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Abstract

In this work, a stabilized finite element framework is developed to simulate small and

large deformation solid mechanics problems involving complex geometries and com-

plicated constitutive models. In particular, the focus is on solid dynamics problems

involving nearly and fully incompressible materials. The work is divided into three

main themes, the first is concerned with the development of stabilized finite element

algorithms for hyperelastic materials, the second handles the case of viscoelastic ma-

terials, and the third focuses on algorithms for J2-plastic materials. For all three

cases, problems in the small and large deformation regime are considered, and for the

J2-plasticity case, both quasi-static and dynamic problems are examined. Some of

the key features of the algorithms developed in this work is the simplicity of their im-

plementation into an existing finite element code, and their applicability to problems

involving complicated geometries. The former is achieved by using a mixed formula-

tion of the solid mechanics equations where the velocity and pressure unknowns are

represented by linear shape functions, whereas the latter is realized by using trian-

gular elements which offer numerous advantages compared to quadrilaterals, when

meshing complicated geometries. To achieve the stability of the algorithm, a new

approach is proposed in which the variational multiscale approach is applied to the

mixed form of the solid mechanics equations written down as a first order system,

whereby the pressure equation is cast in rate form. Through a series of numerical

simulations, it is shown that the stability properties of the proposed algorithm is
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invariant to the constitutive model and the time integrator used. By running conver-

gence tests, the algorithm is shown to be second order accurate, in the L2-nrom, for

the displacements, velocities, and pressure. Finally, the robustness of the algorithm

is showcased by considering realistic test cases involving complicated geometries and

very large deformation.
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Chapter 1

Introduction

1.1 Motivation

Many modern practical engineering applications are characterized by complex ge-

ometries. Shape complexity stems either from the nature of the problem at hand,

such as in biomechanics and geomechanics, or as a result of the use of shape opti-

mization techniques in the design process. Furthermore, the introduction of additive

manufacturing has allowed engineers to manufacture topologically optimized designs,

inherently much more complex than the traditional designs. Hence, there is a press-

ing need to provide a cost effective tools that allow the analysis of those geometries.

Besides geometric complexities, computational engineers are faced with the challenge

of simulating complex material behavior. In fact, many applications necessitate the

use of constitutive models that are far more complex than the simple linear elas-

tic theory. For instance, many problems in biomechanics and geomechanics require

the use of viscoelastic and viscoplastic material models, respectively. Also, in many

cases, besides inelasticity, the material behavior may be characterized by kinematic
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constraints, such as near or full incompressibility.

From a numerical perspective, and in particular in the context of the finite ele-

ment method, the aforementioned class of problems remain a daunting task even for

the current and foreseeable generation of computing. First, generating a mesh for

objects with complex geometries can take a few weeks as opposed to few hours/days

to run the simulation, rendering the whole design and analysis inefficient. Second,

the numerical modeling of incompressible materials (such as rubber, soft tissues, or

plasticized metals) with linear finite elements is known to produce unphysical locking

behavior, and consequently inaccurate numerical results. All these issues are exacer-

bated in the time-dependent case, in which tensorial state variables may need to be

tracked and stored at numerical integration points.

1.2 Literature Review

Over the years, different class of methods have been developed to handle numerical

issues associated with nearly and fully incompressible materials. Among the simplest,

are methods that fall in the realm of selective and reduced integration techniques such

as the B-bar [Hug87, Hug77, Hug80a], F-bar [dSNAPO05, dSNPHO95, DSNPDO96],

or the mean dilatation method [NPR74]. These approaches use a different integration

rule for the deviatoric and volumetric part of the stress tensor, hence, reducing the to-

tal number of discrete incompressibility constraints enforced at the gauss quadrature

points. The disadvantage of using this class of methods is that they are tailored for

quadrilateral/hexahedral elements, and their extension to triangular/tetrahedral ele-

ments is not obvious. This issue becomes a limitation for problems involving complex

geometries where the generation of hexahedral meshes can be very time consuming.

This meshing bottleneck has been addressed in the literature by using triangular el-
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ements for which there are well established automated algorithms. This advantage

led to a renewed interest in research on the development of simple, stable, and ac-

curate tetrahedral finite elements, for solid dynamics problems, also involving nearly

and fully incompressible materials. An important aspect worth mentioning here is

the scarcity in the published literature of research work on solid dynamics, as most

of the publications are restricted to static computations. Next, a brief overview of

recent developments on tetrahedral finite elements for nearly and fully incompressible

elasticity will be presented.

It was shown in the early stages of the development of the finite element method

that displacement-based formulations for incompressible materials suffer from volu-

metric locking. Initially, there has been a lot of advancements in tetrahedral finite

elements in the context of Stokes and Navier-Stokes equations [HFB86a, HF87]. By

observing that the stationary Stokes equations are similar to the equations of static

incompressible elasticity, the only difference being that the displacements in the lat-

ter play the role of the velocities in the former, Hughes, Franca, and collaborators

extended their original work on the Stokes equations [HFB86a] to the static incom-

pressible elasticity problem [HF87, FHLM88]. In what follows this approach will be

called HFB. The HFB approach has been extended later to nonlinear elastic-visco-

plastic materials in the static regime [KMS99, MLKS01, MLKS02, ML03, RM05].

More recently, a variation of the HFB approach that uses bubble function was pro-

posed in [MX05, NMH08, XM09] with the aim to avoid any user defined parameters

in the definition of the stabilization. At the same time, another variation of the HFB

approach was proposed in which the fine scales introduced in the HFB method are

chosen in a function space that is orthogonal to the space of discrete functions used to

represent the unknowns of the problem. This approach is called the orthogonal sub-

scale method (OSS), was introduced in [Cod00], and later extended to static nonlinear
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incompressible hyperelastic and elastoplasticity in [CVAdSC04]. As the HFB frame-

work was being extended to a different class of problems and equations, there were

other families of methods that were being developed for tetrahedral finite elements.

Among those, are methods that use nodal stresses/strains as unknowns. These for-

mulations produce a considerable increase in the number of unknowns per node, but

the nodal storage somewhat alleviates the total increase in global unknowns, since

for a typical tetrahedral grid, the number of nodes is about 5-7 times lower than

the number of elements. Examples of such methods are the averaged nodal stress

element [BMH01, BB98], the work in [PS06], and in [DHJ+00, GDKW09]. It is im-

portant to point at this stage that, with only few exceptions, most of the methods

mentioned above have been developed for static linear elasticity, and none of them

specifically involve simulations for dynamic viscoelasticity. It is also worth mention-

ing that while the case of linear and nonlinear incompressible elasticity received wide

attention, the case of plasticity has received, comparably, much less attention over

the past three decades.

The developments described above bring research to its current state of the prac-

tice. Very recently, in [SCZR16], a simple, stable, and accurate linear tetrahedral

finite element method for transient solid dynamics was proposed. This work was

inspired by the developments in Lagrangian shock dynamics in [Sco12], was focused

on nearly incompressible formulations and explicit time integration, was aimed at

developing robust methods for moderate and highly transient computations, and also

highlighted the difficulties encountered in extending to the time-dependent case earlier

stabilized approaches for static elasticity calculations. The novelty in the approach

proposed in [SCZR16] was the introduction of a rate equation for the pressure vari-

able, which is then stabilized using the variational multiscale approach. For this

reason, this method was named “dynamic variational multiscale method” (D-VMS).
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1.3 Overview

The work presented in this thesis will try to extend the D-VMS method to a gen-

eral class of time integrators and constitutive models that exhibit an incompressible

like behavior. In particular, first problems in dynamic nonlinear hyperelasticity are

considered using implicit time integrators. Second, problems in small and large de-

formation dynamic viscoelasticity are treated. Finally, problems in quasi-static and

dynamic J2-plasticity are handled.
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Chapter 2

Statement of the Problem

2.1 Equations of solid mechanics

Problems in linear (small strain) and nonlinear (finite strain) solid mechanics in the

Lagrangian reference frame are considered in this work.

2.1.1 Governing equations in the current configuration

Let Ω0 and Ω denote the initial and current configurations of the body, respectively.

Ω0 and Ω are two open sets in Rnd with Lipschitz boundaries, where nd = 2 or 3 indi-

cates the number of spatial dimensions. The deformation of the body is characterized

by the motion

ϕ : Ω0 → Ω = ϕ(Ω0) , (2.1a)

X 7→ x = ϕ(X, t) , ∀X ∈ Ω0, t ≥ 0 , (2.1b)
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which maps the material coordinate X, representing the initial position of an in-

finitesimal material particle of the body, to x, the position of the same particle in

the current configuration. The boundaries of these domains are denoted by Γ0 = ∂Ω0

and Γ = ∂Ω, and always assume that ϕ(Γ0) = Γ. It is also assumed that ϕ is smooth

and invertible, such that the deformation gradient F = ∇Xϕ and the deformation

Jacobian determinant J = detF > 0 are always well defined.

Denoting by ρ and u = x −X the density and displacement, respectively, the

governing equations of Lagrangian solid dynamics are:

u̇ = v , (2.2a)

ρJ = ρ0 , (2.2b)

ρv̇ = ∇x · σ + ρb . (2.2c)

Here, u = x − X is the displacement, v is the velocity, ρ0 and ρ are the initial

and current configuration densities, b is the body force, σ is the symmetric Cauchy

stress tensor, and ∇x and ∇x· are the current configuration gradient and divergence

operators, respectively. In addition, u̇ and v̇ designate the material (or Lagrangian)

time derivatives of the displacement and velocity vectors (namely, u̇ = ∂tu|X and

v̇ = ∂tv|X). The set of equations (2.2) completely defines the evolution of the system

once a constitutive relations for the stress σ is specified together with appropriate

initial and boundary conditions.

In the material configuration, the first Piola-Kirchhoff stress tensor P = JσF−T

is used in lieu of the Cauchy stress tensor σ, and (2.2c) is replaced by

ρ0v̇ = ∇X · P + ρ0b , (2.3)
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where∇X and∇X · are the reference configuration gradient and divergence operators,

respectively. Equations (2.2) completely define the evolution of the system, once a

constitutive relationship for the stress σ is specified, together with appropriate initial

and boundary conditions. In the case of statics, (2.2c) reduces to

∇x · σ + ρb = 0 . (2.4)

2.1.2 Boundary conditions

For the problem under consideration, the boundary conditions are specified assuming

the following partition of the boundary Γ = ΓD ∪ ΓN such that ΓD ∩ ΓN = ∅. Here,

ΓD and ΓN denote the Dirichlet and Neumann boundaries, respectively. Specifically,

the following conditions are imposed:

u = uD (x) , on ΓD , (2.5)

where uD is the prescribed displacement, and

σn = t , on ΓN , (2.6)

where t is a prescribed normal traction.

2.1.3 Initial conditions

In the case of statics, the only initial condition required is on the reference density

ρ0. For dynamics, instead, a full set of initial conditions is needed. For the sake of

simplicity, zero initial displacements are assumed, that is, u(X, 0) = u0 ≡ 0. In the
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finite strain regime, this means:

ϕ(X, 0) = X , F |t=0 ≡ I , and J |t=0 ≡ 1 . (2.7)

It is also assumed that the initial state of the material is not pre-stressed, so that

u0 = 0 implies a stress-free state. The initial condition for the velocity is given as

v(X, 0) = v0(X) for some function v0 : Rnd → Rnd . In the case of inelastic materials,

in order to track the history of the strain, specific internal state variables are updated

in time. The initial conditions for these variables are discussed in later sections when

appropriate. Because these variables are updated locally (in both space and in time),

no boundary conditions are needed.
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Chapter 3

Variational Multiscale Approach

In this chapter, a brief overview of the variational multiscale approach is presented

in an abstract sense for both a linear and a nonlinear problem.

3.1 General notation

Let the L2(Ω)- and L2(Ω)d- inner products on the interior of the domain, Ω, be

denoted by

(v, w)Ω =

∫
Ω

v w and (v,w)Ω =

∫
Ω

v ·w , (3.1)

〈v, w〉γ =

∫
γ

v w , γ ⊂ Γ , (3.2)

a functional on a regular subset γ ⊂ Γ of the entire boundary. It is also useful to

define quantities integrated on the union of the interiors of the elements of the mesh,

namely,

(v, w)Ω′ =
∑
K∈T h

∫
K

v w and (v,w)Ω′ =
∑
K∈T h

∫
K

v ·w , (3.3)
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where K is an element of a generalized triangulation T h, such that Ω =
⋃
K∈T h K. In

particular, the element K will be either a triangle in two dimensions or a tetrahedron

in three dimensions. The element K in the original (material) configuration is denoted

by K0 ∈ T h0 .

3.2 Abstract variational multiscale framework for

linear problems

First, the variational multiscale approach is presented in the context of a simple linear

problem. The key concepts of the approach are introduced briefly for the unfamiliar

reader. Consider a linear initial/boundary value problem on a given domain Ω,

L(Y ) = F , (3.4)

with appropriate boundary and/or initial conditions. Introducing a trial solution

space S and a test space V , consistent with the applied boundary conditions, a vari-

ational formulation can be formally expressed by seeking Y ∈ S such that for all

W ∈ V :

(W ,L(Y ))Ω = (W ,F )Ω . (3.5)

Here, for the sake of simplicity and without loss of generality, the boundary integrals

have been omitted. The variational multiscale approach starts with a decomposition

of the function spaces as S = Sh⊕S ′ and V = Vh⊕V ′, where Sh is the discrete space

used to represent the numerical solution (with associated test space Vh), while S ′ and

V ′ are infinite dimensional complement spaces. Fundamentally, Y ′ ∈ S ′ represents

the error between the numerical and exact solutions of the problem. Accordingly V ′

represents the test space corresponding to the fine-scale trial space S ′. Consider now
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equation (3.5) tested on the space Sh:

(W h,L(Y h))Ω + (L∗W h,Y ′)Ω = (W h,F )Ω , (3.6)

where L∗ is the formal adjoint of the operator L (here we are slightly abusing notation,

since L∗ may include boundary terms). Equation (3.6) is also termed the coarse-scale

problem. Analogously, a fine-scale problem can be defined

(W ′,L(Y ′))Ω = −(W ′,L(Y h)− F )Ω , (3.7)

which is inherently infinite dimensional and would require the same effort as finding

the exact solution of the original problem (3.4). However, if the goal is to improve

the numerical stability properties of the original method, a suitable approximations

to the exact solution of (3.7) can be found as:

Y ′ = −τ (L(Y h)− F ) , (3.8)

where the matrix τ can be interpreted as an approximation to the element average

of fine-scale Green’s function solving (3.7). Substituting (3.8) into the coarse-scale

equations (3.6), the following is obtained:

(W h − τ TL∗W h,L(Y h))Ω = (W h − τ TL∗W h,F )Ω , (3.9)

which has the structure of a Petrov-Galerkin method, since the equation are now

tested on the shape function vector W h− τ TL∗W h. The modified formulation (3.9)

typically enjoys improved stability without precluding accuracy, as residual consis-

tency is maintained.
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3.3 Abstract variational multiscale framework for

nonlinear problems

In this section, a brief introduction of the abstract variational multiscale framework

in the case of a general nonlinear problem is presented. Let S and S∗ denote an

infinite dimensional trial function space and its dual space, respectively. Let V be an

infinite dimensional test function space, and L a nonlinear operator associated with

a generic nonlinear problem. The variational statement can be formally expressed by

seeking Y ∈ S such that for all W ∈ V :

〈L (Y ) ,W 〉S∗,V = 〈F ,W 〉S∗,V . (3.10)

As in the linear case, a decomposition of S into a discrete space Sh and an infinite

dimensional complement space S ′ is introduced, such that S = Sh ⊕ S ′. A similar

decomposition is applied to V whereby the following is obtained V = V h⊕V ′. Then,

(3.10) can be recast as

〈L
(
Y h + Y ′

)
,W h〉S∗,V = 〈F ,W h〉S∗,V , ∀W h ∈ Vh , (3.11a)

〈L
(
Y h + Y ′

)
,W ′〉S∗,V = 〈F ,W ′〉S∗,V , ∀W ′ ∈ V ′. (3.11b)

Assuming the existence of the Fréchet derivative C[Y h](·) of L (·) at Y h, defined by

lim
‖Y ′‖→0

1

‖Y ′‖
∥∥L (Y h + Y ′

)
− L

(
Y h
)
− C

[
Y h
]
Y ′
∥∥ = 0. (3.12)

Since by assumption, the fine scales represent the error on the solution approximated

by the coarse space, the following approximation of the nonlinear problem, ( 3.11),
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can be made:

〈L
(
Y h
)
,W h〉S∗,V + 〈C

[
Y h
]
Y ′,W h〉S∗,V = 〈F ,W h〉S∗,V , (3.13a)

〈L
(
Y h
)
,W ′〉S∗,V + 〈C

[
Y h
]
Y ′,W ′〉S∗,V = 〈F ,W ′〉S∗,V , (3.13b)

or, introducing the formal adjoint (C
[
Y h
]
)∗ of C

[
Y h
]
,

〈L
(
Y h
)
,W h〉S∗,V + 〈Y ′, (C

[
Y h
]
)∗W h〉S∗,V = 〈F ,W h〉S∗,V , (3.14a)

〈C
[
Y h
]
Y ′,W ′〉S∗,V = 〈F − L

(
Y h
)
,W ′〉S∗,V . (3.14b)

The last equation is a weak form of the differential equation

C
[
Y h
]
Y ′ = −

(
L
(
Y h
)
− F

)
, (3.15)

tested on the space V ′. Its solution can be formally expressed in terms of the fine-scale

Green’s function integral operator M′, such that,

Y ′ =M′ (L (Y h
)
− F

)
= −

∫
Ω0

g′ (X,Y )
(
L
(
Y h
)
− F

)
(Y ) dXdY , (3.16)

defined by means of the fine-scale Green’s function g (·, ·). Substituting this result

into (3.14a), the variational multiscale formulation of the initial nonlinear problem is

obtained:

〈L
(
Y h
)
,W h〉S∗,V +〈M′ (L (Y h

)
− F

)
, C∗

(
Y h
) [
W h

]
〉S∗,V = 〈F ,W h〉S∗,V , ∀W h ∈ Vh.

(3.17)
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When Sobolev spaces are used for V̄ and V ′, the following approximation of the

fine-scale Green’s function is derived:

g′ (X,Y ) ≈ τy δ(X − Y ) , (3.18)

where δ(·) is the multidimensional Dirac delta function centered at the origin. The

variational multiscale formulation in its final form, then reads,

〈L
(
Y h
)
,W h〉S∗,V−〈τy

(
L
(
Y h
)
− F

)
, C∗

[
Y h
]
W h〉S∗,V = 〈F ,W h〉S∗,V , ∀W h ∈ Vh.

(3.19)

As an illustration, consider the case of finite incompressible elasticity. Similar

arguments can be used for the nearly incompressible case. Using Y = [u,v, p] and

W = [w̃,w, q], the following equations are obtained:

〈L (Y ) ,W 〉S∗,V , = (u̇− v, w̃)Ω0
+ (ρ0v̇ −∇ · P ,w)Ω0

+ (H : ∇v,w)Ω0
, (3.20)

〈F,W 〉S∗,V , = (ρ0b,w)Ω0
. (3.21)

Introducing the multiscale solution decomposition, and enforcing u̇h = vh, it can be

seen that u̇′ = v′, and

〈C
[
Y h
]
Y ′,W h〉S∗,V =

(
ρ0v̇

′ −∇ ·
[
∂P h

∂F
: ∇u′

]
−∇ ·

[
∂P h

∂p
p′
]
,wh

)
Ω′0

+
(
Hh : ∇v′ + F h ×∇u′ : ∇vh, qh

)
Ω′0

, (3.22)

where F h, Hh and P h are the deformation gradient tensor, its cofactor and the first

Piola-Kirchhoff stress tensor, at the coarse scale, respectively. Integrating by parts
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leads to

〈Y ′, C∗
(
Y h
) [
W h
]
〉S∗,V = −

(
u′,∇ ·

[
∂P h

∂F
: ∇wh

])
Ω′0

+

(
p′
∂P h

∂p
,∇wh

)
Ω′0

−
(
v′,Hh∇qh

)
Ω′0

+
(
u′,
[
F h ×∇vh

]
∇qh

)
Ω′0

+
(
ρ0v̇

′,wh
)

Ω′0
. (3.23)

Since the goal of the variational multiscale stabilization is to improve the stability

of the proposed algorithm, it is possible to neglect some fine scale terms that are

deemed unnecessary to the stability of the algorithm. Accordingly, it is possible to

approximate C
[
Y h
]

(·) with Ĉ
[
Y h
]

(·), such that,

〈Ĉ
[
Y h
]
Y ′,W h〉S∗,V =

(
Hh : ∇v′, qh

)
Ω′0

, (3.24)

〈Y ′, (Ĉ
[
Y h
]
)∗W h〉S∗,V =

(
v′,Hh∇qh

)
Ω′0

. (3.25)

Remark. Note that the multiscale decomposition of the displacement and velocity

fields as u = uh+u′ and v = vh+v′ is equivalent to the multiplicative decomposition

F = F hF ′ used in [MT13]. In fact,

F = I+∇Xu
h+∇Xu

′ = I+∇Xu
h+∇xhu

′∇Xx
h = (I+∇Xu

h)(I+∇xhu
′),= F hF ′,

(3.26)

where the coarse grid configuration xh = X + uh has been introduced.
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Chapter 4

Nonlinear Implicit Hyperelasticity

4.1 Overview

In this chapter, the approach developed by Scovazzi et al. [SCZR16] for nearly in-

compressible materials using explicit time integrators is extended to the fully incom-

pressible case using implicit time integrators. The simulation of nearly incompressible

materials using explicit time integrators constrains the time step size to guarantee the

numerical stability of the time marching algorithm. Hence, for those type of prob-

lems, it is advantageous to use implicit time integrators. In [SCZR16], Scovazzi et

al. presented preliminary results of the simulation of nearly incompressible materials

using the D-VMS approach and a midpoint time integrator. In this chapter, it is

shown first that the midpoint rule results in unphysical high frequency oscillations of

the pressure field, in time only and not in space, when simulating fully incompressible

materials. Therefore, the behavior of a larger class of second order time integrators,

with different dissipation properties, is explored. In particular, the performance of

the D-VMS approach using the backward difference and the generalized-α methods is

17



evaluated. The results show that the stability and accuracy of the D-VMS method is

invariant with respect to the choice of the time integrator. In addition, a segregated

time integration strategy based on a two-step block Gauss-Seidel algorithm is pro-

posed, in which the velocity and pressure fields are solved for monolithically, and the

displacement field is recovered as a post-processing step. Furthermore, the behavior

of the method using a large class of hyperelastic constitutive models, of practical

value in real world applications, is investigated.

4.2 Hyperelastic constitutive models

Constitutive models express the mechanical response of materials by relating the

stress to the material motion, σ = σ(F ) or P = P (F ). In this chapter, isotropic

hyperelastic constitutive models are considered, which describe the behavior of many

organic materials, gels, rubbers, etc. An excellent review of models for isotropic

rubber elasticity can be found in [BA00]. In the case of hyperelastic materials, con-

stitutive relations are given in terms of the Helmholtz free energy per unit of volume

Ψ = Ψ(F ), also known as strain-energy density function. For perfectly elastic mate-

rials, the Cauchy and First Piola Kirchhoff stress tensors are defined as

σ =
1

J

∂Ψ

∂F
F T , P =

∂Ψ

∂F
. (4.1)

Using the principle of material frame indifference, the strain-energy of an isotropic

solid can then be written as Ψ = Ψ̃(C), where C = F TF is the right Cauchy-Green

tensor. Introducing the invariants of the right Cauchy-Green tensor [Spe82]

I1 = tr(C) , I2 =
1

2

[
tr(C)2 − tr(C2)

]
, I3 = det(C) , (4.2)
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the free energy can be expressed as Ψ̃(C) = Ψ̂(I1, I2, I3), and the stress tensors

become

σ =
1

J

(
I3ψ̂3I + 2

[
ψ̂1 + I1ψ̂2

]
b− 2ψ̂2b

2
)
, (4.3)

P = I3ψ̂3F
−T + 2

[
ψ̂1 + I1ψ̂2

]
F − 2ψ̂2bF , (4.4)

where b = FF T is the left Cauchy-Green strain tensor and

ψ̂1 =
∂Ψ̂

∂I1

, ψ̂2 =
∂Ψ̂

∂I2

, ψ̂3 =
∂Ψ̂

∂I3

.

Usually, hyperelastic models are algorithmically implemented using the second Piola-

Kirchhoff stress tensor S = F−1P , which, using (4.4), can be written as

S = I3ψ̂3C
−1 + 2

[
ψ̂1 + I1ψ̂2

]
I − 2ψ̂2C . (4.5)

4.2.1 Hydrostatic/deviatoric energy split

In [San08], it was shown that for isotropic materials, the assumption that any spherical

state of stress will result only in changes in the volume of the material is equivalent

to the following additive decomposition of the Helmholtz free energy

Ψ = W (Ī1, Ī2) + U(I3), (4.6)

where Ī1 = J−2/3I1 and Ī2 = J−4/3I2. In particular, U represents the strain energy

due to changes in the volume of the material, and W represents the strain energy due

to the distortion of the material. Using (4.6), the following additive decomposition
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of the stress tensor can be introduced

σ = dev[σ] + pI, P = dev[σ]H + pH , (4.7)

where H = cof [F ] = JF−T is the cofactor of the deformation gradient tensor, and

the hydrostatic pressure, p, is given by

p = Jψ3 =
∂U

∂J
. (4.8)

(4.8) can be cast in rate form by taking a Lagrangian time derivative

ṗ = κ̃(J)F−T : ∇Xv = κ̃(J)∇x · v , (4.9)

where κ̃ is the instantaneous bulk modulus, namely,

κ̃ = J
∂p

∂J
= J U ′′(J) . (4.10)

The actual form of the energy functions, W and U , depends on the material under

consideration.

4.2.2 Incompressibility constraint

Many materials in nature are incompressible, i.e, they preserve their volume when

they deform under the effect of a given stress. From a continuum mechanics per-

spective, the incompressibility condition can be expressed by enforcing J = 1, or

alternatively,

J̇ = H : ∇Xv = J ∇x · v = ∇x · v = 0 , (4.11)
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Note that (4.11) as it stands is independent of the mechanical properties of a given

material, as such constraint can be satisfied by any material undergoing pure shear

motion. From an energetic perspective, (4.11) can be enforced by introducing the

Lagrange multiplier, p̂, such that

Ψ = W (I1, I2) + p̂(J − 1) , (4.12)

and

σ =
∂W

∂F
F T + p̂I , P =

∂W

∂F
+ p̂H . (4.13)

Using the additive decomposition of the stress tensor (4.7), the hydrostatic pressure

p can be related to the Lagrange multiplier p̂ as follows:

p = p̂+
1

3
tr

(
∂W

∂F
F T

)
. (4.14)

Throughout this work, the volumetric/deviatoric decomposition of the Helmholtz

free energy is assumed to hold. In what follows, the following simplified notation is

adopted where ψ̂ij = ∂ψ̂i/∂Ij.

Next, a brief description summary of a number of hyperelastic constitutive models

is presented.

4.2.3 Nonlinear hyperelastic models for the deviatoric part
of the free energy

Isotropic hyperelastic constitutive models can be grouped into 4 categories: (1) phys-

ical based; (2) phenomenological or invariance based; (3) experimental based and (4)

principal stretches based.
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In this section, a wide list of some commonly used deviatoric Helmholtz free energy

functionals is presented.

Neo-Hookean (NH) [Wal42].

The Helmholtz free energy corresponding to the Neo-Hookean model is derived from

the change in configurational entropy. Namely,

WNH =
µ

2
(I1 − 3) =

kbNT

2

(
λ2

1 + λ2
2 + λ2

3 − 3
)
, (4.15)

where T is the temperature, kb the Boltzmann’s constant and N the number of

chains. This is the simplest model of nonlinear elasticity. It can be interpreted as

a phenomenological model where the shear modulus C10 = µ = kbNT is the only

coefficient different from zero. For this material,

ψ̂1 =
µ

2
, ψ̂2 = ψ̂11 = ψ̂12 = ψ̂21 = ψ̂22 = 0 . (4.16)

The NH model shows good agreement with experimental data in the case of uniaxial

and biaxial tension, as well as simple shear, for values of strains that are less than

50%.

Mooney-Rivlin (MR) [Moo40].

This phenomenological model considers a first-order expansion of the associated series,

WMR = C10 (I1 − 3) + C01 (I2 − 3) , (4.17)

where

ψ̂1 = C10, ψ̂2 = C01, ψ̂11 = ψ̂12 = ψ̂21 = ψ̂22 = 0 . (4.18)
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This model has been successfully used for moderate levels of strain (less than 200%).

Isihara (IS) [IHT51].

In this model, equations of the non-Gaussian statistical mechanics theory are lin-

earized to find a Rivlin-type series of the form

WIS = C10 (I1 − 3) + C20 (I1 − 3)2 + C01 (I2 − 3) , (4.19)

where the model parameters are computed by fitting experimental data. The following

holds:

ψ̂1 = C10 + 2C20 (I1 − 3) , ψ̂2 = C01, ψ̂11 = 2C20, ψ̂12 = ψ̂21 = ψ̂22 = 0 . (4.20)

Haines-Wilson (HW) [HW79].

This is a phenomenological model with the following form

WHW =C10 (I1 − 3) + C01 (I2 − 3)

+ C20 (I1 − 3)2 + C11 (I1 − 3) (I2 − 3) + C02 (I2 − 3)2 + C30 (I1 − 3)3 ,

(4.21)

where

ψ̂1 =C10 + 2C20 (I1 − 3) + 3C30 (I1 − 3)2 + C11 (I2 − 3) ,

ψ̂2 =C01 + 2C02 (I2 − 3) + C11 (I1 − 3) ,

ψ̂11 =2C20 + 6C30 (I1 − 3) , ψ̂22 = 2C02 , ψ̂12 = ψ̂21 = C11 . (4.22)
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Gent-Thomas (GT) [GT58].

Using the assumption in [RS51] that ψ̂1 does not depend on I2 and ψ2 does not depend

on I1, a Helmholtz free energy with the following form is obtained:

WGT = C (I1 − 3) + C2 ln

(
I2

3

)
, (4.23)

where

ψ̂1 = C , ψ̂2 =
C2

I2

, ψ̂22 = −C2

I2
2

, ψ̂11 = ψ̂12 = ψ̂21 = 0 . (4.24)

Gent [Gen96].

The Gent model is based on the concept of constraining the extensibility of the

molecular chains. The constraint is introduced by assuming a maximum value Im of

the first invariant, such that the strain energy reads:

WGent = −E
6

(Im − 3) ln

[
1− I1 − 3

Im − 3

]
, (4.25)

with

ψ̂1 =
E

6

I1 − 3

Im − I1

, ψ̂11 =
E

6

I1 − 3

(Im − I1)2
, ψ̂2 = ψ̂22 = ψ̂12 = ψ̂21 = 0 . (4.26)

Hart-Smith (HS) [HS66].

In this model, the limiting extensibility is considered by assuming the presence of

an exponential term in the strain energy, in order to capture strain-hardening in
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rubber-like materials. Namely,

ψ̂1 = Gek1(I1−3)2 , ψ̂2 = G
k2

I2

, (4.27)

and

ψ̂11 = 2G (I1 − 3) ek1(I1−3)2 , ψ̂22 = −Gk2

I2
2

, ψ̂12 = ψ̂21 = 0 . (4.28)

Ogden [Ogd72].

This model is one of the most widely used in large strain problems. In this case, the

strain energy is a function of the principal stretches, such that

WOgden =
N∑
i=1

µi
αi

(λαi1 + λαi2 + λαi3 − 3) , (4.29)

and the stress tensor is written as

σ =
3∑
i=1

σini ⊗ ni , S =
3∑
i=1

SiNi ⊗Ni , (4.30)

where σi = λi∂W/∂λi, and Si = 1/λi∂W/∂λi are the principal Cauchy and Kirchhoff

stresses, and ni, and Ni are the principal directions associated to the stretches λi in

the current and reference configuration, respectively.

4.2.4 Nonlinear hyperelastic models for the volumetric part
of the free energy

A lot of materials in nature, whose behavior is considered fully incompressible, show

in reality a small amount of compressibility. Examples of those materials are rub-

ber, polymers, and soft tissues. To simulate compressible and nearly incompressible
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motion, the constitutive relation representing the volumetric part of the Helmholtz

free energy, U(J) must be defined such that it satisfies the following constraints: (1)

In the natural configuration the material is stress free, and (2) an infinite amount of

energy is required to shrink the body to a point or to expand it indefinitely. In other

words,

(1)U ′(1) = 0 , (2) lim
J−→0

U(J) =∞ , lim
J−→∞

U(J) =∞ . (4.31)

In this work, the family of volumetric energy functions defined by a parameter κ,

which in the linearized theory of elasticity represents the bulk modulus, is considered.

In the nonlinear elasticity case, the bulk modulus is replaced by the instantaneous

bulk modulus, κ̃, defined as

κ̃ = J
∂p

∂J
= κJÛ ′′(J) , (4.32)

where Û = U/κ is a dimensionless energy. Note that κ̃ depends on the deformation

of the material through J .

Next, a brief description of a variety of volumetric Helmholtz free energies is

presented.

Quadratic.

The volumetric Helmholtz free energy for this model is given by following relation:

U(J) =
κ

2
(J − 1)2. (4.33)

Although this model is commonly used in the practice of finite elements [HM09,

BGO15], it does not satisfy (4.31), since limJ−→0 U(J) = κ/2.
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Simo et al. (S85).

This model is an improvement on the previous one as it satisfies the second condition

of 4.31. The expression of U is given by [HC83, STP85],

U(J) =
κ

4
ln2 J. (4.34)

Simo-Taylor 82 (ST82).

In [ST82], it was shown that the quadratic and logarithmic volumetric Helmholtz free

energy functions may lead to material instabilities. This model aims to circumvent

those stability issues by combining the Helmholtz free energies of the quadratic and

S85 models presented above to obtain the following expression:

U(J) =
κ

4

[
(J − 1)2 + ln2 J

]
. (4.35)

Simo-Taylor 91 (ST91).

This volumetric Helmholtz free energy function was proposed in [ST91] as an im-

provement on the quadratic and logarithmic models,

U(J) =
κ

4

(
J2 − 1− 2 ln J

)
. (4.36)

This volumetric energy satisfies all the physical and stability requirements.
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Miehe et al. (M94).

In [Mie94], the volumetric Helmholtz free energy function of the form

U(J) = κ (J − ln J − 1) , (4.37)

was proposed.

Liu et al. (L94).

In [LHM94], the volumetric Helmholtz free energy function is defined as

U(J) = κ (J ln J − J + 1) . (4.38)

This particular form of the energy leads to a constant instantaneous bulk modulus

for any J , (see Figure 4.1).

ANSYS (A00).

In [Man00, HN03a], the form of the penalty function is

U(J) =
κ

32

(
J2 − J−2

)2
. (4.39)

This particular model enforces more strictly the incompressibility constraint in com-

parison to the above mentioned models.
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Figure 4.1: Comparison of the instantaneous bulk modulus for the various volumet-
ric models.

4.3 Variational multiscale formulation for nonlin-

ear hyperelasticity

The simulation of nearly and fully incompressible materials poses significant chal-

lenges. Those issues are still an open problem in computational solid mechanics. In

the past few decades, there has been several attempts to develop LBB-stable finite ele-

ments, such as the Taylor-Hood element, the continuous displacements/discontinuous

pressure elements Pk/Pk−1
disc , for which only the high-order (k ≥ 4) versions are LBB

stable (see [BBF13], p. 494), the MINI element [ABF84], and the Crouzeix-Raviart,

non-conforming P1
NC/P0 element. The main limitation of this approach is associated

with the large number of quadrature points required to compute the stress tensor,

resulting in a significant increase in the overall computational time of the algorithm.

In this work, a different approach is adopted in which the LBB conditions are

overcome by developing a stabilization operator. In the following section, the D-VMS

method proposed in [SCZR16] is extended to the case of implicit hyperelasticity. The

method uses equal-order finite elements for the velocity/pressure pair in the linear

and nonlinear nearly incompressible elasticity. The key idea is the stabilization of the

rate form of the pressure constitutive equation as described in details in [SCZR16].
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4.3.1 Weak formulation

Assuming, for the sake of simplicity and without loss of generality, homogeneous

Dirichlet conditions for displacements and velocities on the entire boundary Γ, the

following can be defined

Shκ = Vhκ =
{
ψh ∈ (C0(Ω))nd : ψh

∣∣
Ωe
∈ (P1(Ωe))

nd , ψh = 0 on Γ
}
, (4.40a)

Shp = Vhp =
{
φh ∈ C0(Ω) : φh

∣∣
Ωe
∈ P1(Ωe)

}
, (4.40b)

as the discrete trial and test functional spaces for the kinematic variables and the

pressure part of the stress, respectively.

Equivalent spaces can also be defined on Ω0. Let N = dim(Shκ ) and Q = dim(Shp ).

The stabilized weak form of the incompressible solid mechanics problem in the current

configuration reference frame, reads:

Solve for uh,vh ∈ Shκ and ph ∈ Shp , such that, for all ψh ∈ Vhκ and φh ∈ Vhp

0 =
(
ψh, u̇h − vh

)
Ω
, (4.41a)

0 =
(
ψh, ρhv̇h

)
Ω

+
(
∇ ·ψh, ph

)
Ω

+
(
∇ψh, dev[σh]

)
Ω
−
(
ψh, ρhb

)
Ω

+ 〈ψh, t〉ΓN , (4.41b)

0 =
(
φh,∇ · vh

)
Ω
−
(
∇φh,v′

)
Ω′
, (4.41c)

where

v′ = −τ
(
v̇h − 1

ρh
∇ph −∇ · dev[σh]− b

)
. (4.42)

In the material reference frame, ( 4.41) can be recast as
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Solve for uh,vh ∈ Shκ and ph ∈ Shp , such that, for all ψh ∈ Vhκ and φh ∈ Vhp

0 =
(
ψh, u̇h − vh

)
Ω0

, (4.43a)

0 =
(
ψh, ρ0v̇

h
)

Ω0
+
(
∇ψh, phHh

)
Ω0

+
(
∇ψh, dev[σh]Hh

)
Ω0

−
(
ψh, ρ0b

)
Ω0

+ 〈ψh, t0〉Γt0 , (4.43b)

0 =
(
φh,Hh : ∇vh

)
Ω0
−
(
Hh∇φh,v′

)
Ω′0

. (4.43c)

In the compressible case, (4.41c) and (4.43c) become

0 =
(
φh, ṗh − κ̃h∇ · vh

)
Ω
−
(
∇φh, κ̃hv′

)
Ω′
, (4.44)

and

0 =
(
φh, ṗh − κ̃h(F h)−T : ∇vh

)
Ω0
−
(
Hh∇φh, κ̃hv′

)
Ω′0

. (4.45)

Remark (Traction boundary conditions). The traction vector t0 = (PN) |Γ0 is asso-

ciated to the reference boundary Γt0, and, in general, t0 is different from t used in

(4.41a).

Remark (Compressible pressure equation). The compressible pressure equations (4.44)

and (4.45) are the same equation evaluated in different configurations. In fact, pulling

back to the reference configuration, it is found that 0 = (q, J(ṗ− κ̃∇x · v))Ω0 . Since

this must hold for all q and J > 0, it implies that 0 = ṗ− κ̃∇x ·v also on the reference

configuration.

Remark (Incomplete residual representation). It is worth mentioning that in the case

of piecewise-linear elements, the deviatoric component of the stress tensor is constant

over each element and its divergence vanishes. As a result, the expression of the
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residual, although perfectly valid inside every element, does not include shear effects.

It will be shown in the numerical simulations that this aspect does not affect the

order of convergence of the proposed algorithm.

In this work, the stabilization tensor τ is assumed to be isotropic, so that τ = τI,

where I is the second-order identity tensor. Similarly to [SCZR16], the stabilization

parameter τ is given by

τ =
1

2
max

[
∆tκ
100

,min (∆tκ,∆tn)

]
, (4.46)

where ∆tn is the current time step and ∆tκ is the characteristic time step associated

with the bulk waves, and is given by

∆tκ = min
K∈T h

hK
cκK

. (4.47)

Here, hK is a measure of the size of the element K, and cκK =
√

[κ̃+ 4(ψ1 + ψ2)/3]/ρ0

is the instantaneous speed of planar bulk waves in element K.

The specific form (4.47) of τ ensures that the stabilization term doesn’t grow very

large or become negligible in the limit as ∆tn → 0 and ∆tn →∞, respectively.

The definition (4.46) requires knowledge of κ̃. In the fully incompressible case,

κ̃→∞, therefore the following alternative definition of τ is given:

τ =
cτ
2

max

[
∆tµ
100

,min (∆tµ,∆tn)

]
, (4.48)

where cτ is a constant in the range [0.01, 0.03], and

∆tµ = min
K∈T h

hK
cµ,K

, (4.49)
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is the characteristic time step associated with the shear waves’ speed

cµK =
√

(ψ1 + ψ2)/ρ0 (see also equation (4.105)).

4.3.2 Matrix form of the equations

Introducing the basis of nodal shape functions {NA}QA=1, with Q = dim Shp , the

solution fields are discretized as

uh =

Q∑
A=1

NAuA, vh =

Q∑
A=1

NAvA, ph =

Q∑
A=1

NApA, (4.50)

and equations (4.43) yield the matrix system

M0u̇ = M0v , (4.51a)

Mρ0 v̇ = −K (u,p) + F , (4.51b)

Mpṗ = −H (u, v,p) , (4.51c)

where M0, Mρ0 and Mp are defined as

[M0,AjBi] = (NAej, NBei)Ω0
, (4.52)

[Mρ0,AjBi] = (NAej, ρ0NBei)Ω0
, (4.53)

[Mp,AB] = (NA, γpNB)Ω0
, (4.54)

with γp = 0 or γp = 1 for incompressible and nearly incompressible motion, respec-

tively. The terms in the momentum equations are given by

[KAj] = (∇(NAej),P (u, p))Ω0
, (4.55)

[FAj] = (NAej, ρ0b)Ω0
+ (∇NA · n, t)ΓN0

. (4.56)
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For the incompressible formulation, the right hand side of the pressure equation is

given by

[HA] = (NA,H(u) : ∇v)Ω0
+

(
H(u)∇NA, τ

(
v̇h − 1

ρ0

∇ph − b
))

Ω′0

, (4.57)

while for nearly incompressible motion

[HA] =
(
NA, κ̃ (u)F−T (u) : ∇v

)
Ω0

+

(
H(u)∇NA, κ̃ (u) τ

(
v̇h − 1

ρ0

∇ph − b
))

Ω′0

.

(4.58)

The terms (4.55), (4.57) and (4.58) are usually nonlinear in the displacement field.

Therefore, implicit time integration leads to a set of nonlinear equations which can

be solved using a Newton algorithm.

4.3.3 Time discretization

In [SCZR16], the D-VMS method was presented in the context of explicit time inte-

gration. For simulations involving incompressible materials, explicit time integrators

might lead to severe restrictions on the size of the time step, making the algorithm

computationally inefficient. With implicit time integrators, it is possible to simulate

incompressible materials using time steps orders of magnitude larger in comparison

with explicit time integrators, while still preserving the stability and accuracy of the

overall algorithm. In addition, the purely incompressible case cannot be addressed

with explicit time integration.

In this section, a segregated strategy of the algebraic system of equations is pre-

sented, in which only the pressure and the velocities are solved for, and the displace-

ments are computed as a post processing step using the velocities.
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The system of equations (4.51) can be written in the following compact form

Mẏ = G (y) , (4.59)

where

M =


I 0 0

0 Mρ0 0

0 0 Mp

 , y =


u

v

p

 , G (y) =


v

−K (u,p) + F

−H (u, v,p)

 . (4.60)

Since the displacement equation is just a nodal update, the above system can be

reduced to a two-step algorithm, in which the pressure-velocity system is first solved,

followed by an update of the displacement field. In the nonlinear case, this two-

step procedure needs to be applied at each nonlinear iteration. The increment in

displacement can be defined in terms of the increment in velocity as

δu = c1∆tnδv, (4.61)

where now the algebraic system of equations to be solved for reduces to


 Mρ0 0

0 Mp

+ c2∆tn

 c1∆tnK
′
u K′p

c1∆tnH
′
u + H′v H′p



 δv

δp

 = −

 rv

rp

 , (4.62)

where K′X = ∂K/∂X and H′X = ∂H/∂X are the tangent matrices and rv and rp are

the residuals of the momentum and pressure equations, respectively. The constants

c1 and c2 depend on the time integrator. Table 4.1 shows the values of c1 and c2 for

the different time integrators considered in this work. More details about the solution

strategy presented above can be found in Section 4.3.4.
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BDF-1 BDF-2 Midpoint θ-Method Generalized-α

c1 1 2/3 1/2 θ γ/αm
c2 1 2/3 1/2 θ γαf/αm

Table 4.1: Constants defining the relations between the increments of displacement
and velocity for different integration methods in equations (4.61) and (4.62).

Backward Euler:

This is possibly the simplest implicit integrator, and although not accurate enough

for many practical purposes, it is instrumental in illustrating the main general ideas.

To obtain the final algebraic system to be solved, first (4.59) is expanded using the

following implicit formula:

Myn+1 = Myn + ∆tnG
(
yn+1

)
, (4.63)

so that

un+1 = un + ∆tnvn+1 , (4.64)

Mρ0vn+1 + ∆tnK
(
un+1,pn+1

)
= Mρ0vn + Fn+1 , (4.65)

Mppn+1 + ∆tnH
(
un+1, vn+1,pn+1

)
= Mppn . (4.66)

Substituting (4.64) into (4.65) and (4.66), the following system is obtained where the

only unknowns are the velocity and the pressure:

Mρ0vn+1 + ∆tnK
(
un + ∆tnvn+1,pn+1

)
= Mρ0vn + Fn+1 , (4.67)

Mppn+1 + ∆tnH
(
un + ∆tnvn+1, vn+1,pn+1

)
= Mppn . (4.68)
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Once a new velocity is computed, the displacement field is updated. The above

equations are nonlinear, and a Newton procedure leads to the sequence of problems

Mρ0δv + ∆t(K′u)kδu + ∆t(K′p)
kδp = −rkv , (4.69)

Mpδp + ∆t(H′u)kδu + ∆t(H′v)kδv + ∆t(H′p)
kδp = −rkp , (4.70)

where k represents the index of the Newton’s iterate, K′yk = ∂K/∂y
(
yk
)
, H′yk =

∂H/∂y
(
yk
)
, and rkv and rkp are the residuals of the momentum and pressure equations,

that is,

rkv =Mρ0

(
vkn+1 − vn

)
+ ∆tnK

(
ukn+1,p

k
n+1

)
, (4.71)

rkp =Mp

(
pn+1 − pn

)
+ ∆tnH

(
ukn+1, v

k
n+1,p

k
n+1

)
. (4.72)

Once again, using the linearity of the first equation, the increments in displacement

can be rewritten as increments in velocities such that δu = ∆tδv. Eventually, at each

Newton iteration, the following system of equations is solved for:


 Mρ0 0

0 Mp

+ ∆tn

 ∆tn(K′u)k (K′p)
k

∆tn(H′u)k + (H′v)k (H′p)
k



 δv

δp

 = −

 rkv

rkp

 .

(4.73)

Backward differentiation formula (BDF):

Originally proposed in [CH52, Gea71], the BDF methods are implicit multi-step meth-

ods that approximate the time derivative ẏ at tn+1 through the derivative of the in-

terpolating Lagrange polynomial at the p + 1 nodes tn, tn−1, . . . , t− n− p+ 1. Such

methods have been effectively used for stiff ordinary differential equations [SLC+07],

computational fluid-structure interaction [FD15] and many other applications. BDF
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methods have the general form

Myn+1 =

p∑
j=0

αjMyn−j + β−1∆tnG
(
yn+1

)
. (4.74)

For p = 1, the method reduces to the Backward Euler scheme presented in Section

4.3.3. For p = 2, the method is second-order accurate, and can be explicitly written

as

Myn+1 = M
(
α0yn + α1yn−1

)
+ β−1∆tnG

(
yn+1

)
, (4.75)

with α0 = (1 + ωn)2 / (1 + 2ωn), α1 = −ω2
n/ (1 + 2ωn) and β−1 = (1 + ωn) / (1 + 2ωn) ,

where ωn = ∆tn/∆tn−1 [HNW93]. This definition of the coefficients takes into ac-

count variable time steps. When the time step is held constant, ωn = 1, the usual

coefficients of the BDF2 method are recovered, α0 = 4/3, α1 = −1/3 and β−1 = 2/3.

The increment in displacement is given by δu = β−1∆tδv, and the system to be solved

for is defined as

(
M− β−1∆tG′y

)
δy = M

(
p∑
j=0

αjyn−j − ykn+1

)
+ β−1∆tG

(
ykn+1

)
= −rk. (4.76)

High-order BDF methods are not self-starting. In order to initiate a BDF-p method,

lower order schemes are used, starting with BDF-1 for the first time step, and con-

tinuing to BDF-(p− 1) for the (p− 1) step.

Runge-Kutta methods:

Runge-Kutta methods can be derived by numerical integration [QSS10] of the system

(4.59), namely,

∫ tn+1

tn

Mẏ = Myn+1 −Myn = ∆tn

s∑
i=1

biG (tn + ci∆t, y (tn + ci∆tn)) , (4.77)
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where s is the number of stages of the scheme, bi are the weights for each function

evaluation in the nodes tn + ci∆tn. General implicit RK schemes are extremely

expensive when applied to problems arising in finite elements, especially, for nonlinear

elastodynamics. More affordable schemes are the Diagonally Implicit RK methods,

in which each stage can be computed sequentially. The focus of this work is on

the second-order, one-stage implicit Runge-Kutta method (RK2), also known as the

implicit midpoint method [HLW06],

Myn+1 = Myn + ∆tnG

(
yn+1 + yn

2

)
. (4.78)

In this case, the increment in displacement is given as δu = ∆tδv/2, and

(
M− ∆tn

2
G′y

)
δy = M

(
yn − ykn+1

)
+ ∆tnG

(
ykn+1 + yn

2

)
= −rk. (4.79)

Note that the Backward Euler scheme discussed above can be seen as an implicit RK

method, derived by choosing appropriate integration points.

θ-method:

This integrator is derived by means of a convex combination of ẏn+1 and ẏn:

Myn+1 = Myn + θ∆tnG
(
yn+1

)
+ (1− θ) ∆tnG (yn) . (4.80)

If θ = 1/2, the second-order Crank-Nicholson method is retrieved. If θ = 1, the

method is equivalent to the Backward Euler method, discussed in Section 4.3.3. For
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any value of θ, the increment in displacement is defined as δu = θ∆tnδv and

(
M− θ∆tG′y

)
δy = M

(
yn − ykn+1

)
+ θ∆tnG

(
ykn+1

)
+ (1− θ) ∆tnG (yn) = −rk.

(4.81)

Note that for θ = 0, the method becomes explicit. The method is unconditionally

stable if θ ≥ 1/2 and the amount of dissipation can be controlled by setting the

spectral radius ρ∞ = (1 − θ)/θ. On the other hand the method is second order

accurate only for θ = 1/2. For linear problems, the θ-method with θ = 1/2 and the

implicit midpoint method are equivalent.

Generalized-α method:

The generalized-α method [CH93, JWH00] allows for the control of the amount of

numerical dissipation introduced into the problem, while still preserving accuracy.

The method has the general form

Mẏn+αm = G
(
yn+αf

)
, (4.82)

yn+1 = yn + ∆tnẏn+γ , (4.83)

yn+α = αyn+1 + (1− α) yn . (4.84)

With some manipulation one can write the system as a one step method

Myn+1 = Myn + ∆tn

(
1− γ

αm

)
Mẏn + ∆tn

γ

αm
G
(
yn+αf

)
, (4.85)
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such that the increment in displacement becomes δu = γ∆tδv/αm, and the global

system reads:

(
M−∆t

γαf
αm

G′y

)
δy = M

(
yn − ykn+1

)
+ ∆tn

(
1− γ

αm

)
Mẏn + ∆tn

γ

αm
G
(
ykn+αf

)
= −rk . (4.86)

The parameters of the method can be chosen using the following relations:

αm =
3− ρ∞

2 (1 + ρ∞)
, αf = γ =

1

1 + ρ∞
, (4.87)

guaranteeing stability and second-order accuracy. The value ρ∞ represents the spec-

tral radius of the method at infinite frequencies (in the high frequency range). There-

fore, the method covers the whole spectrum of numerical dissipation. By substituting

the parameters, one can see that when ρ∞ = 1, the method is equivalent to the im-

plicit midpoint method. On the other end, when ρ∞ = 0 and the time step is fixed,

the method is spectrally equivalent to the second-order backward differentiation for-

mula. This can be seen by writing the generalized-α method in a multi-step form

[dADT+13],

Myn+1 = yn + ωn

(
1− 1

αm

)
M
(
yn − yn−1

)
+ ∆tn

1− γ
αm

G
(
yn−1+αf

)
+ ∆tn

γ

αm
G
(
yn+αf

)
, (4.88)

with ωn = 1. Introducing the dependence on the time step in the coefficients αm, αF

and γ, it is possible to define a multi-step generalized-α method equivalent to a time

adaptive BDF-2 scheme [dADT+13].
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Figure 4.2: Spectral radii for different time integrators.

Algorithm 1 Two-steps solution of the nonlinear elastodynamics problem.

1: Given a tolerance ε, a relative tolerance η
2: Given the initial conditions u0, v0 and p0

3: while t < tFINAL do
4: Update the time step size using (4.105)
5: while ||r||∞ < ε do
6: Find δv and δp solving system (4.62) up to a tolerance η||r||∞
7: Compute δu from (4.61)
8: Update (uk+1

n+1, v
k+1
n+1,p

k+1
n+1) = (ukn+1, v

k
n+1,p

k
n+1) + (δu, δv, δp)

9: Update the forcing term η [EW96]
10: end while
11: Update (un, vn,pn)← (uk+1

n+1, v
k+1
n+1,p

k+1
n+1)

12: end while

4.3.4 Numerical implementation

As shown in the previous sections, the time integration schemes considered result in a

set of nonlinear equations (4.59). A Newton-Krylov algorithm [EW96] is used, which

requires the solution of the linearized system

J δy =
(
M + c2∆t G′yk

)
δy = −rk , (4.89)

where the specific form of the residual r depends on the chosen time integrator. The

solution of the monolithic system (4.89) associated with the time integrators described
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in section 4.3.3 can be found by means of a two-step block Gauss-Seidel solve,

1. solve system (4.62) for pressure and velocity;

2. update the displacement field using (4.61).

This can be seen as follows. The right hand side vector rk has three components

[rku, r
k
v, r

k
p]
T , where in particular rku = 0. In fact, at each iteration k, the displacement

residual results in the nodal update

rku = ukn+1 − un + c1∆tnv
k
n+1 + z = 0 , (4.90)

where z is a vector that depends on the time integrator. For example, z = 0 for

Backward Euler, or, z = ∆tn

(
1− γ

αm

)
u̇n, in the generalized-α method. Recalling

the dependencies shown in (4.60), performing a block-LU factorization of the system

matrix,

J =

 I −c1∆tnI 0

c2∆tn(K′u)k ρ0M c2∆tn(K′p)
k

c2∆tn(H′u)k c2∆tn(H′v)k Mp + c2∆tnH
′
p


=

 I 0 0
c2∆tn(K′u)k ρ0M + c1c2∆t2n(K′u)k c2∆tn(K′p)

k

c2∆tn(H′u)k c2∆tn(H′v)k + c1c2∆t2n(H′u)k Mp + c2∆tnH
′
p


 I −c1∆tnI 0

0 I 0

0 0 I

 ,

(4.91)

leads to the two sequential problems,

 I 0 0
c2∆tn(K′u)k ρ0M + c1c2∆t2n(K′u)k c2∆tn(K′p)

k

c2∆tn(H′u)k c2∆tn(H′v)k + c1c2∆t2n(H′u)k Mp + c2∆tnH
′
p



δu∗

δv∗

δp∗

 = −


0
rkv
rkp

 ,

(4.92a)
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 I −c1∆tnI 0

0 I 0

0 0 I



δu
δv

δp

 =


δu∗

δv∗

δp∗

 .

(4.92b)

From the first equation in (4.92a), δu∗ = 0, then, using back substitution, equation

(4.62) is obtained. From (4.92b), δv = δv∗ and δp = δp∗ are obtained, and therefore

equation (4.61). As shown in Table 4.1, the two constants c1 and c2 are different

from each other only in the generalized-α method, which is also the only method

that requires the update of ẏ at the end of each time step. The dissipative behavior

of the time integrators is shown in Figure 4.2, depicting the spectral radius ρ of the

amplification matrix for each method. The spectral radius ρ is a function of the

complex variable, z = ξ + iω, where ξ is the physical damping factor, and 2πω is the

oscillation frequency.

In this section, the explicit form of the matrices of the momentum equation are

reported only for the fully incompressible case in the material coordinates. The

matrices in (4.62) of the momentum equation, at the Newton step k are given by

[
K′u,AjBi

]k
=

(
∇(NAei),

∂P k

∂F
: ∇(NBej)

)
Ω0

, (4.93)

[
K′p,AjB

]
=
(
∇(NAei),H

kNB

)
Ω0

. (4.94)

Introducing the second Piola-Kirchhoff stress tensor, S = F−1P , (4.93) can be ex-

panded into two terms,

[
K′u,AjBi

]k
=
(
∇(NAei),∇(NBej)S

k
)

Ω0
+

(
∇(NAei),F

[
∂Sk

∂C
: δCk(∇(NBej))

])
Ω0

,

(4.95)

where δCk(∇(NBej)) = (∇(NBej))
TF k + (F k)T∇(NBej). In particular, recall that
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for the incompressible case,

Sk = pk(Ck)−1 + 2 [ψ1,k + I1,kψ2,k] I − 2ψ2,kC
k/; , (4.96)

and

∂Sk

∂C
: δC = −pkC−1δCC−1 + 2η1,kδC + 2η2,kCδCC , (4.97)

with

η1 =
∂ψ1

∂I1

− ∂ψ2

∂I1

+ I1

(
∂ψ1

∂I2

+
∂ψ2

∂I1

− ∂ψ2

∂I2

)
+ I2

1

∂ψ2

∂I2

, (4.98a)

η2 =
∂ψ2

∂I2

− ∂ψ1

∂I2

− I1
∂ψ2

∂I2

. (4.98b)

For the matrices associated with the pressure equation, the incompressible and

nearly incompressible cases are reported in material coordinates. The matrices for

the pressure equation in the incompressible case are given by

[
H′u,ABi

]k
=
(
NA,

[
F k ×∇(NBei) : ∇vk

])
Ω0

+

(
F k × (∇NBei)∇NA, τ

[
v̇k − 1

ρ0

∇pk − b
])

Ω′0

, (4.99)

[
H′v,ABi

]k
=
(
NA,H

k : ∇(NBei)
)

Ω0
+

(
Hk∇NA,

τ

c2∆tn
NBei

)
Ω′0

, (4.100)

[
H′p,AB

]k
=

(
Hk∇NA,

τ

ρ0

∇(NB)

)
Ω′0

, (4.101)

while in the nearly incompressible case

[
H′u,ABi

]k
=
(
NA, κU

′′′(Jk)
[
Hk : ∇(NBei)

] [
Hk : ∇vk

])
Ω0

+
(
NA, κU

′′(J)
[
F k ×∇(NBei) : ∇vk

])
Ω0

+

(
Hk∇NA, κU

′′′(Jk)
[
Hk : ∇(NBei)

]
τ

[
v̇k − 1

ρ0

∇pk − b
])

Ω′0
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+

(
F k × (∇NBei)∇NA, κU

′′(J)τ

[
v̇k − 1

ρ0

∇pk − b
])

Ω′0

, (4.102)

[
H′v,ABi

]k
=
(
NA, κU

′′(J)Hk : ∇(NBei)
)

Ω0
+

(
Hk∇NA, κU

′′(Jk)
τ

c2∆tn
NBei

)
Ω′0

,

(4.103)[
H′p,AB

]k
=

(
Hk∇NA, κU

′′(Jk)
τ

ρ0

∇(NB)

)
Ω′0

. (4.104)

Figure 4.3: Geometry and pressure profile of the incompressible Cook’s membrane
problem using the midpoint time integrator with αCFL = 1 (center) and αCFL = 0.1
(right).

4.3.5 Choice of the time step

Although all the schemes considered in this work are unconditionally stable (i.e., the

spectral radii of the corresponding amplification matrices are smaller than or equal

to unity), the choice of the time step remains crucial. In fact, since this work is con-

cerned with highly nonlinear problems, the initial guess of the Newton-Krylov scheme

needs to be “sufficiently” close to the solution, in order to guarantee convergence of

the nonlinear iterations. The shear wave speed was used to compute the time step

size, and no convergence issues of nonlinear iterations were found. Additionally, the
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Figure 4.4: Evolution of ||ph||L1 in time for the incompressible cooks membrane test
with the midpoint time integrator (αCFL = 1) for three mesh refinements.

tN [Pa] E [Pa] ρ [kg/m3] cτ [ m3/ (kg s) ]

(0, 6.25) 250 1.0 1

Table 4.2: Summary of the incompressible Cook’s membrane problem parameters

proposed scaling yields time-accurate integration of the equations. Namely,

∆tn = ∆tµ = αCFL min
K∈T h

hK
cµ,n

, (4.105)

where cµ,n =
√

(ψ1,n + ψ2,n)/ρ0. Note that this definition of cµ,n does not correspond

to the instantaneous speed of shear waves in a general nonlinear medium. In fact,

the shear wave speed also depends on the deformation state of the material. For a

plane wave solution the velocity can be computed by solving an eigenvalue problem

[CO71, NB09]. However, for the purpose of this work, (4.105) gives a reasonable

estimate, that is both easy and efficient to compute.
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Figure 4.5: Left: Convergence of the tip displacement at t = 7[s]. Right: Compari-
son of the evolution of the L1-norm of the pressure field for different time integrators.
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using different time integrators in the incompressible case.
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4.4 Numerical results: Nonlinear hyperelasticity

4.4.1 Cook’s membrane

This is a standard test in the solid mechanics community used to evaluate the per-

formance of finite element algorithms in the incompressible limit. The parameters

used in the numerical simulations are, Young modulus E = 250, and density ρ0 = 1.

Figure 4.3 (left) shows the geometric configuration of the problem. A homogeneous

Dirichlet boundary condition is applied on the left side of the computational domain,

while an upward tangential traction is applied on the right boundary with a magni-

tude of 6.25. Stress free boundary conditions are applied elsewhere. A summary of

the parameters used in this test is shown in Table 4.2.

Figure 4.3 (center and right), shows a comparison of the pressure solution obtained

with a midpoint/trapezoidal time integrator at t = 7 [s] using a variable time step

corresponding to αCFL = 1, and αCFL = 0.1. It can be seen that for sufficiently small

time steps, the solution of the pressure fields is oscillatory in time. This behavior is

not apparent for larger time steps. Figure 4.4 shows a comparison of the L1-norm of

the pressure field computed using αCFL = 1, for three different mesh refinements. It

can be seen that the amplitude of the high-frequency pressure oscillations increases

with mesh refinement. Note that in each of the above cases, the solution of the

pressure field is smooth in space.

In Figure 4.2, the spectral radius ρ of the amplification matrix for different families

of time integrators is shown. Recall that the method is unconditionally stable for

ρ ≤ 1. In this figure, the red line represents the amount of numerical damping

exhibited by each time integrator for physically undamped waves, such as those arising

in perfectly elastic materials, as a function of the time step size (Rz ∝ ∆t/T , where T

is the period of the wave). The figure shows that the midpoint method, the trapezoidal
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E [Pa] ρ [kg/m3] αCFL cτ [ m3/ (kg s) ]

1.7 · 107 1.1 · 103 1 1

Table 4.3: Summary of the incompressible swinging cube problem parameters

a) b) c) d)

Figure 4.7: Plot of the solution of the displacements, velocities, and pressure using
the midpoint (c) and backward Euler time integrators (d).

method, and the generalized-α method with ρ∞ = 1 do not introduce any numerical

dissipation into the system when physically undamped waves are considered. In the

case of the generalized-α method, the amount of numerical damping introduced into

the simulation can be controlled by varying ρ∞.

Figure 4.5 (right) shows a comparison of the L1-norm of the pressure field obtained

using BDF1, BDF2, and the generalized-α method with ρ∞ equal to 0.5 and 0.95.

It can be seen that for those time integrators, the solution of the pressure is smooth

both in time and space. The figure also shows that the BDF1 time integrator is overly

dissipative relative to the BDF2, and the generalized-α methods. Nonetheless, the

dispersion error is second-order in time for all the time integrators listed above.

In order to assess the accuracy of the D-VMS method with respect to different time

integrators, the solution of the pressure and velocity fields at the tip of the domain

is plotted in Figure 4.6. The results show that the solution of the y displacement at

the tip of the domain converges with mesh refinement, and no locking problems are

observed. Therefore, the accuracy of the method is invariant with respect to the time

integrator used.
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Figure 4.8: Convergence of the incompressible swinging cube problem for various
time integrators.

4.4.2 Swinging cube

In this second test, a convergence study is performed by comparing the numerical

solution obtained using the proposed algorithm to a manufactured solution. The

exact solution of the displacement and pressure fields is shown below,

u (X, t) = U0 sin

(√
3µ

4ρ0

πt

)

−2 sin

(
π
2
X
)

cos
(
π
2
Y
)

cos
(
π
2
Z
)

cos
(
π
2
X
)

sin
(
π
2
Y
)

cos
(
π
2
z
)

cos
(
π
2
X
)

cos
(
π
2
Y
)

cos
(
π
2
Z
)


, (4.106)

p (X, t) = 0 . (4.107)

The domain corresponds to a cube defined as, Ω = [0, 2]× [0, 2]× [0, 2]. For this test,

U0 = 5×10−4 [m], E = 1.7×107 [Pa] and ρ0 = 1.1×103 [kg/m3]. The shear modulus,

µ, used for this test corresponds to a Poisson ratio ν = 0.5 such that µ = E/3. The

boundary conditions used correspond to v · n = 0, on all the faces of the cube. It

also follows from the exact solution that the tangential components of the traction

vectors on the faces of the cube vanish.
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Figure 4.7 shows a plot of the solution of the displacement field, as well as the

velocity streamlines, computed using the midpoint method. Also, the figure shows a

comparison of the solution of the pressure field obtained using the midpoint, and the

Backward Euler methods. It is noticeable that the numerically computed pressure

field (which, in this test, corresponds to the error on the pressure field, since the

exact solution of the pressure is 0) computed with the midpoint method is about two

orders of magnitude larger than the pressure field computed with the Backward Euler

method.

The convergence study was performed using four nested refinements, starting with

an average mesh size of h = 0.520275 [m]. The four meshes have 464, 3712, 26696,

237568 elements for a total of 580, 3460, 23556, 173060 degrees of freedom respec-

tively. Figure 4.8 shows a comparison of the convergence of the displacement, velocity

and pressure for the swinging cube problem using different time integrators. The dis-

placement and velocity fields converge quadratically for all the second-order time

integrators, and linearly for the Backward Euler method. Note also that the solution

of the pressure field in the case of the fully incompressible formulation does not con-

verge using the midpoint scheme. However, all the other methods show second-order

convergence.

4.4.3 Torsion of a prism with triangular section

In this test, the torsion of a prism with an equilateral triangular section is con-

sidered. The triangular faces lay on the planes Z = 0 and Z = 6, with vertexes

A = (−2a, 0, Z), B = (a,
√

3a, Z), C = (a,−
√

3a, Z), with a = 1/2. A representation

of the domain is depicted in Figure 4.9. The initial condition on the velocity is set to

v(X, 0) =
{

40 sin
[ π

12
(Z + 3)

]
Y,−40 sin

[ π
12

(Z + 3)
]
X, 0

}T
, (4.108)
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Figure 4.9: Geomtery of the torsion test, and the velocity profile of the initial
condition (right).

h [m]

10
-1

10
0

||J
-1

||
L

2

10
-3

10
-2

10
-1

10
0

BDF2

Gα, ρ
∞

=0.8

h
2

Figure 4.10: Spurious pressure modes in time using a midpoint method with αCFL =
0.1 (left), and αCFL = 1 (center), as well as the convergence of the incompressibility
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MR - Gα, ρ∞ = 0.8 GENT - Gα, ρ∞ = 0.65 GT - BDF2

HW - Gα, ρ∞ = 0.8 IS - Gα, ρ∞ = 0.65 OGDEN - BDF2

Figure 4.11: Comparison of the solutions obtained with different constitutive laws
and time integrators for the incompressible twisting column problem at time t = 0.35
[s].
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Figure 4.12: Comparison at time t = 0.35 [s] of different spatial discretizations for
the incompressible twisting column problem.

and, the initial displacement is taken to be u(X, 0) = 0. Stress-free boundary con-

ditions are set on all the faces of the prism except at the bottom face where a ho-

mogeneous Dirichlet boundary condition is imposed such that v|z=0 = 0. The large

deformation hyperelastic constitutive models discussed in section 4.2.3 are considered

in this test to assess the behavior of the D-VMS approach with respect to differ-

ent stress constitutive models. The density of the material is set to ρ0 = 1.1 × 103

[Kg/m3]. The parameters for the different constitutive laws are taken from [MV06].

A summary of all the parameters is shown in Table 4.4.

In Figure 4.10, the high-frequency spurious modes observed with the midpoint

time integrator for infinitesimal strains appear to emerge again for fully incompressible

finite elasticity. Those oscillations are more severe when small time steps are taken,

yet they still appear even for time steps corresponding to a αCFL = 1, and when using

a non-dissipative time integrator. Figure 4.11 shows the pressure field, at t = 0.35 [s],

for different constitutive laws. All calculations are performed with the generalized-

α method using ρ∞ = 0.8 and ρ∞ = 0.65, and the BDF2 method. Note that the
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Model Parameters in [MPa] if dimen-
sional

Neo-Hookean (NH) µ = 0.4
Gent E = 1.19 Im = 22.7
Gent-Thomas (GT) C1 = 0.153 C2 = 0.147
Hart-Smith (HS) G = 0.145 k1 = 8.42× 10−4 k2 = 1.13× 102

Haines-Wilson (HW)C10 = 0.176 C01 = 2.34× 10−2 C11 = −1.17× 10−3

C20 = −4.64× 10−3 C02 = 1.59× 10−5 C30 = 2.47× 10−4

Isihara (IS) C10 = 0.186 C01 = 1.04× 10−3 C20 = 2.52× 10−5

Mooney-Rivlin (MR)C1 = 0.182 C2 = 9.79× 10−3

OGDEN µ1 = 0.54 µ2 = 5.19× 10−3 µ3 = −2.15× 10−2

α1 = 1.37 α2 = 3.91 α3 = −1.56

Table 4.4: Material parameters for the constitutive laws described in Section 4.2.3
and used for the nonlinear tests. The parameters are taken from [MV06] and fitted
to the experimental data published in [KMTK81].

D-VMS method is effective in all cases, and does not affect the convergence of the

Newton-Krylov algorithm, as shown in Table 4.5.

Figure4.12 shows a comparison of the solution of the pressure field using the D-

VMS method, the unstabilized P1/P0, and the unstabilized P1/P1 finite element.

The P1/P0 solution suffers from spurious pressure oscillations and volumetric lock-

ing. The P1/P1 element does capture the large deformations expected for this prob-

lem, but still suffers from spurious pressure oscillations. As for D-VMS method, the

solution of the pressure field is smooth, and no locking behavior is observed.

Figure 4.13 compares the solution of the pressure field using different time integra-

tors, and the Isihara constitutive model. As discussed previously, for non-dissipative

time integrators, pressure oscillations in time are observed. Note that the solution

obtained using the Backward Euler method is in phase with the solution obtained

using second-order methods, the reason being that the Backward Euler scheme is

second-order accurate with respect to dispersion error [DP03]. Also note that the ini-

tial mild oscillations in the pressure field are due to the fact that the initial conditions

do not satisfy exactly the governing equations of the problem.
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Figure 4.13: Comparison of the evolution of the L1-norm of the pressure field for
different time integrators.

h [m] 1 1/2 1/4 1/8 1/16 h [m] 1 1/2 1/4 1/8 1/16

Gent
mode 5 5 4 4 4

GT
mode 5 5 5 4 4

max 6 5 5 5 4 max 6 5 5 4 4

HS
mode 4 4 3 3 3

HW
mode 5 5 4 4 4

max 5 4 4 3 3 max 6 5 5 5 4

IS
mode 4 4 4 3 3

MR
mode 5 4 4 4 3

max 5 4 4 3 3 max 5 4 4 4 4

NH
mode 4 4 3 3 3

Ogden
mode 5 4 4 4 3

max 5 4 4 3 3 max 8 7 5 4 4

Table 4.5: Number of Newton iterations with respect to mesh size for different
constitutive laws for the torsion problem when using BDF2. For each case the mode
and the maximum number of iterations are shown.

Figure 4.14 plots the convergence of the solution of the pressure field with mesh

refinement, using the Isihara constitutive model, and for two different time integrators

corresponding to the generalized-α method with ρ∞ = 0.8, and the BDF2 method.

On the coarsest mesh, each side of the triangular faces is divided into two elements,

for a total of 81 elements and 180 DOFs. Four levels of refinement are considered

where each one subdivides an element in 6 tetrahedrons, for a total of 551, 4453, 35624

and 284992 elements, respectively, and 728, 4332, 28936, 210220 DOFs, respectively.
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Generalized-α method, ρ∞ = 0.8

h = 1[m] h = 0.5[m] h = 0.25[m] h = 0.125[m]
h = 0.0625[m]

BDF2 method

Figure 4.14: Convergence of the solution for the incompressible twisting column
problem using the generalized-α method with ρ∞ = 0.8 (top) and BDF2 (bottom) at
t = 0.33 [s].
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Figure 4.15: Setup of the compression-torsion test.

4.4.4 Compression and torsion of a prism with triangular
cross section

The geometry of the test is similar to the one of the previous test in section 4.4.3.

The motion enforced in this test correspond to a torsion coupled with a compression

of the bar, where this is achieved by prescribing the following initial velocity to the

bar,

v(X, 0) =

{
(Z + 3)

Y

2
,−(Z + 3)

X

2
,−5(Z + 3)

}T
. (4.109)

The initial displacement is set to u(X, 0) = 0. A homogeneous Dirichlet boundary

condition is imposed on the bottom face of the prism such that v|z=0 = 0, and stress-

free conditions are imposed on all other boundaries. The initial setup of the system is

shown in Figure 4.15. For this test, the Isihara constitutive law (see Section4.2.3) is

used to describe the behavior of the material, while the time discretization is carried

out using the generalized-α method with ρ∞ = 0.

Figure 4.16 shows the deformed configuration of the bar at different instances

of the simulation using the D-VMS method, and a P1/P0 finite element. As in

the previous test, the P1/P0 element suffers from volumetric locking. Using the D-

59



Nearly-incompressible, P1/P0

Time = 0.03 [s] Time = 0.06 [s] Time = 0.09 [s] Time = 0.12 [s] Time = 0.15 [s]

Nearly-incompressible D-VMS

Time = 0.03 [s] Time = 0.06 [s] Time = 0.09 [s] Time = 0.095 [s]

Incompressible, D-VMS

Time = 0.03 [s] Time = 0.06 [s] Time = 0.09 [s] Time = 0.12 [s] Time = 0.15 [s]

Figure 4.16: Evolution of the configurations for the compression-torsion problem
using different formulations and the BDF2 method.
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Figure 4.17: Comparison of the number of Newton iterations using the nearly and
the fully incompressible formulations for different CFL numbers.
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Figure 4.18: Comparison of the number of Newton iterations using the nearly and
fully incompressible formulations for different volumetric energies with a CFL condi-
tion based on the bulk modulus.
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Figure 4.19: Comparison of the time steps taken by the algorithm using a fully
incompressible formulation and the nearly incompressible formulation at αCFL =
1/32.
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Figure 4.20: Computational domain. The object is fixed at one end and stress-free
on all the other boundaries. [Gra]

VMS method, the results are locking-free. In addition, in the fully incompressible

case, the proposed D-VMS method doesn’t show any degradation in the convergence

of the nonlinear iterations.To illustrate this, Figure 4.17 shows a comparison of the

number of iterations required by the Newton-Krylov solver for the fully incompressible

formulation as opposed to the nearly incompressible formulation, where the L94 model

(see Section 4.2.4) is used to represent the volumetric energy.

In the stabilized fully incompressible case, the newton solver converges in less

than 3 iterations as opposed to the nearly incompressible case where the convergence

requires the use of small time steps. At αCFL = 1, the nearly incompressible formu-

lation does not converge, and a CFL condition of αCFL = 0.25 is required in order to

solve the very first time steps.

In summary, this test shows that the convergence of the nonlinear iterations for the

nearly incompressible formulation is strongly dependent on the form of the volumetric

energy.
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Figure 4.21: Solution of the torsion test at time t = 0.2 [s].

4.4.5 An application in complex geometry

The goal of this test is to assess the behavior of the D-VMS method in practical

applications involving complicated geometries. The geometry of the problem is shown

in Figure 4.20, where the number of elements used in this computation is in the order

of 320,000.

The fully incompressible formulation is used in this problem, and the mechanical

behavior of the material is simulated using the Isihara model presented in Section

4.2.3 with the parameters specified in Table 4.4. Two different loading conditions

are considered, where a torsion and an inflation are applied to the stent. All simula-

tions are run using the generalized-α method with ρ∞ = 0 (equivalent to the BDF2

method).

In the case of torsion, the following initial velocity is prescribed,

v (X, 0) =
{

3Y sin (Z + 6.9) , −3X sin (Z + 6.9) , sin
[ π

12.2
(Z + 6.9)

]}T
. (4.110)

Homogeneous Dirichlet boundary conditions are enforced on the left side of the object,

while stress-free conditions are applied on all the other boundaries. Two representa-
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Figure 4.22: Solution of the inflation test at time t = 0.5 [s].

tive solutions at time t = 0.2 [s] and t = 0.4 [s] are shown in Figure4.21. The regions

of high pressure gradient shown in this figure correspond to stress concentration re-

gions around the wholes. A second loading scenario is considered in this test, where

an inflation of the stent is simulated by enforcing a normal traction condition on its

inner surface. The following normal traction condition is enforced,

Pn · n = 2 · 104 sin2 (πt) . (4.111)

Homogeneous Dirichlet boundary conditions are imposed on the left side of the stent,

while stress-free conditions are applied on all the other boundaries. The pressure field

over the deformed configurations at time t = 0.5 [s] and t = [1.3] [s] is shown in Figure

4.22. It can be seen, that for both cases considered, the solution of the pressure field

is smooth.
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4.5 Summary

In this chapter, an extension of the D-VMS method developed in [SCZR16] has been

proposed to simulate large deformation implicit nearly and fully incompressible hy-

perelastic materials. The key features of the method is the use of triangle/tetrahedral

elements, a mixed formulation of the solid dynamics equations written as a first or-

der system, and linear shape functions for the velocities and pressure. The proposed

algorithm has been tested for a variety of constitutive models and implicit time in-

tegrator. The time discretization strategy relies on a two-step block Gauss-Seidel

algorithm where a system for the velocity/pressure solution is solved first, followed

by a displacements update step. This segregated strategy is compatible with the most

common time integrators.

The results showed that the stability and accuracy of the method is invariant with

respect to both the constitutive model and the time integrator used. In addition, the

method showed second order rates of convergence for velocities, displacements, and

pressure in the L2-norm.

Next, the ideas presented in this chapter will be extended to small and large

deformation viscoelastic constitutive models which are important to simulate real

world engineering problems such as in geomechanics and biomechanics.
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Chapter 5

Linear and Nonlinear Implicit
Viscoelasticity

5.1 Overview

In this chapter, an extension of the D-VMS method to viscoelastic constitutive models

is presented. Viscoelastic materials are extensively used in computational biomechan-

ics and geomechanics applications in order to obtain realistic results. At the numerical

level, there are many complications in the simulation of viscoelasticity, because, most

often, their behavior is nearly or fully incompressible. In addition, viscoelastic mod-

els are history-dependent, which requires the tracking of their time-history at each

quadrature integration point, by means of a relatively large number of internal state

variables, expressed as symmetric second-order tensors. For all these reasons, simple

numerical methods that can work on unstructured grids are typically preferred.

In this chapter, problems in small and large deformation viscoelasticity are consid-

ered. When it comes to devising a stabilization algorithm for those type of materials,

it is important to account for the physical dissipation that is intrinsic in them. In
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fact, for dissipative materials, such as the viscoelastic ones, the amount of numeri-

cal stabilization can be reduced and tuned to appropriately complement the physical

dissipation. For example, in the case of an unforced viscoelastic mechanical sys-

tem, mechanical dissipation accumulates as the material relaxes to a configuration of

static equilibrium, and a very small amount of stabilization is required in this limit.

It will be shown however that physical dissipation mechanisms are not sufficient alone

to control the spurious pressure instabilities in tetrahedral with linear mixed tetra-

hedral elements. Therefore, in this chapter, a specific stabilization mechanism for

viscoelastic materials is developed, in which the amount of numerical stabilization

introduced in the computation adapts according to the amount of physical dissipa-

tion of the system. This is achieved by introducing a new scaling of the stabilization

parameter τ , based on the viscous dissipation.

5.2 Modeling isotropic viscoelastic materials using

a relaxation function

Several theories have been proposed to account for dissipative effects in viscoelastic

continua. In this work, the assumption of the dependence of the stress on the entire

past history of the strain is made. It is also assumed that there exists an underlying

elasticity model with which the Cauchy stress tensor can be computed from the strain

tensor. As an illustration, consider the small strain case for which the underlying

elasticity model is given by σe(t) = σe(ε(t)), where the σe is the elastic Cauchy

stress, ε = ∇s
Xu is the strain tensor (with ∇s

X = 1/2(∇X +∇T
X) the symmetric part

of the gradient in Lagrangian coordinates) and the superscript “e” denotes elastic
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quantities. The actual Cauchy stress σ is given by the expression:

σ(t) = (g ∗ d
dt
σe)(t) , (5.1)

where g is a (symmetric) tensor-valued function of time known as the relaxation

function and the operator “∗” denotes convolution component by component. In

particular, the components of the relaxation function satisfy the causality conditions

supp gij(t) ⊂ [0,+∞), 1 ≤ i, j ≤ nd , (5.2)

which imply that the stress at time t does not depend on the future strain in the

medium. Stress constitutive models considered in this work will be based on rela-

tion (5.1). Note however that more general constitutive relations relating the stress

to the deformation history can be considered, in which time-inhomogeneity of the

material properties is assumed, and therefore aging of materials is accounted for.

Furthermore, the following assumptions are made:

I. g′ij(t) ≤ 0, that is, the contribution of the past strain to current stress decreases

as the time interval increases.

II. gij(0) = 1 for all 1 ≤ i, j ≤ nd, that is, a scaling assumption on the underlying

elasticity model σe(t) = σe(ε(t)) is made.

In the literature, there are many theories that extend the small strain model (5.1) to

the large deformation case. In this work, the idea suggested by Simo and Hughes [SH00]

is used, in which the Cauchy stress and the symmetric strain tensors in (5.1) are re-

placed by the second Piola-Kirchhoff stress and the right Cauchy-Green tensors, in

conformity with the theory of hyper-elasticity (see Section 5.6 for more details).
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5.2.1 Hydrostatic/deviatoric split of the stress tensors

The present work deals with isotropic materials, for which the underlying elastic

model σe = σe(ε) and the relaxation function g are invariant under rotations and

reflections. In particular, g is defined through two scalar relaxation functions gvol and

gdev, namely,

g ∗ d
dt
σe = gvol ∗

d

dt
(

1

nd
tr[σe])I + gdev ∗

d

dt
dev[σe] . (5.3)

Here I is the unit tensor in Rnd×nd , tr[ · ] is the trace operator, and dev[σe] is the

deviatoric part of the elastic Cauchy stress. For the sake of simplicity, the volumetric

component of the viscoelastic stress will be neglected. A very useful decomposition

of the isotropic stress into a hydrostatic component and a deviatoric component is

used, namely

σe = peI + dev[σe] , (5.4)

where pe = 1
nd

tr[σe] indicates the elastic pressure (peI is often referred to as the

hydrostatic component of the stress). This decomposition proves valuable for nearly

and fully incompressible elastic materials, for which volume changes are highly or fully

constrained, and, consequently, the volumetric and deviatoric deformation responses

are significantly different in magnitude. Similarly, the Cauchy stress σ is decomposed

as

σ = pI + dev[σ] . (5.5)

Comparing (5.3), (5.4), and (5.5), the following is obtained:

p = gvol ∗
d

dt
pe , (5.6a)

dev[σ] = gdev ∗
d

dt
dev[σe] . (5.6b)
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Assuming gvol ≡ 1, (5.6a) simplifies to

p(t) = (gvol ∗
d

ds
pe(s))(t) =

∫ t

−∞

d

ds
pe(s)ds = pe(t) . (5.7)

As already alluded to, this identity implies that the rate-form equation for pressure

is left unchanged by viscous creep.

Typically, viscoelastic deformation preserves the material volume. In this case,

gvol ≡ 1, and the extension of the stabilized method proposed in [SCZR16] is simple,

since the pressure response is purely elastic, and, consequently, the pressure rate

equation remains unchanged.

5.3 Linear viscoelasticity

In the small strain regime, the following holds, x ≈ X, Ω ≈ Ω0, ∇x ≈ ∇X , and

∇Xu� 1. Hence,

J ≈ 1 +∇X · u , and ρ0 ≈ (1 +∇X · u)ρ ≈ ρ . (5.8)

Consequently, the density becomes a datum of the problem rather than a variable. In

the remainder of this section, the subscript X in the spatial derivatives is omitted,

since ∇x ≈ ∇X .

5.3.1 Prony series of the relaxation function and internal
state variables

Prony series are based on the idea of representing the solution of a dissipative linear

system as the sum of damped exponentials. In the context of viscoelasticity, Prony
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Figure 5.1: Schematic of the generalized Maxwell model.

series have been used to approximate the general relaxation functions defined in

Section 5.2. To better understand Prony series, consider the uniaxial generalized

Maxwell model for one-dimensional linear problems, illustrated in Figure 5.1. In this

model, Ei, i = 1, . . . ,m and E∞ represent the Young’s moduli of the springs, and

µi, i = 1, . . . ,m denote the viscosities of the dashpots. For instance, in the case of

polymeric compounds, each row formed of a spring and dashpot in the generalized

Maxwell model can be understood as the characteristic stiffness and damping of a

particular chain constituting the polymeric matrix.

Denoting the stress and strain by σ(t) and ε(t), respectively, the constitutive

relation of the generalized Maxwell element can be written as

σ(t) = E∞ε(t) +

∫ t

−∞

m∑
i=1

Eie
− t−s

τi
dε

ds
(s)ds . (5.9)

The stress in this model depends indeed on the strain-history dependent stress, since,

using integration by parts, the following holds,

σ(t) =

(
E∞ +

m∑
i=1

Ei

)
ε(t) +

∫ t

−∞

m∑
i=1

−Ei
τi
e
− t−s

τi ε(s)ds . (5.10)

To extend this model to multiple dimensions and in a form that can be generalized
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to nonlinear hyper-elasticity, define,

E = E∞ +
m∑
i=1

Ei , γi =
Ei
E

(i = 1, . . . ,m) , γ∞ =
E∞
E

, (5.11)

and rewrite (5.9) as

σ(t) = γ∞E ε(t) +

∫ t

−∞

m∑
i=1

γie
− t−s

τi
d

ds
(Eε(s))ds . (5.12)

In this equation, E ε(t) represents an “elastic” model underlying the generalized

Maxwell element, such that σe(t) = E ε(t). Hence, equation (5.12) becomes:

σ(t) = γ∞σ
e(t) +

∫ t

−∞

m∑
i=1

γie
− t−s

τi
dσe(s)

ds
ds =

∫ t

−∞

(
γ∞ +

m∑
i=1

γie
− t−s

τi

)
dσe(s)

ds
ds .

(5.13)

Implicitly, limt→−∞ σ
e(t) = 0 is assumed, which is often the case in practical problems

when the initial strain is zero. Comparing (5.13) with (5.1), the generalized Maxwell

model corresponds to the relaxation function:

g(t) = χ{t≥0}

(
γ∞ +

m∑
i=1

γie
− t
τi

)
, (5.14)

where χ{t≥0} is the characteristic function that equals 1 on the set t ∈ [0,+∞) and

0 otherwise. The function (5.14) satisfies all the conditions given in Section 5.2. In

what follows, for isotropic linear viscoelasticity, only deviatoric viscoelasticity will be

considered in which the relaxation function will take the following form,

gdev(t) ≈ γdev
∞ +

mdev∑
i=1

γdev
i e

− t

τdev
i , (5.15)

where the number of exponentials retained in the expansion and the associated pa-
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rameters are typically calibrated to match experimental results. Note also that, in the

generalized Maxwell model, the parameters τi play the role of characteristic relaxation

times.

5.3.2 Governing equations for deviatoric viscoelasticity

Assume that the Cauchy stress is given by:

σ(t) = p(t)I + (gdev ∗
d

dt
dev[σe])(t) , (5.16)

where gdev is given by (5.15)2 and an isotropic linear elasticity constitutive law specifies

p(t) = pe(t) and dev[σe]. The underlying elastic stress-strain relationship is σe = Cε,

where C = [Cijkl] is the fourth-order elastic stiffness tensor, which, for isotropic

materials, collapses to

Cijkl = λδijδkl + µ(δikδjl + δilδjk) . (5.17)

Here, λ and µ are the Lamé coefficients, which are related to the Young’s modulus

E, the Poisson ratio ν, the bulk modulus κ, and the shear modulus G by:

λ =
Eν

(1 + ν)(1− 2ν)
, µ = G =

E

2(1 + ν)
, κ = λ+ 2µ/3 . (5.18)

Typically, the nominal Poisson ratio, ν, does not represent the effective compressibility

of the linear viscoelastic material. In fact, the effective Poisson ratio is only rarely

constant [SL08], and in the more general case is time-dependent. Due to the linearity

of the constitutive law, the time-derivative of the elastic Cauchy stress can be related
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to the velocity gradient

l = ∇v =
d

dt
∇u , (5.19)

and more specifically the rate of deformation tensor

d =
1

2
(l + lT ) = ε(v) =

d

dt
ε(u) . (5.20)

Thus, the rate of change of the deviatoric elastic stress is:

d

dt
dev[σe] = 2µ

d

dt
dev[ε(u)] = 2µdev[d] (5.21)

and the deviatoric component of the Cauchy stress becomes

dev[σ(t)] = γdev
∞ 2µdev[ε(t)] +

∫ t

0

mdev∑
i=1

γdev
i e

− t−s
τdev
i 2µdev[d(s)]ds , (5.22)

where the assumption that u(s) ≡ 0 for s ≤ 0 is used.

In summary, the equations describing the evolution of a viscoelastic linear isotropic

system are

u̇ = v , (5.23a)

ρ0v̇ = ∇p+∇ · (γdev
∞ 2µdev[ε(u)] +

mdev∑
i=1

γdev
i hdev

i ) + ρ0b , (5.23b)

ṗ = κ ∇ · v , (5.23c)

where all spatial derivatives are computed in the original configuration, and hdev
i , i =

1, . . . ,mdev are the internal variables that are defined as:

hdev
i (t) =

∫ t

0

e
− t−s
τdev
i 2µdev[d(s)]ds . (5.24)
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In the fully incompressible case, (5.23c) becomes,

0 = ∇ · v , (5.25)

It is interesting to see that hdev
i is traceless by definition. In addition, a key idea of

this approach is the use of the rate-form of the pressure equation, namely (5.23c)

and (5.25), instead of using the standard versions p = κ∇ · u and 0 = ∇ · u for the

nearly and fully incompressible formulation, respectively. This choice is motivated by

the earlier work of Scovazzi et al. in [SCZR16].

Remark. The internal state variable hdev
i explicit formula (5.24) can also be replaced

by an equivalent rate form of the same:

ḣdev
i = − 1

τdev
i

hdev
i + 2µdev[ε(v)] , i = 1, . . . ,mdev . (5.26)

5.3.3 Mechanical dissipation

Viscoelastic materials are characterized by internal dissipation mechanisms. In this

section, a closed form expression of the physical energy dissipation associated with

viscoelastic materials is derived. The total energy, E , of a linear viscoelastic system

can be defined as

E =

∫
Ω0

[
1

2
ρ0v · v +

1

2
σ : ε− 1

2

mdev∑
i=1

γdev
i hdev

i : dev[ε] +
1

4µ

mdev∑
i=1

γdev
i hdev

i : hdev
i

]
dΩ0 ,

(5.27)

where the first integrand is the kinetic energy, and the remaining three constitute

an expression of the strain energy stored in the material upon deformation. The

integrand in (5.27) is a quadratic form in v, ε and hdev
i , i = 1, . . . ,mdev. To verify
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this statement, note the identity

σ : ε = κ(tr[ε])2 + γdev
∞ 2µdev[ε] : dev[ε] +

mdev∑
i=1

γdev
i hdev

i : dev[ε] , (5.28)

which allows the following refactoring of the free energy:

ψ(ε,hdev
i ) =

1

2
σ : ε− 1

2

mdev∑
i=1

γdev
i hdev

i : dev[ε] +
1

4µ

mdev∑
i=1

γdev
i hdev

i : hdev
i

=
1

2
κ(tr[ε])2 +

1

2
γdev
∞ 2µdev[ε] : dev[ε] +

1

4µ

mdev∑
i=1

γdev
i hdev

i : hdev
i . (5.29)

For simplicity and without loss of generality, homogeneous Dirichlet boundary condi-

tions for displacement and velocity over the boundary ∂Ω0 are considered, and zero

body force b ≡ 0. Those assumptions imply that the overall system is conservative,

since no external mechanical work is applied to the boundary or the interior of the

domain Ω0. These assumptions also imply that the rate of change of the kinetic

energy equals the power dissipated by the system,

d

dt

∫
Ω0

1

2
ρ0v ·v dΩ0 =

∫
Ω0

(ρ0v̇) ·v dΩ0 =

∫
Ω0

(∇·σ) ·v dΩ0 = −
∫

Ω0

σ : ε̇ dΩ0 , (5.30)

where the last term has been obtained by applying an integration by parts, and using

the homogeneous velocity boundary conditions, and the identity ∇sv = ε̇. Then,

by lengthy but otherwise straightforward calculations, the rate of change of the total

energy (5.27) is Ė = −D, where

D =

∫
Ω0

(
1

2
σ : ε̇− 1

2
σ̇ : ε+

1

2

mdev∑
i=1

γdev
i

(
ḣdev
i : dev[ε] + hdev

i : dev[ε̇]
)

+
1

2µ

mdev∑
i=1

γdev
i hdev

i : ḣdev
i

)
dΩ0 . (5.31)
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Using σ = κ tr[ε]I + γdev
∞ 2µdev[ε] +

∑mdev

i=1 γdev
i hdev

i ,

1

2
σ : ε̇− 1

2
σ̇ : ε =

1

2

mdev∑
i=1

γdev
i (hdev

i : dev[ε̇]− ḣdev
i : dev[ε]) (5.32)

and, recalling (5.26), D simplifies to

D =

∫
Ω0

(
mdev∑
i=1

γdev
i

2µ

[
2µdev[d]− ḣdev

i

]
: hdev

i

)
dΩ0

=

∫
Ω0

(
mdev∑
i=1

γdev
i

2µτdev
i

hdev
i : hdev

i

)
dΩ0

=
1

2µ

mdev∑
i=1

γdev
i

τdev
i

∫
Ω0

∣∣∣∣hdev
i

∣∣∣∣2
F
dΩ0 ≥ 0 , (5.33)

where ||·||F is the Frobenius norm for second-order tensors. To summarize, D is the

global (or total) instantaneous dissipation associated with the linear viscoelasticity

system, since

Ė = −D ≤ 0 . (5.34)

The quantity D can be evaluated numerically, and proves useful in constructing ver-

satile stabilization operators for both dynamic and static conditions. More details

are given in Section 5.4.

5.4 Variational multiscale formulation for linear

viscoelasticity

In [SCZR16], a dynamic version of the variational multiscale (D-VMS) method was

introduced to attack problems in nearly and fully incompressible elastodynamics.

This approach was inspired by earlier work of some of the authors in compressible
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fluids [SSLR10, Sco12, SCHS07, Sco07c]. In the present work, the problem of the

non-trivial extension of these ideas to the case of viscoelastic materials is considered.

Specifically, the system of equations (5.23) is solved using equal-order approximation

for u, v, and p, and this formulation is denoted as P1/P1 (linear velocity/linear

pressure).

In spite of the fact that viscoelastic materials are inherently dissipative, it will be

shown that formulations without stabilization, either of P1/P1 or P1/P0 type (linear

velocity/constant pressure) are unstable. Intuitively, this is due to the fact that the

relaxation function g(·) is continuously differentiable and g(0) = 1. Consequently,

the Cauchy stress in a viscoelastic material can be considered a perturbation of the

underlying elastic Cauchy stress, and the deformation will follow an analogous trend.

Hence, numerical methods for viscoelastic materials maintain key features of the

behavior they follow in the context of the underlying elastic models.

In the process of applying the framework of [SCZR16] to the viscoelastic case, it

was discovered that important modifications to the stabilization operators had to be

devised, in order to ensure robustness, stability, and accuracy in computations. In

particular, the stabilizing operator in the weak form of the pressure rate equation

(5.23c) depends now also on the viscoelastic dissipation.

In order to describe the D-VMS of the P1/P1 formulation of problem (5.23), the

discrete function space setting of the problems is first described. Triangulations of the

domain Ω into nel elements is considered, with an arbitrary element and its boundary

denoted by Ωe and Γe, respectively. Assuming, for the sake of simplicity and without

loss of generality, homogeneous Dirichlet conditions for displacements and velocities

on the entire boundary Γ, the following can be defined

Shκ = Vhκ =
{
ψh ∈ (C0(Ω))nd : ψh

∣∣
Ωe
∈ (P1(Ωe))

nd , ψh = 0 on Γ
}
, (5.35a)
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Shp = Vhp =
{
φh ∈ C0(Ω) : φh

∣∣
Ωe
∈ P1(Ωe)

}
, (5.35b)

as the discrete trial and test functional spaces for the kinematic variables and the

pressure part of the stress, respectively.

The approach pursued in [SCZR16] for a stabilized weak form of equations (5.23) is

to introduce a fine-scale velocity component in the pressure update equation (5.23c),

in order to stabilize potentially catastrophic pressure oscillations. Here, the main

results in the case of nearly/fully incompressible elasticity are summarized.

It was found in [SCZR16] that in order to stabilize nearly and fully incompressible

elastodynamics problems, the rate form of the pressure equation needs to be adopted

in place of its standard pressure constitutive model: This strategy allows to write

the overall hyperbolic system of equations in first-order form, and to more easily

devise stabilization mechanisms. Mixed P1/P1 formulations of elastodynamics (as

well as elastostatics) do not exhibit volumetric locking, but are prone instead to

pressure oscillations, as they do not satisfy the Ladyzhenskaya-Babuška-Brezzi (LBB)

stability conditions [BF91, EG04] (also known as inf-sup conditions). The formulation

proposed in [SCZR16] attempts at circumventing the LBB conditions by solving the

following modified mixed variational formulation:

Solve for uh,vh ∈ Shκ and ph ∈ Shp , such that, for all ψh ∈ Vhκ and φh ∈ Vhp :

0 = (ψh, u̇h − vh)Ω , (5.36a)

0 = (ψh, ρ0v̇
h)Ω + (∇ ·ψh, ph)Ω+

(∇sψh, γdev
∞ 2µdev[ε(uh)] +

mdev∑
i=1

γdev
i hdev

i )Ω − (ψh, ρ0b)Ω , (5.36b)

0 = (φh, κ−1ṗh −∇ · vh)Ω + (∇φh,v′)Ω , (5.36c)
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where

v′ = − τ

ρ0

(
ρ0v̇

h −∇ph −∇ ·
(

2µdev[γdev
∞ ε(uh)] +

mdev∑
i=1

γdev
i hdev

i

)
− ρ0b

)
,

(5.37)

that is, v′ is proportional to the residual of the resolved solutions through the scalar

parameter τ , representing a characteristic time scale. The fine-scale velocity v′ can be

thought of as an estimate of the component of the solution that is unresolved on the

computational grid utilized. The reader familiar with a posteriori error estimation in

finite element might not be surprised that the fine-scale velocity is estimated using the

residual of the momentum balance equation. Note that for the fully incompressible

formulation, (5.36c) becomes,

0 = (φh,∇ · vh)Ω − (∇φh,v′)Ω , (5.38)

Since in deviatoric viscoelasticity the pressure component of the stress is elastic,

the generalization of the method proposed in [SCZR16] to this case is natural. The

internal state variables hdev
i are assumed to be available at each quadrature point, and

consistent with definition (5.24) or (5.26), which imply that hdev
i are constant over

each element Ωe. As a consequence, the divergence of the term 2µdev[γdev
∞ ε(uh)] +∑mdev

i=1 γdev
i hdev

i vanishes, and the discrete momentum residual is incomplete, in the

sense that it evaluates to:

v′ = − τ

ρ0

(
ρ0v̇

h −∇ph − ρ0b
)
. (5.39)

In [SCZR16], it was shown that the use of an incomplete residual may lower the

convergence rate of the L2-norm of the subgrid-scale velocity to first-order and the

rate of the L2-norm of the pressure to 1.5. This property holds also for linearly
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viscoelastic materials, whose nominal Poisson’s ratio is close to 0.5, as shown in the

numerical examples of Section 5.5.

Choice of the parameter τ .

In the context of the variational multiscale analysis [HSF04], the parameter τ appear-

ing in (5.39) represents the element average of the fine-scale Green’s function, that is,

the Green’s integral operator associated with the equations governing the evolution

of the fine scales. If the goal is stability of the overall variational formulation, τ does

not need to be characterized precisely, and a simple estimate is sufficient. One choice

is to take τ ∝ ∆t, and more specifically

τ = cτ αD
∆t

αcfl

, (5.40)

where αcfl is the global Courant-Friedrichs-Lewy (CFL) number and αD ∈ [0, 1] is

a parametrization used to reduce the stabilization effect when the solid approaches

static equilibrium.

The stabilization parameter cτ is of order one, and it was found in [SCZR16]

that cτ = 0.5 and cτ = 0.15 were effective choices for two-dimensional plane-strain

problems and general three-dimensional problems, respectively. These choices are

adopted in every numerical test presented in this work, and the reader is reminded

that the results of the simulations in [SCZR16, RAS16] were not found to be overly

sensitive on the stabilization parameter (e.g., and increase by 100% in cτ would not

significantly change the results).

Note that the ratio ∆t/αcfl represents the time step corresponding to a unit

Courant-Friedrichs-Lewy number. More specifically, when considering explicit al-

gorithms for nearly incompressible materials, the time step is computed with a CFL
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condition based on the bulk modulus, namely

∆t = αcfl min
1≤e≤nel

(
he

cemax

)
, (5.41)

with

cemax =

√
κ+ 4µ/3

ρh0
, (5.42)

and he is the length of the element Ω0;e. In the case of implicit time integration,

whether the material is nearly of fully incompressible, the maximum shear wave speed

is used in the definition of

cemax =

√
µ

ρh0
. (5.43)

The precise formula and motivation for αD will be given at the end of this section.

Without αD, the proposed choice for τ reduces to the one already adopted in [Sco12,

SCZR16], in order to prevent the stabilizing term to vanish in the limit of small time

steps. An alternative definition, which also does not suffer from the small time step

problem is

τ = cταD
he

cmax

, (5.44)

where he is a reference element length (computed as the largest length of edges of the

element) and cmax is an estimate of the maximum wave speed in the medium. Note

that (5.41) provides a uniform distribution of stabilization over the solid domain,

whereas (5.44) induces local variations.

Although cmax does not appear explicitly in (5.41), it is used to compute the time-

step size ∆t given a nominal Courant number αcfl. In the case of compressible or

nearly compressible elastic materials, cmax can be taken equal to the speed of plane

waves in the medium, namely cmax =
√

(κ+ 4µ/3)/ρ0. In what follows, cmax =√
(κ+ 4µ/3)/ρ0 in the nearly-incompressible case, and cmax =

√
µ/ρ0 in the fully
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incompressible case, when computing (5.41). Finally, define αD, a function of time,

as:

αD(t) =

(
ε+D(t)

ε+ sup0≤s≤tD(s)

)βD
, βD =

1

4
. (5.45)

Here D(t) ≥ 0 is given by (5.33) and ε is a small positive number (set to be 10−10

in the present work) to prevent divisions by zero and ratios 0/0 at the beginning of

the computation or a special situation when the deformation is purely volumetric, to

be discussed further later. To gain more insight of the formula (5.45), two special

situations are considered:

• First, when a structural system undergoes only volumetric deformation, the vis-

cous effect will not be active regardless of the particular relaxation function gdev.

This situation occurs, for example, with hydrostatic loads on a homogeneous

sphere. Other examples are uniaxial tests of specimens with very large cross

sections, for which the deviatoric stress can be ignored. In these situations, the

viscoelastic case is identical to the elastic case and the τ formulas in (5.41) or

(5.44) reduce to the one in [SCZR16]. Note that formula (5.45) satisfies this

property, since all the internal state variables are zero, D(t) ≡ 0 and αD ≡ 1.

• Second, in a more general situation when the system is closed, the viscous

dissipation drives the whole system toward static equilibrium. In this limit,

the VMS-stabilization of the pressure equation in rate form is not necessarily

optimal, since the incomplete form of the residual does not strictly satisfies the

balance equations and may result in a slight but noticeable drift of the solution

fields away from the correct equilibrium state. To avoid this problem τ is chosen

to be proportional to αD, which tends to zero as t→∞. In fact, limt→∞ αD = 0,

since in the case of a static equilibrium, limt→∞ v = 0 and, by (5.26), all the

internal state variables converge to zero, (hdev
i → 0 for all i ≤ mdev).
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In the present work, the value βD = 1/4 was found to work well in all computa-

tions. Values of βD in the range [0.1, 0.5] also performed well for grids of reasonable

resolution. Larger values of βD were found overly dissipative for some of the tests.

5.5 Numerical results: Linear viscoelasticity

We present next a number of numerical examples to test the stability and accuracy

of the proposed D-VMS method in the case of linear problems. We compute the

stabilization term τ using (5.41) with αcfl = 0.9 and βQ = 1/4. The stabilization

parameter cτ is set to 0.5 for two-dimensional plain strain computations, and 0.15 for

three-dimensional computations.

5.5.1 Two-dimensional swinging plate tests

With the purpose of studying the accuracy properties of the proposed method, a first

is designed with an analytical solution. Exact solutions to the general linear viscoelas-

ticity equations are typically difficult to compute. Attempts in this direction assume

simple geometries and leverage Laplace transform approaches [Chr82, SL08]. An al-

ternative technique is to use the method of manufactured solutions (MMS) [SK00,

Roa01], hinging on the idea of constructing a body force b that satisfies the govern-

ing equations, when combined with predefined displacements, velocities and pressures.

The MMS approach is pursued, by starting from the analytical solution of the two-

dimensional elastic swinging plate problem [LGB14a, LGB13], and by modifying the

body force so that the same solution holds true in the case of linear viscoelasticity.
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(a) L2-errors in displacement.
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(b) L2-errors in velocity.
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(c) L2-errors in pressure.
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(d) L2-norms of the fine-scale velocity.

Figure 5.2: 2D swinging plate test for deviatoric viscoelasticity with the explicit
RK2/predictor-multicorrector algorithm.

Swinging plate.

An analytical solution that preserves volumes, so that the pressure is exactly zero, is

assumed. The domain is the square Ω = [0, 2]× [0, 2] m2, and the analytical solution

for the displacement u∗ is given by:

u∗(x, t) = U0 sin(ωt)

 − sin
(
π
2
x
)

cos
(
π
2
y
)

cos
(
π
2
x
)

sin
(
π
2
y
)
 , (5.46)

where U0 = 10-2 m is a constant. The exact velocity and pressure are given by v∗ =

u̇∗ and p∗ = 0. Consistently, homogeneous normal velocity/displacement boundary

conditions are specified over the entire boundary. Given a form of the relaxation

function gdev of (5.15)2, the analytical internal state variables hdev
i , i = 1, . . . ,mdev
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are computed with (5.24), namely:

hdev∗
i (x, t) = Θ

 − cos
(
π
2
x
)

cos
(
π
2
y
)

0

0 cos
(
π
2
x
)

cos
(
π
2
y
)
 , (5.47)

where

Θ =

µπωτ devi U0

(
cos(ωt) + ωτ devi sin(ωt)− e−

t

τdev
i

)
1 + ω2(τ devi )2

. (5.48)

The exact solution considered is obtained by adding the following body force term to

the linear momentum equation:

b∗(x, t) =

(
−ω2U0 sin(ωt) +

µπ2U0

2ρ0

sdev(t)

) − sin
(
π
2
x
)

cos
(
π
2
y
)

cos
(
π
2
x
)

sin
(
π
2
y
)
 , (5.49)

where

sdev(t)
def
== γdev

∞ sin(ωt) +

mdev∑
i=1

γdev
i ωτdev

i

(
cos(ωt) + ωτdev

i sin(ωt)− e−
t

τdev
i

)
1 + ω2(τdev

i )2
. (5.50)

The material is an elastic medium with Young’s modulus E = 1.7×107 Pa and density

ρ0 = 1.1×103 kg /m3. Two Poisson ratios ν1 = 0.45 and ν2 = 0.49995 are tested

for nominally slightly compressible materials and nearly incompressible materials,

respectively. For each value of ν, the frequency ω is set as ω = π
2

√
2µ
ρ0

. The relaxation

function is given by

gdev(t) =
3

10
+

7

10
e
− t

3×10-4 , (5.51)

which corresponds to setting mdev = 1, γdev
∞ = 0.3, γdev

1 = 0.7, and τdev
1 = 3×10-4.

Even though the analytical solution is extremely smooth at the nominal Poisson

86



(a) L2-errors in displacement. (b) L2-errors in velocity.

(c) L2-errors in pressure. (d) L2-norms of the fine-scale velocity.

Figure 5.3: 2D swinging plate test for deviatoric viscoelasticity with various implicit
algorithms.

ratio ν = 0.49995, the P1/P1 formulation without stabilization leads to highly oscil-

latory solutions. Figure 5.2a, 5.2b and 5.2c show the L2-errors in displacement uh,

velocity vh and pressure ph at T = 0.01 s for the D-VMS method against the reference

element size in logarithmic scale using the explicit RK2/predictor-multicorrector time

integrator. Figures (5.3a), (5.3b) and (5.3c) depict the same quantities in the case of

the implicit time integrators. In particular, three implicit algorithms are tested: Mid-

point, BDF2, and generalized-α with parameter ρ∞ = 0.5. Note that the mid-point

integrator corresponds to a generalized-α method with ρ∞ = 0.0, and the BDF2 cor-

responds to a generalized-α integrator with ρ∞ = 1.0. The L2-norm of v′ is computed

and plotted in Figures 5.2d and (5.3d), respectively. Two sets of triangular grids are

considered for the convergence tests:

1. A first set of structured grids, obtained by generating a uniform mesh of square
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elements and then dividing each of them into two triangles along the principal

diagonal direction. This set contains six grids of 52, 92, 172, 332, 652, and 1292

nodes.

2. A second set of six meshes of fully unstructured triangular elements, with ref-

erence element size similar to the corresponding structured grids. The total

number of nodes of these unstructured grids is 29, 97, 353, 1,345, 5,249, and

20,737.

In Figure 5.2 and 5.3 second-order convergence rates for the errors in u and v are

observed. The convergence rates for pressure depend on the nominal Poisson ratio.

For slightly compressible materials (ν1 = 0.45), the pressure converges at the rate

close to, but lower than second order (namely, 1.8), as demonstrated by the blue

curves in Figure 5.2c and 5.3c. For nearly incompressible materials (ν2 = 0.49995),

the convergence rates in p are instead second-order (the black curves in the same

figure). Due to the use of an incomplete residual, the fine-scale velocity v′ shows only

first order convergence in the L2-norm.

5.5.2 Damping box test

In what follows, the “damping box problem” is solved to investigate the numerical

dissipation in the D-VMS method. The domain is a cube Ω = [0, 2m]3, and the initial

displacements and velocities are

u(x, 0) = 0, and vi(x, 0) = V0 sin(πxi) , i = 1, . . . , nd , (5.52)

with V0 = 0.01m/s. Homogeneous Dirichlet boundary conditions for both the dis-

placement and the velocity are enforced at all times on the entire domain. With
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(a) ν = 0.45. (b) ν = 0.49.

Figure 5.4: Time histories of normalized total energy En/E0 on a sequence of five
unstructured grids. using the explicit RK2/predictor-multicorrector algorithm.

(a) ν = 0.45. (b) ν = 0.49.

Figure 5.5: Time histories of normalized dissipation Dn+1/2/E0 on a sequence of five
unstructured grids using the explicit RK2/predictor-multicorrector algorithm.

regard to material properties, the following choice is made, E = 1.7×107Pa, ρ0 =

1.1×103kg/m3, and to values of the Poisson ratio, ν = 0.45 and ν = 0.49. The

relaxation function gdev is the same as in (5.51). In the case of purely deviatoric

viscoelasticity, p = ∇ · u and (5.27) can be recast as

E =

∫
Ω0

[
1

2
ρ0v · v +

1

2κ
p2 +

1

2
γdev
∞ 2µdev[ε] : dev[ε] +

1

4µ

mdev∑
i=1

γdev
i hdev

i : hdev
i

]
dΩ0 .

(5.53)
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Denote by En the discrete global total energy at tn, and by

Dn+αf =
1

2µ

mdev∑
i=1

γdev
i

τdev
i

∫
Ω0

hdev
i;n+αf

: hdev
i;n+αf

dΩ0 (5.54)

the discrete mechanical dissipation, where, for example, αf = 1/2 for the midpoint,

RK2/predictor-multicorrector and BDF2 time integrators, and αf is set appropriately

in the case of the generalize-α integrator.

In Figures 5.4 and 5.5, the histories of the discrete energy En and the mechanical

dissipation Dn+1/2 are plotted, both scaled by E0, on a sequence of five unstructured

grids. These grids have the average element length ranging from 2−2m to 2−6m, and

4, 493, 31, 225, 180, 975, 991, 748, and 4, 888, 873 elements, respectively. As the com-

putational grids are progressively refined, the convergence of En/E0 and Dn+1/2/E0 is

easy to appreciate. We also note that as the material approaches the nearly incom-

pressible limit, it generally requires finer grids to capture the amount of dissipation

accurately.

In Figures 5.6 and 5.7 the time histories of the discrete energy and the mechanical

dissipation for three different implicit time integration schemes, corresponding to the

BDF2, generalized-α with ρ∞ = 0.5 and midpoint, as well as the explicit scheme are

plotted, on the fourth unstructured grid (element size 2−5m). Two different Poisson

ratios are considered, ν = 0.45 and ν = 0.49. The stabilization constants used are

cτ = 0.15 and βQ = 1/4. As seen in Figures 5.6 and 5.7, for adequate grid resolution,

all time integrators considered give similar results. Therefore, the proposed method

can properly capture the energy and mechanical dissipation independently of the

different time integration schemes.
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(a) ν = 0.45. (b) ν = 0.49.

Figure 5.6: Time histories of normalized total energy En/E0 on the fourth refinement
of the unstructured grid with different implicit time integrators and the explicit RK2
scheme.

(a) ν = 0.45. (b) ν = 0.49.

Figure 5.7: Time histories of normalized dissipation Dn+αf/E0 on the fourth refine-
ment of the unstructured grid with different implicit time integration schemes and
the explicit RK2 scheme.

5.5.3 Viscoelastic Cook’s membrane test

In order to assess the stability properties of the D-VMS method, a more challenging

two-dimensional plain-strain test is considered, which is represented by the general-

ization to deviatoric viscoelasticity of the classical Cook’s membrane problem [Coo74,

SCZR16] . A sketch of the setup is depicted in Figure 6.6a, and two representative

computational grids are presented in Figures 6.6b and 6.6c. In terms of boundary

conditions, the left edge of the membrane is clamped, the right edge is subjected to

a constant-in-time, uniform, vertical shear traction such that the total vertical force
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(a) Geometric configuration.
(b) Unstructured grid (mesh
1). (c) Structured grid (mesh 1).

Figure 5.8: Setup and grids for the Cook’s membrane test for nearly incompressible
linear viscoelasticity.

(a) Unstable P1/P0. (b) Unstable P1/P1. (c) D-VMS.

Figure 5.9: Viscoelastic Cook’s membrane test: Pressure plots at t = 10.0 computed
with the RK2/predictor-multicorrector time integration scheme.

is V = 6.25, and traction-free boundary conditions are applied onto the bottom and

upper boundaries. The normalized material properties are: ρ0 = 1.0, E = 250.0,

and ν = 0.49995. Deviatoric viscous stress is assumed and the following relaxation

function is used:

gdev(t) =
3

10
+

7

10
e−

t
0.5 . (5.55)

Tests are performed on grids of the type presented in Figures 6.6c and 6.6b, and

four successive levels of refinement. Specifically, the unstructured grids, indicated
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(a) D-VMS: structured triangular grids.
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(b) D-VMS: unstructured triangular grids.

Figure 5.10: Histories of the vertical displacement at the tip of the viscoelastic
Cook’s membrane, computed with the D-VMS method on structured/unstructured
triangular grids.

as “mesh 1,” “mesh 2,” “mesh 3,” and “mesh 4,” have 208, 832, 3,314, and 13,219

triangles, respectively, and are obtained as successive dyadic refinements of mesh 1,

depicted in Figure 6.6c. The structured grids have 82×2, 162×2, 322×2, and 642×2

elements, respectively, and are enumerated similarly to the unstructured grids (mesh

1 is depicted in Figure 6.6b). In particular, each of the structured grids is obtained

starting from a quadrilateral grid and splitting every element into two triangles.

Recalling that viscoelastic materials have inherent physical dissipation (5.34), it

would be tempting to argue that a pure Galerkin formulation may not require any

additional numerical stabilization. However, as shown in Figures 5.9a for the P1/P0

method, locking occurs. Analogously, for the P1/P1 method in Figure 5.9b, spurious

pressure oscillations are evident. To be more specific, computations were performed

on the unstructured mesh 3, with a CFL number αcfl = 0.1, and until the non di-

mensional time T = 10.0. Also note that it was not possible to run the calculations

with larger values of the CFL number, when no stabilization was applied. Compar-

ing these results with the linearly elastic computations in [SCZR16], it is clear that

viscoelastic computations are more stable, although the results are still unacceptable

from an engineering standpoint. The computations using the D-VMS method are free
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Figure 5.11: Histories of the vertical displacement at the tip of the viscoelastic
Cook’s membrane, computed with structured B-bar Q1 elements.

from spurious oscillations, as seen in Figure 5.9c, and it was possible to increase the

CFL number to αcfl = 0.9.

In the limit for very large time durations, the viscous dissipation allows the system

to relax to static equilibrium. This is verified by running the computations until T =

1200.0, that is, for a very long time. The histories of the y-displacement at the upper-

right corner are provided in Figure 5.10a and Figure 5.10b for the structured grids and

unstructured grids, respectively. It appears that the solutions on the structured grids

converge from below, whereas those on the unstructured ones converge from above.

The solutions computed with the unstructured grids tend to perform better, because

the distribution of the elements is somewhat optimized by the mesh generation tool.

Figures 5.10a and 5.10b also depict with a dotted line the solution obtained by solving

the static equilibrium equations of linear elasticity using the displacement/pressure

formulation by Hughes, Franca, and Balestra [HFB86a] on a 1282 quadrilateral grid.

94



(a) Snapshots of the D-VMS solution computed on the coarsest structured grid (mesh 1).

(b) Snapshots of the D-VMS solution computed on the finest structured grid (mesh 4).

(c) Snapshots of the D-VMS solution computed on the finest unstructured grid (mesh 4).

Figure 5.12: Pressure at t = 2, 10, 80, and 1200 for coarsest- and finest-resolution
unstructured grids using the explicit RK2/predictor-multicorrector explicit scheme.
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As time evolves in a viscoelastic dynamic computation, the kinetic energy is pro-

gressively dissipated and the solution converges to the static equilibrium configura-

tion. Since, as seen in (5.23b), all viscoelastic state variables are zero at the final

static equilibrium state, the corresponding equivalent material parameters are

κequiv =
E

3(1− 2ν)
= 8.3333×106 , µequiv =

3

10
µ = 75.0018 , (5.56)

and Eequiv =
9κequivµequiv

3κequiv + µequiv

, νequiv =
3κequiv − 2µequiv

2(3κequiv + µequiv)
= 0.499985 .

These parameters are used to setup the static calculations depicted with the dotted

horizontal lines in Figures 5.10a and 5.10b.

Analogous to the previous work [SCZR16] on elasticity, the numerical solution is

compared in Figure 5.11 against an implementation using quadrilateral elements and

the Q1 B-bar/reduced selective integration method, in which the volumetric part of

the stress is integrated with single-point quadrature and the deviatoric stresses and

viscoelastic internal state variables are integrated with a four-point quadrature rule.

For viscoelastic materials, however, it was surprising to find out that the dynamic

Q1 B-bar elements fail to converge to the correct final equilibrium configuration ob-

tained with a static calculation. The solutions in Figure 5.11 are computed on a series

of grids with 82, 162, 322, and 642 quadrilateral elements, with the fixed Courant num-

ber 0.4.

Larger Courant numbers typically lead to unstable results for theQ1 B-bar method,

as already reported in [SCZR16] in the case of linear and nonlinear elastic computa-

tions. In this regard, the Q1 B-bar method fails to the deliver the correct asymptotic

long-term behavior, and requires in any case very small time-steps, if compared with

the D-VMS method proposed here.
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An explanation for the strange behavior of the reduced selective integration method

could reside in its excessive numerical dissipation. Indeed, primal formulations with

linear quadrilaterals and hexahedrals have seldom been used for nearly incompressible

viscoelastic solids in the literature. For example: Yadagiri and Reddy [YR85] applied

the selective integration technique to serendipity type elements (8-node quadrilat-

erals and 20-node hexahedrals) for nearly incompressible viscoelasticity, based on

the classical displacement-only formulation; and Simo [Sim87] reported the use of

selective integration technique with Q1 elements, in combination with a three-field

formulation (displacement, deformation Jacobian, and pressure) motivated by the

Hu-Washizu variational principle. Our comparative study here just adds one more

piece of evidence, in that a single-field (displacement) formulation with Q1 and selec-

tive integration is not suitable for nearly incompressible viscoelastic materials in the

case of long-term simulations.

Finally, to show that the D-VMS numerical solution is free from pressure oscil-

lations at all stages of the computations, several snapshots of the deformation and

contours of the discrete pressure ph are presented in Figure 5.12. The particular time

instants are chosen as follows: (1) t = 2.0, at which the membrane begins to deform

and most of the stress concentrates near the right edge, (2) t = 10.0, at which the

membrane is moving upward for the first time, (3) t = 80.0, at which the membrane

reaches the maximum displacement in the second cycle, and (4) t = 1200.0, at which

the membrane has practically reached static equilibrium. From these figures, it is con-

cluded that the pressure is free from spurious oscillations, except, possibly, for coarse

grids at the beginning of the computation, but in this case the boundary condition

introduces a jump in stress of finite size (a singularity).

In order to show the effect of αD on the results, in Figure 5.13 the history of the

tip y-displacement is plotted, disabling (Figure 5.13a) and enabling (Figure 5.13b)
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(a) αD = 1. (b) αD given by (5.45).

Figure 5.13: Time histories of the vertical (y) displacement at the tip of the vis-
coelastic Cook’s membrane test using the BDF2 implicit time integration scheme on
unstructured grids.

this term. Four different unstructured grids are considered using the implicit BDF2

time integration scheme. The results show that when αD is disabled, the numerical

solutions do not reach the static equilibrium even after all the kinetic energy has been

dissipated. This effect still appears even for refined grids. However, activating αD, the

amount of numerical dissipation at different stages of the computation is controlled,

resulting in a solution that reaches the exact equilibrium state.

Finally, it is shown that the proposed method works properly using different time

integrators. In Figure 5.14, the pressure contours at t = 1200.0 on the fourth unstruc-

tured grid for the nearly incompressible case is plotted. Particularly, three different

values ρ∞ = 0.0, 0.5, and 1.0 in the time-stepping method are considered. The choice

ρ∞ = 0.0 coincides with the second-order BDF method, hence it will be denoted by

BDF2 in the plots, and the choice ρ∞ = 1.0 coincides with the midpoint method. We

also compare the implicit results with the explicit results obtained in the previous

section for the nearly incompressible case. The results are almost indistinguishable

among the various time integrators. Note that since the time step in the implicit case

scales with the shear modulus, it is approximately 100 times larger than the times

step for the explicit case.
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Explicit. Midpoint. Gen.-α, ρ∞ = 0.5. BDF2 BDF2 (incompr.)

Figure 5.14: Pressure at t = 1200 for various time integrators on the unstructured
mesh 4.

(a) Nearly incompressible. (b) Fully incompressible.

Figure 5.15: Time history of the vertical (y) displacement at the tip of the membrane
using explicit and implicit D-VMS methods on the fourth unstructured grid, using
the nearly and fully incompressible formulation.

For further validation, the y-displacement history at the tip of the membrane for

the nearly and fully incompressible formulation are plotted, see Figure 5.15, where

for simplicity only the results on the fourth grid are shown.

We can clearly see that the results are in agreement for different time integrators.
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5.6 Nonlinear viscoelasticity

In generalizing the D-VMS method to the case of finite strain viscoelasticity, the

approach proposed by Simo and Hughes [SH00] is followed, which builds upon a

hyper-elastic material model and the hydrostatic/deviatoric split of the Helmholtz

free energy. This approach represents a natural generalization of the linear viscoelas-

tic model described in Section 5.3. The focus will be again on nearly and fully

incompressible viscoelastic materials, in which volume changes are very limited or

completely prevented.

5.6.1 Constitutive equations

We consider a Helmholtz free energy with hydrostatic/deviatoric split: Ψ̃(C) =

U(J) + W (C̄), where C = F TF and C̄ = J−2/3C are the right Cauchy-Green

strain tensor and its deviatoric part, respectively. In the following, a Neo-Hookean

model is considered with

U(J) =
1

4
κ(J2 − 1)− 1

2
κ ln J , (5.57a)

W (C̄) =
1

2
µ(tr[C̄]− 3) , (5.57b)

where κ and µ are the nominal material parameters for the underlying hyper-elasticity

model, and in the small strain limit correspond to the bulk and shear moduli. The

nominal values for the Lamé coefficients, the Young’s modulus, and the Poisson ratio

are assumed to be defined according to (5.18). The elastic second Piola-Kirchhoff

stress is given by

Se = 2∂CΨ̃(C) , (5.58)
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and the isochoric/deviatoric decomposition of the elastic Cauchy stress tensor reads

σe = J−1FSeF T = peI + dev[σe] , (5.59)

where

pe = U ′(J) , (5.60a)

dev[σe] = J−
5
3F DEVC [2∂C̄Ψ̃(C)]F T . (5.60b)

Here the operator DEVC [A]
def
== A − 1

3
(A : C)C−1 ensures that its push-forward

under the coordinate map ϕ is traceless for any second-order tensor A, namely,

F DEVC [A]F T = dev[FAF T ] , ∀A . (5.61)

It follows that the pressure and the stress deviator computed using the underlying

elasticity model are:

pe =
1

2
κ(J − 1

J
) , (5.62a)

dev[σe] = µJ−
5
3 dev[FF T ] = µJ−

5
3 dev[b] , (5.62b)

where b = FF T is the left Cauchy-Green tensor. Analogous to the linear case,

deviatoric viscoelasticity is considered, and the deviatoric part of the Cauchy stress

σ is modeled using a relaxation function gdev and internal state variables Hdev
i , i =

1, . . . ,mdev, governed by evolution equations of the form

Ḣdev
i = − 1

τdev
i

Hdev
i +

d

dt
DEVC [2∂C̄W (C̄)] , (5.63)
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or, in integral form,

Hdev
i (t) =

∫ t

0

e
− t−s
τdev
i

d

ds
DEVC(s)[2∂C̄(s)W (C̄(s))]ds . (5.64)

Hence, the inelastic viscous response is introduced as the time-convolution integral

applied to the pull-back to the original configuration of the deviatoric stress. Conse-

quently, the spherical part of the Cauchy stress is a purely elastic pressure, while the

deviatoric part is

dev[σ] = γdev
∞ dev[J−

5
3F ∂C̄W (C̄)F T ] +

mdev∑
i=1

γdev
i dev[J−

5
3FHdev

i F T ] . (5.65)

In summary, the governing equations for the current model of deviatoric viscoelasticity

are:

u̇ = v , (5.66a)

ρJ = ρ0 , (5.66b)

ρv̇ = ∇xp+∇x · dev[σ] + ρb , (5.66c)

ṗ = κ̃(J)∇x · v , (5.66d)

where dev[σ] is defined in (5.65) and Hdev
i , i = 1, . . . ,mdev in (5.64). Equation

(5.66d) was derived observing that p = pe = U ′(J) and taking a Lagrangian time

derivative:

d

dt
U ′(J) = U ′′(J)J̇ = U ′′(J)J ∇x · v ⇒ κ̃(J) = U ′′(J)J . (5.67)

These are general derivations, which apply to a broad class of viscoelastic material

models. In the specific case of the Neo-Hookean model currently considered, the
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following is obtained:

κ̃(J) =
1

2
κ

(
J +

1

J

)
. (5.68)

As in the linear case, for the fully incompressible formulation, (5.66d) is substituted

by the following,

0 = ∇x · v , (5.69)

5.7 Variational multiscale formulation for nonlin-

ear viscoelasticity

By comparing the linear system of equations (5.23) and the nonlinear system (5.66),

it is observed that the pressure rate equations are cast in a very similar form. The

key difference is that in the linear case the bulk modulus κ is constant, while in the

nonlinear case, the effective bulk modulus κ̃ can vary from element to element de-

pending on the state of deformation. In the context of the Newton-Raphson method,

κ̃ can be interpreted as the tangent bulk modulus, obtained through linearization of

the viscoelasticity equations. Strictly speaking, the Newton-Raphson approach also

requires to apply the linearization to geometric terms, but these were not found es-

sential for the purpose of stabilization in the finite elasticity case [SCZR16]. Also note

that the proposed stabilization satisfies some basic invariance properties as already

shown in [Sco07a, Sco07b, SL10].

With the goal of a simpler presentation of the main ideas, in the following, homo-

geneous Dirichlet boundary conditions are assumed on Γ and the same trial and test

spaces as those given by (5.35) are used, with the key difference that now the entities

Ω, Ωe, and Γ are associated with the current configuration of the domain/mesh. The

D-VMS approach is then cast as:
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Seek uh,vh ∈ Shκ and ρh, ph ∈ Shγ , such that, for all ψh ∈ Vhκ and φh ∈ Vhγ :

0 = (ψh, u̇h − vh)Ω , (5.70a)

0 = (φh, ρhJ − ρ0)Ω , (5.70b)

0 = (ψh, ρv̇h)Ω + (∇x ·ψh, ph)Ω + (∇s
xψ

h,dev[σ])Ω − (ψh, ρhb)Ω ,

(5.70c)

0 = (φh, ṗh − κ̃∇x · vh)Ω + (∇xφ
h, κ̃v′)Ω , (5.70d)

with dev[σ] given by (5.65), and

v′ = − τ

ρh
(ρhv̇h −∇ph −∇ · dev[σ]− ρhb) . (5.71)

Also in this case τ is a characteristic time scale.

For the fully incompressible formulation, (5.70d) is replaced by,

0 = (φh,∇x · vh)Ω − (∇xφ
h,v′)Ω , (5.72)

In the case of linear tetrahedral finite elements, the tensors F and C are element-wise

constant, and also in this case it is natural to define the internal state variables Hi at

each quadrature point rather than at each node. As in the linear case, the incomplete

residual reconstruction is used:

v′ = − τ

ρh
(ρhv̇h −∇ph − ρhb) . (5.73)
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Computation of ∆t and choice of the parameter τ .

Similar to the linear case, the parameter τ in (5.73) is an intrinsic time scale that can

be defined as (5.41)

τ =
cταQ

αcfl

∆t .

The time-step size ∆t is computed by taking the global minimum of the local time-

step sizes:

∆t = αcfl min
1≤e≤nel

(
he

cemax

)
, (5.74)

where cemax is an estimate of the local maximum wave speed over element e. In the case

of nearly incompressible materials and explicit time integration, the cemax is computed

as the overall fastest plane wave speed in the material, namely:

cemax =

√√√√ κ̃+ 4µ/3

min
Ωe

(ρh)
, (5.75)

where he is the length of the element Ωe estimated as in Section 5.4, but this time

for the current configuration of Ωe. In the case of implicit time integration, for both

cases of nearly and fully incompressible materials, cemax is computed as the fastest

shear wave in the medium:

cemax =

√
µ

min
Ωe

(ρh)
. (5.76)

The parameter αQ, in the nonlinear case, is computed as:

αQ(t) =

(
ε+D(t)

ε+ sup0≤s≤tD(s)

)βQ
, (5.77)
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where βQ = 1/4 and, since an exact mechanical dissipation like (5.33) is not readily

available in the nonlinear case, the following ansatz is proposed:

D(x, t) =
1

2µ

mdev∑
i=1

γdev
i

τdev
i

∫
Ω

∣∣∣∣∣∣dev[J−
5
3FHdev

i F t]
∣∣∣∣∣∣2

F
dΩ . (5.78)

5.8 Numerical results: Nonlinear viscoelasticity

We consider next a number of computational tests in finite isochoric (or nearly iso-

choric) viscoelasticity, and particularly in more complex geometries with respect to

the linear case.

5.8.1 Clamped viscoelastic tube

This test involves a clamped viscoelastic cylindrical support and was originally pro-

posed in [FPS06]. The viscoelastic support is a tube of inner radius 15mm, outer

radius 30mm, and length 50mm, as shown in Figure 5.16a. The symmetry axis of the

tube is the z-axis. The material properties are ρ0 = 1.1×10−3g/mm3, E = 0.6MPa,

ν = 0.499, and the deviatoric relaxation function is

gdev(t) =
1

5
+

4

5
e−

t
0.4 . (5.79)

The outer surface is clamped to a fixed wall, that is, u ≡ 0 on this boundary. The

two ends are free (i.e., traction-free boundary conditions), while the inner surface is

subject to two different types of motion. The first type is a lateral translation along

the x-direction, with a corresponding boundary condition for the points on the inner
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(a) Geometry. (b) A structured grid.

Figure 5.16: The geometry and tetrahedral grids for the clamped viscoelastic sup-
port.

surface is given, in material coordinates, by:

x(X, t) =


X + Ux sin(ωt)

Y

Z

 , (5.80)

where Ux = 5.625mm is the maximum lateral displacement and ω = 10s−1. The

second type of motion involves a composition of an axial translation and rotation,

and the boundary condition on the inner surface is:

x(X, t) =


cos θ(t)X − sin θ(t)Y

sin θ(t)X + cos θ(t)Y

Z + Uz sin(ωt)

 , θ(t) = θ0 sin(ωt) , (5.81)

where Uz = 15mm, θ0 = π/4, and ω = 10s−1. Each of the two cases is computed

with three structured grids that are obtained by splitting hexahedral elements into

six hexahedrals: A coarse grid (shown in Figure 5.16b) of 2,304 elements and 560

nodes, a medium-resolution grid of 6,912 elements and 1,512 nodes, and a fine grid

of similar structure, and of 15,360 elements and 3,168 nodes. Specifically, these grids

resolve the thickness of the tube by 4, 6, and 8 elements; the entire length by 6, 8,
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and 10 elements; and the perimeter by 16, 24, and 32 elements, respectively.

Case 1: Lateral translation. The maximum displacement of the inner surface

occurs at ωt = kπ/2, for k an odd integer. In Figure 5.17, the D-VMS solution

for the explicit RK2/predictor-multicorrector time integrator is shown, in terms of

pressure contours and deformation at the time instants t = 0.16s, 0.47s, and 0.79s.

The D-VMS method proves stable, the pressure is smooth and the deformation is

accurate, also considering the coarseness of the computational grids. We also show in

Figure 5.18 the solution for three different implicit time integration schemes using the

medium-resolution structured mesh. It can be seen that the results for the implicit

computations are more dissipative than the explicit computation (Figure 5.17), since

the time steps are larger, as they are scaled with the shear wave speed.

(a) z-displacement. (b) Pressure.

Figure 5.19: Case 1 test: Time histories of z-displacement and pressure for the
point undergoing maximal deformation using different time integrators.

Case 2: Axial translation and rotation. Figure 5.20 shows the D-VMS solution,

again in terms of pressure contours and deformation, at the time instants t = 0.2s,

0.3s, and 0.4s. Considerations similar to the ones drawn in Case 1 also hold in the

present case.
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D-VMS on the coarse structured mesh: t = 0.16s, t = 0.47s, and t = 0.79s.

D-VMS on the medium-resolution structured mesh: t = 0.16s, t = 0.47s, and
t = 0.79s.

D-VMS on the fine structured mesh: t = 0.16s, t = 0.47s, and t = 0.79s.

Figure 5.17: Pressure contours and deformation for the Case 1 test with lateral
translation of the inner boundary using the explicit RK2/predictor-multicorrector
time integrator.
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Implicit ρ∞ = 0.5.

Implicit Midpoint.

Explicit.

Figure 5.18: Pressure contours and deformation for the Case 1 test with lateral
translation of the inner boundary using various implicit time integrators.
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D-VMS on the coarse structured mesh: t = 0.2s, t = 0.3s, and t = 0.4s.

D-VMS on the medium-resolution structured mesh: t = 0.2s, t = 0.3s, and t = 0.4s.

D-VMS on the fine structured mesh: t = 0.2s, t = 0.3s, and t = 0.4s.

Figure 5.20: Pressure contours and deformation for the Case 2 test using structured
grids and an explicit RK2/predictor-multicorrector time integrator.

111



Implicit BDF2.

Implicit ρ∞ = 0.5.

Implicit Midpoint.

Explicit.

Figure 5.21: Pressure contours and deformation for the Case 2 test using different
implicit time integrators.
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This set of results show that the D-VMS method leads to smooth results, which

also show accuracy in capturing axisymmetric patterns.

For verification, hysteresis cycles in the force/displacement space are also shown

in Figures 5.22a and 5.22b, for the two motions considered.
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(b) Fz vs. uz, Case 2.

Figure 5.22: Lateral force Fx vs. displacement ux on the inner surface for Case 1,
and axial force Fz vs. displacement uz on the inner surface for Case 2.

These results are substantially in agreement with Fancello et al. [FPS06], and

minor discrepancies can be explained with differences in constitutive models, which

however collapse to the same limit in the linearly elastic case. Particularly, the

force/displacement curve of Figure 5.22b is very close to that of the Hencky model

used in [FPS06]. Also it is observed that the convergence of the force/displacement

curve is faster in Case 2 that in Case 1. This seems to indicate again that a squeezing

pattern of deformation requires finer grids to obtain the same level of accuracy with

respect to torsional patterns.

5.8.2 Stent inflation problem

Another test that is presented is inspired by biomedical applications in complex ge-

ometry: The inflation of a thin-walled solid in the shape of a stent. The material is

a fully incompressible Neo-Hookean solid of shear modulus µ = 5670 MPa.
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Figure 5.23: Configuration of the stent inflation test.

The geometry of the problem is shown in Fig. 5.23, decomposed with a grid of

323,504 elements and 78,092 nodes. The following traction condition is imposed on

the inner surface of the stent:

TN = PN ·N = 2 · 104(sin(πt))2 Pa , (5.82)

where T is the traction in the Lagrangian reference frame, and N is the normal to

the Lagrangian reference boundary (coinciding with the initial configuration of the

body). Homogeneous Dirichlet boundary conditions are imposed on the left side of the

object (clamped-end boundary conditions), while stress-free boundary conditions are

applied on all other boundaries. The test is run with the generalized-α method with

ρ∞ = 0.5. Fig. 5.24 shows a plot of the pressure field on the deformed configuration

at t = 0.37[s]. Despite the grid being slightly coarse to completely resolve the solution
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around detailed geometrical features, the solution of the pressure is smooth with no

pressure oscillations. The results also show regions of expected high pressure (and in

general, stress concentration) around the hexagonal holes of the stent.

Figure 5.24: Pressure field on the deformed configuration of the stent inflation test.
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5.9 Summary

In this chapter, an extension of the D-VMS method developed in [SCZR16] has been

proposed to simulate large deformation implicit nearly and fully incompressible vis-

coelastic materials. This extension was realized by creating a stabilization operator

where the amount of numerical dissipation introduced in the computation adjusts

based on the level of physical dissipation due to viscoelastic mechanisms. The pro-

posed algorithm was again tested for a variety time integrators the results showed

that the invariance of its stability and accuracy with respect to the time integrator

used. In addition, the method showed second order rates of convergence for velocities,

displacements, and pressure in the L2-norm.

Next, the ideas presented in this chapter will be extended to small and large

deformation J2-elastoplastic constitutive models which are of particular importance

to characterize the behavior of metals.
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Chapter 6

J2-Elastoplasticity

6.1 Overview

In this chapter, a new finite element based algorithm to simulate computational me-

chanics problems involving J2-elastic-plastic materials is presented. The algorithm is

characterized by its simplicity (as it involves linear shape functions only), its robust-

ness, and its accuracy on unstructured tetrahedral meshes (whose generation can be

automated to a high degree). Algorithms of this type are very useful in the mechanics

of soils, and geosystems. When developing algorithms of this type, it is important to

consider the additional computational cost associated with the storage of state vari-

ables at the integration quadrature points, which are typically second-order tensors

and are necessary for the evaluation of the stress tensor. Therefore, using lower-order

elements can alleviate some of the overall computational burden, as they require far

less quadrature points than higher-order elements.

As a first step, the ideas presented in the first two chapters are extended to the

case of small-strain quasi-static J2-plasticity. The key idea in this extension is to use
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an appropriate variational multiscale (VMS) stabilizing operator that is scaled with

a so-called effective plastic shear modulus. In addition, an explicit fine-scale pressure

stabilization term is also added to the variational equations. Then, problems in large

deformation quasi-static and dynamic J2-plasticity are solved.

6.2 Small strain J2-elastoplasticity

For the sake of simplicity, the proposed method is presented first in the context

of small strain J2-elastoplasticity, also known as von Mises elastoplasticity. By the

infinitesimal strain assumption, x ≈X, Ω ≈ Ω0, ∇x ≈ ∇X , and ∇Xu� 1. Hence,

J ≈ 1 +∇X · u ≈ 1 , and ρ0 ≈ (1 +∇X · u)ρ ≈ ρ . (6.1)

Consequently, the density becomes a datum of the problem rather than a variable. In

the remainder of this section, the subscript X in the spatial derivatives is omitted,

since ∇x ≈ ∇X . Define the deviator of a symmetric tensor s as s̃, namely,

s̃ = dev[s] = s− 1/3 tr(s) I , (6.2)

where the trace operator tr(s) = s : I =
∑nd

i=1 sii (in Cartesian coordinates) has been

defined, and I is the identity tensor.
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6.2.1 Additive decomposition of the total strain

The first assumption made for small-strain von Mises (or J2-) elastoplasticity is the

additive decomposition of the total strain

ε = εe + εp , (6.3)

where εe = εe(u) = 1/2(∇u+∇uT ) is the elastic strain tensor, and εp is the plastic

strain tensor. (6.3) can be rewritten as,

εe = ε− εp . (6.4)

6.2.2 Stress response

For linearized elasticity, using (6.4), the stress response is given by,

σ = C : (ε− εp) , (6.5)

where C is the fourth-order tensor of elastic moduli. For an isotropic medium, the

constitutive relation (6.5) simplifies to,

σ = σ̃ + pI , (6.6a)

σ̃ = Cdev : (ε− εp) = 2µ (ε̃− ε̃p) , (6.6b)

p = κ tr (ε− εp) , (6.6c)

where σ̃ = dev[σe] is the elastic deviatoric stress, Cdev is the deviatoric tensor of

elastic moduli, µ is the shear modulus, p is the pressure (or spherical component

of the stress), κ is the bulk modulus. In writing (6.6), the existence of an additive

119



decomposition of σ was assumed.

6.2.3 Yield function

Elastoplastic constitutive laws require the definition of a yield function, f(σ̃, α), where

α is a hardening parameter. This yield function acts as a constraint on the state of

stress of a material point. The von Mises-Huber yield function is considered in this

work, namely,

f(σ̃, α) = ||σ̃|| −
√

2

3
(σY + k(α)) , (6.7)

with σY the yield stress (beyond which plastic flow occurs) and k (α) a function

describing the hardening law.

6.2.4 Isotropic hardening law and loading/unloading condi-
tions

The evolution of the hardening parameter α is assumed to follow the law

α̇ =

√
2

3
γ , (6.8)

where γ is the consistency parameter subject to the loading/unloading (Karush-Kuhn-

Tucker) conditions

γ ≥ 0 , f (σ̃, α) ≤ 0 , γf (σ̃, α) = 0 (6.9)
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and the consistency condition

γḟ (σ̃, α) = 0 . (6.10)

6.2.5 Flow rule

An associative flow rule based on the principle of maximum plastic dissipation is

considered in this work. Using (6.7), the following associative flow rule is obtained,

ε̇p = γ
σ̃

||σ̃|| . (6.11)

For more details about the definition of this constitutive law refer to Chapter 2

of [SH06]. In summary, the equations that will be adopted to describe the evolution

of a linear J2-elastoplastic isotropic solid are (2.2c) with σ obeying (6.6)–(6.11).

Remark. J2-plasticity models are based on the assumption of isochoric (shear only)

plastic deformations. Hence, tr (εp) = 0 and

∇ · u = tr (ε) = tr (εe + εp) = tr (εe) + tr (εp) = tr (εe(u)) = ∇ · ue . (6.12)

Therefore, (6.6c), can be rewritten as,

p = κ∇ · u . (6.13)

6.2.6 Return mapping algorithm

This section describes the return mapping algorithm used to integrate the small strain

J2-elastoplastic constitutive law. For static computations, the loading of a solid struc-

ture can be imagined to occur in progressive stages, and associate to it a fictitious
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pseudo-time parameter t. Then tn represents the pseudo-time instant relative to the

loading step n. Instead, in the case of time-dependent computations, tn indicates a

proper discrete time instant at which the state of the mechanical system and relative

constitutive models are evaluated.

The return mapping procedure is described in Algorithm 2 below, and has been

adapted from [SH06] (the interested readers can find details in Chapters 1 and 2

of this reference). Specifically, the linear isotropic hardening law is used, k(α) =

Kα, where K is the hardening modulus. Extensions to other hardening laws are

straightforward [SH06].
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Algorithm 2 Return map algorithm for small strain J2-elastoplasticity [SH06].

1: Data at quadrature point x: {εpn, αn}

2: Update the total strain at x: εn+1 = εn + ∆εn

3: Compute elastic predictor:

σ̃trial
n+1 = 2µ (εn+1 − εpn)

4: Check for plastic yield:
f trial
n+1 =

∣∣∣∣σ̃trial
n+1

∣∣∣∣−√2/3 (K (αn) + σY )

IF f trial
n+1 ≤ 0 THEN

Set ( )n+1 = ( )trial
n+1 , & EXIT

ELSE

GO TO 5 (Return-mapping)

ENDIF

5: Return-mapping algorithm:

Compute:

∆γ =
f trial
n+1/2µ

1 +K/3µ

n = σ̃trial
n+1/

∣∣∣∣σ̃trial
n+1

∣∣∣∣
Return map:

σ̃n+1 = σ̃trial
n+1 − 2µ∆γn

αn+1 = αn +
√

2/3 ∆γ

6: Update of the plastic strain:

εpn+1 = εpn + ∆γn

6.3 Effective shear modulus for small strain J2-

elastoplasticity

This section is key to the understanding of the proposed numerical methodology. The

physical intuition behind defining the effective shear modulus is that regions of the
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body that plasticize become weaker, and hence the effective material properties in

those regions change. The definition of µeff is embedded in Step 5 of Algorithm 2,

where the following correction has been applied to the elastic deviatoric stress:

σ̃n+1 = σ̃trial
n+1 − 2µ∆γn , (6.14)

with n = σ̃trial
n+1/

∣∣∣∣σ̃trial
n+1

∣∣∣∣. Equation (6.14) can be recast as

σ̃n+1 = σ̃trial
n+1 −

2µ∆γ∣∣∣∣σ̃trial
n+1

∣∣∣∣ σ̃trial
n+1 =

(
1− 2µ∆γ∣∣∣∣σ̃trial

n+1

∣∣∣∣
)
σ̃trial
n+1 . (6.15)

Hence, the following definition of µeff can be adopted:

µeff,n+1 = βn+1µ , (6.16)

where βn+1 =
(
1− 2µ∆γ/

∣∣∣∣σ̃trial
n+1

∣∣∣∣).
Remark. To gain more insight about formula (6.16), consider the behavior of β over

the whole spectrum of elastic/plastic deformation:

Perfect elasticity: ∆γ = 0 and, consequently, βn+1 = 1 and µeff = µ.

Perfect plasticity: K = 0 and f trial
n+1 =

∣∣∣∣σ̃trial
n+1

∣∣∣∣−√2/3σY . Hence,

βn+1 = 1− 2µ∆γ∣∣∣∣σ̃trial
n+1

∣∣∣∣ = 1− f trial
n+1∣∣∣∣σ̃trial
n+1

∣∣∣∣ =

√
2

3

σY∣∣∣∣σ̃trial
n+1

∣∣∣∣ > 0 . (6.17)

Plastic hardening: K 6= 0, and f trial
n+1 =

∣∣∣∣σ̃trial
n+1

∣∣∣∣−√2/3 (K (αn) + σY ), so

that
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βn+1 = 1− 3µ f trial
n+1

(K + 3µ)
∣∣∣∣σ̃trial

n+1

∣∣∣∣
=
K
∣∣∣∣σ̃trial

n+1

∣∣∣∣+ 3µ
(∣∣∣∣σ̃trial

n+1

∣∣∣∣− f trial
n+1

)
(K + 3µ)

∣∣∣∣σ̃trial
n+1

∣∣∣∣
=

K

K + 3µ
+

3µ

K + 3µ

∣∣∣∣σ̃trial
n+1

∣∣∣∣− f trial
n+1∣∣∣∣σ̃trial

n+1

∣∣∣∣
=

K

K + 3µ
+

(
1− K

K + 3µ

)√
2

3

K (αn) + σY∣∣∣∣σ̃trial
n+1

∣∣∣∣ > 0 . (6.18)

Observing that (6.7) and (6.9) imply
∣∣∣∣σ̃trial

n+1

∣∣∣∣ ≥√2/3 (K (αn) + σY ), it can be seen

that in the most general elastic-plastic case with hardening,

0 < βn+1 ≤ 1 . (6.19)

This case encompasses the purely elastic and perfectly plastic cases.

Remark. Observe that εpn is deviatoric (i.e., a traceless tensor) for any step n. The

proof can be achieved by induction, assuming that the initial plastic strain is zero

and taking the trace of the plastic strain update in Step 6 of algorithm 2:

tr[εpn+1] = tr[εpn] + tr[∆γn] = 0 + ∆γ tr[n] = 0 . (6.20)

6.4 Variational multiscale formulation for small strain

J2-elastoplasticity

The solution of the equations of static small-strain J2-elastoplasticity using glob-

ally continuous is considered, piecewise linear interpolation for the displacement u

and pressure p, and this formulation is denoted as the P1/P1 mixed finite element.

Although elastoplastic systems are dissipative, it has been shown in the literature
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[AdSCVC06, CVDSC02, CVAdSC04, KMS99, MLKS01, MLKS02, ML03, RM05] that

the use of P1/P1 or P1/P0 (piecewise linear displacement/constant pressure) finite

elements leads to numerically unstable computations, particularly in the case of J2-

plasticity constitutive models. In this case, large (deviatoric) plastic deformations

induce nearly incompressible behavior in the solid, even if the underlying elastic con-

stitutive law allows for material compressibility. It is also well known that P1/P1 or

P1/P0 elements do not satisfy the inf-sup conditions [Bab71, BF91, EG04, BBF13]

in the incompressible limit, and are therefore numerically unstable.

Next, the variational multiscale approach described in 3 is used to design stabiliz-

ing operators. For an in depth description of the variational multiscale stabilization

approach the reader is referred to [Hug95, HFMQ98, HSP04].

Let Sκ and Vκ be the trial and test function spaces for the displacement, re-

spectively. More generally, and particularly in the nonlinear case, Sκ and Vκ can be

associated with the kinematic fields (displacement, velocity, acceleration). Let Sp and

Vp be the trial and test function spaces for the pressure. For simplicity and without

loss of generality, homogeneous Dirichlet boundary conditions are assumed. Hence,

define

Sκ = Vκ =
{
ψ ∈ H1

0 (Ω)
}
, (6.21a)

Sp = Vp =
{
φ ∈ H1(Ω)

}
, (6.21b)

where H1(Ω) is the Sobolev space of square integrable functions with square integrable

gradients, H1
0 (Ω) is the closure in H1(Ω) of the space of infinite differentiable functions

with homogeneous Dirichlet boundary conditions, and L2(Ω) is the space of square

integrable functions. The variational form of the problem under consideration then

reads,
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Find u ∈ Sκ, p ∈ Sp, such that ∀ψ ∈ Vκ, ∀φ ∈ Vp:

0 = (∇ ·ψ, p)Ω + (ε̃(ψ), σ̃)Ω − (ψ, ρb)Ω , (6.22a)

0 =
(
φ,
p

κ
−∇ · u

)
Ω
. (6.22b)

Let Shκ and Vhκ be the discrete trial and test function spaces for the displacement, and

Shp and Vhp the discrete trial and test function spaces for the pressure. Namely,

Shκ = Vhκ =
{
ψh ∈ (C0(Ω))nd : ψh

∣∣
Ωe
∈ (P1(Ωe))

nd , ψh = 0 on Γ
}
, (6.23a)

Shp = Vhp =
{
φh ∈ C0(Ω) : φh

∣∣
Ωe
∈ P1(Ωe)

}
. (6.23b)

Specifically, the displacement and pressure variables and relative test functions are

approximated by piecewise linear globally continuous functions. Using the scale de-

composition, integrating by parts the terms involving gradients of the fine-scale fields,

and neglecting inter-element boundary terms yields the following coarse-scale varia-

tional equations:

Find uh ∈ Shκ , u′ ∈ S ′κ, ph ∈ Shp , p′ ∈ S ′p, such that ∀ψh ∈ Vhκ , ∀φh ∈ Vhp ,

0 = (∇ ·ψh, ph)Ω + (∇ ·ψh, p′)Ω + (ε̃(ψh), σ̃(uh))Ω − (ψh, ρb)Ω , (6.24a)

0 =

(
φh,

ph

κ
−∇ · uh

)
Ω

+ (∇φh,u′)Ω . (6.24b)

The fine-scale fields need to be approximated, and the following choice is made:

u′ ≈ − τu
(
−∇ph −∇ · σ̃(uh)− ρb

)
= τu

(
∇ph +∇ · σ̃(uh) + ρb

)
, (6.25a)

p′ ≈ − τp κ
(
ph

κ
−∇ · u

)
, (6.25b)
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where τp and τu represent the element average of the fine-scale Green’s function

operator, associated with the evolution of the fine-scale fields, as shown, for example

in [Hug95, HFMQ98, HSP04]. Note also that since the goal of the fine-scales is only

to improve the stability of the coarse scale problem, a simple estimate of τu and τp is

sufficient. Dimensional analysis reveals that τp must be non-dimensional and can be

defined as,

τp = cτp , (6.26)

where cτp is a constant stabilization parameter. Dimensional analysis also shows

that τu ∝ h2
e, where he is the representative mesh size for the eth element (e.g., its

diameter), so that the following can be chosen:

τu = cτu
h2
e

2µeff

, (6.27)

where cτu is a non-dimensional stabilization parameter and µeff is an effective shear

modulus, which depends on whether the state of each element is elastic or plastic,

and whose explicit definition is given in 6.3.

Remark. The introduction of the effective shear modulus provides a mechanism that

automatically adjusts the stabilization according to the local amount of yielding. This

approach has two advantages:

1. it preserves the local nature of plasticity as the value of τu depends now on the

state of the element (i.e, elastic or plastic); and

2. it does not require any intervention from the user in choosing the stabilization

constants for different levels of accumulated plastic strain.

This approach differs from previous work on this topic [KMS99, MLKS01, MLKS02,
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ML03, RM05], in which stabilization parameters had to be adjusted for different

numerical tests, since the definition of τu did not account for the amount of plasticity

a given element is subjected to. The proposed approach bears also some analogies

with the approach in in [AdSCVC06], where the approximate secant matrix of a

quasi-Newton method is used to scale the stabilization parameter.

Remark. The term p′ is typically neglected or omitted in the variational multiscale

literature on solid mechanics, besides rare occasions [LMss, GLBO16] in elasticity

problems. However, p′ turns out to be very beneficial in the case of J2-elastoplastic

materials, since it enhances the overall numerical stability of algorithms. This point

will be elaborated momentarily, in the numerical stability proofs of Section 6.5 and

in the numerical tests of Section 6.6.

Combining (6.24) and (6.25), the final form of the discrete variational problem is

obtained:

Find uh ∈ Shκ , ph ∈ Shp such that ∀ψh ∈ Vhκ , ∀φh ∈ Vhp . Namely,

0 = (∇ ·ψh, ph)Ω −
(
∇ ·ψh, τp

(
ph − κ∇ · uh

))
Ω

+ (ε̃(ψh), σ̃)Ω − (ψh, ρb)Ω ,

(6.28a)

0 =

(
φh,

ph

κ
−∇ · uh

)
Ω

+ (∇φh, τu
(
∇ph +∇ · σ̃ + ρb

)
)Ω′ , (6.28b)

where Ω′ =
⋃
e Ω◦e is the union of the element interiors Ω◦e.

Remark. Because P1 elements are used to represent uh, the divergence of the devia-

toric stress in (6.25a) is zero, hence,

u′ ≈ τu
(
∇ph + ρb

)
. (6.29)
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6.4.1 Numerical implementation

The P1 approximation of the solution variables is given as

uhn =

nnp∑
A=1

NA;nuA;n , (6.30a)

phn =

nnp∑
A=1

NA;npA;n , (6.30b)

where the subscripts n (and, later on, n+ 1) refer to the external loading step, in the

case of static computations, and the time step, in the case of dynamic computations.

Next, consider the discrete problem (6.28) which results in a nonlinear system of

equations that is solved using a Newton-Raphson algorithm. Although the equations

are solved in the small strain regime, the nonlinearity originates from the plastic

return mapping algorithm. From (6.28), the equivalent linearized system can be

derived in compact algebraic form, which at a given time tn+1 and nonlinear iteration

k reads as follows:

(G′)
(k)
n+1 δy = −r(k)

n+1 , (6.31)

where r(k)
n+1 =

[
(ru)(k)

n+1 , (rp)
(k)
n+1

]T
is the residual vector, δy = [δu, δp]T and G′ = ∂r/∂y

is the algebraic Jacobian matrix. The vectors (ru)(k)
n+1 and (rp)

(k)
n+1 are computed

according to (6.28a) and (6.28b), respectively. Finally, for u′ and p′,

u′ = τ
(k)
u,n+1

(
∇p(k)

n+1 + ρ
(k)
n+1bn+1

)
, (6.32a)

p′ = −τ (k)
p,n+1

(
p

(k)
n+1 − κ∇ · un+1

)
. (6.32b)

Algorithm 3 summarizes the overall implicit procedure.

Remark. The Jacobian G′ is computed at every Newton-Raphson iteration k using

SACADO, an automatic differentiation library part of the Trilinos project [HBH+05].
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Algorithm 3 Implicit algorithm for the update of
{
un+1,pn+1

}
from {un,pn}

1: Set (u(0)
n+1,p

(0)
n+1) = (un,pn)

2: Given a tolerance ε and a relative tolerance η
3: while ||r||∞ < ε do
4: Compute µeff using (6.16)
5: Compute τu and τp using (6.27) and (6.26), respectively
6: Apply Algorithm 2 to compute σ
7: Compute r(k)

n+1 using (6.28a) and (6.28b)

8: Compute (G′)(k)
n+1 using automatic differentiation

9: Find δu and δp solving system (6.31) up to a tolerance η ||r||∞
10: Update

(
u(k+1)
n+1 ,p(k+1)

n+1

)
=
(
u(k)
n+1,p

(k)
n+1

)
+ (δu, δp)

11: end while
12: Set (un+1,pn+1) = (u(k+1)

n+1 ,p(k+1)
n+1 )

13: Compute (α
(k+1)
n+1 , ε

(k+1)
n+1 )

14: Set (αn+1, εn+1) = (α
(k+1)
n+1 , ε

(k+1)
n+1 )

6.5 Numerical analysis of the variational multi-

scale approach for small strain J2-elastoplasticity

Before proceeding with the analysis of numerical stability, first recall the useful ε-

inequality. For any two real numbers a and b, and any real number ε > 0:

ab ≤ |ab| ≤ εa2

2
+
b2

2ε
, (6.33)

which, combined with the Cauchy-Schwartz inequality, yields

(u,v) ≤ |(u,v)| ≤ ||u|| ||v|| ≤ 1

2

(
||u||2
ε

+ ε ||v||2
)
, ∀u,v ∈ Vκ . (6.34)
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The following inverse estimate is assumed to hold throughout, for the discrete poly-

nomial function spaces utilized (see for example [HH92, HFB86b]):

h2
e

∣∣∣∣∇ · ε̃(uh)∣∣∣∣2
Ωe
≤ CI

∣∣∣∣ε̃(uh)∣∣∣∣2
Ωe

, (6.35)

where uh, vh ∈ Vhκ and CI is a constant that depends only on the interpolation

employed. Note that ||u||Ωe represents the L2(Ωe)-norm of u, and ||s||F the Frobenius

norm of the tensor s.

6.5.1 Coercivity and convergence for compressible isotropic
linear elasticity

When analyzing the stability of the proposed method in the elastic case, without loss

of generality, the specific case of an isotropic material is considered. The stabilized

variational equations of compressible isotropic linear elasticity read

B(uh, ph;ψh, φh) = L(ψh, φh) , (6.36a)

B(uh, ph;ψh, φh) = (ε̃(ψh), 2µ ε̃(uh))Ω + (∇ ·ψh, ph)Ω +

(
φh,

ph

κ
−∇ · uh

)
Ω

−
(
∇ ·ψh, τp

(
ph − κ∇ · uh

))
Ω

+ (∇φh, τu (∇p+∇ · (2µ ε̃(uh))))Ω′ , (6.36b)

L(ψh, φh) = (ψh, ρb)Ω + (∇φh, τu ρb)Ω′ , (6.36c)

where (6.36b)–(6.36c) were obtained by adding (6.24a) and (6.24b). Taking ψh = uh

and φh = ph, it is possible to prove coercivity of the bilinear form as follows:

B(uh, ph;uh, ph) =
(
ε̃(uh), 2µε̃(uh)

)
Ω

+
(
∇ · uh, ph

)
Ω

+

(
ph,

ph

κ
−∇ · uh

)
Ω
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+
(
τu∇ph,∇ph + 2µ∇ · ε̃(uh)

)
Ω′

−
(
∇ · uh, τpκ

(
ph

κ
−∇ · uh

))
Ω

= 2µ
∣∣∣∣ε̃(uh)∣∣∣∣2

Ω
+

1

κ

∣∣∣∣ph∣∣∣∣2
Ω

+
∣∣∣∣√τu ∇ph∣∣∣∣2Ω′ + τp κ

∣∣∣∣∇ · uh∣∣∣∣2
Ω

+
(
2µ τu∇ph,∇ · ε̃(uh)

)
Ω′︸ ︷︷ ︸

(I)

−
(
∇ · uh, τpph

)
Ω︸ ︷︷ ︸

(II)

. (6.37)

Term (I) can be bounded [HFB86b] using the Cauchy-Schwartz inequality, the inverse

inequality (6.35), and assuming that cτuCI ≤ 1 (i.e., pick cτu ≤ C−1
I , where CI is the

inverse estimate constant):

(
2µ τu∇ph,∇ · ε̃(uh)

)
Ω′
≥ −

∣∣(√τu ∇ph, 2µ√τu ∇ · ε̃(uh))Ω′

∣∣
≥ − 1

2

(∣∣∣∣√τu ∇ph∣∣∣∣2Ω′ + ∣∣∣∣2µ√τu ∇ · ε̃(uh)∣∣∣∣2Ω′)
≥ − 1

2

(∣∣∣∣√τu ∇ph∣∣∣∣2Ω + cτu 2µ
∣∣∣∣h ∇ · ε̃(uh)∣∣∣∣2

Ω′

)
≥ − 1

2

(∣∣∣∣√τu ∇ph∣∣∣∣2Ω + cτu CI 2µ
∣∣∣∣ε̃(uh)∣∣∣∣2

Ω

)
≥ − 1

2

(∣∣∣∣√τu ∇ph∣∣∣∣2Ω + 2µ
∣∣∣∣ε̃(uh)∣∣∣∣2

Ω

)
. (6.38)

Term (II) can be bound using the Cauchy-Schwartz inequality and the ε-inequality

(6.33) (with ε = κ):

−
(
∇ · uh, τpph

)
Ω
≥ −

∣∣(∇ · uh, τpph)Ω

∣∣ ≥ −τp(κ
2

∣∣∣∣∇ · uh∣∣∣∣2
Ω

+
1

2κ

∣∣∣∣ph∣∣∣∣2
Ω

)
.

(6.39)

Grouping all terms, and taking τp ≤ 2, the following is obtained,

B(uh, ph;uh, ph) ≥ |||(uh, ph)|||2elas , (6.40a)
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where

|||(uh, ph)|||2elas = µ
∣∣∣∣ε̃(uh)∣∣∣∣2

Ω
+
(uh, ph)

2

stab
(6.40b)

is the discrete natural norm of the proposed stabilized method, with

(uh, ph)
2

stab
=

1

2

∣∣∣∣√τu ∇ph∣∣∣∣2Ω +
(

1− τp
2

) 1

κ

∣∣∣∣ph∣∣∣∣2
Ω

+ κ
τp
2

∣∣∣∣∇ · uh∣∣∣∣2
Ω
. (6.40c)

Remark. This result holds for all equal-order interpolations of the pressure and dis-

placement fields, and not just for the simple piecewise linear interpolation case.

The coercivity result (6.40) is instrumental in proving the numerical convergence

of the proposed method, by means of the following classical argument. The total

errors are defined as eu = uh − u and ep = ph − p, where u and p are the exact

displacement and pressure fields. The following decomposition of the total errors can

be made: eu = ehu + ηu and ep = ehp + ηp, where ehu = uh − ũh and ehp = ph − p̃h

are the numerical errors, ηu = ũh − u and ηp = p̃h − p are the interpolation errors,

respectively, and ũh and p̃h are the polynomial interpolants of u and p. Then,

|||(ehu, ehp)|||2elas ≤ B(ehu, e
h
p ; e

h
u, e

h
p)

≤ B(eu − ηu, ep − ηp; ehu, ehp) (error decomposition)

≤ −B(ηu, ηp; e
h
u, e

h
p) (Galerkin orthogonality of the error)

= (ε̃(ηu), 2µ ε̃(ehu))Ω + (∇ · ηu, ehp)Ω +
1

κ

(
ηp, e

h
p

)
Ω
−
(
ηp,∇ · ehu

)
Ω

−
(
∇ · ηu, τpehp

)
Ω

+
(
∇ · ηu, κ τp∇ · ehu

)
Ω

+
(
∇ηp, τu∇ehp

)
Ω

+
(
∇ηp, τu∇ ·

(
2µ ε̃(ehu)

))
Ω′

≤ µ

(
ε1‖ε̃(ηu)‖2

Ω +
1

ε1
‖ε̃(ehu)‖2

Ω

)
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+ (1 + τp)

(
ε2
2
κ‖∇ · ηu‖2

Ω +
1

2ε2 κ
‖ehp‖2

Ω

)
+

1

κ

(
ε3
2
‖ηp‖2

Ω +
1

2ε3
‖ehp‖2

Ω

)
+

(
ε4
2κ
‖ηp‖2

Ω +
κ

2 ε4
‖∇ · ehu‖2

Ω

)
+ κ τp

(
ε5
2
‖∇ · ηu‖2

Ω +
1

2ε5
‖∇ · ehu‖2

Ω

)
+

(
ε6
2
‖√τu∇ηp‖2

Ω +
1

2ε6
‖√τu∇ehp‖2

Ω

)
+

(
ε7
2
‖√τu∇ηp‖2

Ω +
1

2ε7
‖√τu∇ ·

(
2µ ε̃(ehu)

)
‖2

Ω′

)
. (6.41)

Using the definition of τu, the inverse estimate and the condition cτuCI ≤ 1, the very

last term in the previous inequality reduces to

1

2ε7
‖√τu∇ ·

(
2µ ε̃(ehu)

)
‖2

Ω′ ≤
CI
2ε7

∥∥∥∥√τuhe 2µ ε̃(ehu)

∥∥∥∥2

Ω′
≤ CI cτu

2ε7

∥∥∥√2µ ε̃(ehu)
∥∥∥2

Ω′

≤ µ

ε7

∥∥ε̃(ehu)
∥∥2

Ω′
. (6.42)

Taking now ε1 = ε7 = 4, ε2 = 2(1+τp)/(1−τp/2), ε3 = 2/(1−τp/2), ε4 = 4/τp, ε5 = 4,

and ε6 = 2, all the terms containing the errors ehu and ehp can be hidden behind the

right-hand-side of the inequality (6.41), and obtain

1

2
|||(ehu, ehp)|||2elas ≤ 4µ‖ε̃(ηu)‖2

Ω + 2κ
1 + 4τp
2− τp

‖∇ · ηu‖2
Ω

+
1

κ

4

τp(2− τp)
‖ηp‖2

Ω + 3 ‖√τu∇ηp‖2
Ω . (6.43)

Using the classical interpolation estimates for the exact solutions u ∈ Hk+1(Ω) and

p ∈ H l+1(Ω),

|||(ehu, ehp)|||elas ≤ C1

√
max(κ, µ)hk‖u‖k+1 + C2

√
max

(
1

κ
,

1

µ

)
hl+1‖p‖l+1 , (6.44)

where C1 and C2 are two constants that may depend on the geometry of the domain
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Ω, τp and cτu , but not on the mesh size h = maxe he. The triangle inequality leads,

in the end, to

|||(eu, ep)|||elas ≤ |||(ehu, ehp)|||elas + |||(ηhu, ηhp )|||elas

≤ C3 h
k‖u‖k+1 + C4 h

l+1‖p‖l+1 , (6.45)

where C3 and C4 are again two constants that depend on the geometry of the domain,

κ, µ, τp and cτu , but not on the mesh size h. The estimate (6.45) provides conver-

gence rates of the proposed method not only for piecewise-linear (globally continuous)

interpolation, but also for higher-order, piecewise-polynomial (globally continuous)

interpolations. In the specific case of linear interpolation, k = l = 1 and the error

|||(eu, ep)|||elas converges linearly. Since the norm of the error |||(eu, ep)|||elas contains

derivatives of the solution fields, it can be expected that the L2-norm of the error

in u and p to show convergence rates higher than first order in the case of linear

interpolating polynomials (e.g., second order).

6.5.2 Coercivity for small strain J2-elastoplasticity

In the case of small strain J2-elastoplasticity, a stability analysis is performed by

means of local linearization around the equilibrium state of the mechanical system.

The analysis that follows applies specifically to the case of piecewise linear interpo-

lation for the pressure and displacement fields (P1/P1 mixed finite elements). Let

N(uh, ph;ψh, φh) be the nonlinear operator corresponding to the terms involving the

solution in the discrete variational problem (6.28). N(uh, ph;ψh, φh) is given by,

N(uh, ph;ψh, φh) =
(
∇ψh, σ̃

)
Ω

+
(
∇ ·ψh, ph

)
Ω

+

(
φh,

ph

κ
−∇ · uh

)
Ω
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+
(
τu∇φh,∇ph +∇ · σ̃

)
Ω′
−
(
∇ ·ψh, τp

(
ph − κ∇ · uh

))
Ω
,

(6.46)

where, for an element in which plastic flow occurs,

σ̃ = 2µ
(
ε̃(uh)− εpn

)
− 2µ∆γn . (6.47)

If instead the loading occurs in the elastic range, or under unloading conditions,

then the deviatoric stress is given by

σ̃ = 2µ
(
ε̃(uh)− εpn

)
. (6.48)

Perfect plasticity. Consider the elastic/perfectly plastic case first, for which k(α) = 0.

Then, replacing ∆γ, f trial
n+1 , and n with their definitions,

σ̃ = 2µ
(
ε̃(uh)− εpn

)
−
(

2µ
∣∣∣∣(ε̃(uh)− εpn)∣∣∣∣F −

√
2

3
σY

)
ε̃(uh)− εpn
||ε̃(uh)− εpn||F

=

√
2

3
σY

ε̃(uh)− εpn
||ε̃(uh)− εpn||F

. (6.49)

The previous relation applies in the case in which the material undergoes plastic

deformation. Linearizing (6.49),

d

ds
σ̃(uh + sδuh)

∣∣∣∣
s=0

=
d

ds

(ε̃(uh + sδuh)− εpn
)

√
2
3
σY

||ε̃(uh + sδuh)− εpn||F

∣∣∣∣∣∣
s=0

=


√

2
3
σY

||ε̃(uh)− εpn||F

 ε̃(δuh)
−


√

2
3
σY
(
ε̃(uh)− εpn

)
: ε̃(δuh)

||ε̃(uh)− εpn||3F

(ε̃(uh)− εpn) . (6.50)
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Obviously, a linearization of (6.48) leads to

d

ds
σ̃(uh + sδuh)

∣∣∣∣
s=0

= 2µ ε̃(δuh) . (6.51)

Let Ap,Ae ∈ Ω be the unions of elements whose behavior, from load step n to

n+ 1, is plastic or elastic, respectively. Hence, the bilinear form corresponding to the

compressible small strain J2-elastoplasticity, B(uhn+1, p
h
n+1;uhn+1, p

h
n+1), can be written

as,

B(uhn+1, p
h
n+1;uhn+1, p

h
n+1) =

∇uhn+1, ε̃(u
h
n+1)


√

2
3
σY

||ε̃(uhn)− εpn||F


Ap︸ ︷︷ ︸

(I)

−

∇uhn+1,


√

2
3
σY
(
ε̃(uhn)− εpn

)
: ε̃(uhn+1)

||ε̃(uhn)− εpn||3F

(ε̃(uhn)− εpn
)
Ap︸ ︷︷ ︸

(II)

+

(
phn+1,

phn+1

κ
−∇ · uhn+1

)
Ω

+
(
∇ · uhn+1, p

h
n+1

)
Ω

+
(
τu∇phn+1,∇phn+1

)
Ω

+
(
∇uhn+1, 2µ ε̃(u

h
n+1)

)
Ae

−
(
∇ · uhn+1, τpκ

(
phn+1

κ
−∇ · uhn+1

))
Ω

. (6.52)

where δu = un+1 − un and δp = pn+1 − pn have been used. With the exception of (I)

and (II), all the other terms can be handled as was done in the compressible elastic

case, hence (6.52) becomes,

B(uhn+1, p
h
n+1;uhn+1, p

h
n+1) ≥ (I)− (II) + 2µ

∣∣∣∣ε̃(uhn+1)
∣∣∣∣2
Ae

+
(uh, ph)

2

stab
. (6.53)

Now, in (I),
(
∇uhn+1, ε̃(u

h
n+1)

)
Ap

=
(
ε̃(uhn+1), ε̃(uhn+1)

)
Ap

, because of the classical
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result that the skew and spherical parts of the gradient∇w of a fieldw are orthogonal

to ε̃(w) with respect to the Frobenius inner product. Hence (I) collapses to

(I) =


√

2
3
σY

||ε̃(uhn)− εpn||F
ε̃(uhn+1), ε̃(uhn+1)


Ap

=

√
2

3
σY

∣∣∣∣∣
∣∣∣∣∣ 1√
||ε̃(uhn)− εpn||F

ε̃(uhn+1)

∣∣∣∣∣
∣∣∣∣∣
2

Ap

=

√
2

3
σY

∫
Ap

∣∣∣∣ε̃(uhn+1)
∣∣∣∣2
F

||ε̃(uhn)− εpn||F
. (6.54)

Using a similar argument with (II), and the definition of

nn =
∣∣∣∣ε̃(uhn)− εpn

∣∣∣∣−1

F

(
ε̃(uhn)− εpn

)
, the following is obtained:

(II) =

(
ε̃(u)hn+1,

√
2

3
σY

nn : ε̃(uhn+1)

||ε̃(uhn)− εpn||F
nn

)
Ap

=

√
2

3
σY

∣∣∣∣∣
∣∣∣∣∣ ε̃(uhn+1) : nn√
||ε̃(uhn)− εpn||F

∣∣∣∣∣
∣∣∣∣∣
2

Ap

=

√
2

3
σY

∫
Ap

(ε̃(uhn+1) : nn)2

||ε̃(uhn)− εpn||F
. (6.55)

Hence:

(I)− (II) =

√
2

3
σY

∫
Ap

∣∣∣∣ε̃(uhn+1)
∣∣∣∣2
F
− (ε̃(uhn+1) : nn)2

||ε̃(uhn)− εpn||F
≥ 0 . (6.56)

The last inequality holds since, by construction, the projection of ε̃(uhn+1) along

nn, that is ε̃(uhn+1) : nn, is smaller in magnitude than the tensor ε̃(uhn+1) (by the

Pythagorean theorem with respect to the Frobenius inner product and norm). In
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conclusion,

B(uhn+1, p
h
n+1;uhn+1, p

h
n+1) ≥ |||(uh, ph)|||ep , (6.57a)

where

|||(uh, ph)|||ep = 2µ
∣∣∣∣ε̃(uhn+1)

∣∣∣∣2
Ae

+

√
2

3
σY

∫
Ap

∣∣∣∣ε̃(uhn+1)
∣∣∣∣2
F
− (ε̃(uhn+1) : nn)2

||ε̃(uhn)− εpn||F
+
(uh, ph)

2

stab
. (6.57b)

Plastic hardening. When plasticity induces hardening,

σ̃ = 2µ
(
ε̃(uh)− εpn

)
−


∣∣∣∣2µ (ε̃(uh)− εpn)∣∣∣∣F − (√2

3
σY + k(αn)

)
1 + K

3µ

( ε̃(uh)− εpn
||ε̃(uh)− εpn||F

)
. (6.58)

Assuming, for simplicity and without loss of generality, that k(α) = Kα, and lin-

earizing (6.58):

dσ

ds
(uh + sδuh)

∣∣∣∣
s=0

= 2µ

(
1− 3µ

3µ+K

)(
ε̃(δuh)

)
+


√

2
3
σY + k(αn)

(1 + K
3µ

) ||ε̃(uh)− εpn||F

 ε̃(δuh)
−


(√

2
3
σY + k(αn)

) (
ε̃(uh)− εpn

)
: ε̃(δuh)

(1 + K
3µ

) ||ε̃(uh)− εpn||3F

(ε̃(uh)− εpn) .
(6.59)

Following the same steps of the case of perfect plasticity, the following coercivity

140



Figure 6.1: Geometry and boundary conditions of the strip footing collapse test.

estimate is derived for hardening plasticity,

B(uhn+1, p
h
n+1;uhn+1, p

h
n+1) ≥ |||(uh, ph)|||eph , (6.60a)

where

|||(uh, ph)|||eph = 2µ
∣∣∣∣ε̃(uhn+1)

∣∣∣∣2
Ae

+ 2µ

(
1− 3µ

3µ+K

) ∣∣∣∣ε̃(uhn+1)
∣∣∣∣2
Ap

+

∫
Ap


√

2
3
σY + k(αn)

1 + K
3µ

∣∣∣∣ε̃(uhn+1)
∣∣∣∣2

F
− (ε̃(uhn+1) : nn)2

||ε̃(uhn)− εpn||F


+
(uh, ph)

2

stab
. (6.60b)

Remark. Comparison of (6.57) and (6.60) shows that the two coercivity estimates are

very similar. In particular, (6.57) is obtained taking κ(α) = 0 (i.e., K = 0) in (6.60).

From this comparison it becomes evident that the numerical stability is enhanced by

the physical hardening response of the material.
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(a) Mesh 1 (b) Mesh 2 (c) Mesh 3

(d) Mesh 4 (e) Mesh 5

Figure 6.2: Unstructured grids for the strip footing collapse test.

6.6 Numerical results: small strain J2-elastoplasticity

Numerical examples in linear J2-elastoplasticity for which analytic solutions are avail-

able from the literature are considered in this section.

6.6.1 Strip footing collapse

This two-dimensional test consists of a strip footing laying on the soil, considered

as an infinite medium. The goal is to determine the limit load on the strip footing

before soil collapse occurs. The geometry and boundary conditions of the problem are

shown in Figure 6.1. Note that only one half of the geometry is modeled due to the

symmetry of the problem. The total displacement applied on the top edge is 0.002

m. The von Mises-Huber yield function (6.7) is used with no isotropic hardening.
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(a) cτu = 0, cτp = 0. (b) cτu = 2, cτp = 0. (c) cτu = 2, cτp = 0.15.

Figure 6.3: Pressure field for the elastoplastic strip footing collapse test using dif-
ferent stabilization parameters cτu and cτp on ”mesh 2”, and using P1/P1 elements.

Plane strain small deformation J2-elastoplasticity is considered with E = 107 kPa,

ν = 0.48, and σY = 848.7 kPa. For all simulations, the stabilization parameters are

set to cτu = 2 and cτp = 0.15. Five progressively finer unstructured meshes are used

in simulations, indicated as “mesh 1,” “mesh 2,” “mesh 3,” “mesh 4,” and “mesh 5,”

of 1,216, 1,772, 2,608, 6,357 and 21,202 elements, and characteristic element length

of 0.08797, 0.0439, 0.0219, 0.0109, and 0.0055, respectively. The meshes are shown

in Figure 6.2. As can be seen, only the top left portion of the mesh is refined where

most of the stresses will be concentrated. The loaded edge of ”mesh 3” is meshed with

18 stabilized P1/P1-elements, and the solution will be compared with the solution

obtained in [NPO11] with quadratic quadrilateral (Q2) elements, on a mesh in which

only 10 elements are present along the loading edge.

Figure 6.3 shows a comparison of the pressure field obtained at the end of the

simulation using different stabilization parameters. It can be seen that without any

stabilization, the P1/P1 element is unstable. When compared, Figures 6.3b and 6.3c

show the importance of adding p
′

to the stabilization, since minor oscillations are
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(a) cτu = 0, cτp = 0. (b) cτu = 2, cτp = 0. (c) cτu = 2, cτp = 0.15.

Figure 6.4: Pressure field for the purely elastic strip footing collapse test using
different stabilization parameters cτu and cτp on ”mesh 2”, and using P1/P1 elements.

still present in the solution if only u
′

is added. Figure 6.4 further illustrates the

importance of p
′

for J2-plasticity, as running the same test but this time the material

is assumed purely elastic (that is, the return mapping procedure is not performed).

It is apparent that adding p
′

is not necessary to obtain a smooth pressure field in the

purely elastic case, and actually makes the computation slightly over dissipative on

a relatively coarse mesh. Finally, to validate the accuracy of the solution, Figure 6.5

shows the normalized pressure on the strip footing against the normalized settlement

and compare it against the results obtained in [NPO11] and the analytical prediction

by Prandtl and Hill [Hil98]. The average pressure is computed as the total reaction

on the footing divided by its total width B/2 = 0.5 (note that half of the domain is

only modeled), normalized by the shear strength c = σY /
√

3 [NPO11]. As the grids

are refined, the solution values computed with the proposed method converge to the

theoretical value. Also note that the solution obtained with the proposed method is

softer compared to the one obtained with the Q2 element, and this behavior could be

attributable to the stabilization operator.
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Figure 6.5: Normalized pressure obtained using P1/P1-stabilized element, Q2-
element [NPO11], and the theoretically predicted value [Hil98].

6.7 Large strain J2-elastoplasticity

6.7.1 Multiplicative decomposition of the deformation gra-
dient

Two multiplicative decompositions of the deformation gradient F are reviewed, and

which will be useful in what follows. Let F̄ denote the deviatoric (volume preserving)

component of F , which can be expressed as

F̄ = J−1/3F , (6.61)

and by definition, det(F̄ ) = 1. The deviatoric/volumetric decomposition of F is given

by

F = θF̄ , (6.62)
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where θ = J1/3I represents the volumetric component of the deformation gradient.

From (6.62),

C̄ = J−2/3C , (6.63)

where C̄ is the volume preserving right Cauchy-Green strain tensor.

Another important decomposition of the deformation gradient F is the elas-

tic/inelastic split

F = F eF p , (6.64)

where F e and F p are the elastic and inelastic components of the deformation gra-

dient, respectively, and the latter is associated to an intermediate plastic configura-

tion/deformation. From (6.64) the plastic right Cauchy-Green strain tensor can be

defined,

Cp = (F p)TF p (6.65)

and the elastic left Cauchy-Green strain tensor

be = F e(F e)T , (6.66)

which are related as follows:

be = F (Cp)−1 F . (6.67)
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Lie derivative

The concept of Lie derivative is widely adopted in continuum mechanics to guarantee

frame indifference of the constitutive models being used. Let A be a stress-based

second order tensor, then the Lie derivative of A is defined with the formula

LvA def
== F

{
∂

∂t

[
F−1AF−T

]}
F T . (6.68)

For a thorough mathematical definition of the Lie derivative, the reader is referred to

[MH94].

6.7.2 Stress response

The stress response of a J2-elastoplastic isotropic material is characterized by a stored-

energy function of the form

ψ = U (Je) + W̄
(
b̄e
)
, (6.69)

where b̄e = (Je)−2/3be is the deviatoric left Cauchy-Green strain tensor, Je is the

determinant of F e, and U and W̄ are the volumetric and deviatoric components of

ψ, respectively. Without loss of generality, the following expressions for U and W̄

(various alternative forms are found in the literature, with a very similar structure)

are considered:

U (Je) =
1

4
κ
[
(Je)2 − 1− 2 log (Je)

]
, (6.70a)

W̄
(
b̄e
)

=
1

2
µ
(
tr
(
b̄e
)
− 3
)
, (6.70b)
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where, similar to the linear case, κ and µ have the role of the bulk and shear moduli,

respectively. Let Ŵ
(
C̄e
)

= W̄
(
b̄e
)
, where Ce is the elastic right Cauchy-Green

strain tensor, then the Kirchhoff stress, τ , is defined as

τ = 2F e ∂ψ

∂Ce
(F e)T = JeU ′ (Je) I + s . (6.71)

where

s = 2 dev

[
F̄ e ∂Ŵ

∂C̄e
F̄ eT

]
(6.72)

is the deviatoric component of τ and C̄e = (Je)−2/3Ce is the deviatoric right Cauchy-

Green strain tensor. Combining (6.70a)– (6.71), to obtain,

τ =
1

2

(
Je − 1

Je

)
+ µ dev

(
b̄e
)
. (6.73)

6.7.3 Yield condition

The nonlinear von Mises-Huber yield condition is similar to the linear counterpart in

(6.7):

f(τ , α) = ||τ || −
√

2

3
(σY + k(α)) . (6.74)
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6.7.4 Isotropic hardening law and loading/unloading condi-
tions

The evolution of the hardening parameter α is assumed to follow,

α̇ =

√
2

3
γ . (6.75)

where γ is the consistency parameter subject to the loading/unloading (Karush-Kuhn-

Tucker) conditions

γ ≥ 0, f (τ , α) ≤ 0, γf (τ , α) = 0 (6.76)

and the consistency condition,

γḟ (τ , α) = 0 . (6.77)

6.7.5 Flow rule

Similar to the small strain case, an associative rule for the large deformation J2-

elastoplastic constitutive law is used. Using (6.74) and the stored-energy function

(6.70a)–(6.70b), the following associative flow rule is obtained,

Lvbe = −2

3
γ tr (be)n . (6.78)

where n = τ/ ||τ || is the normalized deviatoric Kirchhoff stress. Note that (6.78) can

be written on the reference configuration as,

∂

∂t
C̄p−1 =

2

3
γ tr (be)F−1nF−T . (6.79)
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For more details about the definition of the constitutive law refer to [Sim88a, Sim88b]

and [SH06], Chapter 9. In summary, the equations describing the evolution of the

large deformation J2-elastoplastic isotropic system on the current configuration are,

ρb+∇x · σ = 0 , (6.80a)

p = U ′ (Je) , (6.80b)

where τ = J σ obeys (6.73)–(6.78).

6.8 Variational multiscale formulation for large strain

J2-elastoplasticity

6.8.1 Static case

For the sake of simplicity, homogeneous Dirichlet boundary conditions on Γ are as-

sumed and the same trial and test function spaces as those given by (6.23) are used,

with the key difference now that Ω, Ωe, and Γ are associated with the current con-

figuration of the domain/mesh. Following steps similar to the case of small strain

J2-elastoplasticity, the following final discrete weak form of problem (6.80) is ob-

tained:

Find uh ∈ Shκ , u′ ∈ Sκ, ph ∈ Shp , p′ ∈ Sp, such that ∀ψh ∈ Vhκ , ∀φh ∈ Vhp ,

0 = (∇x ·ψh, ph)Ω + (∇x ·ψh, p′)Ω′ + (∇xψ
h,dev[σ])Ω − (ψh, ρb)Ω , (6.81a)

0 =

(
φh,

ph

κ̃(Je)
− U ′(Je)

κ̃(Je)

)
Ω

+ (∇xφ
h,u′)Ω′ , (6.81b)

where κ̃ = JeU ′′(Je) is the effective (or tangent) bulk modulus obtained, as in [SCZR16,

RAS16, ZSA+17], from the first-order Taylor expansion of (6.80b) about the coarse-
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scale displacement, uh:

U ′(Je(u)) ≈ U ′(Je(u))|uh +

(
∂

∂u
U ′(Je(u))

)∣∣∣∣
uh
· u′

≈ U ′(Je(u))|uh +

(
∂U ′

∂Je

∂Je

∂F

∂F

∂u

)∣∣∣∣
uh
· u′

≈ U ′(Je(u))|uh +
(
U ′′JeF−T

) ∣∣
uh
· ∇Xu

′

≈ U ′(Je(u))|uh + κ̃
∣∣
uh
∇x · u′ . (6.82)

The fine-scale fields, u′ and p′ are approximated as,

u′ ≈ τu
(
∇x · σ(uh) + ρb

)
, (6.83a)

p′ ≈ − τp κ̃(Je)

(
ph

κ̃(Je)
− U ′(Je)

κ̃(Je)

)
, (6.83b)

where τp and τu are given by (6.26) and (6.27), respectively. An explicit definition of

the effective shear modulus µeff for large-deformation J2-elastoplasticity will be given

in Section 6.8.3. Finally, (6.81) and (6.83) are combined to obtain the stabilized

discrete variational problem,

Find uh ∈ Shκ , ph ∈ Shp such that ∀ψh ∈ Vhκ , ∀φh ∈ Vhp :

0 = (∇x ·ψh, ph)Ω + (∇xψ
h,dev[σ])Ω − (ψh, ρb)Ω

−
(
∇x ·ψh, τp κ̃(Je)

(
ph

κ̃(Je)
− U ′(Je)

κ̃(Je)

))
Ω′
, (6.84a)

0 =

(
φh,

ph

κ̃
− U ′(Je)

κ̃

)
Ω

+ (∇xφ
h, τu (∇x · σ + ρb))Ω′ . (6.84b)

Remark. The pressure variational equation (6.84b) is expressed in terms of the ratio

of the pressure and the tangent bulk modulus. This form is equivalent to an update

equation for the Jacobian Je, which can also be interpreted as the entropy conjugate
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of the pressure variable. In this form, (6.84b) naturally recovers the limit of an

incompressible material.

6.8.2 Dynamic case

Applying the D-VMS approach to problem (6.80), the following stabilized discrete

variational form is obtained:

Find uh,vh ∈ Shκ and ph ∈ Shp such that ∀ψh ∈ Vhκ , ∀φh ∈ Vhp ,

0 = (ψh, u̇h − vh)Ω , (6.85a)

0 = (ψh, ρv̇h)Ω + (∇x ·ψh, ph)Ω + (∇xψ
h,dev[σ])Ω − (ψh, ρb)Ω , (6.85b)

0 =

(
φh,

ṗh

κ̃
−∇x · v

)
Ω

−
(
∇xφ

h,
τv
ρ

(ρv̇h −∇x · σ − ρb)
)

Ω′
, (6.85c)

where fine-scale velocities have been used, v′, instead of fine-scale displacements, u′,

and v′ is approximated by,

v′ = − τv
ρ

(ρv̇h −∇x · σ − ρb) . (6.86)

In approximating v′, τv represents a characteristic time scale, and is given by,

τv = cτv
he
ce;eff

, (6.87)

where cτv is a non-dimensional constant, he is a reference element length, and ce;eff is

an estimate of the shear wave speed in the medium computed on the element domain

using the effective shear modulus, and is given by,

ce;eff =

√
µeff

ρ
, (6.88)
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where µeff for the large deformation case will be given in Section 6.8.3.

Remark. In the dynamic case, numerical simulations showed that the effect of the fine-

scale pressure is negligible as opposed to the static case, and hence it was neglected

in (6.85).

153



Algorithm 4 Return map algorithm for large-deformation J2-elastoplasticity [SH06].

1: Update the current configuration:

ϕn+1 = ϕn + un ◦ϕn
fn+1 = I +∇xnun (relative deformation gradient)

Fn+1 = fn+1Fn (total deformation gradient)

2: Compute elastic predictor:

f̄n+1 = [detfn+1]−
1
3 fn+1

b̄e;trial
n+1 = f̄n+1b̄

e
nf̄

T
n+1

strial
n+1 = µ dev

[
b̄e;trial
n+1

]
3: Check for plastic loading:

f trial
n+1

def
==

∣∣∣∣strial
n+1

∣∣∣∣−√2
3

(K (αn) + σY )

IF f trial
n+1 ≤ 0 THEN

Set ( )n+1 = ( )trial
n+1 , & EXIT

ELSE

GO TO 4. (Return-mapping)

ENDIF

4: The return-mapping algorithm:

Set: Īe
n+1

def
== 1

3
tr(b̄e

n+1)

µ̄
def
== Īen+1µ

Compute: ∆γ
def
==

f trialn+1/2µ̄

1+K/3µ̄

n
def
== strial

n+1/
∣∣∣∣strial

n+1

∣∣∣∣
Return map:

sn+1 = strial
n+1 − 2µ̄∆γn

αn+1 = αn +
√

2
3
∆γ

5: Addition of the volumetric stress:

Stress: τn+1 = Jn+1pn+1I + sn+1

6: Update of the intermediate configuration:

b̄e
n+1 = sn+1/µ+ Īe

n+1I

154



6.8.3 Numerical implementation

To solve problem (6.84), the return mapping Algorithm 4 is implemented in the

context of large-deformation J2-elastoplastic constitutive laws. Algorithm 4 has been

adopted from [Sim88a, Sim88b] to which the interested reader can refer for more

details. Plastic hardening is accounted for through the linear isotropic hardening law,

k(α) = Kα, where K is the hardening modulus (the extension to other hardening

laws is straightforward). Additional considerations on the numerical integration of

elastoplastic flow can be found in Chapter 9 of [SH06].

Effective shear modulus for large-deformation J2-elastoplasticity.

The notion of effective shear modulus was introduced in Section 6.3. Following steps

similar to the case of small strains, the following definition of the effective shear

modulus µeff is obtained:

µeff,n+1 = βn+1µ , (6.89a)

where

βn+1 =
1

2

(
1− 2µ̄

∆γ∣∣∣∣strial
n+1

∣∣∣∣
)
, (6.89b)

with µ̄ defined as in Algorithm 4. Note that the definition of β given by (6.89) satisfies

also the properties given in Remark 6.3.

Newton solver.

The P1 approximations of the solution are defined as in (6.30), however, in the large

deformation case, the shape functions are intrinsically expressed in terms of the de-
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Algorithm 5 Static implicit algorithm for the update of
{
un+1,pn+1,ρn+1

}
from

{un,pn,ρn}

1: Set
{
u(0)
n+1,p

(0)
n+1

}
= {un,pn}

2: Given a tolerance ε and a relative tolerance η
3: while ||r||∞ < ε do
4: Compute µeff using (6.89)
5: Compute τu and τp using (6.27) and (6.26), respectively
6: Apply Algorithm 4 to compute σ
7: Compute rkn+1 using (6.84a) and (6.84b)
8: Compute G′ykn+1

using automatic differentiation

9: Find δu and δp solving system (6.91) up to a tolerance η ||r||∞
10: Update

[
uk+1
n+1,p

k+1
n+1

]T
=
[
ukn+1p

k
n+1

]T
+ [δu, δp]T

11: Update ρk+1
n+1 = ρ0/J

k+1
n+1

12: end while
13: Set (un+1,pn+1,ρn+1) = (uk+1

n+1,p
k+1
n+1,ρ

k+1
n+1)

14: Compute (αk+1
n+1,b

e,k+1
n+1 )

15: Set (αn+1,b
e
n+1) = (αk+1

n+1,b
e,k+1
n+1 )

formation map, namely,

NA;n(x) = NA;n(ϕ(X, tn)) = NA;0(X) , (6.90)

where N0;A is the shape function associated with the node of position XA in the

initial mesh configuration. The discrete problem (6.84) yields a nonlinear system of

equations that is solved using a Newton-Raphson algorithm, summarized in Algorithm

5. Linearization of the nonlinear system is applied at each Newton-Raphson iterate

(k): (
G′ykn+1

)
δy = −rkn+1 , (6.91)

where rkn+1 =
[
(ru)kn+1 , (rp)

k
n+1

]T
is the residual vector, G′ykn+1

is the Jacobian, and

δy = [δu, δp]T . The vectors (ru)kn+1 and (rp)
k
n+1 are computed according to (6.84) and
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(a) Geometric configuration. (b) Structured grid, Mesh 1.
(c) Unstructured grid, Mesh
1.

Figure 6.6: Elastoplastic Cook’s membrane test. Setup and grids.

(6.85), in the static and dynamic cases, respectively. Finally, for u′ and p′,

u′ = τ
(k)
u,n+1

(
∇xp

(k)
n+1 + ρ

(k)
n+1bn+1

)
, (6.92a)

p′ = −τ (k)
p,n+1

(
p

(k)
n+1 − κ̃(Je

n+1)U ′(Je
n+1)

)
. (6.92b)

int the static case, and,

v′ = −τ
(k)
v,n+1

ρ
(k)
n+1

(
ρ

(k)
n+1v̇

(k)
n+1 −∇xp

(k)
n+1 − ρ(k)

n+1bn+1

)
, (6.93a)

in the dynamic case. For more details about the algorithmic implementation in the

dynamic case for different time integrators, the reader is referred to [RAS16].

Remark. The Jacobian G′ is computed at every Newton-Raphson iteration (k) us-

ing again SACADO, an automatic differentiation library available in the Trilinos

project [HBH+05].

Remark. For elastoplasticity, the use of a line search algorithm is essential to be able

to run with large load steps and preserve the optimal rate of convergence of the

newton solver.
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(a) Primal P1/P0 (b) Unstabilized P1/P1 (c) Stabilized P1/P1

Figure 6.7: Pressure contours and deformation using the proposed stabilized
P1/P1

stab formulation, and the P1/P1, and P1/P0 formulations.

6.9 Numerical results: Large strain J2-elastoplasticity

This section presents the results of a number of computational static and dynamic

tests in large-deformation J2-elastoplasticity.

6.9.1 Static Cook’s membrane test

The Cook’s membrane test is a common benchmark in the study of the response to

combined shear/bending for nearly or fully incompressible linearly elastic materials.

In what follows, this test has been adapted in the elastoplastic case, when large static

deformations occur, as initially proposed in [SA92] and also explored in [SCZR16,

RAS16, ZSA+17]. This choice is motivated by the fact that large plastic deformations

are essentially incompressible for J2-type models. The geometry of the problem is

presented in Figure 6.6a. Homogeneous Dirichlet boundary conditions are applied

on the displacements at the left boundary edge and a total tangential traction of

0.3125 is applied on the right edge, in 10 steps. At the top and bottom edges of the
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(a) P1/P1
stab, 2×162 (b) P1/P1

stab, 2×322 (c) P1/P1
stab, 2×642 (d) P2/P0, 2×642

(e) P1/P1
stab, 2×162 (f) P1/P1

stab, 2×322 (g) P1/P1
stab, 2×642

Figure 6.8: Pressure contours and deformation using the proposed P1/P1
stab formu-

lation, and the P2/P0 formulation.

plate, simple traction-free boundary conditions are applied. The von Mises-Huber

yield function defined in (6.7) is used with the following nonlinear isotropic hardening

model,

k(α) = Kα + (K∞ − σY )[1− exp(δα)] , (6.94)

where K∞, K0 and δ are positive material constants. Specifically, the plane strain hy-

pothesis is adopted with κ = 164.21, µ = 80.1938, σY = 0.45, K∞ = 0.715, δ = 16.93

and K = 0.12924. The stored-energy functional defined in (6.70) is used for the
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Figure 6.9: Elastoplastic Cook’s membrane test. Comparison of the convergence of
the tip vertical displacement using P1/P1, P1/P0, P2/P0 and Q1/E4 [SH06] finite
elements.

volumetric and deviatoric parts, respectively. For all simulations, the values cτu = 2

and cτp = 0.15 are used. Numerical simulations are performed on both structured

and unstructured triangular grids of the type presented in Figures 6.6b and 6.6c,

with four levels of refinement. The structured grids have 82 × 2, 162 × 2, 322 × 2

and 642 × 2 elements, and characteristic element length of 3.72, 1.86, 0.93, 0.46,

and 0.23, respectively, and similar element densities are used for the unstructured

meshes. In particular, each of the structured triangular grids is obtained by gener-

ating a quadrilateral grid and then splitting every element into two triangles. While

elastoplastic systems are dissipative, pure Galerkin formulations are unstable since

plastic flow is incompressible and oscillations in the pressure may occur, as shown in

Figures 6.7a and 6.7b. Figure 6.7c shows that computations performed using the

proposed stabilized P1/P1
stab element are free from spurious oscillations.
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Remark. No post-processing has been applied to the pressure field in all the compu-

tations presented in this work.

To validate the results obtained using the proposed P1/P1
stab element, the solution

of the pressure field is plotted using the proposed element and a P2/P0 triangle ele-

ment in Figure 6.8. The proposed P1/P1
stab element is stable, smooth and converges

to the reference P2/P0 solution. Note that the P2/P0 element is more accurate in

capturing the solution close to the top left corner due to the higher order shape func-

tions utilized to represent displacements. The performance of the proposed element

is very similar on structured and unstructured grids. In order to further validate the

results, Figure 6.9 compares the convergence of the vertical displacement of the node

on the top right corner obtained using the proposed P1/P1
stab element against the

results obtained in [SA92] using a linear mixed enhanced element, which is denoted

Q1/E4, as well as the solution computed using the P1/P0 and P2/P0 elements. For

P2/P0 elements, the solution is almost identical on both structured and unstructured

grids. The solution with the proposed element is close to the Q1/E4 element, already

on relatively coarse grids, and converge to the one obtained using the P2/P0 ele-

ment. In addition, the solution obtained using the P1/P0 exhibits locking even with

considerable mesh refinement.

6.9.2 Plate with a flat hole

Another test considered here is the static plastic deformation of a square plate with

a flat hole in plane strain conditions, proposed in [RM05]. The geometry is shown in

Figure 6.10. The boundary conditions for this test consist of applying a total displace-

ment that will stretch the plate by 3%. Since the plate has two axes of symmetry,

only the top right corner is modeled. The boundary conditions on this reduced model
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Figure 6.10: Geometry of the plate with a flat hole.

consist of applying a vertical displacement on the top edge and restraining the motion

in the normal direction of the left and bottom edges. The following linear hardening

law is used,

k(α) = Kα + σY , (6.95)

with K = 0.7 MPa and σY = 0.3 MPa. As in the previous test, the stored-energy

functional defined in (6.70) is used to model the elastic part with µ = 76.92 MPa and

κ = 166.67 MPa. Three unstructured meshes are used to perform the simulations,

indicated as “mesh 1,” “mesh 2,” and “mesh 3,” of 847, 1, 340, and 1, 959 elements,

and characteristic element length of 0.00828, 0.00414, and 0.00207, respectively, as

shown in Figure 6.11. For all simulations, as before, the values cτu = 2 and cτp = 0.15

are used.

In Figure 6.12, the solution obtained using the proposed element is compared to

the one obtained using the P2/P0 element. For the P2/P0 element, the test was

only ran on Mesh 2. The solution of the proposed P1/P1
stab element converges to the
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(a) Mesh 1. (b) Mesh 2. (c) Mesh 3.

Figure 6.11: Unstructured grids for the plate with a flat hole test.

solution obtained from the P2/P0 stable element.

(a) P1/P1
stab, Mesh 1. (b) P1/P1

stab, Mesh 2.

(c) P1/P1
stab, Mesh 3. (d) P2/P0, Mesh 2.

Figure 6.12: Plate with a flat hole test. Pressure field with the proposed P1/P1
stab

element and the P2/P0 reference element.
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6.9.3 Necking of a two-dimensional rectangular bar

The last two-dimensional static test that is considered is the necking of a rectangular

bar, which is reported in [AdSCVC06, SA92]. The geometry consists of a rectangular

bar with a width of 12.826 and length of 53.334. For symmetry reasons, only one

quarter of the bar is modeled as shown in Figure 6.13. An initial imperfection of

0.982% is introduced in the middle section to trigger the necking phenomenon. The

boundary conditions consists of applying a total displacement of 5 on the top surface,

restraining the displacement in the normal direction on the bottom and left surfaces.

The following hardening law is used,

k(α) = Kα + (K∞ − σY )[1− exp(δα)] , (6.96)

where K∞ = 0.715, K = −0.012924, σY = 0.45 and δ = 16.93. The large-

deformation J2-elastoplasticity model is combined with the plane-strain assumption

and the stored-energy functional defined in (6.70), where κ = 164.21 and µ = 80.1938

[SA92]. For all simulations, the values cτu = 2 and cτp = 0.15 are used. In the

literature [SA92], it is reported that this test may induce mesh dependencies when

the standard P1/P0 finite element is used. Hence, the simulations were ran on an

unstructured mesh of 700 elements, and characteristic element length of 0.269 as

shown in Figure 6.13. The goal is to show that the proposed method can capture the

formation of shear bands close to the necking section.

Figure 6.14 shows that the pressure field and the plastic strain field obtained using

the proposed method are both smooth. In addition, with adequate mesh resolution,

the proposed method can capture the formation of shear bands close to the necking

section. Finally, the plastic strain obtained using the proposed method also agrees

qualitatively with the one presented in [SA92]. Quantitative comparison of the plastic
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strain solution is not possible, because the authors do not have access to the data

presented in [SA92].

Figure 6.13: Setup for the two-dimensional necking test. Geometry and grid

(a) Pressure field. (b) Plastic strain.

Figure 6.14: Two-dimensional necking test results on Mesh 3. Closeup near the
necking region.

6.9.4 Necking of a three-dimensional circular bar

Next a three-dimensional static problem [AdSCVC06, SA92] is considered. The ge-

ometry consists of a circular bar of radius 6.413 and length 53.334, as shown in

Figure 6.15. An initial geometric imperfection of 0.982% of the radius is introduced

in the middle section of the bar and linearly extended to the top section to trigger

the necking. Only one quarter of the geometry is modeled due to symmetry. The
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boundary conditions consist of imposing a total vertical displacement of 7 on the top

surface, zero normal displacements on the three planes of symmetry and traction-free

boundary conditions on the lateral curved surface. The following hardening law is

used,

k(α) = Kα + (K∞ − σY )[1− exp(δα)] , (6.97)

with σY = 0.45, K∞ = 0.715, δ = 16.93 and K = 0.12924, [SA92]. The stored-

energy functional defined in (6.70) is used, with κ = 164.21 and µ = 80.1938. For

all simulations, the value cτu = 2 and cτp = 0.15 are used. The simulations are run

on unstructured grids, of the type shown in Figure 6.15c, denoted “mesh 1,” “mesh

2,” and “mesh 3” and of 6, 510, 52, 080, and 416, 640 elements, with characteristic

element length of 0.34, 0.17 and 0.085, respectively. This meshing strategy is adopted

to obtain meshes similar to the one presented in [SH06], as well as to be able to

accurately capture the necking phenomenon.

Figures 6.16 and 6.17 plot the solution of the pressure and plastic strain fields,

which are smooth and converge as the grid is refined. In addition, the solution agrees

qualitatively with the results presented in [AdSCVC06]. No quantitative comparison

could be made because the authors of [AdSCVC06] only present a qualitative solution

and do not report values. For further validation of the solution, Figure 6.18 plots the

axial displacement, normalized by the initial bar length, against the necking radius,

normalized by the initial radius, and compare the solution using the proposed method

to the results reported in [SH06]. The solution obtained with the proposed method

seems to agree well with the numerical solution and the experimental results reported

in [SH06]. Some differences exist in the initial deformation and stiffness (∆L/L0 ∼

0.05−0.15) and the reason can be due to the fact that in [SH06], the authors actually
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solve a radially symmetric problem with quadrilateral elements, which can better

represent the geometry and produce a slightly different yield pattern initially. Finally,

to check the effect of the number of loads steps on the computed solution using the

proposed method, the same test was ran, on Mesh 3, using 38 and 141 loads steps

and the results are shown in Figure 6.19. The effect of the load step on the solution

is minimal and this observation is in agreement with what was reported in [SH06].

(a) Full geometry
(b) One quarter of the ge-
ometry (c) Mesh 1.

Figure 6.15: Three-dimensional necking problem. Geometry and test setup.
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(a) Mesh 1.

(b) Mesh 2.

(c) Mesh 3.

Figure 6.16: Pressure for the three-dimensional necking problem, computed with
the P1/P1

stab element.

(a) Mesh 1.

(b) Mesh 2.

(c) Mesh 3.

Figure 6.17: Plastic strain for the three-dimensional necking problem, computed
with the P1/P1

stab element.
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Figure 6.18: Ratio of the current to initial radius at the necking section versus axial
displacement. Comparison between the proposed P1/P1

stab element and the results
reported in [SH06].
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(a) 141 load steps

(b) 38 load steps

(c) 141 load steps

(d) 38 load steps

Figure 6.19: Comparison of the pressure and plastic strain fields computed with the
proposed method on Mesh 2, varying the total number of load steps.

6.9.5 Dynamic three-dimensional Taylor bar impact test

This test consists of an impact of a three-dimensional cylindrical bar on a frictionless

rigid wall. The original length and radius of bar are 32.4 mm and 3.2 mm, respectively.

Because of symmetries, only one quarter of the bar is modeled. The full and reduced
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(a) Full geometry
(b) One quarter of the ge-
ometry (c) Mesh 1.

Figure 6.20: Three-dimensional Taylor bar impact problem. Geometry and test
setup.

geometry are shown in Figures 6.20a and 6.20b. Roller (zero normal velocity)

boundary conditions are enforced on the bottom surface of the bar (in contact with

the wall) and on the two rectangular side surfaces, and a traction free boundary

condition on the remaining surfaces. The initial velocity is v0 = 227 m/s in the

longitudinal direction. The following hardening law is used:

k(α) = Kα + (K∞ − σY )[1− exp(δα)] , (6.98)

where K∞ = 0.4GPa, K = 0.1GPa, σY = 0.4GPa and δ = 16.93. The stored-energy

functional defined in (6.70) is used, with κ = 130GPa and µ = 43.33GPa, [ZRTP98].

Since this test is dynamic, values for cτv = 0.1 and cτp = 0 are used for all the

simulations shown below. The results digitized from [Sim92] were obtained using a

Q1/P0 element on a mesh having 972 hexahedrals.

Remark. The use of a smaller value for cτv compared to the ones reported in [SCZR16,

RAS16, ZSA+17] for nonlinear elastic and viscoelastic simulations can be justified by

the introduction of the effective shear modulus in the definition of the stabilizing

operator, which increases dissipation. Note that the exact same value of cτv = 0.15

reported in [SCZR16, RAS16, ZSA+17] would yield stable simulations although the
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(a) Unstab (b) Stab−static form
(c) Stab−dynamic
form

Figure 6.21: Comparison of the pressure field using the static and rate form of the
pressure equation at t = 12 µs, using the BDF-2 time integrator, on ”mesh 2”.

results would be overly dissipative. If the standard shear modulus is used instead

in scaling the stabilizing operators, results analogous to the ones presented here will

be obtained. Analogously, choosing cτp > 0 would have lead to a slight increase of

numerical dissipation, which, although stabilizing, was not found necessary in the

computations documented here.

Unstructured grids of the type shown in Figure 6.20c are used in the simulations.

In particular, three progressively refined meshes were used, designated as “mesh 1,”

“mesh 2,” and “mesh 3,” in which each element is refined by subdivision into eight

sub-elements.

172



Figure 6.22: Comparison of the evolution of the maximum lateral displacement
of the surface in contact with the wall using the P1/P1

stab element and the solution
presented in [Sim92].
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Figure 6.23: Pressure field at different time steps using a BDF-2 time integrator
and the proposed P1/P1

stab element.
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(a) BDF-2 (b) Explicit

Figure 6.24: Comparison of the pressure field using an explicit predictor-
multicorrector algorithm against a BDF-2 time integrator.
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(a) Product for-
mula

(b) Backward-
Euler

(c) Product for-
mula

(d) Backward-
euler

Figure 6.25: Comparison of the pressure field using a backward-Euler and product
formula rules to integrate the J2-plasticity evolution law.

Figure 6.26: Comparison of the evolution of the maximum lateral displacement
of the surface in contact with the wall using the P1/P1

stab element with different
integration strategies of the plasticity evolution law and the solution presented in
[Sim92].
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These meshes have 1, 215, 9, 720, and 77, 760 elements, with corresponding charac-

teristic element length of 0.84, 0.42, and 0.21, respectively. A BDF-2 time integrator

was used in all computations, with a unit Courant-Friedrichs-Lewy (CFL) number

scaled with the shear wave speed.

To highlight the importance of using the rate form (6.80b) of the pressure up-

date [SCZR16], in Figure 6.21 the pressure field obtained using both the static and

rate form of equation (6.80b) at t = 12 µs is plotted, using ”mesh 2”. As expected,

if no stabilization is applied, the solution of the pressure field has spurious oscilla-

tions. But more importantly, when a stabilization scheme based on a static form of

the pressure equation was used (i.e., (6.84b) with the inertia term, containing the

time derivative of the velocity, added in the residual of the stabilization operator),

oscillations in the pressure field still exist in the region of plastic flow. This is not the

case when the rate form of the pressure equation is used.

Figure 6.22 shows the pressure field using the proposed P1/P1
stab element, at t =

40µs and t = 80µs, for different meshes, and using a BDF-2 time integrator. For all

cases the solution is smooth. In addition, a simulation was performed with an explicit

predictor-multicorrector time integration scheme, where the time step was computed

with a CFL number, scaled with the bulk wave speed, of 0.5 (resulting in relatively

small time steps and minimal numerical dissipation).

The results are compared to the solution obtained using a BDF-2 time integrator

on ”mesh 2” and are plotted in Figure 6.24. The results show that even with minimal

numerical dissipation from the time integrator, the solution of the pressure field is

still smooth.

Finally, to validate the solution obtained using the proposed P1/P1
stab element,

in Table 6.1 the magnitude of the radius of the contact surface between the bar

and the wall, and the length of the bar at t = 80µs were compared with a reference
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Table 6.1: Comparison of the bar length and bar radius at t = 80 µs using the
P1/P1

stab element, and a BDF-2 time integrator, against a reference P1/P1 element,
[ZRTP98].

Case Nodes Elements Radius Length

P1/P1
stab, ”mesh 3” 15439 77760 7.16-7.17 21.47

P1/P1
stab, ”mesh 2” 2272 9720 7.13-7.15 21.53

P1/P1
stab, ”mesh 1” 382 1215 6.98-7.02 21.64

P1/P1, [ZRTP98] 1369 5932 7.07-7.33 21.47

solution presented in [ZRTP98]. The solutions computed using the P1/P1
stab element

converge to the reference solution. To further validate our solution, Figure 6.23 plots

the evolution of the maximum lateral displacement of the surface in contact with the

wall against time and compare our solutions to [Sim92]. The results show that the

P1/P1
stab solution converges, and it is slightly softer than the one computed using

the enhanced strain element of [Sim92]. This small discrepancy can be due to the

difference in the integration strategy used to integrate the global system of equations.

This argument is explored in the next section.

6.9.6 Taylor bar impact test with the product-formula time
integrator

In this test, the three-dimensional Taylor bar impact test of Section 6.9.5 is repeated

but this time using the product formula algorithm proposed in [Sim92] to integrate

the plastic evolution law. These algorithms are of comparable accuracy to the ones

based on a standard backward-Euler formula, however, they possess an additional

property which is the exact preservation of volume during plastic flow, as required by
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(a) Geometry (b) Mesh

Figure 6.27: Complex geometry impact test setup.

J2-plasticity models [Sim92]. The motivation is to show that the proposed method

is independent of the specific scheme used to integrate the plastic evolution law in

the context of the return mapping algorithm. A summary of the product formula

algorithm is given in Appendix A. The test setup, the material parameters, and the

stabilization constants used are the same as in Section 6.9.5. The simulations shown

below were run on ”mesh 2” with a BDF-2 time integrator.
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(a) Pressure (b) Yielded elements

Figure 6.28: Complex geometry impact test. Plot of the pressure field and the
elements’ yield pattern at t = 2.18µs.

Figure 6.25 shows a comparison of the pressure field obtained using a backward-

Euler scheme and the product formula to integrate the J2-plasticity evolution law. It

can be seen that the product formula yields a smooth pressure field, similar to the one

obtained using the backward-Euler scheme. To validate our results, in Figure 6.26,

the evolution of the maximum lateral displacement of the surface in contact with the

wall against time and compare our solutions to [Sim92] is plotted. Similarly, it can

be seen that the results obtained using the product formula are very close to the ones

obtained using the backward-Euler scheme as well as the ones presented in [Sim92].
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6.9.7 Complex geometry impact test

As a final test, the impact against a frictionless wall of the complex geometry is

considered and shown in Figure 6.27, consisting of a hollow cylinder with several

hexagonal holes. The length, inner radius, and outer radius are 3.5 mm, 1.2873 mm,

and 1.785 mm, respectively. Due to symmetry, only half of the geometry is modeled.

Roller (zero normal velocity) boundary conditions are enforced on the bottom surface

(in contact with the wall), and the cut surfaces, and traction free conditions on the

remaining surfaces. Computations are performed on an unstructured mesh of 433, 882

tetrahedrons with a characteristic element length of 0.021. The material parameters,

time integrator, and the stabilization constants used in this test are the same as the

ones employed in Section 6.9.5. The CFL number, scaled with the shear wave speed,

is set to 0.25.

Figure 6.28 shows the pressure field and the yield pattern of the elements at

t = 2.18µs. Although there is no reference solution to compare against, computations

seem robust and accurate: the values of the stress and the count of yielded elements

indicate, as expected, that the intense plastic flow occurs near the impacted wall

and in proximity of the edges and corners of the holes. Also, it is observed that the

solution of the pressure field is smooth. Note that this simulation cannot be run

much longer without accounting for self-contact of the structure, but this is beyond

the scope of the present work.

Figure 6.29 shows a close-up view of the pressure field near the wall and around the

holes, where stress concentration takes place. No spurious node-to-node oscillations

are present in these regions of high deformation gradients.
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Figure 6.29: Complex geometry impact test. Close-up of the deformation and
pressure fields at t = 2.18µs, in the region where yielding is more pronounced.

6.10 Summary

In this chapter, first, a variational multiscale stabilization method for quasi-static J2-

plasticity has been presented. Then, an extension of the D-VMS method developed in

[SCZR16] was developed to simulate time-dependent large deformation compressible

J2-plastic materials. This extension was realized by creating a local stabilization

operator, where the locality is achieved by scaling this latter with an effective shear

modulus. In addition, the importance of the fine-scale pressure, typically neglected in

solid mechanics, was shown by running a serious of numerical computations. Finally,

the stability of the algorithm was established in the quasi-static small strain case.
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Chapter 7

Conclusion

In this work, a new class of tetrahedral finite elements for problems involving complex

geometries and elastic/inelastic nonlinear constitutive models has been presented.

The approach is based on a mixed formulation of the solid mechanics equations, in

which nodal velocities and pressure are solved for in the dynamic case, and nodal

displacements and pressure are solved for in the quasi-static case. The approach

relies on equal order linear interpolation functions for all nodal unknowns which

makes it computationally efficient. Below, a summary of the key features of the

proposed approach, for each of the three different constitutive models that have been

considered in this work, are presented:

• Hyperelasticity. For nonlinear hyperelasticity, the equations of solid dynamics

have been written as a first-order system by casting the pressure equation in rate

form followed by the application of the variational multiscale method to this

form of the equations. A monolithic system has been solved for the velocities

and pressure, and the displacements have been updated using the computed

velocities.
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• Viscoelasticity. For linear and nonlinear viscoelasticity, similarly to the hypere-

lasticity case, the variational multiscale method is applied to the solid dynamics

equations written as a first-order system. The key difference in this case is the

scaling of the resulting stabilization operator using the physical energy dissipa-

tion associated with the viscoelastic system.

• J2-elastoplasticity. For small and large deformation J2-elastoplasticity, both

problems in the quasi-static and dynamic regimes have been considered. In

the quasi-static case, a new variational mutliscale stabilization has been intro-

duced in which the fine-scale displacements have been scaled using an effective

shear modulus which accounts for the amount of yielding undergone by a finite

element. In addition, the fine-scale pressure has been employed in the formula-

tion, and a stability analysis was presented for both the purely elastic, and the

elasto-plastic cases. In the dynamic case, the variational multiscale method has

been applied to the equations written as a first-order system, and the effective

shear modulus, introduced in the quasi-static case, was also used to scaled the

fine-scale velocities in the dynamic case.

The stability of the proposed algorithms was tested through a series of benchmark

tests from the literature, and the simulation of real cases involving complex geome-

tries and very large deformations. The accuracy of the proposed algorithms was

assessed using manufactured solutions, when possible, or by comparing to numerical

and experimental data from the literature. The convergence tests showed second or-

der convergence in the L2-norm of the velocities and displacements using linear shape

functions, and near optimal rates of around 1.8 for the pressure. Finally, in the dy-

namic case, the behavior of the algorithm was tested for a class of second order time

integrators, and the results showed the performance of the algorithm is invariant with

respect to the time integrator used.
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Appendix A

In this section we present a summary of the product formula algorithm for integrating

the J2− plasticity evolution law. For more details the reader is referred to [Sim92].

Algorithm 6 Return map algorithm for large deformation J2-elastoplasticity using
the product formula algorithm.

1: Update the current configuration:
ϕn+1 = ϕn + un ◦ϕn
Fn+1 = fn+1Fn (total deformation gradient)

2: Apply spectral decomposition:
be trial
n+1 = Fn+1C

p−1
n F T

n+1

be trial
n+1 =

∑3
i=1(λe trial

i,n+1)2ntrial
i,n+1 ⊗ ntrial

i,n+1

εe trial
i,n+1 = log (λe trial

i,n+1)
ee trial
i,n+1 = dev

[
εe trial
i,n+1

]
3: Compute elastic predictor:

βe trial
i = 2µee trial

i,n+1

strial
n+1 =

∑3
i=1 β

e trial
i,n+1n

trial
i,n+1 ⊗ ntrial

i,n+1

4: Check for plastic loading:

f trial
n+1

def
==

∣∣∣∣strial
n+1

∣∣∣∣−√2
3

(K (αn) + σY )

IF f trial
n+1 ≤ 0 THEN

Set ( )n+1 = ( )trial
n+1 , & EXIT

ELSE
GO TO 4. (Return-mapping)

ENDIF

5: The return-mapping algorithm:

Compute: ∆γ
def
==

f trialn+1

2µ+2/3K

βe
i = βe trial

i − 2µ∆γ/
∣∣∣∣βe trial

∣∣∣∣
Return map:

sn+1 =
∑3

i=1 β
e
i,n+1n

trial
i,n+1 ⊗ ntrial

i,n+1

ee
i,n+1 = βe

i,n+1/2µ

αn+1 = αn +
√

2
3
∆γ

6: Addition of the volumetric stress:
Stress: τn+1 = Jn+1pn+1I + sn+1

7: Update of the intermediate configuration:

be
n+1 =

∑3
i=1 J

2/3exp(2 ee
i,n+1)ntrial

i,n+1 ⊗ ntrial
i,n+1
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In Algorithm 6, λi, βi and ni represent the eigenvalues and eigenvectors of the

deformation gradient, F , and eigenvalues of the Kirchhoff stress, τ , respectively.

Using a similar strategy to the one adopted in Section 6.8.3, the following expression

for the effective shear modulus is obtained:

µeff,n+1 = βn+1µ , (7.1a)

where

βn+1 =

(
1− 2µ

∆γ∣∣∣∣βe trial
n+1

∣∣∣∣
)
. (7.1b)
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