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Abstract

As early as 1949, it was predicted that a technological gap would form in the far

infrared. This so-called “terahertz gap” is the result of two limitations. On one

side, the atomic phenomena giving rise to laser technologies are difficult to extend

below 10 terahertz (THz), and on the other, microwave technologies are difficult

to extend above 0.1 THz. Even today, while this gap has closed to some extent,

the generation and detection of electromagnetic radiation in this bandwidth remains

challenging, especially when compared to more mature technologies based in optical

and microwave frequencies. The terahertz gap thus provides an exciting opportunity

for innovation and the development of novel imaging techniques.

Metamaterials are a natural fit for addressing the THz gap because their elec-

tromagnetic properties are determined by their geometry, so they are fundamentally

less limited by the physical properties of the materials of which they are composed.

This means that a designed electromagnetic response can be scaled to many different

bands–including the terahertz–simply by scaling the geometry accordingly. However,

the process of designing and optimizing metamaterials is nontrivial and remains an

area of active research. In this work, metamaterial-based imaging systems are de-

scribed, utilizing a number of techniques including single-pixel imaging, quadrature

amplitude modulation, and frequency-diverse modulation. In addition, we demon-

strate the efficacy of resonance domain diffractive elements in the terahertz region,
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in particular for hyperspectral or spectroscopic applications. We conclude with ap-

proaches to complex metamaterial designs facilitated by deep learning.
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Chapter 1

Introduction

1.1 The Terahertz Gap

The terahertz band, which is typically (loosely) defined to be from 0.1 to 10 THz, was

recognized quite early on to be a challenging region of the electromagnetic spectrum

for optical engineering and imaging [1]. Even today it remains difficult to easily

generate, control, and detect THz radiation with available methods. As a result,

it is one of the least utilized portions of the spectrum, and also a notable focus of

contemporary research.

Practical applications of THz radiation are currently limited due to a lack of

suitable technology. However, there are a number of potential useful applications.

THz radiation is non-ionizing, meaning that it cannot remove electrons from atoms

or molecules if absorbed. Since the wavelength of THz light is less than a millimeter,

the diffraction limit of THz imaging systems is small enough to enable a variety of

safe imaging applications for humans, including security screening [2,3] and medical

imaging [4,5]. In addition, THz radiation is capable of safely imaging valuable artwork
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and artifacts [6, 7].

THz radiation may also have potential use for communications. To meet an

ever-increasing demand for higher data transmission rates, carrier frequencies must

continue to increase. The Shannon formula [8] gives the information capacity C (bits

s�1) of such a communications channel as

C � W log2p1 � S{Nq (1.1)

where W is the associated bandwidth and S{N is the signal-to-noise ratio. Significant

atmospheric attenuation is a major obstacle in THz communications, severely limiting

the potential transmission distance. However, a great deal of bandwith is available,

and so it is possible that a large W may offset the small S in THz communications

a result in channels with superior data rates [9].

1.2 Metamaterials

Metamaterials are central to the work of Chapters 3, 4, 5, and 7, in particular with

respect to tunability. In the last few decades the field of metamaterials has risen

to demonstrate a number of exotic properties and applications, including negative

refractive index [10], perfect lensing [11], and cloaking [12]. They have also been

applied more practically in a variety of fields, as absorbers or antennas, for example.

The power of the metamaterial approach stems from the unparalleled control that

metamaterials afford over electromagnetic response. This is due to their underly-

ing structure as arrays of subwavelength unit cells, which means that they can be

described as effective media via the optical constants εpωq and µpωq.

From a design standpoint, the most fascinating feature of metamaterials is that
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their εpωq and µpωq response can be tailored simply by altering the geometry of the

unit cell. In particular, metamaterials can be designed to respond in a given frequency

band by making the unit cell larger or smaller. Figure 1.1 [13,14] shows an example

of a metamaterial perfect absorber in the GHz band. The figure shows aspects of

a typical design flow, including S-parameter simulation, geometric parametrization

and optimization, and an electromagnetic loss study. Designs such as the ring res-

onator (ERR) shown of Figure 1.1 can be effectively applied in many other bands,

and it is this spectral scalability makes metamaterials an excellent candidate for

new THz technology. Practical approaches to metamaterial design have remained

Figure 1.1: Figure showing a demonstration of a metamaterial perfect absorber.
(a) shows simulation results used to design the structure with transmissivity (blue),
reflectivity (green), and absorptivity (red), while (b) shows the geometry of the struc-
ture. (c) and (d) show the experimental (blue) and simulated (red) results for re-
flectivity and transmissivity. (e) Simulation study showing ohmic loss vs. dielectric
loss.
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constant for some time. Typically geometric parameters and constituent material

choices are found through a series of parameter sweeps and optimization runs using

electromagnetic simulation software. While some heuristic guidance and experience

can accelerate this process, there is often not a theoretical model that analytically

relates geometry to desired optical response, even for some simpler unit cells. As a

result, metamaterial structures have remained fairly simple, usually containing only

a single type of subcell and simple geometries such as cylinders, or resonant electric

(ELC) shapes. While a great deal has been accomplished with these simple metama-

terials, much more is possible with designs of greater complexity, such as those with

9 or even 20 subcells. These extra degrees of freedom make design and optimization

significantly more difficult, but could also unlock a range of potential functionality

previously unachievable. As we shall see in Chapter 7, machine learning may provide

a viable approach for designing such metamaterials.
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Chapter 2

Background

2.1 Single Pixel Imaging

The terahertz band, which is typically (loosely) defined to be from 0.1 to 10 THz,

presents significant difficulties both in power generation and in detection [15]. As a

result, detector arrays are not popular in the terahertz band, although some do exist

[16]. Such arrays are expensive and bulky, and do not represent a practical solution

to imaging at long wavelengths. Imaging with single pixel detectors has therefore

grown more common. Single pixel imaging is inherently a computational technique,

and this allows some of the burden of imaging to be shifted from acquisition to post-

processing. That is, acquisition in general is made somewhat easier at the cost of

more difficult post-processing. Acquisition of high quality images at long wavelengths

is notoriously difficult, and thus single pixel imaging represents a favorable trade-off

in the far-infrared regime. The work of Chapters 3, 4, and 5 strongly rely on single

pixel imaging, so it is explained here in detail.

The mathematical basis for single pixel imaging can be phrased well in terms
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of linear algebra. An N -pixel imaging process is often represented with a matrix

equation:

Y � ΦX (2.1)�
��������

y1

y2

...

yM

�
�������
�

�
��������

φ1,1 φ1,2 � � � φ1,N

φ2,1 φ2,2 � � � φ2,N

...
...

. . .
...

φM,1 φM,2 � � � φM,N

�
�������

�
��������

x1

x2

...

xN

�
�������

(2.2)

where X represents an object to be imaged, Y is a set of single pixel measurements

collected, and Φ is a measurement matrix. Each column of Φ corresponds to a single

pixel on the object, and each row to a pattern (or “mask”) used to modulate light

from the object. In the deterministic case, the measurement matrix must be square,

i.e., M � N . Additionally, the measurement matrix chosen must be invertible, and

an image of the object can then be acquired via

X � Φ�1Y,

but more generally there will be some additive noise term e, so that the reconstruction

is an estimate X̂ of the original object

X̂ � Φ�1Y �Φ�1e (2.3)

The choice of measurement matrix is essential, and common choices include random

matrices of �1, or 0 and 1. It may by noted that in the framework of equation 2.3,

a traditional raster scan is represented with an identity matrix. However, raster

scans are highly inefficient, and can be improved upon greatly. The optimal choice of
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measurement matrix for the above additive noise problem (or “weighing problem”)

is due to James Sylvester [17], but named after Jacques Hadamard [18]. Figure 2.1

shows a few smaller so-called Hadamard matrices, which are defined as having �1

values and mutually orthogonal rows.

Figure 2.1: shows 4x4 (a) and 8x8 (b) Hadamard matrices. Shown in (c) is an
image representation of a 64x64 Hadamard matrix, with white corresponding to �1
and grey corresponding to �1.

Hadamard matrices are optimal in the sense that they minimize the error of

reconstruction, corresponding to the term Φ�1e of Equation 2.3. More specifically,

they reduce the total mean squared error by a factor of N compared to the identity

matrix (raster scan) case, N being the length of the object vector. The mean square

error of the ith pixel is given by

σ2 � Etpx̂i � xiq2u (2.4)

where Etu denotes the well-known expectation operator. Equivalently, Hadamard

measurement matrices increase the signal-to-noise ratio (SNR) of the reconstruction

7



by a factor
?
N , which on a per-pixel basis is defined as

SNR � xi?
σ2

(2.5)

This result was originally proved by Hotelling in 1944 [19], and later framed in the

context of the weighing problem by Harwitt and Sloane [20].

Hadamard matrices are conjectured [21] to exist for every size 4k where k is some

positive integer. There are various methods for constructing them, such Sylvester’s

construction and Paley’s construction [22]. All are capable of constructing Hadamard

matrices of arbitrarily large size, but each method skips over known matrices. Even

with the discovery of a general method for constructing Hadamard matrices of size

4k, their sparse existence imposes a practical limitation on their use in imaging.

However, given the optimal properties stated above, there is a good argument to be

made for constraining the image size N such that a Hadamard matrix of size N �N

exists. Typical long wavelength imaging systems have very poor signal to noise ratio

(SNR), and thus it may prove essential to benefit from the
?
N increase described

above.

2.1.1 Compressive Sensing

[23] The revolutionary new sampling paradigm of compressed sensing (CS) has

attracted significant attention as a method for imaging and communications and

promises a more efficient acquisition process, especially in regimes of the electromag-

netic spectrum where it is impractical to fashion focal plane arrays. This new field has

demonstrated that signals and images can be acquired with far fewer measurements

than previously believed necessary [24], thus decreasing the acquisition time [25].

One difficulty with compressive sensing, however, is that it is unknown if recovered

8



images or signals represent the intended target, thereby limiting real-world gains.

With regard to Equation 2.1, single pixel compressed sensing refers to the case where

Φ is a rectangular, M by N mathix, with M   N . This leads to a matrix equation

that is not fully-determined, and must be solved by imposing some condition on the

system, usually one of sparsity for the solution X.

In practice, a common single pixel compressive imaging architecture utilizes a

spatial light modulator (SLM) upon which an image is formed. The SLM is used to

sample prearranged portions of the image, which are then condensed onto a single

pixel detector, and an intensity value is recorded. The SLM is reconfigured and the

process is repeated until a number of measurements (M) are collected. The underly-

ing premise which makes CS possible is that most images at least those of interest

are sparse. We may thus collect fewer measurements than typically needed for a given

resolution determined by the Nyquist theorem (N), i.e. M   N [26]. Although much

progress has been made in compressive imaging, there are two drawbacks currently

hindering real-world applications [25]. An NP-hard optimization problem naturally

arises in the process of reconstituting an image from an underdetermined system [27],

and in general compressive sensing always incurs a computational expense propor-

tional to image size [28]. A second, perhaps more technical limitation, is that in

its current typical implementation single pixel compressive imaging is serial. The

inherent benefit associated with a focal plane array, i.e. parallel image acquisition,

is not accessible via compressive sensing and, for a given sparsity, the acquisition

time is ultimately directly proportional to the desired image resolution. Thus if high

resolution or video rate images are sought, compressive sensing may be an ill-advised

approach. Single pixel imaging is not fundamentally limited to serial acquisition, as

we shall see, and thus may represent a favorable alternative in such cases.
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2.2 Dynamic Metamaterials

Passive metamaterials are usually defined to be static both in geometry and con-

stituent material properties. As a result, once fabricated their electromagnetic re-

sponse does not change. Passive metamaterial devices have been demonstrated to be

useful in a variety of applications, including forming vortex beams [29] and holog-

raphy [30]. However, their static nature makes them less suitable for some imaging

applications, which may often require modulation of some kind.

Dynamic metamaterials are non-static in some controllable way even after fab-

rication and are therefore often capable of modulation of some kind, and thus hold

great promise for practical applications [31–33]. Metamaterials can already achieve

a variety of electromagnetic properties by design, and the ability to modify these

properties in real time greatly increases their value for practical devices.

2.2.1 Electric Tuning

In particular, applied bias voltage holds great promise for its speed and for the possi-

bility of integration with existing electronics and semiconductor technologies [34–38],

which can be effective for controlling the modulation of such metamaterials. The

maturity of these fields makes them a practical option, and speed is inherent in

semiconductor technologies. This has led to great success for electrically tunable

metamaterials in many parts of the spectrum, including the microwave, radio, and

infrared regions [39–42]. One electric tuning design particularly relevant to the work

discussed later is shown schematically in Figure 2.2 [43,44]. The design is absorption

based, with voltage bias applied to the top conducting layer to implement a tunable

frequency response. A metamaterial pattern on the top layer forms a Schottky con-

tact with the semiconductor beneath, meaning that with zero applied bias voltage,

10



Figure 2.2: (a) Shows a schematic of one possible electrically-tuned dynamic meta-
material design. The cross-section shows a metamaterials absorber pattern, semicon-
ductor layer, and ground plane and indium bump structure. (b) Shows single pixel
absorption of the same metamaterial design, as a function of frequency, with a gold
mirror as reference. (c) shows the resulting differential absorption peak as a function
of frequency.

there exists a small energy barrier at the interface. When a negative bias is applied

to the top layer, this Schottky barrier increases, so that depleted electrons flow into

the Ohmic ground plane beneath. This change in the carrier density of the semicon-

ductor layer results in a redshift of the device’s absorption peak, and can be altered

rapidly—speeds of up to 12 MHz have been achieved with this design.

The fabrication of a such a design is a complex process, and could benefit from

further innovation. Although the plane on which the indium bump rests is electrically

the same as the Ohmic ground plane, it is far from superfluous. In order the create

an Ohmic contact at the n+ to metal interface, the two layers must be annealed

at high temperature. The other layers of the device would be damaged by such a

process, and thus the annealing is performed separately, on the n+ layer and ground

plane alone. These two layers are later connected to the rest of the structure with

the key addition of indium bumps, or some other malleable metal. One advantage

11



of the design shown in Figure 2.2 compared to some previous designs [34] is that the

Ohmic ground contact is directly beneath the Schottky layer, minimizing parasitic

effects. Additionally, the Ohmic ground plane shields the routing wires from any

THz radiation incident on the device, which allows scaling to larger array sizes.

2.2.2 Optical Tuning

The ability of photons incident on a material to alter its properties represents a

powerful engineering tool where imaging and optics are concerned. For metamaterial

devices, optical tuning is generally realized with a physical mechanism similar to that

applied in the case of electric tuning. Light incident on a semiconductor can increase

carrier concentration—and thereby alter electromagnetic properties—provided that

its energy (~ω) is great enough, in a process known as photodoping. This critical

energy is given by the bandgap energy of the given semiconductor. Carriers generated

by such incident radiation exist for some length of time, characterized by the carrier

recombination time. In such cases the semiconductor exhibits a metallic response

and can be described the Drude model, which gives a relative complex dielectric

permittivity [45]

ε̃r � ε8 � ω2
p

ωpω � iγq (2.6)

where ω2
p is the plasma frequency, ε8 is the frequency independent dielectric per-

mittivity (due to the contribution of bound charges), and γ is the damping rate for

charges in the medium. Above the plasma frequency, the semiconductor exhibits insu-

lator properties, while below it acts like a metal. This means that if enough carriers

are generated via incident radiation, the semiconductor can attenuate electromag-

netic waves. Specifically, if only free carrier generation and linear recombination are

12



considered, the carrier density is proportional to [46]

n � I0p1 �Rqτ
2Ad~ω

where I0 is the average incident power, R is the reflectivity of the modulator material,

Figure 2.3: (a) Shows terahertz electric-field transmission amplitude of the meta-
material design in (b), a scanning electron microscope (SEM) image of the frequency
tunable, planar metamaterial. The dimensions shown in (b) are given in microns.

~ω is the photon energy, τ � 25 µs is the carrier lifetime, A is the area of excitation,

and d is the penetration depth.

Pairing metamaterials and semiconductors in this way to achieve optical tun-

ing has resulted in speeds even greater than those obtained with electrically tuned

metamaterials, in the 1-10 ps range [47–52]. Devices based on this principle were

first demonstrated in the THz regime, using GaAs and an 800nm laser to modulate

transmission amplitude [53].

Figure 2.3 [54] shows an example of terahertz modulation using a photodoping

scheme, with plots of the experimental electric field transmission amplitude for differ-

ent laser pump powers. The transmission minimum (tpωq � 19%) for this particular

design occurs at 1.06 THz, with off-resonance transmission around 90%. For lower
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photo-excitation values, the resonance grows weaker and broader, but around 50mW

it begins to red-shift. At power of 500mW the transmission reaches tpωq � 40% at

850 GHz (see red curve), which gives an overall tuning range of 20% in terms of reso-

nance frequency. The particular metamaterial design shown in Figure 2.3 is referred

to as a split ring resonator.

2.3 Resonance Domain Diffraction

2.3.1 Introduction

Although metamaterials provide significant opportunities to enable technologies rele-

vant for THz frequencies, other technological approaches are also useful. One notable

approach is that of resonance domain diffraction. The resonance domain of diffrac-

tion typically refers to regimes where the wavelength of light approaches the size of

some part of the geometry of the structure considered, and therefore certain inter-

esting resonance phenomena can arise. Analysis and design in the resonance domain

typically requires some degree of rigorous diffraction theory, which was understood

as early as the 1950’s [55]. Diffraction efficiency curves and an explanation for Wood

anomalies [56] were in large part a motivation for the development of such rigorous

theories. More generally, there are a few reasons to apply a rigorous diffraction the-

ory. First, if the angle of incidence is large or if the groove profile has geometry on

the scale of the incident wavelength, then the problem falls in the non-paraxial optics

domain and a rigorous method is required. Second, polarization-dependent applica-

tions may be required, and the design of corresponding diffraction gratings certainly

requires a rigorous theory of diffraction. As of now, numerical methods have pro-

gressed to the point where nearly any linear grating may be accurately simulated by
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various methods, such as rigorous coupled wave analysis (RCWA), finite-difference

time domain (FDTD), and the finite element method (FEM). The resonance domain

and the related effective medium theory is primarily of relevance in Chapter 6.

Resonance domain effects can greatly benefit the efficiency of transmission, ab-

sorption, and reflection in optical devices, and so they are of obvious interest for the

design of practical optical elements. In addition, they can break some limitations

derived from assumptions of scalar diffraction theories, notably the 40.5% efficiency

limit for thin binary scalar diffractive lenses [57]. As well, some resonance-domain

optical elements can eliminate the ghost diffraction orders which are detrimental to

ruled diffraction gratings, and this can contribute to higher efficiencies. As mentioned

previously, the design of polarization-dependent diffractive optics generally requires

the use of rigorous diffraction methods, and thus typically falls in the resonance

domain. Lastly, non-paraxial optics design falls in the resonance domain as well.

2.3.2 Resonances

There are a few different types of resonance effects which can arise in the resonance

domain of diffraction. The first is generally referred to as a Wood’s anomaly due

to its discovery by Wood in 1902. Wood’s anomalies have two subtypes, the first of

which is called a Rayleigh anomaly, or sometimes “threshold anomaly”. These are

sharp discontinuities in diffracted power vs. wavelength. They can be explained by

the wavelength dependence of the diffracted angle in the grating equation:

Λpsinα � sin βmq � mλ (2.7)

where Λ is the grating period, m denotes the diffracted order, α is the angle of

incidence, βm is the angle of diffraction of the mth order, and λ is the wavelength
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of light. The location of a Rayleigh anomaly corresponds to a diffracted order angle

βm � 90°. For a given incident angle and grating, an increase in λ corresponds

to an increase in βm. However, when βm reaches 90°the diffracted order becomes

evanescent, and the associated energy is redistributed to the remaining nonevanescent

diffracted orders. This results in the steep changes in diffracted power which are

characteristic of Rayleigh anomalies.

The second type of Wood’s anomaly is now understood to be due to surface exci-

tation effects [58,59], and is referred to by the unfortunately vague phrase “resonance

anomaly”. Interfaces between a metal and a dielectric can, under certain conditions,

support a charge density oscillation. This mode carries energy away from the incident

beam of light and therefore generally lowers the diffraction efficiency. Such anomalies

require resonance conditions to be met, placing fairly strict limits on the acceptable

wavelengths and incident angles for a given groove profile and set of refractive indices.

The final type of resonance is referred to as a guided mode resonance. These

resonances require that Λ � λ, i.e., the wavelength of light must be on the order of

the diffraction grating period. Essentially a waveguide is formed inside the device

substrate, and typically enhances either transmittance or reflectance. Figure 2.4

shows an example of a guided mode resonance [55] where several difference guided-

mode resonances are observed in different polarizations for a binary reflective grating.

Generally, sharp reductions in reflectance or transmittance are observed when either

α (the angle of incidence) or λ are detuned, which is to say that gratings exhibiting

guided-mode resonance are typically quite narrow-band.
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Figure 2.4: ]
Reflectance of a binary diffraction grating for both TE and TM polarizations, as a

function of the angle of incidence (here θ). Different guided-mode resonance
anomalies are evident, where 100% reflectance is reached.

2.3.3 Ghost Diffraction Orders

There are three classifications of ghost diffraction orders that are typically observed

in the characterization of gratings. All are due to periodic errors in the spacings of

the grating grooves, and are called ghosts because they are very faint compared to

the designed diffracted orders. For a commercial grating machined at high-precision,

the ghost intensity may be as small as .002% the intensity of the main diffracted

order [60]. The intuition for the existence of ghost orders can be seen as follows.

According to the grating equation (Equation 2.7), the location of diffracted orders

depends on the periodicity of the grating grooves. However, periodic ruling errors

introduce additional periodicity into a grating’s geometry, and therefore introduce

additional diffracted orders. These additional components in the spatial-frequency

spectrum of the groove profile are generally much smaller than that corresponding

to the designed groove spacing Λ, and hence the intensity of their diffracted orders

is smaller as well. Ghosts can be avoided entirely by fabricating diffractive optics
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in the resonance domain [57], which can be useful for achieving greater diffraction

efficiencies.

The first type is known as a Rowland ghost, and results from larger scale errors

than the other classes of ghost order. The spectral lines associated with Rowland

ghosts are typically symmetric about a main order spectral line or “parent line”,

and located at a distance given by the period of the ruling error. The intensity of a

Rowland ghost is of course proportional to the error amplitude. For strictly harmonic

periodic ruling errors, the ratio of the first order Rowland ghost IRG1 to that of its

parent line (IPL) is given by [61]

IRG1

IPL
� 4

�
πA sinα

λ


2

(2.8)

where A is the peak amplitude of the harmonic error, α is the angle of incidence, and

λ is the diffracted wavelength. However, a purely sinusoidal dependence is rare in

practice. If the the groove spacing error is not a simple sinusoidal function of position,

then additional ghosts will exist on either side of the parent line. The second order

Rowland ghost has a quartic dependence according to

IRG2

IPL
� 4

�
πA sinα

λ


4

(2.9)

and higher order ghosts are virtually undetectable. Notably, the intensity of Rowland

ghosts is not dependent on the order m of its parent line.

One extension of the Rowland ghost is known as a Lyman ghost. These are due to

periodic grating errors at multiples (2 or greater) of the groove period, and therefore

appear at fractional diffraction order values. For example, an error appearing every 2

groove periods corresponds to a Lyman ghost at every half order (m � .5n, nintegral
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in Equation 2.7). Hence Lyman ghosts typically reside at much farther from main

diffraction orders than do Rowland ghosts.

Finally, there are satellite ghosts, which appear quite close to parent spectral lines

compared to Rowland or Lyman ghosts. “Satellite” is something of a catch-all term

that refers to peaks arising from small numbers of randomly misplaced grooves. While

Lyman and Rowland ghosts are typically associated with periodic groove errors over

large areas (or even the entire device area), satellites often originate from localized

random errors. As a result, they tend to have even smaller intensities than the other

types of ghosts.

All of the ghost types described here reduce the efficiency of diffractive optics

elements, and therefore it is of importance to the design of diffractive gratings to

reduce their impact or remove them entirely. One means of doing so is to design

optics in the resonance domain, which as we shall see is more difficult to design, but

avoids the pitfalls of working with elements where the groove spacing is significantly

larger than the wavelength of light.

2.3.4 Effective Medium Approximation

An key aspect of designing diffractive optics in the resonance domain is the use

of effective medium theory. In addition, it represents an important link between

metamaterials and diffractive optics. Namely, it is the idea that geometry, rather than

the intrinsic electromagnetic properties µ and ε, can be used to cleverly design optical

elements to have some predetermined response, thereby surpassing the limitations

imposed by selecting from natural material properties. A quick look at Equation 2.7

reveals why Fresnel lenses and other focusing diffractive optics were exciting in the

first place—the angle of a diffracted order depends only on geometric parameters: the
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incident angle and wavelength, and the grating period. Therefore incident light can

be focused simply by choosing a particular spatial distribution of grating periods,

which is useful because high-index, transparent materials are not available at all

desired wavelengths, and so classic refraction-based lenses may not be viable.

There is not yet a full rigorous understanding of the physical details of the unusu-

ally high diffraction efficiency in resonance domain surface-relief gratings, but there

does exist experimental evidence linking the effects to Bragg behavior [62,63]. A 2005

paper by Golub and Friesem [64] made important steps toward a complete under-

standing, developing an effective medium theory that provides analytic, closed-form

solutions for the high diffraction efficiencies of some surface relief gratings. Further,

it offers some explanation of the physical nature of these high diffraction efficiencies

and defines some constraints on the gratings that can produce them. It is beyond the

scope of this dissertation to describe in detail Golub and Friesem’s theory, so instead

it is here endeavored to lay out some of the major points of this and related work,

upon which much of the design in Section 6 is based.

A key element of the effective medium approach is to approximate the refractive

index distribution of each grating groove by with a Fourier expansion, the terms of

which each have some associated angular orientation φr, which is later optimized to

minimize error. The expansion takes the form

n2 � n̄2 � ∆n2
M

¸
∆j

Ḡ∆j exppi∆jKrrq (2.10)

where Krr � 2πχr with Λ the grating period, ∆n2
M � n2

M � n2
i with ni and nM

the indices of the air and grating material respectively, n̄ is an (essentially constant)

averaged refractive index, and ∆j � 0,�1,�2.... The subscript r indicates that the

coordinate system of the has been rotated with respect to the grating normal, and the
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spatial variable χ has been normalized such that χ � x{Λ. The averaged index n̄ and

the Fourier coefficients Ḡ∆j are found via an orthogonal least squares approximation,

which results in

n̄2 �
» 1

0

» 1

0

n2dχrdζr, Ḡ∆j �
» 1

0

G∆jpζrqdζr (2.11)

with

G∆jpζrq �
» 1

0

n2 � n̄2

∆n2
M

expp�i2π∆jχrqdχr (2.12)

where ζr is a normalized, rotated variant of the spatial coordinate z, which is normal

to the surface of the grating. The approximation error associated with this least-

squares approximation is given by

ε �
» 1

0

» 1

0

n2dχrdζr � ∆n4
M

¸
∆j

|Ḡ∆j|2 (2.13)

To reach the simplified form of Equation 2.10 found in Section 6 (see Equation 6.4),

a binary groove profile is assumed. Further, we note that in our design of the binary

groove-based diffractive lens, we have kept only the first Fourier coefficient of the

expansion above.

With some coupled wave analysis to propagate light through sublayer blocks of

the grating [64], it is possible to derive an expression for the Bragg efficiency ηBragg

of a surface relief grating, i.e.,

h

λ
� c0sBragg cosφs

2πn̄κ̄01

�π
2
�
�π

2
� arcsin

?
ηBragg

	�
(2.14)

where

c0sBragg � p1 � sin2 θs1q1{2, sin θs1 � λ

2n̄Λ cosφs
(2.15)
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and further, the parameter κ̄01 is dependent on the the polarization:

κ̄01TE � δn2
MG1s, κ̄01TM � κ̄01TEp1 � 2 sin2 θs1q (2.16)

where h is the depth of the grating grooves and φs is the specific value of the coor-

dinate rotation angle φr after optimization for accuracy of the Fourier expansion in

Equation 2.10. Equation 2.14 provides an expression for the groove depth h given

some desired Bragg diffraction efficiency ηBragg; evidently each polarization has two so-

lutions for the optimal groove depth. For the case of the binary diffractive lens of Sec-

tion 6, Equation 2.14 simplifies to Equation 6.8, yielding a polarization-independent

solution.

2.4 Deep Learning for Metamaterials

Metamaterials have achieved a wide variety of exotic properties chiefly using designs

with single subcells of relatively simple geometry. In such cases, there is often some

closed form mathematical expression that can predict the functional properties of

a given structure, and further optimization is possible through trial and error with

electromagnetic simulation. However, more functionally complex metamaterials–for

example, those with multiple subcells–have the potential for proportionally more

complex electromagnetic responses. Engineering such structures is extremely difficult

even with modern methods, as closed-form mathematical descriptions rarely exist

(if at all), and even heuristic guidance is often severely lacking. Simulations can

estimate the electromagnetic properties of such structures, but design flows based

solely upon simulation rely heavily upon trial and error, and therefore can be largely

impractical. Chapter 7 describes the opportunity for deep learning and for machine
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learning methods more generally to assist with metamaterial design.

Deep learning has risen to the forefront of many fields in recent years, overcom-

ing challenges previously considered intractable with conventional means. In recent

decades, neural networks and deep learning have made great leaps forward in com-

puter vision [65–67], natural language processing [68–70], and machine regression

and optimization [71]. Developments in processing hardware and optimization algo-

rithms [72] have enabled neural networks to be deeper and better at learning hierar-

chical representations of various type of data. Materials discovery and optimization

as a field has also been pushed forward by deep learning, but a number of problems

remain to be overcome, including the requirement of large labeled datasets. Fur-

ther, the inverse problem is of great interest from a design perspective, but presents

difficulties with one-to-many mapping.

2.4.1 Artificial Neural Networks

Neural networks can loosely be conceived of as a set of matrices which will be multi-

plied with some input vector x to produce an output ŷ, with the caveat that some or

all of the matrix operations can also be composed with a so-called activation function

f ; together the matrix and activation function are referred to as a layer. One very

common layer is called a dense or fully-connected layer, and corresponds to a linear

matrix operation:

ŷ � fpWx� bq (2.17)

where f is an activation function such as ReLU [73], W is a matrix of weights, and

b is some bias vector of weights. Crucially, activation functions are typically non-

linear, which has been shown to greatly increase the potential of neural networks to
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regress complicated functions. Layers such as that of Equation 2.17 can be combined

sequentially or in parallel, so that the output of one is the input of the next, until

finally the desired output is obtained.

A central idea in machine learning (ML) is that of loss, which is a measure of the

model’s performance on some part of the data. In classical optimization problems, a

loss function is referred to as an objective function: it is a quantity to be optimized

via some algorithm, representing the distance between the model’s output and it’s

desired output. There are many different functions that can be used in deep learning

optimization, but a very common loss function is the mean squared error (MSE),

which is given by

L � 1

n

ņ

i�1

pyi � ŷiq2 (2.18)

where L is the loss, ŷ is the estimated output produced by the model, y is the

output desired from the model, and n is the length of the vectors ŷ and y. While

very common due to being differentiable where other loss functions sometimes are

not, MSE can suffer from giving too much importance to outliers. Nonetheless, it

performs well in many cases and is a staple of deep learning.

The process by which the weights and biases of each layer (i.e., matrix element

values) are optimized is known as backpropagation, which is an efficient algorithm

for performing gradient descent optimization. At a high level, backpropagation can

be thought of as a way–once the loss has been calculated at after the final network

layer–to move backward through all the layers and assign a “blame” to every weight

in the network. Weights that played a larger role in making the loss function large

can then be updated accordingly, every weight being either increased or decreased

based on the associated gradient. In this way the weights of the model are optimized
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to minimize the loss function. The key insight of backpropagation algorithms is that

the derivative of the loss function can be computed by working backwards from the

gradient with respect to the output of that layer [74].

2.4.2 Materials Optimization and Classification

Fig. 2.5 shows an overview of how regression-based deep learning may be applied in

practice for materials optimization and discovery. Generally in electromagnetic mate-

rials optimization there are two cases of interest. First, there is the case of recovering

some material function (such as scattering parameters) given some geometric and

material properties input. Second, there is the inverse problem, i.e., generating a

predicted material configuration based on some desired material function. In both

cases there is a corresponding functional solution (fpxq and gpxq respectively) which

describes the desired mapping, from a desired spectrum s to a desired geometry x or

vice versa. The basis of most deep learning optimization is to learn approximations

of these functions, f̂pxq or ĝpsq such that an approximate solution (x̂ or ŝ) can be

acquired much more quickly than via a conventional simulator. Typically regression

models are developed through supervised learning, which uses a labeled dataset (i.e.,

samples are given as corresponding tx, su pairs) that is ideally relatively small. This

requires a simulator of some kind–for example, in electromagnetics such a simulator

could be a numerical solver for Maxwell’s equations.

Some work has already been completed in the vein of predicting the scattering

parameters (S-parameters) – or some derived quantity thereof – for electromagnetic

structures [75,76], but certain challenges remain. The best performance that can be

attained with a given network architecture is limited by dataset size, and reaching a

useful size can require computing time for many electromagnetic simulations. Fur-
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Figure 2.5: Overview of deep learning for metasurface design.

ther, the problem of predicting possible geometric parameter sets from some desired

spectrum s� is made difficult by the one-to-many mapping problem [77], i.e. the fact

that many very different structures can produce extremely similar spectra. The result

is that regression models attempting to fit a function will simply yield an average of

the many disparate possible input structures, thereby failing to provide a viable so-

lution. Although there have been some attempts work around this difficulty [78–80],

they often involve network architectures that are overly complex or are configured

sub-optimally in order to enable a reversed data flow.

Figure 2.4.2 [81] shows an example of a complex structure designed with conven-

tional metamaterial methods, hinting at even greater capability that could be realized

via ML-based design. Combining four unique subcells in a mirror symmetric pattern

(for a total of 16 subcells) allows a metamaterial absorber to match the external

quantum efficiency (EQE) of gallium antimonide (GaSb) fairly well. GaSb is a com-

mon photovoltaic (PV) material used in thermophotovoltaic (TPV) systems, which

convert radiated energy (usually infrared) to electrons. In such systems, matching

the emission spectrum to the PV EQE spectrum is a central aspect of overall ef-

ficiency. The results in Figure 2.4.2 demonstrate that multi-subcell metamaterials,

while difficult to design, could prove extremely useful. Extra degrees of freedom in
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Figure 2.6: A four subcell metamaterial designed to match emissivity (blue curve)
to the EQE of GaSb; inset is the geometry of the supercell.

the geometry could enable a much closer fit to EQE spectra of GaSb, indium gallium

arsenide antimonide (InGaAsSb), and others.
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Chapter 3

Single Pixel Quadrature Imaging
with Metamaterials

[23] The vast majority of modern imaging systems are parallel. [82,83] For example,

digital optical cameras consist of arrays of pixels, each one acting as a local detec-

tor of the intensity (and color) of light striking that region. These pixels convert

the intensity of light into a signal that is collected simultaneously across the array,

effectively operating in parallel when combined with suitable imaging optics. Such

imaging schemes work best where it is feasible to assemble massive quantities of de-

tectors. However, as one moves away from the visible light regime to lower energies,

the difficulty of assembling considerable quantities of pixels increases, and alternative

approaches are highly desired.

3.1 Amplitude Modulation Technique

Single pixel imaging is not fundamentally limited to serial acquisition, and here we

propose and demonstrate a parallel approach utilizing an advanced multiplexed mod-
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Figure 3.1: Schematic of the experimental setup for QAM imaging and pure state
measurement. Light from a THz source transmits through an object and is focused
onto a metamaterial spatial light modulator. Two distinct encoded masks taken from
the Hadamard matrix are simultaneously displayed in quadrature on the SLM. Light
is then received by a single pixel detector.

ulation technique. Our novel imaging scheme relies entirely on the ability to encode

bits in quadrature made possible with metamaterial SLMs [43] Here each SLM pixel

consists of a collection of semiconductor-based electronically controlled metamaterial

unit cells capable of realizing arbitrary amplitude [43] and phase control [44]. For ex-

ample, such capability enables implementation of a simple form of phase modulation,

known as binary phase shift keying (2-PSK), where one may modulate in phase or

out of phase with respect to a reference, thus encoding one bit of information {1,0}.

However, it is important to note that when 2-PSK is implemented in a single pixel

imaging system, the modulated signal is multiplexed. In our case, the SLM does not

block any light, but rather encodes the modulated phase of light with the coefficients

of the Hadamard matrix and thus, in this sense, the bits are best represented as {1,-
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1}. Although 2-PSK has been realized with metamaterials in order to take advantage

of Hadamard matrices [44] the process was still fundamentally serial in nature. Here

we directly demonstrate that metamaterial SLMs offer a significant and fundamental

advance over alternative technologies and we show subdivision of the phase domain

(-π, π], thus achieving 4, 8, and 16 phase shift keying. As an ultimate demonstration

of the advantages enabled by metamaterial SLMs, we perform single pixel parallel

imaging utilizing 4-PSK—also known as quadrature amplitude modulation (QAM).

3.2 Experimental Details

A QAM imaging or communication scheme necessitates phase sensitive detection,

which we realize with a lock-in amplifier. Figure 3.1 shows a schematic of the ex-

perimental imaging setup. The terahertz beam from a 5500K blackbody arc lamp

source is collimated by a 90� off-axis parabolic mirror before impinging on the object.

The beam is then focused onto the metamaterial spatial light modulator (SLM) and

encoded with two rows of the Hadamard matrix simultaneously. This is accomplished

by controlling the SLM with a field programmable gate array (FPGA), which applied

a square-wave voltage with phase corresponding to {1,1}, {1, -1}, {-1,1}, or {-1, -1},

as dictated by the two rows of the Hadamard matrix. The SLM is embedded in a

15V printed circuit board (PCB), with 64 transistors mediating the connection with

the FPGA. Three of the pixels of our SLM fail to modulate, due to a PCB circuit

failure (row, column = (5,1)) and SLM pixel electrical shorting (row, column = (4,7)

and (4,8)). Shown in Figure 2.2 and thoroughly characterized elsewhere [44], our

all-electronic SLM exhibits a peak absorption at approximately 3.2 THz with zero

reverse-bias voltage, and 3.26 THz when reverse-biased with 15 V. This leads to a

differential absorption peak at approximately 3.1 THz. The total active SLM area is
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4.8 mm2. Voltage oscillations thus produce time-varying absorptions in each pixel,

which on incidence realize the Hadamard encoding of the THz beam. We then refocus

the beam into a bolometer, thereby spatially multiplexing our signal. A lock-in am-

plifier (Stanford Research Systems SR830) processes the signal from this modulated

radiation, producing a signal proportional to the integrated differential absorption.

3.3 Quadrature Amplitude Modulation Pure States

We begin by characterizing the PSK states of our system. Modulating all pixels

with the same frequency (fmod = 997 Hz), we use a setup similar to that described

elsewhere [44] We dwell in each state for a period of time dictated by the signal-

to-noise ratio (SNR) of the system. We also utilize a guard interval in order to

distill the pure PSK states, i.e., the modulation symbols. In Figure 3.2 we show the

experimental data (blue open circles) for the pure symbols of QAM, 8-PSK, and 16-

Figure 3.2: Experimental characterization of advanced modulation states. Constel-
lation diagrams for 4, 8, and 16 PSK are shown in the left, middle and right panels,
respectively. Small black circle radii represent the standard deviation for a given
PSK symbol, while the red points indicate a target phase and mean amplitude. Blue
circles show the experimental data. Possible encoding schemes are shown for 8 and
16 PSK diagrams, while the particular coding used in our imaging scheme is shown
for the QAM diagram.
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PSK ). Although it is not possible to image with 8-PSK or 16-PSK in a multiplexed

imaging system such as ours, realizing the pure symbols for these states highlights

the ability of our metamaterial SLM to exhibit strong phase and amplitude control.

The plotted red points represent the target phase falling on a gray radius of mean

amplitude while the radius of the small open black circles represents the mean square

error for the experimental data. Averaged over all states, the standard and relative

standard deviations (RSDs) were {σθ (rad), RSD (%)} = {.030, 3.0}, {.041, 2.77},

and {.029, 2.7} for QAM, 8-PSK, and 16-PSK respectively. The signal to noise

ratio for our system is characterized by the radius r, which we find to be 7.2 (see

Supporting Information for details). Despite this poor ratio, the modulation states

shown in Figure 3.2 are distinct and perhaps sufficiently disjoint for further division

of the phase space.

3.4 Imaging

Having verified the capability of our metamaterial to achieve advanced modulation

states, we now turn toward demonstration of quadrature parallel imaging using a

single pixel system. A back illuminated aperture serves as an object, and we inves-

tigate a cross and capital sigma pattern. In order to explore the advantages that

our approach enables over serial methods, we acquire images both by 2-PSK (serial)

and QAM (parallel) schemes. Our QAM approach permits the application of any

two rows of H64 simultaneously to our metamaterial SLM, and thus each pixel may

be assigned one of four possible combinations, namely {1,1}, {-1, 1}, {-1,-1}, and

{1, -1}. These quadrature states are physically realized with square waves of phase

{π/4, 3π/4, -3π/4, -π/4}, which drive coherent oscillations in the absorptive proper-

ties of the metamaterial SLM. Information from both masks is carried in quadrature
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and spatially multiplexed into the single pixel detector, after which we measure the

amplitude and phase of the corresponding waveform, thereby simultaneously acquir-

ing two elements of the measurement vector Y. In this way, two elements of Y are

acquired in the time that one element can be acquired with 2-PSK. The imaging

resolution of our system is 8 x 8 pixels and thus in order to image deterministically

we must collect 64 2-PSK measurements or only 32 QAM measurements. In Figure

Figure 3.3: a, c) 2-PSK acquisition, grayscale images of cross and sigma objects. b,
d) 4 QAM acquisition, grayscale images of the same objects. Acquisition time ratio
of 2 for QAM/ 2-PSK. e) and f) show plots of the difference between the 2-PSK and
QAM images for the sigma and cross objects respectively, found with an L2 norm
and normalized by the maximum object value. Both height and color represent L2

value.

3.3 we show imaging results obtained with 2-PSK (a) and (c) and QAM (b) and (d).

It should be noted that the objects imaged in our experiment are “black and white”,

i.e., they have no partial transmittance. Further, their edges are not necessarily con-

comitant with the pixels of our SLM. Our reconstruction does not take advantage of

the constraint that there is no partial transmittance in the object, hence the grayscale
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results. It is well known that single pixel techniques can be applied to cases of partial

transmittance [20] and given that QAM makes no assumptions about the elements of

X, we expect that it applies equally well for such cases. The 2-PSK and QAM image

acquisition differ by the expected doubling of efficiency associated with QAM.

3.5 Image Comparison

The experimental imaging results shown in Figure 3.3 for both 2-PSK and QAM

appear to be nearly identical to the eye. However, in order to quantitatively compare

the two imaging approaches we perform an L2 norm analysis, calculating the differ-

ence between the reconstructed X objects (prior to any image processing). Figure

3.3 also shows plots of the L2 difference between the objects for each pixel as a per-

centage of the maximum value of the unprocessed image. We calculate the average

percent difference to be 3.27%, 2.39% over the sigma and cross images respectively.

From the plots in Figure 3.3 it is clear that the reconstructions are largely the same.

In principal, QAM and 2-PSK methods yield the same result, and we thus attribute

the small observed difference to ambient noise.

3.6 Discussion

We have directly demonstrated that metamaterial modulators possess far greater

capabilities than what has been shown previously. Our metamaterial modulator

is non-mechanical [84] its speed far surpassing all liquid crystal [85] and digital

micromirror based devices [24, 45] It is important to highlight that our method is

enabled by metamaterial SLMs and would be difficult to implement with other spatial

light modulator devices. Although the imaging system demonstrated here utilizes
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coherent modulation i.e. we use our modulated phase as a reference signal QAM

can be realized without such a reference by employing a differential phase encoding

scheme [86]; this makes our method relevant to applications where no reference signal

is possible. In addition, we note that quadrature encoding can be realized across

any number of carrier frequencies [87], allowing the spectral efficiency to be further

increased by a factor determined by system bandwidth and ultimately limited by the

Shannon capacity [88], Finally, while single pixel quadrature imaging is fundamentally

limited to four states, i.e., two orthogonal carriers, QAM itself has no such limitation,

and can be extended to more states and hence even greater spectral efficiency.

In conclusion, quadrature imaging can indeed increase the spectral efficiency of a

channel to an arbitrary degree, limited only by channel capacity. Here, we apply the

modulation scheme to a single frequency channel, but QAM schemes can be realized

simultaneously across any number of carrier frequencies in a given bandwidth. Our

result evinces the capability of metamaterials to enable parallel imaging in a single

pixel imaging scheme and define a new path forward to related applications in security

screening [31] all-weather navigation [32], and biosensing [33]. We believe that the

advanced modulation, communications and imaging techniques enabled with meta-

materials have the potential to significantly impact photonics due to their scalability

and lack of requirement for new apparatus.
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Chapter 4

Frequency-Diverse Single Pixel
Imaging

[87] In addition to encoding Hadamard masks with more than just two phase-states,

it is also conceivable to encode them on multiple modulation frequencies. Just as

the idea of QAM is originally from communications, so too is the concept of multiple

encoding frequencies, where it is known as frequency division multiplexing (FDM).

The metamaterial SLM utilized in this work is the same as that in the quadrature

single pixel imaging work discussed earlier, and the mathematical background for

single pixel imaging is that described in the opening sections. Physically, a periodic

time-varying external voltage applied to a semiconductor layer (GaAs), thus mod-

ulating the absorption of each pixel independently. The experimental setup is very

similar as well, but for the detection components, which require p-channel lock-in

amplification in order to recover p simultaneous frequency signals. In previous sys-

tems, incident light was modulated at a single frequency fmod, thereby encoding a

single mask pattern in the phase of the beam intensity [89]. Here, however, we utilize

a metamaterial SLM to simultaneously modulate reflected light at some number p
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of different modulation frequencies, thereby realizing many masks at the same time

and a consequent p-fold decrease in acquisition time.

Figure 4.1: Experimental constellation diagrams for (a) single frequency modulation
(scaled for illustration), (b) simultaneous four-frequency modulation. (c) Shows time
domain data for different state combinations, with average signal power remaining
constant; the vectors show the encoded 1 or �1 for each frequency, i.e. {f1, f2, f3,
f4}, for the first three aggregate states.

4.1 Results

In order to quantify the capability of our metamaterial to perform frequency diverse

modulation, we first characterize the states of our device by modulating all SLM

pixels with BPSK, for different numbers of carrier frequencies ranging from 1 to 4, i.e.
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{f1}, {f1+f2}, {f1+f2+f3} and f1+f2+f3+f4. The results are plotted in Figure 4.1,

where each individual plot, known as a constellation diagram, shows the phase states

accessible for each frequency. In such diagrams, quantitative information is contained

in the phase value of the data, while the radius is simply proportional to signal

strength. The states shown are disjoint due to removal of the transition intervals

between states, but these removed points represent only a small fraction of the total.

In order to encode a mask using BPSK, the states must be distinct from each other,

otherwise a loss in SNR is incurred. As can be observed in Figure 4.1(a), the states

are indeed well separated, with standard and relative standard deviations (RSDs) of

{sθ (rad), RSD (%)} = {.01, .93}. The large dashed rings show the average radii for

both states. Figure 4.1(b) illustrates the persistence of state separation even when

multiple frequencies four in this case are modulated simultaneously. In Figure 4.1(c)

we show the time domain lock-in signal for different 4-frequency combination states.

The average SNR across all subcarriers remained stable for different aggregate states,

with a relative standard deviation (RSD) of 23%. Thus we can encode a Hadamard

mask on each frequency without disrupting the channel via cross-carrier interference.

Figure 4.2: Images at approximately 3.2 THz ac-

quired with various numbers of different modulation

frequencies. Image color is on a normalized scale.

Inset is an image of the original object.

Having characterized the

pure BPSK states of our sys-

tem, we now turn toward

demonstration of frequency

diverse, single pixel imaging.

Figure 4.2 shows imaging re-

sults for an aperture shaped

into a letter D (inset), recon-

structed for p � 1 {f1}, p � 2
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{f1, f4}, and p � 4 {f1, f2, f3,

f4} carrier frequencies. The

solid red curve in Figure 4.2

shows the normalized acquisition time as a function of the number of carriers, with

the aforementioned four-fold increase in efficiency for the final case. We emphasize

that this curve holds for any image size, i.e., the frequency diversity technique we

have demonstrated is completely scalable.

To see the effect of frequency multiplexing on image fidelity, we perform a `2-

based comparison of the reconstructed images. The images in Figure 4.2 having

been post-processed, we use the directly reconstructed X vectors instead. Figure

4.3 shows the pixel-by-pixel `2 distance between the multi-frequency object vectors

and the single frequency vector, normalized by maximum pixel value. As is perhaps

evident from Figure 4.2, the 4-frequency image is both the most unique and the

least sparse. In addition, we can more directly investigate the cost of implementing

multiple subcarriers. Figure 4.4(a) shows time domain data of the lock-in signal for

steady BPSK states. As more frequencies are added to the signal, the signal power

decreases at a rate greater than that anticipated by a linear detection model. For the

SLM and lock-in amplifier respectively, linear power addition and detection imply

a 1{n proportionality between power and subcarrier number. This is not observed,

suggesting a nonlinear effect, most likely at the SLM. Figure 4.4(b) shows the average

voltage for each subcarrier number, with fit curves for both 1{n (linear power) and

1{2n (nonlinear power). The 1{n curve is fit only to the first point, illustrating the

expected power fall-off for a linear model, while the 1{2n curve represents a best fit

for all four points. Evidently, the latter curve fits the observed loss of power much

more accurately, and indeed SLMs of the type used here are characterized by lower

modulation depth for lower average input power [43], i.e., a nonlinear relationship
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Figure 4.3: Quantitative comparison using the `2 norm of images obtained with 2
and 4 sub-carrier frequencies, with averages of 2.3%, and 13.0%, respectively. Dif-
ferences are normalized by maximum pixel value. Results show that the 2-frequency
image is closer to the 1-frequency image.

between input power and modulation power. This relationship can be seen as a result

of the minimum reflectance increasing for lower bias voltages, which yields a lower

modulation depth overall.

4.2 Discussion

We have demonstrated a technique for frequency division multiplexed imaging which

provides an increase in frame-rate with as mentioned before a reduction in the SNR.

The total power of our signal spectrum is conserved, which implies that increasing

the number of sub-carriers brings each closer to the system noise floor. In this way,

our technique is a means of sacrificing some SNR in order to increase acquisition

speed. We emphasize, however, that this tradeoff is fundamental to any commu-

nications technique, as dictated by Shannons channel capacity [88]. For example, a

straightforward means of increasing acquisition speed would be to utilize only a single
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modulation frequency and simply decrease the integration time of the detector. If we

assume that the primary source of noise is additive white Gaussian (AWG), the SNR

is proportional to the square root of integration time [90]. Thus in order to achieve

a factor p of increase in acquisition speed, the detector integration time is reduced

by the same factor p, resulting in a decrease of the SNR by a factor
?
p. Although

Figure 4.4: (a) LIA time domain data for steady BPSK states, with subcarriers
added in piecemeal and (b) fit curves for the measured average power values. The
1{n curve is fit only to the first point and is intended as a guide to the eye.

it appears that the two approaches produce similar results, it is important to note

that detector integration time cannot be reduced without bound. All detectors have

inherent limits typically characterized by the 3dB down point in the frequency de-

pendent responsivity (f3dB). At frequencies greater than f3dB or equivalently, shorter

integration times the noise increases significantly and it is no longer advantageous

to trade-off SNR for integration time. Our FDM scheme, on the other hand, sacri-

fices some SNR for acquisition speed without lowering the integration time of each

measurement, and thus does not suffer from the same fundamental limitation.

Our FDM approach to imaging may realize additional advantages if the system

noise is not AWG. For example, multiplicative noise is common in scintillation or
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when source and detector fluctuation is present [91]. In astronomy [92] or micro-

electromechanical systems (MEMS) [93], for example, the SNR is not proportional

to the square root of integration time, and thus there may exist some characteristic

time for optimal SNR, away from which results are degraded [94]. As FDM affords

a decrease in acquisition time without deviation from such an optimal integration

time, it should prove an effective technique in such cases.
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Chapter 5

Time-Domain Multiplexed Imaging

[95] The far infrared region of the electromagnetic spectrum often necessitates the

use of thermal detectors which, by nature, typically have a poor response times and

diminished sensitivities – at least compared to adjacent bands. However, many signals

of interest contain frequency components far too fast to be reliably measured with

such detectors, and hence expensive and inefficient alternatives are brought to bear.

Here we propose and experimentally validate a new method leveraging the speed

and scalability of dynamic metamaterial modulators to encode high-frequency signal

components at a lower frequency, making them reliably measurable with thermal

detectors that would otherwise be too slow. An optimal weighing scheme design in

the time domain is realized, the result being an imaging system whose time resolution

is independent of detector speed, and is rather limited only by the speed of the

modulator and the reproducibility of the signal of interest.
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5.1 Introduction

In 1944 Hotelling proved that Hadamard matrix designs achieve the lower bound

on mean square error that can be attained with any weighing design [20]. This

mathematical fact has been utilized to the great benefit of many coded aperture

systems since, and weighing schemes have been implemented in wavelength (spec-

troscopy) [96] and spatial (photography) [44] domains, thus reaping the benefits of

Fellgett’s advantage [97, 98] and optimal increase in SNR. However, until now there

has been little effort to realize such an ideal weighing scheme in the time domain

for imaging purposes. In communications, the Hadamard matrix (also known as

the Walsh Hadamard transform) is used to increase the efficiency and robustness

of an information channel [99, 100], and in the case of optical communications it is

even implemented for light waves [101]. In contrast, the technique we present here

measures a reproducible electromagnetic signal of interest and computes a grayscale

reconstruction in the time domain.

Advances in so-called “step-scan” technology have enabled accurate detection of

reproducible signals with far greater frequencies than previously possible [102]. The

key to such a method is controlled repetition of the signal of interest, such that a

small time domain window of the signal can be observed with each iteration, thus

permitting the full signal to be gradually reconstructed. Although these techniques

have seen great success in the infrared, they have been limited for a few reasons.

First, the small time window observed in each repetition is generally fixed in size,

meaning that resolution can only be increased at the cost of signal strength as this

window size shrinks. Second, they require a detector with excellent frequency re-

sponse, proportional to the time resolution sought.

The method we demonstrate here avoids the above trade-off between signal strength
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and time resolution, recovering what is known in spatial and spectroscopic imaging

as Fellgett’s advantage (multiplex advantage), i.e. for each repetition, a fixed per-

centage of the signal of interest is measured, rather than a fixed raw time value. In

other words, for each repetition we observe a weighted sum of the full signal period

instead of a single time step. This implies the signal of interest must be multiplexed

in the time domain, i.e., we integrate over a period of the signal. Further, our ap-

proach overcomes the fundamental limitations of thermal detectors, ubiquitous in the

infrared region [103,104]. Detectors relying on pyroelectricity or thermoelectricity are

often less expensive and adequately precise compared to alternatives, but suffer from

inherently poor frequency response–typically 100’s of Hz–and so are generally not

suitable for measuring signals with high time resolution. Electronic metamaterial-

based modulators are extremely fast by comparison [44,87,105], often achieving rates

in the low GHz, and our measurement scheme leverages this speed to compensate for

the slowness of the pyroelectric detector. Essentially, the burden of speed is shifted

to the modulator, resulting in a paradigm where time resolution is limited only by

modulator speed and the reproducibility of the signal.

5.2 Methods

Our custom time-domain multiplexed system is illustrated in Fig. 5.1(a), where the

signal of interest is provided by a 614 GHz source which is modulated at frequencies

up to 756 Hz to generate an arbitrary periodic waveform. The signal is then encoded

with an electronically reconfigurable graphene-based metamaterial modulator, where

the particular pattern utilized here is given by the rows of a simplex matrix (or simply

S-matrix) and generated by an arbitrary function generator (AFG).We represent one

possible mask set as a square binary S-matrix of order n �15, where 0 Ñ black,
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Figure 5.1: (a) schematic of the experimental setup with and image representation
of a size 152 S-matrix. (b) and (c) respectively show the difference between the
standard raster approach and the multiplexed approach, where many elements of the
object vector x are sampled simultaneously in different combinations according to the
measurement matrix. (d) shows the implementation of the modulation scheme, where
some row is repeated many times and chopped in order to allow lock-in amplification,
which is proportional to a single y value.

1Ñ white. A pyroelectric detector with a 3dB corner frequency of approximately

7Hz is used to measure the signal. Detector output reaches a lock-in amplifier and

referenced to a multiple of the signal period. Shown in Fig. 5.1(b) is the traditional
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step-scan method, where each mask samples a single portion of the signal of interest.

The multiplex time-domain method is illustrated in Fig. 5.1(c) and, as mentioned,

utilizes S-matrix sampling where a fixed percentage (� 50%) of the signal is sampled

by each mask. Figure 5.1(d) shows the timing of the modulation pattern, where the

reference period τlock is related to the signal period τobj by some positive integer.

For the first half of τlock the S-matrix modulated signal is transmitted, while for the

second half the signal is fully attenuated by the modulator. This pattern is repeated

for some mask time τ – which has some lower bound determined by the time constant

of the lock-in detector – such that the signal can be averaged. Once this measurement

is complete, the mask is changed and a new acquisition begins.

The measurement scheme we have designed is framed well in terms of the linear

algebraic equation,

y � Hx, (5.1)

where x is a vector representing all of the temporal object pixels, H represents the

modulation pattern realized by the metamaterial device, and y is the set of measure-

ments made.The elements of x correspond to discretized segments of the periodic

time signal, of which a weighted sum is sampled for each measurement. It is impor-

tant to note that the dominant noise in our system is additive white Gaussian noise

(AWGN), where it has been shown that Hadamard based matrices are the optimal

choice for H. We use the transmitted intensity of our metamaterial modulator to

encoded the signal, which enables 1’s and 0’s. Thus the S matrix (see Fig. 5.1) is the

optimal coding choice over the Hadamard matrices, for example [106]. Compared to

the raster scan method where H � I, (I is the identity matrix), the S matrix provides

a
?
n{2 improvement to the SNR for an object vector of length n.

The 1’s and 0’s necessary for the encoding scheme are realized via a graphene-
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Figure 5.2: Plot of simulated absorption curves for 0.09 eV (10 volts applied bias)
Fermi energy and 0.4 eV (-10 volts applied bias) Fermi energy, while (b) shows an
illustration of the metamaterial unit cell with the various geometric parameters.

based metamaterial modulator – similar to designs detailed elsewhere [107,108]. Fig-

ure 2 depicts the metamaterial unit cell, as well as characteristic absorption curves

for different bias voltages. In this work we ground the source and drain terminals

for all cells of the device, and apply voltage levels of t-10,10uV to the gate terminals,

thereby tuning the absorption. Voltage bias applied in this way shifts the absorp-

tion peak in frequency, and thus the device will transmit less or more radiation at a

frequency of interest. When the transmission is lower at our signal frequency of 614

GHz, the 0 of the S matrix is realized, and similarly when the transmission is higher,

the 1 of the S matrix is realized.

The device has a 280µm layer of high-ρ silicon, on top of which rests a 300nm

spacer of Si3N4. Embedded within the spacer is a 150nm gold gate line, which –

along with the Si3N4 – interfaces with a 20nm Al2O3 layer. On top of this is a layer

of graphene, followed by the top patterned-gold metamaterial layer. The principle of

tuning is based on altering the Fermi energy of a graphene layer that bridges the gap

between source and drain, i.e. the two halves of the top gold layer. Modification of

the gate voltage will generate an electric field in the aluminum oxide capacitive gap,

and we described the difference in Fermi energy as,
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Ef � ~νf
a
π|n| (5.2)

n �
b
n2

0 � pα∆V q2 (5.3)

α � εdε0
et

(5.4)

where the Fermi velocity is νf � 106m{s, ∆V is the applied voltage relative to the

charge neutral point, the intrinsic doping is n0 � 1010cm�2, t and εd are respectively

the thickness and relative permittivity of the dielectric layer, and α represents the

unit gate capacitance. The permittivity of free space is ε0 � 8.85 � 10�12, and ~ is

Planck’s constant divided by 2π.

The goal of the coded sampling method is to allow acquisition of signals with

speed much greater than that of the detector. We show here how the binary mask

function (whether S matrix or raster scan) samples the object signal in the frequency

domain and converts it to DC. Further, we show that the sampling provided by the

S matrix mask reconstruction is equivalent to that obtained with raster scan, and

thereby to rectangular pulse sampling.

Figure 5.3 shows a block diagram presenting the measurement system model, with

the time-domain object signal given by optq, and the nth temporal mask by mnptq.
The signal after the modulator (anptq) is the product of the object with the mask,

or equivalently the convolution of the two in the frequency domain. In the time and

frequency domains, it is:

anptq � mnptq optq (5.5)

Anpfq � pMn �Oqpfq. (5.6)
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Figure 5.3: Block diagram illustrating measured signal components. Frequency
response spectra are also shown.

The modulated signal is then filtered by the detector, denoted by the transfer function

Hdet. The signal output from the detector, bnptq is,

bnptq � hdetptq � anptq (5.7)

Bnpfq � Hdetpfq Anpfq

� Hdetpfq pMn �Oq pfq. (5.8)

The output of the detector then passes through an integrator (Hint) with some time

constant. The output of this integrator is,

Cnpfq � HintpfqBnpfq

� Hintpfq Hdetpfq pMn �Oqpfq. (5.9)

Hint and Hdet are both linear, low-pass elements, and in our case have a cutoff much
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lower than the object frequencies of interest. We assume that these transfer functions

are zero except at low frequencies, where we sample the output. Therefore, we only

need to consider the low-frequency limit of Cn, which we treat as f � 0. This limit

is,

Cnp0q � Hintp0q Hdetp0q pMn �Oqp0q, (5.10)

and in the time domain,

cn � Hintp0q Hdetp0q
» 8

�8

Mnp�νq Opνq dν. (5.11)

From this equation, we can see that the post-integration scalar measurement from

each mask vector fundamentally consists of the overlapping frequency components of

the mask Mn and object O. (The negative sign in the mask spectrum represents a

time-reversal of the mask, which does not affect the fully-determined reconstruction.)

Thus, the fidelity of the object reconstruction in the frequency domain is dictated by

the frequency components of the masks.

We now consider the frequency spectrum of the raster scanning masks. This result

is identical to Hadamard masks since, in the absence of noise, Equation (5.1) implies

a identical and unique reconstruction for any full-rank measurement matrix H. Since

Equation (1) is deterministically solvable, the time-domain reconstruction x will be

the same for any measurement matrix, and therefore the frequency response effects

present in the reconstruction will be equivalent.

The Fourier transform of a rectangular pulse P of unity amplitude, with width T

that is delayed by t0 is

P pfq � T sinc pπfT q e�j2πft0 , (5.12)

which represents a single mask. Subsequent masks of the raster scan set are simply
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shifted in time, an operation that affects phase but not amplitude. Similarly, an

S matrix mask is a superposition of time-shifted rectangular pulses, so the use of

S matrix masks generates sampling effects equivalent to those of rectangular pulse

sampling. Specifically, Equation (5.12) shows that in the frequency domain, the

magnitude of the signal remains unchanged, and only the phase changes.

Thus, the frequency-domain effect of binary metamaterial coded sampling is iden-

tical to rectangular-pulse sampling and results in a sinc rolloff within the passband.

This can be corrected by applying the appropriate reconstruction filter. With re-

gards to SNR the impact is fairly minor, reaching a minimum of sincp1{2q � 0.637

at the Nyquist cutoff (f � 1{2T ), equivalent to less than a 20 log10p0.637q � 4 dB

degradation of the signal.

Finally, we note that there is a lower frequency limit corresponding to the mask

period Tmask. Only components in the frequency band from fmin � 1{p2Tmaskq to

fmax � 1{p2T q are directly acquired. Notably, the effects of object energy below fmin

and above fmax differ. High-frequency energy above the Nyquist rate fmax results

in aliasing as in any sampling scheme. However, low-frequency energy that is from

several times the mask acquisition period up to the repetition cutoff, fmin, will tend

to be averaged to zero. This is because the sub-cutoff components will appear as

sinusoidal signals over multiple acquisitions of the same mask, and their average will

be zero-mean.

The difference between the behavior below fmin while compared to the typical

Nyquist aliasing above fmax shows that the low-frequency limit is not an inherent

feature of the sampling method, but rather a result of post-reconstruction averaging

and extrapolation; an alternative to longer masks would be acquiring the signal in

independent, yet aligned, segments. Alternatively, a bandpass filter can be used to

speed acquisition time in the presence of slow components.
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Figure 5.4: Blue curves show measured results at 614GHz, while red curves show
ground truth objects; the width of the blue shading is proportional to 2 standard
deviations of the waveform images. (a) and (b) show direct measurements of a 108Hz
square wave and arbitrary waveform respectively. (c) and (d) depict N � 63 identity
matrix reconstructions of the waveforms, while (e) and (f) depict s matrix recon-
structions; the corresponding time resolution for a single point in is 0.147ms. Error
ribbons have a width of 2 standard deviations.

5.3 Results

Figures 5.4(c) through (f) show the average of 5 object reconstructions at 614 GHz

for both a square wave and arbitrary waveform. For this case the measurement

matrix H was either a S-matrix or an identity matrix, both with size 63� 63, giving

a reconstructed object with 63 entries. The signal frequency is 108 Hz, meaning that

the time resolution for a single element of the reconstruction vector x is 1{p108 Hz �
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63q � 0.147ms, corresponding to a frequency 972 times greater than the detector’s

3dB point. Remarkably, even at a frequency where the detector’s response is poor,

our method enables recovery of signals with fast time scales, even up to three orders

of magnitude faster than the 3dB point frequency. Figure 5.4(a) and (b) show the

averaged results of 5 direct measurements of the pyroelectric detector’s response to the

same two waveforms, with a strong low-pass filter characteristic evident. Although

some semblance of the original wave persists, most of the higher frequency information

is destroyed.
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Figure 5.5: (a) Plot of the SNR metric from Equation (5.13) for N � 31 mea-
surements of square waves of increasing frequency. Additionally, the SNR of direct
measurements is plotted given the metric defined in Equation (5.14) and normalized
by the modulator insertion loss. (b) shows the SNR improvement factor for S matrix
over raster scan (identity), with the predicted

?
n{2 improvement illustrated with a

dashed line.

The mask time τ used for the signal reconstructions shown in Fig. 5.5(c,d) is 7

seconds, which is bounded below by the signal rise time, in this case determined by

the lock-in time constant (300ms) and roll-off (12 dB). For a metamaterial device
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with greater modulation depth, the lock-in settings can be relaxed and the mask

time τ decreased, resulting in a faster total acquisition time. In addition to the usual

matrix inversion required by our technique, the reconstruction process for the objects

in Fig. 5.4 employs a moving average operation, and hence the final reconstructions

are slightly less than 63 points. Ground truth measurements of the original object are

easily obtained in the case of the square wave, where a fast TTL input on the source

can translate the wave to 614 GHz radiation with high fidelity. The signal amplitude

of the reconstruction is in arbitrary units, but we can still estimate the high and low

levels of the square wave radiation pattern by averaging the high and low points of

the reconstruction. A ground truth measurement of the arbitrary waveform is slightly

more difficult to acquire due to the user controlled attenuation (UCA) input on the

source effecting some distortion on input waveforms. For this measurement instead

of the pyroelectric we make use of a WR1.5ZBD solid state detector, which easily has

a 50kHz bandwidth and can give an accurate representation of the object radiation

pattern.

Some normalization of the measured data is necessary in the S matrix case. The

lock-in amplifier responds slightly differently to the various S matrix row waveforms,

and so measured y values are normalized by their lock-in response strength. Further,

the identity matrix rows realized by the metamaterial modulator are imperfect, and

so for the raster scan reconstructions we employ a modified form of the identity

matrix which is based on measurements of the modulator response. For details on

these normalization processes, see the Appendix A.

Having verified the capability of our system to reconstruct temporal objects, we

now turn to an investigation of its performance for faster objects. Figure 5.5(a) shows

a comparison of SNR values for varied signal period for both S-matrix and raster scan

at N � 31. The SNR metric employed here is similar to that defined by Harwitt and
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Sloane [20]:

m � Meanrx̂s
||x1 � x̂||2 (5.13)

where x̂ is the reconstructed object, x1 is the object ground truth, and || ||2 denotes

an `2 norm.

The direct measurement curve shown in Fig. 5.5(a) represents the strength of the

object SNR with time resolution taken into account, found by

SNRRMS � 1

2∆t

c
π

2

Meanrxsa
n2
x � n2

y

(5.14)

where x is the in-phase lock-in signal, nx and ny are the lock-in x and y noise mea-

surements respectively, 1{p2∆tq accounts for a Nyquist adjusted time resolution, and

the factor
a
π{2 accounts for a conversion of mean average deviation (MAD) SNR

to root mean square (RMS) SNR [109]. Further, we normalize SNRRMS by the inser-

tion loss of our modulator in order to better indicate the full potential of employing

a metamaterial device in this system. Recent developments in metamaterial-based

anti-reflection coatings may be straightforwardly brought to bear for modulation

purposes, bringing the insertion loss of transmission modulators as low as 5% [110].

Figure 5.5(a) clearly illustrates the advantage of multiplexing over traditional

raster (step-scan) methods. While both techniques remain fairly constant over the

range of signal periods, the S matrix reconstructions consistently have a much greater

SNR. On average, the SNR is 2.71 times greater, which is close to the
?
n{2 � 2.78

factor predicted by weighing scheme theory. Further, the disadvantage of measure-

ments without the metamaterial modulator is evident. Direct measurement SNR

quickly falls off for decreasing object period due to attenuation of the pyroelectric

detector response. Results in Fig. 5.5 demonstrate the essential advantage of the

metamaterial-based measurement scheme: the use of a modulator means that time-
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resolution is no longer limited by the poor frequency response of the thermal detector.

5.4 Discussion and Conclusion

While locking in to a multiple of the object period is essential to detecting the S

matrix encoded information, it may appear to impose a constraint, namely that the

lock-in frequency may be away from the optimal detection frequency of the thermal

(or otherwise slow) detector. However, this ostensible disadvantage may be overcome

in most any practical case, where reasonable control over the signal of interest is

available, e.g., if the signal can be truncated to some extent or if it can be triggered

at a slower rate. In these ways most any signal can be altered to have a period which

is sufficiently close to a multiple of the optimal detector frequency.

We further note that our measuring technique is more general than the lock-in

amplification implementation we have demonstrated here. In principle the detector

signal can be recorded directly in the time domain and the elements of y can be

extracted in post-processing. As well, if the detector signal were DC coupled rather

than AC coupled, then the modulated object no longer needs to be chopped at all

(see the second half of τlock, Fig 5.1(d), which may improve the total acquisition time.

In this case we can view the modulation effect as a correlation between the object

signal and the measurement matrix rows.

One limitation for our particular implementation of this measurement scheme

resides with the S matrix itself. The existence of S matrices is sparse, but is conjec-

tured to hold for every size of the form p4N � 1q2 for integral N [111]. Thus there

are some sizes of x which cannot be measured with S matrices. However, in such

cases it may be nearly as optimal to employ measurement matrices generated by

a Bernoulli random variable t0, 1u with p � 0.5, whose benefits to SNR have been
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shown to approach those of S matrices for large N . Here it is pertinent to note that

our electronic modulator is completely reconfigurable and can implement not only

these random matrices, but any arbitrary matrix of 1’s and 0’s.

In view of the reconstructions of Fig. 5.4, there is a naturally arising question of

increasing the reconstructed time resolution of some object of fixed frequency. For

this case of fixed signal period, greater time resolution with the technique we have

detailed here is obtained by the use of larger matrices. If the mask duration is held

constant, the use of larger matrices does not imply a loss of SNR. The limit to this

approximation comes of course from two sources. First, the modulation pattern–S

matrix or otherwise–is governed by the response speed of the electronic modulator,

and thus can only be increased by a finite amount without distortion. Second, the

synchronization of the modulation pattern with the object is imperfect, and therefore

as the duration of a single mask element approaches the phase uncertainty some

additional error is introduced.

Frequency analysis shows that the modulator sampling functions, derived from

either the raster scan or the S matrix methods, result in sampling n{2 frequencies

spanning from 1{p2nT q to 1{p2T q Hz, for n masks with mask time resolution T . In

the absence of noise, the frequency response of any full-rank mask set is the same

because the time-domain reconstruction is identical.

We have demonstrated a general method for making high time-resolution mea-

surements independent of detector speed by leveraging the speed of an interposed

modulator device. The system we have designed and implemented here shows marked

improvement over step-scan methods in that it avoids the traditional trade off be-

tween time resolution and SNR. This is due to its multiplex advantage, which means

a weighted sum of the object is measured in each iteration, until a the full image can

be reconstructed. Owing to the electronic and tunable metamaterial-based modula-
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tor we have employed, the system can realize optimal coding schemes–in this case

S matrices–and therefore benefit from increased SNR. The result is a measurement

method that may overcome the limitations of slow thermal detection in the infrared

via fast modulation. In this way, the demonstrated technique is modulator-limited,

the time resolution no longer depending on the frequency response of the detector.

Given that thermal detectors are ubiquitous in the infrared region [112,113], we expect

our technique can have a significant impact on high time resolution measurements

going forward.

5.5 Experimental Methods

A Virginia Diodes AMC in combination with a VDIS module serves as the 614 GHz

source. The antenna horn produces a beam with divergence of about 6 degrees,

which passes through the metamaterial modulator. Though here modulated in a

uniform fashion, the modulator is spatially addressable. Columns 6 and 7 and rows

1,4, and 8 are shorted (non-functional) and are thus grounded to prevent damage to

the rest of the device during operation. After the modulator, radiation passes into

the Gentec-EO QS5-THZ-BL pyroelectric detector with test box, from which the

signal is pre-amplified via a SRS560 with filter cutoffs at 10 Hz (high-pass) and 30

Hz (low-pass). Output goes to a SRS 830 for lock-in detection. The phase coupled

control signals for the modulator and source are provided by a RIGOL DG1062Z,

with its 10 MHz reference clock connected to a Tektronix AFG1062, which provides

the reference signal to the lock-in detector. The solid state detector used to acquire

the ground truth object measurements and to characterize the metamaterial device

is a Virginia Diodes WRI.5ZBD.
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Figure 5.6: The strength of lock-in amplification response to the various rows
(masks) of the N � 63 S matrix, along with the response renormalized by the max-
imum. Inset is an image representation of a size 63 S matrix with t0 Ñ black, 1Ñ
whiteu.

5.6 Appendix A: S matrix Normalization

Lock-in amplification is fundamentally a comparison to sinusoids, and this analog

nature implies that the digital waveforms generated from S matrix and Hadamard

rows each appear slightly different to a lock-in amplifier. Knowing this, it is justified

to normalize the measured y values by a ”background” measurement, namely the

strengths of the various matrix rows to which they correspond.

Figure 5.6 shows the response of the lock-in amplifier to different S matrix (size

63) rows. These values are measured by recording the lock-in response to a flat

object, i.e., the 614 GHz source providing continuous, unmodulated radiation. The

blue data has been averaged over five sets, and subsequently a maximum is found

and the mean set is normalized, resulting in the orange data. The measurements here

were taken under instrument settings matching those of Fig. 3, i.e., 300 ms lock-in

response time, 7 s mask duration, and pre-amplifier filters at 10 and 30 Hz.

Overall the trend of the mask strength data indicates that lower sequency rows

60



have a smaller lock-in response. Similar data was acquired and used in the smaller

N � 31 S matrix reconstructions.

5.7 Appendix B: Identity Matrix Corrections

Although electronic metamaterial modulators are quite fast, we find that our sample

exhibits a very fast rise time but a slower fall time. Figure 5.7 shows WRI.5ZBD

measurements of the actual modulation shape realized by sending the metamaterial

modulator an identity matrix row waveform. The 614 GHz source remains in a

continuous output state while the detector response is sampled at 50 kHz. The

length of a matrix row here corresponds to 1{p108Hzq � 9.2 ms, meaning that each

data point represents the signal averaged over 147 µs.

Once the data from an identity matrix row is averaged several times, the resulting

points are scaled linearly onto the interval p0, 1q. The points on this interval constitute

the first row of the identity matrix, which is then rotated n � 1 times to construct

the full n� n corrected matrix.

Interestingly, a similar process for correction of the S matrix reconstructions did

not yield improved results, and in fact severely deteriorated the reconstruction qual-

ity. We conjecture that this may be due to the digital nature of the design of the

S matrix codes (rows), which may require a strictly two-valued matrix to retain its

beneficial properties.
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Figure 5.7: The strength of lock-in amplification response to the various rows
(masks) of the N � 63 identity matrix, along with the response renormalized by
the maximum. Inset is a gray scale image representation of the corrected identity
matrix with t0 Ñ black, 1Ñ whiteu.
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Chapter 6

Resonance Domain Diffractive
Lens

[114] Diffractive optics have long served as the basis of spectroscopic measurements of

materials. Operation in the resonance domain further allows these elements to achieve

high efficiency and polarization control. Effective medium theory is a practical tool

for modeling such optics, and here we extend use of this theory to the terahertz (THz)

region, experimentally demonstrating an all-dielectric binary off-axis diffractive lens.

We achieve a high efficiency, polarization independent optic which both focuses and

disperses THz light, suggesting potential applications in pharmaceutical, security,

and semiconductor imaging.

Diffractive elements are often used to obtain the frequency dependent optical

properties of materials. They provide a passive and non-moving solution to the

problem of mapping spectral information onto a spatial dimension, and are thus

less prone to wear than, for example, interferometric techniques requiring moving

parts. Further, they can also be highly efficient optical elements, with transmission

exceeding 97% for some designs [115]. Diffractive lenses themselves have been among

63



the most important of diffractive elements, due to their function as focusing optics in

many spectral regions where high-index, low absorption materials are not available

for conventional refractive lenses [116–118].

More recently, the so-called resonance domain diffraction has garnered interest

due to the prediction and demonstration of greater efficiency – particularly at Bragg

incidence [62,63] – and stronger dispersion than conventional scalar domain designs.

In addition, resonance domain gratings typically exhibit little dependence on groove

profile errors, and lack the ghost orders that lower the efficiency of ruled scalar grat-

ings. The resonance domain is typically defined when the grating period is of the

same scale as the wavelength of incident radiation (Λ � λ), where it becomes neces-

sary to consider the full electromagnetic nature of light [119]. In this regime various

resonance effects may occur, including Wood’s anomalies, and resonance anomalies

(guided modes). However, the high efficiency that occurs at Bragg incidence appears

to be a distinct phenomena [56, 59, 120]. Effective medium theory has proved an

efficacious tool in predicting and explaining the physical nature of these unusually

high efficiencies, and provides a path forward to take practical advantage of them.

Here we present the first resonance-domain diffractive lens (RDDL) designed in

the THz region, based on foundation of effective medium theory. The off-axis binary-

grating design both focuses and diffracts terahertz radiation, providing the function-

ality of what are typically two discrete optics elements. Further, based on optimiza-

tion of the groove depth we achieve nearly equal Bragg efficiency in both TE and

TM polarization, i.e., polarization independence.
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6.1 Design

We use high resistivity silicon as the base material for the all-dielectric diffractive

lens explored here, and our design approach is based on eikonal and phase delay

analysis [57,121]. We arrive at an expression for the local grating period which yields

elliptical sets of grooves over the area of the device:

Λpx, yq � λ

��
pl � 1q sin θB � x

f


2

� y2

f 2

�� 1
2

(6.1)

with

l �
�

1 � 2
x

f
sin θB � x2 � y2

f 2


 1
2

(6.2)

where f is the focal length of the offset lens and λ is the central wavelength of the

operational range of the lens. We note that the center of the lens will still satisfy the

Bragg condition, i.e.,

Λp0, 0q � λ

2 sin θB
. (6.3)

We utilize effective medium theory in order to determine a groove depth that

optimizes high efficiency for both TE and TM polarizations [64]. This requires the

denotation of a number of useful parameters: the period of the grating Λ, the depth

of the grooves h, the duty cycle of the grooves q, the averaged index of refraction n̄,

and the first Fourier coefficient of the (normalized) grating profile G1s, such that
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n̄2 � n2
i p1 � qq � n2

Mq (6.4)

G1s � qsincpqq (6.5)

where ni is the refractive index of the material the lens is embedded in, and nM is

the refractive index of the diffractive lens. The groove depths with maximal rigorous

Bragg diffraction efficiencies ηTE,TM
B � 100% for a transmissive grating are,

hTE � n̄λc

2G1spn2
M � n2

1q
, hTM � hTE

κ
(6.6)

where the coefficients κ and c ¡ 0 are,

κ � 1 � 1

2n̄Λ̂2
, c � 1 � 1

4n̄2Λ̂2
(6.7)

The Bragg diffraction efficiencies vary with the groove depth h as,

ηTE,TM
B � sin

�
π

2

h

hTE,TM


2

(6.8)

Equation 6.8 is plotted in Fig. 6.1(b) for both TE (blue curve) and TM (gold

curve) polarizations for the THz RDDL design. As mentioned, our diffractive lens is

composed of high resistivity (¡ 1000 ohm-cm) Si, so the refractive indices we apply

are ni � 1 and nM � 3.4, and the duty cycle we use for the binary profile is chosen

to be q � 1{2. The central wavelength is λ � 352 µm (0.85 THz), the Bragg angle

is chosen to be θB � π{6 radians, and the focal length is f � 100 mm. As evident

from Fig. 6.1, this sets the polarization independent optimal groove depth at about

94 µm, and a lens offset of p∆x,∆yq � p50, 0q mm. Based on these parameters, the
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groove spacings are given by Equation 6.1, resulting in a range of periods from about

280 µm to 352 µm over the disk diameter of 4 inches.

Our design is all-dielectric, and so has higher potential diffraction efficiency than

metal-based diffractive lenses [122]. Fabrication of our THz diffractive optic is ac-

complished with a combination of photolithography (AZ9260) and deep reactive ion

etching (DRIE), allowing us to obtain accurate groove depths as required by the

polarization independent design. Fig. 6.2 (a) shows an SEM image of the grooves

etched in the high-ρ Si substrate. An initial round of DRIE etches less than the

full optimal groove depth (94 µm), allows us to calibrate how many etch cycles are

necessary to reach the optimal depth precisely.

Fig. 6.2 (b) shows a representative measurement of the groove profile after the

second DRIE step for a representative position on the device, where the average

groove depth is about 96 µm, quite close to the 94 µm target; groove depths varied

from 90 to 102 µm over the areas measured. We attribute this variation in height to

non-uniformities in the etch rate over the relatively large area of the lens (D � 42

diameter) and possible residue from the photolithography process prior to DRIE.

6.2 Characterization

Characterization is performed via terahertz time domain spectroscopy (TDS), as

depicted in Fig. 6.1 (a). A plane wave from the emitter strikes the RDDL at the

Bragg angle of the lens (see Equation 6.3), resulting in a first diffracted order focused

at the Bragg angle into the THz TDS detector. The detector is mounted on a rotating

arm with its center coinciding with the center of the RDDL, and is also mounted on

an xyz translation stage to allow full characterization of the focal curve. The lens is

configured such that light is incident on the grating side first, propagating through
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the substrate and then refracting out of the substrate to focus into the detector. Fig.

6.3 (a) shows radial focus data for the lens, as the detector angle is fixed and the

translation stage moves the detector radially away from the RDDL. As a measure of

the total throughput of the first diffracted order at a given distance from the device,

we integrate the discrete Fourier transform of the TDS time domain signal over a

relevant bandwidth, which varies slightly with angle. The measurements are spaced

at 4 mm resolution and the resulting curves interpolated to better represent the true

shape of radial focus function. Dependence of the focus maximum is consistent with

the central wavelength design of the RDDL, showing a peak around 50°. The focal

distance is somewhat larger than designed – the mean for the data in Fig. 6.1 (b)

being 127 mm.

Having verified the focusing functionality of the RDDL, we now turn to charac-

terizing its diffractive performance for both TE and TM polarizations, the results

being shown in Fig. 6.3(b) and (c). The curves plotted are relative efficiencies, that

is, they have been normalized with respect to transmission through an unpatterned

high resistivity Si wafer. Whereas only the TDS detector is mounted with a focusing

lens to acquire transmission measurements through the RDDL, for the normalization

measurement we collimate both the detector and emitter beams in order to capture

more of the emitted THz radiation and thereby obtain a more accurate value for

the total power. The resulting efficiency spectra generally have a maximal peak as

well as smaller peaks nearby; this behavior is due to a Fabry-Perot effect between

the grating groove layer and the back of the substrate. Overall the TM diffraction

efficiencies are greater than those corresponding to TE polarization, however, the

greatest diffraction efficiency is achieved in the TE polarization. Additionally, we

note there is some frequency offset between the peaks corresponding to the same

angle for TE and TM–this difference in device behavior for different polarizations is
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characteristic of resonance domain diffraction.

Fig. 6.4 shows a contour plot of the TM electric field strength as a function of

both frequency and angle. The data indicates broadband operation for the diffractive

lens, with maximum efficiency occurring around 0.88 THz. Small gaps in diffracted

power are evident due to Fabry-Perot oscillations in the device structure, e.g. near

0.80 and 0.86 THz. In order to verify the validity of the experimental data shown in

the contour plot, we can trace a theoretical curve based on the well-known grating

equation,

Λpsinpαq � sinpβqq � mλ (6.9)

where Λ is the grating period, α is the incident angle, β is the diffracted angle, m

is the order of diffraction, and λ is the wavelength of light. From Equation 6.9 we

can see that for the peak diffracted wavelength, the diffraction angle has an arcsin

dependence on λ, i.e.,

β � arcsin

�
m

c

fΛ
� sinpαq



(6.10)

which is the grey curve plotted in Fig. 6.4 for the parameters Λ � 185 µm, α � π{6,

and m � 1. This simple grating equation model is necessarily an approximation

of the true diffractive lens geometry, but the resulting curve fits the experimental

data well and together the two confirm the desired diffractive functionality of the

fabricated device.
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6.3 Discussion

Results in Fig. 6.3 and Fig. 6.4 verify that the fabricated RDDL effectively combines

both diffractive and focusing functions in the THz region. Due to its resonance

domain design, the device surpasses the well-known 40.5% efficiency limit on thin

binary diffractive gratings, achieving a maximum diffraction efficiency of 69% in the

TE configuration. Due to the typically low detectivities and source strengths in

the THz range, efficient interposed optics elements are highly desirable. Further,

we have designed and successfully implemented a THz device that functions over a

broad operational range in both TE and TM polarizations, which is of particular use

in combination with thermal or otherwise unpolarized THz sources.

A number of materials besides high resistivity Si are available in THz and could

further increase the high throughput of a resonance domain diffractive lens. Poly-

mers such as polytetrafluoroethylene (PTFE) [123], polymethylpentene (TPX) [124],

and high-density polyethylene (HDPE) [125] can have transmission values greater

than 90%, although their lower refractive indices can restrict the possible diffrac-

tion angles and grating geometry in the context of our current design. However,

the rapid progression of 3D printing technology may greatly simplify fabrication of

grating structures composed of these materials, and may enable fabrication of more

complex–e.g., multi-level grating profiles–and efficient diffractive and focusing optics

as printing resolution increases. Crystal quartz (SiO2) can also have a greater trans-

mission and lower index than high-ρ Si and may represent a suitable compromise in

some cases [126].

Given the ubiquity of diffractive elements in spectroscopy applications, a high-

efficiency THz diffractive lens opens up many possibilities for acquiring spectral in-

formation in the terahertz region. While THz time domain spectroscopy (TDS)
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fills much of the need for solely-spectral high-resolution data acquisition, a diffrac-

tive THz lens enables the possibility of obtaining simultaneous spectral and spatial

data, i.e., hyperspectral imaging. Recent advances in tunable metamaterial modula-

tors [23,44,87] suggest the application of single pixel imaging as a solution to acquiring

hyperspectral information without the need to assemble impractically large quantities

of THz detector pixels. Coded imaging in both the spectral and spatial domains via a

combination of resonance domain diffractive lensing and metamaterial-based spatial

light modulation could enable hyperspectral systems in pharmaceutical [127, 128],

semiconductor [129], and security applications [130,131].

In conclusion, we have designed, fabricated, and characterized the first THz

diffractive lens based on a resonance-domain framework. The result is a binary

off-axis all-dielectric diffractive lens which exhibits the high efficiency of resonance

domain gratings and functions over a broad THz band in both TE and TM polariza-

tions. Our work represents a passive, non-moving solution to dispersing THz light

according to wavelength, and suggests a path forward for hyperspectral imaging in a

variety of applications.
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Figure 6.1: (a) shows a schematic of the RDDL’s function, where plane waves are
converted to converging spherical waves, resulting in a focal curve some distance f
from the device. (b) shows a plot of the Bragg diffraction efficiencies for a THz
RDDL, showing both TE and TM polarization forms of Equation 6.8. (c) shows the
TDS experimental setup.
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Figure 6.2: (a) shows a microscope image of the defined RDDL grooves in the Si
wafer while (b) shows the groove depths after the second etch step.
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Figure 6.3: (a) shows radial focusing data for a variety of angles. Also shown are
experimental relative efficiency spectra for a variety of angles for (b) TE and (c)
TM polarizations. Normalization is completed on an unpatterned high resistivity Si
wafer, with both the emitter and detector beams collimated.
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Figure 6.4: Contour plot of the TM electric field strength as a function of angle and
frequency. The traced curve shows the theoretical peak throughput curve arcsinp1{fq
as in Eq 6.10.
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Chapter 7

Deep Learning for Accelerated
All-Dielectric Metasurface Design

[132]

Currently, metasurfaces are designed by a combination of physical intuition and

simplified analytical models, and optimized via classical algorithms and numerical

electromagnetic simulation. This involves significant trial and error, and is inefficient

in that only a small fraction of total possible metasurface designs are explored. As

such, metasurface design stands to be greatly improved by neural networks, which can

learn abstract representations of data and complex patterns via regression. Neural

networks may be able to learn design patterns for geometric structures with geometry

much more complex than the state of the art, with correspondingly greater flexibility

and potential breadth of application. Currently structures of such complexity are

not accessible because the computational power required to simulate and optimize

them with conventional means is too great. However, as we shall show, deep learning

represents a promising avenue to overcome this difficulty.

Here we design and demonstrate a new approach to modeling complex metasurface
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Figure 7.1: (a) the supercell geometry and (b) transmittance spectra for a single
subcell structure (orange and green) and varied subcells (purple) illustrating the
difficulty of the problem, with unpredictable modes arising when the unit subcells
are different.

systems with deep neural nets, including derived value inputs to reduce required

dataset size to a mere 0.0025% of total possibilities, as well as a fast forward dictionary

search (FFDS) to solve the inverse problem. These techniques significantly increase

the viability of complex metasurface designs, and open the door to substantial novel

and powerful functionality.

In parallel to advances in machine learning, a subclass of metasurfaces with all-

dielectric structures have been shown to exhibit a number of interesting and use-

ful properties, including max nullity absorption [133] and antireflective functional-

ity [134]. In principle these promising structures can be combined using supercell

designs – see Figure 7.1a – to achieve even greater potential functionality. How-

ever, such a combination results in significant inter-cell interactions which are dif-

ficult to predict and can lead to surprising S-parameter output. Figure 7.1b shows

a spectral comparison of a supercell that contains only a single type of unit subcell

(th, ru � t30, 44.5u, t42.5, 44.5u µm) compared to a metasurface with varied unit sub-

cells (th1, h2, h3, h4, r1, r2, r3, r4u � t42.5, 30, 30, 30, 44.5, 44.5, 44.5, 44.5u µm). Evi-

dently, subcell variations are capable of producing significantly more complex spec-
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tra, adding many modes which may be useful in practical metasurface design and

also very sharp, cusp-like features, such as that near 1.4 THz. The addition of this

variation results in much sharper and more detailed peaks which can be quite sen-

sitive to the precise dimensions of the unit subcells. While they can be accurately

simulated, few practical analytic models exist for predicting where such peaks will

arise and whether the overlapping peaks of different subcells will combine additively

or not, although coupled mode theory has made some progress in the area [135].

The breadth of potential functionality for these metasurfaces is proportional to the

increased complexity, meaning the area is ripe for significant technical advance with

machine learning.

Using the supercell cylindrical structure shown in Figure 7.1a as a basis for ex-

ploring deep learning techniques for materials discovery and optimization, we develop

strategies for both forward and inverse design problems. We leverage derived geo-

metric values of interest to achieve significantly better prediction accuracy with a

small amount of data. We thereby increase the practicality of deep neural networks

for metasurface design by greatly reducing the most time-intensive aspect of the pro-

cess, i.e., electromagnetic simulations. In addition to creating an efficient forward

model, in this work we also solve the inverse problem by developing a deterministic

approach which avoids the one-to-many mapping problem. Specifically, we use our

neural net model, trained only once, to solve the entire hyperparameter space of all

possible geometrical permutations. Desired spectra are then found as best matches

within the entire solved set. This approach allows us to circumvent the mapping

problems of inverse networks, and further enhances the viability of deep learning for

metasurface design.

The chosen metasurface material is silicon (Si), which we embed in vacuum for

the purposes of faster training set acquisition. Silicon represents a very common ma-
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r r/p h h/p
42.0 0.19 30.0 0.14
42.8 0.20 32.0 0.15
43.7 0.20 34.0 0.16
44.5 0.21 36.0 0.17
45.3 0.21 38.0 0.18
46.2 0.21 40.0 0.18
47.0 0.22 42.5 0.20
47.8 0.22 44.0 0.20
48.6 0.22 46.0 0.21
49.5 0.23 48.0 0.22
50.4 0.23 50.0 0.23
51.2 0.24 52.0 0.24
52.0 0.24 55.0 0.25

Table 7.1: Hyperspace parameter values for grid definition

terial in metasurface design, both for traditional metal-dielectric based metasurfaces

and for more recent demonstrations of all-dielectric metasurfaces. We describe the Si

with a Drude model with high frequency permittivity ε8 � 11.7, plasma frequency

ωp � 7.3� 1012, and a collision frequency γ � 1� 1013. Previously, this Drude model

has shown good accuracy for this region of the THz regime. We choose a frequency

domain solver within the commercial simulation software CST Microwave Studio in

order to make use of periodic boundary conditions, which are essential for accuracy

in cases like our present one where inter-cell interactions can be strong. To ensure

accuracy in the output spectra we sweep a number of simulation settings to verify

S-parameter convergence, including mesh cell size, solver order, and critically, the

number of Floquet modes accepted at the boundary ports. Once simulation conver-

gence is reached we begin to build up a data set of approximately 21, 000 spectra,

from which we randomly select a validation set of approximately 3, 000 simulated

spectra.

In order to avoid biasing the network toward certain subsets of all the possible

geometries, we build up a training set by sampling the full geometric hyperspace ran-
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domly. Table 7.1e shows the discrete values from which geometry vectors are chosen.

The spacing between the discrete values is based on a compromise between spectral

similarity, which requires geometric parameter values to be very close, and avoid-

ing redundant sampling of the space, which seeks to space values further apart. To

find a suitable compromise we have swept the parameter space to observe how much

spectral change is obtained for a given geometric change, resulting in the discretized

value of the table; in total, this discretization yields 138 � 815 million geometries,

meaning that our training set contains only about 0.0025% of combinations. These

sets are approximately evenly spaced across their range, with the total number of

possible geometries exceeding 815 million. It is further of interest to note the scale

of the metasurface geometry in comparison to the wavelength of light to which it

is responding. For the purpose of this comparison, we take the central wavelength

to be based on the fixed unit supercell size p � 217 µm, corresponding to a cen-

tral frequency of � 1.38 THz. With regard to this central value, the respective

minimum and maximum ratios of radius and height to wavelength respectively are

pr{p � 19%, 24%q and ph{p � 14%, 25%q. We seek a general framework for designing

metasurfaces with deep learning, and therefore we intend these values as a means

of comparison with other work that may fall in another region of the spectrum, as

all-dielectric metasurfaces can easily be geometrically scaled to another band.

Data from simulation undergoes some downsampling by pure decimation before

entering the network. While some information is lost, this generally retains peaks

and troughs of interest while making the task of network upsampling less difficult and

reducing computational complexity, although some more advanced downsampling

techniques such as Fourier filtering could be applied as well. Previously is has been

claimed [136] that the network’s task of finding a function f to map some small input

vector to a large output spectrum is more difficult when the difference the output
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size is much greater than the input size. In the past this was mitigated partially with

a tensor module, which effectively generates more geometric inputs. In contrast, we

found that despite varying the number of branches and the size of the tensor module’s

dense layers, models could be trained to better final performance if the tensor module

was simply removed. Instead we calculate the set of ratios ri{hj and apply these

as elements of the input vector, resulting in input of length 24. Additionally, we

mitigate the upsampling ratio problem via downsampling of the simulated spectra,

which reduces the final output size that the network will need to achieve.
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Figure 7.2: An illustration of the neural network architecture. Fully connected
layers are fed a set of geometric inputs. Data is then smoothed and and upsampled
in a learnable manner via transpose convolution layers, and finally a convolutional
layer.

Figure 7.2 shows an illustration of the neural network. In addition to the 8

geometrical parameters which define the radii and heights of the superstructure, we

find that including derived quantities in the network input vector is beneficial to

performance. In related work it was previously found that the two lowest hybrid

electric and hybrid magnetic modes overlap when r{h � 1.22n{?n2 � 1, (where n

is the refractive index), [137] and therefore here we include all combinations of the

form ri{hj. Geometry vectors of the form th1, h2, h3, h4, r1, r2, r3, r4,
r1
h1
, r1
h2
...u enter a

dense layer of size 100. A set of eight dense layers follows, all of which are subject

to L2 regularization. Since our goal is achieve a good fit with the minimum amount

of data, we find L2 regularization is necessary to mitigate the network memorizing
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Figure 7.3: Network predictions (solid) and simulated spectra (dashed) demon-
strating excellent prediction accuracy for a variety of spectral features and input
geometric parameters. Shown in (b) is a histogram of the MSE for all geometries in
the evaluation set.

the training set, which would be detrimental to validation set performance. The

dense layer stack handles a large potion of the upsampling task, overall converting

the length 24 input vector to a length 165 output vector. These fully connected layers

are followed by three transposed-convolution layers [138], and finally a convolution

layer [139] smooths out the predicted spectrum. These convolution and transposed

convolution layers perform the rest of the upsampling task, and allow points of similar

frequency to be closely related in a learnable manner via the associated filters. Lastly,

in order to mitigate edge effects due to zero-filling in the convolutional operation, we

finally drop 15 points from either end of the data tensor.

In addition to a forward solution, we solve the inverse problem of finding the geo-
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metric parameters of some desired input spectrum s�, which is of greater interest for

practical metasurface design. Using the trained forward model we generate the entire

set of spectra given by all combinations of geometric parameters on the hypergrid –

a total of 138 � 815 million spectra. In contrast to other recent work [79] we found

that our method could effectively solve the inverse problem using the forward model

alone. Our approach – termed fast forward dictionary search (FFDS) – exploits the

extremely efficient processing capabilities of deep neural networks on standard in-

expensive desktop graphics processing units (GPUs). Using our forward model on

a Tesla Quadro M6000, for example, we are able to compute � 1, 900 spectra per

second (sp/s) permitting us to find T pωq for a massive number of geometric input

values within a relatively short time. The result of this process is a dictionary, or

lookup table, D with individual entries of the form di � pxi, siq. In order to find the

geometry that yields a s similar to s�, we can simply search through our dictionary

to find the si P D that most closely matches s�. Mathematically, this search problem

can be written as,

x� � arg min
xiPD

dpsi, s�q (7.1)

where x� is the candidate returned and d is the chosen distance operator, which

in our case is given by the MSE.

7.1 Results

Figure 7.3 displays examples of the network’s predictions for a few input geome-

tries from the validation set, e.g. for (a) through (c) the geometry vectors are

given by t55, 50, 52, 48, 44.5, 49.5, 46.2, 47.8u, t50, 50, 36, 36, 43.7, 45.3, 50.4, 43.7u,
t50, 42.5, 48, 42.5, 42.8, 48.6, 47, 47u in µm. Here we have chosen some of the best fits
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Figure 7.4: (a) through (c) and (g) through (i) depict s� specifications for a variety of
spectra, including trough, broadband high-transmittance, cusp behavior. (d) through
(f) and (j) through (l) depict are the chosen s� points overlaid with top two lookup
table result candidates and post-lookup simulated spectra.

in order to demonstrate the capabilities of the network, so many exhibit MSE better

than the average. As can be observed, the predictions (blue) match the simulated

spectra (dashed grey) well for a variety for different spectral shapes, including cusp

behavior near 1.4 THz in (d), and the near zero T pωq near 1.3 THz in (i). This

behavior can be difficult to predict with analytic models but was matched by the

network in many cases. Further, some T pωq features are difficult to achieve with the

simpler single cell geometry, and hence may be of significant interest for the prac-

tical design of metasurfaces with deep learning. Fig 7.3m shows a histogram of the

MSE for evaluation set predictions, where the average mean squared error across all

evaluated spectra was 1.16�10�3, and 99% of the data has error less than 6.2�10�3.

Having verified the accuracy of our ML model to predict T pωq spectra for given

input geometries, we next discuss the ability of our forward model to solve the inverse
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problem. In order to demonstrate the utility of our approach, we hand-pick several

frequency-dependent T points (ranging from six to twelve) in the spectral range

from 0.9 - 1.5 THz, and find spectra that most closely match. We select different

frequency dependent spectral features including a smooth minimum, cusp-maximum,

flat transmission band, and other various combinations. Figure 7.4 shows candidate

spectra for each, resulting from lookup table searches of the various spectral features.

In addition, we have simulated the geometries returned by the lookup search, verifying

that the network has made reasonable predictions. These are included in the plots as

dashed curves, and show good agreement with the lookup table predictions generated

by the model.

As is evident from the plots, s� may be specified with any number of points greater

than zero, bounded by the number of points in the predicted spectrum (in this case

300). Further, these points can be distributed at arbitrary indices on r0, 299s such

that only regions of interest are specified. This provides greater flexibility in that

certain areas can be excluded from affecting whether the search algorithm determines

a good match with s� has been found. The measure of distance can also be modified

to suit the desired application. For example, a higher order Lp norm can be used

to penalize outliers more heavily, or a distance based on Huber loss could reduce

their impact. Here however, we use the mean squared difference in order to achieve a

balance between the two. We have specified the example s� in Fig. 7.4 to showcase

the metasurface structure’s potential to fit a variety of transmission spectra, but

obviously there are many s� for which the fits would be very poor. As the number

of geometrical degrees of freedom in a metasurface structure increases however, the

breadth of achievable functionality expands rapidly and many more s� become viable.

In addition to solving the inverse and forward problems, we investigate the extent

of the model’s recognition of the physical patterns of the system. To do so we perform
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Figure 7.5: (a) MSE error for geometrically-constrained cross-validation set after
training. Color map shows normalized error for a max function projection (maximum
MSE 0.0057) with interpolation between the sampled points (gray). Shown in (b) and
(c) are average MSE values for different values of input geometric parameter, with
ribbons indicating standard deviation scaled by 1{3; dashed lines show the training
boundary values.

cross-validation using the same network architecture described previously. Constrain-

ing the training set to contain only geometries with either ri ¤ 48.6, i P t1, . . . 4u
or hj ¤ 46, j P t1, . . . 4u results in � 8, 600 training samples, while the remaining

� 12, 000 are reserved for validation of the trained model. This effectively cuts out

a corner of the full eight-dimensional geometry hyperspace for validation, providing

us a measure of the model’s extrapolation capability. To visualize the dependence of

MSE on distance from the training boundary, we project all geometry vectors in the

validation set onto a two-dimensional space, as shown in Figure 7.5. First, we project

by taking the maximum of both the heights hi and radii rj, respectively, shown in

(a). Due to the hypergrid spacing many points overlap in this projected space, and so

we average the MSE of overlapping points and normalize to the resulting maximum.

Evidently the model performs significantly better closer to the training set boundary,

while further away the performance decreases in a fairly smooth manner.

Secondly, we project onto the two-dimensional space by taking the means of hi and
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rj respectively, shown in (b). This results in many of the geometry points mapping to

radii and heights that are below the hyperspace training boundary values. Further,

it illustrates a key point about the corner cross-validation technique: points in the

validation set typically still have some values of r and h that the network has seen

before during training. Additionally, we note that ri{hj values are not constrained

for this cross-validation so their values maybe be shared between the training and

validation sets. Nonetheless, Fig. 7.5 illustrates that while the model interpolates

very efficiently, it is not capable of extrapolating very well.

7.2 Discussion

Using the FFDS approach we have solved the inverse modeling problem, effectively

converting it to a simpler problem of searching a library of spectra. This approach

makes the inverse model unnecessary, overcoming numerous challenges, which we now

briefly summarize. First, developing an inverse model may be ineffective using con-

ventional machine learning algorithms (including deep learning) due to the potential

for one-to-many mappings between spectra and geometries. Even if such one-to-many

mappings are not abundant in the data, the inverse model must then be developed,

which requires a design and cross-validation process of the same magnitude as the

forward model. If an effective inverse model is ultimately obtained, there are also

potential challenges using it. Namely, it may often be the case that s� is not actually

a physically realizable spectrum, in which case the inverse model may give unrealistic

or poor solutions, and will do so without indicating this is the case. Ideally we would

like the inverse model to provide the nearest realizable material configuration, even

when s� is not a realizable solution given the problem constraints.

To our knowledge there is currently no straightforward or conventional solution to
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overcome any of the aforementioned challenges of the inverse modeling problem. In

contrast however, FFDS does not suffer from any of these problems. One only needs

an accurate forward model to use FFDS, and it will only return realizable solutions.

Although it is extremely effective, a notable limitation of FFDS arises because the size

of the dictionary can grow extremely large. This occurs if we must sample the s-space

very finely to capture all the major variations in the spectra that occur as we vary x.

Our dictionary for example includes approximately 815 million spectra, which means

in the worst case (given some MSE threshold) we must compute this many distances

when we search for a matching s given an s�, per Equation 7.1. However, FFDS

is a special case of the nearest neighbor search problem from the computer science

literature, for which there are extremely efficient approximate solutions. Example

solutions include the Randomized kd-forest and the hierarchical k-means priority

search [140], which can provide highly accurate fast approximate solutions. These

algorithms can operate in logpNq time, which means that, once the dictionary is

computed, FFDS can search for any given s� within a few seconds time. This allows

designers to rapidly adjust their designs and obtain feedback about its feasibility,

without the risk of unrealizable solutions.

Our forward model results demonstrate high-accuracy predictions of spectra cor-

responding to a broad range of geometries. The trained regression model allows us

to obtain spectra from geometry far more quickly than conventional electromagnetic

simulations, albeit with lower fidelity. We found that results were notably improved

by the inclusion of radii to height ratios. Without the ri{hj ratios, averaged over 3

trained models we achieved an MSE of 1.41� 10�3. In addition, we explored the use

of a tensor module, and found best results with a two-branch, 15-unit dense layer

configuration; here the average MSE we achieved over 3 runs was 1.35 � 10�3. The

precise effect and best usage of the tensor module is unclear and presents an oppor-

88



tunity for further study, and our positive results with ri{hj ratios (rather than the

rihj, rirj, and hihj products associated with the tensor layer) suggest that it may

be worth pursuing for future metamaterial deep learning work. From a metasurface

design perspective, the imperfect accuracy of our forward models is greatly mitigated

by the FFDS method. Geometries corresponding to a very broad array of spectral

shapes can be approximately found very quickly, and then finely tuned later with

classical algorithms such as Nelder-Mead or trust region framework. This process

can significantly decrease the design time of complex metasurface structures com-

pared with conventional semi-analytic, numerical simulation, or physical intuition

based methods.

Our cross-validation results suggest that deep learning approaches to spectral

prediction which are based on combining feature extraction with upsampling may

be limited to highly efficient interpolators. While they are able to interpolate very

complex mapping functions with relatively little data, they do not extrapolate well

outside of the training space, which suggests that they do not learn physical principles

of any generalizability. Previously Peurifoy et al. have suggested that performing

well on a validation set implies that neural networks can generalize the physics of a

system [141]. At best this is too weak a requirement for claiming that underlying

physical patterns have been learned. Good performance on validation data inside

the training hyperspace is the minimum criterion for determining if a model has any

value, while extrapolation and cross-validation performance are substantially more

legitimate measures of whether a model can generalize well. Further, the results

of our extrapolation test in this work suggest that similar deep learning models –

rather than learning generalizable physics – are limited to highly efficient nonlinear

interpolators.

Despite difficulties with designing generalizable network models, deep learning
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approaches to metasurface design may still prove to be more than blackbox models

for generating desired spectra and geometries. First, it may be possible to identify

regions of normalized wavelength where different physical models are required to

accurately capture the relationship between geometry and spectra. This could be

accomplished by holding out different regions of the geometry hyperspace and training

models only on what remains. As our work here suggests, evaluating models on

the hold-out data in this case could provide a measure of how well the regressed

network function generalizes, and test how accurately it represents the underlying

physical pattern. Further, computing feature extraction as in a tensor layer or single

dense layer could prove useful in determining derived geometric quantities of interest.

Strong dependence on particular network nodes can be interrogated via various deep

learning interpretability tools, such as activation visualization histograms. These may

provide physical insights for even more complex systems that may be intractable with

conventional analytical methods.

In conclusion, we have demonstrated multiple techniques to reduce the amount of

data necessary to achieve good performance with deep networks for metasurface de-

sign, including derived geometric parameter inputs. In addition, we have introduced

the FFDS as a method to solve the inverse materials design problem, overcoming

difficult one-to-many mapping problems and greatly enhancing the viability of deep

learning for metasurfaces design. Lastly, we have investigated the extrapolation ca-

pabilities of the trained model via a cross-validation approach, which indicates that

a class of deep learning models likely exhibit merely efficient interpolation rather

than generalizable physical pattern recognition, and in doing so we have identified

an important line of inquiry for future work.
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7.3 Methods

Spectra are simulated in CST Microwave studio using the frequency domain solver.

The mesh is tetrahedral and on average comprises about 20, 000 cells. We employ

a minimum of 3 adaptive mesh passes for accuracy, and use the solver of 2nd order

while requiring an accuracy of 1� 10�5. Crucially, we allow 10 Floquet modes to be

accepted at each port, finding this is sufficient for good accuracy while fast enough to

acquire large datasets in a reasonable amount of compute time. Simulated spectra are

composed of 2, 003 points evenly spaced over 0.8 to 1.5 THz, and are downsampled

by pure decimation to 300 points.

The network architecture begins with a set of nine dense layers of sizes t100, 500,

1000, 1500, 500, 2000, 1000, 500, 165u. The transposed layers follow with dimensions

t165, 165, 330u and filters of size t8, 4, 4u. The final convolution layer is built to

match the transpose output, with dimensions of t1, 4, 1u and stride 1. Truncation

then drops 15 points from either end of the data tensor. We train the network using

an Adam optimizer, with a mean squared error loss function. This is paired with a

learning rate adhering to TensorFlow’s stepped decaying exponential with learning

rate 1 � 10�4, decay step of 20, 000, and decay rate of 0.5. Training converged after

about 45, 000 training steps, or the equivalent of approximately 3 epochs.
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Chapter 8

Conclusions

In Chapter 3 I implemented a phase-based single pixel imaging system enabled by

all-electronic metamaterial spatial light modulation. We acquire experimental images

at 3.2 terahertz and demonstrate a doubling of efficiency compared to previous single

pixel systems. While compatible with compressed sensing techniques, the results are

deterministic and show no loss of image fidelity compared to nonquadrature methods.

While we apply the modulation scheme to a single frequency channel, but QAM

schemes can be realized simultaneously across any number of carrier frequencies in a

given bandwidth.

In Chapter 4 I experimentally realized the concept of frequency-division multi-

plexed single pixel imaging. Using a metamaterial spatial light modulator, we design

a system at 3.2 terahertz that reduces sensitivity to narrowband noise and enables a

trade-off between signal-to-noise ratio and acquisition speed without altering detec-

tor integration time. The work represents a key development in the terahertz and far

infrared due to the prevalence of slow thermal detectors, and marries communications

concepts to single pixel imaging.
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In Chapter 5 I experimentally demonstrated a system that avoids the above trade-

off between signal strength and time resolution, recovering what is known in spatial

and spectroscopic imaging as Fellgett’s advantage. Our approach is to leverage the

speed and scalability of dynamic metamaterial modulators to encode frequency signal

components at a lower frequency, making them reliably measureable with detectors

that would otherwise be too slow. In addition, we realize an optimal weighing scheme

for a system where time resolution is limited only by the speed of the modulator and

the reproducibility of the signal of interest.

In Chapter 6 I fabricated and characterized a resonance domain diffractive lens in

the terahertz region. Its binary, all-dielectric geometric design enables high efficiency

regardless of polarization. It functions over a broad band of terahertz radiation,

and its capability to both focus and diffract light may be useful in a wide range of

spectroscopic and imaging techniques in the terahertz going forward.

In Chapter 7 I design and implement a deep learning approach to the problem

of optimizing complex metamaterial structures. I show that derived values and a

fast forward dictionary search (FFDS) can efficiently solve the inverse problem of

metamaterial design, lowering the required dataset size to a mere 0.0025% of total

possibilities in the geometric hyperspace. Results show that deep learning can provide

a potent framework for designing more complex and functional metamaterials in the

future.

8.1 Executive Summary of Original Contributions

1. The experimental realization of an in-quadrature, phased-based single pixel

imaging system at 3.2 THz.
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2. The experimental realization of a parallel multi-frequency phase-based single

pixel imaging system at 3.2 THz.

3. The experimental realization of a time domain single pixel imaging system

based on spatial light modulation, whose high-frequency detection threshold is

limited by modulator speed rather than detector speed.

4. Fabrication and characterization of the first polarization-independent resonance

domain diffractive lens in the terahertz region.

5. Development and realization of new deep learning techniques for the design and

optimization of all dielectric metamaterials, including derived geometric values

and the fast forward dictionary search (FFDS).

8.2 Author Contributions

The research described in this dissertatino was completed not alone but by a number

of co-authors, without whose contributions it would not have been possible.

With regard to the research in Chapter 3 on the in-quadrature single pixel tera-

hertz imaging system, the metamaterial modulator fabrication is due to John Mon-

toya, the optical system design is due to Claire Watts, and the data processing and

measurement scheme design is due to Christian Nadell.

With regard to the research in Chapter 4 on the multifrequency single pixel tera-

hertz imaging system, the metamaterial modulator fabrication is due to John Mon-

toya, the optical system and measurement scheme design are due to Claire Watts

and Christian Nadell, and the data processing and is due to Christian Nadell.

With regard to the research described in Chapter 5 on the time domain single

pixel imaging system, the metamaterial modulator fabrication is due to Kebin Fan,
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the measuring scheme design is due to Jonathan Suen and Christian Nadell, and the

data processing and reconstruction is due to Christian Nadell.

With regard to the research described in Chapter 6 on the resonance domain

diffractive lens, design is due to Christian Nadell, while fabrication is due to Christian

Nadell and Kebin Fan.

With regard to the research dscribed in Chapter 7 on deep learning for metama-

terial design, data simulation, cleaning, and preparation are due to Christian Nadell,

the network architecture and theory are due to Bohao Huang, Christian Nadell, and

Jordan Malof, and the data post-processing and analysis are due to Christian Nadell.
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