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Abstract

The simulation of interacting quantum matter remains challenging. The Hilbert

space dimension required to describe the physics grows exponentially with the sys-

tem size, yet many interesting collective phenomena emerge only for large enough

systems. Tensor network methods allow for the simulation of quantum many-body

systems by reducing the effective number of degrees of freedom in controlled approx-

imations. For one-dimensional lattice models, algorithms employing matrix product

states (MPS) are currently regarded as the most powerful numerical techniques. For

example, density matrix renormalization group (DMRG) algorithms can be used to

efficiently compute precise approximations for ground states of local Hamiltonians.

The computation of finite-temperature properties and dynamical response functions

is more challenging, yet crucial for a complete understanding of the physics and for

comparisons with experiments.

In the first part of this dissertation, we introduce and demonstrate novel matrix

product state techniques. First, we present an improved version of the minimally

entangled typical thermal states (METTS) algorithm, a sampling approach for the

simulation of thermal equilibrium. Our modification allows the use of symmetries

in the MPS operations, which renders the algorithm significantly more efficient and

makes the finite-temperature simulation of previously inaccessible models possible.

Then, we introduce a new technique utilizing infinite matrix product states (iMPS)

with infinite boundary conditions for the computation of response functions. These
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quantities are of great importance as their Fourier transform yields spectral functions

or dynamic structure factors, which give detailed insights into the low-lying excita-

tions of a model and can be directly compared to experimental data. Our improved

algorithm significantly reduces the number of required time-evolution runs in the

simulations.

In the second part of this dissertation, we study the physics of the bilinear-

biquadratic spin-1 chain in detail. Our new scheme for the simulation of response

functions enables us to compute high-resolution dynamic structure factors for the

model, which we use as a starting point to explore the low-lying excitations in all

quantum phases of the rich phase diagram. Comparing our numerical data to exact

results and field-theory approximations, we gain insights into the nature of the rel-

evant excitations. In the Haldane phase, the model can be mapped to a continuum

field theory, the non-linear sigma model (NLσM). We find that the NLσM does not

capture the influence of the biquadratic term correctly and gives only unsatisfac-

tory predictions for the relevant physical quantities. However, several features in

the Haldane phase can be explained by a non-interacting approximation for two-

and three-magnon states. Moving into the extended critical phase, we explain the

observed contraction of the multi-soliton continua from the Uimin-Lai-Sutherland

point by comparison with a field-theory description. In addition, we discover new

excitations at higher energies and find that their dispersions are described by simple

cosine-functions in the purely biquadratic limit. We characterize them as elemen-

tary one-particle excitations and relate them to the integrable Temperley-Lieb chain.

The Temperley-Lieb chain can also be used to describe the physics at the opposite

biquadratic point, which places the model in the gapped dimerized phase. Here, the

excitation spectrum is related to that of an anisotropic spin-1/2 chain. In the ferro-

magnetic phase, the two-magnon excitations can be computed exactly and contain

bound and resonant states in addition to two-particle continua.

v



Finally, we address the extraction of spectral functions or dynamic structure

factors from real-time response functions computed with MPS techniques. In the

time evolution, the computation costs grow with time, hence the response function

can only be evaluated up to some maximum time. As the spectral functions are

obtained by Fourier transform from the time to the frequency domain, this limits

the frequency resolution of the result. Here, we introduce and discuss new approaches

for the extraction of dynamic structure factors from the limited response-function

data.
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1

Introduction

Interacting quantum matter exhibits some of the most surprising and fascinating

physical phenomena. For example, in conventional and high-Tc superconductors, the

resistance drops to exactly zero when the sample is cooled below its critical tempera-

ture [1–3], which can be partially explained by the BCS theory through the formation

of Cooper pairs [4]. In the fractional quantum Hall effect, the collective state of a

two-dimensional electron system leads to the emergence of fractionally charged ex-

citations [5–7]. Experimentalists have managed to trap ultracold quantum gases in

optical lattices and are now able to study the effects of interactions in a controlled

setting, including for example the quantum phase transition from a superfluid to

a Mott insulator [8–10]. Recent advances in the manipulation and observation of

single atoms in large samples have turned these systems into a promising platform

for the simulation of quantum many-body problems [11–13], in the spirit of Feyn-

man’s vision of simulating physics with a quantum computer [14]. The superposition

principle and entanglement inherent in interacting quantum systems can in princi-

ple be used to build a quantum computer that can perform certain computational

tasks exponentially faster than classical computers [15]. While significant progress
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has been made recently, more research is needed until quantum computers become

practically useful devices [16–18]. Hence, the study of interacting quantum systems

is both relevant for a fundamental understanding of the physics, and has implications

for the development of a key technology.

In the field of interacting quantum matter, models of one-dimensional (1D) quan-

tum magnetism are of particular interest [19]. The applicability of mean-field theory

strongly depends on the dimensionality of the system, and mean-field descriptions

that can be used to study the physics in higher-dimensional models typically break

down in 1D, where correlations and quantum fluctuations are especially relevant

[20]. Thus, these systems are ideal to develop a fundamental understanding of their

effects, which give rise to rich physics with a variety of interesting collective phe-

nomena, including spontaneous symmetry breaking, topological order, and different

kinds of elementary excitations [19, 21, 22].

In this dissertation, we consider two paradigmatic models of one-dimensional

quantum magnetism. The first one is the spin-1/2 Heisenberg XXZ chain [19, 23, 24]

with Hamiltonian

ĤXXZ =
∑

i

(
Ŝxi Ŝ

x
i+1 + Ŝyi Ŝ

y
i+1 + JzŜ

z
i Ŝ

z
i+1

)
, (spin-1/2) (1.1)

where the coupling in z-direction Jz is also called the anisotropy parameter. De-

pending on the value of Jz, the system can be in three different quantum phases.

For Jz < −1, the system is in the ferromagnetic phase, where the ground state

spontaneously breaks the discrete spin-flip symmetry, and all spins align either in

the positive or negative z-direction. Here, the low-lying excitations are spin waves or

magnons. For −1 < Jz < 1, the system is in the gapless XY phase, which can be best

understood by a mapping to interacting lattice fermions, the long-range physics of

which is described by a Luttinger liquid. For Jz = 1, the Hamiltonian corresponds to

the isotropic spin-1/2 Heisenberg antiferromagnet, which is still gapless, and famous
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as the first model to be solved by Bethe ansatz [23]. The isotropic point marks the

phase transition to the gapped Néel or Ising phase (Jz > 1), which is characterized by

antiferromagnetic long-range order with two degenerate ground states corresponding

to the two classical Néel states. In the XY phase and the Néel phase, the elementary

excitations are two-spinon states that give rise to either gapless or gapped excita-

tion continua which can be computed exactly using the Bethe ansatz [23–27]. These

excitations can be pictured as pairs of propagating domain walls.

The second model, for which we will study the physics in detail, is the bilinear-

biquadratic spin-1 chain with Hamiltonian

Ĥθ =
∑

i

[
cos θ(Ŝi · Ŝi+1) + sin θ(Ŝi · Ŝi+1)2

]
, (spin-1) (1.2)

where the two coupling constants are parametrized by an angle θ. The case θ = 0

corresponds to the spin-1 antiferromagnet without the biquadratic term, which at

first sight appears to be similar to the spin-1/2 Heisenberg antiferromagnet. However,

in 1983, Haldane conjectured that the physics of spin-S Heisenberg antiferromagnetic

chains is entirely different depending on whether S is an integer or half-integer spin

[28, 29]. For integer spin S, he argued that there is an excitation gap above the

ground state and that correlation functions decay exponentially. For half-integer

spin S, the system is gapless and correlation functions decay with a power law [30].

Due to this famous conjecture, the S = 1 antiferromagnetic chain is also called the

Haldane chain.

Compared to the spin-1/2 case, the higher dimension of the local Hilbert space

in the spin-1 model allows a more general isotropic Hamiltonian with an additional

biquadratic term, and the Hamiltonian (1.2) is the most general SU(2)-symmetric

model with only nearest-neighbor interactions. This model is of great theoretical

interest because it showcases a variety of fascinating condensed matter phenomena

in a relatively simple setting. It gives rise to a rich quantum phase diagram which has
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been studied extensively. In addition to the gapped Haldane phase [28, 29, 31] with

symmetry-protected topological order [21, 22], it features an extended critical phase

[32–36], a ferromagnetic phase [37–41], and a gapped dimerized phase [36, 42–44].

The one-dimensional models of quantum magnetism introduced here are not only

of theoretical interest but also provide an effective description for certain materials,

in which the coupling of spins in one spatial direction of the crystal is much stronger

than in the other two [19, 45]. Recent developments in neutron-scattering tech-

niques have enabled experimentalists to measure for example highly precise dynamic

structure factors for these systems [46]. An early example for a spin-1/2 Heisenberg

antiferromagnetic chain is CuCl2·2NC5H5 (copperpyridinchloride = CPC) [47, 48],

other compounds that realize the model with great precision are KCuF3 [49, 50] and

Sr2CuO3 [51]. A variety of spin-1 chain materials have been discovered as well. For

example, the compound CsNiCl3 contains nearly isotropic antiferromagnetic spin-1

chains with weak interchain coupling, for which the Haldane gap [52, 53] and the

dynamic structure factor have been measured [54]. Other materials realizing anti-

ferromagnetic spin-1 chains are AgVP2S6 [55] and Ni(C2H8N2)2NO2ClO4 (NENP)

[56, 57]. Measurements of the magnetic susceptibility for the effective spin-1 chains

in the vanadium oxide LiVGe2O6 have indicated the presence of biquadratic inter-

actions [58, 59], while the compound NiNb2O6 is an example of a ferromagnetic

spin-1 chain [60]. Models of one-dimensional quantum magnets can also be real-

ized by loading cold atoms with a total magnetic moment into optical lattices [61].

For example, 23Na has total spin S = 1, and experimental setups in which one can

tune the interactions such that the system is effectively described by the bilinear-

biquadratic Hamiltonian (1.2) with different values of the parameter θ have been

proposed [62–64].

While interactions are at the root of the intriguing physics of quantum matter,

they pose challenges for the theoretical treatment. For an interacting quantum many-
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body system, the Hilbert space dimension required to describe the physics generally

grows exponentially with the system size. As many collective phenomena of interest

only emerge for large enough systems, advanced techniques are necessary to tackle

them.

In special cases, exact solutions are possible. In this regard, Bethe ansatz tech-

niques play an important role for one-dimensional systems. Over the years, the

technique Bethe used in his original solution for the spin-1/2 chain [23] has been sig-

nificantly extended in various ways. These advances now allow both the treatment

of a larger range of models and the computation of additional relevant quantities,

including dynamic structure factors for certain systems [34, 65–71]. For models that

are not integrable, i.e., not amenable to a Bethe ansatz solution, exact results are

only available in very particular cases. Relevant examples are the Majumdar-Gosh

spin-1/2 chain [72] and the spin-1 AKLT model [73–76] (as well as its generalizations

to different lattice geometries and higher spins [77, 78]), for which the Hamiltonians

were in fact constructed specifically such that the exact ground state takes a simple

form. These analytical treatments provide both valuable insights into the physics

and can be used to assess the accuracy of other methods. However, their application

remains restricted to a rather small class of physical systems.

To go beyond these, approximate descriptions need to be employed. For many

systems, one can use field-theoretical approaches to identify the relevant low-energy

degrees of freedom, and effective descriptions qualitatively capture the physics [79,

80]. We have already mentioned Haldane’s conjecture, which is based on the mapping

of the spin chain to a continuum field theory, the non-linear σ model (NLσM) [28,

29]. For critical one-dimensional systems, the long-range physics can typically be

described in terms of a conformal field theory (CFT) [81, 82], which is characterized

by a central charge c. While field theories provide valuable insights, they are often

limited in terms of making precise predictions for measurable observables.
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Therefore, it is crucial to complement these techniques with numerical methods.

One can use exact diagonalization and the Lanczos algorithm, but the system sizes

that are within reach are quite modest, even with modern computers. While many

systems can be efficiently simulated using Quantum Monte Carlo (QMC) techniques,

they can suffer from the sign problem. In addition, the errors are of statistical origin

and converge as 1/
√
N , where N is the number of samples. Hence, to improve the

precision by one order of magnitude, one has to increase the number of samples by

a factor of 100.

In this dissertation, we develop and apply novel tensor network techniques, which

play a crucial role in the numerical toolbox for interacting quantum many-body sys-

tems. In particular, for strongly correlated one-dimensional lattice systems, algo-

rithms employing matrix product states (MPS) are regarded as the most successful

numerical techniques [83–85]. For a finite system with L sites and orthonormal

on-site basis states {|σi〉 |σi = 1, . . . , d}, matrix product states have the form

|ψ〉 =
∑

σ1,σ2,...,σL

Aσ1
1 A

σ2
2 · · ·AσLL |σ1σ2 · · · σL〉, (1.3)

where Aσii are Di−1 ×Di matrices. The Di are also called bond dimensions and we

require D0 = DL = 1 such that the matrix product yields a scalar coefficient. The

power of this ansatz wavefunction is rooted in the existence of so-called area laws

and log-area laws for the entanglement entropy [86]. Intuitively, the idea is that

many physically relevant states do not explore the full exponentially large Hilbert

space but rather live in a small “corner” that can be efficiently parametrized by the

MPS ansatz with a moderate number of degrees of freedom. To make this more

precise, let us consider a bipartition of the system into blocks A and B. For any

pure state |ψ〉, one can apply a singular value decomposition (SVD) to obtain the
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Schmidt decomposition, which reads

|ψ〉 =
∑

k

λk|ak〉A ⊗ |bk〉B. (1.4)

Here, λk are the Schmidt coefficients, and |ak〉A and |bk〉B are orthonormal states on

subsystems A and B, respectively. The entanglement of the state |ψ〉 with respect

to this bipartition can be quantified by the Von Neumann or Rényi entanglement

entropies, which are defined as

SvN = −
∑

k

λ2
k log λ2

k and Sα =
1

1− α log
(∑

k

(λ2
k)
α
)
, (α > 0), (1.5)

respectively. For many physically relevant states, the entanglement entropy of a

subregion grows only proportionally to the boundary of the region, and not its vol-

ume [86]. This is for example true for ground states of gapped local Hamiltonians

in one-dimensionsal systems [87], while critical lattice models in 1D are typically

characterized by a log-area law. As a consequence, a moderate number of Schmidt

components (1.4) is sufficient to represent these states with high precision, which

corresponds to MPS with relatively low bond dimensions. In particular, for ground

states of gapped local Hamiltonians in 1D, one can choose the bond dimension in-

dependent of the system size, while critical systems require a bond dimension that

grows only polynomially with the system size [88]. In practice, the accuracies and

computation costs in MPS simulations can be controlled by discarding Schmidt com-

ponents with Schmidt coefficients below some suitably chosen truncation threshold

λtrunc.

The success story of MPS began in 1992, when Steve White introduced the den-

sity matrix renormalization group (DMRG) [89–91], an efficient algorithm for the

computation of ground states. It can be thought of as a variational search where the

energy expectation value 〈ψ|Ĥ|ψ〉 of the Hamiltonian Ĥ is minimized with respect

7



〈ψ|

Ĥ

|ψ〉
Ψσiσi+1

Ψ̄σiσi+1

Aσ1
1 Aσ2

2 Aσ3
3 · · · · · · AσL

L

Āσ1
1 Āσ2

2 Āσ3
3 · · · · · · ĀσL

L

Figure 1.1: Illustration of the tensor network for the ground-state DMRG algo-
rithm. Circles correspond to MPS tensors and squares to the tensors representing
the Hamiltonian as a matrix product operator. For the optimization, the MPS ten-
sors on two neighboring sites were combined into a two-site tensor Ψσiσi+1 . The
tensor network shown corresponds to the evaluation of the energy expectation value
〈ψ|Ĥ|ψ〉, where lines represent indices that are contracted.

to (normalized) MPS ansatz wavefunctions |ψ〉. For typical models, it is straight-

forward to express the Hamiltonian as a matrix product operator (MPO), which

has a similar form as the MPS (1.3) but with two local physical indices (σi, σ
′
i) on

each site. In this representation, the evaluation of the energy expectation value

corresponds to the contraction of a tensor network, which is illustrated in Fig. 1.1.

The strategy for finding the lowest-energy state is to sweep back and forth through

the lattice and iteratively optimize the entries of the local MPS tensors on different

sites. In each optimization step, the MPS tensors on two neighboring sites are com-

bined into a two-site tensor Ψσiσi+1 as shown in Fig. 1.1.1 The tensor elements of

Ψσiσi+1 are optimized by varying the energy with respect to the entries of Ψ̄σiσi+1 ,

taking into account the normalization constraint. This leads to an effective eigen-

value problem, which can be solved using a sparse eigensolver, and the tensor Ψσiσi+1

is updated with the lowest energy eigenstate. It can then be reshaped into MPS

tensors Ψσiσi+1 → Aσii A
σi+1

i+1 using a singular value decomposition (SVD). This pro-

1 Note that one can also avoid this step and optimize one-site tensors (single-site DMRG), but
special care needs to be taken in order to avoid getting stuck in local minima [92, 93].
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e−iĤoddτ

e−iĤevenτ

e−iĤoddτ

e−iĤevenτ

|ψ〉
Aσ1

1 Aσ2
2 Aσ3

3 · · · AσL

L

Figure 1.2: Trotter decomposition and application of two-site gates in the time-
evolution algorithm for MPS. The time-evolution operator for a single time step τ is
decomposed into terms acting on even and odd bonds (1.6). The plot illustrates the
alternating application of the corresponding two-site gates.

cedure is repeated on the neighboring sites, and one sweeps back and forth through

the lattice until the optimization has converged.

The ground-state method was later extended to the simulation of time evolutions

within tDMRG [94–96] which can be applied to study quenches and response func-

tions. Here, one can employ a Trotter decomposition [97, 98] of the time-evolution

operator e−iĤt. Let us consider a Hamiltonian with only nearest-neighbor interac-

tions, Ĥ =
∑

i ĥ(i, i+1), where ĥ(i, i+1) acts on sites i and i+1. All local interaction

terms on even (odd) bonds mutually commute, but terms on neighboring bonds do

not. Hence, one can discretize time into N time steps τ , t = Nτ , and in each time

step, apply the evolution operators corresponding to the even and odd local terms

separately,

e−iĤτ = e−iĤevenτe−iĤoddτ +O(τ 2), where

Ĥeven =
∑

i even

ĥ(i, i+ 1) and Ĥodd =
∑

i odd

ĥ(i, i+ 1).
(1.6)
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Due to the noncommutativity of terms acting on neighboring bonds, one incurs a

Trotter error, which is of the order O(τ 2) for this simple first-order scheme. More

sophisticated decompositions can be employed, where the evolution operator for one

time step is split into more terms, to reduce the error to higher orders of τ [97–99].

The action of a time-evolution operator for a single time step on one bond e−iĥ(i,i+1)τ

corresponds to a two-site gate that is applied to the MPS tensors. The algorithm

is illustrated in Fig. 1.2, where lines represent again the indices of the MPS tensors

and the Trotter gates, and connected lines correspond to indices that need to be

contracted. After the application of a local two-site gate, a Schmidt decomposition

is applied in order to bring the state back into the MPS form (1.3) and small Schmidt

components (1.4) are truncated to control the bond dimensions of the tensors.

This method can also be used to simulate imaginary-time evolutions with time-

evolution operator e−βĤ , which is the basis of algorithms for the simulation of ther-

mal equilibrium. However, these are more challenging as one has to simulate the

corresponding mixed state. To achieve this, one has two conceptually very different

options. In the first approach, one purifies the density matrix [15, 100, 101], i.e.,

represents it as a pure state on an enlarged Hilbert space in matrix product form

[102–104]. This makes it possible to precisely compute static quantities in thermal

equilibrium [105] and gives access to finite-temperature response functions, where

a combination of imaginary-time and real-time evolution is employed [106–110]. In

the second approach, one avoids the enlarged Hilbert space and instead generates

a Markov chain of cleverly chosen pure states that represent the thermal ensemble.

These so-called minimally entangled typical thermal states (METTS) [111, 112] have

relatively low entanglement and can hence be represented efficiently as MPS with

rather small bond dimensions. Thermal expectation values can then be computed

by averaging over the generated METTS samples. In a previous study, we intro-
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duced schemes for the computation of finite-temperature response functions with

METTS, and compared the efficiencies of METTS and matrix product purifications

in detail [113]. We found that for simple one-dimensional systems, matrix prod-

uct purifications are typically more efficient as the accuracy of METTS is limited

by the statistical error that results from the sampling. However, matrix product

purifications can become costly at lower temperatures because the simulation on

an enlarged Hilbert space can lead to a considerable growth of entanglement. For

more complex systems, the purification approach may even become infeasible in the

low-temperature regime, making METTS the method of choice.

One significant limitation of the METTS algorithm in its original form [111, 112]

is the fact that symmetries of the model can not be exploited during the imaginary-

time evolution. Explicitly encoding symmetries in the MPS tensors can speed up the

simulation tremendously, and the possibility to do that is an important ingredient

of a competitive algorithm. We have developed a modification of the algorithm that

allows the use of symmetries, and our efficient symmetric METTS algorithm for

the simulation of canonical and grand-canonical ensembles will be introduced and

demonstrated in Chapter 2.

Other quantities that are important but challenging to compute are spectral

functions and dynamic structure factors. They give detailed information about the

low-lying excitations of a model and hence allow insights into the relevant low-energy

physics. In addition, they provide a link between theoretical models and experimental

results, as they can be directly related to intensities measured in inelastic neutron

scattering or ARPES experiments.

In the MPS framework, spectral functions and dynamic structure factors can

be obtained by first simulating real-time response functions, and then performing a

double Fourier transform from position and time to momentum and frequency space.

One challenge in the simulation of response functions with MPS algorithms is the
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growth of entanglement during the time evolution, which leads to a corresponding

growth of the computation cost with time. This limits the maximum reachable time

and hence the frequency resolution of the resulting spectra. A simple trick can be

used to double the maximum reachable times, but requires a separate simulation for

each distance for which the response function is needed. To address this problem,

we have developed a new algorithm employing infinite matrix product states (iMPS)

with infinite boundary conditions, which makes it possible to use the simple trick for

doubling the maximum time but significantly reduces the number of time-evolution

runs needed. The ground-state approximation in iMPS form can be computed using

the infinite-system density matrix renormalization group (iDMRG) [89, 90, 114].

Here, we also study the convergence of iDMRG, where we observe limit cycles. Our

new attractive technique for the evaluation of response functions and our results

concerning the convergence behavior of iDMRG are discussed in Chapter 3.

Our efficient algorithm for the computation of response functions allows us to gain

new insights into the low-energy physics of the bilinear-biquadratic spin-1 chain (1.2).

Previously, a range of techniques have been applied to explore and understand the

physics of the model, including several Bethe ansatz solutions [32–34, 43, 70, 115–

121], field-theoretical methods [28, 29, 31, 35, 80, 122], and numerical techniques

[36, 123–128]. While the ground-state properties of the model have been studied in

detail, less is known about the low-energy dynamics. In Chapter 4, we fill this gap

by studying the low-lying excitations of the model in detail. Using our new efficient

algorithm, we compute high-resolution dynamic structure factors corresponding to

spin and quadrupolar correlations for a dense grid of values of the Hamiltonian

parameter θ, and explain the observed features. To this end, we compare our data

to Bethe ansatz solutions that are available at special points in the phase diagram,

as well as field-theory descriptions valid in certain parameter regions, which allows

us to contribute to the understanding of the low-energy physics of the model.
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While we have successfully employed our advanced algorithm for the computation

of response functions to obtain high-resolution dynamic structure factors for the

spin-1 model, the fact that response-function data are only available for a time

window up to some maximum reachable time remains a challenge. As taking the

direct Fourier transformation can lead to strong ringing artifacts in the spectrum,

alternative methods are needed. The simplest way to reduce artifacts is to multiply

the response function with a window function. However, this does not make optimal

use of the available data and results in a broadened version of the actual spectrum. A

standard technique to enhance the frequency resolution is linear prediction [106, 128–

130], where a linear predictor is fitted to the response function to extrapolate it to

larger times. In Chapter 5, we explore new approaches for the extraction of spectral

functions and dynamic structure factors based on real-time response functions that

go beyond linear prediction. First, we discuss the use of maximum entropy methods

[131–134]. This idea is inspired by their application in the analytic continuation of

Quantum Monte Carlo (QMC) data [135, 136], which is an ill-conditioned problem.

We adapt the method for the case of precise real-time response functions simulated

with MPS techniques. While the approach yields good results for smooth spectral

functions, we find that in the presence of sharp peaks the resulting spectra often

contain artifacts that are reminiscent of ringing. As an alternative, we introduce

the minimum curvature approach. This new technique is based on minimizing the

total curvature of the spectral function subject to the constraint that it matches the

available data. For several test cases, we have found that the method yields very

good results in the reconstruction of spectral functions.

Let us briefly summarize the structure of this dissertation. In Chapter 2, we

introduce and demonstrate our symmetric METTS algorithm for the simulation of

canonical and grand-canonical ensembles, which allows the implementation of sym-

metries in the MPS operations. Note that this is a significant extension of our earlier
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work [113], and our new results were published in Ref. [137]. Chapter 3 is devoted

to our new algorithm for the computation of response functions using iMPS with

infinite boundary conditions. Note that the results presented in this chapter were

published in Ref. [138]. In Chapter 4, we discuss the low-energy physics of the

bilinear-biquadratic spin-1 chain based on our extensive computation of dynamic

spin structure factors, explaining the nature of excitations in all quantum phases of

the model. A short paper highlighting the most interesting findings has been pub-

lished (see Ref. [139]), while a longer version is in preparation [140]. In Chapter 5,

we discuss new methods for extracting dynamic spin structure factors and spectral

functions from real-time response functions. We summarize our results and conclude

in Chapter 6.
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2

Symmetric minimally entangled typical thermal
states

In this chapter, we describe and demonstrate how symmetries can be utilized to

improve the efficiency of the minimally entangled typical thermal states (METTS)

algorithm. This is an extension of our earlier study of the METTS algorithm [113],

and the new results presented in this chapter were published in Ref. [137].

Recently, it was shown in Ref. [141] how grand-canonical METTS simulations of

response functions can be made substantially more efficient by switching to symmet-

ric states just before the real-time evolution. However, the actual METTS sampling

was unmodified, i.e., symmetries were not employed in the imaginary-time evolution

and transitions.

Here, we discuss symmetric METTS algorithms for both canonical and grand-

canonical ensembles. If the system and its environment exchange energy and there

is a conserved quantity Q̂, the equilibrium state of the system is given by the (here,

unnormalized) canonical ensemble

ρ̂c
β,Q := e−βĤQ on HQ (2.1)
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with ĤQ being the projection of the Hamiltonian onto the quantum number Q sub-

space HQ of the full Hilbert space H =
⊕

QHQ. Similarly, if system and envi-

ronment also exchange the quantity associated with Q̂, the equilibrium state is the

grand-canonical ensemble

ρ̂gc
β,α = e−β(Ĥ+αQ̂). (2.2)

Here, the Lagrange multiplier α fixes the expectation value of Q̂. In more complex

cases with multiple conserved quantities Q̂(j), one can also consider ensembles like

exp[−β(ĤQ(1) + α2Q̂
(2))].

The transitions in the Markov chain of METTS samples are determined by pro-

jective measurements with respect to a collapse basis that can be freely chosen. This

choice strongly affects the statistical properties of the resulting samples [112, 113].

In this work, we introduce novel collapse bases for symmetric METTS simulations.

To be able to conserve global quantum numbers Q and to increase efficiency, we go

beyond bases of single-site product states and carry out the projective measurements

on blocks of several sites. We discuss the influence of the collapse basis choice on the

convergence of the algorithm and introduce Fourier and Haar-random block bases

which are, as we call it, efficiently mixing.

The structure of this chapter is as follows. In Sec. 2.1 we review how symmetries

can be utilized in the matrix product state representation to achieve a significant

speedup in the simulations. We briefly summarize the original METTS algorithm

without the use of symmetries in Sec. 2.2. In Sec. 2.3, we discuss how to use sym-

metries in the simulation of canonical ensembles. We go on to introduce maximally

and efficiently mixing (symmetric) collapse bases in Sec. 2.4 and summarize the fac-

tors influencing convergence speeds in Sec. 2.5. Section 2.6 applies the techniques

to spin-1/2 XXZ chains in the canonical ensemble. A symmetric METTS algorithm

for the simulation of grand-canonical ensembles is introduced and demonstrated in
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Sec. 2.7. We summarize and conclude in Sec. 2.8.

2.1 Symmetries in matrix product states

Let us consider a lattice system with L sites and orthonormal on-site basis states

{|σi〉 |σi = 1, . . . , d}, for which matrix product states (MPS) have the form

|ψ〉 =
∑

~σ

Aσ1
1 A

σ2
2 · · ·AσLL |~σ〉, (2.3)

with ~σ := (σ1, . . . , σL) and Di−1 ×Di matrices Aσii , where D0 = DL = 1.

We are concerned with states |ψ〉 that are eigenstates of a conserved quantity

Q̂. For simplicity, we restrict our considerations to a single Abelian symmetry such

as conservation of total particle number or magnetization. However, everything

generalizes in a very similar manner to the cases of multiple conserved quantities and

non-Abelian symmetries [142, 143]. For the latter, one exploits that dependencies

inside each multiplet are given by Clebsch-Gordan coefficients as exemplified by the

Wigner-Eckart theorem.

For an Abelian symmetry, the conserved quantity may have the form Q̂ =
∑

i q̂i

with q̂i|σi〉 = q(σi)|σi〉.1 We can construct an MPS (2.3) with quantum number Q

by imposing selection rules on the tensor elements [Aσii ]ai,bi . Specifically, one assigns

quantum numbers q(ai) and q(bi) to the matrix indices and imposes selection rules

like

[Aσii ]ai,bi 6= 0 only if q(ai) + q(σi) = q(bi). (2.4)

q(σi)

q(bi)q(ai)

1 The total quantum number can arise less trivially than by summing single-site quantum numbers,
e.g., by addition modulo N for a cyclic group of order N .
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Setting q(a1) = 0 and q(bL) = Q, this ensures that Q̂|ψ〉 = Q|ψ〉.

Explicitly enforcing these conditions by decomposing the tensors into symmetry

blocks leads to a significant speedup and improved accuracy of the MPS algorithms.

The numerically most costly operations are typically singular value decompositions

(SVD) of the tensors in the MPS. These then reduce to cheaper SVDs of the sym-

metry blocks.

2.2 Minimally entangled typical thermal states

The strategy employed in the minimally entangled typical thermal states (METTS)

algorithm [111] is to decompose the thermal density matrix ρ̂β := exp(−βK̂), with

K̂ = ĤQ or K̂ = Ĥ − αQ̂, into a sum of projectors

ρ̂β =
∑

n

Pn|φn〉〈φn|,

with METTS

|φn〉 :=
1√
Pn

e−βK̂/2|n〉, Pn := 〈n|e−βK̂ |n〉.

Here, B := {|n〉} is an appropriate orthonormal basis for the full system with

〈n|n′〉 = δn,n′ . As discussed later, we choose block product states. Block prod-

uct states may be entangled within blocks of a certain number of lattice sites but

not across the block boundaries. Correspondingly, the MPS bond dimensions Di are

1 at the block boundaries.

As described in Refs. [111–113], one can efficiently generate a Markov chain

φn → φn′ → φn′′ → . . .

of METTS in MPS form according to their (unnormalized) probabilities Pn by re-

peated imaginary-time evolution steps |n〉 → |φn〉 and projective measurements

|φn〉 → |n′〉. The evolution step can be executed with time-dependent DMRG
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(tDRMG) [95, 96]. The transition probabilities pn→n′ = |〈n′|φn〉|2 obey detailed

balance

Pnpn→n′ = |〈n′|e−βK̂/2|n〉|2 = Pn′pn′→n. (2.5)

Thermal expectation values 〈Ô〉β = Tr(ρ̂βÔ)/Tr(ρ̂β) can then be computed by av-

eraging 〈φnν |Ô|φnν 〉 over the Markov chain. If the states |n〉 are (block) product

states, the projective measurements can be executed in a sweep through the lattice

by doing local projective measurements [111–113].

In the following, we discuss how symmetries can be utilized in METTS simu-

lations for canonical and grand-canonical ensembles, i.e., how the conservation of

Q̂ =
∑

i q̂i eigenvalues can be used to substantially reduce computation costs. Please

note that Ref. [141] shows how to produce symmetric METTS for the grand-canonical

ensemble for the evaluation of time-dependent quantities (study of quenches or re-

sponse functions). To this purpose, non-symmetric METTS, which are not Q̂ eigen-

states, have been generated. Symmetric METTS are then obtained from these in

subsequent symmetric collapses. While this does not provide any computational ad-

vantage for the imaginary-time evolution and the evaluation of static quantities, it

can make subsequent real-time evolutions of the METTS, in which the symmetries

are exploited, much more efficient [141]. What is described in the following offers an

efficient way to already utilize symmetries during the imaginary-time evolution.

2.3 Symmetries for the canonical ensemble

Conceptually, it is straightforward to simulate canonical ensembles (2.1) using sym-

metric METTS. One simply needs to restrict the initial state and the collapse basis

{|n〉} to the correct symmetry sector. In particular, one should work with an or-

thonormal basis

{|n〉 | Q̂|n〉 = Q|n〉} (2.6)
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of HQ. If these states are (block) product states, they can be easily encoded as

symmetric MPS (2.3) with small bond dimensions, where matrix elements obey the

constraint (2.4). As the Hamiltonian ĤQ commutes with Q̂, the symmetry con-

straints on the MPS also hold during the imaginary-time evolution |n〉 → |φn〉.

Now, the projective measurements |φn〉 → |n′〉 need to be done such that also |n′〉

has quantum number Q. If we use a symmetric collapse basis (i.e., every basis state

is a Q̂ eigenstate), we always stay in the same symmetry sector as transition prob-

abilities pn→n′ = |〈n′|φn〉|2, in the projective measurements, vanish for states |n′〉

with quantum number Q′ 6= Q. Inside the symmetry sector with quantum number

Q, detailed balance is fulfilled as in Eq. (2.5).

In practice, using the same symmetric collapse basis (2.6) for every transition in

the Markov chain can however be very inefficient, because it often leads to strong

autocorrelations between subsequent METTS samples. This is obvious for infinite

temperature, where we would be stuck in the initial state of the Markov chain. To

arrive at an efficient algorithm, one needs to alternate between different symmetric

bases. To this purpose, we introduce novel symmetric collapse bases and discuss

their properties in the following (Sec. 2.4).

After completion of this work, we noticed Ref. [144]. To our knowledge it is

the only previous work trying to simulate canonical ensembles with METTS. In

particular, a canonical ensemble for the Bose-Hubbard model in the gapped Mott

regime was simulated, using only the {n̂i} eigenbasis, i.e., Fock states. Because of

the strong autocorrelations, only every 200th METTS sample was included in the

final ensemble.

2.4 Efficient collapse bases

It is possible and often advantageous to switch between different collapse bases in

order to decrease autocorrelation times in the Markov chain. For example, one can
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do projective measurements using a basis {|n〉} for all odd iteration steps and a

second basis {|ñ〉} for all even iteration steps. Detailed balance is still fulfilled in

every second iteration step, as

Pn

∑
ñ pn→ñpñ→n′ = Pn′

∑
ñ pn′→ñpñ→n, (2.7)

where |n〉 and |n′〉 are from basis 1 and |ñ〉 from basis 2.

A simple example is to collapse alternatingly to {Ŝzi } and {Ŝxi } eigenstates, re-

spectively, for a spin-1/2 system as described in Ref. [112]. For a general system with

a d-dimensional local state space (e.g., the Bose-Hubbard model with a maximum

of nmax = d − 1 particles per site), one can generate Haar-random collapse bases2

for each iteration step and lattice site [113]. Note that in both cases, these measure-

ments break the symmetry associated with the conservation of total magnetization

Ŝztot =
∑

i Ŝ
z
i or total particle number N̂tot =

∑
i n̂i, respectively, because the basis

states are not symmetry eigenstates. Such METTS computations hence simulate the

grand-canonical ensemble and symmetries can in general not be utilized.

2.4.1 Maximally mixing bases

If we use a single collapse basis {|n〉} such as {Ŝzi } eigenstates for a spin system or

{n̂i} eigenstates for a system of bosons or fermions, there is no dynamics at all at

infinite temperature (β = 0). Starting from an arbitrary initial state |n〉, transitions

to all other basis states are impossible such that the METTS simulation is stuck in

the state |n〉.

Having the METTS dynamics at high temperatures in mind, we can minimize

autocorrelation times by switching between collapse bases {|n〉} and {|ñ〉} for which

the distribution of overlaps |〈ñ|n〉| is as flat as possible. In other words, we want

2 With Haar random, we refer to bases being drawn from a probability distribution that is uniform
with respect to the Haar measure, i.e., invariant under unitary transformations. Of course, one can
also use other probability distributions.
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that all overlaps |〈ñ|n〉| are as small as possible. This guarantees that, at least

at high temperatures, transitions to many states are possible and of similar prob-

ability. For β = 0 and a Hilbert space of dimension D,3 an optimal combination

of bases yields transition probabilities pn→ñ = |〈ñ|n〉|2 = 1/D ∀n,ñ4 and also

p
(2)
n→n′ :=

∑
ñ pn→ñpñ→n′ = 1/D ∀n,n′ . More generally, we call a sequence of K

bases maximally mixing, if p
(K)
n→n′ = 1/D ∀n,n′ at infinite temperature, where p(K)

are the transition probabilities after K steps, i.e., when having cycled once through

all K collapse bases.

One example of maximally mixing bases are the bases {|~σ〉} and {|~̃σ〉} of {Ŝzi }

and {Ŝxi } eigenstates for a spin-1/2 system [112]. Here, |σi〉 ∈ {|↑〉, |↓〉} and |σ̃i〉 =

1√
2
(|↑〉 ± |↓〉). Unfortunately, this choice of bases is not applicable if we want to

exploit the conservation of the total magnetization.

We may call a sequence of K bases efficiently mixing if, at infinite temperature,

there are many nonzero K-step transition probabilities p
(K)
n→n′ of comparable (small)

amplitude for every n, and if the transitions grant ergodicity.

In the following, we give specific examples for maximally mixing or at least ef-

ficiently mixing collapse bases that are also applicable for symmetric METTS, i.e.,

when global quantum numbers are conserved.

2.4.2 Symmetric collapse bases with efficient mixing

Inspired by the discrete Fourier transform, one can construct maximally mixing

bases for any D-dimensional Hilbert space. With a first orthonormal basis {|x〉 |x =

3 D = dN for the Hilbert space of an N -site system with single-site Hilbert space dimension d.

4 This is the case where the expansion coefficients of any state |n〉 with respect to the second basis
{|ñ〉} all have absolute value 1/

√
D.
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1, . . . ,D}, we can choose a second basis as

|k̃〉 :=
1√
D

D∑

x=1

e2πikx/D|x〉 for k = 1, . . . ,D, (2.8)

which we call the Fourier basis with respect to {|x〉}. As |〈k̃|x〉|2 = 1/D ∀x, k we have

indeed p
(1)

x→k̃ = 1/D and also p
(2)
x→x′ = 1/D ∀x, x′ at infinite temperature. Note that

we are free to reorder the states |x〉. Hence, permutations can be used to construct

different versions of the Fourier basis.

In principle, we could use this approach to construct global symmetric collapse

bases that are maximally mixing. Let us discuss this using the example of a spin

system. Given an orthonormal basis {|~σ〉} of {Ŝzi } eigenstates for the magnetization

M subspace HM , we can identify the states |~σ〉 with |x〉, where x = 1, . . . , dimHM ,

and obtain their Fourier basis {|k̃〉} according to Eq. (2.8). These two bases of HM

are maximally mixing. We call the METTS scheme in which one alternates between

collapses in this Fourier basis and the {Ŝzi } eigenbasis “SF-Sz” (Symmetric Fourier

w.r.t. Ŝzi ). It is illustrated in Fig. 2.1.

However, such a global Fourier transform is technically infeasible because the

basis states |k̃〉 are in general highly entangled. On average, their entanglement

entropy is extensive, causing exponentially growing computation costs. To avoid

this problem while retaining the efficient mixing property, we divide the lattice into

blocks of b lattice sites. For each of these blocks, we have an {Ŝzi } eigenbasis and

can construct a Fourier basis for each symmetry sector of that block. This is scheme

“SFb-Sz” in Fig. 2.1. For a spin-1/2 system with magnetization conservation, the

2b-dimensional Hilbert space of a b-site block is decomposed into b + 1 symmetry

sectors with magnetizations −b/2,−b/2 + 1, . . . ,+b/2 and corresponding subspace

dimensions
(
b
0

)
,
(
b
1

)
, . . . ,

(
b
b

)
. For each of these subspaces, we construct collapse bases

according to Eq. (2.8) with |x〉 referring in this case to the {Ŝzi } eigenstates of some
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Sz

SF-Sz

SF4-Sz

SF4

SWAP

SWAP2

SWAP8

Figure 2.1: Illustration of collapse bases for the METTS algorithm. The top
depicts the original collapse basis using the {Ŝzi } eigenbasis on each site (Sz). Below,
we alternate between the Sz basis and its global symmetric Fourier transform (2.8)
(SF-Sz). These are maximally mixing. In practice, we approximate the SF-Sz scheme
by restricting the basis construction to blocks of b sites, which are shifted by b/2
lattice sites for every second block collapse (SFb-Sz). Alternatively, a Haar-random
symmetric basis can be chosen on these blocks (SRb-Sz). One can also omit the
Sz-collapse in every second step and only use the Fourier basis, again shifting blocks
in every second collapse (SFb). The swap collapse randomly partitions the lattice
into pairs of sites, where, on each pair, the eigenstates of the swap operator (2.9)
are chosen. The overall collapse basis is the tensor product of these. Again, we
approximate the ideal swap collapse by restricting the pairing to blocks of b sites
(SWAPb), where we shift by b/2 sites in every second collapse.
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fixed magnetization on the block (in some ordering). These bases are maximally

mixing within each symmetry sector, but there are no transitions between different

symmetry sectors of a block. Finally, in order to achieve ergodicity also at infinite

temperature and to enhance the dynamics of fluctuations in general, we can shift

blocks in every second block collapse by b/2 sites as illustrated in Fig. 2.1.

It is instructive to shortly discuss the nature of the resulting METTS dynamics

for an example. The simplest case is a spin-1/2 system in the symmetry sector

with a single up-spin, M = −L/2 + 1. First, consider infinite temperature, β = 0.

With global maximally mixing bases such as the symmetric Fourier Ŝzi bases (SF-Sz),

every second collapse, the up-spin jumps with equal probability to any new site. In

the corresponding block scheme SFb-Sz, the up-spin does a random walk (diffusive)

whose average step size is proportional to the block size b. In contrast, for zero

temperature (β →∞), every METTS is equal to the ground state in HM , for which,

for Hamiltonians of interest, the up-spin is delocalized. So, at low temperatures, the

change in position of the up-spin after each Sz collapse is not caused by the mixing

property of the bases, but mainly by the delocalization due to the imaginary-time

evolution.

Several variations of the above construction of efficiently mixing symmetric bases

are conceivable. One is to use Haar-random collapse bases instead of the Fourier

bases. So, instead of applying Eq. (2.8) to obtain the second basis, one can draw a

Haar-random basis for each symmetry sector of each b-site block. While such collapse

bases, for the same block size b, perform very similarly at high temperatures, their

efficiencies at finite temperatures may be quite different and will in general also

depend on the system parameters. For the spin systems, we call the corresponding

symmetric METTS schemes “SRb-Sz”.

For both the SFb-Sz and SRb-Sz bases, where blocks are shifted in every second

collapse, we noticed that in practice, the intermediate Sz collapses for every second
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sample are not really necessary. They actually result in somewhat slower conver-

gence in our exemplary benchmark simulations. This can again be understood by

considering the overlaps of the different basis states. We denote the schemes where

Sz collapses are omitted by SFb and SRb.

The symmetric Fourier and random block bases naturally have non-symmetric

counterparts that can be applied in simulations of grand-canonical ensembles without

symmetries. One simply omits the partitioning of the Hilbert space into symmetry

sectors and uses Eq. (2.8) or the Haar-random choice in the full b-site Hilbert space.

Such non-symmetric Fourier block bases are always maximally mixing.

Let us briefly mention another variation that we pursued for the construction of

efficiently mixing symmetric collapse bases. It is based on the swap operator that

acts on a pair of lattice sites and swaps their quantum states. For two spins-1/2, it

is

SWAP = |↑↑〉〈↑↑|+ |↑↓〉〈↓↑|+ |↓↑〉〈↑↓|+ |↓↓〉〈↓↓|.

Let SWAPi,j act on sites i and j of the lattice. As [SWAPi,j, Ŝ
z
tot] = 0, we can use a

symmetric eigenbasis of the swap operator,

{|↑↑〉, 1√
2

(
|↑↓〉+ |↓↑〉

)
,

1√
2

(
|↑↓〉 − |↓↑〉

)
, |↓↓〉}, (2.9)

as a collapse basis on pairs of sites. Ideally, we would randomly select arbitrary

pairs of lattice sites (i, j) and choose the swap eigenbasis (2.9) on each of these pairs,

forming the global collapse basis as their tensor product (“SWAP” in Fig. 2.1). To

avoid extensive entanglement, we again restrict the random pairing of sites to blocks

of b lattice sites (“SWAPb” in Fig. 2.1). As before, we also shift the blocks by b/2

lattice sites in every second collapse. For block size b = 2, the symmetric Fourier

basis coincides with the swap basis.

26



2.5 Factors influencing convergence speeds

Clearly, the model and the system parameters strongly affect the convergence of

observables in the METTS sampling algorithm. For a given system, we can signifi-

cantly influence the convergence properties by the choice of the collapse bases. This

influence is mediated by two key mechanisms. First, the choice of the collapse bases

{|n(κ)〉} (κ = 1, . . . , K) determines the METTS ensembles {|φ(κ)
n 〉} from which we

sample. If we could draw independent samples without any autocorrelations, the

statistical error of an observable 〈Ô〉 would solely depend on the distribution of its

measurement values {〈φ(κ)
n |Ô|φ(κ)

n 〉} and their corresponding probabilities P
(κ)
n in the

METTS ensembles. Second, the collapse bases influence the strength of autocorre-

lations between METTS samples.

To see the interplay of collapse bases and observables, consider, e.g., the operator

Ŝ+
0 Ŝ
−
3 in a spin-1/2 system with spin-flip symmetry. At high temperatures (β → 0),

every METTS sample equals its corresponding basis state up to corrections of order

β, i.e., |φn〉 = |n〉 + O(β). Now, if we collapse into states |n〉 that are eigenstates

of Ŝz0 and Ŝz3 , we have 〈n|Ŝ+
0 Ŝ
−
3 |n〉 = 0 ∀n and, hence, 〈φn|Ŝ+

0 Ŝ
−
3 |φn〉 = O(β). The

distribution of measurement values in this METTS ensemble is peaked around the

expectation value 〈Ŝ+
0 Ŝ
−
3 〉 = O(β), leading to small statistical errors. If, however, we

choose basis states |~m〉 that are eigenstates of Ŝx0 and Ŝx3 , we have 〈~m|Ŝ+
0 Ŝ
−
3 |~m〉 =

±1
4
∀~m, and 〈φ~m|Ŝ+

0 Ŝ
−
3 |φ~m〉 = ±1

4
+ O(β) with probabilities 1

2
, leading to large

statistical errors. Note that if our observable of interest happened to be, say, Ŝz0 ,

the effect would be exactly reversed. Hence, there is no generally optimal choice

of collapse bases as the answer also depends on the observables of interest. At low

temperatures, the METTS become similar to the ground state of the system and,

provided it is non-degenerate, the distribution of measurement values is strongly

peaked around the ground state expectation value for any collapse basis.
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Figure 2.2: Effect of different collapse bases on the METTS sampling for the canon-
ical ensemble. We sample METTS for the canonical ensemble of an isotropic spin-1/2
Heisenberg antiferromagnet at inverse temperature β = 1, zero magnetization, and
with system size L = 64. The figure illustrates the effect of different symmetric col-
lapse bases: Sz collapses only (left), and alternating Sz and symmetric Haar-random
collapses (SRb-Sz) with block sizes b = 2 (center) and b = 8 (right). The panels
show the {Ŝzi } eigenstates after Sz collapses. Thermalization of the Markov chains
was ensured by discarding the first 1000 samples.

For the effect of autocorrelations, consider first the näıve way of simulating canon-

ical ensembles by using the same symmetry eigenbasis {|n〉} for every collapse (e.g.,

“Sz” in Fig. 2.1). At infinite temperature, as discussed previously, the Markov chain

cannot leave its initial state because pn→n′ = |〈n′|φn〉|2 = δn,n′ . For small values

of β, the probability that two subsequent samples are equal is still high because

|〈n′|φn〉|2 = δn,n′ + O(β). Thus, the collapse may occasionally induce a few tran-

sitions, but autocorrelations between subsequent samples remain high. One obtains

slow diffusive dynamics in the Markov chain (left panel in Fig. 2.2). This can be

resolved by using a sequence of efficiently mixing bases. For a spin-1/2 system with

magnetization conservation, we can, e.g., alternate between Sz collapses and the cor-

responding symmetric Fourier or Haar-random block bases. The larger we choose

the blocks, the faster the Markov chain explores the state space due to reduced

autocorrelations (center and right panel in Fig. 2.2).
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The influence of the system parameters becomes more important at lower tem-

peratures. As the temperature is decreased, the METTS |φn〉 get closer and closer to

the ground state. Typically, deviations from the ground state are localized if the sys-

tem is gapped, and delocalized if the system is critical. For our block collapse bases,

localized deviations then lead again to diffusive dynamics in the METTS and auto-

correlations may considerably depend on specifics of the chosen bases. Delocalized

deviations generally lead to short autocorrelation times.

2.6 Results for spin-1/2 XXZ chains in the canonical ensemble

In the following, we demonstrate the influence of the collapse bases on convergence

speeds for spin-1/2 XXZ chains [19, 23, 24] with Hamiltonian

Ĥ =
∑

i

(
Ŝxi Ŝ

x
i+1 + Ŝyi Ŝ

y
i+1 + JzŜ

z
i Ŝ

z
i+1

)
, (2.10)

with varying values of the anisotropy parameter Jz. We focus on symmetric METTS

computations for the canonical ensemble (CE) with zero magnetization and also

compare the convergence speeds to those of non-symmetric simulations of the grand-

canonical ensemble (GCE) with 〈Ŝztot〉 = 0. The convergence behavior for different

temperatures, observables, and collapse bases is shown in Fig. 2.3. It demonstrates

how our novel collapse bases can significantly improve the convergence in practice.

The statistical error of the METTS sampling is quantified as follows. First,

we apply the purification approach [102], which has been adapted to also describe

canonical ensembles and utilize symmetries [104, 145], to compute reference values

of observables. For these simulations, we use the same system parameters, ensemble,

and system size as for the corresponding METTS computation, and set a very low

DMRG truncation threshold such that we can regard the obtained reference values

as quasi-exact. For the error of N METTS (ErrorN in Figs. 2.3, 2.4, and 2.7), we
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Ŝ
− 1
〉 β
)

GCE

Sx-Sz

E
rr
or
N

( 〈
Ŝ
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Figure 2.3: Convergence of METTS for different symmetry-conserving collapse
bases in the canonical ensemble. We study spin-1/2 XXZ chains with L = 64 sites
and zero magnetization at the isotropic point (left two columns, anisotropy param-
eter Jz = 1 in Eq. (2.10)) and in the gapped phase (Jz = 3) for different inverse
temperatures β. The considered observables are the energy per site 〈Ĥ/L〉 (top),
the correlator 〈Ŝ+

0 Ŝ
−
1 〉 (center), and the correlator 〈Ŝ+

0 Ŝ
−
3 〉 (bottom), where site i = 0

refers to the center of the lattice. For the collapse bases, we compare the {Ŝzi } eigen-
basis on each site (Sz), the symmetric Fourier (SFb), and the symmetric random
(SRb) bases on blocks of b sites. As a reference, we also show the convergence for
alternating {Ŝxi } and {Ŝzi } eigenbases (Sx-Sz) in a simulation of the GCE. Numbers
in the lower left corners of the panels state the quasi-exact values of the observables
in the CE.
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generate several sets of N subsequent samples, and take the root mean square of the

average (absolute) deviations of the observable from the quasi-exact reference data in

each set.5 For the METTS simulations, the DMRG truncation threshold λtrunc and

the Trotter time step τ were chosen such that the corresponding errors are negligible

compared to the statistical error. See, e.g., Ref. [113] for details or Ref. [91] for a

general review.

In Fig. 2.3, the first two columns show results for the isotropic antiferromagnet

(Jz = 1 in Eq. (2.10)) at inverse temperatures β = 2 and 8, and the third column

shows results for Jz = 3 in the gapped Néel phase at inverse temperature β = 8.

The rows correspond to different observables: the energy per site 〈Ĥ/L〉 and the

correlators 〈Ŝ+
0 Ŝ
−
1 〉 and 〈Ŝ+

0 Ŝ
−
3 〉. Site i = 0 is located at the center of the lattice,

i.e., correlators are evaluated near the center to minimize finite-size effects.6 At high

temperatures (β = 2), using only the Sz collapse leads to strong autocorrelations that

slow down the convergence for all three observables shown here. This problem can be

alleviated by choosing the efficiently mixing symmetric Fourier or symmetric Haar-

random collapse bases. In many cases, the symmetric Fourier bases work slightly

better than the symmetric random bases. Errors reduce with increasing block sizes

b. Larger block sizes typically also increase the computation costs per sample. For

the correlator 〈Ŝ+
0 Ŝ
−
3 〉, the simple Sz collapse leads, for the chosen temperatures,

to relatively small statistical errors. This can be attributed to the fact that the

distribution of measurement values is peaked around the (small) expectation values

〈Ŝ+
0 Ŝ
−
3 〉, while it is broader for our novel block bases SFb and SRb. Still, the latter

reduce autocorrelations between samples: The curves corresponding to our new block

5 In practice, when reference values are not available, one can apply standard techniques for the
estimation of statistical errors in Monte Carlo simulations, e.g., jackknife resampling or bootstrap-
ping, to probe the efficiency of different collapse bases.

6 Specifically, site 0 is the left of the two central sites for even system sizes L. We tested the
influence of the exact position of site 0 on the correlators. It is negligible except for very high
temperatures. Also, one could exploit spatial self-averaging [113], but we did not in this study.
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bases roughly follow the 1/
√
N convergence, while the Sz-curves start rather flat,

which is due to the autocorrelations. In the combination of both effects, the novel

block bases typically outperform the simple Sz collapse, sometimes reducing errors

by an order of magnitude.

For the critical system at low temperatures (center column in Fig. 2.3), the

METTS errors are relatively independent of the chosen collapse bases. Our in-

terpretation is that, in this case, the METTS are similar to the ground state with

deviations from it being delocalized such that the particular choice of the collapse

bases in the blocks is not as decisive. For the gapped phase at low temperatures

(right column in Fig. 2.3), however, the METTS errors vary significantly for the

different bases. Our interpretation is that, in this case, deviations from the ground

state are much more localized such that the distributions of measurement values and

autocorrelations depend considerably on the basis choice. For both values of Jz, the

Fourier bases (SFb) provide the best results.

To compare convergence speeds, Fig. 2.3 also shows METTS errors for a simula-

tion of the GCE using the non-symmetric METTS algorithm, where one alternates

between the {Ŝzi } and {Ŝxi } collapse bases. The comparability is of course somewhat

limited as the CE and GCE are not equivalent for our finite systems. Overall, the

statistical errors in the simulation of the CE with our novel symmetric collapse bases

are comparable to and sometimes considerably smaller than those of the GCE sim-

ulation using the Sx-Sz bases. Hence, beyond cases where one specifically wants or

needs to study the CE, simulating the CE with symmetries can be an efficient variant

of the METTS algorithm when one is interested in the thermodynamic limit. This

is possible because, as we learn from statistical mechanics, the different equilibrium

ensembles such as the CE (2.1) with quantum number Q and the GCE (2.2), with

α tuned such that 〈Q̂〉gc
α = Q are equivalent in the thermodynamic limit.

The symmetry-breaking versions of the Fourier and Haar-random bases can also
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Figure 2.4: Influence of collapse bases on the convergence of METTS in the grand-
canonical ensemble without symmetries. For the antiferromagnetic spin-1/2 Heisen-
berg chain (Jz = 1 in Eq. (2.10)) at inverse temperature β = 1, we show METTS
errors for the energy per site 〈Ĥ/L〉 as a function of the number of samples N . The
curves compare non-symmetric Haar-random collapse bases (Rb) on blocks of b = 1,
2, 4, and 8 sites.

be applied in simulations of the GCE without symmetries. In many cases, this

improves the convergence of the sampling as illustrated for the antiferromagnetic

spin-1/2 Heisenberg chain in Fig. 2.4. Here, we use Haar-random symmetry-breaking

collapse bases (Rb) on blocks of b = 1, 2, 4, and 8 sites and compare the statistical

errors of the thermal energy per site. The behavior observed here is typical: The

statistical errors reduce as the block size is increased. Note, however, that larger

block sizes also tend to increase the computation cost per sample.

2.7 Symmetric simulation of grand-canonical ensembles

Except for Ref. [144], METTS have so far been used exclusively to simulate grand-

canonical ensembles (2.2) [111–113, 141, 146, 147], alternating between different col-

lapse bases that break the symmetry of the system to reduce autocorrelations. In

this case, basis states are not eigenstates of the conserved quantities (Q̂) and it is
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〈φn|Ô|φn〉
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〈φn′′ |Ô|φn′′〉

|n′′′〉 =∑j αj |n′′′j 〉

p n
′′
→

n
′′
′

sy
m
m
et
ry
-b
re
ak
in
g

|n′′′
1 〉 |n′′′

2 〉 |n′′′
3 〉

|φn′′′
1
〉 |φn′′′

2
〉 |φn′′′

3
〉

|φn′′′〉 =∑j cj |φn′′′
j
〉

〈φn′′′ |Ô|φn′′′〉

Figure 2.5: Illustration of the symmetric METTS algorithm for the grand-canonical
ensemble using small sets of symmetry eigenstates. An initial symmetric basis state
|n〉 is evolved in imaginary time to obtain the METTS |φn〉. After the evaluation
of observables, a suitable symmetry-breaking collapse results in a non-symmetric
basis state |n′〉. It is split into its symmetric components {|n′j〉}, which are sepa-
rately evolved to obtain a small collection of symmetric states {|φn′j〉}. Observables

are evaluated with respect to this collection according to Eq. (2.13), and a collapse
using a symmetric basis yields a new symmetric basis state |n′′〉. We keep alternat-
ing between symmetry-breaking and symmetric collapse bases to explore different
symmetry sectors according to their weights in the GCE.

hence in general not possible to exploit symmetries in the MPS representation (2.3)

of the METTS.

In the following, we discuss a modification of the algorithm to simulate grand-

canonical ensembles under utilization of symmetries.

2.7.1 The symmetric METTS algorithm

As illustrated in Fig. 2.5, we employ small collections of symmetric METTS to exploit

symmetries in the DMRG time evolution. Starting from an initial symmetric basis

state |n〉 with some quantum number Q, we use imaginary-time evolution to obtain

the corresponding symmetric METTS sample |φn〉, where symmetries can be utilized

in the tDMRG algorithm as described in Sec. 2.1. After the evaluation of observables,

we apply a collapse that breaks the symmetry in such a way that the resulting basis

state |n′〉 only has contributions from a small number of different symmetry sectors.
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We write the new basis state as a superposition of (normalized) symmetry eigenstates,

|n′〉 =
∑

j

αj|n′j〉, (2.11)

where |n′j〉 is the component with quantum number Qj. Subsequently, the |n′j〉 are

evolved in imaginary time separately, again exploiting symmetries.

The DMRG time evolution [95, 96] usually entails a Trotter decomposition. After

each time step sτ → (s + 1)τ , the MPS should be renormalized to avoid numerical

problems due to the exponential norm decay. So, after each time step, we multiply

the evolved state j by a factor 1/r
(j)
s . In order to keep the different renormalizations

in the separate time evolutions of the states |n′j〉 consistent, we have to determine

their relative weights Pn′j = 〈n′j|e−βĤ |n′j〉. These can be obtained by multiplying

the renormalization factors r
(j)
s ,

Pn′j =
[∏

s

r(j)
s

]2

= exp
[
2
∑

s

log r(j)
s

]
. (2.12)

As indicated, we do not actually multiply the r
(j)
s but rather accumulate the sum of

their logarithms because the Pn′j decay exponentially in the system size and inverse

temperature β. One should take care that the factors r
(j)
s do not comprise the norm

change due to the DMRG truncations of bond dimensions but only the norm change

due to the application of evolution operators e−∆τĤ .

With the resulting normalized states |φn′j〉, the normalized METTS sample is

then given by

|φn′〉 =
∑

j

cj|φn′j〉, where cj ≡
αj
√
Pn′j√∑

k |αk|2Pn′k

,

and |φn′j〉 = P
−1/2

n′j
e−βĤ/2|n′j〉. However, note that we can evaluate any observ-

able Ô without explicitly encoding the superposition |φn′〉 as an MPS according to
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〈φn′ |Ô|φn′〉 =
∑

kj c
∗
kcj〈φn′k

|Ô|φn′j〉. For symmetry-conserving observables [Ô, Q̂] = 0

we have 〈φn′k
|Ô|φn′j〉 = 0 for k 6= j as Qk 6= Qj ∀ k 6= j, and the expression reduces

to the simple sum

〈φn′|Ô|φn′〉 =
∑

j

|cj|2〈φn′j |Ô|φn′j〉. (2.13)

Subsequently, the small collection of symmetric METTS is collectively collapsed

to a new single symmetric basis state |n′′〉, using, e.g., any of the symmetric collapse

bases described in Sec. 2.4. The transition probabilities for this projective measure-

ment can be obtained using Ô = |n′′〉〈n′′| in Eq. (2.13). We end up with a single

state |n′′〉 that has one of the quantum numbers {Qj}. This procedure is repeated,

alternating between symmetry-breaking and symmetric collapse bases to explore the

different symmetry sectors according to their weights in the GCE until the estimates

of observables have reached the desired accuracy.

2.7.2 Suitable symmetry-breaking bases

As described, we suggest to alternate between symmetric and symmetry-breaking

collapse bases, where elements of the latter should only have components from a few

different symmetry sectors to allow for an efficient simulation.

For a spin-1/2 system with conservation of the total magnetization, a simple

choice is based on the Sz collapse. For even iteration steps, we can use the {Ŝzi }

eigenbasis. For odd iteration steps, we randomly select nx sites on which the Ŝxi

eigenbasis is used as the collapse basis, while the Ŝzi eigenbasis is used on all other

sites (“Sz/Sx”). A new set of nx sites is drawn for every symmetry-breaking collapse.

It is straightforward to obtain the symmetric components, {|n′j〉} in Eq. (2.11), of

the non-symmetric basis states |n′〉 in MPS form. Note that with the described

choice of bases, the parameter nx is directly related to the number of states in the

small collection of symmetric METTS described above. Specifically, the states |n′〉
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have nx + 1 components with different magnetizations that are separately evolved in

imaginary time. Correspondingly, the total magnetizations of subsequent symmetric

samples (|φn〉 and |φn′′〉 in Fig. 2.5) differ by ∆M ∈ {−nx, . . . , nx}.

In generalization of this symmetric Sz-Sz/Sx scheme, one can reduce autocorre-

lations, e.g., by starting from any of the efficiently mixing symmetric block bases

discussed in Sec. 2.4 and, for odd iteration steps, modify the collapse basis for some

randomly selected blocks to allow for changes of the conserved quantities, similar to

the role of the Ŝxi eigenbasis above.

2.7.3 Quantum number trajectories and convergence

We test the algorithm for the isotropic spin-1/2 Heisenberg antiferromagnet, corre-

sponding to Jz = 1 in Eq. (2.10). For collapses, we alternate between 4-site block

symmetric Fourier bases (SF4 with blocks shifted by 2 sites in every second use),

and nonsymmetric bases, where the Ŝxi eigenbasis is used for nx randomly selected

sites and the Ŝzi eigenbasis for all other sites. We denote this combination of bases

by “SF4-Sz/Sx”.

Figure 2.6 shows trajectories of the total magnetization M(ν) = 〈φnν |Ŝztot|φnν 〉

occurring in the Markov chain and the probability distribution {pM} of the mag-

netization in the GCE, obtained by the MPDO approach that was introduced in

Ref. [104]. The rows in Fig. 2.6 show data for different values of nx in the symmetry-

breaking collapse. The columns correspond to different inverse temperatures β = 1,

4, and 8. Whenever we use the symmetric collapse basis (even steps ν in the Markov

chain), the METTS sample is an Ŝztot eigenstate with magnetization M(ν). For odd

ν, M(ν) is the Ŝztot expectation value. Note that for nx = L, we alternate between

the {Ŝxi } eigenbasis and the SF4 bases (SF4-Sx collapse).

In all cases, the Markov chain appropriately explores the symmetry sectors ac-

cording to their weights. At lower temperatures, the distribution is peaked around
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Figure 2.6: Illustration of METTS simulations for grand-canonical ensembles. We
consider the antiferromagnetic spin-1/2 Heisenberg chain (Jz = 1 in Eq. (2.10)) with
〈Ŝztot〉 = 0 and system size L = 64. The density plots show the distribution {pM}
of the total magnetization M , computed with MPDOs as described in Ref. [104].
Lines show exemplary trajectories of M(ν) in Markov chains of symmetric METTS
simulations using the SF4-Sz/Sx collapse bases as discussed in Sec. 2.7. They are
characterized by nx, the number of sites on which the symmetry-breaking Ŝxi eigen-
basis is used. Note that for even iteration steps ν, the state is an eigenstate of
Ŝztot with quantum number M(ν) while, for odd ν, we use the expectation value
M(ν) = 〈φnν |Ŝztot|φnν 〉.

the center (M = 0), while at higher temperatures, a large number of symmetry sec-

tors contribute significant weight to the GCE. In the zero-temperature limit β →∞,

where the system is in its ground state with quantum number M = 0, the symmetry-

breaking collapse forces the resulting superposition to have components with M 6= 0.

However, in this case, the imaginary-time evolution essentially projects onto the

ground state, such that all contributions with M 6= 0 are exponentially suppressed.

The parameter nx determines the speed with which the Markov chain can explore
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Figure 2.7: Convergence of the symmetric METTS algorithm for grand-canonical
ensembles. As an example, we consider the antiferromagnetic spin-1/2 Heisenberg
chain with L = 64 and 〈Ŝztot〉 = 0. We show the METTS error as a function of
the number of samples N at inverse temperatures β = 1 (left), 4 (center), and 16
(right), for the energy density 〈Ĥ/L〉 (top), the correlator 〈Ŝ+

0 Ŝ
−
1 〉 (center), and the

correlator 〈Ŝ+
0 Ŝ
−
3 〉 (bottom). For collapses, we use the SF4-Sz/Sx bases as described

in Sec. 2.7 and compare their performance to the non-symmetric Sx-Sz collapse.
Numbers in the lower left corners of the panels state the quasi-exact values of the
observables.

the symmetry sectors. It limits the maximum change in magnetization that can be

achieved in a single symmetry-breaking collapse.

Comparing with quasi-exact purification data [104], Fig. 2.7 shows the error of the

algorithm as a function of the number of samples. The DMRG truncation threshold

λtrunc and the Trotter step-size ∆τ were again chosen such that the error is dominated
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by the statistical error. See Ref. [113] for a detailed discussion of the interplay of

different error sources in the METTS algorithm. We consider the same observables

as in Fig. 2.3, namely the energy per site 〈Ĥ/L〉 and the correlators 〈Ŝ+
0 Ŝ
−
1 〉 and

〈Ŝ+
0 Ŝ
−
3 〉, all at inverse temperatures β = 1, 4, and 8. The error of the energy

expectation value decreases with increasing nx until nx = L/2. For the nearest-

neighbor correlator 〈Ŝ+
0 Ŝ
−
1 〉 the variations with nx are rather small. For the correlator

〈Ŝ+
0 Ŝ
−
3 〉 at the highest temperature (β = 1), errors increase with increasing nx, and,

at the lower temperatures (β = 4, 8), the variations with respect to nx are again

rather small. These properties can again be explained through the competition

between autocorrelations and the spread in the distribution of measurement values.

In general, Fig. 2.7 shows that also for rather small values of nx, the error of

our new symmetric METTS algorithm is comparable to the error of the original

simulation of the GCE without the use of symmetries, where one alternates between

{Ŝzi } and {Ŝxi } eigenbases on all sites (Sx-Sz collapse). Hence, the use of symmetries

can make METTS simulations significantly more efficient.

2.8 Conclusions and discussion

We have demonstrated how the METTS algorithm can be modified to allow for the

utilization of symmetries. Conceptually, this is straightforward for the canonical

ensemble – one just needs to employ collapse bases that respect the symmetries of

the system. In practice, it is important to cycle through a set of different collapse

bases to reduce autocorrelation times. To this purpose, we have introduced and

tested efficiently mixing collapse bases such as Fourier bases and Haar-random bases

which involve states that are entangled within blocks of several sites. We have also

introduced an efficient algorithm for the simulation of the grand-canonical ensemble

under utilization of symmetries, using small collections of symmetric METTS.

Explicitly encoding symmetries in the MPS representation of the quantum states
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leads to a considerable speedup in the imaginary-time evolution and can hence make

the sampling significantly more efficient. For both ensembles, we have discussed the

effect of the collapse bases on the convergence of the METTS algorithm. Good bases

grant short autocorrelation times in the Markov chain of METTS samples and a

narrow distribution of measurement values for the observables of interest.

As demonstrated in this chapter, understanding the role of the collapse bases and

finding improved bases is a promising route to enhancing the efficiency of METTS

simulations.
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3

Infinite boundary conditions for response functions
and limit cycles within the infinite-system density

matrix renormalization group approach

In this chapter, we address the computation of response functions with matrix prod-

uct state techniques. As outlined in the introduction, these are quantities of great

importance. They can be Fourier transformed to yield spectral functions or dynamic

structure factors, which provide detailed information about the low-lying excitations

of a model and can be directly compared to experimental results.

Their calculation with numerical methods remains challenging. For one-dimensional

(1d) systems, density-matrix renormalization group (DMRG) algorithms allow us to

efficiently determine precise approximations of ground-state wavefunctions, either

as matrix product states (MPS) for finite systems or as infinite MPS (iMPS) in

the thermodynamic limit [89, 90, 114]. In combination with time-evolution algo-

rithms [94–96], one can compute real-time response functions. One challenge in this

approach is the growth of entanglement during time evolution, which leads to a cor-

responding growth of the computation cost with time. While a simple trick allows
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to double the maximum reachable times, it requires a separate time-evolution run

for each distance for which the response function is needed.

Here, we introduce a new scheme for finite-system simulations of translation-

invariant models that reduces the required number of time-evolution runs signif-

icantly. In addition, we show how iMPS simulations can be used to reduce the

number of required runs to only two. If we apply a local perturbation to an initial

uniform iMPS and evolve the state in time, Lieb-Robinson bounds [148] guarantee

that the perturbation only has a significant effect on sites within a causal cone, a

finite spatial region that grows linearly with time. We can hence simulate the time

evolution using a finite heterogeneous window with infinite boundary conditions, a

technique that has been used before to study quantum quenches [149, 150]. The

difference in our approach is that we shift the heterogeneous windows of two iMPS

relative to each other to evaluate the response functions for all required distances

between perturbation and measurement. Note that after the main parts of this work

were completed, Ref. [151] appeared, which introduces a similar technique for the

simulation of finite-temperature response functions with purifications.

Different algorithms exist to obtain an approximation of the ground state in

form of a uniform iMPS. We use infinite-system DMRG (iDMRG) [114] which is

rather efficient and straightforward to implement. Alternatively, one can employ the

uniform variational iMPS algorithm of Ref. [152] or imaginary-time evolution using

the infinite time-evolving block decimation algorithm [153, 154]. As the ground-

state calculation is followed by a real-time evolution which typically dominates the

computation cost, possible differences in convergence speeds for the ground-state

computation are not so important.

We address the convergence of the iDMRG algorithm for different phases of the

bilinear-biquadratic spin-1 model and sizes of the iDMRG unit cell nc. We ob-

serve that under certain conditions, the algorithm fails to converge to a simple fixed
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point, but can rather converge to a nontrivial limit cycle of length m. Based on our

analysis of corresponding fidelities, this is to be interpreted as the proximity to a low-

entangled iMPS solution with a larger unit cell of size mnc. We also discuss how the

use of symmetric initial states for iDMRG can result in substantially increased bond

dimensions and degeneracies of the MPS transfer operator that can cause problems

in the wavefunction orthogonalization.

We discuss the algorithms using the SU(2) symmetric bilinear-biquadratic spin-

1 chain as an example. The Hamiltonian can be parameterized by an angle θ ∈

[−3π/4, 5π/4] and reads

Ĥθ =
∑

i

[
cos θ(Ŝi · Ŝi+1) + sin θ(Ŝi · Ŝi+1)2

]
. (3.1)

Depending on θ, the system can be in different interesting quantum phases. In the

present chapter, we will only point out the properties of the model at different values

of θ in so far as it is necessary to discuss the algorithms. Note that the following

Chapter 4 is devoted to a detailed discussion of the low-energy physics of the model.

There, a summary of the different quantum phases can be found in Sec. 4.1, and

Fig. 4.1 shows an illustration of the phase diagram.

The structure of this chapter is as follows. Section 3.1 reviews the calculation

of response functions for translation-invariant systems in the linear response regime

using matrix product state methods. In Sec. 3.2, we describe schemes to calculate

response functions with finite-system simulations. In Sec. 3.3, we introduce an effi-

cient scheme using infinite boundary conditions that reduces the number of required

time-evolution runs. In Sec. 3.4, we discuss nontrivial limit cycles in the iDMRG

algorithm. We summarize and conclude in Sec. 3.5.
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3.1 Response functions for translation-invariant systems

The response of a system to a time-dependent perturbation Ĥ → Ĥ ′(t) = Ĥ+f(t)B̂y

around site y can be characterized by its influence on the expectation value of an

observable Âx, located around site x. According to linear response theory, the effect

of weak perturbations is determined by time-dependent correlation functions,

〈Âx〉t = 〈Âx〉0 − i
∫ t

−∞
dt′ f(t′)〈[Âx(t), B̂y(t

′)]〉0 +O(f 2)

which is the fluctuation-dissipation theorem. Here, 〈. . .〉0 denotes the expectation

value with respect to an initial Ĥ-equilibrium state and the right-hand side uses

the Heisenberg picture. In this work, we consider systems at zero temperature, i.e.,

response functions have the form 〈ψ|Âx(t)B̂y(t
′)|ψ〉 if the ground state |ψ〉 is non-

degenerate, and are given by a corresponding average in the case of degeneracies.

In translation-invariant autonomous systems, the response functions only depend

on x− y and t− t′. They can hence be parametrized, equivalently, by momentum k

and frequency ω, i.e., the Fourier transform with respect to space and time

S(k, ω) =
∑

x

e−ikx
∫

dt eiωtS(x, t) (3.2)

with S(x, t) = 〈ψ|Âx(t)B̂0(0)|ψ〉.

These are typical experimental observables, e.g., measured in ARPES and neutron

scattering experiments.

For 1d systems, ground states |ψ〉 can be determined efficiently in MPS form

using the DMRG method. The simplest way to compute response functions would

be to apply B̂0 to |ψ〉 and use time-dependent DMRG (tDMRG) to obtain an MPS

approximation of |ψB̂0
(t)〉 := e−iĤtB̂0|ψ〉. Then, the response function is obtained

by evaluating matrix elements

S(x, t) = eiE0t〈ψ|Âx|ψB̂0
(t)〉 (3.3)
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Figure 3.1: Causal cone in the dynamics after application of a local operator. For
the bilinear-biquadratic spin-1 chain (3.1) with θ = 0.2 π, we show the Von Neumann
entanglement entropies SvN(x, t) (1.5) for bipartitions of the system at bond x for
the state |ψŜz0 (t)〉 at time t after applying the local perturbation Ŝz0 in the center of
the chain. Note that the color scale is chosen such that the value of the ground-state
entanglement entropy corresponds to white.

with the ground-state energy E0. One issue with this approach is that, in states

|ψB̂0
(t)〉, correlations spread in a causal cone emanating from (x, t) = (0, 0). As a

consequence, entanglement entropies for bipartitions that cut this region grow (see

Fig. 3.1 for an illustration) and tDMRG computation costs increase accordingly,

limiting the maximum reachable times.

There is a simple trick to increase (typically double) the accessible time range.

By also computing |ψÂ†x(−t)〉, we have

S(x, t1 + t2) = eiE0(t1+t2)〈ψÂ†x(−t1)|ψB̂0
(t2)〉. (3.4)

While this is very advantageous concerning the reachable times, there is one drawback

compared to Eq. (3.3). Often, one needs S(x, t) for some range of distances x. The

typical situation is that we want to compute spectral functions S(k, ω) and hence

need all S(x, t) that are not negligible for the spatial Fourier transform in Eq. (3.2),

corresponding to a time-dependent range |x| < `. While for Eq. (3.3), only a single

time-evolution run is needed, assuming reflection symmetry, we need ∼ ` runs for
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(a)

(b)

Figure 3.2: Illustration of finite-size schemes for the computation of response func-
tions. (a) In finite-size simulations, response functions S(x, t) for a certain spatial
range 0 ≤ x < ` can be evaluated according to Eq. (3.4) by evolving B̂0|ψ〉 and
Â†x|ψ〉, and computing their overlaps. This requires `+ 1 evolution runs. (b) A more
efficient method is to evolve B̂x′ |ψ〉 and Â†x′′ |ψ〉 for some strategically chosen sites x′

and x′′ as in Eq. (3.5). This “square-grid scheme” reduces the number of required
evolution runs to ≈ 2

√
`.

Eq. (3.4). We will show in the following how this can be avoided.

Note that the trick of Eq. (3.4), in a generalized form, also works for non-zero

temperatures [110, 113, 155]. Another device to reach longer times, which is by

now a standard tool, is to extrapolate the simulation data through linear prediction

[106, 128].

3.2 Finite-size simulations

3.2.1 Reduced number of evolution runs in the square-grid scheme

The number of time-evolution runs, required to compute S(x, t) for |x| < ` with

maximum times as in Eq. (3.4), can be reduced from ∼ ` to ∼ 2
√
`. For simplicity,

reflection symmetry is assumed such that x ≥ 0 is sufficient. Let n = ceil(
√
`). Do

n time-evolution runs to compute |ψB̂j(t2)〉 for j = 0,−1, . . . ,−(n− 1). Then, do n

runs to compute |ψÂ†in(−t1)〉 for i = 0, 1, . . . , n − 1 as indicated in Fig. 3.2. Their

mutual overlaps yield

S(x = in− j, t1 + t2) = eiE0(t1+t2)〈ψÂ†in(−t1)|ψB̂j(t2)〉. (3.5)
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for x = 0, . . . , n2− 1. To avoid finite-size effects, sites i and j need to be at sufficient

distance from the boundaries in a region where the state is approximately translation

invariant. Finite-size effects can be reduced further by employing smooth boundary

conditions [156]. The described “square-grid scheme” can be easily adapted for states

ψ with a unit cell of size nc > 1 in the bulk.

3.2.2 Fourier-transformed operators

Sometimes, one is not interested in the full momentum dependence of the response

function but only, say, a particular momentum k or a few momenta. In such cases,

an alternative to computing the response S(x, t) and Fourier transform is to directly

determine the Fourier transformed correlator [110]

〈ψ|Âk(t)B̂0(0)|ψ〉 with Âk =
∑

x

e−ikxÂx. (3.6)

If Âx is a single-site operator, Âk can be written as a matrix product operator (MPO)

with bond dimension D = 2. For a single momentum k, we can use the analog of

Eq. (3.4) to compute S(k, t) with only two evolution runs. This approach has one

drawback. While the entanglement growth in states |ψÂ†x(−t)〉 is restricted to a

causal cone centered at site x, entanglement entropies typically grow for all bonds in

states |ψÂ†k(−t)〉. In comparison, the computation costs are hence typically increased

by a factor proportional to the system size or to ` if the sum in the definition of Âk

is limited to the range |x| < `.

3.3 Using infinite boundary conditions

3.3.1 The method

An attractive option for the evaluation of response functions S(x, t) = 〈ψ|Âx(t)B̂0(0)|ψ〉

for a whole range of distances x is to work in the thermodynamic limit using infinite

48



L1 L2 L3 M1M2
. . . M`w

M̃1 M̃2
. . . M̃`wR1 R2 R3

(a)

(b)

(c)

Figure 3.3: Scheme with infinite boundary conditions for the computation of re-
sponse functions. Using infinite boundary conditions for translation-invariant sys-
tems, two evolution runs are sufficient to evaluate response functions S(x, t) for a
certain spatial range |x| < `. (a) First, one computes the initial state ψ in uiMPS
form. In the diagrams, we assume it has a unit cell of size nc = 3. (b) Then, one
evolves Â†0|ψ〉 and B̂0|ψ〉 in time by allowing iMPS tensors to vary in a heterogeneous
window of width `w around site 0. (c) Finally, one computes overlaps of the evolved
states shifted spatially relative to each other to obtain S(x, t).

boundary conditions. In this case, one can use the following procedure, for which

two time-evolution runs are sufficient.

1. Compute a uniform iMPS (uiMPS) approximation ψ of the ground state using

imaginary-time evolution [153, 154], iDMRG [89, 90, 114], or the approach of

Ref. [152] to find iDMRG fixed points with non-local updates.

2. For the following, allow the tensors of the iMPS within a spatial interval (“win-

dow”) of appropriate size `w to vary in time as in Refs. [149, 157], i.e., switch

from a uniform to a heterogeneous iMPS.

3. Apply operators Â and B̂ at a site i = 0 in the center of the window to get

Â†0|ψ〉 and B̂0|ψ〉.

4. Evolve both states in time to obtain |ψÂ†0(−t1)〉 and |ψB̂0
(t2)〉.
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5. Evaluate overlaps of the time-evolved states with a relative spatial shift by x

sites to obtain

S(x, t1 + t2) = eiE0(t1+t2)〈ψÂ†0(−t1)|T̂−x|ψB̂0
(t2)〉, (3.7)

where T̂−x shifts by −x sites.

Note that, if the system is critical, we are formally working in the thermodynamic

limit here, but the finite MPS bond dimension D of the initial state inevitably

imposes a finite correlation length. A scaling analysis in D is required to really

capture the thermodynamic limit.

While we work with windows of fixed size, it is also possible to reduce computation

costs somewhat by starting from a small window around site 0 and expand it during

the time evolution in accordance with the spreading of correlations [150]. Usually, the

resulting gains should, however, be minor. As the entanglement growth is limited

to causal cones around the perturbations, the computation costs are in any case

dominated by the sites inside these cones.

For the evolution of the heterogeneous iMPS, we use a fourth-order Trotter-

Suzuki decomposition [97, 98] of the time-evolution operator. In order to keep the

MPS tensors to the left (right) of the window invariant, all Hamiltonian terms outside

the window are projected onto the reduced D-dimensional Hilbert space of the left

(right) block. Let (i − 1, i) be the bond at the left boundary of the window. An

evolution operator for Hamiltonian terms that are entirely supported in the left

block then only act on the left index of the MPS tensor at the left end of the window

[Mσi
i ]a,b 7→

∑
a′ Ua,a′ [M

σi
i ]a′,b. For the MPS tensor [Mσi

i ]a,b of site i, the index σi

labels local orthonormal basis states and a, b = 1, . . . , D label basis states for reduced

Hilbert spaces of the left block (sites left of i) and the right block (sites right of i),

respectively. A Hamiltonian term acting on site i and sites in the left block results
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in a unitary acting on the physical index and left index of that MPS tensor, i.e.,

[Mσi
i ]a,b 7→

∑
σ′i,a

′ U
σi,σ

′
i

a,a′ [M
σ′i
i ]a′,b.

The overlap (3.7) for a given window size `w and spatial translation x can be

evaluated efficiently with a cost that is proportional to `w + x. Let L and R be

the left and right-orthonormalized variants of the uiMPS tensors of the initial state

ψ, i.e.,
∑

σ(Lσ)†Lσ = 1 and
∑

σ R
σ(Rσ)† = 1. Then, the left eigen-matrix of the

transfer operator
∑

σ(Lσ)∗ ⊗ Lσ and the right eigen-matrix of the transfer operator
∑

σ(Rσ)∗⊗Rσ with the (maximum) eigenvalue 1 are D-dimensional identity matrices.

The overlaps (3.7) are obtained by contracting these identity matrices with tensors

from the heterogeneous windows of |ψÂ†0(−t1)〉 and |ψB̂0
(t2)〉 and x tensors from ψ

at each end as shown in Fig. 3.3.

In all simulations, we use a Trotter time step τ = 0.1 such that truncation

errors dominate. Precision and computation costs are controlled by truncating state

components with Schmidt coefficients λk < λtrunc below a suitably chosen truncation

threshold λtrunc or by fixing the bond dimension D. These parameters are specified

in the figure captions.

3.3.2 Comparison of the schemes

Figure 3.4 compares a simulation with infinite boundary conditions to simulations

using the two finite-size schemes. The iMPS window size `w is chosen such that the

perturbation, spreading from the center, does not reach the window boundaries for

the considered times. Deviations between the different schemes are not discernible

in the top panel. Deviations between the two finite-size schemes are small. They

are due to the fact that different sets of lattice sites are used and are consistent

with the chosen truncation threshold, i.e., of order O(λtrunc). We observe differences

between two iMPS simulations that only differ in their initial states. Data labeled

“iMPS (s)” were computed using a symmetric initial state for the iDMRG; the exact
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Figure 3.4: Comparison of different response-function schemes. Response functions
S(k, t) =

∑
x e
−ikx〈ψ|Ŝαx (t)Ŝα0 (0)|ψ〉 computed with the different MPS schemes are

compared for the spin-1 system (3.1) at θ = π/5. Data for the finite-size schemes are
labeled by “`” for the original scheme and “

√
`” for the square-grid scheme, respec-

tively, and we used chains of length L = 256. For the scheme with infinite boundary
conditions, one iDMRG simulation was initialized with a symmetric state [iMPS (s)];
another simulation was initialized with a state that breaks the spin-flip symmetry
[iMPS (b)] and features, for the same λtrunc, smaller bond dimensions. Truncation
thresholds were chosen to be λ2

trunc = 10−9 for the ground-state computation and
10−8 during the time evolution.

2-site ground state. Data labeled “iMPS (b)” were computed by starting from the

symmetry-broken state |↑, ↓〉. The deviations of the symmetry-broken simulation

are similar to those of the finite-size schemes (also initialized with symmetry-broken

states); the deviations of the symmetric simulation are larger. To clarify this issue,

ground-state energies, correlation functions, and bond dimensions are compared in

Fig. 3.5. For the same truncation threshold, errors and bond dimensions of the

symmetry-broken iDMRG simulations are very similar to those of simulations for

finite but long chains (L = 256). The symmetric iDMRG simulations yield, as a
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function of the truncation threshold λ2

trunc, we compare the results of iDMRG sim-
ulations with symmetric [iMPS (s)] and symmetry-broken [iMPS (b)] initial states
and finite-size ground-state simulations (L = 256) for the bilinear-biquadratic spin-1
chain at θ = 0 (left) and π/5 (right). The top panels show the maximum error
of the correlator, maxi |〈Ŝzi Ŝz0〉λtrunc − 〈Ŝzi Ŝz0〉exact| and the error of the ground-state
energy per site, both compared to quasi-exact reference values. The dashed black
lines indicate λtrunc and λ2

trunc as a reference. In the bottom panels, we compare the
bond dimensions in these simulations.

function of the truncation threshold, slightly larger errors and roughly doubled bond

dimensions. This can be explained as follows.

For symmetry-broken initial states, the iDMRG converges to one of two fixed

points, corresponding to two uiMPS |ψ(b)〉 and F̂ |ψ(b)〉, where F̂ =
⊗

i F̂i denotes

the global spin-flip operator. Block Hilbert spaces for these states are orthogonal.

For symmetric initial states, the iDMRG converges to an equal-weight superposition
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|ψ(s)〉 = (|ψ(b)〉+ F̂ |ψ(b)〉)/
√

2. The two symmetry-broken fixed points have the same

Schmidt spectrum {λk}. Due to the orthogonality of the block Hilbert spaces, for

each λk, the Schmidt coefficient λk/
√

2 occurs twice in the Schmidt decomposition of

|ψ(s)〉. Hence, the symmetric simulation requires roughly twice the bond dimension

of |ψ(b)〉 for a given truncation threshold. In particular, a symmetric computation

with lowered truncation threshold λtrunc/
√

2 requires bond dimension 2Db where Db

is the bond dimension of the symmetry-broken simulation with truncation threshold

λtrunc.

3.3.3 Degeneracy of the transfer operator

There is another good reason for avoiding the symmetric initial states in iDMRG

simulations: The orthogonalization of the resulting uiMPS |ψ〉 [154] requires the

computation of dominant eigen-matrices of MPS transfer operators. For spin-flip

symmetric states, eigenvalues of the transfer operators are doubly degenerate. If the

spin-flip symmetry is not imposed explicitly, the degeneracy can be slightly broken.

If this is not handled with care, the orthogonalization of the wavefunction will be

imprecise, impairing the accuracy of observables.

For a bipartition of the system, let the Schmidt decomposition of the MPS be

denoted by |ψ〉 =
∑

k λk|`k〉 ⊗ |rk〉. For a spin-flip symmetric state F̂ |ψ〉 = f |ψ〉

with f = ±1, each Schmidt component is either spin-flip symmetric (F̂ |`k〉 ⊗ |rk〉 =

f |`k〉 ⊗ |rk〉) or there exists a second component k′ with λk′ = λk and F̂ |`k〉 ⊗ |rk〉 =

f |`′k〉 ⊗ |r′k〉. Hence, after appropriate unitary transformations, all block basis states

are spin-flip symmetric with the product of their eigenvalues ±1 being equal to f ,

and MPS tensors of the spin-flip symmetric state obey the condition

∑

σ′

〈σ|F̂i|σ′〉FAσ
′F † = Aσ (3.8)

with spin-flip operators on the bond vector spaces denoted by F . Specifically, in a
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uiMPS defined by tensors A for an entire unit cell, the left and right bond vector

spaces and corresponding flip operators F in Eq. (3.8) coincide. Let V be a domi-

nant eigen-matrix of the MPS transfer operator, i.e.,
∑

σ(Aσ)†V Aσ = ηV . Then, it

follows from Eq. (3.8) that F †V F is also an eigen-matrix with the same eigenvalue

η, explaining the degeneracy of the transfer operator.

3.4 Cycles in infinite-system DMRG

We are using iDMRG [89, 90, 114] to compute uiMPS approximations for ground

states of bilinear-biquadratic spin-1 chains (3.1) in the thermodynamic limit. For

the extended critical phase π/4 < θ < π/2, we notice that iDMRG with insertion of

2-site unit cells does not converge in the traditional sense. Interpreted as a discrete

dynamical map, it does not converge to 1-cycles but to 3-cycles. While the former

correspond to uiMPS with a 2-site unit cell, the latter correspond to uiMPS with a

6-site unit cell. This behavior can be explained by the dominance of quadrupolar

period-three correlations in this gapless phase [36, 44, 158, 159]. As discussed in more

detail below, the iDMRG then favors low-entangled states that break the translation

invariance with unit cells containing a multiple of 3 sites.

For fermionic systems, convergence of iDMRG to non-trivial limit cycles has

been observed earlier on through cycles in the energy density [160]. In this case,

the phenomenon is attributed to the discrete changes in the number of fermions as

the system size is increased iteratively. Also, different from our observations in the

spin-1 chains, the variations of energy densities in the cycles were found to be on the

order of the truncation error.

3.4.1 Summary of the iDMRG algorithm

The idea of iDMRG, due to Steve White [89, 90], is to build up the lattice itera-

tively and compute, in the process, MPS approximations for the ground states that
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live in suitably reduced Hilbert spaces. In every iteration, nc sites are added at the

center of the system. Using reduced bases for left and right blocks from the previ-

ous iteration, the energy is minimized and bases for the enlarged blocks are selected

based on Schmidt decompositions of the ground-state approximation. Operator ma-

trix elements needed for subsequent iterations are projected onto the new bases, in

particular, those of the Hamiltonian.

For nc = 2, the algorithm can be summarized as follows. After n iterations, the

ground-state approximation for the 2n-site system has MPS form

|ψn〉 =
∑

~σ

Lσ1
1 L

σ2
2 . . . Lσnn ΛnR

σ̄n
n . . . Rσ̄2

2 R
σ̄1
1 |~σ〉. (3.9)

Tensors Li and Ri obey left and right orthonormality constraints, respectively. Λn

is a diagonal D × D matrix containing the Schmidt coefficients of the state ψn. D

is the bond dimension. To obtain a ground-state approximation ψn+1 in the next

iDMRG iteration, one replaces Λn by a 2-site tensor Cσn+1σ̄n+1 , minimizes the energy

expectation value with respect to C, and applies a singular value decomposition

to split C into L
σn+1

n+1 Λn+1R
σ̄n+1

n+1 . In that last step, some of the smallest Schmidt

coefficients λ1 ≥ λ2 ≥ . . . can be discarded to limit the bond dimension D of the

resulting MPS ψn+1. The discarded weight

ε :=
∑

k>D λ
2
k (3.10)

is called the truncation error and can be used for convergence analysis.

An addition to the iDMRG algorithm, the wavefunction prediction, was intro-

duced by Ian McCulloch [114]. Moving the orthogonality center in the state ψn one

site to the left or right, one computes

LσnΛnR
σ′
n =: ΛL

nR̃
σ
n+1R

σ′
n =: LσnL̃

σ′
n+1ΛR

n .

This then provides a prediction for ψn+1:

|ψpred
n+1 〉 = . . . Lσnn (L̃

σn+1

n+1 ΛR
nΛ−1

n−1ΛL
nR̃

σ̄n+1

n+1 )Rσ̄n
n . . . (3.11)
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The corresponding prediction for C is used to initialize the energy minimization

problem for ψn+1 and reduces the number of required iterations. Furthermore, the

prediction infidelity

1− |〈ψpred
n+1 |ψn+1〉| (3.12)

can be used to assess the convergence of the algorithm.

Once the algorithm has converged to an acceptable precision (at iteration step

n), it corresponds to the uiMPS

|ψ∞〉 = . . . (Lσin ΛnR
σi+1
n Λ−1

n−1)(Lσi+2
n ΛnR

σi+3
n Λ−1

n−1) . . . (3.13)

In a final step, this uiMPS should be orthonormalized which can be done as described

in Ref. [154].

For iDMRG with cell size nc > 2, the algorithm is to be modified as follows. In

the wavefunction prediction, the orthogonality center is shifted by nc/2 sites to the

right and to the left. One inserts the corresponding nc tensors at the center of the

MPS. For odd nc, the new cell can be inserted alternatingly one site to the left and

one site to to right of the center of the previously inserted cell. This way, the left and

right blocks are grown equally. For the energy minimization, one sweeps back and

forth through the inserted cell and minimizes the energy expectation value, e.g., as

in standard 2-site finite-system DMRG. If the algorithm converges to a fixed point

(1-cycle), it yields a uiMPS with cell size nc in analogy to Eq. (3.13).

3.4.2 Nontrivial limit cycles

Figure 3.6 shows convergence properties of iDMRG with 2-site and 3-site unit cells

in different phases of the bilinear-biquadratic spin-1 chain (3.1). For the Heisenberg

antiferromagnet at θ = 0, the algorithm converges well for both cell sizes. At θ =

−π/2 in the dimerized phase, iDMRG with cell size nc = 2 converges well, but for

nc = 3 we see period-2 oscillations. As we will discuss in more detail for similar
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Figure 3.6: Convergence of iDMRG. The columns refer to the dimer phase (left,
θ = −π/2), the Heisenberg antiferromagnet (center, θ = 0), and the extended critical
phase (right, θ = 0.4π). As a function of the iteration n, the top panels show the
change (En−En−1)/nc of the total energy due to the insertion of one unit cell, divided
by the cell size nc. The bottom panels display the prediction infidelity 1−|〈ψpred

n |ψn〉|
(thick lines) and the truncation error ε (thin lines). The line colors indicate the unit-
cell size used in the simulations – either nc = 2 or nc = 3 sites. Bond dimensions for
all simulations in this plot were set to D = 400.

observations in the extended critical phase, this does not mean that nc = 3 iDMRG

has not converged. Rather, it converges to a limit 2-cycle that corresponds to a

uiMPS with cell size 6. As a multiple of two, this is commensurate with a spontaneous

dimerization of the ground state.

In the extended critical phase, both energy and infidelity indicate very good
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where k = 0, 1, 2. For the simulation shown in the top panel, 10 Lanczos iterations
were done for the energy minimization in each iteration. For the simulation shown
in the bottom panel, the local energy minimization was run until convergence. This
stabilizes a limit cycle of length 3 and then corresponds to a uiMPS with a 6-site
unit cell. Here, the bond dimension was set to D = 100.

convergence for nc = 3, but there are strong oscillations and a rather high prediction

infidelity for nc = 2. As shown in an inset, the oscillations have a period of three but

are not really stable. Figure 3.7 shows that the oscillations become stable 3-cycles

when the number of Lanczos iterations in the energy minimizations is increased until

convergence. This can be explained as follows. The critical phase features dominant

period-three correlations [36, 44, 158, 159]. In simulations with nc = 3, iDMRG can
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converge to a ground-state approximation with translation invariance spontaneously

broken to an invariance under shifts by three sites. These symmetry broken states

ψ(3) have lower entanglement than a corresponding translation-invariant state |ψ∗〉 =

|ψ(3)〉 + T̂1|ψ(3)〉 + T̂2|ψ(3)〉 and are hence favored by iDMRG for a given fixed bond

dimension D. If iDMRG with nc = 2 converged to a fixed point (1-cycle), it would

necessarily produce the higher entangled state ψ∗. The convergence to the limit 3-

cycles means that it rather breaks the translation invariance and yields uiMPS with

cell size 6. Of course, the 2-site wavefunction prediction is incorrect in this case,

explaining the large 2-site infidelities in Figs. 3.6 and 3.8. That the algorithm with

cell size nc = 2 has, however, indeed converged to a uiMPS with 6-site unit cell is

confirmed by the small 6-site infidelities shown in Fig. 3.8. For these, we compare

the state ψn+3 – the state obtained from ψn by 3 iterations of nc = 2 iDMRG – to the

state ψpred,6
n+3 which is obtained from ψn by a 6-site wavefunction prediction without
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energy optimization. For this, the orthogonality center of ψn is rotated three sites

to the left and to the right and the resulting 6 tensors are inserted in analogy to

Eq. (3.11).

In conclusion, when iDMRG with cell size nc converges to a limit cycle of length

m, the algorithm has converged to a uiMPS with a unit cell of size mnc instead of

nc. This happens naturally when there exist low entangled ground-state approxima-

tions with spontaneously broken translation symmetry. In such cases, where iDMRG

converges to a nontrivial limit cycle or shows periodic oscillations, it is advisable to

change the cell size nc appropriately to harness the efficiency gains due to the nc-site

wavefunction prediction.

3.5 Discussion

We have demonstrated how the number of time-evolution runs in the computation

of spectral functions and dynamic structure factors for translation-invariant systems

can be significantly reduced. For finite-system simulations, one can apply the square-

grid scheme which reduces the required number of runs from ` to 2
√
`, or one can

employ momentum-space operators encoded as MPOs if one is only interested in

the dynamic response for a few momenta. Alternatively, one can approximate the

ground state in form of an iMPS and simulate the time evolution using a finite

heterogeneous window with infinite boundary conditions. This version only needs

two time-evolution runs, as we can spatially shift the wavefunctions relative to each

other to evaluate the response function for all distances. The results of the improved

schemes are in very good agreement with simulations using the standard scheme.

Hence, they are an attractive technical advancement that significantly reduces the

required computation cost. Note that after the central parts of this work were com-

pleted, Ref. [151] appeared. There, infinite boundary conditions are used to compute

spin structure factors at finite temperatures. For the example of the spin-1 chains,
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we also demonstrated that iDMRG may converge to non-trivial limit cycles. These

then correspond to uiMPS with enlarged unit cells, indicating the existence of low-

entangled states with reduced translation invariance. We also showed that initializing

iDMRG with symmetric states can result in substantially increased bond dimensions

and (problematic) degeneracies of the MPS transfer operator.

The technical advancements presented in this chapter have provided us with an

efficient tool to compute high-resolution dynamic structure factors for all quantum

phases of the bilinear-biquadratic spin-1 chain. A detailed discussion of the low-

energy physics of this interesting model will be presented in the following Chapter 4.
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4

The low-energy physics of the bilinear-biquadratic
spin-1 chain

The present chapter concerns the low-energy physics of the bilinear-biquadratic spin-

1 chain with Hamiltonian

Ĥθ =
∑

i

[
cos θ(Ŝi · Ŝi+1) + sin θ(Ŝi · Ŝi+1)2

]
, (4.1)

where the coupling constants of the two interaction terms are parametrized by an

angle θ ∈ [−3π/4, 5π/4). This parametrization covers all possible ratios between the

two coupling terms. Here, we study the low-lying excitations of the model in detail.

To this end, we use our efficient algorithm based on matrix product states (MPS)

with infinite boundary conditions introduced in the previous Chapter 3 to compute

high-resolution dynamic structure factors corresponding to spin and quadrupolar

correlations for all quantum phases of the model. We explain the observed structures

by relating our results to Bethe ansatz solutions and field-theory approaches, thereby

gaining new insights into the low-energy physics of the model. Note that a selection

of the most interesting results of this chapter resulted in a short paper [139], where we

presented a concise discussion of the excitations in the Haldane and critical phases.
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4.1 Summary of the phase diagram

The zero-temperature phase diagram of the bilinear-biquadratic spin-1 chain (4.1)

can be represented on a cricle as a function of the parameter θ as shown in the left

panel of Fig. 4.1. On the right side, we show the excitation gap ∆ to the lowest

excited state (top) and the different order parameters (center) as a function of θ. In

particular, these are

the dimer order parameter Odimer ≡
∣∣〈(Ŝi+1 · Ŝi+2)− (Ŝi · Ŝi+1)〉ψ

∣∣,

the (non-local) string order parameter Ostring ≡ lim
|j−k|→∞

〈Ŝzj eiπ
∑
j≤l<k Ŝ

z
l Ŝzk〉ψ,

and the ferromagnetic order parameter Oferro ≡ 〈Ŝzi 〉ψ,

(4.2)

where 〈·〉ψ denotes the expectation value with respect to the ground state |ψ〉. These

quantities will be our guide as we review the different phases and phase transitions

of the model.

It is instructive to express the nearest-neighbor interaction of the model in terms

of operators that project onto eigenspaces of the total bond spin Ĵi,i+1 ≡ (Ŝi+ Ŝi+1).

This allows a more intuitive understanding of the different phases and some of their

boundaries. Using the bond-projection operators P̂ (j) ≡ ∑
i P̂

(j)
i,i+1, which project

onto the subspace with total spin quantum number j ∈ {0, 1, 2} on the bonds between

neighboring sites, the Hamiltonian can be written as

Ĥθ = (4 sin θ − 2 cos θ︸ ︷︷ ︸
=:a0(θ)

)P̂ (0) + (sin θ − cos θ︸ ︷︷ ︸
=:a1(θ)

)P̂ (1) + (cos θ + sin θ︸ ︷︷ ︸
=:a2(θ)

)P̂ (2). (4.3)

The coefficients aj(θ) are shown as a function of θ in the bottom right panel of

Fig. 4.1. Note that one parameter θ is enough to obtain all possible models described

by the three coefficients (a0, a1, a2), as shifting or rescaling the energy does not change
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the physics. Let us now briefly summarize the different quantum phases of the model

and their properties.

For −π/4 < θ < π/4, the model is in the gapped Haldane phase with exponen-

tially decaying correlations. In the continuum limit, it can be described by the O(3)

non-linear sigma model (NLσM), on which Haldane’s conjecture of a gap is based

[28, 29, 31]. The low-lying excitations are a stable single-magnon line as well as multi-

magnon continua [126]. The Haldane phase is characterized by symmetry-protected

topological order [21, 22], which can be probed by computing the non-local string

order parameter Ostring. For θ = 0, the biquadratic term vanishes and the model

reduces to the standard isotropic spin-1 Heisenberg antiferromagnet. The Haldane

phase includes the AKLT point θAKLT = arctan(1/3) ≈ 0.1024π [73, 74], for which

a0(θ) = a1(θ) < a2(θ). Here, the ground state is given by a valence bond solid (VBS)
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wavefunction that avoids the total spin quantum number j = 2 on all bonds. It can

be exactly represented as an MPS with bond dimension D = 2 [83, 161–164]. The

Haldane phase and its excitations will be discussed in Sec. 4.3.

The SU(3)-symmetric Uimin-Lai-Sutherland (ULS) point θ = π/4 marks the

phase transition between the Haldane phase and the critical phase. Here, the model

becomes integrable and can be solved using the nested Bethe ansatz [32–34]. The

long-range behavior can be described by the level-1 SU(3) Wess-Zumino-Witten

(WZW) model, a conformal field theory with central charge c = 2, with certain

marginal perturbations [35, 165]. As we approach the ULS point from the Haldane

phase, we have a Berezinskii-Kosterlitz-Thouless (BKT) transition with a slow ex-

ponential closing of the gap. For π/4 ≤ θ < π/2, the chain is in an extended critical

phase with dominant spin quadrupolar correlations [35, 36, 124, 158]. It is gapless

with soft modes at momenta k = 0 and k = ±2π/3. The critical phase extends

up to the purely biquadratic transition point θ = π/2, where the Hamiltonian can

be written as the sum of singlet bond projectors and the ground state has an ex-

ponentially large degeneracy. At this point, the model is integrable and known as

the Temperley-Lieb chain [42, 119, 121, 166]. The extended critical phase and the

nature of excitations will be the explored in Sec. 4.4.

After crossing the transition point θ = π/2, the ferromagnetically ordered state

becomes the lowest-energy state. Note that we can simultaneously satisfy j = 2 on

all bonds by building a fully polarized state. Therefore, whenever a2(θ) < a1(θ) and

a2(θ) < a0(θ), the model is frustration free and the fully polarized state is the ground

state. Thus, from this condition, we can immediately read off the boundaries of the

ferromagnetic phase, π/2 < θ < 5π/4. The ferromagnetic phase and its excitations

are the focus of Sec. 4.5.

For θ = 5π/4 ∼= −3π/4 < θ < −π/4, the system is in a gapped phase character-

ized by dimer long-range order [36, 42–44]. The translational symmetry is sponta-
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neously broken, which leads to a doubling of the unit cell. At the purely biquadratic

antiferromagnetic point θ = −π/2, the Hamiltonian is again given by the integrable

Temperley-Lieb model, albeit with a prefactor (−1). An operator equivalence can

be used to relate it to an anisotropic spin-1/2 XXZ chain [42], which in turn can be

solved using Bethe ansatz [167, 168]. The Takhtajan-Babujian (TB) point θ = −π/4

marks the transition between the dimerized and the Haldane phase. Here, the model

becomes integrable and can be solved using algebraic Bethe ansatz. The phase tran-

sition is a second-order transition of the Ising type [124, 169, 170], where the gap

closes and opens linearly on both sides of the critical point. Sec. 4.6 is devoted to

the dimer phase.

4.2 Computation of dynamic structure factors

Our exploration of the low-energy physics of the model relies on the numerical com-

putation of dynamic structure factors

S(k, ω) =
∑

x

e−ikx
∫

dt eiωtS(x, t) with S(x, t) = 〈ψ|eiĤtÂxe−iĤtB̂0|ψ〉.

(4.4)

Here, |ψ〉 is the ground state and Âx and B̂0 are operators acting on sites x and 0,

respectively, for which we probe the response of the system. In this work, we mainly

compute dynamic spin and quadrupolar structure factors, for which Â = Ŝz and

Â = Q̂ = diag(1/3,−2/3, 1/3), respectively, and B̂ = Â in both cases.

We use the real-time scheme described in Sec. 3.3 (see also the illustration in

Fig. 3.3) to evaluate response functions of the form

S(x, t) = eiE0t〈ψ|Âxe−iĤtÂ0|ψ〉 (4.5)

for a range of distances x and times t, where E0 denotes the groundstate energy. Note

that in the present case, in the {Ŝzi } eigenbasis, the coefficients of the wavefunction
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|ψ′(−t)〉 = eiĤtÂ0|ψ〉 are just the complex conjugates of the coefficients of |ψ′(t)〉.

Hence, the scheme described in Sec. 3.3 can be modified sucht that we need to

compute only one time evolution. Then, S(x, t) can be evaluated very efficiently by

computing overlaps of the time-evolved state with its complex conjugate, spatially

shifted relative to each other by x sites.

In the simulations, we use windows of size L = 255 to 768. For the time evo-

lution, we employ a fourth-order Lie-Trotter-Suzuki decomposition [97–99] of the

time-evolution operator with time step τ = 0.1. To control the precision and

the computation costs, we truncate components of the wavefunction with Schmidt

coefficients λk < λtrunc, where we choose the truncation threshold in the range

λ2
trunc ∼ 10−10 − 10−8, depending on the Hamiltonian parameter θ. We typically

evaluate the response function up to times in the range t ≈ 100.

It is known that, in the Haldane phase, the stable single-magnon excitation con-

tributes significantly to the dynamics. This can be seen as a δ-peak in the dynamic

structure factor and as a nondecaying oscillation in the response function. As an

example, we consider the Heisenberg antiferromagnet [θ = 0 in Eq. (4.1)], and show

the response function S(k, t) =
∑

x e
−ikxS(x, t) for k = 0.8π in Fig. 4.2. Taking

the Fourier transform S(k, ω) =
∫

dt eiωtS(k, t) directly, using a finite window in the

time domain, would lead to strong ringing artifacts in the spectrum. To avoid this,

we split the response function into two parts, separating the contributions from the

single-magnon state and the remainder such that

S(k, t) =: ae−iω0t + S̃(k, t) and S(k, ω) =: 2πaδ(ω − ω0) + S̃(k, ω). (4.6)

Here, a and ω0 are real nonnegative parameters describing the amplitude and the

frequency of the single-magnon peak, which are to be chosen such that the remain-

der vanishes for large times, S̃(k, t) → 0 for t → ∞. As the contribution S̃(k, ω)

to the structure factor captures broad multi-magnon continua, its signal becomes
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Figure 4.2: Extracting dynamic structure factors in the Haldane phase. As an
example, we show data for the Heisenberg antiferromagnet (θ = 0) at momentum
k = 0.8π. Left top: The response function S(k, t) and the fit function ae−iω0t. Left
bottom: Difference between actual response function and fit, S̃(k, t) = S(k, t) −
ae−iω0t. Right: Dynamic structure factor S(k = 0.8 π, ω), which we compute as the
sum of 2πaδ(ω − ω0) and the direct Fourier transform of S̃(k, t).

localized in the time representation, and S̃(k, t) typically decays relatively fast. In

our MPS simulations, we can hence reach the regime where S(k, t) is dominated by

the nondecaying oscillation ae−iω0t and S̃(k, t) becomes negligible. This allows us to

extract the parameters a and ω0 by simply fitting ae−iω0t to S(k, t) for a suitably

chosen time window. Then, we can obtain S̃(k, t) = S(k, t)− ae−iω0t which, for our

example, is shown in Fig. 4.2. The contribution of the remainder is small compared

to the single-magnon oscillation, and it decays fast as a function of t. Hence, we can

compute S̃(k, ω) by direct Fourier transform and one can complement with linear

prediction if necessary [106, 128]. Note that in order to visualize the δ-peak in the

structure-factor plots, we replace it by a very narrow Gaussian peak centered at ω0

with total spectral weight 2πa as shown in Fig. 4.2.

The whole procedure has to be carried out separately for each momentum k (for

the full dynamic structure factors presented in the main text, we use momentum
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increments of ∆k = 0.001π). As the fit parameters a and ω0 are smooth functions of

k, it is advantageous to carry out the fits in a sweep through the Brillouin zone, and to

initialize each fit with the resulting parameters from the previous momentum k. This

way, one avoids local minima in the parameter optimization. Note that this approach

is only applicable in the region where the single-magnon excitation is stable. In

practice, we observe that the amplitude a of the single-magnon contribution decreases

and then vanishes as k approaches the momentum ki where the single-magnon line

enters the multi-magnon continuum.

4.3 The Haldane phase

4.3.1 Comparison with the non-linear sigma model

The spin-1 Heisenberg antiferromagnetic chain [θ = 0 in (4.1)], also called the Hal-

dane chain, belongs to the most famous models in condensed matter physics. By

mapping it to the O(3) non-linear sigma model (NLσM) in the limit of large spin

S, Haldane argued [28, 29, 31] that it is gapped with exponentially decaying corre-

lations. While the derivation was originally done only for the antiferromagnet, we

extend it to include a moderate biquadratic interaction, and compare our numerical

data to the NLσM prediction as a function of θ.

Mapping the bilinear-biquadratic chain to the non-linear sigma model

To map the bilinear-biquadratic spin-1 chain to the NLσM, we use a path-integral

description based on spin-coherent states as, e.g., described in Ref. [80], and show

how the derivations need to be modified due to the presence of the biquadratic

term. For a single spin-S with Ŝz eigenbasis {|S;M〉}, we define coherent states |n〉

parametrized by unit vectors n. They obey (Ŝ · n)|n〉 = |n〉 and can be obtained

by rotating the state with maximum Ŝz quantum number by an angle χ,

|n〉 := eiχ
(ez×n)
|ez×n| ·Ŝ|S;S〉, (4.7)
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where n · ez = cosχ and ez is the unit vector along the z-axis. These states can be

used to derive a path integral representation for spin systems [80].

Let us first consider a general spin chain with nearest-neighbor interactions Ĥ =
∑

i ĥ(i, i + 1), where ĥ(i, i + 1) acts on sites i and i + 1. Starting from the parti-

tion function in imaginary time, Z = Tr e−βĤ , one follows the usual procedure of

discretizing time, β = Nτ , and inserting resolutions of the identity in terms of the

states (4.7) for each intermediate time point and each lattice site i. This leads to

the formal expression

Z = lim
N→∞
Nτ=β

∫
D[{ni}] e−S[{ni}]. (4.8)

Here, D[{ni}] is an appropriate measure for the integral over the collection of smooth

individual unit-vector paths ni(t) with periodic boundary conditions ni(0) = ni(β).

For the case of nearest-neighbor interactions, one can show that the Euclidean action

S takes the form

S[{ni}] = −iS
∑

i

SWZ[ni(t)] +
∑

i

∫ β

0

dt 〈ni(t),ni+1(t)|ĥ(i, i+ 1)|ni(t),ni+1(t)〉,

(4.9)

where |ni,ni+1〉 ≡ |ni〉 ⊗ |ni+1〉 denotes the tensor product of two spins on neigh-

boring sites. The first term is the sum of Wess-Zumino terms for individual spins,

where SWZ[ni(t)] is given by the total area of the cap on the unit sphere bounded

by the (closed) trajectory ni(t).

In order to obtain the action for the bilinear-biquadratic spin-1 chain

Ĥθ =
∑

i

ĥθ(i, i+1) with ĥθ(i, i+1) = cos θ(Ŝi·Ŝi+1)+sin θ(Ŝi·Ŝi+1)2 (4.10)
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as a function of θ, we need to evaluate the matrix element

〈ni,ni+1|ĥθ(i, i+ 1)|ni,ni+1〉 = cos θ〈ni,ni+1|(Ŝi · Ŝi+1)|ni,ni+1〉+

sin θ〈ni,ni+1|(Ŝi · Ŝi+1)2|ni,ni+1〉.
(4.11)

Evaluating the bilinear term is straightforward and yields

〈ni,ni+1|(Ŝi · Ŝi+1)|ni,ni+1〉 = 〈ni|Ŝ|ni〉 · 〈ni+1|Ŝ|ni+1〉 = ni · ni+1. (4.12)

For the biquadratic term, let |n(χ)〉 := eiχŜ
y |S = 1;M = 1〉. Then |n(0)〉 = |1; 1〉,

and we consider the matrix element

f(χ) := 〈n(0),n(χ)|(Ŝ1 · Ŝ2)2|n(0),n(χ)〉. (4.13)

Writing the operator in the form (Ŝ1 ·Ŝ2)2 =
(

1
2
Ŝ+

1 Ŝ
−
2 + 1

2
Ŝ−1 Ŝ

+
2 +Ŝz1 Ŝ

z
2

)2
, one obtains

nine terms from expanding the square, and it is straightforward to see that only the

two terms (Ŝz1)2(Ŝz2)2 and 1
4
(Ŝ+

1 Ŝ
−
1 )(Ŝ−2 Ŝ

+
2 ) yield non-zero contributions in Eq. (4.13).

Therefore,

f(χ) = 〈n(0)|(Ŝz)2|n(0)〉〈n(χ)|(Ŝz)2|n(χ)〉+
1

4
〈n(0)|Ŝ+Ŝ−|n(0)〉〈n(χ)|Ŝ−Ŝ+|n(χ)〉

= 〈n(χ)|(Ŝz)2|n(χ)〉+
1

2
〈n(χ)|Ŝ−Ŝ+|n(χ)〉.

(4.14)

Note that Ŝ−Ŝ+ = Ŝ2 − (Ŝz)2 − Ŝz, and we can easily read off 〈n(χ)|Ŝ2|n(χ)〉 = 2

as well as 〈n(χ)|Ŝz|n(χ)〉 = cosχ, because we have S = 1 and Ŝ transforms like a

vector under rotations. To evaluate the remaining matrix element 〈n(χ)|(Ŝz)2|n(χ)〉,

we expand the rotated state |n(χ)〉 in the Ŝz eigenbasis {|1;M〉},

|n(χ)〉 =
1∑

M ′=−1

|1;M ′〉〈1;M ′|eiχŜy |1; 1〉 =
1

2
(1 + cosχ)|1; 1〉+

1√
2

sinχ|1; 0〉+

1

2
(1− cosχ)|1;−1〉,

(4.15)
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where the coefficients are entries of the representation matrix for spin-1 rotations

(Wigner (small) d-matrix). Hence,

〈n(χ)|(Ŝz)2|n(χ)〉 =
1

4
(1 + cosχ)2 +

1

4
(1− cosχ)2 =

1

2
+

1

2
cos2 χ. (4.16)

Putting everything together, we obtain f(χ) = 5
4
− 1

2
cosχ + 1

4
cos2 χ. As (Ŝ1 · Ŝ2)2

transforms as a scalar under rotations, the matrix element depends only on the angle

between the two spin-coherent states. Thus, the calculation generalizes to any two

states |n1,n2〉, and we can replace cosχ by n1 · n2, obtaining

〈n1,n2|(Ŝ1 · Ŝ2)2|n1,n2〉 =
5

4
− 1

2
n1 · n2 +

1

4
(n1 · n2)2. (4.17)

Combining this result with Eq. (4.12), we arrive at the matrix element of the Hamil-

tonian interaction (4.10)

〈ni,ni+1|ĥθ(i, i+1)|ni,ni+1〉 =
5

4
sin θ+

(
cos θ−1

2
sin θ

)
(ni·ni+1)+

1

4
sin θ(ni·ni+1)2.

(4.18)

Note that

(ni + ni+1)2 = n2
i + 2ni · ni+1 + n2

i+1 = 2ni · ni+1 + 2, and

(ni + ni+1)4 = (2ni · ni+1 + 2)2 = 4(ni · ni+1)2 + 8ni · ni+1 + 4,
(4.19)

such that

ni · ni+1 =
1

2
(ni + ni+1)2 + const, and

(ni · ni+1)2 =
1

4
(ni + ni+1)4 − (ni + ni+1)2 + const.

(4.20)

Inserting this into Eq. (4.18) yields for the matrix element, up to an irrelevant addi-

tive constant,

〈ni,ni+1|ĥθ(i, i+ 1)|ni,ni+1〉 =
1

2
(cos θ − sin θ)(ni + ni+1)2+

1

16
sin θ(ni + ni+1)4 + const.

(4.21)
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Then, as a function of θ, the action for the bilinear-biquadratic spin-1 chain (4.10)

is given by

Sθ[{ni}] = −i
∑

i

SWZ[ni(t)] +

∫ β

0

dt
∑

i

[1

2
(cos θ − sin θ)(ni(t) + ni+1(t))2+

1

16
sin θ(ni(t) + ni+1(t))4

]
.

(4.22)

Here, the special case θ = 0 corresponds to the spin-1 Heisenberg antiferromagnet,

for which the original derivation was done [28, 29, 31].

In the next steps of the derivation, we follow the same approach that was taken for

the Heisenberg antiferromagnet [28, 29, 31, 80]. It is reasonable to expect staggered

short-range order for the spin field n, and the most relevant low-energy modes should

be ferromagnetic and antiferromagnetic fluctuations. Hence, we can choose an ansatz

that separates these relevant degrees of freedom,

ni = (−1)i
√

1− a2l2i mi + ali, (4.23)

where a is the lattice spacing, and we have the constraints m2
i = 1 and mi · li = 0.

Here, mi and li are slowly varying, which allows us to take the continuum limit

a→ 0. We can write mi+1 ≈mi + a(∂xmi) and similarly for li. When inserting the

ansatz (4.23) into the action (4.22), we only need to keep terms to the lowest order

in a. For the first term, this yields

1

2
(ni−1 + ni)

2 +
1

2
(ni + ni+1)2 = a2

(
(∂xmi)

2 + 4l2i
)

+O(a3), (4.24)

where we have grouped two neighboring interaction terms together to take advantage

of the cancellation of additional terms. Correspondingly, the contributions from the

second term (ni + ni+1)4 will be of the order O(a4). Hence, the second term can be

ignored in the continuum (low-energy) limit, and the effective action has the same
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form as in the case of the Heisenberg antiferromagnet (θ = 0). The only change due

to the biquadratic term is an effective rescaling of the coupling in the form

J(θ) = cos θ − sin θ. (4.25)

Thus, the remaining steps in the derivation for the mapping to the NLσM are iden-

tical to the case of the Heisenberg antiferromagnet.

After taking the continuum limit for the Wess-Zumino terms as well, one can

integrate out the fluctuations in the field l, which yields an effective action

Sθ[m] =

∫∫
dx dt

1

2g

(
v(θ) (∂xm)2 +

1

v(θ)
(∂tm)2

)
+ iφQ[m], (4.26)

where we have introduced the coupling constant g = 2/S, the spin wave velocity

v(θ) = 2aJ(θ)S, and the topological angle φ = 2πS. The second term contains the

topological charge or winding number of the field configuration

Q[m] =
1

8π

∫∫
dx dt εijm · (∂im× ∂jm) ∈ Z. (4.27)

Note that for integer spin S, the imaginary part φQ[m] in Eq. (4.26) is always an

integer multiple of 2π, such that it does not affect the physics. In this case, the

model is described by the first term, which is the standard O(3) non-linear sigma

model (NLσM). For half-integer spin, however, the contributions to the path integral

of configurations with an odd winding number Q are weighted by a factor −1. This

leads to fundamentally different physics, which is at the core of Haldane’s conjecture

[28, 29, 31]. While antiferromagnetic chains with integer spin are gapped, those

with half-odd-integer spin are gapless, and the Wess-Zumino-Witten (WZW) model

with a topological term (k = 1) has been identified as the relevant critical theory

describing them [30, 80].
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Qualitative comparison

Hence, the low-energy physics of the bilinear-biquadratic spin-1 chain should be de-

scribed by the O(3) NLσM, which is a well-studied system (see for example Ref. [171]

for a review). It is integrable [172–174], which allows us to extract many relevant

properties that are expected to describe the physics of the spin-1 chain close to the

momenta k = 0 and k = π. It has a gap ∆ ∝ Je−2π/g and the low-energy excitations

are given by a triplet near momentum k = π with dispersion relation

ω(k) =
√

∆2 + v2(k − π)2. (4.28)

Correspondingly, the onset of a two-magnon continuum is predicted at momentum

k = 0 and energy 2∆, and of a three-magnon continuum at momentum k = π and

energy 3∆.

In Fig. 4.5, we show numerical results for the dynamic structure factors in the

Haldane phase. The plots in the left column refer to spin correlations (Szz(k, ω)),

while those in the right column correspond to quadrupolar correlations (SQQ(k, ω)).

For a range of θ-values around the Heisenberg antiferromagnet (θ = 0), the field

theory qualitatively agrees with the excitation spectrum. The lowest excitations are

given by a sharp single-magnon line which has its minimum at momentum k = π,

and the dispersion agrees qualitatively with the functional form predicted by the field

theory (see also Fig. 4.4). Note that the single-magnon line appears only in the spin

structure factor, but not in the quadrupolar one. This is due to the fact that the

quadrupolar operator Q̂ is a spherical tensor operator with rank κ = 2, such that its

matrix elements between the singlet ground state with total spin quantum number

Stot = 0 and the single-magnon states with total spin quantum number Stot = 1

vanish. This is a consequence of the selection rules implied by the Wigner-Eckart

theorem.

The onset of the two-magnon continuum can indeed be found at momentum k = 0
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and energy ≈ 2∆. It can be more clearly discerned in the quadrupolar structure

factor. For the spin structure factor, the spectral weight vanishes for small momenta

k as

∫
dω Szz(k, ω) = 2π

∑

x

e−ikx〈ψ|ŜzxŜz0 |ψ〉 = O(k2) for k → 0, (4.29)

which be can be seen by expanding the expression above for small k and taking into

account that the singlet ground state has quantum number Sztot = 0. Note that this is

the case at all values of θ except for the ferromagnetic phase, where the ground state

is the fully polarized state. Then, the three-magnon continuum begins at momentum

k = π and energy ≈ 3∆. Hence, the qualitative structure of the magnon continua is

in agreement with the NLσM predictions [127].

Quantitative comparison

We will now analyze how the biquadratic term influences the NLσM predictions and

compare them to the numerical data. According to Eq. (4.25), we expect the gap

∆ and the square of the spin-wave velocity v2 in the dispersion (4.28) at k = π to

depend on the parameter θ as

∆(θ) = ∆(0)(cos θ − sin θ)

v2(θ) = v2(0)(cos θ − sin θ)2.
(4.30)

In the left panel of Fig. 4.3, we compare these predictions to numerical data. The

curves for the NLσM were rescaled such that the values agree for θ = 0. While the

NLσM predicts that the gap decreases as a function of θ, the actual numerically

determined gap increases with θ. Hence, surprisingly, the prediction of the NLσM

strongly disagrees with the numerical result.

For the square of the spin wave velocity v2, the NLσM captures the overall trend

correctly. However, after passing the AKLT point θ = arctan(1/3) [73, 74], the
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Figure 4.3: Comparison of numerical data with non-linear sigma model (NLσM)
predictions. Left: Dependence of the Haldane gap ∆ and the squared spin-wave
velocity v2 at momentum k = π on the parameter θ of the Hamiltonian (4.1). The
values from the NLσM prediction were scaled such that they agree with the numerical
data at θ = 0. Right: Dynamic structure factor Szz(k, ω) at momentum k = π
compared to the NLσM prediction for the three-particle continuum [175, 176].

curvature of the band near k = π becomes negative, and the minimum of the band

shifts away from k = π. This would correspond to a negative value of v2 in (4.28),

hence the NLσM description fails qualitatively in this region.

Based on the NLσM, the contribution of the two-magnon continuum to the dy-

namic structure factor near k = 0 [177] as well as the contribution of the three-

magnon continuum to the dynamic structure factor near k ≈ π [175, 176] have been

calculated. In the right panel of Fig. 4.3, we compare the latter to the numerical data

for several values of θ. The NLσM data have been scaled by matching the weight

of the single-magnon peak and multiplying a factor four. Neither the overall weight

nor the shape of the spectra agree. In particular, the NLσM places too much weight

into the high-energy tail [128].

To explain the disagreement of the NLσM predictions with our highly precise

numerical data, note that the quantitative predictions are impaired by several severe

approximations. First, the spin-1 model is approximated by a field theory in the

limit S → ∞. The continuum limit is taken and the mapping to the field theory is
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only valid for momenta close to k ≈ 0 and π. In addition, magnons of arbitrarily high

momentum are included in the field theory, while there is a cutoff at the Brillouin

zone boundary in the spin model, which leads to the discrepancy in the high-energy

tail [128]. The NLσM description of the gapped phase is less precise than field

theories for critical points and their vicinity, which often allow accurate quantitative

predictions. Hence, it would be very valuable to find an alternative field-theory

description for the Haldane phase that captures the relevant physical quantities also

quantitatively.

4.3.2 Non-interacting approximation for magnon continua

While the NLσM gives some qualitative insights into the physics of the Haldane

phase, we have to rely on numerical data to study the precise structure and quan-

titative details of the excitations throughout the parameter range −π/4 < θ < π/4.

From the numerical computation of response functions, we can extract the dispersion

ω(k) of the single-magnon line for different values of the parameter θ as described in

Sec. 4.2. The results are shown in Fig. 4.4, where we also indicate the exact dispersion

relations of the elementary excitations at the transition points θ = ±π/4. Neglecting

magnon-magnon interactions, approximate thresholds for the magnon continua can

be obtained based on the single-magnon dispersion [138, 139]. Let us first describe

how these can be computed. Then, we will discuss how the shape of the single-

magnon line as well as the structure of the multi-magnon continua depend on θ, and

assess the validity of the non-interacting approximation.

Computation of thresholds for the magnon continua

Neglecting interactions, we can obtain an n-particle state by simply adding the mo-

menta and energies of the constituent magnons, i.e., (k, ω) = (
∑n

i=1 qi,
∑n

i=1 ω(qi)).

Note that the addition of momenta is modulo 2π, such that the momentum of the
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resulting state is folded back into the first Brillouin zone. For a given n-magnon

state, let us vary the momenta according to qi → qi + δqi, with the constraint that

the total momentum remains constant, i.e.,
∑n

i=1 δqi = 0, or, δqn = −∑n−1
i=1 δqi. As

the single-magnon dispersions are smooth (see Fig. 4.4), we can expand the energy

of the resulting state, which yields

n∑

i=1

ω(qi + δqi) =
n∑

i=1

ω(qi) +
n∑

i=1

ω′(qi)δqi +O(δq2)

=
n∑

i=1

ω(qi) +
n−1∑

i=1

[ω′(qi)− ω′(qn)]δqi +O(δq2).

(4.31)

We expect jumps in the density of states at the stationary points, i.e., for

ω′(qi) = ω′(qj) ∀i, j. (4.32)

This condition corresponds to adding magnons with momenta for which the slopes or

group velocities of the single-magnon dispersion are all equal. Note that the single-

magnon dispersion enters the two-magnon continuum at some momentum ki(θ),
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which increases as a function of θ (see Fig. 4.4). Hence, the single-magnon states are

only stable for a range k & ki(θ), and we restrict the single-particle momenta q to

the stable region [ki, 2π − ki] when we determine the solutions of Eq. (4.32).

Clearly, adding magnons with equal momenta qi = qj ∀i, j fulfills the condi-

tion (4.32). For n magnons, this leads to states with total momentum and en-

ergy (nq, nω(q)), q ∈ [ki, 2π − ki], which parametrizes a corresponding threshold

ωn(k) = nω(k/n). The threshold at momentum k (folded back into the first Bril-

louin zone) will describe a sudden increase or drop in the density of states, depending

on the curvature of the single-magnon line at momentum q = k/n.

In addition to this simple solution, the condition (4.32) can be fulfilled by adding

magnons with different momenta, provided the single-magnon dispersion has one or

more inflection points. To obtain the corresponding additional thresholds, we first

determine the inflection points within the stable part of the single-magnon dispersion,

which divide it into different regions. Then, we look for solutions ω′(qi) = ω′(qj),

where qi and qj belong to different regions. As the slope of the dispersion is monotonic

within a given region, there can be at most one matching momentum qj for a given

qi. However, one may not find a qj for each qi, and there can be pairs of regions for

which no solutions exist at all. The solutions can then be used to parametrize all

possible n-particle thresholds.

As the shape of the single-magnon dispersion changes considerably throughout

the Haldane phase, the number of inflection points also depends on θ. Hence, the

number of solutions and the momentum range for which the corresponding n-particle

thresholds exist will vary strongly depending on θ.

Discussion of the results

In Fig. 4.5, we indicate selected two- and three-magnon thresholds at different values

of the parameter θ. We have found these to be the most useful, while thresholds cor-
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Figure 4.5: Dynamic structure factors in the Haldane phase of the bilinear-
biquadratic spin-1 chain. We show results corresponding to spin (left) and quadrupo-
lar (right) correlations for the model (4.1) with several parameter values −π/4 <
θ < π/4. Dashed lines indicate thresholds for two- and three-magnon continua
based on the noninteracting approximation. For SQQ(k, ω) at the AKLT point
θ ≈ 0.102π, we mark the position of the exactly known excited state |S2〉 from
Ref. [76] with total spin quantum number Stot = 2 at momentum k = π and energy
ω2 = 12/

√
10 ≈ 3.795.
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responding to more than three magnons typically do not explain many relevant fea-

tures. The lines are shown on top of the numerical results for the dynamic structure

factors corresponding to spin correlations (Szz(k, ω), left column) and quadrupolar

correlations (SQQ(k, ω), right column).

Let us start the discussion with the Heisenberg antiferromagnet θ = 0, where the

minimum of the single-magnon dispersion is located at k = π, corresponding to the

Haldane gap ∆H ≈ 0.410 48 [123, 128, 178]. The single-magnon energy increases as k

is decreased starting from k = π. The dispersion has an inflection point at k ≈ 0.87π

and a maximum at k ≈ 0.48π and finally enters the multi-magnon continuum at

ki(θ = 0) ≈ 0.23π. The lower onsets of the two- and three-magnon continua are well

captured by the lines obtained from the noninteracting approximation. In addition,

some more complex structures in the continua can be explained by the interplay of

two- and three-magnon thresholds. See for example the features at (k, ω) ≈ (0.6 π, 3)

and (k, ω) ≈ (0.1π, 5), which are more clearly visible in the quadrupolar structure

factor.

As we increase θ, starting from θ = 0, the single-magnon band flattens. The

wavevector ki(θ) at which the single-magnon line enters the two-particle continuum

increases as a function of θ, such that the momentum range in which the single-

particle excitation is stable becomes smaller. Around the AKLT point θAKLT =

arctan(1/3) ≈ 0.1024π [73, 74] (see also Sec. 4.3.3), the maximum of the single-

magnon line disappears. Due to the reduced energy range of the single-particle states,

the multi-magnon continua also contract. Note that the agreement between the non-

interacting approximation and the actual continua boundaries deteriorates, and the

noninteracting thresholds explain less and less features. This indicates that magnon

interactions become more relevant with increasing θ. For example, at the AKLT

point a sharp feature appears in the quadrupolar structure factor at (k, ω) ≈ (π, 3.8)

which cannot be explained by any multi-magnon threshold. In fact, it corresponds
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to an exactly known excited state denoted by |S2〉 [see Eq. (4.35)], which we will

discuss in more detail in Sec. 4.3.3.

As we increase θ beyond the AKLT point, we observe further considerable changes

[125]. The single-magnon dispersion develops a minimum around k = 2π/3 and the

continua widen again. We are approaching the vicinity of the phase transition to

the critical phase, which occurs at the integrable Uimin-Lai-Sutherland (ULS) point

θ = π/4. A detailed discussion of the latter will be provided in Sec. 4.4.1. As the

transition is of the Berezinskii-Kosterlitz-Thouless (BKT) type, the gap closes expo-

nentially and is already very small in the region close to the ULS point. The magnon

continua begin to resemble the structure predicted by the Bethe ansatz solution for

the multi-soliton continua at the ULS point (see the top panels in Fig. 4.10). We

observe that in the momentum range 2π/3 ≤ k ≤ π, the single-magnon line ap-

proaches the dispersion ω4(k) (4.45), which corresponds to the exact lower threshold

of a multi-soliton continuum at the ULS point. Finally, for θ → π/4, the gap closes at

momenta k = 0 and k = 2π/3. As we approach the transition, the spectral weight of

the single-magnon line decreases. Eventually, the sharp excitation disappears com-

pletely and merges with the lower boundary of the continuum. Here, the excitations

qualitatively change from magnons into soliton-like excitations.

When we decrease θ, starting from θ = 0, the minimum of the single-magnon

line at k = π, corresponding to the gap, becomes smaller, while the maximum of the

dispersion becomes larger. Therefore, as the two-magnon and three-magnon continua

have their lower thresholds at approximately twice or three times the value of the

gap, their onsets move closer and closer to the single-magnon line, and they become

significantly wider. As we approach the transition to the dimerized phase, which

occurs at the Takhtajan-Babujian (TB) point θ = −π/4 (see Sec. 4.3.4), the gap

closes at momenta k = 0 and k = π. This occurs linearly, as we have a second-order

(Ising) transition. The single-magnon line approaches and eventually merges with
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the lower boundary of the continuum, which is given by ωl(k) (4.38) at the TB point.

Here, the excitations also qualitatively change from elementary one-particle states

(magnons in the Haldane phase) to elementary two-particle states (spinons at the

TB point).

4.3.3 The AKLT model and the fluctuating matrix product state approximation

Let us now turn to the AKLT model, which is named after Affleck, Kennedy, Lieb,

and Tasaki, who introduced it in 1987 [73, 74]. The Hamiltonian is constructed such

that one can easily determine the exact ground state wave function. The approach

is inspired by and similar to the Majumdar-Ghosh model [72], a spin-1/2 chain for

which the ground state is also known exactly. Despite its simplicity, the physics

of the AKLT state is similar to the spin-1 Heisenberg antiferromagnet. Hence, it

gives qualitative insights into the physics of spin-1 antiferromagnets and the Haldane

phase.

Valence bond state wavefunction

The Hamiltonian of the AKLT model is constructed such that the energy is minimized

by a valence bond solid (VBS) wave function. Let us think of the physical spin-1 sites

as consisting of two (virtual) spins-1/2 with a symmetric on-site wave function, and

let each of the two spins-1/2 form a singlet with a virtual spin-1/2 on a neighboring

site. By construction, this VBS state is characterized by the property that the

total spin quantum number never takes the value j = 2 on any bond. Revisiting

our representation of the bilinear-biquadratic model in terms of projection operators

(4.3), we can immediately see that the VBS state becomes a ground state of the

Hamiltonian if the coefficients obey a0(θ) = a1(θ) < a2(θ), such that the Hamiltonian

projects onto the j = 2 component on each bond (up to irrelevant constants). This

condition is fulfilled at θAKLT = arctan(1/3) ≈ 0.1024π, which is hence called the
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AKLT point (see also Fig. 4.1). Explicitly, the AKLT Hamiltonian reads

Ĥθ=arctan(1/3) =
3√
10
ĤAKLT =

3√
10

∑

i

[
(Ŝi · Ŝi+1) +

1

3
(Ŝi · Ŝi+1)2

]
, (4.33)

and the VBS wave function is an exact ground state with energy 3√
10

(−2
3
) = − 2√

10
≈

−0.632456 per site. The valence bond ground state can be represented exactly as

a translation-invariant MPS with bond dimension D = 2 [83, 161–164]. It can

easily be seen that correlations in the AKLT state decay exponentially with a (very

small) finite correlation length, and in combination with the proof that the AKLT

Hamiltonian is gapped [74], these rigorous results confirm Haldane’s conjecture [28,

29] at least for a model that is very similar to the spin-1 antiferromagnet.

Due to the simplicity of the AKLT state, it nicely visualizes the properties re-

lated to the symmetry-protected topological order in the Haldane phase. For open

boundary conditions, two effective spins-1/2 remain unpaired at the two ends of the

chain. These edge states lead to a fourfold degeneracy of the ground state [179].

The non-local topological order, characterized by the string order parameter Ostring

defined in Eq. (4.2), can be directly seen from the MPS representation with bond

dimension D = 2. In every component of the ground-state wavefunction, a site with

|+〉i can only be followed by |−〉i+1 or |0〉i+1, and a a site with |−〉i can only be

followed by |+〉i+1 or |0〉i+1. Therefore, in every spin configuration that contributes

to the ground state, every |+〉 must eventually be followed by a |−〉 with an arbitrary

number of sites with state |0〉 between them. Note that the AKLT state maximizes

the string order for a rotationally invariant state, and one can explicitly compute

Ostring = 4/9.

Comparison with exact excited states

While the ground state is known exactly at the AKLT point, the model is noninte-

grable and the analytical results for excited states are limited. This is in contrast to
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the points at which the bilinear-biquadratic spin-1 chain can be solved exactly using

the Bethe ansatz technique, which gives direct access to excited states as well (see

Secs. 4.3.4, 4.4.1, and 4.6.2).

Using the Schwinger boson representation, Arovas was able to construct two exact

excited states for the AKLT Hamiltonian [75], which are both singlets (Stot = 0).

Their (nonnormalized) wave functions are given by

|A〉 =
∑

i

(−1)i(Ŝi · Ŝi+1)|ψAKLT〉, and

|B〉 =
∑

i

(−1)i
{

(Ŝi−1 · Ŝi), (Ŝi · Ŝi+1)
}
|ψAKLT〉,

(4.34)

where {, } denotes the anticommutator and |ψAKLT〉 is the AKLT ground state. Note

that these states have the same structure as the variational ansatz for the single-

mode approximation that we will discuss in the following Sec. 4.3.3, but they are

exact eigenstates of the Hamiltonian at momentum k = π. The lower-energy state

|A〉 with energy ωA =
√

10 ≈ 3.162 1 can be interpreted as a two-magnon bound

state, while the higher-energy state |B〉 with energy ωB = 12/
√

10 ≈ 3.795 also has

three-magnon contributions.

Recently, this early work was significantly extended. In Ref. [76], the authors

use exact diagonalization for small system sizes to identify excited eigenstates that

have a sparse entanglement spectrum, i.e., for which the reduced density matrices of

subsystems have low rank. Then, they derive analytic expressions for these particular

states. A tower of exact excited states {|S2N〉} from the ground state to the highest

excited state is constructed, where the states |S2N〉 form a multiplet with total spin

quantum number Stot = 2N and energy ω2N = (6/
√

10)2N , and their momentum is

either k = 0 or π, depending on whether N is even or odd.

1 Note that the AKLT Hamiltonian in Refs. [75, 76] has a different prefactor. We rescale the
energies by a factor 6/

√
10 such that they match our definition of the model (4.33).
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For the low-energy physics contributing to the dynamic structure factors, only

the states with the lowest N -values are relevant. In particular, for N = 1, the

multiplet |S2〉 with total spin quantum number Stot = 2 has momentum k = π and

energy ω2 = 12/
√

10 ≈ 3.795. The (nonnormalized) wave function of the state with

Sztot = +2 is given by

|S2〉 =
∑

i

(−1)i(Ŝ+
i )2|ψAKLT〉, (4.35)

from which the other states of the multiplet can be obtained by repeated application

of Ŝ−tot =
∑

i Ŝ
−
i . Then, for N = 2, one obtains an exact eigenstate |S4〉 with Stot = 4,

momentum k = 0, and energy ω4 = 24/
√

10 ≈ 7.589.

Let us now discuss the contributions of these exact excited eigenstates to the

dynamic structure factors. Due to selection rules, we cannot couple to the sin-

glet states |A〉 and |B〉 from the ground state when applying the operators Ŝz or

Q̂, hence they do not contribute to the dynamic structure factors Szz(k, ω) and

SQQ(k, ω). To target them, we need to apply a spherical tensor operator with rank

κ = 0 that transforms as a scalar. As there is no such (non-trivial) one-site operator,

we resort to two-site operators. One can systematically construct all possible inde-

pendent two-site operators, taking into account the SU(2) symmetry of the system

and using the Wigner-Eckart theorem (see Appendix A). We denote by [XY ]κq the

q component (|q| ≤ κ) of a spherical tensor operator with rank κ that is obtained

by coupling the one-site tensor operators X and Y with the corresponding Clebsch-

Gordan coefficients. In some cases, we will indicate the sites on which X and Y act

by indices. Here, we consider [SS]00 and [QQ]00, which arise by coupling two spin or

two quadrupolar one-site operators on neighboring sites to two-site operators with

rank κ = 0. The results for the corresponding dynamic structure factors are shown

in the top of Fig. 4.6, where we have also indicated the momentum and energies of

the states |A〉 and |B〉.
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Figure 4.6: Exact excited states at the AKLT point. We show the dynamic struc-
ture factor for the response operators [SS]00 (left) and [QQ]00 (right), and indicate the
momentum k = π and the energies ωA =

√
10 ≈ 3.162 and ωB = 12/

√
10 ≈ 3.795 of

the exactly known excited singlet (Stot = 0) states |A〉 and |B〉 (4.34) from Ref. [75].

In both plots, a sharp feature with significant spectral weight is clearly visible

at (k = π, ω = ωA) that can be attributed to the state |A〉. In fact, our numerical

data indicate that the two-magnon bound state does not only exist at momentum

k = π. Rather, the dynamic structure factors provide evidence for a stable two-

magnon excitation that exists for a whole range of momenta from k = π down to

some ki at which the sharp excitation enters the magnon continuum, similar to the

single-magnon line. For the exact state |B〉, no sharp feature can be found at the

point (k = π, ω = ωB). In its vicinity, a continuum of states can be observed that

becomes narrower with increasing momentum k, and it appears to contract to a single

point at energy ωB in the limit k → π. However, the spectral weight vanishes there,

because the matrix elements of the operators [SS]00 and [QQ]00 between the ground

state and the excited state |B〉 are zero. Note that for g(i) ≡ 〈ψAKLT|
{

(Ŝi−1 ·Ŝi), (Ŝi ·

Ŝi+1)
}

[S1S2]00|ψAKLT〉, we have g(2 + j) = g(1− j) ∀j, such that all contributions to

the matrix element cancel. The same holds for the operator [Q1Q2]00.

The state |S2〉 explains a sharp excitation in the quadrupolar dynamic structure

factor SQQ(k, ω) at momentum k = π and energy ω2 (see Fig. 4.5). Again, due to
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selection rules, the state does not contribute to the spin structure factor Szz(k, ω)

or to the structure factors of the rotation-invariant operators [SS]00 and [QQ]00 in the

top of Fig. 4.6.

To make the state |S4〉 visible in the dynamic structure factor, we would need

to act on the ground state with a spherical tensor operator of rank κ = 4. Two

quadrupolar operators acting on neighboring sites i and i + 1 can be coupled to

yield such an operator, denoted by [QiQi+1]4q. However, acting with this opera-

tor on the AKLT state yields zero, which can easily be seen as follows. As dis-

cussed above in Sec. 4.3.3, no spin configuration contributing to the valence bond

solid wave function contains two spin down states on neighboring sites. Thus,

[QiQi+1]4+4|ψAKLT〉 ∝ (Ŝ+
i )2(Ŝ+

i+1)2|ψAKLT〉 = 0. As the state |ψAKLT〉 is a singlet,

and the operators {[QiQi+1]4q,−4 ≤ q ≤ +4} transform into each other under rota-

tions, [QiQi+1]4q|ψAKLT〉 = 0 must vanish separately for every q. Hence, we would

need to use an operator that is supported on more than two sites to couple to the

state, and |S4〉 does not contribute to the dynamic structure factors of any one- or

two-site operators.

For all higher excited states in the tower with N > 2, selection rules prohibit any

contribution to dynamic structure factors corresponding to arbitrary one- or two-site

operators.

The single-mode approximation for excitations in the AKLT model

One can apply the Bijl-Feynman single-mode approximation (SMA) to study excited

states for the AKLT model. Due to the simplicity of the ground state, this varia-

tional ansatz leads to a straightforward calculation, and one can explicitly obtain

the approximate dispersion relation [180]. In this approach, one starts from the ex-

act ground state |ψAKLT〉, and constructs an ansatz for a spin wave or magnon with
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momentum k as

|k〉 ≡ Ŝzk |ψ〉 =
1√
L

∑

x

eikxŜzx|ψAKLT〉, (4.36)

which yields an excitation energy of

ε(k) =
3√
10

[
10

27
(5 + 3 cos k)

]
. (4.37)

This gives an upper bound for the actual excitation energy [180]. Despite the sim-

plistic ansatz for the excitation, the agreement between numerical data and the vari-

ational dispersion is very good, in particular in the region k ≈ π. The comparison

is shown in Fig. 4.7, where we analyze the fluctuating matrix product state (fMPS)

approximation, which conincides with the single-mode approximation at the AKLT

point.

The accuracy of the SMA deteriorates as we move away from the AKLT point.

For example, it overestimates the gap of the Heisenberg antiferromagnet roughly by

a factor of two [180]. To describe the single-magnon dispersion at other values of θ

more accurately, one can improve the SMA by variationally optimizing momentum

eigenstates expressed as MPS tensors on top of an iMPS ground state [181–185]. An

alternative approach for obtaining approximate dispersion relations for the vicinity

of the AKLT point is based on the fMPS approximation described in the following

section.

The fluctuating MPS approximation

Recently, an alternative field-theoretic treatment of the Haldane phase has been

introduced, which is based on representing the path integral in terms of so-called

fluctuating matrix product states (fMPS) [186]. This overcomplete basis consists of

MPS with bond dimension D = 2. Compared to the standard approach used in

the derivation of the NLσM, which employs spin-coherent states (see Sec. 4.3.1), the
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Figure 4.7: Comparison of numerical data with the fluctuating MPS (fMPS) ap-
proximation. Left: Single-magnon dispersions for various values of θ in the range of
validity of the fMPS approximation [186]. Right: Gap ∆ and square of the spin-wave
velocity v2 at momentum k = π as a function of θ. Note that at the AKLT point
[73, 74] with Hamiltonian (4.33) corresponding to θ = arctan(1/3) in Eq. (4.1), the
fMPS result is identical to the single-mode approximation (4.37) [180].

fMPS approach has the advantage that entanglement is already captured in the basis

states.

In the fMPS approach, one first determines the lowest energy configuration within

the variational space. For the parameter region 0.04π . θ < π/4, this is found to

be the exact AKLT groundstate. Then, fluctuations around the AKLT state are

considered, and an expansion of the action around the AKLT saddle point leads to

a quadratic effective action. The latter can be diagonalized, resulting in an approx-

imate expression for the dispersion of the single-magnon excitation [186].

In Fig. 4.7, we compare our numerical data to the fMPS approximation. The left

panel shows the shape of the single-magnon lines for several values of θ in the range

of validity 0.04 π . θ . 0.18 π of the fMPS approximation. At the AKLT point

θAKLT = arctan(1/3) ≈ 0.102π, the fMPS approximation reproduces the dispersion

of the single-mode approximation (4.37), and the agreement with the numerical

data is very good. When moving away from θAKLT, the qualitative trends are well

captured by the fMPS approximation. The gap at momentum k = π increases with
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θ, while the square of the spin-wave velocity v2 decreases and eventually becomes

negative, such that the minimum of the single-magnon band moves away from k = π.

Quantitatively, the fMPS result reacts too strongly to changes in θ away from θAKLT.

For the transition to the critical phase, the fMPS result predicts the closing of the gap

already at θ ≈ 0.18π instead of at the Uimin-Lai-Sutherland (ULS) point θ = π/4.

However, the prediction for the momentum at which the gap closes (k = 0.660 π)

is close to the actual value k = 2π/3. In the opposite direction, for the transition

to the dimerized phase, the fMPS approximation predicts the closing of the gap at

θ ≈ 0.04 π instead of at the Takhtajan-Babujian point θ = −π/4.

4.3.4 The Takhtajan-Babujian point and Tsvelik’s Majorana field theory

The original Bethe ansatz solution for the spin-1/2 antiferromagnetic chain [23] can

be generalized to SU(2)-symmetric spin chains with arbitrary spin S. The general

form of the Hamiltonian is ĤS =
∑

iQ2S(Ŝi · Ŝi+1), where Q2S is a polynomial of

degree 2S in the isotropic nearest-neighbor spin interaction. One can show that

for a particular choice of Q2S, the model can be solved exactly. For the spin S = 1

representation, the relevant polynomial is Q2(x) ∝ x−x2, corresponding to θ = −π/4

in Eq. (4.1). This case is called the Takhtajan-Babujian model [116–118], and the

exact solution is obtained using algebraic Bethe ansatz.

The analytical solution reveals that the elementary excitations of the model are

pairs of spin-1/2 spin waves with a dispersion relation ε(k) =
√

2π sin(k), analogous

to the excitations of the spin-1/2 antiferromagnetic chain. All physical states must

have integer spin and consist of an even number of spin-1/2 excitations, where the

total momentum and energy are obtained by adding those of the constituents, i.e.,

(k, ω) = (q1 + q2, ε(q1) + ε(q2)). Similar to the approach described in Sec. 4.3.2, this

allows us to compute boundaries for two-particle continua. The lower threshold ωl(k)

of the continuum is obtained by choosing one spinon with momentum and energy
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boundaries [see Eq. (4.38)] of two-particle excitation continua obtained from the
Bethe ansatz solution. Right: Comparison of our numerical data (MPS) with the
Bethe ansatz solution (BA) [70] for cuts of the dynamic structure factor Szz(k, ω) at
several momenta k.

zero, while an upper threshold ωus(k) occurs when we add two spinons with identical

momenta q1 = q2. An additional upper threshold ωua(k) can be obtained by adding

spinons with momenta q1 = q2 − π. This yields the boundaries

ωl(k) = ε(k) =
√

2π sin(k),

ωus(k) = 2ε(k/2) = 2
√

2π sin(k/2), and

ωua(k) = 2ε
(
π−k

2

)
= 2
√

2π sin
(
π−k

2

)
.

(4.38)

In the left panels of Fig. 4.8, we show our numerical results for the dynamic spin

and quadrupolar structure factors at the Takhtajan-Babujian point. The blue dashed

lines indicate the boundaries of the two-particle continua (4.38) from the Bethe ansatz

solution. They are in excellent agreement with our numerical data, where distinct

jumps in the spectral density can be observed at the thresholds. The vast majority

of the spectral weight is confined to the region defined by the boundaries of the

two-particle continua, indicating that these are the dominant excitations. Continua
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with significantly less weight above the two-spinon threshold correspond to small

contributions from four-spinon states.

Recently, an algebraic Bethe ansatz computation of the zero-temperature dynam-

ical structure factor at the Takhtajan-Babujian point was achieved in Ref. [70]. In

particular, the dynamic structure factor Szz(k, ω) for a system of size L = 200 is

presented, including two-spinon and four-spinon contributions, with a sum rule sat-

uration of 99.16 %. In the right panel of Fig. 4.8, we compare our numerical spectra

with the exact result from Ref. [70] for cuts at several momenta k. If we apply a

strong Gaussian filter as it was done for the Bethe ansatz data presented in [70], our

results are in excellent agreement, confirming the precision of our MPS data.

Another field theory description that is valid in the vicinity of the Takhtajan-

Babujian point −π/4 . θ has been suggested by Tsvelik [122]. At the integrable

TB point with gapless spectrum, the SU(2)-symmetric model is characterized by

conformal symmetry with central charge c = 3/2 [187]. To arrive at a field theory

for the critical point that is in agreement with the symmetries, Tsvelik introduces

three Majorana fermions with spectrum ε(k) = |k|, described by a Lagrangian

L = iχ̄aγµ∂µχa, with a = 1, 2, 3, χa =

(
χ+,a

χ−,a

)
, χ̄ = χᵀγ0, (4.39)

and γµ (µ = 0, 1) are one-dimensional γ matrices. Using perturbation theory, one

can obtain a field theory for the vicinity of the integrable point. The symmetry group

and the central charge determine the university class, and the operator content for

the model (4.39) is known from Ref. [188]. In the continuum limit, this implies a

Lagrangian [122]

L = iχ̄aγµ∂µχa −mχ̄aχa + gJaµJ
a
µ . (4.40)

It contains a mass term, where m ∝ |θ+ π/4| is the mass of the Majorana fermions,

which are all equal in the isotropic case. In addition, a marginal current interaction
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Figure 4.9: Comparison with Tsvelik’s Majorana field theory. We consider the
dynamic spin structure factor Szz(k, ω) at momentum k = π for the Haldane phase
in the vicinity of the TB point θ = −π/4. In th plots, we compare numerical
results (MPS) to the three-particle continuum from Tsvelik’s Majorana field theory
[122, 176] and the NLσM [175, 176]. The insets show the frequency region near the
maximum of the peaks.

gJaµJ
a
µ arises, where Jaµ = εabcχ̄bγµχc. Neglecting this interaction, one can quantize

the model and diagonalize the corresponding Hamiltonian, which yields a one-particle

dispersion ε(k) =
√
m2 + k2. One can also compute dynamic susceptibilities and the

three-particle contribution to the dynamic structure factor for the field theory [176].

In Fig. 4.9, we compare our numerical data for the dynamic structure factor

Szz(k, ω) at momentum k = π to the three-particle contribution computed based

on the Majorana field theory for three values of θ in the vicinity of the TB point.

For comparison, we have also indicated the result from the NLσM. Surprisingly, the

deviations from the Majorana field theory are even larger than those from the NLσM,

and we attribute these to neglecting the current interaction.

Note that in the parameter region −π/4 . θ close to the TB point, the numerical

simulations become challenging for two reasons. First, the excitation gap is very

small. Therefore, one needs to reach a large maximum time tmax in the simulation

in order to resolve the relevant low-frequency oscillations. Second, in this parameter

region the pertubation is spreading in space with a relatively high velocity. This

means that in order to capture the signal in the response function S(x, t) for all

96



relevant x up to a given maximum time tmax, one needs to choose a relatively large

spatial window for the simulation (see Sec. 4.2). These two properties combined

necessitate the use of extremely large system sizes.

4.4 The extended critical phase

In this section, we will shed light on the low-energy physics of the model (4.1) in the

extended critical phase π/4 ≤ θ < π/2. We will start our discussion with the physics

of the SU(3)-symmetric Uimin-Lai-Sutherland (ULS) point θULS = π/4, where the

transition from the Haldane phase to the critical phase occurs. Here, the model

can be solved exactly by the nested Bethe ansatz [32–34]. In the vicinity of the

ULS point, we can relate the low-lying excitations to a field theory description [35].

Further away from the ULS point, we encounter uncharted territory and discover

interesting new elementary excitations at higher energies, which we characterize and

relate to the Temperley-Lieb chain in the limit θ → π/2−.

4.4.1 The Uimin-Lai-Sutherland (ULS) point

The transition from the Haldane to the critical phase occurs at the Uimin-Lai-

Sutherland (ULS) point θULS = π/4, where an enlarged SU(3) symmetry emerges.

The Hamiltonian can be expressed as a sum of operators that permute states on

neighboring sites and the model can be solved exactly using the nested Bethe ansatz

[32–34]. The lowest excited states are given by soliton-like elementary two-particle

excitations, which yield continua in the dynamic structure factor [34, 115]. Their

energies are given by

E(k1, k2) = ε1(k1) + ε2(k2), where

ε1(k1) = π
(

2
3

)3/2
[cos(π/3− k1)− cos(π/3)] , k1 ∈ [0, 2π/3], and

ε2(k2) = π
(

2
3

)3/2
[cos(π/3)− cos(π/3 + k2)] , k2 ∈ [0, 4π/3].

(4.41)
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Upon folding the total momentum k = k1 +k2 back into the first Brillouin zone, this

yields three thresholds for the two-particle continuum. For a fixed total momentum

k, the energies of the lowest two-particle excitations are given by

ω1(k) =

{
E(k, 0) = ε1(k), |k| ≤ 2π/3, and

E(2π/3, k − 2π/3) = ε2(k − 2π/3), 2π/3 ≤ |k| ≤ π.
(4.42)

The next threshold ω2(k) marks the onset of the region where there are two solutions

(k1, k2) for a fixed total momentum k. This leads to a doubling of the density of states

for energies above ω2(k), which is given by

ω2(k) = E(0, k) = ε2(k) =
π
√

2

3

cos(π/3)− cos(π/3 + k)

sin(π/3)
. (4.43)

Finally, the upper boundary of the two-particle continuum is given by

ωu(k) =

{
ω2(k), |k| ≤ π/3, and

E(q(k), k − q(k)), q(k) = −π/6− arctan ((cos k − 1)/ sin k) , else.

(4.44)

Note that a computation of dynamical correlation functions based on the Bethe

ansatz solution has not yet been achieved for this model. Recently, progress has

been made towards the computation of scalar products of Bethe vectors [189, 190].

However, a single determinant representation is currently not available and the dy-

namic structure factor can hence not be obtained analytically. This is in contrast

to the Takhtajan-Babujian model [θ = −π/4 in Eq. (4.1)], where Bethe ansatz re-

sults for the dynamic structure factor have been presented recently in Ref. [70] (see

Sec. 4.3.4).

Hence, we present our numerical results for the dynamic spin and quadrupo-

lar structure factors at the ULS point in the top panels of Fig. 4.10. Due to

the enlarged SU(3) symmetry, spin and quadrupolar correlations become equiva-

lent. One can show that the structure factors are related by a constant, explicitly
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SQQ(k, ω) = 1
3
Szz(k, ω), and as expected, the features agree up to an overall rescaling

of the intensity. We indicate the three thresholds for two-particle excitation continua

ω1(k) ≤ ω2(k) ≤ ωu(k) [see Eqs. (4.42), (4.43) and (4.44)] from the Bethe ansatz

solution, which agree precisely with the relevant features visible in the numerical

data.

In addition to these two-particle excitations, a continuum with less spectral weight

appears in the momentum range 2π/3 ≤ k ≤ π at energies below the onset of the

two-particle continuum. The lower boundary of this region can be explained by

adding two pairs of solitons from Eq. (4.41). If we combine the two-particle states

E(2π/3, 0) = 0 and E(q, 0) = ε1(q) for 0 ≤ q ≤ π/3, we obtain four-particle states

with momentum and energy given by (k, ω) = (2π/3 + q, ε1(q)), which corresponds

to a lower four-particle continuum threshold

ω4(k) = ε1(k − 2π/3), 2π/3 ≤ k ≤ π. (4.45)

This additional boundary, which is just the lower boundary of the two-soliton con-

tinuum ω1(k) shifted to the right by momentum 2π/3, is also indicated in the top

panels of Fig. 4.10, and agrees precisely with the numerical data.

4.4.2 Field theory in the vicinity of the ULS point

While the nested Bethe ansatz allows for an exact solution of the ULS Hamiltonian,

the model is only integrable at this particular high-symmetry point. However, a

field-theory description introduced by Itoi and Kato [35] grants insights into the

physics of the critical phase and the Haldane phase in the vicinity of the ULS point.

In this region, the model can be mapped to a level-one SU(3) Wess-Zumino-Witten

(WZW) model with certain marginal perturbations. To this end, the spin operators

are expressed in terms of three species of fermions as Ŝi =
∑3

α,β=1 ĉ
†
i,α(L)αβ ĉi,β, where

L = (Lx, Ly, Lz)ᵀ are spin-1 matrices and ĉi,α (ĉ†i,α) annihilates (creates) a fermion
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of type α on site i. In this representation, the Hamiltonian can be written as

Ĥθ = cos θ
∑

i

[
ĉ†i,αĉi,β ĉ

†
i+1,β ĉi+1,α + (tan θ − 1)ĉ†i,αĉi,β ĉ

†
i+1,αĉi+1,β

]
+ const., (4.46)

where summation over the indices α and β is implied. The constraint
∑3

α=1 ĉ
†
i,αĉi,α =

1 is introduced, enforcing that there is exactly one fermion on each lattice site, such

that the local Hilbert space dimension is restricted to three. The first term in (4.46) is

SU(3)-symmetric and simply exchanges states on neighboring lattice sites, while the

second term is a projector onto a singlet bond and vanishes at the ULS point θ = π/4.

In the Euclidean action for the fermion representation of the model, a Hubbard-

Stratonovich transformation is applied to decouple the two-body interaction at the

expense of additional complex auxiliary fields {Qi,i+1}, and Lagrange multipliers

{χi} are introduced for the local constraint. This yields the action

Aθ = cos θ

∫ β

0

dτ
∑

i

[
ĉ†i,α∂τ ĉi,α + iχi(ĉ

†
i,αĉi,α − 1) + ĥi,i+1(θ)

]
, (4.47)

where β is the inverse temperature, and the Hamiltonian describing the bond inter-

action is given by

ĥi,i+1(θ) = Q∗i,i+1Qi,i+1−ĉ†i,αQi,i+1ĉi+1,α−ĉ†i+1,αQ∗i,i+1ĉi,α+(tan θ−1)ĉ†i,αĉi,β ĉ
†
i+1,αĉi+1,β.

(4.48)

At first, the ULS point θULS = π/4 is studied, where the last term in (4.48) vanishes.

A mean-field approximation is considered, in which the auxiliary fields {Qi,i+1} are

approximated by a constant Q0. Ignoring the local constraint at first, one obtains a

simple dispersion relation ε(k) = −Q0 cos k, and in the ground state, all states up to

the Fermi surface ±kF with kF = π/3 are filled. The low-energy physics can then be

described in terms of slowly varying left- and right-moving fields ψ̂Lα(x) and ψ̂Rα(x)

around the Fermi surface,

ĉi,α ∼= ψ̂Lα(x)e−ikFx + ψ̂Rα(x)eikFx, (4.49)
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where x is the position of lattice site i in the continuum description. Next, deviations

from the mean-field approximation are considered, and the local constraint is taken

into account, which can be expressed in terms of the fields as

ψ̂†Lαψ̂Lα(x) = 0, ψ̂†Rαψ̂Rα(x) = 0, and (4.50a)

ψ̂†Lαψ̂Rα(x) + ψ̂†Rαψ̂Lα(x) = 0. (4.50b)

This results in an effective low-energy continuum description for the ULS point,

which is a perturbed Abelian gauge-field theory [35]

Aθ=π/4 =
1√
2

[A0 + g1A1], with

A0 = 2ψ̂†Lα(∂̄ + iĀ)ψ̂Lα + 2ψ̂†Rα(∂ + iA)ψ̂Rα,

A1 = ψ̂†Lαψ̂Lβψ̂
†
Rβψ̂Rα,

(4.51)

where the gauge field A arises in connection with the Lagrange multipliers {χi}. The

interaction term A1 with coupling constant g1 originates from a Gaussian integra-

tion over fluctuations of the mean-field variable around Q0, and from the constraint

(4.50b). It is then shown [35] that the theory described by A0 has central charge

c = 2, in agreement with the result for the Bethe ansatz solution [191], and that it is

in fact equivalent to the level-one SU(3) Wess-Zumino Witten model, A0
∼= ASU(3)1 .

The term A1 is marginal and gives logarithmic finite-size corrections.

For the vicinity of the ULS point, an additional marginal term needs to be taken

into account. For tan θ 6= 1, the second SU(3)-symmetry-breaking term in (4.46) is

non-zero. In the continuum description, it can be expressed as

ĉ†i,αĉi,β ĉ
†
i+1,αĉi+1,β

∼= ψ̂†Lαψ̂Lβψ̂
†
Rαψ̂Rβ, (4.52)

which results in a marginal term denoted by A2 with a prefactor g2(θ) ∝ (tan θ− 1).

Hence, the vicinity of the ULS point is described by a perturbed conformal field
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theory with an action of the form

Aθ = cos θ
[
ASU(3)1 + g1(θ)A1 + g2(θ)A2

]
. (4.53)

From the operator product expansion for the two marginal operators, one obtains

the one-loop β functions for the renormalization group (RG) flow of the couplings

[35],

β1(g1, g2) =
dg1

dl
=

3

2
√

2
g2

1 +
1√
2
g1g2 +O(g3

1, g
2
2),

β2(g1, g2) =
dg2

dl
= − 3

2
√

2
g2

2 −
1√
2
g1g2 +O(g3

2, g
2
1).

(4.54)

Due to a conservation law, one can solve these coupled differential equations exactly

[35]. All trajectories in the (g1, g2) plane described by (4.54) obey the condition

(g1 − g2)2 − (g1 + g2)2 = C|g1 + g2|1/3 (4.55)

with an arbitrary real constant C. A few representative RG trajectories are illus-

trated in the left panel of Fig. 4.11. For the physics to agree with the Bethe ansatz

solution at the ULS point, only trajectories in the left half plane with initial val-

ues g1 ≤ 0 need to be considered. In this parameter region, the term A1 is always

marginally irrelevant and leads merely to logarithmic finite-size corrections. For the

marginal term A2, two cases have to be distinguished depending on the initial value

of g2. First, for g2 < 0 corresponding to θ < π/4, A2 becomes marginally relevant

and the theory is asymptotically free. A mass gap opens which can be identified

with the Haldane gap, and near the transition point θ = π/4, it can be estimated

from the RG flow to depend on θ as m ∝ exp[−c(π/4− θ)−3/5], where c is a positive

constant. Hence, the phase transition is of infinite order, a Berezinskii-Kosterlitz-

Thouless (BKT) transition with a slow exponential opening of the gap. Note that

this field-theory prediction has been confirmed by early numerical results [124]. In

the region g2 ≥ 0 corresponding to θ ≥ θULS, the SU(3)-asymmetric interaction A2
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Figure 4.11: RG flow in the vicinity of the Uimin-Lai-Sutherland point and com-
parison of the group velocity with the field-theory prediction. Left: Renormalization
group flow for the coupling parameters g1 and g2 [see Eqs. (4.54) and (4.55)] of the
marginal terms in the field theory (4.53) for the vicinitiy of the ULS point [35].
Right: Group velocity v(θ) as a function of the Hamiltonian parameter θ compared
to the field-theory prediction v(θ) ∝ cos θ. Here, v0 =

√
2π/3 denotes the exact

group velocity at the ULS point.

is marginally irrelevant. The RG flow approaches the only fixed point g∗1 = g∗2 = 0

along the line g1 = −g2. Therefore, the low-energy physics in this parameter region

is described by the same field theory as the ULS point, corresponding to the exis-

tence of the extended critical phase. Hence, we expect the low-energy excitations to

remain the same for θ ≥ θULS, except for the overall prefactor cos θ that is present

in Eq. (4.53), and we expect the group velocity of the low-energy spectrum to be

proportional to cos θ.

The field-theory description explains several features in the dynamic structure

factors in Fig. 4.10. The basic structure of the multi-soliton continua from the ULS

point (see Sec. 4.4.1) remains indeed visible throughout the critical phase as we

increase θ starting from θULS = π/4. The continua are contracted to lower energies,

and the group velocity v = ∂ω/∂k at the wave vectors k = 0 and 2π/3, at which the

gapless excitations occur, decreases with increasing θ. In the right panel of Fig. 4.11,
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we show the group velocity as a function of θ, which we extract from the dynamic

structure factors. Our results confirm that it is in very good agreement with the field

theory prediction v(θ) ∝ cos θ.

4.4.3 Characterization of excitations at higher energies

While the Bethe ansatz solution for the ULS point (Sec. 4.4.1) in combination with

the field-theoretical description for its vicinitiy (Sec. 4.4.2) satisfactorily explain the

low-energy excitations in the region close to the transition point θ & π/4, we en-

counter uncharted territory as we keep increasing θ and move deeper into the critical

phase (see Fig. 4.10). At energies above the remnants of the ULS continua, we

observe striking new features in the spin structure factor Szz(k, ω), which include

various interesting continua and sharp lines. As these features do not appear in the

quadrupolar structure factor, the corresponding excitations are characterized by to-

tal spin quantum number Stot = 1. In the quadrupolar structure factor SQQ(k, ω), a

feature with relatively low spectral weight emerges.

Simple cos-dispersions in the limit θ → π/2−

In the following, we will focus on the excitations in the limit θ → π/2−. As the

dynamic spin structure factor vanishes in the limit k → 0 [see Eq. (4.29)], the full

picture of excitations for all k-values remains hidden, and we cannot study how the

continua boundaries and dispersion relations behave for small k . 0.2 π. To explore

this region, it proves useful to also compute the structure factors corresponding to

two-site operators that are spherical tensor operators with the same rank κ = 1 as

the spin operator Ŝ. While they exhibit similar structures as Szz(k, ω), they do not

vanish in the limit k → 0. As in Sec. 4.3.3, we denote by [XY ]κq the q component

(|q| ≤ κ) of a spherical tensor operator with rank κ that is obtained by coupling

the one-site tensor operators X and Y on neighboring sites with the corresponding
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Figure 4.12: Dynamic structure factors for different operators in the critical phase
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and [QQ]10 (from left to right). Dashed lines indicate the simple cosine dispersions
(4.56) that describe the main features.

Clebsch-Gordan coefficients (see Appendix A for details). Here, we only consider the

two particular two-site operators [SS]10 and [QQ]10. These are the q = 0 components

of spherical tensor operators with rank κ = 1, which are obtained by coupling two

spin or two quadrupolar operators on neighboring sites. The dynamic structure factor

Szz(k, ω) as well as those corresponding to [SS]10 and [QQ]10 are shown in Fig. 4.12.

The dominant features are similar, and the two-site operators uncover the structures

for all k-values.

We now make a striking observation. In the limit θ → π/2−, the relevant features

in the excitation spectrum can be described by simple functional forms. The large

and small dispersive features fall on top of the curves

ε±1 (k) = 3 + 2 cos(±k − 4π
3

) and

ε±2 (k) =
7

3
+

2

3
cos(±k − π

3
),

(4.56)

respectively. These functions are indicated in all panels of Fig. 4.12 by dashed lines.

In addition, the structure factors contain flat lines of constant energy. They

appear at energies corresponding to the minima and maxima of the dispersions given
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in Eq. (4.56), i.e., at the values ω = 1 and 5 for the dispersion ω1(k), and at ω = 5
3

and 3 for the dispersion ω2(k). Note that the spectrum also features a flat line at

energy ω → 0 that can be regarded as originating from the two-particle continuum at

the ULS point, collapsed onto a single line. The flat lines at finite energies can then

be explained by adding an excitation at the maximum or minimum of the dispersions

Eq. (4.56) to an excitation living on the ω = 0 line with arbitrary momentum k.

In the quadrupolar structure factor SQQ(k, ω), the features with less spectral

weight also has a simple dispersion in the limit θ → π/2− (see the bottom right

panel in Fig. 4.10), namely

ε3(k) = 3 + 2 cos k. (4.57)

Note that this corresponds to the dispersion of the upper two-magnon bound state

that exists in the ferromagnetic phase for θ → π/2+ (see Sec. 4.5).

Analysis of block fidelities

We would like to understand the observed excitations at higher energies in more

detail. In order to characterize whether they correspond to elementary one- or two-

particle excitations, we use an approach that is based on the analysis of subsystem

fidelities [139]. For the evaluation of response functions, we compute the perturbed

time-evolved state |ψ(t)〉 ∝ e−iĤtÂ0|ψ〉. Here, we compare subsystem density matri-

ces for the state |ψ(t)〉 to those for the ground state |ψ〉 to characterize the excitations.

As the subsystem, we choose the block A, which is defined as illustrated in

Fig. 4.13. It consists of the left part of the spin chain, up to but excluding the

central site x = 0 on which the perturbation is applied. The remainder of the system

is denoted by B. We obtain reduced density matrices for subsystem A by a partial

trace over the degrees of freedom of block B, and define them for the perturbed

time-evolved and the ground state as σ̂A(t) := TrB |ψ(t)〉〈ψ(t)| and ρ̂A := TrB |ψ〉〈ψ|,

respectively. To quantify the similarity between |ψ(t)〉 and the ground state |ψ〉 on
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Figure 4.13: Analysis of block fidelities for the characterization of elementary
excitations. We show subsystem fidelities (4.58) for different models and perturbation
operators Â (indicated in brackets) as a function of time. We consider isotropic and
anisotropic spin-1/2 XXZ chains and the spin-1 chain (4.1) at the ULS point θ = π/4
as test cases for elementary two-particle excitations. The spin-1 Heisenberg chain
[θ = 0 in Eq. (4.1)] serves as an example for elementary one-particle excitations.
The technique is then applied to characterize excitations at the biquadratic point
θ = π/2− in the critical phase of the spin-1 chain.

block A, we evaluate the fidelity

FA(t) :=

[
Tr

√√
ρ̂A σ̂A(t)

√
ρ̂A

]2

. (4.58)

This block fidelity can be used to discriminate between elementary one- and two-

particle excitations. In the one-particle case, half of the weight of |ψ(t)〉 should

describe a left-moving particle. In the corresponding components of the wavefunc-

tion, the state of the left subsystem is orthogonal to the ground state. Hence, they do

not contribute to the fidelity. The other half of the weight describes a single-particle

excitation traveling to the right. On subsystem A, the corresponding components

locally look like the ground state. Therefore, we expect the fidelity FA(t) to approach

1/2 for large times. In the case of elementary two-particle excitations, we need to

take more different components into account. Certain components will correspond

to one particle traveling to the left and one traveling to the right, while others will

describe states in which both particles move in the same direction. Only in com-
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ponents where both particles travel to the right, the reduced state on block A will

look like the ground state. Hence, only those will contribute to the fidelity, and we

expect FA(t) to approach a value significantly below 1/2.

In Fig. 4.13, we show the computed block fidelities FA(t) as a function of time

for several models. To demonstrate the method, we analyze the results for several

test cases. As examples for elementary two-particle excitations, we consider isotropic

and anisotropic spin-1/2 XXZ chains (2.10) with Jz = 1 and Jz = 3, respectively,

as well as the bilinear-biquadratic spin-1 chain (4.1) at the ULS point θ = π/4.

The dynamics of the spin-1/2 model is dominated by spinons, while the dynamics

at the ULS point is dominated by solitons, which are both elementary two-particle

excitations [23, 24, 34, 65, 69, 115, 192, 193]. As expected, FA(t) indeed converges to a

small value significantly below 1/2 for large times. As an example for an elementary

one-particle excitation, we consider the spin-1 antiferromagnetic chain, where the

dynamics is dominated by the single-magnon excitations. As expected, we find that

the fidelity converges to approximately 1/2. The small deviation can be attributed

to the contribution of multi-magnon excitations with relatively small spectral weight.

Having confirmed the expectations for the test cases, we can apply the technique for

the spin-1 chain (4.1) at θ = π/2−. Here, we find that the block fidelity approaches

approximately 1/2. This is a strong indication that the dispersive features in the

dynamic structure factor in the right panel of Fig. 4.10 are elementary one-particle

excitations [139].

Analysis of equal-time correlators

To complement the analysis of block fidelities, let us describe an alternative ap-

proach to characterizing the nature of the elementary excitations which is based

on equal-time correlators. For the computation of response functions, we apply a

local operator (here Ŝz0) to the ground state |ψ〉, which adds some excitation en-
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ergy ε to the system. During the time evolution of the perturbed wave function

|ψ(t)〉 := e−iĤtŜz0 |ψ〉, the energy is distributed in the system in a causal cone. This

is quantified by hx(t) := 〈ψ(t)|ĥ(x, x+ 1)|ψ(t)〉 − h0, which is the expectation value

of the local bond energy relative to the groundstate energy density h0. The total

excitation energy ε :=
∑

x hx(t) is a conserved quantity. The equal-time correla-

tor Cx1,x2(t) := 〈ψ(t)|ĥx1ĥx2|ψ(t)〉 quantifies correlations in the distribution of the

excitation energy at fixed times t.

The equal-time correlator can be employed to distinguish elementary one-particle

and two-particle excitations. Strong correlations Cx1,x2(t) for x1 and x2 far apart are

the signature of two-particle excitations, as components of the wave function contain

both a left- and a right-traveling excitation. The absence of such strong correlations

is an indicator of dominant one-particle excitations, where wave-function components

contain either a particle traveling to the left or to the right.

We test this approach for the spin-1 Heisenberg antiferromagnet [θ = 0 in (4.1)]

and for the anisotropic spin-1/2 XXZ chain (2.10) with anisotropy Jz = 3, which

places the model in the gapped Néel phase. Then, we apply the technique to learn

about the nature of excitations in the critical phase of the bilinear-biquadratic spin-1

chain (4.1) in the limit θ → π/2−.

The results are shown in Fig. 4.14. In all three systems, the excitation energy

spreads in a causal cone emanating from the place and time of the perturbation

(x, t) = (0, 0). The spin-1 Heisenberg antiferromagnet has dominant single-magnon

excitations and, correspondingly, correlations in Cx1,x2(t) are weak except for the

region where x1 ≈ x2. For the anisotropic spin-1/2 XXZ chain, the elementary ex-

citations are spinons that are always created in pairs, leading to strong non-local

correlations. These numerical results confirm the expectations for the two test cases.

For the bilinear-biquadratic spin-1 chain with θ = π/2−, we observe no strong cor-
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Figure 4.14: Characterizing excitations with equal-time correlators. We show
the energy distribution hx(t) (top) and the equal-time correlator Cx1,x2(t) at time
t = 10 (bottom) for different systems. Left: Spin-1 Heisenberg antiferromagnet
[θ = 0 in Eq. (4.1)]. Center: Spin-1/2 XXZ chain (2.10) with anisotropy Jz = 3.
Right: Critical bilinear-biquadratic spin-1 chain [θ = π/2− in Eq. (4.1)]. For a fair
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relations for distant sites x1 and x2. Therefore, we conclude that the dynamics is

dominated by elementary one-particle excitations. This provides further evidence

supporting the result we reached through the analysis of subsystem fidelities in the

previous section.

4.4.4 Relation to the Temperley-Lieb spin-1 chain

The observation of elementary one-particle excitations with simple cos-dispersion

relations (4.56) in the limit θ → π/2− is a clue that an analytical treatment may be

possible in this case. Indeed, the point θ = π/2 is special. Here, the nearest-neighbor

interaction in the Hamiltonian reduces to the purely biquadratic term. Using the

representation in terms of bond projection operators (4.3), this corresponds to a
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singlet projector on each bond. Up to an irrelevant constant, the Hamiltonian is

given by Ĥπ/2 =
∑

i X̂(i) with X̂(i) := ĥπ/2(i, i + 1) − 1 = (Ŝi · Ŝi+1)2 − 1 = 3P̂
(0)
i,i+1,

where

P̂
(0)
i,i+1 =

(
|ψ0〉〈ψ0|

)
i,i+1

with the bond singlet |ψ0〉 =
1√
3

(
|+−〉 − |00〉+ |−+〉

)
.

(4.59)

Hence, the Hamiltonian is frustration free, and the groundstate space is exponentially

large, containing all states without bond singlets. The operators {X̂(i)} obey the

Temperley-Lieb algebra [42, 166]

X̂2
(i) = 3X̂(i),

X̂(i)X̂(i±1)X̂(i) = X̂(i),

[X̂(i), X̂(j)] = 0, |i− j| > 1,

(4.60)

which implies that the Yang-Baxter equation is satisfied and the model is integrable.

A solution has been found using a corresponding generalization of the coordinate

Bethe ansatz [119]. Starting from a ferromagnetic reference state, the Ĥπ/2 eigen-

states can be constructed by creating two types of pseudo-particles and adding so-

called impurities.

For θ = π/2−, an infinitesimal bilinear term ∼∑i Ŝi · Ŝi+1 resolves the ground-

state degeneracy. In the language of bond projection operators, the Hamiltonian

reads up to an irrelevant constant

Ĥπ
2
−ε = (3− ε)P̂ (0) + 2εP̂ (2) +O(ε2), (4.61)

which results from expanding (4.3) around π/2 for small ε. The first term dominates

and can hence be thought of as a hard constraint. On each bond, the groundstate

wavefunction has to be orthogonal to the singlet state. Then, the θ = π/2− ground-

state can be found by minimizing the term P̂ (2) in the remaining subspace. In terms
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of the Bethe ansatz, this state is a particular linear combination of θ = π/2 ground

states containing a complex array of impurities and pseudo-particles.

The original Bethe ansatz solution [119] has been extended and recent work in-

cludes an algebraic Bethe ansatz solution [120, 121, 194–196]. However, currently

these treatments still do not give access to the ground state in the limit θ → π/2−,

and hence, an analytical derivation of the dispersion relations (4.56) remains an open

problem. These massive excitations are separated from the ground state by an energy

gap ε±1,2(k) ≥ ∆ = 1 and need to contain one bond singlet.

Note that the Bethe ansatz solution for the Temperley-Lieb chain also applies

to the purely biquadratic antiferromagnetic chain θ = −π/2 in the dimerized phase,

which will be discussed in Sec. 4.6.2.

4.4.5 Approximating the ground state in the limit θ → π/2− by a simple state

As we do not have access to the exact groundstate in the limit θ → π/2−, let

us characterize it in more detail. Note that despite the apparent simplicity of the

Hamiltonian, we find that the groundstate wave function is not a simple MPS with

a small fixed bond dimension like for example the AKLT state (see Sec. 4.3.3). To

better understand its properties, we have computed the distribution of the total block

spin for small systems. The results for system size L = 18 are shown in Fig. 4.15.

The numerically computed ground state breaks translation invariance, yielding a

state with period three. Hence, as a function of the block size b, the distribution of

the total block spin also has period three. It is peaked around values of the total spin

quantum number that follow the sequence j = 1, j = 1, j = 0 and 2. The weight of

higher block spins j ≥ 3 is very small.

We can use the information about the total block spin in the real ground state

to build a simple quantum state that approximates it. Let us choose a 3-site unit

cell and constrain the total block spin to the sequence of values j = 1, 1, 0 and 2. In
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Figure 4.15: Characterizing and approximating the ground state in the biquadratic
limit. Left: Distributions of total block spin for the ground state of the bilinear-
biquadratic spin-1 chain (4.1) in the limit θ → π/2−, computed for a small system
of size L = 18. Right: Dynamic structure factor Szz(k, ω) for the simple state
approximating the ground state in the limit θ → π/2−.

combination with the constraint that the ground state has to be orthogonal to the

singlet state on each bond, this determines the state uniquely. The resulting state

can be expressed as an MPS with bond dimensions that follow a sequence D = 3, 3,

6, where the MPS tensors contain the corresponding Clebsch-Gordan coefficients.

The dynamic spin structure factor Szz(k, ω) for this state is shown in the right

panel of Fig. 4.15. The dominant features are strikingly close to those visible in

the dynamic structure factor for the actual ground state, albeit slightly less sharp.

This indicates that the sequence of total block spin, in combination with the hard

constraint (no singlets on any bond), constitute the most relevant features of the

ground state.

We tried to target the excited states by momentum eigenstates expressed as MPS

tensors on top of the simple approximate iMPS ground state, using the technique

described in Refs. [181–185] adapted to a three-site unit cell. In the ansatz, we consid-

ered both replacing a one-site or a two-site tensor in the groundstate. Unfortunately,

this approach did not yield the desired dispersion relations ε±1,2(k).
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4.5 The ferromagnetic phase

4.5.1 Ferromagnetic ground state and dynamic structure factors

The transition to the ferromagnetic phase occurs at the highly degenerate biquadratic

point θ = π/2. For π/2 ≤ θ ≤ 5π/4, the fully polarized two-site state is the

ground state of the bond interaction (with degeneracies at the end points). As this

state simultaneously satisfies all bonds, the model is frustration free, and the fully

polarized state is also the global ground state with ferromagnetic long-range order.

The system spontaneously breaks the (continuous) SU(2) symmetry and chooses a

magnetization axis. This means that there will be gapless excitations (Goldstone

modes). Note that according to the Mermin-Wagner theorem, the long-range order

will be destroyed at any nonzero temperature [20]. For the following, we will work

with the state |ψ〉 = | . . .+++ . . .〉 with all spins up as the ground state.

As this state is an eigenstate of Ŝzi and Q̂i, we need to use different operators to

probe the response of the system. Here, we can employ Ŝ−i and (Ŝ−i )2. These two

operators exhaust all possible independent local perturbations if we restrict ourselves

to the application of one-site operators, and we will compute the dynamic structure

factors

S(1)(k, ω) =
∑

x

e−ikx
∫

dt eiωt〈Ŝ+
x (t)Ŝ−0 (0)〉ψ and (4.62a)

S(2)(k, ω) =
∑

x

e−ikx
∫

dt eiωt〈(Ŝ+
x )2(t)(Ŝ−0 )2(0)〉ψ. (4.62b)

On top of the ferromagnetic background, each flipped spin behaves like a particle,

such that S(1)(k, ω) and S(2)(k, ω) probe the one- and two-particle spectrum, respec-

tively.
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4.5.2 Single-magnon excitations

It is straightforward to solve the single-particle problem corresponding to the dy-

namic structure factor S(1)(k, ω) (4.62a). Note that the biquadratic term has no

effect on the dynamics of the perturbed state, because (Ŝ1 · Ŝ2)2|+0〉 = |+0〉. There-

fore, this structure factor will be identical for all θ in the ferromagnetic phase up to a

prefactor | cos θ| that rescales the energy. The exact solution yields a single-magnon

dispersion

εθ(k) = −2 cos θ(1− cos k), (4.63)

which is shown in the top left panel of Fig. 4.16. As these excited states are exact

eigenstates of the Hamiltonian, they appear as δ-peaks in the dynamic structure

factor.

4.5.3 Two-magnon excitations

Let us now consider the spectrum of two-magnon excitations, which can be probed

with the dynamic structure factor S(2)(k, ω) (4.62b). If we were to näıvely neglect

interactions between the two magnons, we would expect a simple two-magnon con-

tinuum. However, the scattering of two magnons leads to a qualitatively different

result, which can be computed exactly [23, 37, 38]. In addition to the two-particle

continuum, two-magnon bound states as well as resonant states with a finite life-

time that lie inside the continuum exist. The precise structure of these different

excitations varies with the parameter θ [39–41].

Based on the single-magnon dispersion (4.63), we can build a non-interacting

two-magnon state

E(k1, k2) = −4 cos θ

[
1− 1

2
(cos k1 + cos k2)

]
. (4.64)

We can compute boundaries for the continua the same way we did in the Haldane
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phase (see Sec. 4.3.2). First, for k1 = k2, we obtain

ω2(k) = −4 cos θ

(
1∓ cos

k

2

)
, (4.65)

where the second curve (+) arises from folding the total momentum back into the

first Brillouin zone. The second solution k1 = π − k2 yields a singularity at (k, ω) =

(π,−4 cos θ), which lies on the boundary ω2(k).

The dispersion relations for the two-magnon bound states as a function of θ are

known [40, 41]. With J ≡ − cos θ + 1
2

sin θ and G ≡ −1
2

sin θ, the energy of the

two-magnon bound state with momentum k is given by

ω2b(k) = 4(J +G)

[
1− 1

2
(x+ 1

x
) cos k

2

]
, (4.66)

where x is a real root of the cubic equation

(J + 3G)x3 − (12G cos k
2
)x2 + (J + 3G+ 8G cos2 k

2
)x− 2(J +G) cos k

2
= 0 (4.67)

in the interval [0, 1]. Note that the solution of the two-particle problem has been

extended to more general Hamiltonians including anisotropy and higher-order terms,

higher dimensions, and higher values of the spin S [39, 197].

4.5.4 Discussion of the two-magnon results

In Fig. 4.16, we show the numerical results for the dynamic structure factors S(2)(k, ω)

for different parameters π/2 ≤ θ ≤ 5π/4 in the ferromagnetic phase. The boundaries

for the continua ω2(k) (4.65) and the exact solutions for the two-magnon bound states

ω2b(k) (4.66) are indicated by dashed lines. The basic picture of a two-magnon

continuum as well as sharp excitations corresponding to two-magnon bound states

prevails throughout the ferromagnetic phase. However, the details of the structures

change considerably as a function of θ.
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Figure 4.16: Dynamic structure factors in the ferromagnetic phase of the bilinear-
biquadratic spin-1 chain. Top left: Single-magnon dispersion. Remaining panels:
Dynamic structure factors S(2)(k, ω) (4.62b) probing the two-magnon excitations for
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We also indicate the boundaries of the two-magnon continua ω2(k) (4.65) as well as
the exact dispersion of the two-magnon bound state ω2b(k) (4.66).

The width of the continua is proportional to (− cos θ). It reaches its maximum

at the point θ = π corresponding to the standard Heisenberg ferromagnet with no

biquadratic coupling term. Here, a single two-magnon bound state branch exists

below the continuum for the whole momentum range 0 ≤ k ≤ π. In addition, a

branch of resonant states can be observed within the two-magnon continuum as a

relatively narrow region with enhanced spectral weight.

As we increase θ starting from θ = π, the continua contract and spectral weight

shifts to lower energies. The intensity of the continua decreases, except for the

region where the resonant state is found, which becomes narrower. As θ approaches

the transition point 5π/4, the spectral weights of both the original two-magnon

bound state and the continua vanish. The branch of resonant states within the

continuum collapses onto a single δ-peak, as they become exact eigenstates. This

can be understood by considering the action of the SU(3)-symmetric Hamiltonian

at θ = 5π/4 on the spin deviations. Here, the nearest-neighbor interaction is given
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by ĥθ=5π/4(i, i + 1) = − 1√
2
[(Ŝi · Ŝi+1) + (Ŝi · Ŝi+1)2], which acts on the flipped spin

as ĥθ=5π/4|+−〉 = − 1√
2
(|+−〉 + |−+〉). Hence, the two spin deviations can only

move as a pair, such that we are left with an effective one-particle problem. Note

that we also have ĥθ=5π/4|+0〉 = − 1√
2
(|+0〉 + |0+〉). Hence, as expected due to

the SU(3) symmetry, the dynamics of a two-spin deviation is identical to that of a

single-spin deviation, and both S(1)(k, ω) and S(2)(k, ω) exhibit the same result for

the dispersion relation ω(k) =
√

2(1− cos k).

As we decrease θ starting from θ = π, the continua also contract, and the

resonant state moves closer to the upper boundary of the continuum. At θb =

π − arctan(1/3) ≈ 0.8976π, an additional bound state starts to emerge above the

continuum [40]. For the parameter range 3π/4 < θ < θb, this stable branch exists for

momenta 0 ≤ k ≤ ki = 2 arccos[−(tan θ + 1)/(2 tan θ)]. It enters the continuum at

ki, where it becomes an unstable resonant state. At the integrable point θ = 3π/4,

the stable bound state branches exist both above and below the continuum and

coincide with the continua boundaries at k = π. Decreasing θ further, the lower

branch starts to enter the continuum at ki = 2 arccos[(tan θ + 1)/(2 tan θ)], where it

turns into a resonant state [40]. Approaching θ = π/2, both the lower branch and

the continua collapse onto the line ω = 0, corresponding to the high groundstate

degeneracy at the purely biquadratic transition point. Here, we obtain the disper-

sion relation ω(k) = 3 + 2 cos k for propagating two-deviation states. In terms of

the Bethe ansatz solution for the Temperley-Lieb chain [119] (see Sec. 4.4.4), this

simple situation corresponds to a single pseudoparticle (bond singlet) on top of the

ferromagnetic background.
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4.6 The dimerized phase

The ferromagnetic phase ends at the SU(3)-symmetric point θ = 5π/4 ∼= −3π/4,

where the Hamiltonian is simply the negative of the ULS Hamiltonian discussed

in Sec. 4.4.1. Employing the representation in terms of bond projection operators

(4.3) with the coefficients shown in Fig. 4.1, we have a0 = a2 < a1. Thus, at the

transition point every state that avoids total bond spin quantum number j = 1 on

each bond is a ground state. In other words, any state that is symmetric under

permutation of neighboring sites minimizes the energy, and the ferromagnetic state

becomes degenerate with a ferroquadrupolar spin nematic state [198].

After crossing the transition point θ = −3π/4, the ferromagnetic state ceases to

be the lowest-energy state, and the transition to the gapped dimerized phase occurs.

In the region close to the transition point −3π/4 . θ, a gapped non-dimerized phase

with dominant nematic correlations has been suggested [199]. However, subsequent

numerical evidence has been inconclusive [200–204]. A detailed study analyzing this

region has been presented in Ref. [36], where it was concluded that a scenario with a

huge crossover scale is more plausible than a phase transition. The dimerized phase

extends up to the Takhtajan-Babujian (TB) point θTB = −π/4 (see Sec. 4.3.4), which

marks the phase transition to the Haldane phase.

4.6.1 Excitations in the dimerized phase

In Fig. 4.17, we show the dynamic structure factors for spin and quadrupolar corre-

lations at several values of θ in the dimerized phase. Starting from the Takhtajan-

Babujian point θ = −π/4 and decreasing θ, we observe that a small gap opens at

momenta k = 0 and π, and the excitation continua contract. For a relatively large

parameter range around θ = −π/2, no dramatic changes occur in the spectra and

the excitation continua slowly deform as a function of θ. The nature of excitations
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Figure 4.17: Dynamic structure factors in the dimerized phase of the bilinear-
biquadratic spin-1 chain. We show Szz(k, ω) corresponding to spin correlations (left
column) and SQQ(k, ω) corresponding to quadrupolar correlations (right column) for
several parameter values −π/4 > θ > −3π/4 in the dimerized phase of the model
(4.1). At the purely biquadratic Temperley-Lieb (TL) point θ = −π/2, we indicate
boundaries for two-particle continua from the Bethe ansatz solution (4.68).
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in this region can best be understood at the purely biquadratic point, which we will

discuss in the following Sec. 4.6.2 as a representative for the center of the dimerized

phase. As we further decrease θ, significant changes begin to occur in the excitation

spectra. In the spin structure factor, spectral weight is transferred from the lower

threshold to the upper threshold of the continuum. There, a sharp feature begins to

emerge, while the continuum becomes narrower. As we approach the transition point

θ → −3π/4+, the dispersion of the sharp excitation approaches ω(k) =
√

2(1−cos k).

In the quadrupolar structure factor, a feature with the same dispersion forms, which

is expected due to the SU(3) symmetry. Note that this dispersion corresponds ex-

actly to that of the single-particle excitation in the ferromagnetic phase in the limit

θ → −3π/4− discussed in Sec. 4.5.2.

4.6.2 The biquadratic spin-1 antiferromagnetic chain

At the purely biquadratic antiferromagnetic point, the Hamiltonian Ĥ−π/2 = −∑i(Ŝi·

Ŝi+1)2 is just the negative of the Temperley-Lieb chain Hamiltonian at θ = π/2 which

we discussed in Sec. 4.4.4. Therefore, the model is integrable and has the same exact

energy eigenstates, albeit with a fundamentally different ground state and low-energy

physics. In its current form, the Bethe ansatz solution for the Temperley-Lieb spin-1

chain [119–121, 194–196, 205] does not give access to the dynamic structure factor.

However, the Temperley-Lieb algebra (4.60) [166] can also be represented as opera-

tors acting on an anisotropic spin-1/2 XXZ chain (2.10) with anisotropy Jz = 3/2,

where the energy scale has to be multiplied by a factor of two to match the spin-1

model. Based on observations made earlier by Parkinson [206, 207], the relation

between the biquadratic spin-1 antiferromagnetic chain and the anisotropic spin-1/2

XXZ was first established by Barber and Batchelor [42]. As the correspondence is

based on an exact mapping of operators that obey the same algebra, the possible

eigenvalues of the two models are identical. However, the dimensions of the two
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representations of the algebra differ. In particular, for a system of size L, the Hamil-

tonian of the spin-1 chain is represented by a 3L× 3L matrix, while the Hamiltonian

for the spin-1/2 XXZ chain only has dimensions 2L × 2L. Therefore, the degenera-

cies of the eigenvalues will differ between the two representations. While it is in

principle possible for eigenvalues of the spin-1/2 representation not to occur in the

spin-1 representation, later work has shown that apart from degeneracies the spec-

trum of the spin-1/2 model is in fact identical to the spectrum of the spin-1 model

[71, 196, 208, 209]. In addition, the matrix elements between eigenstates will depend

on the chosen representation.

This means that the precise distribution of spectral weight in the dynamic struc-

ture factor can differ between the two models, as this quantity depends on degenera-

cies of eigenvalues and matrix elements between eigenstates. However, one can use

the relation between the two models to obtain the exact ground-state energy and

the excitation gap for the spin-1 model, and one can extract the boundaries of the

two-particle excitation continua in the dynamic structure factors. To this end, one

makes use of the fact that the anisotropic spin-1/2 XXZ chain (2.10) can be solved

by Bethe ansatz for the whole parameter range Jz > 1 [25] in the gapped Néel phase.

The ground state with broken symmetry is two-fold degenerate, corresponding to the

remnants of the two classical Néel states. The elementary excitations obtained from

the Bethe ansatz solution are two-particle states [25, 210] with excitation continua

parametrized by

E(k1, k2) = ε(k1) + ε(k2), 0 ≤ k1, k2 ≤ π,

ε(k) = 2
√
J2
z − 1

K(κ)

π

√
1− κ2 cos2 k,

(4.68)

where the necessary rescaling of the energy by a factor of two has been taken into

account in the definition of ε(k). Here, K(κ) is the complete elliptic integral of the
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first kind,

K(κ) =

∫ 1

0

dt√
(1− t2)(1− κ2t2)

, (4.69)

with the elliptic modulus κ. The value of κ is determined by the relation

Jz = cosh

(
π
K(
√

1− κ2)

K(κ)

)
(4.70)

which yields κ = 0.999718575709 for our case Jz = 3/2. The dispersion in Eq. (4.68)

gives rise to excitation continua with boundaries that can be computed as in Sec. 4.3.2.

The minimum energy needed for creating an elementary two-particle excitation is

given by

∆ = 2ε(0) = ε(0) + ε(π) = 0.173178884 . . . , (4.71)

such that the corresponding excited state can have momentum k = 0 or k = π. Note

that there are also exact computations treating the two-spinon part of the transverse

dynamic structure factor for the spin-1/2 model [193, 211].

In Fig. 4.18, we compare the dynamic structure factor Szz(k, ω) for the spin-1

chain (4.1) at θ = −π/2 (left) to the transverse (S+−(k, ω), center) and longitudinal

(Szz(k, ω), right) structure factors for the anisotropic spin-1/2 chain (2.10) with

Jz = 3/2. Note that the energy of the spin-1/2 representation (2.10) needs to be

rescaled by a factor of two to match the spectrum of the spin-1 model. In all three

dynamic structure factors, the dominant features are two-particle continua, where the

majority of spectral weight is confined to the region enclosed by the boundaries ω2(k)

obtained from the Bethe ansatz solution (4.68). The small gap opens symmetrically

at momenta k = 0 and k = π in agreement with Eq. (4.71). While the precise

distribution of spectral weight differs between the three cases, the overall structure

is similar, and a concentration of spectral intensity at the lower edge of the two-

particle continuum can be observed in all cases. Note that in Fig. 4.17, we also show
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Figure 4.18: Comparison of the dynamic structure factors for the biquadratic
spin-1 chain and the anisotropic spin-1/2 chain. We show the spin structure factor
Szz(k, ω) for the biquadratic point θ = −π/2 of the spin-1 chain (4.1) (left), and the
transversal (S+−(k, ω), center) and longitudinal (Szz(k, ω), right) structure factors
in the gapped Néel phase of the spin-1/2 chain (2.10) with anisotropy parameter
Jz = 3/2. For the spin-1/2 model (2.10), the energy scale was multiplied by a factor
of two to match the spin-1 model. Dashed lines indicate the continua boundaries
obtained from the Bethe ansatz solution (4.68).

the dynamic structure factor for quadrupolar correlations at the biquadratic point,

where the upper boundary of the continuum is precisely captured by a different

two-particle threshold that can be obtained from the exact solution (4.68).

The correspondence between the two models described here can only be estab-

lished at the special point θ = −π/2. However, at the Takhtajan-Babujian point

θ = −π/4, the spin-1 chain model is also closely related to a spin-1/2 chain, in that

case the isotropic antiferromagnet (see Sec. 4.3.4). We observe that in between, a

gap opens and the continua in the spin-1 model deform continuously as a function of

θ. This is analogous to the situation in the spin-1/2 case as we tune the anisotropy

parameter from the isotropic point Jz = 1 into the gapped phase Jz > 1. It would

be interesting to investigate further if a correspondence between the two models can

also be established at other values of θ.
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5

Extracting spectral functions from real-time
response functions

Extracting spectral functions or dynamic structure factors from real-time response-

function data computed with MPS algorithms remains challenging. As previously

mentioned, the entanglement and hence the computation costs grow during the time

evolution, which limits the maximum reachable time. Similar situations occur for

real-time Quantum Monte Carlo (QMC) simulations [212] and quantum simulations

[11–13], where the accessible time range may also be limited. In all these cases,

we need to obtain the frequency representation of the signal based on data for a

limited time window. As directly taking the Fourier transform often leads to strong

ringing artifacts, alternative techniques are necessary. A simple approach consists in

applying a filter. Here, the time signal is simply multiplied by a windowing function,

for example a Gaussian centered at time t = 0. While this reduces artifacts, it

does not use all the available data optimally and results in a broadened version of

the actual spectrum with limited frequency resolution. Often, a better alternative

to deal with this issue is to use linear prediction [106, 128–130], which is by now
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a standard technique. Here, one fits a linear predictor to the response function

in order to extrapolate the data to larger times, which can improve the frequency

resolution of the spectrum in many cases. In the present chapter, we will explore

and discuss alternative approaches for the extraction of spectral functions from real-

time response functions that go beyond linear prediction. First, we will consider the

maximum entropy technique [131–134], which is used for the analytic continuation

of imaginary-time Quantum Monte Carlo (QMC) data to the real-frequency axis

[135, 136]. While this is an ill-conditioned problem, note that we are in a considerably

better position as MPS simulations yield precise real-time data. Here, we adapt the

maximum entropy technique for the case of accurate real-time response functions

and test its performance for several examples. We find that it yields good results

for smooth spectral functions, but tends to induce artifacts when sharp peaks are

present. As an alternative, we will introduce a new method, the minimum curvature

approach. The idea of this technique is to optimize a functional on the domain of

all spectral functions that are compatible with the available data in order to find the

spectrum with minimum total curvature, and we have found that it works remarkably

well for our test cases.

The structure of this chapter is as follows. First, we will briefly review linear

prediction as the state-of-the-art technique, and discuss some modifications of the

method in Sec. 5.1. Then, we will turn to the maximum entropy approach in Sec. 5.2

and introduce its modification for MPS simulations in Sec. 5.3. We will study the

sensitivity of the spectrum in the maximum entropy approach based on a sampling

technique in Sec. 5.4. In Sec. 5.5, we will introduce and test our new minimum

curvature approach. Finally, in Sec. 5.6, we will consider an alternative idea based

on a parametrization of the spectral function that allows us to extract the relevant

features.
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5.1 Linear prediction

Let us first introduce linear prediction as the state-of-the-art technique [106, 128–

130], which can be considered as belonging to the larger class of Prony-like methods

for the reconstruction of an underlying function based on limited data [213, 214].

In this approach, a linear predictor is fitted to the response function, which is then

used to extrapolate the data to larger times. The numerical data for the response

functions S(x, t) are first Fourier transformed from position to momentum space.

Then, for fixed momentum k, the values at discrete time points tn = n · τ with some

time step τ are considered as a time series,

xn := S(k, tn) =
∑

x

eikxS(x, tn). (5.1)

Subsequent values are predicted as a linear combination of the p previous values,

x̃n =

p∑

i=1

aixn−i, (5.2)

where the (complex) coeffients a = (a1, a2, . . . , ap)
ᵀ are determined by minimizing

the prediction error

χ2 =
∑

n∈Ifit

|x̃n − xn|2 (5.3)

in some suitably chosen fit interval Ifit. One can determine the parameters a by

solving the system of linear equations

Ra = r, (5.4)

where we have defined the autocorrelations

Rij =
∑

n∈Ifit

x∗n−ixn−j, and ri =
∑

n∈Ifit

x∗n−ixn. (5.5)
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The result is obtained by inverting the autocorrelation matrix, a = R−1r, where a

regularization has to be applied or the pseudoinverse has to be used. The coefficients

can then be employed to predict the response function iteratively (5.2). The extrap-

olation generates a (discretized representation of a) superposition of oscillating and

exponentially decaying terms

S̃(k, t) =

p∑

i=1

cie
−ηite−iωit for t > tmax, (5.6)

where the coefficients ci, the dampings ηi, and the frequencies ωi depend both on the

coefficients of the linear predictor a and the p last available values of the response

function up to tmax. Sometimes, unphysical exponentially growing terms with ηi < 0

can occur, which can for example be taken care of by setting ηi → 0. In cases where

linear prediction is applicable, the corresponding coefficient ci will be small such that

the modification does not affect the accuracy of the predictor. Finally, the Fourier

transform of the actual numerical data up to tmax combined with the prediction for

t > tmax is taken. In the spectrum, the functional form of the extrapolation (5.6)

corresponds to a sum of Lorentzian peaks

A(ω) =
∑

i

ci
2ηi

(ω − ωi)2 + η2
i

(5.7)

with heights ci, frequencies ωi, and widths ηi. These naturally occur in finite-

temperature spectral functions due to thermal broadening, or for quasiparticle peaks

due to excited states with a finite lifetime.

The linear prediction technique is a powerful method that has been applied

successfully for both zero-temperature and finite-temperature response functions

[106, 128]. In many cases, it enhances the frequency resolution of the spectrum

considerably. Note that it can be beneficial to combine it with a filter that is ap-

plied to the extrapolated time series before the Fourier transformation. Clearly, the
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accuracy of the prediction depends on the underlying signal and hence the physics

of the system. The sum of Lorentzian peaks (5.7) in the spectrum that results from

the long-term tail of the extrapolation is ideal for broad peaks occurring in finite-

temperature spectra or due to excitations with a finite lifetime. Different structures

in the spectrum, for example sharp features in spectral functions at zero tempera-

ture, can be approximated as a sum of Lorentzian peaks but are more challenging

to capture precisely. In certain cases, the method can become unstable in the sense

that the result may depend on the specific parameters used to determine the pre-

dictor, for example the number of coefficients p, the choice of the fit interval Ifit, or

the regularization in the inversion of the autocorrelation matrix R. Hence, while the

method produces spectra with very high frequency resolution, it can also introduce

artifacts.

In Fig. 5.1, we show results of the linear prediction method for a test case, the

exact two-spinon continuum of the anisotropic spin-1/2 XXZ chain

ĤXXZ =
∑

i

(
Ŝxi Ŝ

x
i+1 + Ŝyi Ŝ

y
i+1 + JzŜ

z
i Ŝ

z
i+1

)

with Jz = 1/2 [26, 27]. We assume that response-function data are only available up

to a certain maximum time tmax, and apply linear prediction separately for a grid of

momenta k to extract the full dynamic structure factor. To choose the parameters

for linear prediction, we follow the heuristic given in Ref. [106], which we have found

to be a good guidance (see the figure caption for details). Fig. 5.1 shows that if the

maximum time is large enough, the resulting dynamic structure factor agrees very

well with the exact data. In this example, a moderate maximum time of tmax = 50

is sufficient to obtain a very accurate result. However, if the maximum time is too

small (see the plots for tmax = 10 and 20), linear prediction can become unstable and

induce artifacts. Often, these are visible as vertical lines, where jumps in the resulting

130



0

0.2

0.4

0

0.5

1

1.5

2

2.5

3

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

‖∆
a

(k
)‖

∞

tmax = 10 tmax = 20 tmax = 50

0

1

2

3

4

5

fr
eq

ue
nc

y
ω

momentum k/π momentum k/π momentum k/π momentum k/π

tmax = ∞ (exact)

Figure 5.1: Testing the linear prediction method for the exact two-spinon contin-
uum in the spin-1/2 XXZ chain. For the model (5.1) with Jz = 1/2, we show results
for the two-spinon contribution to the dynamic structure factor Szz(k, ω), computed
based on exact response-function data [26, 27] up to different maximum times tmax.
Here, linear prediction was applied separately for each momentum k (with increments
∆k = 0.002 π) before the Fourier transform, with fit parameters chosen following the
heuristic given in Ref. [106] (time step τ = 0.1; p = 25, 50, and 125 for tmax = 10,
20, and 50, respectively; the fit interval Ifit in Eq. (5.3) contains all time points in
the interval (tmax/2, tmax]). We compare to the exact result (right panel). In the top
panels, we show the infinity norm of the change of the fit parameters ‖∆a(k)‖∞,
where ∆a(k) = a(k + ∆k) − a(k) is the difference between the parameter vectors
obtained in the linear prediction for adjacent momenta k + ∆k and k.

dynamic structure factors for adjacent momenta occur. Here, small differences in the

available response-function data for neighboring k-values lead to significant changes

in the predicted time series. In the top panels of Fig. 5.1, we quantify the change in

the parameter vector a determined in the application of linear prediction for adjacent

momenta (see figure caption for details). One can see that the positions of the vertical

line artifacts in the dynamic structure factor correspond to the momenta k at which

jumps in the fit parameters occur. For larger tmax, there are less artifacts and the

magnitude of jumps in the fit parameters decreases. Hence, fit parameter jumps can

be considered an indicator for the appearance of artifacts, and their presence can be

a sign that the maximum time is not large enough for linear prediction to reliably

extrapolate the time series.
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We considered two modifications of the linear prediction method. First, we tried

to fit the coefficients a directly by minimizing the least-squares error (5.3) numer-

ically. This avoids the inversion of the autocorrelations matrix R and the need to

choose a regularization for this step. In the modified approach, the resulting χ2

values tend to be slightly higher than those obtained from inverting R, and the pre-

diction can be slightly less accurate compared to the standard version of the method.

However, the differences between these two ways of minimizing the quadratic cost

function are typically very minor.

We also tried an approach in which we consider a (small) set K of a few momenta

at the same time, and fit a joint linear predictor for the corresponding time series

{xkn}, k ∈ K, hoping that this could improve the extrapolation. This generalizes

Eq. (5.2) to an ansatz of the form

x̃kn =

p∑

i=1

∑

q∈K
akqi x

q
n−i, k ∈ K. (5.8)

Here, the predicted value for the time series at a certain momentum k ∈ K is a

linear combination of the p previous values of the time series at all momenta q ∈ K.

The coefficients of the predictor {akqi } are then determined by minimizing the total

prediction error

χ2 =
∑

n∈Ifit

∑

k∈K
|x̃kn − xkn|2 (5.9)

for all momenta k ∈ K and all time points n ∈ Ifit in the chosen fit interval. Unfortu-

nately, our comparison of this modified approach to the standard method indicated

that it does not improve the accuracy of the prediction. Rather, it tends to induce

spurious correlations in the predicted time series for different momenta which are

not supported by the data.
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5.2 Maximum entropy approach

We will now turn to a very different approach that is inspired by the use of maximum

entropy methods [131–134] for the analytic continuation of Quantum Monte Carlo

(QMC) data [135, 136]. Note that the computation of spectral functions based on

QMC simulations is even more difficult. Here, the starting point is typically Mat-

subara (imaginary-time) data that suffer from statistical noise, and based on these,

obtaining the analytic continuation to the real-frequency axis is an ill-conditioned

problem. In contrast, our MPS simulations yield precise real-time response functions,

and the only obstacle is the limited time window of our data.

Maximum entropy methods [131–133] try to tackle ill-posed problems based on

Bayesian arguments. In the present case, the approach corresponds to minimizing a

functional over the space of all spectral functions,

Qα[A(ω)] = χ2[A(ω)]− αS[A(ω)]. (5.10)

Here, the first term describes the deviation of the available data from the results

a given spectral function would imply. For the case of real-time response functions

S(t) computed with MPS up to some maximum reachable time tmax, it is given by

χ2[A(ω)] =

∫ tmax

0

dt |S̃(t)− S(t)|2, where S̃(t) =
1

2π

∫
dω e−iωtA(ω). (5.11)

The second term contains the Kullback-Leibler divergence or relative entropy of the

spectral function A(ω) with respect to a prior or default model m(ω),

S[A(ω)] =

∫
dω

[
A(ω)−m(ω)− A(ω) ln

A(ω)

m(ω)

]
. (5.12)

In the maximum entropy approach, the spectral function is interpreted as a kind

of probability distribution, and in the information theoretic framework of Bayesian
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inference, the relative entropy can be interpreted as a measure for the information

gained by updating one’s beliefs from the prior distribution m(ω) to the posterior dis-

tribution A(ω). The specific functional form (5.12) can be derived as a consequence of

certain axioms [133]. It takes its maximum value zero for A(ω) = m(ω) and becomes

negative when A(ω) deviates from m(ω). Typically, a flat prior (m(ω) = const.) in

the absence of any numerical data is assumed. Note that limx→0+ x log x = 0, and

the limit value zero is assigned to the corresponding term whenever A(ω) = 0.

The parameter α > 0 determines how much weight each of the two terms in

Eq. (5.10) is given, and it is usually fixed by heuristic and somewhat unsatisfying

arguments [134, 135]. For QMC simulations, one can choose α such that the devia-

tions in the χ2 term become comparable to the statistical errors. For suitable values

of α, one hopes that the minimum of the functional yields a spectral function that

captures the features of the system for which the data provide sufficient evidence,

but does not contain spurious artifacts.

We first test the technique for a simple example, namely the spin-1/2 XX chain

with Hamiltonian

ĤXX =
∑

i

1

2
(Ŝ+

i Ŝ
−
i+1 + Ŝ−i Ŝ

+
i+1) + h

∑

i

Ŝzi , (5.13)

where h is an external magnetic field. Using a Jordan-Wigner transformation, this

model can be mapped to noninteracting lattice fermions [215–217]. They are de-

scribed by a dispersion relation ε(k) = cos k, and in the ground state, all states

with ε(k) ≤ −h are occupied. Dynamic correlation functions can be computed nu-

merically exactly, even at finite temperature, which boils down to the evaluation of

Pfaffian determinants [218, 219]. As an example, we consider the field h = −1 and

compute the exact spectral function

A(k, ω) =
∑

x

e−ikx
∫

dt eiωtS(x, t), where S(x, t) =
1

2π
〈[Ŝ−x (t), Ŝ+

0 (0)]〉β, (5.14)

134



0

0.5

1

1.5

2

2.5

3

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0

0.5

1

1.5

2

2.5

3

3.5

4

fr
eq

ue
nc

y
ω

momentum k/π

Figure 5.2: Exact spectral function for the spin-1/2 XX chain in a magnetic field
h = −1 at inverse temperature β = 10.2. For the model (5.13), we show the spec-
tral function A(k, ω) (5.14), which can be computed exactly by evaluating Pfaffian
determinants [218, 219].

at inverse temperature β = 10.2 (see Fig. 5.2). As this value of the magnetic field

(h = −1) corresponds to the lower edge of the cos k-dispersion of the fermions, the

ground state is given by the fermionic vacuum. Hence, the low-lying excitations are

not a continuum of particle-hole pairs, but rather single-particle excitations with a

dispersion relation ω(k) = 1− cos k. In Fig. 5.2, the influence of thermal broadening

on these excitations is clearly visible.

To test the maximum entropy technique, we consider a cut of the spectral function

at fixed momentum k = 3π/4, and assume that the MPS simulations yield response

functions up to time tmax = 10. Based on these data, we compute the maximum

entropy spectrum by minimizing (5.10) for several values of the parameter α. In

practice, this involves a discretization of the frequency axis and optimization in the

corresponding high-dimensional space. The comparison of the results with the exact

spectrum is shown in the top panels of Fig. 5.3, while the bottom panels show the

values of the deviations χ2 and the entropy |S| at the minimum of the functional

as a function of α. For large α, the entropy term dominates and the optimization

results approximately in the flat prior. Here, the entropy is maximized while little
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Figure 5.3: Maximum entropy spectrum as a function of the parameter α. We
consider the spin-1/2 XX chain (5.13) in a magnetic field h = −1 at inverse temper-
ature β = 10.2 and momentum k = 3π/4, assuming a maximum reachable time of
tmax = 10. Top: Maximum entropy spectrum for different values of α in the func-
tional (5.10), compared to the exact result. Bottom: Values of χ2 and the entropy
|S| at the minimum of the functional (5.10) as a function of α.

importance is given to the data, which leads to large deviations in χ2. As α is

decreased, the χ2 term becomes more relevant. In the spectrum, a peak of increasing

height appears in order to better match the data, and correspondingly, χ2 decreases

at the cost of a lower entropy. For small enough α, the maximum entropy spectrum

matches the exact result very well, and no spurious artifacts are visible. Here, the

resulting spectrum is stable over several orders of magnitude of the parameter α.

Note however that in many cases, the maximum entropy spectra contain ringing-like

artifacts which will be discussed below.

5.3 Maximum entropy with hard constraints for MPS simulations

The χ2 term in the functional (5.10) originates from the assumption of statistical

errors with a Gaussian distribution. While this is reasonable for QMC data, the

errors in MPS simulations are not of statistical origin but rather due to truncations of
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Figure 5.4: Typical shape of error paths in the real-time evolution of finite-
temperature response functions with MPS techniques. The curve illustrates errors
for the computation of 〈Ŝ−3 (t)Ŝ+

0 (0)〉β=16 for the XX model (5.13) with h = 0 at
inverse temperature β = 16 with matrix product purifications [102–104] (truncation
threshold λtrunc = 10−4, time step τ = 0.125). The axes correspond to the real and
imaginary part of the error, and the dots indicate the error at intervals ∆t = 0.25.
The error path starts with a very low initial error at time t = 0 (tmax = 16).

the wavefunction. Here, components with Schmidt coefficients below some suitably

chosen truncation threshold λtrunc are discarded to control the bond dimension of

the MPS. A typical example of the errors occurring in MPS simulations for finite-

temperature response functions is shown in Fig. 5.4. The numerically computed

results tend to spiral around the exact values, and the deviations are of the order of

magnitude of the truncation threshold λtrunc. To better reflect this in our method,

we remove the χ2 term in the functional and instead introduce hard constraints that

restrict the space over which the optimization is carried out to spectral functions that

are compatible with the data. Specifically, we only allow spectral functions A(ω) for

which the corresponding response functions S̃(t) lie within an ε-corridor of our MPS

data S(t) for all times up to tmax,

|S̃(t)− S(t)| ≤ ε ∀ t ∈ [0, tmax], where S̃(t) =
1

2π

∫
dω e−iωtA(ω). (5.15)
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Here, the parameter ε should be of the order of the truncation threshold λtrunc

in the MPS time evolution. For the allowed spectral functions, only the entropy

term has to be optimized, such that the need to fix α to some arbitrary value is

eliminated. While this modification makes the method theoretically more satisfying

as it naturally incorporates knowledge about the typical numerical errors of MPS

simulations, we have observed that the resulting spectra are in fact very similar to

the results of the original method as long as α is suitably chosen.

5.4 Maximum entropy – sensitivity analysis

We have also explored an approach that is related to the stochastic analytic contin-

uation method [220–223]. Here, instead of maximizing the functional S[A(ω)], we

use it to define a probability distribution on the set of all spectral functions that are

compatible with the data [i.e., that fulfill the constraint (5.15)],

pγ[A(ω)] ∝ eγS[A(ω)], (5.16)

where γ is a fictitious inverse temperature. For γ → ∞, we recover the maxi-

mum of the functional with probability 1, while γ = 0 assigns equal probabilities

to all spectral functions that match the data. Efficiently sampling from this high-

dimensional posterior distribution can require more elaborate Markov Chain Monte

Carlo methods. For example, we tried Hybrid (Hamiltonian) Monte Carlo [224, 225],

and employed reflections off the boundaries of the hard constraints (5.15) and the

allowed region (A(ω) ≥ 0) in the computation of the trajectories for the sample

generation to maintain a sufficiently high acceptance rate [226].

Sampling spectral functions according to this posterior distribution for different

values of γ can give some insight into how robust the features in the spectrum are,

and quantify the uncertainty of the extracted result in different frequency regions.

In Fig. 5.5, we consider again the spectrum of the spin-1/2 XX chain as an example,
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Figure 5.5: Sensitivity analysis for maximum entropy spectra. For the spin-1/2 XX
chain (5.13) in a magnetic field h = −1 at inverse temperature β = 10.2 and momen-
tum k = 3π/4, we generate spectra according to the probability distribution (5.16)
with fictitious inverse temperature γ = 100 using the entropy functional S[A(ω)]
(5.12), where the hard constraint (5.15) with ε = 5 × 10−5 and tmax = 10 is taken
into account. We show expectation values 〈A(ω)〉 and standard deviations σ for the
marginal distributions at each frequency ω, as well as the spectrum maximizing the
entropy.

and sample spectra according to (5.16) with the parameters specified in the caption.

Then, we compute the expectation values 〈A(ω)〉 and the standard deviations σ of

the marginal distributions for each frequency ω. As shown in Fig. 5.5, the curve

corresponding to the expectation values 〈A(ω)〉 is similar to the spectrum obtained

from maximizing the entropy, and the standard deviations can be used to estimate

error bars. Of course, they have to be taken with a grain of salt as the value of

the fictitious inverse temperature γ is somewhat arbitrary. However, the relative

magnitude of the error bars at different frequencies ω conveys some information

about the reliability of certain features in the resulting spectrum.

5.5 Minimum curvature approach

We have extensively tested the maximum entropy technique with our modification

for MPS simulations described in 5.3, using several toy models for which we know

the exact spectral function. We assume that highly accurate response-function data

are only available for a limited time-window up to some maximum reachable time
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Figure 5.6: Maximum entropy versus the minimum absolute total curvature ap-
proach for toy models. We consider a double peak of two Lorentzians (left panels)
and the spectrum of the BCS Superconductor (right panels) and maximize the en-
tropy (5.12) or minimize the curvature. The spectra were reconstructed based on
response-function data up to maximum times of tmax = 15 for the double peak and
tmax = 20 for the BCS Superconductor, and a maximum deviation of ε = 10−6 from
the response-function data was used in the hard constraint (5.15). For the minimum
curvature functional, we set δ = 10−4 (see text). Optimizations were performed using
the Interior Point Optimizer IPOPT [227].

tmax. Then, we extract the spectrum based on the limited data and compare it to

the exact result. For relatively simple and smooth spectral functions, the technique

works very well, as illustrated for an example with two broad peaks in the left panel

of Fig. 5.6. However, for spectral functions with sharp features or divergences, the

method typically fails to capture these and introduces spurious oscillations, which are

reminiscent of ringing artifacts encountered in Fourier transformations (third panel

in Fig. 5.6).

As artifacts of this kind appear rather consistently, the maximum entropy func-

tional may not be the best choice to reliably extract the spectral function. We ex-

plored several alternative functionals and found one that works well in many cases. It

is based on the total absolute curvature, which is given by the integral of the absolute

value of the curvature along the curve, ω̂ =
∫

ds |κ(s)|. For the discretized repre-

sentation of the spectral function, this boils down to a summation of the absolute
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values of angles |αi| between line segments at all discretization points. Note that this

functional allows the spectral function to have divergences and sharp edges, while

oscillatory artifacts are suppressed. In practice, we replace the sum of the absolute

values of the angles |αi| by a sum over
√
α2
i + δ2 for some small δ. This avoids the

discontinuity in the gradient and allows us to further tune the functional by choos-

ing a suitable δ. In many cases, this approach works remarkably well. For example,

both the spectrum with the two broad double peaks and the spectrum with sharp

features in Fig. 5.6 are extracted very precisely, and for the latter, the extracted spec-

trum agrees much better with the exact curve than the maximum entropy result. A

close inspection reveals some minor artifacts, namely a few corners where the actual

spectrum is smooth, and a slight overestimation of the broad peak. While our tests

with this functional have been successful, we cannot yet give a satisfying justification

based on physical intuition of why this works, other than the observation that often,

physical spectral functions tend to have rather low total absolute curvature. Note

that the optimization can be more challenging when using this functional as com-

pared to the entropy functional, and a careful choice of the optimization parameters

and inspection of the result is required.

5.6 Parametrization and feature extraction

While the optimization of a suitably chosen functional can yield good results, a sin-

gle choice may not work for all cases, and the lack of a sound justification for a

specific functional is somewhat unsatisfying. It would be more favorable to extract

the spectral function using an approach that is based on some a priori information

or intuition about the physics of the model. We described an example of a technique

that is rooted in this philosophy in Sec. 4.2. As we know a priori about the existence

of single-magnon δ-peaks in the dynamic structure factor of the spin-1 chain in the

Haldane phase, we can parametrize the spectrum accordingly and fit the correspond-
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ing time signal to the response function. This approach makes very good use of all

the available numerical data and results in high-quality dynamic structure factors. A

similar method has been applied in Ref. [128], where information about the leading

square-root singularities in the spectrum is used to fit the corresponding tail for large

times to the response function.

We explored whether it is possible to incorporate a priori knowledge about the

physics of the system into the reconstruction of spectral functions in more general

terms by employing a corresponding parametrization in the frequency domain. The

hope is that this would allow us to use the available data optimally to extract the

relevant features of the spectrum, corresponding to different kinds of excitations. For

example, if we know that the spectrum consists of quasiparticle peaks with Lorentzian

shape, we can use an ansatz of the form

A(ω) =
n∑

i=1

ci ·
2ηi

(ω − ωi)2 + η2
i

, (5.17)

where the 3n non-negative parameters characterize the weights (ci), the positions

(ωi), and the widths (ηi) of the n peaks. Note that this is the same functional form

that we obtained from the extrapolation with linear prediction in Sec. 5.1. Depend-

ing on the physics at hand, other parametrizations are conceivable. For example,

contributions from spinon- or magnon-continua can be added, and knowledge about

a spectral gap or the position and scaling behavior of a divergence can be included.

The parametrization naturally restricts the domain of spectral functions, and ensures

that the result is in accordance with a priori information. To obtain the spectral func-

tion, the parameters need to be optimized to match the data and possibly further

constraints. For example, one can determine them by simply minimizing χ2 (5.11),

or one can optimize some functional subject to the hard constraint (5.15).

We tested this approach with a toy model for the example of a parametrization
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with Lorentzian quasiparticle peaks (5.17). To facilitate the optimization of χ2, we

implemented the exact gradient and Hessian of the cost function with respect to the

parameters. While the approach yields good results for a small number of peaks, the

optimization becomes slow and very unstable as we add more peaks, and is prone

to getting stuck in local minima. We observed this problem fairly consistently for

several test cases and optimization algorithms. Hence, our observations indicate that

incorporating a priori information about the physics into the extraction of spectral

functions can be more reliably achieved by fitting a corresponding expression to the

response function in the time domain (as described in Sec. 4.2 and Ref. [128]), rather

than parametrizing the spectral function in the frequency domain.
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6

Conclusions

In this work, we have presented new results that contribute to the advancement of the

field in two different ways. First, we have developed novel tensor network methods

for the simulation of interacting quantum many-body systems. Our new algorithms

improve the available matrix product state techniques for the simulation of thermal

equilibrium and for the computation of response functions and dynamic structure

factors. Second, we have studied the low-energy physics of the bilinear-biquadratic

spin-1 chain in detail. Explaining the relevant features in the computed dynamic

structure factors, we have gained new insights into the physics of this paradigmatic

model of quantum magnetism.

For the simulation of thermal equilibrium, we have introduced a modified ver-

sion of the minimally entangled typical thermal states (METTS) algorithm which

allows for the utilization of symmetries [137]. This can lead to a huge speedup in the

imaginary-time evolution and hence make the sampling significantly more efficient.

While matrix product purifications tend to be more efficient for the simulation of

simple one-dimensional systems due to the statistical error induced by the METTS

sampling [113], the symmetric METTS algorithm will be very valuable for more com-
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plex systems, especially at low temperatures. The search for further optimizations

of the METTS algorithm remains exciting. For example, new approaches have been

suggested that combine ideas from the purification and the METTS sampling tech-

niques into a hybrid method [228, 229]. Very recently, Goto and Danshita developed

a variant of our symmetric METTS algorithm, where autocorrelation times are fur-

ther reduced by applying additional Trotter gates [230]. The method enabled them

to study the quench dynamics of the one-dimensional Kondo model at finite tem-

peratures [231]. Going forward, we expect the symmetric METTS algorithm to be a

powerful tool for the computation of finite-temperature properties for systems that

are inaccessible for simulations with matrix product purifications. In this regard,

two-dimensional lattice systems play an important role, where the larger entangle-

ment makes simulations more challenging. As a specific example with interesting

physics that one could study using the symmetric METTS algorithm, let us mention

the antiferromagnetic spin-1/2 Heisenberg model (AFMH) on the triangular lattice

in an external magnetic field [232, 233], which is an important example of a frus-

trated lattice model. If the external magnetic field is strong enough, the system

undergoes a finite-temperature phase transition between a low-temperature polar-

ized and a high-temperature paramagnetic phase. For this model, Quantum Monte

Carlo suffers from the sign problem [234, 235], and previous METTS simulations

have not reached temperatures low enough to resolve the phase transition [236]. A

new study employing the symmetric METTS algorithm would be valuable to fully

pin down the phase transition.

For the computation of response functions, we have developed a new efficient

scheme utilizing infinite matrix product states with infinite boundary conditions

[138]. This elegant algorithm avoids separate time-evolution runs for the evaluation

of the response function for each lattice site or distance of the correlator by shifting

wavefunctions relative to each other. For the computation of dynamic structure fac-
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tors and spectral functions with MPS techniques, the simulation of real-time response

functions followed by a Fourier transform can be regarded as the state-of-the-art ap-

proach, and our new method makes it even more efficient. When combined with

linear prediction, or with one of the more advanced methods presented in this work,

such as the minimum curvature approach, this technique allows for the precise com-

putation of dynamic structure factors and spectral functions for strongly correlated

one-dimensional lattice models. These are very important quantities as they provide

detailed information about the low-lying excitations of a model. In addition, they

can be directly measured in inelastic neutron-scattering or ARPES experiments. We

expect that our new algorithm for the computation of response functions, in combi-

nation with the new techniques for the extraction of spectral functions or dynamic

structure factors from the response-function data, will be a useful tool to explore the

low-energy physics of a variety of interesting one-dimensional lattice models.

Here, our efficient algorithm has enabled us to compute precise high-resolution

dynamic structure factors corresponding to spin and quadrupolar correlations for

all quantum phases of the bilinear-biquadratic spin-1 chain. This has allowed us to

explore the low-lying excitations and to study the low-energy physics of the model in

detail [139, 140]. Starting from our numerical data, we have used a combination of

analytical solutions at special points in the phase diagram and various field-theory

descriptions to explain the nature of the relevant excitations. Let us highlight again

a few of our most striking results.

In the Haldane phase, we have found that, surprisingly, the non-linear sigma

model provides only an unsatisfactory field-theory description of the physics. In

addition, Tsvelik’s Majorana field theory for the vicinity of the Takhtajan-Babujian

point disagrees even more strongly with the numerically computed dynamic structure

factors. Hence, the development of a new field-theory description that better captures

the physics also quantitatively would be very valuable. In the extended critical
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phase, we have observed the contraction of the multi-soliton continua from the ULS

point and explained it by comparison with a field-theory description. In addition,

we have discovered new excitations at higher energies which have remarkably simple

dispersion relations in the limit θ → π/2−. We have characterized them as elementary

one-particle excitations. At the purely biquadratic point θ = π/2, the model is

integrable and known as the Temperley-Lieb chain. While a Bethe ansatz solution

for this point exists, it does not give access to the excitations we observed. We hope

that the results presented here will stimulate further research, possibly extending the

Bethe ansatz solution to treat the case θ → π/2− such that the simple dispersion

relations we observed can be computed analytically.

The results we presented for bilinear-biquadratic spin-1 chains are not only theo-

retically interesting but have implications for future experiments as well. In particu-

lar, we would like to point out the vanadium oxide LiVGe2O6. For the effective spin-1

chains in this compound, previous measurements of the magnetic susceptibility have

indicated that biquadratic interactions are relevant [58, 59]. It would be interesting

to measure the full dynamic structure factor for this material and compare it to

our numerical results, which could confirm the presence of the biquadratic term and

precisely determine its coupling constant. In addition, experimental setups with cold

atoms in optical lattices have been proposed in which one can tune the interactions

such that the system is effectively described by the bilinear-biquadratic Hamiltonian

with different values of the parameter θ [62–64]. For these systems, dynamic struc-

ture factors can be measured using inelastic scattering of photons [237–243], and it

would be interesting to perform these experiments in the different quantum phases

of the model and compare the results to our predictions.
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Appendix A

Spherical tensor operators and all possible dynamic
structure factors

In this appendix, we use the Wigner-Eckart theorem and rules for the coupling

of spherical tensor operators to obtain all possible independent one- and two-site

operators for the computation of dynamic structure factors, exploiting the SU(2)

symmetry of the spin-1 model. Then, we show that spin and quadrupolar correla-

tions become equivalent at the SU(3)-symmetric points. In Chapter 4, we compute

dynamic structure factors for the bilinear-biquadratic spin-1 chain (4.1), which have

the form

SAB(k, ω) =
∑

x

e−ikx
∫

dt eiωt〈ψ|eiĤtÂxe−iĤtB̂0|ψ〉, (A.1)

where Âx and B̂0 are supported on one or two sites around site x or site 0, respectively.

While we can in principle choose any operators Â and B̂ to target the desired part

of the spectrum, the number of independent dynamic structure factors is strongly

constrained by the SU(2) symmetry of the system. The Hamiltonian Ĥ is rotation-

invariant, therefore the time-evolution operators e±iĤt are scalars, and except for the
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ferromagnetic phase, the ground state |ψ〉 is a singlet. Hence, we can decompose the

operators Â and B̂ into irreducible tensor operators and apply the Wigner-Eckart

theorem to obtain the independent dynamic structure factors.

A.1 Wigner-Eckart theorem

Let |j;m〉 denote angular momentum states with Ĵ2 (total angular momentum)

quantum number j and Ĵz quantum number m. For matrix elements of spherical

tensor operators T̂ κq of rank κ, the Wigner-Eckart theorem states

〈j′;m′|T̂ κq |j;m〉 = 〈j′‖T̂ κ‖j〉〈j′;m′|jκ;mq〉. (A.2)

Here, 〈j′‖T̂ κ‖j〉 is called the reduced matrix element, which is independent of the

orientation, and 〈j′;m′|jκ;mq〉 are the Clebsch-Gordan coefficients for coupling an-

gular momenta j and κ to total angular momentum j′. The theorem implies selection

rules that follow from rotational symmetry, namely

〈j′;m′|T̂ κq |j;m〉 = 0 unless m′ = m+q and j′ ∈ {|j−κ|, |j−κ|+1, . . . , j+κ}. (A.3)

A.2 Coupling irreducible tensor operators

In analogy to the addition of angular momenta, the product of two irreducible tensor

operators Âκ1
q1

and B̂κ2
q2

can be written as a linear combination of (new) irreducible

tensor operators T̂ κq , where κ ∈ {|κ1 − κ2|, . . . , κ1 + κ2},

Âκ1
q1
B̂κ2
q2

=
∑

κq

T̂ κq 〈κ; q|κ1κ2; q1q2〉, (A.4)

with Clebsch-Gordan coefficients 〈κ; q|κ1κ2; q1q2〉. Solving for T̂ κq yields

T̂ κq =
∑

q1q2

Âκ1
q1
B̂κ2
q2
〈κ1κ2; q1q2|κ; q〉. (A.5)
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A.3 Construction of all irreducible spherical tensor operators

These relations can be used to systematically construct all irreducible spherical tensor

operators for one- and two-site operators. We will represent them in the spherical

basis, which is defined in terms of the Cartesian unit vectors ex, ey, ez as

e1 = −ex + iey√
2

, e0 = ez, e−1 =
ex − iey√

2
. (A.6)

We will use the notation [A]κq , where A specifies the particular spherical tensor op-

erator, κ is the rank, and the integer q picks the component from the multiplet

(−κ ≤ q ≤ κ). Then, [AiBj]
κ
q denotes the q-component of the spherical tensor op-

erator that is obtained by coupling A on site i and B on site j to a new irreducible

spherical tensor operator supported on sites i and j with total rank κ.

A.3.1 One-site operators

We can decompose any local operator acting on the three-dimensional Hilbert space

of a single spin-1 into the sum of a scalar (1), a vector operator (S), and a quadrupolar

operator (Q). These are spherical tensor operators of rank κ = 0, 1, and 2, respec-

tively. The trivial identity [1]00 ≡ 1̂ is as scalar, i.e., a spherical tensor operator of

rank κ = 0. The spin-1 operators in the Cartesian representation Ŝ = (Ŝx, Ŝy, Ŝz)ᵀ

can be expressed as a spherical tensor operator of rank κ = 1 (vector operator) in

the standard basis of angular momentum. Correspondingly, [S]κq is explicitly given

by

[S]1+1 = − 1√
2

(Ŝx + iŜy) = − 1√
2
Ŝ+,

[S]10 = Ŝz,

[S]1−1 =
1√
2

(Ŝx − iŜy) =
1√
2
Ŝ−.

(A.7)
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We can couple two spin operators on the same site according to Eq. (A.5) to obtain

the quadrupolar one-site operators of rank κ = 2, [Q]2q, explicitly

[Q]2+2 = [S]1+1[S]1+1

[Q]2+1 =
1√
2

(
[S]1+1[S]10 + [S]10[S]1+1

)

[Q]20 =
1√
6

(
[S]1+1[S]1−1 + 2[S]10[S]10 + [S]1−1[S]1+1

)

[Q]2−1 =
1√
2

(
[S]1−1[S]10 + [S]10[S]1−1

)

[Q]2−2 = [S]1−1[S]1−1.

(A.8)

This exhausts the nine-dimensional space of one-site operators.

A.3.2 Two-site operators

To obtain the two-site operators, we will couple all combinations of 1, S, and Q

on each of the two sites. We will only compute the q = 0 representatives for each

operator.

Trivial coupling with the identity on one of the sites

If we couple with the identity on one of the two sites, the situation is trivial and the

resulting operator is still a one-site operator. We obtain the operators [1112]00, [S112]10,

[11S2]10, [Q112]20, [11Q2]20, and the dimension of this operator space is 1+3+3+5+5 =

17.

Coupling S ⊗ S

Coupling two rank κ = 1 operators S, we can obtain total rank κ = 0, 1, and 2,

1⊗ 1 = 0⊕ 1⊕ 2, with total dimension 3 · 3 = 1 + 3 + 5 = 9. We only compute the
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q = 0 elements.

[S1S2]00 =
1√
3

(
[S1]1+1[S2]1−1 − [S1]10[S2]10 + [S1]1−1[S2]1+1

)

= − 1√
3

(
Ŝ1 · Ŝ2

)

[S1S2]10 =
1√
2

(
[S1]1+1[S2]1−1 − [S1]1−1[S2]1+1

)

= − 1

2
√

2

(
Ŝ+

1 Ŝ
−
2 − Ŝ−1 Ŝ+

2

)

[S1S2]20 =
1√
6

(
[S1]1+1[S2]1−1 + 2[S1]10[S2]10 + [S1]1−1[S2]1+1

)

= − 1√
6

(
1

2
(Ŝ+

1 Ŝ
−
2 + Ŝ−1 Ŝ

+
2 )− 2Ŝz1 Ŝ

z
2

)

(A.9)

Coupling Q⊗ S and S ⊗Q

Coupling the κ = 2 operator Q with the κ = 1 operator S, we can get total rank 1,

2, or 3, 2 ⊗ 1 = 1 ⊕ 2 ⊕ 3, with total dimension 5 · 3 = 3 + 5 + 7 = 15. Again, we

only compute the q = 0 elements.

[Q1S2]10 =

√
3

10
[Q1]2+1[S2]1−1 −

√
2

5
[Q1]20[S2]10 +

√
3

10
[Q1]2−1[S2]1+1

[Q1S2]20 =
1√
2

(
[Q1]2+1[S2]1−1 − [Q1]2−1[S2]1+1

)

[Q1S2]30 =
1√
5

[Q1]2+1[S2]1−1 +

√
3

5
[Q1]20[S2]10 +

1√
5

[Q1]2−1[S2]1+1

(A.10)

The operators for coupling S⊗Q can be obtained analogously, which yields another

15-dimensional subspace.

Coupling Q⊗Q

Coupling two rank κ = 2 operators Q, we can obtain total rank κ = 0, 1, 2, 3, or 4,

2⊗ 2 = 0⊕ 1⊕ 2⊕ 3⊕ 4, with total dimension 5 · 5 = 1 + 3 + 5 + 7 + 9 = 25. Again,
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Table A.1: All independent SU(2)-symmetric two-site operators for a spin-1 system
by rank. We list all irreducible spherical tensor operators that can be obtained by
coupling two one-site operators of an SU(2)-symmetric spin-1 system to two-site
operators. The columns contain the rank κ, the number of independent operators
nκ for rank κ, the dimension of the space spanned by operators of that rank (given
by the number of independent operators multiplied by the multiplicity), and the list
of (the q = 0 components of) the operators.

rank κ nκ dim = nκ · (2κ+ 1) operators

0 3 3 · 1 = 3 [II]00, [SS]00, [QQ]00

1 6 6 · 3 = 18 [IS]10, [SI]10, [SS]10, [SQ]10, [QS]10, [QQ]10

2 6 6 · 5 = 30 [IQ]20, [QI]20, [SS]20, [SQ]20, [QS]20, [QQ]20

3 3 3 · 7 = 21 [SQ]30, [QS]30, [QQ]30

4 1 1 · 9 = 9 [QQ]40

we only compute the q = 0 elements.

[Q1Q2]
0
0 =

1√
5

(
[Q1]2+2[Q2]2−2 − [Q1]2+1[Q2]2−1 + [Q1]20[Q2]20 − [Q1]2−1[Q2]2+1 + [Q1]2−2[Q2]2+2

)

[Q1Q2]
1
0 =

1√
10

(
2[Q1]2+2[Q2]2−2 − [Q1]2+1[Q2]2−1 + [Q1]2−1[Q2]2+1 − 2[Q1]2−2[Q2]2+2

)

[Q1Q2]
2
0 =

1√
14

(
2[Q1]2+2[Q2]2−2 + [Q1]2+1[Q2]2−1 − 2[Q1]20[Q2]20 + [Q1]2−1[Q2]2+1 + 2[Q1]2−2[Q2]2+2

)

[Q1Q2]
3
0 =

1√
10

(
[Q1]2+2[Q2]2−2 + 2[Q1]2+1[Q2]2−1 − 2[Q1]2−1[Q2]2+1 − [Q1]2−2[Q2]2+2

)

[Q1Q2]
4
0 =

1√
70

(
[Q1]2+2[Q2]2−2 + 4[Q1]2+1[Q2]2−1 + 6[Q1]20[Q2]20 + 4[Q1]2−1[Q2]2+1 + [Q1]2−2[Q2]2+2

)

(A.11)

Summary of two-site operators

Table A.1 summarizes all possible two-site operators, arranged according to their

total rank. Note that the dimensions add up to 32×32 = 81, as expected. Also, note
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that the space of rotation-invariant two-site operators (rank κ = 0) is spanned by two

operators (in addition to the trivial identity), in accordance with the fact that the

bilinear-biquadratic Hamiltonian (4.1) is the most general rotation-invariant nearest-

neighbor interaction for a spin-1 system.

A.4 Dynamic structure factors

Let us now discuss the dynamic structure factors to which the different operators

can give rise. Without loss of generality, we assume that the response operators

are spherical tensor operators. The ground state |ψ〉 ≡ |0〉 is a singlet (j = 0), the

time-evolution operator is a scalar operator (κ = 0), [U(t)]00 ≡ e−iĤt, and the two

in general different response operators can be arbitrary spherical tensor operators,

[A]κ1

q1
and [B]κ2

q2
. Then, response-function matrix elements have the form

〈0| [A]κ1

q1
[U(t)]00 [B]κ2

q2
|0〉, (A.12)

and they vanish unless the selection rules κ1 = κ2 and q1 = −q2 are fulfilled. In other

words, we need to couple the irreducible tensor operators [A]κq1 and [B]κq2 , where only

the resulting κ = 0 component yields a non-zero contribution to the matrix element,

[T ]00 =
κ∑

q=−κ
[A]κ−q [B]κq 〈00|κκ;−qq〉. (A.13)

For the response functions (A.12), it is sufficient to compute only the q1 = q2 = 0

component as a representative, because we can use Eq. (A.4) to write

〈ψ| [A]κ−q [B]κq |ψ〉 = 〈ψ|
[

2κ∑

κ̃=0

[T ]κ̃0 〈κ̃; 0|κκ;−qq〉
]
|ψ〉 = 〈ψ| [T ]00 |ψ〉〈0; 0|κκ;−qq〉,

(A.14)

hence the components with different q are again related by Clebsch-Gordan coeffi-

cients.
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All independent dynamic structure factors corresponding to two-site operators are

hence given by choosing for Â and B̂ spherical tensor operators with the same rank

κ, i.e., two operators from the same row of table A.1. For one-site operators, only

two independent dynamic structure factors exist, namely the spin structure factor

corresponding to Â = B̂ = [S]10, and the quadrupolar structure factor corresponding

to Â = B̂ = [Q]20. These agree with the operators Ŝz and Q̂ up to irrelevant

prefactors.

A.5 Equivalence of quadrupolar and spin structure factor at the ULS
point

At the ULS point, both the Hamiltonian Ĥ and the ground state |ψ〉 are invariant

under global SU(3) tranformations. We choose an infinitesimal SU(3) transformation

Û = e−iδĤ1 , where Ĥ1 =
∑

i

(ĥ1)i with [ĥ1]B =




1 0 0

0 −1 0

0 0 0


 .

(A.15)

Then Û |ψ〉 = |ψ〉 and Û †ĤÛ = Ĥ. Let us now consider how matrix elements

of spherical tensor operators transform under (A.15) in an expansion up to second

order. The relevant commutation relations for two-site operators, expressed in the

spherical tensor basis (see A.3.2), are

[Ĥ1, [SS]00] =
√

3
(
[SQ]20 + [QS]20

)
, and

[Ĥ1, [Ĥ1, [SS]00]] = 3[SS]00 + 6

√
3

5
[QQ]00 +

3√
2

[SS]20 − 3

√
6

7
[QQ]20 − 12

√
6

35
[QQ]40.

(A.16)
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Inserting this into the expansion yields

〈ψ|Û †[SS]00Û |ψ〉 = 〈ψ|[SS]00|ψ〉+ iδ〈ψ|[Ĥ1, [SS]00]|ψ〉+
(iδ)2

2
〈ψ|[Ĥ1, [Ĥ1, [SS]00]]|ψ〉+O(δ3)

= 〈ψ|[SS]00|ψ〉+
(iδ)2

2

(
3〈ψ|[SS]00|ψ〉+ 6

√
3

5
〈ψ|[QQ]00|ψ〉

)
+O(δ3).

(A.17)

Note that the expectation values of all operators with total rank κ 6= 0 vanish, thus

all first-order terms are zero. As |ψ〉 is SU(3)-symmetric, the matrix element cannot

change under the transformation, hence the second-order term must also vanish for

all δ. This implies

〈ψ|[QQ]00|ψ〉 = −
√

5

2
√

3
〈ψ|[SS]00|ψ〉. (A.18)

To relate our dynamic structure factors to this, note that Sz = [S]10 and Q =
√

2
3
[Q]20,

and

[Q1]20[Q2]20 =
1√
5

[Q1Q2]00 −
2√
14

[Q1Q2]20 +
6√
70

[Q1Q2]40,

[S1]10[S2]10 = − 1√
3

[S1S2]00 +
2√
6

[S1S2]20.

(A.19)

Thus, we obtain

〈Q̂1Q̂2〉ψ =
2

3
〈[Q1]20[Q2]20〉ψ =

2

3
√

5
〈[Q1Q2]00〉ψ = − 1

3
√

3
〈[S1S2]00〉ψ =

1

3
〈Ŝz1 Ŝz2〉ψ.

(A.20)

The argument is solely based on symmetries, hence the position of the sites on which

the two-site operators act is irrelevant. As the time evolution and Fourier trans-

formation don’t affect this result, the relation also holds for the dynamic structure

factors. Hence, at the ULS point, the spin and quadrupolar structure factors are

equivalent and related by a constant, namely,

SQQ(k, ω) =
1

3
Szz(k, ω). (A.21)
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