound reflection from surfaces and transmission through barriers are integral parts

of acoustical science. In many important applications, these surfaces and barriers

are flexible panels mounted to a frame, either as an individual entity or in a peri-

odic pattern. Familiar examples include windows, ribbed hulls and aircraft fuselages.

Sound falling on these surfaces excites their non-local dynamic response. The finite

extent and resonant behavior of these structures lead to complicated reflection and

transmission levels and directivity patterns as the dynamic boundary alters the re-

distribution of acoustic energy depending on properties of the incident sound field

and the barrier dynamics. Even in idealized form, this is a challenging problem with

a rich suite of physical behaviors that depend on the regime of the structural wave

speed and the degree to which higher fluid loading alters the structural dynamics.

The need to predict sound fields and spatial variation, as well as the need to re-

duce sound pressure levels in architectural acoustics and the aircraft and automotive

industries is the underlying motivation for this work. As a result of the great interest
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in understanding and predicting steady state interior acoustic fields, numerous tech-

niques are actively being advanced to improve their robustness and computational

efficiency. Some of these methods include classical modal (CMA) and asymptotic

modal analysis (AMA), the finite element (FEM) and boundary element methods

(BEM), and energy methods such as statistical energy analysis (SEA) and the en-

ergy intensity boundary element method (EIBEM). Developed at Duke University,

EIBEM is a first principles approach to sound field modeling based on the use of

uncorrelated spreading waves instead of plane wave propagation [1, 2, 3, 4, 5]. Al-

though this method has demonstrated success in both 2D and 3D formulations, the

results are limited in their applicability to isolated idealized systems. Currently the

method only considers the very simple point-reacting boundary conditions of specu-

lar and diffuse reflection in a single enclosure. This neglects an important reality of

all practical applications: flexible boundaries that couple neighboring acoustic spaces.

This work aims to establish the building blocks for this next advancement by provid-

ing a detailed understanding of sound reflection and transmission from both isolated

and periodically connected structural boundaries subject to acoustic forcing. The

thesis develops and interprets exact benchmark solutions to this problem over a full

range of parameters utilizing a new, largely analytical approach. In addition to their

availability for quantitative use, benchmark solutions offer a high degree of physical

insight. This thesis also develops approximate methods suitable for first-principles

broadband energy-intensity based methods, which are verified and refined by com-

parison to corresponding benchmark solutions.

1.2 Relevant Work

Significant work has been performed over the last century in the area of structural

acoustics that aims to develop an understanding of fluid loading on structural vi-
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bration and acoustic energy radiation. This work considers the analytical analysis

of fundamental structural models and as such a small sampling of related efforts is

briefly mentioned.

Extensive literature is available in the study of wave propagation in periodic struc-

tures. Some of the foundational work in the area of wave propagation in periodically

supported infinite beams was performed by Mead at the University of Southampton,

which has a rich history in this research area, an extensive review of which is avail-

able in reference [6]. Mead derived the flexural propagation constants for free wave

propagation on infinite beams with equally spaced rigid and flexible supports [7],

and showed that energy is only propagated across bays in certain frequency bands.

Mead and Pujara then reformulated their analysis of periodically supported beams

with the development of space-harmonics to efficiently estimate sound radiation due

to acoustic plane wave excitation, although acoustic back-loading effects were not

included [8]. Using the Galerkin method, Mead and Mallik showed that the spatially

averaged energy of vibration of the periodic beam forced by a harmonic pressure field

could be predicted by approximate modes and then extended the energy method to

include fluid loading and estimate radiated power [9, 10]. This approximate response

showed close agreement to the radiated power predicted using the space-harmonics

analysis with fluid loading effects included. However, the method had limited success

near acoustic coincidence conditions, in cases with low structural damping, and at

higher frequency bands.

The analysis of periodic structures in this work identifies and efficiently addresses

the sensitivity of the acoustic fields and structure motion to the accuracy to which

the local region near the structural discontinuities is revolved. It also demonstrates

a method to deal with the mathematical difficulty of acoustic coincidence.
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Analytical models of fundamental structures that consider acoustic back-loading are

limited to special configurations. In the 1970’s, the scattering from subsonic semi-

infinite plates was extensively studied. Creighton, Cannell and Davies considered

different cases of the resulting sound field from one-dimensional waves incident and

reflected from an edge in the absence of fluid loading using Wiener-Hopf calculations

in the asymptotic limits of small and large fluid loading effects [11, 12, 13]. They

demonstrated that the elastic energy is partially reflected on the structure upon ar-

rival at the edge, but also partially scattered into the fluid as a result of the structural

inhomogeneity. Most of this work considered the elastic structure to be baffled, but

Cannell also considered the diffraction in the absence of the rigid baffle [14].

Leppington and Abrahams investigated the scattering of sound waves by finite mem-

branes and plates with a variety of exact, approximate and asymptotic methods.

Using Fourier transforms, Leppington analyzed the scattering from a finite mem-

brane and plate in baffle forced by a time-harmonic sound wave in the low fluid

loading limit by considering the in vacuo response. Near the resonances of the sys-

tem, he proposes a first-order estimate to approximate the radiation damping due to

the fluid [15]. To further explore the significance of resonances of finite fluid-loaded

structures, Leppington considered the scattering from an infinite membrane with

two parallel line constraints driven by an incident plane wave. The advantage of

this configuration was that he was able to find a formally exact solution based on

Fourier integral analysis and complex contour integration [16]. Using this analysis,

he derived approximate expressions of the scattering for small and large fluid loading

configurations, where he notes that the resonances of the lightly loaded configura-

tions have a distinct functional form. Abrahams considered the case of a finite plate

in a rigid baffle with heavy fluid loading based on the method of matched asymptotic
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expansions. Once again, it was shown that the resonances of the structure correspond

to increased radiation, however it was suggested that the heavy fluid loading reduced

the effect of the plate on the acoustic far-field [17]. These impressive mathematically

rigorous models provide considerable insight into the dominant effects of edges and

finite resonances.

Similar to the configuration in Chapter 6 of this document, Handscomb considered

the transmission of a planar acoustic wave through a baffled finite plate [18]. Hand-

scomb investigated the case of a pinned plate driven by a normally incident planar

wave, and assumed that the response of the plate could be described as a modal sum

of the natural modes of the in vacuo panel. As a result of the symmetry from the

wave at normal incidence, only the odd modes in the series were considered. In order

to evaluate the amplitudes of the modal coefficients, Handscomb used a combination

of analytical methods, such as complex contour integration, and numerical integra-

tion techniques. In Chapter 6 of the present work, an analytical approximation is

developed to evaluate the modal coefficients of the panel motion in closed form. The

investigation is also extended to consider oblique incidence, the reflected acoustic

fields, and generalized structural boundary conditions.

The analysis undertaken in this document is intended to demonstrate the physical

mechanisms involved and utilize this insight to develop accurate models of acoustic

energy redistribution from planar surfaces. It is noted that the approximate radia-

tion damping model developed in Chapter 3 is evocative of the implementation of

piston theory. In the research area of aeroelasticity, piston theory is widely used to

model the pressures on vibrating structures [19, 20]. A relevant example includes

Dowell’s use of piston theory to model the pressure on both finite and infinite length

panels in the framework of supersonic aerodynamic theory [21]. He concluded that
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the flutter response of the infinite length panel is not a good model for that of the

finite length panel. Dowell has subsequently extended piston theory to consider far-

field pressures for large Mach numbers as well as large frequencies [22] and suggests

that these models could be used to predict noise radiation from vibrating panels.

An overview of Analytical Numerical Matching and edge radiator analysis results

that are used to motivate and execute this work are summarized next.

1.2.1 Analytical Numerical Matching

Analytical Numerical Matching (ANM) is a general method originally developed by

Bliss, and has been applied to problems in vortex dynamics, rotorcraft free wake

analysis, and structural acoustics [23, 24, 25]. The method has been applied to

structural-acoustics problems such as an infinite membrane with normal acoustic

forcing and structural discontinuities [26], and radiating cylindrical structures with

structural discontinuities [27]. ANM was also further developed and applied to the

scattering from a periodically pinned membrane driven by an obliquely incident

acoustic planar wave [28]. That development is extended to the case of periodically

constrained beams in this work. Although outlined in this document, the reader

is referred to the thesis in reference [28] for a thorough description of the applica-

tion of ANM to this configuration. The method of ANM consists of separating the

problem into a Global Solution, which is treated numerically, and a Local Solution,

which treats the most rapidly varying parts of the system analytically. The ana-

lytical treatment of the local high resolution content, which in the current problem

is associated with the structural discontinuities, allows for improved computational

efficiency since it is expressed in closed form.
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Figure 1.1: Summary of ANM Components by Loftman [26].

The motivation to apply the method of ANM to the configurations in this work

comes from the realization that near the location of the structural discontinuities,

there is a small region with rapid spatial variation that would require high resolution

to describe accurately, and this in turn results in greater computational effort than

is otherwise needed by the overall system. Additionally, it is demonstrated that fail-

ure to accurately characterize the small region around the discontinuity can result

in significant error throughout the system when determining the acoustic scattering

[26, 28].

ANM directly addresses the issue of the high resolution content near the discontinu-

ity by prescribing a solution in the form of a polynomial with defined characteristics.

Once the Local Solution is determined, the smoothed distributed load required to

create this motion is calculated using the structural equations. Finally, the overall

system response, described by the Global Solution, is found with conventional modal

methods, with the original discrete load replaced by the smoothed distribution used

to satisfy the Local Solution. The Local and Global Solutions are then superimposed

to find the Composite ANM Solution, as depicted in Figure 1.2.
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Figure 1.2: (a) The response of to the high resolution discrete force is decomposed.
The Local Solution (b) is prescribed to analytically treat the discrete load Fa, and the
required smoothed forcing to satisfy these conditions is determined. The negative
of the calculated smoothed forcing is applied to a small region and serves as the
coupling to the Global Solution (c).

In order to implement the ANM methodology, an intermediate length Ls, termed

the smoothing length, is introduced. The smoothing length contains the entirety of

the Local Solution and is therefore its largest length scale. It also appears in the

Global Solution as one of the smaller length scales, and defines the region over which

the two components overlap. Although the intermediate steps in formulating the

Local and Global Solutions are dependent on the smoothing length, the final result

is independent of the chosen smoothing length.

1.2.2 Edge Radiators

Bliss and Franzoni explored the radiation produced by simple configurations of sub-

sonic flexural waves on finite barriers to develop considerable physical insight into

the structural-acoustic mechanisms that predict resulting pressure fields [1, 29, 30].

It was demonstrated that the acoustic energy flow is predominately in the direction

of the structural energy flow and depends on Mach number. They derived simple

closed form expressions for high frequency broadband excitation, which is one of the
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underlying motivations of the research focus of this dissertation. This edge radiator

analysis is used to interpret the radiation mechanisms of subsonic panels throughout

this dissertation and as such, the key ideas are briefly presented here.

Figure 1.3: Radiation from a baffled panel with light fluid loading at high frequency.
The case of a single traveling flexural wave is shown on the left. The general case
with arbitrary drive point is shown on the right [1].

The baffled panel was driven at one boundary and pinned to an impedance-matched

damper at the other end to ensure flexural waves traveling in only one direction,

as depicted on the left side of Figure 1.3. The acoustic loading was assumed to

be small and the structural wave was prescribed to be subsonic as compared to the

acoustic wave speed. The transverse velocity of the panel wpxq � Weikwx, where kw is

the structural wavenumber, was then used to predict the far-field radiation using the

Rayleigh integral. The resulting high frequency band-averaged mean-square pressure

p̄2pr, φq, centered at kc, was calculated as

p̄2pr, φq � pρcq2 M
2

πkcr
W̄ 2 1

p1 �M sinφq2 (1.1)

It is immediately noted that the expression of energy is inversely proportional to

wavelength and independent of panel length, suggesting that the radiation is local-

ized to the edge region. Bliss and Franzoni demonstrated that by expanding the

directivity of the radiated pressures for subsonic Mach numbers M   1, the radi-

ation is composed of a complete distribution of edge singularities, or sources. The
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expansion below shows the first three terms of the expansion which correspond to

the radiation from a monopole, dipole and quadrupole.

p̄2pr, φq � pρcq2 M
2

πkcr
W̄ 2

�
1 � 2M sinφ� 3M2 sin2 φ� ...

�
(1.2)

Bliss and Franzoni also considered the case of a semi-infinite flexural wave incident

on a pinned constraint in terms of the wavenumber transform. This analysis con-

firmed that the velocity of the panel could be approximately described as a series of

edge singularities represented by the derivatives of the delta function. Appendix D

shows this wavenumber transform analysis for the pinned constraint, and its exten-

sion to several other boundary conditions. The far-field radiation that results from

these singularities for the pinned constraint correspond to radiation from monopoles,

dipoles, quadrupoles etc, which illustrates that edge radiation is not described by

“uncanceled” volumetric sources at the edges, but rather is a result of properly

scaled higher order edge radiators. Using this understanding of edge radiation and

the surface wavenumber spatial transform analysis, Bliss et al. considered the case

of a vibrating panel subject to spatially uncorrelated, distributed point forcing as

depicted in Figure 1.4 below.

Figure 1.4: Radiation from a single panel with distributed broadband forcing [29].
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For the case of high frequency broadband forcing and light fluid loading, it was

demonstrated that the same closed-form analytical results that are obtained from

lengthy calculations using asymptotic modal analysis can be quickly produced using

the ideas and insights developed in this edge radiator analysis [31]. The directivity

pattern calculated using both methods was determined to depend strongly on Mach

number, and is defined as

xtp̄2uxyω � pρocoq2 M2

πkcr

2�
1 �M2 sin2 θ

�2 xtW̄ 2uxyω (1.3)

where the spatially averaged mean square surface velocity is known in terms of the

forcing amplitude. Expansion of the directivity function shows that the radiation is

due to a series of properly scaled edge radiators. This simple broadband directivity

pattern serves as the inspiration for one of the overarching goals of the work presented

in this document. Using the concepts and insights from edge radiator analysis, the

possibility of motivating simple closed-form expressions for high frequency broadband

forcing on finite structures with varying boundary conditions is explored.

1.3 Organization of Content

The remainder of this document will focus on the analytical models developed by

the author. In Chapter 2, the response of periodically connected panels forced by

obliquely incident planar acoustic waves is considered. The method of Analytical Nu-

merical Matching is applied and extended to efficiently model the structural-acoustic

response of the infinite system. In Chapter 3, the approximate radiation models for

fluid-loaded, subsonic, finite panels with prescribed motions at the end-points are

developed. In Chapter 4, approximate radiation models for fluid-loaded, supersonic,

finite membranes with prescribed motions at the end-points are developed. In Chap-

ter 5, the power spectra of the approximate models are compared to the analogous
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infinitely periodic “Driven Structures” with qualified success. In Chapter 6 an an-

alytical benchmark solution is developed for the formally fluid-loaded finite panels.

Lastly, in Chapter 7, the approximate radiation models of Chapter 3 are compared

to the benchmark models with considerable success.
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2

Periodically Constrained Panels

The response of the fluid-loaded flexible panels of infinite extent with spatially peri-

odic constraints, or periodically connected panels, is investigated in order to develop

an understanding for the effect of the structural discontinuities. These models are

then compared to the approximate radiation models of the isolated panel configura-

tions developed in subsequent chapters.

The periodically constrained planar structure is driven by an obliquely incident

acoustic plane wave. Figure 2.1 illustrates some characteristics of this system. This

configuration is resolved into the response of the unbounded barrier to the applied

pressure field (referred to as the “Unconstrained Structure”) and the response of the

infinite barrier to discrete loadings at the constraint locations designed to satisfy

the periodic boundary conditions (referred to as the “Driven Structure”). This de-

composition allows for the effect of the structural discontinuities to be isolated and

understood. The solutions for these two sub-problems are developed in Sections 2.2

and 2.3, and these components are depicted in Figure 2.2.
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Figure 2.1: The Periodically Constrained Structure is forced by an acoustic wave
and will result in a reflected and transmitted wave, as well as radiated (or scattered)
waves due to structural reverberation.

Figure 2.2: The Unconstrained Structure (a) is forced to have a trace wavenumber
determined by the incident wave. The Driven Structure (b) is forced by discrete line
loads and results in an infinite spectrum of structural wavenumbers.

For simplicity, the membrane configuration considered in this work has pinned con-

ditions at the constraints which require zero net displacement. Thus, the response

of the Driven Membrane ηd to the discrete force of unit amplitude is scaled to make

the displacement at the constraint locations equal and opposite to that of the Un-

constrained Membrane ηfree. Taking the constraint located along the line x � 0, this

scaling is represented mathematically as

λ � �
�
ηfree
ηd


����
x�0

(2.1)

so that the net membrane displacement of the Periodically Pinned Membrane driven

by the incident pressure field is

ηtotalpxq � ηfreepxq � λ � ηdpxq (2.2)
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For the partition modeled as a beam, or 2-D plate, the constraints are generally

represented as a combination of normal ZN and torsional Kτ impedances at these

locations, as depicted in Figure 2.3.

Figure 2.3: The effect of the periodic constraints is modeled as a combination of
normal impedance ZN and torsional impedance Kτ .

The combined response of the Unconstrained and Driven Plate must satisfy these

impedance conditions. The responses of the Driven Plate to the discrete force of unit

amplitude and that of the Driven Plate to the discrete moment of unit amplitude, ηF

and ηM respectively, are scaled so as to satisfy the conditions imposed by the bound-

ary conditions. The response of the Periodically Constrained Plate is subsequently

determined as

ηtotalpxq � ηfreepxq � pλF � ηF pxq � λM � ηMpxqq (2.3)

The scaling factors required to satisfy several possible constraint boundary conditions

are defined in Appendix A. It is worth noting that these scaling factors are also used

to describe the acoustic fields coupled to the resultant structure motion. In the next

section, the mathematical description is briefly presented in order to outline the

treatment of the fluid-loaded Unconstrained Structures. Although a simple problem,

the set-up of the Unconstrained Structure is thoroughly described so as to highlight

the concepts, governing equations, and parameters used throughout the remainder

of this work.
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2.1 Acoustic Fluids

The two fluid mediums are governed by the acoustic wave equation. Because the

configuration is assumed to be time harmonic, it reduces to the Helmholtz equation

[32, p.93]

�
∇2 � k2

i

�
pf,i � 0 (2.4)

where the subscript i refers to either the top fluid (i=1,y ¡ 0) or the bottom fluid

(i=2, y   0), and ki is the non-dimensional wavenumber of the fluid. As previously

stated, the problem consists of an incident wave pI with an incidence angle of θi from

the normal to the flexible structure.

pI � PIe
ipk1t�kx1x�ky1yq (2.5)

kx1 � k1 sin θi, ky1 � k1 cos θi (2.6)

Once the appropriate boundary conditions are enforced at the barrier location (xz-

plane), the solutions to the wave equation physically describe an outgoing reflected

pressure wave pR in the top fluid and a transmitted wave pT in the bottom fluid.

The wavenumber components of the reflected and transmitted pressure waves are

determined by requiring the trace wavenumber to be continuous at the boundary (y �
0) for all x [33, p.149]. This surface wavenumber spectrum, along with the pressure

amplitudes of the reflected and transmitted waves, depends on the dynamics of the

barrier used in enforcing the boundary conditions. The pressure field amplitudes

are determined by satisfying the boundary condition of continuous normal velocity

at the structure surface (y � 0 plane). The velocity field of each fluid medium is

related to the pressure description using the momentum equation [34, p.11]. The

vertical component Vi of the velocity field is written in terms of the non-dimensional

parameters defined for each system in the “List of Symbols at the start of this

document
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Membrane: ikiVi � �M
2
i

εi

Bpi
By (2.7)

Plate: ikiVi � �k
2
N

εi

Bpi
By (2.8)

The Mach number Mi compares the in vacuo wave speed of the membrane to the

speed of sound in the fluid of interest. The parameter kN is the normalized charac-

teristic wavenumber defined as

kN � ωoL

c1

�
d

EI

ρBAL4

L

c1

(2.9)

Finally, εi is a normalized fluid-loading parameter that compares the fluid density to

the density of the structure. The response of the unbounded barriers to the oblique

acoustic forcing are presented next.

2.2 Unconstrained Structure Formulation

The motion of an acoustically driven, fluid-loaded infinite barrier is considered as

the first component of the decomposition outlined at the start of this chapter. The

acoustic forcing is in the form of an obliquely incident acoustic plane wave that is

harmonic in time. The fully coupled response of the structure and acoustic fields is

calculated by solving the structural governing equation for the given loading, apply-

ing the boundary condition of continuous normal velocity at the structure interface,

and requiring that there be only waves propagating away from the membrane and

exponential decay of evanescent waves far away from the barriers. All quantities and

parameters are non-dimensional.

2.2.1 Membrane

Recognizing that there is no variation in the z-direction due to the geometry of

the problem [35, p.10], the non-dimensional form of the governing equation used to
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describe the transverse displacement of the membrane ηpxq is

�B
2η

Bx2
� k2

Mη � �pspxq (2.10)

kM � k1

M1

� k2

M2

(2.11)

The parameter kM is the non-dimensional in vacuo wavenumber of the membrane

and can be written in terms of the Mach number with respect to either fluid. The

pressure term in Eq. 2.10 represents the total surface pressure on the membrane

from the hydrodynamic and radiation loading from both fluids. This pressure is a

result of the incident, reflected, and transmitted pressure fields

pspxq � ppIpx, yq � pRpx, yq � pT px, yqq
∣∣∣∣
y�0

(2.12)

Thus, the structural dynamics of the membrane are coupled to the fluid dynamics.

Assuming all transients have decayed, the displacement and velocity of the membrane

are assumed to have a solution of the form

η � Ne�ik1 sin θix (2.13)

Finally, in order to close the system of equations and identify a unique solution, the

boundary condition of continuous vertical velocity at the boundary must be enforced.

Bη
Bt � V1

∣∣∣∣
y�0

� i
M2

1

ε1k1

BppI � pRq
By

∣∣∣∣
y�0

(2.14a)

Bη
Bt � V2

∣∣∣∣
y�0

� i
M2

2

ε2k2

BpT
By

∣∣∣∣
y�0

(2.14b)

Using the two boundary conditions in Eq. 2.14 and the governing equation of the

membrane Eq. 2.10, the linear system of equations can be solved as

η � PIp1 �R � T q
k2
M � pk1 sin θiq2 e

�ik1 sin θix (2.15a)
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pR � PI �Reipk1t�kx1x�ky1yq (2.15b)

pT � PI � Teipk1t�kx2x�ky2yq (2.15c)

where the wavenumber components in the bottom fluid and reflection and transmis-

sion coefficients, R and T , are defined below. Thus the motion of the membrane and

the pressure fields are simultaneously determined.

kx2 � k1 sin θt, ky2 � k1 cos θt (2.16a)

R � iM1ε2 �M2 cos θt
��iε1 sec θi � k1

��1 �M2
1 sin2 θi

��
iM1ε2 �M2 cos θt

�
iε1 sec θi � k1

��1 �M2
1 sin2 θi

�� (2.16b)

T � 2iM1ε2 cos θi sec θt

iM2ε1 � cos θi
�
iM1ε2 sec θt � k1M2

��1 �M2
1 sin2 θi

�� (2.16c)

By requiring the wavenumber component along the boundary to be continuous across

the boundary (Snell’s Law) [36, p.188], the transmission angle is defined as

cos θt � �i
d�

k1 sin θi
k2


2

� 1 (2.17)

2.2.2 2-D Plate

The response of the Unconstrained Plate to the obliquely incident pressure wave is

determined using the same approach just described for the membrane. The only

distinction is that the governing equation of the 2-D plate for transverse motion,

according to Euler-Bernoulli beam theory [35, p.140], is

B4η

Bx4
� k4

Bη � �pspxq (2.18)

kB �
c
k1

kN
� k1

M1

� k2

M2

(2.19)

The parameter kB is the non-dimensional in vacuo wavenumber of the beam/plate

and can be written in terms of the Mach number of either fluid. The treatment of
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the fluid fields, including the condition of continuous vertical velocity at the bound-

ary, the functional form of the resulting pressure fields, and the transmission angle,

follow exactly as presented in the development of the Unconstrained Membrane. The

resulting coupled response of the plate and the acoustic fields are described by the

plate displacement ηB and Reflection and Transmission coefficients as

ηB � PIp1 �R � T q
k4
B � pk1 sin θiq4 e

�ik1 sin θix (2.20a)

R � k1M1ε2 � iM2 cos θt pk2
N pk4

B � pk1 sin θiq4q � ik1ε1 sec θiq
k1M1ε2 �M2 cos θt pk1ε1 sec θi � ik2

N pk4
B � pk1 sin θiq4qq (2.20b)

T � 2k1M1ε2 cos θi sec θt
k1M2ε1 � cos θi pk1M1ε2 sec θt � ik2

NM2 pk4
B � pk1 sin θiq4qq (2.20c)

2.2.3 Discussion

The structural-acoustic responses of the Unconstrained Membrane and Plate are

relatively simple and exhibit similar behaviors. The first significant characteristic of

these systems is that for an incident pressure wave at one frequency and incidence

angle, there is only one structural wave on the membrane ks, with a wavenumber

ks � kx1 � k1 sin θi (2.21)

This directly leads to the known result of the unconstrained configurations exhibiting

the behavior of specular reflection, where the reflection angle is equal to the inci-

dence angle. Additionally, the sole transmission angle is determined by Snells Law,

and is independent of the partition properties. In these models, there is no energy

dissipated by the structures, and therefore all of the incident energy is reflected and

transmitted. The influence of the flexible structure is to modify the amplitude and

phase of the reflected pressure wave as compared to the hard-wall reflection [28, p.15].
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The energy reflected and transmitted is described by the acoustic intensity compo-

nents normal to the structure [32, p.125] [37, p.64]. The top fluid intensity I1 occurs

completely at the reflection angle θR termed the “primary angle of reflection”. Sim-

ilarly, given that the transmission angle is real valued, the bottom fluid intensity I2

occurs completely at the “primary angle of transmission” θt. The spatially averaged

intensity distributions are normalized to the spatially averaged incident intensity nor-

mal to the structure, which is a function of the non-dimensional acoustic impedance

of the top fluid z1

Iincident � |PI |
2 cos θi

2 � z2
1

(2.22)

I1 � |R|2, I2 � ky2 ε1

ky1 ε2

|T |2 (2.23)

2.3 Driven Structure Formulation

The Driven Structure is resolved using the method of Analytical Numerical Match-

ing (ANM). The development of the ANM analysis was presented in detail for the

discretely driven membrane in reference [28]. Therefore, this section describes the

major steps necessary to set-up the ANM analysis for the plate and its characteristics.

The Driven Structure consists of the fluid-loaded infinite barrier that is driven by an

equally spaced array of discrete loads and is depicted in Figure 2.4 below. As opposed

to the Unconstrained Structures that allow for only the forced trace wavenumber,

this arrangement results in an infinite spectrum of wavenumbers traveling in both

directions [28, p.34].
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Figure 2.4: General depiction of the periodically driven, fluid-loaded structure due
to an array of line forces F and line moments M.

The linear operator LB is defined as

LBr s � B4

Bx4
r s � k4

Br s (2.24)

so that the governing equations of the Driven Plates to a force and moment load are

expressed as

LBrηds � Fapxq � pspxq (2.25)

LBrηds �Mapxq � pspxq

The functional forms of the fluid back-loading ps and the discrete applied loads Fa

and Ma are presented next.

2.3.1 Fluid Back-Loading

The structural-acoustic coupling is included in the surface pressure term ps resisting

the motion of the flexible panel. This pressure is the net loading from the top

fluid pRad1 and the bottom fluid pRad2. Using the acoustic momentum equation, the

pressure contributions from both fluids are defined in terms of the barrier motion

by enforcing the boundary condition of continuous vertical velocity. The surface

pressure is defined for the plate as

ps � ppRad1 � pRad2q
∣∣∣∣
y�0

(2.26a)
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pspxq � �k4
B

�
ε1a
k2
x � k2

1

� ε2a
k2
x � k2

2

�
ηdpxq (2.26b)

In the expression above, the wavenumber components in the y-direction are written in

the form shown below to ensure that only waves propagating away from the structure

are permitted and that all other waves exponentially decay as |y| increases.

ky1 � �i
b
k2
x � k2

1 (2.27a)

ky2 � �i
b
k2
x � k2

2 (2.27b)

These expressions will be subsequently used in describing the vertical component of

the fluid wavenumbers.

2.3.2 Phase-Shifted Spatially Periodic Loading

The arrays of discrete forces and discrete moments applied to the Driven Structures

are mathematically expressed, respectively, as a Dirac Comb and what could be

termed a “Doublet Comb”. These functions are multiplied by a phase shift that

will ensure that the boundary conditions will be satisfied at every constraint, once

properly scaled, in the case of an oblique forcing pressure [38].

Fa �
�8̧

n��8

δpx� nq � e�ik1 sin θix, Ma �
�8̧

n��8

δ1px� nq � e�ik1 sin θix (2.28)

With these expressions, all of the components in the governing equation of the fluid-

loaded plate driven by equally spaced discrete loads have been defined.

2.3.3 Modified Linear Operator

The governing equation of the plate is rewritten so as to separate and eliminate

the exponential with the phase shift information. This is particularly important in
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building the Local Solution of ANM to ensure the phase shift across the disconti-

nuities is treated correctly. Assuming that the structure displacement will have a

phase functional dependence like that of the Dirac and Doublet Combs, then the

local displacement and resultant surface pressures can be resolved as

ηd pxq � η̂d pxq � e�ik1 sin θix (2.29a)

ps pxq � p̂s pxq � e�ik1 sin θix (2.29b)

Substituting these expressions into Eq. 2.24, a new linear operator for the plate L̂B

acting on the modified displacement η̂d is defined [38] as

L̂Brη̂ds � η̂
p4q
d � 4iksη̂

p3q
d � 6k2

s η̂
2
d � 4ik3

s η̂
1
d � ppk1 sin θiq4 � k4

Bqη̂d (2.30)

Depending on the discrete loading applied, the governing equations of interest for

the Driven Structures can be generally written as

L̂rη̂ds � �p̂spxq �
#°�8

n��8 δpx� nq°�8
n��8 δ

1px� nq (2.31)

A significant advantage of this revised formulation is that the modified displacement

determined η̂d is valid within every bay in the domain regardless of phase shift. This

will allow for the ANM Local Solution to be developed for a single discontinuity

and be valid for all the discontinuities. To calculate the unqualified motion at any

location along the barrier, Eq. 2.29a is evaluated.

2.3.4 Analytical Numerical Matching

The response of the plate to the array of discrete forces or moments could be deter-

mined by a modal analysis. However, it is recognized that the modal description of

the delta function, and its derivative in the case of the applied moment, is slowly con-

vergent which will result in large computational efforts for a system that otherwise
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can be resolved with low resolution. Additionally, and perhaps more importantly,

it has been demonstrated that accurately describing the scattered acoustic fields is

sensitive to the error associated with describing the motion at the drive-point of the

Driven Plate [28]. This is evident by the functional form of the scaling factors (avail-

able in Appendix A) used to linearly combine the responses of the Driven Plate to

that of the Unconstrained Plate. The scaling factors are inversely proportional to the

motion calculated at the drive-point of the Driven Plates, which would be determined

using a slowly converging infinite series. Therefore, the motion of the Periodically

Constrained Plate, the far-field pressures, and resulting acoustic intensities will be

corrupted by the truncation errors associated with the drive-point displacement se-

ries. The ANM method is specifically designed to efficiently treat this high resolution

region with an analytical description that significantly reduces any inaccuracy in the

description of the drive-point motion due to truncation error.

The process of ANM carefully prescribes an analytical displacement ηlocal to a small

region near each drive-point that satisfies the structural discontinuity (the discrete

line force) and determines the required external loading necessary to achieve this local

displacement [26]. The prescribed Local Solution is chosen such that this required

external loading, termed the “smoothed forcing” fsmooth, is a distributed load that

quickly converges using traditional modal methods. The negative of this smoothed

forcing is then applied to the Global Solution in order to cancel this introduced

forcing.
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Figure 2.5: Components of ANM: (a) total response to discrete load, (b) prescribed
Local Solution to determine smooth forcing, (c) modally determined Global Solution
response to the negative smooth forcing.

The ANM components are depicted in Figure 2.5 above. The linear operator that

describes the governing equation of the structure can also be used to describe the

method of ANM. The response of the fluid-loaded Driven Plate to a discrete load F̂a

can be decomposed as

L̂ rη̂ds � L̂ rη̂global � η̂locals � F̂a � p̂s (2.32)

L̂ rη̂ds � L̂ rη̂globals � L̂ rη̂locals �
�
F̂a � f̂smooth � f̂smooth

	
� �p̂globals � p̂locals

�

which demonstrates that the total response of the plate is composed of the Local and

Global Solutions. It also shows that the smoothed forcing is an introduced load that

has no effect on the predicted net motion and is simply an intermediate tool used to

improve the computational convergence. The terms can be grouped to demonstrate

which loads are associated with the global and local problems as

L̂ rη̂ds �
Global motion loadshkkkkkkkkkkkkikkkkkkkkkkkkj�

f̂smooth pxq � p̂globals

	
�

Local motion loadshkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkj�
F̂a � f̂smooth pxq � p̂locals

	
(2.33)
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2.3.5 Transferring Fluid Pressures

It is important to recognize that the fluid pressures due to the motion of the Local

Solution affect the entire length of the structure. These fluid pressures serve as

a non-structural mechanism to couple the local and global motions, and therefore

are a global phenomenon. Reasoning that these fluid pressures will be smooth and

continuous, since the structure velocity in the Local Solution will be defined as

such, the objective is to transfer these fluid pressures from the Local Solution into

the Global Solution formulation so they can be treated modally. Substituting the

expression for the smoothed forcing Eq. 2.35 and rearranging Eq. 2.33, the pressures

from the local motion are transferred to the global problem.

L̂ rη̂ds �

L̂rη̂globals�hkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkj�
f̂smooth pxq � p̂locals � p̂globals

	
�

L̂rη̂locals�hkkkkkkkkkkikkkkkkkkkkj�
F̂a � f̂smooth pxq

	
(2.34)

The Local Solution can now be interpreted as being solved in vacuo to determine

the required forcing f̂smooth, and the resulting fluid pressures from the local motion

are transferred to the global problem to be treated modally.

2.3.6 Local Solution

The governing equation for the Local Solution is rearranged to solve for the smoothed

loading as

f̂smooth � �L̂Brη̂locals �
#
δpx� nq
δ1px� nq (2.35)

An intermediate length, termed the “smoothing length” Ls, is introduced in order to

distinguish between the high resolution (Local Solution) and low resolution (Global

Solution) regions. The Local Solution is designed such that it describes the rapidly

varying motion near the drive-point and the displacement outside the smoothing
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length is set to zero. The modified Local Solution is assumed to be a piecewise

polynomial of the form

η̂local �

$''&
''%

0 x ¤ �Ls
η̂l �

°Q
n�0 bnx

n �Ls   x   0

η̂r �
°Q
n�0 anx

n 0   x   Ls
0 x ¥ �Ls

(2.36)

The order of the polynomial Q is a result of the number of constraints assigned in

order to generate the Local Solution. In order to determine all the coefficients of the

Local Solution polynomial, a series of constraints are applied at the drive-point and

at the boundaries of the piecewise region. The conditions are designed to ensure the

Local Solution is continuous, physically reasonable, and results in a Global Solution

that is more rapidly convergent. Some of the conditions imposed at the drive-point

include that the displacement be continuous and the resulting pressure be continuous

and smooth. The most crucial constraints used to prescribe the Local Solution model

the effect of the high resolution discontinuities.

Effect of Discontinuous Loading

The Local Solution for ANM is responsible for identifying and analytically treating

the effect of the discontinuous loading on the system at the point of application. For

the plate, this entails satisfying the jump condition in the shear for the case of an

applied discrete force or the jump condition in the moment for the case of an applied

discrete moment. By integrating the governing equation for the plate motion in x

from �ε to ε in the case of a discrete force acting at the origin,

» ε
�ε

L̂Brη̂locals dx �
» ε
�ε

δpxq dx (2.37a)

and taking the limit as δ Ñ0 yields the constraint at the drive-point that models the

discrete force.

η̂3r pxq|x�0� � η̂3l pxq|x�0� � �1 (2.37b)
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Similarly, for the case of an applied discrete moment, the governing equation is

integrated and the resulting conditions on the second and third derivatives of the

plate motion are determined as

» ε
�ε

L̂Brη̂locals dx �
» ε
�ε

δ1pxq dx (2.38a)

η̂2r pxq|x�0� � η̂2L pxq|x�0� � 1 (2.38b)

η̂3r pxq|x�0� � η̂3L pxq|x�0� � 4iks (2.38c)

Some of the conditions imposed to define the Local Solution include that the dis-

placement and resulting pressures smoothly approach values of zero at the smoothing

lengths. A detailed description of these conditions is available in reference [28]. Solv-

ing for the coefficients of the modified Local Solution is a simple matrix inversion

problem. An example of the resulting Local Solutions used to describe the effect of

a discrete force and moment are shown in Figure 2.6. The prescribed motion of the

plate within the smoothing length is well behaved at the boundaries, and contin-

uous at the drive-point (the origin). With an analytical description prescribed for

the Local Solution, the smoothed forcing required to satisfy this motion is readily

calculated using Eq. 2.35. As outlined in Section 2.34 this calculated smoothed forc-

ing is the distributed load used to modally determine the quickly converging global

solution.
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Figure 2.6: (a) Typical real part of the Local Solution of the plate displacement
due to a discrete force. (b) Typical real part of the Local Solution of the plate
displacement due to a discrete moment.

2.3.7 Smoothed Forcing and Global Solution

The smoothed forcing fsmooth used to replace the discrete loading is modally decom-

posed and applied to the governing equation of the Global Solution such that

LB rηglobal,ms � fsmooth,m pxq � plocals,m � pglobals,m (2.39)

Comparison of the modal content of the original discrete load replaced by the cal-

culated distributed forcing confirms that the smoothed forcing is in fact quickly

convergent. Therefore the resulting Global Solution will also quickly converge. In

Figure 2.7, the modal content of the discrete force (delta comb) and of the smoothed

force that replaces it are presented.
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Figure 2.7: Magnitude of Fourier Coefficients for Smoothed and Discrete Forces.

The figure clearly demonstrates that the required smoothed load is lacking in higher

resolution modal content and therefore will quickly converge. Similarly, the modal

content of the discrete moment array and the distributed load used to replace it are

plotted in Figure 2.8. This plot not only illustrates that the smoothed forcing lacks

significant high mode content, but it also shows that the modal decomposition of the

doublet comb diverges. That is, the magnitude of the modal coefficients increases

with mode number which would result in an inefficient modal description of the

resulting plate motion.

Figure 2.8: Magnitude of Fourier Coefficients for a Discrete Moment and the
Smoothed Force used to replace it.
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2.3.8 Composite Solution: Pressure Fields

With the resulting modal description of the Global Solution and the Local Solution

expressed as a polynomial, the net motion of the Driven Plate ηd is determined by

superposition so that

ηd � ηlocal � ηglobal (2.40)

The coupled pressure fields in both fluid spaces can be explicitly specified with the

acoustic momentum equation. Of particular interest is the far-field acoustic intensi-

ties, which are described by a finite number of radiating modes which correspond to

a finite spectrum of radiation angles. As a reference, the modal expression for the

pressure radiated into the top fluid pRad is

pRad �
¸
mRad

i pkBq4 ε1b
k2

1 � k2
x,m

rηg,m � η̂local,ms eip�kx,mx�
?
k21�k

2
x,myq (2.41)

where kx,m � k1 sin θi � 2πm, and mrad represents the set of radiating modes. The

remaining infinite number of modes generate evanescent waves. A similar expression

describes the radiated pressures of the bottom fluid field. As a result of this system

having the property of acoustic cut-off [39, p.492], acoustic coincidence can occur

and causes mathematical difficulties.

2.4 Benefits of ANM

2.4.1 Acoustic Coincidence

Acoustic coincidence occurs when the wavenumber on the structure kx,m exactly

matches the acoustic wavenumber (either k1 or k2), and therefore the wavenumber

component in the propagating direction ky,m is zero. The conditions for the modes

m� for which coincidence occurs are defined as

ky1,m �
b
k2

1 � pk1 sin θi � 2πm�q2 � 0 (2.42a)
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ky2,m �
b
k2

2 � pk1 sin θi � 2πm�q2 � 0 (2.42b)

for the top and bottom fluids respectively. For a given frequency and incidence

angle, there may not exist a mode m� where coincidence occurs. However, when

it does occur, it results in an infinite pressure contribution at that mode because

of the divide-by-zero that results in the pressure expression Eq. 2.41, which is not

physically consistent for finite structural motion.

Acoustic Coincidence Constraint

The ANM framework, particularly the construction of the Local Solution, allows for

a mechanism to deal with this mathematical difficulty. As previously stated, the

choice of a Local Solution and its constraints are not unique. Therefore, the Local

Solution can be designed to be deprived of modal content at the coincidence mode.

If the Local Solution has no displacement amplitude at this mode then the smoothed

forcing will also lack content at this mode. With no structure motion, there will

likewise be no coupled pressure perturbations at this mode. Finally, with no forcing

acting on the Global Problem, the Global Solution will also lack modal content at

the coincidence mode: the global displacement and its consequent coupled pressures

will be set to zero.
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Figure 2.9: ANM treatment of coincidence: the Local Solution is the tool used to
determine all components.

Therefore, by requiring that the Local Solution be orthogonal to the coincidence

mode, the coupled pressures at this mode are known to be zero. This constraint is

written as » Ls

�Ls

n̂localpxqe�i2πm�dx � 0 (2.43)

This condition is separated into the piecewise components of the Local Solution

and introduced into the coefficient matrix. Incorporating this coincidence constraint

increases the order of the Local Solution polynomial, but addresses the mathematical

difficulty that results in infinite pressures.

2.4.2 Convergence

Of particular interest is the improved accuracy and reduced computational costs

associated with the method of ANM. The prescribed polynomial that describes the

Local Solution in ANM contains all of the harmonic information without any trunca-

tion error; the only error introduced from truncation occurs in the modal description

of the quickly converging Global Solution. As previously stated, the classic modal

analysis does not efficiently treat the slowly convergent region near the drive-point.
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This characteristic is investigated by considering the absolute value of the plate dis-

placement at the drive-point due to a discrete force and separately due to a discrete

moment. In Figure 2.10, the percent error of this displacement magnitude is plotted

against the number of modes used in the series solution and is compared to a series

solution that has converged well beyond the errors presented here.

Figure 2.10: Convergence of structural displacement at drive-point for the Driven
Plate due to a discrete force comb and discrete moment comb; Classical and ANM
Solutions.

It is clear that for a given number of evaluated modes, the ANM solution results in

a smaller percent error than the Classical Solution for the magnitude of the drive-

point displacement. Additionally, as the number of modes increases, the percent error

decreases more rapidly for the ANM solutions. The ANM method is specifically de-

signed to efficiently treat the high resolution content at and near the drive-point that

slowly converges when using the Classical modal treatment.

Efficiently describing the displacement at the drive-point is crucial for the accurate

prediction of the structural motion of the Periodically Constrained Plate. Inspection

of the various scaling factors outlined in Appendix A reveals that the Driven Plate
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motions, the resulting motion due to the discrete force array ηF and the motion due

to a discrete moment array ηM , are inversely proportional to their displacement at

the drive-point in order to scale to the Unconstrained Plate motion and satisfy the

boundary conditions of interest in the Periodically Constrained Plate. Therefore, the

accuracy of the scaled Driven Plate motion, and the Periodically Constrained Plate

motion, is controlled by the accuracy of the drive-point displacement. This is critical

because as demonstrated, the drive-point displacement converges slowly compared to

the overall motion [28]. Any numerical error in determining the drive-point motion

will negatively influence the entire Driven Plate motion. ANM is specifically designed

to efficiently treat these slowly converging regions by describing them analytically,

thereby reducing the error due to series truncation. This makes the ANM method

particularly powerful when applied to problems with structural discontinuities whose

overall response scales with the high resolution motion at and near the discontinuity.

2.5 Periodically Constrained Structure and Resulting Intensity Dis-
tributions

Finally, the response of the Periodically Constrained Plate is constructed by the

superposition of the Unconstrained Plate and the Driven Plates, with the appropriate

scaling factors. Once again applying the acoustic momentum equation, the resulting

pressure fields can also be described as

ptotalpxq � pfreepxq � pλF � pF pxq � λM � pMpxqq (2.44)

where the pressure field from the Driven Plate forced by the delta comb pF and

the pressure field resulting from the doublet comb forcing pM are multiplied by the

necessary scaling factors to satisfy the imposed boundary conditions.

In order to investigate the effect of the structural discontinuities on the acoustic
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far-fields, the acoustic intensity distribution is determined for both fluid media. By

constructing and examining the acoustic intensity [37, p.64], the redistribution of

the radiated energy resulting from the presence of the structural discontinuities can

be visualized. The spatially averaged intensity distributions radiating away from the

structure for both the top fluid I1 and the bottom fluid I2 are normalized to the

spatially averaged incident intensity normal to the structure defined in Eq. 2.22.

This scaling facilitates a simple metric for ensuring that the energetics of the system

are properly accounted for and the total outgoing energy is equal in magnitude to

the energy incident on the structure. The radiated and transmitted intensities are

defined as

I1 �
〈〈Re rp1sRe rv1s〉t〉x

Iincident
, I2 �

〈〈Re rp2sRe rv2s〉t〉x
Iincident

(2.45)

The velocities v1 and v2 are the vertical components of the velocity vector field

determined from the acoustic momentum equation; this ensures that the outgoing

intensities considered are the components normal to the structure. As a result of

orthogonality [40, p.63], none of the cross-modes produced by the multiplication of

the real pressure and real velocity expressions contribute to the spatially averaged

intensities. The resulting descriptions of the intensity distributions in both fluid

media are

I1 � |R|2 � 2|R||PD1,0| cos pφR � φD1,0q �
¸
mrad1

ky1,m

ky1

|PD1,m|2 (2.46a)

I2 � ky2 ε1

ky1 ε2

�
|T |2 � 2|T ||PD2,0| cos pφT � φD2,0q �

¸
mrad2

ky2,m

ky2

|PD2,m|2
�

(2.46b)

where PD1,m describes the modal amplitude of the Driven Plate pressure into the top

fluid and φD1 represents its phase.
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2.5.1 Interpreting Intensity Expressions

In Section 2.2.3, the intensity in the fluid domains as a result of the Unconstrained

Plate motion was considered. Those intensity expressions appear as the first terms

in both equations of Eq. 2.46, and are followed by the effect of the scaled Driven

Plate. The effect of the Driven Plate is to redistribute the radiated energy to a finite

spectrum of angles which is conveyed in the sum over the propagating modes. The

middle term in both intensity expressions serves as the mechanism that allows the

energy to remain conserved with the introduction of the Driven Plate intensity con-

tributions. This term takes into account the phase difference between the intensity

due to the Unconstrained Plate and that due to the Driven Plate at the primary

angles. The primary angles correspond to the m � 0 mode for the Driven Plate. As

a general physical interpretation, this cross-term reduces the magnitude of the inten-

sity at the primary angles and, consequently, this difference in energy is equivalent

to the total energy that is in the redistribution spectrum.

Results from this energetics analysis are briefly presented for a few cases to highlight

radiation behaviors.

2.5.2 Power Spectra and Intensity Distributions

Figure 2.11 shows a characteristic intensity distribution for a Periodically Pinned

Plate driven by an acoustic planar wave incident on the structure at an oblique angle

of θi � π{4. The plot depicts how much of the reflected and transmitted energy is

redirected into other radiation angles, resulting in a deviation from specular reflection

due to the boundaries. The energy is presented as a percent relative to the power

normal to the surface. Note that the primary angles of reflection and transmission

still have significant energetic content; however, approximately 8% of the energy has

been redistributed to other discrete angles of radiation.
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Figure 2.11: Directivity resulting from a periodically pinned subsonic plate k �
78, θi � π{4, ε1 � ε2 � 10, kN � 0.004.

It is interesting to note that in spite of the oblique incidence, the redistributed

radiation directivity tends to a symmetric distribution. Figure 2.12 below illustrates

that the redistribution of energy to additional angles of radiation is highly frequency

dependent for the subsonic panel. The characteristic wavenumber of the plate kN is

chosen to ensure that the panel is subsonic over the entire third-octave band. The

plot describes the total percent of energy that is redistributed to angles other than

the primary angles of reflection and transmission, as a function of frequency.

Figure 2.12: Percent of energy redistributed for periodic pinned constraints on a
subsonic plate θi � π{4, ε1 � ε2 � 10, kN � 0.004.
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For comparison, the analogous power spectrum is also shown for the subsonic plate

with clamped boundary conditions in Figure 2.13. The dominant peaks indicate that

the most redistribution of energy occurs at the structural resonances of the plate for

subsonic configurations. At high frequencies, these resonances are separated by a

difference of approximately π.

Figure 2.13: Percent of energy redistributed for periodic clamped constraints on a
subsonic plate θi � π{4, ε1 � ε2 � 10, kN � 0.004.

Unlike the pinned plate, the clamped plate demonstrates very different far-field direc-

tivity at resonance. In Figure 2.14, the energy distribution is shown for the clamped

plate at a frequency away from a resonance, which shows little energy redistributed.

In Figure 2.15 the same configuration is shown at a resonant frequency of the sys-

tem. The stark contrast in the intensity directivity near resonance for the periodically

clamped plate suggests that the directivity is highly dependent on the boundary con-

ditions. Consistent with the conclusions of Bliss et al. in their edge radiator work,

the acoustic energy flow is predominantly in the direction of the structural energy

flow.
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Figure 2.14: Directivity resulting from a periodically clamped subsonic plate away
from resonance k � 77, θi � π{4, ε1 � ε2 � 10, kN � 0.004.

Figure 2.15: Directivity resulting from a periodically clamped subsonic plate near
resonance k � 79, θi � π{4, ε1 � ε2 � 10, kN � 0.004.

This directivity sensitivity to boundary conditions motivates additional work in char-

acterizing the effect of end conditions and suggests that even at high frequencies the

boundary conditions are not negligible in considering the structural-acoustic response

of vibrating panels.
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Supersonic Panels

The redistribution of energy from subsonic panels is understood to be a result of the

small radiating region near the boundaries. The directivity plots and power spectra

confirm that energy is in effect pulled from the primary reflection and transmission

angles and discretely redistributed over the full spectrum of radiating angles. This

process is most efficient near the structural resonances. In contrast, the redistri-

bution of energy from a supersonic panel is distinct in that the entire barrier is a

surface radiator. In Figure 2.16, an intensity distribution from a periodically pinned

supersonic membrane is driven by an acoustic planar wave that is normally incident

on the structure.

Figure 2.16: Directivity resulting from a periodically pinned supersonic membrane
k � 80, θi � 0, ε1 � ε2 � 10, M1 �M2 � 1.7.

As expected, the primary angles of reflection and transmission are at normal inci-

dence, but the redistribution of energy is centered around two equal and opposite

angles. These angles are termed the “Mach angles,”

sinφ � 1

M
(2.47)
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and will be discussed in Chapter 4. Like the subsonic panels, the efficiency of the

energy redistribution improves at the structural resonances of the system. However,

significant energy redistribution really occurs when the angle of incidence of the

acoustic wave is equal to the Mach angles of the structure. Considering the same

configuration as before, Figure 2.17 shows the intensity distribution of the supersonic

panel driven by an acoustic wave incident at θ � π{4, which is near the Mach angles

of the structure with Mach number M � 1.7.

Figure 2.17: Directivity resulting from a periodically pinned supersonic membrane
k � 80, θi � π{4, ε1 � ε2 � 10, M1 �M2 � 1.7.

Comparison to Figure 2.16 demonstrates that the discrete redistribution spectrum

is similar, however the panel redistributes more energy for the incidence angle closer

to the Mach angles. As such, it is more appropriate to show a power spectrum for

supersonic panels as a function of incidence angles instead of frequency. Figure 2.18

below presents the energy redistributed by a supersonic membrane over a spectrum

of incidence angles, for a given frequency that does not coincide withe a resonance of

the panel. This power spectrum demonstrates that the supersonic panel redistributes

the most energy when the forcing acoustic wave is incident with angles near the
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Mach angles. This is in effect an acoustic coincidence; the acoustic wavenumber

component parallel to the structure (the trace wavenumber) coincides with the in

vacuo wavenumber of the panel, thus exciting a resonant response of the panel which

results in significant energy redistribution away from specular reflection.

Figure 2.18: Percent of energy redistributed for periodic pinned constraints on a
supersonic membrane k � 80, ε1 � ε2 � 10, M1 �M2 � 1.7.

2.5.3 Broadband Results

One of the overarching goals for this research focus is to develop simple analytical ra-

diation models for high frequency broadband acoustic forcing. The models produced

using this periodic configuration will serve to provide an understanding of the radi-

ation mechanisms of periodically connected panels, which may be used to consider

the dominant behaviors of isolated panels under the proper conditions. As such,

broadband results for periodically connected panels are presented. Power spectra

for a subsonic periodically pinned plate and a subsonic periodically clamped plate

are shown in Figures 2.19 and 2.20 as examples of the redistribution of energy for

these configurations. The barriers are driven by acoustic waves with many angles of

incidence, over a third octave band centered at kc � 80.

44



Figure 2.19: Percent of energy redistributed for periodic pinned constraints on a
subsonic plate θi � t�π{2, π{2u, ε1 � ε2 � 10, kN � 0.004.

Figure 2.20: Percent of energy redistributed for periodic clamped constraints on a
subsonic plate θi � t�π{2, π{2u, ε1 � ε2 � 10, kN � 0.004.

It is interesting to note that the percent of energy redistributed by the periodically

pinned plate is less “organized” than that of the periodically clamped plate. That is,

the most redistribution is strongly localized around the structural resonances of the

plate with minimal variation. Yet in the case of the pinned constraints, the frequen-

cies with maximum redistribution seem to deviate from the resonances. Considering

the analysis of propagation of flexural waves across bays performed by Mead [7], this
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is understood as a result of the increased structural coupling between adjacent bays

due to the less stringent boundary conditions in the case of the pinned constraints.

This allows for more interaction between the structural waves of adjacent bays, which

results in a more complex correlation.

For completeness, broadband power spectra of energy redistribution are also pre-

sented below for a supersonic panel. The power spectra for supersonic membranes

are shown as a function of incidence angle for a third-octave band centered at kc � 80.

These plots again confirm that the most energy is redistributed to radiation angles

other than the primary angles when the incident acoustic wave is coincident with

the Mach angles of the panel. Figure 2.21 shows the broadband results for a super-

sonic membrane with M � 1.7. Figure 2.22 shows the same configuration except the

membrane Mach number has been defined as M � 2.7, thus demonstrating that the

re-radiation efficiency is greatest for incidence angles equal to the Mach angles.

Figure 2.21: Percent of energy redistributed for periodic pinned constraints on a
supersonic membrane over a third-octave band kc � 80, ε1 � ε2 � 10, M1 � M2 �
1.7.
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Figure 2.22: Percent of energy redistributed for periodic pinned constraints on a
supersonic membrane over a third-octave band kc � 80, ε1 � ε2 � 10, M1 � M2 �
2.7.

Figure 2.23 below demonstrates that one of the effects of increasing fluid loading

for a supersonic panel is to widen the efficient lobes centered at the Mach angles.

Physically this means that a wider band of incidence angles will excite the resonant

response of the supersonic panel and result in deviations from specular reflection.

Examining the intensity distribution response for a single driving frequency and

incidence angle under these conditions, Figure 2.24 shows that the increased fluid

loading also results in a widening of the prominent angels of re-radiation.

Figure 2.23: Percent of energy redistributed for periodic pinned constraints on
a supersonic membrane over a third-octave band kc � 80, ε1 � ε2 � 10 (Left),
ε1 � ε2 � 20 (Right), M1 �M2 � 1.7.
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Figure 2.24: Percent of energy redistributed for periodic pinned constraints on a
supersonic membrane over a third-octave band k � 80, θ � π{4, ε1 � ε2 � 10 (Left),
ε1 � ε2 � 20 (Right), M1 �M2 � 1.7.

Using the method of Analytical Numerical Matching, an efficient tool has been de-

veloped for the study of the structural-acoustic response of periodically constrained

panels, which is characterized by discrete radiation angles. The distribution of the

radiation is shown to be dependent on the Mach regime of the panels as well as the

boundary conditions enforced. These models will be used in Chapter 5 in compari-

son to the approximate radiation models developed for isolated fluid-loaded panels.

Although only periodically pinned and clamped constraints were discussed here, the

analysis is readily applied to any of the classic plate boundary conditions as well as

generalized impedance boundary conditions.
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3

Finite Panels: Subsonic Approximate Models

In this chapter1, approximate radiation models for baffled finite panels are developed.

The objective is to model the response of the flexible panel and coupled fluid media

to an acoustic wave obliquely incident on the structure. As an initial approximation,

this geometry could be interpreted to represent one bay of the periodically connected

panels. The objective is to motivate the development of simple closed form directiv-

ity patterns by identifying and approximating the dominant effects of the bounding

fluids. The structural-acoustic response predicted by these approximate models is

compared to the results from the periodic formulations in Chapter 5. Finally, these

approximate models will be compared to an exact benchmark solution in Chapter 7

to evaluate their validity.

Formally including the effect of the fluids is mathematically difficult as a result of

the finite length and resulting hydrodynamics near the edges of the structure. There-

fore, the analysis begins by considering the configuration with light fluid loading so

that the back-coupling of the acoustic fields can be neglected. In order to approx-

1 Parts of this chapter are reproduced from the author’s master’s thesis [28].
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imate the effects of the fluid loading, a first-order inertance and radiation damping

approximation are introduced and evaluated. This finite model will be assembled

similar to the infinite Periodically Constrained Structures, in that the motion of the

finite barrier driven at the end-points will be scaled to the motion of a segment of the

unconstrained response in order to satisfy the boundary conditions of the finite struc-

ture. For clarity and conciseness, the approximate radiation models are developed

in detail for the case of a finite membrane with prescribed motion at the end-points.

The general approach is very similar for the 2-D plate, however the details of the

analytical manipulation are unwieldy to present. As such only a few comments are

made at the end of the chapter pertaining to the plate.

3.1 In Vacuo Membrane Model

The in vacuo panel response can be interpreted as an approximation to the motion

of the panel surrounded by light-weight fluids of negligible effect on the structure

dynamics. The governing equation of the membrane in the absence of fluid coupling

and the boundary conditions defined as prescribed end-point motions are described

as

�η2 � k2
Mη � 0 (3.1)

ηff p�1
2
q � β, ηff p1

2
q � βe�iks (3.2)

where β is a prescribed complex displacement amplitude. When interested in the

structural-acoustic response of a pinned membrane driven by an acoustic field, this

complex amplitude will be set equal to the unconstrained response of fluid-loaded

membrane. To account for the oblique incidence of the driving acoustic wave, the

amplitudes of the drive points are correspondingly phase-shifted. The response pre-

dicted by this analysis is designed to model the reverberation of the finite panel that

results from the presence of structural discontinuities. The assembly of the uncon-
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strained and reverberation models is discussed in detail in Section 7.1. The resultant

motion due to the end-point driving is evaluated to be

ηff � β

sin pkMq
�

sin

�
kMp�x� 1

2
q


� e�iks sin

�
kMpx� 1

2
q

�

(3.3)

It will be shown in the coming sections that it is convenient to work with the spatially

averaged mean-square velocity of the structure, which is calculated as

〈
V̄
〉2

x
� k2

1|β|2

2

�
cos ks � cos kM
kM sin kM

� 1 � cos kM cos ks
sin2 kM



(3.4)

From these expressions it is evident that the membrane motion exhibits resonant

behavior at certain frequencies and the motion becomes unbounded. The set of

structural wavenumbers

k�M � nπ, n P Z (3.5)

includes all of the possible resonances, but the phase difference between the pre-

scribed displacements ks defines the effective set of resonances for the given param-

eters. For example, when the drive points are in phase (ks � 0, which corresponds

to the case of a normally incident acoustic wave), the structural resonances occur at

k�M � mπ where m is an odd integer. This demonstrates that the phase difference

between the prescribed drive point displacements results in destructive interference

that reduces, or exactly cancels, the significance of some of the resonances in a fre-

quency band.

In order to explore this phenomenon further, and to introduce models to the in

vacuo description that will begin to approximate the effect of the surrounding fluid

media, a small dissipative component is introduced into the structural wavenumber.
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3.2 Panel on a Viscous Suspension

One of the effects of the fluid loading is to act as a resistive loading and oppose

the motion of the structure [32, p.57]. This motivates adapting the model of the in

vacuo panel by effectively placing the structure on a continuous damper suspension of

strength per unit length R̄, so that the governing equation of the membrane motion

and the boundary conditions are [35, p.171]

� B2η

Bx2
� ik1R̄η � k2

Mη � 0 (3.6)

ηp�1
2
q � β, ηp1

2
q � βe�iks

The damper proportional to transverse velocity will dissipate energy from the system,

which will approximate the energy radiated through the fluid media. The damper,

like the fluid loading, will bound the motion of the panel at the structural resonances.

The dispersion relation defines the structural wavenumber that is used in the solution

to the damped membrane motion. The assumption of small damping relative to the

in vacuo structural wavenumber is introduced and justifies the use of a Taylor Series

expansion. The first term of the Taylor Series for small damping is calculated for

the structural wavenumber and the membrane motion to produce

γ � kM � i
M1

2
R̄ � kM � iRd (3.7)

ηffR � β

sin pkM � iRdq
�
sin pkMp�x� 1{2qq � e�iks sin pkMpx� 1{2qq� (3.8)

In Eq. 3.7 a new parameter Rd � M1R̄{2 is introduced for conciseness. It is found

that to first order, the small damping does not affect the mode shape of the motion.

It does, however, introduce a complex component to the denominator, as compared
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to Eq. 3.3, which will bound the amplitude of the motion at resonance. The spatial

average of the damped membrane motion mean square velocity is described as

〈
V̄ 2

〉
x
� k2

1|β|2

2kM

�
2 cos pksq rkM cos kM � sin kM s � sin p2kMq � 2kM

cos p2kMq � cosh p2Rq



(3.9)

The spatial average mean square velocity is of interest because it is proportional to

the power dissipated P by the system by the relationship [32, p.14],

P � R̄
〈
V̄ 2

〉
x
� 2Rd

M1

〈
V̄ 2

〉
x

(3.10)

It will be shown that the power plotted as a function of frequency will have sharp

peaks concentrated at the resonances as a result of the small damping [32, p.15]. In

order to predict the values of the damper to approximate the dissipative effect of the

fluids, it is necessary to first introduce a correction for the inertance effect that the

fluids have on the structure. Once this effective inertance is introduced, the method

developed for approximating the damper values is presented in Section 3.4.

3.3 Panel Inertance Correction Model

The objective is to model the effective additional mass per length that the fluid

loading enacts on the panel and introduce it into the structural wavenumber. To

motivate this “inertance correction,” the analysis begins with the governing equation

for an infinite fluid-loaded panel in free motion. The resulting dispersion relation for

a free membrane can be written in a slightly unconventional form as

k2
χ � k2

M

�
� ε1b

k2
χ � k2

1

� ε2b
k2
χ � k2

2

�
� k2

M (3.11)

where kχ is the structural wavenumber. In keeping with the goal of developing simple

closed form expressions, an iterative solution to the dispersion relation is pursued.
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The initial estimate of assuming no fluid loading, ε1 � ε2 � 0, is used so that

kχo � kM (3.12)

This reproduces the in vacuo structural wavenumber, as expected. The iteration

scheme is defined as

k̄χj
� kχj

kM
, k̄χo � 1 (3.13)

k̄χj�1
�

gfffe1 � 1

kM

�
� ε1b

k̄χj
�M2

1

� ε2b
k̄χj

�M2
2

�
 (3.14)

In order to qualify the convergence of the iterations, the percent error of the first six

iterations are plotted in Figure 3.1. This error is calculated relative to an iterated

solution that was converged to an accuracy well beyond the error associated with

these first couple of iterations. The percent error presented is frequency averaged

over the third-octave band centered at kc � 80.

Figure 3.1: Convergence of inertance iterative model: Frequency averaged for
third-octave band centered at kc � 80.

This figure is used to demonstrate that the iterations converge fairly quickly. The

54



modified wavenumber due to the first iteration is calculated to be

kχ1 � kM

gffe1 � 1

kM

�
ε1a

1 �M2
1

� ε2a
1 �M2

2

�
(3.15)

This expression demonstrates that the inertance of the fluid increases the reactance

of the structural wavenumber of the membrane, which results in decreasing the res-

onant frequencies of the system as compared to the in vacuo configuration. The

number of iterations required to achieve acceptable convergence is dependent on the

parameters used. For example, as the Mach number or fluid loading increase, the

iterations converge more slowly. There is negligible computational cost in using the

higher order iterations and comparisons to the benchmark solutions will show that

these refinements in the inertance model improve the accuracy of the approximate

model.

One way to illustrate the effect of this fluid inertance correction is to compare the

resultant motion of the finite membrane to the motion over one bay of the fluid-loaded

Periodically Fixed Membrane, which formally includes the presence of the acoustic

fields. In order to compare these models, the finite membrane must be brought to

rest at the end-points by scaling and superposition of the Unconstrained Membrane

segment. A simple variable transformation in x is introduced in the finite model to

translate the constraint locations to match those of the Periodically Fixed Membrane

(at integer values of x). The real motion of the in vacuo membrane with and without

the first iteration of the inertance correction in the structural wavenumber is plotted

against that of the fluid-loaded infinite membrane in Figure 3.2 for typical parameter

values.
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Figure 3.2: Comparison of membrane motion determined from the fluid-loaded
infinite membrane (one bay), and the finite membrane with and without the inertance
correction.

Figure 3.2 clearly demonstrates that the motion of the in vacuo membrane is altered

with the introduction of the inertance model. The agreement between the motion of

fluid-loaded membrane and the finite model with just the first iteration of the iner-

tance correction is impressive. As expected, all three models have zero displacement

at x � 0 and x � 1 as defined by the fixed constraints.

Introducing the inertance and damping corrections into the in vacuo structural

wavenumber, the response of the finite fluid-loaded membrane is modeled with the

simple expression

ηffR,I
� β

sin pkχ1 � iRdq
�
sin pkχ1p�x� 1{2qq � e�iks sin pkχ1px� 1{2qq� (3.16)

3.4 Power Matching

The in vacuo response of the panel has been modified by introducing corrections to

the structural wavenumber that are used to model the influence fo the fluids. The
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strength of the viscous suspension has until now been generally considered. The

strength of the viscous suspension is determined by requiring that it be energetically

equivalent to the effective radiation damping of the fluids. As such, the strength

of the damper is determined by equating the power dissipated by the mechanical

suspension to the total power radiated by the finite membrane independent of the

viscous suspension.

3.4.1 Radiated Power using Rayleigh Integral

The power radiated by the end-driven finite membrane is evaluated using the two-

dimensional Rayleigh Integral [28]. The resulting far-field pressures from the Rayleigh

Integral for the two fluid spaces above and below the structure are, respectively,

p1pr, φ1q � ε1

M2
1

�
k1

2πr


1{2

eipk1t�k1r�π{4q
» 1{2

�1{2

V pxqe�ik1x sinφ1dx (3.17a)

p2pr, φ2q � ε2

M1M2

�
k2

2πr


1{2

eipk1t�k2r�π{4q
» 1{2

�1{2

V pxqe�ik2x sinφ2dx (3.17b)

where φ is the angle of radiation and V pxq is the transverse velocity of the surface,

which in the current investigation is that of the finite membrane denoted as

V pxq � ikiη � Vo
�
sin pkχp�x� 1{2qq � e�iks sin pkχpx� 1{2q� (3.18)

In this analysis, it is assumed that the amplitude of the velocity Vo is known. It

will be shown in the next section that the same finite amplitude is assumed for the

motion of the membrane on a suspension and, because of linearity, does not affect the

value of the required damper. The functional form of the panel velocity allows for

the analytical integration of the far-field Rayleigh integral to determine the far-field

pressures. In this section, only the power radiated into the top fluid is presented.

The power radiated to the bottom fluid follows the same analysis. Applying the
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assumption that in the far-field the relationship between the acoustic pressure and

velocity is that of a plane wave [37, p.65], the acoustic intensity is immediately stated

as a function of the mean square pressure and the planar acoustic impedance

I1pφ1q � |p1|2

2 � pε1{M2
1 q

(3.19)

The intensity distribution for the top fluid is therefore defined as

I1pφ1q � k1|Vo|2ε1

πM2
1 r

Dpφ1q (3.20)

Dpφ1q �
�

sin
�

1
2
pkχ � ksq

�
sin
�

1
2
pkχ � k1 sinφ1q

�
kχ � k1 sinφ1

(3.21)

�sin
�

1
2
pkχ � ksq

�
sin
�

1
2
pkχ � k1 sinφ1q

�
kχ � k1 sinφ1

�2

where Dpφ1q is the directivity function. As expected for a two-dimensional con-

figuration, the acoustic intensity is inversely proportional to the distance from the

source. The acoustic power PRad1 is evaluated by performing a surface integral over

a semi-circle in the far-field centered at the origin so that

PRad1 �
» π{2
�π{2

I1pφ1q r dφ1 (3.22)

This surface is particularly convenient because the intensity distribution described

in Eq. 3.20 is defined as being normal to a semi-circle surface.

3.4.2 High Frequency Approximation

At this point, the analysis is restricted to the high frequency region. This high fre-

quency assumption allows the directivity function Dpφ1q of the intensity distribution

to be approximated as
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Dpφ1q �
�

sin2
�

1
2
pkχ � ksq

�
2pkχ � k1 sinφ1q2 �

sin2
�

1
2
pks � kχq

�
2pkχ � k1 sinφ1q2 (3.23)

�cospkχq sin
�

1
2
pks � kχq

�
sin
�

1
2
pkχ � ksq

�
pkχ � k1 sinφ1qpkχ � k1 sinφ1q

�

The exact and high frequency approximation of the directivity function are normal-

ized and plotted in Figure 3.3 below for a frequency of k=80.

Figure 3.3: Acoustic intensity distribution and high frequency approximation.

Based on the Riemann-Lebesgue lemma, this high frequency assumption approxi-

mately averages the highly oscillatory behavior of the directivity function, thereby

allowing for a closed-form evaluation of the surface integral to determine the total

power radiated into the top fluid (reflection domain) as

PRad1 � �k1|Vo|2ε1

�
k2

1 � 3k2
χ � 2

�
k2

1 � 2k2
χ

�
cospkχq cospksq � pk2

1 � k2
χq cosp2kχq

�
4kχM2

1

�
k2
χ � k2

1

�3{2

(3.24)

This simple result includes the influence of the fluids in the reactance of the structural

wavenumber kχ and in the resistive component of the wavenumber which appears in

the amplitude of the velocity. The magnitude of this resistive component the models
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the radiation damping effect of the fluids is approximated by requiring the power

dissipated by the damper suspension to be equivalent to the power radiated into

both acoustic domains.

3.4.3 Power Matching to Determine Damper Value

The power dissipated Pd by the membrane on a suspension with velocity amplitude

Vo is determined by Eq. 3.10 where
〈
V̄ 2

〉
x

is the spatial average of the mean square

velocity of the membrane. Equating the power dissipated to the power radiated

into both acoustic half-spaces, an algebraic expression independent of the velocity

amplitude Vo is determined for the damper as

Pd � PRad1 � PRad2 (3.25a)

Rd � PRad1 � PRad2

M1

2

〈
V̄ 2

〉
x

(3.25b)

The frequency dependent damper values determined from the power-matching anal-

ysis with and without the inertance model are produced in Figure 3.4. The power

dissipated by the membrane on a suspension with the damper values calculated, and

by definition also the power radiated, is shown in Figure 3.5.

Figure 3.4: Calculated damper value with and without inertance correction.
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Figure 3.5: Percent power dissipated with and without the fluid inertance model.

It is shown that the damper value is inversely proportional to frequency. The reso-

nant frequencies of the system are denoted by the discrete markers. As expected, the

damper value is largest at these frequencies where the stiffness and inertial effects

balance and the membrane experiences the most motion, and therefore results in

the most radiation into the fluids. The relative amplitudes of the peaks are primar-

ily explained by the extent of destructive interference, due to the drive point phase

difference, that affects the average mean-square velocity, and therefore the power

dissipated/radiated.

In order to understand the decreasing damper value with frequency, it is advanta-

geous to first interpret the power radiated in the framework of the edge radiator

results developed by Bliss et al. [29]. The directivity of the radiation from a finite

subsonic panel is explained in terms of higher order singularities at the edges, and is

not predicted by uncanceled edge monopoles [1]. As the driving frequency increases,

the membrane structural wavenumber increases, thereby decreasing the structural

wavelength. The strength2 of the edge radiators is proportional to this structural

2 Perhaps a more intuitive physical interpretation is that the “size” of the edge radiators decrease
with increasing frequency.
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wavelength, with the high order singularities (dipole, quadrapole, etc.) decreasing

in strength faster than the monopole. The coupling between structure and fluid is

reduced with smaller edge sources. As the frequency increases the strength of the

edge radiators decrease. However, the active length of the damping suspension does

not change with frequency; the length of the membrane on the viscous suspension

is constant. Therefore, in order for the distributed damping to match the power of

the diminishing edge radiators, the strength of the damper must decrease. Recall

that the damper value is independent of the velocity amplitude Vo, so the damper

frequency dependence is independent of the power frequency dependence.

Examining the effect of introducing the inertance correction is also interesting. As

expected, the structural resonances of the system are reduced as a result of the addi-

tional inertance loading, and the damper determined with the inertance correction is

reduced for a given frequency. This reduction in required damper can be explained by

interpreting the influence of the inertance as an increase in the “effective” structural

Mach number. The in vacuo Mach numbers are defined as

M1 � k1

kM
, M2 � k2

kM
(3.26)

and in essence compare the wave speed of the structure to the fluid wave speed.

However, the inertance correction increases the effective structural wavenumber so

that kχ1 ¡ kM , and so an “effective structural Mach number” M̃1 and M̃2 can be

defined as

M̃1 � k1

kχ1

, M̃2 � k2

kχ1

(3.27)

so that M̃  M . Increasing the Mach number physically corresponds to an increase

in fluid coupling to the membrane motion. This will result in an increase in power

radiated through the fluid media and therefore an increase in damper value to match
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the power dissipated by the suspension. Conversely, a decrease in Mach number

would have the opposite effect on damper value. This helps interpret the decreased

damper value with the inclusion of the inertance correction as a result of the smaller

effective Mach number.

The simple fluid loading models developed for the reverberation of a subsonic finite

membrane will be compared to both the periodic model and a benchmark model

developed in a later chapter.

3.5 Finite 2-D Plate

The same fluid loading models are developed for the 2-D plate, and modified only in

that the governing equation of the plate differs from the membrane. The additional

inertance resulting from the acoustic back-loading is again approximated by itera-

tively solving the dispersion relation of the free response of the unconstrained plate

that is acoustically loaded. The corresponding dispersion relation is defined as

k4
χ � k4

B

�
� ε1
kB

1b
k2
χ �M2

1

� ε2
kB

1b
k2
χ �M2

2

�
� k4

B (3.28)

The radiation damping model for the fluid-loaded plate is determined by equating

the power radiated by the plate, as calculated via the far-field Rayleigh Integral, to

the power dissipated by an equivalent viscous suspension. This analysis again begins

with the in vacuo governing equation for the plate displacement

B4η

Bx4
� k4

Bη � 0 (3.29)

whose general solution can be expressed as a linear combination of traveling and

evanescent waves as

η � AeikBx �Be�ikBx � CekBx �De�kBx (3.30)
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The coefficients are determined by the boundary conditions, which will be defined

as prescribed motions at the end-points. Throughout this work, the response of

pinned-pinned and clamped-clamped plates are used to demonstrate the methods

developed, and the same is done here without loss of generality. Recalling that these

reverberation models are constructed so that they satisfy the boundary conditions

when added to the unconstrained response, the prescribed end-point motions are

defined accordingly. For the reverberation model to be used for the pinned plate,

the necessary boundary conditions are

η
∣∣∣
x�0

� β, η
∣∣∣
x�0

� βe�iks (3.31)

B2η

Bx2

∣∣∣
x�t0,1u

� 0

where β is defined as the displacement of the fluid-loaded unconstrained plate driven

by an obliquely incident acoustic wave at the drive-point, as described by Eq. 2.20a.

Similarly, the reverberation model to be used for the finite clamped plate has pre-

scribed displacements and slopes at the end-points defined as

η
∣∣∣
x�0

� β, η
∣∣∣
x�0

� βe�iks (3.32)

Bη
Bx

∣∣∣
x�0

� �iksβ, Bη
Bx

∣∣∣
x�1

� �iksβe�iks

The response of the plate to the applied end-point motion necessary for the study of

a pinned plate (by Eq. 3.31) is evaluated as

ηBpxq � β

2 sin kB sinh kB

�
sinpkB � kBxq sinh kB � sinhpkB � kBxq sin kB

e�ikspsinpkBxq sinh kB � sinhpkBxq sin kBq
�

(3.33)

This form of the motion description has been judiciously chosen to isolate the res-

onance information in the amplitude, outside of the bracketed expression. The re-

sponse of plate becomes unbounded at the resonances, which are the zeros of sine.
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As with the membrane analysis, the modified structural wavenumber γ of the plate,

which includes the inertance and radiation damping models

γ � kχ � iRd (3.34)

is introduced into the plate response. Recognizing that the radiation from a finite

subsonic panel results from edge radiation, the equivalent damping term is expected

to be small. As before, this justifies expanding the modified response of the plate,

and the simple model for the reverberation component of the finite pinned plate is

expressed as

ηBpxq � β

2 sin γ sinh γ

�
sinpkχ � kχxq sinh kχ � sinhpkχ � kχxq sin kχ

e�ikspsinpkχxq sinh kχ � sinhpkχxq sin kχq
�

(3.35)

As with the membrane analysis, the far-field intensity distribution and power are

analytically determined by applying high frequency simplifications. The resulting

closed-form expression for radiated power is then set equal to the power dissipated

by the viscous suspension, which results in an algebraic equation to determine the

equivalent damper strength Rd. The response to the end-point driving in Eq. 3.32

required to construct the clamped beam is not presented, but the same approach is

undertaken of isolating the resonance information in the amplitude of the motion.

Below, the far-field intensity directivities of the approximate reverberant plate re-

sponses that are used to assemble the pinned and clamped configurations are briefly

considered. Figure 3.6 shows the normalized intensity directivity for the pinned plate

component and the clamped plate component for the case of a subsonic plate with

drive-point phase differences corresponding to an acoustic wave incident at θ � π{4.

Both the full directivity expression and the high frequency model used to analytically

calculate the power are shown.
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Figure 3.6: Normalized intensity directivity for the pinned plate reverberation
component (Left) and the clamped plate reverberation component (Right). k �
80, M � 0.5, θ � π{4.

3.5.1 Far-Field Directivity

These directivity plots clearly show that the pinned and clamped plates will result

in different far-field intensity distributions. This difference is understood as a result

of the correlation of the wave components of Eq. 3.30, which are scaled differently

for the pinned and clamped components, in the radiating region near the edges. In

Appendix D this correlation is investigated in the framework of edge radiator analysis

for a semi-infinite plate with a traveling flexural wave incident on various boundary

conditions. Interestingly, Figure 3.6 suggests that the pinned plate directivity may

be insensitive to the drive-point phase shift, as compared to the clamped plate,

which agrees with the responses shown of the periodically constrained panels. It is

also important to note that, consistent with the conclusions reached by Bliss et al.,

the far-field directivity from these reverberation models is highly dependent on the

Mach number comparing the flexural wave speed to the acoustic wave speed. Figure

3.7 presents normalized intensity directivity functions for the pinned and clamped

components, with in-phase drive-points, for a few subsonic Mach numbers.
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Figure 3.7: Normalized intensity directivity for the pinned plate reverberation com-
ponent (Left) and the clamped plate reverberation component (Right) at different
subsonic Mach numbers and normal incidence. k � 80, θ � 0.

In the study of the infinite configurations, the periodically clamped plate was shown

to have a more directional intensity distribution when obliquely forced at a resonance.

Figure 3.8 below shows the normalized directivity as predicted by this approximate

finite model for several Mach numbers. The left plot confirms that the intensity

directivity resulting from the scattering from a pinned plate is robust to changes in

incidence angles. The right plot emphasizes the sensitivity of the clamped plate to

both incidence angle, or the phase difference between drive-point forcing, as well as

Mach number. The curve representing the directivity due to the reverberation of a

panel with Mach number M � 0.5 is in fact very similar to the radiation trends seen

in periodic configuration of Figure 2.15, which has a similar Mach number.

Figure 3.8: Normalized intensity directivity for the pinned plate reverberation com-
ponent (Left) and the clamped plate reverberation component (Right) at different
subsonic Mach numbers and oblique incidence. k � 80, θ � π{4.

As demonstrated in this discussion, these simple fluid-loading models for the re-

verberation of finite panels provide significant physical insight into the radiation

mechanisms of both isolated and periodically connected panels. These approximate
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models will be compared to the power spectra calculated by the periodic configura-

tions in Chapter 5. Comparison to the benchmark solution developed in Chapter 6

will demonstrate that these simple models successfully model the structural-acoustic

response of the finite panels. These closed-form high frequency models motivate the

pursuit of band-averaged far-field directives suitable for computational methods such

as the energy-intensity boundary element method.
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4

Finite Membrane: Supersonic Approximate Models

Approximate models for the radiation from subsonic finite panels were developed in

Chapter 3. As expected, the radiation from the subsonic flexural waves is a result of

the spectral windowing due to the structural discontinuities, and is interpreted as the

radiation from a series of edge singularities as demonstrated by Bliss et al. In this

chapter, approximate models for the structural-acoustic response of a fluid-loaded

supersonic finite membrane is considered and it is demonstrated that the resulting

far-field radiation is characterized by the Mach angles.

Unlike the case of the subsonic panels, even in the absence of the structural dis-

continuities the unbounded supersonic membrane radiates energy into the fluid do-

mains. This is evident in the radiation impedance of the subsonic membrane being

purely reactive, whereas the supersonic membrane has a purely resistive radiation

impedance [34, p.273]. Therefore, the entire surface of the finite supersonic mem-

brane acts as a radiator as opposed to the finite membrane which is understood to

radiate only from the regions near the edges. The radiation angle for an unbounded
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supersonic membrane1 is defined by the flexural wavenumber. In this chapter, the

finite supersonic membrane is investigated to identify the effect of the boundaries on

the resulting far-field radiation.

4.1 Adjusted Structural Wavenumber

Some of the tools used in the investigation of the subsonic panels are immediately

applicable to the supersonic study. The analysis begins with the in vacuo response

of the panel, which is interpreted as the response with negligible fluid loading, to the

prescribed end-point motions. The fluid coupling is again approximated with a mod-

ification to the structural wavenumber. However, the supersonic membrane does not

require the introduction of an equivalent damping model as did the subsonic panels.

The dispersion relation, stated in Eq. 3.11, has a real set of wavenumber solutions

for subsonic Mach numbers and therefore does not predict any resistive component

due to radiation damping2. However, for supersonic Mach numbers M ¡ 1, the

dispersion relation has a set of both real and complex wavenumber solutions. The

complex wavenumber determined from the dispersion relation of the free response

of a supersonic fluid-loaded membrane is used for the reverberant waves on the fi-

nite structure. This complex wavenumber models the radiation damping with the

assumptions that the entire surface of the panel is a radiator and that at high fre-

quencies the edge effects are negligible. As before, an approximate solution to the

dispersion relation, reproduced below, is pursued since the expression involves roots

of a higher order equation.

k2
χ � k2

M

�
�1 � ε1b

k2
χ � k2

1

� ε2b
k2
χ � k2

2

�
� 0

1 For the acoustically driven membrane, the structural waves are always supersonic because the
trace wave speed is equal to or greater than the fluid wave speed as a result of oblique incidence.

2 Hence the purely reactive radiation impedance for subsonic flexural waves previously mentioned.
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It is determined that the iteration scheme used for the subsonic membrane does not

converge for M ¡ 1 due to the resulting complex roots. Instead, the components

of the wavenumbers in the y-direction, represented by the denominators, are Taylor

expanded such that

�
1 �

�
kχ
ki


2
��1{2

� 1 � 1

2

�
kχ
ki


2

� � � �,
����kχki

����   1 (4.1)

The interval of convergence describes the condition for waves that propagate away

from the surface, namely supersonic structural waves. With these expansions, the

dispersion relation is written as

k2
χ � k2

M

�
1 � i

ε1

k1

�
1 � 1

2

�
kχ
k1


2

� � � �
�
� i

ε2

k2

�
1 � 1

2

�
kχ
k2


2

� � � �
��

� 0 (4.2)

Taking just the first two terms of the series expansion as a first approximation,

the equation becomes a simple quadratic with a pair of complex conjugates as the

solutions, so that

kχ � �kM

gfffe 1 � i
�
ε1
k1
� ε2

k2

	
1 � i

�
ε1

2k1
1
M2

1
� ε2

2k1

M1

M3
2

	 (4.3)

This approximation improves with decreasing fluid loading (ε1, ε2) and increasing

Mach numbers. For cases with large fluid loading or supersonic Mach numbers close

to unity, higher order terms should be included in the series expansions which will

result in determining the roots of a higher order polynomial.

4.1.1 Acoustic Intensity Directivity

Having derived an approximate solution to the dispersion relation, this pair of com-

plex conjugates are used to modify the in vacuo response of the finite supersonic

membrane to include a correction for the fluid loading effects. As in Section 3.4.1,

71



the acoustic intensity radiated by the membrane can be immediately determined

using the far-field Rayleigh Integral, and the acoustic intensity directivity is again

calculated to be of the form

Dpφ1q �
�����
�

sin
�

1
2
pkχ � k1 sin θiq

�
sin
�

1
2
pkχ � k1 sinφ1q

�
kχ � k1 sinφ1

�sin
�

1
2
pkχ � k1 sin θiq

�
sin
�

1
2
pkχ � k1 sinφ1q

�
kχ � k1 sinφ1

� �����
2

In order to analytically integrate the acoustic intensity and determine the total power

radiated, high frequency approximations are once again established. Because the

panel is supersonic, the directivity is dominant at the radiation angles φM termed

the “Mach angles” [41, p.606]

sinφM � �kχ
k1

(4.4)

and because of the spatial aperture resulting from the finite extent of the panel [1]

the intensity will fall off in an oblique lobe. The significance of the Mach angle is

explained by recognizing that the directivity function can be written in terms of sinc

functions, for example:

sinc

�
1

2
pkχ � k1 sinφ1q



� 2

sin
�

1
2
pkχ � k1 sinφ1q

�
kχ � k1 sinφ1

(4.5)

which is a maximum at the Mach angle. There are two primary lobes because of

the right and left traveling flexural waves. Inspection of the directivity function de-

nominators suggests that if the structural wavenumber approximation kχ has a small

imaginary component, the oblique lobe will be much sharper (i.e. the denominator

approaches zero) as opposed to a large imaginary component. These insights are

used to motivate the asymptotic analyses used to analytically determine the total

power radiated by the system.

72



4.2 Small Fluid Loading Model

For small fluid loading parameters, the oblique lobe centered at the Mach angle is

particularly dominant. A characteristic directivity distribution is presented in Figure

4.1 on a logarithmic scale, which highlights the prominence of the Mach angle for

small fluid loading.

Figure 4.1: Acoustic intensity distribution approximation, ε1 � ε2 � 0.1, M1 �
M2 � 1.5.

In Eq. 4.3, it is clear that small fluid loading parameters will result in comparably

small imaginary (dissipative) components to the structural wavenumber kχ. There-

fore in the regime of small fluid loading, the structural wavenumber is decomposed

as kχ � kR � ikI and further approximated as kχ � kR. Finally, the radiation angle

φ1 in the argument of the sinc functions is expanded around the appropriate Mach

angle as

sinφ1 � sin

�
�kR
k1



� B
Bx psinφ1q

���
φ1��

kR
k1

�
�
φ1 	 kR

k1



� � � � (4.6)

In addition to the two sinc-squared functions whose maxima occur at the Mach

angles, the directivity function also consists of the cross-correlation of these sinc
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functions. This cross term, partially reproduced below, is necessary when approxi-

mating the integration for the total power radiated. It is of particular importance

when describing the content between the primary lobes. As a first approximation,

the radiation angle φ1 is therefore expanded around the normal to the surface as

sinc

�
1

2
pkR � k1 sinφ1q



sinc

�
1

2
pkR � k1 sinφ1q



(4.7a)

sinφ1 � φi � � � � (4.7b)

The resulting approximation to the directivity pattern presented in Figure 4.1 is

produced below. This approximation has the significant advantage of having a closed

form integration with respect to radiation angle, which is expressed in terms of Sine

Integrals.

Figure 4.2: Acoustic intensity distribution and small damping approximation, ε1 �
ε2 � 0.1, M1 �M2 � 1.5.

The accuracy of the proposed approximation to the directivity function is quanti-

fied by calculating the percent error of the analytical integration to the numerical

integration of the exact directivity function. This error is plotted in Figure 4.3 as

a function of Mach number, shown by the solid black line. Additionally, the signifi-

cance of the cross-correlation term is also investigated. In the same figure below, the
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dotted line depicts the percent error of the analytical integration having neglected

the contribution from the cross term.

Figure 4.3: Percent error of analytical integration with and without the cross term,
compared to the numerical integration of the exact directivity function.

From the solid line, it is evident that the expansion around the Mach angles and

subsequent closed form integration results in excellent agreement to the numerical

integration necessary for the exact directivity expression. It also suggests that this

approximation improves with increasing Mach number. The dotted curve verifies that

the cross term in the directivity function is not negligible; rather, the percent error

associated with omitting the cross term increases with Mach number. This trend is

explained by the increased significance of the directivity content between the primary

lobes as Mach number increases. Figure 4.4 shows the normalized directivity patterns

for finite supersonic membranes with the same small fluid loading parameters, but

with various Mach numbers, on a logarithmic scale.
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Figure 4.4: Normalized directivity functions for various Mach numbers of M � 1.5
(Top), M � 3.5 (Middle), and M � 5.5 (Bottom).

These plots show that as the Mach number increases, the Mach angles become more

acute and the primary projections move closer together, approaching a beaming lobe

normal to the surface. As the Mach angle increases, the cross-correlation increases

and the content between the dominant radiation lobes also becomes considerable.

Finally, Figure 4.5 is shown to indicate that the Mach angle expansions utilized

in this approximation are only valid for small fluid loading. As the fluid loading

increases, the percent error associated with the integration of the approximate direc-

tivity expression also increases. However, this plot also shows that even for increased

fluid loading, the percent error declines with increasing Mach number. This behavior

is predicted by examining the expression for the structural wavenumber Eq. 4.3; for

large Mach numbers, the imaginary component of the wavenumber will satisfy the

conditions for assuming sharp radiating lobes at the Mach angles. Therefore, this

model is most accurate for small fluid loading parameters and large Mach numbers.
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Figure 4.5: Percent error of integration for approximate directivity function as a
function of Mach number for various fluid loadings.

4.3 Large Fluid Loading Model

For large fluid loading parameters, the same high frequency assumptions used for the

subsonic panels are applied to simplify the directivity functionD pφq of the supersonic

panel in order to facilitate the analytical integration over radiation angles. The

directivity function is once again written in terms of simple trigonometric functions

and the structural wavenumber is expressed as its real and imaginary components.

One of the terms of the resulting directivity function is reproduced below in this

form:

sin
�

1
2
pkR � ikI � k1 sinφiq

�
kR � ikI � k1 sinφ1

Note that because of the imaginary component of the wavenumber, the directivity

function will be written in terms of hyperbolic as well as trigonometric functions.

Applying high frequency assumptions and trigonometric identities, the directivity

function can be simplified enough to allow for an approximate description that has a

closed form integration with respect to radiation angle. A characteristic directivity

function for large fluid loading and the resulting high frequency approximation are
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presented in Figure 4.6. The larger imaginary component of the structural wavenum-

ber, due to the increased fluid loading, models the radiation damping effect of the

fluid coupling. Much like how increasing the damping decreases the quality factor

of the resonant response of a simple mechanical oscillator [32, p.16], increasing the

fluid loading on the structure results in energetic spreading localized around the

Mach angles. That is, the intensity directivity is broadened over a larger band of

radiation angles as compared to the sharp lobes of the small fluid loading case. This

analysis helps explain the behavior of the periodically pinned supersonic membrane

configurations shown in Figure 2.24. As such, instead of expanding around the Mach

angles, a high frequency simplification is applied since the large imaginary compo-

nent ensures that the denominator of the directivity function does not approach a

null value.

Figure 4.6: Acoustic intensity distribution and high frequency approximation, ε1 �
ε2 � 15, M1 �M2 � 1.5.

The increased fluid loading also serves to dampen the highly oscillatory directivity

patterns seen on the curtails of the Mach angles, resulting in a smoother redistribu-

tion of energy. Figure 4.7 depicts the percent error associated with the high frequency

approximation to the directivity function, again compared to a numerical integration

of the exact expression Dpφq for two fluid loading parameter values. As expected,
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increasing the fluid loading parameters improves the accuracy of the approximation

and increasing the Mach number adversely affects the accuracy; these trends corre-

spond to the conditions needed for large imaginary (dissipative) components for the

structural wavenumber predicted in Eq. 4.3.

Figure 4.7: Percent error of integration for approximate directivity function as a
function of Mach number for large fluid loadings.

As with the approximate fluid loading models for subsonic panels, a modified flexural

wavenumber is determined for the supersonic membrane to approximate the influence

of the fluid coupling. For supersonic panels, the effects of the fluids are approximated

by the complex roots of the dispersion relation corresponding to the free response

of the unconstrained panel. The complex roots model both the additional inertance

due to the fluids and the radiation damping acting on the length of the entire panel.

This modified flexural wavenumber is introduced into the in vacuo response of the

membrane to the driven end-points.

The resulting membrane motion is interpreted as a simple model for the fluid-loaded

response, which is then used to evaluate the far-field intensity via the Rayleigh Inte-

gral. As demonstrated in this chapter, the calculated far-field intensity directivites

79



can be analytically integrated to predict the total power radiated by the panel with

simple approximations based on the dominant behaviors of the far-field radiation.

For supersonic panels, it is determined that the radiation is localized to the Mach

angles of the panel. It is also shown that one of the effects of increased fluid loading

is to increase the width of the radiation beams centered at the Mach angles. These

simple models help explain the behaviors noted for the periodically constrained su-

personic panels. The total power calculated by these approximate supersonic finite

models are compared to the results from the periodic formulations in Chapter 5 to

evaluate their agreement and validity.
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5

Comparison of Periodic and Isolated Panels

The approximate fluid loading models for the isolated panels developed in Chapters 3

and 4 are compared to the response of analogous periodically connected panels devel-

oped in Chapter 2. Of particular interest is the total energy redistribution away from

specular reflection; how much of the energy is reallocated from the primary angles of

reflection/transmission and redistributed to other radiation angles. One way to char-

acterize this efficiency is to consider the energy radiated by the reverberation of the

structures. Therefore, in this chapter only the response of the end-point driven pan-

els is considered. The far-field power spectrum of the periodically Driven Structures

is compared to the isolated panels with prescribed motions at the boundaries. For

both the periodically connected and the isolated panels, the constraints are driven

so that they would satisfy the boundary conditions of interest when combined with

the unconstrained response of the panel. Theses configurations are referred to by

the boundary conditions they are designed to satisfy. The power radiated by these

panels are expressed as the percent of total power normally incident to the structure

from the corresponding obliquely incident acoustic forcing.
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5.1 Subsonic Panels

In order to compare the power spectra of the subsonic finite and periodic panels, a

modification must first be made to the finite model to account for the influence of

the adjacent bays present in the periodic formulation.

5.1.1 Baffled Edge Radiators

Considering the Periodically Constrained system in the framework of edge radiator

analysis, the radiated pressure contributed by each constraint can be interpreted as

the net effect of the resulting edge singularities. As depicted in Figure 5.1, the edge

radiation region around each constraint can be conceptually decomposed into the

resulting set of edge singularities due to the net flexural motion on either side of the

boundary. As a result of oblique incidence, the flexural motion on adjacent bays will

be phase-shifted, and therefore the influence of the set of edge radiators will also

be phase-shifted. The phase-shifted edge radiators are depicted by the differently

shaded star markers.

Figure 5.1: The Periodically Constrained subsonic configuration is interpreted as
being composed of an array of finite panels so that each constraint results in a pair
of edge singularities.

The far-field pressures resulting from the finite subsonic models is understood as the

net radiation from the resulting edge radiators arising at each boundary, as depicted

in Figure 5.2.
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Figure 5.2: The radiation from a finite panel in isolation can be asymptotically
approximated by the pair of resulting edge radiators resulting from the boundary
conditions.

In order to improve the agreement between the power predicted by the periodic for-

mulation and the finite approximation, the pressure contribution from the adjacent

edge radiators must also by included. The power predicted by the periodic configura-

tion is defined as the power per bay length which justifies comparing it to the power

from the finite model. However, as shown in Figure 5.1 each boundary is modeled

by a pair of edge radiators due to the adjacent bay. Therefore, the finite model is

extended to include the edge effects of the immediately adjacent panels so that the

resulting radiation is interpreted as that due to a pair of appropriately phase-shifted,

baffled edge radiators as sketched in Figure 5.3.

Figure 5.3: The finite panel is modified to include the immediately adjacent edge
radiators from the neighboring bays modeled by the analogous periodic configuration.

Evaluation of the adjacent edge radiators is based on the surface wavenumber spatial

transform as presented by Bliss et al. [31]. The velocity of the ”phantom panel”

resulting in the additional edge radiator at each boundary is simply the appropriately

phase-shifted velocity of the isolated panel. This additional loading contributes the

far-field pressures predicted for the isolated panel, and therefore adjusts the required

damper values calculated by the power matching method described in Section 3.4.

Altering the resistive component of the modified structural wavenumber in turn

83



changes the power predicted by the approximate finite models. The power calculated

using the periodic analysis and the finite formulation with the baffled edge radiators

are compared in the next section .

5.1.2 Subsonic Membranes

In Figure 5.4 below, the power radiated as predicted by the approximate model of

the subsonic finite membrane with baffled edge radiators is compared to the power

radiated by the periodic Driven Membrane, which formally includes the acoustic

back-loading. The parameter values used in this study were θ � π{4, ε1 � ε2 �
10, M1 �M2 � 0.5 over a third-octave band centered at kc � 80.

Figure 5.4: Power spectrum comparison for the subsonic membrane with the baffled
edge radiator correction in the finite model. kc � 80, θ � π{4, ε1 � ε2 � 10, M1 �
M2 � 0.5.

This comparison demonstrates that the power calculated using the approximate fluid

loading models in the finite model closely approximates the power radiated by the

periodic configuration. The inertance and radiation models accurately predict the

location of the fluid-loaded resonances, which are lower than the in vacuo resonant

frequencies. The approximate fluid loading models also accurately predict the power
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radiated near these reverberant frequencies. In the absence of the approximate radi-

ation damping correction, the in vacuo response of the panel would be unbounded.

To emphasize the importance of the pressure contributions from the baffled edge ra-

diators, Figure 5.5 shows the power calculated by the model of the finite membrane

without the correction of the additional edge radiator effects.

Figure 5.5: Power spectrum comparison for the subsonic membrane without the
baffled edge radiator correction in the finite model. kc � 80, θ � π{4, ε1 � ε2 �
10, M1 �M2 � 0.5.

Although the location of the resonances are closely estimated, the amplitude of the

power calculated is incorrect. This comparison demonstrates that the fluid coupling

across adjacent bays needs to be accounted for in the finite model for comparison

to the periodic case. The success of the modified finite approximation in Figure 5.4

also highlights the considerable insight that edge radiator analysis offers and how it

can be utilized to motivate accurate radiation models. The baffled edge radiators are

therefore included in all subsonic comparisons to periodic configurations, including

for the plates in the next section.
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5.1.3 Subsonic 2-D Plates

The model for the radiation from a finite subsonic plate follows the same methodol-

ogy presented for the subsonic membrane in Chapter 3. Figures 5.6 and 5.7 compare

the power radiated predicted by the approximate finite model and the periodic model

for pinned boundary conditions, for in phase and phase-shifted drive points. These

figures show that the finite model does not successfully predict the energy redistri-

bution calculated by the periodic analysis for pinned conditions.

Figure 5.6: Power spectrum comparison for the subsonic plate with pinned bound-
ary conditions.kc � 80, θ � 0, ε1 � ε2 � 10, kN � 0.004.

Figure 5.7: Power spectrum comparison for the subsonic plate with pinned bound-
ary conditions. kc � 80, θ � π{4, ε1 � ε2 � 10, kN � 0.004.
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The finite plate fails to model the structural-acoustic response of the periodically

pinned plate because it does not account for the structural coupling between con-

nected panels. The flexural waves that propagate across bays are not present in

the isolated panel, thus demonstrating a limitation of the comparison. However,

clamped boundary conditions remove the structural communication across adjacent

bays, thus allowing only coupling due to the acoustic fields as is the case for the

periodically pinned membrane. Figure 5.8 below compares the power radiated by

the finite and periodic configuration with clamped constraints at oblique incidence.

As with the membrane, the baffled edge radiators model and the modified structural

wavenumber of the 2-D plate designed to approximate the influence of the bounding

acoustic fields result in accurate prediction of the far-field radiation of the periodic

plate.

Figure 5.8: Power spectrum comparison for the subsonic plate with clamped
boundary conditions. kc � 80, θ � π{4, ε1 � ε2 � 10, kN � 0.004.

Evaluating the approximate model over a range of parameters suggests that the

predicted response of the finite panel and the periodic configuration differ with very

large fluid loading. Figure 5.9 demonstrates that the radiation by the isolated panel
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begins to deviate from the radiation by the periodic configuration at very large fluid

loading. The fluid loading parameter has been doubled for both acoustic domains as

compared to the configuration in Figure 5.8. Like the other figures in this chapter,

the blue curve was calculated with the first iteration for the solution of the dispersion

relation used to predict the additional inertance influence of the bounding fluids. The

red curve in Figure 5.9 is an improved model based on the eighth iteration of the

dispersion relation.

Figure 5.9: Power spectrum comparison for the subsonic plate with clamped
boundary conditions. A refined approximate model of the finite plate is also shown
(red). kc � 80, θ � π{4, ε1 � ε2 � 20, kN � 0.004.

The difference in response between the first and either iteration suggest that the

scheme converges fairly quickly. More importantly, these results show that the finite

model is overshooting the resonances of the periodic system, which suggests that

there is additional acoustic coupling across bays that is not modeled by the finite

panel.

These comparisons demonstrate that the approximate analysis for the finite panel

can be used to predict the radiated power of the analogous periodic configuration,
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given that there is no structural communication between adjacent bays. Although

this is a stringent limitation to the comparison between the models, it does lead

to two interesting results. The first is that it signifies that the simple fluid loading

models developed and introduced into the finite panels show great success in mod-

eling the structural-acoustic response of the panels, even for relatively large fluid

loading cases. It also served to exhibit the value of understanding the mechanism of

edge radiation for subsonic panels in motivating simple radiation models for complex

behaviors.

5.2 Supersonic Membrane

Unlike the subsonic panels, the models for finite supersonic panels do not require

the baffled edge radiator correction in order to be compared to the results from

the periodic analysis. Since the entire panel surface becomes a radiator, the edge

radiation is no longer dominant [1]. The supersonic model comparison is separated

into the regimes of the two approximation schemes developed in Chapter 4.

5.2.1 Small Fluid Loading Models

The power calculated for a finite supersonic membrane with small fluid loading

demonstrates excellent agreement with the periodic model, as highlighted in Fig-

ure 5.10. This case considers a membrane with a drive-point phase shift of θ � π{4.

This incidence angle is in proximity to one of the Mach angles of the configuration,

and so significant radiation is expected. It should be noted that in the limit of no fluid

loading (the in vacuo configuration) the finite model and a single bay of the periodic

models are exactly equivalent. Therefore, excellent agreement is expected for small

fluid loading parameters. Nonetheless, these results confirm that the Mach angle

expansion approximation of the directivity function, which permitted an analytical

integration to find the total power, is a successful model.

89



Figure 5.10: Power spectrum comparison for the pinned supersonic membrane with
small fluid loading θ � π{4, ε1 � ε2 � 0.1, M1 �M2 � 1.7.

For a given incidence angle (or phase difference in drive-point motion), the most

redistribution of energy occurs at the structural resonances of the panel. As the

fluid loading parameters are increased, the coupling between the structure and fluids

becomes more significant.

5.2.2 Large Fluid Loading Models

Using the complex roots of the dispersion relation and high frequency simplifica-

tions, the power radiated by a finite supersonic membrane with large fluid loading is

analytically determined. The power spectrum of a supersonic membrane in isolation

and as a periodic configuration is presented in Figure 5.11 for an incidence angle

in proximity to the Mach angles of the panels. Again, this ensures that a case of

significant power radiation, and energy redistribution, is considered. The compar-

ison shows that the approximate finite model closely predicts the power radiated

as calculated by the periodic analysis, except around certain frequencies where the

periodic configuration does not radiate any energy.
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Figure 5.11: Power spectrum comparison for a supersonic membrane for large fluid
loading. θ � π{4, ε1 � ε2 � 15, M1 �M2 � 1.7.

The simpler dynamics of a normal incidence forcing facilitates the study of these

“null” frequencies, and is shown in Figure 5.12. Note that overall, less energy is

radiated over the frequency band because the incidence angle is no longer nearly

coincident with the Mach angles of the supersonic panel.

Figure 5.12: Power spectrum comparison for the supersonic membrane for large
fluid loading θ � 0, ε1 � ε2 � 15, M1 �M2 � 1.7.

In order to interpret the null frequencies of the periodic panel, it is necessary to re-
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call that the power spectra presented are calculated from the response of the Driven

Membrane properly scaled to satisfy the pinned boundary conditions when combined

with the Unconstrained Membrane. The reader is reminded that from Chapter 2,

the “Driven Membrane” refers to the fluid-loaded membrane of infinite extent that

is driven by spatially periodic discrete loads. The decrease in power radiated sig-

nifies that at these frequencies, the structural-acoustic response of the periodically

constrained membrane approaches that of specular reflection. In fact, at the fre-

quencies with zero power radiated in Figures 5.11 and 5.12, the periodically pinned

membrane would exactly exhibit specular reflection with no redistribution of energy

to other radiation angles. This leads to the conclusion that the contribution from

the Periodically Driven Membrane is not needed to satisfy the boundary conditions

imposed by the constraints at those driving frequencies, but rather the response of

the Unconstrained Membrane independently satisfies the boundary conditions.

This phenomenon is best understood by considering the dispersion relation of the

system. The dispersion relation of the free response of the fluid-loaded membrane of

infinite extent, in Eq. 3.11, can be shown to have roots that are complex conjugates

and one real root for supersonic membranes. The roots of the dispersion relation

are in fact homogeneous solutions of the membrane governing equation driven by

an external forcing, in this case an acoustic planar wave. The complex roots cor-

respond to left and right traveling waves that radiate energy, which are used to

approximate the fluid effects in the finite panel. It has been determined that at

the frequencies shown that result in zero power radiated by the periodically Driven

Membrane, the undamped flexural wave described by the real root independently

satisfies the boundary conditions imposed by the periodic constraints. As such, the

Unconstrained Membrane can satisfy the boundary conditions without any contribu-

tion from the Driven Membrane. Therefore, the spectrum of reverberant structural
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waves that results in the redistribution of energy into other radiation angles other

than the primary reflection and transmission angles is not introduced. These fre-

quencies result in a form of “structural coincidence” where the trace wavenumber

and corresponding flexural wave perfectly match the boundary conditions.

Figure 5.13 shows several large fluid loading parameters for this supersonic con-

figuration. The power predicted by the finite model for each of the cases is shown

by the corresponding blue curve.

Figure 5.13: Power spectrum comparison for the supersonic membrane for several
large fluid loading cases. Response of the finite model is shown in blue, and the
periodic model is shown in black. θ � 0, M1 �M2 � 1.7

This plot demonstrates that the width of the frequency bands with reduced radiated

power, centered around the null frequencies, become wider with larger fluid loading.

Comparison to the blue curves further confirms that the approximate model of the

finite panel does not capture all the dynamics of the periodically connected panels.

The homogeneous solution cannot satisfy the fluid-loaded response of the finite panel,

and as such the periodic configuration cannot be used to validate the approximate

model of the supersonic isolated panel.
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This difference in the response of the supersonic panels is only one of the shortcom-

ings of comparing the finite panel to the periodically connected panels. In addition

to the effects of adjacent panels, it has been previously shown that the respective

intensity distributions are functionally different. The periodic configuration results

in a discrete set of finite radiation angles. Conversely, the finite panel has been shown

to have a continuous intensity distribution. These observations further motivate the

need for a true benchmark solution that can be used to evaluate the approximate fluid

loading models created for the finite panels. An analytical solution to the formally

fluid-loaded finite panel is developed and refined in the next chapter.
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6

Development of Benchmark Solutions for the
Scattering from Finite Panels

To further validate the approximate models developed of the reflection and transmis-

sion from the forced finite structures, a formal solution is pursued. An exact bench-

mark solution for the two-dimensional, acoustically driven, baffled finite structure

with homogeneous Dirichlet boundary conditions is developed by a largely analyti-

cal approach that is applicable over a full range of parameters. In addition to their

availability for quantitative use, the benchmark solutions offer a high degree of phys-

ical insight and facilitate the verification and refinement of the approximate models.

This analysis is developed for the pinned membrane configuration and refined by

identifying the limitations of the approximations used. The analytical solution de-

veloped is highly sensitive to these approximations, particularly near the resonances

of the system. Therefore, several refinements are introduced to reduce the effects of

the approximations, and improve the accuracy of the approach so that it can confi-

dently be regarded as a benchmark solution. Finally, the methodology is extended

to efficiently handle generalized impedance boundary conditions for the 2-D plate.
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6.1 Problem Statement

The structural-acoustic response of a fluid-loaded finite panel due to an obliquely

incident pressure wave is analyzed by considering the response due to the resulting

blocked pressure [28, p.12]. This approach facilitates the analysis and interpretation

of the acoustic coupling to the panel dynamics by recasting the problem as the

response due to a distributed load. The resulting acoustic pressures are interpreted

as contributions that modify the amplitude and phase of the specular reflection,

resulting in the redistribution of energy and deviations from specular directivity.

Figure 6.1: Sketch of a baffled finite panel bounded by distinct fluids on either
side, and driven by an obliquely incident acoustic wave.

The blocked pressure pblocked and the acoustic loading pfl due to the presence of the

bounding acoustic mediums above and below the structure are applied to the linear

operator Ls describing the structure dynamics such that

Lsrηs � �pblockedpxq � pflpη, xq, 0 ¤ x ¤ 1 (6.1)

where the domain spans the length of the baffled panel, with transverse displacement

η, on the y � 0 plane. Assuming that the blocked pressure is due to an obliquely

incident time-harmonic pressure wave of known amplitude Pi, it is defined as

pblockedpxq � 2Pie
�ik1sinθx (6.2)

where the harmonic time-dependence has been dropped for convenience, θ is the angle

of incidence and k1 the non-dimensional driving frequency. The surface pressures due
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to acoustic back-loading are included in the governing equation of the structure by

evaluation of Rayleigh Integral at the surface. The Rayleigh Integral relates the

transverse velocity of the vibrating surface to the resultant pressure field with a

continuous distribution of two-dimensional baffled monopole acoustic sources [28,

p.69], [34, p.214], [33, p.59], [37, p.88], [39, p.375]. The monopoles result in a kernel

defined as the Hankel function of the second kind of order zero. Evaluated at the

surface, the pressures from both fluids coupled to the barrier motion is defined as

pflpη, xq � ik2
1

2M2
1

�
ε1

» 1

0

ηpζqHp2q
0 pk1roqdζ � ε2

» 1

0

ηpζqHp2q
0 pk2roqdζ



(6.3a)

ro �
a
px� ζq2 � y2

���
y�o

� |x� ζ| (6.3b)

with x and ζ being positions on the surface that correspond to the receiving and

sending points respectively. Finally, the linear operator describing the membrane

structural dynamics LM can be substituted into Eq. 6.1. For simplicity and to facili-

tate comparison with the previous models explored by the author [28], homogeneous

Dirichlet boundary conditions are imposed so that the system is modeled as

LM rηs � �B
2η

Bx2
� k2

Mη

B2η

Bx2
� k2

Mη � pblockedpxq � pflpη, xq, η
∣∣∣
x�t0,1u

� 0, 0 ¤ x ¤ 1 (6.4)

The formal inclusion of the fluid coupling results in a governing equation that is

evocative of an inhomogeneous Fredholm Integral Equation of the second kind with

a symmetric kernel function [42, p.356]. The symmetry of the kernel function ensures

that the linear integral operator is self-adjoint, as defined by the standard L2 inner

product relation [42]. Similarly, the linear operator for the structure dynamics is

also self-adjoint. These features of the linear operators motivate the solution by

eigenfunction expansion. To the author’s knowledge, determining the eigenfunctions
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of the fully-coupled system in closed form is not possible and therefore in the following

analysis the expansion is executed with the structural, or in vacuo, eigenfunctions of

the system. This approach is developed and discussed in the following section.

6.1.1 Eigenfunction Projections

The eigenfunctions φnpxq that satisfy the structural linear operator eigenvalue prob-

lem with homogeneous Dirichlet boundary conditions are readily found to be sine

modes of the form φnpxq � sinpnπxq, which are the in vacuo modes of the structure

with discrete wavenumbers kn � nπ. The transverse displacement of the structure

is expanded into these orthogonal modes

ηpxq �
8̧

n�1

Nnφn �
8̧

n�1

Nn sin pnπxq (6.5)

The (known) blocked pressure from the incident harmonic planar wave is likewise

projected onto these eigenfunction using the standard L2 inner product so that

pblockedpxq �
8̧

n�1

Bnφn (6.6a)

Bn � xpblockedpxq, φny2

xφn, φny2

(6.6b)

Prior to projecting the surface pressure contributions, the expansion of the structure

motion in Eq. 6.5 is substituted into the coupled surface pressure Eq. 6.3a, and the

“modal integral operator” Qnpx, kiq is defined for convenience so that

Qnpx, kiq �
» 1

0

φnpζqHp2q
0 pkiroqdζ (6.7)

and the surface pressure can be written in terms of the modal integral operator as

pflpxq � ik2
1

2M2
1

8̧

n�1

Nn pε1Qnpx, k1q � ε2Qnpx, k2qq (6.8)
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The resulting projection of the above acoustic back-loading expression onto the eigen-

functions is concisely defined below as a doubly infinite sum.

P̄i,mn � xQnpx, kiq, φmy2

xφm, φmy2

(6.9a)

pflpxq � ik2
1

2M2
1

8̧

n�1

Nn

�
ε1

8̧

m�1

P̄1,mnφm � ε2

8̧

m�1

P̄2,mnφm

�
�

8̧

n�1

Nn

8̧

m�1

Pmnφm

(6.9b)

Consequently, each displacement harmonic creates a full set of fluid loading surface

pressure harmonics which all depend on the amplitude of the displacement har-

monic and influence factors Pmn. These influence factors are effectively cross-modal

impedances that are dependent on frequency and fluid properties. The successful

evaluation of the modal integral operator in Eq. 6.7 is necessary for the determina-

tion of these influence factors, and for the success of this solution approach, and is

the focus of the next section. Assuming that the influence factors can be determined,

the modal description of the governing equation can be assembled as

8̧

n�1

�
k2
M � pnπq2�Nnφnpxq �

8̧

n�1

Bnφnpxq �
8̧

n�1

Nn

8̧

m�1

Pmnφmpxq (6.10)

Changing the order of summation and rearranging the indices of the surface pressure

double sum allows the immediate use of the orthogonality property of the eigenfunc-

tions to solve for the displacement harmonics.

pflpxq �
8̧

n�1

Nn

8̧

m�1

Pmnφmpxq �
8̧

m�1

8̧

n�1

NnPmnφmpxq �
8̧

n�1

�
8̧

m�1

NmPnm

�
φnpxq

(6.11)

This representation of the acoustic back-loading suggests an additional interpretation

of the double sum; each surface pressure harmonic is dependent on the amplitude of
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all of the displacement harmonics. Projecting the modal description of the governing

equation onto the eigenfunctions, the governing equation can be recast into a matrix

equation that is solved by matrix inversion to determine the displacement harmonics.

�
k2
M � pnπq2�Nn �

8̧

m�1

NmPnm � Bn (6.12a)

~N � pD�Pq�1 ~B (6.12b)

In the above expression, ~N is the vector of modal amplitudes for structure displace-

ment, ~B is the vector of modal amplitudes of the applied load on the structure which

in this case is the blocked pressure, D is the diagonal matrix with the structure

dynamics influence, and P is the full square matrix that describes influence of the

acoustic back-loading and the resulting modal cross coupling. This cross coupling is a

result of the acoustic back-loading distribution not being orthogonal to the in vacuo

eigenfunctions. In the absence of the fluids, the blocked pressure would excite the

displacement harmonics independently of the other harmonics [37, p.265]. Although

the displacement and its eigenfunctions are zero at the boundaries, the surface pres-

sure distribution which is determined by the modal integral operator Qnpx, kiq is

non-zero at the boundaries. Therefore, the use of the in vacuo eigenfunctions results

in the Gibbs phenomenon at the boundaries of the modal fluid pressure descriptions.

Once the displacement harmonics are determined, the panel motion is used to calcu-

late the far-field intensity and the radiated power spectrum. However, the success of

this analytical approach is contingent on the evaluation of the acoustic back-loading

distribution. To determine the influence factors that result from the presence of the

bounding fluids, the modal integral operator (reproduced below from Eq. 6.7) must
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first be evaluated over all modes before it can be projected onto the eigenfunctions.

Qnpx, kq �
» 1

0

sin pnπζqHp2q
0 pk|x� ζ|qdζ

To the author’s knowledge, an exact analytical evaluation of this integral is not

possible over a complete set of mode numbers. Therefore, an approximate analytical

technique is developed by asymptotic expansions of the kernel function which includes

a new small argument description.

6.2 Analytical Evaluation of the Modal Integral Operator

An approximate analytical evaluation of the modal integral operator begins with

recognizing that the kernel function of Qnpx, kiq is a linear combination of the Bessel

functions of first and second kind. The analysis must carefully treat the singularity of

the integrand which occurs when the sending ζ and receiving x points are coincident.

It is beneficial to apply a variable transformation so that the singularity of the

integrand occurs at the origin of the σ-space such that

σ � x� ζ (6.13a)

Qnpx, kq �
» x
x�1

sin pnπpx� σqq rJ0pk|σ|q � iY0pk|σ|qs dσ, 0 ¤ x ¤ 1 (6.13b)

The integral is now evaluated with bounds defined by the receiving point on the

panel surface, but the advantage of this transformation is that the integration can

be separated to isolate a small region on either side of the singularity. Away from

the singularity, the large argument expansions of the Bessel functions are applied

and the resulting integral is evaluated in closed form. The small region that contains

the integrable singularity is modeled using a new, more accurate, small argument

representation as compared to the Taylor series description.
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6.2.1 Approximate Models for Bessel Functions

The principal asymptotic forms for the large argument expansions of the Bessel

functions can be readily found in math handbooks [43, p.364]. Since the expansions

of the Bessel functions are needed for the complete domain of arguments, higher order

terms of the large argument expansions are necessary for improved convergence. The

first three terms of the large argument expansions for the Bessel functions of order

zero [44, Eq. 10.17] are used to define functions JL0 and YL0 (‘L0’ subscripts denote

large argument models for the functions of order zero)

JL0pxq �
c

2

πx
cos

�π
4
� x

	
� 1

4
?

2π

sin
�
π
4
� x

�
x3{2

� 9

64
?

2π

cos
�
π
4
� x

�
x5{2

(6.14)

YL0pxq � �
c

2

πx
sin
�π

4
� x

	
� 1

4
?

2π

cos
�
π
4
� x

�
x3{2

� 9

64
?

2π

sin
�
π
4
� x

�
x5{2

(6.15)

Including higher order terms in the definitions of JL0 and YL0 improves the accuracy of

the model. The accuracy and domain of applicability of these approximate functions

are explored in comparison to the small argument model in Appendix B.

Small Argument Trigonometric Expansion

Small argument expansions of the Bessel functions of order zero are typically de-

fined by their MacLaurin series. However, their domain of accurate applicability is

restricted such that it is difficult to match the small and large argument approxima-

tions over the complete real domain [45]. As such, Bessel functions are often treated

with numerical techniques [46] [45], and Gross has determined an improved small

argument polynomial approximation as compared to the MacLaurin series [47]. A

new approximation, originally formulated by Bliss, with improved accuracy over a

wider domain is investigated using trigonometric series and further developed in de-

tail in Appendix B. The small argument expansion used throughout this work begins
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with developing an expansion for the Bessel functions of first order. Then, using the

Bessel functions property, »
J1pxq dx � �J0pxq

»
Y1pxq dx � �Y0pxq

an expansion is determined for the Bessel functions of order zero. As discussed in

Appendix B, this approach results in improved accuracy in approximating J0pxq and

Y0pxq with small arguments. The Bessel functions of order one are modeled as sine

functions with as yet undetermined constants.

J1pxq � A sinpBxq � F sinpGxq �H sinpJxq (6.16)

The free parameters A,B, F,G,H, J of the series are evaluated by matching to the

powers of the MacLaurin series of the Bessel function,

J1pxq � x

2
� x3

16
� x5

384
� x7

18432
� x9

1474560
� x11

176947200
�O

�
x13
�

(6.17)

and solving the resultant system of simultaneous equations for the free parameters.

The indefinite integration of Eq. 6.16 with respect to x introduces a free constant

that is designated by requiring the resulting expression to satisfy the unit value of

the formal Bessel function at the origin, such that the function JS0pxq is defined as

JS0pxq �
�

1 � A

B
� F

G
� H

J



� A cospBxq

B
� F cospGxq

G
� H cospJxq

J
(6.18)

A similar integration approach is also performed to define the function YS0pxq, where

JS0pxq and YS0pxq are the small argument models for the Bessel functions used

throughout this work. Figures 6.2 and 6.3 show the exceptional matching that the

trigonometric series expansions exhibit with only four terms. In fact, the equivalent
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accuracy from a truncated MacLaurin series requires approximately twice as many

terms and rapidly grows without bounds beyond the range of validity, whereas the

trigonometric functions representation remains bounded. Also shown in these figures

are the large argument expansions from Eqs. 6.14 and 6.15.

Figure 6.2: Comparison of the small argument trigonometric series JS0pxq and
large argument expansion JL0pxq to the exact Bessel function J0pxq.

Figure 6.3: Comparison of the small argument trigonometric series YS0pxq and
large argument expansion YL0pxq to the exact Bessel function Y0pxq.
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The figures suggest that the small and large argument models describe the exact

Bessel functions well over their respective domains. The composite models JT0pxq
and YT0pxq of the Bessel functions are defined as piecewise functions with a discrete

transition point δ as

J0pxq � JT0pxq �
"
JS0pxq, 0 ¤ x ¤ δ
JL0pxq, x ¡ δ

(6.19)

Y0pxq � YT0pxq �
"
YS0pxq, 0 ¤ x ¤ δ
YL0pxq, x ¡ δ

(6.20)

Detailed examination of the errors associated with these approximations, as well as

discussion on choosing an optimal transition point δ to patch the models, are pre-

sented in Appendix B. The analysis demonstrates that the proposed approximate

representations of the Bessel functions are accurate over the domain of real argu-

ments. Therefore, these approximations are used to analytically evaluate the surface

pressures on the panel in the benchmark solution.

6.2.2 Approximate Kernel Function

The kernel function of the modal integral operator Qnpx, kq can be assembled as the

linear combination of the approximate models. The transition points are scaled to

frequency by a simple variable transformation based on the arguments of the kernel

function so that the approximate kernel function H
p2q
T0 pk|σ|q is defined as

δ̄ � δ{k (6.21a)

H
p2q
0 pk|σ|q � H

p2q
T0 pk|σ|q �

"
HS0pk|σ|q � JS0pk|σ|q � iYS0pk|σ|q, |σ| ¤ δ̄
HL0pk|σ|q � JL0pk|σ|q � iYL0pk|σ|q, |σ| ¡ δ̄

(6.21b)

With the simple analytical approximations of the kernel function, the modal integral

operator of Eq. 6.7 can now be evaluated analytically. Splitting the integral into

the domains of the small and large argument approximations, the modal integral

operator is recast as
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Qnpx, kq �
» �δ̄

x�1

sin pnπpx� σqq HL0pk|σ|q dσ �
» 0

�δ̄

sin pnπpx� σqq HS0pk|σ|q dσ

�
» δ̄

0

sin pnπpx� σqq HS0pk|σ|q dσ �
» x
δ̄

sin pnπpx� σqq HL0pk|σ|q dσ
(6.22)

The piecewise definition with respect to x is provided in Appendix C. A significant

advantage of this solution approach is that the integrals above can be evaluated in

closed form for the general eigenvalue λn � nπ, thus only requiring Qnpx, kq to be

evaluated once, independent of the number of modes used in the eigenfunction expan-

sion of the structure motion. The evaluation of the integrals with the small argument

representations are evaluated directly using trigonometric identities. The integration

of the large argument expansion is expressed in terms of special functions including

cosine, sine and Fresnel integrals. The acoustic back-loading influence factors are

determined by projecting the resulting expression for the modal integral operator

onto the eigenfunctions as in Eq. 6.9a. This inner product can also be evaluated

analytically in terms of special functions, and thus the influence factor matrix Pmn

can be efficiently generated and the displacement harmonics determined.

Prior to assembling the response due to the blocked pressure, it is insightful to first

model the response to a single blocked pressure harmonic. This simplified load re-

sults in a single displacement harmonic, eliminating cross-modal coupling, and a full

set of surface pressure harmonics. The reduced analysis also serves as a useful tool to

evaluate and refine the chosen transition points for the kernel function approxima-

tion by investigating the energetics of the system. As demonstrated in Appendix B,

the errors associated with the small and large argument approximations are greatest

in the region where they are matched. As a result, the accuracy of the analysis is

sensitive to the transition point used to match the kernel function approximations.
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In the following sections, the analytical approximation of the modal integral oper-

ator is improved by defining a mode-dependent transition point that exploits the

periodicity of the displacement harmonics. In Section 6.4, the evaluation of the sur-

face pressures resulting from a displacement mode is reformulated by interpreting

the influence of the spatial windowing in terms of image sources. This modifica-

tion improves the accuracy of the model by utilizing the asymptotic models more

efficiently.

6.3 Response to a Single Forcing Harmonic

The governing equation for the coupled response of a membrane due to a single

forcing harmonic is a reduced version of the fully coupled equation, and expressed as

�
k2
M � pnπq2�Nnφnpxq � Bnφnpxq �Nn

8̧

m�1

Pmnφmpxq (6.23)

where the resulting membrane displacement and velocity are defined to be

ηpx, tq � Nn sin pnπxqeikt

vspx, tq � ikηpx, tq � |Vn|eiφn sin pnπxqeikt

Modeling the far-field radiation from vibrating surfaces is one of the primary focuses

of this research, so that description is also pursued for this reduced model. One

of the advantages of this formal solution to the structural-acoustic response of the

panel is that the pressure at the surface of the boundary is also known (in fact,

it is required for satisfying the conservation of momentum at the boundary in the

governing equation). This information allows for investigation into the accuracy of

the techniques used to approximate the modal integral operator by verifying the

energetics of the system. In the absence of structural damping, the power radiated

into the far-field is equivalent to the power flow from the surface of the barrier.
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Confirming that the model developed satisfies this conservation of energy statement

is required to validate the Hankel function approximations, and more specifically,

the choice of transition points.

6.3.1 Power Evaluated in the Far-Field

As in Section 3.4.1, the fluid pressures in the far-field and the resulting radiated power

are evaluated using the Rayleigh Integral. Momentarily leaving out the multiplicative

fluid and structure parameters for clarity, the far-field fluid pressures due to the

resulting displacement amplitude and mode shape are expressed in closed form as

ppr, φq 9 e�ikr

r1{2

» 1

0

pik1Nnq sin pnπζqeikζ sinφ dζ (6.24)

� e�ikr

r1{2

πnpikNnq
�
1 � p�1qn�1e�ik1 sinpφq

�
π2n2 � k2 sin2pφq ,

�π
2

¤ φ ¤ π

2

Immediately, the far-field intensity can be determined from the mean square pres-

sure. Reintroducing the fluid and structure parameters, the far-field intensity for the

top (reflection domain) fluid I1pr, φq is evaluated below, and a similar expression is

determined for the bottom (transmission domain) fluid. As expected, the far-field

intensity is inversely proportional to the distance r from the center of the vibrating

surface.

I1pr, φq � |p1pr, φq|2
2z1

� |Nn|2 πε1k
3
1

M2
1

n2 sin2
�

1
2
pπn� k sinφq�

r
�
π2n2 � k2 sin2 φ

�2 (6.25)

The directivity is particularly interesting; its functional form is similar to that of

sine cardinal, or sinc functions, except the arguments of the sine are squared in the

denominator. This results in two dominant “lobes” or “beams”, as opposed to the

single dominant lobe of a sinc function, for a range of eigenvalues λn � nπ   k. This

finite set of eigenvalues physically represents supercritical structural wavenumbers,

and the radiation angle where the lobe is centered is called the “Mach Angle”. For
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the infinite set of subcritical structural wavenumbers nπ ¡ k, there is no radiation

angle that results in a dominant intensity contribution (or zero-valued denominator).

These physical characteristics and interpretations are consistent with the insight

developed with the approximate reverberation models developed in Chapters 3 and

4, as well as with ideas from edge radiator analysis [1]. Plots of these directivity

trends are presented in Figure 6.4 for a supercritical and subcritical wavenumber.

Figure 6.4: Intensity Directivity for a supercritical (left) and a subcritical (right)
structural wavenumber. The beaming behavior of the supercritical case results from
distributed surface radiation, whereas the lower-magnitude distribution from the
subcritical case results from edge radiation.

The total power radiated is calculated by integrating the far-field intensity over the

radiation angles in both fluid domains.

PFF �
» π{2
�π{2

pI1pr, φq � I2pr, φqq rdφ (6.26)

Asymptotic approximations for similar integrals were developed in Chapters 3 and 4.

For comparison to the power evaluated at the surface, the integration is performed

numerically.

6.3.2 Power Evaluated at the Panel Surface

The power on the surface of the flexible barrier can be determined from the power

into the system (from the blocked pressure) or the power out of the system. In

the absence of structural damping, the power in is equivalent to the power out and

109



radiated. The power at the surface Ps is the total time-averaged intensity integrated

over the span of the panel.

〈I〉t �
1

τ

» T�τ
T

Rervspx, tqsRerpspx, tqs dt (6.27a)

Ps �
» 1

0

〈I〉t dx (6.27b)

The fluid back-loading is defined for the case of a single forcing mode, where the

modal amplitude and phase of the surface pressure harmonics have been introduced.

pspx, tq � Nn

8̧

m�1

Pmn sin pmπxqeikt �
8̧

m�1

|Dm|eiθm sin pmπxqeikt (6.28)

Substituting the expressions for surface velocity and surface pressure into the defi-

nition of time-averaged intensity and subsequently integrating over the span of the

panel, the power at the surface is calculated in closed form as

〈I〉t �
1

2

8̧

m�1

|Vn||Dm| sin pnπxq sin pmπxq cos pφn � θmq (6.29a)

Ps �
» 1

0

〈I〉t dx �
1

4
|Vn||Dn| cos pφn � θnq (6.29b)

The power at the structure surface is dependent only on the fluid pressure mode

coincident with the structural mode as a result of the orthogonality of the sine

functions. Some general insight can be inferred from this simple expression. It is

reasonably expected that for modes with large structure velocities, such as at the

system resonance, the power at the surface and therefore the power radiated will

be large. Also, recalling that the surface pressure amplitude is proportional to the

displacement amplitude, the power at the surface can be recast to look like the power

dissipated by an in vacuo membrane on a viscous suspension,

Ps � Reff
|Vn|2

2
, Reff � 1

2k
|Dn| cos pφn � θnq (6.30)
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where the effective damper is due to the presence of the fluids. This is exactly

the physical interpretation that motivated the simple radiation damping formulation

used in the approximate radiation models of Chapters 3 and 4.

6.3.3 Energetics Verification and Transition Point Improvement

In this section, the power evaluated at the surface and in the far-field are compared

as a percent difference on a mode-by-mode basis. Each mode number corresponds to

a single blocked pressure harmonic applied to the fluid-loaded membrane. There is

no cross-coupling between harmonics, and the amplitude of the forcing distribution

is held constant for all modes. In the configuration used to generate Figure 6.5,

the non-dimensional driving frequency is k � 80, and 100 modes are used in the

decomposition of the surface pressures due to fluid back-loading.

Figure 6.5: Energetics Study: Percent difference, on a logarithmic scale, between
the power at the surface and in the far-field for a single forcing mode, using fixed
transition points for H

p2q
T0 pk|σ|q.

The figure above demonstrates that overall, the analytical approximation of the Han-

kel function and the resulting closed form evaluation of the modal integral operator

are energetically consistent within a maximum error of about 2% for the first 100
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harmonics of the applied forcing at a driving frequency of k � 80. The percent error

is excellent for supercritical mode numbers with a maximum error of about 0.007%.

However, for subcritical modes the error begins to diverge with increasingly subcrit-

ical flexural waves. Studies of the system response to the blocked pressure using this

analysis demonstrate significant errors at the resonances of the system, which further

motivate the need for improvement of the approximations introduced into the formal

solution. The trends described suggest that instead of the fixed transition points for

the small and large argument approximations of the kernel function, an improved

strategy is to define a transition point that is mode dependent for subcritical modes.

Instead of choosing a transition point based on the behavior of the kernel function

alone, it should be dependent on the behavior of the complete integrand of the modal

integral operator: the kernel function multiplied by the mode shape.

Figure 6.6 shows the difference between the exact Bessel functions and the compos-

ite models for the fixed transition point, as in Figure B.9, with frequency dependent

arguments of the Bessel functions resulting in different axis scales. Also shown is

the difference between the exact and approximate Bessel functions multiplied by a

subcritical displacement mode, which is similar to the integrand of the modal inte-

gral operator Qnpx, kq evaluated at x � 0. This error is more oscillatory due to the

additional periodicity of the displacement mode, as shown in Figure 6.7, where the

area under the curve is highlighted to visualize the sign of the Qnp0, kq integrand.

When the in-fill is above the x-axis, it is positive-valued and vice versa. Figure 6.8

presents a new strategy for choosing a transition point for subcritical modes based

on the displacement mode. The figure also includes the information in Figure 6.6 for

comparison. It has a rescaled σ-axis to visualize the region local to the transition

point between the small and large argument models. Also included is the in-fill of

Figure 6.7 to indicate the sign (positive or negative) of Qnp0, kq over the domain.
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Figure 6.6: Difference comparison, on a linear scale, of the composite Bessel ap-
proximation JT0pkσq with a transition point δ̄ � 6.17{k to the exact J0pkσq, and
that difference multiplied by a subcritical mode shape (blue). k � 80, n � 80.

Figure 6.7: Plot of J0pkσq sinp�nπσq. The area under the curve is filled in order
to highlight the local sign of the function. k � 80, n � 80.

Figure 6.8: Comparison of a fixed transition point (blue) and mode-dependent
transition point (red) for a subcritical displacement mode. k � 80, n � 80.
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The spatial period of sinp�nπσq decreases with increasing mode number, resulting

in the integrand of Qnp0, kq changing sign more frequently. A transition point is

pursued that at least partially cancels the integrated error of JS0pkσq with that

of JL0pkσq in the region local to the transition point. The errors are typically a

maximum in this local region, so this approach begins to eliminate the lowest order

source of error. The strategy proposed consists of choosing a transition point that

coincides with a zero of the displacement mode that is near the previously optimized

value δ (Appendix B). Additional investigation suggests that a good choice for the

transition point is based on the zero of the sine mode below δ. Where n is the mode

number of interest, the mode-dependent transition point is defined as

δn,0 � 1

n
floor

�
nδ

k

�
, δn,0 P Z (6.31)

In Figure 6.8, the modified transition point is evaluated to be δ80,0 � 0.075 and

the resulting difference curve is plotted in red. Careful examination in the re-

gion 0.068   σ   0.078 shows that the small argument model of the Bessel func-

tion (to the left of the transition point) overestimates the positive valued function

J0pkσq sinp�nπσq, and the large argument model also overshoots the negative valued

integrand. A negative valued difference corresponds to an approximate model with

a larger magnitude than the exact description. In contrast, the difference curve with

the original mode-independent transition point (blue) extends the small argument

model past the sign change of the displacement mode and thus underestimates the

negative value integrand between 0.075   σ   0.078. Therefore, when the approxi-

mate models JT0pkσq sinp�nπσq are integrated to calculate Qnp0, kq, the model with

mode-dependent transition points will have greater success at negating equal and

opposite errors near the junction of the small and large argument models. The per-

cent difference in the power calculations using the mode-dependent transition point,

for the same configuration of Figure 6.5, is plotted below.
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Figure 6.9: Energetics Study: Percent difference, on a logarithmic scale, between
the power at the surface and in the far-field for a single forcing mode, using a mode-
dependent transition point for H

p2q
T0 pk|σ|q.

For Figure 6.9, the analysis for each subcritical applied force harmonic has a distinct

transition point as determined by Eq. 6.31 for the approximation of the kernel func-

tion. The supercritical modes are successfully analyzed with the frequency-dependent

transition point (Eq. 6.21a). With this simple modification, the percent difference in

power at the two locations improves by an order of magnitude for the higher modes.

Perhaps more importantly, the percent difference remains bounded thus allowing the

analysis to be extended to higher order modes. As a quick comparison of the mod-

els of Figure 6.5 and 6.9, the percent error at mode n � 80 decreased from about

1% with a transition point at δ̄ � 0.077 to a percent difference of 0.015% with a

transition point of δ80,0 � 0.075. This supports the understanding that the accuracy

of the structural-acoustic model developed is very sensitive to the transition points

used in the approximation of the kernel function. The technique developed in the

next section to further mitigate the errors is based on an understanding of the radi-

ation mechanisms. These refinements of the analysis are necessary to minimize the

inaccuracies of the model at the resonances of the fully assembled system.
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6.4 Image Source Influence Model

The kernel function of the modal integral operator is physically interpreted as the

influence of the infinitesimal acoustic source at the “sending point” ζ onto the “re-

ceiving point” x. Evaluation of Qnpx, kq describes the total influence of the distri-

bution of sources on the receiving point x. Examining the piecewise definition of the

modal integral operator, defined in Appendix C, suggests that the interior region

of the panel on the domain δ   x   1 � δ will contribute errors as a result of two

phenomena. First, the domain of evaluation of the large argument model is most

limited for receiving points on the interior of the panel. Additionally, in the interior

region there are more transitions between the small and large argument models; the

local region near the transitions is understood to be where the approximate models

are least successful. The top of Figure 6.10 illustrates these two characteristics of a

receiving point away from the edges of the panel1.

Figure 6.10: The domains of the kernel function approximations are shown for a
specific receiving point (Top). The surface pressures coupled to a finite displacement
mode are reinterpreted as the pressures from the unconstrained response, corrected
by the pressures resulting from the semi-infinite flexural waves required to bring the
motion outside the panel to rest. In this model, the receiving and sending points are
“close” to each other only near the edges of the panel.

1 Numerical comparison studies confirmed that the inner region of the panel domain is the most
sensitive to the choice in transition point.
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The remainder of Figure 6.10 is a sketch of the reformulation of the surface pressure

calculation that was developed to address the difficulties of modeling the interior

region of the vibrating panel. If the displacement mode is allowed to extend beyond

the panel to plus and minus infinity, the corresponding surface pressure is known

in closed form as developed in Section 2.2. That simple solution is then corrected

to bring the points external to the panel to rest by subtracting the motion of the

equivalent semi-infinite flexural waves. These semi-infinite corrections result in sur-

face pressures on the domain of the panel, effectively correcting the surface pressures

from the unconstrained response to account for the diffraction due to the structural

windowing [33, p.76]. To determine the resulting surface pressures due to the semi-

infinite corrections, the acoustic sources are distributed outside the panel, from the

panel edges to plus and minus infinity. Now the integration for surface pressure has

sending points only outside the panel, and the receiving points remain only on the

panel so that a modified modal integral operator is defined as

qnpx, kiq �
» 0

�8

φnpζqHp2q
0 pkiroqdζ �

» 8

1

φnpζqHp2q
0 pkiroqdζ (6.32)

The assembled description of the net surface pressures on the panel is expressed

below as the surface pressure from the unconstrained response modified by the surface

pressures resulting from the semi-infinite corrections.

pflpxq � � k2
1

M2
1

�
ε1a

pnπq2 � k2
1

� ε2a
pnπq2 � k2

2

�
Nnφn

� ik2
1

2M2
1

Nn pε1 qnpx, k1q � ε2 qnpx, k2qq (6.33)

The exact kernel is replaced with the composite Hankel function approximation

HT0pk|σ|q to analytically evaluate the surface pressures. The sketch of the semi-

infinite corrections in Figure 6.10 illustrates that the small argument model HS0pk|σ|q
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is only required for the receiving points within the small region near the panel bound-

aries. Additionally, in the inner region of the panel, the accuracy of the HL0pk|σ|q
contributions will improve because the domain of evaluation is always beyond the

panel edges.

6.4.1 Energetics Verification

The percent difference is calculated using this image source influence model for the

same configuration as in Figure 6.9. Figure 6.11 demonstrates that this image source

interpretation improves the percent error between the power calculated on the surface

of the structure and in the far-field by about an order of magnitude for all modes

as compared to the direct evaluation of the modal integral operator. In the plot,

the label “ζ Off Structure” corresponds to the new image source technique, and “ζ

On Structure” is data duplicated from Figure 6.9. Due to the remarkable success of

this simple reformulation of the surface pressures, this approach will be used for the

modally-coupled structural-acoustic response to the full blocked pressure description

in Sections 6.5 and 6.6.

Figure 6.11: Comparison of the energetics percent difference for a distribution of
acoustic sources off the structure (solid) and on the structure (dotted). A mode-

dependent transition point is used for H
p2q
T0 pk|σ|q.
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6.4.2 Insights from Radiation Efficiency

The previous plot confirms that the proposed solution is energetically consistent

within a maximum error of about 0.013% for the first 100 harmonics of the applied

forcing at a driving frequency of k � 80. The relative radiation efficiencies of the

applied forcing harmonics provides physical insight into the behavior of the system,

and are depicted in Figure 6.12 below for a membrane with M � 0.5 and bounding

fluids with non-dimensional densities ε1 � ε2 � 2.

Figure 6.12: Relative radiation efficiencies, on a logarithmic scale, of the first 100
forcing harmonics of equal amplitude. k � 80, M � 0.5, ε1 � ε2 � 2.

The power radiated for each mode is normalized by the power radiated by the most

efficient mode, which in this study occurs at n � 52. This mode number corresponds

to the fluid-loaded damped structural resonance of the membrane. In the absence

of the bounding fluids, the structural resonance occurs when the forced flexural

wavenumber kx � nπ equals the in vacuo structural wavenumber kM ,

kx � kM � k1

M
(6.34a)

so that the resonant mode number n� is defined as
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n� � k1

πM
(6.34b)

For the parameters plotted, the in vacuo resonant mode is calculated to be at

n� � 51. However, as discussed in the development of the approximate fluid loading

models in Chapter 3, the presence of the fluid can be interpreted as modifying the

effective unforced structural wavenumber γ of the membrane by increasing the ef-

fective reactance of the membrane and introducing a resistive component. Now the

resonant mode n� occurs when

kx � γ � n�π (6.34c)

which, as shown in Figure 6.12, is expected to be larger than the dry resonant mode.

More dense fluids, or larger fluid loadings, would have more effect on shifting the

resonant frequency/mode. Also depicted in the figure is the improved radiation ef-

ficiency of the supercritical modes as compared to the subcritical modes. For the

parameters studied, the acoustic cut-off/coincidence occurs around n � 25 (denoted

by the vertical dotted line) and all larger modes are subcritical/subsonic. Other than

the flexural modes close to resonance, the subcritical modes are decreasingly efficient

radiators. This is noteworthy because it has been shown in Figure 6.11 that the er-

rors associated with the supercritical (and efficient) modes are exceedingly small.

While the errors associated with the subsonic modes are larger, it is confirmed that

the radiation from these modes is typically orders of magnitude smaller than the

supercritical modes.

Investigating this simpler case of a single applied forcing harmonic promoted an

increased physical understanding of the behavior of the structural-acoustic response

with a single flexural wave. It also facilitated improvement of the accuracy of the

analytical solution approach. These insights and tools are now applied to the fully

coupled problem forced by the complete blocked pressure.

120



6.5 Response to a Full Set of Forcing Harmonics

This section returns to the full structural acoustic response due to the complete

description of the blocked pressure in Eq. 6.10, which exhibits modal coupling of

the displacement harmonics due to the presence of the fluid. As with the single

harmonic analysis, the resulting power is calculated at the surface of the panel and

in the far-field. This comparison serves to evaluate the energetic consistency of the

solution based on the kernel function approximations. The following analysis uses

the mode-dependent transition points and the image source influence formulation.

The power calculations are briefly outlined.

6.5.1 Power Evaluated in the Far-Field

The analysis assumes that the amplitudes of the displacement harmonics Nn have

been determined, so that the membrane displacement

ηpxq �
8̧

n�1

Nn sin pnπxq

is known. The resulting far-field pressure distribution determined using the Rayleigh

Integral is immediately extended from Eq. 6.24 to include all of the resulting dis-

placement harmonics

ppr, φq 9 e�ikr

r1{2

8̧

n�1

πnpik1Nnq
�
1 � p�1qn�1e�ik1 sinpφq

�
π2n2 � k2

1 sin2pφq (6.35)

The intensity in the far-field produces cross-terms between the pressure contributions

from each of the displacement harmonics, but has a similar functional form as the

simpler case with a single displacement harmonic. In the intensity description below,

cospθm � θqq refers to the phase difference between the pressure components.
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I1pr, φq � |p1pr, φq|2
2z1

�

πε1k
3
1

M2
1

8̧

m�1

8̧

q�1

mq

r

�����NmNq sin
�

1
2
pmπ � k1 sinφq� sin

�
1
2
pπq � k1 sinφq��

m2π2 � k2
1 sin2 φ

� �
π2q2 � k2

1 sin2 φ
�

����� cospθm � θqq

(6.36)

The total power in the far-field is determined by numerical integration of the far-

field intensity over all radiation angles for both fluid domains, as defined in Eq. 6.26.

Typical high frequency intensity distributions and power spectra are presented in

Chapter 7 and compared to the predictions from the approximate radiation models

of Chapter 3.

6.5.2 Power Evaluated at the Panel Surface

Using the definitions of intensity presented in Section 6.3.2, the spatially dependent

time-averaged intensity at the surface of the panel is expressed as

I � 1

2

8̧

n�1

8̧

m�1

|Vn||Bm| sin pnπxq sin pmπxq cos pφn � αmq (6.37)

where the velocity of the membrane and the blocked pressure have been written in

terms of the harmonic amplitudes and phases

vspx, tq � ik1ηpx, tq �
8̧

n�1

|Vn|eiφn sin pnπxqeikt (6.38a)

pblockedpx, tq �
8̧

n�1

Bn sin pnπxqeikt �
8̧

n�1

|Bn|eiαn sin pnπxqeikt (6.38b)

The power at the surface is determined by integrating the total work done to the

system over the span of the panel so that

Ps �
» 1

0

Ipxqdx � 1

4

8̧

n�1

|Vn||Bn| cos pφn � αnq (6.39)
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where orthogonality of the eigenfunctions has reduced the power expression to a

single infinite sum. Although the blocked pressure amplitudes are independent of

one another, the membrane velocity amplitudes, and phases, are coupled.

6.5.3 Power Spectrum and Energetics Verification

The power is calculated at the surface of the panel and in the far-field to evaluate how

well energy is conserved with the approximations introduced in the benchmark solu-

tion of the fluid-loaded panel. In the previous comparisons, the powers were evaluated

for a single driving frequency and isolated forcing harmonics. In this fully-coupled

analysis, the response of the structure to the first 100 blocked pressure harmonics

is investigated over a third-octave frequency band centered at kc � 80. Figure 6.13

shows the percent difference between the powers as a function of frequency for the

same membrane and fluid parameters examined in Figure 6.12.

Figure 6.13: Percent difference, on a logarithmic scale, between the power at the
surface and in the far-field for the response due to the blocked pressure over a third-
octave band. ε1 � ε2 � 2, kc � 80, M � 0.5, θi � π{4.

The first observation is that the solution developed is energetically consistent within

an observed maximum error of about 0.03% for the parameters studied. Interest-

ingly, these maximum errors are on the same order as those associated with the
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subsonic modes in the single harmonic forcing analysis of Figure 6.12. Additionally,

the median percent differences are on the same order as the errors associated with the

supersonic modes of Figure 6.12. A slightly different representation of these errors

is shown in Figure 6.14, where the energetics of the solution are shown to emphasize

the deviation from 100% energy conservation on a linear scale. The y-axis shows the

energy balance as

Energy Balanced � PFF
Ps

x 100% (6.40)

where PFF and Ps are the power calculated in the far-field and at the surface, re-

spectively. This plot highlights that the greatest discrepancies, though still small,

occur at periodic frequencies.

Figure 6.14: Percent of energy on the surface found in the far-field. ε1 � ε2 �
2, kc � 80, M � 0.5, θi � π{4.

The trends of the percent error as a function of frequency can be motivated by insights

from the analysis of the isolated forcing harmonics in previous sections. Referring

back to Figure 6.12, the supercritical harmonics are the most efficient radiators away

from the fluid-loaded resonant mode. These supercritical modes have been shown

to have the smallest differences in the energetics studies. The resonant mode is a

comparable, and sometimes more efficient, radiator. However, when the membrane
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in vacuo wave speed is subsonic, the resonant mode is also subsonic and therefore

suffers from a higher difference in the energetics as shown in Figure 6.11. These

observations suggest that the largest errors in the energetics study of the response

to the blocked pressure occur at the structure’s fluid-loaded resonant frequencies.

These are confirmed to be the resonances of the system as discussed in Chapter 7.

This insight helps attribute the errors in the fully coupled model to the approxima-

tions in the kernel function of the modal integral operator, specifically, the choice in

transition point. This suggests that further improvement in the strategies used to

define a transition point between the small and large argument models of the Han-

kel function will improve the accuracy. Alternatively, including higher order terms

in the small and large argument expansions will also improve the accuracy of the

solution but at a greater computational cost due to the increased complexity of the

analytical evaluation of the modal integral operator and its eigenfunction decomposi-

tion. In the development and refinement of this benchmark solution these strategies

demonstrated improvements in accuracy, reducing the errors at the resonances by

two orders of magnitude.

Additional parameter studies confirm that the energy balance of the solution im-

proves with increasing fluid loading. An example of this behavior is shown in Fig-

ure 6.15 below where the fluid loading for the membrane has been increased to

ε1 � ε2 � 5. Additional studies are necessary, but it is hypothesized that as the

increased fluid loading dampens the structural resonances, the resulting structural-

acoustic response becomes less sensitive to the approximations in the kernel function

of the modal integral operator. For sharp resonances typical of small fluid load-

ings, the accuracy of the Hankel function approximation becomes more important.

Sharper resonances may also benefit from including higher harmonics in the surface

pressure expansions.
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Figure 6.15: Percent of energy on the surface found in the far-field. ε1 � ε2 � 2
for the top plot, and ε1 � ε2 � 5 for the bottom plot. kc � 80, M � 0.5, θi � π{4.

Power spectra and intensity distributions from the acoustically driven finite mem-

brane using this benchmark solution are presented in Chapter 7 in comparison to the

approximate finite models developed in Chapter 3. In the next section, the solution

approach formulated thus far in this chapter is applied to the structural model of an

Euler-Bernoulli beam and extended to generalized boundary conditions.

6.6 Extension to 2-D Plate with Various Constraint Conditions

The eigenfunction projection solution approach described in Section 6.1 is adapted to

the structural model of a 2-D plate. Introducing the beam dynamics linear operator

into the governing equation of the fluid-loaded panel with distributed loading in Eq.

6.1, the resulting system is represented as

LBrηs � B4η

Bx4
� k4

Bη (6.41a)

LBrηs � �pblockedpxq � pflpη, xq, 0 ¤ x ¤ 1 (6.41b)
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The surface pressures due to the acoustic back-loading are again expressed in terms

of the modal integral operator Qnpx, kq as in Eq. 6.8 with modifications to the mul-

tiplicative parameters to be consistent with the non-dimensional plate parameters.

pflpxq � ik2
1

2k2
N

8̧

n�1

Nn pε1Qnpx, k1q � ε2Qnpx, k2qq (6.42)

Following the projection arguments of Section 6.1.1, the modal description of the

fluid-loaded plate governing equation is assembled as

8̧

n�1

�
k4
B � pnπq4�Nnφnpxq �

8̧

n�1

Bnφnpxq �
8̧

n�1

Nn

8̧

m�1

Pmnφmpxq (6.43)

where the influence factors Pmn are dependent on frequency and fluid properties

normalized to the plate properties. The eigenfunctions φnpxq are once again chosen to

be the in vacuo eigenfunctions of the linear operator LB for the boundary conditions

of interest. For the case of pinned constraints, the boundary conditions are defined

as

η
∣∣∣
x�t0,1u

� B2η

Bx2

∣∣∣
x�t0,1u

� 0 (6.44)

which allow rotation but not displacement. The eigenfunctions and eigenvalues of

the pinned boundary conditions are exactly those of the membrane with Dirichlet

boundary conditions. Therefore, the analysis and physical understanding of the ap-

proximations developed for the membrane can be immediately applied to the pinned

plate with little modification.

The eigenfunctions corresponding to other boundary conditions can be expressed

as linear combinations of trigonometric and hyperbolic functions, and the eigenval-

ues are typically roots of transcendental equations [48, p.139]. The use of these

more involved eigenfunctions in this solution approach would significantly increase
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the complexity of the analytical evaluation of the modal integral operator and its

resulting eigenfunction decomposition, which would incur computation penalties in

the generation of the surface pressure influence factors. Modeling different boundary

condition cases using this method would require repeating the analysis for every set

of constraints. It is also predicted that the use of these models would be limited

because of the computational difficulties that the difference of hyperbolic functions

in the eigenfunctions presents for large arguments, almost certainly rendering them

unusable for high frequency investigations. Dowell has derived asymptotic approxi-

mations of the beam eigenfunctions for several constraint conditions that could be in-

troduced to address these concerns if this approach were pursued [49]. In the present

work, a new formulation is developed that isolates the influence of the boundary

conditions and is readily applied to model any general impedance constraints.

6.6.1 Solution Separation for General Boundary Conditions

In order to efficiently model arbitrary boundary conditions of the plate, the influence

of the constraints is isolated and effectively treated as corrections to the response of

the fluid-loaded, pinned plate to the blocked pressure. Using familiar terminology,

the response of the pinned plate is termed the “particular solution”. The corrections

to the pinned boundary conditions manifest as applied discrete forces and moments

at the end-points of the plate, and the structural-acoustic response to these loads

is termed the “homogeneous solution”. As in textbook partial differential equation

solutions, the particular solution handles the external forcing, and the sum of the

particular and homogeneous solutions satisfies the true boundary conditions. This

proposed decomposition of the plate with general boundary conditions is illustrated

in Figure 6.16.
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Figure 6.16: Decomposition of plate with general boundary conditions into its
“particular solution” (top) and “homogeneous solution” (bottom) problem state-
ments. The homogeneous solution has a discrete force and moment on the left and
right boundaries. Both cases are acoustically loaded.

The proposed decomposition of the plate response utilizes the analytical solution

approach developed in this chapter as applied to the response of the plate with

pin constraints. As such, it is assumed that the amplitudes of the displacements

harmonics for the response of the particular solution ηppxq are known so that

ηP pxq �
8̧

n�1

Nn sin pnπxq (6.45)

The magnitude and phase of the discrete forces and moments applied in determin-

ing the homogeneous solution are coupled to the description of the pinned plate.

Therefore, the response of the plate to discrete loads of unit amplitude is initially

determined. This response is then appropriately scaled and added to the particular

solution to satisfy any impedance boundary conditions. Determining the required

scaling factors for any combination of boundary conditions is a matter of linear al-

gebra, that at most consists of four simultaneous equations. In order to efficiently

model the fluid-loaded response of the plate to discrete loads, the method of Ana-
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lytical Numerical Matching (ANM) is utilized.

6.6.2 Response to a Discrete Unit-Amplitude Load at a Boundary

For clarity, the application of ANM to determine the homogeneous solution is dis-

cussed for the case of a single discrete unit-force at the left boundary, and a pinned

constraint on the right. The governing equation for this acoustically-loaded plate is

defined as

LBrηHs � 1 � δpxq � pflpηH , xq (6.46)

η
∣∣∣
x�1

� B2η

Bx2

∣∣∣
x�1

� 0, 0 ¤ x ¤ 1

The net displacement of the beam is then deconstructed into polynomial and modal

descriptions. Following the terminology used in Chapter 2, the polynomial descrip-

tion that analytically handles the discrete load is referred to as the “Local Solution”.

The distributed load required to generate the Local Solution is termed the “smoothed

force”. The response of the beam to the negative of the smoothed force is termed

the “Global Solution” and is expressed as a modal sum. For details concerning the

ANM method and implementation, the reader is referred to Section 2.3. Recalling

that the Local Solution accounts for the discrete force, the governing equation of this

system is recast as

LBrηlocal � ηglobals � �pflpηlocal � ηglobal, xq (6.47)

Introducing the implied smoothed force and taking advantage of linearity, the Local

Solution is effectively analyzed in vacuo, and the corresponding surface pressures

are transferred to the Global Solution as an additional distributed load (see Section

2.3.5). Although the Local Solution and smoothed force are contained within the

smoothing length LS, the coupled surface pressures act on the length of the panel.

LBrηlocals � fspxq, 0 ¤ x ¤ Ls (6.48a)
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LBrηglobals � �fspxq � pflpηglobal, xq � pflpηlocal, xq, 0 ¤ x ¤ 1 (6.48b)

The domain of the polynomial describing the Local Solution is defined to half the

panel length. In doing so, the surface pressures coupled to the prescribed motion of

the Local Solution pflpηlocal, xq are assumed to be smooth and quickly convergent.

The governing equation of the Global Solution Eq. 6.48b is then projected onto its

in vacuo eigenfunctions, which are φn � sinpnπxq. Notably, Eq.6.48b is similar in

form to the response of the acoustically-loaded pinned plate driven by the blocked

pressure. The blocked pressure has been replaced by a distributed load comprised

of the smooth forcing and surface pressures coupled to the Local Solution. As such,

the analytical solution approach, and all of the corresponding refinements, developed

in this chapter is used to determine the displacement harmonic amplitudes of the

Global Solution and the coupled surface pressures due to the response of the finite

plate with a discrete unit-load at the boundary.

6.6.3 Solution Assembly and Scaling Factors

In this analysis, the structural-acoustic response of the fluid-loaded finite plate to a

discrete load at the ends has been modeled by formulating it such that the tools and

insights already developed can be applied. Currently, the domain of the polynomial

description is limited to half of the panel length to avoid coupling through the Lo-

cal Solutions of the response to the discrete loads acting at the opposite boundary.

Maintaining these models uncoupled allows the analysis of the four, unit-amplitude,

loads to be treated independently using this ANM technique2. They are then scaled

2 Allowing the domain of the Local Solution to exceed half the panel length and thus couple
to the response of the discrete unit-load(s) at the other boundary may improve the convergence
of the resulting surface pressures. This would require modifying the constraints imposed at the
smoothing length in determining the coefficients of the Local Solution. The displacement and its
derivatives at the smoothing length (now the length of the plate) would be defined with respect to
the enforced load. This increased coupling would result in a dense matrix used to determine the
coefficients of the polynomial description, which could help address issues of matrix ill-conditioning
for higher-order polynomials at very high frequencies [28].
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and added together to the particular solution to describe the total motion ηT pxq
of the plate with general constraint conditions. In the assembly of the total plate

displacement, the Local ηl and Global ηg displacements describe the response to

the unit-amplitude discrete load denoted in the superscript. For example, “ML”

refers to the discrete moment acting on the left boundary. The scaling factors λ

required to modify the homogeneous solution to satisfy the true constraint condi-

tions are identified by the same superscript notation. The total displacement of

the acoustically-loaded plate ηT pxq in response to the blocked pressure with general

boundary conditions is expressed as

ηT pxq � ηP �
�
λFLpηFL` � ηFLg q � λMLpηML

` � ηML
g q

� λFRpηFR` � ηFRg q � λMRpηMR
` � ηMR

g q
�

(6.49)

The scaling factors are evaluated by satisfying the imposed boundary conditions. The

pinned plate is the trivial case where the particular solution satisfies the conditions

and the scaling factors are all zero. The plate with clamped constraints on both

boundaries is presented as a non-trivial example.

Scaling Factors for the Clamped Plate

Clamped constraints require zero displacement and slope at the boundaries so that

ηT

∣∣∣
x�t0,1u

� BηT
Bx

∣∣∣
x�t0,1u

� 0 (6.50)

Substituting Eq. 6.49 into these conditions results in the following system of four

simultaneous equations for the four unknown scaling factors:
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ηT p0q �
�
λFLηFL` � λMLηML

`

� ∣∣∣
x�0

� 0 (6.51)

ηT p1q �
�
λFRηFR` � λMRηMR

`

� ∣∣∣
x�1

� 0

BηT
Bx

∣∣∣
x�0

� B
Bx
�
ηP � λFLηFLg � λMLηML

g � λFRηFRg � λMRηMR
g

� ∣∣∣
x�0

� 0

BηT
Bx

∣∣∣
x�1

� B
Bx
�
ηP � λFLηFLg � λMLηML

g � λFRηFRg � λMRηMR
g

� ∣∣∣
x�1

� 0

Note that the expressions for the displacement conditions do not include any con-

tributions from the particular or any of the Global Solution components. These

components are defined as expansions with sine eigenfunctions that are zero-valued

at the boundaries. With sine eigenfunctions, the displacement and all even deriva-

tives of the particular and Global Solutions are formally zero, which simplifies the

equations for determining the scaling factors. Additionally, the Local Solutions are

constrained to half the panel domain, so they do not contribute to the balance at

the other boundary. Finally, one of the constraints imposed to prescribe the Local

Solution ensures that they have zero slope at the boundary, which further simplifies

the boundary condition expressions for the clamped plate. Solving the system of

equations, the scaling factors and net response of the clamped fluid-loaded plate to

the blocked pressure are defined. Applying the analysis outlined in Section 6.5, the

power evaluated at the surface and in the far-field are readily calculated.

Outlining the approach for determining the fluid-loaded response of the clamped

plate highlights the advantage of isolating the influence of the boundary conditions.

Considering the response of the plate with a different set of boundary conditions

requires only recalculating the corresponding scaling factors. This algebraic manip-

ulation motivates future work in efficiently investigating the effect of the boundary

conditions on the structural-acoustic response of the plate.
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6.6.4 Energetics Verification

The percent difference between the power evaluated at the surface and in the far-field

provides a metric to evaluate the accuracy and conservation of energy of the solution

approach. The deviation from perfect energy conservation is presented in Figure 6.17

as a function of frequency for a pinned (top) and clamped (bottom) plate with the

same fluid and plate properties. The normalized characteristic wavenumber of the

plate kN (defined in Eq. 2.9) is chosen to ensure that the plate is in the subcritical

regime over the entire third-octave band. The subcritical regime is defined as

M � k1

kB
� k1a

k1{kN
  1 (6.52)

As expected, the percent error for the pinned plate is similar to that of the similarly

loaded membrane studied in Figure 6.14. Other than the structural linear operator,

the formulation and approximations of the fluid-loaded membrane and pinned beam

are equivalent. As a result of the dispersive behavior of the plate, the resonant

frequencies of the two systems are not the same.

Figure 6.17: Percent of energy on the surface found in the far-field for pinned
(Top) and clamped (Bottom) plate. ε1 � ε2 � 2, kc � 80, kN � 0.0031, θi � π{4.
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The percent error for the same plate and fluid properties with clamped constraints

is comparable to the pinned plate. Several of the error peaks are notably above the

expected 100%, which signifies that the power calculated in the far-field is larger than

that calculated at the surface. This behavior is understood as a limitation to the

current method of calculating the surface power. The velocity of the plate is defined

with components in polynomial form and partially as an eigen-expansion. In order

to use the calculation for surface power in Eq. 6.39, the polynomial contributions are

also projected onto the eigenfunctions. The expansions of the polynomials will not

accurately capture the high resolution content localized near the boundaries, which

are precisely the deviations from pinned constraints. As such, it is hypothesized

that the energy on the surface is being underestimated. Use of the polynomial

descriptions in the surface power calculation is expected to demonstrate an energy

balance analysis similar to the pinned plate. Typical intensity distributions and

power spectra are presented in Chapter 7.

6.6.5 Discussion of ANM Method

Comments about the technique presented to handle the boundary conditions are

made to motivate an understanding of the approach, and to identify potential points

for further work. Taking the clamped plate as an example, the eigenfunctions of the

plate are known to be a linear combination of cosh, sinh, cosine, and sine [35]. As

previously stated, these in vacuo eigenfunctions could have been used in the projec-

tion of the acoustically-loaded governing equation. By isolating the influence of the

boundaries and analyzing the corresponding response in the framework of ANM, the

motion of the clamped plate is expressed as an expansion in sine modes and polyno-

mial components used to treat the discrete loads at the boundaries. In this regard,

the analytical description of the Local Solutions can be interpreted as representing

the rapid variation of the hyperbolic functions near the boundaries. Momentarily
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considering only the first mode shape of a clamped plate, the ANM approach would

in effect model the smooth behavior away from the edges with a sine series and the

high resolution behavior near the boundaries with the polynomials.

For simple boundary conditions, the natural wavenumbers of the plate (sometimes

called the natural frequencies) are readily available in tables [35, p.158]. As a quick

study of the proposed method of isolating the influence of the boundary conditions

and treating them with ANM, the first couple of resonant wavenumbers of the plate

were approximated for various constraint conditions. To do so, the plate was driven

by a distributed load in the absence of fluid-loading. Following the solution approach

outlined in this section, the response of the beam was determined in the form of Eq.

6.49. The values of the scaling factors for each of the boundary condition sets were

evaluated by substituting the response of the plate into the constraint conditions

and solving the resulting system of linear equations. In order to estimate the first

few resonant frequencies of the system, the driving frequency of the applied load was

swept starting at just above a frequency of zero, and the resulting spatially-averaged

mean square velocity of the plate was evaluated. In the absence of fluid loading and

structural damping, the response of the plate becomes unbounded when driven at

its resonant frequency. In the absence of damping, the resonances are very sharp,

which requires a densely sampled frequency sweep. The frequencies with large re-

sponses were recorded and the corresponding non-dimensional resonant wavenumbers

kB were calculated as

k4
B � k2

1

k2
N

� ω2

EI
ρBA

L4 (6.53)

The first five resonant wavenumbers approximated with this study are compared to

the known eigenvalues of the plate. The rows titled “CMA” present the eigenval-

ues of the system determined using classic modal analysis for each set of boundary
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kB0 kB1 kB2 kB3 kB4 kB5

Clamped-Clamped
CMA - 4.730 7.853 10.996 14.137 17.279
ANM - 4.726 7.852 10.993 14.139 17.279
%-diff - 0.085 0.013 0.027 0.014 0.000

Clamped-Pinned
CMA - 3.927 7.069 10.210 13.352 16.493
ANM - 3.920 7.064 10.213 13.352 16.493
%-diff - 0.178 0.071 0.029 0.000 0.000

Clamped-Free
CMA - 1.875 4.694 7.855 10.996 14.137
ANM - 2.012 4.710 7.861 10.999 14.139
%-diff - 7.307 0.341 0.076 0.027 0.014

Pinned-Free
CMA 0 3.927 7.069 10.210 13.352 16.493
ANM - 3.939 7.074 10.213 13.352 16.493
%-diff - 0.306 0.071 0.029 0.000 0.000

Free-Free
CMA 0 4.730 7.853 10.996 14.137 17.279
ANM - 4.741 7.861 10.999 14.139 17.279
%-diff - 0.233 0.102 0.027 0.014 0.000

Figure 6.18: Comparison of 2-D plate natural frequencies as calculated by the
formal eigenvalues of classic modal analysis (CMA) and the resonant response as
approximated by ANM.

conditions. The rows titled “ANM” present the approximated resonant wavenum-

bers determined with the method of Analytical Numerical Matching. The ANM

methodology predicts the known natural wavenumbers exceptionally well, with the

error decreasing as frequency increases. The clamped-free plate has the lowest non-

zero eigenvalue of the cases considered and the greatest error when using the ANM

approximation. It is hypothesized that this error is a result of limiting the Local

Solutions in the ANM formulation to a domain of half the panel length, which in

effect transfers the communication between boundaries to the Global Solution. As

the smoothing length decreases and the sine series dominates the ANM description,

the errors associated with the ANM formulation increase, as expected. In the limit

where the smoothing length goes to zero, the response of the plate is modeled with

a sine series, which fails at predicting the eigenvalues and behavior of the plate with

the boundary conditions considered. A well established understanding of the ap-
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proximations introduced by the ANM formulation for modeling the plate boundary

conditions will allow the application of the technique to other applications. However,

this eigenvalue study suggests that the model is currently most successful at high

frequencies. A formal quantification of the errors associated with this approach are

a future research goal.

In this chapter, the analytical benchmark solutions for the structural-acoustic re-

sponse of finite panels driven by an acoustic wave were presented. These benchmark

solutions are next used to examine the resulting far-field intensity distributions and

develop an understanding about the resulting redistribution of energy. Simultane-

ously, the benchmark solutions are used to validate the simple closed form models

developed in Chapter 3.
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7

Comparison of Benchmark Solutions and
Approximate Models

The approximate fluid loading models developed for finite panels need to be compared

to benchmark solutions in order to validate and refine them. In that effort, the far-

field power was evaluated analytically for the approximate models and compared

to the power spectrum of the periodically connected panels, which demonstrated

limited success. The comparisons of the periodic panels and the approximate models

for the baffled panel demonstrate that the most energy is redistributed and radiated

near the resonances for subsonic structures, and at the Mach angles for supersonic

structures. However, the dynamics of the two systems are understood to be different.

For example, the periodic configuration redistributes energy only to a finite set of

discrete radiation angles. In contrast, the approximate models for the baffled panels

predict a redistribution of energy into a continuous spectrum of radiation angles.

To truly validate the simple radiation models based on the inertance and radiation

corrections, a formal solution to the structural-acoustic response of an acoustically

forced panel was developed in Chapter 6. The response of this benchmark solution
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is presented and compared to the response of the approximate finite models.

7.1 Assembled Approximate Models of the Finite Panels

The approximate radiation models for the finite panels need to include the effect of

the blocked pressure for comparison to the benchmark solutions. The analysis in

Chapter 3 was focused only on the reverberation of the structures due to prescribed

motions at the endpoints. The response of the finite panel to the blocked pressure

begins with the unconstrained response of the panel to the blocked pressure, as

presented in Section 2.2. The unconstrained response formally includes the effects of

the acoustic loading but neglects the imposed boundary conditions of the finite panel.

The effects of the boundary conditions are modeled with the approximate reverberant

formulations of Chapter 3. The two components are then added over the domain of

the panel, and the endpoint motion of the reverberant model is prescribed so that

the superposition of the responses satisfies the boundary conditions. The net panel

motion is interpreted as modeling the dominant behaviors of a baffled panel driven

by an obliquely incident acoustic wave, as illustrated in Figure 7.1.

Figure 7.1: The approximate high frequency model of the acoustically loaded finite
panel driven by the blocked pressure is assembled (right) as the net motion from the
unconstrained response and the scaled reverberation model within the panel domain.

The assembled panel motion is used to predict the approximate intensity in the

far-field. This simple model is motivated based on the insight that there are two
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primary mechanisms that result in deviations from specular reflection: the resonant

reverberation of the finite panel and the windowing of the trace wave. Finally,

by applying high frequency approximations as in the analysis of Chapter 3 and 4,

closed-form radiated power expressions are calculated with the Rayleigh Integral.

The response of an acoustically driven finite membrane is predicted by assembling

the approximate model outlined.

7.1.1 Interpreting the Components of the Approximate Models

The net motion of the finite subsonic membrane with pinned boundary conditions

is approximated as the sum of the segment from the unconstrained motion ηuspxq
and the response of the endpoint driven finite membrane ηdpxq with the modified

structural wavenumber to approximate the effects of the fluids. Keeping the notation

from previous chapters, the response of the finite membrane to the obliquely incident

acoustic wave is assembled as

ηuspxq � PIp1 �R � T q
k2
M � pk1 sin θiq2 e

�ik1 sin θix, 0 ¤ x ¤ 1 (7.1a)

ηdpxq � β

sin pkχ � iRdq
�
sin pkχp�x� 1qq � e�ik1 sin θi sin pkχxq

�
(7.1b)

ηnetpxq � ηuspxq � ηdpxq, β � �ηusp0q (7.1c)

The net motion of the finite membrane ηnetpxq is a simple approximation that consists

of a traveling wave and two phase-shifted standing waves. The influence of the fluids

is present in the reflection R and transmission T coefficients in the unconstrained

segment expression as well as in the modified reactance kχ and resistance Rd of the

structural wavenumber of the end-driven membrane. The resulting power radiated

into the far-field is presented as a percent of the energy normally incident on the

panel from the acoustic wave. Throughout this chapter, this radiation efficiency is

presented over a third octave frequency band centered at kc � 80. The red curve in
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Figure 7.2 shows the percent of energy radiated into the top fluid (reflection domain)

for a subsonic, pinned membrane bounded by the same fluid in both half-spaces, as

predicted by the approximate model. With identical fluids, the total energy radiated

by the panel into both half-spaces at a given frequency is twice that predicted in

Figure 7.2. Discussion of the underlying ideas in the figure are presented with respect

to the components of the total power (black). This discussion also extends to the

panel modeled as a 2-D plate.

Figure 7.2: Power radiated by a pinned membrane normalized to the power incident
on the structure (red). The power is separated into the contributions from the
unconstrained and driven segments. kc � 80, θi � π{4, ε1 � ε2 � 5, M1 �M2 � 0.5.

The Rayleigh Integral used to calculate the far-field pressure is a linear operator;

however the far-field intensity is proportional to the mean square pressure. There-

fore, the total power can be considered with respect to the power radiated by the

reverberation segment alone, the power radiated by the unconstrained segment in

isolation, and the power contribution from the resulting motion cross terms.
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7.1.2 Contributions from the Reverberation Component

The power spectrum resulting from the net motion of the finite panel (red) is char-

acterized by periodic frequencies with significant radiation. These are the estimated

resonant frequencies of the fluid-loaded barrier. The resonances are predicted by the

simple reverberation model with the fluid loading corrections introduced into the in

vacuo wavenumber. The power from just the endpoint-driven membrane is shown

by the black dotted line. Away from the resonances of the finite panel, there is min-

imal radiated energy by the reverberation model. This approximate model readily

allows the interpretation of the power radiated as the equivalent power dissipated

by a frequency-dependent viscous suspension. The power dissipated is proportional

to the spatially averaged mean square velocity of the panel, which is small away

from the resonances, and consequently dissipates little energy. Study of the damper

values calculated by the power matching analysis (Figure 3.4) confirms that away

from the resonances the radiated/dissipated power is non-zero, although minimal. It

will be shown that at the resonances of the fluid-loaded panel, the far-field intensity

directivity exhibits the most redistribution of energy to other radiation angles.

7.1.3 Contributions from the Unconstrained Component

Away from the resonant frequencies of the system, the net response of the flexible

barrier results in non-zero energy redistribution. The power radiated by the segment

of the unconstrained membrane response, shown by the dashed line, confirms that

just the traveling wave also results in power radiated into angles other than the

specular reflection angle. When the infinite domain of the unconstrained response is

considered, the energy is reflected at an angle equal to the incidence angle because

the panel flexural wave has the same trace speed as the incident acoustic wave.

Windowing the motion of the unconstrained response is, in effect, a spatial aperture

that results in a local spreading of the radiation energy around the primary angle
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of reflection. The far-field intensity calculated for the segment of the unconstrained

response coincident with the panel domain is defined as

Iuspr, φq � |puspr, φq|2
2z1

� ε1k
3
1

πrM2
1

���� PIp1 �R � T q
k2
M � pk1 sin θiq2

����
2 sin2

�
1
2
pk1 sin θi � k1 sinφq�

pk1 sin θi � k1 sinφq2
(7.2)

The functional form of the intensity directivity is that of a sinc function that is dis-

tinguished by a dominant lobe of radiation centered at the angle equal and opposite

to the incidence angle. This is consistent with the behaviors predicted in the study

of supersonic finite membranes in Chapter 4. The enforced flexural wave of the

unconstrained structure response is always supersonic, which results in specular re-

flection in the infinite domain and angular spreading defined by a sinc function when

spatially windowed. Examination of the amplitude of the intensity definition also

predicts that the power radiated by the windowed segment is inversely proportional

to frequency, as shown in Figure 7.2. A physical interpretation of this trend suggests

that as the flexural wavelength becomes smaller, the panel begins to look infinitely

long. As a result, the structural-acoustic response of the segment approaches that of

specular reflection and less energy is radiated to other angles.
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7.1.4 Contributions from the Cross-terms

The final component of the radiated power predicted by the approximate model of

Eqs. 7.1 is the cross terms of the panel motion. In effect, the power contributed

by the cross terms is negligible as compared to the power radiated by the univariate

components. For the analysis of the membrane, the power from the cross terms is

calculated. However, when considering the 2-D plate approximate models, the cross

terms in the power balance are not included. The analytical evaluation of the power

contributed by these terms becomes cumbersome, and Figure 7.2 suggests that in-

terpreting these terms as negligible is consistent with the assumptions made in the

development of the approximate reverberation model. The excellent agreement of the

closed-form model with the benchmark solution supports this approximation. This

simplification of the plate analysis is an example of the value inherent to considering

these simple models. Understanding the underlying mechanisms of radiation from

configurations that can be evaluated entirely in closed form suggest simplifications

that capture the dominant behaviors of otherwise intractable models.

In the following sections, the simple radiation models developed are compared to the

formal benchmark solutions. It is shown that these simple models predict the power

radiated and intensity directivity exceptionally well. The agreement between the

models extends into the large fluid loading regime. Simple case studies are presented

to emphasize the dominant mechanisms of radiation and develop an understanding

of the structural-acoustic response. The success of these simple models has exciting

implications for future efforts in energy-intensity based boundary element methods

for high frequency modeling of acoustic spaces.
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7.2 Power Radiated Comparisons for Broadband Frequency

This analysis considers the far-field pressures resulting from the response to the

blocked pressure forcing. To describe the complete pressure distribution resulting

from an acoustic wave incident on the panel, the wave reflected at the same angle

of incidence would need to be included. The influence of the incident wave and

reflected waves are in fact the components of the blocked pressure. Therefore, the

far-field pressures calculated in response to the blocked pressure are understood

to be modifications to the reflected wave at the “primary angle,” which result in

deviations from specular reflection. Accordingly, the resulting power radiated is

interpreted as a measurement of how effectively the panel redistributes energy as a

function of frequency. As before, the power radiated by the panels is normalized by

the power incident on the panel and is presented as a percent of that power. The

following figures compare the power radiated by the panels over a high frequency band

as predicted by the closed form approximate models (red) and the corresponding

benchmark solutions (black).

7.2.1 Membrane with Pinned Boundary Conditions

The subsonic membrane considered in this section is bounded by the same fluid on

either half-space and it has an in vacuo structural wave speed that is half of the

acoustic wave speed of the fluid (M=0.5). The forcing acoustic wave is incident at

an angle of θ � π{4 from the normal of the surface, with driving frequencies over a

third octave band centered at kc � 80. Figure 7.3 shows two cases with fluid loading

parameters ε1 � ε2 � 2 in the top plot and ε1 � ε2 � 5 in the bottom plot.

146



Figure 7.3: Power spectra of the approximate and benchmark solutions of a
subsonic pinned membrane ε1 � ε2 � 2 (Top) and ε1 � ε2 � 5 (Bottom)
kc � 80, θi � π{4, M1 �M2 � 0.5.

This figure demonstrates that the power radiated by the approximate membrane

model is in excellent agreement with that calculated from the benchmark solution.

These fluid loading configurations correspond to those in Figure 6.15, which examined

the errors associated with the benchmark solution and identified the frequencies

most sensitive to the approximations introduced in the analytical solution of the

benchmark model. Insight from the approximate models confirms the understanding

of these frequencies as the resonances of the finite panel. Figure 7.3 also begins to

provide insight into the response of the fluid-loaded membrane. At lower fluid loading

configurations the system’s resonances become sharper, which can be interpreted as

the presence of the fluids having less influence on the response of the structure.

However, neglecting the fluid in the analysis of the approximate model will not

accurately capture the details of the response. For example, as shown in Figure 7.4

below, neglecting the additional inertance imposed by the fluid even at lower fluid

loadings will result in poor prediction of the system resonances.
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Figure 7.4: Power spectra of the approximate model without the inertance correc-
tion and the benchmark solution of a subsonic pinned membrane. ε1 � ε2 � 2, kc �
80, θi � π{4, M1 �M2 � 0.5.

Figure 7.4 also demonstrates that as fluid loading increases, the “baseline” amount

of energy radiated increases. The insight from the approximate model allows this

overall increase in energy radiated to be understood as resulting from the windowing

of the flexural wave component with a wavelength equal to the trace wavelength.

Therefore, the presence of the boundaries more effectively modifies the pressure dis-

tribution with increasing fluid loading. These general behaviors and trends are fur-

ther illustrated with Figure 7.5, which demonstrates the remarkable result that even

at a very large fluid loading, the simple approximate model closely agrees with the

benchmark solution. As expected, the approximate model begins to deviate from

the formal model as fluid loading increases. However, it still captures the domi-

nant features of the power spectrum. The resonances of the system are accurately

predicted, which suggests that the inertance correction is effectively modeling the re-

actance of the fluid in the approximate model. This suggests that further refinement

of the damping model in the reverberation component will allow the analysis to be

extended to even higher fluid loading configurations.
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Figure 7.5: Power spectra of the approximate and benchmark solutions of a sub-
sonic pinned membrane for increasing fluid loading. kc � 80, θi � π{4, M1 �M2 �
0.5.

Referring back to Section 3.2, the development of the approximate model assumed

the radiation damping to be small for a subsonic panel. This assumption is based on

the insight that for a subsonic flexural wave, the radiation is due to edge radiators

and therefore is a less efficient radiator than a supersonic flexural wave. Assuming

a small resistive component as compared to the net reactance of the membrane and

fluids justified expanding the dispersion relation and response of the panel with a

Taylor series. The analysis throughout this work has only used the first term of this

expansion. Figure 7.5 suggests that including higher order terms in this damping

matching analysis will extend the use of the approximate model to more accurately

model very large fluid loading configurations.

7.2.2 2-D Plate Power Spectra

This section contains similar plots for a 2-D plate with pinned and clamped boundary

conditions. The characteristic wavenumber of the plate chosen ensures that the plate

is subsonic within the frequency band studied, with M � 0.5 at the center frequency.
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These figures demonstrate that the approximate models developed for the plate also

agree very well with the benchmark solutions, and the degree of agreement follows

the same trends as the membrane.

For equivalent structure and fluid parameters, the resonances of the pinned and

clamped plate occur at different frequencies as expected. The resonances of each

case are separated by a factor of π, which is consistent with the in vacuo resonant

behavior [35, p.158]. Interestingly, the resonances of the clamped plate are less

sharp than that of the pinned beam, suggesting an increased coupling to the fluid

based only on the boundary conditions. In Appendix D.1, the edge radiator analysis

developed by Bliss and Franzoni [1, 29, 30, 31] has been extended for a subsonic

semi-infinite flexural wave incident on an edge with various boundary conditions.

The resulting wavenumber transforms of the flexural motion demonstrate that the

far-field pressures from the pinned and clamped edges can be interpreted as the ra-

diation due to distinct distributions of edge singularities. Notably, both boundary

conditions include the monopole in their distribution but only the clamped edge

includes the dipole which is the next most efficient radiator. The spreading of the

clamped resonances can therefore be understood in the framework of edge radiator

analysis.
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Pinned-Pinned Plate

Figure 7.6: Power spectra of the approximate and benchmark solutions of a sub-
sonic pinned plate. ε1 � ε2 � 2 (Top) and ε1 � ε2 � 5 (Bottom), kc � 80, θi �
π{4, kN � 0.0031, same fluids.

Figure 7.7: Power spectra of the approximate and benchmark solutions of a sub-
sonic pinned plate for increasing fluid loading. kc � 80, θi � π{4, kN � 0.0031,
same fluids.
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Clamped-Clamped Plate

Figure 7.8: Power spectra of the approximate and benchmark solutions of a
subsonic clamped plate. ε1 � ε2 � 2 (Top) and ε1 � ε2 � 5 (Bottom),
kc � 80, θi � π{4, kN � 0.0031, same fluids.

Figure 7.9: Power spectra of the approximate and benchmark solutions of a sub-
sonic clamped plate for increasing fluid loading. kc � 80, θi � π{4, kN � 0.0031,
same fluids.

152



7.3 Intensity Directivity Comparisons

The previous analysis verifies that the approximate high frequency radiation models

accurately predict the power radiated by the finite panels over a wide range of fluid

loading cases. In the following section, far-field intensity distributions are considered

for three structural configurations. The comparisons show that the approximate

radiation models capture the dominant directivity characteristics as predicted by

the benchmark solution. Examining the far-field intensity predicted by these models

confirms that the resonances of the system result in significant energy redistribution

into a full spectrum of radiation angles.

7.3.1 Membrane with Pinned Boundary Conditions

The far-field intensity of the reflection domain is considered for a pinned subsonic

membrane driven by an acoustic wave incident at θ � π{4 bounded by the same fluid

on both half-spaces with a fluid loading parameter ε1 � ε2 � 5. The power spectrum

for this configuration was considered in Figures 7.3 and 7.5, and is reproduced below.

Figure 7.10: Power spectra of the approximate and benchmark solutions of a
subsonic pinned membrane. ε1 � ε2 � 5, kc � 80, θi � π{4, M1 �M2 � 0.5.
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The intensity distributions calculated by the benchmark solution at two frequencies,

k � 75.8 and k � 78.3, are shown in Figure 7.11. Locating these frequencies on

the power spectrum confirms that the first is a resonance of the system and the

second is not. The intensity distributions are normalized to the maximum intensity

of the two distributions and presented in decibels. The distribution at the frequency

off resonance is almost exactly that of the sinc function predicted by Eq. 7.2 in

the approximate model analysis. It is characterized by a dominant lobe centered

at the primary angle, which is equal and opposite to the angle of incidence. Near

resonance, the dominant band of radiation around the primary angle is present, but

there is significantly more energy at radiation angles outside this band.

Figure 7.11: Intensity distribution at k � 75.8 (“Near Resonance”) and at k � 78.3
(“Off Resonance”). Frequencies near resonance result in significant deviations from
specular reflection.

To visualize the intensity distributions over the frequency band of interest, they are

plotted on a 3-D plot in Figure 7.12. In effect, the curves of Figure 7.11 can be

thought of as “slices” of the 3D plot. The intensity is normalized to the maximum

intensity of the surface and presented in decibels. The temperature color scheme

is used to emphasize regions of large intensity (red) and regions of minimal energy
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(blue). The surface confirms that around the radiation angle φ � �π{4, there is a

band of significant radiation for all frequencies which corresponds to the windowing

of the flexural wavenumber with a wavelength equivalent to the trace wavelength.

This dominant lobe is always located at the negative of the angle of incidence of

the acoustic wave. Also shown are the resonant frequencies which are identified by

notable radiation at all angles.

Figure 7.12: Isometric view of the frequency dependent intensity distribution pre-
dicted by the benchmark solution for the subsonic pinned membrane. ε1 � ε2 �
5, kc � 80, θi � π{4, M1 �M2 � 0.5.

It is clearer to interpret the frequency dependent directivity plot by examining the

surface from the top view. In Figure 7.13, the surface is effectively interpreted as a

contour plot showing bands of equal intensity decibels. The color bar and plot do not

show any intensity components below -40dB (identified by the “cold” blue in Figure

7.12), which facilitates identifying the dominant radiation bands. For reference, the

power radiated by the membrane as a function of frequency is also shown. This

view clearly depicts the two governing radiation mechanisms. The dominant band of

radiation is centered at φ � �π{4 for all frequencies. Also, the periodic frequencies

with significant energy at all radiation angles are clearly shown. These frequencies
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are exactly the resonances of the system. The width and magnitude of the resonances

are aligned between the two figures. The side-by-side view of the power and intensity

plots confirms that the resonances correspond to the most redistribution of energy

to radiation angles not equal to the primary angle of reflection.

Figure 7.13: (Top) Power radiated by the pinned membrane as a percent of the
incident power. (Bottom) Top view of the frequency dependent intensity distribution
predicted by the benchmark solution. ε1 � ε2 � 5, kc � 80, θi � π{4, M1 � M2 �
0.5.

The following figure shows the intensity distribution for the third octave band calcu-

lated by the benchmark solution (top plot) and the approximate model (middle plot).

In order to estimate the power radiated by the approximate model, high frequency

simplifications are introduced into the directivity to facilitate the analytical integra-

tion for power, as described in Section 3.4.2. The resulting intensity distribution

integrated over radiation angles to predict the power is also shown (bottom plot).

The comparison confirms that the simple approximate model captures the dominant

intensity regions, including the locations and widths of the resonances, and exhibits

excellent agreement with the formal solution.
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Pinned Membrane (top view): ε1 � ε2 � 5, kc � 80, θi � π{4, M1 �M2 � 0.5.

Figure 7.14: Intensity distributions predicted by the benchmark (Top), approxi-
mate (Middle) and high frequency approximate (Bottom) solutions for a subsonic
membrane.
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7.3.2 Plate with Pinned Boundary Conditions

Similar case studies are presented for pinned and clamped plate configurations in the

next two sections. In the figure below, the power spectra as predicted by the two

models are reproduced from Figure 7.7 for a pinned plate acoustically driven by a

wave obliquely incident at θ � π{4. The same fluid bounds the panel on both sides,

so only the radiation into the top fluid is shown.

Figure 7.15: Power spectra of the approximate and benchmark solutions of a
subsonic pinned plate. ε1 � ε2 � 5, kc � 80, θi � π{4, kN � 0.0031.

Characteristic intensity directivities from the benchmark solution near a resonance

and away from a resonance are shown in Figure 7.16 for this pinned plate. Also

shown in blue are the asymptotic descriptions used in the approximate model in

order to analytically determine the power radiated. These models are shown for the

plate and not for the membrane because the cross term described in Section 7.1.4

introduces considerable noise that obscures the trends. The plate analysis neglects

these terms in the power calculation. The assembled approximate model for subsonic

panels is composed of the response of the unconstrained segment response and the
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corresponding reverberation component, as described in Section 7.1.

Figure 7.16: Exact and approximate intensity distributions at k � 73.9 (Left) and
at k � 75.3 (Right) for a pinned plate. The left plot is near resonance which results in
significant deviations from specular reflection. ε1 � ε2 � 5, θi � π{4, kN � 0.0031.

The blue curves show that the expansion around the angle of primary reflection accu-

rately captures the dominant effects of windowing the response of the unconstrained

component. Away from resonance, the radiation is localized to that main lobe. The

comparison of the benchmark and approximate model near resonance is better ap-

preciated on a linear scale, as shown in Figures 7.17 and 7.18 below. Presenting the

comparison on a linear scale more intuitively explains how the integration of the ap-

proximate intensity function closely estimates the power radiated by the benchmark

solution. The simplified model captures the intensity in the main lobe by expanding

around the primary angle, and the directivity associated with the subsonic rever-

beration is estimated with a high frequency simplification that in effect averages the

oscillations. The rescaled view in Figure 7.18 illustrates that the intensity distribu-

tion has the symmetric response of the reverberation component previously shown

in Figure 3.6 for a pinned plate.
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Figure 7.17: Exact and approximate intensity distributions at k � 73.9 (near
resonance) for a pinned plate. ε1 � ε2 � 5, θi � π{4, kN � 0.0031.

Figure 7.18: Exact and approximate intensity distributions at k � 73.9 (near
resonance) for a pinned plate. Rescaled to show re-radiation directivity. ε1 � ε2 �
5, θi � π{4, kN � 0.0031.

The intensity distribution over the third-octave band for this pinned plate is shown

in Figure 7.19, as calculated with the benchmark solution. Again, the primary lobe

of radiation is centered at the negative of the angle of incidence, and the resonant

frequencies result in significant energy radiated over a full spectrum of angles.
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Figure 7.19: Isometric view of the frequency dependent intensity distribution pre-
dicted by the benchmark solution for the subsonic pinned plate. ε1 � ε2 � 5, kc �
80, θi � π{4, kN � 0.0031.

As with the membrane, the top view of these intensity surface plots are shown for

the benchmark solution, the approximate solution, and for the approximate solution

with the asymptotic simplifications introduced to facilitate the analytical integration

for power. This comparison indicates that the approximate models developed suc-

cessfully describe the intensity directivity over the frequency band. The bottom plot,

which shows the approximate model with the asymptotic assumptions introduced,

is noticeably less noisy than the corresponding image of the membrane analysis in

Figure 7.14. This is a result of having included the power cross term in the analysis

of the membrane but not the plate.
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Pinned Plate (top view): ε1 � ε2 � 5, kc � 80, θi � π{4, kN � 0.0031.

Figure 7.20: Intensity distributions predicted by the benchmark (Top), approxi-
mate (Middle) and high frequency approximate (Bottom) solutions for a subsonic
plate.
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7.3.3 Plate with Clamped Boundary Conditions

To further confirm the success of the approximate radiation model, the response

of a clamped plate is compared below with the same series of images used in the

membrane and pinned plate case studies. In Appendix E, isometric views of the

intensity surfaces for the benchmark and approximate models are shown for both

the pinned and clamped plate responses considered.

Figure 7.21: Power spectra of the approximate and benchmark solutions of a
subsonic clamped plate. ε1 � ε2 � 5, kc � 80, θi � π{4, kN � 0.0031.

Figure 7.22: Isometric view of the frequency dependent intensity distribution pre-
dicted by the benchmark solution for the subsonic clamped plate. ε1 � ε2 � 5, kc �
80, θi � π{4, kN � 0.0031.
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Clamped Plate (top view): ε1 � ε2 � 5, kc � 80, θi � π{4, kN � 0.0031.

Figure 7.23: Intensity distributions predicted by the benchmark (Top), approxi-
mate (Middle) and high frequency approximate (Bottom) solutions for a subsonic
plate.
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8

Conclusions

This work developed analytical models for the coupled structural-acoustic response

of panels driven by an incident acoustic field. The models provide a detailed under-

standing of the redistribution of energy which depends strongly on system parameters

and results in complicated directivity patterns from both isolated and periodically

connected boundaries subject to acoustic forcing.

Periodically Connected Panels

The method of Analytical Numerical Matching (ANM) was extended and applied to

analyze the acoustic reflection and transmission from a fluid-loaded flexible barrier of

infinite length with spatially periodic discrete discontinuities excited by an obliquely

incident planar harmonic wave. It was demonstrated that the use of ANM improves

the numerical accuracy and convergence rate of the structural-acoustic response, and

effectively addresses the sensitivity of the acoustic fields and structure motion to the

accuracy of which the local region near the structural discontinuities is resolved.

This analysis allows for the intuitive interpretation that the periodic discontinuities,

modeled by various boundary conditions, create deviations from specular directiv-
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ity by redirecting part of the structural energy into a discrete set of reverberant

flexural wavenumbers, different than the oblique wave forcing, that re-radiate with

different directivity angles. The infinite spatial periodicity results in acoustic cut-off

and therefore a finite set of discrete radiation angles. For a supercritical barrier,

the scattering is characterized by a distribution of reflection and transmission angles

centered around the flexural wave Mach Angles, with the most efficient redistribution

occurring near coincidence of the forcing wavenumber and the in vacuo structural

wavenumber. For subcritical barriers, the energy redistribution is shown to be most

pronounced at the structural resonances with the local regions around the structural

discontinuities being the primary contributors. Although discrete, the scattering of

energy to other radiation angles tends toward smooth distributions that are inter-

preted as a full series of scaled edge radiators with relative magnitudes dependent

on the structural boundary conditions.

Isolated Panels: Benchmark Solutions

In addition to the response of periodically connected barriers, the general case of

a baffled finite panel was investigated as a more realistic configuration. Both exact

and approximate models were considered for the fluid-loaded response of finite panels

driven by an obliquely incident acoustic wave. The exact benchmark solution for the

formally fluid-loaded structures is based on the method of eigenfunction projections.

In order to analytically evaluate the acoustic back-coupling, the kernel function of

the surface integral was approximated. The approximation consisted of modeling the

kernel function with the well-known large argument expansions of Bessel functions,

and new efficient trigonometric representations for small arguments. The small ar-

gument representation allowed for accurate matching to the asymptotic expansions

with very few trigonometric terms. Several refinements were developed for the evalu-

ation of the surface pressures to ensure that the analysis was energetically consistent,
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demonstrating the match between the power flow at the surface and in the far-field,

and therefore showing the method could be utilized with confidence as a benchmark.

The analytical solution approach was extended to 2-D plates with arbitrary bound-

ary conditions by isolating the influence of the end-constraints. Boundary conditions

on the plate are interpreted as modifications from pinned constraints; these modifica-

tions manifest as discrete loads applied at the endpoints of a pinned plate. Applying

the ANM method, the response of the fluid-loaded plate due to these discrete loads

is efficiently modeled. This formulation allows the response of a fluid-loaded plate

with arbitrary boundary conditions to be considered with a simple rescaling of the

response due to the discrete loads. These benchmark solutions can be evaluated

over a full range of fluid and structural parameters to investigate the response of the

barrier and the coupled far-field pressure distributions. They are also used to verify

and refine the approximate radiation models developed.

Isolated Panels: Approximate Models

Even in idealized form, the finite extent and resonant behavior of the structures

makes formally including the acoustic back-loading mathematically difficult. Al-

though the benchmark solution approach allows for an analytical description of the

exact structural acoustic response, simple models that represent the dominant ra-

diation mechanism were also pursued. These closed-form approximate models were

created to be suitable for efficient first-principles broadband energy-intensity based

methods for high frequency sound field modeling.

The approximate analysis is based on the understanding that the dominant devi-

ations from specular reflection are a result of the spatial windowing of the flexural

wave component coincident with the trace wavenumber, and the reverberation of the

panel. The fluid-loaded reverberation is modeled by approximating the inertial and
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radiation damping effects of the bounding fluids, and introducing these models as

modifications to the in vacuo structural wavenumber. The approximate inertial and

damping models for the fluid loading are based on an understanding of the radiation

mechanisms for subsonic (edge radiators) and supersonic (surface radiation) flexu-

ral waves. Simple, closed-form, high frequency far-field acoustic intensity directivity

patterns and power spectra are calculated using the far-field Rayleigh Integral.

Comparison to the far-field intensity and power spectra of the benchmark solutions

confirms that the simple radiation models successfully describe the dominant char-

acteristics of the structural-acoustic response. Scattering from a finite panel results

in a continuous spectrum of radiation angles, which differs from the periodically con-

nected panels that exhibit discrete radiation angles.

For subsonic panels at frequencies away from resonance, the intensity is described by

prominent “lobes” of radiation centered at the primary angle of reflection. Near the

system resonances, there is significant redistribution of energy to all angles, which

can be predicted by a family of acoustic edge radiators.

The supersonic panels are surface radiators, resulting in markedly different far-field

intensity distributions. For small fluid loading configurations the intensity distri-

bution has three identifiable beams of radiation. These beams are centered at the

primary angle of reflection and at the pair of Mach angles defined by the ratio of the

acoustic wavenumber to the in vacuo structural wavenumber. For a given incident

acoustic planar wave, the distribution of energy to the Mach angles is pronounced at

the resonances of the finite panel. However, the most efficient redistribution of energy

occurs as the angle of incidence results in a trace wavenumber along the structure

that is coincident with the in vacuo wavenumber of the panel. Similar behaviors are
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shown for large fluid loading configurations, with the distinction that the additional

coupling dampens the resonances of the panel and spreads the lobes of radiation

around the Mach angles.

Significant physical insight is derived from the simple approximate models that in-

form an understanding of the structural-acoustic response of the acoustically driven

panels that is otherwise obscured by the mathematical details of the benchmark so-

lutions. The success of these simple models, which give excellent agreement with the

benchmark solution, has exciting implications for future efforts in energy intensity

based boundary element methods for high frequency modeling of acoustic spaces.

8.1 Future Work

This work establishes the foundational building blocks for the efficient prediction

of the spatial variation and transmission of sound between acoustic spaces coupled

by vibrating boundaries. The extension and application of the models and physical

insight developed in this work have considerable implications for the development of

efficient first principles models for more accurate prediction of broadband structural-

acoustic response between coupled acoustic domains.

The approximate models developed will facilitate the derivation of simple closed-form

frequency band-averaged directivity patterns for the coupled structural-acoustic vi-

bration of boundaries. Future work will focus on deriving these directivity patterns,

characterizing their response and sensitivity to various boundary conditions, and de-

veloping methods that provide physical insight into the complex behaviors of reflec-

tion and transmission across flexible boundaries. Continued efforts in this research

focus are expected to further provide considerable understanding into the behavior

of acoustic fields in coupled enclosures with increasingly realistic flexible boundaries,

169



particularly the mechanisms producing spatial variation in the sound field. This can

ultimately transform the Energy Intensity Boundary Element Method (EIBEM) into

a practical tool for the design of acoustic spaces that considers flexible boundaries.

Closed-form Broadband Intensity Directivity Patterns

The closed-form models presented in this work are currently limited to a single driving

frequency and angle of incidence. The analytical integration of the far-field intensity

distributions with respect to frequency and angle of incidence will provide analytical

radiation models due to broadband diffuse fields, which are important for the efficient

and accurate characterization for energy methods used to describe acoustic fields.

3D Radiation Models from Vibrating Panels

The extension of the edge radiator analysis to sub-critical flexural waves in two

spatial dimensions will be investigated. The success of the approximate models in

this work suggest that high frequency far-field radiation from subsonic panels can

be accurately predicted with distributions of edge radiators. The distributions of

edge radiators need only be scaled by the spatially averaged mean square velocity,

which is modified by approximate fluid inertance models. These results will be used

to facilitate the interpretation of complex behaviors and motivate physical insight

for the radiation from the more realistic finite structures. Successful modeling of the

far-field intensities from the vibration of 2-D panels using edge radiator analysis is

expected to result in simple band-averaged directivity models that can be integrated

into the EIBEM to efficiently treat flexible boundaries coupling acoustic spaces.

Evaluation of ANM Method for Boundary Condition Analysis

The approach of isolating the influence of the boundary conditions by treating them

as discrete loads that modify pinned constraints was presented in Section 6.6. The

response of the fluid-loaded plate to these discrete loads was calculated using the

170



method of Analytical Numerical Matching, and was determined to be successful at

high frequencies. However, further study of the use of ANM to model discrete loads

on the finite plate is required, especially for use at low frequencies. Formal evaluation

of the approximations introduced by modeling the plate response with a polynomial

and modal sum is necessary to quantify any errors inherent in the approach. A

simple study that could be used to further validate the ANM approach is to consider

a finite plate in the absence of fluid loading with a discrete time-harmonic load at

one boundary and a clamped constraint on the other. The response predicted by the

ANM methodology could then be compared to the response predicted by the method

of eigenfunction expansion.

Significance of Boundary Conditions

The formulation of the approximate reverberation models and the benchmark so-

lution for the plate allow for the efficient studies of general impedance boundary

conditions. Successful derivation of closed-form frequency band-averaged directivity

patterns from the approximate models will progress the study of boundary con-

ditions. The ability to analytically characterize the resulting directivity patterns

will significantly facilitate the study of the sensitivity of high frequency broadband

radiation patterns to variations in boundary conditions. In practice, the inherent

uncertainty in defining boundary conditions is a difficulty often addressed by some

energy methods with a degree of empiricism [1]. This work will suggest simplifications

to the radiation modeling that address the assessment of uncertainty in boundary

conditions, while adhering to the requirement that the errors associated with the

simplifying assumptions be quantified and understood.

The derivation of the benchmark solution for the 2-D plate currently allows for

the efficient study of boundary conditions at discrete frequencies. By representing
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the effect of the boundaries as algebraic scaling factors, it is possible to computa-

tionally investigate the robustness of intensity directivity patterns to variability in

boundary conditions, an important real-world issue. The scaling factors were deter-

mined not only for classic boundary conditions, but have also been determined for

boundary constraints consisting of discrete linear and torsional springs. With these

scaling factors, numerical studies should be performed on the strength of the springs

to investigate configurations intermediate of pinned and clamped constraints and

their influence on far-field radiation directivity and power. Preliminary use of the

benchmark solution to investigate simple boundary conditions for this purpose has

shown that for subsonic plates, the distribution of radiation energy at the resonances

is dependent on the boundary conditions of the plate. The extension of edge radi-

ator analysis outlined in Appendix D also substantiates the claim that the far-field

directivity is contingent on the boundary effects. In fact, the edge radiator analysis

predicts the far-field directivity as a set of equivalent edge singularities corresponding

to a particular boundary condition.
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Appendix A

Scaling Factors for Various Spatially Periodic Beam
Boundary Conditions

Outlined below are the scaling factors for the Driven Beam with applied forces and

moments necessary to satisfy various constraint boundary conditions. For most of

the configurations below, the scaling factors are easily determined by solving the

simple system of linear equations. In the table below, the relevant parameters are

reviewed for convenience.

ηtotalpxq � ηfreepxq � pλF � ηF pxq � λM � ηMpxqq

Parameter Description

ηtotal Total displacement
ηF Displacement due to discrete unit force
ηM Displacement due to discrete unit moment
ZF Normal impedance
Kτ Torsional impedance
λF Scaling factor
λM Scaling factor
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General Impedance Constraints

λF �
ZN � B

Bt
pηfree � λM � ηMq

1 � ZN � B
Bt
ηF

∣∣∣∣∣
x�0

(A.1a)

λM � Kτ � B
Bx
pηfree � λF � ηF q

1 �Kτ � B
Bx
ηM

∣∣∣∣∣
x�0

(A.1b)

Pinned Constraints

ηtotal

∣∣∣
x�0

� B2ηtotal
Bx2

∣∣∣
x�0

� 0 (A.2a)

ZN � 8, Kτ � 0 (A.2b)

λF � �ηfree
ηF

∣∣∣∣
x�0

, λM � 0 (A.2c)

Clamped Constraints

ηtotal

∣∣∣
x�0

� Bηtotal
Bx

∣∣∣
x�0

� 0 (A.3a)

λF � �pηfree � λM � ηMq
ηF

∣∣∣∣∣
x�0

(A.3b)

λM � �
B
Bx
pηfree � λF � ηF q

B
Bx
ηM

∣∣∣∣∣
x�0

(A.3c)

Fixed-Slope Constraints

Bηtotal
Bx

∣∣∣
x�0

� 0 (A.4a)

λF � 0, λM � �
B
Bx
pηfreeq
B
Bx
ηM

∣∣∣∣∣
x�0

(A.4b)
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Alternating conditions (pinned-clamped-pinned)

In this configuration, the constraints alternate between a pinned constraint and a

clamped constraint at the other end of the bay. Therefore, there are two distinct

Driven Beam contributions with spatial periods of 2L: a Driven Beam with discrete

forces starting at x � 0 (ηpF ) , and a Driven Beam with discrete moments starting at

x � L (ηcF and ηcM).

ηtotal � ηfree � pλcF � ηcF � λcM � ηcMq � pλpF � ηpF q (A.5a)

ηtotal

∣∣∣
x�0

� B2ηtotal
Bx2

∣∣∣
x�0

� 0, ηtotal

∣∣∣
x�L

� Bηtotal
Bx

∣∣∣
x�L

� 0 (A.5b)

λcF � �pηfree � λcM � ηcM � λpF � ηpF q
ηcF

∣∣∣∣∣
x�0

(A.5c)

λcM � �
B
Bx
pηfree � λcF � ηcF � λpF � ηpF q

B
Bx
ηcM

∣∣∣∣∣
x�0

(A.5d)

λpF � �ηfree � λcM � ηcM � λcF � ηcF
ηpF

∣∣∣∣∣
x�L

(A.5e)
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Appendix B

Approximate Models for Bessel Functions

New Trigonometric Small Argument Models for Bessel Functions

The new trigonometric small argument model for the Bessel functions begins by

assuming that the approximation can be written as a linear combination of cosines

of distinct arguments. This cosine series representation is defined with three terms

below, where the constants are yet undetermined.

J0pxq � A cospBxq � F cospGxq �H cospJxq (B.1)

To resolve the values of the coefficients, the cosine series approximation is expanded

into its power series and the coefficients for each power of x are matched with the

corresponding expansion of the formal Bessel function. Having chosen a three-term

cosine series, and therefore six degrees of freedom, the first six terms of the polynomial

series are required for the power matching. The Bessel Functions of the first kind of

even orders are even functions, and therefore have MacLaurin Series with only even

powers. Consequently, the terms up to and including x10 are need for the expansion
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of the formal Bessel function

J0pxq � 1 � x2

4
� x4

64
� x6

2304
� x8

147456
� x10

14745600
�O

�
x12
�

(B.2)

and similarly for the power expansion of the cosine-series

J0pxq �A� F �H � ��AB2 � FG2 �HJ2
� x2

2
� �AB4 � FG4 �HJ4

� x4

4!

� ��AB6 � FG6 �HJ6
� x6

6!
� �AB8 � FG8 �HJ8

� x8

8!

� ��AB10 � FG10 �HJ10
� x10

10!
�O

�
x12
�

(B.3)

The six simultaneous equations are then solved for the values of the cosine-series con-

stants. The solutions to this system of equations are symmetric rearrangements, and

thus only one solution set is needed. Defining a new function JS0pxq as the resulting

small argument model of the Bessel function, the three-term series is established as

JS0pxq � 1

3
cos

�
x?
2



� 1

3
cos

�
1

2

b
2 �

?
3x



� 1

3
cos

�
1

2

b
2 �

?
3x



(B.4)

Inspection of Eq. B.4 confirms that the approximate model is exactly equivalent to

the Bessel function at the origin with unit value. Figure B.1 qualitatively demon-

strates that the three-term cosine expansion closely predicts the formal Bessel func-

tion for small arguments, and the range of applicability is significantly improved as

compared to the Taylor series representation used for the power matching. Another

favorable characteristic of the cosine expansion is that as the argument increases, its

response remains bounded even as the model deviates from the exact description,

unlike the Taylor series which sharply diverges.
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Figure B.1: Comparison of the three term cosine series and Taylor expansion to
the exact J0pxq.

As with the Taylor series and Gross’ expansion, fewer terms need to be included in

the cosine series as the argument decreases, as demonstrated in Figure B.2. Though

not shown here, the coefficients of the cosine expansion can be determined in closed

form for up to eight degrees of freedom or four cosines, which has improved accuracy

as compared to the three term expansion.

Figure B.2: Comparison of the two and three term cosine series to the exact J0pxq.

A very similar analysis is performed to determine a cosine-series expansion of the

Bessel Function of second kind of order zero, however there is a slight modification
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in order effectively capture the logarithmic functional dependence near the origin.

Following the Taylor series expansion of Y0pxq [43], the cosine expansion of the Bessel

functions is defined with the leading order term as a function of a natural log, Euler’s

Constant γ and J0pxq, where the already defined cosine expansion JS0pxq is substi-

tuted. Defining a new function YS0pxq to denote the small argument model of the

Bessel function, the corresponding series of bessel function is established as

YS0pxq � a cospbxq � f cospgxq � h cospjxq � 2

π
JS0pxq

�
γ � ln

�x
2

		
(B.5)

where YS0pxq is the same order as JS0pxq. As before, the free parameters a, b, f, g, h, j

are calculated by matching powers with the Taylor series of the Bessel function.

Figure B.3 demonstrates the improved range of applicability of the cosine expansion

as compared to the corresponding Taylor series for Y0pxq. The two-term expansion is

compared to the outlined three-term expansion in Figure B.4 to again suggest that

as the number of terms in the cosine series increases, the accuracy and range of the

model improves as with the JS0pxq model.

Figure B.3: Comparison of the three term cosine series and Taylor expansion to
the exact Y0pxq.
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Figure B.4: Comparison of the two and three term cosine series to the exact Y0pxq.

Improved Expansions with Integration Relations

As expected, increasing the number of cosine terms in the series improves the ef-

ficacy of the approximate model. Additionally, derivative properties of the Bessel

functions can be used to motivate improved convergence. The Bessel functions have

the property that »
J1pxq dx � �J0pxq

»
Y1pxq dx � �Y0pxq

Therefore, by determining a trigonometric expansion series for the Bessel Functions

of order one and integrating the resulting expression, an additional undetermined

constant is introduced into the expansions for the Bessel functions of order zero,

effectively increasing the degrees of freedom of the resulting cosine-expansion and

improving the accuracy. The Bessel functions of order one are zero at the origin and

have polynomial expansions of only odd powers, so the trigonometric expansion is

defined as a linear combination of sine terms

J1pxq � A sinpBxq � F sinpGxq �H sinpJxq (B.6)
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As before, the free parameters A,B, F,G,H, J of the series are evaluated by matching

the powers of the Taylor expansion below, and solving the system of simultaneous

equations.

J1pxq � x

2
� x3

16
� x5

384
� x7

18432
� x9

1474560
� x11

176947200
�O

�
x13
�

(B.7)

Successful approximation of J1pxq suggests that this technique is not limited to mod-

eling Bessel functions of zero order, but rather could be extended to linear combi-

nations of any order Bessel functions, as is done to estimate the kernel function of

the modal integral operator. The indefinite integration of Eq. B.6 with respect to

x introduces a free constant that is designated by requiring the resulting expression

to satisfy the unit value of the formal Bessel function at the origin, such that the

improved JS0pxq is described as

JS0pxq �
�

1 � A

B
� F

G
� H

J



� A cospBxq

B
� F cospGxq

G
� H cospJxq

J
(B.8)

The same integration approach is also performed for a refined YS0pxq approximation.

Figures B.5 and B.6 confirm that this simple modification of the cosine series ap-

proximations further improve the accuracy and range of applicability of the models.

Figure B.5: Comparison of the three term cosine series and the corresponding
refined expansion method to the exact J0pxq.
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Figure B.6: Comparison of the three term cosine series and the corresponding
refined expansion method (labeled “Improved”) to the exact Y0pxq.

Figure B.7. This figure compares the three analytical expansions for J0pxq at similar

orders and demonstrates the augmented range and accuracy of the remarkably simple

cosine series representation.

Figure B.7: Comparison of the new trigonometric expansion approximation (blue),
the 10th order power series developed by Gross, and the 10th order Taylor series of
the exact J0pxq (red).

182



Assembly of Small and Large Argument Models

The enhanced range of the cosine series expansions JS0pxq and YS0pxq now allow for

the full domain of real x-values to be modeled analytically in conjunction with the

large argument models JL0pxq and YL0pxq in Eqs. 6.14 and 6.15. In order to evaluate

the acceptable domain for use of the expansions, Figure B.8 presents the absolute

value of the difference between the models and the exact Bessel function J0pxq over a

large domain. The maximum value of the Bessel function is also shown for reference.

As expected, the small argument model improves with decreasing argument and

the large argument expansion improves with increasing argument. As previously

mentioned, the difference curve shows that JS0pxq remains stable as it fails, unlike

the polynomial expansions.

Figure B.8: Difference comparison, on a logarithmic scale, of the small JS0pxq and
large JL0pxq argument expansions to the exact J0pxq.

The composite models JT0pxq and YT0pxq of the Bessel functions are defined as piece-

wise functions with a discrete transition point δ as

J0pxq � JT0pxq �
"
JS0pxq, 0 ¤ x ¤ δ
JL0pxq, x ¡ δ

(B.9)

Y0pxq � YT0pxq �
"
YS0pxq, 0 ¤ x ¤ δ
YL0pxq, x ¡ δ

(B.10)
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The transition points above can be distinct for the Bessel functions of first and sec-

ond kind. Various strategies can be pursued to determine a transition point that is

suitable for the application of the Bessel function approximations. For example, the

transition point that minimizes the integrated difference over the finite domain of in-

terest can be numerically determined. In the continued pursuit of simple models and

recalling that this model will be used in the modal integral operator of the bench-

mark solution, the transition points are initially defined based on two requirements.

The first is that the transition point be located in the domain where the small and

large argument models are still considered successful, that is their respective errors

are minimized. The second is that the transition point is chosen as the argument

value that results in equal and opposite differences between the approximate models

and the exact Bessel functions. The motivation for this strategy is that the largest

errors, and the immediately adjacent error contributions from both approximations,

may in effect cancel when integrated. That is, the integrated “overshoot” from one

of the approximations may be negated by the integrated “undershoot” of the other.

Figures B.9 and B.10 show the difference between the exact Bessel functions and the

composite models for the proposed transition points.
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Figure B.9: Difference comparison, on a linear scale, of the composite Bessel ap-
proximation JT0pxq with a transition point δ � 6.17 to the exact J0pxq.

Figure B.10: Difference comparison, on a linear scale, of the composite Bessel
approximation YT0pxq with a transition point δ � 6.02 to the exact Y0pxq.

Both plots also show in dashed and dotted lines the continuations of the differences

corresponding to the small and large argument approximations in order to visualize

the trends for different transition points. Noting that the magnitude of the difference

scales once again suggests that errors associated with these models are small. Figure

B.9 best supports the motivation that the dominant errors, located around x � 6

may partially offset when the approximate model is integrated. The absolute value
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of the difference curves in the previous two plots are reproduced on logarithmic scales

in the figures below to better visualize the error associated with the proposed JT0pxq
and YT0pxq models and transition points.

Figure B.11: Difference comparison, on a logarithmic scale, of the composite Bessel
approximation JT0pxq with a transition point δ � 6.17 to the exact J0pxq.

Figure B.12: Difference comparison, on a logarithmic scale, of the composite Bessel
approximation YT0pxq with a transition point δ � 6.02 to the exact Y0pxq.
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Appendix C

Domain for Modal Integral Operator Components

The piecewise definition of the modal integral operator with respect to x is shown

below. The interior region of the panel, which is non-radiating for subsonic panels,

undergoes the most transitions between the small and large argument representations

of the kernel function which inevitably introduces errors.

0 ¤ x ¤ δ̄ :

Qnpx, kq �
» �δ̄

x�1

sin pnπpx� σqq HL0pk|σ|q dσ �
» 0

�δ̄

sin pnπpx� σqq HS0pk|σ|q dσ

�
» x

0

sin pnπpx� σqq HS0pk|σ|q dσ (C.1a)

δ̄   x   1 � δ̄ :

Qnpx, kq �
» �δ̄

x�1

sin pnπpx� σqq HL0pk|σ|q dσ �
» 0

�δ̄

sin pnπpx� σqq HS0pk|σ|q dσ

�
» δ̄

0

sin pnπpx� σqq HS0pk|σ|q dσ �
» x
δ̄

sin pnπpx� σqq HL0pk|σ|q dσ
(C.1b)
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1 � δ̄ ¤ x ¤ 1 :

Qnpx, kq �
» 0

x�1

sin pnπpx� σqq HS0pk|σ|q dσ �
» δ̄

0

sin pnπpx� σqq HS0pk|σ|q dσ

�
» x
δ̄

sin pnπpx� σqq HL0pk|σ|q dσ (C.1c)

188



Appendix D

Extension of Edge Radiators

D.1 Semi-Infinite Beam Edge Effects

The edge radiation results developed by Bliss and Franzoni for subsonic flexural waves

on a membrane are outlined in Section 1.2.2 for two sample cases. This analysis is

extended to subsonic flexural waves approaching an edge where boundary conditions

are applied. The structure is assumed to be a beam in order to investigate several

different boundary conditions and allow for both propagating and evanescent waves

reflected from the discontinuity. The transverse displacement y of the beam consists

of incident and reflected propagating and evanescent waves so that

y � Aeiksx �Be�iksx � Ceksx �De�ksx (D.1)

To ensure a bounded response, the right traveling evanescent wave is thrown out.

The boundary conditions are written in terms of the displacement, however it is

convenient to work with surface velocity W pxq so that

W pxq � e�iksx �WRe
iksx �WEe

ksx (D.2)

189



where the amplitude of the propagating WR and evanescent WE reflected waves are

normalized to the amplitude of the incident wave WI , depicted in Figure D.1.

Figure D.1: Reflection of a flexural wave incident on a boundary generally results
in a propagating and evanescent left traveling waves.

Following the analysis outlined by Bliss and Franzoni [1, 29], the Fourier transform

of the general vertical velocity expression is

W pᾱq � 1

2πks

�
i

1 �Mᾱ
� �iWR

1 �Mᾱ
� iWE

1 � iMᾱ



, where ᾱ � α

k
, M � k

ks
(D.3)

and the transform is expanded in orders of Mach number such that

W pᾱq � i

2πks

��
1 � pMᾱq � pMᾱq2 � � � �� (D.4)

�WR

�
1 � pMᾱq � pMᾱq2 � � � ��

�iWE

�
1 � piMᾱq � piMᾱq2 � � � ��� (D.5)

which only converges within the radiating region Mᾱ   1 [1]. By satisfying the

boundary conditions at the edge, the relative amplitudes and the correlation between

the structural waves are determined. Several boundary conditions are explored below

to determine the set of edge singularities that describe the far-field radiation. The

process for each of the cases below is as follows

1. Wave amplitudes are determined from boundary conditions

2. The resulting Taylor expanded velocity in transform space is evaluated
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3. The series is truncated and the transform is inverted to determine the set of

equivalent edge singularities

The delta function and its derivatives describe the edge singularities present in each

configuration. For example, the delta function represents a monopole source, the

first derivative represents a dipole source, and the second derivative represents a

quadrupole [30].

Pinned Boundary Condition

yp0q � B2yp0q
Bx2

� 0

WR � �1, WE � 0

W pᾱq � i

2πks
2
�
1 � pMᾱq2 � pMᾱq4 � pMᾱq6 � pMᾱq8 � ���

W pxq � 2M

k

�
δpxq � M2

k2
δ
2pxq � M4

k4
δp4qpxq � M6

k6
δp6qpxq � ��



(D.6)

Clamped Boundary Condition

yp0q � Byp0q
Bx � 0

WR � i� 1

i� 1
, WE � �2i

i� 1

W pᾱq � i

2πks
p2 � 2iq �1 � iMᾱ � pMᾱq4 � ipMᾱq5 � pMᾱq8 � ���

W pxq � i2M

k
p1 � iq

�
δpxq � M

k
δ1pxq � M4

k4
δp4qpxq � M5

k5
δp5qpxq � ��



(D.7)
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Free End Boundary Condition

B2yp0q
Bx2

� B3yp0q
Bx3

� 0

WR � i� 1

i� 1
, WE � 2i

i� 1

W pᾱq � i

2πks
p2 � 2iq �i pMᾱq2 � pMᾱq3 � ipMᾱq6 � pMᾱq7 � ���

W pxq � 2M

k
p1 � iq

�
M2

k2
δ2pxq � M3

k3
δ
3pxq � M6

k6
δp6qpxq � M7

k7
δp7qpxq � ��



(D.8)

Fixed Slope Boundary Condition

Byp0q
Bx � B3yp0q

Bx3
� 0

WR � 1, WE � 0

W pᾱq � i

2πks
2
�pMᾱq � pMᾱq3 � pMᾱq5 � pMᾱq7 � ���

W pxq � �2M

k

�
M

k
δ1pxq � M3

k3
δ
3pxq � M5

k5
δp5qpxq � M7

k7
δp7qpxq � ��



(D.9)

It is demonstrated that the imposed boundary conditions dictate the relative am-

plitude and phase of the reflected waves. The correlation within the edge radiation

region of the surface waves results in differing, well-defined series of edge singularities

that asymptotically predict the far-field radiation due to the structural discontinuity

[1]. This decomposition also demonstrates the importance of the evanescent waves

for predicting the far-field radiation. For example, the response of the clamped con-

dition and the free-end condition differ only in the phase of the evanescent wave, yet

the resulting distribution of edge singularities are entirely disparate.

192



These results can be used to develop physical insight for the resulting directivity

distributions predicted by the periodically constrained beam, and the analogous finite

models. Referring to Appendix A, the pinned condition can be interpreted as an

appropriately scaled discrete force, and the fixed slope condition as an appropriately

scaled discrete moment. Bliss determined that for an applied force the important

singularities are the delta function and its even derivatives (monopole, quadrapole,

etc), and a discrete torsional excitation is associated with the odd derivatives (dipole,

octupole, etc). These insights agree with singularity distributions determined in Eqs.

D.6 and D.9. This further motivates efforts to further develop and apply edge radiator

analysis to facilitate the assessment of uncertainty in boundary conditions [1], which

can be modeled as coupled general impedance constraints as in Eq. A.1.

193



Appendix E

Isometric Views of Plate Intensity Distributions

The figures in the following two pages show the isometric view of the intensity distri-

butions resulting from the pinned and clamped plates considered in Section 7.3. The

distributions are shown as calculated by the benchmarks solution and the approx-

imate model with and without the high frequency reduction. The high frequency

simplifications are introduced to enable the analytical integration of the intensity

distributions to predict the power radiated as a function of frequency. These com-

parisons demonstrate that the approximate models capture the dominant radiation

angles and frequencies. Power comparisons in Chapter 7 confirm that the approxi-

mate models accurately predict the total energy radiated by the panels as compared

to the benchmark solutions.
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Pinned Plate (isometric view): ε1 � ε2 � 5, kc � 80, θi � π{4, kN � 0.0031.

Figure E.1: Intensity distributions predicted by the benchmark (Top), approximate
(Middle) and high frequency approximate (Bottom) solutions for a subsonic plate.
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Clamped Plate (isometric view): ε1 � ε2 � 5, kc � 80, θi � π{4, kN � 0.0031.

Figure E.2: Intensity distributions predicted by the benchmark (Top), approximate
(Middle) and high frequency approximate (Bottom) solutions for a subsonic plate.
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