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Introduction

It is well known that whenever a transaction is subject to a cash-in-advance constraint, the
government can capture part of the real value of the goods or services being exchanged by
imposing an in°ation tax. In°ation taxes create real distortions that establish a link between
monetary policy and real economic activity. The in°ation taxes modeled in this way include
taxes on consumption and on dividend (capital rental) payments. Up to now, the in°ation taxes
introduced into models have had only limited success in matching the impact of monetary policy
on real activity that is present in the data.
Part of the reason for the poor performance of cash-in-advance models is that they have
overlooked a signi¯cant source of transactions associated with the trade in used capital. A right
associated with ownership of an asset is the right to sell it at a market price. In early monetary
models, however, individuals were not given this right, because a capital goods market was not
present. Once a market for the asset is established, owners can exercise their rights to exchange
assets at a market price, creating the possibility of an in°ation tax on this wealth. Since the
total value of capital goods used by business is quite large, it is likely that the in°ation tax on
capital trading has a signi¯cant e®ect on aggregate economic activity.
Of course, most capital trading is accomplished through the exchange of equity shares. The
stock market can also be thought of as a cash-in-advance market for trading existing capital
goods. In this market, certi¯cates representing ownership claims on particular sets of capital
goods are exchanged among households, for cash payments. Therefore, an economy with a stock
market should be subject to an in°ation tax on traded capital identical to the one described
above, with the accompanying e®ects on real quantities. Well speci¯ed stock markets, however,
have likewise been omitted from previous monetary growth models.
In this paper, we introduce a cash-in-advance market for existing capital to a standard
growth model with money. Giving the households the right to trade existing capital complicates their wealth allocation decision and introduces richer dynamics than are present in
previous cash-in-advance models. An in°ation tax on existing capital goods a®ects both the
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household's demand for existing capital as well as its investment in new capital goods. We
show in simulations that these e®ects are signi¯cant.
We then demonstrate that the standard growth model with cash-in-advance trading of used
capital goods is equivalent to a model in which households own and trade shares of stock
while the ¯rms own capital goods and make the investment decision in the economy. This
equivalence property provides a link between growth models and realistic asset-pricing models
and is an important contribution of the paper. For example, the ¯nancial version of this model
implies that all traded assets issued by the ¯rm are subject to the in°ation tax and therefore
that ¯nancial assets provide an important path through which monetary policy a®ects the real
economy.1
In the next section, we introduce a used capital goods market into a traditional cash-inadvance economy with production. In Section 3 we replace the used capital goods market with
a stock market and demonstrate that the two monetary economies yield the same dynamic
behavior. In Section 4 we simulate the model. Responses of consumption and the capital stock
to in°ation shocks in the model with trading in used capital are over 40 times larger than
the responses generated by the growth model without used capital trading. In addition, the
in°ation tax on equity is 45 times larger than that in the traditional cash-in-advance model
without a used capital market. Section 5 discusses why the in°ation tax is substantially bigger
in the presence of a used capital goods or a stock market. Section 6 ¯nds that the equivalence
between monetary economies with either a used capital goods market or a stock market carries
over to more complex economies including shopping time models and alternative forms of
¯nancing used by the ¯rm. The last section concludes the paper.

2

An Economy with A Used capital goods market

The model is a combination of Lucas' (1982) and Lucas and Stokey's (1987) cash-in-advance
(CIA) model with Brock and Mirman's (1972) stochastic growth model. Preferences take the
form of a CRRA utility function, while production is represented by a neoclassical production
1
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function with partial depreciation of the capital stock. The timing convention is similar to
Sargent (1987) and Cooley and Hansen (1989), rather than to Svensson (1985) or Hodrick,
Kocherlakota and Lucas (1991), in that asset decisions are made before goods are purchased.
A single representative ¯rm and representative household comprise the private economy.

2.1

Timing, Technology, and Stochastic Processes

With regard to timing, we follow the convention established by Sargent (1987), in which there
are three sessions to each time period. At the beginning of the period, the gross rate of money
growth and the shock to productivity for time period t are revealed to all. In the ¯rst session,
the following events take place: the government prints additional money and imposes a lumpsum tax on households; households reallocate their assets and supply labor inelastically to
the ¯rms; ¯rms lease the capital from the households; and ¯rms combine capital and labor
to produce output. In the second session, ¯rms sell output to the households as consumption
and investment goods. In the third session, the ¯rms pay wages and rental payments to the
households. Chart 1 illustrates the timing of this model.
Output is produced according to the production function
Yt = F (µt Lt; Kt) ;

(1)

where µt is the temporary shock to productivity, Lt is inelastically supplied labor, and Kt is
the quantity of capital.2 The production function is assumed to be continuously di®erentiable,
homogenous of degree one, and increasing as well as concave in labor and capital. In addition,
the production function satis¯es the Inada conditions.
Next period's real capital stock is a function of the capital stock last period and last period's
real investment in new capital, It :
Kt+1 = (1 ¡ ±)Kt + It

(2)

where ± is the depreciation rate.
2

In an earlier version, we also included a deterministic trend in production, as is done in King, Plosser, and
Rebelo (1988). This does not a®ect our result, so it is omitted for the sake of simplicity.
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Assume the ¯rm operates in a competitive environment in which it rents the capital from
the households for the nominal rental payment Rt . The factor payments for capital and labor
satisfy
Rt = Pt F2 (µt Lt ; Kt ) ;

(3)

Wt = Pt µt F1 (µtLt; Kt ) ;

(4)

and

where Wt is the nominal wage rate and Pt is the price level. Consequently, these factor payments
exhaust the sales of the ¯rm in the second session and are paid to the household in the third
session.
Money enters the economy when the government collects a real lump sum tax (Tt ) on the
household and simultaneously distributes additional money (Mt ¡Mt¡1 ) to it. Since the change
in the money stock is assumed to be an exogenous stochastic process, the tax collections of the
government must satisfy the government budget constraint
Tt = ¡

Mt ¡ M t¡1
:
Pt

(5)

The stochastic shocks to the model are the growth rate of money and the temporary productivity shock. Following Cooley and Hansen (1995), money growth ¹t+1 = Mt+1=Mt and the
productivity shock are assumed to follow the stationary Markov processes
11
¹t+1 = ª10 ¹ª
exp[ut+1 ]
t

(6)

22
µt+1 = µª
exp[²t+1 ]:
t

We assume that the innovations in money growth, ut+1 , and productivity, ²t+1 , are mean-zero,
i.i.d. random variables drawn from bounded sets.3

2.2

Household's Budget and Balance-Sheet Constraints

A helpful way to understand the structure of the model is to derive the various constraints
faced by the household in the order that they arise. In Session 1, the household decides how
3
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to allocate its wealth. The consumer begins the period with given nominal wealth (Wt), which
consists of currency carried over from the previous time period (Mt¡1) and new money balances
printed by the government (Mt ¡ Mt¡1). In addition to nominal wealth, the household also
owns capital stock, which is composed of two parts. One part comes from the used capital that
the household purchased the previous period, kdt¡1 . This capital has been in existence since the
beginning of the previous period, and has therefore depreciated to (1 ¡ ±)kdt¡1 .4 This capital
may be sold in the asset market at the price Qt per unit.5 The second part of the capital stock
includes the capital goods obtained through investment last period. These capital goods have
not depreciated, being just now ready for use or sale. The household paid Pt¡1 It¡1 for these
capital goods last period, but they can now be sold at the current market price of capital, Qt .
Thus, the nominal value of the household capital held at the beginning of the asset market is
h

i

d
Qt kst = Qt (1 ¡ ±)kt¡1
+ It¡1 :

(7)

Total initial wealth is the sum of nominal wealth and the nominal value of capital. Given
this initial wealth, the consumer decides how much money (Mtp) and capital (kdt ) it would like
to purchase, and pays the real lump sum tax (Tt ) owed to the government. The consumer's
purchases of assets are therefore subject to the constraint
Qtkdt + Mtp · Wt + Qtkts ¡ Pt Tt:

(8)

In the second session, the consumer purchases output in the amount Pt Ct subject to the
CIA constraint
Pt Ct · Mtp :

(9)

We will henceforth concern ourselves with equilibria where the CIA constraint is binding, such
that (9) holds with equality.6 In addition to purchasing consumption goods, the household
also chooses the level of investment in new capital goods during this session. The cost of the
4

Following tradition we use big K for aggregate capital and little k for individual holdings of the capital stock.
See Altuģ and Labadie (1994, pp 179 - 185) and Altuģ (1993) for a discussion of how a used capital market
impacts real economies.
6
See Sargent (1987, pp. 161), and Cooley and Hansen (1989 p. 736).
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investment is PtIt . But investment goods are not subject to a CIA constraint, being paid for
in the third session.
In the ¯nal session, the ¯rm pays wages and rental fees to the consumer, so that the
consumer enters the next time period with nominal wealth given by
Wt+1 = Mtp ¡ PtCt ¡ PtIt + WtLst + Rt ktd
where Lst is the quantity of labor chosen by the household.
If we update (7) one period and add it to nominal wealth, we obtain an expression for the
nominal value of total wealth at the beginning of period t + 1 that gives some insight into the
household's decision:
s
Wt+1 + Qt+1 kt+1
= Mtp ¡ Pt Ct + (Qt+1 ¡ Pt )It + WtLst + Rt ktd + Qt+1 (1 ¡ ±)kdt :

(10)

This equation shows that investment in new capital at time t is subject to the possibility of
a capital gain or loss based on the di®erence between the price of new capital at time t and the
price of old capital at time t + 1. This consideration a®ects the requirements for equilibrium,
as we shall see below.

2.3

The Consumer Optimization Problem

The consumer chooses the amounts of money, used capital, investment, and consumption in
each time period to maximize

1¡°
Ct+j
Et
¯
1¡°
j=0
1
X

j

(11)

subject to the constraints (7), (8), (9), and (10). Labor is supplied inelastically such that
0 · Lst · 1. Here ° is the constant relative risk aversion parameter and ¯ is the consumer's
subjective rate of discount. Et(z) is the household's expectation of z conditional on its information at time t, which includes the current monetary and productivity shocks.
Although the consumer chooses money, used capital, new capital goods and consumption
during the period, we focus on the purchase of used and new capital. It is clear that used and
new capital goods are two distinct assets from the point of view of the households, since the
6

timing of payments and receipts are distinct. In the case of used capital, if a household keeps
the capital then it gives up the real value of the capital good in the secondary market at the
beginning of time t. The household then receives the rental payment at the end of time period
t and has the ability to sell the capital good net of depreciation during the asset market in time
t + 1. On the other hand, investment at time t in new capital reduces total nominal wealth
at time t + 1, following (10). This investment does not return a rental payment until the end
of time t + 1 and the household can sell the capital good net of depreciation in the secondary
market for capital at time t + 2. Thus, the payments and receipts for new capital expenditures
are delayed by one period relative to used capital goods.
The demand functions for new and used capital exhibit the tradeo®s and timing just described. The optimal demand for used capital goods is7
·

µ

mrst+1
Qt+1
Qt
= Et
F2 (µt Lt; Kt) + (1 ¡ ±)
Pt
¦t+1
Pt
where mrst+1 ´ ¯

³

´
Ct+1 ¡°
Ct

¶¸

(12)

;

is the intertemporal marginal rate of substitution, and ¦t+1 ´

Pt+1
Pt

is the in°ation rate. The optimal demand for new capital goods is
Et

·

¸

·

µ

Q
mrst+2
mrst+1
= Et mrst+1
F2 (µt+1 Lt+1; Kt+1 ) + (1 ¡ ±) t+2
¦ t+1
¦t+2
Pt+1

¶¸

:

(13)

Although new and used capital are distinct assets, they are related by the capital accumulation equation. In particular, the choice of investment determines the supply of real capital in
the subsequent period. But up to this point, we have not forced any agreement or consistency
on the two choices, in the sense that the optimal choice of investment at time t would imply a
supply of capital stock for the household that it ¯nds optimal to hold at time t + 1. From the
point of view of the individual household, which may trade in the capital market during time
t + 1, such agreement is not necessary. From the perspective of the entire economy, however,
such agreement may be needed for equilibrium.
7

A guide to the proper derivation of equations (12) and (13) is available from the authors.
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2.4

Competitive Equilibrium

An equilibrium in this economy consists of a set of initial conditions for capital stock, K1 > 0,
money stock M0 and consumption, C0 > 0;8 exogenous stochastic processes for (¹t; µt)1
t=1 which
satisfy (6); endogenous stochastic processes for the quantity variables (Mtp; ktd ; kts; Tt; Ct ; Kt+1 ;
1
Yt ; It; Lt)1
t=1 ; and endogenous stochastic processes for prices (Pt ; Qt; Rt ; Wt )t=1 such that the

following conditions hold:
1. Government Solvency: The government budget constraint (5) is satis¯ed for all t > 0.
2. Household Optimizing Behavior: Given the stochastic processes for prices and the initial
conditions, the stochastic processes for money, used capital, investment and consumption
solve the consumer's problem (11) subject to the constraints (7), (8), (9), and (10) for all
t > 0.
3. Firm Optimizing Behavior: The rental and labor decisions of the ¯rm solve the ¯rm's
optimal conditions (3) and (4) for all t > 0.
4. Market Clearing: The endogenous stochastic processes for money, labor, consumption,
investment, and output satisfy the market clearing conditions for the money market
(Mt = Mtp ), the labor market (Lt = Ls) and the goods market (Yt = Ct + It), such that
these conditions are binding for all t > 0.
5. Capital Market Equilibrium: The supply, kts, and demand, ktd , for used capital goods are
equal and the households' holding of capital, kt, equals the aggregate amount of capital,
Kt , for all t > 0.
The extra condition (5) for equilibrium in the economy is the ¯nal important di®erence
between this model and previous work on monetary economies.9 In previous models of monetary
8

The last two conditions ensure that there is an initial price level, P0 .
The model we present as the standard model is very similar to Carlstrom and Fuerst's (1995) model without
portfolio rigidities as well as to Cooley and Hansen's (1995) model with no credit good. These standard models
are comparable to Abel's (1985) perfect foresight model when the household owns the capital stock.
9
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economies with production, the household owns the capital stock but does not have the option
to sell the used capital goods in the asset market. In such cases the optimal condition (12) is
not present, since the price of used capital, Qt, is not germane. Previous models do have a ¯rst
order condition for new capital (investment) like (13), but the distinction between Qt+2 and
Pt+1 is not relevant, since there is no possibility of selling the new capital in the future used
capital goods market.
The di®erences mentioned above have signi¯cant consequences for general equilibrium.
First, with the presence of the used capital goods market it now becomes necessary to specify
an equilibrium condition for the used capital market. But ¯nding equilibrium in this market
is nontrivial, because of the interconnection between the used and new capital goods market.
The demand for new capital e®ectively determines the supply of used capital one period hence.
But as mentioned above, the household uses di®erent criteria to select the optimal levels of
investment in period t and used capital in period t + 1. Therefore, the household will not
necessarily choose to supply the amount of used capital that it demands, which would imply
excess demand or supply in the used capital market. The second consequence comes in the
goods market. Since the household is now choosing both consumption and investment, it is
possible for excess demand or supply to exist in the goods market as a result of conditions
a®ecting the demand for new capital. In particular, it was demonstrated above that there is
a possibility of capital gains and losses on new capital goods. If a capital gain on investment
were expected by the household, its demand for investment goods would be in¯nite and there
would be excess demand in the goods market.
These consequences have two practical implications for solving the model. First, equilibrium
requires that if either one of equations (12) or (13) is satis¯ed, this must imply that the other is
also satis¯ed. Second, the solution must be consistent with no expected capital gains or losses
on investment. We will demonstrate that these two requirements are equivalent in equilibrium.
Therefore, we can begin solving the model by satisfying these requirements.

9

2.5

Solving for Competitive Equilibrium

We now turn to solving for the competitive equilibrium of the monetary economy. Our solution
procedure is to establish a condition which reconciles the household's decisions for used and new
capital goods. Once this condition is established, the proof of the existence of the competitive
equilibrium follows a standard technique. This reconciliation is complicated since the used
capital decision at time t compares payments between t and t +1 while the investment decision
at time t compares payments between t + 1 and t + 2. It turns out that these two conditions
will be consistent under the following Theorem.
Theorem 1 If the household chooses the optimal level of used capital for each period based on
condition (12) when the price of used capital goods, Qt is equal to last period's price level, Pt¡1 ,
then the optimal level of new capital goods (13) will be guaranteed.
Proof:
Equilibrium between the used and new capital market occurs when the demand for used
capital determined by (12) is in agreement with the household's investment decision (13) which
determines the supply in the used capital goods market. We start with (12) and determine the
conditions under which it agrees with (13).
First, increase the time period by 1 in equation (12) so that
·

µ

mrst+2
Qt+2
Qt+1
= Et+1
F2 (µt+1 Lt+1; Kt+1 ) + (1 ¡ ±)
Pt+1
¦t+2
Pt+1

¶¸

:

Multiplying both sides of the above equation by mrst+1 , and using the law of iterated expectations yields
·

¸

·

µ

Qt+1
mrst+2
Qt+2
Et mrst+1
= Et mrst+1
F2 (µt+1 Lt+1 ; Kt+1 ) + (1 ¡ ±)
Pt+1
¦t+2
Pt+1

¶¸

:

A comparison of this condition with the optimal investment decision of the household (13)
reveals that the two decisions concur when Qt+1 = Pt for all t.
One way to understand the condition in the theorem is to realize that Pt is e®ectively the
supply price of used capital at time t + 1, since investment at time t, determined by (13), is
10

the marginal contribution to the supply of used capital at time t + 1. The supply price must
equal the forward demand price in equilibrium, since the investor always anticipates that the
forward demand price will satisfy (12) at time t + 1. The Theorem e®ectively imposes the law
of one price on the two Euler equations. This is su±cient to guarantee that one Euler condition
implies the other because, as the Proof shows, the conditions are essentially identical except
for the one-period lag.
Note that the Theorem also implies that there are no capital gains or losses on investment.
This is the second requirement that the solution must satisfy, which was discussed above.
The Theorem implies a rigidity in the price of used capital goods in that the forward price
of used capital, Qt+1 does not respond to information at time t + 1. The real price of used
capital,

Qt+1
Pt+1

=

1
¦t+1 ,

does adjust to developments at time t + 1. For example, an increase in

productivity at time t + 1 would lead to lower in°ation, so that the real price of used capital
increases. Thus, the equilibrium in the used and new capital markets is achieved through the
adjustment of the real price of used capital rather than its nominal price.
Now we show how we use Theorem 1 to collapse the conditions for a competitive equilibrium
down to two conditions that can be simulated. Theorem 1 implies that if the household's Euler
equation for used capital is satis¯ed when Qt = Pt¡1 , then the household's Euler equation (13)
for investment is also satis¯ed. Therefore we start with the household's Euler equation, (12)
and substitute for the equilibrium price of used capital goods:
·

¸

mrst+1
1
= Et
(F2 (µt Lt ; Kt) + (1 ¡ ±)) :
¦t
¦t+1
The next step is to substitute out the in°ation terms. But before proceeding to that step,
we can use this relation to gain some insight into the distortion in this economy that occurs
because of in°ation. Following Coleman(1996), the above equation is identical to a real economy
in which the income from capital is subject to a stochastic in°ation tax. If we move ¦t to the
right-hand side of the equation, we see that the Euler equation is identical to the one from a
real economy except that a stochastic tax is applied to both the rental income and the value
of pre-existing capital. We can interpret the right-hand side as the after-tax proceeds from
11

Qt
Qt
t+1
capital, where the stochastic tax rate is 1 ¡ ¦¦t
= ¡( Q
Pt+1 ¡ Pt )= Pt . Thus, the stochastic tax
t+1

rate is equal to the percentage decrease in the real price of used capital. This result implies that
an acceleration in in°ation leads to a higher tax rate, since the real price of used capital falls.
This tax e®ect in°uences the dynamics of the economy, since the in°ation rate is endogenous.
The equilibrium condition in the money market, together with (9), allows us to substitute out the price (in°ation) terms and express the stochastic tax rate as 1 ¡

¹t Ct+1 Ct¡1
¹t+1 Ct Ct .

Substituting this expression for the in°ation tax into the equilibrium relation yields
·

¸

Ct+1
Ct
= Et mrst+1
(F2 (µt ht; Lt) + (1 ¡ ±)) :
¹tCt¡1
¹t+1 Ct
Finally, we substitute the de¯nition of mrst+1 , obtaining
"

#

Ct+1 (Ct+1 )¡°
Ct(Ct )¡°
= ¯Et
(F2 (µtLt ; Kt ) + (1 ¡ ±)) :
¹tCt¡1
¹t+1 Ct

(14)

Equation (14) is a function of Kt , Ct and exogenous variables. To obtain this equation, we have
used all the equilibrium conditions except for the goods market equilibrium and the equation
of motion for the aggregate capital stock.10 We take these remaining equations in the system
to obtain the second equation in the two-equation system that is used to solve for equilibrium:
Ct = F (µt Lt ; Kt) ¡ (Kt+1 ¡ (1 ¡ ±)Kt) :

(15)

Equations (14) and (15) yield a third order di®erence equation in the capital stock. Below
we present simulations of these conditions using the LQ procedure. The solution to these
conditions will represent the competitive equilibrium when the household is allowed to trade
the used capital stock.

2.6

Comparison With Previous Work

To see how the competitive equilibrium implied by our model di®ers from that implied in
traditional models where the household does not trade in used capital goods, we brie°y present
a representative of this standard model and make key comparisons. The model we present as
10

It is not necessary to simulate (13), since the Theorem shows that this condition will be satis¯ed when (14)
is true.
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the standard model is very similar to Carlstrom and Fuerst's (1995) model without portfolio
rigidities, as well as to Cooley and Hansen's (1995) model with no credit good.11
The traditional model is identical to the model presented above except that the household
is not allowed to trade used capital goods. This restriction means that condition (12) is no
longer present in the model, while the distinction between the price of used and new capital is
no longer relevant. The de¯nition of competitive equilibrium is identical to the one in Section
2:4 without the capital market equilibrium condition 5.
We can reduce the traditional model down to two conditions,
Et

"

#

"

#

Ct+2 (Ct+2 )¡°
Ct+1(Ct+1 )¡°
= ¯Et
(F2 (µt+1Lt+1 ; Kt+1 ) + (1 ¡ ±))
¹t+1 Ct
¹t+2 Ct+1

(16)

and
Ct = F (µt Lt; Kt) ¡ (Kt+1 ¡ (1 ¡ ±)Kt):

(17)

The economy with a used capital goods market, which is governed by (14) and (15), will
behave di®erently from the traditional model, described by (16) and (17). The economy with
a used capital goods market is more restrictive than the traditional economy. An examination
of (14) and (16) reveals that if (14) is true for every time period, then (16) is automatically
satis¯ed.12 The source of this di®erence is the variation in the timing of payments from used
capital goods versus new capital goods. In the traditional economy, there is only investment
in new capital goods at time t, which transfers payments between time t + 1 and t + 2. This
helps to explain why (16) compares the expected loss in time t + 1 with the expected gain in
time t + 2 to determine the economy wide capital stock at time t + 1. On the other hand, the
economy with a used capital market adds an asset that transfers payments from time t to t +1,
so that an extra condition, (12), must also be satis¯ed. Theorem 1 shows that the two methods
of acquiring capital are made consistent by a law of one price, Qt = Pt¡1 for all t. This law of
one price introduces a price rigidity into the economy.
11

The LQ simulations of these standard models are comparable to Abel's (1985) perfect foresight model,
in which new capital is speci¯ed as a credit good and consumption as a cash (in advance) good, since these
simulations satisfy the certainty equivalence property.
12
Increase the time period in (14) by one and apply the conditional expectation to obtain (16)
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This price rigidity changes the dynamics of the real economy since it in°uences the stochastic
tax rate imposed on capital through a change in the real price of used capital goods.13 In a
model without a used capital goods market, the stochastic tax rate is dependent on the prices
from Pt to Pt+2 , which are all allowed to adjust to the change in monetary policy. In the
economy with a used capital goods market, the stochastic tax rate and the real price of used
capital depend on the prices Pt¡1 to Pt+1 . But the price Pt¡1 is pinned down by history, so
that all the adjustment of the tax rate to monetary policy must be through the prices Pt and
Pt+1 . Thus, the dynamic behavior of the economy with a used capital goods market is di®erent,
because the law of one price associated with the additional market induces a di®erent timing
of tax payments.

3

An Economy with A Stock Market

In this section we introduce an explicit stock market, which we demonstrate is equivalent to the
economy with a market for used capital goods. The timing, technology, stochastic processes
and preferences are the same as the used capital goods model. The household replaces the
ownership of capital with stock certi¯cates, which promise the dividends earned by the ¯rm.
The ¯rm is now in control of the capital good and decides whether to purchase new investment.
In the following we lay out the distinct elements of the model with stock ownership.

3.1

Budget and Balance-Sheet Constraints

In addition to the technology constraints it faces, the ¯rm must allocate its pro¯ts between dividends and retained earnings. The retained earnings are used to ¯nance the ¯rm's investment.
The ¯rm earns pro¯ts at time t given by P Rt = Pt F (µt Lt; Kt) ¡ WtLt: These pro¯ts are either
paid out to the shareholders as dividends or retained by the ¯rm, so that PRt = REt + DtSt ,
where RE represents retained earnings, D is nominal dividends, and S = 1 is the number of
shares. The ¯rm ¯nances investment with retained earnings: PtIt = REt: Therefore, nominal
13

This explains why the necessary conditioning information in (14) is Ct and Ct¡1 while it is only Ct in (16).
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dividends satisfy
Dt = Pt[Yt ¡ It] ¡ WtLt:

(18)

The derivation of equation (18) shows the ¯rst important di®erence between the stock market
and the used capital goods economy. The ¯rm's constraint re°ects the separation of the ¯rm
from the household. Instead of having the quantity of investment dictated to it by the household, the ¯rm chooses the share of pro¯ts it will reinvest in itself and the share it will pay out
as dividends. As equation (18) shows, the shareholders in this model are residual claimants,
since dividends are the revenues left over after wages and investment funds have been paid out.
Money enters the economy the same way as in the used capital goods model and is subject
to the government budget constraint (5). The consumer faces a separate constraint in each
session during a time interval. The consumer begins the period with given nominal wealth
(Wt ), which consists of the following: the stocks of the ¯rm purchased in the previous time
period (St¡1 ), which pay nominal dividends (Dt¡1 ); currency carried over from the previous
time period (Mt¡1); and new money balances printed by the government (Mt ¡ Mt¡1 ). Given
this initial wealth, the consumer decides how much money (Mtp ) and stock (St ) to purchase,

and pays the real lump sum tax (Tt) owed to the government. The consumer's purchases of
assets are carried out subject to the constraint
Wt
PtsSt Mtp
+
·
¡ Tt ;
Pt
Pt
Pt

(19)

where Pts is the price of a share of stock at time t.
In the second session, the consumer purchases output in the amount Pt Ct subject to the CIA
constraint (9). Thus, the total sales of the ¯rm to the consumer are Pt[Yt ¡ It] = PtCt · Mtp :
In the ¯nal session, the ¯rm pays wages and dividends to the consumer, so that the consumer
enters the next time period with real wealth
Rst+1 Pts
Wt+1
Mtp ¡ PtCt WtLst
=
St +
+
;
Pt+1
Pt+1
Pt+1
Pt+1

(20)

where
Rst+1 ´

s +D
Pt+1
t
s
Pt
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(21)

is the ex post nominal gross return on stock.

3.2

The Consumer and Firm's Optimization Problems

The consumer chooses the amount of money, stocks and consumption in each time period to
maximize (11) subject to the constraints (9), (19), and (20). Although the consumer chooses
money, stocks, and goods during the period, we focus only on the stock purchase decision. The
optimal demand for stocks is

·

¸

Rs
1 = Et mrst+1 t+1 :
¦t+1

(22)

The consumer must pay the ownership value of the ¯rm this period in exchange for the ownership value of the ¯rm next period plus the dividend payment next period. The transfer of
payments is similar to the used capital goods market (12) except that the payo® is in terms of
the gross return on stocks rather than the rental payment and proceed from the sale of used
capital next period. Thus, the consumer's demand for used capital is similar to the demand
for equity.
Using the de¯nition of nominal stock returns (21) in the optimal condition (22) allows us
to solve (22) forward for the consumer's valuation of stock price,
82

3

j

9

1 < Y
X
Dt+j =
Pts
4
= Et
mrst+i+1 5
;
:
Pt
Pt+j+1 ;
j=0
i=0

(23)

which is the discounted value of all future dividends. The consumer's intertemporal marginal
rate of substitution is the stochastic discount factor used by the investor.
Next we turn to the ¯rm's decision. The ¯rm is the owner of the capital stock, which it
¯nances with retained earnings. The ¯rm cannot pay nominal dividends until current goods
are sold so that dividends produced this period are not available until next period. The ¯rm
chooses labor and capital to maximize the discounted value of current and future real dividends.
The ¯rm's stochastic discount factor, dist+i ; i = 1; ¢ ¢ ¢ ; 1 is exogenously given to the ¯rm. This
stochastic discount factor is determined in equilibrium.
The choice of discount factor for the ¯rm is an important feature of this model. Having
separate discount factors for the ¯rm and the household creates the separation between the
16

household and the corporation. When the ¯rm and the household are identical, then the ¯rm
knows the household's discount factor and it is appropriate for the ¯rm and the household to
use the same discount factor. But if the household and the ¯rm are distinct entities, then the
¯rm does not necessarily know the household's marginal rate of substitution. Thus the ¯rm
should have a discount factor that di®ers from the household's discount factor. We specify the
¯rm's discount factor as an endogenous variable whose value is determined in equilibrium.
The ¯rm exists for the bene¯t of the household shareholders. Therefore we assume that the
¯rm's objective is to maximize the discounted value of all future dividends that are distributed
to the shareholders.14 We refer to this objective as the value of the ¯rm. Thus, the ¯rm's
present value maximization problem is
9
82
3
j
1 < Y
X
Dt+j =
4
;
dist+i+1 5
VtF ´ max Et
:
Kt+1;Lt
Pt+j+1 ;
j=0

(24)

i=0

subject to (1), (2) and (18).

The ¯rm's optimal labor decision satis¯es the condition (4), so that the real wage is equal to
the marginal product of labor. The ¯rm's optimal investment decision satis¯es the condition15

Et

·

¸

·

¸

dist+2
dist+1
= Et dist+1
(F2 (µt+1 Lt+1 ; Kt+1) + (1 ¡ ±)) :
¦t+1
¦t+2

(25)

Denote by mrit+1 ´ F2 (µt+1 Lt+1 ; Kt+1 ) + 1 ¡ ± the ¯rm's marginal return on investment.
This investment decision by the ¯rm is similar to the investment decision, (13), by the
household in the used capital goods economy in that the timing of payments are identical. The
distinction between the price of used, Qt+2 , and new capital, Pt+1 , is no longer present since
the ¯rm does not trade its used capital.
14

This implies that the ¯rm may try to learn about the household's preferences in order to choose the correct
discount rate. For the sake of simplicity, and because this is an equilibrium model, we do not introduce ¯rm
learning about household time preferences.
15
See Cochrane (1991) for the derivation.
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3.3

Competitive Equilibrium in The Stock Market Economy

The de¯nition of equilibrium in the stock market economy is similar for the ¯rst four conditions
to the de¯nition in the used capital goods economy. The only essential di®erence is
5. No Arbitrage Condition: The real value of ¯rm's equity is equal to the value of the ¯rm
(

P ts
Pt

St = VtF ) and the number of shares is constant (St = 1) for all t > 0.
The new condition 5 for equilibrium in the economy is the ¯nal important di®erence between

the stock market and used capital goods economy. Condition 5 re°ects the fact that there is
a nontrivial equity market in this model. The household rebalances its wealth portfolio each
period, so its demand for the stock must be equal to the supply of equity each period. At the
same time, the ¯rm is investing each period and changing the value of the physical assets owned
by the shareholders. The equity market reconciles the investment decision of the ¯rm with the
¯nancial investment decision of the household, i.e., the ¯rm's value and equity value. Market
clearing in the stock market is equivalent to the absence of arbitrage opportunities between
these two values.

3.4

Solving for Competitive Equilibrium in the Stock Market Economy

Now we consider the solution of the competitive equilibrium for the economy with a stock
market. We proceed as in the case of the used capital goods economy. First we reconcile the
¯nancial decision of the household with the investment decision of the ¯rm, using a new version
of Theorem 1. Then we use this Theorem to simplify the model to the same two equations
(14) and (15) as in the used capital goods economy. Thus, the stock market economy yields
the same competitive equilibrium as the used capital goods economy.
In the stock market economy, the household's demand for stocks (22) must be reconciled
with the ¯rm's decision to invest in new capital goods (25) when we recognize the source of
the stock dividend payments is the real economic activity of the ¯rm, i.e., equation (18).
Theorem 2 The conditions for equilibrium in the stock market are (1) the ¯rm's stock price
at any time t is Pts = Pt¡1 Kt , and (2) the ¯rm's stochastic discount factor at any time t is

18

equal to the consumer's intertemporal marginal rate of substitution plus an i.i.d. shock with
mean zero and uncorrelated across time, et, i.e., dist = mrst + et .16
Proof: See the Appendix.
Theorem 2 also has an important Corollary. Following Restoy and Rockinger (1994), we
have
Corollary 1 Rst = ¦tmrit
Proof: See the Appendix.
When the production technology displays constant returns to scale, and when the ¯rm
has access to complete contingent claims markets, Altuģ and Labadie (1994) and Restoy and
Rockinger (1994) prove in a production based asset pricing model that the ¯rm's value function
is equal to the capital stock. Moreover, Restoy and Rockinger (1994) prove that the real stock
return is equal to the same period's marginal return on investment. Our result is in nominal
terms because of the possibility of in°ation, while the one period delay is due to the delay in
the payment of nominal dividends.
One implication of Theorem 2 that needs to be addressed is that the stock return is known
at time t. This is simply an artifact of the information structure we choose for this model. In
particular, it is a direct consequence of including time t's dividend payment in the household's
time t information set, which enables the household to infer the productivity and monetary
shocks. We choose this speci¯cation for clarity and convenience. When we make the more
realistic assumption that the period t dividend is not observed by the household until time
t + 1, this does make the stock return random, but it also makes the stock return depend on
a shock to the marginal productivity of labor. This additional term complicates the model
without altering Theorem 2 or any of the relationships between in°ation and stock returns
discussed below. Since our purpose is to highlight the e®ect of in°ation on stock returns,
16

In an earlier version of the paper we allowed for a bubble, which complicated the analysis. The implications
were identical to those found in Diba and Grossman (1988).
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we chose the information structure that yielded the simpler (and hence more transparent)
expressions linking stock returns and in°ation.
Corollary 1 leads immediately to the result
Theorem 3 The competitive equilibrium in the used capital goods and stock market economies
are identical.
If Corollary 1 is used to substitute the nominal return into (22), then we obtain (14).
This equation and the resource constraint (15) are the two conditions for equilibrium in the
stock market economy. Thus, both the used capital goods and stock market economies are
characterized by the same equations of motion for consumption and the capital stock.

4

Simulation

Our strategy is to simulate our model and calculate the responses of the variables of the model
to a given monetary shock. We then compare these impulse responses to those generated by
an identically calibrated growth model in which households own the capital stock but do not
trade used capital. For ease of notation, we refer to our speci¯cation in which households trade
used capital as the \trading" model, and the standard growth model with no trading of used
capital as the \no-trading" model.
The simulation proceeds as follows. For each model, we choose steady-state parameter
values. We solve the capital accumulation equation for each model, using approximation techniques, and generate a time series of capital by choosing the series of shocks to the model.
Then we use the equations of the model to generate time series of the other variables.
The parameters of the model were chosen both to be consistent with other work and to
keep the models simple. Most of the parameters of the models were taken from Cooley and
Hansen17 (1995), while some were taken directly from or implied by equations in Campbell
(1994). Others were chosen in order to obtain a zero-growth steady state. For example, the
17

The parameter values were chosen to be the following: ® = .40; ± = .012; hs = .31; ¯ = .991; ° = 5; ln(Ã10 )
= .0066; Ã11 = .491; ¾u = .0089; ln(Ã20) = .00; Ã22 = .95; ¾² = .007. Thomas Cooley provided the data to
reproduce these parameters.
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population growth rate was set to zero, and the subjective rate of time preference was chosen
to ensure zero steady-state consumption growth.
The capital accumulation equation for each model was found using an approach based on
Christiano's (1990) LQ method. We apply this method to equations (14) and (15) from our
model. As a representative of the standard model, we simulate (16) and (17) to represent
Cooley and Hansen's (1995) model.18
Once the capital accumulation equations were derived, we performed the following simulation exercise. Starting from identical steady states19, each model was shocked with a two
standard deviation increase in money growth, which serves as an in°ation shock. The responses
of the capital stock, the value of the ¯rm, consumption, and real stock returns were calculated.
The graphs of the impulse-response functions are given in Figures 1-3.
In the ¯gures, the impact of the additional in°ation tax appears as increased responses to
in°ation shocks relative to the responses generated by the standard no-trading model. Figure
1 graphs the response of the value of the ¯rm to the monetary shock. The Figure shows that
in the ¯rst period after the monetary shock, the value of the ¯rm falls further when households
are allowed to trade used capital. The relative sizes of the drop are 2.3% of value with trading
and 1.7% with no trading.
Turning to real stock returns in Figure 2, we see a much more dramatic di®erence in the
reaction to a monetary shock across the two di®erent models. Stock returns exhibit a stronger
initial reaction to the monetary shock when used capital is traded. From a steady-state return
of 1.48% per quarter, stock returns fall by 56 basis points when households trade used capital,
while they fall only 1.2 basis points under no trading. The di®erence in return volatility
following the shock is also pronounced. The mean squared distance between the stock return
and its steady state value over the ¯rst 20 periods after the shock, which is a measure of
18

In Carlstrom and Fuerst (1995) the stochastic case without portfolio rigidities, equations (10) thru (12) can
be reduced to (16) and (17). Similarly, the equilibrium conditions for Cooley and Hansen's (p.198, 1995) model
can be reduced to (16) and (17) when there is no credit good in their model.
19
It turns out that given the same parameters, both models imply the same steady state. This occurs because
it is the uncertainty over the value of household assets that distinguishes the trading model from the no-trading
model. In a steady state, there is essentially no uncertainty over the value of household assets. Abel (1985)
shows that money is super neutral in this case.
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the volatility created in the stock return as a result of the monetary shock, is .0017 when
households trade used capital but only .000036 when households do not trade used capital.
These di®erences show that stock returns exhibit far more sensitivity to a money (in°ation)
shock when households are able to trade used capital goods.
Another signi¯cant di®erence between the models that is clearly shown in Figure 2 is the
amount of negative correlation induced in stock returns. For the ¯rst 20 periods after the shock,
the ¯rst-order autocorrelation of the return is -.79 when trade in used capital is allowed and -.46
when households do not trade used capital. And when the entire sample is used, the ¯rst-order
autocorrelations become -.20 and .98, respectively. Not only is the negative autocorrelation in
returns far larger when used capital is traded, but the negative autocorrelation also persists in
the data over a longer horizon. This result appears to be a direct result of the tax on wealth
introduced when the capital stock is traded. As mentioned below, the wealth tax arises from
a change in in°ation, which reduces the capital gain in one period but increases it the next
period. This wealth tax creates the oscillation in the return that is visible in Figure 2.
The monetary shock also has e®ects on the levels of consumption, which are graphed in
Figure 3. Again, trading in used capital is associated with a greater response to the monetary
shock. Consumption falls over half a percent in the ¯rst period after the monetary shock in the
trading model, while consumption declines by only .012% in the no-trading model. The larger
drop in consumption is at least partially due to the larger drop in the value of the ¯rm depicted
in Figure 1. It is also related to the volatility induced in stock returns by the monetary shock,
following a permanent income hypothesis argument. The increase in return volatility reduces
the household's estimate of its permanent income, which in turn reduces consumption. The
fall in consumption raises the level of capital in both models, but only by very small amounts.
Capital rises by .01% when ¯rms own the capital, but only by .0002% when households own the
capital stock. Nevertheless, the used capital trading model generates a much larger response
to the monetary shock, relative to the standard model with no trading of used capital.
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5

The In°ation Tax on Wealth

To gain an intuitive understanding of the di®erences between the models, it is useful to think
of our result in terms of the in°ation taxes that are present in the model. Every monetary
model features some distortion that is caused by in°ation. Since money plays several roles in
the economy, however, several di®erent approaches to modeling the in°ation tax on returns are
possible.
Marshall (1992), for example, focuses on money's role as an additional asset that is a
potential substitute for other securities. In this view, in°ation taxes the total return to money,
which includes the transactions services provided by money. When the after-tax return to
money falls, this reduces the return to other assets, to the extent that they are good substitutes
for money.
The approach of Labadie (1989) utilizes the role of money as a unit of account in that the
presence of money in an economy drives a wedge between real and nominal values. This wedge
creates opportunities for monetary authorities to tax the value of all nominally-denominated
incomes and assets. Therefore, in Labadie's model, in°ation a®ects stock returns by taxing
dividends as well as the purchasing power of money.
Many papers that document the e®ects of in°ation on stock returns include only this tax,
including both anticipated in°ation models following Stockman (1981) and stochastic in°ation
models such as Cooley and Hansen (1989, 1995)20 .
In our model, we ¯nd three separate in°ation taxes that a®ect stock returns. The ¯rst two
are the purchasing power tax and the dividend tax from the exchange-economy literature.21
The third in°ation tax stems from the household's ability to trade capital.
We have shown above that the nominal price of capital is sticky: at time t + 1, Qt+1 must
be equal to the previous period's price level, Pt. This is a requirement for equilibrium in the
20

Lucas (1982), Lucas and Stokey (1987), Boyle and Young (1988), Labadie (1989), Cooley and Hansen (1989),
Boyle (1990), Hodrick, Kocherlakota and Lucas (1991), Giovannini and Labadie (1991), and Boyle and Peterson
(1995) also study this e®ect.
21
Mackinnon (1987) adds production to the Stockman (1981) model and separates ownership of capital from
ownership of stocks. He also shows the presence of a dividend tax in addition to the purchasing power tax in a
perfect foresight cash-in-advance model.
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capital market. Because of this price rigidity, the real value of the capital may be easily taxed
by raising the price level from period t to period t + 1, which lowers the real price of capital. In
period t + 1, one unit of capital has declined in value from one unit of consumption to

1
¦t+1

<1

units. The change in relative value is part of the government's income from the tax. This tax
is similar to the dividend tax in Labadie (1989) but is distinct because it is a tax on the entire
value of the capital stock rather than the °ow of dividends from that stock. In other words,
the distinction between the taxes is akin to that between income and property taxes.
Although we cannot show analytically the distortion caused by the in°ation tax on wealth,
we can give some intuition. The wealth tax a®ects the balance between the costs and bene¯ts
of buying new and used capital, which is the basis of the demand curves (12) and (13). Recall
that the household trades o® the bene¯t of receiving rental payments against the cost of giving
up the real value of the capital. Therefore the additional tax on the real value of capital present
in the trading model leads to changes in the equilibrium allocation of capital. In addition, the
need to reconcile the new and used markets for capital imparts a di®erent dynamic response
to in°ation taxes.
We now show how the above result increases the e®ect of in°ation on stock returns. One
way to see this is to rewrite the Euler equation for the optimal ¯nancial investment decision
using the formula for the real stock price in Theorem 2. Substituting the real stock price from
Condition (1) of Theorem 2 into the household's Euler equation for stocks (22) yields
2

1

0

µ

3
¶

Kt+1
1 5
Dt
:
1 = 4mrst+1 @ ¦t+1 + ¦t+1 A
Kt
Pt ¦ t
¦t

(26)

In (26), the term mrst+1 is, in Cochrane's (1991) terminology, the stochastic discount factor
used to price the asset. The next term in brackets shows two of the three in°ation taxes on
equity returns described above (the in°ation tax on purchasing power is also present, but a®ects
the stock return indirectly).
First, the term

Dt
Pt

represents the in°ation tax on dividends, which is present in most asset

pricing models with money. In exchange economy models such as Labadie (1989), this is the
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only direct in°ation tax on stock returns. But in our model, there is an additional in°ation tax
on dividends, and this tax is captured by the change in in°ation. This same tax impinges on
the capital stock as well. The equation shows that the entire capital stock of the ¯rm is taxed
because of the change in the real value of capital.
The response of asset prices to the presence of the additional in°ation tax on wealth is not
obvious from the above equation. As discussed above, the nature of the distortion captured in
the model is more complex than a simple reduction in return due to an additional tax. The
in°ation tax on wealth taxes the capital stock of the ¯rm, while the dividend tax falls on the
household's cash °ows. Thus, one way to look at the e®ect of the additional tax is that it
upsets the balance between the stock price and the value of the ¯rm. In other words, in°ation
disturbs the no-arbitrage condition that must hold in equilibrium.

6

Robustness

The equivalence between economies with a stock market and a used capital goods market
caries over to more complex economic models. In our 1999 IMF working paper, we show that
the results in Theorems 2 and 3 carry over to Marshall's (1992) shopping time model. The
di®erence in the analysis is a change in the functional form of the consumer's marginal rate of
substitution.
The e®ects of in°ation on stock returns in the shopping time model will be similar to those
in the CIA model: in°ation and stock returns are negatively correlated. On the other hand,
the shopping time model implies that the velocity of money will change in response to changes
in short-term interest rates, while velocity is ¯xed in the CIA model. This creates a positive
correlation between stock returns and the quantity of money in the shopping time model,22
in contrast to the negative correlation between money and stock returns in the CIA model.
Recently, Thorbecke (1997) and Patelis (1997) have further documented the positive correlation
between money and stock returns empirically.
We also examined the Modigliani Miller property that the competitive equilibrium in the
22

See Marshall (1992).
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economy will not change, if the ¯rm ¯nances a fraction of its investments with bonds rather
than stocks. We allowed the ¯rm to issue commercial paper at the beginning of each time
period.23 The commercial paper is paid o® at the end of the period. At the beginning of each
period the ¯rm sells at in nominally denominated commercial paper, which promises to pay
back Rat at dollars. At the same time the ¯rm pays dividends on the equity of the ¯rm. In this
case Theorem 2 and Corollary 1 are replaced by24
Theorem 4 The conditions for equilibrium in the stock and bond markets are (1) the ¯rm's
real stock price at any time t is

Pts
Pt

=

Kt
¦t

¡

at
P t ,and

(2) the ¯rm's stochastic discount factor at

any time t is equal to the consumer's intertemporal marginal rate of substitution plus an i.i.d.
shock with mean zero and zero correlation across time, et, i.e., dist = mrst + et , E(et ) = 0,
E(etet+I ) = 0, I 6
= 0.
Corollary 2 qtRst+1 + (1 ¡ q t)Rat = ¦tmrit, where qt =

Pts
Pts+at

The main implication of Theorem 4 is that the conditions for equilibrium in the competitive
economy collapse to the same two conditions (14) and (15). Thus, the equilibrium behavior
of capital and consumption will be the same regardless of whether the ¯rm issues commercial
paper in addition to equity. Consequently, the real value of the ¯rm will be identical as well.
On the other hand, the ¯nancing decision of the ¯rm does determine how the value of the ¯rm
is allocated to equity and bond holders. In Corollary 2, the nominal value of the marginal
return on investment is now allocated to a return on equity and a return on commercial paper
based on the market value of equity relative to the total market value of the ¯rm.
In summary, the property ¯rst stated by Modigliani and Miller (1958), that the value of the
¯rm is independent of the type of ¯nancing used by the corporation, is replicated in monetary
economies. On the other hand, the production based asset pricing model developed by Cochrane
(1991) is modi¯ed in the presence of debt ¯nancing by the ¯rm. Based on Corollary 2, the
23

We call this bond commercial paper because it is short-term, unsecured corporate debt that is usually paid
o® by issuing new paper. These characteristics correspond closely to those of commercial paper.
24
Our IMF working paper contains the model and proof using the more general capital accumulation function
of Restoy and Rockinger (1994).
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nominal value of the marginal return is equal to the weighted cost of capital when the ¯rm has
debt ¯nancing rather than the ¯rm's stock return alone.

7

Conclusion

The punch line in many economic models is that ownership a®ects behavior. This model also
has that implication. Ownership gives an individual the legal right to sell an asset at the current
market price. This ownership right can be in the form of direct or indirect control depending
upon whether there is a stock market. In either case the competitive equilibrium of the monetary economy is in°uenced by a wealth tax when in°ation accelerates. In particular, we show
that the existence of ownership rights for physical capital goods in the economy signi¯cantly
a®ects the behavior of stock returns. Stock returns, the value of the ¯rm, and consumption
display a dramatically higher level of sensitivity to in°ation shocks when ownership rights are
present. The reason why something as simple as ownership rights has such a signi¯cant impact on stock returns is because it creates a new nominally denominated asset{used capital or
stock certi¯cates{whose value is related to the capital stock. The existence of ownership rights
creates a new channel through which the in°ation tax can a®ect stock returns. This additional
channel is the monetary authority's ability to tax the entire value of the capital stock during
each period. Because the value of the capital stock is quite large, this tax is large. The in°ation
tax on wealth also creates arbitrage opportunities between the ownership value and the leasing
value of ¯nancial instruments. Removal of these arbitrage opportunities demands signi¯cant
adjustments in both real and nominal variables.
In addition, our results also suggest that introducing ownership rights may also help the
standard growth model match other characteristics of equity returns that have been documented in data but not predicted well by theory. For example, our simulations show that the
capital trading model does a better job of inducing the negative autocorrelation observed in
stock returns than the standard growth model without ownership rights. In a related point,
monetary shocks in our model induce a higher level of return volatility than they do in the standard model. This may help shed some light on the so-called \excess volatility" problem in stock
27

returns. Investigating whether the model can better explain these additional characteristics of
stock returns is a task for further research.
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Appendix
Proof of Theorem 2:
Equilibrium in the stock market occurs when the demand for stocks determined by (22) is in
agreement with the ¯rm's investment decision (25) so that the equity market clears, satisfying
equilibrium condition 5. We start with (22) and determine the conditions under which it agrees
with (25).
First, increase the time period by 1 in equation (22) so that
s
Pt+1
= Et+1

½

¾

¢
mrst+2 ¡ s
Pt+2 + Dt+1 :
¦t+2

Multiplying both sides of the above equation by

mrst+1
Pt+1 ,

and using the law of iterated expecta-

tions yields

Et

½

¾

½

¾

¢
mrst+1 s
mrst+1 mrst+2 ¡ s
P
= Et
Pt+2 + Dt+1 :
Pt+1 t+1
Pt+1 ¦t+2

(27)

We now need an expression for dividends. The ¯rm's optimal labor decision (4) together with
Euler's Theorem applied to (1) implies that PtYt ¡ WtLt = PtF2 (µtLt; Kt) Kt. Also the capital
accumulation condition (2) allows us to solve for investment Pt It = Pt [Kt+1 ¡ (1 ¡ ±)Kt] so
that dividends (18) are given by
Dt = PtF2 (µtLt; Kt) Kt ¡ Pt[Kt+1 ¡ (1 ¡ ±)Kt]:

(28)

Substituting (28) updated one period into (27) yields
Et

½

Ps
mrst+1 t+1
Pt+1

¾

=

n

Ps

t+2
Et mrst+1 mrst+2 Pt+2
+

o :

t+2
mrst+1 mrs
¦t+2 [F2 (µt+1Lt+1 ; Kt+1 ) Kt+1 ¡ Kt+2 + (1 ¡ ±)Kt+1 ]

(29)

Finally, regroup terms in (29) such that
n

Ps

t+1
Et mrst+1 Pt+1

Et

n

o

t+2
mrst+1 mrs
¦t+2

n

= Et mrst+1 mrst+2

hPs

t+2
Pt+2

¡

Kt+2
¦t+2

io

+

o :

[F2 (µt+1Lt+1 ; Kt+1 ) Kt+1 + (1 ¡ ±)Kt+1 ]

(30)

A comparison of the investor's optimal behavior (30) with the optimal investment decision
of the ¯rm (25) reveals that the two decisions concur when Conditions (1) and (2) of the
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Theorem are satis¯ed. Substitution of (23) and (24) into condition 5 demonstrates that the no
arbitrage condition is also satis¯ed.
Proof of Corollary 1:
The de¯nition of the marginal return on investment implies
·

¸

1
¦tmrit = ¦t (F2 (µt ; Lt ; Kt ) Kt + (1 ¡ ±)Kt)
:
Kt

(31)

Using the expression for real dividends (28) in (31) yields
¦tmrit =

·

¸

¦t Dt
+ Kt+1 :
Kt Pt

Finally, using Condition (1) from Theorem 2, that
¦tmrit = ¦t+1

Dt
P t+1

+
Pts
Pt

Pts
Pt

s
Pt+1
Pt+1

=

(32)

Kt
¦t

yields

s
= Rt+1
:

(33)

Proof of Equality Between Used Capital Goods and Stock Market Economies:
Now we show how to use Conditions (1) and (2) of Theorem 2 to collapse the ¯ve conditions
for equilibrium down to the same two conditions in the used capital goods economy. Condition
(2) of Theorem 2 implies that if the household Euler equation is satis¯ed, then the ¯rm's Euler
equation (25) is also satis¯ed. Therefore we start with the household's Euler equation, (22):
·

µ

s
Pt+1
Dt
Pts
= Et mrst+1
+
Pt
Pt+1 Pt+1

We use condition (1) from Theorem 2 to substitute
·

µ

Kt
¦t

for

P ts
Pt

Kt
Kt+1
Dt
= Et mrst+1
+
¦t
¦t+1 Pt+1
Again, using the Theorem to eliminate

Pts
Pt

¶¸

(34)

:

on both sides, obtaining

¶¸

(35)

:

implies that condition 5 is also satis¯ed.

We now proceed to solve for the fundamental solution to (35). We use the equilibrium
equation in the money market together with (9) to ¯nd Pt = Mt=Ct, so that ¦t and Pt are
functions of Ct and Mt , which yields
·

µ

Kt Ct
Kt+1 Ct+1 DtCt+1
= Et mrst+1
+
¹t Ct¡1
¹t+1Ct
Mt+1
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¶¸

:

(36)

Now we use equation (28) and the expression for the price level to replace Dt with a function
of Kt , Ct and Mt:
·

¸

Ct+1
KtCt
= Et mrst+1
(Kt+1 + F2 (µtLt; Kt )Kt ¡ Kt+1 + (1 ¡ ±)Kt ) :
¹tCt¡1
¹t+1 Ct

(37)

The Kt+1 inside the parentheses cancels, so that we can divide both sides of (37) by Kt , leaving
·

¸

Ct
Ct+1
= Et mrst+1
(F2 (µt Lt ; Kt) + (1 ¡ ±)) :
¹tCt¡1
¹t+1 Ct

(38)

Finally, we substitute the de¯nition of mrst+1 into (38) and collect terms, obtaining
"

#

Ct(Ct )¡°
Ct+1 (Ct+1 )¡°
= ¯Et
(F2 (µtLt ; Kt ) + (1 ¡ ±)) :
¹tCt¡1
¹t+1 Ct

(39)

Equation (39) is a function of Kt , Ct and exogenous variables. To obtain this equation, we
have used all the conditions for equilibrium except the resource constraint. This goods market
equilibrium condition yields the second equation in the two-equation system that is used to
solve for equilibrium:

Ct = F(µtLt; Kt) ¡ Kt+1 + (1 ¡ ±)Kt:

(40)

(39) and (40) are identical to (14) and (15). Thus, the stock market economy is represented
by the same set of stochastic di®erence equations as the used capital goods economy.
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Referee's Guide
.1

Consumer's Problem under CIA and household ownership of capital

The value function of the consumer is given by
V (¹t; µt; Kt;
¯Et

·

1¡°
Ct+1
1¡°

Wt +Qt kts
)
Pt

p

1¡°

= max[

Ct
1¡°

+ ´t (

Mp

t+1
+ ´t+1 ( Pt+1
¡ Ct+1) + ¸t+1 (

Mt
Pt

¡ Ct ) + ¸t(

s
Wt+1+Qt+1kt+1
P t+1

+¯ 2Et [V (¹t+2 ; µt+2; Kt+2 ;

Wt +Qt kst
Pt

¡

¡

Qt+1 kdt+1
P t+1

s
Wt+2+Qt+2 kt+2
)]:
Pt+2

Qt ktd
Pt

¡

p

¡

p
Mt+1
Pt+1

Mt
Pt

¡ Tt)

¡ Tt+1)

¸

Here ¸t and ´t are the Lagrange multipliers for the constraints (8) and (9), respectively.
The consumer chooses money balances in period t according to the rule
·

´t = ¸t ¡ ¯Et ¸t+1

¸

Pt
:
Pt+1

s
If we recognize that Wt+1 + Qt+1kt+1
evolves according to (10), then the consumer chooses

used capital to satisfy the condition
·

µ

PtF2 (µtLt; Kt) Qt+1
Qt
= ¯Et ¸t+1
+
(1 ¡ ±)
¸t
Pt
Pt+1
Pt+1

¶¸

:

In the second session the consumer chooses consumption to satisfy the consumer's optimal
condition

·

Ct¡° = ´t + ¯Et ¸t+1

¸

Pt
:
Pt+1

s
If we recognize that Wt+2 + Qt+2 kt+2
evolves according to (10) updated one period when
d
s
kt+1
= kt+1
= (1 ¡ ±)ktd + It, then the consumer chooses investment to satisfy the condition

·

¯Et ¸t+1

¸

2

@V
Pt
6
= ¯ 2 Et 4 ³ Wt+2+Qt+2ks ´
t+2
Pt+1
@
P t+2

µ

3
¶
Pt+1 F2 (µt+1 Lt+1; Kt+1 ) Qt+2
7
+
(1 ¡ ±) 5 :

Pt+2

Pt+2

In making each of these decisions the consumer uses the expected marginal value of wealth.
Using the Mirman-Zilcha (1975) condition,25 the expected marginal value of wealth is given by

@
25

³

@V
Wt +Qt kst
Pt

´ = ¸t :

See Stokey and Lucas with Prescott (1989, pp.266-267).
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Furthermore, the above optimal conditions for money and consumption imply that
Ct¡° =

@

³

@V
Wt +Qt kts
Pt

´ = ¸t:

Consequently, we can substitute the marginal utility of consumption for the marginal utility of
wealth in the consumer's optimal decisions for used and new capital goods to yield
Qt
= ¯Et
Pt

"µ

Ct+1
Ct

¶¡° µ

PtF2 (µt Lt ; Kt) Qt+1
+
(1 ¡ ±)
Pt+1
Pt+1

¶#

;

and
¯Et

"µ

Ct+1
Ct

¶¡°

#

Pt
= ¯ 2Et
Pt+1

"µ

Ct+1
Ct

¶¡° µ

Ct+2
Ct+1

¶¡° µ

Pt+1 F2 (µt+1Lt+1 ; Kt+1 ) Qt+2
+
(1 ¡ ±)
Pt+2
Pt+2

which correspond to equations (12) and (13), respectively.

.2

Consumer's Problem under CIA and stock ownership

The consumer's problem is a dynamic programming problem with the value function given by

C 1¡°
Mp
Wt
) = max[ t
+ ´t ( t ¡ Ct) +
Pt
1¡°
Pt
p
s
Wt Pt St M t
Wt+1
¸t(
¡
¡
¡ Tt) + ¯Et [V (¹t+1 ; µt+1 ;
)]]:
Pt
Pt
Pt
Pt+1

V (¹t; µt;

Here ¸t and ´t are the Lagrange multipliers for the constraints (9) and (19), respectively.
The consumer chooses money balances in period t according to the rule
2

@V

3

Pt 5
:
´t = ¸t ¡ ¯Et 4 ³ W ´
t+1
Pt+1
@
Pt+1

The consumer chooses stocks to satisfy the condition
¸t =

2

@V

3

Pt 5
¯Et 4 ³ W ´ Rst+1
:
t+1
P
t+1
@ Pt+1

In the second session the consumer chooses consumption to satisfy the consumer's optimal
condition
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¶#

;

Ct¡°

2

@V

3

Pt 5
= ´t + ¯Et 4 ³ W ´
:
t+1
Pt+1
@
Pt+1

In making each of these decisions the consumer uses the expected marginal value of wealth.
Using the Mirman-Zilcha (1975) condition,26 the expected marginal value of wealth is given by
@V

@

³

Wt
Pt

´ = ¸t:

Furthermore, the above optimal conditions for money and consumption imply that
¡°

Ct

=

@V

@

³

Wt
Pt

´ = ¸t :

Substituting the marginal utility of consumption into the optimal condition for stocks
1 = ¯Et

"µ

Ct+1
Ct

¶¡°

The above condition corresponds to condition (22).

26

#

s +D )
Pt (Pt+1
t
:
s
Pt+1
Pt

See Stokey and Lucas with Prescott (1989, pp.266-267).
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Figure 1

Response of Value of the Firm to Monetary Shock
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Chart 1
Timing of Activities, Decisions, Information and Payments

Time Period: T
Session: 1

2

3

Settlement

Activities:

Asset Market Clears
Factor Markets Clear
Production

Goods Market Clears

Decisions:
(HH refers to
Household.)

HH: Sell kst = (1-δ) kdt -1 + It-1
HH: Purchase kdt, Mpt
HH: Supply Lst
Firm: Produce Yt

HH: Purchase Ct, It,

Information Revealed:

µt , θt, Qt

Pt

Household Receipts:

-PtΤt = Mt - Mt-1

-PtCt

WtLst, Rt kdt , -PtIt

Total Wealth:

Qtkst+ Wt

Qtkdt+ Mpt

kst+1 = (1-δ) kdt + It
Wt + 1 = Mpt-PtCt-PtIt+WtLst+Rtkdt

t+1
1

