
Sampling From Stratified Spaces

by

Do Tran

Department of Mathematics

Duke University

Date:

Approved:

Ezra Miller, Advisor

Robert L. Bryant

Jonathan C. Mattingly

James H. Nolen

Dissertation submitted in partial fulfillment of the requirements for the degree of

Doctor of Philosophy in the Department of Mathematics

in the Graduate School of Duke University

2020



ABSTRACT

SAMPLING FROM STRATIFIED SPACES

by

Do Tran

Department of Mathematics

Duke University

Date:

Approved:

Ezra Miller, Advisor

Robert L. Bryant

Jonathan C. Mattingly

James H. Nolen

An abstract of a dissertation submitted in partial fulfillment of the requirements for

the degree of Doctor of Philosophy in the Mathematics

in the Graduate School of Duke University

2020



Copyright c© 2020 by Do Tran

All rights reserved



Abstract

This dissertation studies Central Limit Theorems (CLTs) of Fréchet means on strat-

ified spaces. The broad goal of this work is to answer the following question: What

information one should expect to get by sampling from a stratified space? In partic-

ular, this work explores relationships between geometry and different forms of CLT,

namely classical, smeary and sticky. The work starts with explicit forms of CLTs for

spaces of constant sectional curvature. As a consequence, we explain the effect of sec-

tional curvature on behaviors of Fréchet means. We then give a sufficient condition

for a smeary CLT to occur on spheres. In later chapters, we propose a general form

of CLT for star-shaped Riemannian stratified spaces. The general CLT we propose

is universal in the sense that it contains all of the aforementioned forms of CLTs for

Fréchet means. The proposed CLT is verified on manifolds and on hyperbolic flat

2-dimensional spaces with an isolated singularity.
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Chapter 1

Introduction

1.1 Motivations and contribution of this disserta-

tion

Traditional statistical methods and results typically rely on linearity of the data.

However, in many applications, data lie on nonlinear geometric structures such as

Riemannian manifolds or more generally stratified spaces. Examples include corpus

callosum shape data encoded as a Riemannian manifold [Fle13], the evolutionary data

encoded in phylogenetic trees [Hol03, BHV01], the space of persistence diagrams

in topological data analysis [MMH11], and clustering problems in genotype data

[PSD00]. These examples naturally lead to a problem of sampling from stratified

spaces. However, statistical theory on stratified spaces has only been studied on

specific examples of particular stratified spaces; see, for example [BL18, HHL+13,

HMM+15]. Therefore, there is considerable demand for establishing a mathematical

foundation of statistical theory on stratified spaces before statistics can be confidently

tested.

The foundations of statistical theory in the smooth (i.e., nonsingular) case—

that is, on Riemannian manifolds, including the law of large numbers (LLN) and

central limit theorems (CLT), were initiated by Bhattacharya and Patrangenaru in

[BP03, BP05] and further developed in [BhL17, EH18, BB08, BB12, Afs09]. The

result in [BP05] states that under various assumptions, such as uniqueness of the

mean, although the CLT on smooth Riemannian manifolds behaves classically, its
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limit distribution deviates from the Euclidean case by the inverse of the Hessian of

the Fréchet function at the mean.

The scenarios considered by Bhattacharya and Patrangenaru are not universal.

It was first observed in [HH15] on circles and then in [EH18, Elt19] on spheres that

in various cases, the CLT does not behave classically; it can be smeary, in the sense

that the probability distributions of the empirical means on circles and spheres can

approach their limiting distributions at a scale of n
1

2k+2 , where k ≥ −1 is the degree

of smeariness [EH18]. For example, the classical CLT has a scaling factor of n1/2,

which is, in this case, k = 0. Because Fréchet means have a lower fluctuation rate,

the smeary effect plays a crucial role in statistics [EH18].

The smeary behavior of the CLT hints that geometry plays a crucial role in the

deviation of the CLT from being classical. On Euclidean spaces, the CLT applies

to finite variance distributions and the scaling factor is always n1/2. This is, how-

ever, not the case on Riemannian manifolds of positive curvature. It was showed in

[EH18, Elt19, Tra19] that the scaling factor can be n1/6 even though the population

distribution has finite variance and gives zero measure to a neighborhood of the cut

locus of the mean.

On stratified spaces, CLTs can deviate more drastically. More precisely, the

sample mean may refuse to depart along some directions in the tangent cone of

the population mean as the sample gets large. That is, the sample mean sticks to

certain directions as the sample gets large [BL18, MMP15, HHL+13, HMM+15]. This

phenomenon is called stickiness and the CLT in this case is called a sticky CLT.

Stickiness and smeariness show that intrinsic geometric properties (e.g. curva-

ture, singluarities) can greatly influence the outcome of a sampling process on a

non-Euclidean space even when the variance of the population measure is finite.

Therefore, to have a firm mathematical foundation for statistical theory on stratified

spaces, it is imperative to understand how geometry can affect behaviors of CLTs of
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Fréchet means on stratified spaces. Understanding these interaction between geom-

etry and statistics may also guide us to an answer of an important question: What

information one should expect to get by sampling from a stratified space?

Currently there is no universal form of CLT for Fréchet means on stratified spaces

which contains all three mentioned forms of the CLT. Therefore our understanding

of which geometric properties cause the deviation of the CLT from being classical is

rather limited. We are also not sure if we can trace back, quantitatively or qualita-

tively, some specific geometric properties from a known asymptotic behavior of the

Fréchet means.

In this dissertation, we attempt to answer these questions. The main contribu-

tions of this dissertation are the following.

1. An answer to the question of whether the smeary effect can occur on spheres

with absolutely continuous and rotationally symmetric distributions: with the

method presented here, it can in dimension at least 4 (Theorem 3.3.5).

2. An explanation of the effect of curvature on smeariness for Riemannian mani-

folds of constant sectional curvature (Remark 4.1.5).

3. A conjecture of a generalized CLT for star shaped Riemannian stratified spaces

(Conjecture 5.4.1). The proposed CLT is universal in the sense that it contains

all three mentioned forms of CLTs.

4. Evidence for the correctness of the conjecture by showing that our generalized

CLT holds true on manifolds for classical and smeary cases (Theorem 4.2.15)

and for sticky and partly sticky forms on 2-dimensional flat spaces with an

isolated singularity (Proposition 5.4.3).
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1.2 Our approach

Consider a Riemannian stratified space M with a probability measure µ such that

its Fréchet mean µ̄ is unique. A sample of size n gives us a sample mean µ̄n, called

an intrinsic sample mean. The asymptotic behavior of µ̄n results in an intrinsic

CLT. Typically, we are interested in the asymptotic behavior of logµ̄ µ̄n. Two key

ingredients in deriving the CLT for intrinsic Fréchet means are (1) a map Lµ that

pushes forward the population measure µ on M to an Euclidean space which allows

us to do Euclidean sampling after the push forward, and (2) another map Hµ that

pulls back the limiting distribution of the aforementioned Euclidean sampling to the

intrinsic CLT on M . We can see the relation of the two maps in the following diagram.

µ Euclidean CLT (or Tangent CLT)

Intrinsic CLT

Lµ

intrinsic sampling
Hµ

On manifolds, the push forward map Lµ is the log map at the population mean

µ̄. The pullback map, which is labeled as Hµ, is the inverse of the Hessian (in the

classical CLT [BP05]) or an “inverse” of a higher derivative tensor (in the smeary

CLT [EH18]) of the Fréchet function at µ̄.

On specific stratified spaces that have been studied [BL18, HHL+13, HMM+15]

the method is similar. However, due to the non-smooth nature of stratified spaces,

both Lµ and Hµ are adaptively defined based on the specific space M .

Our approach is to find definitions of Lµ and Hµ that hold true for stratified

spaces where the tangent cone is singular at the mean—that is, not smooth in any

neighborhood of the mean, and the Fréchet function is not differentiable.

The idea to construct Lµ generalizes [HMM+15], in which the relevant map is

called the folding map. In particular, in a space that is smooth in a punctured
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neighborhood of the mean µ̄, the map Lµ can defined as a limit of logarithm maps

logp based at points p approaching µ̄ from a certain direction (Definition 5.2.1).

While the generalization of the logarithm map Lµ allows us to “Euclideanize” the

CLT, the map Hµ corrects deviation the desired intrinsic CLT from being Euclidean.

Therefore, it is key to take a closer look at how the map Hµ is defined in different

cases.

As we mentioned earlier, in the classical CLT the map Hµ is the inverse of the

Hessian of the Fréchet function at the mean [BP05, BhL17]. In the smeary CLT it

is an analog to the inverse of a higher derivative tensor of the Fréchet function at

the mean [EH18, Elt19, Tra19]. On specific stratified spaces that have been studied,

Hµ is defined as a projection onto a closed sub-cone of the tangent cone at the mean

[HHL+13, HMM+15, BL18].

Our motivation is to look at a modified version of the Taylor expansion of the

gradient field of the Fréchet function at the mean, namely [BL18, EH18].

1

n

n∑
i=1

logµ xi = ∇2Fµ̄(logµ µn) + o(|µn|2),

the xi are M -valued i.i.d. random variables with common distribution µ having pop-

ulation mean µ̄ and empirical mean µ̄n. There is another way of interpreting this

equation: an infinitestimal mass at a vector v on TµM will pull µ along direction v,

while the corresponding mass at expµ̄ v on M will pull µ in the direction (∇2Fµ)−1v .

This alternative view allows us to define the inverse of the Hessian at p as a map on

the tangent cone TpM without defining the derivative tensors of the Fréchet function

(Definition 4.1.2 and Definition 4.2.6).

There are also certain conditions that need to be verified to ensure that Hµ and

Lµ could lead to a general CLT. We discuss these conditions in Chapter 5.
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1.3 Outline of this Dissertation

In Chapter 2, we review the celebrated CLT on manifolds by Bhattacharya and

Patrangenaru [BP05] and its smeary generalization by Eltzer and Huckemann [EH18].

In addition, we discuss different definitions of cut locus on manifolds with boundary

and on stratified spaces. In Section 2.2, we discuss which conditions need to be

imposed on stratified spaces for our stratified CLT to work.

Chapter 3 studies Fréchet means on manifolds. We show computations of the

derivative tensors of the Fréchet functions on spheres and use comparison theorems

to give bounds to the Hessian, as well as its inverse, on manifolds with curvatures

bounded one way or the other. In addition, Section 3.3 studies the smeary version of

the CLT of local Fréchet means for absolutely continuous and rotationally symmetric

distributions on spheres. The smeary effect occurs when the Hessian of the Fréchet

function vanishes and a tensor obtained by differentiating an even number of times

is positive definite at the mean. To date, examples of smeary CLTs on circles and

spheres were observed in [HH15, EH18]. In those examples, the reference measures

are singular at the mean. A natural question arises: can smeariness happen for

non-singular measures?

The computation of derivative tensors in Section 3.3 yields an answer to this

question on spheres when the distribution is rotationally symmetric. In particular, in

that setup when the distribution is absolutely continuous, under some assumptions

(Proposition 3.2.1), the smeary effect can only appear in dimension 4 or higher and

is more likely as the dimension grows, c.f. Remark 3.3.8 and see also [Elt19]. In

Example 3.3.7 we exhibit the smeary effect of a local Fréchet mean when the measure

has no singular mass; a similar example has been studied in more detail in [Elt19].

In Chapter 4, we define the map Hµ (Definition 4.1.2 and Definition 5.3.4) without

requring the smoothness of the Fréchet function at the mean. We also show that
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our constructed map is well defined on manifolds ( Theorem 4.2.9) and on the 2-

dimensional kale (Theorem 4.3.5). As a result, we verify that our generalized CLT on

stratified spaces hold true for manifolds (Theorem 4.2.15) and for the 2-dimensional

kale (Proposition 5.4.3).

Chapter 5 discusses current and future research. We present conjectures about

our most general CLT on star shaped stratified spaces (Conjecture 5.4.1) and point

out two possible missing behaviors of the CLT that have not been observed.
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Chapter 2

Background

2.1 Fréchet means and CLTs on manifolds

Given (M,d) a metric space with finite distance and a probability measure µ on the

Borel σ-algebra of M , the Fréchet function of µ on M is defined as

F (x) =
1

2

∫
M

d2(x, y)µ(dy).

We shall always assume that F is finite for some x̃ ∈ M . It then follows from the

triangle inequality that for every x ∈M

F (x) ≤ F (x̃) +
1

2
d2(x̃, x),

which implies that F (x) is bounded on M . The Fréchet mean set µ̄ of µ is then

defined as

µ̄ = {y ∈M : F (y) ≤ F (x), for all x ∈M},

which can be summarized as µ̄ = arg min
x∈M

F (x). The following result in [BB12,

Proposition 2.1] tells us that the Fréchet mean set µ̄ is always non-empty under some

mild conditions of M .

Proposition 2.1.1 (Proposition 2.1, [BB12]) Suppose closed and bounded sub-

sets of M are compact. Then µ̄ is non-empty and compact.

In most cases, for example when M is a complete Riemanian manifold or a Rieman-

nian stratified space, Proposition 2.1.1 alway holds true.

When the Fréchet mean set µ̄ contains only a single point we say that µ has unique

Fréchet mean. This will be the underlying assumption throughout this dissertation.
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Let X1, . . . , Xn be i.i.d. random M -valued variables defined on a probability

space (Ω,F , P ) with the a common distribution µ. Denote by µn the corresponding

empirical distribution

µn =
1

2

n∑
i=1

δXi .

The Fréchet function of µn is called the sample Fréchet function and is denoted by

Fn. The Fréchet mean set µ̄n of µn is called the sample Fréchet mean set.

The following result [BB12, Proposition 2.2] strengthens the strong law of large

numbers from [Zie77] in a special case when M satisfies the property that every closed

and bounded subset is compact.

Proposition 2.1.2 Suppose every closed and bounded subset of M is compact. Then

for every ε, there exists a random integer Nε and a P -null set Qε such that outside

Qε,

µ̄n ⊂ B(µ̄, ε) ∀n ≥ Nε,

where B(µ̄, ε) = {x ∈M : d(x, µ̄) ≤ ε} is the ball of radius ε centered at µ̄.

This result implies that if µ̄ is unique then the strong law of large numbers (sLLN)

applies to any measurable selection of µ̄n.

To obtain a CLT for Fréchet means on M , one would need to impose more ge-

ometric structures on M . A first generalization of the classical CLT to Riemannian

manifolds was presented in [BP05]. Since then there have been several subsequent

generalizations; for example, see [BB08, BhL17, EH18].

The CLT presented in [BP05] relies, together with some regularities on the Hessian

of F , on the Taylor expansion of the Fréchet function at the mean

∇Fn(µ̄n) = ∇Fn(µ̄) +∇2Fn,µ̄(logµ̄ µ̄n) + o(d(µ̄, µ̄n)) (2.1.1)

and a strong law of the Hessian of the Fréchet function

∇2Fn,µ̄
D−→ ∇2Fµ̄. (2.1.2)
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In particular, from Eqs. (2.1.1) and (2.1.2) Bhattacharya and Patrangenaru show

that
√
n(∇2Fµ̄)−1

(
∇Fn(µ̄n) + o(d(µ̄, µ̄n))

)
=
√
n logµ̄ µ̄n.

Let N be the normal limiting distribution in the CLT of the pushforward of µ under

logµ̄; in other words,
√
n logµ̄,] µn

D−→ N , (2.1.3)

where logµ̄,] denotes the pushforward induced by logµ̄ . Suppose that the inverse of

the Hessian of F at µ̄ pushes N forward to a distribution ((∇2Fµ̄)−1)] N . Then the

CLT in [BP05] reads
√
n logµ̄ µ̄n

D−→ ((∇2Fµ̄)−1)] N .

In [EH18], with a different approach, the authors were able to eliminate the

regularity conditions presented in [BP05] and achieve a more general CLT, especially

when the Hessian ∇2Fµ̄ vanishes. When ∇2Fµ̄ vanishes, the CLT stated in [EH18]

can be smeary in the sense that it can has a fluctuation rate of nα with α < 1/2. More

precisely, the authors assume that the first non-zero derivative tensor is orthogonally

diagonalizable and nonsingular, i.e. if ∇rFµ̄ is the first non-zero derivative tensor of

F then there exists an orthonormal basis {e1, . . . , ed} such that

∇rFµ̄ =
n∑
i=1

λie
⊗r
i

with λi 6= 0 for all i = 1, . . . , r. Under this condition, the CLT in [EH18] reads

n1/(2r−2) logµ̄ µ̄n
D−→ Hµ,] N ,

where

1. r − 2 is the degree of smeariness [EH18, Theorem 2.11];

2. Hµ : Tµ̄M → Tµ̄M is analogous to an “invers” of ∇rFµ̄; and

3. Hµ,] is the pushforward induced by Hµ.
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2.2 Stratified spaces and Whitney conditions

In this section, we review the notion of stratified spaces and impose conditions needed

to set up a conjectural general CLT stated in Chapter 5.

We first recall the definition of decomposed spaces.

Definition 2.2.1 (cf. Definition 1.1.1 [Pfl01], Definition 1.1 [SL91]) Consider

a paracompact Hausdorff space with countable topology M . Let (I,≤) be a par-

tially ordered set. The pair (X, I), or just M when I is clear from the context, is a

decomposed space with strata Mi for i ∈ I if the following conditions are satified:

1. M is a disjoint union of Mi, i.e. M = ti∈IMi;

2. each stratum Mi is a smooth manifold in the topology induced from M ; and

3. Mi ∩M j 6= ∅ ⇔Mi ⊂M j ⇔ i ≤ j, Mi is called a boundary stratum of Mj.

The depth of a stratum Mi is defined as

depth(Mi) = sup{n : there exist strata Mi = S0 ≤ S1 ≤ · · · ≤ Sn}.

In the definition of stratified spaces, we use the notion of cone over a topological

space. A cone over a topological space L is the quotient space

CL := L× [0,+∞)/L× 0.

A stratified space is often defined as a decomposed space which possesses a property

called topological triviality with cones as a typical fiber [Pfl01, page 35]. In particular,

stratified space is often defined recursively with the following definition.

Definition 2.2.2 (cf. Definition 1.7, [SL91]) A decomposed space (M, I) is called

a stratified space if its strata satisfy the following topological triviality with cones as a

typical fiber property. For every point x in a stratum Mi, there exists a neighborhood
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U of x, an open ball B centered at x in Mi, a stratified space L called the link of x

and a homeomorphism

φ : U → B × CL

that preserves the decomposition of M .

A stratum Mi in a stratified space (M, I) is called a regular stratum or a top

stratum if there is no stratum Mj such that Mi ⊂ M j. Other strata are called

singular. An element x is called regular if it is an element of a regular stratum and

x is called singular otherwise. We also call a stratum Mi a bottom stratum if there is

no stratum Mj so that Mj ⊂M i, cf. Example 2.2.4. Note here that a singular point

need not be singular when viewed as a subset of M . For example, a smooth manifold

can have a nontrivial stratification.

Figure 2.1: The Whitney cusp W = {(x, y, z) ∈ R3 : x3 + y2 − z2x2 = 0}

We will only interested in finite dimensional stratified spaces which has finite

number of strata. And since we only focus on behavior of geodesics near the Fréchet

mean, we shall only consider connected stratified spaces with one lowest stratum.

Such stratified spaces are called star-shaped stratified spaces [Pfl01].
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Definition 2.2.3 A stratified space M is called a star-shaped stratified space if it

has a stratification

M = R t S1 . . . t Sk (2.2.1)

such that R ≤ Sj for all j = 1, . . . , k.

We shall always assume that M is a star-shaped stratified space.

Example 2.2.4 In Figure 2.1, the Whitney cusp W with stratification

1. W0 = {0}, the origin,

2. W1 = {(0, 0, z) : z 6= 0}, the z axis minus the origin, and

3. W2 = W \ (W0 ∪W1),

is a star-shaped stratified space with W0 is the lowest stratum and W2 a top stratum.

Both W0 and W1 are singular strata.

First, let us identify conditions which ensure good behavior of limit tangent spaces

as required in condition ST2 later.

Definition 2.2.5 (The Whitney conditions) Suppose (M, I) is a stratified space

which is a subset of Rn for some n and R, S are two strata of M . Let x be an arbitrary

point in R and let {rk} ⊂ R and {sk} ⊂ S be two sequence of points converging to

x. Set `k be the line connecting xk and yk. Also suppose that TskS converges in

the Grassmanian of subspaces of dimension dim(S) to a subspace τ ⊂ Rn and the

sequence of lines `k converges to some line `. The pair (R, S) statisfies

• Whiney condition A if TxR ⊂ τ for any choices of x, {rk}, {sk} above.

• Whitney condition B if ` ∈ τ for any choices of x, {rk}, {sk} above.
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Example 2.2.6 The Whitney cusp W with stratification in Example 2.2.4 satisfies

both Whitney conditions A and B.

Due to [Pfl01, Theorem 2.4.17], a Riemannian metric g can be imposed on a

star-shaped stratified space M such that

1. each stratum Mi is a smooth Riemannian manifold under the metric gi induced

by g;

2. for every two points x, y ∈M , there exists a piecewise smooth path γ with the

shortest length connecting x and y.

A shortest path γ connecting x and y is called a geodesic connecting x and y. Note

here that we require geodesics to be globbally length-minimizing. If M satisfies Whit-

ney condition A then [Pfl01, Theorem 2.4.17] ensures that there exists a geodesic

connecting any two given points x and y.

The tangent cone TxM at a point x ∈ M is defined as the the set of equivalent

classes of curves that leave x as in the definition of tangent space on manifold.

The exponential map expx at x is a map from the tangent cone TxM to M which

sends each vector v ∈ TxM to the end point of the geodesic of length ‖v‖ and tangent

to v. In other words, the exponential map expx is defined as

expx : TxM →M

v 7→ γv(1),

where γv : [0, 1] → M is a geodesic with γv(0) = x and γ′v(0) = v. On manifolds,

the exponential map is always well defined locally. However, this is not the case on

stratified spaces because a family of geodesics can be squeezed into having the same

tangent vectors at x, cf. Example 2.2.7.

The logarithm map logx at a point x is the the inverse of the exponential map.

More precisely, the map logx sends each point y ∈ M to the tangent vector at x of

the geodesic γ : [0, 1]→M connecting x and y.

14



Figure 2.2: expx is not well defined while logx is

Example 2.2.7 Consider a stratified space M = R2 \ {(x, y) ∈ R2 : y > x2}, cf.

Figure 2.2, with stratification

• M0 = {(x, y) ∈ R2 : y = x2},

• M1 = M \M0.

With x = (0, 0), the exponential map expx is not well defined locally. Indeed, in

Figure 2.2, suppose that γ1 and γ2 are unit speed geodesics with the same length with

the same tangent vector v. Then expx(v) is not defined. Two points y1 and y2 can be

arbitrarily close to x. In contrast, logx is well defined and logx(y1) = logx(y2) = v.

If, however, x is not on the parabola, cf. Figure 2.5, then both logx and expx are

well defined locally. Moreover, logx is defined globally.

We show in the following example that the logarithm map is not always well

defined locally.

Example 2.2.8 Consider the Poincaré half-plane model H = {(x, y) ∈ R2 : y > 0}

with the Poincaré metric ds = (dx)2+(dy)2

y2 . Geodesics in H are half circles whose

centers are on the x axis, cf. Figure 2.3.

Let M1 = {(x, y) ∈ H : y > 1} be a submanifold of H. We then glue two copies

of M1 along the line y = 1 to obtain a stratified space M = M0∪M1∪M ′
1 with M0 is

15



Figure 2.3: The Poincaré half-plane model

Figure 2.4: Two copies of M1 glued along M0

the line y = 1, cf. Figure 2.4. Thus the map logp is not well defined locally. Indeed,

notice that if p ∈ M0 then for any q ∈ M0 \ {p}, there are two geodesics connecting

p to q with different initial and terminal tangent vectors, cf. Figure 2.4.

Next, we shall impose restrictions on M in order to follow our framework constructed

in Section 5.4. In particular, we need the following conditions.

Definition 2.2.9 Suppose that M is a star-shaped stratified space equipped with a

probability measure µ. The following conditions are called statistically tame condi-

tions on M .

ST1. The inverse of the exponential map, the log map, at the Fréchet mean is defined

almost surely.

ST2. Suppose that µ̄ is an element in a stratum R and R is a boundary stratum of

S. Then as we approach the µ̄ from S, the limit tangent vector should contain

Tµ̄R.
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ST3. The measure µ does not give significant mass to a neighborhood of the cut locus

of µ̄.

Condition ST2 is ensured if M satisfies Whitney condition A. Let us now identify a

condition that implies ST1.

Assumption 2.2.10 For almost all q ∈M the following property holds.

ST′1. If γ1 : [0, `]→M and γ2 : [0, `]→M are two unit speed geodesics that start at

µ̄ and end at q, then γ′0(0) = γ′1(0).

In other words, for almost all q, all geodesics connecting µ̄ to q must have the same

initial tangent vector.

Figure 2.5: logx is defined globally

In the stratified space M in Example 2.2.8 if µ is absolutely continuous with

respect to the volume measure on M , then Assumption 2.2.10 holds. However, we

will see in Section 2.3 that this is not the case for more general stratified spaces.

2.3 Cut loci in stratified spaces

Both assumptions ST1 and ST3 tell us that we should avoid points q such that

geodesics connecting µ̄ to q can have different initial tangent vectors. That is, when
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q is in the cut locus of µ̄. On complete Riemanian manifolds, cut locus of a point

has codimension at least 1; see, for example, [Wol79]. However, this is not the case

on stratified spaces, as we discussed in this section.

We discuss some possible definitions of cut locus in order to find a way to avoid

assumption ST′1. We discuss a solution that works for manifolds with boundary but

does not work for stratified spaces in general. Thus, even though assumption ST′1 is

rather inconvenient, it is what we need to impose to meet our assumptions ST1 and

ST3.

Definition 2.3.1 On smooth manifolds, a point q is called a cut point of a base point

p if at least one (and hence all) shortest path connecting p to q cannot be extended

and remain length-minimizing through q. And the cut locus of p, which is denoted

by Cp, is the closure of the set of cut points of p.

It is true that on completed Riemannian manifolds the set of points which has

two different minimal geodesics connecting to p is dense in Cp [Bis77]. Hence the

cut locus of a point p can also be defined as the closure of points with at least two

different geodesics connecting to p.

Those phenomena lead us to use a different definition of cut locus on manifolds

with (smooth) boundary. The following definition was introduced in [ABB93].

Definition 2.3.2 The cut locus of a base point p is the closure of the set of points

which have at least two minimal geodesics from p with different initial and terminal

tangent vectors.

Example 2.3.3 Consider the Euclidean plane R2 with an open disk and an open

tubular neighborhood of a half line removed as in the following picture.

Any point in the highlighted region S has two minimal geodesics with different

initial tangent vectors connecting to P . Hence, under the regular definition, the cut
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Figure 2.6: A manifold with smooth boundary

locus of P contains the region S. While under Definition 2.3.2, the cut locus of P is

the closed dashed blue segment.

The following definition, which is introduced in [ABB93], allows us to have a

consistent choice of minimal geodesic from points in S to P .

Definition 2.3.4 Fix a manifold M with (smooth) boundary and two minimal

geodesics γ, ϕ from P to Q with the same terminal tangent vector at Q. Let [Q′Q]

be the largest terminal common segment of γ and ϕ. We say γ is preferred to ϕ if

the segment [PQ′] of γ has a nontrivial terminal segment in the interior of M while

the segment [PQ′] of ϕ does not. We call a minimal geodesic that is preferred to all

others with the same terminal tangent vector at Q primary minimal geodesics.

The following theorem gives us a way to define the exponential map and the log map

on manifolds with smooth boundary.

Theorem 2.3.5 [ABB93, Theorem 3] For a given minimal geodesic from P to Q,

there exists exactly one primary minimal geodesic from P to Q with the same terminal

tangent vector.

In the above example, the geodesic from P to Q (or to any point in S) with the lower

initial tangent vector is a primary minimal geodesic. More importantly, [ABB93,
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Theorem 1] makes sure that the volume measure of the cut locus of any point on a

manifold with (smooth) boundary is 0.

On stratified spaces, however, the cut locus is not well behaved as it is in the

case of manifolds with boundary. A simple example of a manifold with non-smooth

boundary shows that the cut locus of a point can contain an open set.

Figure 2.7: Cut locus of P contains the open region S

Example 2.3.6 In this example, we replace the tubular neighborhood in Exam-

ple 2.3.3 by an open cone as in Figure 2.7. Although the region S is not in the cut

locus of P , the uniqueness of primary minimal geodesics from P to points in S does

not hold. It follows that the log map at P is not well defined in S.

Thus, even though Definition 2.3.4 defines the log map on manifolds with smooth

boundary, it does not work for more general stratified spaces.
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Chapter 3

Fréchet means on manifolds

In this chapter we study behaviors of Fréchet means and CLTs on manifolds. In

Section 3.1, we give detailed computations for the higher derivative tensors of the

Fréchet function at the mean when the considered manifold has constant sectional

curvature. In Section 3.4, we restate a comparison results for the Hessian of the

Fréchet function in the presence of curvature bounds. The comparison is used in

Chapter 4 to give an intuitive explanation of the curvature effect on the inverse of

the Hessian and hence on the behavior of the CLT. Results in this section include

1. a practical condition to test if the mode of the symmetric distribution on spheres

is a local Fréchet mean (Proposition 3.2.3);

2. a Central Limit Theorem on spheres with practical assumptions as well as an

explicit limiting distribution (Theorem 3.1.8); and

3. an answer to the question of whether the smeary effect can occur on spheres

with absolutely continuous and rotationally symmetric distributions: with the

method presented here, it can in dimension at least 4 (Theorem 3.3.5, cf. Corol-

lary 3.3.3).

Throughout this section, we consider the following setup.

1. (M, g) is a complete, smooth Riemannian manifold of dimension d whoes geodesic

distance is denoted by d.

2. The sectional curvature of M is bounded below by k and above by K so k ≤

Sec(M) ≤ K with k and K either both positive or both negative.
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3. A probability measure µ on the Borel σ-algebra of M such that

• the Fréchet mean µ̄ of µ is unique, and

• the cut locus of µ̄ has measure 0, i.e. µ(Cµ̄) = 0.

Recall that the Fréchet function F (x) of µ on M is defined as

F (x) =
1

2

∫
M

d2(x, y)dµ(y). (3.0.1)

We compute the derivative tensor of F (x) formally in the next section.

3.1 Constant sectional curvature cases

To compute the Hessian of the Fréchet function, we first compute the Hessian of the

squared distance function. In this section, the Hessian of the squared distance func-

tion is computed using Jacobi fields. The method of applying Jacobi fields is familiar

and it has been applied to compute Hessian of the Fréchet function before; see, for

example, [Afs09]. However, earlier computations such as [Afs09] use a parametric

approach which is difficult to apply in computing higher derivatives of the Fréchet

function. Here we present a non-parametric approach. While the technique is also

standard in differential geometry, its result allows us to compute higher derivatives

of the Fréchet function at the mean.

3.1.1 The second derivative

We compute the Hessian of the squared distance function using Jacobi field with a

non-parametric approach. The main result of this section is Proposition 3.1.1. The

result is used in Section 3.1.2 to compute higher derivative tensors of the squared

distance function.
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The squared distance function and Jacobi fields

We revisit an idea in differential geometry that computing the Hessian of the squared

distance function is the same as computing the derivative of a certain Jacobi field.

This method is familiar when one needs to compute the Hessian of the distance

function; see, for example, [Afs09, Vil08].

Let us consider the case when M has constant sectional curvature κ. For a fixed

point y in M define

ρy(x) =
1

2
d2(y, x) =

1

2
d2
y(x).

Then the Fréchet function is written as

F (x) =

∫
M

ρy(x)dµ(x)

Call Cy the cut locus of y. For example Cy = ∅ when κ is nonpositive and M is

simply connected, or Cy is the antipode of y when M is a sphere. It is well known

that ρy(x) is differentiable on Sd \ Cy. The main result of this section is the formula

of the second derivative tensor ∇2ρy of ρy at a point x 6= Cy (Proposition 3.1.1).

Let X (M) be the space of vector fields on M and D(M) be the space of real

valued functions on M that are of class C∞ on M \ Cy. Let Y denote the vector field

∇ρy on M \ Cy. Then for any point x ∈ M \ Cy the vector (−Y (x)) ∈ TxM is the

tangent vector of the geodesic expx(−tY (x)) connecting x and y.

Recall that the Hessian ∇2ρy at a point x is a linear map ∇2ρy(x) : TxM → TxM ,

which we write as ∇2ρy when x is clear from the context, defined by the identity

∇2ρy · v = ∇v(∇ρy) = ∇vY

for v ∈ TxM . If Z is a vector field in M with Z(x) = v and ∇Z stands for the

covariant derivative in direction Z then

∇2ρy · y = ∇vY = ∇ZY (x).
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We wish to compute ∇ZY at x for any vector field Z ∈ X (M). If no confusion can

arise, we write 〈Y, Z〉 for g(Y, Z) and ‖Y ‖ for ‖Y (x)‖.

Figure 3.1: Jacobi field J(t) along γ(t)

Set γ(t) = expx(−tY (x)) and η(s) = expx(sZ(x)), cf. Figure 3.1. Consider the

smooth parametrized surface

f : [0, 1]2 →M

(s, t) 7→ expη(s)

(
−tY (η(s))

)
.

Taking derivatives of f in s and t gives

D

Ds

d

dt
f(t, s) =

D

Dt

d

ds
f(s, t).

Note that D
Ds

d
dt
f(t, s) = − D

Ds
∇ρy(η(s)) and D

Ds
∇ρy(η(s)) |s=0= ∇ZY (x), so

∇ZY (x) = − D

Dt

d

ds
f(s, t)|(0,0).

Observe that the vector field

J(t) :=
d

ds
f(s, t)|s=0
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is a Jacobi field along γ(t) with J(0) = Z(x) and J(1) = 0 ([Car92, Chap. 5, Cor.

2.5]). Then

∇ZY (x) = −J ′(0) = − D

Dt
J(t)|t=0. (3.1.1)

Equation (3.1.1) tells us that instead of computing ∇ZY (x) we can compute the

derivative of the Jacobi field J(t) along γ(t). This second task is simple on manifolds

of constant sectional curvature since Jacobi fields can be explicitly written there

[Car92, Example 2.3].

Explicit form of the Jacobi field J(t)

Call P T and P⊥ the projection from TxM onto Y (x) and Y (x)⊥ respectively. Also

let JT (t) and J⊥(t) be the Jacobi field along γ(t) with

JT (1) = J⊥(1) = 0,

and

JT (0) = P T (Z(x)), J⊥(0) = P⊥(Z(x)).

Then

J = JT + J⊥.

Since Sd has constant sectional curvature, we can write the equation of JT and J⊥

explicitly as

JT (t) = (1− t)P T (Z(x)),

and J⊥(t) is
−P⊥(Z(x))

(
cot(
√
κ‖Y ‖) sin(t

√
κ‖Y ‖)− cos(t

√
κ‖Y ‖)

)
if κ > 0,

−P⊥(Z(x)) if κ = 0,

−P⊥(Z(x))
(

coth(
√
−κ‖Y ‖) sinh(t

√
−κ‖Y ‖)− cosh(t

√
−κ‖Y ‖)

)
if κ < 0.

(3.1.2)
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Therefore

−J ′(0) = −(JT )′(0)− (J⊥)′(0)

=


P T (Z(x)) + P⊥(Z(x))

√
κ‖Y ‖ cot(

√
κ‖Y ‖) when κ > 0,

Z(x) when κ = 0,

P T (Z(x)) + P⊥(Z(x))
√
−κ‖Y ‖ coth(

√
−κ‖Y ‖) when κ < 0.

To simplify our notation, define

gκ,y : M → R (3.1.3)

x 7→



√
κd(x, y) cot(

√
κd(x, y)) when κ > 0,

1 when κ = 0,

√
−κd(x, y) coth(

√
−κd(x, y)), when κ < 0.

(3.1.4)

Note that ‖Y (x)‖ = d(x, y) so we can write

−J ′(0) = P T (Z(x)) + P⊥(Z(x))gκ,y(x)

= Z(x)gκ,y(x)− P T (Z(x))
(
gκ,y(x)− 1

)
= Z(x)gκ,y(x)− Y (x)

〈Y (x), Z(x)〉
‖Y ‖2

(
gκ,y(x)− 1

)
.

Thus, we have the result for the second derivative tensor of ρy.

Proposition 3.1.1 cf. [Afs09, Theorem 2.4.1]

∇2ρy(Z) = ∇ZY = Zgκ,y − Y
〈Y, Z〉
‖Y ‖2

(
gκ,y − 1

)
, (3.1.5)

note that we omit the variable x in the expressions of Z(x), gκ,y(x), and Y (x) in the

above formula.

3.1.2 Higher order derivatives

In this section, we compute derivatives of order 3 and 4 of ρy when the sectional

curvature κ is positive. The main results in this section are Proposition 3.1.2 and
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Proposition 3.1.3. There is no need to compute derivatives of order higher than 2

when κ is non-positive since the second derivative is always positive definite (see, for

example, [Vil08, Chapter 10]).

If we multiply the Riemannian metric g by κ then the sectional curvature of

(M,κg) is 1. Therefore, let us assume, without loss of generality, that κ = 1. Follow-

ing notations of derivative tensors in [Car92, Sec. 4.5], we view ∇2ρy as a 2-tensor,

allowing us to formally compute the derivative tensor of ρy up to order 4.

The third derivative tensor

It follows from Eq. (3.1.5) that

∇2ρy(Z, T ) = ∇Y (Z, T )

= Z〈Y, T 〉 − 〈Y,∇ZT 〉

= 〈∇ZY, T 〉

= 〈Z, T 〉gκ,y − 〈Y, T 〉
〈Y, Z〉
‖Y ‖2

(
gκ,y − 1

)
,

for any vector fields Z, T ∈ X (Sd). Here recall that

gκ,y = d(x, y) cot(d(x, y)) = ‖Y ‖ cot(‖Y ‖).

The gradient of gκ,y can be formally computed as

∇gκ,y =
Y

‖Y ‖
g′κ,y, (3.1.6)

where g′κ,y is the formal derivative

g′κ,y = cot(‖Y ‖)− ‖Y ‖
sin2(‖Y ‖)

,

of gκ,y. Using the identity

t(t cot t)′ = t cot t− (t cot t)2 − t2
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we have

‖Y ‖g′κ,y = gκ,y − g2
κ,y − ‖Y ‖2.

Thus, Eq. (3.1.6) can be rewritten as

∇gκ,y =
Y

‖Y ‖2

(
gκ,y − g2

κ,y − ‖Y ‖2
)
. (3.1.7)

Using Eqs. (3.1.5) and (3.1.7), we derive the following formula of the third derivative

∇3ρy of ρy.

Proposition 3.1.2 The third derivative tensor ∇3ρy of ρy is

∇3ρy(W,Z, T ) = W (∇2ρy(Z, T ))−∇2ρy(∇WZ, T )−∇2ρy(Z,∇WT )

= (〈Z, T 〉〈Y,W 〉+ 〈W,T 〉〈Y, Z〉+ 〈W,Z〉〈Y, T 〉)
gκ,y − g2

κ,y

‖Y ‖2

+ 〈Y,W 〉〈Y, Z〉〈Y, T 〉
3g2

κ,y − 3gκ,y + ‖Y ‖2

‖Y ‖4
− 〈Z, T 〉〈Y,W 〉.

(3.1.8)

The fourth derivative tensor

The fourth derivative tensor is the following 4-tensor

∇4ρy(U,W,Z, T ) = U(∇3ρy(W,Z, T ))−∇3ρy(∇UW,Z, T )−∇3ρy(W,∇UZ, T )

−∇3ρy(W,Z,∇UT ).

To simplify notations, let us introduce

Σ1 = 〈Z, T 〉〈Y,W 〉+ 〈W,T 〉〈Y, Z〉+ 〈W,Z〉〈Y, T 〉,

Σ′1 = 〈Z, T 〉〈∇UY,W 〉+ 〈W,T 〉〈∇UY, Z〉+ 〈W,Z〉〈∇UY, T 〉,

Σ2 = 〈Y,W 〉〈Y, Z〉〈Y, T 〉,

Σ′2 = 〈∇UY,W 〉〈Y, Z〉〈Y, T 〉+ 〈Y,W 〉〈∇UY, Z〉〈Y, T 〉+ 〈Y,W 〉〈Y, Z〉〈∇UY, T 〉.
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Then

∇4ρy(U,W,Z, T ) = Σ′1
gκ,y − g2

κ,y

‖Y ‖2
+ Σ1U

(gκ,y − g2
κ,y

‖Y ‖2

)
+ Σ′2

3g2
κ,y − 3gκ,y + ‖Y ‖2

‖Y ‖4
+ Σ2U

(3g2
κ,y − 3gκ,y + ‖Y ‖2

‖Y ‖4

)
− 〈Z, T 〉〈∇UY,W 〉.

(3.1.9)

Equations (3.1.5) and (3.1.7) give us explicit expressions of Σ′1 and Σ′2:

Σ′1 =(〈Z, T 〉〈U,W 〉+ 〈W,Z〉〈U, T 〉+ 〈W,T 〉〈U,Z〉)gκ,y

+
1− gκ,y
‖Y ‖2

(
〈Y, U〉〈Y,W 〉〈Z, T 〉+ 〈Y, U〉〈Y, Z〉〈W,T 〉+ 〈Y, U〉〈Y, T 〉〈Z,W 〉

)
,

Σ′2 =(〈U,W 〉〈Y, Z〉〈Y, T 〉+ 〈U,Z〉〈Y,W 〉〈Y, T 〉+ 〈U, T 〉〈Y, Z〉〈Y,W 〉)gκ,y

+ 3〈Y, U〉〈Y,W 〉〈Y, Z〉〈Y, T 〉1− gκ,y
‖Y ‖2

.

In addition,

U
(gκ,y − g2

κ,y

‖Y ‖2

)
=
〈Y, U〉
‖Y ‖4

(
2g3

κ,y − g2
κ,y − gκ,y − ‖Y ‖2 + 2‖Y ‖2gκ,y

)
. (3.1.10)

To further simplify our notation, set

I1 = 〈Z, T 〉〈U,W 〉+ 〈W,Z〉〈U, T 〉+ 〈W,T 〉〈U,Z〉,

I2 = 〈Y, U〉〈Y,W 〉〈Z, T 〉+ 〈Y, U〉〈Y, Z〉〈W,T 〉+ 〈Y, U〉〈Y, T 〉〈Z,W 〉,

I3 = 〈U,W 〉〈Y, Z〉〈Y, T 〉+ 〈U,Z〉〈Y,W 〉〈Y, T 〉+ 〈U, T 〉〈Y, Z〉〈Y,W 〉,

I4 = 〈Y, U〉〈Y,W 〉〈Y, Z〉〈Y, T 〉.

Then Σ′
1 and Σ′

1 can be rewritten as

Σ′1 = gκ,yI1 + (1− gκ,y)
I2

‖Y ‖2
,

Σ′2 = gκ,yI3 + 3(1− gκ,y)
I4

‖Y ‖2
.

(3.1.11)

The following results follows from Eqs. (3.1.9), (3.1.10), and (3.1.11).
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Proposition 3.1.3 The fourth derivative tensor ∇4ρy of ρy is

∇4ρy(U,W,Z, T ) = I1

g2
κ,y − g3

κ,y

‖Y ‖2
+

I2

‖Y ‖2

(
3g3

κ,y − 3g2
κ,y

‖Y ‖2
− 1 + 2gκ,y

)
+

I3

‖Y ‖2

(
3g3

κ,y − 3g2
κ,y

‖Y ‖2
+ gκ,y

)
+

I4

‖Y ‖4

(
15g2

κ,y − 15g3
κ,y

‖Y ‖2
+ 4− 9gκ,y

)
− 〈Z, T 〉〈U,W 〉gκ,y +

〈Z, T 〉〈Y,W 〉〈Y, U〉
‖Y ‖2

(gκ,y − 1).

(3.1.12)

We have finished computing up to order four derivative tensors of the squared distance

function on manifolds with constant sectional curvatures. These results will be used

to derive conditions for the differentiability of the Fréchet function in the next section.

3.2 Behaviors of Fréchet means and CLT on spheres

3.2.1 Differentiability conditions of the Fréchet function

In this section, we consider (M, g) to be the unit sphere Sd of dimension d with the

standard great circle geodesic distance. We also make an assumption that µ has a

distribution function f with respect to the volume measure on Sd, i.e.

dµ = fdV,

where dV is the volume element of Sd. Fix a point p ∈ Sd. Results from the previous

section, namely Eqs. (3.1.5), (3.1.8), and (3.1.12), imply that the squared distance

function ρy has the fourth derivative everywhere except at the cut locus Cy of y.

In both the classic form of the CLT in [BP05, BhL17] and the smeary form of

the CLT in [EH18], an assumption about the differentiability the Fréchet function in

a neighborhood of the mean is required. In this section we give a practical condition

to test if the Fréchet function is differentiable at a point p on a sphere of arbitrary

dimension (Proposition 3.2.1).
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It follows from the Leibniz integral rule that the Fréchet function function F (x) =∫
Sd
ρy(x)dµ(y) is differentiable of order n if for every x 6= Cy the function ρy is

continuously differentiable up to order n and the tensor ∇nρy(p) is integrable (in y).

In particular, for the Fréchet function to be differentiable of order 4 at p, it is suffices

to find (sufficient) conditions for the convergence of the following integrals

∇F (T )p =

∫
Sd
∇ρy(T )pdµ(y),

∇2F (Z, T )p =

∫
Sd
∇2ρy(Z, T )pdµ(y),

∇3F (W,Z, T )p =

∫
Sd
∇3ρy(W,Z, T )pdµ(y),

∇4F (U,W,Z, T )p =

∫
Sd
∇4ρy(U,W,Z, T )pdµ(y),

(3.2.1)

where U, W, Z, T are unit vector fields in X (Sd) and p is a point in Sd. Choose a

polar parametrization on Sd so that p has coordinate (0, 0, . . . , 0). Let Ω := [0, π]d−1×

[0, 2π] and define the following parametrization of Sd

r : Ω→ Sd ⊂ Rd+1

ϕ = (ϕ1, . . . , ϕd−1, ϕd) 7→ (x1, . . . , xd+1),

x1 = cosϕ1,

x2 = sinϕ1 cosϕ2,

...

xd+1 = sinϕ1 sinϕ2 . . . sinϕd,

(3.2.2)

where ϕ1 . . . ϕd−1 ∈ [0, π], ϕd ∈ [0, 2π]. So p has coordinate (0, 0, . . . , 0) and its

antipode Cp has coordinate (π, 0, . . . , 0). If a point y has coordinate (ϕ1, . . . , ϕd) then

dy(p) = ‖Y (p)‖ = ϕ1 (3.2.3)

and

gκ,y(p) = ‖Y (p)‖ cot(‖Y (p)‖) = ϕ1 cotϕ1. (3.2.4)
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Under the parametrization r, the volume element of Sd is

dV = sind−1 ϕ1 . . . sinϕd−1dϕ.

Let fp be the pullback of f under the parametrization r in Eq. (3.2.2). Then

dµ = fp(ϕ) sind−1 ϕ1 . . . sinϕddϕ. (3.2.5)

It follows from Eqs. (3.1.5), (3.1.8) and (3.1.12) that as y approaches the antipode

of p, the term gj−1
κ,y (p) is the only unbounded one in the expression of ∇jρy(p)dµ(y).

Hence, the integrability of ∇jρy(p)dµ(y) depends on the integrability of gj−1
κ,y (p) for

j = 1, . . . , 4. It then suffices to require that the integral∫
Sd
gj−1
κ,y (p)dµ(y) =

∫
Ω

ϕj−1
1 cotj−1(ϕ1)fp(ϕ) sind−1 ϕ1 . . . sinϕddϕ

=

∫
Ω

ϕj−1
1 cosj−1(ϕ1)fp(ϕ) sind−j ϕ1 sind−2 ϕ2 . . . sinϕddϕ

(3.2.6)

converges for j = 1, 2 . . . , 4. The following sufficient condition for the differentiability

of the Fréchet function is a consequence of Eq. (3.2.6).

Proposition 3.2.1 Given a measure µ with distribution function f on the d-dimensional

sphere Sd. Fix a point p ∈ Sd, and suppose that there exists an ε-ball Bε(Cp) centered

at Cp such that

i. f is bounded on Bε(Cp) when d ≥ j, or

ii. f vanishes on Bε(Cp) when d < j.

Then the Fréchet function F (x) =
∫
Sd

d2(x, y)dµ(y) is differentiable of order j in an

open neighborhood of p for j ≤ 4.

Proof: Let Ωε = {ϕ ∈ Ω : ϕ1 ∈ (π− ε, π]} be the preimage under the parametrization

map r of Bε(Cp). Conditions (i) and (ii) translate into
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1. fp is bounded on Ωε when d ≥ j,

2. fp vanishes on Ωε when d < j.

First, assume that d ≥ j and fp is bounded on Ωε, which is condition (1), and write

the integral in Eq. (3.2.6) as∫
Ω

ϕj−1
1 cosj−1(ϕ1)fp(ϕ) sind−j(ϕ1) sind−2 ϕ2 . . . sinϕddϕ

=

∫
Ωε

ϕj−1
1 cosj−1(ϕ1)fp(ϕ) sind−j(ϕ1) sind−2 ϕ2 . . . sinϕddϕ

+

∫
ΩCε

ϕj−1
1

sinj−1(ϕ1)
cosj−1(ϕ1)fp(ϕ) sind−1 ϕ1 sind−2 ϕ2 . . . sinϕddϕ

= I1 + I2.

The integral I2 converges as
ϕj−1

1

sinj−1(ϕ1)
cosj−1(ϕ1) is bounded on ΩC

ε . For the conver-

gence of I1, note that fp is bounded on Ωε, hence the function under the integral of

I1 is bbounded on Ωε. Thus the integral in Eq. (3.2.6) converges.

Now suppose that condition (2) holds. That means d < j and fp(ϕ) = 0 for all

ϕ ∈ Ωε. Then the integral in Eq. (3.2.6) reduces to just I2 and hence converges.

We have proved that the Fréchet function F is differentiable of order j at p. Next,

observe that conditions (i) and (ii) still hold if we replace p by any point q ∈ Bε(p).

The arguments above then can be applied to q, so F is differentiable of order j at q.

Thus F is differentiable of order j on Bε(p). QED

3.2.2 Behavior of local Fréchet means

The main result in this section is Proposition 3.2.3, in which we discuss conditions

for p to be a local Fréchet means of µ. Our later goals are (1) give an explicit form of

the CLT in both the classical and smeary cases on spheres, and (2) understand the

effect of curvature on the behavior of the Fréchet function and hence on the Fréchet
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mean. These results are discussed in Section 3.3 and Chapter 4 thus this section can

be seen as preparation for those results.

To further compute ∇jF , j ≤ 4, let us assume that µ is rotationally symmetric

about a point p, i.e.

dµ(q) = f(d(p, q))dV (q),

where dV is the volume element. In other words, we assume that the distribution

function fp(ϕ) in Eq. (3.2.5) is a function in ϕ1 only.

Since µ is rotationally symmetric about p, so is the Fréchet function F (x). Com-

bining with the assumption that F (x) is differentiable in a neighborhood of p, it

suffices to study the behavior of F (x) along a direction starting from p.

The main result in this section is the following.

Proposition 3.2.2 Suppose that the measure µ is rotationally symmetric and abso-

lutely continuous about a point p with distribution function f(ϕ) that only depends

on the distance ϕ from p, i.e.

dµ(q) = f(d(p, q))dV (q),

where dV is the volume element. Define

αd =
V (Sd−1)

d

∫ π

0

f(ϕ)d(ϕ sind−1 ϕ),

βd =
adV (Sd−2)

d+ 2

∫ π

0

f(ϕ)d
(

sind−3 ϕ(2ϕ sin2 ϕ+ 3 cosϕ sinϕ− 3ϕ)
)
.

Suppose, at the moment, that the Fréchet function F is differentiable up to order 4

in an open neighborhood of p. Then the derivative tensors of F at p are

∇F (Z)p = 0; ∇2F (Z)p = Zαd; ∇3F (Z,Z) = 0; and

∇4F (Z,Z, Z)p =


Z‖Z‖2βd if d ≥ 4,

Z‖Z‖2C with C < 0 if d < 4,

where Z is a vector field on Sd.
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Proof: The first order tensor vanishes due to symmetry. We proceed to compute

higher order tensors. Recall from the previous section that Y is the vector field ∇ρy.

Given a vector field Z, let θ(x) = 6 (Y (x), Z(x)) be the angle between Y and Z. It

follows from Eqs. (3.1.5), (3.1.8) and (3.1.12) that

∇2ρy(Z,Z) = ‖Z‖2(gκ,y sin2 θ + cos2 θ),

∇3ρy(Z,Z, Z) =
‖Z‖3

‖Y ‖
(3gκ,y − 3g2

κ,y − ‖Y ‖2)( cos θ − cos3 θ),

∇4ρy(Z,Z, Z, Z) =
‖Z‖4

‖Y ‖2

(
3g2

κ,y − 3g3
κ,y − ‖Y ‖2gκ,y

+ cos2 θ
(

18g3
κ,y − 18g2

κ,y + 10‖Y ‖2gκ,y − 4‖Y ‖2
)

+ cos4 θ
(

15g2
κ,y − 15g3

κ,y − 9‖Y ‖2gκ,y + 4‖Y ‖2
))

=
‖Z‖4

‖Y ‖2

(
− sin2 θ

(
12g2

κ,y − 12g3
κ,y − 8‖Y ‖2gκ,y + 4‖Y ‖2

)
+ sin4 θ

(
15g2

κ,y − 15g3
κ,y − 9‖Y ‖2gκ,y + 4‖Y ‖2

))
.

(3.2.7)

Assume, without loss of generality, that θ = ϕ2 and ‖Z(p)‖ = 1. Recall from

Eq. (3.2.3) and Eq. (3.2.4) that

‖Y (p)‖ = ϕ1,

gκ,y(p) = ϕ1 cotϕ1.

Thus the second tensor of F (x) is rewritten as follows.

∇2F (Z,Z)p =

∫
Ω

(
ϕ1 cotϕ1 sin2 ϕ2 + cos2 ϕ2

)
fp(ϕ1) sind−1 ϕ1 . . . sinϕndϕ

= V (Sd−2)

∫ π

0

∫ π

0

(
ϕ1 cotϕ1 sind ϕ2

+ cos2 ϕ2 sind−2 ϕ2

)
sind−1 ϕ1fp(ϕ1)dϕ1dϕ2,

where V (Sk) is the volume of the k-dimensional unit sphere. Set an =
∫ π

0
sinn xdx
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and use the following identity

sinn x− n− 1

n
sinn−2 x = − d

dx

( 1

n
cosx sinn−2 x

)
,

we have that

an =
n− 1

n
an−2.

Write ∇2F (Z,Z)p as

∇2F (Z,Z)p = V (Sd−2)

∫ π

0

(
adϕ1 cotϕ1 + ad−2 − ad

)
sind−1 ϕ1f(ϕ1)dϕ1

= V (Sd−2)

∫ π

0

ad
d− 1

(
(d− 1)ϕ1 cosϕ1 sind−2 ϕ1 + sind−1 ϕ1

)
f(ϕ1)dϕ1

=
V (Sd−2)ad−2

d

∫ π

0

f(ϕ1)d(ϕ1 sind−1 ϕ1).

The identity V (Sd) = an−1V (Sd−1) yields

∇2F (Z,Z)p =
V (Sd−1)

d

∫ π

0

f(ϕ1)d(ϕ1 sind−1 ϕ1). (3.2.8)

It is not hard to verify that the third order tensor vanishes due to symmetry.

∇3F (Z,Z, Z)p = V (Sd−2)

∫ π

0

∫ π

0

G(ϕ1) cosϕ2 sind ϕ2dϕ2dϕ1

= 0,

(3.2.9)

with G(ϕ1) is some function in ϕ1.

With a little more computation we get the result for the fourth order derivative

tensor.

∇4F (Z,Z, Z, Z)p =
adV (Sd−2)

d+ 2

∫ π

0

(
( sinϕ cosϕ− ϕ cos3 ϕ)(3d− 9)

+ ϕ cosϕ sin2 ϕ(7− d)− 4 sin3 ϕ
)

sind−4 ϕf(ϕ)dϕ.

(3.2.10)

Observe that for d = 2, 3 and ϕ ∈ [0, π],

( sinϕ cosϕ− ϕ cos3 ϕ)(3d− 9) + ϕ cosϕ sin2 ϕ(7− d)− 4 sin3 ϕ < 0.
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Therefore for d < 4,

∇4F (Z,Z, Z, Z)p < 0. (3.2.11)

For d ≥ 4 the tensor in Eq. (3.2.10) becomes

∇4F (Z,Z, Z, Z)p =
adV (Sd−2)

d+ 2

∫ π

0

f(ϕ)d
(

sind−3 ϕ(2ϕ sin2 ϕ+ 3 cosϕ sinϕ− 3ϕ)
)
.

(3.2.12)

Next, due to symmetry, we show that the derivative tensors in Proposition 3.2.2

have no other components. We present a proof only for the second order tensor; the

arguments for higher order tensors are the same.

Suppose that two vector fields Z, T ∈ X (Sd) are orthonormal at p. Then Eq. (3.1.5)

gives

∇2ρy(Z, T ) = −〈Y, Z〉〈Y, T 〉
‖Y ‖2

(gy − 1),

and hence

∇2F (Z, T )p = −
∫
Sd

〈exp−1
p (y), Z〉p〈exp−1

p (y), T 〉p
d2(y, p)

(gy(p)− 1)dµ(y). (3.2.13)

Let A be a reflection on TpS
d that fixes Z(p) and sends T (p) to −T (p). Since Q is

rotationally symmetric about p, it is fixed under the exponential of A denoted by

Ã = exp(A) : Sd → Sd

y 7→ expp(A exp−1
p (y)).

In other words, dµ(y) = dµ(Ã(y)). For the sake of simplicity, write Ãy for Ã(y).

Since d(y, p) = d(Ãy, p),
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∇2F (Z, T )p = −
∫
Sd

〈exp−1
p (y), Z〉p〈exp−1

p (y), T 〉p
d2(y, p)

(gy(p)− 1)dµ(y)

= −
∫
Sd

〈exp−1
p (Ãy), Z〉p〈exp−1

p (Ãy), T 〉p
d2(Ãy, p)

(gÃy(p)− 1)dµ(Ãy)

= −
∫
Sd

〈A exp−1
p (y), Z〉p〈A exp−1

p (y), T 〉p
d2(y, p)

(gy(p)− 1)dµ(y)

= −
∫
Sd

〈exp−1
p (y), AZ〉p〈exp−1

p (y), AT 〉p
d2(y, p)

(gy(p)− 1)dµ(y)

=

∫
Sd

〈exp−1
p (y), Z〉p〈exp−1

p (y), T 〉p
d2(y, p)

(gy(p)− 1)dµ(y)

= −∇2F (Z, T )p.

Thus ∇2F (Z, T )p = 0. Similarly, ∇3F (Z,Z, T )p = 0 and ∇4(Z,Z, Z, T ) = 0. This

result, in conjunction with Eqs. (3.2.8), (3.2.9), and (3.2.10), yields the results in

Proposition 3.2.2. QED

The first consequence of the above computations is a practical sufficient condition

for p to be a local Fréchet mean of F (x). We have the following theorem.

Proposition 3.2.3 Suppose that the measure µ is rotationally symmetric about p

with a distribution function f(d(p, ·)) that only depends on the distance d(p, ·) from

p, i.e.

dµ(q) = f(d(p, q))dV (q),

where dV is the volume element. Set

αd = ∇2F (Z,Z)p =
V (Sd−1)

d

∫ π

0

f(ϕ)d(ϕ sind−1 ϕ).

Then the following hold.

1. If f is bounded on Bε(Cp) for some ε > 0 and αd > 0 then p is a local minimum

of the Fréchet function F .
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2. If d < 4 and f vanishes on Bε(Cp) for some ε > 0 and αd = 0 then p is a local

maximum of the Fréchet function.

Proof: First note that the rotational symmetry of µ implies that ∇Fp = 0 and hence

p is a critical point of F .

Suppose that the conditions in claim 1 hold. The boundedness of f on Bε(Cp)

ensures that the Fréchet function has derivative up to order 2 (Proposition 3.2.1). It

then follows from Eq. (3.2.8) that αd > 0 implies ∇2F (Z,Z)p > 0 for all Z ∈ X (Sd).

Thus, p is a local minimum of F .

Suppose that the conditions in the second claim hold. Proposition 3.2.1 tells us

that the Fréchet function has derivative up to order 4. It follows from Eq. (3.2.9),

Eq. (3.2.10), and αd = 0 that the restriction of the function F to the geodesic tangent

to Z(p) has a local maximum at p. Since Z can be chosen freely and F is rotationally

symmetric, p is a local maximum of F . QED

Corollary 3.2.4

i. The first result of Proposition 3.2.3 confirms a result in [Le98] that when f(ϕ)

is a nondecreasing function that strictly decreases in a measurable set then p is

a local Fréchet mean.

ii. The second result of Proposition 3.2.3 implies that smeary effect cannot occur in

spheres of dimensions 2 and 3 with probability distributions that are rotationally

symmetric about the mean and give zero measure to an open neighborhood of

the cut locus of the mean (Corollary 3.3.3).

3.3 Central Limit Theorems

Two versions of CLTs for Fréchet means are given in this section. The first one

(Theorem 3.3.1) is a spherical version of the classical CLT on manifolds [BhL17] that
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has an explicit limit distribution and more practical assumptions. The second is the

smeary case (Definition 3.3.2) which was studied in [EH18]. In this study, we show

that smeary CLT does not occur for absolutely continuous distribution in dimension 2

and 3 (Corollary 3.3.3). In dimension 4 or higher, a sufficient condition for a 2-smeary

CLT is given (Theorem 3.3.2).

Throughout this section, assume that (1) the measure µ has a unique Fréchet

mean µ̄; (2) µ is rotationally symmetric about µ̄; and (3) its distribution function

is bounded in an open neighborhood of Cµ̄ when d ≥ 4 or µ vanishes in an open

neighborhood of Cµ̄ when d = 2 or 3.

3.3.1 The classical case

Proposition 3.2.2 tells us that

∇2Fp = αdI, (3.3.1)

where αd = V (Sd−1)
d

∫ π
0
f(ϕ)d(ϕ sind−1 ϕ), as mentioned in Proposition 3.2.3, and I is

the identity map. Therefore, when αd > 0 the Hessian of the Fréchet function at p is

positive definite and it is αdI . Applying this result to Theorem 11 in [EH18] yields

the following CLT.

Theorem 3.3.1 On Sd for d ≥ 2, consider a measure µ which is rotationally sym-

metric about a point p. Suppose that µ is absolutely continuous with respect to the

volume measure with density function f(d(p, ·)), where d(p, ·) is the distance from

p. Let Xn be i.i.d. Sd-valued random variables with common distribution µ and

Qn = 1
n

∑n
1 δXi the empirical distribution.

Suppose that

i. the function f is bounded on an open neighborhood of the cut locus Cp;
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ii. p = µ̄ is the unique Fréchet mean of the Fréchet function; and

iii. αd = V (Sd−1)
d

∫ π
0
f(ϕ)d(ϕ sind−1 ϕ) > 0.

Let µ̄n be a measurable choice of the Fréchet mean (set) of the empirical distribution

µn and Λ the covariant matrix of the pushforward of µ on Tµ̄S
d under logµ̄. Then

n1/2 logµ̄ µ̄n
D−→ N (0, α−2

d Λ). (3.3.2)

Proof: Thanks to [EH18, Theorem 2.11], it suffices to write the Taylor expansion of

the Fréchet function at the mean. It is clear from Eq. (3.3.1) and the symmetry of

F that for q close to µ̄,

F (q) = F (µ̄) + αdd
2(µ̄, q) + o(d2(µ̄, q)).

The classical CLT (3.3.2) now follows directly from [EH18, Theorem 2.11]. QED

3.3.2 The smeary case

We first recall the definition of smeary CLT in [EH18].

Definition 3.3.2 Fix a probability space (Ω,B,P) and a number k > 0. A sequence

of random vectors Xn : Ωn → Rm with Ωn ∈ B, P(Ωn) → 1 as n → ∞ is k-smeary

with limit distribution of X : Ω→ Rm if

n
1

2(k+2)−2Xn
D−→ X.

Suppose that f satisfies the assumptions in Proposition 3.2.1 with d = 2, 3 and j = 4.

Proposition 3.2.3 yeilds the following consequence.

Corollary 3.3.3 In dimensions d = 2 or 3, suppose that

i. µ has a unique Fréchet mean µ̄;
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ii. µ is absolutely continuous and rotationally symmetric about its mean µ̄; and

iii. µ gives zero mass to an open neighborhood of the cut locus of µ̄.

Then there is no smeary effect on the unit sphere Sd.

Proof: Under the given conditions, Proposition 3.2.3 implies that the Hessian of the

Fréchet function at µ̄ has to be positive. Thus, the CLT behaves classically. QED

In high dimension (d ≥ 4), however, smeary effect does occur and it does more

likely as the the dimension increases. Different from the classic cases, the Taylor

expansion of the Fréchet function does not imply an explicit form of the CLT. In

order to apply [EH18, Theorem 2.11], we need the Taylor expansion of the gradient

field ∇F along the geodesic expµ̄ tZn connecting µ̄ and µ̄n.

Proposition 3.3.4 The Taylor expansion of the gradient field ∇F along the geodesic

expµ̄ tZn connecting µ̄ and µ̄n reads

∇F (µ̄n) =
1

6
Zn‖Zn‖2βd + o(‖Zn‖3). (3.3.3)

Proof: Set Zn := logµ̄ µ̄n. Then Eqs. (3.2.9) and (3.2.12) say that

∇3F (Zn, Zn) = 0,

∇4F (Zn, Zn, Zn) = Zn‖Zn‖2βd,
(3.3.4)

where

βd =
adV (Sd−2)

d+ 2

∫ π

0

f(ϕ)d
(

sinn−3 ϕ(2ϕ sin2 ϕ+ 3 cosϕ sinϕ− 3ϕ)
)
,

as in Proposition 3.2.2. The Taylor expansion of F at µ̄ along Zn gives

F (µ̄n) = F (µ̄) +∇F (Zn) +
1

2
∇2F (Zn, Zn) +

1

6
∇3F (Zn, Zn, Zn)

+
1

24
∇4F (Zn, Zn, Zn, Zn) + o(‖Zn‖4).

(3.3.5)
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For the moment, we assume that ∇2F (Zn, Zn) = 0 and ∇4F (Zn, Zn, Zn, Zn) > 0, i.e.

αn = 0 and βn > 0. The Taylor expansion (3.3.5) is simplified to

F (µ̄n) = F (µ̄) +
1

24
‖Zn‖4βn + o(‖Zn‖4). (3.3.6)

So

∇F (µ̄n) = ∇F (µ̄) +
1

6
∇4F (Zn, Zn, Zn) + o(‖Zn‖3),

which, in conjunction with Proposition 3.2.2, tells us that

∇F (µ̄n) =
1

6
Zn‖Zn‖2βd + o(‖Zn‖3). QED

Observe that when βd 6= 0, the map

τ : Tµ̄S
d → Tµ̄S

d

Z 7→ 1

6
Z‖Z‖2βd

has an inverse

Hµ : Tµ̄S
d → Tµ̄S

d

Z 7→ Z‖Z‖−2/3β
−1/3
d 61/3.

(3.3.7)

Now we apply result in Proposition 3.3.4 to [EH18, Theorem 2.11] to obtain a

2-smeary CLT for Zn.

Theorem 3.3.5 Suppose that the measure µ on Sd for d ≥ 4 is absolutely contin-

uous and rotationally symmetric about its unique mean µ̄ with distribution function

f(d(µ̄, ·)). In addition, suppose that µ satisfies the following conditions;

i. f is bounded in an open neighborhood of the cut locus Cµ̄;

ii. αd = V (Sd−1)
d

∫ π
0
f(ϕ)d(ϕ sind−1 ϕ) = 0; and

iii. βd = V (Sd−2)
d+2

∫ π
0

sind xdx
∫ π

0
f(ϕ)d

(
sinn−3 ϕ(2ϕ sin2 ϕ+ 3 cosϕ sinϕ−3ϕ)

)
> 0.
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Let Λ be the covariant matrix of the pushforward of µ on Tµ̄S
d under logµ̄. Then

with the map Hµ defined in Eq. (3.3.7),

n1/6 logµ̄ µ̄n
D−→ Hµ,] N (0,Λ).

Proof: Two key points in the proof of [EH18, Theorem 2.11] is to show, from the

Taylor expansions (3.3.6) and (3.3.3), that

∇Fn(µ̄) =
1

6
Zn‖Zn‖2βd + o(‖Zn‖3) (3.3.8)

and

n1/6‖Zn‖ = Op(1). (3.3.9)

We can rewrite the first equation as

n1/2∇Fn(µ̄) = τ(n1/6Zn + o(n1/6‖Zn‖)). (3.3.10)

It then follows from Eqs. (3.3.10), (3.3.9), and (3.3.7) that

Hµ(n1/2∇Fn(µ̄)) = n1/6Zn + op(1). (3.3.11)

Now the CLT on the tangent space Tµ̄S
d, namely

n1/2∇Fn(µ̄)
D−→ N (0,Λ),

in conjunction with Eq. (3.3.11), yields a 2-smeary CLT

n1/6 logµ̄ µ̄n
D−→ Hµ,] N (0,Λ). QED

Remark 3.3.6 For spheres of arbitrary radius R > 0, conditions for the smeary

CLT in Theorem 3.3.5 remain the same. Therefore, at least for the case of constant

sectional curvature, we showed here that the occurrence of the smeary effect depends

not only on curvature but also on the dimension of the manifold, as long as its

sectional curvature is positive.
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The conditions αd = 0 and βd > 0 are not hard to achieve, especially in high dimen-

sions. Example 3.3.7 exibits a piecewise constant function f such that conditions (i),

(ii), and (iii) hold. However, the example only gives a CLT for local Fréchet mean

at p since we are unable to verify the uniqueness of the mean. Examples of global

Fréchet means with rotationally symmetric distribution and a singular mass at the

mean are presented in [Elt19].

Example 3.3.7 We need the following conditions on f(ϕ),∫ π

0

f(ϕ)d(ϕ sind−1 ϕ) = 0, and

∫ π

0

f(ϕ)d
(

sinn−3 ϕ(2ϕ sin2 ϕ+ 3 cosϕ sinϕ− 3ϕ)
)
> 0.

These are equivalent to ∫ π

0

f(ϕ)d(ϕ sind−1 ϕ) = 0, (3.3.12)∫ π

0

f(ϕ)d
(

sind−3 ϕ cosϕ( sinϕ− ϕ cosϕ)
)
> 0. (3.3.13)

Set g1(ϕ) = ϕ sind−1 ϕ and g2(ϕ) = sind−3 ϕ cosϕ( sinϕ − ϕ cosϕ). Note that g2 is

positive on (0, π/2). The graphs of g2 with d = 10 are depicted below.

Figure 3.2: Graph of the function g2 with d = 10 and examples of φ1 and φ2.
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Let φ1 ∈ (0, π/2) and φ2 = π− ε for some small ε. Suppose that f(ϕ) is given by

the following formula, cf. Figure 3.3:

f(ϕ) =


c1 if ϕ ∈ [0, φ1],

c2 if ϕ ∈ [π/2, φ2],

0 otherwise.

Then Eqs. (3.3.12) and (3.3.13) are equivalent to

c1g1(φ1) + c2g1(φ2)− c2
π

2
= 0,

g2(φ1) + g2(φ2) > 0.

(3.3.14)

Figure 3.3: An example of smeary CLT on spheres: the upper strip gets thinner as

the dimension grows.

The second condition can be obtained by choosing ε sufficiently small. For exam-

ple, select choose ε such that(
sinφ1

sin ε

)d−3

=
π

cosφ1(sinφ1 − φ1 cosφ1)
,

or

ε = arcsin
(

sinφ1
d−3
√

cosφ1(sinφ1 − φ1 cosφ1)
)
. (3.3.15)
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The first condition in Eq. (3.3.14) is equivalent to

c1

c2

=
π − 2ε sind−1 ε

2φ1 sind−1 φ1

. (3.3.16)

To illustrate, the measure µ is uniformly distributed on a lower cup from the

south pole to the longitude of φ1 with a constant distribution function f1 = c1 and

is uniformly distributed on a upper strip from the equator to the longitude of π − ε

with a constant distribution function f2 = c2.

Remark 3.3.8 It follows from Eq. (3.3.15) that if we fix φ1 then ε → φ1 and so

φ2 → π− φ1 as d→∞. It means that in high dimension, smeary effect can happen

with a uniformly distributed cup in the bottom and a uniformly distributed thin

upper strip near the equator, cf. Figure 3.3. For example, the case φ1 = 0 is studied

in [Elt19]. That paper showed that p is a global Fréchet mean for some φ2 and φ2

converges to π/2 as the dimension d grows.

w

3.4 Manifolds of non-constant curvature

This section considers more general cases when the sectional curvature of M is

bounded k ≤ Sec(M) ≤ K. We will use Raunch comparison theorems on manifolds

to give bounds on the Hessian of the Fréchet function at the mean (Corollary 3.4.5),

cf. [Afs09]. The results are to be used in Chapter 4 to understand the effect of cur-

vature on the inverse of the Hessian. Results in this section are familiar and can be

found or derived from many textbooks on differential geometry, such as [Car92].

Recall the set up from Section 3.1. Set ρy(x) = 1
2
d2(x, y) and let Y be the vector

field ∇ρy. Note that Y is only defined outside the cut locus Cy of y but that is enough

for our purpose here. For any smooth vector field Z on M we would like to compute

∇ZY (x) when x is not in the cut locus of y.
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Following notation from Section 3.1, let γ(t) and η(s) be the geodesics that start

at p and are tangent to ( − Y (p)) and Z(x), respectively. Consider the smooth

parametrized surface

f : [0, 1]2 →M

(s, t) 7→ expη(s)

(
−tY (η(s))

)
.

The vector field

J(t) :=
d

ds
f(s, t)|s=0

is a Jacobi field along γ(t) with J(0) = Z(x) and J(1) = 0 [Car92, Chap. 5, Cor.

2.5]. Then

∇ZY (x) = −J ′(0) = − D

Dt
J(t)|t=0.

Call P T and P⊥ the projection from TxM onto Y (x) and Y (x)⊥ respectively. Also

let JT (t) and J⊥(t) be the Jacobi field along γ(t) with

JT (1) = J⊥(1) = 0

and

JT (0) = P T (Z(x)), J⊥(0) = P⊥(Z(x)).

Lemma 3.4.1.
〈
JT , D

Dt
JT
〉

= −∇2Y (ZT , ZT ),

〈
J⊥,

D

Dt
J⊥
〉

= −∇2Y (Z⊥, Z⊥).

Proof: First observe that

J = JT + J⊥,

so

D

Dt
J =

D

Dt
JT +

D

Dt
J⊥.
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In addition D
Dt
γ′ = 0 since γ is a geodesic, so

0 =
D

Dt

〈
J⊥, γ′

〉
=
〈 D
Dt

J⊥, γ′
〉

+
〈
J⊥,

D

Dt
γ′
〉

=
〈 D
Dt

J⊥, γ′
〉
.

Hence 〈JT , D
Dt
J⊥〉 = 0. Therefore,

〈∇ZY, Z〉 =
〈
J,
D

Dt
J
〉

=
〈
JT ,

D

Dt
JT
〉

+
〈
J⊥,

D

Dt
J⊥
〉
.

So 〈
JT ,

D

Dt
JT
〉

= −∇2Y (ZT , ZT ),〈
J⊥,

D

Dt
J⊥
〉

= −∇2Y (Z⊥, Z⊥). QED

The Jacobi field JT (t) can be explicitly written as JT (t) = (1− t)ZT (x), so that

D
Dt
JT (0) = −ZT (x) and hence

∇2Y (ZT , ZT ) = ‖ZT‖2. (3.4.1)

We are going to bound D
Dt
J⊥(t)|t=0 based on the bounds on the sectional curvature

ofM . Consider a complete Riemannian manifold M̃ with constant sectional curvature

K whose dimension is the same as the dimension of M . Let x̃ ∈ M̃ be an arbitrary

point and γ̃ : [0, 1]→ M̃ be a normalized geodesic with

γ̃(0) = x̃, and length(γ̃) = length(γ).

The following result is a consequence of the index lemma [Car92, Chap. 10, Lemma

2.2].

Lemma 3.4.2 Define gκ(x) =
√
κx cot(

√
κx), cf. Eq. 3.1.3, then

∇2Y (Z,Z) ≥ ‖Z‖2gK(‖Y ‖) +
〈Z, Y 〉2

‖Y ‖2

(
1− gK(‖Y ‖)

)
. (3.4.2)
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Proof: Let J̃⊥(t) be a normal Jacobi filed along γ̃(t) with J̃⊥(1) = J⊥(1) = 0 and

‖J̃⊥(0)‖= ‖P⊥(Z(x))‖= ‖J⊥(0)‖. The index lemma [Car92, Chap. 10, Lemma 2.2]

says that

Iγ(J, J) ≥ Iγ̃(J̃ , J̃),

so equivalently∫ 1

0

(
〈J ′, J ′〉 − 〈R(γ′, J)γ′, J〉

)
dt ≥

∫ 1

0

(
〈J̃ ′, J̃ ′〉 − 〈R(γ̃′, J̃)γ̃′, J̃〉

)
dt, (3.4.3)

where R is the curvature tensor of M . Since J(t) and J̃(t) are Jacobi fields, it then

follows that

−R(γ′, J)γ′ = J ′′ and −R(γ̃′, J̃)γ̃′ = J̃ ′′.

Hence Eq. (3.4.3) implies∫ 1

0

(
〈J ′, J ′〉+ 〈J ′′, J〉

)
dt ≥

∫ 1

0

(
〈J̃ ′, J̃ ′〉+ 〈J̃ ′′, J̃〉

)
.

Thus

〈J(1), J ′(1)〉 − 〈J(0), J ′(0)〉 ≥ 〈J̃(1), J̃ ′(1)〉 − 〈J̃(0), J̃ ′(0)〉,

so that

〈J(0), J ′(0)〉 ≤ 〈J̃(0), J̃ ′(0)〉.

Therefore it follows from Eq. (3.1.2) and Lemma 3.4.1 that

∇2Y (Z⊥, Z⊥) ≥ ‖Z⊥‖2gK(‖Y ‖). (3.4.4)

Combining Eqs. (3.4.1) and (3.4.4) yields

∇2Y (Z,Z) ≥ ‖ZT‖2+‖Z⊥‖2gK(‖Y ‖).

Since ‖ZT‖2= 〈Z,Y 〉2
‖Y ‖2 , the above equation can be rewritten as

∇2Y (Z,Z) ≥ ‖Z‖2
√
K‖Y ‖cot(

√
K‖Y ‖) +

〈Z, Y 〉2

‖Y ‖2

(
1− gK(‖Y ‖)

)
,
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which is what we need to prove. QED

The right hand side of Eq. (3.4.2)) only depends on the distance ‖Y (x)‖= d(x, y)

and the angle 6 (Y (x), Z(x)). Let µx be the pushforward of µ under the inverse of

the exponential map logx : M → TxM. For v ∈ TxM let θ(v) := 6 (v, Z(x)). Then

taking integral in Y in 3.4.2 gives

∇2Fx(Z,Z) ≥ ‖Z(x)‖2

∫
TxM

(
g(K|v|) + cos2 (θ(v))

(
1− g(K|v|)

))
dµx(v). (3.4.5)

Remark 3.4.3 Equation (3.4.5) implies that one can bound the Hessian of the

Fréchet function at the mean given bounds on the sectional curvature of M . The

idea is to pushforward µ to a measure on a sphere of curvature κ appropriately.

Suppose that SdK is a d-dimensional sphere of radius 1√
K

and x̃ is an arbitrary

point. Let {e1, . . . , ed} and {ẽ1, . . . , ẽd} be orthonormal bases of TxM and Tx̃S
d
K .

Identify TxM and Tx̃S
d
K by the map

ζ : TxM → Tx̃S
d
K

ei 7→ ẽi.
(3.4.6)

Consider now the exponential map expx̃ : Tx̃S
d
K → SdK and the combined map

φK = expx̃ ◦ ζ ◦ logx : M → SdK (3.4.7)

that sends x to x̃. Let µ̃ = µ ◦ φ−1
K be the pushforward measure of µ under φ, and

F̃K(x̃) the Fréchet function of µ̃ on SdK , and Z̃(x̃) = ζ(Z(x)). Then equation 3.4.5

becomes

∇2Fx(Z,Z) ≥ ∇2F̃K,x̃(Z̃, Z̃).

So

∇2Fx ≥ ∇2F̃K,x̃ (3.4.8)
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as quadratic forms. Similarly, we can construct a map φk and

∇2Fx ≤ ∇2F̃k,x̃. (3.4.9)

Denote by Rinj the injectivity radius of M and set R = min{Rinj , RK}. Assume that

supp(µ) ⊂ B(o,R/2) for some point o ∈M , we have the following result.

Proposition 3.4.4 1. A point x is a critical point of F if and only if φκ(x) is a

critical point of F̃κ, where κ is either k or K.

2. If φK(x) is a minimizer (or local minimizer) of F̃K, then x is a minimizer (or

local minimizer) of F .

3. If x is a minimizer (or local minimizer) of F then φk(x) is a minimizer (or

local minimizer) of F̃k.

Proof: It follows from the assumption supp(µ) ⊂ B(o,R/2) that the map φκ is

a diffeomorphism when restricted to supp(µ) for κ is either k or K. This implies

the first statement. Furthermore, since both d expx and d logx̃ are identity maps,

dφK,x = ζ. Thus if we write ỹ = φK(y) then

∇F̃K,x̃ =

∫
SdK

logx̃(ỹ)dµ̃(ỹ) =

∫
M

ζ(logx(y))dµ(y)) = ζ(∇Fx),

and

F̃K(x̃) =

∫
SdK

‖logx̃(ỹ)‖dµ̃(ỹ) =

∫
M

‖logx(y)‖dµ(y) = F (x).

Now, for arbitrary y, z ∈ supp(µ) ⊂M ,

6 ( logx(y), logx(z)) = 6 ( logx̃(ỹ), logx̃(z̃)).

So from the second form of the Raunch comparison theorem [CE08, Theorem 1.29],

d(y, z) ≥ d̃(ỹ, z̃).
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Thus

F (y) ≥ F̃K(ỹ) ∀y ∈ supp(µ),

which is the second statement. Similarly

F (y) ≤ F̃k(ỹ) ∀y ∈ supp(µ).

which is the third statement. QED

These results, in conjunction with Eq. (3.4.9) and (3.4.8), give us the following

consequence. Note that a similar bound on the Hessian of the Fréchet function were

given in [Afs09, Corollary 2.4.1].

Corollary 3.4.5 Suppose that the sectional curvature of M is bounded below by k

and above by K and that supp(µ) ⊂ B(o,R/2) for some point o. Define the maps

φK : M → SdK and φk : M → Sdk as in Eq. (3.4.7). Set µk = φk,]µ and µK = φK,]µ

be the pushforwards of µ under φk and φK, respectively. Then

1. φk(µ̄) = µk, φK(µ̄) = µK, and

2. ∇2F̃K(µK) ≤ ∇2F (µ̄) ≤ ∇2F̃k(µk).

In Chapter 4, this corollary applies to yeild a comparison result for the inverse of the

Hessian in Corollary 4.1.4, including an intuitive geometric meaning of this compar-

ision in Remark 4.1.5.
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Chapter 4

Generalized inverse Hessian and the CLT

In this section, we introduce a definition of the generalized inverse Hessian ∇2Fµ̄

which does not depend on smoothness of the Fréchet function at the mean, cf. Def-

inition 4.2.6 and Definition 4.2.6. Therefore, our definition of the inverse of Hessian

can be extended to certain stratified spaces in which the Hessian is not defined, cf.

Eq. (4.3.1). Results in this chapter are used to phrase a general form of the CLT for

Fréchet means on star-shaped stratified spaces in Chapter 5 (Conjecture 5.4.1).

4.1 The inverse of the Hessian of the Fréchet func-

tion

As an introduction, first consider the most simple case, in which µ concentrates in

a small ball. The reason is that in that case the Fréchet mean µ̄ is the only critical

point of F .

Suppose that K > 0 is an upper bound for the sectional curvature of M . Recall

from the Section 3.4 that Rinj is called the injectivity radius of M , and set R =

min{Rinj ,
1√
K
}. The following theorem in [Afs09] shows the uniqueness of the Fréchet

mean on manifolds when the measure µ is concentrated in a small ball of radius R/2.

Theorem 4.1.1 [Afs09, Theorem 3.2.1] Suppose that supp(µ) ⊂ B(o,R/2) for some

o ∈ M . Then the Fréchet mean µ̄ is unique and it is the only critical point of the

Fréchet function F in B(o,R/2).

Recall that CLTs for Fréchet means on manifolds [BhL17, EH18] often rely on the
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following.

1. The Taylor expression of the Fréchet function

1

n

n∑
i=1

logµ̄ xi = ∇2Fn,µ̄(logµ̄ µ̄n) + o(d(µ̄, µ̄n))2.

2. An assumption that the Hessian ∇2Fµ̄ exists and invertible at the mean.

3. A strong law of large numbers

(∇2Fn,µ̄)−1 → (∇2Fµ̄)−1.

If Xi = logµ̄ xi and Xn = 1
n

∑n
i=1 Xi then under the above assumptions

(∇2Fµ̄)−1(Xn) = logµ̄ µ̄n + o(d(µ̄, µ̄n))2.

This equation can be interpreted in a different way: an infinitestimal mass at a unit

vector Xn on Tµ̄ pulls the image of µ̄ on Tµ̄ in direction Xn, while the correspond-

ing image of the mass under the exponential map pulls µ̄ in the direction HµXn.

Following this observation, we define the inverse of the Hessian as follows.

Definition 4.1.2 Define the map

hµ : supp(µ)→ Tµ̄M

x 7→ lim
ε→0

logµ̄

(
(1− ε)µ+ εδx

)
ε

.

(4.1.1)

The inverse of the Hessian Hµ is the composite

Hµ = hµ ◦ expµ̄ : Tµ̄M → Tµ̄M. (4.1.2)

Recall from Section 2.1 that (1− ε)µ+ εδx denotes the Fréchet mean of the mea-

sure (1− ε)µ+ εδx. Our assumption that supp(µ) ⊂ B(o,R/2) implies

supp((1− ε)µ+ εδx) ⊂ B(o,R/2).
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It then from Theorem 4.1.1 that the Fréchet mean (1− ε)µ+ εδx is uniquely defined.

Intuitively, the map Hµ also tells us how the Fréchet mean µ̄ reacts to an in-

finitesimal test mass.

The main result in this section is the following.

Theorem 4.1.3 If supp(µ) ⊂ B(o,R/2) for some point o ∈ M , then the map

h defined in Eq. (4.1.1) is well defined and (∇2Fµ̄)−1 = Hµ when restricted to

logµ̄(supp(µ̄)) ⊂ Tµ̄M .

Proof: Set µε,x = (1 − ε)µ + εδx. Denote by Fε the Fréchet function of µε,x and by

µ̄ε,x = (1− ε)µ+ εδx its Fréchet mean. Recall from Theorem 4.1.1 that µ̄ε,x is the

only stationary point of F̃ ; that is,

∇Fε(µ̄ε,x) = 0.

Set

Yε = logµ̄ µ̄ε,x,

Xε = logµ̄ε,x x,

X = logµ̄ x, and

let Pε : Tµ̄M → Tµ̄ε,xM be the parallel transport from Tµ̄M to Tµ̄ε,xM . Then h(x) =

lim
ε→0

1
ε
Yε. We wish to prove that

(∇2Fµ̄)−1(X) = Hµ(X).

From the definition of the Fréchet function,

Fε(y) =
1

2
εd2(x, y) + (1− ε)F (y),∀y ∈M,

which implies

∇Fε(µ̄ε,x) = −εXε + (1− ε)∇F (µ̄ε,x).
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Hence

εXε = (1− ε)∇F (µ̄ε,x). (4.1.3)

The Taylor expansion at µ̄ of ∇F says that

P−1
ε (∇F (µ̄ε,x)) = ∇F (µ̄) +∇2Fµ̄(Yε) + o(‖Yε‖)

= ∇2Fµ̄(Yε) + o(‖Yε‖).
(4.1.4)

Combining Eqs. (4.1.3) and (4.1.4) implies that

εXε = (1− ε)Pε(∇2Fµ̄(Yε)) + o(‖Yε‖). (4.1.5)

Since x, µ̄ε,x ∈ B(o,R/2) it follows that ‖Xε‖ ≤ R, so

lim
ε→0

((1− ε)Pε(∇2Fµ̄(Yε)) + o(‖Yε‖)) = 0.

In addition, Pε is an isometry, so ‖Yε‖ → 0 as ε→ 0. Thus

lim
ε→0

µ̄ε,x → µ̄,

which then yelds

lim
ε→0

P−1
ε Xε = X.

Rewriting Eq. (4.1.5) as

1

ε
((1− ε)Yε + o(‖Yε‖)) = (∇2Fµ̄)−1(P−1

ε (Xε)),

and then letting ε→ 0 yields

lim
ε→0

1

ε
Yε = (∇2Fµ̄)−1(X). (4.1.6)

Note, from the Definition 4.1.2, that h(x) = lim
ε→0

1
ε
Yε. Therefore Eq. (4.1.6) implies

hµ ◦ expµ̄(X) = Hµ(X) = (∇2Fµ̄)−1(X),

which completes the proof. QED
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Recall from Eq. (3.4.7) that the tangent spaces Tµ̄M and TpS
d
κ are identified via

the map ζ : TxM → Tx̃S
d
K ; see Eq. (3.4.6). The map φκ : M → Sdκ from M to a

d-dimensional sphere of curvature κ is then defined as φκ = expp ◦ζ ◦ logµ̄. This map

is only well defined on a ball of radius 1/
√
κ centered at µ̄, but it suffices for our

purpose.

In light of Corollary 3.4.5, we can give the following comparison result on the

inverse of the Hessian if the sectional curvature of M is bounded one way or the

other.

Corollary 4.1.4 Suppose that the sectional curvature of M is bounded 0 ≤ k ≤

Sec(M) ≤ K and that supp(µ) ⊂ B(o,R/2). For κ = k or K set

1. µ̄κ = φκ(µ̄) is the image of µ̄ under φκ,

2. µκ = (φκ)] µ is the pushforward of µ under φκ, and

3. Fκ be the Fréchet function of µκ.

Then Corollary 3.4.5 tells us that µ̄κ is the Fréchet mean of µκ and more importantly

Hµk ≤ Hµ ≤ HµK (4.1.7)

as quadratic forms on Rd when Tµ̄M , Tµ̄kS
d
k , and Tµ̄KS

d
K are identified via the map

ζ.

Remark 4.1.5 Intuitively, Eq. (4.1.7) together with the definition of Hµ say that

µ̄ would be more sensitive to infinitesimal test masses if the underlying space had

higher sectional curvature and vice versa.

4.2 Generalized inverse Hessian in smeary cases

In the smeary case, the Hessian ∇2Fµ̄ vanishes. Therefore, the map h in Defini-

tion 4.1.2 blows up. However, motivated by the smeary CLT (Theorem 3.3.5) the
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scale of ε in the definition of hµ can be changed so that h is well defined, cf. Defini-

tion 4.2.6.

This section makes no assumption about the support of µ. Instead, it makes

direct assumption about the uniqueness of the Fréchet mean. This assumption was

required in the CLT on manifolds in [BhL17] as well as in [EH18].

Assumption 4.2.1 Assume that (1) the Fréchet mean µ̄ is unique, and (2) µ assigns

zero measure to an open neighborhood of the cut locus Cµ̄ of µ̄.

On manifolds, this assumption means that the Fréchet function is differentiable on

an open neighborhood of µ and the strong law of large numbers for µ̄ holds; see, for

example, [BhL17, Corollary 2.3].

Similar to [EH18, Assumption 2.6], we start an assumption that the first non-

zero derivative tensor ∇rFµ̄ of F at µ̄ is orthogonally decomposable; see, for example,

[Rob16].

Assumption 4.2.2 There is an orthonormal basis {e1, . . . , ed} of Tµ̄M and λi > 0

for all i = 1, . . . , d such that

∇rFµ̄ = r!
d∑
i=1

λie
⊗r
i ,

where ∇rFµ̄ is the first non-zero derivative tensor of F at µ̄.

Remark 4.2.3 In other words, for p ∈M close to µ̄ and v = logµ̄(p) =
d∑
i=1

aiei, the

Taylor expansion of F at µ̄ reads

F (p) = F (µ̄) +
d∑
i=1

λia
r
i + o(‖d(p, µ̄)‖r).

And the Taylor expansion of ∇F at µ̄ is

Pp→µ̄(∇F (p)) = ∇F (µ̄) +
1

(r − 1)!
∇rFµ̄(v⊗(r−1)) + o(‖d(p, µ̄)‖r−1)

=
d∑
i=1

λira
r−1
i ei + o(‖d(p, µ̄)‖r−1),

(4.2.1)
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where, as in the previous section, Pp→µ̄ is parallel transportation from p to µ̄.

Recall from the last section that µ̄ε,x = (1− ε)µ+ εδx and that the symbol Fε and µ̄ε,x

denote the Fréchet function and Fréchet mean (set) of µε,x. The next result shows

that if x is not in the cut locus of µ̄ then µ̄ε,x converges to µ̄ as ε→ 0.

Proposition 4.2.4 Under Assumption 2.2.10, for any measurable choice of µ̄ε,x

lim
ε→0

µ̄ε,x → µ̄.

Proof: Recall from Theorem 4.1.3 that Fε is the Fréchet function of µε,x. Hence, for

any measurable choice of µ̄ε,x

Fε(µ̄ε,x) = (1− ε)F (µ̄ε,x) + ε
d2(µ̄ε,x, x)

2
,

and

Fε(µ̄) = (1− ε)F (µ̄) + ε
d2(µ̄, x)

2
.

Since Fε(µ̄ε,x) ≤ Fε(µ̄),

(1− ε)
(
F (µ̄ε,x)− F (µ̄)

)
≤ ε

2

(
d2(µ̄, x)− d2(µ̄ε,x, x)

)
. (4.2.2)

On the other hand,

F (µ̄ε,x)− F (µ̄) ≥ 0,

which implies that µ̄ε,x is bounded. Letting ε→ 0 in Eq. (4.2.2) yields

lim
ε→0

F (µ̄ε,x) = F (µ̄),

which implies that lim
ε→0

µ̄ε,x = µ̄ since µ̄ is the unique minimizer of F as assumed.

QED

Remark 4.2.5 If x /∈ Cµ then Assumption 4.2.1 implies that there exists an open

neighborhood B(µ̄) of µ̄ such that the Fréchet function F is differentiable on B(µ̄).
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Proposition 4.2.4 then implies that for sufficiently small ε, µ̄ε,x ∈ B(µ̄) \ Cx. Thus,

for sufficiently small ε, the Fréchet function Fε is differentiable in a neighborhood of

µ̄ε,x.

Definition 4.2.6 With Assumption 4.2.2 in effect, define

hµ : M → Tµ̄M

x 7→ lim
ε→0

logµ̄ µ̄ε,x

ε1/(r−1)
.

(4.2.3)

The generalized inverse Hessian of the Fréchet function F at the mean µ̄ is

Hµ : Tµ̄M → Tµ̄M

X 7→ hµ(expµ̄X).
(4.2.4)

Definition 4.2.7 Define

Dµ : Tµ̄M → Tµ̄M

d∑
i=1

aiei 7→
d∑
i=1

( ai
rλi

)1/(r−1)

ei.

Remark 4.2.8 1. The map Dµ can be thought as an inverse of

τ : v 7→ 1

(r − 1)!
∇rFµ̄(v⊗(r−1)).

2. For convenience, always assume a measurable choice of µ̄ε,x. The next theorem

shows that that for any measurable choice of µ̄ε,x, the map Hµ = hµ ◦ expµ̄ is

well defined.

Theorem 4.2.9 Under Assumption 2.2.10 and Assumption 4.2.2, the map Hµ is

well defined and

Hµ = Dµ

on Tµ̄M .
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Proof: Recall notations from Theorem 4.1.3

• Yε = logµ̄ µ̄ε,x,

• Xε = logµ̄ε,x x,

• X = logµ̄ x, and

• Pε : Tµ̄M → Tµ̄ε,xM , the parallel transport from Tµ̄M to Tµ̄ε,xM .

Rewrite the map hµ as hµ(x) = lim
ε→0

1
ε1/(r−1)Yε. Also, under the orthonormal basis

{e1, . . . , ed} of Tµ̄M in Assumption 4.2.2, write

Yε =
d∑
i=1

aε,iei and X =
d∑
i=1

biei.

Then by combining Eq. (4.3.25) and the Taylor expansion (4.2.1) for p = µ̄ε,x,

εXε = (1− ε)Pε
(
∇rFµ̄(Y ⊗(r−1)

ε )
)

+ o(‖Yε‖r−1)

= (1− ε)Pε
( d∑
i=1

λira
r−1
ε,i ei

)
+ o(‖Yε‖r−1).

Letting ε→ 0 in the above equation yields

X = lim
ε→0

d∑
i=1

λir
ar−1
ε,i ei

ε
, (4.2.5)

or, in other words ( bi
rλi

)1/(r−1)

= lim
ε→0

aε,i
ε1/(r−1)

.

Therefore hµ(x) = Dµ(X) and so Hµ = Dµ as desired. QED

Inspired by Eq. (4.2.1), Assumption 4.2.2 can be replaced by a relatively weaker

one.

Assumption 4.2.10 Suppose there is an orthonormal basis {e1, . . . , ed} of Tµ̄ such

that the Taylor expansion of F at µ̄ has the form

F (p) = F (µ̄) +
d∑
i=1

λia
ri
i + o(‖d(p, µ̄)‖rd),
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where logµ̄(p) =
d∑
i=1

aiei, 2 ≤ r1 ≤ r2 . . . ≤ rd, and λi > 0 for all i = 1, . . . , d.

Let Γµ,ε be a linear map on TµM such that Γµ(ε) = Diag(ε1/(r1−1), . . . , ε1/(rd−1)) with

respect to the basis {e1, . . . , ed}.

Definition 4.2.11 Define

hµ : M \ Cµ̄ → Tµ̄M

x 7→ lim
ε→0

Γµ,εµ̄ε,x.

The generalized inverse Hessian of the Fréchet function F at the mean µ̄ is

Hµ : Tµ̄M → Tµ̄M

X 7→ hµ(expµ̄X).
(4.2.6)

The map Dµ is now defined as

Dµ : Tµ̄M → Tµ̄M

d∑
i=1

aiei 7→
d∑
i=1

( ai
riλi

)1/(ri−1)

ei.

Proposition 4.2.12 Hµ coincides with Dµ.

Proof: The Taylor expansion of ∇F at µ̄ is, cf. Eq. (4.2.1),

Pp→µ̄(∇F (p)) =
n∑
i=1

λiria
ri−1
i ei + o(‖d(p, µ̄)‖rd−1). (4.2.7)

Similar to Eq. (4.2.5), this implies,

X = lim
ε→0

d∑
i=1

λiri
ari−1
ε,i ei

ε
,

and so ( bi
riλi

)1/(ri−1)

= lim
ε→0

aε,i
ε1/(ri−1)

. (4.2.8)
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Then Eq. (4.2.8) says that Hµ = hµ ◦ expµ̄ coincides with Dµ. QED

Therefore, under Assumptions 4.2.1 and 4.2.10, the following CLT for µ̄n is an

extended version of the general CLT for Fréchet means, namely, [EH18, Theorem

2.11]. The proof follows word by word from the proofs of [EH18, Theorem 2.11] and

Theorem 3.3.5.

Theorem 4.2.13 Let N be the limit distribution in the Euclidean CLT of the push-

forward measure logµ̄,] µ of µ under logµ̄. In other words,

n1/2logµ̄ µn
D−→ N .

Then under Assumptions 2.2.10 and 4.2.10

Γµ(
√
n) logµ̄ µ̄n

D−→ Hµ,] N . (4.2.9)

Remark 4.2.14 In the above CLT, the linear map Γµ,√n = Diag(ε1/(r1−1), . . . , ε1/(rd−1))

with respect to the basis {e1, . . . , ed} is the scale at which logµ̄ µ̄n asymptotically be-

haves. Note that Hµ is not a linear map except when r1 = · · · = rd = 2, i.e. when

∇2Fµ̄ is invertible—that is, when the CLT behaves classically. Therefore, the limit

distribution Hµ,] N is not normal in smeary cases.

Following the result from Theorem 4.2.13, we can substitute the scale map Γµ,√n

in Eq. (4.2.9) by a scalar multiplication by n1/(2rd−2). In other words, consider only

the highest scaling rate. In those cases, the map Hµ is replaced by a projection onto

the subspace Cµ generated by {ej, . . . , ed}, where ej ∈ Cµ if rj = rd. More precisely,

define a version of the generalized inverse Hessian

Hµ : Tµ̄M → Tµ̄M

X 7→ lim
ε→0

µ̄ε,x
ε1/(rd−1)

,
(4.2.10)

where x = expµ̄X.
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Theorem 4.2.15 Let

n1/2logµ̄ µn
D−→ N .

Then under Assumptions 2.2.10 and 4.2.10

n1/(2rd−2) logµ̄ µ̄n
D−→ Hµ,] N . (4.2.11)

Note, in this case, that rd − 2 is the degree of smeariness with rd − 2 = 0 when the

CLT is non-smeary—that is when it behaves classically.

Proof: Recall from Eq. (4.2.8) that( bi
riλi

)1/(ri−1)

= lim
ε→0

aε,i
ε1/(ri−1)

,

so

lim
ε→0

aε,i
ε1/(rd−1)

= lim
ε→0

ε1/(rd−1)

ε1/(ri−1)

( bi
riλi

)1/(ri−1)

=


0 if ri < rd(

bi
riλi

)1/(ri−1)

if ri = rd.

Therefore

〈Hµ(X), ei〉 =


0 if ri < rd(

bi
riλi

)1/(ri−1)

if ri = rd,

which means Hµ is a projection onto Cµ̄ and the CLT in Theorem 4.2.13 has the form

in Eq. (4.2.11). QED

Remark 4.2.16 As observed in Remark 4.1.5, the sensitivity to test masses that

derive smeary CLTs is mediated by the map Hµ.

4.3 Generalized inverse Hessian on singular spaces

This section shows that the map hµ in Definition 4.2.6 is well defined and is a geodesic

projection to a certain convex cone in Tµ̄M when M is a kale of dimensional 2. In

general, a kale is a topological manifold with an isolated metric singularity, so it is

metrically flat outside the singularity [HMM+15].
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4.3.1 Statement of the main result

Start by recalling the definition of the kale of dimension 2, which was introduced in

[HMM+15].

Definition 4.3.1 For some α > 2π, a 2-dimensional kale is a space

K2(α) = ((0,+∞)× R/αZ) ∪ {0}.

A point p in K2 is parametrized by (rp, θp).

Remark 4.3.2 1. A kale K2(α) constructed as the cone over a circle of total

length α.

2. The angle between two points p and q is

|θp − θq|α = min
n∈Z
|nα + θp − θq|

3. The metric d on K2(α) is defined as

d(p, q) =


(rp + rq)

2 if |θp − θq|α ≥ π

r2
p + r2

q + 2rprq cos (|θp − θq|α) if |θp − θq|α ≤ π

4. We purposely omit α from notations above for simplicity.

An important property of K2 is that it is a space of non-positive curvature (NPC

space [Stu03, Definition 2.1]) and hence it has injectivity radius +∞ [HMM+15,

Remark 1.5]. Consequently, for any measure µ on K2, the Fréchet mean µ̄ is unique

[HMM+15, Corollary 4.13]; see also [Stu03, Proposition 4.3]. Therefore the map hµ

in Definition 4.1.2 can be defined on K2 as follows.

Definition 4.3.3 Define

h : K2 → Tµ̄K2

x 7→ lim
ε→0

logµ̄

(
(1− ε)µ+ εδx

)
ε

,

(4.3.1)

provide, for the moment, that the limit on the right hand side exists.
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Note that h is written here instead of hµ to make our proof in Section 4.3.2 more

readable.

The main result in this section, Theorem 4.3.5, shows that h is the geodesic pro-

jection from K2 onto a certain convex cone Cµ when the mean µ̄ is at the singularity.

First, recall some results from [HMM+15]. Adapting notation from Section 4.3,

let µε = (1 − ε)µ + εδx and µ̄ε be its Fréchet mean. Since K is a NPC space, µ̄ε is

uniquely defined due to [Stu03, Proposition 4.3]. When µ̄ is not at the singularity

0, the Hessian ∇2Fµ̄ is the identity since K is locally flat everywhere except at 0

[HMM+15, Section 1]. It then follows from Theorem 4.1.3 that h = Hµ ◦ logµ̄ . Hence,

in this section, we assume that µ̄ = 0.

Figure 4.1: The folding map Lθ

The folding map in a direction θ is a map Lθ : K2 → Rn defined as follows; see

also [HMM+15, Definition 1.3]:

Lθ : K2 → R2

(r′, θ′) 7→


0 if r = 0,

(r′, θ′ − θ) if r′ > 0 and ‖θ′ − θ‖≤ π,

(r′, π) if r′ > 0 and ‖θ′ − θ‖≥ π.

(4.3.2)

Throughout this section, for any direction θ and probability measure µ, the following

notation is in effect.
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1. Tθ = Lθ(K2).

2. dθ is the Euclidean distance function on Tθ.

3. µθ is the pushforward of µ under Lθ.

4. Fθ is the Fréchet function of µθ on Tθ.

5. µ̄θ is the Fréchet mean of µθ.

The following observation is a consequence of [HMM+15, Lemma 3.2].

Proposition 4.3.4 The folding map Lθ at θ preserves the Fréchet function on {(θ, r) :

r ≥ 0}. More precisely, let µθ be the pushforward of the measure µ under the folding

map Lθ and Fθ be the Fréchet function of µθ on Tθ = R2. Then

Fθ(Lθ(θ, r
′)) = F (θ, r′) for all r′ ≥ 0.

Furthermore,

Fθ(Lθ(θ
′, r′)) ≤ F (θ′, r′), for all (θ′, r′) ∈ K2.

Proof: The claims are direct consequences of the following:

d
(

(θ, r), (θ′, r′)
)

= dθ

(
Lθ(θ, r), Lθ(θ

′, r′)
)
,

d
(

(θ′, r′), (θ′′, r′′)
)
≥ dθ

(
Lθ(θ

′, r′), Lθ(θ
′′, r′′)

)
.

The equality follows from the definition of the folding map Lθ and the inqeuality is

a consequence of Toponogov’s theorem. QED

Following [HMM+15, Definition 1.7], the radial moment (or the tangential mo-

ment) at θ is defined as

mT
θ =

∫
K2

rp cos 6
(
Lθ(p), Lθ((θ, 1))

)
dµ(p) (4.3.3)
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and the normal moment at θ is

m⊥θ =

∫
K2

rp sin 6
(
Lθ(p), Lθ((θ, 1))

)
dµ(p). (4.3.4)

To simplify the notation, define

ρθ((θ
′, r′)) =


min{|θ − θ′|, π} if r′ 6= 0,

0 otherwise.

(4.3.5)

Then ρθ is a differentiable function on K2 \ {0} and

mT
θ =

∫
K2

rp cos ρθ(p)dµ(p)

m⊥θ =

∫
K2

rp sin ρθ(p)dµ(p).

Since µ̄ = 0, there are two cases classified in [HMM+15, Proposition 4.11]. In

the first, which is called partly sticky, there is a closed interval [A,B] such that mT
θ

vanishes on [A,B] and is negative outside [A,B]. In the second, the radial moment

mT
θ is negative for every θ and the measure µ is called fully sticky. The sector

Figure 4.2: The supporting cone Cµ and the projection Pµ

Cµ :=


(

(0,+∞)× [A,B]
)
∪ {0} if µ is partly sticky,

{0} if µ is sticky,

(4.3.6)
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the supporting cone of the Fréchet function F ; see Figure 4.2. Note that Cµ is the

support of the limiting measure under the central limit theorem, [HMM+15, Theorem

1.14].

The next theorem is one of the main result of this dissertation. It demonstrates

the efficacy of the generalized inverse Hessian in formulating CLTs on stratified

spaces.

Theorem 4.3.5 The map h defined in Eq. (4.3.1) coincides with Pµ : K2 → Cµ, the

geodesic projection from K2 onto the cone Cµ; see Figure 4.2.

4.3.2 Proof of the main result

The proof needs the following consequence of Proposition 4.3.4.

Corollary 4.3.6 If Lθ((θ, r)) is the Fréchet mean of µθ, i.e. Lθ((θ, r)) = µ̄θ then

(θ, r) is the Fréchet mean of µ, i.e. (θ, r) = µ̄. Conversely, if µ̄ = (θ, r) then

1. µ̄θ = Lθ(µ̄) if r > 0, and

2. µ̄θ′ = Lθ′(0) if r = 0 and θ′ ∈ [A,B].

Proof: Assume that Lθ((θ, r)) = µ̄θ then it follows from Proposition 4.3.4 that

Fθ((θ, r)) = F ((θ, r)) and F (q) ≥ Fθ(q) for all q ∈ K2. Therefore, F ((θ, r)) ≤ F (q)

for all q ∈ K2 or (θ, r) = µ̄ as desired.

Conversely, if µ̄ = (θ, r) and r > 0 then the Fréchet function is differentiable at µ̄

and ∇F (µ̄) = 0. It then follows that ∇Fθ(Lθ(µ̄)) = 0 and so Lθ(µ̄) = arg min
q∈T θ

Fθ(q).

If µ̄ = 0 then mθ′,T (µ) = mθ′,N(µ) = 0 for all θ′ ∈ [A,B] thanks to [HMM+15,

Proposition 4.11]. Hence ∇Fθ′(Lθ′(0)) = 0, which means

Lθ′(0) = arg min
q∈Tθ′

Fθ′(q) = µ̄θ′ . QED

Let p = (θp, rp) be a point in K2. There are three cases to consider:
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1. θp ∈ (B,B + π
2
), or θp ∈ (A− π

2
, A); or

2. θp ∈ [A,B]; or

3. θp /∈ [A− π
2
, B + π

2
].

Figure 4.3: Three cases based on relative positions of p to Cµ

We treat the later two cases first as they are relatively simple.

Set µ̄ε = (φε, rε) and let Fε the Fréchet function of µε. Also let

µε,θ = Lθ,]µε

be the pushforward of µε under the folding map Lθ at direction θ. The function Fε,θ

is the Fréchet function µε,θ, and µ̄ε,θ is the Fréchet mean of µε,θ.

Proof:[of Theorem 4.3.5, part 1] Suppose that θp ∈ [A,B] then it follows from Corol-

lary 4.3.6 that ∇Fθ(0) = 0. Set εp = (θp, εrp), the ε-retraction of p at 0. Then

∇Fε,θ(εp) = (1− ε)∇Fθ(εp) + ε logεp p

= (1− ε) logεp 0 + ε logεp p

= 0,

which means that εp is the Fréchet mean of Fε,θp on Tθp . Corollary 4.3.6 then implies

that εp is the Fréchet mean of µε on K2. Thus

h(p) = lim
ε→0

(θp,
1

ε
εrp) = p = Pµ(p).
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Next, suppose that θp /∈ [A−π/2, B+π/2]. The goal is to show that for sufficiently

small ε, the measure µε is sticky. First, note that

mT
θ (µε) =

∫
K2

rq cos ρθ(q)dµε(q)

= (1− ε)
∫
K2

rq cos ρθ(q)dµ(q) + εrp cos ρθ(p)

= (1− ε)mT
θ (µ) + εrp cos ρθ(p).

(4.3.7)

Consider the following two cases.

1. If θ ∈ [A,B] then cos ρθ(p) < 0, and mT
θ (µ) = 0, so

mT
θ (µε) < 0. (4.3.8)

2. If θ /∈ [A,B] then mT
θ (µ) < 0, so mT

θ (µε) < 0 if cos ρθ(p) ≤ 0. Since θp /∈

[A− π/2, B + π/2] there exists some 0 < ψ such that

cos ρθ(p) ≤ 0, for all θ ∈ [A− ψ,B + ψ].

Which yields that mT
θ (µε) < 0 for all θ ∈ [A− ψ,B + ψ].

Now let

c = min
θ/∈(A−ψ,B+ψ)

mT
θ (µ).

Then c < 0 and it follows from Eq. (4.3.7) that for ε < −c
−c+rp

mT
θ (µε) < 0. (4.3.9)

Combining Eqs. (4.3.8) and (4.3.9) yields

mT
θ (µε) < 0

for all θ and ε < −c
−c+rp . Thanks to [HMM+15, Theorem 1.13] this fulfills the claim

that µε is sticky for sufficiently small ε. Thus µ̄ε = 0 for sufficiently small ε, and

therefore h(p) = 0 = Pµ(p), as desired. QED
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We now prove Theorem 4.3.5 for θp ∈ (B,B + π
2
), the case θp ∈ (A − π

2
, A) is

treated the same. Recall that µ̄ε = (φε, rε).

Lemma 4.3.7 For sufficiently small ε

rε > 0 and φε ∈ (B, θp).

Figure 4.4: Lemma 4.3.7: φε ∈ (B, θp)

Proof: Observe that mT
B(µε) = εrp > 0. This, thanks to [HMM+15, Corollary 4.13],

implies µ̄ε 6= 0 or rε > 0.

Similar to Eq. (4.3.7),

m⊥θ (µε) = (1− ε)m⊥θ (µ) + εrp sin ρθ(p). (4.3.10)

Note, from [HMM+15, Lemma 4.3], that m⊥θ = 0. Applying Eq. (4.3.7) for θ = B

yields

m⊥θ (µε) > 0. (4.3.11)

Combining Eq. (4.3.11), [HMM+15, Proposition 4.11], and the fact that mT
B(µε) > 0,

yields φε > B.

On the other hand, Eq. (4.3.7) gives

mT
θp(µε) = (1− ε)mT

θp(µ) + εrp.
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Since mT
θp

(µ) < 0, the above equation shows that mT
θp

(µε) < 0 for sufficiently small

ε. Combining this and φε > B implies that φε ∈ (B, θp). QED

The next result together with Lemma 4.3.10 will be crucial in the proof of The-

orem 4.3.5.

Lemma 4.3.8. 1
ε2

d2(0, Pµ(µ̄ε)) ≥ d2(0, Pµ(p)). (4.3.12)

Figure 4.5: Positions of points being considered relative to the cone Cµ

Proof: It follows from Lemma 4.3.7 and Corollary 4.3.6 that the folding map at φε

preserves the Fréchet mean, or

Lφε(µ̄ε) = µ̄ε,φε .

Furthermore, Proposition 4.3.4 says

Fε,φε(µ̄ε,φε) = Fε(µ̄ε), and

Fε,φε(Lφε(0)) = Fε(0).
(4.3.13)

Recalling that dθ denotes the Euclidean distance on Lθ(K),

Fε,φε(µ̄ε,φε) = Fε,φε(Lφε(0))− 1

2
dφε(Lφε(0), µ̄ε,φε)

2. (4.3.14)

Combining Eqs. (4.3.13) and (4.3.14) with a note that d(0, µ̄ε) = dφε(Lφε(0), µ̄ε,φε),

Fε(µ̄ε) = Fε(0)− 1

2
d2(0, µ̄ε). (4.3.15)
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Apply the same argument in Eq. (4.3.14) to the folding map along B instead of φε

to get

Fε,B(µ̄ε,B) = Fε,B(LB(0))− 1

2
d2
B(LB(0), µ̄ε,B). (4.3.16)

Observe that the Fréchet mean of µB is the image of 0 under the folding map LB;

in other words µ̄B = LB(0), which implies that the Fréchet mean of µε,B is LB(εp).

Recall that εp means (θp, εrp), which is the ε-retraction of p at 0. In particular,

d2
B(LB(0), µ̄ε,B) = d2(0, (θp, εrp)) = ε2r2

p.

In addition, Proposition 4.3.4 implies

Fε,B(LB(0)) = Fε(0).

Thus Eq. (4.3.16) can be rewritten as

Fε,B(µ̄ε,B) = Fε(0)− 1

2
ε2r2

p. (4.3.17)

Replacing 0 by µ̄ε in Eq. (4.3.16) gives

Fε,B(µ̄ε,B) = Fε,B(LB(µ̄ε))−
1

2
d2
B(LB(µ̄ε), µ̄ε,B). (4.3.18)

Apply Proposition 4.3.4 with θ = B and µ = µε to get

Fε(µ̄ε) ≥ Fε,B(LB(µ̄ε)).

In addition,

dB(LB(µ̄ε), µ̄ε,B) = d(µ̄ε, L
−1
B (µ̄ε,B)) = d(µ̄ε, εp). (4.3.19)

In conjunction with Eqs. (4.3.17) and (4.3.18), Eq. (4.3.19) implies

Fε(0)− 1

2
ε2r2

p ≤ Fε(µ̄ε)−
1

2
d2(µ̄ε, εp). (4.3.20)

Combining Eq. (4.3.15) and Eq. (4.3.20) gives

d2(0, µ̄ε) + d2(µ̄ε, εp) ≤ ε2r2
p = ε2d2(0, εp), (4.3.21)

which is Eq. (4.3.12). QED
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Lemma 4.3.9 Consider the image of εp under the geodesic projection onto Cµ,

namely εb = Pµ(εp). Then εb = (B, εrpcos(θp −B)), and

εb = arg min
q∈Cµ

Fε(q). (4.3.22)

Figure 4.6: εb = arg min
q∈Cµ

Fε(q)

Proof: By Proposition 4.3.4 and Corollary 4.3.6, for every q ∈ Cµ

F (q) = F (0) +
1

2
d2(0, q).

This implies

Fε(q) = (1− ε)F (q) + ε
1

2
d2(q, p)

= (1− ε)F (0) + (1− ε)1

2
d2(0, q) + ε

1

2
d2(q, p)

= (1− ε)F (0) +
1

2

(
(1− ε)d2(0, q) + εd2(q, p)

)
.

(4.3.23)

Therefore

arg min
q∈Cµ

Fε(q) = arg min
q∈Cµ

((1− ε)d2(0, q) + εd2(q, p)) = εb. QED

Lemma 4.3.10. 1
ε2

d2(0, µ̄ε) + 1
ε2

d2(µ̄ε, εp) ≤ d2(0, p). (4.3.24)
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Proof: Equation (4.3.23) implies that

Fε(εb) = (1− ε)F (0) +
1

2
((1− ε)d2(0, εb) + εd2(εb, p)). (4.3.25)

Next, consider the point Pµ(µ̄ε). Due to Lemma 4.3.7 and Corollary 4.3.6 the

point Pµ(µ̄ε) is the minimizer of the restriction to Lφε(K2) of the Fréchet function of

(Lφε)]µε:

Pµ(µ̄ε) = arg min
q∈Cµ

Fε,φε(Lφε(q)). (4.3.26)

In addition, it follows from Eq. (4.3.15) and Eq. (4.3.26) that

Fε,φε (Pµ(µ̄ε)) = Fε,φε(µ̄ε) +
1

2
d2
φε(µ̄ε, Pµ(µ̄ε))

= Fε(µ̄ε) +
1

2
d2(µ̄ε, Pµ(µ̄ε))

= Fε(0)− 1

2
d2(0, µ̄ε) +

1

2
d2 (µ̄ε, Pµ(µ̄ε))

= (1− ε)F (0) + ε
1

2
r2
p −

1

2
d2(0, µ̄ε) +

1

2
d2(µ̄ε, Pµ (µ̄ε))

(4.3.27)

Apply Proposition 4.3.4 to µε instead of µ to get

Fε,φε(Lφε(q)) ≤ Fε(q),

for all q ∈ K2. This yields

arg min
q∈Cµ

Fε,φε(Lφε(q)) ≤ arg min
q∈Cµ

Fε(q).

In other words,

Fε,φε(Pµ(µ̄ε)) ≤ Fε(εb).

This inequality, in conjunction with Eqs. (4.3.27)) and (4.3.25), gives

εr2
p − d2(0, µ̄ε) + d2(µ̄ε, Pµ(µ̄ε)) ≤ (1− ε)d2(0, εb) + εd2(εb, p). (4.3.28)

Note that

−d2(0, µ̄ε) + d2(µ̄ε, Pµ(µ̄ε)) = −d2(0, Pµ(µ̄ε))
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and

r2
p − d2(εb, p) = d2(0, p)− d2(εb, p)

=
2− ε
ε

d2(0, εb).

Therefore, Eq. (4.3.28) implies

d2(0, Pµ(µ̄ε) ≥ d2(0, εb) = ε2d2(0, Pµ(p)), (4.3.29)

which is Eq. (4.3.24). QED

Return to prove Theorem 4.3.5 for θp ∈ (B,B + π
2
).

Proof:[Theorem 4.3.5, continued] If µ̄ε = (φε, rε) then Lemma 4.3.10 implies 1
ε
rε ≤ rp.

Therefore (φε,
1
ε
rε) is bounded.

Now suppose that εn is a sequence converging to 0 such that the sequence

(ϕn, rd) = (ϕεn ,
1

εn
rεn)

converges. Set

(ϕ̃, r̃) = lim
n→∞

(ϕn, rd).

Since the radial moment mT
ϕn(µεn) of µεn at ϕn is nonnegative, Eq. (4.3.10) implies

that

lim
n→∞

mT
ϕn(µεn) = lim

n→∞

(
(1− ε)mT

ϕn(µ) + εrp cos ρϕn(p)
)

= mT
ϕ̃(µ).

So mT
ϕ̃(µ) ≥ 0, which then implies ϕ̃ ∈ [A,B]. On the other hand, Lemma 4.3.7

shows that φε ∈ (B, θp) for sufficiently small ε. Thus ϕ̃ = B. Therefore, Lemma 4.3.8

and Lemma 4.3.10 become

r̃2 ≥ d2(0, Pµ(p)), (4.3.30)

and

r̃2 + d2(p, (B, r̃)) ≤ d2(0, p). (4.3.31)
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Note that d2(p, (B, r̃)) ≥ d2(p, Pµ(p)), so Eq. (4.3.31) becomes

r̃2 ≤ d2(0, p)− d2(p, Pµ(p)) = d2(0, Pµ(p)).

In conjunction with Eq. (4.3.30), this implies r̃ = d(0, Pµ(p)). Thus (ϕ̃, r̃) = Pµ(p)

and hence

lim
ε→0

(φε,
1

ε
rε) = Pµ(p).

or hµ(p) = Pµ(p) as desired. QED

Remark 4.3.11 Motivated by the definition of Hµ on manifolds (Eq. (4.1.2)), we

could define Hµ = h ◦ expµ̄. However, in this case, since Tµ̄K2 is K2 itself, Hµ and h

coincide.

The CLT for Fréchet means represented in our conjectural general form is delayed

to the next chapter, where we develop a general framework for a more general class

of stratified spaces.
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Chapter 5

Discussion and current research

This section gives a conjecture for a general form of the CLT for Fréchet means on

star-shaped stratified spaces. A key point in our conjecture is the construction of the

map Hµ. The conjecture has been verified on manifolds in both classic and smeary

cases and on 2-dimensional kales.

5.1 Motivation

Throughout the section, we shall consider the following setup:

1. M as a star-shaped Riemannian stratified space (Definition 2.2.3),

M = R tki=1 Sk,

with R is the lowest stratum;

2. µ is a probability measure on the Borel σ-algebra of M ;

3. M and µ satisfy Assumption 4.2.1, condition ST2 in Definition 2.2.9, and As-

sumption 2.2.10; and

4. µ̄ is in the lowest stratum R.

For X ∈ Tµ̄M , set

1. x = expµ̄X,

2. µε,x = (1− ε)µ+ εδx, and
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3. µ̄ε,x is the Fréchet mean (set) of µε,x.

To derive the CLT for Fréchet means on non-smooth spaces, one would need

further assumptions on the tangent cone at µ̄, the logarithm map, and the exponential

map in a neighborhood of µ̄. These assumptions are presented in different forms—see,

for example [BP05, BhL17, EH18]—and they fall into one of the following groups.

A1. The Fréchet mean µ̄ is unique.

A2. There exists a tangent structure of M at µ̄ and the log map is well defined

almost surely in a neighborhood of µ̄.

A3. The Fréchet function F has a Taylor expansion of a certain degree. This is a

consequence of A2 when M is a Riemannian manifold.

Among these three conditions, the assumption on the uniqueness of µ̄ seems to be

the most challenging condition to verify and to replace.

Let us discuss conditions A2 and A3, particularly their roles in the CLT at µ̄.

Recall that the goal is to study the asymptotic distribution of n1/c logµ̄ µ̄n where c

is the scaling factor. This factor is c = 1/2 in the classical forms and c < 1/2 in

smeary forms (Theorem 4.2.15). Note that the rescaled random point n1/c logµ̄ µ̄n

lies on Tµ̄M.

Condition A2 allows the push forward of a measure on M to a measure on the

tangent space Tµ̄M . Hence, it allows the sampling to occur on Tµ̄M instead of M .

More concisely, the Fréchet mean is taken after the map logµ̄:

µn logµ̄,] µn logµ̄,] µn,
logµ̄

(5.1.1)

where logµ̄,] µn is the pushforward of µn under logµ̄. The classical CLT on Tµ̄M reads

n1/2logµ̄,] µn
D−→ N .
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When M is a Riemannian manifold, the tangent space and the map logµ̄ is well de-

fined. Condition A2 is then fulfilled when µ has a certain decay rate in a neighborhood

of the cut locus Cµ̄ [BhL17, Theorem 3.3].

Condition A3 is often represented as the existence of the inverse of the Hes-

sian [BhL17, Condition A6] or of a derivative tensor [EH18, Assumption 2.6] of the

Fréchet function F at µ̄.

After the above sampling process on Tµ̄M , condition A3 then tells us how to pull

back the normal distribution N from Tµ̄M back to M under some map Hµ : Tµ̄M →

Tµ̄M :

µn logµ̄,] µn logµ̄,] µn

µ̄n

logµ̄ µ̄n

logµ̄

Hµ,]

logµ̄

(5.1.2)

To explain the diagram, the Euclidean CLT on the tangent space Tµ̄M is obtained

by taking Fréchet means after applying the log map (the horizontal route) while the

intrinsic CLT on M is obtained by taking Fréchet means before applying the log map

(the vertical route). The difference between the two CLTs is captured by the map

Hµ. In other words, the distribution Hµ,] N is the limit distribution on the CLT of

logµ̄ µ̄n:

n1/c logµ̄ µ̄n
D−→ Hµ,] N .

Theorem 4.1.3 shows that the map Hµ is the inverse of the Hessian in the classical

cases. In the smeary cases, Theorem 4.2.9 shows that Hµ is analogous to the inverse

of a derivative tensor of the Fréchet function at µ̄.
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5.2 The logarithm map at the Fréchet mean

When M is a stratified space, the Fréchet mean µ̄ can be a singular point; see, for

example [HMM+15, HHL+13]. Naturally, the tangent cone Tµ̄M is non-Euclidean

and so the map logµ̄ does not give a way to sample from a Euclidean space as it does

on manifolds.

Figure 5.1: The log map logθ as the folding map Lθ on the 2-dimensional Kale

Here, we generalize the idea of the logarithm map logµ̄ presented in [HMM+15]

to a more general stratified space. The idea is to consider the limit of logx as x

approaches µ̄ from some stratum S 6= R and in some direction X. It is required that

the geodesic expµ̄ tX, with t ≥ 0 lies in S. A convenient choice is to set xt = expµ̄ tX

and take the limit as t approaches 0. Two tangent spaces TxtM and Txt̃M are

identified via parallel transportation in S. This leads to he definition of

TXM = lim
t→0

TxtM. (5.2.1)

The isomorphisms φt : TxtM → TXM allow the following.

Definition 5.2.1 The limit logarithm map at µ̄ along the direction X is

logX : M → TXM

p 7→ lim
t→0

φt(logxt p).
(5.2.2)
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The limit lim
t→0

φt(logxt p) exists when p is not in the cut locus Cµ̄ of µ̄. Diagram (5.1.1)

now becomes

µn logX,] µn logX,] µn.
logX,]

(5.2.3)

Similar to the case on manifolds, this diagram says that the Fréchet mean is taken

after the logarithm map logX .

5.3 Generalized inverse Hessian

When the population mean µ̄ lies at a singular point, the Fréchet function is not

smooth at µ̄. Consequently, the map Hµ cannot be defined from the derivative

tensors of F . The proposal here is to address this issue by defining Hµ without

requiring the smoothness of F at µ̄, cf. Eqs. (4.1.1) and (4.1.2). The idea is to define

hµ : M → Tµ̄M

x 7→ lim
ε→0

logµ̄

(
(1− ε)µ+ εδx

)
ε1/(r−1)

,

where r is the degree of smeariness. Here logµ̄ : M → Tµ̄M maps a point p to the

tangent at µ̄ of the geodesic connecting µ̄ and p. We propose the following conjecture,

which is needed for the definition of the map hµ.

Conjecture 5.3.1 The set of real positive constants c yielding well define map

hµ,c : M → Tµ̄M

x 7→ lim
ε→0

logµ̄ µ̄ε,x

ε1/(c−1)

is closed and nonempty. Suppose that r is the minimum among these constants and

write hµ to denote hµ,r.

On manifolds, the generalized inverse Hessian is defined as Hµ = hµ ◦ expµ̄ (Def-

inition 4.1.2 and Definition 4.2.6). Theorem 4.1.3 and Theorem 4.2.9 show that this

84



definition agrees with the definition of Hµ defined by the inverse of a derivative tensor

of F with r − 2 being the degree of smeariness.

When M is a stratified space, our idea is to define Hµ as a map from TXM to

Tµ̄M . The goal is to have a“correction” map that sends the Euclidean CLT on TXM

resulting from Diagram (5.2.3) to an intrinsic CLT on the tangent cone Tµ̄M . This

requires the following.

Conjecture 5.3.2 There is some direction X ∈ Tµ̄M such that hµ factors through

logX in the sense that

hµ(x) = hµ(y) if logX x = logX y. (5.3.1)

Remark 5.3.3 1. On manifolds, the map logX is simply logµ̄. Theorem 4.2.9

shows that Conjecture 5.3.2 always holds true—that is hµ factors through logµ̄.

2. On 2-dimensional kales, Proposition 5.4.3 below shows that hµ factors through

logX with a certain direction X.

If Conjectures 5.3.1 and 5.3.2 are granted, then the generalized inverse Hessian

can be generalized as follows.

Definition 5.3.4 Suppose X ∈ Tµ̄M is a direction such that hµ factors through

logX . Then a generalized inverse Hessian at µ̄ is a map Hµ : TXM → Tµ̄M such that

Hµ makes the following diagram commute:

M TXM

Tµ̄M

logX

hµ
Hµ

(5.3.2)

The requirement that hµ factor through logX for some X is crucial in our con-

struction. We show in Section 5.5 that when this property fails, our general CLT

does not lead to a desirable result.
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Figure 5.2: The map Hµ on a 2-dimensional Kale

Theorem 4.3.5 shows that when M is a 2-dimensional kale, the map Hµ coincides

with a projection onto a certain cone and that

n1/2 logµ̄ µ̄n
D−→ Hµ,] N ,

where

N = lim
n→∞

n1/2logX,] µn

is a normal distribution on TXM .

5.4 Our conjecture

When M is a stratified space instead of a manifold, we shows in the previous section

that

1. the map logµ̄ in Diagram 5.1.2 is generalized to the limit logarithm map logX

(Definition 5.2.1), and

2. the map Hµ in Diagram 5.1.2 is generalized to the generalized inverse Hessian

Hµ (Definition 5.3.4).
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In particular, Diagram 5.1.2 becomes

µn logX,] µn logX,] µn

µ̄n

logµ̄ µ̄n

logX

Hµ,]

logµ̄

(5.4.1)

Again, the map Hµ carries the difference between the Euclidean CLT obtained

by taking Fréchet means after after applying the log map (the horizontal route) and

the intrinsic CLT on Tµ̄M obtained by taking Fréchet means before applying the log

map (the vertical route).

We propose the following general form of CLTs for Fréchet means on star shape

stratified spaces (Definition 2.2.3).

Conjecture 5.4.1 A general CLT for Fréchet means on M take the form

n1/(2r−2) logµ̄ µ̄n
D−→ Hµ,] N ,

where r − 2 is the degree of smeariness and

N = lim
n→∞

n1/2logX,] µn

is a normal distribution on TXM .

There are currently four known cases of CLTs depending on r and the map Hµ.

1. r = 2 and Hµ is linear and invertible: classical CLT on manifolds [BP05], cf.

Theorem 4.2.15;

2. r > 2 and Hµ is invertible but not linear, with ‖Hµ(X)‖ = C‖X‖1/c for c < 1:

the smeary CLT on manifolds [EH18], cf. Theorem 4.2.15;
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3. r = 2 and Hµ degenerates to a proper geodesic projection: the sticky CLT

on open books, isolated hyperbolic singularities (kale spaces), tree spaces, and

orthant spaces [HMM+15, HHL+13, BL18, BLO13], cf. Proposition 5.4.3.

We conjecture that there should be two more scenarios that can happen.

1. r > 2 and Hµ degenerates: a smeary CLT on stratified spaces in the sticky

directions; Section 5.5 provides an example of this scenario when there is some

mass in the cut locus Cµ̄ of µ̄.

2. r < 2 and Hµ degenerates: a partly sticky CLT on stratified spaces with low

scaling rate (anti-smeary).

Theorem 4.2.15 proves that Conjecture 5.4.1 holds when M is a Riemannian

manifold in both the classical and smeary cases. Applying Theorem 4.3.5, we show

below that the conjecture also holds for 2-dimensional kales.

Remark 5.4.2 On 2-dimensional kales, [HMM+15, Theorem 1.14] showed that X

can be chosen as the mid direction θ∗ = (A + B)/2 of the cone Cµ, cf. Eq. (4.3.6).

The log map logX is called the folding map along direction X in the paper [HMM+15,

Definition 1.3].

Figure 5.3: logX as the folding map LX with X = θ∗
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Proposition 5.4.3 Conjecture 5.4.1 holds true when M = K2 and µ̄ = 0.

Proof: Theorem 4.3.5 proves that the map hµ defined in Eq. (4.3.1) coincides with

geodesic projection from the kale K2 onto Cµ. Thus, hµ factors through logX , cf.

Conjecture 5.3.2,

hµ(x) = hµ(y) if logX x = logX y.

Figure 5.4: hµ factors through logX with X = θ∗, see also Figure 5.3

Therefore, there is a unique map Hµ : TXK2 → K2 which makes the diagram

M TXM = R2

Tµ̄M

logX

hµ
Hµ

commutative. It is now a consequence of the fully sticky CLT [HMM+15, Theorem

1.13] and the partly sticky CLT [HMM+15, Theorem 1.14] that the general CLT

stated in Conjecture 5.4.1 holds. QED

5.5 A special example

This example considers a situation when µ gives some mass to the cut locus of µ̄.

The map hµ can still be defined as in Conjecture 5.3.1. But there is no direction
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X in the tangent cone of µ̄ such that hµ factor through logX , cf. Eq. (5.3.2). As

a consequence, the derivative tensor of the Fréchet function does not give a desired

form of the CLT.

Figure 5.5: A sphere with an antenna

Consider the stratified space M consisting of a 2-dimensional unit sphere S2 and

an antenna R+ attached to the north pole 0. As a stratified space,

M = {0} ∪ R+ ∪ S2 \ {0}.

Identify R+ ∪ {0} with R≥0 and equip it with the standard Euclidean metric. We

also equip S2 = {0} ∪ S2 \ {0} with its standard Riemannian metric. For x ∈ R+

and y ∈ S2 \ {0}, the distance d(x, y) is defined as the sum of the distance from x

to 0 in R≥0 and the spherical distance from y to 0 in S2:

d(x, y) = d(x,0) + d(0, y).

If y is not the south pole, then the geodesic from x to y are the union of the geodesic

from x to 0 and the geodesic from 0 to y.
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Let a ∈ [0, π] such that a cot a = −1. In Figure 5.5, x is a point in the antenna

R+ such that d(x,0) = π. Two points y, y′ ∈ S2 are on a great circle such that

d(0, y) = d(0, y′) = a and s is the antipode of 0 in S2. Let

µ =
1

4
(δx + δy + δy′ + δs).

Let Y ∈ T0S2 be a unit vector such that expµ̄ aY = y. Parametrize p ∈ S2 by

(xp, θp) where x is the distance from 0 and θ is the angle of Y and log0 p. The Fréchet

function when restricted to S2 is

F (p) =
1

8

(
arccos2(cosxp cos a+ sinxp sin a cos θp)

+ arccos2(cosxp cos a− sinxp sin a cos θp) + 2π2 + 2x2
p

)
.

We can see that the restriction of F to S2 is smooth and that 0 is the minimizer of

F on M . Let us proceed to compute the derivative tensors of the restriction of F to

S2 at 0.

Let T ∈ T0S2 be any unit vector. Then

4∇2F0(T ) = ∇2ρyT +∇2ρy′T +∇2ρxT +∇2ρsT

= ∇2ρyT +∇2ρy′T + 2T.

Use formula (3.1.5) to obtain

4∇2F0(T ) = ∇2ρyT +∇2ρy′T + 2T

= 2T (− cos θ + 1),
(5.5.1)

where θ = 6 (Y, T ) is the angle between Y and T . Apply Eq. (3.2.7) to compute the

third and fourth derivative tensors of F as

4∇3F0(T, T, T ) = ∇3ρy(T, T, T ) +∇3ρy′(T, T, T )

=
‖T‖3

a

(
− 6− a2

)(
cos θ − cos3 θ + cos(π − θ)− cos3(π − θ)

)
= 0

(5.5.2)
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and

4∇4F0(T, T, T, T ) = ‖T‖4
(
− (24 + 12a2) sin2 θ + (30 + 13a2) sin4 θ

)
. (5.5.3)

If Z ∈ T0S is a unit vector such that 6 (Y, Z) = π/2 then Eqs. (5.5.1) and (5.5.3)

imply

∇2F0(Z) = 0,

∇2F0(Y ) = 1,

∇4F0(Z,Z, Z, Z) = 6 + a2 > 0, and

∇4F0(Y, Y, Y, Y, ) = 0.

(5.5.4)

So, intuitively, from the smeary CLT in Theorem 3.3.5, we would think that n1/4 log0 µn

has its support on {tZ, t ∈ R}.

Since µ is supported only on the union of the great circle C containing y, y′, and

the antenna R+, result in [HH15, Theorem 4.2] for circles implies that
√
n log0 µ̄n is

asymptotically normal on the great circle connecting y and y′.

However, if we apply the conjectural CLT in Conjecture 5.4.1, then n1/6 log0 µn

would converge to the singular measure supporting on {0}, which is correct but not

a desired result.

The main reason that our general CLT does not lead to a desirable result is that

there is no direction X in the tangent cone at µ̄ so that hµ̄ factors through logX .

Indeed, if X is any direction tangent to the sphere at 0, then the map logX collapses

the direction along the antenna and the direction −X into one ray. However, while

an infinitesimal test mass along −X can perturb the mean µ̄, a small enough mass

in the antenna is unable to move µ̄ away from 0.
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Chapter 6

Conclusion

In conclusion, the main contributions of this dissertation are the following.

1. An answer to the question of whether the smeary effect can occur on spheres

with absolutely continuous and rotationally symmetric distributions: with the

method presented here, it can in dimension at least 4 (Theorem 3.3.5).

2. An explanation of the effect of curvature on smeariness for Riemannian mani-

folds of constant sectional curvature (Remark 4.1.5).

3. A conjecture of a generalized CLT for star shaped Riemannian stratified spaces

(Conjecture 5.4.1). The proposed CLT is universal in the sense that it contains

all three mentioned forms of CLTs.

4. Evidence for the correctness of the conjecture by showing that our generalized

CLT holds true on manifolds for classical and smeary cases (Theorem 4.2.15)

and for sticky and partly sticky forms on 2-dimensional flat spaces with an

isolated singularity (Proposition 5.4.3).
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