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COMPLEX MONOPOLES II: THE KAPUSTIN–WITTEN MONOPOLE

EQUATION

ÁKOS NAGY AND GONÇALO OLIVEIRA

Abstract. We study complexified Bogomolny monopoles in 3 dimensions by complexify-

ing the compact structure groups. In this paper we use the conjugate linear extension of the

Hodge star operator which yields a reduction of the Kapustin–Witten equations to 3 dimen-

sions, thus we call its solutions Kapustin–Witten monopoles.

Our main result is a vanishing theorem for these monopoles showing that the only finite en-

ergy Kapustin–Witten monopoles are the ordinary Bogomolny monopoles. We prove this

by analyzing the asymptotic behavior of Kapustin–Witten monopoles, and combining our

results with a recent theorem of Taubes.
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1. Introduction and main results

1.1. Preparation and motivation. Let us start by introducing Bogomolny monopole in 3

dimensions. Fix an oriented, Riemannian 3-manifold, (M, g), and let Λ∗M be its exterior

algebra bundle. For any orthogonal vector bundle E → M, let ∗ : Λ∗M ⊗ E → Λ3−∗M ⊗ E

be the Hodge star operator. If G is a compact Lie group and P → M a smooth principal G-

bundle, then a pair (∇,Φ) of a smooth G-connection on P and a smooth section of gP = ad(P)

(with a fixed G-invariant inner product) is a Bogomolny monopole if

∗F∇ = d∇Φ. (1.1)
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Let us now complexify this whole set-up by setting Λ∗
C

M = Λ∗M ⊗ C to be the complex-

ified exterior algebra bundle, GC the complex form of G. Then, consider the complexified

principal GC-bundle PC = P ×G GC to be defined using the standard conjugation action of G

on GC. We can now extend ∗ two inequivalent ways to Λ∗
C

M ⊗ gP ≃ Λ∗M ⊗ gPC , either as

a complex linear operator, still denoted by ∗, or as a conjugate linear operator, denoted by

∗. In this paper we consider the conjugate linear extension only. We investigate the complex

linear extension in a parallel paper; cf. [10]. Now we can define a notion of complexified

monopoles as follows: let (A,Υ) be a pair consisting of a connection on PC and a section of

gPC . We then can consider the monopole equation using ∗

∗FA = dAΥ. (1.2)

One can uniquely write A = ∇ + ia, where ∇ is a connection on P and a ∈ Ω1 ⊗ gP, and

similarly, Υ = 1√
2
(Φ + iΨ), where Φ,Ψ ∈ Ω0 ⊗ gP. Thus we can separate the “real” and

“imaginary” parts of equation (1.2), and get two “real” equations on a G-connection ∇ with

extra ad(P)-valued Higgs fields (Φ, a,Ψ). These equations can completely be understood

only in terms of the the original bundle P, and are invariant under the gauge group G =
Aut(P), but not elliptic, even modulo G. That is because they are in fact invariant under

the action of the larger complexified gauge group be GC = Aut(PC). As is standard in gauge

theory we can “break down the gauge symmetry” toG (and thus making the system of PDE’s

elliptic modulo gauge) by imposing an extra equation of the form

d∗∇a = i[Υ,Υ] ⇔ d∗∇a + [Ψ,Φ] = 0. (1.3)

Recall, that the wedge product of gPX -valued forms a =
∑

|I|=p aIdxI and b =
∑

|J|=q bJdxJ is

[a ∧ b] =
∑

|I|=p
|J|=q

[aI, bJ]dxI ∧ dxJ ,

which satisfies [a ∧ b] = (−1)pq+1[b ∧ a]. In particular, if a ∈ Ω1 ⊗ gP, then

[a ∧ a] =
∑

i, j

[ai, a j]dxi ∧ dx j
= 2
∑

i< j

[ai, a j]dxi ∧ dx j.
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Simple computations yield that equations (1.2) and (1.3) are equivalent to the following sys-

tem of PDE’s

∗F∇ − d∇Φ − 1
2 ∗ [a ∧ a] + [a,Ψ] = 0, (1.4a)

∗d∇a + d∇Ψ + [a,Φ] = 0, (1.4b)

d∗∇a + [Ψ,Φ] = 0. (1.4c)

In Section 2, we will show that equations (1.4a) to (1.4c) are in fact the dimensional reduc-

tions of the 4-dimensional Kapustin–Witten equation. There has been an increased inter-

est from the mathematical community in the Kapustin–Witten equations—and their dimen-

sional reductions—on noncompact spaces, due to a conjecture of Witten that relates certain

Kapustin–Witten moduli spaces to the Khovanov homology of a knot, or a link; cf. [15, 16].

Related work has been done recently by Taubes [12–14], Mazzeo and Witten [8, 9], He and

Mazzeo [4, 5], and He and Walpuski [6]. In [3], He considered SO(4) symmetric solutions

of the Kapustin–Witten equation (2.1).

Motivated by the remarks of the previous paragraph, we call equations (1.4a) to (1.4c) the

Kapustin–Witten monopole equations and their solutions Kapustin–Witten monopoles. Note

that both the Kapustin–Witten monopole equations (1.4a) to (1.4c) are a set of gauge theo-

retic equations with gauge group G (instead of GC), which are elliptic modulo the action of

G.

1.2. Main results. Before stating our main result we introduce the notion of (finite) energy.

Let ‖ · ‖ be the L2 norm of an section of any bundle over M. For any quadruple (∇,Φ, a,Ψ)

as above, we define the following Yang–Mills–Higgs type energy functional

E(∇,Φ, a,Ψ) = ‖F∇‖2L2 + ‖∇a‖2
L2 + ‖∇Φ‖2L2 + ‖∇Ψ‖2L2

+ ‖[a,Φ]‖2
L2 + ‖[a,Ψ]‖2

L2 + ‖[Ψ,Φ]‖2
L2 +

1
4‖[a ∧ a]‖2

L2 .
(1.5)

We remark, without proof, that (1.5) is (proportional to) the some of the L2-norms of F∇+ia

and d∇+ia(Φ + iΨ) when M is Ricci flat.

We are now ready to state our main result:

Main Theorem (Vanishing Theorem for Kapustin–Witten monopoles). If (∇,Φ, a,Ψ) is a

finite energy Kapustin–Witten monopole on M = R3 with structure group G = SU(2), then

exactly one of the following statements is true:

(1) E(∇,Φ, a,Ψ) = 0. Then ∇ is gauge equivalent to the product connection, Φ, a, and

Ψ are ∇-parallel, [Φ,Ψ] = 0, [a,Φ] = [a,Ψ] = 0, and [a ∧ a] = 0. Thus the
3



moduli space of Kapustin–Witten monopoles with vanishing energy and structure

group SU(2) is isomorphic to R5.

(2) E(∇,Φ, a,Ψ) > 0. Then (∇,Φ) is a finite (positive) energy Bogomolny monopole, and

the pair (a,Ψ) is identically zero.

Remark 1.1. We also prove several other vanishing theorems for Kapustin–Witten monopoles

on more general 3-manifolds. For these see Propositions 3.4 and 3.6 for the cases of compact

and noncompact manifolds respectively.

To prove Main Theorem, we first investigate the asymptotic behavior of Φ, a, and Ψ in

Proposition 4.3, and then combine this results with [12, Theorem 1.1]. While Proposition 4.3

applies to the case of any compact Lie group G, [12, Theorem 1.1] only applies to G = SU(2).

Thus a generalization of the latter theorem would give a generalization of Main Theorem as

well.

Remark 1.2. One can generalize Main Theorem, and replace the condition that (∇,Φ, a,Ψ)

is Kapustin–Witten monopole with the weaker condition that it solve the second order Kapustin–

Witten equations (the Euler–Lagrange equations of the energy (1.5)), and still conclude that

(a,Ψ) has to vanish, and (∇,Φ) solves the second order Yang–Mills–Higgs equations.

1.3. Organization. In Section 2 we show the equivalence of the Kapustin–Witten monopole

equations (1.4a) to (1.4c) with the dimensional reduction of the 4-dimensional θ-Kapustin–

Witten equations, for any value of θ. In Section 3 we prove various vanishing theorems about

Kapustin–Witten monopole equations (1.4a) to (1.4c). Finally, in Section 4 we embrace in

the proof of our Main Theorem which draws on the second order equation previously com-

puted in Section 3.

Acknowledgment. The authors are grateful for Mark Stern for many helpful conversations

about gauge theory.

The first author would like to thank Siqi He for useful discussions about the Kapustin–Witten

equations.

The second named author is supported by the Fundação Serrapilheira and CNPq.

2. Dimensional reductions

In this section we prove the dimensional reduction of the more general θ-Kapustin–Witten

equations (see [2, Equation (2.5)]) are all equivalent to equation (1.2), for any θ. Thus there

is no loss of generality in considering the θ = 0 case only.
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2.1. The Kapustin–Witten equation in 4 dimensions. Let us recall the notion of (anti-

)self-duality in dimension 4. Given an oriented, Riemannian 4-manifold (X, g4), let Λ∗
C

X be

the complexification of its exterior algebra bundle and let ∗4 be the conjugate linear exten-

sions of the Hodge star operator on Λ∗
C

X. Both ∗4 and ∗4 square to the identity on Λ2
C

X and

hence either can be used to define (anti-)self-dual complex 2-forms.

More generally, let G be a compact Lie group, and GC its complex form. Let PX be

principal G-bundle over X, and define the complexified GC-bundle PX
C
= PX ×G GC as being

that associated with respect to the standard conjugation action of G on GC. Let gPX and gPX
C

be the corresponding adjoint bundles. Note that gPX
C

≃ gPX ⊗R C, and thus

Λ
k
C

X ⊗R gPX ≃ Λk
C

X ⊗C gPX
C

≃ (ΛkX ⊗ gPX ) ⊕ i(ΛkX ⊗ gPX ).

Any “complex” connection A on PX
C

decomposes as A = A + iB, where A is a “real” connec-

tion on PX and B ∈ Ω1(X, gPX ). Then we can write the curvature FA of A as follows

FA = Re(FA) + i Im(FA).

and thus

Re(FA) = FA − 1
2 [B ∧ B],

Im(FA) = dAB.

Let the ± superscripts denote the pointwise orthogonal projection fromΛ2X⊗gPX ontoΛ2
±X⊗

gPX . Now we have a notions of complex anti-self-duality using ∗4

∗4FA = −FA ⇔ Re(FA)+ = 0 = Im(FA)−.

Furthermore, there is 1-parameter deformation of the equation above, called the θ-Kapustin–

Witten equations, where θ is a real number, defined as

e−iθ∗4

(

eiθFA

)

= −FA. (2.1)

Clearly, equation (2.1) is π-periodic in θ, but for θ . θ′ (mod π), we get a priori inequivalent

equations. For more details on the 4-dimensional θ-Kapustin–Witten equations we refer the

Reader to [2]. Note that when A is an G-connection, that is when B = 0, and θ = 0, then the θ-

Kapustin–Witten equation (2.1) reduce to the classical anti-self-duality (instanton) equation

on X. As usual, to make equation (2.1) elliptic, it is supplemented with with d∗AB = 0, and

5



together they can be expressed as a triple of “real” PDE’s as
(

cos(θ)
(

FA − 1
2[B ∧ B]

)

− sin(θ)dAB
)+

= 0, (2.2a)
(

sin(θ)
(

FA − 1
2[B ∧ B]

)

+ cos(θ)dAB
)−
= 0, (2.2b)

d∗AB = 0. (2.2c)

Assume now that X = S1 × M, where M is a Riemannian 3-manifold with metric g, and

gX is the product metric. Furthermore, let the orientation of X given by the product orienta-

tion. The group of orientation preserving isometries of X has a normal subgroup, which is

isomorphic to SO(2), that acts on S1 as rotations. Thus, one can look for SO(2)-equivariant

(“static”) solutions of the Kapustin–Witten equation (2.1). It is easy to see, that if A is an

SO(2)-equivariant connection on X, then there exists a principle G-bundle P → M, together

with and isomorphism between its pullback to X and PX, and a quadruple (∇,Φ, a,Ψ), such

that ∇ is a connection on P, a ∈ Ω1(M, gP), and Φ,Ψ ∈ Ω0(M, gP), with the property that

(omitting pullbacks and the isomorphism)

A = A + iB = ∇ + Φdt + i (a + Ψdt). (2.3)

Let ∗ be the Hodge star operator of (M, g), and let

Φθ = cos(2θ)Φ − sin(2θ)Ψ, Ψθ = sin(2θ)Φ + cos(2θ)Ψ.

Then we have the following lemma:

Lemma 2.1 (Dimensional reduction of the θ-Kapustin–Witten equation). The complex con-

nection A in (2.3) solves the θ-Kapustin–Witten equations (2.2a) to (2.2c), if and only if the

quadrupole (∇,Φθ, a,Ψθ) solves the Kapustin–Witten monopole equations (1.4a) to (1.4c).

Proof. One can easily compute that

FA = F∇ + d∇Φ ∧ dt,

1
2[B ∧ B] = 1

2[a ∧ a] − dt ∧ [a,Ψ],

dAB = d∇a + (d∇Ψ + [a,Φ]) ∧ dt.

Thus we have

∗4FA = − ∗ d∇Φ + dt ∧ ∗F∇,

∗4

(

1
2[B ∧ B]

)

= −[∗a,Ψ] + dt ∧ ∗ 1
2[a ∧ a],

∗4dAB = −(∗d∇Ψ + [∗a,Φ]) + dt ∧ ∗d∇a,

6



and hence equations (2.2a) to (2.2c) are equivalent to

cos(θ)
(

F∇ − 1
2a ∧ a − ∗d∇Φ + [∗a,Ψ]

)

− sin(θ)(d∇a − ∗d∇Ψ − [∗a,Φ]) = 0, (2.4a)

sin(θ)
(

F∇ − 1
2[a ∧ a] + ∗d∇Φ − [∗a,Ψ]

)

+ cos(θ)(d∇a + ∗d∇Ψ + [∗a,Φ]) = 0, (2.4b)

d∗∇a + [Ψ,Φ] = 0. (2.4c)

One can solve for ∗(F∇ − 1
2[a ∧ a]) and ∗d∇a using equations (2.4a) and (2.4b), and ∗2

= 1,

and get

F∇ − 1
2[a ∧ a] = ∗d∇(cos(2θ)Φ − sin(2θ)Ψ) − [∗a, sin(2θ)Φ + cos(2θ)Ψ]

d∇a = − ∗ d∇(sin(2θ)Φ + cos(2θ)Ψ) − [∗a, cos(2θ)Φ − sin(2θ)Ψ],

which proves the claim for equations (2.4a) and (2.4b). Simple computation shows that

[Ψθ,Φθ] = [Ψ,Φ], and thus equation (2.4c) is equivalent to

d∗∇a + [Ψθ,Φθ] = 0,

which completes the proof. �

Remark 2.2 (Reduction of the G2-monopole equation). The Kapustin–Witten monopole

equations (1.4a) to (1.4c) can be obtained as the reduction of the G2-monopole equations

in 7 dimensions, or equivalently the Spin(7)-instanton equations in 8 dimensions. This fol-

lows from a similar computation to that of [11, Section 2], but using instead the nonsplit

G2-structure.

3. Vanishing Theorems for Kapustin–Witten monopoles

In Section 3.1, we compute the second order equations corresponding to the Kapustin–

Witten monopole equations (1.4a) to (1.4c), which we use to unravel some preliminary re-

sults. In Section 3.2, we prove partial vanishing theorems for Kapustin–Witten monopole

on closed and also noncompact 3-manifolds. The proof of our main result comes later in

Section 4 but draws on the second order equations found in Section 3.1.

3.1. The second order Kapustin–Witten equations. In this section we compute second or-

der equations for quadruples (∇,Φ, a,Ψ) satisfying the Kapustin–Witten monopole equations (1.4a)

to (1.4c). These are used in this section and in Section 3 to prove a various vanishing

theorems—for example, Main Theorem—for Kapustin–Witten monopoles.

Lemma 3.1. Let (M, g) be an oriented Riemannian 3-manifold and (∇,Ψ, a,Ψ) a solution

to the Kapustin–Witten monopole equations (1.4a) to (1.4c) on P → M. Let Ric denote the
7



Ricci tensor of (M, g), seen here as an endomorphism of Λ1 ⊗ gP, and write a =
∑3

i=1 aiei in

an oriented orthonormal coframing {e1, e2, e3}. Then, the quadruple (∇,Ψ, a,Ψ) satisfies the

following system of second order equations

d∗∇F∇ = [d∇Φ,Φ] + [d∇Ψ,Ψ] +
3
∑

i, j=1

[∇ia j, a j]ei. (3.1a)

∆∇Φ = [Ψ, [Ψ,Φ]] + ∗[a ∧ [∗a,Φ]], (3.1b)

∇∗∇a = [Φ, [Φ, a]] + [Ψ, [Ψ, a]] − 1
2 ∗ [a ∧ ∗[a ∧ a]] − Ric(a), (3.1c)

∆∇Ψ = [Φ, [Φ,Ψ]] + ∗[a ∧ [∗a,Ψ]]. (3.1d)

Remark 3.2. It is easy to see that if M is Ricci flat, then equations (3.1a) to (3.1d) are the

Euler–Lagrange equations of the Kapustin–Witten energy (1.5). In particular, equation (3.1a)

is the Yang–Mills equation with Kapustin–Witten charge current

jKW = [d∇Φ,Φ] + [d∇Ψ,Ψ] +
3
∑

i, j=1

[∇ia j, a j]ei ∈ Ω1(M, g).

Proof of Lemma 3.1. We will compute these equations in their respective order.

In order to compute d∗∇F∇ it is convenient to compute d∗∇[a∧a] separately. Fix an oriented

orthonormal co-framing {e1, e2, e3} around p ∈ M so that (∇ei)p = 0 for all i = 1, 2, 3.

Then, let εi jk be the totally anti-symmetric Levi-Civita symbol in three dimensions, and write

a =
∑3

i=1 aiei. Using the equation d∗∇a = [Φ,Ψ] we compute

1
2 ∗ d∇ ∗ [a ∧ a] =

3
∑

i, j=1

(

[∇ jai, a j]ei − [∇iai, a j]e j

)

=

3
∑

i, j=1

[∇ jai, a j]ei + [[Φ,Ψ], a].

Now we get

d∗∇F∇ = ∗d∇
(

d∇Φ − [a,Ψ] + 1
2 ∗ [a ∧ a]

)

= [∗F∇,Φ] − [∗d∇a,Ψ] − ∗[a ∧ [a,Φ]] − ∗[a ∧ ∗d∇a] + [[Φ,Ψ], a] +
3
∑

i, j=1

[∇ jai, a j]ei.

Computing in a coframing as before we find that

− ∗[a ∧ ∗d∇a] = −
3
∑

i, j=1

(

[a j,∇ia j]ei + [a j,∇ jai]ei

)

.

Using the Kapustin–Witten monopole equations (1.4a) to (1.4c), the Jacobi identity, and

[a ∧ [a,Φ]] = 1
2[[a ∧ a],Φ], we finally obtain equation (3.1a).

8



Next we compute ∆∇Φ. Taking the exterior co-derivative of the first Kapustin–Witten

monopole equation (1.4a) yields

∆∇Φ = d∗∇

(

∗F∇ − 1
2 ∗ [a ∧ a] + [a,Ψ]

)

= 0 + ∗[d∇a ∧ a] + [d∗∇a,Ψ] − ∗[∗a ∧ d∇Ψ]

= ∗[a ∧ ∗d∇Ψ] − ∗[a ∧ [Φ, ∗a]] + [[Φ,Ψ],Ψ] − ∗[∗a ∧ d∇Ψ]

= [Ψ, [Ψ,Φ]] + ∗[a ∧ [∗a,Φ]],

proving equation (3.1b).

Let ∆∇ = d∗∇d∇ + d∇d∗∇ be the covariant Hodge Laplacian on gP-valued differential forms.

Using the Kapustin–Witten monopole equations (1.4a) to (1.4c), we get

∆∇a = d∇[Φ,Ψ] − d∗∇(∗d∇Ψ + [∗a,Φ])

= [d∇Φ,Ψ] + [Φ, d∇Ψ] − ∗d∇(d∇Ψ + [a,Φ])

= [d∇Φ − ∗F∇,Ψ] + [Φ, d∇Ψ + ∗d∇a] + ∗[a ∧ d∇Φ]

=

[

−1
2 ∗ [a ∧ a] + [a,Ψ],Ψ

]

+ [Φ,−[a,Φ]] + ∗
[

a ∧
(

∗F∇ − 1
2 ∗ [a ∧ a] − [a,Ψ]

)]

= [Φ, [Φ, a]] + [Ψ, [Ψ, a]] − 1
2 ∗ [a ∧ ∗[a ∧ a]] + ∗[∗F∇ ∧ a],

where we used the fact that [a ∧ [a,Ψ]] = 1
2[[a ∧ a],Ψ]. On the other hand, the Weitzenböck

identity reads

∆∇a = ∇∗∇a + ∗[∗F∇ ∧ a] + Ric(a),

and inserting this into the previous computation gives equation (3.1c)

∇∗∇a = [Φ, [Φ, a]] + [Ψ, [Ψ, a]] − 1
2 ∗ [a ∧ ∗[a ∧ a]] − Ric(a).

Finally, we turn to the computation of ∆∇Ψ. Using again that [a ∧ [a ∧ a]] = 0, we get

∆∇Ψ = −d∗∇(∗d∇a + [a,Φ])

= ∗d∇d∇a − [d∗∇a,Φ] + ∗[∗a ∧ d∇Φ]

= ∗[F∇ ∧ a] − [[Φ,Ψ],Φ] + ∗
[

∗a ∧
(

∗F∇ − 1
2 ∗ [a ∧ a] + [a,Ψ]

)]

= [Φ, [Φ,Ψ]] + ∗[∗a ∧ [a,Ψ]],

proving equation (3.1d). This concludes the proof. �

3.2. Partial vanishing results for Kapustin–Witten monopoles. In this section, as an ap-

plication of Lemma 3.1, we prove partial vanishing results for Kapustin–Witten monopoles.
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Proposition 3.3 (Partial Vanishing for Kapustin–Witten monopoles on closed 3-manifolds).

If M is closed and (∇,Φ, a,Ψ) is a Kapustin–Witten monopole on P → M, then ∇Ψ, ∇Φ,

[Φ,Ψ], [a,Φ], and [a,Ψ] all vanish and the Kapustin–Witten monopole equations (1.4a)

to (1.4c) reduce to

F∇ =
1
2[a ∧ a], d∇a = 0, d∗∇a = 0.

In particular, the connection ∇ + ia on PC is flat.

Proof. Using Lemma 3.1 and an Ad-invariant inner-product on gP we compute

1
2∆|Φ|

2
= 〈Φ,∆∇Φ〉 − |∇Φ|2 = −|[Φ,Ψ]|2 − |[a,Φ]|2 − |∇Φ|2 6 0,

and so |Φ|2 is subharmonic. As M is closed, |Φ|must then be constant and thus [Φ,Ψ], [a,Φ],

and ∇Φ all vanish according to the previous computation. In the same way we conclude that

|Ψ|2 is constant and [a,Ψ] = 0 = ∇Ψ. Inserting all these into the Kapustin–Witten monopole

equations (1.4a) to (1.4c) yields the claimed result. �

We will now refine Proposition 3.4 under the further assumption that the Ricci tensor of

(M, g) is nonnegative.

Proposition 3.4 (Vanishing for Kapustin–Witten monopoles on closed 3-manifolds with

nonnegative Ricci). If M is a closed with nonnegative Ricci curvature, and (∇,Φ, a,Ψ)

a Kapustin–Witten monopole on P → M, then ∇Ψ, ∇Φ, [Φ,Ψ], [a,Φ], [a,Ψ], [a ∧ a],

〈a,Ric(a)〉 and F∇ all vanish and the Kapustin–Witten monopole equations (1.4a) to (1.4c)

reduce to

F∇ = 0.

Proof. Using Lemma 3.1, and under the assumption that Ric is nonnegative, we compute

1
2∆|a|

2
= 〈a,∇∗∇a〉 − |∇a|2 = −|[a,Φ]|2 − |[a,Ψ]|2 − 1

2 |[a ∧ a]|2 − 〈a,Ric(a)〉 6 0. (3.2)

Hence, |a|2 is subharmonic and by the maximum principle must be constant. Then, the

previous computation shows that all [a,Φ], [a,Ψ], [a∧a], and 〈a,Ric(a)〉 all vanish. Together

with Proposition 3.4 this gives the result stated. �

We now turn to the case of a noncompact 3-manifold. We say that a section, f , on a

noncompact manifold M decays to zero at infinity, if for any ε > 0, there exists a compact

set K = K( f , ε) ⊂ M, such that | f | < ε on M − K.

Proposition 3.5 (Partial vanishing for decaying Kapustin–Witten monopoles on noncompact

3-manifolds). Let M be a noncompact 3-manifold and (∇,Φ, a,Ψ) be a Kapustin–Witten
10



monopoles on P → M, such that Ψ decays to zero at infinity. Then, Ψ vanishes identically

and the Kapustin–Witten monopole equations (1.4a) to (1.4c) turn into

∗F∇ − d∇Φ − 1
2 ∗ [a ∧ a] = 0

∗d∇a + [a,Φ] = 0

d∗∇a = 0.

Proof. The fact that |Ψ|2 is subharmonic comes from a local computation, thus it is true on

any manifold, and if Ψ decays to zero at infinity, then the maximum principle yields that

|Ψ| = 0 everywhere, Thus [Φ,Ψ], [a,Ψ], and ∇Ψ all vanish. �

Again, we can strengthen the Proposition 3.5, if we add the nonnegativity condition for

the Ricci tensor.

Proposition 3.6 (Vanishing for decaying Kapustin–Witten monopoles on noncompact 3-man-

ifolds with nonnegative Ricci). Let M be a noncompact 3-manifold and (∇,Φ, a,Ψ) be a

Kapustin–Witten monopoles on P → M, such that (a,Ψ) decays to zero at infinity. Then

(a,Ψ) vanishes everywhere, and (∇,Φ) satisfies equation (1.1).

Proof. At any point where the Ricci is nonnegative |a|2 is subharmonic, since inequality (3.2)

holds locally for any solution. Thus, if M is noncompact and |a| decays to zero at infinity,

then a must vanish everywhere. Together with the maximum principle for |Ψ|2 used in the

proof of Proposition 3.6, we conclude that if |Ψ| decays to zero at infinity, then it vanishes

everywhere. This concludes the proof. �

4. Solutions with finite energy and the proof ofMain Theorem

This section contains the proof of Main Theorem. We start by proving a decay result for

finite energy Kapustin–Witten monopoles on R3. Then, we combine it with Taubes’ work on

the Kapustin–Witten equation on R4 in [12], to prove Main Theorem.

Recall that the energy of a field configuration (∇,Φ, a,Ψ) was defined in (1.5). It is easy to

see, that the second order equations (3.1a) to (3.1d) are exactly the Euler–Lagrange equations

corresponding to (1.5), whenever M is Ricci-flat. Furthermore, the energy (1.5) can be

viewed as the integral

eKW = |F∇|2 + |∇Φ|2 + |∇a|2 + |∇Ψ|2 + |[Φ,Ψ]|2 + |[a,Φ]|2 + |[a,Ψ]|2 + 1
4 |[a ∧ a]|2. (4.1)

We will call eKW the Kapustin–Witten energy density. Note that eKW is nonnegative.

We start this section by analyzing the regularity and decay properties of eKW, assuming only
11



that the quadruple (∇,Φ, a,Ψ) is a critical point of the energy (1.5), or equivalently that

(∇,Φ, a,Ψ) solves the second order equations (3.1a) to (3.1d), but not necessarily the first

order Kapustin–Witten monopole equations (1.4a) to (1.4c).

Proposition 4.1. Let (∇,Φ, a,Ψ) be a critical point of equation (4.1), thus, in particular,

equation (4.1) is finite. Then the function eKW satisfies:

∆eKW 6 C(eKW + e
3/2
KW ), (4.2)

and thus, there is C,R0 > 0, such that for all x ∈ R3, if |x| > R0, then

eKW(x) 6 C‖eKW‖L1(B1(x)). (4.3)

Proof. Since eKW ∈ L1(R3), the integral of eKW on a unit ball around x ∈ R3 decays to zero

at infinity, thus for any ε > 0, there is an R0 > 0, such that
∫

B1(x)
eKWvol < ε, if |x| >

R0. From here on, the proof of inequality (4.2) is analogous to [1, Lemma 5.1], using the

second order equations (3.1a) to (3.1d). After that, the proof of inequality (4.3) is identical

to [1, Theorem 5.1]. �

Corollary 4.2. If a Kapustin–Witten monopole (∇,Φ, a,Ψ) has finite Kapustin–Witten energy,

then the function eKW is in L∞(R3) ∩ Lp(R3) for all p ∈ [1,∞), and decays uniformly to zero

at infinity.

Proof. By inequality (4.3) and the argument in the beginning of the proof of Proposition 4.1,

we get that eKW is bounded, and decays to zero. Furthermore, there exists a C > 0, such that

eKW(x) 6 C‖eKW‖L1(R3),

and the right hand side is again finite by the finite energy assumption (and independent of x).

Thus eKW ∈ L∞(R3). Hence, for any p > 1,

‖eKW‖Lp(R3) 6 ‖eKW‖
p−1

p

L∞(R3)
‖eKW‖

1
p

L1(R3)
6 C

p−1
p ‖eKW‖L1(R3) 6 C‖eKW‖L1(R3),

thus ‖eKW‖Lp(R3) is finite, and can be bounded independent of p. �

Let (∇,Φ, a,Ψ) be a Kapustin–Witten monopole on R3 with finite energy, and let G(x, y) =

(4π|x− y|)−1 be the Green’s function of the scalar Laplacian also on R3. To simplify notation,

we define

ξ1 = Φ, ξ2 = a, ξ3 = Ψ,
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and for each i = 1, 2, 3 let

wi(x) = −
∫

R3

G(x, y)
(

∆(|ξi|2)
)

(y)dy.

We begin by proving Proposition 4.3 below which—together with Taubes’ work in [12,

Theorem 1.1]—is crucial in proving Main Theorem.

Proposition 4.3. For each i = 1, 2, 3, wi is bounded, decays uniformly to zero at infinity, and

there are constants hi > 0 such that

wi = hi − |ξi|2.

Proof. We will follow the strategy of the proof of [7, Theorem 10.3]; see also Proposi-

tion 11.3 and Lemma 11.4 in that reference. For the rest of the proof, a . b means that

a 6 Cb, for some positive constant C.

First of all, observe that wi is bounded: Indeed, by the second order equations (3.1a)

to (3.1d), we have that ∆|ξi|2 . eKW which is in Lp(R3) for all p > 1 by Corollary 4.2. Then,

as G(x, ·) ∈ L
q

loc for q < 3, while G(x, ·) 6 (4π)−1 on R3 − B1(x), we separate the integration

in two regions and get

|wi(x)| .
∫

R3

|G(x, y)|eKW(y)dy . ‖eKW‖L2(R3) + ‖eKW‖L1(R3) . 1.

Furthermore, wi is solves the equation

∆wi = −∆|ξi|2, (4.4)

and wi is the unique solution of equation (4.4) that decays to zero at infinity. Hence hi =

|ξi|2 + wi is a harmonic function on R3. Next we show that |ξi(x)|2 = O(|x|). Let

M(R) = sup
|x|6R

|ξi(x)|2.

As |ξi|2 is subharmonic, the supremum is achieved at some point x0, with |x0| = R, that

is M(R) = |ξi(x0)|2. Since the function |ξi|2 is smooth, it is also Hölder continuous with

any exponent α. In fact, |∇|ξi|2| 6 2|ξi||∇ξi| 6 2|ξi|e1/2
KW , and the inequality governing the

embedding L
q

1 ֒→ C0,α for α = 1 − 3
q
> 0 yields

||ξi(x0)|2 − |ξi(0)|2| 6 2|x0|α‖|ξi|e1/2
KW ‖Lq(BR(0)),

for q = 3
1−α . Thus, putting this together with the definition of M(R) we obtain

M(R) 6 |ξi(0)|2 + 2RαM(R)1/2‖e1/2
KW ‖Lq(R3).
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For α = 1
2 we obtain q = 6 and follows from Corollary 4.2 that ‖eKW‖L3(R3) < ∞. Thus, using

Young’s inequality above we obtain

M(R) 6 |ξi(0)|2 + ε−1R + ε‖e1/2
KW ‖L3/2(R3)M(R)

and choosing ε small enough so that 2ε < ‖e1/2
KW ‖L3/2(R3), we can absorb the rightmost term

into the left hand side, yielding the inequality

M(R) 6 2|ξi(0)|2 + 2ε−1R . R.

This shows that |ξi|2 grows at most linearly. Since wi is bounded and hi is harmonic, this

implies that hi is either constant or linear. However, as hi is bounded below by construction

we conclude it must actually be constant. �

We are finally ready to prove Main Theorem.

Proof of Main Theorem. When eKW vanishes everywhere, then we get Statement (1).

The only thing left to prove is Statement (2). Write R4
= Rt × R3, and A = ∇ + Φdt and

B = a + Ψdt, where we again omitted the obvious pullbacks. Applying Proposition 4.3 to

ξ2 = a and ξ3 = Ψ shows that B is uniformly bounded on R4, thus by [12, Theorem 1.2]

∇AB = ∇a + (∇Ψ) ⊗ dt + dt ⊗ [Φ, a] + [Φ,Ψ] ⊗ dt ⊗ dt = 0,

1
2[B ∧ B] = 1

2 [a ∧ a] + [a,Ψ] ∧ dt = 0,

and thus ∇a, ∇Ψ, [Φ, a], [Φ,Ψ], [a ∧ a], [a,Ψ] all vanish. Hence, the first Kapustin–

Witten monopole equation (1.4a) reduces to the Bogomolny monopole equation (1.1), while

the other two Kapustin–Witten monopole equations (1.4b) and (1.4c) are trivially satisfied.

Moreover, if the Kapustin–Witten energy is finite but not zero, and G = SU(2), the Bogo-

molny monopole (∇,Φ) is irreducible. Hence, in this case, the pair (a,Ψ) is identically zero,

which finishes the proof of Statement (2). �
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